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The production of oil and gas from a naturally fractured reservoir requires 

an understanding of fracture connectivity and fracture pattern geometry.  To study 

fracture connectivity, it is important to know fracture path.  Pseudo-three-

dimensional numerical simulations in linear elastic materials show that fracture 

growth geometry is affected by not only the ratio of remote differential stress to 

driving stress but also by bed thickness and fracture propagation environment.  

Fractures will propagate straight if either the remote differential stress ratio or 

fracture spacing to bed thickness ratio is above one.  Fractures are more planar if 

the propagation condition is subcritical.    

A cumulative fracture length distribution is derived based on mechanical 

principles.  The mechanical interaction between two mode-I cracks is a function 

of fracture length, spacing, overlap and bed thickness.  Crack propagation is 
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enhanced when the en echelon cracks slightly underlap, but it is impeded when 

the cracks overlap.  If a small crack is close enough to a large crack, it can 

suppress the large crack’s propagation and capture it.  The probability of a large 

crack passing close to a small crack depends on the large crack’s length and the 

density of small cracks.  Putting the mechanics together with the probability 

analysis results in a negative exponential distribution for two-dimensional map 

view sampling.  

A semi-analytical geomechanical model is developed to simulate a single 

set of parallel fracture network.  In this model, only a few cracks are modeled 

explicitly and other cracks are treated as a continuum through an effective elastic 

modulus controlled by crack density.  The semi-analytical model simulates 

fracture patterns similar to a more rigorous displacement-discontinuity boundary- 

element model.  Compared to the boundary element numerical model, the semi-

analytical model computes faster and can deal with thousands fractures.  A 

sensitivity study of fracture pattern development shows that the initial flaw 

density, subcritical index, bed thickness and elastic modulus affect fracture 

length, spacing and the degree of fracture clustering.  The systematic relationship 

between the model inputs (boundary conditions and rock properties) and final 

fracture geometry indicates that this high-speed semi-analytical model can be 

used for the further investigation of fracture pattern inversion from observed data.    
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CHAPTER 1:  OVERVIEW 

 In reservoirs with natural fractures, the opening fractures control fluid 

flow paths.  The production of oil and gas from naturally fractured reservoirs is 

significantly different from that of conventional reservoirs.  The presence of 

natural fractures causes dramatic production changes due to closing of these 

fractures as the reservoir pressure drops and also influences the growth and final 

geometry of hydraulic fractures used to enhance production (Lorenz, et al., 1988; 

Teufel and Clark, 1984).  Natural fracture networks can have a significant 

influence on the secondary or tertiary oil recovery.  Opening fractures cause early 

water breakthrough and reduce tertiary recovery efficiency due to channeling of 

injected gas or fluids.  It is reported that in at least two hundred oil and gas fields, 

natural fractures control reservoir performance (Nelson, 1985).  Because of the 

unique characteristics of a naturally fractured reservoir, it is essential to know 

fracture location and fracture geometric characteristics (orientation, spatial 

intensity, length, spacing and connectivity).  Detailed fracture network 

information allows a producer to design optimal recovery processes utilizing the 

opening fractures to direct oil and gas toward wells more efficiently.      

 Opening fractures are normally below seismic resolution.  Direct 

detections of subsurface fractures are limited to core or image logs.  Most natural 

fractures are vertical and are unlikely intersected by a vertical or deviated 

wellbore (Lorenz and Warpinski, 1996).  Due to the sparseness of the available 

data, geostatistical (La Pointe and Hudson, 1985; Dershowitz and Einstein, 1988; 
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Kulatilake, et al., 1993) and geomechanical methods (Rives et al., 1992; Olson, 

1997) are used to extrapolate the subsurface fracture attributes.  A geomechanical 

model has its advantage over geostatistical methods in that it emphasizes 

fracturing processes, such as fracture propagation, interaction and termination, 

and it requires less direct fracture sampling than statistical method.  By dividing a 

reservoir into multiple grid blocks and applying appropriate initial and boundary 

conditions for each grid block, geomechanical models can potentially generate 

reasonable fracture patterns (Olson, 1997).  The initial and boundary conditions as 

well as the rock properties in each grid block can be determined from laboratory 

testing, numerical experiments and field observations.   

The objective of this study is to build a geomechanical model which has a 

high computation speed, can deal with large numbers of fractures and the initial 

fractures start at small scale.  A simplified geomechanical forward model with 

such features would be used in the future for the purpose of fracture pattern 

inversion from observed data.  This dissertation includes four sections.  Chapter 2 

focuses on the shape of fracture paths, i.e. under what conditions do fractures 

propagate straight, and when do they curve.  Our study shows that beside the ratio 

of remote differential stress to fracture driving stress identified by Olson and 

Pollard (1989), bed thickness and fracture propagation mode also have a major 

influence on fracture paths.  Although non-planar fractures are commonly 

observed in the field, straight fracture paths are the more dominant geometry 

(Pollard and Segall, 1987; Renshaw, 1994).  Based on these observations and for 
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computational simplicity, straight fracture paths are assumed in subsequent 

chapters (3, 4 and 5). 

Chapter 3 quantifies mechanical interaction between two straight finite 

height fractures using a displacement-discontinuity boundary element model 

(Crouch and Starfield 1983; Olson, 1997).  The interaction factor (the magnitude 

of the fracture interaction) is expressed as a function of the two fracture’s length 

ratio and their relative position on a map view (a look-up table is built).  Based on 

this fracture interaction study, by assuming straight fracture path we propose a 

fracture capture model, which predicts that a fracture will stop propagating due to 

the mechanical interaction with its neighbor crack.  Using this premise, in chapter 

4 we derive a negative exponential fracture length distribution, which compares 

favorably with length data from the field.  The systematical fracture interaction 

study in chapter 3 also enables us to define a fracture’s direct influence region 

(“local” group), which provides a base for the simplified geomechanical fracture 

pattern growth simulator described in chapter 5.  In this semi-analytical fracture 

pattern growth simulator, only a few fractures (local group fractures) are 

explicitly modeled, and the surrounding area is treated as a continuum with an 

effective modulus controlled by fracture density (Segall, 1984).  The semi-

analytical model generates fracture patterns that are similar to the more rigorous 

boundary element model.  A sensitivity study based on the simplified fracture 

growth model shows that initial flaw density, subcritical index, bed thickness and 

elastic modulus influence the final fracture geometry.     
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CHAPTER 2:  FRACTURE PATH INTERPRETATION FROM 
PSEUDO-THREE-DIMENSIONAL LINEAR 

ELASTIC NUMERICAL SIMULATION 

ABSTRACT 

Fracture paths are important because they determine fracture connectivity 

and a reservoir grid block’s effective permeability.  Two-dimensional, plane strain 

numerical simulations of critical fracture propagation have shown that fracture 

growth geometries are sensitive to the ratio of remote differential stress to driving 

stress.  Pseudo-three-dimensional numerical investigations suggest that bed 

thickness and fracture propagation mode also have a major influence on the 

fracture path.  Numerical calculations predict that fractures will be more planar in 

thin beds for a given spacing.  Subcritical fracture growth paths tend to be 

straighter than critical fracture propagation path because mechanical interaction 

between fractures is weaker when cracks propagate subcritically.   

 

INTRODUCTION  

Fracture propagation direction depends on the stress field around the 

fracture tip.  If the stresses along the fracture length have both normal and 

shearing components (i.e., mixed-mode loading), the fracture will curve.  In linear 

elastic fracture mechanics there are several mixed-mode propagation criteria.  To 

understand these criteria, several terms need to be defined.  The stress intensity 

factor, Ki controls the near tip stress field as (Lawn and Wilshaw, 1975) 
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where Ki is defined as (Pollard and Segall, 1984)  

aK ii πσ∆=   for IIIorIIIi ,=     (2.2) 

r is the radial distance, θ  is the angle (Figure 2.1) and fij (θ) is a well defined 

function of θ  depending upon the loading mode.  The symbols I, II and III refer 

to the different modes of fracture propagation (Lawn and Wilshaw, 1975).  Mode 

I is the opening mode, the crack surface displacements are perpendicular to the 

plane of the crack.  Mode II is the sliding mode, the crack surface displacements 

occur in the plane of the crack and perpendicular to the leading edge of the crack.  

Mode III is the tearing mode, the crack surface displacements are also in the plane 

of the crack but parallel to the leading edge (Figure 2.2).  For non planar 

propagation of vertical fractures as seen in map view (after Olson and Pollard, 

1989), we are concerned only with mode I and mixed I-II.  The driving stress for 

mode I is the tensile stress normal to the crack surface.  The driving stress for 

mode II is the shear stress along the fracture plane.   

The mixed-mode fracture propagation criteria are: (1) fractures propagate 

perpendicular to the direction of the maximum circumferential stress (Erdogan 

and Sih, 1963), (2) fractures propagate in the direction of minimum strain energy 

density (Sih, 1974), (3) fractures propagate in the direction of maximum energy 

release rate (Strifors, 1974; Nuismer, 1975; Wu, 1978), and (4) fractures 

propagate in the direction of pure opening mode (mode I) (Kalthoff, 1973; 

Cotterell and Rice, 1980).  The various criteria have the common feature that 

KII=0 at an extending fracture tip, though the maximum circumferential stress, 
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minimum strain energy density, and maximum energy release rate criteria do not 

necessarily coincide with KII=0, when the fracture initially deviate from the 

straight propagation path (Cotterell and Rice, 1980).  Bergkvist and Guex (1979) 

concluded from their finite element calculations that the entire fracture path 

predicted by the local Mode I criterion and other methods are similar.  Mixed 

mode (I+II) fracture experiments verify the theoretical predictions (Ingraffea, 

1981; Maccagno and Knott, 1989; Mahajan and Ravi-Chandar, 1989; Maji and 

Wang, 1992; Thomas and Pollard, 1993).    

We follow Olson and Pollard (1989) in using the maximum 

circumferential stress criterion (Erdogan and Sih, 1963), which states that fracture 

extension starts in a plane normal to the direction of the maximum circumferential 

tension, σθθ, at an angle of zero shear stress, σrθ =0 (Figure 2.1).  Two-

dimensional, linear elastic numerical simulations of homogenous, isotropic 

materials for critical fracture growth have shown that fracture growth geometries 

are sensitive to the ratio of remote differential stress to driving stress (Olson and 

Pollard, 1989; Cruikshank, et al., 1991; Thomas and Pollard, 1993; Renshaw, 

1994).  For a fixed driving stress, larger remote differential results in a straighter 

fracture path.  Besides the differential stress, Renshaw (1994) further states that 

material anisotropy, fracture surface roughness, and inelastic behavior will affect 

the curvature of the fracture path.  However, Thomas and Pollard (1993) state that 

grain-scale heterogeneities of rock will not significantly change the propagation 

pattern from the homogenous numerical model.  All these studies are restricted to 

two-dimensional fracture propagation, but to investigate the degree of crack path 
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curvature developed between two interacting fractures in sedimentary rock, we 

can’t neglect the fracture height.  An analytical analysis from Kachanov (1987) 

shows that the crack interactions are generally weaker in three-dimensional 

analysis than in two-dimensional plane strain.      

 

THEORY OF SIMULATION MODEL 

To investigate the in-plane (mixed mode I+II) growth paths for a fracture 

confined in a finite bed thickness, we simplified the problem by assuming a 

homogeneous and isotropic elastic material with smooth fracture surfaces.  The 

displacement-discontinuity, boundary element method (Crouch and Starfield, 

1983) with a correction factor incorporated for fracture height effects (Olson, 

1997) is used as the pseudo-three-dimensional fracture growth model.  We follow 

the experimental design of Olson and Pollard (1989) except that we take account 

for three-dimensional effects.    

Fractures start from pre-existing flaws throughout the earth’s crust 

(Atkinson, 1982).  Fractures either propagate critically when the stress intensity 

factor (KI) equals or exceeds the fracture toughness of the material (KIC), or 

subcritically at a value substantially lower than KIC (Atkinson and Meredith, 

1987).  The critical fracture propagation (dynamic fracture) speed can approach 

the elastic wave speed in a rock (Irwin, 1958) on the order of 101 to 103 m/s 

(Olson, 1993).  Subcritical crack growth can be attributed to chemical effects of 

pore fluid in the crust environment (Atkinson, 1982; Kirby, 1984; Rice, 1978; 
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Atkinson and Meredith, 1987) and long-term loading of tectonically strained 

rocks.  Subcritical growth occurs when 

IcIIc KKK ≤≤* ,       (2.3) 

where KIC
* represents the lower threshold stress intensity.  We assume a lower 

threshold stress intensity of KIC
*=KIC /10 (Segall 1984a; Atkinson and Meredith 

1987b; Olson, 1993) in the following subcritical fracture growth path simulation.  

Subcritical propagation velocities may vary from 10-10 to 10-1 m/s, and can be 

described by the subcritical growth law (Atkinson, 1984; Swanson, 1984; 

Atkinson and Meredith, 1987b; Olson, 1993), 
n

Ic

I

K
K

VV )(max= ,         (2.4) 

where n is a rock property referred to as the subcritical fracture growth index.  

Vmax is a constant, representing the maximum possible fracture propagation speed.   

We use constant stresses parallel (σ22
r) and perpendicular (σ11

r) to the 

initial crack planes (compression is positive) for our modeling of critical fracture 

growth simulation, following Olson and Pollard (1989).  Natural fractures caused 

by earthquakes or by flow of ground water into the fracture (i.e. natural hydraulic 

fracture) are considered to be critical growth (Olson, 1989).  The differential 

stress is defined as ∆S=(σ22
r-σ11

r).  The fluid pressure inside the fracture is P 

(Figure 2.3), and  (∆σI=P-σ11
r) is the mode I driving stress.  The internal fluid 

pressure was adjusted at each growth increment so that KI=KIC (Olson and 

Pollard, 1989).  For the subcritical fracture growth simulation, we include an 

initial differential stress (∆S), i.e. ∆σ=∆S parallel to the initial cracks and zero 

normal stress perpendicular to the cracks.  On top of the initial differential stress 
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state, a constant strain rate perpendicular to the crack plane is imposed (Figure 

2.4).     

In an isotropic, homogenous material, the isolated crack depicted in Figure 

2.3 would propagate straight.  This can be explained by looking at the stress 

trajectories around the fracture tip (Figure 3 of Olson and Pollard, 1989).  When 

two fractures are close enough, they will interact with each other, and the stress 

field around the fracture tips will be altered (Figure 2.5), potentially causing the 

fracture path to curve.  The degree of curvature depends on the magnitude of the 

mechanical interaction relative to the in situ differential stress between the two 

fractures (Dey and Wang, 1981; Pollard et al., 1982; Olson and Pollard, 1989; 

Olson and Pollard, 1991).  Fracture interactions are generally weaker in 3D 

configurations than in 2D configurations.  This conclusion is based on an 

analytical method of stress analysis in elastic solids with many cracks (Kachanov, 

1987).  Based on this analytical prediction, we expect that fractures confined by 

finite bed thickness to be more planar than fractures simulated in 2D plane strain 

case. 

     

VERIFICATION: FRACTURE PROPAGATION PATHS IN TWO 
DIMENSIONAL PLANE STRAIN  

Critical Fracture Growth  

The first set of simulations were run to compare against the results of 

Olson and Pollard (1989).  Using the pseudo-3d code of Olson (1997), plane 

strain is approximated by a bed thickness that is many times larger than fracture 
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length and spacing (T=100m).  An initial fracture spacing of 3 meters was used, 

and differential stress was varied from 0 to 1 Mpa to 4 Mpa.  Fracture growth 

curves (Figure 2.6a) show that larger differential stress results in straighter crack 

paths, in agreement with Olson and Pollard (1989).  Driving stress decreases as 

the two fractures move toward each other, reaching a minimum value when the 

two cracks are about tip-to-tip (fracture length is about 10 meters, Figure 2.6b).  

There are two reasons for this drop in driving stress.  (1) For an isolated plane 

strain crack under critical growth, the driving stress required for crack 

propagation is,  

 
a

K Ic
I

π
σ =∆        (2.5) 

As the cracks propagate, fracture length increases, and the driving stress 

correspondingly decreases.  (2) Mechanical interaction between fractures 

enhances the fracture’s propagation when the two fractures underlap (underlap is 

defined as opposite to overlap, i.e. the two fractures haven’t reached each other), 

and thus less driving force is needed to maintain KI at KIC.  When the two 

fractures overlap (fracture length is larger than 10 meters, Figure 2.6b), the 

mechanical interaction impedes fracture’s growth, so that the driving stress has to 

rise to maintain the crack’s propagation.  For our configuration, the required 

driving stress drops again after about 15 meters of growth because the 

propagating inner tip of one crack approaches the non-propagating outer tip of the 

other crack.  This is an artificial effect, as in a real case these outer tips would be 

expected to propagate as well, preventing the inner tips of the two-crack array 

from approaching them.  The fracture growth path (Figure 2.6a) and driving stress 
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curve (Figure 2.6b) match Olson and Pollard (1989) exactly after correcting an 

error with respect to the driving stress calculation in Olson and Pollard (1989) (A 

constant of π is missing in their driving stress calculation. Their calculated 

driving stress should be π  times lower).   

The fracture path can be predicted by the ratio of remote differential stress 

to crack driving stress, R (Cruikshank, et al., 1991; Thomas and Pollard, 1993; 

Renshaw, 1994): 
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where the driving stress ( rp 11σ− ) is constant.  For our cases, driving stress 

changes, and the peak driving stress (p-σ11
r) value, which occurs when the two 

fractures overlap (shown in Figure 2.6b) is chosen for our remote differential 

stress (R) calculation.  When the differential stress ratio is less than 1 (R<1), 

fractures are more curved.  As the differential stress ratio increases above 1 

(R>1), cracks tend to be straight.  This is the same result observed by other 

researchers (Cottrell and Rice, 1980; Cruikshank, et al., 1991; Thomas and 

Pollard, 1993; Renshaw, 1994).  

Fracture propagation path is also determined by fracture spacing-to- length 

ratio (S/L), where the fracture length (L=2a) is the fracture segment length when 

the two fractures are tip to tip horizontally (Figure 2.7).  Similar to Olson and 

Pollard (1989), fractures are observed to be more planar (Figure 2.8a) with 

increasing S/L.  The distribution of crack perpendicular stress (σ11) around a 

fracture in 2D plane strain (Figure 2.9) shows an induced compressive stress on 

both sides of a fracture (stress shadow region) and an induced tensile stress ahead 
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of the fracture tips.  Figure 2.9 shows the width of a 2D plane strain fracture’s 

influence area is nearly equal to the fracture length on each side of the crack.  

Thus, for two fractures with a spacing-to- length ratio greater than one (S/L>1), 

the fractures are out of each other’s influence region.  Even for isotropic remote 

stress (Figure 2.8a, S/L=2) the fractures do not interact strongly enough to cause 

fracture path curving leading to intersection.  For isotropic stress and a spacing-

to-length ratio equal to or less than one (S/L=1), the two fractures interact strongly 

enough to cause intersection.  The driving stress upon overlap decreases as S/L  

increases (Figure 2.8b), because the impedance effect imposed by its neighbor 

crack diminishes with increase of S/L.  For spacing-to- length ratio of two (S/L 

=2), the driving stress curve is almost identical to that of an isolated crack (Figure 

2.8b), because there is very little mechanical interaction between wide spaced 

cracks.    

 

Subcritical Fracture Growth 

Crack interaction is diminished for subcritical crack growth compared to 

critical growth.  Subcritical growth occurs at a lower stress intensity values than 

critical propagation, thus less driving stress is required (Olson and Pollard, 1989).  

According to Renshaw (1994), for a fixed flaw length and remote differential 

stress, small KIC causes a high R, thus resulting in more planar fractures.  A 

constant displacement boundary condition and the subcritical crack growth law 

are used to numerically simulate slow natural fracture propagation in deformed 
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porous rock.  The results confirm that fractures propagating subcritically are 

straighter than those propagating critically (compare Figure 2.10 to Figure 2.6a).   

 

PROPAGATION PATHS FOR FINITE HEIGHT FRACTURES 

Critical Fracture Growth 

It is important to consider finite height cracks because sedimentary rocks 

tend to have fractures confined to beds.  The crack perpendicular stress (σ11) 

around a fluid-pressurized fracture shows that the stress perturbation extends out 

from the crack about the same distance as fracture height (Figure 2.11) when the 

smaller dimension of a fracture plane is the height.  Under these conditions, S/H 

instead of S/L  controls fracture path curving.  H=T refers to sedimentary rock in 

which fracture height is restricted by the layer boundary.  In our pseudo-3d model 

a simplification of H=T is made for fracture height based on field observations in 

sedimentary rocks.         

Crack paths and the driving pressure behavior are investigated for bed 

thickness effects for the case of isotropic remote stress ( 0=∆S ) (Figures 2.12a, 

2.12b, 2.13a and 2.13b).  The pseudo-three-dimensional simulations show that the 

fractures have the highest degree of convergence in the 2D plane strain case 

(T=100m and S/T=0.05 in Figure 2.12a; and S/T=0.02 in Figure 2.13a).  

Increasing the spacing to bed thickness ratio (S/T) results in straighter cracks, 

because the crack interaction decreases with an increase in S/T.  Eventually, when 

TS /  is greater than one, the fractures become nearly planar (Figure 2.12a and 

2.13a) indicating a strongly diminished mechanical interaction.     
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When S/T is less than one and the adjacent cracks overlap, mechanical 

interaction inhibits the fracture’s propagation.  Consequent ly, the driving stress 

has to increase to continue the fracture growth (Figures 2.12b and 2.13b).  As 

TS /  increases, the mechanical interaction decreases, and the driving stress 

curves get flatter (Figures 2.12b and 2.13b).  When S/T is above 1 (S/T=2.5), one 

fracture is nearly out of the other crack’s stress perturbation region.  Therefore, 

the fracture behaves like an isolated crack, which has a straight growth path and a 

characteristic driving stress curve (comparing curves of S/T=2.5 and isolated 

fracture for bed thickness of 2m in Figure 2.12b).  As predicted by equation 2.5, 

for an isolated finite-height fracture, the driving stress decreases with an increase 

of fracture length, until the length exceeds the height.  Once fracture length 

exceeds the height, the driving stress approaches a constant value.  Equation 2.5 

also indicates a higher driving stress is required in a thinner bed, because the 

fracture height constrained by the thinner bed is smaller.   

