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Abstract 

 

“Should I switch?”   

Controversies created by an advice column 

 

 

Sandra Elizabeth Lehman, M.A. 

The University of Texas at Austin, 2010 

 

Co-Supervisor:  Efraim P. Armendariz 

Co-Supervisor:  Mark L. Daniels 

 

In 1990’s, the circumstances of being a contestant on a popular game show were 

published in a trendy question and answer column in Parade Magazine.  If contestant 

switched from the initial choice to a second choice offer by the host, would the chances 

of winning the desired prize be increase?  The columnist’s response to the reader sparked 

a good deal of controversy among mathematicians.  Shortly after the publication of this 

answer, articles appeared in various mathematical publications some supporting and 

some refuting the columnist’s answer.   

This document reports the results of research into the controversy generated by 

some of the probability problems used on Let’s Make a Deal game show.  Using a variety 

of approaches and assumption, the author attempts to formulate mathematical proof to 

explain the correct answer to the contestant’s question, “Should I switch?”   
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INTRODUCTION 

People were dressed in wild costumes, waving signs, hoping to get the attention 

of the host. The master of ceremonies appeared and the dealing began.  For the next hour, 

chosen audience members known as “traders” swapped unusual odds and ends they may 

have found in their attic or garage or even created themselves for a chance to win a prize.  

Let's Make A Deal was one of the most popular television game shows of the 1960’s and 

70’s [6] 

The appeal of Let's Make A Deal is a combination of the excitement of winning a 

prize and the “fifteen minutes of fame” a person gains by being a contestant on a game 

show.  However, the author has found that two of the deals from the Let's Make A Deal 

game show have generated a good deal of controversy and arguments among 

mathematicians.  The probabilities of winning these two games, the key factors that affect 

the outcomes, and the outcomes have been argued among statisticians, economists, and 

game theorists since 1975. [1, 2]    

A variety of probability problems were used on Let's Make A Deal.  Well known 

mathematics problems like the two box problem, also called the two envelope problem, 

are small deals or trades played on the show.  The final game of the show called the “Big 

Deal” is a modification of a well known mathematics problem, the three prisoner’s 

dilemma or prisoner’s problem.  Due to the popularity of the show, mathematicians have 

renamed this problem the “3 doors problem” or the “Monty Hall problem” in honor of the 

show’s host.  [1, 2]    
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The focus of this paper is to report results of research into the controversy 

generated by the probability problems used on Let’s Make a Deal and the varying 

mathematical positions developed and defended by a variety of mathematicians.  The 

purpose of this report is twofold; first, to review objectively the differing proofs of the 

two most common probability problems used on Let’s Make a Deal, and second, to 

explore a personal interest in probability and mathematical theory that occur during 

games of chance.   
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LET’S MAKE A DEAL PROBLEMS 

The Beginning of a Controversy:  Two Boxes/Envelopes Problem 

Suppose you are a contestant on a television game show.  The host presents you 

with two identical boxes, both containing monetary prizes, one twice the value of the 

other. You are given your choice of the box and allowed to view the prize that it contains.  

The host asks if you would like to switch boxes.  The prize you win could be doubled or 

reduce by half.  Should you switch? 

In 1992, this version of the two envelope paradox problem appeared in a trendy 

question and answer column in Parade Magazine, a Sunday newspaper supplement.  The 

columnist responded to the reader that “actually (switching) makes no difference at all.” 

[7, p. 417]  Shortly after the publication of this answer, articles appeared in various 

mathematical publications some supporting and some refuting the columnist’s answer.  

The next few sections of this report will explore some of the various proofs of this 

paradox.  

TO SWITCH OR NOT TO SWITCH 

Is the columnist’s response correct about saying switching is not advantageous?  

Does the amount of money revealed in the first box influence the contestant to switch?  

The contestant will often conclude; if the amount is small, switch;  if it is very large, take 

the box with its contents.  All of the basic information for these different proofs is the 

same.  The differences emerge in the basic assumptions that are the foundations for the 

mathematical proofs.  A critical assumption of this problem is that the contestant prefers 
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the larger amount of money to the smaller.  For the purpose of this paper, the basic 

assumption of each proof will be stated to prevent misunderstandings. 

