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This thesis investigates the nature of “fractional waves”, i.e., physical

processes that are described by a fractional derivative. Fractional calculus

is an extension of traditional calculus to include integrals and derivatives of

non-integer order. In fractional wave models, the fractional derivative is used

to model attenuation and dispersion during waveform propagation. Fractional

wave equations interpolate between the diffusion (heat) equation and the con-

ventional wave equation. A specific physical example of a fractional wave is

the Lucassen wave. Lucassen waves are longitudinal disturbances that prop-

agate along an elastic layer coupled to a fluid half-space and are modeled by

a fractional wave equation with a fractional time derivative. The equation

describing the propagation of linear Lucassen waves is derived in this work.

Nonlinear Lucassen waves were first described by Kappler et al. [J. Kappler,

S. Shrivastava, M. F. Schneider, and R. R. Netz, “Nonlinear fractional waves

at elastic interfaces,” Phys. Rev. Fluids 2, 114804 (2017)] and have been con-

nected to the mechanical wave that accompanies the electric action potential
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during nerve pulse propagation. Two evolution equations for progressive non-

linear Lucassen waves are derived in the present work from the equation of

Kappler et al. These evolution equations are of reduced differential order and

are thus easier to solve numerically. The evolution equations are also used to

obtain additional physical insight. An alternate evolution equation for non-

linear Lucassen waves that accounts for viscosity in the interface is derived as

well. This evolution equation is more accurate for propagation along interfaces

with viscosity that is significant compared with that of the liquid half-space

to which it is coupled. The possibility of vertical tangent (shock) formation

is explored for general fractional wave evolution equations. The evolution

equations derived in this work are transformed into the intrinsic coordinates

originally introduced by Hammerton and Cirghton [P. W. Hammerton and

D. G. Crighton, “Overturning of nonlinear acoustic waves. Part 1: A gen-

eral method,” J. Fluid Mech. 252, 585–599 (1993)] in order to analyze the

propagation of nonlinear waveforms with large gradients approximating shock

fronts. It is shown that the evolution equation that accounts for viscosity in

the interface is the most stable for numerical calculations of the propagation

of these nonlinear waveforms with large gradients.
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Chapter 1

Introduction

1.1 How the brain led to fractional diffusive waves

In April of 2018 an article by Douglas Fox titled The Brain, Reimagined

was published by Scientific American.1 Based primarily on the work of Ichiji

Tasaki, Thomas Heimburg, and Matthias Schneider, this article promulgates

the groundbreaking idea that nerve cells communicate with mechanical pulses,

not electric ones as conventionally thought. The subtitle of the article reads,

“The physicists who have revived experiments from 50 years ago say nerve

cells communicate with mechanical pules, not electric ones.”1 The prevail-

ing theory of nerve pulse propagation since the 1950s is the Hodgkin-Huxley

model,2 which is purely electrochemical in nature, and for which Hodgkin and

Huxley were awarded the Nobel Prize in Physiology or Medicine in 1963. To

suggest that nerve cell communication is primarily mechanical in nature, as

Fox does in the subtitle of his Scientific American article, is truly a disruptive

hypothesis for the neurophysiology community. Although this main point of

the Scientific American article was described as a slight misrepresentation by

a researcher that works closely with Schneider,3 the controversy had already

begun. In Fox’s article, one neurobiologist says1“It strikes me as this business

that physicists do, saying, ‘We can approximate this cow as a single point’” to

1



describe their perceived superiority complex of the physicist that strides into

a different field telling other scientists how they ought to think.

As researchers in the field of acoustics, we were very intrigued by the

possibility that a nonlinear mechanical wave may play a significant role in nerve

cell communication. The seemingly most well-known thermodynamically-

based model for nerve impulse propagation has been proposed by Heimburg

and Jackson,4 which explicitly accounts for the mechanical variations in the

neural axon membranes. However, the idea that the coupling of the mechan-

ical wave to the action potential is important for understanding nerve pulse

propagation goes back to at least Kaufman in 1989.5 While reaction to the Sci-

entific American article by some within the neuroscience community has been,

at best, skeptical, what is indisputable is that some kind of mechanical distur-

bance accompanies the electric action potential, which has been demonstrated

in experiments over the last few decades.6–11 The question is what role, if any,

does this mechanical wave play in cell-to-cell communication. Acousticians

are not qualified to take a side in this debate, but perhaps our perspective can

provide better physical understanding of the mechanical wave in nerve axons.

This leads us to the experimental work of Schneider, Griesbauer, and

Shrivastava among others12–17 which investigates the propagation of mechani-

cal waves on Dipalmitoylphosphatidylcholine (DPPC) lipid monolayers. These

lipid interfaces have physical properties similar to those of biological mem-

branes of the kind found in nerve axons.14 It was shown that the mechanical

waves in these layers share attributes with neural action potentials, such as the

2



all-or-none principle14,18 and the collision and annihilation of pulses traveling

in opposite directions.16 Coupling between the action potential, the mechan-

ical surface wave on the cell membrane, and the pressure wave in the nerve

axoplasm has also been considered by Engelbrecht.19

A derivation from first principles of a mathematical model describing

a nonlinear mechanical wave that propagates along elastic interfaces, such as

the DPPC monolayer, was presented by Kappler, Shrivastava, Schneider and

Netz.20 This wave is identified as a Lucassen wave, because the linear behavior

of the wave was first described in the frequency domain by Lucassen,21,22 who

was interested in the properties of a wide variety of surface waves. Nonlinear

Lucassen waves are thought to possibly be the mechanical waves in nerve axons

because they have propagation speeds that are comparable to those of nerve

pulse propagation in unmyelinated axons.14,16,20 They also exhibit an am-

plitude threshold phenomenon, both analytically and experimentally, that is

analogous to the aforementioned all-or-none principle of action potentials.18,20

The Lucassen wave is one example of a class of solutions for a linear,

semi-infinite, viscoelastic medium;23 more specifically, the Lucassen wave is a

longitudinal disturbance that propagates along interfaces formed by an elastic

layer that is coupled to an incompressible viscous liquid. These surface waves

are said to be longitudinal because unlike waves on the free surface of a liquid

or Rayleigh waves in an elastic half-space, the particle motion adjacent to

the surface is approximately parallel to the surface rather than following an

elliptical orbit.24
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What is perhaps most interesting about the Lucassen wave is that its

linear propagation is not described by a traditional wave equation. While the

equation for Lucassen waves possesses a space derivative of second order as

in a traditional wave equation, its time derivative is of fractional order. The

fractional derivative is an extension of the ordinary derivative to non-integer

order. For Lucassen waves, the fractional derivative describes the attenuation

and dispersion associated with their propagation. Fractional waves of this

type, including the Lucassen wave, are strongly damped on the scale of a

wavelength, and as a result they are sometimes called “fractional diffusive

waves.”25

Therefore what started in the brain led to Lucassen waves, which ex-

posed us to the nontraditional world of fractional calculus. Fractional calculus

is not a new field, as it was first posited by Leibniz in the 17th century,26 but

it has remained in relative obscurity until a few decades ago, when it was used

with increasing frequency in a number of different applications (see Chap. 2).

Fractional calculus has been used in the field of acoustics to model loss of waves

exhibiting power-law attenuation.27 In fact, a book by Holm28 that is entirely

on the subject of power-law attenuated waves was published recently. How-

ever, much of the focus in this thesis is directed towards fractional waves.25,29

Unlike models for acoustic waves with power-law attenuation, fractional wave

equations lack a d’Alembertian term and thus the fractional derivative is di-

rectly responsible for propagation (whereas for power-law attenuated waves,

the fractional derivative is only responsible for attenuation and dispersion.) A

4



significant purpose of this thesis is to expose the field of acoustics to fractional

wave theory and try to interpret the propagation of fractional waves from an

acoustician’s point of view. A variety of unique and unintuitive properties of

fractional wave propagation are explored in the present work. It would not be

surprising in the near future to witness a significant increase in the number

of modeling applications using fractional calculus for wave motion. Indeed, at

the December 2020 virtual meeting of the Acoustical Society of America there

will be a special session titled Fractional Calculus Models of Compressional

and Shear Waves for Medical Ultrasound.

Another goal of this thesis is to increase the understanding of nonlin-

ear Lucassen wave propagation as a contribution to the debate surrounding

mechanical waves and nerve pulse propagation. Perhaps Lucassen wave the-

ory will one day help explain the contribution of mechanical disturbances to

signaling in nerve axons.

1.2 Order of chapters

Chapter 2 introduces a formalism for fractional calculus, and the nature

of fractional waves is explored in this chapter. Multiple different analytic

solutions and interpretations for the compound fractional wave equation are

presented as well.

Chapter 3 analyzes specifically Lucassen waves. A derivation of the

model equation for Lucassen waves, as well as for Lucassen waves with in-

terface viscosity included, is presented. The nonlinear model equation for

5



Lucassen waves developed recently by Kappler et al.20 is recast as two dif-

ferent nonlinear evolution equations of reduced differential order. A separate

nonlinear evolution equation is derived that includes interface viscosity. The

benefits of each of these new evolution equations is discussed.

In Chap. 4, the evolution equations presented in Chap. 3 are analyzed

to understand the behavior of these equations subject to very nonlinear con-

ditions. It is known that the lossless nonlinear Burgers equation, ubiquitous

in the study of nonlinear acoustics, under certain conditions, namely low loss,

allows for vertical tangent formation in the waveform (shock formation), but

it is not clear if this can occur with fractional wave models. Therefore the

possibility of vertical tangent formation in fractional waves is discussed from

both numerical and analytical points of view in Chap. 4.

Chapter 5 presents a brief conclusion summarizing our results. Finally,

Appendix A describes various numerical algorithms used in the present work

and Appendix B offers an interpretation of the possibility of shock formation

based on fractional wave evolution equations by generalizing an analysis due

to Whitham.30
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Chapter 2

Fractional calculus and fractional wave

equations

2.1 Introduction to fractional derivatives

Derivatives are essential components of mathematical models for phys-

ical processes that depend on variations in any properties of the system under

consideration. Traditional derivatives are conventionally regarded as local,

discrete operations on continuous functions. Taking the first, second, third,

or higher derivative of a continuous function is well defined. However, what if

one were to take the 0.5th derivative of a function? One of the patriarchs of

the Western formalism of calculus, Gottfried Wilhelm Leibniz, pondered this

very question in a letter to Guillaume de l’Hôpital in 1695. Leibniz said that

the operation itself leads to a paradox, but also noted, “There will seem to

be some very useful consequences one day of these paradoxes, because there

is hardly a paradox without utility.”26

There is more than one way to validly extend the meaning of discrete

derivatives to fractional order. This fact partly explains the paradoxical nature

of the fractional derivative operation alluded to by Leibniz. In the study of

wave physics, such as physical acoustics, fractional derivatives are often used to

7



capture dispersion relationships; for example, they are convenient for modeling

waves in media with power-law attenuation in the time domain.28 Waves of

this type exhibit attenuation and dispersion that conveniently satisfies the

Kramers-Kronig causality relations.31

Dispersion relations are usually expressed in the frequency domain and,

because of this, the most fundamental definition for the fractional derivative of

order η in the study of wave physics is also expressed in the frequency domain:

Fω

{
dηf(t)

dtη

}
= (−iω)ηFω{f(t)} (2.1)

where Fω is the Fourier transform operator. This definition is entirely consis-

tent with that of the traditional discrete derivative. Equation (2.1) is written

for a time fractional derivative, though a fractional derivative in space would

look the same albeit in wavenumber space as opposed to the frequency domain.

The Caputo fractional derivative definition32 is used exclusively throughout the

present work:

C
aD

η
t f(t) =

1

Γ(m− η)

∫ t

a

dmf(t′)/d(t′)m

(t− t′)η+1−m dt′ , m = dηe (2.2)

where Γ is the Gamma function. Equation (2.2) is a convolution integral

that can be thought of as a generalization of the Cauchy integration formula

at negative fractional order.25 Equations (2.2) and (2.1) are consistent for

bounded, continuous functions only if the lower integration limit is given by

a = −∞. However, for any transient waveform this lower bound can be chosen

as the beginning of the dynamical event, i.e., a = t0 = 0. In the present work
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the lower limit a = 0 is chosen, and the following convention is employed:

dηf(t)

dtη
, C

0D
η
t f(t) (2.3)

The arbitrary choice of the lower integration limit a in Eq. (2.2) is

another hint of the paradoxical nature of the fractional derivative operation

referred to by Leibniz. There is no rigorous requirement for the choice of a;

in this work a = 0 by choice, but it depends on the physical problem of inter-

est. This, combined with the various inconsistent, yet valid-in-their-own-right,

definitions of other types of fractional derivatives25,33 can lead to paradoxical

results. But as Leibniz also noted, there are very useful consequences in phys-

ical modeling when fractional derivatives are employed correctly.

2.2 Linear fractional differential equation models

The first example of a linear “fractional model” to be considered is the

fractional version of the simple harmonic oscillator (SHO). The conventional

SHO with natural frequency ω2 is described by the following second-order

linear differential equation:

∂2x

∂t2
+ ω2

2x = 0 (2.4)

Extended to fractional order, with a fractional natural frequency ωη, the dif-

ferential equation for the fractional harmonic oscillator has the form

∂ηx

∂tη
+ ω2

ηx = 0 (2.5)
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Notice that ωη must have dimensions of T−η/2 in terms of time T, which is why

the different subscript is used. The general solution of Eq. (2.5) is in terms of

Mittag-Leffler functions, which are generalizations of the ordinary exponential

function:25

x(t) = C1Eη(−ω2
ηt
η) + C2tEη,2(−ω2

ηt
η) (2.6)

where Eη(z) and Eη,β(z) are the Mittag-Leffler functions of one and two pa-

rameters, respectively,34,35 and are defined by

Eη(z) =
∞∑
n=0

zn

Γ(ηn+ 1)
(2.7a)

Eη,β(z) =
∞∑
n=0

zn

Γ(ηn+ β)
(2.7b)

Returning to Eq. (2.5), let a particle be at x(0) = 1 initially at rest such that

ẋ(0) = 0, where the dot indicates the first derivative with respect to time.

Because Eη(0) = 1 it can be shown that C1 = 1 and C2 = 0. The solution of

this initial-value problem is thus

x(t) = Eη(−ω2
ηt
η) (2.8)

For η = 2 (i.e., the conventional SHO) in Eq. (2.5), Eq. (2.8) reduces to

x(t) = E2(−ω2
ηt

2) = cosωηt as expected. Plots of Eq. (2.8) for different values

of η are shown in Fig. 2.1. For η < 2 the oscillations of the particle x(t) de-

crease in amplitude as t increases. For η = 1 the system returns to steady state

quickly; in fact, for η = 1 Eq. (2.8) is exactly the same as the solution for a

critically damped harmonic oscillator under the same initial conditions because

10
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Figure 2.1: Plot of Eq. (2.8) for different values of η. For η = 2, the solution
is the same as that for a conventional SHO. The time axis is scaled by the
natural frequency for the conventional SH0 ω2.

E1(−ω2
ηt) = e−ω

2
ηt. Thus according to Eq. (2.8) the fractional harmonic oscil-

lator interpolates between critically damped and undamped harmonic motion

for 1 ≤ η ≤ 2. Or stated in another way, Eq. (2.5) is a composite dynamical

relation that interpolates between amplitude decay and oscillation.36

2.3 The fractional diffusion-wave equation

A natural extension of the fractional harmonic oscillator is the linear

fractional wave equation. Begin with the conventional wave equation in 1D
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(this work will consider exclusively 1D motion) with constant wave speed c:

∂2ξ

∂t2
= c2 ∂

2ξ

∂x2
(2.9)

For a solution of the form

ξ = ξ0e
i(k̃x−ωt) (2.10)

where k̃ is the wavenumber, possibly complex, and ω is the angular frequency,

the dispersion relation associated with Eq. (2.9) is

k̃2 = k2 =
ω2

c2
(2.11)

where k is the real part of the complex wavenumber k̃ (i.e., k = Re{k̃}). In

the case of Eq. (2.11) the complex wavenumber is purely real so k = k̃. Now

consider the fractional wave equation in 1D where the time derivative has a

fractional order 1 ≤ η ≤ 2 and the coefficient cη is a physical parameter with

dimensions of L · T−η/2 in terms of length L and time T:

∂ηξ

∂tη
= c2

η

∂2ξ

∂x2
(2.12)

In Eq. (2.12) for η = 2 the wave equation [Eq. (2.9)] is recovered. For η = 1

Eq. (2.12) becomes the diffusion equation (also called the heat equation). In

general the x derivative can also have its own fractional order. However, only

space derivatives of integer order are encountered in the present work. For

a solution in the form of Eq. (2.10) the dispersion relation associated with

Eq. (2.12) is

k̃2 = −(−iω)η

c2
η

(2.13)
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Many types of fractional wave equations arise from first deriving a

dispersion relation like Eq. (2.13) in the frequency domain and then finding

the equivalent time-domain fractional wave equation [like Eq. (2.12)].20 If

α = Im{k̃} is defined to be the attenuation coefficient, then k̃ = k(ω) + iα(ω)

where

k(ω) = sin(ηπ/4)
ωη/2

cη
α(ω) = cos(ηπ/4)

ωη/2

cη
(2.14)

Fractional waves are attenuated with distance over a length scale on the or-

der the wavelength: αλ = 2πα/k = 2π cot(ηπ/4), which corresponds to

40π
ln 10

cot(ηπ/4) dB per wavelength. The inherent attenuation and dispersion

over a specific propagation distance is a defining feature of a fractional wave.

Because of their intrinsically dissipative nature, fractional waves for which

1 < η < 2 with a traditional space derivative of second order are referred to as

“fractional diffusive waves”29 and “superdiffusion processes.”37 For 0 < η < 1

the physical systems are referred to as “subdiffusion processes.”37 For particles

randomly dispersed in some medium, superdiffusion corresponds to particle

displacement that increases in variance over time, while subdiffusion corre-

sponds to particle displacement that decreases in variance over time. In the

present work, subdiffusion processes (η < 1) are not considered. The phase

speed of the wave cph is determined by the relation cph = ω/k. By using

Eq. (2.14) the phase speed of fractional waves can be written as

cph(ω) = cη csc(ηπ/4)ω1−η/2 (2.15)

The dispersion relations, Eqs (2.14) and (2.15), satisfy the Kramers-Kronig
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relations when 0 < η < 2 [this is seen by substitution of Eqs (2.14) and (2.15)

into the equations of Table II in Waters31 while letting ω0 →∞.]

Fractional calculus is also used for modeling wave propagation in lossy

media. It can be used to model viscoelastic materials or other materials that

exhibit properties between those of an ideal solid or liquid.38 For example, the

fractional generalization of the Kelvin-Voigt constitutive stress-strain relation

with a time constant τσ leads to the following dispersion relation:39

k̃2 − ω2

c2
+ (−iτσω)ηk̃2 = 0 (2.16)

with the equivalent time domain representation

∂2ξ

∂x2
− 1

c2

∂2ξ

∂t2
+ τ ησ

∂η

∂tη
∂2ξ

∂x2
= 0 (2.17)

It is important to note that Eq. (2.17) is not a “fractional wave equation” of the

canonical form of Eq. (2.12). Equation (2.17) implies a fractional time deriva-

tive to model the energy loss and dispersion exhibited by an acoustic wave with

power-law attenuation.28 The distinguishing feature is that Eq. (2.17) pos-

sesses a d’Alembertian wave operator (the first two terms) whereas (2.12) does

not. Therefore, propagation of a fractional wave is associated with the frac-

tional operator itself, whereas propagation for an acoustic wave with power-

law attenuation is associated with the d’Alembertian operator. The fractional

derivative in Eq. (2.17) is a correction term that accounts for attenuation and

dispersion of the otherwise traditional wave. Behavior of this sort can be ob-

served for acoustic waves propagating in a medium with multiple relaxation

processes.28,40

14



2.3.1 Solution using normal mode analysis

The general solution of the conventional wave equation, Eq. (2.9), is

ξ(x, t) = f(x− ct) + g(x+ ct) (2.18)

where f(z) and g(z) are arbitrary functions that represent a rightward and

leftward traveling wave, respectively. The functions f(z) and g(z) are chosen

to satisfy the initial and boundary conditions of the problem. An analytic

solution as simple as Eq. (2.18) is not available for the fractional wave equation,

Eq. (2.12), when η is not an integer.

To consider possible solutions of Eq. (2.12) one must specify initial and

boundary conditions:

ξ(0, t) = ξ(L, t) = 0, t > 0 (2.19a)

ξ(x, 0) = ξ0(x), 0 < x < L (2.19b)

∂ξ

∂t
(x, 0) = ξt,0(x), 0 < x < L (2.19c)

Equations (2.19a)–(2.19c) may describe a string of length L that is fixed at

both ends, with an initial shape ξ0(x) and initial velocity distribution ξt,0(x).

The initial and boundary conditions, Eqs. (2.19a)–(2.19c), for the fractional

wave equation, Eq. (2.12), nearly describes a Cauchy problem,25 except that

in a Cauchy problem the domain for x is infinite (−∞ < x <∞) rather than

finite.

The problem can be solved using the method of normal modes.41 To

begin, separation of variables is employed with the separation constant k2. Let
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ξ(x, t) = X(x)T (t), in which case Eq. (2.12) becomes

1

c2
ηT

dηT

dtη
=

1

X

d2X

dx2
= −k2 (2.20)

Equation (2.20) separates into the following two ordinary differential equa-

tions:

d2X

dx2
+ k2X = 0 (2.21a)

dηT

dtη
+ k2c2

ηT = 0 (2.21b)

Equation (2.21a) is of the same form as Eq. (2.4). It is a linear homogenous

second-order differential equation with the following general solution:

X(x) = A1 cos kx+ A2 sin kx (2.22)

with arbitrary constants A1,2. Equation (2.21b) is equivalent to the frac-

tional harmonic oscillator problem solved previously, the solution of which

is Eq. (2.6). Based on that result, the general solution of Eq. (2.21b) with

1 ≤ η ≤ 2 is

T (t) = B1Eη(−ω2
ηt
η) +B2tEη,2(−ω2

ηt
η) (2.23)

whereB1,2 are arbitrary constants, and ω2
η = k2c2

η is referred to as the fractional

natural frequency (squared) that was first introduced in Eq. (2.5). Using

(2.19a) it can be shown that A1 = 0 and

sin kL = 0 (2.24)

which is an eigenvalue problem that is satisfied for

k =
π

L
,

2π

L
, ... ,

nπ

L
(2.25)
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Therefore the general solution of Eq. (2.12) is

ξn(x, t) = X(x)T (t) = sin
nπx

L

[
anEη(−ω2

η,nt
η) + bntEη,2(−ω2

η,nt
η)
]

(2.26)

such that

ξ(x, t) =
∞∑
n=1

ξn(x, t)

=
∞∑
n=1

sin
nπx

L

[
anEη(−ω2

η,nt
η) + bntEη,2(−ω2

η,nt
η)
] (2.27)

where an = A2B1 and bn = A2B2. Now the initial conditions, Eq. (2.19b) and

(2.19c), are applied, beginning with the displacement:

ξ(x, 0) =
∞∑
n=1

an sin
nπx

L
(2.28)

Orthogonality of the eigenfunctions yields

an =
2

L

∫ L

0

ξ0(x) sin
nπx

L
dx (2.29)

bn = − 2

Lω2
η,n

∫ L

0

ξt,0(x) sin
nπx

L
dx (2.30)

where Eq. (2.30) is obtained using the following identity:

d

dt

[
tEη,2(−ω2

η,nt
η)
]
t=0

= −ω2
η,nEη(−ω2

η,nt
η)
∣∣∣
t=0

= −ω2
η,n (2.31)

As an example consider a waveform initially at rest [ξt,0(x) = 0] in the

shape of a Gaussian function centered at x = L/2 with unit amplitude and a

radius xr:

ξ0(x) = e−
1
2(x−L/2xr

)
2

(2.32)
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This is the traditional “plucked-string” scenario. By inspection bn = 0 because

the string begins at rest. With Eq. (2.32) substituted into Eq. (2.29), an can

be determined and substituted into Eq. (2.27). Since the coefficients an cannot

be expressed in terms of elementary functions for this choice of ξ0(x) they are

calculated numerically. The fractional coefficient in Eq. (2.12) cη is chosen to

be unity. Figure 2.2 displays plots of Eq. (2.27) with xr = L/20 for η = 1

(left column, blue), η = 3/2 (middle column, green), and η = 2 (right column,

red).

