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A two-part study was undertaken to evaluate the dynamic properties of 

nonplastic sandy and gravelly soils.  The first part involved the development of a 

large-scale, multi-mode, free-free resonant column.  This device is called the 

multi-mode device, MMD.  Key benefits of this device are: (1) “relatively” large 

specimens (15 cm in diameter) can be tested, (2) background noise is greatly 

minimized, and (3) the point of “fixity” in resonance testing is conveniently 

positioned at the specimen mid-height during the first-mode resonance.  With the 

MMD, three different measurements can be performed.  These measurements are: 

(1) torsional resonance measurements, (2) longitudinal resonance measurements, 

and (3) direct-arrival, constrained compression wave measurements.  These 

measurements allow linear and nonlinear measurements of shear modulus, G, and 

material damping ratio in shear, Ds, in addition to measurements of small-strain 

Young’s modulus, Emax, small-strain material-damping ratio in unconstrained 
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compression, Dc,min, and small-strain constrained modulus, Mmax.  These 

measurements can all be performed sequentially on the same specimen.  

The second part of the study involved using the MMD to evaluate the 

dynamic properties of sandy and gravelly soils. A total of 59 reconstituted 

specimens were tested to systematically investigate the effects of void ratio, e, 

effective confining pressure, σo', median grain size, D50, and uniformity 

coefficient, Cu, on modulus and material damping in shear as well as the effects of 

these parameters on Emax, Dc,min, and Mmax.  Some findings are: (1) the large-scale, 

free-free device works well and is adaptable to construct larger devices, (2) the 

primary effect of increasing D50 is to increase small-strain shear modulus, Gmax, 

and decrease small-strain material damping ratio, Ds,min, (3) D50 has a similar 

effect on Emax and Mmax as on Gmax, (4) Ds,min and  Dc,min of dry granular soils are 

generally lower than 1.0%, (5) σo' has a slightly larger effect on Gmax, Emax, and 

Mmax of loose, well graded granular materials than dense, uniform materials, and 

(6) reference strain, γr, (a shearing strain at which G/Gmax = 0.5) is mainly a 

function of σo' and Cu, while γr increases as σo' increases and Cu decreases. 
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Chapter 1  

Introduction 

1.1 BACKGROUND 

The dynamic properties of geotechnical materials are often expressed in 

terms of stiffness and material damping.  These properties are used to determine 

the velocities and amplitude decay of stress waves as they propagate through the 

geotechnical materials.  Stiffness can be expressed in terms of shear modulus, G, 

Young’s modulus, E, and constrained modulus, M.  These three moduli are 

related to the velocities of shear waves, Vs, unconstrained compression waves, Vc, 

and constrained compression waves, Vp, respectively, as: 

G = ρ Vs
2 (1.1) 

E = ρ Vc
2 (1.2) 

M = ρ Vp
2 (1.3) 

where ρ is the total unit mass of the material.  Material damping, expressed in 

terms of a damping ratio, D, is also associated with each type of stress wave.  The 

material damping ratios are: (1) in shear, Ds, (2) in unconstrained compression, 

Dc, and (3) in constrained compression, Dp.     

In terms of soil dynamics and geotechnical earthquake engineering, the 

response of the geotechnical material to shearing motions is generally of most 

concern.  Therefore, the shear stiffness and shear damping are the required 

dynamic properties.  These properties in the strain ranges where they exhibit 
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linear and nonlinear changes are generally presented in semi-logarithmic plots.  In 

this type of presentation, shear modulus and material damping ratio in shear in the 

linear range are clearly shown, and the variations in the nonlinear range are well 

represented up to strains of about 0.5%.  The G – log γ and Ds – log γ curves are 

generally separated into three ranges in most earthquake engineering analyses of 

free-field ground motion.  These ranges are: (1) linear, (2) “nonlinear elastic”, and 

(3) nonlinear.  These three ranges are illustrated in Figure 1.1.  Figure 1.1a shows 

a typical G – log γ curve, and Figure 1.1b shows a typical Ds – log γ curve.  The 

boundary between linear and “nonlinear elastic” ranges is the elastic threshold 

strain, γt
e, and the boundary between the “nonlinear elastic” and nonlinear ranges 

is the cyclic threshold strain, γt
c.   

As shown in Figure 1.1, shear modulus is at its maximum value, denoted 

as Gmax, and the material damping ratio in shear is at its minimum value, denoted 

as Ds,min, at strain amplitudes lower than the elastic threshold strain, γt
e.  The strain 

range between the elastic and cyclic thresholds is generally denoted as the 

“nonlinear elastic” range.  In this strain range, shear modulus decreases and 

material damping ratio in shear increases with increasing shearing strain.  

However, both shear modulus and material damping ratio in shear are essentially 

unaffected by the number of loading cycles.   
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 (b) Typical Material Damping Ratio Increase Curve 

Figure 1.1  Typical Nonlinear G/Gmax – log γ and Ds – log γ Curves for Dry, 
Medium-Dense Granular Soils 

As strain amplitude exceeds the cyclic threshold, γt
c, both shear modulus 

and material damping ratio in shear are functions of loading cycles, N, and this 

range is called the nonlinear range.  For dry medium dense granular soils, shear 
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modulus increases and material damping ratio decreases with increasing number 

of loading cycle as shearing strain surpasses the γt
c.  (The effect of N on G and Ds 

can vary with material type, void ratio, degree of saturation and confining 

pressure.)  It should be noted that soils behave nonlinearly in both the “nonlinear 

elastic” and nonlinear ranges.  These two ranges are generally referred to as the 

nonlinear range in literature.  Shear modulus in the nonlinear range is denoted as 

G, and material damping ratio in shear is denoted as Ds. 

The linear and nonlinear dynamic properties illustrated in Figure 1.1 have 

been studied extensively over the past four decades for sand, silts, and clays.  

There is, however, a significant lack in information on these properties for 

gravelly soils, even through these materials are abundant in nature and have 

widespread used in structure fills, embankments and earth dams.  This 

information is extremely limited because of the large size of the instrumentation 

required for testing representative specimens and the difficulty and cost associated 

with obtaining intact specimens.  Even with these complications, laboratory 

studies still represent the most efficient and cost effective way to investigate 

parameters that influence the dynamic properties of gravelly materials such as 

density, particle size, confinement state, and strain amplitude. 

In the pass three decades, with the advances in computational equipment 

and methods, there is a growing trend of performing two or three dimensional 

analyses in the areas of soil dynamic and earthquake engineering.  Poisson’s ratio 

of the soil deposit is needed in these types of analyses for the constitutive 

equations.  In the elastic range, Poisson’s ratio can be determined with any 
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combinations of two moduli (i.e. Young’s modulus and shear modulus, or shear 

modulus and constrained compression modulus) for homogeneous and isotropic 

materials.  In other words, there is a growing need for studies in which not just 

shear modulus and material damping ratio in shear over a wide strain range are 

measured, but also studies in which Young’s modulus, constrained compression 

modulus, and material damping ratio in unconstrained compression of the test 

material are also determined.   

As a conclusion, a multi-mode, large-scale device is currently needed in 

the area of earthquake engineering. 

1.2 OBJECTIVES OF RESEARCH 

There are three goals in this study.  The first goal is to develop a multi-

mode device that is capable of measuring the dynamic properties of geotechnical 

materials in multiple modes; that is, shear, unconstrained compression, and 

constrained compression.  The second goal is to construct a multi-mode device 

that is capable of testing large-grained soils than are routinely tested today.  These 

large-grained soils represent gravelly materials.  The third goal is to use the new 

device to study the dynamic properties of sandy and gravelly soils.   

Based on its features, the new device is called a large-scale, multi-mode, 

free-free resonant column device or multi-mode device (MMD) for short.  It was 

decided that the device should be capable of testing particle sizes as large as 2.5 

cm (1.0 in.) in diameter.  Therefore, a specimen with a diameter of 15.2 cm (6.0 

in.) was required to achieve the minimum specimen-diameter-to-particle-size ratio 

of six recommended in ASTM D4015-87 in soils testing.  The resulting specimen 
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length was then 60 cm (12 in.) based on the traditional height-to-diameter ratio of 

2 used in geotechnical engineering.  This specimen size permits testing particle 

sizes about two to three times larger than generally tested.   

A specimen with a diameter of 15.2 cm (6 in.) would require a substantial 

base pedestal and reaction block if the bottom-end condition were to be fixed as is 

traditionally the case in resonant column devices.  Therefore, it was decided to 

build the device with free boundary conditions at both ends of the specimen, 

hence, a free-free device.  With larger (and stiffer) specimens, free-end boundary 

conditions are easier to achieve than fixed end boundary conditions.  Furthermore, 

the point of fixity in a free-free configuration occurs automatically in the middle 

of the specimen at first-mode resonance.  In addition, the free-free configuration 

gives the device greater mobility, which means that the device could be readily 

moved from one location to another, if one would like to transport it to the field, 

for instance. 

The primary emphasis of this research is placed on developing the 

capability to perform torsional measurements with the free-free device.  This 

emphasis is pursued so that shear wave velocity, Vs, shear modulus, G, and 

material damping ratio in shear, Ds, can be evaluated in the linear and nonlinear 

strain ranges.  Additionally, the free-free device is constructed so that 

measurements of small-strain unconstrained compression wave velocity, Vc, 

Young’s modulus, Emax, and material-damping ratio in unconstrained 

compression, Dc,min, can be performed.  Finally, the capability of measuring 

small-strain constrained compression wave velocity, Vp, and constrained 
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modulus, Mmax has been added.  This combination of torsional (shear), 

longitudinal (unconstrained compression), and constrained compression 

measurements is the reason why this device is termed a multi-mode device and 

permits (nearly) unique testing to be performed. 

The third goal is to use this new MMD device study factors that affect the 

linear and nonlinear dynamic properties of sandy and gravelly soils.  This study 

also involves companion testing of sandy soils using the combined fixed-free 

resonant column (RC) and torsional shear (TS) device to enhance the strain and 

frequency ranges over which testing can be performed. 

The effects of gradation (in terms of uniformity coefficient, Cu, and mean 

grain size, D50), confining pressure, void ratio, water content, and strain amplitude 

on the linear and nonlinear properties of sandy and gravelly soils are studied.  

1.3 ORGANIZATION OF DISSERTATION 

The theoretical solutions of waves that resonate in a finite rod are 

discussed in Chapter Two.  In addition, the background associated with 

measurements of constrained compression waves in short rods is presented.  This 

theoretical background forms the basis for measurements performed with the 

large-scale, multi-mode, free-free resonant column device (MMD).  

Measurements performed with an aluminum rod at small strains are also 

presented at the end of Chapter Two to demonstrate the validity of applying the 

theoretical solutions to the MMD configuration.  

A detailed description of the MMD used to evaluate linear and nonlinear 

soil properties is presented in Chapter Three. 
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A general review of the dynamic properties of granular materials 

presented in the literature is discussed in Chapter Four.  

Information regarding the four different sources of sandy and gravelly 

soils used to reconstitute the specimens tested in this work is summarized in 

Chapter Five. All testing was conducted at The University of Texas at Austin 

during the period of this study.  

Small-strain dynamic properties of gravelly materials measured with the 

MMD and the combined fixed-free resonant column (RC) and torsional shear 

(TS) device are presented in Chapter Six.  An empirical relationship of small-

strain shear modulus, Gmax, with effective confining pressure, σo', void ratio, e, 

mean grain size, D50, and uniformity coefficient, Cu, is also presented in this 

chapter.  Similar relationships are also developed for small-strain Young’s 

modulus, Emax, small-strain constrained modulus, Mmax, and small-strain material 

damping ratio in shear, Ds,min. Effects of water content and measurement 

frequency on Gmax, and Ds,min are also discussed in the chapter.  

Nonlinear dynamic properties of sandy and gravelly soils measured with 

the MMD and the fixed-free RCTS device are discussed in Chapter Seven.  The 

effects of effective confining pressure, void ratio, mean grain size, uniformity 

coefficient, and water content on the nonlinear behaviors of sandy and gravelly 

soils in shear are discussed.   

Effects of scalping on sandy and gravelly soils are discussed in Chapter 

Eight. 

A summary of the study and conclusions are presented in Chapter Nine. 
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A discussion of the equivalent radius for strain calculations in a free-free, 

resonant column specimen are given in Appendix A.   

The interaction between coils and magnets used in the torsional motor and 

the theoretical approach used to eliminate equipment damping are discussed in 

details in Appendix B.   

The procedures and results of calibrating the devices developed during this 

study (mass polar moment of inertia of the drive-plate and equipment generated 

damping) are discussed in Appendix C.   

 9



Chapter 2 

Wave in a Solid Rod 

2.1 INTRODUCTION 

Two distinct types of stress wave measurements can be conducted in a 

solid rod.  One type is a time of propagation measurement and the other is a 

resonance measurement.  Both types are used in this research and the background 

associated with each type is discussed in this chapter.  Resonance measurements 

were employed for the majority of the measurements.  Therefore, the bulk of the 

chapter is devoted to resonance measurements. 

There are three different types of resonant vibrations which can occur in a 

solid cylindrical rod.  These three types of resonant vibrations are longitudinal, 

torsional, and flexural.  In longitudinal vibrations, elements of the rod extend and 

contract parallel to the direction of excitation as shown in Figure 2.1a.  This 

direction is also parallel to the direction of wave propagation.  In torsional 

resonant vibrations, elements rotate about the longitudinal axis, and there is no 

particle movement along the longitudinal axis of the rod as shown in Figure 2.1b.  

The direction of wave propagation is parallel to the longitudinal axis of the rod.  

Flexural vibrations create bending motions of the rod as shown in Figure 2.1c.  

Elements of the central axis move laterally (perpendicular to the longitudinal axis) 

during the lateral vibrations.  Corresponding to these three different types of   
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Figure 2.1  Three Different Types of Vibrations in a Solid Cylindrical Rod 

vibrations are three elastic waves which are called: (1) longitudinal waves, (2) 

torsional or shear (S) waves, and (3) flexural waves. 

Resonant measurements using longitudinal and torsional waves represent 

excellent ways of measuring dynamic properties of soils, and both of these types 

of resonant measurements were used in this study.  The theoretical solutions of 

the longitudinal and torsional waves are reviewed herein.  Flexural waves were 

not used for measuring dynamic properties in this study.  However, the theoretical 

solution of the flexural waves is also summarized in this chapter, because 

interference with the dynamic properties measurements using longitudinal and 

torsional waves could occur with flexural waves in some cases.  It is useful to 

understand the behavior of the flexural waves to avoid or minimize this 
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interference.  Free-free resonant column tests with an aluminum rod are presented 

at the end of this chapter to illustrate the measurements.  The measured dynamic 

properties of the aluminum specimen are compared with values cited in the 

literature.  The theoretical relationship between material damping ratios in shear, 

Ds, in unconstrained compression, Dc, and in constrained compression, Dp, is also 

discussed at the end of the chapter, and used to determined the value of Dp of the 

aluminum specimen. 

2.2 TORSIONAL WAVES IN A SOLID CYLINDRICAL ROD 

Two different dynamic properties can be measured using torsional 

resonance in a solid cylindrical rod.  These two dynamic properties are: (1) shear 

modulus, G, and (2) material damping ratio in shear, Ds.  A torsional motor is 

used in the large-scale, multi-mode, free-free resonant column device (MMD) to 

drive the specimen in torsion.  Both shear modulus and material damping ratio in 

shear can be determined from the response curve in torsion.  Shear modulus is 

determined from the resonant frequency, and material damping ratio in shear can 

be determined from the response curve using the half-power bandwidth method or 

from a free-vibration decay curve using the free-vibration decay method.  The 

procedures of determining G and Ds from resonant column tests are discussed in 

Chapter Three.  Here, the theoretical background of determining shear modulus 

from the torsional resonant frequency is discussed.  

In torsional vibrations, any element in the rod rotates about the 

longitudinal axis as illustrated in Figure 2.1b. There is no particle movement 

along the longitudinal axis of the rod.  Therefore, it is easier to define particle 
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movement in cylindrical polar coordinates rather than in Cartesian coordinates.  

Figure 2.2 shows terms which are used in the cylindrical polar coordinates.  As 

shown in the figure, displacements along the r, θ, and z directions are defined as 

u, v, and w, respectively.  A torsional wave passing through a cross-section of a 

solid rod cause the elements rotate about the longitudinal center of the rod.  The 

amplitude of the displacement v along the r direction can be any continuous 

function as long as it fulfills three basic requirements.  These three requirements 

are: (1) force equivalence, (2) constitutive law (stress-strain relationship), and (3) 

compatibility.   

z

r

v
u

w

Longitudinal axis

θ

Direction of
displacements

 

Figure 2.2  Terms Used in Cylindrical Polar Coordinates for Motions in a Solid 
Rod 

To simplify the discussion, the amplitude of the displacement v along the r 

direction is defined as propagation-mode-shape in this study.  As discussed later 

in Section 2.2.2, generally the fundamental propagation-mode-shape is the only 
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mode measured in the MMD.  The torsional wave with the fundamental 

propagation-mode-shape is defined as the torsional wave in the fundamental 

propagation mode.  Figure 2.3 shows a cross section of a cylindrical rod as a 

torsional wave in the fundamental propagation mode passes through it.  As shown 

in the figure, in the fundamental propagation mode, displacement v increases 

linearly from zero at the center of the cross-section to a maximum value on the 

perimeter.   

T

dz

r

Specimen
Section

r

v
v

φT + ∆T

Propagation-
mode-shape 
(Fundamental)

 

Figure 2.3  Cross Section of Finite Rod in Torsional Waves 

In a finite solid rod, torsional waves reflect as they reach the end of the 

rod, and travel backward to the other end of the rod.  If the wavelength of the 

torsional wave matches certain conditions, the torsional wave will resonate in the 

finite rod.  The resonance phenomenon in the fundamental propagation-mode-

shape is first discussed in Section 2.2.1.  The effects of added masses at the ends 

of a finite rod on the resonant frequencies are also discussed in the section.  While 

the torsional wave is traveling in its fundamental propagation-mode, the 

displacement “v” can be represented by the angle of twist, φ, as illustrated in 
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Figure 2.3.  Because “φ” is not a function of the radius as “v” is, the wave 

equation of the fundamental propagation mode can then be reduced to a one-

dimensional problem as shown in Section 2.2.1.  The exact solution for torsional 

waves propagating in a solid rod is discussed in Section 2.2.2. Possible 

propagation-modes are discussed in the section.  The propagation-mode-shapes 

and the phase velocities of the torsional waves at different propagation modes are 

discussed in the section.   

2.2.1 One-Dimensional Solution of Torsional Waves in a Finite Rod 

By solving the force equivalent equation and fulfilling the stress-strain 

relationship, the wave equation of one-dimension torsional waves can be 

expressed as (Kolsky, 1963): 

2

2

t∂
φ∂  = Vs

2 
2

2

z∂
φ∂  (2.1) 

where  φ = angle of twist, 

t = time, 

Vs = shear wave velocity (= 
ρ
G ), 

z = coordinate along the longitudinal axis. 

As can be seen in the equation, the angle of twist is a function of both t and z.  It 

is convenient to use the complex exponential function to express steady-state 

waves in the form (Bedford and Drumheller, 1994): 

φ = C1 ej(kz-ωt), (2.2) 

where  C1 = complex constant, 

j = 1− , 
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k = wave number (k = 2π / λ),  

λ = wavelength, and 

ω = the circular frequency of the torsional wave. 

Equation 2.2 can be rewritten as:  

φ = C1 ejkz e-jωt  

= {[C1 [cos(-ωt) + j sin(-ωt)]} [cos(kz) + j sin(kz)], (2.3) 

which shows φ is a sinusoidal function of both t and z.  

In a free-free resonant column test, a sinusoidal torque is applied on one 

end (z = 0) of the specimen that creates a steady-state torsional wave traveling in 

the z direction.  Torsional waves reflect as they reach the other end of the rod, and 

travel back to the original end.  Therefore, another steady-state torsional wave 

traveling in the -z direction is created.  The steady-state solution for torsional 

waves in a finite rod can be assumed to have the form (Bedford and Drumheller, 

1994): 

φ = T·ej(kz-ωt) + R·ej(-kz-ωt) (2.4) 

where T is the complex amplitude of the forward propagating transmitted wave 

and R is the complex amplitude of the backward propagating reflected wave. 

For a free-free resonant column specimen, the strain amplitude should be 

zero at the both ends of the rod.  This means 
dx
dφ = 0 at both z = 0 and z = L, 

where L is the length of the specimen.  Substituting the boundary conditions into 

Eq. 2.4, one will find that T – R = 0, and T·ejkL – R·e-jkL = 0.  For a nontrivial 

solution of these two equations, the value of sin(kL) should be zero, which means 

kL = nπ (n = 1, 2, 3, …).  This solution shows the phenomenon of resonance.  

 16



Torsional waves in a finite cylindrical rod can reach a steady-state condition, only 

if kL = nπ.  The circular frequencies at resonances can be determined as: 

ωn = Vs · k = (n πVs) / L, n = 1, 2, 3, … (2.5) 

At the first (fundamental) resonant mode, ω1 is equal to (πVs) / L with a 

wavelength of 2L.  The function of φ along the length of the rod at the first mode 

can be shown to be 2·T·e-jωt·cos(πz / L).  The displacement in the θ direction on 

the perimeter, vperimeter, can be determined as: 

vperimeter = φ × a. (2.6) 

On the other hand, the shearing strain on the perimeter, γperimeter, can be 

determined from the angle of twist and radius, a, as: 

γperimeter = 
z 

 vperimeter

∂

∂
. (2.7) 

Figure 2.4 shows the displacement and shearing strain on the perimeter 

along the longitudinal direction of a free-free specimen with a length-diameter 

ratio of two at the first resonant mode.  As can be seen in the figure, both vperimeter 

and γperimeter at first resonant mode are a half cycle of a sinusoidal wave.  The 

displacement and shearing strain of the second and third modes are also shown in 

Figure 2.4.  It can be seen in the figure that wavelength decreases as the specimen 

resonates at a higher mode.  

