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ABSTRACT 

A PSEUDOFUNCTION APPROACH TO THE DESCRIPTION 

OF VISCOUS CROSSFLOW IN MULTI-LAYERED 

PERMEABLE MEDIA 

BY 

MARCO ROBERTO THIELE, B.S. 

SUPERVISING PROFESSOR: LARRY W. LAKE 

Under the conditions of vertical equilibrium, viscous forces only, and sharp 

front displacement, Ream's model for the description of a waterflood in a two

dimensional layered reservoir is not correct for end-point mobility ratios greater 

than one. Under these conditions, the flow does not remain segregated as the Hearn 

model assumes but instead the direction of crossflow creates viscous mixing zones. 

Compared to the Hearn model, viscous mixing aids recovery. 

A central assumption in the analysis of viscous mixing is that the system be 

in vertical equilibrium. Formally, this requires the vertical absolute permeability to 

be infinitely large. It is shown that for all practical purposes this must not be the 

case and that vertical equilibrium is attained as long as a dimensionless parameter, 

called the effective length-thickness ratio, exceeds a value of two. 

The functionality of viscous mixing is investigated with respect to three 

parameters: the end-point mobility ratio (M0), the Craig coefficient (V c), a measure 

of reservoir heterogeneity, and the type of layer ordering. The dominant factor 

controlling the extent of viscous mixing is found to be the layer arrangement. Four 
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types of ordering schemes are proposed. Of the four, the "random" ordering 

arrangement is found to have the strongest degree of viscous mixing and the largest 

increase in recovery. 

If the type of layering is fixed, viscous mixing and the improved recovery 

because of it, can be related to the end-point mobility ratio only. The simplicity of 

the Hearn model allows for a pseudofunction approach to correct for viscous 

mixing by introducing an effective end-point mobility ratio. For a descending 

(ascending) type layer ordering, the effective end-point mobility ratio is linearly 

related to the true end-point mobility ratio of the displacement. Within certain limits 

of the Craig coefficient and the true end-point mobility ratio this approach works 

well. 

An alternative approach to correct for viscous mixing effects, using 

effective permeability-height products, is presented. Contrary to the effective 

mobility ratio approach this is a N-1 parameter fit, where N is the number of layers. 

It also allows for calculating the pseudo relative permeability curves of the system. 

In conclusion, it is pointed out that under the assumptions of the study, 

viscous mixing effectively makes the system look less heterogeneous than it really 

is and always aids in the overall recovery compared to the case in which the 

phenomenon is neglected. 
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CHAPTER I 

INTRODUCTION 

As in many other engineering research fields, economic reasons are a 

primary driving force for petroleum research and development. The general idea 

being to attempt to maximize revenues with the least cost possible. So it should 

come as no surprise that the bulk of petroleum research in the area of waterflooding 

is really dedicated to the best possible solution of Eq. (l. l ). 

where 

Npo = (Sw - Swi) 

NPD = Cumulative dimensionless recovery 

Sw = Average water saturation 

Swi = Initial water saturation 

(l.1) 

The importance of Eq. (I. l) stems from the fact that it leads automatically to 

a time versus recovery plot, which in tum is an important link between the world of 

petroleum research and that of economic forecasting and evaluation. Because it 

represents a vital connection between these almost diametrically opposed fields, the 

appearance of Eq. (l.1) is simple. But its simplicity is really artificial since the 

average water saturation of the system, and even the initial water saturation, can be 

made a function of as many physical variables as one desires complexity. Suffice to 

say that Eq. (I.1) really spans an enormous area of research and represents an 

extreme condensation of work. 
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The research presented in this thesis is in line with the above ideas. Its 

ultimate goal is to offer a better approximation to cumulative production versus time 

for a very specific set of physical properties and geological features. The work can 

stand alone and be used directly or can be incorporated into other predictive tools 

such as numerical simulators. 

The model investigated is that presented by Hearn in 1971 and generally 

referred to as the Hearn model. Specifically, Hearn derived a solution for a two

phase displacement process (oil-water) occurring in a two-dimensional layered 

permeable media under vertical equilibrium conditions. His original intent was to 

derive pseudo relative permeability curves that could be used in numerical 

simulation to better match real field data rather than use the model directly for 

recovery predictions. 

The correct solution to the Hearn model rests on two fundamental 

assumptions. That the system be in vertical equilibrium and that the end-point 

mobility ratio be less or equal to one. Even though there exist a dimensionless 

group to help identify when a system is in vertical equilibrium, called the effective 

length to thickness ratio (Goddin et al., 1966), this group is by no means unique. 

The magnitude of this parameter, identifying the onset of vertical equilibrium, may 

change depending on the type of displacement, the vertical and horizontal 

permeability distributions as well as the systems length and height. It is therefore 

necessary before using Ream's model to establish certainty about the systems state 

of vertical equilibrium. This is probably best done by simulation. 

When the end-point mobility ratio is greater than one Ream's solution is no 

longer correct, even for a system in vertical equilibrium (Zapata and Lake, 1981). 

The reason for this is the occurance of viscous mixing around the front regions 

during the displacement which surprisingly aids recovery. The Heam solution, 

which does not take into account viscous mixing, therefore underestimates recovery 

for end-point mobility ratios greater than one. The severity of the error increases 

with increasing heterogeneity of the system. Zapata and Lake (1981) derived an 
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analytical solution for a two layered system that correctly solves for the effect of 

viscous mixing, but the solution becomes tedious and unpractical for a larger 

number of layers. 

Because of the simplicity of Ream's model, an attractive approach to 

correct for the discrepancy in the solution as explained above is to find an effective 

end-point mobility ratio. In essence, this is a pseudo-function approach. Pseudo

functions do not necessarily have to give a correct physical interpretation of the 

process taking place, but rather are to approximate the net outcome of the physical 

process in an average sense. This approach, while it retains simplicity and 

accuracy, does sacrifice correct physical interpretation and universal applicability. 

But the trade-off may very well be worth while, especially if it aids in reducing the 

dimensionality of large scale field problems that are to be solved by numerical 

simulation. 

It is important to keep in mind the limitations of such an investigation as 

presented here. Being essentially a simulation study, the number of parameter 

combinations to be investigated can become very large if a good approximation to 

all possible reservoir configurations is to be found. The real benefit of a study as 

this one is to point out trends and limitations that allow a better understanding of the 

overall outcome of the physical process and guide in creating a problem-specific 

investigation and solution when it is called for. 
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CHAPTER II 

LITERATURE REVIEW 

Waterflooding has been the most popular method in improving the 

production of crude oil from petroleum reservoirs. Even today, with increasingly 

complex enhanced oil recovery technology finding its way to the field, 

waterflooding still plays a central and crucial role. Almost all EOR methods, in fact, 

rely at some point on a water drive for successful completion. 

Waterflooding began in 1865 when, by accident, water was injected in the 

Pithole area of Pennsylvania (API, 1961). 1924 marked the first planned five-spot 

pattern flood on the Bradford field in Pennsylvania (Fettke, 1938). Since then, the 

general availability of water, the ease with which it can be injected, the pressure it 

generates, and its efficiency in the displacement process are but four of the many 

reasons that have made waterflooding the most popular method for increasing oil 

recovery (Craig, 1971). 

Waterflooding has been the subject of an enormous volume of literature, all 

of which can not be reviewed here. The most comprehensive work is probably 

Craig's waterflooding m<?nograph (Craig, 1971) and the reader is referred to this 

work for a good and general introduction. 

The first breakthrough in the description of two-phase flow in permeable 

media was presented by Buckley and Leverett in 1942. The Buckley and Leverett 

problem, as it is known today, is a two-phase, immiscible displacement in a one

dimensional, homogeneous, isotropic porous media, under incompressible and 
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isothermal conditions, with no capillary pressure. Even being the simplest possible 

two-phase model, it has been used extensively and the insight gained from the 

solution has been invaluable to petroleum engineering and research. So much so 

that the Buckley and Leverett problem has served as a model for the solution of 

much more complicated systems such as cation exchange (Pope et al., 1978) , 

precipitation/dissolution (Walsh et al., 1984), and multicomponent polymer 

flooding (Johansen et al, 1988). In 1952, Welge introduced a graphical approach to 

the solution of the Buckley and Leverett problem generally known as the Welge 

construction. 

The next major step was introduced orally in 1948 and published in 1950 

by Dykstra and Parsons with an investigation of recovery from a stratified system. 

The Dykstra and Parsons study was an experimental one, though it is seldom 

thought of this way, and attempted to identify the most important parameters 

affecting oil recovery from waterfloods. They investigated 52 core floods and 

concluded that recovery was a function of mobility ratio, the permeability variation, 

and the initial oil and water saturations. 

The analytical model proposed for matching their laboratory results made 

simplifying assumptions: a two-dimensional, layered system with no 

communication between the layers except at the production and injection well. Each 

layer was essentially treated as a separate Buckley and Leverett problem but with 

the additional assumption that the displacement be piston-like everywhere. In their 

conclusions, Dykstra and Parsons made the comment that their proposed analytical 

method did not seem to match field data particularly well in that they are were 

unable to find a universal method to predict oil recovery with equal precision for 

different fields. One of the lasting parameters introduced by Dykstra and Parsons is 

what today is generally known as the Dykstra-Parsons coefficient, a measure of 

reservoir heterogeneity. 

The Dykstra and Parsons method is analytically correct for any end-point 

mobility ratio as long as the assumption of a piston-like displacement is not 

violated. For the special case of an end-point mobility ratio of one, a simpler 

solution was presented by Stiles in 1949. Though Stiles derived the recovery 
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equations by making the assumption of a unit mobility ratio, he later used them to 

predict recovery for non-unit mobility ratio displacement introducing an error in the 

prediction. The Stiles method is really to be considered as a special case of the more 

general Dykstra and Parsons method. For a unit mobility ratio the Stiles, Dykstra 

and Parsons, and Hearn model all return the exact same solution. 