0

1/2

1
 = 1.0  = 1.5  = 2.0

0

1/2

1

0 1/2 1
x/L

0

1/2
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0 1/2 1
x/L

0 1/2 1
x/L

Figure 2.2: Plots of Eq. (2.27) at different times for different values of η with
initial displacement given by Eq. (2.32) (xr = L/20) and zero initial velocity.
The time coordinate is scaled by the quantity L/cη.
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As mentioned previously, for η = 1 Eq. (2.12) becomes the diffusion

equation. In the left column of Fig. 2.2, as time increases the initial Gaussian

profile is reduced in amplitude and increased in length. For η = 2 Eq. (2.12)

becomes the conventional wave equation, Eq. (2.9). In the right column of

Fig. 2.2 the initial Gaussian waveform separates into two identical Gaussian

waveforms, having exactly half the amplitude of the initial waveform, that

propagate in opposite directions, which is consistent with the general solution

of the wave equation, Eq. (2.38). Finally, for η = 3/2 Eq. (2.12) is in between

the diffusion equation and the wave equation. In the middle column of Fig. 2.2

the initial waveform separates into two waveforms that both propagate and

diffuse as a function of time. The diffusive waves neither separates completely

into two independent waveforms as in the right column, nor do their peak

amplitudes remain centered at x = 0 as in the left column. This suggests

that the pulses remain coupled for t > 0. Any other value of η would lead to

behavior that is closer to wave propagation or diffusion depending on whether

η is closer to 2 or 1, respectively. This dualistic feature is why Eq. (2.12) is

sometimes referred to as a fractional “diffusion-wave” equation.

2.3.2 Solutions using Green’s functions

The fractional wave equation, Eq. (2.12), can also be solved using

Green’s functions. Green’s functions have also been used to solve the conven-

tional linear wave equation with additional fractional derivative terms model-

ing power law attenuation.42 Rather than being restricted to initial conditions
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for a system released from rest, the problem can be formulated such that the

waveform originates from a boundary with the disturbance moving away from

the boundary in the +x direction. In this case the boundary condition serves

as a source function for Eq. (2.12):

ξ(0, t) = S(t), t > 0 (2.33a)

ξ(∞, t) = 0, t > 0 (2.33b)

ξ(x, 0) =
∂ξ

∂t
(x, 0) = 0, x > 0 (2.33c)

where S(t) is the source function. The formulation of Eqs. (2.33a)–(2.33c) is

called a signaling problem for a fractional partial differential equation.25 A

solution is found by convolving the source condition S(t) on the boundary at

x = 0 with the appropriate Green’s function Gη(x, t), where the subscript η

indicates the order of the fractional time derivative:

ξ(x, t) =

∫ t

0

Gη(x, t− t′)S(t′) dt′ (2.34)

For analytical simplicity, the source function incorporated in the boundary

condition is chosen to be a Gaussian function centered at a time t0 > 0 with

unit amplitude and a radius tr:

S(t) = e−
1
2( t−t0tr

)
2

(2.35)

The value t0 is chosen such that S(t) is negligibly small at the boundary t = 0

to avoid any significant jumps after the initial condition (2.33c) is enforced.
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For η = 1, Eq. (2.12) once again is the diffusion equation, and the

Green’s function for this case is

G1(x, t) =
x

c1

√
4πt3

e−x
2/4c21t (2.36)

A solution of the diffusion equation is obtained by substituting the Green’s

function in Eq. (2.34). With the initial condition given by Eq. (2.35), Eq. (2.34)

cannot be evaluated analytically in terms of elementary functions.

For η = 2, Eq. (2.12) is the conventional wave equation. The appro-

priate Green’s function is a delta function, and therefore evaluation of the

convolution integral in Eq. (2.34) is trivial. The Green’s function and corre-

sponding solution, respectively, for the conventional wave equation are

G2(x, t) = δ(t− x/c2) (2.37)

ξ(x, t) = e−(t−x/c2−t0)2 (2.38)

When η is not an integer, the associated Green’s function Gη(x, t) is not as

simple as Eq. (2.36) or (2.37). The general Green’s function for 0 < η ≤ 2

is25,43

Gη(x, t) =
1

t

∞∑
n=1

(−1)n|x/(cηtη/2)|n

n! Γ(−ηn/2)
(2.39)

Equation (2.39) can be calculated numerically, although the infinite series

converges very slowly, often requiring asymptotic expressions to evaluate the

series.25 No analytic solution for the convolution integral in Eq. (2.34) with

Gη(x, t) defined by Eq. (2.39) has been reported; therefore, Eq. (2.34) must

also be evaluated numerically when η is a noninteger .
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Figure 2.3 shows solutions of Eq. (2.12) subject to conditions (2.33a)–

(2.33c) with S(t) given by Eq. (2.35) for η = 1 (left column, blue), η = 3/2

(middle column, green), and η = 2 (right column, red), and with cη = 1

m/sec in all cases as before. For the diffusion process in Fig. 2.3, η = 1

0

1/2

1
 = 1.0  = 1.5  = 2.0

0
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t/t

r
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Figure 2.3: Plots of Eq. (2.34) at different distances for different values of η
with the source function described by Eq. (2.35) with t0 = 5 secs and tr = 1
sec. The Green’s functions used in Eq. (2.34) are determined in general by
Eq. (2.39), although Eqs. (2.36) and (2.37) were used for η = 1 and η = 2,
respectively. The distance is scaled by the quantity cηtr.

(left column), the initial Gaussian pulse is attenuated rapidly as it spreads

out in space. For wave propagation, η = 2 (right column), the Gaussian
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pulse propagates unattenuated with speed c2 = 1 m/sec. For η = 3/2 (middle

column), the waveform exhibits features of both propagation and diffusion. As

the waveform propagates, it both attenuates and increases in duration. This

result is consistent with the the previous analysis summarized in Fig. 2.2.

2.4 Conclusion

Solutions of the fractional wave equation provide insights similar to

those revealed by solutions of the fractional harmonic oscillator equation. In

the fractional wave equation, the fractional time derivative interpolates be-

tween diffusion and wave propagation while for the fractional harmonic os-

cillator, the fractional time derivative interpolates between undamped and

critically damped motion. In addition to the applications already discussed

(modeling lossy harmonic motion and modeling attenuation and dispersion in

viscoelastic material), fractional calculus is also used to model diffusion in com-

plex systems,44 attenuation and dispersion in media with multiple relaxation

processes,40 electrodiffusion in nerve cells,45 dynamics in financial markets,46

and propagation of nonlinear shallow water waves.47 With fractional calculus

still considered a relatively new modeling tool for complex physical systems,

it is not unreasonable to expect a dramatic increase in its applications in the

near future.
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Chapter 3

Lucassen waves

3.1 Introduction

This chapter considers a specific physical example of a fractional diffu-

sive wave, the Lucassen wave. First described by Lucassen21,22 in the frequency

domain, these waves are primarily longitudinal disturbances that can propa-

gate along viscoelastic interfaces formed by an elastic layer that is coupled to

an incompressible viscous liquid. The Lucassen wave is one example of a class

of surface wave solutions for a semi-infinite viscoelastic medium bounded by a

2D viscoelastic interface medium.23 As mentioned in Chap. 1, Lucassen wave

theory may explain the mechanical disturbance that accompanies the action

potential in nerve axons.

3.2 Derivation of linear Lucassen wave equation

While energy-based variational methods have been used to succinctly

derive dispersion relations for water surface waves,48 a Newtonian based deriva-

tion is more convenient for the class of interface waves to which Lucassen waves

belong. The beginning of this derivation follows the work of Dias et al.,49 while

the conclusion follows the logic of the original derivation by Lucassen.21 Kap-
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pler et al.23 also derived a class of solutions for viscoelastic surface waves

which includes Lucassen waves.

Let the spatial coordinates of the system be (x, y, z) with z < 0 defining

the half-space occupied by a viscous liquid and let z = 0 be the location of

the interface in equilibrium. It is assumed that the impedance presented by

the half-space z > 0 at the interface with the viscous liquid is sufficiently neg-

ligible that the upper medium can be considered a vacuum. The plane strain

assumption is made, i.e., motion will only be considered in two dimensions,

(x, z), corresponding to propagation in the x direction.

Now let the particle velocities in the x and z directions be u(x, z, t) and

w(x, z, t), respectively. Helmholtz decomposition in 2D is employed to express

the velocities as

u =
∂Φ

∂x
− ∂A

∂z
(3.1a)

w =
∂Φ

∂z
+
∂A

∂x
(3.1b)

where Φ and A are the curl-free component and divergence-free component of

the velocity field, also referred to as the velocity potential and stream function,

respectively. Additionally, let ρ and µ be the density and dynamic viscosity

of the liquid, respectively.

Incompressible flow is assumed and the amplitude of the velocity field

is assumed to be small enough that the linearized Navier-Stokes equations can

be used. These assumptions lead to the following equations:

∂u

∂x
+
∂w

∂z
= 0 (3.2)
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∂u

∂t
= −∂p

∂x
+
µ

ρ

(
∂2u

∂x2
+
∂2u

∂z2

)
(3.3a)

∂w

∂t
= −∂p

∂z
+
µ

ρ

(
∂2w

∂x2
+
∂2w

∂z2

)
− g (3.3b)

where g in Eq. (3.3b) is the magnitude of the acceleration due to gravity. Equa-

tion (3.2) is the incompressible flow condition that follows from the continuity

equation, and Eqs. (3.3a) and (3.3b) are the x and z components, respectively,

of the linearized Navier-Stokes equations for an incompressible liquid. From

Eqs. (3.1a) and (3.1b), Eqs. (3.2), (3.3a), and (3.3b) are satisfied when the

following relations hold:

∂A

∂t
=
µ

ρ

(
∂2A

∂x2
+
∂2A

∂z2

)
(3.4)

∂Φ

∂t
=
p0 − p
ρ
− gz (3.5)

∇2
2DΦ = 0 (3.6)

where p is the pressure in the liquid and p0 the equilibrium pressure in the

half-space z > 0. Equation (3.4) is the linearized vorticity equation for incom-

pressible flow, Eq. (3.5) is a statement of Bernoulli’s principle for incompress-

ible flow, and Eq. (3.6) is Laplace’s equation, which enforces the condition of

incompressibility.

Now assume a periodic solution that is proportional to ei(k̃x−ωt) with a

wavenumber k̃ that is possibly complex. A general solution of Eq. (3.4) is

A = A0e
mzei(k̃x−ωt) (3.7)
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where amplitude A0 is a constant of integration and

m2 = k̃2 − iωρ

µ
(3.8)

Solution of Eq. (3.6) requires boundary conditions on the liquid half-space.

First, stipulate that u and w vanish in the limit z → −∞. Then a periodic

solution of Eq. (3.6) with amplitude Φ0 is

Φ = Φ0e
|k̃|zei(k̃x−ωt) (3.9)

The kinematic and dynamic boundary conditions at the surface are now

applied. Let χ(z, t) and ζ(x, t) be the horizontal and vertical displacements of

the surface, respectively, whereby the surface in the presence of wave motion

is located at (x, z) = (χ, ζ). The linearized kinematic boundary conditions at

z = 0 are

u =
∂χ

∂t
(3.10a)

w =
∂ζ

∂t
(3.10b)

Next, the normal and tangential stresses must be balanced at the interface

of the liquid and vacuum half-spaces. Using the notation of Kappler et al.,20

let µ2D, ρ2D, K2D, and γs be material properties of the interface that describe

its viscosity, density, elastic modulus, and surface tension, respectively. The

linearized normal stress balance at the interface, z = 0, is

ρ2D
∂2ζ

∂t2
= γs

∂2ζ

∂x2
+ µ2D

∂2

∂x2

(
∂ζ

∂t

)
− 2µ

∂w

∂z
− (p0 − p) (3.11)
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Equation (3.11) is an expression of Newton’s second law for the normal accel-

eration of the interface. The Bernoulli equation, Eq. (3.5), is now substituted

into Eq. (3.11) in place of the term (p0 − p). With ζ substituted for z in the

Bernoulli equation since Eq. (3.11) is applied at the interface, one obtains

ρ2D
∂2ζ

∂t2
= γs

∂2ζ

∂x2
+ µ2D

∂2

∂x2

(
∂ζ

∂t

)
− 2µ

∂w

∂z
− ρ∂Φ

∂t
− ρgζ (3.12)

The kinematic boundary condition, Eq. (3.10b), is used to express ζ in terms

of w. Finally, Eq. (3.1b) is used to substitute Φ and A for w, which yields

ρ2D

(
∂2Φ

∂z∂t
+
∂2A

∂x∂t

)
= γs

∂2

∂x2

∫ (
∂Φ

∂z
+
∂A

∂x

)
dt+ µ2D

(
∂3Φ

∂x2∂z
+
∂3A

∂x3

)
− 2µ

(
∂2Φ

∂z2
+

∂2A

∂x∂z

)
− ρ∂Φ

∂t
− ρg

∫ (
∂Φ

∂z
+
∂A

∂x

)
dt

(3.13)

The tangential stress balance at the interface, i.e., expression of New-

ton’s second law for tangential interfacial acceleration, is

ρ2D
∂2χ

∂t2
= K2D

∂2χ

∂x2
+ µ2D

∂2

∂x2

(
∂χ

∂t

)
− µ

(
∂u

∂z
+
∂w

∂x

)
(3.14)

As in the derivation of Eq. (3.13), the kinematic boundary condition, Eq. (3.10a),

is used to replace χ with u in Eq. (3.14). The variables Φ and A are substi-

tuted for u and w using Eqs. (3.1a) and (3.1b), respectively. Equation (3.14)

thus becomes

ρ2D

(
∂2Φ

∂x∂t
− ∂2A

∂z∂t

)
= K2D

∂2

∂x2

∫ (
∂Φ

∂x
− ∂A

∂z

)
dt+ µ2D

(
∂3Φ

∂x3
− ∂3A

∂x2∂z

)
− 2µ

(
∂2Φ

∂x∂z
− ∂2A

∂z2
+
∂2A

∂x2

)
(3.15)
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Following substitution of the proposed periodic solution defined by

Eqs. (3.7)–(3.9) into the normal and tangential stress balance equations, Eqs. (3.13)

and (3.15), respectively, the following system of two equations for the three

unknowns Φ0, A0, and k̃ defines the dispersion relation for a class of interface

waves:[
−iωρ+

iρg|k̃|
ω

+ 2µk̃2 +
iγs|k̃|3

ω
+ µ2D|k̃|3 − iρ2Dω|k̃|

]
Φ0

+

[
−ρgk̃

ω
+ i2µmk̃ − γsk̃

3

ω
+ iµ2Dk̃

3 + ρ2Dωk̃

]
A0 = 0 (3.16)

[
i2µk̃|k̃| − K2Dk̃

3

ω
+ iµ2Dk̃

3 + ρ2Dωk̃

]
Φ0

+

[
−µ
(
m2 + k̃2

)
− iK2Dmk̃

2

ω
− µ2Dmk̃

2 + iρ2Dωm

]
A0 = 0 (3.17)

Setting the determinant equal to zero to ensure a nontrivial solution (nonzero

values for Φ0 and A0) provides the dispersion relation for k̃ as a function of ω.

After choosing the value of either Φ0 or A0, the particle displacement fields for

the proposed solutions, Eqs. (3.7) and (3.9), can be evaluated using Eqs. (3.1a)

and (3.1b), where the complex wavenumber k̃ is calculated numerically. Figure

3.1 shows several displacement fields and particle trajectories for a DPPC

monolayer coupled to a bulk water medium. Numerical values for the physical

constants of the monolayer are similar to those used by Kappler et al.20 For

reference, Fig. 3.2 shows the displacement field for a Rayleigh surface wave in

a medium with physical values characteristic of an elastic material.50
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Figure 3.1: Particle displacements for a harmonic solution that satisfies
Eqs. (3.16) and (3.17) with ω = 1000 × 2π rad/s, ρ = 1000 kg/m3, µ =
0.001 Pa · s, ρ2D = 1 × 10−6 kg/m2, µ2D = 1 × 10−9 Pa · s · m, K2D = 0.03
N/m, g = 9.81 m/s2, and γs = 0.07 N/m. The wavenumber k is obtained
numerically with k = Re{k̃}. Plot is approximately to scale.
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Figure 3.2: Particle displacement plots for Rayleigh waves with ω = 1000 ×
2π rad/s, Poisson’s ratio ν = 0.3, transverse wave speed ct = 2100 m/s, and
longitudinal wave speed cl = 5700 m/s. Plot is approximately to scale.
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As seen in Fig. 3.1, the harmonic wave solutions that satisfy the disper-

sion relations (3.16) and (3.17) exhibit primarily longitudinal particle motion

(the amplitude of the horizontal motion amplitude is more than ten times

greater than that of the vertical motion). That is, the particle motion is

mainly horizontal as opposed to vertical. This motion is distinctly different

from that of the particle trajectories in Fig. 3.2 for a Rayleigh wave, which

are elliptical with non-negligible motion in both directions. Physically, the

resistance to motion perpendicular to the interface is due to the additional

normal stress provided by the presence of interfacial elasticity.21

The primarily longitudinal motion of the surface waves satisfying the

dispersion relations in Eqs. (3.16) and (3.17) permit a more simple and ana-

lytically manageable dispersion relation to be obtained by allowing additional

assumptions to be made. The first assumption is that, because the particle

velocity is primarily longitudinal, the vertical particle velocity w is negligible

relative to the horizontal particle velocity u near the interface, i.e.,

|w| � |u| (3.18)

Substitute Eqs. (3.1b) and (3.1a) into Eq. (3.18) to obtain∣∣∣∣∂Φ

∂z
+
∂A

∂x

∣∣∣∣� ∣∣∣∣∂Φ

∂x
− ∂A

∂z

∣∣∣∣ (3.19)

Next, substitution of Eqs. (3.7) and (3.9) into Eq. (3.19) at the interface z = 0

yields ∣∣∣|k̃|Φ0 + ik̃A0

∣∣∣� ∣∣∣ik̃Φ0 −mA0

∣∣∣ (3.20)
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In Eq. (3.20) the terms |k̃|Φ0 and ik̃Φ0 are of the same order of magnitude.

Therefore, the statement in Eq. (3.20) implies that the magnitude of the term

mA0 is much larger than that of the other terms in Eq. (3.20), i.e.,

|mA0| � |k̃Φ0|, |k̃A0|, |k̃Φ0| (3.21)

A consequence of Eq. (3.21) is that |m| � |k̃|, which is typically true. For

most liquids of practical interest, the following inequality holds√
ωρ

µ
� |k̃| (3.22)

For example, for numerical values of the physical quantities that yield the

particle trajectories shown in Fig. 3.1, the left-hand side of Eq. (3.22) is ap-

proximately 20 times larger than the right-hand side. Equations (3.8) and

(3.22) then yield

m '
√
−iωρ/µ (3.23a)

|m| � |k̃| (3.23b)

which is consistent with Eq. (3.21). Equation (3.21) is used to show that, at

the interface (z = 0), the horizontal particle velocity can be approximated as

dependent only on the stream function, A:

|u| ' |mA0| =
∣∣∣∣∂A∂z

∣∣∣∣ (3.24)

Since the motion at the interface is primarily longitudinal, it is also

assumed that the vertical displacement at the surface ζ is negligible relative
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to the horizontal displacement at the surface χ, i.e.,

|ζ| � |χ| (3.25)

Because every term of the normal stress equation, Eq. (3.11), except for (p0−p)

depends on the partial derivatives of the small quantities w and ζ, while most

terms in the tangential stress equation, Eq. (3.14), depend on the much larger

quantities u and χ, it follows that normal stresses are small compared to

tangential stresses. This is consistent with the physical intuition that particle

motion that is primarily parallel to an interface will cause greater shear stress

than normal stress.

In summary, Eqs. (3.18) and (3.24) demonstrate that the particle mo-

tion is mainly horizontal and primarily described by the stream function A

(compared to the velocity potential Φ). According to Eqs. (3.18) and (3.25),

the magnitudes of w and ζ are very small compared to u and χ at the inter-

face, respectively, which implies that the tangential stress dominates normal

stress at the interface [see the discussion following Eq. (3.25)]. Therefore, to

obtain a leading-order understanding of the dispersion relation for a wave with

these properties, only the stream function component of the tangential stress

balance [i.e., the second line of Eq. (3.17)] must be set equal to zero. These

assumptions are qualitatively reinforced by Fig. 3.1, which depicts predomi-

nantly horizontal wave motion. Thus, the reduced dispersion relation, which

is simply the second line of Eq. (3.17) set equal to zero, for these longitudinal

waves is

−µ
(
m2 + k̃2

)
− iK2Dmk̃

2

ω
− µ2Dmk̃

2 + iρ2Dωm = 0 (3.26)
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Relations (3.23a) and (3.23b) are substituted into Eq. (3.26) to obtain

k̃2 =

√
iω3ρµ+ ρ2Dω

2

K2D − iωµ2D

(3.27)

Equation (3.27) was presented previously by Kappler, Shrivastava, Schneider,

and Netz.20 In the absence of viscosity in the both the fluid and the interface

(µ = 0 and µ2D = 0) Eq. (3.27) reduces to the dispersion relation for a

traditional wave on a membrane with properties ρ2D and K2D determining

the wave speed.