 

Subcritical Fracture Growth 

Using the same methodology as for the 3d critical fracture growth path, 

two sets of differently spaced en echelon cracks (spacing of 5m, Figure 2.14; and 

2m, Figure 2.15) are studied for subcritical fracture growth paths.  Compared to 

the critical growth path given isotropic remote stress, the subcritical growth path 

for a finite height fracture is always straighter (compare Figures 2.12a and 2.14a 

for spacing of 5m; and Figures 2.13a and 2.15a for spacing of 2m).  Subcritical 

fracture growth requires a lower driving stress and causes less stress perturbation 
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than critical fracture growth.  This results in less mechanical interaction and a 

smaller degree of fracture curving for a given S/T.   

As with the critical propagation case, fractures become more planar as S/T  

increases (comparing Figure 2.12a to Figure 2.13a).  For an isolated crack, the 

stress intensity factor first increases with fracture length, and then slightly 

decreases (Figures 2.14b and 2.15b).  When S/T>1, the stress intensity factor 

follows a similar trend as that of an isolated crack in 2D plane strain, but has a 

smaller magnitude (S/T=2.5 in Figure 2.14b; and S/T=2 in Figure 2.15b).  There 

are two reasons for this.  (1) If the spacing between the two cracks is greater than 

one bed thickness, mechanical interaction effects are almost zero, thus the stress 

intensity factor shares a similar trend as that of an isolated crack.  (2) The stress 

intensity factor depends not only on driving stress, but also on crack dimension.  

The limited fracture height results in a lower stress intensity factor.  The stress 

intensity factor of a crack under the influence of its neighbor fracture shares the 

similar changing trend of an isolated crack prior to overlap (L<8m).  The rapid 

decrease of the stress intensity factor for L>8m (compared to the slight decrease 

of an isolated crack) indicates the degree of mechanical interaction between the 

fractures.  Figures 2.14b and 2.15b show that for an interacted crack with L>8m, 

the smaller the S/T the faster the stress intensity factor decreases with the 

increasing fracture length.  The higher mechanical interaction for a smaller S/T  

results in a highly curved fracture path (Figures 2.14a and 2.15a).   

In general, with reference to 3d effects, the same conclusions are made for 

critical and subcritical crack propagation.  (1) Fracture paths become straight 
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when S/T>1. (2) If S/T<1, the degree of fracture curvature is determined by both 

S/T and R.  Reducing either S/L or R results in highly curved fractures. 

 

CONCLUSIONS 

The degree of crack path curvature developed between mechanically 

interacting fractures in sedimentary rock depends on the differential stress ratio 

(R) and fracture spacing-to- length ratio (S/L).   It is also controlled by the spacing-

to-bed thickness ratio (S/T) and the fracture propagation mechanism.  In a 2D 

plane strain case, S/L has dominant influence on fracture propagation paths.  S/T  

is more important than S/L in sedimentary rock if fracture height is confined by 

bed thickness.  If S/T>1, the fractures do not interact with each other, and the 

growth paths are straight regardless of R.  When S/T<1 and R>1, fractures also 

remain straight.  If both S/T<1 and R<1, fractures will curve and likely intersect.  

The smaller S/T and R, the higher the degree of fracture curvature is.   

Because subcritical fracture growth requires less driving stress for 

propagation, there is less crack- induced stress perturbation and consequently less 

mechanical interaction, resulting in straighter fracture paths. 

The highly curved fractures indicate small fracture spacing and a lower 

differential stress compared to the driving stress when fractures are formed.  

Although highly curved fractures have been reported in the field, straight crack 

patterns are more common (Segall, 1984, Rives et al., 1992; Olson, 1993; Becker 

and Gross, 1996).  By limiting our study to straight cracks for the subsequent 
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chapters, we are able to take advantage of simpler formulations for fracture 

network simulation and can limit the geometric possibilities.  
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Figure 2.1  Maximum circumferential stress criterion of Erdogan and  Sih 
(1963).  Fractures propagate radially from the crack tip at an angle 
θ, the direction of maximum circumferential tension, σθθ, which 
coincides with the direction of zero shear stress, σrθ=0.   
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Figure 2.2  Three fundamental modes of fracture.  A: mode I, opening mode; 
B: mode II, in-plane shear or sliding mode; C: mode III, anti-plane 
shear or tearing mode. 
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Figure 2.3  Boundary conditions used for critical fracture growth simulation. 
The constant stress components σ11

r and σ22
r act perpendicular and 

parallel to crack plane, respectively. 
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Figure 2.4  Boundary conditions used for subcritical fracture growth 
simulation.  A constant strain rate is imposed perpendicular to the 
crack plane, with a constant stress (∆S=σ22

r-σ11
r) parallel to it. 
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Figure 2.5  Magnitude of crack perpendicular stress (σyy) around two 
interacting fractures. The crack-induced stress in front of the 
fracture tips is tensile stress (negative), and the stress at both side 
of the fractures are compressive (positive). The unit of the stress is 
MPa.   
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Figure 2.6a  Theoretical fracture paths driven by internal fluid pressure for bed 
thickness of 100m (fracture is under critical growth). The three sets 
of curves represent the results for various differential stress (0, 1 
and 4 MPa). The initial fracture spacing is 3m. Fractures are 
propagated simultaneously towards each other.  

 

 

 

 

 

 

 

 

 

Figure 2.6b  Driving pressure required to propagate one fracture to a specified 
length keeping KI=KIC. Each curve represents a specific 
differential stress. Fracture configuration is illustrated as Figure 
2.6a. 
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Figure 2.7  Two parallel fractures each with length L are tip-to-tip. The 
distance perpendicular to the two fractures is S. Fracture height is 
H, and the bed thickness is T. In this case fracture height equals 
bed thickness (H=T).
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Figure 2.8a  Theoretical fracture paths driven by internal fluid pressure for bed 
thickness of 100m. (This is a mapview. The bed thickness is in the 
direction perpendicular to the paper). The three sets of curves 
represent different initial spacing to length ratios. Remote 
differential stress is zero and the fracture is under critical growth. 

 

 

 

 

 

 

 

Figure 2.8b  Driving pressure required to propagate one fracture to a specified 
length. Each curve represents different spacing to length ratio. The 
fracture configuration is illustrated in Figure 2.8a. Remote 
differential stress is zero.  
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Figure 2.9  Distribution of crack perpendicular stress, σ11, induced by internal 
fluid pressure for 2D plane strain, ∆S=0. On both sides of the 
fracture, the induced stress is compressive (positive). In front of 
the fracture tips the induced stress is tensile (negative). The size of 
compressive stress range is proportional to fracture length.   
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Figure 2.10  Theoretical fracture paths driven by remote constant stain rate for a 
bed thickness of 100m for subcritical growth. The three sets of 
curves represent various differential stresses. The initial fracture 
spacing is 3m.  The two fractures propagate simultaneously 
towards each other.
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Figure 2.11  Distribution of crack perpendicular stress, σ11, induced by internal 
fluid pressure for a bed thickness of 5m and ∆S=0. On both sides 
of the fracture, induced stress is compressive, and in front of the 
fracture tips induced stress is tensile. The size of compressive 
stress range is proportional to bed thickness.  
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Figure 2.12a  Theoretical fracture paths for different bed thickness given critical 
growth. Initial crack spacing is 5m and ∆S=0.  

 

 

 

 

 

 

 

 

Figure 2.12b  Driving pressure required to propagate one fracture to a specified 
length. Each curve represents a specific bed thickness. Fracture 
configuration and propagation condition are shown in Figure 
2.12a. 
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Figure 2.13a  Theoretical fracture paths for different bed thickness given critical 
growth. Initial crack spacing is 2m and ∆S=0.  

 

 

 

 

 

Figure 2.13b  Driving pressure required to propagate one fracture to a specified 
length. Each curve represents a specific bed thickness. Fracture 
configuration and propagation condition are shown in Figure 
2.13a. 
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Figure 2.14a  Theoretical fracture paths for different bed thickness given 
subcritical growth. Initial crack spacing is 5m and ∆S=0.  

 

 

 

 

 

 

 

 

Figure 2.14b  Stress intensity factors required propagating one fracture to a 
specified length. Fracture configuration and propagation condition 
are shown in Figure 2.14a. 
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Figure 2.15a  Theoretical fracture paths for different bed thickness given 
subcritical growth. Initial crack spacing is 2m and ∆S=0.  

 

 

 

 

 

 

 

 

Figure 2.15b Stress intensity factor to propagate one fracture to a specified 
length. Each curve stands for a specific bed thickness. Fracture 
configuration and propagation condition are shown in Figure2.15a.  
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CHAPTER 3:  MECHANICAL INTERACTION BETWEEN 
FRACTURES 

ABSTRACT 

Mechanical interaction between fractures directly affects a fracture’s 

propagation and termination, and controls final fracture pattern.  Using a 

displacement discontinuity boundary element model, we investigated the elastic 

mechanical interaction between two mode-I cracks in two-dimensional plane 

strain and pseudo-three dimensions.  A fracture directly interacts with its neighbor 

cracks, if both the vertical distance and the horizontal distance between the two 

fractures’ inner tips (the fracture tips that toward each other) are less than three 

times of the fracture’s length.  When the bed thickness is larger than the crack 

length, the fracture spacing to length ratio has more influence on the crack 

interaction.  Otherwise, the spacing to bed thickness ratio dominates the 

magnitude of fracture interaction.  En echelon crack propagation is enhanced 

when two cracks underlap slightly, but is impeded when the cracks overlap.  The 

mechanical interaction between fractures decreases with declining bed thickness 

for fixed fracture spacing.  If cracks of unequal size are close enough to one 

another relative to the dimension of the smaller crack, the propagation of the inner 

(overlapping) tips of the both cracks can be arrested and the outer tip of small 

crack will carry on the propagation.     
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INTRODUCTION 

En echelon arrays indicate the prevalence of mechanical interaction 

(Kranz, 1979; Dey and Wang, 1981; Pollard e al, 1982; Olson and Pollard, 1989; 

Olson and Pollard, 1991).  Mechanical interaction between fractures is caused by 

the stress perturbation around the crack induced by nearby fractures.  This stress 

perturbation influences both fracture propagation direction and fracture 

termination, and therefore determines the fracture pattern geometry (Pollard et al., 

1982; Nur, 1982; Segall and Pollard, 1983; Pollard and Aydin, 1984;  Pollard and 

Aydin, 1988; Olson and Pollard, 1991).  

Stress intensity factor (K) and crack extension force or strain energy 

release rate (G) are two terms in fracture mechanics used to predict a fracture’s 

initiation, propagation and termination.  In order to calculate the crack extension 

force, G, and predict the growth direction for a particular crack, we must consider 

the mechanical effects of all the other fractures in a defined area (Segall, 1984).  

Since the mechanical effect from every single fracture is hard to account for 

explicitly without using a numerical model, Segall (1984) proposed a separation 

of the fractures into two groups: 1) a “local group,” near the particular crack that 

interacts directly with this crack, and 2) a much larger “remote group,” which 

influences the crack only through a change in elastic modulus.  One purpose of 

this chapter is to quantify the “local” and “remote” group by studying the 

mechanical interaction.    

The crack extension force, G, for each crack depends on the remote stress 

or strain, mechanical interaction from other cracks and fracture length.  Those 
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cracks with the greatest extension force propagate at the expense of others (Segall 

and Pollard, 1983).  Numerous calculations have been done to investigate the 

effect of fracture interaction (Segall and Pollard, 1980; Pollard et al., 1982; Segall 

and Pollard, 1983; Pollard and Aydin, 1984; Olson and Pollard, 1991).  For two 

center-aligned cracks, a longer fracture impedes the shorter one’s growth (Segall 

and Pollard, 1983).  If fracture spacing is small and cracks are about tip-to-tip in 

horizontal direction, a fracture’s propagation enhancement is at a maximum 

(Pollard, Segall and Delaney, 1982; Olson and Pollard, 1991).  Pollard and Aydin 

(1984) concluded that en echelon arrays with small horizontal separations 

enhance a fracture’s propagation until an over- lapped configuration is achieved, 

beyond which fracture interaction hinders crack growth.  All of these studies are 

two-dimensional analyses.  An exception is from Kachanov (1987), who 

concluded from an analytical stress analysis of an elastic solid with many cracks 

that crack interaction is weaker in 3D configurations than in 2D configurations.  

Based on a displacement discontinuity boundary element model (Crouch 

and Starfield, 1983; Olson, 1991; Olson, 1997), we systematically calculate the 

mechanical interaction between cracks of different length, spacing and overlap, 

and also account for the three-dimensional effects of bed-contained fractures.  By 

studying the interaction curves, we propose that when a small crack is close to a 

large crack, it can significantly suppress the large crack’s propagation.  
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THEORETICAL BACKGROUND 

We focus on the elastic interaction between two mode I cracks in infinite 

(two-dimensional, plane strain) and finite bed thickness (three-dimensional) cases.  

We restrict ourselves to straight crack propagation, which implies the presence of 

a large crack-parallel differential compression.  When the ratio of remote 

differential stress to crack driving stress (the remote differential stress ratio) is 

above one, the fracture tends to be straight (Cottrell and Rice, 1980; Olson and 

Pollard, 1989; Cruikshank, et al., 1991; Thomas and Pollard, 1993; Renshaw, 

1993).  Theoretical analyses have shown that a remote compressive stress acting 

parallel to a crack may produce a straight crack path even in the presence of a 

mode II stress intensity (Cotterell and Rice, 1980; Karihaloo and others, 1980; 

Pollard et al., 1982; Olson and Pollard, 1989).   

Two-dimensional, plane strain, linear elasticity is initially utilized to 

calculate fracture interaction.  The two-dimensional plane strain case is one end 

member of our three-dimension model, in which the bed thickness is much greater 

than fracture length.   The two-dimensional analysis is an approximation, which 

applies to three idealized types of fracturing in nature (Olson, 1993): (1) the 

vertical propagation of horizontally elongated, blade-like fractures in an infinite 

body, as in joints propagating across a sedimentary laye r from one bed boundary 

to another, (2) the horizontal propagation of slot- like fractures of fixed height that 

can freely open at top and bottom, as in the lateral growth of a joint confined to a 

bed that has freely slipping interlayer boundaries, and (3) the propagation of 

penny-shaped fractures in an unlayered intrusive body.   
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The fracture propagation model we used to calculate fracture interaction is 

based on a displacement-discontinuity boundary element numerical technique 

(Crouch and Starfield, 1983).  Olson modified Crouch and Starfields’ model and 

applied it to fracture network simulation for both two-dimensional plane strain 

(Olson, 1989; Olson, 1991; Olson, 1993) and pseudo-three dimensional cases 

(Olson, 1997).  In Olson’s pseudo-3d model, a correction factor has been 

incorporated to account for fracture height by assuming fracture height equals bed 

thickness.  The correction factor modeled after equation 8.67 in Pollard and Segall 

(1987), 
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where σ11 is the normal stress at a distance x1 from the joint on the symmetry 

plane x2=0,  r
11σ  is remote stress, and T  is bed thickness.  This correction results 

in a stress perturbation that dies off at a length scale proportional to layer 

thickness.  The normal stress σ11 along the symmetry plane x2=0 calculated from 

Olson’s pseudo 3d model is similar to the stress predicted by the true 3d (Figure 

3.1).  The following fracture mechanical interaction is directly calculated from 

Olson’s numerical model (1997).   

 

FRACTURE CONFIGURATION AND MODEL VERIFICATION 

Fracture Configuration  

To calculate the fracture interaction between two cracks, we use the 

fracture geometric configuration as shown in Figure 3.2.  The lengths of the main 



 42 

and field cracks are 2a and 2b, respectively.  The crack-parallel distance between 

the two crack centers is 2d, and the crack-perpendicular spacing between the two 

cracks is s2 .  The tips that will initially overlap are called the inner tips and  

exterior tips are outer tips.  Crack overlap is defined as the distance between the 

inner tips of the upper and lower cracks (2o).  The two cracks underlap if o/b<0; 

and overlap if o/b>0.  Because of the symmetry of the crack configuration, we 

only investigate cases for d=0.  The crack geometry (fracture length, spacing and 

overlap) is non-dimensionalized by the field crack length, 2b.  By assuming 

straight fracture path, we are concerned only with mode I cracks.  Stress intensity 

factor of mode I crack, KI , is normalized by the stress intensity factor of an 

isolated mode I crack with the same fracture length and applied stress, i
IK .  We 

define a dimensionless stress intensity factor, i
II KK / , also called the fracture 

interaction factor. 

 

Model Verification 

Historically, the dimensionless crack extension force (G/Gi) has been used 

to quantify facture interaction (Pollard et al., 1982; Segall and Pollard, 1983; 

Pollard and Aydin, 1984; Pollard and Aydin, 1988; Olson and Pollard, 1991).  G 

is the crack extension force of a main crack under mechanical interaction of a 

field crack.  Gi is the crack extension force of the isolated main crack.  For two-

dimensional analysis, the crack extension force relates to the two stress intensity 

factors (KI and KII) as,  

µυ 2/)1)(( 22 −+= III KKG       (3.2) 
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where KI is the mode I stress intensity factor, and KII is the mode II stress 

intensity factor.  The various mixed-mode propagation criteria (the maximum 

circumferential stress, minimum strain energy density, maximum energy release 

rate, and the local Mode I criteria) have the common feature that KII =0 at an 

extending fracture tip, though they do not necessarily coincide with KII =0 at the 

early kink (Cotterell and Rice, 1980).  The entire fracture path predicted by the 

local Mode I criterion and other methods are similar (Bergkvist and Guex, 1979; 

Cotterell and Rice, 1980).  So for our straight fracture growth study, iGG /  can be 

approximated by,   
2)/(/ i

IIi KKGG ≈        (3.3) 

In the displacement discontinuity boundary element model (Olson, 1991; Olson, 

1997), the mode I stress intensity factor (KI) can be directly calculated.  We used 

equation 3.3 to convert the fracture interaction factor ( i
II KK / ) to the 

dimensionless crack extension force (G/Gi), so that our results are comparable to 

published results (Pollard et al.,1982; Segall and Pollard, 1983; Tamuzs and 

Petrova, 1999).   

For two center-aligned (o/b=1) cracks with different spacing and length 

ratio, our numerical results are almost identical to those calculated by Segall and 

Pollard (Figure 11 of Segall and Pollard, 1983) using the Schwarz-Neumann 

alternating technique (Muskhelishvili, 1954; Sokolnikoff, 1956) (Figure 3.3).   

To compare with the result of Pollard et al. (1982), we calculated the G/Gi 

of the middle crack in a three-crack en echelon array using the displacement 

discontinuity boundary element method.  Besides directly calculating G/Gi from 
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the three-crack en echelon array, we also use an approximation method.  In the 

approximation method, the three-crack array (array123 made of crack 1, 2 and 3) is 

divided into two independent two-crack arrays (array12 made of cracks 1 and 2, 

and array23 made of crack 2 and 3).  By multiplying the dimensionless crack 

extension force calculated from array12  ( 22
12 / iGG ) and array23 (

22
23 / iGG ), 22

123/ iGG  

of the middle crack (crack 2) in a three-crack en echelon array, array123 can be 

approximated by 
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The results from direct calculation and approximation methods are remarkably 

similar.  Both of them are consistent with the results shown in Figure 12A of 

Pollard, et al. (1982) (Figure 3.4).  This demonstrates that we can reasonably 

model the mechanical interaction of a three-crack echelon array by multiplying 

the results of two-crack arrays.  

 

MECHANICAL INTERACTION BETWEEN TWO FRACTURES 

One interesting phenomena observed in the field is that fractures tend to 

the long and straight in sedimentary rocks (Dyer, 1988), and are short and contain 

many en echelon array cracks in igneous rock (Segall, 1983).  This can be 

quantitatively explained by the different mechanical interactions between cracks 

in 2d plane strain and pseudo 3d.  The mechanical interaction imposed on a main 

crack (Figure 3.2 for the fractures’ configuration) is caused by the stress 

perturbation induced by its nearby field fracture.  The width of the stress 

perturbation area is proportional to the field fracture height or length, depending 
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on which one is smaller (Olson, 1993; Olson, 1997).  If the main crack lies within 

the field crack-perturbed stress region, the main crack is directly affected by the 

field crack, and the interaction factor will not be equal to one (i.e. KI /KI 
i ≠1).  In 

2d plane strain, the width of stress perturbation region is about the same size as 

fracture length (2b), where the fracture length is much smaller than the fracture 

height (Figure 3.5).  In sedimentary rocks, fracture height (H) is constrained by 

bed thickness (T), and the bed thickness is typically smaller than its length.  Thus, 

the region of fracture-perturbed stress in sedimentary rocks is normally controlled 

by T (Figure 3.6).  The crack- induced stresses in sedimentary rock and igneous 

rock are quite different, so do the caused mechanical interaction.  These 

difference results in diverse fracture patterns.   

