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Quantum trajectories are investigated within the complex quantum

Hamilton-Jacobi formalism. A unified description is presented for complex

quantum trajectories for one-dimensional time-dependent and time-independent

problems. Complex quantum trajectories are examined for the free Gaussian

wave packet, the coherent state in the harmonic potential, and the barrier

scattering problems. We analyze the variations of the complex-valued kinetic

energy, the classical potential, and the quantum potential along the complex

quantum trajectories. For one-dimensional time-independent scattering prob-

lems, we demonstrate general properties and similar structures of the complex

quantum trajectories and the quantum potentials. In addition, it is shown

that a quantum vortex forms around a node in the wave function in complex

space, and the quantized circulation integral originates from the discontinuity

in the real part of the complex action. Although the quantum momentum field

vii



displays hyperbolic flow around a node, the corresponding Pólya vector field

displays circular flow. Moreover, local topologies of the quantum momentum

function and the Pólya vector field are thoroughly analyzed near a stagna-

tion point or a pole (including circular, hyperbolic, and attractive or repulsive

structures). The local structure of the quantum momentum function and the

Pólya vector field around a stagnation point are related to the first derivative

of the quantum momentum function. However, the magnitude of the asymp-

totic structures for these two fields near a pole depends only on the order of

the node in the wave function. Finally, quantum interference is investigated

and it leads to the formation of the topological structure of quantum caves in

space-time Argand plots. These caves consist of the vortical and stagnation

tubes originating from the isosurfaces of the amplitude of the wave function

and its first derivative. Complex quantum trajectories display helical wrap-

ping around the stagnation tubes and hyperbolic deflection near the vortical

tubes. Moreover, the wrapping time for a specific trajectory is determined by

the divergence and vorticity of the quantum momentum field. The lifetime

for interference features is determined by the rotational dynamics of the nodal

line in the complex plane. Therefore, these results demonstrate that the com-

plex quantum trajectory method provides a novel perspective for analysis and

interpretation of quantum phenomena.
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5.2.5 Local vector field near a stagnation point or a pole . . . 112

5.3 Time-Independent Examples . . . . . . . . . . . . . . . . . . . 114

x



5.4 Time-Dependent Examples . . . . . . . . . . . . . . . . . . . 117

5.4.1 Quantum streamlines . . . . . . . . . . . . . . . . . . . 117

5.4.1.1 Case 1: c0 = 1 and c1 = 1 . . . . . . . . . . . . 119

5.4.1.2 Case 2: c0 = 9 and c1 = 1 . . . . . . . . . . . . 125

5.4.2 Quantum trajectories . . . . . . . . . . . . . . . . . . . 132

5.5 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . 140

Chapter 6. Quantum Caves and Wave Packet Interference 142

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

6.2 Model Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6.3 Hydrodynamic Analysis of Quantum Interference . . . . . . . . 145

6.3.1 Quantum caves and complex quantum trajectories . . . 145

6.3.2 Wrapping time around a stagnation curve . . . . . . . . 147

6.3.3 Lifetime of quantum interference . . . . . . . . . . . . . 150

6.3.4 Rapidly spreading wave packets . . . . . . . . . . . . . . 154

6.4 Discussion and Conclusions . . . . . . . . . . . . . . . . . . . . 154

Chapter 7. Conclusions 156

7.1 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

7.2 Future Research . . . . . . . . . . . . . . . . . . . . . . . . . . 160

Bibliography 163

Vita 173

xi



List of Tables

5.1 Local structures or streamlines for the quantum momentum
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Chapter 1

Introduction

Since the advent of quantum mechanics, there has been considerable in-

terest in developing a deterministic nonlocal hidden variable theory. Bohmian

mechanics (developed by Bohm in 1952) provides an alternative interpretation

to nonrelativistic quantum mechanics [1, 2]. In the hydrodynamic formulation

of quantum mechanics, the wave function is first written in terms of the real

amplitude and the real action function as Ψ = R exp(iS/~). Substituting this

wave function in polar form into the time-dependent Schrödinger equation

yields a system of two coupled partial differential equations, the continuity

equation and the Quantum Hamilton-Jacobi Equation (QHJE). In Bohm’s

analytical approach, real-valued quantum trajectories are generated by inte-

grating equations of motion including the contribution of the quantum poten-

tial determined from a precomputed wave function. Some physical processes

such as atom diffraction by surfaces and the dissociation of molecules at metal

surfaces have been studied by computing and interpreting real quantum trajec-

tories through this analytical method [3–7]. In addition, the Wentzel-Kramers-

Brillouin (WKB)-type formulation of Bohmian mechanics was used to discuss

nonlocality of quantum mechanics and to understand the quantum-classical

correspondence [8].
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On the other hand, new computational methods have been developed to

compute real quantum trajectories and the wave function concurrently. Since

1999, remarkable progress has been made in the use of quantum trajectories

as a computational tool for solving the QHJE for nonstationary problems.

The Quantum Trajectory Method (QTM) has been introduced to integrate

the hydrodynamic equations on the fly and to generate the wave function

by evolving ensembles of real-valued quantum trajectories [9]. The QTM has

been applied to model collinear reactions and to multidimensional wave packet

scattering problems by Wyatt [10] and the references cited therein. In addition,

a related approach, the quantum fluid dynamics has been developed to solve

the same hydrodynamic equations [11]. Comprehensive exposition of Bohmian

mechanics is presented in Holland’s book [12] and recent developments of the

QTM are presented in Wyatt’s book [10].

The quantum Hamilton-Jacobi formalism, developed by Leacock and

Padgett in 1983, provides an alternative formulation of nonrelativistic quan-

tum mechanics [13, 14]. In this formalism, the wave function is expressed

by the complex action function, Ψ = exp(iS/~). As in Bohmian mechan-

ics, substituting the wave function in this polar form into the time-dependent

Schrödinger equation yields the complex-valued QHJE. (This version is not the

same as that in Bohm’s formalism.) By separating out the time for stationary

states, we obtain the stationary-state version of the QHJE. The main feature

of this formalism is that the bound state energy eigenvalues can be determined

by the quantum action variable without explicitly solving the dynamical equa-
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tion. This method has been used to obtain the energy eigenvalues for many

one-dimensional bound state problems and separable problems in higher di-

mensions for solvable potentials [13–16].

Besides the determination of energy eigenvalues, the complex quan-

tum Hamilton-Jacobi formalism has been used to obtain quantum trajectories

in complex space. In Bohm’s formalism, the particle is usually at rest for

stationary states because the particle velocity turns out to be zero every-

where. On the contrary, the complex quantum trajectory of a particle can

be obtained in the quantum Hamilton-Jacobi formalism for both stationary

and non-stationary states through the Quantum Momentum Function (QMF),

which is analytically extended to complex space. John [17] has applied this

formalism to several simple analytical examples for time-dependent and time-

independent problems. In addition, for stationary states, complex quantum

trajectories satisfying the complex-valued QHJE have been analytically stud-

ied for the free particle, the potential step, the potential barrier, the harmonic

potential, and the hydrogen atom [17–24]. Furthermore, a unified description

for complex quantum trajectories for one-dimensional problems has been pro-

vided [25]. Moreover, common features of complex quantum trajectories for

one-dimensional stationary scattering problems for the Eckart and the hyper-

bolic tangent barriers have been analyzed [25, 26].

For the last several years, significant concern has grown in the synthesis

of the wave function through the use of complex-valued quantum trajectories as

a computational tool. For stationary states, an accurate computational method
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has been proposed for the complex-valued QHJE to obtain the wave func-

tion and the reflection and transmission coefficients for one-dimensional prob-

lems [27–29]. For nonstationary states, the Derivative Propagation Method

(DPM) [30] developed in Bohmian mechanics has also been utilized to obtain

approximate quantum trajectories evolving in complex phase space. Tannor

and collaborators have employed this method to analyze one-dimensional scat-

tering of an initial Gaussian wave packet from a thick Eckart barrier [31–33].

Moreover, they applied this approach to the description of the interference

effects and node formation in the wave function [34, 35] and to the determina-

tion of energy eigenvalues [36]. The complex trajectory method has been used

to improve the complex time-dependent Wentzel-Kramers-Brillouin (WKB)

method [37]. In addition, Rowland and Wyatt have applied the real-valued

and complex-valued DPMs to one-dimensional and multi-dimensional scat-

tering problems for Eckart and Gaussian barriers [38–40]. The shape and the

structure of isochrones for Gaussian and Eckart barriers has been analyzed [41].

Quantum mechanical streamlines and quantized vortices have been ex-

tensively studied in real-valued quantum hydrodynamics. Quantum vortices

can form around nodes of the wave function. The connection between the

nodes of the wave function and quantized vortices was carefully examined by

Hirschfelder and collaborators [42–46]. In addition, quantum streamlines en-

closing the vortices become approximately circular. Quantized vortices occur

in reactive collisions [47, 48], and streamlines have been calculated and plotted

for the two-dimensional square potential barrier [42], atom-diatomic molecular
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collisions [44, 49], and the elastic scattering of two particles (which collide with

a spherically symmetric square potential [45]). Recently, the role of quantum

vortices in atomic scattering from single adsorbates has been studied in real

space in the framework of Bohmian mechanics [4, 5].

Quantum vortices in complex space have been explored within the quan-

tum Hamilton-Jacobi formalism [50]. The collinear collision of two Gaussian

wave packets demonstrates the vortical dynamics in the complex plane [51, 52].

A quantum vortex forms around a node in the wave function in complex space,

and the discontinuity in the real part of the complex action leads to the quan-

tized circulation integral. The Pólya vector field for a complex function was

introduced to interpret the circulation integral [53–55]. Pólya introduced a

simple interpretation for complex contour integrals by associating a complex

function f(z) with a vector field f(z). If f = u + iv, the associated Pólya

vector field is given by F = u − iv, and F = (u,−v) is the conjugate vector

field to f = (u, v) in the complex plane. The complex integral of the QMF can

be interpreted in terms of the work and flux of its Pólya vector field along the

contour. In (real-space) Bohmian mechanics, quantum vortices form around

nodes in the wave function in two or more real coordinates, and the quantum

momentum field displays circular flow around the nodes. In contrast, in the

complex quantum Hamilton-Jacobi formalism, the quantum momentum field

displays hyperbolic structure around a node in the complex plane, but the cor-

responding Pólya vector field displays circular flow. In addition, it has been

shown that the Pólya vector field of the QMF is the tangent vector field of the
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contours for the complex-extended Born probability density [50, 56]. Issues

concerning flux continuity and probability conservation along complex quan-

tum trajectories in the complex plane have been discussed [56–58]. Further-

more, the Pólya vector field of a complex function (such as the QMF) contains

exactly the same information as the complex function itself [55]. Thus, the

Pólya vector field of the QMF correctly presents information of the trajectory

dynamics for the wave function.

In this study, we analyze the behavior of complex quantum trajectories

and present a novel interpretation of quantum phenomena using a hydrody-

namic description in complex space. In Chapter 2, we present a unified descrip-

tion of quantum trajectories in complex space for time-dependent and time-

independent problems. In Chapter 3, we analyze common features of complex

quantum trajectories for one-dimensional stationary scattering problems. In

Chapter 4, we study quantum vortices in complex space in the framework of

the quantum Hamilton-Jacobi formalism. In Chapter 5, we examine the local

structures of the QMF and of the Pólya vector field around a stagnation point

or a pole and analyze approximate quantum streamlines near these points. In

Chapter 6, we present a hydrodynamic view of quantum interference using

the complex quantum trajectory method. Finally, in Chapter 7, we conclude

with some comments and a discussion about future research directions for the

complex quantum trajectory method.
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Chapter 2

Quantum Trajectories in Complex Space

2.1 Introduction

We will present a unified description of quantum trajectories in the

complex space for time-dependent and time-independent problems. The equa-

tions of motion for complex quantum trajectories for time-dependent and time-

independent problems is connected in the framework of quantum Hamilton-

Jacobi formalism. For time-dependent problems, we present analytical studies

for quantum trajectories in the complex space through two exactly solvable

problems. In these examples, the particles transport information such as the

complex action along the complex quantum trajectories. The information

transported by particles crossing the real axis simultaneously can be used to

synthesize the wave function. Here, the concept of “isochrone” will be used.

That means that the particles launched from a specific isochrone will arrive

at the real axis simultaneously. The concept behind isochrone has been used

for the scattering of a Gaussian wave packet [31]. The term isochrone has

been introduced and described in [38, 39]. For time-independent problems,

we demonstrate complex quantum trajectories obtained numerically by either

forward or backward integrations for the Eckart potential. Additionally, the

unusual and complicated structure is presented of the state-dependent total
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potential (the classical and the quantum potentials). The variations of the

kinetic energy, the classical potential, and the quantum potential along the

complex quantum trajectory for stationary states are analyzed. In the back-

ward integration, we find that some complex quantum trajectories spiral into

attractors in the barrier region.

This chapter is organized as follows: We begin by deriving the equa-

tions of motion for complex quantum trajectories for time-dependent and time-

independent problems in Section 2.2. In addition, we compare the difficulties

in solving time-dependent and time-independent problems. In Section 2.3, we

present analytical studies for the complex quantum trajectories for the free

Gaussian wave packet and the coherent state in the harmonic potential. Also,

we describe how the particles launched from the isochrone transport the com-

plex action to the real axis to obtain the time-dependent wave function. In

Section 2.4, we make some remarks for bound state problems and present nu-

merical studies for complex quantum trajectories scattering from the Eckart

potential.

2.2 Equations of Motion for Complex Quantum Trajec-
tories

2.2.1 Time-dependent problems

The Hamilton-Jacobi formulation of quantum mechanics was proposed

by Leacock and Padgett in 1983 [13, 14]. The complex-valued QHJE is readily
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obtained by substituting the polar form of the complex-valued wave function,

Ψ(x, t) = exp

[
i

~
S(x, t)

]
, (2.1)

into the time-dependent Schrödinger equation to obtain

−∂S

∂t
=

1

2m

(
∂S

∂x

)2

+ V (x) +
~

2mi

∂2S

∂x2
, (2.2)

where S(x, t) is the complex action, and this equation is described in Tannor’s

book [59]. As in Bohmian mechanics, the QMF is given by the guidance equa-

tion p(x, t) = ∂S(x, t)/∂x. To find a quantum trajectory, we may rearrange

this equation as

dx

dt
=

1

m

∂S(x, t)

∂x
. (2.3)

However, since the action S(x, t) is complex-valued and time remains real-

valued, the trajectory requires a complex-valued coordinate. Therefore, the

QMF p(x, t) and the complex action S(x, t) are extended to the complex space

by regarding x as a complex variable. Thus, a complex quantum trajectory is

defined by

dz

dt
=

p(z, t)

m
, (2.4)

where x has been replaced by a complex variable z (the complex variable will

be denoted by z = x + iy where x and y are the real and imaginary parts,

respectively). In addition, the first, second, and third terms on the right

side of (2.2) correspond to the kinetic energy, the classical potential, and the

quantum potential in the complex space respectively. Moreover, the QMF can
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be expressed in terms of the wave function through use of (2.1)

p(z, t) =
~
i

1

Ψ(z, t)

∂Ψ(z, t)

∂z
. (2.5)

Through (2.2), we can obtain the equations of motion for z(t), p(z, t),

and S(z, t) for quantum trajectories in the complex space

dz

dt
=

p

m
, (2.6)

dp

dt
=

∂p

∂z

dz

dt
+

∂p

∂t
= −dV (z)

dz
− ~

2mi

∂2p

∂z2
, (2.7)

dS

dt
=

∂S

∂z

dz

dt
+

∂S

∂t
=

p2

2m
− V (z) − ~

2mi

∂p

∂z
. (2.8)

These equations of motion have been described and applied by Tannor et

al. [31]. The two terms on the right side of (2.7) correspond to the classical

force fc = −dV (z)/dz and the quantum force fq = −(~/2mi)∂2p/∂z2, respec-

tively. Therefore, we can determine the quantum trajectories of particles in

the complex space by integrating these equations and the wave function can

be synthesized by (2.1).

For time-dependent problems, the initial state Ψ(z, 0) is used to deter-

mine the initial condition (z0, p(z0, 0), S(z0, 0)), where z0 is the starting point

of the trajectory. Additionally, we can also find that the integration of the

equations of motion involves the spatial derivative for p(z, t). Therefore, the

equations of motion are not closed and general numerical methods for system

of ordinary differential equations cannot be applied to the integration of the

equations of motion for quantum trajectories. However, the derivative prop-

agation method (DPM) has been developed to overcome a similar difficulty
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in Bohmian mechanics by solving a truncated system of equations for ampli-

tude, phase and their spatial derivatives [30]. Through use of the DPM, a

computational approach for solving the equations of motion in the complex

space using the iteration of the spatial partial derivatives of p(z, t) has been

developed recently by Tannor et al. [31].

We can obtain quantum trajectories in the complex space with arbitrary

initial positions, and the initial conditions for the quantum trajectories are

determined by the initial state. Namely, a particle can start its motion at

any position and it will transport information such as the complex action

along the complex quantum trajectory. When the particle crosses the real

axis, we can record the information. Thus, for those particles which cross

the real axis simultaneously, the wave function on the whole real axis can be

synthesized using the information transported by these particles. Because the

correct wave function at a specific time on the real axis must be determined

by the information transported by particles arriving simultaneously at the

real axis, we define a curve for the special initial positions of these particles

in the complex space as an isochrone. The concept and use of isochrones has

been applied [31, 38, 39]. In the following subsection, we demonstrate these

concepts.

2.2.2 Time-independent problems

We now consider time-independent problems. For stationary states

with eigenenergy E, the complex action can be reexpressed by S(z, t) =
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W (z) − Et and the QMF becomes

p(z, t) =
∂S

∂z
=

dW (z)

dz
= p(z), (2.9)

where W (z) is called the quantum characteristic function and p(z) is the sta-

tionary state QMF which depends only on z. Moreover, the stationary state

QMF is related to the stationary state wave function by

p(z) =
~
i

1

ψ(z)

dψ(z)

dz
. (2.10)

Then, using the expression S(z, t) = W (z) − Et and rewriting the QHJE in

(2.2) in terms of the stationary state QMF yield the stationary-state QHJE

1

2m
p(z)2 + V (z) +

~
2mi

dp(z)

dz
= E. (2.11)

Similarly, we can obtain the equations of motion for stationary states from

(2.6)–(2.8)

dz

dt
=

p

m
, (2.12)

dp

dt
=

2i

~

[
E − V (z) − p2

2m

]
p, (2.13)

dW

dt
=

p2

m
, (2.14)

where the stationary-state QHJE in (2.11) has been used. Equations (2.12)

and (2.13) have been described and applied by Yang [21].

When solving equations of motion for quantum trajectories, we will

encounter different difficulties for time-dependent and time-independent prob-

lems respectively. For time-dependent problems, the system of equations of
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motion given in (2.6)–(2.8) is not closed because the QMF is coupled to its

spatial derivative. Therefore, general numerical methods for differential equa-

tions cannot be applied directly. For time-independent problems, although

the system of equations of motion given in (2.12)–(2.14) is closed, it is evident

from (2.10) that only solving the equations of motion with the correct initial

quantum momentum p(z0) can yield the correct quantum trajectories belong-

ing to the corresponding stationary states. Moreover, it is found that from

(2.12)–(2.14) the quantum characteristic function W (z) is not coupled to z

and the QMF p(z). Therefore, we only need to use (2.12) and (2.13) to solve

for quantum trajectories. In addition to determining quantum trajectories, we

want to obtain the wave function along the real axis. A computational method

for time-independent one-dimensional bound and scattering state systems has

been developed to obtain the wave function along the real axis [27, 28]. In sum-

mary, the difficulty to solve time-dependent problems arises from the integra-

tion of the equations of motion, while the difficulty to solve time-independent

problems arises from the specification of the initial conditions.

2.3 Time-Dependent Examples

In this section, we present analytical studies for exact complex quantum

trajectories and two exact solvable systems are examined thoroughly.
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2.3.1 Gaussian wave packet

We now consider a free Gaussian wave packet with a momentum ~k0.

The wave packet is given initially by a normalized Gaussian centered at the

origin with a plane wave component:

Ψ(x, 0) =
1

(πL2)1/4
e−x2/2L2

eik0x. (2.15)

The exact time-dependent wave packet is given analytically [60] by

Ψ(x, t) =
1

(πL2)1/4

1

(1 + i~t/mL2)1/2
ei[k0x−(~k2

0/2m)t]e−(x−~k0t/m)2/[2L2(1+i~t/mL2)].

(2.16)

Substituting this wave function into the definition of the QMF in the complex

space gives

p(z, t) =
~
i

1

Ψ(z, t)

∂Ψ(z, t)

∂z

=
~
i

(
ik0 −

z − ~k0t/m

L2(1 + i~t/mL2)

)
, (2.17)

where z is a complex variable. Similarly, the quantum and total potentials are

easily determined by

Q(z, t) =
~

2mi

∂p(z, t)

∂z
=

~2

2

1

i~t + mL2
, (2.18)

Vtot(z, t) = V (z) + Q(z, t) =
~2

2

1

i~t + mL2
, (2.19)

where V (z) = 0 in this problem. The quantum and total potentials are inde-

pendent of position and depend only upon the time.

