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Multi-carrier systems based on orthogonal frequency division multiplex-

ing (OFDM) are efficient technologies for the implementation of broadband

wireless communication systems. OFDM is widely used and has been adopted

for current mobile broadband wireless communication systems such as IEEE

802.a/g wireless LANs, WiMAX, 3GPP LTE, and DVB-T/H digital video

broadcasting systems. Despite their many advantages, however, OFDM-based

systems suffer from potentially high peak-to-average power ratio (PAR). Since

communication systems typically include nonlinear devices such as RF power

amplifiers (PA) and digital-to-analog converters (DAC), high PAR results in

increased symbol error rates and spectral radiation. To mitigate these nonlin-

ear effects and to avoid nonlinear saturation effects of the PA, the operating
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point of a signal with high peak power must be backed off into the linear

region of the PA. This so-called output backoff (OBO) results in a reduced

power conversion efficiency which limits the battery life for mobile applica-

tions, reduces the coverage range, and increases both the cost of the PA and

power consumption in the cellular base station. With the increasing demand

for high energy efficiency, low power consumption, and greenhouse gas emis-

sion reduction, PAR reduction is a key technique in the design of practical

OFDM systems.

Motivated by the PAR reduction problem associated with multi-carrier

systems, such as OFDM, this research explores the state of the art of PAR

reduction techniques and develops new signal processing techniques that can

achieve a minimum PAR for given system parameters and that are compat-

ible with the appropriate standards. The following are the three principal

contributions of this dissertation research.

First, we present and derive the semi-analytical results for the output

of asymptotic iterative clipping and filtering. This work provides expressions

and analytical techniques for estimating the attenuation factor, error vector

magnitude, and bit-error-rate (BER), using a noise enhancement factor that

is obtained by simulation. With these semi-analytical results, we obtain a

relationship between the BER and the target clipping level for asymptotic it-

erative clipping and filtering. These results serve as a performance benchmark

for designing PAR reduction techniques using iterative clipping and filtering

in OFDM systems.
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Second, we analyze the impact of the selected mapping (SLM) tech-

nique on BER performance of OFDM systems in an additive white Gaussian

noise channel in the presence of nonlinearity. We first derive a closed-form ex-

pression for the envelope power distribution in an OFDM system with SLM.

Then, using this derived envelope power distribution, we investigate the BER

performance and the total degradation (TD) of OFDM systems with SLM un-

der the existence of nonlinearity. As a result, we obtain the TD-minimizing

peak backoff (PBO) and clipping ratio as functions of the number of candidate

signals in SLM.

Third, we propose an adaptive clipping control algorithm and pilot-

aided algorithm to address a fundamental issue associated with two low-

complexity PAR reduction techniques, namely, tone reservation (TR) and

active constellation extension (ACE). Specifically, we discovered that the ex-

isting low-complexity algorithms have a low clipping ratio problem in that

they can not achieve the minimum PAR when the target clipping level is set

below the initially unknown optimum value. Using our proposed algorithms,

we overcome this problem and demonstrate that additional PAR reduction is

obtained for any low value of the initial target clipping ratio.
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Chapter 1

Introduction

1.1 Background

The growing demand for wireless communication systems with high-

speed data rates, broadband internet wireless capability, better data security,

and high mobility has continuously driven wireless technology toward a con-

vergence of high-data-rate multimedia services at incredible speeds. As of May

2010, high speed wireless communications have become an essential part of our

daily lives, as we browse the internet, check our email, and stream audio/video

on mobile/celluar handsets, such as smartphones. According to recent market

research [1], mobile data traffic will grow thirty-nine fold over the next five

years. In that time, more than 90 percent of mobile data traffic will involve

smartphones, almost 66 percent of the world’s mobile data traffic will be video.

Without doubt, those trends will accelerate the evolution of wireless technol-

ogy. Currently, breakthroughs are pointing toward further developments in

3GPP long term evolution (LTE) and fourth-generation (4G) systems.

To meet the demand for high data rate wireless service, multicarrier

systems based on orthogonal frequency division multiplexing (OFDM) have

become popular, especially for broadband wireless communication systems.
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Among the many desirable properties of OFDM are high bandwidth efficiency,

immunity to impulse noise and frequency-selective fading channels in broad-

band mobile wireless communications, and simple one-tap equalization [113].

Thus, OFDM has been widely adopted for use in current and planned mobile

broadband wireless communication systems such as IEEE 802.a/b/g/n wire-

less LANs [55–57, 59], WiMAX [58], 3GPP LTE [2], and DVB-T/H digital

video broadcasting systems [37].

Despite the many advantages of OFDM, its inherently high peak-to-

average-power ratio (PAR) is one of the key challenges in the implementation

of OFDM systems. Because an OFDM symbol consists of a large number of

parallel narrowband channels, a waveform with a large variation between the

maximum power and the average power can cause nonlinear distortion, includ-

ing in-band distortion and out-of-band radiation through amplitude-limiting

devices such as digital-to-analog converters (DAC) and RF power amplifiers

(PA). These nonlinear distortions lead to adjacent channel interference and

bit-error-rate (BER) performance degradation.

To avoid such undesirable nonlinear effects, an input waveform must be

transmitted in the linear region of the RF PA with high output backoff (OBO).

However, high OBO significantly reduces the power efficiency of the HPA [32],

which may limit the battery life for mobile applications and increase the cost

of the radio. Today, more than 90 percent of the power used to send a signal

is wasted in the form of heat that stays inside the phone [53]. Furthermore,

the high power consumption of 3G infrastructure is one of the most significant
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problems in the manufacture of cellular basestations [49]. In a typical cellular

base station, the RF PA and its associated cooling equipment have been major

sources of overall power consumption, which results in both direct and indirect

CO2 emission. To reduce both the cost and carbon emission, operators such

as Vodafone set challenging targets for energy efficiency in 2009.

Thus, a major challenge in the design of high-performance wireless

communication systems employing OFDM is the maximization of the efficiency

of nonlinear RF amplifiers. There are two conventional approaches to this

problem. One is to linearize the PA response at the transmitter in order to

make it as close to a soft limiter as possible, which is associated with the

peak backoff (PBO) reduction. This technique is called predistortion. There

have been many studies on predistortion for PAs [18, 26, 66, 75, 84, 92]. The

other approach is to reduce the envelope fluctuation of the transmit signal.

Since OBO indicates a loss in power efficiency and PBO (usually 1dB) is

relatively small compared to PAR (LTE and WiMax have a PAR of about

9.0dB to 9.5dB), PAR reduction is the dominant factor for maximizing the

power efficiency in a practical system design. Thus, this dissertation considers

PAR reduction as a means to increase the PA efficiency in OFDM systems.

1.2 Scope of This Dissertation

As discussed in the previous section, this dissertation is motivated by

the PAR reduction problem associated with OFDM. The overall goal of this

dissertation is to develop new signal processing techniques that can achieve a
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minimum PAR for given realistic system parameters and that are compatible

with appropriate standards. The performance is evaluated through theoretical

analysis, numerical computations, and simulations of OFDM systems based on

the WiMAX standard. An investigation of the nonlinearity at the transmitter

will take practical PA parameters into account.

1.3 Contributions and Organization

In general, the contributions of this thesis are in the area of power

amplifier efficiency enhancement using PAR reduction techniques with appli-

cations in wireless OFDM systems. The following are the particular contribu-

tions of my dissertation research.

First, the research provides a novel model to evaluate the effects of

iterative clipping and filtering for peak power reduction. After clipping, the

out-of-band radiation appears in the clipped output, which in turn results in

adjacent channel interference (ACI). The limits on ACI can be controlled by

filtering, which leads to peak regrowth. We derive an expression for the output

of iterative clipping and filtering when both the out-of-band radiation and the

peak amplitude are limited, and we quantify the iterative clipping and filtering

in terms of the signal-to-noise-and-distortion ratio (SNDR). We obtain a link

between peak power reduction and the BER performance. These results serve

as a performance benchmark for designing PAR reduction techniques using

iterative clipping and filtering in OFDM systems.

Second, the distribution of the envelope power is derived when selected

4



mapping (SLM) is considered for reducing PAR. SLM reduces the PAR by

selecting a signal with the lowest PAR among the multiple alternative sym-

bols, which are generated from an OFDM symbol. With SLM, the capacity of

PAR reduction can be increased by improving the PAR statistics at the cost

of the complexity of the OFDM transmitter. However, it is difficult to clarify

the performance degradation using the PAR metric in the presence of nonlin-

earities, such as the saturation of the PA, because the statistical distribution

of PAR focuses only on the highest peak. Rather, we need the distribution

of the envelope power because one can compute from it many system perfor-

mance metrics, such as, BER. Thus, we derive a closed-form expression for the

envelope power distribution of SLM in OFDM systems with nonlinearity.

Third, we develop an adaptive clipping control algorithm and pilot-

aided algorithm to address a fundamental issue associated with two low-

complexity PAR reduction techniques, namely, tone reservation (TR) and

active constellation extension (ACE). Specifically, we discovered that the ex-

isting low-complexity algorithms have a low clipping ratio problem in that

they can not achieve the minimum PAR when the target clipping level is set

below the initially unknown optimum value. Using our proposed algorithms,

we overcome this problem and demonstrate that additional PAR reduction is

obtained with decreasing clipping ratios.

This dissertation is organized as follows. Chapter 2 presents a general

overview of OFDM and the existing PAR reduction techniques. First, we give

an overview of OFDM, which is a popular multicarrier modulation technique.
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Then, we discuss the PAR problem and power amplifier associated with OFDM

systems. A brief review of maximizing PA efficiency, including linearization

of PA and and existing PAR reduction techniques, is presented. In Chapter

3, we focus on quantifying an iterative clipping and filtering technique for

reducing PAR in OFDM. We provide expressions and analytical techniques

for estimating the attenuation factor, error vector magnitude, and BER, using

a noise enhancement factor that is obtained by simulation. In Chapter 4, we

analyze the impact of a SLM technique for PAR reduction in OFDM systems

in the presence of a nonlinearity in an AWGN channel. In Chapter 5, we

propose a novel low-complexity algorithm based on the peak cancellation class

of PAR reduction in OFDM systems. Our proposed algorithms directly solve

a fundamental issue associated with existing low-complexity PAR reduction

techniques: tone reservation (TR) and active constellation extension (ACE).

Finally, we summarize this dissertation and suggest topics for future research

in Chapter 6.

1.4 List of Acronyms and Abbreviations

3GPP 3rd Generation Partnership Project

4G 4th Generation

ACE Active Constellation Extension

ACI Adjacent Channel Interference

ADC Analog-to-Digital Converter
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AM/AM Amplitude Modulation to Amplitude Modulation

AM/PM Amplitude Modulation to Phase Modulation

AWGN Additive White Gaussian Noise

BER Bit Error Rate

BPSK Binary Phase Shift Keying

CB-ACE Clipping Based ACE

CB-PAR Clipping Based PAR

CCDF Complementary Cumulative Distribution Function

CE Constant Envelope

CO2 Carbon Dioxide

CP Cyclic Prefix

CS Clipped Signal

DAC Digital-to-Analog Converter

DFT Discrete Fourier Transform

DPD Digital Pre-Distortion

DVB-H Digital Video Broadcasting - Handheld (digital TV)

DVB-T Digital Video Broadcasting - Terrestrial

EP Excess Power

EVM Error Vector Magnitude
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FDMA Frequency Division Multiple Access

FFT Fast Fourier Transform

ICI Inter Carrier Interference

IDFT Inverse Discrete Fourier Transform

IFFT Inverse Fast Fourier Transform

IMP Intermodulation Product

IPI Inter-Peak Interference

ISI Inter Symbol Interference

I/Q In-phase and Quadrature-phase

LAN Local Area Network

LTE Long Term Evolution

LUT Lookup Table

MSE Mean Square Error

OBO Output Backoff

OFDM Orthogonal Frequency Division Multiplexing

PA Power-Amplifier

PAR Peak-to-Average Power Ratio

PBO Peak Backoff

PDF Probability Density Function
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PSD Power Spectral Density

PTS Partial Transmit Sequence

QAM Quadrature Amplitude Modulation

QCQP Quadratically Constrained Quadratic Program

QPSK Quadrature Phase Shift Keying

RM Reed Muller

SC-FDMA Single Carrier Frequency Division Multiple Access

SCPWL Simplicial Canonical Piecewise Linear

SES Suboptimal Exhaustive Search

SGA Simple Gradient Algorithm

SLM Selected Mapping

SNDR Signal-to-Noise-and-Distortion Ratio

SNR Signal-to-Noise Ratio

SOCP Second-Order Cone Program

TD Total Degradation

TI Tone Injection

TR Tone Reservation

WiMAX Worldwide Interoperability for Microwave Access
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Chapter 2

Background

In this chapter, we set the stage for the three major contributions to

be described in subsequent chapters by providing an introductory overview of

OFDM, characteristics of PAs, and PAR reduction techniques.

2.1 OFDM Basics

Orthogonal Frequency Division Multiplexing (OFDM) is a multicar-

rier modulation technique that has been selected as the modulation of choice

for current and next generation broadband wireless communication systems.

OFDM was derived from the multicarrier transmission model proposed and

developed by [22, 28, 122]. The primary reason to use OFDM stems from

its ability to overcome a severe multipath fading channel with a reasonable

amount of computational complexity. OFDM divides a broadband communi-

cation channel into narrowband subchannels using a set of orthogonal subcar-

riers. Each subcarrier is modulated with a conventional modulation scheme

(e.g., BPSK, QPSK, and QAM) at a low symbol rate. When all subcarriers

are summed, the result is a high data rate transmission. A typical OFDM

baseband spectrum is shown in Fig. 2.1. Even though the overall channel
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Figure 2.1: The OFDM baseband spectrum over the fading channel [9].

with bandwidth B has frequency selective fading, each subchannel exhibits

flat fading when the subcarrier spacing, B/L, is smaller than the channel co-

herence bandwidth, Bc, where L is the number of subcarriers. OFDM makes

it possible to use an one-tap equalizer at the receiver. OFDM also eliminates

intersymbol interference (ISI) by using a cyclic prefix during the guard time

included in every multicarrier symbol. Different modulation schemes can be

used on the individual subcarrier according to the signal-to-noise ratio (SNR)

of the each subcarrier, which can increase channel capacity. OFDM is im-

plemented by using the efficient computational technique: inverse fast Fourier

transform(IFFT) and fast Fourier transform(FFT). These generate an N order

set of orthogonal subcarriers without the need for multiple hardware radios.
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Figure 2.2: The block diagram of OFDM transmitter.

Fig. 2.2 shows the block diagram of an OFDM transmitter. An infor-

mation data stream is mapped to complex symbols by some type of quadrature

amplitude modulation (QAM) or phase-shift keying (PSK) encoder. After

serial-to-parallel conversion, a block of complex symbols is fed into an IFFT

to generate the time domain block vector. Then, a guard interval as a cyclic

prefix (CP) is added to guarantee that there is no interference between sub-

sequent OFDM symbols. After parallel to serial (P/S) and digital to analog

converter (DAC), the signal is amplified by a RF power amplifier (PA) and

broadcast over the communication channel.

Despite many advantages of OFDM, it suffers from the following draw-

backs [9, 54, 113]:

1. High peak-to-average power ratio (PAR): the summation of different sub-

carriers exhibits highly fluctuating transmit signal power over time. This

high PAR requires a high-resolution analog-to-digital converter (ADC)
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and digital-to-analog converter (DAC) in both transmitter and receiver

sides.

2. Power amplifier with nonlinearity: due to PA saturation effects, a high

PAR signal will suffer in-band distortion and out-of-band radiation ef-

fects. To avoid these negative effects, the operationg point must be

backed off into the linear region of the PA. This backoff results in both

reduced output power and reduced conversion efficiency.

3. High sensitivity to frequency offset and Doppler: frequency offset is

caused by carrier frequency mismatch between the transmitter and re-

ceiver due to such effects as Doppler, which leads to intercarrier inter-

ference (ICI) (i.e., loss of orthogonality between subcarriers).

2.2 The Peak-to-Average Ratio Problem

Since an OFDM signal is the sum of N independent signals modulated

in the frequency domain onto subchannels of equal bandwidth, the peak power

of the transmitted OFDM signal can be significantly higher when compared to

its average power over time. Let a continuous time-domain complex baseband

signal x(t) be represented as:

x(t) =
1√
N

N−1∑

k=0

Xke
j2π k

T
t, 0 ≤ t ≤ T, (2.1)

where Xk are the complex symbols using phase-shift keying (PSK) or quadra-

ture amplitude modulation (QAM) in the frequency domain. In order to quan-
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tify the degree of fluctuation of x(t), PAR is typically defined in continuous

time as:

PAR(x(t)) ,
max |x(t)|2
E{|x(t)|2} , 0 ≤ t ≤ T (2.2)

In general, PAR is measured and quantified in the discrete-time domain.

From this point forward, PAR definition is referred to as the following discrete-

time PAR:

PAR(xn) ,
max |xn|2
E{|xn|2}

, 0 ≤ n ≤ JN − 1 (2.3)

where xn is the discrete-time equivalent signal of x(t) by sampling x(t) at

frequency fs = JN/T , where J is the oversampling factor. The discrete-time

version of x(t) is written as:

xn =
1√
JN

JN−1∑

k=0

Xke
j2π k

JN
n, n = 0, 1, . . . , JN − 1. (2.4)

When J = 1, xn at the Nyquist rate is not sampled enough to approximate the

continuous time signal x(t) in practice, because the digital-to-analog conver-

sion followed by low pass filtering sometimes regenerates the signal peaks [88].

Typically an oversampling factor J ≥ 4 is used to obtain accurate peaks of

the continuous baseband signals in the discrete time domain [106].

