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Displacement detection using optical interferometric techniques allows for low

minimum-detectable displacements which are unmatched by other displacement mea-

surement methods as device sizes are scaled down. The use of microfabricated diffrac-

tive optical elements as beam splitters has proven an effective way to realize miniature

and robust optical interferometers. However, models used to predict the optical per-

formance of grating-based displacement sensors are frequently based on phase-varying

aperture function, rooted in scalar diffraction theory, and fail to predict critical fea-

tures of optical system behavior.

A new computational model has been developed which includes several impor-

tant physical effects, neglected in the varying-phase analysis, such as electromagnetic

boundary effect, Talbot self-imaging effects, and the effect of incident beam diver-

gence. Light propagation through the system is captured using a new scalar-vector

hybrid technique, specifically designed to model grating-based displacement detec-

tion systems. Scalar Fourier optics methods are used to model the propagation of

light over free-space regions, while computational electromagnetic methods such as

rigorous coupled-wave analysis (RCWA) and finite-difference time-domain (FDTD)

simulations are used to compute the interaction of the light with the diffraction grat-

ings, where the vector nature of the electromagnetic field is important. Combining

vii



the scalar and vector approaches in a single model allows for much faster simulations

than could be achieved with RCWA alone, which is important for undertaking para-

metric studies and optimizations which involve several varied parameters and many

test cases.

The model is then applied to understanding the impact of different design

choices on system behavior, by varying one parameter at a time and examining the

characteristics of resulting optical modulation curves. The most simple design for

the optoelectronics in MEMS sensors involves a VCSEL source with no focusing

optics. The optically-limited minimum detectable displacement for a lens-free system

is investigated and determined to be 3.5 fm/
√

Hz for a system with 1 mW of incident

light at a wavelength of 850 nm.

Ronchi-ruled diffraction gratings have the most simple geometries to fabricate,

but capturing all of the modulated light in the central beam diffracted by such a grat-

ing is difficult when a surface-normal source incidence is used. This can complicate

the packaging of microfabricated devices with integrated optoelectronics. The devel-

opment of a new multi-region diffraction grating is presented, which uses out-of-phase

regions to eliminate the zeroth order beam via destructive interference. Prototype

gratings were succesfully fabricated and tested. The measured sensitivity is similar

to that of more conventional Ronchi-ruled gratings, demonstrating their suitability

for grating-based interferometric sensors.
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Chapter 1

Introduction and background

This chapter serves to introduce the problems considered in the present work

and to provide some of the necessary background information. The basics of acous-

tic inertial vector sensors is presented, which in turn motivates the need for small,

lightweight displacement sensors. Grating-based interferometric displacement mea-

surement schemes are discussed, along with some of the metrics commonly used to

characterize device performance. A review of the state-of-the art regarding grating-

based vibration sensors is presented. Finally, objectives of the current study are

stated.

1.1 Two acoustic field variables

An acoustic field is completely characterized by two different field variables:

the acoustic pressure, p, and acoustic particle velocity, ~u. The ratio of these two

quantities is defined to be the specific impedance of the wave, Zsp, taking note that

the vector nature of ~u is generally implied when discussing impedance rather than

being noted explicitly1:

Zsp ,
p

u
. (1.1)

For a plane progressive wave traveling in the positive direction, Zsp = ρ0c0,

where ρ0 and c0 are the density and small-signal sound speed of the fluid, respectively,

and Z0 , ρ0c0 is known as the characteristic impedance of the medium. For more

1



complicated wave fields, however, the form of the impedance relation may not be

explicitly known. Euler’s equation2 more generally relates p and ~u, the linearized

version of which is

∇p = −ρ0
∂~u

∂t
, (1.2)

where ∂
∂t

represents differentiation in time.

For acoustic measurements in air, pressure is the most common measurand due

to the simplicity of fabricating high quality pressure transducers (i.e., microphones).

On the other hand, acoustic particle velocity, being a vector quantity, contains more

information about the direction of propagation than does pressure, and is more useful

than pressure in many cases, such as in sound source localization.

1.2 Acoustic particle velocity probes

Three types of sensors are commonly used for measuring acoustic particle ve-

locity, including p−p probes, thermal velocity sensors, and inertial sesnsors. The first

type of particle velocity probe typically consists of two microphones or hydrophones

used to measure the pressure at two points separated by a fixed distance. The dif-

ference in pressure at the two points is used to approximate the pressure gradient in

Equation 1.2, which must be integrated to find ~u. While the construction of p − p

probes is relatively simple, the measurement is not direct and the accuracy of the

results is limited by the finite-difference approximation, accurate knowledge of the

ambient fluid density, and phase mismatch between the two microphones3,4.

Thermal velocity sensors are based on the principle of hot-wire anemometry.

Two thin platinum-coated wires, separated by a small distance, are heated with an

electrical current to temperatures typically between 200 ◦C and 400 ◦C. A velocity

gradient due to an incident sound wave will cause a small asymmetric difference in the
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temperatures of the two wires, which can be detected and used to find the incident

acoustic particle velocity. These types of thermal sensors have found success for use

in air, and have been commercialized by Microflown Technologies5.

Inertial particle velocity sensors provide the most direct measurement of the

velocity field when applicable. The basic idea is that an accelerometer or velocity

pickup is embedded in a rigid, acoustically small sphere which is immersed in the

sound field and moves in concert with the adjacent acoustic particle velocity. For the

case of a plane progressive incident sound wave, the ratio of sphere velocity us to the

adjacent acoustic particle velocity uinc is given by6:

us
uinc

= j
3

(ka)2h
(2)
1 (ka)− ρs

ρ0
(ka)3h

(2)′

1 (ka)
(1.3)

where j =
√
−1, a is the radius of the sphere, k = ω/c0 is the acoustic wavenumber

in the fluid and where ω is the frequency of the wave, h
(2)
1 is the spherical Hankel

function of the second type and of order 1, the superscript
′

indicates differentiation

with respect to the function argument, and ρs is the density of the sphere. The

normalized velocity of the sphere is plotted vs. frequency for three different density

ratios in Figure 1.1.

It is seen that when the sphere is neutrally buoyant and is much smaller than

an acoustic wavelength (ρs/ρ0 = 1 and ka � 1) Equation 1.3 has the limiting form

us/uinc ≈ 1. Under such circumstances, the velocity of the sphere matches the adja-

cent acoustic particle velocity and is said to be perfectly entrained by the fluid. By

incorporating a velocity or acceleration pickup in the sphere to measure its velocity,

the particle velocity of the surrounding fluid may be found as well. The requirement

of neutral buoyancy and acoustic compactness are simultaneously difficult to achieve

in air, but are somewhat easier to accomplish in water. As a result, inertial parti-
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Figure 1.1: Normalized velocity for a sphere entrained in an ideal sound field as a
function of normalized frequency, for three different density ratios.

cle velocity sensors have found widespread use in underwater applications and are

frequently used in underwater acoustic arrays7.

The problem of acoustic particle velocity measurement therefore becomes a

problem of measuring the vibration of a small, neutrally buoyant sphere. The earliest

acoustic vector sensors used magnet-and-coil style velocity transducers8, while more

recent sensors incorporate piezoelectric accelerometers9. Capacitve accelerometers

may also be used. Alternatively, optically-read accelerometers offer an attractive

solution for detection of small mechanical displacements and have some advantages

over other transduction mechanisms, as will be discussed in the next section.
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1.3 Grating-based interferometric optical displacement mea-
surement

The ability to detect small changes in displacement is central to the opera-

tion of many different kinds of sensors, such as microphones and accelerometers. In

a microphone, for instance, incident acoustic pressure causes a diaphragm or mem-

brane to deflect10. In an accelerometer, a proof mass is mechanically suspended from

the frame of the sensor, and an applied acceleration causes relative displacement be-

tween the proof mass and the supporting structure11. While small sensors fabricated

using microelectromechanical systems (MEMS) techniques frequently employ capaci-

tive schemes for sensing displacement, scaling laws show that reducing the mechanical

footprint of the capacitive sensors results in decreased signal-to-noise (SNR)12. Op-

tical displacement detection schemes, on the other hand, are not subject to the same

scaling laws as capacitive methods, making them an elegant solution for displacement

detection in MEMS sensors. The use of deformable lamellar gratings for modulating

infrared beams was first demonstrated in the late 1950s13 as part of an interferometric

spectrometer. Solgaard et al. first demonstrated a MEMS optical modulator based

on the same modulation principle with electrostatic actuation14, which then found

widespread incorporation into a variety of optically-read MEMS sensors. Published

examples of such grating-based devices include capacitive micromachined ultrasonic

transducers (cMUTs)15, microphones16–19, accelerometers20–23, infrared detector ar-

rays24, and atomic force microscope applications25,26 , in addition to other non-sensor

MEMS devices such as light valves for use in switching and projection applications27.

A schematic diagram of a grating-based interferometric optical accelerometer

is shown in Figure 1.2. A proof mass with an optically reflective bottom surface is

suspended above a stationary diffraction grating and moves in response to applied

acceleration. A coherent light source, such as a vertical cavity surface-emitting laser
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(VCSEL), is incident from the bottom of the structure. A portion of the light is

directly reflected from the diffraction grating “fingers”, while the remainder of the

light is reflected from the proof mass, accruing an additional phase shift equal to

4πdgap/λ before leaving the cavity. The phase difference between the light reflected

from the grating fingers and that from the proof mass results in an interference

pattern, appearing as a set of diffracted beams, or diffraction orders. The diffracted

beams leave the grating at angles determined by grating equation; the departure angle

θm for the mth order beam is

θm = sin−1(mλ/Λ), (1.4)

where m is the order number, λ is the wavelength of incident light, and Λ is the pitch

between grating fingers28. The optical power in one order relative to the incident

optical power is known as the diffraction efficiency, which is modulated with the

reflector displacement, and measurement of this intensity using photodetectors (PDs)

allows for determination of the reflector displacement.

The amount of power in each diffracted order as well as the amount of modula-

tion depends on the design of the grating and light source, which will be investigated

further in subequent chapters of this work. For a perfectly reflecting binary amplitude

grating with a fill-factor of 50%, commonly used in today’s grating-based sensors, the

optical power in the 0th and +/-1st order beams under ideal conditions is:

Π0 = Πin cos2 2πdgap
λ

,

Π±1 =
4Πin

π2
sin2 2πdgap

λ
,

(1.5)

where Πin is the total optical power input into the grating system, and Π0 and Π±1 are

the optical powers diffracted into the 0th order and each of the ±1st orders. As all of

the diffracted beam powers are modulated with changing reflector position, any single
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Figure 1.2: Schematic illustration of a grating-based optical interferometric ac-
celerometer, highlighting critical system components.

diffraction order could be captured by a photodetector and the signal used to sense the

change in displacement. Maximum sensitivity is achieved when the slope of the curve

is largest, which happens when dgap is an odd multiple of λ/8. Figure 1.3 shows the

optical power curves calculated via Eqs. 1.5, as dgap ranges from 0 to λ. For reasons

of common-mode noise reduction to be described in Chapter 2, it is advantageous

to capture the 0th order beam in addition to the ±1 order beams using separate

photodetectors, and use a differential amplifier with an appropriately set gain to take

the difference. Figure 1.4 shows this differential signal Πnet = Π0−(π2/8)(Π+1 + Π−1),

plotted as a function of reflector displacement. Maximum sensitivity still occurs when

dgap = 3λ/8, although now the signal has been nulled at this position. The gain of

(π2/8) is chosen to match the peak values of Π0 and (Π+1 + Π−1).
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Figure 1.3: Idealized optical modulation curves for the power in the 0th and ±1st
order diffracted output beams as a function of reflector displacement.

1.4 Performance parameters in vibroacoustic sensors

This section introduces the basics of several metrics used to quantify various

aspects of sensor performance, including mechanical sensitivity, optical sensitivity,

dynamic range, noise floor, and minimum detectable displacement. Values for the

best-case noise floor and sensitivity are estimated for the case of an ideal grating.

While the ideal case is overly optimistic, it nonetheless gives an indication of what

is possible with grating-based sensors relative to existing sensor technologies and

motivates the need for more realistic models.

1.4.1 Mechanical, optical, and overall sensitivity

Accelerometers used in inertial vector sensors fundamentally work by sens-

ing the mechanical displacement of an acceleration-sensitive structure. A typical

structure consists of a proof mass mounted on a compliant suspension and may be
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Figure 1.4: Differential optical signal, Πnet = Π0 − (π2/8)(Π+1 + Π−1). The first
maximum in sensitivity occurs at dgap = 3λ/8, and the response is approximately
linear for small displacements about this position.

represented as a prototypical simple harmonic oscillator with base excitation as seen

below in Figure 1.5.

The base of the structure (e.g., the sensor housing) is put into motion by

the movement of some adjacent object, and the relative displacement between the

base and the proof mass is picked up by the displacement measurement scheme and

generates the sensor output. The ratio of this relative displacement to the acceleration

applied to the base of the structure is defined to be the mechanical acceleration

sensitivity, Smech:

Smech =
δ

abase
, (1.6)

where δ = δbase − δm is the relative displacement between the base and the proof

mass, and abase is the acceleration applied to the base. For frequencies below the first
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Figure 1.5: 2nd order mass-spring-damper system representing the mechanical struc-
ture of an accelerometer. A displacement of δbase applied to the base results in a
displacement δm of the proof mass.

resonance ω0 the mechanical sensitivity is inversely proportional to ω2
0:

Smech =
1

ω2
0

,
ω

ω0

� 1. (1.7)

Because mechanical sensitivity is inversely proportional to ω2
0 it is advantageous to

design a system with as low of a resonance as possible while still achieving the band-

width needed by a specific application.

When the displacement of the system is measured optically, it is convenient to

define an optical sensitivity Soptical as the change in light power at the detector per

change in displacement:

Soptical =
∂Π

∂δ
, (1.8)

where Π is the optical power in the detected beam. The optical sensitivity for a

single output order is simply the slope of the optical power vs. displacement curve,

an example of which was previously shown in Figure 1.3, and is a function of the gap

distance. It is therefore important in an interferometric optical system for the neutral

position of the proof mass to be such that good optical sensitivity is achieved.

When the output is combined from multiple photodiodes capturing separate

output beams, the optical sensitivity of the system is simply the sum of the individual
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optical sensitivities for each of the beams, multiplied by any gains used. For the

differential read-out scheme presented above, taking the derivative of Πnet with respect

to displacement gives an optical sensitivity of

Soptical =
4π

λ
Πinput. (1.9)

The optical modulation depth, M , is another indicator of optical system per-

formance, defined as:

M =
Πmax − Πmin

Πmax

, (1.10)

where Πmax and Πmin are the maximum and minimum values of the optical power

as a function of displacement in the vicinity of the operating point. An ideal system

achieves complete modulation in which case M = 1. In cases where the optical

modulation is not ideal but the behavior is still sinusoidal with displacement, the

peak sensitivity value is can be found from the maximum optical power and the

modulation depth:

Soptical = M
4π

λ
Πmax. (1.11)

The photodetector output current may be measured with a current-to-voltage

amplifier, or transimpedance amplifier (TIA). The amount of current output by a

photodetector per watt of incident optical power is defined to be the photodetector

responsitivity, Rd, with units of amps/watt. The overall sensitivity S of the optically-

read accelerometer has units of amps/(m/s2) and is given by the product of the

mechanical and optical sensitivities and the photodetector responsitivity:

S = RdSmechSoptical. (1.12)

The optical sensitivity may be more generally thought of as the read-out sen-

sitivity. For the system designer, it is helpful to be able to design the system to
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simultaneously achieve high mechanical sensitivity and high transduction/read-out

sensitivity. In many sensor architectures, however, the mechanical and read-out sub-

systems and their sensitivities are coupled. One of the main benefits of using an opti-

cal displacement readout scheme in an acoustic sensor over other readout methods is

that it to a large extent it decouples the requirements for the acousto-mechanical sub-

system design of the sensor from the readout subsystem design. For comparison, the

use of electrostatic sensing in accelerometers requires very narrow air gaps between

the moving proof mass and an adjacent sensing electrode. This small air gap, in turn,

sets a limit on the dynamic range of the sensor and introduces thermal-mechanical

noise into the system via viscous damping effects. The grating used in an optical

sensor, on the other hand, can be positioned much farther away from the proof-mass

surface, and can be designed in such a way as to add negligible viscous damping to

the system, achieving a lower thermal-mechanical noise limit.

1.4.2 Noise and minimum detectable displacement (MDD)

Perhaps the most important metric used to quantify noise in high-performance

accelerometers is the minimum detectable acceleration (MDA), also called the input-

referred sensor self-noise. The MDA can be defined as the ratio of the total current

noise at the sensor output terminals, in,total, to the overall device sensitivity:

MDA =
in,total
S

, (1.13)

The combined electrical output noise in,total includes contributions from several sources

discussed more fully in the next chapter. In practical terms, MDA is the accelera-

tion signal that would need to be measured in order to achieve a signal-to-noise ratio

(SNR) of unity.

Similarly, the displacement detection scheme used in the accelerometer may
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be characterized in terms of a minimum-detectable displacement (MDD),

MDD =
MDA

ω2
0

,
ω

ω0

� 1, (1.14)

where Eq. 1.7 has been used in converting acceleration to displacement. Because most

accelerometers operate by detecting small changes in proof mass displacement, MDD

may be thought of as a more relevant indicator of performance for the displacement

detection scheme, while MDA may be tuned during the accelerometer system design

phase by choosing a suitable resonance frequency for the mechanical structure.

1.4.3 Other performance considerations: bandwidth and dynamic range

In addition to device sensitivity and noise metrics discussed above, dynamic

range and bandwidth must also be considered when designing inertial sensors for a

given application. The maximum frequency for inertial sensors operating without any

closed-loop compensation schemes is generally given by ω0, below which the sensitivity

is approximately constant with respect to frequency. Therefore there is a significant

trade-off to be considered in the design phase between the useful bandwidth, overall

sensitivity, and MDA via Eq. 1.7. On the other hand, MDD is independent of the

sensor resonance frequency, depending primarily on optical sensitivity and noise.

The dynamic range of a sensor is the ratio of the largest quantity to the smallest

quantity that can be measured. Measuring the smallest of signals requires designing

a sensor in order to minimize the noise floor, which is often at odds with designing

a sensor that can measure very large signals without distorting. Like bandwidth,

it is important to determine the dynamic range required of an application before

proceeding too far into design of the measurement system.
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1.4.4 Performance limits of optical displacement detection

Noise sources in optically-read vibration sensors will be covered more fully in

Chapter 2, but the fundamental lower noise limit for photodiode-based readout is the

optical shot noise, ishot, which occurs due to the randomness of the photon stream

incident on the photodetector and imperfect generation of photoelectron-hole pairs29.

Shot noise has an amplitude spectral density (in units of A/
√

Hz) given by:

ishot =
√

2qRdΠDC , (1.15)

where q = 1.6 × 10−19 is the elementary charge and ΠDC is the DC optical power

measured such that Rd × ΠDC gives the DC photocurrent output from the detector.

Shot noise from multiple sources or detectors is generally incoherent, so whenever

the outputs from multiple photodetectors are combined their shot noise is summed

in quadrature.

To understand the best-case performance achievable with grating-based inter-

ferometric accelerometers it is useful to consider an ideal shot-noise-limited sensor

built with perfect gratings. For perfectly reflecting and transmitting diffraction grat-

ings with a fill factor of 50% and 1 mW of incident optical power at wavelength of

λ = 0.85 µm, typical of existing grating-based sensors, the optical sensitivity is cal-

culated from Eq. 1.9 to be Soptical = 1.5× 10−2 W/µm. For underwater applications

requiring 250 Hz bandwidth, the mechanical suspension can be designed such that

ω0 = 2πf0 = 1571 rad/s. The corresponding mechanical sensitivity is 0.41 µm/(m/s2)

or 4.0 µm/g (where 1 g = 9.81 m/s2). A typical photodiode sensitivity at 850 nm is

Rd = 0.35 A/W. Using these parameters to evaluate Eq. 1.12 gives an overall sensi-

tivity of S =2.1 mA/(m/s2), or 21 mA/g. The combined shot noise output from three

PDs is found to be ishot = 13 pA/
√

Hz. Dividing the shot noise by the sensitivity
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gives MDA = 0.63 ng/
√

Hz. In terms of displacement this corresponds to MDD = 2.5

fm/
√

Hz. These parameters are summarized in Table 1.1.

Table 1.1: Example sensor parameters and MDA, assuming system is shot-noise lim-
ited

λ Πin Rd f0 Soptical Smech S ishot MDA MDD

[µm] [mW] [A/W] [Hz] [mW/µm] [µm/g] [mA/g] [pA/
√

Hz] [ng/
√

Hz] [fm/
√

Hz]

0.85 1.0 0.35 250 15 4.0 21 13 0.63 2.5

When the grating-based accelerometer is incorporated into a neutrally-buoyant

package to form an underwater vector sensor, the MDA can be translated into an

equivalent minimum detectable sound pressure MDP . Figure 1.6 shows a comparison

of minimum detectable pressure vs. frequency for the sensor design captured in Table

1.1, plotted against some of the lowest noise measurements made in the ocean30

and along with two other leading technologies: the Meggitt / Wilcoxon Model 731A

inertial sensor, and a Sercel SGHT-15 geophone. It is seen that the grating-based

sensor has a noise floor which is superior to existing technologies by a wide margin

over most of the frequency range of interest and is capable of measuring signal levels

lower than the quietest deep-sea background noise.

This analysis of an ideal sensor overlooks several things which may reduce

overall sensitivity and increase sensor noise. First, the maximum sensitivity given by

Eq. 1.9 assumes a modulation depth of 100%, implying perfect optical interference.

This analysis also assumes that optical power in the diffracted beams is modulated

sinusoidally with reflector displacement. Both of these assumptions may not be ex-

pected to hold for systems built with non-ideal materials, and these non-ideal effects

may be captured with more sophisticated optical models which will be the subject of

Chapters 3 and 4. Additionally, achieving the shot noise limit requires the mitigation

of noise from several other sources, such as laser intensity noise, noise in the amplifi-
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Figure 1.6: Comparison of the proposed underwater inertial sensor based on the
interferometric detection scheme, compared with other sensors and the quietest ocean
noise measurements from Ref. 30.

cation electronics, and thermal-mechanical noise. Reducing noise from these sources

first requires understanding their origin and how each contribution changes with the

various sensor design parameters.

