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Supervisor:  Efraim Armendariz 

 

The foundation of Luecke’s course M: 396 Geometry and Topology is that 

collaboration amongst mathematicians and biologists caused tremendous gains in DNA 

research.  The field of topology has led to significant strides in understanding of the 

topological properties of the genetic molecule DNA. Through the integration of 

biological phenomena and knowledge of topology and Euclidean geometry, biologists 

can describe and quantize enzyme mechanisms and therefore determine enzyme 

mechanisms causing the changes.  Understanding mathematical applications in contexts 

outside of mathematics on any level helps to explain why mathematics is a core content 

area in primary and secondary education.   Requiring secondary educators to take such a 

course could result in mathematics taught with real world application on the secondary 

level as well as on the graduate level, as shown in Luecke’s course.   
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COURSE SUMMARY OF GEOMETRY AND TOPOLGY 

Chapter 1:  Application of Geometry and Topology to Secondary 

Educators 

The course, M396: Geometry and Topology taught by John Luecke [1] at the 

University of Texas is very important in the teaching of mathematics in secondary 

schools because it shows how collaboration amongst mathematicians and scientists can 

lead to important scientific discovery.  Students in secondary education in the United 

States are often taught that mathematics is the foundation of science, but they are never 

taught why.  This could be due to the separation of the two content areas that occurs since 

kindergarten.  

The NCTM standard on connections in mathematics requires that secondary 

mathematics educators help students to recognize and apply mathematics in contexts 

outside of mathematics.  Luecke [1] hits this standard on a graduate mathematics level, 

which inspires secondary educators to see the importance of the integration of the 

mathematics and sciences.  The foundation of Luecke’s course is that collaboration 

amongst mathematicians and biologists has caused tremendous gains in DNA research.  

The field of topology has led to significant strides in understanding of the topological 

properties of the genetic molecule DNA. Through the integration of biological 

phenomena and knowledge of topology and Euclidean geometry, biologists can describe 

and quantize enzyme mechanisms and therefore determine enzyme mechanisms causing 

the changes.  Understanding mathematical applications in contexts outside of 
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mathematics on any level helps to explain why mathematics is a core content area in 

primary and secondary education.  
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Chapter 2: Summary of Geometry and Topology Course 

Luecke [1] introduces Knot Theory and its application to the behavior of super-

coiled DNA, especially during recombination.  Luecke’s course starts with a short history 

of DNA and shows the topological properties of knots.  Luecke helps students make 

connections amongst topology and microbiology through the works of De Witt Sumners 

[2], James White [3], and John Luecke [1].  The next sections will explain the topological 

properties of supercoiled DNA and the topological changes that occur during DNA 

recombination. 

TOPOLOGICAL PROPERTIES OF SUPERCOILED DNA 

 White [3] explains the history of the topological properties of DNA and shows 

how these views have changed over time.  DNA was formally thought to be a twisting of 

the two sugar-phosphate backbones of the DNA.  Figure 1A shows the linear form 

commonly seen in  most visual representations of DNA.  The visual representation of 

DNA evolved to be a closed cylindrical link.  Through further experimentation, DNA is 

found to be most commonly of the form shown in Figure 1C.  For the purpose of this 

paper, the focus will be on the supercoiled closed DNA shown in Figure 1C, and C and W 

will represent the two sugar-phosphate backbones of the DNA and A will represent the 

axis curve. 
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Figure 1.  A.  Double helical model of DNA.  B.  Relaxed closed circular 

form of DNA.  C.  The interwound form of supercoiled closed DNA.  

[3, p. 18] 

 

Luecke [1] first explains linking number and how it helps in understanding the 

topological properties of supercoiled DNA.  In the study of topology linking number, Lk 

is defined as for any curve C to be: 

! 

Lk(C
1
,C

2
) =
1

2
SignC

C"C1#C2

$ .      (1.1) 

A sign of + or - 1 is given to each crossing of two curves.  Figure 2A shows that when the 

top curve is rotated 900 counterclockwise resulting in the two arrows pointing in the same 

direction the sign +1 is assigned.  Conversely, Figure 2B shows that when the top curve 



 5 

is rotated 90o counterclockwise resulting in the two arrows pointing in opposite directions 

a sign of -1 is assigned.   

