
Copyright

by

Sri Priya Ponnapalli

2010



The Dissertation Committee for Sri Priya Ponnapalli
certifies that this is the approved version of the following dissertation:

Higher-Order Generalized

Singular Value Decomposition:

Comparative Mathematical Framework with

Applications to Genomic Signal Processing

Committee:

Orly Alter, Supervisor

Joydeep Ghosh, Supervisor

William Beckner

Constantine Caramanis

Brian L. Evans

Charles Van Loan



Higher-Order Generalized

Singular Value Decomposition:

Comparative Mathematical Framework with

Applications to Genomic Signal Processing

by

Sri Priya Ponnapalli, B.E.; M.S.

DISSERTATION

Presented to the Faculty of the Graduate School of

The University of Texas at Austin

in Partial Fulfillment

of the Requirements

for the Degree of

DOCTOR OF PHILOSOPHY

THE UNIVERSITY OF TEXAS AT AUSTIN

August 2010



Dedicated to my parents

Uma Devi

and

Kamalakar Rao Ponnapalli.



Acknowledgments

There are many people I’d like to thank for having made my time at

UT and in Austin most wonderful. First and foremost, I thank my advisor

Professor Orly Alter. She is most amazing and has been very supportive and

encouraging of me through some difficult times. Prof. Orly is one of my role

models and I have learnt a lot from her both personally and professionally.

I admire her patience and persistence and her strong emphasis on quality. I

am also greatly inspired by her encouragement of young women in science and

technology. I consider myself very lucky to have had the opportunity to work

with her.

Next, I thank the members of my thesis committee: my co-supervisor

Professor Joydeep Ghosh, Professor William Beckner, Professor Constantine

Caramanis, Professor Brian L. Evans and Professor Charles Van Loan, for

their guidance and support throughout the course of my graduate studies. I

have learnt a lot from the classes I took with them and each of those classes

have inspired me in some way.

I thank my collaborators, coauthors and friends Professor Gene Golub,

Professor Michael Saunders and Professor Charles Van Loan. It has been an

honor working with them and I have learnt so much from these experts in

linear algebra. They have been very kind and encouraging of my work and

this has always kept me motivated.

I thank my lab mates and friends Justin Drake, Andy Gross, Cheng

H. Lee, Chaitanya Muralidhara, Larsson Omberg, and Daifeng Wang for their

v



companionship and technical assistance. I thank Melanie Gulick for her pa-

tience and kindness in guiding me through the often confusing forms and pro-

cedures. I thank Keith Kachtick of Dharma yoga for his spiritual guidance.

I’d now like to thank my best friends and support system. Their friend-

ship is invaluable to me. I thank Chase S. Krumpelman for everything and

just being there for me, always. I thank Apurva Sarathy also for everything

and standing by me through everything. I thank Sidney D. Rosario for the

great friend and companion he has been to me during the testing phase of my

Ph.D. completion. I thank David Parr, for standing by me and comforting me

through some difficult times, Richard Naething, my first friend in the US for

the camaraderie, and Abhishek Ramkumar, for his timely and valuable advise

and support. I thank Shruti Tiwari, Christine Vogel, Ramya Bhagavatula,

Adithi Rao, Sanaa Ansari, and Shahela Sajanlal for always lending a patient

ear and a supportive arm. And all my friends, for just being great fun.

Finally, I’d like to thank my family. I thank my grand aunt Sudha atha

and grand uncle Babu mama for their love and encouragement. My aunt and

uncle, Padmasree and Mohan Warrior for taking care of me and supporting

me through my difficult times. Special thanks to Mohan uncle for teaching me

the 5 C’s to face any situation: calm, cool, collected, confident and composed,

along with 10 deep breaths.

To my parents, I dedicate this thesis. My mother Uma Devi is and

always has been the driving force behind everything I do. Her interest and

encouragement of my education is what has brought me to where I am. I

thank my father Kamalakar Rao for always supporting and encouraging my

bold decisions and making me believe I could do anything I wanted to. I owe

them everything.

vi



Higher-Order Generalized

Singular Value Decomposition:

Comparative Mathematical Framework with

Applications to Genomic Signal Processing

Publication No.

Sri Priya Ponnapalli, Ph.D.

The University of Texas at Austin, 2010

Supervisors: Orly Alter
Joydeep Ghosh

The number of high-dimensional datasets recording multiple aspects

of a single phenomenon is ever increasing in many areas of science. This is

accompanied by a fundamental need for mathematical frameworks that can

compare data tabulated as multiple large-scale matrices of different numbers

of rows. The only such framework to date, the generalized singular value

decomposition (GSVD), is limited to two matrices.

This thesis mathematically defines a higher-order GSVD (HO GSVD)

of N ≥ 2 datasets, tabulated as N matrices Di ∈ Rmi×n of the same number

of columns and, in general, different numbers of rows. Each data matrix Di is

assumed to have full column rank and is factored as the product Di = UiΣiV
T ,

where the columns of Ui ∈ Rmi×n and V ∈ Rn×n have unit length and are

the left and right basis vectors respectively, and each Σi ∈ Rn×n is diagonal

vii



and positive definite. Identical in all factorizations, V is obtained from the

eigensystem SV = V Λ of the arithmetic mean S of all pairwise quotients

AiA
−1
j , i 6= j, of the matrices Ai = DT

i Di. The kth diagonal of Σi = diag(σi,k)

indicates the significance of the kth right basis vector vk in the ith matrix Di

in terms of the overall information that vk captures in Di. The ratio σi,k/σj,k

indicates the significance of vk in Di relative to its significance in Dj. We

assume that the eigensystem of S exists, and that V is real and not severely

ill-conditioned. We show that when a left basis vector ui,k is orthonormal

to all other left basis vectors in Ui for all i, this new decomposition extends

to higher order all of the mathematical properties of the generalized singular

value decomposition: the corresponding right basis vector vk is an eigenvector

of all pairwise quotients AiA
−1
j , the corresponding eigenvalue of S satisfies

λk ≥ 1, and an eigenvalue λk = 1 corresponds to a right basis vector vk of

equal significance in all matrices Di and Dj (meaning σi,k/σj,k = 1 for all i

and j).

The second part of the thesis illustrates this HO GSVD with a compar-

ison of cell-cycle mRNA expression from three disparate organisms: S. pombe,

S. cerevisiae and human. Comparative analyses of global mRNA expression

from multiple model organisms promise to enhance fundamental understanding

of the universality and specialization of molecular biological mechanisms, and

may prove useful in medical diagnosis, treatment and drug design. Existing

algorithms limit analyses to subsets of homologous genes among the different

organisms, effectively introducing into the analysis the assumption that se-

quence and functional similarities are equivalent. For sequence-independent

comparisons, mathematical frameworks are required that can distinguish the

similar from the dissimilar among multiple large-scale datasets tabulated as
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matrices of different numbers of rows, corresponding to the different sets of

genes of the different organisms. Unlike existing algorithms, a mapping among

the genes of these disparate organisms is not required in our HO GSVD frame-

work, enabling correct classification of genes of highly conserved sequences but

significantly different cell-cycle peak times.

The last part of this thesis further investigates the mathematical prop-

erties of the HO GSVD and removes the assumption that the eigensystem of S

exists and that V is real and not severely ill-conditioned. The the eigenvalues

of S satisfy λk ≥ 1. We show that when an eigenvalue of S satisfies λk = 1, the

corresponding eigenvector vk is an eigenvector of sums of pairwise quotients(
N∑

i=1

Ai

)
A−1

j , that it satisfies vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N and that we

can compute the corresponding eigenvector vk from the Di without the need

for computing any inverse. We comment on certain conditions under which

the kth left basis vectors ui,k are orthonormal to all other left basis vectors in

Ui for all i.
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Chapter 1

Introduction

The number of high-dimensional datasets recording multiple aspects of

a single phenomenon is ever increasing in many areas ranging from finance

to biology. This is accompanied by a fundamental need for mathematical

frameworks that can compare such datasets to distinguish the similar from

the dissimilar.

In finance, we have datasets recording stock prices in different markets.

The price of a stock in any of these markets is a function of “global factors” that

influence markets worldwide, and “local factors” that are specific to a given

market (Fig. 1). Comparative analyses of stock prices across these markets to

identify the global (the similar) and local (the dissimilar) factors is important

to understand how these markets behave relative to one another.

In biology, we have DNA mircroarray datasets recording global messen-

ger RNA (mRNA) or gene expression activity in cells of different organisms

such as yeasts and human under a given set of conditions (Appendix A: Global

mRNA Expression Datasets). The expression of a gene in any of the organisms

is again a function of “global factors” that are universally conserved biologi-

cal mechanisms (the similar), and “local factors” that are specific to a given

organism (the dissimilar). Comparative analyses of global mRNA expression

from multiple model organisms promise to enhance fundamental understand-

ing of the universal and organism-specific biological mechanisms, and may

1



Comparison of Data

New York Stock Exchange 

Bombay Stock Exchange 

London Stock Exchange 

Identify the Global and Local 
factors affecting stock prices.

Stock Price = f(G, L)
G = Global Factors
L = Local Factors

Figure 1.1: Consider the price of a stock in the New York, Bombay and Lon-
don stock exchanges. It is a function of “global factors” that influence all
three markets, and “local factors” that are specific to a given market. Identi-
fying the global (the similar) and local (the dissimilar) factors is important to
understand how these markets behave relative to one another.
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prove useful in medical diagnosis, treatment and drug design [21, 33].

High-dimensional datasets in finance or biology have natural matrix

representations. For example, a single DNA microarray monitors the mRNA

expression levels of m genes of an organism in a single experiment. A se-

quence of n such microarrays measure the expression levels of the set of m

genes across n different experimental conditions. The full mRNA expression

dataset can therefore be represented as an m × n matrix D (Appendix B:

Matrix Representation of an mRNA Expression Dataset). The ith row of ma-

trix D represents the mRNA expression of the ith gene across the n different

experiments. The jth column of D represents the mRNA expression of all m

genes in the jth experiment.

Different organisms have different numbers of genes. Hence, their full

mRNA expression datasets are matrices of different numbers of rows. At

present, any comparison of such functional data across multiple organisms is

limited to and synonymous with performing the comparison across subsets of

homologous genes (i.e., genes of similar sequence) among the different organ-

isms. Thus, existing algorithms require the mapping of genes (rows) of one

organism (matrix) onto those of another based on sequence similarity and effec-

tively introduce into the analysis the assumption that sequence and functional

similarities are equivalent.

For sequence-independent comparisons, mathematical frameworks are

required that can distinguish the similar from the dissimilar among multiple

large-scale datasets tabulated as matrices of different numbers of rows, corre-

sponding to the different sets of genes of the different organisms. The only

such framework to date, the generalized singular value decomposition (GSVD)

[5, 19, 27, 38], is limited to two matrices.

3



1.1 Generalized Singular Value Decomposition (GSVD)

Suppose we have two real matrices D1 ∈ Rm1×n and D2 ∈ Rm2×n of

full column rank n. Van Loan [27] defined the GSVD of D1 and D2 as

UT
1 D1X ≡ Σ1,

UT
2 D2X ≡ Σ2,

(1.1)

where each Ui ∈ Rmi×n has orthonormal columns, X ∈ Rn×n is nonsingular,

and the Σi = diag(σi,k) ∈ Rn×n are diagonal with σi,k > 0 (i = 1, 2). Paige

and Saunders [38] showed that the GSVD can be computed in a stable way

by orthogonal transformations. In the full column-rank case it takes the form

D1 ≡ U1Σ1V
T ,

D2 ≡ U2Σ2V
T ,

(1.2)

where U1, U2 and

(
Σ1

Σ2

)
have orthonormal columns [19] and V is square and

nonsingular.

Alter et al. [5] showed that the GSVD provides a comparative math-

ematical framework for global mRNA expression datasets from two different

organisms, tabulated as two matrices of the same number of columns and

different numbers of rows, where the mathematical variables and operations

represent biological reality.

1.1.1 GSVD for Comparison of Global mRNA Expression Datasets
from Two Different Organisms

In this application, one matrix tabulates DNA microarray-measured

genome-scale mRNA expression from the yeast S. cerevisiae, sampled at n

time points at equal time intervals during the cell-cycle program (Appendix

C: The Cell-Cycle). This matrix is of size m1-S. cerevisiae genes × n-DNA

4
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Figure 1.2: Generalized singular value decomposition (GSVD). In this raster
display of Equation (1.2) with overexpression (red), no change in expression
(black), and underexpression (green) centered at gene- and array-invariant
expression, the S. cerevisiae and human global mRNA expression datasets are
tabulated as organism-specific genes × 18-arrays matrices D1 and D2. The
underlying assumption is that there exists a one-to-one mapping among the
18 columns of the two matrices but not necessarily among their rows.

These matrices are transformed to the reduced diagonalized 18-arraylets
× 18-genelets matrices Σ1 and Σ2, by using the organism-specific genes ×
18-arraylets transformation matrices U1 and U2, and the shared 18-genelets ×
18-arrays transformation matrix V T .

The GSVD provides a sequence-independent comparative mathematical
framework for datasets from two organisms, where the mathematical variables
and operations represent biological reality: Genelets of common significance
in the multiple datasets, and the corresponding arraylets, represent processes
common to S. cerevisiae and human [5].
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microarrays. The second matrix tabulates data from the HeLa human cell

line, sampled at the same number of time points, also at equal time intervals,

and is of size m2-human genes × n-arrays. The underlying assumption of the

GSVD as a comparative mathematical framework for the two matrices is that

there exists a one-to-one mapping among the columns of the matrices, but not

necessarily among their rows. The GSVD factors each matrix into a product of

an organism-specific matrix of size m1-S. cerevisiae genes or m2-human genes

× n-“arraylets”, an organism-specific diagonal matrix of size n-arraylets ×

n-“genelets’”, and a shared matrix of size n-genelets × n-arrays.

Alter et al. showed that the mathematical variables of the GSVD, i.e.,

the patterns of the genelets and the two sets of arraylets, represent either

the similar or the dissimilar among the biological programs that compose the

S. cerevisiae and human datasets. Genelets of common significance in both

datasets, and the corresponding arraylets, represent cell-cycle checkpoints that

are common to S. cerevisiae and human. Simultaneous reconstruction and

classification of both the S. cerevisiae and human data in the common subspace

that these patterns span outlines the biological similarity in the regulation of

their cell-cycle programs. Patterns almost exclusive to either dataset correlate

with either the S. cerevisiae or the human exclusive synchronization responses.

Reconstruction of either dataset in the subspaces of the common vs. ex-

clusive patterns represents differential gene expression in the S. cerevisiae and

human cell-cycle programs vs. their synchronization-response programs, re-

spectively. Notably, relations such as these between the expression profiles of

the S. cerevisiae genes KAR4 and CIK1, which are known to be correlated in

response to the synchronizing agent, the α-factor pheromone, yet anticorre-

lated during cell division, are correctly depicted.

6



Remark 1.1.1. This GSVD formulation of Alter et al. has inspired sev-

eral new applications of the GSVD; for example, in a comparison of DNA

microarray-measured mRNA expression and DNA copy-number from the same

set of breast cancer tumors [9], or the integration of DNA microarray- and

quantitative real-time PCR data [49]. This paper also inspired a new mathe-

matical approach to the computation of the GSVD [16].

However, in all of these applications, the comparison is limited to two

high-dimensional datasets at a time since the GSVD provides a comparative

mathematical framework for two matrices only. With an ever increasing num-

ber of high-dimensional datasets, this is a major limitation.

This thesis addresses this limitation and defines a higher-order GSVD

(HO GSVD) of N ≥ 2 datasets, that provides a mathematical framework

that can compare multiple high-dimensional datasets tabulated as large-scale

matrices of different numbers of rows.