1.5 Objectives of the Current Study

This dissertation aims to achieve several goals. First, system models for

grating-based vibration sensors will be developed, using a combination of electromag-

netic (EM) and scalar/Fourier propagation approaches. Because the optical modula-

tion curves are central to both determining the signal and the noise for grating-based

interferometric sensors, a great deal of effort is spent on the accurate prediction of

optical curves for a given design, and the subsequent analysis of the curves for de-
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termining the resulting system performance parameters. The merits and problems

arising with each of the modeling methodologies will be discussed, as different mod-

eling approaches are best suited for specific applications. The completed system

models will then be used to explore the design space for a packaged MEMS sensor

with integrated read-out optoelectronics, with the goal of identifying a configuration

which may be easily fabricated while maintaining performance of much larger and

more complex sensor assemblies. Finally, an advanced grating is proposed which

eliminates problems caused by specular reflection of the zeroth-order beam present

in systems utilizing more conventional gratings, which will facilitate optoelectronic

integration at the MEMS level.

1.6 Chapter overview

The remaining chapters are organized as follows: Chapter 2 includes a thor-

ough analysis of noise sources in non-ideal grating-based interferometric sensors, and

ways to mitigate various noise sources with the goal of meeting the fundamental shot

noise limit. Chapter 3 introduces some of the mathematical tools used to analyze

optical diffraction gratings and other optical components, including Fourier Optics

including the Angular Spectrum Approach, Rayleigh integral, and the Fraunhoffer

diffraction approximation, Gaussian beam formalism, ABCD matrices. These tools

are then applied to a grating-based sensor built with a conventional grating and

shortcomings are discussed. Chapter 4 proposes a new system-level model, based

on a combination of EM and scalar/Fourier optics approaches, which can be used

as a system design tool and to investigate the impact of various system parameters

and non-ideal effects. In Chapter 5 the hybrid model is applied to explore the sys-

tem design space and highlight a design which may be fabricated at the MEMS chip

level using integrated optoelectronics. An advanced diffraction grating which facil-
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itates optoelectronic integration is presented in Chapter 6. Lastly, conclusions and

opportunities for future work are highlighted in Chapter 7.
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Chapter 2

Noise in grating-based sensors

This chapter examines the various sources of noise which contribute to the

overall noise floor of grating-based inertial sensors. The combined electrical out-

put noise for the sensor, used in Eq. 1.14 to determine the minimum-detectable

displacement, has several components from different sources which include thermal-

mechanical noise, optoelectronic noise, or noise due to signal conditioning electronics.

Each of these sources will be examined in further detail.

2.1 Thermal-mechanical noise sources

One fundamental noise limit for mechanical systems results from random mo-

tions of individual molecules in the mechanical structure, and is termed “thermal-

mechanical noise”. Thermal-mechanical noise may be induced by the Brownian mo-

tion of adjacent fluid molecules impinging on the structure, as well as molecular agi-

tation within the mechanical suspension components31. Thermal-mechanical noise is

directly related to dissipation/damping in mechanical systems, and the Fluctuation–

Dissipation theorem essentially states that any mechanism for dissipation in a system

will also cause a component of fluctuation to be present in that system. As an ex-

ample, we may refer back to the accelerometer represented by the 2nd order system

shown previously in Figure 1.5. The mechanical resistance Rm provides a mechanism

for mechanical dissipation in the system and is therefore also a source of thermal-

mechanical noise. The effect of this noise my be captured by including a fluctuating
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force source FTM in parallel with the resistor, having a noise spectral density of

FTM =
√

4kbTRm, (2.1)

where kb is the Boltzmann constant (1.3806488 ×10−23 [J/K]) and T is the tempera-

ture in kelvin. The exact source of the mechanical damping doesn’t matter - it could

be caused by material damping in the mechanical suspension, or viscous damping

as the structure moves through the surrounding air; the noise force generated is the

same either way. It should be noted that Eq. 2.1 has the exact same form as the

Johnson noise voltage related to an electrical resistor, which is related to the thermal-

mechanical vibration of the atoms in the conductor and resulting scattering of free

electrons31. Figure 2.1 depicts the 2nd order mechanical system representation of the

accelerometer and includes the thermal-mechanical noise force FTM which is due to

Rm.

Figure 2.1: 2nd order mass-spring-damper schematic representation of an accelerom-
eter. The thermal-mechanical noise force FTM arises due to the mechanical damping
and acts in parallel with Rm.

The noise force can be referred to an equivalent acceleration input in order to

find the input-referred thermal-mechanical noise acceleration, aTM , by using aTM =

FTM/mm, or

aTM =

√
4kbTRm

mm

, (2.2)
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which may also be rewritten in terms of Q, the mechanical quality factor:

aTM =

√
4kbTω0

mmQ
. (2.3)

If the structure is to be used as a displacement sensor rather than accelerom-

eter, the input-referred thermal-mechanical displacement noise δTM arising due to

FTM is useful and may be found using the definition of the mechanical sensitivity to

acceleration, Eq. 1.7:

δTM =

√
4kbT

mmQω0
3
. (2.4)

For every damping element in a mechanical system, there will be an associated

thermal-mechanical noise source, and the resulting RMS noise motion is found by

analyzing the effect of each noise source. Because the noise sources are incoherent,

the net thermal-mechanical noise is found by adding in quadrature the motion due

to each of the noise sources.

When designing an accelerometer or other mechanical sensor for low noise,

Eq. 2.1 sets a lower bound on the achievable noise floor of the sensor. In this regard

one may wish to minimize the damping in the system. On the other hand, very low

damping implies a very high Q-factor accompanied by a narrow bandwidth, which

can be undesirable when designing sensors for broad-band applications. This creates

an inherent design trade-off, where enough damping should be included in a system

to achieve the an acceptable response in terms of Q, but low enough damping to meet

the target noise floor of the sensor. Alternatively, for a system with a relatively high

Q, it may be desirable to design the system so that any natural frequencies of the

structure are much higher than the frequency range of interest.

In integrated MEMS accelerometers, one way to reduce the thermal-mechanical

damping is to hermetically seal the structure under vacuum, thereby eliminating most
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of the adjacent air which would add noise via Brownian motion of molecules im-

pinging on the structure. Materials may also be chosen with low damping due to

internal friction (such as epitaxial silicon). Q-factors for micromachined accelerom-

eters with epitaxial Si have been demonstrated in the range of 200 - 800 without

vacuum sealing32 and may be used as a starting point to estimate damping for new

optically-transduced acceleometer designs.

2.2 Optoelectronic noise sources

In addition to thermal-mechanical noise, the laser and photodiodes introduce

noise into the system, including shot noise and relative intensity noise. Understanding

the contributions of each is important when designing an optically-read sensor as the

selection of system parameters can heavily influence the contributions due to each

source.

2.2.1 Shot noise

Shot noise is a consequence of the quantum nature of light. Consider a light

source such as a laser with a frequency and power that are steady in time, incident

on a photodetector which generates a photocurrent in response. Even thought it may

appear at first that the light emitted by the laser is continuous in time, the light is,

in fact, carried by a stream of discrete photons. Ideally, each photon absorbed by

the detector generates one photoelectron-hole pair. As a result, the current is not

steady but consists of a series of pulses, each corresponding to the absorption of a

photon by the detector. Additionally, not every photon will result in the generation

of a photoelectron-hole pair. This phenomenon is illustrated in Figure 2.2, taken from

Ref. 29. The fluctuation in current due to these two combined effects is known as
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Figure 2.2: Illustration of shot noise caused by randomness in the arrival of photons
on a detector and the imperfect creation of photoelectron-hole pairs (from Ref. 29).

shot noise, and was already shown to have an amplitude spectral density of

ishot =
√

2qRdΠDC , (2.5)

where q is the elementary charge (1.60 ×10−19 coulombs), Rd is the responsivity of

the photodiode, and ΠDC is the mean optical power incident on the photodetector

such that Rd × ΠDC gives the DC photocurrent output from the detector. As men-

tioned in Chapter 1, the shot noise is unavoidable as a consequence of the quantum

nature of light, and therefore represents the lower bound on noise contributed by the

optoelectronics.

2.2.2 Laser relative intensity noise (RIN)

In addition to the shot noise, fluctuations in the light power emitted by the

laser constitute another noise source known as relative intensity noise (RIN). The

impact of RIN on laser-based interferometric sensors has been the focus of several

previous studies16,33–35. Udd and Spillman discuss the mitigation of RIN in Mach-
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Zender interferometers33 while Littrell et al. have investigated the effects of RIN

from VCSELs used in micromachined acoustic sensors34. Lee et al. reported on a

micromachined acoustic sensor using a laser diode with RIN of -124 dB/
√

Hz and

employed differential detection to reduce effects of RIN16. Serkland et al. have re-

cently reported35 on VCSEL designs with RIN power spectra lower than -140 dB/Hz.

The following analysis expands upon the work of Hall36 in order to demonstrate the

trade-off between reducing RIN and increasing shot noise when gain is applied to one

photocurrent used in a differential read-out scheme.

When RIN is accounted for, the light from the laser can be represented as

having a DC component, ΠDC , and a stochastic component αn(t)ΠDC . The RMS

value of αn(t) within the bandwidth of interest quantifies the RIN of the laser source.

The instantaneous light power incident on the diffraction grating including both DC

and RIN components is given by:

Πinc = ΠDC(1 + αn(t))

= ΠDC + ΠRIN(t).
(2.6)

Because the noise is inherently random, it is common to characterize RIN in

terms of its power spectral density (PSD). The total noise power due to RIN is then

found by integrating the PSD of ΠRIN(t) over the bandwidth of interest.

Substituting Eq. 2.6 into Eq. 1.5 shows that each of the optical signals

carries a noise component due to RIN in addition to the desired signal component.

Because the zeroth and first order photocurrents are out-of-phase with respect to the

reflector displacement, taking the difference in their signals results in a net reduction

of RIN. To see this, we may write out the photocurrent for the zeroth and first order
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photodetectors in terms of the optical phase shift φ = 4πdgap/λ:

i0 = RdΠin cos2

(
φ

2

)
i±1 =

4

π2
RdΠin sin2

(
φ

2

)
.

(2.7)

Letting φ = φ0 + φs(t) where φs(t) is the phase shift due to a small change in

reflector position and performing a Taylor series expansion about φ0 = 3π/2, keeping

the first two terms, gives

i0 =
RdΠin

2
[1 + φs(t)]

i±1 =
4

π2

RdΠin

2
[1− φs(t)].

(2.8)

Noise is accounted for in each signal by substituting in Eq. 2.6 and also adding

a shot noise term to each photocurrent:

i0 =
RdΠDC

2
[1 + αn(t)][1 + φs(t)] + ishot,0

i±1 =
4

π2

RdΠDC

2
[1 + αn(t)][1− φs(t)] + ishot,1.

(2.9)

It is advantageous to take the zeroth order photocurrent and subtract the

sum of the first order photocurrents multiplied by a gain γ, such that the net signal

photocurrent is inet = i0 − γ(i+1 + i−1). The gain is applied to account for the

difference in amplitude between the zeroth and first orders. After substituting the

phototocurrents and expanding, it is seen that

inet =

(
1− γ 8

π2

)
1

2
RdΠDC

+

(
1 + γ

8

π2

)
1

2
RdΠDCφs(t)

+

(
1− γ 8

π2

)
1

2
RdΠDCαn(t)

+

(
1 + γ

8

π2

)
1

2
RdΠDCφsαn(t)

+ ishot,0 + γ
√

2ishot,1.

(2.10)
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The first term represents a DC output due to the mismatch in amplitude

between the zeroth and first order beams. The second term is proportional to φs(t)

and represents the desired output signal due to reflector motion. The third term

represents the noise output due to RIN carried by the DC photocurrent, and the

fourth term represents the RIN component carried by the signal current. The last

two terms are due to the shot noise, where the shot noise from both of the first order

diodes have been added in quadrature.

It is seen that by using a gain of γ = π2/8, both the first RIN term and the

DC output term are eliminated. This gain is equivalent to normalizing the ampli-

tudes of the first order beams such that their sum is complementary with the zeroth

order beam. On the other hand, application of the gain has increased the shot noise

contributed by the first order PDs by a factor of γ. Comparison of the RIN and shot

noise terms in Eq. 2.10 using parameters for a typical optical sensor illustrates how

significant RIN may be, if not mitigated using differential read-out technique. Table

2.1 shows calculated noise photocurrents due to RIN, iRIN , and shot noise, ishot, for

the sensor parameters previously used to compute MDP in Table 1.1. Evaluating

iRIN was done by using the RMS value of αn(t), integrated over 250 Hz bandwidth,

and inserting into Eq. 2.10 such that the reported noise current is an RMS value.

Table 2.1: Comparison of noise photocurrents resulting from RIN and shot noise for
two different source RIN and gain values, assuming typical/ideal system parameters

λ Πin Rd f0 RIN αn,RMS γ iRIN ishot
[µm] [mW] [A/W] [Hz] [dB/Hz] [nondim.] [nondim.] [nA] [nA]
0.85 1.0 0.35 250 -120 1.58E-5 0 2.8 0.12
0.85 1.0 0.35 250 -120 1.58E-5 π2/8 0 0.25
0.85 1.0 0.35 250 -140 1.58E-6 0 0.28 0.12
0.85 1.0 0.35 250 -140 1.58E-6 π2/8 0 0.25

It is seen that when a gain of γ = 0 is used (i.e. no differential read-out
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employed) the RIN photocurrent is more than 20× higher than the shot noise limit

for a source having RIN of -120 dB/Hz, while a gain of γ = π2/8 completely eliminates

the RIN contribution at the cost of doubling the total shot noise. On the other hand,

when a low-noise laser source with RIN of -140 dB/Hz is used, the increase in shot

noise when differential readout is used almost offsets the reduction in RIN. Differential

readout will still improve signal-to-noise, however, due to the increase in the useful

measurement signal (i.e., the second term in Eq. 2.10).

One important consequence of this analysis is that rather than using mechan-

ical actuation to bias the position of the proof mass and match the DC power levels

between the two beams, a gain can be used to bias the differential output signal about

a point where the DC outputs are matched and the associated RIN are reduced. This

method is limited, however, to operating in regions of the modulation curves where

dΠ/ddgap is nonzero for at least one of the two beams. Therefore, at least some ac-

tuation, however weak, may be desired to keep the operating point near a region on

the optical curves with nonzero sensitivity, and gain can be tuned to reduce RIN.

The preceding analysis considered beams that were exactly out-of-phase and

the grating-to-reflector spacing was biased at an operating point where the slopes

were maximized (φ = 3π/2). Biasing the gap spacing to operate at a specific point

on the optical power curves usually requires the incorporation of mechanical actuation

to control the position of the proof mass. This may not be feasible in some sensor

architectures (e.g., for chip-level integrated MEMS). A similar analysis can be used

to derive a more general expression for SNR and show that RIN can still be reduced

when the modulated beams are not exactly out-of-phase, don’t have matching DC

powers or slopes, or if the optical curves are not even sinusoidal.

Consider the hypothetical optical modulation curves for two diffracted beams

27



with power Πa and Πb shown in Figure 2.3. Three possible nominal operating positions

are denoted d1, d2, and d3. When neutral position of the proof mass is biased such

that the reflector moves with small displacements about d2, the optical powers are

then matched such that Πa = Πb and the component of RIN carried by the DC

photocurrent is eliminated. However, at either position d1 or d3 the optical powers

may not be matched, and a gain may be used to eliminate the RIN component due

to DC photocurrent.

Figure 2.3: An example of optical power curves for a system where the 0th and ±1st
order diffracted output beams are not complementary.

Again, two beams are used for the differential readout. Rather than working

with the independent variable φ(t), we will work in terms of the reflector displacement

dgap(t) which makes it easier to interpret the results in terms of displacement-referred

noise and sensitivity. For small perturbations about any nominal reflector position,

the optical power in the two beams can again be expressed using a two-term Taylor
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series expansion about dgap = d0:

Πa =

[
Πa(d0) +

dΠa

ddgap

∣∣∣∣d0δ(t)

]
[1 + αn(t)],

Πb =

[
Πb(d0) +

dΠb

ddgap

∣∣∣∣d0δ(t)

]
[1 + αn(t)],

(2.11)

where δ(t) is the incremental change in reflector position such that dgap = d0 + δ(t),

and the factor in brackets on the right hand side of each equation has been added to

account for RIN.

The two associated photocurrents are

ia(t) = RdΠa(t) + ishot,a(t)

ib(t) = RdΠb(t) + ishot,b(t),
(2.12)

and the net/differential current is

inet = ia − γib. (2.13)

After substituting in Πa and Πb and some rearranging, the net photocurrent

becomes

inet = Rd[Πa(d0)− γΠb(d0)]

+Rd

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
δ(t)

+Rd[Πa(d0)− γΠb(d0)]αn(t)

+Rd

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
δ(t)αn(t)

+ ishot,a(t) + γishot,b(t).

(2.14)

Equation 2.14 is a generalized version of Eq. 2.10. As before, the first terms

represents a DC current signal and the second term represents the desired signal due

to movement of the reflector. The third term represents the noise due to RIN carried
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by the DC current signal, owing to the mismatched optical powers in the two beams

at the nominal operating point, which may nulled by choosing the gain appropriately.

The fourth term represents RIN carried by the useful measurement signal. It is also

seen that ishot,b has been increased by the gain, indicating a trade-off between reducing

RIN and increasing shot noise.

The design of gratings and optoelectronics for interferometric sensors inevitably

involves the prediction of modulation curves for the power in the diffracted orders.

Equation 2.14 may then be used to analyze the net photocurrent (both useful signal

and noise) generated by the sensor for a given set of optical modulation curves op-

erating about a chosen bias point. The optoelectronic SNR and sensitivity are both

direct results.

2.3 Combined noise model

It must be noted that the noise terms in Eqs. 2.10 and 2.14 are shown as

functions of time. However, the noise signals are stochastic by nature, and there-

fore should be represented more appropriately by their RMS values over a specified

bandwidth for the purposes of signal arithmetic. All of the noise sources, being un-

correlated, combine by taking the root of the sum of their mean squared values. In

addition, combining all of the various noise sources requires referring them all to the

same point in the system (e.g., the mechanical input acceleration, displacement, or

electrical output current). Adding the photocurrent noise due to thermal-mechanical

motion of the proof mass is achieved by replacing δ(t) with δ(t) + δTM(t) in Equation

2.14, and neglecting the term containing δTM(t)αn(t), assuming that both individual

noise sources are small such that their product is very small compared to the other

terms. The net photocurrent, including thermal-mechanical noise, is then:
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inet = Rd[Πa(d0)− γΠb(d0)]

+Rd

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
δ(t)

+Rd[Πa(d0)− γΠb(d0)]αn(t)

+Rd

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
δ(t)αn(t)

+ ishot,a(t) + γishot,b(t)

+Rd

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
δTM(t),

(2.15)

where the last term represents the photocurrent due to the thermal-mechanical noise

of the moving reflector. Note that because the thermal-mechanical noise manifests it-

self as a random displacement of the reflector superposed with the displacement due

to a vibroacoustic stimulus (e.g., the desired displacement signal), it is impossible

to separate out the TM noise component. This is true regardless of the displace-

ment read-out scheme used, which is why TM noise is a fundamental lower limit for

vibroacoustic sensors.

Focusing on the optical read-out scheme for the moment, we shall ignore the

TM noise component in order to find the displacement-referred noise only due to

optical sources. It is also convenient to note that the mean (DC) photocurrent given

by Eq. 2.14 is

iDC = Rd[Πa(d0)− γΠb(d0)], (2.16)

and the optical sensitivity, first defined in Eq. 1.8 is

Soptical =

[
dΠa

ddgap

∣∣∣∣d0 − γ
dΠb

ddgap

∣∣∣∣d0

]
. (2.17)

The noise current inoise, in terms of the individual RMS noise components

gives:

inoise
2 = ishot,a

2 + (γishot,b)
2 + (iDCαn)2 + (RdSopticalδRMSαn)2 (2.18)
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where the δRMS is the RMS value of the measurement signal over the bandwidth of

interest, and the noise terms represented without explicit time dependence should be

understood as RMS values. One major implication of Eq. 2.18 is that the RMS noise

current is a function of the measurement signal level due to the component of RIN

carried by the differential optical signal (the rightmost term). To find the overall

signal-to-noise for the sensor based on the optical modulation curves, we may take

the second term of Eq. 2.14 as the useful signal (neglecting the DC term), and divide

by by inoise:

SNR =
RdSopticalδRMS[

ishot,a
2 + (γishot,b)2 + (iDCαn)2 + (RdSopticalαnδRMS)2

]
1/2
. (2.19)

Determining the displacement-referred noise floor or MDD of a sensor may be done

using Eq. 1.14 for cases when the noise floor is independent of the signal. However,

because the last term in Eq. 2.18 is proportional to the measurement signal, this

simple formula does not exactly apply. Instead, note that MDD is by very definition

the measured displacement required to give unity SNR. Therfore MDD may be found

by letting SNR = 1 in Eq. 2.19 and solving for the displacement. The result is

MDD =

√
ishot,a

2 + (γishot,b)2 + (iDCαn)2

(RdSoptical)
2(1− αn2)

. (2.20)

The only difference between Eq. 2.20 and the result from applying Eq. 1.14 is the

factor of (1− αn2) in the denominator. Considering, however, that the RIN noise

for a typical VCSEL is expected to be αn = −100 dB or better, (1− αn2) ≈ 1 and

therefore the difference between Eq. 2.20 and the error in applying Eq. 1.14 will be

negligible.

Note that if the thermal-mechanical noise is included, the minimum detectable

displacement becomes:

MDD =

√
ishot,a

2 + (γishot,b)2 + (iDCαn)2 + (RdSopticalδTM)2

(RdSoptical)
2(1− αn2)

. (2.21)
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2.3.1 Amplifier noise

Finally, the electronics used to amplify the signal from the PDs can contribute

significantly to the noise floor. Photocurrents are frequently converted to voltages

by means of a transimpedance amplifier (TIA), which can be constructed using an

op-amp with the noninverting terminal grounded as shown below in Figure 2.4.

PD

�Vbias

�

+

i0

Cf

Vout

Rf

AD8066

Figure 1: Transimpedance amplifer

1

Figure 2.4: Schematic diagram of an op-amp based transimpedance amplifier, typical
of those used to convert photocurrents to voltages in optically-read interferometric
sensors.

