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In recent years, both hafnia and zirconia have been looked at closely in the quest 

for a high permittivity gate dielectric to replace silicon dioxide in advanced metal oxide 

semiconductor field effect transistors (MOSFET). Hafnium dioxide or HfO2 is chosen for 

its high dielectric constant (five times that of SiO2) and compatibility with stringent 

requirements of the Si process. As deposited, thin hafnia films are typically amorphous 

but turn polycrystalline after a post-deposition anneal. To control the phase composition 

in hafnia films understanding of structural phase transitions is a first step. In this 

dissertation using first principles methods we consider three phase transitions of hafnia 

and zirconia: monoclinic to tetragonal, tetragonal to cubic and amorphous to crystalline. 

Because the high surface to volume ratio in hafnia films and powders plays an important 

role in phase transitions, we also study the surface properties of hafnia. We discuss the 

mechanisms of various phase transitions and theoretically estimate the transition 

temperatures. We find two types of amorphous hafnia and show that they have different 

structural and electronic properties. The small energy barrier between the amorphous and 

crystalline structures is found to cause the low crystallization temperature. Moreover, we 
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calculate work functions and surface energies for hafnia surfaces and show the surface 

suppression of the phase transitions. 



viii 

 

Table of Contents 

List of Tables ........................................................................................................ xii 

List of Figures ...................................................................................................... xiv 

Chapter 1. Introduction ............................................................................................1 

Chapter 2. First principles methods .........................................................................5 

2.1 Density functional theory ..........................................................................5 

2.2 Basis sets and pseudopotentials ................................................................7 

2.3 The properties of the groud state ..............................................................9 

2.3.1 Total energy and Hellmann-Feynman forces ................................9 

2.3.2 Dielectric properties of ionic compounds ...................................10 

Chapter 3. Principles of structural phase transitions ..............................................13 

3.1 Classification of structural phase transitions ..........................................13 

3.2 Free energy and energy conditions .........................................................15 

3.3 Free energy landscape and related experimental methods ......................16 

3.3.1 Landau theory of phase transitions .............................................16 

3.3.2 Vibrational entropy and free energy ...........................................20 

3.3.3 Beyond the harmonic approximation ..........................................22 

3.3.4 Infra-red and Raman spectroscopy .............................................22 

3.4 Energy landscape and related experimental methods .............................24 



ix 

 

3.4.1 Measuring energy difference ......................................................24 

3.4.2 Finding minimum energy path ....................................................25 

Chapter 4. Monoclinic to tetragonal phase transition ............................................27 

4.1 Introduction .............................................................................................27 

4.2 Computational details .............................................................................29 

4.3 Results .....................................................................................................29 

4.3.1 Phonons, heat capacity, and transition temperature ....................36 

4.3.2 Minimum energy path .................................................................42 

4.4 Comparison of zirconia and hafnia .........................................................46 

4.5 Conclusions .............................................................................................52 

Chapter 5. Tetragonal to cubic phase transition.....................................................54 

5.1 Introduction .............................................................................................54 

5.2 Computational details .............................................................................55 

5.3 Results .....................................................................................................56 

5.3.1 Phonon dispersion of cubic hafnia ..............................................56 

5.3.2 Frozen phonon calculation ..........................................................58 

5.3.3 Electronic structure .....................................................................60 

5.3.4 Soft mode theory of the phase transition ....................................62 

5.3.5 Transition temperature ................................................................64 

5.4 Discussion ...............................................................................................67 

5.5 Conclusions .............................................................................................68 



x 

 

Chapter 6. Amorphous to crystalline transition .....................................................69 

6.1 Introduction .............................................................................................69 

6.2 Theory and computational details ...........................................................71 

6.2.1 Computational details .................................................................71 

6.2.2 Nudged elastic band method .......................................................72 

6.3 Results .....................................................................................................74 

6.3.1 Energy and structure of two types of amorphous hafnia ............74 

6.3.2 Quantifying the randomness of structures ..................................79 

6.3.3 Free energy of type II amorphous hafnia ....................................83 

6.3.4 Crystallization barrier of type II amorphous hafnia ....................86 

6.4 Conclusion ..............................................................................................90 

Chapter 7. Surface effects in phase transitions ......................................................91 

7.1. Introduction ............................................................................................91 

7.2. Experimental results for thin films of hafnia .........................................91 

7.3. Theoretical analysis ...............................................................................92 

7.3.1. Surfaces of monoclinic hafnia ...................................................94 

7.3.2. Surfaces of tetragonal hafnia ...................................................102 

7.3.3. The role of surface energy in the m-t transformation ..............107 

7.4. Conclusions ..........................................................................................108 



xi 

 

Appendix A. Group-analysis of Γ-point phonons in monoclinic phase ..............110 

Appendix B. Nearest neighbor search algorithm .................................................116 

References ............................................................................................................119 

Vita 127 



xii 

 

List of Tables 

Table 4.1: Experimental results on monoclinic-tetragonal phase transition in HfO2. 

As, Ms – transition onsets on heating and cooling. ..........................32 

Table 4.2: Phase Transition Data for ZrO2 and HfO2 (M, monoclinic; T, tetragonal; C, 

Cubic) ................................................................................................33 

Table 4.3: Theoretical structural parameters for the HfO2 and ZrO2 polymorphs and 

comparison with experimental data. .................................................35 

Table 4.4: Experimental and theoretical bond lengths for the HfO2 and ZrO2 

polymorphs. Ia-Ic and IIa-IId refer to oxygen atoms shown in Fig. 4.3.

...........................................................................................................36 

Table 4.5: Possible lattice correspondence schemes between monoclinic and 

tetragonal cells. .................................................................................43 

Table 4.6: The fractional atomic coordinates of tetragonal hafnia in the 2 doubled 

cell. ....................................................................................................44 

Table 4.8: Calculated Γ-point phonon frequencies classified according to irreducible 

representations of symmetry group C2h of monoclinic hafnia. Ag and Bg 

modes are Raman active, while Au and Bu modes are IR active. ......49 

Table 5.1: Calculated energy gap and optimized structural parameters of cubic and 

tetragonal hafnia. ∆uz refers to the change of internal coordinates of 

oxygen atoms in the tetragonal cell with respect to that in the cubic cell.

...........................................................................................................56 

Table 5.2: The calculated interaction coefficients for the 3-d cubic lattice. ..........63 

Table 6.1: Energies and structural parameters of 2x2x2 supercells for crystalline and 

amorphous hafnia. In the first column, “M”, “T” and “C” refer to 

monoclinic, tetragonal and cubic hafnia, respectively. Structures from 1 

to 7 belong to type I and structures from 8 to 14 belong to type II. .75 



xiii 

 

Table 6.2: The averaged deviation of the PDF in the window from r0 to 30Å for 

crystalline and amorphous structures. ...............................................82 

Table 6.3:  The activation energy per HfO2 molecule in four type II amorphous 

structures. ..........................................................................................86 

Table 6.4: Crystallization enthalpies and temperatures for precipitated HfO2. 

Crystallization onset temperature is from DSC measurements, phase 

identification and size estimate is .....................................................89 

Table 7.1: Surface energy of monoclinic hafnia with stoichiometric termination.96 

Table 7.2:  The simulation cell parameters used to calculate the slab of the ( 211 ) 

surface of monoclinic hafnia. ............................................................99 

Table 7.3. The work function and electron affinity of various hafnia surfaces. The 5.7 

eV value is used for the bulk band gap for both phases. .................106 

Table A.1 The character table of C2h group. ........................................................111 



xiv 

 

List of Figures 

Figure 1.1: Structures of three HfO2 phases. Black and white balls represent Hf and O 

atoms, respectively. .............................................................................3 

Figure 2.1: A realization of the piezoelectric effect in a crystal strained along a 

piezoelectric axis. The crystal is inserted into a shorted capacitor; the 

surface charges are then removed by the electrodes, and the induced 

polarization is measured by the current flowing through the shorting 

wire. [35] ...........................................................................................12 

Figure 3.1: Hierarchy structure of the classification of solid structural phase 

transitions. .........................................................................................14 

Figure 3.2: The Gibbs free energy containing a 6th order term at different temperature.

...........................................................................................................19 

Figure 3.3: Schematics of the nudged elastic band method. The dashed line is the 

guessed elastic band. Optimization pushes the initial band downward to 

the minimum energy path represented by the solid line [60]. ..........26 

Figure 4.1: Crystal structures of monoclinic and tetragonal hafnia and zirconia. Black 

and white balls represent hafnium and oxygen atoms, respectively. 27 

Figure 4.2: Upper panel: differential heat flow traces of HfO2. Heating rate 10 K/min, 

cooling rate 20 K/min. Baseline correction applied. Lower panel: 

displacement trace for HfO2 pellet. ...................................................31 

Figure 4.3. The configuration of oxygen atoms in the ZrO7 and HfO7 polyhedra in 

ZrO2 and HfO2. Three of seven oxygen atoms are three-fold coordinated 

(atoms of type I), and four of them are four-fold coordinated (atoms of 

type II). ..............................................................................................34 



xv 

 

Figure 4.4: (a) The phonbon dispersion of monoclinic HfO2 without long ranger 

interactions. (b) The phonon dispersion of tetragonal HfO2 without long 

ranger interactions. (c) The phonon dispersion of monoclinic HfO2 with 

long ranger interactions.....................................................................38 

Figure 4.5: The phonon densities of states of monoclinic and tetragonal hafnia. The 

dashed and solid lines refer to the monoclinic and tetragonal 

polymorphs, respectively. .................................................................39 

Figure 4.6: The excess free energy of tetragonal HfO2 with respect to the monoclinic 

phase ∆F=Ft −Fm as function of temperature, ∆F changes its sign at 

Tc=1920 K. ........................................................................................40 

Figure 4.7: (a) The calculated heat capacity of monoclinic HfO2 and ZrO2 from 0 to 

1000K. In the embedded figure the crossover region is enlarged. (b) 

Experimental data for monoclinic hafnia is compared to our theoretical 

results from 0 to 350K. (c) Experimental data for monoclinic zirconia is 

compared to our theoretical results from 0 to 350K. (d) The calculated 

heat capacity of tetragonal HfO2 and ZrO2 from 0 to 1000K. ..........41 

Figure 4.8: The energy surface during the martensitic transformation. There is a 0.22 

eV/mol barrier during the transformation. The black line represents the 

MEP. .................................................................................................45 

Figure 4.9: The 36x36 force constant matrices of HfO2 and ZrO2 in eV/Å2. The first 

24x24 block correspond s to oxygen atoms, and the 12x12 diagonal 

block starting with row 25 corresponds to metal atoms Hf or Zr. ....50 



xvi 

 

Figure 4.10: The bar plot of 36 eigen-modes of Γ point of monoclinic HfO2. The 

height denotes the displacement of one atom in a eigen-mode. There are 

12 points in the x-axis representing 12 atoms in the primitive unit. 36 

modes are arranged in the ascending order of frequency along the y-axis.

...........................................................................................................51 

Figure 5.1: Cubic and tetragonal structures of HfO2 and ZrO2. .............................55 

Figure 5.2: (a) Calculated phonon dispersion of cubic hafnia without long ranger 

interaction. (b) Calculated phonon dispersion of cubic hafnia with long 

ranger interaction. .............................................................................57 

Figure 5.3: Total energy as a function of the soft mode amplitude. The solid line 
represents the cubic phase ( 00.1=

a
c ) and the broken line represents the 

tetragonal phases ( 016.1=
a
c ). Each unit has four HfO2 molecules. ..59 

Figure 5.4. (a) The total density of states (DOS) for u=0.000 (solid line) and u=0.038 

(dashed line). (b) The partial DOS for u=0.000. The solid line is for 

hafnium d and dashed line is for oxygen p. (c) The partial DOS for 

u=0.038. ............................................................................................61 

Figure 5.5: The simple model of the system with a soft mode. The units vibrate in 

double well potentials and interact with their neighbors via harmonic 

spring forces. .....................................................................................62 

Figure 5.6: Four categories of nearest-neighbor interactions in a three dimensional 

lattice. Arrows indicate the direction of the displacement of the soft 

mode. J1 represents the head to head interaction, J2 represents the side to 

side interaction. J3 and J4 characterize the vertical interactions. .......63 

Figure 5.7: Two structures used to calculate the side by side interaction coefficients. 

The soft mode amplitudes in the unit cell with and without a arrow are 

u0 and zero, respectively. ..................................................................64 



xvii 

 

Figure 5.8: Brillouin zone sampling convergence. N corresponds to the N×N×N 

Monkhorst-Pack grid. .......................................................................67 

Figure 6.1: The mean square displacement,  ∑ ∑
−

= =

−+
−

Δ0

0 0

64

1

2
00

0
)]()([

)(64

tT

t i

ttt
tT

t rr , of 

oxygen atoms as a function of t in 6000K MD. T is the total simulation 

time, ∆t is the MD time step. ............................................................74 

Figure 6.2: Energy-volume scatter plot for amorphous and crystalline structures. Star 

and diamond points refer to type I and type II amorphous hafnia. ...76 

Figure 6.3: γ-β scatter plot for amorphous structures. γ is the angle between a and b 

axes and β is the angle between a and c axes. ..................................77 

Figure 6.4: The distribution of coordination numbers of oxygen and hafnium in 

amorphous hafnia. (a) and (b) show the distribution of oxygen 

coordination numbers for type I and type II structures, respectively. (c) 

and (d)  show the distribution of hafnium coordination numbers for 

type I and type II structures, respectively. ........................................78 

Figure 6.5: (a) Type I amorphous structure. Dark and light balls refer to oxygen and 

hafnium atoms, respectively. (b) Type II amorphous structure. .......80 

Figure 6.6: (a) The Hf-O radial pair distribution function for tetragonal hafnia and 

type I amorphous hafnia. (b) The Hf-O radial pair distribution function 

for monoclinic hafnia and type II amorphous hafnia. .......................81 

Figure 6.7: a) The deviation of Hf-O PDF as a function of distance r within a window 

of fixed width for crystalline and amorphous hafnia. b) The deviation of 

Hf-O PDF as a function of distance r in 10 Å and 8 Å windows. ....83 

Figure 6.8: The phonon density of states of monoclinic hafnia (dotted line) and type II 

amorphous hafnia (solid line). ..........................................................84 



xviii 

 

Figure 6.9: The excess free energy of type II amorphous HfO2 with respect to the 

monoclinic phase ∆F=Fa−Fm as function of temperature T changes its 

sign at Tc=2680 K. ............................................................................85 

Figure 6.10: The energy profile along the path from the monoclinic structure to a type 

II amorphous structure. The energy barrier is initially high and decreases 

as relaxation. .....................................................................................87 

Figure 6.11: The calculated heat capacity of monoclinic hafnia and type II amorphous 

HfO2 from 0K to 1000K. ..................................................................88 

Figure 7.1: Surface energy of monoclinic HfO2 as function of the oxygen chemical 

potential. Labels ending in ”Oxy”, “Hf” and “Stoi” refer to oxygen, 

hafnia, and stoichiometric terminations, respectively. Labels ending in 

‘H’ refer to hydrogen passivation. In the case of two oxygen-terminated 

)211( surfaces the termination with less oxygen is marked with an 

asterisk. .............................................................................................95 

Figure 7.2: (a) The relaxed structure of the stoichiometric ( 211 ) slab of monoclinic 

hafnia with 32 oxygen atoms and 16 hafnia atoms. (b) The relaxed 

structure of the oxygen rich oxygen-terminated ( 211 ) monoclinic slab 

with 36 oxygen atoms and 16 hafnia atoms. .....................................97 

Figure 7.3: (a) The total density of states of ( 211 ) oxygen rich monoclinic hafnia 

plotted in the energy window from –12.0 to 4.0 eV. (b) The partial 

density of states projected on the oxygen atoms labeled in Figure 2 b. 

The Fermi level is at the E=0 eV. ...................................................100 

Figure 7.4: The oxygen-projected density of states plotted layer-by-layer along the z-

axis of the oxygen-terminated slab. ................................................101 



xix 

 

Figure 7.5: (a) The partial electron density distribution coming from the localized 

states 2.7 eV below the Fermi level for the oxygen rich ( 211 ) 

monoclinic surface. Dots represent oxygen atoms at the surface. (b) The 

partial electron density distribution coming from the states right at the 

Fermi level of the oxygen rich ( 211 ) monoclinic surface. .............102 

Figure 7.6: Surface energy of several surfaces of tetragonal HfO2 with different 

termination and orientation. Labels indicate the orientation and 

termination of a particular surface. .................................................103 

Figure 7.7: (a) The relaxed ( 211 ) structure of the tetragonal hafnia stoichoimetric 

slab with 32 oxygen atoms and 16 hafnia atoms. (b) The relaxed (111) 

structure of the tetragonal stoichiometric hafnia slab with 32 oxygen 

atoms and 16 hafnia atoms. .............................................................104 

Figure 7.8: (a) A composite graph of the plane averaged electrostatic potential used as 

the energy reference, its macroscopic average, and the plane by plane 

projected oxygen density of states for the Hf-terminated (111) surface of 

t-HfO2. The surface state which is actually a dangling Hf d-orbital is 

clearly seen pinning the Fermi level.  (b) Same as (a) for the O-

terminated (111) surface of t-HfO2. ................................................106 

Fig. B1: The flow chart of the search algorithm. .................................................118 

 



1 

 

Chapter 1. Introduction 

Zirconium and hafnium are group IVB transition metals and have very similar 

properties both structurally and chemically. Their oxides, zirconia and hafnia (ZrO2 and 

HfO2, respectively) also are similar to each other. For instance, the difference between 

the lattice constants of these two oxides is so small that the conventional powder X-ray 

diffraction can hardly detect their individual presence [1]. Zirconia and hafnia based 

materials have been important ceramic materials for well over a century. Their attractive 

and useful properties are mostly associated with the stabilization of the tetragonal and 

cubic phases at room temperature [2]. The stable low temperature phase for pure zirconia 

and hafnia is monoclinic. However, cubic and tetragonal phases can be stabilized by 

introducing aliovalent ions and oxygen vacancies. The discovery of the transformation 

toughening in 1975 [3] brought many new high-performance applications of zirconia and 

hafnia, ranging from thermal barrier coatings [4-5] to fuel cells [6-8] and biomedical 

applications [5, 9-10]. In the last twenty years HfO2 and ZrO2 have found broad use in a 

variety of energy and biomedical applications owing to an unusual combination of 

strength, fracture toughness and high ionic conductivity [2]. Recently, thanks to a high 

dielectric constant, hafnia based materials have found a new application as a gate 

dielectric material in the transistor technology. Our research is motivated mostly by this 

new application of hafnia in semiconductor industry. 

Scaling of the complementary metal oxide semiconductor (CMOS) technology is 

at the heart of Moore’s law. However, after reaching the oxide (SiO2) thickness of 12 Å, 

scaling in Si CMOS has more or less stopped due to the prohibitively large gate leakage 

current caused by direct tunneling across the gate oxide. To circumvent this problem, a 

new dielectric with a higher dielectric constant had to be introduced. The CMOS gate 

dielectric should meet several requirements to be a viable alternative to SiO2. Firstly, the 
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dielectric needs to be thermodynamically stable in contact with Si to withstand a few 

seconds at temperatures as high as 1000 °C used for the source/drain dopant activation 

[11]. It has also become clear that in order to avoid compromising the channel mobility 

(and due to the prevailing deposition chemistry) a thin layer of SiOx 
would most likely 

separate Si from the high-k dielectric. Thus the stability criterion should be applied to the 

SiO2/high-k interface. Secondly, the interfaces with both SiO2 and gate metal should 

afford a mid-gap defect density comparable to that of Si-SiO2 interface or no more than 

1010  
cm-2 eV-2. Thirdly, the dielectric should have a relatively large band gap to enable 

at least 1.0 eV tunneling barrier in both bands. Fourthly, there should be suitable metals 

of p- and n-type to serve as gate electrodes. Finally, it is preferred for the dielectric to be 

amorphous. The last requirement, though not as stringent as the others, is nevertheless 

very important. Hafnium dioxide is currently used in field effect transistors instead of 

silica and does satisfy the first four requirements. Unfortunately, hafnia has been shown 

to crystallize readily upon even a low temperature anneal. 

The crystallization of the ALD-grown hafnia film (amorphous as deposited) 

occurs during the densification post deposition anneal at 430° C and results in a 

polycrystalline film with tetragonal and monoclinic polymorphs commonly reported [12]. 

Under ambient conditions, one would only expect the monoclinic phase; however, in thin 

films (particularly those grown under reducing conditions) different phases often co-exist 

with high temperature phases stabilized possibly by strain, surface energy or defects such 

as oxygen vacancies [13]. Zhao and Vanderbilt have shown [14] that the dielectric 

constant varies by as much as 50 % between the various phases, thus the capacitance of 

various regions of the device would vary significantly. Demkov and co-workers have 

shown that the charge neutrality level (the quantity that defines the band alignment at the 

heterointerface) varies by almost 1 eV between cubic and monoclinic hafnia [15], which 

would results in a fluctuation of the Schottky barrier height causing a significant variation 
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of the threshold voltage. Therefore stabilizing the amorphous phase of hafnia or, in other 

words, increasing the crystallization temperature, is technologically important.  

 

 

Cubic Tetragonal Monoclinic 

Figure 1.1: Structures of three HfO2 phases. Black and white balls represent Hf and O 

atoms, respectively. 

 In order to control the phase composition of gate dielectrics understanding the 

mechanism of structural phase transitions is the first step. However, even the crystalline 

phase transitions in these materials are not fully understood. The physics and chemistry 

of transition metal oxides, such as hafnia and zirconia, are much more complicated than 

those of Si dioxide. Thus the theoretical analysis of structural phase transitions in hafnia 

and zirconia is of great interest. Bulk crystalline hafnia and zirconia both undergo a 

succession of phase transitions, from the high temperature, high symmetry cubic phase 

(space group Fm3m, see Fig.1a) to slightly distorted structures with tetragonal (space 

group P42/nmc, see Fig.1b) and monoclinic (space group P21/c, Fig.1c) symmetry. Thus 

there are two crystalline phase transitions: monoclinic to tetragonal (MT) and tetragonal 

to cubic (TC). The temperature of the TC transition is about 2900 K [16] for hafnia and 

2600 K [17] for zirconia. The monoclinic to tetragonal transition shows considerable 

hysteresis and some dependence on sample preparation, occurring at 1420-1478 K for 

ZrO2 on heating, and 1273-1325 K on cooling [18]. The MT transition in hafnia has 

higher transition temperatures that are around 2100K on heating and 2050 K on cooling 

Hf 

O 
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[19]. In addition to crystalline phase transitions, we are interested in the crystallization of 

amorphous hafnia, which is directly related to applications of hafnia in CMOS 

technology. In this dissertation I will consider structural phase transitions in hafnia and 

zirconia using density functional theory. For each transition, the goal is to gain 

understanding of the mechanism, its basic thermodynamics and possible dynamics. 

Moreover, since zirconia and hafnia often exist in powders and films, where the surface 

energy has a large effect on thermodynamics, I will carefully study hafnia surface, 

including the atomic and electronic structure, energy and basic chemistry. 

The rest of the dissertation is organized as follows. In Chapter 2 I will introduce 

the fundamentals of DFT and its applications. In Chapter 3 I will discuss the principles of 

structural phase transitions. I then will consider specific structural phase transitions 

beginning with the monoclinic to tetragonal transition discussed in full details in Chapter 

4. In Chapter 5 I will discuss the tetragonal to cubic transition in hafnia and zirconia, 

which demonstrates behavior totally different from the MT transition. In Chapter 6 I will 

turn to the amorphous-to-crystalline transition and analyze the reasons for the low 

crystallization temperature of amorphous hafnia. In Chapter 7 I will describe an 

investigation of hafnia surfaces and their role in structural phase transitions.  
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Chapter 2. First principles methods 

2.1 DENSITY FUNCTIONAL THEORY 

The quantitative description of structural phase transitions requires a combination 

of the analytic formalism, computational methods and experiment. The computational 

part of this dissertation is done within the framework of density functional theory. We 

use Vienna Ab-initio Simulation Package (VASP) to perform all calculations [20]. VASP 

is a package for performing ab-initio quantum-mechanical calculations using 

pseudopotentials and a plane wave basis set. Let us start with a brief discussion of density 

functional theory (DFT). 

Density functional theory, introduced by Walter Kohn and co-workers, formulates 

the many-body problem of interacting electrons and ions in terms of a single variable, 

namely the electron density [21-22]. The Hohenberg-Kohn theorem states that: (i) the 

electron density alone is necessary to find the ground state energy of a system of N 

electrons, and (ii) that the energy is a unique functional of the density [21]. 

