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Granular materials often exhibit fluid-like behavior in the presence of

an external forcing. This dissertation deals with kinetics and hydrodynamic

phenomena in granular fluids subject to two types of forcing, vertical oscilla-

tion and homogeneous bulk heating, using a molecular dynamics simulation

of frictional inelastic hard spheres. The oscillated granular fluid is simulated

to probe microscopic dynamics of the transition from a wave pattern to spa-

tiotemporal chaos, and to reveal a new kind of convection, transport, and

segregation mechanism that is induced by a kink (a boundary between do-

mains oscillating out of phase by π). We also examine the role of friction in

the wave pattern, and find that a pattern loses its stability without friction.

Due to their dissipative nature, granular fluids are always far from equi-

librium, and the velocity distributions deviate from the Maxwellian. The single
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particle distribution functions both in homogeneously heated and vertically os-

cillated granular gases are studied. High energy tails of the distributions are

described by stretched exponentials ∼ exp(−Avα), and the exponent α de-

pends on the system and material parameters. Precollisional velocities are

strongly correlated (up to 15% of the granular temperature), and the corre-

lations decay algebraically with the distance from a grain (∼ r−(1+δ), where

0.2 < δ < 0.3) in a three-dimensional system.

The normal shock wave in vertically oscillated layers of frictionless in-

elastic hard spheres are studied, and the results are compared with a contin-

uum model; the agreement is shown to be remarkably good, even with the fail-

ure of the molecular chaos assumption and mean-field approximation that are

used in the derivation of the model. Continuum equations for realistic granu-

lar fluids might include friction and a velocity-dependent coefficient of restitu-

tion, and the derivation of the equations accounting for such properties is still

far from complete. We show that the coarse-grained integration/bifurcation

method can be successfully applied to granular fluids. This method enables

the accomplishment of some of the tasks traditionally performed only by use

of continuum equations, even without the knowledge of the equations.
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Chapter 1

Introduction

Granular materials are collections of macroscopic particles that inter-

act dissipatively upon contacts. Granular materials appear in many places in

nature, and they have been utilized in everyday life for many years (Fig. 1.1);

however, the physics of granular materials is still poorly understood, and we

are not yet able to predict the behavior of granular materials by and large. The

interaction between grains on the individual grain scale is accurately modeled

by the concepts of inelasticity and friction, and the trajectory between colli-

sions simply follows Newton’s equations of motion. The microscopic dynamics

is understood well; however, the understanding of the macroscopic dynamics

of collections of grains is far from complete, and the macroscopic governing

equations that describe average behavior of grains are not yet available, as is

often the case in many of real-life physical problems.

A granular system quickly loses its kinetic energy through collisions

and forms a static pile, in the absence of an external energy source. When

the grains are subject to an external forcing, they exhibit different dynami-

cal states that apparently resemble conventional thermodynamic phases, solid,

liquid, and gas, depending on the density and kinetic energy of the grains. Our

1



Figure 1.1: (Color) Granular materials in nature and everyday life. Left to
right and from top to bottom: Landslides, patterns in sand dunes, planetary
rings (Saturn’s rings) consisting of discrete particles, sand sculpture, hour
glasses, and an industrial application; powder coating. Images are from various
websites.
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work in this dissertation focuses on the fluid-like regime of granular materials,

so-called rapid granular flows [26], where the energy is continuously injected

by an external source. We refer to the granular medium in this regime as a

granular fluid (Granular materials in the solid-like regime in themselves have

rich phenomenology and have many interesting issues from a physical point of

view; see Ref. [12] and references therein). The interaction between grains in

granular fluids is modeled by binary collisions, and it has conceptual analogies

with ordinary molecular fluids. We consider ‘dry’ noncohesive granular materi-

als, where there is no interstitial air or other fluid. Theories for simple models

of dry granular materials, such as kinetic and hydrodynamic continuum theory,

have been proposed by several different groups [28, 34, 57, 62, 72, 95, 96, 137];

these theories are rigorously derived from the first principles, the balance of

mass, momentum, and energy, using the same assumptions as in an elastic hard

sphere gas; however, they are limited to frictionless, dilute, or nearly elastic

cases. The development of a quantitatively accurate macroscopic model for

realistic granular materials is still incomplete. As a matter of fact, even the

existence of continuum equations of granular fluids was under debate until

recently [39, 53, 75].

Kinetic and hydrodynamic theory of granular fluids treats each grain

as a ‘molecule’. These ‘molecules’ are different from real molecules via the

following aspects: (1) The interaction between grains is dissipative. (2) The

size of an individual granular ‘molecule’ is macroscopic, and the concept of

thermodynamic temperature is irrelevant, as the gravitational potential energy

3



or kinetic energy exceeds its molecular thermodynamic energy by many orders

of magnitude. (3) A granular fluid consists of a relatively small number of

‘molecules’, compared to a molecular gas (∼ 106 or so, compared to ∼ 1023);

fluctuations around the average quantities are often significant. (4) A granular

fluid is always far from equilibrium, and it does not have an equilibrium state

to approach.

It is worth noting that the theoretical models for granular fluids are

being developed in the opposite way to how it was done for ordinary molecular

fluids. This shows why the computer simulation is important in this field.

Navier-Stokes equations had been developed first based on the conservation of

physical quantities, considering fluids as a continuum, long before the existence

of molecules was established. The kinetic theory for a rarefied gas was later

formulated by Boltzmann [25], based on the hypothesis that a gas is composed

of molecules; historically, the molecular limit of ordinary fluids was in question,

when the continuum limit had been established as a fact. The situation is quite

the opposite for granular fluids; the microscopic dynamics of grains has been

well-established, but the derivation of Navier-Stokes-like continuum equations

for realistic granular fluids remains an outstanding challenge in the theory

of granular fluids. An introductory summary of kinetic and hydrodynamic

theory for model granular materials, frictionless inelastic hard spheres, is in

Refs. [158] and [54] and references therein. Given this situation, microscopic

simulation of granular fluids is an invaluable test tool for the development of

a continuum theory.

4



Granular systems have drawn much interest recently, and it is often

said that this is because of their rich phenomenology [40, 68] and their impor-

tance in many industrial processes (for instance, see Ref. [43]). However, it

should not be underestimated that a recent avalanche of research on granular

systems significantly benefited from the development of modern computers;

now a reasonably large size granular system (up to an order of tens of mil-

lion grains) can be simulated even in a desktop computer in reasonably short

times (less than few days for the most purposes), which was not feasible in

the past. Computers play an important role also in experiments; a high speed

digital camera and a fast, large-storage computer allows modern experiments

to analyze the trajectories of individual grains, to reveal new physics, and to

perform a rigorous test of a theoretical model. Computer simulation provides

an accurate and more comprehensive information on the system than the ex-

periment, and it allows to explore regimes where theories cannot be applied.

In this dissertation, we will use our computer simulation not only to guide the

development of a better macroscopic theory but also to observe and predict

new phenomena and to reveal new physics; the simulation is not merely a

reproduction of an experiment, but it itself is a theoretical tool.

1.1 Granular fluids subject to a vertical oscillation

Granular materials can be fluidized by many different kinds of exter-

nal forcing. Various thermostats and thermal wall-type boundary forcing are

often considered in theoretical studies, but most of them are heuristic models

5



that are not realizable in the experiments. Experimentally accessible methods

include a forcing by shearing [7, 26, 136], by rotation [11, 66, 77], and by hori-

zontal or vertical oscillation or both [23, 46, 82, 104, 131, 134, 150]. Except for

in Chapter 5, we will consider vertically oscillated granular fluids in this dis-

sertation. Vertical oscillation is one of the most extensively studied forcing, as

it is easily realized in the experiment and it is utilized in many industrial ap-

plications. Vertically oscillated granular fluids exhibit various hydrodynamic

and nonlinear behaviors; we briefly describe some of the canonical phenomena

in the following.

1.1.1 Convection and spontaneous size segregation

Above some fluidization threshold, vertically oscillated grains form con-

vection rolls that flow down near sidewalls and flow up in the middle of the

layer (the orientation of the rolls can be reversed when the sidewalls are not

vertical). Convection in an oscillated layer has been a well-known phenomenon

since Faraday [46], who observed a convective motion in a heap. There have

been many studies of this phenomenon and the underlying mechanism is shown

to be both interstitial air [87, 121] and shear due to the sidewalls [31, 79, 88].

When a mixture of two-size grains is vertically oscillated, large grains

rise to the top, and a spontaneous vertical size segregation occurs; such a size

segregation is usually known as the “Brazil nut effect”, and it has been known

since as early as 1930’s [23]. The segregation is known to originate from the

infiltration of smaller grains through voids, and it is enhanced by convective

6



Figure 1.2: Experimental images of standing wave patterns in vertically oscil-
lated granular layers obtained from different values for Γ and f ∗. From the
upper left corner, f/2 stripe pattern, f/2 square pattern, f/2 hexagon pat-
tern, oscillons, kinks with a secondary instability, and spiral defect chaos, in
the clockwise direction. A layer of 165 µm bronze spheres was used, and each
image shows approximately 5 cm× 5 cm area. From [155].

motion. Recent studies showed that segregation time depends on density and

size difference in a complicated manner [107], and even a “reverse Brazil nut

effect” [21, 67] can occur, where large grains sink to the bottom.

In Chapter 3, we will discuss a new convection mechanism that arises

from intrinsic dynamics of granular materials and its application to a segrega-

tion process as a controllable way.
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1.1.2 Standing wave pattern formation

When a layer of large aspect ratio (L/H, where L is a characteristic

horizontal system size and H is the depth of the layer) is subject to a vertical

oscillation of amplitude A and frequency f , a featureless flat layer bifurcates

to a various subharmonic standing wave patterns (Fig. 1.2) depending on the

following two nondimensional control parameters [105]: the acceleration ampli-

tude Γ = A(2πf)2/g and the nondimensional frequency f ∗ = f
√

H/g, where

g is the acceleration due to gravity. In Chapter 2, we will discuss how this

pattern eventually gives way to spatiotemporal chaos, when Γ is increased far

from the primary onset value.

1.1.3 Oscillatory normal shock waves

When granular materials collide with the oscillating bottom plate, a

normal shock wave (sometimes called a density wave [5] or an elastic wave [123])

forms and propagates up [58, 123]; when the direction of grains’ motion is re-

versed due to the collision with the bottom plate, the granular temperature

increases significantly, and a large gradient in hydrodynamic fields arises. This

is a major energy transfer mechanism for granular fluids from the oscillating

boundary; however, it has not been studied quantitatively yet.

We will discuss the velocity distributions of an oscillated granular gas

in Chapter 6. In Chapter 7, we will study the oscillating normal shock wave

in more detail and examine the possibility of hydrodynamic description of this

phenomenon.
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1.2 Method: Molecular dynamics simulation

Molecular dynamics (MD) is a computer simulation technique where

the time evolution of a set of interacting atoms (or molecules) is followed by

integrating Newton’s equations of motion. This was one of the first simula-

tions ever done on a computer nearly 50 years ago [1, 2]. It is now widely

used in diverse fields over physics, chemistry, material science, and biology,

for the complex systems where the microscopic dynamics is of interest or a

macroscopic description is not available. MD simulation does not introduce

any assumptions in contrast to other simulations such as Monte Carlo simu-

lation, and it is a direct simulation in the microscopic level. Note that MD

simulation relies on the accuracy of the interaction model. A comprehensive

description of this method and a good historical summary can be found in

Refs. [3, 30, 126].

1.2.1 Inelastic soft sphere and hard sphere models of grains

For the purpose of MD simulation, individual grains are modeled either

by soft spheres or hard spheres. In the soft sphere model, grains penetrate

each other at contact, and the magnitude of the interaction depends on the

penetration depth. This model is good for the solid-like regime, as it allows

grains to interact during a finite time. Such a simulation method is sometimes

called the discrete element method (DEM). In contrast to the soft sphere

model, the hard sphere model approximates the interaction as instantaneous

binary collisions; there is no penetration or deformation of grains in this model.
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When the same granular fluid system is simulated, the hard sphere MD is

generally much faster than the soft sphere MD simulation, but the former

cannot explore solid-like regime. In our work, we will use a frictional inelastic

hard sphere MD that was originally written by former students Joe Newman

and Chris Bizon; the code is properly modified for our works.

A good review of two types of MD simulations of granular materials can

be found in Refs. [40, 64]. Note that depending on the literature, sometimes

only the soft sphere model is called MD, and the hard sphere model is called

ED, standing for the event-driven dynamics (see Sec. 1.2.3).

In the following Sections, we will describe the collision model imple-

mented on our simulation in detail, but will describe the algorithm only briefly.

More details of the code can be found in Ref. [16] which we do not repeat here.

1.2.2 Hard sphere collision model of Walton

On the individual grain level, the dissipation upon collision is charac-

terized by the inelasticity and the surface friction. Surface friction follows the

Coulomb friction model [33] which actually consists of two concepts: First, so-

called the solid-on-solid friction, which was first considered by Amontons [4],

relates the tangential frictional force to the normal force. Second, Mohr-

Coulomb failure, which relates the criteria for slipping to occur along surfaces

where the ratio of shear and normal stresses exceeds the corresponding fric-

tion coefficient. The collision model of Walton [160] incorporates the above

two concepts, and our MD simulation implements the frictional inelastic hard

10



sphere collision model (Walton provides with the collision model both for soft

spheres and hard spheres).

This model updates the translational and angular velocities after the

collision according to three parameters:

1. The normal coefficient of restitution e (0 ≤ e ≤ 1).

2. The coefficient of friction µ, which relates the tangential force to the

normal force at collision using Coulomb’s law, and then determines the

tangential coefficient of restitution β (−1 ≤ β ≤ 1).

3. The maximum tangential coefficient of restitution β0, which represents

the tangential restitution of the surface velocity when the contact is

broken.

We sometimes vary the above three parameters for grain-grain collisions and

grain-wall collisions independently; we use a superscript g for grain-grain col-

lisions and w for grain-wall collisions respectively, when different values are

used for these two types of interaction.

At collision, the relative colliding velocities are decomposed into the

components normal (vn) and tangential (vt) to the relative displacement vector

r̂12 ≡ (r1 − r2)/|r1 − r2|, where r1 and r2 are the position vectors of grain 1

and 2 respectively, and an equivalent notation is used for the velocity vector
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v:

vn = (v12 · r̂12)r̂12 ≡ vnr̂12, (1.1)

vt = r̂12 × (v̂12 × r̂12) = v12 − vn. (1.2)

The relative surface velocity at collision vs for spheres of diameters σ1 and σ2

is

vs = vt + r̂12 × (
σ1
2
w1 +

σ2
2
w2) ≡ vsv̂s, (1.3)

where w1 and w2 are the angular velocities of the grain 1 and 2, respectively.

For two colliding spheres of mass m1 and m2 and diameters σ1 and σ2,

the linear and angular momenta conservations and the definitions of the normal

coefficient of restitution e ≡ −v∗n/vn and the tangential coefficient of restitution

β ≡ −v∗s/vs (postcollisional velocities are indicated by a superscript ∗, and

precollisional values have no superscript) give the changes in the velocities at

the instantaneous collision as follows:

∆v1n =
m12
m1

(1 + e)vn, (1.4)

∆v2n = −m12
m2

(1 + e)vn, (1.5)

∆v1t =
m12
m1

K1 (1 + β)

(K1 + 1)
vs, (1.6)

∆v2t = −m12
m2

K2 (1 + β)

(K2 + 1)
vs, (1.7)

∆w1 =
σ1
2I1

m12
m1

K1 (1 + β)

(K1 + 1)
r̂12 × vs, (1.8)

∆w2 = − σ2
2I2

m12
m2

K2 (1 + β)

(K2 + 1)
r̂12 × vs, (1.9)

12



0

1

e
0

(gσ)1/2

e

v
n

Figure 1.3: Normal coefficient of restitution e as a function of the normal
component of relative colliding velocity vn. Our results are not sensitive to
the functional form, as long as e approaches to unity as vn decreases to zero.

where m12 = m1m2/(m1 + m2) is the effective mass, Ki = 4Ii/(miσ
2
i ) is a

geometrical factor which relates the momentum transfer from the translational

degrees of freedom to rotational degrees of freedom of the ith grain, and Ii is

the moment of inertia about the center of the ith grain. For a uniform density

sphere, both K1 and K2 are 2/5.

We use a velocity-dependent coefficient of restitution to account for the

viscoelasticity of the real granular materials:

e = max

[

e0, 1− (1− e0)
(

vn√
gσ

)3/4
]

, (1.10)
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where e0 is a constant value (Fig. 1.3), a fitting parameter determined from the

comparison with the experiment. An accurate functional form is not known,

and we use the functional form in Eq. (1.10), previously used to reproduce pat-

terns [15]. We do not observe any noticeable differences for different functional

forms, as long as e approaches unity for vanishing colliding velocity. However,

this qualitative behavior is necessary for an inelastic hard sphere simulation,

as it helps to avoid successive collisions within the time interval comparable

to machine precision, which makes the simulation stop; this is an artifact of

the hard sphere model, so-called the inelastic collapse.

In collisions of real granular materials, not only is the relative surface

velocity reduced, but also the stored tangential strain energy in the contact re-

gion can often reverse the direction of the relative surface velocity. To account

for this effect, β could be positive, leading to the range of β as [−1, 1]. Fur-

thermore, there are two kinds of frictional interaction at collisions, sliding and

rolling friction. The following formula for β includes the above two essential

behaviors of the friction:

β = min

[

β0,−1 + µ (1 + e)

(

1 +
1

K

)

vn
vs

]

, (1.11)

where β0 is the maximum tangential coefficient of restitution. For sliding

friction, the tangential impulse is assumed to be given by the normal impulse

multiplied by µ. It is convenient to write Eq. (1.11) as a function of the

collision angle θ, which is related to vn/vs by vn/vs = − cot θ; β is plotted as

a function of θ in Fig. 1.4. When β is identically negative unity (β0 = −1
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Figure 1.4: Tangential coefficient of restitution β as a function of the collision
angle θ. When the collision angle exceeds some fixed value θ0, colliding parti-
cles slide at contact point, and a constant value β0 is used for the tangential
coefficient of restitution. Note that β depends also on µ for θ < θ0.

and µ = 0, or simply µ = 0), it recovers the frictionless interaction. For

the special case vs = 0, the collision is treated as frictionless. This friction

model is still a simplification of the real frictional interaction, as there is no

clear-cut crossover between the two types of frictions in the reality. However,

this is shown to be accurate enough to reproduce many phenomena, including

the standing wave pattern formation in vertically oscillated granular layers;

with the values (eg0 = ew0 , β
g
0 = βw0 , µ

g = µw) = (0.7,0.35,0.5), this model has

quantitatively reproduced the patterns in oscillated layers of lead spheres with
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Figure 1.5: Standing wave patterns obtained in experiments and molecular
dynamics simulations at different accelerations Γ (relative to gravity) and fre-
quencies f : (a) squares (Γ = 3.0, f = 28 Hz), (b) stripes (Γ = 3.0, f = 46
Hz), (c) and (d) alternating phases of hexagons (Γ = 4.0, f = 49 Hz). From
Ref. [15].

σ = 165 µm for a wide range of control parameters (see Fig. 1.5).

1.2.3 Event-driven algorithm and other schemes to speed-up

In a hard sphere simulation, the interaction is instantaneous at contact,

and the trajectory between the collisions can be evaluated exactly using New-

ton’s equations of motion, provided that it is known when the next collision

will occur (Note that the simulation error mainly comes from the accuracy

of the collision model, in contrast to the soft sphere MD simulation where

time-stepping algorithm is crucial for its accuracy and stability, as well as the

interaction model). Due to this fact, a hard sphere simulation maximizes the
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efficiency when the time interval between successive collisions is used for the

time-step and most computational effort is dedicated to search for the next col-

lision. Such an algorithm is called the event-driven algorithm; the simulation

is driven by discrete events, and the events are collisions in this case.

Hard sphere MD simulation for elastic spheres have been used for a

long time [30], and many different schemes to increase the efficiency have been

developed and continues to develop to the present. Our simulation implements

the event scheduling due to Rapaport [125], and the delayed states and heap

sort due to Lubachevsky [92]. More details of the algorithm are in Refs. [99,

126], and more information on our code is in Ref. [16].

1.3 Outline of the dissertation

The first part of the dissertation deals with phenomena arising from the

nonlinear nature of granular fluids (such as pattern formation and convection),

and the rest focuses more on issues in nonequilibrium statistical physics of

granular fluids; they can be seen as a dissipative dynamical system of a large

number of degrees of freedom.

The contents of Chapters 2 and 3 deal with instabilities in vertically

oscillated layers. In Chapter 2, how the patterns in oscillated layers transition

to spatiotemporal chaos is discussed. In this study, new transient patterns

and a new instability were observed in the simulation first and later confirmed

by the experiment. A novel convection mechanism in an oscillated layer is re-

vealed and its potential application as a controllable transport and segregation
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process in a mixture of two size grains is discussed in Chapter 3.

In Chapters 4 and 5, we examine the assumptions often used in the-

oretical modeling of granular fluids. Surface friction is often assumed to be

negligible compared to the inelasticity, and frictionless inelastic hard spheres

are used as the simplest model for granular fluids; we study the role of friction

in pattern formation and its stability in Chapter 4. In Chapter 5, we study the

steady state single particle distribution function of a homogeneously heated

granular fluid. We examine the assumptions in mean-field type kinetic the-

ory (the molecular chaos assumption and the mean-field approximation), and

compare our results with the prediction from the kinetic theory.

Kinetic processes and the single particle distribution functions in ver-

tically oscillated granular gases are studied in Chapter 6. In Chapter 7, a

normal shock wave in an oscillated granular layer is studied, and the results

from the MD simulation are compared with numerical solutions of a hydrody-

namic model. In this Chapter, we use a simple model for granular materials,

frictionless inelastic hard spheres. Finally, we discuss a novel way to preform

system level tasks (such as the bifurcation analysis) using the MD simulation

in Chapter 8, and examine the possibility of this method to be applied for the

pattern formation in oscillated granular fluids.

Chapters 2 to 6 are reproduction of either published or submitted pa-

pers ([110–114]), and Chapter 7 is a part of a published, co-authored paper [18];

these Chapters are self-contained.
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Chapter 2

Phase bubbles and spatiotemporal chaos in

granular patterns

Abstract 1

We use inelastic hard sphere molecular dynamics simulations and lab-

oratory experiments to study patterns in vertically oscillated granular layers.

The simulations and experiments reveal that phase bubbles spontaneously nu-

cleate in the patterns when the container acceleration amplitude exceeds a

critical value, about 7g, where the pattern is approximately hexagonal, oscil-

lating at one-fourth the driving frequency (f/4). A phase bubble is a localized

region that oscillates with a phase opposite (differing by π) to that of the sur-

rounding pattern; a localized phase shift is often called an arching in studies of

two-dimensional systems. The simulations show that the formation of phase

bubbles is triggered by undulation at the bottom of the layer on a large length

scale compared to the wavelength of the pattern. Once formed, a phase bub-

ble shrinks as if it had a surface tension, and disappears in tens to hundreds

of cycles. We find that there is an oscillatory momentum transfer across a

kink, and the shrinking is caused by a net collisional momentum inward across

1This chapter is a reproduction of Ref. [111].
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the boundary enclosing the bubble. At increasing acceleration amplitudes,

the patterns evolve into randomly moving labyrinthian kinks (spatiotemporal

chaos). We observe in the simulations that f/3 and f/6 subharmonic patterns

emerge as primary instabilities, but that they are unstable to the undulation

of the layer. Our experiments confirm the existence of transient f/3 and f/6

patterns.

2.1 Introduction

Spatiotemporal chaos, where the physical variables vary in time and

space in a seemingly random way, may arise when a spatially extended sys-

tem is driven far from the primary instability [36]. In some systems, spa-

tiotemporal chaos is understood as a complicated evolution of the amplitude

field, and the behavior can be described in terms of the dynamics of this

field [81, 144]. In some other systems, the dynamics of defects plays a primary

role in the transition to spatiotemporal chaos; cases include Rayleigh-Bénard

convection [115, 122], electrohydrodynamic convection [128, 130], chemical pat-

terns [119, 120], and Faraday instabilities [45, 84]. Several mathematical mod-

els have been proposed to describe the transition to spatiotemporal chaos in

spatially extended physical systems, including amplitude chaos [20], phase tur-

bulence [140], defect-mediated turbulence [32, 41], and invasive defects [35, 37],

but the understanding is still far from complete.

In this paper, we study patterns around the transition from the f/4

subharmonic hexagonal pattern to spatiotemporal chaos in granular layers with
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large aspect ratio (L/H ≥ 10, where L is characteristic horizontal size of the

layer, and H is the depth of the layer). The layers are subject to a sinusoidal

oscillation in the direction of gravity. The oscillation is characterized by two

nondimensional control parameters, Γ = 4π2f 2A/g and f ∗ = f
√

H/g, whereA

is the amplitude of the oscillation, f = 1/T is the frequency of the oscillation,

T is the period of the oscillation, and g is the acceleration due to gravity.