The inverting terminal of the op-amp in this configuration becomes a “virtual

ground”, and because an ideal op-amp has infinite input impedance all of the current

leaving the photoresistor must pass through the feedback loop. In addition, a reverse

bias voltage applied across the PD may be used to decrease the junction capacitance

and thereby increase the measurement bandwidth29. The gain of the TIA is set by the

feedback resistor Rf while the feedback capacitor Cf is included for stability concerns

and limits operation to low frequencies.

The primary sources of noise in this transimpedance amplifier are the Johnson

noise due to feedback resistor Rf , the voltage noise of the op-amp, en, and the input
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current noise of the op-amp, in. A thorough analysis of noise due to amplification

electronics in optically-read interferometric sensors was recently performed by Kim37

and will not be repeated here. His analysis showed that through proper electronics de-

sign the noise contributed by the TIA may be reduced below the thermal-mechanical

and shot noise limits, and will therefore be neglected going forward.

2.4 Discussion

This chapter has presented a through analysis of optical and TM noise sources

in grating-based interferometric displacement sensors. Given a set of optical power

modulation curves that describe the behavior of a given system, Eqs. 2.17, 2.18,and

2.21, may be used to compute the optical sensitivity to displacement, overall current

noise, and MDD, respectively. The analysis developed in this chapter will be applied

to the output of optical models in subsequent chapters to predict and understand

system performance.

Designing a sensor to achieve the SNR required by a particular application

requires consideration of several noise sources which depend on the system design pa-

rameters. In the mechanical domain the thermal-mechanical noise sets a fundamental

limit, and the shot noise is the fundamental limit for the optoelectronics. Working

to reduce either one of these much below the other indicates an overdesigned system.

The preceding analysis has shown that to mitigate the effect of RIN it is important

to make sure the orders used for differential detection are approximately balanced in

terms of average power, since the application of gain to match them will reduce RIN

but at the expense of in increased shot noise. Lastly, the analysis shows that while

the “cancellation” of RIN is often touted in the literature as a benefit of differential

readout, the effects of RIN may only be reduced to a negligible level but never truly
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eliminated due to the signal-carried RIN component.
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Chapter 3

Optical analysis of diffraction gratings

This chapter reviews classical and modern methods for the analysis of the

optical diffraction gratings which are central to the operation of grating-based inter-

ferometric vibration sensors. These methods will be used as building blocks in the

development of a new modeling methodology, so it is important that they be detailed

here since they may sometimes take different forms and use different conventions in

the literature.

First, the basic equations that govern the propagation of light are introduced.

It will be shown how simplifying assumptions transform the vector equations into

scalar equations which may be studied using classical diffraction theory. Gaussian

beam propagation is reviewed, along with the matrix method for manipulation of

Gaussian beams. The rigorous coupled-wave method will be introduced as a means

to model light propagation in systems wherein the assumptions of scalar optics may

not be valid. Finally, both approaches will be applied to an ideal grating system in

order to highlight strengths and weaknesses of both approaches.

3.1 Mathematical preliminaries: Fourier Transforms

Fourier transforms are central to the analysis of diffraction gratings and Gaus-

sian beams, and because there are many different conventions used for Fourier trans-

forms in the literature we start off by defining the forms to be used in the remainder

of this work. We must distinguish between temporal Fourier transforms where the
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transform variables are time and frequency, and spatial Fourier transforms where a

function of spatial position (e.g., a function of x and y) is transformed into a function

of spatial frequency and vice versa.

The one-dimensional temporal Fourier transform (FT) takes a function of one

variable (e.g., time) and transforms it into a function of (circular) frequency:

G(ω) = Ft{g(t)} =

∞∫
−∞

g(t)ejωtdt. (3.1)

The inverse Fourier transform (IFT) transforms a function of frequency back

into a function of time and is similarly defined as:

g(t) = F−1
t {G(ω)} =

1

2π

∫ ∞
−∞

G(ω)e−jωtdω, (3.2)

where apart from the factor of 2π and the difference of sign in the exponent is the

same as the forward FT, Eq. 3.1. Other forms of the FT and IFT found in the

literature may differ in the sign used in the exponent, the normalization factor used,

and the use of f = ω/2π instead of circular frequency. Equations 3.1 and 3.2 form

a transform pair, such that performing the IFT on the FT of a function returns the

original function,

g(t) = F−1
t {Ft{g(t)}}. (3.3)

It is also possible to transform a function of spatial position in Cartesian coor-

dinates into a function of spatial frequencies, or wavenumbers. The two-dimensional

spatial Fourier transform of a function g(x, y) may be defined as:

G(kx, ky) = F{g(x, y)} =

∞∫∫
−∞

g(x, y)e−j(kxx+kyy)dxdy, (3.4)
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where kx and ky are wavenumbers in the x- and -y directions. The inverse spatial FT

is similar in form:

g(x, y) = F−1{G(kx, ky)} =
1

(2π)2

∞∫∫
−∞

G(kx, ky)e
j(kxx+kyy)dkxdky. (3.5)

It should be noted that the sign in the complex exponential for both the forward

and inverse transforms have been flipped with regard to that of the temporal trans-

form. The choice of signs is made such that time harmonic functions have e−jωt time

dependence, and when the spatial IFT is multiplied by this time factor the result-

ing function has the combined exponential factor of ej(kxx+kyy−ωt) in anticipation of

forward-propagating progressive wave fields.

For 2-D functions with circular symmetry, the function may be written in

terms of a single radial coordinate, g(x, y) = g(r), where r =
√
x2 + y2. The FT for a

circularly symmetric function will also be circularly symmetric in wavenumber space,

and can be expressed as a function of a single radial wavenumber, κ =
√
kx

2 + ky
2.

Computing the FT in terms of κ may be done using the Hankel Transform of order 0

(simply called “The Hankel Transform” from here on). The forward Hankel Transform

is defined as

GH(κ) = H{g(r)} =

∞∫
0

g(r)J0(rκ)rdr, (3.6)

where J0(x) is the Bessel function of the first kind and of order 0.

The inverse Hankel Transform is used to recover the original function and is

defined as:

g(r) = H−1{GH(κ)} =

∞∫
0

GH(κ)J0(rκ)κdκ. (3.7)

Equations 3.6 and 3.7 form a transform pair, such that performing the Inverse Hankel

Transform on the Hankel Transform of a function returns the original function,

g(r) = H−1{H{g(t)}}. (3.8)
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The Fourier and Hankel transforms of g(r) are related by a factor of 2π:

F{g(x, y)} = 2πH{g(r)}, (3.9)

or, using the shorter notation:

G(kx, ky) = 2πGH(κ). (3.10)

3.2 From Maxwell’s Equations to the Wave Equation

Light is electromagnetic radiation which roughly occupies the portion of the

electromagnetic spectrum from 10 nm to 300 µm. The visible portion occupies wave-

lengths from about 390 nm (violet) to 760 nm (red), while infrared (IR) light has

longer wavelengths than the visible portion and ultraviolet (UV) has shorter wave-

lengths29.

Electromagnetic fields are governed by Maxwell’s equations, which for a linear,

homogeneous, isotropic, and nondispersive dielectric medium are:

∇× ~H = ε
∂~E

∂t
(3.11a)

∇× ~E = −µ∂
~H

∂t
(3.11b)

∇ · ε~E = 0 (3.11c)

∇ · µ~H = 0. (3.11d)

Here ~E is the electric field which can be written in terms of cartesian components

~E = Exêx + Eyêy + Ez êz, where êx, êy, and êz are unit vectors in the x, y, and

z directions, respectively. Similarly, ~H is the magnetic field with components ~H =

Hxêx+Hyêy+Hz êz. The constants µ and ε are the magnetic permeability and electric

permittivity of the medium, respectively. For propagation in free space, µ = µ0 and

ε = ε0, the permeability and permittivity of free space.
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Substituting Maxwell’s Equations into the vector identity

∇×
(
∇× ~E

)
= ∇

(
∇ · ~E

)
−∇2~E (3.12)

yields the vector wave equations for both ~E and ~H,

∇2~E− n2

c2
0

∂2~E

∂t2
= 0 (3.13)

and

∇2 ~H − n2

c2
0

∂2 ~H

∂t2
= 0, (3.14)

where c0 , 1√
µ0ε0

is the speed of propagation in a vacuum and n ,
√
ε/ε0 is the

refractive index of the medium.

3.2.1 Scalar optics

Equations 3.13 and 3.14 completely govern free propagation through dielectric

media, while boundary interactions (reflection and transmission) introduce additional

requirements on ~E and ~H through coupling of the fields. Since the vectors ~E and ~H

obey the same wave equation, each of their components must also satisfy an identical

scalar wave equation. Additionally, when the medium is a linear, isotropic, homoge-

neous, and nondispersive dielectric, ~E and ~H are directly related by the impedance of

the medium and either field may be directly determined by the other. Therefore, prop-

agation of light through a linear, isotropic, homogeneous, and nondispersive medium

is completely governed by the scalar wave equation

∇2ũ− 1

c2

∂2ũ

∂t2
= 0, (3.15)

where ũ represents any component of ~E or ~H and c2 = (c0/n)2 is the speed of light in

the medium. When the assumptions of scalar optics hold, Equation 3.15 is all that

is needed to study the propagation of light. While ũ may represent any of the six
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field components, we will adopt the convention that ũ represents the amplitude of the

electromagnetic wave scaled in such a way that the optical intensity I(~r) is related

to ũ as

I(~r) = 2
〈
ũ(~r, t)2

〉
, (3.16)

where 〈·〉 indicates time averaging of the quantity in brackets. In this case, ũ is

referred to as the “optical disturbance”.

It is convenient to represent the optical field using complex phasors, and,

taking the field to be time-harmonic with dependence e−jωt, define a complex wave

amplitude u(~r) through

ũ(~r, t) = Re
{
u(~r)e−jωt

}
, (3.17)

where u(~r) is only a function of position in the field. Inserting 3.17 into 3.15 gives

the Helmholtz equation:

∇2u+ k2u = 0, (3.18)

where k = ω/c is once again the wavenumber of the wave. Then, the intensity of the

wave is related to u(~r) by

I(~r) = |u(~r)|2 (3.19)

In the event that the optical disturbance is not monochromatic, ũ can be

defined in terms of its inverse temporal Fourier Transform. In this case, the complex

amplitude u may be interpreted of as the value of the temporal Fourier Transform of

ũ at the frequency ω.

While the restrictions imposed on the medium under the assumptions of scalar

optics may seem quite stringent, they are nevertheless applicable to many problems

involving light propagation through conventional diffraction gratings. Scalar diffrac-

tion theory does break down, however, when boundary interactions are involved –
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boundaries violate the requirement of homogeneity. When light is reflected from or

transmitted across boundaries, coupling between components of ~E and ~H impose

constraints that are not captured in Eq. 3.15. Polarization effects, inherently a

consequence of the vector nature of light, are likewise unaccounted for in the scalar

optics approximation. However, even for problems involving transmission through

apertures (e.g., a slotted grating), polarization may be neglected when the aperture

has characteristic feature sizes much larger than a wavelength38.

3.3 Scalar diffraction theory

Consider propagation of light from a source plane into a half-space satisfying

the requirements of scalar optics. The geometry under consideration is shown in

Figure 3.1. The optical source is located in the plane z = 0. The location of an

observation point in the radiated field is give by the vector ~r = xêx + yêy + zêz.

Coordinates in the source plane are given by x0 and y0, and the corresponding vector

~r0 = x0êx + y0êy.

The distribution of the optical disturbance in the source plane is designated

u0:

u0(x0, y0) = u(x, y, z = 0) (3.20)

When the optical disturbance in the source plane is known, the solution to Eq.

3.18 (i.e., the resulting optical field) may be found using the first Rayleigh-Sommerfeld

diffraction integral:

u(x, y, z) = − jk
2π

∫∫
S0

u0(x0, y0)

(
1− 1

jkR

)
ejkR

R

z

R
dx0dy0, (3.21)

where

R = |~r − ~r0| =
√

(x− x0)2 + (y − y0)2 + z2 (3.22)
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Figure 3.1: Geometry used to study scalar diffraction from a source at z = 0 into the
half-space z > 0.

is the distance from the integration point in the source plane to the observation

point. It should be noted that there are several different names in the literature for

Eq. 3.21, but we will henceforth refer to it simply as “the Rayleigh integral”. The

Rayleigh integral can be solved directly for a few simple cases, but is difficult to solve

for general source distributions. Two approximations, when applicable, can greatly

simplify evaluation of Eq. 3.21.

For a source characterized by area S0 the far-field begins at approximately

zR = S0

λ
, known as the Rayleigh distance. For the case where the observation point

is located at |~r| > zR, we may approximate R in the exponent of Eq. 3.21 with

R ' r − xx0 + yy0

r
+
x2

0 + y2
0

2r
, (3.23)

where r = |~r|. In the denominator it is sufficient to let R = r. Then, performing
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some algebra, we arrive at the Fraunhofer approximation to the Rayleigh integral.

u(x, y, z) =
−jk
2π

(z
r

)eikr
r

∫∫
S0

u0(x0, y0)e−i(k
x
r
x0+k y

r
y0)dx0dy0, (3.24)

Remarkably, the distribution of light in the far field is found by simply taking the two-

dimensional Fourier Transform of the source distribution and then letting kx = k x
r

and ky = k y
r
. Eq. 3.24 becomes:

u(x, y, z) =
−jk
2π

(z
r

)eikr
r
U0(kx, ky)

∣∣∣∣kx=k x
r
, ky=k y

r
, (3.25)

where U0(kx, ky) = F{u0(x0, y0)} is the 2-D Fourier Transform of the source distri-

bution.

In the case where the observation point is not beyond the Rayleigh distance

but is relatively close to the z-axis, a different simplification may be achieved by

letting

R ' z +
k

2z

[
1 +

(x− x0)2

z2
+

(y − y0)2

z2

]
1/2, (3.26)

which is valid for

(z/2a) ≥ (2a/λ)1/3. (3.27)

Substituting this approximation into 3.21 and letting
(
z
r

)
' 1 gives the Fresnel ap-

proximation to the Rayleigh integral:

u(x, y, z) =
−jk
2π

eikz

z

∫∫
S0

u0(x0, y0)e
ik
2z [(x−x0)2+(y−y0)2]dx0dy0, (3.28)

Even though Eq. 3.27 would indicate that the observation point must be far

from the source (relative to a wavelength), Siegman notes that the Fresnel approxi-

mation applies at arbitrarily short distances for truly paraxial beams without sharp

aperture effects39.
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Like the Fraunhofer equation, the Fresnel approximation may also be re-

written in terms of a 2D Fourier transform. After some factoring it can be shown

that:

u(x, y, z) =
−jk
2π

eikz

z
ej

k
2z (x2+y2)

∫∫
S0

{
u0(x0, y0)e

ik
2z (x2

0+y2
0)
}
e−i(k

x
z
x0+k y

z
y0)dx0dy0,

(3.29)

and upon letting kx = k x
z

and ky = k y
z

we have

u(x, y, z) =
−jk
2π

eikz

z
ej

k
2z (x2+y2)F

{
u0(x0, y0)e

ik
2z (x2

0+y2
0)
}∣∣∣kx=k x

z
, ky=k y

z
, (3.30)

which, apart from scaling factors, is the 2D spatial Fourier Transform of the source

distribution multiplied by a quadratic phase exponential.

Whether or not either of the two approximations to the Rayleigh integral

may be applied depends on the characteristic size of the source, distance to the

observation point, and wavelength, relative to one another. We may shine some

light on the validity of these approximations by considering a typical beam used in a

grating-based sensor. Using monocrhomatic light with λ = 850 nm and an effective

source diameter of 3 µm, the Rayleigh length is found to be zR ' 36 µm. When the

optical detector is located much farther than this from the grating, the Fraunhofer

approximation may be used to determine the diffracted light distribution. For the

same source configuration, the Fresnel approximation is mathematically shown to be

valid in the region z > 12 µm (although it may be accurate even closer since the

source is paraxial39).

3.3.1 Propagation by the Angular Spectrum Approach

When neither of the two approximations to the Rayleigh integral are applica-

ble, Fourier transform methods may still be used to solve the Helmholtz Equation,
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Eq. 3.18, using the Angular Spectrum Approach (ASA) to scalar wave propagation.

Derivation of the method is straightforward. First, we take the Fourier Transform of

Eq. 3.18, writing out the derivatives of the Laplacian:

F

{(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
u+ k2u

}
= 0. (3.31)

The rules for Fourier Transforms of derivatives may be applied to the deriva-

tives in x and y, while differentiation in z is unaffected by taking the FT. Carrying

out the Fourier transform gives

− kx2U − ky2U +
d2U

dz2
+ k2U = 0, (3.32)

which is an ordinary differential equation for U in the spatial variable z. By defining

a new coefficient kz =
√
k2 − kx2 − ky2 this simplifies to

d2U

dz2
+ kz

2U = 0. (3.33)

Equation 3.33 has the general solution U(kx, ky, z) = Aeikzz +Be−ikzz. Recog-

nizing that the second term represents backwards-traveling waves and thus may be

discarded for propagation into the z > 0 half-space, applying the boundary condition

in the source plane, U(kx, ky, z = 0) = U0(kx, ky), gives

U(kx, ky, z) = U0(kx, ky)e
ikzz. (3.34)

The implication of Equation 3.34 is that the 2D Fourier Transform of the

optical field over any plane normal to the z axis may be simply found by taking the

FT of the source distribution and multiplying by the complex phase factor eikzz. The

optical field at any distance z from the source may be found by taking the IFT of Eq.

3.34:

u(x, y, z) = F−1
{
U0(kx, ky)e

ikzz
}
. (3.35)
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Since U0(kx, ky) = F{u(x, y, z = 0)} the expression for propagation using the

ASA can be written as:

u(x, y, z) = F−1
{
F{u0(x0, y0)}eikzz

}
, kz =

√
k2 − kx2 − ky2. (3.36)

Therefore if the source distribution is specified, the optical field in any plane

parallel to the source plane may be calculated by taking the FT of the source dis-

tribution, multiplying it by a distance-dependent phase factor, and then taking the

IFT. Equation 3.36 is an exact solution to Eq. 3.18, as no approximations have been

made.

The FT and IFT used in the diffraction calculations may be evaluated com-

putationally using Fast Fourier Transform (FFT) algorithms, making the method

well suited to numerical evaluation. However, the Fraunhofer and Fresnel diffraction

equations are faster to compute than using the angular spectrum approach when they

are applicable, as the former require only one Fourier Transform each, while the ASA

requires both a forward and inverse FT to compute.

3.3.1.1 Aperture functions

The propagation integrals discussed above all give the diffracted field as a

function of the source distribution. The use of aperture functions is convenient for

representing the “source” distribution used in the diffraction integrals due to the

interaction of an incident wave with a diffraction grating. We may mathematically

represent the source field as a product of the incident field profile in the source plane

at z = 0 and a spatial aperture function gT (x, y) = u0(x0, y0)/uinc(x, y, z = 0) which

simply describes the changes in amplitude and phase imparted by the grating on the

beam,

u0(x0, y0) = gT (x, y)uinc(x, y, z = 0), (3.37)
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where uinc is the optical disturbance which is incident on the grating and u0(x0, y0)

is the field leaving the grating. For gratings in reflection, we can take the source

distribution to be the incident field profile multiplied by a reflection aperture function

gR(x, y) = u0(x0, y0))/uinc(x, y, z = 0) so that the source distribution is described by:

u0(x0, y0) = gR(x, y)uinc(x, y, z = 0). (3.38)

As an example, Figure 3.2(a) illustrates a plane wave incident on a binary

amplitude grating consisting of a periodic array of infinitely long slits. This type of

grating is sometimes referred to as a Ronchi-ruled grating. If the grating material

is reflective, light will bounce off the grating, creating a reflected diffraction field

propagating in the +z direction, while the portion transmitted through the grating

will diffract in the −z direction. Using Eq. 3.37, the transmitted optical field just to

the right of the grating at z = 0− can be represented using the transmission aperture

function gT (x) multiplied by the incident wave amplitude at the surface of the grating,

as shown in Figure 3.2(b). Similarly, Eq. 3.38 may be used to give the reflected field.

3.3.2 Gaussian beams

Many lasers emit a beam of light which can be approximated very well as a

Gaussian beam, including the semiconductor lasers frequently used in grating-based

interferometric sensors. Therefore, the optical field in the source plane may be con-

veniently modeled using Gaussian beam formalism. As the name suggests, such a

beam has an intensity profile in the transverse direction which is a Gaussian centered

about the axis. The mathematical description of a Gaussian beam field having its

waist (minimum spot size) at z = 0 is

u(x, y, z) = u0
w0

w(z)
e−(ρ/w(z))2

ej
k
2

ρ2

R(z) e−j tan−1(z/zR)ejkz, (3.39)
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Figure 3.2: Schematic illustration of a plane wave uinc incident on an ideal Ronchi-
ruled grating (a). The transmitted field immediately to the right of the grating may
be easily found using the transmission aperture function (b), idealized here as a square
wave. A similar construct may also be used for the reflected field just to the left of
the grating surface.

where u0 is the maximum on-axis scalar amplitude of the beam, w0 is the waist of

the beam, or minimum beam radius, w(z) is the beam radius at position z along the

beam axis, k = 2π/λ is the wavenumber, R(z) is the radius of curvature of the phase

fronts of the beam at axial position z, and ρ =
√
x2 + y2 as before. The Rayleigh

range, zR, gives a measure of divergence and indicates roughly the distance from

the waist where the far field begins. Near the waist, phase fronts are approximately

planar, while at distances beyond the Rayleigh range, a Gaussian beam has phase

fronts which are approximately spherical, and diverge at a constant angle.

While Eq. 3.39 is convenient for computing the Gaussian field at any point
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in terms of known physical parameters such as waist and wavefront curvature, it is

sometimes more convenient to express the field in terms of a spatially-varying complex

“beam parameter” q(z), defined as

q(z) = (z − z0) + q0, q0 = −izR, (3.40)

where z0 is the waist position of the beam and q0 is the beam parameter at the waist.

The expression for the Gaussian beam field is then

u(x, y, z) = u0
q0

q(z)
ej

k
2
ρ2

q(z) ejkz. (3.41)

The parameter q(z) is sometimes referred to as the “complex radius of curvature”.

Once the initial value of q0 is computed from the Rayleigh range, the value of q(z)

at any other axial distance is easily calculated. Use of the beam parameter q(z) sim-

plifies computation of the Gaussian field since calculation of the waist, spot size, and

radius of curvature are no longer required. Furthermore, ABCD matrix techniques for

modeling lenses and other optical elements based on ray optics may be easily adapted

to operate on Gaussian beams using the q parameter.