The other limiting case for stratified systems is that in which the layers are 

in perfect vertical communication leading to a state of vertical equilibrium. 

Investigations on this type of systems include those of Craig et al. (1957), Warren 

et al. (1964), Root et al.(1965), Goddin et al.(1966), Coats et al.(1971), Hearn 

(1971), and Zapata and Lake (1981). The introduction of a non-zero vertical 

permeability complicates the problem considerably since it essentially adds one 

more dimension. 

The concept of vertical equilibrium has probably been best illustrated by 

Coats et al.(1971) with an analogy to heat conduction. If one were to describe heat 

conduction in a metal plate with several square feet of area but a thickness of only 

an eight of an inch, no allowance would be made for the heat distribution in the 

vertical direction. Rather, the assumption of thermal equilibrium would be invoked 

letting the temperature gradient in the vertical direction be equal to zero. In 

petroleum reservoirs, which often have the same dimensional proportionality to the 

metal plate described, the vertical equilibrium condition would correspond to a zero 

potential gradient in the vertical direction. In the literature, the condition of a zero 

potential gradient is often thought as equivalent to an infinite vertical permeability or 

an infinitely fast vertical redistribution of fluids (Coats et al., 1971). This 

interpretation though has been the subject of controversy and the idea of a zero 

potential gradient, or the sum of all driving forces in the vertical direction being 

equal to zero, remains the more transparent explanation. Because of the multitude 

of factors involved in the description of vertical equilibrium, such as the interaction 

between capillary, gravity, and viscous forces, the magnitude and variability of 

permeability, it becomes difficult to exactly quantify the contribution of any one 

parameter to the overall phenomenon during the displacement process. 
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The best known analytical model for the description of displacements in 

stratified reservoirs under the condition of vertical equilibrium is probably that of 

Hearn (1971). Hearn neglected crossflow caused by capillary and gravity forces 

and derived a simple model considering only viscous forces. As Zapata and Lake 

(1981) have shown, Ream's model is only correct for end-point mobility ratios 

equal or less than one but underestimates recovery for end-point mobility ratios 

greater than one. 

In 1981, Zapata and Lake published a theoretical analysis of viscous 

crossflow. They showed that viscous crossflow in layered media, resulting from an 

end-point mobility ratio greater than one, will create viscous mixing zones around 

the front regions and improve the vertical sweep efficiency compared to the no

crossflow case. They also concluded that viscous mixing will only aid recovery as 

long as the water fronts are sharpening waves and that different layer ordering 

schemes in systems with more than two layers will strongly affect the vertical 

sweep efficiency. 

In between the assumption of no vertical communication in the Dykstra and 

Parsons model and infinite vertical communication in the Hearn model there are a 

range of cases which do not fall under either of the two limiting models. For these, 

there is no analytical solution, again, underlining the difficulty of trying to 

accurately describe the displacement process under the condition of vertical 

equilibrium, quantify it, and determine its functionality on various reservoir 

parameters. 
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CHAPTER III 

RESERVOIR PARAMETERS AND 
ANALYTICAL MODELS 

This chapter introduces various reservoir parameters and concepts used to 

describe, analyze, and uniquely fix the system under study. Furthermore, it gives a 

brief derivation of the two limiting cases for immiscible displacements in layered 

permeable media assuming viscous forces only: the Dykstra and Parsons model and 

the Hearn model. 

3 .1 RESERVOIR HETEROGENEITY 

The term "reservoir heterogeneity" has occupied the petroleum and water 

resources literature for many years. Attempts to quantify reservoir heterogeneities 

in order to include them in numerical models commonly used for the description of 

fluid flow in real permeable media has met only with limited success. 

One of the problems with attempting to quantify reservoir heterogeneities is 

the number of parameters involved as well as the scale at which they may occur. 

Heterogeneities can range from spatial variations of flow parameters such as 

permeability and porosity, to irregular reservoir geometries, to changes in the 

chemical composition of the fluids and the reservoir. In general, any parameter that 

changes explicitly or implicitly as a function of space may fall under the heading of 

reservoir heterogeneity. Needless to say, the importance of parameters across 

various scale lengths complicates matters even further. 
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The model of reservoir heterogeneity used here is that of a layered system. 

While the model is undisputedly simple, it does mirror many real geological 

settings and is conceptually easy to understand. 

3.1.1 LAYERED SYSTEMS 

The concept of a layered system as a model for reservoir heterogeneity was 

introduced by Dykstra and Parsons in 1950. A schematic of a layered reservoir 

model is shown in Fig. III.1. 

Geology Model 

Fig. 111.1: Stratified Reservoir 

The model is one in which discrete layers make up the reservoir. While the 

layers may differ from each other in one or more flow properties such as 

permeability, porosity, residual water and oil saturations, relative permeability 

curves, height, and in certain cases even phase viscosities, each layer is treated as 

being homogeneous in itself (Caudle, 1968). 

Depending on the type of model considered, the vertical communication 

between the layers may be zero or non-zero. The Dykstra and Parsons model 
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assumes a zero vertical permeability while the Hearn model assumes "infinite" 

vertical permeability. 

3.1.2 THE DYKSTRA-PARSONS AND THE CRAIG COEFFICIENTS 

As mentioned in Chap.II, one of the lasting parameters introduced by 

Dykstra and Parsons (1950) is what today is generally referred to as the Dykstra

Parsons coefficient . 

In order to characterize the cores used in their floods, Dykstra and Parsons 

investigated the absolute permeability to air on the face of each core. They 

quantified the permeability variation by the following procedure: 

1. Permeabilities in a distribution are tabulated in descending order. 

2. The per cent of the permeabilities exceeding each tabulated entry is computed for a 

second column entitled "cumulated per cent greater than." 

3. Column 1 is plotted on a log scale, and column 2 is plotted on the probability scale 

of log-probability graph paper. 

4. The best straight line is drawn through the points. If the points do not lie 

approximately on a straight line, the terminal points are weighted less heavily than 

the central points. 

5. The permeability at 84.1 cumulative per cent is read from the straight line and 

subtracted from the median permeability. This difference is divided by the median 

permeability. The ratio is the "permeability variation," (V). 

Step 5 in the above procedure translates into the following equation 

Vnp kl.5 - kl.841 (III.1) 
kl.5 

where 
kJ.5 = permeability at 50%. 

kl.841 =permeability at 84.1 %. 
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Equation (III.l) is not a coefficient of variation in the standard statistical 

sense, since kl.sis the median of the distribution and not the mean. Assuming a 

log-normal permeability distribution, the correct formulation of Eq.(III.1) should 

really be (Craig, 1971) 

ln(k)l.s - ln(k)l.841 
ln(k)l.s 

(III.2) 

Specifying only Vnp as in Eq.(III.2) is not sufficient to fix a systems 

permeability distribution. The average permeability, ln(k)l.s, must also be specified. 

This is because Vnp alone does not fix the standard deviation of the system. In 

light of this, a better measure is the Craig coefficient , which follows naturally from 

Eq. (III.2) is given by 

Ve= Vnp ln(k)l.s (III.3.a) 

or 

V c = ln(k)l.s - ln(k)l.84 (III.3.b) 

Stratified systems having the same Craig coefficient will also have the same 

permeability distribution and consequently the same flow characteristics. This is 

demonstrated in Fig.III.2. The Craig coefficient is used in this study as a measure 

of reservoir heterogeneity rather than the Dykstra-Parsons coefficient. The relation 

between the two is shown in Fig.III.3. 

Dykstra and Parsons did mention some difficulty in trying to match 

real field data with their analytical method. This may in part have been because of 

the problem associated with attempting to force a log-normal distribution on real 

permeability data. Lambert (1981) presented an extensive statistical study of 

permeability data from 25 fields in which she shows that permeability rarely fits 

one of the three more commonly used distributions, normal, lognormal, and 

exponential. Nevertheless, she does make the point that between the three, the 
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log-normal appears to fit most of the data best. This is the distribution used in this 

study as well. 

Jensen and Lake (1986) showed that real permeability data which does not 

exhibit a log-normal distribution can, for certain cases, be made to fit a log-normal 

distribution by using a power transformation. The magnitude of the power would 

then be an additional parameter to the Dykstra-Parsons or the Craig Coefficient for 

characterizing a given set of permeabilities. 

3.1.3 GENERATING A LAYERED RESERVOIR WITH GIVEN Ve 

The idea is to generate a layered system with a given Craig coefficient. The 

central assumption is a log-normal distribution for permeability. Let K be the 

transformation 

Ki= ln(ki) i=l, ... ,N 

where 
Ki =Transformed permeability value of layer i 

ki =Original permeability value oflayer i in [md] 

N = Number of layers 

The normal probability density function for K is given by 

where 

1 -(Ki-i()2 
p(Ki) = -r;:;-= e 2 2 

..... 27t0' O' 

K = Log average of permeability 

cr = Standard deviation 

i=l, ... ,N 

(111.4) 

(111.5) 

Integrating Eq. (111.5) leads to the cumulative distribution function of K given by 
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i=l, ... ,N (III.6.a) 

where erf is the tabulated error function. By definition, the standard deviation is 

given by 

cr = Kl.s41- Kl.s =Ve (III.3) 

Solving Eq. (ill.6.a) for Ki gives 

(III.6.b) 

where 

K = N (III.7) 

Ve = ln(k)l.s - ln(k)l.841 (III.3.b) 

P(Ki) = Cumulative probability 

The final value of permeability is then given by transforming back according to Eq. 