 

In Igneous Rock (2d Plain Strain) 

We systemically investigate the fracture interaction factor (KI /KI 
i) as a 

function of dimensionless overlap, length and spacing (s/b, o/b and a/b) (Figures 

3.7, 3.8 and 3.9).  The interaction factor (KI /KI 
i) changes dramatically with 

dimensionless overlap (o/b) (Figures 3.7 and 3.8).  The stress intensity factor for 

significantly under-lapped and over-lapped cracks (quantitatively, this can be 

defined as |o/b|>3) is essentially the same as that for an isolated crack               

(KI /KI 
i =1), i.e., if the two cracks are far apart, they don’t affect each other.  As 

the main crack moves close to the field crack (increasing of o/b in the region of 

o/b<0), KI /KI 
i of the main crack’s inner tip increases significantly and reaches its 

peak value when o/b is close to zero, i.e., the main and field cracks’ inner tips are 
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nearly tip-to-tip (Figures 3.7).  In the fracture under- lap region of -3<o/b<0,       

KI /KI 
i >1, i.e. the mechanical interaction from the field crack enhances the main 

crack’s propagation.  The interaction factor of crack’s inner tip (KI /KI 
i) decreases 

sharply once the two cracks start to overlap (o/b>0), and soon drops below one 

(KI /KI 
i<1), i.e. the mechanical interaction from the field crack impedes the main 

crack’s propagation.  The maximum impedance of the fracture’s inner tip occurs 

at o/b≈0.5 (Figure 3.7).  The normalized overlap determines whether the 

propagation of a main fracture is enhanced or impeded by its neighbor field crack.   

Overall, the relative length of the field crack doesn’t have much impact on 

the main crack’s inner tip, but it has a big influence on the main crack’s outer tip 

(Figure 3.8).  To investigate the effect of fracture length ratio (a/b), KI /KI 
i is 

plotted versus o/b at different a/b (Figure 3.7).  Figure 3.7 shows that the results 

are virtually identical for all crack length ratios for –3<o/b<~0.2.  Then the peak 

impedance occurs at o/b≈0.5, depending on a/b.  As a/b gets smaller, the 

minimum value becomes smaller (from 0.5 to 0.1) and it occurs at lesser overlap 

(~0.8 down to 0.5).  When a/b>5 the impedance is independent of a/b.   

The interaction factor of the main crack’s outer tip is sensitive to the 

fracture length ratio when it is plotted versus overlap (Figures 3.8, 3.11 and 3.14).  

This is because that overlap is defined as the distance between the inner tip of the 

field crack and the inner tip of the main crack.  When the main crack is small 

(such as a/b=0.2 in Figures 3.8, 3.11 and 3.14), its two tips (inner and outer tips) 

are so close, that when the main crack’s inner tip is close to the field crack inner 

tip, the main crack’s outer tip also approaches it.  Thus, for a/b=0.2 the interaction 
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factor versus overlap for both the inner and outer tips of the main crack look 

similar (comparing Figures 3.7 to 3.8; Figures 3.10 to 3.11; and Figures 3.13 to 

3.14 for a/b=0.2).  When the main crack is much larger than the field crack (such 

as a/b=20), Even if the inner tip of the main crack is close to the field crack, the 

outer tip of the main crack is still far away from it.  So the outer tip of the main 

crack is unlikely affected by the field crack (KI /KI 
i≈1), even if the main crack’s 

inner tip is in the field crack’s influence region (-3 ≤o/b≤ 3) (Figures 3.8, 3.11 and 

3.14 for a/b=20).  Because the effect of crack length ratio on the interaction factor 

of a main crack’s outer tip is not essential, we will focus our study on the main 

crack’s inner tip.    

The dimensionless fracture spacing (s/b) has a controlling effect on the 

magnitude of interacting factor (KI /KI 
i), over the fracture length ratio (a/b).  

When s/b=3, 1/ =i
II KK , indicates that the field crack doesn’t directly interact 

with the main crack (Figure 3.9).  1/ >i
II KK  suggests that the field crack 

enhance the main crack’s propagation.  While 1/ <i
II KK  means tha t the field 

crack inhibit the main crack’s propagation.  As s/b decreases, the mechanical 

interaction between the field and main cracks increases dramatically.  For 2d 

plane strain fracture, as s/b decreases from 3 for 0.1, the maximum i
II KK /  

increases from 1 to 2 (the main crack’s propagation is more enhanced) and the 

minimum KI /KI 
i decreases from 1 to 0.2 (for 1/ <i

II KK , the smaller the KI /KI 
i, 

the greater main crack is impeded, shown in Figure 3.9).  The field crack fur ther 

enhances or impedes the main crack propagation, when the spacing between the 

two cracks is small.   
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In Sedimentary Rock (Pseudo-3d Case)   

Cracks are prevalent in sedimentary rocks, so it is important to consider 

the bed thickness effect.  The stress field induced by a finite height field crack is 

different from that caused by a 2D, plane strain field crack (Figures 3.5 and 3.6), 

so the resulting mechanical interaction on the main crack is different.  The 

magnitude of the main crack’s interaction factor is determined by its relative 

position in the field crack’s perturbed stress region.  The relative position can be 

measured by 2s/2b, when the field crack length (2b) controls the perturbed stress 

region size (i.e. when H/2b>1) and is calculated by 2s/H, while the field crack 

height (H) determines the dimension of the stress perturbation area (i.e. when 

H/2b<1).  In our pseudo-3d model fracture height always equals bed thickness 

(H=T), so the relative position of a main fracture towards a field crack is 

determined by 2s/min(2b, T).      

To investigate the bed thickness effect, I explored two typical cases, one 

for T/2b>1 (Figures 3.10, 3.11 and 3.12) and the other for T/2b<1 (Figures 3.13, 

3.14 and 3.15).  The dimensionless spacing is determined by s/b for the case of 

T/2b=2.5 (T/2b>1) and by 2s/T  for the case of T/2b=0.5 (T/2b<1).  Similar to the 

mechanical interaction study in 2d plane strain (Figure 3.7), the crack length ratio 

effect is investigated for the crack’s inner and outer tips under the bed thickness 

of T/2b=2.5 and T/2b=0.5.  For the main crack’s inner tip, seen from left to right 

(Figures 3.7, 3.10 and 3.13), when the two cracks are far apart (o/b<-3) the main 

crack is not affected by the field crack ( 1/ =i
II KK ).  As the main crack moves 
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towards the field crack, the field crack enhances the main crack’s propagation 

( 1/ >i
II KK ).  Once the two cracks overlap, the field crack impedes the main 

crack’s propagation ( 1/ <i
II KK ).  When the main crack completely passes the 

field crack (o/b>3), the main crack will again behave like an isolated crack 

( 1/ =i
II KK ).  Figure 3.13 shows when a/b>0.6, the interaction factor (KI /KI 

i) is 

virtually independent of a/b for a small bed thickness of T/2b=0.5.  The influence 

of crack length ratio on KI /KI 
i is further reduced in the thin bed.  Overall, the 

magnitudes of interaction factors in 2d plane strain are slightly larger those in 

T/2b=2.5, and the interaction factors for T/2b=2.5 are slightly greater than those 

in T/2b=0.5 (Comparison of Figures 3.7, 3.10 and 3.13 for main crack’s inner tip; 

Figures 3.8, 3.11 and 3.14 for main crack’s outer tip), but in the dimensionless 

form the difference is small.  

With the increase of dimensionless spacing (2s/2b or 2s/T), the interaction 

factor decreases rapidly for both T/2b=2.5 and T/2b=0.5.  The overall influences 

of dimensionless spacing on the crack interaction factor for 2d plane strain, 

T/2b=2.5 and T/2b=0.5 are nearly the same (Figures 3.9, 3.12 and 3.15).  For the 

same equivalent dimensionless spacing (2s/2b or 2s/T), decreasing bed thickness 

decreases the interaction factor of the main crack’s inner tip.  For a dimensionless 

spacing of 0.1, the maximum interaction factors (maximum enhancement) are 

1.95, 1.8 and 1.6 for 2d plane strain, T/2b=2.5 and T/2b=0.5, respectively.  The 

minimum interaction factors (maximum impedance) are 0.2, 0.2 and 0.1, 

respectively (Figures 3.9, 3.12 and 3.15).  Although for a specific observed 

spacing (2s), the mechanical interaction between two cracks is weaker in a thinner 



 50 

bed, especially when T/2b<1.  After the bed thickness is incorporated into the 

dimensionless spacing, However, the interaction factor is nearly the same for a 

given normalized spacing (2s/2b or 2s/T) regardless of the absolute T value.  

The study of dimensionless spacing effect (Figures 3.9, 3.12 and 3.15) 

shows that even though a field crack is much smaller than a main crack (here, 

a/b=20), the mechanical interaction from the field crack can significantly 

suppress the propagation of the main crack, if they are close enough to each other.  

For example, at s/b=0.25 and o/b=0.5 (the peak impedance), the stress intensity 

factor of the main crack’s inner tip reduces to about 0.5 of its original value for 2d 

plane strain case (Figure 3.9), and to 0.5 and 0.3 of its original values for 

T/2b=2.5 and T/2b=0.5, respectively (Figures 3.12 and 3.15). 

 

DISCUSSION 

To understand the influence of a field crack on a main crack, we quantify 

mechanical interaction between two fractures, such that the interacting factor 

( i
II KK / ) is calculated as a function of dimensionless spacing (s/b or 2s/T ), 

dimensionless overlap (o/b) and crack length ratio (a/b).  A field crack has 

influence on its neighbor main crack, when both dimensionless spacing, and 

dimensionless overlap are less than 3.  Thus a crack’s “local group” region 

(Segall, 1984), in which the crack has direct influence on others, is quantified.  

The field crack enhances the main crack’s propagation, when the two cracks 

under- lap and are close to each other (-3<o/b<0).  Once the two cracks overlap, 

the field crack impedes the main crack’s growth.   
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The influence of a field crack on a main crack decreases rapidly when the 

dimensionless spacing (s/b or 2s/T) increases.  For a fixed spacing (2s), the 

magnitude of interaction factor decreases promptly with bed thickness, if the 

fracture length exceeds bed thickness (T/2b<1).  This is because the interaction 

factor is directly related to the perturbed stress field, which is controlled by the 

smallest dimension of the fracture.  When the dimensionless bed thickness is 

greater than one (T/2b>1), the length of the field crack has a dominant influence 

on the main crack, which is the same as the 2D case.  When the dimensionless bed 

height is less than one (T/2b<1), the fracture height, which equals the bed 

thickness, is the smallest dimension.  The difference of mechanical interaction in 

2d and pseudo-3d can be used to explain the different fracture patterns in 

sedimentary and igneous rocks.  In practice, the bed thickness can be included 

into the dimensionless spacing to quantify the mechanical interaction.  
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Figure 3.1  Non-dimensioned normal stress, σ11/σ11
r, along the plane 

perpendicular to the crack through the crack middle.  The normal 
stress σ11/σ11

r along the symmetry plane x2=0 calculated from 
Olson’s pseudo-3d model is similar to the stress predicted by the 
true 3d (calculated by equation 3.1). 
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Figure 3.2  Fracture configuration illustrates main crack with length of 2a and 
field crack with length of 2b, and their relative position, which is 
quantified as Overlap (2o), the crack-parallel distance between the 
two cracks’ inner tips, and Spacing (2s), the crack-perpendicular 
distance between the two cracks. 2d is the crack-parallel distance 
between the two cracks’ centers. 
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Figure 3.3  The dimensionless crack extension force verse joint length ratio for 
different spacing of two-dimensional case, comparing with Figure 
2.11 of Segall and Pollard, 1983.  

 

 

 

 

 

 

 

 

Figure 3.4  The dimensionless crack extension force for the middle crack of a 
three-crack array.
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Figure 3.5  Distribution of crack perpendicular stress, σ11, for 2D plane strain. 
On both sides of the fracture, the induced stress is compressive. In 
front of the fracture tips induced stress is tensile. The size of 
compressive stress range is proportional to fracture length.
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Figure 3.6  Distribution of crack perpendicular stress, σ11, for bed thickness of 
5m. On both sides of the fracture, induced stress is compressive, 
and in front of the fracture tips induced stress is tensile. The size of 
compressive stress range is proportional to bed thickness.   
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Figure 3.7  The influence of the crack length ratio (a/b) on the crack 
interaction factor, plotted versus dimensionless overlap for the 
inner tip of the main crack. (2d plane strain and s/b=0.25). 

 

 

 

 

 

 

 

 

Figure 3.8  The influence of crack length ratio (a/b) on crack interaction 
factor, plotted versus dimensionless overlap for the outer tip of the 
main crack. (2d plane strain case and s/b=0.25).
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Figure 3.9  The influence of dimensionless spacing on crack interaction factor, 
plotted versus dimensionless overlap for the inner tip of the main 
crack (2d plane strain case and a/b=20). 

 

 

 

 

 

 

 

 

Figure 3.10  The influence of the crack length ratio (a/b) on the crack 
interaction factor, plotted versus dimensionless overlap for the 
inner tip of the main crack. (Pseudo-3d with T/b=2.5 and 
s/b=0.25).
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Figure 3.11  The influence of the crack length ratio (a/b) on the crack 
interaction factor, plo tted versus dimensionless overlap for the 
outer tip of the main crack. (Pseudo-3d with T/b=2.5 and 
s/b=0.25).  

 

     

 

 

 

 

 

 

Figure 3.12  The influence of dimensionless spacing on crack interaction factor, 
plotted versus dimensionless overlap for the inner tip of the main 
crack (Pseudo-3d with T/b=2.5 and a/b=20). 
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Figure 3.13  The influence of the crack length ratio (a/b) on the crack 
interaction factor, plotted versus dimensionless overlap for the 
inner tip of the main crack. (Pseudo-3d with T/b=0.5 and 
s/b=0.25). 

 

 

 

 

 

 

 

Figure 3.14  The influence of the crack length ratio (a/b) on the crack 
interaction factor, plotted versus dimensionless overlap for the 
outer tip of the main crack. (Pseudo-3d with T/b=0.5 and 
s/b=0.25).
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Figure 3.15 The influence of dimensionless spacing on crack interaction factor, 
plotted versus dimensionless overlap for the inner tip of the main crack (Pseudo-
3d with T/b=0.5 and a/b=20).
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CHAPTER 4:  EFFECT OF MECHANICAL INTERACTION 
ON FRACTURE LENGTH DISTRIBUTION 

ABSTRACT 

The underlying mechanisms of fracture propagation and interaction 

provide indications to the expected shape of fracture length distributions. When a 

small fracture is close enough to a large fracture, it can trap the large fracture and 

cause it to stop propagating due to mechanical interaction effects.  According to 

this criterion, an analytical equation is derived for the probability distribution 

function of fracture length showing fracture lengths follow a negative exponential 

distribution for two-dimensional map view sampling. 

 

INTRODUCTION 

Fractures can vary from mineral-grain size up to several kilometers long.  

Fracture length is generally assumed to be the result of random processes, and 

distributions are determined from the best- fit function to the collected field data 

(Dershowitz and Einstein, 1988; Barton and Zoback, 1992).  There are various 

published distribution functions for fracture lengths, each depending limited 

observations (Figure 4.1).  The distribution of fracture lengths observed in many 

studies appears to be lognormal (MacMahon, 1974; Bridges, 1976; Priest and 

Hudson, 1976; Baecher et al., 1977; Barton, 1977; 1981; Cruden, 1977; Baecher 

and Lanney, 1978; Einstein et al., 1980; Warburton, 1980; Einstein and Baecher, 
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1983; Hudson and Priest, 1983; Dershowitz and Einstein, 1988; Renshaw, C.E., 

1993).  Historically, the lognormal distribution has been used to describe fracture 

length data primarily for mathematical simplicity with no inherent physical 

significance (Barton and Zoback, 1992).  A lognormal distribution can result from 

a common distribution where there is inadequate sampling of small-scale features 

(Einstein and Baecher, 1983).  

Another hypothesis about fracture and fault length populations is that they 

obey fractal or power law distributions (e. g. Segall and Pollard, 1983; 

Gudmundsson, 1987; Okubo and Aki, 1987; LaPointe, 1988; Hirata, 1989; Heffer 

and Bevan, 1990; Laubach, 1992; Hatton et al., 1994; Johnston and McCaffrey, 

1996; Cladouhos and Marrett, 1996; Marrett, 1997; Odling, 1997; Marrett et al., 

1999; Ortega and Marrett, 2000; Stowell, 2000).  A power-law relationship is 

defined as (Cladouhos and Marrett, 1996): 

 DxCN −= ,       (4.1) 

where N is the numerical rank of a fracture of length x when sorted in ascendant 

order, D is the power law exponent, and C  is a constant of proportionality.  For 

fracture populations that follow fractal distributions, a plot of log(N) vs. log(x) 

will follow a straight line with slope of -D.   

Data are required over a wide range of scales to verify that fracture length 

follows a power law distribution.  A subset of the data can often look log-normal, 

but many argue that the parent population covering all scales is most likely 

governed by a universal fractal distribution (Marrett, 1997; Odling, 1997; Marrett 

et al., 1999; Ortega and Marrett, 2000).  Odling (1997) systemically gathered 
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fracture trace- length data in Devonian sandstones in western Norway in the seven 

different scales, in which fractures are mapped from 7 different observation 

heights from 1.5m to 368m.  Although the analysis of the collected data from the 

7 maps suggests a power- law distribution of fracture trace lengths with a constant 

exponent of –2.1, the power- law distribution has its upper and lower limits.  

Reducing the observation height to less than 1.5m, very few cracks are detected 

between the fractures, which is observed from a height of 1.5m (Odling, 1997).  

Odling (1997) concluded the lower cut-off of the power law distribution in 

Devonian sandstones in western Norway is around 1m, and the micro-fractures on 

the scale of the rock grains may not belong to the same power law distribution.  

At the longer end, fracture length data are fit to a power law distribution with a 

higher constant, D, which implies that long fractures are less abundant than in a 

strictly self-similar system (Odling, 1997).  

Self-similar distributions are scale invariant; that is, objects appear the 

same when viewed at different scales.  Self-similarity is a common explanation 

for the power law distribution of fracture length, which suggests that many 

phenomena evident at one scale are evident at other scales (e.g., Tchalenko, 1970; 

King, 1984; Barton and Larson, 1985; Okubo and Aki, 1987; LaPointe, 1988; 

Barton and Hsieh, 1989).  Self-similarity in a fracture process suggests the 

existence of a universal fracturing mechanism.  Castaing et al. (1997) argued that 

joint and fault systems individually could be scale independent, but combined 

throughout the scales they render the organization hierarchical in nature, i.e. scale 

dependent.  Overall, the applicability of universal scaling to field observations 
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and rock mechanics measurements remains the subject of debate (Johnston, 1996; 

Odling, 1997; Lyakhovsky, 2001).  

Based on fracture mechanics, Lyakhovsky (2001) explained that opening 

fracture growth, governed by the subcritical growth law, produces a self-similar 

shape, but the power law distribution breaks down if the fractures propagated 

dynamically.  However, Lyakhovsky’s mechanical model (of mode I crack 

growth) is not suitable to explain field observations of natural fractures.  First, 

constant stress is not a good boundary condition for natural fracture simulation in 

a geological time frame.  According to Griffith’s energy-balance theory (Griffith, 

1924), if a crack is loaded in uniform tension, the cracked system’s energy is a 

maximum at equilibrium, which causes the fracture to be unstable, and to 

propagate without limit (i.e. dynamic growth) (Lawn and Wilshaw, 1975).  

Another potential shortcoming in Lyakhovsky (2001) is that the mechanical 

interaction between fractures is ignored.  Numerical analyses by Pollard et al. 

(1982) and Olson and Pollard (1989) suggest mechanical interaction will have an 

impact on fracture length.  

Faults as natural shear fractures have different growth mechanisms than 

opening fractures.  Fault growth is considered a self-similar process (Scholz, 

1997).  The fault growth model and the fault linkage model were used to explain 

the power law distribution of fault length distribution (Cladouhos and Marrett, 

1996).  In the fault growth model, the total geological slip scales linearly with 

fault length (Cowie and Scholz, 1992; Cladouhos and Marrett, 1996; Scholz, 

1997).  Under the assumption of an initial power- law distribution of fault lengths 
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and a constant number of faults (no fault birth or death), fault length is simulated 

to be a power law distribution (Cladouhos and Marrett, 1996).  Cladouhos and 

Marrett’s (1996) fault growth model still is a single-fault growth model.  The fault 

linkage model refers to fault lengthening by coalescence with other faults. The 

fault linkage model specifies the amount of fault growth.  If a nearby fault is 

encountered, the two faults or fractures link. With the fault linkage model, it is 

possible to produce a power- law fracture length distribution from an initial fault 

or flaw distribution that is other than fractal.   

In contrast, Nicol (1996) stated that fault size populations do not follow a 

power law distribution but conform to a negative exponential distribution 

(Robertson, 1970; Call et al., 1976; Dershowitz and Einstein, 1988).  The 

probability distribution function, f(x), for a negative exponential  law can be 

expressed as: 

 
xexf λλ −=)( .      (4.2) 

As shown, there are multiple hypotheses for the nature of fracture length 

distributions based on empirical evidence.  However, no published study proposes 

a physical mechanism for fracture initiation, propagation, interaction and 

termination, or uses those basic assumptions to predict the nature of fracture 

length distributions.  We propose a mechanical model to predict fracture length 

distribution based on fracture mechanics and independently determined by initial 

and boundary conditions.   

 



 70 

FRACTURE CAPTURE MODEL 

When a fracture propagates, it disturbs the nearby stress field.  This causes 

a mechanical interaction between the propagating fracture and its neighbors.  The 

interaction influences a fracture’s growth and arrest, and therefore affects the 

fracture’s length.  Fracture interaction has been quantitatively studied using 

fracture mechanics (Pollard et al. 1982; Segall and Pollard, 1983; Pollard and 

Aydin, 1984; Pollard and Aydin, 1988; Olson and Pollard, 1991, Tamuzs and 

Petrovab, 1999).  Based on these two-dimensional analyses, we systemically 

investigate the interaction between fractures of different lengths and center 

locations, and also account for the three dimensional effects of fractures contained 

within finite thickness sedimentary beds.  We propose that small flaws, if close 

enough to a larger crack, can significantly suppress or arrest the larger crack’s 

propagation.  This fracture interaction, combined with the number of flaws in a 

given area, exerts a controlling influence on fracture length distributions.  