By setting the origin of the coordinate system at the beam waist such that

z0 = 0, separating the complex exponential into real and imaginary parts, and then

separating dependence on ρ and z, Eq. 3.39 may be obtained from Eq. 3.41. The

beam parameter may be related to physical beam parameters R(z) and w(z) by

1

q(z)
=

1

R(z)
+ i

λ

πw2(z)
. (3.42)

Eq. 3.42 may be used to find the spot size and wavefront curvature at any distance

along the beam axis when the waist is known. It may also be noted that when zR =

0, Eq. 3.41 gives a paraboloidal wave, or paraxial approximation to a spherical wave

having a radius of curvature q(z) centered at z = z0.
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3.3.2.1 The ABCD matrix approach to beam propagation

To determine what happens to a Gaussian beam as it propagates through an

optical system, the ABCD method of geometrical optics may be used for systems

composed of simple optical elements such as ideal lenses and mirrors. First, we will

consider ray optics, and then extend the method to Gaussian beams.

Consider the ray of light illustrated in Figure 3.3(a), propagating in the y-z

plane through a medium with refractive index n1. The location of the ray is charac-

terized by its distance from the z axis, y1, and the angle it makes with the axis, θ1.

As shown in Figure 3.3(b), the ray passes through some optical element and emerges

in a medium with index n2, after which the ray is characterized by a new distance

from the axis, y2, and new angle θ2. The relationship between the input and output

Figure 3.3: A ray of light travels in the yz plane. At location z = z1 the ray is at
a distance of y1 from the z axis and makes an angle with the axis of θ1 (a). A ray
of light enters an optical system with parameters (y1, θ1) at z = z1 and leaves with
parameters (y2, θ2) at z = z2 (b).

coordinates are conveniently represented with the matrix transformation:

{
y2

n2θ2

}
=

[
A B
C D

]{
y1

n1θ1

}
, (3.43)
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where the matrix
[
A B
C D

]
is the transformation matrix representing the optical element.

For free propagation (translation) of a ray through a homogeneous medium

with index n = n1 = n2 by a distance of z2 − z1, the ABCD matrix is[
A B
C D

]
=

[
1 (z2 − z1)/n
0 1

]
. (3.44)

Refraction of a ray at a spherical surface centered on the z-axis and separating

two media is illustrated below in Figure 3.4. Snell’s law relates the angles on either

Figure 3.4: Refraction of a ray of light at a spherical interface centered on the z-axis
between two media.

side of the surface. Assuming small angles, the ABCD matrix is[
A B
C D

]
=

[
1 0

−(n2 − n1)/Rs 1

]
, (3.45)

where Rs is the radius of curvature of the surface, defined to be positive when the

surface is concave to the left. The transformation of the ray across the interface is

then {
y2

n2θ2

}
=

[
1 0

−(n2 − n1)/Rs 1

]{
y1

n1θ1

}
, (3.46)

where y1 and n1θ1 are just to the left of the spherical interface, and y2 and n2θ2 are

just to the right of the interface.
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The transformation for a ray passing through a thin lens of focal length f in

air has a similar form to the spherical refracting surface:[
A B
C D

]
=

[
1 0
− 1
f

1

]
. (3.47)

Propagation of a ray through several cascaded optical elements is simply

achieved by multiplying their ABCD matrices together in the correct order. ABCD

matrices for other elements may be found in a number of references28,39,40. Figure

3.5 illustrates a ray propagating through a “thick” lens when the thickness t is not

negligible compared to its focal length. The ABCD matrix for this element may be

found by combining the matrices for two spherical refracting surfaces with the matrix

for a simple translation between the two. The combined ABCD matrix is then

Figure 3.5: A ray of light is focused through a thick lens when the thickness is not
negligible compared to it’s focal length

[
A B
C D

]
=

[
1 0

−(n2 − nL)/R2 1

][
1 t/nL
0 1

][
1 0

−(nL − n1)/R1 1

]
, (3.48)

where nL is the refractive index of the lens material, n1 and n2 are typically unity

for a lens in air, and R1 and R2 are the radii of curvature at the input and output

surfaces of the lens, respectively, defined positive when convex left.

While the ABCD matrix approach has been developed for examining the trans-

formations of rays of light, the ABCD matrices can also be applied to the transforma-

tion of Gaussian beams through the same optical elements. Brooker40 discusses the
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connection between ray optics and beam optics in the paraxial approximation and

application of ray matrices to Gaussian beams. Given the Gaussian beam parame-

ter q1 = q(z1) at the input to a compound optical system represented by an ABCD

matrix, the complex parameter for the beam leaving the system, q2 = q(z2), is given

by

(
q2

n2

)
=
A(q1/n1) +B

C(q1/n1) +D
(3.49)

where A, B, C, and D are the elements of the ABCD ray transfer matrix for the

compound optical system under consideration.

3.4 Vector approaches to wave propagation

Section 3.2.1 discussed the simplifying assumptions which must be met for

the methods of scalar optics to hold. In many instances, these assumptions are

met and scalar optics analysis of a system will give very accurate results. When

these assumptions are not met, the vector nature of light as an electromagnetic wave

may need to be accounted for in order to produce accurate results. Two methods

of computational electromagnetics that may be applied to the analysis of grating

systems are rigorous coupled-wave analysis (RCWA) and the finite-difference time-

domain method (FDTD). While the two methods both solve Maxwell’s Equations

in full vector form, they take very different approaches and each have strengths and

weaknesses when applied to grating-based sensors.

3.4.1 The finite-difference time-domain method (FDTD)

First introduced in 1966, the finite-difference time-domain method is a marching-

in-time technique for the direct numerical solution of Maxwell’s Equations, discretized
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on a sub-wavelength spatial grid41. The ~E and ~H fields are directly initialized on the

spatial grid, and for each incremental time step the fields are computed using fi-

nite differences. The material properties may be specified at each point on the grid,

hence by setting different material properties in different regions the model geometry

is established. Because FDTD is a time-domain method, impulsive and other non-

monochromatic sources and transient behavior are modeled naturally, and FDTD is

easily able to handle dispersive nonlinear optical behavior of materials.

When running time-harmonic continuous-wave simulations using FDTD, enough

time steps must be included such that the waves propagate completely to the edge

of the boundaries and any start-up transients have dissipated. For simulations of

propagation in infinite or semi-infinite media, absorbing boundary conditions such as

perfectly matched layers (PMLs) may be used at the domain boundaries to reduce

unwanted reflections from the domain walls. Periodic boundary conditions enable

simulation of gratings and other periodic structures such as electromagnetic metama-

terials.

There are a number of software packages available for FDTD simulations,

both commercial and open-source. One such open-source package, developed at MIT

and used in this work, is MEEP42 (an acronym for MIT Electromagnetic Equation

Propagation). MEEP supports interfaces in both C++ and the Python scripting

language, and includes a materials library based on Lorentz-Drude material models.

In addition to the standard time-domain solver, MEEP also includes a frequency

domain solver which can be useful for time-harmonic problems.

One advantage to using FDTD is that as a direct numerical solution of Maxwell’s

equations, virtually any electromagnetics problem can be solved, given enough time

and computational power. On the other hand, being an explicit time-domain ap-
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proach requiring sub-wavelength spatial resolution, the memory and time required to

run simulations can be prohibitively large, especially for intricate 3D geometries. Tak-

ing advantage of periodicity and symmetry for structures such as diffraction gratings

and optical meta-materials greatly reduce computational overhead when applicable

by limiting the computational domain to a single unit cell.

3.4.2 Rigorous coupled-wave analysis (RCWA)

Because diffraction gratings are inherently periodic structures, it can be ad-

vantageous to use a numerical approach specifically designed for periodic structures.

Several approaches have been developed through the years for modeling light in pe-

riodic structures43, including the so-called integral method and classical differential

methods, the Rayleigh expansion method, the Fourier modal method, and the rigorous

coupled-wave method44 (RCWA). The RCWA technique solves Maxwell’s equations

for propagation in a periodic structure, by using a spatial Fourier decomposition to

represent the periodically-varying permittivity across the structure. The structure

may be periodic in one or two dimensions, as is the case for a diffraction grating, or

all three dimensions as for a photonic crystal.

The RCWA method is inherently a frequency domain method, and gives the

solution for a single monochromatic plane wave with arbitrary incidence angle and

polarization state. This prevents the method from being used directly with realistic

incident beam profiles (e.g., Gaussian beams), although plane wave decomposition

may be used to form the solution as a sum those for plane wave input45. Additionally,

because the structure must be discretized into prismatic layers with faces normal to

the set of primary coordinates, curved and other surfaces which continuously vary in

thickness may not be modeled directly (e.g., a diffraction grating with a sinusoidally-

varying thickness). However, the curved surface may be sliced into layers with varying
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width, which approximate the original surface when stacked (the so-called staircase

approximation). Figure 3.6 illustrates an example of a surface-relief grating (taken

Ref. 46) which has been broken into discrete layers for use of RCWA.

As with the FDTD approach, there are a number of RCWA software pro-

grams available. One free (but not open-source) program currently available and

used throughout this work is KJ Innovation’s Grating Diffraction Calculator (GD-

Calc). The programming interface for GD-Calc is written in MATLAB and uses

text-based input and output, similar to MEEP, and the software comes with vali-

dation scripts which reproduce the simulation results for several scenarios for which

published results are found in the literature, such as diffraction gratings and photonic

crystals.

Figure 3.6: Example of a surface-relief grating, broken into rectangular slabs for
simulation using RCWA (From Ref. 46).

3.5 Application of the methods to grating-based sensors

In this section we demonstrate the application of both Fourier optics and

the RCWA approach to the optical analysis of a simple grating-based displacement
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detection scheme.

3.5.1 Analysis of grating-based sensors using Fourier Optics and aperture
functions

Perhaps the most common method for predicting the optical power modulation

curves for grating-based interferometers involves using the Fraunhofer integral from

scalar diffraction theory (Eq. 3.25). First, consider the grating-reflector system shown

in Figure 3.7, infinitely periodic in the x direction and illuminated by a plane wave

of unit amplitude at normal incidence. Both the fingers and reflector are perfect

reflectors, and taking a simplistic view of the propagation path we assume that a

portion of the light reflects directly from the fingers and as a phase reference of zero,

while a portion of the light passes through the openings to the reflector and back, in

the process gaining an additional phase shift of 4πdgap/λ.

Figure 3.7: Schematic of ideal lamellar diffraction grating, infinite in the x-direction.

In this simplistic view of the propagation path, the light distribution u0(x)
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reflected from the grating system at z = 0 may be represented by multiplying the

incident source profile uinc(x, z = 0) by an aperture function gR(x) = ejφ(x). Assum-

ing perfect reflection from the fingers and moving reflector, it is common to use an

aperture function which has unity amplitude and square-wave phase profile φ(x) as

shown in Figure 3.8.

Figure 3.8: Phase of the aperture function for the idealized lamellar diffraction grat-
ing.

For a plane wave input, uinc(x, z = 0) = 1, so that u0(x) is simply the aperture

function for reflection. Because the aperture function is infinitely periodic in x, it can

be represented as the spatial convolution in x of a unit cell, g0(x), with a 1-dimensional

array function a(x):

u0(x) = 1× gR(x) = g0(x) ∗ a(x), (3.50)

where ∗ represents convolution,

a(x) =
∞∑

n=−∞

(x− nΛδ(x)) = combΛ(x) (3.51)

is the 1D comb function with period Λ, δ(x) is the Dirac delta function, and

g0(x) =

{
1 : −Λ/2 ≤ x < 0

e+j 4π
λ
dgap : 0 ≤ x ≤ Λ/2.

(3.52)

Note that the effect of convolving the unit cell with the comb function is to take the

unit cell and repeat it along x at regular intervals of period Λ.
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To find the diffraction pattern for the light leaving the grating, we start by

taking the Fourier Transform of Eq. 3.50. When taking the Fourier transform along x,

the convolution operation becomes simple multiplication in the wavenumber domain:

U0(kx) = G0(kx)A(kx). (3.53)

The Fourier transform of the comb function is also a comb function, scaled

and with a different period in wavenumber space:

A(kx) =
2π

Λ
comb 2π

Λ
(kx). (3.54)

The FT for the unit cell is

G0(kx) = Λ sinc

(
kxΛ

4

)
cos

(
2πdgap
λ
− kxΛ

4

)
ej2πdgap/λ, (3.55)

where

sinc(x) =
sin(x)

x
(3.56)

is the unnormalized sinc function.

Combining G0(kx) and A(kx) gives the Fourier transform of the total optical

disturbance leaving the grating:

U0(kx) = 2πsinc

(
kxΛ

4

)
cos

(
2πdgap
λ
− kxΛ

4

)
comb 2π

Λ
(kx)e

(j2πdgap/λ). (3.57)

A few things should be noted about the result which are infrequently discussed

in the literature on diffraction gratings. Strictly speaking, the Fraunhofer diffraction

integral is only valid for finite sources and in the far field, where “far” is relative to

the source size. Had we assumed a finite-sized aperture, inserting this expression as

the source distribution in the Fraunhofer diffraction integral would give the far-field

output distribution as a set of spatially finite beams. However, we have assumed an

60



infinitely periodic diffraction grating, so that even at an infinite distance from the

source one cannot clearly be said to reach the far field. Intuitively, it would seem

that a plane wave incident on an infinite aperture should result in a set of diffracted

output beams of infinite spatial width (i.e., diffracted plane waves). On the other

hand, because of the comb function appearing in Eq. 3.57, the diffraction pattern for

the infinite aperture only has nonzero values at discrete wavenumbers kx,m = m2π
Λ

,

which would represent diffracted beams of infinitely small spatial extent in accordance

with Eq. 3.25. Additionally, when using Eq. 3.25 to find the far-field distribution,

the amplitude scaling factors in front of the Fourier Transform are meaningless for

an infinite aperture and would result in an incorrect amplitude. In this case, rather

than applying the Fraunhofer integral, it is best to think of Eq. 3.57 as giving the

angular spectrum of the diffracted field, where the value at each kx,m corresponds to

the amplitude of a different diffracted plane wave leaving at the specific angle given

by the grating equation. The power density in each diffracted order, while not exactly

a beam, may still be found relative to that of the source.

With Eq. 3.57 representing the angular spectrum of the diffracted field, the

scalar amplitude um of the mth order diffracted plane wave is simply

um =
U0(kx)

2π

∣∣∣∣kx=m 2π
Λ
. (3.58)

Taking Im to be the intensity of the mth diffracted plane wave, Im = |um|2.

Evaluating, the resulting expressions for optical intensity vs. displacement for the

three center diffraction beams are

I0 = Iin cos2 2πdgap
λ

I±1 =
4Iin
π2

sin2 2πdgap
λ

,

(3.59)

which, when taken to represent total optical power in each order, are identical to Eqs.

1.5 as given Chapter 1.
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While there are other ways to evaluate the Fourier transform of the source

field and arrive at these same results, the above methodology is general for periodic

structures illuminated by sources of infinite or finite spatial extent, and lends itself to

gratings with more complex aperture functions since only the Fourier transform for

a single period needs to be taken. When the light source incident on the grating has

a specific beam profile uinc(x), this analysis is easily extended by forming the field at

the grating surface as:

u0(x) = uinc(x) gR(x) = uinc(x) g0(x) ∗ a(x). (3.60)

When taking the Fourier Transform, the multiplication in the spatial domain becomes

a convolution in the wavenumber domain:

U0(kx) = Uinc(kx) ∗G0(kx)A(kx). (3.61)

The angular spectrum of the output field is the spatial convolution of the incident

beam’s angular spectrum with that from the case of plane-wave input. Rather than

having angular spectrum content only at discrete kx,m, the convolution acts to widen

the peak in the spectrum at each kx,m, and 3.61 may be substituted into the Fraun-

hofer integral for evaluation of the diffracted far-field distribution or Eq. 3.35 for the

general case not limited to the far field.

The preceding analysis can be modified to capture the impact of imperfect

reflection from the fingers and moving reflector, as well as the effects of varying the

duty cycle of the grating. Instead of using the square-wave phase function from Figure

3.8, the grating is now represented by the complex aperture function shown in Figure

3.9 below, representing the light distribution reflected at the grating surface. The

stationary grating fingers have width wf and are made of a material with complex

amplitude reflection coefficient Rf . The “slot” region has width ws and the light
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passing through the slot bounces off the moving reflector, with complex amplitude

reflection coefficient Rs. These reflection coefficients may be calculated for single

materials using the Fresnel reflection equations, or for layered thin films using the

transmission matrix method or other approaches. As before, the period of the grating

is Λ and the portion of the light passing through the slot accrues an additional phase

of 4πdgap/λ.

Figure 3.9: Reflection aperture function magnitude (a) and phase (b) for the grating
system when the grating fingers and slots are made of different materials, and have
widths wf and ws, respectively.

Assuming a plane wave input at normal incidence, the field reflected from the

grating can still be described using Eq. 3.50, where now the unit cell for the aperture

function is

g0(x) =

{
Rf : −wf ≤ x < 0

Rse
j 4π
λ
dgap : 0 ≤ x ≤ ws.

(3.62)
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The Fourier transform of this unit cell is

G0(kx) = Rfwf sinc

(
kxwf

2

)
ejkxwf/2 +Rsws sinc

(
kxws

2

)
e−jkxws/2ej2kdgap , (3.63)

where, as before, k = 2π/λ is the optical wavenumber in free air.

Applying Eqs. 3.53 and 3.58 and then writing the region widths in terms of

Λ = wf +ws and the duty cycle C = wf/Λ gives the amplitude of the mth diffracted

plane wave as:

um = |Rf |C sinc (mπC)ejφf ejmπC

+ |Rs|(1− C) sinc(mπ(1− C))ejφse−jmπ(1−C)ej2kdgap
(3.64)

where the reflection coefficients have been written in terms of their magnitude and

phase, Ri = |Ri|ejφi .

This result can be put in a form for which the behavior is more easily in-

terpreted and leads to a direct expression for the modulation depth. After much

rearranging and application of trigonometric identities, the amplitude of the mth

order can be expressed as

um = ej(kdgap+ψ1)[A1 cos(kdgap + ψ2)− jA2 sin(kdgap + ψ2)], (3.65)

where we have defined the amplitude coefficients and phase shifts:

A1 = |Rf |Csinc(mπC) + |Rs|(1− C)sinc(mπ(1− C))

A2 = |Rf |Csinc(mπC)− |Rs|(1− C)sinc(mπ(1− C))

ψ1 =
φs + φf

2
+mπ(C − 1/2)

ψ2 =
φs − φf

2
+mπ/2.

(3.66)

The intensity of the mth order can then be written as

Im = |um|2 =
1

2

[
A2

1 + A2
2

]
+

1

2

[
A2

1 − A2
2

]
cos(2kdgap + 2ψ2). (3.67)
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The first term on the right hand side represents the steady component of op-

tical intensity (i.e., not modulated with reflector displacement) in the mth diffracted

order, while the second term is the displacement-modulated component. Full modu-

lation depth occurs when the first and second terms have equal amplitudes, which is

realized only if A2 is zero (since A1 and A2 are both real numbers). The condition

for perfect modulation is therefore:

|Rf |Csinc(mπC) = |Rs|(1− C)sinc(mπ(1− C)). (3.68)

The left side of this expression can be interpreted as the fraction of light reflected

by the grating fingers going into the mth order, weighted by duty cycle and material

reflectance. The right side is the weighted portion leaving the slots. When the two

portions are equal, perfect interference results.

It follows that the modulation depth Mm of the mth order is then

Mm =
2|A2

1 − A2
2|

A2
1 + A2

2 + |A2
1 − A2

2|
, (3.69)

where the absolute values are used since the amplitude on the cosine term in Eq.

3.67 may be positive or negative. These analytical expressions for both Im and Mm

are important engineering results, as they allow a grating system designer to quickly

estimate impact of different optical materials and duty cycle on the performance of

an ideal grating-based sensor.

Beyond the assumptions of scalar optics, use of the simple square-wave aper-

ture function describing the optical field across the grating relies on the assumption

that no diffraction takes place as the light passes through the grating, to the reflector,

and back. The use of these assumptions require further consideration when the goal

is to analyze the behavior of real systems.
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3.5.2 Analysis of the grating system using RCWA

For an infinitely periodic grating illuminated by a plane wave, analysis of the

Ronchi-ruled lamellar grating system via RCWA offers a more rigorous alternative

to the approach using scalar analysis presented above, since RCWA offers numeri-

cal solutions to Maxwell’s equations in periodic media and therefore no simplifying

assumptions are required apart from the use of periodic structures and a plane EM

wave source.

Solution in RCWA requires the physical system parameters to be specified.

As an example, consider a lamellar grating fabricated from chromium (Cr) reflecting

fingers, 150 nm thick and with a period of 4 µm, backed by a reflecting Cr halfspace

and illuminated by a source having a wavelength of 850 nm. The commercial RCWA

package GD-Calc was used to simulate the intensity in each of the diffracted output

orders as a function of dgap. Figure 3.10 shows an illustration of two periods of the

modeled grating, generated as an output by GD-Calc. Note that polarization of the

incident electric field is taken to be in the direction along the length of the grating

fingers, x3 in the coordinate system used by GD-Calc.

Optical intensity modulation curves for the 0th and ±1st orders, normalized

to the intensity of the incident plane wave, are shown for a small range of reflector

displacements in Figure 3.11. Qualitatively, the curves agree fairly well with the

analytical curves shown in Figure 1.3, although it should be noted that the peak

amplitude is reduced by nearly 50% from the ideal case due to absorption of light by

the Cr, and a small amount of harmonic distortion clearly visible in the 0th order

curves. However, when the optical intensity curves are plotted over a much larger

range of reflector displacements as in Figure 3.12, it is clear that the character of the

modulation changed with reflector distance. Now the appears to be see a “modulating
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Figure 3.10: Model domain in CD-Calc for RCWA simulation of a Chrome Ronchi-
ruled binary amplitude grating, backed by a reflecting Cr halfspace. The incident
wave propagates in the −x1 direction, and has linear polarized in the x3 direction.

envelope”, which has nulls that are periodic in x. This modulating envelope has been

shown to be caused by the Talbot Effect, and happens at reflector positions related

to the Talbot distance47. Peak modulation is only achieved over a small range of

displacement.

Capturing the periodic decrease in amplitude due to the Talbot effect is crit-

ical in the design of grating-based sensors, because reduced modulation dept results

in reduced sensitivity and sensor SNR. Another important feature captured by the

RCWA results is that while the ideal modulation curves are sinusoidal with two cy-

cles per ∆dgap/λ, close inspection of the curves reveals “kinks” in the optical curves

as illustrated in Figure 3.13, which shows a close-up view of the same curves shown

above.