(III.4) 

ki = e Ki i=l, ... ,N (III.4) 

P(Ki) is the percent of permeability values less or equal to Ki, point #2 in 

the procedure given by Dykstra and Parsons. P(Ki) can be related to the individual 

thicknesses of the layers since each layer is homogeneous in itself. It follows 

i-1 

{~ hn} hi 
P(Ki) = £..J H + 2H 

n=l 

i=l, ... ,N (III.8.a) 
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where i is the layer for which K is to be determined. Equation (III.8.a) is for a 

discrete (layered) system with the cumulative probability (percentage) being 

determined at the center of each layer. 

Using Eq. (III.6.b) and Eq. (111.8.a) is equivalent to saying that all the data 

(100%) will fall on a line given by a specific Ve. Yet as Lambert (1981) has 

shown, permeability values at the low and high end tend to deviate from the log

normal assumption. The permeability data for this study was thus generated by 

discarding 10% on either end of the distribution, i.e. 0.1 < P(Ki) < 0.9. Warren 

and Cosgrove (1964) make a similar argument and come to the conclusion that 

using the limits above is the proper way to truncate the permeability distribution. 

Equation (III.8.a) then becomes 

i-1 

P(Ki) = 0.1 + o.8[ { L h:H} +;A] i=I, ... ,N (III.8.b) 

n=l 

3.2 VISCOUS CROSSFLOW AND VERTICAL EQUILIBRIUM 

While the concept of crossflow may appear simple and straight forward at 

first, at a closer look it takes on considerable complexity and can become 

misleading. Crossflow in general may occur as a result of various driving forces 

such as viscous, capillary, gravity, and dispersive forces. In the discussion that 

follows and the presentation of the results in Chap.V, only viscous forces are 

considered in the analysis, a major assumption that should not be forgotten. This 

does not imply that viscous forces are usually dominant in the mechanism of 

viscous mixing during a waterflood, rather, it reflects a lack of theoretical 

development regarding the other forces. 

Viscous crossflow effects are divided into two major categories. Those 

which take place in displacements with an end-point mobility ratio less than one 

(M0 < 1) and those in displacements with an end-point mobility ratio greater than 
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one (M0 > 1). This division occurs naturally since for a mobility ratio equal to one 

(M0 = 1) the solution will be the same for both cases. Contrary to general belief, 

these displacements are not symmetric about the unit mobility ratio case and show 

considerable differences in flow behavior (Waggoner et al., 1988). 

3. 2 .1 DISPLACEMENTS WITH MO < 1 

For a single homogeneous layer with a piston-like displacement the 

velocities of each phase are given by 

where 

_ k "I o f Po - Px) 
Vw - --/\, rw \,'.: 

<j>~S x 

__ k_"I o tPx - PL) 
Vo - /\, ro \'.: L 

<l>~S - x 

k = Absolute permeability 

(III.9.a) 

(III.9. b) 

<j>~S =Active porosity, fraction of bulk volume open to flow 

A 0 rw = ko rw = End-point water mobility 
µw 

"lo ~ro Ed . il bili' /\, ro = --= n -pomt o mo ty 
~ 

k0rw,k0ro =End-point relative permeabilities of water and oil 

=Water and oil viscosities 

p =Pressure. 

Because material balance must be satisfied and the assumption of 

incompressible fluids has been made, the velocities of the two phases must be equal 

at the interface and thus 
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Vw=Vo 

Solving Eq. (IIl.10) for the unknown pressure Px gives 

where 

M 0 Po + PL 
x L - x 

Px = 1 1 
Mo - + ....--

x L - x 

')...,O 
MO=~= End-point mobility ratio. 

A Oro 

(III.10) 

(III.11) 

The pressure profile is shown in Fig.III.4. Applying the same equations to 

a two-layered non-communicating system with different absolute permeabilities in 

each layer will lead to pressure profiles shown in Fig.III.5. 

Figure III.5 also shows the direction in which crossflow would occur for 

an end-point mobility ratio less than one if one were to allow, instantaneously, a 

finite vertical permeability. The largest transverse pressure gradients occur at the 

front positions. Because of the direction of these gradients water will crossflow 

from the top (fast) layer to the bottom (slow) layer at the trailing front and oil will 

crossflow from the bottom layer to the top layer at the leading front. In both cases 

only one phase , either water or oil, is crossflowing into the other layer. The net 

effect is that the distance between the two fronts is decreased compared to the no

crossflow case. The flow remains segregated since water, crossflowing from the 

top layer to the bottom layer at the trailing front, has a mobility less than the oil and 

therefore will remain behind the oil-water interface. Similarly, the oil. crossflowing 

at the leading front from the bottom layer to the top layer will remain ahead of the 

interface because of the higher mobility. In the limiting case of vertical equilibrium, 

the vertical permeability can be thought as being infinite and the pressure drop 

approaching zero since the amount of fluid crossflowing must remain finite (Zapata 

and Lake, 1979). 
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Fig. 111.4: Schematic Pressure Profile For Piston-Like Displacement 

in a Single Layer (M0 < 1) 
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Piston-Like Displacement in Two Layers (M0 < 1) 
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One of the problems with representing viscous crossflow as in Fig. III.5 is 

the incorrect belief that some of the water from the fast layer may crossflow into the 

oil ahead of the trailing front and some of the oil in the slow layer may crossflow 

into the water behind the leading front. This does not happen. Because vertical 

equilibrium is present from the start of the flood, any viscous crossflow will occur 

instantaneously at the fronts and keep the flow segregated. That is, the transverse 

pressure drop will be zero everywhere except for a delta-like change at the fronts 

(Zapata, 1979) which will redistribute fluids infinitely fast in order to maintain 

vertical equilibrium. 

21 

An interesting exercise associated with the distance between the fronts 

decreasing due to viscous crossflow for a favorable end-point mobility 

displacement, compared to the no crossflow case, is to show that an end-point 

mobility ratio can be picked such that all reservoir heterogeneity will be suppressed 

and the fronts will travel together. The velocities in each layer are given by Darcy's 

Law 

v1 = (-k-) A 0r1 (:) 
<j>L\.S 1 1 

(IIl.9.c) 

(III.9.d) 

If the system is in vertical equilibrium the sum of all driving forces in the 

vertical direction will be equal to zero. Allowing viscous forces only, the vertical 

equilibrium condition reduces to 

(IIl.12) 

Assuming equal porosity and mobile phase saturation for both layers 
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(III 13.a) 

Integrating Eq. (III.13.a) with x110 = 0 and x210 = 0 yields 

(III.13.b) 

and shows that for 

(III.13.c) 

the fronts will travel together. 

3.2.2 DISPLACEMENTS WITH MO> 1 

For displacements with M0 > 1 much of the same qualitative arguments can 

be used as in the previous case (M0 < 1). For a piston-like displacement in a single 

homogeneous medium, the equations remain the same. For a two-layered system, 

with sharp-front displacement, the pressure profiles and the corresponding 

directions of crossflow are shown in Fig. III.6. In comparison to the MO < 1 case, 

crossflow is now reversed at each of the front positions. One immediate result, 

paralleling the previous case, is that the leading front will speed up while the 

trailing front is retarded. In addition, there is a second phenomenon taking place 

called viscous mixing (Zapata and Lake, 1981 ). Because of the reversal of the 

vertical pressure gradient, there are now two phases crossflowing at each front 

instead of one. Water and oil at the trailing front crossflowing into the water of the 

top layer and water and oil at the leading front crossflowing in to the oil of the 

bottom layer. The net effect is the development of a mixing zone between the two 

fronts. Mixing zone means that water saturations other than the residual phase 

saturations exist. Contrary to the M0 < 1 case, the flow no longer remains 

segregated. This is because oil crossflowing from the bottom layer into the top 

layer at the trailing front has a lower end-point mobility than the water, and the 
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Fig. 111.6: Schematic Pressure Profiles And Crossflow Direction For 
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water crossflowing from the top layer into the bottom layer at the leading edge has a 

higher mobility than the oil. With the change in the end-point mobilities and the 

direction of crossflow the systems preferred state is that of a mixing zone and does 

not tend to the restoration of segregated flow as in the M0 <1 case. 

Zapata and Lake (1981) have shown that viscous mixing and viscous 

crossflow improve recovery compared to the solution assuming segregated flow 

(Hearn, 1971) and are therefore beneficial to the displacement This because the oil 

in the slow layer is produced in part by the fast layer as a result of crossflow and 

consequently will show up earlier at the production well compared to the no

crossflow case. Furthermore, because the fronts do not tend to move apart to extent 

they do without viscous mixing, the overall sweep efficiency will be improved. 

3. 2. 3 A SCALING PARAMETER FOR VERTICAL EQUILIBRIUM 

The assumption of an infinite vertical permeability is, of course, unrealistic. 

But as the analogy to the heat conduction problem mentioned in Chap.II indicates 

(Coats et al., 1971), vertical equilibrium may be attained for reservoirs where the 

vertical permeability is finite but where other dimensions of the reservoir make the 

assumption a reasonable one. 

A scaling parameter, called the reservoir effective length-thickness ratio has 

been proposed in the literature as the appropriate dimensionless group to use for 

identifying vertical equilibrium (Rapoport, 1955; Goddin et. al., 1966). From 

Darcy's Law, the vertical and horizontal flowrates of a layered system with finite 

permeabilities in each direction is given by 

Qv = kev WL A 0 
eV c~::t) (III.14.a) 

(III.14.b) 
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N 

1 1 L 1 
kev = H ki (III.15) 

i=l 

N 

keH=~L ki (ill.16) 

i=l 

where 
kev ,keH 

W,L,H 

= Effective vertical and horizontal permeabilities 

= Width, length, and height of the system 

A 0 eV ,A 0 eH =Effective vertical and horizontal end-point mobilities 

=Vertical and horizontal pressure gradients 

The ratio of the flowrates is then given by 

(III.17) 

with the dimensionless group 

(III.18) 

naturally following from Eq. (llI.17). RL is called the effective length-thickness 

ratio. 