It can be proved that the maximum possible value of PAR is N , which

occurs when all subcarriers add constructively at a single point in time. How-

ever, fully coherent addition required to achieve maximum PAR is highly im-

probable. As a random variable, PAR’s complementary cumulative distribu-

tion function (CCDF) is often analyzed to assess the statistical distribution
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in the literature [15, 87, 104, 112, 121, 125]. With a Gaussian approximation of

an OFDM signal, the CCDF of PAR with a Nyquist sampling rate (J = 1) is

shown in [104] as follows:

Pr{PAR(xn) > γ) = 1− (1− exp(−γ))N (2.5)

Note that CCDF is the probability that the PAR is greater than reference

PAR level γ. In [112], a more accurate CCDF of a continuous-time PAR is

empirically approximated for large number of subcariers as:

Pr{PAR(xn) > γ) = 1− (1− exp(−γ))2.8N (2.6)

In [87, 125], the study of the continuous-time PAR distribution in Gaussian

process from Rice’s level-crossing analysis [95] results in:

Pr{PAR(xn) > γ) = 1− exp(−
√

πγ

3
Ne−γ) (2.7)

Another accurate approximation of the CCDF of PAR is derived in [121] using

extreme value theory as:

Pr{PAR(xn) > γ) = 1− exp(−
√

π lnN

3
Ne−γ) (2.8)

Note that (2.6), (2.7), and (2.8) are valid for J ≥ 4 , since these equations

were derived for the continuous time case.

Fig. 2.3 compares the CCDF approximations in (2.5)−(2.8) with the

simulation result when an OFDM signal with N = 1024 subcarriers, 16-QAM,

and J = 8 is used. This figure shows the good agreement of (2.6), (2.7), and
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Figure 2.3: The PAR complementary cumulative distribution function
(CCDF) comparison of simulation result and its approximations using from
(2.5) to (2.8), for an OFDM signal with 16-QAM, N = 1024, and J = 8.

(2.8) with the simulation results. The agreement of (2.5) is not as good, since

(2.5) is valid for J = 1. The CCDF of the Nyquist PAR is a lower bound

of the CCDF of PAR for a continuous-time signal x(t). At a CCDF of 10−3,

the measured PAR is about 11.5 dB from Fig. 2.3. This high PAR requires a

high-resolution DAC and a highly linear amplifier because the dynamic range

of the signal is proportional to the PAR. However, the requirement of a high-

resolution DAC places an additional complexity, cost, and power burden on the

system. In practice, there is no linear amplifier with unlimited linear operating
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Figure 2.4: A typical example of power amplifier AM/AM transfer function
with the associated OBO, PBO, and input/output PAR.

range. In order to transmit a signal without a peak power limitation, the peak

power of the signal should be located in the PA’s linear region, which results

in lower power efficiency.

2.3 Power Amplifiers

Power amplifiers (PAs) are inherently a nonlinear amplitude limiting

device because of saturation, but are a key component in a communication sys-

tem. Typical inherent nonlinear behavior of PA can be characterized by am-

plitude modulation/amplitude modulation (AM/AM) characteristics as shown

in Fig 2.4. Output back-off (OBO) is defined as the ratio of saturated output
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power Psat to the delivered output average power PAVG,OUT in dB as follows:

OBO [dB] = 10 log10(
Psat

PAVG,OUT
). (2.9)

Peak back-off (PBO) denotes the difference between the saturated output

power Psat and the maximum output power Ppeak,OUT of the linear region

in the RF PA as

PBO [dB] = 10 log10(
Psat

Ppeak,OUT
). (2.10)

Output PAR is defined as the ratio of output peak power to output average

power in an OFDM signal. If the PA operates in the linear region, output PAR

is equal to input PAR. Thus, the OBO is the sum of the PBO and output PAR

in dB [21] as

OBO [dB] = PBO [dB] + PAR [dB]. (2.11)

The power efficiency of the PA is an important issue particularly for

OFDM systems. As a measure metric, power efficiency is defined by [51]

η =
PAVG,OUT

PDC

=
PAV G,OUT

Psat

Psat

PDC

(2.12)

where PDC is the input DC supply power. The ratio Psat/PDC is determined

by the class of operation. The most commonly used classes of linear amplifier

are A, B, and AB, which is determined by the conduction angle [32, 66]. For

example, the maximum achievable power efficiency for class A, B, and AB is

50%, 78.5%, and 50% − 78.5%, respectively. On the other hand, the ratio

of PAV G,OUT/Psat is the inverse of OBO. Here, we are considering OBO as a

numerical ratio. Thus, the power efficiency of the PAs can be maximized by
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Figure 2.5: Theoretical efficiency limits of PA amplifiers vs. OBO (dB) from
(2.12).

reducing OBO. The theoretical efficiency limits of class A and class B PAs are

shown in Fig. 2.5. Clearly, it is desirable to have the OBO values be as small

as possible in order to maximize the efficiency of the PA. For example, for class

A PAs, the relationship between the power efficiency and OBO is as follows:

η = 0.5/OBO. The efficiency of a class A amplifier is reduced by a factor of 2

when OBO is doubled, or when the operating point (average power) is reduced

by a factor of 2 [16]. When OBO ≈ PAR, the expected power efficiency of

class-A is less than 4% for the PAR value corresponding to a 10−3 CCDF as

shown in Fig. 2.3.

When the PA is operating close to Psat in order to achieve the maxi-
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mum PA efficiency, the OFDM signals with high PAR may be clipped or sat-

urated, which generate both in-band distortion and out-of-band interference.

These nonlinear effects are determined by both the PA characteristics and the

value of OBO. Memoryless PA models are characterized by the relationship

between the input and the output signal of PA: the AM/AM1 and AM/PM2

conversion. In the literature, several models based on different AM/AM and

AM/PM functions are introduced: soft limiter [88], Saleh [99], and Rapp [94].

The output of these models can be expressed using a Taylor series with com-

plex coefficients [128]. In broadband applications, memoryless PA models are

not enough to characterize the behavior of a PA. Memory effects indicate that

the PA gain depends on both the current and the past input power. These

effects can be categorized into the following [123]: (i) RF frequency response

(short time constant), (ii) envelope frequency response (low-frequency), and

(iii) electro-thermal feedback response (long time constant). Thus, the be-

havior models of PA with memory can be characterized by general Volterra

models [31], simplifications of general Volterra models (Wiener, Hammerstein,

and Wiener-Hammerstein), and memory polynomial models [81].

Due to the nonlinearity in the PA, nonlinear distortions are generated

including in-band and out-of-band distortion. To quantify these nonlinear

distortions, the following metrics are used: the error vector magnitude (EVM),

spectral mask, and signal-to-noise-and-distortion ratio (SNDR).

1The AM/AM is the conversion from the PA input amplitude to the PA output ampli-
tude.

2The AM/PM is the conversion from the PA input amplitude to the PA output phase.
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To evaluate the in-band distortion, EVM is a measure of the deviation

of the demodulated received symbol from the original transmitted data symbol

as shown in Fig. 2.6. It is also used as a means to estimate phase noise, in-

phase/quadrature-phase (I/Q) mismatch, the accuracy of the transmit filter

and D/A converter, as well as the PA nonlinearity. In OFDM, let Xk and

X̂k be the original transmitted and the demodulated received signal from the

signal after the PA, respectively. Then the EVM is defined as [55]

EVM =

√∑N−1
k=0 |Xk − X̂k|2∑N−1

k=0 |Xk|2
. (2.13)

The required EVM can be estimated from the transmitter implementation

margin if the error vector is considered noise which is added to the channel

noise. If the transmitted signal satisfies the EVM constraint specified in the

standard, then the received data will have an acceptable bit error rate (BER).

The spectral mask characterizes unacceptable interference to users in

neighboring RF channels [58]. Specifically, the spectral mask specifies the max-

imum permissible amount of out-of-band radiation as function of frequency.

An example of a spectral mask for IEEE 802.16 (WiMAX) is given in Fig. 2.7,

where the bandwidth is 20MHz.

Another widely used metric to evaluate the overall system performance

degradation in the presence of nonlinear distortion is SNDR [14,34,36,41,88,93]

which is defined as

SNDR =
α2σ2

x

σ2
d +No/2

, (2.14)
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where α2σ2
x is the average reduced signal power, σ2

d is the average power of the

distortions, and No/2 is the noise power. σ2
d is obtained under the assumption

that the distortion dn is Gaussian and uncorrelated with the input signal xn

and noise. With this SNDR metric, the BER performance can be straightfor-

wardly determined for any given constellation parameter. Also, the SNDR can

be utilized to evaluate any in-band distortion from PAR reduction techniques.

2.4 Maximization of Power Amplifier Efficiency

As mentioned in the previous section, there is a trade-off between PA

power efficiency and nonlinear distortion. OFDM signals are sensitive to the

PA nonlinearity; thus, high peak signals may be clipped in the DAC or fall
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Figure 2.7: Spectral mask in IEEE802.16 [58].

in the saturation region of the PA, leading to nonlinear distortions such as

in-band distortion and out-of-band interference. Nonlinear distortions can be

reduced with high OBO at the cost of PA efficiency. Thus, a major challenge

in the design of OFDM systems is to maximize the efficiency of the nonlinear

RF PA to allow minimum distortion. There are two conventional approaches

to improve the PA efficiency while mitigating the effects on performance degra-

dation. One is to linearize the PA response. The main object is both to limit

nonlinear distortions and to improve the efficiency of the PA, which leads to

PBO reduction from the PA saturation point. Another is to reduce the high

envelope fluctuation (i.e., reduce the PAR) of the OFDM signal to decrease

the signal’s dynamic range and boost the operating point of the PA. In the
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following section we describe and discuss PA linearization and PAR reduction

techniques.

2.4.1 PA Linearization

PA linearization has been studied and proposed in feedback, feedfor-

ward, and predistortion approaches [32,66,102]; digital predistortion (DPD) is

the most cost-effective. The main idea of DPD is to linearize the PA response

at the transmitter in order to make it as close as possible to a soft limiter,

which leads to the PBO reduction.

Suppose that the PA is memoryless, the AM/AM and AM/PM effects

of the PA can be compensated for by using the DPD corresponding to the

inverse function of the PA. DPD can be implemented in the following ways:

lookup table (LUT) method [75,84], polynomial method [18,92], and simplicial

canonical piecewise linear (SCPWL) method [26]. As the signal bandwidth in-

creases, theses memoryless DPDs cannot fully compensate for the PA memory

effects. Thus, PA memory effects should be considered in the DPD implemen-

tation [45, 81]. The typical models for memory DPDs are based on Volterra

series, Wiener, Hammerstein, Wiener-Hammerstein, and generalized memory

polynomial models. In addition, DPD should be adaptive, in order to combat

time-varying factors of the PA, such as temperature, frequency, aging compo-

nents, and input signal change.

There are two types of adaptive DPD. One is the direct method with

two stages [64, 126]. First, identify the PA response, and then evaluate the
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Figure 2.8: The indirect learning architecture for the DPD. [38]

inverse PA response. However, when PA memory effects exist, it is difficult

to find the inverse PA response. Another type of adaptive DPD is the indi-

rect learning method shown in Fig. 2.8. In [38], Eun and Powers proposed

the indirect-learning Volterra predistorter. This indirect learning approach

is attractive for adaptive DPD, because it is not necessary to estimate the

parameters of the PA and the inverse calculation process can be removed.

With respect to the AM/AM characteristic of the PA, Fig. 2.4 and

(2.11) indicate that the OBO is the sum of the peak backoff (PBO) and output

PAR in dB [21]. PBO is relatively smaller than PAR. The overall gain with

DPD in PBO reduction will be smaller than that with the PAR reduction

techniques. However, PA linearization can correct other analog impairments

of PA, such as AM/PM and I/Q imbalance.
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2.4.2 PAR Reduction Techniques

Various PAR reduction techniques have been proposed in the literature

that consider tradeoffs between advantages and drawbacks, such as data rate,

transmit signal power, and computational complexity [9, 35, 48, 119]. These

PAR techniques can be roughly divided into two classes: distortion-bearing

and distortionless. The distortion bearing class includes clipping techniques

[10,74], tone reservation (TR) allowing error vector magnitude (EVM) [4], and

companding [120]. These distortion-bearing schemes come at the cost of BER

degradation. On the other hand, the distortionless class is more attractive

since there is no BER degradation, but at the cost of increasing complex-

ity. The distortionless class includes coding based techniques [90,96], selected

mapping (SLM) [46,50,72,114], and partial transmit sequence (PTS) [77,107].

The PAR reduction techniques can be alternatively categorized in terms

of the following classes: signal mapping, peak cancellation, and signal trans-

formation. The signal mapping class requires the transmission of side infor-

mation. This class includes coding techniques, SLM, and PTS. The peak

cancellation class utilizes an antipeak signal generated by clipping and filter-

ing [10,76], tone injection (TI) [104], active constellation extension (ACE) [69],

and TR [44,70,104]. Since these methods are quite flexible and easy to under-

stand, the peak cancellation class is suited for practical implementation. The

signal transformation class converts the OFDM signal into a different type

modulation or different distribution of signal. This class includes constant

envelope [27,103,109], companding [61,91,120], and DFT spread OFDM [83].
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2.4.2.1 Signal Mapping Class

Selected Mapping (SLM)

In selected mapping, one OFDM symbol is used to generate multiple

representations by phase rotating the symbol. Of these multiple representa-

tions, the one with the minimum PAR is transmitted. It is flexible in that

SLM introduces no distortion and its PAR reduction gain can be increased by

improving the PAR statistics at the cost of additional side information and

complexity in the OFDM transmitter [15,46,50,72,114]. However, in order to

correctly recover the original message at the receiver, side information should

be transmitted to the receiver, which is one of challenges in practical imple-

mentation. SLM techniques without explicit side information were studied

in [20, 46]. Using the pilot tone assisted modulation, the side information for

SLM is carried by the location of the pilot tones [7,25,72]. The optimal condi-

tion for the phase vector in SLM was investigated in [127], and low complexity

SLM schemes were proposed in [50, 78, 114].

Partial Transmit Sequence (PTS)

The PTS was proposed by Müller and Hubber [82]. PTS is similar

to SLM; however, the symbol in the frequency domain is partitioned into

smaller disjoint subblocks. The objective is to design an optimal phase for

the subblock set to minimize the PAR. As the number of disjoint subblocks

increases, the PAR reduction capability is improved; however, the drawback of

PTS is exponentially increasing search complexity to determine the rotating
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factor with the number of subblocks. Several low complexity PTS schemes

were proposed to reduce the computational complexity associated with finding

the optimal phase vector. The iterative flipping method was introduced at

the cost of a slight performance degradation [29]; the modified suboptimal

exhaustive search (SES) algorithm was proposed to reduce the phase factor

computation [107]; low complexity PTS techniques based on gradient descent

search or tree algorithm were introduced [47, 73]; an orthogonal projection-

based approach was suggested for the phase factor computation [24]; and,

phase vector optimization was proposed using sphere decoding [8]. Similar

to SLM, PTS has a practical implementation problem in that it requires side

information to be transmitted for decoding at the receiver. PTS techniques

without side information have been addressed in the literature [29, 39, 60, 85]

as well.

Coding

The main idea of coding is to avoid transmitting those symbols that

exhibit a high PAR by exploiting the redundancy of a properly chosen code.

The simple block coding scheme based on table look-up coding was introduced

[62]. The simple cyclic code with 3/4 rate was proposed [124]. However, the

drawback of this approach is that it requires an exhaustive search and is only

feasible for a small number of subcarriers (N < 32). On the other hand, most

comprehensive peak-reduction block coding approaches are based on Golay

Sequences. The use of a Golay complementary sequence was found to reduce

the PAR of signals by at most a factor of 2 [19]. Golay Sequence is a co-
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set of the classical first-order Reed Muller (RM) code [90]. These schemes

combined the block code with error correction capability for PAR reduction.

Due to complexity, they were limited to the case of PSK modulation. Golay

Sequence codes for QAMwere proposed [96]. However when PAR vs. data-rate

(redundant code) tradeoff is considered, this coding technique is not attractive

for practical multicarrier systems with a large number of subcarriers.

Lattice Decoding

The basic idea of lattice decoding is to define an equivalent set of OFDM

symbols from the same original data by periodically extending the signal con-

stellations and then to find the best set of equivalent representations from the

lattice exhibiting lowest PAR [40]. An M-QAM constellation can be extended

to infinite lattice. It is not necessary to send side information using modulo

operation at the receiver. In order to find the best candidate in lattice, sphere

decoding or tree search was introduced [5]. However, it is not appropriate for

practical systems due to high complexity.

2.4.2.2 Peak Cancellation Class

Clipping and Filtering

A clipping method is widely used to reduce the peak-to-average power

ratio since it is easy to implement. Clipping, however, is a nonlinear process

and may cause two major undesirable effects: (i) spectral regrowth, which

causes unacceptable out-of-band radiation; and (ii) distortion of the desired

signal, which increases BER. Both clipping distortions are regulated by the
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specification for the transmit spectral mask and EVM of the appropriate stan-

dards. The out-of-band radiation can and often is suppressed by filtering,

which leads to peak regrowth. Therefore, iterative clipping and filtering is

required until the desired clipping level is achieved [10, 36, 74, 76, 79]. How-

ever, since clipping is a distortion bearing scheme, it results in higher total

degradation when the in-band distortion is considered [110]. Iterative clipping

and filtering technique is limited by standard regulations (EVM and spectral

mask) and transmitter complexity.

The remaining in-band distortion introduced by clipping can be reduced

by iterative estimation and cancellation of the clipping noise at the receiver

[23, 67]. Simplified maximum-likelihood detection was proposed to enhance

multicarrier symbols with severe nonlinear distortion at the receiver [105].

