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Cinematographic stereoscopic PIV, combined with Taylor's frozen �ow hypoth-

esis, is used to generate three-dimensional (3D) quasi-instantaneous pseudo volumes

of the three-component (3C) velocity �eld in the far �eld of turbulent nonpremixed

jet �ames at jet exit Reynolds number in the range 8, 000 − 15, 300. The e�ect of

heat release, however, lowers the local (i.e., based on local properties) Reynolds num-

ber Reδ to the range 1, 500 − 2, 500. The 3D data enable computation of all nine

components of the velocity gradient tensor ∇u from which the major 3D kinematic

quantities, such as strain rate, vorticity, dissipation and dilatation, are computed.

The volumetric PIV is combined with simultaneously acquired 10 Hz OH planar

laser-induced �uorescence (PLIF). A single plane of the OH distribution is imaged

on the center-plane of the volume and provides an approximate planar representa-

tion of the instantaneous reaction zone. The pseudo-volumes are reconstructed from

temporally and spatially resolved kilohertz-rate 3C velocity �eld measurements on

an end-view plane (perpendicular to the jet �ame axis) invoking Taylor's hypothesis.

The interpretation of the measurements is therefore twofold: the measurements pro-

vide a time-series representation of all nine velocity gradients on a single end-view
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plane or, after volumetric reconstruction, they o�er a volumetric representation, al-

beit approximate, of the spatial structure of the �ow. The combined datasets enable

investigation of the �ne-scale spatial structure of turbulence, the e�ect of the reac-

tion zone on these structures and the relationship between the jet kinematics and the

reaction zone. Emphasis is placed on the energy dissipation �eld and on the presence

and role of dilatation. Statistics of the components of the velocity gradient tensor

and its derived quantities show that these jet �ames exhibit strong similarities to in-

compressible turbulent �ows, such as in the distribution of the principal strain rates

and strain-vorticity alignment. However, the velocity-gradient statistics show that

these jet �ames do not exhibit small-scale isotropy but exhibit a strong preference

for high-magnitude radial gradients, which are attributed to regions of strong shear

induced by the reaction zone. The pseudo volumes reveal that the intense-vorticity

�eld is organized in two major classes of structures: tube-like away from the reaction

zone (the classical �worms� observed in incompressible turbulence) and sheet-like in

the vicinity of the local reaction zone. Sheet-like structures are, however, the dom-

inant ones. Moreover, unlike incompressible turbulence where sheet-like dissipative

structures enfold, but don't coincide with, clusters of tube-like vortical structures, it

is observed that the sheet-like intense-vorticity structures tend to closely correspond

to sheet-like structures of high dissipation. The primary reason for these features is

believed to be due to the stabilizing e�ect of heat release on these relatively low local

Reynolds number jet �ames. It is further observed that regions of both positive and

negative dilatation are present and tend to be associated with the oxidizer and fuel

sides of the OH zones, respectively. These dilatation features are mostly organized in

small-scale, short-lived blobby structures that are believed to be mainly due to con-

vection of regions of varying density rather than to instantaneous heat release rate.

A model of the dilatation �eld developed by previous researchers using a �amelet

approximation of the reaction zone was used to provide insights into the observed

features of the dilatation �eld. Measurements in an unsteady laminar nonpremixed

jet �ame where dilatation is expected to be absent support the simpli�ed model and
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indicate that the observed structure of dilatation is not just a result of residual noise

in the measurements, although resolution e�ects might mask some of the features of

the dilatation �eld. The �eld of kinetic energy dissipation is further investigated by

decomposing the instantaneous dissipation �eld into the solenoidal, dilatational and

inhomogeneous components. Analysis of the current measurements reveals that the

e�ect of dilatation on dissipation is minimal at all times (it contributes to the mean

kinetic energy dissipation only by about 5 − 10%). Most of the mean dissipation

arises from the solenoidal component. On average, the inhomogeneous component

is nearly zero, although instantaneously it can be the dominant component. Two

mechanisms are believed to be important for energy dissipation. Near the reaction

zone, where the stabilizing e�ect of heat release generates layers of laminar-like shear

and hence high vorticity, solenoidal dissipation (which is proportional to the enstro-

phy) dominates. In the rest of the �ow the inhomogeneous component dominates in

regions subjected to complex systems of nested vortical structures where the mutual

interaction of interwoven vortical structures in intervening regions generates intense

dissipation.
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Chapter 1

Introduction

1.1 Motivation

It is well known that the reaction zone in turbulent nonpremixed jet �ames is

strongly coupled to the underlying �uctuating strain rate and vorticity �elds. These

�elds are inherently three-dimensional (3D) but their characteristics have largely been

inferred experimentally from two-dimensional (2D) (planar) measurements, such as

by combining planar particle image velocimetry (PIV) and planar laser-induced �u-

orescence (PLIF) of a reaction zone marker such as OH or CH (Donbar et al., 2001;

Kothnur et al., 2002; Hult et al., 2005). However, it is di�cult to draw de�nitive

conclusions regarding the e�ect of the kinematic quantities on the reaction zone struc-

ture based solely on such 2D data. Furthermore, investigating heat release e�ects in

�ames, such as heat release driven dilatation or reaction-zone generated dissipation,

is severely limited by the use of planar data. Owing to these limitations, most of

what is known about the relationship between the reaction zone structure and the

velocity �eld is inferred from results of direct numerical simulations (DNS) (Vervisch

and Poinsot, 1998).

To address some of these issues in a comprehensive fashion it would there-

fore be required to develop and apply experimental techniques that allow the mea-

surement of the true full three-dimensional vector and scalar �elds in a volumetric

region. Several approaches have been suggested to obtain three-dimensional (volumet-

ric) measurements of the velocity �eld, each with its own strengths and weaknesses

(Hinsch, 1995; Arroyo and Hinsch, 2008). Among such techniques are holographic

PIV (Hinsch, 2002), volumetric scalar imaging velocimetry (Su and Dahm, 1996a,b),

and tomographic PIV (Elsinga et al., 2006).
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Indirect approaches have also been proposed and applied to provide quasi-

volumetric information and/or the full velocity gradient tensor. These techniques

rely on the reconstruction of the 3D velocity �eld from planar measurements applying

scanning techniques (Brücker, 1995, 1996; Hori and Sakakibara, 2004) or by invoking

Taylor's frozen �ow hypothesis (Matsuda and Sakikabara, 2005; Van Doorne and

Westerweel, 2007; Ganapathisubramani et al., 2007, 2008).

The bene�t of volumetric techniques is that they directly provide knowledge

of the complete velocity gradient tensor in a volume, which can be used to fully

investigate the properties of turbulence. In turn, this enables the description of

turbulence in a statistical sense and, more importantly, a means to investigate the

spatial structure, organization and features of the relevant turbulence structures.

Furthermore, cinematographic con�gurations that would resolve the time-dependant

velocity �eld within a volume would be highly bene�cial to provide a truly complete

view of turbulence. Tomographic PIV appears to be a very promising technique in

this respect (Schröder et al., 2008), although spatial resolution limitations and image

processing cost appear to be the liming factors at the present. Dual-plane techniques

have also been applied with the intent of determining all nine components of the

velocity gradient tensor on a planar section of the �ow (Kähler and Kompenhans,

2000).

Owing to the experimental limitations and di�culties of these techniques,

along with the challenges introduced by the e�ects of chemical reaction, none of them

have been applied to reacting �ows with the intent of investigating the �ne-scale

structure of turbulence. In this work an indirect technique based on reconstructing

volumetric information from planar sections after invoking Taylor's hypothesis is ap-

plied to the study of the characteristics, statistics and spatial structure of turbulence

in the presence of exothermic reactions.
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1.2 Equations of Motion

The equation of motion describing the motion of �uid for a generic �ow with

variable properties can be written as (Panton, 1996; Pope, 2000; Peters, 2000)

Continuity:
∂ρ

∂t
+
∂ (ρuj)

∂xj
= 0 (1.1)

Momentum:

∂ρui
∂t

+
∂ (ρuiuj)

∂xj
= − ∂p

∂xi
+
∂τji
∂xj

+ ρgi (1.2)

where ρ is density, ui is the velocity vector, p is the pressure, and the viscous stress

tensor τij is, for Newtonian �uids,

τij = 2µ

[
Sij −

1

3
δij
∂uk
∂xk

]
(1.3)

with the strain rate tensor Sij ≡ 1
2

(
∂ui
∂xj

+
∂uj
∂xi

)
; µ the dynamic viscosity; δij is the

Kronecker delta de�ned such that δij = 1 if i = j, δij = 0 otherwise. The velocity

gradient tensor ∂ui
∂xj

can be decomposed into a symmetric-deviatoric, an antisymmetric

and an isotropic part as:

∂ui
∂xj

= S̃ij + Ωij +
1

3
δij
∂uk
∂xk

(1.4)

where the symmetric-deviatoric strain rate tensor is given by

S̃ij =
1

2

(
∂ui
∂xj

+
∂uj
∂xji

)
− 1

3
δij
∂uk
∂xk

= Sij −
1

3
δij
∂uk
∂xk

(1.5)

and the (antisymmetric) rate of rotation tensor is given by

Ωij =
1

2

(
∂ui
∂xj
− ∂uj
∂xi

)
(1.6)

In general, the density and the transport properties, such as the viscosity µ,

are functions of temperature T and pressure. To complete the set of equations we

therefore also need to introduce the (thermal) energy conservation equation. For a
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variable property �ow with chemical reaction, the energy equation, assuming an ideal

gas and a mixture of N chemical species arising from mixing and chemical reaction,

can be written as:

ρcp

[
∂T

∂t
+ uk

∂T

∂xk

]
=
∂p

∂t
+ uk

∂p

∂xk
+ τij

∂uj
∂xi

+

+
∂

∂xk

(
kT

∂T

∂xk

)
−

N∑
l=1

cp,l

(
−ρDl

∂Yl
∂xk

∂T

∂xk

)
+ ωc + qR (1.7)

where cp,l is the speci�c heat capacity at constant pressure for the l− th species; cp is

the mass-fraction averaged speci�c heat capacity at constant pressure averaged over

the local gas composition; kT is the thermal conductivity and Dl is the mass di�usivity

for the l− th species, and Yl is the mass fraction of species l in the mixture. The �rst

two terms on the right-hand-side (RHS) in Eq. 1.7 are pressure related terms and

are typically negligible in open, atmospheric �ames. The third term on the RHS of

Eq. 1.7 is the viscous dissipation, which results in �uid heating. It is typically small

in the overall energy budget of the thermal energy equation, but it is an important

term in turbulence theory since it controls the dissipation of the kinetic (mechanical)

energy. We will be exploring this term further below. The fourth and �fth terms

are the conduction heat transfer rate, and the energy (enthalpy) transport due to

mass di�usion, respectively. The term ωc indicates the heat release rate arising from

chemical reaction and qR indicates the radiative heat transfer rate. In the limiting

case of constant and equal di�usivities and speci�c heat capacities, unit Lewis number

(Le = kT/ρcpD), and neglecting radiation heat transfer, the energy equation reduces

to:

ρ
∂T

∂t
+ ρuk

∂T

∂xk
=

∂

∂xk

(
ρD

∂T

∂xk

)
+ ωT (1.8)

where ωT = ωc/cp.

Finally, to complete the description the transport equation for the the mass

fraction of the l − th species, Yl, is given by:

ρ
∂Yl
∂t

+ ρuk
∂Yl
∂xk

=
∂

∂xk

(
ρDl

∂Yl
∂xk

)
+ ωl (1.9)
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where ωl is the chemical source term of species l.

The mass, momentum and energy conservation equations along with the mass

fraction transport equation and a proper mechanism to model the chemical reactions

can then be solved to obtain the velocity, temperature and chemical composition

�elds.

Equation 1.7 (or equivalently Eq. 1.8) describes the transport of the thermal

energy (or simply of the temperature). From the momentum equation (Eq. 1.2) we

can also derive the mechanical energy equation, i.e. the transport equation of the

kinetic energy 1/2ukuk, by carrying out the scalar product between the momentum

equation and ui (Panton, 1996). The sum of the two equations gives the conservation

equation of the total energy.

Among the various terms appearing in the kinetic energy equation there is a

term of particular importance: the kinetic energy dissipation rate ε. This term has a

particularly important role in the dynamics of turbulence and it therefore has been

the target of hundreds of studies. In the classical view of turbulence it is assumed

that the kinetic energy that is present at the largest scales is transferred from the

large scales down to the small scales through what is generally described as the energy

cascade. At all but the smallest scales the kinetic energy is simply transferred without

appreciable dissipation. It is only at the smallest scales where the relative e�ect of

viscous forces are large enough to overcome inertial forces that dissipation occurs.

The instantaneous kinetic energy dissipation rate ε is de�ned as:

ρε = τij
∂ui
∂xj

(1.10)

The viscous stress tensor τij is given by in Eq. 1.3 and the velocity gradient tensor

is given by Eq. 1.4. The kinetic energy dissipation rate (which from here on will be

simply referred to as the �dissipation�) can then be written in terms of the deviatoric
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strain rate S̃ij as:

ρε =τij
∂ui
∂xj

=2µS̃ijS̃ij

Following the description of Huang (1995), this term can be decomposed into the sum

of three terms:

ρε = µ
∂ui
∂xj

∂ui
∂xj

+ µ
∂ui
∂xj

∂uj
∂xi
− 2

3
µ
∂uk
∂xk

∂ul
∂xl

Noting the following identity

∂ui
∂xj

∂uj
∂xi

=
∂2 (uiuj)

∂xi∂xj
− 2

∂

∂xj

(
uj
∂ui
∂xi

)
+
∂uk
∂xk

∂ul
∂xl

we can rewrite ρε as the sum of three components:

ρε = ρεs + ρεd + ρεI

where the �rst term is the solenoidal dissipation

ρεs ≡ µ

(
∂ui
∂xj

∂ui
∂xj
− ∂ui
∂xj

∂uj
∂xi

)
(1.11)

the second term is the dilatational dissipation

ρεd ≡
4

3
µ
∂uk
∂xk

∂ul
∂xl

(1.12)

and the third term is the inhomogeneous dissipation

ρεI ≡ 2µ

[
∂2 (uiuj)

∂xi∂xj
− 2

∂

∂xj

(
uj
∂ui
∂xi

)]
(1.13)

The solenoidal dissipation is equivalent to the traditional dissipation in homogeneous

incompressible turbulence. The dilatational dissipation is induced by compressibility

and it is typically considered the �compressible dissipation�. For supersonic compress-

ible channel �ow this term is typically found to be negligibly small compared to the

other two terms (Huang et al., 1995; Huang, 1995). The inhomogeneous dissipation is

the result of instantaneous inhomogeneities in the �ow. Note that the inhomogeneous
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dissipation might be both positive and negative (Huang, 1995). Negative dissipation

is not a physically appealing concept but it is purely a result of the mathematical

interpretation of the de�nition of ρε in terms of its components de�ned above. The

total dissipation must always be positive.

As a �nal step, we can write the solenoidal dissipation in terms of the rate of

rotation tensor Ωij as

ρεs = 2µΩijΩij

Since the vorticity, de�ned as ω ≡ ∇× u, is related to the rate of rotation as Ωij =

1/2εijkωk (εijk is the alternating unit tensor) we can also write

ρεs = µωkωk

To summarize, the kinetic energy dissipation rate for compressible, variable properties

�ow can be written as:

ρε = µωkωk +
4

3
µ
∂uk
∂xk

∂ul
∂xl

+ 2µ

[
∂2 (uiuj)

∂xi∂xj
− 2

∂

∂xj

(
uj
∂ui
∂xi

)]
(1.14)

Note that for incompressible �ows ∂uk
∂xk

= 0 and the above reduces to the usual relation

for incompressible �ow (Pope, 2000):

ρε = µ (ωkωk) + 2µ
∂2 (uiuj)

∂xi∂xj
(1.15)

Note that these three terms are written on an instantaneous basis, therefore

instantaneously they are not expected to be zero, even in homogeneous isotropic

�ow. However, on average, not all terms might be important. For example, if a

homogeneous �ow is assumed, then ρεI might be locally and instantaneously non-

zero, but 〈ρεI〉 = 0. Further, if incompressible �ow is assumed then, on average only

the solenoidal component would be non-zero, i.e. 〈ρε〉 = 〈ρεs〉 or 〈ρε〉 = 〈µωkωk〉.
Therefore, if the form of the dissipation were interpreted solely from an average

description, it might be concluded that only the vorticity �eld contributes to the

dissipation, whereas, instantaneously, local inhomogeneity might be important as

well.
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Vorticity dynamics ω ≡ ∇×u is also of interest in turbulent �ows. By taking

the curl of the momentum equation it is possible to derive a transport equation for

ω (Bernard and Wallace, 2002; Chen et al., 1991):

∂ωk
∂t

+ ui
∂ωk
∂xi

= ωi
∂uk
∂xi

+ ν
∂2ωk
∂x2

i

− ωk
∂ui
∂xi
−∇1

ρ
×∇p (1.16)

where the �rst term on the right hand side is the stretching and tilting term, which

accounts for the change in vorticity due to stretching of vortex lines subject to a

strain �eld and for the exchange of vorticity between components due to rotation of

vortex lines induced by velocity gradients. The second term on the right hand side is

the di�usion of vorticity. The third term relates the e�ect of dilatation on vorticity

(it can be a sink or a source term). The last term is the baroclinic term, which

describes the production or destruction of vorticity due to the interaction between

density and pressure gradients. Typically, in free �ames it is assumed that the only

pressure gradients that are present are due to the hydrostatic pressure. Since the

vorticity equation describes the dynamics of vortical structures in turbulent �ows,

knowledge of the full ∇u can shed light into the e�ect of heat release on the structure

and dynamics of vorticity.

Before concluding, the Reynolds and Favre averaging schemes are introduced

as well. In turbulent studies it is customary to decompose the velocity component ui

as the sum of a mean value, 〈ui〉, and a �uctuating (turbulent) component, u′i, such

that 〈u′i〉 = 0:

ui = 〈ui〉+ u′i

〈·〉 indicates ensemble averaging. This is the starting point of any Reynolds decom-

position of a turbulent �ow. Following this decomposition, for example, the turbulent

kinetic energy equation can be decomposed into a mean kinetic energy equation and

into a turbulent kinetic energy equation (Pope, 2000). For compressible �ows, where

the thermophysical and transport properties vary, the so-called Favre averaging is typ-

ically introduced, where a quantity ψ is decomposed as the sum of a Favre averaged
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quantity {ψ} and its corresponding turbulent �uctuation ψ′′

ψ = {ψ}+ ψ′′

where Favre averaging is de�ned as

{ψ} =
〈ρψ〉
〈ρ〉

In general it is found that Favre averaging results in governing equations of turbulent

reacting �ows to take on an incompressible form, which presents a major simpli�cation

for their solution.

1.3 The Fine Scale Structure of Turbulence

A large amount of theoretical, numerical or experimental work has been ded-

icated to investigating the details of turbulent �ows, both in terms of a statistical

description as well as a description of the spatial structure of certain kinematic quan-

tities. It is well understood that turbulent �ows are highly three-dimensional and

their description is rendered more di�cult by the wide time- and spatial-scales that

characterize them. For reacting �ows, things are complicated even further by the

strong coupling between turbulence and chemistry (Barlow, 2007).

Most of the early work on turbulence o�ered a description of the characteristics

and structure of turbulence based on experimental results obtained from hot-wire

anemometry measurements (Sreenivasan and Antonia, 1997). However the spatial

structure of the �ne scales can not be directly extracted from single point statistics.

A complete 3D view of the �eld can be obtained from volumetric information of the

three-components of the velocity and its nine gradients. This can be best obtained

with direct numerical simulations (DNS) of turbulence.

The structure of regions of intense vorticity and the correlation of intense

vorticity with the strain �eld has been extensively investigated from DNS computa-

tions Siggia (1981); Kerr (1985); Vincent and Meneguzzi (1991); Ruetsch and Maxey
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(1992); Jimenez et al. (1993); Nomura and Diamessis (2000). Later, Rogers and Moin

(1987) and Ashurst et al. 1987 looked at the structure and the e�ect of strain rate

on the alignment of vorticity and scalar gradient in incompressible turbulence. In

incompressible turbulence intense vorticity is typically observed to be organized in

elongated, tube-like structures (�worms�). Similar structures were observed experi-

mentally by Tao et al. (2000) and Ganapathisubramani et al. (2008). Moreover, it

was found that the vorticity �eld tends to align along the direction of the interme-

diate principal strain rate and the scalar gradient to the direction of the principal

compressional strain rate. It was also found that turbulent kinetic energy dissipative

structures are mostly sheet-like and they tend to be organized around systems of

nested vortices.

The �rst measurements of the 3D velocity �eld in a volumetric region of a

vortical �ow were carried out by (Meng and Hussain, 1991) using a holographic PIV

technique which they later re�ned and applied to an unstable vortex ring (Meng and

Hussain, 1995). The same technique was later applied by Barnhart et al. (1994),

Zhang et al. (1997) and Tao et al. (2000) to channel �ows. Su and Dahm (1996a,b)

carried out 3D volumetric velocity measurement through scalar image velocimetry by

sweeping a sheet in space. By this technique they obtained the complete 3D velocity

gradient tensor in a volume, giving them an approximate 3D measure of all the main

kinematic quantities, such as strain, vorticity, dissipation. However their analysis

was limited to a statistical description of the results. Later 3D measurements of the

complete velocity gradient tensor on a plane in the far �eld of a turbulent jet were

carried out by Mullin and Dahm (2006a,b) through dual-plane PIV measurements.

An exact representation of all nine gradients and kinematic quantities on the plane

was then possible. Their statistical analysis of the results agreed with much of the

previous work.

Most of the scalar and velocity measurements to investigate the �ne-scale

structure have been carried out with two-dimensional techniques. For example Tsurikov

(2002) performed 2-D measurements of the velocity and scalar �elds in the far �eld

10



of nonreacting jets in order to investigate the dynamics and structure of turbulence,

with emphasis on the scalar and energy dissipation structures. More work has been

dedicated to the scalar �eld (Buch and Dahm, 1996, 1998; Su and Clemens, 1999,

2003). Buch and Dahm (1996) carried out 2-D and 3-D scalar measurements. They

de�ned the so-called �strain-limited di�usion scale� λD as the smallest dissipative

scale observed in the �ow. They related it to the Batchelor scale and they showed

λD to be the smallest dissipative structure actually observed in the �ow. The same

results were later obtained and extended by the measurements of Su and Clemens

(1999, 2003).

The e�ect of heat release on the statistics and structure of turbulent �ows has

long been a challenging issue. Numerical work in this direction is limited by the com-

putational expense that the coupling between turbulence and chemistry introduces.

Vervisch and Poinsot (1998) reviewed the DNS method applied to nonpremixed com-

bustion. They review the di�erent approaches that are available to treat chemical

reaction and the capabilities of the techniques in predicting basic �ow features that

are important to any combustion system, such as topology of the �ame, extinction

and ignition.

In the limit of in�nitely fast reactions and equal di�usivities, the description

of the chemistry in nonpremixed combustion can be described by a single conserved

scalar quantity (the so-called mixture fraction, Bilger (1989)). This approximation

simpli�es the treatment of chemical reaction in computational e�orts. It is for this

reason that a great deal of work has been dedicated to investigating the e�ect of heat

release on the mixing of a conserved scalar (Pantano et al., 2003). However, in general,

the structure of the reaction zone is also seen to be a�ected by unsteady strain rates

and �nite-rate chemistry (Mahalingam et al., 1995; Im et al., 1999). The e�ect of

unsteady strain rates on the scalar dissipative layers in nonreacting turbulence has

also been recognized and investigated in Kothnur and Clemens (2005).

In order to render the numerical treatment of turbulent reacting �ows more

feasible, many simpli�cations of the physics are typically introduced, such as two-
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dimensionality (Jaberi and James, 1999), single-step mechanism chemistry (Son et al.,

1991; Nomura and Elghobashi, 1993; Jaberi and Madnia, 1998; Jaberi et al., 2000),

constant transport properties (Jaberi and Madnia, 1998) and sometimes also constant

density (Overholt and Pope, 1999). Therefore, many features of reacting turbulence

can not always be captured. Son et al. (1991) investigated heat release e�ects on the

characteristics of a reacting shear layer and they noted the modi�cation of the vorticity

within vortical structures and the various correlations between turbulent quantities.

Jaberi and Madnia (1998) investigated the e�ect of heat release on the solenoidal

and dilatational components of turbulent motion in homogeneous (Mach number of

unity) compressible turbulence. They found that dilatation plays an important role

in the overall turbulent energy transfer and its e�ect is enhanced by strong heat

release rates. Later, Jaberi et al. (2000) in a similar study accounting for variation

of transport properties with temperature, concluded that the dominant e�ect on the

solenoidal components arises from variation of transport properties with temperature.

This e�ect was shown to be smaller than the e�ect of heat release on the dilatational

components. However, due to the large Mach number considered in these studies, the

direct e�ect of compressibility and of chemical reaction are strongly interrelated and

do not necessarily apply to low Mach number jet �ames.

Nomura and Elghobashi (1993) carried out a DNS study to investigate the

structure of turbulence in a nonpremixed �ame. They solved the governing equa-

tions in the limit of zero Mach number, accounting for density variations and using

single-step chemistry. Their results show the importance of dilatation on the overall

characteristics of turbulence and the embedded vortical structures. They observed a

modi�cation of the orientation of the principal strains and a decreased tendency of

tube-like vortical structures to exist. Sheet-like, high enstrophy regions are observed

to exist near the reaction zone. Orientation between vorticity and principal strain

rates is also observed to change across the �ame. Vorticity tends to orient with the

most extensional strain near the reaction zone and with the intermediate strain away

from the reaction zone. Boratav et al. (1998) reached similar conclusions.
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Owing to the importance of the strain rate �eld on the characteristics of the

reaction zone, extensive e�ort has been dedicated to this issue in experimental work.

Two-dimensional planar PIV velocity measurements combined with imaging of a re-

action zone marker (such as OH or CH) have been typically adopted for the task.

The structure of the reaction zone in turbulent nonpremixed �ames was investigated

by Rehm and Clemens (1998, 1999a) through OH imaging and PIV measurements in

planar �ames and by Donbar et al. (2000) through CH and OH imaging in axisym-

metric �ames. Donbar and coworkers later extended their work to measure the local

2D strain rate through PIV at the �ame front (Donbar et al., 2001). They found that

the instantaneous reaction zone resides at the �stoichiometric velocity�. This is also

consistent with later measurements and analysis of Han and Mungal (2003). They

also found that the instantaneous strain rate is highly intermittent and it oscillates

with high frequencies. Their measurements also suggest that the measured CH layers

(indicating the reaction zone) do not respond to the high-frequency variations of the

strain rate. This idea is consistent with the analysis of Im et al. (1999) where they

observed a decoupling between high-frequency unsteady strain rate and reaction zone

structure.

Mullin et al. (2000) and later Kothnur et al. (2002) carried out detailed 2D

PIV measurements and CH and/or OH imaging in turbulent nonpremixed jet �ames

to investigate the coupling between between the reaction zone as indicated by the

CH−OH layers and the main kinematic quantities, such as vorticity, strain rate and

dilatation. Note, however, that the 2D measurement enables the computation only of

the 2D form of the kinematic quantities of interest. The orientation of the principal

compressional strain rate was observed to change from 45◦ with respect to the �ow

direction near the �ame base to a random direction in the upper part of the �ame

(Rehm and Clemens, 1998, 1999a; Kothnur et al., 2002). Alignment between the CH

layer and the principal compressional strain was also observed in the upper part of the

jet �ame. Strong correlation between high vorticity regions and the CH −OH layers

as a result of heat release was also generally observed. This correlation between high
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vorticity and the OH layers was argued to be induced by a stabilizing e�ect of the

heat release that generates a laminar shear layer across the reacting zone (Rehm and

Clemens, 1998, 1999a). Mullin et al. (2000) speci�cally looked at the 2D dilatation

and vorticity conditioned to the measured CH layer. They found that on average,

the 2D dilatation is preferentially positive and the 2D vorticity is more intense within

the CH layers as a direct e�ect of heat release. Their computation of a strained

counter�ow nonpremixed �ame indeed shows that the CH layer corresponds to the

peak of the positive dilatation. The measurements of Kothnur et al. (2002) also verify

this �nding.

1.4 Volumetric Techniques and Time-Space Reconstruction

1.4.1 Overview of Volumetric Techniques for Velocity Measurements

The complexity and inherent three-dimensionality of turbulent �ows require

volumetric techniques to measure the three-dimensional vector �eld in a volume. PIV

is commonly adopted to measure the complete velocity �eld. In its basic form PIV

provides the measurement on a planar section of the �ow of two components of the

velocity �eld in the plane. Modern high-speed digital cameras and laser systems

enable time-resolved acquisition of such sections of the �ow. Adding a mild level

of complexity, the stereoscopic con�guration is able to provide also the out-of-plane

component of the velocity. However, the technique in this form is still limited to

measurements on a plane. To obtain the full-three dimensional velocity �eld more

complex forms of PIV have been typically developed and applied.

Several approaches have been suggested to obtain three-dimensional (volumet-

ric) measurements of the velocity �eld, each with their own strengths and weaknesses

(Hinsch, 1995; Arroyo and Hinsch, 2008). Note that in the context of the present

work �three-dimensional measurement� is meant to indicate measurement techniques

that provide the measurement of the velocity in a three-dimensional or volumetric

region of space and that provide all three-components (3C) of the velocity vector at
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a point.

One of the �rst approaches used to solve the problem of the three-dimensional

measurement of the velocity vector �eld in a volume were holographic particle image

velocimetry (Meng and Hussain, 1991, 1995; Zhang et al., 1997; Tao et al., 2000;

Hinsch, 2002), which is a very powerful technique but limited by the complexity of

the setup, and volumetric scalar imaging velocimetry (Su and Dahm, 1996a,b), which

tends to be limited to low-speed, high-Schmidt number �ows. Recent developments

and advancements of tomographic techniques applied to PIV (Elsinga et al., 2006)

seems to o�er great potential (Schröder et al., 2008) for obtaining instantaneous and

time-dependant volumetric data.

The bene�t of volumetric techniques is that they directly provide knowledge

of the complete velocity gradient tensor in a volume, which can be used to fully in-

vestigate the properties of turbulence. In turn this enables the description of the

characteristics of turbulence in a statistical sense and, more importantly, the inves-

tigation of the spatial structure, organization and features of the relevant structures

of turbulence. Furthermore, cinematographic con�gurations that would resolve the

time-dependant velocity �eld within a volume would be highly bene�cial to provide

a truly complete view of turbulence.

Indirect approaches have also been proposed and applied to provide (quasi)

volumetric information and/or the full velocity gradient tensor. These indirect tech-

niques can be classi�ed as two types: scanning planar measurement and �time-space

reconstruction� techniques. Scanning techniques rely on planar measurements of the

3C velocity (as provided by stereoscopic PIV, for example) which are performed

sequentially on several planes by scanning the measurement plane (i.e., the illumina-

tion sheet) across a region of the �ow�eld being investigated (Brücker, 1995, 1996;

Hori and Sakakibara, 2004). Di�erent planar sections of the �ow�eld are therefore

probed in sequence. If the scanning rate is faster than the �ow characteristic time,

then a nearly-simultaneous representation of the 3C vector �eld in the spanned vol-

ume can be determined. Alternatively, time-space reconstruction techniques generate
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quasi-instantaneous pseudo-volumetric data by reconstructing volumetric information

from a time-resolved set of 3C planar velocity measurements after invoking Taylor's

frozen �ow hypothesis (Matsuda and Sakikabara, 2005; Van Doorne and Westerweel,

2007; Ganapathisubramani et al., 2007, 2008). According to this approach, if Tay-

lor's hypothesis holds, all nine components of the local velocity gradient tensor on

the measurement plane can be extracted by applying Taylor's hypothesis (Taylor,

1938). Moreover, according to the �rst-order approximation that turbulence can be

approximated as being transported passively by the mean �ow, the planar data can

be reorganized in volumetric form (around the measurement plane) to approximately

render the spatial structure of the �ow. Obviously this approach can only be adopted

in �ow con�gurations where a dominant �ow direction is present, as it would be the

case in wind tunnel/pipe �ows (Van Doorne and Westerweel, 2007) or jet applications

(Matsuda and Sakikabara, 2005; Ganapathisubramani et al., 2007, 2008).

Dual-plane techniques have also been applied with the intent of determining

all nine components of the velocity gradient tensor on a planar section of the �ow

(Kähler and Kompenhans, 2000). In this con�guration two displaced planar sections

of the �ow are illuminated simultaneously and PIV measurements are carried out

on each plane (Ganapathisubramani et al., 2005; Mullin and Dahm, 2006a,b). More

recently Tanahashi et al. (2008) devised an experimental con�guration to carry out

cinematographic dual-plane stereo PIV in a water jet with the intent of determining

a time-resolved representation of all nine terms of the velocity gradient tensor. They

carried out the measurements on the symmetry plane of a turbulent jet at a jet exit

Reynolds number of about 5, 000.

None of the available techniques have yet been applied to reacting �ows, pri-

marily due to the complexity of the experimental setup that the technique involves,

but partially due to the further problems that heat release introduces (such as beam

steering and image blurring). Holographic techniques generally require a challenging

setup. Scalar imaging velocimetry (SIV) is limited to slow �ows where time- and spa-

tially resolved concentration measurements of a suitable conserved scalar quantity can
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be performed in a �uid. SIV is, therefore, not well suited for reacting gas-phase �ows

owing to the di�culty in making time-resolved scalar measurements. Tomographic

techniques, even though they are beyond the demonstrative stage, are still limited

by the instrumentation required for the imaging (primarily by the low output ener-

gies per pulse of available high-speed laser systems) and by the computational cost

to carry out the tomographic reconstruction and three-dimensional cross-correlation.

Dual-plane techniques applied to reacting �ows have not received much attention,

probably due to beam steering issues that could introduce uncontrolled and unknown

separation between the two measurement planes. In fact, reliable knowledge of the

exact separation distance is of crucial importance for the success and accuracy of

dual-plane techniques. The time-space volumetric reconstruction of Matsuda and

Sakikabara (2005), whose details will be introduced in the next section, appears to be

an appropriate technique to obtain volumetric information in reacting �ows, o�ering

accurate measurements with a relatively simple experimental con�guration.

1.4.2 Time-Space Volumetric Reconstruction

Matsuda and Sakikabara (2005) applied the time-space reconstruction tech-

nique to investigate the large-scale vortical structures in the far-�eld of turbulent

water jets with Reynolds number ranging from 1,500 to 5,000. Ganapathisubramani

et al. (2008) re�ned the technique and they applied it to investigate the �ne-scale

structure of turbulence in the far-�eld of a turbulent, incompressible gas-phase round

jet by performing temporally and spatially resolved measurements of the velocity

�eld. They also extended the analysis to investigate the accuracy of the approach in

describing the complete velocity gradient tensor in Ganapathisubramani et al. (2007).

They validated the approach and Taylor's hypothesis by carrying out a separate set

of time and spatially resolved 2D PIV measurements on a side plane that included

the axis of the jet. They compared probability density function distributions of the

in-plane gradients computed using Taylor's hypothesis with the in-plane gradients

computed directly from the spatial data. Good agreement was found both in terms
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of statistical distribution of the velocity gradients and in terms of spatial structures.

They also assessed the accuracy of the velocity gradients computed from the vol-

umetric data using the velocity divergence as a metric. They found the technique

to be successful in appropriately describing the velocity gradients and the kinematic

quantities of the turbulent �ow being investigated.

With reference to Figure 1.1, the time-space volumetric reconstruction relies

on performing high-speed stereoscopic PIV on a planar section of the �ow. Stereo

PIV enables the measurement of a time series of the three-component velocity �eld in

a plane of the �ow. The volumetric information is then constructed from the three-

component planar information by invoking Taylor's hypothesis. In its basic form

Taylor's hypothesis enables one to compute spatial derivatives from time information

assuming that turbulence is locally transported passively by the mean �ow.

Clearly the plane has to be selected so that the out-of-plane velocity component

is the dominant component, and, ideally, the in-plane components should be, on av-

erage, zero. The technique can therefore be applied only to �ow con�gurations where

there is a clear direction in which the �ow is, on average, preferentially convected, as

it would be, for example, the streamwise direction in wind-tunnel applications or the

axial direction in turbulent jets.

As shown schematically in Figure 1.1, the time-resolved series of the three-

component velocity is used to compute the full three-dimensional velocity gradient

tensor1 ∇u in the measurement plane. Referring to the coordinate system de�ned in

the �gure, the in-plane derivatives ∂(·)/∂y and ∂(·)/∂z of the three components of

the velocity �eld u (x) = {u (x) , v (x) , w (x)} (where x = (x, y, z)) can be directly

computed, providing six of the nine components of ∇u. The remaining three out-

of-plane components of ∇u, ∂(·)/∂x, can then be computed by applying Taylor's

hypothesis as

1Bold face quantities indicate vector quantities.
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∂ (·)
∂x

= − 1

〈u (xo, y, z)〉
∂ (·)
∂t

where 〈u (xo, y, z)〉 is the mean streamwise velocity on the imaging plane at the

downstream location xo and is computed by averaging all the instantaneous velocity

measurements. In the present investigation 〈u (xo, y, z)〉 is taken to be the proper

convection velocity without applying any correction to account for variations of the

convective velocity (Lumley, 1965; Mi and Antonia, 1994; Hill, 1996). If the time-

series measurements are truly time-resolved and the hypothesis holds, the approach

provides an exact time-resolved representation of the full ∇u on a plane.

The time-space duality of the time-resolved data is exploited even further by

transforming the temporal planar data into quasi-instantaneous volumetric informa-

tion. The time-resolved data are reorganized in a 3-D grid constructed by computing

the out-of-plane spacing as ∆x (y, z) = −〈u (xo, y, z)〉∆t, where ∆t is the temporal

separation between frames. This time-space reconstruction from planar stereo PIV

data provides the description of the full quasi-instantaneous 3-D velocity gradient

tensor in a volumetric region. In turn, this provides the complete, resolved quasi-

instantaneous 3-D structure of the strain rate, vorticity, dilatation, and turbulent

kinetic energy dissipation rate �elds (Ganapathisubramani et al., 2008).

In the present study planar laser-induced �uorescence imaging of the hydroxyl

radical is simultaneously carried out in order to approximately mark the instantaneous

reaction zone. The OH PLIF imaging was acquired at a rate of 10 Hz, since a

kilohertz system was not available in our laboratory. Therefore, only one single OH

PLIF image was acquired in the center of the velocity time-series. Although this single

OH plane gives a limited view of the reaction zone structure within the reconstructed

volume, it does provide important information regarding the instantaneous reaction

zone location.

Knowledge of the approximate location of the reaction zone can be directly

used to extract information about the interaction between the strain �eld and the
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reaction zone, and between the turbulence properties and the reaction zone. By

constructing a large database of such measurements a complete statistical analysis

can be carried out. The information about the location of the reaction zone can also

be of use in interpreting the results obtained from investigating the instantaneous

�ne-scale structures of turbulence, such as, for example: what is the the e�ect of

the reaction zone on the turbulent kinetic energy dissipation rate, or on the vortical

structures? These and other issues will be further explored and extended in the

following sections.

1.5 Turbulent Jet and Jet Flame Scaling

A turbulent jet is a fundamental canonical shear �ow where a stream of �uid

is ejected from an opening into an open (still or co-�owing) environment. Owing

to its wide presence in many practical applications and its fundamental nature as

a turbulent shear �ow it has been the center of many experimental and analytical

investigations. A jet can be simply generated and controlled while maintaining many

of the important features characteristic of turbulent shear �ows.

With reference to Figure 1.2(a), the far-�eld of a turbulent round jet is charac-

terized by the jet full-width at half maximum of the velocity �eld, δ1/2 (alternatively

by the full-width at 5% of the maximum velocity, δ5%) and the mean jet centerline

velocity 〈ucl〉. In the far-�eld the velocity pro�le is self-similar if δ1/2 and 〈ucl〉 are

used as characteristic length and velocity scales. Supported by experimental evidence

the velocity pro�le across the jet is approximately Gaussian. In their review work

Chen and Rodi (1980) found that δ1/2 and 〈ucl〉 scale with downstream distance x as

δ1/2

d
= 0.172

x

d
(1.17)

〈ucl〉
uo

= 6.2
( x
d∗

)−1

(1.18)
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Figure 1.2: Schematic representation of the global features de�ning turbulent (a) jet
and (b) jet �ame. The dashed lines represent the spreading of the jet. The blue
region in (b) schematically represent the �ame (reaction zone).
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where d is the jet exit diameter, d∗ = (ρo/ρa)
1/2 d is the source diameter, ρ is the

density and the subscripts o and a refer to properties at the jet exit and ambient,

respectively. uo is the mean jet exit velocity at the nozzle. A local Reynold number

can then be de�ned based on the local jet width and velocity as follows

Reδ =
uclδ1/2

ν

where ν is the �uid kinematic viscosity. Note that by introducing the scaling laws for

ucl and δ1/2 in the de�nition of Reδ we can show that Reδ ≈ Red, where Red = uod/ν

is the jet exit Reynolds number.

The above correlations for turbulent round jets are strictly valid for a turbulent

jet without a co�ow. The e�ect of the presence of a co�ow on the evolution of

turbulent jets and jet �ames has been investigated by Biringen (1975), Nickels and

Perry (1996) and Dahm and Dibble (1988). The e�ect of the co�ow on the the

turbulent jet can be described in terms of the momentum radius θ de�ned as

θ =

√
Jo

πρau2
a

where Jo is the source momentum and can be written as Jo = πd2ρouo/4 and ua is

the co�ow velocity. Dahm and Dibble (1988) suggest that the e�ect of the co�ow is

negligible if x/θ < 2.

Turbulent nonpremixed jet �ames don't strictly exhibit self-similarity owing

to the e�ect of heat release. This is shown schematically in Figure 1.2(b) where the

mean density pro�le across the jet �ame is shown at di�erent downstream positions

along the �ame. Due to the localized heat release at the edges of the �ame, the

mean density pro�le has a double-trough in the lower part of the �ame and evolves at

downstream locations, never achieving a self-similar pro�le. Nevertheless, the scaling

laws developed for nonreacting jets are extended to the reacting counterpart in a

similar fashion as to account for variable density. The e�ect of variable density is

accounted by the momentum diameter scaling d∗ (Thring and Newby, 1953; Ricou
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and Spalding, 1961). Tacina and Dahm (2000) extended the classical scaling and

proposed an equivalence principle arguing that jet �ames should follow the same

scaling laws as nonreacting jets with d∗ substituted by d+ = (ρo/ρa,eff )
1/2 d, where

ρa,eff is an e�ective ambient density that accounts for the heat release and is expressed

as (upstream of the stoichiometric �ame tip)

ρa,eff = ρa
Ta

Ta,eff

Ta,eff = To +
Ts − To
1− ξs

where T indicates temperature, ξs is the stoichiometric mixture fraction and Ts is the

temperature at the stoichiometric point. Note that if ξs � 1 (as for methane, for

example) Ta,eff ≈ Ts. Within this approximation, for typical jet �ames, Ta/Ta,eff ≈

Ta/Ts ≈ 1/7. This indicates that the centerline velocity decay is reduced by a factor

of about 2− 3 due to the presence of chemical reaction.

As discussed above, the characteristics of a jet �ame never reach self-similarity,

at least upstream of the �ame tip. In the far �eld of a jet, even if di�erences in den-

sity and temperature between jet and ambient �uids exist, the velocity, density and

temperature will reach self-similarity at some downstream location. That is, the ve-

locity, density and temperature mean radial (for an axisymmetric jet, for example)

pro�les have the same shape, irrespectively of the downstream location. This is shown

schematically in Figure 1.2(a) for the mean axial velocity pro�le where all pro�les at

each x-location have a Gaussian shape. Moreover, all pro�les collapse to the same

one if they are properly normalized by the centerline value and a properly de�ned jet

width, as δ1/2 for example. This is not true for a jet �ame. This idea is schemati-

cally depicted in Figure 1.2(b) where the pro�les for the mean axial velocity (black

line), density (red line) and temperature (green line) are schematically shown at two

di�erent downstream locations: at about half the �ame length and near the �ame

tip. The mean axial velocity still has a self-similar, Gaussian-like pro�le for example,

but the temperature and density (which is approximately the inverse of temperature)
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pro�les evolve with downstream location. Near the base of the �ame the temperature

pro�le is double peaked where the peaks correspond to the average location of the

reaction zone on either side of the pro�le. In this region the transition between cold

ambient �uid and relatively cold nonreacted jet �uid goes through the strong peak of

the reaction zone. As we move downstream, due to the spreading of the jet (shown in

dashed lines), the gradual heating of the nonreacted jet �uid in the core and the closed

structure of the reaction zone that eventually culminates in the �ame tip, the temper-

ature pro�le becomes smoother and the double peaks tend to disappear. Moreover,

above the shoulder of the mean reaction zone position, the jet �ame is surrounded by

preheated �uids (ambient air mixed with post-combustion gases), i.e., the �ame tip

develops in the heated wake of the �ame base. The temperature di�erence between

the jet �ame centerline and the temperature at the reaction zone (say the adiabatic

�ame temperature, for example), which can be taken as a characteristic �ow tem-

perature di�erence would therefore decrease in regions approaching the �ame tip.For

this reason the same similitude analysis typically done in nonreacting turbulent jets

cannot be directly transposed to the case of reacting turbulent jet �ames.

Classical theory of turbulence de�nes length and velocity scales characteriz-

ing the largest and smallest turbulent scales present in turbulent �ows. The root-

mean-squared value of the turbulent velocity �uctuation urms is assumed to be the

characteristic velocity scale of the large turbulent scales. The experimental data of

Wygnanski and Fiedler (1969) suggest that for a turbulent round jet urms on the jet

centerline can be approximated as urms ≈ 0.28 · 〈ucl〉.

Following Pope's nomenclature, the integral (longitudinal) length scale L11,

derived as the integral of the autocorrelation function, describes the largest energy-

containing turbulent scale. The data of Wygnanski and Fiedler (1969) for a turbulent

round jet suggest that on centerline L11 = 0.0385 · x = 0.448 · δ1/2 and this quantity

increases across the jet (at any given downstream location) by almost a factor of two.

A second relevant length scale is the (longitudinal) Taylor's microscale λf that
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is de�ned from the autocorrelation function and can be expressed as

λ2
f =

2u2
rms〈(

∂u
∂x

)2
〉 (1.19)

For isotropic turbulent �ow the mean turbulent kinetic energy dissipation rate 〈ε〉
can be expressed in terms of λf as

〈ε〉 = 30ν
u2
rms

λ2
f

Following the above relationship, the (longitudinal) Taylor microscale was originally

erroneously interpreted as the length scale at which dissipation of the turbulent kinetic

energy would occur (Taylor, 1935; Pope, 2000). The measurements of Wygnanski and

Fiedler (1969) suggest that λf varies along the jet centerline as

λf = 4.8× 10−3x

and it is found to increase across the radial direction of the jet at any given down-

stream location.

The smallest turbulent scales are set by a balance between inertial and viscous

forces and they are typically described in terms of the Kolmogorov length scale η

(Kolmogorov, 1941, 1962):

η =

(
ν3

〈ε〉

)1/4

Within the energy cascade model of turbulence, the turbulent kinetic energy generated

at the largest scales (L11) is transferred without appreciable dissipation to �ner and

�ner scales until scales on the order of the Kolmogorov scale are reached where the

energy is dissipated by the e�ect of viscosity. This model would therefore suggest

that dissipation is set by the larger scales and should depend on an outer velocity

V and outer length L, giving 〈ε〉 ∼ V 3/L (Friehe et al., 1971; Antonia et al., 1980b;

Pope, 2000). Following this idea, measurements in a turbulent round jet have found

that dissipation along the jet centerline can be expressed as (Friehe et al., 1971):

〈ε〉 d
u3
o

= 48
(x
d

)−4

(1.20)
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Adding together all the above results, for a nonreacting turbulent jet η is found to

scale on Reδ as:

η = 2.3δ1/2Re
−3/4
δ (1.21)

The Kolmogorov scale is traditionally interpreted as the scale at which dissipa-

tion occurs. Analogous to the Kolmogorov scale for the velocity �eld, the Batchelor

scale is considered to be the smallest scale over which scalar dissipation occurs in

high Schmidt number �ows. The Batchelor scale ηB is de�ned based on the the

Kolmogorov scale as:

ηB = ηSc−
1/2

where Sc is the Schmidt number de�ned as Sc = ν/D, and D is the scalar di�usivity.

Note that for gas-phase �ows Sc ≈ 1, therefore ηB ≈ η.

The work of Buch and Dahm (1996, 1998) on liquid- and gas-phase �uids have

shown that the actual size of the dissipative structures are larger than the Kolmogorov

(Batchelor) scale. They de�ned the strain-limited di�usion scale as the actual size

of the dissipative structures inferred from the velocity and scalar �elds. Their work

primarily aimed at the scalar �eld and their measurements showed that the scalar

strain-limited scale λD scales according to

λD = ΛDδRe
−3/4
δ Sc−

1/2

Moreover, they argued that the velocity strain-limited scale λν follows a similar be-

havior and they proposed that

λν = ΛνδRe
−3/4
δ

Their measurements suggest that the proportionality constant ΛD is about 11.2 if

the characteristic outer-�ow length scale δ is taken to be δ5%. A similar analysis

of Su and Clemens (1999) and Su and Clemens (2003) in planar turbulent jets and

Tsurikov (2002) and Kothnur and Clemens (2005) in round jets led to similar results

with ΛD ranging from 7 to 14.9. The results of Tsurikov (2002) also show that
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ΛD is Reynolds number dependent. Studies focusing on the vortical structure that

characterize turbulent �ows indicate that the �nest scales of the velocity �eld are

larger than 6η (Jimenez et al., 1993; Ganapathisubramani et al., 2008). More recently

the thermal dissipation length scale measurements of Frank and Kaiser (2008) in

nonpremixed jet �ames have shown similar results. Taking a value of Λ = 11 (being

in the middle of the range), these results would suggest that the smallest dissipative

scales, on average, are on the order of 6η. This value has been taken by many studies

to be the smallest scale that need to be resolved by measurements in order to capture

the �ne-scale dissipative structures. These results have been found for incompressible

(nonreacting) �ows, but the work of Wang and co-workers (Wang et al., 2007c, 2008)

and of Frank and Kaiser (2008) suggest that these results for incompressible jets also

approximately hold for reacting jets. These correlations can therefore be useful for

designing and planning an experiment to investigate turbulence in jet �ames.

1.6 Scope of the Present Investigation

Given the importance of the �ne-scale structures on the dynamics of turbulent

�ows, and given the complex three-dimensionality of the problem, three-dimensional

measurements of the velocity �eld of a turbulent reacting �ow are carried out. Among

the available volumetric techniques that have been discussed above for velocity mea-

surement, the approach of Ganapathisubramani et al. (2008) seemed to o�er many

advantages from a practical experimental point of view, even though it poses many

limitations. One such limitation is the accuracy and applicability of Taylor's frozen

�ow hypothesis to the (reacting) �ow being investigated (this is not addressed in the

present study). Moreover, the spatial representation of the �ow structure generated

by the volumetric reconstruction method is only approximate because the reconstruc-

tion fails to include the temporal or spatial evolution of the �ow, i.e. the volumes are

reconstructed neglecting the evolution that the �ow structures undergo as they are

transported in the �ow. Finally, temporal information is strictly lost when time-space

reconstruction is carried out to generate the quasi-instantaneous volumetric informa-
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tion. Nevertheless, the approximate spatial representation that the method provides

can o�er important insights into the fundamental structure of turbulence. Finally,

the approach provides a correct, time-resolved representation of all nine terms of the

velocity gradient tensor on the measurement plane, assuming that Taylor's hypothesis

holds locally at the measurement plane.

This approach is therefore applied to the study of the structure and dynamics

of the �ne-scales of turbulence in the far �eld of a turbulent nonpremixed jet �ame

at a Reynolds number in the range 8, 000 − 15, 000. High-speed (kHz-rate) stereo-

scopic PIV measurements are performed in the far �eld of the jet �ames on a plane

perpendicular to the axis of the jet. Invoking Taylor's hypothesis the time-resolved

complete velocity gradient tensor is then computed on the measurement plane from

which time-resolved 3D kinematic quantities can be computed. Time-space recon-

struction of the time series then provides a quasi-instantaneous representation of the

structure of turbulence. Low-repetition rate (10 Hz) OH PLIF imaging is simulta-

neously performed on the same plane in order to visualize the location of the reaction

zone approximately.

The aim of the present work is to investigate the general e�ect of exothermic

chemical reactions on the strain �eld and on the major kinematic quantities (vorticity,

turbulent kinetic energy dissipation, dilatation), with particular emphasis on the �ne-

scales of turbulence. Information on the location of the instantaneous reaction zone

can be used in the general interpretation of the results and can be used directly to

investigate the relation between the reaction zone and the major kinematic quantities

of interest. Particular emphasis is given to the the e�ect of the reaction zone and

dilatation (velocity divergence) on the kinetic energy dissipation �eld.
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Chapter 2

Experimental Setup

The �ow being investigated in generated by an existing jet in co�ow facility

that is available at the Flow Field Imaging Laboratory at The University of Texas at

Austin. This facility was designed by Tsurikov (2002) with the intent of developing an

experimental facility that would enable the investigation of the �ne-scale scalar and

kinetic energy dissipation �elds in jet �ows with adequate spatial resolution. For the

purpose of this study the facility has been used as originally developed without any

major modi�cation, except the original round turbulent jet has been replaced by a

turbulent nonpremixed jet �ame. Two major experimental techniques are employed in

the study. Velocity measurements are obtained on an imaging plane normal to the jet

axis by using stereoscopic particle image velocimetry (stereo PIV) and are combined

with planar laser-induced �uorescence (PLIF) of the hydroxyl radical to mark the

reaction zone approximately. In this section a description of the �ow facility and

the details of the experimental techniques employed in the work are described and

discussed.

2.1 Jet Flame in Co�ow Facility

The study considers turbulent nonpremixed jet �ames in co�ow. The co�ow

facility used throughout the experimental work is the �ne-scale turbulence facility

available at the Flow�eld Imaging Laboratory on Pickle Research Campus, The Uni-

versity of Texas at Austin. A schematic diagram of the co�ow facility (with the

complete experimental setup to be described in the following sections) is shown in

Figure 2.1. This jet in co�ow facility was developed by Tsurikov (2002) for the study

30



of �ne-scale turbulent structures in turbulent round jets. The facility provides a

co�ow contained in a 90 cm × 90 cm section and extends vertically for about 1.8 m.

The co�ow of room air is provided by a 545 CFM (at 0.0 inHg SP) �xed-speed indus-

trial blower (Dayton model 5C508) that generates a nominal co�ow speed of about

10 cm/s. The air �ow from the blower is delivered to the co�ow facility through �exi-

ble hoses (to avoid possible vibrations arising from the blower from being transmitted

to the co�ow facility). The air is distributed in the settling chamber of the co�ow

facility through a network of pipes and it is conditioned by a honeycomb section (1/8
′′

cell size, 1′′ thick) and two layers of �ne wire mesh screens (60 and 32 mesh/inch,

respectively). The residual air and post-combustion gases are then exhausted outside

of the laboratory through a roof exhaust system.

Originally, only the lower portion of the facility provided containment of the

co�ow (for approximately 80 cm from the last conditioning screen). In the early

stages of the present work the upper part of the facility, corresponding to the far-�eld

of the jet �ames being investigated, was left uncontained. Containment side walls

(not shown in Figure 2.1) with slots for optical access were later added in the upper

part in order to minimize room drafts that could potentially a�ect the �ow. However,

the symmetry of the mean velocity pro�le on the measurement plane and the absence

of mean cross-stream velocity obtained from the early velocity measurements suggest

that the lack of containment side walls in the far-�eld of the jet �ame during the early

measurements has not a�ected the evolution of the jet �ame being investigated.

A support structure constructed of aluminum framing (Bosch) surrounds the

upper part of the co�ow facility (not shown in Figure 2.1) and provides the support

to mount all the imaging equipment needed for the measurements (to be discussed

below). Note that this support structure is left detached from the actual �ow facility,

which enables one to position the co�ow facility and the supporting frame (hence the

imaging equipment) independently.

The co�ow facility was equipped with a piping system to deliver the jet �uid to

a 25 mm diameter tube (1′′ copper pipe) placed in the center of the co�ow facility. The
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Model Number Flow Range Accuracy Repeatability Fluid

FMA-1609‡ 50 slpm ±1% f.s. ±0.5% f.s. CH4

FMA-1610‡ 100 slpm ±1% f.s. ±0.5% f.s. N2

FMA-2610A† 100 slpm ±0.8% + 0.2% f.s. ±0.2% f.s. H2

Table 2.1: Speci�cations of the mass �ow meters (from Omega Engineering, Inc.)
used in the experimental setup to meter the jet gases. ‡ indicates mass �ow meter; †
indicates mass �ow controller. f.s. indicates full scale.

jet issued vertically upward. The delivery tube protrudes above the last conditioning

screen for about 10 cm. The 25 mm delivery tube can be used directly as a jet nozzle

(as was conceived in the original design) or it can be adapted to house nozzle tubes of

di�erent sizes and lengths. In the present work a straight 10 mm inner diameter tube

was used (304 stainless steel tube 1/2
′′ outer diameter, 0.049′′ wall thickness). The

10 mm nozzle tube was mounted to the 25 mm fuel delivery pipe through Swagelok

tube adapter �ttings. The jet �ow was conditioned by inserting a 25 mm thick

honeycomb piece (1/8
′′ cell size, 1′′ thick) at the bottom of the 10 mm nozzle tube to

remove swirl present in the pipe �ow. The length of the nozzle tube was adjusted so

that the portion of the �ame of interest was properly illuminated and imaged. This

method was used because the �ve-camera setup made it too di�cult to change the

imaging �eld of view by moving the cameras. Di�erent far-�eld regions of the jet

�ame have been considered in the study. Tubes of di�erent lengths have therefore

been used. In all cases the length of the tube was equal to at least 30 tube diameters.

The jet fuel was supplied by compressed gas cylinders connected to the jet �uid

delivery system through standard 6 mm (1/4
′′) diameter PE �exible tubing. Commer-

cial grade methane, hydrogen and nitrogen were used for all experiments. The three

gases were metered independently through standard mass �ow meters (Omega En-

gineering, Inc.) and the �ow rate was adjusted through standard manual metering

valves (except in the case of H2 where a mass �ow controller was used). Table 2.1

summarizes the speci�cations of the mass �ow meters used in the study.
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2.2 Turbulent Nonpremixed Jet Flame

The jet �ame was designed to reproduce the characteristics of the DLR-A

target �ame used in the International Workshop on Measurement and Computation

of Turbulent Nonpremixed Flames (TNF Workshop). This type of turbulent non-

premixed jet �ame is a standard target �ame and it has been the object of several

studies, both experimental and computational (Bergmann et al., 1998; Meier et al.,

2000; Renfro et al., 2000a,b; Schneider et al., 2003; Wang et al., 2007c, 2008; Frank

and Kaiser, 2008). The TNFWorkshop has the primary goal to identify and develop a

set of simple systems that could be used to generate accurate and complete databases

to be used to validate combustion models. The simple jet �ame under investigation

in the present study has been sized based on one of such target �ames, the DLR-A

�ame.

The DLR turbulent jet �ame as speci�ed within the TNF Workshop refers to

a reacting mixture of 22.1% (by volume) of CH4, 33.2% of H2 and 44.7% of N2 in

a co�ow (0.3 m/s). This fuel mixture will be referred to as �DLR fuel mixture� in

the remainder of this discussion. The relevant cold �ow properties for this mixture

(such as stoichiometric mixture fraction, mixture density, kinematic viscosity) are

summarized in Table 2.2. This jet �ame provides the advantage of being very stable,

attached and soot-free. This last aspect o�ers the advantage of minimizing interfer-

ence from �ame luminosity during imaging. This standard target �ame, as speci�ed

by the TNF Workshop, is generated by issuing the mixture from a long nozzle tube

8 mm in diameter with a tapered outer edge. The stoichiometric �ame length is

on the order of 60-65 d. Two baseline running conditions are speci�ed by the TNF

Workshop: DLR-A jet �ame at an exit Reynolds number of 15,200 (ujet = 42.2 m/s)

and DLR-B jet �ame at an exit Reynolds number of 22,800 (ujet = 63.2 m/s).

Extensive measurements of the local composition (N2, O2, CO2, H2O, H2,

CO, OH and NO), temperature and velocity have been carried out on the DLR-A

and DLR-B �ames (Bergmann et al., 1998; Meier et al., 2000; Schneider et al., 2003).
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stoichiometric mixture fraction 0.167
mixture density 0.696 kg/m3

mixture kinematic viscosity 2.2448 · 10−5 m2/s
stoichiometric temperature 2130 K

Table 2.2: Cold �ow properties of DLR fuel mixture (computed at 293 K and 1 atm).
Computed from Software-Tools.

In the following section the main characteristics of this type of turbulent jet �ame are

summarized to help in the design of the actual experiment. The results are presented

in graphical form and in terms of traditional scaling laws as introduced in the previous

Chapter in the context of jet and jet �ame scaling laws.

The conditions of the jet �ame were dictated by the capabilities of the exper-

imental setup. In this study spatial and temporal resolution was of primary impor-

tance, but the temporal resolution was found to be the limiting factor. The spatial

and temporal scales characteristic of the DLR A and B target �ames were found to

be prohibitive with the instrumentation and the experimental techniques available

for the study. To overcome these limitations a scaled version of this target �ame has

been used. A jet �ame generated from a larger 10 mm nozzle tube was used and the

jet exit Reynolds Red number was lowered.

2.2.1 Scaling Laws and Characteristics of DLR Jet Flames

The velocity measurements of Schneider et al. (2003) on the DLR-A �ame

have been used to �nd the centerline velocity decay of the jet �ame. From a curve

�t of their data, assuming the form of the scaling laws introduced previously, the jet

�ame FWHM δ1/2 and centerline mean axial velocity 〈ucl〉 are found to scale as:

δ1/2

d
= 0.13

x

d
(2.1)

〈ucl〉
uo

= 13.39
(x
d

)−1

(2.2)

where the curve �t of Eq. 2.1 and 2.2 are valid for x/d > 20. According to scaling

laws for jet �ames, the centerline mean axial velocity decay can also be expressed in
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terms of the equivalent diameter d+ = (ρ∞/ρ∞,eff )
1/2(ρjet/ρ∞)1/2d as

〈ucl〉
uo

= 6.09
( x
d+

)−1

(2.3)

where for the DLR fuel mixture d+ ≈ 2.2d. Note that normalization by d+ reduces

the centerline velocity decay to the form for turbulent round jets (Tacina and Dahm,

2000). Figure 2.2 shows the centerline mean axial velocity decay from the measure-

ments of Schneider et al. (2003) and the curve �t. Note that the centerline mean

axial velocity scaled by the centerline jet exit velocity (a) and by the bulk average

jet exit velocity (b) are presented in Figure 2.2. In this study the form scaled by the

bulk average jet exit velocity is preferred since the actual centerline jet exit velocity

has not been measured.