Equation (3.27) can be associated with a wave equation by rearranging

as follows:

K2D

(
−k̃2

)
+ µ2D

(
−k̃2

)
(−iω) =

√
ρµ (−iω)3/2 + ρ2D(−iω)2 (3.28)

An equivalent version of Eq. (3.28) for particle displacement ξ in the time

domain and in physical space is thus

K2D
∂2ξ

∂x2
+ µ2D

∂3ξ

∂t∂x2
=
√
ρµ
∂3/2ξ

∂t3/2
+ ρ2D

∂2ξ

∂t2
(3.29)

Lucassen21 assumed that the interface density ρ2D and viscosity µ2D are neg-

ligible. For ρ2D = 0 and µ2D = 0, Eq. (3.27) reduces to the dispersion relation

that Lucassen derived, which is the traditional dispersion relation for what are

commonly referred to as Lucassen waves:

k̃ =
(iω3ρµ)

1/4

√
K2D

(3.30)

Likewise, Eq. (3.29) reduces to the same fractional wave equation presented

by Kappler:20

K2D
∂2ξ

∂x2
=
√
ρµ
∂3/2ξ

∂t3/2
(3.31)
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In Eq. (3.30), the complex quantity k̃ can be expressed in terms of its

real and imaginary component parts, k̃ = k + iα, where k is the wavenumber

and α is the attenuation coefficient. Using Eq. (2.14), these quantities can be

written explicitly as

k = sin(3π/8)
(
ρµ/K2

2D

)1/4
ω3/4 (3.32a)

α = cos(3π/8)
(
ρµ/K2

2D

)1/4
ω3/4 (3.32b)

Equations (3.32a) and (3.32b) indicate that Lucassen waves are strongly damped

on the scale of a wavelength. From Eq. (2.14) one obtains αλ = 2π cot(3π/8) '

2.6, where λ = 2π/k is wavelength. This in turn corresponds to attenuation

of 22.6 dB per wavelength. The phase speed, which can be calculated using

Eq. (2.15), is given by

cph(ω) =
ω

k
= csc(3π/8)(K2

2D/ρµ)1/4 ω1/4 (3.33)

Figure 3.3 shows the dispersion relation k̃(ω) obtained from Eq. (3.27)

with numerical values provided by Kappler et al.20 for a DPPC layer coupled

to a bulk water medium. Four cases are shown: the traditional Lucassen wave

dispersion without interface density ρ2D or viscosity µ2D (red), dispersion with

interface density included but not interface viscosity (blue), dispersion with

interface viscosity included but not interface density (green), and dispersion

with both interface density and viscosity included (black). For ω < 106 rad/s,

the Lucassen dispersion relation Eq. (3.30) is in close agreement with the other

curves, validating Lucassen’s original assumption that the interface density
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and viscosity are negligible. Prior experiments14 performed on a DDPC layer

primarily considered ω<∼ 103 rad/s, which falls in this low frequency range.

For 106 < ω < 107 rad/s inclusion of the viscosity µ2D in the interface yields

a clear difference. In the region ω > 107 rad/s, the curves further differentiate

from one another. It should be noted that for sufficiently large ω the linearity

assumption for the Navier-Stokes equations [Eqs. (3.3a) and (3.3b)] begins to

break down depending on the initial amplitude of the waveform [see discussion

surrounding Eq. (S103) in Kappler et al.20]. For the frequency range shown in

Fig. 3.3, the interface density ρ2D produces very little changes in the curves

(i.e., the red and green curves are in very close agreement with the blue and

black curves, respectively). The inclusion of interface viscosity (in addition to

liquid viscosity) for nonlinear Lucassen waves is considered in Sec. 3.4.

3.3 Nonlinear Lucassen waves

Nonlinearity in Lucassen surface waves was first taken into account by

Kappler, Shrivastava, Schneider, and Netz.20 The nonlinearity was introduced

by allowing the elastic modulus of the interface to vary with particle displace-

ment, such that K2D = K2D(ξ) in Eq. (3.31). Their Eq. (23), henceforth

referred to as the KSSN equation, is expressed here in the form[
κ0 + κ1

∂ξ

∂x
+ κ2

(
∂ξ

∂x

)2
]
∂2ξ

∂x2
=
√
ρµ
∂3/2ξ

∂t3/2
(3.34)

where κ0,1,2 are experimentally determined elastic constants that describe the

nonlinear elasticity of the interface. These constants are defined by the fol-
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Figure 3.3: Plots of k̃(ω) given by the dispersion relation, Eq. (3.27), with ρ =
103 kg/m3, µ = 10−3 Pa·s, andK2D = 1×10−2 N/m. The solid curves represent
the real part of k̃ and the dashed curves represent the imaginary part of k̃. The
red curve corresponds to ρ2D = µ2D = 0, which is the dispersion relation for
Lucassen waves, the blue curve corresponds to ρ2D = 1×10−6 kg/m2 and µ2D =
0, the green curve corresponds to ρ2D = 0 and µ2D = 1×10−9 Pa ·s ·m, and the
black curve corresponds to ρ2D = 1×10−6 kg/m2 and µ2D = 1×10−9 Pa · s ·m.

lowing relations:

κ0 = K
(0)
2D +K

(2)
2D (a− a0)2 κ1 = 2K

(2)
2Da(a− a0) κ2 = K

(2)
2Da

2 (3.35)

where a and a0 have dimensions of area. Kappler et al. report numerical val-

ues for K
(0)
2D , K

(2)
2D , a, and a0 corresponding to a DPPC lipid monolayer at

an air-water interface. Nonlinearity in the Navier-Stokes equation describing

the incompressible liquid, estimated by Kappler et al. to be negligible com-
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pared with nonlinearity of the elastic interface, is not taken into account by

Eq. (3.34).

We are interested in formulating Eq. (3.34) as a signaling problem

(briefly discussed in Sec. 2.3.2) in which the interface is initially at equilib-

rium [u = 0 and ∂u/∂t = 0 at t = 0] with a known displacement u or gradient

∂u/∂x at x = 0 and the interface remaining at rest at x = ∞ [u(∞, t) = 0].

The second boundary condition [u(∞, t) = 0] signifies that the initial signal at

x = 0 will completely dissipate after an infinite distance due to the attenuation

introduced by the fractional derivative in Eq. (3.34). However, in any conven-

tional numerical algorithm the physical domain must be finite, requiring an

arbitrary distance L to be chosen such that an initial waveform will be suffi-

ciently attenuated over length L to be considered an accurate approximation of

the true signaling problem formulation in which infinite propagation distances

are considered. This presents two difficulties, the first of which is that it is

difficult to know exactly what value L should be chosen to obtain a sufficiently

accurate approximation of the signaling problem for Eq. (3.34). Second, the

user is required to calculate the solution of Eq. (3.34) for large x even if the

user is only interested in behavior near the source (i.e., x � L). The fact

that Eq. (3.34) is nonlinear and includes a fractional derivative creates even

more numerical difficulties. To facilitate numerical computation, a simplified

form of Eq. (3.34) for progressive waves is considered in which a single initial

condition at x = 0 can be evolved forward by incrementally stepping in x.

For a discussion of the finite difference scheme used to solve Eq. (3.34) in the
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present work, see Sec. A.3.

3.3.1 Evolution equation in a fixed reference frame

The desired equation is first order in the partial derivative with respect

to x and describes the nonlinear evolution of a progressive wave propagating

in the +x direction. To develop such a nonlinear evolution equation, it is

convenient first to reorganize Eq. (3.34) by collecting the linear terms on the

left and the nonlinear terms on the right:

∂2ξ

∂x2
−
√
ρµ

κ0

∂3/2ξ

∂t3/2
= −κ1

κ0

∂ξ

∂x

∂2ξ

∂x2
− κ2

κ0

(
∂ξ

∂x

)2
∂2ξ

∂x2
(3.36)

Now set the right-hand side to zero and consider the linear form of this equa-

tion, which is equivalent to Eq. (3.31) and rewritten here as[
∂

∂x
+

(
ρµ

κ2
0

)1/4
∂3/4

∂t3/4

][
∂

∂x
−
(
ρµ

κ2
0

)1/4
∂3/4

∂t3/4

]
ξ = 0 (3.37)

The factorization creates two wave-like operators, the first for propagation in

the +x direction, and the second for propagation in the−x direction. Choosing

the first operator for propagation in the +x direction yields

∂ξ

∂x
+

(
ρµ

κ2
0

)1/4
∂3/4ξ

∂t3/4
= 0 (3.38)

from which the linear dispersion relation Eq. (3.30) is recovered for ξ =

ξ0e
i(k̃x−ωt). Equations (3.31) (with K2D = κ0) and (3.38) thus admit equivalent

solutions for linear evolution of a waveform propagating in the +x direction.

From Eq. (3.38) it is observed that the time and space derivatives for
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linear propagation in the +x direction are related as follows:(
ρµ

κ2
0

)1/4
∂3/4

∂t3/4
= − ∂

∂x
(3.39)

By factoring the left-hand side of Eq. (3.36) as in Eq. (3.37) and using Eq. (3.39)

to approximate the second fractional time derivative with a space derivative,

one arrives at the following approximate form of Eq. (3.36) for wave propaga-

tion in the +x direction:

2

[
∂

∂x
+

(
ρµ

κ2
0

)1/4
∂3/4

∂t3/4

]
∂ξ

∂x
= −κ1

κ0

∂ξ

∂x

∂2ξ

∂x2
− κ2

κ0

(
∂ξ

∂x

)2
∂2ξ

∂x2
(3.40)

Introduction of the new wave variable ψ = −∂ξ/∂x and rearrangement of the

result yields the following evolution equation:

∂ψ

∂x
= − (ρµ/κ2

0)1/4

1− (κ1/2κ0)ψ + (κ2/2κ0)ψ2

∂3/4ψ

∂t3/4
(3.41)

Equation (3.38) is recovered for linear propagation (κ1 = κ2 = 0).

The quantity ψ characterizes the compression of the interface in the

direction of propagation. In terms of the corresponding particle velocity u =

∂ξ/∂t, for linear propagation of the harmonic wave ξ = ξ0e
i(k̃x−ωt) one obtains

ψ = (1+iα/k)u/cph. Since α/k = 0.414 for a Lucassen wave, the magnitude of

ψ exceeds that of u/cph by 8.24% and its phase differs by 22.5◦. By comparison,

for a sound wave in a viscous compressible fluid the quantity α/k is normally

exceedingly small compared with unity and one obtains ψ = u/cph.

3.3.2 Evolution equation in a moving reference frame

An alternative nonlinear evolution equation, obtained in a moving ref-

erence frame, is developed here for comparison with traditional evolution equa-
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tions in nonlinear acoustics. Begin by rewriting Eq. (3.41) in the form(
ρµ

κ2
0

)1/4
∂3/4ψ

∂t3/4
= −

(
1− κ1

2κ0

ψ +
κ2

2κ0

ψ2

)
∂ψ

∂x
(3.42)

The desired evolution equation is based on a reference frame moving at the

nominal phase speed of the wave. Let c0 = cph(ω0) be the phase speed at a

characteristic frequency ω = ω0 of the waveform, e.g., the center frequency of a

narrowband signal, and introduce the retarded time τ = t−x/c0. Next, assume

slow variations of the waveform in the reference frame translating at speed c0

and transform Eq. (3.42) from the coordinates (x, t) into the new coordinates

(x1, τ) = (εx, t−x/c0), where the dimensionless parameter ε� 1 characterizes

the slowness of changes as a function of x1 in the (x1, τ) coordinate system.

With the derivatives transformed according to the relations

∂3/4

∂t3/4
=

∂3/4

∂τ 3/4

∂

∂x
= ε

∂

∂x1

− 1

c0

∂

∂τ
(3.43)

Eq. (3.42) becomes(
ρµ

κ2
0

)1/4
∂3/4ψ

∂τ 3/4
= −ε ∂ψ

∂x1

+

(
1− κ1

2κ0

ψ +
κ2

2κ0

ψ2

)
1

c0

∂ψ

∂τ
+O(εψ2, εψ3) (3.44)

The O(εψ2, εψ3) nonlinear terms (not shown explicitly), together with nonlin-

ear terms containing higher powers of ε, are discarded based on their smallness

relative to the preceding O(ψ2, ψ3) nonlinear terms (shown explicitly). With

the original coordinate x reinstated in place of x1/ε in Eq. (3.44), the following

evolution equation is obtained:

∂ψ

∂x
=

(
1− κ1

2κ0

ψ +
κ2

2κ0

ψ2

)
1

c0

∂ψ

∂τ
−
(
ρµ

κ2
0

)1/4
∂3/4ψ

∂τ 3/4
(3.45)

42



Like Eq. (3.41), without nonlinearity (κ1 = κ2 = 0), Eq. (3.45) is equivalent

to Eq. (3.38). In the absence of the fractional derivative, Eq. (3.45) becomes

an evolution equation for a simple wave, the implicit solution for which is of

the form ψ = f [τ + (b0 + b1ψ + b2ψ
2)x].

3.3.3 Dimensionless formulation

It is convenient for analysis to recast Eqs. (3.34), (3.41), and (3.45) in

dimensionless form by defining

U = ξ/ξ0 Ψ = ψ/ψ0 X = k0x φ = ω0t θ = ω0τ (3.46)

Particle displacement ξ and its negative gradient ψ = −∂ξ/∂x are scaled by

the characteristic amplitudes ξ0 and ψ0, respectively. The variable U , which

is chosen to represent dimensionless particle displacement, is not be confused

with the dimensional particle velocity u. The variable U is chosen to follow

the original notation of Kappler et al.20 Time and distance are scaled by

the characteristic frequency ω0 and corresponding wavenumber k0 = k(ω0) =

ω0/c0. Owing to the strong viscous attenuation of a Lucassen wave, relevant

propagation distances in terms of the scaled coordinate X are O(1). The

following three dimensionless equations are obtained.

KSSN equation, Eq. (3.34):[
1− 2N2

∂U

∂X
+ 2N3

(
∂U

∂X

)2
]
∂2U

∂X2
= γ2∂

3/2U

∂φ3/2
(3.47)

Fixed-frame evolution equation, Eq. (3.41):

∂Ψ

∂X
= − γ

1 +N2Ψ +N3Ψ2

∂3/4Ψ

∂φ3/4
(3.48)
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Moving-frame evolution equation, Eq. (3.45):

∂Ψ

∂X
= (1 +N2Ψ +N3Ψ2)

∂Ψ

∂θ
− γ ∂

3/4Ψ

∂θ3/4
(3.49)

In each equation appears one numerical coefficient, which is determined using

Eqs. (3.32a) and (3.32b),

γ =
√

1 + (α/k)2 =
2√

2 +
√

2
' 1.0824 (3.50)

and two nonlinearity parameters that depend on wave amplitude,

N2 = β2ψ0 N3 = β3ψ
2
0 (3.51)

where

β2 = − κ1

2κ0

β3 =
κ2

2κ0

(3.52)

are the coefficients of quadratic and cubic nonlinearity associated with the

elastic interface, respectively.

The sign conventions employed for β2 and β3 in Eq. (3.52) correspond

to their traditional interpretation in nonlinear acoustics insofar as positive

(negative) values indicate that the compression phase of a waveform propa-

gates faster (slower) than predicted by linear theory due to the corresponding

quadratic or cubic nonlinearity.

The nonlinearity parameters N2 and N3 defined in Eq. (3.51) are pro-

portional to Gol’dberg numbers employed in nonlinear acoustics, which char-

acterize the importance of nonlinearity relative to energy dissipation for the
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propagation of a progressive plane wave in a thermoviscous fluid.51 The tra-

ditional Gol’dberg number for quadratic nonlinearity may be expressed as

Γ2 = β2ε0k0/α0, where ε0 = u0/c0 is the acoustic Mach number associated

with the characteristic particle velocity u0, and α0 = α(ω0) is the attenuation

coefficient at the characteristic frequency ω0. For a Lucassen wave ε0 ' 0.924ψ0

[recall discussion following Eq. (3.41)] and k0/α0 ' 2.414, such that one ob-

tains the relation Γ2 ' 2.2N2. The corresponding Gol’dberg number for cubic

nonlinearity is Γ3 = β3ε
2
0k0/α0, such that Γ3 ' 2.1N3. For an initially sinu-

soidal compressional wave subject to quadratic nonlinearity in a thermovis-

cous fluid, nonlinear distortion of the waveform is negligible for Γ2
<∼ 1, and

for Γ2 � 1 the waveform develops thin shocks that may be approximated by

discontinuities.52 The parameters N2 and N3 play a similar role in terms of

indicating the degree of nonlinear distortion in Lucassen waves.

It is important to note that in order for N2 and N3 to have the same

definition in Eq. (3.47) as in Eqs. (3.48) and (3.49) one must stipulate in

Eq. (3.47) that ψ0 ≡ k0u0. A consequence of this stipulation when nonlinearity

is taken into account is that a source condition must be specified in terms of Ψ

rather than U when solutions of Eq. (3.47) are to be compared with those of

Eqs. (3.48) and (3.49). That is, Eq. (3.47) must be formulated as a boundary

value problem in X with Neumann boundary conditions.
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3.3.4 Comparison of three model equations

Numerical solutions of the KSSN equation (3.47), the fixed-frame evo-

lution equation (3.48), and the moving-frame evolution equation (3.49) are

compared in Fig. 3.4. In all three panels the dashed black curve is the source

waveform

Ψ(0, φ) = exp[−(φ/4π)6] sinφ (3.53)

and the solid black curve is the solution of the KSSN equation at X = 1

for N2 = −0.78 and N3 = 1.02 corresponding to ψ0 = 0.1, ā = 78.4 Å
2
,

a0 = 75.4 Å
2
. The physical values of ā and a0 describe a DPPC membrane

with an equilibrium area per lipid just past the phase transition region.20 The

values for K
(0)
2D and K

(2)
2D used in Fig. 3.4 are given by Kappler et al.20

Compared in Fig. 3.4(a) are the solution of the nonlinear KSSN equa-

tion (black curve) and the same linear solution that is obtained from each of

Eqs. (3.47), (3.48), and (3.49) (red curve). Besides waveform distortion, the

comparison reveals that nonlinearity in the KSSN equation generates a nega-

tive DC component, which is absent in the linear solution. Figure 3.4(b) com-

pares solutions of the nonlinear KSSN equation (black curve) and the nonlinear

fixed-frame evolution equation (red curve), for which reasonable agreement is

observed. Figure 3.4(c) indicates that the solutions of the nonlinear KSSN

equation (black curve) and the nonlinear moving-frame evolution equation

(red curve) are not in as good agreement. The discrepancy is due mainly to

the inability of the moving-frame evolution equation to account for nonlinear
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generation of a DC component. A discussion of some of the numerical tech-

niques used to solve the KSSN equation, the fixed-frame evolution equation,

and the moving-frame evolution equation is presented in Appendix A.
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Figure 3.4: In all three panels, the dashed black curve is the source waveform
at X = 0 and the solid black curve is the numerical solution of the KSSN equa-
tion, Eq. (3.47), at X = 1 for N2 = −0.78 and N3 = 1.02. (a) Comparison
with linear theory at X = 1 (red curve, corresponding to N2 = N3 = 0),
which is the same for all three model equations: Eqs. (3.47), (3.48), and
(3.49). (b) Comparison with the fixed-frame evolution equation (red curve),
Eq. (3.48), and (c) comparison with the moving-frame evolution equation (red
curve), Eq. (3.49), in each case with X = 1, N2 = −0.78, and N3 = 1.02.

3.3.5 Threshold phenomena in nonlinear Lucassen waves

From their numerical solutions of Eq. (3.34), Kappler et al.20 observed

that “For a < a0 [such that, in our notation, κ1 < 0 and β2 > 0 from Eqs. (3.35)

and (3.52), respectively] nonlinear effects lead to a monotonic and smooth

increase of the wave speed as a function of the driving amplitude ξmax
0 , while

for a > a0 [thus κ1 > 0 and β2 < 0] the speed decreases slightly and then

abruptly increases at a threshold amplitude of about ξmax
0 = 2 mm.” A possible

explanation of these observations is the competition between quadratic and
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cubic nonlinearity.

The wave speed referred to by Kappler et al. is related to the finite-

amplitude propagation speed, which varies from point to point along the wave-

form. Insight into the amplitude dependence of the propagation speed is facil-

itated by ignoring the effects of attenuation and dispersion, which is accom-

plished most easily using the moving-frame evolution equation, Eq. (3.45).

Retaining only the nonlinear terms on the right-hand side of Eq. (3.45)

and designating ψ̂ as the solution of the resulting equation yields, following

introduction of the coefficients of nonlinearity defined in Eq. (3.52),

∂ψ̂

∂x
= (β2ψ̂ + β3ψ̂

2)
1

c0

∂ψ̂

∂τ
(3.54)

The quantity (β2ψ̂ + β3ψ̂
2)/c0 is the rate, per unit distance, at which a point

on the waveform identified by its local amplitude ψ̂ advances or recedes in

the retarded time frame τ = t − x/c0 associated with the reference frame

moving at speed c0. This behavior is most easily understood by considering

the characteristics associated with Eq. (3.54), which are obtained by setting

the total differential dψ̂ = (∂ψ̂/∂x)dx+(∂ψ̂/∂τ)dτ equal to zero [i.e., ψ̂(x, τ) =

const]:

dτ

dx

∣∣∣∣
ψ̂=const

= −∂ψ̂/∂x
∂ψ̂/∂τ

∣∣∣∣
ψ̂=const

= −(β2ψ̂ + β3ψ̂
2)/c0 (3.55)

For β2ψ̂ + β3ψ̂
2 > 0 the given point on the waveform arrives earlier per unit

distance and thus travels faster than c0, and for β2ψ̂+β3ψ̂
2 < 0 it arrives later

and thus travels slower.
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The wave speed discussed by Kappler et al.20 [see their Eq. (30) and

Fig. 5] is the velocity of the positive peak amplitude (say ψ = ψ0) in the wave-

form. With the velocity of the positive peak labeled c+
pk and with (dτ/dx)ψ0 =

1/c+
pk − 1/c0, making use of Eq. (3.55) evaluated for ψ̂ = ψ0 ≥ 0 yields

c+
pk =

c0

1− β2ψ0 − β3ψ2
0

(3.56)

Interpretation of the threshold phenomenon discussed by Kappler et al. in

connection with their Fig. 6(c) follows from examining the dependence of c+
pk

on the wave amplitude ψ0. For a < a0 both β2 and β3 are positive, and

therefore increasing ψ0 produces a “monotonic and smooth increase” in c+
pk.

But for a > a0, β2 is negative while β3 remains positive and therefore as ψ0

increases from zero, c+
pk initially “decreases slightly and then abruptly increases

at a threshold amplitude”, the value of which may be determined by setting

β2ψ0 + β3ψ
2
0 = 0 to obtain

ψth
0 = −β2

β3

=
κ1

κ2

κ1

κ2

> 0 (3.57)

In other words, for negative β2, positive β3, and ψ0 sufficiently below threshold,

the speed decreases approximately linearly as a function of ψ0 according to

c+
pk ' c0(1 − |β2|ψ0), whereas for ψ0 sufficiently above threshold, the speed

increases approximately quadratically according to c+
pk ' c0(1 + β3ψ

2
0).

Note that a different conclusion is reached regarding the threshold phe-

nomenon if the peak negative amplitude in the waveform is considered rather

than the peak positive amplitude. Setting ψ̂ = −ψ0 in Eq. (3.55) yields

c−pk =
c0

1 + β2ψ0 − β3ψ2
0

(3.58)
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in place of Eq. (3.56). The condition for the threshold phenomenon is now

reversed, occurring for a < a0 (positive β2) rather than a > a0 (negative β2).