1.2 Thesis Outline and Contributions

Chapter 2 defines the HO GSVD mathematical framework. Chapter

3 illustrates the HO GSVD with a comparison of global mRNA expression

datasets from three different organisms. In Chapter 4, we investigate further

the mathematical properties of our HO GSVD. Chapter 5 summarizes the

thesis and proposes directions for future research.

1.2.1 Chapter 2: HO GSVD Mathematical Framework

In this chapter, we define a HO GSVD of N ≥ 2 datasets, tabulated as

N real matrices Di of the same number of columns and, in general, different

7



numbers of rows. In our form of the HO GSVD, each data matrixDi is assumed

to have full column rank and is factored as the product Di = UiΣiV
T , where

Ui is the same shape as Di (rectangular), Σi is diagonal and positive definite,

and V is square and nonsingular. The columns of Ui have unit length; we call

them the left basis vectors for Di (a different set for each i). The columns of V

also have unit length; we call them right basis vectors, and they are the same

in all factorizations. The notation we use is:

Ui ≡
(
ui,1 . . . ui,n

)
, ‖ui,k‖ = 1, (1.3)

Σi ≡ diag(σi,k), σi,k > 0, (1.4)

V ≡
(
v1 . . . vn

)
, ‖vk‖ = 1. (1.5)

We call {σi,k} the higher-order generalized singular value set. They are weights

in the following sums of rank-one matrices of unit norm:

Di = UiΣiV
T =

∑
k

σi,kui,kv
T
k , ‖ui,kv

T
k ‖ = 1. (1.6)

Hence we regard the kth values σi,k as indicating the significance of the kth

right basis vector vk in the matrices Di (reflecting the overall information that

vk captures in each Di in turn). The ratio σi,k/σj,k indicates the significance

of vk in Di relative to its significance in Dj.

To obtain the factorizations, we work with the matrices Ai = DT
i Di

and the matrix sum S defined as the arithmetic mean of all pairwise quotients

AiA
−1
j , i 6= j. The eigensystem SV = V Λ is used to define V , and the factors

Ui and Σi are computed from Di and V . We assume that the eigensystem of

S exists, where V is real and not severely ill-conditioned. For N = 2 we show

that our particular V leads algebraically to the GSVD.

8



We show that when a left basis vector ui,k is orthonormal to all other

left basis vectors in Ui for all i, this new decomposition extends to higher order

all of the mathematical properties of the generalized singular value decompo-

sition: the corresponding right basis vector vk is an eigenvector of all pairwise

quotients AiA
−1
j , the corresponding eigenvalue of S satisfies λk ≥ 1, and an

eigenvalue λk = 1 corresponds to a right basis vector vk of equal significance

in all matrices Di and Dj (meaning σi,k/σj,k = 1 for all i and j).

We also show that the existing SVD and GSVD decompositions are in

some sense special cases of our HO GSVD. Finally, we conjecture a role for

our exact HO GSVD in iterative approximation algorithms.

1.2.2 Chapter 3: HO GSVD for Comparison of Global mRNA Ex-
pression Datasets from Three Different Organisms

The cell-cycle is an orderly sequence of events by which a cell repro-

duces (Appendix C: The Cell-Cycle). The details of the cell-cycle vary from

organism to organism and at different times in an organism’s life. However,

certain characteristics are universal [1]. The global mRNA expression dur-

ing the cell cycle has been investigated in many organisms including S. pombe,

S. cerevisiae and human. A comprehensive analysis of the level of conservation

of the fundamental mechanisms governing the cell-cycle is yet deficient.

In this chapter, we illustrate the HO GSVD mathematical framework

defined in Chapter 2 with a comparison of global cell-cycle mRNA expression

from the three disparate organisms S. pombe, S. cerevisiae and human. As

simple eukaryotes (organisms with membrane bound organelles and nucleus),

the yeasts S. pombe and S. cerevisiae serve as a model organisms to analyze

features of more complex eukaryotic genomes such as the human genome.

9



In analogy with the GSVD comparative modeling of DNA microarray

data from two organisms [5] (Section 1.1.1), we find that the approximately

common HO GSVD subspace represents cell-cycle mRNA expression in the

three disparate organisms. Simultaneous reconstruction and classification of

the three datasets in the common subspace that these patterns span outlines

the biological similarity in the regulation of their cell-cycle programs.

Remark 1.2.1. The HO GSVD mathematical framework is the only one to

date where, unlike existing algorithms, the mapping of genes of one organism

onto those of another based on sequence similarity is not required. This enables

sequence-independent simultaneous comparison of global gene expression data

from multiple organisms.

1.2.3 Chapter 4: Additional Investigation of the Mathematical
Properties of the HO GSVD

In Chapter 4, we investigate further the mathematical properties of our

HO GSVD by exploiting the structure of the representation of S as

S =
(A1 + . . .+ AN)(A−1

1 + . . .+ A−1
N )−NI

N(N − 1)
(1.7)

We still work with a set of N real matrices Di ∈ Rmi×n of full column rank n

but remove all other assumptions of Chapter 1. Specifically, that the eigensys-

tem of S exists and that V is real and not severely ill-conditioned. We show

that the eigenvalues of S satisfy λk ≥ 1. We then show that when an eigen-

value of S satisfies λk = 1, the corresponding eigenvector vk is an eigenvector of

sums of pairwise quotients

(
N∑

i=1

Ai

)
A−1

j , that it satisfies vT
k A
−1
j vk ≥ σ−2

j for

j = 1, . . . , N and that we can compute the corresponding eigenvector vk from

the Di without the need for computing any inverse. Finally, we comment on

10



certain conditions under which the kth left basis vectors ui,k are orthonormal

to all other left basis vectors in Ui for all i.

1.2.4 Chapter 5: Summary and Future Work

In this chapter, we summarize the thesis and propose directions for

future work. Chapter 2 highlights the need for a stable numerical algorithm

for the HO GSVD. We have chosen the form Di = UiΣiV
T for our HO GSVD

because a stable numerical algorithm is known for this form when N = 2

[38]. It would be ideal if our procedure reduced to the stable algorithm when

N = 2. To achieve this ideal, we would need to find a procedure that allows

rank(Di) < n for some i, and that transforms each Di directly without forming

the products Ai = DT
i Di. We investigate directions toward such a stable

numerical algorithm.

Chapter 3 illustrates the HO GSVD comparative mathematical frame-

work in one important example, but it is applicable, and is expected to be

applied, in a huge range of research fields. The GSVD formulation of Alter et

al. has inspired several new applications of the GSVD (Remark 1.1.1). Our

new HO GSVD will enable all of these applications to compare and integrate

N ≥ 2 datasets. We examine additional applications of the HO GSVD.

Chapter 4 further investigates the mathematical properties of the HO

GSVD. We comment and conjecture on the orthogonality of the left basis

vectors Ui. Finally, we discuss the importance of linearity and orthogonality

in modeling genetic networks.
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Chapter 2

Mathematical Framework: HO GSVD

2.1 Introduction

We define a higher-order GSVD (HO GSVD) of N ≥ 2 datasets, tab-

ulated as N real matrices Di of the same number of columns and, in general,

different numbers of rows [39, 40, 42–45]. In our form of the HO GSVD, each

data matrix Di is assumed to have full column rank and is factored as the

product Di = UiΣiV
T , where Ui is the same shape as Di (rectangular), Σi is

diagonal and positive definite, and V is square and nonsingular. The columns

of Ui have unit length; we call them the left basis vectors for Di (a different

set for each i). The columns of V also have unit length; we call them right

basis vectors, and they are the same in all factorizations. The notation we use

is:

Ui ≡
(
ui,1 . . . ui,n

)
, ‖ui,k‖ = 1, (2.1)

Σi ≡ diag(σi,k), σi,k > 0, (2.2)

V ≡
(
v1 . . . vn

)
, ‖vk‖ = 1. (2.3)

We call {σi,k} the higher-order generalized singular value set. They are weights

in the following sums of rank-one matrices of unit norm:

Di = UiΣiV
T =

∑
k

σi,kui,kv
T
k , ‖ui,kv

T
k ‖ = 1. (2.4)
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Hence we regard the kth values σi,k as indicating the significance of the kth

right basis vector vk in the matrices Di (reflecting the overall information that

vk captures in each Di in turn).

To obtain the factorizations, we work with the matrices Ai = DT
i Di

and the matrix sum S defined as the arithmetic mean of all pairwise quotients

AiA
−1
j , i 6= j. The eigensystem SV = V Λ is used to define V , and the factors

Ui and Σi are computed from Di and V . For N = 2, we show that our

particular V leads algebraically to the GSVD (Section 2.2).

For N > 2, in Equations (2.17)–(2.19), we assume that each matrix Di

has full column rank and V is not severely ill-conditioned. We show that if

there exists an exact decomposition with Ui real and column-wise orthonormal

for all i, our particular V leads algebraically to that exact decomposition

(Theorem 2.3.1). Assuming that the eigensystem SV = V Λ exists and V is

real, we explore some properties of the eigenvalues Λ and their relation to the

left basis vectors ui,k and the values σi,k. We prove that when a left basis vector

ui,k is orthonormal to all other left basis vectors in Ui for all i, this HO

GSVD extends to higher orders all of the mathematical properties of the GSVD

that enable the use of the GSVD for comparative modeling of two datasets:

Specifically, that the corresponding right basis vector vk is an eigenvector of all

pairwise quotients AiA
−1
j (Lemma 2.3.2), that the corresponding eigenvalue of

S satisfies λk ≥ 1 (Theorem 2.3.3), and that an eigenvalue λk = 1 corresponds

to a right basis vector vk of equal significance in all matrices Di and Dj,

meaning σi,k/σj,k = 1 for all i and j (Theorem 2.3.4).

We also show that the existing SVD and GSVD decompositions are in

some sense special cases of our HO GSVD (Section 2.4). Finally, we conjecture

a role for our exact HO GSVD in iterative approximation algorithms (Section
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2.5). The work in this chapter was done in collaboration with Michael Saunders

of Stanford University.

2.2 The Matrix GSVD

2.2.1 Construction of the matrix GSVD.

Suppose we have two real matrices D1 ∈ Rm1×n and D2 ∈ Rm2×n of

full column rank n. Van Loan [27] defined the GSVD of D1 and D2 as

UT
1 D1X ≡ Σ1,

UT
2 D2X ≡ Σ2,

(2.5)

where each Ui ∈ Rmi×n has orthonormal columns, X ∈ Rn×n is nonsingular,

and the Σi = diag(σi,k) ∈ Rn×n are diagonal with σi,k > 0 (i = 1, 2). Paige

and Saunders [38] showed that the GSVD can be computed in a stable way

by orthogonal transformations. In the full column-rank case it takes the form

D1 ≡ U1Σ1V
T ,

D2 ≡ U2Σ2V
T ,

(2.6)

where U1, U2 and

(
Σ1

Σ2

)
have orthonormal columns [19] and V is square and

nonsingular.

We work with the form of Equation (2.6), but we find it useful and

more similar to the standard SVD [19] if we assume that the columns of V are

scaled to have unit length, with the columns of Σi scaled accordingly. Note

that the ratios σ1,k/σ2,k are not altered by the scaling.

In place of the methods of Van Loan [27] and Paige and Saunders [38],

we construct the GSVD of Equation (2.6) as follows. We obtain V from the
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Figure 2.1: The GSVD of two matrices D1 and D2 is reformulated as a linear
transformation of the two matrices from the two rows × columns spaces to
two reduced and diagonalized left basis vectors × right basis vectors spaces.
The right basis vectors are shared by both datasets. Each right basis vector
corresponds to two left basis vectors.
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eigensystem of S, the arithmetic mean of the quotients A1A
−1
2 and A2A

−1
1 of

the matrices A1 = DT
1 D1 and A2 = DT

2 D2:

S ≡ 1
2
(A1A

−1
2 + A2A

−1
1 ),

SV = V Λ,

V ≡
(
v1 . . . vn

)
, Λ = diag(λk), (2.7)

with ‖vk‖ = 1. Given V , we compute matrices Bi by solving two linear systems

V BT
i = DT

i ,

Bi ≡
(
bi,1 . . . bi,n

)
, i = 1, 2, (2.8)

and we construct Σi and Ui =
(
ui,1 . . . ui,n

)
by normalizing the columns of

Bi:

σi,k = ‖bi,k‖,

Σi = diag(σi,k),

Bi = UiΣi. (2.9)

We prove below that S is nondefective and that V is real.

From Equations (2.8) and (2.9) we have Di = BiV
T = UiΣiV

T as in

Equation (2.6). We see that the rows of both D1 and D2 are superpositions

of the same right basis vectors, the columns of V (Fig. 2.1). This is the

construction that we generalize in Equations (2.17)–(2.19) to compute our HO

GSVD.

2.2.2 Interpretation of the GSVD construction.

The kth diagonals of Σ1 and Σ2, i.e., the generalized singular value

pair (σ1,k, σ2,k), indicate the significance of the kth right basis vector vk in the
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matrices D1 and D2, reflecting the overall information that vk captures in D1

and D2 respectively. The ratio σ1,k/σ2,k indicates the significance of vk in D1

relative to its significance in D2. A ratio σ1,k/σ2,k ≈ 1 corresponds to a basis

vector vk of similar significance in D1 and D2. Such a vector might reflect

a theme common to both matrices. A ratio of σ1,k/σ2,k � 1 corresponds to

a basis vector vk of almost negligible significance in D2 relative to its signifi-

cance in D1. Likewise, a ratio of σ1,k/σ2,k � 1 indicates a basis vector vk of

almost negligible significance in D1 relative to its significance in D2. Vectors

of negligible significance in one matrix might reflect themes exclusive to the

other matrix.

2.2.3 Mathematical properties of Λ and V .

Note that our GSVD construction in Equations (2.7)–(2.9) is well de-

fined for any square nonsingular V . We now show that our particular V leads

algebraically to the GSVD of Equation (2.6), ignoring the rescaled columns of

Σi and V . Recall that Ai = DT
i Di and Di = UiΣiV

T with Σi diagonal.

In practice we would prefer not to form Ai or S directly. Instead we

may work with the QR factorizations Di = QiRi, where QT
i Qi = I and Ri is

upper triangular and nonsingular. Define another triangular matrix R and its

SVD to be

R ≡ R1R
−1
2 = ŨΣ̃Ṽ T , (2.10)

where Ũ and Ṽ are square and orthogonal, and Σ̃ = diag(σ̃k), σ̃k > 0. We
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then have

S = 1
2

[
(RT

1R1)(R
T
2R2)

−1 + (RT
2R2)(R

T
1R1)

−1
]
,

R−T
1 SRT

1 = 1
2

[
R1(R

T
2R2)

−1RT
1 +R−T

1 (RT
2R2)R

−1
1

]
= 1

2

[
RRT + (RRT )−1

]
= ŨΛŨT , (2.11)

where Λ ≡ 1
2

[
Σ̃2 + Σ̃−2

]
≡ diag(λk). Thus

S(RT
1 Ũ) = (RT

1 Ũ)Λ, (2.12)

SV = V Λ, V ≡ RT
1 ŨD, (2.13)

where the diagonal matrix D normalizes RT
1 Ũ so that V has columns of unit

length.

Theorem 2.2.1. The matrices U1 and U2 constructed in Equation (2.9) have

orthonormal columns (UT
1 U1 = UT

2 U2 = I).

Proof. From Equation (2.8) we have V BT
i BiV

T = DT
i Di, so that

(RT
1 ŨD)BT

i Bi(DŨ
TR1) = RT

i Ri

⇒ DBT
1 B1D = I,

DBT
2 B2D = ŨTR−T

1 (RT
2R2)R

−1
1 Ũ = Σ̃−2,

with help from Equations (2.10), (2.12) and (2.13). We see that both BT
i Bi

are diagonal, and the quantities in Equation (2.9) must be

U1 = B1D, Σ1 = D−1, (2.14)

U2 = B2DΣ̃, Σ2 = Σ̃−1D−1, (2.15)

with Ui column-wise orthonormal.
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Theorem 2.2.2. The eigenvalues of S satisfy λk ≥ 1, and S has a full set of

eigenvectors (it is non-defective). Also, the eigenvectors are real.

