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Abstract 

Estimation of Temperature-Dependent Parameters using an Integrated 

Thermal and Hydraulics Simulator for Drilling Applications 

AmirHossein Fallah, MSE 

The University of Texas at Austin, 2018 

Supervisors:  Dongmei Chen, Eric van Oort 

Today, wells are being drilled under complex conditions with complex well 

geometries, under High-Pressure High-Temperature (HPHT) conditions, with risk of riser 

gas unloading in deepwater operations, while using Managed Pressure Drilling (MPD) 

techniques, etc., resulting in a clear need for comprehensive multi-phase hydraulics 

software to simulate these conditions. 

To address this need, a thermal model is developed and added to a previously 

developed multi-phase software package. The de-coupled thermal model is able to estimate 

the temperature in the drillstring and the annulus fluids, as well as the formation 

temperature adjacent to the well, using an advanced explicit finite volume approach 

integrated with a semi-implicit scheme used in the hydraulics model. The model solves the 

energy equation for the wellbore fluids, assuming that the gas and liquid phases are at the 

same temperature. Comprehensive thermal resistance networks are used to calculate the 

heat transfer between the annulus and drillstring fluids, the annulus fluid and the formation, 

and in the formation. For better accuracy, axial heat conduction in the drilling fluid and 
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heat generation at the bit are accounted for. Results of the model are compared against the 

well-known Hasan and Kabir model and commercial software, showing a very good match 

for both steady-state and transient cases. 

To show the importance of accurate temperature estimations, offshore and onshore 

kick scenarios are simulated for different drilling fluids and kick control methods. Using a 

comprehensive heat transfer model, a user-friendly Graphical User Interface (GUI) and 

advanced numerical schemes makes this model a robust tool for estimation of the drilling 

fluid and the formation during complex well control applications. The developed model is 

able to estimate crucial parameters during complex conditions, such as the pressure and 

temperature profiles, increased pit gain and outflow during kicks, gas solubility and 

unloading at low pressures, and even temperature-dependent formation strength. The 

addition of the energy equation comes without loss of previous modeling capabilities of 

the hydraulics simulator, such as accounting for area discontinuity in the well and 

drillstring, non-Newtonian fluid rheology, MPD techniques, and arbitrary 3-D well 

trajectories.  
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Chapter 1: Introduction 

In this chapter, the motivation and objective of this project are discussed. The need 

for a multiphase hydraulics model that is able to provide accurate estimations of wellbore 

temperatures and pressures is investigated, and an overview of the previous work is 

discussed. Finally, the literature review on this topic is provided to finish the chapter. 

1.1 OBJECTIVE AND BACKGROUND 

Today, Managed Pressure Drilling (MPD) techniques are being widely used on 

different onshore and offshore wells to precisely control the annular pressure profile, and 

accordingly the equivalent circulating density (ECD), along the wellbore. Since it is not 

practically feasible to have downhole sensors along the wellbore (unless more sophisticated 

and costly technologies such as wired drillpipe are used), the knowledge of downhole 

parameters is limited. Because of this limitation, there is a growing need for comprehensive 

multi-phase hydraulic models that can accurately model complex well control situations 

associated with the use of MPD operations, complex well geometries, high-pressure high-

temperature (HPHT) conditions, riser gas unloading events, etc.  

The objective of this project was to develop a comprehensive hydraulics software 

package which is able to simulate complex kick control scenarios. The developed software 

needs to be accurate in solving the governing equations of the problem and providing 

estimation of different drilling parameters, while having a simple and user-friendly 

graphical user interface (GUI) for use on the rig. The modeling and GUI details are 

provided in Chapter 2 and Chapter 3 respectively. In this section, first the modeling 

requirements of a hydraulics model are discussed, then the importance of energy equation, 

which is the focus of this thesis, is investigated. 
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New wells are being drilled in arbitrary paths to reach the oil or gas reservoir while 

avoiding obstacles (e.g. towns), increase the length of the pay zone, etc. (King 2010) 

(Figure 1.1), which is referred to as directional drilling. In drilling these well paths, 

different casing sizes are used, as well as a drill collar and drill bit, resulting in a flow 

section in the drillstring and the annulus which has multiple area discontinuities at different 

depths. In order to accurately simulate the mud flow through a general well, the path and 

area discontinuities need to be modeled; and the implemented numerical scheme should be 

capable of solving the flow equations at these points. 

 

 

Figure 1.1. Directional drilling where vertical drilling is not possible or efficient (King 
2010). 

When the well pressure falls below the reservoir pressure, depending on the type of 

the reservoir, liquid or gas enters the well from the reservoir (Figure 1.2). This influx which 

is called a kick, is controlled through conventional methods (e.g. circulating out the kick 

using the Driller’s method) or MPD techniques (increasing the bottomhole pressure (BHP) 

by applying a surface backpressure or increasing the flow rate (and the resulting equivalent 

circulating density (ECD)). A comprehensive model needs to be compatible with these 
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conditions and be able to simulate MPD operations, as well as the capability to have 

multiple gases and liquids in the well (from kicks and pumps). 

 

Figure 1.2. Schematic of a kick instance in a vertical well (OSHA 2009). Kicks happen 
when the mud pressure falls below the reservoir pressure. 

Simulation of a kick control scenario is equal to solving a multi-phase flow of 

liquids and gases with different properties such as densities and viscosities. An accurate 

simulator needs to include the temperature and pressure effects on the densities, as well as 

modeling the viscosity of Herschel-Bulkley muds. Failing to include these effects 

decreases the accuracy and can lead to significant errors when estimating downhole 

parameters and taking control actions. 
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Multiple parameters during a well control situation depend on temperature. Liquid 

and gas densities can highly change at higher temperatures down the well; gas solubility in 

non-aqueous drilling fluids is a function of temperature especially at high pressures 

(Figure 1.3) (O’Bryan et al. 1988); and other parameters, such as downhole pressures and 

pit gain, are indirectly affected by changes in temperature. Under HPHT conditions or 

when drilling is done for long periods of time, temperature changes are higher, and these 

effects become more important. The developed simulator needs to be capable of providing 

an accurate estimation of downhole temperatures, which is achieved by incorporating a 

thermal model that includes heat transfer models in the well and the formation. 

 

Figure 1.3. Solubility of methane in diesel oil as a function of pressure and temperature 
(O’Bryan et al. 1988). Note the existence of a critical pressure, above which 
methane becomes almost infinitely soluble in oil for a given temperature. 
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A multi-phase hydraulics software was previously developed to address the need 

for fast and improved multi-phase flow modeling (Ma et al. 2016, 2017, 2018). The 

software is based on a DFM which, until now, has neglected the energy equation for the 

sake of simplicity and assumed thermal equilibrium between the mud and the formation. 

In this work, a mixture energy equation is integrated with the previously developed 

hydraulics model to solve for the temperatures of both the mud and the formation.  

The previously developed DFM model can solve the mass and mixture momentum 

equations to estimate different parameters during MPD and conventional drilling 

operations. A semi-implicit numerical scheme was used, and the model was capable of 

simulating numerous complex situations, including, but not limited to, non-Newtonian 

fluids, arbitrary 3-D well paths, area discontinuities in the drillstring and wellbore, and gas 

dissolution in muds. Details and validation of the DFM are provided elsewhere (Ma et al. 

2017). That model, however, assumed thermal equilibrium between the mud and the 

formation and neglected the energy equation, making it incapable of providing accurate 

temperature estimations, and would cause errors when simulating HPHT wells or any other 

situation where temperature plays an important role. 

To address this issue, a de-coupled thermal model is added to the software package, 

resulting in a simulator which is capable of accurately estimating downhole temperatures 

of the mud and the formation. The thermal model considers important parameters such as 

axial heat conduction in the mud, heat generation at the bit, and temperature changes of the 

formation. The addition of the energy equation to the model, which is the main topic of 

this thesis, comes with no loss of previous capabilities of the model, making it a robust tool 

for simulating well control in HPHT wells, estimating complex phenomena such as thermal 

formation strengthening, etc. 
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1.3 LITERATURE REVIEW 

Many models have been developed with a wide range of capabilities and 

complexities that can be used for simulating flow of two fluids through the wellbore. 

Aarsnes et al. (2016) provided a review of these models and categorized them according to 

their mathematical structure, i.e. their level of sophistication. Figure 1.4 shows a hierarchy 

of these models (Linga 2018). The leftmost circle shows the most comprehensive model 

known as the Baer-Nunziato model (Baer and Nunziato 1986). This model is unnecessarily 

complex and multiple relaxations are applied in the literature to simplify the problem 

(Figure 1.4). The most popular simplification in drilling applications is the relaxation in 

velocity known as the DFMs. These models are widely used in drilling applications due to 

their accuracy and simplicity. 

 

Figure 1.4. Hierarchy of two-fluid relaxation models. The leftmost circle indicates the 
Baer-Nunziato model and the arrows show relaxations in velocity (v), 
pressure (p), temperature (T) and chemical potential (µ) (Linga 2018). 
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Among the developed models, many have neglected the energy equation in the set 

of conservation equations and have assumed a pre-known temperature profile throughout 

the wellbore (Aarsnes et al. 2016; Udegbunam et al. 2014; Ma et al. 2016, 2017, 2018). 

This simplification makes the model advantageous for control and estimation purposes, 

because the dependency on temperature is dropped and the system of equations is easier 

and faster to solve. However, this simplification results in an inaccurate estimation of the 

wellbore temperature profile which can lead to problems for HPHT wells, because other 

crucial parameters, such as pressures, are indirectly (through density) dependent on 

temperature. Moreover, some phenomena are impossible to model without having a 

dynamic thermal model, such as mud-induced changes to thermal stresses in rock 

formations (van Oort et al. 2018a, 2018b) and the break-out point of dissolved gas in case 

of gas kicks that are soluble in non-aqueous drilling fluids. 

A few models, however, consider the energy equation explicitly and provide an 

acceptable estimation of temperatures inside the wellbore and the drillstring. The two-fluid 

model OLGA (Bendiksen et al. 1991) is arguably one of the most sophisticated models in 

this respect, because it solves the energy equation using a multi-fluid model. The implicit 

numerical scheme, separate momentum equation for each phase (characteristic of multi-

fluid models) and sophisticated closure relations used in this model enable it to simulate 

different well control operations with minimal error. However, this level of complexity 

comes with a computational cost that makes two-fluid models impractical for use in control 

applications. Moreover, such models may not be numerically stable for all cases (e.g. in 

case of high gas fractions), and lack currently lack the functionality to simulate MPD 

operations. 

To address this need, simplified hydraulic models that incorporate suitable thermal 

models are suggested. An example is the Hasan and Kabir model (Hasan and Kabir 1996), 
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which provides an analytical solution for the steady-state temperature profile. Such models, 

however, simplify the momentum and mass conservation equations (e.g. using reduced 

drift-flux models (DFMs), assuming single phase flow, etc.), resulting in their inability to 

estimate the pressure profiles in complex drilling operations (e.g. those that require 

pressure management through hydraulic model control). 