The foundation of this problem is that the “host” chooses a random value and 

places that amount of money in box A.  For the purpose of this problem this amount will 

be $  with    .  The host doubles the amount in box A then places this amount in box 

B, this amount is $  . [1, 3, 7]   

SWITCHING MAKES NO DIFFERENCE  

The probability that   is the amount the host has chosen at random is denoted 

by   .  The contestant chooses a box, for example box A, and looks inside. Box A has a 

probability of  
 

 
;     is the probability that the chosen box is A given that    dollars is 

seen in this box.  Therefore, 

    
  

     
 

  

If the chosen box contains   dollars, the expected value of the amount in the second box 

is      
 

 
        which is larger than   when the    

 

 
  

 
 [7, p. 417] 

It is helpful to create a probability distribution, which shows it is always better to 

switch.   If switching is always better then there must be a    
 

 
  

 
 where it is possible 

to choose a box and find x dollars inside whenever      or   

 
  .  Using this 

assumption, choose     such that      .  Box B contains     with a probability     

 .  Therefore, it is possible to choose a box with     dollars inside [7, p. 418].  Recall 

that the premise or assumption of this argument is that it is always in the contestant’s best 

(1) 
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interest to switch, which implies that      
 

 
     .  Assume that box B contains 

     with probability      , so it is possible to choose a box containing      dollars 

inside thus      
 

 
     

 

 
     .  Following this method, yields  

           . 

The value of the random number chosen by the host is  

               
         

 

   

 

    

  

Thus, the contestant always increases average winnings by switching boxes only if the 

average amount of money that the host puts in box A is infinite. [7, p. 418]   Similarly, 

the probability of staying, or not switching, would follow the previous method. So the 

contestant always increases average winnings by keeping the chosen box only if the 

average amount of money that the host puts in box A is infinite. [7, p. 418] 

Therefore, the expected value approach to the two box problem shows that 

switching or staying “actually makes no difference at all”, which is the same answer give 

by the columnist [7, p. 417]. 

SWITCHING IS BETTER 

Another approach to the two box problem, points out an “obvious weakness” in 

the expected value argument.  The argument does not make use of the information the 

contestant gains when observing the amount in the chosen box.  This section will show 

that switching is justified, after the contents of the box are observed if and only if the 

(2.1) 

(2.2) 
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conditional probability that the first box contains the larger amount of money is less than 

 

 
 [3, p. 27]. 

Assume two boxes contain some positive amount.  Let L be a random variable 

that is the large amount and let S be a random variable that is the smaller amount 

with   
 

 
 [3, p. 28].  A prior distribution, sometimes referred to as the cumulative 

distribution function, for S is defined by a prior distribution for L such that  

    
 

 
                

Begin by picking one of the two boxes at random which means each box has a 

probability of  
 

 
 of being chosen.  Call the box that is selected B1, and the amount 

contained in B1 is called     Call the box that is not selected B2, and the amount 

contained in B2 is called   .  This means 

              
 

 
  

The player now views the contents in B1, the random variable   is assigned the 

value of the observed contents called    which means    .  A switch is beneficial if 

and only if the expected value of the amount in the other box is greater than  , recall this 

box is B2 [3, p. 28].  The expected value is 

          
 

 
                              

Simplifying equation (3.3) yields 

 
 

 
                           . 

However, if    , then    ; therefore, L and S are complementary which implies   

(3.1) 

(3.2) 

(3.3) 

(3.4) 
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Substituting equation (3.5) into equation (3.4),  

 
 

 
                               

Simplifying equation (3.6) produces 

 
 

 
               

As a result, a switch is profitable if, and only if,  

           
 

 
  

Therefore, the contestant should switch their first box to the second box if and only if the 

conditional probability that the contestant picked the box with the larger amount in it is 

less than 
 

 
, based on the prior probability distribution [3, p. 28] 

The Beginning of another Controversy:  Three doors Problems 

Suppose you are a contestant on a television game show.  The host shows you 

three numbered doors, one hiding a car and the other two hiding goats. You are given the 

choice of a door winning whatever is behind it.  You choose door number 1.  The host, 

who know what is behind the doors, opens door number 3, which has a goat behind it.  