While testing soil, end caps are placed at the ends of a free-free resonant 

column specimen so that confining pressure can be applied and to support the 

specimen.  Sun (1993) discussed the effects of the added end caps on a free-free 

specimen, and showed that, for free-free resonant column with an end mass at 

each end, Eq. 2.5 should be rewritten as: 
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L

2a

λ = 2L λ = L λ = (2/3) L

Shearing Strain on the perimeter, γperimeter

Displacement on the perimeter, v perimeter

 

Figure 2.4  Displacements and Shearing Strains along the Perimeter of a Free-
Free Specimen at the First Three Resonant Modes  

ω1 = 
L
Vsβ , (2.8) 

where β is an adjustment factor that accounts for the effects of end masses.   

The value of β in a free-free boundary condition can be calculated as: 

tan (β) = 
1vv

)vv(
2

21

21

−β
β+  (2.9) 

where  v1 =  
0

1

I
I , (2.10) 

v2 =  
0

2

I
I , (2.11) 

I1 = mass polar moment of inertia of the mass at one free end,  

I0 = mass polar moment of inertia of the specimen, and   

I2 = mass polar moment of inertia of the mass at the other free end. 
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It is interesting to point out that if the mass of the second end cap approaches 

infinity (v2 = ∞), Eq. 2.11 becomes: 

β tan (β) =
1

0

I
I , (2.12) 

which is the same boundary condition equation of a fixed-free resonant column 

specimen (Weston, 1996).   

The wavelength at the first resonant mode can be determined from Eq. 2.8 

as: 

λ = 
1

L2
β
π , (2.13) 

where β1 is the first root of β.  This wavelength is 
1β

π  times of the wavelength of 

the specimen without end caps.  The value of β1 is generally about 2.6 for 

granular specimens tested in this study, so the value of 
1β

π  is generally greater 

than one.  The added end caps increase the resonant wavelength.  In the other 

words, it decreases the resonant frequency.  Figure 2.5 shows the displacement 

and shearing strain along the perimeter at the first three resonant modes of a free-

free specimen with an end cap on each end of the specimen.  As can be seen in the 

figure, the wavelengths at the first three resonant modes increase as the end caps 

are added at the ends of the specimen.   

2.2.2 Exact Solution of Torsional Waves in a Finite Rod  

In torsional vibrations, each transverse section of the rod remains in its 

own plane (r-θ plane) in a solid cylinder rod.  Therefore, elements rotate about the 

center in the θ direction, and θ is the only direction with displacement.  As 

discussed above, the shape of the displacement “v” along the r-axis can be any 
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continuous function as long as it fulfills three basic requirements: (1) force 

equivalent, (2) constitutive law (stress-strain relationship), and (3) compatibility.  

The general solution of torsional waves propagating in a solid cylinder rod is first 

discussed in this section, and the possible propagation modes are presented at the 

end of the section.   

By solving the equations of the three requirements above, the general form 

of the displacement in the θ direction can be expressed as (Lewis, 1990): 

v(r,z,t) = 
q
1 B1 J1(qr) ej (kz-ωt) (2.14) 

where, v = element motion in the θ direction, 

q2 = 2
s

2

V
ω  - k2, (2.15) 

1st Mode 3rd Mode2nd Mode

Specimen
Dimension

End Cap

End Cap

Displacement on the perimeter, v perimeter

Shearing Strain on the perimeter, γperimeter

 

Figure 2.5  Displacements and Strain Amplitudes of a Free-Free Specimen with 
End Caps at the First Three Resonant Modes  
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Vs =  shear wave velocity, 

B1 = a constant for amplitude,  

J1() = Bessel function of the first kind and order one, 

j = 1−  , and 

k = wave number (= 2 π / λ). 

From this equation, it can be seen that the displacement v is in a sinusoidal shape 

along the z axis and in a general shape of the Bessel function of the first kind and 

order one along the r axis.  The shear stress, τrθ, at the outside radius of the rod, r 

= a, should be equal to zero.  By adding this boundary condition into Eq. 2.14, 

one can find: 

(qa) J0(qa) -2 J1(qa) =0 (2.16) 

This equation has been solved by Abramowitz and Stegun (1964).  The first four 

roots of qa are q0a = 0, q1a = 5.136, q2a = 8.417, and q3a = 11.62.  Based on these 

four roots, the propagation-mode-shapes of the first four propagating modes can 

be determined.  Figure 2.6 shows these four propagation-mode shapes.  As can be 

seen in the figure, the propagation-mode shapes are in the form of the Bessel 

function of the first kind and order one.  The only exception is the fundamental 

propagation mode, at which qa = 0.  If qa = 0, Eq. 2.14 can be rewritten as: 

v(r,z,t) = 
2
1 B2 r ej (kz-ωt) (2.17) 

where the amplitude of v increases linearly with the radius of the element, r, to a 

maximum value on the perimeter (r = a). 
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Figure 2.6  Mode Shapes of the First Four Torsional Wave Propagation Modes  

The relationships between phase velocity of the torsional wave, CT, and 

wavelength, λ, can be determined from Eq.  2.15, which can be rewritten as: 

(qa)2 = a2 ( 2
s

2

V
ω  - k2), or (2.18) 

2

s

T

V
C









 = 1 + 

2

)/a2(
qa






 πλ


, (2.19) 

where CT is phase velocity of the torsional wave in a solid cylindrical rod.  Figure 

2.7 shows the relationships between (CT/Vs) and (2a/λ) of the first four 

propagation modes.  As can be seen in the figure, CT is equal to the shear wave 

velocity, Vs, at the first (fundamental) propagation mode.  However, the torsional 

wave propagates at high phase velocities in higher propagation modes.   

It is interesting to see that, except the first propagation mode, torsional 

waves are dispersive.  The phase velocities of torsional waves at higher 

propagation modes (2nd, 3rd, and 4th) decrease with increasing frequency.  The 

free-free resonant column specimens tested in this study have a nominal length-

to-diameter ratio of 2.0 as discussed; hence, the value of (2a/λ) is equal to 0.25 at 
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the first resonant mode (along the z direction).  As can be seen in Figure 2.7, the 

value of (CT /Vs) at the second propagation mode is about 5.6 times higher than 

that at the first propagation mode.  This means that at the first resonant mode, the 

resonant frequency of the second propagation mode, f21, is about 5.6 times higher 

than the resonant frequency of the fundamental propagation mode, f11.  The 

highest frequency measured in this study is about four times the frequency of f11 

(up to the fundamental propagation mode resonating at the 4th resonant mode).  

Therefore, the higher propagation mode does not appear in the frequency range 

that is measured in this study.   

In summary, the propagation-mode shapes of torsional waves in a solid 

cylindrical rod can be any continuous function as long as it fulfills the three basic 

requirements.  However, only the torsional wave in the first propagation mode is 

measured in the free-free resonant column tests, and the phase velocity of 

torsional waves at the first propagation mode is the shear wave velocity, Vs.   
20
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Figure 2.7  Frequency Spectrum for Torsional Waves in a Cylindrical Rod  
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2.3 LONGITUDINAL WAVES IN A SOLID CYLINDRICAL ROD 

Two different dynamic properties can be readily measured with 

longitudinal waves as they propagate in a solid cylindrical rod.  These two 

dynamic properties are: (1) Young’s modulus, E, and (2) material damping ratio 

in unconstrained compression, Dc.  Young’s modulus and material damping ratio 

in unconstrained compression are determined from the resonant measurements in 

the longitudinal direction.  (Another type of longitudinal loading which involves 

constrained compression wave and the constrained modulus in a direct-arrival 

measurement is discussed in Section 2.4.)   

An impulsive excitation is used as a source in the large-scale, multi-mode, 

free-free resonant column device.  The impulsive excitation is applied at the 

center on top of the solid cylindrical specimen.  A time history is recorded at the 

center of the bottom end of the specimen in resonance so that the response curve 

can be obtained by transferring the time history into the frequency domain using 

the Fast Fourier Transform, FFT, algorithm.  Young’s modulus is then determined 

from the resonant frequency, and material damping ratio in unconstrained 

compression is determined from the response curve using the half-power 

bandwidth method.  The procedures of determining Young’s modulus and 

material damping are discussed in Chapter Three, but the theoretical background 

to determine Young’s modulus from the resonant frequency is discussed in this 

section.  

To simplify the discussion, one-dimensional compression waves that 

resonant along the longitudinal axis in a finite rod is first discussed in Section 
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2.3.1.  Shapes of the resonant modes along the longitudinal axis are presented.  

The effects of added masses at the ends of the finite rod are also discussed.  

Because all geotechnical materials expand in the lateral direction while being 

compressed in the longitudinal direction, longitudinal waves propagating in a 

finite rod can only be consider as one-dimensional waves when the wavelength, λ, 

are much greater than the diameter of the rod, 2a, or the Poisson’s ratio, υ, of the 

material is zero.  The general wave equations of longitudinal waves, which 

consider lateral motion, are discussed in Section 2.3.2.  The dispersive nature of 

longitudinal waves is introduced, and the effect of the dispersive nature of 

longitudinal waves on the Young’s modulus measurement is discussed.   

2.3.1 One-Dimensional Solution of Longitudinal Waves in a Finite Rod 

Similar to torsional waves, the wave equation of one-dimensional 

longitudinal waves can be expressed as: 

2

2

t
w

∂
∂  = Vc

2 
2

2

z
w

∂
∂  (2.20) 

where  w = element displacement along the axis direction, 

t = time, 

Vc = unconstrained compression wave velocity (or rod wave velocity = 

ρ
E ), 

z = coordinate of element along the axis. 

As in torsional waves, it is convenient to use the complex exponential function to 

express steady-state longitudinal waves in the form as (Bedford and Drumheller, 

1994): 
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w = C2 ej(kz-ωt), (2.21) 

where  C2 = complex constant, 

j = 1− , 

k = wave number (k = 2π / λ),  

λ = wavelength, and 

ω = the circular frequency of the nth mode of resonance. 

Equation 2.21 can be rewritten as:  

w = C2 ejkz e-jωt  

= {[C2 [cos(-ωt) + j sin(-ωt)]} [cos(kz) + j sin(kz)], (2.22) 

which shows displacement w is a sinusoidal function of both t and z.  

The steady-state solution of longitudinal waves in a finite rod can be 

assumed to be in the form (Bedford and Drumheller, 1994): 

u = T'·ej(kz-ωt) + R'·ej(-kz-ωt) (2.23) 

where T' is the complex amplitude of the forward propagating transmitted 

longitudinal wave and R' is the complex amplitude of the backward propagating 

reflected longitudinal wave. 

The boundary conditions of the longitudinal waves are similar to those of 

torsional waves.  The axial strains are zero at both ends of the specimen (
dz
dw = 0 

at both z = 0 and L).  By substituting the boundary conditions into Eq. 2.23, it is 

found that T' – R' = 0, and T'·ejkL – R'·e-jkL = 0.  For a nontrivial solution of these 

two equations, the value of sin(kL) should be zero, which means kL = nπ (n = 1, 

2, 3, …).  As in torsional waves, this solution shows the phenomenon of 

resonance.  Longitudinal waves in a finite cylindrical rod can only reach a steady-
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state condition if kL = nπ.  The circular frequencies at resonances can be 

determined as: 

ωn = Vc · k = (n πVc) / L, n = 1, 2, 3, … (2.24) 

At the first resonant mode, ω1 is equal to (πVc) / L.  The function of displacement 

u along the length of the rod can be shown to be 2·T'·e-jωt·cos(πz / L) at the first 

resonant mode.  Figure 2.8 shows the displacement and strain amplitudes of a 

free-free specimen with a length-to-diameter ratio of two at the first three resonant 

modes.  As can be seen in the figure, the resonant mode shapes of the longitudinal 

waves are the same as those of the torsional waves.  The only difference is the 

direction of movement.  The displacement of the element in longitudinal motion 

is in the z direction, and the displacement of the element in torsional motion is in 

the θ direction.   

As discussed in the previous section, end caps are placed on the ends of a 

free-free resonant column specimen to permit confining pressure to be applied 

and support the ends of the specimen while testing soil.  Similar to that with 

torsional waves for a free-free specimen with end caps, Eq. 2.24 should be 

modified as: 

ω1 = 
L
Vcα  (2.25) 

at the first resonant mode, where α is an adjustment factor to account for the 

effect of end masses.  The value of α in a free-free boundary condition can be 

calculated as: 

tan (α) = 
1uu

)uu(
2

21

21

−α
α+  (2.26) 

 27



1st Mode 3rd Mode2nd ModeSpecimen
Dimensions

Displacement
Strain 

2a

L

λ = 2L λ = L λ = (2/3) L
 

Figure 2.8 Displacement and Strain Amplitudes of a Free-Free Specimen at the 
First Three Longitudinal Resonant Modes  

where  u1 =  
0

1

M
M , (2.27) 

u2 =  
0

2

M
M , (2.28) 

M1 = added mass at the first free end,  

Mo = mass of the specimen, and  

M2 = added mass at the second free end. 

Again, if the mass of the second end cap approaches infinity (u2 = ∞), Eq. 2.26 

becomes: 

α tan (α) =
1

0

M
M . (2.29) 
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This is the same boundary condition equation in the fixed-free resonant column 

(Weston, 1996).   

The added end caps increase the resonant wavelength; hence, decrease the 

resonant frequency, as discussed in the previous section.  The mode shapes of the 

first three longitudinal resonant modes are similar to those of the torsional 

resonances illustrated in Figure 2.5, and are not plotted again here. 

2.3.2 Exact Solution of Longitudinal Waves in a Finite Rod 

As discussed above, nature materials expand in the lateral direction when 

compressed in the longitudinal direction, so longitudinal waves propagating in a 

finite rod can only be consider as one-dimensional waves when the wavelength, λ, 

is much greater than the diameter of the rod, 2a, or when Poisson’s ratio, υ, of the 

material is zero.  The exact solutions of longitudinal waves have to fulfill three 

basic requirements as discussed in the previous section.  Comprehensive 

discussions of the solutions are given by Rayleigh (1945), Love (1944), Kolsky 

(1963), and Lewis (1990), and are summarized below. 

As longitudinal waves pass through a small element in the finite rod, the 

element moves in both z and r directions.  The displacements in z and r directions 

are w and u, respectively.  The general form of the displacement in z and r 

directions can be expressed as (Lewis, 1990): 

u(r,z,t) = {-p B2J1(pr) – jk B3J1(qr)}ej (kz-ωt) (2.30) 

w(r,z,t) = {jk B2J0(pr) + q B3J0(qr)}ej (kz-ωt) (2.31) 

where, u = element motion in the r direction, 

w = element motion in the z direction, 
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p2 = 2

2

pV
ω  – k2,  (2.32) 

Vp = constrained compression wave velocity, 

q2 = 2
s

2

V
ω  - k2, (2.33) 

B2 and B3 = constants which are related to amplitude, 

J0() = Bessel function of the first kind and order zero, and  

J1() = Bessel function of the first kind and order one. 

The right hand side of Eq. 2.30 can be separated into two parts: the first 

part, {-pB2J1(pr) – jkB3J1(qr)}, contains only variable r, and the second part, ej (kz-

ωt), contains only variable z.  The first part shows that the shape of the 

displacement u is a combination of Bessel function of the first kind and order 

zero, J0, and Bessel function of the first kind and order one, J1, along the r axis.  

On the other hand, the second part shows that the shape of the displacement u is 

in a sinusoidal wave form along the z axis.  The right hand side of Eq. 2.31 can 

also be separated into two parts, and shows that the shape of the displacement w is 

a combination of J0 function and J1 function along the r axis and is in a sinusoid 

function form along the z axis.  The one-dimension solution discussed in the 

previous section is a special case in which the first part of the right hand side in 

Eq. 2.31 is equal to 1, and u = 0.   

As with torsional waves, the shape of displacement u and w of the 

longitudinal waves along the r axis are defined as propagation-mode-shape in this 

study.  As torsional wave, only the fundamental propagation mode of the 

longitudinal wave is measured in the MMD.  Figure 2.9 shows the deformed free-
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free specimen with a length-to-diameter ratio of 2 at the first resonant mode of the 

longitudinal wave, in which the longitudinal wave is the first propagation mode.  

As can be seen in the figure, elements extend and compress in the z axis as the 

specimen resonates.  The displacement u is in a sinusoidal wave form along the z 

direction.  Elements on the perimeter of the specimen show more lateral 

deformation than those along the central axis.  

 

Figure 2.9  Deformation of a Free-Free Specimen at First Longitudinal Resonant 
Mode (  = 0.3)  ν
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On the perimeter (r = a), shear stresses, τrθ and τrz, should be equal to zero.  

Applying this boundary condition in Eq 2.30 and Eq. 2.31, it is found that the 

values of p and q should meet: 

2 pa [(qa)2 + (ka)2] – [(qa)2 – (ka)2]2 
)pa(J
)pa(J

1

0   

 - 4 (ka)2 (pa) (qa) 
)qa(J
)qa(J

1

0  = 0 (2.34) 

for the displacement u and w to be nontrivial solutions.  The relationship between 

the phase velocity, Vc
*, and the wavelength of longitudinal waves can be obtained 

by solving Eq. 2.34 numerically.  Figure 2.10 shows the results of the numerical 

solution in forms of normalized longitudinal wave velocity, Vc
*/Vc, and diameter 

to wavelength ratio, 2a/λ, of the first three propagation modes with Poisson’s ratio 

of 0.3 and 0.49.  

Only the first propagation mode is measured in the free-free resonant 

column.  However, longitudinal waves are dispersive even at the first propagation 

mode.  As shown in Figure 2.10, the values of (Vc
*/Vc) decrease from 1 at (2a/λ) 

= 0 to 0.59 at (2a/λ) = 2.  This means that longitudinal waves in a solid rod are 

propagating with a phase velocity close to the unconstrained compression wave 

when λ >> a, and at a lower phase velocity as λ decreases (or frequency 

increases).  For 2a/λ = 2, the compression wave is propagating with a phase 

velocity close to Rayleigh wave velocity.  Actually, energy is mostly transferred 

in the region close to the perimeter of the rod in this case (2a/λ = 2).  
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Figure 2.10  Frequency Spectrum for Longitudinal Waves in a Cylindrical Rod 
without End Caps (after Lewis 1990) 

In conclusion, the compression wave velocity measured in this study is 

propagating in the first propagation mode, and the compression wave velocity 

measured in the free-free resonant column test needs to be adjusted to account the 

dispersive nature of the compression waves.  The unconstrained compression 

wave velocity, Vc, can be obtained by adjusting Vc
* with the unconstrained 

compression wave velocity calibration factor, kc, as: 

Vc = Vc
* / kc. (2.35) 

The value of kc is a function of Poisson’s ratio, υ.  Figure 2.11 shows the 

variation of kc with Poisson’s ratio.  As can be seen in the figure, the value of kc 

decreases from 1.0 at υ = 0 to about 0.964 at υ = 0.49.  In most of soils, Poisson’s 
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ratio is less than 0.3, at which kc = 0.985.  This means that for most soil 

specimens, if one used the value of Vc
* as Vc, the error will be less than 1.5%.   

It should be noted that this value is for specimen with a length-to-diameter 

ratio of 2.0.  The added end caps of soil specimens will increase the longitudinal 

wavelength; hence, decreases the range of error (< 1.5%).  As discussed in 

Chapter Six, measurement errors in unconstrained compression wave velocity of 

soil specimens are typically higher than this adjustment.  Therefore, this 

adjustment is not necessary for soil specimens.  On the other hand, while testing a 

metal specimen, measurement error is much less than this error range.  It is 

important to adjust the measured unconstrained compression wave velocity with 

the calibration factor, kc, if one wishes to obtain a more accurate Poisson’s ratio.  

Section 2.6 shows the effect of this adjustment on the value of Poisson’s ratio of 

an aluminum specimen.   
1.02

1.00

0.98

0.96

0.94

k c

0.50.40.30.20.10.0

Poisson's Ratio, υ  

Figure 2.11  Variation of Unconstrained Compression Wave Velocity Calibration 
Factor, kc (= Vc

*/ Vc), with Poisson’s Ratio, ν , for a Specimen with 
a Length-to-Diameter of 2 (no End Caps) 
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2.4 CONSTRAINED COMPRESSION WAVES IN A SOLID CYLINDRICAL ROD 

In the direct-arrival measurement of the constrained compression waves, 

the initial arrival time of the constrained compression wave traveling through the 

specimen along the center axis is measured.  The constrained compression wave 

velocity, Vp, is then determined by dividing the specimen length with the 

measured traveling time.  With Vp, the small-strain constrained modulus, Mmax, is 

then calculated (Mmax = ρ Vp
2).  This measurement is based on the assumption is 

that compression wave traveling along the center line of the specimen is not 

affected by the boundary if the rod is short.  As discussed at the end of this 

chapter, Poisson’s ratio determined from Vp are the same as those determined 

from Vc or Vs.  Therefore, this assumption should be valid. 

2.5 FLEXURAL WAVES 

Flexural waves are not used for measuring dynamic properties in the 

MMD.  However, flexional waves could interfere, in some cases, dynamic 

properties measured with longitudinal and torsional waves.  Therefore, the 

relationship between the phase velocities and wavelength of flexural waves is 

presented here.     

In flexural waves, elements of the central axis move laterally 

(perpendicular to the axis) during the motion.  Unlike longitudinal waves where v 

is zero and torsional waves where u and w are zero, flexural waves have all three 

displacement components, u, v, and w.  Since flexural waves are not used for the 

measurements in this study, the equation of motion is not discussed.  Details 

concerning the wave equations of the flexural waves can be found in Kolsky 
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(1963).  The relationship between normalized phase velocity of flexural waves, 

Vf/Vc, and the diameter-to-wavelength ratio, 2a/λ, in a finite cylindrical rod is 

presented in Figure 2.12.  In the figure, flexural wave velocity, Vf, is normalized 

with the bar wave velocity, Vc, and frequency is presented in terms of 2a/λ.  

Normalized phase velocity of torsional wave, CT/Vs, and normalized phase 

velocity of longitudinal wave, Vc
*/Vs, are also shown in the figure.  It should be 

noted that Poisson’s ratio of the three normalized wave velocities in Figure 2.11 is 

assumed to be 0.29.  