DFMs which incorporate the energy equation are rarely addressed in the published 

literature. One exception is the model developed by Petersen et al. (2008), which uses a 

divide and conquer approach where the flow domain is divided into different sections with 

junctions on both sides with other sections (Figure 1.5). Flow equations are linearized for 

each section first; which reduces the problem to solving the parameters at the junctions 

only. Their model uses a de-coupled energy equation to solve for the 2-D temperature 

profile (in the axial and radial directions) in a well. However, their focus was on the 

pressure estimation of the problem, whereas validation and results of their thermal model 

were not provided. This makes it impossible to verify the temperature estimations 

independently and evaluate the validity of the various simplifying assumptions that were 

made. 
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Figure 1.5. Divide and conquer method (Petersen et al. 2008).  
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Chapter 2: Mathematical Model 

In this chapter, details of the mathematical model are provided with a focus on the 

energy equation. The modeling is done using a one-dimensional DFM with a de-coupled 

energy equation that discretizes the conservation equations for the multi-phase flow in both 

the drillstring and the annulus using a semi-implicit algorithm with first-order and second-

order schemes. 

2.1 CONSERVATION EQUATIONS 

The overall system of conservation equations consists of a mass conservation 

equation for each element, a mixture momentum conservation equation (as in the DFMs), 

and a de-coupled mixture energy equation, which is provided in the set of Equations (2.1-

2.3). The first two equations are used in the previous model, where the energy equation 

was neglected, and a known, constant temperature profile was assumed (Ma et al. 2.16, 

2017, 2018). In the energy equation, all the phases are assumed to be at the same 

temperature, i.e. thermal equilibrium is assumed between the phases; hence, the only added 

unknown to the previous system without the energy equation is the mixture temperature, 

which is compensated by the added Equation (2.3). 

 

 𝜕𝛼#𝜌#
𝜕𝑡 +

𝜕𝛼#𝜌#𝑣#
𝜕𝑥 = �̇�# + �̇�-./012 (2.1) 

 𝜕 ∑ 𝛼#𝜌#4
#56 𝑣#	
𝜕𝑡 +

𝜕∑ 𝛼#𝜌#4
#56 𝑣#8	
𝜕𝑥 = −

𝜕𝑝
𝜕𝑥 + 𝑓< + 𝑓= + �̇�-./012 (2.2) 

 𝜕 ∑ 𝛼#𝜌#𝐸#4
#56 	
𝜕𝑡 +

𝜕 ∑ 𝛼#𝜌#𝑣#𝐻#4
#56

𝜕𝑥
=
𝜕
𝜕𝑥 (𝐾C#D

𝜕𝑇
𝜕𝑥) + �̇�=HII + �̇�-./012 + �̇�<24 

(2.3) 
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In these equations, 𝑡 is time, 𝑥 is length in the direction of the well (measured depth 

(MD)), 𝛼 is volume fraction, 𝜌 is density, 𝑣 is velocity, �̇� is gass dissolution rate per unit 

volume, �̇�-./012 is the rate of mass generation from sources per unit volume, p is pressure, 

𝑓< is gravitational force, 𝑓= is wall friction, �̇�-./012 is the rate of momentum generation 

from sources per unit volume, 𝐸 is energy, 𝐻 is enthalpy, 𝐾C#D is mixture conductivity, 𝑇 

is temperature, �̇�=HII is the rate of heat transfer through the walls per unit volume, �̇�-./012 

is the rate of enthalpy generation from sources per unit volume, �̇�<24 is the heat generation 

rate at the bit per unit volume, and subscript 𝑖 represents element 𝑖 (either liquid or gas). 

The terms on the left-hand sides of Equation (2.1-2.3) refer to the conservative and 

convective terms respectively. On the right-hand side:  

1. Mass conservation equation: the first term represents the gas solubility rate in 

the SBM; and the second term represents the mass influx from external sources 

(such as kicks, fractures, pumps, or injections). 

2. Momentum conservation equation: the first term is the pressure flux; the 

second term is the gravitational force; the third term is the wall friction; and the 

last term is the momentum influx from external sources. 

3. Energy conservation equation: the first term represents the axial conduction 

in the mud; the second term is the heat transfer to the outer and inner (if any) 

walls; the third term refers to the inlet energy source (in the form of enthalpy) 

from kicks, pumps, injections, or the bit; and the last term is the rate of heat 

generation at the bit. 

Time and measured depth are discretized in the numerical scheme, as explained 

later. Volume fractions, densities, velocities and pressure are solved from the mass and 

momentum conservation equations. Conductivities and heat capacities for each element 

and heat generation at the bit are required user inputs. Source enthalpy and wall heat 
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transfer are calculated based on the boundary conditions and corresponding models. 

Temperature 𝑇 is the unknown that needs to be solved for. 

2.2 CLOSURE RELATIONS 

In the system of conservative equations (Equations (2.1-2.3)), there are multiple 

terms and parameters that need to be calculated. There are 8 unknowns in these equations, 

namely volume fractions, densities, velocities, pressure and temperature, as well as 

multiple terms on the right-hand side of the equations, for example the friction factor in the 

momentum equation. It is obvious that in order to solve for these parameters, more 

equations are needed to close the system of equation. In this section, these closure relations 

for the mass and momentum equations are explained first, then the energy equation is 

discussed in detail which is the focus of this thesis. 

2.2.1 Mass and Momentum 

In the mass and momentum equations, the right-hand side refers to the source terms 

(Ma et al. 2017). The mass and momentum influxes from the kick and fracture zones, the 

pumps and the injections points are calculated from the associated sub-models for each 

type of influx or loss; the gas solubility rate depends on the mud type and the solubility 

threshold at a given pressure and temperature; the gravitational force depends on the 

mixture density and well inclination; and the wall friction is calculated from the viscosity 

of yield power law fluids (Herschel-Bulkley model). All these source terms depend on 

either external boundary conditions, which are defined by the user, or volume fractions, 

densities, velocities, pressure and temperature, which are the main unknowns of the system 

of equations. For a simple case of a single gas and single liquid flow there are 8 unknowns 

for the system of four equations defined by Equations (2.1-2.3). (Note that the mass 
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equation can be written for both the gas and the liquid phase.) As a result, four more 

equations are needed to close the system of equations. These equations are: liquid density 

model, gas density model, slip law, and sum of void fractions. 

1. Liquid density model: Density of the liquid depends on temperature 

and pressure. There are several models provided in the literature for 

density of liquids. Here, a linear density model is used (Ma et al. 2016, 

2017, 2018): 

 

 𝜌I = 𝜌I,M +
𝑝 − 𝑝M
𝑎I8

− 𝑐I(𝑇 − 𝑇M) (2.4) 

 

Here, ρl,0 is the reference density, p0 is the reference pressure, al is the 

sonic velocity, cl is the thermal coefficient, and T0 is the reference 

temperature. All these parameters are constant and are given by the user. 

From Equation (2.4) the density of the liquid is calculated at the cell 

centers in the discretized model. 

2. Gas density model: Similar to liquid density, gas density is also 

dependent on pressure and temperature. Hall-Yarborough model is used 

here to calculate gas density at different pressures and temperatures (Ma 

et al. 2016, 2017, 2018): 

 

 𝜌< =
𝑝

𝑧(𝑝, 𝑇). 𝑅<. 𝑇
 (2.5) 

 

Here, Rg is the gas constant and z is the compressibility factor which can 

be read from Figure 2.1. 
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Figure 2.1. Compressibility factor for gases (Kareem 2014). 

3. Slip law: In DFMs a mixture momentum equation is used instead of 

using separate momentum equations for the gas and liquid phases. This 

assumption drops the interphase drag and wall friction terms in the 

equations which are highly dependent on the flow regime and are 

extremely difficult to calculate, resulting in a much simpler model with 

acceptable error for hydraulics modeling in drilling applications. 

However, using a mixture momentum equation requires a supplemental 

equation to make up for the neglection of the separate liquid and gas 

momentum equations. This supplemental equation is called the slip law 

and relates the liquid and gas velocities based on the flow condition. 

There are several slip laws in the literature. In this model, the slip law 

developed by Shi et al. (2005) is used (Ma et al. 2016, 2017, 2018): 
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 𝑣< = 𝐶M𝑣C#D + 𝑣T (2.6) 

 

Where C0 is the concentration profile parameter and vd is the drift 

velocity, defined by Shi et al. (2005). vmix is the mixture velocity which 

is defined by Equation (2.7): 

 

 𝑣C#D = 𝛼I𝑣I + 𝛼<𝑣< (2.7) 

 

The slip law, along with the mixture momentum equation, is used in the 

numerical scheme to solve for liquid and gas velocities. 

4. Sum of volume fractions: The last equation to complete the system of 

8 equations and 8 unknowns is the obvious relationship between the 

volume fractions, i.e. the sum of all volume fractions is equal to 1 (Ma 

et al. 2016, 2017, 2018): 

 

 𝛼I + 𝛼< = 1 (2.8) 

 

The conservation equations, in conjunction with the above-mentioned closure 

relations, complete the system of equations (8-equations and 8 unknowns for a simple 

single liquid single gas flow) and allow for computing different parameters during a well 

control situation. In a general case with m liquid components and n gas components, the 

unknowns and equations are: 
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• Unknowns (2(m+n)+4): volume faction of each component (m+n), density 

of each component (m+n), velocity of each phase (liquid and gas) (2), 

pressure (1) and temperature (1). 

• Equations (2(m+n)+4): mass conservation for each component (m+n), 

mixture momentum conservation (1), mixture energy conservation (1), 

liquid density models (m), gas density models (n), slip law (1), sum of 

volume fractions (1). 

2.2.2 Energy 

In this section, different parameters in the energy equation are defined and 

discussed in detail. Energy and enthalpy of each element are given in Equations (2.9) and 

(2.10): 

 

 𝐸 = 𝑐V𝑇 +
1
2𝑣

8 + 𝑔𝑧 (2.9) 

 𝐻 = 𝐸 + 𝑝/𝜌 (2.10) 

 

where 𝑐V is the specific heat at constant volume, 𝑔 is the gravitational acceleration, 

𝑧 is the vertical position and 𝑝 is pressure. 

Source enthalpy is given in Equation (2.11):  

 

 �̇�-./012 = �̇�-./012(𝑐V𝑇 +
1
2𝑣

8 + 𝑔𝑧 + 𝑝/𝜌) (2.11) 

 

where mass flux from the source (�̇�-./012) is calculated from the relevant model 

(i.e. pump, kick, injection or bit) and 𝑉12II is the volume of the cell containing the source. 
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2.2.2.1 External Heat Transfer 

External heat transfer for the drillstring and annulus fluids is modeled using a radial 

heat resistance network, where heat is transferred between the drillstring and annulus 

fluids, and between the annulus fluid and the formation. Figure 2.2. shows the resistance 

network for a horizontal section of the well. As seen in the picture, the temperature 

difference between the drillstring and annulus fluids results in heat transfer through (1) 

convection in the drillstring fluid, (2) conduction through the drillpipe, and (3) convection 

in the annulus fluid. Similarly, heat is transferred from the annulus fluid to the formation 

through (1) convection in the annulus fluid, (2) conduction through casing, and (3) 

conduction through cement. In the open hole, where cement and casing are not available, 

corresponding resistances will automatically be set to zero in the equations, which is 

discussed later. Total heat resistance on each side is then calculated as the sum of 

resistances. 
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Figure 2.2. General thermal resistance network for a horizontal lateral section of a well 
(with bi-lateral symmetry). 

