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A group Γ is said to have property FAn if every action of Γ by isome-

tries on an n-dimensional CAT(0) cell complex has a global fixed point. We

construct a complex on which a Coxeter group W acts by cellular isometries

without global fixed points, and show that under certain combinatorial con-

ditions, complexes constructed in this way are CAT(0). We then construct

several infinite classes of Coxeter groups which have property FA2 but not

property FA3.
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Chapter 1

Introduction

1.1 The Coxeter FAn Conjecture

In [Se], Serre defined a group Γ as having property FA if every action of

Γ by isometries on every simplicial tree has a global fixed point. Serre proved

that the group SL3(Z) has property FA. In [Fa], Farb generalized this property

as follows: a group Γ has property FAn if every action of Γ by isometries on

every CAT(0) n-dimensional cell complex has a global fixed point. Farb proved

that for n ≥ 3, SLn(Z) and SLn(Z[1/p]), where p is prime, have property

FAn−2. If a group Γ acts by isometries on a CAT(0) complex of dimension n

without global fixed points, then it also acts without global fixed points on

X × Rm for all m ≥ 1; therefore, if Γ has property FAk, then it has property

FAl for all l < k.

Serre showed that a Coxeter group W has property FA if and only if,

for any pair of generators gi and gj, there exists a positive integer mij such

that (gigj)
mij = 1. Farb proved the following theorem:

Theorem 1.1.1 (Farb). Let W be a Coxeter group of rank n + 1. If every

special subgroup of W of rank n is spherical, then W has property FAn−1.
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In Section 5 of [Ba], Barnhill extended this theorem by dropping the

assumption that W has rank n+ 1:

Theorem 1.1.2 (Barnhill). Let W be a Coxeter group. If every special sub-

group of W of rank n is spherical, then W has property FAn−1.

In [Ba], Barnhill conjectures that the converse is also true:

Conjecture 1.1.3 (Coxeter FAn Conjecture). Let W be a Coxeter group.

Then W has property FAn if and only if every special subgroup of W of rank

n+ 1 is spherical.

Barnhill proved that if W has an infinite special subgroup of rank 3,

then W acts without global fixed points on a 2-dimensional CAT(0) complex;

namely, the universal cover of the simplex of groups determined by an infinite

special subgroup of rank 3. Thus Conjecture 1.2.1 holds for n = 1 and n = 2.

By a comment of P. Caprace discussed in Remark 6.7 of [Ba], the conjecture

holds for all n if and only if it holds for n ≤ 8. It remains, then, to prove the

conjecture for 3 ≤ n ≤ 8.

In this paper, we investigate several classes of Coxeter groups that have

infinite special subgroups of rank 4, and construct 3-dimensional cell complexes

on which these groups act without global fixed points.
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1.2 Coxeter Groups

A Coxeter group is a group W having a presentation of the form

W = 〈S : g2i = 1, (gigj)
mij = 1〉,

where S = {gi}ni=1 and mij = mji ∈ N ∪ {∞}, with mij = 1 if and only if

i = j. The pair (W,S) is called a Coxeter system, and |S| is the rank of the

system. If S ′ ⊆ S and W ′ is the subgroup of W generated by S ′, then W ′ is

called a special subgroup of rank |S ′|.

A Coxeter polyhedron is an n-dimensional polyhedron in which any

two (n − 1)-dimensional faces either intersect at a dihedral angle that is a

submultiple of π, or fail to intersect at all; a Coxeter simplex is a Coxeter

polyhedron which is a simplex. Given a spherical (resp. Euclidean, hyperbolic)

Coxeter simplex P of dimension n−1, there exists an associated Coxeter group

W of rank n that acts by cellular isometries on a tiling of Sn−1 (resp. En−1,

Hn−1) by copies of P . The n generators of W correspond to the n facets of

P , with the facets corresponding to gi and gj meeting at an angle of π/mij if

i 6= j and mij <∞, and failing to meet if mij =∞.

We often represent a Coxeter system, or its corresponding Coxeter poly-

hedron, using a Coxeter diagram. A Coxeter diagram is a figure consisting of

nodes and bonds, with the nodes corresponding to the generators of the Cox-

eter group, and the bonds indicating the values of the coefficients mij. A lack

of bonds between the nodes corresponding to gi and gj indicates that mij = 2.

A single bond indicates that mij = 3; a double bond indicates that mij = 4;
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and a triple bond indicates that mij = 6.1 For other finite values of mij, we

draw a single bond and write the value of mij near it. A thick bond indicates

that mij =∞.

We say that a Coxeter group is spherical if its corresponding Coxeter

polyhedron is a spherical polyhedron; a Coxeter group is spherical if and only

if it is finite. A Coxeter group is Euclidean if its Coxeter polyhedron is Eu-

clidean, and hyperbolic if its Coxeter polyhedron is hyperbolic. Appendix A

contains complete lists of spherical and Euclidean Coxeter groups that do not

decompose as direct products of Coxeter groups of smaller rank. We say that a

Euclidean or hyperbolic Coxeter group is cocompact if its Coxeter polyhedron

is compact. A Euclidean or hyperbolic simplex group of rank n is cocompact

if and only if its rank-(n− 1) subgroups are all spherical.

A Coxeter group W is said to be k-spherical if every special subgroup

of W of rank k is finite. Thus Conjecture 1.1.3 may be stated more succinctly

as follows:

Conjecture 1.2.1 (Coxeter FAn Conjecture). Let W be a Coxeter group.

Then W has property FAn if and only if W is (n+ 1)-spherical.

1Conventions tend to differ on this point, with many using a triple bond to indicate that
mij = 5.
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1.3 CAT(κ) Spaces

Let X be a metric space. We say that a continuous path γ : [0, d]→ X,

where d > 0, is a geodesic if the map γ is an isometry. We say that γ is

locally geodesic if, for every t ∈ [0, d], there is a neighborhood of t which is

isometrically mapped into X. The space X is a geodesic metric space if, for

any pair x, y of distinct points in X, there is a geodesic in X from x to y. Note

that there may be more than one geodesic between two given points; consider,

for example, two antipodal points on Sn with the usual metric.

Let Sd be a circle of circumference d. We say that a map γ : Sd → X

is a geodesic loop if γ is an isometry. If γ is a geodesic loop in X, then every

segment of the loop of length d/2 or less is a geodesic.

A triangle in X is a figure consisting of three vertices x, y, and z, and

geodesics from x to y, from y to z, and from z to x.

The concept of curvature for polyhedral cell complexes is captured by

the idea of a CAT(κ) space. We begin with a model space Mn
κ for every real

number κ. The model space Mn
κ is an n-dimensional metric space of constant

curvature κ. The model space Mn
0 is n-dimensional Euclidean space. For

κ > 0, the model space Mn
κ is the n-sphere of radius 1/

√
κ. For κ < 0, the

model space Mn
κ is the n-dimensional hyperboloid −x20 + x21 + · · ·+ x2n = 1

κ
.

A cell complex X is said to be CAT(κ) if every triangle ∆ in X satisfies

the CAT(κ) inequality. For purposes of this discussion, a triangle ∆ with

vertices x, y, and z is a union of three geodesic segments: one from x to y,
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one from y to z, and one from z to x. If x, y, and z are the vertices of ∆, then

a comparison triangle for ∆ is a triangle ∆′ in M2
κ with vertices x′, y′, and z′

such that d(x′, y′) = d(x, y), d(y′, z′) = d(y, z), and d(z′, x′) = d(z, x). Then

there is an isometry φ : ∆→ ∆′; the triangle ∆ satisfies the CAT(κ) inequality

if, for every pair of points p and q on ∆, we have d(p, q) ≤ d(φ(p), φ(q)).

One of the most useful tools for showing that a polyhedral cell complex

is CAT(κ) is the following theorem of Gromov; see Chapter II.5 of [Bri]. We

shall use this result in several different contexts in the chapters to follow.

Theorem 1.3.1 (Gromov). Suppose that X is a cell complex in which each

cell is CAT(κ), and there are only finitely many isometry types of cells. Then

X is CAT(κ) if and only if the following conditions hold:

1. Each isometrically embedded circle in X has length greater than or equal

to 2π/
√
κ.

2. The geometric link of each vertex of X is CAT(1).

In particular, we will have occasion to use the following more specialized

version of Gromov’s theorem:

Theorem 1.3.2. Let κ ≤ 0, and suppose that X is a cell complex in which

each cell is CAT(κ), and there are only finitely many isometry types of cells.

Then X is CAT(κ) if and only if the following conditions hold:

1. X is simply connected.

2. The geometric link of each vertex of X is CAT(1).
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1.4 The Case of Property FA3

In this paper, we will discuss our progress towards a proof of Conjecture

1.2.1 in the case n = 3. We will establish several infinite classes of Coxeter

groups that are 3-spherical but have infinite special subgroups of rank 4, and

act without global fixed points on CAT(0) polyhedral 3-complexes. In this

section, we outline the steps of this process.

In Chapter 2, we will construct, for a given Coxeter system (W,S)

and a given subset S ′ ⊂ S (subject to certain conditions), a polyhedral cell

complex called the partial projectivized Tits cone PPTC(W,S ′). The partial

projectivized Tits cone will be a partial skeleton of the projectivized Tits cone

of W , a simplicial cell complex on which W acts naturally. We will show that

the action of W on its projectivized Tits cone, and therefore its induced action

on the partial projectivized Tits cone, has no global fixed points.

It will remain, then, to show that if W is 3-spherical and has an in-

finite special subgroup of rank 4, then the partial projectivized Tits cone

PPTC(W,S ′) (with S ′ suitably chosen) is CAT(0). By Theorem 1.3.2, it

will suffice to show that PPTC(W,S ′) is simply connected and that the link

of each vertex of the partial projectivized Tits cone is CAT(1). We shall prove

that PPTC(W,S ′) is simply connected in Section 2.4.

In order to prove that the link of each vertex of PPTC(W,S ′) is

CAT(1), we will again use Theorem 1.3.1; it suffices to prove that each iso-

metrically embedded circle in the link is CAT(1) – that is, that there are no

7



isometrically embedded circles of length less than 2π – and that the link of

each vertex of the link is CAT(1). We shall see that the latter fact follows from

the work of Barnhill in [Ba]. Thus our first task will be to classify possible

sources of short geodesic loops in the links of PPTC(W,S ′); we do this in

Chapter 3. We will then show that the links satisfy combinatorial conditions

that prevent such short geodesic loops from occurring; we do this in Chapter

4.

In Chapter 5, we will produce several infinite classes of Coxeter groups

that have property FA2 but not property FA3.
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Chapter 2

Partial Projectivized Tits Cones

In this chapter, we construct a complex, called a partial projectivized

Tits cone, on which an infinite Coxeter group W acts without global fixed

points. We will then provide several examples of this construction, and show

that under very broad conditions, the partial projectivized Tits cone is simply

connected.

2.1 The Tits Cone of W

We begin by introducing the Tits cone of a Coxeter group W .

Let (W,S) be a Coxeter system, and let S = {g1, g2, . . . , gn} be the

set of generators. The Gram matrix of (W,S) is the n-by-n matrix G whose

(ij)th entry is − cos
(

π
mij

)
, where mij is the smallest positive integer such that

(gigj)
mij = 1, defined to be ∞ if no such positive integer exists. (Note that

mii = 1 for each i ≤ n.)

Suppose that (W,S) is a Coxeter system, and let G be the Gram matrix

of (W,S). Let {e1, e2, . . . , en} be the standard basis for Rn, and define a

bilinear form B on Rn by taking B(ei, ej) = Gij for all pairs (i, j) and extending

by linearity. We then obtain an action of W on Rn by letting each generator
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gi act by reflection across e⊥i ; this is given by the formula

gi(v) = v − 2 · B(v, ei)

B(ei, ei)
· ei = v − 2B(v, ei) · ei.

This action of W on Rn induces an action of W on (Rn)∗; this action is given

by the formula

(w(α))(v) = α(w−1(v)),

where α ∈ (Rn)∗. For each i ≤ n, let ηi ∈ (Rn)∗ be defined by ηi(v) = B(v, ei)

for all v ∈ Rn. Then for v ∈ Rn, we have

(gi(α))(v) = α(g−1i (v))

= α(gi(v))

= α(v − 2B(v, ei) · ei)

= α(v)− 2B(v, ei) · α(ei)

= α(v)− 2ηi(v) · α(ei)

= α(v)− 2α(ei) · ηi(v).

Therefore, we have gi(α) = α−2α(ei) ·ηi. Note that the linear maps η1, . . . , ηn

do not in general form a basis for (Rn)∗; in particular, they fail to do so if W

is infinite (see, for example, [Abr]).

For each i ≤ n, let Hi be the hyperplane in (Rn)∗ consisting of all

α ∈ (Rn)∗ such that α(ei) = 0, let H+
i be the closed half-space consisting of all

α ∈ (Rn)∗ such that α(ei) ≥ 0, and let H−i be the closed half-space consisting
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of all α ∈ (Rn)∗ such that α(ei) ≤ 0. Define

C0 =
n⋂
i=1

H+
i ,

and let

X0 =
⋃
w∈W

w(C0).

Then X0 is a convex cone in (Rn)∗ and has the structure of a polyhedral

cell complex, with all of its faces except the origin unbounded. We call this

cone X0 the Tits cone of W , and C0 the fundamental chamber. Let X be

the set of all rays from the origin that lie in X0. Since each face of X0 is

closed under multiplication by positive scalars, X is a polyhedral cell complex,

with bounded n-dimensional faces of X corresponding to unbounded (n+ 1)-

dimensional faces of X0. This complex X is called the projectivized Tits cone

of W .

One particularly useful property of the Tits cone is that W acts freely

on the set of top-dimensional chambers of its Tits cone (as well as on the set

of top-dimensional chambers of the projectivized Tits cone). One consequence

of this fact is that the Tits cone gives a geometric interpretation of the word

length of an element of W . Recall that the word length l(w) of an element

w ∈ W is the smallest positive integer k such that there exist generators

g1, g2, . . . , gk of W , not necessarily distinct, such that w = g1g2 · · · gk. We

define l(1) = 0.

Lemma 2.1.1. Let (W,S) be a Coxeter system, and let X be the Tits cone of

W . Let C be the fundamental chamber of X. If w ∈ W , w 6= 1, then l(w) is the
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least integer k such that there exist chambers P0 = C,P1, P2, . . . , Pk = w(C)

of X such that for each i ≤ k, Pi−1 shares a top-dimensional face with Pi.

Proof. Let w ∈ W , and let k = l(w). First we’ll show that there is a sequence

of chambers P0 = C,P1, P2, . . . , Pk = w(C) such that for each i ≤ k, Pi−1

shares a top-dimensional face with Pi. Let w = g1g2 · · · gk, where gi ∈ S for

each i, and for each i ≤ k, define wi = g1g2 · · · gi, and let Pi = wi(C). (We

define P0 = C.) Then P1 clearly shares a top-dimensional face with P0, and

for each i > 1, we know that Pi−1 and Pi share a top-dimensional face because

w−1i−1(Pi−1) = C and w−1i−1(Pi) = gi(C) share a top-dimensional face.

Now suppose that P0 = C,P1, P2, . . . , Pl = w(C) is a sequence of cham-

bers such that for each i ≤ l, Pi−1 shares a top-dimensional face with Pi. We

will show that l ≥ k. Since P1 shares a top-dimensional face with C, we know

that P1 = h1(C) for some h1 ∈ S. We will now find h2, h3, . . . , hl such that for

each i ≤ l, Pi = h1h2 · · ·hi(C). The process is inductive. Assuming that we

have already defined hi such that Pi = h1h2 · · ·hi(C), define wi = h1h2 · · ·hi.

Then we know that Pi and Pi+1 share a top-dimensional face, so w−1i (Pi) = C

and w−1i (Pi+1) do as well. Thus w−1i (Pi+1) must be hi+1(C) for some hi+1 ∈ S.

So then we have Pi+1 = wihi+1(C) = h1h2 · · ·hi+1(C), as desired. Continuing

this process, we find that Pl = h1h2 · · ·hl(C) for some h1, h2, . . . , hl ∈ S; since

W acts freely on the set of chambers of X, this means that w = h1h2 · · ·hl.

So l ≥ k, as desired.