When designing gratings for displacement sensing, kinks in the optical curves

are to be avoided in the operating range of interest, since the kinks may introduce a

local decrease in sensitivity, as seen at dgap/λ = 25.25, or even a reversal in sensitivity,

as near dgap/λ = 26.
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Figure 3.11: Optical modulation results from GD-Calc for a chromium Ronchi-ruled
grating interferometer, for an 850 nm source wavelength and 50% grating duty cycle.

3.5.3 A closer look at aperture functions

Clearly, the RCWA approach captures critical features of the system behavior

that the Fourier optics approach doesn’t. One shortcoming of the FO approach is

the use of the simple square-wave aperture function. The question then arises: how

accurate is the square-wave aperture function commonly used for binary diffraction

gratings? Fortunately, we can use computational electromagnetics (vector-based) to

compute more realistic aperture functions that account for electromagnetic boundary

effects and the optical properties of engineering materials.

Consider the Ronchi-ruled grating previously shown in Figure 3.2. To generate

realistic aperture functions using RCWA, we first simulate the system for a plane wave

of unit amplitude at normal incidence. Then, the field distribution just to the right
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Figure 3.12: Optical modulation fringes for the same chromium Ronchi-ruled grating
interferometer, but over a larger displacement range. The optical finges are seen
to have an amplitude-modulating envelope which reduces the modulation depth at
certain gap distances.

of the grating gives the transmission aperture function, and the reflected component

of the field just to the left of the grating gives the reflection aperture function.

The simulation was carried out using GD-Calc, for grating fingers made from

300 nm thick chromium, with a source wavelength of λ = 850 nm and a grating period

of Λ = 4 µm. Because RCWA expands the permittivity of the grating structure in

terms of a spatial Fourier series, which must be truncated, a maximum order must

be chosen. It was found that the results converged (within 0.5%) when 35 orders

were retained in the simulation for light polarized along the long dimension of the

grating fingers, and 250 orders for light polarized transverse to the grating fingers.

Figure 3.14 shows a comparison of the reflection aperture function for a single grating
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Figure 3.13: Optical modulation fringes calculated using GD-Calc showing kinks in
the optical modulation curves at dgap/λ = 25.25 and 26.

period, numerically found from RCWA vs. the idealized case.

In the case of the reflected field, the ideal aperture function is exactly zero

in the regions between the grating fingers (i.e., we have perfect transmission across

the openings and no light is reflected by these open regions). However, the RCWA

results indicate that this is not the case: there is a finite reflected E-field in the region

between the fingers! Additionally, amplitude of light reflected from the fingers is only

about 80% of the incident field, and has a small phase shift, owing to the finite and

complex index of refraction for chromium.

The transmitted aperture function found via RCWA is plotted in Figure 3.15,

along with the idealized curve. It is seen that the fingers block nearly all the light

and the transmitted field is almost zero in the opaque regions, as expected. On the
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Figure 3.14: Reflection aperture function gR(x) for a chromium Ronchi-ruled diffrac-
tion grating, with a grating pitch of Λ = 4.0 µm and illuminated by a plane wave
with wavelength λ = 850 nm.

other hand, in the open region between the fingers the field is not uniform as one

would expect for a perfect opening, but rather shows a couple of peaks near the edges

of the grating fingers due to electromagnetic boundary effects.

It should be noted that RCWA is a wavenumber-domain approach, and RCWA

solvers output results in the form of wavenumber spectra, which have to be inverted,

correctly summing the three components of ~E for each wavelet to find the spatial

distribution. To verify that the postprocessed results are correct, simulations were

also run using an independent FDTD code. Results were shown to match between

the RCWA and FDTD simulations, and are shown in Appendix A.

The above results show that the square-wave aperture function has limited
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Figure 3.15: Transmission aperture function gT (x) for a chromium Ronchi-ruled
diffraction grating, with a grating pitch of Λ = 4.0 µm and illuminated by a plane
wave with wavelength λ = 850 nm.

accuracy when represenign the fields reflected and transmitted by a realistic grating

with finite, complex index of refraction. The square-wave aperture function has a

second shortcoming when used to represent the field leaving a grating-reflector system

as in Figures 3.7 and 3.8. Consider the propagation path taken by light traveling

through the system: it was previously assumed in Figure 3.7 that the portion of

the light passing through the grating traveled to the grating directly and accrued

additional phase proportional to the path length. In reality, the incident beam will

diffract after passing through the grating, which may affect both the amplitude and

phase of the field component leaving the cavity. This will be dealt with in the next

chapter.
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3.6 Prior work on analysis of diffraction gratings

A number of works, both on Fourier optics and diffractive optical element

design, discuss scalar analysis of diffraction by gratings, typically assuming either

amplitude variation or phase variation across the grating38,40,48. For binary reflection

or transmission gratings patterned on substrates with different amplitude and phase

between the two grating regions, Zhou et al. provide an analysis of the diffracted field

using scalar optics49, while noting that RCWA analysis for microfabricated gratings

may be computationally expensive.

The first example of a grating-based optical interferometer using two sets of

grating fingers separated by a variable distance was published by Strong and Vanasse

in 1960, and included a simple scalar analysis of far-field diffraction order modula-

tion with increasing grating depth13, assuming that light reflected from the grating

had uniform amplitude and a square-wave phase profile, resulting in the modulation

profiles given by Eq. 3.59. The fabricated grating system was relatively large, with a

grating pitch of Λ = 1.27 cm, and was designed for use in spectrometry applications

for far-infrared radiation of wavelengths longer than 50 µm.

Lee et al. recognized that for microfabricated sensors, the detector may be in

the near field rather than the far-field. The Fresnel diffraction integral was used by

Lee et al. to predict the intensity distribution in the detector plane for a capacitive

micromachined ultrasound transducer (cMUT) using grating-based readout50. The

source used was a Gaussian beam, propagated using the ABCD matrix method, and

the grating was represented with an idealized square-wave aperture function which

neglected diffraction within the grating-reflector cavity.

Ferhanoglu et al., applied scalar diffraction analysis to a microfabricated grating-

based specrometer, where the interdigitated grating consisted of one set of stationary
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reflecting fingers interleaved with a set of movable fingers used to impart a desired

phase shift, rather than the solid reflector used here47. For large enough spacing

between the two sets of grating fingers, the system may be thought of as two grat-

ings, separated by a gap. Their work recognized the importance of diffraction as

light traverses the gap between the gratings, and developed a diffraction propagation

algorithm based on Fourier optics, using aperture functions to relate the incident

plane-wave field to the field components reflected by the two sets of fingers. One ma-

jor result of including diffraction between the two grating levels in their model was a

periodic decrease in optical modulation with reflector distance (the “modulating en-

velope” seen in Figure 3.12), due to the Talbot effect. The effect of multiple bounces

between the two gratings was neglected, and because their model was based on an

incident plane wave, plane-wave decomposition was applied to the source, and the re-

sults superposed. Their results were found to be in good agreement with experiments

performed.

The impact of reflector tilt was investigated by Ferhanoglu et al. using Fourier

optics, for a slotted reflection grating backed by a solid reflector51. Their analysis

assumed that the gap variation between the reflector and grating was small enough

that diffraction could be neglected, such that light passing across the cavity accrued

phase proportional to the gap distance. The scalar model also allowed for different

reflection coefficients between the fingers and the reflector, and a variable grating fill

factor. Because the reflector tilt caused a linear increase in gap distance along one

direction, a small linear increase in phase was added to light traversing the cavity

as a result. Their analysis showed that modulation depth decreased with reflector

tilt. For very small tilt angles, the reflection of the beam from the fingers and the

reflection of the beam from the reflector plane both overlap in the detector plane, and

interference occurs. At larger tilt angles, however, these two beam components overlap
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less and less, reducing interference and therefore modulation depth. Experimental

measurements captured the trends predicted from the scalar analysis.

While Fourier optics analyses of grating-based interferometers have had good

success predicting modulation behavior under the right conditions, particularly for

larger structures, electromagnetic boundary effects become important as feature sizes

approach the optical source wavelength. Pommett et al. investigated the accuracy of

scalar diffraction theory52 for the analysis of stepped phase gratings, by comparing

scalar results with those found using RCWA, which was taken as the “exact” solution.

They investigated the impact of varying grating parameters, such as the effect of

element depth, incidence angle, fill factor, refractive index, and the number of stepped

grating levels. Their results showed that the error in using the scalar approximation

to predict the diffracted field was generally large ( > 5%) when the smallest feature

size was 14 wavelengths or smaller. However, under some circumstances, such as for

a grating with a fill factor of 50%, reasonably close results were achieved with the

scalar model for feature sizes as small as two wavelengths.

The RCWA approach has been used in the design and analysis of microfab-

ricated grating-based sensors and spectrometers with features on the order of wave-

length. A laterally-deformable subwavelength grating for use as an optical modulator

was studied using RCWA by Carr et al.53, for a 633 nm source and grating finger

widths up to 150 nm. The device had one set of stationary grating fingers interleaved

with one mobile set. However, the moving set of fingers could move laterally in

the grating plane, rather than out-of-plane as in most of the other configurations di-

cussed herein. They saw that for certain lateral spacings, almost perfect refleciton was

achieved. The phenomenon was termed “anomolous diffraction”, and the principle

was used to build and test a MEMS accelerometer23.
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For grating-based sensors with out-of-plane reflector motion, use of RCWA was

demonstrated by Lee and Degertekin for a device resembling Figure 3.7, consisting of

aluminum reflecting fingers deposited on a glass substrate, and backed by a moving

aluminum membrane16. Their results from the RCWA analysis showed extra peaks in

the optical power modulation curves, which were not predicted using scalar diffraction

analysis for the same system.

To leverage the strengths of both the scalar and vector approaches to diffrac-

tion by a grating, Prather and Shi54 developed a hybrid scalar-vector model for the

diffraction through “electrically large” (i.e., large compared to a wavelength) diffrac-

tive optical elements. The spatial domain was broken into regions where the scalar

approach could be used with accuracy, and regions where a more rigorous method

would be used, such as FDTD or the boundary element method (BEM). The BEM

was used to illustrate inadequacies of the scalar method when the grating feature

size decreased below 25 wavelengths. They also applied the hybrid method to an

8-level diffractive lens, using scalar diffraction theory for the innermost Fresnel zones,

and FDTD for the outer zones. By increasing the number of zones analyzed with

FDTD, errors between the hybid model and full FDTD simulations were reduced, at

the expense of increasing computation time.

Testorf and Fiddy studied the use of different diffraction models for designing

a diffractive optical element (DOE) to produce a desired far-field diffraction pattern

when illuminated55. They recognized the computationally prohibitive nature of using

FDTD to simulate electromagnetically large structures containing wavelength-scale

features, and developed a scalar-vector hybrid method where the desired far-field

diffraction pattern was used to find the required phase distribution just behind the

difractive element surface, assuming uniform complex amplitude as an ideal first pass.
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Then, an approximate DOE thickness profile was generated, based on the ideal phase

distribution from the scalar model result. A DOE inevitably also imparts variations in

the magnitude distribution, so the approximate DOE profile resulting from the Fourier

analysis was then simulated using FDTD to find the “true” output distribution for

the approximate design. The process was iterated, using the Gerchberg – Saxton

algorithm. In each iteration, the phase profile require to produce the desired far-field

pattern was found using Fourier optics, keeping the magnitude distribution from the

previous FDTD simulation as a constraint. The thickness profile was then adjusted,

FDTD analysis performed, and the process was repeated until convergence criteria

were met.

Gao et al. studied the use of a hybrid method combining two different vector

approaches to model propagation of light through thin optical elements which are

mostly homeogeneous in one direction but inhomogeneous in another – common with

patterned thin-film structures used in photolithography56. The FDTD method was

used for propagation in the thinner dimension, which is also the direction exhibiting

greater inhomogenetiry, while the pseudospectral time-domain method (PSTD) was

used for propagation in the larger, mostly homogeneous direction. PSTD uses a

much larger spatial sampling rate than required by FDTD, and computation time

was reduced by 98% as a result.

A different hybrid vector-scalar model was developed by Hansen and Neilsen57,

who were concerned with the problem of grating scatterometry, which is the analy-

sis of a measured diffraction pattern in order to determine the profile of the grating

used to generate it. In the first step of their method, a “refactored” scalar theory

was used to find the far-field diffraction pattern from an initially assumed grating

profile, and the profile parameters were adjusted to minimize the error between the
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predicted and measured diffraction patterns using a global optimization algorithm.

Once the approximate profile was optimized using the refactored scalar diffraction

theory, RCWA was used to further adjust the grating parameters until best fit was

achieved. Because the first part of the optimization was done using the scalar ap-

proach, the computation time was 8 times less than if the vector approach was used

alone. The authors also noted that the refactored scalar theory is useful for grat-

ings having period-to-wavelength ratios as small as 0.7, significantly better than the

standard scalar diffraction theory.

3.7 Chapter conclusions

It should be clear by now from Sections 3.5.2 and 3.5.3 that taking a fully

scalar approach to the analysis of grating-based sensors using Fourier optics is often

inadequate, as the optical power curves generated using scalar models fail to capture

critical elements of the modulation behavior, such as kinks and nulls in the modulation

due to the Talbot effect. Furthermore, aperture functions found using vector EM

solvers differ substantially from the ideal square-wave aperture functions commonly

used.

As an alternative, the entire grating system could be modeled using a rigorous

solver such as RCWA or FDTD. However, the computational power used to simulate

a realistic three-dimensional system hundreds or even thousands of times larger than

a wavelength can be prohibitive, especially for use as an engineering tool where a

designer may want to simulate many different design cases and investigate the effect

of various design changes.

One solution explored in the next chapter is to develop a new hybrid scalar-

vector model, which leverages the best features of both techniques. While various
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types of models have successfully been used in the design of diffractive optical elements

such as multilayer lenses and analysis of gratings via scatterometry, such an approach

has heretofore not been used for the analysis of grating-based interferometric sensors.
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Chapter 4

Hybrid scalar-vector model for grating system

analysis

As discussed in Chapter 3, the scalar and vector approaches to light prop-

agation in grating-based sensors both have their advantages as well as limitations.

This chapter introduces and details a new hybrid scalar-vector modeling methodol-

ogy which leverages the strong points of both approaches.

4.1 Improvements to the square-phase Fourier optics model

The Fourier optics model presented in Chapter 3 has at least two major short-

comings.

First, it was demonstrated in Section 3.3.1.1 that the aperture functions for

simple transmission or reflection from a binary metal grating deviate significantly

from the square-phase model. This is easily remedied by using a more rigorous EM

solver like RCWA or FDTD to generate more accurate aperture functions, which may

then be used with the Fourier optics approach.

Second, the model fails to account for diffraction between the grating and

reflector. Refer back to the system and simplistic propagation path illustrated in

Figure 3.7, where the phase change of the light passing between the fingers was

assumed to be directly proportional to gap width. A more accurate description of the

field is shown in Figure 4.1(a), where the light diffracts after the first pass through the

grating before propagating to the reflector and back. It can be useful to visualize the
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field in the cavity by essentially “unfolding” the propagation path about the reflector,

eliminating the reflector and considering the system as consisting a pair of gratings

between which the cavity field propagates. This is illustrated schematically in Figure

4.1(b).

Figure 4.1: Light incident on the grating propagates into the cavity, where it diffracts
laterally before bouncing off the reflector and then propagating back across the cavity,
eventually recombining with the directly reflected field (a). Unfolding the optical path
about the reflector position allows for cavity diffraction to be treated as a free-space
propagation problem (b).

This viewpoint suggests a better way to model propagation using Fourier op-

tics: by viewing the system two gratings separated by a spacing of 2× dgap. Rather

than using one square-wave variable phase aperture function for the whole system,

light entering the cavity can be found using a transmission aperture function for the

grating, and then solving for the propagation between the gratings in order to ac-

count for diffraction. Another aperture function may also be used to find the direct
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reflection of the incident field from the front of the grating, and the reflected and

transmitted/diffracted components can be combined to find the overall output field.

4.2 Overview of the hybrid system model

The two improvements to the square phase model identified in the previous

section may be combined to form a new hybrid vector-scalar optical system model

for the analysis and design of grating-based sensors. Using such a hybrid model

greatly reduces the computational time required to model an entire system compared

to a fully vector approach, which may be too resource intensive to be used as an

engineering tool for typical system geometries. Vector analysis of the EM field is

employed in those regions of space where the assumptions required for scalar analysis

break down, and scalar Fourier optics is used for free-space propagation.

More specifically, propagation of the incident beam through the grating fingers

may be handled using vector electromagnetics (RCWA), and the resulting field leaving

the grating captured as an aperture function, which may be simply multiplied by

an incident field to then relate the fields entering and leaving the grating in the

scalar approximation. This allows the incorporation of material optical properties

and electromagnetic boundary effects. The direct reflection of the incident beam from

the grating fingers may be handled the same way, using RCWA to find the reflection

aperture function. Then, free-space propagation of the diffracted fields within the

cavity, and also away from the grating system onto the detector array, is done using

scalar Fourier optics.

The hybrid model developed in this work also combines the different classical

modeling elements discussed in Chapter 3. Since single-mode VCSELs used for most

grating-based sensors provide beams which are closely approximated as Gaussian,
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and propagation from the source to the input surface of the grating happens in free

space, the Gaussian beam equations are used to generate an incident beam profile.

To model the effect lenses present in the source path, ABCD matrices are used to

appropriately transform the complex q parameter of the source. Oblique incidence is

handled with a simple coordinate transformation using vector rotation.

The remainder of this section will discuss the use of computational EM to find

the aperture functions, and then give the details of the solution approach. To validate

the model, results from the hybrid model are compared with results from an analysis

done completely with RCWA.

4.2.1 Why develop a custom model?

In addition to reducing the computation time relative to a full-vector model,

a second motivation for developing a custom system-level model is that it allows for

individual physical effects to be selectively included or omitted, in order to investigate

the impact of different design choices on the system. For instance, the effect of

light making multiple bounces between the stationary grating and moving reflector

is impossible to separate from other physical effects when using an RCWA or FDTD

model, but can be selectively included in a Fourier optics model. The Fourier optics

approach also enables realistic beam profiles much larger than a wavelength to be

easily incorporated.

4.2.2 Solution technique

A schematic illustration showing the model domain used for the diffraction

calculations is shown below in Figure 4.2. The source plane has side lengths of L0,x

and L0,y in the x and y directions, and are sampled in intervals of ∆x and ∆y,

respectively. The coordinates in the source plane are denoted x0 and y0. The angular
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spectrum approach and Fresnel diffraction equation find the diffracted pattern in the

output plane, located a distance z from the source plane. When using the ASA, the

source and output planes will have the same dimensions and sample intervals, but

fields computed using the Fraunhofer or Fresnel integrals will have a different extent

and sample interval due to the mapping of kx and ky back to the coordinates x and

y.

Figure 4.2: Computational domain used for diffraction calculations using Fourier
optics.

The solution procedure developed for the the hybrid model consists of several

distinct steps, beginning with specification of the design geometry, materials, and

incident light source parameters. The basic steps are as follows:

1. From the stationary diffraction grating geometry and materials, run an RCWA

or FDTD simulation to find the reflecting aperture function gR(x0, y0) and trans-

mitting aperture function gT (x0, y0) for light incident on either side of the grat-

ing (four aperture functions total).
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2. Determine an appropriate grid spacing and domain size for the problem at hand.

The spatial grid density and extent must be chosen based on sampling theory.

3. Generate an incident beam profile representing the desired source uinc(x0, y0, z =

0) in the plane of the grating. For a Gaussian beam, this may entail multiple

substeps:

(a) Find the q parameter for the incident beam at the source (laser) aperture,

based on wavelength, divergence, and distance from the grating plane, via

Eqn. 3.42.

(b) If a lens is used, compute the ABCD matrix coefficients for the lens (Eq.

3.47), and use Eq. 3.49 to find the q parameter for the beam leaving the

lens.

(c) The source field profile for the Gaussian beam is generated using Eq. 3.41.

The coordinates in the Gaussian beam equations are for a coordinate sys-

tem which has its z axis aligned with the central axis of the beam. Oblique

incidence is accounted for using a coordinate transformation, mapping the

(x0, y0, z = 0) spatial coordinates in the plane of the grating to those same

locations in the beam’s coordinate system.

4. From the incident field distribution at z = 0, the light directly reflected from

the grating is found from multiplying uinc(x0, y0) by gR(x0, y0).

5. The light transmitted through the grating is found over the output plane of the

grating by multiplying uinc(x0, y0) and gT (x0, y0).

6. The field just inside the grating is propagated to the reflector and back using

the angular spectrum approach of Fourier optics. The Fourier transforms are

implemented using fast Fourier transform (FFT) algorithms.
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7. Imperfect reflection from the moving reflector is accounted for by multiplying

the field by an amplitude reflection coefficient for the choice of material used,

easily computed for using from the reflector’s index of refraction using the Fres-

nel reflection formulas29 or the transfer matrix method for layered media.

8. The light re-incident on the back side of the grating is multiplied by a back-side

transmission aperture function gTB(x0, y0) to find the portion of light leaving

the grating after one trip to the reflector and back.

9. The light leaving through the grating slots is superposed with the direct reflec-

tion (from Step 4) to get the total field leaving the system.

10. Fourier optics is used to propagate the light leaving the grating onto the detector

array. Either the Fresnel or Fraunhofer diffraction equations may be used as

applicable, based on the propagation distance, size of the incident beam, and

angles involved.

11. The field over the detector array is integrated to give the total power in each

order.

12. A different grating-reflector spacing is set, and the procedure repeated. In this

way, curves of optical power in each order vs. dgap are generated.

A block diagram illustrating the model algorithm, beginning with the incident

field at the grating surface, is shown in Figure 4.3.

The solution procedure outlined in this way neglects any light that gets re-

flected off the back side of the grating in Step 8, which may then traverse the cavity

one or more additional times before finally leaving through the fingers and joining
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Figure 4.3: Model algorithm used to find the field in the detector plane due to incident
beam uinc, for one particular value of dgap. The blue blocks represent the aperture
functions, found using RCWA.

with the output field. This effect of multiple-bounces within the cavity can be ac-

counted for in the Fourier optics approach by simply using a back-side reflectance

aperture function gRB(x0, y0) to find the back-reflected field, using the cavity prop-

agation algorithm to propagate it across the cavity and back, and then summing it

with the field leaving the cavity after the first pass. Any number of bounces may be

incorporated as desired, and will be shown to have a significant impact on system

behavior. When solving the system using RCWA, on the other hand, the field within

the cavity is represented as the total field, rather than a superposition of propagating

waves for each subsequent bounce across the cavity, so the effect of multiple bounces

within the cavity is not able to be separated out. A block diagram showing the

model algorithm including multiple bounces is shown below in Figure 4.4, for three
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round-trip passes to the reflector and back.