Based on the modeled network, wall heat transfer on the drillstring and the annulus 

sides are given by:  

 

 �̇�=HII,T0#II-[0#4< = �̇�=HII,./[20 =
∆𝑇./[20
𝑅./[20

=
𝑇H44 − 𝑇T-
𝑅./[20

 (2.12) 

 �̇�=HII,H44/I/- = �̇�=HII,./[20 + �̇�=HII,#4420 =
∆𝑇./[20
𝑅./[20

+
∆𝑇#4420
𝑅#4420

=
𝑇].0 − 𝑇H44
𝑅./[20

−
𝑇T- − 𝑇H44
𝑅#4420

 

(2.13) 

 

where 𝑅./[20 and 𝑅#4420 resistances are the sum of individual conduction and 

convection resistances on outer and inner sides. These individual resistances are given 
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below (note that resistances are multiplied by cell volume in order to get the final heat 

transfer per unit volume): 

 

 𝑅1.4T/1[#.4 =
𝐴𝑙𝑛(𝑟.𝑟#

)

2𝜋𝐾  (2.14) 

 𝑅1.4V21[#.4 =
𝐴

ℎ𝜋𝑑ef
 (2.15) 

 

where 𝐴 is the cross-sectional area (pipe or annuli), 𝑟. and 𝑟# are the outer and inner 

radius of the solid in which heat is being conducted, 𝐾 is conductivity of the solid, 𝑑ef is 

the diameter of the wall at which heat is being convected, and ℎ is the convection 

coefficient which is given by: 

 

 ℎ =
𝑁𝑢4.4ij2=[.4#H4	𝐾C#D

𝐷l
 (2.16) 

 

where 𝐷l is the hydraulic diameter and 𝑁𝑢4.4ij2=[.4#H4 is the Nusselt number for 

the non-Newtonian fluid, corrected by the fluid behavior index, 𝑛  (Joshi 1978) : 

 

 𝑁𝑢4.4ij2=[.4#H4 = ∆6/m𝑁𝑢j2=[.4#H4 (2.17) 

 

where Δ=(3n+1)/4n 

Newtonian Nusselt number for laminar and turbulent flow is calculated from 

Equations (2.18) and (2.19) and Figure 2.3 (Nellis and Klein 2008). For laminar flow in 

pipes: 

 

 𝑁𝑢IHC,n#n2 = 4 (2.18) 
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For laminar flow in the annulus, the Nusselt number is as given in Figure 2.3. For 

turbulent flow: 

 

 
𝑁𝑢[/0p =

q𝑓8s (𝑅𝑒 − 1000). 𝑃𝑟

1 + 12.7 q𝑃𝑟
8
m − 1sx𝑓/8

 
(2.19) 

 

where 𝑅𝑒 and 𝑃𝑟 are Reynolds number and Prandtl number respectively, and 𝑓 is 

the friction factor. Other parameters in the energy equation or closure relations are either 

given by the user or calculated from the mass and momentum conservation equations. 

 

 

Figure 2.3. Nusselt number for laminar annulus flow (from (Nellis and Klein 2008)). 
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2.2.2.2 Specific Heat Capacity Models 

In the simulator, specific heat capacity and thermal conductivity of multiple liquids 

(drilling fluids in the well and liquid kicks), gases (gas kicks and injection gases) and solids 

(formation, cement, casing and drillpipe, discussed in Section 2.3) are required to model 

the thermal behavior of the flow. Thermal conductivities are assumed to be constant for 

simplicity; and are given to the simulator as inputs. Specific heat capacity of each phase is 

calculated as: 

1. Solids: Specific heat capacity of the solids are assumed to be constant with 

pressure and temperature. There are two reasons for this assumption: 

a. Solid elements, i.e. the formation, the cement, the casing and the 

drillpipe, are stationary in the well and do not observe high 

temperature and pressure changes from surface to downhole. If the 

pressure or temperature effects on specific heat capacities of these 

solid elements are high from surface to downhole, the user can 

divide the well into multiple sections and assume different constant 

heat capacities for each section. This action avoids the complexity 

of using a heat capacity model that is valid for a wide range of 

temperatures and pressures and will include the pressure and 

temperature effects on the thermal properties of the stationary solid 

elements. 

b. At high temperatures (far from the cryogenic temperature region), 

specific heat capacity of many solids is constant (Petit and Dulong, 

1819). 

2. Liquids: For liquid phases, two models are used for calculating specific 

heat capacity at constant pressure: constant, where the heat capacity is an 



 22 

input to the software for each liquid element; and polynomial (Himmelblau 

et al. 2012) (Note that this polynomial relationship is provided at 1 atm and 

may not be accurate at high pressures; however, it does capture the 

temperature effect on heat capacity): 

 

 𝑐n = 𝑎 + 𝑏𝑇 + 𝑐𝑇8 + 𝑑𝑇m (2.20) 

 

Constants a-d can be found from literature and are inputs to the software. 

For liquids, specific heat capacities at constant pressure and at constant 

volume are equal due to the low compressibility: 

 

 𝑐V = 𝑐n (2.21) 

 

3. Gases: For monatomic ideal gases, heat capacities (at constant pressure and 

constant temperature) are constant. The specific heat ratio (γ) and molar 

mass of the gas (M) are used as inputs and heat capacities are calculated 

from Equations (2.22) and (2.23): 

 

 𝛾 = 𝑐n
𝑐V{  (2.22) 

 𝑐n = 𝑐V + 𝑅 𝑀{  (2.23) 

 

where R is the universal gas constant (8.314 KJ/Kmol.K (1.986 

BTU/lbmol.ºR)). 

For other ideal gases, Equation (2.24) is used (Moran et al. 2012): 
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𝑐n

(𝑅/𝑀) = 𝛼 + 𝛽𝑇 + 𝛾𝑇8 + 𝛿𝑇m + 𝜀𝑇� (2.24) 

 

where R is the universal gas constant. The molar mass and constants α-ε 

are user inputs and can be found in the literature. Specific heat capacity at 

constant volume for these gases can be calculated from Equation (2.23). 

2.3 HEAT STORAGE IN THE FORMATION 

As heat is being transferred to the formation from the well and vice versa, the 

temperature of the formation in vicinity to the well changes. Assuming a constant 

formation temperature in Equation (2.13) can lead to large errors at high pump rates in 

HPHT wells or when simulating for long periods of time, where the formation temperature 

can be significantly different from its initial value (i.e. the far-field temperature). To 

address this issue, the formation is discretized radially at each cell to get the radial 

distribution of temperature and heat conduction in the formation adjacent to the well 

(Figure 2.4). For simplicity, only conduction in the radial direction is assumed, and axial 

heat conduction is neglected. This can be justified due to the relatively small temperature 

gradients and second order derivatives in the axial direction, resulting in a small heat 

conduction in the axial direction which is negligible compared to the temperature gradient 

and heat conduction in the radial direction.  
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Figure 2.4. Formation discretization and nodes. 

For the formation cells in Figure 2.4 there are the following boundary conditions: 

 

 �̇�(=2II,�),(6,�) = −𝐴��̇�=HII,./[20,� (2.25) 

 𝑇24T
� = 𝑇#4#[

�  (2.26) 

 

where �̇�(=2II,�),(6,�) is the heat transfer rate (per unit length) to the first radial cell 

from the wellbore (at axial location j), �̇�=HII,./[20,� is the outer heat transfer rate (per unit 

volume) in the annulus from Equation (2.13) for the jth node, Aj is the cross-sectional area 

of the jth annulus node, 𝑇24T
�  is the temperature of the last formation node in the axial 

location j, and 𝑇#4#[
�  is the initial temperature at the axial location j. 
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For the middle formation cells the axial heat transfer is neglected and the radial heat 

conduction is calculated as explained earlier: 

 

 �̇�(#,��6),(#,�) = 0 (2.27) 

 �̇�(#,�i6),(#,�) = 0 (2.28) 

 �̇�(#�6,�),(#,�) = (2𝜋𝐷
#�68
)𝐾

𝑇#�6
� − 𝑇#

�

𝐷#�6 − 𝐷#
 (2.29) 

 �̇�(#i6,�),(#,�) = (2𝜋𝐷
#i68
)𝐾

𝑇#i6
� − 𝑇#

�

𝐷#i6 − 𝐷#
 (2.30) 

 

where �̇�(#�6,�),(#,�) is the heat transfer rate per unit length between the adjacent cells 

(i+1,j) and (i,j), 𝑇#
� is the ith node temperature in the axial location j (calculated at the cell 

center), K is the formation conductivity (constant in radial direction), 𝐷# is the diameter at 

the cell center (note that the cells are radial and Figure 2.4 only plots one side of the cross-

sectional area, where each cell is wrapped around the well), and Di+1/2 is the interface 

diameter. 

For each formation cell the temperature change can be calculated from Equation 

(2.31): 

 

 𝜕[{𝜌𝑐𝐴𝑇} =��̇� (2.31) 

 

Where 𝜌 is the formation density, c is the formation heat capacity, A is the cell’s 

cross-sectional area, T is cell’s temperature, and the right-hand side is the sum of 

conductive heat transfers from adjacent cells. Note that density, heat capacity and cross-

sectional area are constant and can be brought out of the time derivative. 
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The number of discretized cells in the formation starts with 4 and is changed in 

real-time such that the last cell (which is far from the well) has a near-zero temperature 

change. In other words, when the temperature change of the formation cell which is furthest 

from the wellbore exceeds a preset threshold, a new formation node is added at the end of 

the cell arrays and is included in the heat transfer calculations in the next time steps. This 

helps the simulation speed by not including unnecessary cells in the formation heat transfer 

calculations (for which the temperature changes are negligible and heat transfer is close to 

zero) when the simulation begins and temperature changes from the initial values are small, 

and add them to the calculation algorithm only when they are affected by the wellbore 

temperatures. 

2.4 NUMERICAL SCHEME 

In order to solve the equations for different parameters, the drillstring and annulus 

are discretized in the well direction (one-dimensional), and two semi-implicit numerical 

schemes (first-order and second-order relaxed schemes) are used to discretize the equations 

(Evje and Fjelde 2002). Figure 2.5 shows a discretized cell and its lower and upper 

interfaces with the previous and next cells. All the parameters, such as densities, velocities, 

volume fractions, pressure and temperature, are calculated at the center of the cells. 

Interface terms are calculated from the parameters at the adjacent cells via the first-order 

or second-order schemes. The first-order scheme is faster in calculating the interface terms; 

however, the second-order scheme provides better accuracy and stability at the cost of 

calculation time. 
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Figure 2.5. An axially discretized cell with upper and lower interfaces. 