Because we start with the analytical form of the wave function, the

spatial partial derivatives in (2.6)–(2.8) can be expressed analytically in terms
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of z and t. Thus, the set of the equations of motion for quantum trajectories

becomes closed and the equations of motion in the complex space are given by

dz

dt
=

~ (z − ik0L
2)

~t − imL2
, (2.20)

dp

dt
= 0, (2.21)

dS

dt
=

~2 [m(iz + k0L
2)2 − (i~t + mL2)]

2(i~t + mL2)2
, (2.22)

where (2.20) has been presented in [17]. From (2.21), we note that the classical

and the quantum forces are all equal to zero. The initial conditions for the

equations of motion with an arbitrary initial position z for a complex quan-

tum trajectory, (z, p(z, 0), S(z, 0)), are determined by the initial state given in

(2.15). Therefore, p(z, 0) and S(z, 0) are given by

p(z, 0) =
~
i

1

Ψ(z, 0)

∂Ψ(z, 0)

∂z
= ~k0 −

~z

iL2
(2.23)

S(z, 0) =
~
i

ln Ψ(z, 0) =
i~z2

2L2
+ ~k0z +

i~
4

ln(πL2). (2.24)

The last term of (2.24) comes from the normalization constant of the initial

Gaussian wave packet given by (2.15), and it actually can be dropped because

the wave function synthesized at later times from (2.1) can be renormalized.

In this example, the equation of motion for the complex quantum tra-

jectory given by (2.20) can be analytically solved and the exact solution is

given by

z(t) =
~t

mL2

(
iz0 + k0L

2
)

+ z0, (2.25)

where z0 is the starting point at t = 0, and this solution has been presented

in [17].
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The isochrone equation can be determined by setting Im[z(t)] = 0, and

it is given by

x0~t

mL2
+ y0 = 0, (2.26)

where x0 and y0 are the real and the imaginary parts of the starting point

z0. From this equation, we find that if a particle starts its motion with an

initial position (x0, y0), then the imaginary part of its position will become

zero at t = −y0mL2/x0~. This means that the particle arrives at the real axis.

Therefore, the arrival time tA is proportional to the slope of the isochrone:

tA = −mL2

~
y0

x0

. (2.27)

The system of the equations of motion given by (2.20)–(2.22) is closed.

Therefore, general numerical methods for differential equations can be used.

The complex quantum trajectories and the probability densities are shown

in Figures 2.1 and 2.2. All the relevant physical quantities will be used in

the following dimensionless units: z̄ = z/L, k̄0 = k0/(1/L), t̄ = t/(mL2/~),

p̄ = p/(~/L), S̄ = S/~, and V̄ = V/(~2/mL2). We denote the value of

a given dimensionless physical quantity with the same symbol as the quan-

tity itself. The quantum trajectories were determined using the fourth-order

Runge-Kutta integration method and the initial conditions given by (2.23)

and (2.24) with the time step size ∆t = 0.1. First, we consider a special

case with k0 = 0: a non-translating Gaussian wave packet. From (2.26) and

(2.27), we know that the isochrones are straight lines and the arrival time is

just the negative sign of the slope. Figure 2.1(a) shows that the particles on
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Figure 2.1: Non-translating free Gaussian wave packet (k0 = 0): (a) Complex
quantum trajectories starting from the isochrone arrive at the real axis at
t = 1; (b) Complex quantum trajectories (black curves) on the complex plane;
probability densities of the Gaussian wave packet: t=0 (red curve); t=1 (exact)
(green curve); t=1 (numerical) (blue circles (◦)).

17



−4 −2 0 2 4 6

−4

−3

−2

−1

0

1

2

3

4
(a) isochrone 

x 

y 

−4 −2 0 2 4 6

−3
−2

−1
0

1
2

3
0

0.1

0.2

0.3

0.4

0.5

(b) 

x y 

ρ(x) 

Figure 2.2: Translating free Gaussian wave packet (k0 = 1): (a) Complex
quantum trajectories starting from the isochrone arrive at the real axis at
t = 1; (b) Complex quantum trajectories (black curves) on the complex plane;
probability densities of the Gaussian wave packet: t=0 (red curve); t=1 (exact)
(green curve); t=1 (numerical) (blue circles (◦)).
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the isochrone will arrive at the real axis at t = 1. The information such as

positions and complex actions that they transport can be used to synthesize

the wave function at t = 1 along the real axis. For general cases, since the

numerically obtained final positions of the particles may be not exactly on

the real axis, interpolation can be used to approximate the complex action

values [31]. In Figure 2.1(b), the synthesized probability density at t = 1 is

in excellent agreement with the exact result. Additionally, this figure shows

the spreading of the probability density of the Gaussian wave packet with a

peak value that decreases in time. Subsequently, we consider a translating

Gaussian wave packet with k0 = 1. Figure 2.2(a) shows that the particles

on the isochrone arrive at the real axis at t = 1. In Figure 2.2(b), the syn-

thesized probability density at t = 1 is in excellent agreement with the exact

result. Additionally, this figure shows the translation and the spreading of the

Gaussian wave packet in time.

Furthermore, Figure 2.3 shows the quantum trajectories in the vicin-

ity of the origin in Figure 2.2(a) and also the quantum trajectories starting

on the isochrone with the slope equal to −2. For a non-translating Gaussian

wave packet, the particles launched from the isochrone on the left side of the

imaginary axis will arrive at the left side of the real axis. Correspondingly,

the particles launched from the isochrone on the right side of the imaginary

axis will arrive at the right side of the real axis. Additionally, the particle

starting at the origin will remain static. Differing from those complex quan-

tum trajectories for the non-translating free Gaussian wave packet shown in
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Figure 2.3: Translating free Gaussian wave packet (k0 = 1): (a) Complex
quantum trajectories starting from the isochrone (thick black line) arrive at
the real axis at t = 1; (b) Complex quantum trajectories starting from the
isochrone (thick black line) arrive at the real axis at t = 2. The bifurcation
points zb are also shown (•).
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Figure 2.1(a), some of the complex quantum trajectories starting on the left

side of the imaginary axis shown in Figure 2.3 can pass the imaginary axis to

reach the real axis. This phenomenon reflects the translation to the right of

the wave packet. Moreover, because the particle starting at the bifurcation

point zb (see Figure 2.3) will arrive at the origin at t = tA, we can determine

this point as a function of the arrival time tA by setting the trajectory equation

given in (2.25) to be zero. Thus, the bifurcation point is given by

zb(tA) = − k0L
2

i + mL2/~tA
. (2.28)

For the non-translating Gaussian wave packet (k0 = 0), zb(tA) = 0 for any

arrival time and the bifurcation point remains at the origin. For the translating

Gaussian wave packet (k0 = 1), the bifurcation point is zb = −1/2 + i/2 for

tA = 1 and zb = −2/5+4i/5 for tA = 2. These points are shown in Figure 2.3.

2.3.2 Gaussian wave packet in a harmonic potential: Coherent
state

We subsequently consider a more complicated example: a Gaussian

wave packet in the harmonic potential, V (x) = (1/2)mω2x2. The time-

dependent Schrödinger equation for this system can be solved analytically

for the exact solution [61]:

Ψ(x, t) = N exp

[
−α2

2

(
x − ip0

~α2
cos ωt

)2

+
p0x

~
sin ωt − iωt

2
− ip2

0

4~2α2
sin 2ωt

]
(2.29)
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with an initial Gaussian wave packet centered at the origin

Ψ(x, 0) = N exp

[
−α2

2

(
x − ip0

mω

)2
]

, (2.30)

where the prefactor N is the normalization constant and α2 = mω/~.

From the solution given by (2.29), we can obtain the QMF and then

the equations of motion can be expressed by

dz

dt
=

e−iωtp0 + imωz

m
, (2.31)

dp

dt
= −mω2z, (2.32)

dS

dt
= −1

2

(mωz − ip0e
−iωt)

2

m
− 1

2
mω2z2 − ~ω

2
. (2.33)

From (2.32), we find that the term on the right side comes from the classi-

cal force and the quantum force is actually equal to zero. Additionally, the

quantum potential Q(z, t) = ~ω/2 and is equal to the ground state energy of

the harmonic oscillator. To numerically integrate the equations of motion, we

need the initial conditions (z, p(z, 0), S(z, 0)) determined from (2.30)

p(z, 0) = imω

(
z − ip0

mω

)
, (2.34)

S(z, 0) =
(p0 + imωz)2

2imω
, (2.35)

where the constant term of (2.35) has been dropped.

The quantum trajectory equation given in (2.31) can be analytically

solved and the exact quantum trajectory with an arbitrary starting point z0

is given by

z(t) =
p0

mω
sin ωt + z0e

iωt. (2.36)
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Similarly, the isochrone equation determined by setting the imaginary part of

(2.36) to be zero is then given by

x0 sin ωt + y0 cos ωt = 0. (2.37)

Again, the isochrone is a straight line. Furthermore, the arrival time for par-

ticles launched from an arbitrary isochrone to reach the real axis is

tA =
1

ω
tan−1

[
−y0

x0

]
. (2.38)

In this case, the arrival time is a function of the slope of the isochrone.

In this example, all the relevant physical quantities will be used in the

following dimensionless units: z̄ = z/
√

~/mω, t̄ = t/(1/ω), p̄0 = p0/(
√

~mω),

p̄ = p/(
√

~mω), S̄ = S/~, and V̄ = V/(~ω). We denote the value of a given

dimensionless physical quantity with the same symbol as the quantity itself.

The complex quantum trajectories and the probability densities obtained by

numerically solving the equations of motion (using the fourth-order Runge-

Kutta method with the time step size ∆t = 0.1) are shown in Figures 2.4

and 2.5. From (2.37) and (2.38), we know that the isochrones are straight

lines and if a particle starts its motion with an initial position (x0, y0), then

it will reach the real axis at the arrival time tA. Figure 2.4(a) shows that the

particles on the isochrone with the slope equal to − tan 2 at t = 0 will arrive

at the real axis at t = 2. Again, we can see from Figure 2.4(b) the synthesized

probability density at t = 2 is in excellent agreement with the exact result

and the Gaussian wave packet moves to the right. Figure 2.5 shows that
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Figure 2.4: Coherent state: (a) Complex quantum trajectories starting from
the isochrone (thick black line) arrive at the real x axis at t = 2; (b) Complex
quantum trajectories (black curves) on the complex plane; probability densities
of the Gaussian wave packet: t=0 (red curve); t=2 (exact) (green curve); t=2
(numerical) (blue circles (◦)).
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Figure 2.5: Coherent state: (a) Complex quantum trajectories starting from
the isochrone (thick black line) arrive at the real x axis at t = 4; (b) Complex
quantum trajectories (black curves) on the complex plane; probability densities
of the Gaussian wave packet: t=0 (red curve); t=4 (exact) (green curve); t=4
(numerical) (blue circles (◦)).
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Figure 2.6: Coherent state: (a) Complex quantum trajectories starting from
the isochrone (thick black line) arrive at the real x axis at t = 2; (b) Complex
quantum trajectories starting from the isochrone (thick black line) arrive at
the real x axis at t = 4. The bifurcation points zb are also shown (•).

the particles on the isochrone with the slope equal to − tan 4 at t = 0 will

arrive at the real axis at t = 4, and the Gaussian wave packet moves to the

left. If we continue to record the information of particles as they cross the

real axis, the synthesized Gaussian wave packet will oscillate back and forth

and maintain its width in time. In this example, the Gaussian wave packet

is a coherent state and it oscillates without spreading. Moreover, Figure 2.6

shows the quantum trajectories in the vicinity of the origin in Figures 2.4(a)

and 2.5(a). The particles starting on the isochrone show complicated motion

to reach the real axis. The arrows in Figure 2.6 show the direction of these

particles moving from the isochrone to the real axis.

Similarly, the bifurcation point determined by setting the trajectory
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equation given in (2.36) to be zero is given by

zb(tA) = − p0

mω
sin ωtAe−iωtA . (2.39)

As shown in Figure 2.6, the particles starting on the isochrone from two dif-

ferent sides of the bifurcation point arrives at the corresponding sides of the

real axis. In particular, the particle starting at the bifurcation point shows a

linear motion along the isochrone to the origin.

2.4 Time-Independent Examples

In this section, two time-independent examples are presented for bound

and scattering state systems. For bound state problems, the harmonic oscil-

lator is used to illustrate the difficulty encountered when we solve for the

complex quantum trajectories. For scattering state problems, we determine

the complex quantum trajectories for the Eckart potential by either forward

or backward integrations.

2.4.1 Bound states: Harmonic oscillator

The quantum trajectories in the complex space in a given quantum state

have been explored analytically for the free particle, the harmonic potential,

the potential step, the potential barrier, and the hydrogen atom [17–22]. Start-

ing with the eigenfunction, we can determine the stationary state QMF directly

from (2.10). Then, the problem is reduced to solving (2.12) for complex quan-

tum trajectories numerically or analytically. For the harmonic oscillator, the
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complex quantum trajectories for the ground and the first-excited states have

been obtained in a analytical form. The general properties of the quantum

harmonic oscillator in the complex space have been thoroughly studied [17, 22].

For general bound state problems, it is difficult to synthesize the wave

function along the real axis from the information transported by particles if we

cannot make a good approximation to the initial condition when solving the

equations of motion for complex quantum trajectories. For time-independent

problems, the stationary state QMF and the quantum characteristic function

are only a function of z. Namely, when particles evolve in the complex space

with time, the QMF and relevant functions depend only on their positions,

not on time. For the harmonic potential V (x) = (1/2)mω2x2, the quantum

trajectories and the probability densities for the ground and the first-excited

states are shown in Figure 2.7. Here, the relevant physical quantities are used

in the dimensionless units: z̄ = z/(
√

~/mω), p̄ = p/(
√

~mω), t̄ = t/(1/ω), and

Ē = E/(~ω). We denote the value of a given dimensionless physical quantity

with the same symbol as the quantity itself. Although particles propagate

in the complex space, the values of their QMFs and relevant functions are

actually determined by their positions. As we see from Figure 2.7, the prob-

ability densities do not change in time. Therefore, we do not need to use

the same method for time-dependent problems to synthesize the wave func-

tion by starting from the isochrone, and we can synthesize the bound state

wave function along the real axis as long as we can obtain the stationary state

QMF or the quantum characteristic function along the real axis. An accurate
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Figure 2.7: Complex quantum trajectories (black curves) and the probability
density (red curve) for the harmonic oscillator: (a) the ground state; (b) the
first-excited state.
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Figure 2.8: Complex quantum trajectories for the first-excited state of the
harmonic oscillator and the bifurcation curve (- - -) which separates localized
(red) and delocalized (blue) trajectories.

computational method to obtain both the QMF and the wave function along

the real axis for one-dimensional bound state problems from the stationary-

state QHJE has been developed. Also, this has been applied to the harmonic

oscillator and the Morse potential [27].

In addition, the quantum trajectories for the first-excited state of the

harmonic oscillator are shown in Figure (2.8). There are two types of the com-

plex quantum trajectories. One is the localized trajectory enclosing only one of

the two equilibrium points on the real axis. If a particle starts its motion at the

equilibrium point, it remains static at the position. Thus, equilibrium points

are special points. The information such as the complex action at equilibrium

points cannot be transported to other positions by particles, and similarly

particles launched from other positions cannot transport their information to
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equilibrium points. The other is the delocalized trajectory enclosing all of the

equilibrium points on the real axis. Furthermore, the origin is a singularity,

which is the pole of the QMF corresponding to the node of the wave func-

tion, and it is undefined for the QMF. These two types of the trajectory are

separated by the bifurcation curve which is also shown (dashed line) in Fig-

ure (2.8). The complex quantum trajectories for other excited states show the

same structure. Detailed analysis of the complex quantum trajectories for the

harmonic oscillator can be found in [17, 22].

2.4.2 Scattering states: Eckart potential

We now present complex quantum trajectories for stationary states with

eigenenergy E for the Eckart potential, which is given by V (x) = V0sech
2(x/2a).

The exact scattering wave function with energy E can be determined analyt-

ically [62]

ψ(x) = (−1)if (2s)−1/2 exp(−πf)w−if (1 − w)(is+if)×

2F1[(1/2 − if − ig − is) , (1/2 − if + ig − is) , (1 − 2is) ; (1 − w)−1],

where 2F1 is the hypergeometric function, w = − exp(x/a), f =
√

E/∆,

g = [4V0/∆ − (1/4)]1/2, and s =
√

E/∆ where ∆ = ~2/(2ma2). The exact

QMF and the quantum potential in the complex plane can be calculated by

making an analytic continuation of this wave function from x to z. Here,

we calculated complex powers using the principal value of the argument of a

complex number z by specifying that −π < arg(z) ≤ π. From w = − exp(z/a),

the exponential function is periodic with period 2πai along the y direction.
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The argument function arg(z) has a branch cut discontinuity in the complex

plane running from −∞ to 0, so this leads to the discontinuity of the exact

QMF along y = ±πai,±3πai,±5πai, . . . for x < 0. Similarly, the analytic

continuation of the Eckart potential reveals periodicity along the direction

of the imaginary axis. For example, this potential gives the same value for

z = x + iy and z = x + i(y + 2πa). Therefore, for this problem, the complex

plane can be divided into an infinite number of zones with the boundaries

y = ±πai,±3πai,±5πai, . . .

The quantum trajectories can be obtained by solving the equations of

motion given in (2.12)–(2.14). However, we need to choose appropriate initial

conditions. In this section, the quantum trajectories will be determined by

two methods: either forward or backward integrations. For the forward inte-

gration, the exact QMF calculated from the scattering wave function is used

as the initial condition to determine the quantum trajectories. For the back-

ward integration, the asymptotic QMF in the transmission region is used as

the initial condition to determine the quantum trajectories by integrating the

equations of motion backwards. In addition, the relevant physical quantities

will be used in the dimensionless units: z̄ = z/a, p̄ = p/(~/a), t̄ = t/(ma2/~),

Ē = E/2∆, and V̄0 = V0/2∆. We denote the value of a given dimensionless

physical quantity with the same symbol as the quantity itself.
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Figure 2.9: Forward integration for E = 1.2, V0 = 1: (a) Real part of the total
potential; (b) Quantum trajectories (blue curves) and the contour map of the
real part of the total potential (black curves). The initial positions are shown
as blue dots.
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Figure 2.10: Forward integration for E = 1.2, V0 = 1: (a) Imaginary part of
the total potential; (b) Quantum trajectories (blue curves) and the contour
map of the imaginary part of the total potential (black curves). The initial
positions are shown as blue dots.
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2.4.2.1 Forward integration

Figures 2.9 and 2.10 show the quantum trajectories and the correspond-

ing complex-valued total potential with E = 1.2 and V0 = 1. We numerically

integrate the equations of motion with the exact initial QMF from t = 0

to t = 15 by starting the integration in the reflection region. We chose the

initial positions with the same real part, but with different imaginary parts:

z = −7 + i(π/10 + kπ/5) where k = 0,±1,±2, . . .. Because the motion of the

particle is governed by the complex-valued total force, the quantum trajecto-

ries and the real and the imaginary parts of the total potential are shown in

Figures 2.9 and 2.10. From these figures, we see the periodicity of the total

potential along the direction of the imaginary axis and the different structure

of the total potential between the reflection and the transmission regions. The

classical potential only has singularities along the imaginary axis. Hence, the

singularities and the “channel” structure on the left side of the imaginary axis

are contributed by the quantum potential. In Figures 2.9(b) and 2.10(b), some

particles start their motion on the left side of the barrier, and then they pass

the potential to the transmission region. In addition, some particles launched

from the initial positions move toward the left. In particular, there are some

loops or closed trajectories on the “walls” of the “channel” structure.

In Figure 2.11, we present the total energy, the kinetic energy, the

classical potential, and the quantum potential for the trajectory launched at

z = −15−πi/5 from t = 0 to t = 20. For this trajectory, the particle starts its

oscillatory motion from the left side of the potential and then passes the barrier
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Figure 2.11: Analysis of quantum trajectory for E = 1.2, V0 = 1: (a) Quan-
tum trajectory starting from the initial position at z = −15 − πi/5. Time
dependence of the total energy (black), the kinetic energy (red), the classical
potential (blue) and the quantum potential (green) along the quantum trajec-
tory: (b) Real part; (c) Imaginary part. The trajectory was integrated from
t = 0 to t = 20.
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Figure 2.12: Forward integration for E = 0.8, V0 = 1: (a) Real part of the
total potential; (b) Quantum trajectories (blue curves) and the contour map
of the real part of the total potential (black curves). The initial positions are
shown as blue dots.
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Figure 2.13: Forward integration for E = 0.8, V0 = 1: (a) Imaginary part of
the total potential; (b) Quantum trajectories (blue curves) and the contour
map of the imaginary part of the total potential (black curves). The initial
positions are shown as blue dots.
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Figure 2.14: Analysis of quantum trajectory for E = 0.8, V0 = 1: (a) Quan-
tum trajectory starting from the initial position at z = −10 − 7πi/20. Time
dependence of the total energy (black), the kinetic energy (red), the classical
potential (blue) and the quantum potential (green) along the quantum trajec-
tory: (b) Real part; (c) Imaginary part. The trajectory was integrated from
t = 0 to t = 20.
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to the transmission region. The quantum trajectory in the complex plane

satisfies the stationary-state QHJE given in (2.11). Therefore, the sum of the

complex-valued kinetic energy, the complex-valued classical and the complex-

valued quantum potentials is conserved and it is equal to the real-valued total

energy. In this figure, we see that the kinetic energy and the quantum potential

on the left side of the barrier compensate each other and the classical potential

is equal to zero there. After the particle passes the barrier, the classical and

the quantum potentials gradually become zero. Finally, all the total energy is

concentrated into the real-valued kinetic energy.