He then asks if you wish to switch your choice to door number 2.  Should you switch? [5, 

p. 3]    

In 1990, this version of the three doors problem, renamed the Monty Hall problem 

due to the popularity of the Let’s Make a Deal game show host, appeared in a question 

and answer column in Parade Magazine, a Sunday newspaper supplement [5, p. 3].  The 

(3.5) 

(3.6) 

(3.7) 
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columnist advised the reader to switch doors explaining that the probability of winning, 

originally 
 

 
, increased to 

 

 
 [5, p. 3].  Shortly after the publication of this seemingly simple 

explanation of a well liked game of chance, the magazine received a flood of letters.  

Ninety percent of the letters insisted that the columnist was incorrect and argued 

alternatively that the remaining doors were equally likely.  Therefore, switching doors did 

not increase the contestant’s chance of winning [5, p. 3]. 

TO SWITCH OR NOT TO SWITCH, THAT IS THE QUESTION. 

Does switching doors increase the contestant’s chance of winning the desired 

prize?  This question has become the main point of contingency of the now so called 

Monty Hall problem.  A critical assumption of this problem is that the contestant prefers 

the car above the goat [2, p. 140].  For the purpose of this paper, even the most basic 

assumption will be stated to prevent misunderstandings.   

SWITCHING IS 50-50  

Many mathematicians, as well as the general public, will give the answer that the 

odds of winning the car are 50-50 after a contestant sees a goat behind one of the doors 

that was not chosen.  The key to this case is the assumption that the game is fair.  This 

assumption is based in theoretical probability that the host does not have an effect on the 

game.  [4, p. 214]  Using the laws of probability and assuming the game is fair, a general 

proof can be written. 

Let    be the event that the car is at the     door.  Let    be the event a goat is at 

the      door.  The a priori probability is,  
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, where          

note a priori refers to the contestant’s knowledge before any doors are opened. 

It is important to note that almost everyone accepts prior probability (4.1) as 

correct.  Remember, the contestant has chosen door number 1, and the host opens door 

number 3 to reveal a goat [5, p. 3].  Therefore, the conditional probability is 

         
             

     
  

Using the given information and substituting (4.1) into (4.2) yields: 

         
  

 
  

 
 

  

Simplifying equation (4.3) yields 

         
 

 
  

Similarly, the conditional probability that the car is behind door number 2 given the host 

opened door number 3 to reveal a goat is 

         
             

     
  

Substituting (4.1) into (4.3) yields: 

         
  

 
  

 
 

  

Simplifying equation (4.5) yields 

         
 

 
  

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 
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The probability that the car is behind door number 2, believing the host is fair 

is 
 

  
, which is the same as the probability that the car is behind door number 3.  Therefore, 

if the host in the game is fair, switching the constants choice of door number 2 will not 

increase the contestant’s chance of winning the car. 

SWITCHING IS ALWAYS BETTER. 

Consider the alternative argument, which is that switching doors will improve the 

odds of winning the car.  Ten percent of the “thousands” of letters that flooded the 

editorial office of Parade Magazine agreed with the 1990 published solution of the 

Monty Hall problem.  However, the method by which the solution is achieved remains a 

controversy.  Recall the answer given in the column was that the contestant should switch 

because the second door has a 
 

 
 chance of hiding the car [5, p. 3]. 

The assumption of this proof is that the host is biased and will always open a 

losing door, resulting in an unfair game [5, p. 4].  This proof begins like the previous 

proof, assuming that switching is 50-50.  Let    be the event that the car is at the     door.  