For the discretization, conservation equations can be expressed in matrix form: 

 

 𝜕[𝑊 + 𝜕D�𝐹1 + 𝐹n − 𝐹1.4T� = 𝑄 (2.32) 

 

where W is the conservative term, Fc is the convective flux, Fp is the pressure flux 

(in the momentum equation), Fcond is the conductive flux (in the energy equation) and Q is 

the source term. These terms are expressed as: 
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𝑊 = �

𝛼I𝜌I
𝛼<𝜌<

𝛼I𝜌I𝑣I + 𝛼<𝜌<𝑣<
𝛼I𝜌I𝐸I + 𝛼<𝜌<𝐸<

�	
(2.33) 

 
𝐹1 =

⎣
⎢
⎢
⎡

𝛼I𝜌I𝑣I
𝛼<𝜌<𝑣<

𝛼I𝜌I𝑣I8 + 𝛼<𝜌<𝑣<8

𝛼I𝜌I𝑣I𝐻I + 𝛼<𝜌<𝑣<𝐻<⎦
⎥
⎥
⎤
	

(2.34) 

 
𝐹n = �

0
0
𝑝
0

�	
(2.35) 

 
𝐹1.4T =

⎣
⎢
⎢
⎢
⎡

0
0
0

𝐾C#D
𝜕𝑇
𝜕𝑥⎦
⎥
⎥
⎥
⎤
	

(2.36) 

 
𝑄 =

⎣
⎢
⎢
⎢
⎡ �̇�I + �̇�-./012,I

�̇�< + �̇�-./012,<

𝑓< + 𝑓= + �̇�-./012

�̇�=HII + �̇�-./012 + �̇�<24⎦
⎥
⎥
⎥
⎤

	
(2.37) 

 

In order to solve the variables at the next time-step, the semi-implicit Relaxed 

Scheme algorithm is used (Evje and Fjelde 2002). Both the first- and second-order schemes 

follow the same steps, and the only difference is the way each of these schemes calculate 

the convective flux term at the cell interfaces, discussed in Appendix A. At the 

discontinuity points in the drillstring and the annulus, special treatment is considered to 

avoid numerical instabilities. This treatment is explained in Appendix B.  

In the discretization algorithm, the time derivative is replaced with a time-step size 

(Δt), and the x-derivative is replaced with a mesh size (Δx) in Equation (2.32). The semi-

implicit scheme algorithm discretizes the pressures implicitly (at the new time-step), where 

all other terms (including the convective flux term) are discretized explicitly. Implicit 

algorithms are unconditionally stable; however, for the explicit schemes to be stable, the 
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Courant-Friedrichs-Lewy (CFL) condition needs to be satisfied (Courant et al. 1967). The 

general CFL condition for the explicit schemes is: 

 

 𝐶𝐹𝐿 =
|𝑣|𝛥𝑡
𝛥𝑥 < 𝑐 (2.38) 

 

where c is a constant which depends on the explicit scheme (1 for the first-order 

upwind scheme). Note that for simulation of time-consuming drilling operations, a small 

Δt will result in a high number of time-steps which highly increases the computation time. 

On the other hand, a large Δx helps with the stability of the scheme, but the error will be 

increased. In general, for a stable numerical simulation with accurate results, a small 

enough mesh size is selected that satisfies the desired accuracy and resolution; time-step is 

then selected such that the CFL condition is satisfied. 

The Relaxed scheme algorithm is as follows: 

1. Updating the mass conservative variables: The first two rows of Equation 

(2.32) are used to calculate the mass conservative variable for the liquid and 

gas phases in the new time-step. We have (Ma et al. 2016, 2017, 2018): 

 

 𝑊(1,2)�4�6 = 𝑊(1,2)�4

+
∆𝑡
∆𝑥 �𝐹1

(1,2)
�i68

4 − 𝐹1(1,2)��68
4 �

+ ∆𝑡. 𝑄(1,2)�4 

(2.39) 

 

Here, the subscripts j and j±1 refer to the node and interface numbers, the 

superscripts n and n+1 refer to the time-step number, and (1,2) refer to the 

first and second row of the matrices in Equations (2.33-2.37), i.e. the mass 
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conservation equations for the liquid and gas phase. Note that in Equation 

(2.39) the mass equations are solved explicitly, i.e. all the terms on the right-

hand side are at time step n (which means they are all known) and hence the 

only unknown in this equation is the conservative term at the new time-step 

(n+1) which can be easily calculated. The CFL number explained earlier 

needs to be less than one for the scheme to be stable, resulting in a small 

time-step for fine cell sizes which increases the computation time 

drastically.  

2. Updating liquid and gas volume fractions and densities, and pressure: 

Using the updated mass conservative variables from Equation (2.39) along 

with the closure relations of the density models (two equations (the liquid 

and gas density models), Equations (2.4) and (2.5)) and the sum of volume 

fractions (Equation (2.8)),  a 5-equation 5-unknown system of equations is 

solved for the volume fractions and densities of the gas and the liquid and 

the pressure at the new time-step (Ma et al. 2016, 2017, 2018). Note that 

Equation (2.33) relates the mass conservative variables to volume fractions 

and densities. Also, the density models used for the gas and liquid phases 

provide density as a function of pressure and temperature, where in this 

model temperature is assumed to be known (the same value as the calculated 

temperature in time-step n); hence densities are only functions of the 

pressure. This system gives the updated values of liquid and gas volume 

fractions, liquid and gas densities, and pressure at time-step n+1. In a 

general case with more components than a single gas and a single liquid, 

more mass conservative equations and density models are available to solve 

for the added unknown volume fractions and densities, leading to a (2p+1)-
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equation (2p+1)-unknown system where p is the number of gas and liquid 

components. 

3. Updating the momentum conservative variable: Similar to step (1), the 

momentum equation (row 3) in Equation (2.32) is used to update the 

momentum conservative variable and get the value at the new time-step 

(n+1) (Ma et al. 2016, 2017, 2018): 

 

 𝑊(3)�4�6 = 𝑊(3)�4 +
∆𝑡
∆𝑥 �𝐹1

(3)
�i68

4 − 𝐹1(3)��68
4 �

+
∆𝑡
∆𝑥 �𝐹n

(3)
�i68

4�6 − 𝐹n(3)��68
4�6�

+ ∆𝑡. 𝑄(3)�4 

(2.40) 

 

Similarly, the subscripts refer to the node or interface number and 

superscripts refer to the time-step; and (3) refers to the 3rd row in Equations 

(2.33-2.37). Calculation of the pressure flux at cell interfaces is explained 

in Appendix A. In this equation, the convective and source terms are 

discretized explicitly, i.e. these terms are calculated at time-step n; where 

the pressure flux is discretized implicitly, i.e. calculated at time-step n+1; 

leading to a “semi-implicit” algorithm that is more stable than a purely 

explicit scheme with similar steps and algorithm. Note that, even with the 

implicit discretization of the pressure flux, all the right-hand side terms are 

known as the pressure is updated from the mass conservation equations in 

step (2) and the pressure flux value at time-step n+1 is known. Hence, the 

unknown momentum conservative term (left-hand side) can be easily 

updated using Equation (2.40).  
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4. Updating liquid and gas velocities: Using the updated momentum 

conservative term and the slip law (Equation (2.6)), liquid and gas velocities 

are updated (two-equation two-unknown system) (Ma et al. 2016, 2017, 

2018). From Equation (2.33), the updated momentum conservative term is 

a function of velocities (at time-step n+1) and the previously calculated 

mass conservative terms (step (1)); the slip law (Equation (2.6)) relates the 

unknown liquid and gas velocities.  

5. Updating the energy conservative variable: Using the last row of 

Equation (2.32), the energy conservative variable is updated: 

 

 𝑊(4)�4�6 = 𝑊(4)�4 +
∆𝑡
∆𝑥 �𝐹1

(4)
�i68

4 − 𝐹1(4)��68
4 �

+
∆𝑡
∆𝑥 �𝐹1.4T

(4)
��68

4 − 𝐹1.4T(4)�i68
4 �

+ ∆𝑡. 𝑄(4)�4 

(2.41) 

 

As mentioned earlier, the subscripts refer to the node/interface number, the 

superscripts refer to the time-step, and (4) refers to the 4th row in Equations 

(2.33-2.37). The conductive flux at the interface is simply calculated from 

the linear interpolation of the conductive flux at the adjacent cell centers. 

Similar to step (1), all the terms on the left-hand side are discretized 

explicitly; leading to a single unknown on the left-hand side which is the 

energy conservative variable at the new time-step. Using Equation (2.41), 

the energy conservative variable is updated.  

6. Updating temperature: Using the updated energy conservative variable 

from the previous time-step, and Equations (2.33) and (2.9), temperature at 
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the new time-step is calculated. Note that in the previous steps, the old 

temperature (at time-step n) was used as the new temperature was not 

known; leading to a decoupled energy equation which makes the algorithm 

much simpler. There are small errors introduced due to this neglection; 

however, these errors can be justified to be negligible as the temperature 

changes between time-steps are small and densities are not affected by small 

changes in temperature.  

7. Updating formation temperatures: From Equation (2.31), temperatures 

of the formation nodes are updated at the new time-step: 

 

 𝑇#,�4�6 = 𝑇#,�4 + ∆𝑡[
∑ �̇�4

𝜌𝑐𝐴 ] (2.42) 

 

where �̇�4 is the conductive heat transfer rate (per unit length) calculated at 

time-step n. An explicit scheme is used for the heat conduction in the 

formation; hence the heat transfer rates are calculated at time-step n, 

resulting in a faster scheme. 

These steps are taken at each time step and all the variables at the new time-step 

are calculated. Continuing these steps will move the solution forward in time. Different 

parameters such as bottomhole pressure, flow in/out rate, pit gain, etc. are calculated from 

the updated variables, and events, such as changes made to the pump rates or introducing 

kicks can be added at any time-step. 

 
  



 34 

Chapter 3: Graphical User Interface (GUI) 

In this chapter, details of the updated GUI are provided with a focus on the updates 

made to incorporate the inputs and outputs of the added energy equation. In the GUI, 

thermal properties of the gases, liquids, and solids used in the model are initially entered 

by the user before the start of simulation. Mud and gas pump temperatures and heat 

generation at the bit can be controlled at any time using the “Real-Time Control” panel. SI 

or field units may be used to input different properties to the software. Each individual 

table (e.g. liquid properties) or the entire settings can be saved and loaded to the software 

to improve the user experience. The simulation can be paused and continued at any time; 

and be monitored in the simulation window using the “Well Animation” and different time- 

and depth-based plots. Results of the simulation can be saved to be studied later or for 

comparison against other simulations. This saved file contains different parameters during 

the simulation scenario at a pre-set record rate defined by the user. 

Changes that are made to the old GUI are divided into three sections in this chapter: 

solid properties, liquid/gas properties, and real time control. 