4.3 Implementation of the algorithm

The hybrid model algorithm was primarily programmed in Python, with Mat-

lab scripts used to find the aperture functions usign the RCWA package GD-Calc.

The FFTs used in the propagation algorithm were computed in Python using the

Numpy package, and the Matplotlib package was used for visualizing the results and

saving figures.

Because the grating system and the solution algorithm both contain many

parts, the hybrid model in Python was broken up into several different functions

and classes which are then called and integrated by the main solution routine. For

instance, the Gaussian source was implemented as a separate Python object, with

attributes and methods (parameters and functions) for setting beam waist size, wave-

length, power, and a function that returns the field amplitude at a point in space.

A separate function was written to take the parameters for a thick lens, compute

the ABCD matrix, and calculate the transformed q parameter for a Gaussian beam

passing through the lens. A Python object was created to represent the diffraction

grating, which allows parameters such as the period and material reflectances to be

specified, and returns the value of the aperture function at a point when called. Writ-

ing the program in such a modular way allows for quick reconfiguring by swapping

out one function or object for another, and also facilitated verification of the code

pieces for each part of the model (e.g., the Gaussian beam or ABCD matrices). Once

the input field distribution and grating aperture functions are computed in Python,

the main script executes the solution algorithm outlined in Figure 4.4.

The optical field output by the model is postprocessed by another function,
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Figure 4.4: Model algorithm used to find the field in the detector plane due to incident
beam uinc, for one particular value of dgap.
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which integrates the intensity in each order over the detector, resulting in optical

power curves for each diffraction order. Figure 4.5 shows an example of a compute

near-field intensity distribution, when the detector array is located 500 µm away from

the light leaving the diffraction grating. The integration windows are labeled, showing

the regions over which total beam power is found. These optical modulation curves

are subsequently processed using the equations developed in Chapter 2 in order to

compute the optical sensitivity, shot noise, laser RIN noise, modulation depth, and

overall MDP for any reflector position.

Figure 4.5: An example of the diffracted field calculated over the detector plane
using the Fresnel diffraction equation. The outlined boxes show the regions used to
integrate the total power in each diffracted beam.

4.4 Sampling and domain size considerations

When implementing Fourier optics algorithms, the continuous Fourier trans-

form is replaced by the discrete Fourier transform (DFT). One of the most critical

aspects of accurately using the DFT to represent the continuous FT in propagation

analyses is setting the domain size and the spatial sampling interval properly. Ideally,
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the overall size of the spatial domain needs to be at least large enough in x and y such

that it completely contains the size of the incident beam. The tails of a Gaussian

beam extend to infinity in the radial direction, however, so some criteria must be used

to determine how much of the beam needs to be accommodated within the domain

boundaries.

One way to set limits on the domain size is to find the radius of the beam

which contains 99% of the total beam power within. This occurs for a Gaussian at

a diameter of d = πw, where w is the spot size of the beam in the source plane,

so we might take this as an acceptable minimum domain size. However, truncating

a Gaussian beam by a hard-edged aperture will result in amplitude ripples in the

near field39. A better criteria is for the domain to be large enough that intensity

ripple due to truncation of the Gaussian profile is reduced to ≈ 1%, which occurs

if the diameter of the truncating aperture is d ≈ 4.6w or larger. In addition, using

FFTs to approximate continuous Fourier transforms results in a periodic extension

of the problem domain in both x and y, including periodic repetition of the sources.

As a result, “virtual” beam sources appear in adjacent periods of the source plane,

and as they propagate and diffract they may end up spreading into the real source

domain (so-called wrap-around error). For large propagation distances or sources

with wide beam widths, the spatial domain may need to be enlarged to prevent this

from happening, although with high-ka paraxial sources it is less of a concern.

Sample spacing in the source plane is also critical. Too dense of a grid will

result in larger memory requirements and processing times, but too sparse of a grid

will introduce errors. Sampling theory can be applied to find acceptable bounds

on grid spacing, based on the dimensions of the incident beam and the diffraction

grating. Because aliasing of the wavenumber spectrum results if the source plane
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is undersampled, the sample periods for x and y should be small enough that the

spatial Nyquist frequency along each dimension is above the highest wavenumber

with significant content in the source spectrum.

First, consider the required sample spacing along the grating profile (i.e., x in

Figure 3.7). Bandwidth in the wavenumber domain is inversely proportional to feature

size in the spatial domain. Assuming the spot size of the source is at least several times

larger than the period of the grating, the angular spectrum of the grating will have

content at higher wavenumbers than the angular spectrum of the beam. Therefore,

the sample size in the direction transverse to the grating fingers must be dense enough

that the frequency spectrum of the grating is not aliased. Since the number of points

sampled across the grating profile determines the largest wavenumber that can be

captured in the angular spectrum, it also determines the maximum diffraction order

that will be retained. To prevent leakage between wavenumbers when performing

the FFT, it is best to have an integer number of samples across the grating fingers,

preferably a power of 2, and also include an integer number of grating periods in the

overall spatial domain so that periodicity is perfectly maintained at the boundaries.

The equations for propagation using the angular spectrum approach, Eq. 3.36,

and the Fresnel diffraction integral, Eq. 3.30, both involve multiplication by complex

phase exponentials, sometimes referred to as “propagators” or “chirp functions”, in-

side the Fourier transforms. Sampling considerations for these chirp functions is also

critical for avoiding numerical artifacts58. For propagation using the FT form of the

Fresnel equation, the chirp function is

e
jk
2z (x2

0+y2
0) (4.1)

where x0 and y0 are coordinates in the source plane. To avoid aliasing of the chirp

function in the frequency domain, the maximum phase change of the argument of
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the exponential between two adjacent samples must be less than π. This gives a

maximum required sample interval in the x direction of

∆x ≤ λz

L0,x

, (4.2)

where L0,x is the length of the source plane in the x direction. A similar expression

gives the required sample interval in y. Note that this may be larger than the maxi-

mum required sample interval based on the angular spectrum of the grating, so care

must be taken to chose a sample spacing that avoids aliasing for both the aperture

function and the quadratic chirp.

For propagation via the ASA, the source spectrum gets multiplied in the

wavenumber domain by the exponential propagator

ejz
√
k2−k2

x−k2
y . (4.3)

Ensuring that the phase never changes by more than π between adjacent samples of

kx requires that

∆x ≥ λ
√
z2 + (L0,x/2)2

L0,x

. (4.4)

While it may seem counter-intuitive for sampling considerations to yield a minimum

spatial sampling interval in the source plane, this requirement is better interpreted

not as a limit on ∆x, but rather how wide the source plane needs to be in terms of

L0,x for a given sample interval and propagation distance, in order to avoid aliasing

in the spatial domain, due to undersampling in the wavenumber domain.

A discussion on the effects of undersampling or oversampling when using the

FFT for Fourier propagation computations is found in Ref. 58.
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4.5 Validating the hybrid model

Validating the model was done by comparing the optical curves generated

by the hybrid model to those generated entirely using RCWA. Because the RCWA

method makes no approximations to Maxwell’s equations it may be considered as the

“true” solution.

Results from the hybrid model are plotted below in against the RCWA model

for plane wave input (required when using RCWA), using the Cr Ronchi-ruled grating

system illustrated in Figure 3.7 and for a source wavelength of λ = 850 nm. The aper-

ture functions used to represent the grating in the the hybrid model were previously

shown in Figures 3.14 and 3.15 for reflection and transmission, respectively. The Cr

mirror was represented by multiplying the field propagated across the cavity by a

complex amplitude reflection coefficient of R = −0.771 − j0.185 for Cr at λ = 850

nm.

The 0th-order output for the hybrid model is shown in Figure 4.6 with the

RCWA result for comparison, while the 1st-order outputs are plotted in Figure 4.8.

It should be noted that for the 0th-order results, the optical intensity curves

from the hybrid model are very close to the RCWA results. The modulating envelope

is predicted, as are the “kinks”. For the 1st-order curves, there is good agreement

between RCWA and hybrid model, although the amplitude of some peaks are over-

estimated using the hybrid model.

The agreement seen in Figures 4.6 and 4.8 is important: by representing the

grating using realistic aperture functions while using the scalar approximation for free-

space propagation, optical power in the central diffracted orders can be accurately

predicted, validating the idea of using a hybrid vector-scalar model as an engineering

tool for the design of grating-based sensors.
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Figure 4.6: 0th order fringes from GD-Calc over a large displacement range.

4.6 Effects the model doesn’t currently include

While the hybrid model has been designed to approach the accuracy of a vector

solution with the computational efficiency of a scalar method, there are a few physical

effects and scenarios which not accounted for in the current model, including:

• Reflectors which are not planar: In devices such as microphones and MEMS

using cantilever structures, the reflecting surface may have curvature or be at

an angle with respect to the grating. This could be accounted for, if we assume

that any deviation from parallel would result in a small additional phase shift

proportional to the deviation in optical path length, and adding such phase

shift to the field incident on the reflector.
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Figure 4.7: 0th order fringes from GD-Calc over a smaller displacement range, showing
the kinks in the curves which match between the RCWA and hybrid model results.

• Reflection coefficient as a function of angle: it has been assumed in the model

that imperfect reflection from the reflector could be accounted for by multiplying

the field incident on the reflector by a single reflection coefficient, which is

calculated assuming a paraxial field and assuming that the angle of incidence is

close to zero. If the field in the cavity is known to have an angular spectrum with

significant content at higher wavenumbers kx or ky indicating field components

propagating at sharper angles within the cavity, the reflection coefficient could

instead be calculated at the specific angle corresponding to each kx and ky.

Then, multiplication of the field components by the reflection coefficient for

each could be carried out before propagating the field from the reflector back
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Figure 4.8: ±1st order fringes from GD-Calc over a larger displacement range.

to the grating.

• Depending on the device design and fabrication process, in some cases the mov-

ing reflector may not be a solid reflector but rather a second set of grating

fingers (e.g., see Ref. 47). In this case, reflection from the second set of grating

fingers could be implemented by a reflection aperture function.

• Dynamic effects: We have assumed that all motion of the grating and reflector

surfaces in response to vibroacoustic sensor stimulus is quasi-static, such that

other dynamic effects such as Doppler shifts may be neglected. Significant

changes to the hybrid model framework would be required to account for such

effects.
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Figure 4.9: ±1st order fringes from GD-Calc over a smaller displacement range,
showing the kinks in the curves which match between the RCWA and hybrid model
results.

• Polarization effects: for simplicity I’ve assumed polarization of ~E along the

direction of the grating fingers in generation of the aperture functions with

RCWA. There are methods for accounting for polarization in Fourier optics38,

but this would require re-structuring the solver to implement them.

4.7 Chapter conclusion

This chapter has laid out out the implementation of a new hybrid optical model

designed for the analysis of grating-based interferometric displacement sensors. The

model was programmed in Python, while aperture functions for the diffraction grat-
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ings were generated using the RCWA solver GD-Calc. It has been demonstrated that

the hybrid model captures salient features of the optical power curves and is in good

agreement with a solution carried out entirely in RCWA. Such a hybrid model is more

flexible than RCWA models, and runs faster than FDTD for an electromagnetically

large system.
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Chapter 5

Applying the model

This chapter explores the application of the hybrid model for grating-based

sensors in two ways, both as a research tool for better understanding characteristics

of propagation in grating-based sensors, and also as an engineering design aid.

5.1 Parametric investigation of design parameters and their
impact on system behavior

In this section, the hybrid model is used to investigate the effect of different

parameters on system performance. The effect of diffraction within the cavity, the

effect of light making multiple bounces off the back side of the grating, the effect

of incident beam diameter, the effect of focusing, and the effect of incidence angle

will all be examined. Quantitative as well as qualitative comparisons will be made

(e.g., which system parameters are likely to cause kinks in the modulation curves, or

other rapid changes in modulation depth with grating distance), which are helpful

for understanding the impact of different parameters when designing grating-based

sensors.

5.1.1 Cavity Diffraction

Diffraction models based on the Fourier transform of a variable-phase aper-

ture function neglect diffraction within the cavity, as discussed in Section 4.1. It is

therefore useful to know under what conditions such models are valid for use. These
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aperture function models may be directly compared against the hybrid model, which

accounts for diffraction in the cavity.

Two cases analyzed with the hybrid model are presented here for comparison,

both considering a chromium Ronchi-ruled grating with a period of Λ = 4.0 µm

and fill-factor of 50%, backed by a solid chromium reflector, and an incident plane-

wave source with wavelength λ = 850 nm. These grating parameters were chosen as

representative of materials currently used in commercial grating-based sensors.

1. For the baseline case, optical curves were determined by assuming that field

leaving the grating-reflector system could be represented by the ideal aperture

function shown in Figure 3.9, taking the Fourier transform in order to find the

power in each order vs dgap. The normalized power in the 0th diffracted order

is shown vs. gap width in Figure 5.1(a) for 0 ≤ dgap ≤ 44λ.

2. Figure 5.1(b) shows the 0th diffracted order power computed using the hybrid

model algorithm shown in Figure 4.3. In this scenario, incident light only makes

one pass to the reflector and back, so that multiple bounces are neglected. This

is consistent with a grating which has a perfectly absorbing coating applied to

the cavity side, and the effect of multiple bounces will be considered separately

in the Section 5.1.2.

The biggest difference between the cases with and without cavity diffraction

was alluded to in Ch. 3: the optical power curves are amplitude modulated as a

function of distance, resulting in the envelope seen in Fig. 5.1(b). The reason for

this drop in modulation is easily understood by looking at the intensity of the light

as it propagates from the grating, to the reflector and back. The field propagating

across the cavity is shown in Figures 5.2(a)-(c) for grating-to-reflector distances dgap
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Figure 5.1: Comparisons of 0th order power modulation vs reflector distance for a
Cr Ronchi-ruled grating backed by a Cr reflector, for the case without accounting
for cavity diffraction(a), and accounting for diffraction (b). The source wavelength is
λ = 850 nm, and multiple reflections in the cavity are neglected.
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of 2 µm, 9.4 µm, and 18.8 µm, respectively. In all three plots, the field is plotted

as a function of proapation distance z, with the field essentially unfolded about the

reflector position so that the system is modeled as having two grating separated by

a distance 2 × dgap. for the purposes of interpreting the results we will refer to the

system as having an input grating on the left and and an output grating on the right,

but it should be kept in mind that there is only one physical grating, with the light

passing through it twice.

In the first case, the effect of diffraction is almost negligible as the light tra-

verses the cavity, so the light leaving the grating is still nearly uniform between the

fingers and the only difference is a phase shift proportional to optical path length. In

the second case, the effect of diffraction is significant, and the field leaving the cavity

is incident almost entirely on the back of the grating, with little amplitude in the

slots. The grating has effectively blocked most of the light from leaving the cavity.

At the third spacing shown in Figure 5.2(c), however, the field again resembles that

immediately behind the grating, and most of the light exits through the slots.

It is well known that for an infinite amplitude grating, the field will be an

exact image of the field just behind the grating38 at propagation distances which are

integer multiples of the Talbot distance

zT , 2Λ2/λ. (5.1)

However, at distances behind the grating which are odd multiples of zT/2, or z =

(2n + 1)Λ2/λ for integer n, the field has the same amplitude distribution as behind

the grating, but with a spatial shift of Λ/2. This distance is known as the “contrast

reversed Talbot distance”, and explains why all of the light falls on the back side of

the fingers when 2dgap = (2n + 1)zT/2. On the other hand, when the propagation
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Figure 5.2: Field passing across the cavity and back for three different gap spacings.
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distance 2dgap is a multiple of zT as in Figure 5.2(c), the optical power will be similar

to that as dgap approaches zero.

For spatially infinite gratings and sources, the Talbot images are perfectly

periodic in propagation distances of zT and the optical modulation curves are infinitely

periodic with dgap as a result. It will be shown that this effect is diminished for finite

source sizes and when light can make multiple passes across the cavity.

Lastly, when the cavity depth is small, the effect of diffraction was seen to be

negligible in Figure 5.2(a), and the optical curves are seen to be very similar to those

of Figs. 5.2(b) and (c) as dgap goes to zero. Therefore, when the cavity-to-reflector

distance is much less than zT , the square-wave aperture function presented in Figure

3.9 can be used to give reasonably accurate results.

5.1.2 The effect of multiple bounces within the cavity

For grating fingers which are highly reflective on the cavity side, multiple

bounces within the cavity need to be included. The same system previously modeled

in Figure 5.1(b) was also modeled when the light can make four passes across the

cavity and back, assuming both sides of the grating have the same reflection coefficient

(R = −0.771 − 0.186j for Cr at λ = 850 nm). This was done using the algorithm

depicted in Figure 4.4. The resulting optical modulation curves are shown in Figure

5.3(a) for the same range of dgap shown above, and in Figure 5.3(b) for a smaller

range in the vicinity of the Talbot distance.

The major result of including multiple reflections are that now instead of seeing

nulls in the modulation depth, “kinks” begin to appear in the modulation curves at

a distance of about 5 µm, and the amplitude of the kinks increases until a peak near

dgap = 9.4 µm, where the optical modulation with distance happens at double the
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Figure 5.3: When the light is allowed to make multiple bounces between the reflector
and cavity, kinks appear in the modulation curves when the grating-to-grating prop-
agation distance is an odd multiple of zT/2 (a). Details of the kinks are shown in (b),
and the modulation rate with dgap is doubled in operating region.
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usual rate. This doubling occurs since almost all of the light is making two trips

across the cavity and back as a result of the Talbot effect: after the first pass, most of

the light is incident on the back side of the fingers and traverses the cavity a second

time. As a result, a change in reflector position of ∆dgap results in an optical path

length change of 4× dgap. However, when the grating-to-grating spacing matches zT ,

nearly all of the light exits the cavity after one pass, and almost none is back-reflected

from the fingers. Hence, multiple bounces between the cavity may be neglected when

2× dgap ≈ zTalbot.

The number of cavity passes that need to be included in the model depends

the reflection coefficient of both the reflector and the material on the back side of

the grating fingers, since each bounce off the reflector and grating will reduce the

intensity of light making a subsequent pass through the system. During validation of

the model, it was seen that four passes across the cavity resulted in agreement with

the RCWA model for Cr grating fingers and reflector, beyond which adding more

passes had negligible effect other than increased solution time.

5.1.3 Effect of incident beam waist

The two preceding sections assumed plane-wave input, which was used to

demonstrate the effect of diffraction within the cavity and multiple bounces, but is

not realistic for a real system with finite incident beam size.

The diffracted field was modeled using the same grating parameters as before,

but with incident beam waist sizes of 5, 10, 20, and 30 µm, at normal incidence

and focused at the grating surface. Optical curves are shown in Figures 5.4(a)-

(d). It is seen that for very small dgap, the optical curves are nearly identical to

those for the plane wave case. In each case, a drop in modulation depth is seen for

dgap ≈ zTalbot. However, the biggest difference between the modulation curves is seen
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at larger grating–reflector distances: for smaller beam sizes, the modulating envelope

becomes less dramatic at subsequent multiples of zTalbot, and the modulation becomes

steady beyond a certain gap. The modulating envelope disappears more quickly as

the beam size gets smaller, but the modulation depth decreases as well.

The modulating envelope caused by the Talbot effect is an inherently near-

field effect. For smaller beam diameters, the field propagating across the cavity will

transition from near-field to far-field behavior closer to the grating than it will for

large beam diameters. Once the second grating is beyond the near field, the Talbot

effect will cease, hence the modulating envelope is no longer seen. This is illustrated

Figures 5.5(a) and (b), which show the intensity as light makes one pass across the

cavity and back, for beam waists of w0 = 5 µm and 30 µm. At propagation distance

of z = 2×dgap = 75, near-field characteristics are still seen for the 30 µm waist, while

the field from a 5 µm visibly transitions from near-field to far-field behavior by z = 35

µm.

Regardless of the beam diameter, kinks in the optical curves may still be seen

in the far field due to multiple bounces in the cavity when highly reflective gratings

are used. Figure 5.6(a) shows modulation curves in the far-field for a 5 um beam

waist when the light makes 4 passes across the cavity for a Cr grating and reflector.

Figure 5.6(b) shows the same curves, when the side of the grating facing the cavity is

coated with a 95% absorptive coating, such as Cr2O3, commonly used as an absorber

for Cr masks used in photolithography. Use of the antireflective coating results in

power curves which have much less visible distortion.
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Figure 5.4: Comparisons of different incident beam diameters, at surface-normal in-
cidence and focused on a Cr Ronchi-ruled grating backed by a Cr reflector. Beam
waists are (a) 5 µm, (b) 10 µm, (c) 20 µm, and (d) 30 µm. The source wavelength is
λ = 850 nm, and multiple reflections in the cavity are neglected.
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Figure 5.5: Intensity of the field behind the first grating, for two different beam
diameters. It can be seen that the pseudoperiodicity of the field extends much farther
in z for the case of the larger beam. For the smaller beam, Talbot images are not
clearly seen past about z = 35 µm.
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Figure 5.6: Distortion is seen in the modulation curves of (a) due to the light making
multiple bounces between the grating and reflector. When the back of the grating is
coated with a highly absorptive material, back-reflections are reduced and the optical
curves are closer to the ideal sinusoid (b).
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5.1.3.1 Gravity-induced sag and sensor tilt tolerance

The optical power modulation depth shown above in Figure 5.4(a) is much

more uniform than that of in Figure 5.4(b)–(d) over most of the displacement range

shown, implying a larger sensor operating range over the gap depth. The importance

of having a wide dgap range with uniform optical modulation depth becomes clear

when the effect of gravity and sensor tilt are considered.

For an inertial sensor based on detecting the displacement of a proof mass,

the static force due to gravity acting on the proof mass will result in a “sag” of the

compliant suspension, proportional to the gravitational force and inversely propor-

tional to the stiffness. The static sag is then inversely proportional to the natural

frequency of the mass–spring system. If the sensor is then tilted at some angle with

respect to gravity, as shown in Figure 5.7, the total sag in the direction of dgap will be

∆dgap = g cos θ/ω2
0, where g is the acceleration due to gravity and ω0 is the natural

frequency of the system. A plot of gravity-induced sag as a function of orientation

angle is illustrated for natural frequencies of f0 = 50 Hz, 100 Hz, and 200 Hz are in

Figure 5.8.