Unfortunately, the precise form of that functional is not presently known. However, we 

do have reasonably good approximations. Although the Hohenber-Kohn theorem does 

not offer a specific method to compute the electron density, the solution for a slow 

varying density is given by the Kohn-Sham formalism [22]. Here an auxiliary system of 

non-interacting electrons in the effective potential is introduced, and potential is chosen 

in such a way that the non-interacting system has the same density as the system of 

interacting electrons in the ground state. 

The Kohn-Sham (KS) equations below need to be solved iteratively until the self-

consistent charge density is found: 

)()()(
2
1 2 rrrv iiieff ϕεϕ =⎥⎦

⎤
⎢⎣
⎡ +∇−  (2.1)
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with the effective potential given by: 

[ ]
)(

'
'
)'()()(

rn
nE

dr
rr

rnrvrv xc
eff δ

δ
+

−
+= ∫  (2.2)

where )(rv is the external potential (e.g., due to ions) and [ ]nExc  is the exchange 

correlation energy functional. The exact form of this functional is not known and has to 

be approximated. The density is given by: 

2)()( ∑=
occ

i rrn ϕ  (2.3)

where the sum is over the N lowest occupied eigenstates. For the slowly varying density, 

Kohn and Sham introduced the local density approximation (LDA): 

[ ] drrnrnnE xcxc )())((∫= ε  (2.4)

where [ ]nxcε  is the exchange and correlation energy per particle in a uniform electron 

gas of density n . The exchange-correlation potential Vxc in the Eq. 2.2 is the functional 

derivative of Exc, which can be written as: 

)(
])([)(][

)(
][

)(
r

rr
n

nnn
rn
nE

V xc
xc

xc δ
δεε

δ
δ

+==  (2.5)

More generally, one can use the local spin density approximation (LSDA), in which the 

energy functional is given by: 

rdnnnnE xc
LSDA
xc

3)())(),((][ rrr∫ ↓↑= ε  (2.6)

where ))(),(( rr ↓↑ nnxcε is the exchange and correlation energy density in a uniform 

electron gas whose spin up density is  )(r↑n and spin down density is )( r↓n . The further 

development of generalized-gradient approximation (GGA) had marked improvement 

over the LDA (LSDA). The energy functional in the GGA is similar to that in LDA: 

rdnnnnnnE xc
GGA
xc

3)(),),(),((][ rrr∫ ↓∇↑∇= ↓↑ε  (2.7)
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The physical idea of GGA is that the energy functional also depends on the magnitude of 

the density gradient )(rn∇ . The exchange and correlation potential in the GGA is: 

σ
σ

ε
σδ

δεε
σδ

δ
σ

,),(
])([)(][

),(
][

),(
rr

rr ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂∇

∂
∇−+==

n
n

n
nnn

rn
nE

V xc
xc

GGA
xcGGA

xc  (2.8)

where σ denotes spin. It is important to keep in mind that it is the electron density that is 

the “output” of the KS equations. Strictly speaking, the eigenvalues of the KS equations 

{ }iε  have no direct physical meaning; nevertheless, they are often very useful when the 

single particle electronic spectra (band structures) are discussed. The reasons behind the 

tremendous success of the Kohn-Sham theory are easy to identify. By solving essentially 

a single electron equation not much different from that of Hartree, but including the 

effects of exchange and correlation, one gets an upper estimate of the ground state energy 

of a many-body system. The theory is variational, and thus forces acting on the atoms can 

be calculated. The equation however, is non-linear and an iterative solution is needed. 

2.2 BASIS SETS AND PSEUDOPOTENTIALS 

Typically, the KS equation is projected onto a particular functional basis set, and the 

resulting matrix problem is solved. In terms of the basis, when solving the KS equation 

one has two options. It is possible to discritize the equations in real space (this amounts to 

using δ-functions as a basis set) and solve it directly; these are so-called real space 

techniques [23]. Alternatively, one can choose a complete set of conventional functions. 

There are two major functional basis set types presently employed. The first choice is to 

use local orbitals such as e.g., atomic orbitals or any other spatially localized functions. 

Among advantages of a localized basis set are a smaller number of basis functions, and 

sparsity of the resulting matrix due to the orbital’s short range. The disadvantages are the 

complexity of multi-center integrals one needs, and absence of the systematic succession 

of approximations, since the set is typically either under-complete or over-complete. For 

periodic systems plane waves offer an excellent expansion set which along with the fast 
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Fourier transforms affords an easy to program computational scheme, the accuracy of 

which can be systematically improved by increasing the number of plane waves [24]. For 

systems with strong, localized potentials such as those of the first row elements, a large 

number of plane waves is necessary in the expansion, and calculations are computer 

intensive.  

Only the valence electrons are involved in bonding, and these electrons see a 

weaker potential since the orthogonality to the core state wave functions keeps them in an 

outer region where the core electrons partly screen the potential. Therefore one can 

substitute the full Coulomb potential due to ions )(rv  with a smooth pseudopotential. 

This effectively reduces the number of electrons one needs to consider to the valence 

electrons only. The practical importance of this approximation should not be overlooked. 

A typical diagonalization algorithm scales as N3 with the size of the matrix, thus for 

silicon we get a factor of 42 for the speed-up!  The most straightforward way to 

introduce the pseudopotential is due to Phillips and Kleinman [25]. Today, 

pseudopotentials used in electronic structure calculations may be broadly divided into 

three classes: the hard norm-conserving pseudopotentials [26], Vanderbilt-type ultra-soft 

pseudopotentials [27] and projector augmented wave (PAW) [28-29]. The “softness” 

refers to a measure of the variation in real space, which is quantified by the extent of the 

potential in Fourier space [30]. The analogy comes from expanding a step function in a 

Fourier series; it takes a large number of plane waves to eliminate spurious oscillations at 

the step edge. On the other hand a “softer” function such as e.g., hyperbolic tangent can 

be expanded with greater ease.  In general, hard pseudopotentials are more transferable. 

The choice of the pseudopotential is in part dictated by the choice of a basis set used in a 

calculation. The use of local orbitals allows for a much harder pseudopotential.  
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2.3 THE PROPERTIES OF THE GROUD STATE 

2.3.1 Total energy and Hellmann-Feynman forces 

Once the solution of KS equations is found, the total energy in the LDA is given by: 

{ }drrnrnrndrdr
rr
rnrnE xcxc

i
itotal ∫∫∫∑ −+

−
−≈ ))(())(()('

'
)'()(

2
1 μεε  (2.9)

where the exchange-correlation potential is given by { })())(( rnrn
dn
d

xcxc εμ ≡ . Now all 

ground state properties of the system can in principle be calculated. In particular, since 

we are using the Born-Oppenheimer approximation, the total energy of the electronic 

system which is a function of the ionic positions { }Ni RRR
rrr

...,...1 , can be used as a an 

inter-atomic potential. Note that unlike potential functions used in classical molecular 

dynamics or molecular mechanics methods, the energy function ( )Ntotal RRE
rr

,....1  is not a 

sum of pair-wise interactions ∑
ji

jiV
,

,2
1  but a true many-body interaction energy 

computed quantum mechanically! One can easily calculate a force acting on any atom i in 

the direction α  using the so-called Hellmann-Feynman theorem 

( )()( λϕ
λ

λϕ
λ ∂

∂
=

∂
∂ HE ) which is a rediscovery of the Ehrenfest result: 

α
α

i

total

R
E

Fi
∂

∂
−= , zyx ,,=α  (2.10)

Replacing atomic positions R by the strain tensor u
t

, the stress tensor,σ
t

can be calculated 

similarly using the Hellmann-Feynman theorem: 

αβ
αβσ

u
Etotal

∂
∂

Ω
−=

1
, zyx ,,, =βα  (2.11)

At this point one can find the lowest energy atomic configuration by employing an 

energy minimization technique such as damped molecular dynamics or a conjugate 

gradient method [24]. Alternatively, a real molecular dynamics (MD) simulation can be 
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launched. One has to keep in mind, however, that electronic frequencies 
h

ji EE −
are 

much higher than a typical phonon frequency ω and for a stable simulation the time step 

needs to be a small fraction of the characteristic atomic period. The calculation then 

proceeds as follows. The KS energy is first calculated in a self-consistent manner for the 

initial atomic configuration, the Hellmann-Feynman forces are evaluated, and atoms are 

moved to the next time step via some MD algorithm (Verlet, Gear, etc. [31-32]). At the 

new atomic configuration the KS equations are solved again, and the procedure is 

repeated. Needless to say, these are very expensive calculations. They offer certain 

advantages if a temperature dependence of a particular quantity is sought, since MD can 

be performed at finite temperature. For example, the Fourier transform of the velocity 

auto-correlation function gives the vibrational spectrum, thus calculations performed at 

different temperature would give the temperature dependence of the phonon frequency. 

2.3.2 Dielectric properties of ionic compounds 

The polarization and dielectric constant can now be evaluated. The macroscopic 

polarization is an important concept in any phenomenological description of dielectric 

media [33]. However, until 1990s there was no good microscopic understanding of the 

macroscopic polarization due to the ill definition of the electric dipole operator in an 

infinite crystal. This problem is solved by the modern theory of polarization [34]. 

Experimentally polarization is measured as an adiabatic flow current. For example, when 

a piezoelectric crystal is strained, a transient electrical current flows through the sample 

[35], and this is the quantity measured as shown in Fig. 2.1. The polarization of the final 

state is not obtained from a measurement performed on the final state only [35]. 

Therefore we have the fundamental equation: 

)()( t
dt

td jP
= , (2.12)
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where j is the macroscopic current density. The change in polarization density is given by  

)(   
 

0 
tdt

T
jP ∫=Δ . (2.13)

The root of the modern theory of polarization is Eq. 2.13. We can simplify by introducing 

a parameter λ that has the meaning of dimensionless adiabatic time [35]. Within the 

adiabatic approximation, the time t in the integral can be replaced by any scalar that 

describes the adiabatic process. λ changes continuously from zero (the initial system) to 

one (the final system). Then we can rewrite the change in polarization as: 

λ
λ

d
dd PP ∫=Δ

1 

0 
 . (2.14)

In terms of the Berry phase language [34], the adiabatic change is expressed as: 

∑ ∫∫ Ω=Δ
n

BZ

ndde
λπ

λ
, d

1 

0 )(2
    

k

kP , (2.15)

where d is the dimensionality of the system and 
n

λ,k
Ω is the Berry curvature tensor and 

defined to be  

⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

∂
∂

−
∂
∂

∂
∂

=Ω kkkk kkk nnnn uuuui
n

||
, λλλ . 

(2.16)

Here unk is the lattice-periodic wave-function at reciprocal point k in the nth energy band 

and obeys the equation >>= kkkk nnn uEuH || . For each band, one can write: 

ccuudie
d
d

nn
n .|

)2( 3 +∂∇= ∫ kkkkP
λ

πλ  (2.17)

where “c.c.” denotes the complex conjugate. Finally, following King-Smith and 

Vanderbilt we obtain the “Berry phase formula” for polarization for a crystalline solid 

[34]: 

∑∫ ∇=
n

nn uudie
kkkkP ||

)2(
)( 3π

λ  (2.18)
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Here the sum is over the occupied states and unk are understood to be implicit functions 

of λ. Once the change in polarization with respect to a reference state of the system is 

determined, the Born effective charge βα ,iZ  and the mode effective charge M
iaZ * can be 

evaluated: 

α

β
βα

i
i r

P
Z

∂

∂
=, ; jjj

i
j

M
i MZvZ /,
*

αββ βα ∑= , (2.19)

and the dielectric constant is given by [36]: 

∑ −
+= ∞

i i

M
i

M
i ZZ

22

**4
ωωπ

εε βα
αβαβ  (2.20)

The electronic contribution ∞
αβε  can be computed using the linear response theory. The 

values thus computed typically overestimate experiment by about 20%, mainly due to the 

error in the band gap. A semi-empirical “scissor” correction is then used in which the 

conduction bands are moved up in energy by hand to match the experimental spectrum. 

 

Figure 2.1: A realization of the piezoelectric effect in a crystal strained along a 

piezoelectric axis. The crystal is inserted into a shorted capacitor; the 

surface charges are then removed by the electrodes, and the induced 

polarization is measured by the current flowing through the shorting wire. 

[35] 
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Chapter 3. Principles of structural phase transitions 

3.1 CLASSIFICATION OF STRUCTURAL PHASE TRANSITIONS 

Phase transitions play an important role in nature. Generally, the transformation 

of a thermodynamic system from one state of matter to another is called a phase 

transition. In condensed matter physics, one of the most interesting, important and 

challenging problems is understanding of various phase transitions, such as liquid-to-

solid transitions, metal-to-insulator transitions, normal-to-superconducting transitions and 

so on. Among these phase transitions there is a class of so-called structural phase 

transitions that result in the atomic geometry changes of solids. In this dissertation we 

focus on the structural phase transitions in hafnia and zirconia. 

There are several ways to classify phase transitions. Ehrenfest [37] classified 

phase transitions in terms of derivatives of the thermodynamical potential that exhibit 

discontinuous changes at transition temperature .  First-order phase transitions exhibit a 

discontinuity in the first derivative of the thermodynamic free energy with respect to a 

thermodynamic variable. For example, the liquid to gas transition is as a first-order 

transition because it involves a discontinuous change in density, which is the first 

derivative of the free energy with respect to chemical potential [38]. The second-order 

phase transitions, such as the ferromagnetic transition, are continuous in the first 

derivative but exhibit discontinuity in a second derivative of the free energy. In the 

modern classification scheme, phase transitions are divided into two broad categories 

[37], named similarly to the Ehrenfest classes; first-order phase transitions are those that 

involve latent heat. During such a transition, a system either absorbs or releases a fixed 

(and typically large) amount of energy. The second class of phase transitions are 

the continuous phase transitions, also called second-order phase transitions. These have 
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no associated latent heat, and are manifested by a divergent susceptibility and an infinite 

correlation length.  

 

Figure 3.1: Hierarchy structure of the classification of solid structural phase transitions. 

The solid-phase structural transitions can be classified further. The hierarchy of 

the classification is shown in Fig. 3.1. Solid crystalline-to-crystalline phase transitions are 

divided into two categories, - diffusional and diffusionless, depending on whether the 

long-range atomic migration is involved [39-40]. According to Cohen et al. [39], 

diffusionless transformations can be further subdivided into two major categories, (i) 

transformations not induced by macroscopic strain, and (ii) lattice-distortive 

transformations induced by macroscopic strain of the lattice. Further the lattice-distortive 

transformations having certain crystallographic characteristics are called martensitic 
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transformations. Two phases involved in a martensitic transformation should have: (1) a 

lattice correspondence and orientation relationship, (2) a strain invariant plane, and (3) an 

atom to atom correspondence [40]. One may choose to further classify martensitic 

transitions as either “proper” martensitic transformations, where a group–subgroup 

relationship exists between the symmetry groups of the parent and product phases [41-

42], or as “reconstructive” martensitic transitions, where no such group–subgroup 

relationship exists [43-44]. I will show in the next two chapters that the monoclinic to 

tetragonal transformations in ZrO2 and HfO2 are the martensitic, strain-driven and first 

order [40, 45-46], while the tetragonal to cubic transformations should be treated as non 

strain-driven, second order phase transitions. However, before getting into details of 

specific phase transitions, I would like to set up a theoretical framework for the 

dissertation. In short, I will study structural phase transitions using two concepts: free 

energy landscape and energy landscape. 

3.2 FREE ENERGY AND ENERGY CONDITIONS 

Two main questions to answer about a structural phase transition are why and 

how. As for the “why” question, the reason of occurrence of a phase transition is that the 

thermodynamic system tries to minimize the free energy. The local minima of the free 

energy landscape correspond to thermodynamically stable structures. At a given 

temperature T, a thermodynamically stable phase should have the lowest free energy of 

all structures accessible under the equilibrium conditions. However, the transition from 

one phase to anther also needs to be dynamically allowed, i.e., the transition temperature 

should provide enough kinetic energy for atoms to go over the energy barrier between 

two phases. Finding the path that leads to the minimum energy barrier is of great interest. 

The minimum energy path gives us the answer to the “how” question. Even if the phase 

B has lower free energy than the phase A, the transition from A to B can’t happen at low 

temperatures if there is a high energy barrier between two phases. We study structural 
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phase transitions in the free energy landscape and energy landscape and postulate two 

conditions for the occurrence of the transition from phase A to phase B: 

1. Free energy condition - the free energy of the initial phase A must not be smaller than 

that of the final phase B at the transition temperature; 

2. Energy condition - the energy barrier between phase A and phase B can be overcome 

by thermal excitations in the phase A. 

These two conditions are necessary and sufficient for the occurrence of a phase transition. 

However, they play different roles in different phase transitions. The main condition of a 

phase transition is the one that determines the transition temperature. For example, in the 

amorphous to crystalline transition the free energy condition is always satisfied before 

and after the transition (the details will be presented in chapter 6), but the energy 

condition is satisfied only when temperature is above the transition temperature. Thus the 

main condition of the amorphous to crystalline transition is the energy condition. We will 

see in chapters 4 and 5 that the main condition of the crystalline phase transition is the 

free energy condition. The theoretical treatment of structural phase transitions can be 

reduced to calculations of the free energy and energy landscapes.  

3.3 FREE ENERGY LANDSCAPE AND RELATED EXPERIMENTAL METHODS 

3.3.1 Landau theory of phase transitions 

The theory of second-order phase transitions posed by Landau [47], has become a 

paradigm for phase transitions because of the simplicity of its formalism and universality 

of its applications. It can be used to describe ferroelectric, structural, magnetic and even 

superconducting and superfluid phase transitions. The Landau theory of phase transitions 

is a phenomenological theory describing free energy landscape. In this theory, there are 

two important, general concepts: broken symmetry and order parameter. 
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 When macroscopic conditions are changed, one or more symmetry elements may 

disappear. This is the phenomenon of broken symmetry. A magnetic system is a well-

known example. At temperatures above the Curie temperature the system has zero 

magnetization in zero field; it is symmetric, i.e., does not have any preferred direction of 

the magnetization. As the temperature is lowered below the Curie temperature a 

spontaneous magnetization develops in a specific direction; consequently the full 

directional symmetry for the magnetization breaks down. 

 When a system is transformed from a high symmetry phase to a low symmetry 

phase, there is a physical quantity η, called the order parameter, which varies in such a 

way that it is zero in the high symmetry phase and takes a nonzero value in the low 

symmetry phase. For instance, in a structural phase transition where the atoms are 

displaced from their equilibrium positions of the high symmetry phase, η may be taken 

as the amount of the displacement. The quantitative theory of second-order phase 

transitions is obtained by writing the Gibbs free energy G of the system as a function of 

pressure P, temperature T and order parameter η. The continuity of the change of state in 

a second-order phase transition implies that the quantity η takes arbitrarily small values 

near the transition point. Therefore, in the vicinity of a phase transition G can be 

expanded in a power series of η. For the case of a scalar order parameter η, free energy is 

written as: 

G(P, T, η) = G0 + αη + Aη2
 + Cη3

 + Bη4
 + · · · (3.1)

Assuming that the two possibilities of broken symmetry for η and −η are equivalent, the 

coefficient α, C and other odd order terms are identically equal to zero. The stability 

condition requires that G, as a function of η, has a minimum at η0 and thus satisfies 
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The equilibrium value of the order parameter is found from Eq. 3.2. In the high symmetry 

phase (T >Tc) the equilibrium value η = 0, thus it is necessary that A > 0. On the other 
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hand, in the low symmetry phase (T < Tc), η takes a non-zero value, and it is required that 

A < 0. Therefore, at the transition point A is zero. In the vicinity of Tc the coefficient of 

the quadratic term A is expected to be a linear function of temperature  A(P, T) = 

a(P)(T − Tc)  with a(P) > 0. If the phase transition point (T=Tc) is stable, the following 

conditions must also be satisfied: 
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Then we have  

A(P, Tc) = 0, B(P, Tc) > 0  (3.4)

Generally, B is weakly temperature dependent and in the simplest case is taken to be a 

positive constant. Neglecting the higher order terms, free energy takes the form: 

G(P, T, η) = G0 + A(P, T)η2+ Bη4. (3.5)

From ∂G/∂η = 0, we obtain η(A + 2Bη2) = 0, which is called the equation of state, 

because it governs the relationship of P and T in the system. There are three solutions: 

η = 0, and η =
2/12/1

2
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2 ⎥
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B
TTa

B
A c .  (3.6)

For T ≥ Tc, η = 0 is stable, but for T < Tc , η = 0 corresponds to the free energy maximum, 

and thus only the nonzero solution is stable, which corresponds to the appearance of the 

ordered phase.  

Starting from the free energy for a second order phase transition: G(P, T, η) = G0 

+ A(P, T)η2+ Bη4, we can modify the free energy by adding the 3rd or 6th order terms to 

describe the first order phase transition. For example, in nematic liquid crystals where the 

order parameter η denotes the orientational order, the free energy includes the cubic term:  

G(P, T, η) = G0 + A(P, T)η2+ C η 3+Bη4. (3.7)

In some ferroelectric materials, weak first order phase transitions have been observed 

experimentally [48-49] and can be described with a 6th order term: 
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G(P, T, η) = G0 + A(P, T)η2+Bη4+ Dη6. (3.8)

 

Figure 3.2: The Gibbs free energy containing a 6th order term at different temperature. 

With the 6th order term, we consider the case of A>0, B<0 and D>0 [50]. The free energy 

is sketched in Fig. 3.2. Here the equation for the coefficient A = a(T  Tc) still holds, 

because we assume Eq. 3.8 is only a small modification of Eq. 3.5. Now Tc is not a 

transition temperature and corresponds to the absolutely unstable limit of the high 

symmetry phase. The equilibrium condition ∂G/∂η = 0 gives the equation of state: 

2a(T − Tc)η + 4Bη3 + 6Dη5 = 0. (3.9)

The solutions for this equation are: 
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At the transition temperature Tt the three minima have the same free energy:  

G(P, Tt, η )=G0.  

Therefore we can obtain the transition temperature as  

Tt=Tc+B2/(3aD). (3.11)

For those materials that are sensitive to elastic strain, we can take recourse to Landau 

theory by adding in strain-dependent term: 

G

 η 

T>Tt 

 
T=Tt 
 
T=Tc<Tt 
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G= G0 + A(T-Tc)η2+Bη4+ Jη2ε+1/2Kε2, (3.12)

where ε is a component of the strain field, J is the coupling constant and K is the elastic 

constant corresponding to ε. An interaction term η2ε is a general and reasonable choice. 

The condition of minimizing the free energy ∂G/∂η=0 gives 

ε=-Jη2/K and η2=
KJB

TTa c

/2
)(

2−

−
− .  (3.13)

In this formalism, the equilibrium value of ε depends on temperature. In this dissertation 

we will construct the free energy formula for different phase transitions in hafnia and 

zirconia using the Landau theory.  

3.3.2 Vibrational entropy and free energy 

The Landau theory is a phenomenological theory for the free energy landscape. 

The calculation of free energy is rather hard. Fortunately it is possible to calculate free 

energy of a solid within the harmonic approximation [51]. The harmonic approximation 

assumes that we can calculate accurately the energy of a solid by retaining only the 

leading nonvanishing term in the expansion of the potential energy about its equilibrium 

value. If we ignore other forms of disorder such as defects, free energy of a solid system 

is given by:  

phononphonongGibbs TSEpVETSpVEF −++=−+= . (3.14)

The first term Eg is the internal energy of the ground state of the system that can be 

obtained from first principles calculations. The second term is negligible because the 

solid transformation discussed here occurs under ambient pressure and the volume 

change during the transformation is small. The last two terms together constitute the 

phonon contribution to free energy, and can be calculated from the phonon density of 

states as follows [57]: 
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where r is the number of degrees of freedom in the unit cell, ω  is the phonon frequency 

and )(ωg is the phonon density of states (DOS). The above formula shows that the 

information of phonons is necessary for a free energy calculation. 