We also define the nondimensional depth of the layer, N = H/σ, where σ

is the diameter of the particle. Various subharmonic standing wave patterns

have been observed as a function of Γ and f ∗ [104]; however, the transition

to spatiotemporal chaos has not previously been investigated. In this study,

we show that the transition to spatiotemporal chaos in granular patterns is

due to the intrinsic dynamics of oscillated granular layers: a large length scale

undulation of the layer and an oscillatory momentum transfer across a kink.

The rest of the paper is organized as follows. Section 2.2 presents the

methods in the simulation and the experiment. Kinks, phase bubbles, and

randomly moving labyrinths are described in Section 2.3. In Section 2.4 a

large length scale undulation of the layer and its relation to the nucleation of

a phase bubble is described. Section 2.5 discusses how a phase bubble shrinks

and disappears. In Section 2.6, the prediction and observation of transient f/3

and f/6 patterns are presented, and the paper is concluded in Section 2.7.
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2.2 Methods

2.2.1 Numerical simulation

In the absence of well-validated macroscopic governing equations for

vertically oscillated granular layers, current theoretical investigation proceeds

at a more basic level, that of individual particles. Bizon et al. [15] developed

an event-driven inelastic hard sphere molecular dynamics simulation of this

system, by implementing the collision operators in Ref. [160]. This collision

model conserves both linear and angular momentum, but allows energy to be

dissipated through inelastic collisions and surface friction. The normal coeffi-

cient of restitution e(vn) depends on the magnitude of the normal component

of relative colliding velocity vn = (v1−v2) · r̂12, where r̂12 = (r1−r2)/|r1−r2|.

The accurate form of e(vn) is not known; it was assumed that e(vn) = 1−Bv3/4n

for vn less than a crossover velocity vc, and e(vn) = eo otherwise. The value

of B was set to make e(vn) continuous at vn = vc. Here we use vc =
√
gσ

and eo = 0.7. The simulation results are not sensitive to the form of e(vn) for

vn < vc. The tangential impulse is given by a coefficient of friction µ times the

normal impulse, with a cutoff corresponding to the crossover from a sliding

contact to a rolling contact. The crossover ratio of the relative surface veloc-

ity after the collision to that of before the collision, −βc, was set to −0.35 as

suggested in Ref. [160], and µ was set to 0.5. The values of these parameters

were chosen to fit the wavelength of the pattern obtained in the experiments

with lead particles, for three different control parameter sets. These fitting

parameters reproduced the observed patterns quantitatively throughout the
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control parameter space [15]. The collisions between the grains and the con-

tainer were treated in the same way as the collisions between grains. The mass

of the container was assumed to be infinitely large compared to that of the

granular layer.

We performed three types of simulations: (1) 2d, (2) quasi-2d, and (3)

3d. We simulated a 2d or quasi-2d layer as vertical cross-section of a 3d layer

(Figs. 2.3 and 2.10). A quasi-2d layer is a 3d layer whose dimension in one

direction is short enough (≤ 10σ) to be homogeneous in that direction; these

simulations run much faster than a fully 3d simulations yet yield the same

statistical information (Figs. 2.7, 2.8, and 2.11 (a)). We performed simula-

tions of 3d layers of square-shape with horizontal periodic boundary condition

(Fig. 2.7(b)) and of 3d layers of cylindrical shape with side wall, when we

compare with the experiments (Figs. 2.4 and 2.9).

2.2.2 Experiment

Experiments were conducted with vertically oscillated layers of granular

material consisting of spherical bronze particles of mean diameter 165 µm

(spherical lead particles of diameter 165 µm were used only for Fig. 2.1).

The nondimensional depth of the layer, N , was in the range of 5 to 15, and

the aspect ratio L/H ranged from 40 to 150. Both circular and rectangular

containers with various sizes were used in the experiments. The container was

mounted on an electro-magnetic shaker, and it oscillated sinusoidally in the

direction of gravity with a single frequency, in the range 10 - 150 Hz. The
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value of Γ varied from 0 to 14. The container was evacuated to a pressure of

4 Pa to reduce the role of interstitial gas. The container was encircled by a

ring of LEDs, and the images were taken by a digital camera mounted above

the container. A more detailed description of the experimental apparatus is

found in Ref. [105].
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Figure 2.1: Phase diagram obtained from an experiment with bronze particles
of diameter σ = 165 µm and nondimensional depth N = 5, in a circular
container with diameter L = 770σ, showing particularly the details for Γ > 7.0.
Solid lines denote the transitions for increasing Γ, while the dotted lines denote
decreasing Γ.
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2.3 Patterns around a transition to spatiotemporal chaos

The phase diagram of the patterns in oscillated granular layers has been

reported previously [15, 104, 105]. We present a new phase diagram in Fig. 2.1

that shows the details above the f/4 subharmonic hexagonal pattern regime,

which is the focus of the current study.

2.3.1 Single inelastic ball model and temporal dynamics of the layer

Much of the dynamics of the patterns in this system can be understood

from the single inelastic ball model [103, 105]. In this Section we review the

results of this model in the f/2 and f/4 patterns regime. The single ball model

is a one-dimensional model of the oscillated granular layer, which approximates

the center of mass of the layer as a completely inelastic ball (e = 0) on an

oscillating plate.

For Γ > 1, the magnitude of the acceleration of the container exceeds g

during a fraction of the cycle, so that the layer loses contact with the container

when the plate’s acceleration becomes −g, and then the layer makes a free

flight until colliding with the container later. In the f/2 square/stripe pattern

regime, the flight time of the layer is a fraction of the oscillation period T , and

the layer leaves and hits the container every cycle (Fig. 2.2 (a)). In this regime,

the magnitude of the acceleration of the container at the collision is less than g

(the ball hits below the dot-dashed line in Fig. 2.2 (a)), and the layer stays on

the container until the acceleration becomes −g again (the intersection of the

dot-dashed line and the trajectory of the plate). The layer leaves the container
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Figure 2.2: Temporal trajectory of a completely inelastic ball (e = 0) on an
oscillating plate, which models the trajectory of the center of mass of the
layer. The solid sinusoidal curve is the trajectory of the plate. The ball leaves
the plate when the acceleration of the plate becomes −g; i. e., where the
horizontal dot-dashed line intersects with the trajectory of the ball. If the ball
collides with the plate above the dot-dashed line (in (b) and (d)), it leaves the
plate immediately.
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at the same phase angle of the oscillation at every cycle; hence the take-off

velocity or the flight time is single-valued. This regime is called Period 1, n =

1, which means the period of the trajectory is single-valued (Period 1) and the

ball collides with the plate every cycle (n = 1). For Γ ≥ 4.0, the trajectory

consists of two different flight times, and the flight time is still a fraction of the

period T (Fig. 2.2 (b), Period 2, n = 1); it corresponds to the f/2 hexagonal

pattern. In this regime, the magnitude of the container acceleration at collision

is larger than g once every other cycle (the ball hits above the dot-dashed line

in Fig. 2.2 (b)). At this collision, the layer leaves the container immediately,

and the take-off velocity and flight time are smaller than those of the other

cycles, in which the ball stays on the container until the acceleration of the

container becomes −g.

For values of Γ above 4.5, the flight time of the layer exceeds T , and

the layer hits the container once every other cycle. In this regime, the layer

can hit the container either on odd cycles or on even cycles; the trajectory

becomes degenerate (the trajectory in the f/2 hexagonal pattern regime is

also degenerate, and a f/2 hexagonal pattern can have a phase discontinuity

defect which is different from a kink). The trajectory of single inelastic ball in

the f/4 square/stripe pattern regime (Γ ≥ 5.5) is shown in Fig. 2.2 (c) (Period

1, n = 2). When Γ is increased to 6.5, the trajectory of the layer consists of

longer and shorter flight times, and a bifurcation to the f/4 hexagonal pattern

occurs (Fig. 2.2 (d), Period 2, n = 2). At Γ ∼ 8.0, another bifurcation to

Period 1 and n = 3 state occurs, which corresponds to a f/3 flat pattern;
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Figure 2.3: A side view of a 2d layer of an f/4 pattern with two kinks, obtained
in the simulation for Γ = 6.5, f ∗ = 0.8, and N = 8. The middle part and
the rest of the layer oscillate π out of phase, and phase discontinuities between
these two phase domains are called kinks (indicated by arrows). The container
(horizontal bar at the bottom) is at its minimum height at the phase angle at
which these figures are taken. Horizontal boundary is periodic.

however, the f/3 flat pattern has not been observed before, and the layer has

been known to exhibit spatiotemporal chaos in this regime. We found transient

f/3 and f/6 patterns in this study (see Sec. 2.6).

Since the layer collides with the container every other cycle for Γ >

4.5, domains π out of phase may coexist in the layer. When these opposite

phase domains coexist, there is a phase discontinuity line defect between the

adjacent phase domains, which we call a kink [105] (two sides of a phase

discontinuity defect in the f/2 hexagonal pattern regime are not at opposite

phases, and this defect is not a kink). In the experiments, kinks are created by
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inhomogeneous initial conditions or external perturbations such as side wall

friction or tilt of the container; see Sec. 2.4. A sequence of an f/4 pattern with

kinks obtained from a 2d simulation is shown in Fig. 2.3, where one domain

has fully developed pattern, and the other is nearly flat. An animated movie

is in http://chaos.ph.utexas.edu/research/moon.

2.3.2 Phase bubbles and randomly moving labyrinths

As Γ is increased further from the f/4 hexagonal pattern regime, the

layer exhibits spatiotemporal chaos, which is not included in the single ball

model. Snapshots obtained from the experiments and simulations of this

regime are shown in Fig. 2.4.

As Γ is increased above a critical value Γpb in the f/4 hexagonal pattern

regime, a small localized region spontaneously changes its phase angle, and

this region becomes enclosed by a kink. We call this localized region a phase

bubble; see Fig. 2.4 (c) and (d). Phase bubbles suddenly (in one cycle) pop

up at random locations, and they shrink and disappear over several tens to

hundreds of cycles. The nucleation rate increases with Γ, and the decay time

depends on the control parameters and the initial size. Γpb varies with the

depth of the layer and the material used; it is 7.5 in the experiment with

bronze particles and N = 5, and is 7.1 in layers of lead particles with N = 5,

in 3d. In the simulations we find that the value of Γpb is a few percent smaller

in 2d or quasi-2d layers than in 3d. A phase bubble is not just a defect in the

f/4 hexagonal pattern of this system; it arises due to an inherent instability of
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EXPERIMENTS SIMULATIONS
f/4 hexagonal pattern

(a) (b)

Phase bubbles in f/4 hexagonal pattern

(c) (d)

Randomly moving labyrinths

(e) (f)

Figure 2.4: Top views obtained from the experiments from 3d simulations. One
phase bubble is indicated by a white arrow in (c), and phase bubbles are shown
as white areas in (d). The gray scale in the experimental images represent the
intensity of the reflected light, which is a measure of the gradient of the surface.
The gray scale in the simulation images is 〈z〉(x, y), increasing from black to
white, where 〈F 〉(x, y) is an averaged value of F over the particles located at
(x, y); 〈z〉(x, y) is called the mean height field. A circular container of diameter
L = 847σ is used in the experiments, and a circular container of L = 294σ is
simulated. The parameters (Γ, f ∗, N) are (a) (7.1,1.0,10), (b) (7.0,0.85,8), (c)
(7.3,1.0,10), (d) (7.2,0.85,8), (e) (8.0,1.2,15), and (f) (8.9,0.85,8).
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the oscillated granular layer (see Sec. 2.4). Phase bubbles are spontaneously

nucleated even without side wall friction or any other external perturbation,

while kinks for 4.5 < Γ < Γpb are never created spontaneously without an

external perturbation.

As Γ is further increased, the nucleation rate of phase bubbles increases

faster than the decay rate, and the layer eventually exhibits spatiotemporal

chaos in the form of randomly moving labyrinths (Fig. 2.4 (e) and (f)). Note

that there are a few kinks of closed form; i.e., phase bubbles. In this regime,

labyrinthian kinks move around in the container in a seemingly random fash-

ion. Each phase domain of labyrinths collides with the container every other

cycle, and an f/4 subharmonic pattern is superposed on it. The layer behav-

ior does not show any qualitative difference up to Γ ∼ 14, the highest value

investigated in the experiment.

As a phase bubble shrinks, it becomes more circular, as though it had

a surface tension. This behavior is more clearly observed with phase bubbles

in the f/2 flat pattern regime, because there is no superposed pattern. Phase

bubbles are not nucleated spontaneously for Γ < Γpb, but we can make them

from initial conditions with inhomogeneous phase, by suddenly decreasing Γ

from the randomly moving labyrinths regime to the f/2 flat pattern regime.

Such phase bubbles in the f/2 flat pattern regime are shown in Fig. 2.5. An

animated movie is in http://chaos.ph.utexas.edu/research/moon.

A kink acts on the pattern as if it were a boundary, and the pattern

tries to rotate perpendicular to the kink. These “boundaries” of the layer have
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t = 0 t = 32T

t = 64T t = 96T

Figure 2.5: A sequence of phase bubbles in f/2 flat pattern, obtained in the
experiment. The bubbles shrink as if they had a surface tension. To create
these phase bubbles, Γ was suddenly decreased from 9.0 to the f/2 flat pattern
regime, Γ = 4.5 (f ∗ = 0.6). Experimental setup is the same as in Fig. 2.1.
400σ × 400σ portion of the layer is shown.
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irregular shape; a well-ordered hexagonal pattern does not form in the phase

bubble regime because phase bubbles break the long range order of the pattern

(Fig. 2.4 (c) and (d)). Pattern selection is also affected by the size of a phase

bubble, or the width of a phase domain in the randomly moving labyrinths

regime, because of the “boundary condition” of the pattern imposed by the

kink. When a phase bubble is larger than the wavelength of the hexagonal

pattern, the phase bubble has an f/4 hexagonal pattern superposed on it.

Otherwise, an f/4 stripe pattern is superposed because it is the only pattern

that can fit in such small domains.

2.4 Nucleation of phase bubbles

We find in the simulation that for Γ slightly below Γpb, the bottom of

the layer exhibits an undulation, of which length scale is much larger than

the wavelength of the pattern. In this Section, we discuss how the undulation

leads to the nucleation of phase bubbles.

In the f/4 hexagonal pattern and the phase bubble regime, the tem-

poral dynamics of the layer is sensitive to a small change in the flight time.

This is the case also in the single ball model; in the f/4 hexagonal pattern

regime, the ball immediately leaves the container at every other collision, so

that the instantaneous velocity of the container at this collision becomes the

take-off velocity of the ball. Thus, if the velocity is changed slightly and the

flight time is increased, the take-off velocity at the next flight becomes smaller;

this velocity may be too small for the ball to fly over the container during the
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Figure 2.6: Sensitivity of the trajectory to small perturbations is illustrated
by perturbed (dashed line) and unperturbed (solid line) trajectories of a com-
pletely inelastic ball in the f/4 hexagonal pattern regime (Γ = 7.0). For the
perturbed trajectory, we increased the initial take-off velocity by 3% to delay
the collision. At the next collision (indicated by an arrow), the perturbed ball
collided with the container because its take-off velocity was too small, and its
trajectory became out of phase with that of unperturbed one.

following two cycles, so that the ball collides with the container in the very

next cycle (Fig. 2.4). In a real layer, the flight time has some fluctuation due

to the undulation; the mechanism in Fig. 2.4 will create a phase bubble when

the undulation is big enough (Fig. 2.7).

The power spectral densities (PSD’s) of the top and the bottom of a

layer for values of Γ slightly below Γpb show that another peak with small wave

number appears as Γ approaches Γpb (Fig. 2.8). For smaller Γ (Γ ≤ 6.5 for this

case), the shape of the bottom of the layer is slaved to the top of the layer and

has the same wavelength as the top; PSD’s have peaks only at the wavelength

of the pattern and its subharmonics.

The nucleation rate of phase bubbles monotonically increases with Γ; we

hypothesize that the amplitude or the growth rate of the undulation increases
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Figure 2.7: (a) A sequence of side views of a quasi-2d layer showing the nucle-
ation of a phase bubble around B, obtained in a simulation of a quasi-2d layer
of size 200σ × 10σ, for Γ = 7.2, f ∗ = 0.9, and N = 6. (b) The trajectories of
the center of mass at two horizontal locations, A and B in (a), as a function
of time. The sinusoidal function shown in (b) is the trajectory of the plate of
the container. At t = 0 in (a), the bottom of the layer has a short length scale
deformation slaved to the pattern on the surface of the layer. This undulation
at the bottom grows, as shown in the next two successive frames in (a) (t = 4T
and 6T in (b)). At t = 6T , the collision of B is delayed due to the undulation;
at this collision, a portion of the layer around B collides with the container
when the plate nearly reaches its maximum height, and the take-off velocity
becomes too small to fly the next two cycles over the container. As a result, B
collides with the container at the very next cycle, at t ∼ 7T , and it becomes
nearly π out of phase with the rest of the layer. This mechanism is the same
as that in Fig. 2.4.
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Figure 2.8: Power spectral densities (PSD’s) of the top and the bottom of a
quasi-2d layer for Γ = 6.6, f ∗ = 0.9, and N = 6, obtained in simulations of a
quasi-2d layer of size 1000σ × 10σ having more than 50 wavelengths; there is
an additional peak (indicated by an arrow) at a small wavenumber as well as
the primary peaks at the wavenumber of the pattern (at ko = 2πσ/λ, where
λ is the wavelength of the pattern) and at 2ko. Γpb = 6.7 for this simulation.
PSD’s were determined when the amplitude of the pattern was fully developed,
just before the layer collided with the container.

with Γ. Above some value of Γ (> Γpb), the nucleation rate exceeds the decay

rate, and phase bubbles or kinks accumulate in the layer until each phase

domain reaches the shortest length scale that cannot have another kink in it;

i. e., this sets the width of the labyrinths. As a result, the layer is filled

with a superposition of phase bubbles which connect to one another, forming

non-closed kinks. We propose that the randomly moving labyrinth pattern
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results from the above mechanism. i.e., randomly moving labyrinths may be

understood as a “saturated” state of phase bubbles.

There are two more mechanisms responsible for the creation of phase

bubbles or kinks: (1) side wall friction and (2) tilt of the layer. In an infinitely

extended layer without side walls, kinks are formed only by the undulation

of the layer, or nucleation of phase bubbles, if the layer is perfectly level. In

the simulation, side walls are easily eliminated by imposing horizontal periodic

boundary condition; however, the layer size is always finite in the experiment,

and the side wall effect cannot be completely eliminated. In the experiment,

the friction due to the side walls disturbs the oscillatory motion of the layer,

which often creates kinks. This effect becomes more and more important as

Γ is increased. There are some phase bubbles in contact with the side wall in

Fig. 2.4 (c) and (d), which are kinks created by the side wall friction. In the

randomly moving labyrinths regime, the side wall effect is one of the major

reasons for the decay of f/3 or f/6 transient patterns (see Sec. 2.6). In addition

to the above effect, tilt of the container also creates kinks. This is the main

mechanism of the creation of kinks for 4.5 < Γ < Γpb in the experiment.

2.5 Dynamics of a phase bubble

Once formed, a phase bubble shrinks as if it had a surface tension, and

then disappears (Fig. 2.5). We now discuss why this happens.

When the layer collides with the plate, a density wave forms and prop-

agates across the boundary of a phase bubble (a kink). This density wave
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(a) (b)

Figure 2.9: (a) Horizontal momentum field 〈
√

p2x + p2y〉(x, y), which has its
maximum values (indicated white) along the boundary of phase bubbles; there
is a significant momentum flux perpendicular to the boundary (the kink).
(b) Vertical momentum field 〈pz〉(x, y), black being the maximum downward,
and white being the maximum upward. The fluctuation in vertical momenta
(blackish areas) is due to the large scale undulation of the layer, discussed in
Sec. 2.4. These are obtained from the same simulation data as in Fig. 2.4 (d).

initiates a collisional momentum transfer in the horizontal as well as in the

vertical direction, across a kink (Fig. 2.9). A sequence of side views of a kink

in a 2d layer is in Fig. 2.10, which shows the relation for the density wave

to the momentum transfer. At t = 0 in Fig. 2.10, the left half of the layer

collides with the plate (horizontal bar) and is pushed up. It becomes compact

and nearly static with respect to the plate, acting as if it were a part of the

container. At this moment, the rest of the layer is still falling and is dilated.

The two parts of the layer interact at the kink, and a density wave forms at the

interface due to the large density gradient. The density wave propagates to-

ward the dilated part until the compact part loses contact with the plate. The

38



t =
 0

t =
 0

.4
T

t =
 0

.8
T

t =
 1

.2
T

0 50σ

Figure 2.10: A sequence of an f/2 flat pattern with a kink, obtained from the
simulation of a 2d layer for Γ = 5.2, f ∗ = 0.6, and N = 9. Each circle corre-
sponds to a particle. The gray scale of the particles indicates the magnitude
of the horizontal momentum |px|, increasing from black to white. As the layer
is pushed up by the plate, a density wave forms, which initiates a momentum
transfer propagating rightward (see text for details).
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Figure 2.11: Space-time plots of horizontal momentum 〈px〉(x, t) of a phase
bubble (a) in a quasi-2d f/2 flat pattern, and (b) in a 3d f/2 flat pattern (cross
section along the diameter of a phase bubble). The values increase from black
to white, black being the maximum leftward and white being the maximum
rightward. A phase bubble in a quasi-2d layer oscillates symmetrically, while in
a 3d layer a bubble oscillates asymmetrically, shrinks and disappears (indicated
by an arrow). A quasi-2d layer of size 100σ×10σ is used for (a), and the phase
bubble in (b) was created by decreasing Γ from 8.5 to 5.2; f ∗ = 0.6 and N = 6
for both.

density wave drives a collisional momentum transfer and pushes the interface

toward the dilated part (the kink is shifted rightward at t = 1.2T compared to

its earlier location at t = 0). In the next cycle, the same process occurs in the

opposite direction, and the kink is pushed back to its original position (not

shown in Fig. 2.10), provided that the phase difference is exactly π (then both

parts of a 2d layer are symmetric). As a result, the momentum flux across a

kink in a 2d or quasi-2d layer oscillates symmetrically with a period of 2T ,

with no net translational motion; thus a phase bubble in a 2d or quasi-2d layer

never shrinks but only oscillates symmetrically (Fig. 2.11 (a)).
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The mechanism of the density wave and the momentum transfer across

a kink in a 3d layer is the same as in a 2d/quasi-2d layer; however, in a 3d

layer, there is a geometric effect which is absent in a 2d/quasi-2d layer: the two

sides of a kink are not symmetric unless the kink is straight. As the particles

at the front of the density wave are nearly static with respect to the plate, the

momentum flux is roughly proportional to the number of particles at the front

of the density wave and the velocity of the container. For a kink with nonzero

local curvature, the number of particles at the front of the density wave for the

two successive cycles are different, even if the two sides of the kink are exactly

π out of phase. Thus the momentum transfer in one direction is always larger

than that of the other. This leads to an asymmetric momentum transfer,

or an asymmetric oscillatory motion of a kink. Consequently, the total net

momentum flux across the boundary of a phase bubble over a multiple of

2T is always inward, because its boundary is a kink of a closed shape. As

a result, a phase bubble shrinks and disappears. An asymmetric oscillation

of a boundary of a phase bubble is shown in Fig. 2.11 (b). The difference

in the numbers of particles at the interface of the density wave for the two

consecutive cycles is approximately proportional to the local curvature of the

kink. Thus, the speed of a kink is roughly proportional to the local curvature,

leading to an effective surface tension.

There are other mechanisms driving the motion of a kink in the ex-

periment, which are minor compared to the previously discussed curvature-

dependent geometrical effect: (1) non-π phase difference effect and (2) the
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finite mass ratio effect. Firstly, we have assumed in the above discussion that

both sides of a kink are exactly π out of phase; if this were not the case, the

impact from the container for two successive cycles would be different, and

the oscillation of a kink would be asymmetric, even if the local curvature were

zero. This is why a secondary forcing can control the motion of a straight

kink, as was experimentally observed by Aranson et al. [6]. Secondly, if the

difference in the mass of each phase domain of the layer is not negligible com-

pared to mass of the container, the impact by the container on both domains

of the layer are different, and a net translational motion of a kink is induced,

even if it has zero local curvature and the phase difference is π. We call this

the finite mass ratio effect. In the experiment, a kink in the f/2 flat pat-

tern regime eventually travels to the center of the container, until the impacts

from the container on both phase domains are balanced; it was observed in

Refs. [6, 105]. This effect is absent in the simulation, because the mass of the

container is assumed to be infinitely large compared to the mass of the layer.

2.6 Transient f/3 and f/6 subharmonic patterns

Until now, no standing wave pattern has been observed above the f/4

hexagonal pattern regime in the phase diagram in Fig. 2.1. In this Section

we present the first observation of the f/3 flat and f/6 square/stripe pat-

terns. These patterns were found first in the simulations, which motivated the

experiments. We start the discussion with the single ball model.

The single ball model predicts an infinite cascade of bifurcations with
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increasing natural number n, for increasing Γ (there are small chaotic windows

along Γ, but this is not important in this discussion). For the granular layers,

these bifurcations correspond to the following patterns:

f/n flat

f/(2n) squares/stripes

f/(2n) hexagons

?

?

