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Strategic interactions between competing players of supply chains are

studied in this dissertation in the context of supplier encroachment and forced

information sharing. Although there has been extensive study of supplier

encroachment, our study is the first to explicitly consider the possibility that

a reseller sells more than one product, which occurs often in practice. In

the first two essays, we develop a model of two suppliers who sell partially

substitutable products through a single reseller, and allow for one of them to

introduce its own direct channel. We find that the presence of the second

supplier alters many of the existing results about the interactions between a

reseller and an encroaching supplier.

In the third essay, in the context of drug shortages, we investigate the

role of information sharing between manufacturers about their supply disrup-

tions. The quality problems and disruptions in capacity are the most prevalent
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cause of shortages of sterile injectable drugs. The capacity decision in the man-

ufacturing facility has a significant impact on the availability of the drug, and

thereby on the drug shortages. Therefore, we model the capacity decisions of

manufacturing firms in terms of reliable and unreliable capacities, and study

their impact on the supply of drugs. We quantify the benefit of the mitigation

strategies such as forced information sharing and tax subsidies.
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Chapter 1

Introduction

Firms that comprise a supply chain are affected by the actions of both

their direct competitors and their upstream and downstream supply-chain

partners. The strategic interplay between players is driven by various fac-

tors. In particular, this dissertation studies strategic interactions between

competing firms driven by the flexibility of omni-channel sales and the avail-

ability of information. The distinction between the traditional roles of the

supplier and the reseller is fading away due to the increased sales flexibility

in supply-chains. For instance, the omni-channel supplier that sells through

retail channels and a direct channel, has become prevalent in various indus-

tries. Strategic interactions among firms plays a crucial role in determining

the impact of omni-channel sales. In a different setting, in the context of

manufacturing of generic drug supply disruption, information sharing among

manufacturing firms has been mandated by recent government intervention.

Strategic interactions among the manufacturers is critical in understanding the

role of forced information sharing on the mitigation of drug shortages. This

dissertation investigates such strategic interactions among competing firms.

The first two essays are motivated by the diverse competition that arises
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due to the supplier encroachment. The practice of supplier encroachment,

where a supplier sells directly into a market as well as through a reseller, has

become widespread. Apple sells its products through its own on-line and in-

store channels but also acts as a supplier to third-party resellers. For its Kindle

product, Amazon acts as a supplier to resellers like BestBuy, but also sells it

through its own direct channel. Similar trends are observed in the Fashion

apparel industry. In all of these examples, the resellers are non-exclusive, i.e.,

they include the products of more than one supplier in their assortments. In

spite of this, nearly all of the literature on supplier encroachment is focused

on exclusive reselling environments in which the reseller’s assortment includes

only the product of the encroaching supplier. Motivated from this research

gap, we study a setting in which a non-exclusive reseller procures partially

substitutable products from two suppliers, one of whom introduces a direct

channel. We are the first to explicitly consider the possibility that a reseller

sells more than one partially substitutable product, which occurs often in

practice.

In Chapter 2, we endogenize the timing of encroaching supplier’s pro-

duction decision for her direct channel. For an exclusive reselling encroachment

setting, it has been recognized that it is always to the supplier’s advantage to

strengthen the incentives for the reseller by postponing her decision about the

quantity to sell through her direct channel until after it receives the reseller’s

order. However, this is not necessarily true when there is another supplier sell-

ing through the same reseller. When an encroaching supplier faces competition

2



in the reselling channel, we show that the timing of her production decision

for her direct channel becomes a strategic variable. Moreover, we find that the

direct channel can mitigate wholesale price competition, and this moderation

of wholesale price competition also results in a large range of parameters for

which the non-encroaching supplier benefits from her rival’s direct channel.

In the second essay presented in Chapter 3, we relax the assumption

that the encroaching supplier could observe both of the reseller’s order quanti-

ties before deciding how much to produce for her direct channel. Alternatively,

we assume that the encroaching supplier observes only the amount that the re-

seller orders of her own product, not that of her rival’s product, which is a more

accurate representation of most supply chains. In addition, in the second es-

say, we allow the direct and indirect channels to be imperfectly substitutable.

We find several important ways in which the implications of encroachment

are altered when the reseller is non-exclusive and sells the products of more

than one supplier. First, as the substitutability between the two suppliers’

products increases, the range of parameters for which the reseller benefits

from encroachment becomes smaller, and vanishes altogether when this sub-

stitutability is sufficiently high. Second, we find that the presence of another

partially substitutable product can significantly alter the way a supplier uses

a direct channel.

Chapter 4 investigates the role of information sharing on competing

manufacturers in the context of prevalent drug shortages in the United States.

Drug shortages have been soaring since 2007. Injectable drugs comprise 80%

3



of shortages and experience frequent supply disruptions. Whereas it is well

known that manufacturing quality issues are the most common reasons for

shortages, the capacity decisions of competing manufacturers, and their im-

pact on the drug supply have not been studied in literature. We consider

a setting in which two firms sell partially substitutable injectable drugs to

a common market. Each supplier can simultaneously invest in reliable and

unreliable capacity, where the latter is prone to disruption but cheaper. A

firm’s disruption is private information and it make their (early) production

decision after observing its own supply disruption. Subsequently, the firm can

learn about the rival’s disruption and choose its (late) expedited production

quantity. By modeling the two stage production process, we explore the role of

information sharing between firms. We find that firms are better off as a result

of sharing information about their disruption because additional information

allows them to utilize the idle capacity efficiently. Moreover, the information

sharing also leads to higher expected supply. We provide insights on the role

of tax subsidies in the mitigation of drug shortages. Finally, in the context of

COVID 19, we investigate the supply chain’s resiliency against the unforeseen

demand surge.
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Chapter 2

Timing of Supplier Encroachment in a

Non-Exclusive Reselling

2.1 Introduction

With development in electronic commerce, the practice of supplier en-

croachment, where a supplier sells directly into a market as well as though a

reseller, has become widespread. Amazon sells its Kindle through its own web-

site as well as through other resellers like Best Buy; Apple sells its products

through its own on-line and in-store channels as well as through third-party

resellers. Fashion apparel firms, such as Calvin Klein, Tommy Hilfiger, and

Nike, sell through both traditional resellers as well as through their own fac-

tory outlets. Similar trends are observed in the airline industry, where airlines

sell flight tickets through common on-line resellers like TraveloCity, Kayak and

also directly through their websites. In all of these examples, the resellers in-

clude the products of more than one supplier in their assortments. In spite

of this, nearly all of the literature on supplier encroachment is focused on

bilateral monopolies.

In the context of a bilateral monopoly, it is by now relatively well

understood that by selling directly into a reseller’s market, a supplier can

5



exert downward pressure upon the retail prices. In addition, because this

can incentivize the supplier to reduce her wholesale prices, the practice of

encroachment can benefit both the reseller and the supplier.

Yet in practice, resellers are rarely exclusive, and typically sell the

products of multiple suppliers, a subset of whom may operate direct chan-

nels. For example, although BestBuy carries both LG tablets and Samsung

Galaxy tablets, only Samsung operates its own direct channel. Such competi-

tion can have a dramatic impact on the interactions between an encroaching

supplier and a reseller, and can in turn affect the benefits associated with en-

croachment. To explore the implications of encroachment when more than one

supplier sells through a common reseller, we develop a model of two suppliers

who sell partially substitutable products through a single reseller.

As we will show, the way that a supplier pursues encroachment in this

competitive environment affects both the strength of the incentives that she

creates for the reseller and her competitive position vis-a-vis her rival supplier.

The balance between these two imperatives is most interesting when only one

of the two suppliers operates a direct channel, i.e., possesses encroachment

capability, and this is the focus of our analysis.

When an encroaching supplier faces competition in the reselling chan-

nel, the timing of her production decision for her direct channel becomes a non-

trivial strategic variable. For a bilateral monopoly encroachment setting, it

has been recognized that it is always to the supplier’s advantage to strengthen

the incentives for the reseller by postponing her decision about the quantity

6



to sell through her direct channel until after she receives the reseller’s order.

However, this is not necessarily true when there is another non-encroaching

supplier selling through the same reseller. In this case, postponing the decision

about the quantity to sell through her direct channel can put an encroaching

supplier in a disadvantageous follower position vis-a-vis the rival supplier.

To highlight this issue, we endogenize the timing of when the supplier

produces for her direct channel. In particular, we allow the supplier to produce

once prior to receiving the reseller’s order, and again after receiving the order if

it is to her advantage to supplement her original quantity. We show that when

both the efficiency of her own direct channel and the competition from the

rival supplier are sufficiently strong, then the encroaching supplier may prefer

to produce a sufficiently large quantity for her direct channel prior to receiving

the reseller’s order that she will have no incentive to produce more later. This

contrasts with the results for encroachment in a bilateral monopoly where

it is always to an encroaching supplier’s advantage to postpone the quantity

decision for her direct channel.

In addition, we find several other important ways in which the implica-

tions of supplier encroachment are altered when more than one supplier sells

through a common reseller. First, the potential for the reseller to benefit from

encroachment decreases in the substitutability of the suppliers’ products, and

vanishes once the substitutability exceeds a threshold. Second, we find that

the presence of another partially substutitible product can significantly alter

the way a supplier uses a direct channel depending upon the level of substi-

7



tutability. For moderate values of substitutability, the encroaching supplier

may sell exclusively through her own direct channel, bypassing the reseller

altogether, even when her channel is strictly less efficient than that of the

reseller. Yet for high values of substitutability, the supplier may sell through

both channels even when her own direct channel is more efficient than that

of the reseller. Neither of these occur in a bilateral monopoly. Finally, we

show that when there is a rival supplier, the development of encroachment ca-

pability does not necessarily reduce the wholesale prices. Consequently, when

one supplier develops the ability to encroach, it can be beneficial to the other

supplier as well.

The following section discusses the relevant literature on supplier en-

croachment. In section 2.3, we define the model. Then, in section 2.4 we an-

alyze the quantity setting sub-games under early and late encroachment and

the subsequent wholesale pricing equilibrium. Finally, we provide conclusions

and managerial insights in section 2.5.

2.2 Literature Review

The first analytical model on supplier encroachment of which we are

aware is that of Sibley and Weisman (1998), in which the authors investigate

how the input prices to the firms that serve a downstream market are affected

when a monopolistic supplier introduces its own direct channel. Motivated

by industries such as telecommunications, electric power, and natural gas,

they provide conditions for which the monopolistic supplier will decrease its

8



wholesale prices when it introduces its own direct channel.

A number of other papers complement this initial work by investigating

how encroachment can lower wholesale prices, potentially benefiting the down-

stream reseller(s), and increasing economic efficiency. Chiang et al. (2003),

Hendershott and Zhang (2006), and Arya et al. (2007) show how the intro-

duction of the direct channel can mitigate double marginalization and increase

total supply chain profit. Cattani et al. (2006) show that a pricing strategy

in which the encroaching supplier does not change either the wholesale or re-

tail prices may not be preferred by either the downstream seller or consumers.

Dumrongsiri et al. (2008) consider how a direct channel affects price and stock-

ing decisions in a stochastic demand environment. More recently, Yan (2011)

shows that full channel coordination can be achieved through differentiated

branding and profit-sharing strategies.

Several recent studies have extended the framework from Arya et al.

(2007) to allow for information asymmetry. Li et al. (2014) allow for the re-

seller to have better information about the demand than does the supplier,

and investigate how the supplier’s introduction of a direct channel can lead to

an inefficient signaling game in which the reseller may distort its order quan-

tity to credibly signal an adverse demand state. Li et al. (2015) also consider

asymmetric information, but allow for the supplier to use non-linear whole-

sale pricing. They show that the supplier’s own potential to behave oppor-

tunistically in determining her own direct selling quantity can cause inefficient

distortions in the quantities sold through the reselling channel.
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Several other papers focus on endogenized parameters that are treated

as exogenous in earlier studies. Tsay and Agrawal (2004) take a unique per-

spective by treating the retail price as exogenous and instead focusing on sales

effort as the primary strategic variable. They show that, when the reseller’s

sales effort exerts a positive externality on the demand in the direct channel,

the supplier may reduce his wholesale price and redirect sales to the reseller

to incentivize sales effort. Yoon (2016) finds that a spillover of supplier’s cost

reduction efforts can increase the reseller’s benefit from encroachment. Ha

et al. (2015) allow the supplier to control product quality, and find that the

supplier’s ability to offer differentiated quality between her direct and retail

channels does not necessarily benefit either herself or the reseller. Yan et al.

(2015) also consider an issue related to product quality, but in the context

of refurbished products that can be sold either directly (by the supplier) or

through a third party.

Despite the prevalence of competition among suppliers in practice, to

our knowledge, Li et al. (2015) is the only attempt to consider the encroach-

ment with two suppliers. They consider competing suppliers with exclusive

resellers where each supplier can open a direct channel, and show that en-

croachment may lead to a “lose-lose” outcome for both the suppliers and

resellers. However, they consider only exclusive reseller networks. In con-

trast, we focus on competing suppliers who sell through a common reseller, a

situation which occurs frequently in practice.
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2.3 The Model

We consider a setting with two suppliers (i ∈ 1, 2), each selling a single

product through a single non-exclusive reseller and one of the suppliers may

have the ability to also sell through her own direct channel. This is depicted in

Figure 2.1. Throughout the chapter, we adopt the convention of referring to

the supplier(s) with female pronouns and to the reseller with male pronouns.

We normalize the production cost of the suppliers and the selling cost

of the reseller to zero, and assume that any sales through a supplier’s di-

rect channel incur a per-unit selling cost of c. The assumption that c > 0 is

common in the literature on encroachment, where the supplier is nearly always

assumed to be at some sort of operational disadvantage vis-a-vis the reseller(s).

For example, Chiang et al. (2003) allow for the customer acceptance of prod-

ucts sold directly by the supplier to be lower than that obtained from the

reseller. Similarly, Hendershott and Zhang (2006); Cattani et al. (2006) con-

sider heterogeneity among the amount of inconvenience that consumers incur

from accessing a direct channel. However, a number of other studies, including

Arya et al. (2007), Li et al. (2014), Li et al. (2015), and Ha et al. (2015) assume

instead that the cost of selling through the direct channel is higher than that

for the reseller, which is consistent with our approach. In a bilateral monopoly,

it is necessary that the supplier be at some sort of operational disadvantage,

because there would be no reason for her to sell through the reseller without

it. However, by relaxing the assumption that c > 0, we will show later that

this is not necessarily the case when an encroaching supplier faces competition
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in the reselling channel and may benefit from selling through the reseller, even

when her own direct channel is at least as efficient as that of the reseller.

The two products are assumed to be imperfect substitutes. The inverse

consumer demand for product i 6= j follows a linear and downward sloping

function as:

pi = 1−Qi − bQj

where Qi and Qj are the total quantities of the each product that is available

Figure 2.1: Supplier competition in a non-exclusive reselling channel.

in the market, pi is the market clearing price of product i, and b ∈ [0, 1] is

a (symmetric) degree of substitution. Linear demand models have been used

to model supplier encroachment in the literature previously including Arya

et al. (2007); Li et al. (2015, 2014, 2015). As mentioned in Abhishek et al.

(2015), this demand structure is consistent with an underlying utility model
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that is quadratic in the quantities of the two products. The analysis can be

generalized to other demand functions which preserve the joint concavity of

the revenue function. Let q1 and q2 be the reseller order quantities and let y

be the total direct channel quantity of the encroaching supplier. The market

clearing prices are given by

p1 := 1− (q1 + y)− bq2 (2.1)

p2 := 1− q2 − b (q1 + y) (2.2)

Let wi be the wholesale prices offered by supplier i ∈ {1, 2}, and denote by

(lower-case) π the reseller’s profit and (upper-case) Πi the profit of supplier

i ∈ {1, 2}. The profits for the reseller and each supplier are given as:

π(q1, q2, w1, w2, y) := q1(p1 − w1) + q2(p2 − w2) (2.3)

Π1(q1, q2, w1, y) := y(p1 − c) + q1w1 (2.4)

Π2(q2, w2) := q2w2 (2.5)

The sequence of the game is shown in Figure 2.2, and can be described

as follows: Prior to the start of the game, both suppliers and the reseller

have full knowledge that only supplier 1 has the ability to encroach. In stage

1, each supplier announces a wholesale price. In stage 2, the reseller places

orders for q1 and q2 units respectively from each of the two suppliers, while the

encroaching supplier simultaneously determines an initial (early) amount to

produce for her direct channel. We denote this quantity by yE . This allows for
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the possibility that the encroaching supplier could produce an initial amount

for her direct channel prior to receiving the order from the reseller. In stage 3,

the encroaching supplier may respond to the quantities ordered by the reseller

by supplementing her initial quantity, so that the total quantity sold through

the direct channel is y ≥ yE. For simplicity, we assume that the supplier can

observe both q1 and q2 before choosing y. However, our major conclusions

continue to hold qualitatively under the assumption that the supplier observes

only q1 before choosing y.

Figure 2.2: The sequence of actions for the encroachment game.

Note that we allow for the encroaching supplier to produce for her direct

channel at two distinct times: first before knowing how much the reseller will

order, and again after receiving the order. For the initial quantity decision,

we assume that, regardless of how early the supplier chooses her initial direct

channel quantity, the reseller cannot observe it. Hence, we model yE as being

chosen simultaneously with the reseller’s choice of q1 and q2. After the supplier

receives the reseller’s order, we allow for the possibility that she may choose to

supplement, but not reduce, her initial production quantity. Allowing for this

supplemental quantity captures the fact that a supplier typically has no way to
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credibly commit that she will not respond to the reseller’s order by increasing

her direct sales volume if it is in her interest to do so. The restriction that

y ≥ yE can be justified in two ways. First, if these units have already been

released through the physical distribution channels, it may be difficult to call

them back. Second, if the marginal cost of production (before normalization) is

sufficiently large, then there will never be an equilibrium in which the supplier

produces units that she would not subsequently want to sell after observing

the reseller’s order.1

As we confirm later, it suffices to consider only those equilibria in which

each supplier produces a positive quantity at only one of these opportunities,

i.e., yE = 0 or yE = y. Thus, our model effectively endogenizes the timing of

the supplier’s decision about the quantity to sell through her direct channel,

which is non-trivial only when more than one supplier sells through the reseller.

This is similar in spirit to the approach of Hamilton and Slutsky (1990) in

which they consider endogenized timing in the competition between two firms

without the complication of an intermediary or encroachment. Most existing

studies assume that the supplier chooses her direct channel sales quantity after

the reseller orders from the supplier. For a bilateral monopoly, Arya et al.

(2007) specifically point out that, both the supplier and the reseller prefer for

1For example, if the original inverse demand function is p′i = a − Q′i − bQ′j and the
marginal cost of production is v, then the normalized inverse demand function for zero

marginal costs is pi = 1−Qi − bQj where Qi =
Q′

i

a−v and Qj =
Q′

j

a−v . When v is sufficiently
large, the supplier would never produce units that he would subsequently not sell in response
to any reasonable order from the reseller.
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the supplier to choose her direct sales after observing the reseller’s order. For a

bilateral monopoly, it is necessarily to the supplier’s advantage to play the role

of a follower in the quantity setting game because of the way that the threat of

her quantity response to the reseller’s order motivates the reseller to increase

his order quantity. However, such benefit may not always exist when a rival

supplier sells through the same reseller. One of the key modeling contributions

of this chapter is the fact that we allow the encroaching supplier to choose the

timing of her decision about her direct channel quantity strategically. We

show that when the reseller can substitute the product sold by an encroaching

supplier with a rival’s product, the encroaching supplier may not necessarily

benefit from being the follower and would prefer to choose her direct sales

quantity at the same time as the reseller places his orders.

Figure 2.3: The profits as fractions of the first best profit when neither supplier
can encroach.

To assess the impact of the encroachment of supplier 1, it is useful to
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establish two benchmarks: 1) the first best profit that could be earned by the

supply chain, and 2) the profit that is earned in a decentralized supply chain

when there is no encroachment. It is easy to confirm that, in a centralized

supply chain, the optimal (first-best) profit is 1
2(1+b)

. For the decentralized

supply chain with no encroachment, the sequence of actions is a subset of

what has previously been described: the suppliers choose their wholesale prices

simultaneously; and this is followed by the reseller responding by choosing

his order quantities in anticipation that there will be no sales through the

direct channel(s). Because the demand and the magnitude of profits depend

on product substitutability, it is helpful to express each player’s profit as a

fraction of the first best profit.

Proposition 2.3.1. When no encroachment is possible, there exists unique

Subgame Perfect Nash Equilibrium (SPNE) with the following equilibrium out-

come: both suppliers set a wholesale price of wN = 1−b
2−b and the reseller orders

qN = 1
2b(1−b)+4

from each supplier. In this equilibrium, each supplier earns

fraction (1−b)
(2−b)2 of the first best profit while the reseller earns fraction 2(1+b)

8−2b2(3−b)

of the first best profit.

The above result, which is illustrated in Figure 2.3, demonstrates the

impact of substitutability on the competing suppliers’ profits. As the two prod-

ucts become increasingly substitutable, the suppliers bid their wholesale prices

down toward marginal cost. Each supplier’s profit decreases as a fraction of the

first-best profit, while the reseller claims a larger and larger share for herself.
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Note that, as substitutability increases, the reseller’s profit fraction increases

faster than the suppliers’ fractions decrease, so that total supply chain earns a

higher fraction of the first-best profit. As b→ 1, the reseller’s profit converges

to the first-best profit, while the suppliers’ profits converge to zero. Of course,

this is a consequence of how the intensified competition between the suppliers

mitigates, and eventually eliminates double-marginalization.

2.4 Analysis and Results

As we will see, competition in the reselling channel changes much of

what we know about encroachment in bilateral monopolies. For a bilateral

monopoly, Arya et al. (2007) show that both the supplier and the reseller prefer

late encroachment, i.e., where the supplier chooses her direct sales quantity

after the reseller orders. This is because, when the reseller is allowed to play

the role of a Stackelberg leader in the quantity setting sub-game, his order

quantity is more sensitive to the wholesale price than it would be otherwise.

Consequently, the supplier offers a lower wholesale price than she would in the

case of early (simultaneous) encroachment and this benefits the reseller. The

supplier also benefits because late encroachment induces the reseller to order

more for any given wholesale price.

However, these results can change when the reseller has another par-

tially substitutable product as an outside option. We will see that, depending

upon the direct sales cost and the substitutability, the encroaching supplier

can be at a disadvantage if she postpones her direct sales quantity decision un-
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til after the reseller orders from both suppliers. Therefore, the timing of when

the encroaching supplier chooses her direct sales quantity plays a crucial role.

This is why, as described in Section 2.3 and depicted in Figure 2.2, we allow

the encroaching supplier to have two opportunities to produce for her direct

channel. Yet, while this could potentially lead to a very complex analysis, the

following lemma provides a key result on a sub-game perfect equilibrium for

the quantity setting game in stages 2 and 3 that simplifies the analysis of the

encroachment game.

Lemma 2.4.1. For given w1 and w2, if (q∗1, q
∗
2, y
∗
E, y

∗) is an equilibrium to the

quantity setting sub-game in which both y∗E > 0 and y∗ − y∗E > 0, then there

exists another sub-game perfect equilibrium, q̂1 = q∗1, q̂2 = q∗2, ŷE = 0 and

ŷ = y∗, in which all players receive the same profits.

For a given pair of wholesale prices, w1 and w2, if the encroaching

supplier produces positive amounts at both of her opportunities, i.e., y∗E > 0

and y∗−y∗E > 0, then supplier 1’s initial quantity (y∗E > 0) is cheap talk in the

sense that it has no bearing upon the reseller’s ordering decisions. As long as

the reseller anticipates that the supplier’s best response to her order quantities

will be to set y > yE, the reseller’s quantity decisions depend only upon their

marginal impact upon y and are independent of yE. Consequently, we can

restrict our attention to two encroachment strategies for supplier 1: early

encroachment, where we constrain y = yE, and late encroachment, where we

constrain yE = 0.
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Our analysis will proceed as follows. We will first derive the solution

to the quantity-setting subgame that arises in stages 2 and 3 for a given pair

of wholesale prices depending upon whether the encroachment is early or late.

We will then use a rational expectations concept to derive the equilibria to

the game. To do this, we will first derive the wholesale prices that would arise

in equilibrium conditional upon either early or late encroachment. Then, to

derive the unconditional equilibrium, we will verify which conditionally equi-

librium wholesale prices are consistent with supplier 1’s preferences between

early and late encroachment given those prices. For example, for a given set

of parameters, we can have an equilibrium with late (early) encroachment if

and only if the supplier prefers to encroach late (early) at the prices that have

been set in anticipation that she would encroach late (early).

2.4.1 The Quantity Setting Subgame for Late Only Encroachment

We first consider the case where the supplier chooses her direct channel

quantity after receiving the reseller’s order, i.e., we impose the constraint that

yE = 0. Note that this parallels the approach used in many studies on en-

croachment of the bilateral encroachment game including Arya et al. (2007);

Li et al. (2014, 2015) and Li et al. (2015).

At stage 3, supplier 1 chooses her direct sales quantity (y) to maximize

her profits shown in equation (2.4). This is a concave function, and the first

order condition yields the best response function for supplier 1’s direct sales
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as:

y(q1, q2) =

{
1
2
(1− c− q1 − bq2), for q1 ≤ 1− c− bq2

0, otherwise
(2.6)

The encroaching supplier’s direct sales is positive if the reseller’s order quan-

tities are sufficiently low. In anticipation of this response, the reseller’s profit

given in equation (2.3) can be expressed as the following piece-wise and jointly

concave function of his order quantities:

π (q1, q2) =


1
2 (q1 (1 + c− q1 − bq2 − 2w1)

+q2 (2 (1− q2 − w2)− b (1− c+ q1 − bq2))) for q1 + bq2 ≤ 1− c
q1 (1− q1 − bq2 − w1) + q2 (1− bq1 − q2 − w2) otherwise

(2.7)

The lower branch of the above profit function represents the case where

the reseller’s order quantities are large enough that supplier 1 would respond

by selling nothing through her direct channel. It can be confirmed that for

w1 ≥ w̄L(b, c, w2) := (1−b)(bc+c+1)+bw2

2−b2 , the reseller chooses q1 = 0, and supplier

1 is indifferent among all wholesale prices above this threshold. Moreover, as

long as w1 ≥ w̄L (b, c, w2) both supplier 2’s best wholesale pricing response

and supplier 1’s direct sales quantity are independent of w1. Consequently,

it is without loss of generality that we restrict attention to w1 ≤ w̄L(b, c, w2).

In the following Lemma, we characterize the solution to the quantity setting

sub-game for the case in which the supplier encroaches late. We denote this
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solution by qL1 (w1, w2), qL2 (w1, w2), and yL1 (w1, w2) to emphasize the functional

dependence of these quantities upon the wholesale prices.

Lemma 2.4.2. Conditional upon supplier 1 encroaching late, the solution to

the quantity setting sub-game between supplier 1 and the reseller depends on

the wholesale prices w1 and w2 as shown in Table 2.1:

Reseller Only

Reseller Only (RO) by Foreclosure (ROF) Reseller & Direct (R&D) Direct Only (DO)

0 ≤ w1 ≤ 2c− 1 2c− 1 ≤ w1 ≤ 1
2 (3c− 1) 1

2 (3c− 1) ≤ w1 ≤ w̄L(b, c, w2) w1 ≥ w̄L(b, c, w2)

qL1 (w1, w2) (1−w1)−b(1−w2)
2(1−b2) 1− c+ b(b−bw1+w2−1)

2(1−b2)
1−b2c+b2w1+bw2−b+c−2w1

2(1−b2) 0

qL2 (w1, w2) (1−w2)−b(1−w1)
2(1−b2)

(1−w2)−b(1−w1)
2(1−b2)

(1−w2)−b(1−w1)
2(1−b2)

2(1−w2)−b(1−c)
4−2b2

yL (w1, w2) 0 0 1
4 (1− 3c+ 2w1) 4(1−c)−b(b(−c)+b−2w2+2)

4(2−b2)

Table 2.1: Solution to Quantity Setting Subgame for Late Encroachment

For ease of reference, we refer to the values in the four columns of Table 2.1

as qL,i1 (w1, w2) , qL,i2 (w1, w2), and yL,i (w1, w2) respectively, where i ∈ {RO,

ROF,R&D,DO} references the appropriate column. By substituting these

quantities into the profit functions for the reseller and the two suppliers, as

defined in (2.3), (2.4), and (2.5), we can obtain the profits for all three parties

in the solution to the quantity setting sub-game for late encroachment for a

given pair of wholesale prices. Because we will need these later, we define:

πL,i (w1, w2) = π
(
qL,i1 (w1, w2) , qL,i2 (w1, w2) , w1, w2, y

L,i
1 (w1, w2)

)
(2.8)

ΠL,i
1 (w1, w2) = Π1

(
qL,i1 (w1, w2) , qL,i2 (w1, w2) , w1, y

L,i
1 (w1, w2)

)
(2.9)

ΠL,i
2 (w1, w2) = Π2

(
qL,i2 (w1, w2) , w2

)
(2.10)
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where i ∈ {RO,ROF,R&D,DO} references the appropriate column. As

shown in Lemma 2.4.2, there are four possible ways in which the solution to

the quantity setting subgame can be resolved under late encroachment. When

w1 is sufficiently high, the reseller does not sell any of product 1. We refer to

this as the Direct Only (DO) case. For w1 ∈
[

1
2
(3c− 1), wL (b, c, w2)

]
, product

1 is sold both through the reseller and through its supplier’s direct channel.

We refer to this as the Reseller & Direct (R&D) case. The reseller orders

in anticipation that supplier 1 will sell a positive quantity through her direct

channel. In this range, the reseller’s optimal order quantity, qL,R&D(w1, w2), is

decreasing in w1 and goes to zero for w1 ≥ w̄L(b, c, w2). For the extreme case

where w1 is sufficiently low (i.e. w1 ≤ 2c − 1), the supplier’s encroachment

capability plays no role, and the reseller’s ordering response to a given pair of

wholesale prices, qL,RO(w1, w2), is identical to what it would be in the absence

of encroachment capability. We refer to this as the Reseller Only (RO) case.

For intermediate values of w1 ∈
[
2c− 1, 3c−1

2

]
, the supplier’s encroachment

capability causes the reseller to order more than he would in the absence en-

croachment capability; the reseller orders just enough to foreclose the direct

channel by ensuring that supplier 1 has no incentive to sell through it. We re-

fer to this as the Reseller Only by Foreclosure (ROF) case. The reseller’s best

response order quantities and corresponding direct sales are plotted in Figure

2.4. The parameters are chosen such that all regions of qL1 (w1, w2) are realized

for a feasible range for the wholesale price of product 1, i.e. w1 ∈ [0, 1].
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Figure 2.4: Solution to the quantity setting sub-game under Late Encroach-
ment for b = 0.4, c = 0.6 and w2 = 0.4.

2.4.2 The Quantity Setting Subgame for Early Only Encroachment

We now consider the case in which supplier 1 encroaches early, i.e., we

impose the constraint y = yE. When the encroaching supplier chooses her

direct channel quantity early, i.e., at the same time that the reseller chooses

his order quantities, the sequence of actions is as shown in Figure 2.2, with

the constraint that y = yE. At stage 2, the wholesale prices have been speci-

fied, and supplier 1 chooses her direct sales quantity (y = yE) to maximize her

profit in (2.4) at the same time that the reseller chooses his order quantities (q1

and q2) to maximize his profit in (2.3). Supplier 1’s profit is concave in y and

the reseller’s profit is jointly concave in his order quantities. As was the case,

for late encroachment, there exists a threshold on supplier 1’s wholesale price,

w̄E(b, c, w2) := (1−b)(2(1+b)c−b+2)−3bw2

4−b2 , such that, for any w1 ≥ w̄E(b, c, w2), the

reseller chooses q1 = 0. Thus, it is without loss of generality that we restrict
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attention to w1 ≤ w̄E(b, c, w2). Similar to what we did previously, we denote

the solution to the quantity setting sub-game under early encroachment by

qE1 (w1, w2), qE2 (w1, w2), and yE1 (w1, w2) to emphasize the functional depen-

dence of these quantities upon the wholesale prices.

Figure 2.5: Solution to the quantity setting sub-game under Early Encroach-
ment for b = 0.4, c = 0.6 and w2 = 0.4.

Lemma 2.4.3. Conditional upon supplier 1 encroaching early, the solution to

the quantity setting sub-game between supplier 1 and the reseller depends on

the wholesale prices w1 and w2 as shown in Table 2.2:

For ease of reference, we refer to the values in the three columns of

Table 2.2 as qE,i1 (w1, w2) , qE,i2 (w1, w2), and yE,i (w1, w2) respectively, where

i ∈ {RO,R&D,DO} references the appropriate column. By substituting these

quantities into the profit functions for the reseller and the two suppliers, as

defined in (2.3), (2.4), and (2.5), we can obtain the profits for all three parties
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Reseller Only (RO) Reseller & Direct (R&D) Direct Only (DO)

0 ≤ w1 ≤ 2c− 1 2c− 1 ≤ w1 ≤ w̄E(b, c, w2) w1 ≥ w̄E(b, c, w2)

qE1 (w1, w2) (1−w1)−b(1−w2)
2(1−b2)

2(1+c−2w1)−b(3+2bc−bw1−b−3w2)
6(1−b2)

0

qE2 (w1, w2) (1−w2)−b(1−w1)
2(1−b2)

(1−w2)−b(1−w1)
2(1−b2)

2(1−w2)−b(1−c)
4−b2

yE (w1, w2) 0 1
3
(1− 2c+ w1) 2(1−c)−b(1−w2)

4−b2

Table 2.2: Solution to Quantity Setting Subgame for Early Encroachment

in the solution to the quantity setting sub-game for early encroachment for a

given pair of wholesale prices. Because we will need these later, we define:

πE,i (w1, w2) = π
(
qE,i1 (w1, w2) , qE,i2 (w1, w2) , w1, w2, y

E,i (w1, w2)
)
(2.11)

ΠE,i
1 (w1, w2) = Π1

(
qE,i1 (w1, w2) , qE,i2 (w1, w2) , w1, y

E,i (w1, w2)
)

(2.12)

ΠE,i
2 (w1, w2) = Π1

(
qE,i2 (w1, w2) , w2

)
(2.13)

where i ∈ {RO,R&D,DO} references the appropriate column in Table 2.2.

As was true for late encroachment, for w1 ≤ 2c − 1, we are in the RO case

and the direct channel of supplier 1 plays no role. Supplier 1 sells nothing

through her direct channel and the reseller orders exactly as he would if the

direct channel did not exist. However, under early encroachment, there is

no ROF case in which the reseller forecloses supplier 1’s direct sales channel

by ordering just enough to eliminate the incentive for the supplier to use it.

Instead, for all w1 > 2c − 1, supplier 1 sells a positive quantity through her

direct channel. This is a consequence of her choosing her direct sales quantity

at the same time that the reseller chooses his quantity instead of in response

to the reseller’s quantity. The reseller’s best response order quantities and

corresponding direct sales are plotted in Figure 2.5. Again, the parameters
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are chosen such that all regions of qE1 (w1, w2) are realized for a feasible range

for the wholesale price of product 1, i.e. w1 ∈ [0, 1].

2.4.3 Wholesale Pricing and Strategic Timing of Encroachment

To analyze the equilibrium wholesale prices and endogenous timing of

encroachment, we use the concept of rational expectations. That is, the whole-

sale prices chosen by the suppliers in stage 1, as well as the quantities ordered

by the reseller in stage 2, must be consistent with supplier 1’s subsequent

preference between early and late encroachment in stages 2 and 3 of the game.

Recall from Lemma 2.4.1 that, for any equilibrium to the quantity set-

ting subgame in which the encroaching supplier produces positive quantities at

both of her opportunities to do so, there exists another equilibrium with iden-

tical quantities and payoffs in which the encroaching supplier produces only

after receiving the reseller’s order. Thus, we impose no additional assumptions

by focusing our attention on supplier 1’s choice between early encroachment,

where y = yE, and late encroachment, where y ≥ yE = 0.