Therefore, the word length of w is the smallest integer k such that
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there exists a sequence of chambers P0 = C,P1, P2, . . . , Pk = w(C) such that

for each i ≤ k, Pi−1 shares a top-dimensional face with Pi.

The following well-known result (cf. [Abr], Lemma 2.58) allows us to

use the Tits cone to determine whether multiplying an element of a Coxeter

group W by a given generator increases or decreases the word length of the

element. We provide a proof here for completeness. The proposition uses the

fact that, if (W,S) is a Coxeter group and C is the fundamental chamber of

the Tits cone, then for every w ∈ W and g ∈ S, w(C) is either contained in

the closed half-space H+
g or contained in the closed half-space H−g . For a proof

of this fact, see, for example, Theorem 2.80 of [Abr].

Proposition 2.1.2. Let (W,S) be a Coxeter system, and let X be the Tits

cone of W . Let C be the fundamental chamber of X. If w ∈ W , then we have

l(gw) =

{
l(w) + 1 if w(C) ⊆ H+

g

l(w)− 1 if w(C) ⊆ H−g

Proof. First, suppose that w(C) ⊆ H−g , and let k = l(w). Then we can

let w = g1g2 · · · gk, where gi ∈ S for each i. Then for each i ≤ k, define

Pi = gg1g2 · · · gi(C). Then the sequence P−1 = C,P0 = g(C), P1, P2, · · · , Pk =

gw(C) is a sequence of chambers from C to gw(C) of length k + 2, with

each chamber adjacent to the previous one. Now observe that C ⊆ H+
g , and

gw(C) ⊆ H+
g , since w(C) ⊆ H−g and the action of g on X exchanges H+

g and

H−g . However, there are chambers in the sequence, such as g(C), which lie

in H−g . So let Pj be the last chamber in the sequence that lies in H−g . Then
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consider the sequence of chambers P−1, g(P1), g(P2), . . . , g(Pj) = Pj+1, · · · , Pk.

Then in this sequence, each chamber is still adjacent to the previous one; g(P1)

is adjacent to C since P1 is adjacent to g(C). To see that g(Pj) = Pj+1, observe

that Pj∩Pj+1 intersects Hg, and therefore is contained in Hg by Theorem 2.80

of [Abr]. Thus Pj+1 is obtained by reflecting Pj across Hg. So we now have

a sequence of chambers from C to gw(C) with each chamber adjacent to the

previous one, and having length k. So by Lemma 2.1.1, we now see that

l(gw) ≤ k− 1. Since l(gw) cannot be any smaller than l(w)− 1, we know that

l(gw) = l(w)− 1 in this case.

Now suppose that w(C) ⊆ H+
g . Then gw(C) ⊆ H−g , and so by the

preceding argument, we have l(w) = l(g2w) = l(gw) − 1. So l(gw) = l(w) +

1.

2.2 The Partial Projectivized Tits Cone PPTC(W,S ′)

Let (W,S) be a Coxeter system with |S| = n, and let S ′ ⊂ S, with

|S ′| = k. Let X0 be the Tits cone of W , with C0 the fundamental chamber,

and let π : X0 → X be the projection map. Let C = π(C0). Then C is an

(n − 1)-simplex, and there is an (n − k − 1)-dimensional face F of C that is

fixed by all of the generators in S ′. Define

Z =
⋃
w∈W

w(F ).

We call Z the partial projectivized Tits cone of W with respect to S ′, or

PPTC(W,S ′), and we call F the fundamental chamber of the partial pro-
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jectivized Tits cone. If 〈S − S ′〉 is a cocompact spherical, Euclidean, or hy-

perbolic simplex group, we endow Z with a metric structure as follows. We

know that the special subgroup 〈S − S ′〉 acts on a tiling of either Sn−k−1,

En−k−1, or Hn−k−1 by copies of a fundamental simplex P . Let φ : P → F be a

homeomorphism that sends the maximal face of P fixed by the generators in

T ⊂ S −S ′ to the maximal face of F that is fixed by the generators in T ∪S ′.

We give Z a metric structure by forcing φ to be an isometry, and by forcing

the action on Z by each element of W to be an isometry.

The action of W on its projectivized Tits cone induces an action of W

on the partial projectivized Tits cone Z. It is clear from the definition that the

action of W on X takes faces of Z to faces of Z, so this action is well-defined

on Z. We begin by showing that this action has no global fixed points.

Lemma 2.2.1. Let (W,S) be a Coxeter system of rank n > 2, and let S ′ ⊂ S.

Let Z = PPTC(W,S ′). Then W acts on Z without global fixed points.

Proof. We prove this by showing that the action of W on the projectivized

Tits cone has no global fixed points. Suppose that there exists some nonzero

α ∈ (Rn)∗ such that w(α) is a positive scalar multiple of α for every w ∈ W .

Then in particular, we know that gi(α) is a scalar multiple of α for each gi ∈ S.

That is, for each i ≤ n, α− 2α(ei) · ηi is a positive scalar multiple of α. Then

for each i ≤ n, either α(ei) is zero, or ηi is a scalar multiple of α.

Since each row of the Gram matrix of W has exactly one positive entry,

and the positive entry of each row is in a different column, no two rows are
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scalar multiples of each other. This uses the assumption that n > 2; otherwise,

the Gram matrix may be, for example,(
1 −1
−1 1

)
Therefore, no two of the functions ηi are scalar multiples of each other; thus at

most one of them can be a scalar multiple of α. We know that if α(ei) = 0 for all

i, then α = 0, contrary to our assumption. So assume without loss of generality

that η1 is a scalar multiple of α – say α = a · η1 – and α(ei) = 0 for all i > 1.

Then we have α(e1) = a·η1(e1) = a, and thus g1(α) = α−2a·ηi = α−2α = −α.

Thus g1(α) is not a positive scalar multiple of α; and neither is gi(α) for any

i > 1. Thus the projection of α is not a fixed point under the action of W .

Suppose that w ∈ W , and T ⊂ S such that S ′ ⊆ T . Let Z =

PPTC(W,S ′). We define the face of Z corresponding to the coset w〈T 〉, de-

noted FaceZ(w〈T 〉), to be the face w(F0), where F0 is the maximal face of the

fundamental simplex C that is fixed by all of the generators in T . We first show

that FaceZ is a well-defined function, and that different cosets correspond to

different faces:

Lemma 2.2.2. Let (W,S) be a Coxeter system, and let S ′ ⊂ S. Let Z =

PPTC(W,S ′). Let T1 and T2 be proper subsets of S, both containing S ′,

and let w1, w2 ∈ W . Then FaceZ(w1〈T1〉) = FaceZ(w2〈T2〉) if and only if

w1〈T1〉 = w2〈T2〉.
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Proof. First, suppose that w1〈T1〉 = w2〈T2〉. Then we must have T1 = T2; for

notational convenience, let us call this subset T . Then we have w1〈T 〉 = w2〈T 〉;

thus there exists some t ∈ 〈T 〉 such that w1t = w2. Then we have

FaceZ(w2〈T 〉) = FaceZ(w1t〈T 〉)

= w1t(FaceZ(〈T 〉))

= w1(FaceZ(〈T 〉))

= FaceZ(w1〈T 〉).

Conversely, suppose that FaceZ(w1〈T1〉) = FaceZ(w2〈T2〉). Since the face

FaceZ(w1〈T1〉) is in the W -orbit of FaceZ(〈T1〉) and FaceZ(w2〈T2〉) is in the

W -orbit of FaceZ(〈T2〉), we must have T1 = T2. Again, let us call this set T .

We know that w−11 (FaceZ(w1〈T 〉)) = w−11 (FaceZ(w2〈T 〉)), so FaceZ(〈T 〉) =

FaceZ(w−11 w2〈T 〉). So w−11 w2 ∈ 〈T 〉, since the stabilizer of FaceZ(〈T 〉) in the

Tits cone is 〈T 〉. Thus w1〈T 〉 = w2〈T 〉, as desired.

We now see that there is a one-to-one correspondence between faces

of PPTC(W,S ′) and left cosets of proper special subgroups of W containing

〈S ′〉. The following lemma gives a group-theoretic criterion for determining

whether one face of a partial projectivized Tits cone is contained in another.

Lemma 2.2.3. Let (W,S) be a Coxeter system, and let S ′ ⊂ S. Let Z =

PPTC(W,S ′). Let T1 and T2 be proper subsets of S containing S ′, and let

w1, w2 ∈ W . Then FaceZ(w1〈T1〉) ⊆ FaceZ(w2〈T2〉) if and only if w2〈T2〉 ⊆

w1〈T1〉.
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Proof. Suppose that w2〈T2〉 ⊆ w1〈T1〉. Then we have w2 ∈ w1〈T1〉; thus

w1〈T1〉 = w2〈T1〉. So we have w2〈T2〉 ⊆ w2〈T1〉; and thus T2 ⊆ T1. So we know

that FaceZ(〈T1〉) ⊆ FaceZ(〈T2〉); and by applying the action of w2, we get

FaceZ(w2〈T1〉) ⊆ FaceZ(w2〈T2〉). So FaceZ(w1〈T1〉) ⊆ FaceZ(w2〈T2〉).

Conversely, suppose that FaceZ(w1〈T1〉) ⊆ FaceZ(w2〈T2〉). Then by

applying the action of w−12 , we get FaceZ(w−12 w1〈T1〉) ⊆ FaceZ(〈T2〉). The

only face in the W -orbit of FaceZ(w−12 w1〈T1〉) that lies in FaceZ(〈T2〉) is

FaceZ(〈T1〉); and this only holds if 〈T2〉 ⊆ 〈T1〉. So we know that w−12 w1〈T1〉 =

〈T1〉; thus 〈T2〉 ⊆ w−12 w1〈T1〉. Multiplying on the left by w2 yields w2〈T2〉 ⊆

w1〈T1〉, as desired.

Recall that the geometric link at a vertex of a cell complex is the space

of all directions emanating from that vertex. Here we give a result which

characterizes the geometric link at a vertex of a partial projectivized Tits

cone:

Lemma 2.2.4. Let (W,S) be a Coxeter system, and let S ′ ⊂ S such that

〈S − S ′〉 is a cocompact spherical, Euclidean, or hyperbolic simplex group. Let

Z = PPTC(W,S ′), and let v = FaceZ(w〈T 〉) be a vertex of Z. Then

Lkv(Z) ∼= PPTC(〈T 〉, S ′).

Proof. Let Y = PPTC(〈T 〉, S ′), and let k = |S − S ′| − 1. Since FaceZ(w〈T 〉)

is assumed to be a vertex of Z, we know that S ′ ⊆ T . It suffices to consider

the case in which v = FaceZ(〈T 〉), since for each w ∈ W , there is an isometry
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of Z mapping the vertex FaceZ(〈T 〉) to the vertex FaceZ(w〈T 〉). We know

that Lkv(Z) is the union, over all k-dimensional faces F of Z meeting at v,

of Lkv(F ). We know that a k-simplex FaceZ(w〈S ′〉) contains v if and only if

w〈S ′〉 ⊆ 〈T 〉; that is, if and only if w ∈ 〈T 〉. So we have

Lkv(Z) =
⋃

w∈〈T 〉

Lkv(FaceZ(w〈S ′〉)).

For each coset w〈S ′〉, the link at v of FaceZ(w〈S ′〉) is isometric to the spherical

(k−1)-simplex associated with the subgroup 〈T−S ′〉 of 〈S−S ′〉. We may then

define a cellular map φ : Lkv(Z) → Y by letting φ map Lkv(FaceZ(w〈S ′〉))

isometrically to FaceY (w〈S ′〉), for each w ∈ 〈T 〉, in such a way that isometries

on cells that intersect each other agree on the intersections. Then φ is an

isometry.

2.3 Some Examples

In this section, we provide several examples of partial projectivized Tits

cones of Coxeter groups with respect to certain sets of generators.

Example 2.3.1. We begin with the Euclidean Coxeter group H̃2, which acts

on the tiling of E2 by 30◦-60◦-90◦ right triangles, a portion of which is shown

below:
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a b c

a

bc

Let the generators of this group be a, b, and c, as shown in the diagram

above. First we construct PPTC(H̃2, {a}). The projectivized Tits cone of H̃2

is combinatorially equivalent to the 2-dimensional complex shown above. Let

C be the fundamental chamber of this tiling. We construct a new complex

by replacing C with the edge e fixed by a, and replacing w(C) with w(e) for

every w ∈ H̃2. We obtain a 1-dimensional complex composed of hexagons, a

portion of which is shown below:
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a b c

Note that we shade the nodes of the Coxeter diagram associated to generators

in S ′; we will use this convention throughout. In the complex shown above,

each edge of each hexagon consists of two copies of the edge e. In the partial

projectivized Tits cone PPTC(H̃2, {a}), each copy of e is metrized as an edge

of the “tiling” of S1 associated to the group 〈b, c〉 ∼= I
(6)
2 . This “tiling” is a

division of S1 into arcs of length π/6; thus each hexagon in the above figure

consists of twelve arcs of length π/6, making each hexagon isometric to a circle

of length 2π.

Now let us construct PPTC(H̃2, {c}). This time, we replace the funda-

mental chamber C with the edge e′ fixed by the generator c, and replace w(C)

with w(e′) for each w ∈ H̃2. This time, we obtain a 1-dimensional complex

composed of triangles, a portion of which is shown below:
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a b c

In this complex, each edge of each triangle consists of two copies of the edge

e′. In PPTC(H̃2, {c}), each copy of e′ is metrized as an arc of length π/3.

Thus each triangle consists of six arcs of length π/3, making each triangle

isometric to a circle of length 2π. Observe that both PPTC(H̃2, {a}) and

PPTC(H̃2, {c}) are 1-dimensional complexes consisting of unit circles; the

key difference is that the latter complex has vertices at which six circles meet,

whereas the former has vertices at which three circles meet.

Example 2.3.2. Consider the Euclidean Coxeter group C̃3. This group acts on

a tiling of E3 by 3-simplices, each of which is 1
48

of a cube. The surfaces of

some of these cubes are shown below:

a b c d
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Let a, b, c, and d be the generators of C̃3, as labelled above. In order to

construct PPTC(C̃3, {a}), we remove each 3-dimensional simplex, except for

the 2-dimensional face corresponding to the generator a. We are then left

with the 2-dimensional complex consisting of the surfaces of all of the cubes

in the tiling of E3, with each surface cut into 48 congruent pieces. Each piece

is metrized as a 45◦-60◦-90◦ spherical triangle; together, the 48 pieces of the

surface of a cube form a unit sphere. Thus PPTC(C̃3, {a}) is the 2-skeleton

of the tiling of E3 by cubes, with the surface of each cube remetrized as a unit

sphere.

2.4 The Fundamental Group of PPTC(W,S ′)

As indicated in Section 1.4, one step in the proof that a partial pro-

jectivized Tits cone PPTC(W,S ′) is CAT(0) is to show that PPTC(W,S ′)

is simply connected. It turns out that this is true under very general circum-

stances; namely, as long as the partial projectivized Tits cone is composed of

simplices of dimension at least two. Theorem 9.1.3 of [Da] gives a generaliza-

tion of this fact for complexes of the form U(W,X); we provide here a proof

that is applicable to partial projectivized Tits cones.

Theorem 2.4.1. Let (W,S) be a Coxeter system, and let S ′ ⊂ S such that

|S ′| ≤ |S| − 3. Then PPTC(W,S ′) is simply connected.

Proof. We will prove this by induction on |S ′|. First we show that PPTC(W,S ′)

is simply connected if S ′ = ∅. If S ′ = ∅, then PPTC(W,S ′) is homeomorphic
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to the projectivization X of the Tits cone X0 associated to W . We know that

X0 is a cone from the origin in (Rn)∗, where n = |S|, and therefore simply

connected. We can deformation-retract X0 to its intersection with the closed

unit ball in (Rn)∗; call this intersection X ′0. Then the boundary ∂X ′0 is home-

omorphic to X. We can obtain X ′0 from ∂X ′0 by adding the intersections of

top-dimensional cells of the Tits cone with the open unit ball; since these cells

have dimension 3 or greater, adding these cells does not change the funda-

mental group. Therefore, π1(∂X
′
0) = π1(X

′
0) = π1(X) = 1. So in this case,

PPTC(W,S ′) is simply connected.

Now assume that the theorem is true for all pairs (W,S ′) with |S ′| < m,

where m > 0; we will show that if |S ′| = m, then Z = PPTC(W,S ′) is

simply connected. Let a be a generator in S ′, and define T = S ′ − {a}. Let

Z ′ = PPTC(W,T ).

