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Abstract 

 

The Origins of Strong Pockels Responses 

 

Ali Kassem Hamze, Ph.D. 

The University of Texas at Austin, 2019 

 

Supervisor:  Alexander A. Demkov 

 

The linear electro-optic (Pockels) effect, which relates the change in the index of 

refraction of a crystal to an applied electric field, has been subject to increasing study in 

recent years due to its potential applications in integrated photonics, which include inter-

chip optical interconnects, neuromorphic computing, and photonic chips for quantum 

computing. The current “gold standard” Pockels-active material is LiNbO3, which sees 

wide use as an optical modulator in the telecommunications industry. However, LiNbO3 

has a small Pockels response (~30 pm/V) and does not integrate well with Si. Therefore, 

finding other Pockels-active materials is of great importance for their potential use in future 

devices. Most current studies are focused on BaTiO3, which has an enormous response 

(~1600 pm/V) in bulk, and which can be epitaxially integrated on silicon (001). However, 

it of great technological importance to find other strong Pockels materials and to 

understand the underlying physical principles which drive strong Pockels responses. In this 

work, we calculate the Pockels response of a wide variety of materials from first principles. 

We show that SrTiO3, a centrosymmetric crystal which ordinarily cannot exhibit a Pockels 

response, can be made to have a strong response through epitaxial strain. The phonon 

modes driving the large response in SrTiO3 are very anharmonic. Noticing that other strong 
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Pockels materials are also strongly anharmonic, we investigate whether crystal 

anharmonicity in non-centrosymmetric crystals is a predictor of strong Pockels responses. 

We do this by through an in-depth study of LiB3O5, which has thermal anharmonicity an 

order of magnitude larger than that of BaTiO3 or SrTiO3. We find that crystal 

anharmonicity (or rather, soft phonon modes) is a necessary, but not sufficient requirement 

for strong Pockels responses. Large Raman susceptibilities, which we associate with strong 

electron-phonon interactions and  large deformation potentials, are also required. Finally, 

we summarize unpublished calculations of the Pockels response of a variety of crystals, 

many of which have not been considered for the electro-optical applications, and we 

provide suggestions for future first-principles studies of the Pockels effect. 
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Chapter 1: Introduction 

Transition metal oxides are a widely studied group of materials due to the many 

interesting phenomena they exhibit, which arise from the partially-filled, highly-correlated 

d-electron orbitals [1]. These phenomena range from ferroelectricity to colossal 

magnetoresistance to superconductivity to colossal dielectric responses and beyond [2]. In 

Figure 1.1, we present two figures summarizing many of these properties, with phenomena 

present in bulk crystals in Fig. 1.1(a) and for emergent phenomena which occur at the 

interface between oxides in Fig 1.1(b). These properties are all sensitive to structure, strain, 

composition, interfaces, and more, which makes them subject to control and which 

therefore leads to the potential for exciting new device applications [3]. An especially well 

studied subset of transition metal oxides are perovskites [4], which have chemical formula 

(typically) ABO3, where A can be any of  

 

Figure 1.1: Left: Properties exhibited by perovskites, from insulating to conducting 
(from  [2]).  Right: Phenomena observed at transition metal oxide interfaces 
(from  [1]). 
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Figure 1.2: Elements of the periodic table which can occupy the sites of the perovskite 
crystal structure (with 100% occupancy—allowing for partial occupancies 
expands this further), from [5]. A cubic perovskite structure (space group 
𝑃𝑚31𝑚) is shown above the transition metals. 

~30 elements of the periodic table and B can be nearly half of the table (see Fig. 1.2) [5] 

(although here, we restrict our discussion to transition metals). Some of the most famous 

perovskite systems are the LaAlO3 (LAO)/SrTiO3 (STO) interface [6,7], which exhibits a 

two-dimensional electron gas in the STO layer, not to mention bulk STO itself, which is a 

quantum paraelectric at low temperatures [8,9], which leads to an enormous dielectric 

constant of ~20,000 below 4 K. BaTiO3 is another extremely well-known perovskite which 

has a large polarization at room temperature [10]. For one more example, alkaline earth 

stannates (perovskites with an alkaline earth metal in the A site and tin, Sn, in the B-site) 

have been the subject of great interest recently due to their potential for use as transparent 
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conductors, which originates in the wide band gaps and high electron mobility [11–13] of 

the conduction band bottom, which is composed of the 5s-orbitals (which have low 

effective masses) of the Sn atoms [14]. Doped stannates led to the fabrication of the first 

all-oxide field effect transistor in 2015 [15]. 

One of the most technologically important discoveries in the practical application 

of perovskites was the 1998 work by McKee et al. [16] in which they demonstrated the 

epitaxial growth of SrTiO3 (STO) was possible on the technologically crucial 

semiconductor substrate Si (001) by molecular beam epitaxy. This was enabled by the 

formation of a Zintl template (named after Zintl intermetallics, because the template has 

the same stoichiometry as the Zintl intermetallic bulk crystals) at the interface to protect 

the Si surface from oxidation [17,18]. This has since enabled the epitaxial growth of other 

oxides on Si (001) like BaTiO3 (BTO) (among others)  [19–23], as well as further study of 

STO on Si [24–31]. This has naturally been extended to the epitaxial growth of oxides on 

other semiconductor substrates like Ge [32] and to other growth techniques like atomic 

layer deposition [33]. These advances have enabled the growth of complex heterostructures 

on Si, which have great promise for the development of new devices with functionalities 

beyond that of Si alone. 

In this work, we will study the linear electro-optic (Pockels) effect, which is the 

linear change in the index of refraction in response to an applied electric field [34,35]:  

𝑛(𝐸) = 𝑛5 −
1
2𝑛

8𝑟𝐸, (1.1) 

where 𝑛5 is the index of refraction at zero-field and 𝑟 is the Pockels coefficient. (Note that 

this is a macroscopic expression—we will discuss the Pockels effect in much greater detail, 

including the tensorial classical and quantum descriptions, in the third part of Chapter 2.) 

The Pockels effect has been the subject of increasingly intensive study over  
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Figure 1.3: Transmission frequency of copper interconnects over time, from [41]. We are 
now dangerously close to the material limits of copper, so new materials are 
essential for improving device performance. 

the past few years due to its potential applications in integrated photonics [36–40]. One 

such application is inter-chip interconnects, which are currently extremely close to the 

material limits of copper (Fig. 1.3), necessitating a new paradigm for improved 

communication speeds and bandwidth. The Pockels effect offers the necessary high-speed 

modulation, and waveguides made of BTO grown on Si have already been 

fabricated [19,42–51] (see Fig. 1.4 for a simulation of the optical confinement in a BTO 

wave guide [51]) and demonstrate enormous promise. Other potential applications are in 

neuromorphic computing [42,52] and in photonic, integrated circuits for quantum 

computing [53–55]. 

The most commonly used Pockels-active material is LiNbO3, with a Pockels 

coefficient of ~30 pm/V [34,35], which is used in large optical modulators in the  
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Figure 1.4: Simulation of a BTO waveguide grown epitaxially on Si (001) [51]. Applying 
a voltage between the gold contacts changes the index of refraction in BTO 
and allows for optical confinement, creating a waveguide. The fundamental 
optical transverse electric field mode is represented with contour lines and 
the electric field between the contacts is represented by the arrows. 

telecommunications industry [34,56,57]. For application in chips, however, where power 

usage is of great concern, the small Pockels-coefficient of LiNbO3 makes is a less attractive 

choice of material, not to mention the difficulties of integrating it on to silicon 

wafers [49,58–60]. Therefore, new, finding strong Pockels materials is of great 

technological importance. 

Chief among currently studied Pockels-active materials is BTO [34,35,43], which 

boasts an enormous Pockels coefficient of ~1600 pm/V in bulk crystals (and values of up 

to ~900 pm/V in thin films [42]). Furthermore, as mentioned previously, BTO can be 

epitaxially integrated onto Si, making it very attractive for future, chip-scale Pockels-based 

devices. However, is BTO the best available material for this purpose? The mechanisms 

underlying a strong Pockels response are not well understood, and so better materials are 
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likely out there waiting to be discovered. This question will be the central idea guiding this 

work. 

This work is structured as follows: in Chapter 2, we briefly review density 

functional theory (our primary tool for all our work). We discuss the 2n + 1 theorem in 

depth because of its central role in density functional perturbation theory, which we rely 

on for calculating everything from the phonon spectrum to the piezoelectric tensor to the 

dielectric response to the nonlinear optical properties of our primary interest. Here, we also 

provide an in-depth discussion of the Pockels effect, both from classical and quantum 

mechanical perspectives. In Chapter 3, we explain the theoretical underpinnings of some 

of our primary analysis techniques. These include the Grüneisen parameters, which 

quantify phonon anharmonicity, the details of the tight-binding model we use in Chapter 5 

to analyze surprising results in our study of LiB3O5 and CsB3O5, and deformation 

potentials, which we also calculate in our work in Chapter 5. Our study in Chapter 4 [61] 

focuses on inducing a large Pockels response in STO by pushing it close to the ferroelectric 

phase transition though epitaxial strain. STO is a quantum paraelectric [9] that can be 

pushed into a ferroelectric state by external perturbations. This transition is driven by a soft 

phonon mode [61,62], which causes the ionic response of the Pockels tensor to increase 

dramatically at certain strains. In Chapter 5, we turn our attention to the correlation between 

strong Pockels materials and crystal anharmonicity and focus on LiB3O5 (LBO), a crystal 

with a thermal anharmonicity an order of magnitude larger than that of BTO and STO. We 

find, unexpectedly, that LBO has an extremely weak Pockels response, and find that this 

originates in the high phonon frequencies, which in turn come from the small atomic 

masses. We study the related CsB3O5 crystal, which we correctly expect to have softer 

phonons, but which also has a very weak Pockels response. We finally come to understand 

the importance of the Raman susceptibility for the Pockels response and relate this to 
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deformation potentials and the electron-phonon coupling. In Chapter 6, we summarize the 

Pockels calculations we did for other crystals. These results were never published, for a 

variety of reasons, so we present them here for those who may be interested. Finally, in 

Chapter 7, we conclude. 
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Chapter 2: Theoretical Background 

In this chapter, we discuss the theoretical underpinnings of the calculations in the 

rest of this dissertation. We first provide a brief summary of density functional theory 

(DFT), the framework upon which all of our calculations are built. DFT is a method of 

approximately calculating the electronic structure of condensed matter systems (and 

therefore, their other ground state properties) by minimizing an energy functional of the 

electron density n(r) rather than solving for the many-body electron wave function. We 

discuss the 2n + 1 theorem, which relates the (2n + 1)-th derivative of the total energy to 

the n-th order and lower wave functions, in depth, as it is a fundamental tool used in our 

calculations of the Pockels effect, the phenomenon of interest in this work. We then briefly 

discuss the classical theory of lattice vibrations and introduce the Raman susceptibility, 

which will be very important in Chapter 5. Our focus then turns to the theory of the Pockels 

effect, which describes the change in the index of refraction of a material in the presence 

of an external electric field. We will discuss the Pockels effect first from a macroscopic 

perspective, largely following the discussion in Nye [1]. Then, we will discuss how it is 

implemented in density functional theory following the work of Veithen et al. [2]. 

2.1 DENSITY FUNCTIONAL THEORY 

Quantum mechanics in a crystal 

The electronic structure of crystals (and non-crystals) is the origin of all the more 

familiar macroscopic properties we encounter day-to-day, from the hardness or elasticity 

(through interatomic forces) of a material to its optical properties (through transitions, or 

lack thereof, in the band structure from occupied to unoccupied states and vice versa) to its 

conductivity (through scattering) to its magnetic properties (through the motion of 

electrons) and beyond. We refer the reader to one of the many texts written on this subject 
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matter for further reading [3–6] on the material in this section. The fundamental equation 

governing the electronic structure of matter is Schrödinger’s wave equation, 
𝐻𝜓 = 𝐸𝜓, (2.1.1) 

where 𝐻 = 𝑇 + 𝑉 is the Hamiltonian operator, the sum of the kinetic energy operator T 

and potential energy operator V, and 𝜓 is the wave function, the magnitude-squared of 

which gives the probability density of the position of the electron. Note that this is the time-

independent form of Schrödinger’s equation. The Coulomb interaction is the primary 

interaction of concern (magnetism and relativistic effects can be incorporated into the 

theory but are not relevant for the materials we study in this work). The Hamiltonian in a 

crystal is then 

𝐻 = −
ℏ@

2	𝑚B
C∇E@
E

+
1
2C

𝑒@

G𝐫E − 𝐫HGEIH

+C
𝑍K𝑒@

|𝐫E − 𝐑K|E,K

 

−C
ℏ@

2	𝑚K
∇K@

K

+
1
2C

𝑍K𝑍N𝑒@

G𝐑K − 𝐑NGKIN

		.														 
(2.1.2) 

 
 

Here, the first two terms are the electron kinetic energy and the electron-electron 

interaction. The third term is the interaction between the electrons the nuclei of charge ZI, 

and the final two terms are the kinetic energy of the nuclei and the electronic interaction 

between the nuclei. The only small term in this Hamiltonian is the nuclear kinetic energy, 

so we will not include it in our calculations (in effect, we set the mass of the nuclei to 

infinity and freeze out their motion, treating the nuclear positions as parameters—this is 

the Born-Oppenheimer approximation [7]). Furthermore, while the interaction between 

nuclei contributes to the total energy of the system, it does not affect the electronic 

structure, so we will often ignore it. We will refer to the electron-electron interaction as 

Vint, the potential on the electrons due to the nuclei as Vext, and the electron kinetic energy 

as T. The Hamiltonian can then be written more neatly as 𝐻 = 𝑇 + 𝑉PQR + 𝑉STR. As 
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currently structured, this is an intractable problem, as there are NA ~ 1023 electrons in a 

crystal all interacting with one another, leading to NA coupled differential equations. 

 In quantum mechanics, the expectation value of an operator 𝑂V when the system is 

in a given eigenstate |Ψ〉 is 〈𝑂V〉 = 〈ΨG𝑂VGΨ〉/〈Ψ|Ψ〉. In density functional theory, we 

reformulate the problem stated in Eq. 2.1.1 and Eq. 2.1.2, changing our task to minimizing 

the energy functional of the density. As such, we need to define the electron density 𝑛(𝐫), 

which is the expectation value of the density operator 𝑛[(𝒓) = ∑ 𝛿(𝐫 − 𝐫E)_
E , where 𝑁 is the 

number of electrons: 

𝑛(𝐫) =
〈Ψ|𝑛[(𝒓)|Ψ〉
〈Ψ|Ψ〉 = 𝑁

∫d8𝑟@ ⋯d8𝑟_ ∑ |Ψ(𝐫, 𝐫@, ⋯ , 𝐫_)|de
@

∫ d8𝑟fd8𝑟@ ⋯d8𝑟_|Ψ(𝐫f, 𝐫@, ⋯ , 𝐫_)|@
. (2.1.3) 

Here, the sum over 𝜎f is a sum over the spin, so this is the total electron density. The total 

energy is simply the expectation value of the Hamiltonian: 

𝐸 =
〈Ψ|𝐻|Ψ〉
〈Ψ|Ψ〉 = 〈𝑇V〉 + 〈𝑉VPQR〉 + hd8𝑟𝑉STR(𝐫)𝑛(𝐫) + 𝐸KK . (2.1.4) 

The last term is the expectation value of the interaction between the ions, which has no 

effect on the electronic structure. Therefore, it is simply an additive term to the total energy 

which one can set as the reference energy if one is not interested in the total energy, or 

which can be included if one is. The expectation value of the external potential—that is, 

the expectation value of the interaction between the ions and electrons—has been written 

in terms of an integral over the density. 

 Because the Coulomb interaction is long range, it is important that the systems in 

our calculations (periodic, infinite crystals) are neutral. It is therefore necessary to collect 

the long-range terms in our expressions in neutral groups. We can do this by defining the 

classical Coulomb energy 𝐸ii as 

𝐸ii = 𝐸jklRlSS + hd8𝑟𝑉Bmn(𝐫)𝑛(𝐫) + 𝐸KK, (2.1.5) 
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where the Hartree energy is classical self-interaction of the electron density with itself:  

𝐸jklRlSS =
1
2
hd8𝑟d8𝑟o

𝑛(𝐫)𝑛(𝐫o)
|𝐫 − 𝐫o| . 

(2.1.6) 

The classical Coulomb energy is neutral so long as the system under consideration is 

neutral. With this, we can rewrite the total energy of the system (Eq. 2.1.4) as 
𝐸 = 〈𝑇V〉 + p〈𝑉VPQR〉 − 𝐸jklRlSSq + 𝐸ii. (2.1.7) 

The middle term in parentheses is the difference between the energy of interacting, 

quantum electrons, and interacting classical electrons with the same density. This is the 

exchange-correlation energy, which we will discuss in subsequent sections. The long-range 

terms in this difference cancel out, so this interaction is short-range. For more details on 

the Coulomb interaction in condensed matter systems, we refer the reader to Martin [6] and 

other condensed matter texts [4,5]. 

Independent electrons and the Hartree-Fock approximation 

The simplest approach to tackling the many-body electron problem is to simply 

approximate the electrons as independent. A brief discussion of these independent electron 

approaches will be valuable for our later discussion of density functional theory (through 

the Kohn-Sham method), in which we make an ansatz that the ground state density of the 

many body problem is the same as the density of an analogous non-interacting Hamiltonian 

with an effective potential to approximate the effects of exchange and correlation. 

The only electron correlation in the non-interacting (also known as Hartree-like) 

electron approximation is introduced through the Pauli exclusion principle, which is 

imposed when occupying states. We begin with a non-interacting Hamiltonian with an 

effective potential. The (uncoupled) Hamiltonian for these electrons (indexed by label i) is 

𝐻Srr𝜓Ed(𝐫) = s−
ℏ
2𝑚B

∇@ + 𝑉Bttd (𝐫)u𝜓Ed(𝐫) = 𝜀Ed𝜓Ed(𝐫), (2.1.8) 
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where 𝑉Bttd (𝐫) is an effective potential which acts on spin-𝜎 electrons at point 𝐫. For spin-

independent Hamiltonians, we simply get a factor of 2 in sums over the spin due the 

degeneracy between the spin-up and spin-down electrons. From the independent electron 

wave functions, we can construct a many-body wave function through a Slater 

determinant [3,8]. 

 Another independent-electron approach is the Hartree-Fock approximation. Like 

the non-interacting electron approximation, the Pauli principle is used. However, the 

Hartree-Fock approximation includes the Coulomb interaction between electrons, while 

neglecting the correlation that those interactions create. The Hartree-Fock method begins 

with writing the many-electron wave function Φ as a Slater determinant of linear 

independent single-electron spin-orbitals 𝜙Ep𝐫H, 𝜎Hq = 𝜓E(𝐫H)𝛼E(𝜎H), each consisting of a 

product between position orbital 𝜓E(𝐫H) and spin variable 𝛼E(𝜎H): 

Φ =
1
√𝑁!

|

𝜙f(𝐫f, 𝜎f) 𝜙f(𝐫@, 𝜎@) 𝜙f(𝐫8, 𝜎8) ⋯
𝜙@(𝐫f, 𝜎f) 𝜙@(𝐫@, 𝜎@) 𝜙@(𝐫8, 𝜎8) ⋯
𝜙8(𝐫f, 𝜎f)

⋮
𝜙8(𝐫@, 𝜎@)

⋮
𝜙8(𝐫8, 𝜎8)

⋮
⋯
⋱

|. (2.1.9) 

If we assume the Hamiltonian is spin-independent and that the spin-orbitals are orthogonal, 

we can write the expectation value of the Hamiltonian (Eq. 2.1.2) (in atomic units) as 

⟨Φ|𝐻|Φ⟩ =Ch𝑑𝐫	𝜓Ed∗(𝐫) s−
1
2∇

@ + 𝑉STR(𝐫)u𝜓Ed(𝐫)
E,d

+ 𝐸KK

+
1
2 C h𝑑𝐫𝑑𝐫o	𝜓E

d�∗(𝐫)	𝜓H
d�∗(𝐫o)

1
|𝐫 − 𝐫o| 𝜓E

d�(𝐫)	𝜓H
d�(𝐫o)

E,H,d�,d�

−
1
2C

h𝑑𝐫𝑑𝐫o	𝜓Ed∗(𝐫)	𝜓Hd∗(𝐫o)
1

|𝐫 − 𝐫o| 𝜓H
d(𝐫)	𝜓Ed(𝐫o)

E,H,d

. 

(2.1.10) 

The first term combines terms which involve only a single sum over orbitals, and the third 

and fourth terms (the terms with double sums) are the interactions between electrons—the 

third term is the direct, self-interaction, and the fourth term is the exchange interaction. In 
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the exchange term, there is only one spin, as the we have assumed the spin-orbitals to be 

orthogonal for different spins. The ground state of a system is the one with the minimum 

energy. Minimizing this expectation under the constraint that the spin-orbitals are 

orthogonal yields the Hartree-Fock equations:   

�−
1
2∇

@ + 𝑉STR(𝐫) +Ch𝑑𝐫o	𝜓H
d�∗(𝐫o)	𝜓H

d�∗(𝐫o)
1

|𝐫 − 𝐫o|
H,d�

� 𝜓Ed(𝐫)

−Ch𝑑𝐫o	𝜓Ed∗(𝐫o)	𝜓Hd∗(𝐫o)
1

|𝐫 − 𝐫o| 𝜓H
d(𝐫)	

H

= 𝜀Ed𝜓Ed(𝐫). 

(2.1.11) 

This can be recast in a form similar to Eq. 2.1.8 by multiplying and dividing the exchange 

term by 𝜓Ed(𝐫), which then makes the effective Hamiltonian dependent on 𝜓Ed(𝐫). The 

Hartree-Fock equations are only solvable in special cases, so we will not discuss them 

further here. 

Hohenberg-Kohn theorems and the Kohn-Sham ansatz 

With the background laid in place in the previous sections, we are ready for our 

discussion of density functional theory (DFT). As the name implies, DFT is concerned with 

a functional of the electron density. In particular, as the Hohenberg-Kohn theorems prove 

(see below), the density that minimizes the energy functional of the density is precisely the 

ground state density 𝑛5(𝐫). Further, this ground state density determines all the other 

ground state properties of the system. However, the functionals are non-trivial to construct, 

and exact functionals are known for only single electrons. Through the Kohn-Sham ansatz 

(see below), the interacting problem is mapped to an independent-electron problem with 

the same density (and which includes all the many-body effects). This mapping makes the 

problem tractable, and has led to DFT becoming a very widely used theory in modeling 

condensed matter systems. 
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The Hohenberg-Kohn theorems 

The Hohenberg-Kohn theorems, named after their discoverers, were first proved in 

1964 [9]. We quote the theorems from Martin [6]. For the Hamiltonian 

𝐻� = −
ℏ@

2	𝑚B
C∇E@
E

+
1
2C

𝑒@

G𝐫E − 𝐫HGEIH

+C
𝑍K𝑒@

|𝐫E − 𝐑K|E,K

	, (2.1.12) 

which is the Hamiltonian as in Eq. 2.1.2 but with the ions frozen (the Born-Oppenheimer 

approximation) and the ion-ion interaction left out, as it is irrelevant, the Hohenberg-Kohn 

theorems state: 

Theorem I: For any system of interacting particles in an external potential 
𝑉STR(𝐫), the potential 𝑉STR(𝐫) is determined uniquely, except for a constant, by the 
ground state particle density 𝑛5(𝐫). 

[…] 

Theorem II: A universal functional for the energy 𝐸[𝑛] in terms of the particle 
density 𝑛(𝐫) can be defined, valid for any external potential 𝑉STR(𝐫). For any 
particular 𝑉STR(𝐫), the exact ground state density of the system is the global 
minimum value of this functional, and the density 𝑛(𝐫) that minimizes the 
functional is the exact ground state density 𝑛5(𝐫). 

There are two important corollaries associated with these theorems. Quoting further [6] 

(note the corollary number is the same as the number of the theorem it follows from): 

Corollary I: Since the Hamiltonian is thus fully determined, except for a constant 
shift of the energy, it follows that the many-body wave functions for all states 
(ground and excited) are determined. Therefore all properties of the system are 
completely determined given only the ground state density 𝑛5(𝐫). 

[…] 

Corollary II: The functional 𝐸[𝑛] alone is sufficient to determine the exact 
ground state energy and density. In general, excited states of the electrons must be 
determined by other means. Nevertheless, the work of Mermin […] shows that 
thermal equilibrium properties such as the specific heat are determined directly by 
the free-energy functional of the density. 
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The referenced work by Mermin [10] extends these theorems to non-zero temperature, but 

are beyond the scope of this work, and we will not consider it further. The proofs for these 

two theorems are quite simple, and we present them below. We refer the reader to 

Martin [6] for proofs of the corollaries. 

We will prove Theorem I by contradiction. Note that we assume the ground states 

of the Hamiltonians under consideration are non-degenerate, for simplicity, but this is not 

a necessary assumption. Suppose there are two different (by more than a constant) external 

potentials 𝑉STR
(f)(𝐫) and 𝑉STR

(@)(𝐫) that result in the same electron density 𝑛(𝐫). The different 

external potentials in turn lead to different Hamiltonians 𝐻�(f) and 𝐻�(@), which have their 

own ground state wave functions Ψ(f) and Ψ(@). Because the ground state of 𝐻�(f) is Ψ(f), 

the expectation value of 𝐻�(f) with Ψ(@) is larger: 

𝐸(f) = �Ψ(f)G𝐻�(f)GΨ(f)� < �Ψ(@)G𝐻�(f)GΨ(@)�	. (2.1.13) 

We can add and subtract the expectation value of 𝐻(@) with Ψ(@) to the last term of Eq. 