Genetic algorithms were used to solve the problem of maximum-likelihood

estimation [98].

Tone Reservation (TR)

Tone reservation (TR) was proposed by Tellado [104]. The objective

of TR is to reduce PAR by intelligently adding power to unused carriers (re-

served tones), such as the null subcarriers specified by standards. The peak

cancelation signal can be generated by adding the power to reserved tones.

Since the data tones and reserved tones are orthogonal, there is no distortion

on the data bearing subcarriers. Also, TR is quite flexible and more practi-

cal to implement because there is no need for side information, and a small

number of reserved tones can be used to reduce PAR. However, this method
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comes at the cost of reduced data rate and an increase in average power. The

optimal solution for computing the values for reserved tones can be formulated

as a convex problem with high computational complexity [68,104]. The modi-

fied interior-point method is proposed by considering the distortion within the

allowed error vector bounds [3]. To reduce the high complexity, simple low-

complexity algorithms based on clipping were proposed in [44,104]. However,

these techniques have a slow convergence rate. For the fast convergence, the

active set approach is used in [69, 100, 118].

Active Constellation Extension (ACE)

Active constellation extension (ACE) was introduced for PAR reduction

by modifying or extending some of the outer signal constellation points in the

M-QAM [63,69]. The main idea of ACE is to modify the constellation only in

cases that the minimum distance is guaranteed; therefore, ACE can be used to

decrease the PAR while minimally affecting the performance. In practice, the

ACE is attractive for use in the down-link because there is no loss in data rate

and no side information is required. However, there is a slight power penalty,

and the gain in PAR reduction is inversely proportional to the constellation

size in M-QAM. For practical implementations, low-complexity algorithms

based on clipping were proposed and discussed in [69]. Recently, the multiple

antennas techniques with ACE has been studied for PAR reduction by using

more spatial degrees of freedom [71, 108].

Tone Injection (TI)
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Similar to ACE, tone injection (TI) was proposed in [104]. The basic

principle of TI is to use the cyclic extension of a constellation so that alter-

native expanded constellation provides a lower PAR. However, the transmit

power increases because of the added injected signal. In addition, the receiver

has to estimate the constellation change. Therefore, the computational com-

plexity increases with a large number of subcarriers.

2.4.2.3 Signal Transformation Class

Constant Envelope

For PAR reduction, constant envelope (CE) OFDM was proposed in

[103, 109]. The basic principle is to map the OFDM signal into frequency or

the phase of a single-carrier using continuous-phase modulation. CE-OFDM

can achieve a unity PAR and maximum PA efficiency without causing non-

linear distortion. However, in order to maintain phase continuity, the trans-

mitted phase needs to be adjusted for every OFDM vector, which results in

small power spectral sidelobes. To reduce sidelobe powers more effectively,

spectral precoding techniques are used in CE-OFDM [27]. In addition, phase

unwrapping errors led to bursts of errors in OFDM and channel coding with

interleaving was introduced [6].

Companding

Inspired by the use of compansion in speech processing, companding

techniques for PAR reduction were proposed in [120]. Since large signals oc-

cur very infrequently, µ-law companding allows us to decrease the dynamic
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range of an OFDM signal, which results in PAR reduction. However, this

PAR reduction comes at the cost of increasing average power. To solve the

problem of the increasing average power, exponential companding techniques

were introduced in [61, 91]. The drawbacks of companding are that channel

distortion or noise can be enhanced when expanding at the receiver and that

the out-of-band radiation may lead to unacceptable interference with users in

neighboring RF channels.

DFT Spread OFDM

OFDM uplink systems were proposed based on the DFT spreading

matrix without increasing the computational complexity [42]. It is usually

referred to as single carrier frequency division multiple access (SC-FDMA)

[83]. SC-FDMA transmits subcarriers sequentially by using DFT spreading,

which results in relatively low envelope fluctuations of the transmitted sig-

nal, even though PAR reduction gain is determined by subcarrier allocation

methods. Therefore, SC-FDMA is currently adopted for the uplink multiple

access scheme in 3GPP Long Term Evolution (LTE) [2]. However, under se-

vere multipath propagation environment, substantial intersymbol interference

can be added to the SC-FDMA signals, which places more burden on the base

station.

2.5 Summary

As mentioned in the previous section, PAR reduction is the dominant

factor for maximizing the power efficiency of a PA. There has been much
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research on PAR reduction in OFDM systems. Among them, the peak cancel-

lation class is the most attractive and effective PAR reduction method, since it

is quite flexible, easy to implement, and compatible with the appropriate stan-

dards. In Chapter 3, we focus on an iterative clipping and filtering technique,

which is a distortion bearing PAR reduction method. The iterative process for

limiting both bandwidth and peak regrowth makes BER estimation difficult.

We present the analytical results for estimating the parameters of iterative

clipping and filtering. With these analytical results, we obtain a link between

a peak power reduction and the BER performance. In Chapter 4, we con-

sider SLM as one of the distortionless methods, in order to investigate the

impact of the PAR reduction on performance degradation in the presence of

nonlinearity. The PAR statistics cannot be used to quantify BER performance

degradation in the presence of nonlinearity; therefore, we derive the envelope

power distribution in an OFDM system with SLM. In Chapter 5, we propose

new PAR reduction techniques to address fundamental problems associated

with two low-complexity PAR reduction techniques, namely, TR and ACE.
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Chapter 3

Quantifying Iterative Clipping and Filtering

for PAR Reduction in OFDM Systems

3.1 Introduction

A number of PAR reduction techniques have been proposed in the liter-

ature [48], among which are clipping-based techniques such as tone-reservation,

active constellation extension, and clipping and filtering. Clipping, however,

introduces two major undesirable nonlinear effects: out-of-band radiation and

in-band distortion. The out-of-band radiation results in unacceptable inter-

ference with users in neighboring RF channels. However, filtering, which al-

lows one to remove this out-of-band interference introduced by clipping, leads

to peak regrowth. Therefore, iterative clipping and filtering algorithms have

been proposed to both remove the out-of-band interference and suppress the

regrowth of the peak power [10,74]. Iterative methods of clipping and filtering

can also be used to alleviate the clipping noise at the receiver [23, 67].

To quantify the PAR reduction of iterative clipping and filtering, the

complementary cumulative distribution function (CCDF) of PAR is widely

used [112]. However, the CCDF for PAR has no direct relationship to the

BER performance degradation of an OFDM system with clipping, because the
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statistical distribution of PAR focuses only on the highest peak in an OFDM

symbol. To understand the PAR problem, we must be able to characterize the

clipping noise associated with clipping. Hence, the performance analysis for a

clipping channel in terms of signal-to-noise-and-distortion ratio (SNDR) has

been investigated in recent years [14, 34, 36, 41, 88]. Based on the assumption

that an OFDM signal may be characterized as a complex Gaussian process,

these approaches treat the clipping noise as an additive Gaussian process and

derive the variance and the power spectral density of the clipping noise. On

the other hand, Bahai et al. characterized the distortion as a rare impulse

noise [13]. A similar analysis in optical communications has been carried out at

a high clipping level [80]. However, to the best of our knowledge, no analytical

model has considered both iterative clipping and filtering together. The main

obstacle for such a model is that iterative processing ensuring PAR reduction

violates the Gaussian approximation of the input signal at the next stage of

clipping. Therefore, it is difficult to characterize clipping noise for iterative

processing. Instead, the effects of iterative clipping and filtering have been

studied by extensive simulations, which is a time-consuming process [36, 76].

In this chapter, using the noise enhancement factor, we derive and

present the semi-analytical results for the output of asymptotic iterative clip-

ping and filtering. With these semi-analytical results, we can obtain a relation-

ship between the BER and the target clipping level for asymptotic iterative

clipping and filtering. This semi-analytical BER performance result is verified

by comparison with simulation results.
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Figure 3.1: Block diagram of an OFDM transmission system with iterative
clipping and filtering.

3.2 System Model

Fig. 3.1 shows the OFDM system using the iterative clipping and fil-

tering to be considered. First, data bits are mapped into Xk, the complex

data symbols of the kth subcarrier using quadrature amplitude modulation

(QAM). Let xn, n = 0, 1, · · · , JN − 1, denote an oversampled complex base-

band OFDM signal expressed by

xn =
1√
JN

JN−1∑

k=0

Xke
j2π k

JN
n, (3.1)

where N is the number of subcarriers, and the oversampling factor J ≥ 4

is used to obtain accurate peaks of the continuous baseband signals in the

discrete time domain [106] and to investigate the out-of-band nonlinear effects

associated with at least the third intermodulation product (IMP). We assume

that the OFDM signal power is normalized as σ2
x = 1

2
E[|xn|2] = 1.

Next, the modulated OFDM signal is transmitted through the iterative

clipping and filtering module to reduce the PAR. We consider iterative clipping

and filtering in the frequency domain [10]. With respect to the clipping of the

amplitudes of the samples xn, a complex nonlinear function for the nth sample
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can be expressed by

fC(xn) =





xn, |xn| ≤ Amax

Amaxe
jθn, otherwise

(3.2)

where θn = ∠xn, and the clipping level Amax and the clipping ratio γ are

related by

γ ,
Amax√
E[|xn|2]

. (3.3)

Clipping is followed by filtering to remove the undesirable out-of-band

radiation; however, this filtering results in a degree of peak regrowth at some

points. Until the target clipping ratio is achieved, iterative clipping and fil-

tering is used. As an example of iterative clipping and filtering, suppose that

the number of subcarriers is N = 1024, and the modulation is 16-QAM, and a

target clipping ratio γ = 4dB is used. Fig. 3.2 shows the envelope power dis-

tribution function using the iterative clipping and filtering with L denoting the

number of clipping and filtering operations for different clipping ratios. The

envelope power distribution function is the probability that the instantaneous

normalized power of x̃
(L)
n , the output after L iterations of clipping and filering,

is greater than the clipping ratio γ. From the figure, it is observed that, at the

fixed target clipping ratio γ = 4dB, the envelope power fluctuation is strongly

reduced by increasing the number of iterations, L. In Fig. 3.2 and subsequent

figures, we permit the number of iterations to be as large as L = 40 in order

to ensure we reach an asymptotic result. However, this does not necessarily

imply that L = 40 iterations are required to achieve a practical level of per-
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Figure 3.2: The envelope power distribution function (CCDF of instantaneous

power) of x̃
(L)
n vs. different reference envelope power levels for a target clipping

ratio γ=4dB when the number of iterations L ranges from from 0 to 40.

formance. For example, as Fig. 3.2 suggests, fewer iterations, say L = 8, yield

near-asymptotic performance. This issue will be discussed in section 3.5.3.

At the receiver, the time-domain signal received after passing through

the additive white Gaussian noise channel can be expressed as

yn = x̃(L)
n + wn, n = 0, 1, · · · , JN − 1, (3.4)

where x̃
(L)
n is the output after L iterations of clipping and filtering, and wn is the

additive white Gaussian noise (AWGN). Finally, signal samples yn including
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Gaussian noise are fed to a conventional DFT-based OFDM demodulator, as

shown in Fig. 3.1.

In the following section, we will provide a semi-analytical expression for

an asymptotic iterative clipping and filtering scheme and quantify its effect on

a signal received over an AWGN channel.

3.3 Representation of the Output for Asymptotic Iter-
ative Clipping and Filtering

The statistical properties of the only-clipped OFDM signal have re-

cently been analyzed [34, 88]. We first represent the output of clipping (3.2)

as a form of peak cancellation as follows:

xn ≡ fC(xn) = xn + sn, for n = 0, 1, ..., JN − 1 (3.5)

where sn is the anti-peak sample after clipping. Based on the Bussgang theo-

rem for Gaussian inputs [97], the anti-peak sample can be expressed by

sn = (α− 1)xn + dn, (3.6)

where the first term on the right-hand side represents an attenuated replica of

the original signal components, dn is a zero-mean noise process uncorrelated

with the signal (E[dn] = 0 and E[dnx
∗
n] = 0), and the attenuation factor α is

given by [88] as

α =
E[xnx

∗
n]

E[xnx∗
n]

= 1− e−γ2

+

√
πγ

2
erfc(γ). (3.7)
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Note that the nonlinear noise dn is spread both inside and outside the band-

width of the signal. To eliminate the out-of-band interference caused by clip-

ping, filtering follows clipping. After applying the DFT to (3.5), a clipped

OFDM symbol after filtering in the frequency domain can be written as

X̃k = (Xk + Sk)Hk, for k = 0, 1, ..., JN − 1

= Xk + S̃k = αXk + D̃k, for k = 0, 1, ..., N − 1,
(3.8)

where Sk is the complex anti-peak term in the frequency domain, i.e., the

DFT of (3.6); and S̃k and D̃k are the anti-peak term and distortion term after

filtering in the frequency domain, respectively; andHk is the frequency domain

filter described as

Hk =





1, for k = 0, ..., N − 1

0, otherwise.
(3.9)

While the first term on the right-hand side of (3.8), αXk, is not affected

by the filtering, the uncorrelated distortion D̃k is bandlimited as a result of

removing the out-of-band radiation of Sk. However, the band limitation of the

clipped signal will cause peak regrowth of the clipped signal at some points

in the time domain. The amount of peak regrowth equals the peak difference

between the filtered signal and the signal before clipping. To reduce the peak

regrowth, we can express iterative clipping and filtering as

X̃
(L+1)
k = X̃

(L)
k + S̃

(L)
k , for k = 0, 1, ..., N − 1

= Xk + S̃
(1)
k + S̃

(2)
k + · · ·+ S̃

(L)
k︸ ︷︷ ︸

C̃
(L)
k

=
L∑

i=1
S̃
(i)
k

(3.10)
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where C̃
(L)
k is the clipping noise after the L-th iterative clipping and filtering

operation, and S̃
(L)
k corresponds to the envelope power of x̃

(L)
n greater than

the fixed target clipping ratio of γ = 4dB in our example. See Fig. 3.2

for the envelope power distribution function of x̃
(L)
n with a target clipping

ratio of γ = 4dB. The asymptotic iterative clipping and filtering has finite

clipping noise because the envelope power of x̃
(L)
n reaches the target clipping

level; therefore, S̃
(L)
k becomes negligibly small with an increasing number of

iterations, which will be generalized for any value of the target clipping ratio

in Fig. 3.3.

When L ≥ 2, the input signal to the clipping process is not Gaussian.

Therefore, it is difficult to derive both the distribution and a closed form for

the BER performance analysis of the iterative clipping and filtering. When

the clipping ratio is very large, the clipping noise after iterative clipping and

filtering is analyzed as a series of parabolic arc pulses and is simplified in

[116]. Since this approach is established for relatively high clipping levels,

the simplified clipping noise is not accurate when the clipping ratio is small,

the latter case of which is of interest for our performance analysis. Moreover,

it is difficult to derive a simple closed form for the clipping noise because the

interaction between the clipping pulses increases as the clipping ratio decreases.

In this chapter, in order to provide a general expression for the asymptotic

iterative clipping and filtering for a given clipping ratio, the noise enhancement

factor is introduced as follows:
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Definition 1. Noise Enhancement Factor β(L)

Let the Lth clipping noise, C̃
(L)
k be calculated using the sum of anti-peak

signals S
(L)
k of each iteration as indicated in (3.10). We define the noise en-

hancement factor β(L) as the normalized cross-correlation between the clipping

noise at the L-th iteration and the clipping noise at the first iteration in the

frequency domain. Therefore, β(L) is defined as

β(L) =
E[C̃

(L)
k (C̃

(1)
k )∗]

E[C̃
(1)
k (C̃

(1)
k )∗]

, (3.11)

where C̃
(1)
k and C̃

(L)
k are the clipping noise at the first and L-th iterations,

respectively.

In accordance with the clipping model in (3.8), we can represent the

output of the iterative clipping and filtering after the Lth iteration in (3.10)

as
X̃

(L)
k = Xk + β(L)C̃

(1)
k , for k = 0, 1, ..., N − 1

= α(L)Xk + Z
(L)
k

(3.12)

where Z
(L)
k = β(L)D̃k is the complex distortion term on the kth subcarrier after

the Lth iteration, and the attenuation factor α(L) at the Lth iteration can be

easily obtained in a straightforward way as

α(L) = 1− (1− α)β(L). (3.13)

Note that α(1) = α, since β(L) = 1 when L = 1; otherwise, α(L) is reduced

since β > 1 as L increases, which means that the signal constellation after the

Lth iteration at the receiver is smaller than that with L = 1.
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3.4 BER Estimation of Asymptotic Iterative Clipping
and Filtering

We focus on the asymptotic iterative clipping and filtering represented

in the previous section. To assess the receiver performance, we can represent

the received signal after the DFT with perfect synchronization as

Yk = α(L)Xk + Z
(L)
k +Wk, k = 0, 1, ..., N − 1, (3.14)

where Z
(L)
k is the in-band distortion after L iterations and Wk is the additive

zero-mean white Gaussian noise (AWGN) with variance σ2
w = 1

2
E[|Wk|2]. Note

that Xk, Z
(L)
k , and Wk are assumed to be mutually independent.