We will now show that π1(Z) = π1(Z
′). Let v be the vertex of the

projectivized Tits cone Y of W fixed by S − {a}. Then v is a vertex of

Z ′, but not a vertex of Z. We shall show that Lkv(Z
′) is homeomorphic

to PPTC(〈S − {a}〉, T ). We know that the faces of Y incident at v are

those of the form FaceY (w〈U〉), where w〈U〉 ⊆ 〈S − {a}〉; that is, where

U ⊆ S − {a} and w ∈ 〈S − {a}〉. Of these, the faces that belong to Z ′ are

those of the form FaceY (w〈U〉), where w ∈ 〈S − {a}〉 and T ⊆ U ⊆ S − {a}.

So for each coset w〈U〉 satisfying these conditions, LkvZ
′ contains a simplex of

dimension |S| − |U | − 2 = |S−{a}|− |U | − 1. Similarly, PPTC(〈S−{a}〉, T )

contains, for each coset of the form w〈U〉, where w ∈ 〈S − {a}〉 and T ⊆
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U ⊆ S − {a}, a simplex of dimension |S − {a}| − |U |. The simplices of

LkvZ
′ and PPTC(〈S − {a}〉, T ) intersect under the same conditions; that

is, in each complex, the simplex corresponding to the coset w〈U〉 is a face

of the simplex corresponding to w′〈U ′〉 if and only if w′〈U ′〉 ⊆ w〈U〉. Thus

LkvZ
′ is homeomorphic to PPTC(〈S − {a}〉, T ). Since |T | = m − 1 and

|S − {a}| − |T | = |S| − |S ′| ≥ 3, we know that PPTC(〈S − {a}〉, T ) is simply

connected by the induction hypothesis. So LkvZ
′ is simply connected.

Now let Z0 be the union of all faces of Z ′ incident at v. We know that

Z0 is contractible, since it is a cone on v; thus π1(Z0) = 1. We also know that

Z0 ∩ Z is homeomorphic to LkvZ
′. To see this, observe that Z0 ∩ Z consists

of one simplex of dimension |S| − |S ′| − 1 for each face of Z ′ incident at v;

these faces are in natural correspondence with the simplices of dimension |S|−

|S ′| − 1 in LkvZ
′. So by the Seifert-Van Kampen theorem, since π1(Z ∩Z0) =

π1(LkvZ
′) = 1, we have π1(Z∪Z0) = π1(Z). So we can add the faces of Z ′ that

are incident at v to Z without changing the fundamental group of the complex.

Similarly, for any w ∈ W , we may add the faces of Z ′ incident at w · v to the

complex without changing its fundamental group. So we can add all the faces

of Z ′ not in Z to our complex without changing the fundamental group. Thus

π1(Z) = π1(Z
′). But we know that Z ′ = PPTC(W,T ) is simply connected

by the induction hypothesis since |T | = m− 1. So Z = PPTC(W,S ′) itself is

simply connected. This completes the induction proof.
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Chapter 3

Geodesics in P -Complexes

We shall now study the combinatorial behavior of geodesic loops in

2-dimensional cell complexes whose top-dimensional faces are all of the same

isometry type. By “combinatorial behavior” we loosely mean the set of faces

of a polyhedral cell complex through which a geodesic passes, and the order

in which it does so.

3.1 The Gallery of a Geodesic in a P -Complex

Definition 3.1.1. Let Y be a tiling of S2 by polygons. We say that the tiling

Y is quasiregular if the following conditions hold:

1. If two distinct polygons in Y intersect, then they intersect along an entire

edge of both polygons, or only at a vertex.

2. If two distinct polygons F and G in Y intersect along an edge, then the

reflection across this edge is an isometry of F onto G, and vice versa.

If P is a spherical polygon, then we say that P is quasiregular if there exists a

quasiregular tiling of S2 by copies of P .
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Definition 3.1.2. Let P be a spherical polygon with n vertices. A P -complex

is a 2-dimensional cell complex X with the following properties:

1. Each 2-dimensional cell of X is isometric to P .

2. Each edge of X has two distinct vertices. Each 2-dimensional cell of X

has n distinct vertices.

3. If two 2-dimensional cells P and Q in X intersect along an edge, then

there is an isometry φ : X → X such that φ(P ) = Q, φ(Q) = P , and φ

fixes the edge P ∩Q pointwise.

Suppose that P is a quasiregular spherical polygon. In this section,

we give a method for describing the paths a geodesic loop can take in a P -

complex. This method follows the work of [Eld], but takes advantage of the

quasiregularity assumption.

Definition 3.1.3. Let P be a quasiregular spherical polygon, and let X be

a P -complex. Let γ : [0, d] → X be a locally geodesic path of finite length

in X. We define the face map φγ : [0, d] → F(X), where F(X) is the face

poset of X, as follows: for each t ∈ [0, d], define φγ(t) to be the minimal face

of X containing γ(t). We say that the point t ∈ [0, d] is a critical point of γ

if there exists an ε > 0 such that φγ(t
′) 6= φγ(t) for all t′ ∈ [0, d] such that

0 < |t′ − t| < ε.

Lemma 3.1.1. Let P be a quasiregular spherical polygon, and let X be a P -

complex. Let γ : [0, d] → X be a locally geodesic path in X, and let φγ be the
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face map of γ. Suppose that t ∈ [0, d] is not a critical point. Then there exists

an open subinterval of [0, d] containing t on which φγ is constant.

Proof. Let F = φγ(t). Then since t is not critical, there are points t′ in [0, d],

arbitrarily close to t, such that φγ(t
′) = F . Since γ is locally geodesic and

F is convex, there must exist an interval of the form [t, t + ε) or (t − ε, t],

where ε > 0, on which γ lies in F . Suppose there is an interval of the form

[t, t + ε) with this property. Since γ(t) lies in the relative interior of F , there

is a neighborhood of γ(t) that does not intersect any proper faces of F . Thus

since γ lies in F on the interval [t, t+ ε), and γ is locally geodesic, γ must lie

in F on an interval of the form (t − ε′, t] as well. So γ lies in F on an open

neighborhood of t.

Furthermore, since there is a neighborhood of γ(t) that does not inter-

sect any proper faces of F , there is an open interval containing t on which γ

does not touch any proper faces of F . Thus there is an open interval containing

t on which φγ is constantly F .

Lemma 3.1.2. Let P be a quasiregular spherical polygon, and let X be a P -

complex. Let γ : [0, d] → X be a locally geodesic path in X, and let φγ be the

face map of γ. Suppose that t ∈ [0, d] is not a critical point, and assume that

the set {t′ > t : φγ(t
′) 6= φγ(t)} is nonempty. Then the infimum of this set is

a critical point.

Proof. Let F = φγ(t), and let b be the infimum of all t′ > t such that φγ(t
′) 6=

F . By the previous lemma, we know that b > t. We know that F is a closed
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subset of X, so γ(b) ∈ F . Thus φγ(b) is either F or a proper face of F . If

φγ(b) = F , then we know that γ lies in F on the interval [t, b]. Furthermore,

since γ(b) is not in any proper face of F , we know that there is a neighborhood

of γ(b) that does not intersect any proper faces of F . Since γ is locally geodesic,

it follows that there is a neighborhood of b on which γ lies in F and does not

touch any proper faces of F . Thus φγ = F on a neighborhood of b, contrary

to assumption. Thus φγ(b) must be a proper face G of F .

Now if b is noncritical, then there exist values t′ > b, arbitrarily close to

b, such that φγ(t
′) = G. Then since γ is locally geodesic, there must be some

ε > 0 such that γ lies in G on the interval [b, b + ε). But then, since γ(b) lies

in the relative interior of G, and γ is locally geodesic, there also exists some

ε′ > 0 such that γ lies in G on (b− ε′, b+ ε). This contradicts our minimality

assumption about b. Thus b must be critical.

Remark 3.1.1. Note that we can replace the infimum of the set of all t′ > t

such that φγ(t
′) 6= φγ(t) in the previous lemma with the supremum of the

set of all t′ < t such that φγ(t
′) 6= φγ(t). By doing this, we find that if t is

noncritical, then there exists an open interval (a, b) containing t, with a and b

critical, such that φγ is constant on (a, b).

Lemma 3.1.3. Let P be a quasiregular spherical polygon, and let X be a P -

complex. Let γ : [0, d] → X be a locally geodesic path in X, and let φγ be the

face map of γ. Let t ∈ [0, d] be critical, and let F = φγ(t). Then there exist

some ε > 0, and distinct faces G and H containing F as a proper face, such

that φγ(t
′) = G for t′ ∈ (t− ε, t) and φγ(t

′) = H for t′ ∈ (t, t+ ε).
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Proof. Since γ is locally geodesic, there exists some ε > 0 such that γ is

geodesic on (t − ε, t + ε). We know that a sufficiently small neighborhood of

γ(t) consists entirely of pieces of faces of X that contain F , since the top-

dimensional faces of X all have the same shape and are uniformly large. So by

restricting ε further if necessary, we can assume that for each t′ ∈ (t− ε, t+ ε),

φγ(t
′) is either F , or a face containing F . Suppose, then, that there are two

distinct faces H and H ′ containing F , such that there exist u, u′ ∈ (t, t+ ε) for

which φγ(u) = H and φγ(u
′) = H ′. Then the geodesic from γ(t) to γ(u) and

the geodesic from γ(t) to γ(u′) are distinct, which contradicts our assumption

that γ is geodesic within the interval (t − ε, t + ε). Thus there is one face H

containing F that occurs as a value of φγ in the interval (t, t+ε). Furthermore,

H cannot be F itself, since t is critical. Similarly, there must be a single face

G containing F that occurs as a value of φγ in the interval (t − ε, t); and G

cannot be F since t is critical. Finally, G and H must be distinct, since a

locally geodesic path cannot pass from the interior of G to a proper face of G,

and immediately back into the interior of G.

Corollary 3.1.4. Let P be a quasiregular spherical polygon, and let X be a

P -complex. Let γ : [0, d] → X be a locally geodesic path in X, and let φγ be

the face map of γ. Then γ has finitely many critical points.

Proof. If γ had infinitely many critical points, then the set of critical points

would have an accumulation point x ∈ [0, d]. But then either x would be

critical, in which case it would have an open neighborhood containing no
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critical points other than x, or x would be noncritical, in which case x would

have an open neighborhood containing no critical points. Either case produces

a contradiction.

We immediately obtain the following observation:

Corollary 3.1.5. Let P be a quasiregular spherical polygon, and let X be a

P -complex. Let γ : [0, d] → X be a locally geodesic path in X, and let φγ be

the face map of γ. Assume that 0 and d are both critical points of γ. Then

there exists a finite sequence of points 0 = t0, t1, t2, . . . , tm = d such that

1. φγ is constant on each interval (ti−1, ti), i = 1, 2, . . . ,m.

2. For each i, φγ(ti) is a proper face of both the value of φγ on (ti−1, ti) and

the value of φγ on (ti, ti+1).

Definition 3.1.4. Let P be a quasiregular spherical polygon, and let X be a

P -complex. Let γ : [0, d]→ X be a locally geodesic path of finite length in X

such that 0 and d are critical. Let t0, . . . , tm be defined as in Corollary 3.1.5.

Then for each i = 0, 1, . . . ,m, define Fi = φγ(ti), and for each i = 1, 2, . . . ,m,

define Gi to be the value of φγ on (ti−1, ti). Then we call the sequence of faces

F0, G1, F1, . . . , Gm, Fm the gallery of γ.

Definition 3.1.5. Let P be a quasiregular spherical polygon, and let X and

X ′ be P -complexes. Let γ : [0, d]→ X and γ′ : [0, d′]→ X ′ be locally geodesic

paths of finite length in X and X ′, respectively, such that 0 and d are critical

points of both γ and γ′. Let F0, G1, . . . , Gm, Fm be the gallery of γ, and let
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F ′0, G
′
1, . . . , G

′
n, F

′
n be the gallery of γ′. We say that these two galleries are of

the same type if m = n and there exist isometries ψi : Gi → G′i, 1 ≤ i ≤ m,

such that ψi(Fi−1) = F ′i−1, ψi(Fi) = F ′i , and for each i < m, ψi|Fi
and ψi+1|Fi

agree pointwise.

Suppose that X is a polygonal cell complex. Henceforth we shall say

that a locally geodesic path γ : [0, d]→ X is vertex-free if the image of γ does

not contain any vertices of X. We shall say that γ is interior vertex-free if γ(t)

is not a vertex for any t such that 0 < t < d.

Lemma 3.1.6. Let P be a quasiregular spherical polygon, let X be a P -

complex, and let Y be a quasiregular tiling of S2 by copies of P . Let γ :

[0, d] → X be a locally geodesic path of finite length in X such that 0 and d

are critical points of γ, and assume that γ is interior vertex-free. Then there

exists a locally geodesic, interior vertex-free path γ′ : [0, d] → Y such that the

gallery of γ and the gallery of γ′ are of the same type.

Proof. Let F0, G1, F1, . . . , Gm, Fm be the gallery of γ. If m = 1, then γ is

contained in a single two-dimensional face G of X, and thus we can map γ to

Y via an isometry of G to a two-dimensional face of Y . The resulting path

γ′ in Y is still locally geodesic, and the isometry of G into Y provides the

isometry ψ1 required by Definition 3.1.5. Thus in this case, the desired result

holds.

Now suppose that m > 1. We then know that each Gi is a two-

dimensional face isometric to P , since if Gi were an edge, Fi−1 and Fi would
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both have to be vertices, contrary to our assumption that γ is interior vertex-

free. So let G′1 be any two-dimensional face of Y , and let ψ1 be an isometry

of G1 to G′1. Let F ′0 be the image of F0 in ψ1. We now define the isometries

ψi : Gi → G′i, for i > 1, inductively as follows. Assuming that we have defined

an isometry ψi−1 : Gi−1 → G′i−1, let F ′i−1 be the image of Fi−1, a face of Gi−1,

in ψi−1, and define G′i to be the reflection of G′i−1 across F ′i−1. (Then G′i is a

face of Y by quasiregularity.) Let φi : X → X be the isometry of X exchang-

ing Gi−1 and Gi provided by Definition 3.1.2, and let φ′i : Y → Y be reflection

across F ′i−1. We then define ψi : Gi → G′i by ψi = φ′i−1ψi−1φi−1. Then ψi is an

isometry mapping Gi to G′i, and ψi and ψi−1 agree on Fi−1.

We can now define γ′ : [0, d] → Y as follows. For each i, 0 ≤ i ≤

m, let ti be the point in [0, d] at which γ crosses Fi. We then define γ′ on

[ti−1, ti] by γ′(t) = ψi(γ(t)) for all t ∈ [ti−1, ti]. Since ψi and ψi+1 agree

on Fi for each i, γ′ is well-defined. We know that γ′ is locally geodesic in

each of the intervals (ti−1, ti), and at the endpoints 0 and d. Furthermore,

for each i, i < m, the isometries ψi and ψi+1 can be “glued” together to

yield an isometry of a neighborhood of Fi in Gi ∪ Gi+1 to a neighborhood

of F ′i in G′i ∪ G′i+1. Thus γ′ is locally geodesic at the points ti as well. The

gallery of γ′ is F ′0, G
′
1, F

′
1, . . . , G

′
m, F

′
m, and this gallery is of the same type as

F0, G1, F1, . . . , Gm, Fm.

Remark 3.1.2. It is clear from the above argument that if we replace “interior

vertex-free” with “vertex-free” in the hypothesis, we may also replace “interior

vertex-free” with “vertex-free” in the conclusion.
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We now see that if γ is an interior vertex-free locally geodesic path

in a P -complex, then the gallery of γ is the same as a gallery of an interior

vertex-free locally geodesic path in a quasiregular tiling Y of S2 by copies of

P . Therefore, we can classify interior vertex-free geodesics in a P -complex

by classifying galleries of geodesics in Y . Since a locally-geodesic path on S2

must travel along a great circle, we can focus our attention on galleries of great

circles on S2, and subgalleries of these galleries. (N.B. We must still consider

great circles on S2 that pass through vertices of Y , since a vertex-free geodesic,

if extended to a great circle, may pass through vertices of Y .)