As illustrated in the Figure 2.12, flexural wave velocity increases with 

increasing frequency; hence, decreasing λ.  As discussed in Section 2.2, for a 

free-free resonant column specimen, with a nominal diameter-to-length ratio of 

0.5 and no end caps, the ratio of (2a/λ) is 0.25 at the first resonant mode.  As 

shown in Figure 2.12, at 2a/λ = 0.25, Vf/Vc is about 0.3, Vs/Vc is about 0.6, and 

Vc
*/Vc is about 1.  In other words, Vs is about twice the value of Vf, and Vc is also 

about twice the value of Vs.  This shows that a length-to-diameter ratio of two is a 

good arrangement for a free-free resonant column test, because the phase 

velocities of the three different types of waves are far away from each other at 

first-mode resonance of all three types of waves.  However, as the specimen 

resonate at a higher mode, phase velocities of the three different types of waves 

come close together.  As a result, shear modulus measurements at higher resonant 

modes could experience interference from longitudinal or flexural vibrations.   
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Figure 2.12  Velocity Spectrum for Flexural, Compression, and Torsional Waves 
in a Cylindrical Rod with a Poisson’s Ratio of 0.29 (after Kolsky 
1963) Note: Vp / Vs = 1.84 at υ = 0.29. 

2.6 FREE-FREE RESONANT COLUMN TEST OF AN ALUMINUM ROD 

A cylindrical aluminum rod (6061-T6 aluminum alloy) was tested with the 

free-free resonant column technique.  The free-free boundary condition was 

achieved by orienting the specimen horizontally and suspending it with soft strips 

(Vaghela, 1995).  Figure 2.13 shows a diagram of this arrangement.  The 

specimen had no added masses (end caps) on either end.  Three different types of 

tests were performed with this aluminum rod.  The three tests were: (1) direct-

arrival measurement of the constrained compression wave, (2) a compression 

(longitudinal) resonant column test, and (3) a torsional resonant column test.   
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(a) Longitudinal Excitation 

 
(b) Torsional Excitation 

Figure 2.13 Basic Setup for Measurement in a Free-Free Resonant System 
(Vaghela, 1995)  
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In the first two tests, the specimen was excited with an instrument hammer 

at the center of one end.  A PCB Model 303A12 accelerometer is attached at the 

center of the other end of the aluminum specimen (Sun 1993, Vaghela 1995, and 

Weston 1996).  Figure 2.13a shows the basic setup of this measurement.  The 

impulsive excitation is applied at the center on one end of the solid cylindrical 

specimen.  In the direct-arrival measurement of the constrained compression 

wave, the travel time of the constrained compression wave through the 

longitudinal center of the specimen was determined using the time records of the 

instrument hammer and the accelerometer.  Figure 2.14 shows the time records of 

the instrument hammer and the accelerometer.  The constrained compression 

wave velocity, Vp, is then determined by dividing the specimen length with the 

measured travel time.  With Vp, and unit mass of the specimen, ρ, the small-strain 

constrained modulus, Mmax, is then calculated (Mmax = ρ Vp
2).  The measured 

constrained compression wave velocity, Vp, was 6,200 m/s (20,400 fps).  

On the other hand, unconstrained compression wave velocity, Vc, and 

material damping ratio in unconstrained compression, Dc, were determined from 

the resonant measurements in the longitudinal direction.  The same impulsive 

excitation is used in this measurement.  However, a longer time history is 

recorded at the center of the other end of the specimen, and the response curve 

was obtained by transferring the time history into the frequency domain using the 

Fast Fourier Transform, FFT, algorithm.  Figure 2.15 shows the measured power 

spectrum from the accelerometer.   Longitudinal wave velocity, Vc
*, can be 

determined from the resonant frequency with a slight modification of Eq. 2.24 as: 
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Vc
* = 

n
Lf2 n  (2.36) 

where  L = length of the specimen, 

fn = resonant frequency at the nth mode, and  

n = 1, 2, 3…. 
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Figure 2.14 Time Records from the Instrument Hammer and the Accelerometer 
in a Direct Arrival Constrained Compression Wave Measurement; 
Aluminum Specimen. 
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Figure 2.15 Power Spectrum of Longitudinal Wave Proportional to Acceleration; 
Aluminum Specimen. 

As shown in the Figure 2.15, the resonant frequency of the 2nd mode is 

less than twice the frequency of the first resonant frequency.  Based on Eq. 2.36, 

the longitudinal wave velocity, Vc
*, at the second mode should be lower than that 

of the first mode (as it is) due to the dispersion.  The same result can be found in 

the 3rd and 4th modes.  The measured longitudinal wave velocities decrease with 

increasing frequency.  This agrees with the theory discussed in Section 2.3.   

As discussed in Section 2.3.2, the unconstrained compression wave 

velocity, Vc, can be obtained by dividing Vc
* with unconstrained compression 

wave velocity calibration factor, kc as: 

Vc = Vc
* / kc (2.37) 
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With Vc, and unit mass of the specimen, ρ, the small-strain Young’s modulus, 

Emax, is then calculated (Emax = ρ Vc
2).  Table 2.1 shows the values of Vc and Vc

* 

determined from the first three longitudinal resonant modes of the aluminum 

specimen.  As can be seen in the table, the values of Vc
* decrease as longitudinal 

waves resonate at higher resonant mode.  However, after adjusting with kc, the 

values of Vc from the first three resonant modes are close to each other with less 

than 1.2% of variation.   

Material damping ratio in unconstrained compression is determined from 

the half-power bandwidth method.  Details of determining material damping ratio 

in unconstrained compression are discussed in Section 3.3.  The value of Vc
*, Vc, 

E, and Dc of the aluminum specimen at the first resonant mode are shown in 

Table 2.2.  As shown in the table, the difference between Vc and Vc
* is just about 

1.5% at the first resonant mode.  The value of Vc presented in the literature (Gere 

and Timoshenko, 1991) are also presented in the table.  The difference between 

Vc measured from free-free resonant column and Vc presented in the literature is 

less than 0.6%.    

Table 2.1 Values of Vc and Vc
* Determined from the First Three Longitudinal 

Resonant Modes of a Aluminum Specimen 

Resonant 
Mode fn (Hz) Vc

* (m/s) 2a/λ kc  Vc (m/s) 

1st 8243 5028 0.25 0.985 5106 
2nd 15219 4642 0.50 0.920 5045 
3rd 20062 4079 0.75 0.800 5100 
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Table 2.2 Effect of Unconstrained Compression Wave Velocity Calibration 
Factor, kc on Calculation of Poisson’s Ratio 

 Measured 
Value 

Value in the 
Literature 

Shear Wave Velocity, Vs (m/s) 3123 3129a 
Constrained Compression Wave 

Velocity, Vp (m/s) 
6222 6399b 

Vc
* 5029  Unconstrained 

Compression Wave 
Velocity, Vc (m/s) Vc 5106 50751 

Ds, % 0.031  
Dc, % 0.011 0.0014c 
Dp, % 0.0023d 0.0085 b 

MGν  0.332  
Vc

* 0.296  
EGν  

Vc 0.335 0.33a 
Vc

* 0.339  
MEν  Vc 0.331  

Note: a. Gere and Timoshenko (1991) 
b. Santamarina et al. (2001) 
c. Winkler and Nur (1982) 
d. Determined from Ds and Dc  

For torsional waves, the specimen is twisted with a custom-made, seizer-

type torsional impulse exciter.  The impulse exciter is attached at the center of one 

end of the specimen.  Two accelerometers are attached at the other end of the 

specimen to record the torsional movement.  Figure 2.13b shows the basic setup 

of this measurement.  These two accelerometers are fixed on the opposite edges 

along the perimeter, and are arranged in a way to amplify signals from torsional 

motions and de-amplify signals from flexural motions.  The measured power 

spectrum from the two accelerometers is shown in Figure 2.16.  As shown in the 

figure, the resonant frequency of the 2nd resonant mode in torsion is about twice 

the frequency of that of the first resonant mode.  This shows that the torsional 
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wave velocity is frequency independent, as expected.   The value of Vs 

determined from the first resonant mode and Vs presented in the literature are 

shown in Table 2.2.  As can be seen in the table these two values are close to each 

other.  
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Figure 2.16 Power Spectrum of Shear Wave Proportional to Acceleration; 
Aluminum Specimen. 

As can be seen in Figure 2.16, even with the accelerometers set in a way 

to amplify signals from torsional motions and de-amplify signals from flexural 

motions, some resonances from longitudinal and flexural vibrations are also 

recorded in the response curve.  This record gives an example of the interference 

between different vibrations at higher resonant modes.  In the MMD, torsional 

motion is excited with a torsional electro-magnetic motor at the bottom of the 

specimen.  Interferences from longitudinal and flexural vibrations are less than 
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those shown in Figure 2.16, because the input energy of the longitudinal and 

flexural vibrations is very limited.   

However, in the MMD the soil specimen is oriented vertically and 

supported with four soft springs.  Minor differences in the spring constants of 

these four soft springs can induce a bending vibration in the specimen with an 

impulsive excitation at the center on top of the specimen.  Because the confining 

pressure has different effects on the resonant frequency of vibration in bending 

and unconstrained compression, interference from bending vibrations with the 

response curves of unconstrained compression resonance has been experienced at 

some confining pressures.  This is one of the reasons that measured values of 

Young’s modulus in the MMD show more variation than those of shear modulus 

(See Chapter Six).   

Because the aluminum specimen can be considered to be homogeneous 

and isotropic, Poisson’s ratio can be calculated from any combination of two 

wave velocities from the three measured velocities (Vs, Vc, and Vp) as (Richart et 

al. 1970):  
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The subscript of ν  is used to indicated the wave velocities that are used 

for determining the value of ν .  The values of EGν , MGν , and  of the 

aluminum specimen are shown in Table 2.2.  Poisson’s ratios calculated using V

MEν

c
* 

instead of Vc are also shown in Table 2.2.  As can be seen in the table, even 

through the difference between Vc and Vc
* is only about 1.5%, the difference is 

about 0.04 in absolute value between the values of  EGν  calculated from Vc and 

Vc
*. This absolute difference of 0.04 is about 10% in the difference of .  The 

values of  , and 

ν

EGν , MGν MEν  are about 0.33, if Vc is used for determining 

and ν .  This shows the importance of adjusting the measured compression 

wave velocity with k

EGν ME

c on calculating Poisson’s ratio.  However, as discussed in 

Section 2.3, this adjustment is not used in the soil specimens with end caps, 

because measurement errors in soil specimens are typically higher than this 

adjustment. 

2.7 THEORETICAL RELATIONSHIP BETWEEN DS, DC, AND DP 

The relationship between material damping ratios in shear, Ds, in 

unconstrained compression, Dc, and in constrained compression, Dp, can be 

determined theoretically based on the wave equations.  Winkler and Nur (1982) 

showed that the relationships between these three different material damping 

ratios could be expressed as: 
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Dp = [Dc (1 + υ) – 2 Ds υ (2 - υ)] / [(1 - υ)(1 - 2 υ)] (2.39) 

Winkler and Nur also showed that one of the following must be true for 0 ≤ υ ≤ 

0.5: 

Dp > Dc > Ds, or (2.40) 

Dp = Dc = Ds, or (2.41) 

Dp < Dc < Ds. (2.42) 

With the values of Ds and Dc, Dp of the aluminum specimen can be 

determined from Eq. 2.39 as 0.0023%.  This value is lower than that presented in 

the literature (= 0.0085%, Santamarina et al., 2001, Table 2.2).  However, as 

discussed in Chapter Six, the values of Dc of sandy and gravelly soils measured 

with the MMD show wider variation, as the limit of the testing device.  As a 

result, Eq. 2.39 is not used to determine the values of Dp of sandy and gravelly 

soils.   

2.8 SUMMARY 

Theoretical solutions of three different types of waves that resonate in a 

free-free specimen are discussed in this chapter.  These types of waves are: (1) 

longitudinal waves or unconstrained compression waves, (2) torsional waves or 

shear wave, and (3) flexural waves.  The first two types of waves (longitudinal 

and torsional waves) are used in the free-free resonant column test.  Propagation 

modes and resonant modes of longitudinal and torsional waves are presented.  As 

discussed in the chapter, only the first (fundamental) propagation mode of these 

two types of waves is measured in free-free resonant column tests.   
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Shear wave velocity can be determined from the first resonant frequency 

in torsion, fs1, of a free-free specimen with end caps as: 

Vs = 
β

π 1sLf2 , (2.43) 

where β is an adjustment factor that account for the effects of the end masses.  

The value of β in a free-free boundary condition can be calculated as: 

tan (β) = 
1vv

)vv(
2

21

21

−β
β+  (2.44) 

where  v1 =  
0

1

I
I , (2.45) 

v2 =  
0

2

I
I , (2.46) 

I1 = mass polar moment of inertia of the mass at one free end,  

I0 = mass polar moment of the specimen, and   

I2 = mass polar moment of inertia of the mass at the other free end. 

With shear wave velocity, Vs, and total unit mass, ρ, of the specimen, shear 

modulus, G, can be calculated (G = ρ Vs
2).   

On the other hand, longitudinal wave velocity can be determined from the 

first resonant frequency, fc1, in compression of a free-free specimen with end caps 

as: 

Vc
* = 

α
π 1cLf2

, (2.46) 

where α is an adjustment factor that account for the effects of the end masses.  

The value of α in a free-free boundary condition can be calculated as: 

tan (α) = 
1uu

)uu(
2

21

21

−α
α+  (2.48) 

where  u1 =  
0

1

M
M , (2.49) 
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u2 =  
0

2

M
M , (2.50) 

M1 = added mass at the first free end,  

Mo = mass of the specimen, and  

M2 = added mass at the second free end. 

The unconstrained compression wave velocity, Vc, can be obtained by adjusting 

Vc
* with the unconstrained compression wave velocity calibration factor, kc, 

(shown in Figure 2.11) as: 

Vc = Vc
* / kc. (2.51) 

With unconstrained compression wave velocity, Vc, and unit mass, ρ, of the 

specimen, Young’s modulus, E, can be calculated (E = ρ Vc
2).   

Flexural waves are not used in the free-free resonant column test.  

However, because flexural wave might interfere with measurements of 

longitudinal and torsional waves at higher resonant modes, dispersive nature of 

the flexural wave is discussed in Section 2.5.   

Small-strain constrained modulus, Mmax, can be measured from a direct-

arrival test of the constrained compression wave.  In this measurement, an 

impulsive excitation is applied at the center on top of the solid cylindrical 

specimen.  The initial arrival time of the constrained compression wave traveling 

through the specimen along the center axis is measured.  The constrained 

compression wave velocity, Vp, is then determined by dividing the specimen 

length with the travel time.  With Vp, the small-strain constrained modulus, Mmax, 

is then calculated (Mmax = ρ Vp
2).  This measurement is based on the assumption 

that a compression wave traveling along the center line of the specimen is not 
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affected by the boundary if the rod is short.  As discussed at the end of this 

chapter, the values of Poisson’s ratio can be determined from Vp and Vs, Vc and 

Vs, or Vp and Vc.  When the values are calculated using a cylindrical specimen 

made of aluminum, all combinations of wave velocities give the same values of υ.  

Therefore, this assumption of a constrained wave propagating down the center of 

the cylinder is valid.  

The relationship between material damping ratios in shear, Ds, in 

unconstrained compression, Dc, and in constrained compression, Dp, can be 

determined theoretically based on the wave equations as: 

Dp = [Dc (1 + υ) – 2 Ds υ (2 - υ)] / [(1 - υ)(1 - 2 υ)] (2.52) 

With the values of Ds and Dc, Dp of the aluminum specimen can be determined 

from Eq. 2.52.  However, as discussed in Chapter Six, the values of Dc of sandy 

and gravelly soils measured with the MMD show wider variation, as the limit of 

the testing device.  As a result, Eq. 2.52 is not used to determine the values of Dp 

of sandy and gravelly soils.   
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Chapter 3 

Equipment Development 

3.1 INTRODUCTION 

As discussed in Chapter One, one of the goals of this research was to 

develop a new device that could be used to dynamically test large-grained 

material, such as gravelly soils.  It was decided that the device should be capable 

of testing particle sizes as large as 2.5 cm (1.0 in.) in diameter.  Therefore, a 

specimen with a diameter of 15.2 cm (6.0 in.) was required to achieve the 

minimum specimen-diameter-to-particle-size ratio of six recommended in ASTM 

D4015-87.  The resulting specimen length was then 60 cm (12 in.) based on the 

traditional height-to-diameter ratio of two used in geotechnical engineering.  This 

specimen size would permit testing particle sizes about two to three times larger 

than generally tested.   

A specimen with a diameter of 15.2 cm (6 in.) would require a substantial 

base pedestal and reaction block if the bottom end condition were to be fixed as is 

traditionally the case in resonant column devices.  Therefore, it was decided to 

build the device in the free-free configuration; that is, free boundary conditions at 

both ends of the specimen.  Because gravelly soils are normally stiffer than other 

types of materials, free-end boundary conditions are easier to achieve than fixed-

end boundary conditions.  In addition, the free-free configuration gives the device 
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greater mobility which means that the device is easier to move from one location 

to another, if one would like to transport it to the field, for instance. 

The free-free boundary conditions of the new device are met by allowing 

the top to be free and by supporting the base of the specimen with four soft 

springs.  An additional benefit of this arrangement is that background noise due to 

building/laboratory motions is greatly minimized.  Therefore, it is possible to 

perform measurements at strain levels as low as 10-7%, compared with the lower 

limit of about 10-4% typically associated with traditional dynamic testing using 

fixed-free resonant column devices.   

The primary emphasis of this research is placed on developing the 

capability to perform torsional measurements with the free-free device.  This 

emphasis is pursued so that shear wave velocity, Vs, shear modulus, G, and 

material damping ratio in shear, Ds, can be evaluated.  These measurements can 

be performed in the linear and nonlinear strain ranges.  Additionally, the free-free 

device is constructed so that measurements of small-strain unconstrained 

compression wave velocity, Vc, Young’s modulus, Emax, and material-damping 

ratio in unconstrained compression, Dc,min, can be performed.  Finally, the 

capability of measuring small-strain constrained compression wave velocity, Vp, 

and constrained modulus, Mmax has been added.  The combination of the 

torsional, longitudinal, and constrained measurements is the reason why this 

device is termed a multi-mode device and permits unique testing to be performed. 

In this chapter, a detailed description of the large-scale, multi-mode, free-

free, resonant column device is given.  The device is generally referred to as the 

 52



multi-mode device or MMD hereafter.  An overview of the device and a 

discussion of each type of test are presented in Section 3.2. The pieces of 

equipment which make up the complete resonant column system are discussed in 

Section 3.3.  The interaction between coils and magnets used in the torsional 

motor is then discussed in Section 3.4.  The theoretical approach used to eliminate 

equipment damping is also discussed in Section 3.4.  The inner chamber switch 

unit (ICS) used in the approach to eliminate equipment damping and the 

automation testing program, RCTS2000, are discussed in Sections 3.5 and 3.6, 

respectively.  Finally, calibration and verification of this new device are presented 

at the end of this chapter. 

3.2 GENERAL OVERVIEW OF LARGE-SCALE, MULTI-MODE, FREE-FREE 
RESONANT COLUMN DEVICE 

A traditional fixed-free torsional resonant column excites a cylindrical 

specimen in torsional motion with a drive mechanism on the top of the specimen 

as illustrated in Figure 3.1a.  In this case, the top end of the specimen is free and 

the bottom end is fixed.  In contrast, a free-free torsional resonant column 

specimen has free-end boundary conditions on both ends of the cylindrical 

specimen, as shown in Figure 3.1b.  Therefore, a carefully designed support 

system is needed to create the free boundary at the bottom of the specimen.   

Several kinds of bottom-support systems have been tried at the University 

of Texas before this study.  In the first, shown in Figure 3.2a, the specimen was 

oriented vertically on top of a piezoelectric shaker (Lewis 1990).  An anisotropic 

confining pressure can be applied on the specimen in this arrangement through the 

vibration isolator on top of the specimen.   
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Figure 3.1 Comparison of Strain and Displacement Distributions along the 
Longitudinal Edge of Specimens in Fixed-Free and Free-Free 
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The second, shown in Figure 3.2b, involved orienting the specimen horizontally 

and suspending it with soft strips at both third-points along the specimen length 

(Vaghela, 1995).   

 
(a) Multi-Task Device (Lewis, 1990) 

Figure 3.2 Three Bottom-Support Systems Involved in Previous Studies of the 
Free-Free Resonant Columns at the University of Texas at Austin 
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The third method, shown in Figure 3.2c, is the method after which the present 

system was patterned.  This method involved orienting the specimen vertically 

and suspending the bottom cap with five soft springs (Weston, 1996). 

In the present study, the free-free resonant column specimen is oriented 

vertically and is supported using four soft springs attached to the bottom cap in a 

manner similar to Weston’s approach.  However, improvements in Weston’s 

design have been made in the connections between the specimen, springs, and 

support frame.  Details of these improvements are discussed in Section 3.3.2.  

These improvements have eliminated equipment-generated damping caused by 

relative movements between the support system components.  The spring 

constants of the support springs have also been carefully matched to insure a free-

boundary condition.  In addition, a new torsional drive system has been developed 

with which nonlinear measurements can be performed.  This new system is shown 

in Figure 3.3, which is a photograph of the complete large-scale, multi-mode, 

free-free resonant column device.  A closer look at a specimen in the device and 

the torsional drive system is shown in Figure 3.4. 

The MMD is capable of supporting a 15-cm (6-in.) diameter by 30-cm 

(12-in.) tall specimen and then exciting the specimen in torsional and longitudinal 

motions.  These capabilities allow three different kinds of tests to be performed 

with the device; hence, the reason it is called a multi-mode device.  These tests 

are: 

1. A direct-arrival measurement of constrained compression waves with 

which the constrained compression wave velocity, Vp, is measured.  
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Only small-strain measurements are possible.  With Vp, the small-

strain constrained modulus, Mmax, is then calculated (Mmax = ρ Vp
2). 
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Free, Resonant Column Device with the Confining Chamber Placed 
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2. Small-Strain resonant measurements in the longitudinal direction with 

which unconstrained compression wave velocity, Vc, is measured and 

from which small-strain Young’s modulus, Emax, is calculated (Emax =  

ρ Vc
2).  These measurements also permit the small-strain material-

damping ratio in unconstrained compression, Dc,min, to be measured. 