The difference in wave speed is especially important for fractional waves

because of their high attenuation. The attenuation length scale is on the order

of a wavelength, so nonlinear fractional pulses that travel much faster will have

a longer characteristic length scale and thus will attenuate less over a specified

distance. This is to say that a nonlinear, fast-traveling fractional wave will

arrive at a point in space much less attenuated than a slower traveling pulse

arriving at the same point. This conclusion is illustrated in Fig. 3.5, which

shows the evolution of an initially unipolar pulse defined by

Ψ(0, θ) = sech(φ− 2π) (3.59)

based on the fixed-frame evolution equation, Eq. (3.48). For amplitudes be-

low and at the threshold, Fig. 3.5(a) and (b), respectively, the pulse arrives

at the point X = 5 with similar amplitudes. The amplitudes at X = 5 are

significantly below the source amplitude Ψmax(φ, 0) = 1. However, well past

the threshold, as seen in Fig. 3.5(c), the pulse travels significantly faster and

thus arrives at the point X = 5 with a much higher amplitude, nearly equiv-

alent to the initial amplitude. This threshold behavior of nonlinear Lucassen

waves is another connection to the nerve pulses, which exhibit an “all-or-none”

behavior.18 This connection is discussed in greater detail in Chapter 1.
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Figure 3.5: Waterfall plots of propagation beginning with the initial condition
Ψ(θ, 0) = sech(φ−2π) based on the fixed-frame evolution equation, Eq. (3.48).
Here β2 = −4 and β3 = 16; according to Eq. (3.57), ψth

0 = 1/4. Plot (a)
shows linear propagation with ψ0 = 0, (b) shows propagation at the threshold
amplitude ψ0 = ψth

0 , and (c) shows propagation well beyond the threshold
with ψ0 = 1 = 4ψth

0 .

3.3.6 Possibility of shock formation

The evolution equation given by Eq. (3.49), which yields an attenuation

coefficient that is proportional to ων with 0 ≤ ν ≤ 1, provides insufficient

attenuation and dispersion to stabilize shock formation when the amplitude

of a nonlinear waveform exceeds a critical value.53 A model equation for

nonlinear propagation in such a medium yields invalid solutions when the

critical amplitude is exceeded and the wave propagates beyond the distance

at which a vertical tangent first appears in the waveform, signifying the point

of shock formation. The moving-frame evolution equation, Eq. (3.49), falls in

this category and thus fails beyond the shock formation distance. Therefore,

Eq. (3.49) should only be used for modest values of nonlinearity characterized
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byN2 andN3. Specific limits on the nonlinearity of the moving-frame evolution

equation are discussed in Sec. 4.3.3.

It is not immediately clear if the conclusions regarding the moving-

frame evolution equation apply to the fixed-frame evolution equation, Eq. (3.48),

or the KSSN equation, Eq. (3.47). While the attenuation is proportional to

ω3/4 for Eqs. (3.48) and (3.47), the equations have different functional forms.

The fixed-frame evolution equation is less stable numerically for waveforms

with high gradients, although this fact alone does not prove whether or not

vertical tangent formation, or ultimately a multivalued waveform, are possible.

The possibility of waveform overturning for the fixed-frame evolution equation,

Eq. (3.48), is discussed in Chap. 4.

3.4 Lucassen waves with interfacial viscosity

Nonlinearity can produce very steep gradients in propagating wave-

forms with large amplitudes, which can lead to numerical instability for model

equations such as (3.47), (3.48), and (3.49). The moving-frame evolution equa-

tion has the particular problem of failing at vertical tangent formation for

sufficiently high initial amplitudes, as discussed in Sec. 3.3.6. Therefore, it is

sometimes useful to reintroduce the interface viscosity that was discarded in

Sec. 3.2. The extra attenuation from the interface viscosity will more strongly

attenuate the higher harmonics that are generated during nonlinear propaga-

tion effects at high amplitudes. This, in turn, can improve numerical stability

when describing the steep gradients associated with the shock formation in
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the time domain and harmonic generation in the frequency domain. Practi-

cal measurement techniques of lipid membrane interfacial viscosity and some

interfacial viscosity physical values for various membranes are discussed by

Homel et al.54

We thus return to Eq. (3.29) and again ignore the term with the inter-

face density ρ2D but now retain the term with the interface viscosity µ2D to

obtain

K2D
∂2ξ

∂x2
+ µ2D

∂3ξ

∂t∂x2
=
√
ρµ
∂3/2ξ

∂t3/2
(3.60)

The corresponding evolution is obtained by first rewriting Eq. (3.60) as follows:(
1 + τ2D

∂

∂t

)
∂2ξ

∂x2
=

√
ρµ

K2D

∂3/2ξ

∂t3/2
(3.61)

where

τ2D =
µ2D

K2D

(3.62)

is the time constant associated with the viscoelastic behavior of the interface.

Equation (3.61) can now be written in the form

τ2Dẏ(t) + y(t) = f(t) (3.63)

where

y(t) =
∂2ξ(t)

∂x2
f(t) =

√
ρµ

K2D

∂3/2ξ(t)

∂t3/2
(3.64)

and the dot in Eq. (3.63) signifies a time derivative. The particular solution

of Eq. (3.63) is

y(t) =
1

τ2D

∫ t

−∞
f(t′)e−(t−t′)/τ2D dt′ (3.65)
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which permits an explicit solution of Eq. (3.61) to be expressed as

∂2ξ

∂x2
=

√
ρµ

K2Dτ2D

∂3/2ξ

∂t3/2
∗ e−t/τ2D (3.66)

where the asterisk ∗ denotes convolution:

f(t) ∗ g(t) ,
∫ ∞
−∞

f(t′)g(t− t′)dt′ (3.67)

Equation (3.66) can be factored in a way similar to Eq. (3.37) in or-

der to arrive at an evolution equation. Because the fractional operator is a

convolution integral in the time domain, Fubini’s theorem,55 which allows the

order of integration to be changed, can be used to rearrange the convolutions

as follows:[
∂

∂x
+

(ρµ)1/4

√
µ2D

e−t/τ2D√
πt
∗ ∂

3/4

∂t3/4

][
∂

∂x
− (ρµ)1/4

√
µ2D

e−t/τ2D√
πt
∗ ∂

3/4

∂t3/4

]
ξ = 0 (3.68)

As with Eq. (3.37), choosing the first operator yields an evolution equation for

propagation in the +x direction:

∂ξ

∂x
+

(ρµ)1/4

√
πµ2D

∫ t

−∞

∂3/4ξ(t′)

∂t′ 3/4
e−(t−t′)/τ2D
√
t− t′

dt′ = 0 (3.69)

Equation (3.69) does in fact produce the exact same dispersion relation given

by Eq. (3.27) (with ρ2D neglected). This is proved using the Fourier transform

relation Fω{e−t/τ2D/
√
πtτ2D} = 1/

√
1− iωτ2D and the fact that a convolution

in the time domain corresponds to multiplication in the frequency domain.

For small values of µ2D, linear propagation predicted by the viscoelas-

tic evolution equation, Eq. (3.69), is very similar to that of the fixed-frame
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and moving-frame evolution equations, Eqs. (3.41) and (3.45), respectively.

Differences in propagation typically occur only at very high frequencies. For

example, for the values used to create Fig. 3.3, propagation of a sinusoidal

wave predicated by the viscoelastic evolution equation will be noticeably dif-

ferent only for ω > 106 rad/s. This is the point in Fig. 3.3 where the added

interface viscosity causes the green and black curves to depart from the red

and blue curves.

Nonlinearity is incorporated in the same way as in the derivation for

the fixed-frame evolution equation; see Eqs. (3.39) and (3.40). The nonlinear

viscoelastic evolution equation is thus

∂ψ

∂x
=− 1

1− (κ1/2κ0)ψ + (κ2/2κ0)ψ2

× (ρµ)1/4

√
πµ2D

∫ t

−∞

∂3/4ψ(t′)

∂t′ 3/4
e−(t−t′)/τ2D
√
t− t′

dt′ = 0

(3.70)

The dimensionless notation from Sec. 3.3.3 is used to write the nonlinear form

of Eq. (3.60) and Eq. (3.70), respectively, as

Viscoelastic KSSN equation:[
1− 2N2

∂U

∂X
+ 2N3

(
∂U

∂X

)2
]
∂2U

∂X2
+ Ω

∂3U

∂φ∂X2
= γ2∂

3/2U

∂φ3/2
(3.71)

Viscoelastic evolution equation, Eq. (3.70):

∂Ψ

∂X
= − 1

1 +N2Ψ +N3Ψ2

γ√
Ωπ

∫ φ

−∞

∂3/4Ψ

∂φ′ 3/4
e−(φ−φ′)/Ω
√
φ− φ′

dφ′ (3.72)

where

Ω = ω0τ2D = ω0
µ2D

K2D

(3.73)
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is the dimensionless coefficient that characterizes the viscosity of the interface.

In the limit Ω → 0 the viscoelastic evolution equation, Eq. (3.72),

becomes the fixed-frame evolution equation, Eq. (3.48). Because Ω depends

on K2D [see Eq. (3.73)], which is a nonlinear parameter, Ω could also be

nonlinear and depend on Ψ. However, in the present work Ω is approximated

as a constant for the equilibrium value of K2D. For this approximation to

be valid for strongly nonlinear propagation, Ω should be chosen such that

Ω� 1 because in this range the propagation of the waveform will be affected

noticeably only near very high gradients in the waveform. In the present work

only values for which Ω<∼ 0.1 are considered for nonlinear propagation.

For Ω>∼ 1, linear propagation predicted by the viscoelastic evolution

equation, Eq. (3.72), differs significantly from linear Lucassen wave propaga-

tion. For Ω � 1 there is greater loss over length scales on the order of a

wavelength because α > k (see the dispersion curves in Fig. 3.3 for ω > 106

rad/s). However, these differences in linear propagation are not the focus of

the present work because the original purpose of including interface viscosity

is to more accurately model attenuation after the formation of steep gradients

in the waveform associated with nonlinear propagation.

Figures 3.6 and 3.7 show comparisons of Eqs. (3.71) and (3.72) for

propagation along a viscoelastic interface. The initial waveform in Figs. 3.6

and 3.7 is

Ψ(0, θ) = e−(φ/8)8 sinφ (3.74)
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For linear propagation, the agreement between Eqs. (3.71) and (3.72) is ex-

cellent for Ω = 0.01 in Fig. 3.6(a) and Ω = 1 in Fig. 3.6(b). As expected,

there is greater attenuation in the waveform depicted in Fig. 3.6(b) because

the interface viscosity is greater.
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Figure 3.6: Numerical comparison of linear propagation out to X = 2 given by
the viscoelastic KSSN equation, Eq. (3.71), (black curve) and the viscoelastic
evolution equation, Eq. (3.72), (red curve) for an initial condition defined by
Eq. (3.74). Ω = 0.01 in (a) and Ω = 1 in (b). The red curve is nearly
indistinguishable from the black curve, which is plotted beneath the red curve.

For the nonlinear propagation depicted in Fig. 3.7 the value Ω = 0.1

is chosen because it is large enough to visualize the effects of the interface

viscosity but still small enough for Ω to be accurately approximated as a

constant for nonlinear propagation (as previously discussed). The agreement

in Fig. 3.7 is very reasonable.

The effects of the interface viscosity are better highlighted by consid-
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Figure 3.7: Numerical comparison of nonlinear propagation out to X = 3
given by the viscoelastic KSSN equation (3.71) and the viscoelastic evolution
equation (3.72) for an initial condition defined by Eq. (3.74). In the present
case N2 = −1, N3 = 5, and Ω = 0.1.

ering the propagation of a waveform that initially contains a steep gradient.

Consider the initial condition

Ψ(φ, 0) =
1

2
[1 + tanh(20φ)] (3.75)

that is nearly a step shock. Figure 3.8 shows the propagation of a waveform

that starts out as Eq. (3.75) based on the fixed-frame evolution equation,

Eq. (3.48), and which does not account for interface viscosity, and propagation

based on the viscoelastic evolution equation, Eq. (3.72), with Ω = 0.1. Even

with this seemingly small amount of interface viscosity, Fig. 3.8(a) reveals

noticeable differences in the waveforms at X = 2 predicted by each equation.

The viscoelastic evolution equation predicts a smoother waveform due to the
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additional attenuation at high frequencies. This is more evident in Fig. 3.8(b),

which shows the time derivatives (gradients) of the predicated waveforms. The

fixed-frame evolution equation predicts the step to steepen (i.e., the gradient

to increase) in comparison with the step predicted by the viscoelastic evolution

equation, which smooths out during propagation (i.e., the gradient decreases).

This comparison demonstrates that a small amount of interface viscosity can

make a large difference when there are steep gradients in the waveform.
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Figure 3.8: Numerical comparison of the fixed-frame evolution equation (3.48)
and the viscoelastic evolution equation (3.72) for the initial condition defined
by Eq. (3.75). Plot (a) shows the interface compression Ψ while plot (b) shows
the time gradient of the compression ∂Ψ/∂φ. Propagation is carried out to
X = 2 for N2 = −2, N3 = 10, and Ω = 0.1.

It is also worth noting that evaluating the viscoelastic evolution equa-

tion, Eq. (3.72), to produce the results in Fig. 3.8 required about a quarter

of the function evaluations needed to evaluate the fixed-frame evolution equa-
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tion, Eq. (3.48), using a Runge-Kutta method for the X integration, with a

finite-difference approximation for the φ derivatives, and with the same toler-

ance requirement for each equation. This increase in stability that comes from

the inclusion of viscosity in the interface is useful even when the viscosity does

not lead to significantly different results. Other numerical benefits of including

interface viscosity are discussed in Chap. 4 and Appendix A.

3.5 Conclusion

Derivations of model equations for linear Lucassen waves and Lucassen

waves with interface viscosity have been presented. Nonlinearity was incorpo-

rated by allowing the interfacial bulk modulus to be dependent on the com-

pression of the interface. Corresponding evolution equations have also been

derived. These evolution equations are much easier to solve numerically and

they facilitate physical understanding of nonlinear Lucassen waves, such as the

threshold phenomenon. While linear Lucassen waves are highly attenuated on

the scale of a wavelength, nonlinear Lucassen waves with an initial amplitude

beyond threshold are significantly less attenuated over the same absolute dis-

tance. This fact has been used to connect Lucassen interface waves with the

mechanical surface wave that accompanies the action potential during nerve

pulse propagation.

The two evolution equations for Lucassen waves introduced in this

work, the fixed-frame and moving-frame evolution equations, suffer shortcom-

ings for strongly nonlinear propagation. The fixed-frame evolution equation
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becomes numerically unstable and the moving-frame evolution equation fails

at the moment a vertical tangent emerges in the waveform. These issues mo-

tivated the inclusion of viscosity in the interface. The intended purpose of

including interface viscosity is to more accurately model attenuation of steep

gradients in propagating waveforms. The viscoelastic evolution equation does

exhibit greater attenuation for steep gradients and is more numerically stable

than the fixed-frame evolution equation, even for a relatively small amount of

viscosity. The behavior of these evolution equations near shock formation is

investigated further in Chap. 4.
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Chapter 4

The possibility of waveform overturning in

selected nonlinear fractional models

4.1 Introduction

The formation of shocks, i.e., the formation of a nearly vertical tangent

in propagating waveforms is a classical area of study in nonlinear acoustics.

Model equations that allow for the formation of a true vertical tangent typically

allow unphysical multivalued solutions as well. One such example is the lossless

nonlinear Burgers equation. By analogy with waves on the surface of the

ocean, the terminology “waveform overturning” was introduced to describe

the unphysical waveforms implied by such model equations when the shock

formation distance is exceeded.56,57 Whereas water waves overturn and become

multivalued due to their topology, a phenomenon familiar to surfers when the

water surface is simultaneously beneath their feet and above their head, a

longitudinal wave cannot be multivalued and possess more than one value of

particle displacement at the same point in space. Prediction of a multivalued

waveform indicates that essential physics, namely a mechanism that provides

sufficient attenuation or dispersion, is not represented in the mathematical

model. Without the addition of a term that provides sufficient attenuation or

dispersion, the model equation fails beyond the point of shock formation.
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Mathematical models that predict waveform overturning and thus mul-

tivalued waveforms rather than shock formation are not new. The exact equa-

tions for finite-amplitude sound in ideal fluids suffer from exactly this de-

ficiency and perplexed the leading mathematical physicists of the 18th and

19th centuries until Stokes pointed out that viscosity is required to prevent

waveform overturning. See Blackstock58 for discussion of the controversies

surrounding this matter in the early history of nonlinear acoustics.

Understanding which model equations allow for the formation of a

vertical tangent is critical when performing numerical calculations. Tradi-

tional numerical approaches involving finite differencing techniques such as

Runge-Kutta methods will fail beyond the formation of the vertical tangent in

the waveform. For example, such algorithms cannot produce the multivalued

waveforms predicted by the lossless nonlinear Burgers equation. Instead, the

waveform predicted will appear reasonable to the user, but will nonetheless

be incorrect and different from the result of evaluating the nonlinear Burg-

ers equation with a very small amount of viscosity (which prevents vertical

tangent formation).

As a specific example, consider Fig. 4.1, which shows numerical so-

lutions of the moving-frame evolution equation, Eq. (3.49), for an initially

sinusoidal waveform in the frequency and time domain for different distances.

A description of frequency domain computational methods for evolution equa-

tions is given by Ginsberg and Hamilton59 while a description of time domain

methods is found in Sec. A.2. As discussed briefly in Sec. 3.3.6, the moving-
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frame evolution equation will fail beyond some X for sufficient nonlinearity

(bounds for uniformly valid solutions of the moving-frame evolution equation

will be established in Sec. 4.3.3). In Fig. 4.1, the nonlinearity is chosen such

that vertical tangent formation in the moving-frame evolution equation is pos-

sible,51 at which point the moving-frame evolution equation fails.
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Figure 4.1: Numerical solution of the moving-frame evolution equation,
Eq. (3.49), with N2 = −4 and N3 = 4 in the frequency domain [(a), (b),
and (c)] and the time domain [(d), (e), and (f)]. The initial condition for
the frequency domain algorithm is a sinusoid: Ψ(0, θ) = − sin θ. In the time
domain the initial condition is also a sinusoid, although it is windowed by a
super Gaussian function: Ψ(0, θ) = −e−(θ/12)12 sin θ.

Prior to shock formation, at X = 0.1 [Fig. 4.1(a) and (d)], solutions
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obtained in both the frequency and time domain agree. However, at X = 0.5

[Fig. 4.1(b) and (e)] obvious indications of error begin to emerge. For the

frequency domain solution, Fig. 4.1(b), spurious oscillations occur throughout

the waveform. Because most conventional frequency domain algorithms cannot

produce multivalued solutions, any computation past vertical tangent forma-

tion will artificially increase the amplitude of the higher harmonics, leading to

spurious oscillations that are neither physical nor even valid as mathematical

solutions of the original equation. At X = 0.5 for the time domain solu-

tion, Fig. 4.1(e), the visual indication of error is localized at the shock front.

Conventional time domain approximations of derivatives, such as forward or

backward finite difference approximations, fail at vertical tangent formation,

leading to error that can manifest as oscillations near the vertical tangent as

seen in Fig. 4.1(e). In the case of Fig. 4.1(e), a backward difference approx-

imation is used to approximate the discrete derivative in the moving-frame

evolution equation.

At X = 4.0 in Fig. 4.1(c) and (f) the predicted waveforms looks rea-

sonable for both the frequency and time domain (i.e., there are no obvious

indications of model failure). It is plausible that one might calculate a solution

of the moving-frame evolution equation like the one presented in Fig. 4.1(c) or

(f) without realization that vertical tangent formation has already occurred,

and thus the model had failed by producing an invalid result even though the

final result may appear valid. Also, notice that the predicted solutions of the

frequency domain, Fig. 4.1(c), and the time domain, Fig. 4.1(f), do not agree
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at X = 4.0 because of the numerical errors that occurred for both solutions

before X = 4.0.

In the case of the frequency domain solution, it should be emphasized

that the instability observed in Fig. 4.1(b) is not due to an insufficient number

of frequencies used in numerical calculation (400 total frequencies are used

for the frequency domain simulation in Fig. 4.1). Similarly, the failure of

the time domain solution observed in Fig. 4.1(e) is not due to an insufficient

time step. Rather, it is due to the fact that there is insufficient attenuation

and dispersion in the model to prevent multivalued solutions from occurring,

Most frequency and time domain numerical algorithms cannot produce such

multivalued solutions. This example highlights why it is important to know if

vertical tangent formation is possible, and thus subtle numerical failure is also

possible, for a given nonlinear model equation.

The present chapter analyzes nonlinear waveforms with large gradients

to determine if waveform overturning, and thus the possibility of failure for

conventional numerical algorithms, is possible for fractional evolution equa-

tions. One could begin analysis with an equation that has the same form as

the nonlinear Lucassen wave (KSSN) equation, Eq. (3.47), written here in the

general form

∂ηξ

∂tη
= c2

η,0

∂2ξ

∂x2
+ f

(
ξ,
∂ξ

∂t
,
∂ξ

∂x
, . . .

)
(4.1)

where the coefficient cη,0 controls the rate at which the physical process evolves

in time (cη,0 can be interpreted as the small-signal sound speed for η = 2).

The function f is an arbitrary function that describes the nonlinearity of the
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system. In general, f could be a function of the wave variable ξ and any of

its partial derivatives. However, analysis of Eq. (4.1) can be difficult. For

example, forward marching numerical schemes are difficult to implement in x

because Eq. (4.1) is typically formulated as a boundary value problem while

marching schemes in t are inconvenient as well because traditional Runge-

Kutta methods are not intended for fractional derivatives. Instead, it is much

more manageable to analyze the following fractional evolution equation (also

called the fractional transport equation60):

∂νξ

∂tν
+ cη,0

∂ξ

∂x
= g

(
ξ,
∂ξ

∂t
,
∂ξ

∂x
, . . .

)
(4.2)

where g is a function, possibly nonlinear, of ξ and its partial derivatives. The

quantity ν is the order of the fractional time derivative. This new quantity is

chosen because it is often different from the quantity η in Eq. (4.1).

When an evolution equation in the form of Eq. (4.2) is derived as an

approximation of Eq. (4.1) one typically obtains ν = η/2. The fixed-frame and

moving-frame evolution equations, Eqs. (3.48) and (3.49), respectively, can be

written in the form of Eq. (4.2). Equations in the form of (4.2) arise in numer-

ous applications. As mentioned previously, such equations can be derived as

approximations of the compound nonlinear fractional wave equation, Eq. (4.1),

as is the case for the fixed-frame evolution equation. Other examples include

fractional advection-dispersion equations61 and fractional convection-diffusion

equations62 for propagation in complex media.

The present chapter considers the possibility of vertical tangent forma-
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tion in solutions of the fixed-frame evolution equation, Eq. (3.48), the moving-

frame evolution equation, Eq. (3.49), and the viscoelastic evolution equation,

Eq. (3.72), as well as considering the general behavior of each of these equa-

tions when modeling propagation of waveforms with steep gradients. Section

4.2 investigates waveforms that develop a nearly vertical tangent when mod-

eled using the fixed-frame and moving-frame evolution equations. Section 4.3

employs the intrinsic coordinates introduced by Hammerton and Crighton56

to study the propagation of a waveform that is nearly a step-shock waveform.

Appendix B considers the possbility of discontinuous solutions for fractional

evolution equations using the formalism of Whitham.30

4.2 Analysis of a waveform with a nearly vertical tan-
gent

This section analyzes the evolution of a waveform that is initially arbi-

trarily close to possessing a vertical tangent at X = 0, where X is the dimen-

sionless spatial coordinate introduced in Eq. (3.46). The idea is to understand

how the waveform changes over an infinitesimal step ∆X according to the

fixed- and moving-frame evolution equations, Eqs. (3.48) and (3.49), respec-

tively, especially to understand if a vertical tangent may occur. The fixed- and

moving-frame evolution equations are presented again here for convenience.