Proof. The equivalence transformation of Equation (2.11) shows that S has

the same eigenvalues as ŨΛŨT , namely Λ. From the definition of Λ and Σ̃,

the eigenvalues are λk = 1
2
(σ̃2

k + 1/σ̃2
k) ≥ 1. Also, in the eigensystem of S in

Equation (2.13), V = RT
1 ŨD is a product of real nonsingular matrices and

hence is real and nonsingular.

Theorem 2.2.3. An eigenvalue λk = 1 corresponds to a right basis vector vk

of equal significance in both matrices D1 and D2. That is, σ1,k/σ2,k = 1.

Proof. From the orthonormality of U1 and U2 of Equations (2.14) and (2.15),

and our GSVD construction of Equations (2.7)–(2.9), we have λk = (σ2
1,k/σ

2
2,k+

σ2
2,k/σ

2
1,k)/2. Therefore, λk = 1 can occur only if σ1,k/σ2,k = 1. In other words,

λk = 1 if the kth right basis vector vk is equally significant in D1 and D2.

Note that the GSVD is a generalization of the SVD in that if one of

the matrices is the identity matrix, the GSVD reduces to the SVD of the other

matrix.

In Equations (2.17)–(2.19), we now define a HO GSVD and in Theorems

(2.3.1)–(2.3.4) we show that this new decomposition extends to higher orders

most of the mathematical properties of the GSVD. We proceed in the same

way as in Equations (2.7)–(2.9).
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2.3 Higher-order generalized singular value decomposi-
tion (HO GSVD)

2.3.1 Construction of the HO GSVD.

Suppose we have a set of N real matrices Di ∈ Rmi×n of full column

rank n. We define a HO GSVD of these N matrices [39, 40, 42–45] as

D1 = U1Σ1V
T ,

D2 = U2Σ2V
T ,

...

DN = UNΣNV
T ,

(2.16)

where each Ui ∈ Rmi×n is composed of normalized left basis vectors, each

Σi = diag(σi,k) ∈ Rn×n is diagonal with σi,k > 0, and the nonsingular V is

composed of normalized right basis vectors. Note that V is identical in all N

matrix factorizations. In the application of this HO GSVD to a comparison

of global mRNA expression from N organisms, the right basis vectors are the

“genelets” and the N sets of left basis vectors are the N sets of “arraylets”.

We obtain V from the eigensystem of S, the arithmetic mean of all

pairwise quotients AiA
−1
j , i 6= j, of the matrices Ai = DT

i Di:

S ≡ 1

N(N − 1)

N∑
i=1

N∑
j>i

(AiA
−1
j + AjA

−1
i ),

SV = V Λ,

V ≡
(
v1 . . . vn

)
, Λ = diag(λk), (2.17)

with ‖vk‖ = 1. We assume that the eigensystem of S exists, where V is real

and not severely ill-conditioned. Given V , we compute matrices Bi by solving
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Figure 2.2: The higher-order GSVD (HO GSVD) of three matrices D1, D2,
and D3 is a linear transformation of the three matrices from the three rows
× columns spaces to three reduced and diagonalized left basis vectors × right
basis vectors spaces. The right basis vectors are shared by all three datasets.
Each right basis vector corresponds to three left basis vectors.
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N linear systems

V BT
i = DT

i ,

Bi ≡
(
bi,1 . . . bi,n

)
, i = 1, . . . , N, (2.18)

and we construct Σi and Ui =
(
ui,1 . . . ui,n

)
by normalizing the columns of

Bi:

σi,k = ‖bi,k‖,

Σi = diag(σi,k),

Bi = UiΣi. (2.19)

2.3.2 Interpretation of the HO GSVD construction.

In this construction, the rows of each of the N matrices Di are super-

positions of the same right basis vectors, the columns of V (Fig. 2.2). The kth

diagonals of Σi, the higher-order generalized singular value set {σi,k}, indicate

the significance of the kth right basis vector vk in the matrices Di, reflecting

the overall information that vk captures in each Di respectively. The ratio

σi,k/σj,k indicates the significance of vk in Di relative to its significance in Dj.

A ratio of σi,k/σj,k ≈ 1 for all i and j corresponds to a right basis vector

vk of similar significance in all N matrices Di. Such a vector might reflect a

theme common to the N matrices under comparison. A ratio of σi,k/σj,k � 1

indicates a basis vector of almost negligible significance in Di relative to its

significance in Dj. Vectors of negligible significance in one matrix might reflect

themes exclusive to the other matrices.
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2.3.3 Mathematical properties of Λ and V .

Recent research showed that several tensor generalizations are possible

for a given matrix decomposition, each preserving only some but not all of its

properties, such as exactness, orthogonality and diagonality. Several different

tensor decompositions were defined that generalize the eigenvalue decompo-

sition (EVD) [6] the singular value decomposition (SVD) [23, 36, 37], and the

GSVD [52] to higher orders. Our HO GSVD is an exact decomposition that

preserves the diagonality of the GSVD, i.e., the matrices Σi in Equation (2.16)

are diagonal. In general, the orthogonality of the GSVD is not preserved, i.e.,

the matrices Ui in Equation (2.16) are not column-wise orthonormal.

Theorem 2.3.1. If ∃ an exact HO GSVD of Equation (2.16) where the ma-

trices Ui are real and column-wise orthonormal, and V is not severely ill-

conditioned, then V is real, the eigensystem SV = V Λ exists, and our partic-

ular V leads algebraically to the exact decomposition.

Proof. If ∃ an exact decomposition with real and column-wise orthonormal Ui

for all i, then, following Equation (2.18), V = DT
i UiΣ

−1
i is a product of real

nonsingular matrices and hence is real and nonsingular. Also, Ai = DT
i Di =

V Σ2
iV

T and the right basis vectors, i.e., the columns of V , simultaneously di-

agonalize all pairwise quotients AiA
−1
j V = V Σ2

i Σ−2
j as well as their arithmetic

mean, such that the eigensystem SV = V Λ exists. Therefore, the V we obtain

from the eigensystem of S is equivalent to the V of the HO GSVD of Equation

(2.16) with real and column-wise orthonormal Ui for all i.

We now show (Lemma 2.3.2 and Theorems 2.3.3 and 2.3.4) that with

this V , when a left basis vector ui,k is orthonormal to all other left basis

vectors in Ui for all i, this new decomposition extends to higher orders all of
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the mathematical properties of the GSVD. Specifically, that the corresponding

right basis vector vk is an eigenvector of all pairwise quotients AiA
−1
j , that the

corresponding eigenvalue of S satisfies λk ≥ 1, and that an eigenvalue λk = 1

corresponds to a right basis vector vk of equal significance in all matrices Di

and Dj (meaning σi,k/σj,k = 1 for all i and j).

Lemma 2.3.2. If a left basis vector ui,k is orthonormal to all other left ba-

sis vectors in Ui for all i, then the corresponding right basis vector vk is an

eigenvector of all pairwise quotients AiA
−1
j .

Proof. From Equations (2.17)–(2.19),

AiA
−1
j V ek = VWiW

−1
j ek, (2.20)

where Wi ≡ BT
i Bi = ΣiU

T
i UiΣi and ek is a unit n-vector. Without loss of

generality, let k = n and ui,n be orthonormal to all other left basis vectors in

Ui for all i so that

WiW
−1
j =

(
∆ij 0

0 σ2
i,n/σ

2
j,n

)
, (2.21)

where ∆ij is an (n − 1) × (n − 1) principal submatrix of WiW
−1
j . Substitut-

ing Equation (2.21) into Equation (2.20) we obtain AiA
−1
j vk = (σ2

i,k/σ
2
j,k) vk.

That is, vk is an eigenvector of AiA
−1
j with the corresponding eigenvalue

(σ2
i,k/σ

2
j,k) for all i and j.

Theorem 2.3.3. If a left basis vector ui,k is orthonormal to all other left basis

vectors in Ui for all i, then the corresponding eigenvalue of S satisfies λk ≥ 1.

Proof. Substituting the result of Lemma (2.3.2) into Equation (2.17), we ob-

tain

λk =
1

N(N − 1)

N∑
i=1

N∑
j>i

(σ2
i,k/σ

2
j,k + σ2

j,k/σ
2
i,k) ≥ 1. (2.22)
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That is, λk is the arithmetic mean of those eigenvalues of all pairwise quotients

AiA
−1
j that correspond to the right basis vector vk.

Theorem 2.3.4. If a left basis vector ui,k is orthonormal to all other left basis

vectors in Ui for all i, then an eigenvalue λk = 1 corresponds to a right basis

vector vk of equal significance in all matrices Di and Dj. That is, σi,k/σj,k = 1

for all i and j.

Proof. Equating λk in Equation (2.22) with one, we see that λk = 1 can occur

only if σi,k/σj,k = 1 for all i and j. In other words, λk = 1 if the kth right

basis vector vk is equally significant in Di and Dj for all i and j.

Following Theorems (2.3.1)–(2.3.4), we show that the SVD and GSVD

decompositions are special cases of our HO GSVD, and conjecture a role for

our HO GSVD in iterative approximation algorithms. We also mathematically

define the approximately common HO GSVD subspace of multiple matrices

as follows.

Corollary 2.3.5. The approximately common HO GSVD subspace is spanned

by the subset of right basis vectors {vk} of similar significance in all matrices

Di, i.e., by the vectors for which each of the corresponding λk ≈ 1 and each of

the left basis vectors ui,k are ε-orthonormal to all other vectors in Ui for all i,

with ε ≈ 0.

2.4 The Matrix GSVD and SVD as Special Cases

Let us now show that the GSVD and the standard SVD are special

cases of our tensor HO GSVD.
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Theorem 2.4.1. Suppose matrices D and Dj are real and have full column

rank. The HO GSVD of N matrices satisfying Di = D for all i 6= j reduces to

the GSVD of the two matrices D and Dj.

Proof. Substituting Di = D for all i 6= j in Equation (2.17), we obtain the

matrix sum S = [AA−1
j + AjA

−1 + (N − 2)I]/N , with A = DTD. The eigen-

vectors of S are the same as the eigenvectors V of 1
2
(AA−1

j + AjA
−1), and

Theorem 2.2.2 shows that V exists. Solving two linear systems for B and Bj

and normalizing the solutions,

V BT = DT
i = DT , B = UΣ,

V BT
j = DT

j , Bj = UjΣj,

reduces the HO GSVD of Equation (2.16) to the GSVD of D and Dj of Equa-

tion (2.6):
Di = D = UΣV T ∀ i 6= j,

Dj = UjΣjV
T .

Theorem 2.2.1 shows that the columns of U and Uj are orthonormal.

Theorem 2.4.2. Suppose the matrix Dj is real and has full column rank. The

HO GSVD of N matrices satisfying Di = I for all i 6= j reduces to the SVD

of Dj.

Proof. Substituting Di = I for all i 6= j in Equation (2.17), we obtain the

matrix sum S = [Aj + A−1
j + (N − 2)I]/N . The symmetry of S implies that

its eigenvectors V exist and are orthonormal. Computing the matrix Bj from

V BT
j = DT

j , Bj = UjΣj,

gives Dj = UjΣjV
T , and Theorem 2.2.1 shows that the columns of Uj are

orthonormal. Hence the factorization must be the SVD of Dj [19].
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2.5 Role in Approximation Algorithms

Our tensor HO GSVD preserves the exactness as well as the diagonality

of the matrix GSVD, i.e., all N matrix factorizations in Equation (2.16) are

exact and all N matrices Σi are diagonal. In general, our HO GSVD does

not preserve the orthogonality of the matrix GSVD, i.e., the matrices Ui in

Equation (2.16) are not necessarily column-wise orthonormal. For some appli-

cations, however, one might want to preserve the orthogonality instead of the

exactness of the matrix GSVD. An iterative approximation algorithm might

be used to compute for a set of N > 2 real matrices Di ∈ Rmi×n of full column

rank n an approximate decomposition

D1 ≈ U1Σ1V
T ,

D2 ≈ U2Σ2V
T ,

...

DN ≈ UNΣNV
T ,

(2.23)

where each Ui ∈ Rmi×n is composed of orthonormal columns, each Σi =

diag(σi,k) ∈ Rn×n is diagonal with σi,k > 0, and V is identical in all N matrix

factorizations.

If ∃ an exact decomposition of Equation (2.16) where the matrices Ui

are column-wise orthonormal (and real), it is reasonable to expect that the

iterative approximation algorithm will converge to that exact decomposition.

More than that, when the iterative approximation algorithm is initialized with

the exact decomposition, it is reasonable to expect convergence in just one it-

eration. As we show in Theorem 2.3.1, if ∃ an exact decomposition of Equation

(2.16) in which the matrices Ui are column-wise orthonormal (and real), our

HO GSVD leads algebraically to that exact decomposition. We conjecture,
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therefore, the following role for our exact HO GSVD in iterative approxima-

tion algorithms.

Conjecture 1. An iterative approximation algorithm will converge to the op-

timal approximate decomposition of Equation (D.1) in a significantly reduced

number of iterations when initialized with our exact HO GSVD, rather than

with random Ui, Σi and V .

For example, De Lathauwer [22] defined an approximate decomposition

based on an alternating least squares algorithm seeded with estimates of Ui,

Σi, and V for all i to decompose a set of N real matrices Di ∈ Rmi×n as in

Equation (D.1) where each Ui ∈ Rmi×n is composed of orthonormal columns,

each Σi = diag(σi,k) ∈ Rn×n is diagonal with σi,k > 0, and V is identical in all

N matrix factorizations (Appendix D: De Lathauwer’s Generalized GSVD).

Theorem 2.5.1. Suppose ∃ an exact HO GSVD decomposition with orthog-

onal Ui for all i. De Lathauwer’s approximation algorithm will converge to

this exact decomposition in one iteration, when seeded with the Σi and V of

the exact decomposition which is computed by our HO GSVD (rather than by

random Σi and V ).

Proof. Consider the symmetric positive definite matrix Ci = ΣiV
TV Σi and its

eigensystem CiYi = YiΛ̃, where Yi is orthogonal. Premultiplying with Ui,

DiV Σi = (UiΣiV
T )V Σi = (UiYi)Λ̃Y

T
i = ZiΛ̃Y

T
i , (2.24)

where Di = UiΣiV
T and Zi = UiYi is orthogonal for orthogonal Ui. Note that

ZiΛ̃Y
T
i is the SVD of DiV Σi and Ui = ZiY

T
i .
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The first step of the De Lathauwer approximation algorithm (Appendix

D) updates Ui by forming the product DiV Σi using the seed matrices Σi and

V and computing it’s SVD,

DiV Σi = ZiΛ̃Y
T
i . (2.25)

De Lathauwer defines the new Ũi = ZiY
T
i and therefore, Ũi = Ui.

2.6 Discussion

We defined a HO GSVD of more than two real matrices Di that is

computed from the eigensystem SV = V Λ of a matrix sum S, the arithmetic

mean of all pairwise quotients of the matrices DT
i Di. We assumed that each

matrix has full column rank, that the eigensystem of S exists, and that V

is real and not severely ill-conditioned. We proved that when a left basis

vector ui,k is orthonormal to all other left basis vectors in Ui for all i, this new

decomposition extends to higher order all of the mathematical properties of

the GSVD [19, 27, 38]: the corresponding right basis vector vk is an eigenvector

of all pairwise quotients AiA
−1
j , the corresponding eigenvalue of S satisfies

λk ≥ 1, and an eigenvalue λk = 1 corresponds to a right basis vector vk of

equal significance in all matrices Di and Dj, meaning σi,k/σj,k = 1 for all i

and j.