The following lemmas give us a convenient way to organize our classi-

fication of galleries of geodesics in Y . We begin with a definition:

Definition 3.1.6. Let P be a quasiregular spherical polygon, and let Y be a

quasiregular tiling of S2 by copies of P . The vertex-perpendicular tiling Y ⊥ of

Y is defined to be the tiling of S2 obtained by drawing the great circle v⊥ for

each vertex v of Y .

Lemma 3.1.7. Let P be a quasiregular spherical polygon, and let Y be a

quasiregular tiling of S2 by copies of P . Suppose that γ and δ are great cir-

cles on Y . Suppose that the minimal face of Y ⊥ containing a point γ⊥ and

the minimal face of Y ⊥ containing a point δ⊥ are the same. Then there are

parametrizations γ : [0, 2π]→ Y and δ : [0, 2π]→ Y such that these paths both

have critical points at 0 and 2π and have the same gallery.

Proof. If γ⊥ is a vertex of Y ⊥, then γ⊥ = δ⊥, and thus γ and δ are the same
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great circle. In this case, the result follows trivially.

Suppose that γ⊥ lies on an edge of Y ⊥, but not on a vertex. Then δ⊥

lies in the relative interior of the same edge of Y ⊥. This implies that γ and

δ both run through a vertex F0 of Y and its antipode F ′0 (if F ′0 is a vertex

of Y ), but do not run through any other vertices of Y . We know that each

great circle runs from F0 into the interior of a two-dimensional face of Y , since

otherwise it would run along an edge of Y and into another vertex. So define

γ(0) = F0, and let G0 be a two-dimensional face into whose interior γ runs

after leaving F0. Since γ⊥ and δ⊥ both lie in the interior of the same edge,

if we rotate the point γ⊥ into δ⊥, the point will not cross any edges of Y ⊥.

Thus if we rotate γ into δ, the great circle will not pass through any vertices

of Y other than F0 and F ′0. In particular, this means that δ also passes from

F0 into G0. So we can parametrize both γ and δ so that γ(0) = δ(0) = F0,

and γ(t) ∈ G0 and δ(t) ∈ G0 for t sufficiently small. We can then inductively

argue that the paths γ and δ will continue to pass through the same edges and

faces of Y , in the same order, since we can rotate γ into δ without crossing

any vertices of Y other than F0 and F ′0. Thus γ and δ, parametrized in this

way, will have the same gallery.

Finally, if γ⊥ does not lie on an edge of Y ⊥, then neither does δ⊥, and

thus γ and δ do not intersect any vertices of Y . In this case, we parametrize γ so

that γ(0) lies on an edge F0 of Y . Since we can rotate γ into δ without the great

circle passing through any vertices of Y , δ must also intersect F0; therefore,

we can parametrize δ so that δ(0) is on F0. Since γ and δ both intersect F0
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transversely, they both run through the interiors of the two-dimensional faces

of Y on either side of F0. So we can parametrize γ and δ both so that, for

sufficiently small t, γ(t) and δ(t) lie in a common two-dimensional face G0.

At this point, we can use the same inductive argument used in the previous

paragraph to show that the great circles γ and δ, parametrized in this way,

will run through the same edges and faces of Y , in the same order, since we

can rotate γ into δ without crossing any vertices of Y . Thus γ and δ will have

the same gallery.

The above lemma shows that the number of distinct galleries of great

circles on Y , up to differences in parametrization, is bounded above by the

number of faces (not necessarily two-dimensional) of Y ′. As we shall presently

see, the number of combinatorial types of galleries of great circles is bounded

by the number of distinct faces of Y ′, up to symmetries of Y .

Lemma 3.1.8. Let P be a quasiregular spherical polygon, and let Y be a

quasiregular tiling of S2 by copies of P . Suppose that γ and δ are great circles

on Y . Let F be the minimal face of Y ⊥ containing a point γ⊥, and let F ′

be the minimal face of Y ⊥ containing a point δ⊥. Suppose that there is an

isometry ψ : S2 → S2 preserving Y such that ψ(F ) = F ′. Then there are

parametrizations γ : [0, 2π]→ Y and δ : [0, 2π]→ Y such that these paths both

have critical points at 0 and 2π and have galleries of the same type.

Proof. Consider the great circles γ and ψ−1(δ). The minimal face of Y ⊥ con-

taining (ψ−1(δ))⊥ is ψ−1(F ′) = F , so we may now apply Lemma 3.1.7 and
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parametrize γ and ψ−1(δ) so that they have the same gallery F0, G1, F1, . . . , Gm, Fm.

But then the gallery of δ is ψ(F0), ψ(G1), ψ(F1), . . . , ψ(Gm), ψ(Fm). This

gallery is of the same type as the gallery of γ.

Remark 3.1.3. The above lemma also holds if ψ is an isometry of S2 generated

by cellular isometries of Y , together with the antipodal map of S2. This is

because the antipodal map of S2 preserves every great circle.

Suppose that X is a P -complex, where P is a quasiregular spherical

polygon, and let Y be a quasiregular tiling of S2 by copies of P . Suppose that

γ is an isometrically embedded circle of length d < 2π in X. Since each two-

dimensional face of X is convex, we know that γ must intersect at least one

edge of X (possibly at a vertex). Therefore, γ has at least one critical point.

We may then parametrize γ over the interval [0, d] such that γ(0) = γ(d) is

a critical point. If γ does not intersect any vertices of X, then by Lemma

3.1.6, the gallery of γ is of the same type as the gallery of a segment of a

great circle in Y . If γ does intersect at least one vertex of X, then we may

parametrize γ so that γ(0) = γ(d) is a vertex. There are then finitely many

points t ∈ (0, d) such that γ(t) is a vertex; call these points t1, t2, . . . , tk−1,

and define t0 = 0 and tk = d. Then for i = 1, 2, . . . , k, the restriction of γ to

[ti−1, ti] is an interior vertex-free locally geodesic path; therefore, by Lemma

3.1.6, the gallery of this segment of γ is of the same type as the gallery of a

segment of a great circle on Y .

In summary, each geodesic loop in X of length less than 2π has a
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gallery that can be realized either as the equivalent of a vertex-free gallery of

a geodesic in Y , or as a concatenation of galleries of geodesic segments in Y ,

with each segment beginning and ending at a vertex.

3.2 The Tetrahedral Tiling of S2

In this and the following two sections, we will provide combinatorial

conditions on certain types of polygonal cell complexes that allow us to con-

clude that such complexes do not contain geodesic loops of length less than

2π. By Theorem 1.3.1, we can then conclude that such complexes are CAT(1)

provided that we know that the links of the vertices of these complexes are

CAT(1).

Let Z be the tiling of S2 associated with the Coxeter group

A2 = 〈a, b, c : a2 = b2 = c2 = 1, (ab)3 = (bc)3 = (ac)2 = 1〉.

Let G be the fundamental chamber of Z, and let F be the edge of G that

is fixed by c. Consider the union
⋃
g∈A2

g(F ). This union of edges cuts S2

into four triangular faces, each of which is an equilateral triangle with interior

angles of measure 2π/3. We call the tiling Y consisting of these particular

edges and these triangles the tetrahedral tiling of S2. Let P be one of the four

triangular faces of this tiling; then Y is a quasiregular tiling of S2 by copies of

P .

38



We will prove the following:

Theorem 3.2.1. Let X be a P -complex, where P is a face of the tetrahedral

tiling of S2. Assume that X satisfies the following conditions:

1. If two distinct faces of X intersect, then they intersect in a proper face

of both faces.

2. If three edges of X form a cycle, then there is a triangular face of X

spanning these three edges.

Then X contains no geodesic loops of length less than 2π.

Proof. LetX be a P -complex, and suppose that γ is an isometrically embedded

circle in X of length d < 2π. If γ is vertex-free, then there is a vertex-free

geodesic δ of length less than 2π in Y whose gallery is of the same type as

the gallery of γ. (Note that this geodesic need not be a loop. The geodesic

γ may return to its starting point before the corresponding geodesic δ on S2

does if the faces of X form cycles shorter than those formed by faces of Y .)

If γ is not vertex-free, then it can be parametrized and decomposed into one
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or more paths, each of which is interior vertex-free. Each interior vertex-free

segment will have a gallery that is of the same type as the gallery of an interior

vertex-free geodesic path of length less than 2π in Y .

Assume that γ is vertex-free. Then γ is of the same type as the gallery

of a vertex-free geodesic in Y ; this geodesic is either a segment of a vertex-

free great circle or a vertex-free segment of a great circle that passes through

a vertex of Y . By Lemma 3.1.8, the possible types of galleries of vertex-

free great circles in Y correspond to the two-dimensional faces A and B of the

vertex-perpendicular tiling Y ′ shown in the figure below. This is because every

two-dimensional face of Y ′ can be mapped to A or B by an element of the

group generated by A2 together with the antipodal map. The schematics below

the pictures of Y and Y ′ show the faces through which the corresponding great

circles pass, and the order in which they do so. For example, if x is a point in

the interior of A, then the great circle x⊥ passes through three triangular faces

of Y . One possibility is for x⊥ to start on an edge, then pass through the first

face and cross the edge on its right (we call this a “right turn”), then take a

right turn through the second face, and finally take a right turn through the

third face. The alternative is for x⊥ to take a left turn through each edge; this

will occur if, for example, we parametrize x⊥ in the opposite direction. The

gallery obtained in this way is of the same type as the one shown.
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Suppose we parametrize γ so that γ(0) = γ(d) is critical. Then γ(0) = γ(d)

lies on an edge of X. If the gallery of γ is of the same type as either of the

vertex-free galleries shown in the diagram, then the locally geodesic path γ′

constructed in Lemma 3.1.6, which has the same length as γ, has length 2π,

since it is a great circle of S2. This contradicts our assumption that d < 2π.
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So the gallery of γ must be of the same type as a proper subgallery of A or

B, or a vertex-free subgallery of C, D1, or D2. Therefore, it must be of one of

the following types:

3.

1. 2.

4.

A B

DCC

A B

A B

C D

A B

C D

E

If the gallery is of type 1, then since γ must end in the same place it began,

the edges AB and BC are the same. This is impossible, since a triangle in

X must have three distinct vertices and three distinct edges. If the gallery

is of type 2, then the edges AB and BD are the same; therefore, we have

D = A. Thus there are two distinct triangles in X, both having A, B, and

C as vertices. (The two triangles must be distinct; otherwise, γ would not be

locally geodesic at the point at which it crosses BC.) If the gallery is of type

3, then we must have CD = AB; thus C is the same as either A or B. Either

case contradicts the fact that a triangular face of X must have three distinct
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vertices. Finally, if the gallery is of type 4, then the edges AB and DE are

the same. If D = A, then again we have two distinct triangular faces of X,

both having A, B, and C as vertices. If D = B, then we have an edge from a

vertex to itself, which is not possible.

Therefore, if X has a vertex-free geodesic loop of length less than 2π,

then X has at least two triangular faces that have all three vertices in common.

Now suppose that γ is not vertex-free. Then γ can be parametrized

so that γ(0) = γ(d) is a vertex of X. We can divide γ into finitely many

segments so that each segment is an interior vertex-free locally geodesic path

whose endpoints are vertices. The gallery of each such segment will be of the

same type as one of the vertex-to-vertex galleries (marked C, D1, and D2) in

the figure above. If one of the segments has a gallery of type C, then it is

isometric to a full great circle in Y , and thus d ≥ 2π, a contradiction. Thus

all of the segments must have galleries of types D1 and D2. If a segment has

a gallery of type D1 (call such a segment an D1-segment), then it runs from a

vertex, through the midpoint of the opposite side of a triangular face, and to

the opposite vertex of another triangular face sharing that edge. Let α be the

length of such a segment. If a segment has a gallery of type D2 (call such a

segment an D2-segment), then it runs along one edge of X; let β be the length

of such a segment. Since there is a great circle of Y that consists of one edge

and medians of two triangular faces of Y , we have α + β = 2π. Furthermore,

we know that α > π, and 2β > π. Therefore, since d < 2π, γ must consist of

either one D1-segment, or at most three D2-segments.
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If γ consists of one D1-segment, then the beginning and ending vertices

of the D1-segment must be the same. In this case, again we have two triangular

faces that have the same three vertices. If γ consists of a single D2-segment,

then there is an edge inX whose endpoints are the same, which is impossible. If

γ consists of two D2-segments, then there are two edges in X whose endpoints

are the same. Finally, if γ consists of three D2-segments, then γ traverses

three edges of X. In this case, the path γ is locally geodesic at the vertices

only if there is no triangular face spanning these three edges.

Therefore, if X has a geodesic loop of length less than 2π, then at least

one of the two hypotheses listed in the theorem statement fails.

3.3 The Octahedral Tiling of S2

Let Z be the tiling of S2 associated with the Coxeter group

B2 = 〈a, b, c : a2 = b2 = c2 = 1, (ab)4 = (bc)3 = (ac)2 = 1〉.

Let G be the fundamental chamber of Z, and let F be the edge of G that is

fixed by a. Consider the union
⋃
g∈B2

g(F ). This union of edges cuts S2 into

eight triangular faces, each of which has three interior angles of measure π/2.

We call the tiling Y consisting of these particular edges and these triangles

the octahedral tiling of S2. Let P be one of the eight triangular faces of this

tiling; then Y is a quasiregular tiling of S2 by copies of P .
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Observe that in this case, Y is its own vertex-perpendicular tiling. All of the

two-dimensional faces of Y are equivalent under the action by B2, as are all of

the edges and all of the vertices.

We will prove the following:

Theorem 3.3.1. Let X be a P -complex, where P is a face of the octahedral

tiling of S2. Assume that X satisfies the following conditions:

1. If two distinct faces of X intersect, then they intersect in a proper face

of both faces.

2. X does not contain any hollow triangles.

3. X does not contain any small tetrahedra.

Then X contains no geodesic loops of length less than 2π.

Proof. Let X be a P -complex, and suppose that γ is an isometrically embed-

ded circle in X of length d < 2π. If γ is vertex-free, then assume that γ is
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parametrized so that γ(0) = γ(d) lies on an edge of X, and let δ be a vertex-

free geodesic in Y whose gallery is of the same type as that of γ. Either δ is

a segment of a vertex-free great circle in Y , in which case the gallery of the

great circle is of the same type as the gallery A shown in the picture, or δ is

a segment, beginning and ending on edges of Y , of a great circle that passes

through vertices of Y . The latter case is impossible, since there is no segment

of the gallery B or C that begins and ends on edges of Y without passing

through any vertices of Y .
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So since d < 2π, the gallery of γ must be of the same type as a proper

subgallery of A. These subgalleries are enumerated in the figure below:
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C D
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E
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C D

E F

A B

C D

E F

G

If the gallery of γ is of type 1, then the triangle ∆ABC has two of its edges

glued together, an impossibility. If the gallery is of type 2, then C must equal

either A or B; therefore, the triangle ∆ABC does not have three distinct

vertices, which is impossible. If the gallery is of type 3, then the edge DE

is the same as the edge AB; thus D must equal either A or B. If D = A,

then there are again two triangular faces both having vertices A, B, and C.

If D = B, then there is a triangular face with two vertices identified, an

impossibility. If the gallery is of type 4, then either E = A and F = B, or

E = B and F = A. If E = B, then there are two triangular faces, both

having B, C, and D as vertices. If E = A, then we observe that ∆ABC,

∆ABD, ∆ACD, and ∆BCD are all faces of X. We call this arrangment of
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four triangular faces a small tetrahedron. Finally, if the gallery is of type 5,

then either F = A and G = B, or F = B and G = A. If F = A, then there

is a triangle in the 1-skeleton of X with vertices A, B, and D, as well as a

triangle with vertices A, C, and D. Either at least one of these triangles is

a “hollow triangle” – that is, the edges of the triangle are not spanned by a

triangular face – or X contains triangles ∆ABD and ∆ACD. Since X also

has triangles ∆ABC and ∆BCD, this means that X has a small tetrahedron.

Now suppose that γ does pass through a vertex of X. Then we can

parametrize γ so that γ(0) = γ(d) is a vertex of X, and we can decompose

γ into interior-vertex-free segments whose endpoints are vertices. Each such

segment will have a gallery of the same type as one of the galleries marked B

or C in the figure above; thus each vertex-to-vertex segment either runs from

a vertex of one face through the opposite edge of that face, and to the opposite

vertex of the adjacent face (we will call such a segment a B-segment), or runs

along a single edge (we will call such a segment a C-segment). We know that

a B-segment has length π, since it can be isometrically mapped to a segment

on S2 that runs from a vertex of Y to its antipode. A C-segment has length

π/2.