The fracture capture model proposed herein is built on several 

characteristics.  Firstly, the model focuses on the elastic interaction between two 

mode-I cracks under 2d plane strain and 3d cases.  These conditions correspond to 

the lateral propagation of slot- like (2d) through blade-like (3d) cracks (Olson, 

1993).  For simplicity, the model is restricted to straight crack propagation, which 

implies the presence of a large crack-parallel differential compression (Cotterell 

and Rice, 1980; Olson and Pollard, 1989; Cruikshank, et al., 1991; Thomas and 

Pollard, 1993).  Theoretical analyses have shown that a remote compressive stress 

acting parallel to a crack may produce a straight crack path even in the presence 
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of a mode II stress intensity (Cotterell and Rice, 1980; Karihaloo et al., 1980; 

Olson and Pollard, 1989).  Straight crack patterns are common in outcrops 

(Segall, 1984, Rives et al, 1992; Olson, 1993; Becker and Gross, 1996).  The 

assumption of straight cracks allows the use of simpler analytical models for our 

fracture length distribution study and also limits the geometric possibilities.  The 

geometric fracture configuration applied in this model is shown in Figure 4.2.  For 

convenience, we defined “field cracks” as the small cracks dispersed throughout a 

body that may be encountered by a “main crack” as it propagates through that 

body.  The lengths of the main and field cracks are 2a and 2b, respectively.  The 

crack-parallel distance between the two crack centers is 2d, and the crack-

perpendicular spacing between the two cracks is 2s.  Crack overlap is defined as 

the distance between the inner tips of the main and the field cracks, which is 

represented as 2o.   

Two-dimensional, plane strain, linear elasticity is utilized to calculate the 

interaction factor between cracks.  The model is based on a displacement 

discontinuity boundary element numerical technique (Olson, 1993).  An 

approximate correction factor has been incorporated into the model accounting for 

constrained fracture height (Olson, 1997).  These interaction factors are described 

in detail in chapter 2.  A subcritical crack propagation law (Atkinson, 1987) is 

used to represent fracture growth under geologic conditions (i.e., long term and 

low strain rate loading). In the subcritical crack propagation law, propagation 

velocity can be defined as (Atkinson, 1987; Olson, 1993) 
n

Ic

I

K
K

VV 







= max ,          (4.3) 
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where KI is the mode I stress intensity factor, KIc is the fracture toughness of the 

material, n is the subcritical growth index of the material, and Vmax is the 

maximum possible propagation velocity at critical growth (KI= KIc).  

The interaction factor, KI / KI 
i, is defined as the ratio of main crack, mode 

I stress intensity factor to the stress intensity of an isolated crack of the same 

length loaded by the same uniform stress.  The interaction factor quantifies the 

magnitude of mechanical interaction imposed by a field crack on to the main 

crack and varies with fracture spacing.  For a dimensionless spacing of 3 (s/b=3), 

the interaction factor is equal to 1 (KI /KI 
i=1) for all overlaps investigated            

(-2=o/b=2, Figure 4.3a).  Decreasing the spacing (crack-perpendicular distance) 

between the main and field crack increases mechanical interaction (Figure 4.3a).  

Different overlaps (crack-parallel distance) determine whether the main crack’s 

propagation is enhanced or impeded.  When the crack tips have not yet met 

(o/b<0), the interaction factor increases as the main crack passes closer to the 

field crack (Seen from left to right with o/b increased from –2 to 0 in Figure 4.3a), 

representing propagation enhancement for the main crack.  The maximum 

increase occurs when the two cracks are about tip-to-tip (o/b=0).  Once the two 

cracks overlap (o/b>0, seen from left to right with o/b increased from 0 to 2 in 

Figure 4.3a), the interaction factor decreases rapidly and finally drops below one 

(KI/ i
IK <1, when 0.2=o/b=1.5), representing propagation impedance of the main 

crack.  When the main crack right tip completely passes the  field crack (o/b>1.5), 

the main crack is no longer influenced.  The magnitude of mechanical interaction 

increases rapidly, as dimensionless spacing decreases.  As s/b decrease from 3 to 
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1, the peak interaction factor (enhancement) increases from 1 to 1.95, and the 

lowest value (peak impedance) changes from 1 to 0.2.  The mechanical interaction 

between cracks reduces with decrease of bed thickness (Figure 4.3b), because the 

finite bed thickness diminishes stress perturbation and restricts crack opening.   

To quantify propagation tendency, we define a capture ratio, Rc, which is 

defined as the ratio of the stress intensity factor of the outer tip of a field crack, 
fieldouter

IK − , to that of the inner tip of a main crack, maininner
IK − .  

maininner
I

fieldouter
I

c
K

K
R −

−

= .       (4.4) 

Propagation velocity can be related to stress intensity factor through subcritical 

growth law (equation 4.3).  Combining equation 4.3 and 4.4, the velocity ratio of 

the outer tip of the field crack to that of the inner tip of the main crack can be 

expressed as  
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.  (4.5)  

When the capture ratio is larger than one, the field crack’s propagation velocity 

exceeds that of the main crack (equation 4.5).  Thus the propagation is transferred 

to the field crack, while the main crack stops or propagates more slowly.  When 

the capture ratio is less than one, the main crack continues to propagate past the 

field crack.  The experimentally determined subcritical crack growth index for oil 

field rocks have been measured in the range of ~ 20 to 200 (Holder et al. 2001).  
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According to equation 4.5, the velocity contrast between these two cracks can be 

substantial, depending on the magnitude of the subcritical index.  

The capture ratio is a function of crack length ratio, overlap, spacing and 

bed thickness (Figures 4.4a, 4.4b, 4.4c and 4.4d).  There is a weak dependence on 

length ratio for a given spacing (s/b), where the smaller the length ratio of a main 

crack to a field crack, the higher the capture ratio (Figures 4.4a and 4.4b).  For a 

small spacing ratio of s/b=0.25 and equal length cracks (a/b=1), the maximum 

capture ratio occurs at o/b≈0.6 with a value of Rc≈2.8.  It drops to Rc=2.0 for 

a/b=10, but doesn’t change much for even smaller field cracks (a/b=25, 50) 

(Figure 4.4a).  Similar results can be seen at larger spacing, s/b=0.5 (Figure 4.4b).  

However, the capture ratio increases dramatically with a decrease in s/b  (Figure 

4.4c).  The maximum Rc occurs at o/b≈0.7 (Figure 4.4c).  For s/b=0.1, the 

maximum Rc≈5.4.  The peak Rc drops to 1.8 for s/b=0.25, and drops to 1 for 

s/b=0.5.  When s/b>0.5, the capture ratios are less than one (Rc<1) and the main 

crack will not be captured at all.  Thus, we define 0.5 field crack length as our 

critical spacing, and the area within is our capture zone.  For a fixed spacing of 

s/b=0.25, the smaller the bed thickness, the lower the maximum capture ratio is 

(Figure 4.4d).  The maximum Rc occurs at o/b≈0.7.  For T/b=0.5, the maximum 

capture ratio is about 1.5 (Rc≈1.5).  For T/b=2.5 and 2d plane strain, the 

maximum Rc≈1.8.   
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ANALYTICAL MODEL OF FRACTURE LENGTH DISTRIBUTION  

Based on the numerical results, the critical spacing for capture is one half 

the field crack length.  Assuming the propagation of any main crack passing 

within this critical distance of a field crack is arrested, we calculated the 

probability that a main crack propagating through a material with randomly 

distributed parallel flaws (field cracks) will reach a particular length.  This 

probability is the same as the probability tha t the propagating main crack will be 

captured by a smaller field crack.  By quantifying fracture capture probability, we 

can further calculate the expected cumulative and probability distribution function 

for fracture length.  

The probability that a main crack with length 2a will be captured is equal 

to the probability that at least one field crack of length 2b will lie within its 

capture zone (Figure 4.5).  The capture zone is a rectangular region around the 

main crack of length (2a+2b) and a width of 2 times the critical spacing (because 

the capture zone lies on both sides of the main crack), or (2a+2b)× 2b.  Since the 

field crack length b2  is much smaller than the main crack’s length a2 , area size 

can be simplified as 2a×2b.  The area outside the capture zone has a size of         

A-2a×2b.  Assuming N field cracks are uniformly randomly distributed in a total 

area A, the probability, P’, that at least one field crack will lie within the capture 

zone of a propagating main crack is equal to one minus the probability, PN_out, that 

no cracks reside in the capture zone (i.e. all field cracks locate outside the capture 

zone) or   

)2(1)2(' _ aPaP outN−= .      (4.6) 
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Since we assume the field cracks are uniformly randomly distributed, the 

probability, P1_out, of one field crack being outside the capture zone can be 

expressed as 

A
baA

aP out
22

)2(_1
×−

= .         (4.7) 

The probability that all N cracks are located outside the capture zone is 
N

N
outoutN A
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The probability, P, of a main crack of length x=2a not being captured is   
NN
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This is the probability that the crack will propagate to a length of at least x. 

Taking the logarithm of equation 4.9, we get 






 −=> x

A
bNxXP 21ln)(ln .      (4.10) 

Assuming area A is a square and the main crack of length x is prohibited from 

propagating out of the area of interest, the maximum dimension possible for x is 

A  (or A=x2).  Given also that field cracks are equivalent to flaws or micro-

cracks and will always be much smaller than the propagating main crack 

(2b<<x), we have  

1
22

<<≤
x
b

A
bx

.        (4.11) 

Under these constraints, we can consequently conclude, by 1st order Taylor 

expansion (Kreyszig, 1993, p803) 

x
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b
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2

1ln( −≈− .       (4.12) 

Inserting equation 4.12 into equation 4.10, we get 
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x
A
bNx

A
bNxXP 2)21ln()(ln −≈−=> .      (4.13) 

Therefore, the probability of the main crack not being captured, i.e. the 

probability for a fracture having a length larger than x (complementary 

cumulative distribution function) can be simplified as 
DxexXP −=> )( ,       (4.14) 

where the exponential constant, D, is given by  

A
N

bD 2= .        (4.15) 

Consequently, the probability of the main crack being captured can be expressed 

as 

 DxexXP −−=≤ 1)( .       (4.16) 

This is the same as the cumulative distribution function for a crack’s length being 

less than or equal to x, i.e., 

 DxexXF −−=≤ 1)( .       (4.17) 

The probability distribution function, f(x), can be converted from the cumulative 

distribution function, F(x) by 

 DxeD
dx

xdF
xf −==
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)( .       (4.18) 

Therefore, mechanical crack interaction for a main crack propagating through a 

population of smaller field cracks predicts a negative exponential fracture length 

distribution (equation 4.18), where the mean (µ) and standard deviation (σ) of 

fracture length equals 

 








===

A
N

bD 2

11σµ  .      (4.19) 
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Equations 4.18 and 4.15 represent a theoretically derived expression for fracture 

length prediction based on independent fracture mechanics principles for mode I 

crack growth.  The independent variables required for the equation are measurable 

rock characteristics, field crack density (N/A) and field crack length (2b).  

Varying the exponent D changes the shape of the complementary fracture 

length distribution (Figure 4.6).  If we increase D by increasing field crack 

density, the main crack has a higher probability of being arrested at a shorter 

length because of more potential flaws that could be inside the capture zone.  If D 

increases by increasing the field crack length, 2b, a main crack is more likely to 

be arrested at a shorter length because the capture zone (2a+2b)×2b is larger in 

size.  For higher values of D, shorter fractures make up a larger relative portion of 

the population than longer fractures.  For lower values of D, the longer fractures 

dominate the population.  

In the above 2d constant height fracture analysis, the fracture height is 

assumed to be infinite or to grow equally with length.  This is a simplification of 

reality.  In inter-bedded sedimentary sequences, fracture length and height equally 

develop (penny-shape cracks) until the fracture height reaches bed thickness (3d 

variable fracture height analysis).  After the fracture has propagated completely 

through the thickness of the bed, fracture propagation can be viewed as lateral 

propagation of blade-like fractures (Figure 4.7).  In our 2d constant fracture height 

analysis, we assume initial flaw height equals the bed thickness.  As a result of 

this assumption, a single flaw is capable of capturing the propagation crack.  In 

reality, the flaw height is much smaller than bed thickness, and can be assumed to 
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be equal to its length.  Under these conditions, it may take multiple flaws to 

capture the main crack.  Based on these assumptions for variable height fractures, 

a fracture length distribution is derived for a three-dimensional sampling problem. 

In the 3d variable fracture height analysis, we assume cracks are penny-

shaped until the fractures propagate across bed of thickness, T.  Under this 

condition, the capture zone is a rectangular parallelepiped around the main crack 

with dimensions of L×2b×min(L,H) (where L is crack length; b2  is 2 times the 

critical spacing; and min(L,H) is crack length or crack height depending on which 

is smaller) (Figure 4.8).  Assuming Nv field cracks are uniformly randomly 

distributed in a total volume TA× , the probability that at least n field cracks lie 

within the capture zone of a propagating main crack of length L  is equal to 1 

minus the probability of having exactly 0, 1, 2, 3……and n-1 cracks within the 

capture zone.   

To better visualize the difference between the probabilities of exactly n 

cracks in the capture zone versus at least n,  Figure 4.9 shows a histogram of the 

probabilities for an exact number of cracks in the capture zone.  All of these 

probabilities will sum to 1.  The probability that at least 1 crack exists in the 

capture zone (the same as having 1 or more cracks) is the sum 

P1+P2+P3+……+Pn+……+PN v.  This is the same as 1-P0.  The probability of at 

least 2 cracks in the capture zone is P2+P3+……+Pn+……+PN  v, or 1-P0-P1.  

Therefore, the probability of at least n cracks in the capture zone is 1-P0-P1-P2-

……Pn-1, or 

 ∑
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=
≥ −=

1

0

1
n

i
in PP .           (4.20) 
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Similar to the 2d constant fracture height analysis, based on the 

assumption that field cracks are uniformly randomly distributed, the probability of 

1 field crack being outside the capture zone, P1_out, can be expressed as the 

volume outside the capture zone (AT-2bLM) divided by the total volume (AT), or  

AT
bLMATLP out

2)(_1
−= ,         (4.21) 

where M is defined as the smaller of the fracture length (L) or height (H).  

Initially, the cracks are penny-shaped (L=H).  This is true as long as the length is 

less than bed thickness, i.e., 

 HLM ==     for TL ≤ .   (4.22) 

We further assume that fracture height cannot exceed bed thickness (H=T).  

Therefore, when the fracture length exceeds the bed thickness, the fracture will 

propagate with a fixed height, i.e.,  

 THM ==     for TL > .   (4.23) 

The probability of no crack lying within the capture rectangular parallelepiped 

zone equals the probability of having all field cracks located outside the capture 

zone, i.e.,  
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The probability of having exactly 1 crack within the capture zone, 1P , can be 

expressed as 

AT
bLMLP 2)(1 = .         (4.25) 

The probability of having exactly n cracks within the capture zone, nP  can be 

expressed as  
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Using equations 4.20, 4.24, 4.25 and 4.26, we can express the probability of at 

least n cracks in the capture zone as  
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The summation can be simplified as  
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Consequently, the probability of the main crack being captured, i.e. the 

cumulative fracture length distribution, which is defined as the probability of a 

fracture having a length less than or equal to L=x is  
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Assuming area A is a square and the main crack of length L is prohibited from 

propagating out of the area of interest, the maximum dimension possible for L is 

A  (or A=L2). Given also that field cracks are equivalent to flaws or microcracks 

and will always be much smaller than the propagating main crack (2b<<L), we 

have 

1
22
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b
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.        (4.30) 

M is the smaller of main crack length or bed thickness ( M=min(L,H)=T ), i.e., 

1≤
T
M

.        (4.31) 
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Combining equations 4.30 and 4.31, we get 
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Under these constraints, similar to equation 4.14, 
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By the constraints of equation 4.32, and also given that the number of field 

cracks, n, required to capture the main crack is larger than one, we obtain, 
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In the penny-shaped case, fracture height is less than bed thickness, so that  

LHLM == ),min( .       (4.35) 

Consequently, the cumulative fracture length distribution can be simplified as 
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Where the constant D is 

b
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Thus, the corresponding complementary cumulative fracture length distribution is 
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  Similar to 2d constant fracture height analysis, increasing the exponential 

constant D (i.e. flaw intensity, 
AT
NV , and flaw length 2b) reduces the portion of 

large fractures (Figure 4.10).  Instead of a straight line in a semi- log plot (Figure 
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4.6, 2d constant fracture height analysis), the 3d variable crack height analysis 

shows a concave curve, which gives a higher percentage of smaller cracks 

compared to the 2d constant fracture height case.  When the fracture height 

reaches the bed thickness (M equals T), equation 4.41 reduces to equation 4.16; 

i.e. the penny-shaped case is reduced to the constant fracture height case.  The 

corresponding complementary cumulative fracture length distribution changes 

from a concave curve to a straight line on a semi- log plot (Figure 4.11).    

 

FIELD DATA ANALYSIS 

Our exponential model fits fracture length data for opening mode cracks at 

different scales.  Published examples come from joints mapped in granite in the 

Sierra Nevada of California (Segall and Pollard 1983; Segall, 1984), micro-cracks 

(Olson, 1998; Hennings et al., 2000) imaged with SEM cathode-luminescence and 

macro-cracks (Laubach, 1992) from the Frontier sandstone of Oil Mountain, 

Wyoming and vein segments mapped at Culpeper Quarry, Virginia (Vermilye and 

Scholz, 1995).  In all cases, the length distributions have a negative exponential 

shape (Figures 4.12, 4.13, 4.15, 4.16 and 4.17).   

Detailed mapping of the cracks in granitic rock of the Ward Lake outcrop, 

Sierra Nevada (mapped area size of 35m×60m) reveals approximately 25±10 

cracks per square meter, or N/A=25±10 (Segall and Pollard, 1983, Figure 4.9).  

The initial flaw sizes are estimated to be somewhat larger than the average grain 

size of the granodiorite, or approximately 1.5±1cm (Segall and Pollard, 1983).  

These flaws are considered to be equivalent to our field cracks.  We obtain an 



 84 

empirical exponent (D) of 0.0715 by fitting our analytical fracture length model to 

the real data (Figure 4.12).  Setting the flaw size to 0.5 cm based on the field data, 

according to equation 4.15, we can reasonably estimate the crack intensity of 

N/A=15 cracks/m2 (well within Segall’s field estimate). In the Florence Lake 

outcrop, for the mapped area of 70×130 m2, using a field crack length of 1 cm 

based on Segall and Pollards’ field observations, we were able to match the 

measured length distribution using a N/A=17 per square meter (Figure 4.13).  

The 2d model tacitly assumes that fractures have a fixed height.  In a 

granite, it may be more approximate to assume the fractures are penny-shaped.  

Using our 3d variable fracture height model, we can test this hypothesis.  Fitting 

the 3d variable height model to the fracture trace- length data from Florence, 

Sierra Nevada (Segall and Pollard, 1983), we find that the 3d variable height 

model doesn’t work as well as the 2d constant height model (Figure 4.13).  This is 

because the collected fracture length data are from 2d map view of the outcrop.  

Cracks that appear in a planar outcrop may not be representative of the total 

population.  For the case of penny-shaped cracks, not all the joints extend from 

top to bottom in the bed.  A longer crack with a large fracture height has a greater 

chance to reveal itself on a planar outcrop than a short crack with small height.  If 

the field data is collected using a three-dimensional sampling in a cubic volume, 

we expect to see many more smaller cracks and roughly the same number of large 

cracks compared to the observation from the 2d sample, which corresponds to a 

higher percentage of smaller cracks and a lower percentage of larger ones shown 
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in the complementary cumulative frequency plot (Figure 4.13).  To validate our 

3d variable height model, we need to fit the 3d model to 3d sampling data.    

In reality, it is not feasible to do 3d fracture sampling.  Consequently, 3d 

fracture length distribution need to be estimated from the 2d planar fracture trace-

length data.  Therefore, a numerical sampling converter was designed.  In the 

numerical converter, a total of NV penny-shaped cracks with a specific length are 

uniformly randomly located in a defined volume (Figure 4.14).  At a randomly 

chosen depth (Z), the fracture numbers (N) revealed on the horizontal plane 

perpendicular to Z can be counted from our converter.  Therefore, the inputs of 

the converter are NV and  L.  At each run the converter will automatically pick up a 

random Z and output the fracture numbers (N) revealed at this depth.  At fixed NV 

and L, N is collected after each run.  After multiple runs, we could statistically 

correlate the 3d fracture numbers Nv to the mean 2d fracture numbers N.  In 

Florence, Sierra Nevada (Segall and Pollard, 1983), the discrete probability 

distribution of fracture length is given.  For each specific fracture length, using 

the published 2d crack frequency number N as a model constraint, we can obtain 

Nv by doing a forward numerical conversion.  The 3d variable fracture length 

model fits the synthetic fracture lengths less than 8 meters, but underestimates 

longer ones (Figure 4.13).  Similar to the theoretical prediction of fracture length 

in sedimentary rock (Figure 4.11), in igneous rock the negative exponential model 

also fits the longer fractures (>8m in Florence, Sierra Nevada) better than the 

penny-shaped model (Figure 4.13).  This may be due to the fact that the penny 
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shape model no longer holds, when a fracture is long, even if it’s in an igneous 

rock.   

Another example comparing model results versus field observations was 

conducted to show that the constant fracture height model fits the fracture trace-

length in Frontier Formation sandstones, southwestern Wyoming (Laubach and 

Lorenz, 1992).  The observed fracture lengths are from millimeter to ~100 meter.  

The Frontier Formation is a deposit of alternating sandstone and shale, and its 

porosity is 5% to 15% (Laubach and Lorenz, 1992).  Using a grain size of ~60 

micrometers for the sandstone (Peters, 2001) and an average porosity of 10%, we 

approximate the initial flaw length to be 1 mm (See Figure 10 of Hatzor and 

Palchik, 1997).  Fitting the model to the field data, we are able to match the 

measured length distribution using N/A=28 cracks/m2, which is reasonable  

(Figure 4.15a).  The exponential model fits the field data better than the power 

law model without restricting analysis to a small subset of data (Figure 4.15b).  