¾

n → n+ 1

where the initial n is 1. This model predicts a bifurcation from an f/4 to an

f/3 state (Period 1, n = 3) at around Γ = 8.0, however, in the experiments,

the cascade of bifurcation stops at n = 2.

We discussed how the undulation of the layer leads to the nucleation

of phase bubbles in Sec. 2.4. If the undulation of the layer could be avoided,

we expect that f/3 flat and f/6 square/stripe patterns would exist. To test

this conjecture, we performed a series of numerical simulations of a small layer

(10σ × 10σ and 20σ × 20σ with N = 6) in the randomly moving labyrinths

regime for (Γ, f ∗) = (8 - 11, 0.8 - 1.0), using periodic horizontal boundary

conditions. In these simulations, we observed that the layer collides with the

plate every third cycle, and that the dynamics is stable up to order of 1000

cycles; we conclude that if a larger layer followed this behavior, f/3 or f/6

subharmonic patterns would exist.

In larger layers, the undulation of the layer cannot be completely avoided,
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t = 0 t = 36T

t = 72T t = 108T

Figure 2.12: A sequence of a transient f/3 flat pattern obtained from the
experiment. The friction due to the side wall creates a kink, which propagates
to the center of the container in the radial direction (the same mechanism of
the shrinking of a phase bubble) and destroys the f/3 flat pattern. Γ was
suddenly increased from below the onset, about 2.0, to 7.8; f ∗ = 0.94 and
N = 6. The experiment was done with the same particles as in Fig. 2.1, and
L = 847σ.
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t = 0 t = 12T

t = 24T t = 36T

Figure 2.13: A sequence of a transient f/6 pattern, obtained from the exper-
iment. The undulation of the layer creates kinks in the middle of the layer,
which destroys the f/6 pattern. Γ was suddenly increased from 2.0 (below
pattern onset), to 10 (f ∗ = 1.2 and N = 6). The experiment was done with
the same particles, N , and L as in Fig. 2.13, and a part of the layer of size
250σ × 250σ is shown.
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but can be suppressed at least during a short time by preparing a flat and

compact layer as an initial condition; when Γ is quickly increased from the

flat pattern regime to where f/3 or f/6 subharmonic patterns are predicted

by the single ball model (8 ≤ Γ ≤ 11), a f/3 or f/6 pattern is found in the

simulation. Later these transient patterns were found in the laboratory ex-

periments as well, as Fig. 2.12 and 2.13 illustrate. These patterns emerge as

the primary instability of the layer in this regime, but they are invaded and

overtaken by either kinks formed due to the side wall friction (Fig. 2.12) or by

the undulation of the layer (Fig. 2.13). As a result, the domain of these tran-

sient patterns gradually decreases and is eventually taken over by randomly

moving labyrinths. These transient patterns last up to several hundreds of

cycles, depending on the initial condition, control parameters, and the system

size.

2.7 Discussion

We have shown that phase bubbles play a critical role in the transi-

tion to spatiotemporal chaos in the patterns formed by vertically oscillated

granular layers. Phase bubbles spontaneously form first in the f/4 hexagonal

pattern regime as the acceleration Γ is increased. At larger Γ, the rate of

nucleation of bubbles grows faster than the decay rate, leading ultimately to

a spatiotemporally chaotic pattern of randomly moving labyrinths. In a qual-

itatively similar way, the formation of defects has been found to lead to spiral

defect chaos [115] and to chaos in a model with invasive defects [37].
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We have investigated the mechanism of the nucleation and the dynam-

ics of phase bubbles and randomly moving labyrinths, using inelastic hard

sphere molecular dynamics simulations and experiments. We have found that

a vertically oscillated granular layer has a large scale undulation, even without

interstitial gas (Sec. 2.4). The undulation constitutes an inherent feature of

oscillated granular layers, like the standing wave pattern formation, and can-

not be avoided; above some critical value of Γ in the f/4 hexagonal pattern

regime, the undulation of the layer gives rise to the nucleation of a phase bub-

ble. The spontaneous nucleation of kinks in vertically oscillated 2d or quasi-2d

granular layers for large Γ has been called “subharmonic instability” [38] or

“arching” [86, 162], but the mechanism has not been elucidated. These two

phenomena are all essentially phase bubbles in 2d or quasi-2d oscillated gran-

ular layers.

We also found that a kink of nonzero curvature has a net translational

motion due to the asymmetric collisional momentum transfer across a kink

(Sec. 2.5). The local speed of a kink is roughly proportional to the local

curvature; a phase bubble shrinks as if it had a surface tension and then

disappears, because it is a kink of a closed form. We showed that shrinking

of a phase bubble and translational motion of a kink are essentially the same

phenomena.

Finally, based on the understanding of kinks, we predicted transient f/3

and f/6 subharmonic patterns and observed them for the first time (Sec. 2.6).
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Chapter 3

Kink-induced transport and segregation

Abstract 1

We use experiment and molecular dynamics simulation to study trans-

port and horizontal segregation induced by a kink (a boundary between do-

mains oscillating out of phase by π) in vertically oscillated bidisperse granular

layers. Large grains in the neighborhood of a kink move toward it and get

trapped there, due to a pair of counter-rotating convection rolls flowing to-

ward the kink on the surface. This convection originates from avalanches

inside the layer, oscillating perpendicular to the kink. When a kink moves,

trapped large grains follow the motion of the kink. We show that the transport

of large grains can be controlled by modulating the oscillation frequency.

3.1 Introduction

Granular materials subject to an external forcing often show fluid-like

behavior [68]. Vertically oscillated granular materials, which are of theoretical

interest as well as of industrial importance, exhibit a variety of phenomena

1This chapter is a reproduction of Ref. [110].
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including convection [31, 42, 46, 49, 61, 78, 79, 82, 87, 88, 121, 127, 134, 146, 163,

164], vertical size segregation [23, 107, 166] (often known as the Brazil-nut ef-

fect), subharmonic standing wave patterns [105], and shock waves [18, 58].

Faraday observed convective motion of grains in a heap [46], and there have

been many subsequent studies of convection in oscillated granular materi-

als [31, 42, 49, 61, 78, 79, 82, 87, 88, 121, 127, 134, 146, 163, 164], which is now re-

alized to be driven by interstitial air [87, 121] and shear due to sidewalls [31,

42, 61, 78, 79, 88]; the location of these convection rolls is determined by the

system geometry. We consider here a different kind of convection, one that

is not driven by interstitial air or sidewalls but rather arises from the intrin-

sic dynamics of the oscillated granular layers. This convection is associated

with kinks, which are boundaries separating oscillating domains of opposite

phase. We find that convective motion arising at the kinks conveys larger

grains toward kinks and traps them there. Once trapped, the large grains

move together with a kink, which leads to a horizontal size segregation in con-

trast to the Brazil-nut effect, a vertical size segregation. We will first describe

the laboratory observations on a bidisperse granular layer, and then show how

the trapping and transport can be understood using molecular dynamics sim-

ulations.
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3.2 Experimental observations: Trapping, transport, and
segregation

We find that large grains in the vicinity of a kink in an oscillating

bidisperse layer move toward the kink and remain there, whereas large grains

far from a kink move only diffusively, as the white lines in Fig. 3.1 (a) il-

lustrate. Further, if the location of a kink is controlled by modulating the

container oscillation frequency [6], the large grains follow the motion of the

kink (Fig. 3.1 (b)), which leads to a horizontal size segregation. We consider

a 10-particle deep layer of 165 µm bronze spheres (mass density 5.5 g/cm3)

together with a few hundred of 650 µm glass spheres (2.5 g/cm3), in an evac-

uated square container of area 8.9 × 8.9 cm2 (the pressure is 5 Pa). The

layer is subject to a vertical sinusoidal oscillation with an amplitude A and a

frequency f ; a perturbative subharmonic forcing is added and modulated to

control the motion of a kink; The signal applied to the container includes a

small perturbative subharmonic oscillation added to the main oscillation sig-

nal: z = A sin(2πft)+0.01A sin(πft+∆φ(t)). The relative phase ∆φ between

the main oscillation and the subharmonic perturbation controls the position

of the kink within the container. The oscillation is characterized by two of the

following three parameters: the maximum acceleration amax = A(2πf)2, the

maximum velocity Vmax = 2πAf , and the frequency f . More details of the

experimental setup can be found in Ref. [105].

Kinks have been observed previously in oscillating layers for amax >

4.5g [105], where g is the acceleration due to gravity. Here we consider the
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Figure 3.1: Segregation and controlled transport of 650 µm diameter glass
spheres (black dots) by a kink in a 10-particle deep oscillated granular layer of
165 µm bronze spheres at amax = 5g and f = 92 Hz. The motion of the kink
can be controlled by modulation of the phase difference ∆φ between the main
oscillation signal and an added small subharmonic sinusoidal perturbation.
(a) A kink sweeps across the layer after a rapid change in ∆φ of 2π/3; glass
spheres close to the kink move toward the kink and remain trapped in the kink
at the top of the layer, whereas far from a kink they diffuse; these two types
of trajectories are illustrated by the white lines. The numbers in each frame
denote plate oscillations after ∆φ is changed. (b) Sinusoidal oscillation of a
kink, with ∆φ(t) = fms/fmr sin(2πfmrt), fms = 0.17 Hz and fmr = 0.1 Hz.
The large trapped particles follow the motion of the kink. The glass spheres
are dyed black for visualization purposes. (Courtesy of Daniel I. Goldman)
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range 4.5g < amax < 5.5g, where the layer remains flat; similar transport

and segregation occur for larger amax where patterns form, but it is simpler

to quantify the transport and segregation processes for a non-patterned flat

layer.

3.3 Microscopic dynamics; kink-associated convection

The experimental observations reveal a mean flow toward a kink, in its

neighborhood. We use a previously validated three-dimensional (3-d) molec-

ular dynamics simulation [15, 111], to understand the microscopic dynamics

that produces the trapping and transport. The macroscopic dynamics of a

kink was discussed in Ref. [111].

We distinguish two types of velocities, the instantaneous grain velocity

v(r(t), t) = lim∆t→0+(r(t + ∆t) − r(t))/∆t and the discrete grain velocity

u(r(t), t) = (r(t+2T )−r(t))/(2T ), where r(t) is the position vector of a grain

at time t, and 2T = 2/f is the period of oscillation of the macroscopic state.

The discrete velocity corresponds to the grain velocity in the f/2-strobed

frame. Following the trajectories of individual grains, we observe that grains

do not come back to the same positions after 2T , even though the layer returns

to the same macroscopic state. Instead, in the discrete velocity field, grains

form a pair of counter-rotating convection rolls which flow downward at the

kink (Fig. 3.2). The shape of the rolls changes during a cycle, as does the

shape of the layer, but the sense of circulation remains the same. We calculate

the vorticity by discretizing Stokes’ theorem, Ω ≡ n̂ ·∇×u = limS→0
1
S

∮

u ·dl,
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Figure 3.2: Grains form a pair of counter-rotating convection rolls, flowing
downward at the kink, as illustrated by these 2-d projections of a layer at
different times ft during a cycle, where ft = 0 corresponds to the container
at its equilibrium position and moving upward. The shape of a convection roll
changes during a cycle but the sense of circulation remains the same. The small
arrows show the discrete velocity u(r(t), t), calculated from a 3-d simulation of
a 8-particle deep monodisperse bronze layer (amax = 5.2g, f = 69 Hz). Each
circle represents a grain, and the position of the container bottom is indicated
by horizontal gray lines. The inset in the top panel (at ft = 0) shows that
the trajectories of the vertical position of the center of mass of the left side
(dashed line) and right side (solid line) of the kink. The part of the layer
shown is far from the sidewalls. 53
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Figure 3.3: (Color) A time series of convection rolls of discrete velocities (ar-
rows) and local vorticity Ω (color-code) at different times ft during a cycle,
showing the vorticity is nonuniform and changes with time. This is obtained
in a 3-d simulation of an 8-particle-deep monodisperse layer of bronze spheres
(amax = 5.2g, f = 69 Hz), A thick horizontal line indicates the container
bottom. This is a part of the layer, far from the sidewalls.
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Figure 3.4: A schematic diagram showing trapping of glass particles at a kink
in a layer of bronze particles. Glass particles move toward the kink due to the
surface flow of the convective motion of bronze particles. Glass particles do
not flow down in between the convection rolls, but remain there, due to their
large size. Dashed arrows represent the convection rolls of bronze particles,
and solid arrows indicate the direction of the motion of glass particles.

where u is the discrete velocity, l is the path of integration, and n̂ is the unit

normal vector, pointing out of the paper. A grid of σ × σ(= S) was used in

Fig. 3.3. In each roll, the vorticity has the maximum magnitude right above

the center of the roll. For the parameters of Figs. 3.2 and 3.3, it takes about

100T for grains in the outer-most part of the rolls to complete a full circuit.

3.4 Trapping and transport

The presence of the convection rolls explains the motion of large grains

toward a kink. Large grains first rise to the top due to the Brazil-nut effect.

If these grains are located within the convection rolls, they move toward the

kink, due to the surface flow of the convective motion (Fig. 3.4). When the
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Figure 3.5: The width of the trapping zone (defined in the inset) for various val-
ues of amax and f , obtained in 3-d simulations of 8-particle deep monodisperse
bronze layers. The width depends linearly on Vmax as indicated by the dashed
line (a least square fit). The symbols correspond to: bullets, amax = 4.9g;
circles, 5g; asterisks, 5.1g; squares, 5.2g; triangles, 5.3g. For each amax, the
data points correspond to f = 86 Hz, 78 Hz, 69 Hz, 60 Hz, 52 Hz, respec-
tively. Inset: We define the trapping zone as the region where the vertically
integrated |u|2 (gray solid line, in an arbitrary unit) is larger than some small
value (dash-dotted line).
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large grains reach the downflow region between the rolls, they do not flow

down, as they are too large. They are kept there by this convection flow.

We refer to a region in which large grains move toward a kink and

get trapped as the “trapping zone”. We define the trapping zone as the re-

gion where |u|2 vertically integrated over the layer is larger than some small

threshold value. We measure the trapping zone width from 3-d simulations

with various values of amax and f , when one side of a kink is being pushed up

by the container and the container is at its equilibrium position (corresponding

to ft = 0 in Fig. 3.2). The zone width is found to be linearly proportional

to Vmax for the range of oscillation parameters in our study (Fig. 3.5). In

the case of Fig. 3.1 (a), Vmax of the primary oscillation is 0.087 m/s, and the

trapping zone width is seen to be about 5 glass particle diameters from the last

frame. The width corresponds to about 20 bronze particle diameters, which

is comparable with the result from the simulation shown in Fig. 3.5 (the layer

depth is different by 10%).

We observe in the experiment that when a kink moves too fast, large

grains leak out of the kink; there is a maximum speed of the kink for which

the kink can carry large grains with it. It is expected from the mechanism

in Fig. 3.4 that if a kink moves more than the trapping zone width during a

cycle, large grains would not follow the motion; the experimental observations

are consistent in that when the speed of a kink exceeds approximately twice

the layer depth (comparable to the zone width in Fig. 3.1) per 2T , large grains

are left behind the kink. We also observe that there is a limit for the number
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of large grains that can be trapped; at some point, the area occupied by the

large grains exceeds that of the trapping zone. When this occurs, large grains

leak out of the kink region.

If the convection rolls are wide enough, large grains convect together

with the smaller grains; for large Vmax, when the layer is dilated more and

the trapping zone is wider, glass particles also follow the convection rolls,

disappearing in the middle of the kink and popping up from the upward flow

of the convection rolls. The trajectories of the glass particles become then

more complicated; we do not investigate this regime. When the size difference

between the grains is not big enough, the same phenomenon occurs. In this

case, large grains convect together with smaller ones, because large ones do

not need much room to flow down at the kink.

3.5 Internal avalanches and convection

An examination of the instantaneous velocity field v(r(t), t) reveals

that the convection is driven by avalanches oscillating perpendicular to the

kink. When the left side of a kink is pushed up, the right side cascades down

onto the left side of the kink (Fig. 3.6 (a)). These avalanches inside the layer

become clear when the velocity field is viewed in the container frame (Fig. 3.6

(b)): When the left side is pushed up, this side becomes solidified and moves

with the same velocity as the container until it takes off from the container.

Meanwhile, the right side is still falling down, being fluidized. This leads to a

large density gradient forming between the solidified and the fluidized regions.
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Figure 3.6: An avalanche occurs inside the layer, along the boundary between
the solidified and fluidized parts. (a) Instantaneous grain velocities v(r(t), t)
in the laboratory frame (indicated by arrows), when the left side of a kink is
being pushed up by the bottom plate (a horizontal solid line) for the same
case as in Fig. 3.2. The right side of the kink, being fluidized, cascades down
onto the left side. A gray background represents the layer. (b) Instantaneous
velocities in the container frame, during the same time as in (a). As the
left side is pushed up, it becomes static with respect to the container; it is
solidified, while the other side falls down being fluidized. The fluidized part
falls down only vertically otherwise, as is shown by gray arrows of the right
side.
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Grains flow down along the large density gradient, toward the right side; an

avalanche occurs inside the layer, along the front of the solidified region. We

refer to this avalanche as an internal avalanche, as it occurs inside the layer,

in contrast to the usual avalanche which occurs on the surface [124] (such

an internal avalanche was suggested by Laroche et al. [87] as a mechanism

for convection in heaping). In the following cycle, another internal avalanche

occurs in the opposite direction, pushing grains back to the left side, but to

lower heights. The oscillatory internal avalanches result in the downward flow

between the two convection rolls. Grains that have already reached the bottom

of the layer are pushed away from the kink in a horizontal direction, at the

impact from the container. These grains are then pushed up later, forming the

upward flow at the outer side of the rolls. The trapping zone width (convection

roll size) is determined by the horizontal displacements of such grains.

We propose that a convective motion observed in patterns in oscillated

layers [14] can be explained by the same mechanism: When a patterned layer

collides with the container, large density gradients form inside the layer. In-

ternal avalanches occur on these gradients, and they lead to convection rolls.

3.6 Conclusions

Convection and segregation are among the most extensively studied

phenomena of oscillated granular layers, and these phenomena are important

in many industrial processes. However, convection originating from intrinsic

dynamics and its utilization as a means of horizontal segregation in a con-
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trolled way is relatively unstudied. We have shown that grains form a pair of

counter-rotating convection rolls at a kink, and that the convection originates

from the intrinsic dynamics, namely, oscillating internal avalanches. A control

of a kink motion can result in controlled transport of large grains and a hori-

zontal size segregation, which can transport the large grains to one side of the

container. The width of the trapping zone can be controlled by the oscillation

parameter Vmax, and the motion of the kink and the horizontal segregation

can be controlled by parameters for the modulated secondary forcing.

For high accelerations, a kink is an intrinsic feature of the layer, and

so is the kink-associated convection; kinks exist in oscillated granular layers

in vacuum for amax > 4.5g [105], and they form spontaneously for amax >

7g [111]. The kink-associated convection, transport, and segregation that we

have discussed in our study are unique phenomena for granular fluids that

have no analog in an ordinary fluid, as a kink does not exist in an oscillated

ordinary fluid.
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Chapter 4

Role of friction: Does the smooth inelastic

hard sphere model form patterns?

Abstract 1

It is often believed that most of macroscopic behaviors of granular

fluids originate from the inelasticity, and grains are simply modeled as fric-

tionless (smooth) inelastic spheres in many theoretical or numerical studies;

however, there are no frictionless grains, as there are no elastic grains. We

perform numerical experiments using an inelastic hard sphere molecular dy-

namics simulation to study the role of friction in a well-known phenomenon in

vertically oscillated layers, the standing wave pattern formation. Rotational

kinetic energy is generally two orders of magnitude smaller than its trans-

lational counterpart, and the frictional dissipation is negligible compared to

the inelastic dissipation in a single collision. However, when the friction is

removed from the simulation, the primary onset value decreases by ∼ 30%,

but the subcriticality of the primary bifurcation still persists. We find that a

stripe pattern is the only pattern that forms without friction.

1This chapter is a reproduction of Ref. [113].
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4.1 Introduction

Grains collide irreversibly, and some of the kinetic energy is transformed

into internal degrees of freedom through collisions and dissipated. On the

individual grain level, the dissipation process is modeled by two distinctive

properties, the inelasticity and the surface friction. In most rapid granular

flows, the rotational kinetic energy is often few orders of magnitude smaller

than its translational counterpart, and the frictional dissipation is negligible

compared to the inelastic dissipation in a single collision. Thus granular fluids

are often simply modeled as collections of frictionless inelastic hard spheres

in many theoretical studies. Note that in many experimental literatures on

granular fluids, the dissipativity of grains are characterized only by the normal

coefficient of restitution e, due to a similar reason.

However, there are some observations that the behaviors of frictional

spheres are qualitatively different from that of frictionless spheres even for

dilute limits: The mean height of vibro-fluidized frictional hard disks scales

with the characteristic velocity of the oscillating bottom plate differently from

that of frictionless hard spheres [94], and only the frictional model accounts

for the experimental observation. The single particle distribution functions of

vibro-fluidized dilute inelastic hard spheres are also different, depending on

the presence of friction [114]. These observations reveal that even for a dilute

limit, the friction is not simply a secondary dissipation mechanism that could

be negligible compared to the inelasticity, but rather that the friction is also

an essential property that plays an independent role.
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The role of friction in granular fluids is of interest also from a theoret-

ical point of view, as the incorporation of a realistic friction model into the

kinetic or hydrodynamic equations of granular fluids in a treatable manner

has not yet been successful [74]. It was shown that results from a molecular

dynamics (MD) simulation of frictionless inelastic hard spheres and solutions

of hydrodynamic equations for the same spheres agree reasonably well without

any fitting parameters, even when large spatial gradients are involved [18, 129];

however, it is not yet clear how accurately this model describes the real gran-

ular materials.

We here use a previously validated molecular dynamics simulation [15,

111] to study role of friction in one of canonical phenomena of vertically os-

cillated granular layers, the standing wave pattern formation. We study how

the friction affects the onset and subcriticality of the primary bifurcation, the

emergence of the pattern, and the stability of the pattern. We also investigate

if the effect of friction can be accounted for by adjusting e; it is sometimes as-

sumed that the surface friction can be accounted for by reducing e. However,

it is not known to what extent this idea works.

The rest of the paper is organized as follows. The system and our

method is briefly described in Section 4.2, and the collision model implemented

in our simulation is elaborated in Section 4.3. Our results of numerical exper-

iments are described in Section 4.4, and Section 4.5 concludes the paper.
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4.2 System and method

We simulate granular layers of a large aspect ratio in an evacuated con-

tainer, subject to a sinusoidal oscillation in the direction of gravity, with an

amplitude A and frequency f . Various subharmonic standing wave patterns

are observed depending on the following two control parameters [105], the

nondimensional acceleration amplitude Γ = A(2πf)2/g, and the nondimen-

sional oscillation frequency f ∗ = f
√

σN/g, where g is the acceleration due to

gravity, σ is the diameter of the grain, and N is the nondimensional depth

of the layer. More details on the experiment and observed patterns can be

found in Ref. [105]. Our MD simulation models grains as frictional, inelastic

hard spheres, and it implements the collision model of Walton [160] and. the

event-driven algorithm. This simulation reproduced patterns quantitatively

for a wide range of control parameters [15, 111]. Frictionless hard spheres can

be treated as a special case of the simulation.

4.3 Collision model

Walton [160] simplified the collision model originally proposed by Maw

et al. [100], which was experimentally established by Foerster et al. [48]. A

complete description of the model can be found in the original literature [160];

we elaborate the model here, as the collision model is an important part of

our study.

This model updates the translational and angular velocities after the

collision according to three parameters:
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1. The normal coefficient of restitution e (0 ≤ e ≤ 1).

2. The coefficient of friction µ, which relates the tangential force to the

normal force at collision using Coulomb’s law, and then determines the

tangential coefficient of restitution β (−1 ≤ β ≤ 1).

3. The maximum tangential coefficient of restitution β0, which represents

the tangential restitution of the surface velocity when the contact is

broken.

We vary the above three parameters for grain-grain collisions and grain-wall

collisions independently; we use a superscript g for grain-grain collisions and

w for grain-wall collisions respectively, for the above parameters.

At collision, the relative colliding velocities are decomposed into the

components normal (vn) and tangential (vt) to the relative displacement vector

r̂12 ≡ (r1 − r2)/|r1 − r2|, where r1 and r2 are the position vectors of grain 1

and 2 respectively, and an equivalent notation is used for the velocity vector

v:

vn = (v12 · r̂12)r̂12 ≡ vnr̂12, (4.1)

vt = r̂12 × (v̂12 × r̂12) = v12 − vn. (4.2)

The relative surface velocity at collision vs for monodisperse spheres of diam-

eter σ is

vs = vt +
σ

2
r̂12 × (w1 +w2) ≡ vsv̂s, (4.3)
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where w1 and w2 is the angular velocities of the grain 1 and 2, respectively.