 We calculate the phonon frequencies using the so called direct method [52]. The 

direct method uses the forces calculated via the Hellmann-Feynman theorem in a total 

energy calculation to compute the force constant matrices (Hessian matrices) assuming a 

finite range of interaction [53]. Diagonalizing the dynamical matrix (lattice Fourier 

transform of the Hessian matrix) for k points in the Brillouin zone gives phonon 

frequencies. The dynamical matrix is defined as: 

)]},,(),0([2exp{),;,0(1);(0 νμπνμμν
νμ

mRRkmBkD
m

−⋅−×= ∑ i
MM

 (3.16)

where ),;,0( νμ mB are the harmonic force constant matrices relating atoms (0, μ) and (m, 

ν). Here m and 0 in the parenthesis are the indices of the primitive unit cell. The μ and ν 

are indices of atoms in the primitive unit cell. Mμ, Mν and R(0,μ), R(m,ν) are masses and 

positions of atoms, respectively. If the number of atoms in the primitive unit cell is γ, the 

dimension of the dynamical matrix is 3γ×3γ. In the case of an ionic insulator, one needs 

to consider the long range Coulomb contributions (particularly at the Γ point). The long 

range part of the dynamical matrix is given by [56]: 
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Here, ρ is a parameter to control the range of the long range term and Z is the Born 

effective charge tensor discussed in the previous chapter [34].  
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3.3.3 Beyond the harmonic approximation 

When discussing phonons we rely on a simplifying assumption of small 

oscillations. However, there are many important physical phenomena, such as thermal 

expansion and lattice thermal conductivity, that cannot be explained in a purely harmonic 

theory because they are entirely due to the neglected high order terms in the expansion of 

the ionic interaction energy about its equilibrium value. The anharmonic terms are also 

presented in the free energy expansion when the vibrations of the lattices are taken as the 

order parameters of the structural phase transition. This method is known as the soft 

mode theory. One can identify the coefficients for the anharmonic terms using the first 

principles method. The direct approach is simply to calculate the total energy, forces and 

stresses as a function of the position of the nuclei, which is called the “frozen phonon 

method” [54]. Transition metals oxides are a good example where electronic structure 

calculations of the “frozen phonon” energies can provide this information. In this 

dissertation we will combine the frozen phonon method with the soft mode theory to 

consider the tetragonal to cubic phase transition in hafnia and zirconia in Chapter 5. 

3.3.4 Infra-red and Raman spectroscopy 

 As we have shown, the calculation of phonons is key to an ab-initio free energy 

calculation. We need to validate theoretical phonon calculations by experiments. There 

are several experimental tools for measuring phonons, such as neutron scattering, infra-

red spectroscopy and Raman spectroscopy. We take advantage of the infrared and Raman 

data in our research. Here we briefly introduce these two techniques. If electromagnetic 

radiation is incident on material in its ground state, then the radiation will excite those 

vibrational modes which give rise to a dipole moment. In the ground state, the material is 

in a zero phonon state and has A1 symmetry. A1 denotes the one dimensional irreducible 

identity representation of a group. Group theory helps decide whether or not an 

electromagnetic transition will occur, i.e., if a given excited mode can be connected by 
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the electromagnetic wave to the ground state A1. The frequencies of optical waves that 

can be absorbed usually occur in the infra-red spectral region. However, the probability 

of such a transition occurring depends on the relationship between the material’s electric 

dipole moment and wavefunctions of the ground state and of the excited state. Quantum 

mechanics tells us that the probability of the electric dipole induced transition occurring 

between the states described by ψm and ψn is proportional to a transition matrix element 

<ψm| H’infra |ψn>, where H’ is the perturbation Hamiltonian for the interaction of the 

material with the electromagnetic field: 

H’infra= - E·u .  (3.18)

Here E is the incident oscillating electric field, and u is the induced dipole moment 

arising from phonons in the material. To determine whether or not the material is infrared 

active, we find out whether or not a matrix element vanishes. According to group theory, 

the infrared active modes transform as the irreducible representations for the basis vectors 

x, y and z. The specific basis vector indicates the polarization of light needed to excite 

that specific mode [55]. 

 In the Raman effect a photon is scattered inelastically by a crystal, with creation 

or annihilation of a phonon [56]. The Raman effect is made possible by the electronic 

polarizability. Suppose that the polarizability tensor α
t  associated with a phonon mode 

can be written as a power series in the phonon amplitude s: 

L
tttt

+++= 2
210 ss αααα  (3.19)

If s(t)=s0⋅cosΩt and the incident electric field is E(t)=E0⋅cosωt, then the induced electric 

dipole moment has a component: 

])cos()[cos(
2
1coscos 001001 ttuEttuE Ω−+Ω+=Ω ωωαωα
tt

. (3.20)

Thus photons at frequencies ω+Ω (the anti-Stokes lines) and ω-Ω (the Stokes lines) can 

be emitted. The Raman perturbation is of the -E·u form and H’Raman is written as  

tuEH Raman )cos(
2
1

001
' Ω±−= ωα

t
. (3.21)
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The transformation properties of H’
Raman are those of a second rank symmetric tensor 

ijα
t

(where i, j = x, y, z). To find out whether a particular mode is Raman active we need 

only consider the matrix element <ψf|H’Raman|ψi>, where ψf is the final state 

corresponding to a normal mode we are trying to excite and ψi is the initial state generally 

taken as the ground state which has the full symmetry of the group of the Schrödinger 

equation. As for the infrared excitation the dipole operator transforms as a vector and 

selection rules for a vector interaction couple states with opposite parity. On the other 

hand, the Raman process is characterized by an interaction H’Raman which transforms as a 

tensor that is even under inversion and therefore couples an initial and final state of 

similar parity.  

3.4 ENERGY LANDSCAPE AND RELATED EXPERIMENTAL METHODS 

3.4.1 Measuring energy difference 

When identifying stable phases, we would like to know the energy difference 

between them. Theoretically, we can calculate the difference in the total energy from first 

principles. Experimentally, the differential scanning calorimetry is one of the most 

powerful techniques to measure the energy difference. Differential scanning 

calorimetry (DSC) is a thermo-analytical technique in which the difference in the amount 

of heat required to increase the temperature of a sample and reference are measured as a 

function of temperature. Both the sample and reference are maintained at nearly the same 

temperature throughout the experiment. Generally, the temperature program for a DSC 

analysis is designed such that the sample holder temperature increases linearly as a 

function of time. The reference sample should have a well-defined heat capacity over the 

range of temperatures to be scanned. The main application of DSC is in studying phase 

transitions, such as melting, glass transitions, or exothermic decompositions. These 

transitions involve energy changes or heat capacity changes that can be detected by DSC 
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with great sensitivity. In our research DSC data of our collaborators at UC Davis is used 

to validate our total energy calculations. 

3.4.2 Finding minimum energy path 

The minimum energy path between two phases is key to understand the dynamics 

of a phase transition. The nudged elastic band method (NEBM) [57-58] is normally used 

to find minimum energy path (MEP) in diffusion problems and reaction paths for 

chemical reactions when the initial state and the final state are known. We apply the 

NEBM to the structural phase transition. This method starts by guessing the MEP that 

connects two stable structures. A discrete number of intermediate structures (called 

images) are generated along the line interpolation between the initial and final states. The 

string of images can be denoted by (R0, R1, R2, ⋅⋅⋅, RN) where the endpoints are fixed, 

i.e., R0 and RN are the initial and final states. Then an optimization algorithm is applied 

to relax the N-1 images down towards the MEP as shown in Fig. 2.1. An object function 

can be constructed and minimized with respect to the intermediate images. The object 

function is normally chosen as [59]: 

∑ ∑
−

= =
−− −+=

1

1 1

2)(
2

)(),,(
N

i

N

i

kES 1iii1N1 RRRRR L . (3.22)

Here E(Ri) is the energy of the image Ri and k is the spring constant of a virtual spring 

connecting neighboring images. This mimics an elastic band composed of N-1 beads and 

N springs. Thus the forces felt by the image Ri during the relaxation can be divided into 

the true forces, )( iE R∇ , coming from the interaction between atoms in the system and 

spring forces coming from the elastic potential. However, there are two problems for the 

elastic band method: corner-cutting and sliding-down [59]. The first one is that the elastic 

band tends to cut corners and is pulled off the MEP by the spring forces. Also, the images 

tend to slide down towards the endpoints and the density of images around the saddle 
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point (the transition states) decreases after optimizing. Both problems can be solved by 

the “nudging” method that actually is a force projection. The reason for the corner-cutting 

is the component of the spring force perpendicular to the path, while the down-sliding is 

due to the parallel component of the true force. The solution for both problems is that one 

only keeps the parallel component of the spring force and perpendicular component of 

the true force: 

ii
s ττFRF ˆ )ˆ(|)( ⋅+−∇= ⊥ iii E , (3.23)

where )( iE R∇  is the gradient of the energy with respect to the atomic coordinates at 

image i, Fi
s is the spring force acting on image i and iτ̂ is the unit tangent to the path. The 

highest energy image at the MEP gives a good estimate of the transition state. Using this 

method we can connect stable structures in the energy landscape through the MEPs.  

 

Figure 3.3: Schematics of the nudged elastic band method. The dashed line is the guessed 

elastic band. Optimization pushes the initial band downward to the 

minimum energy path represented by the solid line [60]. 

 

Initial state Final state 
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Chapter 4. Monoclinic to tetragonal phase transition 

The results of this chapter have been published in the Physical Review: X.H. Luo, W. 

Zhou, S.V. Ushakov, A. Navrotsky and A.A. Demkov, Phys. Rev. B 80, 134119 (2009). 

4.1 INTRODUCTION 

 At ambient pressure, the stable low temperature phase of hafnia and zirconia is 

monoclinic. As temperature increases monoclinic hafnia first experiences a monoclinic to 

tetragonal (MT) phase transition. Fig. 4.1 shows the structures of monoclinic and 

tetragonal phases. The monoclinic primitive cell shown here has 12 atoms. The tetragonal 

primitive cell has 6 atoms, however, the tetragonal cell shown here is the 2 -doubled 

primitive cell and it has 12 atoms. 

  

Monoclinic Tetragonal

Figure 4.1: Crystal structures of monoclinic and tetragonal hafnia and zirconia. Black 

and white balls represent hafnium and oxygen atoms, respectively. 

The most significant feature of the MT transition is that the angle β between the 

lattice axes changes from 99˚ to 90˚. Experimental data on the MT transformation in 

ZrO2 are readily available [2, 18, 45, 61]. The transition shows considerable hysteresis 

and some dependence on sample preparation, occurring at 1420-1478 K for ZrO2 on 

heating, and at 1273-1325 K on cooling [18]. Navrotsky et al. reported the transition 
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enthalpy of 5.43 ± 0.31 kJ/mol and entropy of 3.69 ± 0.21 J· (mol · K)-1 [61]. The axial 

thermal expansion of ZrO2 over the temperature range from 298 K to 1673 K has been 

studied by Patil and Subbarao [45]. They report a 3.0% volume contraction during the 

transformation at 1427 K. Because of the higher transition temperature, experimental data 

on the MT transformation of HfO2 are more limited. High temperature X-ray diffraction 

analysis has been the main technique used to determine the transformation temperature 

[62]. Schick [63] and Barin [64] estimated the transformation enthalpy to be 10.46 kJ/mol 

at 1973 K by combining Orr’s [65] heat content data below 1973 K and Pears’ [66] data 

above 1973. K. Wang et al. [18] calculated the enthalpy of the MT transformation to be 

8.21 kJ/mol by adopting the same entropy of transformation as for ZrO2 and a MT 

transition temperature of 2052 K.  

 In recent years the crystallographic structure, vibrational and electronic spectra, 

and dielectric constants of bulk hafnia and zirconia have been studied theoretically [67-

72]. However, the theoretical analysis of the phase transitions in both materials is at best 

incomplete. There is a comprehensive theoretical study of high pressure phase transitions 

in ZrO2 done by Öztürk and Durandurdu [73].  

 In this chapter we report a theoretical study of the monoclinic to tetragonal phase 

transformations in hafnia and zirconia. Our collaborators (A. Navrotsky group at UC 

Davis) measure the transition temperature, the volume change, and the enthalpy of 

transformation in hafnia using the differential thermal analysis (DTA) and 

thermomechanical analysis (TMA). We use density functional theory to investigate the 

MT phase transition by calculating the potential energy surface. We calculate the 

enthalpy, entropy, and temperature of the transition as well as the heat capacity of the 

monoclinic and tetragonal phases. Using transition state theory (NEBM) we identify the 

minimum energy path (MEP) for the MT transition. We provide a comprehensive 

comparison of the structure, thermodynamics, and phonon spectra of hafnia and zirconia.  
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4.2 COMPUTATIONAL DETAILS 

 Density functional theory calculations within the local density approximation are 

carried out using the Vienna ab initio Simulation Package (VASP) [20]. We employ the 

projector-augmented wave (PAW) pseudopotentials [27]. For Hf we include 5d and 6s 

electrons and for Zr we include 4d and 5s electrons, while 2s and 2p electrons are 

included for oxygen. The Brillouin zone (BZ) integration is performed with the 

Monkhorst-Pack method [74] using a 8×8×8 special k-point grid for both monoclinic and 

tetragonal simulation cells. The kinetic energy cutoff of 800 eV is found to ensure the 

total energy convergence to 10-6 eV/atom (10-4 kJ/mol). The full structural relaxation is 

performed until the Hellmann-Feynman forces are less than 0.04 eV/Å.  

 Free energy of the monoclinic and tetragonal phases is calculated within the 

harmonic approximation. The heat capacity and entropy are calculated by integrating the 

phonon density of states. All thermodynamic parameters are computed under the constant 

volume conditions. The Hellmann-Feynman forces are calculated with the 800 eV energy 

cutoff and 4×4×4 k-point grid for the 2×2×2 supercell, and are converged to 10-3 eV/Å. 

4.3 RESULTS  

 An example of differential heat flow and displacement scans for HfO2 is given in 

Fig. 4.2. The MT transition enthalpy is 8.4 ± 0.7 kJ/mol as an average of fourteen 

measurements (see Table 4.1 and Table 4.2) with uncertainty given as two standard 

deviations of the mean. The As and Ms temperatures in Table 4.2 corresponds to 

transformation onsets on heating and on cooling. The hysteresis loop from DTA 

measurements varies from 311 to 321 K. This value is much smaller than that for zirconia 

and consistent with previous studies [75]. The equilibrium temperature (where ΔGMT= 0) 

can be estimated for this martensitic transformation as an average of transformation 



30 

 

onsets on heating and on cooling. Taking into account uncertainties in calibration and 

thermocouple drift, from our experiments T0 can be estimated as 2073 ± 10 K.  

Table 4.3 presents the optimized structural parameters for monoclinic and 

tetragonal polymorphs of HfO2 and ZrO2 along with the experimental data. We compare 

calculated metal-oxygen bond distances with corresponding experimental values in Table 

4.4. The bonds are labeled as in Fig. 4.3 showing the MO7 coordination polyhedron of the 

monoclinic phase. Overall the agreement is fair with the worst deviation of 3% for the Ib 

bond in hafnia. Because the calculations give us the ground state of a system at zero 

temperature, the theoretical volume is smaller than the experimental value at room 

temperature [1, 76]. The generalized gradient approximation (GGA) often gives lattice 

constants in closer agreement with experiment [77]. However, the phonon frequencies 

calculated with the LDA are better than those computed with GGA when calculating the 

phonons in hafnia and zirconia [65]. In principle, the lattice constant calculated at zero 

Kelvin should be smaller than that measured at room temperature, and the phonon 

frequencies should be higher (due to the same unharmonicity that causes thermal 

expansion). We find that in this case the LDA gives us an overall better description of 

hafnia and zirconia. Because the enthalpy of a phase transition is equal to the difference 

in total energy between two phases (the P∆V term relating energy and entropy being 

negligible at atmospheric pressure), we can directly compare the experimental 

measurements of the enthalpy and theoretical total energy as shown in Table 4.2. The 

agreement is rather good for both HfO2 and ZrO2. 
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Figure 4.2: Upper panel: differential heat flow traces of HfO2. Heating rate 10 K/min, 

cooling rate 20 K/min. Baseline correction applied. Lower panel: 

displacement trace for HfO2 pellet.  
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Table 4.1: Experimental results on monoclinic-tetragonal phase transition in HfO2. As, 

Ms – transition onsets on heating and cooling.  

Sensor, 

atmosphere 

dT/dt

(K/min) As (K) Ms (K) 

T0

(K) 

H

(µV·s/g)

Sens

(µV/W) 

H 

(kJ/mol) 

  10 2101 483 15.0 6.8 

 -10         2074 2082 571 15.6 7.7 

Sensor 1   10 2110 662 15.0 9.3 

Argon -20         2062 2086 539 15.6 7.3 

  10 2110 655 15.0 9.2 

  -20         2067 2089 622 15.6 8.4 

  10 2093† 1115 26.8 8.8 

Sensor 2 -10         2049 2071 1153 27.6 8.8 

Helium  10 2091‡ 1579 34.9§ 9.5 

 -10         2045 2068 1316 36.0 7.7 

  10 2094 551 17.1 6.8 

Sensor 3 -10         2055 2074 819 17.8 9.7 

Argon  10 2093 735 17.1 9.1 

  -10         2055 2074 724 17.8 8.6 

Average: T0 = 2073 ± 10K ∆H = 8.4 ±0.7 kJ/mol 
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Table 4.2: Phase Transition Data for ZrO2 and HfO2 (M, monoclinic; T, tetragonal; C, 

Cubic) 

Transition T (K)
∆H 

 (kJ/mol) 
∆S

(J/mol/K) 
Experimental method and reference 

ZrO2 M-T 1478 5.941 4 Drop calorimetry [78]
  1475 5.3 ±0.5 3.56 Calorimetry [79]
  1420 7.763 Calorimetry by mixtures method [80] 
  1423 8.297 5.836 Calorimetry by mixtures method [81] 
  1395 5.64 4.07 DSC [82]
  1435 5.2 ±0.6 DSC [83]
  1286 4.313 DSC [84]
  1478 5.941 Assessed [85]
  1454 6.024 Optimization [86]
  1476 6.441 Optimization [87]
  1478 5.941 Optimization [88]
  1387 6.00 Optimization [89]
  1470 5.4 ±0.3 3.7 ±0.2 [61] 
  1560 7.5 Theoretical calculation [This work] 
 T-C  1.45 Molecular dynamics [90] 
  2650 5.564 2.09 Assessed [85]
  2642 5.968 Optimization [86]
  2627 21.699 Optimization [87]
  2641 6.045 Optimization [88]
  2647 7.5 Optimization [89]
  2311 3.4 ±2.1 1.3 ±0.8 DTA [91]
 M-C 298 13.5 ±2.2 [92]
  298 9.7±1.1 [93]
   14.26 theoretical calculation [This work] 

HfO2 M-T 2052 8.208 Optimization [18]
  1973 10.46 Optimization [63]
  2078 7.7 ±0.6 DTA  [This work]
  1920 10.21 Theoretical calculation [This work] 
 T-C 3073 11.212 Optimization [18]
 M-C 298 ~30-50 [77]
  298 32.5 ±1.7 [94]
   18.11 Theoretical calculation [This work] 
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Figure 4.3. The configuration of oxygen atoms in the ZrO7 and HfO7 polyhedra in ZrO2 

and HfO2. Three of seven oxygen atoms are three-fold coordinated (atoms 

of type I), and four of them are four-fold coordinated (atoms of type II).  
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Table 4.3: Theoretical structural parameters for the HfO2 and ZrO2 polymorphs and 

comparison with experimental data. 

 a (Å) b (Å) c (Å) β (deg) Data type and reference 
Mono. 
HfO2 

5.1156 5.1722 5.2948 99.18 Experiment from [77] 

 5.119 5.169 5.290 99.25 Experiment from [94] 
 5.117 5.172 5.284 99.37 Experiment from [75] 
 5.029 5.132 5.183 99.48 Theory [this work] 
 5.106 5.165 5.281 99.35 Theory from [95] 

Mono. 
ZrO2 

5.156 5.191 5.304 98.9 Experiment from [76] 

 5.145 5.208 5.311 99.23 Experiment from [1] 

 5.115 5.23 5.26 99.61 
Theory [this work 

(LDA)] 
 5.1065 5.1678 5.2700 99.21 Theory from[67] 

 5.135 5.184 5.302 99.48 
Theory [this work 

(GGA)] 
Tetr. HfO2 5.14  5.25 Experiment from [96] 

 5.150  5.295(1760) Experiment from [97] 
 5.175  5.325(2000) Experiment from [98] 

 4.98  5.07  
Theory [this work 

(LDA)] 

 5.063  5.190  
Theory [this work 

(GGA)] 
 5.056  5.127 Theory from [95] 

Tetr. ZrO2 5.0282  5.0987 Theory from[67] 
 5.07  5.14 Theory [this work] 
 5.094  5.177 Experiment from [77] 
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Table 4.4: Experimental and theoretical bond lengths for the HfO2 and ZrO2 polymorphs. 

Ia-Ic and IIa-IId refer to oxygen atoms shown in Fig. 4.3. 

 Experiment for Hf-O 

distance (Å) 

Experiment for Zr-O 

distance (Å) 

Theory for Hf-O 

distance (Å) 

Theory for Zr-O 

distance (Å) 

Ia 2.031 2.057 2.024 2.063 

Ib 2.174 2.163 2.111 2.163 

Ic 2.052 2.051 2.025 2.058 

IIa 2.17 2.189 2.143 2.181 

IIb 2.162 2.22 2.114 2.223 

IIe 2.202 2.151 2.187 2.146 

IId 2.254 2.285 2.189 2.230 

4.3.1 Phonons, heat capacity, and transition temperature   

 The heat capacity of monoclinic zirconia is well known from cryogenic to high 

temperatures [96-97, 99-101], providing a reliable value for its standard entropy at 298 K 

as well as at higher and lower temperatures.  Heat capacity data for monoclinic hafnia 

are meager and old. Low temperature heat capacity from 52.47 to 298.16 K was 

measured by Todd [75] and enthalpy increments of HfO2 at 382.7-1803.6 K were studied 

by Orr et al. [65]. Values of heat capacity and standard entropy for tetragonal and cubic 

phases cannot be obtained directly by Cp measurements because these phases cannot be 

maintained below their transition temperatures. Thus theoretical calculations for these 

phases not only can be benchmarked by the data for monoclinic zirconia but also can 

provide valuable data for tetragonal and cubic zirconia and for all three hafnia 

polymorphs. The calculated entropies for the MT and TC transitions can then be 

compared with those obtained from the measured phase transition enthalpies and 

temperatures.  
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First we calculate the phonon dispersion for tetragonal and monoclinic phases of 

hafnia and zirconia. The short-range force constant matrix is computed in the 96-atom 

2x2x2 super-cell (one can choose 12-atom unit cells for both polymorphs, see the next 

section). To calculate the force constant matrix each atom is displaced in turn along each 

Cartesian axis by ± 0.04 Å, and the numerical derivative of the force is calculated and 

averaged to eliminate the odd power unharmonicity. The dynamical matrix is then 

computed by the usual lattice Fourier transform (See Eq. 3.15). Because hafnia is an ionic 

compound, one needs to consider the long range Coulomb contributions (particularly at 

the Γ point). The long range part of the dynamical matrix is given by Eq. 3.16 [102]. We 

choose ρ = 0.06 Å-1 and 5=∞ε [67]. We use the Born effective charge tensors recently 

calculated by Zhao and Vanderbilt [67]:  
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(4.1)

Figures 4a and 4b show the phonon spectra of monoclinic and tetragonal hafnia 

calculated including only the short-range contributions to the dynamical matrix. The 

phonon dispersion is plotted along the high symmetry directions in the first BZ. The path 

of the calculation for the monoclinic phase starts and ends at the Γ(0, 0, 0) point, going 
through ),0,0(

a
B π , ),0,(

aa
A ππ , Г, ),,(

aaa
E πππ  and )0,0,(

a
Y π  as shown in Fig. 4.4a. For the 

tetragonal phase we again start and end at the Γ point passing through )0,,(
aa

M ππ , )0,,0(
a

X π , 

Г and ),0,0(
a

Z π  (see Fig. 4.4b).  We will compare theoretical values of the Raman and 

infrared (IR) active modes to available experiment later in the chapter. The inclusion of 

the long range correction mostly influences the modes close to the Γ point as can be seen 

in Fig. 4.4c. So in the total density of states shown in Fig. 4.5 for two hafnia polymorphs 

the long range correction is omitted. The phonon DOS is obtained by diagonalizing the 

dynamical matrix )(kD
r

 on a dense 24×24×24 special k-point grid over the entire first 

BZ. In Fig. 4.5 the solid and dashed lines show the density of states for tetragonal and 
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Figure 4.4: (a) The phonbon dispersion of monoclinic HfO2 without long ranger 

interactions. (b) The phonon dispersion of tetragonal HfO2 without long 

ranger interactions. (c) The phonon dispersion of monoclinic HfO2 with 

long ranger interactions. 
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monoclinic phases, respectively. The DOS of the monoclinic phase is blue-shifted with 

respect to that of the tetragonal phase. Both spectra may be roughly divided into two 

regions the low frequency part (below 350 cm-1) and the high frequency part. In the case 

of monoclinic hafnia two parts are separated by a quasi gap. The origin of this separation 

will be discussed later. 