Figures 2.12 and 2.13 show the quantum trajectories and the corre-

sponding complex-valued total potential for the tunneling energy E = 0.8 and

V0 = 1. We numerically integrate the equations of motion with the exact initial

QMF from t = 0 to t = 20 by starting the integration in the reflection region.

The initial positions were z = −7+ i(π/20+kπ/5) where k = 0,±1,±2, . . . In

Figures 2.12(b) and 2.13(b), fewer trajectories link the left and right regions

of these figures than those for E = 1.2. Additionally, some particles move

toward the barrier, but they rebound instead of passing to the transmission

region. Similarly, some particles launched from the initial positions move to

the left side and some closed trajectories are imbedded in the walls of the

channel structure. In Figure 2.14, we present the total energy, the kinetic

energy, the classical potential, and the quantum potential for the trajectory

launched from the position z = −10− 7πi/20. For this trajectory, the particle

starts its oscillatory motion from the left side of the barrier and then bounces
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back to the reflection region. When the particle is far from the barrier, the

classical potential approaches zero and the kinetic energy and the quantum

potential compensate each other. Again, the total energy is conserved.

2.4.2.2 Backward integration

We know that the scattering wave function approaches eikx asymptoti-

cally when x tends to ∞ along the real axis. Hence, the asymptotic form of the

scattering wave function in the transmission region can be used to determine

the initial conditions for the trajectory. Then, we can numerically integrate

the equations of motion backwards from the transmission region. Thus, sub-

stituting this asymptotic form into the definition of the stationary-state QMF

gives p(x) = ~k. Then, this equation can be used as the initial condition

for the equations of motion. Although the QMF tends to the constant ~k

asymptotically for large x along the real axis, it actually approaches the same

constant in the transmission region on the complex plane provided that the

position is far enough away from the imaginary axis. We can also apply the

Möbius integrator [63] to the Riccati-type stationary-state QHJE in (2.11) to

determine the approximate initial QMF off the real axis. It is found that

the constant ~k is an excellent choice for the initial QMF in the transmission

region.

Figure 2.15 shows the quantum trajectories and the corresponding con-

tour map of the complex-valued total potential with E = 1.2 and V0 = 1. The

complex-valued total potential for E = 1.2 has been shown in Figures 2.9(a)
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Figure 2.15: Backward integration for E = 1.2, V0 = 1: Quantum trajectories
(blue curves) and the contour map of the total potential (black curves): (a)
Real part; (b) Imaginary part.
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Figure 2.16: Analysis of quantum trajectory using backward integration for
E = 1.2, V0 = 1: (a) Quantum trajectory determined backwards with the ini-
tial position z = 40+(π/5)i. Time dependence of the total energy (black), the
kinetic energy (red), the classical potential (blue) and the quantum potential
(green) along the quantum trajectory: (b) Real part; (c) Imaginary part. The
trajectory was integrated from t = 0 to t = −45.
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and 2.10(a). We numerically integrate the equations of motion with the initial

condition p(z) = ~k backwards from t = 0 to t = −40 by starting the integra-

tion in the transmission region. The initial positions were z = 40+kπi/5 where

k = 0,±1,±2, . . . Similarly, we find that some trajectories link the left and

right regions of these figures. Other trajectories are traced back to positions

near the barrier region and spiral into “attractors”.

In Figure 2.16, we present the total energy, the kinetic energy, the

classical potential, and the quantum potential for the trajectory integrated

backwards from the initial position z = 40+(π/5)i for E = 1.2. The trajectory

is traced back to the attractor. From the viewpoint of the particle’s forward

motion, it starts at the position of the attractor and then slides down the

potential to the transmission region. From this figure, we note that the kinetic

energy equals zero when the particle is located at the position of the attractor.

In addition, the kinetic energy is almost equal to zero from t = −45 to t = −35,

the sum of the real parts of the classical and the quantum potentials is equal

to the real-valued total energy, and the imaginary parts of the classical and

the quantum potentials cancel each other. Then, some of the total potential

energy is transferred into the kinetic energy to initiate the particle’s motion.

The final kinetic energy arises from the initial total potential energy, and the

total energy is conserved all the times.

The quantum trajectories and the corresponding complex-valued total

potential with the tunneling E = 0.8 and V0 = 1 are shown in Figure 2.17. The

complex-valued total potential for E = 0.8 has been shown in Figures 2.12(a)
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Figure 2.17: Backward integration for E = 0.8, V0 = 1: Quantum trajectories
(blue curves) and the contour map of the total potential (black curves): (a)
Real part; (b) Imaginary part.
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Figure 2.18: Backward integration for E = 0.8, V0 = 1: quantum trajectories
(blue curves) near an attractor and the contour map of the real part (a) and
the imaginary part (b) of the total potential.
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and 2.13(a). The initial positions were z = 40 + i(π/10 + kπ/5) where k =

0,±1,±2, . . . We note from these figures that most quantum trajectories are

traced from the transmission region back to the attractors in the barrier region.

Additionally, the trajectories spiraling into the attractor at z = 0.518+5.262i

are shown in Figure 2.18.

2.5 Discussion and Conclusions

In this chapter, a unified description of complex quantum trajecto-

ries was presented. In the quantum Hamilton-Jacobi formalism, the quan-

tum momentum function is extended to the complex space and the energy

eigenvalues can be determined by the quantum action variable. Similarly,

the complex quantum trajectory can be obtained through the guidance equa-

tion by extending the position coordinate to the complex space. Then, the

equations of motion for complex quantum trajectories for time-dependent and

time-independent problems were derived in the framework of the quantum

Hamilton-Jacobi formalism.

For time-dependent problems, complex quantum trajectories and the

concept of isochrone were demonstrated by two exactly solvable systems: the

free Gaussian wave packet and the coherent state in the harmonic potential.

Also, we showed that the particles may exhibit complicated motions in the

complex plane and that the information transported by the particles launched

from isochrones can be used to synthesize the time-dependent wave function.

For time-independent problems, difficulties that arise when determin-
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ing complex quantum trajectories for stationary states were discussed. Sub-

sequently, we determined the complex quantum trajectories for the Eckart

potential using two methods: the forward and the backward integrations. In

the forward integration, we used the exact initial condition in the reflection

region to solve the equations of motion. The total potential (the sum of the

classical and the quantum potentials) calculated from the exact scattering

wave function is periodic along the direction of the imaginary axis and reveals

a complicated channel structure in the reflection region. Some trajectories link

the reflection and transmission regions, and some form closed loops imbedded

in the walls of the channel structure. Some particles start their motion from

the left side of the barrier and then bounce back to the reflection region. In

the backward integration, the asymptotic quantum momentum function in the

transmission region was used as the initial condition to numerically solve the

equations of motion backwards. Some trajectories in the transmission region

were found to spiral into a set of attractors in the barrier region. The sum

of the complex-valued kinetic energy, classical potential, and quantum poten-

tial is equal to the real-valued scattering energy. Also, we described the time

dependence of these energies along several trajectories.

In this study, we have presented that a unified treatment of com-

plex quantum trajectories in the quantum Hamilton-Jacobi formalism. For

time-dependent problems, we analytically studied exactly solvable systems to

understand how the information transported by the particles launched from

isochrones can be used to synthesize the time-dependent wave function. Tan-
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nor et al. [31] recently proposed a computational method to obtain the complex

quantum trajectories and the wave function. For time-independent problems,

complex quantum trajectories have been determined for the free particle, the

potential step, the potential barrier, the harmonic potential, and the hydrogen

atom from the exact analytical wave functions [17–24]. Here, we determined

the complex quantum trajectories by numerically integrating the equations

of motion for the Eckart potential. In addition, we have proposed an ac-

curate computational method for the stationary-state version of the QHJE

for one-dimensional bound state and scattering problems [27, 28]. Thus, our

study complements those studies and provides a unified description for com-

plex quantum trajectories for one-dimensional problems under the framework

of the quantum Hamilton-Jacobi formalism.
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Chapter 3

Quantum Trajectories for One-Dimensional

Stationary Scattering Problems

3.1 Introduction

The chapter focuses on one-dimensional time-independent scattering

problems. Common features are presented of complex quantum trajectories

for one-dimensional time-independent scattering problems. Local structure

of quantum trajectories near the stagnation point of the QMF is analyzed.

The first-order and second-order equations for local approximate quantum

trajectories are derived. From these equations, we can understand how the

trajectories near the stagnation point spiral into the attractor or out of the

repeller, respectively. Two one-dimensional scattering problems are studied.

The quantum potential of one-dimensional scattering problems shows a second-

order pole structure in the reflection region. This structure originates from

the asymptotic behavior of the wave function. In addition, the exact complex

quantum trajectories for the soft potential step are obtained using forward

and backward integrations. For the energy lower than the barrier height,

some particles can penetrate into the nonclassical region, and then turn back

to the reflection region. The variations of the complex-valued kinetic energy,

classical potential, and quantum potential are analyzed along the tunneling
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complex quantum trajectory. For the barrier scattering problem, quantum

trajectories may spiral into the attractors or from the repellers in the barrier

region. Although the classical potentials extended to the complex plane reveal

different pole structures for each example, complex quantum trajectories show

similar structures.

This chapter is organized as follows: We begin by deriving the equation

for the local approximate quantum trajectory in Section 3.2. In Section 3.3,

two examples are used to present common features of complex quantum trajec-

tories and the general structure of the quantum potential for one-dimensional

scattering problems.

3.2 Local Structure for Quantum Trajectories near a
Stagnation Point

The QMF p(z) can be viewed as a vector emanating from the point z.

The direction of the quantum momentum field is well-defined and continuous

except for two kinds of particular places where the vector field vanishes or

becomes infinite [55]. From (2.10), nodes of the wave function correspond to

poles of the QMF. Additionally, there is a different kind of point, called a

“stagnation point” where the QMF is zero. We expand the QMF in a Taylor

series around a stagnation point z0

p(z) = p′(z0)(z − z0) +
p′′(z0)

2
(z − z0)

2 + · · · , (3.1)

where p(z0) = 0 has been used. The local structure for quantum trajectories

can be determined by substituting (3.1) into (2.12). If the expansion in (3.1)
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is truncated to the first-order term, (2.12) becomes

dz(t)

dt
=

p′(z0)

m
(z(t) − z0). (3.2)

This equation can be analytically solved and the solution is

z(t) = z0 + (z(0) − z0)e
p′(z0)

m
t, (3.3)

where z(0) is the starting point of the local approximate quantum trajectory.

As long as quantum trajectories are sufficiently close to the stagnation point,

they can be well approximated by the trajectories solved from (3.3). In (3.3),

we need to know the first derivative of the QMF at the stagnation point, and

it can be determined through the QHJE in (2.11)

p′(z0) =
2mi

~
[E − V (z0)], (3.4)

where p(z0) = 0 has again been used. Actually, it is noted in this equation that

the total energy is equal to the sum of the quantum and classical potentials

and the kinetic energy is zero at the stagnation point. Generally, p′(z0) is

complex valued. If we express p′(z0) in complex form, p′(z0) = α + iβ, then

(3.3) becomes

z(t) = z0 + (z(0) − z0)e
α+iβ

m
t. (3.5)

Thus, α determines whether the trajectories near the stagnation point con-

verge to or diverge from the stagnation point, and β determines whether the

trajectories rotate clockwise or counterclockwise. Specifically, if α is equal

to zero, the trajectories near the stagnation point are circles centered on the

stagnation point.
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Moreover, we can include the second-order term in (3.1) into the tra-

jectory equation given by (2.12)

dz(t)

dt
=

p′(z0)

m
(z(t) − z0) +

p′′(z0)

2m
(z(t) − z0)

2. (3.6)

If we let z̄(t) = z(t) − z0, then (3.6) becomes

dz̄

dt
= Az̄ + Bz̄2, (3.7)

where A = p′(z0)/m and B = p′′(z0)/2m. This differential equation is a

Bernoulli equation and the analytical solution is

z(t) = z0 +
A

CAe−At − B
, (3.8)

where C = 1/(z(0) − z0) + B/A and z(0) is the starting point of the local

approximate quantum trajectory. In this case, we need to know the second

derivative of the QMF p′′(z0) besides p′(z0), so that the local approximate

quantum trajectories can be obtained. If we take the derivative of the QHJE

in (2.11) and use the fact that the QMF is zero at the stagnation point, the

second derivative of the QMF is given by

p′′(z0) =
2mi

~

[
−dV

dz
(z0)

]
. (3.9)

Furthermore, rearranging this equation, we note that the total force, the sum

of the classical force fc and the quantum force fq, is equal to zero at the

stagnation point

f = fc + fq = −dV

dz
(z0) −

~
2mi

d2p

dz2
(z0)

= −dV

dz
(z0) −

dQ

dz
(z0) = 0,
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where the complex quantum potential is

Q(z) =
~

2mi

dp(z)

dz
. (3.10)

The local approximate quantum trajectories near the stagnation point for two

one-dimensional scattering problems will be presented and discussed in Sec-

tion 3.3.

3.3 Examples

In this section, we examine and discuss two one-dimensional scattering

problems. We present general properties of complex quantum trajectories

for one-dimensional scattering problems. Similarities are pointed out in the

structure of the quantum potentials and the quantum trajectories for these

problems.

3.3.1 Soft potential step

Complex quantum trajectories and the total potential for the soft po-

tential step are studied. We present the continuous change of the quantum

momentum field from the scattering energy greater than the potential step to

the energy lower than the potential step.

For the soft potential step, the potential is given by the hyperbolic

tangent potential barrier

V (x) =
1

2
V0

(
1 + tanh

( x

2a

))
. (3.11)
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This potential increases continuously from the value V = 0 at x = −∞ to the

value V = V0 at x = ∞. The exact scattering wave function with energy E

can be determined analytically [64]

ψ(x) = wν(1 − w)µ
2F1(µ + ν, µ + ν + 1, 2ν + 1, w), (3.12)

where 2F1 is the hypergeometric function and w = (1 + exp(x/a))−1. For

E > V0, ν = −(ia/~)
√

2m(E − V0), µ = (ia/~)
√

2mE. For E < V0, ν =

(a/~)
√

2m(V0 − E), µ = (ia/~)
√

2mE. The exact QMF and the quantum

potential in the complex plane can be calculated by making an analytic con-

tinuation of this wave function from x to z. We calculate complex powers using

the principal value of the argument of a complex number z by specifying that

−π < arg(z) ≤ π. From w = (1+exp(z/a))−1, the exponential function is peri-

odic with period 2πai along the y direction. The argument function arg(z) has

a branch cut discontinuity in the complex plane running from −∞ to 0, so this

leads to the discontinuity of the exact QMF along y = ±πai,±3πai,±5πai, . . .

for x < 0. Similarly, the analytic continuation of the potential given by (3.11)

reveals periodicity along the direction of the imaginary axis. For example, this

potential gives the same value for z = x+iy and z = x+i(y+2πa). Therefore,

for this problem, the complex plane can be divided into an infinite number of

zones with the boundaries y = ±πai,±3πai,±5πai, . . ..

We analyze the asymptotic behavior of the scattering wave function

given by (3.12) in the complex plane when x approaches ±∞. Let u =

exp(z/a), and w = (1 + u)−1. We note that u gives the periodicity of the
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wave function along the y direction. We begin with the limit x → ∞ with y

held constant. Since w ' 1/u → 0 as x → ∞, the wave function becomes

ψ(z) →
(
e−

z
a

)ν
. (3.13)

For E < V0, ν is real valued and the wave function becomes

ψ(z) →
(
e−z

)K
= e−Kz, (3.14)

where K = ν/a. On the real axis, the wave function presents the exponential

decay when x → ∞. For E > V0, ν = −ik′a where k′ =
√

2m(E − V0)/~, and

ψ(z) →
(
e−

z
a

)−ik′a
= (ez)ik′

. (3.15)

Here, the asymptotic wave function has the form of the complex power of the

complex exponential function, and the exponential function gives the period-

icity along the direction of the imaginary axis. The wave function approaches

exp(ik′x) on the real axis when x → ∞. On the other hand, when x → −∞

with y held constant, u → 0 and w ' 1 − u → 1. We change the argument of

the hypergeometric function from w to 1−w by the transformation rules [65].

2F1(µ + ν,µ + ν + 1, 2ν + 1, w) = A 2F1(µ + ν, µ + ν + 1, 2µ + 1, 1 − w)

+ B(1 − w)−2µ
2F1(ν − µ, ν − µ + 1,−2µ + 1, 1 − w), (3.16)

where

A = Γ(2ν + 1)Γ(−2µ)/Γ(ν − µ)Γ(ν − µ + 1),

B = Γ(2ν + 1)Γ(2µ)/Γ(µ + ν)Γ(µ + ν + 1).
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The asymptotic wave function is given by

ψ(z) → Auµ + Bu−µ, (3.17)

where 1−w ' u → 0 has been used and µ = ika where k =
√

2mE/~. Again,

u = exp(z/a) contributes to the periodicity along the y axis. Furthermore,

the asymptotic wave function can be expressed by

ψ(z) → A (ez)ik + B (ez)−ik . (3.18)

The wave function approaches A exp(ikx)+B exp(−ikx) on the real axis when

x → −∞.

As in the previous chapter, we determine the complex quantum tra-

jectories by solving the equations of motion given in (2.12) and (2.13). Two

methods will be employed: either forward or backward integrations. For the

forward integration, the exact QMF calculated from the scattering wave func-

tion will be used as the initial condition to determine the quantum trajectories.

For the backward integration, the asymptotic QMF in the transmission region

will be used as the initial condition to determine the quantum trajectories by

integrating the equations of motion backwards. All the revelent physical quan-

tities will be used in the following dimensionless units: z̄ = z/a, p̄ = p/(~/a),

t̄ = t/(ma2/~), Ē = E/(~2/(ma2)), and V̄0 = V0/(~2/(ma2)). We denote the

value of a given dimensionless quantity with the same symbol as the quantity

itself in this and the following examples.

Figures 3.1 and 3.2 present the quantum trajectories and the corre-

sponding complex-valued total potentials for E = 1.2 and E = 0.5 with
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Figure 3.1: Soft potential step for E = 1.2: (a) Real part of the total potential;
(b) Quantum trajectories by the forward (blue curves) or the backward (red
curves) integrations, and the contour map of the real part of the total potential
(black curves). The initial positions for the forward integration are shown as
blue dots.
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Figure 3.2: Soft potential step for E = 0.5: (a) Imaginary part of the total
potential; (b) Quantum trajectories (blue curves) by the forward integration,
and the contour map of the imaginary part of the total potential (black curves).
The initial positions for the forward integration are shown as blue dots.
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V0 = 1.0. The motion of the particle is governed by the complex-valued

total force; however, we only show the real part of the total potential for

E = 1.2 and the imaginary part for E = 0.5 in Figures 3.1 and 3.2. As

observed in these figures, the total potential shows the periodicity along the

direction of the imaginary axis and the channel structure on the left side of

the imaginary axis contributed by the quantum potential. Furthermore, the

four-lobed “quadrupole” structure contributed by the quantum potential orig-

inating from the asymptotic wave function given in (3.18) appears periodically

when x approaches −∞. Moreover, the hyperbolic tangent barrier has poles at

zp = a ln(−1). Expanding the classical potential into a Laurent series around

the pole yields

V (z) = − aV0

(z − zp)
+

V0

2
+

V0(z − zp)

12a
+ · · · . (3.19)

As observed in Figures 3.1 and 3.2, the classical potential contributes to the

first-order pole structure near the barrier region along the imaginary axis.

We numerically integrate the equations of motion with the exact initial

QMF from t = 0 to t = 22 by starting the integration in the reflection region

and with the asymptotic QMF from t = 0 to t = −80 by starting the integra-

tion in the transmission region. For E = 1.2, we chose the initial positions with

the same real part but with different imaginary parts: z0 = −8+i(π/20+kπ/5)

for the forward integration, and z0 = 40 + i(π/10 + kπ/5) for the backward

integration where k = 0,±1,±2, . . .. For E = 0.5, the quantum trajectories

were determined by the forward integration from t = 0 to t = 30, and the

initial positions are z0 = −8 + i(π/20 + kπ/5) where k = 0,±1,±2, . . ..
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Figure 3.3: The second-order local approximate quantum trajectories (black
dashed curves) for the soft potential step: (a) Quantum trajectories (red
curves) around the repeller for E = 1.2. The initial positions for the back-
ward time evolution for the local approximate quantum trajectories are shown
as black dots; (b) Quantum trajectories (blue curves) around the stagnation
point (blue dot) for E = 0.5.
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Figures 3.1(b) and 3.2(b) present the complex quantum trajectories

determined by the forward and backward integrations for E = 1.2 and E = 0.5

with V0 = 1.0. In Figure 3.1(b), for the forward integration, some particles

starting their motion on the left side of the barrier pass the potential to the

transmission region. In addition, some particles launched from the initial

positions move toward the left. For the backward integration, some trajectories

link the reflection and transmission regions. Besides, as in our previous study

[25], some quantum trajectories are traced from the transmission region back

to the backward attractors or repellers in the barrier region. From (3.15), the

QMF approaches the asymptotic value p = ~k′ in the transmission region,

so particles in this region move toward the right for E = 1.2. However, for

E < V0, the wave function given in (3.14) decays exponentially when x tends to

∞, and the QMF approaches p = i~K. Therefore, as shown in Figure 3.2(b),

particles start their motion from the reflection region and then bounce back

to the reflection region for E = 0.5.