If γ consists only of one B-segment, then the two triangular faces

through which γ runs have the same three vertices. If γ consists of one B-

segment and one C-segment, then let ∆PQR and ∆PQS be the two triangular

faces through which the B-segment runs. Then there is also an edge from S

to R. One of the following must then be true: either X has triangular faces
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∆PRS and ∆QRS, or X has a hollow triangle. In the former case, X contains

a small tetrahedron. If γ has a B-segment, then it can have no more than one

C-segment, since d < 2π.

If γ does not contain any B-segments, then it must consist of no more

than three C-segments. If it consists of only one C-segment, then the edge

along which it travels has its two vertices identified together, an impossibility.

If it consists of two C-segments, then the two edges share both of their vertices.

If it consists of three C-segments, then those three edges must form a hollow

triangle; if the three edges bounded a triangular face, then the path around

the boundary would fail to be locally geodesic at the vertices.

Therefore, if X contains a geodesic loop of length less than 2π, then X

fails to satisfy one or more of the hypothesis of the theorem.

3.4 The Cubic Tiling of S2

Let Z be the tiling of S2 associated with the Coxeter group

B2 = 〈a, b, c : a2 = b2 = c2 = 1, (ab)4 = (bc)3 = (ac)2 = 1〉.

Let G be the fundamental chamber of Z, and let F be the edge of G that is

fixed by c. Consider the union
⋃
g∈B2

g(F ). This union of edges cuts S2 into

six faces, each of which is a quadrilateral with interior angles of measure 2π/3.

We call the tiling Y consisting of these particular edges and these “squares”

the cubic tiling of S2. Let P be one of the six square faces of this tiling; then

Y is a quasiregular tiling of S2 by copies of P .
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We will prove the following:

Theorem 3.4.1. Let X be a P -complex, where P is a face of the cubic tiling

of S2. Assume that X satisfies the following conditions:

1. If two distinct faces of X intersect, then they intersect in a proper face

of both faces.

2. The 1-skeleton of X does not contain any circuits of odd length.

3. X does not contain any hollow squares.

4. Every diagonal triangle in X passes through at least two square faces that

intersect along an edge.

Then X contains no geodesic loops of length less than 2π.

Proof. LetX be a P -complex, and suppose that γ is an isometrically embedded

circle in X of length d < 2π. If γ is vertex-free, then let δ be a vertex-free

geodesic in Y whose gallery is of the same type as that of γ. We know that

if the extension of δ to a great circle of Y is a vertex-free great circle, then
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the great circle has a gallery of the same type as one of the galleries marked

A or B in the figure below. If the extension of δ is a great circle that passes

through vertices of Y , then the gallery of δ is a subgallery of C, D1, or D2

that begins and ends on edges and does not pass through any vertices; this is

impossible.
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Therefore, the gallery of γ itself must be of the same type as a subgallery of A

or B. If the gallery of γ is of the same type as the gallery of a full great circle

in Y , then γ must have length 2π, a contradiction. So the gallery of γ must
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be of the same type as a proper subgallery of one of the two galleries shown

above. The possible gallery types are shown in the following figure:
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If the gallery of γ is of type 1, then the square ABCD has two edges identified

together, which is impossible. If the gallery is of type 2, then the edge EF

must be the same as the edge AB. This implies that there are two squares in

X, both of which have A, B, C, and D as vertices. If the gallery is of type

3, then GH must be the same edge as AB. If G = A and H = B, then the

1-skeleton of X contains a circuit of odd length. If G = B and H = A, then

the top and right edges of gallery 3 contain the vertices A, C, E, B, and A, in

that order. If the four edges AC, CE, EB, and BA enclose a square face of

X, then this square face shares three vertices with the square ABCD. If these

four edges do not enclose a square face, then the 1-skeleton of X contains a

circuit of length 4 that does not enclose a square face (we shall call such a

circuit a “hollow square”). If the gallery is of type 4, then the square ABCD

has two edges identified together, which is impossible. If the gallery is of type

5, then the edge CE must be the same as the edge BD. This means that either

C = B or C = D; in either case, the square ABCD has two vertices identified

together, which is impossible. If the gallery is of type 6, then the edges EH

and BD are the same. If E = D and H = B, then the square CDEF has two

vertices identified together, which is impossible. If E = B and H = D, then

the 1-skeleton of X contains a circuit of odd length, from B to D to F back

to B. If the gallery is of type 7, then the edges IJ and BD are the same. If

I = B and J = D, then the 1-skeleton of X contains a circuit of odd length,

from D to F to E back to D. If I = D and J = B, then we have two distinct

square faces having two opposite vertices in common. Finally, if the gallery is
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of type 8, then the edges IL and BD are the same. If I = B and L = D, then

the 1-skeleton of X contains a circuit of odd length, from B to D to F to E

to J back to B. If I = D and L = B, then we have two squares, each of which

contains the diagonal DE, which is impossible.

Now suppose that γ is not vertex-free. Then we can parametrize γ

so that γ(0) = γ(d) is a vertex of X, and we can decompose γ into interior-

vertex-free segments whose endpoints are vertices. Each such segment will

have a gallery of the same type as one of the galleries marked C, D1, or D2 in

the figure above. The endpoints of the geodesic in the gallery C are antipodal

points on the sphere, so a segment of this type has length π. A straightforward

calculation shows that the geodesic segment shown in gallery D1, a diagonal

of a square face of Y , has length greater than π/2, and the geodesic segment

shown in gallery D2, which traverses an edge, has length greater than π/3.

Furthermore, we know that one diagonal of a square face and one edge of a

square face together have a combined length of π. So the gallery of γ must be

of one of the following types:

57



1. 2. 3.

4.
5. 6.

7.
10.8. 9.

12. 13. 14.
11.

15. 16.

Given that in each of these galleries, the starting vertex of the geodesic is

identified to the terminal vertex, we make the following observations:

• Gallery 8 has a square face in which two opposite vertices are identified

together; this is impossible. Similarly, gallery 12 has an edge whose

endpoints are the same, also an impossibility.
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• Galleries 1, 2, 4, 7, 9, 11, 14, and 16 all have circuits of odd length in

their 1-skeletons.

• Gallery 6 has two square faces having two opposite vertices in common.

Gallery 13 has two edges having the same two endpoints.

• Galleries 3 and 10 have circuits of length 4 in their 1-skeletons. If either

of these circuits bounds a square face of X, then this square face shares

three vertices with one of the square faces in the gallery shown. If either

of these circuits does not bound a square face of X, then X contains a

hollow square.

• Gallery 15 has a circuit of length 4. If this circuit bounds a square face

of X, then the path traversing all four edges fails to be geodesic. If the

circuit does not bound a square face of X, then X has a hollow square.

• Gallery 5 has three diagonals that form a cycle. (We will call such a

configuration a “diagonal triangle.”) If any two of the three square faces

containing these diagonals share an edge, then the path consisting of

these three diagonals fails to be geodesic.

Therefore, if X contains a geodesic loop of length less than 2π, then X fails

to satisfy one (or more) of the hypotheses of the theorem.
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Chapter 4

Some CAT(1) Partial Projectivized Tits Cones

In this chapter, we give several infinite classes of partial projectivized

Tits cones which are CAT(1). In Chapter 5, we will use these results to produce

several infinite classes of Coxeter groups that have property FA2 but not FA3.

4.1 Direct Products

We begin with two relatively easy, yet extremely useful, results that

allow us to conclude that certain partial projectivized Tits cones are CAT(1).

The first applies when (W,S) is a Coxeter system, S ′ ⊂ S, and T ′ is a subset

of S ′ such that W is the direct product of 〈S − T ′〉 and 〈T ′〉.

Lemma 4.1.1. Suppose (W,S) is a Coxeter system, let S ′ ⊂ S such that

〈S−S ′〉 is a cocompact spherical, Euclidean, or hyperbolic simplex group, and

suppose that T ′ ⊆ S ′ such that every generator in T ′ commutes with every

generator in S − T ′. Then PPTC(W,S ′) ∼= PPTC(〈S − T ′〉, S ′ − T ′).

Proof. Since every generator in T ′ commutes with every generator in S − T ′,

we have W = 〈S − T ′〉 × 〈T ′〉. We know that the top-dimensional faces

of PPTC(W,S ′) correspond to the left cosets of 〈S ′〉 = 〈S ′ − T ′〉 × 〈T ′〉 in
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W . These cosets are in one-to-one correspondence with the left cosets of

〈S ′−T ′〉 in 〈S−T ′〉, which in turn correspond to the top-dimensional faces of

PPTC(〈S−T ′〉, S ′−T ′). It is easy to verify that the resulting correspondence

between top-dimensional faces of PPTC(W,S ′) and top-dimensional faces of

PPTC(〈S − T ′〉, S ′ − T ′) preserves intersections; therefore, the two partial

projectivized Tits cones have the same cellular structure.

Finally, observe that each top-dimensional simplex in PPTC(W,S ′) is

metrized as the simplex associated to the special subgroup 〈S − S ′〉; and each

top-dimensional simplex in PPTC(〈S−T ′〉, S ′−T ′) is metrized as the simplex

associated to the special subgroup 〈(S−T ′)−(S ′−T ′)〉 = 〈S−S ′〉. Therefore,

both complexes have the same metric structure; that is, PPTC(W,S ′) ∼=

PPTC(〈S − T ′〉, S ′ − T ′).

Given two metric spaces (X, dX) and (Y, dY ), the spherical join X ∗Y is

defined in [Bri] to be the space [0, π/2]×X×Y modulo the relation identifying

(0, x, y) with (0, x, y′) for all y, y′ ∈ Y , and (π/2, x, y) with (π/2, x′, y) for all

x, x′ ∈ X. We define the distance d between (t1, x1, y1) and (t2, x2, y2) by

cos d = cos t1 cos t2 cos dX(x1, x2) + sin t1 sin t2 cos dY (y1, y2).

Thus the spherical join of two spheres Sm and Sn is the sphere Sm+n+1.

We then have the following:

Lemma 4.1.2. Let (W1, S1) and (W2, S2) be Coxeter systems, and let S ′1 ⊂ S1

and S ′2 ⊂ S2 such that the special subgroups 〈S1 − S ′1〉 and 〈S2 − S ′2〉 are

spherical. Then PPTC(W1×W2, S
′
1∪S ′2) ∼= PPTC(W1, S

′
1)∗PPTC(W2, S

′
2).
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Proof. Let Z1 = PPTC(W1, S
′
1), Z2 = PPTC(W2, S

′
2), and Z = PPTC(W1×

W2, S
′
1 ∪ S ′2). The space Z1 ∗ Z2 has a natural cellular structure induced by

the cellular structures on Z1 and Z2; each cell of Z1 ∗ Z2 is either a cell of Z1

(that is, a cell of the t = 0 subcomplex of Z1 ∗ Z2), a cell of Z2 (a cell of the

t = π/2 subcomplex of Z1 ∗Z2), or a cell of the form F ∗G, where F is a face

of Z1 and G is a face of Z2. We shall show that the face poset F(Z1 ∗ Z2) of

Z1 ∗ Z2 is isomorphic to the face poset of Z.

We define ψ : F(Z1 ∗Z2)→ F(Z) as follows. If H ⊆ Z1 ⊆ Z1 ∗Z2 is the

face of Z1 corresponding to the coset w1〈T1〉, where w1 ∈ W1 and S ′1 ⊆ T1 ⊂ S1,

we define ψ(H) = FaceZ(w1〈T1 ∪ S2〉). If H ⊆ Z2 ⊆ Z1 ∗ Z2 is the face of Z2

corresponding to the coset w2〈T2〉, where w2 ∈ W2 and S ′2 ⊆ T2 ⊂ S2, we define

ψ(H) = FaceZ(w2〈S1∪T2〉). If H = F ∗G for some faces F = FaceZ1(w1〈T1〉)

and G = FaceZ2(w2〈T2〉), then we define ψ(H) = FaceZ(w1w2〈T1 ∪ T2〉).

The mapping ψ gives an inclusion-preserving correspondence between

faces of Z1 ∗ Z2 and faces of Z. We shall now show that each face of Z1 ∗ Z2

is isometric to the corresponding face of Z. It suffices to show that, if H is a

maximal face of Z1 ∗ Z2, then H and ψ(H) are isometric in such a way that

the isometries agree on intersections of the cells. If H is a maximal face of

Z1 ∗ Z2, then H is of the form H = F ∗ G, where F = FaceZ1(w1〈S ′1〉) for

some w1 ∈ W1 and G = FaceZ2(w2〈S ′2〉) for some w2 ∈ W2. Then ψ(H) =

FaceZ(w1w2〈S ′1 ∪ S ′2〉) is isometric to the spherical simplex corresponding to

the Coxeter group 〈(S1 − S ′1) ∪ (S2 − S ′2)〉 = 〈S1 − S ′1〉 × 〈S2 − S ′2〉. But this

simplex is isometric to the spherical join of the simplices F and G, which
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are isometric to simplices corresponding to the Coxeter groups 〈S1 − S ′1〉 and

〈S2 − S ′2〉, respectively. So the maximal faces of Z1 ∗ Z2 are isometric to the

corresponding maximal faces of Z. It follows, then, that each face of Z1 ∗ Z2

is isometric to the corresponding face of Z; therefore, Z1 ∗ Z2
∼= Z.

Since the spherical join of two CAT(1) spaces is itself CAT(1) (see [Bri],

page 190), we immediately obtain the following:

Corollary 4.1.3. Suppose that, for i = 1, 2, Wi, Si, and S ′i are as in Lemma

4.1.2. Assume further that, for i = 1, 2, the partial projectivized Tits cone

PPTC(Wi, S
′
i) is CAT(1). Then the complex PPTC(W1 × W2, S

′
1 ∪ S ′2) is

CAT(1).

Remark 4.1.1. Note that the conclusion of this theorem also holds if one or

both of the pairs (Wi, S
′
i) have the property that |Si − S ′i| = 1. In this case,

the partial projectivized Tits cone PPTC(Wi, S
′
i) is a discrete set of points.

Even though this space is not technically CAT(1) since it is not connected, the

spherical join of a CAT(1) space with a discrete set of points is also CAT(1),

as is the spherical join of two discrete sets.

4.2 One-Dimensional Partial Projectivized Tits Cones

In this section, we use a result from [Ba] to show that all one-dimensional

partial projectivized Tits cones are CAT(1). In [Ba], Barnhill proves the Cox-

eter FAn conjecture for n = 2 by showing that a Coxeter group that has an

infinite special subgroup of rank 3 splits nontrivially as a nonpositively curved
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triangle of special subgroups. The key step in the proof is the following (see

Proposition 6.8 in [Ba]):

Proposition 4.2.1 (Barnhill). Suppose (W,S) is a Coxeter system, and T

and U are distinct subsets of S. Let m = min{mij : gi ∈ T − U, gj ∈ U − T}.

Then the Gersten-Stallings angle between 〈T 〉 and 〈U〉 over 〈T ∩ U〉 is 0 if

T ⊆ U or U ⊆ T , and π/m otherwise.

Let G and K be groups, let A and B be subgroups, and let K → A

and K → B be homomorphisms. Let φ : A ∗K B → 〈A,B〉 ⊆ G be the

natural surjection. Then the Gersten-Stallings angle between A and B over

K, defined in [Sta], is 2π/n, where n is the smallest normal-form length of a

nontrivial element of ker(φ). Equivalently, n is the length of the shortest cycle

in the graph whose vertices are cosets of A and B in G, and whose edges are

cosets of K in G, with an edge being incident with a vertex if the coset of K

corresponding to the edge is a subset of the coset of A or B corresponding to

the vertex.

An immediate reinterpretation of Barnhill’s result shows that all one-

dimensional partial projectivized Tits cones are CAT(1):

Corollary 4.2.2. Suppose (W,S) is a Coxeter system, and let S ′ ⊂ S such

that |S − S ′| = 2. Let S − S ′ = {gi, gj}. Then the partial projectivized Tits

cone PPTC(W,S ′) is CAT(1); moreover, if mij = ∞, then PPTC(W,S ′) is

CAT(0).
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Proof. Let Z = PPTC(W,S ′), let T = {gi} ∪ S ′, and let U = {gj} ∪ S ′. We

know that Z is a graph whose edges are in one-to-one correspondence with the

cosets of 〈S ′〉 in W . The vertices of an edge FaceZ(w〈S ′〉) are FaceZ(w〈T 〉)

and FaceZ(w〈U〉). If mij =∞, then by Proposition 4.2.1, the graph Z has no

cycles, and therefore is CAT(0).

