
 

 

 

 

 

 

 

 

 

 

Copyright 

by 

LaKesha Rochelle Whitfield 

2009 

 

 



 

 

 Understanding Complex Numbers and Identifying Complex Roots 

Graphically  

 

 

by 

LaKesha Rochelle Whitfield, B.A. 

 

 

Report 

Presented to the Faculty of the Graduate School of  

The University of Texas at Austin 

in Partial Fulfillment  

of the Requirements 

for the Degree of  

 

Masters of Arts 

 

The University of Texas at Austin 

August 2009 



 

 

 

Understanding Complex Numbers and Identifying Complex Roots 

Graphically 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Approved by 
Supervising Committee: 
 

Efraim P. Armendariz 
 

      Mark L. Daniels 

 

 



 

Dedication 

 

I would like to dedicate this master’s report to two very important men in my life 

– my father and my son. My father, the late John Henry Whitfield, Sr., who showed me 

daily what it means to work hard to achieve something. And to my son, Byshup 

Kourtland Rhodes, who continuously encourages and believes in me. To you both, I love 

and thank you! 



v 

Acknowledgements 

 

I would like to acknowledge my friends and family members.  Thank you for 

always supporting, encouraging, and believing in me.  You all are the wind beneath my 

wings.  

Also, thank you to the 2007 UTeach Mathematics Masters Cohort.  You all are a 

uniquely dynamic group of individuals whom I am honored to have met and worked 

with. 

 

 

 

 

 

 

 

 

 

 

 

2009 



vi 

Abstract 

 

Understanding Complex Numbers and Identifying Complex Roots 

Graphically 

 

 

 

LaKesha Rochelle Whitfield, M.A. 

The University of Texas at Austin, 2009 

Supervisor:  Efraim Pacillas Armendariz  

 

 
This master’s report seeks to increase knowledge of complex numbers and how to 

identify complex roots graphically.  The reader will obtain a greater understanding of the 

history of complex numbers, the definition of a complex number and a few of the field 

properties of complex numbers.  Readers will also be enlightened on how to visibly 

detect complex roots of polynomials of the second, third and fourth degree.    
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Chapter 1:  A Question - Identifying Complex Roots of Polynomial 
Functions 

 
In high school, students are introduced to a wide array of foundational  

mathematical ideas and applications.  Given the emphasis on fundamental mathematical 

concepts and essential skills, this foundation should provide students with adequate 

preparation and the conceptual basis for further study. However, a thorough and complete 

presentation of various concepts to high school students has long been debated.  

A  DEBATE 
 

One concept where this debate is evident is in the presentation of solving 

polynomial equations. High school teachers teach students how to solve polynomial 

equations of various degrees.  When solving a quadratic equation, students are instructed 

to use the quadratic formula. The quadratic formula receives great attention in both 

Algebra I and Algebra II.  In Algebra I, students consider cases where only real solutions 

exist. Thus the solutions can be identified graphically by where the graph of the quadratic 

function crosses the x-axis. This is where students are also taught a synonym for solution 

is root.  It is not until students are in an Algebra II class that they are introduced to the 

concepts of complex numbers and complex roots. Often with the teaching of complex 

numbers, students are left with questions of what the imaginary unit is and what it means 

to be a complex number.  Bingley (1926) was one of the first to note that students are left 

with questions about complex numbers because, “…teachers share with the students a 

certain timidity towards imaginaries, hesitating to call them (imaginaries) into service 

until driven to it (p.419)”.  Also, when teaching complex roots, teachers do not deal with 

identifying complex roots graphically. This lack of identification is due to many 
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mathematics teachers being unaware that there exists a graphical interpretation of 

complex roots (Vest, 1985, p. 257).    Recalling from Algebra I that real roots can be 

visualized as where the function crosses the x-axis and now having the knowledge of 

complex roots, students might well ask, “Can one see the complex roots by looking at the 

graph of the function?” Typically high school teachers will reply with, “No”.  However, 

through a more in-depth study of solving polynomial equations, one will find there are 

existing methods for graphically identifying complex roots.  
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Chapter 2: Introduction to Complex Numbers 