Fixed-frame evolution equation:

∂Ψ

∂X
= − γ

1 +N2Ψ +N3Ψ2

∂3/4Ψ

∂φ3/4
(4.3)
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Moving-frame evolution equation:

∂Ψ

∂X
= (1 +N2Ψ +N3Ψ2)

∂Ψ

∂θ
− γ ∂

3/4Ψ

∂θ3/4
(4.4)

The desired initial waveform is one that is arbitrarily close to possessing

a vertical tangent, and which is simple and easy to analyze without the aid (and

hinderance) of numerical approximations. A function that fits this description

is a simple fractional monomial function. Consider an initial waveform that is

represented by the following time waveform near φ = 0:

Ψ0(φ) = Ψ(0, φ) = φa, 0 < a < 1 for φ > 0 (4.5)

The corresponding time derivative is thus

dΨ0

dφ
(φ) = aφa−1 (4.6)

where it is seen that a serves as a proxy for the steepness of the waveform near

φ = 0. As a approaches zero, the gradient defined in Eq. (4.6) is unbounded

near φ = 0. From the definition of Eq. (4.5), a will not equal zero exactly.

Figure 4.2 shows the initial waveform described by Eq. (4.5) for three

different values of a. In Fig. 4.2, the lowest value, a = 0.01 (dot-dash curve),

corresponds to a waveform with a larger gradient near φ = 0 when compared

to the largest value, a = 0.4 (dashed curve). Both curves approach a vertical

tangent as φ approaches zero. As a gets closer to zero, the proximity to a

vertical tangent becomes more pronounced (as a → 0 the waveform more

closely resembles a step shock like the dot-dash curve in Fig. 4.2).
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Figure 4.2: Initial waveform described by Eq. (4.5) with a = 0.01 (dot-dash
curve), a = 0.15 (solid curve), and a = 0.40 (dashed curve.)

Equation (4.5) is valid only for φ > 0, such that a true vertical tangent

is not yet formed. Equation (4.5) loses physical significance for very large φ

because Ψ0(φ) is unbounded for a > 0 (i.e., Ψ0 → ∞ as φ → ∞). However,

the region of interest here is only near the point of vertical tangent formation,

so only the range 0 < φ<∼ 1 is important. The restriction a > 0 is imposed

on the exponent so that the function remains finite for small φ. Finally, the

fractional derivative of Eq. (4.5) is25

∂νΨ0

∂φν
(φ) =

Γ(a+ 1)

Γ(a+ 1− ν)
φa−ν , ν > 0 (4.7)

where Γ is the Gamma function.

As previously stated, the goal of the present analysis is to understand

the evolution of initial waveforms described qualitatively by Eq. (4.5) over an
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infinitesimal step in X using the fixed- and moving-frame evolution equations

to see if vertical tangent formation can occur. Because the waveform described

by Eq. (4.5) is already infinitesimally close to having a vertical tangent, any

further increase in the gradient near φ = 0 could result in the formation of a

true vertical tangent.

To facilitate understanding of the behavior of the waveform it is useful

to analyze the “slowness,” i.e., the reciprocal of wave speed, of each point

on the waveform. In general, the slowness of a forward-traveling progressive

waveform with wave variable Ψ and coordinates X and φ is defined by63

dφ

dX

∣∣∣∣
Ψ

= −∂Ψ/∂X

∂Ψ/∂φ
(4.8)

For example, for the general fractional evolution equation given by Eq. (4.2)

let g = 0 and ν = 1 (η = 2) which yields

c2,0
∂ξ

∂x
= −∂ξ

∂t
(4.9)

where c2,0 is this context is interpreted as the sound speed. Equation (4.9) is

an evolution equation for a lossless, linear, progressive wave traveling forward

uniformly with speed c2,0. With Eq. (4.8) used for the wave variable ξ in the

coordinates x and t, the slowness corresponding to Eq. (4.9) for any arbitrary

waveform is

dt

dx

∣∣∣∣
ξ

= −∂ξ/∂x
∂ξ/∂t

=
1

c2,0

(4.10)

As expected in Eq. (4.10), the slowness for every point on the waveform is

the reciprocal of the wave speed c2,0. The slowness describes how the wave-

form moves in a time window relative to different propagation distances. For
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increasing x (and taking increasing x to mean rightward), a positive slow-

ness indicates rightward propagation and negative slowness indicates leftward

propagation for an incremental step in x.

To understand how slowness provides insight into whether vertical tan-

gent formation is possible during nonlinear propagation, consider as an exam-

ple the sawtooth waveform in Fig. 4.3. An arbitrary slowness of the waveform

is overlain in Fig. 4.3 with blue arrows indicating its magnitude and direction.

A slowness dependence similar to that depicted in Fig. 4.3 could come from

the function g in Eq. (4.2). The slowness depicted in Fig. 4.3 indicates that

the waveform will steepen for the next small step in x. If the directions of the

arrows were reversed, the waveform would relax for the next small step in x.

The schematic in Fig. 4.3 demonstrates how the slowness of a waveform gives

insight to the behavior of the waveform. A slowness profile similar to that

depicted in Fig. 4.3 could be obtained using the lossless Burgers equation in

conjunction with Eq. (4.8) (in that case the magnitudes of the arrows would

not be the same as they are in Fig. 4.3).

In the case of the fractional monomial initial condition, Eq. (4.5), propa-

gating according to the fixed- and moving-frame evolution equations, the slow-

ness can be calculated using the φ derivative of the initial condition, Eq. (4.6),

with the X derivative calculated using the fixed-frame and moving-frame evo-

lution equations, Eqs. (4.3) and (4.4), respectively. Unlike the example wave-

form in Fig. 4.3, the fractional monomial, Eq. (4.5), is already arbitrarily close

to vertical tangent formation (i.e., the waveform gradient is unbounded near
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Figure 4.3: Example sawtooth waveform at some point x0. The arrows describe
an arbitrarily selected slowness that would indicate steepening the waveform
for the next incremental step in x.

φ = 0). Therefore, any further increase in the waveform gradient near φ = 0

will indicate that vertical tangent formation is possible.

While analysis using Eq. (4.8) can be done with the retarded time θ

instead of φ, it is convenient to recast the moving-frame evolution equation,

Eq. (4.4), which is expressed as a function of of the retarded time θ, in the

fixed time φ. The moving-frame evolution equation Eq. (4.4) expressed in fixed

coordinates will be labeled the alternative fixed-frame evolution equation:

Alternative fixed-frame evolution equation:

∂Ψ

∂X
= (N2Ψ +N3Ψ2)

∂Ψ

∂φ
− γ ∂

3/4Ψ

∂φ3/4
(4.11)

It is important to note that the alternative fixed-frame evolution equation,

73



Eq. (4.11), is fundamentally linked to the moving-frame evolution equation,

Eq. (4.4). The only difference is the coordinate system in which these equations

are expressed. The nonlinearity, attenuation, and dispersion properties of

Eqs. (4.4) and (4.11) are consistent. The significant conclusions in this section

that are made concerning the alternative fixed-frame evolution equation thus

apply to the moving-frame evolution equation as well. The fixed-frame and

alternative fixed-frame evolution equations, Eqs. (4.3) and (4.11), are exactly

the same in the linear case, i.e., N2 = N3 = 0.

The slowness of the initial waveform, Eq. (4.5), is found in the same

manner as the example presented in Eq. (4.10). The slownesses predicted by

Eqs. (4.3) and (4.11), respectively, are:

Slowness of fixed-frame evolution equation, Eq. (4.3):

dφ

dX

∣∣∣∣
Ψ

=
γΓ(a)

Γ(a+ 1− ν)

(
φ1/4

1 +N2φa +N3φ2a

)
(4.12)

Slowness of alternative fixed-frame evolution equation, Eq. (4.11):

dφ

dX

∣∣∣∣
Ψ

= −
(
N2φ

a +N3φ
2a
)

+
γΓ(a)

Γ(a+ 1− ν)
φ1/4 (4.13)

Equations (4.12) and (4.13) reveal that the slowness of the waveform

approaches zero for φ → 0 for both the fixed- and alternative fixed-frame

evolution equations, respectively. That is, the leading edge of the waveform

at φ = 0, as shown in Fig. 4.2, is fixed in place. Therefore, for vertical

tangent formation to be possible the slowness of the initial waveform must

be negative as it approaches zero, i.e., dφ/dX < 0 for φ very close to zero.
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The negative slowness would indicate that the part of the waveform in the

region of φ very close to zero would travel backward for an incremental step

in X, or equivalently, to the left. This would indicate a steepening of the

waveform described by Eq. (4.5), similar to what is depicted for the sawtooth

waveform in Fig. 4.3. Because the waveform is infinitesimally close to a vertical

tangent near φ = 0, the leftward movement of points on the waveform would

increase the magnitude of the gradient in this region and would thus suggest

that waveform overturning could be mathematically possible. [It should also

be noted that in a fixed time coordinate, leftward movement of any part of the

waveform would violate causality in addition to giving rise to a multivalued

solution. Preserving causality is another important reason to understand the

limits of Eqs. (4.3) and (4.11)].

The slowness of the fixed-frame evolution equation, Eq. (4.12), can only

be negative if

1 +N2φ
a +N3φ

2a < 0 (4.14)

However, for Eq. (4.14) to be satisfied, a negative elastic modulus (in the

context of Lucassen waves) is required, which is prohibited on physical grounds.

In fact, any region of the waveform that satisfies Eq. (4.14) would grow in

amplitude because the sign of the fractional derivative in Eq. (4.3) would be

reversed for that region. This amplitude growth is unphysical for nearly every

real scenario, not just Lucassen waves. With the condition (4.14) prohibited,

the slowness described by Eq. (4.12) cannot be negative and therefore will not

produce a vertical tangent. Figure 4.4(a) shows the initial waveform, Eq. (4.5),
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with arrows depicting slowness as calculated with Eq. (4.12). The rise time of

the transition from Ψ = 0 to Ψ = 1 increases continuously for φ ≤ 1.

0 0.5 1

Eq. (4.13)
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0.5
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Eq. (4.12)

(a) (b)

Figure 4.4: Plot of the initial waveform, Eq. (4.5), with arrows indicating
the direction and approximate magnitude of the (a) the fixed-frame evolution
equation slowness, Eq. (4.12), and (b) the alternative fixed-frame evolution
equation slowness, Eq. (4.13). In this example, N2 = 0.9 and N3 = 0.

The slowness of the alternative fixed-frame evolution equation, Eq. (4.13),

is negative for a < 1/4 in the region near φ = 0 as long as N2 is positive. For

a = 1/4, the slowness described by Eq. (4.13) is negative for

N2 >
γΓ(a)

Γ(a+ 1− ν)
(4.15)

Similarly, for N2 = 0 and N3 > 0 then the slowness is negative for a < 1/8 in

the region near φ = 0 and for a = 1/8 with

N3 >
γΓ(a)

Γ(a+ 1− ν)
(4.16)
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In general, a very small value of a (which indicates a very steep waveform) leads

to leftward propagation (in the context of Fig. 4.4) near φ = 0 for the alter-

native fixed-frame evolution equation. Therefore vertical tangent formation

should be possible for the alternative fixed-frame evolution equation. This

conclusion holds for the original formulation of the moving-frame evolution

equation, Eq. (4.4), because the moving coordinates only produce a uniform

translation of the waveform in the retarded time frame. Figure 4.4(b) shows

the initial waveform, Eq. (4.5), with arrows depicting the slowness calculated

with Eq. (4.13). The waveform steepens in the region near φ = 0 (this region

is indicated by the red circle).

The viscoelastic evolution equation, Eq. (3.72), does not have a known

analytical solution for the convolution integral for the initial waveform de-

scribed by Eq. (4.5). However, because the viscoelastic evolution equation has

a form similar to that of the fixed-frame evolution equation (in fact, the vis-

coelastic evolution equation becomes the fixed frame evolution equation in the

limit of zero viscosity), the behavior should be similar to that observed with

the fixed-frame evolution equation; that is, vertical tangent formation would

not be possible with the prescribed initial condition.

The possibility of vertical tangent formation in solutions of the moving-

frame evolution equation is an expected result because it can be written in the

form of a nonlinear Burgers equation with an attenuation coefficient propor-

tional to ων with exponent ν < 1. Equations of this form do not provide

sufficient attenuation in terms of its increase as a function of frequency to
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prevent the formation of a vertical tangent in the presence of sufficiently high

nonlinearity.53

Instead, consider a nonlinear wave with attenuation proportional to ων ,

where 1 < ν < 3, modeled by the following Burgers-type equation:

∂Ψ

∂X
= (N2Ψ +N3Ψ2)

∂Ψ

∂θ
+ γ

∂νΨ

∂θν
(4.17)

Notice that the time coordinate θ is the moving time coordinate originally de-

fined in Eq. (3.46). Besides the difference in the time coordinate, Eq. (4.17) has

a form very similar to that of the alternative fixed-frame evolution equation,

Eq. (4.11), except that the sign of the fractional time derivative is positive

and the order of the fractional time derivative is taken to be ν > 1. The sign

change is required to prevent unphysical amplitude growth for power-law at-

tenuation exponents 1 < ν < 3 because the sign of the attenuation coefficient

is reversed for ν < 1 versus ν > 1.53 Stated in another way, the attenuation

coefficient α defined in Eq. (2.14) reverses sign at η = 2 for the compound

fractional wave equation, Eq. (2.12), which for an evolution equation in the

form of Eq. (4.2) corresponds to ν = 1. Therefore, to model attenuation in-

stead of unphysical exponential growth in Eq. (4.17) the sign in front of γ

must be positive for 1 < ν < 3. A wave propagating according to Eq. (4.17)

will actually go backward (to the left) relative to the moving time coordinate

θ in the absence of nonlinearity (N2 = N3 = 0), which is seen in Fig. 4.5. In

Fig. 4.5(a) linear propagation predicted by the alternative fixed-frame evolu-

tion equation, Eq. (4.11) (with 0 < ν < 1), is forward (to the right), while
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in Fig. 4.5(b) linear propagation predicted by Eq. (4.17) (with 1 < ν < 3) is

backward (to the left).
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Figure 4.5: Solutions at X = 2 with N2 = N3 = 0 and γ = 1.0842 for the
alternative fixed-frame evolution equation, Eq. (4.11), with ν = 0.75 [(a), blue
curve] and the evolution equation, Eq. (4.17), with ν = 1.25 [(b), red curve].
The initial condition, indicated by the dashed line, is defined in Eq. (3.74).
In (a), the waveform propagates forward (to the right), while in (b) the wave-
form propagates backward (to the left). The arrows indicate the direction of
propagation.

The slowness corresponding to Eq. (4.17), which is calculated using

Eq. (4.8) except that the left-hand side is positive instead of negative since

the propagation is now in the opposite direction and the time coordinate is θ

instead of φ, is

dφ

dX

∣∣∣∣
Ψ

=
(
N2θ

a +N3θ
2a
)

+
γΓ(a+ 1)

aΓ(a+ 1− ν)
θ1−ν (4.18)

Equation (4.18) reveals that the slowness of the waveform now approaches −∞

for φ→ 0 for a < (ν−1). This is different from the slowness near φ = 0 for the

fixed- and alternative fixed-frame evolution equations, Eqs. (4.12) and (4.13),
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respectively, which approaches zero at the leading edge of the shock. Therefore

the gradient of the waveform must decrease near the shock front regardless

of the degree of nonlinearity (the values of N2 and N3) because the points

closer to θ = 0 (the location of the shock front) will always propagate faster

backward (to the left) than the points behind it. It follows that the initial

waveform, described by Eq. (4.5), will relax and vertical tangent formation

will not occur. This is consistent with the prior result that vertical tangent

formation is impossible for a nonlinear Burgers equation that exhibits power-

law attenuation for which ν > 1. The relation between power-law attenuation

and the possibility of vertical tangent formation is discussed at length by

Cormack and Hamilton.53

In the present section, it was shown that the fixed-frame evolution equa-

tion, Eq. (4.3), does not permit vertical tangent formation for the prescribed

initial condition, Eq. (4.5). The alternative fixed-frame evolution equation,

Eq. (4.11), does permit vertical tangent formation for sufficient nonlinearity.

The analysis performed for the alternative fixed-frame evolution equation ap-

plies to the moving-frame evolution equation, Eq. (4.4). Finally, a generalized

Burgers-type equation, Eq. (4.17), with a fractional time derivative of order

1 < ν < 3 that accounts for attenuation and dispersion was considered. Equa-

tion (4.17) does not permit multivalued solutions regardless of the amount of

nonlinearity because the loss provided by the fractional derivative with expo-

nent ν > 1 is always sufficient to prevent vertical tangent formation.
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4.3 Analysis of fractional waves using intrinsic coordi-
nates

Another way to the investigate the possibility of vertical tangent for-

mation in fractional waveforms is using the intrinsic coordinates introduced

by Hammerton and Crighton56 and employed subsequently by Cormack and

Hamilton.53 Intrinsic coordinates also provide insight into the numerical sta-

bility of the various evolution equations: the fixed-frame, moving-frame, and

viscoelastic evolution equations.

The coordinates employed in this transformation are the arc length s

along the waveform and the angle Θ of the tangent to the waveform. In the case

of the general fractional evolution equation, Eq. (4.2), the spatial coordinate

x is unchanged. Propagation of the waveform is described by Θ(x, s) instead

of ξ(x, t). The transformation is defined by

Θ = tan−1(∂ξ/∂t) s =

∫ t

0

√
1 + (∂ξ/∂t)2 dt (4.19)

For the case of the non-dimensional coordinates used in the viscoelastic and

fixed-frame evolution equations, in Eq. (4.19) replace ξ with Ψ, replace t with

φ, and replace x with X. For the moving-frame evolution equation one would

instead replace t with θ in Eq. (4.19).

Figure 4.6 provides visualization of the intrinsic coordinate transfor-

mation. The waveform in physical coordinates, shown as the blue curve in

Fig. 4.6(a) and (b), is a smoothed-out step shock described locally by ξ = t1/3.

The waveform in intrinsic coordinates, determined by the transformations in
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Eqs. (4.19), is shown in Fig. 4.6(c). The red point on the waveform in in-

trinsic coordinates in Fig. 4.6(c) corresponds to the red point on the physical

waveform in Fig. 4.6(a) and (b). The arc length of the red portion of the

curve depicted in Fig. 4.6(a) is the s coordinate of the red point in Fig. 4.6(c),

and the angle of the tangent to the waveform depicted in Fig. 4.6(b) is the Θ

coordinate for the red point in Fig. 4.6(c).
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-1
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1

Arc Length, s
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Angle of Tangent, 

0 2 4 6
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Intrinsic Coord. Waveform

(a) (b) (c)

Figure 4.6: Plot of the waveform ξ = ξ0(t/t0)1/3 where ξ0 and t0 are chosen to
be unity. In plots (a) and (b) the waveform is plotted in intrinsic coordinates
while in plot (c) the waveform is plotted in intrinsic coordinates. The length
of the red portion of the curve in (a), which is the arc length s, and the angle
Θ of the tangent in (b) are used to relate the red point in physical coordinates
in (a) and (b) to the red point in intrinsic coordinates shown in (c).

Of particular interest in the present section is how vertical tangent

formation is captured in intrinsic coordinates. For the waveform in physi-

cal coordinates in Fig. 4.6(a) and (b) a vertical tangent exists at t = 0, i.e.,

∂ξ/∂t = ∞ at t = 0. By Eq. (4.19), this point corresponds to Θ = π/2

in intrinsic coordinates. In general, any point on a given waveform in in-
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trinsic coordinates for which |Θ| = π/2 corresponds to a vertical tangent in

physical coordinates. This highlights perhaps the most significant advantage

of intrinsic coordinates: while traditional numerical schemes, such as finite

differencing techniques, fail at vertical tangent formation for waveform prop-

agation in physical coordinates, the same waveform in intrinsic coordinates

is still single valued. In fact, intrinsic coordinates can be used to accurately

calculate multivalued solutions of the lossless nonlinear Burgers equation for

Θ > π/2 in intrinsic coordinates.53

The transformations in Eqs. (4.19) along with the derivations by Cor-

mack and Hamilton53 are used to transform the evolution equation in physical

coordinates, Eq. (4.2), into the following evolution equation in intrinsic coor-

dinates:

∂Θ

∂x
=
∂F

∂s
+
∂Θ

∂s

∫
F
∂Θ

∂s
ds (4.20)

where the function F [not directly related to f in Eq. (4.1)] depends on the

exact form of the original evolution equation. As noted above, intrinsic co-

ordinates allow for the computation of waveform propagation with very steep

gradients that would otherwise be very unstable or impossible to calculate

numerically.

4.3.1 Analysis of the fixed-frame evolution equation in intrinsic
coordinates

Consider first the fixed-frame evolution equation, Eq. (4.3). To simplify

the expressions involving F , the coefficient N2 is set to zero. It is straightfor-
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ward to incorporate the terms involving N2, but the expressions become overly

burdensome and distracting for the present purposes. This choice also has to

do with the fact that there is a more strict physical restriction for N2 in order

for the left side of Eq. (4.14) to remain positive in the context of Lucassen

waves. For sinusoidal waveforms with an amplitude of unity and N3 = 0, the

condition |N2| < 1 must be fulfilled or, during propagation, the left side of

Eq. (4.14) will become negative at some point in the waveform. On the other

hand, if N2 = 0, as long as N3 > −1 then the left side of Eq. (4.14) will remain

positive. Therefore, higher amplitudes (and thus greater nonlinearity) can be

easily modeled when N2 is set to zero.

While ν = 3/4 in the fixed-frame evolution equation, Eq. (4.3), the

more general relation 0 ≤ ν ≤ 1 is now considered. The function F for the

fixed-frame evolution equation (with N2 = 0) in intrinsic coordinates is

F =
γFν

1 +N3

(∫
sin Θ ds

)2 (4.21)

where the loss function Fν ,
53 which is related to the fractional time derivative

in Eq. (4.3), is

Fν = −(cos Θ)1−ν ∂
ν

∂sν

∫
sin Θ ds (4.22)
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The derivatives of the functions F and Fν with respect to s are

∂F

∂s
=
γ (∂Fν/∂s)

[
1 +N3

[
(
∫

sin Θ ds
)2
]
− 2γFν

(
N3 sin Θ

∫
sin Θ ds

)
[
1 +N3

(∫
sin Θ ds

)2
]2

(4.23)

∂Fν
∂s

= (1− ν) sin Θ secνΘ
∂Θ

∂s

∂ν

∂sν

∫
sin Θ ds− cos1−νΘ

∂ν+1

∂sν+1

∫
sin Θ ds

(4.24)

To obtain Eq. (4.24) it was assumed that the distributive property of frac-

tional derivatives holds.25 As stated previously, vertical tangent formation

corresponds to |Θ| = π/2, and |Θ| > π/2 indicates a multivalued solution. As

|Θ| approaches π/2, Eqs. (4.23) and (4.24) can become unstable when solved

numerically because the term sec Θ in Eq. (4.24) approaches ∞. If vertical

tangent formation is possible for the fixed-frame evolution equation for a given

value of N3, then |Θ| will equal π/2 at some finite value of X.

We now consider intrinsic coordinate waveforms with a maximum value

of Θ = π/2, i.e., at the point of vertical tangent formation in physical coordi-

nates. The goal here is to understand properties of the fixed-frame evolution

equation for nonlinear waveforms with a vertical tangent. Of particular inter-

est is numerical stability.