If mij is finite, then the smallest cycle in the graph Z consists of 2mij

edges. By definition, each edge has length π/mij; therefore, each cycle in Z

has length at least 2π. Thus Z is CAT(1).

4.3 Tetrahedral Partial Projectivized Tits Cones

Throughout this section, (W,S) is a Coxeter system with S = {a, b, c}∪

S ′, where mab = mbc = 3, mac = 2, and mag = mbg = 2 for every g ∈ S ′. The

Coxeter diagram for (W,S) is of the form

a b c

S’

where the S ′ on the right represents a collection of nodes and bonds that may

be connected to the generator c, but not to a or b.

Let Z = PPTC(W,S ′). We will show that Z is a P -complex, where P

is a face of the tetrahedral tiling of S2; we will call such a partial projectivized

Tits cone a tetrahedral partial projectivized Tits cone. Let F be the maximal

face of the fundamental chamber C of the projectivized Tits cone that is fixed
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by all of the generators in S ′. Then Z is composed of copies of F , one for each

coset of 〈S ′〉 in W . A few of these copies are shown in the schematic below:

Fa(F)

ba(F)aba(F)

b(F)ab(F)

H

H

H

a

b

c

Let vab be the vertex of F that is fixed by a and b (the middle vertex in the

picture above). Then the triangular faces of Z that are incident with vab are

those of the form w(F ), where w ∈ 〈a, b, S ′〉. Since a and b both commute past

each generator in S ′, and each generator in S ′ fixes vab, the only triangular faces

that are incident with vab are those of the form w(F ), where w ∈ 〈a, b〉. Thus

the six triangular faces shown in the figure above are the only ones incident

with vab. We may then treat these six triangular faces as a single triangular

face. Since F and its images under W are metrized as 60◦-60◦-90◦ spherical

triangles, the six triangles incident at vab form a triangle isometric to a face

P of the tetrahedral tiling of S2. We define the coarse cellular structure on

Z as follows: for each w ∈ W , we fuse the six triangular faces of the partial

projectivized Tits cone that are incident at w(vab) into a single triangular face.
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We also fuse the edges w(fc) and wa(fc), where fc is the edge of F fixed by c,

to form a single edge.

The partial projectivized Tits cone PPTC(W,S ′) has the property

that, if two faces of the partial projectivized Tits cone intersect, then their

intersection is also a face of PPTC(W,S ′). We will now show that Z has

the same property under the coarse cellular structure, and therefore is a P -

complex, where P is a face of the tetrahedral tiling of S2.

Lemma 4.3.1. Let (W,S) and S ′ be as defined above. Let Z be the partial

projectivized Tits cone PPTC(W,S ′) under the coarse cellular structure. Then

if two faces of Z intersect, they intersect in a face of Z.

Proof. Let π : X0 → X be the projection map of the Tits cone of W to its

projectivization. We know that π−1(F ), a face of X0, is contained in
⋂
g∈S′ Hg.

This intersection is a 3-dimensional hyperplane in (Rn)∗, where n = |S|; we

will call this hyperplane HS′ .

Let g ∈ S ′, and suppose that α ∈ Hg. Then we have α(eg) = 0; from

this it follows that a(α)(eg) = α(a(eg)) = α(eg). We know that a(eg) = eg

because mag = 2 and thus B(ea, eg) = 0. So a(α) ∈ Hg as well. By identical

reasoning, we know that b(α) ∈ Hg. Thus since F ⊆ Hg, we have w(F ) ⊆ Hg

for all w ∈ 〈a, b〉. That is, the triangular cone π−1(G) composed of the six

copies of π−1(F ) around π−1(vab) lies entirely in the 3-dimensional hyperplane

HS′ . By symmetry, π−1(w(G)) lies in a 3-dimensional hyperplane for every
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w ∈ W . In particular, for each w ∈ W , π−1(w(G)) is a convex set in (Rn)∗.

The same can be said of each face of π−1(w(G)), by similar reasoning.

Therefore, if two faces of π−1(Z) intersect, they do so in a convex set

in (Rn)∗. Furthermore, since these faces are unions of faces of the Tits cone,

their intersection must be a union of faces of the Tits cone. If the intersection

contains a 3-dimensional face π−1(w(F )), then since both faces are faces of

π−1(Z), both faces must contain all of π−1(w(G)), and therefore, so must

the intersection. Similarly, if the intersection contains a 2-dimensional face

π−1(w(fc)), then both faces must contain all of the face π−1(w(f)), where f is

the edge obtained by fusing fc with a(fc); therefore, so must the intersection.

Thus the intersection of two faces of π−1(Z) is either empty, or a union of

faces of π−1(Z). Thus the same is true of Z itself. To see that any two faces of

Z that intersect must intersect in a single face, observe that the intersection

must be a subset of a single triangular face of Z, since each face is. Also, the

inverse image of each face in the (unprojectivized) Tits cone is a convex subset

of (Rn)∗; therefore, the inverse image of the intersection is a convex subset of

(Rn)∗. Thus the intersection must be a face of a triangle in Z.

In order to use Theorem 3.2.1 to show that partial projectivized Tits

cones of this type are CAT(1), we need to show that they do not have “hollow

triangles”; that is, that every cycle of length three in the 1-skeleton of Z (under

the coarse cellular structure) bounds a triangular face. We will, in fact, prove

a slightly more general fact:
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Proposition 4.3.2. Let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′,

where mab = 3, mac = 2, and mag = mbg = 2 for all g ∈ S ′; that is, let

(W,S) and S ′ be of the type shown in the diagram below. Let vab be the vertex

of the fundamental chamber of PPTC(W,S ′) that is fixed by a and b, and let

fc be the edge of F that is fixed by c. Let Z be the complex obtained from

PPTC(W,S ′) by fusing the six copies of F around w(vab) to form one triangle

(for each w ∈ W ), and fusing the edges w(fc) and wa(fc) to form one edge

(for each w ∈ W ). Then Z contains no hollow triangles.

a b c

S’
?

The fact that PPTC(W,S ′) admits the coarse cellular structure described

above in this more general context follows from reasoning identical to what

we applied in the case in which mbc = 3. Here we have left mbc unspecified.

Throughout this proof, we will use the symbol Hg (and the corresponding

notations for half-spaces) to refer both to the hyperplane fixed by g in the

Tits cone, and to its projection in the projectivized Tits cone, depending on

context.

Proof. By symmetry, it suffices to show that Z does not have any hollow

triangles with f = fc ∪ a(fc) as an edge. The endpoints of f are the vertex v

of Z fixed by b and c, and a(v). We will proceed by proving the following:
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1. Every vertex of Z adjacent to v, except for a(v), lies in the closed half-

space H+
a . The only vertices adjacent to v that lie on Ha are those of

the form wba(v), where w ∈ 〈c, S ′〉.

2. Every vertex of Z adjacent to a(v), except for v, lies in H−a .

3. Every cycle of three edges including the edge f spans a triangular face

of Z.

To prove claim 1, first observe that every vertex of Z that is adjacent to v is

of the form wa(v), where w ∈ 〈b, c, S ′〉. So let v′ be a vertex adjacent to v

other than a(v), and write v′ = gk · · · g1a(v), where gi ∈ {b, c} ∪ S ′ for each

i, and k is as small as possible. Then we know that g1 = b, since otherwise

g1 = c or g1 ∈ S ′; in either case, g1 would commute past a and fix v, violating

the minimality assumption. Observe that the vertex ba(v) lies on Ha because

aba(v) = bab(v) = ba(v).

We know that Ha (resp. H+
a ) is the set of all α ∈ (Rn)∗ such that

α(ea) = 0 (resp. α(ea) ≥ 0). Let αv be a representative of v in (Rn)∗.

We will show that if gi = c or gi ∈ S ′, then (gigi−1 · · · g2ba(αv))(ea) =

(gi−1 · · · g2ba(αv))(ea); and if gi = b, then (gigi−1 · · · g2ba(αv))(ea)

> (gi−1 · · · g2ba(αv))(ea). That is, we will show that applying the transforma-

tion b, if not redundant, moves the vertex gi−1 · · · g2ba(v) away from Ha.

The Gram matrix for the Coxeter system (W,S), with respect to the

ordered list of generators {a, b, c, g4, . . . , gn}, where S ′ = {g4, . . . , gn}, is of the
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form 

1 −1
2

0 0 · · · 0
−1

2
1 −c 0 · · · 0

0 −c 1 ∗ · · · ∗
0 0 ∗ ∗ · · · ∗
...

...
...

...
. . .

...
0 0 ∗ ∗ · · · ∗


where c = cos(π/mbc), and the asterisks represent nonpositive numbers (except

that diagonal entries are equal to 1). In the calculations that follow, we will

use the notation [αa αb αc · · · αgn ] to refer to the element α ∈ (Rn)∗ such that

α(eg) = αg for each g ∈ S.

Since v is fixed by all generators except a, one representative for v in

the Tits cone X0 of W is αv = [1 0 0 · · · 0]. We have

a(αv) = αv − 2αv(ea) · ηa

= [1 0 0 · · · 0]− 2 · 1 · [1 − 1
2

0 · · · 0]

= [−1 1 0 · · · 0].

Now if gi = c, we have

gigi−1 · · · g2ba(αv) = gi−1 · · · g2ba(αv)− 2(gi−1 · · · g2ba(αv))(ec) · ηc.

Since the a-coordinate of ηc is zero, the a-coordinate of gigi−1 · · · g2ba(αv) is the

same as that of gi−1 · · · g2ba(αv). Equivalently, we have (gigi−1 · · · g2ba(αv))(ea)

= (gigi−1 · · · g2ba(αv)). The same is true if gi ∈ S ′, since the a-coordinate of

ηg is zero for every g ∈ S ′.

Now suppose that gi = b. Then we have

gigi−1 · · · g2ba(αv) = gi−1 · · · g2ba(αv)− 2(gi−1 · · · g2ba(αv))(eb) · ηb.
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The a-coordinate of ηb is negative; thus the a-coordinate of gigi−1 · · · g2ba(αv)

is greater than that of gi−1 · · · g2ba(αv) if and only if (gi−1 · · · g2ba(αv))(eb) > 0;

that is, if and only if gi−1 · · · g2ba(v) lies in the interior of H+
b . We will now

show that this is the case.

Let π : (Rn)∗ → (Rn−1)∗ be the projection obtained by suppressing

the a-coordinate of each element of (Rn)∗. Then π(a(αv)) lies in the funda-

mental chamber of the Tits cone of 〈b, c, S ′〉 in (Rn−1)∗; and since bgi−1 · · · g2b

is a reduced word in 〈b, c, S ′〉 by our minimality assumption, we know by

Proposition 2.1.2 that gi−1 · · · g2b(π(a(αv))) = π(gi−1 · · · g2ba(αv)) lies in the

half-space H+
b in (Rn−1)∗. But then gi−1 · · · g2ba(αv) lies in H+

b in (Rn)∗, as

desired. The point gi−1 · · · g2ba(αv) cannot lie on Hb because if it did, then we

would have bgi−1 · · · g2ba(αv) = gi−1 · · · g2ba(αv), violating minimality. Thus

gi−1 · · · g2ba(αv) lies in the interior of H+
b . Therefore, under our minimality

assumption, if gi = b, then (gigi−1 · · · g2ba(αv))(ea) > (gi−1 · · · g2ba(αv))(ea).

Since ba(v) ∈ Ha, we have (ba(αv))(ea) = 0. We can then conclude

by induction that (gkgk−1 · · · g2ba(αv))(ea) ≥ 0, with equality if and only

if gi ∈ {c} ∪ S ′ for every i ≥ 2. Therefore, gkgk−1 · · · g2ba(v) ∈ H+
a , and

gkgk−1 · · · g2ba(v) lies on Ha if and only if gi ∈ {c} ∪ S ′ for all i ≥ 2.

Therefore, every vertex adjacent to v except for a(v) lies in the closed

half-space H+
a ; and such a vertex lies on Ha if and only if it is of the form

gkgk−1 · · · g2ba(v), where gi ∈ {c} ∪ S ′ for every i ≥ 2. Therefore, the only

vertices of Z that are adjacent to v and lie on Ha are those of the form

wba(v), where w ∈ 〈c, S ′〉. This proves claim 1. Claim 2 follows immediately
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from claim 1 by applying the transformation a to the projectivized Tits cone.

To prove claim 3, observe that if the vertices v, a(v), and v′ form a

triangle in the 1-skeleton of Z, then v′ is adjacent to v and to a(v). By claim

1, v′ is in H+
a ; and by claim 2, v′ is in H−a . Therefore, v′ must lie on Ha,

and thus must be of the form v′ = wba(v) for some w ∈ 〈c, S ′〉. But observe

that there is a triangular face G of Z spanning the three vertices v, a(v), and

ba(v); this is the face composed of the six triangles around vab in the partial

projectivized Tits cone. Since w(v) = v and wa(v) = a(v), the face w(G)

spans the three vertices v, a(v), and wba(v). This proves claim 3, and we are

done.

We are now prepared to conclude the following:

Theorem 4.3.3. Let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′,

where mab = mbc = 3, mac = 2, and mag = mbg = 2 for every g ∈ S ′;

that is, let (W,S) and S ′ be of the type shown in the diagram below. Then

Z = PPTC(W,S ′) is CAT(1).

a b c

S’

Proof. By the link condition, it suffices to prove that the links of the vertices

of Z are CAT(1), and that Z does not contain any short geodesic loops. That

the links of the vertices of Z are CAT(1) follows from Corollary 4.2.2. Since

mbc = 3, we know that Z is a P -complex, where P is a face of the tetrahedral
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tiling of S2, so we may use Theorem 3.2.1 to verify that Z contains no geodesic

loops of length less than 2π. By the previous results, any two faces of Z that

intersect do so in a face of Z, and Z contains no hollow triangles. Therefore,

Z contains no geodesic loops of length less than 2π. Thus Z is CAT(1).

4.4 Octahedral Partial Projectivized Tits Cones

Let (W,S) be a Coxeter system with S = {a, b, c} ∪S ′, where mab = 3,

mbc = 4, mac = 2, and mag = mbg = 2 for every g ∈ S ′. The Coxeter diagram

for (W,S) is of the form

a b c

S’

where the S ′ on the right represents a collection of nodes and bonds that may

be connected to the node c, but not to a or b.

We will show that the partial projectivized Tits cone Z = PPTC(W,S ′)

is a P -complex, where P is a face of the octahedral tiling of S2; we will call

such a partial projectivized Tits cone an octahedral partial projectivized Tits

cone. Let F be the maximal face of the fundamental chamber C of the pro-

jectivized Tits cone of W that is fixed by all the generators in S ′. Then Z is

composed of copies of F ; again, several of these copies are arranged as shown

below:
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Fa(F)

ba(F)aba(F)

b(F)ab(F)

H

H

H

a

b

c

Again, there are six copies of F arranged around the vertex vab fixed by a,

b, and all the generators in S ′. This time, since each copy of F is metrized

as a 45◦-60◦-90◦ triangle, with the 60◦ angle located at vab, these six triangles

combine to form a triangle with three right angles. By the same reasoning

used in Section 4.3, these six triangles are the only copies of F incident at vab.

We define the coarse cellular structure on Z as follows. For each w ∈ W , we

fuse the six triangles in the partial projectivized Tits cone incident at w(vab)

to form a single triangle. We also fuse the edges w(fc) and wa(fc), where fc

is the edge of F fixed by c, to form a single edge. By reasoning similar to

that used in Lemma 4.3.1, if two faces of Z under the coarse cellular structure

intersect, they intersect in a face of Z. Therefore, Z is a P -complex, where P

is a face of the octahedral tiling of S2.

We know by Proposition 4.3.2 that Z does not contain any hollow

triangles. We will now show that the remaining hypothesis of Theorem 3.3.1
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holds:

Lemma 4.4.1. Let (W,S), S ′, and Z be as defined above. Then Z does not

contain any small tetrahedra; that is, there do not exist vertices A, B, C,

and D such that Z contains all four of the triangular faces ∆ABC, ∆ABD,

∆ACD, and ∆BCD.