The linking number has two interesting properties.  One is the follosing theorem: 

THEOREM 1:  Let D1 and D2 represent the parts of a link.  Lk(D1)=Lk(D2) if and only if 

D1 can be deformed to D2 (or D2 can be deformed to D1)  without breaking a strand.  

 

Proof:  From M396[1] 

Let D1 and D2 represent the parts of a link. 

 

There are three deformations (Reidemeister moves) that can be done to a link without 

breaking a strand. 

 

This proof is divided into three cases, one for each Reidemeister move, to show that these 

deformations do not affect the linking number, Lk(D1,D2). 

Case 1:  Reidemeister move I 

 

 

The crossing is not of D1 and D2 as this is irrelevant and does not effect the linking 

number. 
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Case 2:  Reidemeister move II 

 

 In all 4 possible Reidemeister II moves illustrated as A-D, the signs cancel, resulting in 

Lk(D1,D2)=0.  So this as well does not effect the linking number. 

 

Case 3:  Reidemeister move III. 

 

There are many different cases that this move could take on, but without loss of 

generality, all of them would have the same linking number since the crossings move, but 

the number of crossings and direction stay the same. 
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Q.E.D. 

The second interesting property of linking numbers is that the linking number 

stays the same regardless of which way you view the link.  When working with DNA, the 

linking number is determined by the crossings of C, one of the sugar-phosphate 

backbone, and A, the curve axis.  The linking number is denoted Lk(C,A).  So by 

determining a strand of DNA's linking number, one can determine if they are the same 

regardless of the view from which you see the DNA and even when one or both strands 

have been deformed. 

 

 

Figure 2.  A.  Positive crossing of two curves.  B.  Negative crossing of 

two curves. [3, p. 19] 

 

Luecke’s course next describes writhe, a geometric property that is a measure of 

distant crossings of the axis curve A.  Writhe, Wr is a single curve property.  (Figure. 3A)  

Writhe is defined for some curve H as:  

! 

Wr(A') = SignA
A"A '#A '

$       (1.2) 
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Writhe is similar to linking number in that writhe is also the summing of the signs, but it 

is different from Linking number in that Wr does not imply isotopy and similarly isotopy 

does not imply Wr.  (Figure. 3)   

 

 

Figure 3.  A.  Illustration of a single curve.  B.  Illustration of curve A 

from a different orientation. [3, p. 20] 

 

THEOREM 2:  Curve A and Curve B being isotopic does not imply that Wr(A)=Wr(B). 

Proof:  (by contradiction)  

Let Curve A and Curve B be defined as the curves illustrated below. 

 

Curves A and B are isotopic by 1 reidemeister I move.  

By definition of writhe, Wr(A)=-1, but Wr(B)=0. 

Therefore, by contradiction Isotopic curves will not always have the same writhe. 

 

Q.E.D. 



 9 

 

TOPOLOGICAL CHANGES THAT OCCUR DURING DNA RECOMBINATION 

Next Luecke explains Twist, a geometric property that is a measure of local 

crossings that requires vector analysis to determine the value of the twist.  White [3] 

defines twist as the measure of the change in the vector Vac.  Vac is the unit vector 

joining the points a and c, where a and c are the points on A and C when you take a 

perpendicular cross section of the DNA.  (Fig. 4)  dVac is the change in the vector Vac as 

the point a moves up the A axis.  

! 

Tw =
1

2"
dv

ac
#T$ v

ac
A
%  (1.3) 

Simply, twist is how much C twists around A. 

 

 

Figure 4.  Illustration of a cross-section of DNA perpindicular to axis, A. 

[3, p. 22] 

 

When determining the attributes of supercoiled closed DNA the linking number can be 

divided into the distant crossings, Wr, and the local crossings, Tw.  This is 

counterintuitive because linking number is isotopic whereas the writhe changes under 
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deformations.  White [3] explains that the change in writhe results in an equal in 

magnitude opposite in sign change in twist.  This can be visualized by twisting a rubber 

band on one side while holding the other side fixed.  The rubber band will wind the 

opposite way onto itself.  Therefore the result of DNA twisting is an equal but opposite 

sign writhing of the DNA.  So linking number is the sum of the twisting number and the 

writhing number, which explains the supercoil of closed DNA. 