For monodisperse spheres of unit mass and diameter σ, the linear and

angular momenta conservations and the definitions of the normal coefficient of

restitution e ≡ −v∗n/vn and the tangential coefficient of restitution β ≡ −v∗s/vs
(postcollisional velocities are indicated by a superscript ∗, and precollisional

values have no superscript) give the changes in the velocities at the instanta-

neous collision as follows:

∆v1n = −∆v2n =
1

2
(1 + e)vn, (4.4)

∆v1t = −∆v2t =
K (1 + β)

2 (K + 1)
vs, (4.5)

∆w1 = −∆w2 =
(1 + β)

σ (K + 1)
r̂12 × vs, (4.6)

where K = 4I/σ2 is a geometrical factor which relates the momentum transfer

from the translational degrees of freedom to rotational degrees of freedom, and

I is the moment of inertia about the center of the grain. For a uniform density

sphere, K is 2/5.

We use a velocity-dependent coefficient of restitution to account for the

viscoelasticity of the real granular materials:

e = max

[

e0, 1− (1− e0)
(

vn√
gσ

)3/4
]

, (4.7)

where e0 is a constant value (Fig. 4.1), a fitting parameter determined from the

comparison with the experiment. An accurate functional form is not known,

and we use the functional form in Eq. (4.7), previously used to reproduce pat-

terns [15]. We do not observe any noticeable differences for different functional
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Figure 4.1: Normal coefficient of restitution e as a function of the normal
component of relative colliding velocity vn. We use eg0 for grain-grain collisions
and ew0 for grain-wall collisions. Our results are not sensitive to the functional
form, as long as e approaches to unity as vn decreases to zero. This is an
essential feature for the hard sphere model; see text.
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Figure 4.2: Tangential coefficient of restitution β as a function of the collision
angle θ. When the collision angle exceeds some fixed value θ0, the contact
between the colliding particles is broken, and a constant value β0 is used for
the tangential coefficient of restitution. Note that β depends also on µ for
θ < θ0, and we use µg0 for grain-grain collisions and µw0 for grain-wall collisions.

forms, as long as e approaches unity for vanishing colliding velocity. However,

this qualitative behavior is necessary for a hard sphere simulation, as it helps

to avoid successive collisions within the time interval comparable to machine

precision, which makes the simulation stop; an artifact of the hard sphere

model, so-called the inelastic collapse.

In collisions of real granular materials, not only is the relative surface

velocity reduced, but also the stored tangential strain energy in the contact re-
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gion can often reverse the direction of the relative surface velocity. To account

for this effect, β could be positive, leading to the range of β as [−1, 1]. Fur-

thermore, there are two kinds of frictional interaction at collisions, sliding and

rolling friction. The following formula for β includes the above two essential

behaviors of the friction:

β = min

[

β0,−1 + µ (1 + e)

(

1 +
1

K

)

vn
vs

]

, (4.8)

where β0 is the maximum tangential coefficient of restitution. For sliding

friction, the tangential impulse is assumed to follow Coulomb’s friction law;

the normal impulse multiplied by µ. It is convenient to write Eq. (4.8) as a

function of the collision angle θ, which is related to vn/vs by vn/vs = − cot θ;

β is plotted as a function of θ in Fig. 4.2. When β is identically negative unity

(β0 = −1 and µ = 0, or simply µ = 0), it recovers the frictionless interaction.

For the special case vs = 0, the collision is treated as frictionless. This friction

model is still a simplification of the real frictional interaction, as there is no

clear-cut crossover between the two types of frictions in the reality. However,

this is shown to be accurate enough to reproduce many phenomena, including

the standing wave pattern formation in vertically oscillated granular layers;

with the values (eg0 = ew0 , β
g
0 = βw0 , µ

g = µw) = (0.7,0.35,0.5), this model has

quantitatively reproduced the patterns in oscillated layers of lead spheres of

σ = 165 µm for a wide range of control parameters [15, 111].
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4.4 Results

When the normal coefficient of restitution (eg0 or e
w
0 ) is varied in oscil-

lated layers of frictional inelastic hard spheres, bifurcations occur at slightly

different values of control parameters, and the amplitude and the wavelength

of the pattern change as well; however, the overall topology of the phase dia-

gram remains the same, as long as the inelasticity is not too small so that the

layer has enough dissipation to form a pattern. In this Section, we vary the

inelasticity and friction parameters for grain-grain collisions and grain-wall

collisions independently to study how friction affects the pattern formation

and its stability.

4.4.1 Primary onset and subcriticality

As Γ is increased, a vertically oscillated granular layer undergoes a series

of bifurcations to various patterns [105]. The primary onset of the pattern,

the bifurcation from the featureless flat state to an f/2 subharmonic square

or stripe pattern occurs at a critical value Γc ∼ 2.5, nearly independent of

f ∗. This bifurcation is weakly subcritical, and its subcriticality increases as f ∗

decrease. Γc varies about 10% in the experiments, depending on the materials

used and the depth of the layer [155].

We simulate 8,900 grains in a three-dimensional (3d) rectangular box of

bottom area 200σ× 10σ with periodic boundary conditions in both horizontal

directions. This is a quasi-2d layer, where one horizontal direction is too short

to form a pattern, so that the layer is symmetric within its fluctuation in that
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direction. Note that the grain motion is constrained by the geometry in a

quasi-2d layer, and there is only one type of pattern that can form; geometry

plays a significant role in the pattern formation in a quasi-2d layer. We refer

to the longer horizontal direction as the x-direction and the shorter one as

the y-direction. We construct a bifurcation diagram near the primary onset in

both layers of frictional and frictionless (µg = µw = 0) inelastic hard spheres

in Fig. 4.3. We define the amplitude of the pattern as the coefficient of the

fundamental Fourier mode of the envelope of the layer, averaged along the y-

axis at the phase of the cycle when the container is at its equilibrium position

and is moving upward. For each Γ, we wait for 40 cycles until the amplitude

saturates, and then measure the amplitude by averaging the Fourier coefficient

over ten f/2-strobed frames. We first decrease Γ quasi-statically from 3.5 (in

the step of 0.1), and then increase it back to 3.5, while f ∗ is kept at 0.3.

The bifurcations in both models are shown to be imperfect and weakly

subcritical. These bifurcations are imperfect, as the system exhibits strong

fluctuations around average quantities due to small number of particles [56,

102]. The degree of the subcriticality depends of friction, but the bifurcation

is still subcritical even without friction. In the absence of friction, Γc drops by

30% and the amplitude of the pattern is much larger than the frictional case at

comparable reduced control parameter Γ/(Γ− Γc), as the layer expands more

easily without friction.

Note that the amplitude of the pattern for frictionless spheres in Fig. 4.3

(b) fluctuates more strongly than that of frictional spheres in Fig. 4.3 (a); the
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Figure 4.3: Bifurcation diagrams for the primary onset of the pattern in a
layer of (a) frictional inelastic hard spheres (eg0 = ew0 , β

g
0 = βw0 , µ

g = µw) =
(0.7,0.35,0.5) and of (b) frictionless spheres (eg0 = ew0 , β

g
0 = βw0 , µ

g = µw) =
(0.7,−1, 0). The primary bifurcation occurs at smaller Γ and the pattern
amplitude is larger in the frictionless case. The bifurcation is imperfect and
weakly subcritical in both cases; the subcriticality still persists without fric-
tion. This is obtained from simulations of a quasi-2d layer of 8,900 grains
in a cell of 200σ × 10σ bottom size with a periodic boundary condition for
both horizontal directions. f ∗ is fixed at 0.3. For each Γ, the amplitude was
averaged over ten f/2-strobed cycles, after the amplitude has been saturated.
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pattern in the frictionless model seems less stable.

4.4.2 Stability of the pattern

We first use the same layer as in the previous Section to study how the

absence of friction affects the stability of the pattern in a quasi-2d layer. Note

that the pattern in a quasi-2d layer is ‘robust’ due to the geometric constraint.

When both the grain-grain and grain-wall friction are removed from the model,

peaks of the pattern oscillate around the average locations more strongly than

in frictional case (Fig. 4.4); however, there is no qualitative change in this case.

Now we consider patterns in 3d layers, where there are not as strong

geometric constraints as in a quasi-2d layer. We first obtain a stable f/2

square pattern using the same material coefficients (inelasticity and friction

parameters) as in Ref. [15] (t = 0 in Fig. 4.5). We suddenly remove only the

grain-wall friction (µw drops down to 0) while all other properties including

the grain-grain friction are kept the same (Fig. 4.5 (b)); in about 20 cycles,

the pattern loses its stability and disorganizes into randomly moving peaks.

The pattern loses the long range order in such a way that a shear mode gets

resonantly excited; the pattern can be regarded as a 2d square lattice of dis-

crete peaks in this case, and an idea of lattice dynamics has been successfully

applied to this phenomenon in Ref. [55]. We find that the pattern is stable

only for µw > 0.3 in this square pattern. We reduce the grain-wall coefficient

of restitution (ew0 ) in the above case to test if the reduced inelasticity can take

over the effect of friction (Fig. 4.5 (c)); it reveals that the square pattern can-
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Figure 4.4: An f/2-strobed evolution of a pattern in a quasi-2d layer show-
ing that the locations of peaks fluctuate around the average locations more
strongly in the frictionless model than in the frictional model. The friction
was suddenly removed from the simulation at t = 0 (indicated by a white
dashed line); (eg0 = ew0 , β

g
0 = βw0 , µ

g = µw) were changed from (0.7,0.35,0.5)
to (0.5,−1, 0). Both eg0 and ew0 were reduced to increase the dissipation, so
that the pattern amplitude remains about the same. This was obtained from
the same layer as in Fig. 4.3, and a part of the layer is shown. The gray scale
indicate the vertically integrated number of particles averaged over the shorter
horizontal direction (y-direction).
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Figure 4.5: When the friction between grains and the bottom plate (grain-
wall) is removed, an f/2 square pattern loses the stability. A stable f/2
square pattern at t = 0 is obtained using eg0 = ew0 = 0.7, βg0 = βw0 = 0.35, and
µg = µw = 0.5 at Γ = 3.0, f ∗ = 0.27, and N = 4. (a) A further continuation
of the oscillation, keeping all the parameters the same. (b) µw was reduced
to 0 at t = 0, to remove only the grain-wall friction, keeping the grain-grain
friction. (c) Both µw and ew are reduced to 0 and 0.5 respectively at t = 0; ew

is reduced to test if the role of friction can be accounted for by the reduced
inelasticity. The pattern disorganizes both in (b) and (c). A square cell of each
side 200σ with periodic boundary conditions in both horizontal directions was
simulated, and the entire cell is shown. Gray scale indicates the vertically
integrated number of particles at each location; white region corresponds to
the peak of the square pattern.
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not be stabilized simply by adjusting the inelasticity, and that friction plays

an independent role from that of the inelasticity. Here we show only when

the grain-wall friction is changed. When the grain-grain friction is reduced,

qualitatively the same phenomenon occurs; the square pattern disorganizes.

We also observe that an f/2 hexagon pattern also disorganizes in a similar

way without friction.

4.4.3 Pattern formation in 3d layers

Now we study how friction affects the pattern formation (or selection) in

3d layers where patterns are selected more by the intrinsic dynamics of grains

than in 2d or quasi-2d layers. We perform the following numerical experiments

without friction either in grain-grain collisions or grain-wall collisions: Starting

from a non-patterned flat layer, control parameters are suddenly changed to

the values in the f/2 square pattern regime (Fig. 4.6 (a)), in the f/2 stripe

pattern regime (Fig. 4.6 (b)), and in the f/2 hexagon pattern regime (Fig. 4.6

(c)), respectively. As Fig. 4.6 (a) illustrates, peaks appear in the layer in

the f/2 square pattern regime, however, it does not form a square pattern.

Instead, it becomes an oscillating stripe-like structure. In a larger cell, the

pattern is qualitatively the same as the one in Fig. 4.5 (b) or (c). An f/2

hexagon pattern does not form without friction, either (see Fig. 4.6 (c)); the

layer forms randomly moving peaks, which form a stripe-like pattern most of

the time. However, an f/2 stripe pattern still forms in a similar way as in the

frictional hard sphere model, but it take longer time to settle down than in the
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t =4T t =16T t =32T t =52T t =72T t =80T

Γ = 3.0 

f* = 0.27   

(a) 

t = 10T t = 20T t = 50T t = 96T t = 114T t = 132T

Γ = 3.0

f* = 0.44

(b) 

t =10T t =60T t =100T t =160T t =174T t =198T

Γ = 4.0 
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(c) 

Figure 4.6: Frictionless hard spheres do not form a square pattern or a hexagon
pattern, but do form a stripe pattern: (a) A flat layer of frictionless spheres
is jumped at t = 0 to the f/2 square pattern regime, Γ = 3.0 and f ∗ =
0.27. A stripe-like pattern forms, and it has an instability similar to a zig-zag
instability. (b) The layer is jumped to the f/2 stripe pattern regime, Γ = 3.0
and f ∗ = 0.44. A stripe pattern does form after 50 cycles, but the peaks
oscillate perpendicular to themselves. (c) The layer is jumped to the f/2
hexagon pattern regime, Γ = 4.0 and f ∗ = 0.40. The peaks randomly move
around, sometimes forming stripe-like (t = 160T ), sometimes locally hexagon-
like (t = 198T ) pattern. A 6-particle deep layer in square cell of each side 100σ
with periodic boundary conditions in both horizontal directions was simulated,
and the entire cell is shown (eg0 = ew0 , β

g
0 = βw0 , µ

g = µw) = (0.7,−1, 0). In the
presence of friction, a stable f/2 square, stripe, and hexagon pattern forms
within 20 cycles, respectively [15].
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frictional model (in the frictional model, it takes about 20 cycles for a pattern

to settle down at the same control parameters used in Fig. 4.6 (b)), and the

peaks of the pattern oscillate slowly (the period of this secondary instability

is about 40T ) around their average locations (Fig. 4.6 (b)).

We also reduced values for eg0 and e
w
0 to find that it does not lead to any

qualitative differences; the inelasticity cannot account for the role of friction

in the pattern formation, as is also the case for the stability. Stable patterns

form only when the friction parameters µg and µw are larger than 0.3.

4.5 Conclusions

We have performed numerical experiments using a previously validated

3d molecular dynamics simulation to study role of friction in a well-known

phenomenon in vertically oscillated granular layers, the subharmonic stand-

ing wave pattern formation. In numerical and theoretical studies of granular

fluids, frictionless inelastic hard spheres are used as the simplest model for

granular materials, and it is often assumed that the effect of friction is neg-

ligible or it can be accounted for by a reduced inelasticity. However, we find

that the pattern formation in an oscillated layer changes qualitatively in the

absence of friction, and that a stripe pattern is the only pattern that forms

without friction (Fig. 4.6). The inelasticity is certainly the most distinguishing

character of the granular materials, and the frictionless inelastic hard sphere

model is of importance as the simplest model for granular materials; however,

friction should not be neglected in the pattern formation. We have examined
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the possibility of the inelasticity to account for the friction, and find that the

role of friction cannot be taken over by reduced normal coefficient of restitution

in this phenomenon (Fig. 4.5 (c)).

For the cases in this paper, the rotational kinetic energy is approxi-

mately two orders of magnitude smaller than its translational counterpart (in

Fig. 4.6 (a), the ratio between the average rotational kinetic energy per par-

ticle and its translational counterpart during a cycle is 0.44). and frictional

dissipation is often negligible compared to the inelastic dissipation in a single

collision. However, the overall dissipation is increased significantly even when

there is a slight friction, as the presence of friction reduces the mobility of

grains and increases the collision frequency. Note that the layer expands much

more and the pattern amplitude becomes larger (Fig. 4.3), in the absence of

friction. For the control parameters for Fig. 4.6 (a) ((b)), the average num-

ber of collisions per grain during a cycle is 204 (89) for eg0 = ew0 = 0.7 and

µg = µw = 0.5, 99 (44) for eg0 = ew0 = 0.7 and µg = µw = 0, and 203 (100) for

eg0 = ew0 = 0.5 and µg = µw = 0 (total number of grains used is 65,500).

In the presence of friction, the direction of the postcollisional trajectory

is determined by the relative surface velocity at collision, whereas there is only

one possible direction in the frictionless case; this changes how the kinetic

energy from the bottom plate is transmitted to the layer. We conjecture

that this effect is important for the stability of square and hexagon patterns

(Fig. 4.5), but we do not know exactly how this increases the stability. In the

initial linear stage of the pattern formation (t < 10T in Fig. 4.6), we do not see
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any clear difference due to the absence of friction; however, in the nonlinear

stage, the layer does not get stabilized to a pattern.

We also find that a stripe pattern still forms even without friction

(Fig. 4.6 (b)). This is because the nature of a stripe pattern is essentially

the same as that of a pattern in quasi-2d layers; the motion of the individual

grains is still two-dimensional.

In the experiment, even for the same kind of material, bifurcations occur

at different values depending on the ‘cleanness’ of the grains; the bifurcation

values change when the grains are cleaned with an acid or when the grains are

contaminated, even if any static charge is not built up 2. We propose that this

happens because the surface property, most importantly friction, changes.

2Private communication with Daniel Goldman and Paul Umbanhowar.
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Chapter 5

Velocity distributions and correlations in

homogeneously heated smooth inelastic hard

spheres

Abstract 1

We compare the steady state velocity distributions from our three-

dimensional inelastic hard sphere molecular dynamics simulation for homo-

geneously heated granular media, with the predictions of a mean field-type

Enskog-Boltzmann equation for inelastic hard spheres [van Noije & Ernst,

Gran. Matt. 1, 57 (1998)]. Although we find qualitative agreement for all

values of density and inelasticity, the quantitative disagreement approaches

∼ 40% at high inelasticity or density. By contrast the predictions of the

pseudo-Maxwell molecule model [Carrillo, Cercignani & Gamba, Phys. Rev.

E, 62, 7700 (2000)] are both qualitatively and quantitatively different from

those of our simulation. We also measure short-range and long-range veloc-

ity correlations exhibiting non-zero correlations at contact before the collision,

and being consistent with a slow algebraic decay over a decade in the unit

of the diameter of the particle, proportional to r−(1+δ), where 0.2 < δ < 0.3.

1This chapter is a reproduction of Ref. [112].
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The existence of these correlations imply the failure of the molecular chaos

assumption and the mean field approximation, which is responsible for the

quantitative disagreement of the inelastic hard sphere kinetic theory.

5.1 Introduction

Granular materials are collections of noncohesive macroscopic dissipa-

tive particles and are encountered in nature and in the industry [68]. These

materials exhibit a wide variety of phenomena depending on the external forc-

ing. The rapid granular flow regime, where the collisions are modeled as in-

stantaneous binary inelastic collisions, is reminiscent of a gas of hard spheres.

Thus, a common theoretical approach for this regime as a first order approx-

imation is to model the system by means of the kinetic and the continuum

equations for smooth inelastic hard spheres with a velocity-independent coef-

ficient of restitution [62, 72, 73, 96, 135]. In the kinetic theory approach, the

mean field-type Boltzmann or Enskog-Boltzmann equation for inelastic hard

spheres is used, and most techniques are directly taken from the kinetic the-

ory of a gas of elastic hard spheres [29]. It is known that this formulation is

a reasonable description for nearly elastic (1− e2 ¿ 1, where e is the normal

coefficient of restitution) and dilute cases. However, these theoretical models

include approximations such as the truncation of series expansion or hierar-

chy, and the introduction of equation closure. The dissipative nature of the

collision modifies the physics in a nontrivial way, and the accuracy and the

limitation of the mean field-type kinetic description with these approximations
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is not yet known. The extension of the theory for the more inelastic and dense

case, including surface friction, is one of major goals of the current inelastic

kinetic theory [53].

There is an attractor in the phase space of the granular media, because

inelastic collisions dissipate kinetic energy; in the absence of an external en-

ergy source, a granular medium loses its kinetic energy through collisions and

becomes a static pile. To reach a steady state or an oscillatory state, a system

of granular media requires an external energy source. In this paper, we investi-

gate the steady state velocity distributions and velocity correlations of spatially

homogeneous granular media subject to a volumetric Gaussian white noise

forcing. This system has been studied by several authors [108, 157, 159, 165]

as a reference system for the kinetic theory of granular media. In this system,

particles collide inelastically, and execute Brownian motion between collisions;

the motion is analogous to Brownian dynamics of hard sphere suspension, but

here the kinetic energy is dissipated due to the inelastic collisions rather than

hydrodynamic drag. This system is far from equilibrium, and the steady state

velocity distribution deviates from the Maxwell-Boltzmann (MB) distribution.

The velocity distribution of this system was first theoretically studied by van

Noije et al. [157], who obtained the approximate solutions to the inelastic

hard sphere Enskog-Boltzmann equation with a Gaussian white noise forcing.

Their results were tested against the Direct Simulation Monte Carlo (DSMC)

method of the inelastic Enskog-Boltzmann equation [108], and a good agree-

ment was found; it confirmed the accuracy of the approximate analysis of van
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Noije et al., because the validity of the DSMC method relies on the validity of

the inelastic (Enskog-)Boltzmann equation [13].

In the current study, we use a large molecular dynamics (MD) simula-

tion (using up to 477, 500 particles) of inelastic hard spheres to investigate the

steady state velocity distributions, and quantitatively examine the accuracy of

the inelastic Enskog-Boltzmann equation model for this system. Our method

is free from the assumptions used in the inelastic kinetic theory, and it has an

advantage that correlations can develop but has a disadvantage that it may

have a finite simulation size effect.

We also compare our results with theoretical predictions of Carrillo

et al. [27], who obtained the steady state velocity distribution by using the

pseudo-Maxwell molecule model [17]. The Maxwell molecule model is the

special case of the inverse power law model for the inter-particle potential,

whose potential has the form of V (r) ∼ r−4, where r is the inter-particle

distance. This model has been widely used for analytical studies as a reference

system for more realistic systems, because the model facilitates calculations

involving linearized Boltzmann operator. The pseudo-Maxwell molecule model

is an inelastic analog of the Maxwell molecule model.

The remainder of the paper is organized as follows. Section 5.2 presents

the method of the numerical simulation, and Section 5.3 briefly reviews the

theoretical predictions of the inelastic hard sphere model and the pseudo-

Maxwell molecule model. In Section 5.4, simulation results of the velocity

distributions are presented, and these are compared with the theoretical pre-
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dictions (Sec. 5.4.1). The simulation results of the velocity correlations are also

presented in this Section (Sec. 5.4.2). The paper is summarized and concluded

in Section 5.5.

5.2 Numerical simulation

We simulate an ensemble of inelastic hard sphere particles of diameter σ

in a three-dimensional (3d) cubic box of each side 105.3σ, which are subject to

a volumetric Gaussian white noise forcing. Particles obtain the kinetic energy

from the white noise forcing, execute Brownian motion in between collisions,

and dissipate the kinetic energy through inelastic collisions. To be consistent

with the theoretical studies presented in Section 5.3, we implement a velocity-

independent coefficient of restitution e, and neglect the rotational degrees of

freedom. We use an event-driven MD code originally developed to simulate

the patterns in vertically oscillated granular layers. Excellent agreement was

found between simulations and experiments [15]. We modify this code to

implement the Gaussian white noise forcing. Brownian dynamics for hard

sphere simulation was originated in the work of Ermak et al. [44], and the

granular analog was introduced by Williams et al. [165] for their study of a

one-dimensional system.

To implement Gaussian white noise forcing in our MD code, we start

from a stochastic equation of motion for a particle. The equation of motion is

given by
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ẍi(t) = F
(c)
i (t) + Γi(t), (5.1)

where the mass of the particle is the unity, xi is the ith cartesian component

of the position, F
(c)
i is the ith component of the forcing due to the collisions,

and Γi(t) is the i
th component of the stochastic forcing. The stochastic forcing

term satisfies

< Γi(t) >= 0, (5.2)

which assures that the fluctuation cancels out on the average, where <> is an

ensemble average, and

< Γi(t)Γj(t
′) >= 2Fδijδ(t− t′), (5.3)

where F is the strength of the correlation, δij is the Kronecker delta, and δ(t) is

the delta function. Eq. (5.3) assures that the collisions well separated in time

are statistically independent. We assume that all higher-order moments of the

random variable Γi(t) can be expressed in terms of the second moment, which is

identical to the assumption that Γi(t) is distributed according to the Gaussian

distribution [8]. We implement an equation equivalent to Eq. (5.1) for each

particle with a discrete time interval of a fixed size. It can be shown that the

discrete Langevin equation for the velocity in between collisions subject to a

Gaussian white noise is given by
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vi(t+ δt) = vi(t) +
√
F
√
δtG(0, 1), (5.4)

where F is the same quantity as in Eq. (5.3), δt is the time interval between

the white noise forcing, and G(0, 1) is the unit Gaussian distribution random

variable.

In the simulation, Nk particles are randomly chosen at every δt and

are kicked in accordance with Eq. (5.4). To avoid the development of a mean

flow in the system, particles to be kicked are randomly picked pairwise, and

particles of this pair are kicked in opposite directions with the same speed to

conserve the momentum. In an event-driven simulation, the random kickings

are computationally expensive discrete events, because the collision list needs

to be updated at each kicking. For the efficiency of the simulation, the mean

kicking frequency needs to be minimized, or the mean kicking time for each

particle δ̄t (= δt ·N/Nk) needs to be maximized, where N is the total number

of particles. We checked in the simulation that the velocity distributions do

not change as far as δ̄t is less than 1/(5νcoll), where νcoll is the mean collision

frequency. We also checked that the velocity distributions do not depend on the

choice of Nk and δt in these cases. Thus we keep δ̄t ∼ 1/(10νcoll) throughout

the simulations. The volume fraction ν varies from νo(= 4.29%) to 5νo(=

21.4%), which corresponds to 95, 495 to 477, 500 in the number of particles.