 

Figure 4.5: The phonon densities of states of monoclinic and tetragonal hafnia. The 

dashed and solid lines refer to the monoclinic and tetragonal polymorphs, 

respectively.  
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Figure 4.6: The excess free energy of tetragonal HfO2 with respect to the monoclinic 

phase ∆F=Ft −Fm as function of temperature, ∆F changes its sign at 

Tc=1920 K. 

The transition temperature can now be calculated using simple thermodynamic analysis. 

Free energies of two phases are equal at the transition temperature. In the harmonic 

approximation (ignoring other forms of disorder), free energy of a system is given by Eq. 

3.14 and 3.15. In Fig. 4.6 we plot the difference in free energy per HfO2 formula unit 

between the monoclinic and tetragonal phases. At the transition temperature the 

difference in entropy between two phases cancels the difference in the total energy, and 

the free energy difference is zero. From Fig. 4.6 it follows that the monoclinic phase is 

stable in the low temperature region when the Eg term dominates. Above 1920 K the 

tetragonal phase becomes more stable as its free energy is lower. Recently, Sternik and 

Parlinski [53], using a similar approach, calculated the MT transition temperature for  
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Figure 4.7: (a) The calculated heat capacity of monoclinic HfO2 and ZrO2 from 0 to 

1000K. In the embedded figure the crossover region is enlarged. (b) 

Experimental data for monoclinic hafnia is compared to our theoretical 

results from 0 to 350K. (c) Experimental data for monoclinic zirconia is 

compared to our theoretical results from 0 to 350K. (d) The calculated heat 

capacity of tetragonal HfO2 and ZrO2 from 0 to 1000K. 

ZrO2 to be about 1560K. Considering the high temperature of these transitions and the 

use of the harmonic approximation the agreement with experiment is rather good as can 

be seen from Table 4.2. 

The heat capacity can be calculated as follows [57]: 
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To compare the heat capacity of HfO2 and ZrO2, we calculate the total density of states of 

monoclinic HfO2 and ZrO2 as shown in Fig. 4.5. The constant volume specific heat (Cv) 

of HfO2 and ZrO2 calculated using equation (4) is plotted in Fig. 4.7a for monoclinic 

phase and in Fig. 4.7d for tetragonal phase, respectively. In Figs. 4.7b and 4.7c we 

compare our calculations with the experimental data [61, 75, 98].  In the case of zirconia 

the agreement with experiment is again very good, at least in the low temperature regime 

when the harmonic approximation is expected to work well. The agreement is less 

impressive in the case of hafnia; however, the experimental data [75] are rather old and 

do not extend down to liquid helium temperature. An interesting feature of our 

calculation is a crossover at 190 K when Cv of zirconia becomes larger than that of 

hafnia. As we discuss later, the crossover can be attributed to the features in the phonon 

density of states and traced down to the interplay between the force constant and atomic 

mass. 

4.3.2 Minimum energy path  

 The MT transformations in ZrO2 and HfO2 are believed to be martensitic [40, 45-

46]; however, the details such as the transition path from the monoclinic to the tetragonal 

phase, or whether the transition is proper are not known. To explore the connection 

between the tetragonal and monoclinic phases we turn to transition state theory. We need 

to establish the potential energy surface (PES) and identify the minimum energy path 

(MEP) describing the transformation. Since martensitic transformations include both the 

unit cell deformation (strain) and change of the internal coordinates (“shuffle”), the PES 

and MEP are functions of the internal atomic coordinates as well as of the unit cell lattice 
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vectors. In order to follow the transformation a unit cell common to both phases needs to 

be chosen. This establishes the so-called lattice correspondence between the two phases. 

Table 4.5: Possible lattice correspondence schemes between monoclinic and tetragonal 

cells. 

 Lattice correspondence

LC A at  bm bt  cm ct  am 

LC B at  am bt  cm ct  bm 

LC C at  am bt  bm ct  cm 

 

The set of lattice vectors (in Angström) for a 12 atom primitive unit cell of the 

monoclinic phase is:                         

m

m

m

c
b
a

LL

LL

LL

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

5.1109 0.00000.8616-
0.00005.13230.0000
0.00000.00005.0258

     mη  (4.3)

where am, bm and cm represent the three axes of the primitive cell of the monoclinic phase. 

Similarly, the set of the primitive unit cell vectors of the tetragonal phase is:     

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

5.0773 0.00000.0000
0.00003.52140.0000
0.00000.00003.5214

     tη . (4.4)

However, there are only 6 atoms in this cell. To establish the one-to-one lattice 

correspondence between the monoclinic and tetragonal cells, instead of a primitive cell 

we use a 2 -doubled cell for the tetragonal phase. The new cell vector set is: 

t

t

t

c
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LL

LL
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⎝
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5.0773 0.00000.0000
0.00004.98000.0000
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     tη . (4.5)
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Table 4.6: The fractional atomic coordinates of tetragonal hafnia in the 2 doubled cell.                

 Tetragonal hafnia Monoclinic hafnia 

X Y Z X Y Z 

Oxygen atom 1 0.250 0.250 0.206 0.278 0.200 0.309 

Oxygen atom 2 0.750 0.750 0.206 0.647 0.615 0.457 

Oxygen atom 3 0.750 0.250 0.794 0.799 0.115 0.627 

Oxygen atom 4 0.250 0.750 0.794 0.170 0.700 0.774 

Oxygen atom 5 0.250 0.250 0.706 0.278 0.218 0.809 

Oxygen atom 6 0.750 0.750 0.706 0.650 0.803 0.957 

Oxygen atom 7 0.750 0.250 0.294 0.799 0.303 0.127 

Oxygen atom 8 0.250 0.750 0.294 0.170 0.718 0.274 

Hafnium atom 9 0.000 0.000 0.000 0.002 0.002 0.000 

Hafnium atom 10 0.000 0.500 0.500 0.002 0.417 0.500 

Hafnium atom 11 0.500 0.000 0.500 0.446 -0.084 0.584 

Hafnium atom 12 0.500 0.500 0.000 0.446 0.502 0.084 

 

There are 12 atoms in this cell, same as in the monoclinic one. During the monoclinic to 

tetragonal transformation there are three possible lattice orientation schemes (LOS) A, B 

and C depending on which monoclinic axis am, bm or cm is parallel to ct as shown in Table 

4.5 [40]. Bailey studied the LOS by transmission electron microscopy and found direct 

evidence for an orientation relationship consistent with the LOS C [40], more recently 

Simeone et al. used neutron diffraction, and their data supports the LOS B [42]. Because 

the transmission electron microscopy is a direct method we adopt the LOS C scheme in 

this chapter. 

 Experiments [45-46] suggest that during the monoclinic to tetragonal 

transformation in zirconia the atoms retain their neighbors in both phases (making it a 
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proper martensitic transformation). Therefore, we postulate the atom correspondence 

leading to the minimal atomic movement in both HfO2 and ZrO2, and find one-to-one 

correspondence between the atoms of the tetragonal and monoclinic phases (see Table  

4.6). In order to satisfy the condition of minimal atomic movement we shift the cell of the 

monoclinic phase to have a metal atom at the origin. We write the fractional atomic 

coordinates in monoclinic and tetragonal phases as  }{ ,αi
mv and }{ ,αν i

t , where i corresponds 

to the atom number (see Table 4.6), and zyx ,,=α . 

 In principle, the PES is a function of nine parameters describing the unit cell and 

thirty six additional parameters describing the atomic positions. To simplify the picture 

we adopt the following approximation. The lattice distortion accompanying the phase 

transition is rather small, and we assume a uniform transformation of the lattice vectors. 

Furthermore, in the spirit of the minimal atomic movement we also assume a uniform 

transformation of the atomic coordinates. 

 

Figure 4.8: The energy surface during the martensitic transformation. There is a 0.22 

eV/mol barrier during the transformation. The black line represents the 

MEP. 
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We now can write the energy as function of two parameters: 
}){},({),( yx vEyxE η= . (4.6)

Here x and y are defined from the interpolation relations where tmx xx ηηη +−= )1( is the 

lattice vector set, and  ααα ννν i
t

i
m

i
y yy +−= )1(  are the fractional atomic coordinates 

describing the state of a system between two end phases; in this picture x and y change 

from 0 to 1, zero and one being the monoclinic and tetragonal phase sets, respectively.  

Using these parameters as two independent variables we map the PES of hafnia and 

zirconia in two dimensions as shown in Figure 4.8. We identify the MEP on the energy 

surface thus generated, shown as a thick black curve in Fig. 4.8.  One can clearly see the 

saddle point (the transition state) at the top of the MEP. The symmetry of the transition 

state is P21/c (same as in the monoclinic phase). The transition barrier is equal to the 

energy difference between the monoclinic phase and the saddle point. We find the barrier 

in hafnia to be 20.3 kJ/mol (0.21 eV per HfO2 molecule), and that in zirconia to be 16.3 

kJ/mol (0.17 eV per ZrO2 molecule). The ratio of the barrier heights is close to the ratio 

of transition temperatures of hafnia and zirconia (see Table 4.2). Here it is worth 

mentioning that we find no barrier for the transition between the cubic and tetragonal 

phases that will be discussed in chapter 5.  

4.4 COMPARISON OF ZIRCONIA AND HAFNIA 

 As group IVB metals both zirconium and hafnium have the same valence 

configuration – two d electrons and two s electrons, which explains the many similarities 

in their chemistry. Their corresponding dioxides zirconia and hafnia crystallize in the 

same three phases. The lattice parameters are rather similar as can be seen in Table 4.3, 

owing to similar ionic radii which reflect the so-called lanthanide contraction [103].  

Theoretically (see Table 4.3), we find zirconia to have a slightly larger volume per 

formula unit than hafnia. Experimentally, this is the case for the monoclinic phase, but is 

reversed for the tetragonal phase. However, the measurements for the tetragonal phase of 
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Table 4.7: Experimental Raman Spectra [104] of the Monoclinic Phases of ZrO2 and 

HfO2 (Band Intensity: s-strong, m-medium, w-weak)  

 
 

Number 

Experiments

HfO2 exp. ZrO2 exp. HfO2/ZrO2 

1 774 (s) 757 1.02 

2 642(s), Bg 616 1.04 

3 672(s), Ag 637 1.05 

4 580(m), Ag 556 1.04 

5 552(m), Bg 536 1.03 

6 522(m), Bg 505 1.03 

7 500 (vs), Ag 476 1.05 

8 398(s) 385 1.03 

9 384 (s), Bg 381 1.01 

10 336 (s), Ag 348 0.97 

11 256,(s), Bg 334 0.78 

12 270(m), Ag 305 0.88 

13 242(m) 270 0.9 

14 168(m), Bg 224 0.75 

15 150 (m), Ag 190 0.79 

16  179  

17 135(s), Ag 179 0.75 

18 108/83 (s), Ag 102 1.06/0.82 

the two materials are done at different temperatures, since the MT transition temperature 

in hafnia is 30% higher than that in zirconia, and the tetragonal phase is not quenchable 

to room temperature, while the calculations correspond to zero Kelvin for both materials. 

Both MT and TC phase transitions in hafnia take place at much higher temperature than 

in zirconia. Vibrational spectra of monoclinic HfO2 and ZrO2 have been recently 

examined by Raman spectroscopy by Quintard et al. [104]. We show their results in 

Table 4.7. The Raman mode frequencies in ZrO2 are slightly lower than those of HfO2 in 



48 

 

the high frequency region (above 350 cm-1). However, in the low frequency region, the 

frequencies of ZrO2 are about 10-25% higher than those of HfO2. The results of our 

calculations of Raman modes of monoclinic HfO2 and ZrO2 are summarized in Table 4.8. 

Our results agree well with the previous calculation of hafnia [19]. Theoretically we find 

a similar trend in mode frequencies when comparing the two oxides. Naively one would 

expect the vibrational spectrum of hafnia to be red-shifted with respect to that of zirconia 

because of a larger atomic mass of hafnium (for a simple harmonic oscillator we 

have mk /=ω where k is the spring constant and m is the mass). However, the picture is 

more complicated.  

Our ab-initio calculations reveal that the magnitude of the interatomic force 

constants in zirconia is approximately 10% smaller than that in hafnia. In Fig. 4.9 we 

compare the effective force constants for both materials by plotting the absolute values of 

the dynamical matrix at the Γ point without including the mass factor ( we plot 

∑
m

mB ),;,0( νμ , where B is the force constant coupling an atom μ in the central cell with an 

atom ν in the m-th cell). The highest value in hafnia is almost 200 eV/Å2, while in 

zirconia it is only 160 eV/Å2. This would suggest a blue-shift of the hafnia spectrum. 

However, for the actual frequency calculation (diagonalization of the dynamical matrix) 

the force constant matrix is “re-normalized” by the mass factor as follows: 

)]},,(),0([2exp{),;,0(1);(0 νμπνμμν
νμ

mRRkmBkD
m

−⋅−×= ∑ i
MM

  

In Fig. 4.10 we show relative amplitudes of the atomic movement in all vibration modes 

of monoclinic hafnia at the Γ point. It is clearly seen that the low frequency modes 

correspond to the movement involving predominantly metal atoms. The mass ratio 

between Hf and Zr is approximately two. In other words, even though the force constant 

is smaller in zirconia, the dynamical matrix is enhanced by the mass factor in the low 

frequency range. In the high frequency region, the vibrational modes are associated 
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Table 4.8: Calculated Γ-point phonon frequencies classified according to irreducible 

representations of symmetry group C2h of monoclinic hafnia. Ag and Bg 

modes are Raman active, while Au and Bu modes are IR active. 

 

gAω (cm-1) 

(Raman Active) 

gBω (cm-1) 

(Raman Active) 

uAω (cm-1) 

(IR) 

uBω (cm-1) 

(IR) 

 HfO2 ZrO2 HfO2/ZrO2 HfO2 ZrO2 HfO2/ZrO2 HfO2 ZrO2 HfO2 ZrO2 

1 695.9 629.71 1.105 785.47 747.8 1.050 675.89 643.32 752.02 712.15 

2 600.74 552.22 1.088 663.23 612.9 1.082 632.1 574.12 540.87 493.73 

3 511.5 453.88 1.127 577.91 538.11 1.074 521.11 475.86 429.97 429.79 

4 409.83 388.41 1.055 536.67 481.38 1.115 439.17 404.31 356.76 370.26 

5 361 359.19 1.005 421.23 389.1 1.083 382.72 364.68 331.56 326.87 

6 257.01 334.09 0.769 338.86 331.95 1.021 260.91 264.1 263.3 321.73 

7 153.34 194.39 0.789 245.84 319.09 0.770 185.57 234.53 241.66 232.14 

8 140.59 184.32 0.763 170.86 224.11 0.762 139.76 182.73 0 0 

9 133.29 133.46 0.999 135.85 176.3 0.771 0 0 0 0 
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HfO2

ZrO2  

Figure 4.9: The 36x36 force constant matrices of HfO2 and ZrO2 in eV/Å2. The first 

24x24 block correspond s to oxygen atoms, and the 12x12 diagonal block 

starting with row 25 corresponds to metal atoms Hf or Zr. 
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Figure 4.10: The bar plot of 36 eigen-modes of Γ point of monoclinic HfO2. The height 

denotes the displacement of one atom in a eigen-mode. There are 12 points 

in the x-axis representing 12 atoms in the primitive unit. 36 modes are 

arranged in the ascending order of frequency along the y-axis. 

with the movement of oxygen atoms (Fig. 4.10). Thus in both hafnia and zirconia the 

mass factors are the same, and the frequency is controlled by the force constant. Due to 

weaker force constants of zirconia, its high frequency modes have frequencies lower than 

those of hafnia. This is true beyond the Γ point as can be seen in the DOS plots in Fig. 

4.5. Also, we can attribute the spectral gap at around 350 cm-1 in the phonon density of 
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states for both hafnia and zirconia to the transition from the metal-dominated modes to 

oxygen dominated ones.  

 We have shown that in the low frequency region the phonon modes of zirconia 

have higher frequencies than those of hafnia. This result has peculiar implications for 

thermodynamic properties of two oxides. The heat capacity of zirconia should be smaller 

than that of hafnia at low temperature because only low frequency modes can be excited. 

On the other hand, at high temperature the heat capacity of zirconia should be larger than 

that of hafnia because in the high frequency region zirconia has higher frequency modes. 

As shown in Fig. 4.7a we find that the heat capacity of monoclinic HfO2 crosses that of 

monoclinic ZrO2 at 190 K. The result should not be seriously affected by the validity of 

the harmonic approximation because of the relatively low temperature of the crossover. 

There are several experimental measurements of the enthalpy and heat capacity of 

monoclinic zirconia [61, 98] which are in good agreement with our calculations. 

However, we have found only one experimental report of the heat capacity of hafnia 

dating back to 1953, and extending down below liquid nitrogen temperature [104]. Our 

collaborators plan to measure the heat capacity of hafnia at 4-300 K using modern 

calorimetric methodology.  

4.5 CONCLUSIONS 

We have investigated the monoclinic to tetragonal phase transition in hafnia using a 

combination of first principles calculations and differential thermal analysis. We find the 

transition enthalpy to be about 9 kJ/mol, and good agreement of theory and experiment. 

We propose a theory of the phase transition and calculate the minimum energy path from 

a high symmetry tetragonal to a lower symmetry monoclinic phase. With this theory we 

are able to estimate the transition barrier in hafnia and zirconia to be 20.3 kJ/mol and 16.3 

kJ/mol, respectively. We analyzed vibrational spectra of hafnia and zirconia, and using 

group theory identified Raman and IR active modes. The frequencies are in good 
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agreement with reported experiment. Despite the two oxides being very similar we find 

subtle differences in the phonon spectra. The force constants in zirconia are calculated to 

be about 10% lower than those in hafnia, which results in a blue shift of hafnia modes 

with respect to zirconia modes in the high frequency range. However, in the low 

frequency range (below 350 cm-1) the mass factor cancels the force constant and hafnia 

modes are red shifted.  Based on our detailed theoretical analysis of the phonon spectra 

we calculated the temperature dependence of specific heat in both oxides. Theoretical 

results agree well with heat capacity data available for zirconia, and we wait for new 

measurements for hafnia. We also predict a crossover at 190 K with specific heat of 

zirconia exceeding that of hafina. Our collaborators plan to test these predictions by 

measuring the low temperature heat capacity of hafnia using modern calorimetric 

techniques at 4-300 K experimentally in a future study.  
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Chapter 5. Tetragonal to cubic phase transition 

The results of this chapter have been summarized in a paper that will be submitted to the 

Physical Review. 

5.1 INTRODUCTION 

In this chapter we focus on the cubic to tetragonal phase transition in hafnia and 

zirconia. The structures of cubic and tetragonal phases are compared in Fig. 5.1. The 

main two differences between the two structures are: the c/a ratio and internal coordinates 

of oxygen atoms. In the cubic structure, three lattice constants are equal, i.e., c/a=1. In the 

tetragonal structure, a=b≠c and c/a > 1. If four oxygen atoms in the cubic phase move up 

by ∆uz and the other four move down by ∆uz as shown in Fig. 5.1, the atomic coordinates 

change from the cubic to tetragonal phase. This movement pattern is caused by the soft 

mode. In 1990s Mirgorodsky et al. [105-106] used the empirical force field model to 

study cubic and tetragonal phases of ZrO2 and HfO2. Fabris et al. combined the empirical 

tight binding method and molecular dynamics to study the tetragonal to cubic (TC) phase 

transitions in ZrO2 [107]. Recently, Terik et al. studied cubic and tetragonal phases of 

hafnia using the first principle method and found that bonding of Hf to O changes during 

the cubic to tetragonal phase transition [108]. However, the mechanism of the transition 

is still not fully understood. Two factors, strain (c/a) and soft mode, contribute to the TC 

transition at the same time. Which factor is the main driving force for the transition? 

What is the electronic origin of the soft mode? What determines the transition 

temperature (Tc) and how to calculate it? Is the transition of the order-disorder or of the 

displacive type?  

In this chapter, we combine first principles calculations with the soft mode theory of 

phase transitions [109] to answer the above questions. To establish the existence of the 



55 

 

soft mode we calculate the phonon dispersion of cubic hafnia using the direct force 

constant method described in chapter 3 [52]. Then the frozen phonon calculation [110] is 

performed to study the details of the potential energy surface associated with the soft 

mode. We construct an effective Hamiltonian describing the relevant degrees of freedom 

of the system. We determine the parameters of this Hamiltonian from ab initio 

calculations. Then we derive the expression for the transition temperature and relate it to 

the microscopic effective Hamiltonian.  

 

  

Cubic Tetragonal 

Figure 5.1: Cubic and tetragonal structures of HfO2 and ZrO2. 

5.2 COMPUTATIONAL DETAILS 

DFT calculations within the LDA are carried out using the Vienna ab initio 

Simulation Package (VASP) [20]. We employ the projector-augmented wave (PAW) 

pseudopotentials [27]. For Hf we include 5d and 6s electrons, while 2s and 2p electrons 

are included for oxygen. The Brillouin zone (BZ) integration is performed with the 

Monkhorst-Pack method [74], using the 8×8×8 special k-point grid for the cubic unit cell. 

The kinetic energy cutoff of 800 eV is found to ensure the total energy convergence to 10-

6 eV/atom (10-4 kJ/mol). The full structural relaxation is performed until the Hellmann-

Feynman forces are less than 0.04 eV/Å. The Hellmann-Feynman forces are calculated 

with the 800 eV energy cutoff and 4×4×4 k-point grid for the 2x2x2 supercell, and are 
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converged to 10-3 eV/Å. In the calculation of the dynamical matrix each atom is displaced 

in turn along each Cartesian direction by ± 0.03 Å, and the numerical derivative of the 

force is calculated and averaged to eliminate the odd power unharmonicity. 

5.3 RESULTS 

5.3.1 Phonon dispersion of cubic hafnia  

The optimized structural parameters and band gaps for cubic and tetragonal 

phases are listed in Table 5.1. The phonon dispersions are calculated by diagonalizing the 

dynamical matrix along high symmetry lines in the first Boilouin zone. Fig. 5.2a shows  

Table 5.1: Calculated energy gap and optimized structural parameters of cubic and 

tetragonal hafnia. ∆uz refers to the change of internal coordinates of oxygen atoms 

in the tetragonal cell with respect to that in the cubic cell. 

 Energy gap (eV) Volume/HfO2 (Å3) a b c  
∆uz 

T 4.636 31.341 9.96 9.96 10.14 0.41 

C 3.913 30.798 9.95 9.95 9.95 0.00 

the phonon dispersion calculated without the long range interaction. This result is in good 

agreements with a similar calculation for zirconia [53]. At the Γ point the Raman active 

optical mode of T2g symmetry occurs at 18.23 THz (614.5 cm-1). In Fig. 5.2a imaginary 

phonon frequencies of unstable modes are shown as negative values. A non-degenerate 

soft mode can be seen at the X point. The frequency of this mode is i5.59 THz. The 

displacement pattern corresponding to this soft mode includes only oxygen atoms’ 

movement in the z direction. As shown in Fig. 5.1 there are eight oxygen atoms inside the 

conventional cubic cell. In the zone edge (the X point) soft mode four oxygen atoms 

move up and the other four oxygen atoms move down. This soft mode is responsible for 

the TC transition.  
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Figure 5.2: (a) Calculated phonon dispersion of cubic hafnia without long ranger 

interaction. (b) Calculated phonon dispersion of cubic hafnia with long 

ranger interaction. 

As hafnia is an ionic insulator, long range Coulomb interactions should not be 

neglected. Using Eq 3.16, we recalculate the dynamical matrix and phonon dispersion of 
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cubic phase including long ranger interactions. We choose ρ = 0.06 Å-1 and 5 ≈∞ε [67]. 

The Born effective charge tensors have been recently calculated by Vanderbilt group 

using the Berry phase method [34, 67]:  
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In the cubic phase the Born effective charge is isotropic. Using these parameters, the 

recalculated phonon dispersion is shown in Fig. 5.2b. At the Γ point, the LO phonon 

shifts up from 8.38 THz to 16.49 THz, and the TO phonon remains at 8.38 THz. The 

static dielectric tensor can be decomposed into the electronic part and lattice parts as 

shown in Eq. 2.17. In Ref. 67, )0( ε is calculated to be 23.9 using Eq. 2.17. The Lyddane-

Sachs-Teller (LST) relation is  

)(
)0(

2

2

∞
=

ε
ε

ω
ω

T

L  (5.2)

Our 
2

2

T

L

ω

ω  value is about 3.88 while the calculated ratio of the static to high frequency 

dielectric constants is about 4.7. The LST relation is not satisfied. However, We notice 

that the soft mode at the X point is not affected by the long range interactions as seen in 

Fig. 5.2b, and we shall proceed with our analysis. 