Figure 5.7: An accelerometer oriented at an angle θ with respect to gravity will
experience a sag of the suspension in the direction along dgap of g cos θ/ω2

0.
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Figure 5.8: Gravity-induced sag of the proof mass as a function of tilt angle, for three
different system natural frequencies.

If an inertial sensor were to always be oriented at the same angle with respect

to gravity, the nominal gap distance accounting for sag would always be known, and

the operating point on the optical curves would be set by choosing an appropriate gap

depth for the mechanical system design. However, if a sensor is required to function

over a range of orientation angles, the amount of proof mass sag will vary over a

certain range, and optical curves must have near-uniform modulation depth over the

range of gap distances which will be seen in the application.

A low natural frequency is often desirable for maximizing mechanical sensitiv-

ity and reducing TM noise, as shown in Eqs. 1.7 and 2.3. Therefore, if ω0 is specified

and the working range of dgap is limited by the optical system design, then the max-

imum orientation angle which will keep the proof mass position within the working

range is referred to as the “tilt tolerance” of the sensor. Referring to Figure 5.4(c),

for example, there are multiple kink-free regions in the optical power curves over a

113



dgap range of about 10 µm, indicating a 10 µm operating range. For Figure 5.4(a)

the operating range is much larger, at least 40 µm. The tilt tolerance θmax is plotted

for both cases over a range of natural frequencies in Figure 5.9. Considering that

both lower natural frequencies and a larger tilt tolerance are preferred, it is beneficial

to design a system with as large of a working range as possible, while still meeting

requirements for sensitivity and optical modulation depth.

0 50 100 150 200 250

f0 [Hz]

0

25

50

75

100

125

150

175

θ m
ax

[◦
]

10 µm range

40 µm range

Figure 5.9: Tilt tolerance θmax as a function of suspension natural frequency f0, for
dgap working ranges of 10 µm and 40 µm.

Consideration of the tilt tolerance can also be used to compare the merits of the

grating-based readout scheme with electrostatic detection, which is commonly used

in MEMS inertial sensors. For a capacitive sensor with a bias of 10 volts across a pair

of sensing electrodes separated by a 2 µm gap, the small-signal voltage sensitivity to

displacement is 5 V/µm. For a readout amplifier with a 20 nV/
√

Hz noise amplitude
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spectral density, the resulting MDD is 4 fm/
√

Hz, which is comparable to grating-

based sensors. However, capacitive readout is limited in its abilities when tilt tolerance

is considered. Hitting a target MDA of 1 ng/
√

Hz with this same MDD of 4 fm/
√

Hz

would require a mechanical suspension with a natural frequency of ω0 = 1560 s−1

in accordance with Eq. 1.14. If the proof mass travel for the electrostatic readout

is limited by electrical linearity to one quarter of the gap spacing, or 0.5 µm, the

resulting tilt tolerance is θmax = 30◦. An optical system with a 10 µm working range

for dgap would have a 180◦ tilt tolerance, on the other hand, indicating that the sensor

will operate in any orientation without any loss of performance.

5.1.4 Effect of beam divergence angle

The effect of beam divergence on sensitivity is seen in Figure 5.10(a)-(c), which

show optical curves when the grating is illuminated by beams with three different

divergence angles, but at such a distance from the beam waist that the spot size at the

grating surface is the same in all three cases. As divergence increases, the sensitivity

decreases as well as the modulation depth due to decreased interference. In addition,

the modulation curves tend to be more uniform in amplitude as divergence increases,

and the modulating envelope and kinks due to the Talbot effect are less noticeable as

a result.

5.1.5 Effect of beam incidence angle

The effect of beam incidence angle on the modulation curves is shown below

in Figure 5.11(a)-(c), when the grating is illuminated by a beam with waist of 10

µm, focused at the grating surface. The effect on the modulation curves is a general

decrease in modulation depth similar to that due to beam divergence, although less

pronounced. Of course, oblique incidence will also result in the position of the output
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Figure 5.10: Effect of beam divergence on modulation curves. In all 3 cases, the spot
size of the incident beam is 20 µm at the grating surface. As expected, the modulation
depth and overall sensitivity are reduced as the beam divergence increases.
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beams being shifted over the detector plane, but this is easily accounted for by shifting

the position of the photodiodes when oblique incidence is used in a real system.

5.2 Performance limits of sensors with lens-free integrated
optoelectronics

Maximizing interference, and therefore optical sensitivity, requires use of a fo-

cused source incident on the grating. Commercially available grating-based geophones

incorporate focusing optics for this reason. For MEMS sensors with integrated opto-

electronics, however, inclusion of focusing optics can complicate packaging, and using

VCSELs without lenses results the most compact optoelectronics.

The use of resonant PD arrays with VCSEL sources incorporated on the same

die has previously been demonstrated for application to grating-based sensors20,35.

A photo of the integrated source-detector array, designed for operation at λ = 850

nm is shown below in Figure 5.12 (adapted from Ref. 35). Modeling the optical

path in the integrated accelerometer included near-field diffraction calculations for

the light propagating from the grating to the detector array, but neglected diffraction

in the cavity and EM boundary effects. Thy hybrid system diffraction model can

be applied to better understand what the achievable noise floor for a grating-based

MEMS device, when focusing optics are omitted and EM boundary effects are taken

into account.

In assessing the optical performance of an integrated MEMS sensor, assump-

tions must be made regarding the package dimensions and materials available for use.

Silicon surface-on-insulator (SOI) wafers commonly used for fabrication of acoustic

MEMS have standard substrate layer thicknesses of 500 µm which is etched away to

form the device cavity, so this is taken as the standoff distance between the surface of
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Figure 5.11: Effect of incidence angle on modulation depth. In all 3 cases, the incident
beam is focused on the grating surface with a spot size of 10 µm. As expected, the
modulation depth and overall sensitivity are reduced as the incidence angle increases.
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Figure 5.12: Microfabricated PD array with integrated VCSEL, used to demonstrate
integrated optoelectronics in grating-based sensors (from Ref. 35).

the grating and the integrated optoelectronics. It is also assumed that the diffraction

grating will be etched from silicon, and a thin layer of gold may be evaporated onto

the structure to improve the reflectivity of the grating and the reflector.

Based on previously fabricated integrated optoelectronics combining a VCSEL

with resonant-cavity PDs35,59, the source wavelength is taken to be nominally λ = 850

nm, with a corresponding photodiode responsivity of Rpd = 0.4 A/W. Recent work in

the development of VCSELs using external cavities and mode tuning for applications

in atomic clocks have demonstrated60 single-mode operation at available power levels

of around 1 mW, and with half-width divergence angles of θ1/e down to 4 degrees.

Microfabricated devices are typically built one layer at a time, resulting in

prismatic structures, so the VCSEL die will be parallel with the grating, resulting in

surface-normal beam incidence. As a consequence, the diffracted field output from

the grating system is centered about the VCSEL, so that the VCSEL takes away

useful area from the 0th order beam in the center where the intensity is highest. This

is accounted for in the model by excluding the VCSEL area when the intensity of

each order integrated across the photodetector array.
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5.2.1 Optical curves from hybrid scalar-vector system model

Optical modulation curves for the power in the three center diffraction orders

for the lens-free embodiment are shown as a function of dgap in Figure 5.13 below.

Significant kinks are seen in the curves along with an overall decrease in modulation

depth in a region centered about dgap = 9.4 µm, which is when the optical propa-

gation distance equals half of the Talbot distance defined in Eq. 5.1. Operation in

the region with kinks is to be avoided through proper selection of the nominal gap

distance during sensor design. Therefore, performance parameters were examined in

two different operating regions on the optical curves, between 2 and 4 µm, and be-

tween 18 and 20 µm. Optical curves in these two regions are seen in Figures 5.13(b)

and (c).

When differential readout is used, the net optical signal is Πnet = Π0 −

(Π+1 + Π−1). Calculation of the optical sensitivity and noise, both dependent on

dgap, was done following the analysis presented in Section 2.3. Figure 5.14 shows a

comparison of the RMS photocurrent noise components ishot and iRIN,DC = iDCαn,

as a function of reflector position, along with their sum. The RIN noise compo-

nent is proportional to Πnet and is therefore minimized at reflector positions where

Π0 = Π+1 + Π−1. Shot noise increases with the square-root of the total optical power

and shows much smaller fluctuations about the mean level. The relative contribu-

tions of the two components determines operating positions where shot-noise-limited

optical performance is achieved.

The total noise is divided by the photocurrent sensitivity to displacement in

order to find the MDD as a function of reflector position, which is plotted in Figure

5.15. MDD is lowest at those points where RIN is reduced, leaving shot noise as the

dominant source. The lowest MDD is 3.5 fm/
√

Hz in the region 2 µm < dgap < 4
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Figure 5.13: Optical curves for the gold on polysilicon diffraction grating for dgap
up to 20 µm when the system is illuminated by a lens-free VCSEL. Details of the
modulation for 2 µm < dgap < 4 µm and 2 µm < dgap < 4 µm are shown in (b) and
(c).
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Figure 5.14: Photocurrent noise for the grating system as a function of reflector
position.

µm, representing the best input-referred noise that can be reached with out focusing

optics for the grating based read-out with 1 mW of incident power.

The preceding analysis assumed an input power of Πinc = 1 mW, which may

be too high for acoustic sensors deployed in remote applications where the device

must operate for extended periods of time while operating from a battery. Because

sensitivity and photocurrent noise scale differently with laser power, the MDD analysis

was repeated for power varying from 0.1 to 1 mW, with dgap limited to two regions

shown above. The resulting MDD curves are shown as a function of laser power in

Figure 5.16.

The preceding analysis has focused on noise due to optoelectronics. Thermal-

mechanical noise in the reflector position due to dissipation in the mechanical struc-

ture may also be added. However, because the optical read-out scheme effectively

decouples optical sensitivity from the mechanical sensor design, a system designer
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Figure 5.15: Photocurrent noise predicted for the lens-free grating system as a func-
tion of reflector position.

has several parameters which can be tuned to reduce the thermal-mechanical noise

levels to optical MDD levels, or lower.

This MDD can be better put into context by considering the minimum-detectable

pressure that could be measured when the readout scheme is integrated into an under-

water vector sensor, as described in Chapter 1. Following the same analysis and again

assuming a natural frequency of 250 Hz for the mechanical structure, the optically-

limited minimum detectable pressure is plotted vs. frequency in Figure 5.17. It is

seen that the optically-limited performance of the sensor is still able to resolve the

quietest ocean noise measurements by more than 6 dB over this frequency range.
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Figure 5.16: Minimum detectable displacement predicted for the lens-free grating
system as a function of reflector position.
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Figure 5.17: Comparison of the proposed underwater inertial sensor based on the
interferometric detection scheme, compared with other sensors and the quietest ocean
noise measurements from Ref. 30.
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Chapter 6

Phase-modulated diffraction gratings for

zeroth-order beam reduction

While the optical system first illustrated in Figure 1.2 straightforward to build

in a macroscale embodiment, positioning and integration of the optoelectronic compo-

nents in a compact MEMS implementation presents multiple challenges. As noted in

Section 5.2, the core of the 0th order diffracted beam will be incident on the VCSEL

when using an integrated source/detector chip, reducing the amount of useful 0th

order signal that can be captured. Additionally, lasers can be sensitive to feedback

from light reflected back into the laser cavity, causing instabilities39. The reflection

of the 0th-order beam back into the laser cavity is therefore best avoided12.

One method of eliminating back-reflections into the laser cavity is to posi-

tion the incident beam at a small angle relative to the grating surface, such that the

0th-order beam is reflected away from the laser aperture12. This allows the 0th or-

der beam to be entirely captured by a photodetector for sensing purposes. However,

oblique incidence reduces optical modulation depth an complicates MEMS packaging,

since the beam from a VCSEL is emitted normal to the die surface. A strong moti-

vation exists to explore a grating design that eliminates zero order beam generation,

thereby enabling robust, surface-normal integrated optically-read MEMS. Figure 6.1

illustrates a conceptual system where the 0th order beam is eliminated, and only the

1st order beams are collected by the detector array.

An advanced diffraction grating has been conceptualized and is discussed here,
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Figure 6.1: Schematic illustration of an accelerometer employing a grating where the
0th order beam is eliminated, and modulation primarily happens in the ±1st orders.

which has the effect of reducing the zeroth-order reflected beam via destructive in-

terference of light emitted from out-of-phase regions. Using varying phase shifts to

control the behavior of the light diffracted by interdigitated reflection gratings has

already been demonstrated for grating light valves, by dynamically adjusting the

position of each mobile grating finger to vary the optical path distance61–63, or by

depositing an optical coating of varying thickness on top of the reflecting fingers64–66.

Interdigitated gratings are not suitable for certain applications such as microphones,

due to air leakage through the gaps between the fingers. Additionally, controlling

the phase shift of each reflecting finger via position adjustments requires actuation

and control over the finger position, while in a sensor application the finger position

changes in response to some external stimulus and is to be detected rather than con-

trolled. These considerations therefore motivate the use of a continuous, rigid grating

incorporating both reflecting and transmitting regions, backed by a planar mirror.
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Figure 6.2: Geometry of the four-region diffraction grating used to eliminate 0th-
order diffracted beam. Three periods are shown.

While devices incorporating two adjacent binary gratings each having different phase

shifts have been reported in the literature25 for the purposes of tailoring the diffracted

order behavior, this new embodiment directly interleaves the out-of-phase regions into

a single periodic grating.

6.1 Phase-shifted grating concept

A schematic illustration of the conceptualized grating is presented in Figure

6.2. In contrast to a standard Ronchi-type binary grating, this grating consists of four

regions of equal width: two reflecting fingers at different heights, and two transmitting

regions of different heights.

The ideal far-field intensity of the 0th-order beam and the criteria for its elim-

ination may be easily approximated using a simple phasor model rooted in Huygens’

principle67, considering each grating region as an independent “wavelet” source of

equal magnitude but varying phase determined by the optical distance traveled by

the light as it traverses the grating. A complex phasor ui can be used to represent

the light reflected from the i-th region, as shown in Figure 6.3(a), where is the phase

of the wavelet, and the vector sum over the four regions gives the zeroth-order am-

plitude. Choosing the region thicknesses such that phasors u1 and u3 are 180◦ out

of phase with each other, and similarly choosing thicknesses such that u2 and u4 are
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180◦ out of phase with each other, assures that, for any distance between the grating

and proof mass, destructive interference results in the elimination of the 0th-order

output beam. Figure 6.3(b) provides a geometric representation of the phasors on

the complex unit circle for this condition of no zeroth-order reflection. This requires

the dimensions ha and hb to be

ha =
λ

4nsub

hb =
λ

4(nsub − 1)
,

(6.1)

where λ is the wavelength of incident light in air and nsub is the index of refraction

in the transparent substrate.

Figure 6.3: Wavelet phasors corresponding to each of the four grating regions (a)
and geometric representation of phasors in the complex plane (b)
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The phase difference between phasors u2 and u4 is dependent on the reflector

distance and determines the intensity of the non-zero diffraction orders. The far-

field diffraction pattern may be found from scalar diffraction techniques covered in

Chapter 3 and can be used to determine the intensities of the higher-order diffraction

beams and their modulation behavior as a function of reflector displacement. The

complex amplitude of the light leaving the diffraction grating is expressed as a piece-

wise periodic function having unit magnitude and varying phase, φi. Referring to

Figure 3, light reflected from the reflectors has phase independent of dgap, while light

returned from the moving reflector has a phase proportional to dgap. The phase of

the first region, can be taken as the zero reference without loss of generality. In the

Fraunhofer approximation for scalar diffraction, taking the spatial Fourier transform

of Ux and setting the wavenumber in the x-direction to kx = k sin θ gives the far-field

distribution of the optical disturbance, and squaring the modulus gives the far field

intensity. The intensity of the 0th-order beam is found to be zero, and the intensities

of the +1 and -1 orders, normalized by the incident intensity Iin are found to be:

I+1

Iin
=

4

π2

[
1 + sin

(
4π

λ
dgap

)]
,

I−1

Iin
=

4

π2

[
1− sin

(
4π

λ
dgap

)]
.

(6.2)

Figure 6.4 shows the intensities of the +1 and -1 diffraction orders as functions

of reflector displacement given in Eq. 6.2. The modulation of the orders is periodic

in displacement increments of λ/2, similar to the behavior of a Michelson-type inter-

ferometer. The +1 and -1 beams are complementary, being 180◦ out-of-phase with

equal magnitude, allowing for differential measurement which reduces the effects of

laser relative intensity noise (RIN) as highlighted in Chapter 2.
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Figure 6.4: Diffraction efficiency for the three center orders as a function of normal-
ized grating-to-reflector distance. Note that the diffraction efficiency of the zeroth
order is zero in accordance with the analysis via Fourier optics.

6.2 Microfabrication of advanced gratings

The four-region stepped grating was successfully prototyped on a double-side

polished fused silica (SiO2) wafer using typical microfabrication techniques. While

conventional binary reflecting gratings may be patterned on a flat substrate in a sin-

gle photolithography step, achieving four regions with different phase shifts required

three etch steps to provide the thickness variation. A schematic illustration of the

fabrication flow used is shown in Figure 6.5. In order to ensure proper alignment

between the Cr/Cr2O3 reflectors and the etched trenches, a single photoresist (PR)

mask was used for both the etch mask in step 3 and for patterning the thin film

deposited in step 4. Finally, the deposited Cr/Cr2O3 regions were used to form the

edges of the last etch mask, increasing the alignment tolerance needed during the

final photolithography step from nominally 0.1 µm to 0.5 µm.
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Figure 6.5: Fabrication process steps used to prototype the four-region advanced
diffraction gratings

A scanning electron micrograph of the prototype grating cross-section is seen

in Figure 6.6. The four different regions of each period are clearly visible, although the

widths of the regions are not exactly equal due to variability of the photolithography

process. Also seen on this prototype is a small crack near the lower edge of each

Cr/Cr2O3 reflector due to in-plane residual stresses.

6.3 Experimental validation

Microfabricated gratings were tested experimentally to capture the modulation

behavior of the diffraction orders as a function of grating-to-mirror displacement. The

test apparatus used to control the displacement consisted of a modified moving-coil

electromagnetic actuator, 32 mm wide and 36mm tall, an 850 nm collimated VCSEL,

and a charge-coupled device (CCD) optical detector (IDS Imaging model UI-1540LE-
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Figure 6.6: Scanning electron micrograph of completed grating cross-section

M-GL), illustrated in Figure 6.7. A gold-coated square mirror, 2.3 mm x 2.3 mm in

size was affixed to the top of the stationary permanent magnet structure, and the 3.0

mm x 2.0mm grating prototype was mounted parallel to it on the coil bobbin. The

motor structure was designed to provide a displacement proportional to current over

the target travel range. The laser source was focused near the grating surface using

an aspheric lens at an incidence angle of 2◦ from surface normal using a small steering

mirror, and the beams diffracted away from the grating were then incident on the

CCD. The test apparatus was mounted on a vibration isolation table from Minus-K

Technologies to reduce the noise due to ambient vibrations to within a fraction of an

interference cycle.

The power emitted by the VCSEL was measured as 2.7 µW using a Thorlabs

PM120VA laser power meter at the beginning and end of the experiment. To calibrate

the CCD output to the optical beam power, several frames of CCD data were first

collected with the laser source off in order to determine the dark current of the device,

which was subtracted from subsequent readings. The laser was then directly incident

on the CCD, and the intensity distribution was captured in order to correlate the
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Figure 6.7: Schematic diagram of experimental test apparatus used.

numerical pixel values to the beam power.

To measure the diffraction properties of the grating, the beam was focused near

the grating surface and a National Instruments NI-9263 digital-to-analog converter

and Texas Instruments OPA2140 amplifier were used to drive the motor coil with

a linearly increasing current, until the grating was brought into contact with the

stationary mirror, while simultaneously capturing the output field with the CCD.

The CCD returns the 2D optical field in the observation plane, so the intensity was

then integrated over each beam to find the optical power of each as a function of

reflector displacement, and was passed through a low-pass filter to reduce the effect

of background vibration. Figure 6.8 presents the optical power in each of the center

three diffracted beams, normalized by the incident beam power, over a one-wavelength

displacement range when the reflector and mirror are nearly touching.

These measurements are in qualitatively good agreement with the key model
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Figure 6.8: Power in the center three diffracted beams as a function of mirror
displacement.

predictions shown previously in Figure 6.4: (i) the +1 and -1 orders are out-of-

phase and nearly complementary, as expected, and (ii) the 0-order beam power is

greatly reduced and is dominated by a DC component. While the model based on

simple phasor arithmetic predicts 100% modulation of the first orders and complete

elimination of the zeroth order, several non-ideal effects such as diffraction between

the grating and mirror and fabrication and alignment tolerances likely account for

these discrepancies and could be investigated further.

The experimental data can be used to determine the sensitivity of PD pho-

tocurrent to displacement and the MDD of the interferometer when used in vibration

measurement applications, with details of the calculations given in Section 2.3. For

an 850 nm laser source emitting 1 mW of optical power, PD responsivity of 0.5 A/W,

and measuring the difference between the +1 and -1 responses, the experimental data

yields a peak sensitivity of Soptical = 2.4 µA/nm. The PD shot noise limit is found
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to be 8.6 pA/
√

Hz, yielding a sensor MDD of 3.6 fm/
√

Hz. This serves to show that

through proper design of the diffraction grating elements, the behavior of the different

diffracted beams can be tailored to specific sensing applications while matching or ex-

ceeding the low input-referred noise of sensors using conventional gratings, which will

ultimately facilitate packaging of such optoelectronic systems into MEMS devices.
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Chapter 7

Conclusions and Future Work

Inspired by the need for small and inexpensive yet high-performance accelerom-

eters for use in underwater acoustic vector sensing applications, this study has focused

on understanding the optical performance of grating-based interferometric displace-

ment sensors. While grating-based readout has been demonstrated and used in both

MEMS and mesoscale devices for a number of years, many analyses of grating design

and its impact on sensor performance have overlooked several critical features, which

this study has addressed. A new multi-level grating design has been proposed, which

will simplify integration of optoelectronics into grating-based MEMS.

7.1 Contributions

This research makes several contributions to the field of grating-based acoustic

sensors.