According to the general scaling laws introduced in the previous Chapter non-

reacting correlations for the important parameters characterising the �ow are also

generally applied to reacting cases, where local properties are assumed. This as-

sumption is in part supported by the extensive work of Wang et al. (2007c, 2008) on

similar types of jet �ames. The local Reynolds number Reδ1/2 based on local centerline

properties can be written:

Reδ1/2 =
〈ucl (x)〉 δ1/2 (x)

〈ν (x)〉
(2.4)

Scaling laws to estimate the local �nest scales, the Kolmogorov scale, are also written

similarly based on the local Reynolds number:

η

δ1/2

= 2.3Re
−3/4
δ1/2

(2.5)

The local Taylor Reynolds number can be estimated as (Wang et al., 2008):

Reλ = 1.2Re
−1/2
δ1/2

(2.6)

If the Kolmogorov scale η indicates the smallest spatial scale characteristic of the �ow,

the characteristic temporal scales can be summarised by estimating the Kolmogorov

frequency, de�ned as:

fη =
〈ucl〉
2πη

(2.7)
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(a)

(b)

Figure 2.2: Scaled centerline velocity decay along the jet �ame centerline. (a) center-
line velocity scaled by centerline jet exit velocity; (b) scaled by bulk average jet exit
velocity. The curve �t is of the form of Eq. 2.2. Measurements from Schneider et al.
(2003).
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Note that even though the dependence is not directly shown, all properties are as-

sumed to be the average local properties (i.e. at the local x/d position along the jet

�ame centerline).

For nonreacting turbulent �ows the kinematic viscosity is constant along the

jet; therefore Reδ1/2 is found to be constant along the turbulent jet (since 〈ucl (x)〉
decreases at the same rate as δ1/2 (x) increases along the jet). This is not necessarily

the case in a turbulent jet �ame since the kinematic viscosity changes along the

jet �ame and varies according to the local temperature and composition. Similarly,

the Kolmogorov scale in a nonreacting jet depends only on δ1/2 and it is therefore

expected to grow linearly with x/d. However, this is not necessarily the case in

reacting �ows since both δ1/2 and Reδ1/2 vary along the jet �ame centerline. Finally,

in nonreacting jets the Kolmogorov frequency should decay as (x/d)−2 but, in jet

�ames, this decay is weighted by the variation of Reδ1/2 along the jet �ame centerline.

Similar considerations apply for any other characteristic parameters of turbulent jet

�ames.

The measurements of composition and temperature of Bergmann et al. (1998)

and Meier et al. (2000) on the DLR-A jet �ame are used to estimate the mean

local centerline kinematic viscosity 〈ν (x)〉. The Chemkin-based transport property

evaluation tool at Software-Tools is used to compute 〈ν (x)〉. A similar approach was

used by Wang et al. (2008). Figure 2.3 shows the mean centerline temperature and

kinematic viscosity for the DLR-A jet �ame. It is assumed that a rescaled turbulent

jet �ame using the DLR fuel mixture would exhibit the same mean characteristics.

From this �gure the approximate average location of the (stoichiometric) �ame tip

is clearly visible as the point of maximum temperature. Note that the kinematic

viscosity follows the temperature trend and shows an increase from the �ame base to

the �ame tip of about an order of magnitude. This will result in a strong variation

of �ne-scale turbulent spatial scales along the �ame.

Note that as described by Eq. 2.1, 2.5 and 2.7, the length scales increase and

the time scale decreases with the jet exit diameter d. In order to improve the spatio-
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Figure 2.3: Mean centerline temperature and kinematic viscosity along the length of
the DLR jet �ame. Temperature and composition measurements are from Bergmann
et al. (1998) and Meier et al. (2000) on the DLR-A �ame. Kinematic viscosity is
computed using the online Chemkin-based transport properties evaluation toolkit
that can be found online at Software-Tools.

temporal resolution of the velocity measurements the considered jet �ame has been

generated from a larger tube diameter than that speci�ed by the TNF Workshop.

Given the scaling relationships above, it was then possible to estimate the character-

istic quantities along the jet �ame centerline for di�erent jet exit Reynolds numbers

Red. A jet exit diameter d of 10 mm is used.

Figure 2.4 shows the variation of local Reynolds number Reδ1/2 along the cen-

terline of the jet �ame for jet �ames characterized by di�erent jet exit Reynolds

number Red (i.e. di�erent jet exit �ow rate, since the fuel mixture is maintained

the same). As a consequence of the strong variation in kinematic viscosity (resulting

from high temperatures along the �ame), Reδ1/2 is seen to drop by a factor of about

7-8 along the centerline of the jet �ame (Takagi et al., 1980; Muñiz and Mungal,

2001). Reδ1/2 is seen to quickly drop in the near �eld of the �ame and reach nearly a

constant value around the �ame tip, after which it begins to increase again. Consider

for example the �ame at Red = 8, 000. At x/d = 40, Reδ1/2 is estimated to be about
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Figure 2.4: Local Reynolds number Reδ1/2 along the centerline of turbulent non-
premixed jet �ames (DLR fuel mixture) at di�erent jet exit Reynolds numbers Red.
Jet exit diameter d = 10 mm.

Figure 2.5: Estimate of Kolmogorov scale η along the centerline of turbulent non-
premixed jet �ames (DLR fuel mixture) at di�erent jet exit Reynolds numbers Red.
Jet exit diameter d = 10 mm.
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Figure 2.6: Estimate of Kolmogorov frequency fη = 〈ucl〉
2πη

along the centerline of
turbulent nonpremixed jet �ames (DLR fuel mixture) at di�erent jet exit Reynolds
numbers Red. Jet exit diameter d = 10 mm.

1,300 and at the �ame tip, at about x/d = 65, Reδ1/2 is about 1,100. These low values

of Reδ1/2 are characteristic of a transitional �ow.

Figure 2.5 shows the variation of the Kolmogorov scale along the length of the

jet �ame at di�erent Red. In the far �eld of the jet �ame (say x/d > 20), upstream of

the �ame tip, η is seen to increase nearly linearly. In this region η is within the range

0.2− 1.0 mm. Figure 2.6 shows the variation of the Kolmogorov frequency fη along

the jet �ame. In the near �eld, for the range of Red considered (8, 000 − 15, 000),

fη is prohibitively large, on the order of tens of kHz. Only at downstream axial

distances above x/d = 40 do the �ow time scales become su�ciently low that it

actually becomes possible to resolve them with the available experimental techniques.

From these considerations it is clear that in order to be able to capture the reaction

zone and have adequate temporal and spatial resolution, the region of interest where

measurements can be carried about is in the region 40 < x/d < 55.
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2.2.2 The E�ect of Buoyancy

Becker and Yamazaki (1978) investigated the e�ect of buoyancy forces on

the characteristics and structure of turbulent nonpremixed jet �ames. They de�ned

the nondimensional �buoyancy parameter� ξL to quantify the e�ect of buoyancy. ξL

describes the relative importance of buoyancy forces with respect to source momentum

along the �ame length. This parameter is typically de�ned at the �ame length Lf as:

ξL ≡ Ri
1/3
s

Lf
d∗

where Ris is the source Richardson number de�ned as Ris ≡ gd∗

u2
o
; g is the acceleration

due to gravity; d∗ is the source jet diameter de�ned as d∗ = d (ρo/ρ∞)
1/2. Becker and

Yamazaki (1978) suggest that the e�ect of buoyancy can be neglected if ξL < 1.

This condition was later relaxed by the measurements of Idicheria et al. (2004) which

suggest an upper limit for momentum-dominated jet �ames of ξL = 2 − 3. Among

the e�ects of buoyancy on jet �ames is a modi�cation of the mixing and entrainment

characteristics, a modi�cation of the mean centerline velocity and velocity �uctuations

pro�les, and a modi�cation of the large-scale organization and dynamics (Becker and

Yamazaki, 1978; Muñiz and Mungal, 2001; Idicheria et al., 2004).

The DLR-A jet �ame, as speci�ed by the TNF Workshop is characterized by

a buoyancy parameter of about 2.3, indicating negligible buoyancy e�ects. However,

the increase in jet exit diameter and decrease of operational jet exit Reynolds number

causes an increase in this parameter. For the jet �ames considered in the study ξL

varies from 5.3 at the lowest Red considered (8,000) to 3.5 at the largest Red case

considered (15,300). Buoyancy e�ects are therefore expected to play a role on some

of the results that are obtained in the present study.

2.2.3 Experimental Conditions of the Jet Flames

The scaling relations introduced above have guided the design of the exper-

iments. The goal of the present study requires that we obtain spatially and time

resolved velocity measurements in the far �eld of the jet �ame while maintaining a
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reasonable turbulent �ow. This requires that we study a su�ciently large Reδ1/2 and

carry out measurements in the far-�eld of the �ame where the scales are larger. Based

on the results presented in Figure 2.4 through 2.6, it is obvious that the region of the

�ame where these conditions are met is 40 < x/d < 55. In this region we are still

within the jet �ame and the spatial and time scales (Kolmogorov frequency) can be

reasonably captured.

Four di�erent Reynolds number jet �ames are considered in the study. The

di�erent Reynolds numbers were achieved by varying the fuel �ow rate. For all cases

the fuel composition was the DLR fuel mixture. Di�erent downstream locations have

been considered. Both regions upstream of the stoichiometric �ame tip and at the

stoichiometric �ame tip were considered. Table 2.3 summarizes the experimental con-

ditions of the four jet �ames considered in the study, along with the major parameters

characterizing the �ow and the downstream location where measurements have been

carried out. Most of the measurements and the analysis is carried out for the case

of Red = 8, 000 at x/d = 40 since this was the �ame that was best resolved and it

was possible to carry out wider �eld imaging that provided a more comprehensive

visualization of the �ne-scale structure of turbulence. Velocity measurements and

OH PLIF imaging was also carried out on the other jet �ames for comparison and

to investigate Reynolds number e�ects on many of the conclusions drawn from the

lower Red case.

Up to this point the details of the experimental facility and the major char-

acteristics of the turbulent nonpremixed jet �ames being considered have been de-

scribed. We now introduce and discuss the experimental measurement techniques

and their setup.
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Red Q x/d Reδ1/2 Reλ 〈ucl (x/d)〉 η fη ξL
[−] [slpm] [−] [−] [−] [m/s] [mm] [Hz] [−]

8,000 87 40 1,320 44 7.3 0.56 2,061 5.33
8,000 87 52 1085 40 5.6 0.85 1,050 5.33
8,000 87 65 1,110 40 4.4 1.04 680 5.33
10,200 110 52 1,370 44 7.0 0.71 1,580 4.55
13,500 145 52 1,800 51 9.3 0.58 2,560 3.79
15,300 165 40 2,500 60 13.8 0.35 6,320 3.48
15,300 165 52 2,060 54 10.6 0.52 3,210 3.48
15,300 165 65 2,110 55 8.4 0.64 2,090 3.48

Table 2.3: Summary of the experimental conditions considered in the study. Values
are estimated from the scaling law of Eq. 2.1 through 2.7. Q indicates the mean
�uid �ow rate. The fuel mixture composition is the DLR fuel mixture: 22.1% CH4,
33.2% H2 and 44.7% N2 (by volume).

2.3 Stereoscopic Particle Image Velocimetry

2.3.1 Overview of the Technique

In its basic form particle image velocimetry (PIV) provides the measurement

of the two in-plane components of the velocity �eld in a planar section of the �ow

while the out-of-plane component is not captured. Moreover, the in-plane components

are a�ected by a perspective error. In brief, the underlying principle and application

of PIV is found in the following references (Willert and Gharib, 1991; Adrian, 1991;

Westerweel, 1997; Ra�el et al., 1998). Tracer particles are seeded into the �ow being

investigated by means of a suitable aerosol generator or �uidized-bed seeder. Global

or local seeding strategies can be followed. Care has to be taken to ensure that a

uniform and stable distribution of tracer particles is obtained and that the seeding

does not disturb the natural evolution of the �ow being investigated (e.g., introducing

non-uniformities in the �ow, such as swirl). More importantly, the tracer particles

have to faithfully track the �ow. Normally this is accomplished by using particles

small enough (typically on the order of microns) such that inertial forces introduce

negligible lag between the �uid �ow and the tracer particles. A comprehensive review

of tracer-particle characteristics, seeding techniques, particle dynamics in �uid �ows
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and many practical considerations for PIV measurements is o�ered by Melling (1997).

The seeded tracer particles are then illuminated twice within a short time in-

terval (typically on the order of microseconds) in a thin plane of the �ow. The light

scattered by the tracer particles is then recorded on a photographic medium (nowa-

days the recording is mostly done digitally on high resolution, high speed digital

cameras) perpendicularly to the illumination plane. The recording of each illumi-

nation can be done on the same frame (single frame, double exposure PIV) or on

succeeding frames (double frame, single exposure frame straddling PIV).

At this point the recorded images are interrogated in order to extract the dis-

placement of the tracer particles between the two light pulses. The extraction of the

particle displacements is typically carried out statistically on small regions (interro-

gation regions) through an auto-correlation (if the recording is on the same frame) or

a cross-correlation (if the recording is on consecutive frames) approach (Keane and

Adrian, 1990, 1991, 1992). In this fashion a local displacement averaged over the in-

terrogation window and the thickness of the illumination plane is extracted (Adrian,

1988, 1997). Note, however, that averaging is also done within the thickness of the il-

lumination plane. For the interrogation procedure to succeed, the time delay between

the two illuminations has to be small so that the same particles are imaged (though

displaced) between the two illumination pulses and the acceleration error is minimal,

but large enough so that the displacement is well above the detectability of the in-

terrogation technique used (e.g. cross-correlation) (Boillot and Prasad, 1996). More

advanced interrogation techniques enable improvement of the accuracy and resolution

of PIV techniques. For example, iterative multigrid and image deformation process-

ing techniques have been developed to account for large dynamic range �ows and

to minimize the accuracy degradation that is induced by inherent velocity gradients

within the interrogation window (Westerweel et al., 1997; Scarano and Riethmuller,

1999, 2000; Scarano, 2002, 2008a).

Finally, the measured mean displacement along with knowledge of the time

45



separation between illumination pulses enables the computation of the velocity aver-

aged over the interrogation window.

The illumination of the �ow is typically provided with a pulsed laser source.

Laser light sources o�er the bene�t of pulsed, high power and short duration illumi-

nation. This last aspect is particularly sought in PIV since it is necessary to freeze

the motion of the particles. The output of a laser is typically formed into a sheet of

proper thickness through a combination of cylindrical and spherical lenses of suitable

size and speed. Modern high-speed digital cameras and laser systems allow time-

resolved acquisition of such sections of the �ow.

This basic con�guration enables the measurement of two in-plane components

of the three-component velocity �eld. More advanced imaging con�gurations and

data processing techniques are required to extract the third (out-of-plane) compo-

nent. One such planar technique makes use of the stereoscopic arrangement (Ar-

royo and Greated, 1991; Prasad and Adrian, 1993; Willert, 1997; Ra�el et al., 1998;

Prasad, 2000) which uses a pair of cameras arranged to simultaneously image a com-

mon region of the �ow from two di�erent viewing angles. This con�guration requires

o�-axis imaging. Regular camera lenses are designed for on-axis imaging and o�er

poor o�-axis imaging and focusing capabilities, especially if low f/# lenses are re-

quired. To avoid these problems, two imaging con�gurations are typically adopted:

the lens translation method and the angular lens displacement with tilted backplane

(Scheimp�ug condition1) method. In the former method the lens and image planes

remain parallel to the object plane but are shifted with respect to each other so that

the center point of the image, lens and object planes are aligned to ensure proper

imaging; in the latter case, instead, the image and lens planes are rotated so that the

Scheimp�ug condition is met to ensure proper imaging. In both cases special lens

1The Scheimp�ug condition is required to achieve proper focus when the object and lens planes
are not parallel. In order to ensure proper focus the object plane (i.e. the photographic medium)
needs to be rotated with respect to the camera lens so that the object, lens and image planes meet
at a common line.
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mount adapters are required to meet the necessary conditions.

The three-components of the velocity vector �eld are then extracted through

an appropriate stereoscopic reconstruction from each view of the stereoscopic pair.

Stereoscopic reconstruction refers to the succession of operations that are required to

reconstruct the three-component vector �elds from the pair of two-component data.

Each view is independently interrogated to extract the projected in-plane displace-

ment as recorded by each camera (in a similar fashion as for the regular PIV). The

extracted displacements of each view are then mapped from the image plane back to

the common object plane through a suitable dewarping algorithm, such as geometric

backprojection, polynomial dewarping functions or perspective projection. Dewarp-

ing is required to correct for the strong perspective distortion induced by o�-axis

imaging. Finally, they are combined to generate the three-component velocity �eld.

The reconstruction can be carried out following two di�erent methods: a

geometric-based method and a calibration-based method. The geometric reconstruc-

tion is based on exact knowledge of the geometric imaging con�guration and details,

such as viewing angles, orientation, distance from the imaging plane and focal length

of the imaging system. This approach, based on geometric considerations, cannot

account for any non-linear distortion introduced by the imaging system. Moreover,

in practical applications it is troublesome to accurately determine all the details of

the imaging con�guration needed for the geometric reconstruction.

A more robust and simpler reconstruction algorithm is the calibration-based

reconstruction. This approach does not require a priori knowledge of the geometric

con�guration of the imaging system. By imaging an appropriate target placed at the

object plane (i.e., placed coincident with the illumination sheet), a mapping function

that transforms the position of a point in three-dimensional space around the object

plane to the corresponding two-dimensional location on the image plane is generated.

Usually, the calibration target is a plate on which a Cartesian grid is imprinted or

etched. The Cartesian grid is a collection of regularly spaced dots or crosses. The

mapping function can either be generated through a 2D or 3D procedure.
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In a 2D calibration procedure the calibration target is accurately aligned with

the illumination plane and images of the target are then captured with the stereo

PIV equipment. Invoking again some geometric considerations on the geometric con-

�guration of the imaging system, the mapping function is then constructed.

A full 3D calibration procedure can, however, also be used and o�ers the

advantage that no information on the geometric arrangement of the imaging system

is required (Prasad, 2000). Since this is the approach used by the processing software

used for vector extraction in the present work, a few details on this reconstruction

scheme are given here. In this case the calibration target is imaged while placed at

di�erent locations within the illumination region. More speci�cally, after aligning the

target with the illumination plane, it is translated (while maintaining it parallel to the

plane) in the direction perpendicular to the plane by a small distance (comparable to

the thickness of the illumination region). Images of the calibration target at di�erent

out-of-plane locations are taken. Locations that span the thickness of the illuminated

region are considered. The mapping function is then constructed by extracting the

apparent locations of the calibration grid points on the image plane and �tting them

to the true 3D spatial locations around the object plane. A third order polynomial

form between object and image points is typically assumed for the mapping function

(Solo� et al., 1997). This form of the mapping function is found to successfully

capture most of the image distortion introduced by typical imaging practices and

con�gurations. Let x = (x1, x2, x3) be the coordinate of a point on the object 3D

space and X = (X1, X2) the corresponding coordinate on the 2D image plane. Then

the mapping function can be written as:

X(i) = M (i) (x) (2.8)

One such mapping function is written for each of the camera pair in the stereo PIV

system. The superscript (i) di�erentiates between the two views; therefore i takes

the values i = 1, 2. Within this model, it is shown that the particle displacement for
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each view can be approximately written as (Solo� et al., 1997; Prasad, 2000):

∆X(i) ≈ ∇M (i)∆x (2.9)

Where ∆X(i) =
(

∆X
(i)
1 , ∆X

(i)
2

)
is the particle displacement as seen by the i−th

view (camera) and ∆x = (∆x1, ∆x2, ∆x3) is the true particle displacement in the

3D object space. Moreover
(
∇M (i)

)
ij

= ∂M(i)

∂xj
. Note that Eq. 2.9 describes four

equations (the particle displacement on the image planes) in three unknowns (the 3D

particle displacement in the 3D object region). The 3D particle displacement is then

solved for by solving Eq. 2.9 for ∆x in a least squares sense. The residual of the

solution, de�ned for example as the norm of Eq. 2.9, |∆X−∇M∆x|, is a measure of

the quality of the solution. This quantity is customarily referred to as the stereoscopic

reconstruction error.

Many of the considerations discussed for 2-D PIV are also valid for stereo PIV.

Moreover, for calibration-based stereoscopic reconstruction techniques, care must be

taken to correctly align the calibration target with the illumination plane. The two

planes need to be co-planar and the target needs to be positioned exactly on the

center plane of the illumination region need (this center plane is the origin of the

out-of-plane direction). In many practical applications this can be di�cult to ac-

complish accurately. The degree of accuracy of the stereo reconstruction depends on

proper alignment. Failing to do so can result in substantial inaccuracies (Willert,

1997; Van Doorne and Westerweel, 2007). The degree of misalignment between the

calibration target and illumination plane can be investigated by computing what is

called a disparity map (Willert, 1997; Ra�el et al., 1998; Wieneke, 2005). The dispar-

ity map is computed in the following way. Images of the same particle �elds acquired

at the same instant of time with both camera are �rst dewarped and are then cross-

correlated. The resulting particle displacements detected from this procedure within

each interrogation windows are interpreted as the disparity map. Any displacement

resulting from the cross-correlation operation are due solely to misalignment of the

target and illumination plane. A small rotation of the calibration target (of about
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0.6◦) can result in an apparent displacement of more than 10 pixels across the �eld of

view of a typical stereo PIV system (Willert, 1997). The computation of the disparity

map is at the basis of the self-calibration routine that is used in many commercial

stereo PIV processing packages (Willert, 1997; Wieneke, 2005). The self-calibration

routine is able to account for any misalignment of the calibration target by adjusting

the mapping function and the origin of the coordinate system in order to minimize

the disparity map. Note however, that a large number of images might be needed

to suppress the inherent noise and obtain an accurate correction (Van Doorne and

Westerweel, 2007). This option is extensively used in the processing of the particle

images in this study.

2.3.2 Stereo PIV Experimental Setup

2.3.2.1 Double-pulse Illumination Source

The stereo PIV system uses a pair of high-power, high-repetition rate diode-

pumped, frequency-doubled 527 nm Nd:YLF lasers (Coherent Evolution-90) to pro-

vide the double-pulse illumination of the �ow. In the �rst part of the study one of the

Nd:YLF laser was substituted with an equivalent high-repetition rate, diode-pumped,

frequency-doubled 532 nm Nd:YAG laser (Coherent Corona) due to malfunctioning

of the intracavity frequency-doubling unit. This is shown above in the schematic di-

agram of the experimental arrangement of Figure 2.1. The substitute Nd:YAG laser

has similar characteristics and it is operationally equivalent to the Nd:YLF laser.

Moreover, all the details of the setup and operation of the experiment, including trig-

gering and timing circuits are the same. Therefore, in the rest of the discussion the

setup using the two Nd:YLF lasers is described.

The Nd:YLF lasers are designed to be operated at 5 kHz or 10 kHz to optimize

output power and laser performance. However, manual tuning of the lasers allows

then to be operated at other repetition rates (between 1 kHz and 10 kHz) at the

expense of poorer laser performance (laser output power and beam quality). During

the experiments the lasers are operated within these limits. Speci�cations of the lasers
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state that at 5 kHz the available Nd:YLF lasers provide 90 W of power, equivalent

to about 18 mJ of energy per pulse. The measurements were carried out at 3 kHz,

5 kHz and 10 kHz. Under these operation conditions the lasers provided between 9

and 13 mJ per pulse.

The two laser beams are combined using standard beam combining techniques.

Figure 2.7 shows a schematic diagram of the optical arrangement used to combine

the output beams from the pair of Nd:YLF lasers. Both lasers produce a coherent

and horizontally polarized source of light (nominal beam diameter at the output

5mm, nominal beam divergence 5 mrad) at 527 nm. The lasers depicted in the

�gure have been labelled pulse A and pulse B since they provide the double-pulse

illumination for the stereo PIV. The polarization of one of the two beams (laser pulse

A) is rotated by 90◦ using a half-wave plate (λ
2
2) to obtain a vertically polarized

beam. The two beams are then combined using a polarizing beamsplitter cube (BS)

used in reverse. A polarizing beamsplitter cube splits an incoming laser beam in

two orthogonally polarized components. The P-polarized component is transmitted

through the cube whereas the S-polarized component is re�ected by 90◦. By using the

polarizing beamsplitter cube in reverse two laser beams with orthogonal polarization

can be combined in one single beam. The combined beam will therefore be cross-

polarized. It is then necessary to rotate the polarization angle of both components in

order to achieve similar light scattering signals (in Mie scattering, that PIV relies on,

the scattering properties are strongly in�uenced by the polarization of the illuminating

light). Therefore a second half-wave plate (λ
2
) is installed after the beamsplitter

polarizing cube. The laser mirrors M1 and M2 (high-energy Nd:YLF laser mirrors)

are introduced in the optical setup to enable steering of one of the two beams (in

this case the laser pulse A) to align and enforce collinearity between the two beams.

Finally, a system of laser mirrors (in Figure 2.7 indicated simply by M3) is used to

redirect the combined 527nm double-pulse laser beam to the appropriate location in

2In this paragraph labels in parenthesis indicate components of the beam combining optics de-
scribed in Figure 2.7.
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the �ow. A combination of cylindrical and spherical lenses (not shown in Figure 2.7)

is the used to form a thin laser sheet that covers the �eld of view of interest. Since

the �eld of view of interest are relatively small (on the order of 40 mm × 40 mm)

and the available energy per pulse limited, the sheet forming optics were arranged so

that a nearly collimated laser sheet width was obtained (using a second collimating

cylindrical lens) instead of the more typical practice for wide-�eld PIV to have an

expanding laser sheet width.

The lasers are operated at a repetition rate and time delay (between the A

and B pulses) as dictated by the �uid dynamic system being investigated. The exact

detail of the timing and acquisition rates are covered below.

2.3.2.2 Beam Overlap and Laser Sheet Thickness

It is imperative that the two combined laser beams accurately overlap. More

importantly, it is crucial for successful PIV image processing that the laser sheets

formed by the two beams exactly overlap within the imaging region. Failure to do

so will result in an illumination of di�erent cross-sections of the �ow (hence di�erent

particles), which will lead to a loss in correlation between the image pair. It is also

important that the thickness of the laser sheet is su�cient to avoid loss of particle

through out-of-plane motion between the two pulses. Loss of particles would result

in a noisy correlation or even in a total loss of correlation. Of course out-of-plane

particle loss can be avoided by decreasing the time delay between the two laser pulses.

However, care must be taken to ensure that the particle displacement is well beyond

the detectability limit and it is large enough that the inherent noise of the technique

does not overcome the measured displacement. This issue is of particular concern in

the stereoscopic con�guration of the present work.

It is customary to carry out PIV and stereo PIV measurements in con�gura-

tions where the out-of-plane velocity component (hence displacement) is smaller than

the in-plane components. In this way large displacements (several pixels) in the in-

plane components can be a�orded while maintaining the out-of-plane displacement
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Figure 2.7: Schematic representation of the beam combining optics used to combine
the output beams (green lines) from the pair of high-power, high-repetition rate
Nd:YLF lasers (Coherent Evolution-90) and the UV beam (blue line) produced from
the frequency-doubled output of the dye laser. M1, M2, M3 indicate high-energy,
Nd:YLF laser mirrors; BS indicates the polarizing beamsplitter cube; λ

2
indicates

a half-wave plate; M4 indicates the dielectric mirror used to combine the 527 nm
(transmitted) and 285 nm (re�ected) beams.
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within the laser sheet thickness. With this approach high quality, high signal-to-

noise ratio measurements can be obtained. A more challenging situation is when the

�ow structure and the imaging con�guration are such that the out-of-plane velocity

component is the dominant one. This is the case in the present study. The issue is

exacerbated by the relatively low resolution of the imaging system. A compromise

between acceptable noise-to-signal ratio and spatial resolution therefore needs to be

met.

The laser sheet thickness of the two beams at the imaging location was mea-

sured using the scanning knife-edge technique (Arnaud et al., 1971; Skinner and

Whitcher, 1972; Suzaki and Tachibana, 1975). One of the folding Nd:YLF laser

mirrors (M3 in Figure 2.7) was replaced with a glass �at to reduce the laser power of

the illumination sheet at the imaging location so that maximum laser power could be

maintained. The laser beams were expanded to a sheet using the same con�guration

of the sheet forming optics as used during the experiment. In this way the laser

sheet characteristics are maintained as during the actual experiment and the laser

power is at a safe level. A knife-edge with the sharp edge aligned with the width

of the laser sheet was used for the scanning. A translation stage with micrometer

translation mechanism (resolution 10 µm) was used to scan the knife-edge across the

laser sheet thickness. The transmitted laser beams were then impinged on a piece of

ground glass followed by a suitable number of ND �lters. A high-speed photodiode

(Thorlabs Si photodetector model DET210) was then placed behind the ND �lter to

collect the scattered light. The output from the photodetector was then digitalized

by a high-speed oscilloscope (Tektronic TDS5000). The two laser beams were delayed

by a small time interval (about 3.2 µs ). Time traces of both laser pulses were dig-

italized on the oscilloscope. An averaged time trace was obtained by averaging 512

single realizations (laser shots). Measurements of time traces at di�erent knife-edge

positions across the laser sheet thickness were taken at spatial intervals of 100 µm.

The peak value of the detected time trace was then taken to be representative of

the intensity of the partially-blocked laser sheet. This procedure was repeated at the
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Figure 2.8: Laser sheet thickness for the pulse A (a, c) and pulse B (b, d) beams as
measured at the two edges of the imaging �eld of view using the scanning knife-edge
technique. (a, b) and (c, d) were measured at opposite sides of the �eld of view spaced
about 20 mm apart. # indicates measured intensity at given knife-edge position; solid
line indicates interpolating function to measured points (error function interpolant);
� indicates computed laser sheet pro�le. The laser sheet pro�le is computed as the
derivative of the interpolated function.
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Laser pulse Upstream edge Downstream edge

pulse A 1.32 mm 1.44 mm
pulse B 1.14 mm 1.24 mm

Table 2.4: Laser sheet thickness for the pulse A and pulse B laser sheet pro�les at
the two edges of the imaged �eld of view measured using the scanning knife-edge
method. The laser sheet thickness is de�nes as full-width at 1/e2 of the measured
laser sheet pro�le. Upstream edge refers to the side of the imaging region closer to
the illumination source.

two edges of the the imaged �eld of view (about 20 mm far apart). This procedure

enables the determination of both the laser sheet thickness and beam overlap.

Figure 2.8 shows the measured laser intensity as the knife-edge was scanned

across the laser sheet thickness (# symbols). An error function is curve �t to the

measured points (solid line). The choice of this interpolant function is motivated by

the observation that the laser intensity measured as a knife-edge is scanned across it

has an error function pro�le. Comparison between measurement and interpolation

support this conclusion. The laser sheet pro�le is then computed as the derivative of

the interpolating pro�le (� symbols). This measurement is repeated at two location

across the imaged region to investigate the e�ect of variation of laser sheet thickness

across the �eld of view. Table 2.4 summarizes the laser sheet thickness as de�ned as

the full-width at 1/e2 for the two beams and across the imaged region. On average,

the thickness of the laser sheet is on the order of 1.3 mm and varies by about ±0.1 mm

across the �eld of view and between the two pulses. Finally, Figure 2.9 compares the

laser sheet pro�le for the two pulses to check the sheet overlap. Note that the laser

pro�les are plotted as a function of the absolute position as indicated by the absolute

position of the knife-edge. The two beams are seen to accurately overlap across the

imaged �eld of view.
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(a) (b)

Figure 2.9: Laser sheet (normalized) intensity pro�les for the pulse A and pulse

B beams measured across the imaging �eld of view using the scanning knife-edge
technique. (a) and (b) were measured at opposite sides of the �eld of view spaced
about 20 mm apart. # refers to pulse A laser; � refers to pulse B laser.

2.3.2.3 Stereo PIV System

Imaging of the particle �elds is carried out with high-speed, CMOS digi-

tal cameras (Photron APX) operated in stereoscopic con�guration. Both forward-

scattering and backward-scattering con�gurations were used. The cameras are �tted

with Scheimp�ug adapters and Nikkor 105 mm, F/2.8 macro lenses. In this way the

Scheimp�ug condition for proper focusing across the imaging region can be meet.

The digital cameras are operated in double frame, single exposure frame straddling

mode at a framing rate twice that of the laser pair. The e�ective acquisition rate is

therefore determined by the laser repetition rate (half the image acquisition rate).

The available CMOS digital cameras are limited to 2 kHz framing rate at

full resolution (1, 024 pixel × 1, 024 pixel). Higher framing rates can be set at the

expense of lower resolution. For example at 6 kHz the maximum resolution is only

512 pixel×512 pixel whereas at 20 kHz the resolution is reduced down to 128 pixel×

256 pixel. The �ow characteristics of the DLR jet �ames being investigated requires

PIV acquisition rates up to 10 kHz. In order to obtain a reasonably large �eld of

view at these high acquisition rates two stereo PIV systems were used (for a total of

four CMOS digital cameras) where each stereo pair was arranged to image adjacent
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regions.

Three acquisition rates have been considered in the study, depending upon the

jet �ame and jet �ame location being investigated. In a �rst set of data only a single

stereo PIV pair was used to carry out the �rst measurements on the Red = 8, 000

DLR jet �ame in a plane perpendicular to the jet �ame axis (y-z plane) at an axial

downstream location of 42 x/d, which corresponds to about 2/3 of the stoichiometric

�ame length. The camera pair was positioned in a semi-forward scattering con�gura-

tion with the two cameras on either side of the laser sheet. The cameras were placed

at about 0.5 m from the imaging plane at an angle of about 26◦ with the normal

direction of the illuminated plane. This �rst con�guration is shown schematically in

the diagram of Figure 2.1. Measurements were carried out at 3 kHz (i.e. the cameras

were operated at 6 kHz and the lasers at 3 kHz). The �eld of view was approximately

40mm× 50mm, giving a resolution of approximately 12 px/mm.

A second set of data was acquired at a rate of 5 kHz (i.e., the cameras were

operated at 10 kHz and the lasers at 5 kHz) at a resolution of 512 pixel× 256 pixel,

which corresponds to a �eld of view of about 40mm × 25mm. The Red = 8, 000

and the Red = 15, 300 jet �ames at x/d = 40, 52, and 65 were investigated at this

higher framing rate. In this case two stereo PIV camera systems were used with

overlapping �elds-of-view. This redundant stereo-PIV system was included in order

to generate a redundant measure of the velocity �eld that was used for accuracy and

noise assessment. Moreover, the redundant measurement was also used to improve

the signal-to-noise ratio of the measurement of the energy spectra.

Finally, a third set of data were acquired at a rate of 10 kHz (i.e., the cameras

were operated at 20 kHz and the lasers at 10 kHz) with a resolution of 128 pixel ×
256 pixel, which corresponds to a �eld of view of about 10 mm× 25 mm. This large

acquisition rate was adopted to fully capture the wide time scales that characterize

the higher Reynolds number jet �ames. In this third case two stereo PIV systems

were used with the scope of increasing the imaged region. The two stereo PIV systems

were used to provide adjacent imaging regions with about 2 mm of overlap. In this
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third case DLR jet �ames at Red = 10, 200, 13, 500, and 15, 300 were considered.

Measurements on a plane located at x/d = 52 were performed.

In the second and third con�guration the four cameras were placed on the

same side of the laser sheet in a symmetric arrangement at the four corners of an

imaginary square. The distance from the imaging plane was maintained at about

0.5 m and the cameras were oriented at an angle of about 30◦ from the perpendicular

direction to the laser sheet. A schematic representation of the four camera stereo PIV

system is presented in Figure 2.10.

Owing to the complexity of the camera and laser alignment (especially when

also the OH PLIF system was included), the illumination and imaging systems were

aligned independently of the jet �ow; all the cameras were aligned to image a common

region within the laser illumination plane. The co�ow facility, then, being detached

from the structural frame supporting all the imaging equipment, was moved to locate

the region of interest within the imaging �eld-of-view. Moreover, the downstream

location of the imaging plane within the jet �ame was adjusted by maintaining the

imaging plane �xed in space and changing the length of the tube generating the jet

�ame. By this method it was possible to switch between di�erent imaging regions

within minutes without having to change the optical alignment.

2.3.2.4 Timing and Triggering System

Timing and triggering between all the components of the experiment were

provided by a hardware system composed of standard digital pulse/delay generator

and frequency dividers as shown schematically in Figure 2.11 (where an example of

timing at 20 kKz is given). A 4 channel pulse generator (SRS DG535 digital de-

lay/pulse generator) was used as a master clock. It provided the external timing to

the four CMOS digital camera and, after halving the frequency by a custom made fre-

quency divider, provided also the timing to a second externally triggered pulse/delay

generator (SRS DG535 digital delay/pulse generator). The output from this second

pulse/delay generator was used to run the two Nd:YLF lasers at the proper frequency
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and with the necessary time delay between pulses for the PIV. The output from this

second pulse/delay generator was then frequency divided by a second custom made

frequency divider as necessary in order to obtain a 10 Hz pulse used to externally trig-

ger a third pulse/delay generator (SRS DG535 digital delay/pulse generator), which

triggered at 10 Hz the Nd:YAG (either a Spectra-Physics GCR-150 or a Spectra-

Physics PIV-400, based on availability) that was used to pump the dye laser for the

OH PLIF system (this system will be discussed more in details in a following section

and it is also indicated in Figure 2.1 and 2.10). An output from the third pulse/delay

generator was also used to externally trigger the intensi�ed CCD camera used for the

OH PLIF imaging (described in details below). Finally, the synchronization output

from the ICCD camera (gate output monitor signal from the ICCD camera) was used

to provide the data recording triggering to the four CMOS digital cameras through

a fourth (not shown in Figure 2.11) pulse/delay generator (SRS DG535 digital de-

lay/pulse generator). The necessary delay to synchronize all laser pulses (stereo PIV

and OH PLIF pulses) and imaging equipment was introduced at each of the four

pulse/delay generator and camera controllers. The timing was checked with the help

of output monitor ports from the imaging equipment and photodetectors (for the

527 nm and 285 nm laser pulses). Figure 2.12 presents a schematic time diagram of

the triggering sequence of all the major equipment used in the experimental setup.

The CMOS digital cameras triggering was set to central triggering mode (Photron,

2003). The data recording initialization trigger signal was provided by the gate output

monitor signal of the ICCD camera. Triggering to the ICCD camera was initialized

by hand through the ICCD camera controller software. With this scheme the OH

PLIF image was acquired in the middle of the time sequence of the recorded particle

�elds imaged by the stereo PIV system.

2.3.2.5 Vector Extraction, Calibration and Validation

The acquired raw particle images were processed with a commercial PIV soft-

ware (La Vision DaVis 7.2) to extract the three-component, planar vector �elds. The
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Figure 2.11: Schematic diagram of the timing system use to trigger and synchronize
all the equipment used in the experimental setup.
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Figure 2.12: Schematic time diagram of the triggering sequence of all the major
equipment used in the experimental setup. The ICCD camera gate output monitor

was used to initialize the data recording triggering of the four CMOS digital cameras
(set to central triggering mode). The ICCD camera was triggered by hand by the
operator. This scheme provides a single OH PLIF image placed in the middle of the
time sequence of the recorded particle �eld. ∆t indicates the time delay between the
laser pulses for the stereo PIV.
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available PIV software o�ers many advanced features such as adaptive, multi-pass

cross-correlation techniques (over interrogation windows of di�erent size, shape and

with di�erent weighting functions) with window displacement, re�nement and dy-

namic deformation to account for local velocity gradients. Moreover, the software

o�ers the self-calibration function for stereo PIV measurements (LaVision, 2006a,b).

In this study an adaptive, multi-grid cross-correlation with window deforma-

tion approach has been used. The raw particle images were processed with a multi-

step interrogation from an interrogation window of 32 pixel × 32 pixel pixels down

to 16 pixel × 16 pixel with 50% overlap. A normalized cross-correlation with zero-

padding was computed over a square interrogation window with Gaussian weighting

to improve the accuracy of the extracted vector �eld. A second-order correlation was

adopted during the �rst pass. Typically the cross-correlation routine detected more

than 97% of the vectors, with signal-to-noise ratios (de�ned as the ratio between the

�rst and second correlation peaks) in excess of 2. The stereoscopic residual error was

found to be in the range 0.1− 0.2 pixel.

Calibration images for the stereoscopic reconstruction were generated by trans-

lating a suitable calibration grid target placed in the plane of the laser sheet. The

target was constructed by laying on paper glued to a �at metal surface a Cartesian

grid of equally spaced dots separated by 2 mm and with a dot diameter of 0.3 mm.

An important feature of the available PIV processing software is the self-calibration

procedure for stereoscopic PIV. This procedure enables one to derive an accurate

calibration to compute the three-component vector �elds by removing any bias intro-

duced by accidental misalignment between the laser sheet and the calibration target

(Wieneke, 2005). This feature is particularly useful in the present experiment where

the speci�c con�guration does not allow easy alignment between the laser sheet and

the calibration target.

Vector validation was structured on a two-step process. In the �rst step the

built-in validation post-processing tools of the DaVis software were used to validate

the vector �elds based on a local scheme between vectors on a single plane. An
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iterative median validation scheme was applied. The second step was carried out

with a custom validation routine written in Matlab and it was based on a 3-D median

validation scheme adapted from the work of Westerweel (1994) and Westerweel and

Scarano (2005) where also the time information was used to validate the vectors on

the plane. Typically between 3% to 5% of the total vectors were rejected as spurious

vectors or missing. Most of the invalid vectors were located toward the edges of the

imaged region. Spurious vectors were replaced by a local average.

2.3.2.6 Spatial and Temporal Resolution

According to the spatial resolution requirements (Antonia and Mi, 1993), a

spatial resolution on the order of 2−3η is required to minimize �nite resolution e�ects

in the computation of the local velocity gradients. In this section only the resolution

of the measurement is reported without discussing the e�ect on the results. A section

to follow is dedicated to this topic. In this section nominal resolution characteristics

are reported based on the nominal design parameters of the experiment as estimated

from scaling laws in Section 2.2.1. This topic will also be revisited considering the

actual measured characteristics and scales of the �ow being investigated.

In this work spatial resolution is interpreted as the size of the interrogation

volume from which the particle displacement is extracted. In this section the nominal

size of the �nal interrogation window is assumed (16× 16 pixel). The nominal image

resolution, as stated above, is approximately 12 pixel/mm. This magni�cation value

is maintained nearly constant throughout all the measurement conditions. Therefore

the in plane interrogation window size ∆ is approximately ∆ = 1.33 mm. As reported

in Table 2.4 the average laser sheet thickness is about 1.3 mm. Therefore the inter-

rogation region, corresponding to the e�ective resolution of the PIV measurements is

a volume of size ∆3. Table 2.5 summarizes the nominal resolution characteristics of

each measurement condition. Across all conditions considered, the nominal spatial

resolution is about ∆/η = 2− 3 which is within the accepted limits.

Temporal resolution requirements have also to be addressed. The character-
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Red x/d 〈ucl (x/d)〉 η fη ∆/η ∆xcl/η fs Size of FOV

[−] [−] [m/s] [mm] [Hz] [−] [−] [Hz] [mm×mm]

8,000† 40 7.3 0.56 2,061 2.4 4.3 3,000 40× 45

8,000† 40 7.3 0.56 2,061 2.4 2.6 5,000 40× 25

8,000 52 5.6 0.85 1,050 1.6 1.3 5,000 40× 25

8,000† 52 5.6 0.85 1,050 1.6 0.7 10,000 15× 20

10,200† 52 7.0 0.71 1,580 1.9 1.0 10,000 15× 20

13,500† 52 9.3 0.58 2,560 2.3 1.6 10,000 15× 20

15,300 52 10.6 0.52 3,210 2.6 4.1 5,000 40× 25

15,300† 52 10.6 0.52 3,210 2.6 2.0 10,000 40× 25

15,300 65 8.4 0.64 2,090 2.1 2.6 5,000 40× 25

Table 2.5: Summary of the estimated temporal and spatial resolution requirements for
the cases considered in the study and summarized in Table 2.3. The nominal in-plane
spatial resolution (interrogation region) is taken to be ∆ = 1.33 mm. ∆xcl is the
equivalent out-of-plane distance between points moving at 〈ucl〉 and sampled at fs.
The symbol † indicates conditions at which single plane OH PLIF is simultaneously
acquired with each stereo PIV time series.
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istic frequencies of the �ow are summarized again in Table 2.5 for convenience. The

data acquisition frequency fs typically meets or exceeds the required Nyquist crite-

rion (i.e. fs is at least twice fη). In Table 2.5 the quantity ∆xcl is the equivalent

out-of-plane spatial sampling interval estimated on centerline, i.e. it is the equiva-

lent out-of-plane distance between points convecting at 〈ucl〉 and sampled at fs. Also

∆xcl/η is generally within the resolution requirements to have limited �nite resolution

e�ects on the measurements and derived quantities.

2.3.2.7 Particle Seeding Considerations

In this section the adequacy of the seeding particles to track the �ow is brie�y

discussed along with some considerations on PIV in �ames. The tracer particles used

in PIV of reacting �ows need to sustain the high temperature of the reaction zone

and need to be small enough to track the �ow. Alumina (Al2O3) particles were used

in the current study. Alumina is a refractory material with a melting temperature

of about 2, 300 K and a density of 3.97 g/cm3. The particles have a nominal primary

diameter of about 200 nm, but due to agglomeration the e�ective diameter is on the

order of 1 µm (Urban and Mungal, 2001). Alumina particles are seeded into the �ow

(both in the jet and co�ow �uids) using seeding systems composed of a �uidized bed

seeder followed by a cyclone separator (shown in Figure 2.1 and 2.10). The jet �uid

was seeded by running the �uid through the seeding system before sending it to the

nozzle tube. The co�owing air was seeded only locally around the nozzle tube by

injecting a stream of seeded air into the settling chamber of the co�ow facility.

The capability of tracer particles to faithfully track the �ow is normally de-

scribed in terms of the Stokes number St, de�ned as the ratio between the particle

relaxation time, τp, and the smallest time scale of the �ow, τf (Melling, 1997; Ra�el

et al., 1998). The relaxation time of the seeding particles can be estimated as :

τp = d2
p

ρp
18µ

where dp is the particle diameter, ρp is the density of the particles and µ is the
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viscosity of the �uid. Based on the e�ective diameter of the alumina particles and

the local properties of the �uid, the relaxation time is estimated to be at most 5 µs in

the far �eld of the jet �ames under investigation. The smallest time scale of the �ow

is dictated by the smallest length scales present in the �ow, the Kolmogorov scales.

Therefore τf is estimated as (Pope, 2000):

τf =
η2

ν

Using correlations for nonreacting turbulent jets and local �ow properties (Section

2.2.1and 2.2.3) to estimate the Kolmogorov scale η, τf is found to be in the range

0.3−3 ms for the range of jet �ame conditions considered in the study. The resulting

Stokes number is therefore in the range 10−2 − 10−3, well below unity. The particles

are therefore expected to faithfully track the �ow in all conditions.

2.3.2.8 Thermophoretic E�ects

The accuracy of the velocity measurements with PIV is primarily determined

by the accuracy of the particle displacement estimation. For non-reacting �ows this

issue can be addressed by carrying out tests were particle displacement is computed

from synthetic images obtained from known vector �elds. However, when PIV is

applied to a reacting �ow, other considerations need to be considered, such as ther-

mophoretic e�ects, beam steering, image blurring, and non-uniform particle density.

All these e�ects are induced by the presence of strong temperature gradients at the

reaction zone.

When a particle dwells in a region with a non-uniform temperature �eld it

experiences a force in the direction opposite to the local temperature gradient (ther-

mophoresis). This force introduces a di�erence between particle and �uid velocities

(Sung et al., 1991, 1996; Stella et al., 2001). In a nonpremixed �ame the most intense

temperature gradients are localized in the preheat zone of the reaction zone. It is

theoretically possible to correct for the thermophoretic velocity but this requires that

the instantaneous temperature �eld be known at each point in the imaging point.
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Lacking this information, we can only estimate the range of thermophoretic velocity

to be expected.

Sung et al. (1991, 1996) investigated this e�ect extensively, both experimen-

tally and numerically. They carried out a series of LDV measurements in a laminar

counte�owing �ame and they compared their measurements with predictions from

computations of the laminar counter�owing �ame. In their computations they also

simulated the e�ect of thermophoretic e�ect on the particle velocity. They found that

in their con�guration the thermophoretic e�ect can result in velocity di�erences up

to 0.1− 0.15 m/s. Muñiz et al. (1996) based their analysis on the work of Sung et al.

(1991, 1996) to estimate the thermophoretic e�ect on their measurement and they

estimated thermophoretic velocities of about 8 cm/s in their methane jet �ame. A

similar approach is followed here to estimate the range of velocity lag in the current

con�guration.

The data of Frank and Kaiser (2008) on the DLR A (Re 15,200) �ame show

that at x/d = 20 the maximum instantaneous temperature gradients can be about

400 K/mm. Our imaging is carried out further downstream and the jet �ame

Reynolds number spans the range 8, 000 − 15, 000. However, for lack of better es-

timates, this value is used to estimate the thermophoretic velocity. Following an

approach similar to that of Muñiz et al. (1996), this yields a thermophoretic velocity

on the order of 3 cm/s. Since the range of measured velocity is on the order of a few

m/s, thermophoretic forces are not expected to play a signi�cant role on the results

of the present study.

2.3.2.9 Beam Steering

The presence of strong temperature gradients also a�ects the propagation of

the laser sheet and the image quality. It is known that when a light beam passes

through a non-uniform density �eld it is refracted in the direction of the density

gradient (Merzkirch, 1987). The illumination laser sheet propagating across the �ame

is therefore potentially refracted in regions of large density gradients, like at the
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reaction zone. This refraction could a�ect the exact position of the probed region

and the quality of the image (blurring). The estimation and direct measurements of

beam steering across the �ame front of Stella et al. (2001) and of Muñiz et al. (1996)

indicate that the angular de�ection across jet �ames of laboratory scale is on the

order of 10−3 rad, resulting in de�ections across the �eld of view that are generally

a small fraction of the laser thickness (less than 10% in the present study). Beam

steering is therefore not expected to a�ect the results of the present study.

2.3.2.10 Image Blurring and Distortion

Imaging through a non-uniform density �eld could also compromise the image

quality. For typical laboratory scale �ames, image blurring and distortion in PIV

measurements made in a side plane of a jet �ame are typically small (Stella et al.,

2001; Muñiz et al., 1996) but sometimes not negligible (Han et al., 2000). Muñiz

et al. (1996) and later Han et al. (2000) investigated the e�ect of image distortion

on the accuracy of a PIV and stereo PIV systems, respectively. They assessed the

e�ect and the magnitude of image distortion by imaging a steel ruler placed within

a turbulent �ame. Muñiz et al. (1996) found no appreciable e�ect on their PIV set

up. Moreover, they argued that image distortion might become important when the

imaging is carried out through the �ame, i.e. if the steel ruler had been placed behind

the jet �ame, and it is only minimal if the imaging is done on the symmetry plane

of the jet �ame. However, the analysis for the stereo PIV considered by Han et al.

(2000) showed that the presence of the �ame introduces an apparent displacement of

up to 1 pixel. They reach this conclusion by imaging a steel ruler with and without

the �ame and cross-correlating the two results. When they repeated the imaging in

the �ame and cross-correlated images of the steel ruler taken several ms apart they

found apparent displacements on the order of 0.1 pixel. Considering that the typical

time separation between frames in a PIV system is on the order of µs this apparent

displacement would result in a negligibly small displacement error of a fraction of a

pixel. Therefore they conclude that the measured displacement is not a�ected by
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the presence of the �ame but image shifting due to the �ame can introduce regis-

tration errors in stereo PIV systems where calibration and reconstruction procedures

require accurate registration between the cameras. They however argue that since

the mapping function used for the reconstruction is typically a third-order polynomial

function, which is a smooth function, the e�ect of the observed apparent displacement

would not a�ect the computation of the out-of-plane component of the velocity. One

could argue, however, that the e�ect of the apparent displacement introduced by the

�ame could a�ect the reconstruction not directly through the calibration function,

but by using non-complementary points to reconstruct the 3C velocity �eld by the

two 2C ones from each camera pair. In fact, the apparent displacement could be seen

by each camera di�erently since they typically view the �ow from di�erent directions.

This suggests that, even though the 2D projected velocity on each camera is unaltered

by the distortion, the imaging system places them in a di�erent spatial location than

the real one. Therefore the wrong complementary points on each camera would be

used for the reconstruction. The potential e�ect of this misregistration error depends

primarily on the local velocity gradient. For small gradients the velocity varies slowly

across the imaged region and the e�ect of using a vector from the wrong spatial lo-

cation for the reconstruction might not a�ect the result as much as in the case of

large local gradients. Of course at this point this is pure speculation and no data are

available on this aspect.

To summarize, the e�ect of image distortion on PIV and stereo PIV seems to be

minimal if not negligible, at least in laboratory scale �ames. However, as also pointed

out by Han et al. (2000), imaging through large systems or through portions of the

�ame can result in image blurring. This was found to be a particularly challenging

problem in all our imaging, especially for larger scale �ames. In an attempt to improve

the spatio-temporal resolution of our measurements, we increased the size of the �ame

by issuing it from a 25 mm in diameter tube. Imaging of the resulting larger jet

�ame (1.5 m in height, 0.3 m wide in the far �eld) resulted in particularly blurred

and distorted images that, combined with the low seeding density, prevented us from
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obtaining reliable velocity measurements from the cross-correlation technique. In

order to reduce image blurring and distortion a rescaled jet �ame had to be used. It

was found that the jet �ame produced by the 10 mm diameter tube o�ered acceptable

images. Localized blurring was however still observed, and the impact of this blurring

was assessed.

Figure 2.13 and 2.14 show examples of particle images for typical nonreacting

and reacting jet experiments, respectively. Good imaging is easily achieved in the

nonreacting case, but is not always possible for reacting cases. As shown in Figure

2.14(a) localized image blurring is seen in the middle of the image while most of

the image appears una�ected. However, image blurring can a�ect the whole imaged

particle �eld, as shown in Figure 2.14(b). Image blurring results in a broader and

deformed image of the tracer particles. A tracer particle whose in-focus image spans

1− 2 pixel is rendered as a deformed, blurred and enlarged particle of 2− 4 pixels in

size. Note that image blurring is generally rendered di�erently depending upon the

viewing direction. Figure 2.15 shows an example of the same particle �eld acquired

simultaneously from four di�erent direction (using the 4 cameras con�guration with

overlapping imaged regions). What appears completely blurred from one direction

might be acceptable from another direction. Another example is shown in Figure 2.16

where the disparity in image quality between the two viewing directions is even larger.

We speculate that image blurring is the result of the inhomogeneous turbulent �eld

along the line-of-sight between the object plane and the image plane (camera). Figure

2.16 raises also the issue of the e�ect of particle-image uniformity on the accuracy of

PIV measurements. This issue will be brie�y introduced in the next section.

The e�ect of image blurring on the accuracy of particle-based velocimetry tech-

niques is still an area of investigation. The issue was �rst raised with the introduc-

tion of PIV to the study of supersonic �ows, where optical inhomogeneity induced by

compressibility introduces image distortion and blur (Elsinga et al., 2005b,a; Scarano,

2008b). In general imaging the free stream of a supersonic �ow does not introduce any

image distortion but the issue becomes evident when imaging through shock waves,
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Figure 2.13: Representative example of a raw image of the tracer particles in a non-
reacting turbulent jet at Reo = 5, 000 and x/d = 40.
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(a)

(b)

Figure 2.14: Representative example of a raw image of the tracer particles in a non-
premixed turbulent jet �ame at Reo = 15, 300 and x/d = 52. (a) Image where
blurring is evident only in the middle part of the image, and (b) image where the
whole image is a�ected by blur.
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(a) (b)

(c) (d)

Figure 2.15: E�ect of viewing direction on image blurring. All four images were
taken instantaneously and cover the same particle �eld from four di�erent viewing
directions according to the four-camera stereo PIV con�guration (see Figure 2.10).
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(a)

(b)

Figure 2.16: A second example of the e�ect of viewing direction on image blurring.
The two views were taken simultaneously from di�erent viewing directions. In this
case the disparity of image blur between the two views is particularly strong. Note
that the two images are rotate by 180◦ with respect to each other.

76



expansion fans and shear layers (Elsinga et al., 2005b). Image distortion becomes

particularly strong when imaging at small angles from the plane of shock waves. It is

observed that the particle images resulting from imaging through these optically in-

homogeneous regions is characterized by an elongated form in the direction normal to

the shock (skewed directional blur). Particle doublets are also observed in interface

regions where the particle image is formed from partially looking through a shock

wave (i.e. only part of the rays forming the particle image intersect the shock wave).

Elsinga et al. (2005c) developed a model to predict image deformation and blurring

from imaging through shock waves that was later used to investigate the e�ect of

image distortion on the accuracy of PIV measurements (Elsinga et al., 2005a).

In general it is found that image blurring itself is not responsible for an increase

in PIV error (at least within the shock wave model) although it results in cross-

correlation broadening in the direction of blur that induces a decrease in signal-to-

noise ratio and cross-correlation accuracy. The real source of systematic error in PIV

evaluation is however related to position and velocity errors (Elsinga et al., 2005b).

Position error results from a di�erence between the true position of a particle and

the apparent (de�ected) particle position that is perceived by the imaging system.

Velocity error is the combined e�ect of extracting a particle displacement from the

apparent position of tracer particles instead of from the true particle position. As

Elsinga et al. (2005b) simply put it

�in synthesis one may say that the wrong velocity vector is evaluated at

the wrong position.�

The model of Elsinga et al. (2005b) show that position error is related to the gradient

of the index of refraction whereas the velocity error and image blur are related to the

second derivative of the index of refraction (in the direction of the velocity vector).

The combined e�ects of image blur, distortion and de�ection on the accuracy of

PIV measurements are shown to range up to 10% of the measured velocity (Elsinga
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et al., 2005a). The largest errors were observed at optical interfaces, where large

gradients in the velocity introduced by optical distortion and displacement dominate

(like at the upstream edge of a shock wave). Large errors are also observed when

the imaged particles between two consecutive exposures move from a region where

they are perceived undistorted to a region where they are perceived distorted and

blurred. The e�ect of f/# and resolution (interrogation window size) is generally to

smooth the e�ect of blur out and reduce the velocity error with small f/# and larger

interrogation window size, although the e�ect of image blur itself on the particle

images is minimized at large f/#. As shown by the work of Elsinga et al. (2005a),

uncertainties in the velocity pro�le across a shock wave can be as high as 10% on

the upstream edge of the shock, where optical distortion and velocity gradients are

more prominent. With good spatial resolution, the velocity error introduced in the

upstream edge of a shock can result to unrealistic velocity pro�les across the shock,

such as in�ection points and localized acceleration.

In some respects the e�ect of �nite-length laser pulse duration on particle imag-

ing and PIV velocity measurements is similar to the e�ect of skewed directional blur

introduced by imaging through inhomogeneous media. The issue of �nite-length laser

pulse duration becomes an issue in high-speed �ows where the laser pulse duration is

not adequate to e�ectively freeze the particle motion, such as when high-repetition

rate diode-pumped acousto-optically Q-switched Nd:YAG and Nd:YLF are used for

cinematographic PIV. This class of lasers delivers laser pulses with a temporal du-

ration of 100 − 200 µs. This is substantially larger than the typical 5 − 10 µs pulse

duration that �ash-lamp pumped Nd:YAG laser o�er. Due to the long pulse-duration

and the high-speed of the tracer particles the particle images tend to be elongated in

the direction of the �ow rather than the typical circular shape (Ganapathisubramani

and Clemens, 2006). As for optically induced image blur and deformation (skew), the

resulting cross-correlation map tends to be elongated in the direction of the parti-

cle displacement rather than being axisymmetric. Ganapathisubramani and Clemens

(2006) studied the e�ect of particle streaking on the bias error of PIV velocity mea-
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surements by carrying out an analysis on synthetic PIV images. They found that the

bias error at any given level of particle deformation (measured as the aspect ratio of

the elongated particle) increases linearly with absolute particle displacement but the

relative bias decreased with increasing displacement, and, for a given absolute particle

displacement, it increases linearly with particle elongation. In the range of conditions

considered in their study which re�ect typical conditions in supersonic �ow studies,

they found bias errors for large particle displacements and large particle deformation

up to 0.04 pixel.

In these studies only 2C planar PIV was considered. The e�ect of position

and velocity errors identi�ed by Elsinga et al. (2005b) on the accuracy of stereo

PIV reconstruction and measurements are not known. In the case of stereo PIV the

e�ect of these sources of errors might have even a stronger e�ect since inaccurate

vectors placed in the wrong spatial location (i.e. inaccurate vectors coming from non-

complementary spatial positions) might be used to reconstruct the 3C vector �eld

from the two 2C �elds.

Many of the distortion characteristics observed in particle images from super-

sonic �ows are also observed in the case of �ame studies. The particle images in

Figure 2.15 share many similarities with particle images seen through a shock wave,

for example (Elsinga et al., 2005b). The main di�erence is the lack of directional

information in the case of reacting �ows that prevents a priori prediction of the mag-

nitude of the e�ect. No studies are available that address the e�ect of image blur

on the PIV accuracy in �ames, but many general considerations should apply to this

case as well, such as the introduction of position and velocity errors and the e�ect of

f/# and spatial resolution on the overall imaging properties. In the present study

some of these issues will be covered in the next Chapter where comparisons are made

between redundant measurements obtained by imaging the same region of the �ow

from di�erent directions.
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2.3.2.11 Particle Non-uniformity

The success of vector extraction from particle images using the cross-correlation

technique relies on having su�cient and uniform particle seeding. According to the

analysis of Keane and Adrian (1992), at least 5-10 particles uniformly distributed

per interrogation window need to be present to obtain strong correlation and hence a

correct estimation of the particle displacement. In �ame studies, obtaining uniform

particle seeding can be problematic. Owing to the strong density variations that occur

at the reaction zone caused by localized heat release, the uniformity of the particle

seeding can be disrupted. In premixed �ame studies, for example, the particle density

drops near the reaction zone and into the post-combustion gases. The interface that

marks burned/unburned �uid is sometimes used to extract information on the instan-

taneous local reaction zone (Mungal et al., 1995; Steinberg et al., 2008). A similar

decrease in particle density occurs for nonpremixed �ames near the reaction zone. An

example of the inhomogeneity in particle density caused by the �ame can be seen, for

example, in Figure 2.16. A localized decrease in particle density may result in loss of

correlation and hence loss of vectors. Moreover, non-uniformities in particle distribu-

tion across an interrogation window can result in particle displacement bias because

the spatial cross-correlation map computed from these interrogation windows tends

to be biased by the edge that delimits regions with particles and without particles

(Stella et al., 2001). In the present experiments the seeding in the jet and co�owing

�uid was adjusted in order to obtain good and uniform seeding. It was found that

proper seeding of the co�ow was more e�ective in obtaining uniform seeding in the

far-�eld of the jet �ame than seeding the jet itself.

2.4 OH Planar Laser-Induced Fluorescence

2.4.1 Overview of The Technique

Laser-Induced Fluorescence (LIF) is a spectroscopic technique based on elec-

tronic resonance that enables the detection of chemical species present is trace amounts
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(ppm level). In combustion studies radical species such as OH and CH or pollutant

species like NO are usually of interest and are therefore the targeted chemical species.

LIF is comprised of two stages: an absorption followed by spontaneous emis-

sion (�uorescence) from an excited state (Eckbreth, 1996). Excitation is induced by

absorption of radiation at the resonance wavelength speci�c to the selected transi-

tion. For most species in combustion the absorption wavelength is typically in the

UV-visible range. After some time over which the excited molecule might relax to

di�erent vibrational states in the upper electronic state, spontaneous emission from

the excited upper electronic state follows. LIF can be made quantitative by selectively

choosing and monitoring absorption/emission between two selected vibronic states.

LIF can be either carried out as a point or as a planar measurement. In the

latter case the technique is referred to as planar LIF (PLIF) and it can be a very

powerful imaging technique to either quantify or simply visualize the spatial distri-

bution of a selected chemical species. A more complete description of the technique

and an analysis of the LIF strategy adopted in this study is presented in Appendix

A.

In the current study OH PLIF is carried out to image the spatial distribution

of the OH radical on the stereo PIV imaging plane. The OH PLIF imaging is not

meant to be quantitative and it is primarily used as an approximate marker of the

instantaneous reaction zone.