5.3.2 Frozen phonon calculation 

The imaginary frequency of the soft mode means that the total energy decreases when 

atoms follow the displacement pattern of the soft mode. We calculate the total energy E 

as a function of the amplitude of the soft mode u using the frozen phonon method. To 

explore the relationship between the soft mode and strain, we perform frozen phonon  
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Figure 5.3: Total energy as a function of the soft mode amplitude. The point dotted line 
represents the cubic phase ( 00.1=

a
c ) and the circle dotted line represents the 

tetragonal phases ( 016.1=
a
c ). Each cell has four HfO2 molecules. 

calculations for different values of the c/a ratio. Fig. 5.3 shows the energy per cubic unit 

cell as a function of u for different c/a values. The cubic crystal structure without any 

deformation corresponds to the saddle point of the double well potential, and is unstable. 

Two local minima in the plot correspond to the tetragonal structure. We note that the 

cubic phase is unstable even for c/a=1. The double well function can be expressed as                    
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In the case of c/a=1, k2 = 111.75 eV/unit and k4=7.706×104 eV/unit. We can see how 
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phase c/a=1 and u=0. If the c/a ratio first changes from 1 to 1.016 and u is kept zero, the 

total energy would increase. The reasonable scenario is that u first deviate from zero and 

the total energy decreases. Then at the crossing of two curves, the c/a ratio changes from 

1 to 1.016 to lower the energy even further. Therefore, the cubic to tetragonal transition is 

driven by the soft mode, not by strain, and there is no barrier. 

5.3.3 Electronic structure 

In Fig. 5.4 we show the electronic total DOS for u=0 (case I) and u=u0=0.038 

(case II) in the cubic cell. The band below 5 eV forms the top of the valence band and 

that above 8 eV are in the conduction band. The total densities of states in both cases are 

almost the same except at the very top of the valence band and bottom of the conduction 

band (see Fig. 5.4a). The top of valence band of case I is 0.35 eV higher than that of case 

II and the bottom of conduction band of case I is 0.15 eV lower than that of case II. Thus, 

the band gap of case I is 3.91 eV, which is 0.5 eV smaller than that of case II. We are 

interested in the shoulder at the top of the valence band of case I, which does not appear 

for case II. Fig. 5.4b and 5.4c show the partial DOS for cases I and II, respectively. Fig. 

5.4b shows that the shoulder at the top of the valence band comes from the oxygen p 

states. The stronger hybridization between oxygen p states and hafnium d states due to 

the soft mode pushes the top of the valence band down and lowers the electronic energy. 

On the other hand, the Madelung energy between anion and cation increases. Thus, the 

existence of the soft mode comes from the competition of the hybridization and Coulomb 

interaction, which is similar to what happens in Jahn-Teller effect in perovskites [35].   
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Figure 5.4. (a) The total density of states (DOS) for u=0.000 (solid line) and u=0.038 

(dashed line). (b) The partial DOS for u=0.000. The solid line is for hafnium 

d and dashed line is for oxygen p. (c) The partial DOS for u=0.038. 
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5.3.4 Soft mode theory of the phase transition 

Using the double well energy function and neglecting for simplicity effects of 

strain, we can write a simple effective Hamiltonian based on a soft mode model to 

describe the phase transition of this system [109]. Let us first introduce the idea. Fig. 5.5 

shows the model in one dimension (which actually has no phase transition similar to the 

Ising model) [37]. In the 1-d model every unit cell feels a local double-well potential. At 

the same time, neighboring cells interact via harmonic forces.  

Figure 5.5: The simple model of a system with a soft mode. The units vibrate in double well 

potentials and interact with their neighbors via harmonic forces. 

The order parameter u is defined to be the amplitude of the soft mode and the 

local double well potential is represented as 
4

4
2

2 4
1

2
1)( ukukuV +−=

  
(5.4)

where the parameters k2 and k4 are positive constants. Then the effective Hamiltonian of 

the system in one dimension can be written as 
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where J is the interaction constant. The behavior of this model is governed by two 
important parameters [109]. One is the depth of the double well 4

2
20 /

4
1 kkV = . The other 

is the interaction energy: 2
02JuW = , where u0 is the magnitude of the soft mode that 
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minimize the total energy and is expressed as fractional coordinate. The ratio of these two 

quantities )8/(/ 20 JkWVs == determines the system behavior. 

Figure 5.6: Four categories of nearest-neighbor interactions in a three dimensional lattice. 

Arrows indicate the direction of the displacement of the soft mode. J1 

represents the head to head interaction, J2 represents the side to side 

interaction. J3 and J4 characterize the vertical interactions.  

For a three dimensional lattice, assuming just 1st NN interactions, the interactions 

between neighboring cells fall into four categories shown in Fig. 5.6. We calculate J1, J2, 

J3 and J4 by constructing 3x2x2 super-cells that contain different local interactions. For 

example, we compute the total energy difference ΔE between structure I and II in Fig. 5.7 

and J2=2u0
2/ ΔE. With the The results are summarized in Table 5.2. The side by side  

Table 5.2: The calculated interaction coefficients for the 3-d cubic lattice. 

 J1 J2 J3 J4 

Interaction coefficients(eV) 342.0 77.0 2.70 2.86 

interaction coefficient J2 and head to head interaction coefficient J1 are much larger than 

interactions J3 and J4 that will from now on be neglected. The effective Hamiltonian can 

be rewritten as: 

J1                J2               J3                 J4    
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where the sum over j is over nearest neighbors of unit i in z direction and the sum over k 

is over nearest neighbors in the x-y plane. The transition temperature can be calculated 

using the microscopic Hamiltonian of Eq. 5.6 according to the mean field theory [111]. 

 

Figure 5.7: Two structures used to calculate the side by side interaction coefficients. The 

soft mode amplitudes in the unit cell with and without an arrow are u0 and 

zero, respectively.  

5.3.5 Transition temperature 

First we introduce the normal-mode coordinates as: 

∑ ⋅=
j

jj iu
N

u )exp(1 Rkk  (5.7)
 

These are Fourier transforms of the fractional displacements uj. Then the effective 

Hamiltonian can be written in the reciprocal space: 

(I) (II)
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We will now use the mean field procedure proposed by R. Blinc [111]. Pairs of normal 

mode coordinates in fourth-order terms above are replaced with their thermal averages. 

Taking into account the number of possible permutations and conservation of the crystal 

momentum, the effective Hamiltonian becomes: 
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And 

∑ −+−=
'
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N
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kJϖ  (5.10)

Here 2
k'ϖ  is the frequency of the mode k renormalized by the thermal averages and this 

renormalized frequency is a function of temperature. The thermal averages are given in 

the harmonic theory by: 
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where >< ),( ' Tn kϖ  is the average occupation number of the phonon mode ku  at 

temperature T. From Eq. 5.10) and 5.11, we can also derive the equation for the 

renormalized frequency   'kϖ is 
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This is a self-consistent equation for the renormalized frequencies. The soft mode we 
study is a zone edge mode at )2,0,0(

a
X π  where 0==XJk . Then we have 
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Substituting Eq. 5.12 into Eq. 5.11 we obtain a simple relation at the transition 

temperature Tc: 

kk J=2 ϖ . (5.14)

Combing Eq. 5.13 and 5.14, we obtain a formula to calculate the transition temperature: 
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The denominator is calculated by the numerical integration over the first BZ. Figure 5.8 

shows the calculated transition temperature converges to about 3130K as the number of 

sampling points in the first BZ is increased. This result is in good agreement with the 

experimental value of 2900K. 
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Figure 5.8: Brillouin zone sampling convergence. N corresponds to the N×N×N Monkhorst-

Pack grid. 

5.4 DISCUSSION 

The electronic structures analysis suggests that it is the change in the oxygen-hafnium 

hybridization that causes the soft mode. The soft mode distortion increases the  

hybridization between the oxygen p and hafnium d states, that in turn decreases the total 

energy. The remaining question is whether the TC phase transition is of the order-

disorder or of the displacive type. In the order-disorder limit, the depth of the double well 

is much larger than the interaction energy, and 1/0 >>= WVs . The large barrier between 

two double wells confines the units to stay in one well even at high temperature. At high 

temperature both wells are occupied with equal probability and the state of the system is 

disordered. On cooling below the transition temperature the system would become 
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ordered if all units prefer to stay on the one side. In the case of a displacive transition, the 

interaction energy is much larger than the depth of the double well and 1/0 <<= WVs . 

One unit easily goes through the small barrier from one well to another. Then at high 

temperature the units would vibrate about the center of the well. Below the transition 

temperature the strong interaction forces the units to vibrate about positions that are 
shifted away from the origin. In our system eVkkV 04.0/

4
1

4
2

20 ==  and 

eVkkJW 50.0/2 421 == , then 108.0 <<=s . Therefore our system is in the displacive limit. 

5.5 CONCLUSIONS 

In conclusion, we combine first principle calculations and soft mode theory to study 

properties of the tetragonal to cubic phase transition in hafnia. We calculate the phonon 

dispersion and identify the soft mode. We calculate the total energy as a function of the 

soft mode amplitude u. Using u as an order parameter we construct the effective 

Hamiltonian and derive a formula for the transition temperature applying a mean field 

approximation. First principles calculations are used to obtain the parameters of the 

effective Hamiltonian. The calculated transition temperature is in good agreement with 

experiment. We show that TC phase transition in hafnia is a displacive phase transition.  
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Chapter 6. Amorphous to crystalline transition 

The results of this chapter have been summarized in a paper that will be submitted to the 

Physical Review. 

6.1 INTRODUCTION 

Thin hafnia films are typically amorphous as deposited but tend to crystallize 

during a post-deposition anneal at temperature around 500 ºC [112-113]. The 

crystallization temperature decreases with the increasing film thickness [114-115], which 

suggests that the high surface to volume ratio of thin films suppresses crystallization. The 

low crystallization temperature thus is the intrinsic property of amorphous hafnia itself. 

In most cases crystallized hafnia films are polycrystalline, predominantly monoclinic and 

textured [12, 116-117]. Under certain conditions, annealed films consist of a mixture of 

monoclinic and tetragonal phases [12]. The pulsed laser deposited (PLD) HfO2 film on a 

Pt substrate is reported to crystallize into predominantly tetragonal phase [112]. To avoid 

the possible anisotropy and non-uniformity brought by polycrystallinity, much effort has 

been made to keep hafnia films amorphous after the anneal [118-120].  

Despite a large body of experimental data on the amorphous hafnia crystallization, 

the mechanism of crystallization is not well understood. One reason is the complexity of 

the amorphous structure. Typically, amorphous metal oxides form continuous random 

networks (CRN) as silicon dioxide [121-122] or random close packing (RCP) as iron 

oxide [123-124]. CRN structures have short covalent metal-oxygen (M-O) bonds and 

maintain short-ranger order. For example, amorphous SiO2 is a network of corner sharing 

randomly oriented SiO4 tetrahedra [121]. The RCP structures typically have much longer 

M-O bond lengths than the CRN. The bonds in the RCP are more ionic [123]. The 

structure of an amorphous solid is not easy to model due to the lack of translational 

symmetry and long ranger order. The amorphous structure not only depends on the 
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synthesis method, but also changes in time during annealing [125]. Technically, a 

simulation cell of the amorphous material must be big enough to allow for more degrees 

of freedom. Thus first principles calculations of “amorphous” cells are very computer-

intensive and time-consuming. The Vanderbilt group has recently theoretically studied 

amorphous hafnia and zirconia [14, 126-127]. To generate amorphous structures they 

used the “melt-and-quench” ab-initio molecular dynamics [14] and  “activation-

relaxation” technique [127]. They studied the structural, vibrational and dielectric 

properties of the resulting models. However, both methods were employed under 

conditions of constant shape and volume. 

Another difficulty with crystallization is the complexity of its kinetics. The 

relaxation dynamics of glass forming systems is still poorly understood. The light and 

neutron scattering experiments show that there is a strong dependence of relaxation on 

temperature [128-131]. At high temperature the dynamics is similar to that of a Brownian 

particle, and therefore the time correlation function decays exponentially [130]. In the 

case of low temperature, the time correlation function is more complicated and does not 

show an exponential decay. Instead, in the intermediate time regime, it shows a crossover 

to a plateau. Such a behavior is similar to that of a crystal for which the long time motion 

is of vibrational nature [132-134]. In this regime each particle finds itself trapped inside a 

“cage” formed by neighboring particles and can only rattle around the energy minimum 

in this cage. For longer times the particles can finally escape their cage and hence the 

correlation function starts to decay slowly. This phenomenological theory for glass-

forming materials divides the relaxation process into two time scales: the “β process” that 

is close to the plateau of the correlation function, and the “α process” in which the 

particles leave their cages. If a system starts with a locally stable amorphous structure, 

during the “β process” the system vibrates around the amorphous structure. But in the “α 

process” the system can leave the initial amorphous structure and crystallize. In this 
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chapter we try to illustrate the phenomenological theory and crystallization experiments 

with first principle calculations. In particular, we would like to identify the “α process” in 

amorphous hafnia. Crystallization experiments for hafnia films are normally conducted 

by annealing at a fixed temperature [119]. For isothermal crystallization we therefore can 

consider the activation energy of the “α process” as a single parameter related to the 

crystallization temperature.  

To the best of our knowledge there is no theoretical model of hania crystallization. 

The goals of this chapter are (i) to better characterize amorphous structures theoretically, 

(ii) shed some light on the mechanism of crystallization, and (iii) estimate its activation 

energy. The rest of the chapter is organized as follows. Firstly, we describe the 

computational details in section 6.2. We then describe our calculations of the structure 

and phonon spectra of amorphous hafnia in section 6.3. In section 6.4 we discuss short-

range order in amorphous hafnia and suggest the microscopic reason for its low 

crystallization temperature.  

6.2 THEORY AND COMPUTATIONAL DETAILS 

6.2.1 Computational details 

DFT calculations within the LDA are carried out using VASP [32]. We employ the 

PAW pseudopotentials [27] including 5d and 6s electrons for Hf and 2s and 2p electron 

for O. The Brillouin zone (BZ) integration is performed with the Monkhorst-Pack method 

[74], using the 8×8×8 and 4×4×4 special k-point grids for bulk monoclinic and 2×2×2 

super-cell, respectively. The kinetic energy cutoff of 600 eV is found to ensure the total 

energy convergence to 10-6 eV/atom (10-4 kJ/mol) and Hellmann-Feynman forces 

converged to 10-3 eV/Å. The elements of stress tensor are less than 0.1 kB. In order to 

calculate the phonon spectra and free energy, the dynamical matrix is calculated using the 

direct force constant method [52]. The Hellmann-Feynman forces are converged to 10-3 



72 

 

eV/Å.  

Amorphous HfO2 structures are generated with the melt and quench method using 

a 2×2×2 monoclinic super cell containing 32 hafnium and 64 oxygen atoms. The melting 

process is simulated using ab initio molecular dynamics (MD). MD is performed for 5 ps 

at the temperatures of 4000K and 6000K, and the time step is 2 fs. The volume of the 

supercell used in MD is 5% larger than the theoretical volume of the monoclinic phase. 

MD is performed using canonical ensemble with the Nosé thermostat [135]. The Nosé 

mass, Q, controls the frequency of temperature fluctuations. We set the Nosé mass Q = 

0.20 following reference [14]. With this value for Q, the frequency of the temperature 

fluctuation is about 25 THz, which is roughly the same as the highest phonon frequency 

of monoclinic hafnia [19]. After the initial 0.5 ps MD we take a snapshot of the MD 

trajectory every 0.5 ps and then fully relax each snapshot using the conjugate gradient 

method [24, 136] for coarse relaxation and quasi-Newton method for fine relaxation. In 

this work we relax atomic positions, volume and cell shape simultaneously.  

6.2.2 Nudged elastic band method 

 As mentioned in the introduction, the activation energy determines the 

crystallization temperature for amorphous materials. Calculating the activation energy is 

a hard problem. We approach it by using the nudged elastic band method (NEBM) using 

the NEBM package embedded in the VASP code [58]. In our theory. the initial state is 

the amorphous structure and the final sate is the crystalline structure with the same 

number of atoms. The initial guess for the MEP is made by constructing a set of images 

of the system between the initial and final states. Typically we use five images in our 

calculations. The virtual spring interaction between two neighbor images is introduced to 

avoid the large separation of the images, and thus the chain of images forms an elastic 

band. Minimization of the objective function that includes the elastic energy due to the 

forces acting between the images and the energy of the images, optimizes the band and 
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“pushes” it to the MEP [58]. We use the default value of the virtual spring constant of -

5.0 eV/Å2.  

The crystallization process involves all atoms of the system and in order to build 

the chain of images, we need to establish the atomic correspondence between the initial 

and final states. We postulate the atomic correspondence leading to the minimal atomic 

movement (MAM) during the crystallization. We write the atomic coordinates in the 
amorphous and monoclinic structures as  },{ αi

ar and },{ αi
mr , where i values from 1 to 64 

correspond to oxygen and from 65 to 96 to the hafnium, and zyx ,,=α . The condition 

of the MAM for oxygen atoms is that there exists a permutation {i1, i2, ···, i64,} of the set 

{1,2,···,64} for oxygen atoms so that the total movement of oxygen atoms, defined 

as ( ) ( ) ( )∑
=

−+−+−
64

1

2,,2,,2,,

j

zj
m

zi
a

yj
m

yi
a

xj
m

xi
a rrrrrr jjj has a minimum. Similarly for hafnium atoms 

there exists a permutation {i65, i66, ···, i96,} of the set {65, 66,···, 96} so that the total 

movement of hafnium atoms, ( ) ( ) ( )∑
=

−+−+−
96
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j

zj
m
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a

yj
m

yi
a

xj
m

xi
a rrrrrr jjj  , reaches its 

minimum. There are 64! possible permutations of oxygen atoms and 32! permutations of 

hafnium atoms. Fortunately, for hafnium atoms the situation is trivial because at 4000K 

and 6000K, in 5 ps hafnium atoms do not move far away from their initial positions. Thus 

we indentify the permutation that satisfies MAM as the identity permutation (65, 66, 67, 

···, 96). However, our MD shows that at both temperatures oxygen atoms do migrate far 

away from the initial position. In Fig. 6.1 the mean square displacement of oxygen shows 

that oxygen moves like a Brownian particle at 6000K and thus one can talk about the 

melting of oxygen sub-lattice. The slope corresponds to the oxygen self-diffusion 

coefficient D0 of 3.6x10−7 m2s−1 to be compared with  the 800°C values in α-quartz of  

2.09 × 10−11 and 3.16 × 10−10 m2s−1 parallel and perpendicular to )0110( , respectively 

[137]. Since a brute force calculation of 64! ≈1.269×1089 possibilities is out of the 

question, we have implemented a Monte-Carlo nearest neighbor search algorithm to find 
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the optimal solution. With this algorithm (see Appendix B), only around 106 calculations 

are needed to find the best permutation, which only cost about 8 minutes on a laptop.  

 

Figure 6.1: The mean square displacement,  ∑ ∑
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the MD time step. 

6.3 RESULTS 

6.3.1 Energy and structure of two types of amorphous hafnia 

We obtain 14 amorphous structures after relaxing snapshots of MD; all structural 

information is listed in Table 6.1. It is instructive to compare three crystalline structures 

and our relaxed amorphous structures in the energy versus volume plot (see Fig. 6.2). 

Cubic hafnia has the highest energy and the monoclinic phase has the lowest energy of 

three crystalline structures. Cubic hafnia has the smallest volume and monoclinic hafnia 

has the largest volume. As for the amorphous structures, the energy-volume points fall 

into two distinct groups labeled as type I and type II. Type I structures 
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Table 6.1: Energies and structural parameters of 2x2x2 supercells for crystalline and 

amorphous hafnia. In the first column, “M”, “T” and “C” refer to 

monoclinic, tetragonal and cubic hafnia, respectively. Structures from 1 to 7 

belong to type I and structures from 8 to 14 belong to type II. 

 

E / HfO2 

(eV)  

Energy gap 

(eV) 

V/HfO2 

(Å3) a b c α β γ 

M -33.369 3.977 32.966 10.06 10.26 10.37 90.00 99.48 90.00 

T -33.261 4.636 31.341 9.96 9.96 10.14 90.00 90.00 90.00 

C -33.222 3.913 30.798 9.95 9.95 9.95 90.00 90.00 90.00 

1 -33.006  3.192 31.928 10.12 10.05 10.04 90.43 90.77 90.12 

2 -33.219  4.165 31.831 10.04 10.07 10.07 90.66 91.92 88.75 

3 -33.116  3.784 31.784 10.09 10.04 10.04 89.83 89.95 91.27 

4 -33.178  3.305 31.981 10.03 10.06 10.15 90.75 91.56 90.44 

5 -33.138  3.491 32.047 10.04 10.18 10.05 91.16 90.95 88.79 

6 -33.006  3.202 31.928 10.12 10.05 10.04 90.43 90.77 90.12 

7 -33.119  3.902 32.003 10.05 10.15 10.04 90.80 89.89 89.26 

8 -32.584  3.309 34.069 10.16 10.39 10.62 88.57 102.44 85.84 

9 -32.731  3.503 33.938 9.65 11.91 10.27 94.21 112.64 86.14 

10 -32.675  3.282 34.031 9.83 10.53 10.97 90.96 106.31 91.75 

11 -32.366  3.377 33.240 9.79 10.51 10.38 89.73 103.95 96.09 

12 -32.806  3.435 34.378 10.08 10.48 10.65 85.41 100.98 89.88 

13 -32.631 3.586 34.438 10.23 11.23 9.75 92.38 100.01 87.28 

14 -32.744  3.568 33.881 9.70 10.78 10.52 94.18 96.01 83.46 
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Figure 6.2: Energy-volume scatter plot for amorphous and crystalline structures. Star and 

diamond points refer to type I and type II amorphous hafnia. The dashed line 

shows the minimum energy path between phases.  

have the volume about 3% smaller than that of monoclinic hafnia and 2% larger than that 

of the tetragonal phase. Their energies are approximately 0.25 eV/(HfO2) higher than that 

of the monoclinic phase. The volume of type II amorphous hafnia is about 4% larger than 

monoclinic hafnia and their energies are 0.65 eV/(HfO2) above the monoclinic hafnia 

energy. The volume ratio of type II to monoclinic phase is similar to that reported by 

Ceresoli and Vanderbilt [138]. In Table 6.1 we also list the electronic energy gaps for the 

amorphous structures, all are insulating. Among all structures tetragonal hafnia has the 

largest band gap, 4.636 eV. Generally, amorphous structures have smaller energy gaps 

than crystalline structures, except for one type I structure that has the energy gap larger 
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than those of both cubic and monoclinic hafnia. The average band gap of type I and type 

II structures are 3.6 eV and 3.4 eV, respectively. Five out of all type I structures are 

obtained by relaxing the snap-shots of 4000K MD, and two are from 6000K MD.  All 

type II structures are from quenching the snapshots of 6000K MD trajectory.  

 

Figure 6.3: γ-β scatter plot for amorphous structures. γ is the angle between a and b axes 

and β is the angle between a and c axes. 

It is instructive to analyze the cell shape of amorphous structures summarized in 

Table 6.1. In Fig. 6.3 we show the distribution of amorphous structures in the α versus β 

plot. All three angles of the type I cells are in the range of 90º±1.3º and three lattice 

constants are close to 10.00 Å. On the other hand, type II structures have monoclinic-like 

cells with β angles more than 100º (with only one exception). Three lattice constants 

range from 9.67 Å to 11.91 Å. Recall that in cubic and tetragonal hafnia oxygen is 4-fold 

and hafnium is 8-fold. In monoclinic hafnia all hafnium atoms are 7-fold coordinated. 

Half of oxygen atoms are 4-fold and half are 3-fold coordinated. In Figures 6.4a and 6.4b 

we show the distribution of average coordination numbers (CN) for oxygen and hafnium 

atoms in type I and type II amorphous structures, respectively. 2-fold oxygen is present in 
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both type I and the type II structures. Type II hafnia has more 2-fold oxygen than type I. 

Type I amorphous hafnia has 6-fold, and the type II has both 5-fold and 6-fold hafnium, 

none of these types exist in crystalline phases. Overall, our type II amorphous hafnia has 

similarities with the amorphous structures described by Ceresoli and Vanderbilt [138]. 