Note that, in stages 2 and 3 of the game, supplier 1 chooses whether to

encroach early or late (by choosing yE > 0 or yE = 0 respectively) at the same

time that the reseller chooses his order quantities. This is similar to the model

of endogenized timing between two firms in Hamilton and Slutsky (1990). In

their model, each firm can decide whether to produce early or late, and, so long

as neither firm has an incentive to deviate from a simultaneous move game by

moving after her rival, the equilibrium is a simultaneous move game. To have
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an equilibrium in which the moves are sequential, neither the leader nor the

follower can be better off under a simultaneous move game. In contrast, the

reseller in our model has no choice about the timing of his order. Only the

encroaching supplier can choose between early and late for her encroachment

quantity. Consequently, in our setting, for a given pair of wholesale prices,

the conditional equilibrium timing of encroachment (early vs. late) depends

entirely on the preferences of supplier 1.

As a first step to characterizing the equilibrium, we will characterize

how the wholesale prices would be set depending on whether it is anticipated

that supplier 1’s encroachment will be either late or early. After we do this,

we will still need to confirm whether these wholesale prices are consistent with

supplier 1’s preferences between early and late encroachment. For ease of

reference, we refer to the conditional late equilibrium outcomes in the three

columns of Table 2.3 as wCL,i1 ,wCL,i2 ,qCL,i1 ,qCL,i2 and yCL,i respectively, where

i ∈ {DO,DOB,R&D} references the appropriate column. It is important to

note that the expressions in Table 2.3 are parameterized on b & c rather than

on w1 and w2 , as are the expressions in Table 2.1.

Lemma 2.4.4. There exists thresholds cL1 (b) ≤ cL2 (b) ≤ cL3 (b) such that,

when the wholesale prices are set in anticipation that supplier 1 will encroach

late, the conditionally equilibrium wholesale prices and corresponding quanti-

ties under late encroachment will be as shown in Table 2.3 for c ≤ cL3 (b). For

c ≥ cL3 (b), supplier 1 will not sell anything through her direct channel.
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Direct Only (DO) Direct Only Boundary (DOB) Reseller & Direct (R&D)
c c ≤ cL1 (b) c ∈

[
cL1 (b) , cL2 (b)

]
c ∈

[
cL2 (b) , cL3 (b)

]
wCL1

4(1+c)−b(2+b+3bc)
4(2−b2)

(1−b2)(1−3c)

2
3−b−b2(2−c)−c

3(2−b2)

wCL2
2−b(1−c)

4
1
2

(
2− b (3− 11c) + b3 (1− 3c)− 8c

b

) (1−b)(6+b(3−b−c−bc))
6(2−b2)

qCL1 0 0 16c−b(2−16c+3b(1+b)(1−3c))
12(1+b)(2−b2)

qCL2
2−b(1−c)

8−4b2
1
2

(
b+ 4c

b
− 3bc

)
6+b(3−b−c−bc)
12(1+b)(2−b2)

yCL 8(1−c)−b(2+3b(1−c))
8(2−b2)

(2−b2)(1−3c)

4
4(3−5c)−b(2+b(7−11c))

12(2−b2)

Table 2.3: Conditional Equilibrium for Late Encroachment

Under late encroachment, when the direct selling cost is below cL2 (b),

supplier 1 sells only through her direct channel. However, supplier 1’s ability

to sell her product through the reseller plays a role in the equilibrium as long

as c ∈
(
cL1 (b) , cL2 (b)

)
. In the region where c ≤ cL1 (b), which we refer to as

the Direct Only (DO) region, supplier 2 sets her wholesale price as she would

if supplier 1 had no ability to sell through the reseller, and supplier 1’s best

response to this is to set her own wholesale price high enough that she will sell

exclusively through her direct channel. However, if supplier 2 were to continue

to price in this way for slightly higher selling costs, i.e., c ∈
(
cL1 (b) , cL2 (b)

)
,

then supplier 1’s best response would be to set a wholesale price that induces

the reseller to purchase q1 > 0. Instead, for c ∈
(
cL1 (b) , cL2 (b)

)
, to which

we refer to as the Direct Only Boundary (DOB) region, supplier 2 sets her

wholesale price just low enough to eliminate any incentive for supplier 1 to set

a wholesale price low enough to induce the reseller to purchase from her. As

a consequence, supplier 1 sells exclusively through her direct channel for this

range of c as well. Finally, for selling costs in the range c ∈
(
cL2 (b) , cL3 (b)

)
,

the wholesale prices that are set in anticipation of late encroachment would

29



Direct Only (DO) Direct Only Boundary (DOB) Reseller & Direct (R&D)
c c ≤ cE1 (b) c ∈

[
cE1 (b) , cE2 (b)

]
c ∈

[
cE2 (b) , cE3 (b)

]
wCE1

8(1+c)−b(6−b+5bc)
4(4−b2)

4(1−b2)(1−2c)

8+b2
(1−b)(20+11b−4c(1+b))

40−13b2

wCE2
2−b(1−c)

4

(2−b)(1−b)b(4+b)−2c(8−9b2+b4)
b(8+b2)

(1−b)(20+b(10−b−2c(1+b)))
40−13b2

qCE1 0 0
4c(1+b)(8−3b2)−b(8−b(8+7b))

2(1+b)(40−13b2)

qCE2
2−b(1−c)

8−2b2
b2(3−5c)+8c
b(8+b2)

20+b(10−b−2c(1+b))
2(1+b)(40−13b2)

yCE 8(1−c)−b(2+b−bc)
4(4−b2)

(4−b2)(1−2c)

8+b2
4(5−7c)−b(3+b(8−10c))

40−13b2

Table 2.4: Conditional Equilibrium for Early Encroachment

result in the reseller selling the products of both suppliers and supplier 1 also

selling through her direct channel. This is Reseller and Direct (R&D) region.

We can obtain a parallel result for the conditional equilibrium wholesale

prices that would be set in anticipation that supplier 1 will encroach early:

Lemma 2.4.5. There exists thresholds cE1 (b) ≤ cE2 (b) ≤ cE3 (b) such that,

when the supplier’s anticipate that supplier 1 will encroach early, the condi-

tionally equilibrium wholesale prices and corresponding quantities under early

encroachment will be as shown in Table 2.4 for c ≤ cE3 (b). For c ≥ cE3 (b),

supplier 1 will not sell anything through her direct channel.

For ease of reference, we refer to the conditional early equilibrium out-

comes in the three columns of Table 2.4 as wCE,i1 ,wCE,i2 ,qCE,i1 ,qCE,i2 and yCE,i

respectively, where i ∈ {DO,DOB,R&D} references the appropriate column.

Again, note that the expressions in Table 2.4 are parameterized on b and c

rather than on w1 and w2 , as are the expressions in Table 2.2. The character-
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ization of the conditional equilibrium for early encroachment closely parallels

that for late encroachment. Under early encroachment, when the direct selling

cost is below cE2 (b), supplier 1 sells only through her direct channel. In the

subset of this region where c ≤ cE1 (b), which we refer to as Direct Only (DO),

supplier 2 sets her wholesale price as she would if supplier 1 had no ability to

sell through the reseller, and supplier 1’s best response to this is to set her own

wholesale price high enough that she will sell exclusively through her direct

channel. If supplier 2 were to continue to price in this way for slightly higher

selling costs, i.e., c ∈
(
cE1 (b) , cE2 (b)

)
, then supplier 1’s best response would be

to set a wholesale price that induces the reseller to purchase q1 > 0. Instead,

for c ∈
(
cE1 (b) , cE2 (b)

)
, in the Direct Only Boundary (DOB) region, supplier 2

sets her wholesale price just low enough to eliminate any incentive for supplier

1 to set a wholesale price that would induce the reseller to purchase from her.

As a consequence, supplier 1 sells exclusively through her direct channel for

this range of c as well. Finally, for selling costs in the range c ∈
(
cE2 (b) , cE3 (b)

)
,

the wholesale prices that are set in anticipation of early encroachment would

result in the reseller selling both products and supplier 1 also selling through

her direct channel. This is Reseller and Direct (R&D) region.

2.4.4 The (unconditional) Equilibrium

The equilibria characterized in Lemmas 2.4.4 and 2.4.5 are conditional

in the sense that they would be the equilibrium wholesale prices and quanti-

ties if supplier 1 were somehow committed to encroaching either late or early
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respectively. However, it is only after the wholesale prices are announced that

supplier 1 decides whether to encroach early or late. Therefore, in order for

there to be an equilibrium to the game that we are studying in which the

supplier encroaches late (early), she must prefer to encroach late (early) at the

wholesale prices that are specified in Lemmas 2.4.4 and 2.4.5. In particular,

for there to exist an equilibrium with late encroachment for a given set of

parameters, we need the following to be true:

ΠL
1

(
wL1 , w

L
2

)
≥ ΠE

1

(
wL1 , w

L
2

)
Conversely, for there to exist an equilibrium with early encroachment for a

given set of parameters, we need the following:

ΠE
1

(
wE1 , w

E
2

)
≥ ΠL

1

(
wE1 , w

E
2

)
To focus on settings in which a supplier would actually operate a direct chan-

nel, we restrict attention to c ≤ cL3 (b).

Proposition 2.4.6. There exist thresholds, denoted cLmin(b) ≤ cEmax(b), such

that:

a) There exists an equilibrium in which supplier 1 encroaches late if and only if

c ≥ cLmin(b). When such an equilibrium exists, the prices and quantities follows

those defined in Lemmas 2.4.2 and 2.4.4.

b) There exists an equilibrium in which supplier 1 encroaches early if and only

if c ≤ cEmax(b). When such an equilibrium exists, the prices and quantities

follows those defined in Lemmas 2.4.3 and 2.4.5.

32



The equilibrium from Proposition 2.4.6 is shown in Figure 2.6. In gen-

eral, late encroachment is an equilibrium when substitutability is low and the

supplier’s direct selling cost is high, and early encroachment is an equilibrium

when substitutability is higher and the direct selling cost is low. There is a

narrow region, c ∈
(
cLmin(b), cEmax(b)

)
, both late only and early only equilibria

co-exist. Numerically, we can confirm that maxb
(
cEmax(b)− cLmin(b)

)
= 0.0299.

Because the region in which more than one equilibrium is possible is so small,

we do not dwell on this possibility. For the purpose of the illustration, and

in subsequent discussions, we assume that supplier 1 encroaches early when

the direct selling cost falls in the narrow region in which two equilibria are

possible.

Recall that, when b = 0, the two products are completely independent,

so that the interaction between the encroaching supplier and the reseller is

identical to the one analyzed by Arya et al. (2007). It can be confirmed from

Figure 2.6 that, for b = 0, the only equilibrium is where supplier 1 encroaches

late and sells through the reseller as well as through her direct channel for all

c > 0, which is consistent with the results of Arya et al. (2007).2

However, for b > 0 where the products are at least partially substi-

tutable, there are several significant departures from the results for encroach-

ment in a bilateral monopoly. The first of these is characterized in Proposition

2While Arya et al. (2007) do not endogenize the timing of the supplier’s encroachment
in their model, they do point out that both the supplier and the reseller benefit from the
supplier encroaching late.
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Figure 2.6: Equilibrium regions with positive encroachment on c vs. b Plot.

2.4.6 and shown in Figure 2.6 where we can see that, for b > 0 and sufficiently

small direct selling costs, the encroaching supplier encroaches early instead

of late in equilibrium. To understand why this is the case, recall that, in a

bilateral monopoly, the supplier uses her direct channel as a lever to encourage

the reseller to order a larger quantity in response to any given wholesale price.

By making her own quantity decision in response to that of the reseller, i.e.,

encroaching late, the supplier allows the reseller to play the role of a Stackel-

berg leader in the quantity setting sub-game which most effectively pushes a

larger volume of her product through the reseller at a given wholesale price.

However, when the reseller carries another partially substitutable prod-

uct, late encroachment means that supplier 1 plays the role of follower in the

quantity setting sub-game not only for her own product, but also with re-

spect to the product of the other supplier. As the products become more
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substitutable, it becomes more important for her to use her direct channel to

compete with the other product than to use it to push volume through the

reseller. Consequently, as substitutability increases, the encroaching supplier

eventually prefers to avoid playing the role of follower with respect to the other

product by encroaching early. Of course, the more efficient her own channel

is, the broader the range of substitutability parameters for which she chooses

early encroachment. This can be seen in Figure 2.6 where cEmax (b), the thresh-

old value of c below which there is an equilibrium with early encroachment, is

increasing in b.

A second major departure from the results for encroachment in bilateral

monopolies has to do with how a direct channel affects wholesale pricing.

Recall also that in a bilateral monopoly, as observed by Chiang et al. (2003),

Tsay and Agrawal (2004), and Arya et al. (2007) among others, the supplier’s

ability to encroach causes her to offer wholesale prices that are lower than wN ,

the equilibrium wholesale price without encroachment. Yet this is not always

the case when the reseller also sells another partially substitutable product.

Corollary 2.4.7. There exists a threshold, ĉ (b) = b
2−b ≥ cEmax (b), such that

for c ≤ ĉ (b), either the reseller sells both products in equilibrium and w∗1 ≥

w∗2 ≥ wN , or the reseller sells only product 2 and w∗2 ≥ wN . The inequalities

are strict if and only if c 6= ĉ (b). For c > ĉ (b), the reseller sells both products

and w∗1 < w∗2 < wN . The threshold, ĉ (b), is increasing in b.

The above Corollary follows from the Proposition 2.4.6 and appropri-

ate comparisons of Tables 2.3 and 2.4 with Proposition 2.3.1. These find-
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ings demonstrate how the introduction of vertical competition between the

encroaching supplier’s direct channel and the reseller provides a tool for mit-

igating the price competition between the two suppliers. This is related to

the fact that the wholesale prices of the two suppliers are strategic comple-

ments, i.e., the best response of supplier i is increasing in the wholesale price

offered by supplier j 6= i. As the encroaching supplier relies more on her di-

rect channel, she has less incentive to offer a low wholesale price, and this in

turn results in higher wholesale prices for both suppliers. When either the en-

croaching supplier’s direct selling cost is sufficiently small, or substitutability

is sufficiently large, the equilibrium wholesale prices are larger than what they

would be without encroachment. This can be seen in Figure 2.7 for c = 0.25.

Only for sufficiently large direct cost (low substitutability) does the encroach-

ing supplier offer a lower wholesale price than she would without encroachment

capability. But as substitutability becomes higher, the encroaching supplier

can use her direct channel as a means of mitigating the increasingly intense

wholesale price competition that would have ensued without it, particularly

when her own direct selling cost is low.

Of course the impact of encroachment upon price competition also helps

to explain the following two additional significant departures from the results

for encroachment in bilateral monopolies.

Corollary 2.4.8. There exists a thresholds, cDOE (b) = min
{
cE2 (b), cLmin(b)

}
and b̂ < 1 such that, for c < cDOE (b), there exists a unique equilibrium in
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Substitutability (b)

Late  <-- -->Early

w1

w2

wN

(a) Wholesale prices.

Substitutability(b)

w1

w2

wN

(b) Zoomed in plot of wholesale prices.

Figure 2.7: Equilibrium wholesale prices for c = 0.25. The dotted line shows
equilibrium wholesale price, wN in the absence of encroachment.
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which supplier 1 encroaches early and sells only through her direct channel.

a) For b ∈
(

0, b̂
)

, the threshold cDOE(b) > 0.

b) For b > b̂, the threshold, cDOE (b) = cE2 (b) < 0 so that the range of direct

selling costs for which there is a unique equilibrium for which supplier 1 en-

croaches early and sells positive quantities through both channels includes zero

as well as negative values.

Figure 2.8: Equilibrium regions when we consider an operational advantage
for supplier 1.

The above Corollary follows from the Proposition 2.4.6 and appropri-

ate comparisons between Tables 2.3 and 2.4. The first part of the Corollary

highlights the fact that, for moderate levels of substitutability and sufficiently

low direct selling cost, the encroaching supplier sells only through her direct

channel. The trade-off between relying exclusively upon her own (slightly in-

efficient) direct channel and aggravating the wholesale price competition with
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the other supplier causes this to be an equilibrium for moderate levels of sub-

stitutability and low direct selling costs. The second part of the corollary

highlights the fact that, for sufficiently large levels of substitutability, the en-

croaching supplier sells a positive quantity through the reseller even when

c ≤ 0 so that she is at least as efficient as the reseller. (We interpret c < 0 as

the encroaching supplier having lower selling cost than that of the reseller.)

Recall that without another product, or equivalently when b = 0, this would

not occur; there would be no reason to sell anything through the reseller when

c ≤ 0. However, when substitutability is sufficiently large, the encroaching

supplier uses the combination of early encroachment and a wholesale price

that is low enough to encourage the reseller to sell a positive quantity as a

mechanism for discouraging the reseller from ordering as much of the other

supplier’s product as she would if the encroaching supplier sold only through

her direct channel. As shown in Figure 2.8, the encroaching supplier will sell

only through her direct channel for c < cDOE (b), and sells positive quanti-

ties through both channels in the region between cDOE (b) and cL3 (b), where

cDOE (b) = cE2 (b) < 0 for b > b̂ ≈ 0.641.

It is of interest to relate this finding to Amazon’s use of both its own

direct channel as well as other resellers for its own branded products, e.g.

Kindle. Amazon is notorious for its logistical economies of scale and opera-

tional efficiency. Therefore its use of the reselling channels seems inconsistent

with models that relay on the assumption that an encroaching supplier would

sell through resellers only when c > 0. Although there are many reasons
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why it might choose to sell through resellers in spite of their lower efficiency,

our model provides at least one plausible explanation for why Amazon would

choose to do this.

Finally, although it is obvious that the encroaching supplier benefits

from having her own direct channel, it is of interest to explore how the re-

seller and the non-encroaching supplier are affected. Recall that in a bilateral

monopoly, Arya et al. (2007) show that the reseller can benefit from the sup-

plier’s encroachment in a bilateral monopoly for c ∈
[

3
4
√

2
, 3

5

]
. However, as

can be seen in Figure 2.9, this benefit vanishes as substitutability increases.

Because of how the encroaching supplier’s direct channel mitigates wholesale

price competition, the reseller benefits from encroachment over a smaller range

of direct selling cost (c) as substitutability increases. As characterized in Corol-

lary 2.4.8, when substitutability is high and the cost of the direct channel is

low, the direct channel can even lead to increases in the wholesale prices. Con-

sequently, as shown in Figure 2.9, the non-encroaching supplier benefits from

her rival’s direct channel when direct selling costs are low or substitutability

is high. Recall from Proposition 2.3.1 and Figure 2.3 that, in the absence

of encroachment capability, as substitutability approaches b = 1, the reseller

squeezes all of the profit from the two suppliers. This is no longer possible

when one of the suppliers has a direct channel.
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Figure 2.9: Impact of encroachment on the reseller and the non-encroaching
supplier.

2.5 Conclusions

Although there has been extensive study of supplier encroachment in

the context of a bilateral monopoly, we are the first to explicitly consider the

possibility that a reseller sells more than one partially substitutable product,

which occurs often in practice. We model a setting in which two suppliers sell

partially substitutable products through a non-exclusive reseller, and allow for

one of them to operate a direct channel. With this model we highlight the

dual role played by a supplier’s direct channel when selling through a non-

exclusive reseller. When substitutability is low or selling costs are high, the

direct channel’s main role is to push more volume through the reseller at a

given wholesale price. However, the direct channel also allows the supplier

to compete more effectively with other partially substitutable products that
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the reseller carries. As the supplier’s direct cost decreases or substitutability

increases, this latter role becomes more important.

This dual role of the direct channel leads to several findings that are

are quite different from what we expect in a bilateral monopoly. First, we

show that, in the presence of partially substitutable products, the encroaching

supplier may no longer prefer to play the role of a follower in the quantity

setting subgame by choosing her direct channel sales volume in response to

the reseller. Instead, when either her direct costs are low or substitutability

is high, she may prefer to choose a large enough direct sales volume before re-

ceiving the reseller’s order that she has no incentive to respond to the order by

producing more. Second, we find that, as substitutability increases or direct

cost decreases, the equilibrium wholesale prices increase relative to the equi-

librium wholesale prices that would arise without encroachment, eventually

exceeding them. Thus, the direct channel can serve as a means to mitigate

the wholesale price competition with rival suppliers who sell through the same

reselling channels.

In addition, we find that, for moderate levels of substitutability and

sufficiently small selling cost, an encroaching supplier may forego the reselling

channel altogether, and sell only through her direct channel. However, and

most intriguing, for high levels of substitutability, the encroaching supplier

will sell positive quantity through the reselling channel even when it is less

efficient than her own direct channel. By setting a low enough wholesale price

to induce the reseller to order her product in anticipation of her encroachment,
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she can discourage him from ordering as much of the other product. This

finding is consistent with observations of several well known suppliers that

have extremely efficient logistical operations but nevertheless sell through non-

exclusive resellers in addition to their own direct channels.

Finally, we find that, as a consequence of how the direct channel can

mitigate wholesale price competition, particularly when substitutability is high

or direct selling cost is low, the reseller’s ability to benefit from a direct channel

vanishes beyond moderate levels of substitutability. However, this moderation

of wholesale price competition also results in a large range of parameters for

which the non-encroaching supplier benefits from her rival’s direct channel.

To simplify the exposition, we have assumed that, under late encroach-

ment, the encroaching supplier can observe the amount that the reseller orders

from both suppliers before choosing her own direct channel quantity. Because

the reseller order more from the non-encroaching supplier when this quantity

is observed, the non-encroaching supplier always benefits from the observabil-

ity of her order. In addition, the reseller benefits from this under a wide range

of parameters,. Consequently, they both have strong incentives to find a way

to credibly share this information with the encroaching supplier. However,

we also recognize that the encroaching supplier may not always be able to

observe the quantity that the reseller orders from the other supplier, and it is

possible to extend our analysis to this case by allowing for the decisions for

q2 and y to be made simultaneously instead of sequentially. This alternative

approach to the analysis has very little impact on our qualitative conclusions.
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The primary change is that the region in which the non-encroaching supplier

benefits from her rival’s channel, as shown in Figure 2.4.8, shrinks somewhat

so that it occurs only when the encroaching supplier encroaches early.

The main reason that we have focused our analysis on a setting in which

only one of the suppliers that sell through a non-exclusive reseller operates a

direct channel is that there are many situations in practice in which only

a subset of suppliers operate direct channels, and the dynamics among the

three firms are most interesting when only one supplier has a direct channel.

However, it may also be of interest to explore the dynamics of the situation

in which both suppliers can operate direct channels. The primary analytical

challenge in analyzing this case is the endogenized timing of each supplier’s

direct sales quantity and how this impacts the wholesale pricing equilibrium.

Because it is necessary to consider all combinations of possible timing decisions

for the two suppliers, the wholesale pricing game becomes quite complex. We

therefore leave this for future research.

In this chapter, we assume that the encroaching supplier observes the

reseller’s order from the rival supplier before choosing her late encroachment

quantity. In the next chapter, we relax this assumption and assume that the

encroaching supplier knows only her own wholesale price and the amount that

the reseller orders of her own product, not that of her rival’s product.
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Chapter 3

Supplier Encroachment in a Non-Exclusive

Reselling Channel

3.1 Introduction

The practice of supplier encroachment, where a supplier sells directly

into a market as well as through a reseller, has become widespread. Apple

sells its products through its own on-line and in-store channels but also acts

as a supplier to third-party resellers. For its Kindle product, Amazon acts as

a supplier to resellers like Best Buy, but also sells it through its own direct

channel; Fashion apparel firms, such as Calvin Klein, Tommy Hilfiger, and

Nike, sell through both traditional resellers as well as through their own factory

outlets. In most examples of encroachment, the resellers are non-exclusive, i.e.,

they include the products of more than one supplier in their assortments. In

spite of this, nearly all of the literature on supplier encroachment is focused

on exclusive reselling environments in which the reseller’s assortment includes

only the product of the encroaching supplier.

In the context of exclusive reselling environments, it is by now relatively

well understood that, by selling directly into a reseller’s market, a supplier

can exert downward pressure upon the retail prices. In addition, because this
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can incentivize the supplier to reduce her wholesale prices, the practice of

encroachment can benefit both the reseller and the supplier.

Yet in practice, resellers are rarely exclusive, and typically sell the prod-

ucts of multiple suppliers, a subset of whom may operate direct channels.

For example, although BestBuy carries both LG tablets and Samsung Galaxy

tablets, only Samsung operates its own direct channel. Such competition can

have a dramatic impact on the interactions between an encroaching supplier

and a reseller, and can in turn affect the benefits associated with encroach-

ment. Moreover, the existing studies of exclusive reselling environments do

not account for why a notoriously efficient supplier with a direct channel, e.g.

Amazon, would sell its products through resellers as well as through its own

direct channel. To explore the implications of encroachment when more than

one supplier sells through a common reseller, we develop a model of two sup-

pliers who sell partially substitutable products through a single reseller, and

allow for one of them to introduce its own direct channel.

Incorporating another supplier who sells through the reseller requires a

couple of important modeling choices. The first has to do with what the en-

croaching supplier observes before choosing her encroachment quantity. Con-

sistent with much of the encroachment literature, e.g., Arya et al. (2007), Li

et al. (2014), Li et al. (2015), and Ha et al. (2015), among others, we assume

that the supplier with a direct channel observes the quantity of her own prod-

uct that the reseller orders before choosing her encroachment quantity. In the

context of an exclusive reseller, Arya et al. (2007) confirms that this sequence

46



is preferred by both the reseller and the encroaching supplier. Moreover it

reflects the fact that the supplier typically has no way to commit that she will

not respond optimally to the reseller’s order quantity. However, when there

are two suppliers, each one of them typically knows only her own wholesale

price and observes only the quantity of her own product that is ordered by the

reseller. She does not know the wholesale prices offered by other suppliers nor

the quantities that the reseller orders from them. Therefore, throughout our

analysis, we assume that each supplier knows only her own wholesale price,

and the encroaching supplier observes only the amount that the reseller orders

of her own product, not that of her rival’s product.

A second modeling issue has to do with the substitutability between the

product that the encroaching supplier sells through reseller’s channel and the

one that she sells in her direct channel, as well as the substitutability between

the encroaching supplier’s product in her own direct channel and the other

supplier’s product in the reselling channel. An important special case is the

one where the product that the encroaching supplier sells in her direct channel

is a perfect substitute for the one sold through the reseller. This is the case

most commonly addressed in the literature, and it arises in practice when the

delivery process is indistinguishable between the two channels. Because this

case it is easier to analyze, and offers most of the insight of a more general

version of the model, we focus most of our attention on it. However, because

there are situations in practice where the direct and reselling channels provide

different consumer experiences, our model allows for this possibility, and we
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provide numerical analysis of how our main conclusions are affected when the

direct and reselling channels are differentiated.

We find several important ways in which the implications of encroach-

ment are altered when the reseller is non-exclusive and sells the products of

more than one supplier. First, as the substitutability between the two suppli-

ers’ products increases, the range of parameters for which the reseller benefits

from encroachment becomes smaller, and vanishes altogether when this sub-

stitutability is sufficiently high. Second, we find that the presence of another

partially substitutable product can significantly alter the way a supplier uses

a direct channel. For moderate values of substitutability, the encroaching sup-

plier may bypass the reseller and sell only through her direct channel, even

when it is strictly less efficient than that of the reseller. Yet for high values

of substitutability, the supplier may sell through both channels even when

her own direct channel is more efficient than that of the reseller. Neither of

these occur in an exclusive reselling environment. Finally, we show that when

there is a rival supplier, the development of encroachment capability does not

necessarily reduce the wholesale prices.

As the relevant literature is the same as that of the first essay, we refer

to section 2.2 for the literature. In section 3.2, we define the model, and in

section 3.3 we characterize the equilibrium and discuss implications for the

case where the direct channel is a perfect substitute for the reselling channel.

Then in Section 3.4, we explore the implications of a direct channel that is an

imperfect substitute for the reselling channel. Finally, we provide conclusions
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and managerial insights in section 3.5.

3.2 The Model

We consider a setting with two suppliers (i ∈ 1, 2), each selling a single

product through a single non-exclusive reseller and one of the suppliers may

have the ability to also sell through her own direct channel. This is depicted in

Figure 3.1. Throughout the chapter, we adopt the convention of referring to

the supplier(s) with female pronouns and to the reseller with male pronouns.

Supplier 1 Supplier 2

Reseller

Consumers

w2, q2w1, q1

Supplier 1 Supplier 2

Reseller

Consumers

w2, q2w1, q1

No Encroachment Supplier 1 Encroaches

y

Figure 3.1: Supplier competition in a non-exclusive reselling channel.

We normalize the production cost of the suppliers and the selling cost

of the reseller to zero, and assume that any sales through a supplier’s direct

channel incur a per-unit selling cost premium of c. Throughout the litera-

ture, the supplier is nearly always assumed to be at some sort of operational

disadvantage vis-a-vis the reseller(s). For example, Chiang et al. (2003) al-

low for the customer acceptance of products sold directly by the supplier to
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be lower than that obtained from the reseller. Similarly, Hendershott and

Zhang (2006), Cattani et al. (2006) and Dumrongsiri et al. (2008) consider

heterogeneity among the amount of inconvenience that consumers incur from

accessing a direct channel. However, a number of other studies, including Arya

et al. (2007), Li et al. (2014), Li et al. (2015), and Ha et al. (2015) assume

instead that the cost of selling through the direct channel is different than

that for the reseller, which is consistent with our approach. In these models

of exclusive reselling environments where the direct and reselling channels are

perfect substitutes, an encroaching supplier would have no reason to sell her

product through the reseller if her own direct channel were at least as efficient

as the reselling channel. Consequently, all of the existing models assume that

c > 0. However, by allowing for the possibility that c ≤ 0, we show that when

the reselling channel is non-exclusive, the encroaching supplier may benefit

from selling through the reseller, even when her own direct channel is more

efficient than that of the reseller.

We model the interactions among the products and channels as a quan-

tity (Cournot) competition to capture the fact that firms have less flexibility

in choosing quantities and allocating them to specific channels than they do

in setting prices. This is consistent with the approach taken by Arya et al.

(2007), Li et al. (2014), Li et al. (2015), and Ha et al. (2015), among others.

Let q1 and q2 be the reseller order quantities and let y be the total direct

channel quantity of supplier 1. The market clearing prices for the two supplier’s

products in the reselling channel and the product (i = 1) sold through supplier
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1’s direct (d) channel are respectively given by:

p1 :=1− q1 − θ12q2 − θ1dy (3.1)

p2 :=1− q2 − θ12q1 − θ2dy (3.2)

pd :=1− y − θ1dq1 − θ2dq2 (3.3)

where, as illustrated in Figure 3.2, θ12, θ1d, and θ2d are substitutability pa-

rameters among products 1 and 2 in the reselling channel and product 1 in

the direct (d) channel. Note that θij ∈ [0, 1] for i, j ∈ {1, 2, d}. If θij = 1 for

product offerings i, j ∈ {1, 2, d} then i is a perfect substitute for j, whereas if

θij = 0 then product offering i is independent of j1. This is an extension of the

approach that is described in the Appendix to Chapter 1 of Ingene and Parry

(2004). Linear inverse demand models like this one have been widely used in

the encroachment literature, including Arya et al. (2007), Li et al. (2014), Li

et al. (2015), and Ha et al. (2015), among others.

We impose no restrictions on the relative magnitudes of θ12 or θ1d.

However, for θ2d, which measures the degree to which consumers would sub-

stitute product 2 in the reselling channel for product 1 in the direct channel,

it is reasonable to expect that its relationship to the other parameters has the

following properties:

P1: θ2d ≤ θ12

1In the model presented in chapter 2, we had θ12 = b, θ1d = θ2d = 1.
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θ1d

Product 1 Product 2

Reselling Channel

Direct Channel

θ2d

q
1
, p

1
q

2
, p

2

y, p
d

θ12

Figure 3.2: Substitutabilities among products / channels.

P2: θ2d ≤ θ1d

P3: θ2d is increasing in both θ12 and in θ1d.

P1 implies that product 2 is a weaker substitute for product 1 when they are

sold in different channels than when they are sold in the same channel. P2

implies that the direct channel version of product 1 is a closer substitute for its

own version in the reselling channel than it is for product 2. P3 implies that

the substitutability between product 2 in the reselling channel and product

1 in the direct channel increases as either the two products become closer

substitutes to one another or the two channels become closer substitutes.

To capture these three properties as simply as possible, we assume that

θ2d = θ12 × θ1d. Not only does this simplify the exposition, it guarantees the

concavity of the profit functions of all three firms. Without the assumption

that θ2d = θ12 × θ1d we would need to impose additional constraints on θ12 to

ensure concavity as in Huang and Swaminathan (2009).

Let wi be the wholesale price offered by supplier i ∈ {1, 2} to the
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reseller, and denote by (lower-case) π the reseller’s profit and (upper-case) Πi

the profit of supplier i ∈ {1, 2}. The profits for the reseller and each supplier

are given as:

π(q1, q2, w1, w2, y) := q1(p1 − w1) + q2(p2 − w2) (3.4)

Π1(q1, q2, w1, y) := y(pd − c) + q1w1 (3.5)

Π2(q2, w2) := q2w2 (3.6)

To capture the fact that suppliers are often unable to observe the in-

teractions that the reseller has with rival suppliers, we assume that neither

supplier can observe its rival’s price and that neither one can observe the

quantity that the reseller orders from her rival.

The sequence of events is shown in Figure 3.3. Prior to the start of the

game, both suppliers and the reseller know that only supplier 1 has the ability

to encroach. In stage I, each supplier simultaneously chooses a wholesale price,

which we denote by w1 and w2, and communicates this price to the reseller.

Although they cannot observe one another’s wholesale prices, each one has

a rational belief about the price her rival will set. Denote by w′2 and w′1

the belief that supplier 1 (supplier 2) holds about supplier 2’s (1’s) wholesale

price. In equilibrium, the beliefs must be consistent with the actual wholesale

prices, but we need to allow for the possibility that w1 6= w′1 or w2 6= w′2 in

off-equilibrium paths.

In stage II of the game, the reseller responds to the actual wholesale

prices, w1 and w2, by ordering q1 and q2 from the two suppliers. Finally,
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timeSuppliers hold rationalizable beliefs 

about  one another’s wholesale 

prices, w
2

’ and w
1

’, and choose 

their own prices, w
1
 and w

2
.

Reseller chooses 

quantities, q
1
 and q

2
.

Supplier 1 observes only q
1
, 

and responds by choosing y.

The market clears.

Figure 3.3: Sequence of Events

supplier 1 receives the reseller’s order for q1 units and responds by choosing

the quantity, y, to sell in her direct channel.

As previously discussed, our assumption that the encroaching supplier

chooses her direct sales quantity after observing the reseller’s order quantity

for her product is consistent with much of the literature and reflects the fact

that the encroaching supplier has no way to commit that she will not react to

the reseller’s order, q1, when choosing her own direct channel quantity.

Figure 3.4: The profits as fractions of the first best profit when neither supplier
can encroach.

Throughout our analysis, we assume that the direct channel cost is low
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enough that a positive quantity will be sold through it in equilibrium. For

the case in which the supplier’s direct channel is a perfect substitute for the

reselling channel, i.e., θ1d = 1, this means that we restrict attention to c < c3,

where c3 :=
384−64θ12+8θ212−24θ312−60θ412+6θ512−9θ612+θ712+θ812

2(320−36θ212−42θ412+θ612)
. It is easy to confirm that

c3 is decreasing in θ12 and that c3 = 3
5

for θ12 =0, while c3 = 1
2

for θ12 = 1. We

also assume that c > c0 := − (2−θ12)(8−θ212−θ312)
2(8−5θ212)

, which ensures that supplier 2 is

not pushed out of the market. Both of these restrictions are intended to focus

on situations in which the direct channel complements, rather than replaces,

the reselling channel.

To assess the impact of supplier 1’s direct channel, it is useful to es-

tablish two benchmarks: 1) the first-best profit that could be earned by a

centralized 2-product supply chain in the absence of encroachment, and 2)

the equilibrium profit that is earned in a decentralized supply chain that sells

the two partially substitutable products in the absence of encroachment. It

is easy to confirm that, in a centralized 2-product supply chain, the optimal

(first-best) profit is 1
2(1+θ12)

. For the decentralized no-encroachment supply

chain, the sequence of actions is a subset of what has previously been de-

scribed: the suppliers choose their wholesale prices simultaneously, based on

beliefs about the prices that one another will set; and this is followed by the

reseller responding by choosing his order quantities in anticipation that there

will be no sales through the direct channel(s). In equilibrium, the supplier’s

initial beliefs about one another’s prices must be consistent with what each one

chooses in her own best interest. Because the demand and the magnitude of
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profits depend on product substitutability, it is helpful to express each player’s

profit as a fraction of the first best profit.