2.1.13 so that �Ψ(@)G𝐻�(f)GΨ(@)� = 	 �Ψ(@)G𝐻�(@)GΨ(@)� + �Ψ(@)G𝐻�(f) − 𝐻�(@)GΨ(@)� = 𝐸(@) +

∫ d8𝑟	�𝑉STR
(f)(𝐫) − 𝑉STR

(@)(𝐫)� 𝑛5(𝐫). Plugging this in to Eq. 2.1.13 yields 

𝐸(f) < 𝐸(@) + hd8𝑟	�𝑉STR
(f)(𝐫) − 𝑉STR

(@)(𝐫)� 𝑛5(𝐫)	. (2.1.14) 

The same analysis can be done starting from 𝐸(@), which results in an equation like that in 

Eq. 2.1.14, but with the (1) and (2) labels switched. Adding the result to Eq. 2.1.14 yields 

𝐸(f) + 𝐸(@) < 𝐸(f) + 𝐸(@), (2.1.15) 

which cannot be true. Therefore, we have proven Theorem I. 

Theorem II is also straightforward to prove. The proof we give here restricts our 

consideration to electron densities that are ground state densities of the electronic 

Hamiltonian with a given external potential—such densities are called V-representable. 

From this space of densities, we can construct functionals of the density. Note that this 
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requirement is not strict—it is possible to extend the range of valid functionals, but we will 

not do so here. Now, since all properties of the system under consideration are determined 

by the density, we can therefore write all the terms of the energy expectation value as 

functionals of the density, including the energy itself: 

𝐸j�[𝑛] = 𝐹j�[𝑛] + hd8𝑟𝑉STR(𝐫)𝑛(𝐫) + 𝐸KK , (2.1.16) 

where we have defined 𝐹j�[𝑛] = 𝑇[𝑛] + 𝐸PQR[𝑛], which includes all the internal kinetic 

and potential energies of the electrons. This must be universal because the kinetic and 

interaction energies are functionals only of the density. Note that we mean “the same for 

all electron systems” in our use of “universal.”  

 With these two foundational theorems proven, the question then becomes one of 

how to construct (or approximate) the functionals so that one can minimize the functional 

of the energy and solve for the ground state of the system. The way forward is providing 

by the Kohn-Sham ansatz. 

The Kohn-Sham ansatz 

The Kohn-Sham ansatz [11] makes the Hohenberg-Kohn restatement of the 

problem of solving the many-electron Schrödinger equation in terms of minimizing an 

energy functional tractable. It consists of replacing the coupled many-body problem with 

one of independent electrons with the same ground state density which can be then solved. 

In Fig 2.1, we present a schematic diagram relating the interacting problem to the non-

interacting problem. This is in principle possible to do exactly, but in practice is  
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Figure 2.1: Schematic diagram of the relationship between the Kohn-Sham ansatz and the 
problem as described by the Hohenberg-Kohn theorems, from [6]. The 
many-body electronic problem starts with the external potential 𝑉STR(𝐫) in 
the top left of the diagram, from which the Hamiltonian can be defined. By 
solving the Hamiltonian, the wave functions can be found, from which the 
ground state wave function is found. This then defines the ground state 
density. The Hohenberg-Kohn theorems close the loop and show the ground 
state density itself defines the external potential. The Kohn-Sham ansatz 
maps this to an auxiliary non-interacting system (on the right side of the 
diagram), where the Hohenberg-Kohn theorems are applied to solve the 
non-interacting problem, which is much more tractable than the many-body 
one. 

enabled by approximations. The independent analogue system incorporates the many-body 

effects through an exchange-correlation functional of the density, which is where 

approximations become necessary. 

There are two assumptions underlying the Kohn-Sham ansatz. First, that there is an 

auxiliary, non-interacting system with the same density as the interacting many-body 

system (this is referred to as “non-interacting-V-representability”). This assumption has 

not been proven rigorously for real systems of interest, but the results of making this 

assumption speak for themselves. The second assumption is to choose the auxiliary 

Hamiltonian such that it has a local potential 𝑉Srrd (𝐫) acting on an electron with spin σ at 𝐫, 

in addition to the usual kinetic energy operator. It is not necessary that the effective 

potential be local, but assuming it simplifies things greatly. 
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The auxiliary Hamiltonian in the form described by the second assumption is (in 

Hartree units, in which ℏ = 𝑚B = 𝑒 = 4𝜋/𝜖5 = 1) 

𝐻�k�Td = −
1
2∇

@ + 𝑉d(𝐫), (2.1.17) 

where we denote the spin by 𝜎. The electron density of the auxiliary system is a sum of the 

squares of the occupied orbitals, which is also summed over the spin: 𝑛(𝐫) = ∑ 𝑛(𝐫, 𝜎)d =

∑ ∑ |𝜓Ed(𝐫)|_�
E�f

@
d . The kinetic energy of the independent-electrons is given by 

𝑇� = −
1
2CC⟨𝜓Ed|∇@|𝜓Ed⟩

_�

E�fd

=
1
2CC|∇𝜓Ed|@

_�

E�fd

. (2.1.18) 

Finally, recall the definition of the Hartree energy from Eq. 2.1.6, which we rewrite here, 

explicitly as a functional this time: 

𝐸jklRlSS[𝑛] =
1
2
hd8𝑟d8𝑟o

𝑛(𝐫)𝑛(𝐫o)
|𝐫 − 𝐫o| . 

(2.1.19) 

In the Kohn-Sham approach, the functional for the Hohenberg-Kohn ground state energy 

(Eq. 2.1.16) is rewritten 

𝐸��[𝑛] = 𝑇�[𝑛] + h𝑑𝐫𝑉STR(𝐫)𝑛(𝐫) + 𝐸jklRlSS[𝑛] + 𝐸KK + 𝐸�i[𝑛]. (2.1.20) 

The first term is the kinetic energy functional we just defined, and the next three terms are 

the classical Coulomb interactions, collected in a neutral group (see the discussion around 

Eq. 2.1.5) between the ions and electrons, electrons with themselves, and the ions with 

themselves. The final term is the exchange-correlation functional, and it contains all the 

many-body exchange and correlation effects, which we will discuss in the next section. 

Recall that the ground state density is the one that minimizes the energy functional. 

The ground state Kohn-Sham energy can therefore be found by extremizing the energy 

functional with the calculus of variations. Varying the energy functional subject to the 

constraint that the orbitals are orthonormal yields 
(𝐻��d − 𝜀Ed)𝜓Ed(𝐫) = 0 (2.1.21) 
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𝐻��d (𝐫) = −
1
2∇

@ + 𝑉��d (𝐫), (2.1.22) 

𝑉��d (𝐫) = 𝑉STR(𝐫) +
𝛿𝐸jklRlSS
𝛿𝑛(𝐫, 𝜎) +

𝛿𝐸�i
𝛿𝑛(𝐫, 𝜎) = 𝑉STR(𝐫) + 𝑉jklRlSS(𝐫) + 𝑉�i(𝐫). (2.1.23) 

These are the Kohn-Sham equations, the foundation of all modern density functional 

theory. Thus far, they are exact. However, as 𝐸�i[𝑛] is not known, we must approximate 

it. Finally, they must be solved self-consistently. 

Exchange-correlation functionals 

We introduced the exchange-correlation energy functional 𝐸�i[𝑛] in Eq. 2.1.20. 

Comparing this equation, the Kohn-Sham energy, to the Hohenberg-Kohn energy (Eq. 

2.1.16), we see that the exchange-correlation energy can be written in terms of the 

Hohenberg-Kohn functional as 
													𝐸�i[𝑛] = 𝐹��[𝑛] − (𝑇�[𝑛] + 𝐸jklRlSS[𝑛])

= 𝑇[𝑛] − 𝑇�[𝑛] + 𝐸E�n[𝑛] − 𝐸jklRlSS[𝑛]. 
(2.1.24) 

The expanded expression of the exchange-correlation energy in the second line shows 

explicitly that it is the difference between the many-body fully-interacting system and the 

non-interacting system in which the electron interactions have been replaced with the 

classical Hartree interaction. 

 Recall from our discussion around Eq. 2.1.7 that by grouping the classical Coulomb 

terms in neutral groups in the energy that the remaining exchange-correlation energy is can 

be approximated as local because the long-range contributions cancel out with the Hartree 

energy (in the Hartree-Fock approximation this cancellation is exact, but this is not so 

here). Therefore, we can approximate the exchange-correlation energy functional as  

													𝐸�i[𝑛] = h𝑑𝐫	𝑛(𝐫)𝜖�i([𝑛], 𝐫). (2.1.25) 

In this expression, 𝜖�i([𝑛], 𝐫) is an energy per electron that depends only on the local 

density of electrons 𝑛(𝐫, σ) about r. Still, 𝜖�i([𝑛], 𝐫) is unknown. Kohn and Sham [11] 
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pointed out that since many solids can be modeled reasonably well in the limit of the 

homogenous electron gas, a reasonable choice for 𝜖�i([𝑛], 𝐫) is that of the exchange-

correlation energy density is assumed to be that of a homogenous electron gas of that 

density. The exchange-correlation functional is then 

													𝐸�i[𝑛] = h𝑑𝐫	𝑛(𝐫)𝜖�i�� ([𝑛], 𝐫)

= h𝑑𝐫	𝑛(𝐫)[𝜖��� ([𝑛], 𝐫) + 𝜖i�� ([𝑛], 𝐫)]	. 
(2.1.26) 

This is known as the local density approximation (LDA), and it can be easily generalized 

to include spin, in which case it is called the local spin density approximation (LSDA). The 

exchange energy per electron for the homogenous gas has an analytic form, which for the 

unpolarized case is 

													𝜖��� ([𝑛], 𝐫) = −
3

4𝜋𝑟�
¡
9𝜋
4 £

f
8
, (2.1.26) 

where 𝑟� = (3/4𝜋𝑛)f/8 is the radius of a sphere containing, on average, one electron. The 

correlation energy 𝜖i�� ([𝑛], 𝐫) for the homogenous electron gas has been calculated with 

Monte Carlo methods by Ceperly and Alder [12]. 

As mentioned previously, the cancellation between the long-range Coulomb 

interaction in the interacting theory and in the Hartree term is not exact. Therefore, by 

assuming the exchange-correlation energy is purely local, spurious self-interactions remain 

in model. In the case of a solid, these self-interactions are less significant. In the case of an 

atom, they have a large impact on the accuracy of the model. Nevertheless, LDA is still in 

wide use today and has great predictive power. 

All of our calculations in this work are done approximating the exchange-

correlation functional in the local density approximation. We were not able to test the effect 
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of other (potentially improved) functionals on our predictions as the non-linear optical 

calculations of interest to us are only implement in LDA in our code of choice. 

 

 

Figure 2.2: Self-consistent loop for solving the Kohn-Sham equations [6]. 

Density functional theory codes 

All of our calculations in this work are done using ABINIT [2,13–18], an open-

source, highly-parallel DFT code. In particular, we chose this code due to its support for 
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calculating non-linear responses of crystals to external perturbations via the 2n + 1 

theorem, which is detailed in the next section.  

Recall when we wrote the Kohn-Sham equations previously that we mentioned the 

equations must be solved self-consistently. In Fig. 2.2, we present a diagram (from 

Martin [6]) of the self-consistent loop DFT codes undertake to solve the Kohn-Sham 

equations. 

The 2n + 1 theorem and density functional perturbation theory 

The wave function to order n determines the energy to order 2n + 1. This is known 

as the “2n + 1 theorem”, and it is essential to the calculation of the nonlinear optical 

properties (specifically of the linear electro-optic tensor, which needs the nonlinear optical 

susceptibility, given by the third derivative of the total energy with respect to an applied 

electric field, and mixed third order derivatives of two electric fields and one ionic or one 

strain perturbation), of interest later in this work. In this section we will provide an 

overview of the 2n + 1 theorem in general, which provides the foundation for density 

functional perturbation theory (DFPT), and we will refer the reader to the literature for 

specific expressions of the higher-order energies in the presence of different perturbations. 

For the remainder of this section, we will follow the discussion and use the notation of 

Gonze and Vigneron [19,20], some of which is also briefly summarized in Martin [6]. 

Other useful references include  [21]. 

In DFT, as discussed previously (with slightly different notation), the energy of the 

ground state electronic structure is given by 

𝐸S¤ = C𝜀¥
¥

+ ¦𝐸K[𝑛] − h
𝛿𝐸K[𝑛]
𝛿𝑛(𝐫) 𝑛

(𝐫)𝑑𝐫§, (2.1.27) 
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where the 𝜀¥ are the energies of the Kohn-Sham orbitals, which are determined self-

consistently with the Kohn-Sham equations, and EI is the interaction energy. The Kohn-

Sham equations are given by 

𝐻 = 𝑇 + 𝑣STR +
𝛿𝐸K[𝑛]
𝛿𝑛(𝐫) , 

(2.1.28) 

𝐻|Ψ¥〉 = 𝜀¥|Ψ¥〉,													〈Ψ¥|Ψ¥〉 = 1, (2.1.29) 

𝑛(𝐫) =CΨ¥∗(𝐫)Ψ¥(𝐫)
¥

, (2.1.30) 

Now, let us add a perturbation to the system and expand the Hamiltonian as a function of 

the small parameter 𝜆: 𝐻 = 𝐻(5) + 𝜆𝐻(f) + 𝜆@𝐻(@) + 𝜆8𝐻(8) + ⋯. The Schrödinger 

equation and the normalization condition at order i then become (see any quantum 

mechanics text book for the details [3]) 

C(𝐻 − 𝜀¥)(H)|Ψ¥
(EªH)〉

E

H�5

= 0, (2.1.31) 

C〈Ψ¥
(H)|Ψ¥

(EªH)〉
E

H�5

= 0,					𝑖 ≠ 0. (2.1.32) 

Before we write the perturbative expansion of the Kohn-Sham Hamiltonian and the 

electron density, it will be illustrative to demonstrate the 2n + 1 theorem for a single-

particle. Multiplying Eq. 2.1.29 from the left by ⟨Ψ¥| yields 〈Ψ¥|𝐻−𝜀¥|Ψ¥〉 = 0, which in 

the perturbative expansion becomes 

CC〈Ψ¥
(H)|(𝐻 − 𝜀¥)(EªHª)|Ψ¥

()〉
E

�5

E

H�5

= 0. (2.1.33) 

Writing this explicitly to third order, we have 
					0 = ®𝜓¥

(8)¯𝐻(5) − 𝜀¥
(5)¯𝜓¥

(5)°																																																			  

																							+®𝜓¥
(@)¯𝐻(f) − 𝜀¥

(f)¯𝜓¥
(5)° + ®𝜓¥

(@)¯𝐻(5) − 𝜀¥
(5)¯𝜓¥

(f)°															  
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								+®𝜓¥
(f)¯𝐻(@) − 𝜀¥

(@)¯𝜓¥
(5)° + ®𝜓¥

(f)¯𝐻(f) − 𝜀¥
(f)¯𝜓¥

(f)°

+ ®𝜓¥
(f)¯𝐻(5) − 𝜀¥

(5)¯𝜓¥
(@)° 

 

																+ ®𝜓¥
(5)¯𝐻(8) − 𝜀¥

(8)¯𝜓¥
(5)° + ®𝜓¥

(5)¯𝐻(@) − 𝜀¥
(@)¯𝜓¥

(f)°

+ ®𝜓¥
(5)¯𝐻(f) − 𝜀¥

(f)¯𝜓¥
(@)° + ®𝜓¥

(5)¯𝐻(5) − 𝜀¥
(5)¯𝜓¥

(8)°. 
(2.1.34) 

Through Eq. (2.1.33), we see that the sum of the terms in each line (including the indented 

lines as part of the previous line) vanishes. Eq. (2.1.32) also helps shows that 𝜀¥
(@) vanishes 

from this expression. Thus, the first two lines and the last two columns (in the indented 

lines, for clarity) vanish. Isolating the third order Kohn-Sham eigenvalue from the 

remaining terms, we have 
𝜀¥
(8) = ®𝜓𝛼

(1)¯𝐻(2)¯𝜓𝛼
(0)° + ®𝜓𝛼

(1)¯𝐻(1) − 𝜀𝛼
(1)¯𝜓𝛼

(1)° + ®𝜓𝛼
(0)¯𝐻(3)¯𝜓𝛼

(0)°

+ ®𝜓𝛼
(0)¯𝐻(2)¯𝜓𝛼

(1)°, 
(2.1.35) 

which depends only on the unperturbed and first-order wave functions. Thus, we have 

shown the 2n + 1 theorem for the n = 1 case. The dependence of the (2n + 1)-th energy on 

the n-th and lower order wave functions can be proven using mathematical induction. The 

general expression for the i-th order case is 

𝜀¥
(E) = C C C 𝛿(𝑖 − 𝑗 − 𝑘 − 𝑙)

E

³�[(E´f)/@]

[E/@]

�5

[E/@]

H�5

®𝜓𝛼
(𝑗)¯𝐻(𝑙)¯𝜓𝛼

(𝑘)°

+ C C C 𝛿(𝑖 − 𝑗 − 𝑘 − 𝑙)
[(Eªf)/@]

³�5

[E/@]

�5

[E/@]

H�5

®𝜓𝛼
(𝑗)¯𝐻(𝑙) − 𝜀𝛼

(𝑙)¯𝜓𝛼
(𝑘)°, 

(2.1.36) 

where the square brackets mean the integer part of their argument (or, in other words, a 

floor operator: [𝑥] = ⌊𝑥⌋). 

 In the many-body case, it is not possible to calculate the (2n + 1)-th order one-

electron energy without solving the whole problem to order 2n + 1. However, in the total 

energy expression, there is a cancellation which restores the 2n + 1 theorem. To show this, 
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we will need the i-th order Hamiltonian, which depends on the densities at every order less 

than i: 

𝐻(E) = 𝑣STR
(E) + ¦

𝛿𝐸K·𝑛(5) + ∑ 𝜆H𝑛(H)H�f ¸
𝛿𝑛(𝐫)

§
(E)

, (2.1.37) 

where 𝑛(E) = ∑ ∑ Ψ¥
(H)∗(𝐫)Ψ¥

(EªH)(𝐫)E
H�5¥ . Note that here, for simplicity, we have assumed 

the kinetic energy to be independent of the perturbation. This is not a necessary assumption, 

and the general case can also be shown to be true. We can now expand the sum of the 

Kohn-Sham eigenvalues and the interaction term to third-order and add them to see the 

cancellation. The expressions for these intermediate steps are quite long and not very 

illuminating, so we refer the reader to Gonze and Vigneron [19,20] for the specific 

expressions. At third-order, the total energy is: 
𝐸S¤
(8)

= C¹®Ψ¥
(f)¯𝑣STR

(@)¯Ψ¥
(5)° + ®Ψ¥

(f)¯𝐻(f) − 𝜀¥
(f)¯Ψ¥

(f)° + ®Ψ¥
(5)¯𝑣STR

(8)¯Ψ¥
(5)°

¥

+ ®Ψ¥
(5)¯𝑣STR

(@)¯Ψ¥
(f)°º

+
1
6
hhh

𝛿8𝐸K·𝑛(5)¸
𝛿𝑛(𝐫)𝛿𝑛(𝐫o)𝛿𝑛(𝐫oo) 𝑛

(f)(𝐫)𝑛(f)(𝐫o)𝑛(f)(𝐫oo)𝑑𝐫𝑑𝐫o𝑑𝐫oo. 

(2.1.38) 

Once again, note that it only depends on the first-order and unperturbed terms. It is often 

the case that the potential does not have higher-order contributions. Therefore, this 

expression can simplify further, depending on the physical phenomena of interest. In this 

work, for example, we are interested in the effect of an applied electric field. The potential 

from is linear in the field, leading to a simpler expression.  

The cancellation that restores the 2n + 1 theorem in the n = 1 case extends to higher-

order corrections as well. As in the single-electron case, this can be generalized to the i-th 

order. The i-th order total energy is given by 
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𝐸S¤
(E) = CC C 𝛿(𝑖 − 𝑗 − 𝑘 − 𝑙)

[(𝑖−1)/2]

𝑙=0

[𝑖/2]

𝑘=0

[𝑖/2]

𝑗=0

®𝜓¥
(H)¯𝐻(³) − 𝜀¥

(³)¯𝜓¥
()°

+ hC 𝑣Bmn
(Eª³)(𝐫)𝑛(³)(𝐫)𝑑𝐫

[E/@]

³�5

	

+
1
𝑖!

𝑑
𝑑𝜆(E)

𝐸K �𝑛(5) +C𝜆H𝑛(H)
H�f

�¼

½�5

. 

(2.1.39) 

Here, no term enters the expression beyond order [𝑖/2], as stated by the 2n + 1 theorem 

(other than 𝑣STR, which is known). Therefore, the 2n + 1 theorem is applicable in DFT. 

 As mentioned earlier, our primary use of the theorem will be in calculating third-

order derivatives of the total energy. By the 2n + 1 theorem, we will therefore need the 

first-order corrections to the wave function, which can be found self-consistently using the 

following equations: 
𝜀¥
(f) = ®Ψ¥

(5)¯𝐻(f)¯Ψ¥
(5)°, (2.1.40) 

(𝐻(5) − 𝜀¥
(5))¯Ψ¥

(f)〉 = −(𝐻(f) − 𝜀¥
(f))¯Ψ¥

(5)〉, (2.1.41) 

Re〈Ψ¥
(5)¯Ψ¥

(f)〉 = 0, (2.1.42) 

𝑛(f)(𝐫) =CΨ¥
(f)∗(𝐫)Ψ¥

(5)(𝐫)
¥

+ Ψ¥
(5)∗(𝐫)Ψ¥

(f)(𝐫), (2.1.43) 

𝐻(f) = 𝑣STR
(f) + h

𝛿@𝐸K·𝑛(5)¸
𝛿𝑛(𝐫)𝛿𝑛(𝐫o) 𝑛

(f)(𝐫o)𝑑𝐫o (2.1.44) 

In the first pass through the self-consistency loop,	𝐻(f)	is typically set to the external 

potential, 𝐻(f) = 𝑣STR
(f). Then, Eq. 2.1.40 can be solved and plugged into Eq. 2.1.41, to 

determine the first-order corrections to the wave functions, subject to the constraint in Eq. 

2.1.42. A new charge density can then be calculated, from which a new Hamiltonian can 

be found, which can then be inserted into Eq. 2.1.40, starting the loop again until self-

consistency is reached. 
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References for expressions of higher-order derivatives of the energy 

Many physical quantities of interest to us are linear responses of a crystal to a 

perturbation and are given by second derivatives of the energy with respect to the 

perturbation. Some of these properties are the dynamical matrix, dielectric permittivity, 

piezoelectric tensors, and the Born effective charge, all of which will be needed in our 

calculations of the linear electro-optical (Pockels) response later in this work. Expressions 

for the dynamical matrix, dielectric permittivity, and Born effective charges are given 

in [17,18]. For the piezoelectric tensor, see [16,22,23]. Further detail into some of the 

underlying principles in the calculation of the piezoelectric response and the Born effective 

charges can be found in  [24,25]. We will also need third-order derivatives of the energy. 

The only non-mixed third-order derivative we will is with respect to the electric field, to 

calculate the non-linear dielectric susceptibility. Details for calculations of the third-order 

derivatives can be found in  [2]. We will explore in detail the calculation of the electro-

optic (Pockels) tensor from mixed third-order derivatives towards the end of this chapter. 

2.2 PHONONS AND THE RAMAN SUSCEPTIBILITY 

As discussed in the previous section, the dynamical matrix (through which the 

phonon eigenvectors and frequencies can be calculated) can be calculated through density 

functional perturbation theory [2,17,18]. Indeed, this is what we do for our calculations of 

the electro-optical tensor. It is useful, however, to briefly discuss the classical theory of 

lattice vibrations (phonons) [4,5], to define the terms and variables used and to connect to 

the DFT approach.   

We begin with an expansion of the potential energy U of the crystal about the 

minimum in powers of atomic displacements from equilibrium, 𝜏: 
𝑈 = 𝑈5 + 𝑈@ + 𝑈8 + 𝑈Á +⋯, (2.2.1) 
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𝑈� =
1
𝑛! C ΦÂe…ÂÄ(ℓf𝜅f;… ; ℓ�𝜅�)𝜏Âe(ℓf𝜅f)… 𝜏ÂÄ(ℓ�𝜅�)	

{³,,Â}

, (2.2.2) 

where 𝑈� is the n-th order contribution to the potential energy of the crystal, ℓE labels the 

lattice cell, 𝜅E labels the atom, and 𝜇E labels the direction of the displacement, and 

ΦÂe…ÂÄ(ℓf𝜅f; … ; ℓ�𝜅�) = 𝜕�𝑈 𝜕𝜏Âe⁄ …𝜕𝜏ÂÄ is the n-th order interatomic force constant 

tensor. As this is an expansion about a minimum in the energy, 𝑈f = 0. Furthermore, our 

calculations are done in the harmonic approximation, so we only consider 𝑈@ (𝑈5 is a 

constant, so we set it to zero). To solve for the eigenvectors and frequencies, we first define 

the dynamical matrix, the Fourier transform of the interatomic force constant matrix (a 

matrix now because we’re only considering the second-order term), normalized by factors 

of the atomic masses: 

𝐷ÂÎ(𝜅𝜅o; 𝒒) =
1

Ð𝑀Ò𝑀ÒÓ
CΦÂÎ(0𝜅; ℓo𝜅o)
ℓÓ

𝑒E𝒒⋅𝒓pℓÓq, (2.2.3) 

where we have set ℓ = 0, without loss of generality and 𝒒 is a reciprocal lattice vector in 

the first Brillouin zone of the crystal. Diagonalizing 𝑫(𝒒) (which is 𝐷ÂÎ(𝜅𝜅o; 𝒒) with the 

indices suppressed, for simplicity) by solving the eigenvalue problem 𝑫(𝒒)𝒗×(𝒒) =

𝜔×@ (𝒒)𝒗×(𝒒) yields our phonon frequencies 𝜔×@ (𝒒) and phonon eigenvectors 𝒗×(𝒒). In 

this scheme, the eigenvectors are normalized such that 𝒗×(𝒒) ⋅ 𝒗�(𝒒) = 𝛿×,�. Note that 

instead of solving this problem via the dynamical matrix, we could have Fourier 

transformed the force constant matrix without the normalizing factors of the mass and then 

diagonalized the result. Doing so yields the eigendisplacements 𝒖×(𝒒) instead of the 

eigenvectors, which follow the normalization condition 𝑴𝒖×(𝒒) ⋅ 𝒖�(𝒒) = 𝛿×,�. Note 

that because the normalization affects only the displacement patterns, the phonon 

frequencies are the same in both approaches. ABINIT, the DFT/DFPT code we use for all 
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of our calculations in this work, calculates the eigendisplacements instead of the 

eigenvectors. It is straightforward to convert between the two: 𝒗×(𝒒) = √𝑴𝒖×(𝒒). 