 

Figure 6.4: The distribution of coordination numbers of oxygen and hafnium in 

amorphous hafnia. (a) and (b) show the distribution of oxygen coordination 

numbers for type I and type II structures, respectively. (c) and (d)  show the 

distribution of hafnium coordination numbers for type I and type II 

structures, respectively. 
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6.3.2 Quantifying the randomness of structures 

 The radial pair distribution function (PDF) is a useful tool to characterize 

amorphous structures. The PDF is defined as the probability of finding an atom of type i 

in a spherical shell of thickness dr at a distance r from an atom of type j: 
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drrrdnrg
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ij +

+
><

=
ρ

, (6.1)

here <ρi> is the average atomic density of atoms of type i, n is the number of atoms and v 

is the volume. In a binary compound HfO2 there are only four PDFs: O-Hf, Hf-O, Hf-Hf 

and O-O. For the crystalline structure, PDF has sharp peaks at specific distances. In 

liquids and amorphous structures, the PDF is broadened by the disorder and g(r) → 1 

when r → ∞. We further define a correlation function Γ(r) ≡ g(r) -1 that reflects the 

deviation of the structure at r from the statistical average in the fully disordered limit. The 

long range order correlation length L is thus defined by the condition: Γ(r)≅0 when r>L. 

In the crystalline structure L→∞. To directly measure the randomness of a structure, one 

can also calculate the fluctuation of g(r).  The averaged deviation of the PDF is 

expressed as  
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where r2> r1≥ r0 and  r0 is the smallest value for g(r)≠ 0. In what follows we choose the 

same r1 and r2 for different structures and quantify the “randomness” of a structure by 

calculating the dimensionless quantity R(r1,r2). The physical meaning of R(r1,r2) is the 

averaged deviation of the PDF from 1 from r1 to r2. The higher the R(r1,r2) is, the more 

ordered the structure is.  

In Fig. 6.5a and 6.5b we show type I structure and type II structures respectively. 

With the exception of the cell shape there is not much difference in the appearance of two 

types of amorphous hafnia. To better characterize them we calculate O-Hf PDF for 

tetragonal, monoclinic and both types of amorphous hafnia and compare them in Fig. 
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6.6a and 6.6b.  The O-Hf PDF of tetragonal hafnia has discrete peaks distributed over 5 

groups from 0 to 8 Å as shown in the Fig. 6.6a. The PDF of type I amorphous hafnia is 

continuous and has 5 peaks in the range from 0 to 8 Å corresponding to the 5 groups in 

the PDF of tetragonal hafnia. 

 

 
 

Figure 6.5: (a) Type I amorphous structure. Dark and light balls refer to oxygen and 

hafnium atoms, respectively. (b) Type II amorphous structure. 

Thus the PDF of the type I amorphous hafnia can be considered a result of broadening the 

PDF of tetragonal hafnia. It is interesting to look at the behavior of the PDF at a large 

radial distance r. In Fig. 6.6a the strong fluctuations of the PDF at the large r indicates 

long ranger order (LRO) in tetragonal hafnia. On the other hand, the PDF of type I 

amorphous hafnia quickly approaches 1 and oscillates around it. As shown in Fig. 6.6b 

the PDF of monoclinic hafnia is different from that of the tetragonal phase due to the 

difference in symmetry between two phases. The monoclinic PDF is separated into only 

two groups. The first group is composed of the first nearest O-Hf neighbors. All other O-

Hf pairs fall into the second group of the PDF. Interestingly, the PDF of type II 

amorphous hafnia (See Fig. 6.6b) has two peaks corresponding to the two groups of the 

PDF of monoclinic hafnia. The first peak at 2 Å corresponds to the first nearest neighbor 

(a) (b) 
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distance. The PDF of type II amorphous hafnia quickly approaches 1 after 5 Å and 

fluctuates moderately around 1 at larger distances. As shown in Fig. 6.6a and 6.6b the 

 

Figure 6.6: (a) The Hf-O radial pair distribution function for tetragonal hafnia and type I 

amorphous hafnia. (b) The Hf-O radial pair distribution function for monoclinic 

hafnia and type II amorphous hafnia.  

fluctuations of the PDF of type II amorphous hafnia at large distances are much smaller 

than those of type II. Quantitatively, we use the fluctuation of the correlation function  

RHf-O(r1,r2) to compare the randomness of two structures. Here we choose r1=r0 and r2=30 

Å, where r0 is the smallest distance for g(r)≠0 as shown in Fig. 6.6a. The values of RHf-

O(r0,30) for four forms of hafnia are listed in Table 6.2. The tetragonal structure has the 

highest fluctuation of the PDF and is the most “ordered” of all. The fluctuation of the 

monoclinic PDF is smaller than that of the tetragonal structure.  The fluctuation of the 

PDFs of amorphous structures is much smaller than that of both crystalline structures. 

The fact that type I has a higher fluctuation than type II suggests that type II is more 

disordered than the type I.  

We perform the same analyses of the Hf-Hf and O-O PDF for all structures. 

Similar to the situation for O-Hf PDF, type I amorphous hafnia has the Hf-Hf and O-O 

PDF similar to those of tetragonal hafnia but broadened. Type II has the PDFs broadened 
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from those of monoclinic hafnia. As shown in Table 6.2 calculations of the fluctuation of 

the PDFs suggest the following order of  RT> RM> RType I >RType II. We notice that the  

Table 6.2: The averaged deviation of the PDF in the window from r0 to 30Å for 
crystalline and amorphous structures. 

 Tetragonal 
HfO2 

Monoclinic 
HfO2 

Type I     
HfO2 

Type II     
HfO2 

RO-Hf(r0,30) 2.72 1.54 0.74 0.63 

RHf-Hf(r0,30) 3.55 1.64 0.70 0.33 

RO-O(r0,30) 2.50 0.92 0.37 0.24 

difference of RHf-Hf between the type I and the type II is much larger than the differences 

of RHf-O or RO-O. This suggests that type I is more Hf-ordered, and type II is close to being 

Hf-disordered. Both types show similar disorder in terms of oxygen. Based on our 

analyses of the cell shape and PDF, we call type I “tetragonal-like amorphous” or T-

amorphous hafnia and call type II “monoclinic-like amorphous” or M-amorphous hafnia. 

We now compare type I and II structures. Crystalline structures can be 

characterized by symmetry, with the structure of higher symmetry being more ordered. 

More specifically, symmetry can be quantified by space group [51].  However, since the 

language of symmetry cannot be applied to amorphous structures, we will use the 

deviation of the pair distribution function to quantify the randomness of amorphous 

structures. Using the deviation function R(r1,r2) previously defined, we plot f(r) ≡ R(r-

width/2, r+width/2) as a function of r in a 10 Å window for amorphous and crystalline 

structures in the Fig. 6.7a. Fig. 6.7a shows that the fluctuation of PDF in a certain 

window converges to a value at the large distance limit. The larger the deviation, the less 

randomness the structure has. The converged fluctuation for tetragonal, monoclinic, type 

I and type II are 0.80, 0.24, 0.16 and 0.08, respectively. Thus type II amorphous hafnia 

has higher randomness than type I. We calculate f(r) in windows of different width and 
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find that the width of the averaging window has little effect on the converged value of the 

deviation function (see Fig. 6.7b).  

 

 

Figure 6.7: a) The deviation of Hf-O PDF as a function of distance r within a window of 

fixed width for crystalline and amorphous hafnia. b) The deviation of Hf-O 

PDF as a function of distance r in 10 Å and 8 Å windows. 

6.3.3 Free energy of type II amorphous hafnia 

During the crystallization of amorphous hafnia the free energy and energy 

conditions described in Chapter 3 have to be satisfied. First we discuss free energy of 

amorphous structures. Entropy in amorphous materials can be roughly split into two parts: 

the vibrational part Svib and configurational part Sconf [130]. The amorphous structures we 
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obtain are local minima in energy landscape of the amorphous hafnia. As-deposited, 

amorphous hafnia randomly “chooses” an amorphous structure. At low temperature the 

system first enters into the “β” process in which the atoms vibrate around the equilibrium 

positions of the structure. At high temperature, the system has enough thermal energy to 

jump out of a local minimum and sample other possible amorphous structures. Therefore, 

the configuration entropy is important at high temperature but is small at low temperature.  

Thus we only consider the vibrational entropy for our amorphous structures within the 

harmonic approximation. In this context, free energy of an insulator is given by:  

phononphonongGibbs TSEpVETSpVEF −++=−+=  (6.3)

            

 

Figure 6.8: The phonon density of states of monoclinic hafnia (dotted line) and type II 

amorphous hafnia (solid line).  

The first term Eg is the internal energy of HfO2 obtained from ab initio calculations. The 
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second term is small in solid transformations discussed here that occur under ambient 

pressure. The last two terms together constitute the vibrational contribution to free energy, 

and can be calculated from the vibrational density of states using Eq. 3.15. Since 

amorphous structures are fully relaxed, we can calculate phonons at the Gamma point for 

each amorphous structure. We compute the Gamma point phonon DOS for our super-cell 

and average the DOS over all seven type II amorphous structures. Fig. 6.8 shows the 

averaged DOS of type II amorphous hafnia and calculated DOS of monoclinic hafnia.  

 

Figure 6.9: The excess free energy of type II amorphous HfO2 with respect to the 

monoclinic phase ∆F=Fa−Fm as function of temperature T changes its sign at 

Tc=2680 K. 

The vibrational spectrum of type II amorphous hafnia is broadened when compared to 

that of monoclinic hafnia. Most interestingly, the spectral pseudo-gap at 360 cm-1 

separating the cation-dominated modes from the anion-dominated modes in crystalline 

hafnia is now gone [19]. Using our previously calculated phonon spectra for 
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themonoclinic phase [19], we can calculate the difference in free energy between type II 

amorphous and monoclinic hafnia: 

harmgmonoclinicamorphous FVpEFFTF Δ+Δ+Δ=−=Δ )(  (6.4)

where ∆Eg =0.65 eV/HfO2 and p∆V= 10-6eV/HfO2 when p = 1 atm and will be neglected. 

Only the last term depends on temperature. At zero temperature ∆Fharm is close to zero, 

and decreases to -0.65 eV/HfO2 as temperature increases to 2680K. We plot ∆F(T) in Fig. 

6.9; free energy of amorphous hafnia is larger than that of crystalline hafnia below 2680K 

(roughly the temperature of the tetragonal to cubic phase transition).  

6.3.4 Crystallization barrier of type II amorphous hafnia 

 We now turn to the second condition for crystallization within the energy 

landscape. Here we focus on calculating of the activation energy Eb (also called the 

activation energy barrier) during crystallization. Based on our structural analysis, we 

focus on type II structures. Our goal is to find the transition path and transition barrier for 

the crystallization. Since the NEBM package in VASP can only calculate the transition 

process in a fixed cell, we generate type II amorphous structures in the monoclinic 

supercell as discussed by Zhao and Vanderbilt [14]. We generate 8 new amorphous 

structures using a 5% uniformly enlarged monoclinic cell. The only difference in the new 

procedure is that we relax the snapshots of MD under the the constant volume and shape  

Table 6.3:  The activation energy per HfO2 molecule in four type II amorphous 

structures. 

 Structure I Structure II Structure III Structure IV 

Activation Energy 
per HfO2 (eV) 0.0794 0.1603 0.0516 0.0556 
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condition. We choose four structures with the lowest values of the stress tensor to 

continue our analyses. The PDF and coordination number distribution of these four 

selected structures are similar to those of type II amorphous hafnia discussed above.  

 

Figure 6.10: The energy profile along the path from the monoclinic structure to a type II 

amorphous structure. The energy barrier is initially high and decreases as 

relaxation. “m-hafnia” and “a-hafnia” mean the monoclinic hafnia and type 

II amorphous hafnia, respectively. 

 Once we have the atomic correspondence and the common cell for the monoclinic 

and amorphous structures, we are ready to use the NEBM to calculate the transition path 

and barrier height for the four selected type II structures. In Fig. 6.10 we show the energy 

barrier between the monoclinic structure and one of the amorphous structures. The initial 

band connecting two structures has a high energy barrier. After the relaxation by NEBM, 

the energy barrier decreases to 0.16 eV/HfO2. The energy barriers for the other three 

amorphous structures are all below 0.10 eV/HfO2 and listed in Table 6.3. The averaged 
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energy barrier for type II is estimated to be 0.087 eV/HfO2. We use the calculated energy 

barrier to estimate the transition temperature. Classically, a system can go over the 

energy barrier Eb only when the thermal energy is higher than Eb. Assuming the transition 

temperature is high enough for the Boltzmann statistics, one degree of freedom 

contributes 1/2kBT to thermal energy. Then at the transition temperature we have 

bcB ETnk =2/ , where n is the number of degrees of freedom in each HfO2 molecule and is 

9 in our system. Therefore we get  Bbc kET 9/2=  and the lower limit of transition 

temperature is 192 K. However, this calculation obviously underestimates the transition 

temperature. The problem is that the system at 192 K does not obey the Boltzmann 

statistics since many degrees of freedom in the solid are frozen at low temperature. In 

Fig. 6.11 we plot the calculated specific heat for monoclinic HfO2 and type II amorphous 

hafnia from 0-1000K using the following formula: 
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Figure 6.11: The calculated heat capacity of monoclinic hafnia and type II amorphous 

HfO2 from 0K to 1000K. 
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The plot shows that the system does not reach the Dulong-Petit limit until 1000K. To fix 

this problem, we adjust the calculation of thermal energy by integrating ' 

0 

' )( dTTC
T

v∫ . 

The kinetic energy is half of the total thermal energy. Then the new equation for Tc 

becomes b
T

v EdTTC
c

=∫ ' 

0 

' )(
2
1 . We solve it numerically and find Tc= 421K. This means that 

the thermal energy of type II amorphous hafnia may be enough to push the system over 

the crystallization barrier at 421K. According to the experimental data shown Table 6.4, 

crystallization temperature depends on the surface area and the intrinsic properties of 

amorphous hafnia. High surface area amorphous hafnia powder has high crystallization 

temperature. This may be due to the high energy barrier for the surface reconstruction of 

amorphous hafnia during the crystallization. If the surface to volume ratio is small, the 

crystallization temperature is determined predominantly by the bulk transition barrier. 

Our estimate suggests that the crystallization temperature in the bulk limit is around 

421K. The experimental crystallization temperature is around 600K and increases as the 

size of amorphous hafnia decreases.  

Table 6.4: Crystallization enthalpies and temperatures for precipitated HfO2. 

Crystallization onset temperature is from DSC measurements, phase 

identification and size estimate is  

Cryst. onset T, 

°C 

ΔH cryst. 

kJ/mol  

Phase (XRD size) Comment, Ref 

472.3 ±11.0 (4) -32.6 ±2.0 M (~16 nm) Precipitated with NH4OH [139] 

537.9 ±8.4 (4) -29.2 ±3.0 M (~10 nm) Precipitated with N2H4 [140] 

1006 -14.8 ±0.6 T (~2.5 nm) 30 mol % in amorphous SiO2 matrix [139] 

991 -16.1 ±0.6 T (~3.4 nm) 50 mol % in amorphous SiO2 matrix [139] 

743 -22.4 ±1.0 T (~4.9 nm) 90 mol % in amorphous SiO2 matrix [139] 
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6.4 CONCLUSION 

We investigate the amorphous to crystalline phase transition in hafnia using first 

principles calculations. We identify two distinct types of disordered hafnia. Type I 

amorphous structures (related to tetragonal hafnia) have molar volume between that of 

monoclinic and tetragonal hafnia and energy 0.25 eV/HfO2 higher than that of the 

monoclinic phase. The volume of type II amorphous hafnia (related to monoclinic hafnia) 

is about 4% larger than that of monoclinic hafnia and its energy is 0.65 eV/HfO2 above 

that of the monoclinic phase. We suggest using the deviation of the radial pair 

distribution to characterize randomness of a structure. Using this criterion we find that 

type II structures are more random than type I ones. We calculate phonon spectra, free 

energy and specific heat for type II structures. We calculate the energy barrier for the 

crystallization of amorphous hafnia using NEBM. The averaged transition barrier 

between the monoclinic and type II amorphous hafnia is about 0.09 eV/HfO2. We 

estimate the crystallization temperature to be around 421K using the calculated activation 

energy. The small barrier reflect the large energy difference between m-HfO2 and type II 

amorphous structures. Unlike the case of SiO2, the “energetic cost” of disorder is 

relatively high. 
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Chapter 7. Surface effects in phase transitions 

The results of this chapter have been published in the Physical Review B: X. Luo, A.A. 

Demkov, D. Triyoso, P. Fejes, R. Gregory and S. Zollner, Phys. Rev. B 78, 245314 

(2008). 

7.1. INTRODUCTION 
In the previous chapters we have discussed the bulk properties of hafnia. 

However, thin hafnia films behave differently from bulk due to the high surface to 

volume ratio [112]. In this chapter we report a theoretical study of hafnia surfaces and 

relate our findings to properties of HfO2 films of different thickness deposited by atomic 

layer deposition (ALD). Previous theoretical studies of hafnia surface [141-142] are 

limited to stoichiometric surfaces of the monoclinic phase. However, experiment 

indicates that hafnia films are poly-crystalline with more than one phase present [112, 

143-144]. Thus a systematic study of hafnia surface including monoclinic and tetragonal 

phases for both stoichiometric and non-stoichiometric terminations is of interest. The rest 

of the chapter is organized as follows. In section 7.2 we briefly describe the experimental 

results on thin hafnia films deposited by our collaborators at Freescale semiconductor. In 

section 7.3 we present a systematic theoretical study of surfaces of monoclinic and 

tetragonal hafnia. 

7.2. EXPERIMENTAL RESULTS FOR THIN FILMS OF HAFNIA 
Our collaborators at Freescale deposit HfO2 films via ALD using hafnium 

tetrachloride and water at 300°C as reported previously [113, 145]. The HfO2 film 

thickness is controlled by the number of deposited cycles. One deposition cycle consists 

of a water pulse, a nitrogen purge (to remove un-reacted water), a HfCl4 pulse and a 
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nitrogen purge. As received silicon wafers are cleaned using a solution of de-ionized 

water, hydrogen peroxide, and hydrochloric acid with a ratio of 40:2:1 at 35C for 10 

minutes. This so called ‘SC2 clean’ grows a thin chemical oxide layer on the silicon 

substrate. HfO2 is deposited on chemical oxide starting surfaces. After deposition, hafnia 

films are either not annealed at all or annealed in oxygen for 60s at 500°C. 

 Films that are thinner than 200 Å do not provide good X-ray diffraction data, and 

so these are analyzed using electron diffraction. By an analysis of the missing electron 

diffraction peaks after anneal, the 40 Å film show only presence of the monoclinic phase, 

which is textured along the { 121 } and { 211 } axes. The presence of grains with a 

{1,2,1} the texture axis could not be ruled out. The other orientations that can not be 

ruled out are the { 111 } and {1,1,1} axes reported in [9,10,11]. Films with thicknesses 

between 70 Å and 100 Å show no texturing after a 500°C anneal and are found to consist 

of a mixture of monoclinic and tetragonal phases. HfO2 films that are thicker than 200 Å 

are analyzed by X-ray diffraction. After annealing at 900°C to 1000°C, films are 

determined to consist of the monoclinic phase, with {1,1,1} and { 111 } texturing.  

7.3. THEORETICAL ANALYSIS 

Density functional theory (DFT) calculations are carried out using the Vienna ab initio 

Simulation Package (VASP)[20]. We use the PW91 generalized gradient approximation 

(GGA) [146-147]. Vanderbilt-type ultra-soft pseudopotentials are employed [27]. For Hf 

atoms 5d and 6s electrons are included, for oxygen atoms 2s and 2p electrons are 

included. The Brillouin zone integration is performed with a Monkhorst-Pack method. 

The kinetic energy cutoff of 800 eV is found to be sufficient (the total energy is 

converged to 10-6 eV/cell, and forces are converged to 10-3 eV/Å). For bulk calculations 
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we use a relatively coarse 4×4×4 grid size for the initial relaxation of the structure, which 

is followed by an accurate calculation with an 8×8×8 grid to determine the final structure. 

For the surface calculations discussed below we use the 4x4x1 and 8x8x1 grids. The 

structural parameters for fully relaxed tetragonal and monoclinic HfO2 are shown in 

Table 4.3, all are in good agreement with experimental data [1, 76]. Our total energy 

calculations reproduce the correct energetic ordering of hafnia phases: cubic to tetragonal 

to monoclinic going from the highest to the lowest energy phase.  

To simulate the surface we employ slab geometry and symmetric slabs. In the 

direction normal to the surface, a 15 Å thick vacuum layer is added to eliminate spurious 

slab-slab interactions. We use the conjugate-gradient algorithm to optimize the atomic 

structure for various surface terminations of hafnia polymorphs. The surface energy of a 

vacuum-cleaved surface is then estimated using the zero temperature “grand canonical” 

thermodynamic potential [148]:  

}{
2
1

2222 HfHfHfHfOOOOslabs ENNENNE
A

E −−−−= μμ .  (7.1)

Here the energy is given per surface unit cell, and the factor of 1/2 is due to having two 

surfaces in the supercell. The chemical potentials of Hf and O2 are related by the 

equilibrium condition
22 HfOOHf E−=+ μμ . Here 

2HfOE is the formation energy of hafnia; 

the chemical potential of HfO2 is set to zero since we are in equilibrium with the bulk. 

Therefore the surface free energy is function of one chemical potential only. We choose 

the chemical potential of oxygen, and it is set to change in the energy window from zero 

(equilibrium with oxygen supply) to negative energy of formation of hafnia
2HfOE (below 

this value Hf metal will start forming on the surface). For hydrogen-passivated surfaces 

Eq. (1) needs to be modified [149]: 

}{
2
1

22222222 HHHHHfHfHfHfOOOOslabs NENENNENNE
A

E μμμ −−−−−−= .  (7.2)
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Note that the chemical potential of hydrogen is given with respect to H2 molecule and can 

be written as function of pressure and temperature as follows:  

]lnln)[ln(
2 vibrot

Q
H ZZ

kT
pV

kT −−=μ , (7.3)

where p is the hydrogen partial pressure, T is temperature and Zrot and Zvib are the 

rotational and vibrational partition functions, respectively. We now discuss several 

surfaces of monoclinic and tetragonal phases in more details with the emphasis on the 

former since the dominant phase in the ALD-grown hafnia thin films is monoclinic.  

7.3.1. Surfaces of monoclinic hafnia 

Because of low symmetry of the monoclinic phase, cutting a surface from a monoclinic 

crystal theoretically is not a trivial task. The slabs thus generated are not unique. We 

construct several structures with different orientations and stoichiometries. Then we relax 

them using VASP, and use the total energies of optimized structures to calculate the 

surface energy of each termination as function of chemical potential according to 

equation 1. In Fig. 7.1 we plot the surface energy for different orientations for the 

monoclinic phase as function of the oxygen chemical potential, the zero value of which 

indicates equilibrium with the oxygen supply and thus describes the oxygen rich 

environment. As seen in Fig. 7.1 all stoichiometric surfaces have surface energies 

independent of the chemical potential. For the stoichiometric surfaces our calculations 

agree well with those presented in references [141] and [142]. We compare our results to 

those in Ref. [142] in Table 7.1. The order and values of surface energy for the relaxed 

stoichiometric surfaces are in good agreement. In addition, we consider several non-

stoichiometric and H-passivated surfaces as shown in Fig. 7.1. Two surfaces with the 

lowest surface energy among the non H-passivated surfaces are the stoichiometric )111(  
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Figure 7.1: Surface energy of monoclinic HfO2 as function of the oxygen chemical 

potential. Labels ending in ”Oxy”, “Hf” and “Stoi” refer to oxygen, hafnia, 

and stoichiometric terminations, respectively. Labels ending in ‘H’ refer to 

hydrogen passivation. In the case of two oxygen-terminated )211( surfaces 

the termination with less oxygen is marked with an asterisk.  

and oxygen rich )211( . Under extreme oxygen rich conditions the oxygen-terminated 

(001) surface becomes comparable to )111( in energy. The stoichiometric )111(  

surface has the lowest surface energy in most of the allowed range of the chemical 

potential (with the exception of the extreme oxygen rich regime). This might explain why 

thin hafnia films in our collaborators’ experiments (as well as in reports by others [150]) 

favor the texture axis normal to )111(  planes. However, under certain conditions [117]  
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Table 7.1: Surface energy of monoclinic hafnia with stoichiometric termination. 