Proposition 3.2.1. When no encroachment is possible, there exists unique

Subgame Perfect Nash Equilibrium (SPNE) with the following equilibrium out-

come: both suppliers set a wholesale price of wN = 1−θ12
2−θ12 and the reseller or-

ders qN = 1
2θ12(1−θ12)+4

from each supplier. In this equilibrium, each supplier

earns fraction (1−θ12)
(2−θ12)2

of the first best profit while the reseller earns fraction

2(1+θ12)

8−2θ212(3−θ12)
of the first best profit.

The above result, which is illustrated in Figure 3.4, demonstrates the

impact of substitutability on the competing supplier’s profits. As the two

products become increasingly substitutable, the suppliers bid their wholesale

prices down toward marginal cost. Each supplier’s profit decreases as a fraction

of the first-best profit, while the reseller claims a larger and larger share for

himself. Note that, as substitutability increases, the reseller’s profit fraction

increases faster than the supplier’s fractions decrease, so that total supply

chain earns a higher fraction of the first-best profit. As θ12 → 1, the reseller’s

profit converges to the first-best profit, while the supplier’s profits converge

to zero. This is a consequence of how the intensified competition between

the suppliers mitigates double-marginalization, and eventually eliminates it

altogether.

For purposes of comparison, we now summarize the main results of Arya

et al. (2007), whose model of encroachment between a single supplier and an
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exclusive reseller is a special case of our model in which θ12 =0, θ1d = 1, and

c > 0.

Proposition 3.2.2. For the special case of θ12 =0, θ1d = 1, and c > 0:

i) The supplier sells a positive quantity through her direct channel if c < 3
5
.

ii) The reseller benefits from the supplier’s ability to encroach if c ∈
(

3
4
√

2
, 3

5

)
.

iii) The total supply chain benefits from the supplier’s ability to encroach if

either c ∈
(

0, 3

2(6+
√

7)

)
or c ∈

(
3

2(6−
√

7)
, 3

5

)
.

Parts i), ii), and iii) of the above proposition correspond to Propo-

sitions 1, 2, and 3 in Arya et al. (2007). As previously mentioned, for this

special case, the supplier would have no reason to sell through the reseller for

any c ≤ 0. We will see that, these results, and the insights that they illumi-

nate, change in significant ways in a non-exclusive reselling environment, i.e.,

θ12 >0.

3.3 Perfect substitutability between direct and reselling
channels

For our main analysis, we focus on the case in which the product sold

by supplier 1 in her direct channel is a perfect substitute for the one sold by

the reseller, i.e. θ1d =1. We do this for several reasons. First, there are many

situations in practice in which the direct and indirect channels offer an iden-

tical consumer experience, e.g., both channels deliver to the consumer within

the same time-window, and the only difference between the two channels is
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the cost of delivering the product to consumers. Second, θ1d = 1 implies

that the total demand does not expand with the introduction of the direct

channel.2Consequently, this case is particularly useful for highlighting how the

direct channel affects the strategic interactions between the supplier(s) and a

reseller. Third, because much of the encroachment literature, e.g., Arya et al.

(2007), Li et al. (2014), Li et al. (2015), and Li et al. (2015), assumes perfect

sustainability between the direct and reselling channels, this case facilitates

comparison to existing results. Finally, this simpler special case delivers most

of the intuition with much less expositional and notational baggage than the

more general model. However, to demonstrate the robustness of our results,

in Section 3.4 we provide numerical analysis to illustrate how our results are

affected when the product sold through the direct channel is an imperfect

substitute for the one sold through the reseller.

The analysis of this game is challenging for two reasons. First, in the

sub-game that arises in stages II and III, although the reseller chooses both q1

and q2 before supplier 1 chooses y, supplier 1 observes only q1. This is a special

case of the class of imperfect information games that In and Wright (2017)

characterize as Signaling Private Choices. Because supplier 1’s the information

set in our setting is identical to what it would be in an alternative version of the

game in which q2 and y are chosen simultaneously, In and Wright’s concept

2To see that this is the case, note that, if we hold the total volumes of products 1 and
2 constant, and allow some portion of the product 1 volume to be redirected to the direct
channel when it is introduced, the total revenue collected across the supply chain increases
only when θ1d < 1.
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of reordering invariance implies that the equilibria for these two games are

identical, and we use this in our analysis.

The second challenge arises because of supplier 1’s lack of observability

of her rival’s wholesale price. When supplier 1 observes q1, she must choose her

direct channel quantity (y) based on her observation and a conjecture about

the value of q2 that was chosen. Naturally, this conjecture depends upon both

the observed value of q1 as well as her belief (w′2) about the wholesale price

that her rival offered to the reseller. In addition, when the reseller chooses q1

and q2, he must anticipate how supplier 1 will respond to any observed value

of q1. If supplier 1 could observe her rival’s actual wholesale price, then for

any chosen value of q1 by the reseller, we would have a subgame in which, in

equilibrium, the reseller’s choice of q2 would be a best response to supplier 1’s

choice of y and vice-versa, and both values would depend upon the wholesale

price, w2. However, when supplier 1 cannot observe the value of w2, her choice

of y depends upon her belief, w′2, which is not necessarily equal to w2 in off-

equilibrium paths. Moreover, the reseller’s choice of q2 depends not only upon

the actual value of w2, but also upon his belief about what supplier 1 believes

that wholesale price to be. Because of this lack of observability, we are unable

to use a Sub-game Perfect Nash Equilibrium to identify an equilibrium.

To overcome this latter challenge, we draw upon the solution concept of

rationalizability that was introduced by Bernheim (1984) and Pearce (1984).

This concept is based on the following three assumptions, which we summa-

rize from Pearce (1984). A1) When a player does not observe another player’s
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choice of strategy, he forms a (belief) that does not contradict any of the infor-

mation at his disposal; A2) Each player maximizes his expected utility relative

to his (belief) regarding the strategic choices of others; A3) The structure of

the game (including all players possible strategies and payoffs, and the fact

that each player satisfies A1 and A2) is common knowledge.

As discussed in Bernheim (1984), rationalizable beliefs are comparable

to what would happen if the players (suppliers 1 and 2) could informally agree

upon their actions (wholesale prices) prior to the game, so long as neither

one of them would have any incentive to deviate later on.3 We draw upon

this notion in our analysis of stages II and III where, following A3) of Pearce

(1984), we assume that the beliefs of the suppliers are common knowledge, so

that the reseller (and supplier 2) can anticipate how supplier 1 will react to the

quantity that he orders from her. Of course, in equilibrium, neither supplier’s

belief about her rival’s wholesale price can contradict any other information,

and neither supplier can have an incentive to set a wholesale price other than

the one believed by her rival.

To operationalize this, let us define a bit of notation. Let yIII (w′2, q1)

be supplier 1’s best (optimal) direct channel quantity in response to observing

q1 given her belief (w′2) about her rival’s wholesale price. Let qIII2 (w2, w
′
2, q1)

be the reseller’s optimal value of q2, conditional upon her own choice of q1 given

that she anticipates that supplier 1’s direct sales quantity will be yIII (w′2, q1).

3Note that this rules out the possibility of collusion between the two players.
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Using these definitions, for any pair of wholesale prices (w1 and w2) and sup-

plier 1’s belief (w′2), the reseller’s optimal choice of her order quantities is

defined as follows:

qII1

(
w1, w2, w

′
2

)
=
argmax

q1
π
(
q1, q

III
2

(
w2, w

′
2, q1

)
, w1, w2, y

III
(
w′2, q1

))
(3.7)

qII2

(
w1, w2, w

′
2

)
= qIII2

(
w2, w

′
2, q

II
1

(
w1, w2, w

′
2

))
(3.8)

Let wI1 (w′1, w
′
2) and wI2 (w′1, w

′
2) be the optimal wholesale prices for the sup-

pliers to choose in stage I, given one another’s beliefs, i.e.:

wI1
(
w′2
)

=
argmax
w1

Π1

(
qII1

(
w1, w

′
2, w

′
2

)
, qII2

(
w1, w

′
2, w

′
2

)
, w1, y

III
(
w′2, q1

))
(3.9)

wI2
(
w′1, w

′
2

)
=
argmax
w2

Π2

(
qII2

(
w1, w2, w

′
2

)
, w2

)
=

argmax
w2

w2q
II
2

(
w1, w2, w

′
2

)
(3.10)

Note that supplier 2’s profit maximizing wholesale price depends upon both

her own belief (w′1) and supplier 1’s belief (w′2) about her own price. This is

because supplier 1’s belief affects her direct channel quantity response in stage

III and the reseller’s quantity decisions in stage II. For supplier 1, her profit

maximizing wholesale price depends only upon her own belief (w′2) because

supplier 2’s belief does not affect anything beyond her initial wholesale pricing

decision. For a pair of wholesale prices to be an equilibrium, denoted (w∗1, w
∗
2),

we require:

w∗1 = wI1 (w′2) = w′1 and w∗2 = wI2 (w′1, w
′
2) = w′2 (3.11)
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and the equilibrium quantities satisfy: q∗1 = qII1 (w∗1, w
∗
2, w

∗
2), q∗2 = qII1 (w∗1, w

∗
2, w

∗
2),

and y∗ = yIII (w∗2, q
∗
1).

With this as our equilibrium concept, let us consider how supplier 1

chooses her direct channel quantity. Upon observing q1, supplier 1 must make

a conjecture about the quantity the reseller ordered from supplier 2. Let q′2

be this conjectured quantity. Using the first-order-condition for (3.5) we have

that supplier 1’s best response to the observation of q1 satisfies:

yBR (q1, q
′
2) =

[
1− c− q1 − θ12q

′
2

2

]+

(3.12)

where [x]+ denotes Max {x, 0}. Of course, the conjectured quantity depends

upon supplier 1’s belief (w′2) about her rival’s wholesale price. In stage II of

the game, the reseller chooses q1 and q2 to maximize his profits in anticipation

of supplier 1’s response to the observation of q1 only. Recall from our earlier

discussion that, because supplier 1 does not observe q2, her information set is

identical to what it would be in an alternative version of the game in which

q2 and y were both chosen simultaneously in stage III. Using the concept of

reordering invariance from In and Wright (2017), we analyze this equivalent

version of the game in which only q1 is chosen in stage II and both q2 and y

are chosen in stage III. This means that, conditional upon q1, if supplier 1’s

belief w′2 were correct, then the reseller’s choice of q2 and supplier 1’s choice of

y should be best responses to one another. However, this will not necessarily

be the case when w′2 6= w2.

When the reseller chooses his order quantities, he must make a conjec-
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ture about how supplier 1 will respond to q1. Let y′ be the reseller’s conjecture

of how supplier 1 will respond to a given value of q1. Let qCO2 (w2, q1, y
′) be

the reseller’s optimal choice of q2 conditional upon both his choice of q1 and

his conjecture about supplier 1’s response. Using the first-order-condition of

(3.4), we have that his conditionally optimal choice for q2 is:

qCO2 (w2, q1, y
′) =

[
1− 2θ12q1 − w2 − θ12y

′

2

]+

(3.13)

In equilibrium, both the reseller’s and supplier 1’s conjectures of how one

another will behave for a given q1 must be correct, i.e., q′2 = qCO2 (w2, q1, y
′)

and y′ = yBR (q1, q
′
2). However, in off-equilibrium paths for which w′2 6= w2,

supplier 1 will incorrectly anticipate the reseller’s conditionally optimal choice

qCO2 (w′2, q1, y
′), based on her belief (w′2) rather than on the actual wholesale

price (w2), and her direct channel quantity may not be a best response to the

quantity that the reseller actually orders from supplier 2. Thus, given her belief

(w′2) and the observed value of q1, supplier 1’s optimal direct channel quantity

and rational conjecture about the reseller’s order from the rival supplier will

be the values of y and q′2 that solve the following:

q2 =qCO2 (w′2, q1, y
′) (3.14)

y =yBR (q1, q
′
2) (3.15)

y = y′ and q2 = q′2 (3.16)

We denote the solution to this set of simultaneous equations by yIII (w′2, q1)

and q′2 (w′2, q1). These would be the quantities that supplier 1 and the reseller
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would choose in equilibrium conditional upon q1 if supplier 2’s wholesale price

were observable and equal to w′2. When the wholesale price is not observable

and supplier 1 believes the wholesale price to be w′2, her rational conjecture

about the value of q2 chosen by the reseller is q′2 (w′2, q1), and yIII (w′2, q1) is her

optimal response to it. Using the functional forms for yBR () and qCO2 () from

(3.12) and (3.13), it is easy to confirm that both yIII (w′2, q1) and q′2 (w′2, q1)

are linearly decreasing in q1. Let us define q1 (w′2) as the smallest value of q1

for which yIII (w′2, q1) = 0 . To simplify the presentation of our results, in the

following Lemma, we restrict attention to q1 and w′2 for which q′2 (w′2, q1) > 0

for all q1 ≤ q1 (w′2). We show in the appendix that there cannot exist an

equilibrium in which we have y > 0 and q2 = 0.

Lemma 3.3.1. Given the state of information, supplier 1’s best response to

the observed value of q1 is governed by the threshold, q1 (w′2) =
2(1−c)−θ12(1−w′2)

2(1−θ212)

, for any w′2 for which q′2 (w′2, q1) > 0 when q1 ≤ q1 (w′2).

yIII (w′2, q1) =

2(1−c)−θ12(1−w′2)

4−θ212
− 2(1−θ212)

4−θ212
q1 q1 ≤ q1 (w′2)

0 otherwise
(3.17)

which is a best response to her rational conjecture about the reseller’s condi-

tionally optimal quantity:

q′2 (w′2, q1) =

{
2(1−w′2)−θ12(1−c)

4−θ212
− 3θ12

4−θ212
q1 q1 ≤ q1 (w′2)[

1
2

(1− 2θ12q1 − w′2)
]+

q1 ≥ q1 (w′2)
(3.18)

Based on her belief (w′2), supplier 1 anticipates that she and the reseller are

both attempting to have a best-response to the other’s quantity. The quanti-

ties shown in (3.17) and (3.18), are what these mutual best responses would

64



be when w2 = w′2. When q1 is sufficiently small, supplier 1 chooses a positive

quantity to sell in her direct channel anticipating that the reseller’s choice of

q′2 (w′2, q1) is a best response to this quantity. For larger q1 supplier 1 sets

y = 0 and anticipates that the reseller’s choice of q′2 (w′2, q1) is a best response

to her selling nothing in her direct channel. Although supplier 1’s conjecture,

q′2 (w′2, q1), about the reseller’s choice of q2 is rational given her belief (w′2), it

is not necessarily correct. Because the reseller knows both w2 and w′2, his con-

ditionally optimal choice of q2 may differ from q′2 (w′2, q1) when w2 6= w′2, which

is why we cannot use sub-game perfection as our equilibrium concept. Note

also that, for arbitrary values of q1 and w′2, it is possible that we could have

q′2 (w′2, q1) > 0 for some q1 < q1 (w′2). However, as we show in the appendix,

these cannot exist in equilibrium, so we do not consider them here.

Lemma 3.3.2. Given the state of information, the reseller’s conditionally

optimal order quantity from supplier 2 can be characterized as follows:

qIII2 (w2, w
′
2, q1) =

2(1−w2)−θ12(1−c)−3θ12q1

(4−θ212)
− θ212(w′2−w2)

2(4−θ212)
q1 ≤ q1 (w′2)[

1
2

(1− 2θ12q1 − w2)
]+

q1 ≥ q1 (w′2)
(3.19)

where q1 (w′2) is the minimum value of q1 for which supplier 1 sells nothing in

her direct channel as defined in Lemma 3.3.1.

When the reseller chooses q1 sufficiently small, his conditionally optimal

choice of q2 and supplier 1’s best response to sell in her direct channel are

both positive. However, when q1 is large enough to cause supplier 1 to stop

selling through her direct channel, then the functional form of the reseller’s

order from supplier 2 adjusts to account for the fact that he will not have
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to compete with the supplier 1’s direct channel. Of course, when the reseller

chooses q1, he considers supplier 1’s best response, yIII (w2, w
′
2, q1) and his own

conditionally optimal quantity to order from supplier 2, qIII2 (w2, w
′
2, q1), and

chooses his quantities in accordance with (3.7) and (3.8).

Lemma 3.3.3. The reseller’s optimal order quantities can be characterized

for any non-negative wholesale prices according to three thresholds, w ≤ w ≤

w, as:

qII1 (w1, w2, w
′
2) =



(1−w1)−θ12(1−w2)

2(1−θ212)
for w1 ≤ w

q1 (w2, w
′
2) for w1 ∈

[
w,w

]
K − (4−θ212)

2
w1−3θ12(4−θ212)w2

2(8+θ212)(1−θ212)
− 2θ12

8+θ212
w′2 for w1 ∈ [w,w]

0 for w1 ≥ w

(3.20)

qII2 (w1, w2, w
′
2) = qIII2

(
w2, w

′
2, q

II
1 (w1, w2, w

′
2)
)

(3.21)

where w = 2c−1, K depends upon only θ12 and c, and w and w depend upon w2

and w′2 in addition to the parameters θ12 and c. After observing qII1 (w1, w2),

supplier 1 responds to this quantity under the belief that her rival’s wholesale

price is w′2 and sells yII (w1, w2, w
′
2) = yIII

(
w′2, q

II
1 (w1, w2, w

′
2)
)

in her direct

channel.

For very small values of w1, the reseller orders more than the quantity

that would be necessary to prevent supplier 1 from selling in her direct channel.

At somewhat higher values of w1, he orders just enough to prevent supplier 1
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from selling in her direct channel. When w1 ∈ [w,w], the reseller orders less

than the amount required to prevent supplier 1’s direct sales and anticipates

that supplier 1 will sell a positive amount in her direct channel. Finally, for

sufficiently large w1, the reseller orders nothing from supplier 1.

Corollary 3.3.4. When w2 = w′2, so that the supplier 2’s actual wholesale

price is identical to supplier 1’s belief about it, we have qIII2 (w2, w
′
2, q1) =

q′2 (w′2, q1), i.e., the reseller’s conditionally optimal choice of q2 is equal to

supplier 1’s rational conjecture about it.

Note that, because the reseller knows both w2 and w′2, he can cor-

rectly anticipate yIII (w2, w
′
2, q1) so that his choice of qIII2 (w2, w

′
2, q1) is a best

response to it. But when w2 6= w′2, we may have qIII2 (w2, w
′
2, q1) 6= q′2 (w′2, q1).

Finally, in stage I of the game, the two suppliers choose their wholesale

prices, fully anticipating how the subsequent stages of the game will play out.

To characterize the equilibrium to the wholesale pricing game, let us define

wR&D
1 and wR&D

2 to be the (Reselling and Direct) wholesale prices that solve

the following system of equations:

d

dw1

Π1

(
qII1 (w1, w

′
2, w

′
2) , qII2 (w1, w

′
2, w

′
2) , w1, y

III
(
w′2, q

II
1 (w1, w

′
2, w

′
2)
))

=0

(3.22)

d

dw2

Π2

(
qII2 (w′1, w2, w

′
2) , w2

)
=0

(3.23)

w1 = w′1 and w2 = w′2
(3.24)
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conditional upon w1 ∈ [w,w], which implies that qII1 (w1, w
′
2, w

′
2) follows the

third branch of (3.20), yIII (w′2, q1) follows the upper branch of (3.17) , and

qII2 (w1, w
′
2, w

′
2) = qIII2 (w′2, w

′
2, q1) as defined in the upper branch of (3.19). The

expressions for wR&D
i for i ∈ {1, 2} are given in the appendix. As we show

below, there are three distinct possibilities for the overall equilibrium. In the

first, which we refer to as Direct Only (DO), supplier 1 sells only through her

direct channel, and supplier 2 sets her wholesale price as though there is no

possibility that supplier 1 would sell to the reseller. In the second, which we

refer to as Direct Only Boundary (DOB), supplier 1 sells only through her

direct channel, but only because supplier 2 sets her price just low enough to

discourage supplier 1 from selling through the reseller. In the third, which we

refer to as Reseller & Direct (R&D) supplier 1 sells through both the reselling

and her direct channels.

Lemma 3.3.5. There exists thresholds c1 and c2, such that c0 ≤ c1 ≤ c2 ≤ c3

such that, the equilibrium wholesale prices will be as shown in Table 3.1 for

c ≤ c3. For c ≥ c3, supplier 1 will not sell anything through her direct channel

and there is no encroachment.

Direct Only (DO) Direct Only Boundary (DOB) Reseller & Direct (R&D)

c c ∈ [c0, c1] c ∈ [c1, c2] c ∈ [c2, c3]

w∗1 = w′1 [w,∞]
4(1−θ212)(2+θ

2
12−6c)

(4−θ212)(4+5θ212)
wR&D

1

w∗2 = w′2
2(2−θ12(1−c))

8−θ212

(1−θ12)(4θ12−4θ212+θ
3
12−16c(1+θ12))

θ12(4+5θ212)
wR&D

2

Table 3.1: Equilibrium wholesale prices.
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Of course, by substituting these equilibrium wholesale prices back into

(3.20) and (3.21) we can obtain the reseller’s optimal order quantities, and

by substituting into (3.17) we can obtain supplier 1’s equilibrium direct sales

quantity. We denote these equilibrium quantities as q∗1, q∗2, and y∗ respec-

tively. Lemma 3.3.5 characterizes the wholesale pricing equilibrium in terms

of thresholds on the cost of supplier 1’s direct channel. As shown in Figure 3.6,

each region implies different roles for supplier 1’s direct and reselling channels.

Although for any c ≤ c2, supplier 1’s direct channel is sufficiently efficient

for her to stop selling through the reselling channel, the implications for the

reseller and for supplier 2 are subtly different depending upon whether c ≤ c1.

When c ≤ c1, supplier 1’s direct channel is so efficient that the equilibrium

is exactly what it would be if there were not even the possibility of her sell-

ing through the reselling channel. In this (DO) region, supplier 2 sets her

wholesale price at w∗2 = 2(2−θ12(1−c))
8−θ212

and supplier 1 has no incentive to set a

wholesale price low enough to induce the reseller to order q1 > 0. For these

very low values of c, any w∗1 = w′1 ≥ w is an equilibrium wholesale price for

supplier 1.

When c ∈ [c1, c2], supplier 1’s direct channel is still sufficiently efficient

that she does not induce the reseller to order q1 > 0 in equilibrium. However,

in this (DOB) region, w2 = 2(2−θ12(1−c))
8−θ212

cannot occur be an equilibrium because

supplier 1’s best response to such a price be a wholesale price that would be

low enough to result in indirect sales, i.e., q1 > 0. In equilibrium, supplier 2

sets w∗2 to be the highest wholesale price for which supplier 1’s best response
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is w1 = w, and w∗2 < 2(2−θ12(1−c))
8−θ212

. In the (R&D) region, supplier 1 sells

her product through both channels. Finally, when c ≥ c3, supplier 1’s direct

channel is so inefficient that she does not sell through it in equilibrium.

3.3.1 Implications

To understand the implications of this equilibrium, it is helpful to make

comparisons with the equilibrium without encroachment that is summarized

in Proposition 3.2.1, as well as with common understandings that we have for

encroachment in exclusive reselling environments. It is easy to confirm that,

for θ1d = 1, in the limiting case of θ12 → 0, our equilibrium converges to

that of Arya et al. (2007), for which we have summarized the main results in

Proposition 3.2.2. For more general θ12, let us consider how the introduction

of the direct channel affects the equilibrium wholesale prices.

Proposition 3.3.6. When the delivery cost of the direct channel is in the

range where supplier 1 sells her product through both channels, i.e., c ∈ [c2, c3]:

a) For θ12 sufficiently small, the wholesale price of supplier 1 is below the non-

encroachment wholesale price, i.e., w∗1 < wN , while for θ12 sufficiently large,

the wholesale price of supplier 1 is above the non-encroachment wholesale price,

i.e., w∗1 ≥ wN , where the inequality is strict unless θ12 = 1.

b) The wholesale price of supplier 2 is below the non-encroachment wholesale

price, i.e., w∗2 ≤ wN , where the inequality is strict for any interior value of

θ12 ∈ (0, 1).
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w*1

w*2

wN

q12

(a) For c = 0.1 ∈ (c2, c3) for all θ12.

Direct channel cost

w1

w*
1

w*
2

wN

c1 c2cw2

(b) For θ12 = 0.2.

Figure 3.5: Equilibrium wholesale prices with and without encroachment when
θ1d =1.
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Recall that in an exclusive reselling setting, the direct channel causes

the supplier to reduce her wholesale price for any positive direct selling cost

that is low enough that she will use her direct channel. However, as high-

lighted in part a) of Proposition 3.3.6 and illustrated in Figure 3.5, this is not

necessarily the case when the reseller is non-exclusive and the substitutability

with another product is sufficiently strong. Figure 3.5a compares the equilib-

rium wholesale prices for the two suppliers to wN , the equilibrium wholesale

prices in the absence of encroachment for c = 0.1.

Proposition 3.3.6 focuses on the case where the direct selling cost (c)

is in the range (R&D) where supplier 1 sells her product in both channels.

Recall that small values of θ12 imply that the two suppliers’ products are only

weakly substitutable. In the extreme, when θ12 → 0, the two products are

completely independent. For this limiting case, it is easy to confirm that,

in the range of c for which supplier 1 sells in both channels, w∗1 = wR&D
1

converges to the wholesale price in Arya et al. (2007), while w∗2 = wR&D
2

converges to wN , the non-encroachment equilibrium wholesale price. As the

substitutability increases, the intensified competition causes both wholesale

prices to decrease, regardless of whether supplier 1 operates a direct channel.

However, our interest is in understanding how the direct channel affects the

equilibrium wholesale prices relative to those that would arise without it. For

supplier 2, the direct channel causes her to become more aggressive and set her

wholesale price below wN for any amount of substitutability. This is a response

to the fact that her direct customer, the reseller, now faces competition from
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supplier 1’s direct channel. On the other hand, supplier 1’s wholesale price may

be higher or lower than wN depending upon the strength of the substitutability.

When θ12 is small, the wholesale price competition is sufficiently weak that

supplier 1 sets her wholesale price below that of the no-encroachment price

and uses her direct channel to drive volume through the reselling channel,

similar to what she would do with a non-exclusive reseller. However, as θ12

increases, the role of supplier 1’s direct channel shifts from being a lever to

drive volume through the reselling channel toward providing an alternative to

the increasingly intense wholesale price competition in the reselling channel.

Consequently, for θ12 sufficiently large, her equilibrium wholesale price is above

the non-encroachment equilibrium. Proposition 3.3.6 focuses on the range of

direct selling costs for which supplier 1 sells through both channels. We now

consider how the direct channel impacts the rival supplier’s wholesale price

when the direct selling cost is low enough that supplier 1 sells only through

her direct channel.

Proposition 3.3.7. For any θ12 ∈ (0, 1), there exists a threshold, cw2 ∈

(c1, c2), that defines the upper limit of a non-empty range of direct channel

costs,
(
−θ12(3−θ12)

2(2−θ12)
, cw2

)
, for which w∗2 > wN .

This result is illustrated in Figure 3.5b4 for θ12 = 0.2. To highlight the

region where supplier 2’s wholesale price is above what it would be without

4In Figure 3.5b, we show the equilibrium wholesale price for supplier 1 in only the domain
where it is unique. Recall that for c ≤ c1, any arbitrarily large wholesale price for supplier
1 is an equilibrium.
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encroachment, the domain in the figure includes direct channel costs very

close to the thresholds, c1 and c2. Observe that, at direct channel costs below

cw2 ∈ (c1, c2), supplier 2 sets her wholesale price above the one she would set

without encroachment. This is a consequence of the fact that, within this

range of direct selling costs, she no longer faces wholesale price competition.

Although her rival’s direct channel represents indirect competition, supplier 2

can shift some of the competitive burden to the reseller. She is in a stronger

position vis-a-vis the reseller, and this results in her setting a higher wholesale

price than she would without encroachment. Of course, as the direct selling

cost decreases further, the competition from the direct channel intensifies, and

this puts increased pressure on supplier 2’s wholesale price. Eventually, for

c < −θ12(3−θ12)
2(2−θ12)

, supplier 2’s equilibrium wholesale price falls below that of the

non-encroachment equilibrium. For the parameters in Figure 3.5b, this occurs

for c < −1.555.

Let us now consider how the non-exclusive nature of the reseller im-

pacts the conditions under which supplier 1 either sells only through her direct

channel or sells through both channels. Recall from the analysis of Arya et al.

(2007) of a setting in which a supplier introduces a direct channel that is a

perfect substitute for an exclusive reselling channel, the encroaching supplier

sells a positive quantity through the reselling channel for any c > 0, but would

never sell through it for c ≤ 0. This changes dramatically once the reseller is

non-exclusive.

Proposition 3.3.8. There exists a threshold, θ̂12 ∈ (0, 1), such that: a) For
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θ12 ∈
(

0, θ̂12

)
, c2 > 0 so that there exist positive values of c for which supplier

1 sells only through her direct channel in equilibrium, even though it is less

efficient than the reselling channel. b) For θ12 > θ̂12, c2 < 0 so that there

exist negative values of c for which supplier 1 sells through both channels in

equilibrium, even though her direct channel is more efficient than the reselling

channel.

The above proposition, which is illustrated in Figure 3.6, demonstrates

that supplier 1 may either sell only through her direct channel when it is less

efficient than the reseller’s channel, or she may sell through both channels

when her direct channel is more efficient than the reselling channel. She would

not do either of these in an exclusive reselling environment, at least for the

case of θ1d = 1. In Figure 3.6a we show how the efficiency of supplier 1’s direct

channel affects her use of both channels across the full range of substitutability.

In Figure 3.6b we highlight the fact that there exists a region of θ12 for which

c2 > 0.

Recall that, in the exclusive reselling settings with θ1d = 1 that dom-

inate the literature, the supplier always sells a positive quantity through the

reselling channel for any c > 0 to take advantage of the reseller’s greater logisti-

cal efficiency. Although this is also true in our analysis for θ12 =0, there exists

an open interval, θ12 ∈
(

0, θ̂12

)
, for which there are positive direct channel

costs for which supplier 1 sells only through her direct channel even though it
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Figure 3.6: Equilibrium use of direct and reselling channels.
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is (slightly) less efficient than the reseller’s channel. In a non-exclusive reselling

environment, supplier 1 can avoid wholesale price competition by selling only

through her direct channel. As long as the substitutability is relatively weak

she can benefit from doing this even when her direct channel is (slightly) less

efficient than the reselling channel. On the other hand, for higher levels of

substitutability between the two products, the threshold c2 < 0, which implies

that the encroaching supplier sells through both channels even when her di-

rect channel is (somewhat) more efficient than the reselling channel. When the

two products are highly substitutable, supplier 1 is drawn into the wholesale

pricing competition. However, as shown in Proposition 3.3.6 and illustrated

in Figure 3.5a, the encroaching supplier’s direct channel causes her to be less

aggressive in wholesale pricing than she would be without it.

3.3.2 Who Benefits from Encroachment

Although it is obvious that the encroaching supplier benefits from her

direct channel, it is of interest to explore how the reseller, the non-encroaching

supplier, and the total supply chain are affected. Recall from part ii) of Propo-

sition 3.2.2 that an exclusive reseller benefits from a supplier’s encroachment

for c ∈
(

3
4
√

2
, 3

5

)
. This benefit is the result of how the supplier reduces her

wholesale price and uses her relatively inefficient direct channel as a threat

to push volume through the reseller. In the following proposition, we focus

on the region (R&D) of direct selling costs for which the encroaching supplier
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sells in both channels, i.e., c ∈ (c2, c3)5.

Proposition 3.3.9. When the direct selling cost is in the range, c ∈ (c2, c3),

where supplier 1 sells through both channels: a) For the limiting case where

the two products are not substitutable, i.e., θ12 = 0, the reseller benefits from

encroachment when c ∈
(

3
4
√

2
, c3

)
. b) For the limiting case where the products

approach being perfect substitutes, i.e., θ12 → 1, the range of direct selling

costs for which the reseller could benefit from encroachment vanishes.

For lower values of direct selling cost, analytical comparisons of profits

are challenging due to higher order polynomial functions of θ12, but we can

confirm numerically that the reseller never benefits from encroachment when

the direct selling cost is low enough that the encroaching supplier sells only

through her direct channel. The above result is illustrated in Figure 3.7a,

where we show the regions for which the reseller, supplier 2, and the sup-

ply chain benefit from encroachment. In the figure, we can see that there

is less opportunity for the reseller to benefit as the product substitutability

increases. To understand why, recall from Proposition 3.2.1 and Figure 3.4

that, in the absence of encroachment capability, as product substitutability

increases, double-marginalization is mitigated by the wholesale pricing com-

petition. In the extreme, as θ12 → 1, the reseller squeezes all of the profit

from the suppliers and earns the first-best profit for himself. This is no longer

possible when supplier 1 has a direct channel. Although the suppliers still

5Arya et al. (2007) also focus on the region in which the supplier sells in both channels.
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bid down one another’s wholesale prices as θ12 increases, competition from

the direct channel prevents the reseller from squeezing out all of the profit for

himself. Consequently, the range of direct channel costs for which the reseller

benefits from encroachment shrinks and eventually vanishes as θ12 increases.

Let us now consider the non-encroaching supplier. As above, we focus

on the region of direct selling costs for which the encroaching supplier sells in

both channels, i.e., c ∈ (c2, c3).

Proposition 3.3.10. When the direct selling cost in the range, c ∈ (c2, c3),

where supplier 1 sells through both channels, the non-encroaching supplier does

not benefit from encroachment.

When the direct selling cost is in the range (R&D) where the encroach-

ing supplier sells through both channels, her direct channel reduces both the

non-encroaching supplier’s equilibrium wholesale price and the quantity that

the reseller orders from her. Consequently, the non-encroaching supplier earns

lower profit as a result of her rival’s direct channel. As was the case for the

reseller’s profit, when c ≤ c2, the comparison of profit for the non-encroaching

supplier involves higher order polynomial functions of θ12 that interfere with

the identification of specific regions in which encroachment is beneficial. How-

ever, recall from Proposition 3.3.7 that there exists a non-empty range of

wholesale prices below c2 for which supplier 1’s encroachment causes supplier

2 to set a higher wholesale price. We can confirm numerically that, for values

of c that are close to c1, there is a range of substitutability parameters in the
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neighborhood of θ12 = 0.8 for which the non-encroaching supplier benefits from

her rival’s direct channel. Within this range of parameters, as shown in Figure

3.7, the non-encroaching supplier benefits more from the softer wholesale price

competition than she is hurt by the reduction in the reseller’s order quantity.

Now consider the impact on the total supply chain profit. Recall from

part iii) of Proposition 3.2.2 that in an exclusive reselling environment, i.e.,

θ12 = 0, the supply chain benefits from encroachment when the direct sell-

ing cost is either sufficiently small

(
c ∈

[
0, 3

2(6+
√

7)

))
or sufficiently large(

c ∈
(

3

2(6−
√

7)
, 3

5

))
, but that encroachment reduces the total profit when the

direct selling cost is intermediate. This is due to the trade-off between opera-

tional inefficiency and double marginalization. When the direct selling cost is

large, the supplier sells very little through her highly inefficient direct channel,

but the supply chain benefits because she reduces her wholesale price and uses

her direct channel as a mechanism to drive volume through the reseller. At the

other end of the spectrum, when the direct selling cost is very low, the sup-

plier sells a lot though her direct channel. Although it is slightly less efficient

than the reselling channel, it avoids the inefficiency of double marginalization.

Only for intermediate direct selling costs is the supply chain worse off with

encroachment. For such intermediate direct selling costs, the supplier sells a

moderate volume through her moderately inefficient direct channel, and this

dominates any reduction in double marginalization. It is of interest to explore

how these dynamics are affected when the reseller is non-exclusive. In the

following proposition, we again focus on direct selling costs that are in the
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(R&D) range in which the encroaching supplier sells through both channels.

It can be confirmed numerically that the supply chain always benefits from

encroachment when the direct selling cost is low enough, i.e., c ≤ c2, that the

encroaching supplier sells only though her direct channel.