Since the collisions are instantaneous, there is only one time scale determined

by the granular temperature, σ/
√
T , where T is defined in Eq. (5.6). Therefore

the temperature only rescales the time, and the results are independent of T .
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However, we fix the granular temperature at approximately the same value

throughout the simulations. We prepare the initial conditions by locating

particles in a regular lattice. We heat them, and wait until the transients decay

away, ensuring that a steady state is reached. The data are taken periodically

with a fixed time interval ∆t. To assure that each data set is statistically

uncorrelated, ∆t is chosen larger than 5/νcoll in all cases, and ∆t ∼ 10/νcoll

in most cases. We obtain 50 such data sets for each simulation, and the error

bars appearing in this paper are the standard deviations of these data sets. A

periodic boundary condition is imposed in all direction.

5.3 Review of theory

In this Section, we briefly review the results of the previous theoretical

studies of van Noije et al. [157] and of Carrillo et al. [27]. Both studies are

based on the mean field-type inelastic Enskog-Boltzmann equation.

Following standard procedures of the kinetic theory, it can be shown

that the inelastic Enskog-Boltzmann equation for a system of spatially homo-

geneous granular particles subject to a white noise forcing is given by

∂f

∂t
= Q(f, f) + LFPf, (5.5)

where f = f(c, t) is the single particle distribution function, Q(f, f) is the

collision operator, c = v/
√

2T (t) is the velocity scaled by the characteristic

velocity, and the mass is the unity. T (t) is the granular temperature, defined
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as the variance of the velocity distribution per degree of freedom. For a 3d

system,

T (t) =
1

3
< |v(t)− < v(t) > |2 > . (5.6)

The Fokker-Planck operator LFP is a diffusion operator in the velocity space,

which is given by

LFP = F∇2c , (5.7)

where F is the strength of the correlation of Gaussian white noise stochastic

forcing (defined in Eq. (5.3)), and ∇2c is the Laplacian in the velocity space.

The collision operator, Q(f, f), is chosen depending on the inter-particle poten-

tial model, and the most obvious one for the granular particles is the inelastic

hard sphere collision operator.

Van Noije et al. [157] obtained the steady state solutions to Eq. (5.5)

using the inelastic hard sphere collision operator, and Carrillo et al. [27] ob-

tained the steady state solutions using the pseudo-Maxwell collision opera-

tor. In both analyses, the Sonine polynomial expansion method was used to

construct the solution. Sonine polynomials are associated Laguerre polyno-

mials and have been used to construct solutions to the Boltzmann equation

since Burnett [24] introduced them in the study of nonuniform gases. They

are exact eigenfunctions of the linearized Boltzmann equation for Maxwell

molecules. This expansion also leads to rapidly converging solutions of the
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linearized Boltzmann equation for other short-range repulsive potentials [29].

The Sonine polynomials of lower parameter 1/2 is defined by

S
(n)
1/2(x) =

n
∑

p=0

(1
2
+ n)!

(1
2
+ p)!(n− p)!p! (−x)

p. (5.8)

In the current study, c2 is the argument of Sonine polynomials. The orthogo-

nality relation with this argument is

∫ ∞

0

c2e−c
2

S
(n)
1/2(c

2)S
(m)
1/2 (c

2)dc =
1

2
δnm

(1
2
+ n)!

n!
. (5.9)

The first three Sonine polynomials are given by

S
(0)
1/2(c

2) = 1,

S
(1)
1/2(c

2) =
3

2
− c2,

S
(2)
1/2(c

2) =
15

8
− 5

2
c2 +

1

2
c4.

For the inelastic hard sphere model, van Noije et al. [157] obtained the

steady state solutions for 2d and 3d cases, by using the moment method [57]

which was used in the analysis of the velocity distributions of homogeneously

cooling of a freely evolving system. They expanded the solution in Sonine

polynomials and neglected terms of higher order than the first nonvanishing

correction to the MB distribution. The steady state solution for a 3d case,

f s(c), is obtained as
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f s(HS)(c) = fMB(c)[1 + aHS
2 S

(2)
1/2(c

2)], (5.10)

where

fMB(c) =
4√
π
c2 exp(−c2) (5.11)

is the MB distribution (multiplied by an integration factor), and

aHS
2 (d, e) =

16(1− e)(1− 2e2)

73 + 56d− 24ed− 105e+ 30(1− e)e2 , (5.12)

where d is the dimensionality of the system (d = 3 in the current study), and

HS stands for inelastic hard spheres.

For the pseudo-Maxwell molecule model, Carrillo et al. [27] obtained

the steady state solution to Eq. (5.5) by doubly expanding the solution in

the energy dissipation rate, ε = (1 − e2)/4, and in Sonine polynomials. The

deviation from the MB distribution was obtained up to the order of ε4 2. The

solution with the first nonvanishing correction to the MB distribution is of the

order of ε2, which is given by

f s(MM)(c) = fMB(c)[1 + 4ε2S
(2)
1/2(c

2)], (5.13)

where MM stands for pseudo-Maxwell molecules. The first order deviations

from the MB distribution in the two models have the same basis function

2private communication with Carrillo

92



S
(2)
1/2(c

2), the second Sonine polynomial. We rewrite the normalized deviations

from the MB in the two models as follows,

gHS(e, c) =
∆fHS(e, c)

fMB(c)
= aHS

2 (e)S
(2)
1/2(c

2),

gMM(e, c) =
∆fMM(e, c)

fMB(c)
= aMM

2 (e)S
(2)
1/2(c

2), (5.14)

where

aMM
2 (e) = (1− e2)2/4 = 4ε2. (5.15)

The coefficients of the second Sonine polynomial for the two models, aHS
2 (e)

and aMM
2 (e), are compared in Fig. 5.1.

To summarize, the predictions of the inelastic hard sphere model and

those of the pseudo-Maxwell molecule model are different mainly in two ways:

(1) There is a crossover from positive to negative values in aHS
2 (e) as

e increases, and it is negative for 1/
√
2 < e < 1.0, while aMM

2 (e) is positive

definite, 4ε2. The high energy tail is always overpopulated in the pseudo-

Maxwell molecule model, while it is underpopulated for e > 1/
√
2 in the

inelastic hard sphere model, when the series is truncated at this order.

(2) The deviation from the MB distribution in the pseudo-Maxwell

molecule model is quantitatively much larger than that in the inelastic hard

sphere model. Note that the analysis of the pseudo-Maxwell molecule model

uses a small inelasticity assumption, while the analysis of the inelastic hard

sphere model has no such assumption.
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Figure 5.1: The deviation from the MB distribution predicted by the theory,
a2, as a function of the coefficient of restitution e. aHS

2 (e) is the coefficient
of the second Sonine polynomial from the inelastic hard sphere model, and
aMM
2 (e) is that from the pseudo-Maxwell molecule model.

5.4 Simulation results

5.4.1 Velocity distributions

We measure the velocity of each particle periodically in time with a

fixed time interval of ∆t ∼ 10/νcoll, which is chosen to assure that each data set

is statistically uncorrelated. The measured velocities are binned, and the bin

size is ∆c = 0.1. The velocity distributions for two coefficients of restitution,

e = 0.1 and e = 0.9, are obtained in the simulation (Fig. 5.2). As in the

inelastic hard sphere theory, high velocity tail is overpopulated for e = 0.1,

94



0 1 2 3 4

10
−6

10
−4

10
−2

10
0

c

fs
(MD)

(c)

Maxwell−Boltzmann
e = 0.1          
e = 0.9          

Figure 5.2: The steady state velocity distributions, f s(MD)(c), obtained from
the simulation for two coefficients of restitution, e = 0.1 and e = 0.9. The
volume fraction is 5νo. The thick solid line is the MB distribution function.

and slightly underpopulated for e = 0.9, compared to the MB distribution.

We define the normalized deviation from the MB distribution, g(c),

which is obtained in the simulation,

f s(MD)(c) = fMB(c)[1 + g(c)], (5.16)

where the subscript (MD) means this is obtained in the MD simulation. As-

suming g(c) is a smooth function in the scale of ∆c (¿ 1), g(c) can be ap-

proximated as
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g(co +
∆c

2
) ≈

∫ co+∆c

co
f s(MD)(c)dc

∫ co+∆c

co
4√
π
e−c2c2dc

− 1. (5.17)

The numerator in Eq. (5.17) is the total number of particles in the bin, which

is a number counted in the simulation, and the denominator can be evaluated

using the error function table. g(c) calculated using Eq. (5.17) for the data in

Fig. 5.2 is shown in Fig. 5.3. For direct comparison between our simulation

results and the above theoretical predictions, we calculate the coefficient of the

second Sonine polynomial, aMD
2 , from our measurements. As in the theoretical

analyses, we assume f s(MD)(c) is expanded in Sonine polynomials,

f s(MD)(c) = fMB(c)[1 +
∞
∑

k=2

aMD
k S

(k)
1/2(c

2)], (5.18)

where aMD
1 is not included, because it is identically zero in theory. We checked

in the simulation that aMD
1 is less than 10−4 in all cases.

In the simulation, we can use either of the following two formula to

calculate aMD
k , the coefficient of the kth Sonine polynomial. Firstly, aMD

k ’s can

be obtained from the following numerical integration, using the orthogonality

relation for Sonine polynomials,

aMD
k =

2kk!

(2k + 1)!!

∫ ∞

0

f s(MD)(c)S
(k)
1/2(c

2)dc. (5.19)

Secondly, we can make use of the recurrence relation of aMD
k ’s. Starting from

the definition of Sonine polynomials, Eq. (5.8), it can be shown that for k > 2,

aMD
k satisfies
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Figure 5.3: The normalized deviation from the MB distribution, g(c), obtained
from the simulation for two coefficients of restitution, e = 0.1 and e = 0.9.
The volume fraction is 5νo. The error is large for c > 3, because it involves
division by a very small number.

aMD
k =

(−1)k2k
(2k + 1)!!

< c2k > +(−1)k+1 +
k−2
∑

p=1

(−1)p+1
(

k

p

)

aMD
k−p , (5.20)

where < c2k > is the 2kth moment. It is straightforward to numerically

evaluate the integration in both formula. The above two relations, Eq. (5.19)

and Eq. (5.20), are mathematically identical. However, the errors of the lower

k coefficients are accumulated on higher k coefficients in Eq. (5.20), while each

aMD
k is determined independently in Eq. (5.19). The results obtained using
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Figure 5.4: A comparison of a2’s from the three models, the kinetic theory of
the inelastic hard sphere model (solid curve), the kinetic theory of the pseudo-
Maxwell molecule mode (dashed curve), and the MD simulation (open circles).
The volume fraction is 5νo for the simulation.

Eq. (5.19) and Eq. (5.20) are nearly the same for small k, and they deviate

more for larger k. aMD
2 is obtained using Eq. (5.19), which are compared with

the theoretical predictions Eq. (5.12), aHS
2 , and Eq. (5.15), aMM

2 (Fig. 5.4).

The simulation results deviate more from the predictions of the inelastic hard

sphere kinetic theory as the system becomes more inelastic, and aMD
2 has a

crossover between the positive and the negative values at around e ∼ 0.8,

while it was predicted to occur at 1/
√
2 by the inelastic hard sphere theory.

The pseudo-Maxwell molecule model does not predict a crossover behavior of

aMM
2 , and the predictions of this model deviate quantitatively from the kinetic
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Figure 5.5: The Sonine polynomial series converges slower as e decreases. The
first four nonvanishing coefficients, from aMD

2 to aMD
5 , are calculated, which are

obtained from the simulation for four coefficients of restitution. The volume
fraction is 5νo.

theory and simulations of the inelastic hard sphere model.

In the simulation, all aMD
k ’s can be obtained by using Eq. (??). For

larger k, the weight of the high velocity data exhibiting strong fluctuations

become larger, and so does the uncertainty of aMD
k . We calculate up to aMD

5

for various coefficients of restitution (Fig. 5.5). For nearly elastic case, for

instance e = 0.9, the series converges rapidly as in many cases of elastic hard

spheres. However, as the system becomes more inelastic, the series converges

more slowly. For e = 0.1, aMD
4 is about 30% of aMD

2 . It is shown that how the
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Figure 5.6: The normalized deviations from the MB distribution, g(c), ob-
tained in the simulation (open circles), are compared with the fitted curves
using the coefficients of the Sonine polynomial expansion calculated using the
simulation data, which are shown for two coefficients of restitution, e = 0.1,
and e = 0.9. The terms are successively added to the Sonine polynomial ex-
pansion up to aMD

4 . The volume fraction is 5νo for both, and the error bars
for the data are not included for better comparison with fitting curves.

first few nonvanishing coefficients of the Sonine polynomial series obtained in

the simulation affect the fitting (Fig. 5.6). For e = 0.1, aMD
2 fits the measured

data well up to v ∼ 3
√
2T ∼ 4

√
T , but the high energy tail is fitted well

only when the series are kept up to aMD
4 . For e = 0.9, it shows the same

tendency. When we fit the data only with aMD
2 in this case, f s(MD)(c) becomes

negative for c > 4.2 and becomes negative infinity as c goes to infinity. Such

nonphysical behavior disappears when we include aMD
3 .

In the theoretical predictions, the steady state velocity distribution
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Figure 5.7: The values of aMD
2 obtained in the simulation as a function of

density for two coefficients of restitution, e = 0.1 and e = 0.5. Dashed lines
are the predictions of the inelastic hard sphere kinetic theory, which do not
depend on the density.

and aHS
2 do not depend on the density, and it is a function of the coefficient of

restitution and the dimensionality only. However, we find that it also depends

on the density (Fig. 5.7). The value of aMD
2 decreases as the system becomes

more dilute. For the smallest volume fraction we used, νo, the value of aMD
2

deviates by only few percent from the predictions of the inelastic hard sphere

theory. We plot aMD
4 ’s for various densities in Fig. 5.8 (aMD

3 ’s are very small,

as shown in Fig. 5.5). It follows the same tendency as aMD
2 does; as the system

becomes denser, aMD
4 gets larger.
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Figure 5.8: The density dependence of aMD
4 for two coefficients of restitution,

e = 0.1 and e = 0.5, obtained in the simulation. Predictions are not available,
because they have not been calculated in the theoretical studies. Error bars
for these data are bigger than those for aMD

2 (Fig. 5.7), because in calculating
aMD
4 , higher velocity data have more weight exhibiting stronger fluctuations.

Finally, we examine the asymptotic behavior of the high energy tails of

the velocity distribution functions. Van Noije et al. [157] found for this system

a high energy tail shows an asymptotic behavior ∼ exp(−A′c3/2). We measure

the velocity distribution function f̃ s(MD)(c), which is defined as

1 =

∫

f̃ s(MD)(c)dc

=

∫

f̃ s(MD)(c)4πc
2dc
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Figure 5.9: A crossover behavior of the velocity distribution function
f̃ s(MD)(c) (open circles) from ∼ exp(−Ac2) (compared with dashed lines) to

∼ exp(−A′c3/2) (compared with solid lines) is observed for higher inelasticities
(e < 0.5). The volume fraction is 5νo, and A and A′ are arbitrary constants.

=

∫

f s(MD)(c)dc. (5.21)

To investigate the power of the argument of the exponential function, we renor-

malize f̃ s(MD)(c) with its maximum value. We observe the crossover behavior

from ∼ exp(−Ac2) to ∼ exp(−A′c3/2) as c increases, for e ≤ 0.5 (Fig. 5.9).

5.4.2 Velocity correlations

Two major approximations imposed in the kinetic theory discussed

in Section 5.3 are the mean field approximation and the truncation of the
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hierarchy by introducing the molecular chaos assumption. In this Section, we

examine the validity of each of the above approximations for this system by

quantitatively investigating the parallel velocity correlations, in long-range and

short-range respectively. It is known that a system of granular media exhibits

strong spatial correlations [118, 145, 159, 165], such as velocity correlations,

but there is still the lack of a quantitative study of a 3d system. We suggest

that the deviation of aMD
2 from aHS

2 originates from the failure of the above

approximations.

We define the parallel velocity correlation function as

< c1,||c2,|| >=
1

N

∫

< c(r+ r′) · r̂ρ(r+ r′)c(r′) · r̂ρ(r′) > dr′, (5.22)

where r̂ = r/|r|, and ρ(r) is the local particle density,

ρ(r) =
N
∑

i=1

δ(r− ri). (5.23)

We approximately evaluate this quantity using the following formula,

< c1,||c2,|| >=
∑ c1,||c2,||

Nr

, (5.24)

where the parallel direction is along the line of centers of the particle pair

under consideration, Nr is the number of particles in a shell of thickness δr

and inner radius r, and the summation is done over Nr. We use δr = 0.1053σ.

104



10
0

10
1

10
−3

10
−2

10
−1

<
c 1,

||c 2,
||>

r/σ

e = 0.1
e = 0.3

e = 0.5

e = 0.7

e = 0.9

r−1.2

r−1.3

Figure 5.10: The parallel velocity correlations for various coefficients of resti-
tution. The volume fraction is 5νo. Dashed lines are the curves following the
power law, which are included for comparison. The curves deviate from the
power law for r/σ > 20, because of the finite system size effect. Error bars are
not shown for clarity.

5.4.2.1 Long-range correlations

The parallel velocity correlations are obtained by averaging over 50

statistically uncorrelated data sets. We calculate those for various coefficients

of restitution as a function of dimensionless distance r/σ (Fig. 5.10), and for

various densities (Fig. 5.11). The data are shown only for r/σ < 30, because

they are subject to the finite system size effect for larger r/σ. The parallel

velocity correlations in our simulation are consistent with slow algebraic decay

over a decade, ∼ r−(1+δ), where 0.2 < δ < 0.3. This behavior is close to the
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Figure 5.11: The parallel velocity correlations for various densities. The coef-
ficient of restitution is 0.1. They have the same tendency for other coefficients
of restitution (not shown here).

theoretical prediction of van Noije et al. [159], who predicted the r−1 power

law from the mode coupling theory. The correlations in our simulation get

stronger for more inelastic or more dense system, which implies that the mean

field approximation is reliable only for nearly elastic and dilute cases.

5.4.2.2 Short-range correlations

In this section, we investigate the velocity correlations at contact be-

fore the collision, to examine the validity of the molecular chaos assumption.

A non-zero value of these correlations is the signature of the failure of the
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Figure 5.12: The short-range pre-collisional parallel velocity correlations for
various coefficients of restitution. The volume fraction is 5νo.

molecular chaos assumption; the velocities are more “parallelized” after the

collision, since only the normal component of relative velocity of colliding par-

ticles are reduced at the collision, which means that if the velocities are already

parallelized before the collision, it would indicate that the colliding pair have

‘memory’ on the collisions in the past, and they are correlated. We find that

for high inelasticity and density, the pre-collisional parallel velocity correlation

value reaches up to ∼ 15% of the temperature. Even for dilute or nearly elastic

cases, these are not negligibly small.

We calculate the velocity correlations of pre- and post-collisional states

by evaluating Eq. (5.24) for approaching (r12 ·c12 < 0) and separating particles
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Figure 5.13: The short-range post-collisional parallel velocity correlations for
various coefficients of restitution. The volume fraction is 5νo.

(r12 ·c12 > 0) respectively, where x12 = x1−x2 for x = r or c. We calculate the

pre-collisional state of short-range (1 < r/σ < 2) parallel velocity correlations

(Fig. 5.12), and their post-collisional state (Fig. 5.13), for various coefficients

of restitution. The values of the pre-collisional correlations are not negligible

compared to the temperature of the system. Post-collisional correlations are

more than twice as large as pre-collisional correlations.

The maximum values of the velocity correlations in Fig. 5.12 and in

Fig. 5.13 are not the values at the contact, r = σ, because of the finite size of

the bins in the measurements; instead, those are values at r/σ = 1.053. The

values at r = σ are estimated by extrapolating the data in the interval 1 <
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Figure 5.14: The pre- and post-collisional parallel velocity correlations at
r/σ = 1.053 (solid lines) and estimated values at contact, r/σ = 1 (dashed
lines), as a function of the coefficient of restitution. The volume fraction is
5νo. The values at contact are obtained by extrapolating the data in Fig. 5.12
and Fig. 5.13, using fifth order polynomials. These are extrapolated values
from the average values, and the error bars are not systematically determined.
The error may be of the same order as the values at r/σ = 1.053 in Fig. 5.12
and Fig. 5.13.
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Figure 5.15: The pre- and post-collisional parallel velocity correlations at
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lines), as a function of the density. The coefficient of restitution is 0.1.
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r/σ < 2 using the least square fit with fifth-order polynomials. We estimate

the velocity correlations at contact, r = σ, as a function of the coefficient of

restitution (Fig. 5.14), and as a function of the density (Fig. 5.15). Since the

velocity correlation varies rapidly as r/σ decreases to 1, these estimations may

be regarded only as approximate lower bounds. The velocity correlations at

contact in this system show almost linear behavior both in density and the

coefficient of restitution.

5.5 Discussion

We have investigated the velocity distributions and parallel velocity

correlations of 3d homogeneously heated granular media for various densities

and inelasticities, using an inelastic hard sphere MD simulation. The devia-

tions from the MB distribution in our simulations qualitatively agree with the

results of the mean field-type inelastic hard sphere kinetic theory [157], but

we found that there is systematic quantitative difference.

We observed the high energy tails are consistent with ∼ exp(−A′c3/2)

for e ≤ 0.5, but not for others. Since the elastic case (e = 1.0) has no crossover

from ∼ exp(−Ac2) to ∼ exp(−A′c3/2), we expect that this crossover behavior

may occur at higher velocities as e approaches to 1.0, if it occurs. However, we

were not able to check whether the crossover occurs for e > 0.5 or never occurs,

because our system is finite. It is interesting to note that the same behavior

was experimentally observed in a system with different forcing mechanism [90].

We found that the steady state velocity distributions in the simulation
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depend on the density as well as the coefficient of restitution, while they depend

only on the latter in the theory. The discrepancy between our simulation

results and the theoretical predictions increases as the system becomes more

inelastic or more dense, and the quantitative disagreement reaches up to ∼

40%. This behavior is consistent with the results of van Noije et al. [159] 3, who

found that the collision frequency measured in a 2d MD simulation deviates

more from the predictions of the inelastic Enskog-Boltzmann equation as the

system becomes more inelastic. We suggest that the disagreement originates

from the failure of two major approximations in the theory, the mean field

approximation and the molecular chaos assumption. To examine the accuracy

and the limitation of these approximations, we quantitatively investigated the

parallel velocity correlations of this system.

We found that the long-range parallel velocity correlations are consis-

tent with a slow algebraic decay, ∼ r−(1+δ), where 0.2 < δ < 0.3. This result

is close to the theoretical predictions of van Noije et al. [159], who renormal-

ized various quantities such as the collision frequency using the mode coupling

theory and predicted r−1 power law for velocity correlations in the system we

studied. Because of these strong correlations, the mean field approximation is

not a good one unless the system is nearly elastic or very dilute.

We also found that the velocity correlations at contact before the col-

lision are not negligible. We measured the short-range velocity correlations of

3private communication with Trizac

112



pre- and post-collisional states separately to examine the validity of the molec-

ular chaos assumption. The pre-collisional correlations at contact are about a

half of the post-collisional correlations. The correlations at contact are almost

linearly proportional to both the density and the coefficient of restitution,

which is consistent with the recent results of Soto et al. [142], who studied the

velocity correlations of a 2d homogeneously cooling granular media in nearly

elastic regime.

We also examined the convergence of the Sonine polynomial expan-

sion technique used in the inelastic kinetic theory, and found that the series

converges more slowly as the system becomes more inelastic.

Finally, we compared the steady state velocity distributions in the sim-

ulations with the theoretical predictions of Carrillo et al. [27], who studied the

current system using the pseudo-Maxwell molecule model. We found that the

velocity distribution function predicted by this model differ qualitatively from

those predicted by the inelastic hard sphere model.

5.6 Appendix

5.6.1 Derivation of Eq. (5.17)

The deviation from the MB distribution, g(c), is defined as in Eq. (5.16),

f s(MD)(c) = fMB(c)[1 + g(c)]. (5.25)

In the simulation, the number of particles in each bin is measured;
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∫ co+∆c

co

f s(MD)(c)dc =

∫ co+∆c

co

4√
π
e−c

2

c2[1 + g(c)]dc, (5.26)

where the bin size ∆c is assumed to be very small. It is possible to numerically

solve for g(c) from Eq. (5.26), however, we get an approximate expression for

g(c) by assuming g(c) is smooth in the scale of ∆c;

∫ co+∆c

co

e−c
2

c2g(c)dc ≈ g(co +
∆c

2
)

∫ co+∆c

co

e−c
2

c2dc. (5.27)

Eq. (5.26) can be read

g(co +
∆c

2
) ≈

∫ co+∆c

co
f s(MD)(c)dc

∫ co+∆c

co
4√
π
e−c2c2dc

− 1. (5.28)

5.6.2 Derivation of Eq. (5.20)

Starting from the definition of Sonine polynomials,

S
(n)
1/2(x) =

n
∑

p=0

(1
2
+ n)!