Recent research showed that several tensor generalizations are possible

for a given matrix decomposition, each preserving only some but not all of the

properties of the matrix decomposition, such as exactness, orthogonality and

diagonality. Several different tensor decompositions were defined that general-

ize the eigenvalue decomposition (EVD) [6], the singular value decomposition

(SVD) [23, 36, 37], and the GSVD [52] to higher orders.
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Our HO GSVD is an exact decomposition that preserves the diagonal-

ity of the GSVD, i.e., the matrices Σi in Equation (2.16) are diagonal. In

general, the orthogonality of the GSVD is not preserved, i.e., the matrices Ui

in Equation (2.16) are not column-wise orthonormal.

We have chosen the form Di = UiΣiV
T (2.6) for our HO GSVD because

a stable numerical algorithm is known for this form when N = 2 [38]. It would

be ideal if our procedure reduced to the stable algorithm when N = 2. To

achieve this ideal, we would need to find a procedure that allows rank(Di) < n

for some i, and that transforms each Di directly without forming the products

Ai = DT
i Di.

The GSVD enabled comparative modeling of DNA microarray data

from yeast and human, the first comparative modeling of data from two dif-

ferent organisms and the only one to date that does not require a one-to-one

mapping between the rows of the two datasets, i.e., their genes [5]. In the

next chapter, we show that our new HO GSVD provides a comparative math-

ematical framework for N > 2 large-scale DNA microarray datasets from N

organisms tabulated as N matrices, where there exists a one-to-one mapping

among the columns of all the matrices but not necessarily among their rows.

The new HO GSVD therefore enables comparative modeling of data from

complete genomes of these multiple organisms.
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Chapter 3

HO GSVD for Comparison of Global mRNA

Expression Datasets from Three Different

Organisms

3.1 Introduction

Comparative analyses of global mRNA expression from multiple model

organisms promise to enhance fundamental understanding of the universality

and specialization of molecular biological mechanisms, and may prove useful

in medical diagnosis, treatment and drug design [21, 33]. Existing algorithms

limit analyses to subsets of homologous (similar sequence) genes among the dif-

ferent organisms, effectively introducing into the analysis the assumption that

sequence and functional similarities are equivalent. For sequence-independent

comparisons, mathematical frameworks are required that can distinguish the

similar from the dissimilar among multiple large-scale datasets tabulated as

matrices of different numbers of rows, corresponding to the different sets of

genes of the different organisms.

In this chapter, we illustrate the HO GSVD mathematical framework

defined in Chapter 2 with a comparison of global cell-cycle mRNA expression

from the three disparate organisms S. pombe, S. cerevisiae and human, without

requiring, unlike existing algorithms, the mapping of genes of one organism

onto those of another based on sequence similarity [39, 40, 42–45].
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The cell-cycle is an orderly sequence of events by which a cell repro-

duces (Appendix C: The Cell-Cycle). The details of the cell-cycle vary from

organism to organism and at different times in an organism’s life. However,

certain characteristics are universal [1]. The global mRNA expression during

the cell cycle has been investigated in many organisms including S. pombe,

S. cerevisiae and human.

Remark 3.1.1. The yeasts S. pombe and S. cerevisiae are commonly used

for microarray experiments because, like human, they are eukaryotes, but with

small genomes. As simple eukaryotes, they serve as a model organisms to ana-

lyze features of more complex eukaryotic genomes such as the human genome.

Studies on yeast provide insight into critical cellular processes of all eukaryotes.

Yeast’s genome has been widely studied, and has more complete annotations

than any other organism.

The datasets are tabulated as matrices of n = 17 columns each, corre-

sponding to DNA microarray-measured mRNA expression from each organism

at 17 time points equally spaced during approximately two cell-cycle periods

(Section 3.2). SVD [19] is used to estimate the missing data in each of the data

matrices (Section 3.3). We compute the tensor HO GSVD of the three data

matrices after missing data estimation by using Equations (2.17)–(2.19). Fol-

lowing Corollary 2.3.5, the approximately common HO GSVD subspace of the

three datasets is determined (Section 3.4). We find that the approximately

common HO GSVD subspace represents cell-cycle mRNA expression in the

three disparate organisms (Section 3.5).

The decoupling of the HO GSVD genelets and N sets of arraylets, i.e.,

the diagonality of the matrices Σi in Equation (2.16), allows simultaneous
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reconstruction of the N = 3 datasets in the common HO GSVD subspace

without eliminating genes or arrays (Section 3.6). Identifying the subset of

genelets and the corresponding arraylets that span the approximately common

HO GSVD subspace allows simultaneous classification of the genes and arrays

of the three datasets by similarity in their expression of these genelets or

corresponding arraylets, respectively, rather than by their overall expression

3.7). Simultaneous sequence-independent reconstruction and classification of

the three datasets in the common subspace outlines cell-cycle progression in

time and across the genes in the three organisms (Sections 3.6 and 3.7).

Most notably, genes of significantly different cell-cycle peak times but

highly conserved sequences [7, 46] from the three organisms, are correctly clas-

sified (Section 3.8).

3.2 S. pombe, S. cerevisiae and Human Datasets

Consider now the HO GSVD comparative analysis of global mRNA

expression datasets from the N = 3 organisms S. pombe, S. cerevisiae and hu-

man (Appendix E: Supplementary Datasets 1–3 and Mathematica Notebook).

The datasets are tabulated as matrices of n = 17 columns each, correspond-

ing to DNA microarray-measured mRNA expression from each organism at 17

time points equally spaced during approximately two cell-cycle periods. The

underlying assumption is that there exists a one-to-one mapping among the

17 columns of the three matrices but not necessarily among their rows, which

correspond to either m1 = 3167-S. pombe genes, m2 = 4772-S. cerevisiae genes

or m3 = 13,068-human genes.

Rustici et al. [47] monitored mRNA levels in the yeast Schizosaccha-

romyces pombe over about two cell-cycle periods, in a culture synchronized
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initially late in the cell-cycle phase G2, relative to reference mRNA from an

asynchronous culture, at 15min intervals for 240min. The S. pombe dataset we

analyze (Appendix E Supplementary Dataset 1) tabulates the ratios of gene

expression levels for the m1=3167 gene clones with no missing data in at least

14 of the n=17 arrays. Of these, the mRNA expression of 380 gene clones was

classified as cell cycle-regulated by Rustici et al. or Oliva et al. [35].

Spellman et al. [50] monitored mRNA expression in the yeast Saccha-

romyces cerevisiae over about two cell-cycle periods, in a culture synchronized

initially in the cell-cycle phase M/G1, relative to reference mRNA from an

asynchronous culture, at 7min intervals for 112min. The S. cerevisiae dataset

we analyze (Appendix E Supplementary Dataset 2) tabulates the ratios of

gene expression levels for the m2=4772 open reading frames (ORFs), or genes,

with no missing data in at least 14 of the n=17 arrays. Of these, the mRNA

expression of 641 ORFs was traditionally or microarray-classified as cell cycle-

regulated by Spellman et al.

Whitfield et al. [55] monitored mRNA levels in the human HeLa cell line

over about two cell-cycle periods, in a culture synchronized initially in S-phase,

relative to reference mRNA from an asynchronous culture, at 2hr intervals for

34hr. The human dataset we analyze (Appendix E Supplementary Dataset 3)

tabulates the ratios of gene expression levels for the m3=13,068 gene clones

with no missing data in at least 14 of the n=17 arrays. Of these, the mRNA

expression of 787 was classified as cell cycle-regulated by Whitfield et al. [55].

3.3 Missing Data Estimation

Of the 53,839, 81,124 and 222,156 elements in the S. pombe, S. cere-

visiae and human data matrices, 2420, 2936 and 14,680 elements, respectively,
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i.e., ∼5%, are missing valid data. SVD [19] is used to estimate the missing data

as described [5]. In each of the data matrices, SVD of the expression patterns

of the genes with no missing data uncovered 17 orthogonal patterns of gene

expression, i.e., “eigengenes.” The five most significant of these patterns, in

terms of the fraction of the mRNA expression that they capture, are used to

estimate the missing data in the remaining genes. For each of the three data

matrices, the five most significant eigengenes and their corresponding fractions

are almost identical to those computed after the missing data are estimated,

with the corresponding correlations >0.95 (Appendix E Mathematica Note-

book). This suggests that the five most significant eigengenes, as computed

for the genes with no missing data, are valid patterns for estimation of missing

data. This also indicates that this SVD estimation of missing data is robust

to variations in the data selection cutoffs.

3.4 Common HO GSVD Subspace

We compute the tensor HO GSVD of the three data matrices after

missing data estimation by using Equations (2.17)–(2.19). Our HO GSVD of

Equation (2.16) transforms the datasets from the organism-specific genes ×

17-arrays spaces to the reduced 17-genelets × 17-arraylets spaces, where the

datasets Di are represented by the diagonal nonnegative matrices Σi, by using

the organism-specific genes × 17-arraylets transformation matrices Ui and the

one shared 17-genelets × 17-arrays transformation matrix V T (Fig. 3.1 and

Fig. 3.2).

Following Corollary 2.3.5, the approximately common HO GSVD sub-

space of the three datasets is spanned by the five genelets vk, k = 13, . . . , 17,

which are approximately equally significant in the three datasets with 1 .
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λk . 2 (Fig. 3.2 a and b), and by the five corresponding arraylets ui,k in each

dataset, which are ε = 0.33-orthonormal to all other arraylets (Fig. 3.3).
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Figure 3.1: Higher-order generalized singular value decomposition (HO
GSVD). In this raster display of Equation (2.16) with overexpression (red), no
change in expression (black), and underexpression (green) centered at gene-
and array-invariant expression, the S. pombe, S. cerevisiae and human global
mRNA expression datasets are tabulated as organism-specific genes × 17-
arrays matrices D1, D2 and D3. The underlying assumption is that there
exists a one-to-one mapping among the 17 columns of the three matrices but
not necessarily among their rows.

These matrices are transformed to the reduced diagonalized 17-arraylets
× 17-genelets matrices Σ1, Σ2 and Σ3, by using the organism-specific genes ×
17-arraylets transformation matrices U1, U2 and U3 and the shared 17-genelets
× 17-arrays transformation matrix V T . We prove that with our particular
V of Equations (2.17)–(2.19), this decomposition extends to higher orders all
of the mathematical properties of the GSVD to define genelets vk of equal
significance in all the datasets, when the corresponding arraylets u1,k, u2,k

and u3,k are orthonormal to all other arraylets in U1, U2 and U3, and when
the corresponding higher-order generalized singular values are equal: σ1,k =
σ2,k = σ3,k.

We show that like the GSVD for two organisms [5], this HO GSVD
provides a sequence-independent comparative mathematical framework for
datasets from more than two organisms, where the mathematical variables
and operations represent biological reality: Genelets of common significance
in the multiple datasets, and the corresponding arraylets, represent cell-cycle
checkpoints or transitions from one phase to the next, common to S. pombe,
S. cerevisiae and human. Simultaneous reconstruction and classification of
the three datasets in the common subspace that these patterns span outlines
the biological similarity in the regulation of their cell-cycle programs. Most
notably, genes of significantly different cell-cycle peak times [18] but highly
conserved sequence [7, 46] are correctly classified.
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Figure 3.2: The genelets, i.e., the HO GSVD patterns of expression variation
across time.

(a) Raster display of the expression of the 17 genelets across the 17 time
points, with overexpression (red), no change in expression (black) and
underexpression (green) around the array-invariant, i.e., time-invariant
expression.

(b) Bar chart of the corresponding inverse eigenvalues λ−1
k , showing that the

13th through the 17th genelets are approximately equally significant in
the three datasets with 1 . λk . 2, where the five corresponding ar-
raylets in each dataset are ε = 0.33-orthonormal to all other arraylets
(Fig. 3.3).

(c) Line-joined graphs of the 13th (red), 14th (blue) and 15th (green) genelets
in the two-dimensional subspace that approximates the five-dimensional
HO GSVD subspace (Fig. 3.4 and Section 3.7), normalized to zero aver-
age and unit variance.

(d) Line-joined graphs of the projected 16th (orange) and 17th (violet)
genelets in the two-dimensional subspace. The five genelets describe
expression oscillations of two periods in the three time courses.
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Figure 3.3: Correlations among the n=17 arraylets in each organism. Raster
displays of UT

i Ui, with correlations ≥ ε = 0.33 (red), ≤ −ε (green) and
∈ (−ε, ε) (black), show that for k = 13, . . . , 17 the arraylets ui,k are ε = 0.33-
orthonormal to all other arraylets in each dataset. The corresponding five
genelets, vk with k = 13, . . . , 17, are approximately equally significant in the
three datasets with 1 . λk . 2 (Fig. 3.2). Following Corollary 2.3.5, there-
fore, these arraylets and genelets span the HO GSVD subspace approximately
common among the three datasets.
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3.5 Common Subspace Interpretation

In analogy with the GSVD [5], a common HO GSVD genelet and the

N = 3 corresponding arraylets, which are approximately orthonormal to all

other arraylets in the corresponding datasets (Corollary 2.3.5), are inferred to

represent a biological process common to the three organisms and the corre-

sponding cellular states when a consistent biological or experimental theme is

reflected in the interpretations of the patterns of the genelet and the arraylets.

A genelet vk is associated with a biological process or an experimental

artifact when its pattern of expression variation across the arrays, i.e., across

time, is interpretable.

An arraylet ui,k is parallel- and antiparallel-associated with the most

likely parallel and antiparallel cellular states according to the annotations of

the two groups of m genes each, with largest and smallest levels of expression

in this arraylet among all mi genes, respectively. The P -value of a given asso-

ciation, i.e., P (y;m,mi, z), is calculated assuming hypergeometric probability

distribution of the z annotations among the mi genes, and of the subset of

y ⊆ z annotations among the subset of m genes, as described [51],

P (y;m,mi, z) =

(
mi

m

)−1 m∑
x=y

(
z

x

)(
mi − z
m− x

)
. (3.1)

We find that the approximately common HO GSVD subspace repre-

sents cell-cycle mRNA expression in the three disparate organisms (Fig. 3.2

and Table 3.1).
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Table 3.1: Probabilistic significance of the enrichment of the arraylets that
span the common HO GSVD subspace in each dataset in overexpressed or
underexpressed cell cycle-regulated genes. The P -value of each enrichment is
calculated as described [51] (Section 3.5) assuming hypergeometric distribu-
tion of the annotations (Appendix E Supplementary Datasets 1–3) among the
genes, including the m=100 genes most overexpressed or underexpressed in
each arraylet.

Overexpression Underexpression
Dataset Arraylet Annotation P -value Annotation P -value

S. pombe 13 G2 2.4× 10−10 G1 1.0× 10−15

14 M 2.2× 10−21 G2 1.3× 10−9

15 M 4.1× 10−13 S 1.6× 10−17

16 G2 5.2× 10−18 G1 1.2× 10−26

17 G2 2.4× 10−10 S 5.3× 10−35

S. cerevisiae 13 S/G2 4.3× 10−15 M/G1 1.4× 10−9

14 M/G1 4.9× 10−26 G2/M 2.2× 10−12

15 G1 7.7× 10−17 S 1.3× 10−8

16 G2/M 2.3× 10−38 G1 2.0× 10−32

17 G2/M 2.3× 10−41 G1 2.6× 10−40

Human 13 G1/S 1.1× 10−33 G2 2.4× 10−44

14 M/G1 5.7× 10−3 G2 4.7× 10−2

15 G2 9.8× 10−24 None 1.4× 10−1

16 G1/S 9.8× 10−13 G2 4.1× 10−4

17 G2 9.3× 10−33 M/G1 2.7× 10−2

The expression variations across time of the five genelets fit normal-

ized cosine functions of two periods, superimposed on time-invariant expres-

sion (Fig. 3.2 c and d). Consistently, the corresponding organism-specific ar-

raylets are enriched [51] in overexpressed or underexpressed organism-specific

cell cycle-regulated genes, with 24 of the 30 P -values < 10−8 (Table 3.1).