For the limiting case where the vertical permeability is zero, i.e no 

communication between the layers, RL is zero. For the limiting case of infinite 

vertical permeability RL tends to infinity. It is important to note that the ratio of the 

flowrates given by Eq. (llI.17) must always remain finite. Therefore, as RL tends 

25 



to infinity the vertical pressure gradient must tend to zero. The two limiting cases 

are thus given by 

kev = 0 (no communication) 

kev ~ 00 (vertical equilibrium) 

26 

Using RL as the sole scaling parameter for vertical equilibrium is only 

correct in the absence of any other driving forces. Zapata gives RL > 10 as a 

realistic limit for the onset of vertical equilibrium. Waggoner ( 1985), presenting a 

sensitivity of RL on the fractional flow curve for a two-dimensional displacement, 

concludes that RL > 10 is probably a conservative limit and suggests that for an RL 

> 5 all the displacements can confidently be represented using the same 

pseudofractional flow curve. Figures III.7, III.8, and III.9 showing the sensitivity 

of a typical layered system used in this study on RL, are in line with these 

conclusions. 

For this investigation an RL of approximately sixteen (Rv,,16) was used 

throughout all simulation runs. 

3.3 THE DYKSTRA AND PARSONS MODEL (RL = 0) 

As mentioned in Chap.II, the Dykstra and Parsons model is easily the most 

widely used method to describe immiscible displacements in non-communicating 

layered systems. The assumptions central to the Dykstra and Parsons model are 

1. Horizontal, two-phase, incompressible, and immiscible flow 

2. No gravity, capillary pressure, or dispersion 

3. Piston-like displacement 

4. No communication between layers 

5. Layers are homogeneous within themselves 

The velocity in each layer can be related to the total pressure drop of the 

system (which is the same for both layers) by substituting Eq. (III.11) into either 

Eq. (III.9.a) or Eq. (III.9.b). Substituting into Eq. (III.9.a) gives 
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dx1 ( k ) ( A 
0

r1 ) vi--- -- ~p 
dt cj>~S 1 x1 + M 0 (1-x1) 

Taking the ratio of the velocities eliminates the time dependance 

where 

and 

x1 =Dimensionless front position in layer 1 

x2 = Dimensionless front position in layer 2 

(~\ 
(cj>~S) 2 

r11 = Heterogeneity factor. 

Eq. (III.20.a) can be rewritten as 

(III.19.a) 

(III.19.b) 

(III.20.a) 

(III.21) 

(III.20. b) 

Integrating Eq. (III.20.b) with boundary conditions x1 = 0 to x1 = 1 

(breakthrough) and x2 = 0 to x2 = x~ gives 
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for 

0 
Xi= 

+ __,.--- + + ---
(-1 - 1)2 r12(l - Mo) 1 1 
MO MO 

1 (III.20.c) 

x~ is the front position in layer 2 when layer 1 breaks through. For the unit mobility 

case, Eq. (III.20.b) becomes 

(III.20.c) 

Integrating Eq. (III.20.b) with boundary conditions x1=1 to x1 = x1' and 

x2 = x~ to x2 = 1 (sweepout) gives 

(III.20.d) 

where x1' is now greater than one and represents a fictitious front position outside 

the system when layer 2 breaks through. The above procedure for two layers can 

easily be generalized to N. 

For layer n breaking through, the front positions in layers with 

permeabilities less than k0 , i.e. layers not broken through yet, are given by 

0 x. = 
1 

+ 1 ----+ +---
(-1- - 1)2 rinO - MO) 1 1 
MO MO 

The front positions for layers already broken through are given by 

(III.20.c) 

(III.20.d) 
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xn, of course, is equal to one. The total recovery versus time is then simply given 

by 

where 

N 

l«l>~S)i hi Xi 

t i=l n=--------
(<j>~S) H 

n N 
L(<l>~S)i + L(<l>~S)ihiXi 

N i=l i=n+l PD=------------

to 

(<j>~S) H 

_ volume injected 
- total pore volume 

_ total oil produced 
- total movable oil 

dimensionless time. 

dimensionless recovery. 

3.4 THE HEARN MODEL (RL ~ oo) 

(III.21) 

(III.22) 
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The assumptions in the Hearn model are the same except for vertical 

communication difference. Thus, the assumptions here are 

1. Horizontal, two-phase, incompressible, and immiscible flow 
2. No gravity, capillary pressure, or dispersion 
3. Piston-like displacement 
4. Perfect vertical communication between layers 
5. Layers are homogeneous within themselves 

The derivation that follows parallels that given by Hearn (1971). For an 

end-point mobility ratio less than or equal to unity (M0 $; 1) the flow remains 

segregated and the average water fractional flow at cross-section A in Fig. III.10 is 

given by 



QT 

• 

-f I Qw1 + Qw2 Qw1 + Qw2 
w A Qr Qw 1 + Qw2 + Qo3 + Qo4 

1Qo4 

A 

Fig. 111.10: Hearn Layered Reservoir Model 

From Darcy's Law, the flowrates are given by 

(III.23.a) 

QT 

• 

(III.24.a) 

(III.24.b) 

(III.24.c) 

(III.24.d) 

For vertical equilibrium the vertical pressure gradient is zero everywhere, thus 
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(III.25) 

Substituting Eq. (III.24.a) through Eq. (III.24.d) into Eq. (III.23.a) 

Rearranging 

-1 

(III.23.c) 

Notice that f w is simply the thickness averaged fractional flow and is valid 

for any cross-section since it is not position dependant. The corresponding 

thickness averaged water saturation is 

2 4 

L {!1S~Sh(l-Sor)}i + L {!1S~ShSw}i 
S- - i=l i=3 
w- (III.24) 

(<j>~S)H 

because the displacement is assumed piston-like. Equations (III.23.c) and (IIl.24) 

are trivially expanded to N layers by changing the limits on the summation signs. 

Effectively, Eq.(IIl.23.c) and Eq.(III.24) make the problem one

dimensional allowing the total recovery versus time curve to be determined using a 

standard Welge construction (Welge, 1952). If only water is injected, the average 

water saturation of the system is given by 
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- 1 [- ] S w = Swe - _ f we - 1 
dfwl 
ctSw s\\e 

(III.25) 

where 

Swe =Effluent water saturation - (III.24). 

f we =Effluent water fractional flow - (IIl.23.c) 

df w I =Derivative of fractional flow curve at Swe 
ctSw Swe 

From the Welge construction 

1 
tn=-----

dfwl 
ctSw Swe 

(III.26) 

N _ s w - Swi 
PD- - _ (III.27) 

1 - Sor - Swr 

where 
N 

L { <J>hSwi}i 

S
- . - _i=_l ___ _ 

w1- (III.28) 
<j>H 

N 

L {<j>hSorh 
- i=l Sor=----- (III.29) 

<j>H 

N 

L {<j>hSwdi swr = _i=_1 ___ _ (III.30) 
<j>H 



and to and Npn are, respectively, the dimensionless time (PV Injected) and the 

dimensionless recovery as in the Dykstra and Parsons model. 
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CHAPTER IV 

FINITE DIFFERENCE SIMULATION 

The numerical code used for this study was an incompressible, two-phase, 

two-dimensional finite difference simulator. The code was originally written by 

McDonald (1969) and later modified by Zapata (1979). Modifications by this 

author were minimal. 

A brief description of the simulator and how it was used is presented in this 

chapter. For a more in depth mathematical presentation the reader is referred to 

Zapata's thesis and McDonald's report as well as to an extensive body of literature 

on the subject. 

4.1 EQUATIONS AND FINITE DIFFERENCE FORMULATION 

For a simple two-dimensional, two-phase (oil-water), incompressible 

system with no gravity, capillary pressure, adsorption, or dispersion and a single 

component in each phase, the material balance equations for a representative 

element volume (REV) with constant porosity are given by 

(IV.1) 

(IV.2) 
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with the constraining equation 

Sw +So= 1 (IV.3) 

where 

j=O,W (IV.4) 

<1> = Porosity of the medium 

Sw, S0 =Water and oil saturation 

~ 
u j = Darcy velocity for phase j 

krj = Relative permeability of medium to phase j 

µj = Viscosity of phase j 

~ =Permeability tensor 

P = Pressure 

V = Gradient operator 

By substituting Eq. (IV.3) into (IV.2) and adding (IV.2) with (IV.1) the 

time derivative is eliminated leaving the following partial differential equation to be 

solved 

~ 
fcsw. P) = v.(J.; ·VP)= o (IV.5.a) 

~ 
where the total mobility A tensor is defined as 
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(IV.6) 

At the wells Eq. (IV.5.a) becomes 

(IV.5.b) 

The differential form of Eq. (IV.5.b) was discretized using a five-point 

finite differencing scheme in two dimensions yielding 

T Yi+o.s,li+ l,j + T xi,j+o.sPi+ l,j+ 1 

(IV.7) 

where 
Tx ,Ty= Transmissibility in the x-direction and y-direction 

Equation (IV.7) is, in general, a first -order correct approximation of Eq. 

(IV.5.b). For the special case of uniform .1.x and .1.y Eq.(IV.7) becomes second

order correct. 