3. Resonant measurements in torsional motion, from which shear wave 

velocity, Vs, is measured and shear modulus, G, is calculated (Gmax = ρ 

Vs
2).  These measurements also permit the material damping ratio in 

shear, Ds, to be measured.  Furthermore, all of these measurements can 

be performed at shearing strain amplitudes ranging from about 10-7% 

to about 0.1%; hence, measurements are performed in the linear and 

nonlinear ranges.  The maximum strain level of 0.1% is, however, 

dependent on specimen nonlinearity and can only be obtained with 

highly nonlinear materials which exhibit reference strains (γr in 

Chapter Seven) smaller than 0.01%, and a low material damping ratio. 

Two different ways of driving the sample are used in the MMD.  The first 

drive mechanism is a torsional electrical motor, which is used in the torsional 

resonance measurements.  The torque generated by the motor can be controlled, 

which allows measurements to be performed over a wide range in strain levels.  

The other drive mechanism is an impact device, which is used to excite 

longitudinal motions in the small-strain range.  These two different mechanisms 

allow three different tests to be performed as noted above.  These three 

measurements are described in more detail below. 
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3.2.1 Direct P-wave Arrival Measurement (Vp and Mmax) 

In the constrained compression wave test, a solenoid is used to apply a 

vertical impulse at the top of the specimen.  The impulse is applied at the center 

of the top cap as illustrated in Figure 3.5.  This impulsive excitation generates 

compression waves in the specimen.  The solenoid is fixed to the aluminum 

support frame, which is also the support frame for the soft springs.  The support 

frame is shown in Figures 3.4 and 3.5.  Axial accelerometers are attached at the 

center of the caps on both the top and bottom of the specimen.  The time interval 

that it takes for the constrained compression wave to travel through the 

longitudinal center of the specimen from top to bottom is measured.  This 

measurement is determined as the time difference, t∆ , of the first breaks between 

the two accelerometers, as illustrated in Figure 3.6, corrected by the equipment 

calibration constant.  The equipment travel-time calibration constant is the travel 

time, tc, determined with no specimen but with the end caps in contact (tc is 

0.0000042 sec.)  The specimen length divided by the corrected travel time interval 

equals the constrained compression wave velocity.  The small-strain constrained 

modulus can then be calculated as Mmax = ρ Vp
2, where ρ  is the total mass density 

of the specimen. 

It should be noted that no measurements of wave amplitude can readily be 

performed in this equipment arrangement.  Therefore, no measurement of 

displacement (hence calculation of strain amplitude) or material damping are 

possible.  However, in theory, the strain amplitude of Vp should be in the linear 
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range (less than 10-4%), because measurements with different impulsive levels 

result in the same value of Vp.   

d

T

Longitudinal 
Accelerometer 

Soft 
Spring

Figure 3.5  Compression-Wave Excitation S
Multi-Mode, Free-Free Resonant 
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(3) Test from washed mortar sand specimen, σ′o = 0.5 atm 

Figure3.6 Schematic Diagram of the Direct Arrival Measurement of a 
Constrained Compression Wave through the Longitudinal Center of 
the Specimen. 

3.2.2 Resonant Measurements in Longitudinal Motion (Vc, Emax, and Dc,min) 

Longitudinal resonance in a right cylindrical specimen allows 

measurement of the unconstrained compression wave velocity of the material as 

discussed in Chapter 2.  In unconstrained compression wave testing, the same 

solenoid used to measure Vp is used to impact the top of the sample.  However, in 

this case, first-mode longitudinal resonance is excited which represents an 

unconstrained compression wave traveling up and down the specimen.  The 

accelerometer at the bottom of the specimen is used to record this resonance as 
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illustrated in Figure 3.7.  The frequency corresponding to the peak of the response 

curve is the resonant frequency.  From the resonant frequency, modified to 

account for wavelength as discussed by Lewis (1990), the unconstrained 

compression wave velocity and small-strain Young’s modulus of the specimen are 

determined.  Details of the procedure are discussed in Section 2.3.  An outline of 

this procedure is also illustrated in the insert in Figure 3.7b.  However, as 

discussed in Section 2.3, the adjustment to account for wavelength is very small 

because of the added mass of the end caps.  For specimens tested in this study, the 

wavelength was about 2.3 times the specimen length.  Therefore, the correction 

factor was above 0.98, so it was neglected. 
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Figure 3.7 Schematic Diagram of a Resonant Measurement in Longitudinal 
Motion Used to Determine the Unconstrained Compression Wave 
Velocity, Vc. 

 64



The small-strain material damping ratio in unconstrained compression, 

Dc,min, of the specimen can also be calculated with the half-power bandwidth 

method using the response curve.  The calculation is illustrated in Figure 3.8.  It 

should be noted that the half-power bandwidth method can be used only if: (1) the 

specimen is in its linear range and (2) the input energy is the same over the 

frequency range of the half-power bandwidth.  Because the value of Dc,min is 

generally less than 1%, the frequency range of the half-power bandwidth used for 

calculating Dc,min is generally less than 10 Hz.  It is rational to assume that input 

energy over such a small frequency range is constant. 

The strain amplitude of the specimen is difficult to define in an impulsive 

test, because the strain amplitude decreases with time as a result of material 

damping.  It is prudent to limit the strain level to be less than the elastic threshold, 

γt
e, during this test, because the material damping ratio is constant and 

independent of strain amplitude below γt
e.  Also material damping ratio measured 

by the half-power bandwidth method at strain level above γt
e are overestimated 

and hence material damping ratio should not be measured with this method in the 

nonlinear range (Ni, 1987).  In the MMD, the amplitude of excitation can be 

adjusted by changing the location of the solenoid.  However, if the strain level is 

too low, the presence of ambient noise distorts the response curve and creates 

inaccuracies in the measurement.  As Vp, the strain amplitude of Vc should be in 

the linear range (less than 10-4%), because measurements with different impulsive 

levels result in the same value of Vc.   
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Figure 3.8 Schematic Diagram of Half-Power Bandwidth Method Used to 
Evaluate the Small-Strain Material Damping Ratio in Unconstrained 
Compression, Dc,min (Note: The amplitude at the half power points =  
peak amplitude / 2 ) 

3.2.3 Resonant Measurements in Torsional Motion (Vs, G, and Ds) 

This mode of vibration is the one upon which the bulk of the development 

work was performed.  In this test, the cylindrical specimen is driven with an 

electro-magnetic motor in sinusoidal motion over a range in frequencies.  The 

response of the specimen is monitored by an accelerometer on top of the 

specimen.  Torsional motion is plotted versus frequency to create a response 

curve.  From the response of the specimen, the first-mode resonant frequency is 

determined.  The shear modulus of the specimen can be calculated from the 

resonant frequency using wave propagation theory as illustrated in Figure 3.9.  

When measurements are performed in the linear range, the value of G represents 
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the maximum value of shear modulus, Gmax.  As strain levels increase above the 

linear range, values of shear modulus decrease and are denoted simply as G.  The 

equivalent shear strain, γeq, is determined from the peak amplitude of the 

accelerometer combined with an evaluation of the radial distribution of the radial 

distribution as discussed in Appendix A.  Material damping ratios can be 

determined by either the half-power bandwidth method or the free-vibration decay 

method in the linear range and by the free-vibration decay in the nonlinear range 

as discussed below. 
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Figure 3.9  Schematic Diagram of Resonant Measurements in Torsional Motion 
from Which Shear Wave Velocity, Vs, Shear Modulus, G, and 
Equivalent Shear Strain, γeq, are Determined 
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a. Equivalent Shear Strain 

As shown in Figure 3.10, the soil specimen twists as torque is applied.  

The shear strain, γ, at a radius of r can be expressed as: 

γ = 
dx
dz . (3.1) 

From the wave propagation theory discussed in Section 2.2, the displacement on 

the perimeter of the free-free specimen, with end masses on both ends and 

resonating at the first mode, is an elongated half sinusoidal wave as shown in 

Figure 3.11.  The variation of shear strain longitudinally along the perimeter is 

also shown in Figure 3.11.  The displacement along the perimeter of the free-free 

resonant column specimen can be expressed as: 

Z = Zo × cos (
λ
πX2 ), (3.2) 

where  Zo = Ztop×sin(
2
π ×

λ
L ) = Zacc ×sin(

2
π ×

λ
L )×

accr
a  (see Appendix A), 

  (3.3) 

X = coordinate along the axis direction, 

Ztop = displacement at the perimeter on top of the specimen 

λ = wavelength, 

Zacc = displacement of the accelerometer, 

a = outside radius of the specimen (= 7.6 cm = 3 in.), and 

racc = the radius where accelerometer in located (= 5.1 cm = 2 

in.). 
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Figure 3.11  Shapes of Displacement and Strain in a Free-Free Resonant Column 
Specimen with End Caps at the First Resonant Mode 

It should be noted that X = 0 is located at the point where displacement is equal to 

Zo.  This point is slightly different from the point at which X' = 0.  The 
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relationship between Coordinates X and X' is discussed in Appendix A.  The 

displaced shape between X = 0 and X' = 0 (dashed line plotted in Figure 3.11) is 

imaginary and is simply presented to show the relationship between Zo and the 

displacement at the perimeter on top of the specimen, Ztop, in the “X” coordinate 

system. 

By combining Eq. (3.1) and Eq. (3.2), the variation of strain longitudinally 

along the perimeter of the specimen can be expressed as: 

γ = 
dx
dz  = - Zo 





λ
π

λ
π )X2sin(2 . (3.4) 

The maximum strain amplitude,  γmax, in Eq. (3.4) is: 

γmax = Zo 
λ
π2  (3.5) 

and occurs at the mid-height of the specimen.  Because the deformation in a free-

free specimen is not constant (non-homogeneous) but varies according to the 

radial distance from the center axis and to the coordinate along the axis direction, 

the equivalent shear strain, γeq, is determined with an equivalent radius ratio, C, 

suggested by Chen and Stokoe (1972).  The details of deriving the equivalent 

radius ratio are given in Appendix A.  The equivalent shear strain can be written 

as: 

γeq = C × γmax (3.6) 

where C = 0.65 for free-free resonant column specimens.  The value of Zacc is 

determined from the amplitude of the accelerometer output, Va, as: 

Zacc = ( )2
2

r

sec
)f2(

1
π

 × 
( )

( )g/VoltsF

VoltsVg
sec/ft2.32

ac

a

2
×







 (3.7) 
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where Fac is the accelerometer calibration factor (2.5 Volts/g) and fr is the 

resonant frequency.  By combining Equations (3.3), (3.5), (3.6), and (3.7), γeq can 

be expressed can be expressed as: 

γeq = C
accr
a

λ
π2 ( )2

2
r

sec
)f2(

1
π

( )
( )g/VoltsF

VoltsVg
sec/ft2.32

ac

a

2
×







sin(
2
π ×

λ
L ), %

 (3.8) 

As discussed in Appendix A, the value of 
2
π ×

λ
L  is equal to 

2
β .  Therefore, Eq. 

(3.8) can be rewritten as: 

γeq = 78.3×
( )

( ) ( ) ( )ftLg/VoltsFHzf
)sin(VoltsV

ac
22

r

a

××
β×β×

, %. (3.9) 

Equation (3.9) is used in this study for calculating the equivalent shear strain, γeq. 

b. Material Damping Ratio 

At small strains (in the linear range), material damping ratio in shear, 

Ds,min, of the specimen can be measured by the half-power bandwidth method as 

illustrated in Figure 3.12.a.  The material damping ratio in shear, Ds, can also be 

determined from the free vibration decay method at all strain levels.  In a free 

vibration test, the specimen is driven with a sinusoidal force at its resonant 

frequency in steady-state motion.  The drive force is then suddenly turned off and 

the sample is allowed to vibrate freely.  The material damping ratio is calculated 

from the free-vibration decay curve as shown in Figure 3.12.b.  When 

measurements are performed in the linear range, the value of Ds represents the 

minimum values of material damping in shear, Ds,min.  As the strain levels  
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Figure 3.12 Material Damping Measurements by Half-Power Bandwidth and 
Free-Vibration Decay Methods (Note: Sand Specimen and σo′ = 0.5 
atm) 

increase above the linear range, material damping ratios increase and they are 

denoted simply as Ds. 

At small strain levels (γ < 10-4%), material damping ratios measured by 

the free-vibration decay method generally show some scatter due to the impact of 

ambient noise.  On the other hand, material damping ratios measured by the half-

power bandwidth method show less scatter.  There are two reasons why Ds,min 

evaluated by the half-power bandwidth method exhibits less scatter in the small 

strain range.  First, each data point measured in the half-power bandwidth method 

is an average of about 10 vibration cycles, compared with the peak of one 

vibration cycle in free-vibration decay method.  Therefore, ambient noise has 

been filtered by the averaging of a longer time record.  The second reason is the 

contribution of the instrumentation, and the dynamic signal analyzer.  The 

dynamic signal analyzer (HP 3562A) used in this study has a built-in moving 
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band-pass filter, so that ambient noise at frequencies other than the measurement 

frequency are filtered out in the measurement. 

On the other hand, as shear strain increases above the elastic threshold, γe
t 

(~ 10-4%), material damping ratios measured by the half-power bandwidth 

method become inaccurately higher because of nonlinear soil behavior.  It is not 

suitable to use the half-power bandwidth method in this case, and the free-

vibration decay method should be used (Ni, 1987).  However, material damping 

ratios measured by the free-vibration decay method also need some analyses to 

account for the nonlinear behavior of the soil specimen.  At a minimum only the 

peaks from first three cycles of the free-vibration decay should be used.  This 

approach assumes that material damping ratios do not change much within the 

strain variation of the first three cycles.  Second, the equivalent strains are 

calculated by averaging the peak strains of the first three cycles (Hwang, 1997).  

An improved approach would be to evaluate D from each cycle of motion as 

noted by Ni (1987).  And, the best approach would be to fit the measured free-

vibration decay curve with a nonlinear model, thus capturing the complete 

response.  In this work, averaging of Ds from the first three cycles was used. 

3.3 FREE-FREE RESONANT COLUMN TEST EQUIPMENT  

Equipment used in the MMD can be separated into the following five sub-

systems: (1) confinement system, (2) specimen support system, (3) length-change 

measurement system, (4) drive system, and (5) motion monitoring system.  Each 

sub-system is discussed below. 
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3.3.1 Confinement System 

A confining chamber was constructed to permit the application of 

confinement to the test specimen in the MMD.  The confining chamber is 

composed of a hollow cylinder (a wall thickness of 0.4 in. (1.02 cm), a length of 

30 in. (76.2 cm), and an outside radius of 5.4 in. (13.72 cm)), two circular end 

plates (a outside radius of 7 in. (17.78 cm) and a thickness of 1.45 in. (3.68 cm)), 

and eight clamping rods (a diameter of 0.75 in. (1.91 cm) and a length of 32 in. 

(81.3 cm)).  All components are made of stainless steel and are shown in Figure 

3.4.  Rubber O-rings are placed in the end plates to ensure airtight seals between 

the end plates and the hollow cylinder.  The bottom plate is fixed on top of a 

working table, which is the base of the lifting frame. 

A lifting frame, shown in Figure 3.3, is part of the confinement system.  It 

is built to lift the hollow cylinder and the top end plate over the specimen.  The 

reason for the lifting frame is that the outer cylinder and the top end plate need to 

be lifted 4 ft (1.2m) when being placed over the completed specimen and together 

they weigh about 200 lb (90.8 kg).  A chain hoist with a free wheel trolley was 

installed in the beam on top of the lifting frame.  The chain hoist is used to lift the 

hollow cylinder and top end plate.  When confinement is needed, the hollow 

cylinder and top end platen are lifted over the specimen and set on top of the 

bottom end platen. 

Cell pressures up to 80 psi (552 kPa) can be applied using the pressure 

supplied in the building.  The building pressure is regulated with a Fairchild 

model-30 regulator.  For pressures higher than 80 psi (552 kPa), nitrogen gas 
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tanks are used as the pressure source, and a Tescom model-44 regulator is used to 

regulate the confining pressure.  The confinement system has been designed to 

permit a maximum confining pressure of 500 psi (3452 kPa), based on a factor of 

safety of 3.6.  The weakest link in the confinement system is the eight outer rods.  

However, according to the manufacturer the allowable pressure difference across 

the panel insulated bulkhead connectors is 500 psi (3452 kPa).  The confinement 

system must not be used for confining pressure higher than this pressure limit.   

The specimen is surrounded on its sides using latex membranes 

manufactured by Humboldt Inc. (7300 W. Agatite Ave., Norridge, Illinois 60706 

USA).  The membranes are used to provide a barrier between the confining 

pressure and the test specimen and to transfer the confining pressure to the test 

specimen. 

3.3.2 Specimen Support System 

As mentioned in Section 3.1, the MMD specimen is oriented vertically.  

Four soft springs are used to support the bottom pedestal of the specimen.  The 

four soft springs are secured by the support frame, as shown in Figures 3.13.  The 

connections between the specimen, springs, and supporting frame are secured 

with set screws to eliminate equipment-generated damping caused by friction 

between moving components.  This connection mechanism is also illustrated in 

Figures 3.13, with the connection portions enlarged.  As can be seen in the figure, 

the soft spring is secured in two, 5/16-in. (9.94mm) fine threaded bolts.  Fish 

wires are used for connecting the bottom pedestal of specimen with the soft spring  
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Figure 3.13 Details of Securing Soft Springs 

to the support frame.  The fish wires are secured with setscrews, as illustrated in 

Figures 3.13. 

The spring constant of the four supporting springs was carefully selected 

(~0.91 kg/cm) so that the first-mode resonant frequency of the specimen was at 

least 10 times higher than the resonant frequency of the complete system.  The 

resonant frequency of the complete system acting as a rigid body in the vertical 

direction is a function of the mass of the specimen, the mass of the end caps, and 

the spring constant of the four supporting springs.  This frequency ranged from 18 
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to 20 Hz for specimens of the granular materials tested.  The first-mode resonant 

frequency of the granular materials ranged from 350 Hz to 700 Hz, which is more 

than 17 times higher than the vertical resonant frequency of the system.   

On the other hand, the resonant frequency of the complete system acting 

as a rigid body in torsion is a function of the mass moment of inertial of the 

specimen and end plates and the total length of the spring, wire, and connectors.  

The resonant frequency of the complete system in torsion ranged from 1 to 3 Hz 

for specimens of the granular materials tested.  The first-mode resonant frequency 

of the granular materials in this study ranged from 170 Hz to 450 Hz, which is 

more than 170 times higher than the resonant frequency of the system.  However, 

interference in the torsional measurement could also occur from rocking motion 

in the specimen and end caps.  The resonant frequency of the complete system in 

rocking motion is about 8 to 10 Hz.  The first-mode resonant frequencies in 

torsion of the granular materials are still at least 10 times higher so this mode is 

assumed to not be a problem.   

In summary, the resonant frequencies of first-mode resonance of the 

specimen in both the longitudinal and torsional directions are at least 10 times 

higher than those of the complete system acting as a rigid body.  This ensures that 

the support system fulfills the free-free boundary conditions. 

3.3.3 Length-Change Measurement System 

A schematic diagram of the length-change measurement system is shown 

in Figure 3.14.  A Trans-Tek model 243-0009 Direct-Current, Linear Variable 

Differential Transducer, sometimes refered to as a DCLVDT or DCDT, and a 
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Bently model 20929-01 8-mm proximeter are used to measure the length change 

of the specimen under the confining pressures.  The DCDT is secured on the 

specimen-support frame and is located on top of the specimen.  The proximeter is 

fixed on the bottom confining plate and aimed at the longitudinal accelerometer at 

the bottom end of the specimen (discussed in Section 3.3.5) which is used as the  
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Figure 3.14  Schematic Diagram of the Length-Change Measurement System 
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proximeter target in this case.  The net change between the DCDT on top of the 

specimen and the proximeter at the bottom of the specimen is the change in 

specimen length. 

Both the DCDT and proximeter are powered with a DC power supply unit, 

Agilent Model E3620A.  The output voltages of these two pieces of equipment 

are measured with a Hewlett Packard model 3562A dynamic signal analyzer.  A 

switch control unit (Hewlett Packard model 3488A) is used to route the 

connections.  Both the switch control unit and the analyzer are automatically 

controlled with a computer program, RCTS2000 (discussed in Section 3.6), 

through the General Purpose Interface Bus (GPIB) port of a personal computer. 

3.3.4 Resonance Measurements in Torsion 

Resonant measurements in torsion require a drive system and motion 

monitoring system.  The schematic diagram of the equipment used to perform 

these measurements is show in Figure 3.15.  An electrical motor at the bottom of 

the specimen is used to drive the specimen in torsion.  During the test, the Hewlett 

Packard model 3562A dynamic signal analyzer sends out a sinusoidal voltage to 

the drive coils.  The sinusoidal voltage is swept over a predetermined frequency 

range.  The input voltage is amplified with an MB Dynamics Model SS530 power 

amplifier before passing to the drive coils.  When the amplified sinusoidal voltage 

passes though the drive coils, a sinusoidal torque is generated. This drives the 

specimen in torsion.  The motion of the specimen is monitored with an 

accelerometer (Acc. #1 in Figure 3.15), and routed through the switching unit to 

be monitored and recorded by the dynamic signal analyzer.  As described in 
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Section 3.3.3, the signal analyzer and switch control unit are automatically 

controlled with a computer program, RCTS2000, through the GPIB (General 

Purpose Interface Bus) port of a personal computer. 