Proposition 3.3.11. When the direct selling cost in the range, c ∈ (c2, c3),

where supplier 1 sells through both channels: a) In the limiting case of θ12 =

0, the supply chain benefits from encroachment when c < 3

2(6+
√

7)
or when

c ∈
(

3

2(6−
√

7)
, 3

5

)
. b) As the substitutability θ12 → 1, the range of direct

selling costs for which the supply chain benefits from encroachment converges

to c < − 1
10

.

This result is illustrated in part a) of Figure 3.7 where we show the

ranges of parameters for which the supply chain, the reseller, and supplier 2

benefit from encroachment. It is easy to see from part a) of the figure, that

as θ12 → 0, our result converges to that of Arya et al. (2007). However, as the

substitutability between the products of the two suppliers increases, there is

a reduction in the range of direct selling costs for which the supply chain and

the reseller benefit from encroachment.

To understand why, it is helpful to compare the total equilibrium quan-

tity of products 1 and 2, i.e., q∗1 + q∗2 + y∗, to the quantity that would arise

without encroachment, qN1 + qN2 and the first-best quantity (without encroach-

ment). Let qFB1 and qFB2 be the first-best quantities without encroachment.

The values for qFB1 and qFB2 are easily obtained as the quantities that maximize
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the reseller’s profit (3.4) when y = 0 and w1 = w2 = 0. In Figure 3.7b, we

compare these quantities for all possible substitutabilities between products 1

and 2. For the case of encroachment, we plot the total sales volume for both

c = 0 and for c = 0.1. It can be seen that, for θ12 sufficiently large, the equi-

librium volume of products 1 and 2 with encroachment exceeds the (first-best)

quantity that would maximize supply chain profit without encroachment. In

the case of c = 0, the efficiency of the direct channel is equal to that of the

reselling channel, so encroachment does not lead to any erosion of logistical

efficiency. However, as a result of the competition between supplier 1’s direct

channel and the indirect channel for product 2, the total supply chain output

exceeds that of the first-best when product substitutability is sufficiently high.

When c = 0.1, the direct channel is somewhat less efficient than the reselling

channel. This reduces the total equilibrium volume with encroachment, but it

still exceeds the first-best volume.

3.4 The Direct Channel as an Imperfect Substitute

To isolate the way that encroachment affects the strategic interactions

among the firms from any market expansion effects that might accompany

it, we have thus far focused on the case where the direct channel version of

supplier 1’s product is a perfect substitute for the one sold through the reseller.

We now explore how our results might change if this were not the case, and the

direct channel might attract some consumers who would not have purchased

without it.
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We present numerical results for the case of θ1d = 0.8, which are repre-

sentative for how our results are generally affected by imperfect substitutabil-

ity. In figure 3.8, we compare the equilibrium wholesale prices of the two

suppliers under encroachment with wN , the price that they would both set

without encroachment when θ1d = 0.8 instead of θ1d =1. In Figure 3.8a, we

take c = 0.1 and show the prices for the full spectrum of θ12, while in Fig-

ure 3.8b, we take θ12 = 0.2 and show the prices for c in the neighborhood

of the threshold, c2. By comparing these figures to those in Figure 3.5, we

confirm that the results from Propositions 3.3.6 and 3.3.7 continue to hold.

For c ∈ (c2, c3), i.e., region R&D , we can see from Figure 3.8a that: 1) for θ12

sufficiently small (large), supplier1’s direct channel results in a lower (higher)

wholesale price than what would occur without it; and 2) the direct channel

causes supplier 2 to reduce her wholesale price for any θ12 ∈ (0, 1).

In Figure 3.8b, we demonstrate that although imperfect substitutability

of the direct channel does not eliminate the possibility that it can result in a

higher wholesale price for supplier 2, it occurs only at lower values of the direct

selling cost. By comparing the values of c2 between Figures 3.5b and 3.8b, it is

clear that, when the substitutability between the direct and indirect channels

is weaker, the direct selling cost needs to be much lower before supplier 1 will

stop selling through the reseller. Because supplier 1 can exploit the expanded

market demand only by selling through both channels, she sells through the

reseller at lower values of c when θ1d = 0.8 than when θ1d = 1.

In Figure 3.9 we show how imperfect substitutability of the direct chan-
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Figure 3.8: Equilibrium wholesale prices with and without encroachment when
θ1d =0.8.
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nel affects the range of parameters for which supplier 1 uses each of the chan-

nels (Figure 3.9a) and the range of parameters for which the reseller, supplier 2

and the supply chain benefit from encroachment (Figure 3.9b). By comparing

Figure 3.9a to Figure 3.6a we can see that the imperfect substitutability of

the direct channel expands the range of parameters for which supplier 1 sells

through both channels, i.e., c2 is lower and c3 is higher. This is consistent with

the intuition that, when the direct channel provides access to consumers who

would not purchase through the reselling channel and vice versa, supplier 1

has more reason to use both channels. As a consequence of this, there are no

longer any situations in which supplier 1 sells only through her direct channel

when it is less efficient (c > 0) than the reselling channel, i.e., the threshold

θ̂12 from Proposition 3.3.7 goes to zero. However, we continue to see that, for

θ12 sufficiently large, c2 < 0, so that supplier 1 may sell through both channels

even when her own channel is more efficient than the reselling channel.

In Figure 3.9b, we can see that with imperfect substitutability, the

range of parameters for which the supply chain benefits from encroachment is

expanded. Because of how a differentiated direct channel expands the total

demand, this is not surprising. Observe that there are now (small) values of

c > 0 for which the supply chain benefits from encroachment when θ12 −→

1. This does not occur when θ1d =1 and highlights the fact that, when the

direct channel is sufficiently well differentiated from the reselling channel, its

introduction can benefit the supply chain even when the direct channel is less
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Figure 3.9: The impact of imperfect substitutability (θ1d = 0.8) of the indirect
channel
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efficient than the reselling channel and products 1 and 2 are close substitutes.

More interesting is the observation that imperfect substitutability of the direct

channel causes an upward shift in the range of direct selling costs for which the

reseller benefits. Imperfect substitutability causes the encroaching supplier to

sell through her direct channel at higher direct selling costs, but it can also

reduce her incentive to set a wholesale price substantially lower or higher than

the one she would set without a direct channel. This is consistent with the

intuition that the impact that a direct channel has upon the reselling channel

will be reduced when it is a weaker substitute. We can also see that there

continues to be a range of parameters for which supplier 2 can benefit from

her rival’s encroachment, but it requires lower values of c, i.e., higher levels of

efficiency in the direct channel.

3.5 Conclusions

Although there has been extensive study of supplier encroachment, we

are the first to explicitly consider the possibility that a reseller sells more than

one product, which occurs often in practice. We model a setting in which two

suppliers sell partially substitutable products through a non-exclusive reseller,

and one of them operates a direct channel. The model highlights the dual

role played by a supplier’s direct channel when selling through a non-exclusive

reseller. When substitutability is low or selling costs are high, the direct

channel’s main role is to push more volume through the reseller at a given

wholesale price. However, the direct channel also serves the supplier as an
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alternative to the direct wholesale price competition with her rival. As the

supplier’s direct cost decreases or substitutability increases, this latter role

becomes more important.

This dual role of the direct channel leads to several findings that are

are quite different from what we expect with an exclusive reseller. First, we

show that the direct channel may not always lead to a reduction in the whole-

sale prices. When the direct selling cost is in the range where the encroaching

supplier sells only through her direct channel, the suppliers compete only in-

directly. Consequently, the non-encroaching supplier increases her wholesale

price to shift some of the competitive burden to the reseller. At high levels of

substitutability between the two suppliers, the non-encroaching supplier can

gain more from these higher wholesale prices than she loses in reduced vol-

ume. On the other hand, when the direct selling cost is in the range where

the encroaching supplier sells through both channels, the non-encroaching sup-

plier always reduces her wholesale price vis-a-vis what it would be without her

rival’s direct channel. When the products of the suppliers are only weak sub-

stitutes, the direct channel can also cause the encroaching supplier to reduce

her wholesale price. However, as substitutability increases beyond a threshold,

the encroaching supplier’s wholesale price exceeds the one that she would set

without a direct channel. This is because her direct channel allows her to at

least partially opt out of the increasingly intense wholesale price competition.

Second, we find that, for moderate levels of substitutability and suf-

ficiently small selling cost, an encroaching supplier may forego the reselling
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channel altogether, and sell only through her direct channel. However, and

most intriguing, for high levels of substitutability, the encroaching supplier

sells a positive quantity through the reselling channel even when it is less

efficient than her own direct channel and the two channels are undifferenti-

ated. By setting a low enough wholesale price to induce the reseller to order

her product in anticipation of her encroachment, she discourages him from

ordering as much of the rival’s product. This finding helps to explain the fact

that several well known suppliers, including Apple and Amazon, sell through

non-exclusive resellers in addition to their own direct channels, despite their

well-known logistical efficiency in their direct channels.

Finally, we find that the reseller’s ability to benefit from a direct chan-

nel vanishes beyond moderate levels of substitutability between two supplier’s

products. This is a consequence of how the direct channel interferes with the

reseller’s ability to exploit the wholesale pricing competition between the sup-

pliers, particularly when substitutability is high. In addition, as the products

of the two suppliers become closer substitutes, there is a reduction in the range

of direct costs for which the supply chain benefits from the direct channel.

There are several directions that appear promising for future research.

We focused our analysis on a setting in which only one of the suppliers that sell

through a non-exclusive reseller operates a direct channel. Although there are

many situations in practice in which only a subset of suppliers operate direct

channels, it may also be of interest to explore the dynamics of the situation

in which both suppliers can operate direct channels. Alternatively, we have
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focused on the assumption that the encroaching supplier observes only the

quantity that the reseller orders from her, not the quantity ordered from her

rival. It may be of interest to explore the incentives for the reseller to leak such

information. This would be a different perspective on the issue of information

leakage. We leave both of these issues for future research.
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Chapter 4

The Role of Disruption Information Sharing

on the Supply of Sterile Injectable Drugs

4.1 Introduction

Drug shortages in the United States have soared since 2007, and the

number of new drug shortages are also increasing since then (Figure 4.1).

Shortages exact a financial and human toll. Often, they result in the substitu-

tion of less effective drugs, delays in necessary treatments, and either omission

of or reductions in doses (Urahn et al., 2017). Moreover, drug shortages are

estimated to add an extra $230 million to the annual cost of prescription drugs

because of the resulting price increases (Urahn et al., 2017).

The Food and Drug Administration (FDA) attempted to reduce the

impact of shortages by bringing forward a new policy. According to the Ti-

tle X of Food and Drug Administration Safety and Innovation Act of 2012

(FDASIA), manufacturers are required to share information about anticipated

supply shortages with the FDA (U.S. Food and Drug Administration, 2019).

FDA then makes this information public in the hopes that this will allow

other manufacturers to step in and increase production to alleviate shortages.

In spite of FDA’s efforts, the shortages affecting acute care drugs became in-
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Figure 4.1: Number of new drug shortages from January 2001 through Septem-
ber 2011. Source: Ventola (2011)

creasingly frequent and long lasting compared with non–acute care drugs since

the introduction of FDASIA (Chen et al., 2016). Because there are many con-

founding factors present, it is difficult to conclude if FDA’s information sharing

policy made a difference. Moreover, the short-term and long-term impact of

FDASIA’s information sharing policy has not been studied. Via mathematical

models, a key objective of this chapter is to investigate how sharing informa-

tion about future and current supply disruptions impacts the supply of drugs.

4.1.1 Motivating Example

On June 16th, 2009, a pharmaceutical manufacturer, Genzyme, an-

nounced a shut down of Allston Landing manufacturing facility because of

the presence of a virus strain, Verivirus 2117, in one of its six bioreactors

(Sanofi Genzyme, 2009c). Subsequently, Cerezyme (imiglucerase for injection)
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and Fabrazyme (agalsidase beta) went into shortage which lasted two years

(Gever et al., 2012). In spite of Genzyme’s efforts to expedite plant restora-

tion, Cerezyme’s supply at Allston plant did not resume until December 2009

whereas the supply interruption for Fabrazyme continued till early 2010 (Busi-

ness Wire, 2009). A key reason for the delay in restoring the Allston plant was

that it was necessary to sterilize the facility followed by an FDA re-inspection

to verify that all corrective and preventative actions had been implemented

(Sanofi Genzyme, 2009b).

The health implications of prolonged Cerezyme and Fabrazyme short-

ages were severe. Cerezyme was the only available treatment for Gaucher

disease, and Fabrazyme was the only treatment available in the U.S. for Fabry

disease (Dimond, 2009). In spite of Genzyme’s strategic rationing (Sanofi

Genzyme News, 2009), patients reported a steep decline in their health - heart

enlargement, kidney failure and neurological problems (James, 2011), some

leading to alleged fatal incidents (Bonner, 2012). Financially, Cerezyme alone

attributed to 36% loss in the annual revenue of Genzyme, which contributed

to a deficit of more than $400 million (Wallack, 2010). In addition, Genzyme

was fined $175 million by the FDA because of manufacturing problems that

caused severe shortages of two of its best-selling drugs.

Genzyme had inventory for Cerezyme and Fabrazyme, but the stockpile

was not large enough to fully absorb the production loss due to the shutdown

of the Allston plant (Sanofi Genzyme, 2009b). More importantly, Genzyme

could not immediately use its inventory to meet patient demand because of
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the fear that the virus might have also contaminated the inventory (Tomlin

and Wang, 2011). The FDA warned physicians to carefully examine the vials

of the products before they were given to patients and return the vials with

foreign particles back to the manufacturer (Weisman, 2009). Consequently,

on-hand inventory was not effective in averting the shortages of Cerezyme and

Fabrazyme.

Evidently, a planned back-up capacity was helpful in a different in-

stance. Although Myozyme was one of the drugs whose production was af-

fected due to the shutdown of the Allston plant in 2009, the shortage of My-

ozyme was averted by increasing production at the existing manufacturing

facility in Geel, Belgium (Sanofi Genzyme, 2009a). In case of Fabrazyme,

however, Genzyme could not start production at its new facility in Fram-

ingham, Massachusetts when the Allston plant was shut down although the

Framingham facility was in the late stages of its construction in 2009. The

production of Fabrazyme at the Framingham plant was not approved by the

FDA until January 2012 (U.S. Securities and Exchange Commission, 2012).

In other words, there was potential additional capacity that might have been

able to mitigate the impact of unforeseen supply disruption but such capacity

could not be commissioned fast enough.

4.1.2 Institutional Background

A drug shortage that is reported to the FDA unfolds according to the

steps explained in Figure 4.2. To determine the status of shortage, the Drug
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Figure 4.2: Drug shortage process flowchart. Source: Office of the Center
Director (2014)
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Shortages Staff of the FDA determines on a daily basis if the market is covered,

based on the information received from all manufacturers (U.S. Food and

Drug Administration, 2020). The market is considered covered when supply

is available from at least one manufacturer to cover total market demand.

Under Section 506C of the Federal Food, Drug, and Cosmetic Act (FD&C

Act) (as amended by the Food and Drug Administration Safety and Innovation

Act), pharmaceutical companies are required to notify FDA of a permanent

discontinuance of certain drug products, six months in advance, or if that is not

possible, as soon as practical. FDA updates the list of drugs in short supply

every day and publicly lists them in three categories as follows (U.S. Food and

Drug Administration, 2020): (1) Currently in shortage: if the drug’s supply

is still short, (2) Resolved Shortages: if the drug shortage has been resolved1

and the drug supply is back to normal, and (3) Discontinued: The drug’s

manufacturing has been discontinued, possibly due to an available substitute.

The drugs under shortage include those that are life-supporting or life-

sustaining or used in the prevention or treatment of a debilitating disease or

condition. Some are also used in emergency medical care and during surgery

(U.S. Food and Drug Administration, 2020). One of the most common class

of drugs in persistent shortage is the class of injectable syringe drugs, that

comprise 80% of the drugs that are currently in shortage (U.S. Food and Drug

Administration, 2011). Specifically, sterile injectables used in chemotherapy,

1Either other pharmaceutical companies increased their production to mitigate shortages
or the drug in shortage was imported from overseas locations
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Figure 4.3: Reasons for drug shortages in U.S. Source: U.S. Food and Drug
Administration (2019)

anesthesia, and other acute medical conditions have been and continue to be

in short supply (U.S. Food and Drug Administration, 2019). The reasons for

drug shortages are shown in Figure 4.3. Quality problems in manufacturing

and capacity issues, i.e. temporary closure or renovations of major produc-

tion facilities are the primary reasons (54%) for shortages of sterile injectable

drugs (Haninger et al., 2011). The shortages of injectable drugs due to supply

disruptions is the focus of our study.

Inventory may not be a sufficient mitigating strategy, especially in the

case of injectable drugs. Similar to the Genzyme case, large inventories are

typically not observed either at the manufacturer or at health service providers

(Haninger et al., 2011) because injectable drugs are susceptible to contamina-

tion and have a short shelf life. In addition, keeping inventory is an econom-
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ically unattractive strategy when disruptions span long periods (two years in

the case of Genzyme, Gever et al. (2012)).For this reason, although it might be

of interest to study inventory as a short term response to supply disruption, it

is more appropriate to focus on capacity and production choices, which is what

we do in this chapter. Note that capacity changes are appropriate responses

only in the long term because it is typically not possible to choose a different

capacity level in the short term.

Although FDA monitors drug shortages, FDA may not require a phar-

maceutical firm to either (1) make a drug, even if it is a medically necessary

drug, or (2) make more of a drug, or (3) change how the drug is distributed

(U.S. Food and Drug Administration, 2019). Pharmaceutical firms make such

decisions on their own. The market comprising generic, sterile injectable drugs

is a concentrated market with a few manufacturers making up a large percent-

age of the total supply (Haninger et al., 2011). The competing firms cannot

observe their rival firms’ supply disruption directly. However, a third party like

the FDA can provide a platform to credibly share information about supply

disruptions. The FDA uses its regulatory power to encourage manufacturers

of similar or alternative products to ramp up production to meet anticipated

shortfall (U.S. Food and Drug Administration, 2018). If another manufacturer

has additional capacity, it can exercise an approach that we call ‘late produc-

tion’ to make additional products available in time to mitigate shortages in

the short term.

99



4.1.3 Research Questions and Key Results

In this chapter, we model a game with two competing pharmaceutical

firms selling partially substitutable products in a common market. To capture

the role of disruption and a firm’s recourse, we model two kinds of capacities:

(1) reliable capacity which is not affected by the supply disruption, and (2)

unreliable capacity which is cheaper than reliable capacity but may fail with

probability λ ∈ [0, 1]. In addition, each firm makes two production decisions:

(1) early production, decided after a firm observes her own supply disruption

but not that of her rival, and (2) late (expedited) production after observing

the rival’s supply disruption. Late production is more costly.

The primary objective of this chapter is to answer the following ques-

tions:

• Do manufacturing firms benefit from sharing the information about their

disruptions?

• Does information sharing increase total expected supply of drugs and if

so under what conditions?

Furthermore, there are some questions related to the use of financial subsidy

as a mitigation strategy that we are able to address in this chapter. For

example, do tax subsidies help increase the expected supply of drugs? If so,

will a subsidy targeted towards reliable manufacturing lead to greater expected

supply? Finally, we analyze the supply chain’s resiliency when faced with
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an unexpected demand surge as a consequence of events like the COVID-

19 pandemic. We quantify the benefit of information sharing on the supply

chain’s resiliency.

4.1.4 Contribution

There are two key modeling contributions of our work. To our knowl-

edge, our work is the first to explicitly model capacity decision of the competing

manufacturers in a drug supply chain. Although manufacturing quality issues

are common reason for drug shortages, there is gap in understanding how a

firm’s capacity decisions impact the supply of drugs (and thereby drug short-

ages). To capture quality problems, we model the capacity decision through

a mixture of reliable and unreliable capacity. Unreliable capacity is prone

to all-or-none disruption; whereas reliable capacity is immune to disruption.

Reliable capacity mis more expensive because of additional equipment and

monitoring to avoid contamination. Our stylized model with the mixture of

reliable and unreliable capacity decision allows us to draw meaningful insights

about the effect of exogenous (through probability of disruption) and endoge-

nous (through allocations of reliable and unreliable capacities) factors on the

total supply.

Our second modeling contribution captures the impact of mandatory

information sharing through the flexibility of expedited production. Informa-

tion about their rival’s supply disruptions allows firms to update their pro-

duction levels. In the early phase of production, the firms can observe their
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own disruption status but this information is private. After the early phase

of production, a firm can learn about the status of rival’s supply disruptions

(through the FDA) and react with expedited late production. The late pro-

duction is assumed to be costlier than early production.

There are several new insights from our work. First, firms benefit

from mandatory information sharing because they can use their idle capacities

efficiently. Moreover, information sharing also leads to higher supply of drugs.

We also show that a tax subsidy is an attractive strategy to increase the

expected supply. We find that a targeted subsidy is not necessary because

firms incentive are aligned with those of a government agency to maximize the

supply. Non-targeted subsidies are attractive strategies for mitigating drug

shortages because they eliminate the burden of administration and verification

in implementation.

We extend our analysis to examine the supply chain resiliency in case

of unforeseen demand surge because of events like COVID 19. Interestingly,

we find that subsidy on unreliable capacity is better for coping with unfore-

seen demand surge than that on reliable capacity. Although reliable capacity

helps improve supply of drug in normal circumstances, a higher investment in

unreliable capacity helps absorb the unforeseen demand surge.

The rest of the chapter is organized as follows: in Section 4.2, we provide

a review of the relevant literature. In Section 4.3, we formalize the model and

assumptions of the model. The analysis and results are provided in Section

4.4. The managerial implication and COVID 19 extension are discussed in
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Section 4.5. Finally, Section 4.6 concludes this chapter.

4.2 Literature Review

The FDA defines the period of shortage of a drug as a period of time

during which the actual or projected US demand for the drug exceeds the

supply (Office of the Center Director, 2014). In addition to higher procurement

cost of such drugs and impact on health, which we discussed in the Introduction

section, Kaakeh et al. (2011) show that over 90% of healthcare institutions

experience an increased work burden and labor costs associated with managing

shortages — estimated to be $216 million annually in the US (Fox et al., 2014).

Moreover, Wendel et al. (2016) find that drug shortages not only have health

and financial toll but can have a significant effect on crime as well. Adequate

supply keeps prices low and reduces the demand for illegally acquired drugs,

thereby curbing crime. These studies attest to the fact that drug shortages

give rise to a multitude of social problems related to health, affordability, and

crime.

Drugs that belong to the sterile injectable category of drugs have fre-

quently experienced shortages. Such evidence is presented in Ventola (2011);

Fox et al. (2014); Woodcock and Wosinska (2013) and Yurukoglu et al. (2017).

Also, while generic sterile injectable drugs experience shortages, the same is not

true for branded injectable products. One reason for that is this phenomenon

the manufacturers of branded products typically have backup manufacturing

lines, which is justified by the high markup on such products. Backup ca-
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pacity is uncommon in case of low-margin generic injectable drugs, which are

typically manufactured by a small number of manufacturers (Fox et al., 2014).

More than 56% of sterile injectable drug shortages in 2011 were attributed

to quality problems in the manufacturing process (Woodcock and Wosinska,

2013). Although the reason for drug shortages is well known, there is a lack of

understanding of the impact of a firm’s investments in capacity on the supply

of drugs.

A lack of advance warning system is detrimental and information shar-

ing among manufacturers can be useful to mitigate the drug shortages (Ven-

tola, 2011). If a firm learns about the rival’s disruption, it can ramp up the

production mitigating the anticipated shortage of supply. In 2012, the FDA

passed the Food and Drug Administration Safety and Innovation Act of 2012

(FDASIA) that mandates the manufacturers of drugs to report the informa-

tion about the anticipated shortages (U.S. Food and Drug Administration,

2019). To our knowledge, we are the first to model the possibility of hori-

zontal sharing of disruption information. We study the impact of mandatory

information sharing on the firms and and its effectiveness in improving the

expected supply of drugs.

Supply disruptions are common in many supply chains with the result

that supply-side uncertainty has been explored extensively in operations and

economics literature. One can find a comprehensive survey of literature on

supply disruption in Tomlin (2006) and Tomlin and Wang (2011). Because this

literature is vast, we focus attention in the sequel only on those papers that
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present mitigation strategies that may be applied to the drug supply chain.

With this objective in mind, we first describe the various strategies that have

been proposed in the literature and their relevance to the drug supply chains.

Common strategies to mitigating supply uncertainty include (i) inven-

tory, (ii) supply diversification (multiple sourcing), (iii) capacity flexibility,

and (iv) investments in improving reliability of production facilities and/or

suppliers. In what follows, we discuss each of these strategies one by one in

the context of drug supply chains.

Can inventories help mitigate drug shortages? They can, but only to

a limited extent. When disruptions occur infrequently but last a long time,

Tomlin (2006) show that inventory is not an attractive mitigation strategy

because large quantities of inventories need to be carried for extended pe-

riods between disruptions. Moreover, Tomlin and Wang (2011) argue that

inventory is not an effective strategy in drug supply disruptions because drugs

have short shelf life, inventory may be contaminated as well (it may there-

fore require testing before it may be approved for use), and the higher the

impact of shortage, the higher the required inventory level and concomitant

cost. Because our focus is on sterile injectables that have long recovery periods

following manufacturing quality problems, high impact and short shelf lives,

we do not consider inventory as a potential mitigation strategy. That being

said, inventory management is one of the most studied mitigation strategies

in the literature.

Supply diversification, or the use of multiple suppliers (often dual sourc-
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ing with one reliable and one unreliable supplier) is the second most commonly

studied mitigation strategy. Parlar and Perry (1996); Tomlin (2006); Babich

et al. (2007); Tomlin (2009); Gümüş et al. (2012), and Schmitt and Snyder

(2012) are some notable studies that consider multiple suppliers. These works

model the buyer-side optimal procurement strategy and assume that the man-

ufacturer’s capacity is either exogenous or unlimited. In contrast, we model

the capacity decisions of manufacturers in the sterile injectables supply chain.

There are a few suppliers for each drug and the capacity decision in the manu-

facturing facility of any one supplier has a significant impact on the availability

of the drug. In fact, Tomlin and Wang (2011) mention that supply diversifica-

tion can be significantly costly and difficult to implement due to the complex

manufacturing processes of sterile injectable drugs. Moreover, the problem we

are concerned with is that of a social planner — i.e. to what extent do strategies

like mandatory information sharing improve supply availability. This problem

has not been studied before. Instead there have been some works that inves-

tigate optimal purchase/inventory strategy of healthcare facilities (i.e. buyer

side) from multiple suppliers in an attempt to mitigate the impact uncertain

supply (Uthayakumar and Priyan, 2013; Saedi et al., 2016; Azghandi et al.,

2018). These papers do not model the supplier’s capacity decisions, which are

of critical interest in our setting.

One may view the investments in reliable and unreliable capacity in

our model as being equivalent to purchasing from two suppliers – one reliable

and the other unreliable. Although there are some parallels, the two settings
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are actually quite different. In particular, in the supply sourcing setting, sup-

pliers are not capacity constrained, whereas in our setting the supplier makes

capacity decisions. It may choose to invest in unreliable capacity, not only as

a source of backup capacity, but also as a source of capacity in the early stage

– i.e. before it learns whether its rival has experienced shortage or not.

The third most common strategy is capacity flexibility, i.e. the ability

to use a designated production capacity for multiple products and thereby jus-

tify its cost by spreading it over multiple products. Tomlin and Wang (2011)

find that capacity flexibility can be beneficial in mitigation especially when

the supply disruptions carry for the extended periods. Unfortunately, capac-

ity flexibility is difficult, if not impossible, to implement in the manufacture

of drugs. The reason is that each manufacturing facility must be approved

(certified) for the production of a specific drug by the FDA. Any changes to

the type of drug being manufactured, or the process of manufacturing, requires

a re-certification, which is both costly and time consuming. Therefore, while

one finds plenty of excess capacity in the pharmaceutical industry, there is

limited capacity flexibility (Keeling et al., 2010).

For a single manufacturing firm, Lücker and Seifert (2017) compares

three risk mitigation strategies mentioned above, although they use differ-

ent nomenclature. In particular, the strategies are Risk Mitigating Inventory

(RMI), addition of a second emergency plant (named as Dual Sourcing) and

Agile Capacity (same as capacity flexibility). They show that RMI can be

substituted by Agile Capacity, in the absence of a second plant. However, as
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discussed above, none of these strategies are suitable for drug supply chains.

The fourth and the final mitigating strategy consists of investments

in improving the reliability of production facilities. In the case of sterile in-

jectables, this would amount to investments in better monitoring and process

control technologies. For generic sterile injectable drugs, the low profit margin

is one of the key factors that limits widespread use of investments in reliable

capacity (U.S. Government Accountability Office, 2014).

In the pharmaceutical industry, because of excess capacity, which in

turn is caused by lack of flexibility of capacity, firms typically re-purpose ex-

isting plants first and add a new plant only if absolutely necessary (Keeling

et al., 2010). Typically the capacity that is easiest (i.e. cheapest) to repurpose

is converted first, followed by the more expensive capacity. Consequently, ca-

pacity re-purposing results in convexly increasing costs (Marques et al., 2018).

Finally, when no capacity expansion is possible, a firm needs to balance the

trade-offs between a portfolio of products to produce and at what volume

(Woodcock and Wosinska, 2013). For these reasons, there are dis-economies

of scale in drug manufacturing as opposed to the economies of scale observed in

traditional manufacturing. A consequence of this difference is that in drug sup-

ply chain it will be attractive to consider both reliable and unreliable capacity

investments simultaneously even when demand is known. This is not true in

other supply chains where one observes economies of scale and consequently

investments in either reliable only or unreliable only capacity if demand is

known.
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Price control might be a strategy that a social planner may utilize to

reduce drug shortages because low profit margins lead to lower capacity in-

vestments. Kim and Morton (2015); Jia and Zhao (2017) show that increasing

drug prices is not an effective strategy to mitigate drug shortage. Jia and

Zhao (2017) show that price increases must be accompanied by failure-to-

supply penalty to ensure supply chain reliability. Such penalties come with

implementation challenges. FDA has not adopted such a policy. Instead, it

has opted to implement mandatory information sharing. For this reason, we

do not consider price regulation as a mitigating strategy. Also, in our model,

markets match supply and demand via market clearing prices, which better

captures market realities.

The supply uncertainty in the drug market appears to be related to

the uncertainty in the electricity market. In both markets, storage is costly,

the timing of supply is critical, price is used to match supply and demand,

and product differentiation is often weak (Yurukoglu et al., 2017). Subsidy

has been one of the prevalent strategies to match supply and demand in elec-

tricity market (Trimble et al., 2011; Chattopadhyay, 2004). In the context

of vaccine, Mamani et al. (2012) show that subsidy targeted to consumers

reduces the price and increases the demand thereby. However, the role of

subsidy to increase supply has not been explored. Through tax subsidies the

manufacturing costs are reduced and manufacturers are willing to supply more

(Markowski, 2012). However, the implementation of tax subsidy has concomi-

tant administration cost, especially if the subsidy is targeted. If the purpose
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is to encourage improvements to the production process, tax subsidies could

be offered to firms that introduce streamlined manufacturing procedures or

upgrade existing facilities to increase reliability of supply (Markowski, 2012).

We investigate the reasons why firm would engage in cost reduction and the

impact of targeted tax subsidy on the expected supply.

4.3 Model Formulation and Assumptions

To analyze the impact of information sharing, we consider a non-cooperative

game theoretic model with two competing firms selling to a common market.

We use labels 1 and 2 to denote the two manufacturers. Their products are

imperfect substitutes with substitutability parameter b ∈ [0, 1]. Specifically,

b = 1 implies perfect substitutes, and b = 0 implies unique products with

independent demand.

The parameter θi indicates the supply disruption status of firm i ∈ {1, 2}

with θi = 0 if firm i has experienced a supply disruption, and 1 otherwise. We

assume that each firm’s supply disruption is independent of the other firm,

and occurs with probability λ ∈ [0, 1], i.e. P (θi = 0) = λ. We acknowledge

that disruptions of the firms need not be independent. However, we focus

our analysis on situations in which firm’s disruptions are local in nature and

thereby have no reasonable correlation with its rival’s probability of disruption.

We capture the role of manufacturer’s capacity decision on the sup-

ply disruption using a stylized model with options to invest in reliable and

unreliable capacity. The reliable capacity (Ri) is not affected by the supply
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disruption. However, the unreliable capacity (Ui), as the name suggests, gets

disrupted with probability λ ∈ [0, 1]. We model the cost of repurposing the

capacity as a convexly increasing cost. In particular, we limit our analysis to

quadratic capacity costs to keep the analysis and the insights clean. Moreover,

repurposing a capacity into reliable capacity is assumed to be costlier that re-

purposing that into unreliable capacity. Specifically, we assume that the cost

of installing Ri units of reliable capacity is 1
2
αR2

i and the cost of installing Ui

units of reliable capacity is 1
2
βU2

i with α ≥ β > 0.

Once the uncertainty about the supply disruption is resolved, firm i’s re-

alized capacity is Ri+θiUi. Each firm’s total production decision is constrained

by its realized capacity. Moreover, the firms can observe their own disruption

instantaneously but not their rival’s. As a consequence, firm i chooses her

‘early production quantity’, denoted as xEi (θi), before learning about the ri-

val’s supply disruption. Note that xEi (θi) is conditional on firm i’s supply

disruption (θi). Subsequently, a firm learns about the rival firm’s supply dis-

ruption status through the FDA. The firm may then produce more by choosing

her ‘late production quantity’. Let xLi (θ1, θ2) be the late production quantity

which firm i produces conditional on the rival firm’s supply disruption status

(θ−i) as well. Figure 4.4 illustrates the conditional early and late production

quantities for firm 1.

We model the interactions between the products as a quantity (Cournot)

competition to capture the fact that firms have less flexibility in choosing quan-

tities than they do in setting prices. The market clearing prices for the two
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Figure 4.4: Production choices for firm 1.

products are given by inverse demand functions in (4.1) and (4.2). This inverse

demand model is can be obtained by maximizing a quadratic and strictly con-

cave utility of a representative consumer as shown in Singh and Vives (1984).

p1 = 1− (xE1 (θ1) + xL1 (θ1, θ2))− b(xE2 (θ2) + xL2 (θ1, θ2)) (4.1)

p2 = 1− (xE2 (θ2) + xL2 (θ1, θ2))− b(xE1 (θ1) + xL1 (θ1, θ2)) (4.2)

Let the unit cost of early production be γE ≥ 0. Late production is costlier be-

cause of expediting efforts. Let γL (> γE) be the unit cost of late production2.

Note that (γL − γE) provides an instrument to capture the expediting cost.

2Note that we normalize the maximum price of the products to 1, and correspondingly
normalize all cost parameters, α, β, γE and γL to lie between 0 and 1.
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The situation where γL � γE the firms cannot observe the rival’s disruption.

Finally, the realized profit function of firm i ∈ {1, 2} is written as follows:

Πi(Ri,Ui, x
E
i (θi), x

L
i (θ1, θ2), xE−i(θ−i), x

L
−i(θ1, θ2))

= pi(x
E
i (θi) + xLi (θ1, θ2))− 1

2
αR2

i −
1

2
βU2

i − γExEi (θi)− γLxLi (θ1, θ2)

(4.3)

Figure 4.5: Sequence of Actions.

A list of all notation is given in Table 4.1. The sequence of actions

is given in Figure 4.5. In stage I (Capacity Planning), firms choose their

capacities (Ri and Ui) simultaneously. Subsequently, firms experience the

supply disruptions with probability λ ∈ [0, 1]. They observe only their own

disruption status, θi before stage II. In stage II, the firms simultaneously choose

their early production quantities (xEi (θi)) subject to their realized capacities.

In stage III, firms observe the rival’s disruption status, θ−i and subsequently

choose their late production quantities (xLi (θ1, θ2)) bounded by their leftover

capacities.