For the asymptotic iterative clipping and filtering, the clipped pieces of

signal higher than the target clip level Amax become in-band distortion without

affecting the out-of-band radiation because of filtering, while the signal power

decreases due to the clipping process. Thus, with the chosen parameters, β(L)

in (3.11) and α(L) in (3.13), the effective SNR for the kth subcarrier can be

expressed as [88]

SNRk =
E[|α(L)Xk|2]

E[|Yk − α(L)Xk|2]
=

E[|α(L)Xk|2]
E[|Z(L)

k |2] + E[|Wk|2]
, (3.15)

where E[|α(L)Xk|2] is the average reduced signal power and E[|Z(L)
k |2] is the

average power of the distortions, which is obtained by making use of the power

spectral density of distortion for the soft limiter in [14] as follows:

E[|Z(L)
k |2] = (β(L))2E[D̃kD̃

∗
k] = N(β(L))2SD(k), for k = 0, 1, ..., N−1 (3.16)
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where SD(k) is the power spectral density (PSD) of the distortion noise and

can be obtained from the DFT of the correlation function of the distortion dn

Rd(m) = E[dn+md
∗
n] =

∞∑

n=1

c2n+1

[
Rx(m)

Rx(0)

]2n+1

. (3.17)

Here, the coefficient c2n+1, which can be found in [14], is a function of the

clipping ratio γ, and Rx(m), the autocorrelation of the signal xn, is given

by [36] as

Rx(m) = 2σ2
x

sinc(m
J
)

sinc( m
JN

)
e−

jπ(m)
JN (3.18)

where sinc(x) = sinπx
πx

and the input signal power Rx(0) is 2σ2
x. Note that

E[|Z(L)
k |2] is a function of the kth subcarrier since SD(k) is not constant for

all OFDM subcarriers, but we assume that the distortion power is spread out

equally over the N-subcarriers. In practice, the error vector magnitude (EVM)

is defined by [55] as

EVM =

√√√√ 1

N

N−1∑

k=0

E[|Z(L)
k |2]

E[|Xk|2]
=

√√√√(β(L))2

2σ2
x

N−1∑

k=0

SD(k). (3.19)

Consequently, when the number of subcarriers N is sufficiently large,

the theoretical evaluation of the average bit error rate (BER) can be obtained

by the Central Limit Theorem as follows:

Pb =
4

log2(M)

(
1− 1√

M

)
Q

(√
3

M − 1
SNRc

)
, (3.20)

where M is the constellation order, Q(x) = 1√
2π

∫∞
x

exp(−t2/2)dt is the normal

error integral, and SNRc is the average effective SNR, which is expressed by

SNRc =
E[|α(L)Xk|2]

E[|Z(L)
k |2] + E[|Wk|2]

=

[
SDR · SNRw

1 + SDR+ SNRw

]
, (3.21)
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where SDR = E[|α(L)Xk|2]
E[|Z(L)

k
|2]

= (α(L))2

EVM2 , and SNRw =
E[|X̃(L)

k
|2

E[|Wk|2] = log2(M)Eb

No
.

Note that (3.20) for BER depends on the analytical results for both the

attenuation factor α(L) in (3.13) and the EVM in (3.19). Furthermore, both

α(L) and EVM depend on the noise enhancement factor β(L) defined in (3.11).

As mentioned previously, it is difficult to derive a closed-form expression for

the clipping noise because the interaction between the clipping pulses increases

as the clipping ratio γ decreases. Therefore, in the next section the noise en-

hancement factor β(L) is determined by simulation. These values are then used

in the analytical expressions to determine α(L) and EVM, and ultimately BER.

For this reason, the result for these latter three quantities are referred to as

“semi-analytical.” However, the good agreement between the semi-analytical

results and the simulation results in section 3.5 provides confidence that the

empirical estimates of the noise enhancement factor β(L) are valid.

3.5 Simulation Results

In this section, we verify the expression for asymptotic iterative clipping

and filtering by comparison with simulation results. We consider a 4-time over-

sampled OFDM system with 1024 subcarriers and 16 QAM, where iterative

clipping and filtering is used for PAR reduction.

3.5.1 The Noise Enhancement Factor β(L)

First, we determine the noise enhancement factor β(L) for different clip-

ping ratios when the number of iterations L = 1, 2, 4, 8, 16, 32, and 40, as
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Figure 3.3: The noise enhancement factor β(L) vs. different clipping ratios,
when the number of iterations, L=1,2,4,8,16,32, and 40.

shown in Fig. 3.3. Note that β(L) is defined in (3.11) as the normalized cross-

correlation between the clipping noise at the Lth iteration and the clipping

noise at the first iteration in the frequency domain. As indicated in (3.10), the

clipping noise after the Lth iteration equals the sum of the anti-peak terms

after filtering from the first iteration to the Lth iteration. From this figure,

it is obvious that β(1) is constant regardless of clipping ratio γ, and the value

β(1) = 1 is consistent with (3.11). On the other hand, for L > 1, β(L) increases

as the clipping ratio γ increases. Moreover, the value of β(L) at any fixed γ

saturates after about 8 iterations. This saturation of β(L) can be explained by

the observation that the envelope power fluctuation is dramatically reduced as
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Figure 3.4: The noise enhancement factor β(L) vs. different clipping ratios
for different number of subcarriers, N=16, 64, 128, 256, 512, 1024, and 4096.
(M=16QAM, J=4, L=40)

the number of iterations increases for any given clipping ratio γ, which implies

that a target clipping ratio is achieved with no out-of-band radiation. Thus,

Fig. 3.3 can be regarded as a generalization of the envelope power distribution

trend shown in Fig. 3.2.

In order to validate the uniqueness of the noise enhancement factor

β(L) at any fixed clipping ratio, we have investigated the dependence of β(L)

on the system parameters: the number of subcarriers N , oversampling factor

J , and constellation size M . First, Fig. 3.4 shows the noise enhancement
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Figure 3.5: The noise enhancement factor β(L) vs. different clipping ratios for
different oversampling factors, J=1, 2, 4, 8, and 16. (M=16QAM, L=40, and
N=1024)

factor beta vs. different clipping ratios for a different number of subcarriers

N =16, 64, . . . , and 4096. As one can see, the beta at any fixed clipping

ratio saturates as N increases (N > 256). This saturation of beta can be

explained by the assumption that, due to the Central Limit Theorem, the

symbol samples of OFDM are approximately Gaussian when the number of

subcarriers is sufficiently large.

Next, we plotted the noise enhancement factor β(L) vs. different clip-

ping ratios for various values of the oversampling factor J , as shown in Fig.
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Figure 3.6: The noise enhancement factor β(L) vs. different clipping ratios for
different constellation sizes, M=2, 4, and 16. (J=4, L=40, and N=1024)

3.5. We observed that the noise enhancement factor β(L) increases as the over-

sampling factor J increases for any given clipping ratio. However, after J = 4

, β(L) converges to a single value that depends on the clipping ratio. This

dependence of β(L) on the oversampling factor is consistent with the fact that

an oversampling factor J ≥ 4 is used to approximate the continuous base-band

signal in the discrete time domain in [106].

To investigate the impact of the constellation size on β(L), the noise

enhancement factor β(L) is plotted as a function of the clipping ratio in Fig.

3.6 for constellation sizeM=2,4, and 16. It is observed that for a given clipping
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ratio, beta takes on essentially the same value for each of the three values of

M . This implies that beta appears to be insensitive to constellation size.

In summary, as N increases (N ≥ 256), β(L) at any fixed clipping ratio

converges to a single value, and β(L) saturates for any fixed clipping ratio

when the oversampling factor J ≥ 4. On the other hand, β(L) appears to be

insensitive to constellation size. Thus, this chapter relies on the assumption

that the number of subcarriers is sufficiently large (N = 1024) and that the

oversampling factor is greater than or equal to 4 (J ≥ 4).

3.5.2 Performance Results: α(L), EVM, BER, and PSD

In Fig. 3.7, we compare simulation results with the semi-analytical

results for the attenuation factor, α(L), in (3.13) for iterative clipping and

filtering as a function of γ when L = 1 and 40. The simulation results are

closely matched by the semi-analytical results, which utilize simulation-based

values for the noise enhancement factor β(L). It is shown that the attenuation

factor with L = 40 is smaller than that with L = 1 as the clipping ratio γ

decreases. This means that for a smaller clipping ratio γ, the constellation

of OFDM using the asymptotic iterative clipping and filtering is attenuated

more than the case with L = 1, which results in a reduction of signal power.

To investigate the impact of asymptotic iterative clipping and filtering

on modulation accuracy, the EVM is plotted as a function of clipping ratio γ

in Fig. 3.8, along with the corresponding simulation results. The measured

EVM with L = 1 and 40 is compared to the semi-analytical EVM in (3.19),
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Figure 3.7: Comparison of the semi-analytical results in (3.13) and the simula-
tion results for the attenuation factor α(L) as a function of γ when the number
of iterations L is 1 and 40.

which is obtained from the average PSD of the clipping noise and the clipping

noise enhancement factor. Also, it can be seen that the agreement between

semi-analytical and simulated EVM is good, thereby validating our asymptotic

iterative clipping and filtering model. Although the in-band distortion due to

clipping is not constant in practice, EVM is presented in (3.19) as a signal

quality measurement with the assumption that in-band distortion is constantly

distributed over the bandwidth of interest. Contrary to the attenuation factor,

it can be observed that EVM with L = 40 is greater than that with L = 1
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Figure 3.8: Comparison of the semi-analytical results in (3.19) and the simu-
lation results for EVM as a function of γ when the number of iterations L is
1 and 40.

at any fixed γ. This implies that the peak regrowth of iterative clipping and

filtering cumulatively becomes in-band distortion.

To verify our asymptotic iterative clipping and filtering model, the an-

alytically calculated BER versus Eb/No over an AWGN channel for various

values of the clipping ratio γ is compared to simulation results in Fig. 3.9.

These simulation results show good agreement with the semi-analytical BER

analysis (3.20) for our asymptotic iterative clipping and filtering model. We

observe that, at low γ, it is hard to achieve low BER because the in-band

distortion is dominant compared to the additive Gaussian noise No. On the
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other hand, the in-band distortion becomes negligibly small for larger γ, which

allows us to reach the target BER with minimum Eb/No. For example, at the

10−3 BER, the required Eb/No is 18.2dB, 11.5dB, 10.75dB, and 10.7dB for γ

= 4dB, 6dB, 8dB, and 10dB, respectively. However, it is impossible for even

higher Eb/No to reach a target BER of 10−3 with γ = 0dB and 2dB due to

the distortion associated with severe clipping.

It is noted that our BER performance of asymptotic iterative clipping

54



0 0.2 0.4 0.6 0.8 1
−55

−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

0

Normailized Frequency(f/f
s
)

P
S

D
(d

B
)

 

 

L=0

L=1

L=2

L=40

Spectral mask
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ratio γ=4dB, when the number of iterations L ranges from from 1 to 40.
Spectral mask (solid line) is specified by the WiMAX standards [58].

and filtering (L = 40) provides the upper bound (worst case) for a given target

clipping ratio, because the lower attenuation factor in Fig. 3.7 and the higher

in-band distortion in Fig. 3.8 with L = 40 at a given target clipping ratio

can lead to a lower SDR than those of L = 1. On the other hand, asymptotic

iterative clipping and filtering (L = 40) can completely remove the out-of-

band radiation. Fig. 3.10 shows the PSD using iterative clipping and filtering

for the target clipping ratio γ of 4dB when the number of iterations L ranges

from 1 to 40. It is clearly observed that the out-of-band radiation is decreased
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with the increasing L. The reduction of out-of-band radiation is explained by

the fact that the the envelope power fluctuation is dramatically reduced as the

number of iterations increases for a given clipping ratio, as in Fig. 3.2. From

this figure, after at least L=8, a value of the out-of-band radiation can be

lower than the limit of out-of-band radiation specified by a spectral mask [58].

3.5.3 Complexity Issue

In this work, we have considered a maximum of L = 40 iterations to

ensure asymptotic results, the principal focus of this chapter. However, moti-

vated by potential transmitter complexity issues due to the delay-limit of the

transmitter, we have considered the effects of using fewer iterations. Specifi-

cally, smaller values of L lead to improved BER due to less signal attenuation

and less in-band distortion, the latter of which is achieved at the expense of

an increase of out-of-band radiation.

For the same simulation conditions used in Fig. 3.10, the tradeoff

between improved BER performance and increased out-of-band radiation is

illustrated by Fig. 3.11. In Fig. 3.11, we plot the PSD of out-of-band radia-

tion at f/fs=0.3 (e.g., f/fs=0.25 corresponds to the in-band cutoff) vs. the

value of Eb/No to maintain a BER of 10−3for L ranging from 1 to 40, and

γ=4dB. Clearly, near-asymptotic results are achieved for L much less than 40.

For example, if we consider L=8, the decrease in Eb/No, with respect to the

asymptotic L=40 result, to maintain a BER of 10−3 is 1dB, at the cost of an

increase of the out-of-band radiation of 2dB. Fig. 3.11 also suggests that an
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even lower number of iterations may be utilized if the increase in out-of-band

radiation is acceptable from a practical point of view, e.g., if it falls below

the upper boundaries of out-of-band radiation specified by a spectral mask.

Moreover, in practice, the acceptable performance can be achieved with fewer

iterations by using the fast convergence rate algorithm in [69, 118].

57



3.6 Conclusion

In this chapter, an asymptotic iterative clipping and filtering model for

PAR reduction is presented and its effects are analyzed in terms of the clipping

ratio γ. This approach makes use of the clipping noise that is estimated by

simulation from the power spectral density of the clipping noise at the first

iteration. The semi-analytical results for the attenuation factor, α(L), EVM,

and BER were derived and verified by comparison with simulation experiment

results. Thus, these semi-analytical results can be used to provide a BER

performance benchmarking tool for designing PAR reduction techniques using

iterative clipping and filtering in OFDM systems.
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Chapter 4

Performance Analysis of OFDM Systems with

Selected Mapping in the Presence of

Nonlinearity

4.1 Introduction

Many PAR reduction techniques have been proposed in the litera-

ture [48] (and references therein). These techniques can be roughly divided

into two classes: distortion-bearing and distortionless. The distortion bearing

class includes clipping techniques [10,74], tone reservation (TR) allowing error

vector magnitude (EVM) [4], and active constellation extension (ACE) [11,69].

These distortion-bearing schemes result in higher total degradation when the

nonlinear effect of the PA is considered [110]. The distortionless class includes

coding based techniques [90,96], selected mapping (SLM) [46,50,72,114], and

partial transmit sequence (PTS) [77, 107]. In coding based techniques, it is

difficult to maintain a reasonable coding rate in OFDM systems with a large

number of subcarriers. In contrast, SLM and PTS are quite flexible in that

they introduce no distortion and modify the data set at the cost of additional

side information/complexity. Both techniques generate multiple signals from

the same information and from these multiple signals, the one with the min-

imum PAR is transmitted. When the amount of side information is limited,
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SLM is more beneficial than PTS [50].

Previous work in PAR reduction techniques has mainly used the distri-

bution of PAR to evaluate their performance. The complementary cumulative

distribution function (CCDF) of PAR has been widely used and studied as a

performance criterion for PAR [15,112]. However, PAR has no direct relation-

ship to BER performance degradation of an OFDM system with nonlinearity,

because the statistical distribution of PAR focuses only on the highest peak

in an OFDM symbol. To evaluate BER performance analytically, the sta-

tistical distribution for the envelope power of an OFDM signal is useful. In

OFDM systems without PAR reduction techniques, performance analyses un-

der varying nonlinearities have been presented [14,34,36,41,88]. Based on the

assumption that an OFDM signal may be characterized as a complex Gaus-

sian process, such approaches consider the nonlinear distortion as an additive

Gaussian process and derive the variance as a function of OBO (or clipping

ratio if the PA is assumed to be ideally linearized). Physically, the DAC is

followed by the PA at a transmitter. In view of the AM/AM characteristic of

the PA, the OBO is the sum of the peak backoff (PBO) and output PAR in

dB [21]. The PBO is used to set the maximum output power of the linearized

PA. The output PAR depends on the dynamic range of the DAC, which is de-

termined by the clipping ratio. Thus, it is important to assess the joint effects

of the nonlinear distortion introduced by both the PBO and the clipping ratio

on system performance. To the best of our knowledge, up to now no study

has been conducted on this issue.
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In this chapter, we focus on an OFDM system with SLM and charac-

terize the effect of SLM on the system performance as a function of the PBO

and the clipping ratio in the presence of nonlinearity. First, we analytically

derive the envelope power distribution of an OFDM symbol in SLM. It is noted

that statistical characteristics of the envelope power in SLM were presented

in [82] via a numerical simulation. However, to the best of our knowledge, an

analytic closed form for the distribution has not yet been derived. Second,

using our derived envelope power distribution, we analyze the BER and total

degradation (TD) of the SLM-OFDM system with nonlinearity over AWGN

channels in terms of the PBO and the clipping ratio. The TD indicates the

tradeoff between OBO and the Eb/No penalty due to nonlinearity. Based on

these analytical results, we obtain the TD-minimizing PBO and clipping ra-

tio as functions of the number of candidate signals in the SLM technique.

In addition, the derived envelope power distribution and the analytical BER

performance are verified by comparing with simulation results.

4.2 System Model

Fig. 4.1 depicts the equivalent-baseband OFDM system model em-

ploying SLM for PAR reduction. Let the N -component vector X denote an

OFDM symbol with each component being drawn from an M-ary rectangular

QAM. The discrete time-domain complex OFDM symbol x is given by using
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the inverse fast Fourier transform (IFFT) as

xn =
1√
N

N−1∑

k=0

Xke
j2π k

N
n, n = 0, 1, · · · , N − 1 (4.1)

where n is the discrete time index. Note that the average power is E[|Xk|2] =

E[|xn|2] = σ2.

Using matrix notation, we can express (4.1) as x = QX with the com-

plex time-domain signal vector x = [x0, x1, . . . , xN−1]
T and the complex symbol

vector X = [X0, X1, . . . , XN−1]
T , where Q is the IFFT matrix of size N ×N .