The test equipment outlined above is discussed in detail below. 
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Figure 3.15 Schematic Diagram of Resonance Measurements in Torsion 
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3.3.4.1 Drive System for Torsional Excitation 

The torsional electrical motor includes eight Neodymium Iron Boron 

(Magnet Sales & Manufacturing Inc., 11248 Playa Court, Culver City, CA 90230-

6162) magnets and eight specially made electrical coils.  The magnets are 

separated into four groups of two, and fixed at four axial-symmetric corners of the 

drive-plate.  Each set of two magnets is arranged in a vertical stack as shown in 

Figure 3.16.  The drive-plate is attached to the bottom pedestal of the specimen, 

as shown in Figure 3.15.  Eight coils are arranged to surround the North (N) and 

South (S) poles of the magnets, and are fixed on the bottom confining-chamber 

plate with eight acrylic coil-holders (see Figure 3.4).  The acrylic material was 

chosen to avoid Eddy currents. 

A torsional electrical motor has the benefits of fulfilling the requirement 

of a free boundary condition while also being capable of testing in the higher  

 

Figure 3.16 Bottom View of the Drive Plate Setup 
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strain range.  However, a torsional electrical motor also creates equipment-

generated damping due to the back electromotive force, commonly called back 

EMF.  The combination of the specimen and drive plate in the fixed-free resonant 

column device can be modeled as a single-degree-freedom-system, since the polar 

moment inertia of the drive-plate is at least ten times higher than that of the 

specimen (Drnevich 1985).  Therefore, equipment-generated damping can be 

linearly subtracted from total measured damping (Hwang 1997).  However, this 

might not be the case for the MMD, in which the polar moment inertia of the 

specimen is much higher than those of the end masses.  Therefore, an alternative 

way of extracting equipment-generated damping was investigated.  The variable 

which enters free-free resonant column measurements is the interaction between 

the coils and magnets within the electrical motor.  This variable has been studied 

and is discussed in detail in Section 3.4 and Appendix B. 

3.3.4.2 Motion Monitoring System in Torsional Resonance 

A Columbia Research Laboratories model-3021 accelerometer is mounted 

on top of the specimen to monitor the torsional motion of the specimen, as shown 

in Figure 3.15 and designated as Acc #1.  A Columbia Research Laboratories 

model-4102M conditioner is used to amplify the signal from the accelerometer, 

and then the dynamic signal analyzer is used to record the amplified signal. 

Three more accelerometers (Acc. #2, #3, and #4) are also used for 

monitoring the motion of the specimen.  The phase shift between these 

accelerometers and the main accelerometer ((Acc. #1) permits checking that the 

specimen is vibrating in pure torsion at resonance.  Acc. #1 and Acc. #2 are fixed 
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on the top end-cap in a similar fashion as Acc. #3 and Acc. #4 on the bottom end-

cap shown in Figure 3.16, but turned up-side-down (inside out in the picture) to 

enclose the specimen.  Therefore, the phase shift between Acc. #1 and Acc. #2 

will be zero in pure torsion, and will be 180 degrees out of phase in bending.  On 

the other hand, since the top end-cap is turned up-side-down to enclose the 

specimen, the phase shift between Acc. #1 and Acc. #3 will be 180 degrees out of 

phase, if they are moving in the same direction during a torsional motion (both in 

or both out of the figure in Figure 3.15), and zero degrees otherwise.  As shown in 

Figure 2.1, the top and the bottom of the specimen are moving in opposite 

directions at the 1st and 3rd torsional resonant modes, and are moving in the same 

direction at the 2nd torsional resonant mode.  Therefore, the phase shift between 

these two accelerometers should be zero degrees at the 1st and 3rd torsional 

resonant modes, and 180 degrees out of phase at the 2nd torsional resonant mode. 

Figure 3.17 shows the phase shifts between Acc. #1 and Acc. #2, and 

between Acc. #1 and Acc. #3, along with the power spectrum of the 

accelerometer output (Acc. #1) for a sand specimen confined at a mean effective 

pressure of 0.25 atm.  As shown in Figure 3.17b, the phase shifts between Acc. #1 

and Acc. #2 at the resonant frequencies of the first three resonant modes are zero.  

This means that the specimen is in pure torsional motion at these three resonant 

frequencies.  It is interesting to notice that the phase shift between Acc. #1 and 

Acc. #2 is not always zero.  In fact, there are some variations of the phase shift at 

frequencies other than the three resonant frequencies.  These variations are  
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Figure 3.17 Phase Shift between Accelerometers of the Free-Free Resonant 
Column Specimen  
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thought to be a combination of vibrations in other motions and measurement 

errors.  These measurement errors are the result of such low-strain vibrations.   

The phase shift between Acc. #1 and Acc. #3 is presented in Figure 3.17c.  

As can be seen in the figure, Acc. #1 and Acc. #3 are in phase in the first and third 

resonant modes in torsion (moving in the opposite direction), and they are 180 

degrees out of phase in the second resonant mode in torsion (moving in the same 

direction).  This agrees with the mode shape theory discussed above, and confirms 

that the specimen is vibrating in torsion at the resonant frequencies.  Again, there 

is some noise in the phase shift between Acc. #1 and Acc. #3.   

Results from these three extra accelerometers can help is to identify what 

type of resonance is measured.  However, the device is arranged to excite the 

specimen in pure torsion in torsional tests.  Energy of other types of motion is 

limited during torsional tests.  Therefore, the three extra accelerometers are only 

used for checking as needed, and are not needed to be used in a regular fashion. 

3.3.5 Resonance Measurements in Unconstrained Compression 

The schematic diagram of the instruments used in the resonance 

measurements in unconstrained compression is shown in Figure 3.18.  Two 

Columbia Research Laboratories model-3021 accelerometers are mounted 

longitudinally at the center of each end of the specimen to record the longitudinal 

motion.  A charge amplifier, Columbia Research Laboratories model-4102M, is 

used to amplify the signal from each accelerometer before it is recorded by the 

signal analyzer.  A Ledex Actuation Products STA series push-type tubular 

solenoid, which is fixed on the top of suspension flame with the housing of the 
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DCDT, is used as a longitudinal compression wave source.  A function generator 

(Hewlett Packard 33120A) and a power amplifier (MB Dynamics Model SS530) 

are used to power the solenoid.  A switch control unit (Hewlett Packard model 

3488A) is used to route the excitation signal.  The switch control unit, the 

function generator, and the analyzer are automatically controlled with a computer 

program, RCTS2000, through GPIB ports. 
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Figure 3.18  Schematic Diagram of Resonance Measurements in Unconstrained 
Compression 
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During the test, the function generator sends a DC voltage, which is 

amplified by the power amplifier routed by the switch-control unit, to the 

solenoid.  As current passes through the solenoid, the solenoid picks up the 

plunger located at the center of the solenoid.  Then the computer sends an “open” 

command followed by a “close” command to the switch-control unit.  The switch-

control unit opens and soon closes the circuit between the power amplifier and the 

solenoid.  The plunger is released first when the circuit is opened and picked up 

again when the circuit is closed.  The time between the “open” and “close” 

commands is determined by trial and error at the beginning of the test to ensure 

that the plunger hits the top of the specimen only once and creates a single 

impulsive excitation. 

In unconstrained compression wave tests, the bottom accelerometer is 

used to record the longitudinal motion of the specimen.  The accelerometer on the 

top is a trigger for triggering the analyzer to record the test result from the bottom 

accelerometer.  The time history recorded from the bottom accelerometer is 

transformed into a power spectrum with the FFT algorithm.  Young’s modulus 

and the material damping ratio in unconstrained compression are calculated as 

described in Section 3.2.2. 

3.3.6 Constrained Compression Wave Measurements 

The basic instruments and test methods in the constrained compression 

wave tests are the same as those in the unconstrained compression wave tests as 

described above.  The measurement and analysis are, however, quite different.  In 

a constrained compression wave measurement, the time difference of the initial 
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arrival at accelerometers located at the top and bottom of the specimen is 

recorded.  The constrained modulus is then calculated as described in Section 

3.2.1.  The key point that is assumed in these measurements is that the initial 

compression wave propagating down the center of the specimen is propagating 

without being influenced by the edges of the specimen.  From the results of free-

free resonant column test of an aluminum specimen discussed in Section 2.6 

( ν ν νΜΕ ≅ ΜΕ ≅ ΜΕ ≅  0.33), this assumption is shown to be valid for specimens 

with a length-to-diameter ratio of 2. 

3.4 INTERACTION BETWEEN THE COILS AND MAGNETS OF THE TORSIONAL 
ELECTRICAL MOTOR 

There are four interaction mechanisms between the coils and the magnets 

of the electrical motor.  These four mechanisms are: (1) inductance, (2) 

electromagnetic force, FEMF, between coils and magnets, (3) Back EMF, and (4) 

demagnetization of the permanent magnets.  Each mechanism is discussed in 

detail in Appendix B, and is summarized below. 

The first mechanism is inductance. It is well known that as current passes 

through a coil loop, it generates a magnetic field around the loop.  Therefore, as 

alternative current travels through the first loop of each coil, the generated 

magnetic field around the first loop of the coil alternates too.  This creates 

magnetic field changes on the rest of the loops in the coil. The magnetic field 

change induces a voltage potential with an opposite direction to the original 

voltage potential on the rest of the coil loops.  This induced voltage behaves like a 

resistor to the current passing through the coils and the impedance increases with 

increasing frequency.  As a result, there is less current passing through the coils at 
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higher frequency.  This mechanism is known as inductance.  The inductance 

along with the resistance of the coils defines the relationship between drive 

voltage and current.  As discussed in Section 3.3.4, the voltage applied to the coils 

is controlled.  Therefore, the amount of current passing through the coils can be 

calculated based on the inductance and the resistance of the coils and the 

controlled drive voltage.   

The second mechanism is the electromagnetic force (FEMF) between the 

coil and the magnet.  As discussed above, when current passes through a coil, it 

generates a magnetic field around the coil.  If there is a permanent magnet close to 

this coil, the magnetic field which is generated by the current will produce an 

electromagnetic force (FEMF) between the coil and the magnet.  This is the force 

that drives the specimen during testing.  The value of FEMF is linearly proportional 

to the current which passes through the coils. 

The third phenomenon generated in a coil-magnet arrangement is called 

the back electromotive force, back EMF or induced EMF.  As a magnet moves 

within a coil, the magnetic field around the coil changes.  The magnetic-field 

change generates a voltage potential in the coil, which is the back EMF.  Based on 

Ohm’s law, the back EMF induces a current in the coil if it is a closed circuit.  

Like the drive-current, this induced current will also create an electromagnetic 

force between the coil and magnet.  This electromagnetic force is denoted 
as   The EMF ,backF . EMF ,backF  is 180o out of phase (opposite direction) with respect to 

the velocity of the magnet, so it decreases the motion of the magnet just like a 
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viscous damper.  F  is known to be the main source of equipment-generated 

damping (Hwang, 1997).   

EMF ,back

EMF ,backF

Two different approaches have been followed in this study to investigate 
equipment-generated damping from F .  The first approach is to test each 

specimen with a varying number of coils, i.e. 2, 4, 6, and 8 coils.  By plotting the 

measured damping ratio versus the number of coils, the damping ratio with 

respect to zero coils can be extrapolated.  A special device, an inner chamber 

switch unit (ICS), which is described in Section 3.5, has been developed in the 

soil dynamics laboratory of the University of Texas at Austin as part of this 

research to accomplish this task.  The other approach used to investigate (and 
finally eliminate)  is to open the drive circuit of the coils during a free 

vibration decay test.  As described above,  comes from the current 

generated by the magnetic field changing within the coils.  If the drive circuit is 
opened, then no current can be conducted in the coils.  Therefore, neither 

nor equipment damping can be generated.  Both of these two techniques were 

adopted in this study to investigate and correct for back EMF.  More details about 

these two techniques are presented in Appendix B. 

EMF ,back

EMF ,backF

EMF ,backF  

The forth mechanism between the drive coils and permanent magnets is 

demagnetization of the permanent magnets.  Permanent magnets are 

demagnetized during each test, due to the opposite magnetic field applied to them. 

As a result, permanent magnets should be replaced periodically.  However, using 

slightly demagnetized magnets will not affect the accuracy in resonant column 
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tests, since the drive voltage and drive torque are not used for determining the 

shear modulus or material damping ratio. 

3.5 INNER CHAMBER SWITCH UNIT (ICS)  

The Inner Chamber Switch Unit (ICS) was designed to change the total 

number of driving coils in the half-power damping measurements as described in 

Section 3.4.2 and Appendix B.  The main benefit of the ICS is that the drive 

signal can be switched inside of the confining chamber; hence, the number of 

panel insulated bulkhead connectors needed to run the test can be reduced.  An 

Object Oriented Programmable Integrated Circuit (OOPic) is used as a switch 

controller of the ICS.  It is programmed to read an analog signal from outside the 

confining chamber to determine which relay should be closed and which relay 

should be opened.  The total number of coils used in a RC test is based on the 

setting stages of three relays.  The hardware arrangement and the operating 

algorithm are discussed below. 

3.5.1 Hardware Arrangement of the ICS 

To fulfill the space limitation and minimize interference between signals, 

the ICS is separated into three aluminum boxes that are all placed inside the 

confining chamber.  A photo of the ICS is shown in the Figure 3.19.  The first box 

(Box #1) is used to enclose the OOPic, the second box (Box #2) is used to change 

the total number of coils, and the third box (Box #3) is used to switch 

measurement signals. 
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Figure 3.19  A Photo of the Inner Chamber Switch Unit (ICS). 

The OOPic, in Box #1, is a micro-controller from Savage Innovation.  It 

contains 31 I/O (input / output) lines.  Each I/O line can be used as a digital input 

or a digital output as a binary signal on (5V) or a binary signal off (0V).  The first 

four I/O lines can also be used as analog-to-digital converters.  Different from 

most other micro-controllers, this micro-controller can be programmed with the 

Visual Basic language in an object-oriented fashion.  A total of 8 I\O lines are 

currently used, with the extra I\O lines of the microcontroller to be used in the 

future, to monitor the deformation of the specimen inside the confining chamber 

and to make adjustments as needed.  This capability can minimize the need of 

opening the confining chamber, resulting in minimal sample disturbance during 

the test. 

There are three electrical relays in the second box.  When a relay is set at 

an “on” stage, the driving circuit will bypass the pair of coils this relay control.  

The total number of driving coils is then reduced by two.  When all three relays 
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are turned on, the specimen is driven with only a pair of coils.  Coils located on a 

diagonal line are grouped in pairs to ensure the specimen is driven in torsion.  

Details of the operation algorithm are discussed in the next section. 

There are three electrical relays in the third box, too.  Box #3 is a two-to-

one and a three-to-one signal switch unit.  This relay box is not currently used.  It 

is designed for future expansion as the number of measurements increases.  It 

should be pointed out that the connections inside the two relay boxes (Box #2 and 

Box #3) are achieved with jumpers (electrical wires), as shown in Figure 3.19.  

This arrangement could cause interferences between two signals in the same box.  

That is one of the reasons that the ICS has been separated into three boxes, so 

measured output does not interfere with the drive input and vice versa.  The 

possible interference has a minor effect on Box #2, because the signal level of the 

drive voltage is generally high.  However, it is recommended that Box #3 be 

rebuilt using a printed circuit board (PCB), if the switching signal is small, i.e. 

typical of the small, unconditioned accelerometer signal inside the confining 

chamber.   

3.5.2 Operation Algorithm of the ICS 

In the OOPic, the IO (input and output) pin #1 of the OOPic is used to 

digitize an analog signal that is sent from the function generator outside the 

confining chamber.  I/O pins #28, #27, #26, and #25 are used to control the relays 

in Box #2, and I/O lines #31, #30, and #29 are used to control the relays in Box 

#3.  An OOPic program, ICS_Controller, is written and downloaded to the 
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OOPic.  Program, ICS_Controller, determines which relay should be turned on 

and which relay should be turned off based on the analog signal on pin #1.   

As an example, when an operator changes the number of driving coils 

setting (bypassing coil pair #2) in the program, RCTS2000, the program sends a 

command to the function generator, so that the function generator sends out a DC 

voltage of 1.66 V.  The voltage is routed by the switch control unit to pin #1 of 

the OOPic.  The OOPic then sets the output pin #28 to an “on” position, which 

turns on a relay in Box #2 and the drive-circuit through coil pair #2 will be 

bypassed, as shown in Figure 3.20.  As the pair #2 coils are bypassed, the total 

number of coils used in driving the specimen is then reduced from eight to six.  

The same algorithm is used when bypassing another two pairs of relays.  As a 

result, the resonant column test can be performed with 2, 4, 6, or 8 coils. 

3.6 OVERVIEW OF RCTS2000 PROGRAM 

The RCTS2000 program was used to automate the MMD.  The program is 

written in Visual Basic version 6, under the Microsoft Windows Platform.  The 

program is object oriented, and contains three user interfaces (Mainform, 

Test_Status, and HarcTsForm), three instrument objects, three fixed-free cell 

objects, and one free-free cell object.  The main user interface, Mainform, is 

designed for the user to input basic testing parameters, and monitor the progress 

and the result of the tests.  The second user interface, Test_Status, is an interface 

for the user to change the basic setting of the tests.  The third user interface, 

HarcTsForm, is for the user to input testing parameters in high-amplitude resonant 

column and cyclic torsional shear tests.  Three instrument objects are used to 
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communicate with three different pieces of equipment (function generator, 

analyzer, and switch control unit).  Three fixed-free cell objects are used to 

perform tests of fixed-free specimens, and a free-free cell object is used to 

perform tests with free-free specimens. 
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Figure 3.20 A Schematic Diagram of the Inner Chamber Switch Unit (ICS) while 
Bypassing Coil Pair #2. 
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The object oriented programming (OOP) technique is used for two 

reasons: it is less cohesive and it is easier to read.  First, object oriented 

programming can reduce the cohesion of the code. Less cohesive means each 

portion of the code can work independently.  For example, we put all the codes 

that are used to communicate with the analyzer in an analyzer object, and setup 

the inputs and outputs of the analyzer object.  Then we can just use the inputs and 

outputs of the analyzer object and treat it as a black box.  The benefit is that if we 

need to replace the analyzer with a different type of analyzer, all we need to do is 

change the analyzer object without rewriting other objects.  The second reason is 

readability. As the amount of code increases, it is difficult to find the location of a 

specific code or data.  The object oriented programming technique can help us on 

this problem.  For example, the code for downloading data from the analyzer is 

located in the analyzer object.  This helps the author of the program and others to 

read or modify the codes. 

The general Purpose Interface Bus (GPIB), developed by Hewlett 

Packard, is used for communications between the microcomputer and 

instrumentation.  The GPIB is a parallel port, so more than one instrument (up to 

14) can be connected and controlled with a microcomputer.  A GPIB-PCMCIA 

(Personal Computer Memory Card International Association) card from National 

Instruments is plugged into the IBM Thinkpad 600E notebook (microcomputer) 

as an interface between the microcomputer and GPIB bus (see Figure 3.14, 3.15, 

3.18 and 3.20).  The RCTS2000 program is run on the microcomputer to automate 

tests and save recorded data. 
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3.7 CALIBRATION AND VERIFICATION OF THE MMD 

To obtain accurate test results with the MMD, instruments and transducers 

purchased from varying manufactures need to be verified, and devices build in the 

laboratory at UT Austin need to be calibrated.  The procedure of verifying the 

instruments and transducers purchased from the manufactures can be found in 

Stokoe et al. (2001).  Two calibrations: (1) mass polar moment of inertia of the 

drive-plate and (2) equipment generated damping, associated with the devices 

build in the laboratory at UT Austin are discussed in detail in Appendix C. 

Initial testing using a “standard” sand (washed mortar sand) in the MMD 

was performed to verify the performance of the new equipment.  Details about the 

physical properties of washed mortar sand are presented in Section 5.3.  

Comparison tests were also performed using the same sand in the combined fixed-

free resonant column (RC) and torsional shear (TS) device to investigate the: (1) 

G – log γ, and (2) Ds – log γ relationships at an effective confining pressure of 0.5 

atm.  The specimens tested in the fixed-free RCTS device had a diameter of 7.1 

cm (2.8 in.). 

The specimens tested in both the MMD and RCTS devices had a unit 

weight of about 16.7 kN/m3 (106 pcf) and a void ratio of about 0.56.  This value 

is close to the maximum density of this material.  The nonlinear behavior in terms 

of the variations of shear modulus and material damping ratio with strain 

amplitude are shown in Figures 3.21a and 3.21b, respectively.  As can be seen in 

Figures 3.21a and 3.21b, the shear moduli and material damping ratios measured  
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(c) Variation between Material Damping Ratio and Shearing Strain (Zoomed) 

Figure 3.21  Nonlinear Behaviors of Washed Mortar Sand from the Free-Free 
Resonant Column and Fixed-Free Resonant Column and Torsional 
Shear Tests  
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from three different kinds of tests show excellent agreement.  The G – logγ and Ds 

– logγ curves measured from three different kinds of tests are almost on top of 

each other.  This comparison gives solid proof that the MMD performs very well 

and gives accurate results. 

Figures 3.21a and 3.21b also show that the MMD is capable of testing at 

very low strain levels (around 1×10-6 %).  Figure 3.21c is an expanded plot of 

Figures 3.21b so that one can take a closer look at the variation of material 

damping ratio with strain amplitude in the small-strain range.  It can be seen in 

Figures 3.21c that the fixed-free resonant column device can reach a strain level 

around 5×10-5%, and that the torsional shear portion of the RCTS device only 

begins to make robust measurements at a strain level around 1×10-3%.  The 

special capability of the free-free resonant column device at small strain levels 

results from hanging the specimen with soft springs, which isolates the specimen 

from ambient movements.  The ability to perform tests at such low strain levels 

will allow correlation results to be obtained from both field and laboratory tests, 

since field tests are generally performed at very small strains.  This ability can 

also help in studying the elastic threshold level in all soil types and any 

differences in this level for Gmax and Ds,min. 

An example of the free-free resonant column test results at strain levels 

from 10-5% to about 10-2% for dry, washed mortar sand are shown in Figure 3.22.  

Normalized shear modulus (G/Gmax) versus log γ relationships for different 

confining pressures are shown in Figure 3.22a.  Variations in the normalized 

material damping ratio with log γ at different confining pressures are shown in  
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Figure 3.22  Variation of Normalized Shear Modulus and Material Damping 
Ratio with Shear Strain at Different Confining Pressure from Free-
Free Resonant Column Tests (Dense, Dry Washed Mortar Sand, e = 
0.53 and Cu = 1.7) 

Figure 3.22b.  Normalized material damping ratio, Ds/Ds,min, is used in Figure 

3.22b to highlight: (1) a well defined linear range at very small strains 

(<0.0005%) and (2) the strain level at each σo' where Ds begins to increase. 