For example, the three 17th arraylets, which correspond to the 0-phase 17th
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genelet, are enriched in overexpressed G2 S. pombe genes, G2/M and M/G1

S. cerevisiae genes and S and G2 human genes, respectively, representing the

cell-cycle checkpoints in which the three cultures are initially synchronized.

3.6 HO GSVD Data Reconstruction

The decoupling of the HO GSVD genelets and N sets of arraylets, i.e.,

the diagonality of the matrices Σi in Equation (2.16), allows simultaneous

reconstruction of the N = 3 datasets in the common HO GSVD subspace

without eliminating genes or arrays. In analogy with the GSVD [5], given a

common HO GSVD subspace that is spanned by the K genelets {vk} where

k = n − K + 1, . . . , n, we reconstruct each dataset in terms of only these

genelets and the corresponding {ui,k} arraylets,

Di = UiΣiV
T =

n∑
k=1

σi,kui,kv
T
k

→
n∑

k=n−K+1

σi,kui,kv
T
k . (3.2)

Note that this reconstruction is mathematically equivalent to setting to zero

the higher-order generalized singular values {σi,k} in Σi for all k 6= n −K +

1, . . . , n, and then multiplying the matrices UiΣiV
T to obtain the reconstructed

Di.

3.7 Simultaneous HO GSVD Classification

Identifying the subset of genelets and the corresponding arraylets that

span the approximately common HO GSVD subspace allows simultaneous

classification of the genes and arrays of the three datasets by similarity in their
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Figure 3.4: The three-dimensional least-squares approximation of the five-
dimensional approximately common HO GSVD subspace. Line-joined graphs
of the first (red), second (blue) and third (green) most significant orthonor-
mal vectors in the least squares approximation of the genelets vk with k =
13, . . . , 17, which span the common HO GSVD subspace. We approximate
this five-dimensional subspace with the two orthonormal vectors x (green)
and y (red), which fit normalized cosine functions of two periods, and 0- and
−π/2-initial phases, i.e., normalized zero-phase cosine and sine functions of
two periods, respectively.

expression of these genelets or corresponding arraylets, respectively, rather

than by their overall expression, as described [5].

We least squares-approximate the K=5-dimensional subspace spanned

by the five genelets vk with k = 13, . . . , 17, with the two-dimensional space

spanned by two of the three orthonormal vectors x, y and z ∈ Rn that maxi-

mize the norm
∑n

k=n−K+1 ‖vT
k x‖2 + ‖vT

k y‖2 + ‖vT
k z‖2 (Fig. 3.4).

Since the approximately common HO GSVD subspace represents cell-

cycle mRNA expression, the two vectors that we select to approximate the
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common subspace, x and y, describe expression oscillations of two periods in

the three time courses (see Remark C.0.1).

We plot the projection of each gene of the dataset Di from the K-

genelets subspace onto y, i.e., eT
m(
∑n

k=n−K+1 σi,kui,kv
T
k )y/am where emi

is a

unit mi-vector, along the y-axis vs. that onto x along the x-axis, normal-

ized by its ideal amplitude am, where the contribution of each genelet to

the overall projected expression of the gene adds up rather than cancels out,

a2
m =

∑
k

∑
j |σi,kσi,j(e

T
mi
ui,ku

T
i,jemi

)vT
k (xxT + yyT )vj| (Fig. 3.5). In this plot,

the distance of each gene from the origin is the amplitude of its normalized

projection. A unit amplitude indicates that the genelets add up; a zero ampli-

tude indicates that they cancel out. The angular distance of each gene from

the x-axis is its phase in the progression of expression across the genes from

x to y and back to x, going through the projection of each genelet vk in this

subspace, i.e., (xxT + yyT )vk. Sorting the genes according to these angular

distances gives the angular order, or classification, of the genes.

Similarly, we plot the projection of each array from the K-arraylets

subspace onto (
∑n

k=n−K+1 ui,kv
T
k )y, i.e., yT (

∑n
k=n−K+1 σi,kvkv

T
k )en where en is

a unit n-vector, along the y-axis vs. that onto (
∑n

k=n−K+1 ui,kv
T
k )x along the

x-axis, normalized by its ideal amplitude an, where the contribution of each

arraylet to the overall projected expression of the array adds up rather than

cancels out, a2
n =

∑
k

∑
j |σi,kσi,j(e

T
nvkv

T
j en)vT

k (xxT + yyT )vj| (Fig. 3.5). We

sort the arrays according to their angular distances from the x-axis.
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Figure 3.5: Simultaneous HO GSVD reconstruction and classification of S.
pombe, S. cerevisiae and human global mRNA expression in the approximately
common HO GSVD subspace.

(a–c) S. pombe, S. cerevisiae and human array expression, projected from
the five-dimensional common HO GSVD subspace onto the two-dimensional
subspace that approximates it (Sections 3.6 and 3.7). The arrays are color-
coded according to their previous cell-cycle classification [35, 47, 50, 55]. The
arrows describe the projections of the k = 13, . . . , 17 arraylets of each dataset.
The dashed unit and half-unit circles outline 100% and 50% of added-up
(rather than canceled-out) contributions of these five arraylets to the over-
all projected expression.

(d–f) Expression of 380, 641 and 787 cell cycle-regulated genes of S. pombe,
S. cerevisiae and human, respectively, color-coded according to previous clas-
sifications.

(g–i) The HO GSVD pictures of the S. pombe, S. cerevisiae and human
cell-cycle programs. The arrows describe the projections of the k = 13, . . . , 17
shared genelets and organism-specific arraylets that span the common HO
GSVD subspace and represent cell-cycle checkpoints or transitions from one
phase to the next.

For classification, we set to zero the arithmetic mean of each genelet

across the arrays, i.e., time, and that of each arraylet across the genes, such

that the expression of each gene and array is centered at its time- or gene-

invariant level, respectively.

Simultaneous sequence-independent reconstruction and classification of

the three datasets in the common subspace outlines cell-cycle progression in

time and across the genes in the three organisms (Sections 3.6 and 3.7). Pro-

jecting the expression of the 17 arrays of either organism from the correspond-

ing five-dimensional arraylets subspace onto the two-dimensional subspace that

approximates it (Fig. 3.4), ≥ 50% of the contributions of the arraylets add up,

rather than cancel out (Fig. 3.5 a–c). In these two-dimensional subspaces, the

angular order of the arrays of either organism describes cell-cycle progression
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in time through approximately two cell-cycle periods, from the initial cell-cycle

phase and back to that initial phase twice. Projecting the expression of the

genes, ≥ 50% of the contributions of the five genelets add up in the overall

expression of 343 of the 380 S. pombe genes classified as cell cycle-regulated,

554 of the 641 S. cerevisiae cell-cycle genes, and 632 of the 787 human cell-

cycle genes (Fig. 3.5 d–f). Simultaneous classification of the genes of either

organism into cell-cycle phases according to their angular order in these two-

dimensional subspaces is consistent with the classification of the arrays, and is

in good agreement with the previous classifications of the genes (Fig. 3.5 g–i).

With all 3167 S. pombe, 4772 S. cerevisiae and 13,068 human genes

sorted, the expression variations of the five k = 13, . . . , 17 arraylets from each

organism approximately fit one period cosines, with the initial phase of each

arraylet similar to that of its corresponding genelet. The global mRNA ex-

pression of each organism, reconstructed in the common HO GSVD subspace,

approximately fits a traveling wave, oscillating across time and across the genes

(Fig. 3.6 – 3.8).

3.8 Sequence-Independence of the Classification

Our new HO GSVD provides a comparative mathematical framework

for N ≥ 2 large-scale DNA microarray datasets from N organisms tabulated

as N matrices that does not require a one-to-one mapping between the genes

of the different organisms. This HO GSVD, therefore, can be used to identify

genes of common function across different organisms independently of the se-

quence similarity among these genes, and to study, e.g., nonorthologous gene

displacement [33].

This HO GSVD can also be used to identify homologous genes, of sim-
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Figure 3.6: S. pombe global mRNA expression reconstructed in the five-
dimensional common HO GSVD subspace with genes sorted according to their
phases in the two-dimensional subspace that approximates it (Sections 3.6 and
3.7). (a) Expression of the sorted 3167 genes in the 17 arrays, centered at their
gene- and array-invariant levels, showing a traveling wave of expression. (b)
Expression of the sorted genes in the 17 arraylets, centered at their arraylet-
invariant levels. Arraylets k = 13, . . . , 17 display the sorting. (c) Line-joined
graphs of the 13th (red), 14th (blue), 15th (green), 16th (orange) and 17th
(violet) arraylets fit one-period cosines with initial phases similar to those of
the corresponding genelets (Fig. 3.2).
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Figure 3.7: S. cerevisiae global mRNA expression reconstructed in the five-
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gene- and array-invariant levels, showing a traveling wave of expression. (b)
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invariant levels. Arraylets k = 13, . . . , 17 display the sorting. (c) Line-joined
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Figure 3.8: Human global mRNA expression reconstructed in the five-
dimensional common HO GSVD subspace with genes sorted according to their
phases in the two-dimensional subspace that approximates it (Sections 3.6 and
3.7). (a) Expression of the sorted 13,068 genes in the 17 arrays, centered at
their gene- and array-invariant levels, showing a traveling wave of expression.
(b) Expression of the sorted genes in the 17 arraylets, centered at their arraylet-
invariant levels. Arraylets k = 13, . . . , 17 display the sorting. (c) Line-joined
graphs of the 13th (red), 14th (blue), 15th (green), 16th (orange) and 17th
(violet) arraylets fit one-period cosines with initial phases similar to those of
the corresponding genelets (Fig. 3.2).
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ilar DNA or protein sequences in one organism or across multiple organisms,

that have different cellular functions. For example, we examine the HO GSVD

classifications of genes of significantly different cell-cycle peak times [18] but

highly conserved sequences [7, 46]. We consider three subsets of genes, the

closest S. pombe, S. cerevisiae and human homologs of (i) the S. pombe gene

BFR1, which belongs to the evolutionarily highly conserved ATP-binding cas-

sette (ABC) transporter superfamily [14, 20, 28, 29, 32, 54, 56], (ii) the S. cere-

visiae phospholipase B-encoding gene PLB1 [13, 26], and (iii) the S. pombe

strongly regulated S-phase cyclin-encoding gene CIG2 [15, 31] (Table 3.8).

We find, most notably, that genes of significantly different cell-cycle

peak times [18] but highly conserved sequences [7, 46] are correctly classified

(Fig. 3.9).

For example, consider the G2 S. pombe gene BFR1 (Fig. 3.9 a), which

belongs to the evolutionarily highly conserved ATP-binding cassette (ABC)

transporter superfamily [14]. The closest homologs of BFR1 in our S. pombe,

S. cerevisiae and human datasets are the S. cerevisiae genes SNQ2, PDR5,

PDR15 and PDR10 (Table 3.8 a). The expression of SNQ2 and PDR5 is

known to peak at the S/G2 and G2/M cell-cycle phases, respectively [50].

However, sequence similarity does not imply similar cell-cycle peak times, and

PDR15 and PDR10, the closest homologs of PDR5, are induced during sta-

tionary phase,[29] which has been hypothesized to occur in G1, before the

Cdc28-defined cell-cycle arrest [54]. Consistently, we find PDR15 and PDR10

at the M/G1 to G1 transition, antipodal to (i.e., half a cell-cycle period apart

from) SNQ2 and PDR5, which are projected onto S/G2 and G2/M, respec-

tively (Fig. 3.9 b). We also find the transcription factor PDR1 at S/G2, its

known cell-cycle peak time, adjacent to SNQ2 and PDR5, which it positively
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regulates and might be regulated by, and antipodal to PDR15, which it nega-

tively regulates [20, 28, 32, 56].

Another example is the S. cerevisiae phospholipase B-encoding gene

PLB1 [26], which peaks at the cell-cycle phase M/G1 [13]. Its closest homolog

in our S. cerevisiae dataset, PLB3, also peaks at M/G1 [50] (Fig. 3.9d). How-

ever, among the closest S. pombe and human homologs of PLB1 (Table 3.8 b),

we find the S. pombe genes SPAC977.09c and SPAC1786.02, which expressions

peak at the almost antipodal S. pombe cell-cycle phases S and G2, respectively

[18] (Fig. 3.9 c).

As a third example, consider the S. pombe G1 B-type cyclin-encoding

gene CIG2 [15, 31] (Table 3.8c). Its closest S. pombe homolog, CDC13, peaks at

M [18] (Fig. 3.9 e). The closest human homologs of CIG2, the cyclins CCNA2

and CCNB2, peak at G2 and G2/M, respectively (Fig. 3.9 g). However, while

periodicity in mRNA abundance levels through the cell cycle is highly con-

served among members of the cyclin family, the cell-cycle peak times are not

necessarily conserved [21]: The closest homologs of CIG2 in our S. cerevisiae

dataset, are the G2/M promoter-encoding genes CLB1,2 and CLB3,4, which

expressions peak at G2/M and S respectively, and CLB5, which encodes a

DNA synthesis promoter, and peaks at G1 (Fig. 3.9 f).
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Table 3.2: The closest S. pombe, S. cerevisiae and human homologs of (a) the
S. pombe gene BFR1, (b) the S. cerevisiae gene PLB1, and (c) the S. pombe
gene CIG2, as determined by an NCBI BLAST[7] of the protein sequence that
corresponds to each gene against the NCBI RefSeq database [46].

Query Gene Gene Organism RefSeq ID Bit Score E-value
(a) Bfr1 Snq2 S. cerevisiae NP 010294.1 1149 0

S. pombe Pdr5 S. cerevisiae NP 014796.1 1103 0
NP 587932.3 Pdr18 S. cerevisiae NP 014468.1 1097 0

Pdr15 S. cerevisiae NP 010694.1 1093 0
Pdr12 S. cerevisiae NP 015267.1 1070 0
Pdr10 S. cerevisiae NP 014973.1 1029 0

(b) Plb1 Plb2 S. cerevisiae NP 013719.1 825 0
S. cerevisiae Plb3 S. cerevisiae NP 014632.1 813 0
NP 013721.1 SPAC977.09c S. pombe NP 592772.1 385 7× 10−107

SPAC1A6.03c S. pombe NP 593194.1 372 7× 10−103

SPCC1450.09c S. pombe NP 588308.1 369 8× 10−102

SPAC1786.02 S. pombe NP 594024.1 355 1× 10−97

(c) Cig2 Cdc13 S. pombe NP 595171.1 346 3× 10−95

S. pombe Clb2 S. cerevisiae NP 015444.1 248 1× 10−65

NP 593889.1 Cig1 S. pombe NP 588110.2 241 1× 10−63

Clb1 S. cerevisiae NP 011622.1 234 2× 10−61

Clb4 S. cerevisiae NP 013311.1 222 5× 10−58

Clb3 S. cerevisiae NP 010126.1 221 2× 10−57

Ccnb2 Human NP 004692.1 202 5× 10−52

Clb6 S. cerevisiae NP 011623.1 183 4× 10−46

Clb5 S. cerevisiae NP 015445.1 179 5× 10−45

Ccnb1 Human NP 114172.1 174 1× 10−43

Rem1 S. pombe NP 595798.1 160 2× 10−39

Ccna1 (isoform c) Human NP 001104516.1 159 7× 10−39

Ccna1 (isoform a) Human NP 003905.1 158 1× 10−38

Ccna1 (isoform b) Human NP 001104515.1 157 1× 10−38

Ccna2 Human NP 001228.1 145 6× 10−35
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3.9 Discussion

We have illustrated the HO GSVD mathematical framework with a

comparison of global cell-cycle mRNA expression from the three disparate or-

ganisms S. pombe, S. cerevisiae and human, where the mathematical variables

and operations represent biological reality: Genelets of common significance

in the multiple datasets, and the corresponding arraylets, represent cell-cycle

checkpoints or transitions from one phase to the next, common to S. pombe,

S. cerevisiae and human.

In analogy with the GSVD comparative modeling of DNA microarray

data from two organisms [5], we find that the approximately common HO

GSVD subspace represents cell-cycle mRNA expression in the three disparate

organisms. Simultaneous reconstruction and classification of the three datasets

in the common subspace that these patterns span outlines the biological sim-

ilarity in the regulation of their cell-cycle programs.