2.4.2 OH PLIF Experimental Setup

2.4.2.1 Excitation/Detection Scheme and Laser Excitation Source

In the current study the Q1(N
′′ = 10) line at 284.413 nm of the A2Σ+ ← X2Π

(v′ = 1, v′′ = 0) electronic transition was selected. Broadband �uorescence from the

whole upper excited state to all lower states was detected. A detailed analysis based

on a two-level model of the OH radical for the reacting DLR fuel mixture is presented

in Appendix A. It is shown in the Appendix that this excitation/detection scheme
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for the DLR fuel mixture o�ers good LIF signals while minimizing the sensitivity to

temperature, composition (quenching) and strain rate e�ects. From the analysis it is

expected that linearity between LIF signal and OH mole fraction χOH is within 8%

(value expressed as a %rms deviation from linearity) in the region of existence of the

hydroxyl radical (above a temperature of about 1600 K).

The excitation source for the OH PLIF is provided by the frequency-doubled

output of a pulsed tunable dye laser (Lumonics Hyper-Dye 300) pumped by a frequency-

doubled Nd:YAG laser operated at 10 Hz (Spectra-Physics GCR-150 or Spectra-

Physics PIV-400, depending upon availability). The pumping Nd:YAG laser provides

a maximum pumping energy of 350 mJ per pulse. The laser was operated at full

power. The output of the pulsed tunable dye laser is frequency-doubled by an Inrad

Autotracker II equipped with at KDP type B nonlinear crystal.

The wavelength tunability range and energy from the tunable dye laser de-

pends on laser dye, solvent and solution being used. The laser dye used was Rho-

damine 6G (also known as Rhodamine 590) dissolved in methanol. A concentration of

1.2×10−4M of Rhodamine 590 in methanol was found to be optimal for the available

dye laser system. The frequency-doubled output (≈ 285 nm) of the dye laser was

found to be 5 − 10 mJ per pulse when pumped with 350 mJ per pulse of pumping

energy from the Nd:YAG laser.

The UV beam is combined with the visible 527 nm laser beam of the stereo PIV

system using a 285 nm dichroic beam-combining mirror (see Figure 2.7). The visible

beam is transmitted through the dichroic mirror whereas the UV beam is re�ected,

which enables the two beams to be combined. The UV beam was aligned with the

visible beam by adjusting the UV beam path through the available UV re�ection

mirrors. The UV beam is formed into a sheet by the same sheet forming optics used

for the visible beam. For this reason all the sheet forming optics downstream of the

dichroic beam-combining mirror has to be made of UV-grade fused silica. In this way

both the OH PLIF imaging and stereo PIV are carried out on the same plane.
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Figure 2.17: Comparison between simulated and measured OH LIF excitation spec-
trum. The measured spectrum has been �t to the simulated one by shifting by a
proper amount the apparent excitation laser wavelength as displayed by the dye laser
wavelength tuning system. The di�erence between true and apparent excitation laser
wavelengths for the system used was found to be−1.36 nm. Simulation of the OH LIF
excitation spectrum was performed with the spectral simulation software LIFBASE
(Luque and Crosley, 1999).
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The tunable dye laser is equipped with a wavelength tuning mechanism that

is factory calibrated to give the wavelength of the output laser light. However, the

built in wavelength tuning mechanism has limited accuracy and, with time and use,

it has degraded even further. It was therefore necessary to carry out an independent

calibration of the laser output wavelength as a function of the position of the tuning

mechanism. The wavelength calibration was carried out by performing an OH LIF

excitation scan on a methane/hydrogen partial premixed �ame. A simple laminar

�ame was created from a Bunsen burner. The UV laser beam was formed into a

thin laser sheet and was used to illuminate the center symmetry plane of the laminar

�ame. The laser wavelength was tuned over the wavelength range 281 − 287 nm

and the collected OH LIF signal was detected using a photomultiplier tube (PMT)

(Hamamatsu 1P28). The �uorescence was collected with a 250 mm bi-convex UV-

grade fused silica spherical lens. A small aperture (about 2 mm in diameter) was

added to limit the �eld of view of the collection lens, limiting the collected background

light. A UG-11 and three WG-295 �lters were placed before the PMT to reject

unwanted light. The PMT was energized as necessary by a high voltage power supply

(SRS PS350). Its output signal was acquired using a boxcar averager (SRS SR250). A

standard PC-based data acquisition system (NI PCI-6023E DAQ card interfaced with

NI Labview) was then used to digitalize the analog output from the boxcar averager

(set to average 3 samples). During the OH LIF excitation scans the wavelength

scanning rate was set to 0.004 nm/s and the sampling rate was set to 20 Hz. Di�erent

wavelength scanning rates were tested, all resulting in the same OH LIF excitation

spectrum. The set wavelength scanning rate was therefore considered to be su�cient.

Figure 2.17 shows a sample of the measured OH LIF excitation spectrum (blue line)

after it was shifted to coincide with the model OH LIF excitation spectrum calculated

using the spectral simulation software LIFBASE (Luque and Crosley, 1999). A simple

shift of the data is shown to provide a good match between measured and simulated

spectra. The observed shift was −1.36 nm. This calibration procedure enabled us to

properly select the correct excitation line.
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2.4.2.2 OH PLIF Imaging System

The imaging of the PLIF signal was done with a gated intensi�ed CCD camera

(PI-MAX) �tted with a Nikon 105 mm, f/4 UV lens. A single UG-11 and three WG-

295 �lters were placed in front of the camera lens to reject unwanted light (OH PLIF

excitation light scattered by particles present in the �ow, re�ections and any residual

visible light coming from the pumping source or ambient light). The arrangement of

the OH PLIF ICCD camera in the experimental setup is shown in Figure 2.1 and

2.10. The ICCD camera is aligned horizontally and it images the selected horizontal

plane by imaging through a 75 mm in diameter UV-enhanced mirror mounted at

about 45◦. This con�guration was selected to isolate the ICCD camera from of the

harsh environment of the jet �ame in co�ow seeded with alumina particles. This

con�guration introduced some image deformation which was however corrected for by

imaging a calibration grid placed at the imaging plane and constructing a dewarping

function to transform from the deformed imaged to the correct Cartesian grid. The

dewarping was carried out using the image dewarping and mapping function available

in the LaVision DaVis 7.2 software used for the stereo PIV image analysis.
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Chapter 3

Velocity Measurements, Accuracy and Data

Reduction

In this chapter the 3C velocity measurements carried out with the stereoscopic

PIV system are �rst presented and discussed. Accuracy of the measurements is as-

sessed based on a comparison of two redundant measurement systems. The analytical

schemes utilized to �lter the velocity �elds and to compute the velocity gradients are

presented. Finally, the e�ect of spatial resolution on the velocity and derived velocity

gradients is assessed.

3.1 Time-series Stereo PIV Measurements

Three di�erent types of datasets have been produced, each of them with its

own purpose. Following is a summary of the three di�erent datasets and their use

(see also Section 2.3.2.3):

1. Case 1 : �Wide-�eld� stereo PIV measurements. A single stereo PIV

system at an acquisition rate of 3 kHz (resolution 512× 512 pixel) with a �eld

of view of about 40 mm × 45 mm was applied to a Red = 8, 000 jet �ame

at x/d = 40. This con�guration provides a relatively large imaging region

that enables, after time-space reconstruction, analysis of the volumetric spatial

structure of turbulence over a relatively large cross-section of the �ow. Only

the Red = 8, 000 jet �ame was considered in this con�guration because only

this case was properly time resolved. The stereo PIV measurements of this case

were combined with simultaneous 10 Hz OH PLIF.
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2. Case 2 : �Redundant� stereo PIV measurements. In this second con�gu-

ration two stereo PIV systems were used. Each system was positioned to image

the same region. In this con�guration a redundant independent measurement

of the velocity �eld was available to asses the accuracy of the measurements

and to improve the signal-to-noise ratio of the measurements1. Both systems

were operated at an acquisition rate of 5 kHz (resolution 512× 256 pixel) with

a �eld of view of about 40 mm × 25 mm and a total time duration of about

1.5 s. Redundant measurements of the Red = 8, 000 and 15, 300 jet �ames on

the x/d = 40, 52, 65 end-view plane were acquired.

3. Case 3 : 10 kHz stereo PIV measurements. In order to improve the

time resolution for the high-Reynolds number cases (Table 2.5), the two stereo

PIV systems were con�gured to carry out measurements at 10 kHz (resolution

128 × 256 pixel) on adjacent imaging regions. Using the two systems in this

con�guration was necessary to cover a larger �eld of view than what a single

system would o�er. The total imaged region was about 15 mm × 20 mm. In

this case jet �ames at Red = 10, 200, 13, 500 and 15, 300 on an end-view plane

at x/d = 52 have been carried out to investigate Reynolds number e�ects. The

stereo PIV measurements of this case were combined with simultaneous 10 Hz

OH PLIF.

3.1.1 Integration of the OH PLIF with the 3C Vector Fields

Recall that the velocity measurements were acquired at kHz-rate while a single

acquisition of the OH PLIF was acquired within each velocity time-series. Typically,

the acquired OH PLIF was timed to be in the middle of the velocity time-series so

that the 3C velocity �eld before and after (in time-space) the OH image was available.

As it was described in Chapter 2, the OH PLIF imaging was carried out

1Technically it would be possible to pair any two cameras to obtain up to 6 di�erent stereoscopic
con�gurations. However, only two of them provide truly independent measurements.
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Figure 3.1: Example of the calibration grid for OH PLIF imaging as seen by the
ICCD camera (before dewarping). y-z axis shown in �gure correspond to the y-z axis
adopted for the stereo PIV system.

by imaging through a properly positioned UV-enhanced mirror. This indirect, o�-

axis imaging introduced geometric distortion that was removed by dewarping the

raw image by using a dewarping and calibration function generated by imaging a

calibration plate (the same for the stereo PIV imaging system). Registration between

the OH PLIF camera and the stereo PIV cameras was automatically satis�ed by

simultaneously imaging the same target and de�ning a global Cartesian coordinate

system common to both the OH PLIF and stereo PIV imaging systems.

Figure 3.1 shows an example of the calibration grid as seen by the OH PLIF

ICCD camera before dewarping and calibration. The y − z axis indicated in the

�gure corresponds to the y − z axis in the velocity �eld. The y − z plane lies in the

measurement end-view plane while the x−direction corresponds to the out-of-plane

(axial) direction. This con�guration of the coordinate system will be maintained

throughout the rest of the work. In the imaging conditions of case 1, and in this
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(a)

(b)

Figure 3.2: Example of the raw OH PLIF images before any dewarping or image
correction has been applied. Cases shown refer to the Red = 8, 000 at x/d = 40 jet
�ame.
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(a)

(b)

Figure 3.3: Example of the OH PLIF images after background subtraction and image
�ltering with a 3 × 3 pixel moving average �lter but before image dewarping and
mapping is applied. Cases shown refer to the same case of the Red = 8, 000 (x/d = 40)
jet �ame shown in Figure 3.2.
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(a)

(b)

Figure 3.4: Example of the OH PLIF images after background subtraction, moving
average �ltering (3×3 pixel kernel) and image dewarping and mapping to the velocity
grid. Cases shown refer to the same case of the Red = 8, 000 at x/d = 40 jet �ame
shown in Figure 3.2 and 3.3.
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(a)

Figure 3.5: Example of the velocity measurement region projected onto the OH PLIF
imaging region showing the relative location and size of the velocity measurement
region with respect to the larger imaged region of the OH PLIF system. The case
shown refers to the measurement con�guration Case 1 for the Red = 8, 000 at x/d =
40 jet �ame.
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(a)

Figure 3.6: Example of the velocity measurement region projected onto the OH PLIF
imaging region showing the relative location and size of the velocity measurement
region with respect to the larger imaged region of the OH PLIF system. The case
shown refers to the measurement con�guration Case 2 for the Red = 8, 000 at x/d =
40 jet �ame.
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(a)

Figure 3.7: Example of the velocity measurement region projected onto the OH PLIF
imaging region showing the relative location and size of the velocity measurement
region with respect to the larger imaged region of the OH PLIF system. The case
shown refers to the measurement con�guration Case 3 for the Red = 15, 300 at
x/d = 52 jet �ame.
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case only, the origin of the y − z plane coincides with the jet �ame centerline. In the

two other cases (case 2 and case 3 ) the imaged region was too small to capture the

centerline of the jet �ame and it was positioned to image the edge of the jet �ame

where the reaction zone sits.

Examples of raw OH PLIF images are shown in Figure 3.2. Two representative

cases for the Reo = 8, 000 at x/d = 40 jet �ame are shown. The raw OH PLIF images

were background subtracted and low passed �ltered using a 3×3 pixel moving average

�lter (Figure 3.3). The images were then dewarped to correct for image distortion

and mapped onto the global coordinate system by applying the dewarping function

constructed from the calibration plate image. Figure 3.4 shows the resulting OH PLIF

images after all the required corrections have been applied to the raw images in Figure

3.2. Note that the �eld of view of the OH PLIF system is generally larger than the

�eld of view of the stereo PIV system, but it does not capture the whole cross-section

of the �ame2. Based on preliminary OH PLIF imaging the stereo PIV imaging region

was adjusted by moving the jet �ame facility to capture the instantaneous reaction

zone. Figures 3.5 through 3.7 show the relative location of the stereo PIV imaging

system with respect to the position of the jet �ame for the three di�erent measurement

con�gurations considered in the study.

3.1.2 Case 1 : Wide-�eld Velocity Measurements

Representative images of the time series of the 3C vector �eld measured for

the Red = 8, 000 jet �ame at x/d = 40 are shown in Figure 3.8 where the in-plane

2The same sheet forming optics for the stereo PIV illumination beam and OH PLIF excitation
beam were used. Although the sheet forming optics were arranged to obtain a nearly constant width
laser sheet for the stereo PIV imaging (to preserve laser �uence), they did not collimate the OH
PLIF laser sheet; however, the total width of the UV laser sheet was never su�cient to image the
whole cross-section of the jet �ame. This sheet forming optics con�guration was not optimal because
it did not allow one to independently adjust the characteristics (laser sheet width and focus position)
of the two beams. Although this was not a critical problem in the present experiment, a possible
improved con�guration is to have separate sheet forming optics for each beam, combine the sheets
and then adjust the overlap of the laser sheets at the imaging location.
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vectors are super-imposed on a contour plot of to the out-of-plane velocity compo-

nent. The velocity �eld is shown before any noise reduction �ltering is applied. The

shown vectors have been computed with an interrogation window size of 16×16 pixel

(equivalent to 1.3 mm×1.3 mm) with 50% overlap. All computed vectors are shown.

Only every other frame of the time series is shown to display more �ow evolution.

The resulting time interval between frames is 2/3 ms. For this imaging con�gura-

tion multiple time series datasets, each with a total duration of 85 ms (equivalent to

about 14 outer time scales δ1/2/ 〈ucl〉), have been acquired. The evolution of the jet

is properly captured by the high-speed measurements.

Figure 3.9 and 3.10 show two examples of the 3C velocity �eld combined with

the simultaneous OH PLIF image. These two �gures refer to two representative

examples for the jet �ame at Red = 8, 000 measured on the x/d = 40 end-view plane

and correspond to the OH PLIF imaging case of Figure 3.4 (the case in Figure 3.10 is

also the same as the time series shown in Figure 3.8). Figure 3.9(a) and 3.10(a) show

the in-plane vectors (i.e. the y- and z-components of the velocity �eld) superimposed

on the simultaneous OH PLIF. In the second part of these �gures, Figure 3.9(b) and

3.10(b), the OH PLIF layer is shown as an iso-contour line (solid purple line) equal

to 20% of the peak OH PLIF signal and it is superimposed to the 3C velocity �eld

(the out-of-plane x-component is shown as the colored contourmaps). In general, it is

observed that the OH PLIF layer closely enfolds the high-speed region of the inner jet

(Rehm and Clemens, 1998). Moreover, vortical structures, which can be recognized

in the velocity �eld, are seen to bend, wrap, stretch and distort the reaction zone

(marked by the OH PLIF layer). At this relatively low Reynolds number the reaction

zone is relatively laminar-like.

From all the time-series data acquired under the same conditions on the same

measurement planes, ensemble-average and root-mean-square (rms) 3C velocity �elds

were computed and are shown in Figure 3.11. In these �gures the in-plane coordi-

nates have been normalized by δ1/2, which was measured directly from the current

measurement and which compares favorably with the predicted value of Eq. 2.1. Ra-
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(g) (h)

(e) (f)

(c) (d)

(a) (b)

Figure 3.8: Sample time series of the three-component velocity �eld measured on the
end-view plane at x/d = 40 for the jet �ame at Red = 8, 000 before any denoising
�lter is applied. Only every other frame is presented to show more �ow evolution.
Time interval between frames is 2/3 ms.
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(a) (b)

Figure 3.9: Example of 3C velocity �eld measured on the end-view plane at x/d = 40
for the jet �ame at Red = 8, 000. (a) in-plane vectors and simultaneous OH PLIF;
(b) 3C vectors with OH layer indicated by solid purple line (iso-contour at 20% of
peak OH PLIF signal).

(a) (b)

Figure 3.10: Second example of 3C velocity �eld measured under the same conditions
of Figure 3.9. (a) in-plane vectors and simultaneous OH PLIF; (b) 3C vectors with
OH layer indicated by solid purple line (iso-contour at 20% of peak OH PLIF signal).
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(a) (b)

Figure 3.11: (a) Average and (b) rms vector �eld on the measurement plane for the
Red = 8, 000 jet �ame at x/d = 40.

dial pro�les of the average and rms axial velocities were then extracted and shown

in Figure 3.12. The radial pro�les (normalized by 〈ucl〉) are shown as a scatter plot

of all measurement points as a function of the radial coordinate r = (y2 + z2)
1/2 nor-

malized by δ1/2. The average axial velocity pro�le is then compared with a Gaussian

pro�le (solid line in Figure 3.12(a)). The measured pro�le of the mean axial veloc-

ity is nearly Gaussian and deviation from Gaussian are observed at the edges of the

measured region where the accuracy of the PIV vector extraction is also inferior than

the central part. The rms velocity has a local minimum on centerline with a value

of about 0.2 〈ucl〉 and a maximum o�-centerline around r/δ1/2 = 0.2 − 0.3 of about

0.24 〈ucl〉.

3.1.3 Case 2 : Redundant Velocity Measurements

In this second con�guration the two stereo PIV imaging systems were used

simultaneously to measure the 3C velocity �eld on the same imaging plane. The two

redundant measurements are primarily used to assess the accuracy of the measure-

ments but they are also used to improve the signal-to-noise ratio in the analysis of
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(a) (b)

Figure 3.12: Radial pro�les of the (a) average and (b) rms axial velocity �eld on the
measurement plane for the Red = 8, 000 jet �ame at x/d = 40. Solid line in (a)
indicates a Gaussian pro�le.

certain quantities of interest, as it will be shown in the next Chapter. Measurements

in this con�guration were performed at 5 kHz for a total time duration of 1.5 s. At

least two datasets at each �ow con�guration have been acquired. Note that in this

case the origin of the in-plane coordinate system (y − z axis) is arbitrary since the

limited �eld of view prevented the determination the centerline of the jet.

A representative example for the Red = 8, 000 jet �ame at x/d = 40 is shown

in Figure 3.13 where every other frame is shown. The time-series of each independent

measurement system is organized column-wise with each frame separated in time

by 400 µs. The results of the two measurement systems have been labeled A and B,

respectively. This labeling will be preserved throughout this discussion. Simultaneous

10 Hz OH PLIF was also carried on a smaller set for the Red = 8, 000 case to address

any in�uence of the reaction zone on the PIV accuracy. An example of the 3C vector

�eld superimposed with iso-contour lines of the simultaneous OH PLIF is shown in

Figure 3.14.

Redundant measurements were acquired for jet �ames at di�erent Red and
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(4) (4)

(3) (3)

(2) (2)

(1) (1)

(A) (B)

Figure 3.13: Example time-series of the 3C velocity �elds acquired with the two
stereo PIV systems. Two simultaneous redundant measurements ((A) and (B)) are
obtained. Measurements were taken on the Red = 8, 000 jet �ame at x/d = 40. Every
other frame is shown for clarity. Time separation between frames is 400 µs. (White
spots correspond to rejected and masked velocity vectors.)
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(a) (b)

Figure 3.14: Representative example of the 3C velocity �eld measured with the two
redundant measurement systems. Red = 8, 000 jet �ame at x/d = 40. Iso-contour
line indicates simultaneous OH PLIF imaging.

di�erent downstream position to build a su�ciently large database of such mea-

surements. Figure 3.15 through Figure 3.17 show time-series examples of the cases

considered. In general it is observed that the measurements provided qualitatively

similar results. The agreement usually degrades near the edges of the frame, where

the accuracy of the PIV measurements is inferior. In the following section a more

quantitative comparison of the two measurements will be presented.

3.1.4 Case 3 : 10-kHz Velocity Measurements

In this last case 10 kHz stereo PIV measurements and simultaneous 10 Hz OH

PLIF were acquired at a downstream distance of x/d = 52 and for jet �ames at

Red = 10, 000, 13, 500, and 15, 300, where the two stereo PIV systems were arranged

to image adjacent regions to extend the limited �eld of view. Figure 3.18 through

Figure 3.20 show representative time series for each of the three cases considered. The

time interval between frames in these �gures is 100 µs. The simultaneous, single-frame

OH PLIF is also shown schematically as an iso-contour line corresponding to 20% of

the peak intensity superimposed on the corresponding 3C velocity �eld (frame (d) in

each �gure). A color representation of the OH PLIF image for each of the three cases

shown here are also presented in Figure 3.21-3.23 for clarity. Note that also in this
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Figure 3.15: Redundant 3C velocity measurements on the Red = 8, 000 jet �ame at
x/d = 52. Time interval between frames is 400 µs. A and B systems are shown on
each column.
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Figure 3.16: Redundant 3C velocity measurements on the Red = 15, 300 jet �ame at
x/d = 52. Time interval between frames is 200 µs. A and B systems are shown on
each column.
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Figure 3.17: Redundant 3C velocity measurements on the Red = 15, 300 jet �ame at
x/d = 65. Time interval between frames is 400 µs. A and B systems are shown on
each column.
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case the origin of the in-plane coordinates system (y − z axis) is arbitrary since the

limited �eld of view prevented the identi�cation of the centerline of the jet.

3.2 PIV Accuracy Assessment

3.2.1 Overview

The accuracy of the velocity measurements with PIV is primarily determined

by the accuracy of the particle displacement measurements, which in turn is a�ected

by the seeding particle density, particle image, in-plane particle displacement, out-of-

plane particle loss, and velocity gradients within the interrogation window. A large

amount of work has been dedicated to investigating PIV accuracy both for auto-

correlation and cross-correlation based techniques for particle displacement measure-

ment (Keane and Adrian, 1990, 1991, 1992). For conventional digital PIV di�erent

optimization strategies have been introduced to mitigate the e�ect of some of these

parameters, such as window o�set (Westerweel et al., 1997), iterative multigrid pro-

cessing (Scarano and Riethmuller, 1999, 2000) and image deformation (Scarano, 2002;

Westerweel, 2008). The e�ect of peak-locking, where the particle displacement is bi-

ased toward integer values of pixel displacements, has been investigated extensively

since it is a major source of bias error (Prasad et al., 1992; Lourenco and Krotha-

palli, 1995; Nogueria et al., 2001; Liao and Cowen, 2005). Peak-locking becomes a

problem for small particle images, typically less than 2 pixels in diameter. Window

o�set, iterative multigrid and image deformation processing approaches are primarily

image processing techniques introduced to optimize the measurement of the particle

displacement using spatial correlation techniques. However, other procedural factors

need to be optimized during the experiment design and recording phases, such as opti-

mizing the pulse separation between recordings to minimize random and acceleration

errors (Boillot and Prasad, 1996), resolution, and imaging characteristics (Adrian,

1997; Keane and Adrian, 1990, 1991).

PIV errors can be classi�ed as either bias or random errors (Willert and Gharib,
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(a) (b)

(c) (d)

(e) (f)

Figure 3.18: Time-series of 3C velocity �elds on the Red = 10, 000 jet �ame at
x/d = 52. Time interval between frames is 100 µs. Solid purple line in (d) indicates
the iso-contour line corresponding to 20% of the peak OH signal. A color image of
the OH layer for this case is also presented in Figure 3.21 for clarity.
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(c) (d)

(e) (f)

Figure 3.19: Time-series of 3C velocity �elds on the Red = 13, 500 jet �ame at
x/d = 52. Time interval between frames is 100 µs. Solid purple line in (d) indicates
the iso-contour line corresponding to 20% of the peak OH signal. A color image of
the OH layer for this case is also presented in Figure 3.22 for clarity.
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(c) (d)

(e) (f)

Figure 3.20: Time-series of 3C velocity �elds on the Red = 15, 300 jet �ame at
x/d = 52. Time interval between frames is 100 µs. Solid purple line in (d) indicates
the iso-contour line corresponding to 20% of the peak OH signal. A color image of
the OH layer for this case is also presented in Figure 3.23 for clarity.
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Figure 3.21: Detailed view of the OH PLIF image corresponding to the 3C velocity
time series shown in Figure 3.18 for the Red = 10, 000 jet �ame at x/d = 52.

Figure 3.22: Detailed view of the OH PLIF image corresponding to the 3C velocity
time series shown in Figure 3.19 for the Red = 13, 500 jet �ame at x/d = 52.
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Figure 3.23: Detailed view of the OH PLIF image corresponding to the 3C velocity
time series shown in Figure 3.20 for the Red = 15, 300 jet �ame at x/d = 52. This
case is also the same as shown in Figure 3.7.

1991; Prasad et al., 1992; Huang et al., 1997; Westerweel, 2000; Forliti et al., 2000).

Bias errors arise from any source that systematically introduces a bias in the detection

of the correlation peak. The most common source is, for example, peak-locking, but

even re�ections or particle non-uniformity can introduce bias errors. Velocity gradi-

ents within the interrogation windows can also be a source of bias errors. Conversely,

random error arises from random inaccuracies in detecting the correlation peak. It is

a�ected, for example, by noise in the imaging recording, particle image distortion or

truncation, loss of particles between illumination pulses, and edge e�ects. Random

error also depends on the type of correlation-peak-�nding algorithm or interpolation

scheme that is used. Early analyses of PIV errors suggested that the intrinsic accu-

racy of the (digital-based) technique was limited to 0.5 pixel. However, introduction

of cross-correlation techniques and sub-pixel interpolation enabled the reduction of

the uncertainty down to less than 0.05 pixel (Willert and Gharib, 1991; Keane and

Adrian, 1992). This value was validated in an optimized experiment by Westerweel
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et al. (1997). Westerweel (2000) carried out a detailed analysis based on analytical

and numerical work to investigate the theoretical limits of PIV accuracy. The work

con�rmed earlier results (Adrian, 1991) that the PIV uncertainty depends linearly

on displacement for displacements less than 0.5 pixel and on the particle diameter

(with at least 5 particles per interrogation window). For particle images smaller than

2 pixels in diameter the uncertainty is dominated by bias errors and quickly increases

as the particle image gets smaller and smaller; for larger particle images the PIV ac-

curacy is instead dominated by random errors and varies nearly linearly with particle

diameter (Prasad et al., 1992). The minimum PIV error is found to be for particle

image size of about 2 pixels. Under ideal circumstances (ideal particle images, no

noise, equal particle size and shape, uniform particle illumination, particle diameter

equal to 2 pixels, 15 particles per interrogation windows) the theoretical analysis of

Westerweel (2000) indicates that PIV errors can be reduced to 0.02 pixel. However,

as they point out, this limit is found for highly idealized conditions and practical

considerations e�ectively limit the accuracy of PIV to 0.05− 0.1 pixel (Huang et al.,

1997). For example, variation in particle diameter within 25% can increase the PIV

uncertainty by a factor of 2− 4.

The above considerations on PIV uncertainty were restricted to 2C PIV. The

extension of PIV accuracy to the stereoscopic con�guration has been carried out by

several groups to account for the stereoscopic imaging con�guration and reconstruc-

tion (Arroyo and Greated, 1991; Prasad and Adrian, 1993; Lawson and Wu, 1997a,b;

Zang and Prasad, 1997). A good review of the work is the one of Prasad (2000).

Arroyo and Greated (1991) and Prasad and Adrian (1993) developed a theoretical

description and uncertainty characterization of the translational stereoscopic con�g-

uration. Lawson and Wu (1997a) extended the analysis to the angular con�guration

and accounted for variation of uncertainty across the measurement region. They later

successfully veri�ed their model through a set of experimental measurements (Law-

son and Wu, 1997b). Zang and Prasad (1997) considered the angular con�guration

including the Scheimp�ug condition, which is now used in most stereoscopic con-
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�gurations. The general approach is to propagate the intrinsic accuracy of the two

measured 2C vector �elds of the stereo PIV pair through the stereoscopic reconstruc-

tion equations. A geometric model of the stereoscopic imaging and reconstruction is

typically used to obtain an analytical form of the error propagation equations. The

results for all the di�erent con�gurations that have been considered in the literature,

however, tend to converge, but are not exactly the same, to a similar functional de-

pendence between the accuracy of the reconstructed 3C velocity �eld, the accuracy

of the two 2C velocity �elds from which the 3C �eld is reconstructed and the imaging

parameters.

Neglecting variations across the �eld of view, variations of magni�cation or

any other imaging parameter between the two imaging systems, and assuming equal

uncertainty among all components of the two 2C velocity �elds of the stereo PIV pair

(δUi = δVi = δU with i = 1, 2), the analytical work of Lawson and Wu (1997a)

predicts that the errors of the 3C velocity �eld δui depend on the error δU of the 2C

velocity �eld from which it is reconstructed as (at the center of the �eld of view):

δu =
1√

2sinα
δU (3.1a)

δv = δU (3.1b)

δw =
1√

2cosα
δU (3.1c)

where the usual coordinate system adopted in the study is used (i.e., the out-of-

plane component is the x-direction). α is the angle between the viewing direction

and the normal to the illumination plane; δU is the accuracy of the 2C velocity

�elds before reconstruction; (δu, δv, δw) is the accuracy of the 3C velocity �eld

after reconstruction. In their model3 it appears that the in-plane component δv

(which is the direction around which the two cameras of the stereo pair are rotated)

3It appears that there are some discrepancies in the results obtained later by Zang and Prasad
(1997) for the Scheimp�ug con�guration. They claim that, from their results, δv/δU ≈ δw/δU ≈
1/
√

2 but they show a functional dependence similar to Eq. 3.1a-3.1c in their Figure 3. Prasad
(2000) shows the same results of Zang and Prasad (1997).
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is not a�ected whereas the other in-plane component δw is reduced by a factor of
√

2cosα. On the other hand, the out-of-plane component δu is increased by a factor

of 1/
√

2sinα. Moreover, the ratio between the accuracy of the out-of-plane and in-

plane velocity component depends solely on the imaging con�guration and varies as:

δu

δw
=

1

tanα
(3.2)

Therefore the best imaging con�guration that would minimize δu/δw is α = 45◦,

although in this con�guration δw would reach its maximum value, δw = δU .

One of the major sources of inaccuracy in stereo PIV arises from misalignment

between the calibration target and illumination plane (registration error) (Willert,

1997; Coudert and Schon, 2001; Wieneke, 2005; Scarano et al., 2005). This regis-

tration bias error can however be removed using a self-calibration technique where

the correction for misalignment is carried out directly from the imaged tracer par-

ticles (Wieneke, 2005). This technique, however, relies on the assumption that the

imaging system (or con�guration) does not introduce image distortion, such as the

blur induced by a reacting �ow. Van Doorne and Westerweel (2007) carried out an

experimental study on pipe �ow that, among other things, shows some of the errors

typical of stereo PIV. In their optimized con�guration, after removing registration

errors, they estimated uncertainties ranging from 0.05 pixel in the center of the �eld

of view to 0.18 pixel at the edges where velocity gradient e�ects and image distortion

were more prominent.

For nonreacting �ows, accuracy assessments are typically addressed by carry-

ing out analytical and computational tests on idealized systems where particle dis-

placement is computed from synthetic images obtained from known vector �elds.

However, when PIV is applied to a reacting �ow, other e�ects need to be consid-

ered, such as thermophoretic e�ects, beam steering, image blurring, and non-uniform

particle density. All these e�ects will introduce di�erent sources of error. A brief

description of the general e�ects on PIV accuracy of some of these issues has been
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already introduced in the previous chapter and is not repeated here. The combined

e�ects of these non-ideal conditions are expected to broaden the range of expected er-

rors. For example, it was found that the e�ect of image blur is to smooth and broaden

the correlation peak which results a in reduced ability to estimate the true particle

displacement (Elsinga et al., 2005a). The remainder of this section is dedicated to

investigating the level of accuracy of the current measurements. The measurement

con�guration Case 2 provides two independent but simultaneous measurements of

the 3C velocity �eld on the same plane in the �ow. Since the two systems image the

same particle �eld simultaneously, they should provide the same measurements. Any

observed di�erences are therefore an indication of the intrinsic accuracy and noise

level of the present con�guration.

3.2.2 Comparison Between Redundant Measurements

Examples of the two simultaneous redundant measurements (labeled system

A and B) for the jet �ames at Red = 8, 000 and Red = 15, 300 on two downstream

end-view planes were shown in Figure 3.13 through Figure 3.17. It can be seen that

both systems capture the general features of the �ows. However several �ne-scale dif-

ferences are visible and are highlighted by computing the di�erence between velocity

components from each system. The di�erence between each velocity component was

computed after mapping the 3C velocity �eld of system B onto the grid of system A.

Even though the velocity �elds of the two systems (A and B) were mapped to the

same coordinate system, small misalignment between the imaged regions of the two

systems results in velocity �elds being mapped to di�erent grid points of the same

coordinate system, hence there is a need to remap one of the two grids onto the other

one. A third order polynomial interpolation scheme was used to map the grid of

system B onto the grid of system A.

Figure 3.24 shows a sample of the velocity di�erence between the two measure-

ment systems associated with the in-plane velocity components (∆v and ∆w) for the

jet �ame at Red = 8, 000 on the x/d = 52 plane (this �gure uses the time series data
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shown in Figure 3.15). Similarly Figure 3.25 shows the di�erence for the out-of-plane

component (∆u) for the same case. Figures 3.26 and 3.27 are the analogous results

for the jet �ame at Red = 15, 3000 on the x/d = 65 plane (corresponding to the

time series shown in Figure 3.17). In general, it is observed that the velocity di�er-

ence components (∆u, ∆v, ∆w) are localized and organized in small-scale pockets

that are spatially and temporally uncorrelated. The velocity di�erences associated

with the in-plane velocity components are also observed to be lower in magnitude

than the di�erences associated with the out-of-plane components. This observation

is consistent with the general result that the accuracy of the out-of-plane component

is lower than the accuracy of the in-plane components in stereo PIV measurements.

The velocity di�erence is taken as an indication of the accuracy of the measurements

and should account for both bias and random (noise) errors.

Probability density functions (PDFs) of the velocity di�erence for each com-

ponent of the velocity �eld were compiled, and are shown in Figure 3.28 for the (a)

Red = 8, 000 case of Figure 3.24-3.25 and (b) Red = 15, 300 case of Figure 3.26-3.27.

The velocity di�erence components in these �gures are reported in units of m/s and

in units of pixel displacement in Figure 3.29. All components are seen to follow a

Gaussian-like distribution, indicating the randomness of this velocity di�erence. All

components are seen to be symmetric with respect to the origin, reinforcing the obser-

vation that the velocity di�erences are random and systematic errors are not present

between the two measurement systems. The PDFs of the velocity di�erence appear

to depend on the magnitude of the measured velocity �eld, but, once converted to

pixel displacement (Figure 3.29), they follow similar distributions, independent of

the details of the �ow. The similar relative displacement error is likely a result of

the fact that in all cases the time separation between light pulses was optimized to

maximize the particle displacements. The root-mean-square (rms) values for all three

components of the velocity �eld and all cases considered are summarized in Table 3.1.

For all reacting cases considered in the study the rms velocity di�erence, after being

converted to a pixel particle displacement (shown in parenthesis in Table 3.1), is on
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Figure 3.24: Velocity di�erence of the in-plane velocity components for the time series
shown in Figure 3.15: (a) y-component (∆v); (b) z-component (∆w). Red = 8, 000
jet �ame at x/d = 52.
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Figure 3.25: Velocity di�erence of the out-of-plane velocity component (x-component)
∆u for the time series shown in Figure 3.15. Red = 8, 000 jet �ame at x/d = 52.
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Figure 3.26: Velocity di�erence of the in-plane velocity components for the time series
shown in Figure 3.17: (a) y-component (∆v); (b) z-component (∆w). Red = 15, 300
jet �ame at x/d = 65.
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Figure 3.27: Velocity di�erence of the out-of-plane velocity component (x-component)
∆u. for the time series shown in Figure 3.17 Red = 15, 300 jet �ame at x/d = 65.
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(a) (b)

Figure 3.28: PDF of the velocity di�erence for the cases shown in (a) Figure 3.24-3.25
and (b) Figure 3.26-3.27.

the order of 0.15 pixel for the in-plane components and about 0.3 pixel for the out-of-

plane component, giving a ratio of 2 between the two components. The prediction of

Eq. 3.2 indicates a ratio of about 2 for α ≈ 26◦ (as in the present con�guration). The

results of the study are therefore consistent with theoretical prediction. The observed

rms velocity di�erences are however signi�cantly larger than expected. If we take a

reference value of 0.1 pixel as the accuracy of the 2C vector �eld in each pair of the

stereo PIV system, theoretical prediction would predict errors in the 3C �elds on the

order of 0.8−0.16 pixel, about half of what is observed in the current measurements.

In order to assess whether this increase was all due to image blur and distortion

or was characteristic of the con�guration used, a similar analysis has been carried out

in an equivalent nonreacting turbulent jet. A smaller set of measurements was carried

out for this nonreacting turbulent air jet case. The purpose of this experiment was

to investigate the accuracy of the current stereo PIV system in nonreacting �ow

conditions, and hence did not su�er from blur and distortion e�ects. The turbulent

jet was con�gured similarly to the work of Tsurikov (2002) and Ganapathisubramani

et al. (2008). A turbulent jet formed by a 26 mm nozzle at a jet exit Reynolds number
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(a) (b)

Figure 3.29: PDF of the velocity di�erence converted to pixel displacement for the
cases shown in (a) Figure 3.24-3.25 and (b) Figure 3.26-3.27.

case ∆urms ∆vrms ∆wrms

Red = 8, 000 at x/d = 40 0.498 (0.295) 0.244 (0.144) 0.236 (0.140)

Red = 8, 000 at x/d = 52 0.477 (0.283) 0.235 (0.140) 0.231 (0.137)

Red = 15, 300 at x/d = 52 0.916 (0.326) 0.461 (0.164) 0.448 (0.159)

Red = 15, 300 at x/d = 65 0.826 (0.294) 0.428 (0.152) 0.420 (0.149)
†Red = 5, 000 at x/d = 40 0.047 (0.209) 0.021 (0.094) 0.022 (0.098)
‡Red = 5, 000 at x/d = 40 0.034 (0.230) 0.016 (0.105) 0.016 (0.110)

Table 3.1: Summary of the rms values of velocity di�erence components for all cases
considered. rms values are reported in units of m/s (pixel). † refers to a nonreacting
turbulent jet with illumination pulse time separation ∆t = 400 µs; ‡ refers to the same
nonreacting turbulent jet of † with illumination pulse time separation ∆t = 600 µs.
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(a) (b)

Figure 3.30: PDF of the velocity di�erence for the nonreacting turbulent jet at Red =
5, 000 with (a) ∆t = 400 µs and (b) ∆t = 600 µs.

of 5, 000 was considered. Redundant measurements on an end-view plane at x/d = 40

were carried out under similar conditions to the jet �ame cases. The measurements

were performed at 5 kHz. At this acquisition rate the measurements were temporally

resolved by a factor of more than 5. The vectors were computed under similar raw

particle images processing conditions as for the jet �ames. Vectors were extracted

from undersampled time-series of particle images. Undersampling by a factor of 2

and 3, consistent with ∆t = 400 µs and 600 µs between image pairs, respectively,

were considered to investigate the e�ect of total particle displacement on the overall

accuracy of the method.

The PDFs of the velocity di�erence components for the nonreacting turbu-

lent jet are shown in Figure 3.30 for the two cases of di�erent ∆t's. For these cases

the PDFs also exhibit a symmetric Gaussian-like distribution. The velocity di�er-

ence corresponding to the out-of-plane velocity components is however slightly o�set,

probably as a result of some bias in one of the measurements. A qualitative inspec-

tion of these curves generated from data at di�erent ∆t's indicates that the PDFs of

the velocity di�erence narrows as ∆t is increased. This is shown more quantitatively
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(a) (b)

Figure 3.31: PDF of the velocity di�erence converted to pixel displacement (Figure
3.30) for the nonreacting turbulent jet at Red = 5, 000 with (a) ∆t = 400 µs and (b)
∆t = 600 µs.

by the rms velocity di�erence summarized in Table 3.1. For ∆t = 400 µs the rms

value for the in-plane components is about 0.02 m/s whereas for the out-of-plane

component the rms value is about 0.05 m/s. These values decrease to 0.016 m/s and

0.034 m/s for the case with ∆t = 600 µs. Similar to the earlier observation, the ratio

between the di�erence of the out-of-plane component and the in-plane components is

about two, which is consistent with the expectation of the stereo PIV con�guration

used. When the velocity di�erence is converted to particle displacement in pixels the

PDFs generated from the datasets at di�erent ∆t are however more similar, as shown

in Figure 3.31. The rms values of the particle displacement di�erence are summa-

rized in Table 3.1 for this nonreacting case, and indicate that the values converted to

pixel displacement slightly increase as ∆t increases. Therefore, since the measured

�ow is identically the same in both cases, it can be concluded that as ∆t increases

(which translates into larger absolute particle displacements), the rms relative error

of the velocity measurement decreases although the rms particle displacement error

increases. This result is consistent with the earlier observation of Westerweel (2000)

on 2C PIV measurements.
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In the case of the present study the rms particle displacement error estimated

by comparing the two redundant measurements on the nonreacting turbulent jet are

on the order of 0.1 pixel for the in-plane component and 0.2 pixel for the out-of-plane

component. This value is on the high side of the range of values typically found in

optimized PIV measurements. The reason for this larger error likely results from the

fact that individual particle images are on the order of 1 − 2 pixel, which is in the

range of values where bias errors (such as peak-locking e�ects) dominate the PIV

accuracy. Furthermore, the intrinsic error of the stereoscopic reconstruction utilized

to convert the two 2C velocity �elds to the 3C �eld is about 0.1−0.2 pixel. The e�ect

of small particle images would be expected to be mitigated by the blurring introduced

by imaging through a non-homogeneous medium in the reacting �ow cases since image

blurring results in larger particle images (see the particle images shown in Chapter

2, for example). However, image blurring and distortion introduce other sources of

inaccuracies. It can be concluded then that the observed increase in the rms particle

displacement error estimated in the study (on the order of 0.15−0.3 pixel) is primarily

due to the combined e�ect of image blur and distortion.

One last observation is the e�ect of the reaction zone on the accuracy of the

velocity measurements. Datasets where the redundant velocity measurements were

combined with simultaneous 10 Hz OH PLIF were also carried out, as shown in the

example of Figure 3.14. Inspection of these cases revealed that there is no direct

correlation between the instantaneous reaction zone and velocity error.

3.2.3 PDFs of Velocity Components

PDFs of the three velocity components give further insight into the accuracy

of the measurements since they highlight biases present in the measurements (such as

peak-locking e�ects), and put into perspective the accuracy assessment study carried

out in this work. The jet �ame at Red = 15, 300 at x/d = 52 case is taken as a

representative example since it requires the most stringent measurement conditions.

Figure 3.32 through Figure 3.34 show PDFs of the three components of the
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(a) (b)

Figure 3.32: PDF of the u velocity component for the jet �ame at Red = 15, 300 at
x/d = 52. (a) linear scale, (b) logarithmic scale.

(a) (b)

Figure 3.33: PDF of the v velocity component for the jet �ame at Red = 15, 300 at
x/d = 52. (a) linear scale, (b) logarithmic scale.

126



(a) (b)

Figure 3.34: PDF of the w velocity component for the jet �ame at Reo = 15, 3000 at
x/d = 52. (a) linear scale, (b) logarithmic scale.

velocity �eld and are shown in Figure 3.35 in terms of pixel displacement. The

PDFs have been compiled from measurement points across the whole �eld of view

and for the whole length of one of the available datasets. The PDFs are shown in

both the (a) linear and (b) logarithmic scales. Distributions as measured by the two

redundant systems are shown in these �gures (labeled as system A and B). Both

systems show nearly identical PDF for all three velocity components. The principal

di�erences are visible around v = 0 and w = 0, likely due to some systematic error

at zero-displacement. Moreover, the curves show some nonuniformity that could be

interpreted as an e�ect of peak-locking. Peak-locking is present in the detection

of the particle displacement of each individual 2C vector �eld as measured by each

camera of the camera pair used in the stereoscopic reconstruction. The stereoscopic

reconstruction could, however, wash out and mask the e�ect. It is therefore necessary

to investigate peak-locking e�ects directly in the 2C �elds before reconstruction.

To investigate peak-locking e�ects, a small set of the 3C velocity data has been

decomposed back into the two 2C �elds (i.e., the stereoscopic reconstruction has been

inverted) and PDFs of each of the two in-plane velocity components (labelled U and
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V components) were generated and are shown in Figure 3.36. Even though a small set

of points is used (about 200 planes, which corresponds to an ensemble of 350,000 data

points) and the resulting PDFs are a little noisy, the results should be representative of

the measurements. Presented in this decomposed form, the irregularities in the PDFs

are more visible (especially when presented with a logarithmic scale). The localized

peaks that are observed in the PDFs are the characteristic signature of a mild peak-

locking. This is more evident when the velocity components are converted to pixel

displacement using a nominal magni�cation factor representative of the particular

imaging con�guration (i.e., variations of magni�cation across the �eld of view are

neglected), as shown in Figure 3.37. The observed irregularities tend to coincide with

integer values of pixel displacements. It is di�cult to determine how this peak-locking

bias a�ects the velocity di�erences observed between the two systems. The e�ect of

peak-locking on each stereo PIV system is believed to be independent between the

two systems, although they probe the same �ow with nearly the same con�guration.

The two stereo PIV systems are oriented in a con�guration perpendicular to each

other which results in projected particle displacements that are complementary of

each other. What is seen by one system as a displacement in one direction is seen by

the other system as a displacement in the direction perpendicular to it. The e�ects

of peak-locking are therefore expected to be independent and the velocity di�erence

measured with the presented approach is believed to capture the overall characteristics

of the stereo PIV system used for the measurements.

The presented PDFs of the velocity components also give some insight into

the di�culties associated with these measurements. Again recall Figure 3.35 which

shows the PDFs of the three components of the velocity �eld converted to pixel

displacement. A wide dynamic range is required to properly capture this �ow. In-

plane displacements on the order of ±3 pixels and out-of-plane displacements in the

range 0−8 pixels are observed. Recall that the laser sheet thickness is about 1.3 mm

or about 16 pixels. Therefore bias toward lower velocity can potentially be introduced

by out-of-plane loss of particles (since the fastest moving particles are lost across the
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(a) (b)

(c)

Figure 3.35: PDF of the (a) u, (b) v, (c) w velocity components converted to pixel
displacement for the case shown in Figure 3.32 through 3.34.
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(a) (b)

(c) (d)

Figure 3.36: PDF of the in-plane velocity components U−V measured by each camera
of the A stereo PIV system for the jet �ame at Red = 15, 300 at x/d = 52. (a, b)
U − V components on linear scale, (c, d) U − V components on logarithmic scale.
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(a) (b)

Figure 3.37: PDF of the in-plane velocity components U − V converted to pixel
displacement as measured by each camera of the A stereo PIV system for the jet
�ame at Red = 15, 300 at x/d = 52. (a) U component, (b) V component.

plane between illumination pulses). The time separation between illumination pulses

needs to be maintained su�ciently small to avoid this loss of particles which results

in small in-plane displacements. Therefore there is a disparity between in-plane and

out-of-plane displacements and a compromise needs to be made between resolution

and illumination pulse separation to maximize accuracy (displacement) while avoiding

loss of particles.

3.2.4 Estimate of the Relative Accuracy

The results of this part of the study are used to estimate the level of accuracy

of the measurements. The measured rms value of the velocity di�erence for each

component is taken to be a measure of the accuracy. The relative accuracy of the

measurements is de�ned as the ratio of the rms velocity di�erence (between the two

redundant measurements) and the rms of the corresponding velocity component. A

summary of the estimates of the relative rms uncertainty for the cases considered is

provided in Table 3.2. The estimated uncertainty in the out-of-plane component is
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in the range of 7− 8%, while uncertainties in the range 15− 25% are present in the

in-plane components. Moreover, the estimated uncertainty appears to be dominated

by random noise in the measurements. Note that although the the in-plane velocity

components have a smaller value of the rms of the velocity di�erence than the out-

of-plane component, the relative accuracy of the in-plane components is larger than

the out-of-plane component because the value of the rms of the corresponding in-

plane velocity components is signi�cant smaller than the out-of plane one. This

results in larger relative uncertainty in the in-plane components than the out-of-plane

component.

Mullin and Dahm (2006a) carried out a similar analysis to assess their dual-

plane stereoscopic PIV setup. Their goal was to carry out spatially resolved dual-

plane, three-component velocity measurements to extract the full velocity gradient

tensor on a side-view plane in a turbulent jet. They assessed the intrinsic accuracy of

their stereo PIV systems by carrying out experiments where both stereo PIV systems

imaged the same calibration target which underwent a known displacement. They

found that the intrinsic accuracy was less than 1% (based on the rms error of the

velocity di�erence between the two stereo PIV systems). However, when they es-

timated the accuracy from true particle �elds and realistic imaging conditions they

found much larger uncertainties. In fact, in the second part of their analysis they

considered simultaneous velocity measurements performed with the two stereo PIV

systems but using a single illumination plane to illuminate the �ow �eld of a turbulent

jet on a side-plane containing the centerline of the jet. With this con�guration they

found typical values for the rms error in the velocity di�erence of about 6.5% for the

in-plane component and 10.5% for the out-of-plane components. In the third and �nal

part of their analysis they performed the same measurements but using two di�erent

illumination laser pulses to simultaneously illuminate the same region of the �ow (i.e.

the two simultaneous laser sheets were coincident), and used each stereo PIV system

independently to image the particle �eld illuminated by one the two di�erent lasers.

In this way they were able to carry out simultaneous velocity measurements using
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two completely independent imaging and �ow illumination systems. The goal of this

third part was to investigate the e�ect of laser sheet positioning and sheet forming

inaccuracies on accuracy (alignment errors). In this case they found rms errors in

the velocity di�erence on the order of 8% − 9% for the in-plane components and on

the order of 16% for the out-of-plane component. They used the results of the third

part of their work as an estimate of the accuracy of their dual-plane velocity mea-

surements accounting for errors due to alignment, imaging, calibration and vector

computation (Mullin and Dahm, 2006a). This third part of their study, however,

is not very relevant to the current study, although the second part is very relevant.

The only di�erence, other than that the current measurements were carried out at

kHz−rate on turbulent jet �ames rather than on turbulent nonreacting jets, is that

in the con�guration of the present study the out-of-plane component is the dominant

component, with velocity about an order of magnitude larger than the in-plane com-

ponents. The uncertainty estimate of the present measurements indicates rms errors

in the velocity di�erence for the out-of-plane component that is a little smaller than

what Mullin and Dahm (2006a) found but the rms error for the in-plane components

is signi�cantly larger (15%− 25%).

This discussion indicates that the �ow and imaging con�guration impose strong

limitations on the ability of PIV to obtain highly accurate measurements, especially

for the in-plane components. The maximum out-of-plane displacement that can be

accepted is limited by the laser sheet thickness, whereas the in-plane displacements

are limited by the con�guration of the �ow. The main �ow direction is the out-of-

plane direction with in-plane velocities about an order of magnitude lower than the

out-of-plane component. Combined with the limited imaging resolution that high-

speed PIV systems are capable of and the strict spatial resolution requirements of

these measurements, these factors result in a limited dynamic range of the measure-

ment system and, consequently, relatively large measurement uncertainties. This fact

is an inevitable limitation that we have to accept in order to carry out these types of

measurement. However, by proper data conditioning, these measurements can still
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case u v w

Red = 8, 000 at x/d = 40 6.8% 16.7% 15.7%

Red = 8, 000 at x/d = 52 7.1% 19.6% 18.0%

Red = 15, 300 at x/d = 52 8.2% 20.2% 17.1%

Red = 15, 300 at x/d = 65 8.3% 24.3% 23.2%

Table 3.2: Estimated relative rms uncertainty for the cases considered in this part
of the study. Relative rms uncertainty is de�ned as the ratio between the rms value
of the measured velocity di�erence and the rms value of the corresponding velocity
component.

provide valuable insights on many of the features of the �ows being investigated.

3.3 Data Filtering

Noise control strategies are necessary in order to suppress the deleterious ef-

fects of noise on the computation of the velocity gradients. The goal is to apply a

suitable �lter to the data to mitigate the noise while preserving the physical features

of the �ow. In particular, the selected �lter needs to preserve all important scales of

the �ow, from the larger, energy-containing scales to the smaller, dissipative scales.

As described in Chapter 2, the spatial resolution of the measurements is about 2−3η.

From what is already known of turbulence, the smallest dissipative scales observed

in turbulent �ows are on the order of 6η (Buch and Dahm, 1996, 1998; Mullin and

Dahm, 2006b) and the (tube-like) vortical structures are on the order of 8η in diam-

eter (Jimenez et al., 1993; Ganapathisubramani et al., 2008). The resolution of the

measurements is su�cient to capture these features, but their details could be masked

by noise or by unwanted e�ects induced by the action of �ltering. Noise itself could

potentially render the measurement completely unusable if not properly controlled.

However, the e�ect of the �lter on the scales and characteristics of the �ow needs to be

known in order to extract accurate information from the measurements and derived

quantity. In the present study an optimal �ltering strategy is applied where the �lter
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Figure 3.38: Representative example of the optimal �lter design showing the normal-
ized energy spectrum of the un�ltered and �ltered data compared to Pope's model
spectrum (computed for Reλ = 65). The spectra were computed from the velocity
measurements of the Red = 8, 000 jet �ame at x/d = 40 (case 1 ).

is designed to preserve all scales of the �ow (Wang et al., 2008). A brief description

of the optimal �lter approach is introduced in this section but a full description is

given in Appendix C.

Optimal �ltering refers to the practice of designing a �lter (typically a digital

�lter) which is �optimal� with respect to some metric or �distance� from a desired

result. The e�ect of noise on the energy spectrum is to introduce false high-frequency

components that mask the natural evolution of the spectrum. The �lter is designed to

remove this false information while preserving and reconstructing the characteristic

components of the �ow. In this case the metric is therefore de�ned as the distance of

the �ltered energy spectrum from a presumed known form of the energy spectrum.

Given a �ow, if the form of the energy spectrum is known or is assumed, the �lter

is designed so that the �ltered velocity �eld follows a spectrum as close as possible

to the assumed form. Clearly, this approach has some limitations. The original,
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un�ltered measurement needs to be resolved and accurately capture most of the

energy spectrum. Only the dissipation roll-o� should be a�ected by noise. These

and many other details and limitations are described in detail in Appendix C and are

not repeated here.

The results of optimal �ltering that are shown in Appendix C are also brie�y

discussed here. Figure 3.38 shows the 1D longitudinal energy spectra E11 (κ1η) com-

puted from the raw (un�ltered) velocity measurements and their �ltered counterparts

using the optimally designed �lter. The model 1D energy spectrum proposed by Pope

(2000) is also shown for comparison (computed for Reλ = 65). The raw energy spec-

trum follows the model spectrum until noise starts to dominate and results in the

typical �noise �oor� in the high-wavenumber end of the spectrum. The �lter is de-

signed such that the e�ect of noise on this part of the spectrum is suppressed and

the model spectrum, assumed to be representative of the �ow being investigated, is

recovered. In this particular case (datasets of case 1, jet �ame at Red = 8, 000 on

the x/d = 40 end-view plane), the model spectrum is recovered exactly. The e�ect

of the �lter on the actual velocity trace (and its gradient) is shown in Figure 3.39(a)

where the axial velocity time history before and after �ltering is compared. In Figure

3.39(b) the transverse velocity across the �eld of view before and after �ltering is

compared as well. The axial velocity component is generally observed to be noisier

than the other two components. The �lter removes the small-scale noise while pre-

serving all the features of the �ow. The e�ect of �ltering on the velocity gradients is

also shown in this �gure. Gradients are computed using a 4th order Pade-like spectral

�nite di�erence scheme (Lele, 1992) (see next section). The optimally designed �lter

applied to the velocity �eld suppresses small scale �uctuations while preserving the

large scale ones.
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(a)

(b)

Figure 3.39: E�ect of �ltering using the optimal �lter on the (a) axial velocity and
velocity gradient time histories plotted as a function of axial direction (reconstructed
after applying Taylor's hypothesis) and (b) transverse velocity and velocity gradient
pro�les measured across the �eld of view (y-direction). The case shown is for a jet
�ame at Red = 8, 000 on the x/d = 40 end-view plane (case 1 ). Measurements were
carried out at 3 kHz. The energy spectra for these cases are shown in Figure 3.38.
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3.4 Velocity Gradient Tensor

3.4.1 Finite Di�erence Stencil

Many of the quantities of interest in �uid �ow studies are computed from

the measured (or calculated) velocity �eld. Most of these quantities depend on a

combination of the nine terms of the velocity gradient tensor ∇u. Many di�erent

approaches are available to compute gradients from a generic signal, the most common

being �nite di�erence based methods. Similar to the �ltering operation applied to the

velocity �eld (see Appendix C), �nite di�erence schemes can be characterized by their

accuracy and spectral response. Many sources of errors have been identi�ed in PIV

velocity measurement di�erentiation (Ra�el et al., 1998), such as uncertainty in the

measurements, �nite resolution of the spatial correlation, oversampling, and velocity

curvature e�ects. The e�ect of noise has also been of interest. In the present study we

are not only interested in the accuracy of the measurement and computed gradients,

but also in preserving their spatial information (i.e., spatial frequency content). It

is therefore necessary to understand the e�ect of the �nite di�erence stencil on the

frequency (spatial) content of the computed gradients.

Lele (1992) gave a detailed description of some of the most common �nite

di�erence schemes, with particular emphasis on their spectral characteristics. Finite

di�erence schemes can be thought of in terms of an equivalent �ltering operation.

Many of the results applied to �lter analysis can therefore be transposed to �nite

di�erence schemes as well. For example, (Wang et al., 2007b) developed a model

to investigate the e�ect of spatial �ltering and di�erentiation on the computation of

scalar gradients from scalar measurements. As far as the velocity �eld is concerned,

interest has been mostly placed on the e�ect of numerical stencil on the computation

of the vorticity �eld from PIV velocity measurements. Traditional PIV provides two

components of the velocity �eld on a plane, and so only the out-of-plane component of

the vorticity �eld can be computed. The e�ect of numerical scheme and measurement

noise on the accuracy of vorticity computation was investigated by Lourenco and

Krothapalli (1995); Fouras and Soria (1998); Lu� et al. (1999); Dong and Meng
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(2001); Etebari and Vlachos (2005). Finite di�erence, Richardson's extrapolation,

Chebyshev and least-squares interpolations have been considered in these studies.

The primary concern of all these studies was however the propagation of noise through

the di�erentiation scheme and the e�ects on accuracy. Foucaut and Stanislas (2002)

considered the frequency response of the di�erentiation stencil as well, and they draw

most of their analysis following a procedure taken from Lele (1992). Several of the

most commonly used di�erentiation stencils were considered in their study.

Analytical di�erentiation behaves as an ideal high pass �lter with a trans-

fer function that can be described as H (κ) = ικ, where ι =
√
−1 and κ is the

wavenumber de�ned as κ = 2π
l
with l the wavelength. Broadband noise present in

the measurement would therefore be ampli�ed at high frequency. This is one of the

reasons why noise needs to be reduced through proper �ltering before di�erentiation.

Numerical di�erentiation is characterized by a frequency response that can be de-

scribed as a high-pass or band-pass �lter, depending upon the form of the stencil.

The transfer function of a typical central �nite di�erence stencil is characterized by a

linear response at low frequencies which then begins to roll-o� at high frequencies (i.e.

toward the cut-o� frequency of the stencil). The cut-o� frequency of these schemes

generally depends on the order of the scheme. Foucaut and Stanislas (2002) suggest

that the standard second-order central di�erence scheme is su�cient to compute ve-

locity gradients from PIV measurements. They reached this conclusion by arguing

that the cut-o� frequency of the second-order di�erentiation scheme is the same as

the cut-o� frequency of the PIV interrogation windowing. Moreover, the transfer

function of the scheme optimally attenuates the e�ect of noise. These results, how-

ever, need to be put in perspective by considering the spatial resolution requirements

of the measurement.

In the current study the e�ect of noise is mitigated by the optimal �ltering

approach outlined in the previous section4. All nine components of ∇u are of interest

4For more details on the topic see Appendix C
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Scheme a b c α β

H23C 1 0 0 0 0
H47I 1.2923271 1.0217251 0.03395610 0.5828481 0.0911561

Table 3.3: Summary of the coe�cients of the �nite di�erence scheme used in the
study. Adapted from Wang et al. (2007b). H23C: second-order, three-points, central
di�erence scheme; H47J: optimized fourth-order, seven-points, implicit scheme.

in the study. Some of the schemes proposed in the literature for di�erentiating PIV

measurements are optimized for the computation of vorticity from planar PIV mea-

surements and are therefore not su�cient in the present case since we are interested

in the velocity gradients themselves. General �nite di�erence schemes for computing

gradients are therefore used. Two schemes are considered and are brie�y compared

in the present study. The �rst scheme is the standard second-order central di�erence

scheme while the second is an optimized 4th order Pade-like scheme of the family

discussed by Lele (1992) and optimized by Wang et al. (2007b) for maximum spectral

bandwidth. These types of di�erentiation stencil are described by the following �nite

di�erence equation:

βψ′n−2 + αψ′n−1 + ψ′n + αψ′n+1 + βψ′n+2 =

= a
ψn+1 − ψn−1

2∆
+ b

ψn+2 − ψn−2

4∆
+ c

ψn+3 − ψn−3

6∆

where ψ is a generic function of the independent variable t (that might be a time

or space coordinate) given at a set of equally spaced nodes tn = n∆, such that

ψn = ψ (n∆). ∆ is the node spacing and ψ′n is the approximation at the n-th node of

the �rst derivative of ψ. The set of coe�cients (a, b, c) and (α, β) de�nes the type

of stencil. Table 3.3 summarizes the coe�cients of the two schemes used. Note that

the general form of the 4th order stencil is implicit.

The six in-plane gradients are computed directly from spatial di�erentiation,

while the out-of-plane components are computed invoking Taylor's hypothesis. The

out-of-plane gradient of the i-th velocity component ui is therefore computed as:

∂ui
∂x

= − 1

〈u (y, z)〉
∂ui
∂t
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where 〈u (y, z)〉 is the mean out-of-plane velocity component. Throughout the study

the 4th order, spectral-like stencil is used to preserve the spatial structure of the

�ow features. In the following section a brief comparison between the 2nd order

central di�erence scheme and the 4th order spectral-like implicit scheme is carried

out to investigate the �ow structures rendered by the nine terms of ∇u. The e�ect

of applying the optimal �lter designed as described in the previous section on the

velocity gradients and their spatial structure is also investigated and results obtained

with a moving average �lter are also compared to those obtained with the optimal

�lter.