Figure 3.3(a) shows the exact quantum trajectories and the second-

order local approximate quantum trajectories determined by (3.8) around the

repeller at z0 = 1.0091 + 2.3995i for E = 1.2. This repeller arises from the

backward integration of the trajectories. The first derivative of the QMF at

this repeller is p′(z0) = 0.8274 − 0.0560i. The positive real part of the first

derivative of the QMF results in the divergence of the quantum trajectories,

and the negative imaginary part leads to the clockwise spiral motion. From

the viewpoint of the particle’s motion, the particle starts at the position of
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the repeller, and then slides down the potential to the transmission region.

The total potential energy is transferred into the kinetic energy to initiate the

particle’s motion.

In addition, some closed trajectories are formed on the walls of the

channel structure for E = 0.5 as shown in Figure 3.2(b). Figure 3.3(b) presents

the closed exact quantum trajectories and the second-order local approximate

quantum trajectories around the stagnation point at z0 = −7.9060. The first

derivative of the QMF at this point is p′(z0) = 0.9993i. The pure imaginary

first derivative of the QMF indicates that the quantum trajectories near the

stagnation point become circles.

Figures 3.4 and 3.5 show the quantum trajectories determined by the

forward integration and the quantum momentum field for E = 1.01, 1.00, and

0.99 with V0 = 1.00 as well as the real part of the contour map of the corre-

sponding complex-valued total potential in the principal zone −π ≤ y ≤ π.

When E approaches V0, the asymptotic QMF p = ~k′ from (3.15) tends to

zero. In Figure 3.4(a) for E = 1.01, the particles pass the barrier to the

transmission region, and then their quantum momenta approach the constant

p = ~k′ asymptotically as shown in Figure 3.5(a). Thus, these particles con-

tinue to move to the right eventually reaching a slow constant velocity. In

Figure 3.4(b), because E = V0, the asymptotic QMF p = ~k′ is equal to

zero. Therefore, the particles passing the barrier to the transmission region

will move to the right with a velocity decaying to zero when x tends to ∞.

In fact, although the quantum momentum field does not present a consistent
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Figure 3.4: Quantum trajectories (blue curves) for the soft potential step with
the contour map (black curves) of the real part of the total potential: (a)
E = 1.01; (b) E = 1.00; (c) E = 0.99. The initial positions for the forward
integration are shown as blue dots.

64



-6 -4 -2 0 2 4 6
x

-3
-2
-1

0
1
2
3

y

HaL

-6 -4 -2 0 2 4 6
x

-3
-2
-1

0
1
2
3

y

HbL

-6 -4 -2 0 2 4 6
x

-3
-2
-1

0
1
2
3

y

HcL

Figure 3.5: Quantum momentum field for the soft potential step: (a) E = 1.01;
(b) E = 1.00; (c) E = 0.99.
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direction in the transmission region in Figure 3.5(b), this field consistently

tends to zero when x tends to ∞. For E < V0, the wave function given in

(3.14) decays exponentially when x tends to ∞. The asymptotic QMF be-

comes p = i~K, and the particles in the transmission region will move toward

the positive direction of the imaginary axis, as shown in Figure 3.5(c). In

Figure 3.4(c), particles starting their motion from the reflection region can

penetrate the barrier slightly and then bounce back to the reflection region.

As another example, we consider the soft potential step for E = 0.6

and V0 = 1. From the QHJE in (2.11), we find

Vtot = V + Q = E − p2

2m
= E +

~2

2m

1

ψ2

(
dψ

dx

)2

, (3.20)

where this equation has been described by Yang [19]. In this case, the wave

function ψ(x) is pure real along the real axis; therefore, from (2.10), the QMF

is pure imaginary along the real axis. From (3.20), the total potential is pure

real along the real axis. Figure 3.6(a) presents the classical potential, the

quantum potential, the total potential, the kinetic energy, and the scattering

energy along the real axis. For stationary states, the total energy is a constant;

hence, from (3.20), nodes of the wave function correspond to poles of the total

potential. Additionally, the total potential is equal to the eigenenergy at the

stagnation points where the first derivative of the wave function is equal to

zero (the QMF is equal to zero). When x tends to −∞, the total potential

approaches the quantum potential because the classical potential tends to zero.

When x tends to ∞, the total potential approaches the classical potential
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Figure 3.6: For the soft potential step with E = 0.6: (a) The classical potential
(blue short-dashed curve), the quantum potential (green dotted curve), the
total potential (orange long-dashed curve), the kinetic energy (red dot-dashed
curve), and the scattering energy (black solid curve) along the real axis. The
classical turning point at xc = 0.405 is shown as the black dot; (b) quantum
trajectories (blue solid curve), the quantum momentum field, and the classical
turning curve (red dashed curve) in the principal zone. The initial positions
for the forward integration are shown as blue dots.
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because the QMF tends to the constant i~K and the quantum potential tends

to zero. Furthermore, the kinetic energy is negative along the real axis, and at

singularities, the positive infinity of the total potential and the negative infinity

of the kinetic energy compensate each other, so that we can have a constant

energy. In addition, the kinetic energy approaches the constant −~2K2/2m

because the QMF tends to i~K when x tends to ∞.

Figure 3.6(b) shows the quantum trajectories determined by the for-

ward integration from t = 0 to t = 30 starting at the initial positions z0 =

−8 + i(π/20 + kπ/5) where k = −5, . . . , 4. The classical turning curve is de-

fined by the curve where the scattering energy is equal to the real part of the

total potential. The classical turning point xc = 0.405 at the real axis is also

shown in Figure 3.6(a). As observed in Figure 3.6(b), some particles starting

in the reflection region penetrate into the nonclassical region, and then return

to the reflection region. When these particles pass through the real axis, the

scattering energy is lower than the classical potential and they have negative

kinetic energies.

Figure 3.7 presents the total energy, the kinetic energy, the classical po-

tential, and the quantum potential for the tunneling trajectory launched from

the position z = −8 − 19πi/20 from t = 0 to t = 20. For this trajectory, the

particle starting its motion from the left side of the barrier penetrates into the

nonclassical region, and then bounces back to the reflection region. When the

particle is far from the barrier, the classical and quantum potentials approach

zero and the kinetic energy is approximately equal to the scattering energy.
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Figure 3.7: Analysis of quantum trajectory for E = 0.6: (a) Quantum trajec-
tory starting from the initial position at z = −8− 19πi/20. Time dependence
of the total energy (black solid line), the kinetic energy (red dot-dashed curve),
the classical potential (blue dashed curve) and the quantum potential (green
dotted curve) along the quantum trajectory: (b) Real part; (c) Imaginary part.
The trajectory was integrated from t = 0 to t = 20.
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When the particle enters the nonclassical region during the time interval from

roughly t = 7 to t = 13, the real part of the classical potential is greater than

the scattering energy and the real part of the kinetic energy is negative. Again,

when it goes back to the reflection region, the classical and quantum potentials

approach zero and the kinetic energy is approximately equal to the scattering

energy. The total energy is conserved along the trajectory.

The discontinuous sharp potential step problem has been studied by

both John and Yang [17, 23]. In their studies, the nonanalytic sharp potential

step was extended to the complex plane by requiring that the potential is equal

to zero for x < 0 and equal to V0 for x > 0. This leads to a discontinuity of the

potential along the imaginary axis. When we solve the Schrödinger equation

for the sharp potential step on the real axis, we only require that the wave

function and its first derivative are continuous at the point x = 0. Thus, the

resulting wave function is not analytic at x = 0. The wave function and the

QMF extended analytically to the complex plane become discontinuous along

the imaginary axis except at the origin. Using the analytically continued wave

function for the region x < 0, John [17] analyzed the complex quantum tra-

jectories and the QMF for the scattering energy greater than the height of the

sharp potential step in the reflection region. On the other hand, Yang [23]

requires the continuity of the trajectory and of the particle’s velocity instead

of the continuity of the wave function and its first derivative at the boundary

to avoid the discontinuity of the QMF along the imaginary axis in the complex

plane. Besides, for the energy lower than the barrier height, in contrast with
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standard quantum mechanics, Yang includes the exponential growth solution of

the Schrödinger equation in the transmission region. This provides a retarding

force which causes the particle to turn back to the reflection region. Similarly,

a wave moving in the negative x direction in the transmission region is also

included when the energy is greater than the barrier height. These fundamen-

tal differences between Yang’s formulation and standard quantum mechanics

lead to discrepancies in the probability of reflection and transmission.

In contrast, we analyzed the continuous soft potential step and did not

need to tackle the discontinuity problem. The qualitative structure of this

problem for various values of the parameter a of the potential given by (3.11)

has been obtained because of the use of the dimensionless units. On the real

axis, the potential tends to a discontinuous potential jump at x = 0 when the

parameter a approaches zero. However, since the soft potential step extended

to the complex plane presents a series of poles along the imaginary axis, it does

not approach the sharp potential step in the complex plane as the parameter

a tends to zero. Therefore, although these two problems share numerous sim-

ilarities on the real axis, they present significantly different structures in the

complex plane.

3.3.2 One-dimensional potential barrier

In this section, we study a one-dimensional potential barrier which

shows a different pole structure in the complex plane. Besides the repellers

from the backward trajectories, attractors can also form from the forward
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trajectories. The structures of the complex quantum trajectories and the total

potential for this system are presented.

We now present complex quantum trajectories for stationary states

with eigenenergy E for the one-dimensional potential barrier

V (x) = V0

[
1 −

(
1 − exp(x/a)

1 + c exp(x/a)

)2
]

, (3.21)

where 0 ≤ c ≤ 1. When c = 0, this potential gives the Morse barrier, V (x) =

V0(2 exp(x/a)−exp(2x/a)), and when c = 1, the potential gives the symmetric

Eckart barrier, V (x) = V0sech
2(x/2a). The exact scattering wave function

with energy E can be determined analytically [62]

ψ(x) = (−1)if (2s)−1/2 exp(−πf)w−if (1 − w)(is+if)×

2F1[(1/2 − if − ig − is) , (1/2 − if + ig − is) , (1 − 2is) ; (1 − w)−1],

where 2F1 is the hypergeometric function, w = − exp(x/a), f =
√

E/∆,

g = [(V0/∆)(1/c + 1)2 − (1/4)]1/2, and s = [(E/∆) + (1/c2 − 1)(V0/∆)]1/2,

where ∆ = ~2/(2ma2). The exact QMF and the quantum potential in the

complex plane can be calculated by making an analytic continuation of this

wave function from x to z. As in the previous section, we use the same

convention to calculate complex powers. Again, the exponential function in

w = − exp(z/a) gives the periodicity with period 2πai along the y direction,

and the analytic continuation of this potential to the complex plane is periodic

along the imaginary axis. Similarly, the complex plane can be divided into an

infinite number of zones with the boundaries y = ±πai,±3πai,±5πai, . . .,
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Figure 3.8: Potential barrier given by (3.21) with c=0.5.

and the discontinuity at the zone boundaries results from the branch cut of

the argument function arg(z). The relevant physical quantities will be used

in the dimensionless units: z̄ = z/a, p̄ = p/(~/a), t̄ = t/(ma2/~), Ē = E/2∆,

and V̄0 = V0/2∆.

Figure 3.8 shows the potential barrier given by (3.21) with c = 0.5,

and Figure 3.9 presents the quantum trajectories and the real part of the

corresponding complex-valued total potential for E = 1.2, V0 = 1, and c =

0.5. As in the previous example, the quantum potential contributes to the

channel structure in the reflection region. In addition, the total potential is

periodic along the imaginary axis, and the four-lobed quadrupole structure

originating from the quantum potential appears periodically on the left side

of the barrier. In addition, the poles of the classical potential given by (3.21)

are at zp = a ln(−1/c). Expanding the classical potential into a Laurent series
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Figure 3.9: Scattering for E = 1.2, V0 = 1, and c = 0.5: (a) Real part of the
total potential; (b) Quantum trajectories by the forward (blue curves) or the
backward (red curves) integrations, and the contour map of the real part of the
total potential (black curves). The initial positions for the forward integration
are shown as blue dots.
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around the pole, we obtain

V (z) = −a2(1 + 1/c)2

(z − zp)2
+

a(1 + 1/c)2 − (2a/c)(1 + 1/c)

(z − zp)
+ · · · . (3.22)

Unlike the potential in (3.11), this classical potential presents the second-order

pole structure near the barrier region along the imaginary axis in Figure 3.9(b).

Figure 3.9(b) presents the complex quantum trajectories determined by

the forward and backward integrations for E = 1.2 in the principal zone, −π ≤

y ≤ π. The quantum trajectories were determined by the forward integration

from t = 0 to t = 20 and by the backward integration from t = 0 to t = −40.

The initial positions are z0 = −7+ i(π/10+kπ/5) for forward integration, and

z0 = 40 + i(π/10 + 2kπ/5) for backward integration where k = 0,±1,±2, . . ..

These quantum trajectories are similar to those in Section 3.3.1. For the

forward integration, some particles move toward the transmission region, and

some move toward the left. For the backward integration, some trajectories

link the reflection and transmission regions.

As in the previous example, some quantum trajectories are traced

from the transmission region to the repellers in the barrier region. How-

ever, some quantum trajectories obtained by the forward integration spiral

into attractors in the barrier region. Figures 3.10(a) and 3.10(b) show the

exact quantum trajectories and the second-order local approximate quantum

trajectories determined by (3.8) around the attractor and the repeller in Fig-

ure 3.9(b). In Figure 3.10(a), the forward quantum trajectory spirals into the

attractor at z0 = 0.2139 − 1.3123i. The first derivative of the QMF at this

75



0.1 0.2 0.3 0.4
x

-1.5
-1.45
-1.4
-1.35
-1.3
-1.25
-1.2
-1.15

y

HaL

-1.1 -1.05 -1 -0.95 -0.9
x

0.35

0.4

0.45

0.5

0.55

y

HbL

Figure 3.10: Quantum trajectories (blue and red solid curves)and the second-
order local approximate quantum trajectories (black dashed curves) for E =
1.2 around (a) the attractor; (b) the repeller. The initial positions for the for-
ward (a) and backward (b) time evolution for the local approximate quantum
trajectories are shown as black dots.
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attractor is p′(z0) = −0.1858 − 1.8282i. Therefore, the quantum trajecto-

ries near the attractor spiral clockwise into the attractor from the reflection

region. In Figure 3.10(b), the first derivative of the QMF at the repeller

z0 = −1.0145 + 0.4624i is p′(z0) = 0.4066 + 0.9831i. These trajectories were

determined by the backward integration. Because of the positive signs of the

real and imaginary parts of the first derivative of the QMF, these quantum

trajectories spiral out counterclockwise from the repeller into the transmission

region.

3.4 Discussion and Conclusions

One-dimensional time-independent scattering problems have been in-

vestigated within the framework of the quantum Hamilton-Jacobi formalism.

Exact complex quantum trajectories for two one-dimensional scattering prob-

lems were obtained, and these trajectories present similar structures. Some

particles starting in the reflection region pass the barrier into the transmission

region, and some rebound from the barrier back to the reflection region. In

addition, localized closed trajectories form around stagnation points in the

reflection region. Furthermore, we derived the equation for the local approx-

imate quantum trajectories near the stagnation points of the QMF, and the

first derivative of the QMF is related to the formation of attractors and re-

pellers. We presented the continuous change in the quantum trajectories and

in the QMFs from the scattering energy greater than the barrier height to the

energy lower than the barrier height for the soft potential step. For the energy
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lower than the barrier height, particles starting from the reflection region may

penetrate into the nonclassical region, and then turn back to the reflection re-

gion. On the other hand, the quantum potential contributes to the four-lobed

quadrupole and the channel structures in the reflection region. However, the

classical potentials extended to complex space present different structures for

each problems.

In the previous chapter, the complex quantum trajectories and the total

potential for the Eckart potential are presented, and repellers are found in the

barrier region. The variations of the complex-valued kinetic energy, classical

potential, and quantum potential along the complex quantum trajectories were

analyzed. In this chapter, we present general properties and similar structures

of the quantum trajectories, the QMF, and the quantum potential for one-

dimensional time-independent scattering problems.
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Chapter 4

Quantum Vortices within the Complex

Quantum Hamilton-Jacobi Formalism

4.1 Introduction

In 1931, Dirac [66] predicted the formation of quantized vortices around

wave function nodes. In quantum hydrodynamics, in two or more real coordi-

nates, quantum vortices form around nodes in the wave function. They carry

only specific amounts of circulation and angular momentum [42–46]. Stream-

lines surrounding the vortex core form approximately circular loops, and the

phase of the wave function undergoes an integer multiple of 2π winding. Such

vortices play an important role in a diverse range of physical process. Quan-

tized vortices have appeared in quantum wave packet studies of the collinear

H+H2 → H2+H exchange reaction [47, 48], and streamlines for this reaction

have been calculated and plotted using time-independent scattering wave func-

tions [49].

This chapter focuses on quantum vortices in complex space in the frame-

work of the quantum Hamilton-Jacobi formalism. The role of quantum vortices

in atomic scattering from single adsorbates has been studied in real space in

the framework of Bohmian mechanics [4, 5], and complex vortices have been
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briefly considered for the head-on collision of two Gaussian wave packets [51].

In this chapter, we analytically and computationally explore in detail the for-

mation of quantum vortices and the local structure of the quantum momentum

field around a node in the wave function in complex space. Complex quantum

streamlines around a pole of the QMF are analyzed. The circulation integral

around a node in the wave function in the complex space is quantized. The

quantized circulation integral arises from the discontinuity in the real part of

the complex action. In addition, the Pólya vector field for a complex func-

tion is introduced to interpret the circulation integral. Although the quantum

momentum field displays hyperbolic flow around a node, its Pólya vector field

does display circular flow near a node. Furthermore, we show that the Pólya

vector field of the QMF is the tangent vector field of the contours for the

complex-extended Born probability density. In a computational example, it is

shown that excited quantum vortices can form around a higher order node of

the wave function.

This chapter is organized as follows: Complex quantum streamlines

near a pole of the QMF are analyzed in Section 4.2.1. Section 4.2.2 shows

that the circulation integral is quantized around a node of the wave function.

In Section 4.2.3, we introduce the Pólya vector field and its connection with

the wave function, and we show that this field displays circular flow around

a node. In Section 4.3, examples for transient excited quantum vortices and

for quantization of the circulation integral for multidimensional problems are

presented.
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4.2 Theoretical Formulation

4.2.1 Complex streamlines near a pole of the quantum momentum
function

The QMF p(z, t) is complex valued and it can be viewed as a vector

field in the complex plane. From (2.5), nodes of the wave function correspond

to poles of the QMF where the quantum momentum field becomes infinite.

Another special point is called a stagnation point where the QMF is zero.

The local structure for complex quantum streamlines near a stagnation point

can be related to the first derivative of the QMF [26]. We determine the local

structure for complex quantum streamlines near a pole of the QMF. In general,

the quantum momentum field is time-dependent, and quantum streamlines are

a family of curves that are instantaneously tangent to the quantum momentum

vectors.

For time-dependent problems, complex quantum streamlines at a spe-

cific time ts can be determined by (2.6)

dz

dt
=

p(z, ts)

m
. (4.1)

The local behavior of complex quantum trajectories or streamlines near a pole

of the QMF can be determined by substituting the asymptotic form of the

QMF into (4.1). Without loss of generality, we consider a wave function with

an n-th order node at z = zp, ψ(z) = (z − zp)
nf(z), where the wave function

has been extended to complex space. Substituting this wave function into

(2.5), we obtain

p(z) =
~
i

n

z − zp

+ ps(z), (4.2)
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Figure 4.1: The quantum momentum field for the first-excited state of the
harmonic oscillator: (a) the localized (red dotted lines) and delocalized (blue
solid lines) complex quantum trajectories, separatrix (green dashed lines), and
the stagnation points (red dots) (b) the approximate trajectories near the pole
of the QMF.

where ps(z) is the smooth part of the QMF. The singularity of the QMF is a

simple pole with the residue −ni~.

For time-dependent problems, the local behavior of complex quantum

streamlines at a specific time ts near a pole can be determined by substituting

the first term in (4.2) into (4.1)

dz̄

dt
=

1

m

~
i

n

z̄
, (4.3)

where the origin has been moved to the pole by the transformation z̄(t) =

z(t)− zp. Separating this equation into real and imaginary parts, we obtain a
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system of differential equations

dx̄

dt
= −n~

m

ȳ

x̄2 + ȳ2
(4.4)

dȳ

dt
= −n~

m

x̄

x̄2 + ȳ2
. (4.5)

Eliminating the variable t by dividing (4.5) by (4.4) yields

dȳ

dx̄
=

x̄

ȳ
. (4.6)

The integral curves of this equation are hyperbolas, x̄2 − ȳ2 = C, where C is

a constant. For C > 0 and C < 0, the integral curves give East-West opening

hyperbolas and North-South opening hyperbolas, respectively. In addition,

the asymptotes intersect at right angles. Particularly, C = 0 gives separatrices

ȳ = ±x̄. Therefore, the complex quantum streamlines sufficiently close to a

pole can be approximated by hyperbolas.