Let    be the event host opens the      door.  The a priori probability is the same as 

before, so using equation (4.1) again 

      
 

 
, where           

The host’s door choice is made in response to the contestant’s door selection and the 

location of the car.  It can be said that    is the cause that produces the effect   .  The 

probability of the effect given the cause is the product probability, which is also a 

(5.1) 
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conditional probability.  Let   be the event that the biased host will open door number 3, 

a losing door.  Using a general form of the total probability theorem yields 

                                                 

Using the given information and substituting the results from equation (5.1) into (5.2) 

yields: 

       
 

 
 
 

 
  

 

 
    

 

 
   

      
 

 
 
 

 
 

      
 

 
  

Substituting the given information and results from equation (5.1) and (5.3) into the 

equation for law of conditional probability yields 

         
             

     
 

and 

         
             

     
  

Substituting the probability from equation (5.1) into the conditional probability equation 

(5.4) gives 

         

 
  

 
  

 
 

  

Simplifying equation (5.6) yields 

         
 

 
  

(5.2) 

(5.5) 

(5.6) 

(5.3) 

(5.4) 
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Substituting the probability from equation (5.1) into the conditional probability equation 

(5.4) gives 

         
  

 
  

 
 

  

Simplifying equation (5.7) yields 

         
 

 
  

The probability that the car is behind door number 2, knowing that it is not behind 

door numbers 3, is 
 

 
, which is greater than the probability that the car is behind door 

number 1, knowing that is it not behind door number 3, which is 
 

 
.  The contestant should 

switch their choice of doors.  Recall that this is the same advice given by the Parade 

Magazine column.  [5, p. 5] 

To help visualize this argument, tables have been included as a representation of 

the proof that switching has a greater chance of winning than staying or not switching.  

Recall that the host will always open a door that hides a goat before asking if the 

contestant wants to switch because the host is biased, and does not want to give away too 

many cars.  

Table 1. Probability of Switching – contestant wins 2 out of 3 times 

Results Door 1 Door 2 Door 3 

Constant Looses 
CAR 

(Constant Switches) 

GOAT GOAT 

(Host opens) 

Constant Wins 
GOAT 

(Constant Switches) 

CAR GOAT 

(Host opens) 

Constant Wins 
GOAT 

(Constant Switches) 

GOAT 

(Host opens) 

CAR 

 

(5.7) 
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Table 2. Probability of Staying – contestant looses 2 out of 3 times 

Results Door 1 Door 2 Door 3 

Constant Wins 
CAR 

(Constant Stays) 

GOAT GOAT 

(Host opens) 

Constant Looses 
GOAT 

(Constant Stays) 

CAR GOAT 

(Host opens) 

Constant Looses 
GOAT 

(Constant Stays) 

GOAT 

(Host opens) 

CAR 

 

MIXED STRATEGIES 

Consider another point of view to the three doors problem.  The game strategies 

approach assumes that the contestant is not the only participant.  The host is an active, 

unpredictable player with his own hidden agenda.  Sometimes the host will not allow the 

contestant to change doors; other times he offers the player varying sums of cash to 

change immediately after they chose a door [4, p. 214].  Also in the game strategies 

argument the problem is referred to as the game, therefore the three doors problem will 

be referred to as the three door game in this section. 

In order to solve the three doors problem, using game strategies the Nash 

equilibrium needs to be found.  A Nash equilibrium is a pair of strategies, one for each 

player, such that each player’s strategy is optimal provided the players know the strategy 

of the other player [4, p.215].  Recall the players are the host and the contestant.  In order 

to find the Nash equilibrium, each player’s objective must be established.  The 

contestant’s objective is somewhat obvious; to win a car.  The objective of the host is less 

obvious; one can assume that the host wants to maximize the number of viewers of the 

game show.  This game is constructed to offer entertainment not only to the contestant 

but also to any observers of the game.  It is assumed that the game is more entertaining if 
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the game’s outcome is not easily predicted [4, p. 216].  The three doors game, with its 39 

possible outcomes, is hardest to predict if all possible outcomes are equally likely.  In 

order to maximize the outcomes assume the host will hide the car behind the different 

doors with equal probability [4, p. 216].  Let    be the event that the host hides the car 

behind door number 2.  This is the same as the a priori probability from the previous 

arguments.  Recall equation (4.1) 