3.4.2 Comparison Between Di�erentiation Stencil

In this section the e�ects of the two di�erentiation stencils are investigated. A

dataset is taken as a representative case and the corresponding ∇u is computed after

di�erent �ltering and di�erentiation schemes are applied. The dataset used is for the

jet �ame at Red = 8, 000 under the measurement conditions of case 1 (x/d = 40,

time acquisition rate 3 kHz, resolution ∆/η ≈ 3). See the previous Chapter for the

details on this case and jet �ame.

Figure 3.40 shows the nine components of ∇u computed on a single plane

directly from the raw velocity �eld without any �ltering applied. Velocity gradients

are computed using the 4th order implicit scheme. Each sub�gure refers to one of

the nine components of ∇u computed on the end-view plane at one instant in time.

The frame (instant in time) at which OH PLIF imaging was carried out simultane-

ously was selected. The OH layer is indicated in these �gures by the solid (purple)

isocontour line which corresponds to 20% of the peak of the OH PLIF signal. All

nine terms are shown and they are organized in matrix-like form such that each el-

ement corresponds to ∂ui
∂xj

where indexing i − j refers to row-column ordering. As

was anticipated previously in Figure 3.39, the e�ect of noise is signi�cant. Relatively

large-scale structures can be recognized in these cross-sectional views of the ∇u com-

ponents, although small-scale noise renders them unclear at times. To reduce noise a
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simple moving average �lter with a 3D kernel size of 3× 3× 3 vectors was applied to

the data before di�erentiation. This �ltering approach was selected since it preserves

and nearly matches the resolution of the PIV interrogation windowing (at least for

the in-plane components). The results of the exercise are shown in Figure 3.41 for

the same data set and on the same end-view plane as of Figure 3.40. The 4th order

implicit scheme is used for di�erentiation as well. This simple �lter appears to be

very e�ective in reducing the e�ect of noise. The spatial structures de�ned by the

velocity gradients are preserved and can be distinguished more clearly. The small-

scale variations in the velocity gradients associated with noise are suppressed and

only the larger-scale structure actually present in the �ow are maintained. A wide

range of values of the velocity gradients are observed. The in-plane gradients exhibit

larger-scale structures than the out-of-plane components. Note also the e�ect of the

reaction zone (as indicated by the isocontour line) on the spatial structure of all nine

components of ∇u. The reaction zone appears to generate and sustain strong re-

gions of shear which results in large gradients along the contour of the instantaneous

reaction zone.

As a third case the components of ∇u are computed with the 4th order scheme

after applying the optimal �lter. The results are shown in Figure 3.42 for the same

case under consideration. The same spatial structure is o�ered by this third approach.

The optimal �lter does not introduce any arti�cial structure in the �ow, and the

noise appears to be e�ciently removed. The 2nd order central di�erence scheme is

considered also on this set of �ltered data. Figure 3.43 shows the components of ∇u

computed with this scheme after optimal �ltering. The two di�erentiation schemes

appear, at least qualitatively, to provide the same spatial structure. Minor di�erences

are visible from the imaging of the two cases. Attenuation of the peak values of the

velocity gradients are however observed due to the smoothing e�ect of the 2nd order

central di�erence scheme.

To facilitate comparison of the techniques, a pro�le of ∂u
∂z

∣∣
y
along a y =

constant line is extracted from each of the four approaches considered and presented
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.40: Nine terms of ∇u computed from the raw velocity �eld before any
�ltering is applied. Velocity gradients are computed using the 4th order spectral-like
scheme. Solid line: isocontour line corresponding to 20% of the peak OH PLIF signal.
Velocity gradients are normalized by 〈ucl〉 /δ1/2. (a) ∂u

∂x
; (b) ∂u

∂y
; (c) ∂u

∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
;

(f) ∂v
∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.41: Nine terms of ∇u computed from the velocity �eld after a 3 × 3 × 3
moving average �lter has been applied. Velocity gradients are computed using the
4th order spectral-like scheme. Solid line: isocontour line corresponding to 20% of
the peak OH PLIF signal. Velocity gradients are normalized by 〈ucl〉 /δ1/2. (a) ∂u

∂x
;

(b) ∂u
∂y
; (c) ∂u

∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.42: Nine terms of ∇u computed from the velocity �eld after the optimal
FIR �lter has been applied. Velocity gradients are computed using the 4th order
spectral-like scheme. Solid line: isocontour line corresponding to 20% of the peak
OH PLIF signal. Velocity gradients are normalized by 〈ucl〉 /δ1/2. (a) ∂u

∂x
; (b) ∂u

∂y
; (c)

∂u
∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.43: Nine terms of ∇u computed from the velocity �eld after the optimal FIR
�lter has been applied. Velocity gradients are computed using the 2th order central
�nite di�erence scheme. Solid line: isocontour line corresponding to 20% of the peak
OH PLIF signal. Velocity gradients are normalized by 〈ucl〉 /δ1/2. (a) ∂u

∂x
; (b) ∂u

∂y
; (c)

∂u
∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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in Figures 3.40 through 3.43. A line at y/η = −15 has been selected which conve-

niently intersects the OH layer perpendicularly at about z/η = 0. The pro�le of ∂u
∂z

∣∣
y

along this line for the four approaches is presented in Figure 3.44. All three schemes

follow the general trend of the velocity gradient. However, �ltering with the moving

average �lter results in an attenuation and smoothing of the strongest gradients. After

optimal �ltering, both the 2nd order central and 4th order implicit schemes perform

similarly. The results obtained with the two schemes can be explained by considering

the spectral response characteristics of the �ltering and di�erentiation process. The

moving average and optimal �lters are characterized by the transfer function shown in

Figure 3.45(a). Although both �lters are characterized by a similar cut-o� frequency

(de�ned as the −6 dB point of the transfer function, which for both �lters occurs

around κ/κc = 0.5− 0.6), the overall pro�les are quite di�erent. The moving average

(box) �lter presents a more gradual roll-o�, which begins earlier than the optimal

�lter. The moving average �lter is characterized by the oscillatory behavior at high

frequencies (toward the Nyquist frequency κc). The optimal �lter begins roll-o� well

beyond the point where the moving average �lter starts. The transfer functions char-

acterizing the 2nd order central and the 4th order implicit schemes (Lele, 1992) are

shown in Figure 3.45(b). Ideal spectral �ltering is characterized by a transfer function

of the type H (κ) = ικ for 0 ≤ κ ≤ κc (in Figure 3.45 all quantities are normalized

by κc). The 4th order implicit scheme approximates (from a frequency response

stand-point) the ideal di�erentiation operation up to κ/κc = 0.8; whereas the 2nd

order central di�erence scheme begins to deviate from the ideal behavior at about

κ/κc = 0.2. The combined e�ect of �ltering and numerical di�erentiation can be

modeled spectrally by multiplying the transfer function of the individual operations.

The results for the two di�erentiation schemes after optimal �ltering are presented

in Figure 3.45(c) and are compared to the ideal di�erentiation case (after optimal

�ltering). The 4th order implicit di�erentiation scheme following optimal �ltering

closely matches the frequency characteristics of the ideal di�erentiation after optimal

�ltering. This is the result of the fact that the spectral characteristics of the numeri-
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Figure 3.44: Pro�le of ∂u
∂z

∣∣
y
along the y/η = −15 line. This pro�le is extracted from

each of the four cases considered in Figure 3.40 through 3.43.

cal di�erentiation scheme are well beyond the cut-o� frequency of the optimal �lter.

In this way the di�erentiation scheme does not introduce or remove any frequency

information in the computation of the velocity gradient. All the modi�cations of

the spectra (spatial information) of the velocity gradients can therefore be controlled

through optimal design of the �lter. The 2nd order central di�erence scheme, on the

contrary, still shows some frequency damping at intermediate frequencies, although

the di�erence in spectral response between the two schemes is not as wide once the

�ltering operation is accounted for. This is the reason for the smoothing e�ect that

this stencil has on some of the small-scale structures observed in the previous �gures.
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(b)(a)

(c)

Figure 3.45: Frequency-domain representation of the �ltering and di�erentiation pro-
cesses: (a) transfer function of the optimal and moving average (box) �lters; (b)
transfer function of the di�erentiation schemes; (c) combined frequency response of
the �ltering and di�erentiation operations.
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3.4.3 E�ect of Stencil and Filter on PDFs of ∇u

To investigate further the e�ect of the �ltering and numerical di�erentiation

stencil on the computed velocity gradients, PDFs of all nine components of ∇u have

been compiled from computed ∇u following the di�erent approaches. Figures 3.46

and 3.47 summarize the results. The PDFs of the nine terms have been divided into

the diagonal and o�-diagonal terms. The moving average and optimal �lters are

considered. The 2nd order central and the 4th order implicit schemes are considered

separately in each �gure. All cases considered produce similar PDFs. The un�ltered

cases show wider distributions than the �ltered cases, which is clearly a result of

noise. The 2nd order central di�erence scheme, however, tends to reduce the e�ect

of noise, as the band-pass form of its transfer function suggests (see Figure 3.45(b)).

The strongest e�ect on the PDFs of the velocity gradients is the form of the denoising

�lter. The PDFs corresponding to the two di�erentiation stencils but the same �lter

results in nearly identical distributions. This observation is supported by the results

presented in Tables 3.4 and 3.5 which summarize the mean and the rms values of the

distribution of the components of ∇u computed with the di�erent schemes. Within

each class of �lter used to denoise the velocity �eld, the e�ect of di�erentiation stencil

on the mean and rms value of the PDFs is minimal.

An interesting result that arises from this exercise is the exponential scaling

of the tails of the PDFs. In fact, all cases that are described in Figure 3.46 and 3.47

show linear tails (in semilog scale). Similar exponential tails are also observed in

incompressible turbulence (more details on this topic will be given in the following

Chapter). Exponential tails are believed to be a direct result of the small scale in-

termittency that characterise turbulence (Sreenivasan and Antonia, 1997; Mullin and

Dahm, 2006b; Ganapathisubramani et al., 2008; Tanahashi et al., 2008). However, all

conditions considered produce exponential scaling, even the un�ltered data, although

the exponent of the scaling (slope of the tails in the semilog plot) is di�erent. The

e�ect of noise might therefore be di�cult to separate from the actual characteristics

of the �ow.
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(a)

(c)

(b)

Figure 3.46: E�ect of denoising �lter on the components of ∇u (left: diagonal com-
ponents; right: o�-diagonal components) computed using the 2nd order, central dif-
ference scheme: (a) un�ltered data; (b) 3 × 3 × 3 moving average �lter; (c) optimal
�lter.
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(a)

(c)

(b)

Figure 3.47: E�ect of denoising �lter on the components of ∇u (left: diagonal com-
ponents; right: o�-diagonal components) computed using the 4th order, spectral-like,
implicit scheme: (a) un�ltered data; (b) 3× 3× 3 moving average �lter; (c) optimal
�lter.
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Filter type No �lter Moving average Optimal �lter

Stencil type 2nd 4th 2nd 4th 2nd 4th

∂u
∂x

-0.9 -1 -0.9 -0.9 -0.9 -1.0
∂u
∂y

47.0 46.6 47.7 46.9 47.8 47.
∂u
∂z

30.2 30.5 29.9 30.0 30.7 30.7
∂v
∂x

1.1 1.1 1.1 1.0 1.1 1.0
∂v
∂y

9.3 9.3 9.0 9.3 9.4 9.4
∂v
∂z

-4.9 -4.8 -4.8 -4.9 -5.0 -4.9
∂w
∂x

0.1 0.3 0.1 0.1 0.1 0.2
∂w
∂y

-1.2 -1.2 -1.2 -1.14 -1.2 -1.2
∂w
∂z

10.1 10.2 10.3 10.0 10.3 10.2

Table 3.4: E�ect of �lter and di�erentiation stencil on velocity gradient mean
〈
∂ui
∂xj

〉
(units of s−1). Compiled from the data of the cases shown in Figure 3.46 and 3.47.
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Filter Type No �lter Moving average Optimal �lter

Stencil type 2nd 4th 2nd 4th 2nd 4th

∂u
∂x

215.7 305.8 167.4 180.1 207.5 230.0
∂u
∂y

447.5 504.9 364.8 371.3 429.1 444.9
∂u
∂z

582.7 537.0 401.4 409.0 467.8 483.8
∂v
∂x

218.8 281.4 170.2 185.4 212.8 238.1
∂v
∂y

243.8 278.4 185.6 189.1 228.5 236.1
∂v
∂z

348.5 379.8 287.0 293.3 345.0 356.6
∂w
∂x

207.5 268.4 161.4 175.6 201.5 225.2
∂w
∂y

316.3 347.3 257.3 262.6 309.7 319.9
∂w
∂z

243.0 279.1 184.9 188.7 228.1 236.3

Table 3.5: E�ect of �lter and di�erentiation stencil on velocity gradient variance〈(
∂ui
∂xj

)2
〉1/2

(units of s−1). Compiled from the data of the cases shown in Figure

3.46 and 3.47.
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3.5 Finite Spatial Resolution

3.5.1 General Considerations

A fairly large amount of work has been dedicated to investigating the e�ect

of spatial resolution and spatial averaging in scalar and velocity measurements and

their derived quantities, such as gradients and dissipation rates. The early work of

Silverman (1968) and Wyngaard (1968) set the basis for describing analytically the

e�ect of �nite spatial resolution on turbulence quantities and was later extended and

improved by several investigations, both on the scalar and velocity �elds (Antonia and

Mi, 1993; Mi and Nathan, 2003; Wang et al., 2007b; Wang and Barlow, 2008). The

most recent work of Wang and coworkers (Wang et al., 2007b,a) introduced a system

model to investigate the e�ect of resolution and noise on the measurement of the scalar

variance and scalar gradients in turbulent nonpremixed �ames. More recently, Wang

and Barlow (2008) speci�cally looked at the e�ect of spatial resolution and averaging

on the measurements of scalar variance, scalar gradients and scalar dissipation. They

concluded that in order to resolve 98% of the mean scalar dissipation rate a resolution

equivalent to one to two dissipation cuto� length scales (equivalent to the Batchelor

scale (Wang et al., 2007c)) is required. This condition can be relaxed by about an

order of magnitude if only the scalar variance is of interest (Mi and Nathan, 2003;

Wang and Barlow, 2008). Their results are in agreement with earlier studies for the

scalar and velocity �elds (Antonia and Mi, 1993).

Similar work has also been carried out for the velocity �eld. The early work

considered the e�ect of �nite spatial resolution on hotwire (Silverman, 1968; Wyn-

gaard, 1968, 1969) and sonic anemometer (Kaimal et al., 1968) measurements. Several

aspects were considered, such as the e�ects on energy spectrum estimation (Silverman,

1968; Wyngaard, 1968), vorticity measurements from hotwires, velocity derivatives

(Antonia and Mi, 1993; Antonia et al., 1994; Zhu and Antonia, 1996) and estima-

tion of turbulent energy dissipation rate (Elsner et al., 1993). Saarenrinne and Piirto

(2000) considered the e�ect of resolution, noise and uncertainty on energy dissipation

rate measurements from PIV velocity measurements. The analysis was later extended

155



by Lavoie et al. (2007). They extended the early analysis of Wyngaard (1968) to PIV

measurements to account for temporal and spatial averaging. Temporal averaging

arises from expressing the Eulerian velocity at a point with its Lagrangian approxi-

mation. If velocity curvature e�ects and the interframe time interval are small, the

e�ect of temporal averaging can typically be neglected. Spatial averaging is the re-

sult of the �nite thickness of the laser sheet and the �nite size of the interrogation

window (Adrian, 1988). The cross-correlation operation, for example, has spectral

characteristics that are similar to a moving average �lter of size equivalent to the

interrogation region (Willert and Gharib, 1991). The early analysis of Adrian (1988)

and the numerical experiments on synthetic PIV images of Scarano and Riethmuller

(2000) support this result.

The general results of all investigations on resolution e�ects is that the error

introduced by �nite spatial resolution on the variance of velocity derivatives is only a

few percent for probe (or vector) separation of about three Kolmogorov scales. For a

correct estimation of the mean kinetic energy dissipation rate 〈ε〉 (more than 90% of

the true value) this limit is on the order of 2−3 Kolmogorov scale η. The error intro-

duced by �nite spatial resolution quickly increases as the resolution gets poorer. For

probe separation in excess of ten times the Kolmogorov scale, the measured velocity

gradients and 〈ε〉 are in substantial error (up to 60%). Saarenrinne and Piirto (2000)

showed that the measured 〈ε〉 is a result of the combined e�ect of �ne scale �ltering

and noise. Wang et al. (2007b) and later Wang and Barlow (2008) proposed a similar

model for the scalar dissipation rate. The measured 〈ε〉 is dominated by noise for a

resolution ∆ smaller than the Kolmogorov scale and is severely underpredicted as ∆

increases well above the Kolmogorov scale. A method to correct for the overwhelming

e�ect of noise is introduced by Tanaka and Eaton (2007), but it applies only when

1/10 < ∆/η < 1/2, far away from the conditions of this study, and probably most of

the available PIV measurements. Lavoie et al. (2007) suggest that for PIV veloc-

ity measurements, interrogation windows of less than 5η (with laser sheet thickness

half of this value) should be imposed to obtain �ne-scale turbulence statistics with
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acceptable accuracy (this resolution corresponds to an attenuation in 〈ε〉 of about

30%). Antonia et al. (1994) suggest a similar result for transverse velocity gradients.

Jimenez (1994) investigated the resolution requirements needed for evaluating

velocity gradients. His work was based on a numerical experiment where the e�ect

of spatial averaging (�ltering) and numerical under-resolution on velocity gradients

was investigated from well-resolved DNS data. Spatial averaging was designed to

simulate the e�ect of �nite-length on hotwire velocity measurements. Numerical

under-resolution refers to numerical computations (e.g., DNS computations) carried

out on a coarser grid that what would be required. The work showed that the e�ect

of numerical under-resolution is stronger than spatial averaging. Moreover, the work

con�rmed the general result that a resolution of ∆ ≤ 3η is su�cient to accurately

capture the velocity gradients and the low-order longitudinal and transverse velocity

gradient moments. The work also showed that the longitudinal velocity gradients can

be accurately captured also with relatively coarse resolution as long as the velocity

gradients are computed with spectral accuracy. Most of the observed discrepancy in

the velocity gradients is, in fact, a result of loss of resolution by the di�erentiation

stencil.

All the measurements of the present study are within the limits typically indi-

cated in the literature. The velocity measurements from PIV recording shown so far

and in the rest of the work have been derived with an interrogation window of 16×16

pixels (with 50% overlap), which corresponds to a resolution length scale ∆ of about

1.3 mm (with in-plane vector separation of ∆/2), and a laser sheet thickness of about

1.3 mm. The corresponding relative resolution is therefore within the range 2 − 3η.

Minimal attenuation in the velocity and velocity derivatives is therefore expected.

3.5.2 Experimental Assessment of Resolution E�ects in the Present Mea-
surements

Although the qualitative analysis of resolution requirements suggests that the

spatial resolution of the present measurements is satisfactory for the purpose of cap-
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IW 12× 12 16× 16 32× 32

OV 50% 50% 75%

∆, mm 1.08 1.44 2.88

∆/η 1.96 2.62 5.24

∆y, mm 0.54 0.72 0.72

Table 3.6: Summary of spatial resolution conditions for the three cases considered.
∆, interrogation window size; ∆y, in-plane vector spacing (∆y = ∆z); In all cases
〈∆x〉 ≈ 2.3 mm, where 〈∆x〉 is the mean out-of-plane displacement 〈∆x〉 = ū∆t.
〈∆x〉 /η ≈ 4.1. IW, interrogation window size (in pixels). OV, interrogation window
overlap. Estimated Kolmogorov scale η = 0.55 mm.

turing the velocity gradients and its derived quantities, a more quantitative analysis

has been carried out. Some imaging conditions provided su�cient quality particle

images that they enabled the resolution to be improved by reducing the interrogation

window size. A representative set of data referring to the jet �ame and measure-

ment conditions of case 1 (jet �ame at Red = 8, 000, measurements on the end-view

plane at x/d = 40, acquisition rate at 3 kHz) has been selected for the analysis.

Velocity measurements have been extracted from the raw particle images processed

at di�erent interrogation window sizes, e�ectively providing di�erent levels of spatial

�ltering. The resolution details of each condition considered are summarized in Table

3.6. Three cases (of the same dataset) with an e�ective size of the interrogation win-

dow of ∆/η = 2, 2.6 and 5.2 are considered. Varying the interrogation window size

a�ects only the in-plane (transverse) spatial �ltering process. Obviously in all cases

the length of �ltering in the out-of-plane (longitudinal) direction and the sampling

rate are the same. Note that the sampling rate determines the equivalent distance

between points (invoking Taylor's hypothesis) in the longitudinal direction (which is

about 〈∆x〉 /η = 4.1) while the laser sheet thickness (about 2.4 η) determines the

length scale of spatial �ltering in the longitudinal direction. Therefore the proposed

approach is e�ectively sensitive only to transverse spatial �ltering.

Figure 3.48 shows an example of the cross-sectional view of the 3C velocity
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(b) (c)

(a)

Figure 3.48: 3C velocity �eld on the end-view plane obtained at three levels of reso-
lution: (a) ∆/η = 2, (b) ∆/η = 2.6, (c) ∆/η = 5.2.

Mean Variance

∆/η 2.0 2.6 5.2 2.0 2.6 5.2

u 6.35 6.84 6.52 6.83 7.13 6.94

v -0.06 -0.09 -0.07 1.33 1.41 1.27

w -0.04 -0.04 -0.04 1.22 1.31 1.19

Table 3.7: E�ect of �nite resolution on velocity mean 〈ui〉 and variance 〈u2
i 〉

1/2. Data
from case 1 - jet �ame at Reo = 8, 000 on x/d = 40 end-view plane. Units in [ms−1].

159



�eld on the end-view plane obtained at the three di�erent level of resolution. The

velocity �eld has been �ltered with the optimal �lter described earlier. The quali-

tative structure of the velocity �eld is similar at all resolutions. PDFs of the three

velocity components are compiled from the data set and compared in Figure 3.49 from

which the mean and variance of each component at each resolution are computed and

summarized in Table 3.7 for comparison. All curves are nearly identical, with only

minimal deviation around the most probable value. The di�erence in the computed

velocity mean and variance at the three resolution levels are within the measurement

accuracy. The observed di�erences cannot therefore be associated solely to resolu-

tion e�ects. As it was noted before, the velocity components, mean and variance are

weakly dependent on the spatial resolution up to ∆ of about 10η, a limit well above

the resolution of these measurements. The current measurements con�rm this trend.

Finite spatial resolution a�ect also the energy spectra. The e�ect of spa-

tial �ltering is, in general, to attenuate the energy content of the measured velocity

and to distort and attenuate the energy spectrum at high wavenumber. The high-

wavenumber distortion depends on the details of the spatial �ltering (Silverman, 1968;

Wyngaard, 1968; Antonia and Mi, 1993). One-dimensional energy spectra are com-

puted to investigate the e�ect of spatial resolution on the measurement. Figure 3.50

shows the longitudinal E11 (κ1) and transverse E22 (κ1) (and E33 (κ1)) one-dimensional

energy spectra computed from data at di�erent spatial resolution after optimal �lter-

ing. The spectra obtained with di�erent resolutions are seen to collapse showing that

the range of resolution considered is su�cient to properly capture the energy spectra.

However, the spectra are computed from the �ltered data, which have been modi�ed

by the �ltering in the high-wavenumber portion of the spectra. To investigate the

possibility that the �ltering masks resolution e�ects, the longitudinal and transverse

spectra are recomputed for the un�ltered velocity �eld and are shown in Figure 3.51.

The deviation from the dissipation roll-o� observed in these spectra is primarily due

to the e�ect of noise. All curves, however, collapse together. The small deviation of

the curve at the high-wavenumber end for the case ∆/η = 2 is due to an increase in
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(a)

(c)(b)

Figure 3.49: PDFs of the three velocity components for the three levels of resolution
considered. (a) u−component, (b) v−component, (c) w−component.
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measurement noise as the interrogation window size decreases.

Figure 3.52 shows the velocity spectra computed from the u− and v− com-

ponents along the y− and z−directions. The interpretation of the physical meaning

of these quantities can be found in Pope (2000). They are related to the two-point

velocity correlations. They therefore describe the level of spatial correlation of the

velocity �eld. The velocity spectra of Figure 3.52 are computed from the un�ltered

velocity �eld to avoid in�uence on the spectrum by the denoising �ltering, although

noise might mask some of the features in the high-wavenumber range. Unlike the lon-

gitudinal and transverse energy spectra, e�ects of �nite spatial resolution are more

evident in these quantities. All the velocity spectra components considered show a

characteristic deviation from a regular roll-o� at high wavenumbers. An abnormal

�bump� in the energy spectra is observed at high wavenumbers, which is particularly

evident at the �nest-spatial resolution (∆/η = 2). This deviation cannot be associ-

ated with noise e�ects since it occurs at least one decade above the noise �oor, which

can be clearly seen in the �gure. The origin of this deviation is not known, but it

could be associated with the e�ect of the reaction zone on the velocity components

across the jet �ame.

The e�ect of �nite resolution on the velocity gradients is also of interest. The

nine terms of ∇u are computed with the 4th order spectral-like implicit �nite di�er-

ence scheme described previously to preserve spectral response and accuracy. PDFs

of each component of ∇u at di�erent spatial resolution are compiled and are shown in

Figure 3.53. Each component of ∇u shown in Figure 3.53 is organized in matrix-like

form so that it corresponds to tensor ordering notation of ∇u. Note that the �aring

of the distribution tails observed in some of the components is due only to lack of

convergence of the distributions. This part of the distribution corresponds to rare

events that would require more samples to convergence. The PDFs compiled using all

of the data sets do not show this behavior (to be presented in the following chapter).

Two observations can be made on the PDFs of ∂ui
∂xj

. First of all the longitudinal

gradients ∂ui
∂x

(i = 1, 2, 3) are not a�ected by the spatial resolution, at least within
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(b) (c)

(a)

22 33

Figure 3.50: (a) Longitudinal and (b, c) transverse one-dimensional spectra computed
at di�erent spatial resolutions. Spectra are computed from the (optimal) �ltered
velocity measurements. (a) E11 (κ1), (b) E22 (κ1), (c) E33 (κ1). Pope (2000) formalism
is used.
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(b) (c)

(a)

22 33

Figure 3.51: (a) Longitudinal and (b, c) transverse one-dimensional spectra com-
puted at di�erent spatial resolutions. Spectra are computed from the raw velocity
measurements before �ltering. (a) E11 (κ1), (b) E22 (κ1), (c) E33 (κ1).
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(c) (d)

(a) (b)

22 22

2 3

2 3

2 3

2 3

Figure 3.52: Velocity spectra computed at di�erent spatial resolutions. Spectra are
computed from the raw velocity measurements before �ltering. (a) u−component ve-
locity spectra computed along the y−direction, E11 (κ2η); (b) u−component velocity
spectra computed along z, E11 (κ3η); (c) v−component velocity spectra computed
along y, E22 (κ2η); (d) v−component velocity spectra computed along z, E22 (κ3η).
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the range considered in the study. This observation is consistent with the results of

the numerical experiment of Jimenez (1994). As shown by Jimenez (1994), accurate

longitudinal gradients can be measured with relatively coarse resolution as long as

proper longitudinal (or temporal) sampling is achieved. Of course, the e�ect of sam-

pling, which might a�ect the results, cannot be tested with the current con�guration,

at least for the jet �ames and experimental con�guration considered in the study.

The temporal resolution (which sets 〈∆x〉) is always the limiting factor. The level

of temporal over-resolution that the exercise would require cannot be achieved with

the con�guration of the present measurements. The second observation is that res-

olution e�ects are limited to the transverse gradients ∂ui
∂xj

(j = 2, 3). The two PDFs

for ∆/η < 3 are nearly identical, although some di�erences arise in the tails of the

distributions which, however, su�er from lack of convergence and noise.

Velocity gradient mean
〈
∂ui
∂xj

〉
and variance

〈(
∂ui
∂xj

)2
〉1/2

are �nally computed

from the PDFs of Figure 3.53 and are summarized in Table 3.8. The variance of the

longitudinal terms is nearly independent of resolution while a reduction in variance

for the transverse terms is observed with loss of resolution. ∂v
∂y

and ∂w
∂z

are the most

sensitive terms to resolution. The limited loss of resolution from ∆/η = 2 to ∆/η =

2.6 is su�cient to reduce the variance of these two terms by about 10%. All other

terms seem to be nearly resolution independent up to ∆/η ≈ 3. For poorer resolution

the velocity gradient variance quickly decreases. At ∆/η = 5.2 a decrease of about

25% is observed.

3.6 Summary

This Chapter introduced and discussed the following topics:

1. The three di�erent con�gurations of the stereo PIV and OH PLIF imaging sys-

tems used in the study. These di�erent systems ere used for di�erent purposes

2. Accuracy assessment of the current PIV velocity measurements
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.53: PDFs of the nine components of ∇u computed at di�erent resolution
levels from (optimal) �ltered velocity �eld. Velocity gradients computed with 4th
order, spectral-like implicit scheme. Components are organized in matrix-like form
such that ∂ui

∂xj
with i− j ordering corresponding to row-column ordering. (a) ∂u

∂x
, (b)

∂u
∂y
, (c) ∂u

∂z
, (d) ∂v

∂x
, (e) ∂v

∂y
, (f) ∂v

∂z
, (g) ∂w

∂x
, (h) ∂w

∂y
, (i) ∂w

∂z
.
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Mean Variance

∆/η 2.0 2.6 5.2 2.0 2.6 5.2

∂u
∂x

-0.9 -0.9 -0.9 222.4 226.4 208.2
∂u
∂y

54.4 47.5 47.9 488.3 444.9 372.6
∂u
∂z

26.8 30.7 27.1 487.9 483.8 415.9
∂v
∂x

1.0 1.0 1.0 224.8 234.7 213.0
∂v
∂y

1.8 9.4 9.0 258.6 236.1 191.8
∂v
∂z

-1.5 -4.9 -4.6 350.8 356.6 282.2
∂w
∂x

0.1 0.2 0.2 211.6 221.9 199.8
∂w
∂y

-2.9 -1.2 -0.8 317.6 319.9 249.1
∂w
∂z

9.6 10.2 9.5 267.0 236.4 184.3

Table 3.8: E�ect of �nite resolution on velocity gradient mean
〈
∂ui
∂xj

〉
and velocity

gradient variance
〈(

∂ui
∂xj

)2
〉1/2

. Data from case 1 - jet �ame at Red = 8, 000 on

x/d = 40 end-view plane. Units in [s−1].
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3. Details of how the velocity measurements have been conditioned by proper

�ltering to control the e�ects of measurement noise (more details are presented

in Appendix C) and the details on the computation of the velocity gradients.

4. Assessment of the adequacy of the spatial resolution of the measurements to

properly capture the small-scale features

Three di�erent con�gurations have been used for the measurements. In the �rst con-

�guration, case 1, a nonpremixed jet �ame at Red = 8, 000 was used where spatially

and temporally resolved stereo PIV and single frame OH PLIF imaging were car-

ried out on a wide �eld of view that encompassed a region about δ1/2 × δ1/2. With

this con�guration the intermediate- and �ne-scale structure of the turbulence under

the in�uence of the reaction zone can be visually investigated after time-space re-

construction. In the second con�guration, case 2, two-system redundant stereo PIV

measurements were carried out on jet �ames at Red = 8, 000 and Red = 15, 300.

These data enabled the assessment of the accuracy of the measurements by compar-

ing the results of the two systems that should be otherwise identical and enabled

the improvement of the signal-to-noise ratio of the energy spectra. In the third and

�nal con�guration, case 3, 10 kHz stereo PIV measurements were carried out on jet

�ames in the range Red = 10, 000− 15, 000 to support the �ndings of case 1 at larger

Reynolds numbers.

The measurements of case 2 enabled the estimation of the uncertainty of the

current stereo PIV measurements by comparing the two otherwise identical measure-

ments of the two-system-redundant con�guration. Measurements were carried out in

jet �ames and in a nonreacting turbulent jet to separate the e�ects of the presence

of the �ame on the accuracy of the measurements. The di�erence between the mea-

surements of the two redundant measurement systems was taken as a measure of the

error in the measurements5.

5It is more likely that the error in the measurements is half as large as the di�erence value
indicates since both systems will deviate from the true time value.
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The assessment on the nonreacting turbulent jet indicated typical absolute

in-plane displacement errors of about 0.1 px, a value which is on the high side for

typical PIV measurements. The absolute out-of-plane displacement error was found

to be a factor of 2 larger than the in-plane components which is consistent with

the stereo con�guration selected for the study. It was found that image distortion

introduced by the presence of heat release, accentuated by the non-canonical imaging

con�guration of the setup, led to an increase of almost a factor of 2 in the absolute

displacement errors. The increase in absolute displacement error is believed to be

the consequence of image blurring and registration error caused by the presence of

hot combustion gases. Imaging was carried out from downstream (viewing upstream)

and therefore through most of the hot post-combustion gases. Typical relative errors

on the order of 8% for the out-of-plane velocity component have been found. Due

to the large disparity between in-plane and out-of-plane displacements, which is the

preferential direction of the �ow, and the non-canonical imaging con�gurations, large

relative errors in the in-plane components were present. However, the measurement

error appears to be dominated by random noise which arises from the peak-detection

algorithm used in the particle displacement estimator. The e�ect of this noise can

therefore be reduced by the approach followed in the study which relies on developing

an optimal �lter to suppress noise but which recovers the energy spectrum of the �ow

(assumed to follow the model spectrum proposed by Pope (2000)). The presence of

the instantaneous reaction zone does not appear to a�ect measurement accuracy in

the immediate vicinity of it.

Two di�erent schemes have been evaluated to estimate the nine velocity gra-

dient components: a second-order, central di�erence scheme and and fourth-order,

implicit, spectral-like scheme. The fourth-order, implicit scheme was selected be-

cause it maximizes the spectral bandwidth of the di�erentiation stencil. Unlike the

second-order scheme, this spectral-like scheme preserves the frequency information

of the computed velocity gradients and only the optimal �lter designed to suppress

noise a�ects the frequency information of the velocity gradients.
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Finally, the spatial resolution of the current measurements has been evaluated

by considering vector �elds extracted at decreasing interrogation window sizes (from

∆/η = 5 down to ∆/η = 2). One case of the jet �ame at Red = 8, 000 (x/d = 40) was

selected for the analysis. Based on the current analysis and the typical results in the

literature (Wyngaard, 1968; Antonia et al., 1994; Lavoie et al., 2007), the spatial and

temporal resolution of the current measurements were determined to be satisfactory

to properly capture the velocity gradient and the small-scale features of the turbulent

�ow. One concern was raised however. The transverse velocity spectra computed

at di�erent spatial resolution indicated that the spatial resolution requirements to

clearly capture the e�ects of the reaction zone on the �ow structure might be more

stringent than the classical requirements that isotropic turbulence demands. This

issue is, however, not de�nitive and more detailed analysis would be required.
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Chapter 4

Statistical Description of the Flow

In this Chapter a statistical description of the �ow and its characteristics is

presented. Data from Case 1 and Case 3 are used to compile statistics on the major

kinematic quantities, their relation, their Reynolds number dependence and the e�ect

of heat release.

4.1 One-Dimensional Energy Spectra

4.1.1 Details on the Calculations of Spectra from Measurements

One of the main characteristics of turbulent �ow is the energy spectrum. In

the present work the one-dimensional (1D) energy spectra of the turbulent veloc-

ity �uctuations u′i are estimated from the power density spectrum calculated from

the measurements using the DFT method. A detailed description of how the power

density spectrum is computed is presented in Appendix B. Details on the proper win-

dowing and normalization procedures that are required to obtain an accurate measure

of the power density spectrum are also explained in detail. The computed spectra

are normalized to meet the normalization of the energy spectrum that is typically

followed in turbulent studies (Pope, 2000). For long time traces (longer that 256

data points in time) the Welch method of modi�ed periodograms (Oppenheim and

Schafer, 1999) with 50% overlap is used. The time-series of the 3C velocity �eld at

multiple (y, z) locations on the end-view plane is provided by the stereo PIV mea-

surements. Invoking Taylor's hypothesis the local 1D energy spectrum is computed

from each time-series at all (y, z) locations. All local estimates of the 1D energy

spectra are then averaged together to obtain the �nal result. Finally, the longitudinal
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wavenumber κ1 is computed by assuming a characteristic mean convective (out-of-

plane) velocity ū computed as the average across the measurement region (i.e., as

the average at all (y, z) points): κ1 = 2π
l
, with l length scale such that l = τu (τ

being a time scale). The reported 1D spectra therefore represent an average across

the measurement region.

4.1.2 Model Spectrum

The computed 1D spectra are compared with the model spectrum proposed

by Pope (2000). The three-dimensional (3D) model spectrum, E (κ), is written in

terms of inner scaling as:

E (κη)

(ν5 〈ε〉)1/4
= C (κη)−

5/3 fL (κη; Reλ) fη (κη) (4.1)

where the wavenumber is de�ned as κ = 2π
l
. fL (κη; Reλ) and fη (κη) are characteris-

tic functions that are introduced to properly describe the roll-o� at small wavenumbers

and the dissipation roll-o� at high wavenumbers, respectively. The inertial range is

at intermediate wavenumbers and is characterized by the classical κ−5/3 Kolmogorov

scaling.

Note that the Taylor's Reynolds number Reλ enters only as a parameter in fL

but does not a�ect directly the form of E (κη). The two functions, written in inner

scaling form, are:

fL (κη; Reλ) =


(

3
20
Re2

λ

)3/4
κη[(

3
20
Re2

λ

)3/2
(κη)2 + CL

]


5/3+po

(4.2)

fη (κη) = exp
{
−β
[(

(κη)4 + C4
η

)1/4 − Cη
]}

(4.3)

where the constants appearing in the above equations are assumed to be (Pope, 2000):

CL = 6.78, Cη = 0.40, po = 2, β = 5.2 and C = 1.5.

The (longitudinal) 1D energy spectrum can then be derived from the 3D spec-

173



trum under the assumption of isotropy as:

E11 (κ)

(ν5 〈ε〉)1/4
=

ˆ ∞
κ1

E (κη)

(ν5 〈ε〉)1/4

1

κη

(
1− (κ1η)2

(κη)2

)
d (κη) (4.4)

The 3D dissipation spectrum D (κ) can also be derived from the 3D energy

spectrum as:

D (κ) = 2νκ2E (κ) (4.5)

which can be rewritten in inner scaling as:

D (κη)

(ν 〈ε〉)3/4
= 2 (κη)2 E (κη)

(ν5 〈ε〉)1/4
(4.6)

Similar to the 3D dissipation spectrum which is computed from the 3D energy spec-

trum, the 1D dissipation spectrum can also be written from the 1D energy spectrum

(in inner scaling form):

D11 (κ1η)

(ν 〈ε〉)3/4
= 2 (κ1η)2 E11 (κ1η)

(ν5 〈ε〉)1/4
(4.7)

Also, as with the 1D energy spectrum, the 1D form of the dissipation spectrum will

be used for comparison with the 1D energy and dissipation spectra calculated for the

measurement.

The kinematic viscosity ν and the mean kinetic energy dissipation 〈ε〉 appear
as normalization factors in the energy and dissipation spectra. In reacting �ows,

such as in turbulent jet �ames, the instantaneous local kinematic viscosity varies in

time and space, following the local composition and temperature, which are turbulent

quantities. Strictly speaking, both the true energy dissipation rate and dissipation

spectrum cannot be computed. Therefore reference centerline values of ν are used to

compute and normalize these quantities. This choice is supported by the temperature

measurements and analysis of Wang et al. (2007c, 2008). For example, the work of

Wang et al. (2008) shows that the e�ect of variable ν in �ames on the form of the

energy and dissipation spectra in similar jet �ames is minimal. The values of ν at

the relevant x/d locations are computed from the mean centerline temperature and
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x/d 0 40 52 65

ν, m2/s 2.2448× 10−5 2.9415× 10−4 3.4985× 10−4 3.4662× 10−4

Table 4.1: Kinematic viscosity at the imaging locations considered in the study com-
puted at centerline conditions from the measurements of Meier et al. (2000).

composition measurements of Meier et al. (2000) as described previously. Table 4.1

summarizes the relevant values of ν at the x/d imaging stations. Computation of ν

was carried out using the software available at Software-Tools.

4.1.3 Relevant Mean Quantities of the Flow

The values of the mean energy dissipation rate 〈ε〉 used in the normalization

of the computed spectra (and any other relevant quantity discussed later on) are the

values e�ectively calculated from the velocity measurements. A nominal Kolmogorov

scale is then computed from the de�nition: η =
(
ν3

〈ε〉

)1/4

. The numerical values of the

measured 〈ε〉, η, 〈ucl〉 and ū along with other relevant parameters are summarized in

Table 4.2. Note that 〈ucl〉 is the measured centerline (out-of-plane) velocity whereas

ū is the mean (out-of-plane) velocity computed across the relevant �eld of view and

represents a characteristic mean convective velocity across the whole measurement

plane. The values reported in Table 4.2 are measured values and they should be

compared with the early design estimates presented in Table 2.3. Some discrepancy

is observed from the estimates of the characteristic axial velocity (centerline velocity

when available) which can be attributed to buoyancy e�ects that a�ect (slow) the

velocity decay. The measured local Reδ1/2 are systematically about 25% higher than

the estimated values. Similarly, the measured Kolmogorov scale η is systematically

10 − 20% higher than the estimated values. In Table 4.2 the Kolmogorov scale η is

computed from the measurements in two di�erent ways: �rst from the de�nition of

η based on ν and 〈ε〉, and then using the scaling relation η/δ1/2 = 2.3Re
−3/4
δ1/2

. The

agreement between these two estimates compares favorably to within 5− 10%.

For the cases considered in the study, the local Reδ1/2 varies within the range
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Red x/d η ∆y ∆ ∆/η 〈∆x〉 〈∆x〉 /η
[−] [−] [mm] [mm] [mm] [−] [mm] [−]

8, 000 40 0.55 0.72 1.44 2.62 13.03 (22.27) 15.51 (24.10)
8, 000 52 0.72 0.70 1.40 1.94 11.40 (21.30) 11.94 (21.81)
10, 200 52 0.68 0.69 1.38 2.16 10.90 (20.74) 11.32 (21.09)
13, 500 52 0.55 0.69 1.38 2.51 11.11 (20.91) 12.02 (21.65)
15, 300 52 0.49 0.69 1.38 3.00 11.33 (21.09) 12.71 (22.22)
15, 300 65 0.60 0.70 1.40 2.33 12.04 (21.94) 13.40 (23.23)

Table 4.3: Summary of e�ective spatial resolution for all cases considered. ∆, in-
terrogation window size; ∆y, in-plane vector spacing (∆y = ∆z); 〈∆x〉 indicates
equivalent out-of-plane displacement: 1 〈∆x〉 = 〈ucl〉∆t; 2 〈∆x〉 = ū∆t.

1, 400−2, 600, which gives Reλ within the range 45−60. The range of Reλ considered

in the study is therefore quite limited. The e�ect of heat release is to decrease the

local Reδ1/2 by about a factor of 7 from an equivalent nonreacting turbulent jet. Since

Reλ varies as Re
1/2
δ1/2

, for normal laboratory-scale turbulent jet �ames it is a challenge

to obtain a wide range of Reλ while maintaining adequate resolution. This range

of Reλ is not su�ciently wide to systematically investigate Reynolds number e�ects,

although some di�erences between the jet �ames at the two extremes of the range

would be expected.

Based on the results of Table 4.2 the e�ective spatial resolution obtained in

the measurements can also be investigated and compared to the design estimates of

Chapter 2. Table 4.3 summarizes the e�ective spatial resolutions. Spatial resolution

is analyzed by comparing the PIV interrogation window size ∆ with the Kolmogorov

scale η. Moreover, an equivalent out-of-plane displacement 〈∆x〉 is de�ned based on

centerline (〈ucl〉) or cross-section averaged (ū) velocity and is taken to be an indication

of the equivalent out-of-plane resolution. Under all imaging conditions the e�ective

∆/η is in the range 2−3 while the cross-section averaged 〈∆x〉 is in the range 1−4 with

centerline peaks of 〈∆x〉 in the range 1.5−5.5. All measurements conditions typically

fall within the range of spatial resolution limits investigated in Chapter 3 to assess

the spatial resolution characteristics of the present measurements. Under almost all
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cases investigated the e�ective spatial resolution of the measurement is adequate to

accurately capture the �ne-scale feature of the �ow. The least resolved case was the

Red = 8, 000 (x/d = 40) due to the limited acquisition rate (3 kHz). In this case

some attenuation on the velocity gradient magnitude around the jet �ame centerline

is therefore expected. For this particular �ow condition, the work of Antonia and Mi

(1993) suggest that the out-of-plane velocity gradients should be attenuated at the

most by 20 % around the jet �ame centerline. The in-plane gradients are however,

not a�ected and the resolution is within the required limits.

4.1.4 Measured 1D Spectra

Figure 4.1 shows the longitudinal 1D energy spectra E11 (κ1) in dimensional

form (units of (m2/s2) / (rad/m)) estimated from the measurements for the jet �ames

at Red = 8, 000− 15, 300 (Reλ = 50− 60). The spectra computed from the measure-

ments before (a) and after (b) optimal �ltering is applied are shown in this �gure.

As summarised in Table 4.2, the range of e�ective local Reλ spanned by the mea-

surements is relatively limited, which leads to rather small variations in the energy

spectra of these cases. Note the good collapse between energy spectra at Red = 8, 000

(x/d = 40) and Red = 10, 300 (x/d = 52), which both are characterized by a nominal

Reλ = 50. Note also that, as an indication of the consistency of the measurements,

these two sets of measurements were carried out at di�erent times and with di�erent

experimental setups.

The dimensional energy spectra presented in Figure 4.1 are then normalized

following the Kolmogorov scaling in Figure 4.2. Comparison with the model spectrum

computed for Reλ = 65 is also presented. Although the nominal Reλ is estimated

to be of the order 50, the spectra measurements collapse onto the model spectrum

at a little higher value of Reλ. Both the 1D energy spectra computed from the raw,

un�ltered velocity measurements and with optimal �ltering are shown. With reference

to Figure 4.2(a), the energy spectra measured at di�erent Red, once normalized,

closely follow the model spectrum up to the point where noise begins to dominate.
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(a) (b)

Figure 4.1: Longitudinal 1D energy spectra E11 (κ1) computed from jet �ame mea-
surements at di�erent Red. (a) computed from un�ltered data; (b) computed from
data after optimal �ltering.

For all measurements the noise �oor has about the same value. The measurements

provide about three decades between the peak of the spectra and the �oor noise. The

noise �oor level is also consistent with the values of measurement noise evaluated

from the accuracy assessment presented in the previous Chapter. These spectra were

computed from short time-series (a few outer time scales), therefore they don't extend

to low wavenumbers and they barely extend to the beginning of the inertial range.

Note, however, that due to the relatively small Reλ, the separation between scales

results in a minimal inertial range, if at all. Reλ ≈ 50 is in fact the minimum value for

a turbulent �ow to begin developing an inertial range. Figure 4.2(b) shows the spectra

after the velocity �eld has been �ltered with the optimal �lter designed to reproduce

the high-wavenumber characteristics of the model spectrum. At the highest Red case

considered the computed energy spectrum still shows the presence of the noise �oor,

which, however, is not expected to a�ect the results.

The 1D dissipation spectra are computed from the 1D energy spectra and are

shown in Figure 4.3 for the cases of Figure 4.2. In this case the dissipation spectra
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(a) (b)

Figure 4.2: Normalized longitudinal 1D energy spectra E11 (κ1η) computed from jet
�ame measurements at di�erent Red. (a) computed from un�ltered data; (b) com-
puted from data after optimal �ltering.

(a) (b)

Figure 4.3: Normalized 1D dissipation spectra D11 (κ1η) computed from jet �ame
measurements at di�erent Red. (a) computed from un�ltered data; (b) computed
from data after optimal �ltering.
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before (a) and after (b) �ltering are shown. The e�ect of noise on the dissipation

spectra dominates at large wavenumber, which renders the measurements of spatial

gradients and energy dissipation rate highly inaccurate. This limiting factor has been

recognized for scalar and thermal dissipation measurements (Wang et al., 2007a).

The proper roll-o� is recovered by �ltering. The e�ect of the optimal �ltering can

be interpreted as a method to condition the velocity �eld such that a more accurate

measure of the mean energy dissipation rate is recovered. Some scatter in the peak

value of the dissipation spectra is observed among the di�erent Reynolds numbers,

which is likely due to noise e�ects. Any di�erences among the measurements are am-

pli�ed by multiplication of the energy spectrum by (κ1η)2 to obtain the dissipation

spectrum. All measurements seem, however, to follow the same pro�le, although a

consistent di�erence between measured and model spectrum is present which could

be attributed to a sensitivity to the normalization value. The (normalized) dissipa-

tion spectrum is computed from the energy spectrum as indicated by Eq. 4.7. The

normalized form depends on three parameters: ν, η and 〈ε〉. Only two of these pa-

rameters are independent, since η =
(
ν3

〈ε〉

)1/4

. The mean dissipation 〈ε〉 is estimated

from the measurements. It is therefore an approximate value and it is a�ect by mea-

surement noise and �nite resolution e�ects. Similarly, the kinematic viscosity ν is not

known but a reference value is assumed, which corresponds to the mean centerline

temperature and composition of similar jet �ames measured by Meier et al. (2000).

In turn these two quantities a�ect the computation of η and the normalization of

the dissipation spectra presented in Figure 4.3. Note that the normalized dissipation

spectrum depends on η2, therefore variations in the estimate of this quantity will be

accentuated in the normalization of D11 (κ1η).

A drawback of the optimal �ltering approach is that a known energy spectrum

has to be assumed and the measurements are forced to follow this assumed spectrum.

This approach could mask the true shape of the energy spectrum if the assumed

spectrum is not an accurate representation of the frequency content of the velocity

�eld. To address this issue, the energy and dissipation spectra are also computed from

181



the measurements in a di�erent way that does not involve �ltering. A proper noise

control approach has, however, to be introduced to remove all or part of the e�ect

of noise at high wavenumber without masking the natural evolution of the spectrum.

Panda and Seasholtz (2002) carried out Rayleigh scattering point measurements to

infer the local turbulent �uctuations of the density �eld in fully expanded turbulent

jets. In order to mitigate the e�ect of noise on the computation of the density �uc-

tuation spectra, they performed two-point redundant time-series measurements and

they estimated the density �uctuation spectra from the cross-correlation spectra of

the two redundant measurements (see Appendix B for details). Following this ap-

proach they showed that the e�ect of noise could be mitigated while recovering the

correct �uctuation spectrum. The same approach was followed by Wang et al. (2008)

on two-point redundant Rayleigh thermometry measurements in turbulent jet �ames.

They considered a jet �ame at Red = 15, 200 (DLR-A) and carried out measure-

ments at di�erent x/d locations in the range 40 ≤ x/d ≤ 80. They showed that

estimating the temperature energy spectra as the cross-correlation spectrum of the

redundant measurements was a viable method. In this way they have shown that the

model spectrum proposed by Pope (2000) can also be the proper representation of

the characteristic spectrum of turbulence in jet �ames, even at the relatively low local

Reλ considered in their study (which is similar to the range of values in the current

measurements). Wang et al. (2008), who introduced the optimal �ltering idea to re-

move the e�ect of noise on the thermal energy spectrum, also demonstrated how the

optimal �ltering approach is a viable approach to mitigate the e�ect of noise while

preserving the frequency content of the measurements.

The redundant measurements carried out with the con�guration of Case 2

can be used to estimate the energy spectrum from the cross-correlation spectrum of

the two redundant measurements without any �ltering being applied. The results are

shown in Figure 4.4 where the spectrum computed using the DFT method from one of

the two redundant measurements is shown in part (a) and the spectrum computed as

the cross-correlation spectrum is shown in part (b). Note again that no �ltering was
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(a) (b)

Figure 4.4: Normalized longitudinal 1D energy spectra E11 (κ1η) computed from re-
dundant jet �ame measurements at di�erent Red (Case 2 ). (a) computed from single
measurement; (b) computed as cross-correlation spectrum between the two redundant
measurements.

involved in computing part (b) of this �gure. The cross-correlation technique reduces

the noise �oor by about one decade. The part of the spectrum that is recovered

from the spectrum closely follows the model spectrum until noise dominates. The

dissipation spectra are also computed from the measurements of Figure 4.4 and are

shown in Figure 4.5. The e�ect of noise on the dissipation roll-o� is greatly reduced,

but not fully removed. The results of these measurements give further support to

the optimal �ltering strategy applied to the data and show that the assumed model

spectrum can be a reasonable representation of the (longitudinal) energy spectrum

for these relatively low Reynolds number reacting �ows. Note again that some scatter

on the dissipation spectra of Figure 4.5 is apparent, which it is believed to be due to

normalization e�ects and due to a lack of �t of the measured energy spectra of Figure

4.4 with the model spectrum.

The transverse 1D energy spectra E22 (κ1η) and E33 (κ1η) are also estimated

from the measurements from the v− and w−velocity components using the same

DFT-based approach as for E11 (κ1η). E22 (κ1η) and E33 (κ1η) computed from the
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(a) (b)

Figure 4.5: Normalized 1D dissipation spectra computed from redundant jet �ame
measurements at di�erent Red (Case 2 ). (a) computed from single measurement;
(b) computed from cross-correlation energy spectrum between the two redundant
measurements.

measurements of the four di�erent jet �ames considered in the study are shown in

Figure 4.6. All four cases, after Kolmogorov scaling, collapse onto a single curve.

The computed 1D energy spectra suggest that the longitudinal and transverse

energy spectra Eii (κ1η) are not a�ected by the presence of the �ame, even at small

Red (small Reλ) where the e�ect of heat release is expected to be the strongest. Lack

of heat release e�ects on the energy spectra does not appear to be the result of �lter-

ing since energy spectra computed from �ltered measurements by the DFT technique

and spectra computed from un�ltered measurements by the cross-correlation spec-

trum technique give the same results. This conclusion is also supported by the mea-

surements of Wang et al. (2008) who obtained measurements of temperature energy

and dissipation spectra. In the previous Chapter, however, while investigating the

e�ect of resolution on the measurements, we observed an anomalous behavior in the

velocity spectra computed from the in-plane velocity components along the transverse

directions. In Figure 3.52 the velocity spectra of the u− and v−velocity components

computed along the y− and z−directions were presented. The velocity spectrum
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(a) (b)

Figure 4.6: (a) E22 (κ1η) and (b) E33 (κ1η) spectra for the four jet �ames under
investigations. Spectra are normalized following Kolmogorov scaling.

tensor Φij (κ) is de�ned as the Fourier transform of the two-point correlation func-

tion Rij (r) which contains information on the spatial structure of the velocity �eld

(Pope, 2000). In the velocity spectra of Figure 3.52 it was observed that, at the �nest

resolution, a deviation from a regular roll-o� appears in the high-wavenumber part of

the spectrum. This feature is present only in the in-plane components of the velocity

spectra and only with su�cient spatial resolution. In the results of Figure 3.52 the

velocity �eld was obtained at three di�erent (in-plane) spatial resolutions. The ob-

served deviation is completely masked by the inadequate resolution of ∆/η = 5.2, it

begins to appear at the intermediate resolution ∆/η = 2.6 (which is used throughout

the work) and it is clearly present at the �nest resolution of ∆/η = 2 (which was

used only to assess �nite resolution e�ects in the measurements). The origin of this

deviation in the high-wavenumber end in the spectrum is not known, but we specu-

late that it is a signature of the e�ect of the reaction zone on the �ne-scale turbulent

structure. At this point there is not su�cient proof of the nature of the observed

anomaly and further work is required to draw any �rm conclusions.
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4.2 Comments on the Turbulence Scaling for Jet Flames

In the previous chapters we have seen that the characteristic quantities of

turbulent jets follow a x/d scaling and all major turbulence quantities of turbulent

jets can be rescaled by a characteristic velocity and length scale, which are typically

taken to be the mean centerline velocity 〈ucl〉 and jet FWHM δ1/2. A characteristic

local Reynolds number is then de�ned based on these quantities as Reδ1/2 =
〈ucl〉δ1/2

ν

which describes the turbulence characteristics of the �ow. For example we saw that,

for turbulent jets, the Kolmogorov scale η scales on δ1/2Re
−3/4
δ1/2

. The same scaling is

normally also applied to turbulent jet �ames. There is a general tendency of extending

the results for turbulent jets to turbulent jet �ames, which, within limits, seems to

hold as well. In Table 4.2 some of the main �ow parameters were anticipated and

summarized to give a general overview of the measurements. Some of these measured

quantities have already been used to normalize the measured energy and dissipation

spectra computed in the previous section. Before continuing, a few comments on

these measured quantities and their scaling within the framework of the traditional

scaling of turbulence is given.

We just recalled that the Kolmogorov scale η should scale with local parameters

as δ1/2Re
−3/4
δ1/2

. In other form, this suggests that the quantity

η

δ1/2

Re
3/4
δ1/2

= C1

should be a constant. For turbulent jets C1 = 2.3. The value of this quantity for the

cases considered in the study are summarised in Table 4.4. The value of C1 that the

current measurements suggest is about 2.6 with a standard deviation of about 5%.

Similarly, the Kolmogorov frequency fη, which is de�ned as

fη =
〈ucl〉
2πη

can be written in the scaled form

fη

(uo
d

)−1 (x
d

)2

Re
−3/4
δ1/2

= C2
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Red x/d Reδ1/2 C1 C2
〈ε〉δ1/2
〈ucl〉3

〈ε〉d
u3
o

(
x
d

)4

8, 000 40 1, 640 2.68 9.4 0.019 1, 289

8, 000 52 1, 380 2.36 10.6 0.032 2, 134

10, 200 52 1, 775 2.71 9.4 0.019 1, 307

13, 500 52 2, 190 2.56 9.3 0.023 1, 331

15, 300 52 2, 620 2.62 9.6 0.021 1, 425

15, 300 65 2, 530 2.49 9.7 0.026 1, 534

Average 2.57 9.7 0.023 1, 503

Std. Dev. 0.13 0.5 0.005 322

% Std. Dev. 5% 5% 21% 21%

Table 4.4: Summary of scaling constants estimated from the measurements. fη de-
�ned in terms of 〈ucl〉.

where the scaling for δ1/2 and 〈ucl〉 of the form

δ1/2

d+
∼ x

d

〈ucl〉
uo
∼
(x
d

)−1

have been used (see Eq. 1.17 and Eq. 1.18, respectively). uo is the jet exit bulk

velocity. Also in this case the above ratio should be equal to a universal constant

C2 which is independent of any other �ow parameter (but is related to C1). This

quantity is summarized in Table 4.4. The measurements give a mean value for C2

of 9.7 with a standard deviation of about 5%. The equivalent value that would be

expected in a turbulent nonreacting jet is C2 = 2.6, a factor of about 3.5 lower.

In the energy cascade model (Kolmogorov, 1941) it is proposed that the mean

kinetic energy dissipation rate 〈ε〉 corresponds to the mean energy supplied by the

largest scales. Kolmogorov assumed that 〈ε〉 should scale on a large-scale velocity and
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length scale, such as 〈ucl〉 and δ1/2

〈ε〉 = C3
〈ucl〉3

δ1/2

or in other words the ratio
〈ε〉 δ1/2

〈ucl〉3
= C3

is constant and independent of any other �ow parameter for su�ciently large Reλ

(Sreenivasan, 1984). The above ratio can also be rewritten in the alternative form

(Friehe et al., 1971; Antonia et al., 1980b)

〈ε〉 d
u3
o

(x
d

)4

= C4

following the scaling relations for 〈ucl〉 and δ1/2, where for nonreacting turbulent jets

C4 is found to be equal to 48. From the measurements, the two ratios1 are evaluated,

and the results are summarised in Table 4.4. From the current turbulent jet �ames

measurements C3 is found to be, on average, about 0.023 with a standard deviation

of about 20%. C4 is instead found to be C4 ≈ 1, 500 with a standard deviation of

about 20%. The observed factor C4 for the jet �ames is about a factor of 30 higher

than the value for nonreacting turbulent jets.

The results of Table 4.4 show that the general scaling laws for η, fη and 〈ε〉 also
apply for these reacting turbulent jet �ames, although the proportionality constants

are somewhat di�erent. Nonreacting scaling for η seems to be appropriate to predict

η in �ames as long as the local Reδ1/2 is used. The scalings for fη and 〈ε〉 do not show
the same level of agreement, although these quantities, when properly scaled, tend

to a unique constant value. The e�ect of heat release alone as typically summarized

by the d+ scaling (Tacina and Dahm, 2000), as shown in Chapters 1 and 2, does not

appear to be su�cient to capture the observed discrepancies since it would predict

an increase of d+/d ≈ 2.2 for C2 and an increase of (d+/d)
3 ≈ 11 for C4 over the

1It can be easily shown that C3 and C4 are related. The two forms, however, o�er di�erent
bene�ts. In the �rst form, C3, the ratio is expressed by local quantities whereas the second form,
C4, the scaling factors are all source parameters that, in general, can be estimated more easily.
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nonreacting counterparts, while the observed increases are by factors of 3.5 and 30,

respectively.

4.3 Velocity Gradients

The velocity �eld ui is decomposed into a mean 〈ui〉 and a �uctuation compo-

nent u′i from which the velocity �uctuation gradient tensor ∇u′ is computed. Prob-

ability density functions (PDFs) of the nine terms of ∇u′, ∂u′i
∂xj

, have been computed

from all cases. Examples of the PDFs of the (a) diagonal and (b) o�-diagonal com-

ponents of ∇u′ (in dimensional form) for the jet �ames at Red = 8, 000 (x/d = 40)

and at Red = 15, 300 (x/d = 52) are shown in Figures 4.7 and 4.8, respectively. Sim-

ilar PDFs with similar characteristics are obtained for the jet �ames at intermediate

Reynolds numbers. In general, it is observed that the diagonal components of ∇u′,
∂u′α
∂xα

(repeated Greek indexes do not imply index summation), follow similar distri-

butions which are di�erent than the PDF of any other o�-diagonal component. The

o�-diagonal components, ∂u
′
i

∂xj
i 6= j, have wider distributions than the diagonal terms,

with the transverse gradients (∂(·)
∂y
, ∂(·)

∂z
) of the longitudinal velocity component (u′)

having the widest distribution of values. This indicates that transverse velocity gra-

dients are typically larger in magnitude than the longitudinal gradients. Symmetry

between complementary components is however respected. For example, the comple-

mentary2 pair ∂u′

∂y
and ∂u′

∂z
exhibit similar PDFs. A similar observation can be drawn

for the
(
∂v′

∂x
, ∂w′

∂x

)
and

(
∂v′

∂z
, ∂w′

∂y

)
complementary pairs. Di�erences between longitu-

dinal and transverse gradients indicate a departure from isotropy. In previous studies

in nonreacting axisymmetric turbulent jets where the full velocity gradient tensor

was measured (Su and Dahm, 1996b; Mullin and Dahm, 2006b; Ganapathisubramani

et al., 2008; Tanahashi et al., 2008), the condition of local isotropy was not met,

but the measurements indicated axisymmetric isotropy (George and Hussein, 1991).

2The term complementary is used to indicate components that are invariant with respect to
rotation about the preferred direction (in the present case the jet �ame centerline axis or, in other
words, the x−direction).
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(a) (b)

Figure 4.7: PDF of the (a) diagonal and (b) o�-diagonal terms of ∇u′ for the Red =
8, 000 jet �ame (x/d = 40).

Moreover, in those reacting jet cases the range of values for all nine components of

∇u′ was more similar than in the current study. In particular, all six o�-diagonal

components of ∇u′ were observed to follow similar PDFs. On the contrary, in the

current measurements the various o�-diagonal components of ∇u′ follow di�erent

pro�les.