As an example, we consider the first-excited state of the harmonic os-

cillator. The wave function and the QMF are given by

ψ(z) =
( α

4π

)1/4

2α1/2ze−
αz2

2 (4.7)

p̄(z) =
~
i

(
1

z
− αz

)
, (4.8)

where α = mω/~. The QMF has a simple pole at the origin. Figure 4.1

presents the quantum momentum field, complex quantum trajectories, and

the approximate trajectories near the pole. All the relevant physical quanti-

ties have been used in the following dimensionless units: zd = z/
√

~/mω and
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pd = p/
√

~mω. We denote the value of a given dimensionless physical quan-

tity with the same symbol as the quantity itself. For the time-independent

problems, quantum streamlines are the same as quantum trajectories. Figure

4.1(a) presents the quantum momentum field and the quantum trajectories.

There are two types of complex quantum trajectories. One is the localized

trajectory enclosing only one of the two stagnation points, and the other is

the delocalized trajectory enclosing both of the stagnation points. These two

types of trajectories are separated by the bifurcation curve or separatrix which

is also shown in Figure 4.1(a). In addition, the first derivatives of the QMF

at the stagnation points z0 = ±1 are p′(z0) = 2i. As shown around the stag-

nation points in this figure, the quantum trajectories can be approximated

by circles centered on the stagnation points because the first derivative of

the QMF is pure imaginary [26], and the quantum momentum field displays

counterclockwise flow around the stagnation points .

Furthermore, in this example, the origin is the pole of the QMF corre-

sponding to the node of the wave function. As observed in Figure 4.1(b), the

quantum momentum field displays hyperbolic structure near the pole, and the

complex quantum trajectories can be well approximated by the hyperbolas. In

addition, when particles approach the pole, they rebound as they experience

a repelling force.
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4.2.2 Circulation integral and quantized vortices in complex space

The circulation integral used to measure the strength of the vortex is

defined by [43]

Γ =

∮
C

p(z)dz, (4.9)

where C denotes a simple closed curve in the complex plane and p(z) is the

QMF. Substituting the definition of the QMF into the circulation integral

yields ∮
C

p(z)dz =
~
i

∮
C

Ψ′

Ψ
dz =

~
i
2πiN(Ψ) = hN(Ψ), (4.10)

where we have used the Poincaré argument principle to obtain the final result

[67]. According to this principle, let f(z) be a meromorphic function defined

inside and on a simple closed contour C with no zeroes or poles on C. Then

1

2πi

∮
C

f ′(z)

f(z)
dz = N(f) − P (f) =

1

2π
∆C arg(f), (4.11)

where N(f) and P (f) are the number of zeroes and poles (according to mul-

tiplicity) of f(z) inside C, and ∆C arg(f) denotes the change in the argument

of f(z) over C. Thus, the wave function is analytically extended to the com-

plex plane, and the circulation integral in (4.10) is quantized around a node

of the wave function where the contour C encloses no pole. Furthermore, the

circulation integral can be related to the change in the argument of Ψ along

C through (4.11) ∮
C

p(z)dz =
~
i

∮
C

Ψ′

Ψ
dz =

~
i
i∆C arg(Ψ)

= ~∆C arg(Ψ) = ∆CSR, (4.12)
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Figure 4.2: Riemann surface (5 sheets) of the complex action for the first-
excited state of the harmonic oscillator.

where SR is the real part of the complex action S in (2.1). From (2.1), the

real part of the complex action contributes to the phase of the wave function,

while the imaginary part of the complex action contributes to the magnitude

of the wave function. Therefore, the quantized circulation integral around a

node of the wave function originates from the discontinuity in its phase.

We now consider the first-excited state of the harmonic oscillator given

in (4.7) and (4.8). It is obvious that the circulation integral around the node

at the origin is equal to h by the residue theorem. On the other hand, the

complex action can be expressed by

S(z) =
~
i

ln ψ(z) =
~
i

[
−α

2
z2 + ln z + ln

(
4α3

π

)1/4
]

. (4.13)

The complex logarithm is defined by ln z = ln |z|+i arg z = ln |z|+iArg z+2kπi

where k = 0,±1,±2, . . .. Arg z is the principal value (−π < Arg z ≤ π) of
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the argument function arg(z) and it jumps by 2π as z crosses the branch cut

along the negative real axis. Unlike the real logarithm, the complex logarithm

defines a multiple-valued function because of the multivaluedness of the arg z.

If we travel around the node along a closed path C, the argument function

arg(z) displays a jump by 2π. Thus, the change in the complex action in (4.13)

is

∆CS =
~
i
i2π = h. (4.14)

As observed in (4.12), the change in the complex action in (4.13) actually

results from the change in the real part of the complex action. If z winds

around the branch point at the origin along a circle, we then go through

the branch cut from one Riemann sheet to another. Since the logarithmic

function in (4.13) is infinitely multiple valued, the corresponding Riemann

surface of the complex action S(z) is infinitely sheeted. Figure 4.2 depicts

part of an infinitely-sheeted Riemann surface of the complex action in (4.13)

with the branch cut along the negative real axis. Here, the dimensionless unit

for the complex action Sd = S/~ has been used. A continuous closed circuit

around the branch point continuing on all the sheets resembles an infinite

spiral staircase.

4.2.3 Pólya vector field of the quantum momentum function

It may be surprising that the complex velocity field does not display

vortical flow around a node in the wave function. As observed in Figure 4.1(b),

the quantum trajectories close to the node of the wave function show hyperbolic
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instead of circular flow, even though the circulation integral in (4.10) around

the node is quantized. Expressing the circulation integral in (4.9) in real and

imaginary parts yields∮
C

p(z)dz =

∮
C

(px + ipy) (dx + idy)

=

∮
C

pxdx − pydy + i

∮
C

pxdy + pydx

=

∮
C

~P · d~̀+ i

∮
C

~P · d~n, (4.15)

where ~P = (px,−py), d~̀ = (dx, dy) is the tangent vector in the direction of

the path C, and d~n = (dy,−dx) is the normal vector pointing to the right

as we travel along C. The new vector field ~P is the Pólya vector field of the

quantum momentum field [55]. This field provides a simple geometric and

physical interpretation for complex integrals, and it can be used to visualize

and estimate them [54]. As described in (4.15), the complex integral of p(z)

can be interpreted in terms of the work and flux of the corresponding Pólya

vector field along the contour. The real part of the circulation integral gives

the total amount of work done in moving a particle along C subject to the

vector field ~P , while the imaginary part gives the total flux of the vector field

across C. From (4.10), the circulation integral around a node is both quantized

and real valued. Hence, the flux term in (4.15) makes no contribution to the

circulation integral.

The streamlines for the Pólya vector field associated with the quantum

momentum field near a pole can be determined by substituting the approxi-
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Figure 4.3: The Pólya vector field of the quantum momentum field and the
corresponding approximate streamlines near the node of the wave function for
the first-excited state of the harmonic oscillator.

mate form of ~P into the system of differential equations in (4.4) and (4.5)

dx̄

dt
= −n~

m

ȳ

x̄2 + ȳ2
(4.16)

dȳ

dt
=

n~
m

x̄

x̄2 + ȳ2
, (4.17)

where the origin has been moved to the pole. Dividing (4.17) by (4.16) yields

dȳ

dx̄
= − x̄

ȳ
. (4.18)

The integral curves of this equation are circles

x̄2 + ȳ2 = C, (4.19)

where C is a constant. Therefore, the streamlines for the corresponding Pólya

vector field sufficiently close to a pole can be approximated by circles. Fig-

ure 4.3 presents the Pólya vector field and the corresponding approximate
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streamlines near the node of the first-excited state of the harmonic oscilla-

tor. Although the quantum momentum field shown in Figure 4.1(b) does not

display vortical flow around the node of the wave function, the corresponding

Pólya vector field indeed does. In addition, the work term in (4.15) contributes

to the quantized circulation integral around the node.

The Pólya vector field of the QMF also exhibits a significant connection

to the wave function. We express the wave function in polar form

ψ(z) = exp

[
iS

~

]
= exp

[
iu

~
− v

~

]
, (4.20)

where the complex action has been divided into the real and imaginary parts,

S(z) = u(x, y) + iv(x, y). From this equation, u contributes to the phase of

the wave function, and v contributes to the magnitude of the wave function.

The QMF can be expressed in terms of u and v

p(z) =
dS

dz
=

∂u

∂x
+ i

∂v

∂x
=

∂v

∂y
− i

∂u

∂y
. (4.21)

Through the use of the Cauchy-Riemann equations, we can express the QMF

only by the magnitude part v, ~p = (∂v/∂y, ∂v/∂x). Thus, the Pólya vector

field becomes ~P = (∂v/∂y,−∂v/∂x). From (4.20), the probability density is

given by ρ = |ψ|2 = exp(−2v/~). If we evaluate the inner product of the

gradient of the probability density and the Pólya vector field of the QMF, it

gives zero

~∇ρ · ~P = (−2

~
e−2v/~)(

∂v

∂x
,
∂v

∂y
) · (∂v

∂y
,−∂v

∂x
) = 0. (4.22)

This relation shows that the Pólya vector field of the QMF is orthogonal to

the gradient of the probability density; therefore, the Pólya vector field of the
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Figure 4.4: The Pólya vector field of the quantum momentum field with (a)
contours of the probability density; (b) contours of the phase (the real part of
S) for the first-excited state of the harmonic oscillator.

QMF is parallel to contours of the probability density. Similarly, the Pólya

vector field of the QMF can be expressed only by the phase part u, ~P =

(∂u/∂x, ∂u/∂y). It is obvious that the Pólya vector field of the QMF is parallel

to the gradient of u. Hence, the Pólya vector field of the QMF is perpendicular

to contours of the phase of the wave function. Furthermore, since level curves

of the real and imaginary parts of an analytic function intersect orthogonally

[68], the contours of u and v from the action function analytically extended to

the complex space are perpendicular to each other.

For the complex action of the first-excited state of the harmonic oscil-
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Figure 4.5: The contours of the probability density (blue solid lines) and the
phase (red dashed lines) of the wave function for the first-excited state of the
harmonic oscillator.

lator given in (4.13), the phase and the amplitude parts are given by

u(x, y) = ~ (−αxy + arg z) (4.23)

v(x, y) = ~
[
α

2

(
x2 − y2

)
− 1

2
ln

(
x2 + y2

)
− 1

4
ln

(
4α3

π

)]
. (4.24)

Figures 4.4 and 4.5 present the Pólya vector field of the QMF and the contours

of the probability density and of the phase of the wave function. All the rel-

evant physical quantities have been used in the following dimensionless units:

xd = x/
√

~/mω, yd = y/
√

~/mω, ud = u/~, vd = v/~, and Pd = P/
√

~mω.

As shown in Figure 4.4(a), the Pólya vector field follows the contours of the

probability density. In Figure 4.4(b), the Pólya vector field is the normal vec-

tor field of the contours of the phase in the wave function. The half-line on the

negative real axis arises from the branch cut of the argument function arg z.

In addition, the contours of the probability density and the phase of the wave
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function shown in Figure 4.5 intersect orthogonally.

4.3 Examples

We present two examples to demonstrate quantized vortices in the

quantum Hamilton-Jacobi formalism for time-dependent and multidimensional

systems.

4.3.1 Transient excited state quantum vortex

In Section 4.2.2, the first-excited state of the harmonic oscillator was

used to demonstrate that the circulation integral is quantized around a pole

of the QMF or a node of the wave function. The vortical flow around a node

of the wave function can be displayed in terms of the Pólya vector field of

the quantum momentum field. In addition, from (4.10), it is noted that the

circulation integral gives nh around an n-th order node of the wave function.

We now consider a nonstationary state constructed from a linear com-

bination of the ground, the first, and the second-excited states of the harmonic

oscillator.

Ψ(z, t) =
3√
2
ψ0(z)e−

iE0t
~ − 2ψ1(z)e−

iE1t
~ + ψ2(z)e−

iE2t
~ , (4.25)

where this wave function has been extended to the complex space. The first
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Figure 4.6: The trajectories for the two nodes of the nonstationary state given
in (4.25). At t = 0, these two first-order nodes coincide to form a second-order
node (the right dot). At t = π, these two first-order nodes coincide again to
form a second-order node (the left dot). When t = 2π, these two nodes return
to the initial point.
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Figure 4.7: The trajectory (blue solid line) launched from z = 0.1 − 0.9i with
period equal to 6π and the trajectories (red dashed lines) for the two nodes
of the nonstationary state given in (4.25). The pole (small red dots) and the
particle (large blue dots) are also shown. At t = 6.86, the pole and the particle
arrive at the right two dots, and they reach the left two dots at t = 16.29.
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three eigenstates of the harmonic oscillator are given by

ψ0(z) =
(α

π

)1/4

e−
α
2

z2

(4.26)

ψ1(z) =
( α

4π

)1/4 (
2α1/2z

)
e−

α
2

z2

(4.27)

ψ2(z) =
( α

4π

)1/4 (
2αz2 − 1

)
e−

α
2

z2

, (4.28)

where α = mω/~ and En = (n + 1/2)~ω. The nodes of the wave function are

determined by Ψ(z, t) = 0, and we obtain the quadratic equation

2αz2 − 4
√

αeiωtz + 3e2iωt − 1 = 0. (4.29)

Thus, there are two nodes in the wave function, and the time-dependent coef-

ficients indicate that these two nodes show periodic motion with period equal

to 2π/ω. At t = 0, the wave function in (4.25) becomes

Ψ(z, 0) =
( α

4π

)
2
(
α1/2z − 1

)2
e−

α
2

z2

. (4.30)

This wave function has a second-order node at zp = α−1/2. Substituting (4.30)

into (2.5), we obtain the QMF at t = 0

p(z, 0) = i~
(

αz − 2

z − α−1/2

)
. (4.31)

This QMF has a simple pole at zp = α−1/2 with the residue −2i~. Thus,

the circulation integral around the second-order node is equal to 2h by the

residue theorem, and the result is consistent with (4.10). Figure 4.6 shows the

trajectories for the two nodes of the nonstationary state given in (4.25), where

the dimensionless units zd =
√

αz and td = ωt have been used. At t = 0,
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Figure 4.8: The quantum momentum field and the Pólya vector field near the
nodes (red dots) of the nonstationary state given in (4.25): (a) t = −0.005;
(b) t = 0; (c) t = 0.005.

the wave function has a second-order node at z = 1, and then the second-

order node splits into two first-order nodes. At t = π, these two first-order

nodes collide again to form a second-order node at z = −1. They separate for

π < t < 2π and finally return to the initial position at z = 1.

Figure 4.7 shows the trajectory launched from z = 0.1 − 0.9i with

period equal to 6π and the trajectories for the two nodes of the nonstationary

state given in (4.25). At t = 6.86, the pole and the particle arrive at the right

two dots. When the particle approaches the pole, it seems to experience a
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repulsive force provided by the pole and rebounds from the pole. As discussed

in Section 4.2.1, the local structure of the time-dependent QMF near the pole

displays hyperbolic flow which causes the particle to rebound from the pole.

At t = 16.29, the pole and the particle arrive at the left two dots. Again, they

repel each other.

Figure 4.8 shows the quantum momentum field and the Pólya vector

field near the nodes of the nonstationary state given in (4.25) for t = −0.005,

t = 0, and t = 0.005. In Figure 4.8(a), the quantum momentum field presents

hyperbolic structure around these two first-order nodes, and the Pólya vector

field presents counterclockwise circular flow. At t = 0, these two first-order

nodes collide to form a second-order node. The QMF has a simple pole at the

node of the wave function with the residue −2i~, and Figure 4.8(b) shows that

the quantum momentum field near this node also presents similar hyperbolic

structure as the quantum momentum field near the first-order node. In addi-

tion, the Pólya vector field also presents counterclockwise circular flow. From

(4.2), the QMF and the Pólya vector field show the same structure except for

the magnitude of the vector fields because of the order of the node. After

t = 0, the second-order node separates into two first-order nodes, as shown in

Figure 4.8(c).

In this system, two long-lived ground state quantum vortices corre-

sponding to n = 1 collide to form a transient first-excited state quantum

vortex corresponding to n = 2 at t = 0 and t = π. As shown in Figure 4.8,

the pair-annihilation process of the two long-lived ground state vortices occurs
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from t = −0.005 to t = 0, and then a transient first-excited state vortex forms

at t = 0. After t = 0, the pair-production process occurs to create two long-

lived ground state vortices. In addition, the incoming direction for the two

ground state vortices to form the first-excited state vortex is perpendicular to

the outgoing direction for the first-excited quantum vortex to split into the

two ground state vortices.

4.3.2 Two-dimensional system: Coupled harmonic oscillators

In the previous examples, we only considered one-dimensional problems

extended to the complex plane. Similarly, quantized circulation integrals can

be found for multidimensional problems extended to the complex space.

We consider a two-particle Hamiltonian of coupled harmonic oscillators

H =
p2

1

2m1

+
p2

2

2m2

+
1

2
m1ω

2x2
1 +

1

2
m2ω

2x2
2 +

1

2
k (x1 − x2)

2 . (4.32)

This Hamiltonian is separable by the center-of-mass and the relative coordi-

nates, and this problem can be solved analytically [69]. The exact stationary

state constructed from the ground state of the center-of-mass harmonic oscil-

lator and the first-excited state of the relative motion harmonic oscillator is

given by

Ψ01(x1, x2) =
(α1

π

)1/4

e−
α1
2

X2 ×
(α2

4π

)1/4 (
2α

1/2
2 x

)
e−

α2
2

x2

, (4.33)

where M = m1 + m2, µ = m1m2/(m1 + m2), α1 = Mω/~, α2 = µω̄/~,

ω̄ = (ω2 + k/µ)1/2, X = (m1x1 + m2x2)/M , and x = x1 − x2. This wave
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function has a nodal line along x = 0 in the two-dimensional space, i.e. x1 =

x2. Then, we extend the wave function in (4.33) into the complex space by

replacing x1 and x2 with z1 and z2. By setting Ψ01(z1, z2) = 0, we obtain the

corresponding nodal plane z1 − z2 = 0 in the four-dimensional complex space.

For multidimensional problems, the QMF is defined by

~p = ~∇S =
~
i

1

Ψ
~∇Ψ. (4.34)

Similarly, the circulation integral along a loop c for this case is

Γ =

∮
c

~p(z1, z2) · d~z =

∮
c

~p1(z1, z2)dz1 +

∮
c

~p2(z1, z2)dz2. (4.35)

Substituting the wave function in (4.33) into (4.34), we obtain

p1(z1, z2) = − i~
z1 − z2

+
im1 (m1z1 + m2z2) ω

M
+ i (z1 − z2) µω̄ (4.36)

p2(z1, z2) =
i~

z1 − z2

+
im2 (m1z1 + m2z2) ω

M
− i (z1 − z2) µω̄. (4.37)

Obviously, the QMF becomes infinite when z1 = z2. In order to calculate

the circulation integral, we need to choose a closed curve to “enclose” the

two-dimensional nodal plane in the four-dimensional complex space. The two-

dimensional nodal plane is given by z1 − z2 = 0, and we can find a closed

curve in the plane z1 + z2 = 0 to enclose the nodal plane. The intersection of

these two planes is just the point (z1, z2) = (0, 0). Thus, we can use a circle

of arbitrary radius R centered on this point in the plane z1 + z2 = 0 as the

closed loop to enclose the nodal plane z1 − z2 = 0. We let z1 = Reiθ, and then

z2 = −z1 = −Reiθ. Substituting the polar forms for z1 and z2 into (4.36) and
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(4.37), we obtain

p1 = − i~
2R

e−iθ + Reiθ im1 (m1 − m2) ω

M
+ 2iReiθµω̄ (4.38)

p2 =
i~
2R

e−iθ + Reiθ im2 (m1 − m2) ω

M
− 2iReiθµω̄. (4.39)

Substituting these two equations into the circulation integral in (4.35) and

using dz1 = Rieiθdθ and dz2 = −Rieiθdθ, we evaluate the circulation integral

by integrating from θ = 0 to θ = 2π

Γ =

∮
c

~p1(z1, z2)dz1 +

∮
c

~p2(z1, z2)dz2 = π~ + π~ = h. (4.40)

The circulation integral is quantized and equal to h. In addition, we note

that the first terms on the right side in (4.38) and (4.39) contribute h/2 to

the circulation integral respectively. Therefore, quantized circulation integrals

can be calculated for the multidimensional problems in the quantum Hamilton-

Jacobi formalism.

4.4 Discussion and Conclusions

Quantum vortices in complex space are investigated within the frame-

work of the quantum Hamilton-Jacobi formalism. Quantum vortices form

around a node of the wave function in the complex space. The circulation

integral along a simple curve enclosing a node is quantized. The quantized

circulation integral originates from the discontinuity of the real part of the

complex action. It is noted that the complex velocity field displays hyperbolic

flow around a node. However, the Pólya vector field of the QMF displays cir-

cular flow around a node in the wave function. In addition, the Pólya vector
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field is parallel to contours of the probability density and is perpendicular to

contours of the phase of the wave function.

A nonstationary state constructed from a linear combination of the

ground, the first, and the second-excited states of the harmonic oscillator was

used to illustrate the formation of a transient excited state quantum vortex.