The exponential model also displays a good agreement with micro-

fracture lengths.  Micro-fracture data from Oil Mountain (Olson, 1998) has an 

extremely high magnitude exponent of negative 136 (Figure 4.16).  If we directly 

use this exponential model to predict macro-fractures number, we may make a 

substantial under-estimation.  Because of the grain boundaries effect, the material 

is highly heterogeneous when examined microscopically.  At macroscopic scale, 

fractures are much larger than grain sizes, and thus the material can be viewed as 

a homogenous body.  The fact that the constant (D) of our exponential model is 

much larger at the microscopic scale than for other macroscopic observations may 
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indicate that for microscopic crack growth not only the main fracture’s neighbor 

cracks but also grain boundaries impede the main fracture’s propagation.       

We also examined vein data from Culpeper Quarry (Figure 4.12, Vermilye 

and Scholz, 1995), which was formed in the calcareously cemented Balls Bluff 

Siltstone (Upper Triassic, from the Bull Run Formation of the Culperper Group).  

If we base our fit on the fractures with a length of less than 1 meter, the number of 

longer fractures predicted is less than that observed (Figure 4.12).  This may be 

explained by the observation that the longer fractures in this outcrop are made up 

of multiple segments (Vermilye and Scholz, 1995).  In the context of our model, 

the individual segments would represent captured fractures, and the segment 

lengths are what should be fit with the exponential model.  Using the array 

lengths over-predicts the number of longer fractures.   

 

CONCLUSIONS 

The fracture capture model reliably predicts fracture length distribution in 

both igneous and sedimentary rocks.  The model is based on a mechanism for 

fracture propagation, interaction, and termination, when small cracks or flaws in 

the near tip region of a large crack capture the large crack’s propagation and cause 

it to stop.   

Based on this mechanism, assuming constant fracture height, we derive an 

exponential fracture length distribution for 2d sampling given by equation 4.14, 

 DLexXP −=> )( ,  



 88 

where P is the complementary cumulative frequency, and the constant D can 

relate to the flaw size and the flaw density (the number of fractures per area) 

through equation 4.15, 

 
A
N

bD = . 

Assuming fractures are penny-shaped rather than constant height gives a 

different complementary fracture length distribution for 3d sampling expressed as 

equation 4.38, 

AT
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−

, 

where M is the minimum number between fracture length and height.  When 

fracture height is equal to the bed thickness, the variable fracture height model 

reduces to the constant height model.  The constant fracture height model is more 

appropriate and applicable to two-dimensional sampling of planar outcrops.  



 89 

REFERENCES  

Atkinson, B. K. and Meredith, P. G., 1987, The theory of subcritical crack growth 
with applications to minerals and rocks. Atkinson, B. K., ed., Fracture 
Mechanics of Rock, Academic Press, San Diego, USA. 

Baecher, G.B., Lanney, N.A. and Einstein, H.H., 1977, Statistical description of 
rock properties and sampling, 18th US Symposium on Rock Mechanics 
5C1, 1¯8. 

Baecher, G.B. and Lanney, N.A., 1978, Trace length biases in joint surveys. 
Proceedings, Symposium on Rock Mechanics 19, 56¯65. 

Barton, C. A. and Zoback, M. D., 1992, Self-similar distribution and properties of 
macroscopic fractures at depth in crystalline rock in the Cajon Pass 
scientific drill hole, Journal of Geophysical Research, 97(B4), 5181-5200.  

Barton, C. C. and Larson, E., 1985, Fractal geometry of two-dimensional fracture 
networks at Yucca Mountain, Southwestern Nevada, Fundamentals of 
Rock Joints:  Proceedings of International Symposium on Fundamental of 
Rock Joints, Bjorkliden, Sweden, edited by O. Stephannson, International 
Society for Rock Mechanics, 77-84. 

Barton, C. C. and Hsieh, P.A., 1989, Physical and Hydrologic-Flow Properties of 
Fractures, Field Trip Guideb., T385, AGU, Washington, D. C.. 

Barton, C. M., 1978, Analysis of joint traces, Proceedings of the 19th U. S. 
Symposium on Rock Mechanics, American Institute of Mining Engineers, 
39-40. 

Bridges, M. C., 1976, Presentation of fracture data for rock mechanics, 
Proceedings 2nd Australian – New Zealand Conference on Geomechanics, 
Brisbane, 144-148. 

Becker, A., and Gross, M. R., 1996, Mechanism for joint saturation in 
mechanically layered rocks: an example from southern Israel, 
Tectonophysics 257, 223-237.  

Call, R. D., Savely, J., and Nicholas, D. E., 1976, Estimation of joint set 
characteristics from surface mapping data. Proceedings 17th U. S. 
Symposium on Rock Mechanics, 2B2-1 – 2B2-9.  



 90 

Cladouhos, T. T., and Marrett, R., 1996, Are fault growth and linkage models 
consistent with power- law distributions of fault lengths?, Journal of 
Structural Geology, 18, 281-293. 

Clark, M.B., Brantley, S.L. and Fisher, D.M., 1995, Power- law vein thickness 
distributions and positive feedback in vein growth, Geology 23, 975¯978. 

Cotterell, B., and Rice, J. R., 1980, Slightly curved or kinked cracks: 
International Journal of Fracture, 16, 155-169. 

Cowie, P. A. and Scholz, C. H., 1992, Growth of faults by accumulation of 
seismic slip, Journal of Geophysical Research, 97, 11085-11095. 

Crouch, S. L. and Starfield, A. M., 1983, Boundary Element Methods in Solid 
Mechanics, George Allen and Unwin, London, U. K.. 

Dershowitz, W. S. and Einstein, H. H., 1988, Characterizing rock joint geometry 
with joint system models, Rock Mech. Rock Eng., 21, 21-51. 

Einstein, H. H., Baecher, G. B., Verneziano, D. et al, 1980, Risk analysis for rock 
slopes in open pit mines, Final Technical Report. Publication No. R80-17, 
Order No. 669, Department of Civil Engineering, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

Einstein, H. H., and Baecher, G. B., 1983, Probabilistic and statistical methods in 
engineering geology, Rock Mech. Rock Eng., 16, 39-72. 

Erdogan, F. and Sih, G. C., 1963, On the crack extension in plates under plane 
loading and transverse shear, ASME Transactions, 85, 519-527. 

Griffith, A. A., 1924, The theory of rupture, In Proc. First Internat. Congr. Appl. 
Mech. (ed. C. B. Biezeno and J. M. Burgers), J. Waltman Jr. Delft, 55-63.   

Gross, M.R., 1993, The origin and spacing of cross joints: Examples from the 
Monterrey Formation, Santa Barbara coastline, California, Journal of 
Structural Geology 15, 737¯751.  

Gudmundsson, 1987, Geometry, formation and development of tectonic fractures 
on the Reykjanes Peninsula, southwest Iceland, Tectonophysics 139, 
295¯308 

Hatton, C.G., Main, I.G. and Meredith, P.G., 1994, Non universal scaling of 
fracture length and opening displacement, Nature 367, 160¯162.  



 91 

Hatzor, Y.H. and Palchik, V., 1997, The influence of grain size and porosity on 
crack initiation stress and critical flaw length in Dolomites, Int. J. Rock 
Mech. Min. Sci., 34(5), 805-816.  

Heffer, K.J. and Bevan, T.G., 1990, Scaling relationships and natural fractures: 
data, theory and applications, Society of Petroleum Engineers, 20981, 
367¯376.  

Hennings, P., Olson, J. and Thompson, L., 2000, Combining outcrop and 3-d 
structural modeling to characterize fractured reservoirs, American 
Association of Petroleum Geologists Bulletin, 84(6), 830-849. 

Hirata, T., 1989, Fractal dimension of fault systems in Japan: Fractal structure in 
rock fracture geometry at various scales, Pure Appl. Geophys., 131, 157-
170. 

Holder, Jon, Olson, Jon E., and Philip, Zeno, 2001, Experimental determination of 
subcritical crack growth parameters in sedimentary rock, Geophysical 
Research Letters, 28 (4), 599-602.  

Hudson, J. A. and Priest, S. D., 1983, Discontinuity frequency in rock masses, Int. 
J., Rock Mech. Min. Sci. Geomech. Abstr., 20, 73-89.   

Jensen, J. L., Lake, L. W., Corbett, P. W.M. and Goggin, D. J., 1997, Statistics for 
Petroleum Engineers and Geoscientists, Prentice Hall PTR, USA.  

Johnston, J.D. and McCaffrey, K.J.W., 1996, Fractal geometries of vein systems 
and the variation of scaling relationships with mechanism, Journal of 
Structural Geology, 18, 349¯358.  

Karihaloo, B. L., Keer, L. M., and Nemat-Nasser, S., 1980, Crack kinking under 
nonsymmetric loading: Engineering Fracture Mechanics, 13, 879-888. 

Kreyszig, Erwin, 1993, Advanced Engineering Mathematics, John Wiley & Sons, 
Inc., USA. 

LaPointe, P.R., 1988, A method to characterize fracture density and connectivity 
through fractal geometry, Int. J. Rock Mech. Min. Sci. Geomech., 25, 421-
429. 

Laubach, S. E., 1992, Fracture networks in selected Cretaceous Sandstones of the 
Green River and San Juan Basins, Wyoming, New Mexico, and Colorado. 



 92 

Geological studies relevant to horizontal Drilling in Western North 
America, Rocky Mountain Association of Geologists, 115-127. 

Laubach, S. E. and Lorenz, J. C., 1992, Preliminary assessment of natural fracture 
patterns in Frontier Formation Sandstones, Southwestern Wyoming. 
Forty-third field Conference, Wyoming geological association guidebook, 
87-96.  

Lawn, B. R., and Wilshaw, T. R., 1975, Fracture of brittle solids, Cambridge, 
England, Cambridge University Press, 204.  

Lyakhovsky, V., 2001, Scaling of fracture length and distributed damage, 
Geophys. J. Int, 144, 114-122. 

MacMahon, B., 1974, Design of rock slopes against sliding on preexisting 
surface. 3rd International Symp. On Rock Mechanics, II-B, 803-808. 

Mandelbrot, B. B., 1982, The fractal geometry of nature, Freeman, San Francisco.  

Marrett, R., 1997. Permeability, porosity, and shear-wave anisotropy from scaling 
of open fracture populations. In: Hoak, T.E., Klawitter, A.L. and 
Blomquist, P.K. Editors, 1997. Fractured Reservoirs: Characterization 
and Modeling Guidebook Rocky Mountain Association of Geologists, 
217¯226. 

Marrett, R., Ortega, O.J. and Kelsey, C.M., 1999. Extent of power- law scaling for 
natural fractures in rock. Geology 27, 799¯802 

Nicol, A., Walsh, J. J., Watterson, J., and Gillespie, P.A., 1996, Fault size 
distributions – are they really power- law?, Journal of Structural Geology, 
18, 191¯197.  

King, G. C. P., 1984, The accommodation of large strains in the upper lithosphere 
of the earth and other solids by self-similar fault systems: The geometric 
origin of the b values, Pure Apply. Geophys., 121, 761-815. 

LaPointe, P. R., 1988, A method to characterize fracture density and connectivity 
through fractal geometry, Int. J. Rock Mech. Min. Sci. Geomech., 25, 421-
429.  

Odling, N., 1997, Scaling and connectivity of joint systems in sandstones from 
western Norway, Journal Structural Geology, 19, 1257-1271.  



 93 

Okubo, P. G., and Aki, K., 1987, Fractal geometry in the San Andreas fault 
system, Journal of Geophysical Research, 92, 345-355.  

Olson, J. E., 1993, Effects of subcritical crack growth and mechanical crack 
interaction, Journal of Geophysical Research, 98(B7), 12251-12265.  

Olson, J. E., 1997, Natural fracture pattern characterization using a mechanical-
based model constrained by geologic data – moving closer to a predictive 
tool, Int. J. Rock Mech. & Min. Sci., 34(3/4), 391, Paper No. 237.  

Olson, J. E. and Pollard, D. D., 1989, Inferring paleostresses from natural fracture 
patterns: A new method. Geology, 17, 345-348.  

Olson, J. E. and Pollard, D. D., 1991, The initiation and growth of en echelon 
veins, Journal of Structural Geology, 13(5), 595-608.  

Olson, J. E., Hennings, P. H., and Laubach, S. E., 1998, Integrating wellbore data 
and geomechanical modeling for effective characterization of naturally 
fractured reservoirs. SPE 47352.   

Ortega, O. and Marrett, R., 2000, Prediction of macrofracture properties using 
microfracture information, Mesaverde Group sandstones, San Juan basin, 
New Mexico, Journal of Structural Geology, 22, 571-588.   

Pickering, G., Bull, J.M. and Sanderson, D.J., 1995, Sampling power- law 
distributions, Tectonophysics 248, 1¯20.  

Pollard, D. D., Segall, P., and Delaney, P. T., 1982, Formation and interpretation 
of dilatant echelon cracks. Geological Society of America Bulletin, 93, 
1291-1303.  

Pollard, D. D. and Aydin, A., 1984, Propagation and linkage of oceanic ridge 
segments, Journal of Geophysical Research, 89(B12), 10,017-10,028.  

Pollard, D. D. and Segall, P., 1987, Theoretical displacements and stresses near 
fractures in rocks: with applications to faults, joints, veins, dikes and 
solution surfaces. In: Atkinson, B.K. (Ed.), Fracture Mechanics of Rock, 
Academic Press, London, 277-349. 

Pollard, D. D. and Aydin, A., 1988, Progress in understanding jointing over the 
past century, Geological Society of America Bulletin, 100, 1181-1204.  



 94 

Priest, S. D., and Hudson, J. A., 1976, Discontinuity spacing in rock, Int. J. Rock 
Mech. Min. Sci. Geomech. Abstr., 13, 135-148.  

Priest, S. D., and Hudson, J. A., 1981, Estimation of discontinuity spacing and 
trace length using scanline surveys, Int. J. Rock Mech. Min. Sci. Geomech. 
Abstr., 18, 183-197.  

Peters, E.J., 1997, Petrophysics course note, The University of Texas at Austin. 

Renshaw, C. E. and Park, J. C., 1997, Effect of mechanical interactions on the 
scaling of fracture length and aperture, Nature, 386, 482-484.  

Renshaw, C. E., 1993, Modeling fluid migration through physically-based 
fracture networks, Dissertation, Stanford University.  

Rives, T., Razack, M., Petit, J. P. and Rawnsley, K.D., 1992, Joint spacing: 
analogue and numerical simulations, Journal of Structural Geology, 
14(8/9), 925-937.  

Robertson, A., 1970, The interpretation of geological factors for use in slope 
stability, Proc. Symp. On the Theo. Background to the Planning of Open 
Pit Mines with Special Ref. To Slope Stability, 55-71 

Scholz, C. H., 1997, Scaling properties of faults and their populations, Int. J. Rock 
Mech. Min. Sci., 34(3/4), 348.  

Segall, P., 1984, Formation and growth of extensional fracture sets, Geological 
Society of America Bulletin, 95, 454-462.  

Segall, P., and Pollard, D. D., 1983, Joint formation in granitic rock of the Sierra 
Nevada, Geological Society of America Bulletin, 94, 563-575.  

Stowell, J.F.W., 2000, Specifying lengths of horizontal wells in fractured 
reservoirs: Society of Petroleum Engineers, SPE 65458.  

Tamuzs V. and Petrovab V., 1999, Modified model of macro-microcrack 
interaction, Theoretical and Applied Fracture Mechanics, 32(2), 111-117. 

Tchalenko, J. S., 1970, Similarities between shear zones of different magnitudes, 
Geol. Soc. Am. Bull., 81, 1625-1640. 

Warburton, P. M., 1980, A stereological interpretation of joint trace data, Int. J. 
Rock Mech. Min. Sci. Geomech. Abstr., 17, 181-190.  



 95 

 

 

 

 

 

 

 

 

 

 

Figure 4.1  The different types of distribution laws used in this paper to 
describe fracture length distribution.  The probability distribution 
functions, f(x) are shown as above. µ, mean; σ, standard deviation, 
1/λ=µ=σ, 11 , DC  are constant.  
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Figure 4.2  Fracture configuration illustrates main crack with length of 2a and 
field crack with length of 2b, and their relative position, which is 
quantified as Overlap (2o), the crack-parallel distance between the 
two cracks’ inner tips, and Spacing (2s), the crack-perpendicular 
distance between the two cracks. 2d is the crack-parallel distance 
between the two cracks’ centers. 
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Figure 4.3a  The influence of dimensionless spacing on crack interaction factor, 
plotted versus dimensionless overlap for the inner tip of the main 
crack (2d plane strain case and a/b=20). 

 

 

 

 

 

 

 

 

Figure 4.3b  The influence of dimensionless bed thickness on crack interaction 
factor, plotted versus dimensionless overlap for the inner tip of the 
main crack (a/b=20 and s/b=0.5). 
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Figure 4.4a  Capture ratio versus dimensionless overlap for different main crack 
to field crack’s length ratios (s/b=0.25, and 2D Plane strain case).  

 

 

 

 

 

 

 

Figure 4.4b  Capture ratio versus dimensionless overlap for different main crack 
to field crack’s length ratios (s/b=0.5, and 2D Plane strain case). 
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Figure 4.4c  Capture ratio versus dimensionless overlap for different 
dimensionless spacing (a/b=50, and 2D Plane strain case).  

 

 

 

 

 

Figure 4.4d  Capture ratio versus dimensionless overlap for different bed 
 thickness (a/b=50, and s/b=0.25). 
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Figure 4.5  A main crack of length 2a propagating through a region of field 
cracks of lengths 2b. The capture zone increases in size as the main 
crack growth. If a field crack is encountered in the capture zone of 
the main crack, propagation is arrested.  

 

 

 

 

 

 

 

Figure 4.6  Complementary cumulative distribution function for fracture 
length  (constant fracture height model), an illustration of the effect 
of exponential constant, D, i.e. the product of field crack area 
intensity and size.
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Figure 4.7  Idealization of natural fracture growth in sedimentary rock of 
variable fracture height model (after Olson, 1993) 

a. Under inter-bedded sedimentary sequences, fracture length 
and height equally develop (penny-shape cracks) until the 
fracture height reaches bed thickness. 

b. After the fracture has propagated completely through the 
thickness of the bed, fracture propagation can be viewed as 
lateral propagation of blade- like fractures.
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Figure 4.8  A main crack of initial length L and height L propagating through 
a region of field cracks of with radius of b. The capture zone 
increases in size as the main crack growth. T is the bed thickness. 
If n field crack are encountered in the capture zone of the main 
crack, propagation is arrested.  

Figure 4.9  The probabilities for an exact number of cracks in the capture 
zone.
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Figure 4.10  Complementary cumulative distribution function for fracture 
length (true 3D analysis), an illustration of the effect of 
exponential constant, D, i.e. the product of field crack volume 
intensity and size. 

 

 

 

 

 

 

 

 

 

Figure 4.11  The fracture growth from a penny shape crack to a lateral 
propagation of blade- like (fixed height) fracture. The 
corresponding complementary cumulative distribution function for 
fracture length distribution changes from a concave curve to a 
straight line.
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Figure 4.12  Fracture lengths collected in granitic rock of Ward Lake, Sierra 
Nevada show a negative exponential distribution.  

 

 

 

 

 

 

 

 

 

Figure 4.13  Field fracture lengths collected in granitic rock of Florence, Sierra 
Nevada fit the constant fracture model with a negative exponential 
distribution.  Variable fracture height model fits the synthetic 3d 
data up to 10m. 
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Figure 4.14  Synthesized 3d fracture lengths distribution from the 2d planar 
fracture trace- length data.  For a specific fracture length 2a there 
are totally Nv fractures in the defined volume.  Randomly select a 
depth of Z, and count the fracture numbers (N) cut by the 
horizontal plane perpendicular to Z.   
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Figure 4.15a Fracture lengths collected in Frontier Formation Sandstones, 
Southwestern Wyoming shows a negative exponential distribution (a 
semi- log plot).   

 

 

 

 

 

 

 

 

Figure 4.15b Fracture lengths fit negative exponential distribution better than 
power law distribution in Frontier Formation Sandstones, 
Southwestern Wyoming (a log- log plot). 
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Figure 4.16  Micro-fracture lengths in calcite cemented Frontier Formation 
sandstone, Oil Mountain fit negative exponential distribution.    

 

 

 

 

 

 

 

Figure 4.17  Fracture lengths collected in siltstone of Culpeper Quarry fit 
negative exponential distribution up to 1.2m. 
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CHAPTER 5:  A SEMI-ANALYTICAL FRACTURE PATTERN 
GROWTH SIMULATOR 

ABSTRACT 

A semi-analytical geomechanical model is proposed for the development 

of a single set of parallel fractures.  This simplified approach explicitly models a 

few cracks and treats the surrounding area as a continuum with the effective 

elastic modulus controlled by crack density.  Type curves are developed for the 

mechanical interactions between the explicitly modeled cracks using a 

displacement discontinuity boundary element code.  A comparison between a 

complete numerical solution and the semi-analytical approach shows consistency.  

The semi-analytical model can accurately simulate the development of fracture 

sets.  Compared to the boundary element code, the semi-analytical model is fast 

and can handle thousands of cracks started at the centimeter or millimeter scale as 

initial flaws.  The simplified model is also used to better understand how 

parameters such as initial flaw density, subcritical index, bed thickness and elastic 

modulus influence the geometry of fracture sets.  This forward model provides a 

basis for solving optimization or inverse problems based on available fracture 

spacing data observed from core or image logs. 

 

INTRODUCTION 

Natural opening fractures act as permeability heterogeneities and control 

the flow of hydrocarbons.  The simulation of naturally fractured reservoirs 

requires an understanding of fracture spatial distribution (i.e., orientation, 
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aperture, length, spacing and connectivity).  Opening mode fractures are normally 

below seismic resolution.  Direct detection of these fractures is limited to cores 

and wellbore images.  The fracture orientation, aperture, and spacing data 

observed from an one-dimensional wellbore scan line are very sparse, because the 

chance of a vertical or deviated wellbore intersecting vertical fractures is very low 

(Lorenz and Warpinski, 1996).  