The degree of isotropy depends on the mean shear rate (Pope, 2000). The

observed anisotropy could therefore be a�ected by variation in mean shear rate across

the measurement region. In fact, the PDFs have been compiled from all data points in

the measurement region which are subject to di�erent mean shear rates. Nevertheless,

the most likely reason for the large anisotropy is heat release, which is well known to

locally laminarize the �ow near the reaction zone in low to moderate Reynolds number

jet �ames (Takagi et al., 1980). Furthermore, in low Reynolds number �ames the

reaction zone is strongly correlated with a region of high shear and thus high vorticity

(Rehm and Clemens, 1999b; Kothnur et al., 2002). These high shear regions should

lead to high values of the transverse gradients (in particular ∂u′/∂y and ∂u′/∂z),
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(a) (b)

Figure 4.8: PDF of the (a) diagonal and (b) o�-diagonal terms of ∇u′ for the Red =
15, 300 jet �ame (x/d = 52).

which is what is seen in the PDFs of the components of ∇u′.

Comparing the PDFs of Figure 4.7 and 4.8, the e�ect of Reynolds number on

the anisotropy and PDF appears to be minimal. As the Reynolds number increases,

it would be expected that anisotropy at the small scales is reduced. One possible

reason is that, although the jet exit Reynolds number doubles, the local Reynolds

numbers are nearly the same. For the Red = 15, 300 case, the transverse gradients of

the v and w velocity components seem to have more similar PDFs, but the di�erence

from the Red = 8, 000 case is not su�cient to indicate a Reynolds number e�ect.

The presence of a strong exothermic reaction causes large transverse gradients

in the velocity �eld which result in the observed strong anisotropy in the velocity

gradients �eld. This feature was also shown qualitatively in the previous Chapter

where the spatial distribution of the nine terms of ∇u was presented in the context of

investigating the e�ect of �nite di�erence stencil and �ltering. Details on the spatial

structure is however presented in the following Chapter and its discussion is therefore

postponed.
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A comparative representation of the PDFs of the nine components of ∇u′

computed from all cases considered in the study is shown in Figure 4.9. In this �gure

corresponding terms for the four jet �ames under investigation are plotted together

for comparison (after the peak of the distribution has been normalized to unity). The

terms are organized in tensor-like form that maintains the same organization of the ∂u′i
∂xj

elements of the tensor ∇u′. Each velocity �uctuation gradient term shares the same

similarities with all cases considered while the PDFs widens as Red (large-scale strain)

increases. The numerical values of the mean and rms of all nine terms are summarized

in Table 4.5 for comparison. The mean value of the velocity �uctuation gradients〈
∂u′i
∂xj

〉
is nearly zero for all cases. The rms values of the velocity �uctuation gradients〈(

∂u′i
∂xj

)2
〉1/2

range from 200 s−1 to 600 s−1. The rms values of the transverse gradients

are always larger that the corresponding longitudinal gradients, with the transverse

gradients of u′ being about 50% larger than the corresponding longitudinal ones. The

rms of the diagonal components are always lower than any other component.

In an attempt to investigate whether the results of the four cases would collapse

onto a single curve if properly scaled, the PDFs have been normalized by the outer-

scale characteristic strain de�ned as

Sos ≡
〈ucl〉
δ1/2

The outer-scale normalized PDFs for the four cases are shown in Figure 4.10. Partial

collapse of all measurements is obtained. It appears that the jet �ames at Red = 8, 000

(x/d = 40) and Red = 10, 300 (x/d = 52) tend to collapse closer together. Similarly,

the normalized PDFs for the Red = 13, 500 (x/d = 52) and Red = 15, 300 (x/d = 52)

jet �ames collapse together.

The PDFs of Figure 4.9 were also normalized by the characteristic inner-scale

strain which is de�ned as

Sis ≡
(
〈ε〉
ν

)1/2
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Mean rms

Red 8, 000 10, 300 13, 500 15, 300 8, 000 10, 300 13, 500 15, 300
x/d 40 52 52 52 40 52 52 52
∂u′

∂x 0.70 -4.84 -0.08 -1.88 217 201 312 392

∂u′

∂y -0.33 -1.42 -0.63 -1.75 412 314 489 611

∂u′

∂z -0.30 0.42 0.68 0.24 420 306 465 617

∂v′

∂x -0.14 -0.62 3.04 1.13 227 224 357 420

∂v′

∂y -0.02 -0.23 -0.29 -0.35 230 195 292 358

∂v′

∂z -0.34 0.84 -0.33 -0.51 325 266 390 491

∂w′

∂x -1.02 -0.25 3.20 -4.19 226 221 342 414

∂w′

∂y 0.10 -0.99 -0.78 -0.26 320 261 396 479

∂w′

∂z -0.22 0.06 0.47 -0.49 231 185 284 351

Table 4.5: Summary of the mean and rms of the distributions of the nine terms of
∇u′. Units of s−1.

and are presented in this form in Figure 4.11. The inner-scaling normalization im-

proves the collapse of the PDFs for the four cases under consideration. Some di�er-

ences are still present, especially toward the tails of the distribution, but the di�er-

ences are minor and they do not indicate a consistent pattern. For su�ciently large

Reynolds number classical turbulence theory suggests that the distribution of velocity

gradients should become independent of Reynolds number if properly scaled in inner-

scale variables. Although the local Reynolds numbers of the jet �ames considered

in the study are relatively low, the PDFs for all four cases follow the Kolmogorov

inner-scale scaling.

Turbulent round jet �ows are not isotropic, even at the �ne scales, but instead

obey �axisymmetric isotropy� (George and Hussein, 1991). In axisymmetric turbu-

lence all gradient statistics are invariant upon rotation about the principal axis. We

have already discussed qualitatively that the PDFs of complementary components are

the same, which is an indication of axisymmetry, but it will now be formally de�ned.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.9: PDF of the nine terms ∂ui
∂xj

of ∇u for jet �ames at Red = 8, 000− 15, 000

(x/d = 40, 52). Velocity gradients in dimensional form. (a) ∂u
∂x
; (b) ∂u

∂y
; (c) ∂u

∂z
; (d)

∂v
∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.10: PDF of the outer-scale normalized nine terms ∂ui
∂xj

of ∇u for jet �ames

at Reod = 8, 000− 15, 000 (x/d = 40, 52). Normalization by 〈ucl〉
δ1/2

. (a) ∂u
∂x
; (b) ∂u

∂y
; (c)

∂u
∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 4.11: PDF of the inner-scale normalized nine terms ∂ui
∂xj

of ∇u for jet �ames

at Red = 8, 000 − 15, 000 (x/d = 40, 52). Normalization by
(
〈ε〉
ν

)1/2

. (a) ∂u
∂x
; (b) ∂u

∂y
;

(c) ∂u
∂z
; (d) ∂v

∂x
; (e) ∂v

∂y
; (f) ∂v

∂z
; (g) ∂w

∂x
; (h) ∂w

∂y
; (i) ∂w

∂z
.

196



George and Hussein (1991) describe at length the concept of axisymmetric turbulence

that is developed to explain the experimental observation that jet �ows do not meet

the classical homogeneous isotropic conditions. A subset of the conditions on the

velocity gradient components that de�ne axisymmetric turbulence are the following

four conditions on the second moments (rms) of the velocity derivatives:

M1 =

〈(
∂u′

∂y

)2
〉

〈(
∂u′

∂z

)2
〉 (4.8a)

M2 =

〈(
∂v′

∂x

)2
〉

〈(
∂w′

∂x

)2
〉 (4.8b)

M3 =

〈(
∂v′

∂y

)2
〉

〈(
∂w′

∂z

)2
〉 (4.8c)

M4 =

〈(
∂v′

∂z

)2
〉

〈(
∂w′

∂y

)2
〉 (4.8d)

which are expected to be unity for axisymmetric turbulence. The numerical values

for these ratios are computed from the rms values of the velocity �uctuation gradients

compiled in Table 4.5 and are summarized in Table 4.6. The estimate of these ratios

are, on average, unity to within 5%, with the largest deviation from unity of about

10%. Therefore, axisymmetry is met, even in the presence of the reaction zone.

There is strong supporting evidence, both numerical and experimental, that

the statistical distribution of the velocity gradients is characterized by a nearly Gaus-

sian distribution at low velocity gradient values, which then evolves into an exponen-

tial decay in the tails of the distribution (Sreenivasan and Antonia, 1997; Van Atta

and Chen, 1970; She et al., 1988; Tsinober et al., 1992; Su and Dahm, 1996b; Gotoh

et al., 2002; Mullin and Dahm, 2006b; Ganapathisubramani et al., 2008). The expo-

nentiality of the tails of the PDF is, however, not a solved issue since some results
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Red 8, 000 10, 300 13, 500 15, 300

x/d 40 52 52 52

M1 0.96 1.05 1.10 0.98

M2 1.01 1.03 1.09 1.03

M3 0.99 1.11 1.06 1.04

M4 1.03 1.04 0.97 1.05

Table 4.6: Summary of the axisymmetric isotropy ratios M1−M4 de�ned in Eq. 4.8.

have shown departure from an exponential scaling (Castaing et al., 1990; Vincent and

Meneguzzi, 1991). Deviation from a Gaussian pro�le in the tails of the distribution is

attributed to intermittency at the smallest, dissipative scales. As shown by She et al.

(1988), the distribution of velocity �uctuation components are seen to be dominated

by the large scales which, being uncorrelated, result in nearly Gaussian PDFs. In con-

trast, the velocity �uctuation gradients are dominated by small-scale events which,

due to the spatial correlation among di�erent scales, result in non-Gaussian statistical

distributions. The near-exponential tails are a signature of the dominance of scales

and events of the dissipation range. Deviation from a Gaussian pro�le does not a�ect

the low-order moments (like mean and variance) of the velocity �uctuation gradients,

but they dominate higher-order moments. It is therefore necessary to obtain accurate

velocity gradient measurements to properly capture the tails of the distributions and,

more importantly, high-order moments (Tennekes and Wyngaard, 1972).

Exponential decay of the tails of the PDF is rendered as a linear pro�le of the

PDF when presented in semi-logarithmic scale. The tails of the PDFs of Figure 4.9

(and Figure 4.11 after inner-scaling normalization) are indeed straight lines, although

the left and right exponential tails have di�erent coe�cients. The presence of heat

release does not seem to substantially modify the exponential scaling of the tails,

although it may be the cause of the slight asymmetry that is present in some of

the PDFs. The asymmetry at low values could, however, be due to the e�ect of
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noise since low gradients values are more susceptible to contamination from noise.

Similar asymmetry was also observed in previous experimental PIV measurements

in turbulent nonreacting jets (Mullin and Dahm, 2006b; Ganapathisubramani et al.,

2008). The tails of the PDFs can be approximated by the following equation:

p (ζ) = αe−n|ζ|

where α and n are two characteristic constants and ζ indicates the independent vari-

able of the PDF p (ζ) (in this case is a velocity gradient component ∂ui/∂xj). The

exponent n of the equation of the tails can then be interpreted as the slope of the

logarithmic form of it:

n = −d (log [p (ζ)])

dζ

The scaling exponent of the tails of the distributions is computed as a least-square �t

to the tails of the PDF of each case. The numerical values (in dimensional form) are

summarized in Table 4.7. The dimensional scaling exponents for both the left and

right tails of the distribution decrease as the Reynolds number increases. Note that an

increase in Red translates into an increase in strain rates, or |∂ui/∂xj|, which results in

the increase in the exponent n. The PDFs of each component of∇u′ are seen to nearly

collapse to the same curve for all jet �ame cases considered if scaled by the inner-scale

strain, as seen in Figure 4.11. The scaling exponents between di�erent Red jet �ames

are therefore expected to reduce to the same value if normalized by the inner-scale

strain. The inner-scale normalized exponent is de�ned as nis = nSis. A summary of

the normalized scaling exponents is presented in Table 4.8. The normalized scaling

exponents for each gradient component of the four jet �ames collapse to the same

value to within 10% (maximum rms deviation 20%). Mullin and Dahm (2006b)

found that all velocity gradients could be scaled according to the inner-scale scaling

and found exponential decay of the tails of the PDFs of the velocity gradients. They

report numerical values of the exponent of the tails of the PDFs for each component in

the approximate range 0.15− 0.3. They chose to normalize the velocity gradients by

the quantity ν/λ2
ν where λν is the strain-limited di�usion scale de�ned by Buch and
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Scaling exponent n of the tails of the PDFs (×103)

Left Right

Red 8, 000 10, 300 13, 500 15, 300 8, 000 10, 300 13, 500 15, 300
x/d 40 52 52 52 40 52 52 52
∂u′

∂x 3.15 3.32 2.53 2.00 4.07 5.18 2.96 2.21

∂u′

∂y 1.73 2.08 1.32 1.05 1.54 2.06 1.53 1.30

∂u′

∂z 1.72 2.55 1.46 1.07 1.61 3.12 1.83 1.32

∂v′

∂x 2.98 2.91 1.90 1.61 2.92 2.96 1.73 1.68

∂v′

∂y 3.38 3.98 2.54 2.47 4.29 5.45 3.83 2.99

∂v′

∂z 2.19 2.63 1.68 1.35 2.11 3.09 1.91 1.38

∂w′

∂x 3.05 3.42 1.79 1.69 2.94 2.83 1.89 1.71

∂w′

∂y 2.14 2.52 1.79 1.36 2.13 2.87 1.58 1.45

∂w′

∂z 3.55 4.81 3.12 2.19 4.16 5.87 4.10 3.09

Table 4.7: Summary of scaling exponents of the left and right tails of the PDFs of
the velocity �uctuation gradients. Units 1/s−1.

Dahm (1998). If we take the typical approximate value that λν ≈ 6η, then ν/λ2
ν ≈

1
36

(〈ε〉 /ν)
1/2. Therefore, after correcting for the di�erent normalization approach, the

range of values of the exponents that they �nd is within the range 5 − 11, which is

about a factor of 2−3 higher than the exponents found in the present measurements.

4.4 Single-Point Statistics of the Kinematic Quantities

4.4.1 Strain Rate and Dilatation

It was shown in Chapter 1 that the velocity gradient tensor ∇u can be de-

composed into a symmetric-deviatoric, an antisymmetric and an isotropic part as

follows:
∂ui
∂xj

= S̃ij + Ωij +
1

3
δij
∂uk
∂xk

(4.9)
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Normalized scaling exponent nis of the tails of the PDFs

Left Right

Red 8, 000 10, 300 13, 500 15, 300 8, 000 10, 300 13, 500 15, 300
x/d 40 52 52 52 40 52 52 52
∂u′

∂x 3.31 2.83 2.91 3.32 4.29 4.41 3.41 3.67

∂u′

∂y 1.83 1.77 1.52 1.75 1.62 1.76 1.76 2.16

∂u′

∂z 1.81 2.17 1.68 1.77 1.70 2.66 2.10 2.20

∂v′

∂x 3.13 2.48 2.18 2.68 3.08 2.52 1.99 2.80

∂v′

∂y 3.55 3.39 2.92 4.11 4.51 4.65 4.41 4.98

∂v′

∂z 2.30 2.24 1.93 2.25 2.22 2.64 2.20 2.29

∂w′

∂x 3.22 2.92 2.06 2.82 3.09 2.42 2.18 2.84

∂w′

∂y 2.26 2.15 2.06 2.26 2.24 2.45 1.82 2.41

∂w′

∂z 3.74 4.10 3.59 3.64 4.38 5.00 4.71 5.15

Table 4.8: Summary of normalized scaling exponents nis of the left and right tails of
the PDFs of the velocity �uctuation gradients. Normalization by inner-scale strain
Sis = (〈ε〉 /ν)

1/2.
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S̃ij is the deviatoric strain rate tensor:

S̃ij ≡
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
− 1

3
δij
∂uk
∂xk

= Sij −
1

3
δij
∂uk
∂xk

(4.10)

where Sij is the strain rate tensor. Ωij is de�ned as the rate of rotation tensor. This

decomposition of ∇u was chosen because this form separates the e�ect of compress-

ibility from the strain �eld in some of the derived quantities from ∇u. We will now

investigate the characteristics of Sij and S̃ij. We will �rst start with the total strain

�eld Sij.

It is customary to decompose the strain �eld into its principal components

which are de�ned as the set of eigenvalues of Sij. The three principal strains (α, β, γ)

are denoted following the traditional notation such that α > β > γ. In incompressible

�ow the principal strain α is de�ned to be always positive and it therefore de�nes

the most extensional strain. To meet the incompressibility condition (∇ ·u = 0), the

principal strain γ is by de�nition always negative and hence the most compressive

strain. The intermediate principal strain β can assume either positive or negative

values. For incompressible �ow the β−strain alone de�nes the topological state of

the strain �eld: sheet-forming if β > 0, line-forming if β < 0. The eigenvectors of

Sij associated with each eigenvalue (principal strains) are de�ned to be the principal

directions. Note that the principal directions can be interpreted as the preferred

coordinate system where the strain rate tensor Sij assumes a diagonal form, or, in

other words, only normal strain rates are present because the shear strain rates are

zero. The principal directions will be referred to as the α−, β− and γ−directions.
The notation αk (k = 1, 2, 3) will also be used to denote the three principal strains

α, β, γ in some of the �gures to come. The form of Sij in its principal values and its

associated principal directions have a particularly important role in vortex dynamics,

stretching and mixing. Moreover, it o�ers a simple way to describe the state of the

strain �eld. The deviatoric strain rate S̃ij can also be decomposed in its principal

values
(
α̃, β̃, γ̃

)
and its principal directions.
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(a) (b)

(c)

Figure 4.12: PDFs of the principal strains (α, β, γ) in the four jet �ames under
investigation.
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PDFs of the three principal strains (from Sij) compiled for the four jet �ames

under investigation are shown in Figure 4.12. They reveal strong similarities with

the distributions of the principal strains that have been found in previous studies in

nonreacting turbulent �ows (Tsinober et al., 1992). The γ−strain (i.e., compressive

strain) shows a broader distribution than the α−strain (extensive strain), which indi-

cates that high magnitude compressive strain is more probable than high magnitude

extensive strain. The intermediate β−strain, even though it is centered around the

origin, is not symmetric, but has a wider distribution in the positive values. This

indicates that in general the topology of the strain �eld as de�ned by Sij has prefer-

entially β > 0, which is similar to a previous DNS study in incompressible isotropic

turbulence (Ashurst et al., 1987) and experiments in nonreacting turbulent jets (Su

and Dahm, 1996b; Ganapathisubramani et al., 2008). This feature seems to be pre-

served in the reacting case also, even at such low local Reynolds numbers. For all

four jet �ame cases under consideration the probability of having β > 0 is within the

range 0.71 − 0.74. This range of values is consistent with the numerical results of

Ashurst et al. (1987) in incompressible isotropic turbulence (they found a probability

of about 0.77) and the experimental measurements of Tsinober et al. (1992) in grid

�ow (they found a probability of about 0.65).

The reaction zone does not directly a�ect the strain �eld, although it does

a�ect its direction (Rehm and Clemens, 1998; Kothnur et al., 2002). The e�ect of

heat release on the �ow dynamics is expected to be the generation of dilatation due to

volumetric expansion and the distribution of vorticity by laminarization. Dilatation

can also be written as the sum of the three principal strains α + β + γ and can be

interpreted as a contribution of normal shear rates to the equivalent deviatoric strain

�eld S̃ij. Dilatation does not appear to substantially modify the overall characteristics

of the strain �eld. For example, the PDFs of the principal strains indicate that

there is no state where all three principal strains are positive or negative. The most

extensional (α) and compressive (γ) principal strains are seen to be always bounded

by the origin (zero strain), as is observed in incompressible �ow. This condition
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might not necessarily be expected in reacting �ows. It appears that in nonpremixed

jet �ames there cannot exist states where all principal strains are positive. In other

words, the strain �eld appears to overwhelm the dilatation nearly always.

The curves of the three principal strain components are all seen to spread

as the level of strain increases (Red). As indicated previously, at each x/d location

an increase in Red corresponds also an increase in the overall strain rate. In fact if

for simplicity we take the outer-scale strain as an indication, Sos = 〈ucl〉 /δ1/2, it is

obvious that Sos increases as Red increases since 〈ucl〉 increases linearly. Similarly, it

can be shown that the Kolmogorov inner-scale strain Sis = (〈ε〉 /ν)
1/2 scales on the

outer-scale strain as Sis ∼ SosRe
1/2
δ1/2

or, alternatively, as Sis ∼ SosRe
1/4
λ .

It seems that the strain �eld as described by the PDF of the principal strains

can be rescaled accordingly to reduce the curves to a nondimensional universal form.

The principal strains are therefore normalized by the Kolmogorov inner-scale strain.

The PDFs of the inner-scale-strain-normalized strain rate are shown in Figure 4.13 in

both (a) linear and (b) semi-logarithmic scale. All three principal strains (α, β, γ)

are shown together on the same plot for each of the four jet �ame cases under consid-

eration. An excellent collapse of the four curves for each principal strain component

is observed which indicates that the strain �eld is dominated by events in the dis-

sipative range of scales. The most probable (inner-scale normalized) compressive

strain is on the same order as the most probable (inner-scale normalized) extensional

strain. They both assume a normalized value (in magnitude) of about 0.35. The most

probable intermediate strain is, however, centered around the origin. The principal

strains presented in semi-logarithmic scale show that both the α− and γ−strains

cross the origin. However, this is most likely a result of measurement noise (Ganap-

athisubramani et al., 2007). The observed collapse among all cases after inner-scale

normalization does not agree with the results of Su and Dahm (1996b) where they

did not see any collapse of the PDFs of the principal strains after inner-scale normal-

ization. The same collapse was however found by the measurements of Mullin and

Dahm (2006b). Moreover, the range of values of normalized strains, after correcting
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(a)

(b)

Figure 4.13: PDFs of the Kolmogorov inner-scale-normalized principal strains for
four jet �ames considered in the study. (a) on linear scale; (b) on semilog scale. αk
(k = 1, 2, 3) indicates αk = (α, β, γ). Peak of the PDFs are normalized to unity.
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for the di�erent normalization adopted in these references, are very similar to the

range observed in the present study in turbulent jet �ames (within ±1.5 (〈ε〉 /ν)
1/2).

Normalization by the outer-scale strain (not shown) did not o�er a collapse for all jet

�ame cases considered.

For incompressible �ow the three principal strains are related by continuity

which imposes the condition that α + β + γ = 0. One single parameter, such as the

β−strain, is therefore su�cient to specify the state of the strain. For compressible �ow

the presence of dilatation removes the condition on the sum of the principal strains,

and two parameters are required to describe the state of the strain. In incompressible

�ow studies it is found convenient to investigate the principal strains, and in particular

the β−strain, in normalized form where the normalization factor is taken to be the

magnitude of the strain rate3 e de�ned as e = (α2 + β2 + γ2)
1/2 (Ashurst et al., 1987;

Lund and Rogers, 1994). The normalized principal strains (α∗, β∗, γ∗) are therefore

written as

α∗ =

√
6α

(α2 + β2 + γ2)
1/2

(4.11a)

β∗ =

√
6β

(α2 + β2 + γ2)
1/2

(4.11b)

γ∗ =

√
6γ

(α2 + β2 + γ2)
1/2

(4.11c)

Figure 4.14 shows the PDFs of the three normalized principal strains computed for

the four jet �ames under investigation, both in (a) linear and (b) semi-logarithmic

form. All four jet �ame cases show nearly the same normalized distribution of prin-

cipal strains. The β∗ strain shows a distribution that is very similar to the results of

numerical and experimental work on incompressible �ow (Ashurst et al., 1987; Tsi-

nober et al., 1992; Ganapathisubramani et al., 2008). The proposed normalization

should bound β∗ to ±1, and α∗ and γ∗ to +2 and −2, respectively. However, the

3Note that the following identity holds:
〈
e2
〉

= 1
2 〈ε〉 /ν.
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(a)

(b)

Figure 4.14: PDFs of the normalized principal strains (α∗, β∗, γ∗): (a) linear scale;
(b) semi-logarithmic scale. Peak of the PDFs are normalized to unity.
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observed bounds of β∗ are about ±1.6, a result that will be discussed below. Simi-

larly, the bounds on α∗ and γ∗ are about ±2.4. This normalized form of the β−strain
is used extensively by Ashurst et al. (1987); Tsinober et al. (1992); Ganapathisub-

ramani et al. (2008) to investigate the state of strain of incompressible turbulence.

However, as discussed by Lund and Rogers (1994), this normalization form hinders

the description of some of the properties of the state of strain and, sometimes, it even

leads to misleading results. For example, the peak of the PDF of β∗ that occurred at

β∗ = 0 led Su and Dahm (1996b) to conclude that the strain �eld is predominantly

two-dimensional. Lund and Rogers (1994) show that the normalized form imposes

the non-physical result that the probability of observing β∗ = ±1, which describes

axisymmetric expansion and compression, is identically zero. However, axisymmet-

ric expansion and compression are indeed observed in incompressible turbulence. In

order to avoid some of the drawbacks of this normalization of the β−strain, they
suggest the following normalized measure to describe the topology of the strain �eld

(see also Betchov (1956))4:

s∗ =
−3
√

6αβγ

(α2 + β2 + γ2)
3/2

(4.12)

For incompressible �ow this quantity should be bounded by ±1, which corresponds

to axisymmetric compression and expansion. The PDFs of s∗ for two of the jet �ames

under investigation are shown in Figure 4.15. Also, the distributions of s∗ for these

jet �ames are very similar to the results of incompressible turbulence (Lund and

Rogers, 1994; Ganapathisubramani et al., 2008). The distributions are bounded by

±1.4, skewed to positive values with a peak at about 0.65 and tend to zero at the

two extremes. However, Lund and Rogers (1994), also show that experimental error

strongly alters the shape of the s∗ PDF.

Lund and Rogers (1994) show that the PDFs obtained for both β∗ and s∗

from incompressible �ow measurements are strongly in�uenced by measurement noise

4s∗ can be interpreted as the ratio between the third (III) and the second (II) invariant of the

tensor Sij : s
∗ = −3

√
6III

(−2II)
3/2 . II = − 1

2

(
α2 + β2 + γ2

)
and III = αβγ.
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which introduce severe distortion of the PDFs of β∗ and s∗. The e�ect of noise on

velocity gradient measurements in incompressible �ow can be estimated in terms of

the divergence error (deviation of the velocity divergence α+β+γ, or dilatation, from

zero). Often the deviation from unity of the correlation coe�cient CD between ∂u/∂x

(typically computed using Taylor's hypothesis) and − (∂v/∂y + ∂w/∂z) is taken as

an indication of the accuracy of the measurements. CD is de�ned as:

CD ≡

〈(
∂u
∂x

) (
−∂v
∂y
− ∂w

∂z

)〉
〈(

∂u
∂x

)2
〉1/2

〈(
−∂v
∂y
− ∂w

∂z

)2
〉1/2

(4.13)

The multi-hotwire probe measurements of Tsinober et al. (1992) have a correlation

coe�cient CD of 0.7. A similar correlation coe�cient was obtained by the measure-

ments of Ganapathisubramani et al. (2007, 2008). The measurements of Su and Dahm

(1996b) showed a value of CD on the order of 0.85. The e�ect of velocity divergence

error is to introduce distortion in the PDF of β∗ and increase the bounds of β∗ to

±
√

3. The e�ect on s∗ is more severe: the bounds are increased to ±
√

2 and the

PDF is forced to zero at the extremes. The PDF of s∗ from noise-free data (data

from DNS computations, for example) of incompressible �ows assumes, in fact, �-

nite values at the extremes, with the value at s∗ = 1 being the most probable. The

analysis of Lund and Rogers (1994) showed also that addition of random noise to

DNS data of incompressible �ow resulted in PDFs of β∗ and s∗ that are similar to

the results of Figure 4.11 and 4.15 which have been compiled from jet �ames where

dilatation is not necessarily zero. The conclusions of Lund and Rogers (1994) were

also validated by the measurements of Ganapathisubramani et al. (2007), and which

are also similar to the results reported here for the jet �ames. In the case of the

present measurements, however, the dilatation cannot all be attributed to the e�ect

of noise, but it is believed to be a realistic feature of the system under investigation.

It is very interesting to observe, however, that whether dilatation is due to noise or

is a physical property of the �ow, a statistical description of the principal strains,
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Figure 4.15: PDF of s∗ for the jet �ames at Red = 8, 000 and Red = 15, 300.

normalized principal strains and s∗ is not capable of di�erentiating between the two:

it seems that they statistically behave the same way.

In reacting �ows the observed dilatation is due to the e�ect of compressibil-

ity (changes in density) arising from heat release. Figure 4.16 shows the PDF of

dilatation for the four jet �ames under considerations. The distribution of dilatation

is shown in both linear (a) and semi-logarithmic (b) plots to accentuate the tails of

the distributions. The PDFs for each jet �ame are symmetric with respect to the

origin, have a mean value about zero (which is also the most probable value) and

broaden as the overall strain increases. Moreover, the tails of the distributions follow

an exponential decay (linear pro�le in semi-log scale) which indicates that the mea-

sured dilatation is not a random variable and is not due solely to random noise in

the measurements. The mean and rms values of dilatation for the four jet �ame mea-

surements are summarized in Table 4.9. The mean value is approximately zero and

the rms value is of comparable value as the rms of the velocity gradient components
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summarized in Table 4.5.

The PDFs of the dilatation normalized by the inner-scale strain Sis are also

computed and are shown in Figure 4.17. The collapse of the four curves is not as

good as for the other quantities investigated so far, although the di�erence between

curves is small. In particular, the curves for the jet �ames up to Red = 13, 500 show

reasonable collapse and only the distribution for the Red = 15, 300 jet �ame shows

consistent deviation from the inner-scale strain scaling for the dilatation. The PDF

of the dilatation normalized by Sos (not shown) did not collapse the distributions at

all. Moreover, the range of values that the dilatation can assume is similar to the

range of values that the β− strain can assume and about half the range of values that

the most extensional and compressive strains assume. The mechanism of generation

of dilatation is di�erent than any other kinematic quantity (as strain, vorticity and

energy dissipation which will be considered in the following sections). Dilatation in

reacting �ows is expected to be a consequence of strong exothermic chemical reaction

that a�ects the density �eld through an increase in local temperature which, in turn,

modi�es the velocity �eld according to the mass continuity equation. On the other

hand, the kinematic quantities derived from the velocity �eld are a consequence of the

e�ects of inertial and viscous forces on the dynamics of the velocity �eld. Moreover,

the normalization factor Sis is a characteristic quantity which describes the dissipative

process that dominates the small-scales and it is therefore not obvious that dilatation

would scale an a quantity characteristic of a dissipative process. This result would be

consistent if dilatation is not the direct e�ect of exothermic reaction but is the e�ect

of some other inertial and/or dissipative mechanism, like the result of transport and

mixing of di�erent density �uid. We will abandon this idea for now, but it will be

revisited in the discussion to follow.

As measurements in incompressible turbulence have shown, all the measure-

ment errors due to noise or due to the approximations that Taylor's hypothesis intro-

duces are lumped into the dilatation which, for incompressible �ow measurements, is

not strictly zero and a�ects all observed quantities. It can therefore be expected that
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(a)

(b)

Figure 4.16: PDF of dilatation ∇ · u.(a) linear plot; (b) semi-logarithmic plot.
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(a)

(b)

Figure 4.17: PDF of dilatation ∇·u normalized by inner scale strain Sis = (〈ε〉 /ν)
1/2.

(a) linear plot; (b) semi-logarithmic plot. PDFs have been normalized so that the
peak of the distribution is unity.
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Red 8, 000 10, 300 13, 500 15, 300

mean 19 17 27 41

rms 180 130 217 314

Table 4.9: Mean and rms value of dilatation for the four jet �ames under considera-
tions. Units of [s−1].

Red 8, 000 10, 300 13, 500 15, 300

CD 0.54 0.45 0.49 0.43

stand. dev. 0.03 0.10 0.09 0.09

Table 4.10: Correlation coe�cients CD between ∂u/∂x and − (∂v/∂y + ∂w/∂z) as
de�ned in Eq. 4.13 for the four jet �ames under considerations. Standard deviation
computed as deviation of CD among available datasets per each case.

part of the measured dilatation arises from measurement noise and the approxima-

tion introduced to compute all nine velocity gradients. In the current measurements

it is not possible to di�erentiate between the contribution of measurement errors and

compressibility (heat release) e�ects to the measured dilatation. The correlation coef-

�cient CD between ∂u/∂x and − (∂v/∂y + ∂w/∂z) (de�ned in Eq. 4.13) indicates an

average value of 0.5 (standard deviation about 0.1) among all jet �ame measurements.

The exact numerical values of CD computed from the four �ames are tabulated in

Table 4.10. These values are about 30% lower than the values obtained for typical

incompressible turbulence measurements. The similarities between the result of the

current measurements (reactive case) and the measurements in incompressible turbu-

lence (Tsinober et al., 1992; Ganapathisubramani et al., 2007) can therefore just be

the results of dilatation (either �ctitious or real) e�ects on the statistical description

of the principal strains and s∗. De�nitive conclusions can not be drawn just from this

simpli�ed description based on single-point statistical analysis.

Before we investigate further the characteristics of the dilatation, consider the

joint PDF between dilatation ∇ · u and the norm of the velocity gradient tensor

(∇u : ∇u)
1/2. The joint PDF between these two quantities gives an indication of the
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relative importance of dilatation at various levels of gradient magnitude. Figure 4.18

shows the joint PDF between ∇ · u/ (∇u : ∇u)
1/2 and (∇u : ∇u)

1/2 for the jet �ame

at (a) Red = 8, 000 (x/d = 40) and (b) Red = 15, 300 (x/d = 52). The same results

are also shown in Figure 4.19 in normalized form to facilitate comparison between

cases where the norm of the velocity gradient tensor has been normalized by Sis. The

two cases have been selected since they represent the extremes of the range of Red

considered in the study. Similar results were obtained for the intermediate cases. The

results for both Red show similar characteristics, although at higher Red the range

of values of ∇ · u/ (∇u : ∇u)
1/2 widens. The compiled joint PDF for these jet �ames

share strong similarities with similar measurements of Ganapathisubramani et al.

(2007) in a nonreacting turbulent jet where, in that case, dilatation was solely due

to random measurement noise. They used a similar approach to assess the accuracy

of their velocity gradient measurements. The relative dilatation (divergence error)

∇ · u/ (∇u : ∇u)
1/2 that arises in PIV measurement is typically observed to follow a

Gaussian distribution (Mullin and Dahm, 2006a; Ganapathisubramani et al., 2007).

In the present study the statistics of dilatation e�ects arising from heat release seem to

behave similarly to random measurement error. The joint PDF between the relative

dilatation and the norm of the velocity gradient tensor is characterized by a peak at

intermediate values of (∇u : ∇u)
1/2 (at about (∇u : ∇u)

1/2 / (〈ε〉 /ν)
1/2 = 0.75) and

for zero dilatation. Large gradients are less a�ected by the presence of dilatation.

Large relative dilatation (say ∇ · u/ (∇u : ∇u)
1/2 ≈ 0.5) becomes important only in

regions where the gradients are small (say (∇u : ∇u)
1/2 / (〈ε〉 /ν)

1/2 < 0.5).

After this diversion on the dilatation �eld, let us return to our original discus-

sion on the strain �eld and let us investigate in more detail the e�ects of dilatation

on the strain �eld. Lund and Rogers (1994) have shown that the e�ect of dilatation

(whether �ctitious or real) on β∗ and s∗ can be written by the following relations:

β∗ = β̃∗
(
1−D∗2

)1/2
+
√

2D∗ (4.14)

s∗ = s̃∗
(
1−D∗2

)3/2
+

1√
2
D∗
(
3− 5D∗2

)
(4.15)
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Figure 4.18: Joint PDF between∇·u/ (∇u : ∇u)
1/2 and (∇u : ∇u)

1/2 for the jet �ame
at (a) Red = 8, 000 (x/d = 40) and (b) Red = 15, 300 (x/d = 52).
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Figure 4.19: Joint PDF between ∇ ·u/ (∇u : ∇u)
1/2 and (∇u : ∇u)

1/2 / (〈ε〉 /ν)
1/2 for

the jet �ame at (a) Red = 8, 000 (x/d = 40) and (b) Red = 15, 300 (x/d = 52).
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where the quantity D∗ is the normalized dilatation (bounded by ±1)5

D∗ =
α + β + γ

√
3 (α2 + β2 + γ2)

1/2
(4.16)

The quantities β̃∗ and s̃∗ are the equivalent β∗ and s∗ parameters computed from

the divergence-free strain rate tensor, i.e. computed from the deviatoric strain rate

tensor S̃ij that we de�ned previously. Note, however, that the principal strains of

S̃ij can also be written from the principal strains of Sij as α̃k = αk − 1
3

(α + β + γ)

where αk = (α, β, γ), and a similar interpretation for α̃k. Eq. 4.14-4.16 provide a

description for the observed increase in the bounds of β∗ and s∗ and the change in the

shape of the PDF discussed earlier. Note again that the above results also hold for

compressible and non divergence-free (noise) incompressible turbulence. As described

previously, for compressible turbulence, two parameters are required to fully describe

the strain �eld. Lund and Rogers (1994) suggest that both s̃∗ and D∗ should be used

to characterize the strain �eld of compressible turbulence (they don't recommend the

use of β̃∗ for reasons explained earlier). Moreover, a joint PDF between s̃∗ (or β̃∗)

and D∗ is required to fully describe the strain �eld in compressible turbulence.

Regardless of the physical interpretation of dilatation, The PDFs of s̃∗ and D∗

are shown in Figure 4.20 and 4.21, respectively, for the jet �ame at Red = 8, 000 and

Red = 15, 300. The distribution of s̃∗ follows the expected distribution for a truly

incompressible �ow (where D∗ ≡ 0). It is bounded by ±1 and monotonically increases

with s̃∗ until the maximum value is reached at s̃∗ = 1. s̃∗ has a strong tendency of

being positive which corresponds to having α, β > 0 and γ < 0 (sheet forming strain

�eld). The distribution of D∗ is shown in both (a) linear and (b) semi-logarithmic

scale in Figure 4.21. The distribution is nearly Gaussian around the origin with non-

Gaussian �anks, which appear to be nearly linear in the semi-log plot and roll-o� to

zero as the |D∗| = 1 limit is approached. D∗ is indeed expected to be bounded by ±1.

This conditions is met and the fast roll-o� of the tails is a result of this condition.

5D∗ can be interpreted as the ratio between the �rst (I) and the second (II) invariant of the
tensor Sij : D

∗ = I√
−6II

. I = α+ β + γ and II = − 1
2

(
α2 + β2 + γ2

)
.
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Figure 4.20: PDF of s̃∗ for the jet �ames under consideration.

As suggested by Lund and Rogers (1994), the joint PDF between D∗ and

s̃∗ is computed to fully interpret the e�ect of dilatation on the strain �eld and it

is shown in Figure 4.22 for the (a) jet �ame at Red = 8, 000 and (b) jet �ame at

Red = 15, 300. The presence of dilatation (cast in the form of D∗) does not appear

to modify the overall distribution of the strain �eld (cast in the form of s̃∗). For each

D∗ = constant line the distribution of s̃∗ follows a similar monotonically increasing

trend as seen in Figure 4.20 where the maximum of the distribution occurs at s̃∗ = 1

and the distribution is skewed toward positive values of s̃∗. Figure 4.23 shows the

marginal probability having s̃∗ > 0 as a function of D∗. These results were compiled

from the joint PDF of Figure 4.22. As indicated previously, s̃∗ > 0 indicates that

two principal values are positive and one is negative, which is consistent with a sheet-

forming strain �eld. The probability of observing positive values of s̃∗, p (s̃∗ > 0), at

any given value of D∗ has a maximum value of about 0.75 around D∗ ≈ 0 and is seen

to decrease as |D∗| increases. For |D∗| → 1, p (s̃∗ > 0) tends to the value of 0.5. At

low levels of dilatation (i.e. in regions of the �ame were dilatational e�ects are absent)
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Figure 4.21: PDF of D∗ for the jet �ames under consideration. (a) linear scale; (b)
semi-logarithmic scale.
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the strain �eld is predominantly sheet-forming, which is consistent with observations

in incompressible turbulence. As the magnitude of dilatation increases, the strain

topology is nearly equally shared between sheet- and line-forming strain �elds. Note

that the distributions are symmetric with respect to |D∗| = 0, which indicates that

positive and negative dilatation have the same e�ect on the distributions. Similar

observations are made for the two Reynolds number �ames, indicating that within

the limited range of Reynolds number investigated, the e�ect of Reynolds number is

absent or can't be discerned.

The joint PDF between D∗ and β̃∗ has also been computed to o�er a di�erent

perspective on the results and it is shown in Figure 4.24 for the (a) jet �ame at

Reo = 8, 000 and (b) jet �ame at Red = 15, 300. The features for both jet �ames are

essentially the same. The distributions are symmetric with respect to |D∗| = 0 and

peak for D∗ ≈ 0 and β̃∗ ≈ 0.5. The e�ect of increasing D∗ is to move the distribution

toward the β̃∗ = 0 point. Positive and negative dilatation have the same e�ect of the

distributions.

To visualize better the e�ect of D∗ on the strain �eld conditional PDFs of s̃∗

and β̃∗ conditioned on the magnitude of the dilatation|D∗| (since the e�ect of positive
and negative dilatation appears to be the same) have been compiled. The conditional

PDF of s̃∗ is shown in Figure 4.25(a), whereas the conditional PDF of β̃∗ is shown in

Figure 4.25(b). As the joint PDFs of the previous �gures have suggested, the e�ect of

low magnitude dilatation is nearly absent on the distribution of s̃∗ and β̃∗, i.e. both

quantities behave as in incompressible turbulence. At larger magnitude of D∗ both

distributions are seen to become symmetric with respect to the origin: s̃∗ becomes

�atter whereas β̃∗ becomes more symmetric. As suggested by the analysis of Lund

and Rogers (1994), �at distribution of s̃∗ or, equivalently, symmetric distribution

of β̃∗ indicates that the strain �eld is randomly distributed and corresponds to a

velocity �eld with Gaussian statistics. It is not readily apparent why at large levels

of dilatation the topology of the strain �eld should become randomly distributed.

The PDFs of the principal strains, dilatation, principal strains conditioned on
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(a)

(b)

Figure 4.22: Joint PDF between D∗ and s̃∗. (a) jet �ame at Red = 8, 000 (x/d = 40);
(b) jet �ame at Red = 15, 300 (x/d = 52).
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Figure 4.23: Marginal probability that s̃∗ > 0 at any given value of D∗.

the dilatation and their joint PDF did not indicate signi�cant heat release e�ects.

The characteristics of the strain �eld are in fact very similar to the characteristics of

incompressible turbulence. Moreover, the dilatation does not a�ect the strain �eld

systematically, but it simply introduces features that are equivalent to the superpo-

sition of random noise on incompressible �ow measurements. The PDFs computed

so far have been compiled from all measurement points within the measurement re-

gions, without di�erentiating between regions characterized by the presence of the

instantaneous reaction zone and regions away from it. Since the reaction zone is a

thin layer in the �ow, the observed results might be dominated by o�-reaction zone

events. Therefore, PDFs of the strain �eld conditioned on the presence of the reaction

zone have been compiled in order to separate the e�ect of the reaction zone from the

rest of the �ow. The OH PLIF imaging that is carried out along with the velocity

measurements is used to locate the instantaneous reaction zone. The reaction zone

is de�ned as regions in the �ow where the OH PLIF signal is larger than a threshold

value. The threshold value is taken to be 10% of the peak OH PLIF signal. Di�erent
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(a)

(b)

Figure 4.24: Joint PDF between D∗ and β̃∗. (a) jet �ame at Red = 8, 000 (x/d = 40);
(b) jet �ame at Red = 15, 300 (x/d = 52).
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(a)

(b)

Figure 4.25: Conditional PDF of (a) s̃∗ and (b) β̃∗ conditioned on |D∗|. Results refer
to the case of the jet �ame at Red = 8, 000 (x/d = 40).
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threshold values were tested but the results did not change. Recall that the OH PLIF

imaging was carried out at 10 Hz and provided only a single image in the center of

the time-series of the cross-sectional 3C velocity �eld. Multiple datasets have been

recorded. More than 100 stereo-PIV/PLIF datasets for the case 1 condition and

about 30 datasets per each condition of case 3 were acquired. However, only a single

instance per dataset provided both the velocity and OH PLIF image. In order to

increase the number of datapoints from which to extract statistical information, the

instant in time before and after the time that the OH PLIF �elds is taken were used to

extract statistical information. The underlying assumption is that the reaction zone

is slowly evolving, or is e�ectively passively advected. Using this additional data does

not seem to alter the trends found when only the single velocity �eld corresponding

to the OH PLIF imaging is used; however, it signi�cantly smooths the PDFs.

Figure 4.26 shows the PDFs of the principal strains α, β and γ conditioned

on the OH layer. The two cases corresponding to the jet �ame at Red = 8, 000

and Red = 15, 300 are shown for comparison. In each �gure the PDF computed on

the OH layer and o� the OH layer are shown for comparison. There are no strong

di�erences between the two sets of curves (on and o� the OH layer) and both cases

(Red) give the same results. The strain �eld, as described by its principal strains, is

not di�erent on and o� the reaction zone. Therefore, the overall characteristics (in a

statistical sense) in the far �eld of a jet �ame are similar to equivalent nonreacting

turbulent jets, and the reaction zone (as indicated by the OH layer) does not a�ect

the statistics of the strain �eld. However, it will be shown in the following Chapter

that the spatial distribution and structure of the strain and kinematic quantities

is substantially altered by the presence of the exothermic reaction. These spatial

characteristics are, however, not captured by single-point statistics that are considered

in this Chapter. The PDF of dilatation on and o� theOH layer is shown in Figure 4.27

for the same two jet �ames. Also dilatation does not exhibit a di�erent distribution

on and o� the reaction zone. This is quite surprising if it is assumed that dilatation

is solely a direct e�ect of heat release on the reaction zone. However, the work
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(a)

(b)

Figure 4.26: PDF of the principal strains α, β, γ conditioned on the reaction zone.
(a) Jet �ame at Red = 8, 000; (b) jet �ame at Red = 15, 300. Solid line: on OH layer;
Dashed line with symbols: o� OH layer.
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(a)

(b)

Figure 4.27: PDF of the dilatation ∂ui
∂xi

conditioned on the reaction zone. (a) Jet �ame
at Red = 8, 000; (b) jet �ame at Red = 15, 300. Solid line: on OH layer; Dashed line
with symbols: o� OH layer.
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of Kothnur et al. (2002) has shown that the OH zones are not necessarily a good

indication of the e�ects of the reaction zone on the characteristics of turbulent �ames.

4.4.2 Vorticity and Strain Rate

PDFs of the three components of the vorticity �eld ω =(ωx, ωy, ωz) computed

from the full velocity gradient tensor are shown in dimensional form in Figure 4.28.

The results of all four �ames are shown in this �gure. All three components follow

similar pro�les. The presence of the �ame does not seem to preferentially increase the

likelihood of any component of the vorticity �eld. The width of these distributions

broadens as the overall strain increases (re�ected in Red, as indicated previously).

The PDFs are therefore rescaled according to the inner-scale normalization strain

Sis and the results are shown in Figure 4.29. All curves corresponding to the four

di�erent jet �ames collapse onto a single curve (after normalization of the maximum

value to unity). The curve corresponding to the Red = 8, 000 jet �ame has a slight

systematic shift in the y− and z−components, but in general the inner-scale strain

normalization o�ers a good collapse of the four curves.

PDF of the magnitude of the the vorticity vector is investigated in terms

of enstrophy, de�ned as 1
2
ω · ω. Figure 4.30 shows the PDFs of the enstrophy in

dimensional form which are then shown normalized by the inner-scale strain Sis in

Figure 4.31 (both in linear and log-log scales). As for each single component of the

vorticity vector, the distribution of values of enstrophy (dimensional form) broadens

as the overall strain increases (Red). The inner-scale normalization, however, collapses

the curves for each jet �ame onto a single curve.

The e�ect of the strain �eld on the vorticity �eld is investigated by �rst com-

puting the projection of the 3D vorticity vector ω along the three principal directions

of the strain rate tensor to investigate the relative alignment between vorticity and

principal strains. The direction of the vorticity vector is de�ned by the unit vector

ω̂ = ω/ |ω|. The principal directions were de�ned earlier and are indicated by the

notation α̂k (k = 1, 2, 3) which indicates the unit vector corresponding to the α−,
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(a) (b)

(c)

Figure 4.28: PDF of vorticity components for the four jet �ames considered in the
current study.
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(a) (b)

(c)

Figure 4.29: PDF of inner-scale normalized vorticity components for the four jet
�ames under investigation. PDFs normalize to a maximum value of unity.

232



Figure 4.30: PDF of enstrophy 1
2
|ω|2 for the four jet �ames under investigation.

β− and γ-principal directions, respectively. The projection is computed in terms of

the direction cosines de�ned as |α̂k · ω̂|. Note that the direction cosines |α̂k · ω̂| are

bounded by [0, 1], with the extreme of this range indicating that the two vectors are

perpendicular and parallel, respectively. The principal strains and principal direc-

tions computed from the overall strain rate tensor Sij are used since it was observed

that, at least in a statistical sense, the presence of the dilatation does not a�ect the

overall topology and distribution of the strain.

PDFs of the direction cosines for the three principal directions computed from

the measurements corresponding to the jet �ames considered in the study are shown

in Figure 4.32. All four jet �ames show similar distributions, indicating that the

major features are preserved within the four cases. The vorticity �eld does not in-

dicate any preferential tendency of being aligned with the most extensional strain

(α−principal direction), since the distribution of values of |α̂ · ω̂| is relatively �at.

There is, however, a strong tendency of the vorticity vector to be aligned in the di-

rection of the intermediate strain (β−direction). There is in fact a four-fold increase
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(a)

(b)

Figure 4.31: PDF of inner-scale normalized enstrophy 1
2
|ω|2 for the four jet �ames

under investigation. (a) linear plot; (b) log-log plot.
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Figure 4.32: PDF of direction cosine between principal direction and vorticity vector
describing the relative orientation of these two quantities.

in the probability of observing alignment between vorticity and β−direction over the

probability of observing vorticity that is perpendicular to the β−direction. Based on

kinematic considerations, Dresselhaus and Tabor (1991) suggested that, at least for

incompressible �ows, this is the result of the lack of persistence of a uniform strain

�eld on the vorticity. A weaker tendency of the vorticity to be perpendicular to the

most compressional strain (γ−direction) is also observed. The very same trends have

been observed in nonreacting �ows (Ashurst et al., 1987; Mullin and Dahm, 2006b;

Ganapathisubramani et al., 2008). Boratav et al. (1998) investigated the alignment

of the strain, vorticity and scalar gradients on buoyant nonpremixed �ames. Their

work showed a preferential alignment of vorticity with the β−strain away from the

stoichiometric contour, and a preferential alignment with the most extensional strain

near the stoichiometric contour. Away from the reaction zone the dynamics of tur-

bulence follow the same behavior as incompressible turbulence and the e�ects are

con�ned near the reaction zone.
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As with the strain �eld, the e�ect of the presence of the reaction zone on the

vorticity and vorticity dynamics is investigated by compiling PDFs of the vorticity

and vorticity-strain alignment conditioned on the reaction zone. Figure 4.33 shows

PDFs of the enstrophy conditioned on the reaction zone. PDFs for both the jet

�ame at Red = 8, 000 and Red = 15, 300 are shown on and o� the OH layer. The

same distribution of values are shown for both jet �ames and no di�erence can be

resolved on or o� the OH layer. Similarly, Figure 4.34 shows the PDF of the direction

cosine between principal directions and vorticity vector computed on and o� the OH

layer. Once again, the orientation of the vorticity �eld with respect to the principal

directions does not appear to be altered by the presence of the reaction zone, at least

within the description that a statistical analysis can o�er. The preferential alignment

of the vorticity vector with the α−direction observed by Boratav et al. (1998) is

therefore not observed. The OH layer is in fact o� the stoichiometric contour and

sits on the fuel-lean side of the stoichiometric contour. This misalignment combined

with a broadening of the OH layers that characterize the far �eld of jet �ames might

be the cause of the observed behavior. In this portion of the jet �ame the OH layer

might not be the best marker of the instantaneous reaction zone (Kothnur et al.,

2002).

Rehm (1999) investigated the characteristics of planar jets and jet �ames and

the induced e�ects of heat release on the planar jet �ames. Contrary to the �ndings of

the present work, his measurements showed a correlation between the reaction zone

(OH zones) and intense vorticity and strain. Moreover, for low Reynolds number

�ames, the most compressive strain is oriented at 45◦ with the direction of the �ow

and the reaction zone is seldomly perpendicular to the direction of the most com-

pressive strain. On the contrary, high Reynolds number �ames shown rarely oriented

compressive strains and a preferred alignment between the normal direction of the

reaction zone and the direction of maximum compressive strain. Kothnur et al. (2002)

found similar results on higher Red round turbulent nonpremixed �ames. Moreover,

they observed di�erent organization in the near- and in the far-�eld of the �ame. In
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regions where x/d < 30 they observed correlation between high-magnitude vorticity

and CH layers. They also observed that the OH layers have a weaker tendency to cor-

relate with intense vorticity than CH zones have. Further downstream in the �ame,

where x/d > 35, both the CH and OH zones show a weak tendency to correlate

with high-magnitude vorticity. Their �ndings were based on a statistical description

of the �ow on and o� the reaction zone. In the current study the measurements were

taken on planes for x/d > 40. The observed lack of correlation between vorticity and

reaction zone is therefore in agreement with the �ndings of Kothnur et al. (2002).

Moreover, in the current study the full OH zones were taken as an indication of the

reaction zone, which might not be the most e�ective and accurate approach to locate

the true reaction zone (Donbar et al., 2000, 2001; Kothnur et al., 2002). In previous

studies (Rehm and Clemens, 1998, 1999a; Rehm, 1999; Tsurikov et al., 1999; Kothnur

and Clemens, 2001; Kothnur et al., 2002) a clear modi�cation of the spatial structure

of the vorticity �eld induced by the reaction zone was shown, which was not re�ected

in a statistical description of the �ow features. The following Chapter will introduce

the spatial structure of the �ow �eld and of the major kinematic quantities of interest.

It will be shown that the results of the present investigation also indicate an evident

modi�cation of the �ow structure induced by the reaction zone, which the statistical

description of the sections is not able to capture.

In many studies the structure of the vorticity �eld (and energy dissipation

�eld, which will be introduced next) is investigated by compiling the joint PDF be-

tween the principal strains and the enstrophy (or the energy dissipation). Since in

incompressible �ow the β−strain alone de�nes the topology of the strain, it is com-

mon practice to consider only this term in the analysis (typically in the normalized

form of β∗). We have discussed at length the inadequacy of this simpli�ed form to de-

scribe the state of the strain �eld, especially when compressibility e�ects are present.

However, since this form is often used in previous work and since it was observed

that a weak dependence between strain and dilatation �elds exists, the same form is

followed in this study. Figure 4.35 shows the joint PDF between the three normalized
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(a)

(b)

Figure 4.33: PDF of enstrophy 1
2
|ω · ω|conditioned on the reaction OH layer. (a)

jet �ame at Red = 8, 000; (b) jet �ame at Red = 15, 300. Solid line: on OH layer;
Dashed line with symbols: o� OH layer.
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(a)

(b)

Figure 4.34: PDF of alignment enstrophy 1
2
|ω · ω|conditioned on the reaction OH

layer. (a) jet �ame at Red = 8, 000; (b) jet �ame at Red = 15, 300. Solid line: on OH
layer; Dashed line with symbols: o� OH layer.
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principal strains α∗k (k = 1, 2, 3) and the inner-scale normalized enstrophy compiled

for the jet �ames at Red = 8, 000 and Red = 15, 300. The same general features are

shared between the two jet �ame cases. Both the α∗ and γ∗ strains maintain the same

sign across the spectrum of enstrophy values. The β∗ strain, however, assumes both

positive and negative values but is skewed to positive values which would suggest

a dominant tendency of intense vorticity to exist in regions where the strain �eld

is predominately sheet-forming. The peak of the distribution, however, is located

at positive values of β∗ and low levels of enstrophy. Similar results have been ob-

tained in incompressible turbulence (Ganapathisubramani et al., 2008). Investigation

of the spatial structure of incompressible turbulence in regions of intense vorticity

indicates that these structures are predominantly tube-like (Siggia, 1981; Kerr, 1985;

Jimenez et al., 1993; Ganapathisubramani et al., 2008). On the contrary, regions of

low vorticity (on the order of background vorticity), which occupy the majority of

the space, are organized in sheet-like structures and would therefore be expected to

exists in regions of positive β∗ (Ruetsch and Maxey, 1992; Jimenez et al., 1993). The

shape of the joint PDF between β∗ and enstrophy could therefore re�ect the dom-

inance of background vorticity and does not fully capture the complex structure of

the vorticity �eld. Moreover, it is argued that the tube-like vortical structures that

are found in incompressible �ows are generated from unstable sheet-like background

vorticity �elds that evolve into tube-like structures of high vorticity (Ruetsch and

Maxey, 1992). As for the incompressible �ow case, the picture that arises from this

single-point statistical description of the structure of the vorticity �eld is therefore

incomplete. Based on previous observations on incompressible turbulence, the struc-

ture of the �ow �eld cannot be uniquely determined from this statistical description.

In fact, it will be shown in Chapter 5 through an analysis on the spatial structure

rendered after time-space reconstruction that the spatial structure of the vorticity

�eld does not completely re�ect what the statistical analysis suggests. A single-point

statistical description of the �ow features is in fact not able to fully capture the true

e�ect of the reaction zone on the �ow structure.
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To include the e�ect of dilatation on the vorticity �eld, the joint PDF between

the inner-scale normalized dilatation and inner-scale normalized enstrophy is shown

in Figure 4.36 for both jet �ames. Regions of large dilatation are more likely to exist

in regions of low vorticity. Regions of intense vorticity correspond to regions where

dilatation is nearly absent.

4.4.3 Kinetic Energy Dissipation Rate

It was shown in a preceding chapter that the instantaneous kinetic energy

dissipation rate ε for compressible �ows reduces to (see also Hinze (1975), page 70)

ρε ≡ τij
∂ui
∂xj

(4.17a)

= 2µ

(
SijSij −

1

3

∂uk
∂xk

∂ul
∂xl

)
(4.17b)

= 2µS̃ijS̃ij (4.17c)

Sij is the strain rate tensor whereas S̃ij is the deviatoric form of it. Therefore, in

compressible �ow we can conclude that only the deviatoric component of the strain

rate contributes to energy dissipation by viscous forces. Moreover, if the compressible

strain rate Sij is used, the e�ect of dilatation can be interpreted as a reduction in

dissipation created by the strain Sij. In other words, only shear strains contribute

to energy dissipation but not normal strains. Furthermore, the energy dissipation

is identically zero for isotropic compression or expansion. Note that, as was dis-

cussed previously, the instantaneous ε depends on the instantaneous value of the

kinematic viscosity ν = µ/ρ which depends on the local instantaneous temperature

and composition. In the current study, however, the mean centerline value is taken

as representative value (see Chapter 2).

The energy dissipation rate ε is computed exactly from the full velocity gra-

dient tensor, i.e. it is the three-dimensional dissipation. Most experimental inves-

tigations estimate the one-dimensional dissipation ε1D invoking isotropy (and often

241



(a)

(b)

Figure 4.35: Joint PDF between normalized enstrophy 1
2
ωiωi/ (〈ε〉 /ν) and normalized

principal strains (α∗, β∗, γ∗). (a) jet �ame at Red = 8, 000 (x/d = 40); (b) jet �ame
at Red = 15, 300 (x/d = 52).
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(a)

(b)

Figure 4.36: Joint PDF between normalized enstrophy 1
2
ωiωi/ (〈ε〉 /ν) and normalized

dilatation ∂ui/∂xi/ (〈ε〉 /ν)
1/2. Data corresponding to the (a) jet �ame at Red = 8, 000

(x/d = 40) and (b) jet �ame at Red = 15, 300 (x/d = 52).
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Figure 4.37: PDF of dissipation for the four jet �ames under investigation.

Taylor's hypothesis)

ε1D = 15ν

(
∂u

∂x

)2

or the two-dimensional approximation ε2D from planar measurements (PIV) of the

velocity �eld that provides only (at best) six of the nine components of ∇u (typically,

though, only four components of ∇u are actually measured through 2C PIV).

The PDF of the dissipation ε for the four jet �ames under investigation is

shown in Figure 4.37. All four curves follow a similar trend, which broadens as Red

increases. The PDF of ε normalized by 〈ucl〉3 /δ1/2 is shown in Figure 4.38 in both

(a) linear and (b) log-log scales. Some level of collapse is o�ered by this normalized

form. The four curves normalized by the mean dissipation 〈ε〉 collapse to the same

pro�le as shown in Figure 4.39. The most probable value of ε is about 0.3 〈ε〉. The

distribution is characterized by a long right-tail which extends to several times 〈ε〉.
The PDF of ε is shown in log-log form in Figure 4.39(b) to visualize better the form

of the PDF. The collapse of the four curves extends across the range of values of ε

indicating that ε is distributed in a similar form for these cases. All four curves are
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(a)

(b)

Figure 4.38: PDF of kinetic energy dissipation ε normalized by 〈u〉3 /δ1/2 for all four
jet �ames considered. (a) linear plot; (b) log-log plot.
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(a)

(b)

Figure 4.39: PDF of dissipation normalized by 〈ε〉 for the four jet �ames considered.
(a) linear scale; (b) log-log scale.
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similar at high values of ε but they begin to di�er at low values of ε (for values below

the peak of the distribution). The jet �ame at Red = 8, 000 shows the most di�erence

with respect to the other three curves at larger Red. The departure from a common

form might be a result of Reynolds number dependence.

Re�nements to the early theory of Kolmogorov (1941) to account for the in-

termittency of the energy dissipation (Batchelor and Townsend, 1949) led to the

assumption of a lognormal distribution of ε (Oboukhov, 1962; Kolmogorov, 1962)

which seems to be supported by numerical and experimental results on a wide range

of �ows. Any independent variable ζ is lognormally distributed if its logarithm is

normally distributed. A lognormal distribution p (ζ) can be generically written as

p (ζ) =
1

ζσ
√

2π
e−

(log(ζ)−µ)2

2σ2

where µ is the mean value of the logarithm of ζ, µ = 〈log (ζ)〉, and σ is the stan-

dard deviation of the logarithm of ζ, σ2 =
〈
(log (ζ)− µ)2〉. A lognormal distribution

characterized by µ = −0.385 and σ = 0.882 (these values were computed from the

measurements) is also shown for comparison in Figure 4.39(b). The lognormal dis-

tribution seems to be a good approximation to the distribution of ε only for the

right-hand-side of the curve that corresponds to high values of ε. The peak and

the right-hand-side of the distribution are properly captured but di�erences arise in

the left-hand-side of the distribution which corresponds to low (relative) values of

dissipation. All four jet �ames consistently show higher values than the lognormal

distribution. The slight spread between the di�erent cases suggests a Red dependence

that is most likely due to the relatively low Reλ of these jet �ames. The lognormality

has been found to be a good approximation for both the low- and high-range of val-

ues. The origin of this discrepancy is not clear and cannot be solely associated with

the e�ect of heat release since the thermal dissipation rate measurements of Wang

(2004) on similar jet �ames show a good �t to a lognormal distribution of the thermal

dissipation rate.
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Figure 4.40 compares the PDFs of the values of dissipation conditioned on the

OH layer. Both distributions on and o� the OH layer are shown for comparison at

the two extreme Reynolds number jet �ames. As for all other kinematic property

investigated so far, it appears that both PDFs, on and o� the OH layer, show the

same range of values, irrespective of whether they have been compiled on or o� the

OH layer.

Figure 4.41 summarizes the main characteristics of the dissipation distribution

for the jet �ames considered. The PDF of ε/ 〈ε〉 is characterized by a peak well

below the mean value and a long tail that extends to large values of dissipation.