4.2 SOLUTION TECHNIQUE 

Equation (IV.7) is solved for the entire system implicitly in pressure and 

semi-implicitly in saturation. Contrary to the more common ThfPES solution 

method (Thfplicit in Pressure and Explicit in Saturation), the semi-implicit 

formulation approximates the new relative permeability value in the transmissibility 

using a Taylor Series expansion of the form 
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Fig. IV.1: Numbering Scheme in Finite Difference Formulation 



where 
n =Old time level 

n+l =New time level 

dkrw = Derivative of relative permeability curve at S0
w dSw 
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(IV.8) 

Equation (IV.8) is combined with either Eq.(IV.1) or Eq.(IV.2) to form the 

saturation equation. The saturation is computed by using the pressure calculated 

from Eq.(IV.7) which in turn was calculated using the relative permeabilities at the 

old time level. This method is referred to as a sequential approach with semi

implicit transmissibilities. 

4.3 RELATIVE PERMEABILITY CURVES 

One of the central assumption of the Hearn model is segregated flow 

occurring in a piston-like fashion. Numerically, this is achieved by using specific 

permeability curves. Furthermore, the fact that sharp-front displacement in this 

study is to be achieved for end-point mobility ratios greater than one, imposes a 

further restriction on the possible choices of the relative permeability curves. The 

relative permeability curves used here and the associated fractional flow curves for 

different end-point mobility ratios are shown in Fig. IV.2. These are the same as 

those used by Zapata (1979) in his investigation of viscous mixing in two-layered 

permeable media. The resulting sharp front displacements in the simulator for end

point mobility ratios of one and five are shown in Fig. IV.3. The relative 

permeability curves were never changed in the course of this investigation. Only the 

viscosities were used to control the end-point mobility ratio. 

One of the problems associated with using relative permeability curves as in 

Fig. IV.2 is the numerical instability they introduce. This is because the semi-
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Fig. IV .2: Relative Permeabilities and Associated Fractional Flow 

Curves for End-Point Mobility Ratios of One and Five 

(1-D) 
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implicit method uses the slope of the relative permeability curve at the old time 

level. If the derivative of the relative permeability curve at the new saturation is the 

same as the old one, then Eq. (N.8) is exact and the solution will be correct. If, on 

the other hand, the new slope is not the same there will be an overshooting of the 

saturation caused by the drastic difference in the slopes of the relative permeability 

curves. An automatic time-step selector in the program guards against using the 

wrong slope to estimate the new saturation. As a result, the material balance error 

introduced is practically zero. 



CHAPTER V 

RESULTS AND DISCUSSION 

The form and simplicity of the Hearn model make a pseudofunction 

approach to correct for viscous mixing and viscous crossflow, occurring in 

displacements with end-point mobility ratios greater than one, an attractive solution. 

Pseudofunction, in this case, means retaining the original form of the Hearn model 

but introducing effective parameters in the formulation, such as an effective end

point mobility ratio or effective permeability-height products that will result in a 

good approximation of the physical displacement. As discussed in Chap.III, the 

Hearn model is not physically correct for displacements with a true end-point 

mobility ratio greater than one since it assumes segregated flow and can not account 

for increased recovery resulting from viscous mixing. The general idea in 

modifying the Hearn model is that the displacement, while it is physically taking 

place with a given set of physical properties, may be overall modeled as if it were 

conducted with a different, effective set of physical properties. A similar approach 

that has led to successful modeling of miscible displacement in heterogeneous 

permeable media is that of Koval (1963). 

5.1 EFFECTIVE MOBILITY RATIO AS A FUNCTION OF TRUE 
END-POINT MOBILITY RATIO (MO) AND CRAIG 
COEFFICIENT (Ve) 

5.1.1 THE MODEL 

From the discussion in Chap.Ill, the two dominant factors expected to 

control viscous crossflow are the degree of heterogeneity and the original end-point 

45 



mobility ratio. The dependance of viscous mixing on these two parameters is 

investigated according to in Table V.l. 

~ 
MOBILITY RATIO 

0.5 1.0 1.5 2.0 3.0 4.0 5.0 

u 1.96 x x x x x x 
C,!) 
~ 2.35 x x x x x x < 
~ 
u 2. 74 x x x x x x 

Table. V.1: Investigation Scheme 

The permeability distributions given by the Craig coefficients in Table V. l 

were determined using a ln(k)l.s = ln(50)1.5 and ten equally spaced layers for each 

reservoir. The resulting distributions are 

Ve= 1.96: k={413.7, 226.4, 139.5, 90.88, 60.85, 41.08, 27.51, 17.93, 11.04, 6.043} 

Ve= 2.35: k={631.3, 306.3, 171.2, 102.4, 63.29, 39.5, 24.41, 14.6, 8.162, 3.96} 

Ve= 2.74: k={963.3, 414.3, 210.2, 115.4, 65.83, 37.98, 21.66, 11.89, 6.034, 2.595} 

The idea is to find a functional relationship of the form 

~ff=~ff(Mo, Ve) (V.l) 

such that if the original end-point mobility ratio and the Craig coefficient of the 

system are known, an effective end-point mobility ratio may be determined. 

Introducing the effective mobility ratio concept into the Hearn model gives 
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-1 

(V.2) 

where 

~ff= Effective end-point mobility ratio 

while the water saturation equation remains unaltered since it does not depend on 

the mobility ratio and given by 

n N 

L {f/SL'.lSh(l-Sorni + L {SZSLlShSw}i 

S- _ i=l i=n+l 
wn- (IIl.24) 

(<j>LlS )H 

In all the simulations done according to Table V .I and presented in this 

section, the layered system was assumed to have IO layers with a overlying 

simulation grid of 20 vertical blocks (5 ft/block) and 15 horizontal blocks (50 

ft/block), i.e. two rows per layer. The reason for using IO layers is demonstrated in 

Fig.V.1. Figure V.1 shows Ream's analytical solution for a system with a Craig 

coefficient of 2.35 and a true end point mobility ratio of 0.5. The solution becomes 

reasonably smooth for IO layers compared to the 2 and 5 layer cases. The 16 layer 

case, of course, is even smoother but in order to contain excessive computational 

expenses while still retaining a reasonably accurate solution the 10 layer system 

was used. All simulations were done with no capillary pressure, no gravity, and no 

physical dispersion. 

5 .1. 2 DETERMINING AN EFFECTIVE END-POINT MOBILITY RATIO 

The effective end-point mobility ratio was found by progressively lowering 

the initial inputted value by one tenth until the best fit of the Heam model to the 

simulated results was found. 
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The numerical simulator generates two curves, the thickness-averaged water 

fractional flow curve and the cumulative recovery curve from which the effective 

mobility ratio can be regressed. 

The average fractional flow curve, as Waggoner (1985) has demonstrated, 

is invariant with time and position if the system is in vertical equilibrium. This 

introduces the advantage of having to inject only a fraction of the pore volume to 

determine the entire curve since each column of grid blocks returns one point at 

every time step. One severe problem associated with the fractional flow curve is 

numerical dispersion and, in addition, as the medium becomes more 

heterogeneous, i.e. increasing V c, the fractional flow curve approaches one 

rapidly. Since the Welge construction uses the inverse of the slope to determine the 

cumulative recovery from the fractional flow curve there is room for a considerable 

error in the prediction. Furthermore, since every column of grid blocks returns one 

point there will 15 points per time step (for this particular simulation grid) leading 

to a clustered, difficult-to-interpret, fractional flow curve as shown in Fig.V.2. In 

the runs presented further on, the fractional flow data was filtered by using only the 

largest value of the fractional flow at any one given saturation. 

The cumulative recovery curve, on the other hand, does not suffer from 

numerical dispersion to the degree that the fractional flow curve does but has the 

considerable disadvantage of requiring a substantial amount of computer time to get 

enough data for a reasonable regression. 

Figure V.3 shows an attempt to determine the sensitivity of the regressed 

effective mobility ratio from the fractional flow and cumulative recovery curve on 

the pore volumes injected. Note that Fig. V.3 refers to the specific case of Ve= 

2.35 and M0 = 5.0. Nevertheless, some important observations can be made. The 

effective mobility ratio obtained from the cumulative recovery curve increases with 

increasing pore volumes injected until it plateaus off at approximately 1.5 PV. The 

term pore volume in this thesis is defined as the total pore volume, not pore volume 

open to flow. If residuals for oil and water of 0.2 are used, for example, then 

injecting 1.5 PV as defined in this thesis is equivalent to saying that the 2.5 times 
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Fig. V.3: Sensitivity Of The Effective Mobility Ratio On Pore 

Volume Injected 
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the volume open to flow has been injected. 

The fractional flow curve (filtered as described previously) displays an 

interesting behavior. If all the filtered data is used, the regressed end-point mobility 

ratio is smaller than the plateau value obtained from the cumulative recovery curve. 

On the other hand, if only data between breakthrough and 1 w = 0.95 is used, the 

regressed value for the end-point mobility ratio is exactly that of the plateau value. 

Considering the effect of numerical dispersion at low water saturations and the the 

error introduced by the Welge construction at higher saturations this is an expected 

behavior. 

In general therefore, the value of the effective end-point mobility ratio 

returned by either curve tends to be too optimistic. In order to contain computer 

costs, most cases where run out to 1.0 PV and the highest effective end-point 

mobility ratio value returned between the two curves was assumed to be the correct 

one. The data from the fractional flow curve was regressed using values only 

between breakthrough and a fractional flow value of 1 w =0.95. 

In the plots that follow, showing the results of the simulation runs as 

marked in Table V.1, both the fractional flow and the cumulative recovery curve for 

each case are given. Every plot has three data sets: the simulation results, the Hearn 

model using the original end-point mobility ratio, and the Hearn model using the 

effective mobility ratio. 