The firms need to balance the benefit of choosing to produce after

observing the rival’s disruption status against the costlier late production. In

the next section, we characterize the conditions under which firms are inclined
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Notation Definition

i ∈ {1, 2} Firm index.
−i 6= i The index for rival firm.
b Products Substitutability.
θi Disruption indicator such that θi = 0 if firm i has expe-

rienced a supply disruption; θi = 1 otherwise.
λ Probability of disruption such that θi = 0 with proba-

bility λ and θi = 1 with probability 1− λ.
Ri The amount of reliable capacity.
Ui The amount of unreliable capacity.
Ri + θiUi Realized capacity.
xEi (θi) The early production quantity of firm i conditional upon

θi.
xLi (θ1, θ2) The late production quantity of firm i conditional upon

θ1 and θ2.
1
2
αR2

i The cost of installing reliable capacity.
1
2
βU2

i The cost of installing unreliable capacity.
γE The unit cost of early production.
γL The unit cost of late production.
pi The market clearing price of product i.
Πi The profit of firm i.

Table 4.1: List of notations.
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to produce late versus early. We also investigate how the cost difference (γL−

γE) impacts equilibrium decisions.

4.3.1 Equilibrium Concept

The analysis of the capacity and production game is challenging be-

cause of multi-dimensional strategy space. Each firm chooses two types of

capacities followed by two stages production, viz. early and late. To overcome

this difficulty, we restrict our attention to symmetric equilibrium wherein the

equilibrium capacities are symmetric and the firms’ best response production

functions conditional on their realized capacities are symmetric. Because the

firms are symmetric in their parameters (i.e. α, β, γE, γL and λ), a symmet-

ric equilibrium exists (Cheng et al., 2004). A brief description of equilibrium

concept and the notations used equilibrium analysis follows.

Let s be the state variables after stage I decisions defined as follows:

s := (R1, U1, R2, U2) (4.4)

The notation s will be used in the backward induction analysis. In stage III,

conditional on both firm’s supply disruptions, realized capacities and early

production quantities, the firms’ optimal choice of late production quantities

is defined as the solution to following set of equations:
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xL,III1 (θ1, θ2, s) := arg max
xL1 (θ1,θ2)

Π1

(
R1, U1, x

E
1 (θ1), xL1 (θ1, θ2), xE2 (θ2), xL,III2 (θ1, θ2, s)

)
(4.5)

xL,III2 (θ1, θ2, s) := arg max
xL2 (θ1,θ2)

Π2

(
R2, U2, x

E
2 (θ2), xL2 (θ1, θ2), xE1 (θ1), xL,III1 (θ1, θ2, s)

)
(4.6)

In stage II, anticipating the late production, firm’s optimal choice of

early production is defined as the solution to the following set of equations:

xE,II1 (θ1, s) := arg max
xE
1 (θ1)

[
λΠ1

(
R1, U1, x

E
1 (θ1), xL,III1 (θ1, 0, s) , x

E,II
2 (0, s) , xL,III2 (θ1, 0, s)

)
+ (1− λ)Π1

(
R1, U1, x

E
1 (θ1), xL,III1 (θ1, 1, s) , x

E,II
2 (1, s) , xL,III2 (θ1, 1, s)

)]
(4.7)

xE,II2 (θ2, s) := arg max
xE
2 (θ2)

[
λΠ2

(
R2, U2, x

E,II
1 (0, s) , xL,III1 (0, θ2, s) , x

E
2 (θ2), xL,III2 (0, θ2, s)

)
+ (1− λ)Π2

(
R2, U2, x

E,II
1 (1, s) , xL,III1 (1, θ2, s) , x

E
2 (θ2), xL,III2 (1, θ2, s)

)]
(4.8)

Let s∗ := (R∗1, U
∗
1 , R

∗
2, U

∗
2 ) be the optimal equilibrium capacities that maxi-

mizes the expected profits of firms as given below:
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EΠ1 (s) := arg max
R1,U1

[
λλΠ1

(
R1, U1, x

E,II
1 (0, s) , xL,III1 (0, 0, s) , xE,II2 (0, s) , xL,III2 (0, 0, s)

)
+ λ(1− λ)Π1

(
R1, U1, x

E,II
1 (0, s) , xL,III1 (0, 1, s) , xE,II2 (1, s) , xL,III2 (0, 1, s)

)
+ (1− λ)λΠ1

(
R1, U1, x

E,II
1 (1, s) , xL,III1 (1, 0, s) , xE,II2 (1, s) , xL,III2 (1, 0, s)

)
+ (1− λ)(1− λ)Π1

(
R1, U1, x

E,II
1 (1, s) , xL,III1 (1, 1, s) , xE,II2 (1, s) , xL,III2 (1, 1, s)

)]
(4.9)

EΠ2 (s) := arg max
R2,U2

[
λλΠ2

(
R1, U1, x

E,II
1 (0, s) , xL,III1 (0, 0, s) , xE,II2 (0, s) , xL,III2 (0, 0, s)

)
+ λ(1− λ)Π2

(
R1, U1, x

E,II
1 (0, s) , xL,III1 (0, 1, s) , xE,II2 (1, s) , xL,III2 (0, 1, s)

)
+ (1− λ)λΠ2

(
R1, U1, x

E,II
1 (1, s) , xL,III1 (1, 0, s) , xE,II2 (1, s) , xL,III2 (1, 0, s)

)
+ (1− λ)(1− λ)Π2

(
R1, U1, x

E,II
1 (1, s) , xL,III1 (1, 1, s) , xE,II2 (1, s) , xL,III2 (1, 1, s)

)]
(4.10)

Substituting s = s∗ back in (4.5), (4.6), (4.7) and (4.8), we get the

equilibrium production quantities as:

xE∗i (θi) :=xE,IIi (θi, s
∗) (4.11)

xL∗i (θ1, θ2) :=xL,IIIi (θ1, θ2, s
∗) (4.12)

Figure 4.6 summarizes the steps in backward induction. In next subsection,

we provide a few properties of symmetric equilibrium.

4.3.2 Preliminary Results

In this section, we provide two key results that will reduce the off-

equilibrium-path solution space of stage II and III that helps us make the

analysis tractable. Let (s∗, xE∗i (θi), x
L∗
i (θ1, θ2)) be an symmetric equilibrium

characterized by the steps given in Figure 4.6 where s∗ = (R∗1, U
∗
1 , R

∗
2, U

∗
2 ). In
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Figure 4.6: Steps in Backward Induction.

the first result, we show that R∗i ≤
1−γE
2+b

. This result eliminates the trivial equi-

libria wherein the supply disruption plays no role because of sufficient reliable

capacity. The second result restricts our attention to equilibrium capacities

that are used with non-zero probability. Although both of these results are

intuitive, we develop these results with no additional assumptions other than

those that are stated earlier.

We will establish an upper bound on the equilibrium reliable capacity

investment using the solution to the uncapacited model. If firms were endorsed

with unlimited reliable capacities, then the problem simplifies to a Cournot

duopoly. The solution to the uncapacited model can be characterized in the

following proposition.

Proposition 4.3.1. For the firms are endowed with unlimited reliable capac-

ities, then the equilibrium production is x̃Ei = 1−γE
2+b

, and x̃Li = 0.
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Because the late production is more expensive than early production,

the firms produce only in early stage in the uncapacited model. In finite

capacity model, however, a firm may choose to hold some of the capacity to

produce in late stage as a reaction to rival’s supply disruption. In such cases,

the following lemma states that the total production of each firm cannot exceed

that is obtained as the solution to the uncapacited problem.

Lemma 4.3.2. There exists no equilibrium such that (xE∗1 (θ1) + xL∗1 (θ1, θ2),

xE∗2 (θ2) + xL∗2 (θ1, θ2)) >
(

1−γE
2+b

, 1−γE
2+b

)
for all θ1, θ2 ∈ {0, 1}.

The above lemma states that even when the firms have finite capacity

and choose to produce late, the total production quantity of each firm cannot

exceed its early production in uncapacited model. It is important to note

that Lemma 4.3.2 does not prevent one of the firm producing more than 1−γE
2+b

while the other firm producing less than 1−γE
2+b

. What we have excluded is

scenarios in which both firms produce more than 1−γE
2+b

. If the firms had finite,

yet sufficient, capacity produce their total production would not exceed that

when capacity was unlimited. The result is driven by the fact that the late

production is more expensive than early production.

Next, we establish an upper bound on the equilibrium choice of reliable

capacity investment. Consider a situation wherein both firms have sufficient

reliable capacity such that each can produce the solution to the uncapacited

problem provided in Proposition 4.3.1. If there is any excess capacity, either

firm would have an incentive to reduce the capacity. Consequently, the firms
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do not invest in excess reliable capacity at equilibrium. This intuition is for-

malized in Lemma 4.3.3.

Lemma 4.3.3. There does not exist an equilibrium such that (R∗1, R
∗
2) >(

1−γE
2+b

, 1−γE
2+b

)
.

To characterize the result stated in the following corollary, we draw

upon the solution concept of rationalizability that was introduced by Bern-

heim (1984) and Pearce (1984). This concept is based on the following three

assumptions, which we are summarized in Chapter 3 from Pearce (1984) and

provided below for convenience. A1) When a player does not observe another

player’s choice of strategy, he forms a (belief) that does not contradict any of

the information at his disposal; A2) Each player maximizes his expected util-

ity relative to his (belief) regarding the strategic choices of others; A3) The

structure of the game (including all players possible strategies and payoffs, and

the fact that each player satisfies A1 and A2) is common knowledge.

We draw upon this notion in our analysis of stage I where, following A3)

of Pearce (1984), we assume that the beliefs of the suppliers and the rules of

game are common knowledge. If either firm has sufficient reliable capacity to

produce 1−γE
2+b

, the strategy to invest into excess capacity is not rationalizabile

following the result of Lemma 4.3.3. Consequently, we have following result.

Corollary 4.3.4. R∗i ≤
1−γE
2+b

for i ∈ {1, 2}.

Corollary 4.3.4 eliminates trivial equilibria wherein the supply disrup-

tion plays no role. As a consequence of Corollary 4.3.4, throughout the back-
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ward induction of the game presented in next section, we will limit our atten-

tion to the equilibria with R∗i ≤
1−γE
2+b

.

Next, we will present a result that will help us restrict our attention to

the capacities that are used towards production with non-zero probability. As

capacity repurposing is costly, one would not expect an equilibrium wherein

any fraction of capacity is not used towards production with probability equal

to 1. That is, there cannot be capacity that is never used towards production

regardless of firms’ supply disruptions. Otherwise, either firm would have an

incentive to reduce the capacity by a non zero amount. Therefore, the firms

would invest in capacity only if they intend to use it for some realization of

disruptions. The result is formalized as follows.

Lemma 4.3.5. R∗i + U∗i = max
θ1,θ2

[
xE∗i (θi) + xL∗i (θ1, θ2)

]
for i ∈ {1, 2}.

With the results established in Corollary 4.3.4 and Lemma 4.3.5, in the

following section, we restrict our attention to the equilibrium where R∗i ≤
1−γE
2+b

for i ∈ {1, 2}, and R∗i + U∗i = max
θ1,θ2

[
xE∗i (θi) + xL∗i (θ1, θ2)

]
for i ∈ {1, 2}.

4.4 Analysis and Results

In this section, we use backward induction to characterize a sub-game

perfect equilibrium. The following subsection characterizes the late production

response in stage III. The optimal early production quantities are presented

in Subsection 4.4.2. Finally, the equilibrium capacities are characterized in

Subsection 4.4.3.
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4.4.1 Stage III: Late Production

In stage III, the firms choose their late production quantities after ob-

serving the disruption status for both firms and early production quantities.

Define ∆Ki := Ri + θiUi− 1
2
(1− γL− b(R−i + θ−iU−i)) and [x]+ := max{x, 0}.

The following lemma provides the equilibrium late production:

Lemma 4.4.1. Conditional on the realized capacities (Ri + θiUi) and early

production quantities (xEi (θi)), the late production best response functions,

xL,IIIi (θ1, θ2, s) are shown in Table 4.2.

Condition xL,III1 (θ1, θ2, s) xL,III2 (θ1, θ2, s)

∆K1 ≥ 0 and ∆K2 ≥ 0
[

1−γL
2+b
− xE1 (θ1)

]+ [
1−γL
2+b
− xE2 (θ2)

]+

∆K1 < 0 and ∆K2 ≥ 0
[
R1 + θ1U1 − xE1 (θ1)

]+ [
1
2
(1− γL − b(R1 + θ1U1))− xE2 (θ2)

]+
∆K1 ≥ 0 and ∆K2 < 0

[
1
2
(1− γL − b(R2 + θ2U2))− xE1 (θ1)

]+ [
R2 + θ2U2 − xE2 (θ2)

]+
∆K1 < 0 and ∆K2 < 0

[
R1 + θ1U1 − xE1 (θ1)

]+ [
R2 + θ2U2 − xE2 (θ2)

]+
Table 4.2: Best Response Late Production, xL,IIIi (θ1, θ2, s).

The firms produce the Cournot duopoly outcome if they have sufficient

residual capacity, i.e. ∆Ki ≥ 0. However, if ∆Ki < 0 and ∆K−i ≥ 0, then firm

i produces up to her capacity and the rival produces to capture the residual

market potential. When both firm have limited residual capacity, i.e ∆Ki < 0,

they both use their leftover capacity towards late production.

There are two key observations from Lemma 4.4.1. First, early and late

production operate as substitutes. That is, the late production is decreasing
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in early production. Secondly, for all θ1, θ2 ∈ {0, 1}, we have late production

of firm i non-decreasing in θi and non-increasing in θ−i. This observation is

presented in following corollary.

Corollary 4.4.2. For all θ1, θ2 ∈ {0, 1},

(a) xL,III1 (0, θ2, s) ≤ xL,III1 (1, θ2, s),

(b) xL,III2 (θ1, 0, s) ≤ xL,III1 (θ1, 1, s),

(c) xL,III1 (θ1, 0, s) ≥ xL,III1 (θ1, 1, s),

(d) xL,III2 (0, θ2, s) ≥ xL,III2 (1, θ2, s).

As a consequence of Corollary 4.4.2 part (a) and (b), a firm’s late pro-

duction when it experiences supply disruption cannot exceed that when it

doesn’t experience the disruption. Moreover, this result is true regardless of

the disruption status of the rival firm. From Corollary 4.4.2 part (c) and (d),

a firm’s late production when the rival experiences supply disruption cannot

exceed that when the rival doesn’t experience the disruption and this result is

true regardless of her own disruption status. Next, we use Corollary 4.4.2 to

eliminate the equilibria wherein the late production is positive regardless of

rival’s disruption status.

Lemma 4.4.3. xL∗i (0, 0) = xL∗i (1, 1) = xL∗1 (0, 1) = xL∗2 (1, 0) = 0.

Lemma 4.4.3 imply that when a firm’s supply is disrupted, it will pro-

duce nothing in late production stage. Because the late production is more
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expensive than the early production, a disrupted firm would use the capacity

on hand in the early production itself. Furthermore, a firm would not produce

in the late production stage if the supplies of both firms are not disrupted, i.e.

xL∗i (1, 1) = 0. Because if that were the case, the firm can move some of the

late production to early and lower its production cost. This contradicts the

fact that these are equilibrium production quantities with lowest total cost.

As all late productions other than xL∗1 (1, 0) and xL∗2 (0, 1) are equal

to zero, when would a firm’s production is maximum? In the next lemma,

we will establish that xE∗1 (1) + xL∗1 (1, 0) and xE∗2 (1) + xL∗2 (0, 1) are maximum

production quantities of firm 1 and 2 respectively. For the equilibria with

U∗i = 0, the supply disruption plays no role in equilibrium and we would expect

xE∗i (0) = xE∗i (1). However, when U∗i > 0, the following lemma shows that

total production of a firm that experiences supply disruption cannot exceed

that when it is not disrupted.

Lemma 4.4.4. If U∗i > 0, then xE∗1 (0) ≤ xE∗1 (1) + xL∗1 (1, 0) and xE∗2 (0) ≤

xE∗2 (1) + xL∗2 (0, 1).

Combining results from Lemma 4.4.3 and 4.4.4, we get the following

xE∗1 (1) + xL∗1 (1, 0) = max
θ1,θ2

[
xE∗1 (θ1) + xL∗1 (θ1, θ2)

]
xE∗2 (1) + xL∗2 (0, 1) = max

θ1,θ2

[
xE∗2 (θ2) + xL∗2 (θ1, θ2)

]
Following the result stated in Lemma 4.3.5 and the result above, we get

xE∗1 (1) + xL∗1 (1, 0) = R∗1 + U∗1 and xE∗2 (1) + xL∗2 (0, 1) = R∗2 + U∗2 . Conse-

quently, in the following subsection, we restrict our attention to the capacities
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and early production quantities that follow

xL,III1 (1, 0, s) = R1 + U1 − xE1 (1) (4.13)

xL,III2 (0, 1, s) = R2 + U2 − xE2 (1) (4.14)

4.4.2 Stage II: Early Production

In stage II, firms can observe their own supply disruption but not rival’s.

Anticipating the late production quantities from stage III, firms choose their

optimal early production quantities. Define ∆Ci := Ri + Ui − (1−γE)−λ(1−γL)
(2+b)(1−γL)

.

The following lemma characterizes early production quantities.

Lemma 4.4.5. For given reliable capacities, Ri and Ui such that Ri ≤ 1−γE
2+b

,

the following strategy

xE,IIi (0, s) =Ri

xE,IIi (1, s) = min {z̃i, (Ri + Ui)}

is an equilibrium early production anticipating the late responses in (4.13) and

(4.14) where z̃1 and z̃2 are given in Table 4.3.

Condition z̃1 z̃2

∆C1 ≥ 0 and ∆C2 ≥ 0 (1−γE)−λ(1−γL)
(2+b)(1−γL)

(1−γE)−λ(1−γL)
(2+b)(1−γL)

∆C1 < 0 and ∆C2 ≥ 0 R1 + U1
(1−γE)−λ(1−γL)

2(1−γL)
− 1

2
b(R1 + U1)

∆C1 ≥ 0 and ∆C2 < 0 (1−γE)−λ(1−γL)
2(1−γL)

− 1
2
b(R2 + U2) R2 + U2

∆C1 < 0 and ∆C2 < 0 R1 + U1 R2 + U2

Table 4.3: Definitions of z̃1 and z̃2.
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When the firms have sufficient residual capacity, i.e. ∆Ci ≥ 0, the firms

produce (1−γE)−λ(1−γL)
(2+b)(1−γL)

and produce positive quantity in late stage if the rival

has experienced supply disruption. If either firm does not have a sufficient

residual capacity, i.e. ∆Ci < 0, it produces up to her capacity and the rival

captures the net market. When both firms are not endowed with sufficient

residual capacity, they both produce up to their capacity in the early stage

and produce nothing in late production stage.

There are two key intuitions from Lemma 4.4.5. Firstly, as late pro-

duction becomes cheaper, the incentive of producing early reduces. Conse-

quently, the early production quantities are non-decreasing in γL. Although

late production is more expensive than early production (γL > γE), a firm can

benefit from wait-and-react through late production flexibility. Therefore, a

firm balances the information gain from rival’s disruption with the cost of late

production. The late production becomes less attractive as the late production

cost increases, and consequently, early production increases.

The second intuition illustrates the early commitment advantage of

early production. From Lemma 4.4.5, a firm produces a positive quantity in

early stage even when γL → γE. Not only the early stage production is cheaper

than the late stage production, but also that early stage production gives a firm

an opportunity to commit to a quantity early in two-stage production game.

As consequence, a firm would produce a positive quantity in early stage even

if the cost advantage is removed.
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4.4.3 Stage I: Capacity Planning

Anticipating the sub-game production best response given in Lemma

4.4.5, firms choose their reliable and unreliable capacities in stage I. The firms’

equilibrium capacities are given in following lemma.

Lemma 4.4.6. If β ≤ bλ(1−λ), then there exists a unique threshold, γ̂L such

that if γL ∈ [γE, γ̂L] then the equilibrium capacities are

R∗ =
λ(β(2− γE + γLλ− γL − λ)− (1− λ)λ(b(1− γL)(1− λ)− 2(1− γE)))

(2 + b)λ(β(2− λ)(1− λ)λ(2− b(1− λ))) + α(β + 2(1− λ)λ)
, and

(4.15)

U∗ =
(1− λ)λ(α(1− γL)− (2 + b)λ(γL − γE))

(2 + b)λ(β(2− λ)(1− λ)λ(2− b(1− λ))) + α(β + 2(1− λ)λ)
. (4.16)

Otherwise, the equilibrium capacities are

R∗ =
(1− γE)(β + 2(1− λ)λ)

α (b(1− λ)2 + β + 2(1− λ)) + (2 + b)(β + 2(1− λ)λ)
, and (4.17)

U∗ =
α(1− γE)(1− λ)

α (b(1− λ)2 + β + 2(1− λ)) + (2 + b)(β + 2(1− λ)λ)
. (4.18)

Corollary 4.4.7. The equilibrium late production is positive only if β ≤ bλ(1−

λ) and γL ∈ [γE, γ̂L].

The equilibrium capacities are illustrated in Figure 4.7. When the cost

of late production is sufficiently low, the firms choose the reliable and unreliable

capacities as given in (4.15) and (4.16) respectively anticipating positive late

production. On the hand, when the late production becomes expensive, the

firms choose the reliable and unreliable capacities as given in (4.17) and (4.18)

respectively anticipating no late production.
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Figure 4.7: Equilibrium reliable and unreliable capacities for b = 0.8, α =
0.4, β = 0.03, γE = 0.2, λ = 0.2.

Corollary 4.4.7 provides a necessary condition for which the equilibrium

late production would be positive with non-zero probability. A firm produces

in late stage only if it has not experienced supply disruption and the rival

has, which happens with probability λ(1 − λ). Furthermore, the maximum

gain firm i can have by replacing rival’s production by hers (i.e. decrease in

xT−i(θ1, θ2) and increase in xTi (θ1, θ2)) cannot exceed b. Consequently, if the

cost parameter of unreliable capacity (β) exceeds the maximum expected gain

bλ(1−λ), then the equilibrium results in no production in late stage regardless

of realizations of θ1 and θ2. On the other hand, if β ≤ bλ(1−λ) and if the late

production is sufficiently small (i.e. γL ∈ [γE, γ̂L]) then each firm produces in

late production with probability λ(1− λ).
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4.5 Discussion

4.5.1 Implications

To understand the implications of the equilibrium, it is helpful to make

comparisons with the equilibrium without information sharing. For γL >{
γ̂L, γE

}
, our equilibrium converges to that of the case without the possibility

of horizontal information sharing. Through the FDASIA act, the FDA has

provided a reliable means to share information about the disruptions. But do

manufacturing firms benefit from such information sharing?

Proposition 4.5.1. When β ≤ bλ(1− λ) and γL ∈ [γE, γ̂L),

(a) The firms expected profits are decreasing in γL.

(b) There exists a threshold λ̂EΠ such that for λ ∈
(

0, λ̂EΠ
)

,

0 ≥ d

dα
EΠi(s

∗) ≥ d

dβ
EΠi(s

∗),

and for λ ∈
(
λ̂EΠ, 1

)
,

0 ≥ d

dβ
EΠi(s

∗) ≥ d

dα
EΠi(s

∗).

(c) For all λ ∈ (0, 1),

0 ≥ d

dγL
EΠi(s

∗) ≥ d

dγE
EΠi(s

∗).

Proposition 4.5.1 sheds light on the impact of information sharing on

the firm’s profit. The first result implies that the firms benefit from the infor-

mation sharing. This is because the firms can use their capacities efficiently
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after observing the rival’s disruption. This gain from observing the rival’s dis-

ruptions overcomes the loss due to the revelation of her own disruption. As a

consequence, the firms are not worse off because of the FDASIA act.

Following part (b) of Proposition 4.5.1, when the supply disruptions are

rare i.e. λ ∈
(

0, λ̂EΠ
)

, a firm has higher incentive to reduce the repurposing

cost of unreliable capacity than that of reliable capacity. As the disruptions

become more likely, on the other hand, reducing the repurposing cost of re-

liable capacity is more beneficial. A firm’s incentive to reduce capacity costs

depends on the anticipation utilization of that capacity. As the disruptions

become more likely, the unreliable capacity is less likely to be available, and

consequently, the reliable capacity becomes a better target of cost-cutting. The

incentive switches when the disruptions are rare and the unreliable capacity is

often available.

The part (c) of Proposition 4.5.1 demonstrates that the firms have a

greater incentive to reduce the production cost of early production than the

late production. As early production option is utilized always, the reduction

in early production cost is more beneficial. But does this incentive also lead

to higher expected supply?

To investigate the impact on the expected supply, let us first define the
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expected supply at equilibrium as follows:

If β ≤ bλ(1− λ) & γL ∈
[
γE, γ̂L

]
,

ES∗ :=

{
(1− λ)λ(R∗i + U∗i +R∗−i) + (1− λ)(1− λ)

(
2 (1−γE)−λ(1−γL)

(2+b)(1−γL)

)
+λ(1− λ)(R∗i +R∗−i + U∗−i) + λλ(R∗i +R∗−i)

(4.19)

otherwise ,

ES∗ :=

{
(1− λ)λ(R∗i + U∗i +R∗−i) + (1− λ)(1− λ)(R∗i + U∗i +R∗−i + U∗−i)

+λ(1− λ)(R∗i +R∗−i + U∗−i) + λλ(R∗i +R∗−i)

(4.20)

The following proposition provides the implication of information sharing on

the expected supply.

Proposition 4.5.2. When β ≤ bλ(1− λ) and γL ∈ [γE, γ̂L),

(a) The expected supply, ES∗ is decreasing in γL.

(b) There exists a threshold λ̂ES such that for λ ∈ (0, λ̂ES],

0 ≥ d

dα
ES∗ ≥ d

dβ
ES∗,

and for λ > λ̂ES,

0 ≥ d

dβ
ES∗ ≥ d

dα
ES∗.

(c) 0 ≥ d
dγL

ES∗ ≥ d
dγE

ES∗.

(d) γ̂L is increasing in α, γE and decreasing in β.

To understand part (a) of of Proposition 4.5.2, it is important to under-

stand the impact of γL on equilibrium capacities and equilibrium production
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quantities when a firm does not experience supply disruption. As illustrated

in Figure 4.7, the increase in reliable capacity as γL increases is much smaller

to the loss in unreliable capacity when γL ∈ [γE, γ̂L]. As γL increases, a firm

produces more in early stage as shown in Figure 4.8b, but the increased early

production is not sufficient to compensate the decreases in late production

(Figure 4.8a). As a consequence the total expected production decreases as

the late production becomes more expensive.

This implies that the expected supply increases from the information

sharing. The information sharing leads to an efficient usage of firms’ capacities,

and consequently, increases the expected supply. This confirms the intuition

that led to the FDASIA act that the firms would be able to use their excess

capacities towards production to mitigate the drug shortages.

If the FDA were to provide a subsidy to alleviate the capacity costs,

which capacity should they target? Cost reduction of reliable capacity is a nat-

ural strategy in mitigating drug shortages because its reliability. The part (b)

of Proposition 4.5.2 demonstrates that this intuition fails when the disruptions

are rare occurrence. The expected supply is higher when the cost of unreliable

capacity is reduced than when the cost of reliable capacity is reduced if supply

disruptions are rare i.e. λ ∈
(

0, λ̂ES
)

. The diseconomies of scale drives this

result as the cost reduction of unreliable capacity can lead to higher expected

supply because of its cheaper cost. This overcomes the natural advantage of

cost reduction of reliable capacity when the supply disruptions are rare, i.e.

when the unreliable capacity is more likely to be available.
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(a) Both Early and Late Productions

(b) Highlighting Equilibrium Early Production.

Figure 4.8: Equilibrium production quantities of firm 1 for b = 0.8, α =
0.4, β = 0.03, γE = 0.2, λ = 0.2.
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It is point worthy to note that the relative position of λ̂EΠ and λ̂ES

drives the outcome of tax subsidy. We numerically confirm that λ̂ES ≤ λ̂EΠ

when β ≤ bλ(1 − λ) and γL ∈ [γE, γ̂L). As shown in Figure 4.9, when the

probability of disruption is extreme (i.e. λ < λ̂ES or λ > λ̂EΠ), the signs of∣∣ d
dα
EΠi(s

∗)
∣∣− ∣∣∣ ddβEΠi(s

∗)
∣∣∣ and

∣∣ d
dα
ES∗

∣∣− ∣∣∣ ddβES∗∣∣∣ are aligned. Consequently,

if the FDA were to provide subsidy on capacity the incentive alignment en-

sures that firms would direct their cost reduction to the capacity that would

also result in the higher expected supply. This eliminates the requirement of

directed subsidy or the effort of monitoring or verifying when the probability

of disruption is extreme (too low or too high).

For the intermediate likelihood of disruption, i.e. when λ ∈
[
λ̂ES, λ̂EΠ

]
,

the firms prefer to direct subsidy towards unreliable capacity whereas the cost

reduction in reliable capacity generates higher increase in expected supply.

Consequently, if the FDA were to provide subsidy on capacity the mismatch of

incentives suggests that the FDA needs to target the capacity subsidy towards

reliable capacity to result in the higher expected supply.

Finally, if the FDA were to provide a subsidy on the production would it

lead to higher expected supply? The part (c) of Proposition 4.5.2 demonstrates

that the cost reduction of early production than leads to a higher expected

supply than that of the late production. As these incentives match the part

(c) result of Proposition 4.5.1, the firms’ incentive aligns to increase expected

supply as well. Consequently, a non-targeted production subsidy would result

in a higher expected supply.
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Figure 4.9: The difference in gradients plotted for b = 0.8, α = 0.4, β =
0.03, γE = 0.2, γL = 0.22.

4.5.2 Unforeseen Demand Surge

In the model explained in Section 4.3, the supply uncertainty is modeled

and the inverse demand function is assumed to known. This assumption cap-

tures the instances in which the price elasticity of demand can be anticipated

and estimated from various factors such as the historical usage, population

size, season, etc. However, there may exist shocks that can be unforeseen and

that can instantaneously change the demand curve. For instance, the demand

for norepinephrine and vasopressin, two vital sterile injectable drugs used to

treat cardiovascular diseases, increased by 122 % and 66% respectively during

COVID-19 pandemic (McGrail, 2020).

Although hoarding has been one of the key reasons for demand surge for

products like toilet paper and hand sanitizers during the COVID-19 pandemic;
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that was not the case for sterile injectable drugs. Wholesalers used historical

orders from the hospital to curb hoarding (Block, 2020). The reason for the

demand surge in certain sterile injectables was increased consumption rate.

About 40 to 50 % of COVID-19 hospitalized patients experienced some kind

of cardiovascular disease (McGrail, 2020). In the hotspot areas like New York

the demand for norepinephrine shot up by 412% (McGrail, 2020). Considering

COVID-19 pandemic, a natural question that arises is the following: how

resilient are the drug supply chains to handle such unforeseen demand surge?

In this section, we explore this question.

Figure 4.10: Revised sequence of actions in presence of demand surge (a).

In the model mentioned in Section 4.3, we normalize the intercept of

inverse demand function to 1. To model a demand surge, let a ≥ 1 be the

updated intercept3. Therefore, the inverse demand functions given in (4.1)

and (4.2) will be replaced by (4.21) and (4.22) respectively as shown below:

3Recall that the inverse demand model described in Section 4.3 is can be obtained by
maximizing a quadratic and strictly concave utility of a representative consumer as shown
in Singh and Vives (1984). Moreover, it is easy to verify that increasing the intercept of
demand function to a

1−b is equivalent of increasing the intercept of inverse demand function
to a. Hence, we model the demand surge as increased slope of inverse demand function.
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p1 = a− (xE1 (θ1) + xL1 (θ1, θ2))− b(xE2 (θ2) + xL2 (θ1, θ2)) (4.21)

p2 = a− (xE2 (θ2) + xL2 (θ1, θ2))− b(xE1 (θ1) + xL1 (θ1, θ2)) (4.22)

The revised sequence of actions is given in Figure 4.10. After stage I

(Capacity Planning), firms observe the demand potential (a) in addition to

experiencing the supply disruptions. The rest of the stages stay the same.

As this demand surge is unforeseen, the firms cannot change their capacity

decisions. Consequently, the equilibrium capacities are the same as stated

in Lemma 4.4.6. However, the firms may change their short-term production

strategies. Due to the surge in demand, firms produce more in early production

consequently increasing the realized expected supply. The realized expected

supply is:

If β ≤ bλ(1− λ) & γL ∈
[
γE, γ̂L

]
,

ES∗(a) :=

{
(1− λ)λ(R∗i + U∗i +R∗−i) + (1− λ)(1− λ)

(
2 (a−γE)−λ(a−γL)

(2+b)(1−γL)

)
+λ(1− λ)(R∗i +R∗−i + U∗−i) + λλ(R∗i +R∗−i)

(4.23)

otherwise ,

ES∗(a) :=

{
(1− λ)λ(R∗i + U∗i +R∗−i) + (1− λ)(1− λ)(R∗i + U∗i +R∗−i + U∗−i)

+λ(1− λ)(R∗i +R∗−i + U∗−i) + λλ(R∗i +R∗−i)

(4.24)

We express the resiliency of a drug supply chain as a function of the realized

expected supply because our focus is the supply of drugs in the context of

shortages. We say a supply chain is more resilient if the realized expected
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supply is higher. The impact of information sharing on expected supply is

illustrated in Figure 4.11. The expected supply decreases in γL, that is, the

information sharing makes the supply chain more resilient to unforeseen de-

mand surges like in the case of COVID-19. The information sharing leads to

efficient use of idle capacity which results in higher supply resiliency.

Figure 4.11: Expected supply (ES∗(a)) plotted in presence of unforeseen de-
mand surge. Plotted for b = 1, β = 0.03, γE = 0.2, λ = 0.2.

The reliable capacity cost of sterile injectable drugs plays a significant

role in the expected supply and supply chain resiliency in presence of unfore-

seen demand surge. To understand the role of reliable capacity cost, let us

consider a thought experiment with two similar drugs that have all param-

eters same except with one having higher reliable capacity cost than other,

say α = 0.2 for first drug and α = 0.4 for the second. In absence of unfore-

seen demand surge (i.e. a = 1) the higher α represents higher supply cost

and results lower expected supply as shown in Figure 4.11. Higher α reduces
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the incentive to invest in reliable capacity and makes the unreliable capac-

ity more attractive. Consequently, the firms invest in lower reliable capacity

and higher unreliable capacity as α increases. The decrease in reliable supply

hurts the expected supply significantly and makes the supply chain vulnerable

to shortages.

Interestingly, the drug supply chain with α = 0.4 is better at coping

with unforeseen demand surge relative to that with α = 0.2 as shown in Figure

4.11. The expected supply when a = 1.2, α = 0.4 is higher than that when

a = 1.2, α = 0.2. When β is sufficiently small, the increase in unreliable

capacity is higher than the reduction in reliable capacity as α increases. The

abundance of unreliable capacity helps the supply chain absorb the unforeseen

surge in demand.

4.6 Conclusion

Drug shortages have an adverse impact on patient’s health because the

drugs under shortages include life-supporting or life-sustaining or preventive

treatment drugs. In addition, shortages cause a significant financial burden

due to additional costs. Sterile injectable category of drugs is the most common

category of drugs that comprise 80% of the on-going shortages. The quality

problems in manufacturing and capacity disruptions are the most prevalent

cause of these shortages. To our knowledge, we are the first to model the

capacity decisions of firms in terms of reliable and unreliable capacities and

their impact on the supply of drugs.
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As one of the key modeling contributions, we explore the impact of

the FDASIA act that mandates manufacturing firms to share the information

about their supply disruption. In the early stage of production, the firm’s

disruption is private information. In the late stage, the firm learns about the

rival’s disruption and it may initiate costly late production. Although a firm

may have an incentive to hide the disruption information after it has experi-

enced the disruption, the mandatory nature of the FDASIA act removes that

incentive and results in reliable and truthful sharing of information between

two firms. We show that the firms benefit from such information sharing

because they can efficiently use their idle capacity towards expedited produc-

tion. Moreover, the information sharing does increase the expected supply

which confirms the purpose of the FDASIA.

In the exploration of strategies in mitigation drug shortages, we show

that tax subsidy can be an attractive choice. Both capacity and production

subsidies can result in higher expected supply. Furthermore, we find that a

firm’s incentives in targeting the subsidy towards reliability align with that

of the social planner when the probability of the disruption is too low or too

high. Consequently, the social planner can offer non-targeted tax subsidy to

boost the supply of drugs. For the intermediate likelihood of disruption, how-

ever a tax subsidy targeted to reliable capacity is necessary. In the extension

presented in subsection 4.5.2, we address the supply chain’s resiliency against

unforeseen demand surge in situations like COVID 19. We show that infor-

mation sharing increases the realised expected supply, and thereby, improves
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the supply chain resiliency towards COVID 19 demand surge. Moreover, a

drug with more expensive reliable capacity is better in absorbing the surge in

demand due to abundance of unreliable capacity.