 To begin the journey of understanding how to view complex roots graphically, the 

author will first define what the imaginary unit is and what is meant by the term complex 

number.  According to Diamond (1957), the first introduction to complex numbers 

occurred in connection with the solution to cubic equations prior to the 16th century. It 

was not until the 16th century that Italian mathematicians at Bologna University 

discovered that some correct answers to cubic equations could be expeditiously obtained 

if mathematicians: 

  1. Chose a symbol, ;  
  2. Let , and 

3. In other respects treat  as an ordinary number where ordinary is understood to    
    be a real number.  

 
For several hundred years mathematicians continued to work with the concepts defined 

by the Bologna University mathematicians, but it was not until German mathematician 

and scientist Gauss (1777-1855) coined the phrase complex number and introduced the 

symbol  that the true theory of these numbers was developed.  More than 200 years 

would pass before complex numbers would be placed on a firm logical basis (p. 233). 

Though the imaginary unit and complex numbers have been accepted by the 

mathematical world, Allen (1922) claims that the treatment of imaginary and complex 

numbers often leads to inconsistencies before the following four discrepancies are made 

clear: 

1. A definition of imaginary numbers, 
2. A definition of complex numbers, 
3. If a, b and c are real, and  is negative, then the roots of the equation  

 
                are imaginary, 

4. The sum of two complex numbers is a complex number.             (p. 302) 
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Allen (1922) found that the definition of the imaginary unit is often incorrectly 

defined as an even root of a negative number. Some authors define imaginary (or pure 

imaginary) numbers as those whose squares are negative, while complex numbers are 

defined as the sum of real and imaginary numbers.  Allen clarified the countless 

misconceptions found in over sixty algebra texts by making constructive suggestions.  

Allen suggested that  be defined as one of the roots of the equation  

. 

Then the pure imaginary number could be defined as the product of  and any real 

number including zero.  Therefore a complex number is the sum of a real number and a 

pure imaginary one.  Lastly, Allen defined a complex number as one which is not real  

(p. 303). 
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Chapter 3: Field Properties of Complex Numbers 

 According to Randall (1968), complex numbers are typically introduced using 

one of three methods: 

1) The operator method; 
2) The method of ordered pairs, and 
3) The method of defining , such that a complex number is an expression 

written in the form , where a and b are real numbers.           (p. 54) 
  

Randall states the first two methods of introduction are understood, the third is somewhat 

preposterous and all three leave students dissatisfied with what it means to be a complex 

number and under what field properties complex numbers operate.  Thus Randall 

discusses a fourth introductory method by which complex numbers are to be treated as 

real expressions and as residues to the modulus  (p. 54). 

ADDITION AND MULTIPLICATION 

 
  Using the third method where a complex number is defined as  and 

Randall’s (1968) method of treating complex numbers as residues of the modulus , 

Randall demonstrates how complex numbers operate under addition, multiplication, and 

as reciprocals. If any polynomial with real coefficients in y is divided by , the 

remainder is in the form , where a and b are real numbers. Nothing is assumed 

about y, with the exception that y follows the same rules as the laws of arithmetic. To 

demonstrate the field properties of addition and multiplication, the following algebraic 

representations were given.    
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Addition is given by 

 

                                             .      (p. 54) 

The last statement is based on the definition of congruent modulo n and is displayed as  

. 

That is integers a and b are considered to be congruent modulo n if the two numbers have 

the same remainder after being divided by modulus n.   

Multiplication is given by 

 

        

 

Thus 

    .  (p. 54) 

Following the example above, it can be shown that 
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             .  

Therefore then by using the congruence statement above, the following relationship is 

also true. 

     

     

    .   

Hence the reciprocal of  is  by the definition of multiplicative 

inverse. By looking at the mathematics of the residues to the modulus , it has been 

shown the algebra of complex numbers resembles the algebra of real numbers (p. 54).   