 In DFT, the interatomic force constants are calculated from the total energy through 

DFPT [17,18] or through a finite difference method, in which atoms are displaced manually 

and the total energy recomputed, in order to calculated a numerical derivative of the forces 

(and therefore the interatomic force constants). These are then used to calculate the 

dynamical matrix, which is then diagonalized for the eigenvectors/eigendisplacements and 

phonon frequencies. 

 Finally, note that the harmonic approximation breaks down in many crystals. It is 

possible to incorporate the cubic and quartic contributions to the potential energy (Eq. 

2.1.45), but because the number of components of the interatomic force constant tensor is   

(3𝑁)�, where 𝑁 is the number of atoms in the unit cell and 𝑛 is the order in the expansion, 

doing so for cubic and quartic contributions is a computationally intensive problem (even 

with the help of symmetries to reduce the number of independent components of the higher 

order force constant tensors) that we will not address in this work. For the curious reader, 

we provide a small set of references to the work of others on calculating anharmonic 

phonons and methods to circumvent the direct calculation of the force constant tensor [26–

30]. 

It will be useful to for our discussion of the quantum mechanical origins of the 

Pockels effect to define the Raman susceptibility here, as it is related to the interaction of 

light with a crystal via phonons. We give a brief overview following [2] and we refer the 

reader to [31] for more details. Consider the Raman (inelastic) scattering of a photon off a 

crystal, in which the incident photon has frequency 𝜔5 and polarization 𝐞5 and the 

scattering photon has frequency 𝜔5 − 𝜔×  and polarization 𝐞� (this is a Stokes process, 
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because the photon loses energy). The Raman susceptibility appears in the scattering 

efficiency of photon on a crystal, which is given by (in CGS units)  
𝑑𝑆
𝑑Ω =

|𝐞� ∙ 𝑅× ∙ 𝐞5|@ =
(𝜔5 − 𝜔×)Á

𝑐Á
|𝐞� ∙ 𝜶× ∙ 𝐞5|@

ℏ
2𝜔×

(𝑛× + 1)	, (2.2.4) 

where 𝑛× is the occupation number of a particle obeying Bose-Einstein statistics with 

frequency 𝜔× and 𝑐 is the speed of light in vacuum. The Raman susceptibility 𝜶× is  

𝛼EH× = ÐΩ5C
𝜕𝜒EH

(f)

𝜕𝜏Òâ
𝑢×(𝜅𝛽)

Ò,â

	, (2.2.5) 

where 𝜅 labels an atom, 𝛽 labels a direction, 𝜏Òâ  is a displacement of atom 𝛾 in direction 

𝛽, 𝜒EH
(f) is electronic dielectric susceptibility tensor, and 𝑢×(𝜅𝛽) is the eigendisplacement 

of atom 𝜅 in direction 𝛽 in mode m. 

2.3 THE POCKELS EFFECT 

As mentioned previously, the Pockels effect, also known as the linear electro-optic 

(EO) effect, relates the change in the index of refraction of a crystal to an applied electric 

field. We will first explain the classical, macroscopic model following the discussion in 

Nye [1]. Then, we will discuss how to calculate the Pockels tensor quantum mechanically 

using the Kohn-Sham ground state energy calculated in DFT, following Veithen et al. [2]. 

This requires using the 2n + 1 theorem to calculate third-order derivatives of the ground-

state energy, as well as the phonon modes and eigendisplacements. The microscopic 

contributions to the Pockels effect are the electronic response, ionic response, and 

piezoelectric response. An understanding of the drivers of these contributions to the 

Pockels effect and their relative importance is the subject of Chapter 5 and is necessary for 

finding strong Pockels materials. 
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Classical (macroscopic) theory 

Note: in this section we will be using the Einstein summation convention. Repeated 

indices imply sums. 

The optical indicatrix 

In an isotropic medium, the electric displacement D is related to the electric field E 

by 𝑫 = 𝜅𝑬 = 𝜅5𝐾𝑬, where 𝜅 is the relative permittivity of the medium, 𝜅5 is the 

permittivity of vacuum, and K is the dielectric constant (relative permittivity). The index 

of refraction is given by the square root of the dielectric constant, 𝑛 = √𝐾 = 𝑐/𝑣. In an 

anisotropic medium, the relative permittivity/dielectric constants are upgraded to second-

rank tensors, and we have 𝐷E = 𝜅EH𝐸H = 𝜅5𝐾EH𝐸H. Therefore, for wave incident on a crystal, 

two plane-polarized waves may propagate perpendicular to it with different velocities [1]. 

The indices of refraction of these two waves, as functions of their shared normal direction, 

can be found via the optical indicatrix, an ellipsoid. In the principal axes of the crystal 𝑥f, 

𝑥@, and 𝑥8, the indicatrix is defined by 

							
𝑥f@

𝑛f@
+
𝑥@@

𝑛@@
+
𝑥8@

𝑛8@
= 1. (2.3.1) 

In Figure 2.3, we show how the indices of refraction of the perpendicular waves are 

obtained through the indicatrix. For an incident wave along the OP line, an ellipse can be 

drawn perpendicular to it through the center of and intersecting with the indicatrix. The 

semi-major and semi-minor axes of this ellipse will be the indices of refraction for the two 

perpendicular waves. 
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Figure 2.3: An illustration [1] of the indicatrix, showing how the indices of refraction of 
the two waves perpendicular to an incident wave can be found through this 
geometric construction. 

It will later be useful to write the equation for the indicatrix in terms of the dielectric 

impermeability tensor,  𝐵EH = 𝜅5𝜕𝐸E/𝜕𝐷H. In the principle axes of the crystal, as we’ve 

written Eq. 2.3.1, the indicatrix is then given by 𝐵f𝑥f@ + 𝐵@𝑥@@ + 𝐵8𝑥8@ = 1. In the general 

case, 𝐵EH𝑥E𝑥H = 1. 

Finally, note that symmetry constrains the shape of the indicatrix. For a tetragonal 

crystal (as well as hexagonal and trigonal crystals), for example, two axes are equivalent 

and one axis is not (the ordinary and extraordinary axes, respectively). For an incident wave 

along the extraordinary direction, also known as the optic axis, the perpendicular waves 

have the same indices of refraction. Therefore, crystals of this type are referred to as 

uniaxial. 
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The electro-optical effect 

In elementary electromagnetism courses, it is taught that the electric displacement 

is directly proportional to the electric field by a factor of the permittivity, and that the 

permittivity is a constant (indeed, this is how we defined the electric displacement in the 

previous section). The Pockels effect is directly related to the fact that the permittivity is 

in fact not constant, and changes in the refractive index, however small, are extremely 

important in optical applications. To capture this effect, instead of writing the electric 

displacement as directly proportional to the electric field, we instead expand it in powers 

of the electric field: 
							𝐷 = 𝜅5𝐸 + 𝛼𝐸@ + 𝛽𝐸8 +⋯. (2.3.2) 

Here, 𝜅5 is the first order coefficient and is not to be confused with the permittivity of the 

vacuum, 𝜅5, and the coefficient 𝛼 is negative, so D is smaller for a given E than in the 

linearly-dependent case. At small fields, this reduces to our previous definition. At large 

fields, this no longer holds. The permittivity will be given by the derivative of D with 

respect to E, so 𝜅 = 𝜅5 + 2𝛼𝐸 + 3𝛽𝐸@ +⋯. In Figure 2.4(a), we have a plot comparing 

the electric field dependence of D with only the linear term (dashed line) in Eq. 2.3.2 to the 

dependence with the higher order terms (solid line). 

With this understanding in mind, we can now discuss the electro-optical effect. 

Recall that the permittivity of the medium depends on the frequency of the electric 

field [1,32]. In Figure 2.4(b), we show D from an optical field E with (curve A) and without 

(curve B) the presence of an applied electric static field E0. With no applied electric field, 

the high frequency oscillations of the optical field E lead D to oscillate about the origin O. 

With the applied static field, the same oscillations occur, except they are at point P (shown 

in arrow C). The slope at point P is different than the slope at O, and it depends on the 

static field E0. The change in the slope of C with respect to E0 is the 
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Figure 2.4: Illustrations of D(E) for in two cases [1]: (a) The electric displacement D as a 
function of electric field E, as given in Eq. 2.3.2. (b) The same as (a) but 
comparing the D from an optical field with (curve A) and without (curve B) 
the presence of a static field, as the permittivity (given by the slope of the 
curve) is frequency dependent. 

the electro-optic effect. Note that this is not the derivative of Eq. 2.3.2, as that measures 

the change due to the optical field. We can expand the index of refraction in terms of the 

biasing field, however, which gives us 
							𝑛 = 𝑛5 + 𝑎𝐸5 + 𝑏𝐸5@ + ⋯, (2.3.3) 

where n0 is the index of refraction with no applied field and a and b are expansion 

coefficients. Therefore, the change in the index of refraction as a function of applied static 

field E0 is given by Δ𝑛 = 𝑎𝐸5 + 𝑏𝐸5@. 

Now, consider the case where the crystal has a center of inversion. If we reverse 

the applied electric field, the index of refraction will not change because of the center of 

inversion, but the sign of the electric field will. Equating the index of refraction in these 

two situations gives 𝑛5 + 𝑎𝐸5 + 𝑏𝐸5@ + ⋯ = 𝑛5 − 𝑎𝐸5 + 𝑏𝐸5@ − ⋯, which can only be 

true if a = 0. Therefore, the linear term (and indeed, all odd terms) in the change of the 

index of refraction vanishes in the presence of a center of inversion, while the second-order 
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term (and all even terms) do not. The linear electro-optic response is known as the Pockels 

effect, and it is this effect which is the subject of this work. The weaker, second-order 

response is known as the Kerr effect, and we will not consider it further. 

The photoelastic (elasto-optic) effect 

Another contribution to the electro-optical response is stress on the crystal. This is 

known as the photoelastic, or the elasto-optic, effect. Unlike the Pockels effect, this effect 

does not vanish for centrosymmetric crystals. This can be seen by adding terms including 

the effect of the strain to our expansion of the electric field: 
							𝑛 = 𝑛5 + 𝑎𝐸5 + 𝑎o𝜎 + 𝑏𝐸5@ + 𝑏o𝜎@ + +𝑐𝐸5𝜎 + ⋯. (2.3.4) 

Unlike the electric field, the reversal of which changed nothing from the crystal’s 

perspective due to the center of inversion, reversing an applied stress leads to a very 

different situation—either tension to compression or vice versa. Therefore, the linear 

photoelastic response does not vanish for centrosymmetric crystals. We will, however, only 

consider non-centrosymmetric crystals in this work.  

The Pockels effect includes a stress contribution even without an explicitly applied 

stress. This can be seen as follows: the Pockels effect is the linear response of the index of 

refraction to a static, applied electric field. Such fields, through the converse piezoelectric 

effect, induce stresses in the crystal, and these stresses in turn, also modify the index of 

refraction.  

The general case 

Recall that the indices of refraction of a crystal are specified by the indicatrix 

through the dielectric impermeability tensor, 𝐵EH = 𝜅5𝜕𝐸E/𝜕𝐷H: 
							𝐵EH𝑥E𝑥H = 1. (2.3.5) 
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The change in the indices of refraction are therefore conveniently expressed as changes in 

the indicatrix, and therefore, the dielectric impermeability tensor. Including a term for the 

applied, static electric field and a term for stress, we have 
							Δ𝐵EH = 𝑧EH𝐸 + 𝜋EH³𝜎³. (2.3.6) 

𝑧EH  is the Pockels tensor, or the linear electro-optic tensor, and gives the response to the 

applied field 𝐸 , and 𝜋EH³  is the piezo-optical tensor and gives the response to the applied 

stress 𝜎³. The usual orders of magnitude for the components of the Pockels tensor and 

piezo-optical tensor are picometers/volt and 10-12 meters squared per Newton, respectively. 

For reference, the magnitude of the EO response of the most commonly used Pockels-

active crystal, LiNbO3, is ~30 pm/V [33,34]. 

Before we continue, a brief note on notation will be helpful. Thus far, we have been 

following the notation used in Nye [1]. When we look at the quantum mechanical origins 

of the effect, however, we will use more modern notation. The Pockels tensor is now more 

commonly specified by 𝑟EH  rather than 𝑧EH . Furthermore, instead of writing the dielectric 

impermeability tensor, we will write the inverse dielectric tensor (which is the definition 

of the dielectric impermeability tensor), and we will use 𝜖 for the dielectric tensor instead 

of 𝜅. Therefore, to summarize, 𝑧EH ↔ 	 𝑟EH and Δ𝐵EH ↔ Δ(𝜖ªf)EH. To prevent confusion, 

we will switch to the modern notation now, as we get into the details, so a more direct 

connection can be made between the classical model and the quantum mechanical model. 

With this in mind, Eq. 2.3.6 becomes Δ(𝜖ªf)EH = 𝑟EH𝐸 + 𝜋EH³𝜎³. It will be 

convenient to write the stress in terms of the strain as 𝜎³ = 𝑐³î�𝜂î�, where the c are the 

stiffness constants. Inserting this gives us Δ(𝜖ªf)EH = 𝑟EH𝐸 + 𝜋EH³𝑐³î�𝜂î�. Defining the 

photoelastic (or elasto-optic) tensor 𝑝EHî� = 𝜋EH³𝑐³î�, we have 
							Δ(𝜖ªf)EH = 𝑟EH𝐸 + 𝑝EHî�𝜂î�. (2.3.7) 
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Note that the photoelastic tensor is unitless. Furthermore, since the typical order of 

magnitude of the stiffness constants is ~1011, the order of magnitude of the components of 

the photoelastic tensor is ~10-1. This expression is general—we have not yet taken into 

account the mechanical constraints on the crystal, which play an important role in 

accurately calculating the Pockels response. 

Imposing mechanical constraints 

Mechanical constraints on the crystal matter because of the converse piezoelectric 

effect. The strain of a crystal is given by 
							𝜂î� = 𝑑î�𝐸 + 𝑠î�×�𝜎×�, (2.3.8) 

where d is the piezoelectric tensor and s is the elastic compliance tensor. If the crystal is 

clamped so that it cannot strain, Eq. 2.3.8 equals 0 and the second term in Eq. 2.3.7 

vanishes, leaving  
							Δ(𝜖ªf)EH

ò¤k óSô = 𝑟EH𝐸. (2.3.9) 

If instead the crystal is free so that it is unclamped (stress-free), then the second term in 

Eq. 2.3.8 vanishes, but the first term does not, which yields 
							Δ(𝜖ªf)EH

�Qò¤k óSô = p𝑟EH + 𝑝EHî�𝑑î�q𝐸
= Δ(𝜖ªf)EH

ò¤k óSô + Δ(𝜖ªf)EH
óPSõ�. 

(2.3.10) 

The order of magnitude of the components of the piezoelectric constants is ~10-12 m/V. 

Combining this with the order of magnitude of the components of the photoelastic tensor, 

we see the piezoelectric contribution to the Pockels response is ~1/10	that of the clamped 

contribution. Indeed, in strong Pockels materials we find this rule of thumb holds well. 

Voigt notation 

Because the dielectric tensor is symmetric, its inverse is also symmetric. This 

reduces the number of independent components in the Pockels tensor because 𝑟EH = 𝑟HE . 
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We can therefore represent the components of the tensor using Voigt notation, which 

replaces the pair of indices ij with just one index that ranges from 1-6. The way this 

mapping is done is shown in Figure 2.5. We will often use this notation in the rest of this 

work. 

 

Figure 2.5: Mapping of the components of a symmetric matrix (or tensor) in Voigt 
notation from two components to one component. Starting with 1 for the 11-
component and following the arrow to the 12-component, which is labeled 
6. 

In Voigt notation then, the change in the inverse dielectric tensor is written 
							Δ(𝜖ªf)E

�Qò¤k óSô = 𝑟EH𝐸H + 𝑝Eî�𝑑î�H𝐸H. (2.3.11) 

Quantum (microscopic) theory 

For our discussion of the quantum mechanical theory of the Pockels effect, we will 

follow the work by Veithen et al. [2]. Furthermore, we will use their notation. Therefore, 

we will no longer use the Einstein summation convention that we used in our discussion of 

the classical model. To clearly distinguish between optical and static electric fields, we will 

use Latin symbols for optical fields (a, b, etc.) and Greek symbols for static fields (𝛼, 𝛽, 

etc.). With this convention, the Pockels tensor, for example, which involves two optical 
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fields and one static field, is written 𝑟EHö. We will also write the electric field using a script 

letter, 𝓔, instead of the Latin letter E, and the dielectric tensor with a script Greek letter, 𝜀. 

We will first discuss the expansion of the enthalpy in powers of the electric field. 

To calculate the physical quantities of interest, we will take derivatives of the enthalpy. At 

most, we will need third-order derivatives. Recall from our previous discussion of the 2n 

+ 1 theorem that knowledge of the wave functions to first-order determine the energy to 

third-order. It is by this method we will be able to extract the physical quantities needed to 

calculate the Pockels response from the Kohn-Sham energy. 

After we have the enthalpy, we will discuss the calculation of the elasto-optic 

coefficients. We calculate it in a different manner [35,36] than we discuss here (we use a 

finite difference method, which we will also explain, because this method is not 

implemented in ABINIT, the plane wave code we use), but the discussion will be useful 

for the subsequent explanation of the calculation of the Pockels tensor. We first calculate 

the clamped EO tensor, as it is more straightforward, before discussing the unclamped EO 

tensor. Again, because the photoelastic tensor is not natively calculated in ABINIT, in 

practice we always calculate the clamped EO tensor and add the piezoelectric contribution 

by manually calculating the photoelastic tensor and taking its product with the piezoelectric 

tensor. 

The electric enthalpy 

We begin with a Taylor expansion of the enthalpy of the crystal in powers of the 

applied electric field [2,37–40]. The enthalpy for a given electric field is the one that 

minimizes the energy by straining and displacing atoms. In other words, ℱ(𝓔) =
min
𝐑,ü

ℱ(𝑹, 𝜂, 𝓔), where R denotes the positions of the atoms in the unit cell and 𝜂 is the 

strain tensor. The strain and atomic configuration at which the enthalpy occurs are labeled 



 44 

𝜂(𝓔) and 𝑹(𝓔), respectively. In the zero-field case, they are labeled 𝜂5 and R0. For small 

fields 𝓔, the enthalpy is 

ℱ(𝑹, 𝜂, 𝓔) = ℱ(𝑹, 𝜂, 0) − Ω5C𝒫E(𝑹, 𝜂)𝓔E

8

E�f

−
Ω5
8𝜋 C 𝜀EH(𝑹, 𝜂)𝓔E𝓔H

8

E,H�f

−
Ω5
3 C 𝜒EH

(@)(𝑹, 𝜂)𝓔E𝓔H𝓔

8

E,H,�f

+⋯, 

(2.3.12) 

where the expansion coefficients 𝒫E(𝑹, 𝜂), 𝜀EH(𝑹, 𝜂), and 𝜒EH
(@)(𝑹, 𝜂) are the polarization, 

dielectric tensor, and nonlinear optical susceptibility at zero field and with configuration 

(𝑹, 𝜂), respectively, and Ω5 is the unit cell volume. The expansion coefficients at non-zero 

fields are given as partial derivatives of the free energy. Therefore, for example, the 

nonlinear susceptibility is given by 

𝜒EH
(@)p𝑹(𝓔), 𝜂(𝓔)q = −

1
2Ω5

𝜕8ℱ
𝜕ℰE𝜕ℰH𝜕ℰ

"
𝑹(𝓔),#(𝓔),𝓔

. (2.3.13) 

In the following discussion, we will calculate the elasto-optic coefficients and the electro-

optic tensors by perturbing the enthalpy with an electric field as well as an ionic 

displacement. In this discussion, it will be useful to define the response of the atomic 

displacement of atom 𝜅 in the 𝛼 direction 𝜏Ò¥ = 𝑅Ò¥ − 𝑅5,Ò¥ and the strain 𝜂ÂÎ  to a 

perturbation 𝜆 as 

𝜏¥½ =
𝜕𝜏Ò¥
𝜕𝜆 $

½�5
 (2.3.14) 

𝜂ÂÎ½ =
𝜕𝜂ÂÎ
𝜕𝜆 $

½�5
. (2.3.15) 

Our calculations will start from changes in the dielectric tensor. We are interested in, 

however, changes in the inverse dielectric tensor. As such, this transformation that will be 

very useful [2]: 

Δ(𝜀ªf)EH = − C 𝜀E×ªfΔ𝜀×�𝜀�Hªf
8

×,��f

. (2.3.16) 
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Finally, for simplicity, we will report the elasto-optic and the Pockels tensors in the 

principle axes of the crystal. This is not necessary, and Eq. 2.3.16 can be used to recover 

the full expressions if needed. 

The elasto-optic (photoelastic) coefficients 

To calculate the elasto-optic coefficients, we begin with the total derivative of the 

dielectric tensor 𝜀EH(𝑹, 𝜂, 𝓔) with respect to an applied strain. We will simplify the 

derivative in this form and then use Eq. 2.3.16 to transform to the change in the inverse 

dielectric tensor with respect to strain, which is what the photoelastic tensor quantifies. The 

derivative is:  
𝑑𝜀EH(𝑹, 𝜂, 𝓔)

𝑑𝜂ÂÎ
"
𝑹%,ℰ�5

=
𝜕𝜀EH(𝑹, 𝜂)
𝜕𝜂ÂÎ

"
𝑹%,#%

+ 4𝜋C
𝜕𝜒EH

(f)(𝑹, 𝜂)
𝜕𝜏Ò¥

&
𝑹%,#%

𝜏Ò¥
#'(

Ò¥

. (2.3.17) 

The first term here is the electronic contribution, so the ions are fixed in their equilibrium 

positions R0.  

The second term is the ionic contribution to the elasto-optic tensor and comes from 

the derivative chain rule. To understand the presence of 𝜒EH
(f), recall that 𝜀EH = 1 + 4𝜋𝜒EH

(f). 

We can simplify the second term by making use of the fact that the free energy is minimized 
at the equilibrium, so for an applied strain 𝜂, )ℱ(𝑹,#)

)*+,
¯
𝑹(#),#

= 0. If we expand the atomic 

displacements to first order in the strain (so that 𝜏Ò¥ = ∑ 𝜏Ò¥
#'(𝜂ÂÎ + 𝒪(𝜂@)8

ÂÎ�f ) and 

expand the equilibrium condition, we find 

C
𝜕@ℱ(𝑹, 𝜂)
𝜕𝜏Ò¥𝜕𝜏ÒÓ¥ÓÒÓ¥Ó

&
𝑹%,#%

𝜏ÒÓ¥Ó
#'( = −

𝜕@ℱ(𝑹, 𝜂)
𝜕𝜂ÂÎ𝜕𝜏ÒÓ¥Ó

"
𝑹%,#%

. (2.3.18) 

The second derivatives on the left-hand side of this equation are the force-constant matrix 

at zero electric field. We can then solve this equation for the strain-induced displacements 
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in the same manner we solved for the harmonic phonons. Expanding the first-order 

displacements in a basis of normal modes, 𝜏Ò¥
#'( = ∑ 𝜏×

#'(𝑢×(𝜅𝛼)×  and doing so yields 

𝜏×
#'( = −

1
𝜔×@

𝜕@ℱ(𝑹, 𝜂)
𝜕𝜂ÂÎ𝜕𝜏×

"
𝑹% ,#%

= −
1
𝜔×@

C
𝜕@ℱ(𝑹, 𝜂)
𝜕𝜂ÂÎ𝜕𝜏Ò¥

"
𝑹%,#%

𝑢×(𝜅𝛼)
Ò¥

	. (2.3.19) 

Plugging Eq. 2.3.19 into Eq. 2.3.17 and making use of the definition of the Raman 

susceptibility (Eq. 2.2.5) and the transformation in Eq. 2.3.16, we can finally write the 

photoelastic tensor as (in the principal axes of the crystal) 

𝑝EHÂÎ = −
1

𝑛E@𝑛H@
𝜕𝜀EH(𝑹, 𝜂)
𝜕𝜂ÂÎ

"
𝑹% ,#%

+
4𝜋

𝑛E@𝑛H@ÐΩ5
C

𝛼EH×

𝜔×@×

𝜕@ℱ(𝑹, 𝜂)
𝜕𝜂ÂÎ𝜕𝜏×

"
𝑹%,#%

	. (2.3.20) 

 Recall, however, that ABINIT does not calculate the photoelastic tensor natively, 

and that the photoelastic tensor is necessary for calculating the piezoelectric contribution 

to the Pockels effect. We instead calculate it manually with a numerical derivative [35,36]. 