Although the oversampled discrete time-domain complex OFDM symbol x can

be easily extended by modifying Q, this paper considers x at the Nyquist rate

to simplify the analysis associated with nonlinearity. We leave the extension

of this analysis to the case of oversampled OFDM symbols for future work.

Since Xk are assumed to be statistically independent and identically

distributed (i.i.d.) with zero mean, xn are asymptotically Gaussian distributed

for a large N by the central limit theorem. The peak-to-average power ratio

(PAR) is defined as

PAR(x) ,
max0≤n≤N−1 |xn|2

E[|xn|2]
. (4.2)

The SLM generates M-independent alternative symbols {Xm|m = 1, 2,

. . . ,M} by forming a Hadamard product of X and a set of independent and

distinct random phase vectors {Um|m = 1, 2, . . . ,M} with Um = [Um
0 , Um

1 ,

. . . , Um
N−1]

T and Um
k = exp(jφm

k ), φm
k ∈ [0, 2π), 0 ≤ k ≤ N − 1. The M
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multiple alternative symbols are expressed as

Xm = X ◦Um, 1 ≤ m ≤ M, (4.3)

where ◦ denotes a Hadamard product (element by element product) of two vec-

tors. We can preserve the signal power by using unit magnitude random phase

vectors Um. The optimal condition for the phase vector to achieve the mini-

mum PAR in the SLM was investigated in [127]. The multiple OFDM symbols

Xm in the frequency domain are transformed into x(m) = [x
(m)
0 , x

(m)
1 , . . . , x

(m)
N−1]

T

by applying the IFFT, and the transmitted signal x̃ = [x̃0, x̃1, . . . , x̃N−1]
T is

chosen by selecting a signal with the lowest PAR of x(m) as given in

x̃ = {x(m∗)|m∗ = arg min
1≤m≤M

PAR(x(m))}. (4.4)

The index m∗ should be transmitted to the receiver as side information to

correctly recover the original message.

Amplitude limiting devices such as DACs and PAs are potential sources

of nonlinearity which may cause performance degradation in OFDM systems.

Since the soft limiter is one of the most commonly used models for memoryless

nonlinear devices in a transmitter [33, 86], we will model a DAC as the soft

limiter as shown in Fig. 4.1. The soft limiter truncates the amplitudes of

signals that exceed the clipping level as [86]

xn = g(x̃n) =





x̃n, if |x̃n| ≤ Amax

Amaxe
(j∠x̃n), otherwise,

(4.5)
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where Amax is the clipping level which can be determined by the clipping ratio

γ defined as

γ ,
A2

max

E[|xn|2]
. (4.6)

Since the dynamic range of the signal is limited by γ, a high clipping ratio γ

requires a high resolution DAC which can impose an additional complexity,

cost, and power burden on the system.

In addition, for the sake of example, it is assumed that a traveling-

wave tube power amplifier (TWTA), which exhibits relatively severe nonlinear

distortion at the maximum output power of a signal, is used at the transmitter.

The baseband AM/AM model for a TWTA is given as [99]

uy = FA[ux] =
2ux

1 + u2
x

, (4.7)

where ux and uy are the input and output amplitudes normalized to the sat-

uration power point of the PA. Furthermore, it should be noted that other

nonlinear PA models, such as for a solid state power amplifier (SSPA), can

also be utilized in the analysis presented in this paper.

To reduce nonlinearity effects due to the PA compression, the maximum

output power should be set to ρPsat with 0 < ρ < 1, where Psat is the saturated

output power. In this case, the PBO ρ̃, the ratio of Psat to peak instantaneous

power of the output, is defined as ρ̃ , −10 log10 ρ [21], and the maximum peak

amplitude β corresponding to the maximum input power is straightforwardly
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obtained from (4.7) as

β = F−1
A [
√

ρPsat] =
1√
ρPsat

[1−
√

1− ρPsat] =
1√

10−0.1ρ̃Psat

[1−
√

1− 10−0.1ρ̃Psat].

(4.8)

OFDM signals can be transmitted in the linear region of the RF PA with a

high PBO ρ̃, which results in a high OBO. However, a high OBO reduces both

the signal-to-noise ratio (SNR) at the receiver and the power efficiency in the

transmitter, the latter of which is especially critical in a mobile device with

limited battery power.

At the receiver, the time-domain signal received after passing through

the additive white Gaussian noise (AWGN) channel can be expressed as

yn = x̂n + wn, n = 0, 1, · · · , N − 1, (4.9)

where x̂n is the transmitted signal through nonlinearity with the soft limiter

in (4.5) and the PA in (4.7), and wn is the AWGN. Next, the signal samples

yn in (4.9) are fed to the fast Fourier transform (FFT) demodulator with the

minimum PAR random phase vector U(m∗) as shown in Fig. 4.1. To make

the analysis tractable, we assume that there is no loss of side information

transmission m(∗), and the nonlinear operation is performed in the baseband

at the Nyquist sampling rate.

4.3 Envelope Power Distribution Function of SLM

In OFDM systems using the SLM for PAR reduction, the distribution of

the PAR is not useful in evaluating BER performance of the systems. Rather
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valuable system performance metrics, including BER, can be computed using

the distribution of the envelope power of the selected OFDM signal by the

SLM that is given in (4.4). Without loss of generality, we assume that the

components x
(m)
n of M candidate OFDM signals x(m) in the SLM are i.i.d.

with a complex Gaussian distribution with zero mean and variance with σ2,

and the real parts and the imaginary parts of x
(m)
n are independent for n =

0, ..., N−1. Then, the probability that the lowest PAR over all M branches in

Fig. 4.1 is greater than a threshold R, which is the complementary cumulative

distribution function (CCDF) of the PAR for the transmitted signal x̃, is given

by [15]

Pr{PAR(x̃) > R} = (1− (1− exp(−R))N)M . (4.10)

To obtain the envelope power distribution of a component x̃n in the se-

lected OFDM signal x̃ by the SLM, let ri denote the instantaneous normalized

sample power of the transmitted signal given as

rn =
|x̃n|2

E[|x̃n|2]
= |x̃n|2, n = 0, 1, ..., N − 1. (4.11)

Then,

rn ≤ min
1≤m≤M

max0≤l≤N−1 |x(m)
l |2

E[|x(m)
l |2]

, ∀n = 0, 1, ...N − 1. (4.12)

In addition, let Ψ(R) denote the envelope power distribution which is the

probability that the instantaneous normalized sample power ri is greater than

a threshold R. Since the maximum value of ri is always equal to the PAR

given in SLM, the CCDF for the maximum value of ri is identical to (4.10).

Thus we obtain
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Pr( max
0≤n≤N−1

rn > R) = 1− (1− Pr(r0 > R))(1− Pr(r1 > R))

· · · (1− Pr(rN−1 > R))

= 1− (1−Ψ(R))N

= (1− (1− exp(−R))N )M .

(4.13)

Consequently, the envelope power distribution is given as

Ψ(R) = Pr(rn > R)

= 1− (1− (1− (1− exp(−R))N )M)
1
N .

(4.14)

For (1− exp(−R))N << 1, we can approximate Ψ(R) as

Ψ(R) ≈ 1−M1/N (1− exp(−R)). (4.15)

For a large N , (4.15) can be simplified further as given in

Ψ(R) ≈ exp(−R). (4.16)

When the threshold R is severely low with a largeN , the envelope power distri-

bution behaves as (4.16). On the other hand, as R increases, the distribution

is highly affected by the parameters M and N as given in (4.14).

4.3.1 Numerical Results

To verify the envelope power distribution of the selected signal x̃n in

(4.14), we compare the distribution obtained by computer simulations with the

one computed by (4.14). For this comparison, we consider OFDM systems with

512 subcarriers, and each subcarrier is modulated by 4-QAM. To get better
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nique for different threshold levels (R) and M = 1, 2, 4, 16, and 64, when the
number of subcarriers N is 512.

performance from the SLM, i.i.d. random phase vectors with zero mean are

used for Um [127].

Fig. 4.2 shows the envelope power distributions of the selected signal

x̃n using the SLM with M = 1, 2, 4, 16, and 64. Our analytically derived

expression in (4.14) demonstrates good agreement with the simulation results.

Note that (4.14) captures the effect of the variation of M well. That is, we

observe that at fixed Pr (ri > R), the required threshold value R decreases as
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M increases, which means that the envelope power fluctuation is reduced by

increasing the number of candidate signals x(m). For instance, the thresholds

for the instantaneous normalized sample power at the probability 10−6 are

11.4dB, 10dB, 9.1dB, 8dB, and 7.4dB for M = 1, 2, 4, 16, and 64, respectively.

Meanwhile, the envelope power distributions converge independently of M at

low clipping ratios, which is consistent with the trend in (4.16).

4.3.2 Determination of the Excess Power by Clipping

We now demonstrate an application of the envelope power distribution

derived in the previous section by computing the excess power.

As more samples are saturated or clipped, more nonlinear distortion

is generated [101]. The nonlinear distortions include two primary undesirable

effects: (i) spectral regrowth (out-of-band radiation), which causes unaccept-

able interference to users in neighboring RF channels, and (ii) distortion of the

desired signal, which results in a BER performance degradation. PAR does

not characterize these nonlinear effects because PAR focuses on the highest

value among N samples in an OFDM symbol.

As an alternative to PAR, the excess power (EP) of the OFDM symbol

can be used to predict the effect of the nonlinear distortions including both

the spectral regrowth and in-band distortion, and is defined in [17] as

Pexcess = E[(|x̃n| − |xn|)2|(|x̃n| > |xn|)]. (4.17)

This excess power is related to the performance degradation of a system
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with nonlinearity in [17]. The EP reduction can improve the error-probability

performance of OFDM systems in the presence of nonlinearities. We can

compute the excess power using equation (4.14).

Let s = |x̃n| = σ
√
rn denote the envelope of the transmitted signal

x̃n with clipping. The probability density function (pdf) for s is proportional

to the derivative of the Ψ(R) in (4.14) with respect to R, where R = s2

σ2 as

follows:

ps(s) =2
s

σ2
{−∂Ψ(R = s2

σ2 )

∂R
}

=2
s

σ2
M exp(− s2

σ2
)×

(1− (1− (1− exp(− s2

σ2
))N)M)1/N−1×

(1− (1− exp(− s2

σ2
))N)M−1(1− exp(− s2

σ2
))N−1.

(4.18)

As a result, the excess power by clipping in (4.17) can be obtained as follows:

Pexcess =E[(s− Amax)
2|(s > Amax)]

=

∫∞
Amax

(s−Amax)
2ps(s)ds∫∞

Amax
ps(s)ds

(4.19)

It is clear that the excess power depends on the envelope power distribution

function, which in turn is determined by the SLM. In addition, we can apply

the derived expression for the envelope power distribution function to other

nonlinear models as well as to the soft limiter in (4.5).

To show the validity of the derived distribution (4.18) for different val-

ues of M and γ, EP (4.17) is plotted in Fig 4.3, along with the corresponding

simulation results. As we mentioned before, excess power is the average power
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Figure 4.3: Theoretical excess power of SLM in (4.19) for M = 1, 2, 4, 16, and
64 with respect to clipping ratio γ, together with the corresponding simulation
results.

of the clipping signal when signal is greater than some clipping level Amax.

This EP quantity is difficult to obtain from the existing PAR metric. In Fig.

4.3, we observe that the required clipping ratio γ dramatically decreases as M

increases when the amount of tolerable excess power is fixed. Because EP is

quantified by the envelope power distribution function (4.14), EP decreases as

M increases, which is consistent with the trend of the envelope power distri-

bution function shown in Fig. 4.2. For example, the required γ is dramatically

reduced by increasing M at 0.05 EP; the required γ is 9.34, 6.6, 5.9, 5.3 and
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4.9dB for M = 1, 2, 4, 16, and 64, respectively. These simulation results

are in good agreement with the theoretical expression based on the derived

distribution (4.14).

4.4 Statistics of the Input of the Nonlinearity

Since nonlinear devices such as a DAC and a PA have a limited am-

plitude capability, the input signals to the nonlinear devices should be nor-

malized. The ranges of the input signals are determined by the clipping ratio

γ and the PBO ρ̃, which control the dynamic ranges of the DAC and the

PA, respectively. By considering the backoff parameters of the clipping ratio

γ and the PBO ρ̃, we now derive the probability density function (PDF) for

the envelope of the transmitted signal x̃n. For simplicity, we assume that the

phase of x̃n is uniformly distributed and that the AM/PM distortion of PA is

corrected through a phase-correcting feedback loop. Thus, there is AM/AM

but no AM/PM distortion at the PA.

Considering that the input range of the amplifier is set according to

the predetermined maximum peak amplitude β in (4.8) and clipping ratio γ

in (4.6), we introduce the envelope s of the normalized transmitted signal x̃n

given as

s =
|x̃n|
Amax

β =

√
rn
γ

β, (4.20)

where β is a function of PBO ρ̃ from (4.8) and rn is given in (4.11). Then

the PDF for s, ps(s), is proportional to the derivative of Ψ(R) in (4.14) with
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Figure 4.4: The probability density functions ps(s) vs. the envelope of the
normalized transmitted signal s using SLM with M = 2 for different PBOs
and a clipping ratio γ of 6dB, when the number of subcarriers N is 512. The
PBOs are set to 0, 1, 3, and 6dB for curves A, B, C, and D, respectively.

respect to R (= s2

β2γ) as given in

ps(s) =2
s

β2
γ{−

∂Ψ(R = s2

β2γ)

∂R
}

=2
s

β2
γM exp(− s2

β2
γ)×

(1− (1− (1− exp(− s2

β2
γ))N)M)1/N−1×

(1− (1− exp(− s2

β2
γ))N)M−1(1− exp(− s2

β2
γ))N−1.

(4.21)
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Table 4.1: Numerical results of β, Pout, and OBO for the different PDFs
corresponding to Figure 4.4

ρ̃ (dB) β Pout OBO (dB)

A 0 1 0.508 2.936
B 1 0.613 0.274 5.619
C 3 0.414 0.145 8.358
D 6 0.268 0.066 11.773

For (1− s2

β2γ)
N << 1, the PDF can be approximated as

ps(s) ≈ 2
s

β2
γM1/N exp(− s2

β2
γ). (4.22)

By using the PDF of s, the total output power from the PA can be calculated

as

Pout = Es[(FA[s])
2] =

∫ ∞

0

(FA[s])
2ps(s)ds. (4.23)

Straightforwardly, the OBO in dB is expressed by

OBO = 10 log10 Psat − 10 log10 Pout = 10 log10 ρ+ 10 log10 γ +△dB, (4.24)

where △dB = 10 log10
β2

γ
σ2 − 10 log10 Pout.

It should be noted that both the OBO and the PDF for the input

envelope to the nonlinear devices depend on not only the clipping ratio γ but

the PBO ρ̃. Fig. 4.4 shows the PDFs of the input envelope signal to nonlinear

devices (DAC and PA) for different levels of PBO ρ̃ and a clipping ratio γ of

6dB. In this figure, we consider an OFDM system with 512 subcarriers, where

each subcarrier is modulated by 4-QAM, and M = 2 for SLM. The PBOs ρ̃

are set to 0, 1, 3, and 6dB for curves A, B, C, and D, respectively. The dotted
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lines indicate the clipped-off part of the signal for each case. In Table 4.1, the

numerical results of β, Pout, and OBO for each case in Fig. 4.4 are listed. As

we explained before, we can see that as PBO increases, β and Pout decrease,

which leads to a higher OBO.

4.5 Analysis of Effects of PBO and Clipping Ratio on
BER

To analyze the effect of the clipping ratio and the PBO on BER perfor-

mance, we first express the output of the nonlinearity from the DAC in (4.5)

and the PA in (4.7) as

x̂n = K0 ·
β√
γ
x̃n + dn, for n = 0, 1, ..., N − 1, (4.25)

where the first term on the right-hand side of (4.25) represents the linear scaled

version of the selected signal x̃n and dn is the uncorrelated distortion term with

x̃n. In addition, the distortion power of dn and the linear scaling K0 can be

obtained as σ2
d = Pout − K2

0β
2

γ
E[|x̃n|2] and

K0 =
E[ β√

γ
x̂∗
nx̃n]

E[β
2

γ
|x̃n|2]

=
E[snFA[sn]]

E[|sn|2]
=

∫∞
0

s(FA[s])ps(s)ds∫∞
0

s2ps(s)ds
, (4.26)

respectively, where ps(s) is the PDF of the normalized input envelope using

SLM given in (4.21).

Next, the received signal after the FFT with perfect side information

can be represented as

X̂k = FFT{yn} ◦U (m∗)
k = K0 ·

β√
γ
Xk + D̃k + W̃k, k = 0, 1, ..., N − 1, (4.27)
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where D̃k = Dk ◦ U (m∗)
k is the distortion and W̃k = Wk ◦ U (m∗)

k is the AWGN

with variance σ2
w = E[|Wk|2]. Note that Xk, D̃k, and W̃k are assumed to

be mutually independent and that their powers are preserved by using unit

magnitude random phase vectors U(m∗). Thus, the signal-to-the-total noise-

power ratio SNRt in (4.27) is obtained as

SNRt =
K2

0β
2σ2

γ(σ2
d + σ2

w)
, (4.28)

and the average probability of bit error is given as

Pb =
4

log2(M)

(
1− 1√

M

)
Q

(√
3

M− 1
SNRt

)
, (4.29)

where M is the constellation order, and Q(x) = 1√
2π

∫∞
x

exp(−t2/2)dt. It

should be noted that (4.29) depends on not only PBO ρ̃ and clipping ratio γ

but also the number of candidates M in SLM. This analytic BER performance

will be verified via a comparison to simulation results in the next section.