      
 

 
, where           

Let     denote the event that the host hides the car behind door number 1 or 

number 3.  Let   be the event that the host allows the contestant to switch doors and let 

       be the probability that event   happened given that   occurs.  Also, the 

probability of door number 2 given that the contestant is given the option to switch and 

the car is behind door number 2 is  

            

In addition, the probability that the host hid the car behind door number 1 or 3 is 

              

Using Bayes’ theorem gives 

       

        
 

            

              
 

substituting the probability from equation (6.1), (6.2), and (6.4) into Bayes’ theorem 

equation gives 

       

        
 

   
 
  

    
 
  

  

(6.1) 

(6.2) 

(6.3) 

(6.1) 

(6.4) 
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Simplifying equation (6.5) yields 

       

        
 

  
    

  

Therefore, the contestant is indifferent between switching and keeping their initial 

choice if and only if        .  This implies that the host is twice as likely to let the 

contestant switch doors after they initially choosing the door hiding the car as when the 

contestant chooses a door hiding a goat [4, p. 216].  

This game has six possible outcomes, which are displayed in Table 3.  Included in 

Table 3 are the probabilities of various outcomes as a function of three parameters   , 

    , and          is the probability that the contestant will switch doors if given the 

opportunity.   

Table 3. Possible outcomes & probabilities as a functions of   ,    , and    [4, p. 216]. 

Outcome 
Car behind 

door 

Host allows 

constant to 

switch? 

Constant 
Constant 

wins 
Probability 

1 1 or 3 No - Goat    
 

 
        

2 1 or 3 Yes Switches Car    
 

 
      

3 1 or 3 Yes Stays Goat    
 

 
          

4 2 No - Car    
 

 
       

5 2 Yes Switches Goat    
 

 
     

6 2 Yes Stays Car    
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An interesting note is the power of the host.  The host has experience with 

behaviors of contestants and has developed tricks to manipulate the contestants’ actions.  

The host can change the parameter     by offering the contestant money to switch or by 

offering cash not to switch.  Therefore the host has control of all three parameters   , 

    , and    [4, p. 216]. 

Recall the objective of this game is to maximize entertainment value and the most 

entertainment is produced when the six possible outcomes are equally probable.  

Consider the possibility that outcome 5 and 6 are equally likely [4, p. 217].  This means 

they have equal probabilities, which implies that they are equal.  This will give the 

equation   

 

 
      

 

 
          

Simplifying equation (6.6) gives 

         

       

    
 

 
 

Outcomes 5 and 6 are equally likely if and only if     
 

 
.  If the outcomes are 

equiprobable, then all the outcomes have equal probabilities.  This means    
 

 
, 

substituting the values of     and      into the equation for outcome 6 from Table 3, the 

value for     can be calculated. 

 

 
 

 

 
     

 

 
   

(6.6) 

(6.7) 
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Simplifying equation (6.7) gives 

 

 
 

 

 
   

     

Recall that the contestant is indifferent between switching and keeping their initial 

choice if and only if        .  Substituting the value of    into the indifference 

equation yields that     
 

 
.  Using the optimal value of the three parameters,     

 

 
   

     and    
 

 
   the probabilities of the six outcomes are    

 

 
      

 

 
      

 

 
   

          
 

 
  and    

 

 
    Notice that the outcomes are not equiprobable.  Therefore, 

the host will always allow the contestant to switch doors when the initial door hides the 

car, but only allows, the contestant to switch half the time when the initial door hides a 

goat.  When the host does allow the contestant to switch doors, the MC will attempt 

manipulate the player to switch half of the time [4, p. 217].  These results are very 

different from previous results.  