This is clearest in the classical expression for the piezoelectric contribution to the change 

in the inverse dielectric tensor, 𝛥(𝜖ªf)EH
óPSõ� = 𝑝EHÂÎ𝜂ÂÎ = 𝑝EHÂÎ𝑑ÂÎö𝐸ö . We can take a 

numerical derivative of the change in the inverse dielectric tensor with respect to the strain 

to extract the photoelastic tensor. The strain to the crystal we set manually, depending on 

which tensor components we seek, and the dielectric tensor is natively calculated in most 

DFT codes. By straining the crystal, relaxing the ions, calculating and inverting the 

electronic dielectric tensor, and dividing by the strain, we get the photoelastic tensor. We 

use a centered difference numerical derivative in our calculations of the photoelastic tensor: 

𝑝EHÂÎ ≈
𝛥(𝜖ªf)EH(𝜂´) − 𝛥(𝜖ªf)EH(𝜂ª)

2𝜂ÂÎ
+ 𝒪(𝜂@). (2.3.21) 

The clamped (strain-free) EO tensor 

As in our calculation of the elasto-optic tensor, we begin our calculation of the 

clamped EO tensor with the total derivative of the dielectric constant. As we are looking 
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for the response to an applied electric field, however, we take our derivative with response 

to the field instead of the strain: 
𝑑𝜀EH(𝑹, 𝜂, 𝓔)

𝑑ℰö
"
𝑹% ,ℰ�5

=
𝜕𝜀EH(𝑹, 𝜂)
𝜕ℰö

"
ℰ�5

+ 4𝜋C
𝜕𝜒EH

(f)(𝑹, 𝜂5)
𝜕𝜏Ò¥

&
𝑹%

𝜏Ò¥
ℰ0

Ò¥

. (2.3.22) 

The first term is evaluated with the ions fixed in their ground-state positions. Therefore, 

the first term is purely the electronic contribution to the Pockels effect. Recall from the free 

energy in Eq. 2.3.12 that the dielectric tensor can be written as the second derivative of the 

energy with respect to the applied field. Doing so yields 
𝜕𝜀EH(𝑹, 𝜂)
𝜕ℰö

"
ℰ�5

= 8𝜋𝜒EH
(@)¯

�ö
, (2.3.23) 

where 𝜒EH
(@) is given in Eq. 2.3.13 as the third derivative of the free energy with respect to 

an external electric field. 

 To simplify the second term and calculate 𝜏Ò¥
ℰ0 , we proceed in a manner similar to 

what we did for the second term of the photoelastic tensor. The equilibrium condition for 

the free energy gives us 
𝜕ℱ
𝜕𝜏Ò¥

= 0 =
𝜕ℱ(𝑹, 𝜂, 0)

𝜕𝜏Ò¥
"
𝑹(ℰ)

− Ω5C
𝜕𝒫E(𝑹, 𝜂5)
𝜕𝜏Ò¥

"
𝑹(ℰ)

ℰE

8

E�f

−
Ω5
8𝜋 C

𝜕𝜀EH(𝑹, 𝜂5)
𝜕𝜏Ò¥

"
𝑹(ℰ)

ℰEℰH + ⋯
8

E,H�f

. 

(2.3.24) 

Expanding the atomic displacements to first order in the electric field, this becomes 

C
𝜕@ℱ(𝑹, 𝜂5, 0)
𝜕𝜏Ò¥𝜕𝜏ÒÓ¥ÓÒÓ¥Ó

&
𝑹%

𝜏ÒÓ¥Ó
ℰ0 = Ω5

𝜕𝒫ö(𝑹, 𝜂5)
𝜕𝜏Ò¥

"
𝑹%

. (2.3.25) 

The derivative of the polarization on the right-hand side is the Born effective charge 

tensor [18] of atom 𝜅, 𝑍Ò,ö¥∗ . As before, the second derivative on the left-hand is the force 

constant matrix. Writing the first-order electric-field-induced atomic displacements in a 
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basis of normal modes and using the orthonormality condition 𝑴𝒖×(𝒒) ⋅ 𝒖�(𝒒) = 𝛿×,�, 

we can write the first-order displacements as 

𝜏×
ℰ0 =

1
𝜔×@

C𝑍Ò,ö¥∗ 𝑢×(𝜅𝛼)
Ò¥

. (2.3.26) 

Plugging this in to Eq. 2.3.22, defining the mode polarity 𝑝×,ö = ∑ 𝑍Ò,ö¥∗ 𝑢×(𝜅𝛼)Ò¥ , using 

the definition of the Raman susceptibility (Eq. 2.2.5), and transforming the result with Eq. 

2.3.16, we finally arrive at the clamped EO tensor 𝑟EHö
# : 

𝑟EHö
# = −

8𝜋
𝑛E@𝑛H@

𝜒EH³
(@)"

³�ö

−
4𝜋

𝑛E@𝑛H@ÐΩ5
C

𝛼EH×𝑝×,ö
𝜔×@×

. (2.3.27) 

The unclamped (stress-free) EO tensor 

The calculation of the unclamped EO tensor begins with the total derivative of the 

dielectric tensor with respect to the electric field, just as the calculation of the clamped 

tensor did. However, in addition to the atomic response to the atomic field, we also have 

to include the strain response: 
𝑑𝜀EH(𝑹, 𝜂, 𝓔)

𝑑ℰö
"
𝑹%,#%,ℰ�5

=
𝜕𝜀EH(𝑹, 𝜂)
𝜕ℰö

"
ℰ�5

+ 4𝜋C
𝜕𝜒EH

(f)(𝑹, 𝜂5)
𝜕𝜏Ò¥

&
𝑹%

𝜏Ò¥
ℰ0

Ò¥

 

																				+4𝜋C
𝜕𝜒EH

(f)(𝑹5, 𝜂)
𝜕𝜂ÂÎ

&
#%

𝜂ÂÎ
ℰ0

Ò¥

. 

(2.3.28) 

The first term is identical to that from the clamped EO tensor calculation and can be found 

from the third derivative of the free energy and is proportional to the nonlinear 

susceptibility. 

 To calculate 𝜏Ò¥
ℰ0  and 𝜂ÂÎ

ℰ0  and simplify the second and third terms, we again require 

the free energy to be at a minimum and set the derivatives of it with respect to 𝜏Ò¥ and 𝜂ÂÎ . 

Doing so and expanding the atomic displacements and strains to first-order in the electric 

fields yields the system of coupled equations [39] 
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C
𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜏Ò¥𝜕𝜏ÒÓ¥ÓÒÓ¥Ó

&
𝑹%,#%

𝜏ÒÓ¥Ó
ℰ0 +C

𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜏Ò¥𝜕𝜂ÂÎÂÎ

¼

𝑹%,#%

𝜂ÂÎ
ℰ0 = Ω5

𝜕𝒫ö(𝑹,η)
𝜕𝜏Ò¥

"
𝑹% ,#%

, (2.3.29) 

C
𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜂ÂÎ𝜕𝜂ÂÓÎÓÂÓÎÓ

¼

𝑹%,#%

𝜂ÂÓÎÓ
ℰ0 +C

𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜏ÒÓ¥Ó𝜕𝜂ÂÎÒÓ¥Ó

&
𝑹%,#%

𝜏ÒÓ¥Ó
ℰ0

= Ω5
𝜕𝒫ö(𝑹,η)
𝜕η23

"
𝑹%,#%

. 

(2.3.30) 

Solving for 𝜂ÂÎ
ℰ0  and 𝜏Ò¥

ℰ0  in this case is complicated by the coupling 𝜕@ℱ 𝜕𝜏Ò¥𝜕𝜂ÂÎ4 , given 

in the second term in both of these equations. Furthermore, because of this coupling, the 

second term in Eq. 2.3.28 is therefore not equal to the second term in Eq. 2.3.17. The first 

two terms of Eq. 2.3.28 are not equal to the clamped EO tensor defined in the previous 

section. In the same vein, the third term of Eq. 2.3.28 is not equal to piezoelectric tensor 

from our discussion of the macroscopic effect. 

 To write the unclamped EO tensor in terms of the electronic, ionic, and 

piezoelectric contributions discussed above, we first solve Eq. 2.3.29 for 𝜏Ò¥
ℰ0  by expanding 

it in a basis of phonon eigendisplacements, as we did for the elasto-optic coefficients and 

clamped EO tensor. Doing so yields 

𝜏×
ℰ0 =

𝑝�,ö
𝜔×@

−
1
𝜔×@

C
𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜏Ò¥𝜕𝜂ÂÎÂÎ

¼

𝑹%,#%

𝜂ÂÎ
ℰ0 . (2.3.31) 

Plugging this back in to the total derivative in Eq. 2.3.29 and transforming to the change in 

the inverse dielectric tensor with Eq. 2.3.16, we have, in the principal axes of the crystal, 
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𝑟EHöd = −
8𝜋
𝑛E@𝑛H@

𝜒EH³
(@)"

³�ö

−
4𝜋

𝑛E@𝑛H@ÐΩ5
C

𝛼EH×𝑝×,ö
𝜔×@×

−
4𝜋
𝑛E@𝑛H@

C�
𝜕𝜒EH

(f)(𝑹, 𝜂, 𝓔)
𝜕𝜂ÂÎ

&
𝑹%,#%,𝓔�5ÂÎ

−
1

ÐΩ5
C

𝜕@ℱ(𝑹, 𝜂, 0)
𝜕𝜏×𝜕𝜂ÂÎ

"
𝑹%,#%,𝓔�5×

� 𝜂ÂÎ
ℰ0 . 

(2.3.32) 

The first two terms here are the clamped EO tensor 𝑟EHö
# . The brackets and its coefficient 

are the elasto-optic (photoelastic) tensor (Eq. 2.3.20) we calculated previously, and 𝜂ÂÎ
ℰ0  is 

the piezoelectric tensor 𝑑öÂÎ. Altogether then, we finally have our expression for the 

unclamped (stress-free) EO tensor: 

𝑟EHöd = −
8𝜋
𝑛E@𝑛H@

𝜒EH³
(@)"

³�ö

−
4𝜋

𝑛E@𝑛H@ÐΩ5
C

𝛼EH×𝑝×,ö
𝜔×@×

+ C 𝑝EHÂÎ𝑑öÂÎ

8

Â,Î�f

= 𝑟EHöd + C 𝑝EHÂÎ𝑑öÂÎ

8

Â,Î�f

. 

(2.3.33) 

Comments on the EO tensor 

With the expressions for the microscopic origin of the Pockels effect, we are now 

equipped to study it in detail from first-principles. We will quickly summarize some of our 

findings here, and go into the detail in subsequent chapters. First, the electronic 

contribution to the Pockels tensor is typically quite small. With the scale of linear EO 

responses we are interested in, it is negligible. Large responses almost always originate in 

the ionic response, and understanding how to maximize the ionic response and why the 

ionic response is important in some materials and not others is our primary goal in this 

work. The piezoelectric contribution is typically 1 10⁄   the contribution of the ionic 

response. The rule of thumb discussed at the end of the classical section, from Nye [1], 

therefore partially holds. Where the classical model described by Nye was incorrect was in 



 51 

the scale of the attainable EO response through the ionic contribution. Indeed, the largest 

component of the Pockels tensor of BaTiO3 is ~1600 pm/V [32] and is almost entirely ionic 

in nature. 

 A reader familiar with phonon calculations may note that in density functional 

perturbation theory that phonon frequencies in anharmonic systems are often not well 

described. This is indeed the case in the calculations of the EO tensors, as the phonon 

frequencies are calculated in the harmonic approximation by ABINIT. In dynamically 

unstable systems (systems with imaginary phonon modes), the calculation stalls entirely, 

as the ionic contribution becomes undefined. This could be rectified by including the 

anharmonic contribution to the phonon modes prior to the calculation of the ionic 

contribution to the Pockels tensor, but that is beyond the scope of the work. 
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Chapter 3: Analysis Tools 

In this chapter, we discuss the theory underlying some of the more important 

analysis methods we use in the rest of this work. We will cover three different tools we use 

in Chapters 4 and 5: 1) Grüneisen parameters, which are related to thermal expansion and 

the anharmonicity of phonons, 2) the details of the tight-binding model (a method of 

modeling the electronic structure of a crystal, which can yield additional physical insight 

that is harder to extract from density functional theory) used in Chapter 5, and 3) 

deformation potentials, we describe the change in electron energy bands in response to 

phonon displacements. We make use of the Grüneisen parameters in Chapter 4 to provide 

an explanation for why the first optical phonon mode contributes so much more to the 

electro-optical response than higher modes. In Chapter 5, we use the Grüneisen parameters 

to help pinpoint why the electro-optical responses of LiB3O5 and CsB3O5 are so small. This 

leads us to take a closer look at the Raman susceptibility and its importance in strong 

Pockels responses, which we elucidate using tight-binding and deformation potentials. 

3.1 GRÜNEISEN PARAMETERS 

Our discussion of Grüneisen parameters will follow that of Ashcroft and 

Mermin [1], pulling material from Chapters 23 and 25. Additional references will be cited 

as the need arises.  

The original definition of the Grüneisen parameter arises in a thermodynamic 

model of the thermal expansion of a crystal composed of 3N harmonic oscillators, where 

N is the number of ions in the crystal. We begin from the internal energy of the crystal from 

quantum statistical mechanics: 

𝑈 =
1
𝑉
∑ 𝐸E𝑒ªâ5� 	E

∑ 𝑒ªâ5�E
, (3.1.1) 
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where 𝛽 = 1 𝑘6𝑇⁄ , 𝑉 is the volume of the crystal, and 𝐸E is the energy of the i-th stationary 

state of the crystal. The energies of the stationary states can be determined by the 

Hamiltonian 

𝐻 =C
1
2𝑀𝑃@(𝑹)

𝑹

+
1
2C 𝝉8(𝑹)𝚽(𝑹 − 𝑹o)𝝉(𝑹o)
𝑹𝑹Ó

, (3.1.2) 

where the first term is the kinetic energy operator and the second term is the harmonic 

potential energy term (see Chapter 2 for more details, specifically the section on phonons). 

The energy of a single oscillator with frequency 𝜔E(𝒌) is 𝐸E = (𝑛𝒌E + 1/2	)ℏ𝜔E(𝒌), where 

𝑛𝒌E = 1 p𝑒âℏ;�(𝒌) − 1q⁄  is the occupation number of phonons in mode i with wave number 

k at temperature T (note that this is a Bose-Einstein distribution with chemical potential set 

to zero). For a detailed derivation of these eigenvalues, we refer the reader to Appendix L 

of Ashcroft and Mermin [1] (or the relevant section of their favorite statistical mechanics 

text). The total energy is then simply a sum over modes i and wave vector k: 

𝐸 =C(𝑛𝒌E + 1/2	)ℏ𝜔E(𝒌)
𝒌E

. (3.1.3) 

Plugging	in	to	our	expression	for	the	internal	energy	in	Eq.	3.1.1,	it	can	be	shown	the	

internal	energy	of	the	crystal	is	

𝑈 = 𝑈SM +
1
𝑉C

1
2ℏ𝜔E(𝒌)

𝒌E

+
1
𝑉C

ℏ𝜔E(𝒌)
(𝑒âℏ;�(𝒌) − 1)

𝒌E

. (3.1.4) 

At	 zero	 temperature,	 the	 third	 term	 vanishes,	 but	 the	 zero-point	 energy	 of	 the	

oscillators	(in	the	second	term)	survives.	The	specific	heat	at	constant	volume	is	given	

by	𝜕𝑈/𝜕𝑇	and	is	

𝑐S =
𝜕𝑈
𝜕𝑇 =

1
𝑉C

𝜕
𝜕𝑇

ℏ𝜔E(𝒌)
(𝑒âℏ;�(𝒌) − 1)

𝒌E

. (3.1.5) 

Next,	we	want	to	write	the	equation	of	state	of	this	crystal.	To	do	so,	we	write	

the	pressure	as	 𝑃 = −(𝜕𝐹 𝜕𝑉⁄ )U,	where	𝐹 = 𝑈 − 𝑇𝑆	 is	 the	Helmholtz	 free	 energy.	
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Making	use	of	the	thermodynamic	relation	𝑇(𝜕𝑆 𝜕𝑇⁄ )Y = (𝜕𝑈 𝜕𝑇⁄ )Y ,	we	can	therefore	

write	the	pressure	entirely	as	a	function	of	the	internal	energy	U		as	

𝑃 = −
𝜕
𝜕𝑉

¦𝑈 − 𝑇h
𝑑𝑇o

𝑇o
𝜕
𝜕𝑇o 𝑈(𝑇

o, 𝑉)	
U

5
§. (3.1.6) 

Inserting	our	expression	for	the	internal	energy	from	Eq.	3.1.4	to	this	expression	for	

the	pressure,	we	find	

𝑃 = −
𝜕
𝜕𝑉

\𝑈SM +C
1
2ℏ𝜔E

(𝒌)
𝒌E

]+C^−
𝜕
𝜕𝑉 ℏ𝜔E

(𝒌)_
1

(𝑒âℏ;�(𝒌) − 1)
𝒌E

. (3.1.7) 

The	 first	 term	(in	brackets)	 is	simply	 the	derivative	with	respect	 to	volume	of	 the	

ground	state	energy.	At	non-zero	T,	the	derivative	of	the	phonon	energies	must	be	

included,	 the	 derivative	 with	 respect	 to	 volume	 of	 which	 are	 weighted	 by	 the	

occupation	number	 (as	 they	should	be—unoccupied	states	should	not	contribute),	

through	which	 the	 only	 temperature	 dependence	 enters	 the	 pressure.	 Therefore,	

from	the	derivative	in	the	second	term,	the	temperature	dependence	of	the	pressure	

is	only	non-zero	because	the	phonon	frequencies	depend	on	the	volume.	However,	it	

can	be	 shown	 that	 if	 the	potential	 energy	 of	 the	 crystal	 is	 entirely	harmonic,	 the	

phonon	 frequencies	 become	 independent	 of	 volume.	 Therefore,	 the	 temperature	

dependence	of	the	pressure	vanishes.	As	the	derivative	of	the	volume	with	respect	to	

temperature	can	be	written	

¡
𝜕𝑉
𝜕𝑇£a

= −
(𝜕𝑃 𝜕𝑇⁄ )Y
(𝜕𝑃 𝜕𝑉⁄ )U

, (3.1.8) 

it	follows	that	the	volume	also	cannot	depend	on	the	temperature.	This	then	requires	

the	coefficient	of	thermal	expansion,	𝛼,	defined	as		

𝛼 =
1
ℓ ¡
𝜕ℓ
𝜕𝑇£a

=
1
3𝑉 ¡

𝜕𝑉
𝜕𝑇£a

=
1
3𝐵 ¡

𝜕𝑃
𝜕𝑇£Y

, (3.1.9) 
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to	 vanish	 as	 well.	 Note	 that	 here	 we	 have	 defined	 the	 bulk	 modulus	 as	 𝐵 =

−𝑉(𝜕𝑃 𝜕𝑉⁄ )U	and	that	this	expression	for	the	thermal	expansion	coefficient	implicitly	

assumes	cubic	crystal	symmetry	(this	analysis	is	possible	for	other	crystal	systems,	

but	 for	 simplicity	 in	 the	 expressions	we	will	only	 discuss	 the	 equations	 for	 cubic	

crystals).	

	 In	a	 truly	harmonic	crystal,	 this	analysis	 is	correct.	The	amplitudes	of	 each	

oscillator	 may	 increase	with	 temperature,	 but	 as	 the	 potential	 is	 symmetric,	 the	

frequencies	 do	 not	 change.	 In	 a	 real	 crystal,	 however,	 the	 potential	 is	 in	 fact	

anharmonic	(to	varying	degrees,	depending	on	the	crystal,	of	course),	and	the	phonon	

frequencies,	ground	state	pressure	and	volume,	and	thermal	expansion	coefficient	all	

have	depend	on	the	temperature.	Knowing	this,	we	will	continue	with	our	analysis	in	

this	 framework.	 The	 implicit	 assumption	 being	 made	 is	 that	 while	 the	 phonon	

frequencies	do	have	a	volume	dependence,	the	crystal	is	harmonic	at	every	volume.	

This	is	known	as	the	quasi-harmonic	approximation.	

	 Plugging	 in	 our	 equation	 of	 state	 (Eq.	 3.1.7)	 to	 the	 last	 equality	 in	 our	

expressions	for	the	thermal	expansion	coefficients,	we	have	

𝛼 =
1
3𝐵C

^−
𝜕
𝜕𝑉 ℏ𝜔E

(𝒌)_
𝜕
𝜕𝑇 𝑛E

(𝒌).
𝒌E

 (3.1.10) 

Recall	our	expression	for	the	specific	heat,	from	Eq.	3.1.5:	it	also	includes	a	derivative	

of	 the	 occupation	 number	with	 respect	 to	 the	 temperature	 and	 a	 sum	 over	 the	

Brillouin	zone	and	phonon	modes.	Let	us	define	the	mode	contribution	to	the	specific	

heat	as	

𝑐SE(𝒌) =
ℏ𝜔E(𝒌)
𝑉

𝜕
𝜕𝑇 𝑛E

(𝒌), (3.1.11) 
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so	that	the	total	specific	heat	𝑐S = ∑ 𝑐SE(𝒌)𝒌E .	Next,	we	can	define	a	mode	Grüneisen	

parameter,	which	is	negative	the	log	derivative	of	the	mode	frequency	with	respect	

to	volume:	

𝛾E = −
𝑉

𝜔E(𝒌)
𝜕𝜔E(𝒌)
𝜕𝑉 = −

𝜕 ln𝜔E(𝒌)
𝜕 ln𝑉 . (3.1.12) 

We	will	focus	on	the	mode	Grüneisen	parameters	soon,	but	first,	we	will	complete	this	

derivation.	With	the	mode	Grüneisen	parameters,	we	can	define	an	overall	Grüneisen	

parameter	 as	 the	 average	 mode	 Grüneisen	 parameters	 weighted	 by	 their	

contributions	to	the	specific	heat:	

𝛾 =
∑ 𝑐SE(𝒌)𝛾EE

∑ 𝑐SE(𝒌)E
. (3.1.13) 

With	these	definitions,	the	thermal	expansion	coefficient	can	then	be	written	

𝛼 =
𝛾𝑐S
3𝐵 . (3.1.14) 

Thus,	 large	 Grüneisen	 parameters	 are	 associated	 with	 large	 thermal	 expansion	

coefficients	and	crystal	anharmonicity	and	vice	versa.		

	 The	 mode	 Grüneisen	 parameters	 can	 vary	 widely	 in	 magnitude	 between	

modes.	We	will	 primarily	 be	 concerned	with	 the	 ionic	 contribution	 to	 the	 linear	

electro-optical	(Pockels)	effect	in	this	work,	so	mode	Grüneisen	parameters	provide	

a	useful	method	to	quantify	the	anharmonicity	of	each	mode	and	to	highlight	modes	

which	 one	would	 therefore	 expect	 (with	 the	 association	 between	 strong	 Pockels	

responses	and	anharmonic	crystals)	to	contribute	strongly	to	the	Pockels	effect.	This	

association	is	complicated	by	the	analysis	in	Chapter	5,	but	Grüneisen	parameters	still	

provides	useful	information.	

	 To	calculate	the	mode	Grüneisen	parameters	in	density	functional	theory,	we	

use	a	finite	difference	approach	and	Eq.	3.1.12.	Note	that	this	is	also	done	in	the	quasi-
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harmonic	approximation,	as	we	calculate	the	phonon	frequencies	at	each	volume	in	

the	 harmonic	 approximation.	 We	 use	 a	 centered	 difference	 approximation	 to	

calculate	 the	 derivatives	 of	 the	 phonon	 frequencies.	 Furthermore,	 as	 the	 Pockels	

response	only	depends	on	the	phonons	at	the	Γ-point,	we	also	drop	the	k-dependence	

of	our	expressions.	Therefore,	the	mode	Grüneisen	parameters	are	given	by	

𝛾E ≈ −
𝑉5
𝜔5,E

𝜔E(𝑉 + Δ𝑉) − 𝜔E(𝑉 − Δ𝑉)
2Δ𝑉 . (3.1.15) 

where	we	have	added	a	0	as	a	subscript	of	the	coefficient	to	label	the	values	that	are	

taken	at	equilibrium.	

Recall,	however,	that	in	our	derivation	of	the	thermal	expansion	coefficients	

that	we	assumed	a	cubic	crystal	symmetry.	For	non-cubic,	anisotropic	crystals,	we	

have	to	generalize	our	expression	for	the	mode	Grüneisen	parameters	so	that	they	

have	an	explicit	direction	dependence.	These	generalized	Grüneisen	parameters	are	

defined	using	the	strain	as	[2]	

𝛾HE = −
1

𝜔E(𝒌)
𝜕𝜔E(𝒌)
𝜕𝜂H

= −
𝜕 ln𝜔E(𝒌)
𝜕 ln𝜂H

. (3.1.16) 

The	finite	difference	equation	for	the	generalized	Grüneisen	parameters	is	similar	to	

that	of	the	isotropic	Grüneisen	parameters:	

𝛾HE ≈ −
𝑉5
𝜔5,E

𝜔Ep𝜂H + Δ𝜂Hq − 𝜔E(𝜂H − Δ𝜂H)
2Δ𝜂H

. (3.1.17) 

Many	more	calculations	are	required	for	the	calculation	of	the	anisotropic	Grüneisen	

parameters,	 but	 the	 total	 number	 is	 reduced	 by	 the	 symmetry	 of	 the	 crystal	 in	

question.	 Furthermore,	 in	 Chapter	 4,	we	 find	 that	 the	 average	 of	 the	 anisotropic	

Grüneisen	 parameters	 is	 comparable	 in	 magnitude	 to	 the	 isotropic	 Grüneisen	

parameter,	 indicating	 that	 the	 isotropic	 parameter	 can	 be	 used	 as	 a	 faster,	 more	
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computationally	efficient,	if	less	accurate,	measure	of	crystal	anharmonicity	and	the	

specific	phonon	mode	contributions	to	it.	