This HO GSVD can be used to identify genes of common function

across different organisms independently of the sequence similarity among

these genes, and to study, e.g., nonorthologous gene displacement [33]. This

HO GSVD can also be used to identify homologous genes, of similar DNA or

protein sequences in one organism or across multiple organisms, that have dif-

ferent cellular functions. The HO GSVD framework described is the only such

framework to date where, unlike existing algorithms, a mapping among the

genes of these disparate organisms is not required, enabling correct classifica-

tion of genes of highly conserved sequences but significantly different cell-cycle

peak times.
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Chapter 4

Additional Investigation of the Mathematical

Properties of the HO GSVD

4.1 Introduction

Charles Van Loan of Cornell University proposed a novel representation

of S in Equation (2.17) defined

S ≡ 1

N(N − 1)

N∑
i=1

N∑
j>i

(AiA
−1
j + AjA

−1
i )

as

S =
(A1 + . . .+ AN)(A−1

1 + . . .+ A−1
N )−NI

N(N − 1)
(4.1)

(private communication, April 29, 2010). In this chapter, we investigate fur-

ther the mathematical properties of our HO GSVD by exploiting the structure

of the representation of S in Equation (4.1). The work in this chapter was

done in collaboration with Charles Van Loan.

We still work with a set of N real matrices Di ∈ Rmi×n of full column

rank n but remove all other assumptions of Chapter 1. Specifically, that the

eigensystem of S exists and that V is real and not severely ill-conditioned.

As in Chapter 1, we begin with the matrix GSVD using the construction in

Equations (2.7)–(2.9). We show that S = 1
2
(A1A

−1
2 + A2A

−1
1 ) is nondefective

and that the eigenvectors and eigenvalues of S are real (Theorem 4.2.2). We

then show that the eigenvalues of S satisfy λk ≥ 1 (Theorem 4.2.3) and that

the eigenvectors of S satisfy vT
k A
−1
j vk = σ−2

j for j = 1, . . . , N (Theorem 4.2.4).
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Considering our HO GSVD, we proceed in the same way as in Section

4.2 and show, with help from Lemma 4.2.1, that S is nondefective and that

the eigenvectors and eigenvalues of S are real (Theorem 4.3.1). This removes

our previous assumptions that the eigensystem of S exists and that V is real

and not severely ill-conditioned (Section 2.3.1). We then show that the eigen-

values of S satisfy λk ≥ 1 (Theorem 4.3.2). We show that when an eigenvalue

of S satisfies λk = 1, the corresponding eigenvector vk is an eigenvector of

sums of pairwise quotients

(
N∑

i=1

Ai

)
A−1

j (Theorem 2.3.2), that it satisfies

vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N (Theorem 4.3.7) and that we can compute

the corresponding eigenvector vk from the Di without the need for computing

any inverse (Remark 4.3.5). Finally, we comment on certain conditions under

which the kth left basis vectors ui,k are orthonormal to all other left basis

vectors in Ui for all i (Remark 4.3.8).

4.2 Mathematical Properties of the Matrix GSVD

Suppose we have two real matrices D1 ∈ Rm1×n and D2 ∈ Rm2×n of

full column rank n. We consider the definition of the GSVD

D1 ≡ U1Σ1V
T ,

D2 ≡ U2Σ2V
T ,

(4.2)

as in Equations (2.7)–(2.9).

We prove below the results of Theorem 2.2.2, i.e., that S = 1
2
(A1A

−1
2 +

A2A
−1
1 ) is nondefective and that the eigenvectors and eigenvalues of S are real.

We will need the following lemma.

Lemma 4.2.1. If M1,M2 ∈ Rn×n are symmetric and positive definite, ∃ a

nonsingular X ∈ Rn×n so that X−1(M1M2)X = diag(µi) with µi > 0.
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Proof. Consider the Cholesky factorizations M1 = L1L
T
1 amd M2 = L2L

T
2 . We

then have

M1M2 = L1L
T
1L2L

T
2 ,

L−1
1 M1M2L1 = LT

1L2L
T
2L1

= (LT
2L1)

T (LT
2L1)

= V Σ2V T , (4.3)

where LT
2L1 = UΣV T is the SVD of LT

2L1. Thus, (L1V )−1M1M2(L1V ) =

Σ2.

Theorem 4.2.2. S = 1
2
(A1A

−1
2 +A2A

−1
1 ) is nondefective, and the eigenvectors

and eigenvalues of S are real.

Proof. Since

(A1 + A2)(A
−1
1 + A−1

2 ) = (A1A
−1
2 + A2A

−1
1 ) + 2I, (4.4)

it follows that

S =
(A1 + A2)(A

−1
1 + A−1

2 )− 2I

2
(4.5)

and the eigenvectors of S are the same as the eigenvectors of (A1 +A2)(A
−1
1 +

A−1
2 ). Since (A1 + A2) and (A−1

1 + A−1
2 ) are symmetric positive definite, ∃ a

nonsingular V ∈ Rn×n so that

V −1(A1 + A2)(A
−1
1 + A−1

2 )V = diag(µk)

with µk > 0 (Lemma 4.2.1). Thus, S is nondefective with real eigenvectors V .

Also, the eigenvalues of S

diag(λk) = 1
2
(diag(µk)− 2I), (4.6)

where µk > 0 are the eigenvalues of (A1 + A2)(A
−1
1 + A−1

2 ). Thus, the eigen-

values of S are real.
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Theorem 4.2.3. The eigenvalues of S satisfy λk ≥ 1.

Proof. Since A1 and A−1
2 are symmetric positive definite, ∃ a nonsingular V ∈

R
n×n so that V −1A1A

−1
2 V = diag(σ̃2

k) (Lemma 4.2.1). Thus, the eigenvalues

of S

λk = 1
2
(σ̃2

k +
1

σ̃2
k

), (4.7)

≥ 1. (4.8)

Theorem 4.2.4. The eigenvectors of S satisfy vT
k A
−1
j vk = σ−2

j for j =

1, . . . , N .

Proof. From Equation (4.2) and the definition Aj = DT
j Dj we have

A−1
j = V −T Σ−1

j (UT
j Uj)

−1Σj
−1V −1,

V TA−1
j V = Σ−2

j , since UT
j Uj = I,

eT
k V

TA−1
j V ek = eT

k Σ−2
j ek,

where ek is a unit n-vector. Thus, vT
k A
−1
j vk = σ−2

j for j = 1, . . . , N .

4.3 Mathematical Properties of the HO GSVD

Suppose we have a set of N real matrices Di ∈ Rmi×n of full column

rank n. We consider the definition of the HO GSVD of these N matrices

D1 = U1Σ1V
T ,

D2 = U2Σ2V
T ,

...

DN = UNΣNV
T ,

(4.9)
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as in Equations (2.17)–(2.19).

We proceed in the same way as in Section 4.2 and prove below, with

help from Lemma 4.2.1, that S is nondefective and that the eigenvectors and

eigenvalues of S are real. This removes our previous assumptions that the

eigensystem of S exists and that V is real and not severely ill-conditioned

(Section 2.3.1).

Theorem 4.3.1. S is nondefective, and the eigenvectors and eigenvalues of

S are real.

Proof. Since

(A1 + . . .+ AN)(A−1
1 + . . .+ A−1

N ) =
N∑

i=1

N∑
j>i

(AiA
−1
j + AjA

−1
i ) +NI, (4.10)

it follows that

S =
(A1 + . . .+ AN)(A−1

1 + . . .+ A−1
N )−NI

N(N − 1)
(4.11)

and the eigenvectors of S are the same as the eigenvectors of

H = (A1 + . . .+ AN)(A−1
1 + . . .+ A−1

N ). (4.12)

Since (A1 + . . .+ AN) and (A−1
1 + . . .+ A−1

N ) are symmetric positive definite,

∃ a nonsingular V ∈ Rn×n so that V −1HV = diag(µk) with µk > 0 (Lemma

4.2.1). Thus, S is nondefective with real eigenvectors V . Also, the eigenvalues

of S

diag(λk) =
1

N(N − 1)
(diag(µk)−NI), (4.13)

where µk > 0 are the eigenvalues of H. Thus, the eigenvalues of S are real.
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Theorem 4.3.2. The eigenvalues of S satisfy λk ≥ 1.

Proof. From Equations (4.10)–(4.13), the theorem is equivalent to asserting

that the eigenvalues of H satisfy µk ≥ N2.

Let  D1
...
DN

 =

 Û1
...

ÛN

 Σ̂V̂ T (4.14)

be the thin SVD so that

Di = ÛiΣ̂V̂
T , i = 1, . . . , N,

Ai = DT
i Di = (ÛiΣ̂V̂

T )T (ÛiΣ̂V̂
T ) = V̂ Σ̂ÛT

i ÛiΣ̂V̂
T , (4.15)

and
N∑

i=1

ÛT
i Ûi = I. (4.16)

From Equations (4.12) and (4.15),

H =

(
N∑

i=1

V̂ Σ̂ÛT
i ÛiΣ̂V̂

T

)(
N∑

j=1

V̂ Σ̂−1(ÛT
j Ûj)

−1Σ̂−1V̂ T

)
(4.17)

= V̂ Σ̂

(
N∑

i=1

ÛT
i Ûi

)(
N∑

j=1

(ÛT
j Ûj)

−1

)
Σ̂−1V̂ T . (4.18)

Thus, H is similar to

H1 =

(
N∑

i=1

ÛT
i Ûi

)(
N∑

j=1

(ÛT
j Ûj)

−1

)
(4.19)

= NI +
N∑

i=1

N∑
j>i

[(ÛT
i Ûi)(Û

T
j Ûj)

−1 + (ÛT
j Ûj)(Û

T
i Ûi)

−1] (4.20)

= NI +
N∑

i=1

N∑
j>i

(FiF
−1
j + FjF

−1
i ) (4.21)
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where Fi = ÛT
i Ûi. Thus, we must show that the eigenvalues of H1 are ≥ N2.

From Equations (4.16) and (4.19), H1 is symmetric and positive definite so

λmin(H1) = σmin(H1). (4.22)

Also,

2H1 = H1 +HT
1

= 2NI +
N∑

i=1

N∑
j>i

[(FiF
−1
j + FjF

−1
i ) + (F−1

j Fi + F−1
i Fj)]

= 2NI +
N∑

i=1

N∑
j>i

[(FiF
−1
j + F−1

i Fj) + (FjF
−1
i + F−1

j Fi)]

= 2NI +
N∑

i=1

N∑
j>i

[(Mij +M−T
ij ) + (Mji +M−T

ji )] (4.23)

where Mij = FiF
−1
j and (FiF

−1
j )−T = (F−1

j Fi)
−1 = F−1

i Fj.

Recall that if σmin(C) denotes the minimum singular value of a square

matrix C, then σmin(C+C−T ) ≥ 2. Using this fact with Equations (4.23) and

(4.22) we have

λmin(H1) = σmin(H1)

= σmin

(
NI +

1

2

N∑
i=1

N∑
j>i

[(Mij +M−T
ij ) + (Mji +M−T

ji )]

)

≥ N +
1

2

N∑
i=1

N∑
j>i

[σmin(Mij +M−T
ij ) + σmin(Mji +M−T

ji )]

≥ N +
1

2

N∑
i=1

N∑
j>i

(2 + 2)

= N2. (4.24)
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We now prove that when an eigenvalue of S satisfies λk = 1, the

corresponding eigenvector vk is an eigenvector of sums of pairwise quotients(
N∑

i=1

Ai

)
A−1

j . We will use the lemma below.

Lemma 4.3.3. Let A,B ∈ Rn×n be symmetric matrices. Then

λmin(A+B) ≥ λmin(A) + λmin(B). (4.25)

At equality, the corresponding eigenvectors of A+B, A, and B are identical.

Proof. Let i = j = n in Theorem F.3.1 (Appendix F: Poincaré’s Inequality

and Weyl’s Inequalities). Thus,

λ↓n(A+B) ≥ λ↓n(A) + λ↓n(B). (4.26)

This proves the inequality. In the proof of Theorem F.3.1, the three sub-

spaces under consideration reduce to those spanned by {un}, {v1, . . . , vn}, and

{w1, . . . , wn}, where, uj, vj, and wj denote the eigenvectors of A, B, and A+B

respectively, corresponding to their eigenvalues in decreasing order. If x is the

unit vector in the intersection of the three subspaces, then

x = un (4.27)

since x ∈ the subspace spanned by {un} and x, un are unit vectors. Since

λ↓n(A+B) = 〈x, (A+B)x〉 for x = wn, (4.28)

= 〈x,Ax〉+ 〈x,Bx〉 (4.29)

= λ↓n(A) + 〈x,Bx〉 since x = un, (4.30)

at equality of (4.26) we have

〈x,Bx〉 = λ↓n(B). (4.31)

Thus, x = vn.
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Theorem 4.3.4. If an eigenvalue of S satisfies λk = 1, the corresponding

eigenvector vk is an eigenvector of sums of pairwise quotients

(
N∑

i=1

Ai

)
A−1

j

for j = 1, . . . , N .

Proof. From Theorem 4.3.2, when an eigenvalue of S satisfies λk = 1, the

corresponding eigenvalue of H1 is = N2, its minimum. From Equations (4.16)

and (4.19), H1 is a sum of N symmetric matrices(
N∑

i=1

ÛT
i Ûi

)
(ÛT

j Ûj)
−1. (4.32)

Thus, from Lemma 4.3.3, when the kth eigenvalue of H1 is at its min-

imum of N2, the kth eigenvalues of each of the symmetric matrices in (4.32),

for j = 1, . . . , N , are at their minimum, and the corresponding kth eigenvec-

tors are identical. Let θj,k denote the kth minimum eigenvalue and yk the

corresponding eigenvector so that

(ÛT
j Ûj)

−1yk = θj,kyk, for j = 1, . . . , N. (4.33)

From Equation (4.18), the matrices

V̂ Σ̂

(
N∑

i=1

ÛT
i Ûi

)
(ÛT

j Ûj)
−1Σ̂−1V̂ T =

(
N∑

i=1

Ai

)
A−1

j (4.34)

in the summation of H are similar to those of (4.32) in the summation of H1.

Thus, the kth eigenvalue of each of the matrices in (4.34) for j = 1, . . . , N is

θj,k with corresponding identical eigenvectors V̂ Σ̂yk.

Remark 4.3.5. When an eigenvalue of S satisfies λk = 1, the corresponding

eigenvector

vk = V̂ Σ̂yk (4.35)
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where yk is the kth eigenvector of (ÛT
j Ûj)

−1 for j = 1, . . . , N . Since yk is

also the kth eigenvector of (ÛT
j Ûj), we can compute vk in a stable way from

Equations (4.14) and (4.35) without computing any inverse.

We prove below that when an eigenvalue of S satisfies λk = 1, the

corresponding eigenvector vk satisfies vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N . We

will use Remark 4.3.5 and the following lemma.

Lemma 4.3.6. The minimum value of the diagonal entries of the inverse of

a correlation matrix C is one, i.e., C−1
kk ≥ 1.

Proof. If x and y are n-dimensional column vectors, the Cauchy inequality

asserts that (xTx)(yTy) ≥ |xTy|2, with equality if and only if y = αx for some

scalar α. As C is a positive-definite symmetric matrix, if C1/2 is its unique

positive definite symmetric square root, the choice x = C1/2e, y = C−1/2e in

the Cauchy inequality yields

(eTCe)(eTC−1e) ≥ 1 ∀ eT e = 1, (4.36)

with equality if and only if e is an eigenvector of C [30]. If e = ek is the kth

column of the identity, it follows from (4.36) that the diagonal entries of C−1

are always greater than or equal to one.