N DOORS PROBLEM 

Consider a different argument to the three doors problem.  This time consider a 

more generalized problem of N doors.  In the N doors scenario, a car will be behind one 

of the doors and goats behind the rest; the host is asked to give away as few cars as 

possible [2, p.135].  These new parameters add complexity to the problem or game, in 

this section; the problem will be referred to as a game.   

The host chooses the number of doors to be in the game; let this set of doors be 

equal to N.  The number of goats G will be equal to one less than the number of doors in 
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the game:       .  The contestant selects a certain number of doors, this group is 

   and    equal to the number the constant selected.  The group of doors left unselected 

by the contestant is   with    equal to the number of unselected doors.  The host opens a 

number of doors; this set of opened doors is  .  When this group of doors is revealed, 

goats are behind each door [2, p. 135].  The number of doors to be opened from set L, the 

selected doors, is i, a random variable, and     doors opened form the set   or 

unselected doors.  If the host asks, the contestant if she wants to switch, should she 

switch?  If the contestant switches, should they choose a door from set   or   [2, p. 135]?   

In the N doors game, assume  ,      and    with        .  The contestant’s 

strategy is to pick a door form the remaining closed doors in   or in   in order to 

maximize probability of winning the game by finding the car [2, p. 135].  If   is the 

number of doors that the host opens from  , then the host’s strategy is to choose   in 

order to the minimize the probability that the contestant finds the car.  Note that the host 

is not allowed to open all the doors in either L or R, because the possibility must remain 

that the car is in either group.  This requirement causes              

             and                  [2, p. 136]. 

Let    be the probability that the contestant will pick the car if she chooses at 

random from the remaining closed doors from L.  Let    be the probability that the 

contestant will pick the car if she choose at random from the remaining closed doors from 

R.  The values for    are calculated by multiplying the probability of  
  

 
  that the car in 
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behind a door in set L by the probability 
 

      
  that the player picks the care from L given 

that it is in L [2, p. 136].  Therefore, 

   
  

 
 

 

    
   

Similarly 

   
  

 
 

 

        
  

From this point, the job of a student or mathematician is to use the given 

information and a mathematical method to find the probability that the contestant will 

find the car.  A variety of mathematical tools can be used to find probability value tables; 

linear programming, graphical solutions, algebra, and calculus are all possibilities.  Note, 

the previous list of mathematical methods is not an exhaustive list, but a short list of 

suggestions [2, 137] 

  

(7.1) 

(7.2) 
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CONCLUSION 

The problems detailed stumped some of the greatest mathematical minds in the 

United States.   But why?  These problems involve several doors or boxes, a desired 

prize, and some worthless or undesired prizes.  This research has produced only one 

conclusion.  Why do these little problems stir the ire of so many?  Perspective!  The 

solver’s perspective is the cause of the discrepancy in the solutions.  A purely theoretical 

mathematician will likely assume the games are fair.  An applied mathematician or a 

realist will likely assume that the host will not want to give too many prizes.  A game 

theorist’s perspective will likely lie in the middle realizing the value of a mathematician’s 

viewpoint.   

Maybe the purpose of problems like the Monty Hall problem or the two-box 

paradox is to open a debate.  The sole purpose is to make people examine their point of 

view.  The debate over the correct solution to the Monty Hall problem and problems like 

it will continue to rage in the mathematical world just as the debate between creationism 

and evolutionism rages in the scientific world.  Who knows the correct answer?  No one 

or everyone.  Your belief as to which is correct rests in your perspective.   

So what is the value of problems like the two box paradox or three doors 

problem?  The value is knowledge.  Teachers and professors must remember it is their 

responsibility to teach both fact and opinion.  If a teacher assigns a problem like the ones 

addressed in this report, they must accept all possible solutions that are supported with 

sufficient mathematical proof.  If the instructor chooses to give a bit of history to these 

little problems, the instructor should anticipate an outcry from the students:  “How do 



21 
 

you expect me to solve a problem that stumped scores of professors, mathematician, and 

confused the world’s most intelligent people?” The only satisfactory answer that can be 

given to this question is that true learning and knowledge comes from the struggle with 

the mathematics and the student’s perspective.   
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