3.2 TIGHT-BINDING AND THE ELECTRONIC SUSCEPTIBILITY 

In Chapter 5, we study the Raman susceptibility [3] and its role in materials with 

strong Pockels responses. To gain a better understanding of the physical principles 

underlying the Raman susceptibility, we use the tight-binding method to study a simple 1-

D atomic chain model and calculate the electronic susceptibility in this model. We will not 

review the basics of tight-binding, and we refer the reader to any standard solid state 

physics text if needed [1,4].  In this section, we will instead discuss the Raman 

susceptibility and the details of the specific tight binding model we use to understand the 

physical principles that drive a large Raman susceptibility. 

Recall from Chapter 2 that the Raman susceptibility is given by  

𝛼EH× = ÐΩ5 	C
𝜕𝜒EH

(f)

𝜕𝜏Òâ
𝑢×(𝜅𝛽)

Ò,â

, (3.2.1) 

where Ω5 is the volume of the unit cell of the crystal, χ(f) is the electronic susceptibility, 

𝜏Òâ  is the displacement of atom 𝜅 in the direction 𝛽, and 𝑢×(𝜅𝛽) is the mode m 

eigendisplacement of atom 𝜅 in the direction 𝛽. The eigendisplacements are normalized 

and typically small as a result, and the volume of the unit cell is constant. Therefore, the 

most important component of the Raman susceptibility is 𝜕𝜒EH
(f) 𝜕𝜏Òâ4 . We can calculate 

the electronic susceptibility in tight-binding in the zero-frequency limit as [5] 

𝜒EH
(f) =

2ℏÁ𝑒@

𝑚B
@Ω5

C
|⟨𝜓�Ó| 𝜕 𝜕𝑥⁄ |𝜓�⟩|@

(𝜀�Ó − 𝜀�)8�,�Ó
, (3.2.2) 

where ℏ is the reduced Planck’s constant, 𝑒 is the electron charge, 𝑚B is the electron mass, 

Ω5 is the volume of the unit cell of the crystal, |𝜓�⟩ is the n-th eigenvector of the tight-

binding Hamiltonian (given below for our system), and 𝜀� is the corresponding eigenvalue. 
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In the sum, 𝑛 denotes valence states and 𝑛o denotes conduction band states, and the sum 

implicitly sums over the entire Brillouin zone. This expression is derived from a 

perturbative calculation of the polarization density in which the electric field is treated as 

the perturbation, which ultimately yields the imaginary part of the susceptibility [5,6]. 

Then, using the Kramers-Kronig relations [7] to express the real part of the susceptibility 

in terms of the imaginary part of the susceptibility in the zero-frequency limit yields the 

above expression. See the referenced work for details. 

 The only difficult part of this expression is the matrix element. To calculate it, we 

will follow Graf and Vogl [8], who give the following expression for the matrix element 

of the derivative with respect to position (a momentum operator): 
    ®𝜓�Ó¯ 𝜕 𝜕𝑥4 ¯𝜓�° =

×o
ℏ
∑ 𝐶¥Ó

∗ (𝑛𝑘∗)¥Ó,¥ ∑ 𝑖p𝑅¥Ó,q −q

																														𝑅¥,5q𝑒
E∗¹r,Ó,sªr,,%º 𝑡¥Ó,¥(𝑅¥Ó,q − 𝑅¥,5)𝐶¥∗(𝑛o𝑘∗), 

(3.2.3) 

where 𝛼 is a compound index that labels the atomic orbital and the position of the atom in 

the cell, L (and 0) label the unit cell, n is a band index, the 𝐶¥ are the coefficients in the 

expansion of the eigenfunctions of the tight-binding Hamiltonian, and 𝑡¥Ó,¥p𝑅¥Ó,q −

𝑅¥,5q = ⟨𝛼o, 𝐿|𝐻|𝛼, 0⟩. 

 With these ingredients in place, we move on to our model. We consider a 1-D 

atomic chain with two atoms per unit cell—one at the origin and one at 𝑎/2, where 𝑎 is the 

lattice constant of the unit cell. One atom as an 1s orbital and the other has a 2p orbital. We 

only consider nearest-neighbor interactions, and we assume the hopping interaction is 

proportional to 1/𝑑@, with constant of proportionality 𝐴, which is a good approximation 

for many materials [5]. The tight-binding Hamiltonian is given by 

𝐻 =C𝐻kR(𝛼𝑛)
¥�

+ C 𝑈(𝛼𝑛; 𝛼o𝑛o)
¥�;¥Ó�Ó

, (3.2.4) 

where 𝐻kR(𝛼𝑛) is the atomic Hamiltonian for atom 𝛼 and unit cell 𝑛, and 𝑈(𝛼𝑛; 𝛼o𝑛o) is 

the interaction between atom 𝛼 in cell 𝑛 with atom 𝛼o in cell 𝑛o. We only consider nearest 
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neighbor interactions, so 𝑈 is only non-zero for 𝛼 ≠ 𝛼o and 𝑛 = 𝑛o ± 1. Next, we define 

Bloch basis functions in terms of our atomic orbitals, |𝛼, 𝐿⟩:  

|𝛼, 𝑘⟩ =
1
√𝑁

C𝑒Er,s|𝛼,𝐿⟩
r

. (3.2.5) 

The atomic orbitals are eigenstates of the atomic Hamiltonian and interact via the potential 

𝑈. We define the on-site energy and nearest-neighbor interaction to be 

𝜀¥ = ⟨𝛼,𝐿|𝐻kR|𝛼, 𝐿⟩, (3.2.6) 

𝑉¥Ó¥p𝑅¥Ó,qÓ − 𝑅¥,qq = ⟨𝛼o, 𝐿o|𝑈|𝛼,𝐿⟩. (3.2.7) 

Since we are only considering nearest-neighbor interactions and we only have s- and p-

orbitals on our atoms, we only have 𝜎-bonds. We therefore define 𝑉�xd ≡ ⟨1𝑠,𝐿|𝑈|2𝑝, 𝐿 +

𝑎 2⁄ ⟩ = −⟨2𝑝, 𝐿 − 𝑎 2⁄ |𝑈|1𝑠, 𝐿⟩, where the sign difference arises from the anti-symmetry 

of the p-orbitals. 

 Our goal is to solve Schrödinger’s wave equation for the band structure (which will 

give us the eigenvalues as a function of k and the wave functions, both needed to calculate 

the susceptibility in Eq. 3.2.2): 

𝐻|𝑛𝑘⟩ = 𝐸|𝑛𝑘⟩. (3.2.8) 
To do this, we expand the eigenstates in the Bloch waves we defined in Eq. 3.2.5: 

|𝑛𝑘⟩ =C𝐶¥(𝑛𝑘)
¥

|𝛼, 𝑘⟩ = 𝐶f�(𝑛𝑘)|1𝑠, 𝑘⟩ + 𝐶@x(𝑛𝑘)|2𝑝, 𝑘⟩. (3.2.9) 

Acting from the right on Eq. 3.2.8 with our Bloch wave basis functions yields 

⟨1𝑠, 𝑘|𝐻|𝑛𝑘⟩ = 𝐸⟨1𝑠, 𝑘|𝑛𝑘⟩. (3.2.10) 
⟨2𝑝, 𝑘|𝐻|𝑛𝑘⟩ = 𝐸⟨2𝑝, 𝑘|𝑛𝑘⟩. (3.2.11) 

The right-hand side of Eq. 3.2.10 simply becomes 𝐸⟨1𝑠, 𝑘|𝑛𝑘⟩ = 𝐸𝐶f�(𝑛𝑘). The left-

hand side is a bit more involved. It reduces to 

⟨1𝑠, 𝑘|𝐻|𝑛𝑘⟩ = 𝜀f�𝐶f�(𝑛𝑘) +
1
𝑁C𝑒E(rz{,sªre|,sÓ

Ó

r,rÓ
𝐶@x(𝑛𝑘)⟨1𝑠,𝐿o|𝐻|2𝑝,𝐿⟩. (3.2.12) 
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The second term couples nearest neighbors, so 𝑅 and 𝑅o can only differ by 𝑎/2. For 𝑅 > 

𝑅o, the matrix element is 𝑉�xd  and the argument of the exponential is 𝑖𝑘𝑎/2. For 𝑅o > 𝑅, 

the matrix element is −𝑉�xd  and the argument of the exponential is −𝑖𝑘𝑎/2. Eq. 3.2.12 

therefore becomes 

⟨1𝑠, 𝑘|𝐻|𝑛𝑘⟩ = 𝜀f�𝐶f�(𝑛𝑘) + 2𝑖	sin ¡
𝑘𝑎
2 £𝐶@x

(𝑛𝑘). (3.2.13) 

We can simplify Eq. 3.2.11 in the same fashion as we just did for Eq. 3.2.10. Doing so and 

writing the pair of equations in matrix form, we have, 

¡
𝜀f� 2𝑖	sin(𝑘𝑎 2⁄ )

−2𝑖	sin(𝑘𝑎 2⁄ ) 𝜀@x
£¡
𝐶f�(𝑛𝑘)
𝐶@x(𝑛𝑘)

£ = 𝐸 ¡
𝐶f�(𝑛𝑘)
𝐶@x(𝑛𝑘)

£. (3.2.14) 

Solving for the eigenvalues 𝐸  yields 

𝐸
± =

1
2
p𝜀f� + 𝜀@xq ±

1
2
~p𝜀f� − 𝜀@xq

@
+ 8𝑉�xd@ (1 − cos𝑘𝑎). (3.2.15) 

Using these eigenvalues, we can solve for the eigenstates of the tight-binding Hamiltonian. 

Let 𝑐´ = (𝑎, 𝑏) satisfy 𝐻𝑐´ = 𝐸´𝑐´. We require 𝑐´ to be normalized, so 	⟨𝑐´|𝑐´〉 = 𝑎@ +

𝑏@ = 1. With this constraint, we can solve for 𝑐´ (and similarly, for an analogously defined 

𝑐ª), which yields 

𝑐´ =
1

Ð4𝑉�xd@ sin@(𝑘𝑎 2⁄ ) − (𝐸´ − 𝜀f�)@
¡
2𝑉�xd sin(𝑘𝑎 2⁄ )
𝑖(𝐸´ − 𝜀f�)

£, (3.2.16) 

𝑐ª =
1

Ð4𝑉�xd@ sin@(𝑘𝑎 2⁄ ) − (𝐸ª − 𝜀f�)@
¡
2𝑉�xd sin(𝑘𝑎 2⁄ )
𝑖(𝐸ª − 𝜀f�)

£. (3.2.17) 

Each eigenstate has two components, corresponding to the two bands in this model. With 

these wave functions, we are now prepared to calculate the electronic susceptibility in this 

model. 

 Recall that the interaction 𝑉�xd  can be approximated as inversely proportional to 

the interatomic distance. Setting 𝑉�xd = 𝐴 𝑑@⁄ , we can now use Eq. 3.2.3 to calculate the 

matrix element in the numerator of the electronic susceptibility 𝜒EH
(f) in Eq. 3.2.2 for a given 

𝑘∗. Setting for a given ℏ = 𝑚B = 𝑒 = 1, this yields 
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							®𝜓�Ó¯ 𝜕 𝜕𝑥4 ¯𝜓�°

= −
𝑖𝑎
2
𝐴
𝑑@
p𝐶f�∗ (𝑛𝑘∗)𝐶@x(𝑛o𝑘∗)𝑒ªE

∗� @⁄ 				

+ 𝐶@x∗ (𝑛𝑘∗)𝐶f�(𝑛o𝑘∗)𝑒E
∗� @⁄ q. 

(3.2.18) 

We need the magnitude-squared of this wave function, which is 

¯®𝜓�Ó¯ 𝜕 𝜕𝑥4 ¯𝜓�°¯
@

=
𝐴@𝑎@

4𝑑@
�|𝐶f�(𝑛𝑘∗)|@G𝐶@x(𝑛o𝑘∗)G

@
+ |𝐶f�(𝑛o𝑘∗)|@G𝐶@x(𝑛𝑘∗)G

@

+ 𝐶f�∗ (𝑛𝑘∗)𝐶@x(𝑛o𝑘∗)𝐶@x(𝑛𝑘∗)𝐶f�∗ (𝑛o𝑘∗)𝑒ªE
∗�

+ 𝐶@x∗ (𝑛𝑘∗)𝐶f�(𝑛o𝑘∗)𝐶f�(𝑛𝑘∗)𝐶@x∗ (𝑛o𝑘∗)𝑒E
∗��. 

(3.2.19) 

This can be plugged in to Eq. 3.2.2, where we will sum over the entire Brillouin zone and 

the two bands in our model. The denominator is the cube of the transition energy for a 

given k from the valence band to the conduction band, which we calculated in our model 

and which we gave in Eq. 3.2.15. 

 Altogether, for 𝐴 = 1	 eV Å@⁄ , 𝑎 = 1	Å, 𝜀� = 0	eV, 𝜀x = 3	eV, and a displacement 

amplitude of 𝛿 = 0.01𝑎, we calculate the dielectric constant and the derivative of it when 

the atoms are displaced according to the optical phonon in this simple tight-binding model 

to be 𝜒(f) = 97.96 and 𝜕𝜒(f) 𝜕𝜏⁄ = −180.95	Åªf. In other words, a 2% change in the 

bond length amounts to a ~20% change in 𝜒(f), showing 𝜕𝜒(f) 𝜕𝜏⁄  is sensitive to atomic 

displacements in this simple model. This sensitivity originates in the cubic dependence on 

the transition energy, which changes across the entire Brillouin zone except at Γ, because 

the transition energy at Γ is fixed by the on-site orbital energies 𝜀� and 𝜀x, which is an 

artifact of tight-binding. The principle, however, is the same in density functional theory, 

in which the transition energy can change at Γ.  

3.3 DEFORMATION POTENTIALS 

 Our discussion of the tight-binding model of the dielectric susceptibility leads 

nicely into our discussion of the deformation potential. The deformation potential, which 
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was first introduced by Bardeen and Shockley [9], describes the change in electronic 

energies in response to changes in the crystal. Bardeen and Shockley first used them to 

describe the response to strain, but they have since been generalized and used to model 

responses to other changes in the crystal, including, most importantly for us, the response 

to optical phonons [10], through which they affect Raman and Brillouin scattering [11], 

among other phenomena [12]. Ultimately, the deformation potential is a proxy for the 

electron-phonon coupling 

 As we saw in the discussion of the tight-binding model we used to gain insight into 

the primary contributors to 𝜕𝜒(f) 𝜕𝜏⁄ , which itself the primary contributor to the Raman 

susceptibility, the transition energies from valence states to the conduction band states enter 

in the formula for the electronic susceptibility to the inverse cubic power. Therefore, the 

smallest transition energy should be the dominant contribution to the electronic 

susceptibility. As the Raman susceptibility depends on the change in the electronic 

susceptibility in response to phonon displacements, deformation potentials, which measure 

the change in the transition energies (the dominant contributions to the electronic 

susceptibility) can be proxies for the Raman susceptibility. Thus, we define the 

deformation potential 𝑑×�  of the conduction band minimum (CBM) 𝐸�  in response to a 

displacement along phonon mode m with amplitude 𝛿× to be: 
𝑑×� = )5�

)��
. (3.3.1) 

An analogous deformation potential 𝑑×Y  can be defined for the valence band maximum 

(VBM). The change in the transition energy due to an optical phonon is then simply the 

sum of these two deformation potentials. In practice, we set the energy of the VBM to 0 

eV to be our reference of energy, so we need only track the change in the CBM to calculate 

the change in the transition energy. 
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We calculate the deformation potentials of Pockels-active and Pockels-inactive 

modes in LiB3O5 (see Chapter 5) to see their relationship to the Raman susceptibilities. We 

find that the strongly Pockels-active modes have, which tend to have large Raman 

susceptibilities, also have large deformation potentials. On the other hand, Pockels-inactive 

modes have small Raman susceptibilities and small deformation potentials. Therefore, 

materials with strong electron-phonon couplings, which consequently have large 

deformation potentials, may also be strong Pockels materials. See Chapter 5 for more 

details. 
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Chapter 4: First-principles study of the linear electro-optical response 
in strained SrTiO3 

We report a density functional theory study of the Pockels effect (linear electro-

optical effect) in epitaxially strained SrTiO3. The electro-optical response is calculated for 

biaxial strain values ranging from -2.0% to 2.0% relative to the theoretically-optimized 

lattice constant. Under 1.0% tensile strain, the Pockels tensor components increase 

dramatically, with the largest components reaching maximum values of r111 = r222 =	505.64 

pm/V. Under 1.2% compressive strain, the Pockels tensor exhibits a similarly large peak 

with a maximum value of 𝑟888 = 236.55 pm/V. These peaks in the electro-optical response 

originate from the softening of the phonon modes associated with ferroelectric phase 

transitions that result in the loss of inversion symmetry. Our results suggest that under the 

right circumstances, SrTiO3 can yield a very large electro-optical response, comparable to 

that of BaTiO3, which has one of the largest known responses. 

This work was published in: Hamze, A. K. & Demkov, A. A. First-principles study 

of the linear electro-optical response in strained SrTiO3. Phys. Rev. Mater. 2, 115202 

(2018). All calculations, data analysis, and the writing of the manuscript and creation of 

the figures were done by Ali Kassem Hamze. The work was lead by Alexander Demkov, 

who also secured the resources needed to perform the work and helped in editing the 

manuscript. 

4.1 INTRODUCTION 

Silicon photonics has attracted a great deal of attention in recent years due to its 

potential for low-cost, low-power devices with very high data transmission rates [1–5]. The 

need for such devices is particularly urgent in conventional electronics as copper 

interconnects used today become unviable at signal frequencies above 40 GHz, a frequency 
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that inter-chip communication is expected to reach this year [6]. Though optical modulators 

and switches have been developed for silicon photonics using the plasma-dispersion effect 

in silicon, they suffer from insertion losses, high power consumption, and undesired 

intensity modulations [1,7,8]. Hybrid, transition metal oxide-based devices have the 

potential to mitigate these problems as they offer access to optical phenomena not available 

in pure silicon, such as the linear electro-optic (EO) (or Pockels) effect. The Pockels effect, 

which is a change in the refractive index of a material upon the application of an electric 

field, exists only in materials with no inversion symmetry. Silicon is centrosymmetric and 

therefore has to be strained to show even a weak EO response [9,10]. As a result, there are 

currently very few silicon photonic devices exploiting the Pockels effect [11,12]. Materials 

with a large Pockels effect are well-suited for low-power and high-speed optical 

modulation [13]. In the telecommunications industry, LiNbO3 has long been used as the 

material of choice for optical modulators due to its sizable Pockels coefficient of ~30 pm/V 

[13–16], which makes it potentially attractive in silicon photonic applications. However, 

LiNbO3 cannot be easily integrated on silicon, which has inspired a search for materials 

with large Pockels coefficients that can be [13,17].  

The most promising among these materials is the ferroelectric perovskite BaTiO3 

(BTO), which exhibits one of the largest known Pockels coefficients—both in thin films 

and in bulk (which has a coefficient of order ~1600 pm/V [16])—due to its lack of inversion 

symmetry and the presence of soft phonon modes [18,19]. BTO can be also be grown 

epitaxially on silicon (001) [20,21]. As a result, BTO epitaxially integrated on silicon for 

use in photonics has been the subject of extensive, but primarily experimental, study 

[7,12,13,17,19,22,23]. 

Finding other electro-optically active materials that can be integrated on silicon is 

of significant scientific interest and of practical importance, as doing so will allow for 
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greater flexibility in device design and applications. The incipient ferroelectric SrTiO3 

(STO) is in many respects similar to BTO, but it is cubic at room temperature, and 

therefore, by symmetry, the Pockels effect is forbidden. However, STO is extremely close 

to a ferroelectric (FE) phase transition.  Below 105 K, STO undergoes a structural phase 

transition to a tetragonal, non-polar antiferrodistortive (AFD) phase [24–26]. The dielectric 

properties are not significantly affected by this phase transition. Upon further cooling, the 

dielectric constant obeys a Curie-Weiss law that suggests a phase transition at a Curie 

temperature of ~20 K [27–29]. No phase transition occurs, however. Instead, the 

paraelectric phase is stabilized by quantum fluctuations [30–33]. The dielectric constant 

continues to increase as the temperature is lowered until it saturates to a constant value of 

~20,000 at 4 K and below [29,30]. Additionally, like BTO, epitaxial thin films of STO can 

be grown on silicon [20,34–41], making it a candidate for integration into silicon photonic 

devices. Under epitaxial strain, phases previously forbidden for bulk crystals can appear 

[42]. Indeed, in STO, a FE phase stabilizes under biaxial strain [31,32,43,44]. This in turn, 

breaks the inversion symmetry of the unit cell, which should allow for an EO response. 

When grown on silicon (001), STO is placed under biaxial, compressive strain of -1.5% 

[35]. Therefore, one would expect a non-zero EO response under these conditions. Indeed, 

a non-zero EO response has been seen experimentally in strained STO, but not when grown 

on silicon. Ma et al. [45] grew STO on (110)-oriented DyScO3, which led to fixed, non-

uniform, in-plane strains of 1.1% and 1.2%. Furthermore, strained STO has been studied 

using density functional theory by Antons et al. [43], who predicted a divergence in the 

dielectric constant for certain critical values of both compressive and tensile strain. This 

divergence in the dielectric constant is driven by the softening of phonon modes at critical 

strain values at the onset of the second-order structural phase transition [43]. This was also 
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observed theoretically and experimentally by Peng et al. [46], who studied thin films of 

STO under compressive, in-plane strain.  

In this paper, we investigate theoretically the electro-optical response of STO as a 

function of epitaxial strain. Using density functional theory, we vary the in-plane strain of 

bulk STO and allow the c-axis to respond. We are interested in modeling room-temperature 

STO because a device is likely to run at room temperature. Therefore, we do not include 

the AFD rotations of the oxygen octahedra because they are not present in the stable phases 

of the crystal at this temperature, which are the ferroelectric tetragonal, high temperature 

tetragonal and ferroelectric orthorhombic phases (FTI, HT and FOI, respectively), as 

shown by Pertsev et al.  [31,32]. We then study the influence of strain on the EO (Pockels) 

tensor. Moreover, we investigate the origin of the large EO response at the critical strain 

values and trace it to a strain-driven structural phase transition caused by mode softening. 

A simple phenomenological model is invoked to highlight the physics of the phenomenon. 

4.2 BACKGROUND AND METHODS 

The Pockels tensor, also called the linear electro-optic (EO) tensor, relates the 

change in the inverse dielectric tensor to an external electric field [16]: 
Δ(𝜖ªf)EH = ∑ 𝑟EH𝐸 . (4.1) 

Because the change is linear in the electric field, centrosymmetric crystals do not exhibit 

the Pockels effect. There are three contributions to the Pockels tensor: an electronic 

contribution from the valence electrons, an ionic contribution from the displacement of the 

ions, and a piezoelectric contribution from the distortion of the unit cell through the 

converse piezoelectric effect [18,47]. Following Veithen et al. [47], these can be calculated 

by expanding the electric enthalpy to third order in the applied electric field. The dielectric 

tensor can be calculated in terms of the second derivative with respect to the applied 
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external electric field. The details of how this is done in ABINIT can be found in [48,49]. 