3.1 SOLID PROPERTIES 

In the old GUI, details of the well inclination, inner and outer diameters of the 

drillpipe, outer diameter of the annulus, and bit depth were required from the user in the 

“Geometry” section. These parameters are necessary for the energy equation and formation 

heat transfer calculations but are not enough. “Solid Properties” section is added in the 

updated GUI to ask for the missing thermal parameters (Figure 3.1). In this section, 

thermal conductivity and thickness of the drillstring, casing and cement are included in the 

appropriate tables; these parameters are used in the calculation of external heat transfer in 

the drillstring and annulus flows in Equations (2.12) and (2.13). (note that the drillstring 
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thickness can be calculated from the inner and outer diameters of the drillstring; hence it is 

not asked in the drillstring table in Figure 3.1. For the formation heat transfer calculations, 

density, heat capacity and thermal conductivity of the formation are required and asked for 

in the corresponding table. 

 

 

Figure 3.1. “Solid Properties” section in the updated GUI. This section is added to the 
GUI to include the thermal properties of the solid elements. 

As mentioned in Chapter 2, solid properties are all assumed to be constant. 

However, in order to have multiple regions with different properties for each of these solid 

elements (especially the formation), multiple rows can be added to each table to introduce 

a region with different thickness or thermal properties. This is also helpful when 

temperature (or pressure) changes are high enough to affect the properties at higher depths, 

where each solid element can be divided into multiple regions with different thermal 

properties to include the temperature (or pressure) effect. 
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3.2 LIQUID AND GAS PROPERTIES 

In the energy equation (Equation (2.3)) and the external convective heat transfer 

rate (Equation (2.15)). thermal conductivities and heat capacities of the liquid and gas 

phases are required. As mentioned in Section 2.2.2.2, thermal conductivities are assumed 

to be constant for both the liquids and gases. For heat capacities, polynomial models are 

included for both cases, as well as the simple constant model. The “Liquid/Gas Properties” 

section in the GUI is updated to include these models. In Figure 3.2, the polynomial heat 

capacity models are used along with the constant thermal conductivity model. In the 

liquid/gas tables, required constants for these models are defined by the user. Multiple 

gases and liquids with different thermal properties can be added to the model using the 

appropriate tables. 

 

 

Figure 3.2. Updated “Liquid/Gas Properties” section. In this section the thermal property 
models for the gas and liquid phases are added to the other properties used 
in the old model without the energy equation. 
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3.3 REAL TIME CONTROL 

Figure 3.3 shows the simulation window of the GUI where different parameters 

can be controlled and viewed in real-time. On the right side of this window, mud, formation 

and initial temperature profiles are added to the plots and can be viewed in real time to 

make better control decisions. Time-series plots of these temperatures at the surface, the 

casing shoe, the bit, and the bottomhole can also be viewed in the plots section of the 

simulation window.  

 

 

Figure 3.3. Graphical user interface with well animation, real-time control, and time- and 
depth-based plots. 

The well animation on the top left side of the screen shows the well geometry, the 

status of the gas kick and the choke and pump states, along with the location of any kick, 

fracture or gas injection points. Status of the heat generation at the bit is added to the 

animation panel to indicate the location of the non-zero heat generation (green marker in 

Figure 3.3). If the heat generation is set to zero, or when the pumping is stopped, this 

indicator will be inactivated. 
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In the “Real-Time Control” panel, mud and gas pump temperatures can be changed 

at any time during the simulation, as well as the status and the rate of heat generation at the 

bit; however, when the pump rate is zero, the heat generation will be set to zero and 

inactivated in the animation regardless of the user command. 
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Chapter 4: Validation 

Simulation was conducted to validate the proposed thermal model against the 

steady-state Hasan and Kabir model (Hasan and Kabir 1996) and commercial software. In 

the simulation, mud is circulated at 115 gpm (0.0073 mm/s) and 80 °F (26.7 °C) in a 13,780 

ft (4,200 m) deep well through a drillstring with inner and outer diameters (ID and OD) of 

5 ½ in. (14 cm) and 6 ½ in. (16.5 cm) respectively. Annulus clearance is set to 1 in. (2.54 

cm) and circulation is continued until the mud temperature in the drillstring and annulus 

reach the steady-state. The initial temperature of the mud is equal to the linear formation 

gradient which starts at 80 °F (26.7 °C) on surface and has a gradient of 0.01 °F/ft (0.018 

°C/m). Table 4.1 shows the material constants used in the model. 

Table 4.1. Material properties for the validation scenario. 

 Material Properties 

 Density Specific Heat Capacity Thermal Conductivity 

 �𝑘𝑔 𝑚m{ �  (𝑝𝑝𝑔)  �𝑘𝐽 𝑘𝑔.𝐾{ �  �𝐵𝑇𝑈 𝑙𝑏𝑚. °F{ �  �𝑊 𝑚.𝐾{ � q𝐵𝑇𝑈. 𝑖𝑛 ℎ𝑟. 𝑓𝑡8. °F{ s 

Mud 1,384 11.55 2.500 0.597 1.02 7.07 
Drillpipe 7,840 65.43 N/A N/A 50 346.5 

Formation 2,500 20.86 1.2 0.287 2.2 15.25 

 

As shown in Figure 4.1, the steady-state results from the proposed model are 

compared with the results from both the Hasan and Kabir model and commercial software. 

The maximum temperature difference between the simulation and the validation models 

occurs at the bottom of the wellbore, where the difference is 8 °F (4.4 °C) and 9 °F (5 °C) 

with the Hasan and Kabir model and commercial software respectively. This difference 

can be attributed to the fact that the validation models use a mud of constant density, 

whereas the developed model uses a density model that is dependent on pressure and 

temperature. This is a fundamental requirement in the mathematical development of the 
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model, where for each node the pressures are calculated from the density at each time step 

(Ma et al. 2017); hence, the dependence of density on pressure can not be neglected. Aside 

from the small deviation on bottom, the comparisons show a good match and the 

temperature profiles in both the drillstring and the annulus have similar trends. 

 

 

Figure 4.1. Steady-state temperature profile compared to the results of Hasan and Kabir 
model and commercial software. 

Figure 4.2 shows the results of the temperature profile at steady-state condition for 

the drillstring, the annulus and the radial formation cells. In this simulation, 5 radial nodes 

were used for the formation discretization. The formation node closest to the well 

(formation 1) has the highest temperature change from the initial temperature. As the 

distance from the well increases, temperature values get closer to the initial far-field value. 

It can also be observed that at 6,200 ft (1,890 m) true vertical depth (TVD), the annulus 
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mud temperature is equal to the initial formation temperature and the formation 

temperatures remain unchanged, but are cooled down (heated) below (above) this depth. 

 

 

Figure 4.2. Drillstring, wellbore and formation nodes' temperature profile at steady-state 
Formation nodes 1-5 are numbered from the wellbore outward into the 
formation. 

Figure 4.3 shows the radial temperature profile at the bottomhole location. The 

drillstring and wellbore temperatures are constant in the radial direction because the 

hydraulics model is one-dimensional. The formation, however, is discretized in radial 

direction as well as the axial direction. It can be seen in Figure 4.3 that as the distance 

from the wellbore increases, the formation temperature approaches the initial value. At 

large radial distances, the formation temperature will remain unchanged at far-field 

formation temperature. 
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Figure 4.3. Bottomhole radial temperature profile at steady-state. 

Results were also obtained for the transient temperature profiles at 1, 2 and 10 hours 

into the circulation. Figure 4.4 shows the comparison against the commercial software 

results (note that the Hasan and Kabir approach is a steady-state solution that cannot 

capture the time-dependent behavior). The maximum difference between the models at the 

indicated times is less than 8 °F (4.4 °C), which is observed at the peak temperature point 

at around 12,000 ft (3,658 m) TVD and on bottom. The trends of temperature profiles are 

similar. 
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Figure 4.4. Transient temperature profiles compared to the results of commercial 
software after 1, 2 and 10 hours of circulation. 

Figure 4.5 shows the bottomhole temperature of the model versus the commercial 

software result as a function of time for the first 1,000 mins of the simulation. The 

maximum bottomhole temperature difference is less than 5 °F (2.8 °C) at 100 mins. 
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Figure 4.5. Bottomhole temperature versus time compared against the results of 
commercial software. 
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Chapter 5: Simulation Scenarios 

5.1 W&W (WEIGHT & WAIT) KICK CONTROL SCENARIO 

In this section, two gas kick scenarios are simulated to show the importance of 

accounting for temperature changes in multi-phase flow simulations. The first scenario 

includes a Weight & Wait (W&W) kick control situation in a vertical HPHT well where 

the results from the new and previous models are compared. The second scenario 

investigates the effects of initial mud temperatures in the well for the same W&W kick 

control situation. 

The well configuration used in these scenarios is a 14,000 ft (4,267 m) deep vertical 

well with a 2,000 ft (610 m) openhole section. The formation temperature profile consists 

of two constant gradient sections. Initially, 11.8 ppg (1,414 kg/mm) mud is in the well and 

in thermal equilibrium with the formation. The geometry of the well and initial formation 

temperature profile are specified in Table 5.1 and shown in Figure 5.1. 

Table 5.1. Well geometry used in the W&W kick control scenario 

TVD 
Drillstring 

ID 
Drillstring 

OD 
Wellbore 

ID 
Casing 

thickness 
Cement 

Thickness 

(m) (ft) (cm) (in) (cm) (in) (cm) (in) (cm) (in) (cm) (in) 

0 0 13 5.153 15 5.875 24 9.625 3 1.3 21.6 8.5 

914 3000 13 5.153 15 5.875 24 9.625 2 0.8 7.9 3.1 

2134 7000 13 5.153 15 5.875 24 9.625 1 0.4 2.3 0.91 

3658 12000 13 5.153 15 5.875 21 8.375 0 0 0 0 

4090 13420 10 4 15 5.875 21 8.375 0 0 0 0 

4243 13920 7.8 3.0625 16.7 6.5625 21 8.375 0 0 0 0 
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Figure 5.1. Initial formation temperature profile used in the W&W kick control scenario. 

The simulation timeline is as follows: 

• (time interval 10 sec to 3 mins): 11.8 ppg (1,414 kg/mm) water-based mud 

(WBM) is pumped at 500 gpm (0.0315 mm/s) and 77 °F (25	°C), which 

results in a BHP of 8,900 psi (61.36 MPa). The mud has a yield stress of 5 

Pa, fluid behavior index of 0.6, consistency index of 0.2 Pa. sM.©, specific 

heat capacity of 1 BTU/lbm.ºF (4200 J/Kg.K) and a thermal conductivity of 

4.16 BTU.in/hr.ft2.ºF (0.6 W/m.K). 

• (time interval 3 mins to 8 mins): reservoir pressure is set to 9,250 psi (62.78 

MPa) to introduce the kick. Gas kick has a specific gravity of 0.65, specific 

heat ratio of 1.4, molar mass of 20 g/mol and a thermal conductivity of 0.35 

BTU.in/hr.ft2.ºF (0.05 W/m.K). Solubility of gas in the WBM is ignored. 
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• (time interval 8 mins to 15 mins): the kick is detected, and pumping is 

stopped. The well is shut in 10 seconds later, and heavy mud is prepared for 

the W&W kill method. 