(1
2
+ p)!(n− p)!p! (−x)

p, (5.29)

it can be shown that

c2k =
k

∑

p=0

(−1)k+p(1
2
+ k)!k!

(1
2
+ k − p)!p! S

(k−p)
1/2 (c2). (5.30)

We assume the following Sonine polynomial expansion of the distribution func-

tion,
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f s(MD)(c) = fMB(c)[1 +
∞
∑

p=2

aMD
p S

(p)
1/2(c

2)]. (5.31)

Using Eq. (5.30) and Eq. (5.31), 2kth moment reads

< c2k >=
(2k + 1)!!

2k
[1 +

k−2
∑

p=0

(−1)k+p
(

k

p

)

aMD
k−p ], (5.32)

or

aMD
k =

(−1)k2k
(2k + 1)!!

< c2k > +(−1)k+1 +
k−2
∑

p=1

(−1)p+1
(

k

p

)

aMD
k−p , (5.33)

where k > 2.
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Chapter 6

Velocity distributions of an oscillated granular

gas

Abstract 1

We use a three-dimensional molecular dynamics simulation to study

the single particle distribution function of a dilute granular gas driven by a

vertically oscillating plate at high accelerations (15g − 90g). We find that

the density and the temperature fields are essentially time-invariant above

some height. This region contains typically 20% of the grains, and these

grains collide on average less than once per oscillation cycle; it forms the

granular analog of a Knudsen gas. In the steady state region, the distribution

function of horizontal velocities (scaled by the local horizontal temperature) is

found to be nearly independent of height, even though the hydrodynamic fields

are not. The distribution functions are described by a stretched exponential

∼ exp(−Bcαx) in the high energy tails, where α depends on the coefficient of

restitution e (1.2 < α < 1.6), but it does not vary for a wide range of the

friction parameter. We also study the distribution function of a frictionless

hard sphere model. A similar functional form is obtained in the steady state,

1This chapter is a reproduction of Ref. [114], except for Sec. 6.3.1.
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when e is properly adjusted; however, there is no single value of e that mimics

the frictional hard spheres over a range of heights.

6.1 Introduction

A dilute gas in thermal equilibrium is sufficiently characterized by the

pressure and temperature and is described by a simple relation, the equation

of state. However, when a gas is far from equilibrium, there is no general,

finite set of variables specifying the state. The single particle distribution

function f(r,v, t) is often sufficient to characterize the statistical properties

of a dilute nonequilibrium gas, when correlations are negligible. Starting from

this function, other observable quantities, such as moments of the distribution

and transport coefficients, can be evaluated. Dilute granular materials subject

to an external forcing exhibit gaseous behaviors that share many analogies

with a molecular gas, and are often called granular gases. Such a granular

gas is always far from equilibrium due to the dissipative collisions, and the

deviation of f(r,v, t) from the Maxwell-Boltzmann (MB) distribution and its

functional form has been of great interest in recent years [85, 90, 117, 133, 161].

Vertical oscillation is one of the most extensively studied boundary

forcing methods for fluidizing granular materials. Such vibro-fluidized gran-

ular layers exhibit various behaviors including convection [68], spontaneous

size-segregation [68], subharmonic standing wave pattern formation [105], and

shock wave propagation [18]. The velocity distributions of vertically oscillated

layers were first measured by Warr et al. [161], who studied the distribution
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functions of grains confined between two transparent plates. They concluded

that the distribution was consistent with the MB distribution function. Re-

cently, the same system has been studied by Rouyer et al. [133], who found a

universal distribution function of the form A exp(−B|v|1.5) for the entire range

of velocities studied, where A was the normalization constant and B was a pa-

rameter. The authors reported that this functional form fit the measured

distribution function for a wide range of oscillation parameters for various ma-

terials; thus the granular temperature, the second moment of the distribution,

was the only parameter of the distribution function.

There have been numerical studies of f(r,v, t) of two-dimensional vi-

brated inelastic hard disks, subject to a saw-tooth type oscillation, in the

presence of gravity [22] and without gravity [10]. Such forcing is often used in

theoretical studies as a simplification of a sinusoidal oscillation, assuming that

the asymptotic behavior of the hydrodynamic fields far from the plate are the

same; however, it is not known a priori how far from the oscillating plate one

should be in order for this assumption to be valid.

In this paper, we perform a simulation that is as close as possible to

experiments on vertically oscillated granular materials. We use a previously

validated three-dimensional molecular dynamics (MD) simulation [15], which

implements a realistic collision model of Walton [160]. To focus on the distri-

butions due to the intrinsic dynamics of the granular gas, we do not impose

sidewalls or include air. We also study how the distribution changes with the

friction. Friction is often assumed to be a secondary effect compared to the
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inelasticity; in most theoretical or numerical studies, granular materials are

modeled as frictionless inelastic hard spheres. However, it is obvious that no

granular materials are frictionless, in the same way that none of them is elas-

tic. We check if the role of friction can be incorporated into the inelasticity

by adjusting the value of the normal coefficient of restitution.

The rest of the paper is organized as follows. In Section 6.2.1, the

system under consideration and the data analysis method are presented. In

Section 6.2.2, the collision model is described. Results are presented in Sec-

tion 6.3, and the paper is concluded in Section 6.4.

We focus only on the steady state region in this paper. The region near

the oscillating plate, where the hydrodynamic fields are oscillatory due to a

shock wave and an expansion wave, will be discussed in a separate paper [109].

6.2 Method

6.2.1 System and data analysis

We use both a frictional and frictionless, inelastic hard sphere MD

simulation of 133,328 monodisperse spheres of unit mass and of diameter σ =

165 µm in a square container of 200σ each side, subject to a vertical sinusoidal

oscillation with an amplitude A and a frequency f . We choose the same

particle size as in Ref. [15], as the patterns were quantitatively reproduced

for a wide range of oscillation parameters with this particle size; however, for

the particle size range where the collision model is valid, all the length scales

can be normalized by the particle diameter. Periodic boundary conditions are
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imposed in both horizontal directions to avoid complications due to sidewalls.

The top of the container is fixed at 300σ, and we check that no grains reach

to the top in this study. We also check that no systematic mean flow, such as

convection, develops for any parameters we use in our study. The depth of the

layer, when the grains form a uniform pile, is approximately 3σ. We assume

the bottom plate of the container is made of the same material as grains; we

use the same material coefficients for the inelasticity and the friction as grains.

We vary the oscillation parameters in the range of 3σ < A < 10σ

and 40 Hz < f < 170 Hz, which approximately corresponds to 0.35 m/s <

Vmax (= 2πfA) < 0.75 m/s and 15g < amax (= A(2πf)2) < 90g, where g is

the acceleration due to gravity. To analyze local hydrodynamic fields and the

distribution functions, we divide the system into horizontal slabs of height σ,

as the granular gas is symmetric in horizontal directions in the absence of any

mean flow. We use the volume fraction ν for the density, which is the ratio

of the volume occupied by grains to the volume of each horizontal slab. We

consider the following three granular temperatures separately:

Tx =
1

2

〈

(vx − 〈vx〉)2 + (vy − 〈vy〉)2
〉

, (6.1)

Tz =
〈

(vz − 〈vz〉)2
〉

, (6.2)

T =
1

3

〈

|v − 〈v〉 |2
〉

(6.3)

=
1

3
(2Tx + Tz) , (6.4)

where x and y are horizontal directions, z is the vertical direction, v is a
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velocity vector for each grain, and the ensemble average 〈 〉 is taken over the

particles in the same bin at the same phase angle during 40 cycles, after initial

transients have decayed. We define the scaled horizontal velocity to be

cx = (vx − 〈vx〉)/
√

2Tx. (6.5)

6.2.2 Collision model

We implement the collision model that was originally proposed by Maw

et al. [100], simplified by Walton [160], and then experimentally established by

Foerster et al. [48]. This model updates the velocity after a collision according

to the following three parameters:

1. The normal coefficient of restitution e (∈ [0, 1]).

2. The coefficient of friction µ, which relates the tangential force to the

normal force at collision using Coulomb’s law, and then determines the

tangential coefficient of restitution β (∈ [−1, 1]).

3. The maximum tangential coefficient of restitution β0, which represents

the tangential restitution of the surface velocity when the contact is

broken.

At collision, it is convenient to decompose the relative colliding ve-

locities into the components normal (vn) and tangential (vt) to the relative

displacement vector r̂12 ≡ (r1−r2)/|r1−r2|, where r1 and r2 are displacement
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vectors of grains 1 and 2, and the equivalent notation is used for v:

vn = (v12 · r̂12)r̂12 ≡ vnr̂12, (6.6)

vt = r̂12 × (v̂12 × r̂12) = v12 − vn. (6.7)

The relative surface velocity at collision, vs, for monodisperse spheres of di-

ameter σ is

vs = vt +
σ

2
r̂12 × (w1 +w2) ≡ vsv̂s, (6.8)

where w1 and w2 are the angular velocities of grains 1 and 2, respectively.

For monodisperse spheres of unit mass and diameter σ, the linear and

angular momenta conservations and the definitions of the normal coefficient of

restitution e ≡ −v∗n/vn and the tangential coefficient of restitution β ≡ −v∗s/vs
(postcollisional velocities are indicated by a superscript ∗, and precollisional

values have no superscript) give the changes in the velocities at the instanta-

neous collision as follows:

∆v1n = −∆v2n =
1

2
(1 + e)vn, (6.9)

∆v1t = −∆v2t =
K (1 + β)

2 (K + 1)
vs, (6.10)

∆w1 = −∆w2 =
(1 + β)

σ (K + 1)
r̂12 × vs, (6.11)

where K = 4I/σ2 is a geometrical factor relating the momentum transfer from

the translational degrees of freedom to rotational degrees of freedom, and I

is the moment of inertia about the center of the grain. For a uniform density

sphere, K is 2/5.
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We use a velocity-dependent normal coefficient of restitution as used in

Ref. [15]:

e = max

[

e0, 1− (1− e0)
(

vn√
gσ

)3/4
]

, (6.12)

where e0 is a positive constant less than unity. Since we impose high forc-

ing (
√
gσ = 0.04 m/s, whereas Vmax is larger than 0.35 m/s), the collision

probability for relative colliding velocities vn less than
√
gσ is very small, and

using a velocity-independent e does not lead any difference, compared to using

e = e0; this was also the case in Ref. [18]. However, the velocity dependence is

necessary to avoid an artifact of the hard sphere model, the so-called inelastic

collapse. We use the symbol e for e0 hereafter.

In collisions of real granular materials, not only is the relative surface

velocity reduced, but also the stored tangential strain energy in the contact re-

gion can often reverse the direction of the relative surface velocity. To account

for this effect, the tangential coefficient of restitution β could be positive, lead-

ing to the range of β as [−1, 1]. Furthermore, there are two kinds of frictional

interaction at collisions, sliding and rolling friction. The following formula for

β accounts for the above two essential behaviors of the friction:

β = min

[

β0,−1 + µ (1 + e)

(

1 +
1

K

)

vn
vs

]

, (6.13)

where β0 is the maximum tangential coefficient of restitution. For sliding fric-

tion, the tangential impulse is assumed to be the normal impulse multiplied

by µ; it obeys Coulomb’s friction law. When β is identically negative unity

(β0 = −1 and µ = 0, or simply µ = 0), this model reduces to the frictionless
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interaction. For the special case vs = 0, the collision is treated as frictionless.

This friction model is still a simplification of the real frictional interaction,

as there is no clear-cut distinction between the two types of frictions for real

grains. Even a transfer of energy from the rotational to translational degrees

of freedom, which results in e larger than unity, has been observed [91]. How-

ever, the collision model used in this paper is accurate enough to reproduce

many phenomena, including the standing wave pattern formation in vertically

oscillated granular layers, provided that the parameters are properly chosen.

In Ref. [15], e = 0.7, β0 = 0.35, and µ = 0.5 were used.

6.3 Results

6.3.1 Microscopic dynamics

Since the bottom plate oscillates in the vertical direction, the kinetic

energy is injected from the plate only through the vertical velocities of grains;

when the plate moves up, vertical velocities of colliding grains jump from neg-

ative (downward) to positive (upward) values (Fig. 6.1 (a)), and it leads to

a bimodal distribution of vz (it consists of upflow and downflow) and a large

value of Tz; note that this process results in kinks both in vertical and horizon-

tal velocity distributions in insets of Fig. 6.1, which is a signature of a shock

wave. The kinetic energy of the energetic grains is relaxed through collisions,

and some of the kinetic energy is converted into the horizontal direction, as

Figs. 6.1 (b) and (f) illustrate. Note that the vertical velocity distribution is

asymmetric, but the horizontal counterpart is symmetric.
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Figure 6.1: The volume fraction ν as a function of vz ((a)-(d)) and of
vx ((e)-(h)) for different heights at different times ft during a cycle at
amax = 60g and Vmax = 0.55 m/s (ft = 0 when the plate is at equilib-
rium position, moving upward). Insets show the contours corresponding to
ν = (0.03, 0.3, 0.6, 0.9, 1.2, 1.5, 1.8) × 10−3 from outside, and horizontal gray
lines are the bottom plate. When a granular gas collides with the plate, the
vertical velocity distribution becomes bimodal (an upward flow appears), and
then decays through collisions as it propagates up. See Sec. 6.3.1 for details.
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Figure 6.2: The volume fraction ν (thick solid line) and the granular tem-
perature T (thick dashed line) at different times during a cycle, where
e = 0.9, β0 = 0.35, µ = 0.5, Vmax = 0.55 m/s (amax = 60g, A = 3σ, and
f = 169 Hz), and ft is set to zero when the plate is at the equilibrium posi-
tion moving upward. Above some height (z/σ ∼ 35), the hydrodynamic fields
do not vary much in time. The horizontal temperature Tx (thin dashed line)
is always smaller than the vertical temperature Tz (thin dot-dashed line).
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6.3.2 Hydrodynamic fields and steady state

Due to the oscillatory boundary forcing, the hydrodynamic fields such

as the volume fraction ν and the granular temperatures (T, Tx, and Tz) depend

on height z and time t (Fig. 6.2). Since the energy is injected only into the

vertical velocities by the bottom plate, the granular temperature is anisotropic

even far from the plate, as Fig. 6.2 illustrates; the vertical temperature Tz

is larger than its horizontal counterpart Tx everywhere, and the former is

significantly larger near the bottom plate, where the hydrodynamic fields are

oscillatory. The temperatures seem to linearly increase with height in Fig. 6.2,

but they do not increase indefinitely. In the large height limit, where the

granular gas is collisionless, Tx becomes constant (note that the slope of Tx

in Fig. 6.2 slowly decreases with height), and Tz decreases to zero; however,

such a limiting behavior happens for z/σ > 200, where there are fewer than

10 particles in each slab, and the temperatures exhibit strong fluctuations.

We characterize the oscillation parameters by the maximum velocity of the

container Vmax in the following, as we observe for the parameters in our study

that the hydrodynamic fields in the steady state are nearly the same as long

as Vmax is the same.

At every collision with the bottom plate, a strong normal shock forms

and propagates upward [18]. We study the regime where the density is much

more dilute and the forcing is much stronger than the case in Ref. [18]. In

this case, the granular temperature never drops to zero (which was the case in

Ref. [18]), even after the shock passes through. As a result, when the bottom

127



0 40 80 120 160
0

0.05

z/σ

ν 

T 

Figure 6.3: This superposition of the volume fraction and temperature fields at
five different times in a cycle (see Fig. 6.2) illustrates that the fields are nearly
time-independent above z/σ ∼ 35, which we call the steady state region.

plate is moving away from the granular gas, an expansion wave propagates

downward (see the lower region of the temperature for ft > 0.4 in Fig. 6.2).

Furthermore, the shock wave decays and becomes undetectable above some fi-

nite height (z/σ ∼ 35), rather than propagating up through the entire granular

gas.

Above this height, the hydrodynamic fields are invariant in time, and

the granular gas forms a nonequilibrium steady state (Fig. 6.3). and this region

contains 19% of the grains. This ratio changes with oscillation parameters little

bit. Note that in the oscillatory region (z/σ < 35), the time dependence of
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Figure 6.4: The number of grain-grain collisions per grain during a cycle Ncoll

(solid line), and time-averaged volume fraction νavg (dot-dashed line, multi-
plied by 100) and time-averaged granular temperature Tavg (dashed line, mul-
tiplied by 100), over sixty different times during a cycle. Ncoll is less than 1
in the steady state region (z/σ > 35). Inset : The same quantities (without
multiplications) on a logarithmic scale.

the density is weaker than that of the temperature. We count the number of

grain-grain collisions per grain during a cycle (Ncoll in Fig. 6.4). It should be

noted that Ncoll is less than unity in the steady state region, which forms a

granular analog of Knudsen gas.

In the following Section, we discuss only the horizontal velocity dis-

tribution functions in the steady state. The horizontal and vertical velocity
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Figure 6.5: Above some height (z/σ ∼ 42, indicated by a vertical dashed line),
the kurtosis γ4 is also nearly time-invariant. The horizontal granular temper-
ature Tx (thin lines) and γ4 (thick lines) of the horizontal velocity distribution
function are shown at five different times during a cycle (cf. Fig. 6.2).

distributions in the oscillatory state (inside and behind the shock and expan-

sion waves) will be discussed in Ref. [109].

6.3.3 Height-independence of the distribution

The distribution of scaled horizontal velocities is symmetric due to

the symmetry of the system. We calculate the skewness of the distribution,

γ3 = M3/M
3/2
2 , where Mn is the nth moment of the distribution
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Mn =

∫

cnxf(cx)dcx, (6.14)

and check that |γ3| is less than 0.01 for all the distributions we study. We

define the kurtosis as γ4 = M4/M
2
2 − 3 (= 0 for the MB distribution) and

measure it during a cycle, to examine the time-invariance of the measured

distribution; we find that γ4 also does not change in time above some height

(Fig. 6.5), which is a little higher (z/σ ∼ 42) than the heights where ν and Tx

(involving lower moments than γ4) become time-independent. Furthermore, in

the steady state region, γ4 is nearly independent of the height, even though the

density decreases and temperature increases monotonically. The kurtosis in

Fig. 6.5 decreases with the height slightly, due to an artifact of the numerical

integration of Eq. (6.14); since the numerical integration is done over the range

of cx only for which we have data points, the error of the numerical integration

increases with the height, as the density decreases nearly exponentially and

the integration range decreases with height (Fig. 6.6). We see in the inset

of Fig. 6.6 that the distribution does not change in the steady state region.

The kurtosis in the steady state does not vary much for a wide range of the

oscillation parameters; in the range of 0.35 m/s < Vmax < 0.75 m/s, γ4 changes

less than 10%, when the material coefficients remain the same.

6.3.4 Velocity distributions

We first examine the dependence of the distribution on e; we measure

γ4 for three different values of e, while β0 and µ are kept at 0.35 and 0.5,
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Figure 6.6: The apparent slow decrease of γ4 in the steady state region in
Fig. 6.5 is due to the decreasing numerical integration range for Eq. (6.14)
with increasing height. When γ4’s are calculated by integrating over cx ∈
[−5, 5] as was in Fig. 6.5 (solid lines, shifted in the vertical direction for better
comparison), their slope in the steady state region is slightly larger than that of
γ4’s integrated over cx ∈ [−4, 4] (dashed lines). Gray horizontal bars are drawn
for guidance of eyes. Inset: The horizontal velocity distribution functions at
four different heights (compared with fMB, the solid line) obtained at ft =
−0.2. There is no noticeable difference among the distributions in the steady
state region, 40 < z/σ < 80.
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Figure 6.7: Kurtosis for three values of e, as a function of height at ft = −0.2,
where µ and β0 are kept at 0.5 and 0.35. Different forcings are applied for each
case to achieve similar profiles of the hydrodynamic fields: Vmax (amax) = 0.4
m/s (43g), 0.55 m/s (60g), and 0.66 m/s (72g) for e = 0.95, e = 0.9, and
e = 0.85, respectively.

respectively. We find that γ4 significantly decreases with e in the oscillatory

state, however, it decreases only slightly in the steady state region (Fig. 6.7).

Now we compare our results with the MB distribution of variance 1/
√
2,

fMB(cx) =
1√
π
exp(−c2x). (6.15)

The distributions in Fig. 6.7 have two crossovers with fMB, being overpopu-

lated in the high energy tails, and underpopulated at small velocities (Fig. 6.8),
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compared to fMB. The differences of the distributions for different e’s are small

both on linear and logarithmic scales (Fig. 6.8), but on a log scale plot the

tails of the distributions exhibit stretched exponentials with different expo-

nents. We investigate the functional form of the distributions by fitting them

(after the normalization by the value at cx = 0) with a stretched exponential

function exp(−cαx) (Fig. 6.9). We find that the exponent α changes from 1.9

(indicated by dashed lines) to some smaller value (solid lines), depending on

e, as the velocity increases. We have not simulated lower values of e to avoid

issues like cluster formation.

We now fix e and β0 at 0.9 and 0.35, respectively, and change the value

of µ. The profile of γ4 in the oscillatory region changes significantly with µ,

however, it is nearly unchanged in the steady state region (Fig. 6.10). The

velocity distributions in this region for three different values of µ in Fig. 6.10

are also hardly distinguishable. We observe that the distribution function

seems to depend also on the density, as in Refs. [10, 22, 112]; however, we do

not investigate this dependency systematically.

6.3.5 Frictionless inelastic hard sphere model

In many theoretical and numerical studies, granular materials are often

modeled simply by smooth (frictionless) inelastic hard spheres, assuming that

the friction is a secondary effect that can be neglected in the first order ap-

proximation, or that both the inelasticity and the friction can be incorporated

together into the so-called effective coefficient of restitution. In this Section,
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Figure 6.8: The distribution functions of scaled horizontal velocities f(cx)
for the cases in Fig. 6.7, averaged over z/σ ∈ [30, 45] for e = 0.95, [40, 55]
for e = 0.9, and [45, 60] for e = 0.85, in linear (top panel) and logarithmic
(bottom panel) scales. Although the kurtosis slightly decreases with e, the
difference between the distributions is hardly distinguishable in either scale.
The solid line is the MB distribution.
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Figure 6.9: Double logarithm of the distributions of scaled horizontal velocity
functions for the cases in Fig. 6.7 as a function of the logarithm of cx. The
slope corresponds to the negative exponent, −α, of a stretched exponential
function exp(−cαx). α is the same for small velocities for three different e’s,
however, it depends on e for high energy tails. Dashed lines correspond to α
= 1.9, and each solid line (from the top) corresponds to α = 1.2, 1.4, and 1.6,
respectively (indicated by the numbers).
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Figure 6.10: Kurtosis of the distributions of scaled horizontal velocities as a
function of height at ft = −0.2, for three values of µ (β0 and e are kept at 0.35
and 0.9, respectively). In the oscillatory region, γ4 increases with µ; however,
γ4 is nearly the same within the uncertainty in the steady state region. The
same forcing is applied to the three cases: Vmax = 0.55 m/s.
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Figure 6.11: Kurtosis of the distributions of scaled horizontal velocities of
frictionless spheres, as a function of height for three values of e obtained at
ft = −0.2. The gas expands much more than frictional hard spheres, and the
steady state occurs at much greater height, at z/σ ∼ 100. Different forcings
(the same as in Fig. 6.7) are applied for each case: Vmax (amax) = 0.4 m/s
(43g), 0.55 m/s (60g), and 0.66 m/s (72g) for e = 0.95, e = 0.9, and e = 0.85,
respectively.

we discuss how the velocity distribution changes when the friction is removed

from the model.

The rotational kinetic energy is usually two orders of magnitude less

than its translational counterpart for the oscillation parameters in the cases for

this paper, which implies that the frictional dissipation is negligible compared

to the inelastic counterpart in a single collision. However, in the presence of the

friction, the expansion of the gas is reduced significantly at the same forcing
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Figure 6.12: Double logarithm of the rescaled horizontal velocity distribution
functions (normalized by its value at zero) for the cases in Fig. 6.11 as a
function of the logarithm of cx. Dashed lines correspond to α = 2.0, and each
solid line (from the top) corresponds to α = 1.65, 1.85, and 1.9, respectively.

because the friction reduces the mobility of the grains and increases the col-

lision frequency. The mean height of frictional inelastic hard spheres exhibits

a different scaling behavior with the plate velocity from that of frictionless

spheres. Only the frictional sphere model accounts for the experimental ob-

servations [94].

We remove the friction from the three cases in Fig. 6.7, and calculate γ4

(Fig. 6.11). In the absence of friction, the layer expands much more, and the

steady state occurs at greater height, z/σ > 100. In both the oscillatory and
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the steady state regions, γ4 values are smaller than those of frictional spheres

(see Figs. 6.7, 6.10, and 6.11), and the distribution deviates from fMB only

slightly. The kurtosis decreases with increasing e, and the difference between

the distributions for the three e’s are small. These distributions have four

crossovers with fMB; they are overpopulated at very small and high velocities

and underpopulated in between, compared to fMB. We fit them (after the

normalization by its value at cx = 0) with a stretched exponential function,

and find that α is 2.0 for smaller velocities, and that α for the high energy

tails depends on e (Fig. 6.12), as in frictional hard spheres.