As a test, we computed the dielectric constants for purely ionic NaCl and the simple mixed-

bonding binary oxide a-quartz. At the theoretically-optimized lattice constants, we find the 

dielectric constants of these materials to be 5.24 and 4.86, respectively, in fair agreement 

with the experimental values of 5.90 [50] and 4.65 [51]. The Pockels tensor can then be 

found from inverting the total derivative of the dielectric tensor. The electronic contribution 

comes from the valence electrons, and (in the principal axes of the crystal) can be written 

in terms of the second order nonlinear susceptibility 𝜒EH
(@) as 

       𝑟EHS¤ = − ��
��
z��

z 𝜒EH³
(@)$

³�
, (4.2) 

where the 𝑛E are the principal indices of refraction [18,47]. The ionic contribution comes 

from relaxation of the ions in the presence of the external electric field, and can be written 

in terms of a sum over transverse optical phonon modes at the Γ point of the Brillouin zone 

[47]. This is given by 

𝑟EHP�Q = − Á�
Ð�%��

z��
z∑

¥��
�x�,�

;�z× . (4.3) 

Here, Ω5 is the volume of the unit cell, 𝛼EH× is the Raman susceptibility, 𝑝×, is the mode 

polarity, and 𝜔× is the frequency of the mode m. The Raman susceptibility and mode 

polarity are in turn given by 

𝛼EH× = ÐΩ5 ∑
)���

(e)

)*+,�
𝑢×(𝜅𝛽)Ò,â , (4.4) 

𝑝×, = ∑ 𝑍Ò,â∗ 𝑢×(𝜅𝛽)Ò,â , (4.5) 

where 𝑢×(𝜅𝛽) is the transverse optic phonon eigendisplacement1 of atom κ in the direction 

β at Γ due to mode m, 𝜏Ò,â  is the actual displacement of atom κ in the direction β, 𝜒EH
(f) is 

the linear dielectric susceptibility, and 𝑍Ò,â∗  is the Born effective charge of atom κ. The 

                                                
1 The eigendisplacement 𝑢×(𝜅𝛽) is related to the more typically used phonon eigenvectors by 𝑢×(𝜅𝛽) =
𝛾×(𝜅𝛽)	 Ð𝑀Ò⁄ , where 𝑀Ò is the mass of atom κ. 
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sum of the electronic and ionic contributions constitutes the clamped (strain-free) EO 

tensor 𝑟EH
ü = 𝑟EHS¤ + 𝑟EHP�Q . The unclamped (stress-free) EO tensor 𝑟EH�  includes the 

piezoelectric contribution, and can be written in terms of the elasto-optic (photoelastic) 

coefficients 𝑝EHÂÎ  and the piezoelectric strain coefficients 𝑑ÂÎ  [47] as 
𝑟EH� = 𝑟EH

ü + ∑ 𝑝EHÂÎ𝑑ÂÎ8
Â,Î�f . (4.6) 

In our calculations, we neglect the piezoelectric contribution because its contribution to the 

EO tensor is small (see Discussion for details). We calculate the EO tensor using density 

functional theory (DFT) and density functional perturbation theory (DFPT). Our 

calculations were done using the ABINIT software package [47–49,52–55] with Teter 

norm-conserving pseudopotentials [56]. The valence electron configurations were 

4s24p65s2 for the strontium atom (where we have included the semi-core s- and p-

electrons), 3s23p64s23d2 for the titanium atom, and 2s22p4 for the oxygen atoms. The 

exchange-correlation energy was calculated in the local density approximation (LDA) 

[57,58]. We use a plane-wave cut off energy of 50 Hartree and a 12´12´12 Monkhorst-

Pack k-point grid [59] for all calculations. All cells were relaxed until the interatomic forces 

were smaller than 2 × 10ª� Hartree/Bohr. A theoretically-optimized lattice constant of 

𝑎��� = 3.845	Å = 7.266 Bohr was used for the zero-strain case, which agrees well with 

the experimental value of 3.90	Å = 7.37 Bohr [60] (while slightly underestimating it, as is 

typical for LDA calculations). For the strained systems, the in-plane lattice constants were 

changed from the zero-strain value according to the amount of strain and were fixed, after 

which the c-axis lattice constant was optimized. The tetragonal symmetry of the cell was 

maintained in order to model an epitaxial film, and strains in the range ±2% were 

considered. After the cells were optimized, DFPT was used to calculate the phonons, Born 

effective charges, and dielectric tensor [49]. DFPT was also used in conjunction with the 

2n + 1 theorem to calculate the nonlinear responses 𝜒EH³
(@) and 𝜕𝜒EH

(f) 𝜕𝜏Ò,â4  [47]. These can 
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then be combined as discussed above to calculate the EO tensor. It is necessary to calculate 

the elasto-optic tensor to calculate the piezoelectric contribution to the EO response, but 

ABINIT does not calculate it natively. To calculate it, we write it in terms of the strain as 

[61] 
Δ(𝜖ªf)EH

óPSõ� = ∑ 𝑝EHÂÎ𝑒ÂÎ8
Â,Î�f , (4.7) 

where 𝑒ÂÎ is the strain tensor. We can do this because the strain can be written as 𝑒ÂÎ =

𝑑ÂÎ𝐸 +	𝑠EHÂÎσÂÎ, where 𝑑ÂÎ  is the piezoelectric tensor, 𝐸  is the applied electric field, 

𝑠EHÂÎ  is the compliance tensor, and σÂÎ is the stress tensor. Since the piezoelectric 

contribution is only possible when we consider stress-free boundary conditions, the second 

term vanishes and Equation 4.7 reduces to the piezoelectric contribution we see when 

Equation 4.6 is inserted into Equation 4.1. Writing it in this way enables us to calculate the 

elasto-optic tensor components as described in [62] by selectively straining the unit cell, 

calculating the dielectric tensor, inverting it, and taking a numerical derivative. We used 

strains of ±0.0025% for the diagonal elements of the strain tensor and rotations of the lattice 

vectors of 0.45° for the off-diagonal elements of the strain tensor in calculating the 

numerical derivative. 

As will be discussed below, anharmonicity in the crystal is the primary driver of 

the EO response. To quantify the anharmonicity, mode Grüneisen parameters were 

calculated for several selected strain values. For an isotropic material, the mode Grüneisen 

parameter for phonon mode i and k-point q is defined as [63] 
       𝛾E(𝒒) = − Y

;�(𝒒)
);�(𝒒)
)Y

, (4.8) 

where V is the volume of the cell and 𝜔E(𝒒) is the frequency of the mode at q. For an 

anisotropic material, this can be generalized and written in terms of the strain 𝑒H as 
      𝛾H

E,a(𝒒) = − f
;�,�(𝒒)

);�,�(𝒒)
B��

, (4.9) 
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where the index P labels the polarization of the phonon mode [64]. These calculations were 

done using ABINIT in the same manner as the electro-optical calculations described above. 

To calculate the Grüneisen parameters for a given biaxial strain in the isotropic 

approximation, we need the phonon frequencies as a function of volume at that strain. 

Therefore, we apply additional hydrostatic strain to the already biaxially-strained crystal 

and calculate the phonon spectrum at the	Γ point (because only the phonons at Γ contribute 

to the EO tensor). We then have phonon spectrum as a function of volume, from which we 

can extract the Grüneisen parameters using the finite difference method and Equation 4.8. 

Similarly, for the anisotropic model, we apply additional strain to the biaxially strained 

crystal to find the frequency as a function of that strain component, which we can then use 

to calculate the corresponding component of the anisotropic Grüneisen tensor with the 

finite difference method and Equation 4.9. Finally, the symmetry of the crystal will reduce 

the number of independent components of the Grüneisen tensor, reducing the total number 

of calculations necessary to compute the full tensor. 

For the rest of this paper we use Voight notation [16] for the first two indices of the 

EO tensor. That is to say, the index i in 𝑟EH is a Voigt index labeling which component of 

the inverse dielectric tensor is responding to the perturbing optical electric field and j labels 

the component of the field. 
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4.3 RESULTS AND DISCUSSION 

Figure 4.1: The magnitude of the polarization in STO as a function of strain. The onset of 
the polarization and the ferroelectric phase transition and displacement of 
the titanium ion in the (001) and the (110) directions occurs at -1.2% and 
1.0% strain, respectively.  

Before we discuss our predictions for the EO tensor, let us briefly remark on the 

phase transitions we observe when biaxial (epitaxial) strain is applied to STO. In Figure 

4.1, we plot the polarization of the cell as a function of strain. Under compressive strain 

beyond -1.2%, the titanium atom is displaced in the (001) direction and the crystal 

undergoes a FE phase transition to a non-centrosymmetric, tetragonal 𝑃4𝑚𝑚 phase from 
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the centrosymmetric, tetragonal 𝑃4/𝑚𝑚𝑚 phase seen between -1.2% strain and 1.0% 

strain (except at 0.0% strain, where we have the cubic perovskite 𝑃𝑚3𝑚 phase). For tensile 

strain above 1.0%, the titanium and strontium ions are displaced in the (110) direction. 

The space group becomes 𝐴𝑚𝑚2, and we have an orthorhombic, non-centrosymmetric 

structure. These results are in qualitative agreement with the findings of Antons et al. [43]. 

There is, however, one notable difference: we predict larger magnitudes of the critical 

strains at which the phase transitions occur. The difference in critical strains is likely due 

to the different pseudopotentials used in our respective calculations. The critical values of 

strain, at which the FE phase transitions occur, are also much larger than predicted using a 

Landau-Ginzburg-Devonshire model [31,32]. As discussed by Antons et al., this is likely 

due to the underestimation of the lattice constant in LDA, which stabilizes the paraelectric 

phase [43,65]. Another possible influence on the critical strain values is the absence of 

rotations of the oxygen octahedra in our analysis. The onset of these phase transitions is 

driven by softening phonon modes, as also observed by Antons et al. [43].  
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Figure 4.2: Frequency of the first optical mode of STO as a function of strain. The mode 
is in the (001) direction under compressive strain (triangular markers) and in 
the (110) direction under tensile strain (square markers). The mode goes soft 
at -1.2% and at 1.0% strain, corresponding to the ferroelectric phase 
transition and the divergence in the EO response.  

A plot of the frequency of the first optical mode as a function of the in-plane strain is shown 

in Figure 4.2. For compressive strain, the first optical phonon mode displaces the titanium 

ion in the (001) direction. For tensile strain below the critical value, the first optical mode 
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is actually a double-degenerate mode, which displaces the titanium ion in the p110q and 

p110q directions. For tensile strain above the critical value, the  

Figure 4.3: The displacement patterns of the first optical mode which goes soft and drives 
the structural phase transition. The strontium ions are colored green, the 
titanium ions blue, and the oxygen ions red. (a) The displacement pattern for 
the soft mode for compressive strain is shown here. The titanium ion moves 
in the (001) direction and the oxygen ions move in the opposite direction. 
The strontium ion moves in the same direction as the titanium ion, but its 
displacement is an order of magnitude smaller, so we do not label it here. (b) 
The displacement pattern for the soft mode under tensile strain is shown 
here along the p001q-direction. The titanium and strontium ions move in the 
p110q direction and the oxygen ions move in the p110q direction. 

degeneracy is lifted and the softest mode is the mode which displaces the titanium atom in 

the p110q direction. The displacement patterns of these phonon modes are shown in Figure 

4.3. 

Our predictions of the magnitudes of the clamped EO tensor components under 

compressive and tensile strain are shown in Figures 4.4 and 4.5, respectively. Again, there 

is no EO response without strain because the unstrained unit cell is centrosymmetric. For 
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compressive strain, we predict a large spike in the 𝑟88 component of the EO tensor, with a 

maximum of 𝑟88 = 236.55 pm/V at -1.20% strain. There is also a peak in 𝑟f8 = 𝑟@8 at this 

strain with a maximum value of 𝑟f8 = 50.22 pm/V. 

Figure 4.4: The magnitudes of the largest EO tensor components for STO under 
compressive strain. The EO response peaks at -1.20% strain. 

These large responses would result from an electric field which displaces the atoms parallel 

to the softening phonon mode, the displacement pattern of which is shown in Figure 4.3(a). 

On the other hand, 𝑟Á@ remains relatively small and increases slowly with strain. This is in 

contrast to BTO, where the largest component under compressive strain is 𝑟Á@ (which is 

also the case under no strain for BTO [19, 66]). This difference is likely due to how STO 

and BTO polarize under compressive strain. In STO, the polarization is entirely in the 

 



 82 

(001) direction, while in BTO, the polarization is closer to (111). The phonon that 

contributes most to the EO response goes very soft at this strain, with a frequency of 18.30 

cm-1. 

Figure 4.5: The magnitudes of the largest EO tensor components under tensile strain. The 
EO response peaks at 1.00% strain. 

For tensile strain, we predict a maximum in the EO response at 1.00% strain. The 

magnitude of the largest component is 𝑟ff = 𝑟@@ = 505.64 pm/V. The magnitudes of three 

other components, 𝑟f@,	𝑟8f, and 𝑟�f, also peak at this strain, although their maximum value 

is below 100 pm/V.  Under tensile strain, the titanium atom is displaced in the [110] 
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direction. In contrast with the compressive strain case, there are two softening phonon 

modes with significant contributions to the Pockels tensor. For strains smaller than the 

critical strain, the crystal is in the centrosymmetric, tetragonal 𝑃4/𝑚𝑚𝑚 phase. The two 

softest optical modes are degenerate and displace the titanium ion in the p110q and p110q 

directions. The p110q mode’s primary contributions are to the 𝑟Ef components of the 

Pockels tensor, and the p110q mode’s primary contributions are to the 𝑟E@ components. 

Furthermore, their contributions have the same sign. For strains above the critical strain, 

the crystal changes to the orthorhombic 𝐴𝑚𝑚2 phase, and the degeneracy between these 

two softest modes is lifted. The softest mode is the mode which displaces the titanium atom 

in the p110q direction. In this phase, the contributions of the modes to the Pockels tensor 

change. The signs of the largest contributions of the two softest modes agree for 𝑟ff and 

𝑟@@ and disagree for 𝑟f@ = 𝑟@f. That two modes have nearly equal contributions to the 

Pockels tensor (where they agree in sign) explains why the magnitude of the largest 

response under tensile strain is approximately double the magnitude of the largest response 

under compressive strain. However, because the degeneracy is lifted, the contributions to 

𝑟f@ = 𝑟@f don’t cancel out exactly, so they therefore remain non-zero. Finally, at and above 

the critical strain, the contributions to 𝑟8f = 𝑟8@, 𝑟�f, and 𝑟�@ are almost entirely due to the 

second softest mode, which displaces the atoms along the p110q direction. In general, 

under tensile strain, the largest responses are those to an electric field polarized in the (100) 

or (010) directions. At the critical strain, the frequency of the softest mode is 16.14 cm-1, 

and the frequency of the second softest mode is 24.33 cm-1. The displacement pattern of 

the softest mode is shown in Figure 4.3(b). 

In Table 4.1, we compare the magnitude of the piezoelectric contribution to the EO 

tensor to the magnitude of the clamped EO tensor at -1.0% and -1.2% strain. We see that 
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the piezoelectric contribution is only 7.6% and 12.2% of the magnitude of the clamped 

tensor at these strains, respectively, justifying neglecting the piezoelectric contribution. 

 

Strain Largest 𝒓𝒊𝒋
𝐩𝐢𝐞𝐳𝐨 Component 
(pm/V) 

Fraction of Largest 𝒓𝒊𝒋
ü  

Component 
-1.0% 𝑟88

óPSõ� = −0.47 𝑟88
óPSõ� 𝑟88

ü4 = 0.076 
-1.2% 𝑟88

óPSõ� = −28.90 𝑟88
óPSõ� 𝑟88

ü4 = 0.122 

Table 4.1: The largest converse piezoelectric effect contributions to the Pockels tensor at 
two compressive strains, and a comparison of their magnitudes to that of the 
clamped Pockels tensor. The converse piezoelectric effect has a relatively 
small contribution when compared to the clamped contribution and can 
safely be neglected. 

Our results predict responses larger than what Ma et al. [45] measured, even for 

what are ostensibly similar tensile strains. Recall, however, that LDA underestimates the 

lattice constant and that DFT calculations are done at 0 K, making direct comparison to 

experimental systems difficult. However, our results suggest there are values of strain for 

a real STO crystal at which the EO response could indeed be quite large. 

The electronic contributions to the EO tensor in STO are extremely small compared 

to the ionic contributions (less than 1% of the total response). As the phonon mode that 

leads to the FE transition softens, the ionic contribution to the EO tensor increases due to 

the factor of 𝜔×ª@, as can be seen in Equation 4.3. Furthermore, the softening mode indicates 

that the anharmonicity of the film, which originates from the hybridization in the titanium-

oxygen bond [65], is increasing. This can be quantified in several ways. In Tables 4.2 and 

4.3, we list the anisotropic Grüneisen tensor components and the isotropic Grüneisen 

parameter, respectively, of the first optical mode (which drives the FE phase transition) of 

the crystal under compressive strain. Due to the   
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Strain γ11 = γ22 γ33 γavg 
0.0% 12.3 12.3 12.3 
-1.0% -39.0 237.9 53.3 
-1.2% -78.0 825.0 223.0 

Table 4.2: Non-zero components of the anisotropic Grüneisen tensor of the first optical 
mode for the ground state, cubic structure and for two structures under 
compressive, in-plane strain. The Grüneisen parameter for this mode is 
largest at the strain at which the mode is softest, and at which the EO 
response diverges. The average of the components is also included for 
comparison with the isotropic case. Note that we do not label the 
polarization as it is in the (001)-direction for the strained cases. 

Strain Grüneisen Parameter 
0.0% 12.3 
-1.0% 53.8 
-1.2% 172.2 

Table 4.3: Isotropic Grüneisen parameter of the first optical mode for the ground state, 
cubic structure and for two structures under compressive, in-plane strain. 
The Grüneisen parameter for this mode is largest at the strain at which the 
mode is softest, and at which the EO response diverges. 

symmetry of STO under compressive strain, the only non-zero components of the 

anisotropic Grüneisen tensor are 𝛾ff = 𝛾@@ and 𝛾88. Recall that under compressive strain 

the phonon mode that goes soft and drives the divergence in the Pockels tensor is polarized 

along the (001)-direction. This is reflected in Table 4.2 in the anisotropic Grüneisen tensor: 

𝛾88 is positive and much larger than 𝛾ff. In other words, the crystal is much more 

anharmonic in the (001)-direction than it is in the (100)- or (010)-directions. Furthermore, 

the Grüneisen parameter is significantly larger at the critical strain than at -1.0% strain. For 
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comparison, we calculate the Grüneisen parameter of the cubic, 0.0% strain structure. 

Because the ground state crystal is highly anharmonic, we find that the cubic structure also 

has a large Grüneisen parameter (compared to the highly harmonic silicon, which has 

Grüneisen parameters an order of magnitude smaller [67, 68]), but is itself an order of 

magnitude smaller than that of the strained crystal, which is closer to the phase transition. 

This indicates that if the ground state structure of STO were not centrosymmetric, it would 

likely be a good electro-optically active material (like BTO).  This suggests that alloying 

with a judiciously chosen element (like barium, to make BaxSr1-xTiO3, for example) to 

break the inversion symmetry may be a way to induce a strong EO response. Our results 

and the correspondence to large Grüneisen parameters at the critical strain values suggests 

that large Grüneisen parameters, and therefore large anharmonicity, in non-

centrosymmetric crystals could indicate large EO responses. However, depending on the 

symmetry of the crystal and the size of the unit cell, the calculation of the full Grüneisen 

tensor can be resource intensive. We therefore calculate the Grüneisen parameter of the 

strained STO crystal, approximating it as isotropic. This is not unreasonable approximation 

as the c/a ratio at the critical strain is 1.02, which is very nearly cubic. The calculated 

Grüneisen parameters are listed in Table 4.3. They exhibit the same trends we saw in the 

full calculation of the Grüneisen tensor, in that the magnitude of the parameter increases 

as the strain approaches the critical strain. We can also compare the parameter with the 

average of the tensor components, and we see very good agreement at -1.0% strain and 

reasonable agreement at -1.2% strain. Therefore, the isotropic Grüneisen parameter could 

provide a quick way to screen materials for potential large EO responses with less cost than 

calculating the full tensor or the full EO response itself. 

Other simple models besides the isotropic Grüneisen parameter that can serve as a 

proxy are also of value. Consider a 1-D oscillator model of the Pockels effect. This can be 
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written as an oscillator with an anharmonic contribution to the force and damping, with 

driving optical and static electric fields: 
�̈� + Γ�̇� + 𝜔5@𝑥 + 	𝜐𝑥@ = ¹ B

×
º [𝐸(𝜔, 𝑡) + 𝛽𝐸(0)], (10) 

where the coefficient Γ is the damping constant, 𝜐 is the anharmonic force constant, e is 

the electric charge, m the electron mass, 𝛽 is a local field parameter given by (𝜖5 + 2)/3, 

and 𝐸(𝜔, 𝑡) and 𝐸(0) are external optical and static electric fields, respectively. This model 

was analyzed by Kurtz and Robinson [69], who showed that the Pockels “tensor” (a single 

coefficient in this 1-D model) is directly proportional to the magnitude of the anharmonic 

force constant. In this spirit, we displaced the atoms in the STO unit cell from their 

equilibrium positions according to the eigenvector of the first optical phonon mode, 

calculated the force on the titanium atom in that direction, and fit it to a simple oscillator 

with an anharmonic force in order to extract the anharmonic force constant. A schematic 

diagram of this model is shown in Figure 4.6. The results of doing so are  

 
Material Strain υ (Bohr-1 s-2) 

 0.0% -0.59 
STO -1.0% -0.50 

 -1.2% -0.59 
Silicon 0.0% 0.04 

Table 4.4: Anharmonic force coefficient in a simplified 1-D model of the phonon mode 
driving the EO response. The larger magnitudes are indicative of greater 
anharmonicity. For comparison, we applied the same approach to silicon, 
which is well known to be harmonic. The anharmonic contribution is much 
smaller than in STO. 

presented in Table 4.4. The resulting anharmonic force constants are largest for the 0.0% 

strain case and for the critical -1.2% strain case, while being lower for the paraelectric, -

1.0% case. This suggests two things: first, that this simplified model can be used to quickly 
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screen anharmonic, non-centrosymmetric materials for EO responses, and second, it 

reinforces the notion that the anharmonicity in the crystal is the driving force  

 

Figure 4.6: A schematic diagram of the 1-D oscillator model we use to illustrate the 
importance of anharmonicity in the crystal for the EO response. For an 
applied external electric field 𝐸, the equilibrium position of the oscillator 
shifts to 𝑥5. Similarly, for an external field 𝐸′, the equilibrium position 
shifts to 𝑥5o. The resonant frequency of the oscillator, 𝜔5 = Ð𝑘 𝑚⁄ , does 
not change with applied external field for a harmonic potential, but it does 
for the anharmonic potential. 

behind the large EO response we see here. For comparison, we perform the same analysis 

for bulk silicon, which is a very harmonic crystal compared to STO (as evidenced by their 

thermal expansion coefficients of 𝛼 = 2.93× 10ª�	Kªf [70] for silicon and 𝛼 =

32.3× 10ª�	Kªf for STO [71]). Indeed, the anharmonic force constant in this model in 

silicon (also listed in Table 3) is much smaller than the constant for STO at any strain. 
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Finally, a similar theoretical study was performed by Fredrickson et al. [19], but 

for BTO instead of STO. Their study was done using the experimental lattice parameters 

for BTO. Despite this difference, they also predict large peaks in the EO response for 

certain critical strains that are associated with soft phonon modes. This may suggest that 

enhancement in the EO response under strain is a general feature of non-centrosymmetric 

perovskite crystals, but further study is needed before such a statement can be made with 

certainty. 

4.4 CONCLUSION 

Under both tensile and compressive biaxial strain, we calculate the EO response of 

STO. At certain critical values of strain, the response is significantly enhanced, and this 

enhancement is shown to be associated with the onset of a FE phase transition driven by a 

softening phonon mode. We relate this to the anharmonicity in the titanium-oxygen bonds 

using theoretically calculated Grüneisen tensor and illustrate this effect with a simplified 

1-D model. A similar result is predicted for BTO [19], which suggests that enhancement 

of the EO response under strain is a characteristic of materials where strain may result in 

the onset of an appropriate structural phase transition. The magnitude of the enhanced EO 

response we predict in strained STO is comparable to the EO response of BTO thin films, 

which is among the largest known experimentally. Our work suggests that STO can be 

useful in silicon photonics if it can be grown under a sufficient amount of strain. 
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Chapter 5: A Roadmap Towards Strong Pockels Materials 

The linear electro-optical (EO) effect, also known as the Pockels effect, has been 

the subject of increasing interest due to its potential for use in silicon photonic applications. 

As such, it is necessary to find materials that have a strong EO response in thin film form, 

which is essential for low power and small footprint devices.  In this paper we utilize first 

principles theory to develop a general design rule for strong Pockels materials. We study 

the Pockels effect in LiB3O5 (LBO) and CsB3O5 (CBO) and use these materials as 

prototypical examples of where conventional wisdom breaks down. We find the Pockels 

tensor to be extremely small in both materials, despite the large degree of anharmonicity 

in the crystals, which has been previously associated with large EO responses. We 

demonstrate that the small response is related to the high optical phonon frequencies and 

small Raman susceptibility in LBO and CBO, respectively. We elucidate the underlying 

physical phenomena behind the Raman susceptibility, which we find to be a strong (or 

weak) electron-phonon coupling of the near-edge electronic states.  

This work was done in collaboration with Marc Reynaud, Jacqueline Kremer, and 

Alexander Demkov. It is currently under review (in a modified, condensed form, with some 

portions moved to a supplement) for publication. 

5.1 INTRODUCTION 

The Pockels effect, a change in the index of refraction of a non-centrosymmetric 

material in response to an applied external electric field [1], has been the subject of 

increasing study in recent years due to its potential to facilitate high speed, low power 

electro-optical (EO) modulation in integrated photonics applications [2–6]. Pockels-active 

devices find use in a wide variety of applications, including intra-chip data transmission 

(an increasingly necessary functionality as copper interconnects reach material limits [7]), 
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neuromorphic logic optical chips [8], and photonic integrated circuits for quantum 

computing [9–11]. The Pockels, or linear EO, effect is most commonly used for optical 

modulation in the telecommunications industry, where LiNbO3 (LNO), with a Pockels 

coefficient of ~30 pm/V [1,12], is the current “gold standard” material [1,13,14]. Due to 

the complexity of integrating LiNbO3 [15–18] on Si, however, perovskite titanates have 

recently become the primary subjects of both theoretical [19–23] and 

experimental [8,15,24–33] studies on the use of the Pockels effect in silicon photonics. The 

main focus of these efforts has been BaTiO3 (BTO), which is particularly attractive due to 

its direct integrability with Si (001) [30,31,34] and very large Pockels effect (~1,700 

pm/V [12]), which can retain bulk-like values even in thin films [8].  

It is desirable to find materials with large Pockels responses in order to decrease 

the power consumption of integrated EO devices, an extremely important parameter in 

integrated device design. For example, an integrated EO device made using BTO will 

require less voltage to operate than an equivalent device made using LNO by a factor of 

the ratio of their EO coefficients (𝑟q_� 𝑟6U�⁄ ~	1/50). Alternatively, for the same voltage, 

a BTO-based device could be made shorter than an LNO-based device by the same factor.  

However, because it is not currently clear what mechanism drives the extremely high 

response of BTO as compared to other materials, the search for potentially better 

alternatives has so far proceeded rather blindly. As the Pockels effect is linear in the electric 

field, the material must be non-centrosymmetric, narrowing the field of candidate materials 

somewhat. Still, there are an enormous number of materials available and testing all of 

them for their EO response by brute force is costly and inefficient. As such, a materials 

search needs to be guided by a design rule: which common, known properties of materials 

are associated with a large EO response?  
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Several recent theoretical studies of the Pockels effect in perovskite titanates [19–

21] offer a way forward. Fredrickson et al. [20] explored strain engineering in BTO. 

Considering biaxial strain, they found critical strains at which the Pockels response 

diverged and pointed out that at these strains specific phonon modes went soft and the 

dielectric tensor diverged. Hamze and Demkov [19] studied the same phenomenon in 

strained SrTiO3 (STO), and they analyzed the soft modes which contributed most to the 

Pockels response using mode Grüneisen parameters [35,36]. Large Grüneisen parameters, 

which are associated with crystal anharmonicity, were found for the soft modes that 

contributed most to the EO response at the critical strains where the EO response peaked. 