• (time interval 15 mins to 510 mins): heavy WBM with a density of 12.3 ppg 

(1474 kg/mm) is pumped at 100 gpm (0.0126 mm/s) and 77 °F (25	°C) while 

the BHP is set to 9,350 psi (64.47 MPa) using a Proportional Integral (PI) 

controller. Simulation is continued until the kick is successfully circulated 

out of the well and the initial mud is completely replaced by the heavy mud. 

Heavy mud has a yield stress of 10.06 Pa, fluid behavior index of 0.7323, 

consistency index of 0.3285 Pa. sM.ªm8m, specific heat capacity of 1 

BTU/lbm.ºF (4200 J/Kg.K) and a thermal conductivity of 4.16 

BTU.in/hr.ft2.ºF (0.6 W/m.K). 

5.1.1 Effect of Energy Equation 

Simulations are conducted to show the importance of the thermal model in 

simulating kick control scenarios in HPHT wells. The same scenario is simulated using 

two models: the model explained in this work, which includes the comprehensive thermal 

model explained above, which will be referred to as the new model, and the same 

hydraulics model without the energy equation (which assumes that the drillstring and 

annulus temperatures are constant and equal to the formation temperature profile), referred 

to as the old model. Various parameters from these two simulations are compared to study 

the effect of temperature dynamics. 

Figure 5.2 shows the temperature profiles in the drillstring, annulus and the first 

formation node at different times in the simulation for the new model with the energy 

equation. The gas kick location and the interface between the initial and heavy mud can be 



 48 

easily observed due to the differences in thermal resistances. The gas kick and the initial 

and heavy mud interface can be observed in the graphs. The discontinuities in formation 

temperature result from the different thermal resistances due to a difference in casing and 

cement thicknesses and annulus area around the drill collars, which in turn result in 

different conduction and convection resistances respectively. 

 

 

Figure 5.2. Drillstring, annulus and formation temperature profiles at different times. 

Figure 5.3 shows the bottomhole and surface temperatures as a function of time. 

The bottomhole temperature decreases while pumping because the heated mud at 

bottomhole is being replaced by cold mud from the drillstring. Conversely, the surface 

temperature increases with pumping since heated mud is being pumped out of the well. 

The time period when the kick is on surface and the initial-heavy mud interface reaches 

bottomhole and surface can be easily observed in these plots due to the difference in 

thermal resistances. 
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Figure 5.3. Bottomhole and flow out temperature versus time. 

The volume fraction profile of the kick is plotted at different times in Figure 5.4 

for both models. The model without energy equation predicts a smaller gas volume. In both 

cases, the gas is expanding as it is being circulated out of the well and is circulated out at 

about 360 min. 
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Figure 5.4. Comparison of the gas volume fractions at different times. 

Figure 5.5 shows the BHP, surface back-pressure and standpipe pressure (SPP) as 

a function of time for both models. BHP plots look similar because the BHP is set to 9,350 

psi (64.47 MPa) in both cases to stop the gas kick. Small differences are observed when 

the kick reaches the surface. The surface back-pressure plot shows that in order to maintain 

the same BHP, the new model with the energy equation requires higher back-pressure 

because the gas kick size is larger. The pressure difference is 47 psi (0.32 MPa) when the 

well is shut in and the maximum surface pressure difference is 272 psi (1.88 MPa) when 

the kick is at its highest volume on surface. This difference shows a significant 

underestimation by the old model without energy equation which can lead to secondary 

kicks. This is observed better in Figure 5.6 where the ‘actual’ bottomhole pressures are 

calculated when the surface back-pressure is set equal to the values predicted by the old 

model. This ‘actual’ bottomhole pressure is calculated by simply subtracting the surface 

back-pressure difference from the bottomhole pressure in the new model. The bottomhole 

pressure falls below the reservoir pressure due to the underestimation of gas kick volume, 

which will introduce secondary kicks. The bottomhole pressure reaches a minimum of 

9,112 psi (62.83 MPa) which is 140 psi (0.97 MPa) below the reservoir pressure. In the 

new model, however, the pressure always remains above the reservoir pressure until the 

kick is circulated out of the well. 
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Figure 5.5. BHP, surface back-pressure and SPP versus time. 

 

 

Figure 5.6. BHP versus time using the applied back-pressure from the new model and the 
old model. 
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Figure 5.7 shows the flow out, pit gain, and choke opening plots versus time. The 

pit gain when the kick stopped is 32 bbl (5.09 mm) and 29 bbl (4.61 mm) for the new and 

old models respectively. The maximum pit gain is observed when the gas is at surface (85 

bbl (13.51 mm) and 72 bbl (11.45 mm) for the new and old models respectively). After the 

kick is circulated out, the old model shows a pit gain of -1 bbl (-0.16 mm) which is due to 

the compression of the mud in the well by pump pressure and ECD. The new model has a 

higher value of -8 bbl (-1.27 mm) which is due to the same compression as well as an 

additional compression from the decrease in temperature profiles in the annulus and 

drillstring, leading to higher mud densities. 

 

 

Figure 5.7. Flow out, pit gain and choke opening plots. 
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5.1.2 Effect of Initial Temperature Profile 

The same W&W scenario discussed earlier is simulated using two different initial 

temperature profiles. Well geometry and timeline of the events are the same as discussed 

earlier. Initial temperature profiles are as follows. The first case assumes that the initial 

temperature is equal to the formation temperature gradient (e.g. in case pumping was 

stopped for a long time period) and the mud is in thermal equilibrium with the formation. 

This is referred to as the “start of drilling” case. The second case assumes a situation where 

the temperature profile is equal to the steady-state profile resulting from continuous 

pumping at 500 gpm (0.0315 mm/s). This is referred to as the “continuous drilling” case. 

Figure 5.8 shows these initial temperature profiles. 

 

 

Figure 5.8. Initial temperature profiles used in the two simulation cases. 

Figure 5.9 and Figure 5.10 show the temperature and gas volume fraction profiles 

at different times respectively. In the “start of drilling” case, the temperatures are higher in 
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the early stages since the mud was initially in equilibrium with the high temperature 

formation. This results in lower densities, which in turn leads to a larger gas kick volume 

compared to the “continuous drilling” case, where initial temperatures were lower and at 

steady-state. 

 

 

Figure 5.9. Temperature profiles for the “Start of Drilling” and “Continuous Drilling” 
cases at different times. 

 



 55 

 

Figure 5.10. Gas volume fractions for the “Start of Drilling” and “Continuous Drilling” 
cases at different times. 

BHP, surface back-pressure and SPP are plotted in Figure 5.11, and flow out, pit 

gain and choke opening are plotted in Figure 5.12. It can be observed that the “start of 

drilling” case requires more surface pressure to maintain the same BHP as the “continuous 

drilling” case. This is due to the larger gas kick volume in the “start of drilling” case. The 

pit gain plot confirms this larger kick volume. Note that although the final temperature 

profiles and pump rates are similar, the final pit gains are different for the two cases. This 

is because in the “continuous drilling” case, the mud was compressed initially because of 

the steady-state temperature profile with less compression occurring at the final state, 

whereas in “start of drilling” case the mud was initially at a high-temperature and low-

density state and was compressed more when reaching the final state. 
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Figure 5.11. BHP, surface back-pressure and SPP for the “Start of Drilling” and 
“Continuous Drilling” cases. 

 

Figure 5.12. Flow out, pit gain and choke opening for the “Start of Drilling” and 
“Continuous Drilling” cases. 
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5.2 DYNAMIC KICK CONTROL SCENARIO 

A dynamic kick control scenario in an offshore deviated well and synthetic-based 

mud (SBM) is introduced and modeled in this section. For the gas solubility in SBM, the 

Pressure-Volume-Temperature (PVT) model of Monteiro et al. (2010) is used (Ma et al. 

2018). Simulation is done for the new model, with energy equation, and the old model, 

without the energy equation, and the results of the models are compared 

A plot of the well geometry is given in Figure 5.13 and the casing, cement, and 

pipe sizes are given in Table 5.2. Sea water and formation temperature profiles are also 

given in Figure 5.14. The heat transfer network around the riser is changed slightly in 

equation (2.13). On the outer resistance, cement thickness is zero. Instead, a convection 

heat transfer in the seawater is assumed on the outer wall of the riser. In this section, 

formation temperature (i.e. the seawater temperature) is assumed to stay constant with the 

heat transfer from the riser as the water is not stationary like the formation rock below the 

seafloor. For simplicity, a constant Nusselt number of 100 is assumed for the convection 

in the seafloor, and the conductivity of the seawater is set to 4.16 BTU.in/hr.ft2.ºF (0.6 

W/m.K). The seafloor is at 2000 ft (609.9 m) and the total length of the well is 15847 ft 

(4830 m). 
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Figure 5.13. Deviated well used in the dynamic kick control scenario  

Table 5.2. Pipe, casing and cement sizes used in the dynamic kick control scenario  

MD 
Drillstring 

ID 
Drillstring 

OD 
Wellbore 

ID 
Casing 

thickness 
Cement 

Thickness 

(m) (ft) (cm) (in) (cm) (in) (cm) (in) (cm) (in) (cm) (in) 

0 0 13 5.153 15 5.875 23 8.885 1 .4 0 0 

610 2000 13 5.153 15 5.875 23 8.885 2 0.82 5 2 

1890 6200 13 5.153 15 5.875 23 8.885 1 0.4 2.5 1 

4439 14565 13 5.153 15 5.875 22 8.5 0 0 0 0 

4629 15188 10 4 15 5.875 22 8.5 0 0 0 0 

4803 15757 7.8 3.0625 16.7 6.5625 22 8.5 0 0 0 0 
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Figure 5.14. Initial temperature profile for the dynamic kick control. 

The simulation timeline is as follows: 

• (time interval 1 mins to 4 mins): SBM with a density of 12.6 ppg (1510 

kg/mm) is pumped at 600 gpm (0.0379 mm/s) and 77 °F (25	°C). Mud has 

an oil fraction of 0.7, a yield stress of 10.06 Pa, fluid behavior index of 

0.7323, consistency index of 0.3285 Pa. sM.ªm8m, specific heat capacity of 1 

BTU/lbm.ºF (4200 J/Kg.K) and a thermal conductivity of 4.16 

BTU.in/hr.ft2.ºF (0.6 W/m.K). 

• (time interval 4 mins to 14 mins (17 mins for the old model)): Reservoir 

pressure is set to 10600 psi (73 MPa) to introduce a kick. Due to the high 

solubility of the gas in the SBM, the kick goes into the solution and the 

increase in pit gain is low. Kick is detected when the pit gain increases by 

5 bbl (0.795 m3) from the value after the start of circulation. (Mud is 
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compressed due to the higher pressures during circulation and the pit gain 

drops to -4 bbl (-0.636 m3) because of that compressibility effect). Kick is 

detected after 10 mins in the new model and after 12 mins in the old model. 

• (time interval 14 mins (17 mins for the old model) to 80 mins): After the 

kick is detected, reservoir pressure is set to 10850 psi (75 MPa) using a PI 

controller and the same pump rate is kept until the kick is circulated out of 

the well. At lower pressures, solubility threshold decreases, and gas breaks 

out. Circulation is continued until the gas has exited the well completely. 