Proof. If Z does contain a small tetrahedron on the vertices A, B, C, and

D, then we may assume by symmetry that A is the vertex of Z fixed by b,

c, and all the generators in S ′. Then since there are three triangles (namely

∆ABC, ∆ACD, and ∆ADB) in a cyclic arrangement around A, the link

LkA(Z) contains a cycle of length 3. Equivalently, the partial projectivized

Tits cone PPTC(〈b, c, S ′〉, S ′) contains a cycle of length 6, since each edge

of LkA(Z) (where Z has the coarse cellular structure) is composed of two

edges of PPTC(〈b, c, S ′〉, S ′). However, by Proposition 4.2.1, the Gersten-

Stallings angle between the subgroups 〈b, S ′〉 and 〈c, S ′〉 over 〈S ′〉 is π/4, since

mbc = 4. Thus the shortest cycle in the graph PPTC(〈b, c, S ′〉, S ′) has length

8, a contradiction.

Therefore, Z contains no small tetrahedra.

We are now ready to prove the following:

Theorem 4.4.2. Let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′,

where mab = 3, mbc = 4, mac = 2, and mag = mbg = 2 for every g ∈ S ′;

that is, let (W,S) and S ′ be of the type shown in the diagram below. Then

Z = PPTC(W,S ′) is CAT(1).
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a b c

S’

Proof. We know by Corollary 4.2.2 that the links of the vertices of Z are

CAT(1), so it remains to show that Z does not have any short geodesic loops.

This follows from Theorem 3.3.1, since the intersection of any two faces of

Z (under the coarse cellular structure) is either empty or a face of Z, Z has

no hollow triangles by Proposition 4.3.2, and Z has no tetrahedra by Lemma

4.4.1. Therefore, Z is CAT(1).

4.5 Cubic Partial Projectivized Tits Cones

Let (W,S) be a Coxeter system with S = {a, b, c} ∪S ′, where mab = 4,

mbc = 3, mac = 2, and mag = mbg = 2 for every g ∈ S ′. The Coxeter diagram

for (W,S) is of the form

a b c

S’

where the S ′ on the right represents a collection of nodes and bonds that may

be connected to the node c, but not to a or b.

We will show that the partial projectivized Tits cone Z = PPTC(W,S ′)

is a P -complex, where P is a face of the cubic tiling of S2; we will call such a

partial projectivized Tits cone a cubic partial projectivized Tits cone. Let F

be the maximal face of the fundamental chamber C of the projectivized Tits
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cone that is fixed by all the generators in S ′. Then Z is composed of copies of

F , some of which are shown in the schematic below:

ba(F)

b(F)ab(F)

aba(F)

abab(F) bab(F)

Fa(F)

H

H
Ha

b

c

Let vab be the vertex of F fixed by a and b. We know that the copies of F that

are incident with vab are those of the form w(F ), where w ∈ 〈a, b, S ′〉; since

each of the generators a and b commutes past each of the generators in S ′,

and each generator in S ′ fixes F , these faces are simply the faces of the form

w(F ), where w ∈ 〈a, b〉. Thus the eight triangular faces shown are the only

faces incident with vab. We define the coarse cellular structure on Z as follows.

For each w ∈ W , we fuse the eight 45◦-60◦-90◦ triangles around w(vab) to form

a spherical “square” with four angles of 120◦. Similarly, if fc is the edge of

F fixed by c, then we fuse the edges w(fc) and wa(fc) to form a single edge

w(f). Using a strategy similar to what we used in Lemma 4.3.1, we can prove

that under the coarse cellular structure, any two faces of Z that intersect must

intersect in a face. Thus Z is a P -complex, where P is a face of the cubic tiling

of S2.

78



We now proceed to prove that Z satisfies the hypotheses of Theorem

3.4.1:

Lemma 4.5.1. Let (W,S), S ′, and Z be as defined above. Then the 1-skeleton

of Z under the coarse cellular structure does not contain any cycles of odd

length.

Proof. Let vbc be the vertex of F fixed by b and c. We know that the vertex

a(vbc) is adjacent to vbc; it lies at the other end of f . Since the stabilizer of

vbc is 〈b, c, S ′〉, the vertices of Z adjacent to vbc are those of the form wa(vbc),

where w ∈ 〈b, c, S ′〉. By symmetry, if w0 ∈ W , then the vertices adjacent to

w0(vbc) are those of the form w0wa(vbc), where w ∈ 〈b, c, S ′〉.

Now suppose that w1, w2 ∈ W such that w1(vbc) = w2(vbc). Then

we have w−11 w2 ∈ 〈b, c, S ′〉. Suppose that each of w1 and w2 is written as a

word in the generators in S, not necessarily of minimal length. Then since

w−11 w2 ∈ 〈b, c, S ′〉, it must be possible to rewrite this product of generators,

using the relations of W , so that it does not contain the letter a. But applying

the relation (ab)4 = 1 preserves the parity of the number of occurrences of the

letter a in this word, as does applying the relation a2 = 1; and applying the

other relations does nothing to the number of times the letter a appears in the

word. Therefore, the original word representing w−11 w2 must contain an even

number of a’s. Then the original words representing w1 and w2 must either

both have an even number of a’s, or both have an odd number of a’s.

Therefore, given a vertex v′ of Z, if we write v′ = w(vbc), then either
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w will always contain an even number of a’s, regardless of the choice of w, or

w will always contain an odd number of a’s. In the former case we will call v′

an even vertex; in the latter, we call it an odd vertex.

Suppose that v′ = w0(vbc) is an even vertex. Then all vertices of Z

adjacent to v′ are of the form w0wa(vbc), where w ∈ 〈b, c, S ′〉. Since w0 and w

each contain an even number of a’s in this case, the word w0wa contains an

odd number of a’s. Thus every vertex adjacent to an even vertex is an odd

vertex. Similarly, every vertex adjacent to an odd vertex is an even vertex.

Therefore, the 1-skeleton of Z under the coarse cellular structure is a bipartite

graph, and there are no cycles of odd length.

Proposition 4.5.2. Let (W,S), S ′, and Z be as defined above. Then under

the coarse cellular structure, Z has no “hollow squares”; that is, if v1, v2, v3,

and v4 are distinct vertices of Z such that Z contains edges from v1 to v2, from

v2 to v3, from v3 to v4, and from v4 to v1, then Z contains a square face which

spans these four edges.

Proof. Let v be the vertex of F fixed by b and c. By symmetry, we may assume

without loss of generality that v1 = v and v2 = a(v). Then v4 is adjacent to

v, and therefore is of the form wa(v) for some w ∈ 〈b, c, S ′〉.

Let Y be the projectivization of (Rn)∗, and define a subset C ⊆ Y by

C =
⋂
g∈{b,c}∪S′ H+

g . Then C is a cone from v in Y containing the fundamental

chamber of the projectivized Tits cone of W . For each w ∈ 〈b, c, S ′〉, we call
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the cone w(C) a v-chamber. Observe that the v-chambers in Y correspond nat-

urally to the chambers of the projectivized Tits cone of the subgroup 〈b, c, S ′〉.

A straightforward calculation using inner products shows that the ray from v

through a(v) is one of the edges of C; therefore, if w ∈ 〈b, c, S ′〉, the ray from

v through wa(v) is one of the edges of w(C).

Given a vertex wa(v) adjacent to v (where w ∈ 〈b, c, S ′〉), we define the

v-house of wa(v) to be the union of all of the v-chambers that are incident with

the ray from v through wa(v). Equivalently, we define H =
⋃
w′∈〈c,S′〉w

′(C)

(this is the v-house of a(v)); and for each w ∈ 〈b, c, S ′〉, we call w(H) the

v-house of wa(v). Because a given v-chamber can contain only one point in

the 〈b, c, S ′〉-orbit of a(v), wa(v) is the only vertex adjacent to v that lies in

w(H). Thus the v-houses are in one-to-one correspondence with the vertices

of Z adjacent to v. Observe that the boundary of the v-house of wa(v) is

composed of pieces of the hyperplanes ww′(Hb), where w′ ∈ 〈c, S ′〉. If two

v-houses intersect, they do so only along their boundaries.

We will proceed by showing that

1. Every vertex of Z that is adjacent to a(v) lies in the v-house of a(v). The

only vertices adjacent to a(v), other than v, that lie on the boundary of

the v-house of a(v) are those of the form w′aba(v), where w′ ∈ 〈c, S ′〉.

2. If w ∈ 〈b, c, S ′〉, every vertex adjacent to wa(v) lies in the v-house of

wa(v).
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3. If a square in the 1-skeleton of Z includes the vertices v and a(v), then

that square is spanned by a square face of Z.

To prove claim 1, suppose that v′ is a vertex of Z adjacent to a(v) but

not equal to v. We will show that v′ lies in H+
b , and that v′ lies on Hb if and

only if v′ = aba(v). We know v′ is of the form awa(v) for some w ∈ 〈b, c, S ′〉.

So let us write v′ = agkgk−1 · · · g2g1a(v), where gi ∈ {b, c} ∪ S ′ for every i,

and k is as small as possible. Then by minimality, g1 = b, since otherwise g1

commutes past a and fixes v.

The Gram matrix of W is

1 − 1√
2

0 0 · · · 0

− 1√
2

1 −1
2

0 · · · 0

0 −1
2

1 ∗ · · · ∗
0 0 ∗ ∗ · · · ∗
...

...
...

...
. . .

...
0 0 ∗ ∗ · · · ∗


where asterisks represent nonpositive numbers (except that diagonal entries

are equal to 1). Since v is fixed by b, c, and all of the generators in S ′, one of

its inverse images in (R∗)n is αv = [1 0 0 0 · · · 0]. We then have

a(αv) = αv − 2αv(a) · ηa

= [1 0 0 0 · · · 0]−
[
2 −

√
2 0 0 · · · 0

]
=

[
−1
√

2 0 0 · · · 0
]

Now observe that if α = [αa αb αc · · · αgn ] is an element of (Rn)∗, then
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we have

a(α) = α− 2(α(ea)) · ηa

= [αa αb αc · · · αgn ]− 2αa

[
1 − 1√

2
0 · · · 0

]
=

[
−αa αb +

√
2αa αc · · · αgn

]

So if α is a representative in the (unprojectivized) Tits cone for a point p,

then a(p) ∈ Hb if and only if
√

2αa + αb = 0. So for α ∈ (Rn)∗, define

h(α) =
√

2αa + αb. Then we have

h(α) = 0⇔ a(p) ∈ Hb and h(α) > 0⇔ a(p) ∈ H+
b −Hb. (∗)

We will show that if gi = b or gi ∈ S ′, then h(gigi−1 · · · g2ba(αv))

= h(gi−1 · · · g2ba(αv)); and if gi = c, then h(gigi−1 · · · g2ba(αv))

> h(gi−1 · · · g2ba(αv)).

We know that, if gi = b, then h(gigi−1 · · · g2ba(α)) = h(gi−1 · · · g2ba(α)),

since h(ηb) = 0, and thus multiplication by b does not change the value of h.

The same is true if gi ∈ S ′. So suppose that gi = c. Then

gigi−1 · · · g2ba(αv) = gi−1 · · · g2ba(αv)− 2(gi−1 · · · g2ba(αv))(ec) · ηc.

We have h(ηc) = −1
2
, so h(gigi−1 · · · g2ba(αv)) > h(gi−1 · · · g2ba(αv)) if and

only if (gi−1 · · · g2ba(αv))(ec) > 0; that is, if and only if gi−1 · · · g2ba(v) lies in

the interior of H+
c . We will now show that this is the case.

Let π : (Rn)∗ → (Rn−1)∗ be the projection obtained by suppressing the

a-coordinate of each element of (Rn)∗. Then π(a(αv)) lies in the fundamental
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chamber of the Tits cone of 〈b, c, S ′〉 in (Rn−1)∗; and since cgi−1 · · · g2b is a re-

duced word in 〈b, c, S ′〉 by our minimality assumption, we know by Proposition

2.1.2 that gi−1 · · · g2b(π(a(αv))) = π(gi−1 · · · g2ba(αv)) lies in the half-space H+
c

in (Rn−1)∗. But then gi−1 · · · g2ba(αv) lies in H+
c in (Rn)∗, as desired. Further-

more, the point gi−1 · · · g2ba(αv) cannot lie on Hc because if it did, then we

would have cgi−1 · · · g2ba(αv) = gi−1 · · · g2ba(αv), contrary to the minimality

assumption. Thus gi−1 · · · g2ba(αv) lies in the interior of H+
c . Therefore, if

gi = c, then h(gigi−1 · · · g2ba(αv)) > h(gi−1 · · · g2ba(αv)).

We know that h(ba(αv)) = 0, since aba(v) lies on Hb. (To see this,

observe that baba(v) = abab(v) = aba(v).) So by induction, we see that

h(gkgk−1 · · · g2ba(αv)) ≥ 0, with equality if and only if gi ∈ {b} ∪ S ′ for every

i ≥ 2. Equivalently, by (*), the vertex agkgk−1 · · · g2ba(v) lies in H+
b , and lies

on Hb if and only if gi ∈ {b} ∪ S ′ for each i ≥ 2. But if gi ∈ {b} ∪ S ′ for every

i ≥ 2, then each generator in S ′ commutes past each of the generators a and b

and fixes v; therefore, in this case we have v′ = v, contrary to assumption, or

v′ = aba(v). So the only vertex of Z adjacent to a(v), other than v, that lies

on Hb is aba(v).

Now observe that the set of vertices of Z adjacent to a(v) is preserved by

the subgroup 〈c, S ′〉, since this subgroup fixes a(v). Therefore, if w′ ∈ 〈c, S ′〉,

then every vertex of Z adjacent to a(v) lies in w′(H+
b ); and the only vertex

that lies on w′(Hb) is w′aba(v). Since the boundary of the v-house of a(v) is

composed of pieces of the hyperplanes w′(Hb), where w′ ∈ 〈c, S ′〉, this implies

that all vertices adjacent to a(v) lie in the v-house of a(v); and the only vertices

84



adjacent to a(v) that lie on the boundary of this v-house are those of the form

w′aba(v), where w′ ∈ 〈c, S ′〉. This proves claim 1. Claim 2 follows immediately

by applying the transformation w.

To prove claim 3, suppose that there is a square in the 1-skeleton of Z

on the vertices v, a(v), v3, and v4, in that order. Recall that v4 must be of

the form wa(v) for some w ∈ 〈b, c, S ′〉. Then v3 must be adjacent to both a(v)

and wa(v); therefore, by claims 1 and 2, it must lie in the v-house of a(v) and

in the v-house of wa(v). Thus it must lie on the boundary of each of these

v-houses. Since v3 lies on the boundary of the v-house of a(v), by claim 1 it

must be of the form w′aba(v) for some w′ ∈ 〈c, S ′〉. Then v3 lies on the wall

w′(Hb), and on no other wall of the v-house of a(v). Thus v3 lies in the relative

interior of the wall w′(Hb) of the v-house of a(v). The only v-house that meets

the v-house of a(v) along the interior of this wall is the v-house of w′ba(v);

therefore, we must have v4 = w′ba(v). We know that there is a square face G

of Z spanning the vertices v, a(v), aba(v), and ba(v); therefore, the face w′(G)

spans the vertices v, a(v), v3 and v4. So every square in the 1-skeleton of Z

that has v and a(v) as vertices is spanned by a square face of Z.

Proposition 4.5.3. Let (W,S), S ′, and Z be as defined above. Suppose that

v1, v2, and v3 are vertices of Z under the coarse cellular structure such that

there is a square face of Z with a diagonal from v1 to v2, a square face with a

diagonal from v2 to v3, and a square face with a diagonal from v3 to v1. Then

at least two of these square faces share a side.
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Proof. Let G be the square face of Z containing the fundamental chamber F of

the partial Tits cone. By symmetry, we may assume without loss of generality

that the diagonal from v1 to v2 is the diagonal of G from v1 = v to v2 = aba(v).