Paillard et al. [21] studied the EO response of PbTiO3 (PTO) and also saw a peak in the 

EO response under strains where phonon modes went soft and drove structural phase 

transitions. These perovskite crystals all have soft phonons and large crystal anharmonicity 

in common. Finally, Kurtz and Robinson [37] proposed a 1-D anharmonic oscillator as a  

model of the Pockels effect and found that the Pockels parameter (not a tensor in this 1-D 

model) was directly proportional to the coefficient of the anharmonic force term, 

reinforcing the relationship between anharmonicity and the EO response. One therefore 

may propose the following design rule: highly anharmonic, non-centrosymmetric crystals 

will exhibit a large Pockels effect.  

Crystal anharmonicity is often associated with large thermal expansion coefficients. 

In Table 5.1, we list a selection of non-centrosymmetric crystals with large thermal 

expansions and their material properties. Compared to Si, which is highly harmonic, BTO, 

STO, and PTO all have large thermal expansions, as do many of the other strong Pockels 

materials. An ideal candidate (with no reported Pockels tensor measurement) to test our 

proposed design rule is LiB3O5 (LBO). LBO (Figure 5.1) is a  
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Crystal 
Space 
Grou

p 

α (10-6 
°C-1) 

T 
(°C) 

r 
(pm/V

) 
n λ 

(nm) 
n3r 

(pm/V) 
Eg 

(eV) Sources Notes 

Bi12SiO20 I23 11.42^ 
22- 
502

^ 
r41 = 5 2.54 630 82 3.2  [38–40]  ^Nd:Bi12SiO20, 

(1102067) 

Bi12GeO20 I23 6.3 15-
125 

r41 = 
3.5 2.55 630 35 3.2  [39–41]  (1938283) 

Bi12TiO20 
I23 

14 725 r41 = 
5.8 2.578 633 99 2.4  [42–45] (1635168) 

LiNbO3 R3c 14.8 27 r33 = 
34.0 2.2 1550 362 4.9  [1,46–

48] (543592) 

LiTaO3 R3c 16.2 25 r33 = 
30.5 2.18 632.8 316 3.41-

4.56  [49,50]  (553579) 

BaTiO3 P4mm 16.9 25 r42 = 
1640 2.38 700 22109 3.2  [1,51–

53] (1940842) 

Sr0.6Ba0.4Nb2O6 P4bm 13.42^ 20-
50^ 

reff = 
350 2.31 510 4314 3.67  [39,54–

57]  ^SBN:59 

Sr0.75Ba0.25Nb2

O6 P4bm 11.74^ 20-
50^ 

reff = 
844 2.37 510 11235 3.88  [39,55–

57]  ^SBN:72 

KNbO3 Amm2 14 20-
180 

reff = 
470 2.04 5300 3990 4.42  [1,58–

60]  (1923882) 

MgO:LiNbO3 R3c - - - 2.39 355 - 3.92  [61–64]  - 

β-BaB2O4 R3c 45 700 r22 = 
2.7 1.69 435.8 13 6.43  [65–67]  (556972) 

LiB3O5 
Pna21 

108.2 17-
790 - 1.68 253.7 - 7.78  [65,66,6

8,69]  (311713) 

KTiOPO4 Pna21 8.2 - - 1.81 430 - 3.55  [70–73] (1239144) 

RbTiOAsO4 Pna21 14.5 - - 1.864
1 1064 - -  [74–76]  (1410606) 

BaxSr1-xTiO3 P4mm 11* 700 reff = 
230 1.985 1450-

1580 2460 1.96  [1,77–
79] 

𝛼: x = 0.24, n: x = 
0.05, (1930041) 

Pb[ZrxTi1-x]O3 
P4mm
, R3c 8 527 reff = 

109 2.52 633 1744 3.4  [1,80–
82]  

Tetragonal: 
(554494), Trigonal: 

(1228661) 

BeO P63mc 9.6 
20- 
102
0 

- 1.73 700 - 10.6  [83,84] (1500435) 

κ-Al2O3 Pna21 8.1 840 - 1.95 248 - 5.4  [85,86]  - 

Pb1-

xLax(ZryTiz)1-

x/4O3 

P4mm
, R3c 5.7* 25 reff 

=153 2.86^ 633 3579 3.8  [1,82,87
–89] 

^x, y, z = 0.08, 0.1, 
0.9:  Trigonal 

(1222146). *x, y, z 
= 0.07, 0.65, 0.35: 

Tetragonal 
(1141502) 
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Table 5.1: Physical properties of many crystals known to have a linear EO response and 
the conditions under which they were measured, as well as some non-linear 
crystals with unknown Pockels coefficients. All of them have non-
centrosymmetric space groups (a necessary condition for a non-zero EO 
response), and all of them are highly non-linear (as compared to silicon, 
which is highly linear and has α = 2.93×10-6 °C  [90]), especially those with 
very high EO response. LiB3O5 stands out with α = 108.2×10-6 °C, a full 
order of magnitude larger than any other crystal on the table. Space groups 
of the crystals are from Pearson’s Crystal Database, and the seven-digit 
numbers in parentheses in the Notes column are the reference numbers of 
specific entries in the database [91]. Indices of refraction and thermal 
expansion coefficients listed are the largest ones found for the given 
materials. 

commonly used, non-linear optical crystal [92] with many favorable, optical 

properties [69,93], and has a thermal expansion coefficient an order of magnitude 

larger [68,94] than that of BTO, STO, and PTO. 

In this paper, we will test and clarify the relationship between the magnitude of a 

material’s Pockels response and its anharmonicity. Contrary to our expectations, the first 

principles calculation suggests that LBO has a very weak Pockels response. To understand 

why, we analyze the phonon modes that contribute to the EO effect and find them to have 

somewhat high phonon frequencies due to the low atomic mass of Li. We attempt to induce 

a stronger response by softening the modes through replacement of the light Li atoms with 

much heavier Cs atoms. Unfortunately, a simple replacement of the Li atoms in the LBO 

crystal structure with heavier Cs atoms results in a dynamically unstable crystal because of 

the large increase in the atomic size. Instead, we consider the related CsB3O5 (CBO) 

crystal. This approach successfully softens the phonon modes but does not improve the 

Pockels  
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Figure 5.1: The crystal structure of LBO.  Its space group is Pna21 and its structure [94–
96] consists of a helical network of B3O7 rings which share one of their 
oxygen atoms with neighboring B3O7 groups. Two of the B atoms three-fold 
coordinated and one is four-fold coordinated. The Li atoms reside in the 
voids of the B3O7 helices, which are along the c-axis. (a) Unit cell of LiB3O5 
(at room temperature [94]), and (b) the B3O7 rings that make up the helical 
chains.  

response, thereby highlighting the importance of another parameter, the Raman 

susceptibility, for the Pockels response. To elucidate the role of the Raman susceptibility 

in the EO response we contrast the results of the LBO and CBO study to previous work on 

strained STO. To obtain some physical intuition into the underpinnings of the Raman 

susceptibility, we consider a simple diatomic chain using a tight-binding model. This 

allows us to associate the deformation potential with large Raman susceptibilities. Our 

refined design rule states that in addition to the absence of inversion symmetry, a large 

Raman susceptibility (which is associated with strong electron-phonon coupling) and soft 

phonons are both essential for a large EO response. 
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5.2 BACKGROUND AND METHODS 

All density functional theory (DFT) and density functional perturbation theory 

(DFPT) calculations were performed using the ABINIT software package [97–103]. 

Troullier-Martins norm-conserving pseudopotentials [104] generated with the fhi98PP 

package [105] were used for all calculations. The valence electron configurations were 2s1 

for Li, 2s22p1 for B, 2s22p4 for O, and 6s1 for Cs. The exchange-correlation energy was 

calculated in the local density approximation [106,107]. An 8×8×8 Monkhorst-

Pack [108,109] k-point grid and a plane wave cut-off energy of 50 Ha was used for all 

calculations. The lattice parameters used for all the LBO calculations are 𝑎 = 8.444	Å =

15.957	Bohr, 𝑏 = 7.378	Å = 13.942	Bohr, and 𝑐 = 5.146	Å = 9.725	Bohr, the 

experimental lattice parameters measured at room temperature by Shepelev et al. [94]. The 

atomic positions are fully relaxed from the initial experimental coordinates.  

For calculations of CBO, we use the experimental structure determined by Krogh-

Moe [110], which has lattice parameters	𝑎 = 6.213	Å = 11.741	Bohr, 𝑏 = 8.521	Å =

16.102	Bohr, and 𝑐 = 9.170	Å = 17.329	Bohr. 

The Pockels tensor 𝑟EH  relates the change in the ij-component of the inverse 

dielectric tensor of a non-centrosymmetric crystal to a static, external electric field applied 

in the k-direction [12,101,111]: 
Δ(𝜖ªf)EH = ∑ 𝑟EH𝐸 . (5.1) 

There are three contributions to the Pockels tensor: an electronic component, an 

ionic component, and a piezoelectric component due to the converse piezoelectric 

effect [101]. These three components are given by (in the principal axes of the 

crystal) [101] 
       𝑟EHS¤ = − ��

��
z��

z 𝜒EH³
(@)$

³�
, (5.2) 
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                 𝑟EHP�Q = − Á�
Ð�%��

z��
z∑

¥��
�x�,�

;�z× , (5.3) 

       𝑟EH
óPSõ� = ∑ 𝑝EHÂÎ𝑑ÂÎ8

Â,Î�f , (5.4) 

where 𝑛 is the index of refraction, 𝜒EH³
(@) is the nonlinear optical susceptibility, Ω5 is the 

volume of the unit cell, and 𝛼EH×, 𝑝×, , and 𝜔× are the Raman susceptibility, the mode 

polarity, and the frequency of the mode m at Γ respectively, 𝑝EHÂÎ  is the elasto-optic 

(photoelastic) tensor, and 𝑑ÂÎ  is the piezoelectric tensor. The Raman susceptibility and 

mode polarity are given by 

         𝛼EH× = ÐΩ5 ∑
)���

(e)

*0�ö,â 𝑢×(𝛾𝛽), (5.5) 

𝑝×, = ∑ 𝑍ö,â∗ 𝑢×(𝛾𝛽)ö,â , (5.6) 

where 𝛾 labels an atom, 𝛽 labels a direction, 𝜏öâ is a displacement of atom 𝛾 in direction 

𝛽, 𝜒EH
(f) is electronic dielectric susceptibility tensor, 𝑍ö,â∗  is the Born effective charge, and 

𝑢×(𝛾𝛽) is the eigendisplacement of atom 𝛾 in direction 𝛽 in mode m (which related to the 

eigenvector by a factor of 1 Ð𝑀ö⁄ , where 𝑀ö is the mass of atom 𝛾). The total Pockels 

tensor is grouped into two parts, a strain-free (clamped) part and a stress-free (unclamped) 

part. The clamped Pockels tensor 𝑟EH
ü  is the sum of the electronic and ionic contributions, 

and the unclamped tensor 𝑟EH�  adds the piezoelectric contribution: 
𝑟EH
ü = 𝑟EHS¤ + 𝑟EHP�Q, (5.7) 

			𝑟EH� = 𝑟EH
ü + 𝑟EH

óPSõ� . (5.8) 

To calculate the piezoelectric contribution to the Pockels tensor, we need to calculate the 

photoelastic tensor (see Eq. 5.4). We do this by straining the unit cell to isolate the 

component of the tensor we want, calculating the dielectric tensor, inverting it, and taking 

a numerical derivative with respect to strain [19,111,112]. Finally, we use Voigt 

notation [12] to collapse the first two indices when reporting our predictions of the Pockels 

tensor. 
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Isotropic mode Grüneisen parameters [35] are calculated in our analysis of the 

anharmonicity of the phonon modes. These are defined by 
       𝛾E(𝒒) = − Y

;�(𝒒)
);�(𝒒)
)Y

, (5.9) 

where i labels the phonon mode and q is a reciprocal lattice vector. The larger this 

parameter is, the more anharmonic the mode is. An anisotropic Grüneisen tensor can also 

be defined [36], but we [19] found that the isotropic parameter captures most of the same 

information at greatly reduced computational cost. Finally, only the phonon modes at Γ 

contribute to the Pockels effect, so we will always take q = 0. 

We also calculate deformation potentials [113–115], which give a measure of the 

electron-phonon coupling, for select phonon modes. The deformation potential dm for 

optical phonon m is defined by the change in the energy of the conduction band minimum 

(CBM) EC under displacements of the ionic positions according to the phonon mode m 

with amplitude δm: 
𝑑×� = )5�

)��
. (5.10) 

Therefore, once the deformation potential is known, the change of the CBM can be 

calculated for a given phonon amplitude as Δ𝐸� = 𝑑×𝛿×. An analogous expression can be 

defined for the valence band maximum (VBM), which can then be added to the expression 

for the CBM to give the change in the band gap. However, because we set the VBM to zero 

in our calculations, we only consider the CBM. The larger the deformation potentials for 

the CBM and VBM are for a given phonon mode, the larger the change in the band gap 

under atomic displacements. 

5.3 RESULTS AND DISCUSSION 

The five largest components of the Pockels tensor for LBO, broken into electronic, 

ionic, and piezoelectric contributions, are given in Table 5.2. The predicted  
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Crystal EO Tensor 
Component rel (pm/V) rion (pm/V) rpiezo (pm/V) rσ (pm/V) 

LBO 

r42 -0.574 -0.019 0.000 -0.593 
r51 0.484 -0.367 -0.330 -0.213 
r13 0.504 -0.210 0.304 0.598 
r23 -0.563 0.391 0.190 0.017 
r33 0.083 -0.108 2.505 2.480 

CBO 
r41 0.878 2.554 - - 
r63 0.861 0.600 - - 
r52 0.928 0.069 - - 

STO – -
1.2% r33 -0.085 -236.469 -28.90 -265.454 

Table 5.2: Largest components of the EO tensor of LBO and CBO, broken down into 
electronic, ionic contributions. Piezoelectric contributions and the 
unclamped (stress-free) Pockels tensor are also given for LBO. The Cs 
atoms are ~19× heavier than the Li atoms, leading to much softer phonon 
modes (Table S1), as expected. However, the Pockels response remains 
small. This is due to a small Raman susceptibility (Fig. 5.4(c)). For 
comparison, the largest component of the Pockels tensor of STO at the 
critical strain [19] is also presented. 

values are extremely small. Comparing the components, we see that the ionic contribution 

is of the same order as the electronic and piezoelectric contributions, despite the 

extraordinary thermal anharmonicity of the LBO crystal. Recall from Eq. 5.3, however, 

that the ionic contribution is inversely proportional to phonon frequencies at Γ. In Table 

5.3, we list the frequencies of the first 10 optical phonons of LBO at Γ (the acoustic modes 

do not contribute to the EO response). We see that the frequencies are all larger than 100 

cm-1. These frequencies are quite large when compared to those seen in the titanates  [19–

21], where frequencies of ~20 cm-1 are reported. The high phonon frequencies suppress the 

Pockels response of the lattice (see Eq. 5.3). How do these high phonon frequencies coexist 

with the large thermal anharmonicity? Shepelev et al. [94] studied the thermal expansion 

of LBO in detail using high-temperature X-ray powder  
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Table 5.3: Frequencies of the first 10 optical modes of LBO at Γ. 

diffraction. They found the driving mechanisms behind the thermal expansion in LBO to 

be large oscillations of the Li atom along the a-axis, the increasing separation of the B3O7 

chains comprising the c-oriented helices (leading to the large thermal expansion in the a- 

and b-directions), and the collapse of a B-O-B angle linking different chains (leading to 

the compression in the c-direction). Furthermore, the frequency of oscillation is 

proportional to 1/√𝑚. The heaviest atom in LBO is oxygen, which is tightly bonded to the 

B atoms. In contrast, in perovskite titanates [19–21], the most anharmonic mode (and the 

mode responsible for the large Pockels responses) is associated with a ferroelectric phase 

transition and involves displacement of a much heavier Ti atom. The mechanism 

underlying the anharmonicity of STO is therefore quite different from LBO, where it is 

associated with a relatively high frequency mode. Therefore, when the phonon mode 

driving the thermal expansion is a high frequency mode, the association between strong 

Pockels responses and anharmonicity breaks down. 

Given these differences between LBO and the perovskite titanates, can we enhance 

the LBO crystal’s Pockels response? In Figure 5.2, we plot the Grüneisen parameters of 

the first 10 optical modes of LBO (modes 4-13, in order of frequency). Mode 9 stands out 

Mode Frequency (cm-1) 
4 108.89 
5 115.65 
6 131.52 
7 145.40 
8 146.28 
9 154.90 

10 161.36 
11 165.77 
12 174.12 
13 181.49 
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as the most anharmonic. A schematic of the displacement pattern of mode 9 is shown in 

Figure 5.3. The Li atom displacement patterns, which are indeed  

 

Figure 5.2: Isotropic Grüneisen parameters for the first 10 optical phonon modes of the 
LBO crystal, plotted as a function of the phonon frequency. Mode 9 is the 
most anharmonic. 

primarily along the a-axis, are labeled with arrows, and the B and O atom displacements 

are not shown as they are an order of magnitude smaller. The displacement pattern of this 

mode corresponds well to high temperature X-ray diffraction measurements of the structure 

of LBO [94]. This mode has a frequency of 𝜔  = 154.9 cm-1 and is the largest contributor 

to the ionic part of the Pockels tensor for the 23- and 33-components because of its large 

mode polarity and Raman susceptibility (see Fig. 5.4, discussed below)—only the high 

frequency keeps the ionic EO response of this mode small. Specifically, the contributions 
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are 𝑟@8 �ôS	  = 0.32 pm/V and 𝑟88 �ôS	  = −0.19 pm/V, which are comparable to (or larger 

than) the electronic contribution to these components. If we can  

 

 

Figure 5.3: Displacement pattern of phonon mode 9, the mode with the largest Grüneisen 
parameter, in LBO. The Li atoms move out of phase in the voids of the 
crystals structure and have large displacements, while the O and B 
displacements are small. 

soften this mode, we would expect the already (relatively) large contribution of this mode 

to increase. 
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To soften the mode, we replace the Li atoms in the crystal with Cs atoms. Cs is ~19 

times heavier than Li, and because the ionic contribution to the Pockels tensor is inversely 

proportional to the phonon frequency squared, which is in turn inversely proportional to 

the atomic mass, we expect a significant reduction in the phonon  

 

 

 

 

 

 

 

Table 5.4: Phonon frequencies in CBO. 

frequencies from this replacement. As mentioned previously, a simple replacement of Li 

with Cs in LBO leads to a dynamically unstable crystal, so we instead consider the related 

CBO crystal. Its space group is P212121, and like LBO, CBO has a network of B3O7 rings, 

but in CBO they share four of their external oxygen atoms with other B3O7 rings [110,116]. 

The Cs atoms sit in the voids of this network, which run along the a- and b-axes instead of 

just along one axis as in LBO. The phonon frequencies in CBO (Table 5.4) are indeed 

much smaller than in LBO, but the Pockels tensor (Table 5.5) remains extremely small. To 

understand why, we now turn to the numerator of the ionic contribution to the Pockels 

tensor (Eq. 5.3), which is the product of the Raman susceptibility (Eq. 5.5) and the mode 

polarity (Eq. 5.6). In Figure 5.4, we plot the magnitude of the Raman susceptibilities and 

mode polarities of the first 10 optical modes of LBO and CBO. The mode polarities of 

LBO and CBO (Figs. 5.4(b) and 5.4(d)) are roughly of the same magnitude, which we 

Mode Frequency (cm-1) 
4 17.67 
5 18.03 
6 19.90 
7 21.75 
8 27.00 
9 35.94 

10 43.58 
11 44.63 
12 44.78 
13 57.81 
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expect because the atoms in LBO and CBO have similar Born effective charges. The 

Raman susceptibilities (Figs. 5.4(a) and 5.4(c)), however, are smaller by an order of 

magnitude in CBO. This cancels out all the gains made from reducing the phonon 

frequencies and keeps the net EO response small.  
EO Tensor Component rel (pm/V) rη (pm/V) 

r41 0.878 3.432 
r63 0.861 1.461 
r52 0.928 0.997 

Table 5.5: Largest EO components of the CBO crystal, which is similar to LBO, but with 
a modified B3O7 network. The Cs atoms are ~19× heavier than the Li atoms, 
leading to much softer phonon modes (see Table 4), as expected. However, 
the Pockels response remains small. This is due to a small Raman 
susceptibility (see Figure 5.5). 
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Figure 5.4: For the first 10 optical modes of LBO, (a) the magnitude of the largest 
component of the Raman susceptibility, and (b) the magnitude of the mode 
polarity. The same quantities are plotted for CBO in (c) and (d), 
respectively. The Raman susceptibilities of LBO (a) are much larger than 
those of CBO (c), while the mode polarities ((b) and (d)) are roughly the 
same (because the atoms have Born effective charges of roughly the same 
magnitude). The Raman susceptibilities of LBO (a) are comparable in 
magnitude to those of STO at 1% biaxial compressive strain (Fig. 5.5(a)), 
while the mode polarities are much smaller and the phonon frequencies are 
much larger [19].  

 

Figure 5.5: Raman susceptibilities and mode polarities for all 12 optical modes of STO 
(see Hamze and Demkov [19] for calculation details). The magnitude of the 
largest component of the Raman susceptibility and the magnitude of the 
mode polarity under biaxial compressive strain of 1.0% are shown in (a) and 
(b), respectively. The same values are plotted for STO at the critical strain in 
(c) and (d), respectively. The magnitudes of the mode polarity are 
essentially unchanged under the different strains (b, d), but the Raman 
susceptibility increases by an order of magnitude at every mode (a, c). The 
frequency of the softest mode, the primary contributor to the Pockels 
response in STO, is also approximately halved from -1.0% strain to -1.2% 
strain. 

To explore the role of the Raman susceptibility in the Pockels response, we first 

consider its role in the extreme enhancement of the Pockels response in strained STO [19], 
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and second, we introduce a simple tight binding model to provide physical intuition of the 

underlying mechanism.  In Figure 5.5, we plot the Raman susceptibility and mode polarity 

of STO under two biaxial compressive strains, -1.0% in (a, b) and -1.2% in (c, d). Hamze 

and Demkov [19] showed that at -1.2% strain (hereafter referred to as the critical strain), 

the Pockels tensor exhibits a large peak with the largest ionic component reaching 𝑟88 =

−236.469 pm/V. This is caused by the proximity of the crystal at this strain to a phase 

transition from the centrosymmetric tetragonal P4/mmm phase to the non-centrosymmetric 

tetragonal P4mm phase. The phonon mode responsible for this transition goes extremely 

soft at this strain, leading to the large Pockels response. However, there is an additional 

contribution to the large response. Comparing the Raman susceptibilities at -1.0% strain 

and -1.2% strain (Figures 5.5(a) and 5.5(c), respectively), we see that the magnitude of the 

Raman susceptibility increases by an order of magnitude at the critical strain. In contrast, 

the mode polarities (Figures 5.5(b) and 5.5(d)) are effectively unchanged between strains 

because, like in the LBO and CBO case, the Born effective charges are identical between 

the cells. This highlights the importance of the Raman susceptibility for strong EO 

responses. 

To gain further insight, we calculate the derivative of the electronic susceptibility 

with respect to atomic displacements, 𝜕𝜒(f) 𝜕𝜏⁄ , which is the key component of the Raman 

susceptibility (see Eq. 5.5), in a simple tight-binding model [117,118] of a 1-D diatomic 

chain with lattice constant a and distance between the atoms of a/2. One atom has a 1s 

orbital and the other has a 2p orbital. We assume the hopping interaction is proportional to 

1 𝑑@⁄  with constant of proportionality A, where d is the distance between the atoms, which 

is a good approximation for many materials [119]. The dielectric susceptibility in an 

insulating crystal is given by [119] 
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𝜒(f) = @ℏ¡Bz

×o�
∑

$®𝜓�Ó $𝜕 𝜕𝑥4 $𝜓�°$
z

p¢ÄÓª¢Äq
£�,�Ó , (5.11) 

where 𝑛 and 𝑛o are band indices for occupied and unoccupied bands, respectively, 𝜓� is 

the wave function with eigenvalue 𝜀�, and the band sum implicitly contains a sum over the 

entire Brillouin zone. Note that the susceptibility goes as the inverse cube of the transition 

energy, a detail that will be important later. In Equation 5.11, we calculate the matrix 

element in the numerator following Graf and Vogl [120]. For a given k*, it can be calculated 

as [120]: 
    ®𝜓�Ó¯ 𝜕 𝜕𝑥4 ¯𝜓�° =

×o
ℏ
∑ 𝐶¥Ó

∗ (𝑛𝑘∗)¥Ó,¥ ∑ 𝑖p𝑅¥Ó,q −𝑅¥,5q𝑒
E∗¹r,Ó,sªr,,%ºq 𝑡¥Ó,¥(𝑅¥Ó,q −

𝑅¥,5)𝐶¥∗(𝑛o𝑘∗), 
(5.12) 

where 𝛼 is a compound index that labels the atomic orbital and the position of the atom in 

the cell, L (and 0) label the unit cell, n is a band index, the 𝐶¥ are the coefficients in the 

expansion of the eigenfunctions of the tight-binding Hamiltonian, and 𝑡¥Ó,¥p𝑅¥Ó,q −

𝑅¥,5q = ⟨𝛼o, 𝐿|𝐻|𝛼, 0⟩. We only consider nearest neighbor interactions. We calculate a 

numerical derivative of the susceptibility as a function of atomic displacement in the optical 

mode (see Supplement for additional details). For 𝐴 = 1	eV ∙ Å@, 𝑎 = 1	Å, 𝜀� = 0, 𝜀x =

3	eV, and displacement amplitude 𝛿 = 0.01𝑎, we obtain 𝜒(f) = 97.96 and 𝜕𝜒(f) 𝜕𝜏⁄ =

−180.95	Åªf. In other words, a 2% change in the bond length amounts to a ~20% change 

in 𝜒(f), showing 𝜕𝜒(f) 𝜕𝜏⁄  is large. 