Stoichiometric 

surface 

Surface energy in (J/m2) from Ref. [142] Surface energy in 

(J/m2), this work unrelaxed relaxed 

)111(  1.46 0.993 1.04 

)111(  1.562 1.199 1.25 

)001(  2.169 1.416 1.45 

)211(    1.71 

)100(  2.165 1.667 1.79 
 

hafnia films may favor )001(  as the growth direction. Taking into account that the 

HfCl4 precursor requires water cycle during the film deposition, the effect of surface 

hydroxylation needs to be considered. In general, the amount of hydrogen on the surface 

of a growing film depends on the density of under-coordinated oxygen atoms and details 

of purging and temperature, and thus is specific to the growth process. We calculate the 

surface energy of hydrogen-passivated surfaces using Eq. (2). A comprehensive account 

of this study will be presented elsewhere. For the present argument it is sufficient to note 

that the presence of hydrogen on stoichiomtetric and Hf-terminated surfaces does not 

change the surface energy and geometry drastically. However, the hydroxylation has a 

rather big impact on O-terminated surfaces, such as the oxygen-terminated (001) surface. 

As seen in Fig. 7.1 the surface energy of hydroxylated (001) oxygen-terminated surface is 

reduced by 3200 mJ/m2 relative to the original surface. A similar effect has been 

previously reported by us for the crystalline SiO2 surfaces [149]. This might explain the 

stabilization of (001) surface for monoclinic hafnia reported by other workers. Also, 

oxygen-terminated )211( surfaces are stabilized under either oxygen poor or oxygen rich  
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Figure 7.2: (a) The relaxed structure of the stoichiometric ( 211 ) slab of monoclinic 

hafnia with 32 oxygen atoms and 16 hafnia atoms. (b) The relaxed structure 

of the oxygen rich oxygen-terminated ( 211 ) monoclinic slab with 36 

oxygen atoms and 16 hafnia atoms.  
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conditions. We now shall focus on the most stable hydrogen free surfaces of the 

monoclinic phase, and compare their atomic and electronic structures.  

As we have mentioned, for the 40 Å hafnia film the )211( direction coincides 

with the texture axes. According to our thermodynamic analysis this termination is stable 

under oxygen rich conditions. Therefore we consider one stoichoimetric and one oxygen-

terminated surface with the )211(  orientation (shown in Figures 7.2a, and 7.2b, 

respectively). The stoichiometric model referred to as slab I (Fig. 7.2a) contains 32 

oxygen and 16 hafnia atoms, and is 9.6Å thick. The oxygen-terminated model referred to 

as slab II (Fig. 7.2b) contains 40 oxygen and 16 hafnia atoms, and is 11.2Å thick. The top 

and bottom surface atomic configurations of the slab are essentially the same, albeit 

rotated with respect to one another, in both cases. The lateral lattice constants of slabs I 

and II are listed in Table 7.2. The fully relaxed structures of slab I and II are shown in the 

Fig. 7.2a and 7.2b. The most obvious difference between the two is that the structure II 

has several peroxy bonds between pairs of oxygen atoms on the surface and the structure 

I has no such bonds. Peroxy bonds are rare in metal oxides [149]; they appear in this 

structure because there are not enough hafnium atoms to be bonded to oxygen on the 

surface, this is the energy lowering mechanism of the oxygen rich surface. The presence 

of peroxy bonds affects the electronic structure of the surface, as we shall discuss in 

detail below.  

The theoretical GGA band gap of monoclinic HfO2 is only 4.1 eV (the LDA gap 

is 3.9 eV and experimentally it is 5.8 eV). The top of the valence band is comprised 

predominantly of the oxygen p-state, and the bottom of the conduction band is mainly 

hafnium d-states [151]. In Figure 7.3a we show the total density of states for the slab with  
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Table 7.2:  The simulation cell parameters used to calculate the slab of the ( 211 ) 

surface of monoclinic hafnia. 

a b α β γ 

8.49 Å 7.30 Å 90° 90° 94.78° 
the oxygen rich )211(  surface discussed above. The Fermi level at E=0 is pinned by a 

state 3.8 eV above the valence band top. The level is a filled state of the peroxy bond. In 

Figure 7.3b we show partial density of states projected onto several oxygen atoms labeled 

in Figure 7.2b. Atoms 3 and 4 of the second peroxy bond contribute to this peak. The 

state 2.7 eV below the Fermi level corresponds to the first peroxy bond. We can also see 

the “proper” surface states (atom 5) 0.2 eV above the valence band top. The valence band 

top is 3.8 eV below the Fermi level as can be seen from the lowest panel in Figure 7.3b. It 

is useful to project the partial density of states (PDOS) onto oxygen atoms across the 

slab, and plot the l=1 component (p-state) layer by layer as in Figure 7.4. We can see that 

the surface states coming from the peroxy bonds are rapidly decaying as we move deeper 

into the slab. Yet the “proper” surface state right at the band edge decays with a slower 

rate. Clearly the behavior of these surface states is quite different, and can be understood 

with the complex band structure. The complex band structure of the monoclinic phase 

suggests that the decay length of both evanescent states corresponding to the peroxy  
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Figure 7.3: (a) The total density of states of ( 211 ) oxygen rich monoclinic hafnia 

plotted in the energy window from –12.0 to 4.0 eV. (b) The partial 

density of states projected on the oxygen atoms labeled in Figure 2 b. The 

Fermi level is at the E=0 eV. 
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Figure 7.4: The oxygen-projected density of states plotted layer-by-layer along the z-

axis of the oxygen-terminated slab. 

bonds should be about 2 Å, while the gap states close to the band edge decay much 

slower [15]. Fig. 7.5 shows the electron density distribution corresponding to the peroxy 

states. In Fig. 7.5a we show the contour plot (in the surface plane) of the electron density 

corresponding to the lower peroxy state. It looks like an anti-bonding πpp  orbital of 

the peroxy dimer. In Fig. 7.5b we show the contour plot in the sub-surface plane of the 

electron density corresponding to the surface state at the Fermi level. It is clearly an anti-

bonding σpp  orbital of the other peroxy bond II.  Note that the valence band top does 

not show any bending across the film. This is because the peroxy state pins the Fermi 

level approximately mid-gap. Peroxy bonds on oxide surfaces are well documented [152-

153]. They play important role in surface catalysis. However, we are unaware of studies 

focused specifically on hafnia.  
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Figure 7.5: (a) The partial electron density distribution coming from the localized states 

2.7 eV below the Fermi level for the oxygen rich ( 211 ) monoclinic surface. 

Dots represent oxygen atoms at the surface. (b) The partial electron density 

distribution coming from the states right at the Fermi level of the oxygen 

rich ( 211 ) monoclinic surface. 

7.3.2. Surfaces of tetragonal hafnia 
When compared with the monoclinic phase, the structure of tetragonal hafnia has 

much higher symmetry. Thus the number of possible surface terminations of the 

tetragonal phase is limited. Most surfaces of tetragonal hafnia are either oxygen-

terminated or hafnia-terminated, with the exception of the (100) surface that can only be 

cut stoichoimetric.  

In Fig. 7.6 we plot the surface energy for different orientations of the tetragonal 

phase as function of the oxygen chemical potential. The plots with a positive slope 

correspond to hafnium-terminated surfaces and those with a negative slope correspond to 

oxygen-terminated surfaces. The surface energy of stoichiometric surfaces does not 

depend on the chemical potential. Among the non-stoichometric surfaces the (111) family  

(a) (b)
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Figure 7.6: Surface energy of several surfaces of tetragonal HfO2 with different 

termination and orientation. Labels indicate the orientation and termination 

of a particular surface. 

has lowest surface energy. However, the stoichiometric (100) surface is the most stable 

termination of tetragonal hafnia. This is in contrast with tetragonal zirconia where the 

most stable surface is (111) [154]. We should note that the surface described as (111) in 

Ref. [154] is actually stoichiometric )211( . The real (111) surface of both t-hafnia and t-

zirconia is built of )211( facets (see Fig. 7.7a and 7.7b).  We have considered both 

oxygen and hafnium terminated (111) surfaces as well as the stoichiometric termination. 
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Surprisingly, in terms of surface energy the stoichiometric )211(  and (111) terminations 

are indistinguishable (see Fig. 7.7). 

Figure 7.7: (a) The relaxed ( 211 ) structure of the tetragonal hafnia stoichoimetric slab 

with 32 oxygen atoms and 16 hafnia atoms. (b) The relaxed (111) structure of 

the tetragonal stoichiometric hafnia slab with 32 oxygen atoms and 16 hafnia 

atoms. 

In Fig. 7.8 we analyze the average potential plot for the slab with the (111) 

surface for the oxygen and hafnium terminations. Fig. 7.8a shows a combined plot of the 

plane-averaged electrostatic potential and its macroscopic average for hafnia-terminated 

(111) surface across the thickness of the slab along with the plane by plane projected 

oxygen density of states. Oxygen is chosen since the top of the valence band in hafnia is 

predominantly the oxygen p-state. The Fermi level is pinned by the mid-gap surface state. 

The state is mostly a dangling hafnia d-orbital but is obviously hybridized with the 

oxygen p-orbital. The surface state results in a double layer that lowers the bulk potential 

by about 0.2 eV. The work function can be estimated as a difference between the Fermi 

level and the value of the potential in the vacuum region. We also estimate the electron 

affinity, but for that we use the bulk value of the reference potential. In the bulk the  

)211(

)111()211(
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Figure 7.8: (a) A composite graph of the plane averaged electrostatic potential used as the 

energy reference, its macroscopic average, and the plane by plane projected 

oxygen density of states for the Hf-terminated (111) surface of t-HfO2. The 

surface state which is actually a dangling Hf d-orbital is clearly seen pinning 

the Fermi level.  (b) Same as (a) for the O-terminated (111) surface of t-HfO2. 

valence band top is 2.4 eV higher than the average electrostatic potential. Using the 

experimental value of the HfO2 band gap of 5.7 eV we estimate the electron affinity to be 

1.95 eV.  If we now apply a GW correction of 0.57 eV (calculated for the top of the 

valence band at the Γ point of bulk m-HfO2 [155]) we arrive at the value of 2.52 eV 

similar to that measured in recent experiments [156]. Fig.7.8b shows similar data for the 

oxygen-terminated (111) t-HfO2 surface. Here the highest occupied surface state is 

located 0.4 eV above the top of the valence band and is oxygen related. The results for 

the work function and electron affinity of different terminations of tetragonal and 

monoclinic phases are summarized in Table 7.3. 

Table 7.3: The work function and electron affinity of various hafnia surfaces. The 5.7 eV 

value is used for the bulk band gap for both phases.  

  Tetragonal  Monoclinic 

)211( stoi (111)stoi (111)hf (111)oxy (100)stoi )111( stoi )211( oxy

Work function 6.78eV 6.83eV 4.82eV 7.65eV 6.71eV 7.30 eV 7.29 eV 

Electron  affinity 1.08eV 1.13eV 1.99eV 2.52eV 1.71eV 1.82 eV 1.59 eV 
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7.3.3. The role of surface energy in the m-t transformation 

The phase composition of a thin film is important in view of the uniformity 

requirements, since the electrical properties may change significantly between different 

polymorphs [5,30]. In the case of very thin films the difference in the surface energy of 

different polymorphs may stabilize higher energy phases. Experimentally, in zirconia the 

stabilization of tetragonal grains below the critical size of Rc=150 Å has been reported 

[157], and discussed from the theory point of view by Christensen and Carter [154]. In 

hafnia a similar effect has been also observed [112]. As we have shown the lowest 

surface energy for tetragonal hafnia is achieved for the (001) orientation. This is 500 

mJ/m2 lower than the most stable )111(  stoichiometric termination of monoclinic 

hafnia; the difference is much larger than that reported for zirconia [15]. Thus in a very 

thin film one may hope to suppress the tetragonal to monoclinic transition. Ignoring the 

small difference in molar volumes of tetragonal and monoclinic hafnia, and the entropic 

effects, the critical size can be roughly estimated as follows. In a uniform hafnia film of 

thickness R and area A, the phase equilibrium equation defines the critical thickness: 

mcmtct EARAEARA +=+ γγ , (7.4)

where tγ  and mγ  are the lowest surface energies for the tetragonal and monoclinic 

phases, respectively.  Et and Em are the bulk energy densities for the two phases, and Rc 

is the critical thickness. Thus the critical thickness Rc is given by:  

mt

tm
c EE

R
−
−

=
γγ

. (7.5)

Using our calculated bulk energies, and surface energies calculated for the stoichiometric 

)111(  surface of monoclinic hafnia and (100) stoichiometric surface of tetragonal hafnia 

we estimate that for films thinner than 15 Å the presence of tetragonal phase may be 
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expected. If a spherical grain is considered the critical radius is 45 Å.  Experimentally, 

however, we observe the presence of the tetragonal phase only in 99 Å thick films. This 

might suggest the presence of small size crystallites in these films, and not in the thicker 

or thinner ones. Clearly, other mechanisms such as the presence of hydrogen and point 

defects (i.e. oxygen vacancies) could be responsible for the stabilization of a high 

symmetry phase. In addition, we have not considered the energy of grain boundaries 

which might be more appropriate than surface energies for this case. Therefore we view 

our findings as consistent with the surface energy driven suppression of the phase 

transition rather than as proving it.  

7.4. CONCLUSIONS 

The first principles calculations of the surface phase diagram for monoclinic and 

tetragonal hafnia reveal that in the absence of hydrogen (111), and ( 111 ) are the lowest 

energy surface terminations of monoclinic hafnia under a wide range of chemical 

environment, consistent with texturing of thick hafnia films. Due to the use of 

tetrachloride precursor, the ALD is performed on the oxidized surface of a Si wafer. 

Since the thin SiO2 layer is amorphous, the crystallographic effect of the substrate is 

minimal. Therefore one could expect that either the growth kinetics or thermodynamics 

dominate the film growth. Our results suggest that thermodynamics plays a role (or that 

the lowest energy surface is also the fastest growing one). In addition, the calculations 

suggest that in the presence of hydrogen the ( 211 ) termination can be stabilized both 

under oxygen rich and oxygen poor conditions, which might explain the peculiar 

texturing of very thin monoclinic films. The most intriguing result is quenching of the 

tetragonal phase at room temperature for intermediate film thicknesses. It is possible that 
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extremely small grains of tetragonal hafnia are stabilized owing to the lower surface 

energy of that phase. According to our calculations, in vacuum the critical thickens 

necessary to stabilize tetragonal hafnia is between 1 and 40 Å. This is consistent with the 

large width of the electron diffraction peaks attributed to the tetragonal phase. The 

presence of multiple phases in hafnia films may have important device implications. It 

has been shown that electronic properties such as the dielectric constant [5], and the 

charge neutrality level [31] vary significantly from one polymorph to another, thus 

causing fluctuations of such important parameters as the threshold voltage. In addition, 

we have examined the work function and electron affinity for several surfaces of 

monoclinic and tetragonal hafnia. In the case of the tetragonal phase we find a large 

variation in electron affinity depending on the surface termination. For the oxygen-

terminated (111) surface of the tetragonal hafnia the electron affinity is estimated to b 

2.52 eV when a quisiparticle correction is included. For the monoclinic phase the electron 

affinity shows much less variation and is about 1.7 eV for the most stable (111) oriented 

stoichiometric surface in good agreement with experiment.  
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Appendix A. Group-analysis of Γ-point phonons in monoclinic phase 

A crystal remains invariant under a symmetry operation of the group of the 

Schrödinger equation. Therefore, the application of a symmetry operation PR to a normal 

mode eigenvector fK produces a linear combination of other normal modes of the same 

frequency [55]. That is, {fK} form a basis for a representation of the symmetry operator 

PR of the crystal: 

∑=
'

)(
''

)()( )(ˆ
K

i
KKK

ii
KR fRDfP  (4.7) 

where KK
i RD '
)( )( denotes the matrix elements of the matrix representation of the symmetry 

operator R, and i denotes the irreducible representation which labels both the matrix and 

the basis function. Since the basis functions for different irreducible representations do 

not couple to each other, group theory helps to bring the normal mode matrix into block 

diagonal form, with each eigenvalue and its correspond normal modes labeled by an 

appropriate irreducible representation [55]. Generally we can these follow steps to label 

normal modes using group theory: 

1. Identify the symmetry operation that defines the point group G of the crystal. 

2. Find the characters for the equivalence representation Γequivalence that shows the 

equivalent atom sites under the symmetry operator.  

3. Construct a representation for the molecular vibration Γ by taking the direct 

product of Γequivalence and Γvec, where Γvec is the representation for the 

transformation of a vector: Γ.= Γequivalence ⊗ Γvec − Γtrans, where Γtrans is the 

representation for the simple translations of the crystal.  

4. Find the number of times a irreducible representation is contained in the reducible 

representation from the characters of the irreducible representation for the crystal 

vibrations. 
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5. Use the selection rules in Chapter 3 to find out whether or not the normal mode is 

infrared active or Raman-active. 

Table A.1: The character table of C2h group. 

 E C2 σn I 

Ag 1 1 1 1 

Au 1 1 -1 -1 

Bg 1 -1 -1 1 

Bu 1 -1 1 -1 

We carry out the above procedures and analyze the Γ point phonons in monoclinic 

hafnia. Monoclinic hafnia and zirconia have space group P21/c. The little group at Γ is 

the point group C2h consisting of operation E, C2, σn and I [158]. There are four one 

dimensional irreducible representations: Ag, Bg, Au and Bu. The character table of this 

point group is shown in Table A.1. If the character of the rotation operation around the 

main axis is +1, the irreducible representation is denoted by A. If the character is -1, the 

representation is denoted by B. The subscript g or u means the system is symmetric or 

anti-symmetric under the inversion operation I. In one primitive unit cell of monoclinic 

phase there are 8 oxygen and 4 hafnium atoms. We number the 12 atoms as listed in the 

Table 4.16. Then the equivalence representations are: 

Γequivalence(E) =  

⎟⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
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⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜
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⎜
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⎜
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⎜

⎝
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; 
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Γequivalence(C2) = 

⎟⎟
⎟
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⎟
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Γequivalence(σn) =  
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Γequivalence(I) =  
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The transformation representations are: 
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Γvec(E) =
⎟
⎟
⎟

⎠

⎞

⎜
⎜
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⎝

⎛
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001

;  Γvec(C2) =
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−
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. 

The vibrational representation is the direct product of the equivalence and transformation 

representations: 

)()()( RRR vecequivlencevib Γ⊗Γ=Γ  (4.8)

Because vibrational matrices and the Γ point dynamical matrix commute [55], vibrational 

matrices have the same composition of irreducible representations as the Γ point 

dynamical matrix. With the above representations we can complete group theoretical 

analyses. Using the decomposition relation, the number of times the irreducible 

representation Γi is contained in the reducible representation is 

∑ ∗=
R

i
i RR

h
a )()(1 χχ  (4.9)

where i denotes the ith irreducible representation, h is the number of symmetry operators 

in group and R is a symmetry operator. Here h = 4,  36)( =Edisχ and the character of 

other elements in C2h group is zero. So the modes at the Γ point can be decomposed as   

ugug BBAA 9999 ⊕⊕⊕=Γ  (4.10)

To classify the vibration modes into the Raman active and infra-red active modes, we 

take advantage of the projection operators. A projection operator generally is 

∑ ∗=
R

R

i
i PR

h
gP ˆ)(ˆ χ  (4.11)

where gi is the dimensionality of the ith irreducible representation. The expression for a 

symmetry operator RP̂  is given by Eq. A.2. Thus in our case we have 

)ˆˆˆˆ(
4
1ˆ

2 ICE
A PPPPP

n
g +++= σ  (4.12)

)ˆˆˆˆ(
4
1ˆ

2 ICE
A PPPPP

n
u −−+= σ  (4.13)

)ˆˆˆˆ(
4
1ˆ

2 ICE
B PPPPP

n
g +−−= σ  (4.14)

)ˆˆˆˆ(
4
1ˆ

2 ICE
B PPPPP

n
u −+−= σ  (4.15)
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Suppose we obtain a Γ point phonon mode >kf| by diagonalizing the dynamical matrix, 

where k denotes the kth eigen-mode. If the >kf| mode is the basis vector of the ith 

irreducible representation, the projection operator projects the >k| mode into >k|  

itself: >>= kk
i ffP ||ˆ . If the >k| mode is not the basis vector of the ith irreducible 

representation, 0|ˆ >=k
i fP . According to Chapter 3, Raman active modes are the basis 

vectors of Ag or Bg representations, and infrared active modes are the basis vectors of Au 

or Bu representations. Table 4.8 shows the classification of the Γ point phonon modes. 

We find that one Au and two Bu modes are the zero-frequency translational modes that are 

not infrared-active. Overall we find that 18 modes (9Ag + 9Bg) are Raman active and 15 

modes (8Au + 7Bu) are infrared active. 

 In MATLAB, it is straightforward to implement the above procedures except 

generating the equivalence representation and taking direct product of equivalence 

representations and transformation representations. MATLAB has elegant and efficient 

functions to perform matrix operations. Our MATLAB codes are: 

 

% Define the permutation induced by the symmetry operator.  

order_e0=1:12; 

order_c2=[3 4 1 2 3 8 5 6 10 9 12 11]; 

order_si=[7 8 5 6 3 4 1 2 12 11 10 9]; 

order_in=[5 6 7 8 1 2 3 4 11 12 9 10]; 

% Generate the equivalence representation using the corresponding permutation. 

dia=eye(12,12); 

per_e0=dia(order_e0,1:12); % “e0” denotes E. 

per_c2=dia(order_c2,1:12); % “c2” denotes C2. 

per_si=dia(order_si,1:12); % “si” denotes σn. 

per_in=dia(order_in,1:12); % “in” denotes I. 
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% Define the transformation matrices. 

matrix_e0=[1 0 0; 0 1 0; 0 0 1]; 

matrix_c2=[-1 0 0; 0 1 0; 0 0 -1]; 

matrix_si=[1 0 0; 0 -1 0;  0 0 1];        

matrix_in=[-1 0 0; 0 -1 0; 0 0 -1];   

%Take the direct product of the equivalence matrices and transformation matrices. 

mattmp=[1:12;1:12;1:12]; 

p_e0=per_e0(mattmp,mattmp).*repmat(matrix_e0,12,12); 

p_c2=per_c2(mattmp,mattmp).*repmat(matrix_c2,12,12); 

p_si=per_si(mattmp,mattmp).*repmat(matrix_si,12,12); 

p_in=per_in(mattmp,mattmp).*repmat(matrix_in,12,12); 

% Construct the projection operators for each irreducible representation. 

P(:,:,1)=(p_e0+p_c2+p_si+p_in)/4;  %Ag 

P(:,:,3)=(p_e0+p_c2-p_si-p_in)/4;  %Au 

P(:,:,2)=(p_e0-p_c2-p_si+p_in)/4;  %Bg 

P(:,:,4)=(p_e0-p_c2+p_si-p_in)/4;  %Bu 
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Appendix B. Nearest neighbor search algorithm 

In order to identify a one to one correspondence, we postulate the minimum 

atomic movement (MAM) assumption in Chapter 6. We write the atomic coordinates in 

the amorphous and monoclinic structures as  },{ αi
ar and },{ αi

mr , where i values from 1 to 

64 correspond to oxygen and from 65 to 96 to the hafnium, and zyx ,,=α . There exists 

a MAM permutation {i1, i2, ···, i64} of the set {1,2,···,64} for oxygen atoms so that the 

total movement of oxygen atoms, defined 

as ( ) ( ) ( )∑ =
−+−+−

64

1

2,,2,,2,,
j

zj
m

zi
a

yj
m

yi
a

xj
m

xi
a rrrrrr jjj has a minimum. Similarly for hafnium 

atoms there exists a permutation {i65, i66, ···, i96,} of the set {65, 66,···, 96} so that the 

total movement of hafnium atoms, ( ) ( ) ( ) ,
96

65

2,,2,,2,,∑ =
−+−+−

j
zj

m
zi

a
yj

m
yi

a
xj

m
xi

a rrrrrr jjj reaches 

its minimum. Fortunately the solution of MAM for hafnium atoms is simply the identity 

permutation (65, 66, 67, ···, 96) as discussed in the Chapter 6. We focus on finding the 

MAM permutation for oxygen atoms here. We superimpose the amorphous and 

monoclinic cells and build cross structure neighbor maps. We sort all oxygen atoms in 

the amorphous structure by their distance from the kth atom in the monoclinic structure. 