The effective mobility ratios regressed from Fig.'s V.4-V.21 are 

summarized in Table V.2. There are two values per run indicated in the table. The 

top value is obtained from the fractional flow curve and the bottom one from the 

cumulative recovery curve. The results in Table V.2 are also plotted in Fig.V.22. 

The lines enclosing the data are given by 

0.48 MO+ 0.52 ~ M~ff ~ 0.60 MO+ 0.40 l.0<M0<5.0 (V.3) 
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While Eq. (V.3) represents a range in which the data falls, the preceding 

sensitivity discussion of the effective mobility ratio on the PV injected and the 

fractional flow curve suggest that the upper straight line of the region should be 

used to determine the effective mobility ratio. In this case the effective mobility ratio 

~ 
MOBILITY RATIO 

0.5 1.0 1.5 2.0 3.0 4.0 5.0 

u 1.96 
o.s 1.3 1.6 2.2 2.8 3.3 
o.s 1.3 1.6 2.2 2.6 3.0 

~ 1.0 1.2 1.6 2.2 2.6 3.3 ~ 2.35 < 1.0 1.3 1.6 2.1 2.6 2.9 
i:== 
u 2. 74 1.0 1.3 1.6 2.2 2.8 3.3 

1.0 1.3 1.6 2.1 2.5 2.9 

x - Effective M from fractional flow curve 
y - Effective M from cumulative recovery curve 

Table V.2: Effective Mobility Ratios Regressed From Fig. 's V.4-V.21 

would be given by 

~ff= 0.60 MO + 0.40 (V.3.a) 

Equation (V.3.a) matches the highest values in Fig.V.22. 

One surprising feature of the results in Fig.V.22 is the apparent lack of 

sensitivity on the degree of heterogeneity of the medium, at least for the range of 

cases investigated here. Another characteristic is the increasing spread between the 

effective mobility ratio returned by the fractional flow curve and the one returned by 

the cumulative recovery curve with increasing true end-point mobility ratio and 

Craig coefficient. This is especially noticeable for the M0 = 5 cases as shown in 

Table V.2. 
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Some qualitative judgments can be made at this point. The effective mobility 

ratio will always be lower than the true end-point mobility ratio which is consistent 

with Koval's (1963) heterogeneity factor. It appears that viscous mixing attenuates 

the frontal advancement with respect to the Hearn model by lowering the mobility 

ratio across the interface between the displacing and the displaced fluid, which is 

also a conclusion drawn by Waggoner et al. (1988). Increased production with 

respect to the Hearn model results from displaced fluid being moved into the more 

peimeable layers and channeled to the production well. 

5.2 THE EFFECT OF LAYER ORDERING ON VISCOUS 

CROSSFLOW 

73 

It stands to reason that one of the parameters expected to have considerable 

effect on the extent of viscous mixing is the degree of reservoir heterogeneity since 

this dictates the positions of the fronts in the various layers with respect to each 

other. Yet surprisingly, the results in Sec. 5.1 show a lack of sensitivity of the 

effective mobility ratio on the Craig coefficient for the range of cases investigated. 

All runs in Sec. 5 .1 where done with a descending arrangement of the layer 

permeabilities. In order to verify the effect of the layer ordering scheme on the 

displacement process, it is first necessary to categorize various ordering 

arrangements and then investigate the effects of each ordering scheme on the 

displacement by numerical simulation. 

5.2.1 ORDERING SCHEMES FOR A LAYERED SYSTEM 

The assumptions of no capillary pressure and no gravity allow the use of 

symmetry and consequently reduce the number of possible ordering schemes. The 

four basic arrangements used in this part of the investigation are shown in 

Fig.V.23. 

Scheme #1 is the descending ordering scheme used throughout Sec. 5.1. 

Scheme #2 is characterized by the highest permeability layers being in the middle 
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#1 #2 #3 #4 

Fig. V.23: Ordering Schemes for Layered Systems 

and the rest of the layer permeabilities decreasing outwards. Scheme #3 is the 

opposite of #2, with the lowest permeability layers in the middle and increasing 

permeabilities going outwards. Scheme #4 is a ra~dom ordering. Defining 

something as being random is somewhat difficult if there are only ten layers. 

Nonetheless, compared to schemes #1-#3, the idea is to have a ordering that is 

basically without structure. 

5.2.2 CHOOSING A DISTRIBUTION 

The same permeability distribution as in Sec. 5.1 for a Craig coefficient of 

2.74 was chosen for this part of the investigation. Shown in Table V.3 are the four 

resulting permeability arrangements used for the runs presented further on. 

Vc=2.74 is the largest Craig coefficient used in the previous section. The choice of 

which Craig coefficient to use is arbitrary but it can be argued that a larger 

heterogeneity contrast between layers may in fact amplify the effect of ordering, if 

there is one at all. 

The layered systems in Table V.3 were simulated with a true end-point 

mobility ratio of three (M0=3) and five (M0=5) for a total of 8 runs. 

The resulting effective mobility ratios are shown in Table V.4 and Fig.V.24 

where they are compared to the straight line relationships of Sec.5.1. Figures V.25 

and V.26 show the simulated cumulative recovery curves for each true end-point 

mobility ratio and clearly indicate a considerable variation in the degree of viscous 

crossflow and the.resulting effect on the displacement efficiency. 



1 2 3 4 

# v ~ [{ (1 
1 913.3 2.595 963.3 115.4 

2 414.3 11.89 210.2 6.034 

3 210.2 37.98 115.4 414.3 

4 115.4 115.4 21.66 65.83 

5 65.83 414.3 11.89 21.66 

6 37.98 913.3 2.595 210.2 

7 21.66 210.2 6.034 11.89 

8 11.89 65.83 37.97 913.3 

9 6.034 21.66 65.83 37.98 

10 2.595 6.034 414.3 2.595 

Table V.3: Permeabilities in [md] For V c = 2.74 and Ordering 

Schemes #1-#4 
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1 2 3 4 

M v ~ ~ ~ 
3.0 2.2 1.9 1. 7 1.6 

2.1 1.8 1.6 1.0 

5.0 3.3 2.7 2.6 2.7 
2.9 2.2 2.1 1.3 

x • Effective mobility ratio from fractional flow curve. 
y • Effective mobility ratio from cumulative recovery curve. 

Table V.4: Effective Mobility Ratios For Ordering Schemes #1-#4 
and Vc=2.74 
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Figure V.24 clearly indicates that the region for the effective mobility ratio 

obtained in Sec. 5.1 is not valid for all ordering types but rather is scheme-specific. 

Furthermore, as Fig.'s V.27 - V.34 show, the effective mobility ratio approach is 

not always able to modify Ream's model so as to get a satisfactory match with the 

simulated results. Figures V.27 - V.34 show four curves plotted on each graph: the 

simulation result, the Hearn model with the true end-point mobility ratio, the Hearn 

model using the effective mobility ratio returned by the fractional flow curve, and 

the Hearn model using the effective mobility ratio returned by the cumulative 

recovery curve. 

The differences in cumulative recovery because of layer ordering displayed 

by Fig. V.25 and Fig. V.26 are in line with ideas of viscous mixing. As mentioned 

at the end of Sec. 5.1, the displaced fluid (oil) is produced more efficiently 

compared to the no-mixing case since it is forced from the slow layers into the fast 

layers and channeled from there to the production well. In light of this, best 

recovery would be expected from a system in which fast layers are bounded on 

either side by slow layers. On the other hand, separating fast layers and slow layers 
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Fig. V.25: Cumulative Recovery For Schemes #1 - #4 (M0 =3.0) 
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Fig. V.26: Cumulative Recovery For Schemes #1 - #4 (M0 =5.0) 
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Fig. V.27: Water Fractional Flow and Cumulative Recovery 

(M0=3.0; Ord. Scheme #1; Vc=2.74) 
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Fig. V.28: Water Fractional Flow and Cumulative Recovery 

(M 0 =3.0; Ord. Scheme #2; Vc=2.74) 
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Fig. V.29 Water Fractional Flow and Cumulative Recovery 

(M 0 =3.0; Ord. Scheme #3; Vc=2.74) 
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Fig. V.30 Water Fractional Flow and Cumulative Recovery 

(M 0 =3.0; Ord. Scheme #4; Vc=2.74) 
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Fig. V.31 Water Fractional Flow and Cumulative Recovery 

(M 0 =5.0; Ord. Scheme #1; Vc=2.74) 
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Fig. V.32 Water Fractional Flow and Cumulative Recovery 

(M 0 :5.0; Ord. Scheme #2; Vc=2.74) 
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Fig. V.33: Water Fractional Flow and Cumulative Recovery 

(M 0 :5.0; Ord. Scheme #3; Vc=2.74) 
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Fig. V.34 Water Fractional Flow and Cumulative Recovery 

(M 0 =5.0; Ord. Scheme #4; Ve = 2.74) 

87 



from each other so as to have two separate groups would mitigate the effects of 

viscous mixing. This general trend can be observed in Fig. V.25 and Fig. V.26. 

The random layering scheme exhibits the best recovery since there exists a 

probability that a fast layer may be bounded by slow layers on either side. In other 

words, of the four schemes proposed, the random ordering comes closest to the 

ideal alternating scheme mentioned above. The descending (ascending) type 

layering on the other hand, is expected to have the worst recovery of the four since 

the fast layers and the slow layers are separated by a maximum distance and there is 

only one side of the fast layer open for oil to crossflow in and be channeled to the 

production well. Since schemes #2 and #3 are in between cases their production 

behavior is also expected to lie somewhere in between the descending (ascending) 

and random-layer production response. Between the two, the production response 

of scheme #2 seems to be slightly better than scheme #3. This is probably because 

in scheme #3 the fast layers are at the same time the boundaries of the system and 

therefore reduce the degree of viscous crossflow compared to scheme #2. 