Theorem 4.3.7. If an eigenvalue of S satisfies λk = 1, the corresponding

eigenvector vk satisfies vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N .

Proof. From Equation (4.9), the definition Aj = DT
j Dj, and Equation (4.15)

A−1
j = V −T Σ−1

j (UT
j Uj)

−1Σj
−1V −1 = V̂ −T Σ̂−1(ÛT

j Ûj)
−1Σ̂−1V̂ −1,

V TA−1
j V = Σ−1

j (UT
j Uj)

−1Σj
−1 = V T V̂ −T Σ̂−1(ÛT

j Ûj)
−1Σ̂−1V̂ −1V,

eT
k V

TA−1
j V ek = eT

k Σ−1
j (UT

j Uj)
−1Σj

−1ek = eT
k V

T V̂ −T Σ̂−1YjΘjY
T
j Σ̂−1V̂ −1V ek,
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where ek is a unit n-vector and (ÛT
j Ûj)

−1Yj = YjΘj. Thus,

vT
k A
−1
j vk = σ−2

j eT
k (UT

j Uj)
−1ek = vT

k (V̂ Σ̂Yj)
−T Θj(V̂ Σ̂Yj)

−1vk. (4.37)

From Remark 4.3.5 and Theorem 4.33, when an eigenvalue of S satisfies λk = 1,

the corresponding eigenvector vk = V̂ Σ̂yk and the kth eigenvalue of (UT
j Uj)

−1

is at its minimum θj,k. Substituting vk = V̂ Σ̂yk in Equation (4.37) gives

vT
k A
−1
j vk = σ−2

j cj,k = eT
k Θjek = θj,k, (4.38)

where

eT
k (UT

j Uj)
−1ek = cj,k. (4.39)

Since cj,k ≥ 1 (Lemma 4.3.6),

θj,k ≥ σ−2
j , (4.40)

with equality if and only if ek is an eigenvector of (UT
j Uj)

−1. Thus, when

λk = 1, the kth eigenvalue of H1 is at its minimum of N2, the kth eigenvalues

of (ÛT
j Ûj)

−1 are at their minimum and satisfy θj,k ≥ σ−2
j , and

vT
k A
−1
j vk ≥ σ−2

j . (4.41)

Remark 4.3.8. When an eigenvalue of S satisfies λk = 1, from Equations

(4.39)–(4.40) and Lemma 4.3.6, we see that θj,k = σ−2
j if and only if ek is

an eigenvector of (UT
j Uj). Furthermore, ek is an eigenvector of (UT

j Uj) if and

only if the kth left basis vectors uj,k are orthonormal to all other left basis

vectors in Uj.

Remark 4.3.9. From our numerical experiments, we have observed that when

an eigenvalue of S satisfies λk = 1, the left basis vectors ui,k are orthogonal to

all other left basis vectors in Ui for all i. We have not been able to prove this

mathematically as yet.
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4.4 Discussion

“It is a basic tenet of numerical analysis that structure should be ex-

ploited whenever solving a problem”, [19]. By exploiting the structure of the

representation of S in Equation (4.1), in the presence of properties such as

symmetry and definiteness, we have further investigated the mathematical

properties of the HO GSVD and have removed our previous assumptions from

Chapter 1: Specifically, that the eigensystem of S exists and that V is real

and not severely ill-conditioned.

First, the representation of S in Equation (4.1) relates the eigensystem

of S to that of H in Equation (4.12), a product of two symmetric and positive

definite matrices with a well-defined eigensystem. Next, by exploiting the

structure and properties of the matrix in Equation (4.14), we were able to

relate the eigensystem of H, and thus of S, to that of a symmetric and positive

definite matrix H1 in Equation (4.19). We proved that the eigenvalues of H1

are ≥ N2 and so the eigenvalues of S satisfy λk ≥ 1.

Using Poincaré’s Inequality and Weyl’s Inequalities (Appendix F: Poincaré’s

Inequality and Weyl’s Inequalities), we investigated conditions at λk = 1. We

proved that when an eigenvalue of S satisfies λk = 1, the corresponding eigen-

vector vk is an eigenvector of sums of pairwise quotients

(
N∑

i=1

Ai

)
A−1

j , that

it satisfies vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N and that we can compute the

corresponding eigenvector vk from the Di without the need for computing any

inverse (see Section 5.2.2).

Finally, from Remark 4.3.8, we note that when an eigenvalue of S

satisfies λk = 1, the kth left basis vectors uj,k are orthonormal to all other left

basis vectors in Uj if and only if θj,k = σ−2
j , for all j.
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Chapter 5

Summary and Future Work

This thesis addresses the fundamental need for a mathematical frame-

work that can compare multiple high-dimensional datasets tabulated as large-

scale matrices of different numbers of rows.

5.1 Summary of HO GSVD Mathematical Framework

In the first part of this thesis, we defined a HO GSVD of more than

two real matrices Di of the same number of columns and, in general, differ-

ent numbers of rows. Each matrix is factored as Di = UiΣiV
T , where the

columns of Ui and V have unit length and are the left and right basis vectors

respectively, and each Σi is diagonal and positive definite. The matrix V is

identical in all factorizations, and is obtained from the eigensystem SV = V Λ

of a matrix sum S, the arithmetic mean of all pairwise quotients AiA
−1
j , i 6= j,

of the matrices Ai = DT
i Di.

The rows of each of the N matrices Di are superpositions of the same

right basis vectors, the columns of V (Fig. 2.2). The kth diagonal of Σi =

diag(σi,k) indicates the significance of the kth right basis vector vk in the ith

matrix Di in terms of the overall information that vk captures in Di. The ratio

σi,k/σj,k indicates the significance of vk in Di relative to its significance in Dj.

A ratio of σi,k/σj,k ≈ 1 for all i and j corresponds to a right basis vector vk of
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similar significance in all N matrices Di. Such a vector might reflect a theme

common to the N matrices under comparison.

We assumed that each matrix has full column rank, that the eigensys-

tem of S exists, and that V is real and not severely ill-conditioned. We proved

that when a left basis vector ui,k is orthonormal to all other left basis vectors

in Ui for all i, this new decomposition extends to higher order all of the math-

ematical properties of the GSVD: the corresponding right basis vector vk is an

eigenvector of all pairwise quotients AiA
−1
j , the corresponding eigenvalue of S

satisfies λk ≥ 1, and an eigenvalue λk = 1 corresponds to a right basis vector

vk of equal significance in all matrices Di and Dj, meaning σi,k/σj,k = 1 for

all i and j. We also showed that the existing SVD and GSVD decompositions

are in some sense special cases of our HO GSVD.

Recent research showed that several tensor generalizations are possible

for a given matrix decomposition, each preserving only some but not all of

the properties of the matrix decomposition, such as exactness, orthogonality

and diagonality. Our HO GSVD is an exact decomposition that preserves the

diagonality of the GSVD, i.e., the matrices Σi in Equation (2.16) are diagonal.

In general, the orthogonality of the GSVD is not preserved, i.e., the matrices

Ui in Equation (2.16) are not column-wise orthonormal (see Remark 4.3.9).

We have chosen the form Di = UiΣiV
T (2.6) for our HO GSVD because

a stable numerical algorithm is known for this form when N = 2 [38]. It would

be ideal if our procedure reduced to the stable algorithm when N = 2. To

achieve this ideal, we would need to find a procedure that allows rank(Di) < n

for some i, and that transforms each Di directly without forming the products

Ai = DT
i Di.
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5.2 Future Direction: A stable HO GSVD Algorithm

We begin with reviewing the stable numerical algorithm known for

N = 2 [19, 38].

5.2.1 A Stable GSVD Algorithm

Suppose we have two real matrices D1 ∈ Rm1×n and D2 ∈ Rm2×n. Let[
D1

D2

]
=

[
Q1

Q2

]
R (5.1)

be the QR factorization with Q1 ∈ Rm1×n, D2 ∈ Rm2×n, and R ∈ Rn×n. The

SVD’s of Q1 and Q2 are highly related as

Q1 = UCW T , Q2 = Y SW T , (5.2)

where U , Y , and W are orthogonal and C = diag(ci), S = diag(si), and

CTC + STS = I [19, 38]. From Equations (5.1)–(5.2), we have the GSVD

D1 = Q1R = UC(W TR), (5.3)

D2 = Q2R = Y S(W TR). (5.4)

Note that our right basis vectors V = W TR, ignoring the scaling of the

columns. The highly related SVD’s of Q1 and Q2 follows from the CS de-

composition [19, 38].

5.2.2 Extending this Algorithm to N > 2 Matrices

Suppose we have a set of N real matrices Di ∈ Rmi×n. Let D1
...
DN

 =

 Q1
...
QN

R (5.5)
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be the QR factorization with Qi ∈ Rmi×n, and R ∈ Rn×n. To extend the

algorithm of Section 5.2.1, we need to investigate the relation between the

SVD’s of Qi, for i = (1, . . . , N), in the block partitioning of Equation (5.5).

Remark 5.2.1. The CS decomposition is defined on a 2-by-2 block partition-

ing of an n-by-n orthogonal matrix and shows that the SVD’s of the blocks

are highly related. We may now need to generalize the CS decomposition to

establish the relation between the SVD’s of a block partitioning as in Equation

(5.5).

Conjecture 2. If an eigenvalue of S satisfies λk = 1, the corresponding kth

right singular vectors of Qi for i = (1, . . . , N) are identical and we can deter-

mine the corresponding right basis vector vk = wT
kR in a stable way.

Recall Remark 4.3.5 that observes that if an eigenvalue of S satisfies

λk = 1, we can compute the corresponding eigenvector vk from the Di directly

without forming the products Ai = DT
i Di (and without the need for computing

any inverse). Computing the eigenvalues of S, however, requires having to

compute A−1
i . It would be ideal to find an alternative condition to check,

rather than having to check if an eigenvalue of S satisfies λk = 1, that does

not require forming (and inverting) Ai.

To summarize, finding a stable numerical algorithm for our HO GSVD

is important. To accomplish this, we need to investigate the relation between

the SVD’s of Qi for i = (1, . . . , N) in the block partitioning of Equation

(5.5). This may require generalizing the CS decomposition for such a block

partitioning. Also, investigating Conjecture 2 and finding an alternative to

checking if an eigenvalue of S satisfies λk = 1 may be required.
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5.3 Summary of HO GSVD for Comparison of Global
mRNA Expression Datasets from Three Different
Organisms

The second part of this thesis illustrates the HO GSVD mathematical

framework with a comparison of global cell-cycle mRNA expression from the

three disparate organisms S. pombe, S. cerevisiae and human, without requir-

ing, unlike existing algorithms, the mapping of genes of one organism onto

those of another based on sequence similarity.

The datasets are tabulated as matrices of n = 17 columns each, corre-

sponding to DNA microarray-measured mRNA expression from each organism

at 17 time points equally spaced during approximately two cell-cycle periods.

The underlying assumption is that there exists a one-to-one mapping among

the 17 columns of the three matrices but not necessarily among their rows,

which correspond to either m1 = 3167-S. pombe genes, m2 = 4772-S. cerevisiae

genes or m3 = 13,068-human genes.

Our HO GSVD of Equation (2.16) transforms the datasets from the

organism-specific genes × 17-arrays spaces to the reduced 17-genelets × 17-

arraylets spaces, where the datasetsDi are represented by the diagonal nonneg-

ative matrices Σi, by using the organism-specific genes × 17-arraylets transfor-

mation matrices Ui and the one shared 17-genelets × 17-arrays transformation

matrix V T (Fig. 3.1 and Fig. 3.2). Recall that in the application of this HO

GSVD to a comparison of global mRNA expression from N ≥ 2 organisms,

the right basis vectors are the genelets and the N sets of left basis vectors are

the N sets of arraylets.

In analogy with the GSVD [5], a common HO GSVD genelet and the

N = 3 corresponding arraylets, which are approximately orthonormal to all
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other arraylets in the corresponding datasets (Corollary 2.3.5), are inferred to

represent a biological process common to the three organisms and the corre-

sponding cellular states when a consistent biological or experimental theme is

reflected in the interpretations of the patterns of the genelet and the arraylets.

We find that the approximately common HO GSVD subspace represents cell-

cycle mRNA expression in the three disparate organisms (Fig. 3.2 and Table

3.1). Simultaneous reconstruction and classification of the three datasets in the

common subspace that these patterns span outlines the biological similarity

in the regulation of their cell-cycle programs.

Using HOGSVD, we were able to correctly classify genes of highly con-

served sequences but significantly different cell-cycle peak times [7, 46], such

as genes from the ABC transporter superfamily [14, 20, 28, 29, 32, 54, 56], phos-

pholipase B [13, 26]- and B cyclin [15, 31]-encoding genes from the three or-

ganisms.

This HO GSVD can be used to identify genes of common function

across different organisms independently of the sequence similarity among

these genes, and to study, e.g., nonorthologous gene displacement [33]. This

HO GSVD can also be used to identify homologous genes, of similar DNA

or protein sequences in one organism or across multiple organisms, that have

different cellular functions.

The GSVD formulation of Alter et al. has inspired several new appli-

cations of the GSVD (Remark 1.1.1). Our new HO GSVD will enable all of

these applications to compare and integrate N ≥ 2 datasets.
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5.4 Future Direction: Additional Applications of the
HO GSVD

We have illustrated the HO GSVD comparative mathematical frame-

work in one important example, but it is applicable, and is expected to be

applied, in a huge range of research fields. We now describe a second ap-

plication of HO GSVD for the comparative and integrative analysis of The

Cancer Genome Atlas (TCGA) data by Cheng H. Lee of the Genomic Signal

Processing Lab at University of Texas at Austin [24, 25].

The Cancer Genome Atlas (TCGA) is a multi-institution effort aimed

at using integrated analysis of high-throughput sequencing and microarray

data to identify key genomic changes contributing to the development and

progression of human cancers. The first cancer studied by TCGA is glioblas-

toma multiforme (GBM), the most common type of primary brain tumor in

adults which is characterized by aggressive growth and treatment resistance,

with median survival times of approximately 12 months after initial diagnosis

[17]. Previous studies, including preliminary analyses by TCGA, have identi-

fied numerous aberrations in gene expression, DNA methylation status, DNA

copy number, chromosome structure, and nucleotide sequence associated with

the pathogenesis and progression of GBM [17, 34]. However, a great deal of

work remains in developing a more comprehensive and global view of the inter-

actions among these genomic aberrations and how such interactions contribute

to clinically relevant phenotypes and outcomes.

Lee and Alter are using HO GSVD to compare and integrate TCGA mi-

croarray measurements of mRNA expression, microRNA (miRNA) expression,

DNA methylation status, and DNA copy number alterations data to develop

a more comprehensive view of the complex interactions among the genomic
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aberrations present in GBM. For example, they might identify how deletions

of certain genomic regions lead to the loss of key miRNAs and the subsequent

overexpression of the miRNAs oncogenic targets [24, 25]. Such analyses will

provide a better understanding of the cascade of genomic events involved in

the development and clinical progression of GBM.

5.5 Summary of Further Investigation of the Mathe-
matical Properties of the HO GSVD

The third part of this thesis exploits the structure of the representation

of S as

S =
(A1 + . . .+ AN)(A−1

1 + . . .+ A−1
N )−NI

N(N − 1)
,

in the presence of properties such as symmetry and definiteness, to further

investigate the mathematical properties of the HO GSVD and remove our

previous assumptions from Chapter 1: Specifically, that the eigensystem of S

exists and that V is real and not severely ill-conditioned.

We proved that the eigenvalues of S satisfy λk ≥ 1. We then proved

that when an eigenvalue of S satisfies λk = 1, the corresponding eigenvector vk

is an eigenvector of sums of pairwise quotients

(
N∑

i=1

Ai

)
A−1

j , that it satisfies

vT
k A
−1
j vk ≥ σ−2

j for j = 1, . . . , N and that we can compute the corresponding

eigenvector vk from the Di without the need for computing any inverse.