Now since v3 is also the end of a diagonal opposite v, let wa(v), where

w ∈ 〈b, c, S ′〉, be one of the other two corners of the square incident with v

and v3. (We know that such a vertex must be of this form since it is adjacent

to v.) Then the face incident with v, wa(v), and v3 is of the form ww′(G),

where w′ ∈ 〈c, S ′〉. To see this, observe that every square face adjacent to the

edge between v and a(v) is of the form w′(G), where w′ ∈ 〈c, S ′〉, and apply

the symmetry w. This means that v3 = ww′aba(v). Thus v3 may be written in

the form waba(v), where w ∈ 〈b, c, S ′〉. We will show that, in order for aba(v)

and v3 also to be opposite ends of a diagonal, we must have v3 = wcaba(v) for

some w ∈ 〈b, S ′〉.

We claim that if v′ is the opposite end of a diagonal from v other

than aba(v), then v′ ∈ a(H+
b ), and that v′ lies on a(Hb) if and only if v′ =

wcaba(v) for some w ∈ 〈b, S ′〉. Recall from Proposition 4.5.2 that if α =

[αa αb αc · · ·αgn ], then the point in the projectivized Tits cone represented by

α lies in a(Hb) if and only if h(α) = 0, where h is defined by h(α) =
√

2αa+αb.

Similarly, the point lies in a(H+
b ) if and only if h(α) ≥ 0.

Write v′ = gk · · · g1aba(v), where gi ∈ {b, c}∪S ′ for each i and k is min-

imal. We know that g1 = c, since otherwise g1 = b, which violates minimality

since baba(v) = abab(v) = aba(v), or g1 ∈ S ′, and therefore commutes past a

and b and fixes v, violating minimality. As in Proposition 4.5.2, we know that
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α = [1 0 0 0 · · · 0] is a representative in (Rn)∗ for v. We have

aba(α) = ba(α)− 2(ba(α))(ea) · ηa

=
[
1 −

√
2
√

2 0 · · · 0
]
− 2

[
1 − 1√

2
0 0 · · · 0

]
=

[
−1 0

√
2 0 · · · 0

]
.

and

caba(α) = aba(α)− 2(aba(α))(ec) · ηc

=
[
−1 0

√
2 0 · · · 0

]
− 2
√

2
[
0 − 1

2
1 ∗ · · · ∗

]
=

[
−1
√

2 −
√

2 ∗ · · · ∗
]

where asterisks represent unknown numbers. In particular, observe that

h(caba(α)) = 0; thus caba(v) ∈ a(Hb).

Now let i > 1 be a positive integer. If gi = b, then we have

h(gigi−1 · · · g2caba(v)) = h(gi−1 · · · g2caba(v)), since h(ηb) = 0. The same is

true if gi ∈ S ′.

If gi = c, then we claim that gi−1 · · · g2caba(v) ∈ H+
c . To see this, let π :

X → X ′ be the standard projection of the Tits coneX ofW to the Tits coneX ′

of 〈b, c, S ′〉. Since all of the coordinates of aba(α) except for the a-coordinate

are nonnegative, we know that π(aba(v)) is in the fundamental chamber of X ′.

So by Proposition 2.1.2, since cgi−1 · · · g2c is a reduced word by minimality,
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the vertex gi−1 · · · g2c(π(aba(v))) lies in π(H+
c ). So π(gi−1 · · · g2caba(v)) lies

in π(H+
c ), and thus gi−1 · · · g2caba(v) ∈ H+

c , as desired. Furthermore, by

minimality, this vertex cannot lie on Hc, since otherwise the letter gi = c

would be redundant. So gi−1 · · · g2caba(v) lies in the interior of H+
c .

We know that

cgi−1 · · · g2caba(α) = gi−1 · · · g2caba(α)− 2(gi−1 · · · g2caba(α))(ec) · ηc;

and the coefficient 2(gi−1 · · · g2caba(α))(ec) is strictly positive, while the a-

coordinate of ηc is zero and the b-coordinate is negative. Therefore, we have

h(cgi−1 · · · g2caba(α)) > h(gi−1 · · · g2caba(α)).

So by induction, we know that h(gk · · · g2caba(α)) ≥ 0, with equality if

and only if none of the gi’s except g1 are equal to c, assuming that the word

gk · · · g2c has minimal length among all words mapping aba(v) to v′. So if v′

is the opposite end of a diagonal from v, then v′ ∈ a(H+
b ); and v′ ∈ a(Hb) if

and only if v′ can be written in the form v′ = wcaba(v), where w ∈ 〈b, S ′〉.

Now suppose that v′ is the opposite end of a diagonal from aba(v).

Then we know that aba(v′) is the opposite end of a diagonal from v, and

thus aba(v′) ∈ a(H+
b ). Applying the transformation aba to each side, we get

v′ ∈ ab(H+
b ) = a(H−b ). So if v′ is a diagonal end opposite each of v and

aba(v), then we must have v′ ∈ a(Hb), and thus v′ = wcaba(v) for some

w ∈ 〈b, S ′〉. Furthermore, w is in either the subgroup 〈S ′〉 or the coset 〈S ′〉b,

since b commutes with each generator in S ′.
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We know that the diagonal from v to wcaba(v) lies in the square wc(G),

where G is the square containing the fundamental chamber of Z. If w ∈ 〈S ′〉,

then the squares G and wc(G) share the edge from v to a(v), since wc fixes

this edge. So in this case, the squares containing the diagonals from v1 to

v2 and from v1 to v3 are adjacent. If w = w′b for some w′ ∈ 〈S ′〉, then

wc(G) = w′bc(G) contains the edge from v to ba(v), since c fixes the edge from

v to a(v), b sends it to the edge from v to ba(v), and w′ fixes it. This edge is

also an edge of G, so again, the squares containing the diagonals from v1 to v2

and from v1 to v3 are adjacent.

We are now ready to prove the following:

Theorem 4.5.4. Let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′,

where mab = 4, mbc = 3, mac = 2, and mag = mbg = 2 for every g ∈ S ′;

that is, let (W,S) and S ′ be of the type shown in the diagram below. Then

Z = PPTC(W,S ′) is CAT(1).

a b c

S’

Proof. We have already shown that Z is a P -complex, where P is a face of the

cubic tiling of S2. We know by Corollary 4.2.2 that the links of the vertices

of Z are CAT(1). We also know that the 1-skeleton of Z has no cycles of

odd length, Z has no hollow squares; and every diagonal triangle in Z passes

through at least two adjacent square faces. Therefore, by Theorem 3.4.1, Z is

CAT(1).
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Now, let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′, where

mab = mbc = 3, mac = 2, and mag = mcg = 2 for every g ∈ S ′. The Coxeter

diagram for (W,S) is of the form

S’

a b c

where the S ′ represents a collection of nodes and bonds that may be connected

to the node b, but are not connected directly to a or c. We will show that the

partial projectivized Tits cone Z = PPTC(W,S ′) is a P -complex, where P is

a face of the cubic tiling of S2. More precisely, we will show the following:

Lemma 4.5.5. Let (W,S), S ′, and Z be defined as above, and let S ′ =

{g4, . . . , gn} Let (W ′, T ) be the Coxeter system with T = {d′, c′, b′, g′4, . . . , g′n}

and md′c′ = 4, mc′b′ = 3, md′b′ = 2, md′g′i
= mc′g′i

= 2, mb′g′i
= mbgi, and

mg′ig
′
j

= mgigj for all i, j ≥ 4. Let T ′ = {g′4, . . . , g′n}. Then Z is isometric to

Z ′ = PPTC(W ′, T ′).

Proof. Let F be the maximal face of C, the fundamental chamber of the

projectivized Tits cone of W , that is fixed by all the generators in S ′, and let

F ′ be the maximal face of C ′, the fundamental chamber of the projectivized

Tits cone of W ′, that is fixed by all the generators in T ′. In the figure below,

several copies of F in Z are shown alongside several copies of F ′ in Z ′:
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FH
a

H
c

H
b

a(F) c(F)

ac(F)

F’

H

H
b’

c’
H

d’

d’(F’)

c’(F’)d’c’(F’)

c’d’c’d’(F’) c’d’c’(F’)

d’c’d’(F’) c’d’(F’)

We define a map φ : Z → Z ′ as follows. Let vab be the vertex of F fixed by a

and b, let vbc be the vertex fixed by b and c, and let vac be the vertex fixed by

a and c. Since F is metrized as a 60◦-60◦-90◦ spherical triangle, we know there

is an isometry φ1 mapping F to the union F ′ ∪ d′(F ′) in Z ′, with vac going to

the vertex vd′c′ of F ′ fixed by d′ and c′, vbc going to the vertex vb′c′ of F ′ fixed

by b′ and c′, and vab going to the vertex d′(vb′c′).

Define a homomorphism ψ : W → W ′ by ψ(b) = b′, ψ(c) = c′,

ψ(gi) = g′i for i ≥ 4, and ψ(a) = d′c′d′ (a routine calculation shows that

this homomorphism is well-defined). Then for each w ∈ W , define φw to be

the isometry of w(F ) to ψ(w)(F ′)∪ψ(w)d′(F ′) given by φw = ψ(w)◦φ1 ◦w−1.

The isometries φw then agree on intersections of copies of F and can be glued

together to yield an isometry φ of Z into Z ′. Since the image of ψ, together

with d′, generate W ′, φ is surjective as well; therefore, Z ∼= Z ′.

We may then conclude the following, by reduction to the case covered

by Theorem 4.5.4:
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Theorem 4.5.6. Let (W,S) be a Coxeter system with S = {a, b, c} ∪ S ′,

where mab = mbc = 3, mac = 2, and mag = mcg = 2 for every g ∈ S ′;

that is, let (W,S) and S ′ be of the type shown in the diagram below. Then

Z = PPTC(W,S ′) is CAT(1).

S’

a b c
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Chapter 5

Some Coxeter Groups Having Property FA2

But Not FA3

In this chapter, we present several infinite classes of Coxeter groups

which act without global fixed points on 3-dimensional CAT(0) polyhedral

cell complexes, but have no fixed-point-free actions on 2-dimensional CAT(0)

cell complexes. We then discuss some possible directions for further study.

5.1 Conclusions

In Chapter 4, we proved that all 1-dimensional partial projectivized Tits

cones are CAT(1), and we proved that the 2-dimensional partial projectivized

Tits cones associated to diagrams of the following types are CAT(1):

S’ S’

S’

S’

We now have the following:

Theorem 5.1.1. Suppose that (W,S) is a Coxeter system of one of the types

listed below, with question marks indicating sets of nodes and bonds that may
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be attached to the diagram shown at the node indicated. Assume that W is

3-spherical; that is, each special subgroup of W of rank 3 is spherical. Then

W has property FA2 but not property FA3.

1.

?

2.

?

3.

?

4.

?

5.

??
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6.

?
5

Proof. In each case, W acts without global fixed points on the partial projec-

tivized Tits cone PPTC(W,S ′), where S ′ is the set of generators of W whose

nodes are not shown in the diagram. We know that Z = PPTC(W,S ′) is

composed of 3-dimensional Euclidean or hyperbolic simplices, all of the same

isometry type. We know that Z is simply connected by Theorem 2.4.1, since

|S−S ′| > 2. So it remains to show that the link of each vertex of Z is CAT(1).

If v is a vertex of Z, then Lkv(Z) is isometric to PPTC(〈S−{g}〉, S ′),

for some g /∈ S ′. That is, Lkv(Z) is the partial projectivized Tits cone as-

sociated to the diagram obtained from one of the diagrams shown above by

removing one of the nodes shown, and any bonds incident with it. The result-

ing diagram either is one of the diagrams studied in Chapter 4, in which case

Z is known to be CAT(1), or is a disconnected union of two or more subdia-

grams, each with at most three nodes not belonging to S ′. In the latter case,

each subdiagram has at most three nodes not in S ′. If a subdiagram has three

nodes not in S ′, then it will be of one of the types studied in Chapter 4, and

therefore CAT(1). If it has two nodes not in S ′, then it is CAT(1) by Corollary

4.2.2. If it has one node not in S ′, then it is a discrete set of points. Finally,

if all its nodes are in S ′, then it may be ignored by Lemma 4.1.1; the partial

projectivized Tits cone of the union of the remaining subdiagrams is the same.

Thus the partial projectivized Tits cone of the union of these subdiagrams is a
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spherical join of CAT(1) spaces and discrete sets, and therefore CAT(1). Thus

each vertex link of Z is CAT(1); and by the link condition, Z is CAT(0).

By Theorem 1.1.2, W does not act without global fixed points on any

CAT(0) space of dimension less than three; therefore, W has property FA2 but

not FA3.

In particular, observe that we now have several infinite classes of Cox-

eter groups having property FA2 but not FA3. In each case, we can place an

arbitrarily long string of nodes and single bonds (a copy of the group Ak for

arbitrarily large k) in place of the question mark, and attach it to the indicated

node using another single bond. This operation does not produce any infinite

special subgroups of rank smaller than three; therefore, the resulting groups

all have property FA2.

5.2 Future Work

A significant step in a potential proof of the Coxeter FAn conjecture

would be a complete proof of the case n = 3; that is, a proof that if (W,S) is

a 3-spherical Coxeter system and S ′ ⊂ S such that |S−S ′| = 4 and 〈S−S ′〉 is

infinite, then PPTC(W,S ′) is CAT(0). In any such case, the special subgroup

〈S−S ′〉 cannot decompose as a direct product of two smaller special subgroups,

since this would force W to have an infinite special subgroup with rank less

than four. So the subdiagram of the Coxeter diagram of (W,S) corresponding

to the special subgroup 〈S − S ′〉 must be connected. Following is a list of 3-
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spherical infinite Coxeter groups of rank four with connected Coxeter diagrams:

5

5 5

5

5

5 5

5

5

Here we have explored several classes of Coxeter groups that have infinite

special subgroups on this list. In most cases, we assumed that in the Coxeter

diagram of the group, the subdiagram associated to S ′ was “attached” to S−S ′

at only one node. In general, it is possible that S − S ′ will be connected to

S ′ at all of the nodes of S ′. When this occurs, it will not be possible to fuse

the faces of the partial projectivized Tits cone together to form large spherical

polygons whose interiors do not intersect other faces of the complex.

As with the cases we have already explored, the key step in proving that

any such partial projectivized Tits cone is CAT(0) is to prove that the two-

dimensional links of the vertices of PPTC(W,S ′) do not have short geodesic

loops. We have proven this fact in several cases in which the partial projec-
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tivized Tits cone is a P -complex, where P is a fairly large spherical polygon.

Such cases are amenable to the approach we have used because a geodesic of

length less than 2π in such a P -complex cannot pass through more than a

small number of faces; and if such a geodesic loop passes through a smaller

number of faces than would be “expected” of a loop of length 2π, then we

can deduce that the P -complex has certain substructures that a partial pro-

jectivized Tits cone will not have. When P is smaller, we can expect two

parts of this approach to become significantly more difficult: the identification

of substructures that a P -complex must have in order to accommodate short

geodesic loops, and the proof that a partial projectivized Tits cone that is a

P -complex cannot contain such substructures.
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Appendices
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Appendix A

Spherical and Euclidean Coxeter Groups

In this appendix, we provide lists of all of the spherical Coxeter groups

that do not decompose as direct products of spherical Coxeter groups of smaller

rank, and all of the Euclidean Coxeter groups that do not decompose as direct

products of Euclidean Coxeter groups of smaller rank. A Coxeter group repre-

sented by a Coxeter diagram Γ decomposes as a direct product of two Coxeter

groups of smaller rank if Γ consists of two subdiagrams Γ1 and Γ2 such that

no nodes in Γ1 are connected via bonds to any of the nodes in Γ2. If this is

the case, then the Coxeter group is the direct product of the Coxeter group

corresponding to Γ1 and the Coxeter group corresponding to Γ2, since every

generator in Γ1 commutes with every generator in Γ2.

More information on the classification of spherical and Euclidean Cox-

eter groups can be found in Chapter 6 of [Da].

We begin with a list of all of the indecomposable spherical Coxeter

groups. In each case below, n is the number of nodes in the diagram.
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5

5

k

A

B

D

E

E

E

F

H

H

I

n

n

n

6

7

8

4

4

3

2

(k)

Following is a list of all of the indecomposable Euclidean Coxeter groups.

In each case, n is one less than the number of nodes in the diagram; equiva-

lently, n is the dimension of the Euclidean space on which the group naturally

acts.

101



An

B
n

D

E

n

6

C
n

E
7

E
8

4
F

I

2

1

~

~

~

~

~

~

~

~

~

~

G
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