Instantaneous values larger than ten times the mean value are observed. If p (ε) is

taken to be the PDF of ε, the quantity
ˆ ε

0

p (ε′) dε′

describes the cumulative distribution of ε (ε′ is a dummy integration variable). This

quantity can also be interpreted as the fraction of the total volume characterized by

values of the instantaneous dissipation less than ε. Moreover, the quantity
ˆ ε

0

ε′p (ε′) dε′

describes the contribution to 〈ε〉 from values less than ε. These two quantities are

computed from the PDF of ε from the present measurement and are shown in Figure

4.41. Taking a reference value of 3 〈ε〉, this �gure suggests that there is a probability of
observing this value of dissipation of p (ε) ≈ 0.05 (relative to the peak), and that the

fraction of the overall volume characterized by a value of dissipation larger than 3 〈ε〉
is only 5% of the total and that the contribution of these regions of intense dissipation

to the mean value amounts to 20%. If this threshold value is lowered to the mean

value, about 65% of the volume is characterized by dissipation lower than the mean

and this portion contributes to only about 30% of the mean value of dissipation. A

large fraction of the energy dissipation is therefore due to rare but intense dissipation

events which are indeed the basis of the small-scale intermittency e�ect (Batchelor
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(a)

(b)

Figure 4.40: PDF of dissipation conditioned on the OH layer. (a) Red = 8, 000 jet
�ame; (b) Red15, 300 jet �ame. Solid line: on OH layer; Dashed line with symbols:
o� OH layer.
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Figure 4.41: Typical PDF of ε/ 〈ε〉, (p (ε)), fraction of overall volume with ε′ < ε,´ ε
0
p (ε′) dε′, and fractional contribution to 〈ε〉,

´ ε
0
ε′p (ε′) dε′.

and Townsend, 1949). Most of the dissipation (70% of the mean value) is due to

events characterized by dissipation values larger than the mean. The measurements

of Ganapathisubramani et al. (2008) showed similar results in nonreacting turbulent

jets. This feature is clearly also preserved in these turbulent jet �ames.

In Chapter 1 the idea was introduced that the energy dissipation rate ε could

be decomposed into three terms: a solenoidal component εs, a dilatational component

εd and an inhomogeneous component εI . The energy dissipation rate can be written

as the sum of these three terms:

ε = εs + εd + εI (4.18)

Each term is de�ned as follows: solenoidal dissipation εs

εs = ν

(
∂ui
∂xj

∂ui
∂xj
− ∂ui
∂xj

∂uj
∂xi

)
(4.19a)

= νωkωk (4.19b)
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dilatational dissipation εd

εd =
4

3
ν
∂uk
∂xk

∂ul
∂xl

(4.20)

and inhomogeneous dissipation εI

εI = 2ν

[
∂2 (uiuj)

∂xi∂xj
− 2

∂

∂xj

(
uj
∂ui
∂xi

)]
(4.21)

This decomposition neglects the e�ect of variable kinematic viscosity ν which, if con-

sidered, would introduce other terms (Huang, 1995; Huang et al., 1995). These terms,

however, become relevant only when modeling these terms (after Reynolds or Favre

averaging). The solenoidal dissipation is the component of the energy dissipation

equivalent to incompressible homogeneous isotropic �ows and is typically found to

be the dominant component in compressible channel �ows (Huang et al., 1995). The

dilatational dissipation is the component arising from compressibility. Finally, the

inhomogeneous component is the dissipation related to inhomogeneity in the �ow.

More details on the interpretation of this decomposition and of each term can be

found in Chapter 1 and in the references therein cited. The decomposition of the

total dissipation into its three components, Eq. 4.18, o�ers a di�erent perspective

than its de�nition, Eq. 4.17. Moreover, note that the sign of the dissipation cor-

responding to the presence of dilatation has opposite signs in the two forms of the

dissipation. In the �rst form, the de�nition of Eq. 4.17, the direct e�ect of dilatation

is to decrease energy dissipation generated by the total strain Sij. In the second form,

the decomposition of Eq. 4.18, the di�erent contributions are divided into their basic

terms. The �rst term, εs, is the equivalent term of isotropic, incompressible turbu-

lence and the second term, εd, accounts for the e�ect of compressibility (dilatation)

on the incompressible terms. From the direct form of the dissipation (Eq. 4.17) one

might conclude that dilatation does not directly contribute to the energy dissipation;

however, its e�ects might be present in a modi�cation of the strain �eld itself. The

decomposed form of Eq. 4.18 tries to separates these e�ects.

We are now interested in determining what is the relative importance of each

term of this decomposition. Figure 4.42 shows PDFs of each component of dissipation
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(a)

(b)

Figure 4.42: PDF of the solenoidal εs, dilatational εd and inhomogeneous εI compo-
nents of kinetic energy dissipation rate ε. Data normalized by 〈ε〉. Data compiled
from the (a) jet �ame at Red = 8, 000 (x/d = 40) and (b) jet �ame at Red = 15, 300
(x/d = 52).

252



εs, εd and εI (normalized by the mean value 〈ε〉) compiled for the jet �ames at (a)

Red = 8, 000 and (b) Red = 15, 300. The solenoidal component of dissipation is

positive at all times and shares many similarities with the PDF of ε (see Figure

4.39): it peaks at values lower than the mean dissipation (at about 0.1 〈ε〉) and

has a long tail extending to several times 〈ε〉 (larger than 5 〈ε〉). The dilatational

component is, by de�nition, always positive. It is, however, signi�cantly smaller than

the two other components. The distribution of εd peaks at the origin (zero dissipation)

and quickly drops to zero, e�ectively being negligible compared to the other two

components. In fact, εd is seldom larger than 0.5 〈ε〉. The inhomogeneous term can

assume both positive and negative values. Note that negative values of dissipation

are not physically meaningful but result from the mathematical description of ε as the

sum of the three terms. The PDF of εI is nearly symmetric with respect to the origin

and peaks slightly on the positive side of the axis. It assumes a distribution of values

that is not quite as wide as the solenoidal component. The results of the two jet �ame

cases considered, after normalization by 〈ε〉, show nearly identical distributions.

To investigate further the relative importance of each of the three components,

the following ratios describing the relative importance of each component to the total

instantaneous energy dissipation rate ε are introduced to facilitate the comparison:

rs ≡
εs
ε

(4.22a)

rd ≡
εd
ε

(4.22b)

rI ≡
εI
ε

= 1− εs + εd
ε

(4.22c)

PDFs of the three ratios are shown in Figure 4.43 for the two jet �ame cases. In this

form the distributions seem independent of Red. This is not surprising if considering

that the di�erence between the e�ective Reλ of both jet �ames is minimal (less than

10%). The dilatational ratio, rd = εd/ε, is at all times well below unity, as could
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(a)

(b)

Figure 4.43: PDF of fraction of each component of dissipation relative to instan-
taneous dissipation ε: solenoidal ratio rs = εs/ε, dilatational ratio rd = εd/ε and
inhomogeneous ration rI = εI/ε (Eq. 4.22). Data compiled from the (a) jet �ame at
Red = 8, 000 (x/d = 40) and (b) jet �ame at Red = 15, 300 (x/d = 52).
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be expected from the results of Figure 4.42. rd has a maximum value of about 0.4.

The solenoidal ratio rs is always positive, can be larger than unity (i.e. εs > ε),

but must be balanced by an equivalent negative value of rI because, by de�nition,

rs + rd + rI = 1. rs peaks at about 0.25 but can extend up to values larger than

6, which is a direct consequence of the wide tail of the distribution shown in Figure

4.42. The inhomogeneous ratio, rI , is bounded to the right by +1 (since rs is always

positive) but can extend to large negative values. The peak of the distribution of rI

is on the positive side, at about 0.7.

The same results are also presented relative to the solenoidal dissipation. Fig-

ure 4.44 shows the PDF of the dilatational and inhomogeneous components of dis-

sipation relative to the solenoidal component. εd/εs is, e�ectively, never larger than

unity. The distribution of εI/εs is e�ectively bounded to the left to −1 (since the sum

of the three components has to be ε by de�nition) but can extend to large positive

values, well above unity. This indicates that large instantaneous values of εs (larger

than ε) are balanced by negative values of εI but small values of εs are associated

with large values of (positive) εI .

In an instantaneous sense the dilatational dissipation is typically smaller than

any of the other two components. This can be a possible explanation of why the main

statistical features of dissipation have similar characteristics to incompressible turbu-

lence. Only the solenoidal and inhomogeneous components of dissipation contribute

to energy dissipation in an instantaneous sense. However, within the representation

of this mathematical decomposition, the two terms can have a counterbalancing e�ect

in certain regions of the �ow, where large instantaneous values of εs are associated

with large negative values of εI , whereas small values of εs are associated with large

positive values of εI . The inhomogeneous component therefore contributes to the

most intense instantaneous dissipation.

The relative importance of εs and εI to the total dissipation and their inter-

relationship can be better described by the joint PDF between these quantities (ne-

glecting the dilatational component of dissipation). Figure 4.45(a) shows the joint
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(a)

(b)

Figure 4.44: PDF of dilatational and inhomogeneous components of dissipation rela-
tive to solenoidal component:, εd/εs, and εI/εs . Data compiled from the (a) jet �ame
at Red = 8, 000 (x/d = 40) and (b) jet �ame at Red = 15, 300 (x/d = 52).
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(a)

(b)

Figure 4.45: Joint PDF between normalized energy dissipation rate ε/ 〈ε〉 and normal-
ized (a) solenoidal energy dissipation εs/ 〈ε〉, (b) inhomogeneous energy dissipation
εI/ 〈ε〉. Data compiled from measurements on jet �ame at Red = 8, 000 (x/d = 40).
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(a)

(b)

Figure 4.46: Joint PDF between normalized energy dissipation rate ε/ 〈ε〉 and normal-
ized (a) solenoidal energy dissipation εs/ 〈ε〉, (b) inhomogeneous energy dissipation
εI/ 〈ε〉. Data compiled from measurements on jet �ame at Red = 15, 300 (x/d = 40).
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PDF between εs/ 〈ε〉 and ε/ 〈ε〉 whereas Figure 4.45(b) shows the joint PDF between

εI/ 〈ε〉 and ε/ 〈ε〉. These two �gures have been compiled from the measurements on

the Red = 8, 000 jet �ame. Similarly, Figure 4.46 shows similar results for the jet

�ame at Red = 15, 300. It is seen that both cases have similar features. In both

�gures each dissipation component has been normalized by 〈ε〉 so that a direct com-

parison between the results of the two jet �ames can be made. The wide spread of

the joint PDF in Figure 4.45(a), especially at large values, indicates that there is

no preferential relationship between εs and ε. On the contrary, the peculiar shape

of the joint PDF between εI and ε of Figure 4.45(b) indicates strong and distinct

correlations between these two quantities. In order to extract a complete description

of the relationship between all components of dissipation, both joint PDFs need to be

evaluated concurrently. Two main characteristic features can be discerned. Firstly,

large values of ε (say ε/ 〈ε〉 > 2) are more likely to result from the contribution of

low values of εs (say εs/ 〈ε〉 < 1) and large values of εI . On the contrary, large values

of εs (say εs/ 〈ε〉 > 2) are present in regions of low ε which means that regions of

high εs typically corresponds to regions of large values of negative εI . Intense dissi-

pation can therefore be induced only by spatial features that induce large solenoidal

or inhomogeneous dissipation but not both; i.e., regions of large εs and εI typically

do not simultaneously exist. Low dissipation (say ε/ 〈ε〉 < 1) can, however, be the

combined result of solenoidal and inhomogeneous terms as the marginal correlation

between components at low dissipation levels suggests. These observations support

the previous results extracted from the PDF of the single components.

We have concluded that, instantaneously, dilatational (i.e. compressibility) ef-

fects are small relative to the dissipation and that both solenoidal and inhomogeneous

terms are important terms in the energy dissipation, although both e�ects cannot be

present simultaneously. On an average sense, however, the contribution of the three

components to the mean dissipation rate 〈ε〉 could be di�erent. In fact, the average

values computed from each of the three components indicate that, on average, the

solenoidal dissipation is the dominant component and contributes most of the mean
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dissipation. For the cases considered in the study, it was found that on average 〈εd〉
contributes at most 5− 10% to 〈ε〉 whereas 〈εI〉 ≈ 0. Average values on the order of

±2 − 3% of 〈ε〉 from individual datasets were computed but they are probably the

result of lack of convergence, although a similar result was obtained by Huang et al.

(1995) near the wall of a compressible channel �ow. The term εI can be interpreted as

a transport term which should integrate to zero over the �ow (Bradshaw and Perot,

1993; Huang et al., 1995). This result is exact in incompressible homogeneous �ows.

The jet �ames of the current study are not truly homogeneous, but the inhomogeneity

of mean properties is actually quite small.

In the present study the e�ect of variable transport properties, such as ν, is

neglected. Therefore the analysis presented is in reality a statement on the charac-

teristics of the velocity gradients, their combination and their derived quantities. For

example the term 〈εI〉 is in reality

〈εI〉 = 2 〈ν〉
[
∂2 〈uiuj〉
∂xi∂xj

− 2
∂

∂xj

(〈
uj
∂ui
∂xi

〉)]
The dominant component to the mean dissipation rate is the solenoidal dis-

sipation. Consider the de�nition of εs, Eq. 4.19. From its de�nition it was shown

that εs can be written in terms of the square of the vorticity vector, εs = νωiωi,

which is a term proportional to the enstrophy 1
2
ωiωi. Therefore, instantaneously the

vorticity �eld can in part contribute to the total dissipation rate. At times εs can

be the dominant component, at other times εI dominates the dissipation. However,

on an average sense, the solenoidal dissipation is the only component that e�ectively

contributes to 〈ε〉, since 〈εI〉 ≈ 0. As might be expected, the joint PDFs between

ε/ 〈ε〉 and 1
2
ωiωi/ (〈ε〉 /ν) shown in Figure 4.47 are identical to the joint PDF between

ε/ 〈ε〉 and εs/ 〈ε〉 shown in the previous �gures. A similar joint PDF between these

two quantities was shown by the work of Jimenez et al. (1993) in the context of vortex

dynamics and formation.

It was shown that the e�ect of dilatation on the characteristics of the strain

and vorticity �eld is minimal. The above results on the relative importance of each

260



(a)

(b)

Figure 4.47: Joint PDF between normalized energy dissipation rate ε/ 〈ε〉 and normal-
ized enstrophy 1

2
ωiωi/ (〈ε〉 /ν). Data corresponding to the (a) jet �ame at Red = 8, 000

(x/d = 40) and (b) jet �ame at Red = 15, 300 (x/d = 52).
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(a)

(b)

Figure 4.48: Joint PDF between normalized energy dissipation rate ε/ 〈ε〉 and nor-
malized principal strains (α∗, β∗, γ∗). (a) jet �ame at Red = 8, 000 (x/d = 40); (b)
jet �ame at Red = 15, 300 (x/d = 52).
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dissipation mode is therefore expected to be similar for the incompressible case. The

observed decoupling between the vorticity (enstrophy) and the energy dissipation

and the importance of the inhomogeneous contribution to energy dissipation (on an

instantaneous sense) are consistent with previous observations that regions of in-

tense dissipation do not correspond with regions of high vorticity (Yamamoto and

Hosokawa, 1988; Ganapathisubramani et al., 2008), which are organized in elongated

tube-like structures (Siggia, 1981; Kerr, 1985; Jimenez et al., 1993), but, instead, re-

gions of high dissipation occur around vortical structures, with the largest dissipation

corresponding to regions characterized by the presence of systems of nested vortical

structures (Ruetsch and Maxey, 1992; Ganapathisubramani et al., 2008). A single

vortex tube is in fact equivalent to pure solid-body rotation that is strain free and

hence dissipation free. Strong strain rates and inhomogeneity induced by the mutual

interaction of interwoven vortical structures in intervening regions generate the most

intense dissipation rates. This issue on the correspondence (or lack of thereof) be-

tween regions of intense vorticity and intense dissipation seems, however, not fully

resolved since the DNS results on incompressible turbulence of Kaneda and Ishihara

(2006) show that dissipation is coincident with regions of high enstrophy.

Similar to the vorticity �eld, the structure of the energy dissipation �eld can be

related to the underlying strain rate �eld by computing joint PDFs between the nor-

malized principal strains and the energy dissipation. The distribution of the normal-

ized principal strains are very similar to the joint PDFs between normalized principal

strains and enstrophy presented earlier. In particular, β∗ is skewed to positive values.

Intense dissipation is more likely to exist in regions of positive β∗. The same results

are obtained in incompressible turbulence (Ganapathisubramani et al., 2008) where

it is indeed shown that the energy dissipation is organized in sheet-like structures.
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4.5 Summary

This section was primarily dedicated to a statistical investigation of the prop-

erties of the turbulent reacting �ow. Firstly, the characteristics of the 1D (longitudinal

and transverse) energy spectra computed from the time series at each position within

the measurement end-view plane were presented. One-dimensional spectra estimated

from the cross-correlation spectrum between redundant measurements suggest that

the energy spectrum shares the same features of equivalent nonreacting �ows, a result

that was also shown by the measurements of Wang et al. (2008) on the temperature

�eld. The energy spectrum is seen to follow quite closely the model spectrum proposed

by Pope (2000). The presence of the reaction zone therefore seems not to a�ect the

1D energy spectrum, at least with the current spatial resolution of the measurements

and for the experimental conditions considered. In the previous Chapter, when inves-

tigating the e�ect of spatial resolution on the 1D energy spectra and velocity spectra,

it was observed that, as the spatial resolution was improved (from ∆/η ≈ 5 down to

∆/η ≈ 2), some of the components of the velocity spectra tensor exhibit an abnormal

roll-o� at high wavenumber, which is not seen in the 1D energy spectra. This feature

was observed in the transverse components of the velocity spectrum tensor computed

along the transverse direction. Since the components of the velocity spectrum tensor

are related to the spatial correlation function, the observed peculiar roll-o� at high-

wavenumber could be the result of �ne-scale features induced by the reaction zone

that are important in determining the �ow structure in end-view planes but not along

the longitudinal direction where, instead, �ow convection dominates.

In the second section of this Chapter the validity of traditional scaling laws

for nonreacting turbulent jets was tested from the measurements of mean properties

(such as 〈ucl〉, 〈ε〉 and η). Although the scaling constants appear di�erently between

reacting and nonreacting cases, the same form of the scaling laws hold also for these

turbulent jet �ames, even at the lowest Red jet �ame case considered which corre-

sponds to low Reδ1/2 .
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The rest of the Chapter was then dedicated to investigating single-point statis-

tics of some of the major quantities of interest. The PDFs of the nine terms of the

velocity gradient tensor indicate a strong anisotropy in the �ow as a result of the

presence of the reaction zone, which generates large transverse velocity gradients

(compared to longitudinal velocity gradients). In particular, the three diagonal com-

ponents of ∇u follow similar PDFs while the other six o�-diagonal components have

wider distributions, with the transverse gradients of the longitudinal velocity compo-

nent having the widest range of values. The �ow, however, maintains axisymmetric

isotropy as de�ned by George and Hussein (1991). All PDFs compiled from the

four di�erent jet �ames nearly collapse onto a single curve after normalization by a

characteristic strain de�ned in terms of inner-scale variables and show exponential

tails, in agreement with experimental and numerical observation on incompressible

turbulence.

The strain rate �eld is investigated by computing the PDF of three principal

strain rates. The e�ect on the strain �eld induced by the exothermic chemical reaction

and the resulting dilatation seems to be absent. The presence of dilatation appears

to be statistically equivalent to random measurement noise as is typically present

in many previous experimental studies on incompressible turbulence. PDFs of the

principal strains conditioned on the OH layer do not di�er from the corresponding

distribution taken o� the OH zones. This result, however, could be limited by the

crude assumption that the whole OH layer, as indicated by the OH PLIF imaging,

can be taken as an indication of the extended reaction zone where the e�ects of heat

release are con�ned. In reality the reaction zone, de�ned as the region of highest heat

release, is a thin region (especially compared to the broader OH regions, as discussed

in the following Chapter) in the fuel-rich side of the OH layer and the e�ects on

the velocity �eld and its kinematic quantities should probably be best investigated in

these regions.

The vorticity �eld and its alignment with the three principal directions of the

strain �eld also seem to be una�ected by the heat release, at least for the jet �ames

265



and conditions considered in the study. The statistical distribution of the vorticity

magnitude (in terms of enstrophy) on and o� the OH layers also do not show any

signi�cant di�erence.

As with the strain and vorticity �elds, the kinetic energy dissipation �eld has

the same statistical features of incompressible turbulence. The e�ect of dilatation

on the kinetic energy dissipation is found to be minimal. The term of the energy

dissipation directly arising from dilatation is at all the times a small fraction of the

solenoidal and inhomogeneous components. The relations between the total and the

solenoidal and inhomogeneous components of the dissipation were also investigated.

The solenoidal component is closely related to the vorticity �eld (it is proportional to

the enstrophy) and tends to dominate the mean rate of dissipation. On the contrary,

the inhomogeneous term has a strong signi�cance instantaneously but, on average,

does not contribute to the mean rate of dissipation (it can in fact assume both posi-

tive and negative values). Large values of solenoidal and inhomogeneous components

of dissipation cannot coexist simultaneously, indicating that these two components

arise from di�erent mechanisms. Solenoidal dissipation is associated with a single

vortical structure itself whereas inhomogeneous dissipation is associated with mutu-

ally interacting systems of vortical structures that generates regions of intense shear

in overlapping regions of in�uence. A single vortical structure is characterized by

solid-body rotation around its axis that produces a strain free �eld and hence it must

be dissipation free. The solenoidal dissipation that therefore characterises a single

vortical structure is the result of the mathematical decomposition of the dissipation

�eld. For a single vortical structure the solenoidal dissipation that coincides with

concentrated vorticity of the vortex tube must be associated with a negative value of

inhomogeneous dissipation such that their sum is equal to zero. In this sense also neg-

ative values of inhomogeneous dissipation result from the mathematical construction

of these terms.

Single-point statistics alone are not able to clarify the spatial structure of many

of the �ow parameters of interest and, more importantly, do not reveal any signi�cant
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signature of the presence of heat release. To better investigate these issues the spatial

structure is investigated directly from cross-sectional views of the �ow and by using

time-space reconstructions to generate pseudo-volumes where the (approximate) 3D

spatial structure, as de�ned by di�erent turbulent quantities, is rendered. This will

be the topic of the following Chapter.
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Chapter 5

Spatial Structure

5.1 The Structure of the Reaction Zone from OH Imaging

5.1.1 OH Zones as a Marker of the Instantaneous Reaction Zone

The spatial structure of the reaction zone is often studied by performing planar

imaging of a suitable reaction zone marker, such as OH or CH radicals. These

two chemical species are readily accessible by laser-induced �uorescence, have an

important role in combustion chemistry and, as shown in Figure 5.1, they are closely

related to the stoichiometric contour. Figure 5.1(a) shows a typical spatial structure

of a nonpremixed reaction zone computed from a nonpremixed opposed-jet laminar

�ame using the DLR mixture as fuel at a strain rate of 200 s−1, a value which is typical

of the outer-scale strain rate of the jet �ames under investigation. The structure of

the reaction zone is also shown in mixture fraction space in Figure 5.1(b). The

computations have been carried out using the code Cantera (Goodwin, 2003). The

mixture fraction and the temperature pro�les across the reaction zone are shown

qualitatively, together with the pro�les of the mass fraction of select chemical species

(note that the relative magnitude of the pro�le of each species is not to scale to the

true mass fraction but it is exagerated for clarity). In particular, both the CH and

OH radicals tend to peak around the peak of the temperature pro�le. The peak

of the CH layer occurs near the stoichiometric contour. The CH layer is typically

narrower than the OH layer (both in physical and mixture fraction spaces). The CH

layer peaks on the fuel-rich side of the reaction zone while the OH layer peaks on the

fuel-lean side of the reaction zone.

Seitzman et al. (1990) used OH PLIF imaging to investigate the spatial

structure of the reaction zone in moderate Reynolds number hydrogen �ames (for
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(a)

(b)

Figure 5.1: (a) spatial structure of the reaction zone computed from a strained,
opposed-jet nonpremixed laminar �ame (DLR fuel mixture) at a mean strain rate of
200 s−1. (b) reaction zone structure in mixture fraction space. T indicates temper-
ature; ξ indicates mixture fraction; ξs indicates the stoichiometric mixture fraction.
Labels indicate mass fraction of representative chemical species exagerated for clarity
(the relative magnitude of the pro�le of each species is not to scale to the true mass
fraction).
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Red = 2, 300− 50, 000). They carried out OH PLIF imaging along the jet �ame on a

side-plane containing the jet centerline. They also investigated the spatial structure

from end-view planes imaging of the OH radical in the far �eld of the jet �ame. Their

work was later extended to high Reynolds number hydrogen jet �ames by Clemens

et al. (1997), where jet �ames at Red up to 1.5× 105 were investigated. At moderate

Reynolds number the OH layers are organized in thin �laments connected by broader,

di�use regions (Seitzman et al., 1990; Donbar et al., 2000). This spatial structure is

seen to persist along the whole �ame length. At high Reynolds number the OH zone

broadens and seems to be a�ected and distributed by the e�ect of small-scale turbu-

lence (Clemens et al., 1997). Above the �ame tip large-scale organized OH regions

are visible (Clemens et al., 1997).

Barlow et al. (1990) investigated the e�ect of Damköhler number on the OH

concentration in turbulent nonpremixed jet �ames. The Damköhler number is de-

�ned as the ratio between a characteristic time-scale of the �ow and a characteristic

time-scale of the chemistry. Their work showed that superequilibrium OH concentra-

tions (i.e., above the equilibrium value) exist in jet �ames as a result of an imbalance

between the fast production of OH by two-body reactions and recombination by slow

three-body reactoins. Two characteristic chemical time-scales are therefore relevant

for each segment of the hydroxyl radical cycle: the fast formation and the slow re-

combination time-scales. The three-body recombination time-scales are more likely

to become comparable to the �ow time scale. The local instantaneous hydroxyl rad-

ical concentration is therefore a�ected by the instantaneous local conditions and by

transport processes that can carry the hydroxyl radical away from the immediate

vicinity of the reaction zone.

Donbar et al. (2000) investigated the structure of the reaction zone by carry-

ing out simultaneous CH and OH PLIF. Based on laminar opposed-�ow calculations,

they concluded that the thin region between the CH and OH layers closely approxi-

mated the location of the stoichiometric contour. As the imaging of Seitzman et al.

(1990) and of Clemens et al. (1997), and the study of Barlow et al. (1990) show, the
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hydroxyl radical can also exist in regions away from the instantaneous reaction zone.

The OH zone alone marks part of the reaction zone, the �radical recombination zone�,

but it does not mark the the stoichiometric countour or the peak of the heat release

rate. The boundary of the hydroxyl radical, however, does not necessarily indicate the

presence of a reaction zone; it could simply indicate the presence of post-combustion

gases, e.g. downstream of the �ame tip (Donbar et al., 2000). The di�usive and wrin-

kled nature of the OH layer in complex �ows can prevent a unique determination of

which side of the OH layer corresponds to the fuel and oxidizer sides of the layer. On

the contrary, the CH layer o�ers the bene�t of being thin and more closely related to

the stoichiometric contour than the OH layers. The CH layer, however, su�ers from

low PLIF signals and signi�cant signal �dropout� occurs. This dropout in the signal

could, however, be due to local extinction of the reaction zone, or to local extinction

of the CH−chemistry (Donbar et al., 2000).

The imaging carried out by Donbar et al. (2000) in a Reo = 18, 600 jet �ame

exemplify many of these observations. They show broadly distributed OH regions

along the jet �ame that enfold the thin CH layer, which exists on the fuel-rich side

of the OH layer. The reaction zone, as indicated by the CH layer, becomes grad-

ually more wrinkled along the jet �ame. They have also shown that the CH layers

(hence the reaction zone) are laminar-like at moderate Reynolds numbers around

9, 100. They later extended their imaging to incorporate simultaneous PIV velocity

measurements to investigate the velocity and strain �eld along the reaction zone as

indicated by the CH layers (Donbar et al., 2001), an approach that has found many

applications (Mullin et al. (2000); Kothnur et al. (2002); Han and Mungal (2003),

Barlow (2007) and references therein).

5.1.2 Cross-Sectional End-Views of the OH Layers

A qualitative investigation of the structure of the reaction zone as determined

by regions of intense OH concentrations is presented in this section. It was introduced

in Chapter 2 (and is extensively discussed in Appendix A) that the excitation/de-
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tection scheme followed for the OH PLIF imaging results in a linear relationship

between OH PLIF signal and OH mole fraction to within 10%. Although it was not

possible to correct for excitation laser sheet variation across the �eld of view, the OH

imaging shown in this section were obtained with the laser sheet spread so that only

the central portion was used. This limits the variation of the laser intensity across

the sheet. The OH PLIF images presented are therefore intended to be used as a

qualitative marker of the reaction zone. Furthermore, the imaging con�guration was

optimized and centered to image o�-centerline in order to capture better one side of

the jet �ame and match the �eld of view to the limited �eld of view of the stereo PIV

system. Therefore, in some of the OH imaging shown in this section only part of the

full cross-section of the turbulent jet �ame is captured which, however, still provides

a useful representation of the overall reaction zone structure.

The laminar opposed-�ow nonpremixed �ame simulation used to generate the

results of Figure 5.1 is used to interpret the results of the OH PLIF imaging carried

out in the present study. The structure of the reaction zone in the �amelet limit

can be approximated by the results shown in Figure 5.1, which is characteristic of

the particular fuel used and for the range of outer-scale strain rates typical of the jet

�ames considered in the study. The strained laminar 1D �ame model predicts that the

stoichiometric contour corresponds approximately to the peak of the CH layer. The

OH layer is located in the fuel-lean (oxidizer) side of the reaction zone. The edge of the

OH layer facing toward the fuel side nearly coincides with the stoichiometric contour.

The strained laminar 1D model with uniform and constant strain rate predicts that

the OH layers near the �amelet-like reaction zone are on the order of 1−2 mm thick.

However, unsteadiness in the strain �eld can thicken or thin these layers (Kothnur

and Clemens, 2005).

Figure 5.2 through 5.5 show collections of randomly acquired cross-sectional

views of the OH zones on end-view planes at x/d = 52 for jet �ames at di�erent Red

in the range 8, 000− 15, 300. The colorscale of these images is based on a linear scale

where black indicates low values of OH while yellow corresponds to the largest value.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.2: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 8, 000 at x/d = 52. Labels (a) through (l) indicate
di�erent independent realizations.
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(g)

(i)

(k)

(h)

(j)

(l)

Figure 5.2: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 8, 000 at x/d = 52 (cont'). Labels (a) through (l)
indicate di�erent independent realizations.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.3: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 10, 200 at x/d = 52. Labels (a) through (l) indicate
di�erent independent realizations.
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(g)

(i)

(k)

(h)

(j)

(l)

Figure 5.3: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 10, 200 at x/d = 52 (cont'). Labels (a) through (l)
indicate di�erent independent realizations.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.4: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 13, 500 at x/d = 52. Labels (a) through (l) indicate
di�erent independent realizations.

277



(g)

(i)

(k)

(h)

(j)

(l)

Figure 5.4: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 13, 500 at x/d = 52 (cont'). Labels (a) through (l)
indicate di�erent independent realizations.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.5: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 15, 300 at x/d = 52. Labels (a) through (l) indicate
di�erent independent realizations.
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(g)

(i)

(k)

(h)

(j)

(l)

Figure 5.5: Wide-�eld cross-sectional end-view OH PLIF images in a turbulent non-
premixed jet �ame at Red = 15, 300 at x/d = 52 (cont'). Labels (a) through (l)
indicate di�erent independent realizations.
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In all imaging cases of these �gures the same imaging conditions and colorscale were

maintained to allow a direct comparison.

Similar to the OH imaging results of Seitzman et al. (1990) and Clemens

et al. (1997), the OH zones of these �ames are comprised of thin regions connected

and surrounded by di�use regions. An estimate of the thin OH layers indicates

that these layers are on the order of 2 − 3 mm thick which is on the same order

of the strain-limited di�usion scale λν that is on the order of the dissipation scales

of the �ow. Owing to the proximity to the �ame tip and the presence of the OH

in superequilibrium concentrations away from the instantaneous reaction zone, thick

di�use regions are predominantly observed, even at the lowest Reynolds number where

thin, laminar-like layer would be expected. Thick reaction zones could also be the

cause of unsteady strain �elds (Im et al., 1999; Kothnur and Clemens, 2005).

In many instances (see for example Figure 5.2(c,d,k,l) or Figure 5.3(l) or Figure

5.4(c,d,e,f,g) or Figure 5.5(d,g,i,k)) the instantaneous structure of the reaction zone

is characterized by a multitude of closed loops connected and surrounded by di�use

regions of OH. Many of these structures are probably the result of entrainment

of hot post-combustion gases into the core of the jet or large-scale entrainment of

oxidizer toward the jet �ame centerline around which the reaction zone develops and

3D e�ects on the complex �ame front (Donbar et al., 2000). It is di�cult to uniquely

determine whether these islands of high OH concentration are solely due to transport

of post-combustion gases rich in OH or indeed a manifestation of the highly contorted,

wrinkled and three-dimensional �ame structure. Simultaneous CH imaging would be

required to address some of these issues.

Donbar et al. (2000) carried out CH imaging at Red = 9, 100 and they show

that thin, laminar-like CH layers are present at moderate Reynolds numbers, but the

layers become more convoluted and wrinkled as the Reynolds number is increased

to 18, 600. Their cross-sectional imaging (their imaging plane was actually oriented

at 45◦ with respect to end-view planes) for the two jet �ames indicates that the

laminar-like structure is also maintained on transverse planes at moderate Red. At
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higher Reynolds number cross-sectional views of the instantaneous CH layers showed

the same convoluted, wrinkled structure fragmented in multiple loops that is observed

in the present study.

The cross-sectional structure of the jet �ame becomes more and more complex

as the jet �ame exit Reynolds number is increased. At times the complexity of the

structure prevents a unique interpretation. Consider for example the representative

images shown in Figure 5.5(i) and 5.5(l) for the jet �ame at Red = 15, 300. They

reveal a highly complex structure dominated by regions of di�use OH and a simpler

structure dominated by more thin OH layers. Based on the current imaging approach

of the reaction zone, it is di�cult to establish the exact location of the instantaneous

reaction zone in the di�use case but in the thin-layers case it can be assumed that

the reaction zone approximately resides on the inner edge of the OH contour. In the

statistical analysis carried out in the previous chapter the OH contour was taken as

a representation of the reaction zone and statistics were computed on and o� the OH

layer. Minimal di�erences where observed between the statistics of the two cases,

which can be attributed to the uncertain relation between the OH zone and the

actual reaction zone. Kothnur et al. (2002) investigated the velocity �eld measured

with PIV simultaneously acquired with CH and OH PLIF imaging using a similar

con�guration of Donbar et al. (2000) on a Red = 18, 600 methane/nitrogen jet �ame in

oxygen co�ow. They observed a lack of statistical correlation between many kinematic

quantities such as vorticity and 2D dilatation and OH zones in the far �eld of the

jet �ame near the �ame tip. Some level of correlation was however observed with the

instantaneous CH zones. Similar results were obtained from similar measurements

by Mullin et al. (2000). Therefore, simply looking at OH zones might not be the

most illuminating approach to investigate the direct e�ect of the reaction zone on the

velocity �eld. An improvement over the current method could be, for example, to

consider only the inner contour of the OH layer which, we have seen, is more closely

related to the instantaneous stoichiometric contour.

The presence of broad regions of OH also indicate that these downstream
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regions of the jet �ames are characterized by broad regions where there are favorable

conditions for the persistence of the hydroxyl radical away from the instantaneous

reaction zone. Long-lived (compared to the �ow scales) OH is transported away

from the reaction zone (maybe in upstream regions) into these hot regions of post-

combustion gases. As opposed to the lower part of the �ame, the �ame in these

downstream regions therefore develops at locations which is surrounded by relatively

hot gases. The temperature di�erence between the characteristic temperature of the

reaction zone (say the adiabatic �ame temperature Tf ) and the surrounding �uid,

which at these downstream locations could be preheated above ambient conditions

(as the broad di�usive regions of OH suggest), can be taken as an indication of the

e�ect of heat release on the characteristic of turbulent reacting jets (Tacina and Dahm,

2000). A decrease of this temperature di�erence might translate into decreased e�ects

of heat release on the local characteristics of the turbulent �ow, i.e. these downstream

locations behave more like a preheated turbulent jet into a relatively hot co�ow. This

observation could explain the lack of heat release e�ects that was observed in the

previous results based on a statistical description of the characteristics of these jet

�ames and that have been observed in similar investigations (Nagel, 2007).

5.2 Instantaneous Cross-Sectional Views

5.2.1 Red = 8, 000 Jet Flames at x/d = 40 (Case 1 )

Representative cases of the simultaneous vector �eld and OH zone are shown

in Figure 5.6 through Figure 5.11. These cases correspond to the jet �ame at an

exit Reynolds number of 8, 000 and imaging on the end-view plane at x/d = 40 with

the wide-�eld imaging con�guration (Case 1 ). Owing to the large �eld of view that

encompasses most of the jet �ame cross-section, this case is well suited to investigate

the spatial structure of the �ow near and away from the instantaneous reaction zone.

Each �gure corresponds to separate realizations that are completely uncorrelated.

Long time series of the velocity �eld are available from which all nine gradients are

computed at each instant in time. The (3C velocity) frame corresponding to the
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.6: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40). (a) In-plane vectors superimposed to OH PLIF image; (b) 3C vectors
superimposed to OH PLIF image; (c) dilatation ∇ · u; (d) energy dissipation rate ε;
(e) enstrophy 1

2
|ω|2; (f) swirling strength λ2

ci.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.7: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40).

285



(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.8: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.9: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.10: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40).

288



(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.11: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red = 8, 000
(x/d = 40).
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single OH PLIF image was selected and is shown in these �gures. Several instances

of the same case are shown for completeness. Each �gure is composed of the following

sub�gures. Part (a) of each of these �gures shows the OH PLIF image superimposed

on the in-plane components of the 3C velocity �eld. A cross-sectional isometric view

of the 3C vector �eld superimposed on the OH zone is then shown in part (b). Part (c)

shows color contours of the instantaneous dilatation �eld (de�ned as ∂ui/∂xi) on the

y−z end-view plane along with the corresponding iso-contour line delimiting the OH

zone (de�ned as the points at 20% of the peak OH PLIF signal). Part (d) shows color

contours of the instantaneous kinetic energy dissipation rate ε de�ned as in Eq. 4.17

with the iso-contourline de�ning the OH zone. Part (e) shows color contours of the

instantaneous enstrophy �eld 1
2
ω · ω with the iso-contourline de�ning the OH zone.

Finally, part (f) shows color contours of the swirling strength λ2
ci along with the iso-

contourline de�ning the OH zone. Swirling strength λ2
ci is de�ned as the square of the

imaginary part of the complex conjugate eigenvalues of the velocity gradient tensor

∇u (Zhou et al., 1999; Chakraborty et al., 2005). The swirling strength di�erentiates

between regions of swirling �ow and regions of laminar shear (Chong et al., 1990).

The analytical work of Chong et al. (1990) on the topology of three-dimensional �ows

indicate that λ2
ci represents pure rotation in both incompressible and compressible

�ows. Their analysis is in fact general and does not invoke any limiting assumption

that would limit its use in compressible �ow con�gurations. λ2
ci is therefore a suitable

marker of vortical structures. In all these �gures the velocity �eld and the derived

kinematic quantities are presented in normalized form by the outer-scale quantities

〈ucl〉 and δ1/2. The selected cases shown in these �gures encompass the di�erent

typical structures that are observed from the OH zones: thick di�use OH regions,

as in Figure 5.6, thin, laminar-like OH layers as in Figure 5.7 and 5.8, and more

complex OH structures as in Figure 5.9 and 5.11.

Simply looking at the in-plane velocity components, it is apparent that the

qualitative �ow structure near the reaction zone (as indicated by the OH zones) and

away from the reaction zone (say in the center of the turbulent jet) is di�erent. The
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in-plane vector �eld tends to be smoother and uniform across thin, intense OH layers

(see for example Figure 5.8(a,b)), whereas it is more complex in the central part of

the turbulent jet or in regions of broad, di�use OH (see for example Figure 5.6(a,b))

(Muñiz and Mungal, 2001). Small scale vortical structures are absent within thin OH

layers, but can at times be present in broader OH regions. Large scale structures

can be recognized and are seen to stretch, fold and pinch the reaction zone (see for

example Figure 5.7(a,b) and Figure 5.9(a,b)).

In the previous Chapter a statistical description of the kinematic quantities

of the �ow and the e�ect of the instantaneous reaction zone did not indicate any

preferential feature as a result of the heat release. However, the cross-sectional end-

views presented in these �gures indicate a strong spatial correlation between the OH

layers and the major kinematic quantities.

Consider �rst the structure on the vorticity �eld (in terms of enstrophy). On

this cross-sectional plane regions of intense vorticity are organized in two di�erent

forms: concentrated regions away from the instantaneous reaction zone and more

elongated structures in the vicinity of the reaction zone (OH layers). A conclusive

statement on the actual structural features of these regions cannot be drawn from

single-plane cross-sectional views only. However, inspection of cross-sectional time-

series and volumetric rendering of these structures (presented in the following section),

indicate that the elongated regions detected near the reaction zone are organized in

sheet-like structures, whereas the regions of intense concentrated vorticity show a

more tube-like nature.

Vorticity can be the result of both solid-body rotation (swirling motion) or

shear. In order to di�erentiate between vortical structures (i.e., regions of the �ow

swirling about an axis) and regions of shear, the swirling strength λ2
ci is used to

di�erentiate between the two. Cross-sectional views of λ2
ci indicate that the regions of

concentrated vorticity away from the OH zones are vortical structures, whereas the

more elongated vorticity regions near the reaction zone are a result of more laminar-

like shear regions. Regions of intense swirling strength (and hence vorticity) can
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however exist near the reaction zone in which case they tend to deform the �ame

front, for example, by wrapping and stretching it (see for example Figure 5.7 where

the reaction zone enfolds a single vortical structure). Rehm and Clemens (1998,

1999a) and Kothnur et al. (2002) investigated the characteristics of turbulent planar

nonpremixed hydrogen jet �ames and found some level of correlation between the

OH layer and high vorticity (at least for the out-of-plane component which was

the only component that was accessible to their con�guration). They argued that

the stabilization e�ect of the reaction zone generates strong shear layers across the

reaction zone which is the origin of the intense vorticity observed at the reaction zone.

Strong correlation between the OH layers and the energy dissipation ε is also

observed. Similarly to intense vorticity structures, regions of intense dissipation are

organized in more elongated regions around the reaction zone, which are spatially

organized in sheet-like structures, as the volumetric rendering presented later will

indicate. The most intense regions of dissipation are observed to exist near thin and

intense OH layers. Moreover, regions of intense dissipation and vorticity tend to

overlap and are both organized in sheet-like structures (at least near the reaction

zone). These features are believed to be due to the low Reynolds number of the �ow

combined with the stabilizing e�ects of heat release (Rehm and Clemens, 1999b).

Comparing the enstrophy, dissipation and swirling strength �elds suggest that vortical

structures are not present in regions where overlapping sheet-like structures of intense

enstrophy and dissipation occur. This indicates that dissipation is primarily induced

by the laminar shear across the �ame front, rather that the mutual interaction of

vortical structures as typically observed in nonreacting �ows (Siggia, 1981; Kerr,

1985; Jimenez et al., 1993; Ganapathisubramani et al., 2008).

Cross-sectional views of the dilatation �eld are also shown in each of these

�gures. The interpretation of the dilatation �eld is not as unambiguous as for the

other kinematic quantities of interest. Contiguous regions of strong dilatation are

rarely observed to exist around or on the OH zones. Pockets of strong dilatation are

most often observed to dwell around the OH layers and inside of the region delimited
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by the OH contour (which corresponds to the fuel core of the jet �ame). Dilatation

is typically not observed outside of the OH layers (i.e., outside of the reaction zone

toward the surrounding �uid). Furthemore, both regions of positive and negative

dilatation are observed. The maximum value of dilatation of these pockets is rarely

observed to be higher than a few times the outer scale strain 〈ucl〉 /δ1/2. Instances

where dilatation is organized in large-scale layers around the OH zone are shown in

Figures 5.6-5.8 where strong (> 3 〈ucl〉 /δ1/2) layers of positive dilatation are seen to

enfold sections of the OH layer. In Figure 5.6, at the center of the �eld of view, a layer

of strong positive dilatation enfolds the fuel rich edge of the region of intense OH; in

Figure 5.7, in the right-hand-side of the frame, a positive layer of strong dilatation

follows the inner contour of the local OH layer; �nally, in Figure 5.8, a layer of positive

dilatation followed by a layer of negative dilatation is associated with the curved OH

layer at the top of the frame. Note that in all these cases dilatation never exists in a

contiguous layer around the reaction zone but it is segmented in small sections and

persists only in certain areas. In all cases the pockets or regions of positive dilatation

tend to reside on the inside (fuel rich) edge of the OH layer followed by the negative

layer. In the other cases of Figures 5.9-5.11 the correspondence between dilatation

layers and OH zones is weaker.

In the sub�gures of Figures 5.6 through 5.11 showing the dilatation �elds, the

limits of the colormap of the dilatation contours were selected to emphasize regions

of high magnitude dilatation (the limits were set to ±3 〈ucl〉 /δ1/2). The observed

structure could therefore be the result of the chosen limits of the color contourmap.

The cross-sectional views of the dilatation �eld is therefore shown in Figure 5.12 with

reduced limits (to±〈ucl〉 /δ1/2) to emphasize regions of low magnitude dilatation, their

structure and their organization. Each sub�gure of this composite �gure corresponds,

in order, to the cases of Figures 5.6 through 5.11. The views rendered with these lower

limits show a multitude of small scale pockets and some large-scale structures that

seem to be more related to the OH zones. For example, the layers around the OH

zones in Figures 5.6-5.8 (cases (a)-(c) in Figure 5.12) are now more evident, but
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they are seen to be surrounded by small-scales regions of lower magnitude dilatation.

Inspection of the time-series of these cases provides additional insight into the nature

of these low value structures of dilatation and will be discussed below.

The experimental study of Mullin et al. (2000) and Kothnur et al. (2002) on

methane/nitrogen turbulent nonpremixed jet �ames have indicated strong evidence

of the presence of dilatation near the reaction zone. Both investigations were carried

out on the same system. They performed 2C planar PIV velocity measurements on

side-planes containing the jet �ame centerline and simultaneous CH and CH/OH

PLIF imaging to mark the instantaneous reaction zone. They were limited by their

approach to estimate only the 2D dilatation (i.e., accounting only for two of the three

components of dilatation) but they clearly showed strong existence of dilatation (mag-

nitudes up to 2− 3 〈ucl〉 /δ1/2 were reported). Moreover, Mullin et al. (2000) showed

that the 2D dilatation is predominantly positive at locations corresponding to the

reaction zone as indicated by the CH layers. Kothnur et al. (2002) came to a sim-

ilar conclusion after investigating the relation between the kinematic quantities and

CH or OH layers. They concluded that CH zones are more likely to be associated

with changes induced by heat release (such as dilatation) than OH zones. For exam-

ple, they found that regions of positive 2D dilatation more likely correspond to CH

zones rather than OH zones. Similar conclusions were reached for other kinematic

quantities, where a stronger correspondence between CH layer and regions of intense

vorticity/strain was observed than between OH zones and the same kinematic quan-

tities, at least in the near �eld of the �ame (near the �ame tip, however, the observed

di�erences were reduced). Kothnur et al. (2002) concluded that, in general, OH is

an inferior indicator of heat release e�ects than CH. Some of their �ndings are in

contrast to many of the observations of the present study. For example, the extended

regions of dilatation that they show along the jet �ame are not observed here. The

magnitude of the most intense dilatation regions, however, qualitatively corresponds

to their �ndings and, if we take the inner edge (fuel rich edge) of the OH zones as

the approximate location where the CH layers should exist, dilatation is typically
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.12: Cross-sectional views of dilatation with reduced colormap limits for the
cases shown in Figure 5.6 through 5.11.
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positive.

Recall from the statistical analysis of the results of the previous chapter that

the PDFs of the dilatation conditioned on and o� the OH zones did not indicate any

substantial di�erence (similar to the PDFs of other terms). A possible explanation

can be provided by qualitatively looking at the dilatation �eld of the �gures presented

here. The OH zones, in terms of correlating with the dilatation �eld, do not di�er

from any other region of the �ow, although the inner (fuel rich) edge seems, at least

qualitatively, to correspond more often with positive dilatation.

More detailed inspection of the time series of cross-sectional views of dilatation

gives additional insight into its structure. As shown in the previous �gure dilatation is

not necessary present around the OH layers. A representative time-series of the cross-

sectional view of the dilatation �eld is shown in Figure 5.13 with restricted limits of the

contour colormap (±〈ucl〉 /δ1/2) and it is shown with expanded limits (±3 〈ucl〉 /δ1/2) in

Figure 5.14 to emphasize regions of low and high magnitude dilatation. The selected

sequence corresponds to the case shown in Figure 5.7 but at later times (about 24 ms

after the OH PLIF image shown in Figure 5.7 was acquired). The time separation

between frames is approximately 167 µs. Owing to the reaction zone imaging carried

out at earlier times we know that a reaction zone was present at the right-hand-side

of the measurement region. We therefore expect that at these later times the reaction

zone might still exist in this part of the imaged region. Figure 5.13 shows wide bands

of both positive and negative dilatation running approximately vertically on the right-

hand-side of the frame whereas more spotty and small-scale regions of dilatation are

present in the rest of the frame. The smallest-scale regions do not persist for more

than a couple of frames and are therefore probably due only to measurement noise.

The extended layers, instead, persist for several frames (they are observed for more

than ten frames before and after the sequence shown until the structure moves out

of the �eld of view). Instead, the mid-size regions which are of moderate magnitude

have some temporal coherence, although they appear quite noisy, and they could be

due to convection of di�erent density �uid since they appear to be located away from
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the reaction zone in regions where cooler fuel-rich �uid mixes with hotter �uid.

Two di�erent structures and mechanisms for generation of dilatation could

therefore be important. Strong dilatation can be generated at the reaction zone by

the e�ect of heat release and low-magnitude patchy dilatation in the bulk of the jet

which arises from convection and mixing of di�erent density �uid. In order to improve

the understanding of reaction-zone generated dilatation and to provide some insight

into the structure of the dilatation �eld at the reaction zone, these two di�erent

possible mechanisms and the structure of the dilatation regions is the topic of Section

5.4.

5.2.2 Red = 10, 200− 15, 300 Jet Flames at x/d = 52 (Case 3)

In this section the results of the measurements on the jet �ames at larger Red

will be presented and compared to the previous measurements at lower Red. Cross-

sectional views at x/d = 52 of the 3C velocity �eld and derived kinematic quantities

measured on jet �ames at Red in the range 10, 200− 15, 300, which are up to a factor

of two larger than the previous case, are shown. In this case measurements were taken

at 10 kHz on a �eld of view of approximately 15 mm×20 mm, which corresponds to

a region across the jet �ame cross-sectional width of approximately 0.2δ1/2×0.3δ1/2.

Selected cases are shown in Figure 5.15 through 5.25 for di�erent Red jet

�ames. Multiple instances under the same nominal conditions are shown in this

sequence. In particular, Figures 5.15�5.17 show the Red = 10, 200 case, Figures

5.18-5.20 the Red = 13, 500 case, and Figures 5.21-5.25 the Red = 15, 300 case.

Each composite �gure is organized similarly to the previous analogous �gures for the

Red = 8, 000 case. In this sequence of images di�erent instances characterized by

di�erent OH zone structures are shown, from simple thin structures, as in Figure

5.15, to more complex structures of the OH zones, as in Figure 5.18, to broad OH

cases, as in Figure 5.22.

The small imaged region gives a limited picture of the global structure of the
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.13: Time-series of cross-sectional views of dilatation �eld on reduced col-
ormap limits. Time separation between frames is 1/3000 s. The sequence refer to the
case shown in Figure 5.7 at later times (about 7/300 s later).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.14: Same time-series of cross-sectional views of dilatation �eld of Figure 5.13
but on increased colormap limits. Time separation between frames is 1/3000 s. The
sequence refer to the case shown in Figure 5.7 at later times (about 7/300 s later).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.15: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
10, 200 (x/d = 52). (a) In-plane vectors superimposed to OH PLIF image; (b) 3C
vectors superimposed to OH PLIF image; (c) dilatation ∇ ·u; (d) energy dissipation
rate ε; (e) enstrophy 1

2
|ω|2; (f) swirling strength λ2

ci.
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.16: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
10, 200 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.17: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
10, 200 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.18: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
13, 500 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.19: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
13, 500 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.20: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
13, 500 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.21: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
15, 300 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.22: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
15, 300 (x/d = 52).

307



(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.23: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
15, 300 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.24: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
15, 300 (x/d = 52).
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(a)

(c)

(e)

(b)

(d)

(f)

Figure 5.25: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for jet �ame at Red =
15, 300 (x/d = 52).
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�ame but details of the �ne-scale structure can still be discerned. Recall that for the

range of cases considered in the study there is an overall increase by a factor of two in

Red but the e�ective increase in local Reynolds number Reδ1/2 is more modest, from

about 1, 600 to only 2, 400. Note also that these measurements were taken further

downstream than the previous case (at x/d = 52).

In general, the same spatial structure and organization of the �ow �eld as in

the low Red case is present in all the cases. Dissipation and enstrophy are organized

in more layer-like structures and tend to be at the fuel rich edge of the OH zones.

The structure becomes, however, more complex as Red is increased. The OH zones

become more complex and more di�use, which appears to be due to greater interaction

with vortical structures. The vortical structures cause an increase in the stretching

and folding of the reaction zone. Note, however, that vortical structures are never

seen to exist inside thin OH layers, but they can exist in regions where the OH is

more broad and di�use and typically present at lower levels (Rehm and Clemens,

1999a).

5.3 3D Fine-Scale Structure of the Flow

The instantaneous 3D structure of several kinematic quantities is investigated

by using the time-space reconstruction technique introduced above. As indicated

previously, time-space reconstruction is carried out by displacing each plane acquired

at di�erent times by an amount proportional to the local mean out-of-plane velocity

〈u (xo, y, z)〉. The volumetric reconstruction process is described schematically step

by step in Figure 5.26. Each individual cross-sectional plane of the 3C velocity �eld

is organized in space by displacing each (y, z) point within the plane by an amount

∆x = −〈u (xo, y, z)〉∆t (Figure 5.26a). Note that the instant in time corresponding

to the center of the velocity time series is taken to be the x = 0 plane for convenience.

In this fashion a symmetric reconstructed volume about the OH layer is generated.

For each plane the appropriate velocity gradients are computed (Fgure 5.26b) and
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(a) (b)

(c) (d)

(e)

Figure 5.26: Schematic representation of the volumetric reconstruction process used
to transform the spatio-temporal information into pseudo spatial volumetric informa-
tion: (a) Each individual cross-sectional plane of the 3C velocity �eld is organized in
space around the x = 0 plane (middle of the time series); (b) the velocity gradients
are computed on each plane; (c) the velocity gradients are reorganized in the recon-
structed grid; (d) the imaged OH layer is inserted into the corresponding location
(typically at x = 0 of the reconstructed volume); (e ) the spatial structure of the
�ow in reference to the OH layer is visualized by 3D rendering of iso-contours and
iso-surfaces of the quantity of interest.
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reorganized in the reconstructed grid (Figure 5.26c). The imaged OH layer is then

inserted into the appropriate location (typically at x = 0 of the reconstructed volume)

(Figure 5.26d). Finally, the spatial structure of the �ow in reference to the OH layer

is visualized by 3D rendering of a derived quantity by properly de�ning iso-contours

and iso-surfaces (Figure 5.26e). Note that the terms �spatial structure� is used rather

generally to describe any spatial feature generated by rendering regions characterized

by some value of any property of interest, such as enstrophy, dissipation, dilatation

and so on.

A representative example of the 3D velocity �eld reconstructed on a volume

around the imaging plane is shown in Figure 5.27 where the 3C vector �eld along with

rendered iso-surfaces of enstrophy are shown. In the centerplane of the reconstructed

volume the corresponding OH PLIF image is shown. The length of the reconstructed

volume spans several δ1/2, although in Figure 5.27 only a length corresponding to

±2δ1/2 is shown for clarity. The spatial structure of the �ow is investigated by ren-

dering regions of intense enstrophy, dissipation and dilatation. The case shown in

Figure 5.27 corresponds to the jet �ame at Red = 8, 000 (measurements at x/d = 40).

This case will be taken as the representative case to investigate the spatial structure

of the �ow owing to its large �eld of view. Recall that the higher Red cases has a

much smaller �eld of view owing to the higher framing rate. The observations that

are made for this case tend to be representative of all cases considered.

Clearly the topology of the rendered spatial structures of the �ow will depend

on the threshold values selected to render them. The �ow structure of the enstro-

phy, swirling strength λ2
ci, dissipation and dilatation for two di�erent instances on the

Red = 8, 000 jet �ame is shown in the sequence of Figures 5.28-5.35 where the thresh-

old value of increasing magnitude for each term is shown. For example, Figure 5.28

shows regions of enstrophy de�ned by a threshold values of (a)
〈

1
2
|ω|2

〉
through (d)

4
〈

1
2
|ω|2

〉
. The same was done for the other �gures. Figures 5.28 through 5.31 show

the enstrophy, swirling strength, dissipation and dilatation for one instance, whereas

Figure 5.32 through 5.35 are the corresponding volumes for the second instance (la-
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(a)

(b)

Figure 5.36: 3D rendering of regions of enstrophy in an enlarged and rotated view:
threshold value 3

〈
1
2
|ω|2

〉
. Same as case of Figure 5.32-5.35 sequence.
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Figure 5.37: Same case as of Figure 5.36 with the addition of color contours of
enstrophy in x−z plane showing more in detail the sheet-like nature of the enstrophy
�eld at the OH zones.
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(a)

(b)

Figure 5.38: 3D rendering of regions of dissipation in an enlarged and rotated view:
threshold value 3 〈ε〉. Same as case of Figure 5.32-5.35 sequence.
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Figure 5.39: Same case as of Figure 5.38 with the addition of color contours of
dissipation in x−z plane showing more in detail the sheet-like nature of the dissipation
�eld at the OH zones.
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(a)

(b)

Figure 5.40: 3D rendering of regions of dilatation in an enlarged and rotated view:
threshold value ±2 〈ucl〉 /δ1/2. Same as case of Figures 5.32-5.35.
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beled �instance 1 � and �instance 2 � in this sequence of images). This sequence of

images gives us an idea of the topology of the �ow structure in di�erent regions

throughout the jet �ame and at di�erent iso-contour values of the selected quantity

used to mark the �ow structure (e.g., the enstrophy).

The enstrophy �eld shows that both tube-like and sheet-like structures charac-

terize the �ow and are associated with di�erent regions of the jet �ame. Near the OH

layers regions of moderate to high enstrophy are predominantly organized in sheet-

like structures. From a purely qualitative and visual inspection of these volumes,

these sheets of enstrophy enfold the OH layers, especially when the OH zones are

thin and laminar-like. Regions of intense enstrophy exists away from the OH zones,

especially in the jet core, and are organized mostly, if not exclusively, in tube-like

features. Comparing the same �ow �eld with structures of λ2
ci we can recognize that

the tube-like structures of large enstrophy are indeed vortical structures. In contrast,

λ2
ci does not show the presence of sheet-like structures near the OH layers, which

suggests that the sheets of enstrophy are due to laminar-like shear at the reaction

zone. However, there are cases where vortical structures are present near the reaction

zone, as the case of Figures 5.28 through 5.31 (instance 1 ) where an isolated vortex

(in the negative quadrant of the y − z plane) is seen to fold and stretch the thin

reaction zone. At least within the limited range of Reynolds numbers considered in

the study, vortical structures are never observed to exists inside the reaction zone,

although they exist in regions of broad and di�use OH, especially as the Reynolds

number is increased from this base case. These regions of broad OH are, however,

expected to be convection regions of hot post-combustion gases where superequilib-

rium OH resides and do not necessarily correspond necessary with the active reaction

zone.

In nonreacting turbulent �ows it has been observed in both DNS (Kerr, 1985;

Jimenez et al., 1993; Siggia, 1981) and experiments (Meng and Hussain, 1991; Zhang

et al., 1997; Ganapathisubramani et al., 2008) that intense enstrophy is organized in

tube-like structures. In this relatively low Reynolds number case the �ow topology
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of the enstrophy �eld is therefore substantially modi�ed by the presence of the �ame.

The tube-like vortical structures observed in the core of the jet are believed to be

the same �worms� observed in incompressible turbulence and are expected to behave

similarly to an equivalent nonreacting jet. The sheets of vorticity, instead, arise from

the laminar shear at the reaction zone (Rehm and Clemens, 1998; Kothnur et al.,

2002).

Further views of the enstrophy �eld around the reaction zone are shown in

Figure 5.36 in a close up view from two di�erent perspectives. The case shown

in the �gure corresponds to the same case shown in the sequence of Figures 5.32-

5.35. The iso-surfaces of enstrophy are rendered assuming a threshold value equal to

3
〈

1
2
|ω|2

〉
. This value is used because regions characterized by a value of enstrophy

larger than three times the mean cover only 5% of the total volume but they contribute

approximately 20% to the mean value of enstrophy (for comparison, if the threshold

value is lowered to two times the mean value of enstrophy, these percentages are about

15% and 40%, respectively). Furthermore, in Figure 5.37 three x − z planes (which

are approximately perpendicular to the direction of the OH layer) are included in the

view and they show color contours of the enstrophy �eld to aid the interpretation of

the previous �gure. In this last �gure the layered structure of the enstrophy �eld and

its correspondence with the OH zone can be clearly seen.

Similarly to the enstrophy �eld, the �eld of the kinetic energy dissipation rate ε

is organized in sheet-like structures. An expanded and rotated view of the dissipation

structures near the reaction zone are further shown in Figure 5.38 and in Figure 5.39

with the addition of x− z slices of color contours of the dissipation �eld around the

OH zones (again, they refer to instance 1 ). In nonreacting turbulent �ows there is

strong evidence that regions of intense dissipation are organized in sheet-like regions

wrapped around the vortex tubes, what is typically referred to as �worms� (see for

example Ganapathisubramani et al. (2008)). The present jet �ame data clearly do

not show this trend since both structures of high vorticity and high dissipation are

organized in sheet-like form and, most important, they tend to overlap most of the
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time near the OH regions. In regions dominated by vortical structures away from the

reaction zone, however, dissipation structures do follow the same behavior as in the

nonreacting case.

In the previous chapter, on the discussion of the decomposition of the dissipa-

tion �eld into the solenoidal, dilatational and inhomogeneous terms, we showed that

in these nonpremixed �ames there might exist two di�erent mechanisms for gener-

ation of dissipation and which are re�ected into the solenoidal and inhomogeneous

terms, respectively. First, away from the reaction zone, the �ow is dominated by

the same vortical structures characteristic of nonreacting turbulent �ows and energy

dissipation is dominated by the strain �eld generated by the mutual interaction of

complex systems of closely spaced vortical structures. These regions would be domi-

nated by the inhomogeneous component of dissipation, εI . Second, near the reaction

zone, the stabilizing e�ect of this hot viscous layer generates and sustains regions of

laminar-like shear that are characterized by strong vorticity layers that also generate

energy dissipation. These regions should therefore be dominated by the solenoidal

component of dissipation. This mechanism would explain the strong correspondence

between enstrophy and dissipation at the reaction zone. In these turbulent non-

premixed jet �ames dilatation does not contribute signi�cantly to energy dissipation

and this would be expected to hold true especially at arbitrarily large Reynolds num-

ber (as similar measurements at Red = 15, 300 also indicate), at least in the far �eld

of the jet �ames.