We now consider if the idea of the effective coefficient of restitution

works for the current system. Since the functional form of the distribution

depends on e, we can get a similar distribution function for the steady state,

by adjusting e. For instance, for µ = 0, when we use e = 0.7 and Vmax = 0.55

m/s (the same forcing as in Fig. 6.7), we get γ4 ∼ 0.5 for the steady state region

(comparable to the cases in Fig. 6.7), and the distribution in the steady state

is similar to the one in Fig. 6.7 for e = 0.9 and µ = 0.5. However, we are not

able to find a single value of e that mimics the hydrodynamic fields as well as

the distribution function of frictional hard spheres, both in the oscillatory and

steady state regions (Fig. 6.13). We do not rescale the velocity or normalize

the distribution functions in Fig. 6.13 to show the difference between the two

models more clearly. In both models, the outermost contour lines look similar

when e in the frictionless model is adjusted as a free parameter (compare

Figs. 6.13 (a) and (c), or (b) and (d)); however, the overall shape of the density
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Figure 6.13: The volume fraction ν (gray scale and contour lines) at ft = 0.25
as a function of height and vz ((a) and (c)), and of height and vx ((b)
and (d)), obtained from simulations of frictional hard spheres ((a) and (b);
e = 0.9, µ = 0.5), and of frictionless hard spheres ((c) and (d); e = 0.7, µ = 0)
at Vmax = 0.55 m/s; e is adjusted in the frictionless case to obtain similar
velocity distribution functions in the steady state region. The density pro-
file of the frictionless spheres is qualitatively different from that of frictional
spheres, even if overall dissipation is comparable. Contour lines correspond to
(0.03,0.3,0.6,0.9,1.2,1.5)×10−3 from outside. Note that in the frictionless case,
the layer spreads more in height, and there is no region of ν > 1.2× 10−3.
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distribution over a range of height and velocities (gray scale in Fig. 6.13) cannot

be matched simply by adjusting e. Note that ν > 1.5× 10−3 at z/σ ∼ 10 near

vz ∼ vx ∼ 0 in the frictional model, whereas in the frictionless model, the gas

spreads more smoothly in height, and there is no region for ν > 1.2× 10−3.

6.4 Conclusions

We have studied the single particle distribution function of the hori-

zontal velocities of vertically oscillated dilute granular gas, using a molecular

dynamics simulation of frictional, inelastic hard spheres. The hydrodynamic

fields are oscillatory in time near the oscillating bottom plate due to a shock

wave and an expansion wave. However, the fields are nearly stationary above

some height, thus constituting a granular gas in a nonequilibrium steady state.

The steady state region forms a granular analog of a Knudsen gas, since in

this region each grain has less than one collision per cycle (Fig. 6.4). In the

steady state region, the kurtosis of the horizontal velocity distribution function

is nearly independent of height, even though the hydrodynamic fields change

with height. When the horizontal velocity is scaled by the horizontal granular

temperature (Eq. (6.5)), the distribution is also nearly independent of height

in the steady state (Fig. 6.6).

The distribution function is broader than the MB distribution, being

underpopulated at small velocities and overpopulated in the high energy tails

(Fig. 6.8). There is no universal functional form for the distribution function

(Fig. 6.9): The functional form depends on the dissipation (e and µ) and the
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oscillation parameter (Vmax). The dependence on µ is very weak in the steady

state region, although it is strong in the oscillatory state region (Fig. 6.10). Our

conclusions regarding the absence of a universal distribution function differ

from that of Ref. [133], because: (1) We studied the local distribution function,

whereas in Ref. [133], the authors obtained the distribution by averaging over

space and time, assuming the variation in space and time was negligible near

the center of the oscillating box. We find that the time dependence of the

density is weak, but that of the temperature is strong in the oscillatory state

region (Figs. 6.2 and 6.3). Note that if distribution is averaged over different

temperatures, even the MB leads to a different resultant distribution function.

(2) Our system is slightly different from that in Ref. [133]; we do not have

either air or sidewalls, and our container is much taller, so that the bottom

plate is the only energy source in our case. How air and sidewalls affect the

dynamics of a granular gas is yet to be clarified.

We also studied the velocity distributions of frictionless inelastic hard

spheres, and examined the possibility of including frictional effects using an

effective normal coefficient of restitution. We found that we can get similar

distribution functions as those with friction in the steady state region by ad-

justing e and Vmax; however, the hydrodynamic fields and the distribution

functions both in the oscillatory and steady state regions could not be repro-

duced simply by adjusting those parameters, and no effective coefficient of

restitution could serve for this purpose. We also found that the distributions

in frictionless hard spheres depended strongly on Vmax, and a steady state
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region is not clearly identifiable in some cases.

Velocities of a granular gas, even in the dilute limit, are strongly corre-

lated, and the correlations depend on the density and the coefficient of restitu-

tion [112]. The dependence of the distribution on the density implies that the

single particle distribution of a dilute granular gas cannot play a role equiv-

alent to that in a dilute ordinary gas; it is not sufficient to specify statistical

properties of the gas. However, the knowledge of the single particle distri-

bution of this complex nonequilibrium gas is still of great importance for the

purpose of the first approximation.
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Chapter 7

Normal shocks: Comparison with a

hydrodynamic model

7.1 Introduction

We study shock formation in vertically oscillated granular layers, us-

ing both MD simulations and numerical solutions of continuum equations to

Navier-Stokes order derived by Jenkins and Richman of frictionless inelas-

tic hard spheres [72]. The principal investigator of this study was Jonathan

Bougie, who did most of this work including numerical integration of contin-

uum equations. Comprehensive results have been published in Ref. [18]. We

briefly discuss the main results here, mostly using MD data.

7.2 Method

7.2.1 System and MD simulation

We consider 3,937 particles in a 3d rectangular box of 20σ in each

horizontal direction, and the boundary condition is periodic for sidewalls. The

number of particles is chosen to match the total volume of the layer with that

in the continuum simulations; it corresponds to approximately 10 particle deep

layer. The particles are constrained between the bottom plate which oscillates

sinusoidally between height z = 0 and z = 2A, and a ceiling which is fixed at
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z = 200σ (practically no grains reach the ceiling). The container has the same

e as the particles (eg0 = ew0 = 0.9), and the mass of the container is assumed

to be infinitely large compared to that of the granular layer.

As in the continuum model, the dissipation is assumed to be charac-

terized by a single parameter, the normal coefficient of restitution e: We use

the simplest model for granular materials, where the surface friction between

grains as well as between the plate and a grains is neglected. To be consis-

tent with the continuum model, we use a velocity-independent coefficient of

restitution in this study. In other Chapters (except for Chap. 5), the nor-

mal coefficient of restitution depends on vn, the normal component of relative

colliding velocity.

Continuum fields are calculated by dividing the container height into

small slabs of thickness σ. The layer is relatively deep and a portion of the

layer crystallizes during part of the cycle; the local volume fraction sometimes

exceeds the random close packed. We divide the space into slabs starting

from the bottom of the layer up (starting from the plate, when the layer is in

contact with the plate). We cannot use a slab thinner than σ, as a thinner

slab captures even the crystal structure which the continuum model cannot

describe. The number density is given by n = 〈N〉 /V , where N is the number

of particles found in a slab and the brackets represent the average over all the

particles found in that slab at the same phase angle of the oscillatory state for

ten cycles of the plate, and V = 400σ3 is the volume of the slab. The velocity

of each particle v is used to calculate the mean velocity u = 〈v〉 and granular
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temperature T = 1
3
〈|v − u|2〉, where our simulations use units such that the

mass of a single particle is unity.

7.2.2 Continuum equations of Jenkins and Richman

The continuum equations of Navier-Stokes order proposed by Jenkins

and Richman [72] were numerically solved by J. Bougie. We describe the equa-

tions briefly in this Section. More details on the equations and the numerical

method can be found in Ref. [18].

These equations were derived for a dense gas of frictionless (smooth), in-

elastic hard spheres by applying Grad’s method of moments [29, 59, 89] to the

inelastic Enskog-Boltzmann equation. This model yields hydrodynamic equa-

tions for momentum, granular temperature, and number density (or equiva-

lently the volume fraction ν = (π/6)nσ3):

∂n

∂t
+∇ · (nu) = 0, (7.1)

n

(

∂

∂t
+ u · ∇

)

u = ∇ ·P− ngẑ, (7.2)

3

2
n

(

∂

∂t
+ u · ∇

)

T = −∇ · q+P : E− γ, (7.3)

where the components of the stress tensor P are given by the constitutive

relation

Pij =

[

−p+ (λ− 2

3
µ)Ekk

]

δij + 2µEij, (7.4)
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and the components of the symmetrized velocity tensor E are given by

Eij =
1

2

(

∂ui
∂xj

+
∂uj
∂ui

)

. (7.5)

The heat flux q is calculated from Fourier’s law 1

q = −κ∇T. (7.6)

To close the equations we use the equation of state and radial distri-

bution function at contact proposed by Goldshtein et al. [57] to include both

dense gas and inelastic effects

p = nT [1 + 2(1 + e)G(ν)] , (7.7)

where

G(ν) = νg0(ν), (7.8)

and the radial distribution function at contact g0 is

g0(ν) =

[

1−
(

ν

νmax

)
4

3
νmax

]−1

, (7.9)

and νmax = 0.65 is the 3d random close-packed volume fraction.

These equations differ from those for a compressible, dense gas of elastic

particles by the energy loss term

γ =
12√
π
(1− e2)nT

3/2

σ
G(ν) (7.10)

1A “modified” Fourier’s law including a gradient of the density term was proposed in
Ref. [143]; it is yet to be validated, and we did not use it in our study.
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which arises from the inelasticity of collisions between particles. The transport

coefficients are the same as that of a compressible, dense gas of elastic hard

spheres: The bulk viscosity is given by

λ =
8

3
√
π
nσT 1/2G(ν), (7.11)

the shear viscosity by

µ =

√
π

6
nσT 1/2

[

5

16

1

G(ν)
+ 1 +

4

5

(

1 +
12

π

)

G(ν)

]

, (7.12)

and the thermal conductivity by

κ =
15
√
π

16
nσT 1/2

[

5

24

1

G(ν)
+ 1 +

6

5

(

1 +
32

9π

)

G(ν)

]

. (7.13)

For this system, n and T vary strongly in both space and time, so the viscosities

and thermal conductivity are far from constant, and must be calculated at each

time-step.

These equations are numerically integrated using a second order fi-

nite difference scheme on a uniform grid in 3d and first order adaptive time-

stepping. As in the MD simulation, periodic boundary conditions in the hor-

izontal directions are used. The granular fluid is contained between two im-

penetrable horizontal plates at the top and bottom of the container. Unlike

the MD simulation, the ceiling is located at a height 80σ above the bottom

plate and oscillates with the plate.

We use impenetrable boundary conditions at the plates: uz = 0 in
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the frame of the plate 2. Boundary conditions for horizontal velocities and

temperature are set to match those found in the MD simulation. For most

of the oscillation, their vertical derivatives at the plates were found to be

negligible in the MD simulation, so for simplicity the boundary conditions used

for the continuum simulation were: ∂ux/∂z = ∂uy/∂z = 0, and ∂T/∂z = 0,

although these derivatives are not identically zero in the MD simulation for

the entire oscillation of the plate.

7.3 Results

7.3.1 Comparison with a hydrodynamic model

Our results for Γ = 3.0 and f ∗ = 0.3, obtained both from the MD sim-

ulation and numerical solution of continuum equations, are shown in Fig. 7.1:

Volume fraction ν and temperature T as functions of height z at four times

ft during cycle; ft is set to zero when the plate is at its minimum height. For

each time, a picture from MD simulation is shown in the left column, with

individual particles color-coded according to temperature: high T in red, low

T in blue, and the bottom plate of the container shaded solid gray. The right

column shows horizontally averaged ν (blue) and T (red) as functions of z (or-

dinate) for the same four times. The plate is shown as a horizontal black solid

line, results from MD simulation are shown as dots, and continuum results

2Due to the inelasticity of the collision, the vertical component of the postcollisional
velocity is always smaller than the precollisional velocity in the frame of the plate, and uz

is not identically zero at the plate; However, this effect is not strong in our case, as we use
nearly elastic hard spheres of e = 0.9.
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Figure 7.1: (Color) See text for details. Continuum data are provided by
courtesy of Jon Bougie. 151



are solid lines. The horizontal axis label is correct for volume fraction, and

temperature is shown in units of gσ/50. At times when a shock is present in

the graph (see Sec. 7.3.2), the shock region is shaded in gray.

At ft = 0, the grains are falling toward the plate. The temperature is

low for most of the material, increasing with height only in the low density

region above the layer (Fig. 7.1). The layer begins to collide with the rising

plate at ft = 0.15 and starts to compress. Vertical velocities of some of

grains are reversed in direction by collisions with the plate, increasing ν and

T drastically near the plate. This results in the formation of a shock region

where ν and T change rapidly from the compressed, high temperature region

near the plate to the dilute, low temperature undisturbed region which is still

falling toward the plate. At ft = 0.22, the layer continues to compress on the

plate, resulting in the propagation of the shock up through the layer; the shock

is fully developed and has propagated through much of the layer, but there is

still a significant number of particles falling toward the plate. The shock has

steepened since ft = 0.15, with ν and T changing from the upstream to the

downstream values within a distance of about 2σ. Collisions cause the layer to

gradually cool behind the shock, creating a lower temperature near the plate.

Later at ft = 0.4, the shock has propagated through the bulk of the layer and

is now in the very dilute region above the layer.

Throughout the formation and propagation of the shock, the shock pro-

file from the continuum model shows good agreement with the profile found

in the MD simulation. There are some systematic discrepancies between the
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two models because of the following reasons: (1) The equations are derived

for nearly elastic, moderately dense frictionless hard sphere. When the shock

forms and propagates up, the volume fraction sometimes exceeds even νmax;

continuum fields vary significantly in time and space, and the system some-

times becomes out of the scope where these equations are derived for. Fur-

thermore, the mean free path varies from sub-grain scale (in solidified region)

to system size scale (in higher dilute region), and the validity of hydrodynamic

model is even in question. Considering this fact, the agreement is remarkable.

Note that there were no fitting parameters in either model. (2) Boundary con-

ditions used in the continuum simulation are not accurate (for instance, uz is

not exactly zero at the plate); boundary condition is still an open problem. (3)

The cell heights are different in two models (200σ in MD, 80σ in continuum

simulation), as the continuum simulation takes too long to simulate the same

system as in MD.

7.3.2 Mach number and characteristics of the shock wave

We have shown in the previous Section that there is a shock-like phe-

nomenon, and we already called it a shock wave. Here we study the shock

wave quantitatively. A standard definition for shock formation is that the

local Mach number Ma of the flow is greater than unity with respect to the

object causing the disturbance. We calculate the speed of sound from MD and

continuum simulations using a relation derived from the continuum equation

of state Eq. (7.7) [134]:
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Figure 7.2: Mach number Ma (dashed line for continuum and triangles for
MD) and rescaled volume fraction 10ν (solid line for continuum and circles for
MD) as functions of height at ft = 0.22. At this time the shock is fully devel-
oped and is propagating up through the layer. Continuum data are provided
by courtesy of Jon Bougie.
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c =

√

Tχ

(

1 +
2

3
χ+

ν

χ

∂χ

∂ν

)

, (7.14)

where χ = 1 + 2(1 + e)G(ν).

As the layer falls toward the plate, it becomes supersonic (Ma > 1) in

the reference frame of the plate. When the layer hits the plate, it is stopped

by the impenetrable boundary, and the Mach number falls to nearly zero

with respect to the plate (Fig. 7.2). The undisturbed region is still falling

toward the plate at supersonic speeds, and the shock is formed at the boundary

between the compressed (low Ma) region and the undisturbed (high Ma)

region. The Mach number in the undisturbed region is largest near the shock,

and gradually drops off to slower flows near the top of the layer. Note that

small differences in the fields calculated from MD and continuum are amplified

in the calculation of Ma due to its complicated relation, leading to larger

differences between the two simulations than seen in the previous figure. In

this case (Γ = 3.0, f ∗ = 0.3), the maximum Mach number reaches nearly 10.

We define the shock region in Fig. 7.1 as the region where Ma increases very

rapidly from unity to the maximum value and the shock location (Fig. 7.3)

as the center of the shock region. Dynamics of the layer during a cycle is

illustrated in Fig. 7.3.

7.3.3 Role of friction

So far we have modeled granular materials as frictionless inelastic hard

spheres, for the sake of a direct comparison with a hydrodynamic model; sur-
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Figure 7.3: Location of the shock (solid line for continuum, triangles for MD)
and the center of mass (dashed line for continuum, circles for MD) as a function
of time ft during a cycle of the bottom plate (thick solid line) for frictionless
grains with e = 0.9 (Γ = 3.0, f ∗ = 0.3). The gray scale indicates the volume
fraction ν from the continuum simulation, increasing from black to white. The
“top” and “bottom” of the layer from MD (when ν drops to less than 4% of
random close packed) are shown as +’s and ×’s, respectively. Continuum data
are provided by courtesy of Jon Bougie.
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face friction has not yet been successfully incorporated in a hydrodynamic

model.

Negligence of friction sometimes leads to significant qualitative changes,

as demonstrated in Chapter 4. The shock wave discussed in this chapter is one-

dimensional phenomenon which involves vertical compression and expansion

of the layer, and the role of friction is not as significant as in the pattern

formation. When the friction is accounted for, the layer is more compact, the

granular temperature is smaller, and the shock wave propagates faster. The

detailed profile of an oscillated granular layer exhibit qualitative differences

without friction (see Fig. 6.1 for microscopic dynamics of grains), however,

the shock wave itself is still there; see Fig. 7.4.

7.4 Conclusions

We have shown that a normal shock forms in the vertically oscillated

granular materials with each collision of the layer with the plate. The shock

wave is the energy transport mechanism from the plate to the layer in this

system. Properties of these shocks are captured in both MD and continuum

model, and the results from the two approaches agree remarkably well, even

with the strong time dependence and large spatial gradients present. It should

be noted that results from continuum simulations agree with MD results even

for ranges where the validity of the continuum equations are in question.

These results indicate that the application of hydrodynamic equations is

promising for predicting granular fluids of 3d, time-dependent systems. A more
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Figure 7.4: (a) Density (ν; the volume fraction) and granular temperature (T ;
in the unit of gσ/50) of layers of frictionless inelastic hard spheres (solid lines)
and of frictional hard spheres (gray dashed lines; µ = 0.5) at different times
during a cycle (Γ = 3.0, f ∗ = 0.3, and e = 0.9). In the presence of friction,
the layer is more compact, and it collides with the plate at later time. (b)
Density and granular temperature of frictional hard spheres are shown, during
the time when a shock is passing through the bulk of the layer. Compared to
the frictionless case, the shock propagates faster, and the temperature peak is
smaller.
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realistic model of granular materials might include surface friction or velocity-

dependent coefficient of restitution, and direct comparison of the continuum

simulation to experiment would provide a more direct test of the validity of

the continuum equations.
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Chapter 8

Multiscale computational method:

Coarse-grained analysis

8.1 Introduction

Molecular dynamics simulation is an accurate description of granular

fluids on the individual grain scale [15, 111, 129]. This model is used not only

to reproduce experimental observations and to probe microscopic dynamics of

a granular fluid, but also to reveal new phenomena (see Chapters 2 and 3); it

plays a role as a theoretical tool itself.

An alternate description at a different level, such as a macroscopic

continuum model, for instance, may shed light onto new physical insights on

granular fluids. A continuum model allows some ‘system-level’ tasks including

stability, continuation, or bifurcation analysis that are not easily done by a

direct use of the MD model. These tasks require running the simulation, wait-

ing for it to reach the oscillatory or steady state, and repeating this process

for different values of parameters. Thus a ‘traditional’ way to perform bi-

furcation analysis involves the derivation of a closed set of equations (usually

partial differential equations (PDEs)) and linearizion of a perturbation around

base states using the equations; the knowledge of the equations precedes the
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analysis.

We have shown that solutions to hydrodynamic equations based on

the mean-field type kinetic theory for frictionless inelastic hard spheres agree

remarkably well with the results of the MD simulation without any fitting pa-

rameters (Chapter 7), even if some of assumptions for the kinetic theory, such

as the molecular chaos assumption and the mean-field approximation do not

hold well (see Chapter 5). The hydrodynamic modeling of granular fluids is

promising; however, friction is also an essential property of granular fluids (see

Chapters 4 and 6), and a successful hydrodynamic model for realistic granular

fluids might include friction and velocity-dependent coefficient of restitution,

which is yet to be developed. It is not even clear how many hydrodynamic

fields should be kept in the continuum equations to account for the frictional

interaction. In any case, it is obvious that the continuum equations for re-

alistic granular fluids would be more complicated than those for frictionless

hard spheres (see Chapter 7), and that when they become available, the com-

putational efficiency of the numerical integration of the equations would be a

practical issue to overcome. For the present, continuum simulation generally

requires much more computational effort than the MD simulation for the same

system; for the system used in Chapter 7, the MD simulation took several min-

utes to run, but the continuum simulation took several hours to get the same

results 1. Given this situation, a great deal of effort will be required even after

1The simulation time of the finite difference scheme for continuum equations scales with
the number of grids and the total number of time-steps, while that of the MD simulation
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the derivation of continuum equations for realistic granular fluids.

In this Chapter, we describe a novel way to perform some of ‘system-

level’ tasks, such as the bifurcation analysis, by circumventing the derivation

of a closed set of continuum equations; this can be done by a ‘smart’ use of

an available microscopic model (the MD simulation, in our case). As is often

the case in many contemporary scientific problems, a microscopic description

of the system is available, but its macroscopic model (usually a set of PDEs

or ODEs) is not yet available in a closed form; granular fluids constitute such

an example, for the moment. This method that we will call the coarse-grained

integration and bifurcation method is applicable to any problems within the

above situation. It was proposed by I. G. Kevrekidis, and it has been suc-

cessfully applied for 1d reaction-diffusion problem [50, 152], two phase fluid

simulation [151], and a surface chemical reaction model [98]. An extensive

review of this method can be found in [50]. This work is (being) done by

collaboration with I. G. Kevrekidis and D. Barkley.

8.2 Method

The entire procedure is inspired by time-stepper based numerical bi-

furcation methods for continuum problems [69, 138, 141, 153], and the compu-

tational entity that makes this method possible is the so-called ‘coarse time-

scales with the total number of collisions occurring. Depending on the system size and the
phenomena under consideration (i. e., the grid size compared to the grain size and total
simulation time compared to the time-step size or the mean collision time), the continuum
simulation could be more efficient in some cases.
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stepper’ (see Sec. 8.2.1). The main procedure still relies on a microscopic

time-stepper, the MD simulation in our case, but it is not used in the tradi-

tional way. Note that using a microscopic time-stepper to take the results of

integration and to use them as initial conditions for the next step is a difficult

and sometimes impractical way of performing the system-level tasks. We will

briefly discuss the procedure of this method in this Section.

8.2.1 The coarse and fine time-steppers

Suppose we want to study a system described (at least conceptually)

by a set of PDEs

ut(x, t) = L(u(x, t;λ)), (8.1)

where the subscript t means the partial derivative with respect to time, L is

some system-dependent differential operator acting on some system variable(s)

or field(s) u, x is a spatial variable, possibly a vector, and λ is a system

parameter which can be a vector quantity. When a computational code that

implements an accurate time-stepper of these PDEs (for instance, this is a set

of difference equations for the finite difference scheme) exists, it takes initial

conditions for field(s) u(x, t = 0) and parameter value(s) λ and a reporting

time horizon T to produce an approximation u(x, T ;λ) as output; we call this

time-stepper the coarse time-stepper, as the field(s) proceeds with time on

the coarse-grained level. In contrast, when a microscopic simulation of the

system described by Eq. (8.1) is available, we can get similar results by an

appropriate coarse-graining of results from the microscopic simulation; we call
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such a microscopic simulation model the fine time-stepper. It should be noted

that the coarse time-stepping can be done with the fine time-stepper without

any knowledge of the coarse time-stepper, provided that macroscopic equations

exist at least conceptually and that fields are properly coarse-grained. When

a fine time-stepper of some system is available but its corresponding coarse

time-stepper is not, as is the case for granular fluids, the fine time-stepper is

the only way to perform coarse time-stepping.

8.2.2 Lifting and restriction

The procedure for implementing coarse time-stepping using a fine time-

stepper involves the following steps:

• Prescribe a coarse initial condition, say u(t0).

• Create one fine, consistent microscopic realization of it U = µ(u) accord-

ing to this initial condition, where µ is the symbol for this transformation

that we call lifting.

• Evolve this realization using the microscopic evolution code, i. e. the

MD code in our case, for the desired amount of time interval T . We will

use a symbol ΦT for the fine time-stepper.

• Project the results back to the coarse-grained level, appropriately averag-

ing over fine space and/or time and/or number of realizations u = M(U),

where M is the symbol for this projection process which we call restric-

tion.
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Note that the result of the restriction is unique, once the way of averaging is

defined; however, the realization of the lifting is not.

8.2.3 Projective integration

When the lifting and restriction procedures are defined, we can perform

some of ‘system-level’ tasks using the fine time-stepper. We describe one such

task, the projective integration, in this Section.