5.3 AN ALTERNATIVE APPROACH· EFFECTIVE LAYERING 
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The simulation runs presented in the previous section show that the 

effective mobility approach is not always successful in modifying the Hearn model 

to correct for the increased recovery due to viscous mixing. This is especially true if 

different ordering schemes for the layers are brought into the problem. 

Furthermore, it can be expected that with increasing Craig coefficient and/or 

increasing true end-point mobility ratio the same type of misfit, as with the different 

layering schemes, will be observed. This is expected since there is nothing physical 

about using an effective mobility ratio in the Hearn model and it really represents a 

simple one-parameter fit. 

An alternative method for a better match of the data obtained in the 

simulations may be through the use of effective permeability-height products. That 

is, find an effective layering with permeabilities and heights such that the Hearn 

model will return the fractional flow and cumulative recovery curve obtained by the 
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simulator. Clearly, one advantage of this approach is that it becomes a multi

parameter fit. To be exact, there will be N-1 effective permeability-height values 

that can be solved for from the fractional flow curve. The Nth permeability-height 

product must be solved for with the aid of an additional constraining equation. 

5.3.l SOLVING FOR EFFECTIVE LAYERS 

The general idea is to modify Ream's model to match the simulated results 

using effective permeability-height products instead of an effective end-point 

mobility ratio. Ream's model then becomes 

-1 
N 

fw = n 

I (kihi)' 
l 1 i=n+l +MO _n ___ _ 

I (kihi)' 

(V.4) 

i=l 

where 
(kihi)' =Effective permeability-height product 

MO = True end-point mobility ratio 

As discussed previously, one problem with using the simulated fractional 

flow curve directly in the analysis is that it suffers from considerable numerical 

dispersion and as the system increases in heterogeneity, can introduce large errors 

in the cumulative recovery because of deviations in the slope. Since it is the 

cumulative recovery that ultimately has to be fitted as best as possible, it is 

advisable to use this curve to calculate the effective permeabilities rather than the 

fractional flow curve. 

Two variables returned by the cumulative recovery curve needed for 

calculating the effective permeability-height products are the average water 

saturation of the system and the slope of the fractional flow function at that average 

water saturation. From the Welge (1952) construction, the average water saturation 

for the entire system is given by 



- 1 [- ] S w = Swe - _ f we - 1 
dfwl 
clSw Swe 

(III.25) 

solving for f we gives 

- dfwl - -f we = -::- S ( Swe - S w ) + 1 
dSw w 

(IIl.25.a) 

In Eq.(IIl.25.a) the slope of the fractional flow curve and the average water 

saturation are given directly from the cumulative recovery curve. The effluent water 

saturation, on the other hand, must be determined indirectly from the slope and the 

average water saturation. 

The slope is given by 

rlfwl = ~ I =l..I clSw Swe PV Injected Swe to Swe 
(V.5) 

and the average water saturation is, according to Eq.(III.27) 

S w = (LO - Sor - Swr) Npol?( + Swi 
"we 

(III.27.a) 

where 

Npo = Dimensionless oil recovery 
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The effluent water saturation Swe is no longer given by Eq.(IIl.24). Using 

the slope of the fractional flow function at a given average water saturation and 

solving for the effluent water fractional flow automatically fixes the effluent water 

saturation as well. 

From Eq.(IIl.25.a), 
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{ dfwl - - } { dfwl - - } -::- S ( Swe - S w) + 1 i = -::- S ( Swe - S w) + 1 i+l 
dSw w dSw w 

and the corresponding effluent water saturations for each layer can be calculated by 

where 

S- - (trn+l s wi - tDis wi+l) 
Wei -

(tDi+l - tDi) 
i=l,N-1 

tDi = Dimensionless breakthrough time of layer i 

tDi+l = Dimensionless breakthrough time of layer i+ 1 

(V.6) 

Equation (V.6) solves only for N-1 values. The Nth effluent water 

saturation is, of course, simply one minus the residual oil saturation. Knowing the 

effluent water saturations allows for the effective heights to be calculated through 

rearrangement of Eq.(III.24) into a system of linear equations. 

n N 

L {0~Sheff0-Sor)Ji + L {0~SheffSwrJi 
Swe = i=l i=n+l (III.24) 

(<j>~S)H 

At this point everything in Eq.(III.25.a) is known and the effluent water 

fractional flow can be solved for. Once the effluent water fractional flow is known 

the effective permeability-height products can be calculated. Rearranging, Eq.(V.4) 

gives 

(k2h2)' + (k3h3)' + ... + (kNhN)' 
(k1h1)' 

(k3h3)' + (k4h4)' + ... + (kNhN)' 
(k1h1)' + (k2h2)' 

(V.7.a) 

(V. 7.b) 
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(V.7.c) 

The last equation for the Nth layer can not be determined from Eq.(V.4) 

since f WN is equal to one and the left side is equal to zero. (There are N+l points 

on the fractional flow curve but the end points (Swr,O) and (l-S0 r,l) are fixed and 

independent of the permeability-height product; consequently there are only N + 1-2 

degrees of freedom). Therefore an additional equation is needed. It becomes 

arbitrary what constraining equation is used at this point. Probably the one that can 

be justified best from a physical point of view is the preservation of the mean of the 

permeability-height product which translates into Eq.(V.8) 

N N 
L, Ckihi)' = L, kihi (V.8) 

i= 1 i= 1 

Define 

(V.9) 

then the system of equations to be solved becomes 

(V.10.a) 

(V.10.b) 

(V.10.c) 

N 
(k1h1)' + (k2h2)' + (k3h3)' + (J4h4)' + ... + (kNhN)' = L kihi (V.10.d) 

i=l 
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Equation (V.10.a) through (V.10.d) is a system of linear equations that can 

be solved using standard linear algebra methods. Once the effective permeability

height products are determined, the effective permeabilities can be calculated by 

simply dividing through the the effective heights solved for using Eq.(V.24). 

i=l.N (V.11) 

5.3.2 EFFECTIVE PERMEABILITIES FOR VARIOUS CASES 

In order to visualize the change in the effective permeabilities of a system, it 

is worthwhile going through the exercise for a case in which the effective end-point 

mobility ratio method worked well. This allows for the effluent water fractional 

flow values, needed in Eq.(V. 7), to be determined directly from the Heam model 

using the effective mobility ratio rather than having to determine them graphically 

from the simulated data. Furthermore, it allows for the effluent water saturation to 

be calculated by Eq.(IIl.24) since the effective heights, in this specific case, will be 

equal to the original heights of the individual layers. 

The cases used here are shown in Fig.V.5 through Fig.V.9 of sec.5.1. 

These were for a Craig coefficient of V c = 1. 96 and a # 1 type layering scheme and 

Layer # Korig M=l.5 M=2 M=3 M=4 M=5 
1 413. 7 378.7 359.7 339.6 329.0 316.0 
2 226.4 225.9 224. 7 222.6 221.1 219.0 
3 139.5 146.4 149.9 153.3 154.9 156.7 
4 90.88 98.62 102.9 107.5 109.9 112.9 
5 60.85 67.50 71.37 75.69 78.04 81.05 
6 41.08 46.25 49.35 52.89 54.85 57.41 
7 27.51 31.29 33.59 36.26 37.76 39.73 
8 17.93 20.53 22.13 24.00 25.07 26.47 
9 11.04 12.70 13.72 14.93 15.62 16.54 
10 6.043 6.966 7.543 8.223 8.612 9.129 

Table V.5: Effective Permeabilities in [md] for V c =1.94 and #1 
Ordering Scheme 
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the effective mobility ratio approached worked well. The effective permeabilities 

solved for are tabulated in Table V.5 and compared to the original log-normal 

distribution in Fig.V.35. Figure V.35 shows the resulting permeability 

distributions listed in Table V.5. One immediate result that can be seen is that 

compared to the original distribution, viscous mixing effectively makes the layered 

system look less heterogeneous than it really is. Especially for the higher 

permeability layers, the deviation from the original distribution is considerable. 

An example where the effective end-point mobility approach does not 

approximate the recovery curve well and consequently the effective permeability

height products must be determined graphically from the cumulative recovery curve 

is shown in Fig. V.36. Figure V.36 shows the result of a simulation run with a 

Craig coefficient of V c = 4.35 and a #1 ordering scheme. The solid lines indicate 

various effective mobility ratios used in attempting to fit the data. It can be seen that 

the there will actually be no value for which the Hearn model can be made to fit the 

simulation data reasonably well. 