Consider the tangent angle Θ(X, s) at a distance X that is infinitesi-

mally close to π/2. The function Θ(X, s) will be relabeled Θ(s) to indicate its

sole dependence on s (since the analysis will take place at a fixed distance X).

Assume that the segment of the waveform where the angle Θ is approaching
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π/2 is concave down. Under these conditions the segment of interest in the

waveform does not include an “end point” in s. See Fig. 4.7 for a graphical

illustration. The first point in the waveform Θ(s) where the angle equals π/2

is the maximum Θmax. Let the position of Θmax in the waveform be s = smax.

The maximum of any differentiable curve corresponds to a zero in the first

derivative:

dΘ

ds

∣∣∣∣
s=smax

= 0 (4.25)

In addition to Θ being finite, it is also assumed that the terms dΘ/ds and
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Initial Condition
X = 1
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Figure 4.7: Solution of the moving-frame evolution equation with the initial
condition defined in Eq. (3.74) in physical coordinates (a) and in intrinsic
coordinates (b). The values N2 = 0 and N3 = 1.5 are used. The portion of
Θ(s) at X = 1 in intrinsic coordinates [zoomed-in portion of the red curve in
(b)] is concave down as Θ approaches π/2.

d2Θ/ds2 are finite everywhere in s. Therefore, Θ is at least class C2 smooth,
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and the following quantities are finite for all s:

dν

dsν

∫
sin Θ ds,

dν+1

dsν+1

∫
sin Θ ds,

∫
sin Θ ds (4.26)

At the point where Θmax = π/2 a vertical tangent has formed and

cos Θ = 0. With the assumption that all the terms in Eq. (4.26) are finite,

one obtains Fν = F = 0. The quantities ∂F/∂s and ∂Fν/∂s are not as easy

to interpret. Because Fν = 0, from Eq. (4.23) it can be seen that ∂F/∂s is

proportional to ∂Fν/∂s. Therefore, to understand behavior of the evolution

equations near vertical tangent formation, investigation of the term ∂Fν/∂s,

Eq. (4.24), is necessary. Because cos Θ = 0 and sin Θ = 1 at Θ = π/2,

Eq. (4.24) can be reduced to

∂Fν
∂s

= (1− ν)

(
dΘ/ds

cosνΘ

∣∣∣∣
Θ=π/2

)
dν

dsν

∫
sin Θ ds at Θ = π/2 (4.27)

where the quantities in Eq. (4.27) are finite and nonzero except for dΘ/ds and

(sec Θ)ν [it is assumed that the fractional derivative in Eq. (4.27) is nonzero,

which is true as long as the waveform is not a precise shape such that the

convolution integral in Eq. (2.2) is exactly zero]. Therefore, the behavior of

∂Fν/∂s at Θ = π/2, Eq. (4.27), depends on the following indeterminate ratio:

dΘ/ds

cosνΘ

∣∣∣∣
Θ=π/2

(4.28)

Equation (4.28) is indeterminate because both the numerator and de-

nominator on the left-hand side go to zero as Θ → π/2 and dΘ/ds → 0. To
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evaluate Eq. (4.28), and thus understand the behavior of the evolution equa-

tions near vertical tangent formation in intrinsic coordinates, use a Taylor

series expansion for Θ about s = smax:

Θ = Θ
∣∣
s=smax

+
dΘ

ds

∣∣∣∣
s=smax

(s− smax) +
1

2

d2Θ

ds2

∣∣∣∣
s=smax

(s− smax)2 + ... (4.29)

To simplify Eq. (4.29) let

A = Θ
∣∣
s=smax

, B =
dΘ

ds

∣∣∣∣
s=smax

, C = −1

2

d2Θ

ds2

∣∣∣∣
s=smax

(4.30)

The negative sign is introduced for the constant C in Eq. (4.30) to render the

coefficient C positive because it is assumed that Θ is concave down. Using

Eq. (4.25) it can be shown that B = 0. Equation (4.29) at second order thus

becomes

Θ = A− C(s− smax)2 +O[(s− smax)3] (4.31)

One more Taylor expansion is necessary to properly interpret Eq. (4.28). Con-

sider the Taylor series expansion of (cos Θ)ν about Θ = π/2:

(cos Θ)ν =
(π

2
−Θ

)ν
− ν

6

(π
2
−Θ

)2+ν

+O
[
(π/2−Θ)(4+ν)

]
(4.32)

The point of interest is where A = Θmax = π/2, which corresponds to vertical

tangent formation in physical coordinates. Now substitute Eq. (4.31) into

Eq. (4.32) and retain only the leading order term:

(cos Θ)ν ≈ [C(s− smax)2]ν (4.33)

The Taylor series, Eq. (4.31), is differentiated with respect to s to obtain the

leading order term of dΘ/ds, which is written here as

dΘ

ds
≈ −2C(s− smax) (4.34)
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We thus have expansions for both the numerator, Eq. (4.34), and denomina-

tor, Eq. (4.33), in Eq. (4.28). Substitution of the expanded numerator and

denominator into Eq. (4.28) yields

dΘ/ds

(cos Θ)ν
= − 2C(s− smax)

[C(s− smax)2]ν
= −2C1−ν(s− smax)1−2ν (4.35)

Equation (4.35) can be used to determine the behavior of waveforms

propagating according to the more general form of the fixed-frame evolution

equation (with 0 < ν < 1) near the point s = smax (i.e., exactly at the point

where Θ = π/2 and vertical tangent formation occurs). Figure 4.8 shows the

behavior of the term in Eq. (4.35) for various values of ν. For 0 < ν < 1/2,

as s → smax the term in Eq. (4.35) approaches zero. This corresponds to the

dashed curve in Fig. 4.8, for which ν = 0.4. Therefore ∂Fν/∂s = 0 for a

vertical tangent in physical coordinates. For ν > 1/2, as s→ smax the term in

Eq. (4.35) has no limit (it does not approach one single value); for s < smax the

term in Eq. (4.35) approaches ∞ while for s > smax it approaches −∞. The

behavior of Eq. (4.35) for ν > 1/2 is depicted in Fig. 4.8 with the dot-dash line.

The dot-dash line corresponds to ν = 0.6 and it approaches +∞ from the left

side but approaches −∞ from the right side. The mathematical singularity in

the dot-dash line indicates numerical instability near Θ = π/2. In the fixed-

frame evolution equation one has ν = 3/4 > 1/2. For ν = 1/2 exactly, the

term in Eq. (4.35) also does not approach a single value, and instead there

is a discontinuity at s = smax. The curve for ν = 0.5 in Fig. 4.8 approaches

different finite values from the left- and right-hand sides, respectively.
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Figure 4.8: Plot of Eq. (4.35) with C = 1 for ν = 0.4, ν = 0.5, and ν = 0.6.

It should be reiterated that while Fig. 4.8 only depicts the behavior

of Eq. (4.35), Eq. (4.35) is directly related to ∂Fν/∂s, which significantly

impacts the X derivative of a waveform in intrinsic coordinates, described by

Eq. (4.20). If the term in Eq. (4.35) does not approach a single finite value

as a vertical tangent forms, then numerical solutions of wave propagation in

intrinsic coordinates will not be stable for waveforms with steep gradients

because, in general, numerical algorithms do not handle the mathematical

singularities in the curves for ν = 0.5 and ν = 0.6 in Fig. 4.8 very well.

Fractional diffusive waves, including the Lucassen waves modeled by the fixed-

frame evolution equation, typically have a time derivative for which the order

is in the range 1/2 < ν < 1. Therefore, the mathematical singularity at
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s = smax in the curve for ν = 0.6 can lead to numerical instability near very

steep gradients in physical coordinates.

4.3.2 Propagation of a step shock with finite rise time in intrinsic
coordinates

The analysis of the fixed-frame evolution in Sec. 4.3.1 is not easily

repeated for the viscoelastic and moving-frame evolutions equations because

of their functional forms. Instead, the propagation of a waveform that is a step

shock with a smooth transition region is considered in the present section, using

the fixed-frame, moving-frame, and viscoelastic evolution equations in intrinsic

coordinates. The goal is to investigate the properties of these three evolution

equations for propagation of a nonlinear waveform with a large gradient. Thus

consider the following initial condition defined in intrinsic coordinates:

Θ(0, s) = π/2 (1− ε) sech[(s− smax)/s0] (4.36)

where s0 is a constant that determines the width of the sech pulse, and ε� 1 is

a dimensionless parameter that controls how close Θ(0, smax) is to π/2. Equa-

tion (4.36) approximates a smooth step shock in physical coordinates. Figure

4.9(a) and (b) shows the initial condition in intrinsic and physical coordinates,

respectively, while Fig. 4.9(c) shows the numerical evaluation of the derivative

with respect to X according to the fixed-frame evolution equation, Eq. (4.3),

using Eq. (4.20) for ε = 0 (i.e., a vertical tangent does exist). The behavior

shown in the numerically calculated curve presented in Fig. 4.9(c) is propor-

tional to the behavior of Eq. (4.35) with ν > 1/2 (ν = 0.6 in Fig. 4.8), as
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expected.
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Figure 4.9: Plot (a) shows the initial condition, Eq. (4.36), with ε = 0. Plot (b)
shows the corresponding waveform in physical coordinates and (c) plot of the
initial spatial gradient according to Eq. (4.20) for the fixed-frame evolution
equation with N2 = 0, N3 = 2, and ν = 3/4. The solid curve in (c) is
qualitatively similar to the case ν = 0.6 in Fig. 4.8.

The derivative with respect to X can also be calculated numerically

with the viscoelastic evolution equation, Eq. (3.72), in intrinsic coordinates.

Figure 4.10 highlights the stability advantages of the viscoelastic evolution

equation. The spatial gradient of the initial condition, Eq. (4.36) with ε =

10−4, is shown for the fixed-frame evolution equation, Fig. 4.10(a), and the vis-
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coelastic evolution equation, Fig. 4.10(b). This initial condition corresponds

to a smooth step function that has nearly developed a vertical tangent. In

Fig. 4.10(a) a discontinuity is beginning to emerge at s = smax, while in

Fig. 4.10(b) there is no jump in the s derivative of Θ(0, s) developing at all.

The point s = smax is indicated by the red dot in Figs. 4.10 and 4.11. The

smoother curve predicted by the viscoelastic evolution equation in Fig. 4.10(b)

is indicative of the greater stability of the viscoelastic evolution equation when

compared with the fixed-frame evolution equation in Fig. 4.10(a). For calcula-

tions in physical coordinates, this difference manifests itself as greater stability

for the viscoelastic evolution equation for the propagation of waveforms with

steep gradients.

For another example, consider the Burgers equation with an attenua-

tion coefficient proportional to ων , which is defined in Eq. (4.17). As stated

previously in Sec. 4.2, for the Burgers equation with ν < 1, formation of a ver-

tical tangent is possible. In contrast, for ν > 1, a vertical tangent cannot form,

regardless of the magnitude of nonlinearity. Equation (4.20) is used to calcu-

late spatial gradients of Eq. (4.17) with ν = 0.75 [Fig. 4.11(a)] and ν = 1.25

[Fig. 4.11(b)]. Recall that the sign of the fractional derivative in Eq. (4.17)

flips depending on whether ν is greater than or less than one. The initial con-

dition is once again defined by Eq. (4.36) with ε = 10−3. In Fig. 4.11(a), the

spatial gradient at s = smax is positive, indicating that an infinitesimal step

forward in X will result in the angle Θ increasing. An increase in Θ corre-

sponds to the curve steepening in physical coordinates closer to true vertical
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Figure 4.10: Initial spatial gradient in intrinsic coordinates predicted by (a)
the fixed-frame evolution equation, Eq. (4.3), and (b) the viscoelastic evolution
equation, Eq. (3.72). Here the initial condition Eq. (4.36) with ε = 10−4 is
used while N2 = 0, N3 = 2, ν = 3/4, and Ω = 0.1.

tangent formation. In Fig. 4.11(b), the spatial gradient is negative at smax,

indicating that an infinitesimal step forward in X will result in a decrease

in Θ, i.e., the steepest part of the shock will relax. Once again, the present

analysis confirms the prior result that a Burgers-type evolution equation with

power-law attenuation characterized by the exponent ν > 1 cannot form a

vertical tangent.53
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Figure 4.11: Initial spatial gradient in intrinsic coordinates predicted by the
nonlinear Burgers equation in fixed coordinates, Eq. (4.17), (a) with ν = 3/4
and (b) with ν = 5/4. Here the initial condition Eq. (4.36) with ε = 10−3 is
used while N2 = 0 and N3 = 2.

4.3.3 Limits on the moving-frame evolution equation

The moving-frame evolution equation for Lucassen wave propagation,

Eq. (4.4), is a specific example of a Burgers equation with power-law atten-

uation with ν = 3/4 < 1. Therefore, as hinted at in Sec. 3.3.6 and verified

in Sec. 4.2, vertical tangent formation is possible for Eq. (4.4). Intrinsic co-

ordinates can be used to precisely determine the limits in which conventional

numerical schemes can be used for the moving-frame evolution equation. For
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any given source waveform there is a closed curve C(N2, N3) that separates the

(N2, N3) parameter space into two regions. In the region where both |N2| and

|N3| are sufficiently small that the values (N2, N3) are enclosed by C, solutions

of the equation are uniformly valid out to any propagation distance. When the

values (N2, N3) lie outside the region enclosed by C, the attenuation and dis-

persion are insufficient to stabilize shock formation beyond the distance where

a vertical tangent first appears in the waveform and thus traditional numerical

algorithms will fail.

Following the method of Cormack and Hamilton,53 the curve C associ-

ated with Eq. (4.4) can be calculated using intrinsic coordinates with Eq. (4.20)

by solving forward in X until either |Θ| = π/2, indicating that shock formation

has occurred in physical coordinates, or until |Θ| begins to decrease, indicating

that attenuation is sufficient to prevent vertical tangent formation. Through

multiple iterations the critical values of (N2, N3) that result in vertical tangent

formation are found.

The curve C is presented in Fig. 4.12 for N2 ≤ 0 and N3 ≥ 0, cor-

responding to the coefficients of nonlinearity β2 < 0 and β3 > 0, which are

defined in Eq. (3.52), associated with the interface elasticity parameters re-

ported by Kappler et al.20 The calculations were performed for an initially

sinusoidal source waveform, Ψ = sin θ at X = 0. For example, in the absence

of cubic nonlinearity (N3 = 0) and with |N2| >∼ 1, Fig. 4.12 indicates that ver-

tical tangent formation is predicted by Eq. (4.4) at a finite distance from the

source, and beyond which waveform overturning will occur. When (N2, N3) lies
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within the region enclosed by curve C, the moving-frame evolution equation

is uniformly valid because it accounts for sufficient attenuation and dispersion

to prevent vertical tangent formation, and it thus describes nonlinear evolu-

tion of the waveform out to any distance. This analysis indicates that the

moving-frame evolution equation should only be used as an approximation to

the KSSN fraction wave equation, Eq. (3.47), for a moderate to low amount

of nonlinearity such that (N2, N3) are contained within the curve in Fig. 4.12.
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Figure 4.12: Parameter space enclosed by curve C for N2 < 0 and N3 > 0
where Eq. (4.4) yields uniformly valid solutions for nonlinear propagation of
an initially sinusoidal waveform, because vertical tangent formation does not
occur.
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4.4 Conclusion

This chapter was devoted to analyzing nonlinear propagation of wave-

forms with steep gradients in both physical and intrinsic coordinates. The

models considered include the fixed-frame [Eq. (4.3)], moving-frame [Eq. (4.3)],

viscoelastic [Eq. (3.72)], and augmented Burgers [Eq. (4.17)] evolution equa-

tions.

Section 4.2 demonstrated that the moving-frame evolution equation

permits the formation of a vertical tangent in the waveform provided the non-

linearity in the system is sufficiently strong. On the other hand, the fixed-frame

evolution equation predicts relaxation of the given initial condition, regardless

of the magnitude of nonlinearity, provided the condition (4.14) is not fulfilled

for any region of the waveform. While the conclusion that the fixed-frame evo-

lution equation does not allow vertical tangent formation holds only for the

specific waveform defined in Eq. (4.5), it is reasonable to presume that this

conclusion holds for any arbitrary waveform since any arbitrary waveform will

have a lower gradient than the waveform defined in Eq. (4.5), which possesses

an unbounded gradient. The difference in the possibility of vertical tangent

formation during propagation for the fixed-frame evolution equation and the

moving-frame evolution equation may be due to the difference in the functional

form of each equation.

While the fixed-frame evolution may not permit vertical tangent for-

mation, Sec. 4.3 demonstrated that the fixed-frame evolution equation can

be unstable for waveforms with steep gradients. This conclusion follows from
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the mathematical singularity that appears in intrinsic coordinates for the spa-

tial derivative predicted by the fixed-frame evolution equation, as shown in

Fig. 4.9. The added interface viscosity which leads to the viscoelastic evolu-

tion equation helps to stabilize the numerical calculation of the propagation

of waveforms containing steep gradients. Therefore even though evidence in

the present work suggests that the fixed-frame evolution equation does not

permit vertical tangent formation, it still may be necessary to use the vis-

coelastic evolution equation in cases with steep waveform gradients, especially

for computational purposes. It should also be noted that the viscosity in the

interface that results in the viscoelastic evolution equation is not a form of

artificial viscosity introduced ad hoc to increase numerical stability; it is a

small, but physically present property of a given interface. Finally, intrin-

sic coordinates are used to place specific bounds on the nonlinearity of the

moving-frame evolution equation such that vertical tangent formation will not

occur and numerical solutions will be uniformly valid.
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Chapter 5

Conclusion

The initial inspiration for this work was the possibility that a mechan-

ical wave may play a role in neurological communication, as highlighted in a

2018 Scientific American article by Fox that provides historical perspective on

this point of view.1 Lucassen waves have been proposed for this mechanical

disturbance, and at a minimum they share various properties with the electric

action potential, as discussed in Chaps. 1 and 3. This line of research soon

transitioned into an analysis of fractional waves in general, rather than a focus

exclusively on the fractional Lucassen wave. The emphasis on fractional calcu-

lus is due to our belief that there is considerable untapped modeling potential

for fractional wave equations. Fractional derivatives can be used to model

dispersion and attenuation that more conventional integer-order derivatives

cannot. As numerical methods for evaluating fractional derivatives become

more efficient and standard,37 it is anticipated that there will be an increase

in the use of fractional derivatives for modeling lossy wave propagation in

unconventional media.
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5.1 Summary

In Chap. 2 the Caputo formalism of fractional derivatives is introduced.

The traditional wave equation with a second-order space derivative and a

second-order time derivatives is converted into a fractional wave equation by

replacing the integer-order time derivative with a fractional time derivative. It

is emphasized that this is different from adding a term with a fractional time

derivative to the existing d’Alembertian wave operator in the wave equation, as

is done for acoustic waves exhibiting power-law attenuation.28 Fractional wave

equations inherently predict dispersion and attenuation that satisfy Kramers-

Kronig relations (see Chap. 2). In the case of a “superdiffusion” process, the

fractional wave equation predicts behavior in between that predicted by the

conventional wave equation (which possesses a second derivative with respect

to time) and the diffusion (heat) equation (which possesses a first derivative

with respect to time). Once considered a niche subject, fractional calculus is

now being employed in modeling a wide variety of physical systems.40,44–47

As mentioned, the fractional wave that motivated this thesis research

is the Lucassen wave, which is discussed in depth in Chap. 3. The nonlinear

Lucassen wave shares a number of properties with the mechanical wave that

accompanies the electric action potential in nerve axons during cell-to-cell com-

munication, as has been shown both analytically and experimentally.12–17,20

Two evolution equations for progressive nonlinear Lucassen waves, which are

of reduced order relative to the original equation published by Kappler et

al.20 in 2017, are derived in Chap. 3. These equations are considerably easier
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to integrate numerically, and also to investigate analytically, than the original

equation of Kappler et al. One is referred to as the fixed-frame evolution equa-

tion and the other as the moving-frame evolution equation. The fixed-frame

evolution equation exhibits better agreement with the equation of Kappler et

al. when compared to the moving-frame evolution equation. While both the

fixed- and moving-frame evolution equations exhibit the “all-or-none” princi-

ple that is associated with the electric action potential, the specific form of the

moving-frame evolution equation reveals that this principle can be explained as

competition between quadratic and cubic nonlinearity in the wave speed.51 An

evolution equation was also derived for nonlinear Lucassen waves taking into

account viscosity in the membrane interface. The viscosity in the interface,

which is traditionally assumed to be small and negligible in frequency ranges

of interest, is included because nonlinear propagation produces harmonics at

high frequencies. The high frequencies become important at amplitudes for

which shock formation occurs because they ultimately define the structure

and thickness of the shock front. Since attenuation increases with frequency,

even a small increase in viscosity can result in a significant change in shock

structure and thickness. For nonlinear propagation, the inclusion of interface

viscosity thus results in greater attenuation of waveforms with large gradients

(thin shocks) and also greater stability in numerical calculations.

A classical problem in nonlinear acoustics is the determination of whether

a vertical tangent may form during nonlinear propagation of a wave. For ex-

ample, a vertical tangent is predicted for sound waves in fluids by the lossless
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Burgers equation. At the point where the vertical tangent forms, the equation

fails because the next step in the calculation results in an unphysical multi-

valued solution. The possibility of vertical tangent formation for an equation

modeling fractional wave propagation has not previously been investigated

in the literature, so this idea is explored in Chap. 4. Section 4.3.3 recovers

the prior result that an equation in the form of the moving-frame evolution

equation does permit vertical tangent formation.51 For the cases considered in

Chap. 4, the fixed-frame evolution equation does not appear to permit vertical

tangent formation. Section 4.3 also employs intrinsic coordinates to explain

why the evolution equation with interface viscosity is more stable numerically

for very nonlinear propagation when compared with the fixed-frame evolution

equation.

The question of whether a mechanical wave plays an essential role in

neural cell-to-cell communication remains without a consentaneous answer.

This question is not answered in the present thesis, but the insights gained

regarding propagation of nonlinear Lucassen waves and more general nonlinear

fractional waves may add to the discussion of neurological communication one

day, as well as increase knowledge of fractional calculus within the acoustics

community.

5.2 Possible future work

To model Lucassen waves as the mechanical disturbance in nerve ax-

ons, coupling with the electric action potential and with the internal pressure
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wave in the internal axonic fluid must be taken into account. This has been

considered previously,19 but directly modeling the interface disturbance as a

fractional wave has not yet been attempted. It is possible that a coupling mech-

anism is essential for the propagation of Lucassen waves over long distances

because of how rapidly linear Lucassen waves are attenuated as a function of

distance. Accounting for a feedback system between the interface wave and

the energy from surrounding ion channels within the membrane of the axon is

thus worthy of future pursuit.

There are also various experiments that can be performed to validate

the conclusions in this thesis. Lucassen presents experimental results validat-

ing the linear Lucassen wave dispersion relation22 and Kappler et al. present

some experimental evidence20 for their proposed nonlinear Lucassen wave

equation, but more validation would be valuable, especially related to the

“all-or-none” threshold phenomena discussed in Sec. 3.3.5. Experiments on

longitudinal wave propagation at a viscoelastic interface where the interface

viscosity is not negligible would be valuable as well to better understand the

differences in the propagation of Lucassen waves with and without noticeable

viscosity in the interface membrane, especially for nonlinear propagation.
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Appendix A

Numerical methods used

A.1 Numerical approximations of fractional derivatives
in the time domain

Because a substantial portion of the analysis in this thesis involves

fractional derivatives, it is essential to be able to evaluate them numerically.