There are a few limitations of our study. First, we assume that demand

is deterministic. Although demand for certain drugs can be estimated to

reasonable accuracy, our work does not address the market with uncertain

demand. Secondly, we consider a stylized model with reliable capacity that

is always available and unreliable capacity with a probabilistic disruption.

A possible extension may consider a menu of capacities that have variable

reliability and costs. We leave both of these extensions for future research.

The next direction would be to validate the insights from our analytical

work using an econometric study. As a first step, we plan to collect data on

the drug shortages from 2014 to 2020 from the web archive database of the

FDA’s drug shortage webpage. Various promising research questions can be

answered from this data collection: (1) What is the short-term and long-term

impact of the FDA’s expedited approval of a new manufacturer for the drugs

that are under shortage? (2) Does extending expiry dates of drugs under

shortage reduce the manufacturer’s incentive in shortage mitigation? (3) Does

the timeline of manufacturer’s reporting about its supply disruption play a role

in the implementation of forced information sharing? Is the timeline correlated

with the reason behind the shortage, i.e. do manufacturers delay the sharing

under certain circumstances?
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Appendix A

Appendix for Chapter 2

A.1 Proof of Proposition 3.2.1

Proof. We use Backward Induction to solve this problem. At 2nd stage, the

reseller’s best response order quantity is given as: qi(wi, wj) = − bwj−b−wj+1

2(b2−1)
.

Substituting reseller’s best response function into supplier 1’s profit function

we get, wi(wj) =
b(wj−1)+1

2
. Due to symmetry, we get optimal wholesale prices,

reseller’s order quantities and profits as given in Proposition.

A.2 Proof of Lemma 2.4.1

Proof. For a given w1 and w2, supplier 1’s profit is given in equation (3.5).

Π1(w1, y1) := y(p1 − c) + q1w1

Supplier 1’s profit doesn’t change if we update ŷE = 0 without changing

y. In stage 3, supplier 1’s optimal response is [y(q1, q2)− y∗E]+ where

y(q1, q2) =

{
1
2
(1− c− q1 − bq2), for q1 ≤ 1− c− bq2

0, o.w.

In anticipation of supplier 1’s response in stage 3, as long as y∗E <

y∗(q1, q2), then the reseller’s optimal choice of quantities in response to ŷE = 0
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is identical to what it is when ŷE = y∗E. Consequently, the reseller’s best

response doesn’t change due to the update ŷE = 0 and ŷ = y∗. Hence, if

y∗E and y∗ are a sub-game perfect decisions for supplier 1, then ŷE = 0 and

ŷ = y∗ are also a sub-game perfect decisions with the exact same payoffs for

all players as no profits change.

A.3 Proof of Lemma 2.4.2

Proof for the quantity setting subgame for late only encroachment.

Proof. When the reseller anticipates encroachment from supplier 1, his prob-

lem is given as:

maxq1,q2 q1(1− y − q1 − bq2 − w1) + q2(1− by − bq1 − q2 − w2)

where y(q1, q2) follows equation (2.6).

When 1
2
(3c − 1) ≤ w1 ≤ w̄L(b, c, w2), the best response direct sales is

interior solution y = 1
2
(1 − c − q1 − bq2) and the first order conditions for

the reseller’s profit satisfy at q1 = qL,R&D
1 and q2 = qL,R&D

2 . Substituting

the first best responses in (2.6) corresponding direct sales quantity is y =

1
4
(1 − 3c + 2w1). For w̄L(b, c, w2) ≤ w1, the corresponding reseller order from

supplier 1 would be zero.

For 0 ≤ w1 ≤ 2c− 1, in anticipation of y = 0 the first order conditions

for the reseller satisfy at q1 = qL,RO1 and q2 = qL,RO2 , and it can be confirmed

that, y(qL,RO1 , qL,RO2 ) = 0.
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For the intermediate values of w1 (i.e. when 2c − 1 ≤ w1 ≤ 1
2
(3c −

1)), there does not exist a solution to the first order conditions where either

q1 + bq2 < 1 − c or q1 + bq2 > 1 − c. Hence, the optimal quantities lie at the

boundary q1 + bq2 = 1− c when 2c− 1 ≤ w1 ≤ 1
2
(3c− 1) and are qL,ROF1 and

qL,ROF2 respectively.

A.4 Proof of Lemma 2.4.3

Proof for the quantity setting subgame for early only encroachment.

Proof. At stage 2, the reseller chooses her order quantities and the encroaching

supplier chooses her early encroachment quantity (yE) simultaneously.

When 1
2
(3c − 1) ≤ w1 ≤ w̄E(b, c, w2), the first order conditions for the

reseller’s profit satisfy at q1 = qE,R&D
1 and q2 = qE,R&D

2 and y = 1
3
(1−2c+w1) >

0. For w̄E(b, c, w2) ≤ w1, the corresponding reseller order from supplier 1 would

be zero.

Anticipating yE = 0, the reseller’s best response is q1 = qE,RO1 and q2 =

qE,RO2 and supplier 1’s best response to these quantities is y(qE,RO1 , qE,RO2 ) = 0

if and only if 0 ≤ w1 ≤ 2c− 1.

A.5 Proof of Lemma 2.4.4

Proof for conditional late equilibrium: By taking second derivatives it

can be confirmed that the profit function of each supplier is piece-wise concave.
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• ΠL,DO
2 (w1, w2) is strictly concave in w2: d2

dw2
2
ΠL,DO

2 (w1, w2) = − 2
2−b2 < 0.

• ΠL,R&D
i (w1, w2) is strictly concave in wi:

d2

dw2
1
ΠL,R&D

1 (w1, w2) = − 3−b2
2(1−b2)

<

0 and d2

dw2
2
ΠL,R&D

2 (w1, w2)= − 1
1−b2 < 0.

• ΠL,ROF
i (w1, w2) is concave in wi:

d2

dw2
i
ΠL,ROF
i (w1, w2) = 0 and

d2

dw2
2
ΠL,ROF

2 (w1, w2) = − 1
1−b2 < 0.

• ΠL,RO
i (w1, w2) is strictly concave in wi:

d2

dw2
i
ΠL,RO
i (w1, w2) = − 1

1−b2 < 0.

The thresholds on c, conditional upon b are defined as follows: cL1 (b) is the

largest value of c for which wCL,DO2 ≤ wCL,DOB2 ; cL2 (b) is the smallest value of

c for which solves wCL,R&D
1 ≤ w̄L

(
b, c, wCL,R&D

2

)
; while cL3 (b) is the largest

value of c for which wCL,R&D
1 ≥ 3c−1

2
. The three thresholds are:

cL1 (b) =
b (2− 5b+ 2b3)

16− 21b2 + 6b4

cL2 (b) =
b (2− 3b (1 + b))

(1 + b) (16− 9b2)

cL3 (b) =
12− b (2 + 7b)

20− 11b2

and it can be confirmed that cL1 (b) ≤ cL2 (b) ≤ cL3 (b) for all b ∈ [0, 1].

We will first show that when c ∈
(
cL2 (b), cL3 (b)

)
, there is an equilibrium

to the wholesale pricing game that results in qCL1 > 0 and yCL > 0. It is

easy to confirm that w1 = wCL,R&D
1 and w2 = wCL,R&D

2 is the solution to

the first order conditions for the two suppliers within the R&D region, i.e,

d
dwi

ΠL,R&D
i (w1, w2) = 0 for i = {1, 2}. It is obvious that supplier 1 (S1) has

no incentive to deviate to a price w1 ≥ 3c−1
2

. If he deviates to a price w1 ∈
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[
2c− 1, 3c−1

2

]
, then his profit function would follow ΠL,ROF

(
w1, w

CL,R&D
2

)
.

Differentiating with respect to w1 and evaluating at w2 = wCL,R&D
2 , we have:

d

dw1

ΠL,ROF (w1, w2) = 1− c+
b
(
b+ wCL,R&D

2 − 1
)
− 2b2w1

2 (1− b2)
(A.1)

Because the profit function is piece-wise concave, it suffices to show that (A.1)

is positive at w1 = 3c−1
2

to see that S1 has no incentive to deviate to a price

w1 ∈
[
2c− 1, 3c−1

2

]
. By substituting w1 = 3c−1

2
into (A.1), we have:

d

dw1

ΠL,ROF

(
3c− 1

2
, wCL,R&D

2

)
=

24(1− c)− b (6 + b (15 + c− b (2 + b+ 7bc)))

12 (2− 3b2 + b4)

The denominator is positive, so that the sign depends upon the numerator,

which is decreasing in c. Substituting c = cL3 (b) into the above, we have:

d

dw1

ΠL,ROF

(
3c− 1

2
, wCL,R&D

2

)
≥ 12 (1− b2) (1 + b) (8 + 5b) (2− b2)

20− 11b2
≥ 0

where the latter inequality holds for all b ∈ [0, 1].

If S1 were to deviate to a price w1 ≤ 2c − 1, then his profit function

would follow ΠL,RO
(
w1, w

CL,R&D
2

)
. Differentiating with respect to w1 and

evaluating at w2 = wCL,R&D
2 , we have:

d

dw1

ΠL,RO (w1, w2) =
1− b− 2w1 + bw2

2 (1− b2)
(A.2)

Because the profit function is piece-wise concave, it suffices to show that (A.2)

is positive at w1 = 2c− 1 to see that S1 has no incentive to deviate to a price

w1 ≤ 2c− 1. By substituting w1 = 2c− 1 into (A.2), we have:

d

dw1

ΠL,RO
(

2c− 1, wCL,R&D
2

)
= 3− 4c− b (6 + (1− b) b (3 + b+ c+ bc))

6 (2− b2)
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which is decreasing in c. Substituting c = cL3 (b) into the above, we have:

d

dw1
ΠL,RO

(
2c− 1, wCL,R&D

2

)
≥ 12− b (2 + b (11− b (4 + 3b)))

20− 11b2
≥ 0

where the latter inequality holds for all b ∈ [0, 1]. It follows that S1 has no

incentive to deviate from the w1 = wCL,R&D
1 when w2 = wCL,R&D

2 so long as

c ∈
(
cL2 (b), cL3 (b)

)
.

To see that S2 has no incentive to deviate, we first note that

ΠL,RO
2 (w1, w2) = ΠL,ROF

2 (w1, w2) = ΠL,R&D
2 (w1, w2) .

Thus, S2 has no incentive to deviate to any w2 that would put the solution

to the quantity setting sub-game into either region RO or ROF. The only

possible deviation would be for S2 to choose a wholesale price low enough

that wCL,R&D
1 ≥ w̄L(b, c, w2). Substituting for wCL,R&D

1 and w̄L(b, c, w2), it is

easy to confirm that this would require that S2 set her price below: w2 ≤
2(b−b2−2c+2b2c)

3b
. If S2 were to price in this range, her profit would follow

ΠL,DO
2 (w1, w2) and the gradient would be:

d

dw2

ΠL,DO
2 (w1, w2) =

2 (1− 2w2)− b (1− c)
2 (2− b2)

(A.3)

Because the profit function is piece-wise concave, it suffices to show that (A.3)

is positive at w2 =
2(b−b2−2c+2b2c)

3b
to see that S2 has no incentive to deviate to

price below this threshold. By substituting w2 =
2(b−b2−2c+2b2c)

3b
into (A.3), we

have:

d

dw2

ΠL,DO
2

(
w1,

2 (b− b2 − 2c+ 2b2c)

3b

)
=

16c− b (2− b (5− 13c))

6b (2− b2)

148



the sign of which is the same as that of the numerator, which is increasing

in c. It is easy to confirm that the numerator is positive when evaluated at

c = cL2 (b), which confirms that S2 would have no incentive to set her price

low enough to result in the solution to the quantity setting sub-game being in

region DO.

For c > cL3 (b), we have wCL,R&D
1 < 3c−1

2
. From Lemma 2.4.2, this implies

that there does not exist a pair of prices (w1, w2) for which each supplier’s price

is a best response to the other that also results in a solution the quantity setting

subgame in which y > 0, i.e., within region R&D. Note that:

wCL,R&D
1 − 3c− 1

2
=

4 (3− 5c)− b (2 + b (7− 11c))

6 (2− b2)

is decreasing in c and is equal to zero at c = cL3 (b). this confirms the uniqueness

of cL3 (b).

For c < cL2 (b), we have wCL,R&D
1 ≥ w̄L

(
b, c, wCL,R&D

2

)
. From Lemma

2.4.2, this implies that there does not exist a pair of prices (w1, w2) for which

each supplier’s price is a best response to the other that also results in a

solution the quantity setting subgame in which q1 > 0, i.e., within region

R&D. If S1 were to were to set her price to w1 ≥ w̄L

(
b, c, wCL,R&D

2

)
, her

profit would follow ΠL,DO
1 (w1, w2) and the gradient with respect to w1 would

be zero. Consequently, there is no positive incentive to increase the wholesale

price. Moreover, it can be verified that[
wCL,R&D

1 − w̄L
(
b, c, wCL,R&D

2

)]
=
b (2 + b3(3− 9c)− 5b(1− 5c))− 16c

6 (2− b2)2
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is monotone decreasing in c with zero value at c = cL2 (b). This confirms the

uniqueness of cL2 (b).

Although supplier 1 does not sell through the reseller when c < cL2 (b),

the threat of her selling through the reseller channel does play role when c is

not very small (i.e. cL1 (b) < c < cL2 (b)). In this region, supplier 2 sets her

wholesale price just low enough that supplier 1’s best response wholesale price

results in qL,R&D
1 (w1, w2) = 0. The pair of prices, wCL,DOB1 and wCL,DOB2 is

the unique solution to the following pair of equations:

d

dw1

[
ΠL,R&D

1 (w1, w2)
]

= 0

qL,R&D
1 (w1, w2) = 0

If supplier 2 sets any w2 > wCL,DOB2 , then supplier 1’s response results in

qL,R&D
1 (w1, w2) > 0 and d

dw2
ΠL,R&D

2 (w1, w2) < 0. Because neither supplier can

benefit from unilaterally deviating, this is the equilibrium.

Finally, when c ≤ cL1 (b), S2 anticipates that S1 will not sell through the

reseller. S2’s first order condition that anticipating q1 = 0 is satisfied at w2 =

wCL,DO2 , i.e. d
dw2

ΠL,DO
2 (w1, w2) = 0 when evaluated at w2 = wCL,DO2 . S1 has

no incentive to lower her wholesale price such that w1 < w̄L

(
b, c, wCL,DO2

)
=

4(1+c)−b(2+b+3bc)
4(2−b2)

because when supplier sets w2 = wCL,DO2 the gradient of S1’s

profit,

d

dw1

ΠL,R&D
1 (w1, w2) =

4 + 2c− b(5− bc+ b− 3c− 4w1 − 2w2)− 4w1 − 2w2

8 (1− b2)

is non-negative for all w1 < w̄L

(
b, c, wCL,DO2

)
and for all b ∈ [0, 1] and

c ≤ cL1 (b). In this region, S1 does not sell through the reseller and the threat
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of supplier 1 selling through the reseller doesn’t play a role supplier 1. Con-

sequently, S1 can choose any arbitrarily high wholesale price. S1 is indiffer-

ent between any w1 ≥ w̄L

(
b, c, wCL,DO2

)
because d

dw1
ΠL,DO

1 (w1, w2) = 0 for

w1 ≥ w̄L

(
b, c, wCL,DO2

)
when c ≤ cL1 (b). For c ≤ cL1 (b), it can be confirmed

that qL,R&D
1 (w1, w2) = 0 for w2 = wCL,DO2 and any w1 ≥ w̄L

(
b, c, wCL,DO2

)
.

Hence, w2 = wCL,DO2 and any w1 ≥ w̄L

(
b, c, wCL,DO2

)
is an equilibrium. To

see that cL1 (b) is unique, notice that, for b ∈ [0, 1] the following difference:

wCL,DOB2 − wCL,DO2 =
1

4

(
2 + b3 (2− 6c)− 16c

b
− b (21c− 5)

)
is decreasing in c and is equal to zero at cL1 (b). This concludes the proof for

Lemma 2.4.4.

A.6 Proof of Lemma 2.4.5

Proof for conditional late equilibrium: By taking second derivatives it

can be confirmed that the profit function of each supplier is piece-wise concave.

• ΠE,DO
2 (w1, w2) is strictly concave in w2: d2

dw2
2
ΠE,DO

2 (w1, w2) = − 4
4−b2 < 0.

• ΠE,R&D
i (w1, w2) is strictly concave in wi:

d2

dw2
1
ΠE,R&D

1 (w1, w2) = − 10−b2
9(1−b2)

<

0 and d2

dw2
2
ΠE,R&D

2 (w1, w2)= − 1
1−b2 < 0.

• ΠE,RO
i (w1, w2) is strictly concave in wi:

d2

dw2
i
ΠE,RO
i (w1, w2) = − 1

1−b2 < 0.

The thresholds on c, conditional upon b are defined as follows: cE1 (b) is the

largest value of c for which wCE,DO2 ≤ wCE,DOB2 ; cE2 (b) is the smallest value of
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c for which solves wCE,R&D
1 ≤ w̄E

(
b, c, wCE,R&D

2

)
; while cE3 (b) is the largest

value of c for which wCE,R&D
1 ≥ 2c− 1. The three thresholds are:

cE1 (b) =
(2− b)b(8− b(5b+ 12))

64 + 9b4 − 64b2

cE2 (b) =
8− b(b(8 + 7b))

4(1 + b) (8− 3b2)

cE3 (b) =
20− b(3 + 8b)

28− 10b2

and it can be confirmed that cE1 (b) ≤ cE2 (b) ≤ cE3 (b) for all b ∈ [0, 1].

We will first show that when c ∈
(
cE2 (b), cE3 (b)

)
, there is an equilibrium

to the wholesale pricing game that results in qCE1 > 0 and yCE > 0. It is

easy to confirm that w1 = wCE,R&D
1 and w2 = wCE,R&D

2 is the solution to

the first order conditions for the two suppliers within the R&D region, i.e,

d
dwi

ΠE,R&D
i (w1, w2) = 0 for i = {1, 2}. It is obvious that supplier 1 (S1) has

no incentive to deviate to a price w1 ≥ 3c−1
2

. If S1 were to deviate to a

price w1 ≤ 2c− 1, then his profit function would follow ΠE,RO
(
w1, w

CE,R&D
2

)
.

Differentiating with respect to w1 and evaluating at w2 = wCE,R&D
2 , we have:

d

dw1

ΠE,RO (w1, w2) =
1− b− 2w1 + bw2

2 (1− b2)
(A.4)

Because the profit function is piece-wise concave, it suffices to show that (A.4)

is positive at w1 = 2c− 1 to see that S1 has no incentive to deviate to a price

w1 ≤ 2c− 1. By substituting w1 = 2c− 1 into (A.4), we have

d

dw1
ΠE,RO

(
2c− 1, wCE,R&D

2

)
=

40(3− 4c)− b(20 + b(49− b(2 + 2bc+ b)− 50c))

80 + 26b4 − 106b2
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which is decreasing in c. Substituting c = cE3 (b) into the above, we have:

d

dw1

ΠE,RO
(

2c− 1, wCE,R&D
2

)
≥ 2− b2 − b

28− 10b2
≥ 0

where the latter inequality holds for all b ∈ [0, 1]. It follows that S1 has no

incentive to deviate from the w1 = wCE,R&D
1 when w2 = wCE,R&D

2 so long as

c ∈
(
cE2 (b), cE3 (b)

)
.

To see that S2 has no incentive to deviate, we first note that ΠE,RO
2 (w1, w2) =

ΠE,R&D
2 (w1, w2). Thus, S2 has no incentive to deviate to any w2 that would

put the solution to the quantity setting sub-game into RO region. The only

possible deviation would be for S2 to choose a wholesale price low enough

that wCE,R&D
1 ≥ w̄E(b, c, w2). Substituting for wCE,R&D

1 and w̄E(b, c, w2),

it is easy to confirm that this would require that S2 set her price below:

w2 ≤
2(1−b)(b(14−4b2+b)−(1+b)(16−5b2)c)

b(40−13b2)
. If S2 were to price in this range, her

profit would follow ΠE,DO
2 (w1, w2) and the gradient would be:

d

dw2

ΠE,DO
2 (w1, w2) =

2b(2(1− c)− b(1− w2))

(4− b2)2 (A.5)

Because the profit function is piece-wise concave, it suffices to show that

(A.5) is positive at w2 =
2(1−b)(b(14−4b2+b)−(1+b)(16−5b2)c)

b(40−13b2)
to see that S2 has

no incentive to deviate to price below this threshold. By substituting w2 =

2(1−b)(b(14−4b2+b)−(1+b)(16−5b2)c)
b(40−13b2)

into (A.5), we have:

d

dw2

ΠE,DO
2

(
w1,

2(1− b) (b (14− 4b2 + b)− (1 + b) (16− 5b2) c)

b (40− 13b2)

)
=

2b(20− b(2b(4− 5c) + 3)− 28c)

(4− b2) (40− 13b2)
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the sign of which is the same as that of the numerator, which is decreasing

in c. It is easy to confirm that the numerator is positive when evaluated at

c = cE2 (b), which confirms that S2 would have no incentive to set her price

low enough to result in the solution to the quantity setting sub-game being in

region DO.

For c > cE3 (b), we have wCE,R&D
1 < 2c − 1. FromLemma 2.4.3, this

implies that there does not exist a pair of prices (w1, w2) for which each sup-

plier’s price is a best response to the other that also results in a solution the

quantity setting subgame in which y > 0, i.e., within region R&D. Note that:

wCE,R&D
1 − (2c− 1) =

60− 6b2(4− 5c)− 9b− 84c

40− 13b2

is decreasing in c and is equal to zero at c = cL3 (b). This confirms the uniqueness

of cE3 (b).

For c < cE2 (b), we have wCE,R&D
1 ≥ w̄E

(
b, c, wCL,R&D

2

)
, and from

Lemma 2.4.3, this implies that there does not exist a pair of prices (w1, w2)

for which each supplier’s price is a best response to the other that also re-

sults in a solution the quantity setting subgame in which q1 > 0, i.e., within

region R&D. If S1 were to set w1 ≥ w̄E

(
b, c, wCL,R&D

2

)
, her profit would fol-

low ΠE,DO
1 (w1, w2) and the gradient would be zero. Consequently, there is

no positive incentive to increase wholesale price. Moreover, it can be verified

that:

wCE,R&D
1 − w̄E

(
b, c, wCE,R&D

2

)
=

3b (8 + b (b2(7− 12c) + b+ 44c− 16))− 96c

(4− b2) (40− 13b2)
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is decreasing in c and is equal to zero at c = cE2 (b). This confirms the unique-

ness of cE2 (b).

Although supplier 1 does not sell through the reseller when c < cE2 (b),

the threat of her selling through the reseller channel plays role when c is not

very small (i.e. cE1 (b) < c < cE2 (b)). In this region, supplier 2 sets her wholesale

price just low enough that supplier 1’s best response wholesale price results in

qE,R&D
1 (w1, w2) = 0. The pair of prices, wCE,DOB1 and wCE,DOB2 is the unique

solution to the following pair of equations:

d

dw1

[
ΠL,R&D

1 (w1, w2)
]

= 0

qL,R&D
1 (w1, w2) = 0

If supplier 2 sets any w2 > wCE,DOB2 , then supplier 1’s response results in

qE,R&D
1 (w1, w2) > 0 and d

dw2
ΠE,R&D

2 (w1, w2) < 0. Because neither supplier

can benefit from unilaterally deviating, this is the equilibrium.

Finally, when c ≤ cE1 (b) S2 anticipates that S1 will not sell through

the reseller. S2’s first order condition that anticipating q1 = 0 is satisfied at

w2 = wCE,DO2 , i.e. d
dw2

ΠE,DO
2 (w1, w2) = 0 when evaluated at w2 = wCE,DO2 .

Moreover, in this region S1 has no incentive to lower her wholesale price such

that w1 < w̄E

(
b, c, wCE,DO2

)
= 8(1+c)−b(6+5bc−b)

4(4−b2)
because when supplier sets

w2 = wCE,DO2 the gradient of S1’s profit,

d

dw1

ΠE,R&D
1 (w1, w2) =

2(5− c− 10w1)− b(9− 2bc− 2bw1 + b− 9w2)

18 (1− b2)

is non-negative for all w1 < w̄E

(
b, c, wCE,DO2

)
and for all b ∈ [0, 1] and

c ≤ cE1 (b). In this region, S1 does not sell through the reseller and the
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threat of supplier 1 selling through the reseller doesn’t play a role supplier

1. Consequently, S1 can choose any arbitrarily high wholesale price. S1 is in-

different between any w1 ≥ w̄E

(
b, c, wCL,DO2

)
because d

dw1
ΠE,DO

1 (w1, w2) = 0

for w1 ≥ w̄E

(
b, c, wCE,DO2

)
when c ≤ cE1 (b). In this range of c ≤ cE1 (b), it

can be confirmed that qE,R&D
1 (w1, w2) = 0 for w2 = wCE,DO2 and any w1 ≥

w̄E

(
b, c, wCL,DO2

)
. Hence, w2 = wCE,DO2 and any w1 ≥ w̄E

(
b, c, wCE,DO2

)
is

an equilibrium. To see that cE1 (b) is unique, notice that, for b ∈ [0, 1] the

following difference:

wCE,DOB2 − wCE,DO2 =
b (16− b (32− b (2 + b (5− 9c))− 64c))− 64c

4b (8 + b2)

is decreasing in c and is equal to zero at cE1 (b). This concludes the proof for

Lemma 2.4.5.

A.7 Proof of Proposition 2.4.6

Proof for Unconditional Equilibrium characterization for c ≤ cL3 (b).

For the thresholds identified in Lemmas 2.4.4 and 2.4.5, it can be verified that

cL1 (b) < cL2 (b) < cE1 (b) < cE2 (b) < cL3 (b) < cE3 (b) for b ∈ (0, 1].

Proof for part a: We will first show that there cannot exist an unconditional

equilibrium with late encroachment for c ≤ cL1 (b). From Table 2.3, we can see

that for this range of c, the conditional late only equilibrium wholesale price

for supplier 1 is w1 ≥ w̄L

(
b, c, wCL,DO2

)
and for supplier 2, it is w2 = wCL,DO2

. To see that this pair of prices cannot be an equilibrium that results in late
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encroachment, By substituting into (2.9) and (2.12), it can be confirmed that:

ΠL,DO
1

(
w1, w

CL,DO
2

)
= ΠL,DO

1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)
< ΠE,DO

1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)
for all w1 ≥ w̄L

(
b, c, wCL,DO2

)
, c = 0 and b ∈ (0, 1]. In addition, it can be

confirmed that the derivative of this difference is decreasing in c for c ≤ cL1 (b),

i.e.

d

dc

[
ΠE,DO

1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)
−ΠL,DO

1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)]
< 0

Finally, we can verify that

ΠE,DO
1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)
−ΠL,DO

1

(
w̄L

(
b, c, wCL,DO2

)
, wCL,DO2

)
> 0

when evaluated at c = 0.1 and that cL1 (b) < 0.1 for all b ∈ [0, 1].

Next, we show that there cannot exist an unconditional equilibrium

with late encroachment for cL1 (b) ≤ c ≤ cL2 (b). From Table 2.3, we can see

that for this range of c, the conditional late only equilibrium wholesale prices

are w1 = wCL,DOB1 and w2 = wCL,DOB2 . To see that this pair of prices cannot

be an equilibrium that results in late encroachment, we can substitute into

(2.9) and (2.12) to confirm that:

ΠE,DO
1

(
wCL,DOB1 , wCL,DOB2

)
− ΠL,DOB

1

(
wCL,DOB1 , wCL,DOB2

)
> 0

for all b ∈ (0, 1]. Next, we can observe that the difference,

ΠE,DO
1

(
wCL,DOB1 , wCL,DOB2

)
− ΠL,DOB

1

(
wCL,DOB1 , wCL,DOB2

)
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is strictly concave in c. Finally, we can verify that

ΠE,DO
1

(
wCL,DOB1 , wCL,DOB2

)
− ΠL,DOB

1

(
wCL,DOB1 , wCL,DOB2

)
> 0

for all b ∈ (0, 1] when evaluated at c = 0.3. and that cL2 (b) < 0.3 for all

b ∈ [0, 1].

From Table 2.3, we can see that, for c ∈
[
cL2 (b) , cL3 (b)

]
, the con-

ditional equilibrium for Late Encroachment is the pair of wholesale prices

w1 = wCL,R&D
1 and w2 = wCL,R&D

2 . unconditional equilibrium with late en-

croachment for c ∈
[
cL2 (b) , min

{
cL,DO(b), cE2 (b)

}]
where 0 ≤ cL,DO(b) ≤ 1 is

a unique value of c that solves

ΠE,DO
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
= 0

for a given value of b ∈ (0, 1]. Next, we can observe that the difference,

ΠE,DO
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
is strictly concave in c. To establish the uniqueness of threshold cL,DO(b), we

can verify that

ΠE,DO
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
> 0

when evaluated at c = cL,DO(b) and that

ΠE,DO
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
< 0

when evaluated at c = 1 and that cE2 (b) < 1 for all b ∈ (0, 1].
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Furthermore,
(
wCL,R&D

1 , wCL,R&D
2

)
is an equilibrium for

c ∈
[
max

{
cE2 (b) , cL,R&D(b)

}
, cL3 (b)

]
where 0 ≤ cL,R&D(b) ≤ 1 is a unique value of c that solves

ΠE,R&D
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
= 0

for a given value of b ∈ (0, 1]. Next, we can observe that the difference,

ΠE,R&D
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
is strictly concave in c. To establish the uniqueness of threshold cL,R&D(b), we

can verify that ΠE,R&D
1

(
wCL,R&D

1 , wCL,R&D
2

)
−ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
>

0 when evaluated at c = 0 and that

ΠE,R&D
1

(
wCL,R&D

1 , wCL,R&D
2

)
− ΠL,R&D

1

(
wCL,R&D

1 , wCL,R&D
2

)
< 0

when evaluated at c = 1 and that cL3 (b) < 1 for all b ∈ (0, 1].

Finally, We need to check the intersection points for cE2 (b) , cL,DO(b) and

cL,R&D(b). b = 0 and b = bL1 < 1 are the solutions to the equation cE2 (b) =

cL,DO(b). To ensure the uniqueness of the intersection for b ∈ (0, 1], it can

be verified that cE2 (b) − cL,DO(b) is strictly concave for b ∈ [0, 1] and that

d
db

[
cE2 (b)− cL,DO(b)

]
> 0. Similarly, at b = 0 and b = bL2 < 1 are the solutions

to the equation cE2 (b) = cL,R&D(b). To ensure the uniqueness of the intersec-

tion for b ∈ (0, 1], it can be verified that cE2 (b)− cL,R&D(b) is strictly concave

for b ∈ [0, 1] and that d
db

[
cE2 (b)− cL,R&D(b)

]
> 0. Moreover, to establish that
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bL1 ≤ bL2 , we can verify that cE2
(
bL2
)
− cL,DO(bL2 ) < 0= cE2

(
bL1
)
− cL,DO(bL1 ) and

cE2
(
bL1
)
− cL,R&D(bL1 ) > 0= cE2

(
bL2
)
− cL,R&D(bL2 ).

Combining the above, it follows that there exists an equilibrium in which

supplier 1 encroaches late if and only if c ∈
[
cLmin(b), cL3 (b)

]
where

cLmin(b) =


cL,DO(b) b ∈

[
0, bL1

]
cE2 (b) b ∈

[
bL1 , b

L
2

]
min

{
cL,R&D(b), cL3 (b)

}
b ∈

[
bL2 , 1

]
Proof for part b: We will first show that there exists an unconditional

equilibrium with early encroachment for c ≤ cL2 (b). From Table 2.4, we can

see that for this range of c, the conditional late only equilibrium wholesale price

for supplier 1 is w1 ≥ w̄E

(
b, c, wCE,DO2

)
and for supplier 2, it is w2 = wCE,DO2

. To see that this pair of prices is an unconditional equilibrium that results in

early encroachment, we need:

ΠE,DO
1

(
w1, w

CE,DO
2

)
= ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
> ΠL,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
for all w1 ≥ w̄E

(
b, c, wCE,DO2

)
and 0 ≤ c ≤ cL2 (b). To establish that there is

no incentive for supplier 1 to choose late encroachment one can observe that

the derivative of the difference,[
ΠL,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wE,DO2

)
− ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)]
is strictly convex in c. Finally, we can verify that the incentive to deviate is

negative, i,e,

ΠL,DO
1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
−ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
< 0
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when evaluated at c = 0 and that

ΠL,DO
1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
−ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
< 0

when evaluated at c = 0.6 and that cL1 (b) < 0.1 for all b ∈ [0, 1].

The pair of wholesale prices
(
w1, w

CE,DO
2

)
such that w1 ≥ w̄E

(
b, c, wCE,DO2

)
is an unconditional equilibrium that results in early encroachment for c ∈[
cL2 (b) , min

{
cE,DO(b), cE1 (b)

}]
where 0 ≤ cE,DO(b) ≤ 1 is a unique value of c

that solves

ΠL,R&D
1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
−ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
= 0

for a given value of b ∈ (0, 1]. Next, we can observe that the difference,[
ΠL,R&D

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
− ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)]
is strictly convex in c. To establish the uniqueness of threshold cE,DO(b), we

can verify that

ΠL,R&D
1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
−ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
< 0

when evaluated at c = 0 and that

ΠL,R&D
1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
−ΠE,DO

1

(
w̄E

(
b, c, wCE,DO2

)
, wCE,DO2

)
> 0

when evaluated at c = 1 and that cE1 (b) < 1 for all b ∈ (0, 1].

Furthermore, the pair of wholesale prices, wCE,R&D
1 and wCE,R&D

2 from Table

2.4 is an unconditional equilibrium that results in early encroachment for c ∈
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[
cE1 (b) ,min

{
cE,DOB(b), cE2 (b)

}]
where 0 ≤ cE,DOB(b) ≤ 1 is a unique value of

c that solves

ΠL,R&D
1

(
wCE,DOB1 , wCE,DOB2

)
− ΠE,DOB

1

(
wCE,DOB1 , wCE,DOB2

)
= 0

for a given value of b ∈ (0, 1]. Next, we can observe that the difference,[
ΠL,R&D

1

(
wCE,DOB1 , wCE,DOB2

)
− ΠE,DOB

1

(
wCE,DOB1 , wCE,DOB2

)]
is strictly convex in c. To establish the uniqueness of threshold cE,DOB(b), we

can verify that

ΠL,R&D
1

(
wCE,DOB1 , wCE,DOB2

)
− ΠE,DOB

1

(
wCE,DOB1 , wCE,DOB2

)
< 0

when evaluated at c = 0 and that

ΠL,R&D
1

(
wCE,DOB1 , wCE,DOB2

)
− ΠE,DOB

1

(
wCE,DOB1 , wCE,DOB2

)
< 0

when evaluated at c = 1 and that cE2 (b) < 1 for all b ∈ (0, 1].

Moreover,
(
wCL,R&D

1 , wCL,R&D
2

)
is an unconditional equilibrium that results

in early encroachment for c ∈
[
cE2 (b) ,min

{
cL3 (b) , cE,R&D(b)

}]
where 0 ≤

ĉE(b) ≤ 1 is a unique value of c that solves

ΠL,R&D
1

(
wCE,R&D

1 , wCE,R&D
2

)
− ΠE,R&D

1

(
wCE,R&D

1 , wCE,R&D
2

)
= 0

for a given value of b ∈ (0, 1]. Next, we can observe that the difference,[
ΠL,R&D

1

(
wCE,R&D

1 , wCE,R&D
2

)
− ΠE,R&D

1

(
wCE,R&D

1 , wCE,R&D
2

)]
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is strictly convex in c. To establish the uniqueness of threshold cE,R&D(b), we

can verify that

ΠL,R&D
1

(
wCE,R&D

1 , wCE,R&D
2

)
− ΠE,R&D

1

(
wCE,R&D

1 , wCE,R&D
2

)
> 0

when evaluated at c = 0 and that

ΠL,R&D
1

(
wCE,R&D

1 , wCE,R&D
2

)
− ΠE,R&D

1

(
wCE,R&D

1 , wCE,R&D
2

)
< 0

when evaluated at c = 1 and that cL3 (b) < 1 for all b ∈ (0, 1].