Total degradation (TD) in [65] indicates the tradeoff between the signal

power loss due to nonlinear distortion and the OBO of a PA and is used to

quantify the nonlinear effect on OFDM systems with SLM. The TD is given

as

TD = (OBO)dB +∆SNR, (4.30)

where ∆SNR = (SNR(OBO))dB − (SNR(∞))dB. The values of SNR(OBO) and

SNR(∞) are the signal-to noise ratios required to guarantee the target BER in

the presence of nonlinearity and in the absence of nonlinearity with a given

OBO, respectively. Smaller OBO leads to an increasing ∆SNR. On the other
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hand, as the OBO increases, ∆SNR decreases and, in turn, increases TD. Thus,

it is important to find an effective OBO that minimizes TD in (4.30). Since

the TD is a function of OBO, and OBO is a function of PBO and clipping

ratio as defined in (4.24), the TD-minimizing PBO ρ̃ and clipping ratio γ are

given as
ρ∗ = argmin

ρ
TD(ρ, γ),

γ∗ = argmin
γ

TD(ρ, γ),
(4.31)

where TD(ρ, γ) = 10 log10 ρ + 10 log10 γ + △dB(ρ, γ) + ∆SNR(ρ,γ). The values

of ρ∗ and γ∗ in (4.31) can be found by numerically evaluating the equations,

∂TD(ρ,γ)
∂ρ

= 0 and ∂TD(ρ,γ)
∂γ

= 0. In the following section, we determine an

optimal PBO and clipping ratio to minimize the TD of a SLM-OFDM system

as a function of the number of candidate signals M of SLM in an AWGN

channel.

4.6 Simulation Results

For BER and TD performance evaluation in this section, we consider

an OFDM system with 512 subcarriers and 4-QAM using M-SLM for PAR

reduction. In addition, transmitted signals in the SLM-OFDM system are

distorted by the nonlinearity generated from the DAC in (4.5) and the PA

in (4.7).

First, to verify the analytical PDF of the transmitted signal in (4.14) for

various values of the number of candidate signals, M , the BER computed from

(4.29) over an AWGN channel is compared to the one obtained from numerical
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Figure 4.5: BER vs. Eb/No comparison between analytical results (solid lines)
in (4.29) and simulation results at the output of 4QAM-OFDM with N = 512
under AWGN for M = 1, 2, 4, 16, and 64, when the PBO ρ̃ and clipping ratio
γ are 1dB and 2dB, respectively.

experiments in Fig. 4.5, which shows BER performances as functions of Eb/No.

In this figure, the parameters for nonlinearity are set as follows: γ = 2dB, and ρ̃

= 1dB. The simulation results demonstrate good agreement with the analytical

approximation in (4.29), which in turn allows us to confirm the accuracy of

our analytical PDF of the transmitted signal in (4.14). Furthermore, we can

see that the BER performance is slightly improved with increasing M . For

instance, at BER = 10−3, the required Eb/No’s are 10.1dB, 9.95dB, 9.83dB,
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Figure 4.6: BER vs. Eb/No comparison between analytical results (solid lines)
in (4.29) and simulation results at the output of 4QAM-OFDM with N = 512
and M = 4 under AWGN for different PBO ρ̃ ranging from 0dB to 5dB, and
a fixed clipping ratio γ of 4dB.

9.64dB, and 9.49dB for M = 1, 2, 4, 16, and 64, respectively. Since the envelope

power fluctuation is reduced by increasing the number of candidate M , the

nonlinear distortion introduced by clipping decreases, which in turn leads to

the required Eb/No reduction.

Fig. 4.6 presents the impact of the PBO for a fixed clipping ratio γ=4dB

and M=4 on the analytical and simulated BER performances. Since (4.29)

depends on the PBO ρ̃, it is observed that the BER performance gets better
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by increasing PBO ρ̃. The reason for this improvement is that the nonlinear

distortion caused by the compression region of the PA decreases with increasing

PBO ρ̃. Thus, a higher PBO makes it possible for the transmit signal to be

amplified in the linear region of the PA. For instance, Eb/No’s required to

maintain a BER equal to 10−3 are 11.14dB, 8.06dB, 7.66dB, 7.48dB, 7.38dB,

and 7.32dB for ρ̃ = 0dB, 1dB, 2dB, 3dB, 4dB, and 5dB, respectively. Fig.

4.6 also reconfirms that the simulation results are in good agreement with

the analytical approximation in (4.29). However, a higher PBO leads to a

loss of transmitted signal power (SNR loss at the receiver). Thus, we need to

investigate the tradeoff between PBO and SNR loss.

In Fig. 4.7, the analytical BER in (4.29) for various values of the

clipping ratio is compared to BER obtained by numerical simulations. In this

case, the PBO is fixed at 1dB and M is set to 4. As we can see from Fig. 4.7,

the simulation results are closely matched with the analytical BER in (4.29)

for the different clipping ratios. In addition, we observe that the required

Eb/No dramatically decreases as γ increases. This results from the fact that

clipping distortion significantly decreases as γ increases. The values of the

required Eb/N0 for BER = 10−3 are 14.30, 11.44, 9.82, 8.05, and 6.99dB for

γ = 0dB, 1dB, 2dB, 4dB and 8dB, respectively. Thus, a lower clipping ratio

makes the clipping noise become dominant, which results in BER degradation.

To further investigate the impact of SLM for PAR reduction on the

PBO and clipping ratio, the total degradation (TD) in (4.30) is evaluated for

the different values of M with the target BER equal to 10−3 in AWGN chan-
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Figure 4.7: BER vs. Eb/No comparison between analytical results (solid lines)
in (4.29) and simulation results at the output of 4QAM-OFDM with N = 512
and M = 4 under AWGN for the different values of clipping ratios γ = 0, 1,
2, 4, and 8dB, when PBO ρ̃ is 1dB

nels. Based on the good agreement between the analytical BER approximation

(4.29) and simulation results as shown in Figs 4.5-4.7, the numerical results

for TD are calculated according to (4.30). In Fig. 4.8, the computed TD is

plotted for the different values of M with γ = 4dB and the target BER = 10−3

as a function of the PBO ρ. The symbol on each curve in Fig. 4.8 indicates

the optimum operating point corresponding to each value of M . For instance,

the TD-minimizing PBO ρ̃’s are 0.34, 0.32, 0.28, 0.26dB for M = 1, 4, 16, and
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Figure 4.8: Total degradation vs. PBO ρ̃ for M = 1, 4, 16, and 64, with γ =
4dB and the target BER = 10−3. The symbols indicate the optimum PBOs
for different Ms. For each value of M , the values of the optimum (PBO, TD)
coordinates are indicated on the figure.

64, respectively. As mentioned in the previous section, the operating point

minimizing TD provides the tradeoff between the signal power loss and the

OBO. For M=1, the smaller the PBO ρ is with respect to the optimal value of

0.34dB, the greater the TD becomes. This results from the increasing nonlin-

ear distortion. On the other hand, the TD also increases with PBO ρ̃ greater

than the optimal value, which results in a reduction of the transmitted signal

power as well as a decrease in power efficiency. In addition, it is interesting
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Figure 4.9: Total degradation vs. clipping ratio γ for M = 1, 4, 16, and
64, with ρ̃ = 0.3dB and the target BER = 10−3. The symbols indicate the
optimum clipping ratios for different Ms. For each value of M , the values of
the optimum (γ, TD) coordinates are indicated on the figure.

to note that the PBO and TD slightly decrease as M increases. The higher

M has a lower TD at the higher PBO, which demonstrates that nonlinear

distortion introduced by the clipping ratio γ is dominant with increasing PBO

and decreases as M increases. Consequently, we can increase the transmitted

signal power by increasing M to maintain the target BER.

Lastly, the TD as a function of the clipping ratio γ is computed for

different values of M in Fig. 4.9, where the PBO ρ̃ is fixed at 0.3dB and
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the target BER is equal to 10−3. In this figure, the TD-minimizing operation

points are marked with the same symbols as those in Fig. 4.8. A greaterM has

a smaller optimal γ, and reduces the corresponding TD. The TD-minimizing

γ’s are 4.99, 4.84, 4.69, and 4.58 for M = 1, 4, 16, and 64, respectively. It is

also observed that the minimum TD, which corresponds to the TD-minimizing

γ, decreases as M increases. However, as γ increases, the TD difference be-

tween M=1 and 64 is getting smaller, which means that the effect of the PBO

decreases. Clearly, increasing M can reduce the TD-minimizing γ while pre-

serving the target BER. By doing so, we can not only reduce the dynamic

range of DAC, but increase the average transmitted signal power.

4.7 Conclusion

We evaluated the effects of selected mapping (SLM) on OFDM systems

in the presence of nonlinearity over the AWGN channel. For this evaluation,

we derived the distribution for envelope power of the OFDM signals with the

assumption that M candidate signals generated by SLM are i.i.d. complex

Gaussian distributed. Comparing our analytical result to numerical exper-

iments, we confirmed that our analytical distribution closely describes the

statistical behavior of the envelope power in the SLM. Furthermore, using our

analytical distribution, we derived and analyzed BER and TD as functions of

PBO and clipping ratio in SLM-OFDM system with nonlinearity over AWGN

channels. We also verified the accuracy of our analytical distribution by quan-

tifying BER and TD performance associated with the nonlinearity. From TD
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performance analysis, we presented an effective PBO and clipping ratio for

SLM-OFDM systems that minimizes TD. The analysis results showed that

increasing M in the SLM simultaneously reduces the effective PBO and clip-

ping ratio, which in turn increases both the transmitted signal power and PA

efficiency. We believe that these results offer a useful bench-mark for PAR

reduction techniques and optimizing transmitter operation in OFDM systems

with nonlinearity.
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Chapter 5

Clipping-Based PAR Reduction Techniques

5.1 Introduction

Among PAR reduction techniques, one class of methods, known as peak

cancelation, is easy to understand because of the fact that a high peak in an

OFDM signal can be reduced with an anti-peak signal. Fig. 5.1 shows the

black diagram of peak cancellation class for PAR reduction. The anti-peak

signal can be generated by using the feasible sets, that is, unused tones, the

corner points of an M-QAM constellation, and in-band distortion. These

feasible sets are determined by what kind of technique is used. Such a class

method includes clipping and filtering [10,76], tone injection (TI) [104], active

constellation extension (ACE) [69], and tone reservation (TR) [44, 70, 104].

Clipping is simple and easy to implement. However, since clipping is

a distortion-bearing scheme, it results in higher total degradation when the

nonlinear effect of the PA is considered [110]. This in-band distortion by clip-

ping can be restored by iterative estimation and cancellation of the clipping

noise at the receiver [23, 67]. On the other hand, ACE and TR are a kind

of distortionless scheme; thus, they are quite flexible and more practical for

implementation. TR is well suited for systems with a large number of subcar-
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Figure 5.1: Block diagram of peak cancellation class.

riers, like terrestrial digital television (DVB-T) and WiMAX (802.16), because

a small number of reserved tones can be used to reduce PAR. TR reduces PAR

by generating an anti-peak signal transformed from the added power to unused

carriers (reserved tones). Due to the orthogonality of the unused carriers and

the data carriers, the bit error rate is not degraded; however, this advantage

comes at the cost of reduced data rate. The ACE technique is attractive for

use in the down-link because it allows the reduction of high peak signals by

extending some modulation constellation points toward the outside of the con-

stellation without any loss of data rate; however, this advantage has a slight

power penalty.

In general, the optimal solution for these distortionless peak cancel-

lation classes is a second-order cone program (SOCP) or quadratically con-

strained quadratic program (QCQP) with high computational complexity [68,

69]. As an alternative optimal solution, the modified interior-point method is

introduced by allowing the distortion within the allowed error vector bounds
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to minimize the PAR of OFDM signal [3]. However, this approach is still not

appropriate for practical implementation due to the high computational com-

plexity. Therefore, low-complexity algorithms based on clipping were proposed

in [44, 69, 100, 104, 118]

The basic principle of clipping-based PAR reduction (CB-PAR reduc-

tion) algorithms involves switching between the time domain and the frequency

domain [111]. Both filtering and projecting clipping noise on the feasible sets

in the frequency domain, after clipping in the time domain, require iterative

processing to suppress the subsequent regrowth of the peak power. In TR,

using the circular shift property of DFT, the clipping-based PAR reduction

algorithm can be simplified without switching between the time domain and

the frequency domain [104].

The CB-PAR reduction algorithms provide a suboptimal solution to

the given clipping ratio, because the clipping ratio is predetermined at the

beginning stage. However, the CB-PAR reduction algorithms have a low clip-

ping ratio problem in that they cannot achieve the minimum PAR when the

target clipping level is set below an initially unknown optimum value. More-

over, it is difficult to determine the optimal clipping level at the initial stage,

because many factors, such as the initial PAR and signal constellation, have

an impact on the optimal clipping level determination [69]. To the best of our

knowledge, a practical CB-PAR reduction algorithm cannot predetermine the

optimal target clipping level.

In this chapter, we introduce two new CB-PAR reduction algorithms
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in OFDM: the adaptive clipping control algorithm and the pilot-aided ACE

algorithm. The adaptive clipping control algorithm is based on the observa-

tion that, if the target clipping level is set below a certain level, the desired

PAR reduction cannot be achieved by existing CB-PAR reduction algorithms.

To solve this low clipping ratio problem, our approach combines a clipping-

based algorithm with an adaptive clipping control, which allows us to find the

optimal clipping level for low target clipping levels. We apply the adaptive

clipping control algorithm for both TR and ACE. Simulation results show that

our proposed algorithm can achieve the minimum PAR regardless of the low

target clipping level. We also discuss the tradeoff relationship between PAR

and BER over an AWGN channel in terms of the target clipping ratio. Sec-

ond, we propose a simple and efficient ACE algorithm using pilot symbols.

Pilot-assisted approaches via selected mapping (SLM) have been proposed for

both PAR reduction and channel estimation in [25, 43]. To the best of our

knowledge, the pilot-aided ACE has not yet been introduced. In contrast to

the existing ACE techniques, our proposed algorithm can achieve the desired

gain of peak power reduction even when the target clipping ratio is set below

the unknown optimum clipping point. Simulation results show that our pro-

posed algorithm provides more PAR reduction performance compared to the

existing ACE techniques for low clipping levels.
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5.2 OFDM Systems with Clipping-Based PAR Reduc-
tion

We briefly describe a typical OFDM system considered in this paper.

An OFDM signal is the sum of N independent signals modulated in the fre-

quency domain onto subchannels of equal bandwidth. The time-domain com-

plex baseband signal can be expressed as

x(t) =
1√
N

N−1∑

k=0

Xke
j2π k

T
t, 0 ≤ t ≤ T, (5.1)

where Xk are the complex symbols using phase-shift keying (PSK) or quadra-

ture amplitude modulation (QAM) in the frequency domain. The general PAR

problem is related to minimizing the highest peak of x(t). However, sampling

x(t) at the Nyquist rate is not enough to approximate the continuous time sig-

nal in practice, because the digital-to-analog conversion followed by low pass

filtering sometimes regenerates the signal peaks [88]. To accurately approxi-

mate the peaks of x(t) in the discrete time domain, the oversampled version

of x(t) can be written as

xn =
1√
JN

JN−1∑

k=0

Xke
j2π k

JN
n, n = 0, 1, . . . , JN − 1, (5.2)

where J is the oversampling factor. Oversampling by J ≥ 4 is enough to

approximate accurate peaks [106]. In matrix notation, we denote the complex

symbol vector X = [X0, X1, . . . , XN/2−1, 01×(J−1)N , XN/2, XN/2+1, . . . , XN−1]
T

and the complex time-domain signal vector x = [x0, x1, . . . , xJN−1]
T . In the

case that Q∗ is the inverse discrete Fourier transform (IDFT) matrix of size
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JN × JN , (5.2) can be expressed as

x = Q∗X, (5.3)

where ∗ denotes the Hermitian conjugate.

As a random variable, we consider the PAR defined by normalizing the

peak power by the symbol-wise average power as follows:

ξ ,
‖xn‖2∞

1
N

∑N−1
k=0 |Xk|2

. (5.4)

Note that (5.4) does not include the power of the anti-peak signal added by

the PAR reduction.

The PAR optimization problem for the peak cancelation class is con-

sidered as follows [68]:

min
C

‖x+QC‖2∞

subject to : Xk + Ck be feasible for k ∈ Ia or k ∈ Ir

Ck = 0, otherwise

, (5.5)

where C is the peak reduction vector whose components, Ck, are nonzero

only if k ∈ Ia or k ∈ Ir, and Q is is the inverse discrete Fourier transform

(IDFT) matrix of size JN × JN . Note that Ia and Ir are denoted as the

index set of active subchannels in ACE and reserved tones in TR, respectively.

In general, the optimal solution for this formulation of PAR reduction is a

second-order cone program (SOCP) or quadratically constrained quadratic

program (QCQP) with high computational complexity [69]. As an alternative

optimal solution, the modified interior-point method is introduced by allowing

92



the distortion within the allowed error vector bounds to minimize the PAR of

OFDM signal [3]. However, this approach is still not appropriate for practical

implementation due to the high computational complexity.

To reduce the high complexity, CB-PAR reduction techniques with sim-

ple iterative process were proposed in [44,69,100,104,118]. The low-complexity

algorithm in [104] is based on the iterative gradient descent approach by pro-

jecting the clipped-off signals onto a feasible set, such as Ia and Ir. The

iterative signal for PAR reduction is expressed as

x(i+1) = x(i) + µc̃(i) (5.6)

where µ is a positive real step size that determines the convergence speed, i is

the iteration index, the initial signal is x(0), and c̃(i) is the anti-peak signal at

the ith iteration as follows:

c̃(i) = T
(i)c(i) (5.7)

where T(i) is the transfer matrix of size JN × JN and T(i) = Q̂
(i)
Q̂

∗(i)
. In

TR, Q̂
(i)

is determined by the reserved tone placement at the beginning of

the iteration and reutilized at each iteration. Moreover, since the subcarriers

between the data vector with Xk, k ∈ Icr and the PAR reduction vector with

Ck, k ∈ Ir are orthogonal, the additional anti-peak signal vector c̃(i), which is

transformed from the PAR reduction vector C(i) by applying the IFFT, has

no effect on the set of data-bearing subcarriers Xk.