To compensate for the inadequacy of available data and to generate a 

complete fracture network, statistical (La Pointe and Hudson, 1985; Dershowitz et 

al., 1988; Kulatilake et al., 1993) and geomechanical models (Olson, 1993; 

Renshaw, 1993 and Olson, 1997) are used to characterize subsurface fractures.  

Due to the sparseness of subsurface data, statistical models normally assume 

fracture attributes in the subsurface follow the data distribution of the surface 

outcrop (Olson et al., 2001).  Instead of directly extrapolating the surface data, 

mechanical models emphasize the fractur ing process (i.e. fracture’s initiation, 

propagation, interaction and termination).  By specifying the boundary condition 

and rock properties, geomechanical models generate physically reasonable 

fracture networks (Olson et al., 2001).  

Olson (1997) modified the displacement discontinuity boundary element 

numerical technique (Crouch and Starfield, 1983), and simulated fracture network 

development in sedimentary rock by incorporating a three-dimensional factor.  

Renshaw (1993) developed a two-dimensional analytical model based on a 

superposition and self-consistency technique (Kachanov, 1987), and verified his 

result by physical experimental data.  Following Segall’s conceptual model 
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(1984), and incorporating fracture interaction effect from Olson’s numerical 

model, we developed a pseudo-three-dimensional, semi-analytical model to 

simulate a single fracture set.  Compared to Olson’s numerical model, this 

simplified model computes quickly and can deal with thousands of fractures 

grown from initial flaws that range in size from the millimeter to centimeter 

scales.  The computational efficiency of the semi-analytical model allows us to do 

a more complete study as to how the boundary conditions and rock properties 

affect the final fracture pattern.  This provides a basis for future fracture pattern 

inversion from observed data.    

     

CONDITIONS FOR CRACK PROPAGATION 

Multiple sets of fractures, with one intersected by the other (i.e. they 

formed at different time), are common on outcrops.  To simplify the problem, we 

focus on a single set of fractures, assuming fractures in each set are parallel.  

Multiple fracture sets can be solved by superposition, assuming non- interaction 

between different fracture sets.  In this study we assume that the fractures are 

straight, which indicates the presence of a large crack-parallel differential 

compression (Olson and Pollard, 1989; Renshaw, 1993).  Theoretical analyses 

have shown that a remote compressive stress acting parallel to a crack may 

produce a straight crack path even in the presence of a mode II stress intensity 

(Cotterell and Rice, 1980; Karihaloo and others, 1980).  This suggests that our 

model is widely applicable despite the restriction of a single parallel straight 

fracture path.  
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For a geological body that has been deformed by long-term loading, 

uniaxial extension at a constant strain rate is used as the boundary condition.  The 

uniaxial extension is in the direction of the minimum principal compression, 

which is perpendicular to the initial fracture planes (Figure 5.1).  This is the 

commonly accepted orientation of opening mode fractures relative to the in-situ 

stresses (Pollard and Aydin, 1988).  The opening mode stress intensity factor, KI, 

for an isolated fracture equals    
aK II πσ∆= ,       (5.1) 

where a is the fracture’s half- length, and  ∆σI is the driving stress.  Driving stress 

can be expressed as (Olson, 1993)  

 )()( 3 tectonicI pp σσσ ++∆+=∆     (5.2) 

where tensile stress is defined as positive stress for sign convention.  For a 

fracture to propagate, the fluid pressure within the crack, p+∆p, must exceed the 

remote stress normal to the crack plane, σ3+σtectonic.  Under the assumption of 

reference state of stress, p+σ3=0, equation 5.2 can be simplified as (Segall, 1984; 

Olson, 1993), 

  tectonicI p σσ +∆=∆ .       (5.3) 

Consequently, either the decrease of tectonic stress (σtectonic) or the increase of the 

fluid pressure inside the crack (p) can cause the fracture to propagate.  Here, we 

assume fluid pressure inside the fracture remains constant.  Thus driving force for 

fracture propagation comes only from the tectonic stress, σtectonic, which in our 

model is caused by the constant strain rate boundary condition.  The model also 
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assumes that the fracture growth occurs at subcritical stress conditions, where the 

propagation velocity is governed by (Atkinson, 1987; Olson, 1993), 
n

Ic

I

K
K

VV 







= max         (5.4) 

where KIc is the fracture toughness of the material, n is the subcritical growth 

index of the material, and Vmax is the maximum possible propagation velocity at 

critical growth (KI = KIc).  

    In our linear elastic semi-analytical model, the initial flaw length at which 

a fracture starts to propagate is estimated from the mean grain size and porosity 

(Hatzor and Palchik, 1997).  According to Hatzor and Palchik (1997), in low 

porosity textures the individual grains function as stress concentrators, and the 

initial flaw length roughly equals the mean grain size.  In porous rocks, the flaw 

length rises rapidly with increase in porosity.   Depending upon the magnitude of 

the porosity, the initial flaw length may be up to two orders of magnitude higher 

than the mean grain size.  This suggests that in highly porous rock the union of 

several individual grain boundaries may serve as the initial stress concentrator 

(Hatzor and Palchik, 1997).  Hatzor and Palchiks’ statements are based on 

experiments of dolomite.  Here we assume other type of rocks behave similarly.       

  

MODEL ALGORITHM 

We follow the algorithm of Segall (1984) to compute the stress intensity 

factor of each individual crack in the fracture set.  The fractures are divided into a 

local group and a remote group.  The local group is the group of fractures near a 

particular crack and directly interacting with this crack.  The remote group 
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consists of fractures far from the crack and influence the fracture stress field 

through an effective elastic modulus, E~  (Figure 5.1) (Segall, 1984).  Thus, 

according to Segall (1984), the opening mode stress intensity factor for an 

isolated fracture can be modified as 

 cK III πσκ )(∆=       (5.5) 

where Iκ  is the local interaction factor, representing the mechanical influence of 

nearby (local) cracks.  For our constant strain rate boundary condition, the driving 

force can be expressed as (Dieter, 1976; Segall, 1984), 

 t
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~

2−
=∆      (5.6) 

where E  is the elastic modulus of the un-fractured matrix,  E~  is the effective 

elastic modulus affected by remote fractures, υ  is the Poisson ratio and ε&  is the 

strain rate imposed on the model boundary.  

 

Local Interaction Factor, Iκ  

A type curve table of the interaction factor between two fractures as a 

function of dimensionless spacing, dimensionless overlap and fracture length ratio 

for two-dimensional plane strain case was built.  The two-crack interaction factor 

is numerically calculated by using the boundary element fracture code (Olson, 

1993).  A field crack directly interacts with a main crack if the dimensionless 

overlap (overlap divided by field crack length) or dimensionless spacing (spacing 

divided by field crack length) between them is less than three (Figure 2.12).  In a 

layered bed, if the dimensionless spacing between the field crack and the main 
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crack is larger than the bed thickness, there is small interaction between these two 

cracks (Figure 2.15).  Based on these we can define each fracture’s local influence 

region.  By using the look-up table, we obtain the interaction factor of one 

particular crack to all other cracks.  The local interaction factor imposed on a 

specific crack is the combined interaction effect from all its neighbor cracks.  An 

empirical equation of this joint interaction is expressed by, 

  ∏
=

=
N

j
II jiki

1

),()(κ       (5.7) 

where )(iIκ  is the local interaction factor of crack i and N is the total number of 

fractures.  ),( jik I  is the mechanical interaction factor from crack i to crack j.  If a 

crack i does not interact with all other cracks, )(iIκ  equals 1. 

To test the accuracy of equation 5.7, we compared the local interaction 

factor calculated from equation 5.7, )(iIκ , to the one directly calculated from a 

boundary element model (Olson, 1997).  In general, for en echelon array the 

interaction factor calculated from equation 5.7 is lower than that obtained from 

the numerical simulation, but the error is tolerable (typically about 10%. See 

Tables 5.1 and 5.2. Note that the cracks are of equal length.).  The biggest error, 

36% comes from the top and bottom cracks in a parallel center-aligned equal-

length crack array, i.e. stacked array (Table 5.3).  The stacked fracture array is 

one extreme case of the equal- length en echelon array, and the associated error for 

)(iIκ  in a stacked array is higher than any other equal- length en echelon array.   

Fractures initiate from flaws above a critical length.  We assume the initial 

flaws are of the same size.  Normally, flaws are too sparse to have much direct 

interaction with each other, as evidenced in a detailed outcrop study discussed in 
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chapter 3.  In this study, Segall and Pollard (1983) showed the flaw intensity in 

granite was approximately 25±1 cracks per square meter, N/A=25±10, and the 

flaw size is about 1.5±1 cm.  The crack with highest KI (i.e., largest κI in this 

equal flaw size case) will propagate first.  The longer a fracture propagates, the 

more influence it will have on other cracks.  Thus, in equa tion 5.7 the weight of 

the interaction factor from a long crack will be prominent.  The cracks presented 

in Tables 5.1, 5.2 and 5.3 are close-spaced and of equal length, the weight of the 

interaction factor from each crack is similar.  Therefore, the equal length close-

spaced cracks (Table 5.1, 5.2 and 5.3) result in larger errors from using equation 

5.7, compared to a case with different length more widely-spaced cracks (Table 

5.4).   

Our fracture interaction study also shows that if a small fracture is close 

enough to a large fracture (a/b<0.2 and s/b<0.1), and the small fracture’s tip is in 

between the large fractures’ inner and outer tips (0.2<o/b<0.8), the small crack 

will not propagate due to the stress shielding caused by the large crack (Figure 

5.2).  Once, the two tips of the small crack are both in the large stress shield 

region, the small crack will close, and it will have no influence on other cracks.    

In sedimentary rock, we assume fracture arrest at mechanical layer 

boundaries.  In our pseudo-3d model, the fracture height equals the mechanical 

layer thickness.  Therefore, the stress shielding effect of fracture height can be 

expressed as (Pollard and Segall, 1987),  
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where T is the bed thickness, σ r is the remote stress, and σ is the stress at the 

distance of x1 from the crack center.  Equation 5.8 is used as a correction factor in 

the numerical model (Olson, 1997) to diminish fracture interaction distance 

compared to the 2d case.  Therefore, the size of a crack’s local influence region 

will decrease and fewer fractures will directly interact with it.   

By using equation 5.7 and applying other fracture interaction and 

termination rules proposed above, we are able to reasonably simulate the 

mechanical interaction in the local region.  

 

Effective Elastic Modulus, E~ 

Remote cracks affect the modeled crack through the effective elastic 

modulus. Many approximate methods for determining the effective modulus of 

cracked solids have been proposed in literature.  Bristow (1960) was the first to 

obtain a solution (mean-field method) for micro-cracked solids, in which crack 

interaction is ignored.  O’Connell and Budiansky (1974) proposed a model for the 

effect of cracks on the macroscopic elastic properties of solids based on a self-

consistent approximation.  In their model, the effect of interactions between 

cracks is included by assuming that each crack behaves as though it were 

embedded in a material having the average elastic properties of the cracked body.  

Bruner (1976) proposed a modified (differential) self-consistent method by 

considering a process, in which the crack density is gradually increased from zero 

to its final value.  In both the 2d and 3d cases, the effective modulus of the 

cracked isotropic matrix material can be found analytically by a non- interacting 
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solution.  Among all these methods, the non-interacting method provides the 

simplest solution, and also has a wider than expected applicability range due to 

the cancellation of the competing effects of stress shielding and amplification in 

arrays of interacting cracks (Kachanov, 1992).  Davis and Knopoff (1995) 

computed the effective elastic modulus of cracked solids with a boundary element 

model, and compared their results with the effective elastic modulus derived from 

the non- interacting method, the self-consistent method, and the differential self-

consistent method.  Davis and Knopoff (1995) concluded that the non- interacting 

model gives a better approximation to the calculation of the elastic modulus than 

either the self-consistent or the differential self-consistent methods.  

The two dimensional effective modulus for the non-interacting, parallel 

cracks is expressed as (Jaeger and Cook, 1976)  
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and for three dimensions it is (Walsh, 1965) 
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where υ is the Poisson’s ratio and ρ  is the spatial crack density.  The spatial crack 

density for the 2d and 3d cases are expressed as  

 ∑
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where N is the number of cracks of half- length nC in an area A  for the 2d case, or 

in a volume V  for the 3d case.  In the 2d case, if the initial flaws have the same 

half- length, Co, the flaw density (ρ2d) is related to the flaw intensity (N/A) as 

  2
02 C

A
N

d =ρ        (5.13) 

 

THE RANGE OF MODEL INPUT PARAMETERS  

The critical flaw length, as predicted by Hatzor (1997), is affected by the 

mean grain size and porosity.  Granitic rock has low porosity, and the initial 

critical flaw length is expected to be equal to the average grain size of the 

granodiorite.  This implies that the initial crack length is 1.5±1 cm (Segall, 1984).  

For dolomite, the grain size ranges from 0.05 to 1mm, and porosity varies from 

3% to 21%.  The correspondent critical flaw sizes range from 2.3mm to several 

centimeters (Hatzor, 1997).    

Strain rates in typical tectonic settings are generally estimated to be in the 

range of 1×10-15 to 1×10-13 per second (Pfiffner and Ramsay, 1982).  Strain rates 

for elastic-brittle deformation range from 1×10-9 to 1×10-14 per second.  Physical 

experimental rock deformation is restricted to very fast strain rates of 1×10-7or 

higher (Twiss and Moores, 1992).   In our model, we chose the strain rate of 

1×10-13 per second.  

VERIFICATION 

The displacement discontinuity boundary element model (Olson, 1991 and 

Olson, 1997) successfully simulates the development of a fracture network.  
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Olson’s numerical model is used to verify our semi-analytical model results.  For 

both the semi-analytical model and the numerical model, the initial flaws are 

distributed in a finite-size body dimensioned 10×10 square meters.  Fractures are 

limited to a larger area of 12×12 square meters.  Simulations terminate when a 

final strain is reached.  Due to the computational limitation of Olson’s numerical 

model, for the purpose of comparison we used 100 randomly seeded cracks with 

larger initial cracks length of 0.2 meters.  

 

Base Case Comparison 

2D case comparison 

Both the numerical model and the analytical model start with the same 

initial flaws (all having an initial flaw length of 0.2m, a flaw density of ρ2d =0.01, 

Figure 5.3a), and stop with the same final strain of 5×10-3 (Figure 5.3b).  

Simulations are based on the same input parameters: Young’s modulus of 2×104 

MPa, strain rate of 1.67×10-13 per second, a subcritical growth index of 40, and a 

bed thickness of 1000 meters is used to simulate 2D plane strain case.  The 

fracture trace maps (Figure 5.3b) show that the final fracture patterns generated 

by numerical model and semi-analytical model are similar, with major fractures 

propagated at the same places.   

The fracture length column chart shows that overall fractures simulated by 

the semi-analytical model are longer than those generated by the numerical model 

(Figure 5.3c).  The semi-analytical model predicts more fracture growth than the 
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numerical model, especially for fractures less than 1m (in the semi-analytical 

model, there are 20 fractures less than 1m, i.e., 51% of the population; while in 

the numerical simulation there are only 3, which counts for 17% of the entire 

population) (Figures 5.3c and 5.3d).  The semi- log complementary cumulative 

fracture length distribution suggests a lower a median fracture length (the length 

at which its complementary cumulative frequency equals 50%) in the semi-

analytical model (~1m) than that in the numerical model (~3m) (Figure 5.3d).  

This is caused by the high percentage of short fractures in the semi-analytical 

model.  The coefficient of variance (CV), which is defined as the ratio of standard 

deviation ( )(kVar ) to sample mean (µ),  

µ

)(kVar
CV =         (5.14)  

is a dimensionless measurement of sample variability or dispersion (Jensen et al., 

1997).  The CV of fracture length generated in the semi-analytical model is 1.15, 

but it is 0.63 in the numerical model.  The large CV in the semi-analytical model 

suggests a wide spread of fracture lengths.  

 The fracture spacing column chart (Figure 5.3e) shows that the fracture 

spacing distributions between ~1m to ~3m are nearly the same in the numerical 

model as that in the semi-analytical model, but the semi-analytical model 

generated more small spacings (10 out of 22 fracture spacings i.e. 45% are less 

than 0.5m) than the numerical model (3 out of 13, i.e. 23% fracture spacing is less 

than 0.5m).  The larger percentage of small fracture spacing (45% comparing to 

23%) causes a much lower median spacing in the semi-analytical model (~0.7m) 

than that in the numerical model (~2.2m) (Figure 5.3f).  The fracture spacing 
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coefficient of variance analysis shows that the spacing is widely spread in the 

semi-analytical model than that in the numerical model (CV=0.9 in the semi-

analytical model versus Cv=0.64 in numerical model).  Large fractures propagated 

at similar places in the semi-analytical model as in the numerical model, but the 

semi-analytical model generated more close-spaced short cracks, which suggest 

fractures are more clustered in the simplified analytical model than those in the 

numerical model.  The fracture clustering also can be directly observed in the 

fracture trace maps (Figure 5.3b).  

 

3D case comparison 

The effect of the bed thickness is included in the analytical model.  A bed 

thickness of 2 meters is used for the 3d base case study.  Except for the bed 

thickness, all the other parameters are the same as those in the 2d case.  

Simulations were run starting with initial fractures shown in Figure 5.4a, and 

ending at a final strain of 5×10-3.  The final fracture patterns simulated from the 

numerical model and the semi-analytical model are almost the same (Figure 5.4b).   

The fracture length column chart shows that nearly equal number of 

fractures propagated in the semi-analytical model and the numerical model 

(Figure 5.4c).  The overall fractures simulated by the semi-analytical model 

(median spacing of ~4m) are slightly longer than those generated by the 

numerical model (median spacing of ~3m), but the entire fracture length 

distributions are alike (Figures 5.4c and 5.4d).  For fracture length, CV is 0.61 in 
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the semi-analytical model, while VC  equals 0.59 in the numerical model, which 

indicates the spread of data is very similar.     

The fracture spacing dis tribution is nearly the same in the semi-analytical 

model as in the numerical model, except for a few more closely spaced fractures 

simulated by our simplified model (Figures 5.4e and 5.4f).  For fracture spacing, 

the coefficient of variance is nearly the same in the semi-analytical model 

(CV=0.69) as in the numerical model (CV=0.66).  For 3d case,  

In summary, the semi-analytical model produces a very similar fracture 

pattern, length and spacing distribution as the numerical model for 3d case, but 

gives a higher degree of clustering than the numerical model for the 2d case.     

 

SENSITIVITY ANALYSIS 

 The sensitivity of fracture pattern to initial flaw density, subcritical 

growth index, bed thickness, elastic modulus and the strain rate is tested here.  

Three or four sets of numerical experiments for each of the test parameters are 

performed.  For each experiment, we keep all other input parameters the same as 

those in the base case, and only vary the one that is being tested.  For each 

simulation, fracture length distribution, spacing distribution, fracture clustering 

and final spatial density are determined.  Clustering can be quantified by intensity 

and variance (distance from the centroid).  Intensity is a property of a cluster that 

is defined as a relatively thick swarm of data points in a space as compared to 

other areas of that space which may have comparatively few or no points 

(Aldenderfer and Blashfield, 1984).  Variance is the degree of dispersion of the 



 123 

points in this space from the center of the cluster.  Therefore, clusters can be said 

to be "tight" when all data points are near the centroid, or "loose" when the data 

points are dispersed from the center.  To quantify the intensity of a fracture 

cluster, besides fracture numbers in the clustered zone, we also need to consider 

the different fracture sizes.  The area of the cluster zone is used as an equivalent 

to the variance.  For calculation convenience, we combined the fracture intensity 

and variance into one dimensionless term of fracture density (ρc) to describe the 

“thickness” or “tightness” of the cluster, such as 

∑
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c C

A 1

21
ρ         (5.15) 

Here Nc is the fracture number in the clustered zone, Ci  is fracture’s half- length 

and Ac is the size of the clustered zone.  The clustered zone can be identified from 

the fracture trace map.  In the following discussion, the average spacing is defined 

as the mean spacing between the clustered zones.  The complementary cumulative 

spacing distribution is used as assistance to the fracture trace map to identify 

fracture cluster.  

 

Base Case 

An initial critical flaw size of 2 cm, strain rate of 1×10-13 per second, final 

strain of 5×10-3, a subcritical growth index of 20, an elastic modulus of 2×104 

MPa, and a bed thickness of 2 m are selected for our base case input parameters.  

For computational efficiency, an elongated rectangle area (      )  is selected to 

calculate fracture length distribution,  and a short but wide region (   ) is chosen 
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for fracture spacing calculation.  The simulation area size is varied from case to 

case to optimize the computation time.  Fractures are designed to propagate 

horizontally in one direction, and they are physically limited inside the simulated 

region.  To eliminate the boundary edge effect, a border of 20% of the area length 

is added at each side of the y-frame in the x direction (               ).  The initial 

flaws are randomly located inside the solid simulation region, and fractures are 

forced to stop at the extended edges.       

 

Sensitivity to Initial Flaw Density 

An elongated rectangle area with a width of 4m (y-direction), length of 

10m (x-direction) and border of 2m in the horizontal x direction is used to test the 

sensitivity of fracture length to initial flaw density (ρ).  With the increase of initial 

flaw intensity (N/A), there are more fractures to propagate, and the overall 

individual fracture length becomes shorter (Figures 5.5a and 5.5b).  This is 

because that for low flaw intensity, there are less mechanical interactions between 

fractures.  Fractures which propagate first tend to grow until reaching the 

boundary.  Fractures that are longer than 5cm are included in the complementary 

cumulative distribution plots (initial flaws that do not grow are excluded).  