To further show complex numbers are residues of , Randall (1968) 

included an algebraic example using the quadratic equation  

. 

Using the quadratic formula on the equation above, Randall stated the solutions are found 

to be 

. 

Then Randall chose to focus on one solution,    

.  

 By substituting that solution for x into the original quadratic equation, the following was 

shown; 
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The conclusion was then made that 

. 

By the definition of congruent modulo, it is known that  

    , 

hence why Randall stated  

    .   (p. 55) 

It should be noted that when Randall (1968) stated  

 

was the solution to the given quadratic, that it is more common for the solution to be 

written as  

, 

where i is defined as .  If the same algebra was performed with solution 

, 

solving for i would result with 

 

 

. 

Looking at what occurs when y or i is used in the solution, the algebra shows the 

substitution of either variable leads to similar equations namely 
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and  

. 

Solving for y and for i in the equations above yields  

 

and 

. 

Thus these result show that is equivalent to  which is equivalent to -1.  Furthermore 

Randall concluded complex numbers are to be treated as real expressions by replacing 

with  (p. 55). 

A GEOMETRIC APPROACH 

 
Diamond (1957) presented both a geometric and a trigonometric approach to the 

field properties of complex numbers. The presentation began with an illustration of the 

complex plane as displayed in Figure 1.   
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Figure 1: Diamond’s example of the complex plane.  From “Introduction to Complex 
Numbers” by Louis E. Diamond, 1957, Mathematics Magazine, 30(5), p. 235. 

 

Using Figure 1 and trigonometric ratios, the direction of the complex number  was 

given by defining A as  and B as , such that has the equivalent 

representation  or  The smallest numerical angle  is 

consistent with the angles presented in Figure 1, with cosine and sine being periodic 

functions with period .  With  equated to , this form of the 

complex number is called the trigonometric form and was defined as  z. Once was 

defined, Diamond proceeded to demonstrate how complex numbers operate under the 

same addition, multiplication, and division field properties as real numbers (p. 237). 

 To prove addition, Diamond (1957) used the two complex numbers 

and  then set them equal to and , respectively.  Adding like terms led 

to the result  

. 

If the points and are not collinear with point zero (the origin), then the point  is 

the fourth vertex of a parallelogram whose sides are 0 and 0 .  Also, if complex 

numbers  and represent two directed magnitudes whose positions are 

equal but the directions are opposite, then their sum is the complex number 0+0i, which 

is analogous to the real number zero.  Therefore, to find the sum of two complex 

numbers, it merely implies one must consider the combined effect of the two 

displacements.  The associative property is when three or more complex numbers are 

combined where the order of the addition does not affect the outcome. Likewise, if two 
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arbitrary elements are taken in a certain order and the result is the same as the result when 

taken in another order, then this property is called commutative (p. 238).   

 To demonstrate multiplication of complex numbers, Diamond (1957) defined the 

product of  and  to be .  Using the rules of 

real multiplication, it was shown that multiplication is distributive with respect to 

addition and subtraction.  Therefore  

. 

The main difference between multiplication with complex numbers and multiplication 

with real numbers is the change of to -1 whenever it occurs (p. 238).   

A  TRIGONOMETRIC APPROACH 

 
To further convey multiplication under complex number operation, Diamond 

(1957) compared the trigonometric complex number equivalents,  

 

and 

          .   

By multiplying the two equivalents and factoring out  and , the equivalent 

expressions for and  were written as  and 

, respectively.  The binomials were then multiplied yielding  

.  Next, the product of  

and was factored and the real and imaginary terms were grouped, resulting in 



12 

.  Using the trigonometric 

identities  

 

and 

, 

the above expression was simplified to  

.                  

This proof clearly demonstrates that the product of the trigonometric complex number 

equivalents is merely the lengths of the line segments multiplied and the angles added 

together (p. 238). 

 Understanding that division is the inverse operation of multiplication,  is 

defined to be the complex number which yields  when multiplied by . By equating 

 to , and  to , then using  and ’s previously defined 

trigonometric equivalents and dividing by , the result becomes  

. 