Fractional derivatives can be easily evaluated in the frequency domain using

Eq. (2.1); however, this limits analysis to periodic waveforms. Instead, it is

more convenient to evaluate the fractional derivatives numerically in the time

domain using Eq. (2.2). The algorithm introduced in this section is based on

the work of Li et al.37

Consider a fractional time derivative of the Caputo variety25 with a

lower integration limit of 0 written here as

C
0D

η
t f(t) =

dηf(t)

dtη
=

1

Γ(m− η)

∫ t

0

dmf(t′)/dt′m

(t− t′)η+1−mdt
′ , m = dηe (A.1)

where η is the order of the fractional derivative, dηe is the first integer greater

than the value of the non-integer η, t is the time coordinate, f(t) is some

arbitrary time-dependent function, and Γ is the gamma function. The Caputo

fractional derivative is thus evaluated in the time domain using a convolution
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integral. For the following derivation, it is assumed that 0 < η < 1 and

therefore m = 1.

Let the time coordinate t be discretized according to tn = n∆t, where

∆t is the step size which is constant. To evaluate the fractional derivative

numerically at time t = tn the convolution integral is expressed as follows:

dηf(t)

dtη

∣∣∣∣
t=tn

=
1

Γ(1− η)

n−1∑
j=0

∫ tj+1

tj

df(t′)/dt′

(tn − t′)η
dt′ (A.2)

No approximation has yet been made in Eq. (A.2). For sufficiently small ∆t

the derivative df(t′)/dt′ can be approximated as a constant over the intervals

in Eq. (A.2) and thus removed from the integrand in Eq. (A.2) to obtain the

approximation

dηf(t)

dtη

∣∣∣∣
t=tn

=
1

Γ(1− η)

n−1∑
j=0

df(t′)

dt′

∣∣∣∣
t′=tj+1/2

∫ tj+1

tj

1

(tn − t′)η
dt′ (A.3)

In Eq. (A.3) the derivative df(t′)/dt′ is evaluated at the time tj+1/2 for each

term in the summation. This is accomplished using a central finite difference

approximation, which is expressed as

df(t′)

dt′

∣∣∣∣
t′=tj+1/2

' f(tj+1)− f(tj)

∆t
(A.4)

The remaining integral in Eq. (A.3) may now be evaluated:∫ tj+1

tj

1

(tn − t′)η
dt′ = − 1

1− η

[
(tn − tj+1)1−η − (tn − tj)1−η

]
(A.5)

Rewriting Eq. (A.5) in terms of the constant time step ∆t yields∫ tj+1

tj

1

(tn − t′)η
dt′ = −(∆t)1−η

1− η

[
(n− j − 1)1−η − (n− j)1−η

]
(A.6)
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Equations (A.4) and (A.6) are substituted into Eq. (A.3) to obtain the follow-

ing numerical approximation for fractional derivatives in the time domain:

dηf(t)

dtη

∣∣∣∣
t=tn

=
1

Γ(1− η)

n−1∑
j=0

f(tj+1)−f(tj)

∆t

×
{
−(∆t)1−η

1− η

[
(n− j − 1)1−η−(n− j)1−η

]}

=− ∆t−η

Γ(2− η)

n−1∑
j=0

[f(tj+1)− f(tj)]
[
(n− j − 1)1−η − (n− j)1−η

]
(A.7)

Finally, it is convenient to rewrite Eq. (A.7) in the more compact form

dηf(t)

dtη

∣∣∣∣
t=tn

=
(∆t)−η

Γ(2− η)

n∑
j=0

dn,jf(tj) for 0 < η < 1 (A.8)

where

dn,j =


(n− 1)1−η − n1−η j = 0

(n− j − 1)1−η − 2(n− j)1−η + (n− j + 1)1−η 1 ≤ j ≤ n− 1

1 j = n

(A.9)

The approximation expressed by Eqs. (A.8) and (A.9) is given by Li et al.37

The steps in Eqs. (A.2)–(A.7) leading to Eq. (A.8) are not limited to

0 < η < 1 in Eq. (A.1). For η > 1, according to Eq. (A.1), the time derivative

in Eq. (A.4) will be of higher-order than one. A finite difference stencil different

from Eq. (A.4) would be necessary to approximate time derivatives of higher-

order than one. The rest of the analysis in Eqs. (A.6) and (A.7) would be

the same, although the resulting expression for dn,j would be different for

η > 1. Even for 0 < η < 1, a different finite difference stencil can be used in
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Eq. (A.4) to achieve higher-order accuracy for the numerical approximation

of the derivative at time t′ = tj+1/2. The function dn,j is dependent not only

on η, but also on the specific type of finite difference stencil that is used to

approximate the derivative in Eq. (A.3). Li et al.37 report error estimates for

numerical schemes that solve simple fractional partial differential equations

with a fractional derivative approximation similar to Eq. (A.8).

A.2 Numerical schemes for solving evolution equations

Numerical solutions of the fixed-frame, moving-frame, and viscoelastic

evolution equations, Eqs. (3.48), (3.49), and (3.72), respectively, that are pre-

sented in this thesis were obtained using the method of lines.64 The method

of lines is a general numerical scheme for solving partial differential equations

in which the derivatives with respect to every coordinate except for one are

represented by finite difference approximations, and the remaining coordinate

is integrated, either analytically or numerically, to obtain a solution. In the

present work, the method of lines is used to reduce a partial difference equation

into a system of coupled differential equations that are formulated as initial

value problems.

In the case of the moving-frame evolution equation, Eq. (3.49), the θ

derivative of order one is approximated with a second-order central difference

and the fractional θ derivative is approximated with Eq. (A.8). The moving-

frame evolution equation is integrated forward in the X coordinate. Let the θ

coordinate be uniformly discretized with the mesh size ∆θ such that θn = n∆θ.
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At a given time the wave variable is discretized with Ψn(X) = Ψ(X, θn). The

moving-frame evolution equation can then be written in the discretized form

∂Ψn

∂X
=
(
1 +N2Ψn +N3Ψ2

n

)(Ψn+1 −Ψn−1

∆θ

)
− γ(∆θ)−3/4

Γ(5/4)

n∑
j=0

djΨj (A.10)

To accomplish forward integration of the discretized form of the moving-frame

evolution equation, Eq. (A.10), a Runge-Kutta method with adaptive time

stepping is used. We chose the RK3(4) method derived by Fehlberg.65 The

Butcher tableau66 for RK3(4) is shown in Table A.1. To carry out the nu-

merical integration of Eq. (A.10) the wave variable Ψ is stored as a column

vector containing Ψn(X) at each time θn so that Eq. (A.10) can be written as

a system of coupled ordinary differential equations. The boundaries in time

at θ = θ0 and θ = θmax = θN (where N + 1 is the total number of mesh

points in θ) must be treated carefully by either enforcing boundary conditions

or using a lower-order forward or backward finite difference approximation at

the boundaries.

Table A.1: Butcher tableau for RK4(3)5M.

α β c ĉ

0 0 79
490

229
1470

2
7

2
7

0 0

7
15

77
900

343
900

2175
3626

1125
1813

35
38

805
1444

−77175
54872

97125
54872

2166
9065

13718
81585

1 79
490

0 2175
3626

2166
9065

1
18
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The fixed-frame evolution equation, Eq. (3.48), is solved numerically

in same manner as the moving-frame evolution equation, Eq. (3.49). The

different functional form of the fixed-frame evolution equation compared to

that of the moving-frame evolution equation does not impact implementation

of the numerical scheme. Let the time coordinate φ be uniformly discretized

with the constant step ∆φ such that φn = n∆φ. The discretized form of the

fixed-frame evolution equation is written here as

∂Ψn

∂X
= −

(
γ

1 +N2Ψn +N3Ψ2
n

)
∆φ−3/4

Γ(5/4)

n∑
j=0

djΨj (A.11)

The RK3(4) method is used for numerical integration of Ψn(X) with respect

to the X coordinate in Eq. (A.11).

The viscoelastic evolution equation, Eq. (3.72), is not as simple to solve

numerically because of the convolution integral that is used to incorporate the

interface viscosity. The difficulty is associated with the term∫ φ

0

∂3/4Ψ(φ′)

∂φ′ 3/4
e−(φ−φ′)/Ω
√
φ− φ′

dφ′ (A.12)

In Eq. (A.12) the lower integration limit is 0 instead of −∞, as it is in

Eq. (3.72), because for the present analysis it is assumed that Ψ(X,φ) = 0 for

φ ≤ 0.

To approximate the expression in Eq. (A.12) numerically at φ = φn,

the integral is discretized in the same way as Eq. (A.2):∫ φn

0

∂3/4Ψ(φ′)

∂φ′ 3/4
e−(φn−φ′)/Ω
√
φn − φ′

dφ′ =
n−1∑
j=0

∫ φj+1

φj

∂3/4Ψ(φ′)

∂φ′ 3/4
e−(φn−φ′)/Ω
√
φn − φ′

dφ′ (A.13)

111



For sufficiently small ∆φ the fractional derivative ∂3/4Ψ/∂φ3/4 can be approx-

imated as a constant over the limits of the integral in Eq. (A.13) and thus

removed from the integrand:∫ φn

0

∂3/4Ψ(φ′)

∂φ′ 3/4
e−(φn−φ′)/Ω
√
φn − φ′

dφ′ '
n−1∑
j=0

∂3/4Ψ(φ′)

∂φ′ 3/4

∣∣∣∣
φ′=φj

∫ φj+1

φj

e−(φn−φ′)/Ω
√
φn − φ′

dφ′

(A.14)

The fractional derivative is assumed to be approximately constant in the neigh-

borhood of φ′ = φj, the lower integration limit, as opposed to its behavior in

between the lower and upper limits at φ′ ' φj+1/2. This is a lower-order

approximation than was made in Eq. (A.3), but it allows the fractional deriva-

tive approximation, Eq. (A.8), to be easily incorporated in Eq. (A.14). The

integral in Eq. (A.14) possesses the analytical solution∫ φj+1

φj

e−(φn−φ′)/Ω
√
φn − φ′

dφ′ =
√
πΩ

[
erf

(√
φn − φj

Ω

)
− erf

(√
φn − φj+1

Ω

)]
(A.15)

where erf(x) is the error function. Substitution of Eq. (A.8) for the fractional

derivative and Eq. (A.15) for the integral in Eq. (A.14) yields∫ φn

0

∂3/4Ψ(φ′)

∂φ′ 3/4
e−(φn−φ′)/Ω
√
φn − φ′

dφ′ '
√
πΩ∆φ−3/4

Γ(5/4)

n−1∑
j=0

(
j∑
i=0

diΨi

)

×

[
erf

(√
φn − φj

Ω

)
− erf

(√
φn − φj+1

Ω

)]
(A.16)

When the wave variable Ψ is represented as a column vector containing all

Ψn(X), the double summation in Eq. (A.16) can be performed with matrix

multiplication.
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Equation (A.16) is used to write the viscoelastic evolution equation in

the discretized form

∂Ψn

∂X
=− γ(∆φ)−3/4/Γ(5/4)

1 +N2Ψn +N3Ψ2
n

×
n−1∑
j=0

(
j∑
i=0

diΨi

)[
erf

(√
φn − φj

Ω

)
− erf

(√
φn − φj+1

Ω

)] (A.17)

Equation (A.17) is numerically integrated forward in X using the RK3(4)

method.

To compare the numerical formulations of the moving-frame, fixed-

frame, and viscoelastic evolution equations, Eqs. (A.10), (A.11), and (A.17),

respectively, the initial condition

Ψ(0, φ) = Ψ0(φ) = erf
[
(φ/π)4

]
sinφ (A.18)

is used (note that in the case of the moving-frame evolution equation, at X = 0

the relation θ = φ holds). The error function in Eq. (A.18) smoothes the initial

condition near φ = 0 such that Ψ0(0) = 0 and ∂Ψ/∂X(0, φ) = 0.

Figure A.1 shows propagation starting with the initial condition, Eq. (A.18)

(dashed curve) from X = 0 out to X = 2 according to the moving-frame,

fixed-frame, and viscoelastic evolution equations for N2 = −0.5, N3 = 1.0,

and Ω = 0.1. The chosen values for N2 and N3 represent moderate nonlinear-

ity. The value of Ω = 0.1 is chosen to be large enough to illustrate the influence

of the interface viscosity taken into account by Eq. (A.17), but small enough

such that the assumption of constant Ω is valid for nonlinear propagation (see
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Sec. 3.4 for further discussion on valid choices of Ω in the viscoelastic evolution

equation). In Fig. A.1, the numerical solution of the moving-frame evolution

equation is plotted versus φ by employing the relation θ + X = φ. Figure

A.1 shows that the solutions of the fixed-frame (red curve) and viscoelastic

(blue curve) evolution equations are in very good agreement. The positive

sections of the waveform predicted by the moving-frame evolution equation

(green curve) are in good agreement with those of the other solid curves, but

there are discrepancies in the negative portion. This is similar to what is

observed in the model comparison in Fig. 3.4.

0 2 4 6 8

-1

-0.5

0

0.5

1 Eq. (A.18)
Eq. (A.10)
Eq. (A.11)
Eq. (A.17)

Figure A.1: Solutions of the moving-frame, fixed-frame, and viscoelastic evo-
lution equations, Eqs. (A.10), (A.11), and (A.17), respectively, at X = 2.
The initial condition at X = 0 is described by Eq. (A.18) and the constants
N2 = −0.5, N3 = 1.0, and Ω = 0.1 are used.

Table A.2 shows statistics for the RKF3(4) algorithm for the moving-
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frame, fixed-frame, and viscoelastic evolution equations. In Table A.2 a step

refers to calculation of the wave variable at the next step in X [i.e., Ψn(X +

∆X)], a rejection refers to a step that is rejected because it does not meet the

tolerance specifications, and function evaluations track how many times the

evolution equation is evaluated. In the present work, the absolute tolerance

for the RKF3(4) algorithm is 10−6. There are 1000 time steps used with a

maximum time of φ = 8π. In Table A.2 the viscoelastic evolution equation

required significantly fewer spatial steps and function evaluations to converge

to a solution at X = 2. The viscoelastic evolution equation also did not reject

any steps during the calculation, indicating that the algorithm is very stable

and converges to a solution quickly. The increased numerical stability of the

viscoelastic evolution equation is one added benefit of the included interface

viscosity.

Table A.2: Statistics for RKF3(4) for the moving-frame, fixed-frame, and
viscoelastic evolution equations, Eqs. (A.10), (A.11), and (A.17), respectively,
after calculation of the propagation of the initial condition, Eq. (A.18), from
X = 0 out to X = 2. The values N2 = −0.5, N3 = 1.0, and Ω = 0.1 are used
in the evolution equations. An absolute tolerance of 10−6 is used, along with
1000 time steps out to φ = 8π.

Total Steps Rejected Steps Function Evaluations
Eq. (A.10) 97 17 389
Eq. (A.11) 76 17 305
Eq. (A.17) 50 0 201

The numerical effects of the interface viscosity in the viscoelastic evo-
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lution equation can be further investigated using the initial condition

Ψ(0, φ) = Ψ0(φ) =
1

2
+

1

π
arctan [50(φ− π)] (A.19)

with increased nonlinearity (N2 = −2 and N3 = 10). Figure A.2 shows solu-

tions for the propagation of the initial condition, Eq. (A.19), from X = 0 out to

X = 3 given by the fixed-frame (red curve) and viscoelastic (blue curve) evolu-

tion equations, Eqs. (A.11) and (A.17). The moving-frame evolution equation,

Eq. (A.10), is not considered in Fig. A.2 because the moving-frame evolution

equation fails at sufficiently high nonlinearity (see Sec. 3.3.6 or Chap. 4 for

discussion of how the moving-frame evolution equation potentially admits un-

physical multivalued solutions). In Fig. A.2(a) the value Ω = 0.1 was chosen

for the viscoelastic evolution equation while in Fig. A.2(b) the coefficient is

considerably smaller, Ω = 0.01. The predicted waveforms are nearly indis-

tinguishable in Fig. A.2(b) while in (a) the viscoelastic evolution equation

predicts a much smoother waveform.

Table A.3 shows the shows statistics for the RKF3(4) algorithm for the

fixed-frame evolution equation and the viscoelastic evolution equation with

Ω = 0.1 and Ω = 0.01, after calculation of the solution for the propagation of

the initial condition at X = 0, Eq. (A.19), out to X = 3. Once again, an abso-

lute tolerance of 10−6 is chosen and there are 1000 mesh points in time with a

maximum time of φ = 2π. For Ω = 0.1 [Fig. A.2(a)] the viscoelastic evolution

equation requires significantly less function evaluations than the fixed-frame

evolution equation (685 versus 3869 evaluations, respectively). When there

116



/2 3/2

0

0.5

1
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(a) (b)

Figure A.2: Solutions of the moving-frame, fixed-frame, and viscoelastic evo-
lution equations, Eqs. (A.10), (A.11), and (A.17), respectively, at X = 3.
The initial condition at X = 0 is described by Eq. (A.19) and the constants
N2 = −2, N3 = 10, Ω = 0.1 in (a) and Ω = 0.1 in (b) are used.

is less interface viscosity [Ω = 0.01, Fig. A.2(b)] the viscoelastic evolution

equation still uses less function evaluations than the fixed-frame evolution

equation (2549 versus 3869 evaluations, respectively), but the predicted wave-

forms produced by each evolution equation are nearly the same. So even for

small amounts of interface viscosity such that the fixed-frame and viscoelastic

evolution equations produce nearly the same results, the viscoelastic evolu-

tion equation still exhibits better numerical stability and converges in fewer

function evaluations. This does, however, come at a cost: the function evalua-

tions required for the viscoelastic evolution are more expensive computation-

ally (in terms of computation time) in comparison with those required for the

fixed-frame evolution equation because in Eq. (A.17) there are two discrete

summations that must be evaluated, as opposed to only one in the discretized
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fixed-frame evolution equation, Eq. (A.11).

Table A.3: Statistics for RKF3(4) for the fixed-frame, and viscoelastic (with
Ω = 0.1 and Ω = 0.01) evolution equations, (A.11), and (A.17), respectively,
after calculation of the propagation of the initial condition, Eq. (A.19), from
X = 0 out to X = 3. The nonlinearity is more significant than that of Table
A.3 with N2 = −2 and N3 = 10. An absolute tolerance of 10−6 is used, along
with 1000 time steps out to φ = 2π.

Total Steps Rejected Steps Function Evaluations
Eq. (A.11) 967 318 3869

Eq. (A.17) with Ω = 0.1 171 18 685
Eq. (A.17) with Ω = 0.01 637 180 2549

A.3 Numerical schemes for solving the KSSN equation

The method of lines scheme used in Sec. A.2 to numerically solve the

fixed-frame, moving-frame, and viscoelastic evolution equations is not well

suited for the KSSN equation, Eq. (3.47). Being a compound fractional wave

equation, the KSSN equation is typically formulated as a boundary value prob-

lem in which the source is at the boundary X = 0.20 Runge-Kutta methods

cannot easily be applied to boundary value problems. One algorithm that uses

Runge-Kutta methods for boundary value problems is the shooting method,67

which is especially inefficient for large systems of coupled differential equations.

Instead, a finite difference68 scheme is used to numerically integrate the

KSSN equation. Simple finite difference methods are often easy to implement,

but hard to optimize. While the RK3(4) method using in Sec. A.2 has adap-
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tive time stepping, most finite differencing methods use uniform spacing that

does not account for potentially unstable regions of the solution that exhibit

large gradients. Nonuniform finite difference schemes have certainly been used

before,69 but these schemes are not as easily implemented and are not used in

the present work.

Since the order of the fractional time derivative in the present work falls

in the range 1 < η < 2 the discretized convolution integral for the fractional

derivative, derived from Eq. (A.1), is

dηf(t)

dtη

∣∣∣∣
t=tn

=
1

Γ(2− η)

n−1∑
j=0

∫ tj+1

tj

d2f(t′)/dt′2

(tn − t′)η−1
dt′ (A.20)

A central finite difference stencil is used to approximate the derivative at the

upper limit of the integrand in Eq. (A.20):

d2f(t′)

dt′2

∣∣∣∣
t′=tj+1

' f(tj+2)− 2f(tj+1) + f(tj)

(∆t)2
(A.21)

The stencil in Eq. (A.21), along with the steps in Sec. A.1, is used to derive

the numerical representation of the fractional derivative for 1 < η < 2

dηf(t)

dtη
=

(∆t)−η

Γ(3− η)

n+1∑
j=0

dn,jf(tj) for 1 < η < 2 (A.22)

119



where dn,j in Eq. (A.22) is now defined by

dn,j =



n2−η − (n− 1)2−ν j = 0

−2n2−ν + 3(n− 1)2−ν − (n− 2)2−ν j = 1

(n− j + 2)2−ν − 3(n− j + 1)2−ν

+ 3(n− j)2−ν − (n− j − 1)2−ν 2 ≤ j ≤ n− 1

22−ν − 3 j = n

1 j = n+ 1

(A.23)

Let the φ and X coordinates of the KSSN equation be uniformly spaced

according to ∆φ and ∆X, respectively, such that φn = n∆φ and Xm = m∆X.

For the wave variable U , let Um
n = U(Xm, φn). The finite difference represen-

tation of the KSSN equation at time step φn is

γ2(∆t)−η

Γ(3− η)

n+1∑
j=0

dn,jU
m
j =

[
1− 2N2

(
Um+1
n − Um−1

n

∆X

)
+ 2N3

(
Um+1
n − Um−1

n

∆X

)2
]

×
(
Um+1
n − 2Um

n + Um−1
n

(∆X)2

)
(A.24)

Finally, the last term corresponding to the upper limit j = n + 1 in the

summation on the left-hand side of Eq. (A.24) is written separately, and the

remaining terms of the summation are moved to the right-hand side, which

yields an explicit relation for the next step in time, φ = φn+1:

Um
n+1 =

Γ(3− η)

γ2∆t−η

[
1− 2N2

(
Um+1
n − Um−1

n

∆X

)
+ 2N3

(
Um+1
n − Um−1

n

∆X

)2
]

×
(
Um+1
n − 2Um

n + Um−1
n

∆X2

)
−

n∑
j=0

dn,jU
m
j

(A.25)
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Equation (A.25) is straightforward and easy to implement, but like

many explicit finite difference formulations, it is not stable, especially for very

nonlinear problems. On the other hand, a fully implicit finite difference algo-

rithm for the KSSN equation is not easily obtained because the KSSN equa-

tion is nonlinear and contains the fractional time derivative. Instead, a hybrid

explicit-implicit algorithm is used.

To derive the hybrid explicit-implicit finite difference method for the

KSSN equation, begin by using the following finite difference approximation

for the derivative in Eq. (A.20):

d2f(t′)

dt′2

∣∣∣∣
t′=tj

' f(tj+1)− 2f(tj) + f(tj−1)

(∆t)2
(A.26)

Equation (A.26) now approximates the derivative at the lower limit (t = tj)

in Eq. (A.20) as opposed to the upper limit. The stencil in Eq. (A.26) will

be used to derive a numerical approximation of the fractional time derivative

at time t = tn+1 rather than t = tn [i.e., the upper limit of the discrete

summation in Eq. (A.20) is now j = n instead of j = n − 1]. The new

numerical approximation for the fractional time derivative is

dηf(t)

dtη
=

(∆t)−η

Γ(3− η)

n+1∑
j=−1

dn+1,j+1f(tj) for 1 < η < 2 (A.27)

In Eq. (A.27), because the summation begins at j = −1, a pre-initial condition

f(t) at t = t−1 (recall that tn = n∆t) must be specified. Two initial conditions

are needed to uniquely define the second-order derivative that appears in the

definition of the fractional derivative with 1 < η < 2, Eq. (A.20). In the
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present work, f(t−1) is either set to zero or is chosen such that f(t−1) = f(t0).