Finally, we need to check the intersection points for cE1 (b) , cE,DO(b), cE,DOB(b)

and cE,R&D(b). b = 0 and b = bE1 < 1 are solutions to the equations cE1 (b) =

cE,DO(b) = cE,DOB(b). To ensure the uniqueness of the intersection for b ∈

(0, 1], it can be verified that 0 < d
db
cE1 (b)< d

db
cE,DO(b)< d

db
cE,DOB(b) for b ∈

(0, 1] with 0 = d
db
cE1 (0)< d

db
cE,DO(0)< d

db
cE,DOB(0). Similarly, b = 0 and

b = bE2 ∈ (bE1 , 1) are solutions to the equations cE2 (b) = cE,DOB(b)= cE,R&D(b).

To ensure the uniqueness of the intersection for b ∈ (0, 1], it can be verified

that 0 < d
db
cE2 (b)< d

db
cE,R&D(b)< d

db
cE,DOB(b) for b ∈ (0, 1] with 0 = d

db
cE2 (0)<

d
db
cE,R&D(0)< d

db
cE,DOB(0).

Combining the above, it follows that there exists an equilibrium in which

supplier 1 encroaches early if and only if c ∈
[
0, cEmax(b)

]
where

cEmax(b) =


cE,DO(b) b ∈

[
0, bE1

]
cE,DOB(b) b ∈

[
bE1 , b

E
2

]
min

{
cL3 (b) , cE,R&D(b)

}
b ∈

[
bE2 , 1

]
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Appendix B

Appendix for Chapter 3

B.1 Table of Notations used in Chapter 3

The list of notations with expressions is given in Table B.1 on page 190.

B.2 Table of Notations used in Appendix B

The list of additional notations used in this appendix is provided in Table B.2

on page 191.

B.3 Proof of Proposition 3.2.1

Proof. We use backward induction to solve the problem when there is no

encroachment so that y = 0. In this case, the parameters c, θ1d, and θ2d are

irrelevant, and the only parameter that matters is θ12, the substitutability

between the products of the two suppliers when they are sold by the reseller.

For a given pair of wholesale prices, it can be confirmed that the reseller’s

profits are jointly concave in the quantities, and from first order conditions, it

can be confirmed that his optimal response to a given pair of wholesale prices
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is: q∗i (wi, wj) =
1−θ12(1−wj)−wi

2(1−θ212)
for i, j ∈ {1, 2} and i 6= j1. In anticipation

of this, each supplier sets its wholesale price in anticipation of this response

from the reseller and of the fact that the rival supplier is also attempting to

maximize her own profit. Thus, supplier i attempts to maximize wiq
∗
i (wi, wj).

From first order conditions, we can confirm that the unique equilibrium is for

each supplier to set its wholesale price at wN = 1−θ12
2−θ12 . By substituting back

into q∗i (wi, wj) as defined above, it is easy to confirm that qN = 1
2θ12(1−θ12)+4

.

Similarly, we can substitute back into the profit functions for the suppliers and

for the reseller and divide these into the first-best profit of 1
2(1+θ12)

to confirm

the claimed profit fractions.

B.4 Elimination of potential equilibrium beliefs

In Lemmas 3.3.1, 3.3.2, and 3.3.3, we restrict attention to q1 and w′2

for which q′2 (w′2, q1) > 0 for all q1 ≤ q1 (w′2). We now demonstrate why any

combination of q1 and w′2 that do not satisfy this restriction could not exist in

an equilibrium.

Lemma B.4.1. There cannot exist an equilibrium (q∗1, q
∗
2, w

∗
1, w

∗
2, y
∗) for which

q∗1 ≤ q1 (w∗2) and q′2 (w∗2, q
∗
1) = 0.

Proof. Suppose that there exists such an equilibrium. Recall that, in equilib-

1This is the optimal response so long as wi ≤ 1 − θ12 (1− wj) for for i, j ∈ {1, 2} and
i 6= j, so that the reseller orders positive quantities from both suppliers. However, it is
easy to confirm that there cannot exist an equilibrium in which the reseller does not order
positive quantities from both suppliers.
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rium, the beliefs of the two suppliers about one another’s wholesale prices must

match the actual wholesale prices, i.e., w1 = w′1 = w∗1, and w2 = w′2 = w∗2.

We must also have q′2 (w∗2, q1) = q∗2 so that q∗2 = 0. Because this implies that

supplier 2 would make zero profit, there cannot be another price w2 6= w∗2 that

would result in the reseller ordering a positive quantity, given supplier 1’s belief

that the wholesale price is w∗2. Otherwise, supplier 2 would have an incentive

to set a price other than w′2 = w∗2, so that (3.10) would not be satisfied. Thus,

it must be the case that either w∗2 = 0 or there is a continuum of equilibria in

which w2 ∈ [0, w∗2] and q∗1, q
∗
2, w

∗
1, and y∗ are unchanged. Because the proposed

equilibrium can be an equilibrium only if (q∗1, q
∗
2, w

∗
1, 0, y

∗) is an equilibrium,

it suffices to show that we cannot have q∗1 ≤ q1 (w∗2) and q′2 (w∗2, q
∗
1) = 0, when

w∗2 = 0.

From the definitions of yIII (w′2, q
∗
1) and qIII2 (w2, w

′
2, q1), it follows that:

y∗ = yIII (w∗2, q
∗
1) and q∗2 = qIII2 (w∗2, w

∗
2, q
∗
1) must be the solution to (3.14),

(3.15), and (3.16) when q1 = q∗1. It is not difficult to confirm that whenever

the actual wholesale price matches supplier 1’s belief, i.e., w2 = w′2, so long as

q1 is sufficiently small, the solution to(3.14), (3.15), and (3.16) is:

yIII (w′2, q1) =
2(1− c)− θ12(1− w′2)

4− θ2
12

− 2 (1− θ2
12)

4− θ2
12

q1

qIII2 (w′2, w
′
2, q1) =

2(1− w′2)− θ12(1− c)
4− θ2

12

− 3θ12

4− θ2
12

q1

and both of these quantities are positive for q1 sufficiently small. From the

definition of q1 (w∗2), and the assumption that q∗1 ≤ q1 (w∗2), it is clear that

yIII (w∗2, q
∗
1) > 0. It can be confirmed that in order to have qIII2 (w∗2, w

∗
2, q
∗
1) ≤ 0,
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we must have q∗1 ≥
2−θ12(1−c)−w∗2

3θ12
= 2−θ12(1−c)

3θ12
, where the equality follows from

w∗2 = 0.

It remains to be shown that we cannot have q∗1 ≥
2−θ12(1−c)

3θ12
. To do this,

we must consider the reseller chooses his quantities as described in (3.7) and

(3.8). For q1 ≤ 2−θ12(1−c)
3θ12

, supplier’s profit can be expressed as a function of q1

by substituting yIII (0, q1) and qIII2 (0, 0, q1) into (3.4). Solving the supplier’s

first-order condition, we have:

qFOC1 (w1) =
8− θ3

12 + 8(1 + θ12)c

2(1 + θ12) (8 + θ2
12)
− (4− θ2

12)
2
w1

2 (8 + θ2
12) (1− θ2

12)

which is decreasing in w1. Solving for the largest value of w1 for which

qFOC1 (w1) ≥ 2−θ12(1−c)
3θ12

, we can see that we would need to have

w1 ≤
−8 + 10θ12 − θ2

12 − θ3
12 + 2θ12c (1− θ2

12)

3θ12 (4− θ12)
≤ 0

where the latter inequality follows from the facts that the denominator is

positive, the numerator is increasing in both θ12 and c, and is equal to 0 when

evaluated at θ12 = 1. Note that this latter inequality is strict for any θ12 < 1.

It follows that we cannot have q∗1 ≥
2−θ12(1−c)

3θ12
for any non-negative wholesale

price from supplier 1. Hence the proposed (q∗1, q
∗
2, w

∗
1, w

∗
2, y
∗) cannot be an

equilibrium.

B.5 Proof of Lemma 3.3.1

Proof. When choosing her direct channel quantity, supplier 1 can observe q1

but cannot observe the reseller’s choice of q2. Given her belief that her rival’s

167



wholesale price is w′2, after observing q1, her optimal response and rational

conjecture about the reseller’s order from the rival supplier are the solution to

equations (3.14), (3.15), and (3.16).

Because d2

dq22
π(q1, q2, w1, w2, y

′) = −2 < 0, the reseller’s profit is strictly

concave in q2 for any q1 and y′. Similarly, because d2

dy2
Π1(q1, q

′
2, w1, y) = −2 <

0, supplier 1’s profit is strictly concave in y for any q1 and q′2. When supplier

1 chooses her best response, she does so with the rational conjecture that

the reseller would be choosing a conditionally optimal response based on a

wholesale price of w′2, rather than the actual wholesale price of w2. Let us

denote the solution to the following set of equations as q′R&D
2 (w′2, q1) and

yIII,R&D (w′2, q1).

d

dq2

π(q1, q2, w1, w
′
2, y
′) = 0

d

dy
Π1(q1, q

′
2, w1, y) = 0

y = y′ and q2=q′2

It can be easily confirmed that the solution to the above set of equations is:

yIII,R&D (w′2, q1) =
2(1− c)− θ12(1− w′2)

4− θ2
12

− 2 (1− θ2
12)

4− θ2
12

q1 (B.1)

q′R&D
2 (w′2, q1) =

2(1− w′2)− θ12(1− c)
4− θ2

12

− 3θ12

4− θ2
12

q1 (B.2)

Note that, as long as both yIII,R&D (w′2, q1) > 0 and q′R&D
2 (w′2, q1) > 0 these

values are the solution to (3.14) (3.15) and (3.16). Because these quantities are

decreasing in q1, it is only when q1 is sufficiently small that q2 = q′R&D
2 (w′2, q1)

and y = yIII,R&D (w′2, q1) are best responses to each other, and solve equations
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(3.14), (3.15), and (3.16). In particular, yIII,R&D (w′2, q1) ≥ 0 if and only if

q1 ≤ q1 (w′2), where the threshold, q1 (w′2) is as specified in the statement of

Lemma 3.3.1. Consequently, q2 = q′R&D
2 (w′2, q1) and y = yIII,R&D (w′2, q1) are

best responses to one another only when q1 ≤ q1 (w′2).

For q1 ≥ q1 (w′2), we have yBR (q1, q
′
2) = 0 for any q′2 ≥ q′R&D

2 (w′2, q1 (w′2)),

and the reseller’s best response to this is would be

qCO2 (w′2, w
′
2, 0) =

[
1

2
(1− 2θ12q1 − w′2)

]+

if his actual wholesale price were w′2.

B.6 Proof of Lemma 3.3.2

Proof. When choosing the quantities to order from the two suppliers, the re-

seller knows that supplier 1 can observe q1 but not q2. Consequently, he needs

to understand how supplier 1 will respond to any observed value of q1 and find

his own conditionally optimal value of q2 for any possible choice of q1 and his

own conjecture of how supplier 1 would respond to it. Because w′2 is common

knowledge, the reseller can correctly conjecture / anticipate y′ = yIII (w′2, q1),

as specified in Lemma 3.3.1, and his conditionally optimal quantity of product

2, qIII2 (w2, w
′
2, q1) = qCO2 (w2, q1, y

′) is a best response to supplier 1’s direct

channel quantity. Note that, in off equilibrium paths where w2 6= w′2, we will

not necessarily have qCO2 (w2, q1, y
′) = q′2 (w′2, q1), i.e., the conditionally opti-

mal quantity chosen by the reseller does not necessarily match the rational

conjecture of supplier 1.
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For q1 ≤ q1(w′2), the reseller anticipates that y′ = yIII (w′2, q1) =

yIII,R&D (w′2, q1), where yIII,R&D (w′2, q1) follows (B.1). Substituting this into

(3.13) for y′, we obtain the reseller’s conditionally optimal quantity to order

from supplier 2 when q1is small enough that supplier 1 sells in both channels,

i.e., R&D. We define this quantity as:

qIII,R&D
2 (w2, w

′
2, q1) :=

2(1− w2)− θ12(1− c)− 3θ12q1

(4− θ2
12)

− θ2
12 (w′2 − w2)

2 (4− θ2
12)

and note that it matches the right hand side of the upper branch of (3.19).

For q1 ≥ q1(w′2), the reseller will anticipate that y′ = yIII (w′2, q1) = 0. Substi-

tuting this into (3.13) and simplifying, we can confirm that his conditionally

optimal order is qIII2 (w2, w
′
2, q1) =

[
1
2

(1− w2 − 2θ12q1)
]+

.

B.7 Proof of Lemma 3.3.3

Proof. Before beginning the proof, let us establish a few preliminaries. The

gradient of the resellers profit with respect to q1 is non-increasing in q1 and

depends upon both the reseller’s conditionally optimal quantity to order from

supplier 2, qIII2 (w2, w
′
2, q1) as defined in Lemma 3.3.3 and supplier 1’s best re-

sponse, yIII (w′2, q1) as defined in Lemma 3.3.1. Let us define qII,R&D
1 (w1, w2, w

′
2)

to be the (Reseller & Direct) solution to the reseller’s first-order condition when

q1 ≤ q1 (w′2) so that qIII2 (w2, w
′
2, q1) = qIII,R&D

2 (w2, w
′
2, q1) and yIII (w′2, q1) =

yIII,R&D (w′2, q1). Recall that qIII,R&D
2 (w2, w

′
2, q1) and yIII,R&D (w′2, q1) are de-

fined in (B.1) and (B.1). respectively. It follows that qII,R&D
1 (w1, w2, w

′
2) is
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the solution to:

d

dq1

π
(
q1, q

III,R&D
2 (w2, w

′
2, q1) , w1, w2, y

III,R&D (w′2, q1)
)

= 0

Similarly, let qII,RO1 (w1, w2, w
′
2) be the (Reseller Only) solution to the reseller’s

first order condition when he anticipates that yIII (w′2, q1) = 0 so that supplier

1 will sell nothing in her direct channel. It follows that qII,RO1 (w1, w2, w
′
2) is

the solution to:

d

dq1

π

(
q1,

1

2
(1− w2 − 2θ12q1), w1, w2, 0

)
= 0

It is easy to confirm that these two quantities can be expressed as:

qII,R&D
1 (w1, w2, w

′
2) :=K − (4− θ2

12)
2
w1 − 3θ12 (4− θ2

12)w2

2 (8 + θ2
12) (1− θ2

12)
− 2θ12

8 + θ2
12

w′2

(B.3)

qII,RO1 (w1, w2, w
′
2) :=

(1− w1)− θ12(1− w2)

2 (1− θ2
12)

(B.4)

where K :=
8−θ312+8(1+θ12)c

2(1+θ12)(8+θ212)
.

Define w(w2, w
′
2) as the maximum value of w1 such that qII,R&D

1 (w1, w2, w
′
2)

≥ q1 (w′2), i.e., the wholesale price at or below which the reseller orders enough

from supplier 1 that she would sell nothing through her direct channel. De-

fine w(w2, w
′
2) the minimum value of w1 such that qII,R&D

1 (w1, w2, w
′
2) = 0,

i.e., the wholesale price at or above which the reseller would order nothing

from supplier 1. Finally, define w to be the maximum value of w1 at which

qII,RO1 (w1, w2, w
′
2) ≥ q1 (w′2), i.e., the wholesale price at or below which the

reseller would order more from supplier 1 than the quantity that would dis-

courage her from selling in her direct channel. These thresholds can be written
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as:

w(w2, w
′
2) :=

θ12 (3 (w2 − 3w′2)− θ12) + 6c− 2

4− θ2
12

w(w2, w
′
2) :=

(1− θ12) (8− θ3
12 + 8 (1 + θ12) c) + 3θ12 (4− θ2

12)w2 − 4θ12 (1− θ2
12)w′2

(4− θ2
12)

2

w :=2c− 1

To explain the third threshold above, note that for w1 ≤ w(w2, w
′
2) we have

qII,R&D
1 (w1, w2, w

′
2) ≥ q1 (w′2), implying that the gradient of the reseller’s profit

function is positive for q1 ≤ q1 (w′2). However, it can be confirmed that, unless

w1 ≤ 2c-1 we will also have qII,RO1 (w1, w2, w
′
2) ≤ q1 (w′2). This means that,

for w1 ∈
[
w,w(w2, w

′
2)
]
, the gradient of the reseller’s profit with respect to q1

is negative for q1 ≥ q1 (w′2), i.e.,the gradient of his profit function is positive

from the left, and negative from the right when evaluated at the point at the

point q1 = q1 (w′2), i.e at this point we have.:

d

dq1

[
π
(
q1, q

III
2 (w2, w

′
2) , w1, w2, y

III (w′2, q1)
)]− ≥0

d

dq1

[
π
(
q1, q

III
2 (w2, w

′
2) , w1, w2, y

III (w′2, q1)
)]+ ≤0

where we we have used the following notation for right and left had derivatives

for h > 0:

d

dx
[f (x)]− := lim

h→0

f (x)− f (x− h)

h
,

d

dx
[f (x)]+ := lim

h→0

f (x+ h)− f (x)

h

In stage II, in response to the supplier’s wholesale prices, the reseller chooses

quantity q1 that maximizes her profits in anticipation of how supplier 1 will
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respond to q1, which is yIII (w′2, q2), and her own conditionally optimal order

quantity from supplier 2, which is qIII2 (w2, w
′
2, q1).

For w1 ∈ (w(w2, w
′
2), w(w2, w

′
2)) , we have qII,R&D

1 (w1, w2, w
′
2) > 0, and

consequently, both qII2 (w1, w2, w
′
2) > 0 and yII (w1, w2, w

′
2) > 0. This implies

that qII1 (w1, w2, w
′
2) = qII,R&D

1 (w1, w2, w
′
2) is an equilibrium quantity. For

w1 ≥ w(w2, w
′
2), we have that qII,R&D

1 (w1, w2, w
′
2) ≤ 0, which implies that

qII1 (w1, w2, w
′
2) = 0 for any w1 ≥ w(w2, w

′
2).

For w1 < w(w2, w
′
2), we have that yIII,R&D

(
w′2, q

II,R&D
1 (w1, w2, w

′
2)
)
<

0, which implies that qII,R&D
1 (w1, w2, w

′
2) ≥ q1 (w′2) , where q1 (w′2) is the

threshold defined in Lemma 3.3.1. It follows that

d

dq1

[
π
(
q1, q

III
2 (w2, w

′
2, q1) , w1, w2, y

III (w′2, q1)
)]− ≥ 0

for q1 < q1 (w′2) for any w1 ≤ w(w2, w
′
2). However, the largest value of

w1 for which yIII,R&D
(
w′2, q

II,RO
1 (w1, w2, w

′
2)
)
≤ 0 is w1 = w ≤ w(w2, w

′
2).

For w1 ≤ w, we have qII,RO1 (w1, w2, w
′
2) ≥ q1 (w′2), so that qII1 (w1, w2, w

′
2) =

qII,RO1 (w1, w2, w
′
2) is a unique equilibrium to the stage II quantity decision.

For the intermediate values of w1 ∈
[
w,w(w2, w

′
2)
]
, we have that

d

dq1

[
π
(
q1, q

III
2 (w2, w

′
2, q1) , w1, w2, y

III (w′2, q1)
)]− ≥ 0, and

d

dq1

[
π
(
q1, q

III
2 (w2, w

′
2, q1) , w1, w2, y

III (w′2, q1)
)]+ ≤ 0

at q1 = q1 (w′2). Consequently qII1 (w1, w2, w
′
2) = q1 (w′2) is a unique equilibrium

to the stage II quantity decision.
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B.8 Proof of Lemma 3.3.5

Proof. To facilitate exposition, let us define a few terms and thresholds. Let

ΠR&D
i (w1, w2, w

′
2) be the profit of supplier i ∈ {1, 2} earns when w1 and w2

are in the range where supplier 1 sells through both channels (R&D). Define

ΠR&D
i (w1, w2, w

′
2) to be the supplier’s profits given in equations (3.5) and (3.6)

when q1 = qII,R&D
1 (w1, w2, w

′
2), y = yIII,R&D

(
w′2, q

II,R&D
1 (w1, w2, w

′
2)
)

and

q2 = qIII,R&D
2

(
w2, w

′
2, q

II,R&D
1 (w1, w2, w

′
2)
)

. In addition, ΠR&D
i (w1, w2, w

′
2) is

strictly concave in wi because

d2

dw2
1

ΠR&D
1 (w1, w2) = − 3 (32 + θ6

12 − 6θ4
12)

(1− θ2
12) (8 + θ2

12)
2 < 0

d2

dw2
2

ΠR&D
2 (w1, w2) = −

(
4− θ12

2
)

(2 + θ2
12)

8− θ4
12 − 7θ2

12

< 0

Define ΠRO
i (w1, w2, w

′
2) be the function obtained by substituting q1 =

qII,RO1 (w1, w2, w
′
2) into the supplier’s profits given in equations (3.5) and (3.6),

conditional upon y = 0 and q2 = 1
2

(1− w2 − 2θ12q1) which follows the lower

branch of (3.18).

ΠRO
1 (w1, w2, w

′
2) =Π1

(
qII,RO1 (w1, w2, w

′
2) ,

1

2

(
1− w2 − 2θ12q

II,RO
1 (w1, w2, w

′
2)
)
, w1, 0

)
ΠRO

2 (w1, w2, w
′
2) =Π2

(
1

2

(
1− w2 − 2θ12q

II,RO
1 (w1, w2, w

′
2)
)
, w2

)

ΠRO
i (w1, w2) is strictly concave in wi because d2

dw2
i
ΠRO
i (w1, w2) = − 1

1−θ212
< 0.

Define ΠROF
i (w1, w2, w

′
2) be the function obtained by substituting q1 =

q1 (w′2) in supplier’s profits given in equations (3.5) and (3.6). Conditional
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upon q1 = q1 (w′2), we get y = 0 and q2 = 1
2

(1− w2 − 2θ12q1 (w′2)) from

Lemma 3.3.1.

ΠROF
1 (w1, w2, w

′
2) =Π1

(
q1 (w′2) ,

1

2
(1− w2 − 2θ12q1 (w′2)) , w1, 0

)
ΠROF

2 (w1, w2, w
′
2) =Π2

(
1

2
(1− w2 − 2θ12q1 (w′2)) , w2

)
Define ΠDO

2 (w1, w2, w
′
2) be the function obtained by substituting q2 =

qIII,R&D
2 (w2, w

′
2, 0) in supplier 2’s profits given in equation (3.6). Note that

ΠDO
2 (w1, w2, w

′
2) is the conditional profit that supplier 2 earns when w1 and

w2 are in the range where the supplier 1 sells only through her direct channel

(DO) and w1 ≥ w(w2, w
′
2).

ΠDO
2 (w2, w

′
2) = Π2

(
qIII,R&D

2 (w2, w
′
2, 0) , w2

)
ΠDO

2 (w2, w
′
2) is strictly concave in w2 because d2

dw2
2
ΠDO

2 (w2, w
′
2) = −1 < 0.

Let us denote wDO2 := 2(2−θ12(1−c))
8−θ212

as the as the solution to the first order

conditions given by
d
dw2

ΠDO
2 (w2, w

′
2) = 0

w2 = w′2

Let wDOB2 be the supplier 2’s highest wholesale price for which supplier

1’s best response, i.e., the solution to her first-order-condition in (3.22). In

other words, the pair of prices, wDOB1 and wDOB2 is the unique solution to the

following pair of equations:

d

dw1

[
ΠR&D

1 (w1, w2, w
′
2)
]

=0

qII,R&D
1 (w1, w2, w

′
2) =0

w2 =w′2
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Finally, the thresholds on c, conditional upon θ12, θ1d are defined as

follows: let c1 be the largest value of c for which wDO2 ≤ wDOB2 with equality

at c = c1.

c1 =
4θ12 − 14θ2

12 + 5θ3
12 − θ4

12

32− 26θ2
12

To confirm the uniqueness of c1, it can be confirmed that wDOB2 = wDO2 at

c = c1 and that
(
wDOB2 − wDO2

)
is decreasing in c.

d

dc

[
wDOB2 − wDO2

]
= 2θ12

(
18

4 + 5θ12
2 −

1

8− θ2
12

)
− 4

θ12

< 0

Let c2 be the smallest value of c for which wR&D
1 ≤ w̄(wR&D

2 , wR&D
2 ).

That is, at c = c2, we have qII,R&D
1

(
wR&D

1 , wR&D
2 , wR&D

2

)
= 0.

c2 =
32θ12 − 80θ2

12 − 32θ3
12 − 14θ4

12 − 8θ5
12 + 4θ6

12 − θ7
12

2(1 + θ12)
(
128− 16θ2

12 − 13θ4
12

) (B.5)

To confirm the uniqueness of c2, it can be confirmed that wR&D
1 = w̄(wR&D

2 , wR&D
2 )

at c = c2 and that
(
wR&D

1 − w̄(wR&D
2 , wR&D

2 )
)

is decreasing in c.

d

dc

[
wR&D

1 − w̄(wR&D
2 , wR&D

2 )
]

= −
2(1− θ12)(1 + θ12)

(
8 + θ212

) (
128− 13θ412 − 16θ212

)
3 (4− θ212) (256 + 2θ812 − 11θ612 − 52θ412 + 48θ212)

< 0

Let c3 be the largest value of c for which wR&D
1 ≥ w(wR&D

2 , wR&D
2 ). That

is, at c = c3, the pair wR&D
1 and wR&D

2 will result in qII,R&D
1

(
wR&D

1 , wR&D
2 , wR&D

2

)
=

q1

(
wR&D

2 , wR&D
2

)
along with yIII (w′2, q1) = 0.

c3 =
384− 64θ12 + 8θ2

12 − 24θ3
12 − 60θ4

12 + 6θ5
12 − 9θ6

12 + θ7
12 + θ8

12

2
(
320− 36θ2

12 − 42θ4
12 + θ6

12

) (B.6)
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To confirm the uniqueness of c3, we show that wR&D
1 = w at c = c3 and that(

wR&D
1 − w

(
wR&D

2 , wR&D
2

))
is decreasing in c.

d

dc

[
wR&D

1 − w
(
wR&D

2 , wR&D
2

)]
= −

2
(
8 + θ212

) (
320 + θ612 − 42θ412 − 36θ212

)
3 (4− θ212) (256 + 2θ812 − 11θ612 − 52θ412 + 48θ212)

< 0

Furthermore, it can be confirmed that c1 ≤ c2 ≤ c3 for all θ12 ∈ [0, 1].

For the rest of the proof, we will first show that when c ∈ [c2, c3], there is

an equilibrium to the wholesale pricing game that results in qII1 (w1, w2, w
′
2) >

0 and yII (w1, w2, w
′
2) > 0 by showing neither supplier has any incentive to

deviate from wi = wR&D
i and w′2 = wR&D

2 . Subsequently, we will prove the

uniqueness of equilibrium for c ∈ [c1, c2] and for c ≤ c1.

Show that supplier 1 has no incentive to deviate from w1 = wR&D
1 for

c ∈ [c2, c3]:

Recall that we have w1 = wR&D
1 and w2 = wR&D

2 as the solution to

the first order conditions for the two suppliers within the R&D region as

given in equations (3.22) and (3.23). If supplier 1 were to set her price to

w1 ≥ w(wR&D
2 , wR&D

2 ), she will not sell anything through the reseller and the

gradient of her profit with respect to w1 would be zero. Consequently, there

is no positive incentive to increase the wholesale price.

If supplier 1 deviates to a price w1 ∈
[
w,w

(
wR&D

2 , wR&D
2

)]
, then her

profit function would follow ΠROF
1

(
w1, w

R&D
2 , wR&D

2

)
which results in reseller

setting q1 = q1

(
wR&D

2 , wR&D
2

)
to foreclose the direct channel. Differentiating
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ΠROF
1

(
w1, w

R&D
2 , wR&D

2

)
with respect to w1, we have:

d

dw1

ΠROF
1 (w1, w2, w

′
2) =

2(1− c)− θ12(1− w′2)

2(1− θ2
12)

(B.7)

Because ΠROF
1 (w1, w2, w

′
2) is concave in w1, it suffices to show that (B.7) is

positive at w1 = w and w′2 = wR&D
2 to see that supplier 1 has no incen-

tive to deviate to a price w1 ∈
[
w,w

(
wR&D

2 , wR&D
2

)]
. We will show that

d
dw1

ΠROF
1 (w1, w2, w

′
2) is decreasing in c when evaluated at w′2 = wR&D

2 and is

positive for c = c3. Substituting w′2 = wR&D
2 into (B.7), and taking derivative

with respect to c we get following:

d

dc

[
d

dw1
ΠROF

1

(
w1, w2, w

′
2

)]
= −

4(1− θ12)(1 + θ12)
(
2− θ2

12

) (
8 + θ2

12

)
θ2

12

256 + 2θ8
12 − 11θ6

12 − 52θ4
12 + 48θ2

12

− 2 < 0

(B.8)

The numerator and denominator of the first term of (B.8) are non-negative.

Hence, d
dw1

ΠROF
1 (w1, w2, w

′
2) is decreasing in c when evaluated at w′2 = wR&D

2

and w1 = w
(
wR&D

2 , wR&D
2

)
. Furthermore, substituting c = c3 into (B.7) and

evaluating at w1 = w
(
wR&D

2 , wR&D
2

)
and w′2 = wR&D

2 , we get d
dw1

ΠROF
1 (w1, w2, w

′
2)

is increasing in w1. Consequently, supplier 1 has no incentive to deviate to

w1 ∈
[
w,w

(
wR&D

2 , wR&D
2

)]
for any c ≤ c3.

If supplier 1 were to deviate to even lower price w1 ≤ w, then her profit

function would follow ΠRO
1 (w1, w2, w

′
2) which results in supplier selling only

through reselling channel. Differentiating ΠRO
1 (w1, w2) with respect to w1 and

evaluating at w2 = w′2 = wR&D
2 , we have:

d

dw1

ΠRO
1 (w1, w2, w

′
2) =

1− 2w1 − θ12(1− w′2)

2 (1− θ2
12)

(B.9)
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Because ΠRO
1 (w1, w2, w

′
2) is concave in w1, it suffices to show that (B.9) is

positive at w1 = w to see that supplier 1 has no incentive to deviate to a price

w1 ≤ w. Evaluating (B.9) at w2 = wR&D
2 , we have:

d

dw1

ΠRO
1 (w1, w2) =

1− 2w1 − θ12(1− wR&D
2 )

2 (1− θ2
12)

(B.10)

The denominator is positive for θ12 > 0 and we can show that the numerator

is decreasing in c as follows. Differentiating the numerator term with respect

to c, we get:

d

dc

(
1− 2w1 − θ12(1− wR&D

2 )
)

= −
4(1− θ12)θ2

12(1 + θ12)
(
2− θ2

12

) (
8 + θ2

12

)
256 + 2θ8

12 − 11θ6
12 − 52θ4

12 + 48θ2
12

< 0

The numerator and denominator of above derivative is positive for θ12 < 1.

Consequently, (B.10) decreasing in c. Moreover, substituting c = c3 and w1 =

w into the equation (B.10), we get:

d

dw1
ΠRO

1

(
w,wR&D

2

)
=
θ12(64− θ12(80− 64c− θ12(16− θ12(35− θ12(8 + θ12)− 52c))))

128− 13θ412 − 16θ212

+
128(3− 4c)

128− 13θ412 − 16θ212
≥ 0

where the latter inequality holds for all θ12 ∈ [0, 1). As a consequence, it

follows that supplier 1 has no incentive to deviate to any price w1 ≤ w. This

concludes that supplier 1 has no incentive to deviate from the w1 = wR&D
1

when w2 = wR&D
2 so long as c ∈ [c2, c3].

Show that supplier 2 has no incentive to deviate from w2 = wR&D
2 for

c ∈ [c2, c3]:
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Now, we show that supplier 2 has no incentive to deviate from w2 =

wR&D
2 when w1 = wR&D

1 and w′2 = wR&D
2 so long as c ∈ [c2, c3]. To show

that supplier 2 has no incentive to choose lower wholesale price, we will show

that d
dw2

Π2(qII2

(
wR&D

1 , w̃2, w
R&D
2

)
, w̃2) ≥ 0 for any w̃2 < wR&D

2 . We will use

following result

d
dw2

qII,R&D
1 (w1, w2, w

′
2) = −(4−θ212)(2+θ212)

2(8−θ412−7θ212)
≤ −1

2

d
dw2

q1 (w2, w
′
2) = d

dw1
qII,RO1 (w1, w2, w

′
2) = −1

2

(B.11)

Because w2 = wR&D
2 follows the first order condition for supplier 2, we have

following

qII2

(
wR&D

1 , wR&D
2 , wR&D

2

)
= −wR&D

2
d
dw2

qII2

(
wR&D

1 , wR&D
2 , wR&D

2

)
(B.12)

The gradient of 3.6 for w̃2 < wR&D
2 is given as

d
dw2

Π2

(
qII2

(
wR&D

1 , w̃2, w
R&D
2

)
, w̃2

)
= qII2

(
wR&D

1 , w̃2, w
R&D
2

)
+ w̃2

d
dw2

qII2

(
wR&D

1 , w̃2, w
R&D
2

)
≥ −wR&D

2
d
dw2

qII2

(
wR&D

1 , wR&D
2 , wR&D

2

)
+ w̃2

d
dw2

qII2

(
wR&D

1 , w̃2, w
R&D
2

)
≥ w̃2

[
− d
dw2

qII2

(
wR&D

1 , wR&D
2 , wR&D

2

)
+ d

dw2
qII2

(
wR&D

1 , w̃2, w
R&D
2

)]
≥ 0

The first inequality comes from the fact that

qII2

(
wR&D

1 , w̃2, w
R&D
2

)
≥ qII2

(
wR&D

1 , wR&D
2 , wR&D

2

)
for w̃2 < wR&D

2 and using the result in (B.12). The second inequality is true

because w̃2 < wR&D
2 . Finally, the last inequality is true from the result in

(B.11). Thus, supplier 2 has no incentive to deviate to any w2 that would put

the quantities into either region RO or ROF.
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The other possible deviation would be for supplier 2 to choose a whole-

sale price that is low enough that would force supplier 1 to sell only through her

direct channel (DO). Let w2 be the value of w2 for which wR&D
1 = w(w2, w

R&D
2 ).

Because w(w2, w
′
2) is decreasing in w2, it follows that wR&D

1 ≥ w(w̃2, w
R&D
2 )

for any w̃2 ≤ w2. If supplier 2 were to price w̃2 ≤ w2, her profit would follow

ΠDO
2 (w2, w

′
2). Because ΠDO

2 (w2, w
′
2) is concave in w2, it suffices to show that

ΠDO
2 (w2, w

′
2) is increasing at w2 = w2 to see that supplier 2 has no incentive

to deviate to price below w2. The gradient of ΠDO
2 (w2, w

′
2) is

d

dw2
ΠDO

2

(
w2, w

′
2

)
=

1

2
w2

(
1− w2 −

θ12(1− w1 − θ12(1− w′2))

1− θ2
12

)
(B.13)

We show that the gradient of ΠDO
2 (w2, w

′
2) given in ((B.13)) is increasing in

c when w′2 = wR&D
2 . Substituting w1 = wR&D

1 , w′2 = wR&D
2 and w2 = w2 into

((B.13)) and taking derivative with respect to c, we get

d

dc

d

dw2
ΠDO

2

(
w2, w

′
2

)
=

2

9

(
1024 + 3θ8

12 − 228θ6
12 − 248θ4

12 + 1312θ2
12

θ12

(
256 + 2θ8

12 − 11θ6
12 − 52θ4

12 + 48θ2
12

)) ≥ 0

As above term is non-negative for θ12 ∈ [0, 1], it would suffice to show that

((B.13)) is positive when evaluated at c = c2. Substituting w1 = wR&D
1 ,

w′2 = wR&D
2 , w2 = w2 and c = c2 into the second term of ((B.13)), we get

1−w2−
θ12(1− wR&D

1 − θ12(1− wR&D
2 ))

1− θ2
12

=
4(8 + (4− θ12)θ12) (2 + θ2

12)

(1 + θ12) (128− 13θ4
12 − 16θ2

12)
≥ 0

Therefore, d
dw2

ΠDO
2 (w2, w

′
2) is positive for any w̃2 ≤ w2 and c ∈ [c2, c3] when

w1 = wR&D
1 and w′2 = wR&D

2 . Consequently, supplier 2 would have no incentive
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to set her price low enough to result in the quantities being in region DO when

c ∈ [c2, c3].