The �eld of dilatation and its spatial structure is also investigated in these

reconstructed volumes (Figures 5.31 and 5.35 for the two instances in analysis). Ex-

panded and rotated views for instance 1 are further shown in Figure 5.40. As the

previous discussion from cross-sectional views suggested, the �eld of dilatation is more

complex. Regions where dilatation exists are mostly organized in thick sheets and

blobs. This structure is maintained from moderate to high values of dilatation (see

the sequence at increasing threshold value of Figures 5.31 and 5.35). In the core of

the jet �ame (the inside of the reaction zone) dilatation is mostly spotty and blobby.
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Closer to the OH zones, however, dilatation tends to become more organized and

sheet-like, following, at least in part, the contour of the OH layer. Note that it ap-

pears that, at least in a qualitative sense, regions of positive dilatation occupy larger

regions, especially near the reaction zone. However, on average, dilatation is nearly

zero across the imaging volume.

The source of dilatation could be two-fold. It could be due to instantaneous

thermal expansion induced by exothermic chemical reactions, or to mixing between

hot combustion products and cold �uid. In either cases dilatation can be related to

changes in density of a �uid particle as prescribed by the mass continuity equation

(which can be written as ∇ · u = −1
ρ
Dρ
Dt
). To obtain a better understanding of the

dilatation �eld, a global model describing regions where dilatation is expected to be

present in di�erent regions of the jet �ame and a more local model based on a �amelet

and opposed �ow assumption are constructed following the analyses of Chen et al.

(1991) and Mullin et al. (2000). Note that in reality the two proposed models are

based on the same underlying mechanisms but interpreted in a global and more local

fashion. This is the topic of the following section.

5.4 Structure of Dilatation Layers

The current measurements do not indicate a particularly strong relation be-

tween the reaction zone and dilatation. Regions of both positive and negative dilata-

tion of moderate intensity are observed to exist in the jet �ame with a minor tendency

of existing in layers around thin OH zones. Inspection of the long time series have

also shown that in some instances there exist layers of intense dilatation. However,

imaging of the OH zones was not available during the whole time series and we can

not therefore draw any conclusion on their relation to the reaction zone. To improve

our understanding of what the measurements provide, a simple global and local model

of the dilatation �eld are developed based on similar ideas brought forward by Chen

et al. (1991) and Mullin et al. (2000).
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Chen et al. (1991) developed a global model to investigate the mechanisms

of generation/destruction of vorticity in nonpremixed �ames due to baroclinic and

dilatation e�ects. They considered di�erent regions across the mean position of the

reaction zone from the near to the far �eld of jet �ames. They assumed a proper form

of the underlying structure of the reaction zone (in terms of a conserved scalar, such

as the mixture fraction ξ) and they identi�ed di�erent regions across the reaction

zone where dilatation can generate or remove vorticity. For example, they attributed

the near �eld laminarization that is observed in jet �ames to the action of dilatation

that removes vorticity in this region of the �ame. Their model, however, is most

relevant for laminar/transitional �ames or for the near �eld of jet �ames, but is not

well suited for turbulent �ames where instantaneously the overall structure varies.

Mullin et al. (2000) considered the inner structure of the dilation �eld across the

reaction zone by assuming the �ame behaves as a strained laminar �ame. In this

section similar models are introduced that enable the investigation of the importance

and structure of dilatation in di�erent regions of the �ame. These models are based

on earlier considerations of Chen et al. (1991) and Mullin et al. (2000).

5.4.1 Global Model of the Dilatation Field

Mass continuity equation relates the velocity divergence (dilatation) to the

�uid density �eld ρ as

∇ · u = −1

ρ

Dρ

Dt
(5.1)

where D (·) /Dt indicates the substantial derivative operator. In this fundamen-

tal form dilatation can be related to the change of density of a �uid particle as it

moves in the �ow (i.e. it is a Lagrangian process). Under quasi-steady conditions

(∂ (·) /∂t = 0), dilatation can therefore be written as

∇ · u = −1

ρ
(u · ∇ρ) (5.2a)

Let us simplify the problem and assume an axisymmetric jet �ame con�guration

where only the axial (x−) and radial (r−) components are relevant. Dilatation can
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therefore be rewritten as

∇ · u = −1

ρ

(
ux
∂ρ

∂x
+ ur

∂ρ

∂r

)
(5.2b)

Under quasi-steady conditions dilatation exists when u·∇ρ 6= 0, i.e. when the velocity

vector u and the density gradient ∇ρ are aligned or, at least, in partial alignment.

It is assumed that the velocity �eld u has contributions from two dominant e�ects:

a component that is dominated by the axial momentum imparted by the jet, and a

component that results from the presence of heat release. Consider the schematic

diagram shown in Figure 5.41 where two principal regions along the jet �ame length

(near-�eld and tip of the �ame) are selected and the importance of dilatation is

highlighted in each region. Let us assume that the velocity �eld is dominated by

axial momentum, i.e., the e�ects of the reaction zones are passive and u is merely

a convective velocity. Owing to the large di�erence between the temperature within

the reaction zone (say the adiabatic temperature Tf ) and the cold surrounding �uid

and large strain rates that determine thin reaction zones, strong density gradients are

expected to exist in this region, and they are expected to be directed preferentially in

the radial direction. On the contrary, near the lower part of the �ame the convective

velocity u is mostly directed along the axial direction. The two terms are nearly

perpendicular to each other and so minimal dilatation would be expected in these

regions. Consider now the region of the �ame near the �ame tip. At this location the

misalignment between the velocity direction and density gradient direction is expected

to be reduced since at the shoulder of the jet �ame the reaction zone has to close

at the �ame tip and the velocity is still mainly directed in the axial direction. The

velocity pro�le will be expected to be reduced by a factor proportional to (x/d)−1

and the overall (outer-scale) strain �eld by a factor proportional to (x/d)−2 which

results in thicker reaction zones. Moreover, the temperature di�erence between the

reaction zone and the surroundings is expected to be diminished due to a preheating

e�ect of the lower part of the �ame, an e�ect that was introduced earlier (Figure 1.2

and related discussion). At the �ame tip the proper conditions for the existence of

333



x

r

Δρ

u

Reaction
zone

ρ

s

T

Reaction
zone

ρ

sT Δρ

u

Figure 5.41: Schematic diagram of a jet �ame showing the presence of dilatation in
di�erent regions along the �ame length on the reaction zone contour.

dilatation are present, but small density gradients at the reaction zone prevent the

existence of regions of intense dilatation.

This simpli�ed model relies on the assumption that the reaction zone is passive

and the velocity �eld is purely a convective force that transports �uid across the

reaction zone. Moreover, these simple considerations hold for a laminar/transitional

jet �ame under quasi-steady conditions where the pro�le of the reaction zone can

be de�ned along the jet �ame and they might therefore not necessarily hold for

turbulent cases, especially in the far-�eld, where a complex structure of the reaction
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zone exists, as the current OH PLIF imaging suggests, and is better indicated by the

more extensive work of Seitzman et al. (1990) and Clemens et al. (1997). Moreover

unsteady e�ects are completely neglected. In order to account for the complexity of

the reaction zone in turbulent �ames and to account for the possible e�ects of the

reaction zone on the local velocity �eld a more re�ned model which describes the

inner structure of the reaction zone in the limit of a �amelet model is introduced.

5.4.2 Inner Structure of the Dilatation Field in the Limit of a Flamelet
Model

The inner structure of the reaction zone, both in physical and mixture fraction

space, was introduced earlier in Figure 5.1 based on a nonpremixed opposed jet cal-

culation under conditions that could be encountered in the jet �ames of the current

study. The same ideas are now extended for the dilatation �eld in a similar fashion

to the analyses of Chen et al. (1991) and Mullin et al. (2000).

Consider again the dilatation as given by the mass continuity equation, Eq.

5.1. As a simple exercise, let us �rst relate the dilatation to the temperature �eld.

Consider the equation of state for an ideal gas, p = ρRT , where R is the gas constant

which can be written in terms of the universal gas constant < and molecular weight

of the mixture Mw as R = </Mw. By di�erentiating the ideal gas law with the

substantial derivative operator we can write

Dp

Dt
=
Dρ

Dt
RT +

DT

Dt
ρR +

DR

Dt
ρT (5.3)

For an isobaric process (as for a simple jet �ame) Dp/Dt = 0, and the substantial

derivative of the density can then be written as

−1

ρ

Dρ

Dt
=

1

T

DT

Dt
+

1

R

DR

Dt
(5.4a)

or

−1

ρ

Dρ

Dt
=

1

T

DT

Dt
− 1

Mw

DMw

Dt
(5.4b)

=
1

T

DT

Dt
− D lnMw

Dt
(5.4c)
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Let us now assume that a conserved quantity can be introduced which, under equilib-

rium conditions, describes all thermodynamic quantities and let us take the mixture

fraction ξ as our state variable (Bilger, 1989). We can therefore rewrite any quantity

solely as a function of ξ through a properly de�ned state relation. For example, the

density can be written as ρ = ρ (ξ). We can therefore rewrite each term of Eq. 5.4 as

− 1

ρ (ξ)

dρ

dξ

Dξ

Dt
=

1

T (ξ)

dT

dξ

Dξ

Dt
− 1

Mw (ξ)

dMw

dξ

Dξ

Dt
(5.5)

assuming that Dξ/Dt 6= 0

− 1

ρ (ξ)

dρ

dξ
=

1

T (ξ)

dT

dξ
− 1

Mw (ξ)

dMw

dξ
(5.6)

The molecular weight Mw has to be interpreted as a mean molecular weight averaged

over the local composition. Neglecting the e�ect of this second term (it can be

shown that 1
Mw

dMw

dξ
is small, compared to the other terms, and nearly constant), the

right hand side of the continuity equation can therefore be written in terms of the

temperature pro�le as

∇ · u =
1

T

DT

Dt
(5.7a)

=
1

T (ξ)

dT

dξ

Dξ

Dt
(5.7b)

Invoking the thermal energy equation for an adiabatic system in the limit of unit

Lewis number, Eq. 1.8, and assuming that ρD ≈constant, the dilatation can be also

rewritten as

∇ · u ≈ D

T
∇2T +

ωT
ρT

(5.8)

Dilatation is therefore the result of a balance between heat conduction and heat

release rate. If we make the Burke-Schumann assumption that the heat release occurs

instantaneously only at the stoichiometric mixture fraction ξs and by noting that, per

Eq. 5.7, ∇ ·u = 0 at the stoichiometric point since dT/dξ = 0 at ξ = ξs, dilatation is

the result only of heat conduction across the thermal layer. Note also that∇·u = 0 at

the stoichiometric point also means that ωT
ρT

= −D
T
∇2T , i.e., the heat release balances

heat conduction at the stoichiometric point.
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Let us now return to our main goal of developing a simple model that describes

the inner structure of the dilatation across a �amelet. Recall again the continuity

equation in its basic form and apply the �amelet approximation to the density �eld

directly. Dilatation can therefore be written in terms of ξ asto exist

∇ · u = − 1

ρ (ξ)

dρ

dξ

Dξ

Dt
(5.9)

In this form the inner structure of the dilatation �eld can be related only to transport

of the mixture fraction ξ and to some state relation between ρ and ξ. Let us now

invoke the scalar transport equation for a conserved scalar (with variable properties)

ρ
Dξ

Dt
= ∇ · (ρD∇ξ) (5.10)

where D is the mass di�usivity coe�cient for the mixture fraction. Therefore we can

write

∇ · u = − 1

ρ2

dρ

dξ
∇ · (ρD∇ξ) (5.11)

Assuming that ρD ≈ constant to simplify the analysis, we can �nally rewrite the

continuity equation as

∇ · u ≈ − D

ρ (ξ)

dρ

dξ
∇2ξ (5.12)

Within this model dilatation can be related to the details of a state relation between

ρ and ξ and to the structure of a conserved scalar across the reaction zone, as indi-

cated by the term ∇2ξ. The typical structure of the density pro�le in physical (a)

and mixture fraction (b) space are shown in Figure 5.42 (where s is the coordinate

direction across a �amelet). We can go further by assuming that, similarly to a dif-

fusion layer, a typical �amelet is characterized by a mixture fraction pro�le that can

be approximated as an error function (see Fig. 5.42(a))

ξ (s) =
1

2

[
1− erf

( s
λ

)]
(5.13)

where λ is a characteristic thickness of the layer. The Laplacian of ξ is therefore

∇2ξ =
2√
π

s

λ3
exp

{
−
( s
λ

)2
}

(5.14)
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The mixture fraction pro�le, its gradient and its Laplacian across the assumed �amelet

pro�le are shown schematically in Figure 5.42(a). ∇2ξ varies across the �amelet from

negative (at the fuel rich side where ξ → 1) to positive (at the fuel lean side where

ξ → 0) crossing the coordinate axis at ξ = 1
2
(without loss of generality assuming that

the extremes of the ξ pro�les are 1 and 0, respectively, otherwise the pro�le can be

rescaled accordingly, for example by applying the transformation ξ−ξ−
ξ+−ξ− , where ξ

+ and

ξ− correspond to the values of ξ at the two extremes (Buch and Dahm, 1996)). The

typical pro�les for ρ and dρ
dξ

as a function of ξ are shown in Fig. 5.42(b). dρ
dξ

is zero at

the stoichiometric point ξs, negative in the fuel lean side and positive in the fuel rich

side. The structure of dilatation across a �amelet can �nally be estimated by including

all the contributions in Eq. 5.12 and it is shown schematically in Figure 5.42(c). The

resulting structure depends on the form of the assumed mixture fraction pro�le across

the reaction zone weighted by the details of the state relation which depends on the

particular system under consideration (within an equilibrium or strained �ame model

this translates to a dependence only of the type of fuel and oxidizer, and to the applied

strain �eld) (Mullin et al., 2000). For the particular case considered in the current

study the dilatation �eld across a �amelet is expected to be composed of two positive

layers separated by a region of negative dilatation which corresponds to the peak of

the temperature pro�le (not shown in Figure 5.42). Dilatation should be identically

zero at the stoichiometric contour (since dρ
dξ

∣∣∣
ξs

= 0) and at the in�ection point of the

ξ pro�le (in this case where ξ = 1
2
).

Furthermore, we can rearrange the terms in Eq. 5.12 accounting for the pro�le

of ∇2ξ of Eq. 5.14 in the following way

∇ · u =
2√
π

D

ρ

dρ

dξ

1

λ2

s

λ
exp

{
−
( s
λ

)2
}

(5.15)

Neglecting the multiplicative constant, the term D
ρ
dρ
dξ

is only a state relation function

(i.e. it is only a function of ξ) and the term
(
s
λ

)
exp

{
−
(
s
λ

)2
}
is a normalized shape

function of the pro�le if the scaling layer thickness λ is properly selected. Therefore

the magnitude of dilatation |∇ · u| can be approximated to be proportional only to
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Figure 5.42: Schematic diagram of a typical state relation between ρ and ξ, the
structure of a strained di�usion layer and the resulting inner structure of the dilatation
�eld across a �amelet.

339



the layer thickness λ and the di�usivity coe�cient D

|∇ · u| ∼ D

λ2
(5.16)

The layer thickness λ is the result of a balance between the thickening e�ect of

di�usion and the thinning e�ect of the imposed strain �eld across the layer (Buch

and Dahm, 1996, 1998; Su and Clemens, 2003; Kothnur and Clemens, 2005). For a

steady planar strain rate �eld with constant extremes of the pro�le the layer thickness

is proportional to the local strain rate across the layer

λ ∼
(

D

S

)1/2

(5.17)

where S is the uniform and constant strain rate applied to the di�usion layer. Let

us assume that the relevant strain rate exerted across the layer is proportional to the

inner-scale strain rate Sis =
(
〈ε〉
ν

)1/2

(Batchelor, 1952) which, as shown earlier, can

be related to the outer-scale strain rate Sos = 〈ucl〉 /δ1/2 as Sis ∼
(
〈ucl〉 /δ1/2

)
Re

1/2
δ1/2

.

The layer thickness λ can therefore be written as

λ ∼ ηSc−
1/2 (5.18)

where η is the Kolmogorov scale η ≡ (ν3/ 〈ε〉)1/4 and Sc ≡ ν/D is the Schmidt

number. For gas phase �ows Sc ≈ 1, therefore λ ∼ η. Similarly, in terms of outer-

scale quantities

λ ∼ δ1/2Re
−3/4
δ1/2

Sc−
1/2 (5.19)

The analysis and measurements of (Buch and Dahm, 1998; Rehm and Clemens, 1999a;

Su and Clemens, 1999) suggest that for nonreacting �ows the di�usion thickness based

at 20% of the di�usion layer, λ20%, is on the order of 6 − 8η, a result that holds

approximately for dissipative structures in reacting �ows also (Frank and Kaiser,

2008). Therefore, the magnitude of the dilatation would be expected to scale on the
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inner-scale strain �eld or, conversely on η as (for Sc ≈ 1)

|∇ · u| ∼ Sis (5.20a)

∼ 〈ucl〉
δ1/2

Re
1/2
δ1/2

(5.20b)

∼ D

η2
(5.20c)

∼ D

δ−2
1/2

Re
3/2
δ1/2

(5.20d)

Note that this result is general in the sense that it would equally apply to the case

where reaction takes place across the di�usion layer or to the nonreacting mixing case

where di�erent density �uids mix, in which case the state relation between ρ and ξ

simpli�es to a linear relation, reducing the complexity of the form of the dilatation

layer. Moreover, the scaling between dilatation magnitude and the inner-scale strain

rate (independently whether the case of a reacting or mixing problem) could explain

the earlier observation that the PDF distribution of dilatation for the four di�erent

jet �ame cases considered nearly collapsed to the same pro�le after normalization by

Sis (Figure 4.17).

The current model was compared to nonpremixed laminar opposed jet �ame

calculations using the combustion code Cantera (Goodwin, 2003). Calculations were

carried out by using air and DLR mixture as oxidizer and fuel, respectively, under

room temperature inlet condition. Calculations were carried out at di�erent levels

of strain rates up to 500 s−1 to investigate the e�ect of the imposed strain on the

results. A representative �eld of dilatation across a �amelet computed from the

solution of the opposed jet �ame simulation is shown in Figure 5.43. The dilatation

layer approximately corresponds to the thermal layer of the �amelet. The OH region

of the �ame is seen to reside on the fuel lean side where positive dilatation exists.

The CH layer, whose peak corresponds to the stoichiometric point and to the peak of

the temperature pro�le, sits at the point of zero dilatation. As shown schematically

before, dilatation is composed of three local extrema. The positive extremum on the

fuel lean side has the largest magnitude which is about a factor of 3− 4 higher than
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Figure 5.43: Schematic representation of the dilatation �eld across a �amelet.

the other two extrema. Note also that each band has a width that is about one third

of the width of the di�usion layer.

The e�ect of the imposed strain �eld on the overall structure of the �amelet

and dilatation layer is shown in Figure 5.44 where the dilatation �eld computed from

the solution of three opposed jet �ame simulations at strain rates of 50 s−1, 200 s−1

and 500 s−1 are shown. The overall structure of the dilatation layer is preserved

across the range of strain rate considered. The magnitude of dilatation increases

with the imposed strain rate and the layer thickness decreases as the strain rate is

increased. The three pro�les shown in Figure 5.44 are then shown in rescaled form in

Figure 5.45 where the dilatation �eld is rescaled by the imposed strain rate S and the

spatial direction s across the �amelet was normalized as (s− sT ) /λT20% where λT20%

is the full width of the temperature pro�le at 20% of the peak temperature and sT is

the position of the peak temperature (which approximately corresponds also to the

stoichiometric point, i.e. where∇·u = 0). Normalization of the s coordinate by λT20%
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(a)

(b)

(c)

Figure 5.44: Computed dilatation �eld across a �amelet computed from an opposed
jet nonpremixed �ame at di�erent strain rates. (a) 50 s−1, (b) 200 s−1, (c) 500 s−1.
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rather than by (D/S)
1/2 is preferred to avoid using D which varies across the layer

and a properly de�ned weighted average would have to be used. The di�erent strain

rate cases shown in Figure 5.45 appear to follow a similar trend which improves at

large imposed strain rates. The dilatation magnitude does seem to follow the scaling

based on the imposed strain rate, reaching peak values of dilatation of about 6 − 7

times the imposed strain. Note that the minor di�erences at large strain rates that

are visible in the pro�les could be a result of the dependence of the dilatation pro�le

on the details of the state relation ρ = ρ (ξ) as per Eq. 5.15, which depends on the

strain �eld and which is not accounted for by the simple scaling proposed by Eq.

5.20. As a �rst approximation, however, it seems that it is the strain �eld applied to

the �amelet that determines the magnitude of the dilatation �eld.

The nonpremixed laminar opposed jet calculations were performed under the

assumption of steady strain. The e�ect of an unsteady strain rate on reacting and

nonreacting strain-di�usion layers is well documented by the work of Im et al. (1999)

and Kothnur and Clemens (2005). Im et al. (1999) showed that the chemistry in

an opposed �ow di�usion �ame responds, within some limits, to the unsteady strain

�eld. Kothnur and Clemens (2005) investigated further the e�ect of an unsteady

strain �eld onto the scalar dissipation rate. In particular, they observed a broad

variation of scalar dissipation layer thickness in response to unsteady strain rates.

The layer thickness can in fact be substantially thinner or thicker than the value

predicted by a steady strain rate analysis based on whether the structure experiences

larger than or smaller than the average strain, respectively. Moreover, they concluded

that the dissipation layers mostly experience a positive strain (i.e., extensive) since

typical layers are thicker than a steady strain assumption would predict. In the

present model and calculations the e�ect of an unsteady strain is not considered and

might alter some of the results presented here. However, following the results of

Kothnur and Clemens (2005), if it is assumed that the thickening e�ect of positive

strain rates causes unsteady strain to broaden the range of layer thicknesses and bias

them toward thicker layers, then the analysis in the current work can be considered as
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Figure 5.45: Dilatation �eld across a �amelet (s is the coordinate across the �amelet)
computed from an opposed jet nonpremixed �ame con�guration at di�erent strain
rates and normalized by λT20% and imposed strain S.
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a limiting result. Note, however, that the e�ect of an unsteady strain could also a�ect

the overall structure of the dilatation �eld, not just the overall size of the observed

layers.

The outer-scale strain rate for the jet �ames considered in the study are on the

range 100− 200 s−1. Moreover, the velocity gradients measurements show a range of

instantaneous gradients and a range of inner-scale strain rate up to about 1000 s−1.

The nonpremixed laminar opposed jet �ame calculations indicate that for the range

of values of the strain rate observed in our jet �ames the dilatation layers are expected

to be (under a steady strain assumption) on the order of 2 − 3 mm thick (based on

λT20%). However, unsteady strain e�ects are expected to broaden this range of values.

Owing to the complexity of the dilatation layers, these results raise the question on

the appropriate spatial resolution of PIV measurements to properly capture them, an

issue already raised by (Mullin et al., 2000). The resolution of the current stereo PIV

measurements might in fact not be adequate to resolve this complex structure of the

dilatation layers induced directly by the reaction zone. In fact, to properly capture

each band of the dilatation layer we would require a resolution at least on the order

of λT20%/6, i.e., about one Kolmogorov scale or better. In the current con�guration

the stereo PIV measurement system provides a spatial resolution (de�ned in terms

of the interrogation volume for vector extraction) on the order of 2 − 3η, which

is above this requirement. Therefore, although the spatial resolution requirement

is adequate to capture the �ne-scale vortical structure, it may not be adequate to

properly capture the structure of the velocity �eld within the (extended) reaction

zone. However, unstready e�ects and a broad distribution of strain rates may generate

a broad distribution of dilatation layers (i.e., �amelets). Therefore all but the broader

dilatation layers will be su�ciently resolved.

The e�ect of �nite spatial resolution can be modeled as an averaging opera-

tion on the resolved velocity �eld, as is customarily done (Wyngaard, 1968; Antonia

and Mi, 1993; Wang and Barlow, 2008). The e�ect is shown in Figure 5.46 where

di�erent levels of spatial resolutions are simulated by applying a moving average �lter
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of a given size to the velocity pro�le computed from the nonpremixed opposed jet

�ame simulations of Figure 5.44. Di�erent �lter sizes ∆ are selected, ranging from

∆/λT20% = 1/3 to 1. For spatial resolution worse than approximately ∆/λT20% = 1/2

the negative portion of the pro�le is lost and the two positive parts begin to merge

into a single positive pro�le. In order to resolve the complete pro�le of dilatation

across the reaction zone and capture the negative dilatation component a spatial res-

olution of ∆/λT20% = 1/3 or better seems to be required, at least within this simpli�ed

model.

The current measurements typically do not show the complex (three-banded)

structure of the dilatation layer, but at best dilatation layers characterized by a

positive and a negative band are observed (see, for example, Figures 5.13-5.14). In

many cases a single layer of positive dilatation is detected. These di�erences between

the model and the observations could be due to the simpli�cations introduced in

the dilatation model that do not capture the complexity of the feature and to �nite

resolution e�ects. The dilatation layer depicted in Figure 5.13-5.14, for example, has

a thickness of about 15η (the positive band is about 10η wide). A similar range

of values of the dilatation layer thickness is observed in many other cases, also in

some of the cases shown in the sequence of �gure 5.6-5.11 (or the equivalent �gure in

5.12). From a resolution standpoint, these thick layers should be properly captured

(noise e�ects aside). While the proposed model of the dilatation �eld has limitations

(neglects unsteady e�ects, realistic chemistry considerations, complex strain �elds

acting on the reaction zone), it nevertheless provides useful insights on the major

features of the dilatation �eld in these nonpremixed �ames, both in terms of its

qualitative structure and its dependance of �ow parameters (such as strain/velocity

orientation, density gradient orientation).

The global model predicts that dilatation should be absent in the near �eld of

jet �ames due to misalignment between u and ∇ρ, but it should become relevant in

the far �eld of jet �ames, although at these locations the resulting density gradients

might be small owing to small strain rates. The local model describes the inner
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Figure 5.46: E�ect of �nite spatial resolution on the measurement of dilatation across
a �amelet computed from an opposed jet nonpremixed �ame con�guration (strain rate
200 s−1).

structure of the dilatation layer across the reaction zone within the limit of a �amelet

assumption and shows the complex structure induced by the reaction zone. This

model is veri�ed against nonpremixed opposed jet �ame calculations. Note that the

local model suggests that dilatation is present independent of the relative orientation

of the velocity �eld and the density gradient whereas the global model, which is

nothing more than the continuity equation under quasi-steady assumption, takes into

account the directionality of the �ow and density gradient. The con�guration of the

opposed jet �ame calculations, however, has the fortunate characteristic that u and

∇ρ are aligned and the strained-di�usion model applies. One open question is how to

account for the directionality of the velocity and density gradient �elds in the model

and how it a�ects the results. In other words, would a di�erent �ow con�guration,

such as a shear layer type of con�guration, still provide the same results? In order

to address this question, measurements in a nonpremixed unsteady laminar jet �ame

have been carried out. In this simple con�guration the dominant velocity and density

gradient directions are mostly orthogonal (at least well upstream of the �ame tip),
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the �ow and reaction zone structures are relatively simple, and the mixture fraction

pro�le across the laminar �ame (at any given axial locations) can be approximated

by an error-function-like pro�le as assumed in the simpli�ed model.

5.4.3 Flow Structure and Dilatation on a Nonpremixed Unsteady Lami-
nar Jet Flame at Red = 1, 400

The �eld of dilatation across the reaction zone was further investigated by

carrying out the same type of velocity measurements on an unsteady laminar jet

�ame. The laminar jet �ame was formed under the same nominal conditions of the

other turbulent jet �ames considered in the study where the fuel �ow rate was lowered

to obtain a jet exit Reynolds number Red ≈ 1, 400. Stereo PIV measurements and OH

PLIF imaging were carried out on an end-view plane at x/d = 40 at an acquisition

rate of 3, 000 Hz. The same processing and volumetric reconstruction scheme as

proposed for the jet �ames was also carried out for this laminar �ame case. Vector

extraction was carried out under the same nominal settings for the turbulent cases.

The �nal interrogation window size was set to 16× 16 pixels (about 1.3× 1.3 mm2)

with 50% overlap. The local Reynolds number Reδ1/2 is estimated from 〈ucl〉 and

δ1/2 measurements to be on the order of 430. The e�ect of spatial resolution on the

results shown below was also investigated by considering vector �elds extracted with

interrogation window sizes of 32× 32 pixel (about 2.6× 2.6 mm2) and 12× 12 pixel

(about 1 × 1 mm2). This resolution study showed no dependence of the following

results on the spatial resolution of the measurements.

Representative cross-sectional views of two realizations of the jet �ame are

shown in Figures 5.47 and 5.48. These composite �gures are organized similarly to

Figures 5.6-5.11 where cross-sectional views of the (a,b) 3C velocity �eld (end- and

isometric views, respectively), (c) dilatation ∇ · u, (d) dissipation ε, (e) enstrophy
1
2
|ω|2 and (f) swirling strength λ2

ci are shown (the origin of the y−z plane corresponds

to the laminar jet �ame centerline). Inspection of the 3C velocity �eld on the end-view

plane reveals that there is a small in-plane �ow in these laminar jet �ames, which has a
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(a) (b)

(c) (d)

(e) (f)

Figure 5.47: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for the laminar jet �ame at
Red = 1, 400 (x/d = 40). (a) In-plane vectors superimposed on the OH PLIF image;
(b) 3C vectors superimposed on the OH PLIF image; (c) dilatation ∇ ·u; (d) energy
dissipation rate ε; (e) enstrophy 1

2
|ω|2; (f) swirling strength λ2

ci
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(a) (b)

(c) (d)

(e) (f)

Figure 5.48: Representative cross-sectional views of the major kinematic quantities
along with iso-contour line de�ning the OH layer contour for the laminar jet �ame
at Red = 1, 400 (x/d = 40).
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magnitude up to 0.1−0.15 〈ucl〉. The strongest velocity component is directed axially

(out-of-plane) but some organized large scale structures and motion in the spanwise

plane can be seen in these cross-sectional views. It is believed that this in-plane �ow

is predominantly the result of the unsteadiness of the jet �ames since it exists mainly

near the jet and it becomes negligible far away from the laminar jet �ame (toward

the left edges of the �eld of view, for example) or when only the co�ow was imaged

(not shown), although possible e�ects of non-uniform co�ow cannot be completely

dismissed. The reaction zone, as visualized by OH PLIF imaging, is predominantly

organized in a closed cylindrical sheet that develops axially around the jet in a very

simple and smooth fashion.

Consider �rst the �elds of enstrophy (part (e)) and dissipation (part (d)).

Regions of intense enstrophy and dissipation are predominantly overlapping and es-

sentially overlay the footprint of the OH zones. The source of vorticity is clearly

the strong laminar shear induced by the presence of the reaction zone and the cor-

responding dissipation is solely due to the e�ect of the shear layer generated and

sustained by the reaction zone. The dominant components of the vorticity �eld are

the y− and z−components. According to the decomposition of Eq. 4.18, the source

of dissipation would primarily be due to the solenoidal component, i.e., to the vor-

ticity �eld. The swirling strength λ2
ci is nearly zero everywhere around the reaction

zone, other than some pockets that most likely correspond to isolated large scale

vortical structure generated by the unsteadiness. Note the interesting feature of the

double enstrophy layers that enfold the laminar jet �ame. There is a strong layer

of vorticity directly corresponding to the OH zones and which is dominated by the

y− and z−components of the vorticity (not explicitly shown), but there is also an

outer weaker vorticity layer which corresponds to the edge of the jet velocity pro�le

(approximately where u ≈ 0.2− 0.3 〈ucl〉). This outer layer is dominated by all three

components of the vorticity (not explicitly shown) and which probably marks the

edge of the extended heat a�ected region on the jet �ame. Let us now focus on the

dilatation �eld (part (c) in these �gures), which is what we are most interested in.
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(a)

(b)

Figure 5.49: Cross-sectional views of dilatation rendered at di�erent contour maps
values. (a) and (b) refer to the dilatation �eld of the cases shown in Figures 5.47 and
5.48, respectively.
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Figure 5.49 shows the cross-sectional views of the dilatation �eld of Figures

5.47 and 5.48 with two di�erent ranges of values of the color contour map to better

emphasize the high
(
> 〈ucl〉 /δ1/2

)
and low

(
< 〈ucl〉 /δ1/2

)
values of dilatation. The

reaction zone is predominantly organized in a cylindrical sheet that develops axially

around the jet. The density gradient is therefore expected to be mostly directed

in the radial direction. The dominant direction of the jet velocity is axial, which

results in small strain rates across the reaction zone. A thick reaction zone and

small density gradients are therefore genrated radially. Therefore, small dilatation

is generated at the reaction zone. The results of Figure 5.49 support this view.

There is a near complete absence of dilatation at the reaction zone (inner edge of

the OH zone) or anywhere in or around the OH contour. Regions of low intensity

dilatation are spotty and inspection of the time series indicates that they are time

uncorrelated. These regions are therefore believed to be the result only of noise in the

velocity measurements, especially at the left-hand-side of the imaging region where the

velocities are small (about 1/40 of 〈ucl〉 for this laminar case) and so more susceptible

to measurement error. Moreover, contrary to the previous turbulent �ame cases, the

laminar jet core exhibits nearly a complete lack of dilatation (there is just some low-

value residual noise). In the turbulent case the observed pockets of dilatation in the

(unreacted) core of the jet were believed to be due to transport of di�erent density

�uid. A localized region of persistently large (about 2 − 3 〈ucl〉 /δ1/2) dilatation at

the OH zone is observed in the case of Figure 5.47 (also part (a) of Figure 5.49)

which appears to be the result of the increased strain induced by a vortical structure

that develops and evolves near the OH region. This observation is consistent with

the proposed model that shows the dilatation should be proportional to the strain

rate. The complex three-banded structure of the dilatation pro�le predicted by the

proposed model, however, is never clearly observed.

For completeness and to better show the overall spatial structure of the en-

strophy, dissipation and dilatation �elds of these laminar nonpremixed jet �ames, 3D

renderings of these quantities are shown in Figures 5.50 and 5.51 for the cases of
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Figure 5.47 and 5.48, respectively. The OH PLIF image is also inserted in the center

plane of the reconstructed volume. Intense enstrophy is de�ned based on a threshold

value of twice the mean value (1
2
|ω|2thr =2

〈
1
2
|ω|2

〉
). Similarly, intense dissipation

is de�ned based on a threshold value of three times the mean value (εthr = 3 〈ε〉).

Finally, regions of strong dilatation are de�ned based on a threshold value of dilata-

tion of ∇ · u|thr =±〈ucl〉 /δ1/2 (since no reference value for ∇ · u can be de�ned and

since 〈∇ · u〉 ≈ 0). These �gures show that both the enstrophy and the dissipation

�elds are organized in a thin sheet overlapping the OH zone forming a cylindrical

tube. The enstrophy rendering is also shown from di�erent directions in Figure 5.52

for clarity (dissipation follows a similar structure). Dilatation is seen only in spotty

regions which, as discussed earlier, are attributed to measurement noise. The �eld

of dilatation is also shown for clarity from rotated views in Figures 5.53 and 5.54

for the two cases considered and shown in Figure 5.47 and 5.48, respectively. The

spotty nature of the dilatation �eld, and the lack of dilatation inside the OH contour

is clearly shown.

5.4.4 Final Comments on the Dilatation Field

The purpose of this section was to give some insight into the possible structure

of the dilatation �eld induced by chemical reaction and to explore the conditions

and the mechanisms for the generation of dilatation. Dilatation is de�ned as the

divergence of the velocity �eld, ∇ ·u, and it can be related to the underlying density

(or temperature) �eld through the mass continuity equation. There is a discrepancy

between previous planar PIV measurements of the velocity �eld near the reaction

zone in nonpremixed jet �ames about the existence, structure and role of dilatation.

For example, the measurements of Rehm and Clemens (1998), Mullin et al. (2000),

and Kothnur et al. (2002) all show regions of dilatation near or on the reaction zone.

On the contrary, the current measurements do not show the same magnitude and

structure of dilatation near the reaction zone, but spotty regions are mostly observed.

The mass continuity equation, under the assumption of a quasi-steady �ow,
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suggests that dilatation results from an alignment of the transport velocity with the

density gradient. Furthermore, in nonpremixed combustion in the limit of a �amelet

model where the local state can be described by a single conserved quantity (say the

mixture fraction ξ), the structure of the dilatation �eld across the reaction zone is

shown to depend on the transport of ξ and the details of the state relation. The case of

a nonpremixed laminar opposed �ow �ame con�guration has u and∇ρ oriented in the
same direction and provide a simple con�guration to develop a simpli�ed model that

relates the dilatation and the �ow �elds. Measurements upstream of the �ame tip in a

nonpremixed laminar jet �ame have shown that dilatation generally does not exist at

the reaction zone. This latter case corresponds to a con�guration where ∇ρ is nearly
orthogonal to the convective (momentum driven) velocity u. Moreover, low strains

at the reaction zone induce a thick reaction zone and hence low density gradients. In

the laminar jet �ame case there were instances where regions of localized (positive)

dilatation near the reaction zone were observed when the reaction zone was locally

strained. Therefore, it can be argued that, at least for nonpremixed combustion,

dilatation does not exist solely and unconditionally as a manifestation of exothermic

chemical reaction, but the velocity �eld has to act upon the reaction zone to induce

a straining e�ect on the reaction zone and its thermal layer. If chemical reaction is

conceptually reduced to a di�usion process of fuel and oxidizer at an interface, the

e�ect of local strain can be thought to have the classical thinning (assuming it is

compressive) e�ect on it. It is under this constricted state that volumetric expansion

due to heat release becomes relevant and can a�ect the velocity �eld by the generation

of dilatation.

5.5 Summary

This chapter was dedicated to investigating the �ne- and intermediate-scale

spatial structure of the �ow by using cross-sectional and volume reconstructed views

of the major kinematic quantities. In particular, this chapter was organized to cover

the following three major issues:
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1. The structure of the reaction zone as visualized by OH PLIF on the end-view

planes

2. Spatial structure of the �ow-�eld with emphasis on the vorticity and dissipation

structure near the reaction zone

3. Presence, structure and source of reaction-zone-induced dilatation

Similar to previous studies that investigated the spatial structure of the reaction zone

as marked by the OH zones (Seitzman et al., 1990; Clemens et al., 1997; Donbar

et al., 2000), OH radicals are seen to be organized in thin regions connected by

thick and more di�use regions. The di�usive nature and the complexity of the OH

structures are seen to increase as Red is increased. At the highest Red considered,

the spatial structure is seen to be dominated by a multitude of closed loops where

extended regions of di�use OH exist. These regions of di�use OH are believed to

be a manifestation of superequilibrium OH resulting from the �nite rate of the three

body recombination reactions. The complex nature of the OH zones, especially at

large Red, also prevents a clear interpretation and demarcation of the reaction zone

which, at times, can prevent a clearer interpretation of the results. For example,

the single-point statistical description of the �ow features proposed in the previous

Chapter are believed to su�er from this limitation.

The spatial structure of the �ow �eld near and at the reaction zone is inves-

tigated from cross-sectional views of the major kinematic quantities of interest (such

as dilatation, enstrophy, dissipation and swirling strength) and their time series. The

volumetric reconstruction method also o�ers a convenient approach to investigate the

spatial structure of the �ow. In general it is observed that both tube- and sheet-

like structures of intense vorticity (enstrophy) are present in the �ow-�eld. However,

sheet-like structures are predominantly observed near the reaction zone. They in fact

tend to follow the contour of the OH layers. On the contrary, tube-like structures

exist away from the instantaneous reaction zone, both in the (cooler and unreacted)
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jet core and outside of the OH contours. When these vortical, tube-like structures

interact with the reaction zone they wrap, fold and pinch it. The presence of these

two di�erent topological structures of intense vorticity is believed to be due to dif-

ferent mechanisms. The tube-like structures are the classical �worms� observed in

incompressible turbulence (Siggia, 1981; Jimenez et al., 1993). The sheet-like struc-

tures, which exist at the reaction zone, are believed to be due to the stabilizing e�ect

of the hot viscous reaction zone, which creates and sustains regions of laminar-like

shear across it (Rehm and Clemens, 1998; Kothnur et al., 2002). This interpretation

is supported by the insight that the swirling strength can provide. The �eld of in-

tense dissipation is observed to be characterized by the typical sheet-like structures,

however, the source of kinetic energy dissipation are di�erent in di�erent regions of

the jet �ames. Near the reaction zone dissipation has a strong tendency to corre-

spond to regions of intense enstrophy. Both structures, in fact, are organized in large

sheet-like forms that follow the OH zones. Dissipation in this region is due to the

laminar shear at the reaction zone or, in other words, is due to only to its solenoidal

component (as described in the previous chapter). Away from the reaction zone dissi-

pation is organized in more compact sheet-like regions around vortical structures, in a

con�guration that closely follows the structure of the dissipation �eld in nonreacting

turbulent �ows (Ganapathisubramani et al., 2008). In these regions, in fact, the most

intense dissipation is due to the e�ect of the mutual interaction of closely spaced vorti-

cal structures that generate strong strain in regions of common in�uence. Dissipation

in these regions is dominated by the inhomogeneous component of dissipation.

In the previous chapter we have seen that the single-point statistical analysis

of the characteristics of the �ow �eld did not reveal any peculiar characteristic of these

reacting turbulent �ows but most of the features followed the results of equivalent

nonreacting turbulent �ows. The analysis on the spatial structure of the �ow carried

out in this chapter, however, has shown that signi�cant di�erences exist in these jet

�ames as compared to nonreacting jets. Possible explanations for the lack of heat

release e�ects in the statistical analysis of the previous chapter are the following:
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• Inadequacy of single-point statistics to properly capture the spatial features of

the �ow

• Reduced heat release e�ects resulting from global preheating of the reactant.

The far �eld of a turbulent jet �ame, in fact, would behave more as a hot

turbulent jet, even upstream of the �ame tip, because the temperature di�erence

between the reaction zone and the surrounding �uid is reduced.

The �eld of dilatation required further analysis to provide a meaningful interpretation.

Dilatation was in fact rarely observed to be correlated with the reaction zone (OH

zones). There are instances where layers of strong positive and negative dilatation

are observed to be correlated with the reaction zone, but most of the time dilatation

is present in small-scale, spotty structures that encompass both regions near the OH

layer and regions in the core of the turbulent jet. These low-magnitude, spotty regions

of dilatation are thought to be mostly due to convection and mixing of di�erent density

�uid rather than to the direct e�ect of the reaction zone. A simpli�ed model of the

dilatation �eld based on a �amelet model was developed. The model and analysis

were supported by computations in a nonpremixed opposed jet �ame and by further

measurements in a nonpremixed laminar jet �ame.
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Chapter 6

Summary and Conclusions

6.1 Stereoscopic PIV Measurements, Accuracy and Data Re-

duction Considerations

The current study was aimed at performing volumetric velocity measurements

in the far-�eld of nonpremixed jet �ames at Reynolds numbers in the range of 8, 000−
15, 300. The volumetric information was generated by carrying out cinematographic

stereoscopic PIV measurements on end-view planes in the far-�eld of jet �ames and

by applying Taylor's frozen �ow hypothesis to convert the time-space �eld into an

equivalent pseudo volumetric, quasi-instantaneous �eld. 10 Hz OH PLIF imaging

was carried out to mark the instantaneous reaction zone. A single plane of the OH

was imaged within a single reconstructed volume of data. The volumetric information

was used to infer the full 3D velocity gradient tensor and to investigate the spatial

structure of the �ow �eld.

Three di�erent con�gurations have been used for the measurements. In the

�rst con�guration, case 1, a nonpremixed jet �ame at Red = 8, 000 was used where

spatially and temporally resolved stereo PIV and single frame OH PLIF imaging were

carried out on a wide �eld of view that encompassed a region about δ1/2 × δ1/2. With

this con�guration the intermediate- and �ne-scale structure of the turbulence under

the in�uence of the reaction zone was investigated after time-space reconstruction.

In the second con�guration, case 2, two-system-redundant stereo PIV measurements

were carried out on jet �ames at Red = 8, 000 and Red = 15, 300. These data enabled

the assessment of the accuracy of the measurements by comparing the results of the

two systems that should otherwise be identical and enabled the improvement of the

signal-to-noise ratio of the energy spectra. In the third and �nal con�guration, case
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3, 10 kHz stereo PIV measurements were carried out on jet �ames in the range

Red = 10, 000− 15, 000 to support the �ndings of case 1 at larger Reynolds numbers.

The measurements of case 2 enabled the estimation of the uncertainty of the

current stereo PIV measurements by comparing the two otherwise identical measure-

ments of the two-system-redundant con�guration. Measurements were carried out in

jet �ames and in a nonreacting turbulent jet to separate the e�ects of the presence

of the �ame on the accuracy of the measurements. The assessment on the nonre-

acting turbulent jet indicated typical absolute in-plane displacement errors of about

0.1 px, a value which is on the high side for typical PIV measurements. The abso-

lute out-of-plane displacement error was found to be a factor of 2 larger than the

in-plane components, which is consistent with the stereo con�guration selected for

the study. It was found that image distortion introduced by the presence of heat

release, accentuated by the non-optimal imaging con�guration of the setup, led to an

increase of almost a factor of 2 in the absolute displacement errors. The increase in

absolute displacement error is believed to be the consequence of image blurring and

registration error caused by the presence of hot combustion gases. Imaging was car-

ried out from downstream (viewing upstream) and therefore through most of the hot

post-combustion gases. Typical relative errors on the order of 8% for the out-of-plane

velocity component have been found. Owing to the large disparity between in-plane

and out-of-plane displacements, which is the preferential direction of the �ow, and the

non-canonical imaging con�gurations, large relative errors in the in-plane components

were present. However, the measurement error appears to be dominated by random

noise, which arises from the peak-detection algorithm used in the particle displace-

ment estimator. The e�ect of this noise can therefore be reduced by the approach of

Wang et al. (2008) who developed an optimal �lter to suppress noise but which recov-

ers the energy spectrum of the �ow (assumed to follow the model spectrum proposed

by Pope (2000)). The presence of the instantaneous reaction zone does not appear

to a�ect measurement accuracy in its immediate vicinity.

Two di�erent schemes have been evaluated to estimate the nine velocity gra-

366



dient components: a second-order, central di�erence scheme and and fourth-order,

implicit, spectral-like scheme. The fourth-order, implicit scheme was selected be-

cause it maximizes the spectral bandwidth of the di�erentiation stencil. Unlike the

second-order scheme, this spectral-like scheme preserves the frequency information

of the computed velocity gradients and only the optimal �lter designed to suppress

noise a�ects the frequency information of the velocity gradients.

Finally, the spatial resolution of the current measurements has been evaluated

by considering vector �elds extracted at decreasing interrogation window sizes (from

∆/η = 5 down to ∆/η = 2). One case of the jet �ame at Red = 8, 000 (x/d = 40) was

selected for the analysis. Based on the current analysis and the typical results in the

literature (Wyngaard, 1968; Antonia et al., 1994; Lavoie et al., 2007), the spatial and

temporal resolution of the current measurements was determined to be satisfactory to

properly capture the velocity gradients and the small-scale features of the turbulent

�ow. One concern was raised however. The transverse velocity spectra computed

at di�erent spatial resolution indicated that the spatial resolution requirements to

clearly capture the e�ects of the reaction zone on the �ow structure might be more

stringent than the classical requirements that isotropic turbulence demands. This

issue is, however, not de�nitive and more detailed analysis would be required.

6.2 Flow Statistics

A statistical investigation of the properties of the turbulent reacting �ow was

carried out as a part of the current study. Firstly, the characteristics of the 1D (longi-

tudinal and transverse) energy spectra computed from the time series at each position

within the measurement end-view plane were presented. One-dimensional spectra es-

timated from the cross-correlation spectrum between redundant measurements sug-

gest that the energy spectrum shares the same features of equivalent nonreacting

�ows, a result that was also shown by the measurements of Wang et al. (2008) on

the temperature �eld. The energy spectrum is seen to follow quite closely the model
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spectrum proposed by Pope (2000). The presence of the reaction zone therefore seems

not to a�ect the 1D energy spectrum, at least with the current spatial resolution of

the measurements and for the experimental conditions considered. Some of the com-

ponents of the velocity spectrum tensor, however, was shown to exhibit an abnormal

roll-o� at high wavenumber, which is not seen in the 1D energy spectra. This feature

was observed in the transverse components of the velocity spectrum tensor computed

along the transverse direction. These components of the velocity spectrum tensor are

related to the spatial correlation function. Therefore the observed peculiar roll-o� at

high-wavenumber could be the result of �ne-scale features induced by the reaction

zone that are more dominant in the radial direction than in the axial direction where,

instead, �ow convection dominates.

Traditional scaling laws for nonreacting turbulent jets were tested from the

measurements of mean properties (such as 〈ucl〉, 〈ε〉 and η). Although the scaling

constants appear di�erently between reacting and nonreacting cases, the same form

of the scaling laws hold also for these turbulent jet �ames, even at the lowest Red jet

�ame case considered.

Single-point statistics of some of the major quantities of interest were ex-

tensively investigated. The PDFs of the nine terms of the velocity gradient tensor

indicate a strong anisotropy in the �ow as a result of the presence of the reaction

zone, which generates large transverse velocity gradients (compared to longitudinal

velocity gradients). In particular, the three diagonal components of ∇u follow similar

PDFs while the other six o�-diagonal components have wider distributions, with the

transverse gradients of the longitudinal velocity component having the widest range of

values. The �ow, however, maintains axisymmetric isotropy as de�ned by George and

Hussein (1991). All PDFs compiled from the four di�erent jet �ames nearly collapse

onto a single curve after normalization by a characteristic strain de�ned in terms of

inner-scale variables and show exponential tails, in agreement with experimental and

numerical observation on incompressible turbulence.

The strain rate �eld was investigated by computing the PDF of three principal
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strain rates. The e�ect on the strain �eld induced by the exothermic chemical reaction

and the resulting dilatation seems to be absent. The presence of dilatation appears

to be statistically equivalent to random measurement noise as is typically present

in many previous experimental studies on incompressible turbulence. PDFs of the

principal strains conditioned on the OH layer do not di�er from the corresponding

distribution taken o� the OH zones. This result, however, could be limited by the

assumption that the OH layer could be taken as an indication of the extended reaction

zone where the e�ects of heat release are con�ned. In reality the reaction zone,

de�ned as the region of highest heat release, is a thin region (especially compared to

the broader OH regions) in the fuel-rich side of the OH layer and the e�ects on the

velocity �eld.

The vorticity �eld and its alignment with the three principal directions of the

strain �eld seem also not to be a�ected by the heat release within the OH layers,

at least for the jet �ames and conditions considered in the study. The statistical

distribution of the vorticity magnitude (in terms of enstrophy) on and o� the OH

layers also do not show any signi�cant di�erence. Previous investigations on similar

�ames showed di�erential e�ects of heat release in the near- and far- �elds of jet

�ames and found di�erent statistics based on the OH or CH layers (Rehm, 1999;

Rehm and Clemens, 1999a; Kothnur et al., 2002).

Single-point statistics alone are not able to clarify the spatial structure of

many of the �ow parameters of interest and, more importantly, do not reveal any

signi�cant signature of the presence of heat release. However, 3D rendering of the

spatial structure of the �ow indicates a strong modi�cation of the overall structure

of the enstrophy �eld

6.3 The Kinetic Energy Dissipation Rate

The kinetic energy dissipation �eld is found to have the same statistical fea-

tures of incompressible turbulence. Following ideas of Zeman (1990), the dissipation
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was decomposed into the sum of the terms (Sarkar et al., 1991; Huang, 1995; Huang

et al., 1995): solenoidal, dilatation and inhomogeneous terms. The e�ect of dilata-

tion on the kinetic energy dissipation is found to be minimal. The term of the energy

dissipation directly arising from dilatation is at all the times a small fraction of the

solenoidal and inhomogeneous components. The relations between the total and the

solenoidal and inhomogeneous components of the dissipation were also investigated.

The solenoidal component is closely related to the vorticity �eld (it is proportional to

the enstrophy) and tends to dominate the mean rate of dissipation. On the contrary,

the inhomogeneous term has a strong signi�cance instantaneously but, on average,

does not contribute to the mean rate of dissipation (it can in fact assume both posi-

tive and negative values). Large values of solenoidal and inhomogeneous components

of dissipation cannot coexist simultaneously, indicating that these two components

arise from di�erent mechanisms. Solenoidal dissipation is associated with a single

vortical structure itself whereas inhomogeneous dissipation is associated with mutu-

ally interacting systems of vortical structures that generates regions of intense shear

in overlapping regions of in�uence. A single vortical structure is characterized by

solid-body rotation around its axis that produces a strain free �eld and hence is

largely dissipation free. Therefore, the solenoidal dissipation that characterizes a

single vortical structure is the result of the mathematical decomposition of the dissi-

pation �eld. For a single vortical structure the solenoidal dissipation that coincides

with concentrated vorticity of the vortex tube must be associated with a negative

value of inhomogeneous dissipation such that their sum is equal to zero. In this sense

also negative values of inhomogeneous dissipation are the result of the mathematical

construction of these terms.

6.4 Fine-Scale Structure

Chapter 5 was dedicated to investigating the �ne- and intermediate-scale spa-

tial structure of the �ow by using cross-sectional and volume reconstructed views of

the major kinematic quantities. Similar to previous studies that investigated the spa-
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tial structure of the reaction zone as marked by the OH zones (Seitzman et al., 1990;

Clemens et al., 1997; Donbar et al., 2000), OH radicals are seen to be organized in

thin regions connected by thick and more di�use regions. The di�usive nature and

the complexity of the OH structures are seen to increase as Red is increased. At the

highest Red considered, the spatial structure is seen to be dominated by a multitude

of closed loops where extended regions of di�use OH exist. These regions of di�use

OH are believed to be a manifestation of superequilibrium OH resulting from the

�nite rate of the three body recombination reactions. The complex nature of the OH

zones, especially at large Red, also prevents a clear interpretation and demarcation of

the reaction zone which, at times, can prevent a clearer interpretation of the results.

For example, the single-point statistical description of the �ow features proposed in

the previous Chapter are believed to su�er from this limitation.

The spatial structure of the �ow �eld near and at the reaction zone is investi-

gated from cross-sectional views of the major kinematic quantities of interest (such as

dilatation, enstrophy, dissipation and swirling strength) and their time histories. The

volumetric reconstruction method also o�ers a convenient approach to investigate the

spatial structure of the �ow. In general it is observed that both tube- and sheet-

like structures of intense vorticity (enstrophy) are present in the �ow-�eld. However,

sheet-like structures are predominantly observed near the reaction zone. In fact they

tend to follow the contour of the OH layers. On the contrary, tube-like structures

exist away from the instantaneous reaction zone, both in the (cooler and unreacted)

jet core and outside of the OH contours. When these vortical, tube-like structures

interact with the reaction zone they wrap, fold and pinch it. The presence of these

two di�erent topological structures of intense vorticity is believed to be due to dif-

ferent mechanisms. The tube-like structures are the classical �worms� observed in

incompressible turbulence (Siggia, 1981; Jimenez et al., 1993). The sheet-like struc-

tures, which exist at the reaction zone, are believed to be due to the stabilizing e�ect

of the hot viscous reaction zone, which creates and sustains regions of laminar-like

shear across it (Rehm and Clemens, 1998; Kothnur et al., 2002). This interpretation
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is supported by the insight that the swirling strength can provide. The �eld of intense

dissipation is observed to be characterized by the typical sheet-like structures, how-

ever, the source of dissipation is di�erent in di�erent regions of the �ame. Near the

reaction zone dissipation has a strong tendency to correspond to regions of intense

enstrophy. Both structures, in fact, are organized in large sheet-like forms that follow

the OH zones. Dissipation in this region is due to the laminar shear at the reaction

zone or, in other words, is due only to its solenoidal component (as described in the

previous chapter). Away from the reaction zone, dissipation is organized in more

compact sheet-like regions around vortical structures, in a con�guration that closely

follows the structure of the dissipation �eld in nonreacting turbulent �ows (Ganap-

athisubramani et al., 2008). In these regions, in fact, the most intense dissipation is

due to the e�ect of the mutual interaction of closely spaced vortical structures that

generate strong strain in regions of common in�uence. Dissipation in these regions is

dominated by the inhomogeneous component of dissipation.

The single-point statistical analysis of the characteristics of the �ow �eld that

was carried out in the current study did not reveal any peculiar characteristic of

these reacting turbulent �ows and most of the features were similar to equivalent

nonreacting turbulent �ows. The analysis of the spatial structure of the �ow, however,

showed signi�cant di�erences in these jet �ames as compared to nonreacting jets.

Possible reasons for the lack of heat release e�ects observed from the single point

statistical analysis are the following:

• Inadequacy of single-point statistics to properly capture the spatial features of

the �ow

• Reduced heat release e�ects resulting from global preheating of the reactant.

The far �eld of a turbulent jet �ame, in fact, would behave more as a hot

turbulent jet, even upstream of the �ame tip, because the temperature di�erence

between the reaction zone and the surrounding �uid is relatively low.
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6.5 A Simpli�ed Model of the Dilatation Field

The dilatation �eld and its interpretation was not as direct as for other quan-

tities. Dilatation was in fact rarely observed to correlate directly with the reaction

zone (OH zones); however, instances were observed where layers of strong positive

and negative dilatation were correlated with the reaction zone. Most of the time

dilatation was present in small-scale, spotty structures that encompass both regions

near the OH layer and regions in the core of the turbulent jet. These low-magnitude,

spotty regions of dilatation are thought to be due to convection and mixing of dif-

ferent density �uid rather than to the direct e�ect of volumetric expansion at the

reaction zone.

A simpli�ed model based on the work of Chen et al. (1991) was developed

to describes the structure and e�ects of the �ow features on the dilatation layers.

The mass continuity equation was used as the starting point of the model. The

model was developed assuming that a typical reaction zone could be modeled as a

steady, laminar opposed-like �ow feature. The model was also used to predict the

inner structure of the dilatation layer to explain some of the observations given in

the study. The analysis was supported by computations in a nonpremixed opposed

jet �ame and by further measurements in a nonpremixed laminar jet �ame. Within

a steady �ame assumption, the model reveals that the dilatation �eld is the result of

a strain �eld imposed across the reaction zone. In fact dilatation can exist under the

condition of alignment of the velocity and density gradient �elds. A straining velocity

�eld across the �ame generates the necessary density gradient to sustain a dilatation

layer.

6.6 Future Work

In the current work the approach of Hori and Sakakibara (2004) was applied

to the measurement of the 3C velocity �eld in a volumetric region in the far �eld of

nonpremixed jet �ames at di�erent Reynolds number and di�erent locations. The
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method relies on the assumption that Taylor's frozen �ow hypothesis (Taylor, 1938),

which relates temporal information to spatial information of convective structures,

holds. In incompressible turbulence there is a large body of work that has investigated

the validity and the limitations of Taylor's hypothesis (Heskestad, 1965; Wyngaard

and Cli�ord, 1968; Antonia et al., 1980a; Mi and Antonia, 1994; Hill, 1996), especially

under the conditions of free shear �ows and high turbulence �ows. Lee et al. (1994)

investigated the applicability of Taylor's hypothesis in compressible �ows. They found

it a good approximation to all velocity gradients and major kinematic quantities

except the dilatation. They argued that the dilatation that arises from compressibility

in compressible �ows is dominated by wave propagation mechanisms and therefore

can not be captured by Taylor's hypothesis which relies on a convective process.

Little or no work is available for reacting �ows. It would be bene�cial to

investigate the validity and the limitations of this hypothesis also in reacting �ows, in

particular in nonpremixed jet �ames similar to the �ames of the present investigation.

It would be instructive to perform a validation of the method following the approach

of Ganapathisubramani et al. (2007). They performed the same measurements as in

the current study in nonreacting turbulent jets (Ganapathisubramani et al., 2008) and

they also investigated the accuracy of Taylor's hypothesis in measuring the relevant

velocity gradients (Ganapathisubramani et al., 2007). They carried out temporally

and spatially resolved PIV measurements on a side plane of a turbulent jet and

compared the streamwise gradients computed from direct spatial di�erentiation and

from Taylor's hypothesis. It is also possible to carry out the same type of analysis

also in the reacting case. The PIV measurements would have to be complemented

also by a suitable reaction zone marker, such as the OH, to investigate the e�ect

of the instantaneous reaction zone on computing the local gradients using Taylor's

hypothesis. 10 Hz OH PLIF imaging combined with kilohertz PIV measurements

will be su�cient for the purpose. The same equipment, measurement technique and

a similar con�guration as the current study would be needed.

One of the limitations of the approach was that only a single OH PLIF image
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marking the reaction zone was available per time series of the velocity �eld (i.e., per

reconstructed volume). This prevented the extraction of more comprehensive infor-

mation on the reaction zone (such as the full 3D spatial structure and its orientation

in space) that would be required to perform a more detailed investigation of the �ow

�eld and its interaction with the reaction zone. An extension of the current work

would be to include time resolved imaging of the reaction zone with the cinemato-

graphic stereo PIV measurements. A more inexpensive improvement over the single

plane approach of the current measurements would be to include a second imaging

plane. In this respect two options can be considered. One option would be to include

a second PLIF system to (nearly) simultaneously image two planes displaced by a

small amount (say on the order of η); the second option would be to use a single PLIF

system with two imaging devices (two ICCD cameras) and pump the dye laser with

a double-pulsed laser to obtain on the same imaging plane two laser pulses (properly

delayed in time) that would provide a delayed representation of the instantaneous

reaction zone. Such measurements would add valuable insight into the instantaneous

spatial structure and orientation of the reaction zone with respect to the �ow �eld.

During the experimental phase of the study several datasets and �ow condi-

tions have been considered. A relatively large pool of velocity and OH PLIF imaging

are therefore available. The analysis of the results of the measurements has primarily

focused on the vorticity, dissipation and dilatation �elds and their relationship with

the instantaneous reaction zone. It was shown, for example, that, similar to many

other features of interest, the dilatation �eld is closely related to the strain �eld.

Moreover, the strain �eld has a strong in�uence on the features of the reaction zone.

However, the strain �eld was not investigated extensively and its relationship with the

reaction zone was not fully addressed. There are still many other topics that should

be explored. An ongoing e�ort based on these measurements is aimed toward a better

understanding of the strain �eld and its interaction with the reaction zone and other

kinematic features. The e�ect of the reaction zone on the strain �eld can further

address and extend the results of previous works solely based on 2D measurements
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(e.g., Rehm and Clemens (1999a); Donbar et al. (2001); Kothnur et al. (2002)).
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Appendix A

Laser-Induced Fluorescence

A.1 Introduction

Laser-Induced Fluorescence (LIF) is a spectroscopic technique that enables the

detection of chemical species present is trace amounts (ppm level). In combustion

studies radical species such as OH and CH or pollutant species like NO are often of

interest.

LIF is comprised of two stages: an absorption followed by spontaneous emis-

sion (�uorescence) from an excited state (Eckbreth, 1996). Typically LIF is carried

out between electronic states rather than between vibrational states. Given a sought

chemical species, as for example the OH radical, a rovibronic transition is selected

to excite the species from the ground electronic state to an upper excited electronic

state. Excitation is induced by absorption of radiation at the resonance wavelength

speci�c of the selected transition. For typical species in combustion the absorption

wavelength is in the UV-visible range. After some time over which the excited species

might relax to di�erent vibrational states in the upper electronic state, spontaneous

emission from the excited upper electronic state follows. LIF can be made quantita-

tive by selectively choosing and monitoring absorption/emission between two selected

rovibronic states.