The new finite difference representation of the KSSN equation at φ = φn+1 is

now written

γ2(∆φ)−η

Γ(3− η)

n+1∑
j=−1

dn+1,j+1U
m
j =

[
1− 2N2

(
Um+1
n+1 − Um−1

n+1

∆X

)
+ 2N3

(
Um+1
n+1 − Um−1

n+1

∆X

)2
]

×
(
Um+1
n+1 − 2Um

n+1 + Um−1
n+1

(∆X)2

)
(A.28)

It is observed that Eq. (A.28) is a fully implicit equation for the presently

unknown variable Um
n+1 at each mesh point in X. It is convenient to rewrite

Eq. (A.28) in matrix notation. Let the vector ~Uj containing the values of

U(X,φ) at all mesh points in X at time φ = φj be defined by

~Uj =


U1
j

U2
j

...

UM
j

 (A.29)

where M is the number of mesh points in X. The vector ~Uj has length M , and

X = X0 and X = XM+1 are the boundaries of the physical domain. Let D1

and D2 be matrices that carry out the central difference approximations for

the first- and second-order derivatives, respectively, of U(X,φ) with respect to
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X. These matrices are written here as

D1 =
1

2∆X



0 1 0 0 . . . . . . 0
−1 0 1 0 0
...

. . .
...

...
. . . 0

0 . . . 0 0 −1 0 1
0 . . . 0 0 0 −1 0


(A.30)

D2 =
1

(∆X)2



−2 1 0 0 . . . . . . 0
1 −2 1 0 0
...

. . .
...

...
. . . 0

0 . . . 0 0 1 −2 1
0 . . . 0 0 0 1 −2


(A.31)

The matrices D1 and D2 are size M ×M . For convenience we also define

A =
γ2(∆t)−η

Γ(3− η)
(A.32)

The explicit finite difference scheme for the KSSN equation, Eq. (A.25), can

now be written in vector notation as

~UE
n+1 =

1

A

[
1− 2N2D1

~Un + 2N3

(
D1

~Un

)2
]

D2
~Un −

n∑
j=0

dn,j ~Uj (A.33)

where the superscript n+1 for the solution ~UE
n+1 indicates that the solution has

been found using the explicit formula Eq. (A.33). Using Eqs. (A.29)–(A.32)

and separating out the final term from the summation in Eq. (A.28) one ob-

tains for the finite difference representation of the KSSN equation, Eq. (A.28),

A

(
~Un+1 +

n∑
j=−1

dn+1,j+1
~Uj

)
=

[
1− 2N2D1

~Un+1 + 2N3

(
D1

~Un+1

)2
]

D2
~Un+1

(A.34)
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As with Eq. (A.28), Eq. (A.34) is an implicit representation of the KSSN

equation at time step φ = φn+1.

Equation (A.34) is difficult to solve for ~Un+1 because of the nonlinear

terms. To get around this problem the explicit solution for the KSSN equation,

the left-hand side of Eq. (A.33), is substituted in for the nonlinear terms ~Un+1

within the brackets of Eq. (A.34). The vector containing the explicit numerical

solutions found from Eq. (A.33) at time φ = φn+1 is labeled ~UE
n+1 as it is in

Eq. (A.33). After some rearrangement, Eq. (A.34) is rewritten{
A−

[
1− 2N2D1

~UE
n+1 + 2N3

(
D1

~UE
n+1

)2
]

D2

}
~Un+1 = −A

n∑
j=0

dn+1,j
~Uj

(A.35)

Define the matrix E to be

E = A−
[
1− 2N2D1

~UE
n+1 + 2N3

(
D1

~UE
n+1

)2
]

D2 (A.36)

The matrix E has size M ×M and is dependent on the explicit solutions ~UE
n+1

that are found using Eq. (A.33). Matrix E is not a function of ~Un+1, which will

be solved for implicitly in Eq. (A.35). In summary, the matrix which contains

the nonlinearity of the system, matrix E, has now been reduced to a linear

operator by using the explicit solution in Eq. (A.33). Therefore, E can be

inverted like any non-singular square matrix. The solution, ~Un+1, can now be

expressed explicitly by rewriting Eq. (A.35) as

~Un+1 = −AE−1

n∑
j=0

dn+1,j
~Uj (A.37)
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To move forward one time step, a function evaluation of the explicit and

implicit formulation of the KSSN equation are necessary, for a total of two

function evaluations.

The numerical scheme described in Sec. A.3 combines the stability of

an implicit finite difference formulation with the simplicity and efficiency of an

explicit finite difference formulation. This is accomplished by approximating

the nonlinear terms in Eq. (A.34) with the numerical solution from the ex-

plicit formulation, Eq. (A.24). Thus, the nonlinear implicit formulation of the

KSSN equation, Eq. (A.34), is reduced to a linear system of equations that

can be solved by matrix inversion of E. The hybrid implicit explicit method

described in this section is similar to the Crank-Nicholson method70 for partial

differential equations insofar as both methods combine elements of fully ex-

plicit and fully implicit schemes. However, the two methods are not the same

because the present method described in Sec. A.3 mixes explicit and implicit

methods only to simplify the nonlinearity of the KSSN equation, whereas the

Crank-Nicholson is based on the trapezoidal rule and thus is used to achieve

higher-order accuracy.

In the present derivation, central difference approximations are used for

derivatives, but forward and backward finite difference approximations can be

used as well (the matrices D1 and D2 will be defined differently if a different

finite difference stencil is used). Initial and boundary conditions also must be

addressed for the discretized KSSN equation. The finite difference matrices

D1 and D2 are constrained by homogeneous Dirichlet boundary conditions at
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X = 0 and X = XM+1 (i.e., U0
n = 0 and UM+1

n = 0). If different boundary

conditions are required, such as a source condition at X = 0, then D1 and

D2 must be adjusted accordingly. For the initial and pre-initial conditions ~U0

and ~U−1, respectively, it is typically convenient to choose ~U0 and ~U−1 such

that ∂U/∂φ(X,φ) = 0 for φ ≤ 0 because fractional derivatives are history

dependent. Any dynamical history in the physical system for φ ≤ 0 is left out

of Eq. (A.1), and thus calculation of the fractional derivative will be inaccurate.

In other words, it is convenient to choose φ = 0 at the beginning of the

dynamical event that is being modeled.

Figure A.3 shows the numerical solution of the KSSN equation, Eq. (A.37),

and the fixed-frame evolution equation, Eq. (A.11), all with N2 = −0.5 and

N3 = 1.0, at X = 2 with an initial condition described by Eq. (A.18). The

KSSN equation is formulated with Neumann boundary conditions in order for

the relation Ψ = −∂U/∂X to hold (see discussion at the end of Sec. 3.3.3 for

why Neumann boundary conditions are required for the relation Ψ = −∂U/∂X

to be true). The solution of the fixed-frame evolution equation (red curve) is

the same as shown in Fig. A.1. For the discrete formulation of the KSSN

equation the values ∆X = 0.02 and XM = 20.02 (resulting in 1000 mesh

points in X) are chosen so that each evaluation of Eq. (A.37) is comparable

to an evaluation of the discretized fixed-frame evolution equation (i.e., the

number of mesh points in X for the KSSN equation is equal to the number

of mesh points in φ for the fixed-frame evolution equation). One disadvan-

tage of the finite difference method used to solve the KSSN equation is that
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Figure A.3: Solutions of the fixed-frame evolution equation and the KSSN
equations, Eqs. (A.11) and (A.37), respectively, at X = 2. The initial condi-
tion at X = 0 is described by Eq. (A.18) and the constants N2 = −0.5 and
N3 = 1.0 are used.

adaptive time stepping and specification of tolerance are not available, unlike

the method of lines that is used to solve the evolution equations. Because the

tolerance cannot be specified for the KSSN equation, it is hard to compare

function evaluations of the KSSN equation in a consistent way with function

evaluations of the fixed-frame evolution equation for a given tolerance. To

produce the black curve in Fig. A.3, 1004 function evaluations of Eq. (A.37)

were necessary, which is significantly greater than that of any of the evolution

equations shown in Table A.2.

Another shortcoming of the finite difference method used to solve the

KSSN equation numerically is that for the signaling problem25 (see Sec. 2.3.2
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for an explanation of the signaling problem) the vector in Eq. (A.29) must

be chosen to include values of U at much larger distances X than what is

sought in order to prevent spurious unphysical reflections from the boundary at

X = XM . For example, in Fig. A.3 the propagated waveforms are compared at

X = 2. The discretized fixed-frame evolution equation (red curve), Eq. (A.11),

only had to be evaluated up to exactly X = 2, but the discretized KSSN

equation, Eq. (A.37), had to be solved for ~Un containing values of U out to

X = 20.02 in order for the fractional time derivative to introduce sufficient

attenuation for reflections from the boundary at X = 20.02 to be negligible.

In summary, the downsides of the finite difference scheme used to solve

the KSSN equation, Eq. (A.37), including the lack of adaptive stepping, no

way to rigorously control the tolerance, the need to include values of U at large

distances, leading to significantly more function evaluations, and complexity

of implementation, motivate the use of the moving-frame, fixed-frame, and

viscoelastic evolutions equations, Eqs. (A.10), (A.11), and (A.17), respectively.

While only the KSSN equation without interface viscosity is addressed

in this section, the KSSN equation with interface viscosity, Eq. (3.71), is solved

in a very similar manner.
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Appendix B

Application of Whitham’s analysis to

fractional waves

In Sec. 2.7 of his book Linear and Nonlinear Waves,30 Whitham inves-

tigates whether solutions with discontinuities satisfy the weak formulation of

a set of conservation equations associated with nonlinear evolution equations.

If a partial differential equation admits discontinuous solutions, then shock

formation (formation of a discontinuity) should be possible for sufficient non-

linearity. If discontinuous solutions are not permitted, then the propagation

of true shock fronts will not be possible.

A loose form of Whitham’s method will be used in this section. Begin

with the general evolution equation

c0
∂ξ

∂x
+
∂ξ

∂t
= 0 (B.1)

for propagation of a waveform described by ξ(x, t) at a constant wave speed

c0. Now assume a discontinuous solution of Eq. (B.1) in the form

ξ(x, t) = ξsh(x)H(t− x/ush) + ξ1(x, t) (B.2)

where H(x) is the Heaviside step function, ξsh(x) describes the amplitude of

the discontinuity and the tail that follows it, ush is the speed of the discon-

tinuity, and ξ1(x, t) is a continuous function that is the “background” of the
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propagating solution that is added to the continuous sections of the waveform

behind and ahead of the shock. Figure B.1 shows an arbitrary waveform that

is in the form of Eq. (B.2). The shock is located at x = usht and is followed by

a shock tail ξsh(x) that is added on top of the continuous waveform ξ1(x, t).

u
sh

t

x

 u
sh

(x,t)

1
(x,t)

Figure B.1: Graphical depiction of Eq. (B.2) at a fixed time t. The disconti-
nuity at x = usht travels forward with speed ush.

The x and t derivatives of Eq. (B.2) are

∂ξ

∂x
=
dξsh

dx
H(t− x/ush)− ξsh

ush

δ(t− x/ush) +
∂ξ1

∂x
(B.3)

∂ξ

∂t
= ξshδ(t− x/ush) +

∂ξ1

∂t
(B.4)

where δ is the Dirac delta function. Substitution of Eqs. (B.3) and (B.4) into

the evolution equation, Eq. (B.1), yields(
1− c0

ush

)
ξshδ(t− x/ush) + c0

dξsh

dx
H(t− x/ush) + c0

∂ξ1

∂x
+
∂ξ1

∂t
= 0 (B.5)
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Equation (B.5) has a mathematical singularity due to the δ function. For

a partial differential equation to admit discontinuous solutions in the form of

Eq. (B.2), the singular terms must be eliminated, or else physical interpretation

is impossible. The singularity in Eq. (B.5) can be eliminated if the speed of

the discontinuity is ush = c0. Under this condition, Eq. (B.2) is a valid solution

of Eq. (B.1). It follows that shock fronts can exist for the simple evolution

equation, Eq. (B.1), and will travel at the constant wave speed c0. This is

an expected result, as Eq. (B.1) is simply the linear evolution equation for a

lossless forward traveling progressive wave.

However, the proposed solution in Eq. (B.2) will not be suitable for ev-

ery partial differential equation. For example, consider the evolution equation

for a forward traveling progressive wave with viscous losses characterized by

the constant µk, which represents kinematic viscosity:

c0
∂ξ

∂x
+
∂ξ

∂t
= µk

∂2ξ

∂x2
(B.6)

The second derivative of ξ with respect to x is

∂2ξ

∂x2
=
d2ξsh

dx2
H(t−x/ush)− 2

ush

dξsh

dx
δ(t−x/ush)+

ξsh

u2
sh

δ′(t−x/ush)+
∂2ξ1

∂x2
(B.7)

where δ′ is the derivative of the δ function with respect to its argument, which

is still singular at t = x/ush.

One way to define δ′(t) is the relation71

tδ′(t) = −δ(t) (B.8)
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But before proceeding, it is necessary to discuss what the function δ′(t) means

within the context of the present work. Loosely speaking, δ′(t) is more singular

than δ(t). To see this, divide δ′(t) by δ(t) using Eq. (B.8) (setting aside the

fact that it can be problematic to divide by a delta function):

δ′(t)

δ(t)
= −1

t
= −∞ at t = 0 (B.9)

An interpretation of Eq. (B.9) is that δ′(t) is infinitely larger in magnitude

than δ(t) at t = 0.

The relation between δ′(t) and δ(t) is further contextualized in the

study of singularity functions.72 Singularity functions are typically used to

study deflection in beams, but in the present work the formalism of singular-

ity functions is used to compare functions with different degrees of singularity

(typically called singularity brackets). Singularity functions, which will be de-

noted as σn(t), specifically those centered at t = 0, are denoted using brackets

as follows:

σn(t) = 〈t〉n (B.10)

where n is traditionally an integer. A few examples of singularity functions are

listed in Table B.1. In one sense, higher values of n indicate greater smoothness

for singularity functions at the point where they are centered. For example,

n = 0 in Table B.1 corresponds to the Heaviside step function, which has

a discontinuity at x = 0, and n = 1 corresponds to a ramp function that

has a discontinuity in slope at t = 0 but is still functionally continuous. All

singularity functions with n < 0 are singular at t = 0. Lower values of n
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indicate that a function is more singular. For example, δ′(t) (n = −2) is more

singular than δ(t) (n = −1), which is consistent with Eq. (B.9).

Table B.1: Examples of singularity functions for −2 ≤ n ≤ 2.

n σn(t) = 〈t〉n

−2 δ′(t)

−1 δ(t)

0 H(t)

1 tH(t)

2 t2H(t)

The analysis now returns to Eq. (B.6). Substitution of Eqs. (B.3),

(B.4), and (B.7) into the evolution equation, Eq. (B.6), yields

− µk
ξsh

u2
sh

δ′(t− x/ush) +

(
ξsh − ξsh

c0

ush

+ µk
2

ush

dξsh

dx

)
δ(t− x/ush)

+

(
c0
dξsh

dx
− µk

d2ξsh

dx2

)
H(t− x/ush) + c0

∂ξ1

∂x
+
∂ξ1

∂t
− µk

∂2ξ1

∂x2
= 0

(B.11)

Assuming that µk is nonzero, the most singular term, which is δ′, in Eq. (B.11)

can only be eliminated if ξsh = 0. The singularity associated with δ′ cannot

be balanced by the terms multiplying δ because δ is less singular than δ′.

No finite choice of the coefficients multiplying δ can balance the singularity

associated with δ′. However, if ξsh = 0 is chosen, this implies that there is no

discontinuity at all, because from Eq. (B.2), ξ = ξ1, where ξ1 is a continuous

function. Therefore stable discontinuous solutions in the form of Eq. (B.2)

cannot exist for the evolution equation with viscosity, Eq. (B.6).
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Now apply this analysis to a fractional partial differential equation for

progressive wave motion exhibiting power-law attenuation proportional to ων ,

written in the form

c0
∂ξ

∂x
+
∂ξ

∂t
+ aν

∂νξ

∂tν
= 0 (B.12)

where aν is a constant with dimensions of Tν−1 that characterizes the magni-

tude of the attenuation. A solution in the form of Eq. (B.2) will once again be

assumed for Eq. (B.12). The Caputo fractional derivative definition, Eq. (2.2),

with the lower limit of integration equal to zero and 0 < ν < 1, is used to

calculate the fractional derivative of H(t):

∂νH(t)

∂tν
=

1

Γ(1− ν)

∫ t

0

dH(t′)/dt′

(t− t′)ν
dt′

=
1

Γ(1− ν)

∫ t

0

δ(t′)

(t− t′)ν
dt′

=
H(t)

tνΓ(1− ν)
(B.13)

Although it is assumed that 0 < ν < 1 in Eq. (B.13), the result in Eq. (B.13) is

true more generally for ν > 0. For example, consider the fractional derivative

of H(t) where 1 < ν < 2:

∂νH(t)

∂tν
=

1

Γ(2− ν)

∫ t

0

d2H(t′)/dt′2

(t− t′)ν−1
dt′

=
1

Γ(2− ν)

∫ t

0

δ′(t′)

(t− t′)ν−1
dt′

=
H(t)(1− ν)

tνΓ(2− ν)

=
H(t)

tνΓ(1− ν)
(B.14)
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There is a connection between the fractional derivative of H(t), Eq. (B.14),

and δ(t), the first order derivative of H(t). Gel’fand and Shilov71 analyze δ as

a generalized function and prove the following relation:

δ(t) =
H(t)

tΓ(0)
(B.15)

Gel’fand and Shilov71 also define the integer-order derivatives of δ(t) [and thus

the integer-order derivatives of H(t)] as

δm−1(t) =
H(t)

tmΓ(1−m)
(B.16)

where m is an integer corresponding to the mth derivative of H(t). The

definition of the mth integer order of H(t), Eq. (B.16), is consistent with the

definition of the fractional derivative of non-integer order ν, Eq. (B.13).

Fractional derivatives of H(t) can also be interpreted in the context of

singularity functions. While the first derivative of H(x) corresponds to n = −1

in Table B.1, the fractional derivative of H(x) corresponds to n = −ν. As with

δ(t), the fractional derivatives of H(t) are singular at t = 0. The higher the

fractional order ν is, the more singular the fractional derivative will be.

Based on the result in Eq. (B.13), the singular terms in the evolution

equation, Eq. (B.12), may be written explicitly here as

aνH(t− x/ush)

(t− x/ush)νΓ(1− ν)
ξsh +

(
1− c0

ush

)
ξshδ(t− x/ush) + non-singular terms = 0

(B.17)

The left-hand side of Eq. (B.17) is singular at t = x/ush. The σ1(t) singularities

associated with the integer-order derivatives ∂ξ/∂x and ∂ξ/∂t, and therefore
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δ(t − x/ush), can be balanced by setting ush = c0. However, the singularity

associated with the fractional derivative ∂νξ/∂tν cannot be eliminated unless

the shock amplitude is zero (i.e., ξsh = 0), which implies that no discontinuity

exists in the proposed solution Eq. (B.2). Therefore, discontinuous solutions in

the form of Eq. (B.2) are not permitted for partial differential equations with

one fractional derivative. This result also holds for the fractional evolution

equation

c0
∂ξ

∂x
+ aν

∂νξ

∂tν
= 0 (B.18)

because, once again, with the discontinuous solution, Eq. (B.2), substituted

into Eq. (B.18), the singularity associated with the fractional derivative cannot

be eliminated unless ξsh = 0.

While the discontinuous solution, Eq. (B.2), is not permitted for Eq. (B.12)

according to this analysis, a separate question is whether vertical tangent

formation is possible for an initially continuous waveform without a vertical

tangent, which is the primary focus of Chap. 4. While the equations in this ap-

pendix are only linear, insight is gained by examining the singular terms that

occur when the proposed solution, Eq. (B.2), is substituted into Eq. (B.12).

The order of these singularities can be expressed concisely in the notation

of singularity functions, where the singularities associated with the discrete

derivatives have n = −1 and the singularity associated with the fractional

derivative is n = −ν.

For 0 < ν < 1 in Eq. (B.17), σ1(t) = δ(t− x/ush) is more singular than

the σν singularity associated with the fractional derivative. For the evolution
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equation, Eq. (B.12), the attenuation comes exclusively from the fractional

derivative. However, because the σν singularity associated with the fractional

derivative is negligibly small compared with the σ1 singularity associated with

δ near regions in the waveform with very large gradients (i.e., nearly discontin-

uous shock fronts), the attenuation in the system is not necessarily sufficient to

prevent vertical tangent formation for a nonlinear form of Eq. (B.12) (i.e., for

an amplitude-dependent sound speed instead of the constant c0). For exam-

ple, the moving-frame evolution equation, Eq. (4.4), which has a linear form

similar to Eq. (B.12), permits vertical tangent formation for sufficiently large

nonlinearity.51 Once a vertical tangent forms for the moving-frame evolution

equation, calculation cannot proceed because of the singularity associated with

the fractional derivative. There are no known published implicit multivalued

solutions for a fractional partial differential equation in the form of Eq. (B.12).

Calculation past vertical tangent formation is nonsensical even using the intrin-

sic coordinates of Hammerton and Crighton56 (see Sec. 4.3 for an explanation

of intrinsic coordinates) because the loss term becomes complex [see Eqs. (42)

and (44) for ψ > π/2 in Cormack and Hamilton53].

However, if 1 < ν < 2 in Eq. (B.12) with the proposed solution in

Eq. (B.2), then the most singular term is the σν term that is associated with the

fractional derivative. Now the most significant term in Eq. (B.12) near regions

with very steep gradients is the fractional derivative, which is responsible for

the attenuation in the system. Therefore vertical tangent formation is always

prevented for a nonlinear form of Eq. (B.12). This is consistent with the
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analyses of Cormack and Hamilton53 and Kashcheeva et al.73 for a nonlinear

acoustic wave with power-law attenuation proportional to ων for which 1 <

ν < 2.

In summary, Whitham’s analysis30 was used to consider the possibility

of discontinuous solutions for fractional evolution equations. It was found that

discontinuous solutions are not possible for the fractional evolution equations,

Eqs. (B.12) and (B.18). However, by examining the singularities that arise at

waveform discontinuities in Eq. (B.12), one finds that this analysis still implies

the possibility of vertical tangent formation for 0 < ν < 1 in a nonlinear form of

Eq. (B.12). It should be reiterated that just because vertical tangent formation

is possible for 0 < ν < 1, this does not mean that a discontinuous solution in

the form of Eq. (B.2) is allowed. As Whitham notes in his book,30 δ is used

in a “slightly dubious way” for this study. While the results of this section

cannot be considered rigorous, Whitham’s analysis is, in his words, very useful

as a “preliminary tool.”
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