Finally, we noted that when an eigenvalue of S satisfies λk = 1, the kth

left basis vectors uj,k are orthonormal to all other left basis vectors in Uj for all

j if and only if θj,k = σ−2
j . In fact, from our numerical experiments, we have

observed that when an eigenvalue of S satisfies λk = 1, the left basis vectors
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ui,k are orthogonal to all other left basis vectors in Ui for all i. We have not

been able to prove this mathematically and make the following conjecture.

5.6 Future Direction: Orthogonality of the Left Basis
Vectors Ui

Conjecture 3. If an eigenvalue of S satisfies λk = 1, the left basis vectors

ui,k are orthogonal to all other left basis vectors in Ui for all i.

We conjecture that in analogy with Theorem 4.2.4, when an eigenvalue

of S satisfies λk = 1, the corresponding eigenvector vk satisfies vT
k A
−1
j vk = σ−2

j

for j = 1, . . . , N , the kth eigenvalues of (ÛT
j Ûj)

−1 are at their minimum and

satisfy θj,k = σ−2
j , and the kth left basis vectors uj,k are orthonormal to all

other left basis vectors in Uj, for all j.

We now ask: why is orthogonality important? are genetic networks

linear and orthogonal?

5.7 Are Genetic Networks Linear and Orthogonal?

The SVD model [4], the GSVD model [5], and the common subspace

(see Corollary 2.3.5) of the HO GSVD model, are all mathematically linear

and orthogonal. These models formulate genome-scale biological signals as

linear superpositions of mathematical patterns, which correlate with activities

of cellular elements that drive the measured signal, and cellular states where

these elements are active. These models associate the independent cellular

states with orthogonal, i.e., decorrelated, mathematical profiles suggesting that

the overlap or crosstalk between the genome-scale effects of the corresponding

cellular elements or modules is negligible [2].
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Orthogonality of the cellular states that compose a genetic network

suggests an efficient network design. With no redundant functionality in the

activities of the independent cellular elements, the number of such elements

needed to carry out a given set of biological processes is minimized. An ef-

ficient network, however, is fragile. The robustness of biological systems to

diverse perturbations suggests functional redundancy in the activities of the

cellular elements, and therefore also correlations among the corresponding cel-

lular states. Trade-offs between efficiency and robustness might explain the

behavior of complex biological systems [12].

Linearity of a genetic network may seem counterintuitive in light of the

non-linearity of the chemical processes, which underlie the network. However,

even if the kinetics of biochemical reactions are nonlinear, the mass balance

constraints that govern these reactions are linear [48].

Although it is still an open question whether genetic networks are linear

and orthogonal, linear and orthogonal mathematical frameworks have already

proven successful in describing the physical world, in such diverse areas as

mechanics and perception. It may not be surprising, therefore, that linear

and orthogonal mathematical models for genome-scale biological signals (1)

provide mathematical descriptions of the genetic networks that generate and

sense the measured data, where the mathematical variables and operations

represent biological or experimental reality; (2) elucidate the design principles

of cellular systems as well as guide the design of synthetic ones; and (3) predict

previously unknown biological principles.

These models may become the foundation of a future in which biological

systems are modeled as physical systems are today [3].
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Appendix A

Global mRNA Expression Datasets

A generally accepted definition of “life” for a cell is that a cell is an

enclosed volume capable of reproducing itself and maintaining itself at a high

energy state relative to its exterior [1]. The machines that a living cell uses

to perform both of these tasks are called proteins. All living cells store the

blueprints for the proteins it may need in the course of living in the form of

double-stranded molecules of deoxyribonucleic acid (DNA) [53].

Genes are segments of this DNA that encode for proteins. Genes are

translated from the DNA code in the genome into functional proteins via an

intermediate messenger called mRNA (messenger RNA) (Fig. A). The amount

of a particular protein’s mRNA that is present in a cell at a given time indicates

that rate at which the protein is being manufactured. Cells have intricate con-

trol systems which increase (upregulate) or decrease (downregulate) a protein’s

mRNA expression levels in response to environmental or internal stimuli.

The Northern Blot is a traditional lab technique which allows the sep-

aration and monitoring of a single type of mRNA molecule [8]. Typical exper-

iments using the Northern Blot involve exposing a culture of cells to various

environmental stimuli, and monitoring the one mRNA with successive blots.

Statistically significant changes in response to particular stimuli give some

indication as to the function of the observed gene’s destination protein.

Of course, even the smallest living organism has thousands of proteins,
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Nucleus
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Transcription
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Figure A.1: A cell is an enclosed volume capable of reproducing itself and
maintaining itself at a high energy state relative to its exterior [1]. The ma-
chines that a living cell uses to perform both of these tasks are called proteins.
All living cells store the blueprints for the proteins it may need in the course
of living in the form of double-stranded molecules of deoxyribonucleic acid
(DNA) [53]. Genes are segments of this DNA that encode for proteins. Genes
are translated from the DNA code in the genome into functional proteins via
an intermediate messenger called mRNA (messenger RNA). The amount of a
particular protein’s mRNA that is present in a cell at a given time indicates
that rate at which the protein is being manufactured.

80



and therefore thousands of genes and thousands of mRNA. Monitoring each

mRNA individually by Northern Blot experiments is infeasible. In the mid

1990’s, as micro-manufacturing technology became available, Patrick Brown’s

lab at Stanford University devised a way of performing Northern Blots on

all of an organism’s genes simultaneously. This assay is called the “DNA

microarray” [11], and has led to a revolution in cellular biology.

Individual microarray assays are a snapshot of the mRNA activity in

a cell under a given set of conditions. The power of microarray assays comes

from varying the conditions, and observing how all the genes are regulated

in response to the changes. The tight connection between the function of a

gene and its expression pattern make the mRNA expression data generated

by DNA microarrays invaluable.
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Appendix B

Matrix Representation of an mRNA

Expression Dataset

A single DNA microarray monitors the mRNA expression levels of m

genes of an organism in a single experiment. A sequence of n such microar-

rays measure the expression levels of the set of m genes across n different

experimental conditions. The full mRNA expression data set can therefore be

represented as an m × n matrix D (Fig. B). The ith row of matrix D repre-

sents the mRNA expression of the ith gene across the n different experiments.

The jth column of D represents the mRNA expression of all m genes in the

jth experiment.
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Figure B.1: A single DNA microarray monitors the mRNA expression levels
of m genes of an organism in a single experiment. A sequence of n = 5
such microarrays measure the expression levels of the set of m genes across
5 time points (5min intervals for 20min).The full mRNA expression data set
can therefore be represented as an m × 5 matrix D. The ith row of matrix
D represents the mRNA expression of the ith gene across the 5 different time
points. The jth column of D represents the mRNA expression of all m genes
in the jth time point.
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Appendix C

The Cell-Cycle

The cell-cycle is an orderly sequence of events by which a cell repro-

duces. It is composed of four primary phases (Fig. C ):

• G1 phase - A gap phase for cell growth,

• S phase - DNA synthesis occurs during this phase,

• G2 phase - A gap phase for cell growth,

• M phase - Mitosis with cell division occurs during this phase.

Remark C.0.1. Genes involved in the cell-cycle are characterized by period-

ically varying mRNA expression levels. Consider the S. cerevisiae cell-cycle

gene SNQ2. It is classified, using wet lab experiments, as an S/G2 cell-cycle

phase gene [50]: its expression is known to peak at the S/G2 cell-cycle phases.

Thus, SNQ2 gene gets “turned on” (or becomes active) in the S/G2 cell-cycle

phase and gets“turned off” upon exiting that phase. Thus, in the analysis of

global mRNA expression data of an organism during the cell-cycle, oscillating

patterns of expression are observed [4].
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The Cell-cycle
Orderly sequence of events by which a cell reproduces.

Primary Cellular States: M, G1, S, G2
The cell-cycle out of control --> Excessive cell divisions --> Cancer

G2M

G1 S

Gap for growthMitosis with cell division

Gap for growth DNA synthesis

Figure C.1: The cell-cycle: an orderly sequence of events by which a cell
reproduces. It is composed of the above four primary cellular states or phases.
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Appendix D

De Lathauwer’s Generalized GSVD

De Lathauwer [22] defined an iterative approximation algorithm called

the generalized GSVD which preserves the orthogonality instead of the ex-

actness of the matrix GSVD. Given N > 2 real matrices Di ∈ Rmi×n, with

mi � n for all i, find an approximate decomposition of the form

D1 ≈ U1Σ1V
T ,

D2 ≈ U2Σ2V
T ,

...

DN ≈ UNΣNV
T ,

(D.1)

where each Ui ∈ Rmi×n is composed of orthonormal columns, each Σi =

diag(σi,k) ∈ Rn×n is diagonal with σi,k > 0, and V is identical in all N ma-

trix factorizations. This is an overdetermined problem (more equations than

unknowns). A least-squares based solution is proposed where the function

f =
N∑

i=1

∣∣∣∣Di − UiΣiV
T
∣∣∣∣2

F
(D.2)

is to be minimized.

D.1 Alternating Least Squares Algorithm

The solution is computed by means of an Alternating least squares

(ALS) algorithm where we update {Ui} for estimates of {Σi} and {V }, update
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{Σi} and {V } for estimates of {Ui}, and repeat these until convergence. As

each step minimizes the cost function f , convergence to a local minimum is

guaranteed. Multiple initializations may be required to find the global mini-

mum.

D.2 Updating {Ui}

The optimal Ui is

Ui = PiQ
T
i ,

where the SVD of DiV Σi is given by PiΣ̃iQ
T
i for all i.

D.3 Updating {Di} and {V }

Let Bj ∈ RN×n be the matrix in which the jth rows of UT
i Di are stacked

for i = 1, . . . , N . Define ej = (Σ1(j, j), . . . ,ΣN(j, j)) and let vj denote the jth

column of V . Then, ej is the dominant left singular vector of Bj, and vj is

the dominant right singular vector times the dominant singular value of Bj,

for all j.
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Appendix E

Mathematica Notebook and Datasets

The Mathematica Notebook and supplementary datasets described be-

low are available upon request.

E.1 Mathematica Notebook

(a) A Mathematica 5.2 code file, executable by Mathematica 5.2 and

readable by Mathematica Player, freely available at http://www.wolfram.com/products/player/.

(b) A PDF format file, readable by Adobe Acrobat Reader.

E.2 Supplementary Dataset 1

A tab-delimited text format file, readable by both Mathematica and

Microsoft Excel, reproducing the relative mRNA expression levels of m1=3167

S. pombe gene clones at n=17 time points during about two cell-cycle periods

from Rustici et al. [47] with the cell-cycle classifications of Rustici et al. or

Oliva et al. [35].

E.3 Supplementary Dataset 2

A tab-delimited text format file, readable by both Mathematica and

Microsoft Excel, reproducing the relative mRNA expression levels of m2=4772
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S. cerevisiae open reading frames (ORFs), or genes, at n=17 time points during

about two cell-cycle periods, including cell-cycle classifications, from Spellman

et al. [50].

E.4 Supplementary Dataset 3

A tab-delimited text format file, readable by both Mathematica and Mi-

crosoft Excel, reproducing the relative mRNA expression levels of m3=13,068

human genes at n=17 time points during about two cell-cycle periods, includ-

ing cell-cycle classifications, from Whitfield et al. [55].
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Appendix F

Poincaré’s Inequality and Weyl’s Inequalities

In this appendix, we review Poincaré’s Inequality and Weyl’s Inequali-

ties that we use in the proof of Theorem 2.3.2 from Chapter 4 [10]. We consider

finite-dimensional vector spaces over the field of real numbers with an inner

product between the vectors u, v denoted as 〈u, v〉. We always assume that

the inner product is definite, i.e., 〈u, v〉 = 0 if and only if u = 0. Recall that

such vector spaces are finite-dimensional Hilbert spaces which we denote by

symbols H,M etc.

F.1 Notation

Let x = (x1, . . . , xn) ∈ Rn. Let x↑ and x↓ be the vectors obtained by

rearranging the coordinates of x in increasing and decreasing orders, respec-

tively. Thus, if x↓ = (x↓1, . . . , x
↓
n), then x↓1,≥ . . . ≥ x↓n. Note that

x↑j = x↓n−j+1, 1 ≤ j ≤ n. (F.1)

The vector λ↓(A) = (λ↓1(A), . . . , λ↓n(A)) has as components the eigen-

values of A arranged in decreasing order. Thus, from Equation (F.1)

λ↑j(A) = λ↓n−j+1(A), 1 ≤ j ≤ n. (F.2)
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F.2 Poincaré’s Inequality

Theorem F.2.1. Let A be a symmetric operator on H and let M be any

k-dimensional subspace of H. Then, ∃ unit vectors x, y ∈M such that

〈x,Ax〉 ≤ λ↓k(A)

and

〈y, Ay〉 ≥ λ↑k(A).

Proof. Let N be the subspace spanned by the eigenvectors uk, . . . , un of A that

correspond to the eigenvalues λ↓k(A), . . . , λ↓n(A). Since

dim M + dim N = n+ 1, (F.3)

the intersection of M and N is nontrivial. Consider a unit vector x ∈M ∩N.

Since x ∈ N, we can write x =
n∑

j=k

αjuj, where
n∑

j=k

|αj|2 = 1 so that

〈x,Ax〉 = xTAx

=
n∑

j=k

|αj|2uT
j Auj

=
n∑

j=k

|αj|2λ↓j(A)

≤
n∑

j=k

|αj|2λ↓k(A)

= λ↓k(A). (F.4)

Note that we used the fact that λ↓k(A) ≥ λ↓j(A) for j = k, . . . , n. This proves

the first inequality. The second inequality can be proved by replacing A with

−A in the above argument and using the fact that λ↓j(−A) = λ↑j(A).
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F.3 Weyl’s Inequalites

Theorem F.3.1. Let A,B ∈ Rn×n be symmetric matrices. Then,

λ↓j(A+B) ≤ λ↓i (A) + λ↓j−i+1(B), for i ≤ j, (F.5)

λ↓j(A+B) ≥ λ↓i (A) + λ↓j−i+n(B), for i ≥ j. (F.6)

Proof. Let uj, vj, and wj denote the eigenvectors of A, B, and A + B re-

spectively, corresponding to their eigenvalues in decreasing order. Let i ≤ j.

Consider the three subspaces spanned by {ui, . . . , un}, {vj−i+1, . . . , vn}, and

{w1, . . . , wj}. These have dimensions n− i + 1, n− j + i, and j respectively,

and hence have a nontrivial intersection. Let x be a unit vector in their inter-

section. From Theorem F.2.1 and Equation (F.2)

λ↑1(A+B) = λ↓j(A+B) ≤ 〈x, (A+B)x〉

= 〈x,Ax〉+ 〈x,Bx〉

≤ λ↓i (A) + λ↓j−i+1(B) (F.7)

This proves the first inequality. The second inequality can be proved by replac-

ing A and B in the first inequality with −A and −B and using the relations

λ↓j(−A) = λ↑j(A) and λ↓j(−A) = −λ↓n−j+1(A). Rewriting Equation (F.7) with

i ≥ j and replacing A and B with −A and −B respectively, we have

λ↓i (−(A+B)) ≤ λ↓j(−A) + λ↓i−j+1(−B),

−λ↓n−i+1(A+B) ≤ λ↑j(A) + λ↑i−j+1(B),

λ↓n−i+1(A+B) ≥ λ↓n−j+1(A) + λ↓j−i+n(B),

λ↓
ĵ
(A+B) ≥ λ↓

î
(A) + λ↓

ĵ−î+n
(B), î ≥ ĵ, (F.8)

where ĵ = n− i+ 1, î = n− j + 1 and ĵ − î+ n = j − i+ n with î ≥ ĵ.
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