To use the cumulative recovery curve the data is split up into three straight 

line portions given by 

Npo = 166.428 to 

Npo = 8.613 + 33.499 to 

Npo = 19.001 + 7.8625 to 

(V.12.a) 

(V.12.b) 

(V.12.c) 

If a third fictitious point is thought of as being at sweepout (Npo = 100%) 

then the three points to use from the simulated recovery curve become 

(0.0648,10.8), (0.405,22.2), and (10.3,100.). Using Eq.(V.6) the effluent water 

saturations can be determined to be 

Sw1 = 0.251771429; Sw2 = 0.314085356; Sw3 = 0.8 

Then for 
{0~S(l-Sor)}i = 0.064 i=l,10 
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{fc'.SLiS(Swr)}i =0.016 i=l,10 

(<j>LiS)H = 0.08 

the equations for the effective heights can be written in matrix form as 

[ 

0.8 0.2 0.2 ][ h'1] [ 0.25177] 
0.8 0.8 0.2 ::2 = 0.31409 

0.8 0.8 0.8 3 0.8 

and returning 

h'1 = 0.086285715; h'2 = 0.103856545; h'3 = 0.80985774 

The effluent water fractional flows are then given by Eq.(III.25.a) 

- dfwl - -f we = -;:- S ( Swe - S w ) + 1 
dSw we 

(111.25.a) 

and thus 

fw1=0.798941806; fw2 = 0.952803348; f w3 = 1.0 

For alpha defined as 

<Xn = {::1-- 1 }M0 (V.8.b) 
fwen 

using the effluent fractional flow values will give 

a1 = 1.258278090; a2 = 0.247672575 

The original permeability distribution was 



k = {54952, 14383, 4894.5, 1888.5, 773.96, 323.02, 132.39, 51.078, 17.381, 4.549} 

and 

hi= 0.1 i=l,10 

such that 

N 

Li kihi = 1142 
i=l 

The system of equations can then be represented in matrix form as 

[ :1 :: -: l [ :::;:: ] = [ ~ ] 

1

2 

1 -1 (kh)'3 7742 

Solving Eq.(V.9) for the effective permeability-height products gives 

(V.9) 

(kh)'1 =3428.2757; (kh)'2 = 2776.8778; (kh)'3 = 1536.8464 

Dividing by the effective heights returns the values for the effective permeabilities. 

The resulting effective layering of the V c = 4.35 case with M0 = 5.0 such 

that the Hearn model correctly approximates the cumulative recovery curve is 

ki = 39732 md; 

k2 = 26738 md; 

k3 = 1897.7 md; 

hi= 0.086 

h2 = 0.104 

h3 = 0.810 

The Hearn solution using the above permeabilities and heights with M0 =5.0 

is compared to the simulated data in Fig.V.37. Also, the permeabilities are 
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compared to the original distribution. While the above method is unquestionably 

more tedious, it does offer the possibility to match the simulated recovery when the 

effective mobility ratio approach fails. 

As in the previous calculation, again the system effectively acts as if it were 

less heterogeneous than the original layering. In this case the first layer kh is lower 

and the second layers kh higher than the original values. The influence of the other 

layers is somewhat difficult to judge since there is no simulation data to back any 

claim. Nevertheless, from Fig. V.35 it appears that crossflow in the lower 

permeability layers is less important since the actual permeability distribution, i.e. 

Craig coefficient, hardly changes. 

The tendency for the system to behave as it were less heterogeneous was 

demonstrated in Sec. 3.2.1 for favorable mobility displacements under vertical 

equilibrium. Specifically, Equation (III.13.c) showed that an end-point mobility 

ratio can be picked such that the permeability contrast vanishes entirely. 

For the unfavorable mobility ratio case there appears to be a similar 

behavior. As the end-point mobility ratio increases the effective permeability 

contrast between layers seen by the displacement becomes smaller. In theory, the 

limiting case for complete suppression of heterogeneity would occur for an infinite 

end-point mobility ratio if one were able to retain a sharp front displacement. This, 

of course, is unrealistic but nevertheless indicates a trend. 

5. 4 PSEUDO RELATIVE PERMEABILITIES 

Ream's (1971) original intent was to derive pseudo relative permeability 

curves for displacements occurring.in vertical equilibrium and where the dominant 

forces where viscous forces. Since the results presented in the previous sections 

retain the basic features of the Hearn model, pseudo relative permeability curves 

can be calculated using the same procedure as proposed by Hearn but using 

effective properties as explained in sec.5.3 instead of the original permeability

height products. The equations proposed by Heam, modified for effective 

properties become 



where 

n N 
L {S!S~S( 1-Sor)herf}i + L {S!S~SSwheff}i 

S- _ i=l i=n+l 
wn-

n 
L(kihi)eff 

- i=l kwn =kwr---N __ _ 

:L(kihi)eff 
i=n+l 

N 

L(kihi)eff 

k
- _ tr _i=_n+_l __ _ 

On - """Or n 

:L(kihi)eff 
i=l 

(<j>~S)H 

kwn ,k<>n =Pseudo relative water and oil permeabilities 

Sw = Thickness averaged water saturation 

(V.13) 

(V.14) 

(V.15) 

kwr , k0r = End-point relative permeabilities of original curves 
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Using the effective properties in Table V.5, the pseudo relative 

permeabilities are compared to the original Hearn curves in Fig.'s V.38-V.39. 

While the Hearn pseudo relative permeabilities do not change with increasing end

point mobility ratio, the ones calculated with the effective properties do. 

The shift in the direction of the pseudo relative permeabilities curves with 

increasing true end-point mobility ratio compared to the original Hearn curve again 

indicate an overall effective decrease in medium heterogeneity due to viscous 

mixing and crossflow. 
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Fig. V.38: Pseudo Relative Permeabilities Using Effective 
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CHAPTER VI 

CONCLUSIONS AND 
RECOMMENDATIONS 

6.1 CONCLUSIONS 

1 . For the case in which only viscous forces are considered and the 

displacement is assumed piston-like in each layer, the onset of vertical 

equilibrium can be related to a single dimensionless parameter called the 

effective length-thickness ratio. For all practical purposes, the limits for the 

1 2 3 
True End-Point Mobility Ratio 

Fig. VI.1: Solution Space For Layered Systems 
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vertical equilibrium case and the no communication case are 

Vertical Equilibrium 

No Communication 

2 • The Hearn model is only correct for end-point mobility ratios less or 

equal to one (M0~1). For end-point mobility ratios greater than one (M0 >1) 

and an effective length-thickness ratio greater than two CRL>2), the direction 

of crossflow is such that the flow in the bulk direction of flow does not 

remain segregated, as the Heam model assumes. The net effect, caused by the 

reversal of the direction of crossflow, is the movement of displacing fluid 

(water) into less permeable layers and of displaced fluid (oil) into more 

permeable layers causing viscous mixing. Because the displaced fluid (oil) is 

channeled to the more permeable layers and as a result is produced earlier, the 

vertical sweep efficiency will increase compared to the Heam model. 

3 . Increased recovery caused by viscous mixing was investigated with 

respect to three parameters: the true end-point mobility, the Craig coefficient, 

and the layer ordering scheme. Of the three, the layer ordering was found to 

have the largest impact on the degree of viscous mixing. Four categories of 

ordering were proposed, with the "random" ordering exhibiting the largest 

additional recovery. 

From a qualitative point of view, it is suggested that the descending 

(ascending) ordering will exhibit the lowest amount of increased recovery 

while a system with alternating high and low permeability layers will result in 

a maximum increase of recovery because of viscous crossflow. 

4. For the descending (ascending) layer ordering scheme, a 

pseudofunction approach using an effective mobility ratio was used to correct 

Ream's model for viscous mixing. For a Craig coefficient less than three 

(V c<3) and a true end-point mobility ratio less or equal to five (M0~) a 
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simple linear relationship is proposed. Figure Vl.2 illustrates the correct 

solution space. 

5 
True End-Point Mobility Ratio - M 

Fig.Vl.2: Solution Space For Effective End-Point Mobility Ratio 

5. The effective end-point mobility ratio is always less than the true end-

point mobility ratio. An interpretation of this is that, effectively, viscous 

mixing attenuates the frontal advancement by lowering the mobility ratio 

across the interface between the displacing and the displaced fluid. 

6. An alternative pseudofunction approach to Ream's model is proposed 

through the use of effective permeability-height products. Contrary to the one 

parameter effective end-point mobility ratio approach this is a N-1 parameter 

fit, where N is the number of layers, and allows for the calculation of pseudo 

relative permeability curves. An additional equation is need to solve for the 

last permeability value (Nth layer). The preservation of the mean permeability

height product is used here. 

7. From the effective permeability-height product it is shown that, to the 

Hearn model, viscous mixing makes the medium look less heterogeneous 

than it really is. The trend can be seen from the absolute permeability height 



107 

product distribution as well as from the pseudo relative permeability curves. 

As a theoretical limit, it is proposed that if a sharp front displacement could be 

maintained as the true end-point mobility ratio approaches infinity, viscous 

mixing would effectively make the medium look homogeneous. 

6.2 RECOMMENDATIONS 

1 . Of the three parameters investigated with respect to viscous mixing, 

layer ordering was found to have the strongest influence on the displacement 

efficiency. For the descending (ascending) type ordering, the effective 

mobility ratio approach worked wel within certain limits of the true end-point 

mobility ratio and Craig coefficient It remains to be shown that for the other 

type ordering schemes this approach may work as well. 

2 • For the cases in which the simulation results could not be modelled by 

an effective mobility ratio approach an alternative method was presented using 

effective permeability-height products in the Heam model. The potential of 

this method in trying to quantify the effects of viscous mixing by the 

deviation it causes in the original permeability distribution should be 

investigated. 

3 • The sensitivity of the pseudo relative permeability curves with respect 

to the parameters used in this investigation should be studied. For this, the 

effective permeability-height product approach is particularly convenient. 

4. Once the sweep efficiency for displacement under vertical equilibrium 

conditions is quantified for the various parameter configurations a natural 

extension would be to investigate the region in between the vertical 

equilibrium and the no-communication (Dykstra-Parsons) model. In terms of 

the effective length-thickness ratio this region is given by 0.1 s; RL s; 2. 
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5. In a more general perspective, a similar pseudofunction approach, as 

presented here for viscous forces only, is necessary for displacements 

including other driving mechanism such as capillary, gravity, and dispersive 

forces as well as fractional flow effects. In particular it is of interest to 

quantify the onset of vertical equilibrium under these conditions by the use of 

dimensionless groups in the same fashion as the length-thickness ratio was 

used here. 
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