On the other hand, when ACE is used, Q̂
(i)

at each iteration should

be determined by the ACE constraint: X
(i)
k +C

(i)
k must be feasible for k ∈ Ia.

93



Here, c(i) is the peak signal above the predetermined clipping level A and

c(i) = [c
(i)
0 , c

(i)
1 , . . . , c

(i)
JN−1]

T , where c
(i)
n is the clipping sample, which can be

obtained as follows:

c(i)n =





(|x(i)
n | − A)ejθn, if |x(i)

n | > A

0, if |x(i)
n | ≤ A

, (5.8)

where θn = arg(−xi
n); that is, the phase of c

(i)
n is out of phase with xi

n by 180o.

The clipping level is obtained by using the clipping ratio as

γ =
A√

E{|xn|2}
(5.9)

Note that the above iterative process should be performed until either the

peak signal is below the clipping level, or the peak power is minimized for a

given number of iterations.

Here, the performance of the low-complexity algorithm for PAR reduc-

tion depends on the following important factors: (i) the fast convergence rate

and (ii) the generation of the anti-peak signal. In [115], the convergence step

size is determined by using a trial-and-error search method to avoid a new

peak value larger than the original peak value. For fast convergence, two com-

putationally efficient approaches have been proposed. In [69], the optimal step

size µ is obtained by using the smart gradient-project method as follows:

µ∗ = argmin
µ

‖x(i) + µc̃(i)‖2∞. (5.10)

The other approach proposed to find the optimal step size µ by using the

adaptive scaling algorithm to minimize the excess power of the peak signal is

as follows [118]:
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µ∗ =argmin
µ

∑

|x(i)
n |>A

(|x(i)
n | − A)2.

(5.11)

Another important issue is how much the anti-peak signal c̃(i) approx-

imates the clipping signal c(i). This approximation is highly related to the

target clipping ratio. The clipping level is important for PAR reduction be-

cause the basic idea of these low-complexity algorithms is based on inherent

repeated clipping and filtering. However, it is difficult to determine the opti-

mal clipping level at the initial stage because many factors, such as the initial

PAR, current iteration number, signal constellation, and so on, have an im-

pact on the optimal clipping level determination [69]. In general, as we lower

the clipping level A, better PAR reduction is expected. However, for low clip-

ping ratios, the existing low-complexity algorithms cannot reduce peak power

as much as we expect, because of the increasing interpeak interference (IPI)

or the power lost due to clipping, which will be explained in the following

subsections.

5.2.1 The Tone Placement of the Feasible Sets

Since matrix T(i) has the circular shift property, (5.8) can be simplified

by using the kernel p
‖2
n = Q̂(q̂row

n )∗ based on the Mean Square Error (MSE)

criterion as follows:

c̃(i) =
∑

|c(i)|>0

c(i)n p‖2
n (5.12)

The kernel p
‖2
n is determined by the reserved tones placement of the
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feasible sets. Although there are many ways to select the reserved tones, we

categorize the tone selection by the placement of the reserved tones: equally

spaced tones, contiguous reserved tones at low-band, contiguous reserved tones

at high-band, and randomly reserved tones.

Fig. 5.2 shows the basic kernel response for three different tone place-

ments where the desired location for an impulse is n = 0. The left side

represents a projected impulse response of the kernel p
‖2
0 in the time domain;

the right side shows its locus in the complex plane where the desired impulse

lies along the positive real axis. Each kernel is obtained from the same number

of reserved tones for fair comparison. The number of subcarriers N is 2048;

the number of the reserved tones Nr is 120; and an oversampling rate factor

J = 4 is used.

In Fig. 5.2(a), the equally spaced placement for the reserved tones

generates unwanted periodic peaks except at the target location n = 0. This

kernel, an impulse-like train, has different directional vectors for the peaks,

with an equiangular space like an asterisk in the complex plane. These un-

wanted periodic impulses can cause convergence problems, which we will de-

scribe later, and results in peak regeneration. The kernel generated by the

contiguous placements are shown in Fig. 5.2(b) for high-band. Due to the

symmetry property of the DFT, this kernel has only real coefficients along the

real axis. Because this kernel is a carrier-modulated version of the low-band

kernel, it has the same envelope as a sinc function. However, this kernel is

not sufficient to approximate an impulse due to the wide mainlobe in the time
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(a) Equally spaced tones
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(b) Contiguous reserved tones (high-band)
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(c) Randomly reserved tones

Figure 5.2: Kernel response based on the tone selection when N=2048,
Nr=120, and J=4
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domain generated by the limited number of the reserved tones. This kernel

response is similar to that of a high pass filter. In Fig. 5.2(c), random place-

ment creates the desired Dirac-like impulse with a target directional vector

in the complex plane. This kernel response is closer to the desired impulse

response except for the noise-like peaks, which have relatively low magnitudes

compared to the maximum peak. Here, the optimal kernel can be obtained by

minimizing the magnitude of the second largest peak as in [104]. That is to

say, the kernel by random placement is the best candidate for PAR reduction

from the point of view of maximizing the ratio of the maximum peak mag-

nitude in the waveform to the second largest peak magnitude, given a fixed

number of reserved tones.

For the best PAR reduction, T(i) should ideally be a JN ×JN identity

matrix to cancel the peak signals above the target clipping level A. However,

the rank of T(i) is the same as the number of reserved tones, Nr. For example,

if Nr ≪ JN , (5.12) cannot fully express the clipped-off signals due to the rank

deficiency of T(i). Despite this rank deficiency, the randomly reserved place-

ment provides additional PAR reduction compared to other reserved place-

ments [104]. Active subcarriers in ACE can be considered as a special case of

the randomly reserved tones in TR. While the index set of reserved tones, Ir,

in TR is predetermined at the initial stage, the index set of active subcarriers,

Ia, in ACE is selected at each iteration, and in that case the data constellations

stay within the feasible extension regions.
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Figure 5.3: Illustrative example for the anti-peak sample at time index no.

5.2.2 Inter-Peak Interference (IPI)

We look at the anti-peak sample at time index no after the ith iteration.

This sample consists of the scaled clipping sample and inter-peak interference

(IPI),

c̃(i)no
= p‖2

no
[no]c

(i)
no

+
∑

n 6=no

c(i)n p‖2
n [no]

︸ ︷︷ ︸
IP I

(5.13)

The scaled clipping sample is the desired anti-peak sample. The IPI is the

unwanted sample that distorts the desired anti-peak signal by scaling and

rotating the anti-peak signal.

Fig. 5.3 shows the anti-peak sample at time index no, c̃
(i)
no , in the

geometric view of the complex plane. Note that x
(i)
no is the peak sample vector
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at time index no. At a given clipping level A, the clipping sample vector c
(i)
no

that corresponds to x
(i)
no is given by (5.8), and its direction is opposite to that

of vector x
(i)
no . Here, the anti-peak sample vector c̃

(i)
no is the filtered version of

c
(i)
no , using the kernel p

‖2
n as the filter; that is, this anti-peak sample vector

is scaled and shifted by IPI in (5.13). Note that the angle of the anti-peak

sample should be considered, because the anti-peak sample may cause the

peak sample to increase or decrease based on the angle θ between two vectors,

c
(i)
no and c̃

(i)
no . When the angle θ is less than 90o, the peak sample x

(i)
no is reduced

at the next iteration. However, if the angle θ is greater than 90o, the peak

sample x
(i)
no will regrow regardless of the step size µ.

Here, we extend the anti-peak sample to the anti-peak signal vector

using the circular shift property of matrix T(i). Viewing off-diagonal entries of

T as IPI, the anti-peak signal vector c̃(i) in (5.7) can be divided as follows:

c̃(i) = Λ(i)c(i) + [T(i) − Λ(i)]c(i)︸ ︷︷ ︸
IP I

, (5.14)

where Λ(i) = diag(diag(T(i))) is the scaled scalar matrix of size JN × JN

for the desired anti-peak sinal and IPI may prevent the signal from reducing

the high-peak signal by scaling and shifting the anti-peak signal. Note that

more clipping samples c
(i)
n are generated as the clipping level decreases, which

results in a higher probability that IPI is increased. In this severely low clipping

level case, an existing SGA can fail to reach the target clipping level because

it considers not only the peak reduction but the minimization of the newly

generated peak. On the other hand, the IPI can be handled with the existing
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SGA when the clipping ratio is relatively large.

5.2.3 The Power Lost due to Clipping

In general, we expect more PAR reduction gain with a lower target

clipping level; however, as will be shown in Section 5.3.2, the existing clipping-

based ACE (CB-ACE) algorithms cannot achieve the minimum PAR for low

target clipping ratios, because the reduced power from low clipping decreases

the PAR reduction gain in ACE.

The original symbol constellations move toward the origin with the

decreasing clipping ratio in [41], which places the clipped signal constellations

outside the feasible extension region. The number of Ia, corresponding to the

number of reserved tones in tone reservation (TR), as in [104], decreases with

low clipping ratio, which in turn degrades the PAR reduction capacity in ACE.

5.3 Adaptive Clipping Control Algorithm

Now, we describe our proposed algorithm with adaptive clipping control

in order to solve the low clipping problem associated with the existing CB-

PAR reduction techniques, as explained in the previous section. The main

objective of our proposed algorithm is to control both the clipping level and

convergence factor at each iteration and to iteratively minimize the peak power

signal greater than the target clipping level. The cost function is defined as

ξ(I(i)) , min
µ,A

‖x(i) + µc̃(i) − AejΦ
(i)‖22 (5.15)
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where Φ(i) is the phase vector of x(i) +µc̃(i) at the ith iteration and I(i) repre-

sents the set of time indices at the ith iteration, I(i) = {∀n s.t. n ∈ [0, JN−1]}.

This time index set I(i) can be divided into the following sets:

I
(i)
1 = {∀ n s.t. |x(i)

n | ≥ A and |x(i+1)
n | ≥ A},

I
(i)
2 = {∀ n s.t. |x(i)

n | ≥ A and |x(i+1)
n | < A},

I
(i)
3 = {∀ n s.t. |x(i)

n | < A and |x(i+1)
n | ≥ A},

I
(i)
4 = {∀ n s.t. |x(i)

n | < A and |x(i+1)
n | < A}.

(5.16)

Here, ξ(I(i)) =
∑2

k=1 ξ(I
(i)
k ). At the next i + 1 iteration, only the time index

sets, I
(i)
1 and I

(i)
3 , determine ξ(I(i+1)). Note that the cost function depends

strongly on the choice of the clipping level A. In practice, the number of

clipping samples increases as the clipping level decreases in that the desired

anti-peak sample is likely phase-rotated and scaled by other clipping sam-

ples, which is called interpeak interference (IPI) in [12]. This IPI can lead to

increases in the newly generated samples ξ(I
(i)
3 ) compared to the decreased

samples ξ(I
(i)
2 ) at the reference clipping level A and prevent the existing CB-

ACE algorithms from reaching the desired clipping level.

Now, we can summarize the proposed algorithm.

Step 0 : Initialize the parameters

• Select the target clipping level A or the corresponding clipping ratio

γ.

• Set up the maximum number of iterations L.
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• In TR, predetermine the set of reserved tones Ir

Step 1 : Set i = 0, x(0) = x, and A(0) = A.

Step 2 : Compute the clipping signal in (5.8); if there is no clipping signal,

transmit signal x(i).

Step 3 : Transfer the clipping signal into the anti-peak signal subject to fea-

sible set constraint;

• Convert c(i) into C(i).

• Project C(i) onto the feasible set and remove the out-of-band com-

ponents of C(i).

– In TR, project C(i) onto reserved tones Ck, k ∈ Ir

– In ACE, project C(i) onto the feasible region in ACE Ck, k ∈ Ia

• Obtain c̃(i) by taking the IDFT.

Step 4 : Update x(i) in (5.6) and A minimizing the cost function in (5.15).

• Compute the optimal step size µ,

µ =
ℜ[〈c(i), c̃(i)〉]
〈c̃(i), c̃(i)〉

, (5.17)

where ℜ defines the real part and 〈, 〉 is the complex inner-product.

• Adjust the clipping level A

A(i+1) = A(i) + ν∇A, (5.18)
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where the gradient with respect to A is

∇A =

∑
n∈I(i)1

⋃
I
(i)
3

|c(i+1)
n |

Np
(5.19)

and ν is the step size with 0 ≤ ν ≤ 1 and Np is the number of peak

samples larger than A.

Step 5 : Increase the iteration counter, i = i+1. If i < L, go to Step 2 and

repeat; otherwise, transmit signal x(i).

Compared to the existing CB-PAR reduction algorithms with complex-

ity of order O(JN log JN), the complexity of our proposed algorithm slightly

increases whenever the adaptive control is calculated in (5.18). However, this

additional complexity of the adaptive control is negligible compared to that of

order O(JN log JN).

5.3.1 Results: Tone Reservation Case

In this section, we demonstrate the performance of our proposed tech-

nique in comparison to the existing simple gradient algorithm using adaptive

scaling [118]. We use an OFDM system with N = 2048 subcarriers modulated

by 64-QAM with the randomly reserved tones with the tone reservation ratio

R = 6.25% for PAR reduction. Since PAR deals with the analog peak power

at the transmitter, we use the oversampling rate factor J = 8 to approximate

the actual peak signal. The PAR after L iterations is computed as

PAR(x(L)) =
‖x(L−1) + µc̃(L−1)‖2∞

E[‖x(0)‖2] (5.20)
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Figure 5.4: The achievable PAR of SGA and proposed algorithm of an OFDM
signal with an initial 12dB PAR, for different initial target clipping ratios after
the iteration L = 50.

Fig. 5.4 demonstrates the achievable PAR of existing simple gradient

algorithm (SGA) and our proposed algorithm of an OFDM signal with an

initial 12dB PAR, for different target clipping ratios γ from 1dB to 12dB. In

the case when SGA is applied, we find the minimum achievable PAR, 6.5dB,

can be obtained with a target clipping ratio of 6.2dB. On the other hand,

our proposed algorithm can achieve the minimum PAR even when the initial

target clipping ratio is set below 6dB. As mentioned before, the basic idea of

the iterative simple gradient algorithm comes from clipping. In general, the
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Figure 5.5: Achievable PAR convergence behavior of an OFDM signal with an
initial 12dB PAR for a number of iterations (L) by comparing our adaptive
clipping technique with SGA for two different initial target clipping ratios γ
= 2dB and 4dB.

initial target clipping ratio should be set as low as possible in order to obtain

a large PAR reduction. However, the probability of the newly generated peak

increases as the initial target clipping ratio decreases. When SGA is applied,

the lower the initial target clipping ratio is from the optimal value of 6.2dB,

the smaller the PAR reduction gain is. Therefore, the predetermined target

clipping ratio should be carefully chosen for SGA. However, it is not easy to

determine the optimal clipping ratio for every symbol, because the minimum

PAR, as well as the optimal clipping level, changes symbol by symbol. From
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Fig. 5.4, our proposed algorithm achieves the minimum PAR by controlling

the clipping level in (5.18), as well as the convergence factor in (5.6), for a given

initial target clipping ratio lower than the unknown optimum value, which can

cause SGA to fail to achieve the minimum PAR.

Fig. 5.5 plots the PAR convergence of SGA and the proposed algorithm

vs. the number of iterations for different initial target clipping ratios when the

same OFDM signal in Fig 5.4 is used. We observe that after L = 5 iterations

SGA converges to the achievable PARs 10.8dB and 9.2dB with the initial

target clipping ratio γ = 2dB and 4dB, respectively. On the other hand, our

proposed algorithm converges to the minimum PAR, 6.26dB, regardless of the

relatively low target clipping ratios, 2 and 4dB, after approximately L = 20

iterations. The convergence rate in our proposed technique depends on the

combined effects of two control factors, µ and ν. Although the convergence

rate of our proposed algorithm is slower than that of SGA, as shown in Fig.

5.5, our algorithm does converge to the minimum achievable PAR of 6.26dB,

as shown in Fig. 5.4.

Fig. 5.6 compares two algorithms: SGA and our proposed method for

two different initial target clipping ratios, γ = 2dB and 4dB, in terms of their

complementary cumulative density function (CCDF). For a 10−3 CCDF, the

SGA with initial target clipping ratios of γ = 2dB and 4dB can achieve a

2dB and 3.5dB PAR reduction from the original PAR of 12dB, respectively.

From this figure, it is obvious that when the target clipping ratio is set low,

the achievable PAR of the SGA increases, which is opposite to our general
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Figure 5.6: PAR CCDF comparison of the SGA and the proposed for different
initial target clipping ratios: γ = 2dB and 4dB

expectation, but is consistent with the trend shown in Fig. 5.4. Contrary to

the existing SGA, our proposed method provides a PAR reduction of 5.5dB

(with respect to the original) at 10−3 CCDF regardless of the initial target

clipping ratio, even when it is set below 6dB.

5.3.2 Results: Active Constellation Extension Case

In this section, we illustrate the performance of our proposed algorithm

using computer simulations. In the simulations, we use an OFDM system with
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Figure 5.7: The achievable PAR of CB-ACE and the proposed algorithm for
an OFDM signal with a 12dB PAR, for different initial target clipping ratios.