Once was factored out of the equation, the expression on the right side became 

.  Then by using the trigonometric identities 

once more, the result was  

. 
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This proof conveys the result of dividing the trigonometric complex number equivalents 

is simply the division of the moduli and the difference between the angles (Diamond, 

1957, p. 240).  

 

 

 

Diamond (1957) concluded with,  

Technically the complex numbers form a field.  They have another 
property that is almost unique.  The n roots of any polynomial 
equation of degree n, greater than one, with complex coefficients may 
be expressed as complex numbers, or technically, every polynomial of 
degree greater than one is reducible.  The complex number system is 
algebraically closed and no extension of the complex number is 
possible (p. 249). 
 

Thus with a greater understanding of the imaginary unit, what it means to be a complex 

number, and understanding complex numbers operate under the same field properties as 

real numbers; the application of that understanding can now be applied to identifying 

complex roots graphically.  
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Chapter 4: Identifying Complex Roots Graphically 

 As previously stated, the quadratic formula is presented to Algebra I students with 

the goal of all students being able to identify the real roots of a quadratic equation that 

has been set equal to zero.  Students are expected to be able to find the roots both 

algebraically and graphically.  However, when these students reach Algebra II, they are 

introduced to the possibility of a quadratic formula yielding complex roots of the 

form . At the Algebra II level, students are still expected to interpret the solution to 

the quadratic formula algebraically, yet many high school teachers convey to the students 

that there does not exist any method for determining the complex roots graphically. As 

Diamond (1957) stated, “this is the point when the student is passing from the algebra of 

real numbers to the algebra of complex numbers, and all the theorems of one system are 

not valid in the other (p. 234).”  

QUADRATIC FUNCTIONS 
 

Norton and Lotto (1984), conveyed that there is a simple geometric way to 

determine complex roots when looking at a graph of  

. 

Norton and Lotto began by providing Figure 2a and Figure 2b. Figure 2a is a graphical 

representation for finding complex roots and Figure 2b is a more familiar graphical 
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representation of how to find real roots of a quadratic function.  With Figure 2b being 

more familiar to most, the authors discussed how to determine the complex roots via 

Figure 2a (p. 248). 

 

 

 

 

 

 

 

 

Figure 2a     Figure 2b 

Figure 2a and Figure 2b: Norton & Lotto’s graphical representation of how to identify 
complex roots (Figure 2a) and real roots (Figure 2b) of a quadratic function.  From 
“Complex Roots Made Visible” by Alec Norton and Benjamin Lotto, 1984, The College 
Mathematics Journal, 15(3), p. 248. 

 

 When using the quadratic formula  

 , 

both real and complex roots are given. Determining whether the roots are real or complex 

relies on the value of the discriminant .  When the discriminant is greater than 

zero, equal to zero or less than zero, there will be two real roots, one double root and two 

complex roots; respectively. High school students are taught to record complex roots as 

.  Identifying complex roots in this manner is similar to Norton and Lotto’s (1984) 

representation of complex roots. These authors define complex roots to be of the 
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form , where  represents the real part of the root and the imaginary unit i is 

multiplied by  (a real number) to represent the imaginary portion of the root.  Though 

the high school notation of the roots and the authors’ notation differ slightly, the complex 

roots are equivalent because 

  

and 

, 

where i is equated to negative one and has been factored (p. 248). 

 To understand the variables and their placement in Figure 2a and Figure 2b, 

Norton and Lotto (1984) used the vertex form of a quadratic equation 

, 

where b and c are greater than zero.  With this equation, the vertex is easily identified 

as  as seen in both Figure 2a and Figure 2b.  The authors then use the vertex to 

establish the quantitative value of  and ;  is defined to be the x-coordinate of the 

vertex,  is defined to be half the length of the chord determined by the horizontal line 

, 

and represents the y-coordinate of the vertex (p. 248).   