The excited state vortices form around a higher order node of the wave func-

tion. In this example, two long-lived ground state vortices collide to form

a transient first-excited state vortex, and then the first-excited state vortex

immediately splits into two ground state vortices. The coupled harmonic os-

cillator is used as a example to present the quantized circulation integral in the

multidimensional complex space. For this case, the circulation integral along

a closed curve enclosing the nodal plane in the complex space is quantized.

In summary, we have analyzed the formation of the quantized vortices and

presented the local structures for the quantum momentum field and for its

Pólya vector field around a node of the wave function.
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Chapter 5

Quantum Streamlines within the Complex

Quantum Hamilton-Jacobi Formalism

5.1 Introduction

A vector field can be used to describe fluid flow, and the streamlines

are a family of curves that are instantaneously tangent to the velocity vector

of the flow. If the quantum momentum field is time-independent, quantum

streamlines are the same as the quantum trajectories. For stationary problems,

quantum trajectories may converge to an attractor or diverge from a repeller

for one-dimensional scattering problems such as the Eckart potential and the

hyperbolic tangent potential barrier [25, 26]. The equation for the local ap-

proximate quantum trajectory around an attractor or a repeller was derived.

The formation of attractors and repellers is related to the first derivative of

the QMF [26, 57].

In this chapter, we present the local structure of the QMF and the Pólya

vector field around a stagnation point or a pole and to analyze the approximate

quantum streamlines near these points for time-dependent problems. Quantum

streamlines may spiral into or out of a stagnation point of the QMF, or they

may become circles or straight lines near that point. Streamlines near a pole
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of the QMF display East-West and North-South opening hyperbolic structure.

On the other hand, streamlines around a stagnation point of the Pólya vector

field displays general rectangular hyperbolic structure, and streamlines near

a pole become circles. The local structure of the QMF and the Pólya vector

field around a stagnation point are related to the first derivative of the QMF.

However, the magnitude of the asymptotic structures for the QMF and the

Pólya vector field near a pole depends only on the order of the node in the

wave function.

This chapter is organized as follows: In Section 5.2, we derive the

equations for the local approximate quantum streamlines near a stagnation

point or a pole for the QMF and the Pólya vector field. In Sections 5.3 and

5.4, time-independent and time-dependent examples are presented.

5.2 Local Structure of Complex Quantum Streamlines

The complex-valued QMF p(z, t) can be viewed as a vector field in the

complex plane. From (2.5), nodes of the wave function correspond to poles

of the QMF where the quantum momentum field becomes infinite. The local

structure for complex quantum streamlines near a pole will be presented. There

is another kind of special point, a stagnation point, where the QMF is zero.

The local structure for complex quantum streamlines near a stagnation point

can be related to the first derivative of the QMF. In general, the quantum

momentum field is time-dependent, and quantum streamlines are a family of

curves that are instantaneously tangent to the quantum momentum vectors.

103



5.2.1 Streamlines near a stagnation point of the quantum momen-
tum function

For time-dependent problems, complex quantum streamlines at a spe-

cific time ts can be determined by (2.6)

dz

dt
=

p(z, ts)

m
. (5.1)

We expand the QMF in a Taylor series around a stagnation point z0

p(z, ts) = p′(z0, ts)(z − z0) +
p′′(z0, ts)

2
(z − z0)

2 + · · · , (5.2)

where p(z0, ts) = 0 has been used. The stagnation point z0 is also a function of

ts. Substituting the first term in (5.2) into (5.1) yields the first-order equation

for quantum streamlines near the stagnation point:

dz(t)

dt
=

p′(z0, ts)

m
(z(t) − z0). (5.3)

Generally, p′(z0, ts) is complex valued and we let p′(z0, ts) = a + ib. Then,

expressing the linearized equation for complex quantum streamlines in (5.3) in

terms of real and imaginary parts, we obtain a system of differential equations

d

dt

(
x
y

)
=

1

m

(
a −b
b a

)(
x
y

)
, (5.4)

where the origin has been moved to the stagnation point. The dynamics of

this linearized system close to the fixed point depends on the coefficient matrix

and its eigenvalue structure [70]. The eigenvalues of the coefficient matrix are

(1/m)(a± ib). The mass of the particle m is greater than zero; therefore, three

cases arise, depending on the signs of a and b and on whether one of these
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coefficients is equal to zero. If a and b are not equal to zero (the coefficient

matrix has complex conjugate eigenvalues), complex quantum streamlines form

growing (a > 0) or decaying (a < 0) spirals near the stagnation point, and

the streamlines rotate counterclockwise (b > 0) or clockwise (b < 0). If a is

equal to zero (the coefficient matrix has two pure imaginary eigenvalues), the

streamlines near the stagnation point are circles centered on the stagnation

point. In addition, if b is equal to zero (the coefficient matrix has two real

eigenvalues with the same sign and two linearly independent eigenvectors), the

streamlines near the stagnation point are straight lines converging to (a < 0)

or diverging from (a > 0) the stagnation point. In particular, there are two

additional cases for the general linearized system: the coefficient matrix has

real and opposite-sign eigenvalues, and the coefficient matrix has real and

equal eigenvalues but it is not diagonalizable. These two cases are excluded

for the linearized system in (5.4) because of the structure of the coefficient

matrix.

On the other hand, the analytical solution for the first-order equation

for quantum streamlines in (5.3) is given by

z(t) = z0 + (z(0) − z0)e
a+ib

m
t, (5.5)

where z(0) is the starting point of the local approximate quantum streamline

and p′(z0, ts) = a + ib has again been used. Quantum streamlines can be well

approximated by the streamlines solved from (5.5), provided that they are

sufficiently close to the stagnation point. It is more obvious from (5.5) that

105



the exponential term determines the local behavior of the streamlines near the

stagnation point and it leads to the three cases of dynamics described above.

Similarly, substituting the first two terms in (5.2) into (2.6), we obtain

the second-order equation for quantum streamlines near the stagnation point:

dz(t)

dt
=

p′(z0, ts)

m
(z(t) − z0) +

p′′(z0, ts)

2m
(z(t) − z0)

2. (5.6)

The analytical solution to this Bernoulli equation is given by

z(t) = z0 +
A

CAe−At − B
, (5.7)

where A = p′(z0, ts)/m, B = p′′(z0, ts)/2m, C = 1/(z(0)− z0)+B/A, and z(0)

is the starting point of the local approximate quantum streamline.

For time-independent problems, the QMF depends only on the position

as observed in (2.10). Since the quantum momentum field does not change with

time, quantum streamlines are the same as quantum trajectories. In this case,

the first and second derivatives of the QMF at the stagnation point in (5.5)

and (5.7) can be determined by the stationary-state QHJE given by (2.11).

As in our previous study [26], (5.5) and (5.7) have been used to analyze the

formation of attractors, repellers, and circular quantum trajectories near the

stagnation point for one-dimensional time-independent scattering problems.

5.2.2 Streamlines near a pole of the quantum momentum function

The local behavior of complex quantum trajectories or streamlines near

a pole of the QMF can be determined by substituting the asymptotic form of
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the QMF into (5.1). A wave function with an n-th order node at z = zp can be

expressed by ψ(z) = (z−zp)
nf(z), where the wave function has been extended

to complex space. Substituting this wave function into (2.5) yields the QMF

p(z) =
~
i

n

z − zp

+ ps(z), (5.8)

where ps(z) is the smooth part of the QMF. The singularity of the QMF is a

simple pole with the residue −ni~.

For time-dependent problems, the local behavior of complex quantum

streamlines at a specific time ts near a pole can be determined by substituting

the first term in (5.8) into (5.1)

dz̃

dt
=

~
m

n
1

iz̃
, (5.9)

where the origin has been moved to the pole by the transformation z̃(t) =

z(t) − zp. Separating this equation into real and imaginary parts gives a

system of differential equations

dx̃

dt
=

px

m
= − ~

m
n

ỹ

x̃2 + ỹ2
(5.10)

dỹ

dt
=

py

m
= − ~

m
n

x̃

x̃2 + ỹ2
. (5.11)

Eliminating the variable t by dividing (5.11) by (5.10) leads to

dỹ

dx̃
=

x̃

ỹ
. (5.12)

The integral curves of this equation are hyperbolas, x̃2 − ỹ2 = C, where C

is a constant. Around a pole, quantum streamlines approximate East-West
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opening hyperbolas (C > 0) and North-South opening hyperbolas (C < 0).

In addition, these hyperbolas are the equilateral hyperbolas, in which the

asymptotes intersect at right angles. Particularly, C = 0 gives separatrices

ỹ = ±x̃. Therefore, the complex quantum streamlines sufficiently close to a

pole can be approximated by hyperbolas.

In Bohmian mechanics, quantum vortices form around a node of the

wave function in real space where at least two dimensions are needed. The

quantum momentum in Bohmian mechanics is defined by [1]

~pB = ~Im

[
∇Ψ

Ψ

]
, (5.13)

where Im stands for the imaginary part. Without loss of generality, we consider

a wave function in two-dimensional real space with a first-order node at the

origin and expand this wave function in a Taylor series around the node

Ψ(x, y) =

(
∂Ψ

∂x

)
0

x +

(
∂Ψ

∂y

)
0

y + · · · , (5.14)

where the partial derivatives are evaluated at the node. In general, these

partial derivatives are complex valued, and we let (∂Ψ/∂x)0 = a + bi and

(∂Ψ/∂y)0 = c + di. Substituting the first-order terms in (5.14) into (5.13), we

obtain

dx

dt
=

pBx

m
=

~
m

(bc − ad)y

(ax + cy)2 + (bx + dy)2
(5.15)

dy

dt
=

pBy

m
= − ~

m

(bc − ad)x

(ax + cy)2 + (bx + dy)2
. (5.16)

Eliminating the variable t by dividing (5.16) by (5.15) leads to

dy

dx
= −x

y
. (5.17)
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The integral curves of this equation are circles, x2 + y2 = C, where C is a

constant. It is noted that the difference in the signs on the right sides between

the systems of equations in (5.10) and (5.11) and in (5.15) and (5.16) leads

to the opposite signs in the differential equations for the streamlines in (5.12)

and (5.17). The positive sign in (5.12) contributes to hyperbolic streamlines,

while the negative sign in (5.17) contributes to circular streamlines. Therefore,

in Bohmian mechanics, quantum streamlines around a first-order node form

circular loops in two-dimensional real space. In addition, it is different from

the case in the complex quantum Hamilton-Jacobi formalism that quantum

streamlines around a node in the complex plane are hyperbolas. Detailed

analysis of quantum vortices and streamlines in Bohmian mechanics has been

presented by Hirschfelder [42–46].

5.2.3 Streamlines near a stagnation point of the Pólya vector field

Quantum vortices form around nodes in the wave function within the

quantum Hamilton-Jacobi formalism. In addition, the circulation integral is

quantized around a node of the wave function. However, the quantum mo-

mentum field displays hyperbolic structure instead of vortical or circular flow

around a node in the wave function. In fact, the Pólya vector field of the

quantum momentum field does present vortical flow around a node in the

wave function. Quantum vortices in the framework of the quantum Hamilton-

Jacobi formalism have been studied in [50].

We now consider quantum streamlines near a stagnation point of the
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Pólya vector field of the QMF. The Pólya vector field of the complex vector

field f(z) is given by its complex conjugate f(z). Thus, the Pólya vector field

of the QMF p(z, ts) = (px, py) at a specific time ts is ~P (z, ts) = (px,−py) where

px and py are the real and imaginary parts of the QMF. Complex quantum

streamlines for the Pólya vector field at a specific time ts can be determined

by

dz

dt
=

~P (z, ts)

m
. (5.18)

From (5.2), we obtain the corresponding Pólya vector field to the first-order

term

~P (z, ts) = (a − bi)z̄, (5.19)

where p′(z0, ts) = a + bi has been used and the origin has been shifted to the

stagnation point z0. Separating this equation into real and imaginary parts

yields a linearized system of differential equations

d

dt

(
x
y

)
=

1

m

(
a −b
−b −a

)(
x
y

)
. (5.20)

The eigenvalue structure of the coefficient matrix determines the local behavior

of complex quantum streamlines near the stagnation point for the Pólya vector

field. The eigenvalues of the coefficient matrix in (5.20) are λ1 = −
√

a2 + b2/m

and λ2 = +
√

a2 + b2/m, and the corresponding eigenvectors are υ1 = (b, a +
√

a2 + b2) and υ2 = (b, a −
√

a2 + b2). The general solution for the linearized

system in (5.20) is (
x
y

)
= C1υ1e

λ1t + C2υ2e
λ2t, (5.21)
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where the coefficients C1 and C2 depend on the initial condition. Because

the coefficient matrix in (5.20) has real and opposite-sign eigenvalues, the

stagnation point or the fixed point is a saddle point [70]. From (5.21), the

stagnation point is stable along the υ1 direction and unstable along the υ2

direction. All points on the υ1 axis converge to the stagnation point as t → ∞,

and this axis is called stable line. Similarly, all points on the υ2 axis diverge

away from the stagnation point as t → ∞, and this axis is called unstable

line [71]. Moreover, since the inner product of these two eigenvectors υ1 and

υ2 is zero, the stable and unstable lines always intersect at right angles. As

long as the streamlines are sufficiently close to the stagnation point, they

are well approximated by the solution given in (5.21). Therefore, differing

from the local structure near a stagnation point for the quantum momentum

field discussed in Section 5.2.1, the local behavior for the streamlines near a

stagnation point for the Pólya vector field displays hyperbolic structure.

5.2.4 Streamlines near a pole of the Pólya vector field

The streamlines for the Pólya vector field associated with the quantum

momentum field near a pole can be determined by substituting the approxi-

mate form of ~P into the system of differential equations in (5.10) and (5.11)

dx̃

dt
= −n~

m

ỹ

x̃2 + ỹ2
(5.22)

dỹ

dt
=

n~
m

x̃

x̃2 + ỹ2
, (5.23)
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where the origin has been moved to the pole. Dividing (5.23) by (5.22) yields

dỹ

dx̃
= − x̃

ỹ
. (5.24)

The integral curves of this equation are circles, x̃2 + ỹ2 = C, where C is

a constant. Therefore, the streamlines for the Pólya vector field sufficiently

close to a pole can be approximated by circles.

5.2.5 Local vector field near a stagnation point or a pole

The equations for quantum streamlines, or their parametric represen-

tations, near a stagnation point or a pole for the quantum momentum field

and the Pólya vector field have been obtained in the previous sections. On the

other hand, we can also visualize the local vector field near a stagnation point

or a pole in the complex plane directly from the asymptotic form of the QMF.

From (5.2), the QMF around a stagnation point z0 approximated to

the first-order term is p(z, ts) = az + biz, where the origin has been shifted to

z0. The local structure of the QMF around a stagnation point is contributed

by the linear combination of the vector fields z and iz. The upper two plots

in Figure 5.1 present the vector fields az and biz for a > 0 and b > 0. The

vector field az gives convergence (a < 0) to or divergence (a > 0) from the

stagnation point along the radial direction. The vector field biz gives coun-

terclockwise (b > 0) or clockwise (b < 0) flows around the stagnation point.

The combination of these two effects produces all the cases for the local struc-

ture of the quantum momentum field near a stagnation point, as discussed in

Section 5.2.1.
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Figure 5.1: Vector fields for the complex functions: az (a > 0), biz (b > 0), az̄
(a > 0), −biz̄ (b > 0), 1/iz, and −1/iz̄. The arrows for the upper and middle
figures reverse for a < 0 and b < 0.
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Similarly, the Pólya vector field near a stagnation point associated with

the QMF approximated to the first-order term is P (z, ts) = az̄ − biz̄, where

the origin has been shifted to the stagnation point. The linear combination

of the vector fields z̄ and −iz̄ contributes to the local hyperbolic structure of

the Pólya vector field around a stagnation point, as described in Section 5.2.3.

The middle two plots in Figure 5.1 illustrate the vector fields z̄ and −iz̄ for

a > 0 and b > 0, and both of these two fields present hyperbolic flow around

the stagnation point. It is noted that the clockwise rotation by π/4 of the

figure for the vector field z̄ gives the figure for the vector field −iz̄.

From (5.8), the asymptotic forms of the QMF and the Pólya vector field

near a pole are given by p(z, ts) = n~/iz and P (z, ts) = n~(−1/iz̄), where the

origin has been shifted to the pole. The lower two plots in Figure 5.1 show the

vector fields 1/iz and −1/iz̄. As discussed in Sections 5.2.2 and 5.2.4, around

a pole, the QMF shows hyperbolic structure and the Pólya vector field shows

circular flow. It is worth mentioning that the local structure of the QMF

and the Pólya vector field around a stagnation point are related to the first

derivative of the QMF. However, the magnitude of the asymptotic structures

for the QMF and the Pólya vector field near a pole depends on the order n of

the node in the wave function.

5.3 Time-Independent Examples

In previous chapter, we consider the first-excited state of the harmonic

oscillator. For time-independent problems, quantum streamlines are the same
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Figure 5.2: First-excited state of the harmonic oscillator: (a) quantum force;
(b) classical force; (c) total force.
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as quantum trajectories. In this case, there are two types of trajectory: the

localized trajectory enclosing only one of the two stagnation points and the

delocalized trajectory enclosing both of the stagnation points. The QMF are

given by

p̄(z) =
~
i

(
1

z
− αz

)
, (5.25)

where α = mω/~. The QMF has a simple pole at the origin corresponding to

the node of the wave function. As discussed in Section 5.2.2, the QMF near

the pole displays hyperbolic flow. Therefore, when particles approach the pole,

they rebound as they experience a repelling force.

From the QMF given by (5.8), the asymptotic forms of the quantum

potential and the quantum force can be obtained

Q(z) =
~2

2m

n

(z − zp)2
+ Qs(z) (5.26)

fq(z) =
~2

m

n

(z − zp)3
+ fqs(z), (5.27)

where Qs(z) and fqs(z) are the smooth parts of the quantum potential and

the quantum force. Substituting the polar form z − zp = reiθ into (5.27), we

obtain

fq(z) =
~2

m

n

r3
e−3iθ + fqs(z). (5.28)

We note that (~2/m)n/r3 determines the magnitude of the quantum force, and

e−3iθ determines the direction. For the first-excited state of the harmonic oscil-

lator with the classical potential V (z) = (1/2)mω2z2, we obtain the quantum
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and the classical forces

fq =
~2

m

1

z3
=

~2

m

1

r3
e−3iθ (5.29)

fc = −dV (z)

dz
= −mω2z. (5.30)

Figures 5.2 shows the classical, quantum, and total forces for the first-excited

state of the harmonic oscillator where the dimensionless unit for the force

fd = f/
√

mω3/~ has been used. As shown in Figure 5.2(a), the quantum force

provides a repelling force near the pole except along several specific directions.

The exponential part of the quantum force in (5.29) gives 1 for θ = 0 and -1 for

θ = π along the real axis, and it gives i for θ = π/2 and −i for θ = 3π/2 along

the imaginary axis. The quantum force points away from the pole along the

real and imaginary axes. Similarly, the exponential part of the quantum force

gives (−1/
√

2)(1 + i), (1/
√

2)(1 − i), (1/
√

2)(1 + i), and (−1/
√

2)(1 − i) for

θ = π/4, 3π/4, 5π/4, and 7π/4. Thus, the quantum force points in to the pole

along the separatrices. In Figure 5.2(b), the classical force for the harmonic

potential extended to the complex plane provides an attractive force toward

the origin. Figure 5.2(c) shows that the total force, the sum of the classical

and quantum forces, repels particles when they approach the pole.

5.4 Time-Dependent Examples

5.4.1 Quantum streamlines

We proceed to present complex quantum streamlines, quantum mo-

mentum fields, and Pólya vector fields around a stagnation point or a pole for
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time-dependent systems. We consider a nonstationary state constructed from

a linear combination of the ground and the first-excited states of the harmonic

oscillator:

Ψ(z, t) = c0ψ0(z)e−
iE0t

~ + c1ψ1(z)e−
iE1t

~ , (5.31)

where this wave function has been extended to the complex space. The first

two eigenstates of the harmonic oscillator are given by

ψ0(z) =
(α

π

)1/4

e−
α
2

z2

(5.32)

ψ1(z) =
( α

4π

)1/4 (
2α1/2z

)
e−

α
2

z2

(5.33)

where α = mω/~ and En = (n+1/2)~ω. Substituting (5.31) into the definition

of the QMF in (2.5), we obtain the time-dependent stagnation point z0(t)

determined by solving the equation p(z0, t) = 0

c1

√
2αz2

0 + c0e
iωtα1/2z0 − c1

√
2 = 0. (5.34)

Since this is a quadratic equation, there are two solutions for z0 so that this

nonstationary state has two time-dependent stagnation points. It is noted

from (5.31) that the wave function is periodic; therefore, the stagnation point

displays the periodicity and the time-dependent coefficient in (5.34) indicates

that these two points show periodic motion in the complex plane with period

equal to 2π/ω. Similarly, we can determine the time-dependent pole zp(t) of

the QMF by solving the equation Ψ(zp, t) = 0, and the solution is given by

zp(t) = −c0

c1

1√
2α

eiωt. (5.35)
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Figure 5.3: The trajectories for the time-dependent stagnation points (blue
solid lines) and pole (red dashed line) of the nonstationary state in (5.31) with
c0 = 1 and c1 = 1. The initial points are shown as dots.