Figure 5.15 shows the temperature profiles in the drillstring, annulus and the first 

formation node at different times in the simulation for the new model with the energy 

equation. Seawater temperature stays constant as the heated water does not stay close to 

the riser, whereas the formation temperature below the seafloor can change due to the heat 

transfer between the formation and the annulus flow. The discontinuities in formation 

temperature result from the different thermal resistances due to the difference in casing and 

cement thicknesses and annulus area around the drill collars, which in turn result in 

different conduction and convection resistances respectively, as well as the change from 

seawater to formation at 2000 ft (610 m) TVD. 
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Figure 5.15. Drillstring, annulus and formation temperature profiles at different times. 

The density of the dissolved gas profile and the solubility threshold for the two 

models at different times are shown in Figure 5.16. The solubility threshold in SBM is a 

function of pressure and temperature, and goes to infinity at high pressures (Monteiro 

2010). As a result, when the kick starts down the hole at high pressure, it goes into solution, 

resulting in a much smaller pit gain than that of a kick in a WBM. Hence, the kick is 

detected later on (after the pit gain reaches 5 bbl (0.795 m3)) and kick control actions, i.e. 

setting the BHP to a value higher than the reservoir pressure, are taken.  
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Figure 5.16. Comparison of the dissolved gas density at different times. 

From Figure 5.16, the kick influx is larger in the new model, resulting in an earlier 

detection of the kick (by 3 mins). While both cases have the same kick size (~5 bbl (0.795 

m3)), the kick in the new model is more concentrated, and more care needs to be taken 

when the kick breaks out and when it reaches the surface. The solubility threshold of the 

two models are also slightly different, due to the difference in temperatures, which is not 

significant in this case, but can be of more importance if the temperature change at lower 

pressures is high. As the dissolved gas is circulated up in the annulus, it reaches to the point 

where its density equals the solubility threshold, when the gas can no longer stay in 

solution, i.e. the break-out point is reached. The break-out happens at 42 mins in the new 

model and at 46 mins in the old model. The difference is due to the higher concentration 

of the kick in the new model, resulting in a deeper break-out point as the dissolved gas is 

being circulated up the annulus.  
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The volume fraction profile of the kick is plotted at different times in Figure 5.17 

for both models. The gas stays into the solution until the break-out point, as mentioned 

earlier. After this point, the gas expands quickly as the pressure is decreasing at shallower 

points in the riser. Although both models have similar kick sizes, higher gas concentration 

in the new model causes an earlier break-out point and higher free gas volume fractions. 

Circulation is continued until the gas is circulated out of the well completely, at 65 mins 

and 68 mins into the simulation, for the new and old models respectively. 

 

 

Figure 5.17. Comparison of the gas volume fractions at different times. 

Figure 5.18 shows the BHP, surface back-pressure and SPP as a function of time 

for both models. BHP plots look similar, except for a three-minute shift which is due to the 

earlier kick detection in the new model. The reason behind this can be seen in the BHP plot 

itself. When the kick happens, the BHP in the new model, being affected by temperature 

changes, is slightly lower than the one predicted by the old model. The temperature change 
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can be observed in the temperature plot at 4 mins in Figure 5.15. Lower BHP causes a 

higher pressure difference between the mud and the reservoir, leading to a higher gas 

influx. This is the reason of the higher concentration of the gas and the earlier detection of 

the kick that were mentioned earlier. After the kick is detected, the PI controller keeps the 

BHP at 10850 psi (75 MPa), with oscillations when the gas breaks out and is circulated out 

of the well. 

 

 

Figure 5.18. BHP, surface back-pressure and SPP versus time. 

The surface backpressure plots are also affected by the time shift of kick detection. 

The peak happens at around 50 mins when the gas reaches surface and is at its highest 

volume. As the gas concentration is higher in the new model, the amount of gas at surface 

has a higher volume fraction, leading to a higher required surface backpressure to keep the 

BHP above the reservoir pressure. SPP results are similar with small differences due to the 

temperature changes in the drillstring. 
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Figure 5.19 shows the flow out, pit gain, and choke opening plots versus time. For 

both cases, the pit gain goes to -4 bbl (0.636 m3) when the pumping starts (4 mins), and the 

kick is detected and stopped when there is a 5 bbl (0.795 m3) increase (absolute [it gain 

value of 1 bbl (0.159 m3), resulting in a sudden drop due to the added pressure and 

compressibility of the mud (14 and 17 mins for the new and old models respectively). After 

than the pit gain in the old model stays constant until the gas is in solution; the pit gain for 

the new model, however, slightly decreases with time as the average temperature of the 

mud is decreasing (since cool mud is pumped in and is replacing the heated mud) and the 

mud compresses. Once the gas starts to break out, the pit gain increases suddenly with the 

increase in gas volume and reaches its maximum of 19 bbl (3.021 m3) and 12 bbl (1.908 

m3) in the new and old models respectively when the gas is on surface. This jump in pit 

gain is higher in the new model as the gas has a higher density and reaches larger volume 

fractions. Once the gas is circulated out of the well, the pit gain in the old model goes back 

to -6 bbl (-0.954 m3), resulting from the compression of the mud from the circulation and 

the added surface backpressure to reach BHP of 10850 psi (75 MPa); the pit gain of the 

new model after the gas is circulated out is -13 bbl (2.067 m3) which is due to the 

compression of the mud from the circulation, surface backpressure and temperature 

changes from the initial condition. 
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Figure 5.19. Flow out, pit gain and choke opening plots.  
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Chapter 6: Conclusions and Future Work 

In this chapter, conclusions of the developed thermal model are provided, and 

future work is suggested to improve the model and add to its capabilities. 

6.1 CONCLUSIONS 

In the work described in this thesis, a thermal model is developed and integrated 

with a previously developed advanced multi-phase hydraulics simulator to enhance its 

accuracy and capabilities. 

The addition of the thermal model allows for estimating temperatures in the 

drillstring, the annulus, and the formation adjacent to the well, which is necessary to 

simulate different well control scenarios accurately, especially in HPHT wells where the 

effect of temperature could be significant. Temperature can directly affect well control 

parameters such as gas solubility and thermal effects on in-situ rock stress. It can indirectly 

affect parameters such as bottomhole pressure and ECD through its effect on density 

(through compressibility and thermal expansion) and viscosity of the drilling fluid. 

The developed thermal model considers parameters such as axial conduction in the 

mud, heat generation at the bit, non-Newtonian convection, and heat storage in the 

formation, to accurately estimate dynamic temperatures in complex well control situations. 

Comparisons with other widely used thermal models show a very good match both for 

steady-state and dynamic transient temperatures. The comprehensive thermal model is 

added to the previously developed DFM hydraulics software and can simulate HPHT 

situations, non-Newtonian liquids, comprehensive density and viscosity effects, arbitrary 

3D well path and geometry, multiple gases and liquids in the well, MPD and gas solubility. 

The effect of temperature on well control parameters was investigated through 

simulation of a W&W kick control scenario for an HPHT well using the new model and 
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the same hydraulics model without the energy equation. Comparing the results of the two 

approaches shows that if the energy equation is not included, the kick volume may be 

under-estimated, which can be hazardous when the kick is being circulated out. The model 

not incorporating the energy equation also predicts a bottomhole pressure which is less 

than the value required to control the reservoir. Using a bottomhole pressure that is lower 

than required can lead to secondary kicks and more challenges during kick control. 

The effect of initial temperature profile was also studied by comparing two W&W 

kick control cases with different initial temperature profiles. Results show that gas kicks 

tend to be larger when drilling is continued after a long pause, when the mud is in thermal 

equilibrium with the formation. These larger kicks require a higher surface back-pressure 

to circulate out the kick safely, requiring a higher level of vigilance compared to the case 

where kicks happen after drilling for many hours with reduced mud and formation 

temperatures in the well. 

The effect of energy equation on the gas solubility in SBMs was studied by 

simulating a dynamic kick control scenario and comparing the results of the new model 

and the same hydraulics model without the energy equation. While the changes in the gas 

solubility itself were small, the results of the models were different. Gas kick is detected 

earlier in the new model due to the effect of temperature on the density of the mud and the 

BHP. A higher kick concentration was also observed in the new model, resulting in an 

earlier break-out point and higher pit gains when the gas reaches surface. 

All in all, the developed energy equation can provide the model with a decent 

temperature estimation, which can be important in HPHT conditions, situations of riser gas 

unloading, etc. The model has a variety of capabilities which include - but are not limited 

to - arbitrary 3-D well paths, gas solubility in SBMs, MPD techniques, formation 

temperature changes and non-Newtonian liquids. The GUI is also improved to incorporate 
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the addition of the energy equation and associated parameters for a user-friendly simulation 

and monitoring. 

6.2 FUTURE WORK 

There are several ways to improve the model, but all of them can be either 

categorized into changes that will increase the model accuracy without adding any new 

capability, or changes that will result in adding capabilities to the software package. 

6.2.1 Improving the Model 

The most important steps that could be taken to improve the hydraulics model are 

concerned with the development of a two-fluid model, using a coupled energy equation, 

and improving the numerical scheme. Each of these improvements comes with its own 

complexities and the researcher should decide if these improvements are beneficial for 

specific applications. 

Switching to a two-fluid model will result in a more accurate modeling of the 

momentum exchange between the gas and liquid phases and results in a better estimation 

of the velocities; however, two-fluid models highly depend on the flow regime phase, and 

numerical stabilities might be observed when the flow changes from one regime to another. 

Using an energy equation that is coupled with the mass and momentum equations 

will improve the temperature estimation, and hence improve the calculation of other crucial 

parameters such as pressures and densities. On the other hand, liquid and gas properties 

such as density are dependent on temperature and a decoupled energy equation can become 

highly complex due to such dependences. In many applications, this complexity can be 

avoided by simply neglecting the dependency on temperature at small time scales, as was 

done in this work. 
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The numerical scheme is crucial to achieving accurate results. Even the most 

comprehensive physical models that include every small detail require a numerical scheme 

that is capable of solving the complex system of equations for the multi-phase flow with 

minimal error. In fact, the more comprehensive the physical model is, the more complex 

the scheme will be. Different numerical schemes are developed for multiphase flow that 

each suit special conditions better. The review on these models is out of the scope of this 

work. These schemes differ in their robustness, their accuracy, and their stability in solving 

difficult conditions such as area discontinuity or multiple fluids. Developing and/or 

utilizing a numerical scheme that is stable for all the possible scenarios, has minimal error 

in discretizing, and provides an acceptable simulation speed is key to developing a 

hydraulics simulator. 