Conceptually, projective integration is simply a continuation of coarse

time-stepping using a fine time-stepper. It involves the following procedure (u

and U are macroscopic fields and microscopic variables respectively, possibly

vector quantities);

1. Choose a field variable(s) u of interest and a proper statistical way to

represent them from microscopic information. These choices determine

a restriction operator M.

2. Choose an appropriate lifting operator µ. This step is crucial, and it

depends on the system; we will discuss on this step for oscillated granular

fluids in Sec. 8.3.2.

3. From an initial value for the fine time-stepper U(t0), run it for a number

of time-steps to generate values U(ti) for i = 1, 2, · · · , n.

4. Obtain the restrictions u(tk) = MU(tk), for k = n, n−s, n−2s, · · · , n−

qs for some integers s and q.
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5. Let u(t) be the qth order polynomial in time t through u(tk).

6. Evaluate u(T ) using an appropriate extrapolation method, where T =

tk +H and H is a large time-step.

7. Lift u(T ) to get a new microscopic configuration to start with, and use

it to repeat steps 3 to 6.

By doing this, the simulation time for the fine time-stepper may be reduced

significantly.

8.3 Test of prerequisites for the method

We have not discussed in what circumstances this method can be used.

We do not attempt to provide comprehensive conditions with a mathematically

rigorous proof. Instead, we will discuss some of necessary conditions based on

physical intuition.

8.3.1 Fast decay of kinetic modes

One necessary condition for this method to work is that an algorithm for

the lifting process should not affect the final results. In other words, different

realizations of the lifting procedure should approach to the same state, or

‘heal’, quickly. We examine how long it takes for transients of kinetic modes

to decay in granular fluids, using the homogeneously heated model system

used in Chapter 5.
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We prepare initial conditions for five different e’s from the steady state

for each case. We replace the velocities for grains by random values taken from

the Maxwell-Boltzmann (MB) distribution of the same temperature; we made

them have a ‘wrong’ distribution at ‘correct’ temperature and grain locations.

We measure how long it takes to return to the steady state. Note that there

is no transport process or hydrodynamic phenomena involved in this system.

It is shown in Fig. 8.1 that the system ‘heals’ within 10 collisions per grain,

and 15 collisions for the most inelastic case e = 0.1. Kinetic modes decay very

quickly, which reveals that different realizations of the lifting procedure would

not matter for this system. We will investigate this issue further in Sec. 8.3.3.

8.3.2 Pseudo-random hard sphere packing

One of the most difficult parts of the lifting process for granular fluids is

to figure out how to realize a spatial configuration of grains with an arbitrary

volume fraction. This is not a difficulty in a dilute system; however, when

the required volume fraction is near to random close packed, this is one of the

most tricky part of the whole procedure, as it is nontrivial to place grains in

a small space without overlap. Note that finding an efficient way of sphere

packing itself is a current research topic [76, 93].

We use a pseudo-random way for grain packing at an arbitrary volume

fraction: Instead of packing grains from scratch, we prepared a ‘look-up’ table

consisting of grain positions with a volume fraction of about 0.7 in a box of

4σ × 5σ × 4σ, with a periodic boundary condition for side walls. Then we
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Figure 8.1: The deviation from the Maxwell-Boltzmann (MB) distribution a2
(coefficient for the second Sonine polynomial) as a function of the number
of grain-grain collisions per grain, obtained from simulations of the homoge-
neously heated system (see Chapter 5). Initial configuration is taken from the
steady state for each e, and then the velocities of grain are randomly assigned
from a MB distribution with the same temperature. Within 15 collisions per
grain, the system reaches a nonequilibrium steady state; kinetic modes decay
within 15 collisions for e = 0.1 and within even fewer for more elastic cases.
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randomly choose grain positions from the table until a desired volume fraction

is reached, and use these locations (after appropriate translations) as a local

configuration of the lifted grain positions. This method is not a totally random

process, but it does not matter in our case, as transients will decay quickly

anyway (see Section 8.3.3). We call this procedure a pseudo-random hard

sphere packing scheme. We create the look-up table by gently oscillating 150

grains (at Γ ∼ 2) in a small box of 4σ × 5σ × 10σ with a periodic boundary

condition for sidewalls. We select grains in the bottom part of 4σ height,

where grains are closely packed. Then we change these grains so they are

elastic and let them evolve in a box of 4σ × 5σ × 4σ without gravity, so that

grains distribute more homogeneously in space.

We use the pseudo-random scheme in the lifting procedure for an oscil-

lated layer that forms a pattern, as illustrated in Fig. 8.2. Note that there are

some periodic structure in Fig. 8.2 (c), as the same look-up table was used for

all the grids. Other continuum fields can be restricted in the same way; coarse-

grained velocities or temperatures can be obtained by averaging grains located

in the same cell. Figure 8.3 shows the coarse-grained (restricted) velocities.

8.3.3 Required fields in the lifting process

We implement the lifting scheme discussed in the previous Section to an

oscillated layer and run it for some time as a part of a projective integration. In

this system, each grain undergoes about 200 collisions on the average during

a cycle, and it is expected that transient behaviors would decay in a small
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Figure 8.2: (Color) Coarse-graining (restriction) of data from the MD sim-
ulation (the fine time-stepper) and its lifting: (a) A projected side view of
a 3d (quasi-2d) layer obtained from a simulation of 6222 grains in a box of
160σ × 5σ × 100σ (corresponding to N = 7) at Γ = 3.0 and f ∗ = 0.3. The
dimension of the box is 5σ in the perpendicular direction to paper. Periodic
boundary conditions are used for both horizontal directions. The space above
the bottom plate (a horizontal red line) is split into small cells of 4σ×5σ×4σ
size (indicated by blue lines), where continuum fields are to be coarse-grained,
or restricted. (b) Coarse-grained density fields in volume fraction; the volume
fraction in each cells ν is the ratio of the volume occupied by grains to that
of the cell. (c) A new configuration of grains generated by a pseudo-random
lifting scheme from (b) (see text).
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Figure 8.3: (Color) Coarse-grained velocities in (a) horizontal and (b) vertical
direction respectively, obtained from the data in Fig. 8.2 (a).

portion of a cycle (see Fig. 8.1). However, there still remain issues such as

how accurately the lifting should be done, and how many fields should be

lifted for a fast decay of transients. For the sake of computational efficiency,

a minimum number of fields should be lifted. We discuss these issues in this

Section.

There are nine continuum fields up to the second moments of the distri-

butions, considering both the translational and rotational degrees of freedom 2.

We examine which fields need to be lifted for a fast relaxation of transients

(or ‘healing’), and find that the lifting of only the density and both the hor-

2Density, three components for translational and rotational velocities respectively, and
translational and rotational temperatures; in this quasi-2d geometry, velocities in the third
direction might be neglected as they are nearly zero due to the symmetry.
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izontal and vertical velocities (three out of nine) is sufficient; if any of these

three fields are not used in the lifting, the system takes longer to relax, or

it even approaches a different state. The addition of an extra field (such as

temperature or angular velocities) does not speed up the relaxation process.

We prepare three different initial conditions for MD (Fig. 8.4), where

two of which ((b) and (c)) are lifted by keeping different fields (both the

density and translational velocities for (b), and only the density for (c)). We

let these three cases evolve, and find that the case in (b) becomes nearly

indistinguishable compared to the continuation of the original system, within

a cycle (compare Figs. 8.5 and 8.6). In the lifting, we generate the locations of

grains using the look-up table, and we randomly choose velocities from an MB

distribution with the same mean velocities as in each grid. We use an arbitrary,

small value for the temperature; as the shock wave has already passed through

most of the layer, the actual temperature is nearly zero. We do not see any

noticeable difference, when a different value is used for the temperature in the

lifting procedure. Furthermore, the choice of different distribution functions

for the velocity assignment does not matter, either. When we choose velocities

from a uniform distribution function rather than the Maxwellian, we do not

observe any noticeable change.

In contrast, when only the density is lifted, the layer takes longer time

(∼ 8T ) to heal (see Fig. 8.8 and compare it with Fig. 8.7); random values are

assigned for velocities, pretending coarse-grained values are not available. We

also tried other lifting procedures (by keeping other fields) but we did not find

172



0 160

40

x/σ

z/σ

(a)

(b)

(c)

Figure 8.4: (Color) Three different initial conditions to start from: (a) A
projected side view of the same layer as in Fig. 8.2 (a), where each particle is
color-coded by the horizontal velocity (in the same scale as in Fig 8.3 (a)). (b)
A coarse-grained and then lifted configuration based on (a), using the density
and both the horizontal and vertical velocities. (c) A coarse-grained and then
lifted configuration based on (a), using only the density. Velocities are assigned
randomly from a MB distribution with the same temperature. Each grain is
color-coded by the horizontal velocity, and the color is in the same scale as in
Fig 8.3 (a).
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Figure 8.5: (Color) A continuation of Fig. 8.2 (a) during two cycles, to be
compared with Fig. 8.6. Each grain is color-coded by the horizontal velocity,
red being the maximum rightward and blue being the maximum leftward (the
same scale as in Fig 8.3 (a)).
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Figure 8.6: (Color) A continuation of Fig. 8.2 (b), where the density and both
horizontal and vertical velocities are lifted, so that their average values match
with the coarse-grained values. Within two cycles, the layer becomes almost
identical with the continuation of the original one in Fig. 8.5.
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Figure 8.7: (Color) A continuation of Fig. 8.2 (a) during eight cycles, to be
compared with Fig. 8.8. Each grain is color-coded by the horizontal velocity,
red being the maximum rightward and blue being the maximum leftward (the
same scale as in Fig 8.3 (a)).
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Figure 8.8: (Color) A continuation of Fig. 8.2 (c), where only the density
in each cell is lifted so that it is consistent with the original coarse-grained
values, during the lifting: It takes more time (∼ 8T ) to approach to the state
in Fig. 8.5, compared to the case in Fig. 8.6 that takes ∼ 2T .
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any better lifting scheme than the one used in Fig. 8.6.

The efficiency (or the sensitivity) of the lifting procedure depends on

the choice of the time during a cycle at which it is performed, as a strong shock

propagates up every cycle [18]. At the phase angle shown in Fig. 8.4 (when

the container is at its equilibrium position moving upward), a shock wave has

already gone through the most of the layer, and both the translational and

rotational temperatures and angular velocities are nearly zero; this is why it

is reasonable to use some small, arbitrary values for them. As the system is

oscillatory, we have a choice of time as to when the lifting procedure is done.

By choosing a better time, we can make the lifting procedure more efficient.

If the shock wave and sharp gradients in continuum fields are present in the

layer, it is much more difficult to lift the system properly. Furthermore, the

grid size cannot be reasonably large, and the coarse-graining itself becomes

tricky.

8.4 Conclusions and outlook

Granular fluids constitute good examples that a use of a novel multi-

scale computational technique, the coarse-grained analysis, can be benefited.

We have shown that oscillated granular fluids satisfy some of necessary condi-

tions for this method. We find that only three continuum fields, the density,

the horizontal and vertical velocities are required for an efficient lifting pro-

cedure, out of nine possible fields up to the second moments of translational

and rotational velocity distributions.
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A projective integration simply consists of the lifting and restriction,

which can be performed to improve computational efficiency of the MD simu-

lation; we have performed a part of this method in Sec. 8.3.3. In addition to

the projective integration, the coarse-grained bifurcation method [50] may be

applied to systems of granular fluids. The development of continuum equations

for granular fluids is optimistic (see Chapter 7); however, the coarse-grained

analysis method would be still a useful, efficient way to perform a bifurcation

analysis for granular fluids, even when continuum equations are available. This

project is currently in progress.
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Chapter 9

Conclusions and future work

9.1 Recapitulation of the main results

We have studied kinetics and hydrodynamic phenomena of granular

materials fluidized by a vertical oscillation and a homogeneous bulk heating,

using a molecular dynamics simulation of frictional inelastic hard spheres.

Vertically oscillated granular fluids have been extensively studied because of

its simplicity and its abundant applications in industrial processes. Molecular

dynamics simulation is an invaluable tool in granular research, as it provides

more accurate and comprehensive information than an experiment, and it can

explore regimes where theory cannot be applied. The simulation can be used to

elucidate the mechanism of a reproduced phenomenon, to perform numerical

experiments that are difficult to do in real experiments (for instance, changing

a material property with an arbitrary accuracy) and to guide the development

of theoretical models. It can be used even to predict a phenomenon yet to be

observed. In the works of this dissertation, we have used the simulation in all

these different ways to study the followings:

• As the control parameter Γ is increased, an f/4 hexagon pattern in

vertically oscillated granular fluids gives way to spatiotemporal chaos,
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and this is mediated by a localized structure called a phase bubble.

The phase bubbles are shown to be a closed form of kinks, and the

mechanism of nucleation and decay of phase bubbles is elucidated. We

observe transient f/3 and f/6 patterns in the simulation first, which are

later found in the experiment (Chapter 2).

• Microscopic dynamics of grains in a kink reveals that grains follow a

pair of convection rolls near a kink. In a mixture of two-size grains,

this convection leads to trap large grains at the kink. The trapping

mechanism can be used to transport large grains in a controllable way

(Chapter 3).

• Some of often-used assumptions have been examined by performing nu-

merical experiments: (1) Frictional effect is often assumed to be negligi-

ble compared to that of the inelasticity; however, we find that patterns

in oscillated granular fluids lose stability when the friction is removed

from the simulation (Chapter 4). The single particle distributions of

frictional inelastic spheres subject to a vertical oscillation qualitatively

change when the friction is removed from the model (Chapter 6). (2)

We find that precollisional velocities in three-dimensional homogeneously

heated granular fluid are strongly correlated (up to 15% of the granular

temperature), and that the correlations decay algebraically with a dis-

tance; even for dilute limit, the molecular chaos assumption and mean-

field approximation do not hold (Chapter 5). The simulation can be

used as a guide for further development of more realistic theory.
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• The single particle distributions of a vertically oscillated three-dimensional

granular gas have been studied. A steady state regime, where hydrody-

namic fields do not change in time, is found above some height. The

horizontal velocity distribution function turns out to be nearly height-

independent in this regime, when the velocities are scaled by the local

horizontal temperature (Chapter 6). The steady state regime forms a

granular analog of collisionless Knudsen gas, as each grain undergoes

less than one collision during a cycle.

• Normal shocks in a layer of frictionless inelastic hard spheres are studied,

and the results are compared with a continuum model; even if some of

the assumptions used in the derivation of continuum equations do not

hold (Chapter 5), the agreement between the two models is shown to be

remarkably good (Chapter 7). There are some systematic discrepancies

(in particular, near the oscillating plate) that have to be investigated

further, using the molecular dynamics as a guide.

• The development of continuum equations for realistic granular fluids is

still far from complete. Some of analysis that traditionally performed

only by use of continuum equations are enabled by a novel multiscale

computational method, the coarse-grained integration/bifurcation method,

even without the knowledge of the continuum equations. We showed that

this method can be successfully applied to systems of granular fluids

(Chapter 8).
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9.2 Direction for future work

Generally speaking, the research of granular materials is still in its in-

fancy. Molecular dynamics simulations will continue to be helpful for further

development of the theory and for probing mechanism of reproduced phenom-

ena. Examples include the following:

1. Due to the small number of granular ‘molecules’ (compared to ordinary

fluids), fluctuations around the average quantities are significant. Thus

there are some phenomena that are not properly described by continuum

equations [102]. Experiments by D. Goldman show that noise below the

primary onset of the pattern is significant [56]. Comparisons with the

molecular dynamics simulation and continuum simulation may guide to

figure out how the fluctuations can be incorporated into the continuum

model.

2. The single particle distribution function of a shock wave in an ordinary

gas has been of theoretical interest for many years [65, 80, 147]; however,

direct measurement of the distribution from the experiment is extremely

difficult in an ordinary gas. Study of the distribution function in a

normal shock in a granular gas will elucidate kinetic process inside and

behind the shock wave in a granular gas, and it may help to understand

the kinetics of a shock in an ordinary gas. This project is currently in

progress [109].
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3. The bifurcation diagram of patterns of an oscillated granular fluid has

not yet been systematically constructed. Now some experimental data

are available from Umbanhowar’s group 1, and our results from future

work will be able to be compared with the experiment. The bifurcation

is generally imperfect and weakly subcritical (see Fig. 3 in Chapter 4).

A complete bifurcation diagram may enhance our understanding on the

fluidization mechanism of granular materials subject to a vertical oscil-

lation.

4. We have shown that the coarse-grained analysis can be applied to gran-

ular fluids (Chapter 8), and it can help to understand the physics of

granular fluids on a macroscopic scale. The coarse-grained bifurcation

analysis is currently being applied to the primary onset of the pattern

in vertically oscillated granular fluids.

5. Real granular materials are often polydisperse. We have modified the

code to simulate polydisperse granular materials, but have not yet used

it to study physics of polydisperse cases, except for the kink-induced

transport and segregation in Chapter 3. Polydisperse (or even bidisperse)

granular fluid has open issues to explore, such as the breakdown of the

equipartition [47] clustering [106], mixing [51], and segregation, to name

a few.

1Private communication with Lucas Koerner and Paul Umbanhowar.
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6. It is often argued that the effect of friction is negligible compared to that

of the inelasticity, as rotational kinetic energy is often few orders of mag-

nitude smaller than its translational counterpart. The rotational kinetic

energy is usually two orders of magnitude smaller than the translational

energy in most cases of vertically oscillated fluids; however, we observe

that the absence of friction leads to qualitative changes in some phenom-

ena (Chapters 4 and 6). We propose that the quantitative comparison

between the two types of kinetic energy should be used to argue that

the angular velocities may be neglected (compared to tangential compo-

nent of the translational velocity) when the relative surface velocity is

calculated for frictional effect at contact (i. e., approximating vs by vt

in Eq. (1.3)), not to argue that friction is simply negligible. Numerical

experiments will be required to examine this idea. If it turns out to

be a good approximation, the continuum equations incorporating this

approximation would be a good model accounting for frictional effects,

without introducing the angular velocities in the equations.

7. Boundary conditions for granular fluids and kinetics of a boundary layer

are still generally unknown. Molecular dynamics simulation should be

used as a guide in searching for correct boundary conditions.

8. Granular fluids exhibit other instabilities that are not discussed in this

dissertation. Our simulation reproduced some of them, including the

secondary, transverse instability of a kink in an oscillated granular fluid
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and Rayleigh-Bénard-like instability (thermally driven convection). The

simulation may be used for further study of this phenomenon.

The list includes only several possible subjects worth to pursue in the near

future as extensions of the works in this dissertation, and cannot be a complete

list.
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1987.

[70] J. T. Jenkins. Boundary conditions for rapid granular flows: Flat,

frictional walls. J. Appl. Mech., 59:120, 1992.

195



[71] J. T. Jenkins and E. Askari. Boundary conditions for granular flows:

Phase interfaces. J. Fluid Mech., 223:497, 1991.

[72] J. T. Jenkins and M. W. Richman. Grad’s 13-moment system for a

dense gas of inelastic spheres. Arch. Ration. Mech. Anal., 87:355,

1985.

[73] J. T. Jenkins and S. B. Savage. A theory for the rapid flow of identical,

smooth, nearly elastic, spherical particles. J. Fluid Mech., 130:187,

1983.

[74] James T. Jenkins and Chao Zhang. Kinetic theory for identical, fric-

tional, nearly elastic spheres. Phys. Fluids, 14:1228, 2002.

[75] L. P. Kadanoff. Built upon sand: Theoretical ideas inspired by granular

flows. Rev. Mod. Phys, 71:435, 1999.

[76] Anuraag R. Kansal, Salvatore Torquato, and Frank H. Stillinger. Com-

puter generation of dense polydisperse sphere packings. J. Chem. Phys.,

117:8212, 2002.

[77] D. V. Khakhar, J. J. McCarthy, J. M. Ottino, and T. Shinbrot. Trans-

verse flow and mixing of granular materials in a rotating cylinder. Phys.

Fluids, 9:31, 1997.

[78] James B. Knight. External boundaries and internal shear bands in

granular convection. Phys. Rev. E, 55:6016, 1997.

196



[79] James B. Knight, H. M. Jaeger, and Sidney R. Nagel. Vibration-induced

size separation in granular media: The convective connection. Phys.

Rev. Lett., 70:3728, 1993.

[80] Mikhail N. Kogan. Rarefied Gas Dynamics. Plenum, New York, 1969.

[81] Paul Kolodner, James A. Glazier, and Hugh Williams. Dispersive

chaos in one-dimensional traveling-wave convection. Phys. Rev. Lett.,

65:1579, 1990.

[82] W. Kroll. Chem. Ingr. Tech. (Chemie Ingenieur Technik), 27:33, 1955.

[83] Ryogo Kubo, Morikazu Toda, and Natsuki Hashitsume. Statistical

Physics II: Nonequilibrium Statistical Mechanics. Springer-Verlag Berlin

Heidelberg, New York, 1991 (original Japanese edition was published in

1978).

[84] A. Kudrolli and J. P. Gollub. Patterns and spatiotemporal chaos in

parametrically forced surface waves: a systematic survey at large aspect

ratio. Physica D, 97:133, 1996.

[85] A. Kudrolli and J. Henry. Non-Gaussian velocity distributions in excited

granular matter in the absence of clustering. Phys. Rev. E, 62:R1489,

2000.

[86] Yidan Lan and A. D. Rosato. Convection related phenomena in granular

dynamics simulations of vibrated beds. Phys. Fluids, 9:3615, 1997.

197



[87] C. Laroche, S. Douady, and S. Fauve. Convective flow of granular masses

under vertical vibrations. J. Phys. France, 50:699, 1989.

[88] Jysoo Lee. Heap formation in two-dimensional granular media. J.

Phys. A, 27:L257, 1994.

[89] Richard L. Liboff. Kinetic theory: Classical, quantum, and relativistic

descriptions. Prentice-Hall, Inc., Englewood Cliffs, 1990.

[90] W. Losert, D. G. W. Cooper, J. Delour, A. Kudrolli, and J. P. Gollub.

Velocity statistics in excited granular media. Chaos, 9:682, 1999.

[91] M. Y. Louge and M. E. Adams. Anomalous behavior of normal kine-

matic restitution in the oblique impacts of a hard sphere on an elasto-

plastic plate. Phys. Rev. E, 65:021303, 2002.

[92] Boris Lubachevsky. How to simulate billiards and similar systems. J.

Comp. Phys., 94:255, 1991.

[93] Boris D. Lubachevsky and Frank H. Stillinger. Geometric properties of

random disk packings. J. Stat. Phys., 60:561, 1990.

[94] S. Luding. Granular materials under vibration: Simulations of rotating

spheres. Phys. Rev. E, 52:4442, 1995.

[95] C. K. K. Lun and S. B. Savage. A simple kinetic theory for granular

flow of rough, inelastic, spherical particles. Trans. of the ASME, 57:47,

1987.

198



[96] C. K. K. Lun, S. B. Savage, D. H. Heffery, and N. Chepurniy. Kinetic

theories for granular flow: inelastic particles in couette flow and slightly

inelastic particles in a general flow field. J. Fluid Mech., 140:223, 1984.

[97] J. F. Lutsko. Molecular chaos, pair correlations and shear-induced or-

dering of hard spheres. Phys. Rev. Lett., 77:2225, 1996.

[98] Alexei G. Makeev, Dimitrios Maroudas, and Ioannis G. Kevrekidis. “Coarse”

stability and bifurcation analysis using stochastic simulators: Kinetic

Monte Carlo examples. J. Chem. Phys., 116:10083, 2002.
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[102] B. Meerson, T. Pöschel, P. V. Sasorov, and T. Schwager. e-print, cond-

mat/0208286, 2002.

[103] A. Mehta and J. M. Luck. Novel temporal behavior of a nonlinear

dynamical system: The completely inelastic bouncing ball. Phys. Rev.

Lett., 65:393, 1990.

199



[104] F. Melo, P. B. Umbanhowar, and H. L. Swinney. Transition to paramet-

ric wave patterns in a vertically oscillated granular layer. Phys. Rev.

Lett., 72:172, 1994.

[105] F. Melo, P. B. Umbanhowar, and H. L. Swinney. Hexagons, kinks, and

disorder in oscillated granular layers. Phys. Rev. Lett., 75:3838, 1995.
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[168] Wenbin Zhang and Jorge Viñals. Sencondary instabilities and spa-

tiotemporal chaos in parametric surface waves. Phys. Rev. Lett., 74:690,

1995.

208



Vita

Sung Joon Moon was born in Seoul, Republic of Korea (ROK) on March

13, 1971, the son of Do Bin Moon, who was a Marine Corps officer then, and

Hyo Sook Hwang. He attended Kyunggi Science High School in Suwon, Ko-

rea, and received the Bachelor of Science degree in Physics from the Korea

Advanced Institute of Science and Technology in February 1993. He volun-

teered for ROK Marine Corps in May 1994, entered active duty in June 1994,

and was discharged in July 1996. He married Joon Hea Yoon in May 1997.

He entered the Graduate School of The University of Texas in August 1997,

and he joined the Center for Nonlinear Dynamics in May 1998.

Permanent address: Center for Nonlinear Dynamics
University of Texas, C1610
Austin, Texas 78712

This dissertation was typeset with LATEX
† by the author.

†LATEX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

209