The time-dependent pole for this nonstationary state exhibits circular motion

in the complex plane with period equal to 2π/ω. We consider two cases in

this section, and all the relevant physical quantities are used in the following

dimensionless units: zd = z/
√

~/mω, pd = p/
√

~mω, td = t/(1/ω), and Ed =

E/~ω in this and the following examples. The value of a given dimensionless

physical quantity is denoted with the same symbol as the quantity itself.

5.4.1.1 Case 1: c0 = 1 and c1 = 1

We chose c0 = 1 and c1 = 1 for the nonstationary state given in (5.31).

Figure 5.3 shows the trajectories for the two time-dependent stagnation points

z0(t) and pole zp(t). These points show periodic motion with period equal

to 2π. For t = 0, the first derivatives of the QMF at the stagnation points
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Figure 5.4: For t = 0: (a) the quantum momentum field; (b) the Pólya vec-
tor field and contours of the probability density (green solid lines) with the
stagnation points (blue dots) and the pole (red dot).
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Figure 5.5: For t = 1.5: (a) the quantum momentum field; (b) the Pólya
vector field and contours of the probability density (green solid lines) with the
stagnation points (blue dots) and the pole (red dot).
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z0(0) =
√

2/2 and −
√

2 are p′(z0) = 1.5i and 3i, respectively. In Figure 5.4(a),

as discussed in Section 5.2.1, since the first derivatives of the QMF at these two

stagnation points are pure imaginary, the quantum momentum field displays

circular flow around these points. In addition, the quantum momentum field

displays hyperbolic flow around the pole, as described in Section 5.2.2. In

Figure 5.4(b), the Pólya vector field displays hyperbolic flow around the two

stagnation points and circular flow around the pole.

For t = 1.5, the first derivatives of the QMF at the stagnation points

z0(1.5) = 0.911 − 0.343i and −0.961 − 0.362i are p′(z0) = 0.625 + 1.712i and

−0.696 + 1.793i, respectively. In Figure 5.5(a), as discussed in Section 5.2.1,

the positive imaginary part of the first derivatives of the QMF at these two

stagnation points contributes to counterclockwise flow of the quantum momen-

tum field, and the positive and negative real parts of the first derivatives of the

QMF lead to divergence and convergence of the streamlines to the stagnation

points, respectively. In addition, the quantum momentum field displays hy-

perbolic flow around the pole. In Figure 5.5(b), the Pólya vector field displays

hyperbolic flow around the two stagnation points and circular flow around the

pole. Furthermore, the circulation integral along a simple closed curve enclos-

ing a pole of the QMF or a node of the wave function is quantized, and Pólya

vector field does display circular flow around the node in the wave function

[50].

In addition, as shown in Figure 5.5(b), it has been shown in our previous

study that the Pólya vector field is parallel to contours of the complex-extended

122



0.75 0.8 0.85 0.9 0.95 1 1.05 1.1
x

-0.5

-0.4

-0.3

-0.2

y

HaL

0.75 0.8 0.85 0.9 0.95 1 1.05 1.1
x

-0.5

-0.4

-0.3

-0.2

y

HbL

Figure 5.6: For t = 1.5: (a) the quantum momentum field with the second-
order approximate streamlines given in (5.7); (b) the Pólya vector field with
the first-order approximate streamlines given in (5.21) around the stagnation
point z0 = 0.911 − 0.343i.
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Figure 5.7: For t = 1.5: (a) the quantum momentum field with the hyperbolic
streamlines; (b) the Pólya vector field with the circular streamlines around the
pole zp = −0.050 − 0.705i.
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Born probability density, ρB(z, t) = Ψ(z, t)Ψ∗(z, t) [50, 56]. This probability

density is different from the probability density proposed by Poirier [57]. The

density proposed by Poirier is defined by the product of the wave function and

its generalized complex conjugate, ρP(z, t) = Ψ(z, t)Ψ∗(z∗, t), and it satisfies a

complexified flux continuity equation in the complex plane. Issues relating to

the probability density in complex space and the comparison between the Born

probability density and the Poirier probability density have been discussed [56].

Figure 5.6 presents the quantum momentum field with the second-order

approximate streamlines given in (5.7) and the Pólya vector field with the first-

order approximate streamlines given in (5.21) around the stagnation points

z0 = 0.911 − 0.343i at t = 1.5. In Figure 5.6(a), the first derivative of the

QMF at the stagnation point is p′(z0) = 0.625+1.712i; hence, the streamlines

diverge counterclockwise from the stagnation point. In Figure 5.6(b), the

Pólya vector field displays hyperbolic flow around the stagnation point, and

the stable and unstable lines intersect at right angles. In addition, as shown

in Figure 5.7, the quantum momentum field displays hyperbolic flow and the

Pólya vector field displays circular around the pole zp = −0.050 − 0.705i.

5.4.1.2 Case 2: c0 = 9 and c1 = 1

We proceed to present another nonstationary state given in (5.31) with

c0 = 9 and c1 = 1. Figure 5.8 shows the trajectories z0(t) for the two stagnation

points determined by (5.34). These two points show periodic motion in the

complex plane with period equal to 2π. In Figure 5.8(a), stagnation point
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Figure 5.8: The trajectories z0(t) for the two stagnation points of the non-
stationary state in (5.31) with c0 = 9 and c1 = 1. (a) Stagnation point 1
(outer curve) shows counterclockwise motion, and the left dot corresponds to
the initial point z0(0) and the right corresponds to the point z0(π). The in-
ner curve shows the trajectory for stagnation point 2. (b) Stagnation point
2 shows clockwise motion, and the right dot corresponds to the initial point
z0(0) and the left corresponds to the point z0(π).
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Figure 5.9: The real a (blue solid line) and imaginary b (red dashed line) parts
of the first derivative of the QMF along the trajectory of stagnation point 1.
The labels from a to i correspond to figures from (a) to (i) in Figure 5.10.

1 (outer curve) shows counterclockwise motion, and the left dot corresponds

to the initial point z0(0) and the right corresponds to the point z0(π). At

t = 2π, the stagnation point returns to its initial position. The trajectory

for stagnation point 2 is shown as the inner curve in Figure 5.8(a). From

Figure 5.8(b), stagnation point 2 shows clockwise motion, and the right dot

corresponds to the initial point z0(0) and the left corresponds to the point

z0(π). It returns to its initial position at t = 2π.

We focus on the local structure of the quantum streamlines near stagna-

tion point 1. As discussed in Section 5.2.1, the local structure of the quantum

streamlines near a stagnation point is determined by the first derivative of the

QMF. Figure 5.9 presents the first derivative of the QMF along the trajectory

for stagnation point 1 shown as the outer curve in Figure 5.8(a), and the first
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Figure 5.10: The quantum momentum field and the first-order approximate
quantum streamlines determined by (5.5) near stagnation point 1 from t = 0
to t = π.
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derivative of the QMF shows the periodicity with period equal to π. The labels

from a to i in Figure 5.9 correspond to figures from (a) to (i) in Figure 5.10.

Continuous change in the signs of the real and imaginary parts for the first

derivative of the QMF indicates that all the possible local structures for quan-

tum streamlines are included. Figure 5.10 displays the quantum momentum

field and the first-order quantum streamlines determined by (5.5) near the

stagnation point. At t = 0, the stagnation point starts its motion on the real

axis at the left dot shown in Figure 5.8(a). The first derivative of the QMF at

this point is p′ = 43.48i, and the streamlines are circles with a counterclockwise

orientation, as shown in Figure 5.10(a). Then, the stagnation point moves to

the lower half of the complex plane shown in Figure 5.8(a). For 0 < t < π/2,

the stagnation point becomes an attractor because a < 0 in the first derivative

of the QMF, and the streamlines converge to it. At t = 0.41, the negative real

and positive imaginary parts of the first derivative of the QMF indicate that

the streamlines spiral into the attractor counterclockwise in Figure 5.10(b).

At t = 0.82, the first derivative of the QMF becomes negative real-valued, so

the streamlines are straight lines converging to the attractor in Figure 5.10(c).

For 0.82 < t < 2.32, the quantum momentum field presents a different orien-

tation because b < 0, and the streamlines spiral into the attractor clockwise

at t = 1.20 in Figure 5.10(d). At t = π/2, the streamlines near the stagnation

point are circles with a clockwise flow in Figure 5.10(e). For π/2 < t < π,

the stagnation point becomes a repeller because a > 0, and the streamlines

diverge from it. Figure 5.10(f) shows that the streamlines spiral out from the
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repeller clockwise at t = 1.94. At t = 2.32, the streamlines near the repeller

become straights again in Figure 5.10(g). After t = 2.32, the orientation of the

streamlines becomes counterclockwise again. Figure 5.10(h) shows the stream-

lines spiral out from the repeller counterclockwise at t = 2.73. At t = π, the

stagnation point arrives at the right dot on the real axis shown in Figure 5.8(a),

and the streamlines become circles with a counterclockwise orientation again

in Figure 5.10(i). Afterwards, the quantum momentum field and the quantum

streamlines display the same behavior when the stagnation point moves from

the right dot back to the left dot in the upper half of the complex plane shown

in Figure 5.8(a) from t = π to t = 2π.

Figure 5.11 presents the Pólya vector field with the first-order approx-

imate quantum streamlines determined by (5.21) around stagnation point 1.

As discussed in Section 5.2.3, the local structure for the streamlines near stag-

nation point 1 for the Pólya vector field displays hyperbolic flow except with

different orientation for different time, and the stable and unstable lines inter-

sect at right angles. In addition, when the stagnation point moves from the

left dot on the real axis to the right dot shown in Figure 5.8(a), the hyperbolic

structure rotates clockwise around stagnation point 1 from t = 0 to t = π.

Since the first derivative of the QMF is the periodic with period equal to π,

the Pólya vector field and the streamlines display the same behavior when the

stagnation point moves from the right dot back to the left dot in the upper

half of the complex plane shown in Figure 5.8(a) from t = π to t = 2π.

Expanding the QMF determined from (5.31) into a Laurent series
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Figure 5.11: The Pólya vector field and the first-order approximate quantum
streamlines determined by (5.21) near stagnation point 1 from t = 0 to t = π.
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around the pole zp(t) given in (5.35), we obtain

p(z, t) =
~
i

1

z − zp(t)
+ i~αzp(t) + i~α (z − zp(t)) . (5.36)

The local structure of the quantum momentum field or the Pólya vector field

around the pole is dominated by the first term in (5.36). As analyzed in

Sections 5.2.2 and 5.2.4, the quantum momentum field presents hyperbolic

structure and the Pólya vector field displays circular flow around the time-

dependent pole as shown in the lower two plots in Figure 5.1.

5.4.2 Quantum trajectories

As in our previous study [50], we consider the nonstationary state con-

structed from a linear combination of the ground, the first, and the second-

excited states of the harmonic oscillator

Ψ(z, t) =
3√
2
ψ0(z)e−

iE0t
~ − 2ψ1(z)e−

iE1t
~ + ψ2(z)e−

iE2t
~ , (5.37)

where this wave function has been extended to the complex space. The first

two eigenstates of the harmonic oscillator are given by (5.32) and (5.33) and

the second-excited state is given by

ψ2(z) =
( α

4π

)1/4 (
2αz2 − 1

)
e−

α
2

z2

. (5.38)

The time-dependent nodes of the wave function are determined by Ψ(zp, t) = 0,

and we found that this wave function has two first-order nodes and they collide

to form a transient second-order node. In this system, two long-lived ground
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Figure 5.12: The trajectories for the two nodes (red dashed line) and three
stagnation points (blue solid lines) of the nonstationary state in (5.37). (a)
At t = 0, the second-order node (red dot) is at z = 1, and the two stagnation
points (blue dots) are at z = 2, and z = −1. At t = 1.5, the two first-order
nodes (red triangles) and the three stagnation points (blue triangles) move to
the upper complex plane. (b) At t = π, the second-order node (red dot) is at
z = −1, and the two stagnation points (blue dots) are at z = 1, and z = −2.
From t = π to t = 2π, the two first-order nodes and the three stagnation points
move to the lower complex plane, and they return to their initial positions.
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Figure 5.14: The quantum momentum field near the poles (red dots) and the
stagnation point (blue dot) of the nonstationary state given in (5.37).
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state quantum vortices corresponding to n = 1 collide to form a transient

first-excited state quantum vortex corresponding to n = 2 [50].

Similarly, the time-dependent stagnation points of the QMF are deter-

mined by p(z, t) = 0 or ∂Ψ(z, t)/∂z = 0, and we obtain the equation

2α3/2z3 − 4αeiωtz2 +
(
3e2iωt − 5

)
α1/2z + 4eiωt = 0. (5.39)

Thus, there are three stagnation points, and the time-dependent coefficients

indicate that these three points show periodic motion with period equal to

2π/ω. Here, we will use all the relevant dimensionless physical quantities

defined in the previous example. Figure 5.12 shows the trajectories for the

two nodes and the three stagnation points. In Figure 5.12(a), at t = 0, the

second-order node is at z = 1, and the two stagnation points are at z = 2

and z = −1. Since the wave function has a second-order node at t = 0, there

is a common root for these two equations, Ψ(z, 0) = 0 and ∂Ψ(z, t)/∂z = 0.

Therefore, this wave function at t = 0 has one node and two stagnation points

instead of two nodes and three stagnation points. After t = 0, the second-order

node splits into two first-order nodes and one stagnation point. At 0 < t < π,

these two nodes and three stagnation points move to the upper complex plane.

In Figure 5.12(b), at t = π, two first-order nodes and one stagnation point

collide again to form a second-order node at z = −1, and the other stagnation

points are at z = 1 and z = −2. After t = π, the second-order node splits

again. At π < t < 2π, these two nodes and three stagnation points move to

the lower complex plane. When t = 2π, they return to their initial positions.

In particular, these three stagnation points show counterclockwise motion.
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It is observed that two first-order nodes and one stagnation point collide

to form a second-order node at z = 1. Figure 5.13 shows the first derivative of

the QMF along the trajectory of the stagnation point which collides with the

two first-order nodes to form the second-order node at t = 0. Figure 5.14 shows

the quantum momentum field near the two poles and the stagnation point. In

our previous study [50], it is described that the pair-annihilation process of

the two long-lived ground state vortices occurs to form a transient first-excited

state vortex at t = 0, and then the pair-production process occurs to create two

long-lived ground state vortices after t = 0. Furthermore, these two first-order

nodes collide with one stagnation point to form a second-order node at z = 1.

In Figure 5.14, the quantum momentum field near the poles display hyperbolic

flow. As observed in Figure 5.13, the magnitude of the positive real part of the

first derivative for the QMF is much larger than that of the imaginary part at

t = −0.00125. This indicates that the QMF near the stagnation point displays

divergent flow almost without rotational flow, as shown in Figure 5.14. The

QMF has a simple pole with the residue −2i~ at t = 0, and the QMF near

the pole at z = 1 displays hyperbolic flow. In Figure 5.13, the first derivative

for the QMF changes the sign after t = 0. Similarly, the negative real part of

the first derivative for the QMF indicates that the QMF near the stagnation

point displays convergent flow almost without rotational flow at t = 0.00125,

as shown in Figure 5.14.

Figure 5.15 shows the Pólya vector field near the two poles and the

stagnation point. The Pólya vector field near the poles displays circular flow,

136



0.94 0.97 1 1.03 1.06
x

-0.06

-0.03

0

0.03

0.06

y

t=-0.00125

0.94 0.97 1 1.03 1.06
x

-0.06

-0.03

0

0.03

0.06

y

t=0

0.94 0.97 1 1.03 1.06
x

-0.06

-0.03

0

0.03

0.06

y

t=0.00125

Figure 5.15: The Pólya vector field near the poles (red dots) and the stagnation
point (blue dot) of the nonstationary state given in (5.37).
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Figure 5.16: The quantum trajectory (green solid line) launched from z =
−0.25 − 0.9i with the trajectories for the poles (red dashed lines) and the
stagnation points (blue dotted lines). The positions of the particle, the poles,
and the stagnation points at t = 5.05 are shown as dots.
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and it displays hyperbolic flow near the stagnation point. As discussed in

Section 5.2.3, the local structure of the Pólya vector field near a stagnation

point is related to the first derivative of the QMF. We denote the first deriva-

tive of the QMF at the stagnation point as p′ = a + bi. From Figure 5.13,

we note that a À b > 0 at t = −0.00125. Thus, the two eigenvalues are

approximately equal to λ1 ∼ −a/m and λ2 ∼ a/m, and the two eigenvectors

are approximately equal to υ1 ∼ (0, a) and υ2 ∼ (b, 0). Therefore, the Pólya

vector field near the stagnation point displays convergent flow along the y di-

rection and divergent flow along x direction at t = −0.00125. Similarly, we

note from Figure 5.13 that |a| À b > 0 and a < 0 at t = 0.00125. The approx-

imate eigenvalues and eigenvectors are given by λ1 ∼ −|a|/m, λ2 ∼ |a|/m and

υ1 ∼ (b, 0), υ2 ∼ (0,−|a|). Hence, the Pólya vector field near the stagnation

point displays convergent flow along the x direction and divergent flow along

y direction at t = 0.00125.

Figure 5.16 shows the quantum trajectory launched from z = −0.25 −

0.9i with the trajectories for the nodes and the stagnation points. The par-

ticle shows periodic motion with period equal to 6π, while the poles and the

stagnation points show periodic motion with period equal to 2π. In addition,

the pole of the QMF (or the node of the wave function) seems to provide a

repulsive force for the particle. It is also noted in this figure that the particle

swirls around the stagnation point. Figure 5.17 shows the particle’s motion

with the pole and the stagnation point from t = 4.45 to t = 5.45. The stag-

nation point seems to provide an attractive force to make the particle swirl
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Figure 5.17: The quantum trajectory (green solid line) launched from z =
−0.25 − 0.9i, and the trajectories for the poles (red dashed lines) and the
stagnation points (blue dotted lines) with the quantum momentum field from
t = 4.45 to t = 5.45.
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Table 5.1: Local structures or streamlines for the quantum momentum field
(QMF) and the Pólya vector field (PVF) near a stagnation point or a pole.

Stagnation point Pole

QMF
Spirals, circles, East-West and North-South
or straight lines opening hyperbolic flow

PVF
Rectangular

Circular flow
hyperbolic flow

around it. In addition, the quantum momentum field around the pole shows

hyperbolic flow, and the pole seems to repel the particle.

5.5 Discussion and Conclusions

Quantum streamlines have been investigated within the framework of

the quantum Hamilton-Jacobi formalism. Local structure of complex quantum

streamlines was thoroughly analyzed. Streamlines near a stagnation point of

the QMF may spiral into or out of it, or they may become circles or straight

lines. The QMF near a pole displays East-West and North-South hyperbolic

structure. On the other hand, streamlines near a stagnation point of the

Pólya vector field display rectangular hyperbolic structure, and streamlines

near a pole of the Pólya vector field become circles enclosing the pole. Local

structures or streamlines for these two fields are summarized in Table 5.1.

Two nonstationary states constructed from the eigenstates of the harmonic

oscillator was used to illustrate the local structure of the QMF and the Pólya

vector field and the dynamics of the streamlines near a stagnation point or
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a pole. Furthermore, the local structures of these fields around a stagnation

point are related to the first derivative of the QMF; however, the magnitude

of the asymptotic structures for the QMF and the Pólya vector field near a

pole depends only on the order of the node in the wave function.

The trajectory dynamics for the wave function is determined through

the QMF by the dynamical equation, dz(t)/dt = p(z, t)/m. The Pólya vec-

tor field of the QMF contains exactly the same information as the QMF it-

self. Also, it correctly reflects the information of stagnation points and poles.

Therefore, the current study has been devoted to a thorough analysis of the

local structure of the QMF and the Pólya vector field near a stagnation point

or a pole.

In the previous chapters, we analyzed the formation of attractors and

repellers from complex quantum trajectories and we derived the equation for

the local approximate quantum trajectory near a stagnation point for one-

dimensional stationary scattering problems [25, 26]. In the current chapter,

we presented the rich dynamics of the quantum streamlines in the complex

space.
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Chapter 6

Quantum Caves and Wave Packet Interference

6.1 Introduction

We will focus on the hydrodynamical interpretation of quantum inter-

ference by introducing complex quantum trajectories originating as character-

istics of the solutions of the Complex Quantum Hamilton-Jacobi Equation.

It has recently been shown that interference effects on the real axis may be

described in terms of the superposition of amplitudes carried by approximate

(low-order) complex quantum trajectories [31–35]. In addition, very little at-

tention (beyond the implications of the superposition principle) has been de-

voted to understanding quantum interference at a more fundamental level [72].

Unfolding of the dynamics from real space into the complex plane yields

unexpected and surprising features, including what we term quantum caves.

These caves are topological structures developed around curves in complex

coordinate space where the total wave function or its first derivative is zero.

(These are nodes and stagnation points, respectively.) Quantum caves are

then displayed in three-dimensional Argand plots, where the third dimension is

time. Nodes and stagnation points evolve in time to form nodal and stagnation

curves. Vortical and stagnation tubes form around nodal and stagnation curves
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in the three-dimensional Argand plot, displaying analogies to the stalactites

and stalagmites that form in geological caves.