What the authors have conveyed with Figure 2a is that the complex roots  

are such that  is given by the length from the axis of symmetry to the y-axis and  is 

given by .  Furthermore, if a quadratic function is concave up 
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or concave down, its complex roots will always be visible in the form   where 

the length of  is  a  and the length of  is .  Figure 2b displays a similar 

relationship between the given variables and the roots.  The difference is the horizontal 

line representing ’s distance is now the x-axis and the roots are in the form , 

where  

.    (p. 249) 

 

 

 

 

Figure 3a    Figure 3b          Figure 3c 
 
Figure 3a, Figure 3b and Figure 3c: Norton & Lotto’s graphical representation of how to 
identify two real roots (Figure 3a), one real root (Figure 3b) and complex roots of a 
quadratic function.  From “Complex Roots Made Visible” by Alec Norton and Benjamin 
Lotto, 1984, The College Mathematics Journal, 15(3), p. 249. 
 
 

Lastly, Norton and Lotto included Figure 3a, Figure 3b and Figure 3c in the 

complex plane to demonstrate how a quadratic function’s uniform journey 

(where ) in the positive y-direction will cause the roots to travel from real to 

complex.  The Figures convey that the value of   dictates whether the roots will be real 

or imaginary.  They also demonstrate that  and   have a direct variation; thus, as b 

increases towards zero, so does the value of . When  b  is less than zero, the parabola 
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crosses the x-axis and the roots are real (Figure 3a).  When  b  equals zero, the parabola 

continues to touch the x-axis at only one point which is defined to be a double root 

(Figure 3b). It is at this point, the bifurcation point, that the roots transcend from real to 

complex.  Lastly, since b is greater than zero, the roots have traveled into the imaginary 

direction as seen in Figure 3c (Norton, 1984, p. 249).   

CUBIC FUNTIONS 
 

Not only can complex roots be seen graphically with quadratic functions, but 

complex roots can also be seen with cubic functions. Hellman (1961) shows that all the 

cubic roots can be seen graphically via the exploration of the polynomial  

,                                                   (1) 

where a and b represent real numbers.  It was stated that all the roots of equation (1) can 

be visualized graphically by the intersections of the curve   

                                                                (2) 

and the line 

,                                                       (3) 

as shown with Figure 4 (p. 221). 
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Figure 4: Hellman’s graphical representation of how to identify complex roots of a cubic 
function using the a value of the line and how many times the line intersects 
the cubic function.  From “A Graphical Determination of the Nature of the Roots of a 
Cubic” by Morton J. Hellman, 1961, Mathematics Magazine, 34(4), p. 221. 
 
 

With Figure 4, Hellman (1961) demonstrates how the value of a in equation (3) 

determines how many real or imaginary solutions the cubic equation (1) will have.   In 

equation (3), a is defined to be finite and nonzero. The value of a determines whether 

equation (3) will have a positive or negative slope. When , equation (3) has a 

positive slope and intersects the cubic function (2) only once.  When  the slope of 

equation (3) is negative and also intersects the cubic function (2) only once.  It is with 

this value of a that Figure 4 demonstrates that no straight line of positive slope can be 

drawn such that it fails to intersect the curve (2) at least once, leading to the conclusion 

that a cubic function will have at least one real root and two imaginary roots.  Figure 4 

also demonstrates it is impossible for any line to intersect  the curve (2) in only two real 

points which confirms a cubic function must have either one or three real roots (p. 221). 

Hellman (1961) then includes Figure 5 to show the extreme cases for equation (3) 

when the line will cut the cubic function (2) in three points. 
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Figure 5: Hellman’s graphical look at the extreme cases of a cubic function and its 
relation to the line .  From “A Graphical Determination of the Nature of the 
Roots of a Cubic” by Morton J. Hellman, 1961, Mathematics Magazine, 34(4), p. 222. 

 

The extreme cases occur when equation (3) is tangent to the curve (2).  The tangent lines 

are found by taking the derivative of equation (2) resulting in 

. 