A detailed optical noise analysis was performed, accounting for laser RIN and

shot noise. While it is commonly assumed that RIN may simply be neglected in

comparison with shot noise using differential readout, the new analysis may be used

to determine under exactly what conditions RIN may be neglected, with or without

differential readout. The noise model may be combined with knowledge of the optical

sensitivity to displacement in order to find the minimum detectable displacement and

SNR for the system.

The accuracy of using “square wave” aperture functions for reflection and
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transmission through a Ronchi-ruled metallic diffraction grating was investigated,

by comparison with aperture functions generated using RCWA and FDTD electro-

magnetic propagation models. Significant deviation was seen in the reflected and

transmitted field amplitudes between the square wave aperture function and the com-

putational results for a diffraction grating with feature sizes on the same order as the

incident wavelength.

A hybrid scalar-vector optical propagation model was developed specifically

for application to grating-based sensor applications. The model accounts for the prop-

agation of light across the diffraction grating using aperture functions computed using

RCWA, in order to capture electromagnetic effects which are neglected in the scalar

approximation. For free-space propagation where scalar diffraction theory applies,

Fourier methods are used to reduce computational overhead. It was shown that for a

Cr Ronchi-ruled grating, the hybrid model predicts optical power modulation for the

three center diffraction orders that is in good agreement with results from a model

performed entirely with RCWA, validating the approach for such applications.

The model was then used to understand the impact of several system parame-

ters on the optical modulation behavior, such as the effect of accounting for diffraction

within the cavity, light making multiple trips through the cavity, impact of source

size and focusing, and the effect of oblique beam incidence. A number of non-ideal

features are seen in the optical power modulation curves as a result, so it is critical as

a system designer to understand which parameters are the most important. For in-

stance, when the back side of the grating fingers are highly reflective, the light makes

multiple bounces in the cavity, resulting in undesirable kinks in the optical curves.

With this in mind, the back side of a grating should have an antireflective coating

applied or otherwise be made from a material with low reflectivity.
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When surface-normal incidence is used with a Ronchi-ruled grating, the VC-

SEL prevents the 0th-order beam from being entirely collected by the photodetector.

A new diffraction grating was designed, which directs most of the modulated light

into the +1 and -1 orders, which are complementary for RIN reduction via differential

detection. The diffraction grating was successfully microfabricated using Cr reflectors

on a fused silica wafer. Experimental measurements made using a focused VCSEL

and CCD showed that the prototype grating performed as expected.

Finally, the simplest configuration for integrated optoelectronics in a grating-

based sensor involves a VCSEL source without any focusing optics. The optically-

limited noise floor was investigated, for a low-divergence VCSEL incident upon a

gold-coated diffraction grating microfabricated from a silicon wafer. The predicted

displacement-referred noise floor for the sensor is MDD = 3.5 fm
√

Hz. When inte-

grated into an underwater inertial sensor with a fundamental frequency of 250 Hz,

the corresponding minimum detectable pressure is 20 µPa/
√

Hz or 26.3 dB re: 1

µPa2/Hz, low enough to resolve some of the lowest deep-sea noise measurements with

over 6 dB SNR.

7.2 Recommendations for future work

This research has focused largely on the optical readout scheme, and indicated

the feasibility of using lens-free sources for integrated MEMS sensors. Going forward,

more design work must be done to realize such sensors, particularly in the design

of the mechanical structure. In targeting a low mechanical resonance, an inherent

design trade-off exists between proof mass size (and therefore overall package size),

suspension stiffness, and fabricability. In addition, operation of such sensors generally

requires the implementation of closed-loop control in order to maintain the proof mass
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position at a point on the operating curves where sensitivity is high and the power is

balanced between the diffracted orders for RIN reduction. Examining such tradeoffs

for specific application requirements should be performed as a subsequent study. Ad-

ditionally, microfabrication and integration of the mechanical subsystem with custom

optoelectronics will surely have challenges of its own, and provides another avenue

for further research.

Finally, when producing commercial devices in large volumes, part-to-part

variability is inevitable due to tolerances inherent in the fabrication process. From

known or estimated tolerances on system parameters such as fabricated device di-

mensions and VCSEL properties, the hybrid model may be used to determine the

expected part-to-part variation in device sensitivity and noise floor. This may then

inform system design decisions with the goal of keeping the variation within some

acceptable bounds.
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Appendix A

Comparison of RCWA and FDTD results

To validate the RCWA results from GD-Calc, a model of the same grating

system was created using the MEEP open-source FDTD package. Figure A.1 shows

the computational domain for a single grating period in MEEP used to determine the

aperture function. Periodic boundary conditions are applied to the top and bottom

of the domain to capture periodicity of the grating in x, and a 2D solver is such that

the grating is unbounded in y.

Figure A.1: Unit cell used to model one period of a chrome Ronchi-ruled diffraction
grating in MEEP. The source is located on the left side, propagating rightward.
Perfectly matched layers are used at the left and right boundaries, and periodic
conditions on the upper and top and bottom boundaries.

The FDTD solver discretizes the domain in both time and space, therefore grid

size and time step must be made fine enough to ensure convergence. Additionally, the
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simulation time must be long enough that the solution has reached steady-state. To

test that the simulation duration was long enough, several simulations were run with

increasing duration until there was negligible changes in the electric field ~E at the

final time step, and the resolution was set to be much smaller than the wavelength

of light. To ensure adequate spatial resolution, simulations were run at the chosen

duration and with decreasing grid size until there was no significant change in the

steady-state ~E as the grid size decreased. A grid density of 140 pixels per µm chosen

as a result.

To find the aperture functions for the grating, a time-harmonic plane wave

of unit amplitude is incident on the grating finger from the left. The resulting elec-

tric field immediately to the right of the grating finger is taken as the transmission

aperture function gT (x), and the reflection aperture function gR(x) is the field just

to the left of the grating finger, minus the incident field. Figure A.2 shows the reflec-

tion aperture functions generated by both RCWA and FDTD, while the transmission

aperture functions are compared in Figure A.3.

The RCWA and FDTD curves are in good agreement, in terms of both mag-

nitude and phase, thus validating the RCWA aperture function model.
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Figure A.2: Comparison of reflection aperture functions computed with RCWA and
FDTD, for a chromium Ronchi-ruled grating with a pitch of Λ = 4 µm and illuminated
by a source with wavelength λ = 850 nm.
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Figure A.3: Comparison of transmission aperture functions computed with RCWA
and FDTD, for a chromium Ronchi-ruled grating with a pitch of Λ = 4 µm and
illuminated by a source with wavelength λ = 850 nm.

145



Bibliography

[1] D. T. Blackstock. Fundamentals of Physical Acoustics. John Wiley & Sons, 2000.

[2] L. E. Kinsler, A. R. Frey, A. B. Coppens, and J. V. Sanders. Fundamentals of

Acoustics. John Wiley & Sons, 4th edition, 1999.

[3] T. Rossing, editor. Springer Handbook of Acoustics. Springer Science & Business

Media, 2007.

[4] F. Jacobsen and H.-E. de Bree. A comparison of two different sound intensity

measurement principles. The Journal of the Acoustical Society of America, 118

(3):1510–1517, 2005. DOI: 10.1121/1.1984860.

[5] W. Woszczyk, M. Iwaki, T. Sugimoto, K. Ono, and H.-E. de Bree. Anechoic mea-

surements of particle-velocity probes compared to pressure gradient and pressure

microphones. Archives of Acoustics, 32(3):643–658, 2007.

[6] R. P. Williams, D. Kim, K. L. Gleason, and N. A. Hall. Towards acoustic particle

velocity sensors in air using entrained balloons: Measurements and modeling.

The Journal of the Acoustical Society of America, 143(2):780–785, 2018. DOI:

10.1121/1.5022801.

[7] J. F. McEachern, J. A. McConnell, J. Jamieson, and D. Trivett. ARAP - deep

ocean vector sensor research array. In Proceedings of OCEANS 2006 (Boston,

MA., Sept. 18-21, 2006), pages 1–5. DOI: 10.1109/OCEANS.2006.307082.

[8] T. B. Gabrielson, D. L. Gardner, and S. L. Garrett. A simple neutrally buoyant

sensor for direct measurement of particle velocity and intensity in water. The

146



Journal of the Acoustical Society of America, 97(4):2227–2237, 1995. DOI: 10.

1121/1.411948.

[9] K. Kim, T. B. Gabrielson, and G. C. Lauchle. Development of an accelerometer-

based underwater acoustic intensity sensor. The Journal of the Acoustical Society

of America, 116(6):3384–3392, 2004. DOI: 10.1121/1.1804632.

[10] J. Fraden. Handbook of modern sensors: physics, designs, and applications.

Springer Science & Business Media, New York, NY, 2004.

[11] T. G. Beckwith, R. D. Marangoni, and J. H. Lienhard. Mechanical measurements.

Addison-Wesley, Reading, MA, 1995.

[12] M. L. Kuntzman, C. T. Garcia, A. G. Onaran, B. Avenson, K. D. Kirk, and

N. A. Hall. Performance and modeling of a fully packaged micromachined optical

microphone. Journal of Microelectromechanical Systems, 20(4):828–833, 2011.

DOI: 10.1109/JMEMS.2011.2148164.

[13] J. Strong and G. A. Vanasse. Lamellar grating far-infrared interferomer. Journal

of the Optical Society of America, 50(2):113–118, 1960. DOI: 10.1364/JOSA.50.

000113.

[14] O. Solgaard, F. S. A. Sandejas, and D. M. Bloom. Deformable grating optical

modulator. Optics Letters, 17(9):688–690, 1992. DOI: 10.1364/OL.17.000688.

[15] N. A. Hall, W. Lee, and F. Degertekin. Capacitive micromachined ultrasonic

transducers with diffraction-based integrated optical displacement detection.

IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 50

(11):1570–1580, 2003. DOI: 10.1109/TUFFC.2003.1251141.

147



[16] W. Lee, N. A. Hall, Z. Zhou, and F. L. Degertekin. Fabrication and characteri-

zation of a micromachined acoustic sensor with integrated optical readout. IEEE

Journal of Selected Topics in Quantum Electronics, 10(3):643–651, 2004. DOI:

10.1109/JSTQE.2004.829198.

[17] K. Suzuki, H. Funaki, and Y. Naruse. Optical sensing directional acoustic trans-

ducer with grating diaphragm using complementary metal oxide semiconductor

compatible micromachining techniques. Japanese Journal of Applied Physics, 44

(5R):3049, 2005. DOI: 10.1143/JJAP.44.3049.

[18] R. N. Miles, Q. Su, W. Cui, M. Shetye, F. L. Degertekin, B. Bicen, C. Garcia,

S. Jones, and N. Hall. A low-noise differential microphone inspired by the ears

of the parasitoid fly ormia ochracea. The Journal of the Acoustical Society of

America, 125(4):2013–2026, 2009. DOI: 10.1121/1.3082118.

[19] D. Kim, C. T. Garcia, B. Avenson, and N. A. Hall. Design and experimental

evaluation of a low-noise backplate for a grating-based optical interferometric

sensor. Journal of Microelectromechanical Systems, 23(5):1101–1111, 2014. DOI:

10.1109/JMEMS.2014.2304840.

[20] N. A. Hall, M. Okandan, R. Littrell, D. K. Serkland, G. A. Keeler, K. Peterson,

B. Bicen, C. T. Garcia, and F. L. Degertekin. Micromachined accelerometers with

optical interferometric read-out and integrated electrostatic actuation. Journal

of Microelectromechanical Systems, 17(1):37–44, 2008. DOI: 10.1109/JMEMS.

2007.910243.

[21] C. T. Garcia, G. Onaran, B. Avenson, M. R. Christensen, Z. Liu, N. Hewa-

Kasakarage, and N. A. Hall. Micro-seismometers via advanced meso-scale fabri-

cation. In Proceedings of the 2011 Monitoring Research Review: Ground-Based

148



Nuclear Explosion Monitoring Technologies (Tuscon, AZ., Sept. 13-15, 2011),

pages 274–282, 2011.

[22] N. C. Loh, M. A. Schmidt, and S. R. Manalis. Sub-10 cm3 interferometric ac-

celerometer with nano-g resolution. Journal of Microelectromechanical Systems,

11(3):182–187, 2002. DOI: 10.1109/JMEMS.2002.1007396.

[23] U. Krishnamoorthy, R. H. Olsson III, G. R. Bogart, M. S. Baker, D. W. Carr,

T. P. Swiler, and P. J. Clews. In-plane mems-based nano-g accelerometer with

sub-wavelength optical resonant sensor. Sensors and Actuators A: Physical,

145146(0):283–290, 2008. DOI: 10.1016/j.sna.2008.03.017.

[24] M. F. Toy, O. Ferhanoglu, H. Torun, and H. Urey. Uncooled infrared thermo-

mechanical detector array: Design, fabrication and testing. Sensors and Actua-

tors A: Physical, 156(1):88–94, 2009. DOI: 10.1016/j.sna.2009.02.010.

[25] B. Van Gorp, A. G. Onaran, and F. L. Degertekin. Integrated dual grating

method for extended range interferometric displacement detection in probe mi-

croscopy. Applied Physics Letters, 91(8):083101, 2007. DOI: 10.1063/1.2772114.

[26] G. G. Yaralioglu, A. Atalar, S. R. Manalis, and C. F. Quate. Analysis and design

of an interdigital cantilever as a displacement sensor. Journal of Applied Physics,

83(12):7405–7415, 1998. DOI: 10.1063/1.367984.

[27] D. M. Bloom. Grating Light Valve: revolutionizing display technology, pages

165–171. SPIE, San Jose, CA, 1997. DOI: 10.1117/12.273868.

[28] E. Hecht. Optics. Addison-Wesley, Reading, MA, 3rd edition, 1998.

149



[29] B. E. Saleh and M. C. Teich. Fundamentals of Photonics, volume 10 of Wiley

Series in Pure and Applied Optics. John Wiley & Sons, Hoboken, NJ, 2nd

edition, 2007.

[30] R. D. Gaul, D. P. Knobles, J. A. Shooter, and A. F. Wittenborn. Ambient noise

analysis of deep-ocean measurements in the northeast pacific. IEEE Jouranal Of

Oceanic Engineering, 32(2):497–512, 2007. DOI: 10.1109/JOE.2007.891885.

[31] T. B. Gabrielson. Mechanical-thermal noise in micromachined acoustic and vi-

bration sensors. IEEE Transactions on Electron Devices, 40(5):903–909, 1993.

DOI: 10.1109/16.210197.

[32] N. N. Hewa-Kasakarage, D. Kim, M. L. Kuntzman, and N. A. Hall. Microma-

chined piezoelectric accelerometers via epitaxial silicon cantilevers and bulk sili-

con proof masses. Journal of Microelectromechanical Systems, 22(6):1438–1446,

2013. DOI: 10.1109/Jmems.2013.2262581.

[33] E. Udd and W. B. Spillman Jr, editors. Fiber optic sensors: an introduction for

engineers and scientists. John Wiley & Sons, Hoboken, NJ, 2nd edition, 2011.

[34] R. Littrell, N. A. Hall, M. Okandan, R. Olsson, and D. Serkland. Impact of

relative intensity noise of vertical-cavity surface-emitting lasers on optics-based

micromachined audio and seismic sensors. Applied Optics, 46(28):6907–6911,

2007. DOI: 10.1364/AO.46.006907.

[35] D. K. Serkland, K. M. Geib, G. M. Peake, G. A. Keeler, M. J. Shaw, M. S. Baker,

and M. Okandan. VCSELs for interferometric readout of MEMS sensors. In Pro-

ceedings of SPIE: Vertical-Cavity Surface-Emitting Lasers XX (San Francisco,

CA., Feb. 13-18, 2016), volume 9766, page 976606, .

150



[36] N. A. Hall. Micromachined Broadband Acoustic Transducers with Integrated Op-

tical Displacement Detection. Thesis, Georgia Institute of Technology, 2004.

[37] D. Kim. Design of an Optical Microelectromechanical-System Microphone with

Sub 15-dBA Noise Floor. Thesis, The University of Texas at Austin, 2018.

[38] J. W. Goodman. Introduction to Fourier optics. Roberts & Company, Engle-

wood, CO, 3rd edition, 2005.

[39] A. E. Siegman. Lasers. University Science Books, Mill Valley, CA, 1986.

[40] G. A. Brooker. Modern classical optics. Oxford University Press, Oxford, Eng-

land, 2002.

[41] A. Taflove and S. Hagness. Computational Electrodynamics: The Finite-

Difference Time-Domain Method. Artech House, Boston, MA, 2nd edition, 2000.

[42] A. F. Oskooi, D. Roundy, M. Ibanescu, P. Bermel, J. D. Joannopoulos, and S. G.

Johnson. MEEP: A flexible free-software package for electromagnetic simulations

by the fdtd method. Computer Physics Communications, 181(3):687–702, 2010.

DOI: 10.1016/j.cpc.2009.11.008.

[43] M. Nevire and E. Popov. Light propagation in periodic media: differential theory

and design. Marcel Dekker, New York, NY, 2003.

[44] W. Lee and F. L. Degertekin. Rigorous coupled-wave analysis of multilayered

grating structures. Journal of Lightwave Technology, 22(10):2359, 2004.

[45] S.-D. Wu, T. K. Gaylord, E. N. Glytsis, and Y.-M. Wu. Three-dimensional

converging–diverging Gaussian beam diffraction by a volume grating. Journal

of the Optical Society of America: A, 22(7):1293–1303, 2005. DOI: 10.1364/

JOSAA.22.001293.

151



[46] M. G. Moharam, D. A. Pommet, E. B. Grann, and T. K. Gaylord. Stable imple-

mentation of the rigorous coupled-wave analysis for surface-relief gratings: en-

hanced transmittance matrix approach. Journal of the Optical Society of Amer-

ica: A, 12(5):1077–1086, 1995. DOI: 10.1364/JOSAA.12.001077.

[47] O. Ferhanoglu, H. R. Seren, S. Lttjohann, and H. Urey. Lamellar grating op-

timization for miniaturized fourier transform spectrometers. Optics Express, 17

(23):21289–21301, 2009. DOI: 10.1364/OE.17.021289.

[48] D. C. O’Shea, T. J. Suleski, A. D. Kathman, and D. W. Prather. Diffractive

optics: design, fabrication, and test, volume 62. SPIE press, 2004.

[49] S. Zhou, Y. Yang, S. Hu, and X. Xu. Scalar-based analysis of phase gratings

etched in the micro/nanofabrication process. IEEE Photonics Journal, 7(4):

1–11, 2015.

[50] W. Lee, N. Hall, and F. L. Degertekin. Micromachined acoustic sensor array

with diffraction-based optical interferometric detection. In Proc. SPIE 4985:

MOEMS Display and Imaging Systems (San Jose, CA, January 25-31, 2003).

DOI: 10.1117/12.472862.

[51] O. Ferhanoglu, M. F. Toy, and H. Urey. Fourier optics analysis of grating sensors

with tilt errors. Optics Letters, 36(12):2254–2256, 2011. DOI: 10.1364/OL.36.

002254.

[52] D. A. Pommet, M. G. Moharam, and E. B. Grann. Limits of scalar diffraction

theory for diffractive phase elements. Journal of the Optical Society of America

A, 11(6):1827–1834, 1994. DOI: 10.1364/JOSAA.11.001827.

152



[53] D. W. Carr, J. P. Sullivan, and T. A. Friedmann. Laterally deformable

nanomechanical zeroth-order gratings: anomalous diffraction studied by rig-

orous coupled-wave analysis. Optics Letters, 28(18):1636–1638, 2003. DOI:

10.1364/OL.28.001636.

[54] D. Prather and S. Shi. Combined scalar-vector method for the analysis of

diffractive optical elements. Optical Engineering, 39(7):1850–1857, 2000. DOI:

10.1117/1.602568.

[55] M. E. Testorf and M. A. Fiddy. Efficient optimization of diffractive optical

elements based on rigorous diffraction models. Journal of the Optical Society of

America A, 18(11):2908–2914, 2001. DOI: 10.1364/JOSAA.18.002908.

[56] X. Gao, M. S. Mirotznik, S. Shi, and D. W. Prather. 3D simulations of electri-

cally large thin plates using the hybrid PSTD–FDTD algorithm. Microwave and

Optical Technology Letters, 45(6):502–507, 2005. DOI: 10.1002/mop.20864.

[57] P. E. Hansen and L. Nielsen. Combined optimization and hybrid scalar–vector

diffraction method for grating topography parameters determination. Materials

Science and Engineering: B, 165(3):165–168, 2009. DOI: 10.1016/j.mseb.2009.

09.006.

[58] D. G. Voelz and M. C. Roggemann. Digital simulation of scalar optical diffrac-

tion: revisiting chirp function sampling criteria and consequences. Applied Op-

tics, 48(32):6132–6142, 2009. DOI: 10.1364/AO.48.006132.

[59] D. K. Serkland, K. M. Geib, A. A. Allerman, and T. W. Hargett. Monolithic inte-

gration of vertical-cavity surface-emitting lasers and wavelength-shifted resonant-

cavity photodetectors. In LEOS 2001. 14th Annual Meeting of the IEEE Lasers

153



and Electro-Optics Society (Cat. No.01CH37242), volume 2, pages 566–567 vol.2,

. DOI: 10.1109/LEOS.2001.968941.

[60] D. Serkland, H. So, G. Peake, M. Wood, A. Grine, C. Hains, K. Geib, and

G. Keeler. Mode selection and tuning of single-frequency short-cavity VEC-

SELs. In SPIE Proceedings Volume 10552: Vertical-Cavity Surface-Emitting

Lasers XXII, volume 10552. SPIE, 2018.

[61] A. Godil and D. Bloom. United States Patent 6268952 B1, July 31, 2001.

[62] M. Kowars and B. Kruschwitz. United States Patent 6172796 B1, January 9,

2001.

[63] N. Pilossof. United States Patent 6618187 B2, September 9, 2003.

[64] J. C. Brazas Jr., M. W. Kowarz, and B. E. Kruschwitz. United States Patent

6181458 B1, January 30, 2001.

[65] D. Amm, J. Trisnadi, J. Hunter, C. Gudeman, and D. Maheshwari. United States

Patent 6829092 B2, December 7, 2004.

[66] H. Sagberg, M. Lacolle, I. Johansen, O. Løvhaugen, R. Belikov, O. Solgaard, and

A. S. Sudbø. Micromechanical gratings for visible and near-infrared spectroscopy.

IEEE Journal of Selected Topics in Quantum Electronics, 10(3):604–613, 2004.

DOI: 10.1109/JSTQE.2004.828491.
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