The connection between the change in the Raman susceptibility, the electronic 

structure, and phonons can be understood as follows. Because of the third power in the 

denominator of Eq. 5.11, the smallest electronic transition energy is the dominant 

contribution to the susceptibility; hence, phonon modes that strongly affect the band gap 

should have large Raman susceptibilities. If those modes are soft, that in turn should ensure 

a large contribution to the Pockels tensor. In Figure 5.6, we plot the smallest transition 
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energy as a function amplitude for of two different phonon modes for STO, LBO, and CBO 

(Figs. 5.6(a), 5.6(b), and 5.6(c) respectively). The two phonon modes for each material are 

chosen such that one (labeled the “active” mode) has a large Raman susceptibility and a 

significant contribution to the Pockels tensor, while the other (labeled the “inactive” mode) 

does not. It is clear that in STO the active phonon causes a large change in the direct band 

gap, while in CBO the active mode has nearly no effect.  

 

Figure 5.6: Smallest transition energies as a function of amplitude of phonon mode 
displacements for (a) STO at the critical compressive strain [19], (b) LBO, 
and (c) CBO. The smallest transition energy of the ground state structure for 
each material is set to 0. The changes the energies are plotted in black for 
ionic displacements under Pockels-active phonon modes and in red for 
Pockels-inactive modes. 

This is because the band gap in STO, a charge transfer oxide, is controlled by the p-d 

bonding-antibonding separation, and the active phonon changes the Ti-O interatomic 

distance. This makes the differences between these three materials clear: STO has soft 

phonons and the soft modes strongly affect the band gap, which leads to a large Raman 

susceptibility and EO response. The active mode in LBO also has a significant effect on 
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the gap and therefore the Raman susceptibility is relatively large, but the high phonon 

frequencies suppress the EO response. In CBO, this is reversed with very soft modes 

having very little impact on the band gap, which therefore suppresses the Raman 

susceptibility and the EO response. 

This aspect of electron-phonon interactions is commonly described using 

deformation potentials [113–115], which we list for STO, LBO and CBO in Table 5.6. We 

see  
 

 𝜕𝐸� 𝜕𝛿×⁄  (eV/Å)	
 STO LBO CBO 

Active Mode 2.320 -0.520 -0.002 
Inactive Mode 0.008 -0.033 -0.004 

Table 5.6: Deformation potentials for STO, LBO, and CBO for two different phonon 
modes, one that is Pockels active and one that is not. We set the top of the 
valence band to 0 eV, so the change of the band gap is almost entirely due to 
the change in the conduction band maximums (CBMs) for all of these 
materials. Therefore, we only report the deformation potential for the 
CBMs. The Pockels active modes have large deformation potentials for STO 
and LBO, indicating a large Raman susceptibility, while the inactive modes 
have small deformation potentials. In CBO, the band gap is largely 
independent of the modes, leading to a small Raman susceptibility. 

that the deformation potential for every material is larger when the ions are displaced 

according to the Pockels active mode than when they are displaced according to the inactive 

mode (except in CBO, in which the deformation potentials for both modes are ~0 eV/Å), 

suggesting that large deformation potentials are associated with large Raman 

susceptibilities and therefore could indicate the potential for strong Pockels responses in 

such materials.  

To summarize, soft phonons that induce substantial changes in the band gap—those 

with strong electron-phonon couplings—cause large changes in the electronic 
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susceptibility, as illustrated in the tight-binding model above. Large changes in the 

electronic susceptibility in turn imply large changes to the Raman susceptibility, to which 

the ionic contribution to the EO response is proportional to. Therefore, non-

centrosymmetric materials with soft phonons and strong electron-phonon interaction will 

likely be strong Pockels materials. This explains why LBO and CBO have weak EO 

responses, and why perovskite titanates are special and have such strong EO responses. 

5.4 CONCLUSIONS 

We studied the relationship between thermal anharmonicity and the Pockels effect 

using LBO as a test case because of its extraordinary thermal expansion coefficients. 

Despite the correspondence between large thermal expansion coefficients and large EO 

responses listed in Table 1, we found that LBO has a very small Pockels response. We 

relate this to the extremely small masses of the constituent atoms resulting in high optical 

phonon frequencies. Guided by the results of a Grüneisen parameter analysis of the first 10 

optical phonon modes, we tested this assertion by studying the related CBO crystal to see 

if simply increasing the atomic masses would lead to a large Pockels response by softening 

the modes. This approach was found to be too simplistic—in CBO, the small Raman 

susceptibility results in a weak Pockels response despite the presence of much softer 

phonon modes. A simple 1-D crystal studied in tight-binding provides an intuitive physical 

model for the underlying mechanism at play behind the Raman susceptibility and 

demonstrates that the change in the electronic susceptibility in response to atomic 

displacements is highly sensitive to the band gap. This led us to the deformation potential, 

which quantifies the strength of the electron-phonon coupling of the near-edge states. 

Modes with large Raman susceptibilities are shown to have large deformation potentials. 

Hence, we arrive at a refined design rule for strong Pockels materials: materials with strong 
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electron-phonon couplings (and therefore large Raman susceptibilities), that are non-

centrosymmetric, and that have soft phonons will be strong Pockels materials. 
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Chapter 6: Other Pockels Calculations 

In this chapter, we present the results of unpublished calculations of the Pockels, or 

linear electro-optic (EO), tensors for a variety of materials. Only the clamped Pockels 

tensor p𝑟EH
#q—see Chapter 2 for details—has been calculated for these materials, as we 

decided not to proceed further and calculate the piezoelectric contribution. We do report 

the electronic contribution separately, which enables the calculation of the ionic 

contribution should the reader wish to do so. These results remain unpublished for a variety 

of reasons, with the primary one being that they are not strong Pockels materials.  

6.1 GA2O3 

Background and crystal structure 

Ga2O3 exhibits a variety of phases. The most stable one is the β-phase, which is 

monoclinic with space group 𝐶2/𝑚 [1]. This phase, however, has inversion symmetry, and 

therefore, lacks a Pockels response. Of more interest are the recently discovered ε-

Ga2O3 [2] and κ-Ga2O3 [3], both of which are ferroelectric and non-centrosymmetric. The 

ε-phase has space group P63mc in which the Ga atoms occupy tetragonally and 

octahedrally coordinated sites with 66% occupancy [2]. Cora et al. [3] used transmission 

electron microscopy to show that the Ga atoms and vacancies are actually ordered, and that 

the ε-phase is actually composed of multiple domains of the κ-phase. The disorder in the 

ε-phase requires large unit cells to have unit numbers of atoms, so we only consider the κ-

phase. The κ -phase has space group Pna21 [3,4] and experimental lattice constants [3] a = 

5.0463 Å, b = 8.702 Å, and c = 9.2833 Å. The unit cell is composed of 8 formula units and 

is shown in Figure 6.1. While κ-Ga2O3 has a very large polarization (26.39 µC/cm2 [5], 

comparable to that of BaTiO3 [6]), it is not switchable as the barrier is 0.92 eV/formula 

unit. 
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Figure 6.1: The crystal structure of κ-Ga2O3 (Ga atoms in green, O atoms in red) with the 
polyhedra drawn to show the octahedral and tetragonal sites. 

Calculation details 

We calculate the Pockels tensor for both experimental and theoretical lattice 

constants using the theoretical framework developed by Veithen et al. [7] as implemented 
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in ABINIT [7–13]. The theoretically optimized lattice constants are a = 4.804 Å, b = 8.237 

Å, and c = 8.832 Å. We use a cut off energy of 50 Ha, an 8×8×8 Monkhorst-Pack [14,15] 

k-point grid, and converge forces to 2×10-7 Ha/Bohr. We used Troullier-Martins norm-

conserving pseudopotentials [16] that were generated using fhi98pp [17], and we use 

the local density approximation (LDA) to calculate the exchange-correlation 

energy [18,19]. The valence configurations were 4s24p1 and 2s22p4 for the Ga and O atoms, 

respectively. In general, accurate results for Ga-based materials requires the inclusion of 

the semicore 3d10 electrons in the Ga pseudopotential. As this was a quick calculation that 

we decided to not pursue further, we did not include them. 

The Pockels tensor 

The Pockels tensor for the experimental structure is given in Eqs. 6.1 and 6.2: 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

−1.73 × 10ª§ 0.0 −0.190
0.109× 10ª§ 0.0 0.055
0.174× 10ª§

0.0
−0.192
0.0

0.0
0.055
0.0

0.113 × 10ª§

0.115
0.0

0.196× 10ª§
0.0 ⎠

⎟⎟
⎞

 (6.1) 

𝑟EH
# =	

⎝

⎜⎜
⎛

−3.70 × 10ªÁ 0.0 −3.851
1.578× 10ª8 0.0 1.576
1.345 × 10ª8

0.0
−3.997
0.0

0.0
0.108
0.0

1.066× 10ªÁ

0.045
0.0

1.881× 10ª8
0.0 ⎠

⎟⎟
⎞

. (6.2) 

Note, however, that because we are using LDA, which underestimates the lattice constant, 

that these results are for the crystal under effectively tensile strain. In general, working at 

the theoretical lattice constants results lowers the EO response. Indeed, this can be seen in 

the Pockels tensor at the theoretical structure for κ-Ga2O3, which we give in Eqs. 6.3 and 

6.4: 
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𝑟EHS¤ = 	

⎝

⎜⎜
⎛

−1.271 × 10ª� 0.0 −0.009
0.653× 10ª� 0.0 −0.014
−0.483 × 10ª�

0.0
−9.344 × 10ª8

0.0

0.0
−0.014
0.0

0.644× 10ª�

0.038
0.0

−0.472× 10ª�
0.0 ⎠

⎟⎟
⎞

 (6.3) 

𝑟EH
# =	

⎝

⎜⎜
⎛

−1.081× 10ª§ 0.0 −0.036
−1.751× 10ª§ 0.0 −0.379
−1.019× 10ª§

0.0
−0.373
0.0

0.0
−0.228
0.0

6.622× 10ª�

−0.135
0.0

4.229× 10ª�
0.0 ⎠

⎟⎟
⎞

. (6.4) 

 

6.2 GAN 

Background and crystal structure 

GaN is a well-studied [20] III-V semiconducting material that crystallizes in a 

wurtzite structure [21]. Wurtzite, shown in Figure 6.2 is a hexagonal crystal structure with 

space group P63mc. GaN is primarily of interest due to its large band gap and use in blue 

light emitting diodes (often when alloyed with In and Al) [22]. It is also a polar, non-

centrosymmetric crystal with experimentally measured EO coefficients [23] of 𝑟88 = 1.91 

pm/V and 𝑟8f = 0.57 pm/V. Recall that the electronic contribution to the Pockels tensor is 

proportional to 𝜒EH
(@)/𝑛E@𝑛H@ [7]. Using this and the known values of the indices of refraction 

and nonlinear susceptibility, Long et al. [23] estimated the electronic contribution to the 

EO tensor and found it agreed well with their measurement, leading them to speculate the 

electronic contribution dominates the Pockels tensor in GaN. We will verify this in our 

calculations.  
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Figure 6.2: Unit cell of wurtzite GaN (Ga in green, N in light blue). The Ga planes and Ni 
planes alternate in charge, so the crystal is polar. 
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Calculation details 

We calculate the Pockels tensor of GaN in a variety of configurations. We use both 

the experimental and the theoretically-optimized lattice constants, and we use normal and 

semicore pseudopotentials for both lattice constants. We do this because the Ga semicore 

d-states are important for correctly calculating the band structure, and since the effect in 

GaN is speculated to be primarily electronic [23], an accurate electronic structure will be 

important for our predictions. Our pseudopotential valence electron configurations are 

therefore 4s24p1 and 3d104s24p1 without and with the semicore d-electrons, respectively. 

Both pseudopotentials are Troullier-Martins norm-conserving pseudopotentials [16] and 

were generated using fhi98pp [17]. The experimental lattice constants were measured 

by Schulz and Thiemann [21] to be a = 3.190 Å and c = 5.189 Å. Our theoretically 

optimized lattice constants are a = 3.051 Å and c = 4.960 Å without the semicore electrons. 

With the semicore electrons, we have a = 3.182 Å and c = 5.189 Å, which is much closer 

to the experimental lattice constants. The exchange-correlation energy is calculated in 

LDA [18,19], and all calculations are performed using ABINIT [7–13] in the framework 

developed by Veithen et al. [7]. For all calculations, we use a cutoff energy of 50 Ha and 

a 12×12×12 Monkhorst-Pack [14,15] k-point grid. 

The Pockels tensor 

First, we present our predictions for the experimental structure. The electronic and 

the clamped Pockels tensor without the semicore electrons is given in Eqs. 6.5 and 6.6: 

 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

0 0 0.391
0 0 0.391
0
0

0.380
0

0
0.380
0
0

−0.611
0
0
0 ⎠

⎟⎟
⎞

 (6.5) 



 128 

𝑟EH
# =	

⎝

⎜⎜
⎛

0 0 −0.606
0 0 −0.606
0
0

−0.218
0

0
−0.218
0
0

1.154
0
0
0 ⎠

⎟⎟
⎞

. (6.6) 

With the semicore electrons, the Pockels tensor for the experimental structure is 

 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

0 0 0.264
0 0 0.264
0
0

0.258
0

0
0.258
0
0

−0.393
0
0
0 ⎠

⎟⎟
⎞

 (6.7) 

𝑟EH
# =	

⎝

⎜⎜
⎛

0 0 −0.391
0 0 −0.391
0
0

−0.111
0

0
−0.111
0
0

0.738
0
0
0 ⎠

⎟⎟
⎞

. (6.8) 

For the experimental structure, the magnitude of the ionic contribution is larger than that 

of the electronic contribution. The inclusion of the semicore 3d-electrons reduces the 

magnitude of every component, in both the electronic and clamped Pockels tensor. 

In the theoretical structure without the semicore electrons, the Pockels tensor is 

 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

0 0 0.172
0 0 0.172
0
0

0.168
0

0
0.168
0
0

−0.161
0
0
0 ⎠

⎟⎟
⎞

 (6.9) 
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𝑟EH
# =	

⎝

⎜⎜
⎛

0 0 −0.483
0 0 −0.483
0
0

−0.211
0

0
−0.211
0
0

0.925
0
0
0 ⎠

⎟⎟
⎞

. (6.10) 

With the addition of the semicore electrons, the Pockels tensor is 

 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

0 0 0.259
0 0 0.259
0
0

0.253
0

0
0.253
0
0

−0.395
0
0
0 ⎠

⎟⎟
⎞

 (6.11) 

𝑟EH
# =	

⎝

⎜⎜
⎛

0 0 −0.399
0 0 −0.399
0
0

−0.105
0

0
−0.105
0
0

0.690
0
0
0 ⎠

⎟⎟
⎞

. (6.12) 

The theoretical structure has smaller predicted Pockels tensors, but as in the experimental 

lattice constant case, the ionic contribution is still larger than the electronic contribution. 

This also persists across pseudopotentials. Therefore, the speculation that the EO response 

in GaN is primarily electronically driven by Long et al. [23] may be incorrect. 

6.3 LI2O AND B2O3 

Background and crystal structure 

In the course of our study of LiB3O5 (LBO)—see Chapter 5 for details—we decided 

it was important to study B2O3 as a potential origin of the electro-optic response in LBO. 

This connection exists because LBO can be thought of as a combination of Li2O and B2O3 

as Li2O×3B2O3 [24] and because the crystal structure is determined by the B-O network, 

which is helical with B3O7 rings as the building blocks [25,26]. Because the Li atoms sit in 
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the voids of the B-O helices, it can be asked if the Pockels response of LBO originates 

either in the motion of the Li atoms or in the B-O network. As such, investigating the 

Pockels response of Li2O and B2O3 can be helpful in understanding the origin of the 

Pockels response in LBO. We also  

Li2O crystallizes in an anti-fluorite structure [27,28], which is related to the fluorite 

crystal CaF2 with the Li in the F sites and O in the Ca sites. We show the crystal structure 

in Fig. 6.3. Its space group is 𝐹𝑚31𝑚, which is centrosymmetric. As such, it exhibits no 

linear EO response, and we will not consider it further. 

 

Figure 6.3: Crystal structure of Li2O. The Li atoms are green and the O atoms are red. 

B2O3, on the other hand, is non-centrosymmetric. Its space group is P31, a trigonal 

space group, and it contains 3 formula units per unit cell [29–31]. This structure is indeed 
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non-centrosymmetric and should therefore exhibit non-zero Pockels response. The 

structure is characterized by B-centered O triangles, and is shown in Fig. 6.4. Our study 

 

Figure 6.4: Crystal structure of B2O3. The B atoms are dark green and in the center of the 
triangles formed by the red O atoms. 

into LBO began with studying the relationship between thermal anharmonicity and the 

Pockels response. As such, we also calculate isotropic Grüneisen parameters [32] (which 

provide reasonable estimates for the anharmonicity of phonon modes [33] at reduced 

computational cost as compared to a full calculation of the anisotropic Grüneisen 

tensor [34]) for B2O3 to see if the anharmonicity in LBO could potentially originate in the 

B-O network. We find B2O3 to have Grüneisen parameters of the same order or smaller 

than those of Si [35,36], indicating the crystal is relatively harmonic.  
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Calculation details 

As usual, all calculations are done with ABINIT [7–13] using the theory developed 

by Veithen et al. [7]. We use the experimentally determined lattice constants of a = 4.336 

Å and c = 8.340 Å [30], and relax the ionic positions until all forces were smaller than 

2×10-7 Ha/Bohr. Our plane-wave cutoff energy is 50 Ha, and we use an 8×8×8 Monkhorst-

Pack [14,15] k-point grid. Our pseudopotentials are Troullier-Martins norm-conserving 

pseudopotentials [16] made with fhi98pp [17] and have valence configurations of 2s22p1 

and 2s22p4 for B and O, respectively. Finally, the exchange-correlation energy is calculated 

using LDA [18,19]. 

The Pockels tensor 

The EO response of B2O3 is quite small, leading us to conclude that it is not the 

primary driver of the ionic response in LBO (which we find to be Mode 9, which is 

dominated by motion of the Li atoms—see Chapter 5 for details). The electronic and 

clamped Pockels tensors are: 

𝑟EHS¤ = 	

⎝

⎜⎜
⎛

−0.967 −1.66× 10ªÁ 5.04 × 10ª§
0.966 −4.83× 10ªÁ −5.04 × 10ª§

1.56× 10ª�
2.73× 10ª§
4.73× 10ª§
−1.58 × 10ªÁ

2.70 × 10ª�
−4.73× 10ª§
2.72 × 10ª§

0.966

0
2.65 × 10ª�
1.53 × 10ª�
2.91 × 10ª§ ⎠

⎟⎟
⎞

 (6.13) 

𝑟EH
# = 	

⎝

⎜⎜
⎛

−1.258 −0.002 3.48× 10ªÁ
1.255 −0.003 −3.48× 10ªÁ

5.61 × 10ªÁ
−0.721

1.48 × 10ªÁ
−6.66× 10ªÁ

9.72× 10ªÁ
−1.45 × 10ªÁ

0.721
1.256

0
4.67 × 10ªÁ
2.70× 10ªÁ
2.01× 10ªÁ ⎠

⎟⎟
⎞

 (6.15) 
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6.4 SRTIO3 – EXPERIMENTAL LATTICE CONSTANT 

Background and crystal structure 

For background on SrTiO3 (STO) (including the crystal structure and its 

dependence on strain), see Chapter 4 and the portions of the discussion in Chapter 5. In 

Chapter 4, we studied the Pockels response of STO as a function of strain with the 

theoretical lattice constants as the 0% strain case. However, we could also have done the 

same study taking the experimental lattice constants as our 0% strain state (note that since 

LDA underestimates the lattice constant however, the crystal would feel as though it were 

under tensile strain). Indeed, we did this for compressive strains, and we report the results 

here. We did not do any analysis of these results, as we concluded that working with the 

theoretical lattice constants made more sense in this study.  

Calculation details 

The calculation details are the same as in our study in Chapter 4. However, the key 

difference is the lattice constants. We use a = b = c = 3.90 Å as our starting point and strain 

the crystals from there. One notable difference is that instead of allowing the c-axis to 

breath, we estimated its change through the Poisson ratio [37], which we calculated to be 

𝜈 = −0.448 from values of the elastic compliances found in the literature. 

The Pockels tensor 

In Figure 6.5, we plot the magnitude of the largest Pockels tensor components for 

compressively strained STO, relative to the experimental lattice constants. In contrast to 

the theoretical lattice constant study, the peak in the Pockels tensor comes at a much smaller 

strain, although a direct comparison is not possible due to the differences in lattice 

constants and crystal phase, among other things. We also plot the rumpling of the O-Ti-O 
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chain in the out-of-plane direction. This is a proxy for the polarization and the ferroelectric 

phase transition, and it’s clear that the peak of the Pockels response is near the onset of the 

phase transition.  

 

 

Figure 6.5: Magnitude of the largest components of the Pockels tensor of strained STO 
under compressive strain, relative to the experimental lattice constants. The 
rumpling of the O-Ti-O chain in the out-of-plane direction is also plotted. 
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Chapter 7: Conclusion 

In this work, we presented an in-depth study of the Pockels effect in oxide crystals. 

We began with a brief review of density functional theory, the fundamental tool used in 

our calculations. In particular, we paid close attention to the 2n + 1 theorem, which 

provided the foundation for density functional perturbation theory, which we use to 

calculate the Pockels response (a third derivative of the total energy), among other relevant 

and important physical quantities. We then explained the Pockels effect from a 

macroscopic, classical perspective, before diving into the more complicated quantum 

mechanical origins.  

With this background in place, we then summarized some of the tools used in the 

analysis of our calculations. We discussed the Grüneisen parameters, which are related to 

crystal anharmonicity, which can be related to strong Pockels responses. We also provide 

the details of the calculation of the derivative of the electronic susceptibility with respect 

to atomic displacements in a tight-binding model of a 1-D chain, which we use to gain 

physical understanding of the origins of the Raman susceptibility, and which we relate to 

the deformation potential. 

Next, we discussed the engineering of a strong Pockels response in SrTiO3 (STO) 

by pushing it closer to ferroelectric phase transitions through epitaxial strain. Epitaxial 

strain is common in thin film growth, so this provides a tunable way to modify the Pockels 

response of an otherwise Pockels-inactive crystal (due to the centrosymmetry of STO). 

Similar results have been observed in BaTiO3 and PbTiO3, so this could prove to be a 

somewhat common phenomenon in crystals with ferroelectric phase transitions. We also 

showed the soft phonon modes driving the ferroelectric transitions are anharmonic using 

Grüneisen parameters. 
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This then led us to consider the relationship between crystal anharmonicity and the 

Pockels response. We listed 20 crystals in Table 5.1 that are non-centrosymmetric, along 

with their Pockels response (if known) and their thermal anharmonicities, as well as other 

material properties. We singled out the most thermally anharmonic crystal with an 

unknown Pockels coefficient, LiB3O5 (LBO), and calculated its Pockels response, as a test 

of the observed correlation between anharmonicity and strong Pockels materials. Contrary 

to our expectations, LBO had a very weak Pockels response, which was due to the high 

frequency of the phonon modes, which in turn originated in the small masses of the 

constituent atoms. We attempted to soften the phonon modes through substituting Li with 

Cs, but found the size difference was too great and made the crystal dynamically unstable. 

We instead considered the related, also highly anharmonic CsB3O5 crystal. Cs is ~19 times 

heavier than Li, and indeed, the phonon frequencies were much softer in CsB3O5. However, 

the Pockels response remained small. This was found to be due to the very small Raman 

susceptibility of CsB3O5, which then lead us to understand the importance of the Raman 

susceptibility to the Pockels response. Finally, we related the Raman susceptibility to 

deformation potentials and the electron-phonon interaction, providing a roadmap towards 

strong Pockels materials: crystals with large Raman susceptibilities (which we associated 

with large electron-phonon interactions) and soft phonons will have large Pockels 

responses.  

Finally, we summarized our calculations of the Pockels effect in κ-Ga2O3, GaN, 

Li2O and B2O3 (which we calculated in our study of the Pockels effect in LBO), and STO 

at the experimental lattice constant. These results were, for a variety of reasons, never 

published, but they may provide useful to future researchers, so we summarized them here. 

With this work complete, what are the future directions to take first-principles 

studies of the Pockels effect? The most glaring issue in the theory we use to calculate the 
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Pockels response is the reliance on the harmonic approximation in our calculations of the 

phonon modes and frequencies. This is especially important because the strongest Pockels 

responses known originate in anharmonic crystals. Incorporating anharmonic phonon 

frequencies will therefore allow for much more accurate first-principles predictions of the 

Pockels effects in crystals. Furthermore, in the harmonic approximation, many crystals 

appear dynamically unstable, precluding the calculation of their Pockels responses at all. 

The anharmonic corrections can stabilize the phonons and therefore expand the range of 

calculable materials. Another potential direction is, following our work in Chapter 5, 

studying the Pockels responses of crystals with strong electron-phonon couplings, and 

preferably, heavy ions which will lead to soft phonon modes. This line of inquiry will be 

important for proving or disproving our theory of strong Pockels responses originating in 

crystals with large Raman susceptibilities and soft phonon modes. Ideally, this can also be 

done with anharmonic phonons, but a study in the harmonic approximation will still 

provide insight. Finally, since we have this potential physical signifier, high throughput 

screening of materials could also possible, with access to a suitable materials database. 
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