Fracture length distributions for a flaw intensity, N/A, of 10, 20, 50 and 100 

cracks per square meter, corresponding to a flaw density ρ3d= 1×10-3,  2×10-3, 

5×10-3 and 1×10-2, are shown in Figure 5.5b.  As predicted by our fracture length 

model (equations 4.16 and 4.17), the exponential curve-fits calculated by the 

semi-analytical model show an increase in the exponent value (equivalent to 
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 as the number of initial flaws increases (Figure 5.5b), which is also 

consistent with the simulation from the numerical model (Olson et al., 2001).  The 

complementary cumulative frequency of fracture length distribution shows that 

the constant fracture height model (equation 4.17) predicts that the exponent 

magnitude should change as 1:2:5:10, but the semi-analytical simulation results in 

1:2:5:7.  The results are as expected except for fractures developed from a high 

initial flaw intensity, 100 cracks per square meter.  This is because our semi-

analytical fracture length derivation is based on mechanical interaction between 

two cracks.  In the derivation we assume every other fracture would have the 

same influence over the crack we modeled.  In low fracture density case, this is a 

good assumption.  However, for high fracture intensity, the mechanical 

interactions are much more complicated, and the influence on a specific fracture 

comes from a combined effect from its large number of neighbor cracks (Olson et 

al., 2001).   

As with fracture length, fracture spacing is also significantly affected by 

flaw intensity.  An area with a width of 10m (y-direction), length of 4m (x-

direction) and border of 1m in the horizontal x direction is used to test the 

sensitivity of fracture spacing to initial flaw density.  Simulations are run for flaw 

intensities (N/A) of 20, 35 and 50 per square meters, corresponding to flaw 

densities (ρ) of 2×10-3, 3.5×10-3 and 5×10-3.  The total flaw numbers (N) are 800, 

1440 and 2000, respectively.  We exclude flaws that have not propagated from 

our spacing analysis.  The complementary cumulative spacing distribution shows 

that the spacing distributions are similar for N/A=20 and N/A=35, but quite 
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different from N/A=50 (Figures 5.6b).  For N/A=50 the median spacing is 0.5m, 

but for N/A=20 and N/A=35 the median spacing is ~1.5m.  The fracture trace map 

shows that fractures are relatively regular-spaced for N/A=20 and N/A=35, but 

highly clustered for N/A=50 (Figure 5.6a).  The larger percentage of small 

spacing in N/A=50 comes from the cluster zone.  According to equation 5.14, the 

density of the clustered zone (ρc) for N/A=50 is 10.4.   

 

Sensitivity to Subcritial Growth Index 

An elongated rectangle area with a width of 4m (y-direction), length of 

10m (x-direction) and border of 2m in the horizontal x direction is used to test the 

sensitivity of fracture length to subcritical growth index (n).  The influence of 

subcritical index on the length distribution is investigated using a flaw intensity of 

50/m2 and a flaw length of 0.02 m, which corresponds to a flaw density of 5×10-3.  

Increasing the subcritical index from n=2 to n=20 causes a decrease in the 

exponent magnitude for the length complementary cumulative frequency curve 

from 0.92 to 0.46, resulting in a larger number of long fractures and a smaller 

number of short fractures for higher n values (Figure 5.7b).  According the 

subcritical growth law (equation 5.4), when the subcritical growth index, n, is 

low, the velocity contrast between the fractures is small, which enables more 

fractures to develop simultaneously at different locations.    

Increasing the subcritical growth index from n=20 to n=40 reverses the 

slope change of the length distribution.  When n=40, the exponent magnitude of 

the complementary cumulative frequency curve rise to 0.71.  A subcritical index 
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of 80 causes a further increase to 1.17.  This is because according to equation 5.4, 

if subcritical growth index is high, any stress intensity factor less than 1 will cause 

nearly zero velocity.  Thus, fractures will only propagate at nearly critical stress 

intensity level.  The stress in these “critical” propagation fractures near tip region 

can be expressed as (Lawn and Wilshaw, 1975) 

)(
2

θ
π

σ ij
I

ij f
r

K
=         (5.16) 

where r is the radial distance, and θ  is the angle (Figure 2.1).  As show in 

equation 5.16, given a large stress intensity factor, the stress in the fracture near 

tip region can be large enough to cause the flaws in the near fracture tip region to 

propagate.  Although the fracture length distribution for low and high subcritical 

index may look similar, they have a quite different spatial distribution in the 

mapview.  For n=2, short fractures are located throughout the body, while for 

n=80 short fractures are centralized around the long fractures (Figure 5.7a).  

Similar results, such that the fracture length exponential constant first decreases 

with increase of subcritical growth index then reverses trend are also found by the 

numerical simulation (Olson et al., 2001).  

The subcritical index also affects fracture spacing and clustering.  The 

results are from 2000 cracks, which have the same initial spatial distribution in an 

area with a width of 10m (y-direction), length of 4m (x-direction) and border of 

1m in the horizontal x direction.  We exclude flaws that have not propagated from 

the spacing analysis.  Both a high subcritical index of 80 and an exceptionally low 

subcritical index of 2 show a high degree of fracture clustering (Figure 5.8a).  For 

n=2 there are 5 major cluster zones, while for n=20, n=40 and n=80 there are 4 
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(Figure 5.8a).  The average spacing between the clustered zoned is 2.4, 2.6, 2.8 

and 2.7, for n=2, n=20, n=40 and n=80 respectively.  The correspondent 

clustered zone densities (ρc) are 12.0, 10.2, 10.4 and 11.2.  Increasing the 

subcritical index from 2 to 20, the propagated crack numbers decrease from 297 

to 59, median spacing increases from 0.2m to 0.9m (Figure 5.8b) and fractures 

become more regularly spaced and less clustered (Figure 5.8a).  As the subcritical 

index increases from 20, 40 to 80, the number of propagated fractures increases 

from 59, 110 to 282, median spacing decreases from 0.9m, 0.4m to 0.1m (Figure 

5.8b) and fractures become more clustered.  Subcritical index alters fracture 

spacing and controls the degree of cluster.  A high subcritical index results in far 

spaced highly clustered zones.     

        

Sensitivity to Bed Thickness 

The effects of bed thickness (T) on fracture length and spacing are 

simulated by using a flaw intensity of N/A=10/m2, a flaw length of 0.02 m (which 

corresponds to a flaw density of 1×10-3), and a subcritical index of 20.  An 

elongated rectangle area with a width of 6m (y-direction), length of 20m (x-

direction) and border of 2m on each side is used to generate the length distribution 

for T=2.  An area with width of 8m, length of 40m and border of 2m is used for 

T=4.  For T=8 the simulation area has a width of 8m, a length of 50m and a 

border of 5m.  The purpose of varying the area size is to save computation time.  

Increasing the bed thickness from 2 m to 8 m causes an increase of the 

exponential constant from 0.093 to 0.136, resulting in a larger percentage of short 



 129 

fractures and a smaller percentage of long fractures for the thick bed (Figures 5.9a 

and 5.9b). Finite bed thickness diminishes stress perturbation and reduces the 

mechanical interaction. Thus, a thin bed tends to have longer fractures.  

To study the influence of bed thickness on fracture spacing, three 

simulations were run on areas of different sizes to eliminate the boundary effect.  

For T=2, the simulation area has a width of 10m, length of 2m and border of 2m 

at each side; For T=4, it has a width of 20m, length of 4m and border of 4m at 

each side; For T=8, the width is 40m, length is 8m and border is 8m at each side.  

Fractures are more clustered in a thick bed than in a thin bed (Figure 5.10a).  In a 

thick bed, there are a larger number of short cracks that have propagated around a 

long fracture due to a larger stress perturbation.  For a bed thickness of 8 m, 50% 

of the fracture spacing is less than 0.4 m.  For a bed thickness of 4 m, 35% of the 

spacing is less than 0.4 m.  When the bed thickness reduces to 2m, the spacing 

less than 0.4 m only counts for 20% of the total spacings (Figure 5.10b).  The 

average fracture spacing for a bed thickness of 2m is 2.6m. For bed thicknesses of 

4m and 8m, the fracture spacing is 5.6 m and 9.0 m, respectively (Figure 5.10a).  

Our simulation shows that the fracture spacing is proportional to bed thickness.  

The classical explanation for this is that the lateral extent of the stress reduction 

shadow around a fracture increases with increasing fracture height, which 

corresponds to the bed thickness for many sedimentary rock (Lachenbruch, 1961, 

Bur, 1982, Pollard and Segall, 1987 and Gross et al., 1995).   
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Sensitivity to Elastic Modulus and Strain Rate 

The influence of the elastic modulus on the length distribution is 

investigated using a flaw intensity of 50/m2 and a flaw length of 0.02 m 

(corresponding to a flaw density of 5×10-3).  An area with a width of 4m, length 

10m and border of 2m of each side are used for the fracture length study.  

Increasing the elastic modulus from 4×103 MPa to 2×104 MPa and 1×105 MPa 

causes a decrease in the exponent constant in the complementary cumulative 

frequency curve from 0.30 to 0.23 and finally to 0.20 (Figure 5.11b).  After 

reaching the same final strain of 5×10-3, the final fracture densities ( ρ ) are 1.2, 

1.7 and 2.2 for elastic moduli of 4×103 MPa, 2×104 MPa and 1×105 MPa, 

respectively.  Crack propagation depends on stress (equations 5.1 and 5.3), 

increased elastic modulus enhances stress for a given strain, and fracture 

propagation is likewise affected.  More fractures tend to propagate in a high 

modulus bed, and their lengths also tend to be longer.   

Fracture spacing is smaller in a bed with a high elastic modulus (Figures 

5.12a and 5.12b) because stresses are higher in a stiffer bed at lower strain levels.  

Further, smaller strain increments are required for infilling fracturing events 

(Gross et al., 1995). In stiff beds, fractures are also more clustered.  The high 

elastic modulus causes a high fracture stress intensity factor.  These higher stress 

intensity values increase the tensile stress perturbation around the crack tip, and 

the propagation of flaws in the crack tip region is enhanced.  

The strain rate has a similar overall influence on fracture propagation as 

the elastic modulus.  Like the elastic modulus, a higher strain rate increases the 
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stress applied to the crack, and produces longer fractures, smaller fracture 

spacing, more fracture clustering and a larger fracture density.    

 

CONCLUSIONS 

Following Segall’s (1984) conceptual model and identifying local and 

remote interacting groups, I present an analytically based model for fracture 

propagation.  The simplified model produces fracture sets that are similar to those 

generated by a complete numerical calculation.  

Sensitivity analysis studies (for the initial flaw density, the subcritical 

index, bed thickness and elastic modulus) show that a high initial flaw density 

results in a larger number of short fractures and smaller number of long fractures.  

Fractures are more clustered, and the fractures are more closely spaced for a high 

initial flaw density.  The subcritical index determines whether the fractures are 

clustered or more uniformly distributed.  A large subcritical index causes widely 

spaced fracture cluster zones.  A small bed thickness results in longer fractures, 

and more uniform fracture spacing.  Fractures tend to be more clustered in thicker 

beds.  The overall fracture spacing is proportional to bed thickness only under 

special circumstances.  A large elastic modulus causes more fractures to 

propagate and results in a higher final fracture density.  In a bed with high elastic 

modulus, fractures tend to be longer and more closely spaced.  
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Figure 5.1  A single set of parallel fractures subject to uniaxial extension at a 
constant strain rate, dε/dt. Cracks outside contours S are treated as 
a continuum with effective modulus E~ . Cracks inside S are 
modeled explicitly. ∆σ is the average stress transmitted across S 
(Segall, 1984) 
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Figure 5.2  Fracture interacting factor versus dimensionless overlap for 
dimensionless spacing of 0.1 (s/b=0.1) and crack length ratios of 
0.1 and 0.2. (a/b=0.1, a/b=0.2). Note if dimensionless overlap is in 
between 0 and 1 (0<o/b<1), the interacting factor (K/K i) is near 
zero.  

0

0.5

1

1.5

2

2.5

-3 -2 -1 0 1 2 3

Dimensionless Overlap, o/b

In
te

ra
ct

in
g 

Fa
ct

or
, K

/K
i a/b=0.1

a/b=0.2



 139 

 

 

 

 

 

 

 

 

 

Figure 5.3a  Initial fracture pattern with 100 cracks and initial fracture density 
of 0.01.   

 

 

 

 

 

 

 

 

Figure 5.3b  Fracture patterns generated by the boundary element model (right) 
and analytical mode (left). Fractures growth started from the 
pattern shown as Figure 5.3a, 2D plane strain case, with 

.1.1,105,/1067.1,40 313 =×=×== −−
fsn ρεε&  

Initial Flaws

-5

-4

-3

-2

-1

0

1

2

3

4

5

-5 -4 -3 -2 -1 0 1 2 3 4 5

X (m)

Y
 (

m
)

Numerical Model

-5

-4

-3

-2

-1

0

1

2

3

4

5

-5 -4 -3 -2 -1 0 1 2 3 4 5

X (m)

Y
 (

m
)

Analytical Model

-5

-4

-3

-2

-1

0

1

2

3

4

5

-5 -4 -3 -2 -1 0 1 2 3 4 5



 140 

 

 

 

 

 

 

 

 

Figure 5.3c  Fracture length column chart illustrates comparison between 
fracture lengths generated by the numerical model and the semi-
analytical model (2D plane strain).  

 

 

 

 

 

 

 

 

Figure 5.3d  Complementary cumulative distribution of the fracture length for 
the numerical model and the semi-analytical model (2D plane 
strain).  
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Figure 5.3e  Fracture spacing column chart illustrates comparison between 
fracture spacing generated by the numerical model and the semi-
analytical model (2D plane strain). 

 

 

 

 

 

 

 

 

Figure 5.3f  Complementary cumulative distribution of the fracture spacing for 
the numerical model and the semi-analytical model (2D plane 
strain).  
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Figure 5.4a  Initial fracture pattern with an initial fracture density of 0.01 and a 
bed thickness of 2m. This map view is exactly the same as Figure 
5.3a.   

 

 

 

 

 

 

 

 

Figure 5.4b  Fracture patterns generated by the boundary element model (left) 
and the analytical model (right). Fractures propagation started from 
the pattern shown as Figure 5.4a, a bed thickness (H) of 2m, with 
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Figure 5.4c  Fracture length column chart illustrates comparison between 
fracture lengths generated by the numerical model and the semi-
analytical model (H=2).  

 

 

 

 
 

 

 

 

Figure 5.4d  Complementary cumulative distribution of the fracture length for 
the numerical model and the semi-analytical model (H=2m). 
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Figure 5.4e  Fracture spacing column chart illustrates comparison between 
fracture spacing generated by the numerical model and the semi-
analytical model (H=2m).  

 

 

 

 

 

 

 

 

Figure 5.4f  Complementary cumulative distribution of the fracture spacing for 
the numerical model and the semi-analytical model (H=2m).  
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Figure 5.5a  Fracture trace maps (map view), fractures simulations start with 
initial flaw length of 0.02m and flaw intensities, N/A, of 10, 20, 50 
and 100 per square meter. This corresponds to flaw densities of 
1×10-3, 2×10-3, 5×10-3, 1×10-2.  
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Figure 5.5b  Final fracture length distributions started with initial flaw length of 
0.02m and flaw intensities, N/A, of 10, 20, 50 and 100 per square 
meter. This corresponds to flaw densities of 1×10-3, 2×10-3, 5×10-3, 
1×10-2.  
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Figure 5.6a  Fracture trace maps (map view) for fracture spacing study (Figure 
5.6b) with flaw intensities, N/A of 20, 35 and 50 per square meter, 
corresponding to flaw densities of 2×10-3, 3.5×10-3, 5×10-3, 
respectively. 

 

 

 

 

 

 

 

Figure 5.6b  Fracture spacing distributions from the simulations used for Figure 
5.6a.  
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Figure 5.7a  Fracture trace maps (map view), simulated for fracture length 
study (Figure 5.7b) with subcritical growth indices of, 2, 10, 20 
and 80, using 313 105,/101,50/ −− ×=×== εε sAN &  (total crack 
numbers, N=2000).
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Figure 5.7b  Fracture length distributions for subcritical growth indices of, 2, 
10, 20 and 80, using 313 105,/101,50/ −− ×=×== εε sAN &  (total 
crack numbers, N=2000).
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Figure 5.8a  Fracture trace maps (map view) for fracture spacing study (Figure 
5.8b) with subcritical indices n, of 2, 20, 40 and 80.  

 

 

 

 

 

 

 

Figure 5.8b  Fracture spacing distributions for subcritical growth indices, 2, 10, 
20 and 80, using 313 105,/101,50/ −− ×=×== εε sAN &  (total crack 
numbers, N=2000).
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Figure 5.9a  Fracture trace maps (map view) simulated for fracture length study 
(Figure 5.9b) with bed thickness of 2, 4, and 8 meters, using 
N/A=20/m2, n=20, s/101 13−×=ε& , ε=5×10-3.
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Figure 5.9b  Fracture length distributions for bed thicknesses of 2, 4, and 8 
meters, using N/A=20/m2, n=20, s/101 13−×=ε& , ε=5×10-3. 
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Figure 5.10a Fracture trace maps (map view) for fracture spacing investigation 
(Figure 5.10b) with bed thicknesses of 2, 4 and 8 meters 

 

 

 

 

 

 

 

Figure 5.10b Fracture spacing distributions for bed thicknesses of, 2, 4 and 8 m, 
using N/A=20/m2, n=20, s/101 13−×=ε& , ε=5×10-3. 
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Figure 5.11a Fracture trace maps (map view) generated for fracture length study 
(Figure 5.11b) with elastic moduli of 4×103 MPa, 2×104 Mpa, and 
1×105 Mpa, using N/A=50/m2, n=20, s/101 13−×=ε& , and ε=5×10-3 .
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Figure 5.11b Fracture length distribution for elastic moduli of 4×103 MPa, 2×104 

Mpa, and 1×105 Mpa, using N/A=50/m2, n=20, s/101 13−×=ε& , and 
ε=5×10-3.

y = 0.81e-0.23 x

R2 = 0.94
y = 0.72e-0.30 x

R2 = 0.94

y = 0.80e-0.20 x

R2 = 0.93

0.01

0.1

1

0 5 10 15 20

Fracture Length (m)

C
u

m
u

la
tiv

e 
F

re
q

u
en

cy
E=4e3MPa

E=2e4MPa

E=1e5MPa



 156 

 

 

 

 

 

 

 

 

Figure 5.12a Fracture trace maps (map view) for fracture spacing study (Figure 
5.12b) with elastic moduli of 4×103 MPa, 2×104 Mpa, and 1×105 
Mpa. 

 

 

 

 

 

 

 

Figure 5.12b Fracture spacing distribution for elastic moduli of 4×103 MPa, 2×104 
Mpa, and 1×105 Mpa, using N/A=50/m2, n=20, s/101 13−×=ε& , 

3105 −×=ε . 

E=4e3MPa

-5

-4

-3

-2

-1

0

1

2

3

4

5

-2 0 2

Y
 (

m
)

E=2e4MPa
-5

-4

-3

-2

-1

0

1

2

3

4

5

-2 0 2
X (m)

E=1e5MPa

-5

-4

-3

-2

-1

0

1

2

3

4

5

-2 0 2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.5 1 1.5 2 2.5 3 3.5

Fracture Spacing (m)

C
u

m
u

la
tiv

e 
F

re
q

u
en

cy

E=4e3MPa

E=2e4MPa

E=1e5MPa



 157 

  

Table 5.1: Interaction factors and associated errors for a five-crack array of s/b = 
0.5 and o/b = -0.5 

 
 
 
 

 BEM Calculation  Results from Multiply  Associated Error 
 Left-tip Right -tip Left-tip Right -tip  Left-tip Right -tip 
Crack 1 0.774 1.271 0.704 1.213  -9% -5% 
Crack 2 0.860 0.908 0.757 0.825  -12% -9% 
Crack 3 0.910 0.910 0.790 0.790  -13% -13% 
Crack 4 0.908 0.860 0.825 0.757  -9% -12% 
Crack 5 1.271 0.774 1.214 0.704  -5% -9% 
 

 

Table 5.2: Interaction factors and associated errors for a five-crack array of s/b = 
0.5 and o/b = 0 

 
 
 

  
 BEM Calculation  Results from Multiply Associated Error 
 Left-tip Right -tip Left-tip Right -tip  Left-tip Right -tip 

Crack 1 1.397 1.335 1.299 1.255  -7% -6% 
Crack 2 1.581 1.539 1.500 1.471  -5% -4% 
Crack 3 1.615 1.615 1.528 1.528  -5% -5% 
Crack 4 1.539 1.581 1.471 1.500  -4% -5% 
Crack 5 1.335 1.397 1.255 1.299  -6% -7% 
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Table 5.3: Interaction factors and associated errors for a five-crack array of 
s/b=0.5 and o/b=1 

 
 

 
 

 BEM Calculation  Results from Multiply Associated Error 
 Left-tip Right -tip Left-tip Right -tip  Left-tip Right -tip 

Crack 1 0.528 0.528 0.340 0.340  -36% -36% 
Crack 2 0.296 0.296 0.314 0.314  6% 6% 
Crack 3 0.292 0.292 0.289 0.289  -1% -1% 
Crack 4 0.296 0.296 0.314 0.314  6% 6% 
Crack 5 0.528 0.528 0.340 0.340  -36% -36% 
 

 

Table 5.4: Interaction factors and associated errors for three randomly generated 
cracks 

 
 
 
 
 

 BEM Calculation  Results from Multiply Associated Error 
 Left-tip Right -tip Left-tip Right -tip  Left-tip Right -tip 

Crack 1 1.926 1.962 2.100 2.141  -8% -8% 
Crack 2 1.474 0.150 1.474 0.150  0% 0% 
Crack 3 0.292 0.292 0.289 0.289  1% 1% 
 

  

1

2 
3 



 159 

REFERENCES 

Aldenderfer, Mark S. and Blashfield, Roger K., 1984, Cluster Analysis, Sage 
Publications.  