 Luecke explains that enzymes change DNA molecules in interesting topological 

ways including supercoiling, passing DNA strands through an enzyme-bridged break in 

DNA, and breaking a pair of DNA strands, then reconnecting to different ends.  Luecke 

shows that direct experimentation of the spatial conformation of DNA, proteins, and 

protein-DNA complexes in solution has proved to biologists to be very difficult.  

Biologists consider instead indirect methods to observe the changes to DNA caused by 

enzyme reactions.  The most common method is known as the topological approach to 

enzymology. 

 Sumners [2] defines the topological approach to enzymology as an experimental 

strategy used to observe the changes caused by the enzymes onto the Euclidean 

Geometry (supercoiling) and Topology (knotting and linking) of the DNA.  Enzyme 

experimentation is performed on circular DNA substrate showing the enzymes causing 

various topological changes in the DNA.  Figure 5 shows how an enzyme reaction can 

change DNA substrates topological and geometrical characteristics.  Using this indirect 

experimentation, one can describe and quantify enzyme mechanisms and therefore 

determine enzyme mechanisms causing the changes.  
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Figure 5.  The topological approach to enzymology [2, p. 55]  

 

 Recombinase is an enzyme which involves sitespecific recombination of DNA 

whereas a recombination site is a short linear segment whose DNA general sequence is 

identifiable by the recombinase.  Recombinase occurs when two sites get close together 

and become bound by the enzyme reaction, a process known as synapsis.  Synapsis 

results in a protein-DNA complex of the combination of the DNA and the enzyme known 

as synaptosome.  The prerecombination of the unbound DNA molecules is known as the 

substrate whereas the postrecombination is referred to as the product.  Figure 6 

pictorially shows what occurs in a recombination event.  Through recombination the 

substrate changes in very interesting topological ways.   
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Figure 6.  A recombination event [2, p. 57]  

 

 In order to observe the topological changes between the substrate and the product 

we must experiment on circular DNA to determine the orientation of the recombination 

site with the DNA.  Two observable phenomena explained by Sumners [3] are direct 

repeats which occur when the orientations agree as seen in Figure 7 forming a link, and 

an inverted repeat that conversely occurs when the orientations do not agree, shown in 

Figure 8 forming a knot.   
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Figure 7.  Recombination with direct repeats [2, p. 58]  
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Figure 8.  Recombination with inverted repeats [2, p. 59] 

 

 Since the synaptosome is too difficult to observe directly using experimentation 

with an electron microscope, we must determine topological changes using mathematical 

knowledge of topology.  Using topological properties learned in the beginning of the 

course Geometry and Topology we can now use the topological properties of DNA to 

deduce the type of enzyme causing recombination of the DNA substrate. 



 15 

Chapter 3:  CONCLUSION of How a Graduate Level Mathematics 

Course can Apply to Secondary Education 

Luecke’s course Geometry and Topology is different from an introduction to knot 

theory course because the ongoing theme of the course is the application of mathematics 

to the study of DNA.  Understanding linking number, writhe, twist, and various other 

topological properties of knots may seem to be useless knowledge until it becomes 

known that this knowledge gives biologists an indirect way to study changes in DNA due 

to various enzyme reactions.   

Luecke has DNA as the main theme of the course Geometry and Topology, from 

the beginning of the course, with the explanation of supercoiled DNA through the 

application of knot theory to studying the topological properties that occur during 

recombination of DNA.   

M 396: Geometry and Topology allows secondary educators to experience being 

the student in an integrated science and mathematics graduate level class.  Since 

mathematics and science have been taught disjointed for so long, many secondary 

educators have not had integrated classes.  Therefore, they do not know how this could be 

incorporated into the classroom curriculum.  Luecke’s course teaches elementary knot 

theory with an application to supercoiled DNA.  By teaching this real-world application 

of topology and geometry Luecke answers the questions, “Why do we need to know 

this?”   
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