Clearly, the free-free resonant column provides excellent definition of the 

linear range, the range where modulus and damping are independent of γ and are 

denoted as Gmax and Ds,min.  These measurements also permit the elastic threshold 

strain, γt
e, to be defined; that is, the strain level where Ds begins to increase and G 

begins to decrease with increasing γ.  The value of γt
e at a given σo' is assumed to 

be the same for modulus and damping.  As seen in Figures 3.22, γt
e is more 

readily identified in the Ds – log γ relationship (compared with the G – logγ 

relationship) which shows γt
e increasing from 7×10-5 to 2×10-4 % as σo' increases.   

Several important points can be seen in Figure 3.22.  First, measurements 

in the linear range have to be performed at strains below 3×10-4% for many 
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granular soils.  (It is shown in Chapter Seven that this threshold decreases as Cu 

increases.)  Second, it is easier to define γt
e with the Ds – logγ relationship than the 

G-log γ relationship because damping changes more percentage-wise with 

increasing γ than G.  This point is highlighted by plotting normalized material 

damping ratio (Ds/ Ds,min) in Figure 3.22b.  Finally, as seen in the insert in Figure 

3.22b, material damping ratios of dry granular materials at small strains are lower 

than is sometimes presented in the literature, especially at small confining 

pressures (defined herein as one atmosphere or less).  Reportedly higher values of 

Ds,min sometimes occur for dry granular soils because the measurements have been 

performed at strains that are too large.   

For instance, if measurements were performed at even 0.0005%, the 

values of Ds in Figure 3.22b are 1.75, 1.34, and 1.15 times higher than the actual 

values of Ds,min measured below γt
e at confining pressures of 0.14, 1.0, and 4.0 

atmospheres, respectively.  On the other hand, the values of Gmax at a strain level 

of 0.0005% only vary from 0.98 to 0.99 of Gmax for the three different confining 

pressures; hence, these differences are inconsequential.  As such, if measurements 

of Ds,min are not important, then one may be able to avoid these very low 

measurement levels.  As discussed in Chapter Seven, elastic threshold strain are 

defined as the strain amplitude at which (1) G/Gmax is equal to 0.98, (2) Ds/Ds, min 

= 1.2, or (3) Ds – Ds, min = 0.2% (Ni, 1987, Kim, 1991, and Laird, 1994).   

It is also worth noting in Figure 3.22 that the mean sand curve presented 

by Seed et al. (1986) is close to the G/Gmax − log γ curve for sandy materials with 

lower Cu values that are confined at pressures around one atmosphere (Figure 
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3.22a).  Also, the empirical damping curve overestimates the measured Ds-log γ 

relationships at strains greater than about 0.0003 % as shown in the normalized 

(Ds/Ds,min) form in Figure 3.22b. 

3.8 SUMMARY 

A large-scale, multi-mode, free-free, resonant column device, MMD, was 

developed as part of this study.  The device is capable of testing specimens with a 

diameter of 15.2 cm (6 in.) and a length of 60 cm (12 in.) in the following three 

different measurement modes as: (1) torsional resonance measurements, (2) 

longitudinal resonance measurements, and (3) direct-arrival, constrained 

compression wave measurements.  These three different measurement modes 

allow linear and nonlinear shear modulus, G, material damping ratio in shear, Ds, 

to be evaluated as well as small-strain Young’s modulus, Emax, small-strain 

material-damping ratio in unconstrained compression, Dc,min, and small-strain 

constrained modulus, Mmax.  All of these measurements are performed on the 

same specimen.   

The free-free boundary conditions of the new device are met by allowing 

the top to be free and by supporting the base of the specimen with four soft 

springs.  An additional benefit of this arrangement is that background noise due to 

building/laboratory motions is greatly minimized.  Therefore, it is possible to 

perform measurements at strain levels at or below 10-6%, compared with the 

lower limit of about 10-4% typically associated with traditional dynamic testing 

using fixed-free resonant column devices.  The primary emphasis of this research 

is placed on developing the capability to perform torsional measurements with the 
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free-free device.  This emphasis is pursued so that shear wave velocity, Vs, shear 

modulus, G, and material damping ratio in shear, Ds, can be evaluated over a wide 

strain range (10-6% to 10-1%).   

In this chapter, a detailed description of the MMD is presented.  An 

overview of the device and a discussion of each type of test are presented in 

Section 3.2. The pieces of equipment which make up the complete resonant 

column system are discussed in Section 3.3.  The interaction between coils and 

magnets used in the torsional motor and the theoretical approach used to eliminate 

equipment-generated damping are summarized in Section 3.4 and further 

discussed in detail in Appendix B.  The inner chamber switch unit (ICS) used in 

the approach to eliminate equipment-generated damping and the automation 

program, RCTS2000, are discussed in Sections 3.5 and 3.6, respectively.  The 

performance of this new device is compared with the traditional fixed-free RCTS 

tests.  Results from the MMD show excellent agreement with those from the 

fixed-free RCTS device.  The procedures of calibrating the devices developed 

during this study (mass polar moment of inertia of the drive-plate and equipment 

generated damping) are further discussed in Appendix C.   
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Chapter 4 

Literature Review: Linear and Nonlinear Behavior of Gravelly 
Soils 

4.1 INTRODUCTION 

Because of the difficulties and expenses associated with building a bigger 

device for testing geotechnical materials with coarse particles like gravels, 

dynamic laboratory studies of gravelly soils are scarce.  Only a few published 

papers in the literature discuss the dynamic properties of gravelly soils.  Dynamic 

tests involving gravelly soils have been carried out using large resonant column 

devices, usually with a sample of 15 cm (6.0 in.) in diameter and 30 cm (12 in.) in 

length, and usually using only vacuum pressure for confinement.  On the other 

hand, more cyclic triaxial testing with large specimens has been performed on 

gravelly materials to investigate the linear and nonlinear behavior. 

Hardin (1973) first used a free-free resonant column device to study the 

dynamic properties of 19 samples of various granular soils and aggregates.  He 

found that dynamic properties of gravelly soils are a function of void ratio, mean 

principal stress, grain size, and particle shape.  Similar to Hardin’s study, Chang 

and Ko (1986) used a Drnevich-type free-free resonant column device and tested 

Denver sand to study the effects of the grain-size distribution characteristics on 

the dynamic properties of sandy and gravelly soils.  They found that small-strain 

shear modulus, Gmax, of medium loose specimens is generally a function of 

uniformity coefficient, Cu.  Wu (1986) used a large-scale, fixed-free resonant 
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column device with a specimen size of 30 cm (12 in.) in diameter and 60 cm (24 

in.) in length to test pea gravel with a maximum particle size of 5.1 cm (2 in.).  

Seed et al. (1986) summarized the cyclic results from gravelly soils recovered 

from four different sites and tested with the cyclic triaxial device.  Seed et al. 

(1986) proposed a set of nonlinear shear modulus reduction and material damping 

increase curves.  Lin et al. (2000) used a large-scale cyclic triaxial device with a 

specimen size of 15 cm (6 in.) in diameter and 30 cm (12 in.) in length to test 

gravelly cobble deposit in the Taichung metropolitan area of Taiwan.  They found 

that gravel content had a significant impact on the nonlinear behavior of the 

gravelly soils at large shearing strain (> 0.1%). 

Dynamic properties of intact gravelly soils were also studied in Japan with 

cyclic triaxial devices (Kokusho and Tanaka, 1994, Kokusho et al., 1995, Konno 

et al., 1994, Hatanaka and Uchida, 1995).  Intact gravelly soil specimens were 

recovered with the ground freezing method developed in Japan.   

Large confining chamber tests were also used to study the dynamic 

properties of gravelly soils.  Kokusho et al. (1995) used a circular tank with a 

diameter of 200 cm (79 in.) and a height of 110 cm (43 in.) to measure the shear 

wave velocity of gravelly soils.  Gravelly soils with a maximum particle size of 

50 mm (2 in.) were tested in his study.  However, tests could only be performed in 

the small-strain range with this device.   

In this chapter, factors affecting the dynamic properties of gravelly soils in 

the linear range, in which shear strain, γ, is less than 10-3%, are first discussed in 

Section 4.2.  Small-strain range is defined as the strain amplitude that is lower 
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than 10-3% in this chapter, because this is well accepted in the published 

literature.  However, it should be noted that, at low confining pressures, elastic 

threshold strain of some soils are actually lower than 10-4% (see Chapter Seven.)  

Factors that affect the dynamic properties of gravelly soils in the nonlinear range 

are then discussed in Section 4.3.  Recommended curves suggested by Seed et al. 

(1986), and numerical models of nonlinear dynamic properties proposed by other 

researchers are also presented in Section 4.3.  Because void ratio is an important 

factor in determining dynamic properties, the effects of uniformity coefficient, Cu, 

and median grain size, D50, on the void ratio of sandy and gravelly soils presented 

in the literature are discussed in Section 4.4.  

4.2 FACTORS AFFECTING THE DYNAMIC PROPERTIES OF GRANULAR SOILS 
AT SMALL STRAINS  

At small strains, the shear modulus of granular soils is constant (linear) 

and is a function of effective mean stress, void ratio, geologic age, particle shape, 

and gradation.  In this section, published papers on the effects of void ratio, 

effective mean confining pressure, soil disturbance, grain characteristics, and 

geological age on small-strain shear modulus of granular soils are first presented.  

The effect of confining pressure on Young’s modulus and constrained modulus is 

then discussed.  Finally, the effect of confining pressure on small-strain material 

damping ratio in shear is discussed.   

4.2.1 Effects of Void Ratio and Mean Effective Confining Pressure on Gmax of 
Sandy and Gravelly Soils 

Hardin and Richart (1963) used both free-free and fixed-free resonant 

column devices to evaluate sandy soils (maximum particle size, D100, ≤ 0.85 mm) 
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in the small-strain range.  They found that Vs for sandy soils varied with 

approximately the 1/4 power of the confining pressure.  Shear wave velocities of 

sandy soils were mainly a function of mean effective confining pressure, σo′, and 

void ratio, e.  They showed that small-strain shear wave velocity could be 

expressed as: 

Vs = (170 – 78.2 · e) σo′(1/4), for > 2000 psf, and (4.1a) 

Vs = (119 – 56.0 · e) σo′(1/4), for ≤ 2000 psf, (4.1b) 

where the unit of Vs was fps and the unit of σo′ was psf.   

Equation 4.1 can be written in a more general form in terms of small-strain 

shear modulus, Gmax as:  

Gmax = AG F(e) , (4.2) ( ) Gn
o 'σ

where AG and nG are constants, and the value of Gmax and σo′ are in kPa.  F(e) is 

the void ratio function.  Several forms of F(e) have been proposed in the pass 

three decades.  The most commonly used are: 

F(e) = 
e1

)e97.2( 2

+
−  by Hardin and Black (1968),  (4.3) 

F(e) = 1/ (0.3 + 0.7 e2) by Hardin (1978), and (4.4) 

F(e) = e1.3 by Bellotti et al. (1996). (4.5) 

The values of parameters AG and nG in Eq. 4.2 vary between soils.  Table 

4.1 summarizes the values of AG and nG presented in the literature for 

reconstituted sandy and gravelly soils (Kokusho, 1987; Ishihara, 1996).  As can 

be seen in the table, for reconstituted sandy soils, the value of AG varies from 

3300 to 9000, and the value nG is mostly about 0.5.  On the other hand, for 

reconstituted gravelly soils, AG varies from 1200 to 13000 and nG varies from 
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0.38 to 0.85.  The values of n  of gravelly soils are generally higher than those of 

sandy soils.  However, the values of A  of both sandy and gravelly soils and the 

values of n  of gravelly soils vary widely.     

G

G

G

Table 4.1  Values of A and n of Sandy and Gravelly Soils (Kokusho, 1987; 
Ishihara, 1996) 

 References F(e) AG nG Soil description 

e1
)e17.2( 2

+
− 7000 0.5 Round grain Ottawa sand 

Hardin and 
Richart (1963) 

e1
)e97.2( 2

+
− 3300 Angular grained crushed 

quartz 

Iwasaki et al. 
(1978) e1

)e17.2( 2

+
− 9000 0.38 Eleven kinds of clean 

sand 

Kokusho 
(1980) e1

)e17.2( 2

+
− 8400 0.5 Toyoura sand 

Sandy 
Soils 

Yu and Richart 
(1984) e1

)e17.2( 2

+
− 7000 0.5 Three kinds of clean sand 

Prange (1981) 
e1

)e97.2( 2

+
− 7230 0.38 Ballast (D50 = 40 mm, Cu 

= 3.0) 

e1
)e17.2( 2

+
− 13000 0.55 Crushed rock (D50 = 30 

mm, Cu = 10) Kokusho and 
Esashi (1981) 

e1
)e17.2( 2

+
− 8400 0.60 Round Gravel (D50 = 10 

mm, Cu = 20) 

Tanaka et al. 
(1987)  e1

)e17.2( 2

+
− 3080 0.60 Gravel (D50 = 10 mm, Cu 

= 20) 

Gravelly 
Soils 

Goto et al. 
(1987) e1

)e17.2( 2

+
− 1200 0.85 Round Gravel (D50 = 2 

mm, Cu = 10) 

0.5 

Note:  1. Gmax = AG F(e) ( , and 2 . G) Gn
o 'σ max and σo′ are in kPa. 
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Seed et al. (1986) also showed that small-strain shear modulus was a 

function of mean effective confining pressure, and suggested that Gmax can be 

expressed as:  

Gmax = 1000 (K2)max ( ) Gn
o 'σ  (4.6) 

where Gmax and σo′ are in units of psf, and (K2)max is a material constant that 

varies between soils.  Table 4.2 summaries the value of (K2)max suggested by Seed 

et al. (1986).  As can be seen in the table, the values of (K2)max of sandy soils vary 

from 34 to 86 with an average of 54.  On the other hand, the values of (K2)max of 

gravelly soils vary from 90 to 188 with an average of 131.  It can be seen in the 

table that the values of (K2)max of gravelly soils are generally two to three times 

higher than those of sandy soils.   

Table 4.2  Values of K of Sandy and Gravelly Soils (Seed et al., 1986) 2

 Soil description Location Depth 
(ft) (K2)max 

Loose moist sand Minnesota 10 34 
Dense dry sand Washington 10 44 

Dense saturated sand  So. California 50 58 
Dense saturated sand Georgia  200 60 

Dense saturated silty sand Georgia 60 65 
Dense saturated sand So. California 300 72 

Sandy 
Soils 

Extremely dense silty 
sand So. California 125 86 

Sand, gravel, and cobbles 
with little clay Caracas 200 90 

Dense sand and gravel Washington 150 122 
Sand, gravel and cobbles 

with little clay Caracas 255 123 
Gravel 
Soils 

Dense sand and sandy 
gravel So. California 175 188 

Note: Gmax = 1000 (K2)max ( ) Gn
o 'σ  where Gmax and σo′ are in unit of psf. 
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The wide variation of the values of AG, nG, and (K2)max suggests that mean 

effective confining pressure, σo′, and void ratio, e, are not the only variables 

affecting the small-strain shear modulus of gravelly soils.  Published literature on 

the effects of gradation and particle shape, which can also be important, are 

discussed in the following section.  

4.2.2 Effects of Gradation and Particle Shape on Gmax of Granular Soils 

The effects of gradation in granular soil are often discussed in terms of 

median grain size, D50, and uniformity coefficient, Cu.  Particle shape is generally 

separated into two groups as: (1) river gravel (rounded or sub-rounded particles) 

and (2) crushed rock (angular particles).  In his book, Ishihara (1996) summarizes 

the results from sandy and gravelly materials tested in Japan over the previous 

decade.  The variation of Gmax versus void ratio from cyclic triaxial tests is plotted 

in Figure 4.1.  Gradation curves of the sandy and gravelly materials are presented 

in Figures 4.2a and 4.2b, repectively.  Relationships between Gmax and void ratio 

presented in Figure 4.1 suggest that Gmax at 100 kPa (~ 1 atm) is a function of: (1) 

void ratio (Gmax increases with decreasing void ratio for all soils), (2) median 

grain size (Gmax of ballast gravel is higher than Gmax of Toyoura sand), (3) 

uniformity coefficient (Gmax of round gravel is higher than sandy gravel), and (4) 

particle shape (Gmax of crushed rock is higher than Gmax of round gravel). 
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Figure 4.1 Variation of Small-Strain Shear Modulus with Void Ratio of Sandy 
and Gravelly Soils Tested in Japan Using the Cyclic Triaxial Test 
(Ishihara, 1996) 
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(a) Gradation Curves Part I 

 
(b) Gradation Curves Part II (Tanaka et al. 1987) 

Figure 4.2 Gradation Curves of Sandy and Gravelly Materials Tested in Japan 
(Ishihara, 1996) 

Chang and Ko (1986) used a Drnevich-type, free-free resonant column 

device to test 23 Denver sand specimens and to study the effects of the grain-size 

distribution characteristics on dynamic properties of sandy and gravelly soils.  

The specimens had a diameter of 6 in. (30 cm) and were generally tested at a 

relative density, Dr, of about 30% (medium loose condition).  Reconstituted 

specimens with median grain size, D50, ranging from 0.149 to 1.68 mm (fine to 

medium size sand particles) and a uniformity coefficient, Cu, ranging from 2 to 16 
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were tested with the Drnevich apparatus.  Figure 4.3 shows the gradation curves 

of these 23 specimens.  Results from their study are shown in Figures 4.4 and 4.5.  

Figure 4.4 shows the variation of Gmax with uniformity coefficient, and Figure 4.5 

shows the variation of Gmax with median grain size.   

 

 

Figure 4.3 Gradation of Denver Sand Specimens (Chang and Ko, 1986)  
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Figure 4.4 Small-Strain Shear Modulus, Gmax, Versus Uniformity Coefficient, 
Cu, at a Mean Effective Confining Pressure, σo′, of 30 psi (2.0 atm) 
(after Chang and Ko, 1986)  

 

Figure 4.5 Small-Strain Shear Modulus, Gmax, Versus Median grain size, D50, at 
a Median Effective Confining Pressure, σo′, of 30 psi (2.0 atm) (after 
Chang and Ko, 1986)  
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The trend lines have been added to the figures by this writer to illustrate 

the general effect.  As can be seen in these two figures, Gmax of medium loose 

specimens are mostly function of Cu, with very little effect of D50.  On the other 

hand, the results from the study presented in this research show that D50 is more 

important factor on the value of Gmax of sandy and gravelly soils than Cu.  

Hardin (1973) tested 19 samples of various granular soils and aggregates 

with a large free-free resonant column device.  Most of the specimens had a 

diameter of 15 cm (6 in.) and a length of 30 cm (12 in.).  Physical properties of 

these 19 samples are shown in Table 4.3.  Confining pressure was applied with a 

vacuum and ranged from 0.15 to 0.9 atm.  He found that, for granular soils, D5 

(size with 5% finer) was the significant size in determining the shear modulus at 

small strains, and suggested that Eq. 4.2 could be modified to account for the 

effects of particle size on Gmax as: 

 Gmax = Y ( ))3/'(
5

2.0
oD2

−σ+  






 −
)P(

)e973.2(

a

2

( ) 5.0
o 'σ , (4.7) 

where D5 was in mm and σo′ and Gmax were in bars (1 atm = 1.013 bar).  Y was a 

parameter that depends on particle composition.  Values of Y of these 19 samples 

are shown in Table 4.3.  Hardin (1973) separated these 19 samples into four 

groups and suggested the averaged values of Y for these four different types of 

soils.  Table 4.4 shows the values of Y of four different kinds of soils suggested 

by Hardin (1973).  As can be seen in the table, the value of Y of crushed 

limestone is slightly higher than that of river gravel.  The reason is that the 

crushed limestone has angular particles. 
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Table 4.3 Physical Properties of the 19 Granular soils and Aggregates Tested 
by Hardin (1973) 

Test 
No. Soil Describtion Value of 

Y 
Void 
Ratio 

S1, 
% 

D5
2, 

mm 
D50, 
mm Cu 

RC2 Crushed Limestone, 
Grdation #1 137 0.73 0 7.92 16.5 1.25 

RC3 Crushed Limestone, 
Grdation #2 146 0.647 0 3.56 12.0 1.26 

RC4 Crushed Limestone, 
Grdation #3 158 0.68 0 0.94 8.8 1.27 

RC5 River Grvel, Gradation 
#1 136 0.519 0 7.16 16.0 1.29 

RC6 River Grvel, Gradation 
#2 150 0.511 0 3.23 11.6 1.27 

RC7 Standard Ottawa Sand 111 0.558 0 0.635 6.4 1.02 

RC8 Dense Graded 
Aggregate 142 0.386 11 0.005 7.3 1.67 

RC9 Limestone Sand, #16-
#31 125 0.782 0 0.587 6.5 1.07 

RC10 Limestone Sand, #4-
#8 151 0.715 0 2.48 3.6 1.07 

RC11 Limestone Gravel 3/8-
#4 165 0.677 0 4.93 7.1 1.07 

RC13 Limestone Gravel 3/4-
1/2 149 0.73 0 12.95 15.9 1.07 

SW1 Meany #1-Parkhurst 
Pit 122 0.326 31 0.152 10.7 2.40 

SW2 Northern #2-Crusher 
Run 102 0.469 20 0.0538 13.3 2.74 

SW3 Northern #1-Pederson 126 0.497 17 0.08 5.9 1.21 
SW4 Meany #2-Phelix Pit 145 0.724 16 0.102 5.6 1.06 
SW5 Northern #3-Fill Sand 163 0.818 36 0.02 5.4 1.11 

HO3 Limestone Sand, #16-
#31 166 0.719 0 0.587 6.5 1.07 

HO4 Standard Ottawa Sand 108 0.572 0 0.635 6.4 1.02 

HO5 Limestone Sand, #16-
#31 124 0.701 0 0.587 6.5 1.07 

Note:  1. Degree of saturation. 
2. D5: grain size with 5% finer. 
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Table 4.4 Average Values of Y for Different Soil Types (Hardin, 1973) 

Soil type Value of Y 
Crushed limestone 146 

River gravel 143 
Standard Ottawa sand 110 

Natural well graded soils 132 

4.2.3 Effect of Soil Disturbance on Gmax of Granular Soils 

Comparison between in-situ small-strain shear modulus and small-strain 

shear modulus measured in the laboratory are limited in the literature, because of 

the difficulties associated with obtaining intact samples of coarse-grain soils from 

the field.  However, in the past decade, high quality undisturbed samples were 

recovered from gravelly deposits under the ground water table using the ground 

freezing method (Kokusho 1987, Ishihara 1996) in response to the need of the 

nuclear industry in Japan.  Figure 4.6 shows the comparison of shear moduli 

measured in the laboratory with those calculated from shear wave velocity logs 

from four different sites in Japan (Kokusho and Tanaka, 1994).  (Gradation curves 

of the specimens from these four different sites are shown in Figure 4.7.) 