2048 subcarriers and M-QAM constellations on each subcarrier. To approxi-

mate the continuous-time peak signal of an OFDM signal, the oversampling

rate factor J = 8 is used in (5.2). For a fast convergence rate, the optimal

adaptive scaling in [117] is applied. For the sake of a fair comparison with the

existing CB-ACE technique, the increase of average power in ACE is not in-

cluded when the PAR reduction performance is evaluated. On the other hand,

we consider the transmit average power signal increased by the constellation

modification in the BER performance evaluation over an AWGN channel.

Fig. 5.7 compares the achievable PAR of CB-ACE with the optimal
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adaptive scaling with that of our proposed algorithm for an OFDM signal with

an initial 12dB PAR and 16-QAM modulation, for different target clipping

ratios γ from 0dB to 12dB. In the case when CB-ACE is applied, we find the

minimum achievable PAR, 6.62dB, is obtained with a target clipping ratio of

6.4dB, which shows that CB-ACE depends on the target clipping ratio, as we

mentioned in the previous section. The PAR reduction gain becomes smaller

with a decreasing target clipping ratio from the optimal value of 6.4dB. Thus,

we must carefully select the target clipping ratio for CB-ACE. On the other

hand, we observe that our proposed algorithm can achieve the lower minimum

PAR even when the initial target clipping ratio is set below the CB-ACE

optimal value of 6.4dB. It is obvious that our proposed algorithm solves the

low target clipping ratio problem associated with the CB-ACE, as shown in

Fig. 5.7.

Fig. 5.8 considers two algorithms: CB-ACE and our proposed method

for three different initial target clipping ratios, γ = 0dB, 2dB, and 4dB, in

terms of their complementary cumulative density function (CCDF), which is

the probability that the PAR of the transmitted OFDM symbol exceeds the

threshold PAR. The solid line curve at the right is plotted for the original

OFDM signal. The marked lines correspond to the PAR reduced signals of

CB-ACE and our proposed method after 10-iterations, which we have con-

firmed is sufficient for convergence. For a 10−3 CCDF, CB-ACE with initial

target clipping ratios of γ = 0dB, 2dB, and 4dB can achieve a 0.14dB, 0.89dB,

and 2.95dB PAR reduction from the original PAR of 12dB, respectively. In
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Figure 5.8: PAR CCDF comparison of the CB-ACE and the proposed method
for different initial target clipping ratios: γ = 0dB, 2dB, and 4dB, L = 10.

other words, when the target clipping ratio is set low, the achievable gain in

PAR reduction decreases, which is opposite to our general expectation, but is

consistent with the trend shown in Fig. 5.7. On the other hand, our proposed

algorithm shows about a 5.6dB reduction gain in PAR at 10−3 CCDF for all

three of the initial low target clipping ratios, which is also consistent with the

trend in Fig. 5.7.

Fig. 5.9 plots the performance of our proposed algorithm considering

both PAR and loss in Eb/No over an AWGN channel for the different M-QAM
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Figure 5.9: PAR for CCDF 10−3 vs loss in Eb/No at the BER of 10−3 for
different QAM constellation orders of the proposed algorithm, as the clipping
ratio γ ranges from 10dB to 0dB.

symbols. The x-axis indicates the loss in Eb/No with respect to Eb/No of the

original OFDM signal for a given targeted BER of 10−3, and the y-axis shows

the required PAR at a CCDF of 10−3. The tradeoff curves for M-QAM symbols

are plotted as a function of the target clipping ration γ, ranging from 10dB

to 0dB in increments of -1dB. The curve with triangles down is for QAM,

the curve with triangles up is for 16-QAM, and the one with squares is for

64-QAM. For a clipping ratio of 10dB, the three curves meet each other at a

PAR of 10dB. As the clipping ratio decreases, the symbols move toward the
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bottom right direction; the achievable PARs for different constellation sizes are

moving to their minimum points with a decreasing clipping ratio. Our pro-

posed algorithm reaches the minimum PARs: 5.55dB, 6.42dB, and 7.07dB for

QAM, 16-QAM, and 64-QAM, respectively. These different minimum PARs

come from the inherent ACE constraint that the higher the order of the con-

stellation, the less flexibility [69]. However, we observe that the loss in Eb/No

for each different constellation is about 1.06dB, even though the achievable

minimum PAR depends on the constellation size. It is clear that our proposed

algorithm provides the tradeoff curve between PARs and the loss in Eb/No for

the M-QAM constellations as a function of the target clipping ratio.

5.4 Pilot-Aided Active Constellation Extension Algo-
rithm

Pilot symbols are widely used for channel estimation as well as synchro-

nization in OFDM systems [30, 52]. In [89], the optimal placements of pilots

are equally spaced among the subcarrirers and have equal power. Let N be

the set of all data tones: N = {∀k s.t. 0 ≤ k ≤ N − 1} = {Np

⋃
Nc

p}, where

Np is the set of pilot tones. Thus, the complex symbols Xk are

Xk =





Pk, k ∈ Np

Sk, k ∈ N
c
p

, (5.21)

where Pk and Sk are pilot and data symbols transmitted at the kth subcarrier

respectively.

In this section, we introduce an improvement of the ACE technique
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for PAR reduction by using pilot symbols. The main idea is to estimate the

correlation coefficients between the original pilot symbols and their successive

clipping noise to adjust the clipping effect and to keep the correlation property

inherited from clipping while keeping the reduced minimum distance. We

assume the correlation coefficient at each iteration is constant for any k ∈ N.

First, we estimate the correlation factor between the original constella-

tion of an OFDM symbol and the clipping noise constellation, C
(i)
k , at each ith

iteration, then obtain the uncorrelated clipping noise, D
(i)
k , by compensating

for the bias of clipping noise as follows:

D
(i)
k = C

(i)
k − κ(i)X

(0)
k , (5.22)

where κ(i) is the correlation factor at the ith iteration. By making use of the

Bussgang theorem, C
(0)
k can be expressed by [88]

C
(0)
k = (α− 1)X

(0)
k +D

(0)
k , (5.23)

where the first term represents the correlation part of the original signal com-

ponents, X
(0)
k , D

(0)
k is a zero-mean noise process uncorrelated with the signal

X
(0)
k , i.e., E[D

(0)
k ] = 0 and E[D

(0)
k X

(0)∗
k ] = 0, and the attenuation factor α is

given by

α =
E[xnx

∗
n]

E[xnx∗
n]

= 1− e−γ +

√
πγ

2
erfc(

√
γ). (5.24)

Note that κ(0) = α− 1. However, the input signal for the subsequent clipping

does not guarantee a Gaussian process. Therefore, the correlation factor can be

determined by considering the unbiased clipping noise power, i.e., minimizing
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the mean-squared error of (5.22) as follows:

κ(i) = argmin
κ(i)

||D(i)
k ||22. (5.25)

Here, the optimal correlation factor using pilot symbols can be estimated as

κ
(i)
opt =

ℜ[〈C(i)
s
,S(0)〉]

〈S(0),S(0)〉
, (5.26)

where ℜ specifies the real part, <,> is the complex vector inner-product,

C(i)
s

= {C(i)
k |k ∈ Np}, and S(0) = {X(0)

k |k ∈ Np} .

Next, the ACE constraints are applied to the uncorrelated clipping

noises in (5.22). We set the undesired extension constellations, including the

pilot symbols as well as the signal in the non-feasible area, to zero. The

uncorrelated extension constellation, D̃
(i)
k , is defined by

D̃
(i)
k =





D
(i)
k , k ∈ Ia

0, k ∈ Np and k 6∈ Ia

, (5.27)

Note that the shift of the bias of clipping noise in (5.22) can maximize the pos-

sible number of active subcarriers, which can improve the peak power reduction

capacity of ACE. However, uncorrelated clipping noise does not approximate

the clipping noise signal for low clipping ratios. The reason is the direction

of the correlation term in (5.22) is not only opposite to that of the desired

direction of clipping noise, but the correlation term in (5.22) increases as the

clipping ratio decreases.

Therefore, to avoid the existing ACE problem for low clipping ratios,

we restore D̃
(l)
k with an optimal correlation factor κ

(l)
opt to the center of the
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Figure 5.10: Illustrative example for the constellation of the pilot-aided ACE
constrained extension vectors corresponding to the first quadrature symbol in
QPSK for γ = 2dB.
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clipping noise. The desired extension constellation can be obtained by

C̃
(i)
k = D̃

(i)
k + κ

(i)
optX

(0)
k . (5.28)

Fig. 5.10 shows an illustrative example of the modified vector when our

proposed pilot-aided ACE algorithm is applied. The constellation points cor-

respond to the extension vector of the first quadratic constellation in QPSK

for the clipping ratio of 2dB at the first iteration. The circles are for pilot

symbols, and the dots are for data symbols. The shaded area indicates the

feasible region corresponding to the first quadratic constellation in QPSK. In

Fig. 5.10(a), the clipping noise constellation is moving outside the feasible

region, which determines the non-active subcarriers. This figure explains why

the existing ACE has a problem of reducing peak power. The uncorrelated

clipping noise Dk is shown in Fig. 5.10(b) by compensating for the bias of clip-

ping noise with the correlation factor in (5.26). In Fig 5.10(c), ACE constraints

are applied on Dk by setting all pilot points to zero. To well approximate the

anti-peak signal, the modified vector after ACE is shifted to the center of the

original clipping noise in Fig 5.10(d).

5.4.1 Results

In this section, we present the performance of our proposed technique

by computer simulations. We use an OFDM system with 2048 subcarriers and

QPSK. We also approximate the continuous-time peak signal of an OFDM

signal by using the oversampling rate factor J = 8. For the sake of comparison
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Figure 5.11: The achievable peak power comparison of existing ACE tech-
niques and proposed algorithm of an OFDM signal with an initial 12dB PAR,
for different clipping ratios after the iteration L = 10.

fairness with the existing clipping based ACE techniques [69,100], the optimal

adaptive scaling to find the fast convergence factor is applied in (5.11).

Fig. 5.11 demonstrates the achievable peak power of an OFDM signal

with an initial 12dB PAR, for different target clipping ratios γ from 0dB

to 12dB. The peak power is used as a performance measure with respect to

the original average power without considering the power of the anti-peak

signal added by ACE. We find the minimum achievable peak power of 6.26dB

can be obtained with a target clipping ratio of 5.6dB and 5.8dB for ACE
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with CS (clipped signal) and ACE with weighting CS, respectively. On the

other hand, our proposed algorithm can achieve the desired clipping level even

when the initial target clipping ratio is set below optimal points for the other

ACEs. As mentioned in the previous section, the performance of the peak

power reduction for the existing clipping-based ACE algorithm depends on

the clipping ratio. For ACE with CS, the smaller the clipping ratio is with

respect to the optimal value of 5.6dB, the smaller the peak power reduction

gain is. Therefore, the predetermined target clipping ratio should be carefully

chosen for ACE with CS. However, it is difficult to determine the optimal

clipping ratio for every symbol, because the minimum PAR as well as the

optimal clipping level changes symbol by symbol. As shown in [100], ACE

with weighting CS provides an improvement of the peak power reduction for

low clipping ratios, which is observed in Fig. 5.11. For example, the improved

peak power gain compared to ACE with CS is 2.2dB, 1dB, and 0.15dB for

the clipping ratio γ =0dB, 2dB, and 4dB, respectively. As the clipping ratio

decreases, the improvement in the peak power reduction increases; however,

ACE with weighting CS is still sensitive to the unknown optimum value of the

clipping ratio. Contrary to the existing ACE techniques, it is obvious that our

proposed algorithm can reach any desired target clipping level.

Next, our proposed algorithm is quantified in terms of the complemen-

tary cumulative density function (CCDF) of PAR (5.4), which is the proba-

bility that the PAR of the transmitted OFDM symbol ξ exceeds the threshold

PAR ξo. Note that it is worthwhile to use the PAR metric, which considers
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Figure 5.12: PAR CCDF comparison of existing ACE techniques and the pro-
posed technique for different clipping ratios: γ = 0dB, 2dB, and 4dB, respec-
tively. The arrows indicate the trends of PAR reduction with the decreasing
clipping ratio.

the power change by the ACE techniques. While the existing ACE techniques

increase the average power to reduce the peak power, our proposed algorithm

decreases the average power. In Fig. 5.12, the CCDF of the PAR is plotted

by using different algorithms: ACE with CS, ACE with weighting CS, and our

proposed method. The rightmost dashed-line curve is plotted for the original

OFDM signal. The dotted-line curves correspond to ACE with CS, the lines

with the dash-dots are for ACE with weighting CS, and the solid lines are for
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our proposed algorithm. For each case, plots are provided for clipping ratios

of γ = 0dB, 2dB, and 4dB. As the target clipping ratio decreases, the PAR

reduction capacity decreases when ACE with CS and ACE with weighting

CS are applied, that is, the curves trend to the right. Although ACE with

weighting CS can improve the PAR reduction for low clipping ratios, the per-

formance of PAR reduction is still degraded as the clipping ratio decreases,

which is consistent with the trend shown in Fig. 5.11. On the other hand, our

proposed algorithm provides more PAR reduction with the decreasing clipping

ratio, that is, the trend is to the left.

5.5 Conclusion

In this chapter, we introduce two new CB-PAR reduction algorithms

in OFDM. First, we provide the adaptive clipping control algorithm using TR

and ACE for PAR reduction. We find that the PAR reduction capacity of

the existing CB-PAR reduction algorithms is dependent on the initial target

clipping ratio. The lower the initial target clipping ratio is from the optimal

clipping value, the smaller the PAR reduction gain is, because of IPI. However,

our proposed algorithm provides the minimum PAR even when the initial

target clipping ratio is set below the unknown optimum clipping point. We

believe that our proposed algorithm is feasible to reduce PAR for OFDM

systems with a large number of subcarriers.

Second, we have proposed a new ACE algorithm for PAR reduction by

using pilot symbols, where the pilot symbol is used to estimate the correlation
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factor for the maximization of the ACE constraint and to well approximate the

antipeak signal for peak reduction. It is observed that the existing clipping-

based ACE techniques are sensitive to the low clipping ratio. The lower the

target clipping ratio is from the optimal clipping value, the smaller both the

peak power and PAR reduction gain are. However, our proposed algorithm

can reach any desired target clipping level, even when the clipping level is

set below the initially unknown optimum value. Simulation results show that

our proposed algorithm provides better PAR reduction with the decreasing

clipping ratio.
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Chapter 6

Conclusions

6.1 Summary

In this dissertation, our objective was to develop practical signal pro-

cessing techniques for PAR reduction that are compatible with the appropriate

standards. As a part of this dissertation, the current state of research in the

area of PAR reduction and some fundamental concepts of PA models were re-

viewed and analyzed. Among the many PAR reduction techniques, we focused

on the peak cancellation class, which is advantageous for practical implemen-

tation. First, we focused on iterative clipping and filtering which is a distortion

bearing PAR reduction technique, and which allowed us to predict the lower

bound of BER performance. Second, we considered and evaluated the distor-

tionless SLM technique in the presence of nonlinearities such as DAC and PA.

Third, we addressed a fundamental issue associated with two low-complexity

PAR reduction techniques based on TR and ACE. Throughout this research,

computer simulations were conducted to demonstrate and verify the perfor-

mance of the proposed algorithms. The contributions of this dissertation are

summarized in the following list:

• Chapter 3: Quantifying Iterative Clipping and Filtering for PAR Reduc-
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tion in OFDM Systems

1. Developed an expression for the output of OFDM systems employ-

ing an asymptotic iterative clipping and filtering technique (when

both the out-of-band radiation and the peak amplitude are limited).

2. Quantified the iterative clipping and filtering in terms of the SNDR.

3. Investigated the complexity issue of the iterative clipping and fil-

tering technique.

4. Established a link between a PAR reduction and BER performance

when using iterative clipping and filtering in OFDM systems.

• Chapter 4: Performance Analysis of OFDM Systems with Selected Map-

ping in the Presence of Nonlinearity

1. Derived the distribution for envelope power of the OFDM signals.

2. Confirmed that the derived analytical distribution closely describes

the statistical behavior of the envelope power in the SLM.

3. Derived and analyzed BER and TD as functions of PBO and clip-

ping ratio in an SLM-OFDM system with nonlinearity over AWGN

channels.

4. Determined an optimal PBO and clipping ratio for SLM-OFDM

systems that minimize TD.

• Chapter 5: Clipping-Based PAR Reduction Techniques
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1. Addressed a fundamental issue associated with two low-complexity

PAR reduction techniques, namely, tone reservation (TR) and ac-

tive constellation extension (ACE).

2. Discovered that the existing low-complexity algorithms have a prob-

lem when the initial target clipping ratio is set too low.

3. Proposed an adaptive clipping control algorithm using TR and ACE

for PAR reduction.

4. Proposed a new ACE algorithm for PAR reduction by using pilot

symbols both to estimate the correlation factor for the maximiza-

tion of the ACE constraint and to approximate the antipeak signal

for peak reduction.

5. Both approaches in items (3) and (4) above overcome the low initial

target clipping ratio problem mentioned in (2).

6.2 Future Work

The following is a list of future work that could be carried out as ex-

tensions of the proposed PAR reduction algorithms in the Chapter 5 of this

dissertation:

• Determine an optimal clipping ratio and PBO for the proposed PAR

reduction algorithms with nonlinearity over AWGN channels.

• Investigate an optimal clipping ratio when combining DPD with the

proposed PAR reduction algorithms.
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• In order to further improve the DC-to-RF power conversion efficiency of

the PA, investigate the feasibility of adaptively controlling the PA DC

power supply voltage using the optimal clipping ratio of each OFDM

symbol which is determined by our proposed PAR reduction algorithms.

This approach is in contrast to that in [49], where envelope tracking is

utilized to control the DC power supply voltage.
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