The ascending order is denoted as {d(k, 1), d(k, 2), ···, d(k, 64)}, where the d(k, 1)th atom 

in the amorphous structure is closest to the kth atom in the monoclinic structure. If d(km, 

1) is not equal to d(kn, 1) for any different km and kn, i.e., km≠ kn, the MAM permutation 

can be easily identified as {d(1, 1), d(2, 1), ···, d(64,1)}. This simple case is true for 

hafnium atoms but not for oxygen atoms because oxygen atoms are fully randomized by 

high temperature MD. For oxygen atoms there always exists km≠ kn so that d(km, 1) equals 

d(kn, 1). To resolve such conflicts we assign a priority p(k) to the kth atom in the 

monoclinic structure. Suppose k1 ≠ k2 and d(k1, 1) = d(k2, 1). If we assign p(k1)=1 and 

p(k2)=2, which means the k1
th atom has a higher priority, the number of the atom in the 

monoclinic structure corresponding to the k1
th atom in the amorphous structure is d(k1, 1). 
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Because the k2
th atom has a lower priority, its corresponding atom can be d(k2, 2) instead 

of d(k2, 1). Based on this idea, we provide a search algorithm to find the MAM 

permutation as shown in Fig. B1. 

The algorithm starts from calculating the distance map d(i,j) for the amorphous  

and monoclinic structures. Then we generate a priority permutation p(k) where k ranges 

from 1 to 64 using random number generator. Starting from the first priority atom (m=1) 

in the monoclinic structure, we let this atom choose its first nearest neighbor in its 

distance map as the corresponding atom during the transition. If the nearest neighbor of 

the mth priority atom has no conflicts with the corresponding atoms of the high priority 

atoms, the mth priority atom can register its nearest neighbor. If not, the mth priority atom 

need to try the second nearest neighbor and see if its second neighbor has any conflicts 

with the atoms that have been already registered. The mth priority atom finally takes the 

closest atom that is not registered yet in the distance map. Now we calculate the total 

atomic movement D following the correspondence scheme we have established. Random 

number generator produces many different permutations which we compare in terms of 

D. We find the MAM permutation after about 106 sampling.  

The mechanism behind the algorithm is that there is a high degeneracy of 

permutations for the atomic correspondence based on the MAM assumption. Generally 

several atoms have the same first nearest neighbor in their distance map and form a 

“conflict” group. Normally there are about 7 or 8 conflict groups. If each group has two 

atoms, only the permutation inside the group affects on the final result. We can estimate 

the total number of different atomic correspondences to be 28=64. In this case 64! (about 

1089) possible permutation can be divided into less than 100 subspaces each of which 

correspond one atomic correspondence within the nearest neighbor assumption. 

However, there is no a convenient way of finding the correspondences directly. Our 
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search algorithm randomly samples the large configurational space for about 106 times to 

numerate ~102 subspaces and find the MAM finally. 

 

 

 

Figure B.1: The flow chart of the search algorithm. 

Yes 

No 
Yes

Yes

Nearest = 
Nearest +1 

No



119 

 

References 

1. J. Wang, H. P. Li and R. Stevens, J. Mater. Sci. 27, 5397 (1992). 

2. J. Chevalier, L. Gremillard, A. V. Virkar and D. R. Clarke, J. Am. Ceram. Soc. 

92, 1901 (2009). 

3. R. C. Garvie, R. H. Hannink and R. T. Pascoe, Nature 258, 703 (1975). 

4. U. Schulz, C. Leyens, K. Fritscher, M. Peters, B. Saruhan-Brings, O. Lavigne, J. 

M. Dorvaux, M. Poulain, R. Mevrel and M. L. Caliez, Aerospace Science and 

Technology 7, 73 (2003). 

5. J. Chevalier, L. Gremillard and S. Deville, Annu. Rev. Mater. Res. 37, 1 (2007). 

6. S. P. S. Badwal and N. Nardella, Appl. Phys. A-Mater. Sci. Process. 49, 13 

(1989). 

7. D. J. Kim, H. J. Jung, J. W. Jang and H. L. Lee, J. Am. Ceram. Soc. 81, 2309 

(1998). 

8. W. Jung, J. L. Hertz and H. L. Tuller, Acta Mater. 57, 1399 (2009). 

9. B. Cales, Clinical Orthopaedics and Related Research, 94 (2000). 

10. I. Denry and J. R. Kelly, Dental Materials 24, 299 (2008). 

11. K. J. Hubbard and D. G. Schlom, J. Mater. Res. 11, 2757 (1996). 

12. X. Luo, A. A. Demkov, D. Triyoso, P. Fejes, R. Gregory and S. Zollner, Phys. 

Rev. B 78, 245314 (2008). 

13. N. Mommer, T. Lee and J. A. Gardner, J. Mater. Res. 15, 377 (2000). 

14. X. Y. Zhao, D. Ceresoli and D. Vanderbilt, Phys. Rev. B 71 (2005). 

15. A. A. Demkov, L. R. C. Fonseca, E. Verret, J. Tomfohr and O. F. Sankey, Phys. 

Rev. B 71 (2005). 

16. M. F. Trubelja, Ionic Conductivity in the Hafnia-Rare Earth Systems and phase 

Equilibria in the system Hafina-Zirconia-Yttria,(Pensylvania State University,  

PA,  1987). 

17. Y. Ishibashi and V. Dvorak, J. Phys. Soc. Jpn. 58, 4211 (1989). 

18. C. Wang, M. Zinkevich and F. Aldinger, J. Am. Ceram. Soc. 89, 3751 (2006). 

19. X. H. Luo, W. Zhou, S. V. Ushakov, A. Navrotsky and A. A. Demkov, Phys. Rev. 

B 80, 134119 (2009). 

20. G. Kresse and J. Furthmüller, Phys. Rev. B 54, 11169 (1996). 



120 

 

21. P. Hohenberg and W. Kohn, Phys. Rev. 136, 864 (1964). 

22. W. Kohn and L. J. Sham, Phys. Rev. 140, 1133 (1965). 

23. J. R. Chelikowsky, N. Troullier and Y. Saad, Phys. Rev. Lett. 72, 1240 (1994). 

24. M. C. Payne, M. P. Teter, D. C. Allan, T. A. Arias and J. D. Joannopoulos, Rev. 

Mod. Phys. 64, 1045 (1992). 

25. J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959). 

26. D. R. Hamann, M. Schlüter and C. Chiang, Phys. Rev. Lett. 43, 1494 (1979). 

27. D. Vanderbilt, Phys. Rev. B 41, 7892 (1990). 

28. P. E. Blochl, Phys. Rev. B 50, 17953 (1994). 

29. G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999). 

30. R. M. Martin, Electronic structure: basic theory and practical methods. 

(Cambridge University Press, Cambridge, 2004). 

31. M. P. Allen and D. J. Tildesley, Computer Simulation of Liquids. (Clarendon 

Press, New York, 1988). 

32. G. Kresse and J. Hafner, Phys. Rev. B 47, 558 (1993). 

33. L. D. Landau and E. M. Lifshitz, Electrodynamics of Continuous Media. 

(Pergamon, Oxford, 1984). 

34. R. D. King-Smith and D. Vanderbilt, Phys. Rev. B 47, 1651 (1993). 

35. K. M. Rabe, C. H. Ahn and J. M. Triscone, Physics of Ferroelectrics: A Modern 

Perspective (Springer, New York, 2007). 

36. A. A. demkov and A. Navrotsky, Materials Fundamentals of Gate Dielectrics, 

(Springer,  New York,  2005). 

37. H. Huang, Statistical Mechanics, 2nd ed. (John Willey $ Sons Pte Ltd, 2000). 

38. S. J. Blundell and K. M. Blundell, Concepts in Thermal Physics. (Oxford 

University Press, New York, 2008). 

39. M. Cohen, G. B. Olson and P. C. Clapp, Proceedings of International Conference 

on Martensitic Transformations, ICOMAT-79, (1979). 

40. J. E. Bailey, Proc. R. Soc. A 279, 359 (1964). 

41. D. M. Hatch, H. T. Stokes and R. M. Putnam, Phys. Rev. B 35, 4935 (1987). 

42. K. Bhattacharya, Theory of martensitic microstructure and the shape-memory 

effect (URL: http://mechmat.caltech.edu/~bhatta/pdffiles/kbchap.pdf ) (1998). 



121 

 

43. O. Tolaedano and V. Dmitriev, Reconstructive Phase Transitions. (World 

Scientific Publishing Company, 1996). 

44. H. T. Stokes, D. M. Hatch, J. J. Dong and J. P. Lewis, Phys. Rev. B 69, 174111 

(2004). 

45. R. N. Patil and E. C. Subbarao, Acta Crystallogr. 26, 535 (1970). 

46. G. M. Wolten, Acta Crystallogr. 17, 763 (1964). 

47. L. D. Landau, Phys. Z. Sowjetunion 11, 545 (1937). 

48. E. Fatuzzo and W. M. Mertz, Ferroelectricity. (North-Holland, Amsterdam, 

1967). 

49. M. E. Lines and A. M. Glass, Principles and Applications of Ferroelectrics and 

Related Materials. (Oxford University Press, Oxford, 1977). 

50. D. Feng and G. J. Jin, Introduction to condensed matter physics. (World Scientific 

Publishing Co. Pte. Ltd., Singapore, 2002). 

51. N. W. Ashcroft and N. D. Mermin, Solid State Physics. (Thomson Learning, 

1975). 

52. W. Frank, C. Elsasser and M. Fahnle, Phys. Rev. Lett. 74, 1791 (1995). 

53. K. Parlinski, Z. Q. Li and Y. Kawazoe, Phys. Rev. Lett. 78, 4063 (1997). 

54. D. J. Chadi and R. M. Martin, Solid State Commun. 19, 643 (1976). 

55. M. S. Dresselhaus and G. D. Dresselhaus, Group theory: Application to the 

physics of condensed matter. (Springer-Verlag, Berlin, 2007). 

56. C. Kittel, Introduction to solid state physics, 8th ed. (John Wiley & Sons, Inc., 

Hoboken, 2005). 

57. G. Henkelman, B. P. Uberuaga and H. Jonsson, J. Chem. Phys. 113, 9901 (2000). 

58. G. Henkelman and H. Jonsson, J. Chem. Phys. 113, 9978 (2000). 

59. S. D. Schwartz, Theoretic methods in condensed phase chemistry, (KLUWER 

ACADEMIC,  Boston,  2002). 

60. Cybernet SYSTEMS, Nudged Elastic Band Methods, 

http://www.cybernet.co.jp/quantumwise/example/neb/neb-01.html (2010) 

61. Y. Moriya and A. Navrotsky, J. Chem. Thermodyn. 38, 211 (2006). 

62. F. Frey, H. Boysen and T. Vogt, Acta Crystallogr. Sect. B-Struct. Commun. 46, 

724 (1990). 



122 

 

63. H. L. Schick, Thermodynamics of Certain Refractor Compounds, Volume II, 

Thermodynamic Tables, Bibliography, and Property File, Section VII, VIII, and 

IX, (Academic Press,  New York and London,  1966). 

64. I. Barin, O. Knacke and O. Kubaschewski, Thermochemical Properties of 

Inorganic Substances, (Springer-Verlag,  Berlin,  1977). 

65. R. L. Orr, J. Am. Chem. Soc. 75, 1231 (1953). 

66. C. D. Pears, The thermal properties of twenty-six solid materials to 5000 Deg F or 

their destruction temperatures, (Southern Reserarch Institute,  Birmingham, 

Alabama,  1963). 

67. X. Y. Zhao and D. Vanderbilt, Phys. Rev. B 65, 233106 (2002). 

68. M. Sternik and K. Parlinski, J. Chem. Phys. 122, 064707 (2005). 

69. J. E. Jaffe, R. A. Bachorz and M. Gutowski, Phys. Rev. B 72, 144107 (2005). 

70. G. M. Rignanese, F. Detraux, X. Gonze and A. Pasquarello, Phys. Rev. B 64, 

134301 (2001). 

71. M. Smirnov, A. Mirgorodsky and R. Guinebretière, Phys. Rev. B 68, 104106 

(2003). 

72. D. Munoz Ramo, A. L. Shluger and G. Bersuker, Phys. Rev. B 79 (2009). 

73. H. Ozturk and M. Durandurdu, Phys. Rev. B 79, 134111 (2009). 

74. H. J. Monkhorst and J. D. Pack, Phys. Rev. B 13, 5188 (1976). 

75. S. S. Todd, J. Am. Chem. Soc. 75, 3035 (1953). 

76. J. Adam and M. D. Rodgers, Acta Crystallogr. 12, 951 (1959). 

77. P. Simoncic and A. Navrotsky, J. Mater. Res. 22, 876 (2007). 

78. J. P. Coughlin and E. G. King, J. Am. Chem. Soc. 72, 2262 (1950). 

79. S. H. Tsagareishvili, Russ. J. Inorg. Chem. 10, 171 (1965). 

80. V. A. Kirillin, A. E. Sheindlin, V. Y. Chekhovskoi, I. A. Zhukova and V. D. 

Tarasov, Teplofiz. Vys. Temp. 4, 878 (1966). 

81. V. Y. Chekhovskoi and V. D. Tarasov, Teplofiz. Vys. Temp. 17, 754 (1979). 

82. M. Yashima, T. Mitsuhashi, H. Takashina, M. Kakihana, T. Ikegami and M. 

Yoshimura, J. Am. Ceram. Soc. 78, 2225 (1995). 

83. D. A. Jerebtsov, G. G. Mikhailov and S. V. Sverdina, Ceram. Int. 27, 247 (2001). 

84. A. Suresh, M. J. Mayo and W. D. Porter, J. Mater. Res. 18, 2912 (2003). 



123 

 

85. R. J. Ackermann, E. G. Rauh and C. A. Alexander, High Temperature Science 7, 

304 (1975). 

86. Y. Du, Z. P. Jin and P. Y. Huang, J. Am. Ceram. Soc. 75, 3040 (1992). 

87. P. Liang, N. Dupin, S. G. Fries, H. J. Seifert, I. Ansara, H. L. Lukas and F. 

Aldinger, Z. Metallk. 92, 747 (2001). 

88. R. Arroyave, L. Kaufman and T. W. Eagar, Calphad-Comput. Coupling Ph. 

Diagrams Thermochem. 26, 95 (2002). 

89. M. Chen, B. Hallstedt and L. J. Gauckler, Solid State Ionics 170, 255 (2004). 

90. P. K. Schelling, S. R. Phillpot and D. Wolf, J. Am. Ceram. Soc. 84, 1609 (2001). 

91. A. Navrotsky, L. Benoist and H. Lefebvre, J. Am. Ceram. Soc. 88, 2942 (2005). 

92. I. Molodetsky and A. Navrotsky, Z. Phys. Chemie-Int. J. Res. Phys. Chem. Chem. 

Phys. 207, 59 (1998). 

93. T. A. Lee, A. Navrotsky and I. Molodetsky, J. Mater. Res. 18, 908 (2003). 

94. T. A. Lee and A. Navrotsky, J. Mater. Res. 19, 1855 (2004). 

95. A. A. Demkov, J. Ortega, O. F. Sankey and M. P. Grumbach, Phys. Rev. B 52, 

1618 (1995). 

96. J. S. Arthur, J. Appl. Phys. 21, 732 (1950). 

97. M. V. Nevitt, Y. Fang and S. K. Chan, J. Am. Ceram. Soc. 73, 2502 (1990). 

98. T. Tojo, T. Atake, T. Mori and H. Yamamura, J. Chem. Thermodyn. 31, 831 

(1999). 

99. T. Tojo, T. Atake, T. Mori and H. Yamamura, J. Therm. Anal. Calorim. 57, 447 

(1999). 

100. H. Tanaka, S. Sawai, K. Morimoto and K. Hisano, J. Therm. Anal. Calorim. 64, 

867 (2001). 

101. C. Degueldre, P. Tissot, H. Lartigue and M. Pouchon, Thermochim. Acta 403, 

267 (2003). 

102. G. K. Horton and A. A. Maradudin, Dynamical Properties of Solids, (1974). 

103. G. Wulfsberg, Inorganic Chemistry. (University Science Books, 2000). 

104. P. E. Quintard, P. Barberis, A. P. Mirgorodsky and T. Merle-Mejean, J. Am. 

Ceram. Soc. 85, 1745 (2002). 

105. A. P. Mirgorodsky, M. B. Smirnov, P. E. Quintard and T. Merlemejean, Phys. 

Rev. B 52, 9111 (1995). 



124 

 

106. A. P. Mirgorodsky, M. B. Smirnov and P. E. Quintard, Phys. Rev. B 55, 19 

(1997). 

107. S. Fabris, A. T. Paxton and M. W. Finnis, Phys. Rev. B 63, 094101 (2001). 

108. R. Terki, G. Bertrand, H. Aourag and C. Coddet, Mater. Lett. 62, 1484 (2008). 

109. M. T. Dove, Am. Mineral. 82, 213 (1997). 

110. K. Kunc and R. M. Martin, Phys. Rev. Lett. 48, 406 (1982). 

111. R. Blinc and B. Zeks, Soft Modes in Ferroelectrics and anti ferroelectrics. (North 

Holland, Amsterdam, 1974). 

112. S. V. Ushakov, A. Navrotsky, Y. Yang, S. Stemmer, K. Kukli, M. Ritala, M. A. 

Leskela, P. Fejes, A. Demkov, C. Wang, B. Y. Nguyen, D. Triyoso and P. Tobin, 

Phys. Status Solidi B 241, 2268 (2004). 

113. D. Triyoso, R. Liu, D. Roan, M. Ramon, N. V. Edwards, R. Gregory, D. Werho, 

J. Kulik, G. Tam, E. Irwin, X. D. Wang, L. B. La, C. Hobbs, R. Garcia, J. Baker, 

B. E. White and P. Tobin, J. Electrochem. Soc. 151, F220 (2004). 

114. E. P. Gusev, C. Cabral, M. Copel, C. D'Emic and M. Gribelyuk, Microelectron. 

Eng. 69, 145 (2003). 

115. K. Tomida, H. Shimizu, K. Kita, K. Kyuno and A. Toriumi, Ext. Abst. Int. Conf. 

Solid State Dev. Mater., 790 (2004). 

116. H. Kim, A. Marshall, P. C. McIntyre and K. C. Saraswat, Appl. Phys. Lett. 84, 

2064 (2004). 

117. J. Aarik, A. Aidla, H. Mandar, V. Sammelselg and T. Uustare, J. Cryst. Growth 

220, 105 (2000). 

118. A. C. Jones, H. C. Aspinall, P. R. Chalker, R. J. Potter, T. D. Manning, Y. F. Loo, 

R. O'Kane, J. M. Gaskell and L. M. Smith, Chem. Vap. Deposition 12, 83 (2006). 

119. T. Wang and J. G. Ekerdt, Chem. Mater. 21, 3096 (2009). 

120. G. D. Wilk, R. M. Wallace and J. M. Anthony, J. Appl. Phys. 87, 484 (2000). 

121. W. H. Zachariasen, J. Am. Chem. Soc. 54, 3841 (1932). 

122. Y. H. Tu, J. Tersoff, G. Grinstein and D. Vanderbilt, Phys. Rev. Lett. 81, 4899 

(1998). 

123. H. Inoue, F. Utsuno and I. Yasui, J. Non-Cryst. Solids 349, 16 (2004). 

124. A. F. Wells, Structural Inorganic Chemistry, 5th ed. (Oxford University Press, 

1984). 



125 

 

125. H. Malte, M. Pleimling and R. Sanctuary, J. of Phys.: Conference Series 40 

(2006). 

126. D. Vanderbilt, X. Y. Zhao and D. Ceresoli, Thin Solid Films 486, 125 (2005). 

127. D. Ceresoli and D. Vanderbilt, Phys. Rev. B 74 (2006). 

128. B. J. Berne and R. Pecora, Dynamic Light Scattering: With Applications to 

Chemistry, Biology, and Physics. (Dover, New York, 2000). 

129. S. W. Lovesey, Theory of Neutron Scattering from Condensed Matter. (Oxford 

University Press, Oxford, 1994). 

130. K. Binder and W. Kob, Glassy Materials and Disordered Solids. (World Scentific 

Publishing Co. Pte. Ltd., Singapore, 2005). 

131. E. Donth, The Glass Transition. (Springer, Berlin, 2002). 

132. E. Courtens, M. Foret, B. Hehlen, B. Ruffle and R. Vacher, J. Phys.-Condes. 

Matter 15, S1279 (2003). 

133. P. Scheidler, W. Kob, A. Latz, J. Horbach and K. Binder, Phys. Rev. B 63 (2001). 

134. E. Courtens, M. Foret, B. Hehlen and R. Vacher, Solid State Commun. 117, 187 

(2001). 

135. S. Nose, Mol. Phys. 52, 255 (1984). 

136. X. Gonze, Phys. Rev. B 55, 10337 (1997). 

137. P. F. Dennis, Journal of Geophysical Research 89, 4047 (1984). 

138. D. Ceresoli and D. Vanderbilt, Phys. Rev. B 74, 125108 (2006). 

139. S. V. Ushakov, C. E. Brown and A. Navrotsky, J. Mater. Res. 19, 693 (2004). 

140. S. V. Ushakov, C. E. Brown, A. Navrotsky, A. Demkov, C. Wang and B. Y. 

Nguyen,  MRS Fall Meeting, Novel Materials and Processes for Advanced 

CMOS, Boston, MA,745,3 (2002). 

141. I. M. Iskandarova, A. A. Knizhnik, E. A. Rykova, A. A. Bagatur'yants, B. V. 

Potapkin and A. A. Korkin, Microelectron. Eng. 69, 587. 

142. A. B. Mukhopadhyay, J. F. Sanz and C. B. Musgrave, Phys. Rev. B 73 (2006). 

143. M. Ritala, M. Leskela, L. Niinisto, T. Prohaska, G. Friedbacher and M. 

Grasserbauer, Thin Solid Films 250, 72 (1994). 

144. Q. Fang, J. Y. Zhang, Z. Wang, M. Modreanu, B. J. O'Sullivan, P. K. Hurley, T. 

L. Leedham, D. Hywel, M. A. Audier, C. Jimenez, J. P. Senateur and I. W. Boyd, 

Thin Solid Films 453, 203 (2004). 



126 

 

145. D. H. Triyoso, R. I. Hegde, J. Grant, P. Fejes, R. Liu, D. Roan, M. Ramon, D. 

Werho, R. Rai, L. B. La, J. Baker, C. Garza, T. Guenther, B. E. White and P. J. 

Tobin, J. Vac. Sci. Technol. B 22, 2121 (2004). 

146. J. P. Perdew, Physica B 172, 1 (1991). 

147. J. P. Perdew, Phys. Lett. A 165, 79 (1992). 

148. J. Padilla and D. Vanderbilt, Surf. Sci. 418, 64 (1998). 

149. E. Chagarov, A. A. Demkov and J. B. Adams, Phys. Rev. B 71 (2005). 

150. M. Y. Ho, H. Gong, G. D. Wilk, B. W. Busch, M. L. Green, P. M. Voyles, D. A. 

Muller, M. Bude, W. H. Lin, A. See, M. E. Loomans, S. K. Lahiri and P. I. 

Raisanen, J. Appl. Phys. 93, 1477 (2003). 

151. A. A. Demkov, Phys. Status Solidi B 226, 57 (2001). 

152. R. Q. Long, Y. P. Huang and H. L. Wan, J. Raman Spectrosc. 28, 29 (1997). 

153. C. Li, Y. Sakata, T. Arai, K. Domen, K. I. Maruya and T. Onishi, Journal of the 

Chemical Society-Faraday Transactions I 85, 1451 (1989). 

154. A. Christensen and E. A. Carter, Phys. Rev. B 58, 8050 (1998). 

155. O. Sharia, Theoretical study of HfO2 as a gate material for CMOS devices Ph. D. 

dissertation,(University of Texas at Austin,  Austin,  2008). 

156. E. Bersch, S. Rangan, R. A. Bartynski, E. Garfunkel and E. Vescovo, Phys. Rev. 

B 78, 085114 (2008). 

157. G. Cerrato, S. Bordiga, S. Barbera and C. Morterra, Surf. Sci. 377, 50 (1997). 

158. X. Y. Zhao and D. Vanderbilt, Phys. Rev. B 65, 075105 (2002). 

 

 



127 

 

Vita 

Xuhui Luo was born in Jingdezhen, the capital of porcelain in China, in 1979. He 

is the only child of Wenxin Luo and Donghua Wan. He entered Beijing Normal 

University in 1997 and received his Bachelor of Science degree in Physics Education in 

2001. The same year he enrolled the graduate school at Peking University and three years 

later obtained Master of Science degree in Physics. Since August of 2004 he has been 

pursuing his Ph.D. degree in Physics at the University of Texas at Austin. 

 

 
Permanent Address: Building 11 Apt 602 in Power Supply Bureau 
                 Jingdezhen, Jiangxi, 333000, China 

 

This dissertation was typed with Microsoft Word by the author. 