6.2.2 Adding More Capabilities to the Software 

The developed simulator is already equipped with many different capabilities, 

making the model able to simulate complex drilling scenarios such as the use of MPD 

techniques. However, new drilling techniques are being introduced with increasing 

frequency and an up-to-date software with added capabilities is required to model these 

techniques. Many of these capabilities can be added to the software without changing the 

base modeling approach, such as the system of equations for the multiphase flow, or the 

numerical scheme. In fact, they can be added by simply adding the new scenario to the 

available model. These new changes include - but are not limited to - including more 

physical models for liquid and gas densities, viscosities, heat capacities etc.; accounting 

for the measured depth increase while drilling; adding the cuttings transport to the general 

flow model; and adding the gel behavior of the mud when the flow starts. These changes 
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can significantly increase the simulator’s capabilities and value, yet they usually do not 

require fundamental changes to the model.  
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Appendix A: Calculation of Parameters at Cell Interfaces 

 

As mentioned in the text, all the parameters and terms are stored at the center of the 

cells. As a result, the flux terms, which act on the cell interfaces, need to be calculated from 

the adjacent cell centers. In the proposed model, two methods (first-order and second order 

schemes) are provided to do this interpolation (Munkejord et al. 2006). The first-order 

scheme is a fast and simple interpolation, where the second-order scheme provides better 

accuracy and stability at the cost of higher calculation times. Figure A1 shows three 

adjacent cells and their interfaces as an example (note that cells can have circular or annular 

cross sections). In sections without area discontinuities, all the cells are set to be of the 

same length. Calculation of parameters at the area discontinuity points is explained later in 

this appendix in Area Discontinuity Treatment. 

 

 

Figure A1. Example of cell centers and corresponding interfaces. 
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A.1 FIRST-ORDER SCHEME 

In the first order scheme, the interface value is simply set to the average value of 

the flux term at the adjacent cell centers: 

 

 𝐹
1,��68

=
1
2 �𝐹1,� + 𝐹1,��6� +

1
2𝑎1(𝑊� −𝑊��6) (A1) 

 

Here, Fc,j+1/2 is the convective flux at the interface, Fc,j and Fc,j+1 are the convective 

flux at the adjacent cell centers, Wj and Wj+1 are the conservative terms, and ac is the 

artificial diffusion term added to stabilize the solution. Note that using a large value for the 

artificial diffusion can lead to large errors whereas a small artificial diffusion can lead to 

instabilities. In the codes, an artificial value of 3 is used. 

This first-order scheme provides a simple calculation of the convective terms which 

helps with the robustness of the software; however, it can cause instabilities due to the first-

order accuracy of the interpolation. As a result, in most of the complex simulations the 

second-order scheme is preferred. 

A.2 SECOND-ORDER SCHEME 

In the second-order scheme, the interface value is set to: 

 

 𝐹
1,��68

=
1
2 �𝐹1,�

� + 𝐹1,��6i� +
1
2𝑎1(𝑊�

� −𝑊��6i) (A2) 

 

where: 

 

 𝐹1,�� = 𝐹1(𝑝��, 𝑇��, 𝛼<,��, 𝑣<,��) (A3) 

 𝐹1,��6i = 𝐹1(𝑝��6i, 𝑇��6i, 𝛼<,��6i, 𝑣<,��6i) (A4) 
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 𝑊�� = 𝑊(𝑝��, 𝑇��, 𝛼<,��, 𝑣<,��) (A5) 

 𝑊��6i = 𝑊(𝑝��6i, 𝑇��6i, 𝛼<,��6i, 𝑣<,��6i) (A6) 

 

Note that the convective flux and conservative terms depend on volume fractions, 

densities, velocities, energy and enthalpy of the gas and the liquid through Equations (2.33) 

and (2.34). However; densities depend on pressure and temperature through liquid and gas 

density models defined in Equations (2.4) and (2.5); gas and liquid volume fractions are 

dependent on each other through the sum of volume fractions equation (Equation (2.8)); 

velocities are dependent on each other through the slip law (Equation (2.6)); energy is a 

function of temperature and velocity (Equation (2.9)); and enthalpy is a function of energy, 

pressure and density (Equation (2.10)). Because of these dependences, Fc and W are only 

functions of the four independent variables shown in Equations (A3-A6), i.e. pressure, 

temperature, gas volume fraction and gas velocity. These independent variables are defined 

as: 

 

 𝑝�± = 𝑝� ±
1
2 𝑆(𝑝� − 𝑝�i6, 𝑝��6 − 𝑝�) (A7) 

 𝑇�± = 𝑇� ±
1
2 𝑆(𝑇� − 𝑇�i6, 𝑇��6 − 𝑇�) (A8) 

 𝛼<,�± = 𝛼<,� ±
1
2 𝑆(𝛼<,� − 𝛼<,�i6, 𝛼<,��6 − 𝛼<,�) (A9) 

 𝑣<,�± = 𝑣<,� ±
1
2 𝑆(𝑣<,� − 𝑣<,�i6, 𝑣<,��6 − 𝑣<,�) (A10) 

 

where S(u,v) is the van Leer slope limiter function defined as: 

 

 𝑆(𝑢, 𝑣) = 
2. 𝑢. 𝑣
𝑢 + 𝑣 , 𝑠𝑖𝑔𝑛(𝑢) = 𝑠𝑖𝑔𝑛(𝑣)

	
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (A11) 
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Compared to the first-order scheme, this scheme has more calculation time for the 

interface terms; however, having better accuracy and stability makes the second-order 

scheme advantageous in most of the modeling scenarios. 

A.3 PRESSURE FLUX CALCULATION 

The pressure flux at cell interfaces in Equation (2.40) is set to (note that Fp=p): 

 

 𝑝��6/8 = 𝑃� ±𝑣C#D,�4 , 𝑐
��68

4 ² 𝑝�4�6 + 𝑃i ±𝑣C#D,��64 , 𝑐
��68

4 ² 𝑝��64�6 (A12) 

 𝑝�i6/8 = 𝑃� ±𝑣C#D,�i64 , 𝑐
�i68

4 ²𝑝�i64�6 + 𝑃i ±𝑣C#D,�4 , 𝑐
�i68

4 ² 𝑝�4�6 (A13) 

 

where: 

 

 
𝑃±(𝑣, 𝑐) =
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⎪
⎨

⎪
⎧1
4 �
𝑣
𝑐
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(A14) 

 𝑐��6/8 = max	(𝑐�, 𝑐��6) (A15) 

 

𝑐 =

⎩
⎪
⎨

⎪
⎧ 𝑎<, 𝛼< < 𝜂(= 10im)

	»
𝑝

𝛼I𝜌<(1 − 𝐶M𝛼<)
, 𝜂 ≤ 𝛼< < 1 − 𝜂

𝑎I, 1 − 𝜂 ≤ 𝛼<

 

(A16) 

 

Here, C0 is the concentration profile parameter, al is the speed of sound in the liquid, 

and ag is the speed of sound in the gas. 
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Appendix B: Area Discontinuity Treatment 

 

Cells are defined such that the area discontinuities fall on the interface of two cells 

before and after the discontinuity points. At these discontinuity points, a virtual cell with 

zero volume is assumed that contains the discontinuity (Figure B1) and the conservation 

equations are solved for this virtual cell. Note that cell j-1 and cell j can have different cell 

lengths and cross-sectional areas. 

 

 

Figure B1. Area discontinuity and the associated virtual cell (in blue). 

At this cell, momentum is not conserved due to the existence wall sections that are 

vertical to the flow direction. Since the cell volume is zero, the conservative and source 

terms are zero in Equation (2.32); the pressure term is dropped since the momentum 

conservation equation is not satisfied; and the conductive term is assumed to be zero for 
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simplicity (note that when there is a pump rate, the conductive term is negligible compared 

to the convective fluxes and dropping it would not cause significant errors). Hence the only 

remaining term is the convective flux (here since the cross-sectional areas are different, A 

is not dropped from the convective term): 

 

 𝜕D𝐴(𝑥) ¼
𝛼I𝜌I𝑣I
𝛼<𝜌<𝑣<

𝛼I𝜌I𝑣I𝐻I + 𝛼<𝜌<𝑣<𝐻<
½ = ¼

0
0
0
½ (B1) 

 

Equation (B1) indicates that the mass and energy convective fluxes are equal on the 

interfaces of the defined cell (R and L interphases) in Figure B1. At the interface j-1/2 (the 

center of the zero-volume cell) it is assumed that: 

1. The liquid and gas mass fluxes are the average of the mass fluxes from 

cells j-1 and j: 

 

 𝑄I =
∆𝑥�

∆𝑥�i6 + ∆𝑥�
(𝐴𝛼I𝜌I𝑣I)�i6

+
∆𝑥�i6

∆𝑥�i6 + ∆𝑥�
(𝐴𝛼I𝜌I𝑣I)� 

(B2) 

 𝑄< =
∆𝑥�

∆𝑥�i6 + ∆𝑥�
(𝐴𝛼<𝜌<𝑣<)�i6

+
∆𝑥�i6

∆𝑥�i6 + ∆𝑥�
(𝐴𝛼<𝜌<𝑣<)� 

(B3) 

 

2. Pressure is found from the pressure splitting algorithm discussed in 

Appendix A (Pj-1/2). 

3. Temperature is the average of temperature from j-1 and j cell centers. 
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 𝑇�i6/8 =
∆𝑥�

∆𝑥�i6 + ∆𝑥�
𝑇�i6 +

∆𝑥�i6
∆𝑥�i6 + ∆𝑥�

𝑇� (B4) 

 

Note that from Equation (B1), the gas and liquid mass fluxes at L and R interfaces 

are equal and are set to Ql and Qg respectively in Equations (B2) and (B3). For the 

momentum and energy fluxes, temperature, velocity and pressure at L and R interfaces 

need to be calculated. 

• Temperature is assumed to be equal on both interfaces: 

 

 𝑇¾ = 𝑇¿ = 𝑇�i6/8 (B5) 

 

• Velocities are derived from Equations (B6-B9): 

 

 𝑣I,¾ = (𝑣I𝐴)/𝐴�i6 (B6) 

 𝑣I,¿ = (𝑣I𝐴)/𝐴� (B7) 

 𝑣<,¾ = (𝑣<𝐴)/𝐴�i6 (B8) 

 𝑣<,¿ = (𝑣<𝐴)/𝐴� (B9) 

 

Where: 

 

 �𝑣I,<𝐴� = À
�𝑣I,<𝐴��i6, 𝑄I ≥ 0

�𝑣I,<𝐴��, 				𝑄I < 0
 (B10) 

 

• Pressures are calculated from the following two-equation two-unknown 

system: 
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 𝑝¾ + 𝑝¿ = 2𝑝�i6/8 (B11) 
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(B12) 

 

After calculating these parameters at L and R interfaces, the convective fluxes can 

be calculated. Interface L and R are used as the upper and lower interfaces of nodes j-1 and 

j respectively. 
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Glossary 

 

BHP =  bottomhole pressure 

CFL =  Courant-Friedrichs-Lewy 

DFM =  drift-flux model 

ECD =  equivalent circulating density 

GUI =  graphical user interface 

HPHT = high pressure high temperature 

ID =  inner diameter 

MPD =  managed pressure drilling 

OD =  outer diameter 

PI =  proportional integral 

SBM =  synthetic-based mud 

SPP =  standpipe pressure 

TVD =  true vertical depth 

WBM = water-based mud 

W&W = weight and wait method 
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