Then to determine the points of tangency, identified as P and Q, the derivative of 

equation (2) was set equal to the slope of equation (3), 

, 

and it was shown that 

. 

Using the positive value of x to find P’s coordinates, equations (2) and (3) were equated, 

simplified, and yielded 

.                                        (4)                    

Finding the coordinates of the tangent lines shows that if a line is to cut the curve (2) in 

three distinct points, it must do so within the boundaries of the two tangent lines.   This 

case corresponds to the dotted line in Figure 5 and would yield roots presented as 

equation (4) where two roots are equal and there exists a third real root. The case of one 

real root and two imaginary roots corresponds to a line lying outside the boundaries set 

by the two tangent lines.  This would be the case where  

. 

Finally when  



21 

, 

the curve will have three distinct real roots (p. 222). 

QUARTIC FUNCTIONS  

 
 Methods similar to finding roots of quadratic and cubic functions were used by 

Yanosik (1943) to find the roots of quartic polynomials, assuming that the quartic has 

two real roots.  Though Yanosik presents three methods to find the roots of a quartic 

function, only the first method will be discussed. Just as Norton and Lotto for the 

quadratic function and Hellman for the cubic function presented Figures to assist in 

identifying complex roots graphically, Yanosik presented Figure 6 (p. 148). 

 

 

 

 

 

 

 

 
Figure 6: Yanosik’s graphical representation of how to identify the complex roots of a 
quartic function.  From “Graphical Solutions for Complex Roots of Quadratics, Cubics, 
and Quartics” by George A. Yanosik, 1943, National Mathematics Magazine, 17(4),  
p. 149. 

 

Yanosik (1943) began his proof of finding the complex roots by stating, if the 

roots of a quartic function are a, b and , then it follows by the Fundamental 

Theorem of Algebra that the equation is  
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.                     (5)    

If the bitangent PQ can be drawn (as seen in Figure 6), the line CZ is drawn through C, 

and the midpoint of segment AB is parallel to OY, then the complex roots of the quartic 

equation (5) will be given by  

.              (6) 

The proof begins by setting CZ to be the new Y-axis and by identifying the quartic 

function as  

,                           (7)   

where  

  

and 

. 

 By substituting the values of e and f into equation (7), the equivalent quartic function 

was written as 

. 

Then by substituting  for c and for d, the quartic 

function’s equivalent was rewritten as  

 

. 

Terms were then grouped to yield 

. 

Once the terms were multiplied and grouped once more, the result was  
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    . 

Yanosik then defined the equation of the bitangent as  

.     (8) 

The bitangent equation (8) was then set equal to the equation preceding it and then set 

equal to zero.  The result was 

 

. 

Now substituting expressions with relationships previously defined by Yanosik, namely 

,  

and 

, 

and 

 

noting  

, 

the resulting quartic equation was 

. 

This equation shows that the quartic has two pairs of double roots -  and   
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Thus it has been shown, given the roots of a quartic function, the complex roots can be 

graphically identified as  

             ,                     (6) 

which was the initial assumption by Yanosik (p. 148). 
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Chapter 5: Conclusion  

 In conclusion, when any educator of mathematics is asked “Can complex roots be 

identified graphically?”, the educator must reply with “Yes”.  This report provides 

sufficient evidence that there are methods for identifying complex roots graphically. 

Though methods for identifying the complex roots of quadratic, cubic and quartic 

polynomials were given, there exist other identification methods for polynomial functions 

of the discussed degrees as well as higher degree polynomials. Surprisingly, many high 

school students were on the right track when they wanted to mistakenly identify the 

complex roots as places where the function changes direction or where there is a “hump” 

in the graph.  Within some of the reported proofs, the authors ability to identify the 

complex roots relied on the “humps” of the functions. Thus it is vital for students to not 

shy away from adapting and extending their mathematical knowledge beyond what they 

have been taught.  Lastly, this report conveys that students should not accept presented 

knowledge as the only truth.  Students should learn to question the concepts being 

presented and become diligent researchers for the complete truth. 
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