This chapter is organized as follows: The head-on collision of two one-

dimensional Gaussian wave packets used as a model problem is described in

Section 6.2. Section 6.3.1 presents quantum caves and complex quantum tra-

jectories in the three-dimensional Argand plot. In Section 6.3.2, the divergence

and vorticity of the QMF are introduced to determine the wrapping time for a

specific trajectory around a stagnation curve. In Section 6.3.3, the lifetime for

interference features is connected to the rotational dynamics of the nodal line

in the complex plane. In Section 6.3.4, quantum caves and complex quantum

trajectories for the relative velocity smaller than the spreading velocity of the

two wave packets are presented.

6.2 Model Problem

In order to illustrate the formation of vortical and stagnation tubes and

quantum caves, we will consider the head-on collision of two one-dimensional

Gaussian wave packets [51]. The equations of motion for the complex quantum

trajectories are obtained by substituting the complex-valued wave function in

polar form, Ψ(x, t) = exp(iS(x, t)/~), into the time-dependent Schrödinger

equation. This yields the complex-valued quantum Hamilton-Jacobi equation

−∂S

∂t
=

1

2m

(
∂S

∂x

)2

+ V (x) +
~

2mi

∂2S

∂x2
, (6.1)
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where S(x, t) is the complex action and the last term is the complex quantum

potential. No external interaction potential V (x) is assumed in the dynamics

for the system studied here. Quantum trajectories are then developed from the

guidance condition as p(x, t) = ∂S(x, t)/∂x, which defines the QMF. By ana-

lytical continuation, the x variable is extended to the complex plane through

the z = x + iy complex variable and time remains real-valued, and complex

quantum trajectories are then determined by

p(z, t) =
∂S(z, t)

∂z
=

~
i

1

Ψ(z, t)

∂Ψ(z, t)

∂z
. (6.2)

The QMF can be viewed as a vector field in the complex plane. Two kinds

of singular point are especially relevant: (i) nodes of the wave function, which

correspond to poles of the QMF, and (ii) stagnation points [50, 73], which occur

where the QMF vector field is zero and correspond to points where the first

derivative of the wave function is also zero. In addition, caustics are related

to the free propagation of the wave packets, as mentioned previously [51].

For the wave packet interference problem, the local topology for com-

plex quantum streamlines around nodal and stagnation points will be deter-

mined at each time and this leads to the concept of quantum caves. The Gaus-

sian wave-packet head-on collision is an analytical problem which (despite its

simplicity) can be considered as representative of other more complicated and

realistic processes characterized by interference. This process can be described

by the total wave function, Ψ(x, t) = ψL(x, t) + ψR(x, t). This wave function

Ψ(x, t) will be analytically continued to the complex plane to give Ψ(z, t).
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Each wave packet (L or R denotes left or right, respectively) is represented by

a free Gaussian function as

ψ(x, t) = At e
−(x−xt)2/4σtσ0+ip(x−xt)/~+iEt/~, (6.3)

where, for each component, At = (2πσ2
t )

−1/4 and the complex time-dependent

spreading is given by σt = σ0(1 + i~t/2mσ2
0), with the initial spreading σ0.

Due to the free motion, xt = x0 + vpt (vp = p/m is the propagation velocity)

and E = p2/2m.

6.3 Hydrodynamic Analysis of Quantum Interference

6.3.1 Quantum caves and complex quantum trajectories

We will consider the case where the relative propagation velocity is

larger than the spreading rate of the wave packets. We set ~ = m = 1 (all

quantities are given in atomic units), and the following initial conditions are

used: x0 = (−10, 10), vp = (2,−2), and σ0 =
√

2. With these conditions,

maximal interference occurs at t = 5. In Figure 6.1(a), complex quantum tra-

jectories (with different colors) together with the isosurfaces |Ψ(z, t)| = 0.053

(pink surface) and |∂Ψ(z, t)/∂z| = 0.106 (violet surface) from t = 0 to t = 10

are displayed in a time-dependent three-dimensional Argand plot. Around

nodes and stagnation points, tubular shapes develop: pink and violet tubes,

respectively. Stagnation and vortical tubes alternate with each other, and

the centers of the tubes are stagnation and vortical curves. It is clearly seen

that these trajectories display helical wrapping around the stagnation tubes
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Figure 6.1: (a) Quantum caves and Complex quantum trajectories for the
head-on collision of two Gaussian wave packets with the relative velocity larger
than the spreading rate. These trajectories launched from the isochrone arrive
at the real axis at t = 5. The caves are formed with the isosurfaces |Ψ(z, t)| =
0.053 (pink surface) and |∂Ψ(z, t)/∂z| = 0.106 (violet surface). (b) Complex
quantum trajectories displaying helical wrapping around the stagnation tubes
(violet) and hyperbolic deflection around the vortical tubes (pink).
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and they are deflected by the vortical tubes to show hyperbolic indentations

in three dimensional space, as shown in Figure 6.1(b). These trajectories,

which display complicated paths around stagnation and vortical tubes, depict

how probability flows. In addition, trajectories from different launch points

wrap around the same stagnation curve and remain trapped for a certain

time interval. As time proceeds, these trajectories separate from the stagna-

tion curves, analogous to the decay of a resonant state. Therefore, the whole

process shows long-range correlation among trajectories arising from different

starting points. The sharp features and well defined vertical tubes observed

in Figure 6.1 (reminiscent of stalactites and stalagmites) lead us to call these

plots quantum caves. Interference leads to the formation of quantum caves

and produces this topological structure.

6.3.2 Wrapping time around a stagnation curve

Furthermore, we can calculate vorticity and divergence of the QMF

along a complex quantum trajectory. Vorticity describing the local rotation of

the probability fluid is defined by the curl of the QMF (p = px + ipy)

Ω =
∣∣∣~∇× ~p

∣∣∣ =

(
∂py

∂x
− ∂px

∂y

)
= 2β, (6.4)

where β is the imaginary part of the first derivative of the QMF (∂p/∂z =

α+ iβ) and the Cauchy-Riemann equations have been used. Divergence of the

QMF describing the local expansion or contraction of the streamlines is given

by

Γ = ~∇ · ~p =
∂px

∂x
+

∂py

∂y
= 2α. (6.5)

147



�2
�1

0
1

x
�1

0

1

y
2

4

6

8

t

�1
0

1

x

(a)

a

e
d

c
b

3 4 5 6 7 8
t

�20

0

20

40

60
(b) a b c d e

Figure 6.2: (a) Complex quantum trajectory launched from z = −9.1686 −
1.2198i displaying helical wrapping around the stagnation curve (blue) and
hyperbolic deflection around the vortical curves (red). (b) Vorticity (red) and
divergence (blue) along the trajectory.
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Thus, the real and imaginary parts of the first derivative of the QMF determine

the divergence and vorticity, respectively. Moreover, the complex quantum

potential in (6.1) can be expressed in terms of divergence and vorticity by

Q(z, t) =
~

2mi

∂p

∂z
=

~
4mi

(Γ + iΩ) . (6.6)

Figure 6.2(a) shows a trajectory launched from z = −9.1686 − 1.2198i

which later arrives at z = −0.4 when t = 5 (maximal interference). Fig-

ure 6.2(b) presents the divergence and vorticity along this trajectory. When

the particle approaches the vortical curve at position a, it experiences a re-

pulsive force provided by the pole of the QMF and the trajectory displays

hyperbolic deflection. As shown in Figure 6.2(b), the divergence and vorticity

displays the first sudden spike. Then, this particle is trapped by the stagnation

curve between two vortical curves. When the particle approaches the poles of

the QMF, its velocity undergoes rapid changes and this produces sharp fluctu-

ations in the divergence and vorticity at positions b, c, and d. From (6.6), the

quantum potential is large near these positions. In addition, positive vortic-

ity describes counterclockwise twist. Finally, as the particle departs from the

stagnation curve, it experiences a repulsive force (provided by the pole and the

trajectory displays hyperbolic deflection at position e). Figure 6.2(b) indicates

that the particle undergoes counterclockwise wrapping around the stagnation

curve from approximately t = 4 to t = 6.5. Therefore, the wrapping time for a

specific trajectory around a stagnation curve are determined by the divergence

and vorticity of the QMF, which are used to characterize the turbulent flow.
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Moreover, (6.6) indicates that complicated features for trajectories originate

from the complex quantum potential.

6.3.3 Lifetime of quantum interference

Nodal positions in the complex plane, determined analytically by solv-

ing the equation Ψ(z, t) = 0, are given by

zn(t) =
iπ (n + 1/2)

[imvp/~ − (x0 − vpt) / (2σ0σt)]
, (6.7)

where n = 0,±1,±2, . . .. Expressing this equation in terms of the real and

imaginary parts zn(t) = xn(t) + iyn(t), we obtain the analytical expression for

the angle of the nodal line with the positive real axis, θ(t) = tan−1 (yn(t)/xn(t)),

which is independent of n. Moreover, the trajectory for node n is a straight

line given by yn = (2σ2
0mvp/~x0)xn − (2n + 1)(πσ2

0/x0). Consequently, these

nodal trajectories with the same slope and different intercepts are parallel to

each other.

Figure 6.3(a) shows the time-dependent string of stagnation points and

nodes and nodal trajectories in the complex plane. Figure 6.3(b) displays

the time-dependent probability densities along the real axis. At t = 0, these

two wave packets are far away from each other. However, their tails inter-

fere with each other in the complex plane. This contributes to the string

of stagnation points and nodes, and the initial angle of the nodal line is

θ(0) = tan−1(−~x0/2mvpσ
2
0) = −51.34◦. In addition, the nodal line rotates

counterclockwise and crosses the real axis at t = 5, and the total wave func-
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Figure 6.3: (a) The time-dependent string of stagnation points (blue dots) and
nodes of the wave function (red dots) with the nodal line (black solid line) for
t=0, 2.5, 5, 7.5 10 and the nodal line at t = ∞ (black dashed line). The arrows
indicate the rotational direction of the nodal line. Nodal trajectories are shown
as red dotted lines. Note that θ(∞) − θ(0) = π/2. (b) Time-dependence of
probability densities along the real axis.
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tion displays maximal interference. The nodal positions on the real axis, de-

termined by solving yn = 0 for the nodal trajectory equation, are given by

xn = (n + 1/2)(π~/mvp). After t = 5, these two wave packets start to sep-

arate, and the nodal line continues to rotate counterclockwise away from the

real axis. However, these two wave packets still interfere with each other in the

complex plane. When t tends to infinity, the angle of the nodal line approaches

θ(∞) = tan−1(2mvpσ
2
0/~x0) = 38.66◦ and the nodal line becomes parallel to

nodal trajectories.

As can be observed, these strings rotate counterclockwise as time pro-

gresses, and the distance between the stagnation points and nodes increases

with time. The nodal line rotates counterclockwise by π/2 from t = 0 to

t = ∞ because the product of the slopes of the nodal lines is equal to

tan(θ(0)) · tan(θ(∞)) = −1. In addition, the initial nodal line is perpendicular

to nodal trajectories. The intersections of the nodal line and nodal trajecto-

ries determine the nodal positions. The lifetime for the interference features

is about ∆t = 4, the time for the nodal line to rotate from θ(3.5) = −10.15◦

to θ(7.5) = 10.59◦. Thus, the lifetime of interference features observed on the

real axis is determined by the counterclockwise rotation rate of the nodal line

in the complex plane. This rate dθ(t)/dt decays monotonically to zero when t

tends to infinity.
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Figure 6.4: Quantum caves and complex quantum trajectories for the head-on
collision of two Gaussian wave packets where the relative velocity is smaller
than the spreading velocity of the two wave packets. Complex quantum trajec-
tories displaying helical wrapping around the stagnation tubes and hyperbolic
deflection around the vortical tubes. The isosurfaces of |Ψ(z, t)| = 0.075 (pink
surface) and |∂Ψ(z, t)/∂z| = 0.150 (violet surface) are also shown, respectively.
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6.3.4 Rapidly spreading wave packets

The second case concerns quantum interference when the relative prop-

agation velocity is smaller than the spreading of the wave packets. In this

case, the following initial conditions are used: x0 = −5, 5, vp = 1,−1 and

σ0 =
√

2/2. Also, the maximal interference occurs at t = 5. In Figure 6.4, a

quantum cave similar to that shown in Figure 6.2 is displayed, but it is com-

pletely distorted due to the rapid spreading of the wave packets. Again, com-

plex trajectories display counterclockwise helical wrapping around the stagna-

tion tubes and hyperbolic deflection near the vortical tubes.

6.4 Discussion and Conclusions

In Bohmian mechanics, when two or more real coordinates are involved,

quantum vortices form around nodes in the wave function and streamlines

surrounding the vortex core form approximately circular loops [42, 43]. The

interference of two wave packets in one real coordinate (as described in this

study) leads to the appearance of nodal structure, but quantum trajectories

close to nodes forming at the maximal interference time do not display quan-

tum vortices [51]. The quantum potential near these nodes forces trajectories

to avoid these regions, and these trajectories exhibit laminar flow in space-time

plots. In contrast, complex quantum trajectories displaying helical wrapping

and hyperbolic deflection undergo turbulent flow in the complex plane.

In conventional quantum mechanics, interference extrema transiently

forming on the real axis are attributed to constructive and destructive in-
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terference between components of the total wave function, as shown in Fig-

ure 6.3(b). In contrast, in the complex quantum Hamilton-Jacobi formalism,

two propagating wave packets always interfere with each other in the complex

plane. This leads to the persistent existence of nodes and stagnation points.

As time progresses, the nodal line arising from the interference rotates coun-

terclockwise, as shown in Figure 6.3(a). Interference features are observed on

the real axis only when the nodal line is near the real axis, and this occurs

between about t = 3.5 and t = 7.5.

In summary, the complex quantum trajectory method provides an al-

ternative to the traditional analysis of quantum interference phenomena. Tra-

jectories launched from different positions wind around the same stagnation

curve for a while and then depart as time progresses. This counterclockwise cir-

culation of trajectories around stagnation tubes can be viewed as a resonance

process in the sense that during interference some trajectories keep circulat-

ing around the tubes for a finite length of time. This analysis demonstrates

that the complex quantum trajectory method provides a novel perspective

and leads to new insights for analyzing and interpreting quantum mechanical

problems.
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Chapter 7

Conclusions

7.1 Comments

Recently, the complex quantum trajectory formulation has met with

increased interest in the context of analytical and computational quantum

trajectory schemes. This is not only in view of conceptual novelty, but also in

view of introducing new trajectory-based pictures of quantum mechanics that

could prove useful in numerical applications. This dissertation concentrates on

analytical studies of complex quantum trajectories. Quantum trajectories in

complex space in the framework of the quantum Hamilton-Jacobi formalism

were first investigated. We proposed a unified complex quantum trajectory

formulation for time-dependent and time-independent problems. For time-

dependent problems, the complex quantum trajectories determined from the

exact analytical wave function for the free Gaussian wave packet and the co-

herent state in the harmonic potential were used to demonstrate that the

information transported by the particles in the complex space can be used

to synthesize the time-dependent wave function on the real axis. For time-

independent problems, the exact complex quantum trajectories for the Eckart

potential were obtained by numerically integrating the equations of motion.

We pointed out the unusual structure of the total potential (the sum of the
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classical and the quantum potentials) for the stationary states for the Eckart

potential. The variations of the complex-valued kinetic energy, classical po-

tential, and quantum potential along the complex quantum trajectories were

analyzed.

For one-dimensional time-independent scattering problems, the equa-

tions for the local approximate quantum trajectories near the stagnation point

of the QMF were derived. Moreover, the first derivative of the QMF was re-

lated to the local structure of quantum trajectories. Exact complex quantum

trajectories were determined for two examples by numerically integrating the

equations of motion. For the soft potential step, some particles penetrate into

the nonclassical region, and then turn back to the reflection region. For the

barrier scattering problem, quantum trajectories may spiral into the attractors

or from the repellers in the barrier region. Although the classical potentials

extended to complex space showed different pole structures for each problem,

the quantum potentials presented the same second-order pole structure in the

reflection region.

A quantum vortex forms around a node in the wave function in complex

space, and the quantized circulation integral originates from the discontinuity

in the real part of the complex action. Although the quantum momentum field

displays hyperbolic flow around a node, the corresponding Pólya vector field

displays circular flow. It was shown that the Pólya vector field of the QMF

is parallel to contours of the complex-extended Born probability density. A

nonstationary state constructed from eigenstates of the harmonic oscillator was
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used to illustrate the formation of a transient excited state quantum vortex,

and the coupled harmonic oscillator was used to illustrate quantization of the

circulation integral in the multidimensional complex space.

A linear stability analysis was carried out at characteristic points of the

QMF, and a variety of local topologies occur including circular, hyperbolic,

and attractive or repulsive structures. The local structures of the QMF and the

Pólya vector field were analyzed near a stagnation point or a pole. Streamlines

near a stagnation point of the QMF may spiral into or away from it, or they

may become circles centered on this point or straight lines. Additionally,

streamlines near a pole display East-West and North-South opening hyperbolic

structure. On the other hand, streamlines near a stagnation point of the Pólya

vector field for the QMF display general hyperbolic structure, and streamlines

near a pole become circles enclosing the pole. Furthermore, the local structure

of the QMF and the Pólya vector field around a stagnation point is related

to the first derivative of the QMF. However, the magnitude of the asymptotic

structures for these two fields near a pole depends only on the order of the

node in the wave function. Two nonstationary states constructed from the

eigenstates of the harmonic oscillator were used to illustrate the local structure

of these two fields and the dynamics of the streamlines near a stagnation point

or a pole.

Wave packet interference was investigated within the complex quan-

tum Hamilton-Jacobi formalism using as an example the collision of two free

Gaussian wave packets. Quantum interference leads to the formation of the
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topological structure of quantum caves in space-time Argand plots. These

caves consist of the vortical and stagnation tubes originating from the isosur-

faces of the amplitude of the wave function and its first derivative. Quantum

trajectory motion was shown to evolve around these topological structures,

either in attractive or repulsive patterns. Complex quantum trajectories dis-

play helical wrapping around the stagnation tubes and hyperbolic deflection

near the vortical tubes. These trajectories can be trapped in the interference

region, as in a resonant scattering event. Moreover, the wrapping time for a

specific trajectory around a stagnation curve is determined by the divergence

and vorticity of the quantum momentum field. The lifetime for interference

features is determined by the rotational dynamics of the nodal line in the

complex plane.

In summary, computational methods for synthesis of the wave function

through the use of complex quantum trajectories have been developed for the

last several years. These approaches have been proven useful as alternative

numerical methods for solving problems in quantum dynamics. On the other

hand, these studies presented here show that complex quantum trajectories

display abundant dynamics in complex space for one-dimensional problems

and that the complex quantum trajectory method provides a novel perspective.

This leads to new insights for analyzing and interpreting quantum mechanical

problems.

159



7.2 Future Research

In the future, several directions deserve further investigation for the

complex quantum trajectory formalism. The role of initial conditions for syn-

thesis of the wave function on the real axis for time-dependent and time-

independent problems has been discussed in Chapter 2. For time-dependent

problems, the initial state Ψ(z, 0) is used to determine the initial condition for

the equations of motion. However, the integration of the equations of motion

requires the spatial derivatives for p(z, t), so that we can determine the quan-

tum trajectories of particles in complex space. The DPM has been developed to

approximate quantum trajectories by solving a truncated system of equations

for amplitude, phase and their spatial derivatives [30–33]. On the other hand,

the system is closed of the equations of motion for quantum trajectories for

stationary states in complex space. Therefore, solving the equations of motion

yields quantum trajectories corresponding to the stationary states, provided

that the initial conditions are specified. However, this requires knowledge of

the wave function. Therefore, a computational method needs to be developed

to determine the appropriate initial conditions such as the QMF for complex

quantum trajectories for stationary states.

In Chapters 2 and 3, complex quantum trajectories, the complex-extended

classical potential, and the complex quantum potential have been thoroughly

analyzed for one-dimensional stationary scattering problems. In addition, a

number of analytical studies have been devoted to the analysis of complex

quantum trajectories for bound-state problems [17–24]. Furthermore, an ac-
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curate computational method for stationary states has been proposed for the

complex-valued QHJE to obtain the wave function and the reflection and trans-

mission coefficients for one-dimensional problems [27–29]. Therefore, complex

quantum trajectories, the QMF, the complex-extended classical potential, and

the complex quantum potential for one-dimensional periodic potentials can be

analyzed, and the relevant computational methods for synthesis of the wave

function for these systems should be developed.

Quantum vortices in complex space have been studied in Chapter 4.

Quantum vortices in Bohmian mechanics have been analyzed in two or more

real coordinates, and they form around nodes in the wave function and carry

only specific amounts of circulation and angular momentum [42–46]. Nodal

structures of an axial vortex and a toroidal vortex have been analyzed [46].

Therefore, quantum vortices in the multidimensional complex space should be

explored further. In addition, approximate quantum streamlines displaying

circular, hyperbolic, and attractive or repulsive structures near a stagnation

point or a pole of the QMF and the Pólya vector field have been presented

in Chapters 4 and 5. For time-dependent systems, the equations for approxi-

mate quantum trajectories around a stagnation curve or a vortical curve in the

three-dimensional Argand plot should be derived, and we hope that this fur-

ther analysis will present the local structures of complex quantum trajectories

around the characteristic points of the QMF for nonstationary states.

As presented in Chapter 6, complex quantum trajectories display com-

plicated and abundant dynamics in complex space even for one-dimensional
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problems. Therefore, future studies on the complex quantum trajectory for-

malism should be extended to multidimensional problems.
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