LIF can be directly used for species concentration measurements or it can be

used for temperature or pressure measurements. The technique was �rst developed

and it is extensively used (Eckbreth, 1996) as a point measurement technique but,

owing to the improvement in laser and imaging techniques and instrumentation, it

then evolved into a planar imaging technique where the local concentration of the
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probed chemical species is measured or simply visualized on a single plane (Aldén

et al., 1982; Dyer and Crosley, 1982; Kychako� et al., 1982; Hanson, 1986; Hanson

et al., 1990). In the latter case the technique is referred to as planar laser-induced

�uorescence (PLIF).

In the study current OH PLIF is carried out to image the spatial distribution

of the OH radical on the stereo PIV imaging plane. The OH PLIF imaging is

not meant to be quantitative and is primarily used as an approximate marker of

the instantaneous reaction zone. In this section a brief description of the technique

and some considerations on the experimental approach followed are presented. This

discussion includes the analysis of a two-level system used to model the process. The

model shows the relation between the detected PLIF signal, the local OH molar

fraction and the local temperature. The following description is not meant to be

exhaustive. A complete description of the technique can be found in the reference

book of (Eckbreth, 1996) or the review by (Daily, 1997).

A.2 Two-level Model

In the current study the Q1(10) line at 284.3895 nm of the A2Σ+ (v′ = 1) ←

X2Π (v′′ = 0) electronic transition was selected. This transition was adopted since it

is found to have a week sensitivity to temperature giving acceptable linearity between

LIF signal and OH mole fraction. After pumping the selected transition, broadband

collection of �uorescence emitted from the whole upper excited state to all lower states

was appropriately detected. In this section the details on the e�ect of temperature

and composition on the LIF signal are presented in order to motivate the selection

of this line. In order to simplify the analysis, a simple two-level model is applied to

describe this this excitation/collection scheme.

Figure A.1 shows the energy level diagram for a two-level model of LIF. This

model is appropriate for atomic species and certain molecular components where the

rotational level manifolds (i.e., the system of rotational levels in a given vibrational
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Figure A.1: Two-level energy diagram for LIF modeling.
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level) are thermally equilibrated or fully frozen (Eckbreth, 1996). This model also ne-

glects vibrational electronic transfer (VET) between vibrational electronic states. Un-

der normal conditions VET predominantly occurs downward. The excitation schemes

used in the study is designed to pump the v′′ = 0 vibrational level of the ground state

X2Π to the v′ = 1 vibrational level of the �rst excited electronic state A2Σ+, VET

could occur between the A2Σ+ (v = 1) and A2Σ+ (v = 0) (Paul, 1995). The detection

scheme is designed to detect broadband emission from the upper states to the lower

ground electronic state. Any �uorescence from lower vibrational levels of A2Σ+ would

therefore be collected and the results should be independent from the distribution of

the upper electronic state. Therefore, this energy transfer is neglected to simplify the

analysis and the model.

The two-level model indicated in Figure A.1 is adapted from and follows the

nomenclature of Eckbreth (1996). The lower state is indicated by the subscript 1

and the upper state by the subscript 2. In this two-level model, if predissociation and

photoionization are neglected (P andW2i are the predissociation and photoionization

rate constants, respectively), the LIF signal Sf in the linear regime can be shown to

depend on the following quantities (neglecting line shape e�ects) (Eckbreth, 1996):

Sf ∼ nOHfB,1B12
A21

A21 +Q21

Iν (A.1)

where nOH is the OH number density; B12 and B21 are the absorption and stimulated

emission coe�cients, respectively; A21 is the spontaneous emission coe�cient; Q21 is

the collisional quenching rate; Iν is the incident laser irradiance. fB,1 is the Boltzmann

population fraction of the lower electronic (pumped) state. Eq. (A.1) is written in

the limit of the linear regime, where the LIF signal Sf depends linearly on the laser

irradiance Iν . Often in combustion it is also found that A21 � Q21; therefore for

quenching dominated LIF Eq. (A.1) is written as:

Sf ∼ nOHfB,1B12
A21

Q21

Iν (A.2)

The OH number density nOH can also be rewritten invoking the ideal gas law as:

nOH =
pOH
kT
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where pOH is the partial pressure of OH

pOH = χOH
p

kT

T is the temperature and k is the Boltzmann constant.

For a thermalized system the Boltzmann population fraction of the lower elec-

tronic (pumped) state can be written as:

fB,1 =
g (n, v, J) e−

hcE(n,v,J)
kT

Qtot

(A.3)

with g (n, v, J) is the degeneracy of the particular (n, v, J) rovibronic electronic state

(n, v, and J are the quantum numbers for the electronic, vibrational and rotational

state, respectively); E (n, v, J) is the energy of the (n, v, J) state and Qtot is the total

partition function. In general fB,1 is a function only of temperature.

Since LIF in the linear regime is quenching dominated, exact knowledge of the

quenching rate constant is required in order to make quantitative measurement of

the probe chemical species. In general the quenching rate depends on the collisional

quenching partners and their energy. Therefore quenching rates are in general de-

pendant on the chemical composition and temperature. To make exact quantitative

measurements it is therefore required to estimate the local composition and temper-

ature. Even though in this study we don't gain quantitative information from the

OH PLIF, it is instructive to investigate the e�ect of quenching on the detected LIF

signal in order to properly interpret the results.

The collisional quenching rateQ21 is the total contribution of collisional quench-

ing of the probed chemical species (in this case OH) with all other collisional partners

in the probe volume (Eckbreth, 1996). Therefore it can be written as the sum of the

contribution of each individual collisional partner:

Q21 =
∑
i

niσ̂i 〈vi〉 (A.4)

where ni is the number density of the i − th collisional partner, σ̂i is the collisional

cross-section (averaged over all rotational levels) and 〈vi〉 is the mean relative speed,
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〈vi〉 =
(

8kT
πµi

)1/2

, µi is the reduced mass
(
µi = mimo

mi+mo

)
, mi is the mass of the i − th

collisional partner and mo is the mass of the probed species (in this case OH radical).

The number density of the i− th species can be written in terms of the molar fraction

of the i− th species χi as:

ni = χi
p

kT
(A.5)

The total quenching rate can therefore be written as:

Q21 =
p

kT

∑
i

χiσ̂i

(
8kT

πµi

)1/2

or

Q21 =

(
8

π

)1/2
p

(kT )
1/2

∑
i

χiσ̂iµ
−1/2
i (A.6)

The LIF signal can therefore be written as:

Sf ∼
χOHfB,1(

8kT
π

)1/2∑
i χiσ̂iµ

−1/2
i

B12A21Iν (A.7)

In Eq. (A.7) the absorption coe�cient B12, the spontaneous emission coe�cient A21

and the laser irradiance Iν are constants. The Boltzmann population fraction depends

only on temperature. Therefore the LIF signal in the linear regime for the two-level

model depends solely on temperature and local composition. Moreover, if the local

composition is constant, the LIF signal depends only on temperature. Note that in

this case the e�ect of temperature results from the Boltzmann population fraction but

also from the collisional quenching through the T−1/2 term. Note also that the LIF

signal is linear with respect to the OH molar fraction. Considering the bene�ts that

a linear relation between LIF signal and OH mole fraction would o�er, this simple

model is used to assess the e�ect of temperature and collisional quenching on the

linearity of the signal.

In the case where chemical reactions occur, such as in combustion studies, the

local instantaneous chemical composition changes in time and space and, in general,

depends upon the level at which chemical reaction has progressed. This also means
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that in general the e�ect of composition depends on the particular fuel (or fuel mix-

ture) used in the �ame. If accurate quantitative measurement of the probed chemical

species need to be carried out, it is therefore clear that the e�ect of instantaneous

local temperature and composition need to be accounted for.

In this work OH PLIF is adopted only to approximately mark the reaction

zone and the local instantaneous temperature and composition is not known. How-

ever, it is important to estimate what would be the e�ect of local composition and

temperature on the detected PLIF signal in order to properly interpret the results. In

order to address this issue, we therefore need to �nd a description of the Boltzmann

population fraction, �nd data on quenching cross-sections, and estimate the range of

local composition and temperature. In the next sections these issues will be covered.

A.3 Boltzmann Population Fraction

The general form of the Boltzmann population fraction can be written as:

fB (n, v, J, T ) =
g (n, v, J) e−

hcE(n,v,J)
kT

Qtot

(A.8)

where, as de�ned before, g (n, v, J) is the degeneracy of the particular (n, v, J) rovi-

bronic state (n, v, and J are the quantum numbers for the electronic, vibrational and

rotational state, respectively); E (n, v, J) is the energy of the (n, v, J) state and Qtot

is the total partition function. fB (n, v, J, T ) indicates the fraction of molecules (or

atoms) of the chemical species under investigation that are in the (n, v, J) rovibronic

state. For a system in local thermal equilibrium this fraction is a function only of the

local temperature.

Note that the relevant Boltzmann population fraction in the LIF signal equa-

tion of Eq. (A.7), fB,1, is the Boltzmann population fraction of the lower (pumped

state). Therefore it is the population fraction of the OH radical in the electronic

ground state (n′′ = 0), vibrational state v′′ = 0 and rotational level J ′′ (not selected

at this point). In other words, in the present study it is the Boltzmann population

fraction of X2Π (v′′ = 0, J ′′) of the OH radical.
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Following the nomenclature of Hund's case (b) (Banwell and McCash, 1994;

Brown, 1998), the OH X2Π electronic state is characterized by a spin angular momen-

tum quantum number S = 1/2 and an orbital angular momentum quantum number

Λ = 1. In general the total angular momentum quantum number apart from spin N

is written as:

N = Λ, Λ + 1, Λ + 2, ...

and the total angular momentum quantum number J is written as (for the spin-split

states):

J = N + S, N + S − 1, ..., |N − S|

In our case we have S = 1/2 and Λ = 1 therefore:

N = 1, 2, ...

and

J = N +
1

2
, N − 1

2

Note that in this form the Λ-doubling of the X2Π state is neglected but the spin

splitting is accounted for. The Boltzmann population fraction is therefore modi�ed

to re�ect the spin splitting as:

fB (n, v,N, J, T ) =
g (n, v,N, J) e−

hcE(n,v,N,J)
kT

Qtot

(A.9)

The Boltzmann population fraction is de�ned as the ratio of the population

in a given rovibronic electronic state N (n, v,N, J) and the total population Ntot (the

dependence on temperature is suppressed to maintain a more compact form):

fB (n, v,N, J) =
N(n, v,N, J)

Ntot

Therefore the Boltzmann population fraction, neglecting Λ-doubling, in a particular

rovibronic (n, v,N, J) state can be decomposed as the product of the population
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fraction in each independent electronic, vibrational and spin-split rotational state as

follows:

fB (n, v,N, J) =
N(n, v,N, J)

N (n, v,N)

N (n, v,N)

N (n, v)

N (n, v)

N (n)

N (n)

Ntot

(A.10)

where N (·) indicates the population in the particular state. Each ratio in Eq. (A.10)

is interpreted as follows. The fraction of the total population in the n electronic state

is given by:
N (n)

Ntot

=
(2S + 1) e{−

hcTe(n)
kT }

Qelec

where gn = 2S + 1 is interpreted as the degeneracy of the electronic state. The

fraction of the population in vibrational level v within the electronic level n is given

by:
N (n, v)

N (n)
=
gve
{−hcG(v)

kT }

Qvib

gv is the degeneracy of the vibrational state and it is usually taken to be gv = 1. The

fraction of population with total angular momentum quantum number (apart from

spin) N within the vibro-electronic level (n, v) is given by:

N (n, v,N)

N (n, v)
=

(2N + 1)E{−
hcF (N)
kT }

Qrot

The fraction of the population with (spin-split) total angular momentum quantum

number J within the vibro-electronic level (n, v,N) is given by:

N (n, v,N, J)

N (n, v,N)
=

2J + 1

(2N + 1) (2S + 1)

The terms Qelec, Qvib and Qrot are the electronic, vibrational and rotational parti-

tion functions, respectively, and are de�ned as the summation of the corresponding

population fraction over all corresponding levels, therefore:

Qelec =
∑
n

(2S + 1) e{−
hcTe(n)
kT }

Qvib =
∑
v

e{−
hcG(v)
kT }
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Electronic state n = 0 n = 1

Te (n), cm−1 0 32,683.7

Table A.1: Summary of electronic energy levels of OH radicals

Qrot =
∑
N

(2N + 1)E{−
hcF (N)
kT }

Finally, Te (n) is the energy of the n-th electronic state (hcTe (n) is actually the energy

of the electronic state, Te (n) is in reality an energy expressed in terms of equivalent

units of �wavenumber�); G (v) is the energy of the vibrational level v; F (N) is the

energy of the spin-splitted rotational level N . h and c are the Planck's constant and

speed of light, respectively. Putting all terms together the Boltzmann population

fraction in the (n, v,N, J) level is then �nally written as:

fB (n, v,N, J) =
(2J + 1) e{−

hc
kT

[Te(n)+G(v)+F (N)]}

QelecQvibQrot

(A.11)

At this point we have to �nd the proper expressions for the electronic, vi-

brational and rotational energy levels. Starting from the electronic energy levels,

usually only the �rst few electronic states are needed (Banwell and McCash, 1994).

The energy of the ground and �rst electronic states of the OH radical is summarized

in Tables (A.1). The electronic energy separation for higher electronic levels is so

large that at combustion temperatures no population is found in these states and are

therefore neglected.

The energy levels for the vibrational level v are written as (Lucht et al., 1978;

Banwell and McCash, 1994):

G (v) = ωe

(
v +

1

2

)
− ωexe

(
v +

1

2

)2

+

+ ωeye

(
v +

1

2

)3

− ωeze
(
v +

1

2

)4

+ ... (A.12)

The spectroscopic constants for the OH X2Π and A2Σ+ states are summarized in

Table A.2 (Luque and Crosley, 1998). In most cases only the �rst two terms need
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X2Π A2Σ+

ωe, cm−1 3737.7941 3178.3554

−ωexe, cm−1 -84.91456 -92.68141

ωeye, cm−1 0.558406 1.77305

−ωeze, cm−1 -0.0259739 0.307923

Table A.2: Summary of spectroscopic constants for the vibrational energy levels of
the X2Π and A2Σ+ electronic states of the OH radical (Luque and Crosley, 1998).

to be included since the high order correction terms become important only at high

vibrational quantum numbers.

The particular analytical form for the energy of the spin-split rotational level

is not unique but depends on the details of the molecule being considered and the

coupling between the electronic and the angular momentum. The spin-split rotational

energy levels for a doublet state such as the X2Π electronic state of OH in the

limit of Hund's case (b) are written as follows (Hill and Van Vleck, 1928; Dieke and

Crosswhite, 1961; Lucht et al., 1978):

for J = N +
1

2
,

F1 (N) =Bv

{
(N + 1)2 − Λ2 − 1

2

√
4 (N + 1)2 +

A

Bv

(
A

Bv

− 4

)
Λ2

}
+

−DvN
2 (N + 1)2

for J = N − 1

2
,

F2 (N) =Bv

{
N2 − Λ2 +

1

2

√
4N2 +

A

Bv

(
A

Bv

− 4

)
Λ2

}
+

−DvN
2 (N + 1)2

The spectroscopic constants A, Bv and Dv are in general a function of the vibrational

level. A is found to be a weak function of the vibrational level and it is assumed here

to be a constant. The constant Bv and Dv are, instead a function of the vibrational
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X2Π A2Σ+

A, cm−1 139.73 -

Be, cm−1 18.89638 17.38922

−αe, cm−1 -0.725042 -0.858139

De, cm−1 0.001932 0.002082

Table A.3: Summary of spectroscopic constants for the spin-splitted rotational energy
levels of the X2Π and A2Σ+ electronic states of the OH radical (Luque and Crosley,
1998).

level and are generally written as:

Bv = Be − αe
(
v +

1

2

)
+ γe

(
v +

1

2

)2

+ ...

Dv = De + βe

(
v − 1

2

)
+ ...

where the subscript e indicates a constant independent of vibrational level. Moreover,

the spectroscopic constant De can be written in terms of Be and ωe as (Brown, 1998):

De =
4B3

e

ω2
e

The dependence on vibrational quantum number of Dv is however very weak and it

is seen also for very precise measurements. Therefore Dv is taken to be constant and

simply equal to De. The spectroscopic constants for the spin-split rotational levels of

X2Π and A2Σ+ of the OH radical are summarized in Table A.3.

A.4 Collisional Quenching Cross-Sections

To conclude the analysis of the LIF measurements we need to �nd a closure

to the collisional quenching as expressed in Eq. A.6 by �nding data on the quenching

cross-sections σ̂i. They represent the collisional quenching cross-sections between the

probed chemical species (in this case OH) and any other collisional partner present in

the probe volume. In general σ̂i can be a function of temperature and the rovibronic
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state of the probed species. For the most common radical species in combustion, such

as OH, CH and NO, work has been done toward estimating σ̂i. Focusing on the OH

radical, the extensive work of Paul (Paul et al., 1994; Paul, 1994; Paul et al., 1995;

Paul, 1995) provides details on the temperature e�ect and experimental measurements

of collisional quenching in the temperature range characteristic of combustion studies

(1, 000 − 2, 500 K) and with the most common major species present in �ames, such

as CH4, H2, N2, O2, H2O, CO, CO2, CH, OH, NO, NO2, H, C, C3H8, N , O. Most

of the available work on the OH radical focuses on the quenching of the A2Σ+ (v′ = 0)

vibrational electronic system in the temperature range characteristic of hydrocarbon

�ames. Collisional cross-sections have some dependence on the particular rotational

level, but we are concerned with thermally averaged cross-sections and most of the

measurements are therefore presented as quenching cross-sections thermally averaged

over all possible rotational levels (Paul, 1994). Little work has been done to carry out

the same measurements on the A2Σ+ (v′ = 1) vibrational electronic system, especially

at high temperature (Paul, 1995; Lester et al., 1997). Supported by the limited

experimental data of Paul (1995) on a few selected collision partners, typically it is

assumed that the collisional quenching cross-sections of the higher vibrational levels

are the same as for the lower level (Paul, 1994, 1995). Finally, the e�ect of temperature

on the quenching cross-sections in the temperature range of existence of the OH

radical (above 1, 300 K) in typical laboratory �ames is found to be weak (Paul, 1994;

Paul et al., 1994). Therefore the e�ect of temperature on cross-sections is neglected in

this study and the high temperature limit values are used. The collisional quenching

cross-section of OH with any other major species present in typical hydrocarbon

�ames for the A2Σ+ (v′ = 0) and when available the A2Σ+ (v′ = 1) systems in the

high temperature limit are summarized in Table A.4.

A.5 Chemistry Model

A chemistry model is required in order to estimate the chemical composition

that is needed to compute quenching. In nonpremixed combustion a state relation
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Cross-sections,
◦
A

2 Molecular
Weight, au

Reduced
Mass,
×1026kg

A2Σ+ (v′ = 0) A2Σ+ (v′ = 1)

CH4 13.68 - 16.0428 1.371

H2 4.24 - 2.0159 0.2993

N2 0.35 0.595 28.0134 1.757

O2 8.00 7.97 31.9988 1.844

H2O 17.87 - 18.0153 1.453

CO 12.30 10.75 28.0104 1.757

CO2 11.87 12.5 44.0098 2.037

CH - - 13.0189 1.224

OH 20.00 - 17.0073 1.412

NO 27.24 28.75 30.0061 1.802

NO2 0.00 - 46.0055 2.062

H 14.29 - 1.0079 0.1580

C - - 12.011 1.169

C3H8 - - 44.0965 2.038

N - - 14.0067 1.275

O 13.96 - 15.9994 1.369

Table A.4: Summary of the collisional quenching cross-section ofOH with other major
species present in typical hydrocarbon �ames for the A2Σ+ (v′ = 0) and A2Σ+ (v′ = 1)
systems in the high temperature limit. Data are compiled from Paul (1994), Paul
et al. (1994), Paul (1995), and Tamura et al. (1998). The reduced mass is computed
relative to the OH molecular mass.
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can often be assumed between a single state variable, mixture fraction ξ, and any

other variables, such as temperature T , density ρ or the molar fraction of any chemical

species occurring during combustion, χi. The state relation can be derived by applying

a suitable chemistry model, such as equilibrium composition or a strained laminar

�ame model. In this study a strained �ame model is derived from solving for the

�ow and chemistry of a strained steady laminar opposed nonpremixed jet �ame.

The calculations have been carried out using the numerical code Cantera. For the

calculations a strained opposed jet nonpremixed �ame con�guration was assumed. A

strain rate equivalent to the outer-scale strain rate of the nonpremixed �ame being

investigated (about 200 s−1 for the Reo = 8, 000 jet �ame) was imposed. The fuel

composition was set to be the DLR fuel mixture used in the study. Here only the

results relevant to the goal of this Appendix will be presented.

Following this approach a relationship between temperature and the molar

fraction of any other chemical component can be constructed. An example of the

state relation between temperature and mass fraction of a few selected chemical

species important in the quenching of OH are shown in Figure A.2. These chem-

ical species have been selected because they are present in high concentration and are

characterized by large quenching cross-section values, therefore greatly quenching the

OH. Note also that the state relation is not necessarily singled-valued, resulting in

multi-valued quenching rates as a function of temperature.

A.6 Linearity Assessment between LIF Signal and OH Mole

Fraction

The two-level model of LIF and the chemistry model introduced above are

�nally applied to simulate the LIF signal for the fuel mixture used in the study. The

temperature and composition are given by the applied chemistry model. The lower

and upper vibrational electronic states are preselected, as described above, to be the

X2Π and A2Σ+, respectively. The rotational state of the lower state is therefore the

only parameter. The LIF signal is computed as a function of OH mole fraction for
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(a) (b)

(c) (d)

Figure A.2: Example of the state relation between temperature and selected chemical
species important in the quenching of OH. (a) CH4 (b) O2 (c) CO2 (d) H2O.
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di�erent rotational quantum number N ′′. The dependence of Sf on temperature for

each rotational level can therefore be addressed and the optimal rotational line can

be selected.

Figure A.3 shows the LIF signal Sf as a function of OH molar fraction χOH

for rotational quantum number N ′′ = 6, 8, 10 and 12 with J ′′ = N ′′ + 1/2. Similar

trends are obtained for J ′′ = N ′′−1/2. The results are shown for a strained �ame with

characteristic strain rate of 200 s−1. Although the speci�c results have been obtained

using a rather simpli�ed chemistry model and is a particular of fuel mixture, it is

believed that the trends are general. In general it is observed that for a reacting

�ow Sf is not a unique function of χOH . This is a direct result of the multi-valued

nature of the state relation between mixture fraction, and χi or T that produces the

multi-valued relation seen in Figure A.2 and that ultimately produces a multi-valued

relation between collisional quenching and temperature.

In Figure A.3 the part of the curve corresponding to the fuel lean and fuel rich

side of the state relation are indicated separately to emphasize the inner structure of

the reaction zone. The fuel rich side of the curve is seen to scale linearly with χOH

for all the rotational levels considered (N ′′ < 20) whereas the fuel lean side of the

curve show large departure from linearity for N ′′ < 10. Variation from linearity for

di�erent N ′′ is shown in Figure A.4 as an rms percentage deviation. The deviation

from linearity was computed only for the part of the curve where χOH is larger than

10% of the maximum observed χOH . Figure A.4(a) shows the deviation from linearity

for the fuel rich and fuel lean sides separately, whereas Figure A.4(b) shows the overall

deviation from linearity. The rotational level that shows the best linearity between

Sf and χOH is around N ′′ = 11−12 (independent of the selected spin-split state) and

the percentage rms deviation from linearity is about 4%. The most used rotational

lines are the N ′′ = 6, 8 and 10. Large departures from linearity are observed for the

N ′′ = 6 line (%rms of about 25%) and for the N ′′ = 8 line (%rms of about 18%). In

this study the rotational level N ′′ = 10 is used with a %rms deviation of about 8%.

The e�ect of the strain rate on the relation between Sf and χOH and the
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(a)

(b)

Figure A.4: Deviation from linearity (rms % variation) for di�erent rotational quan-
tum number N ′′ of the lower state of OH X2Π (v′′ = 0) with J ′′ = N ′′ + 1/2 and
J ′′ = N ′′ − 1/2, and 1 ≤ N ′′ ≤ 20. (a) Linearity error for the fuel lean and fuel rich
side of the curve; (b) overall deviation from linearity.
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resulting linearity are shown in Figure A.5 and A.6, respectively, for a strain rate of

50 s−1 and 500 s−1 for the N ′′ = 10, J ′′ = N ′′ + 1/2 rotational level. Along with the

results of Figure A.3 and A.4 we can conclude that, within the approximations of the

o�ered model, the N ′′ = 11 rotational level is the least sensitive to temperature and

composition changes for the range of strain rates considered in the analysis, resulting

in good linearity (on the order of 10% rms) between Sf and χOH . The strain rate is

seen to a�ect Sf for rotational levels N ′′ < 9− 10. For N ′′ = 10 the linearity between

Sf and χOH is less than 8% across the range of strain rates considered. However for

N ′′ = 6 deviation from linearity is on the order of 30%.

The bene�t of having good linearity between Sf and χOH at N ′′ = 11 (or in

general at large N ′′) comes, however, with a loss in LIF signal. As it can be inferred

from Figure A.3 the maximum LIF signal decreases as N ′′ increases. This is shown

more systematically in Figure A.7 where the maximum expected LIF signal Sf,max

is plotted as a function of N ′′ for a strain rate of 200 s−1 and 500 s−1. Sf,max is

seen to peak at low N ′′ (around N ′′ = 5 − 7) and it quickly rolls o� at larger N ′′.

At N ′′ = 10 Sf,max already drops by a factor of 2. Therefore, even though linearity

between Sf and χOH is gained at larger N ′′, the overall LIF signal is lost. The choice

of the optimal N ′′ is a compromise between linearity in the detected signal and overall

signal strength. In the present study the N ′′ = 10 rotational level has been selected

as a compromise between linearity and LIF signal strength. From the results of this

simpli�ed analysis it is expected that the detected LIF signal should be linear with

χOH to within 10% for the conditions of the present experiment.
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(a)

(b)

Figure A.5: E�ect of strain rate on Sf versus χOH for N ′′ = 10 and J ′′ = N ′′ + 1/2.
(a) Strain rate 50 s−1; (b) Strain rate 500 s−1.
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(a)

(b)

Figure A.6: E�ect of strain rate on the linearity between Sf and χOH for di�erent
rotational quantum number N ′′ of the lower state of OH X2Π (v′′ = 0) with J ′′ =
N ′′+ 1/2 and J ′′ = N ′′− 1/2, and 1 ≤ N ′′ ≤ 20. (a) Strain rate 50 s−1; (b) Strain rate
500 s−1.
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(a)

(b)

Figure A.7: Expected maximum LIF signal Sf (at peak χOH) for di�erent rotational
quantum number N ′′ of the lower state of OH X2Π (v′′ = 0) with J ′′ = N ′′ + 1/2 and
J ′′ = N ′′ − 1/2, and 1 ≤ N ′′ ≤ 20. (a) Strain rate 200 s−1; (b) Strain rate 500 s−1.
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Appendix B

Power Density Spectrum Calculation

This section is a brief introduction to the computation of the power density

spectrum (or simply power spectrum). This approach is followed in the computation

of the energy and dissipation spectra presented in this study. The following scheme

is adapted from (Oppenheim and Schafer, 1999; Press et al., 1992). Note that in

this work the term power spectrum and energy spectrum are used interchangeably

although in the context of the present work the proper computed spectral quantity

is an energy. The computations have been performed using the MATLAB numerical

package (MathWorks, 2007). Two di�erent approaches are introduced that can be

followed to compute the power density spectrum: using the DFT or using the auto-

correlation function. The second approach is then extended to the case where two

simultaneous redundant measurements are available and can be used to estimate the

power spectrum from the crosscorrelation function of the two measurement. This last

approach is adopted to mitigate the e�ect of measurement noise on the computation

of the power spectrum.

B.1 Power Density Spectrum Computation Using DFT

Consider a generic continuous time-dependant function u (t) sampled at a con-

stant sampling frequency fs on a �nite time-length T . The sampling process can be

modeled mathematically as a multiplication of the continuous time-dependant func-

tion u (t) by a pulse train of Dirac delta functions δ (t− n∆t) where ∆t = 1
fs
:

un = u (t) δ (t− n∆t)
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The resulting sampled and discretized function can be thought of as a �nite-length

sequence un of length L. The power density spectrum of u (t) is estimated from the

power density spectrum of the sequence un. In the continuous time domain the power

density spectrum is de�ned in terms of the Fourier Transform. In the discrete time

domain, the Fourier Transform of a discrete and �nite-length sequence is replaced by

the Discrete Fourier Transform that is numerically computed using the Fast Fourier

Transform algorithm. Therefore, the power density spectrum of un is computed in

terms of the N − th order Discrete Fourier Transform (DFT) approximation. Let Uk

be the DFT of un:

Uk = DFT {un}

Mathematically this is written as (ι =
√
−1)

Uk =
L−1∑
n=0

une
−2πι n

L
k

where Uk are computed at the discrete radian frequencies ωk (measured in rad/s):

ωk =
2π

N∆t
k

where k = 0, 1, . . . , N−1. Alternatively the angular frequency can be substituted by

the cyclical frequency fk = 1
N∆t

k or fk = ωk
2π

(measured in 1/s or Hz). Since un is real

the resulting Uk will be symmetric; since un is discrete, its DFT Uk will be periodic

with a period equivalent to the sampling frequency fs (alternatively the sampling

radian frequency ωs = 2πfs). Therefore the resulting Uk will be meaningful only up to

ω = ωc, where ωc is the Nyquist angular frequency de�ned as ωc = 1
2
ωs = 1

2
2π
∆t

= πfs,

i.e., half the the sampling angular frequency ωs.

The (�two-sided�) power density spectrum is then written in terms of the DFT

of un as

Sk =
1

ωsL
UkU

∗
k =

1

ωsL
|Uk|2

where U∗k is the complex conjugate of Uk. Normalization by ωs is required so that

Sk is measured as energy per unit angular frequency. For example, if un is a velocity
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(measured in m/s), Sk is measured as
m2/s2

rad/s
. Using the symmetry properties of the

DFT, the power spectrum is typically written only for k = 0, 1, . . . , N
2
. Therefore,

the power density spectrum is modi�ed and written as:

Sk =



1
ωsL
|U0|2 , k = 0

2 1
ωsL
|Uk|2 , 1 ≤ k ≤ N

2
− 1

1
ωsL

∣∣UN/2∣∣2 , k = N
2

The power density spectrum de�ned in this way is typically referred to as �one-sided�

power density spectrum.

This de�nition of the power density spectrum is such that the following con-

dition (following Parseval's theorem) is satis�ed:

N
2∑

k=0

Sk∆ω =
1

L

L−1∑
n=0

u2
n

i.e., the integral of the power density spectrum (written as an energy per unit fre-

quency) is equal to the root-mean square of the velocity un or twice the average of

the kinetic energy (hence the term energy spectrum). ∆ω is the spacing between

frequency bins, or simply ∆ω = 2πfs
N

.

In order to remove artifacts in the power density spectrum due to the �nite

length of the sample, the original signal un has to be properly windowed. Therefore

before computing the power density spectrum the discrete signal un is windowed with

a properly shaped window wn of length L. The e�ect of windowing will inevitably

alter the energy content of the signal, biasing the power density spectrum. This bias

of the power density spectrum is removed by introducing the weighting factor B =

1
L

∑L−1
n=0 w

2
n . Considering windowing, the de�nition of the power density spectrum of

un is therefore modi�ed as follow:

Sk =
1

ωsLB
|Vk|2
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where Vk is the DFT of the windowed signal un according to:

Vk =
L−1∑
n=0

unwne
−2πι n

L
k

Windows such as Hanning or Hamming windows are typically used. Note that a

rectangular window is equivalent to the un-windowed signal and will lead to a non-

ideal computation of the power density spectrum.

The periodicity of the DFT results in the well known folding and aliasing

e�ect. When the natural frequency content of un has components above the Nyquist

frequency, owing to the periodicity of Uk, these frequency components are folded

back and added to the content of lower frequencies, altering the energy content of

the signal (seen as a distortion of the power density spectrum at high frequencies)

and preventing the accurate reconstruction of the original signal from its sampled

counterpart by introducing distortion. For non-bandlimited continuous-time signals

u (t) aliasing can be avoided by applying an anti-aliasing �lter to u (t) before sampling.

The anti-aliasing �lter needs to be designed such that its cut-o� frequency is below

the Nyquist frequency. Failing to do so will result in an inevitably unrecoverable

aliased sequence and can potentially lead to erroneous interpretation of the results.

Typically, an anti-aliasing �lter is always applied before sampling any continuous-time

signal, as for example it is routinely done with hotwire velocimetry measurements in

�uid mechanics experimental studies. Note, however, that measurement techniques

that inherently generate discretized measurements are inevitably aliased. Any pulsed

laser-based technique (e.g. kHz Rayleigh thermometry or LIF species concentration

measurements) or any planar digital imaging-based measurement technique fall into

this category. This is particularly true for Particle Image Velocimetry (PIV) where the

velocity �eld is extracted from the displacement of seeded particles averaged over an

interrogation area. This technique provides the two- or three-component velocity �eld

on a plane. Cinematographic imaging techniques enable then to generate a discrete-

time series of such planar velocity measurements. This technique, being based on

digital imaging, inherently does not allow for anti-aliasing �ltering before sampling.
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This type of measurement is therefore potentially a�ected by aliasing. However,

the details of the e�ect of aliasing on cinematographic PIV measurements and their

interpretation is still an open area of investigation.

B.2 Power Density Spectrum Computation Using Autocorre-

lation and Crosscorrelation Functions

A second approach to compute the power density spectrum is to use the

relationship between the autocorrelation and power density spectrum. Given the

continuous-time function u (t) as de�ned above the autocorrelation function Ruu is

de�ned as:

Ruu (τ) = 〈u (t)u (t− τ)〉

where τ is the time-lag such that −T ≤ τ ≤ T . It can be shown that the autocor-

relation function is related to the power density spectrum of u (t) by the following

relation:

S (ω) = F {Ruu (τ)}

A similar approach can be followed in the discrete time domain. The au-

tocorrelation function for the sequence un of length L can be similarly be written

as:

Ruu [m] =
1

L

L−1∑
n=0

unun−m

with m = 0, 1, . . . , 2L− 1. The two-sided power spectrum of un is then estimated

as:

Sk =
1

ωsL
DFT {Ruu [m]}

for k = 0, 1, . . . , 2L − 1 over the range of frequency ωk as de�ned previously.

Note that since un is a real valued sequence, Ruu [m] and Sk will be even symmetric

functions. Therefore the equivalent one-sided power spectrum is generally written, as

was done previously, as:

Sk =
2

ωsL
DFT {Ruu [m]}
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for k = 0, 1, . . . , L − 1. Note also that the normalization factor is consistent with

the result of the previous approach to compute the power density spectrum.

This second approach can also be adapted to compute Sk from a set of two

redundant measurements as an alternative to control noise propagation. Panda and

Seasholtz (2002) and Wang et al. (2008) used this approach to compute power density

spectra from two-point redundant measurements of velocity using LDV and temper-

ature using Rayleigh thermometry, respectively. The idea is that the intrinsic noise

of any measurement that can potentially mask the high-frequencies part of the power

spectrum can be mitigated by computing the power spectrum by cross-correlating

two simultaneous redundant measurements. If the noise in the two measurements is

uncorrelated, the e�ect of cross-correlation is to suppress the noise while preserving

the features present in the system.

Assume that two independent but simultaneous measurements of a quantity u

are available. Let u(1)
n and u(2)

n be the sequences of the two redundant measurements.

Similar to the autocorrelation sequence, the cross-correlation sequence can be written

as:

Ru(1)u(2) [m] =
1

L

L−1∑
n=0

u(1)
n u

(2)
n−m

with m = 0, 1, . . . , 2L − 1. The one-sided power spectrum can then be estimated

as:

Sk =
2

ωsL
DFT {Ru(1)u(2) [m]}

for k = 0, 1, . . . , L− 1.
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Appendix C

Optimal Filter Design

C.1 Introduction

In this section the idea of optimal �ltering and the details of the �ltering

strategy used in this study are introduced and discussed. The idea is to construct an

optimal �lter to apply to the PIV velocity measurements in order to extract correct

information without altering the quality and the information content of the data. In

the present study, time-series of spatially resolved, planar, three-component velocity

measurements are generated from which all nine spatial gradients are computed after

invoking Taylor's frozen �ow hypothesis. Such measurements are inherently a�ected

by random noise. Typically, noise is assumed to be random and additive. Noise

directly a�ects the measured quantity but, most importantly, it greatly a�ects the

computation of gradients and all derived quantities. Di�erentiation can in fact be

seen as a noise-enhancing, high-pass �ltering operation.

The e�ect of �nite spatial resolution, spatial averaging and noise on the esti-

mation of velocity and scalar variances and gradients is a long standing issue. The

early work of Wyngaard (Wyngaard, 1968, 1969, 1971) on the e�ect of �nite length of

hot- and cold-wires for velocity and temperature measurements has set the basis for

later work on the issue for single- and multi-point measurements (Antonia and Mi,

1993; Antonia et al., 1994; Mi and Nathan, 2003; Wang et al., 2007b,a; Wang and

Barlow, 2008; Saarenrinne and Piirto, 2000; Tanaka and Eaton, 2007). This issue is

becoming more and more crucial to properly interpret advanced measurements car-

ried out to improve our understanding of the �ne-scale structure of turbulence (for

both the velocity and scalar �elds).
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One of the major issues is the e�ect of �nite spatial resolution and noise on

the measurement of the scalar and turbulent kinetic energy dissipation rates. Both

quantities are of primary importance in the study and modeling of turbulent (reacting

and non-) �ows and mixing processes. Dissipation rates, being proportional to the

square of spatial gradients, are typically estimated indirectly from a combination of

spatial and temporal measurements after proper di�erentiation. In this section the

velocity �eld ui, the turbulent kinetic energy (variance) 1
2
u2
i and its dissipation rate

ε = 2νui,jui,j are taken as an example for sake of discussion (and since the present

study deals with the velocity �eld). The same arguments, however, are valid for any

scalar �eld, and its variance and dissipation rate (such as a conserved scalar �eld or

the temperature �eld).

As discussed by Wang et al. (2005, 2007b), �nite spatial resolution and noise

have opposite e�ects on the estimation of dissipation rates. Spatial averaging tends

to reduce spatial gradients and hence to underestimate the dissipation rate. On

the contrary, random noise biases the computed gradients, increasing the measured

dissipation rate. High-frequency noise of well resolved (spatially or temporally) mea-

surements is of particular concern. The small-scale random �uctuations associated

with noise are erroneously interpreted as local small-scale large gradients which lead

to measurements of the mean dissipation rate 〈ε〉 that are larger than the true value.

The e�ect of noise on 〈ε〉 can be particularly large. The component of the mean dis-

sipation induced by noise is usually termed �apparent dissipation� and it always acts

to increase the measured dissipation. In the frequency domain, the energy spectrum

of noisy data have the characteristic �noise �oor� at large frequencies that disguises

the natural roll-o� of the dissipation range of turbulent �ows (Wang et al., 2007b).

Moreover, noise will induce a quick roll-up of the dissipation spectrum at high fre-

quencies. The induced roll-up can be particularly dominant for low signal-to-noise

ratio measurements and can completely overcome the measurement of the true mean

dissipation.

Strategies have been developed to extract correct dissipation measurements
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by removing (or limiting) the apparent dissipation arising from noise. Possible ap-

proaches are noise �oor subtraction to correct the spectra (Renfro et al., 1999; Wang

et al., 2005) or redundant measurements to estimate or remove noise e�ects (Trimis

and Melling, 1995; Wang et al., 2005). More often noise is controlled by applying a

suitable de-noising �lter before di�erentiation or any other data processing is carried

out. However, if the type of �lter is not properly selected or designed, �ltering can

distort the natural unfolding of the energy and dissipation spectra, and can lead to

a loss of accuracy in the computation of the spatial gradients (�ltering can be seen

as an equivalent spatial or temporal averaging or, alternatively, as a reduction in

the spatial or temporal resolution). Filtering forces the spectrum's roll-o� at high

frequency to resemble the roll-o� of the transfer function of the applied �lter. If the

spectrum's roll-o� is presumed known, as it is for fully turbulent nonreacting �ows

(Pope, 2000), for example, this property can be used to our advantage by designing

a �lter with a properly shaped transfer function such that the spectrum's pro�le at

large frequency (where it is a�ected by noise) is forced to follow the expected trend.

This is the idea behind the optimal �lter designed discussed in this section. As dis-

cussed in Wang et al. (2005, 2008), this approach is accurate only for well resolved

measurements where part of the dissipation roll-o� (at least a decade) is captured by

the measurements.

The concept of �optimal� �lters arises from the necessity of designing a �lter

with a sought transfer function. A �lter is said to be optimal if a suitable measure

of its distance from a sought �lter is minimized (Knutsson et al., 1999). Usually the

wanted �lter is an idealized �lter of given spectral properties (for example a spec-

trally sharp �lter). Wang et al. (2008) applied this idea to the measurement of the

temperature energy and dissipation spectra in turbulent nonpremixed jet �ames with

the intent of inferring the turbulent time scales. Finite impulse response �lters were

designed to match the roll-o� portion of the thermal dissipation spectrum to Pope's

model spectrum (Pope, 2000). Note that the model spectrum they assumed is derived

and strictly valid for fully turbulent nonreacting turbulence. However, experimental
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evidence suggests that the model spectrum can be applied also to turbulent react-

ing �ows (Wang et al., 2007c, 2008). Their work shows that the approach works

reasonably well within the limits of validity of the assumptions. In particular, the

�ltering scheme produces results that compare favorably with spectra obtained from

cross-correlating redundant time-series measurements, a technique that is shown to

suppress uncorrelated random noise (Panda and Seasholtz, 2002).

The analysis of Wang et al. (2008) was limited to the frequency domain. The

optimal �lter design was carried out in the frequency domain with the intent of

extracting spectral information from the (temporal) measurements. In this study we

intend to exploit this idea to mitigate the deleterious e�ect of noise on the computed

gradients. An optimal �lter that preserves the energy and dissipation spectra in a

mean sense is designed in the frequency domain. Its representation in the time domain

is then used and applied to �lter the measured velocity �eld and obtain �noise free�

representation.

C.2 Digital Finite Impulse Response Filter

Typically used de-noising �lters are moving-average (Box), Gaussian and sharp

spectral �lters. These �lters are characterized by their transfer function. These types

of �lters are however of limited use for optimal �lter design since the shape of the

transfer function cannot be designed at will. A more �exible approach is to adopt a

�nite impulse response �lter.

A general digital �lter is characterized be the following di�erence equation

(Oppenheim and Schafer, 1999):

M2∑
i=−M1

aiû [n− i] =

N2∑
j=−N1

bju [n− j] (C.1)

where the sequence u [n] is a generic discrete-time signal of a continuous-time signal

u (t) and û [n] is its �ltered counterpart. In this study u [n] is interpreted as the mea-

sured velocity �eld. ai and bj are the weighting factors that describe the digital �lter.

410



The discrete-time series u [n] can be seen as a sampled version of the corresponding

continuous-time signal u (t) following:

u [n] = u (t) δ (t− n∆) (C.2)

where δ (t) is a Dirac delta function and ∆ is the spacing between samples. To simplify

the discussion, time t is taken as parameter, but, in general, it can be interpreted as

a spatial coordinate as well.

Principal requisites of �lters are stability, causality and linear-phase response.

Stability is required so that the output of a limited input is limited. Causality de-

scribes the property of a �lter to depend only on samples at current and previous

instants in time (i.e. N1 = 0). Causality is required for a time-dependant digital

�lter to be implementable. However, in many cases a suitable time-delay can be

applied to transform a non-casual �lter into a casual one. Moreover, in applications

where the digital �lter is not applied in real-time, as for example in the case of the

present study where the time evolution of the signal is acquired and �lter later on,

lack of causality is not an issue. Finally, linearity in the phase is required to avoid

phase-distortion of the input signal. Linear-phase systems introduce a mere time shift

equal for all frequencies.

A special case of digital �lters are digital �nite impulse response (FIR) �lters.

These �lters are characterized by a �nite-length response (i.e., it dies o� after a �nite

amount of time) to an impulse. This characteristic is typically sought in many digital

signal applications. Contrary to in�nite impulse response (IIR) �lters, these �lters

are particularly useful for real (or near-real) (digital-)time applications. The most

simple and common form of a FIR �lter is characterized by the following di�erence

equation :

û [n] =
N∑
j=0

bju [n− j] (C.3)

The �ltered value û [n] is the weighted sum of the previous N points. In this form

stability is automatically satis�ed since all poles are identically zero. Moreover, if the
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�lter is made symmetric, the �lter automatically satis�es the linear-phase condition.

To provide symmetry, the di�erence equation of the �lter can be modi�ed to include

2N + 1 terms surrounding the n− th point and imposing symmetric parameters bj:

û [n] =
N∑

j=−N

b|j|u [n− j] (C.4)

Such �lters are characterized by N + 1 weighting parameters.

Any �lter, and in particular digital FIR �lters, are characterized by their

transfer function in the frequency domain. The transfer function H (ω) is de�ned

as the ratio of the Fourier transforms of the output and input signals. In �ltering

applications the input signal is the original sequence u [n] with Fourier transform

U (ω) whereas the output signal is the �ltered sequence û [n] with Fourier transform

Û (ω). Therefore the transform function is:

H (ω) =
Û (ω)

U (ω)
(C.5)

Since H (ω) describes the e�ect of the �lter on the frequency content of the input

signal u [n], we are ultimately interested in determining its e�ects on the measured

quantities.

For a generic digital FIR �lter as described by Eq. (C.4) the transfer function

H (ω) can be directly derived from the di�erence equation using the properties of the

z−transform as

H (z) =
N∑

j=−N

b|j|z
−j (C.6)

where the complex variable z = reιω, with ω = 2πf , f being frequency, ω is referred

to as angular frequency and ι =
√
−1. For r = 1 the ˙z−transform reduces to the

Fourier transform. The transfer function of the di�erence equation (C.4) is therefore:

H (ω) =
N∑

j=−N

b|j|e
−ιωj (C.7)
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An analogous H (ω) can be written if the �lter is written in the simpler form of Eq.

(C.3). The FIR �lter as speci�ed by the form of Eq. (C.4) or, alternatively, by Eq.

(C.14), are at this point general. The coe�cients de�ning the FIR �lter need to be

determined in order to obtain a �lter with a sought transfer function's shape. In

traditional �lter design, the design parameters are speci�ed in terms of the �order� of

the �lter (i.e., the number of points to be used, N) and a ��lter cut-o�� frequency.

Other imposed constraints are the maximum deviation in the band-pass portion of

the spectrum and the level of rejection in the roll-o� region of the spectrum. In

typical applications the exact shape of the transfer function is not speci�ed. We

want, however, to develop strategies that enable to shape H (ω) to achieve a sought

result. In the following sections selected families of �lters are now introduced and

discussed.

C.2.1 Moving Average Filter

A moving average �lter has a representation of the form of Eq. (C.4) where

the �lter parameters b|j| are written as:

b|j| =
1

2N + 1
(C.8)

The transfer function of the moving average �lter de�ned here has the following

transfer function:

H (ω) =
sin
[
ω (2N+1)

2

]
ω (2N+1)

2

(C.9)

The shape of H (ω) is determined by the choice of the parameters. However the cut-

o� frequency is determined only by the choice of the size of the �lter N . It can be

shown that the cut-o� frequency (i.e., where |H (ω)| rolls o�) depends only on N and

it can be approximated as (Oppenheim and Schafer, 1999):

ωc ≈
π

2N + 1
(C.10)
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C.2.2 Gaussian Filter

The Gaussian �lter has an analogous representation to the form of Eq. (C.4)

where the weighting factors b|j| are computed from assuming a Gaussian pro�le:

b|j| =

(
1

2πσ

)1/2

e−
1
2( j∆σ )

2

(C.11)

where σ is the characteristic width of the Gaussian kernel. The Gaussian �lter de�ned

here has the following transfer function

H (ω) = e−
1
2

(ωσ)2

(C.12)

The shape of H (ω) is Gaussian. In this case a clear cut-o� frequency is not de�ned

since the �lter has a Gaussian roll-o�. The width of the transfer function is, however,

a function of the parameter σ. We can therefore de�ne a cut-o� frequency as the

point where |H (ω)| = e−2, or:

ωc =
16

σ
(C.13)

C.2.3 Pade-Type FIR Filter

Lele (1992) discusses a type of �lter that is based on a representation simi-

lar to �nite di�erence schemes with spectral-like resolution (Pade's �nite di�erence

schemes). The digital �lter is written in terms of the following di�erence equation:

βû [n− 2] + αû [n− 1] + û [n] + αû [n+ 1] + βû [n+ 2] =

= au [n] + b (u [n− 1] + u [n+ 1]) +

+ c (u [n− 2] + u [n+ 2]) + d (u [n− 3] + u [n+ 3]) (C.14)

Note the close similarity to an implicit �nite (central) di�erence scheme. This �lter

has a symmetric representation over 7 points centered around the n− th point. The

resulting scheme is implicit in the sense that the �ltered value at point n depends on

the �ltered value at adjacent points. However, it can be made explicit by constraining
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α and β to be zero. This type of �lter is still a �nite impulse response �lter and it is

characterized by the following transfer function:

H
(
∗
ω
)

=
a+ b · cos

(
∗
ω
)

+ c · cos
(

2
∗
ω
)

+ d · cos
(

3
∗
ω
)

1 + 2α · cos
(
∗
ω
)

+ 2β · cos
(

2
∗
ω
) (C.15)

where the normalized radian frequency
∗
ω is de�ned as:

∗
ω = π

ω

ωN

where ωN = 2πFN , FN = 1
2
Fs is the Nyquist frequency and Fs = 1

∆
is the sampling

frequency1.

At this point this type of �lter is very general. It is described by 6 param-

eters that can be selected in order to meet certain conditions and properties of the

�lter. It is possible to introduce some general conditions to restrict the form of the

�lter. Typical conditions are to impose the condition that the �lter be unity at low

frequencies:

H
(
∗
ω = π

)
= 1

This condition automatically satis�es also the condition:

dH

d
∗
ω

(π) = 0

As discussed at length by Lele (1992), other conditions can be introduced to impose

that the scheme has a prescribed accuracy determined by matching the coe�cients

of various orders of a Taylor series expansion. For example, imposing fourth-order

accuracy (i.e., the truncation error is fourth-order) along with the previous condition,

we obtain a three-parameter family of solutions speci�ed by:

a =
1

8
(5 + 6α− 6β + 16d)

1If we are treating data in space, rather than in time, we can substitute the (temporal) frequency
with the wavenumber κ = 2π

l , where l is a spatial length. Moreover, following the typical methodol-
ogy of turbulence studies the wavenumber κ can be further nondimensionalized by the Kolmogorov
scale η taken as a representative length scale of the system.
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b =
1

2
(1 + 2α + 2β − 2d)

c = −1

8
(1− 2α− 14β + 16d)

If 6th order is imposed, the following two-parameter family is obtained:

a =
1

16
(11 + 10α− 10β)

b =
1

32
(15 + 34α + 30β)

c =
1

16
(−3 + 6α + 26β)

d =
1

32
(1− 2α + 2β)

Alternatively, imposing fourth-order accuracy and the condition d2H

d
∗
ω

2 (π) = 0 the

following two-parameter family is obtained:

a =
1

4
(2 + 3α)

b =
1

16
(9 + 16α + 10β)

c =
1

4
(α + 4β)

d =
1

16
(−1 + 6β)

Imposing a sixth-order accuracy constraint on the above family the following one-

parameter family is obtained:

β =
3− 2α

10

a =
2 + 3α

4

b =
6 + 7α

8

c =
6 + α

20

d =
2− 3α

40
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Finally, imposing the condition d4H

d
∗
ω

4 (π) = 0 the following solution is obtained:

α = 0

β =
3

10

a =
1

2

b =
3

4

c =
3

10

d =
1

20

The bene�t of having a �lter written in this form rather than using the general

form of a FIR �lter Eq. (C.4) is that we can take advantage of the simple form of

its transfer function yet retaining the �exibility to satisfy any constraints of interest.

Once a suitable family of �lters is selected from among the above, the remaining

parameters are then selected so that spectrum of the �ltered sequence û [n] matches

a preselected model spectrum. This is the topic of the following section.

C.3 Optimal Design of the FIR Filter

The form of the selected FIR �lter based on the form expressed in Eq. (C.14) is

designed and optimized such that the �lter signal û [n] closely follows the 1-D energy

and dissipation spectra of the model spectra.

Let u [n] be a sampled time sequence of length L of the velocity �eld measured

at some point. As described in Appendix B, the 1-D energy spectrum E11 of u [n] is

computed using the N−points FFT of u [n] as (neglect windowing for now):

E11,k =
1

ωsL
|Uk|2 , for k = 0, 1, . . . ,

N

2
(C.16)
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where2 Uk = FFT {u [n]} = U (ωk) at the discrete frequencies ωk = 2π
N∆

k. ωs is the

sampling frequency.

Now let û [n] be the �ltered signal. Filtering in the time domain can be rep-

resented as a convolution operation3 (indicated by ?). Therefore û [n] is written in

terms of the un�ltered sequence u [n] and the �lter kernel h [j] = bj as:

û [n] = u [n] ? h [n] (C.17)

Recalling that convolution in the time domain corresponds to multiplication in the

frequency domain (and vice-versa), the 1-D energy spectrum of the �ltered sequence

can then be written as:

Ê11,k =
1

ωsL
|UkHk|2 (C.18)

where Hk = H (ωk). Since by construction h [n] is symmetric, the resulting H (ω) is

real-valued, therefore the above can be rewritten as:

Ê11,k =
1

ωsL
|Uk|2H2

k (C.19)

or

Ê11,k = E11,kH
2
k (C.20)

Similarly for the 1-D dissipation spectrum:

D̂11,k = D11,kH
2
k (C.21)

The energy and dissipation spectra of the �ltered data can be interpreted as being

modulated by the square of the transfer function of the �lter Hk. Note that Hk is

still a function of the design parameters ᾱ = {a, b, c, d, α, β}.

2Given a generic function φ, the term φ (ω) indicates the continuous representation of φ in the
continuous variable ω. φk, on the other had, represents the discrete representation of φ (ω) at
the discrete points ωk = k∆ω: φk = φ (ωk). In this section the forms φ (ωk) and φk are used
interchangeably.

3The FIR �lter speci�ed by the form of Eq. C.3 cannot be in general described by a simple con-
volution operation since this form of the �lter is implicit. However, by the properties and de�nition
of the transfer function, the �nal result is general and it therefore holds for this case also.

418



The following metric is de�ned as a measure of the distance between the spec-

trum of the �ltered data and a suitably chosen model spectrum4:

FE (ᾱ) =
∑
k

∣∣Em
11 (ωk)− E11,kH

2
k (ᾱ)

∣∣2 (C.22)

FD (ᾱ) =
∑
k

∣∣Dm
11 (ωk)−D11,kH

2
k (ᾱ)

∣∣2 (C.23)

where Em
11 and D

m
11 are the model energy and dissipation spectra, respectively. FE (ᾱ)

and FD (ᾱ) are only a function of the design parameters ᾱ that can now be selected

in order to minimize FE (ᾱ) and/or FD (ᾱ) subject to any other imposed constraints,

as for example any of the conditions described above.

This design approach can be applied without losing information only if the

peak of the dissipation spectrum and part of the roll-o� are captured. In this case,

by imposing the proper shape of the dissipation roll-o� portion of the spectrum,

the mean value of the dissipation rate is preserved. The method works better as a

larger portion of the dissipation roll-o� is resolved and not a�ected by noise. Ideally,

capturing one decade of the roll-o� of the dissipation ensures that most of the length

scales responsible for dissipation are resolved, therefore most of the mean dissipation

rate is captured.

4The model spectrum as introduced in Pope (2000) is assumed. The 3-D energy spectrum is

written as (in terms of Kolmogorov scaling and normalized by
(
ν5 〈ε〉

)1/4
):

∗
E (κη; Reλ) = C (κη)−

5/3
fL (κη; Reλ) fη (κη)

where functions fL (κη;Reλ) and fη (κη) are de�ned in Pope (2000). The 1-D energy spectrum can
be computed from the 3-D energy spectrum as:

∗
E11 (κη) =

ˆ ∞
κ1

∗
E (κη)
κη

[
1−

(
κ1η

κη

)2
]
d (κη)

The 1-D dissipation spectrum is then computed as:

∗
D11 = 2 (κ1η)2

∗
E11 (κη)
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C.4 Application of the Optimal FIR Filter

In this section the proposed scheme is applied to design a FIR �lter of the

form of Eq. (C.14) to a sample set of velocity measurements. It was found that the

condition on the dissipation spectrum given by Eq. C.23 is su�cient to obtain an

optimal �lter. The condition on the energy spectrum given by Eq. C.22 is at times

not robust enough to obtain an acceptable solution. The condition on the dissipation

spectrum along with 4-th order accuracy requirement were imposed for the �lter

design throughout the present study. Note that the design is carried out in the

frequency (wavenumber) domain but �ltering is carried out in the time domain. For

the success of the procedure, care must be taken to properly window and normalize

the signal and the computed energy spectrum.

The dataset corresponding to the jet �ame at Reo = 8, 000 on the end-view

plane at x/d = 40 (case 1 ) is used as an example to show the steps and the results of

the optimal FIR �lter design. The design process can be described by the following

steps:

1. The energy spectrum E11 (κ1) of the raw (un�ltered) axial velocity is computed

following the method described in Appendix (B)

2. The computed spectrum is normalized and compared to the model energy spec-

trum proposed by Pope (2000).

3. The set of coe�cients ᾱ specifying the FIR �lter are computed by minimizing

Eq. (C.23) (and imposing 4th order accuracy).

4. At this point a set of coe�cients ᾱ are available. The original signal can now

be �ltered using the form of the FIR �lter speci�ed by Eq. (C.14).

5. If the energy spectrum of the �ltered data is recomputed following the same

procedure used to compute the original energy spectrum, the target spectrum

(or an approximation of if, depending upon the e�ectiveness of the design pro-

cedure) should be recovered.
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A representative example of the results of this procedure is provided in Figure

(C.1) where the (a) E11 (κ1η) energy and (b) D11 (κ1η) dissipation spectra of the

original and �ltered velocity traces are shown and are compared to the energy and

dissipation model spectra proposed by Pope (2000). The results of the �lter design

is to replicate the model spectrum. The transfer function
∣∣∣H (κ1η

κcη

)∣∣∣ of the FIR �lter

designed to obtain the spectra in Figure (C.1) is shown in Figure (C.2).
∣∣∣H (κ1η

κcη

)∣∣∣ is
presented as a function of the normalized quantity κ1η

κcη
, κc is the Nyquist wavenumber

(wavenumber corresponding to half of the sampling frequency). It is important to

understand the e�ect of �ltering on the data. In particular, it is important to know

what is the range of length scales that are a�ected by the �lter. If the usual −3 dB

point is taken to be the characteristic cut-o� frequency of the �lter (Oppenheim

and Schafer, 1999), in this particular case the cut-o� frequency (wavenumber) is at
κ1η
κcη

= 0.6, which corresponds to about κ1η = 0.55. This value of the cut-o� frequency

is representative of all cases considered in the study (i.e., it is approximately the same

for all FIR �ltered designed in the study).

A representative example of the e�ects of �ltering on the velocity and velocity

gradient is shown in Figure (C.3) for the axial and transverse velocity components.

The velocity gradients are computed using a 6th order accurate Pade-like spectral

scheme (Lele, 1992). Velocity and velocity gradient pro�les for the raw (un�ltered)

and �ltered traces are compared. The streamwise component is generally observed

to be more noisy than the transverse components. The e�ect of �ltering is merely to

remove the small-scale �uctuations due to random noise while preserving the evolution

and pro�le of the velocity �eld. Note that the e�ect on the transverse component is

minimal. The e�ect of �ltering on the velocity gradient is, however, stronger. Without

any �ltering the computed gradients show small-scale, large amplitude oscillations

that are, however, an artifact of the noise in the measurement. These observed

gradients are therefore meaningless and proper �ltering is required to extract the

correct information from the measured velocity �eld.

A second example of the e�ects of �ltering is shown in Figure (C.4) for the
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(a)

(b)

Figure C.1: Representative example of the optimal FIR �lter design showing the
normalized (a) energy and (b) dissipation spectra compared to the Pope's model
spectrum (computed for Reλ = 65). The spectra were computed from the velocity
measurements of the Reo = 8, 000 jet �ame at x/d = 40 (case 1 ).
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Figure C.2: Transfer function
∣∣∣H (κ1η

κcη

)∣∣∣ of the FIR �lter designed in the example

of Figure (C.1) computed as a function of the normalized wavenumber κ1η
κcη

, where
κc is the Nyquist wavenumber (wavenumber corresponding to half of the sampling
frequency).

Reo = 15, 300 jet �ame for measurements carried out at 10 kHz on the x/d = 52

end-view plane. This �ow con�guration presented the most challenging measurements

requirements and is therefore used as a second example. Figure (C.4) shows the axial

and transverse velocity and velocity gradients along the reconstructed (using Taylor's

hypothesis) axial direction x. In this case the e�ect of noise was more prominent, es-

pecially on the axial component of the velocity �eld. The velocity gradients computed

from the raw (un�ltered) data are completely dominated by random noise. Without

�ltering the measured velocity cannot be used to extract any useful information on

the velocity gradients. The e�ect of FIR �ltering is to mitigate the e�ect of small-scale

noise. A representation of the velocity gradients can be recovered by this approach.

The model spectrum proposed by Pope (2000) is presented normalized by the

proper combination of ν (kinematic viscosity) and 〈ε〉 (mean kinetic energy dissipation

rate) (the Kolmogorov scale η is de�ned in terms of ν and 〈ε〉 as well). For the success

of the �lter design it is therefore necessary to cast the computed energy spectra in

normalized form. Since only the roll-o� portion of the spectrum is (or at least should
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(a)

(b)

Figure C.3: E�ect of �ltering using the optimally designed FIR �lter on the (a)
axial velocity and velocity gradient traces plotted as a function of axial direction
(reconstructed after applying Taylor's hypothesis) and (b) transverse velocity and
velocity gradient pro�les measured across the �eld of view (y-direction). Shown case
refers to the jet �ame at Reo = 8, 000 on the x/d = 40 end-view plane (case 1 ).
Measurements were carried out at 3 kHz.
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(a)

(b)

Figure C.4: E�ect of �ltering using the optimally designed FIR �lter on the (a)
axial velocity and velocity gradient and (b) transverse velocity and velocity gradient
traces plotted as a function of axial direction (reconstructed after applying Taylor's
hypothesis) . Shown case refers to the jet �ame at Reo = 15, 300 on the x/d = 52
end-view plane. Measurements carried out at 10 kHz (case 3 ).
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be) modi�ed by the �lter and since this part of the spectrum is universal (i.e., inde-

pendent of any turbulence parameter, such as Reλ, for example), a possible approach

is to normalize the computed spectra by some arbitrary normalization factors that

would collapse the computed E11 (κ1) with the model spectrum. A second approach,

which is followed in this study, is to normalize the computed (dimensional) E11 (κ1)

by using an estimate of 〈ε〉. The design is therefore carried out iteratively, where a

�rst approximation of 〈ε〉 (and hence of η) is computed after applying a 3 × 3 × 3

moving average �lter to the data. A �rst optimal �lter is then designed based on

this approximation (which is typically found to underestimate 〈ε〉, at least within the

present study). The original data are then reprocessed where the �rst approximation

of the FIR �lter is used and a new estimate of 〈ε〉 is computed. The procedure is

repeated as necessary, although typically it was found that two iterations converged

to a solution. This iterative approach relies on the fact that the normalization is

weakly dependant on 〈ε〉, since the normalization factor scales as as 〈ε〉1/4, and an

adaptive iterative �ltering scheme can be e�ciently implemented (Mi et al., 2005).
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