As can be seen Figure 4.6, field values of Gmax varied from 91% to 200% 

of the values obtained in the laboratory and averaged about 1.5 times those 

obtained in the laboratory with cyclic triaxial tests.  The figure also shows that 

specimens recovered with the ground freezing method at Site “A” give much 

higher Vs values than those specimens recovered with the non-freezing method at 

the same site.  
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Figure 4.6 Comparison of Shear Moduli form in situ and Laboratory Tests 
(Kokusho and Tanaka, 1994) 

 

Figure 4.7 Gradation Curves of Specimens from Four Different Sites in Japan 
(Kokusho and Tanaka, 1994) 
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Kokusho (1987) also showed that mean effective confining stress had a 

higher effect on Gmax of intact specimens than those of reconstituted specimens 

(presumably prepared at the same density).  The variations of small-strain shear 

modulus, Gmax, with mean effective confining pressure of the intact specimens 

recovered with the freezing method are shown in Figure 4.8.  Values of nG are 

also shown in the figure.  As can be seen in the figure, the value of nG varies from 

0.56 to 0.93 with an average of 0.75.   These values of nG are higher than those of 

the reconstituted specimens, which vary between 0.55 and 0.60 as compared by 

Kokusho and Tanaka (1994).   

 

Figure 4.8 Initial Shear Modulus versus Mean Effective Confining Pressure for 
Intact Sandy Gravelly Materials (Kokusho, 1987) 

Darendeli (2001) summarized 40 comparisons between field and 

laboratory values of shear wave velocity, Vs, from the ROSRINE study.  Result of 

his study is presented in Figure 4.9.  The ratios of laboratory measurements to 
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field measurements range from 0.48 to 1.07.  It is also interesting to see that 

sampling disturbance is more pronounced in stiffer soils.  However, the shear 

modulus is proportional to the square of shear wave velocity.  As a result, a 

reduction of 40 % in shear wave velocity due to sampling disturbance means a 

reduction of 64 % in small-strain shear modulus. Darendeli (2001) suggested that 

this comparison indicates the need for in-situ measurement of Gmax at critical sites 

that are being characterized for geotechnical earthquake engineering purposes. 
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Figure 4.9 Variation of Sampling Disturbance Expressed in terms of 
Vs,lab/Vs,field and Gmax,lab/Gmax,field with the In-Situ Shear Wave 
Velocity (Darendeli, 2001) 

4.2.4 Effect of Geologic Age on Gmax of Granular Soils 

Rollins et al. (1998) analyzed shear moduli determined from correlations 

with field Becker penetration tests (BPT) presented in the literature (Andrus and 
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Youd 1987, Harder 1988, Andrus 1994, Lum and Yan 1994, Sy et.al 1995, Deihl 

and Rollins 1997), and showed that geologic age was an important factor in 

estimating the values of Gmax of gravelly soils.  In their study, they presented the 

results in terms of (K2)max, where: 

Gmax (psf) = 1000 × (K2)max × (σo′)0.5  (4.8) 

and σo′ is in units of psf.  The relative density, Dr, of gravelly material was 

estimated using: 

Dr = 
70

)N( 601  (4.9) 

The relationship between (K2)max and Dr for Holocene gravels and Pleistocene 

gravels are shown in Figures 4.10 and 4.11, respectively.  From these two figures, 

we can see that Gmax of Pleistocene gravels is about 1.5 to 5 times higher than 

those of Holocene gravels.  Rollins et al. conclude that this comparison shows that 

geologic age has an effect on the values of Gmax of gravelly soils.  

 

Figure 4.10 (K2)max versus Relative Density, Dr, for Holocene Gravels (Rollins et 
al., 1998) 
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Figure 4.11 (K2)max versus Relative Density, Dr, for Pleistocene Gravels (Rollins 
et al., 1998) 

4.2.5 Effect of Confining Pressure on Young’s Modulus and Constrained 
Modulus of Granular Soils 

Isotropic confining pressure is thought to have the same effect on Young’s 

modulus as on shear modulus (Lee, 1993, Lewis, 1990, and Hardin and Richart, 

1963).  Hardin and Richart (1963) used a free-free resonant column device which 

was capable of resonating the specimen in both torsional and compression modes 

while the specimen was confined isotropically.  Results with dry Ottawa sand at 

different isotropic confining pressures are shown in Figure 4.12.  As can be seen 

in the figure, the curves of unconstrained compression wave velocities are parallel 

to those of the shear wave velocities.  This comparison shows that isotropic 

effective stress has the same effect on Young’s modulus as on shear modulus. 
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Figure 4.12 Variation of Shear and Unconstrained Compression Wave Velocities 
with Isotropic Confining Pressure for Dry Ottawa Sand (after Hardin 
and Richart, 1963) 

Lewis (1990) also used a free-free resonant column to test reconstituted 

dry sand under isotropic confining pressure.  He found that the constrained, 

Young’s and shear moduli (of the soil skeleton) could all be expressed by a 

constant times the isotropic confining pressure, σo′, raised to a power.  These 

relationships are a straight line, with the power representing the slope, when 

plotted log of the modulus versus log of the isotropic confining pressure.  The 

log(M) – log(σo′) relationship had slopes from 0.44 to 0.45, the log(E) – log(σo′) 

relationship had slopes from 0.49 to 0.51, and log(G) – log(σo′) relationship had 

slopes from 0.47 to 0.50.  The slope of the log(M) – log(σo′) relationship is 

slightly lower than those of the log(E) – log(σo′) and log(G) – log(σo′) 

relationships.  As a result Poisson’s ratios computed from M and E or M and G 

decrease with increasing isotropic confining pressure.  This trend agrees with 

results of sandy and gravelly soils tested in this study. 
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On the other hand, the effect of anisotropic confining pressure on 

constrained modulus is slightly different from that on shear modulus.  In the pass 

three decades, several studies on this topic had been conducted using large 

confining chamber (Roesler, 1979, Lee, 1993, Belloti et al. 1996) or resonant 

column device (Ni, 1987, Lewis, 1990, Santamarina, et al., 2000).  Lee (1993) 

used a large-scale triaxial chamber (LSTC, see Figure 4.13) to study the effects of 

anisotropic stress state and inherent anisotropy on the small-strain stiffness of the 

soil skeleton.  He found that shear wave velocity was affected by the confining 

stress in both the direction of wave propagation and the direction of particle 

motion, and suggested that the effect of confining pressure on shear wave velocity 

can be shown as (Roesker, 1979, Stokoe and Santamarina, 2000): 

Vs = Cs 
nb

b

b

na

a

a

P
'

P
')e(F 







 σ







 σ   (4.10) 

where Cs = material constant in shear, 

σa′ = effective principal stress in the direction of wave propagation, 

σb′ = effective principal stress in the direction of particle motion, 

na = slope of the log Vs – log σa′ relationship, and 

nb = slope of the log Vs – log σb′ relationship. 

Santamarina (2000) showed an alternative expression for the shear 

propagation is to relate the velocity to the mean state of stress on the plane of 

particle motion: 

Vs = Cs 
n
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  (4.11) 
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Figure 4.13 Diagrammatic Sketch of Experimental Set-Up for Seismic Wave 
Testing in LSTC (Lee, 1993) 

where σx′ and σy′ are the principal stresses on the plane of particle motion, and n 

is a constant representing the slope of the log Vs – log 






 σ+σ

a

yx

P2
''

 relationship.  

On the other hand, constrained compression wave velocity is only a 

function of the confining stress in the direction of wave propagation.  The 

relationship between constrained compression wave (P-wave) velocity and 

confining stress can be expressed as (Roesker, 1979, Stokoe and Santamarina, 

2000): 

Vp = Cp 
ma

a

a

P
')e(F 






 σ   (4.12) 
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where Cp = material constant in compression, 

σa′ = effective principal stress in the direction of wave propagation, and 

ma = slope of the log Vp – log σa′ relationship. 

Lee (1993) showed that for sandy and gravelly soils which exhibit minor void 

ratio changes with confining pressure, ma is about 0.25 and na = nb ≅ 0.125.  

Hence, ma = na + nb. 

Lee (1993) also showed the effect of inherent anisotropy on the small-

strain stiffness of the soil skeleton in his study.  Figure 4.14 shows the P-wave 

velocity on both horizontal and vertical planes measured by Lee.  The directions 

of the P-wave measurements are defined in Figure 4.15.  As can be seen in Figure 

4.14, P-wave velocity in the horizontal direction is higher than P-wave velocity in 

the vertical direction.  Lee explained that this resulted from anisotropy in soil 

skeleton.   

 

Figure 4.14 Variation in P-Wave Velocities with Propagation Direction for 
Measurements in the Horizontal and Vertical Planes under Isotropic 
Loading (Lee, 1993) 
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Figure 4.15 Directions and Planes Associated with P-Wave Velocity 
Measurements Shown in Figure 4.11 (Lee, 1993) 

4.2.6 Small-Strain Material Damping Ratios in Shear of Granular Soils 

Quality measurements of material damping ratio in the small-strain range 

have been very difficult to obtain in the past, because of difficulties of eliminating 

the background noise and equipment generated damping.  Furthermore, gravelly 

soil generally has an elastic threshold as low as 10-4% and very few measurements 

have been performed at this strain level in the past.  Figure 4.16 shows the 

variation of material damping ratio with strain amplitude of Pea-Gravel tested by 

Wu (1986) with a large-scale, fixed-free resonant column device.  As shown in 
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the figure, material damping ratio in shear is still decreasing with decreasing 

shearing strain at a strain-amplitude as low as 4×10-4%.  Such low strain 

amplitudes of the elastic threshold make the measurement of Ds,min even more 

difficult.  As a result, a discussion of factors affecting material damping ratio in 

the small-strain range are rare.  

 

Figure 4.16 Variation of Material Damping Ratio in shear with Strain Amplitude 
and Confining Pressure of Pea-Gravel (Wu, 1986)  

However, material damping ratio of granular soils is generally thought to 

decrease as confining pressure increases.  Laird (1994) used a series of metal 

specimens to determine the equipment generated damping ratio at different 

frequencies.  Small-strain material damping ratio in shear, Ds,min, was then 
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obtained by subtracting the measured damping ratio with the equipment damping 

ratio at the measurement frequency.  Laird found that material damping ratio of 

dry granular soil (washed mortar sand (D50 = 0.35 mm and Cu = 1.71): a standard 

testing sand in the soil dynamics laboratory of the University at Austin) are 

generally lower than 1% for σo' above 0.2 atm.  Figure 4.17 shows the variation of 

Ds,min with effective isotropic confining pressure.  As can be seen in the figure, 

Ds,min decreases as confining pressure increases.  Laird (1994) suggested that the 

value of Ds,min can be determined as: 

Ds,min = CD F(e) 
Dn

a

o

P
'







 σ
 (4.13) 

where  CD = dimensionless material damping ratio coefficient,  

nD = effective isotropic stress exponent, and 

F(e) = 1 / (0.3 + 0.7 e2). 

The results presented by Laird show that the void ratio is not very important. 

4.3 FACTORS AFFECTING THE NONLINEAR DYNAMIC PROPERTIES IN SHEAR 
OF GRAVELLY SOILS 

Because of the difficulties of testing gravelly materials, parametic studies 

of the nonlinear properties of gravelly materials have been quite limited. In this 

section, the effect of confining pressure, disturbance, and gravel content on the 

nonlinear properties of granular materials is first discussed. Then the normalized 

shear modulus and material damping ratio curves suggested by Seed et al. (1986) 

are reviewed.  Finally, analytical models of nonlinear soil behavior proposed by 

several researchers (Hardin and Drnevich, 1972a and 1972b, Anderson, 1974, 

Darendeli, 2001) are presented.  

 129



 

Figure 4.17 Variation of Material Damping Ratio with Confining Pressure of Dry 
Washed Mortar Sand (Laird, 1994)  

4.3.1 Effect of Confining Pressure on Nonlinear Dynamic Properties in Shear 
of Gravelly Soils 

Granular soils behave more linearly as effective confining pressure 

increases.  Tanaka et al. (1987) tested reconstituted gravelly materials and showed 

that effective confining pressure has a significant effect on the nonlinear behavior 

of gravelly materials as well as on the nonlinear behavior of sandy materials.  The 
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nonlinear shear modulus and material damping ratio curves of gravelly materials 

with different gravel contents are shown in Figure 4.18.  (Gradation curves of 

these two materials are shown in Figure 4.2b.)  As shown in Figure 4.18, these 

materials behave more linearly with increasing isotropic confining pressure.  It is 

also interesting to see that the material with a lower gravel content (gravel content 

= 25%) behaves slightly more linearly than the material with a higher gravel 

content (gravel content = 50%).  This general trend is in agreement with results 

from this study presented in Chapter Seven.   

The effect of confining pressure on the nonlinear behavior of gravelly 

soils is easier to discuss in terms of reference strain, γr, which is the strain 

amplitude where G/Gmax = 0.5 (see discussion in Section 4.3.4).  Figure 4.19 

shows the variation of reference strain with effective confining pressure.  As can 

be seen in the figure, γr increases as confining pressure increases, and reference 

strains of gravelly soil with 25% gravel content are about 50% higher than those 

of gravelly soil with 50% gravel content.   
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Figure 4.18 Effect of Effective Isotropic Confining Pressure on G/Gmax – log γ 
and D – log γ curves of Reconstituted Gravelly Materials (Tanaka et 
al., 1987) 
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Figure 4.19 Variation of Reference Shearing Strain, γr, with Effective Isotropic 
Confining Pressure (Tanaka et al., 1987) 

4.3.2 Effect of Disturbance on Nonlinear Dynamic Properties of Gravelly 
Soils 

As mentioned in Section 4.2, intact gravel samples have been carefully 

recovered in Japan using the ground freezing method.  The nonlinear behaviors of 

intact and reconstituted specimens of gravelly materials from several different 

sites have been compared (Goto et al. 1994; Goto et al. 1992; Hatanaka and 

Uchida 1992; Konno et al. 1994; Kokusho and Tanaka 1994; Kokusho et al. 

1995).  A typical result is shown in Figure 4.20 (Hatanaka and Uchida, 1995).  In 

most cases, the results show that: (1) Gmax of intact specimens are higher than 

those of reconstituted specimens, (2) G/Gmax – log γ curves of intact specimens 

and reconstituted specimens are very similar, and (3) material damping ratios of  

 133



 
(a) Effect of Sample Disturbance on G – log γ Relation of Tokyo Gravel 

 
(b) Effect of Sample Disturbance on G/Gmax – log γ Relation of Tokyo Gravel 

 
(c) Effect of Sample Disturbance on D – log γ Relation of Tokyo Gravel 

Figure 4.20 Comparisons of Nonlinear Properties between Intact and 
Reconstituted Specimens of Tokyo Gravel (Hatanaka and Uchida, 
1995) 
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intact specimens are generally slightly lower than those of reconstituted 

specimens.  

The only exception to the results shown by Hatanaka and Uchida (1995) is 

the G/Gmax – log γ curves from Site K in Japan measured by Kokusho and Tanaka 

(1994).  In this case, the G/Gmax curves of the reconstituted specimens are higher 

than those of intact specimens as shown in Figure 4.21. However, one possible 

reason for the difference, as shown in Figure 4.21, seems to come from selecting 

too low a value for Gmax of the intact material.  In other words, there seem to be 

no points at the Gmax for G/Gmax – log γ curves of the intact samples. 

 

Figure 4.21 Effect of Sample Disturbance on G/Gmax – log γ Relation of Gravelly 
Material from Site K (Kokusho and Tanaka, 1994)) 

4.3.3 Effect of Gravel Content on Nonlinear Dynamic Properties of Gravelly 
Soils at Larger Strain Level (> 0.1%) 

Lin et al. (2000) used a large-scale cyclic triaxial device with a nominal 

specimen size of 15 cm (6 in.) in diameter and 30 cm (12 in.) in length to test 
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gravelly cobble deposit in the Taichung metropolitan area of Taiwan. They found 

that gravel content had a significant impact on the nonlinear behavior of the 

gravelly soils at large strain level (γ > 0.1%).   

Figure 4.22 shows the gradation curves of four gravelly specimens tested 

by Lin et al.  All four specimens were tested at a confining pressure of 1.5 atm.  

The G/Gmax – log γ curves of these four specimens are shown in Figure 4.23.  As 

can be seen in the figure, normalized shear moduli of specimens with 60% and 

80% of gravel content increase with increasing shearing strain as shearing strain 

surpassed 0.1%.  Such result is contradict to the general trend that shear modulus 

decreases as shearing strain increases, and is not found in specimens with gravel 

content of 20% and 40%.  Lin et al. suggested that this different behavior might 

be the effect of gap-graded grain-size-distribution. 

 

Figure 4.22 Gradation Curves of Four Gravelly Soils Tested by Lin et al. (2000) 
along with In-Situ Gradation Curve 
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Figure 4.23 Effect of Gravel Content on Normalized Shear Modulus Curves at 
Large Strain (Lin et al., 2000) 

4.3.4 Nonlinear G/Gmax – log γ and D – log γ Curves for Sandy and Gravelly 
Soils Given by Seed et al (1986)  

Seed et al. (1986) summarized gravelly soils tested from four different 

sites in the United States, and suggested a mean G/Gmax – log γ curve for gravelly 

soils.  The mean G/Gmax – log γ curve as well as the ranges are presented in Figure 

4.24 along with the curves for sandy soils suggested by Seed and Idriss (1970).  

As show in Figure 4.24, the mean G/Gmax – log γ curve for gravelly soils is much 

lower than that of sandy soils, with γr of gravelly soils about 0.012% and γr of 

sandy soils about 0.036%.  This means that gravelly soils are more nonlinear than 

sandy soils when deformed to the same strain level.  
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Figure 4.24 G/Gmax – log γ Curves of Gravelly and Sandy Soils Suggested by 
Seed et al. (1986) 

On the other hand, nonlinear material damping ratios of the gravelly soils 

from those four sites are within the range of the nonlinear material damping 

curves suggested by Seed and Idriss (1970) for sands, as shown in Figure 4.25. 

Therefore, Seed et al. (1986) suggested the use of the same D – log γ curves for 

sandy and gravelly soils.  

4.3.5 Analytical Models of Nonlinear Dynamic Soil Behavior in Shear 

The nonlinear decrease in shear modulus and increase in material damping 

ratio with shearing strain amplitude has been studied extensively over the past 

three decades.  Several researchers proposed various analytical models to predict 

the nonlinear soil behavior.  These models often used include: (1) a hyperbolic 

model (Hardin and Drnevich, 1972a and 1972b), (2) a Ramberg-Osgood model 

(Anderson, 1974), and (3) a modified hyperbolic model (Darendeli, 2001). 
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Figure 4.25 D – log γ Curves of Gravelly and Sandy Soils Suggested by Seed et 
al. (1986) 

Because of its simplicity, the hyperbolic model is the most often used 

model for the G/Gmax – log γ curve.  The hyperbolic model for shear modulus can 

be expressed as (Hardin and Drnevich, 1972a and 1972b): 

r

max 1

1
G

G

γ
γ

+
=  (4.14) 

where γr is the reference strain.  In this case, Hardin and Drnevich defined γr as 

the shear strength divided by Gmax.  They also proposed that the D – log γ curve 

can be modeled as: 

D = Dmax 

r

r

1 γ
γ+

γ
γ

 (4.15) 
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where Dmax is the maximum material damping ratio correlating to very large 

strains.   

 Because the stress-strain relationships of soils were not precisely 

described by Eq. 4.14 and 4.15, these two equation were modified with a 

hyperbolic strain, γh, as: 

γh = 
rγ

γ [ 1+ a1 exp(-a2 
rγ

γ )] (4.16) 

where a1 and a2 are soil constants as given Hardin and Drnevich (1972b), and Eq. 

4.18 and 4.19 can be rewritten as: 

hmax 1
1

G
G

γ+
= , and (4.17) 

h

h

min 1D
G

γ+
γ

= . (4.18) 

Another modified hyperbolic model for the G/Gmax – log γ curve has been 

proposed by Darendeli (1997).  In this modified hyperbolic model G/Gmax is 

expressed as: 

a

r

max
1

1
G

G









γ
γ

+

=  (4.19) 

where γr is γ at G/Gmax equal to 0.5, and “a” is curvature coefficient.  With the 

added curvature coefficient, the modified hyperbolic model fits the measured 

normalized shear modulus reduction curve slightly better than the original 

hyperbolic model.  More details of this modified hyperbolic model and the effect 

of coefficient “a” and reference strain are discussed in Chapter Seven.   

Darendeli (1997) also used the modified hyperbolic model to model the 

relationship between material damping ratio and strain.  He proposed  
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min,s

s

D
D  = 1 + 

D,rγ
γ   (4.20) 

where   is the reference strain with respect to normalized material damping 

ratio.  The value of D

D,rγ

rγ

s equals to 2Ds,min at γ = .  It should be noted that the 

value of  is generally different from the value of γ

D,rγ

D, r of most geotechnical 

materials. 