Anderson, O.L., and Grew, P.C., 1977, Stress corrosion theory of crack 
propagation with applications to geophysics. Rev. Geophys. Space Phys. 
15, 77-104. 

Atkinson, B. K., 1979, A fracture mechanics study of subcritical tensile cracking 
of quartz in wet environments, Pure Appl. Geophys., 117, 1011-1024. 

Atkinson, B. K., 1980, Stress corrosion and the rate-dependent tensile failure of a 
fine-grained quartz rock, Tectonophys., 65, 281-290. 

Atkinson, B. K., 1982, Subcritical crack propagation in rocks: theory, 
experimental results  and application, Journal of  Strucural Geology, 4, 
41-56.  

Atkinson, B. K., 1984, Subcritical crack growth in geological materials. Journal 
of Geophysical Research, 89, 4077-4114. 

Atkinson, B. K. and Meredith, P. G., 1987, The theory of subcritical crack growth 
with applications to minerals and rocks. Atkinson, B. K., ed., Fracture 
Mechanics of Rock, Academic Press, San Diego, USA 

Baecher, G.B., Lanney, N.A. and Einstein, H.H., 1977, Statistical description of 
rock properties and sampling, 18th US Symposium on Rock Mechanics 
5C1, 1¯8. 

Baecher, G.B. and Lanney, N.A., 1978, Trace length biases in joint surveys. 
Proceedings, Symposium on Rock Mechanics 19, 56¯65. 

Bai, T., and Pollard, D. D., 2000, Fracture spacing in layered rocks: a new 
explanation based on the stress transition, Journal of Structural Geology, 
22, 43-57. 

Becker, A., and Gross, M. R., 1996, Mechanism for joint saturation in 
mechanically layered rocks: an example from southern Israel, 
Tectonophysics, 257, 223-237.  



 160 

Barton, C. A. and Zoback, M. D., 1992, Self-similar distribution and properties of 
macroscopic fractures at depth in crystalline rock in the Cajon Pass 
scientific drill hole, Journal of Geophysical Research, 97(B4), 5181-5200.  

Barton, C. C. and Larson, E., 1985, Fractal geometry of two-dimensional fracture 
networks at Yucca Mountain, Southwestern Nevada, Fundamentals of 
Rock Joints:  Proceedings of International Symposium on Fundamental of 
Rock Joints, Bjorkliden, Sweden, edited by O. Stephannson, International 
Society for Rock Mechanics, 77-84. 

Barton, C. C. and Hsieh, P.A., 1989, Physical and Hydrologic-Flow Properties of 
Fractures, Field Trip Guideb., T385, AGU, Washington, D. C.. 

Bridges, M. C., 1976, Presentation of fracture data for rock mechanics, 
Proceedings 2nd Australian – New Zealand Conference on Geomechanics, 
Brisbane, 144-148. 

Bristow, J.R., 1960, Microcracks and the static and dynamic elastic constants of 
annealed and heavily conventional-worked metals. British J. Appl. Phys. 
11, 81-85.  

Bruner, W.M., 1976, Comment on ‘Seismic Velocities in Dry and Saturated 
Cracked Solids’ by Richard J. O’Connell and Bernard Budiansky, Journal 
of Geophysical Research, 81(14), 2573-2576. 

Budiansky, B., O’Connell, R.J., 1976, Elastic moduli of a cracked solid. Int. J. 
Solids Struc., 12, 81-97. 

Call, R. D., Savely, J., and Nicholas, D. E., 1976, Estimation of joint set 
characteristics from surface mapping data. Proceedings 17th U. S. 
Symposium on Rock Mechanics, 2B2-1 – 2B2-9.  

Childs, E.C., 1957, The anisotropic hydraulic conductivity of soil, Journal of Soil 
Science 8(1), 42-47. 

Cladouhos, T. T., and Marrett, R., 1996, Are fault growth and linkage models 
consistent with power- law distributions of fault lengths?, Journal of 
Structural Geology, 18, 281-293. 

Clark, M.B., Brantley, S.L. and Fisher, D.M., 1995, Power- law vein thickness 
distributions and positive feedback in vein growth, Geology 23, 975¯978. 



 161 

Cotterell, B., and Rice, J. R., 1980, Slightly curved or kinked cracks: 
International Journal of Fracture, 16, 155-169. 

Cowie, P. A. and Scholz, C. H., 1992, Growth of faults by accumulation of 
seismic slip, Journal of Geophysical Research, 97, 11085-11095. 

Crouch, S. L. and Starfield, A. M., 1983, Boundary Element Methods in Solid 
Mechanics, George Allen and Unwin, London, U. K.. 

Cruikshank, K.M., Zhao, G., and Johnson, A. M., 1991, Analysis of minor 
fractures associated with joints and faulted joints, Journal of Structural 
Geology, 13, 865-886. 

Cruikshank, Kenneth M. and Aydin, Atilla, 1994, Role of fracture localization in 
arch formation, Arches National Park, Utah, Geological Society of 
America Bulletin, 106, 879-891.  

Dieter, G. E. 1976, Mechanical metallurgy, New York, McGraw-Hill, 774.    

Dershowitz, W. S. and Einstein, H. H., 1988, Characterizing rock joint geometry 
with joint system models. Rock Mech. Rock Eng., 21, 21-51. 

Dey, T.N. and Wang, C.Y., 1981, Some mechanisms of microcrack growth and 
interaction in compressive rock failure, International Journal of Rock 
Mechanics and Mining Science, 18, 199-209.  

Dyer, R., 1988, Using joint interactions to estimate paleostress ratios, Journal of 
Structural Geology, 10 (7), 685-699. 

Einstein, H. H., Baecher, G. B., Verneziano, D. et al, 1980, Risk analysis for rock 
slopes in open pit mines, Final Technical Report. Publication No. R80-17, 
Order No. 669, Department of Civil Engineering, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

Einstein, H. H., and Baecher, G. B., 1983, Probabilistic and statistical methods in 
engineering geology, Rock Mech. Rock Eng., 16, 39-72. 

Engelder, T., and Geiser, P., 1980, On the use of regional joint sets as trajectories 
of plaeostress fields during the development of the Appalachian Plateau, 
New York, Journal of Geophysical Research, 85, 6319-6341. 

Erdogan, F. and Sih, G. C., 1963, On the crack extension in plates under plane 
loading and transverse shear. ASME Transactions, 85, 519-527. 



 162 

Griffith, A. A., 1924, The theory of rupture, In Proc. First Internat. Congr. Appl. 
Mech. (ed. C. B. Biezeno and J. M. Burgers), J. Waltman Jr. Delft, 55-63.   

Gross, M. R., 1993. The origin and spacing of cross joints: Examples from the 
Monterrey Formation, Santa Barbara coastline, California, Journal of 
Structural Geology, 15, 737¯751.  

Gross, M. R., Fischer, M. P., Engelder, T and Greenfield, R, 1995, Factors 
controlling joint spacing in interbedded sedimentary rocks: integrating 
numerical models with field observations from the Monterey Formation, 
USA, Fracture topography as a tool in fracture mechanics and stress 
analysis, Geological Society Special Publication No. 92, 215-233. 

Gudmundsson, 1987, Geometry, formation and development of tectonic fractures 
on the Reykjanes Peninsula, southwest Iceland, Tectonophysics 139, 
295¯308 

Hatton, C.G., Main, I.G. and Meredith, P.G., 1994, Non universal scaling of 
fracture length and opening displacement, Nature 367, 160¯162.  

Hatzor, Y.H. and Palchik, V., 1997, The influence of grain size and porosity on 
crack initiation stress and critical flaw length in Dolomites, Int. J. Rock 
Mech. Min. Sci., 34(5), 805-816.  

Heffer, K.J. and Bevan, T.G., 1990, Scaling relationships and natural fractures: 
data, theory and applications, Society of Petroleum Engineers, 20981, 
367¯376.  

Hennings, P., Olson, J. and Thompson, L., 2000, Combining outcrop and 3-d 
structural modeling to characterize fractured reservoirs, American 
Association of Petroleum Geologists Bulletin, 84(6), 830-849. 

Hirata, T., 1989, Fractal dimension of fault systems in Japan: Fractal structure in 
rock fracture geometry at various scales, Pure Appl. Geophys., 131, 157-
170. 

Holder, Jon, Olson, Jon E., and Philip, Zeno, 2001, Experimental determination of 
subcritical crack growth parameters in sedimentary rock, Geophysical 
Research Letters, 28 (4), 599-602.  

Hudson, J. A. and Priest, S. D., 1983, Discontinuity frequency in rock masses, Int. 
J., Rock Mech. Min. Sci. Geomech. Abstr., 20, 73-89.   



 163 

Ingraffea, Anthony R., 1987, Theory of crack initiation and propagation in rock. 
In: Atkinson, B.K. (Ed.), Fracture Mechanics of Rock. Academic Press, 
London, 277-349. 

Irwin, G. R., 1958, Fracture. In: Encyclopedia of Physics, edited by S. Flugge, 
Springer-Verlag, Berlin, 551-590. 

Jaeger, J.C. and Cook, N.G.W., 1976, Fundamentals of Rock Mechanics, 
Chapman and Hall, London.  

Jensen, J. L., Lake, L. W., Corbett, P. W.M. and Goggin, D. J., 1997, Statistics for 
Petroleum Engineers and Geoscientists, Prentice Hall PTR, USA.  

Johnston, J.D. and McCaffrey, K.J.W., 1996, Fractal geometries of vein systems 
and the variation of scaling relationships with mechanism, Journal of 
Structural Geology, 18, 349¯358.  

Kachanov, M., 1987, Elastic solids with many cracks: A simple method of 
analysis, International Journal of Solids and Structures, 23(1), 23-43.  

Kachanov, M., 1992, Effective elastic properties of cracked solids: critical review 
of some basic concepts, Appl. Mech. Rev., 45(8), 304-335.  

Kalthoff, J. F., in Dynamic Crack Propagation, Noordhoff International 
Publishing, Leyden, 449-458.  

Karihaloo, B. L., Keer, L. M., and Nemat-Nasser, S., 1980, Crack kinking under 
nonsymmetric loading: Engineering Fracture Mechanics, 13, 879-888. 

Kirby, S. H., 1984, Introduction and digest to the special issue on chemical effects 
of water on the deformation and strengths of rocks, Journal of 
Geophysical Research, 89, 3991-3995.  

Kranz, R.L., 1979, Crack-crack and crack-pore interactions in stressed granite, 
International Journal of Rock Mechanics and Mining Science, 16, 37-47.  

Kreyszig, Erwin, 1993, Advanced Engineering Mathematics, John Wiley & Sons, 
Inc., USA. 

Kulatilake, P.H.S.W., Wathugala, D.N., and Stephansson, O., 1993, Joint network 
modeling with a validation exercise in Stripa mine, Sweden, Int. J. Rock 
Mech. Min. Sci. and Geomech. Abstr., 30(5), 503-526.   



 164 

LaPointe, P.R. and Hudson, J.A., 1985, Characterization and interpretation of 
rock mass joint patterns, Geological Society of America Special Paper 
199, 37. 

LaPointe, P.R., 1988, A method to characterize fracture density and connectivity 
through fractal geometry, Int. J. Rock Mech. Min. Sci. Geomech., 25, 421-
429. 

Lachenbruch, A. H., 1961, Depth and spacing of tension cracks, Journal of 
Geophysical Research 66, 4273-4292.  

Laubach, S., 1997, A method to detect natural fracture strike in sandstones, AAPG 
Bulletin, 81(4), 604-623. 

Laubach, S., Marrett, R. and Olson, J. E., 2000, New directions in fracture 
characterization, The Leading Edge, 704-711.    

Lawn, B. R., and Wilshaw, T. R., 1975, Fracture of Brittle Solids, Cambridge, 
England, Cambridge University Press, 204.  

Lorenz, J.C., Warpinski, N.R., and et al., 1988, Results of the Mulitwill 
experiment: In situ stresses, natural fractures and other geologic controls 
on reservoirs, EOS, Aug. 30, 817-826.  

Lorenz, J. C. and Warpinski, N. R., 1996, Natural fracture characteristics and 
effects, Leading Edge, 15(8), 909-911.  

Love, A. E. H., 1927, A Treatise on the Mathematical Theory of Elasticity, 
Cambridge University Press, pp. 643.  

MacMahon, B., 1974, Design of rock slopes against sliding on preexisting 
surface. 3rd International Symp. On Rock Mechanics, II-B, 803-808. 

Mandelbrot, B. B., 1982, The fractal geometry of nature, Freeman, San Francisco.  

Marrett, R., 1997. Permeability, porosity, and shear-wave anisotropy from scaling 
of open fracture populations. In: Hoak, T.E., Klawitter, A.L. and 
Blomquist, P.K. Editors, 1997. Fractured Reservoirs: Characterization 
and Modeling Guidebook Rocky Mountain Association of Geologists, 
217¯226. 

Marrett, R., Ortega, O.J. and Kelsey, C.M., 1999. Extent of power- law scaling for 
natural fractures in rock. Geology 27, 799¯802 



 165 

Muller, O. H., and Pollard, D. D., 1977, The stress state near Spanish Peaks, 
Colorado, determined from a dike pattern, Pure Appl. Geophys., 115, 69-
86. 

Muskhelishvili, N. I., 1954, Some Basic Problems of Mathematical Theory of 
Elasticity, P. Noordhoff Ltd., Groningen, The Netherlands.  

Nelson, R.A., 1985, Geologic Analysis of Naturally Fractured Reservoirs, Gulf 
Publishing Co., Houston, Texas, 1985. 

Nicol, A., Walsh, J. J., Watterson, J., and Gillespie, P.A., 1996, Fault size 
distributions – are they really power- law?, Journal of Structural Geology, 
18, 191¯197.  

Nuismer, R. J., 1975, An energy release rate criterion for mixed mode fracture, 
International Journal of Fracture, 11, 245-250. 

Nur, A., 1982, The origin of tensile fracture lineaments, Journal of Structural 
Geology, 4, 31-40.  

O’Connell, J. R., and Budiansky, B., 1974, Seismic velocities in dry and saturated 
cracked solids, Journal of Geophysical Research, 79, 5412-5426. 

Ode, H., 1957, Mechanical analysis of the dike pattern of the Spanish Peaks area, 
Colorado, Geological Society of America Bulletin, 68, 567-576. 

Olson, J. E., 1991, Fracture mechanics analysis of joints and veins, Dissertation, 
Stanford University.  

Olson, J. E., 1993, Effects of subcritical crack growth and mechanical crack 
interaction. Journal of Geophysical Research, 98(B7), 12251-12265.  

Olson, J. E., 1997, Natural fracture pattern characterization using a mechanical-
based model constrained by geologic data – moving closer to a predictive 
tool. International Journal of Rock Mechanics and Mining Science, 
34(3/4), 391, Paper No. 237.  

Olson, J. E. and Pollard, D. D., 1989, Inferring paleostresses from natural fracture 
patterns: A new method, Geology, 17, 345-348.  

Olson, J. E. and Pollard, D. D., 1991, The initiation and growth of en echelon 
veins, Journal of Structural Geology, 13(5), 595-608.  



 166 

Olson, J. E., Hennings, P. H., and Laubach, S. E., 1998, Integrating wellbore data 
and geomechanical modeling for effective characterization of naturally 
fractured reservoirs. SPE 47352.   

Olson, J. E., Qiu, Y., Holder, J. and Rijken, P., 2001, Constraining the spatial 
distribution of fracture networks in naturally fractured reservoirs using 
fracture mechanics and core measurements. SPE Annual Technical 
Conference and Exhibition: New Orleans, L.A., SPE 71342.  

Ortega, O. and Marrett, R., 2000, Prediction of macrofracture properties using 
microfracture information, Mesaverde Group sandstones, San Juan basin, 
New Mexico, Journal of Structural Geology, 22, 571-588.   

Pollard and Muller, 1976, The effect of gradients in regional stress and magma 
pressure on the form of sheet intrusions on cross section, Journal of 
Geophysical Research, 81, 975-988. 

Pollard, D. D., Segall, P., and Delaney, P.T., 1982, Formation and interpretation 
of dilatant echelon cracks: Geological Society of America Bulletin, 93, 
1291-1303. 

Pollard, D. D. and Aydin, A., 1984, Propagation and linkage of oceanic ridge 
segments, Journal of Geophysical Research, 89(B12), 10,017-10,028.  

Pollard, D. D. and Segall, P., 1987, Theoretical displacements and stresses near 
fractures in rocks: with applications to faults, joints, veins, dikes and 
solution surfaces. In: Atkinson, B.K. (Ed.), Fracture Mechanics of Rock. 
Academic Press, London, 277-349. 

Pollard, D. D. and Aydin, A., 1988, Progress in understanding jointing over the 
past century, Geological Society of America Bulletin, 100, 1181-1204.  

Pfiffner, O.A. and Ramsay, J.G., 1982, Constraints on geological strain rates: 
arguments from finite-strain states of naturally deformed rocks, Journal of 
Geophysical Research, 87(B1), 311-321.  

Renshaw, C. E., 1993, Modeling fluid migration through physically-based 
fracture networks, Dissertation, Stanford University.  

Renshaw, C. E., 1994, Are large differential stresses required for straight fracture 
propagation paths? Journal of Structural Geology, 16 (6), 817-822.  



 167 

Renshaw, C. E. and Park, J. C., 1997, Effect of mechanical interactions on the 
scaling of fracture length and aperture, Nature, 386, 482-484.  

Rice, J. R., 1978, Thermodynamics of the quasi-static growth of Griffith cracks: 
Journal of Mechanics and Physics of Solids, 26, 61-78. 

Rives, T., Razack, M., Petit, J. P. and Rawnsley, K.D., 1992, Joint spacing: 
analogue and numerical simulations, Journal of Structural Geology, 
14(8/9), 925-937.  

Robertson, A., 1970, The interpretation of geological factors for use in slope 
stability. Proc. Symp. On the Theo. Background to the Planning of Open 
Pit Mines with Special Ref. To Slope Stability, 55-71. 

Scholz, C. H., 1997, Scaling properties of faults and their populations, Int. J. Rock 
Mech. Min. Sci., 34(3/4), 348.  

Secor, D.T., 1965, Role of fluid pressure in jointing, Amer. J. Sci., 263, 633-646.  

Secor, D.T., 1969, Mechanics of natural extension fracturing at depth in the 
earth’s crust, in Baer, A.J., and Norris, D.K., eds., Research in tectonics: 
Geological Survey of Canada Special Paper 68-52, 3-47. 

Segall, P., 1984a, Formation and growth of extensional fracture sets. Geological 
Society of America Bulletin, 95, 454-462. 

Segall, P., 1984b, Rate-dependent extensional deformation resulting from crack 
growth in rock. Journal of Geophysical Research, 89, 4185-4195. 

Segall, P., and Pollard, D. D., 1983, Joint formation in granitic rock of the Sierra 
Nevada, Geological Society of America Bulletin, 94, 563-575.  

Sih, G. C. 1974, Strain-energy-density factor applied to mixed mode crack 
problems, International Journal of Fracture, 10, 305-321.  

Stowell, J.F.W., 2000, Specifying lengths of horizontal wells in fractured 
reservoirs: Society of Petroleum Engineers, SPE 65458.  

Strifors, H. C., 1974, A generalized force measure of conditions at crack tip, 
International Journal of Solids and Structures, 10, 1389-1404.  



 168 

Swanson, P.L., 1984, Subcritical crack growth and other time- and environment 
behavior in crustal rocks, Journal of Geophysical Research, 89(B6), 4137-
4152.  

Tamuzs V. and Petrovab V., 1999, Modified model of macro-microcrack 
interaction, Theoretical and Applied Fracture Mechanics, 32(2), 111-117. 

Tchalenko, J. S., 1970, Similarities between shear zones of different magnitudes, 
Geol. Soc. Am. Bull., 81, 1625-1640. 

Teufel, L.W. and Clark, J.A., 1984, Hydraulic fracture propagation in layered 
rock: Experimental studies of fracture containment, Soc. Petrl. Engrs.J., 
24, 19-32. 

Thomas, A. L., and Pollard, D. D., 1993, The geometry of echelon fractures in 
rock: Implications from laboratory and numerical experiments, Journal of 
Structural Geology, 15(3-5), 323-334.   

Walsh J. B., 1965, The effect of cracks on the uniaxial elastic compression of 
rocks, Journal of Geophysical Research, 70(2), 399-411.  

Warburton, P. M., 1980, A stereological interpretation of joint trace data, Int. J. 
Rock Mech. Min. Sci. Geomech. Abstr., 17, 181-190.  

Warren, J. E. and Root, P.J., 1963, The behavior of naturally fractured reservoirs, 
SPE Journal, 245-255. 

Wilkins, B.J., 1980, Slow crack growth and delayed failure of granite, Int. J. Rock 
Mech. Min. Sci. Geomech. Abstr., 17, 365-369. 

Wu, C. H., 1978, Fracture under combined loads by maximum energy release rate 
criterion, Journal of Applied Mechanics, 45, 553-558.  

 



 169 

Vita 

 

Yuan Qiu was born on May 16, 1969 in Jining, Inner Mongolia, P. R. 

China.  Her father is Bangliang Qiu and mother is Yunyan Sun.  She received her 

B.S. in geology in 1990 from Peking (Beijing) University (PKU), and her M.S. in 

applied geophysics in 1993 form Beijing Graduate School, China University of 

Mining & Technology (CUMT).  She worked there as a lecturer and researcher in 

Data Processing Center for three and a half years.  In August 1996, she was 

admitted to the Ph.D. program in the Department of Petroleum and Geosystems 

Engineering, The University of Texas at Austin.  Her supervisor is Dr. Jon E. 

Olson.  In 1997 and 1998, she worked for Exploration & Production Department, 

Texaco as a summer intern.  

 

 

Permanent address: Yuan Qiu c/o Delores Holubec 

6000 Sun Vista 

Austin, TX 78749 

USA 

This dissertation was typed by Yuan Qiu. 

 

 