This completes the part of the proof where we show the uniqueness of

equilibrium for c ∈ [c2, c3].

Equilibrium for c ∈ [c1, c2]:

Although S1 does not sell through the reseller when c < c2, the threat

of her selling through the reseller channel does play role when c is not very

small (i.e. c ∈ [c1,c2]). In this region, supplier 2 sets her wholesale price

just low enough that supplier 1’s best response wholesale price results in

qII,R&D
1 (w1, w2, w

′
2) = 0. Recall that the pair of prices wDOB1 and wDOB2 is

the unique solution to the following pair of equations:

d

dw1

[
ΠR&D

1 (w1, w2, w
′
2)
]

=0

qII,R&D
1 (w1, w2, w

′
2) =0

w2 =w′2

Supplier 1 has no incentive to deviate as supplier 1 is already choosing at

her first order condition. If supplier 2 sets any w̃2 > wDOB2 , then supplier

1’s response results in qII,R&D
1

(
wDOB1 , w̃2, w

DOB
2

)
> 0 and supplier 2 will have

incentive to choose lower wholesale price, i.e. d
dw2

ΠR&D
2 (w1, w2, w

′
2) < 0 for

any w̃2 > wDOB2 when c ∈ [c1, c2]. This confirms that neither supplier can

benefit from unilaterally deviating, and consequently, the pair of prices wDOB1

and wDOB2 is the equilibrium for c ∈ [c1, c2].

Equilibrium for c ≤ c1:
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For c ≤ c1, wDOB2 ≥ wDO2 . Supplier 2 has no incentive to deviate

from w2 = wDO2 because supplier 2 sets her price at first order condition, i.e.

w2 = wDO2 satisfies d
dw2

ΠDO
2 (w2, w

′
2) = 0. Furthermore, to show that supplier

1 has no incentive to lower her wholesale price such that w1 < w(wDO2 , wDO2 ),

d
dw1

[
ΠR&D

1 (w1, w2, w
′
2)
]−

is positive when evaluated at w2 = wDO2 and w1 =

w(wDO2 , wDO2 ) as shown below:

d

dw1

ΠR&D
1 (w1, w2, w

′
2) = −3θ12 (4− θ2

12) (2− θ12(1− c))
(8− θ2

12) (8− θ4
12 − 7θ2

12)
≥ 0

Consequently, supplier 1 has no incentive to price below w(wDO2 , wDO2 ). Sup-

plier 1 can choose any arbitrarily high wholesale price and is indifferent be-

tween any w1 ≥ w(wDO2 , wDO2 ) because q1 = 0 when c ≤ c1. This concludes

the proof for Lemma 3.3.5.

B.9 Proof of Proposition 3.3.6

Proof. From Lemma (3.3.5), we have that for c ∈ [c2, c3], w∗i = wR&D
i for

i ∈ 1, 2 which results in supplier 1 selling through both channels (R&D).

Part (a): First, we will show that when θ12 = 0, we have wR&D
1 < wN and

when θ12 → 1, we have wR&D
1 > wN . Then, we will use the continuity of wR&D

1

with respect to θ12 to show that these results extend to the neighborhoods near

θ12 = 0 and θ12 =1. When evaluated at θ12 = 0, we have wR&D
1 −wN = − c

6
< 0.

Although, wR&D
1 −wN = 0 when θ12 = 1, we will show that wR&D

1 −wN

is positive as θ12 → 1. The derivative of wR&D
1 − wN with respect to c as
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θ12 → 1 can be expressed as

lim
θ12→1

d

dθ12

(
wR&D

1 − wN
)

= −4(2− c)
27

(B.14)

Because above term is negative for any c ∈ [c2, c3] and wR&D
1 − wN = 0 when

θ12 = 1, we get that wR&D
1 − wN is positive as θ12 → 1.

As the wholesale prices, wR&D
1 and wN are continuous in θ12, the above

results can be extended to the neighborhoods of θ12 = 0 and θ12 → 1. In

other words, for θ12 sufficiently small we have w∗1 = wR&D
1 < wN and for θ12

sufficiently large, we have w∗1 = wR&D
1 > wN .

Part (b): It can be confirmed that for either θ12 = 0 or θ12 = 1, we have that

wR&D
2 = wN . To show wN > wR&D

2 for any interior value of θ12 ∈ (0, 1), we

will show that wN −wR&D
2 is increasing in c and is positive when evaluated at

c = c2. The derivative of wN − wR&D
2 with respect to c is given by

d

dc

[
wN − wR&D

2

]
=

4θ12(1− θ12)(1 + θ12) (2− θ2
12) (8 + θ2

12)

256 + 2θ8
12 − 11θ6

12 − 52θ4
12 + 48θ2

12

The numerator and denominator of above derivative is positive for θ12 ∈ (0, 1).

Consequently, we have wN −wR&D
2 increasing in c. The difference wN −wR&D

2

evaluated at c = c2 is given below

wN − wR&D
2 =

(1− θ12)2θ2
12(4 + θ12)2

(2− θ12) (128− 13θ4
12 − 16θ2

12)

The numerator and denominator of above derivative is positive for θ12 ∈ (0, 1).

Combining with the fact that wR&D
2 −wN increasing in c, we have wN > wR&D

2

for θ12 ∈ (0, 1).

184



B.10 Proof of Proposition 3.3.7

Proof. Recall from the proof of Lemma 3.3.5 that we have denoted the equi-

librium wholesale prices for supplier 2 as wDOB2 when c ∈ [c1, c2] and as

wDO2 when c < c1. Because d
dc

[
wDOB2 − wN

]
= − 16(1−θ212)

θ12(4+5θ212)
, the difference

wDOB2 − wN is strictly decreasing in c when θ12 ∈ (0, 1]. Furthermore, we

have wDOB2 − wN =
(1−θ12)θ212(7+θ12)

(2−θ12)(16−13θ212)
> 0 when evaluated at c = c1 and

wDOB2 − wN = − (1−θ12)2θ212(4+θ12)2

(2−θ12)(128−13θ412−16θ212)
< 0 when evaluated at c = c2. Conse-

quently, there exists a threshold, cw2 ∈ (c1, c2) such that wDOB2 > wN when

c ∈ [c1, c
w2 ] .

Next, we will show that wDO2 > wN for c ∈
(
−θ12(3−θ12)

2(2−θ12)
, c1

]
. The sign

of following difference in wholesale prices depends on the sign of (2(2− θ12)c+

(3− θ12)θ12) because the denominator is positive for any θ12 ∈ (0, 1).

wDO2 − wN =
θ12(2(2− θ12)c+ (3− θ12)θ12)

(2− θ12) (8− θ2
12)

It can be confirmed that for any c > −θ12(3−θ12)
2(2−θ12)

, (2(2− θ12)c+ (3− θ12)θ12) is

positive, and consequently, wDO2 > wN for any c ∈
(
−θ12(3−θ12)

2(2−θ12)
, c1

]
.

B.11 Proof of Proposition 3.3.8

Proof. The denominator of expression for c2 given in ((B.5)) is positive for

any θ̂12 ∈ (0, 1). Hence, the sign of c2 depends on that of the following term

in numerator:

Num1(θ12) := (32− θ12(80 + θ12(32 + θ12(14 + θ12(8− (4− θ12)θ12)))))
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It can be confirmed that Num1(θ12) is strictly decreasing in θ12 because

d

dθ12

Num1(θ12) = −
(
60 + 6θ5

12 + 20(1− θ4
12) + 32θ3

12 + 42θ2
12 + 64θ12

)
< 0

Moreover, it can be confirmed that Num1(0.1) > 0 and Num1(1) < 0. Con-

sequently, there exists θ̂12 ∈ (0, 1) such that Num1(θ̂12) = 0 and Num1(θ12)

is strictly decreasing in θ12. As the sign of c2 depends on that of Num1(θ12),

we have c2 > 0 for θ12 ∈
(

0, θ̂12

)
and c2 < 0 for θ12 > θ̂12.

B.12 Proof of Proposition 3.3.9

Proof. Let us define a few terms that will be useful in this proof. Define πR&D

be the function obtained by substituting w1 = wR&D
1 , w2 = w′2 = wR&D

2 , and

q1 = qII,R&D
1

(
wR&D

1 , wR&D
2 , wR&D

2

)
from (B.3) into the reseller’s profit given in

equation (3.4), conditional upon y and q2 from the upper branches of (3.17)

and (3.18) respectively. Note that πR&D be the equilibrium profit of reseller

that she earns for c ∈ [c2, c3] wherein supplier 1 sells through both channels

(R&D).

Define πN be the function obtained by substituting w1 = w2 = wN ,

and q1 = q2 = qN from Proposition (3.2.1) into the reseller’s profit given in

equation (3.4), with y = 0.

πN =π
(
qN , qN , wN , wN , 0

)
For c ∈ [c2, c3], the equilibrium wholesale prices fall in the range wherein

supplier 1 sells through both channels (R&D). For c ∈ [c1, c2], the reseller’s
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gain from the ability to encroach as θ12 → 0 is given by

lim
θ12→0

(
πR&D − πN

)
=

2c2

9
− 1

16
(B.15)

The above difference is positive for c ≥ 3
4
√

2
. Consequently, the reseller benefits

from the ability of supplier 1’s encroachment for c ∈
(

3
4
√

2
, c3

)
as θ12 → 0.

For c ∈ [c2, c3], the reseller’s gain from the ability to encroach when

θ12 → 1 is given by

lim
θ12→1

(
πR&D − πN

)
=

1

36
(4c(2 + c)− 5) (B.16)

The above difference is strictly negative for c ∈
(
−5

2
, 1

2

)
and it can be confirmed

that c2 = −1
4

and c3 = 1
2

(from (B.5) and (B.6) respectively) for θ12 → 1.

Moreover, the gradient of πR&D − πN with respect to θ12 as θ12 → 1 is given

as

lim
θ12→1

d

dθ12

(
πR&D − πN

)
=

(17− 4c)(34c− 5)

1458

The above gradient is positive when evaluated at c = c3 as θ12 → 1. Conse-

quently, for sufficiently high θ12 the reseller benefits from the ability of supplier

1’s encroachment vanishes.

B.13 Proof of Proposition 3.3.10

Proof. For c ∈ [c2, c3], the equilibrium wholesale prices fall in the range where

supplier 1 sells through both channels (R&D). For c ∈ [c2, c3], the supply

chain’s gain from the supplier 1’s ability to encroach is given by
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ΠN −ΠR&D
2

(
wR&D

1 , wR&D
2 , wR&D

2

)
:=

(1− θ12)θ12Num2(θ12, c)

2(1− θ12)2 (256 + 2θ812 − 11θ612 − 52θ412 + 48θ212)
2

(B.17)

where Num2(θ12, c) is a high order expression of θ12 and c that is omitted

for sake of brevity. The denominator of (B.17) is positive for θ12 ∈ (0, 1) and

hence, the sign of (B.17) depends on that of Num2(θ12, c). We can confirm

that Num2(θ12, c) is increasing c because

d

dc
Num2(θ12, c) = Term1(θ12)Term2(θ12, c)

where

Term1(θ12) := 8(2− θ12)3(2 + θ12)(2− θ2
12)(2 + θ2

12)(8 + θ2
12)

Term2(θ12, c) := 8+8(1−θ2
12c)+8θ12(1−c)+θ2

12 +3θ2
12(1−θ2

12)+4θ3
12c+4θ4

12c

It is easy to observe that both Term1(θ12) and Term2(θ12, c) are positive for

θ12 ∈ (0, 1) and c ∈ [c2, c3]. Consequently, ΠN > ΠR&D
2

(
wR&D

1 , wR&D
2 , wR&D

2

)
for all c ∈ [c2, c3].

B.14 Proof of Proposition 3.3.11

Proof. Let ΠN be the equilibrium profit of a supplier that she earns when

there is no ability to encroach. ΠN is given as:

ΠN =qNwN

For c ∈ [c2, c3], the equilibrium wholesale prices fall in the range where

supplier 1 sells through both channels (R&D). For c ∈ [c2, c3], the supply
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chain’s gain from the supplier 1’s ability to encroach is given by

GainR&D(θ12, c) :=πR&D + ΠR&D
1

(
wR&D

1 , wR&D
2 , wR&D

2

)
+ ΠR&D

2

(
wR&D

1 , wR&D
2 , wR&D

2

)
−
[
πN + ΠN + ΠN

]
.

Evaluating GainR&D(θ12, c) at θ12 = 0, we get

GainR&D(0, c) =
1

144
(9− 4c(18− 29c))

The above difference is convex in c and it can be confirmed that it is equal to

zero when c = 3

2(6+
√

7)
and c = 3

2(6.
√

7)
. Consequently, the supply chain gains

from encroachment when c < 3

2(6+
√

7)
or when c ∈

(
3

2(6−
√

7)
, 3

5

)
for θ12 = 0.

In the limiting case when θ12 → 1, the difference GainR&D(θ12, c) is

given as

lim
θ12→1

GainR&D(θ12, c) =
1

36
(2c− 1)(1 + 10c)

The above difference is convex in c and it can be confirmed that it is equal

to zero when c = − 1
10

and c = 1
2
≥ c3. Consequently, as θ12 → 1 the supply

chain gains from encroachment when c < − 1
10

.
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Notation Expression

c0 − (2−θ12)(8−θ212−θ312)
2(8−5θ212)

c1
4θ12−14θ212+5θ312−θ412

32−26θ212

c2
32θ12−80θ212−32θ312−14θ412−8θ512+4θ612−θ712

2(1+θ12)(128−16θ212−13θ412)

c3
384−64θ12+8θ212−24θ312−60θ412+6θ512−9θ612+θ712+θ812

2(320−36θ212−42θ412+θ612)

K
8−θ312+8(1+θ12)c

2(1+θ12)(8+θ212)

qCO2 (w2, q1, y
′)

[
1−2θ12q1−w2−θ12y′

2

]+

q1 (w′2)
2(1−c)−θ12(1−w′2)

2(1−θ212)

w 2c− 1

w(w2, w
′
2)

θ12(−θ12+3(w2−3w′2))+6c−2

4−θ212

w(w2, w
′
2)

(1−θ12)(8−θ312+8(1+θ12)c)+3θ12(4−θ212)w2−4θ12(1−θ212)w′2
(4−θ212)

2

wR&D
1

128(3−c)−θ12(128+θ12(56+θ12(96+θ12(90−5θ412+θ312+34θ212c+18θ12+6c))−168c))
3(256+2θ812−11θ612−52θ412+48θ212)

wR&D
2

(1−θ12)(8+θ212)(16+θ12(8−3θ312−4(1+θ12)(2−θ212)c+4θ12))
256+2θ812−11θ612−52θ412+48θ212

wDOB1

4(1−θ212)(2+θ212−6c)
(4−θ212)(4+5θ212)

wDOB2

(1−θ12)(4θ12−4θ212+θ312−16c(1+θ12))
θ12(4+5θ212)

wDO2
2(2−θ12(1−c))

8−θ212

yBR (q1, q
′
2)

[
1−c−q1−θ12q′2

2

]+

Table B.1: List of notations used in Chapter 3
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Notation Expression

Num1(θ12) (32− θ12(80 + θ12(32 + θ12(14 + θ12(8− (4− θ12)θ12)))))
π(q1, q2, w1, w2, y) q1(p1 − w1) + q2(p2 − w2)
Π1(q1, q2, w1, y) y(pd − c) + q1w1

Π2(q2, w2) q2w2

qN 1
2θ12(1−θ12)+4

q′R&D
2 (w′2, q1)

2(1−w′2)−θ12(1−c)
4−θ212

− 3θ12
4−θ212

q1

qIII,R&D
2 (w2, w

′
2, q1) 2(1−w2)−θ12(1−c)−3θ12q1

(4−θ212)
− θ212(w′2−w2)

2(4−θ212)

qII,R&D
1 (w1, w2, w

′
2) K(θ12, c)−

(4−θ212)
2
w1−3θ12(4−θ212)w2

2(8+θ212)(1−θ212)
− 2θ12

8+θ212
w′2

qII,RO1 (w1, w2, w
′
2) (1−w1)−θ12(1−w2)

2(1−θ212)
qII2 (w1, w2, w

′
2) qIII2

(
w2, w

′
2, q

II
1 (w1, w2, w

′
2)
)

where qIII2 (w2, w
′
2, q1) is defined

in Lemma 3.3.1
Term1(θ12) 8(2− θ12)3(2 + θ12)(2− θ2

12)(2 + θ2
12)(8 + θ2

12)
Term2(θ12, c) 8+8(1−θ2

12c)+8θ12(1− c)+θ2
12 +3θ2

12(1−θ2
12)+4θ3

12c+4θ4
12c

wN 1−θ12
2−θ12

w2 w2 such that wR&D
1 = w(w2, w

R&D
2 )

yIII,R&D (w′2, q1)
2(1−c)−θ12(1−w′2)

4−θ212
− 2(1−θ212)

4−θ212
q1

yII (w1, w2, w
′
2) yIII

(
w′2, q

II
1 (w1, w2, w

′
2)
)

where yIII (w′2, q1) is defined in
Lemma 3.3.1

Table B.2: List of notations used in Appendix for Chapter 3
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Appendix C

Appendix for Chapter 4

C.1 Proof of Lemma 4.3.2

Proof. We prove by contradiction. Let xT∗i (θ1, θ2) = xE∗i (θi)+xL∗i (θ1, θ2) be the

total production conditional upon θ1 and θ2. Let us assume that the symmet-

ric equilibrium has production quantities such that (xT∗1 (θ1, θ2), xT∗2 (θ1, θ2)) >(
1−γE
2+b

, 1−γE
2+b

)
, i.e. both firms produce more than 1−γE

2+b
simultaneously. Let

Πi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2)) be defined as

Πi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2))

:=(1− xT∗i (θ1, θ2)− bxT∗−i (θ1, θ2))xT∗i (θ1, θ2)− γExT∗i (θ1, θ2)− 1

2
αR2

i −
1

2
βU2

i

(C.1)

It can be verified that Πi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2)) is upper bound on firm i’s

profit Πi(Ri, Ui, x
E∗
i (θi), x

L∗
i (θ1, θ2), xE∗−i (θ−i), x

L∗
−i(θ1, θ2)) because γL ≥ γE as

shown below:
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Πi(Ri, Ui, x
E∗
i (θi), x

L∗
i (θ1, θ2), xE∗−i (θ−i), x

L∗
−i(θ1, θ2))

=(1− (xE∗i (θi) + xL∗i (θ1, θ2))− b(xE∗−i (θ−i) + xL∗−i(θ1, θ2))(xE∗i (θi) + xL∗i (θ1, θ2))

− γE(xE∗i (θi) + xL∗i (θ1, θ2))− (γL − γE)xL∗i (θ1, θ2)− 1

2
αR2

i −
1

2
βU2

i

=(1− xT∗i (θ1, θ2)− bxT∗−i (θ1, θ2))xT∗i (θ1, θ2)− γExT∗i (θ1, θ2)− (γL − γE)xL∗i (θ1, θ2)

− 1

2
αR2

i −
1

2
βU2

i

≤Πi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2))

The first derivative of Πi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2)) with respect to total produc-

tion xT∗i (θ1, θ2) is

dΠi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2)

xT∗i (θ1, θ2)
= 1− 2xT∗i (θ1, θ2)− bxT∗−i (θ1, θ2)− γE (C.2)

For xT∗−i (θ1, θ2) > 1−γE
2+b

, it can be verify that (C.2) is strictly negative when

evaluated for any xT∗i (θ1, θ2) > 1−γE
2+b

. In addition, because
dxTi (θ1,θ2)

xEi (θi)
= 1 > 0

the following result follows

dΠi(x
T∗
i (θ1, θ2), xT∗−i (θ1, θ2)

xT∗i (θ1, θ2)
≤
dΠi(x

T∗
i (θ1, θ2), xT∗−i (θ1, θ2)

xT∗i (θ1, θ2)
(C.3)

Combining (C.2) and (C.3), it follows that firm i has an incentive to reduce her

production. This contradicts that these production quantities are equilibrium.

C.2 Proof of Lemma 4.3.3

Proof. We prove by contradiction. As we are restricting our attention to the

symmetric equilibria, it suffices to assume that both firms’ equilibrium reliable
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capacities are more than 1−γE
2+b

, i.e R∗1 = R∗2 >
1−γE
2+b

for i ∈ {1, 2}. Therefore,

each firm has the capacity to produce at least 1−γE
2+b

units with probability 1.

From Lemma 4.3.2, the total production would not exceed 1−γE
2+b

simultaneously

for both firms. Consequently, keeping the R∗−i >
1−γE
2+b

, firm i has an incentive

to reduce the total cost by choosing smaller reliable capacity. In particular,

let R
′
i = 1−γE

2+b
. Because α > 0, the cost of R

′
i is strictly less than R∗i . This

contradicts the fact that R∗i is equilibrium capacity.

C.3 Proof of Corollary 4.3.4

Proof. While deciding the capacities, both the firms are symmetric in their

information structure. From Lemma 4.3.3, if the rival firm has reliable capacity

more than 1−γE
2+b

, firm i would never choose the reliable capacity more than

1−γE
2+b

. As we restrict our attention to the symmetric equilibria, it follows from

Lemma 4.3.3 that neither firm will choose the equilibrium reliable capacity

more than 1−γE
2+b

. Consequently, R∗i ≤
1−γE
2+b

.

C.4 Proof of Lemma 4.3.5

Proof. We prove by contradiction. Suppose xL∗1 (θ1, 1) > 0. From Corollary

4.4.2, we get xL1 (θ1, 0) ≥ xL1 (θ1, 1) > 0. Consequently, firm 1 has strictly

positive late production regardless of the rival’s disruption. Let xL′1 (θ1, 0) =

xL∗1 (θ1, 0)−xL∗1 (θ1, 1), xL′1 (θ1, 1) = 0 and xE′1 (θ1) = xE∗1 (θ1)+xL∗1 (θ1, 1). Moving

xL∗1 (θ1, 1) of the late production to early production would reduce costs because

γL > γE. This contradicts the fact that the production quantities were chosen
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at equilibrium. We can use similar argument to establish xL∗2 (1, θ2) = 0.

C.5 Proof of Lemma 4.4.1

Proof. At stage III, firm i’s Lagrangian function is given as

L :=Πi(Ri, Ui, x
E
i (θi), x

L
i (θ1, θ2), xE−i(θ−i), x

L
−i(θ1, θ2))

+ µi(Ri + θiUi − xEi (θi)− xLi (θ1, θ2)) (C.4)

The above Lagrangian function is concave in xLi (θ1, θ2) because d2L
d[xLi (θ1,θ2)]2

=

−2 < 0.

Case ∆K1(θ1, θ2) < 0 and ∆K2(θ1, θ2) < 0: The solution to KKT conditions

for Langrangian function in (C.4) is

xL,IIIi (θ1, θ2) =
[
R1 + θ1U1 − xE1 (θ1)

]+
µi = 2∆K1(θ1, θ2) < 0

Case ∆K1(θ1, θ2) < 0 and ∆K2(θ1, θ2) ≥ 0: The solution to KKT conditions

for Lagrangian function in (C.4) is

xL,III1 (θ1, θ2) =
[
R1 + θ1U1 − xE1 (θ1)

]+
xL,III2 (θ1, θ2) =

[
1

2
(1− γL − b(R1 + θ1U1))− xE2 (θ2)

]+

µ1 = −1

2
(2− b)(1− γL − (2 + b)b(R1 + θ1U1))

µ2 = 0

Next, we will show that µ1 < 0 when ∆K1(θ1, θ2) < 0 and ∆K2(θ1, θ2) ≥ 0.

Because ∆K1(θ1, θ2) < 0 and ∆K2(θ1, θ2) ≥ 0, we have R1 +θ1U1 ≤ R2 +θ2U2.
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Consequently, we get

µ1 ≤ (2− b)∆K1(θ1, θ2) < 0.

Case ∆K1(θ1, θ2) < 0 and ∆K2(θ1, θ2) ≥ 0: Due to symmetry of the players,

the proof for this case is similar to the earlier case with µ1 = 0 and µ2 < 0.

Case ∆K1(θ1, θ2) ≥ 0 and ∆K2(θ1, θ2) ≥ 0: This is case wherein both firms

have sufficient capacities. The solution to KKT conditions for Lagrangian

function in (C.4) is same as Cournot duopoly with unlimited capacity.

xL,IIIi (θ1, θ2) =

[
1− γL

2 + b
− xE1 (θ1)

]+

µi = 0

Moreover, we can confirm that 1−γL
2+b
≤ Ri + θiUi because ∆Ki(θ1, θ2) ≥ 0.

C.6 Proof of Lemma 4.4.3

Proof. We prove by contradiction. Suppose xL∗1 (θ1, 1) > 0. From Corollary

4.4.2, we get xL1 (θ1, 0) ≥ xL1 (θ1, 1) > 0. Consequently, firm 1 has strictly

positive late production regardless of the rival’s disruption. Let xL′1 (θ1, 0) =

xL∗1 (θ1, 0)−xL∗1 (θ1, 1), xL′1 (θ1, 1) = 0 and xE′1 (θ1) = xE∗1 (θ1)+xL∗1 (θ1, 1). Moving

xL∗1 (θ1, 1) of the late production to early production would reduce costs because

γL > γE. This contradicts the fact that the production quantities were chosen

at equilibrium. We can use similar argument to establish xL∗2 (1, θ2) = 0.

196



C.7 Proof of Lemma 4.4.4

Proof. We prove by contradiction. Suppose there exists equilibrium capacities

and production quantities such that R∗i +U∗i > xTi (θ1, θ2) for some realization

of θ1 and θ2. If U∗i > 0, a firm i can choose Ûi = R∗i − max
θ1,θ2

xT∗i (θ1, θ2). It is

easy to verify that the cost with Ûi is strictly lesser (because β > 0) without

affecting the equilibrium production quantities. This contradicts the fact that

U∗i was equilibrium capacity. If U∗i = 0, then the same argument can be used

with R̂i = R∗i −max
θ1,θ2

xT∗i (θ1, θ2) because α > 0.

C.8 Proof of Lemma 4.4.5

Proof. In this proof, we show that firm 1 has no incentive to deviate from

the equilibrium defined in Lemma 4.4.5. By symmetry, the similar arguments

follow for firm 2.

In stage II, firm 1 has observed θ1 and chooses its action accordingly.

When θ1 = 1, Firm 1’s expected profit is given as

λΠ1(R1, U1, x
E
1 (1), R1 + U1 − xE1 (1), xE2 (0), 0) + (1− λ)Π1(R1, U1, x

E
1 (1), 0, xE2 (1), 0)

(C.5)

The gradient of firm 1’s profit with respect to xE1 (1) is given by

f(xE1 (1), xE2 (1)) := (1− λ)(1− γE − b(1− λ)xE2 (1)− (1− γL)λ− 2(1− λ)xE1 (1))
(C.6)

The above gradient is decreasing in both xE1 (1) and xE2 (1). It can be confirmed
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that

f

(
(1− γE)− λ(1− γL)

(2 + b)(1− γL)
,
(1− γE)− λ(1− γL)

(2 + b)(1− γL)

)
= 0. (C.7)

Case ∆C1 ≥ 0 and ∆C2 ≥ 0: Because firm 1’s profit is concave in xE1 (1), it

follows from condition (C.7) that xE∗1 (1) = (1−γE)−λ(1−γL)
(2+b)(1−γL)

is equilibrium early

production.

Case ∆C1 < 0 and ∆C2 ≥ 0: We can show that

f

(
R1 + U1,

(1− γE)− λ(1− γL)

2(1− γL)
− 1

2
b(R1 + U1)

)
> 0.

Because the gradient f(xE1 (1), xE2 (1)) is strictly decreasing in xE1 (1), we have

xE,II1 (1) = R1 + U1.

Case ∆C1 ≥ 0 and ∆C2 < 0: It can be confirmed that

f

(
(1− γE)− λ(1− γL)

2(1− γL)
− 1

2
b(R2 + U2), R2 + U2

)
= 0.

Because the gradient f(xE1 (1), xE2 (1)) is concave in xE1 (1), the first order con-

dition is satisfied at

xE1 (1) =
(1− γE)− λ(1− γL)

2(1− γL)
− 1

2
b(R2 + U2) := E

Consequently, we get xE,II1 (1) = min {E, (R1 + U1)}.

Case ∆C1 < 0 and ∆C2 < 0: Because the gradient f(xE1 (1), xE2 (1)) is strictly

decreasing in both xE1 (1) and xE2 (1), f(R1 + U1, R1 + U1) > 0 when ∆C1 < 0

and ∆C2 < 0.
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When θ1 = 0, we will show that that firm 1 has no incentive to produce

lesser that R1 if Ri ≤ 1−γE
2+b

. Firm 1’s expected profit when θ1 = 0 is given as

λΠ1(R1, U1, x
E
1 (0), R1 − xE1 (0), xE2 (0), R2 − xE2 (0))

+ (1− λ)Π1(R1, U1, x
E
1 (0), R1 − xE1 (0), xE2 (1), R2 + U2 − xE2 (1))) (C.8)

The gradient of firm 1’s profit with respect to xE1 (0) is given by

g(xE1 (0), xE2 (0)) := λ(1− γE − b(R2 + U2)− 2xE1 (0)) + bλ2(R2 + U2 − xE2 (0))
(C.9)

We have xE2 (0) ≤ R2 ≤ R2 + U2. Hence, the second term in g(xE1 (0), xE2 (0))

is non-negative for all xE2 (0) ≤ R2. The first term is decreasing in xE1 (0). If

xE1 (0) ≤ 1
2
(1 − γE − b(R2 + U2)), we get g(xE1 (0), xE2 (0)) ≥ 0. From Lemma

4.3.5 and 4.4.4, we get R2 + U2 ≤ 1
2
(1− γL − bR1). Consequently, If xE1 (0) ≤

1
2

(
1− γE − b(1

2
(1− γL − bR1))

)
, we get g(xE1 (0), xE2 (0)) ≥ 0.

Next, we will show that g(R1, x
E
2 (0)) ≥ 0 if Ri ≤ 1−γE

2+b
. The so-

lution to R1 = 1
2

(
1− γE − b(1

2
(1− γL − bR1))

)
is R1 = 1−γE

2+b
+ b(γL−γE)

4−b2 .

It is easy to confirm that R1 ≤ 1
2

(
1− γE − b(1

2
(1− γL − bR1))

)
for R1 ≤

1−γE
2+b

+ b(γL−γE)
4−b2 . Because γL ≥ γE, 1−γE

2+b
+ b(γL−γE)

4−b2 ≤ 1−γE
2+b

. Therefore, R1 ≤
1
2

(
1− γE − b(1

2
(1− γL − bR1))

)
forR1 ≤ 1−γE

2+b
, and consequently, g(R1, x

E
2 (0))

≥ 0. Because g(xE1 (0), xE2 (0)) is decreasing in xE1 (0), firm 1 has no incentive

to choose xE,II1 (0) < R1.

C.9 Proof of Lemma 4.4.6

Proof. In this proof, we show that firm 1 has no incentive to deviate from

the equilibrium capacities defined in Lemma 4.4.6. By symmetry, the similar
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arguments follow for firm 2.

Let us characterize the equilibrium capacities that result in positive late

production quantities. In such situation, we would have ∆C1 > 0 and ∆C2 >

0. Consequently, the early production from Lemma 4.4.5 is
(
xE,IIi (0) = Ri,

xE,IIi (1) = (1−γE)−λ(1−γL)
(2+b)(1−γL)

)
and the late production would be xL,III1 (1, 0) =

∆C1 > 0 and xL,III2 (0, 1) = ∆C2 > 0. Anticipating these early and late

production responses, the expected profit of firm 1 can be given as:

EΠEL
1 (R1, U1, R2, U2) :=

(1− λ)λΠ1

(
R1, U1,

(1− γE)− λ(1− γL)

(2 + b)(1− γL)
, R1 + U1 −

(1− γE)− λ(1− γL)

(2 + b)(1− γL)
, R2, 0

)
+ (1− λ)(1− λ)Π1

(
R1, U1,

(1− γE)− λ(1− γL)

(2 + b)(1− γL)
, 0,

(1− γE)− λ(1− γL)

(2 + b)(1− γL)
, 0

)
+ λ(1− λ)Π1

(
R1, U1, R1, 0,

(1− γE)− λ(1− γL)

(2 + b)(1− γL)
, R2 + U2 −

(1− γE)− λ(1− γL)

(2 + b)(1− γL)

)
+ λλΠ1 (R1, U1, R1, 0, R2, 0)

It can be confirmed that the solution to the first order condition of above

expected profit is R1 = REL∗ and U1 = UEL∗ where,

REL∗ =
λ(β(2− γE + γLλ− γL − λ)− (1− λ)λ(b(1− γL)(1− λ)− 2(1− γE)))

(2 + b)λ(β(2− λ)(1− λ)λ(2− b(1− λ))) + α(β + 2(1− λ)λ)
,

UEL∗ =
(1− λ)λ(α(1− γL)− (2 + b)λ(γL − γE))

(2 + b)λ(β(2− λ)(1− λ)λ(2− b(1− λ))) + α(β + 2(1− λ)λ)

Next, we establish the existence and uniqueness of γ̂L such that for

γL ≤ γ̂L we get following inequality with equality if γL = γ̂L:

REL∗ + UEL∗ ≥ (1− γE)− λ(1− γL)

(2 + b)(1− γL)
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The following difference is decreasing in γL because

d

dγL

[
REL∗ + UEL∗ − (1− γE)− λ(1− γL)

(2 + b)(1− γL)

]
< 0

Moreover, it can be confirmed that the solution REL∗+UEL∗ = (1−γE)−λ(1−γL)
(2+b)(1−γL)

is γL = γ̂L. Moreover, γ̂L ≥ γE if and only if β ≤ bλ(1 − λ). To show

that, let us confirm that the sign of the following difference depends on that

of (β − bλ(1− λ)).

γ̂L − γE =
α(1− γE)(1− λ)(β − bλ(1− λ))

λ (α (b(1− λ)2 + β + 2(1− λ)) + (2 + b)(β + 2(1− λ)λ))

Consequently, γ̂L ≥ γE if and only if β ≤ bλ(1− λ).

If β > bλ(1 − λ), the capacities Ri = REL∗ and Ui = UEL∗ result in

REL∗ + UEL∗ < (1−γE)−λ(1−γL)
(2+b)(1−γL)

, and consequently, the late production is zero

when γL > γE. Anticipating zero late production, the firm 1’s expected profit

is given as:

EΠE
1 (R1, U1, R2, U2) :=(1− λ)λΠ1 (R1, U1, R1 + U1, 0, R2, 0)

+ (1− λ)(1− λ)Π1 (R1, U1, R1 + U1, 0, R2 + U2, 0)

+ λ(1− λ)Π1 (R1, U1, R1, 0, R2 + U2, 0)

+ λλΠ1 (R1, U1, R1, 0, R2, 0)

It can be confirmed that the solution to the first order condition of above

expected profit is R1 = RE∗ and U1 = UE∗ where,

RE∗ =
(1− γE)(β + 2(1− λ)λ)

α (b(1− λ)2 + β + 2(1− λ)) + (2 + b)(β + 2(1− λ)λ)
,

UE∗ =
α(1− γE)(1− λ)

α (b(1− λ)2 + β + 2(1− λ)) + (2 + b)(β + 2(1− λ)λ)
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Next, we will show that for γL ≥ γ̂L we get following inequality with equality

if γL = γ̂L:

RE∗ + UE∗ ≤ (1− γE)− λ(1− γL)

(2 + b)(1− γL)

The following difference is decreasing in γL because

d

dγL

[
RE∗ + UE∗ − (1− γE)− λ(1− γL)

(2 + b)(1− γL)

]
=

λ

(2 + b)(1− λ)
< 0

Moreover, it can be confirmed that the solution RE∗ + UE∗ = (1−γE)−λ(1−γL)
(2+b)(1−γL)

is γL = γ̂L. We have already established that γ̂L ≥ γE if and only if β ≤

bλ(1− λ). This completes the proof of Lemma 4.4.6.
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