The other model is a Ramberg-Osgood model.  Anderson (1974) used the 

Ramberg-Osgood stress-strain relationship to describe the variation of shear 

modulus with shearing strain.  The general form of the Ramberg-Osgood model is 

defined as: 

1R

y

max
1

1
G

G
−












τ
τ

α+

=  (4.21) 

where: α = shape factor, 

τ = shearing stress, 

τy = shearing stress at yield, and 

R = correlation number for Ramberg-Osgood curve. 

He suggested the use of α = 1.0 and R = 3.0 for various clays. 

Because the increased material damping in the nonlinear range is often 

thought to be the result of the modulus reduction, material damping ratio in the 

nonlinear range is often correlated with normalized shear modulus instead of 

shearing strain.  Hwang (1997) found that material damping ratio increases 

linearly with decreasing normalized shear modulus in a semi-log plot.   
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Figure 4.26  Relation between Material Damping Ratio and Normalized Shear 
Modulus (Hwang, 1997) 

Figure 4.26 shows the D – log (G/Gmax) curves of 13 intact sandy soil specimens 

tested by Hwang.  He suggested that D – log (G/Gmax) relationship of these 13 

intact sandy soil specimens can be expressed as: 

D = SDG × log(
maxG
G ) +IDG (4.22) 

where: SDG = slope of the D – log (G/Gmax) relationship for soils, and  

IDG = intercept on the Y-axis of D – log (G/Gmax) relationship for soil. 

The other commonly used model for correlating material damping ratio 

with normalized shear modulus is the “Masing behavior” model.  Ishihara (1996) 

used the hyperbolic model (Hardin and Drnevich, 1972a and 1972b) to define the 
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relationship between normalized shear modulus and strain amplitude, and 

calculated material damping ratio at different values of G/Gmax based on the 

“Masing behavior”.  Figure 4.27 shows the variation of material damping ratio 

with normalized shear modulus calculated by Ishihara.  The range of six different 

kinds granular soils tested in Japan and the US summarized by Ishihara (1996) are 

also shown in the figure.  As can be seen in the figure, material damping ratios 

determined from “Masing behavior” are close to those measured in the laboratory 

at G/Gmax greater than 0.4.  However, as G/Gmax redues to a value lower than 0.4, 

material damping ratios determined from “Masing behavior” is higher than those 

measured in the laboratory.  In other words, “Massing behavior” overestimates 

material damping ratio at larger strain range. 

 

Figure 4.27  Relation between Material Damping Ratio and Normalized Shear 
Modulus (Ishihara, 1996) 
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Darendeli (2001) adjusted the material damping ratio determined form the 

“Massing behavior” with a scaling function, 
1.0

maxG
G*b 








, so that estimated 

material damping ratio was closer to those measured in the laboratory at low 

G/Gmax range.  He defined the adjusted material damping ratio, DAdjusted, as: 

mingsinMa

1.0

max
Adjusted DD*

G
G*bD +








=  (4.23) 

where Dmin is the material damping ratio at small-strain range, and b is a scaling 

coefficient.  Details of this modified “Masing behavior” are discussed later in 

Chapter Seven.  

4.4 VOID RATIO OF GRANULAR SOILS 

Both the median grain size, D50, and uniformity coefficient, Cu, have an 

impact on the void ratio of granular soils.  The relationship between void ratio and 

uniformity coefficient of gravelly soils tested in Japan during the past decade 

were summarized by Kokusho et al. (1995).  Figure 4.28 shows the variation of 

maximum void ratio, emax, and minimum void ratio, emin, with uniformity 

coefficient summarized by Kokusho et al. (1995).  Void ratios of some other 

granular soils tested in the US and summarized by Winterkorn and Fang (1975), 

void ratio of washed mortar sand tested by Rix (1984), and the theoretical values 

of uniform sphere particles (Bodner and Pardue, 1989) are also shown in Figures 

4.28.  In the figure, it can be seen that both emax and emin decrease with increasing 

Cu, but this decrease is most pronounced for Cu ≤ 10 and change very little for Cu 

> 10.  It is also interesting to point out in Figures 4.28 that much of the scatter 

 144



around each trend line results from the fact that emin of the soil with a higher value 

of emax is also higher.   

Figure 4.29 shows the variation of (emax - emin) with uniformity coefficient.  

As shown in the figure, the values of (emax - emin) are almost constant and vary 

between 0.2 and 0.3 with an average value of about 0.25 for Cu > 10.  However, 

for Cu ≤ 10, the value of (emax - emin) increases as Cu decreases.  The trend line in 

Figure 4.29 can be expressed as: 

(emax - emin) = 0.35 × (1/ Cu) + 0.21 , if 200 ≥ Cu ≥ 2. (4.24) 
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Figure 4.28 Variation of emax and emin with Uniformity Coefficient, Cu of 
Gravelly Material Tested in the US and Japan (Winterkorn and Fang, 
1975; Kokusho et al., 1995; Rix, 1984) 
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Figure 4.29 Variation of (emax - emin) with Uniformity Coefficient, Cu of Gravelly 
Material Tested in the US and Japan (Winterkorn and Fang, 1975; 
Kokusho et al., 1995; Rix, 1984) 

The effects of D50 on the void ratio of granular materials tested in Japan 

were also summarized by Kokusho and Tanaka (1994).  The relationship between 

(emax - emin) and D50 are shown in Figure 4.30.  As shown in Figure 4.30, the 

values of (emax - emin) vary between 0.2 and 0.3, with an average of 0.25 for 

gravelly materials (D50 > 4.76mm) and coarse sands (D50 > 2.0 mm).  On the 

other hand, the values of (emax - emin) of medium and fine sandy materials show 

higher values and a wider variation (between 0.25 and 0.65).  
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Figure 4.30 Variation of (emax - emin) with Median grain size, D50 of Gravelly 
Material Tested in Japan (after Kokusho and Tanaka, 1994) 

4.5 SUMMARY 

Published literature discussing variables that affect the dynamic properties 

of gravelly soils in the linear and nonlinear ranges are presented in this chapter.  

The effects of effective isotropic confining stress, effective anisotropic confining 

stresses, void ratio, geologic age, particle shape, and gradation on small-strain 

shear modulus, Gmax, are discussed.  The effects of isotropic and anisotropic 

confining pressures on Young’s modulus, and constrained modulus are then 

discussed.  The effects of pressure on small-strain material damping ratios are 

also discussed.  Factors that affect the dynamic properties of granular soils in the 

nonlinear range are then discussed.  Gravelly soils generally behave more 
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nonlinear than sandy soils at a given strain.  Recommended curves presented by 

Seed and Idriss (1986), and numerical models of nonlinear dynamic properties 

proposed by other researchers (Hardin and Drnevich, 1972a and 1972b, 

Anderson, 1974, Darendeli, 2001) are also presented.  Effects of uniformity 

coefficient and median grain size on the value of maximum void ratio, emax, and 

minimum void ratio, emin, presented in the literature are discussed at the end of the 

chapter.   
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Chapter 5 

Test Materials, Specimen Preparation, and Test Procedures 

5.1 INTRODUCTION 

A total of 59 reconstituted specimens was tested during the period of this 

study.  The majority of the specimens were constructed using parent material that 

was recovered during an in situ seismic investigation of gravelly soils shaken by 

the 1983 Borah Peak, Idaho earthquake (Andrus, 1994).  The material was 

recovered from the Pence Ranch site.  Three material parameters were 

investigated: (1) grain size expressed as median grain size, D50, (2) grain size 

distribution expressed by the uniformity coefficient, Cu, and (3) dry density 

expressed in terms of void ratio, e.  To broaden the ranges in the values of D50, 

Cu, and e, additional reconstituted specimens of three different materials from 

other areas of the United States were also tested.  These three different materials 

were: (1) washed mortar sand (a standard sand used in the soil dynamics 

laboratory of the University of Texas at Austin), (2) a potential backfill material at 

the Yucca Mountain, Nevada site, and (3) an engineered fill material which was 

proposed for a structural fill in another project. 

The 59 reconstituted specimens consist of 49 specimens prepared with 

material recovered from the Pence Ranch site, two specimens constructed with the 

washed mortar sand, four specimens constructed with the potential backfill 

material at the Yucca Mountain site, and four specimens constructed with the 
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engineered fill material from GeoPentech.  Both the large-scale, multi-mode, free-

free resonant column device (MMD) and the combined fixed-free resonant 

column (RC) and torsional shear (TS) device were used for testing these 59 

specimens.  The physical properties of these 59 specimens and test procedures are 

discussed in the following sections.    

5.2 SPECIMENS BUILT WITH MATERIAL FROM THE PENCE RANCH SITE 

As discussed above, the majority (49 out of 59) of the specimens were 

constructed using parent material that was recovered during an in-situ seismic 

investigation of gravelly soils shaken by the 1983 Borah Peak Idaho earthquake 

(Andurs, 1994). This material was obtained from the Pence Ranch site which 

consists of a river bed deposit containing a wide range in grain sizes.  Figure 5.1 

shows the portion of this gravelly material that passed the ¾ in. (1.9 cm) sieve.  

The parent material is ideal for performing a parametric study with reconstituted 

specimens.  The 49 specimens constructed using this material are referred to as 

the Pence Ranch specimens hereafter.   

The physical properties, specimen preparation method, estimated relative 

densities, and test procedures used to study the dynamic properties of these 49 

Pence Ranch specimens are discussed below.   

5.2.1 Physical Properties of the Pence Ranch Specimens  

Sixteen different gradations of the gravelly and sandy material from Pence 

Ranch were manufactured to study the effect of three material parameters on the 

dynamic properties of granular soils.  These three material parameters are: (1) 

grain size expressed as mean grain diameter, D50, with D50 varying from 0.11 to 
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17.4 mm, (2) grain size distribution expressed by the uniformity coefficient, Cu, 

with values varying between 1.1 and 15.9, and (3) dry density expressed in terms 

of void ratio, e, with values varying from 0.38 to 1.15.   

 

Figure 5.1   Photograph of the Pence Ranch Material (Note: the units of the ruler 
in the picture are in inches) 

Tables 5.1 and 5.2 summarized the physical properties of these sixteen 

different gradations of the manufactured materials.  Each gradation curve is 

named by the values of its uniformity coefficient, Cu, and median grain size, D50,.  

For example, Material C1D17 has a uniformity coefficient of 1.1 and a median 

grain size of 17.4 mm.  The gradation curves of these sixteen materials are shown 

in Figures 5.2a through 5.2f.  Gradation curves presented in Figures 5.2a, 5.2b, 

5.2c, 5.2d, 5.2e, and 5.2f are denoted as Group 1, 2, 3, 4, 5, and 6, respectively.  

(Gradation curves in Figure 5.2g and 5.2h are discussed in later sections.)  

 151



100
80
60
40
20

0

Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

Gravel Sand Fines

(a) Varying          for Constant    D50 Cu ~ 1.3

 C1D17
 C1D7
 C1D03
 C1D1
 C1D2
 C1D01

Pence
Ranch
Group 1

 

100
80
60
40
20
0

Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

Gravel Sand Fines

(b) Varying          for Constant    D50 Cu ~ 3.1

 C3D6
 C3D2
 C3D1
 C3D05

Pence
Ranch
Group 2

 
100

80
60
40
20

0

Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

(c) Varying          for Constant    D50 Cu ~ 8.4

 C8D2
 C8D1

Pence
Ranch
Group 3

100
80
60
40
20

0Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

(d) Varying        for Constant    D50 ~ 2.4 mmCu

 C1D2
 C8D2
 C2D2
 C3D2

Pence
Ranch
Group 4

 
100

80
60
40
20

0Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

(e) Varying        for Constant    D50 ~ 1.2 mmCu

 C1D1
 C3D1
 C8D1
 C16D1

Pence
Ranch
Group 5

100
80
60
40
20

0Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

 C4D1
 C16D3

(f) Varying          andD50 Cu

Pence
Ranch
Group 6

 
100

80
60
40
20

0Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

Yucca
 C14D1
 C4D01

WMS
 C2D04

(g) Yucca and WMS Specimens

Group 7

100
80
60
40
20

0Pe
rc

en
t F

in
er

0.010.1110100
Particle Size, mm

 C33D1
 C50D2
 C50D3

(h) EF Specimens

Group 8

 

Figure 5.2   Gradation Curves of All Specimens Tested in This Study 
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Table 5.1  Physical Properties of the Specimens from the 16 Gradation Curves 
Constructed Using Parent Material Recovered from the Pence Ranch 
Site 

No. Gradation 
Curve 

Group 
No.1 UTID2 Test Type 

Maximum 
Size, mm 

Fines, 
%3 

D50, 
mm Cu

4 Cz
5 

1 C1D17 1 UTC_1 Free-Free 19.05 0 17.4 1.10 0.98 
2 C1D7 1 UTC_2 Free-Free 9.53 0 6.73 1.42 0.93 
3 C4D1 6 UTC_3 Free-Free 6.35 0.5 0.86 4.23 0.73 
4 C16D3 6 UTC_4 Free-Free 19.05 0.3 3.42 15.7 0.40 
5 C1D03 1 UTC_6 Fixed-Free 0.43 0 0.33 1.30 0.95 
6 C1D1 1,5 UTC_7 Fixed-Free 1.50 0 1.13 1.33 0.94 
7 C1D2 1,4 UTC_8 Fixed-Free 3.35 0 2.59 1.29 0.95 
8 C8D2 3,4 UTC_9 Free-Free 19.05 0 2.18 8.73 0.65 
9 C2D2 4 UTC_10 Fixed-Free 4.75 0 2.01 2.36 0.84 

10 C3D2 2,4 UTC_11 Fixed-Free 9.53 0 2.85 3.35 0.79 
11 C1D01 1 UTC_14 Fixed-Free 0.15 0.0 0.11 1.41 0.93 
12 C3D6 2 UTC_15 Free-Free 19.05 0.0 6.17 3.09 0.80 
13 C3D05 2 UTC_16 Fixed-Free 1.50 0.0 0.47 3.16 0.79 
14 C8D1 3,5 UTC_17 Free-Free 9.53 0.0 1.20 7.97 0.66 
15 C3D1 2,5 UTC_18 Fixed-Free 3.35 0.0 1.19 2.81 0.81 
16 C16D1 5 UTC_19 Free-Free 19.05 0.0 1.20 15.9 0.57 

Note:  1. Some of the gradation curves were used in more than one group as shown in Figure 
5.2. 

2. Identification number used in the soil dynamics laboratory of the University of Texas 
at Austin. 

3. Percentage passing No. 200 sieve; hence % of fines. 
4. Cu = D60 / D10 
5. Cz = D30

2 / (D10 × D60) 

The gradation curves in Group 1, 2, and 3 (Figure 5.2a, 5.2b, and 5.2c) 

were used to study the effect of D50 while Cu was held reasonably constant at 

values of about 1.3, 3.1, and 8.4, respectively.  Figure 5.2d (Group 4) shows the 

gradation curves that were used to study the effect of varying Cu, while holding 

D50 approximately constant at about 2.4 mm (a coarse sand size).  Figure 5.2e 

(Group 5) shows the gradation curves that were used to study the effect of varying 

Cu, while holding D50 approximately constant at about 1.2 mm.   
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Table 5.2  Additional Physical Properties of the Specimens from the 16 
Gradation Curves Constructed Using Parent Material Recovered 
from the Pence Ranch Site 

Void Ratio, e 
No. Gradation 

Curve UTID w, 
% Denser Middle Looser 

USCS1 R#4
2 

1 C1D17 UTC_1 0.0 0.64 0.70 0.81 GP 100 
2 C1D7 UTC_2 0.0 0.60 0.69 0.82 GP 100 
3 C4D1 UTC_3 0.0 0.55 0.66 0.78 SP 0.0 
4 C16D3 UTC_4 0.0 0.38 0.43 0.49 SP 43.5 
5 C1D03 UTC_6 0.0 0.64 0.80 0.95 SP 0.0 
6 C1D1 UTC_7 0.0 0.58 0.70 0.87 SP 0.0 
7 C1D2 UTC_8 0.0 0.60 0.66 0.78 SP 0.0 
8 C8D2 UTC_9 0.0 0.40 0.47 0.54 SP 32.1 
9 C2D2 UTC_10 0.0 0.52 0.60 0.67 SP 0.0 

10 C3D2 UTC_11 0.0 0.45 0.54 0.61 SP 0.0 
11 C1D01 UTC_14 0.0 0.94 1.03 1.15 SP 0.0 
12 C3D6 UTC_15 0.0 0.49 0.55 0.66 GP 61.6 
13 C3D05 UTC_16 0.0 0.58 0.68 0.71 SP 0.0 
14 C8D1 UTC_17 0.0 0.42 0.54 0.58 SP 16.8 
15 C3D1 UTC_18 0.0 0.51 0.61 0.66 SP 0.0 
16 C16D1 UTC_19 0.0 0.36 0.43 0.51 SP 25.1 
Note:  1. USCS: Unified Soil Classification System 

2. Percentage remaining on No. 4 sieve. 

The two gradation curves presented in Figure 5.2f (Group 6) have both D50 and Cu 

varying.  In Group 6, material C4D1 (Cu = 4.23 and D50 = 0.86 mm) was prepared 

from the portion of Material C16D3 (Cu = 15.7 and D50 = 3.4 mm) which passed 

through US standard sieve No. 4. 

The classifications of these sixteen differently graded materials are SP or 

GP in the Unified Soil Classification System.  Although, only three gradation 

curves out of the sixteen classify as GP, almost half of the gradation curves (seven 

curves) contain gravelly material (particles remain on US standard sieve No. 4).  

The uniformity coefficient, Cu, of five of the manufactured materials are greater 
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than 4.0, but the curvature coefficient, Cz, of these five materials are less than 1.  

Therefore, these five materials are still classified as poorly graded sand, SP.   

Gradation curves of most materials are straight lines in the semi-log plots.  

This was intended to eliminate the influence of curvature coefficient, Cz, by 

keeping the value of curvature coefficient within a small range (0.57 ~ 0.98).  The 

effect of curvature coefficient, Cz, on the dynamic properties of granular materials 

was not investigated in this study.  Most specimens were prepared and tested in a 

dry condition.  Only one specimen from Material C16D3 was tested at three 

different moisture stages as: (1) dry, (2) 48% of saturation, and (3) 98% of 

saturation.  The procedures used to prepare and test this specimen are discussed in 

Section 6.4.3.  The procedures used to prepare and test the other specimens are 

discussed below.   

5.2.2 Specimen Preparation  

Three dry specimens were prepared with each of the 16 manufactured 

gradations.  The three specimens for each gradation were used to represent the 

material in denser, middle, and looser conditions.  Specimens at the looser 

condition were prepared by scooping soil into the sample mold as described in 

ASTM 4254 for minimum dry density, or maximum void ratio, emax.  Because the 

void ratios of the looser specimens were measured after a confining pressure of 

about 0.45 atm was applied to the specimens and the looser specimens might be 

compressed during the setup procedures, the void ratio of these specimens are 

expected to be slightly lower than emax.  Specimens at the middle condition were 

lightly loaded by hand after the soil was scooped into the mold.  The denser 

 155



specimens were compacted using the under-compaction method (Ladd, 1978) 

with a lift height of 2.54 cm (1.0 in.) after soil was scooped into the mold and 

evenly spread.  A 45 cm (1.5 foot) long polyurethane rod with a diameter of 5.6 

cm (2.2 in.) and a weight of 1.2kg (2.6 lb.) was used to compact the denser Pence 

Ranch specimens.  The polyurethane rod was chosen in an attempt to minimize 

soil particle crushing during strong compaction.  The goal was to build a dense 

specimen without breaking soil particles, because the amount of soil available was 

limited.  Unfortunately, gradation curves were not measured after the dynamic 

tests.  However, visual examination showed there was no obvious breakage of 

large particles. 

The void ratios of the specimens at denser, middle, and looser conditions 

prepared from the 16 gradation curves are presented in Table 5.2.  

5.2.3 Relative Density of Reconstituted Specimens from Pence Ranch Site 

The relative density, Dr, is a commonly used term for granular materials. 

Relative density is defined as: 

Dr = 
minmax

max

ee
ee

−
− , (5.1) 

where emax is the maximum void ratio, and emin is the minimum void ratio.  

Because of the difficulties associated with calibrating and adjusting the shaking 

table used to measured emin, the minimum void ratios of the 16 manufactured 

materials were not evaluated using the ASTM D 4253 standard method during 

this study.  However, as discussed Chapter Four, the values of emax and emin are 

mainly a function of the uniformity coefficient.  Therefore, it is possible to 
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estimate the values of emax and emin based on the value of Cu, and also further 

estimate the value of Dr.   

In this section, the effects of D50 and Cu on the void ratios of the 48 dry 

Pence Ranch specimens are first discussed.  The trend of the void ratios of the 48 

dry Pence Ranch specimens is compared with those presented in the literature, 

and relative densities of these 48 dry specimens are estimated at the end of this 

section.   

The variations of void ratio with Cu and D50 of the 48 dry Pence Ranch 

specimens are presented in Figure 5.3.  It can be seen in Figure 5.3a that the void 

ratios of the reconstituted specimens decrease as Cu increases.  Void ratios at the 

three different conditions vary over a range about 0.25, with average values 

decreasing from 0.8 to 0.5 as Cu increases from 1.2 to 10.  On the other hand, 

there is not a general trend between void ratio and median grain size, although, 

void ratios increase with decreasing D50, for D50 < 1mm.  Figure 5.3b shows the 

variation between void ratio and D50 of specimens in Groups 1 and 2.  As can be 

seen in Figure 5.3b, the void ratios of the specimens constructed with Material 

C1D01 show higher values than those from other materials.  Because void ratio is 

generally not a function of D50, the effect of D50 on void ratio is ignored. 
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To see what effect larger the values of Cu would have on the values of emax 

and emin, information presented in the literature (Rix, 1984, Winterkorn and Fang, 

1975, Kokusho et al., 1994, and Kokusho et al., 1995) is added to Figure 5.3a and 

the e – log(Cu) relationship is plotted again in Figure 5.4.  Theoretical values of 

emax and emin of uniform sphere particles are also added in the figure.  As can be 

seen in the figure, emax decreases with increasing Cu for Cu < 10.  For Cu > 10, emax 

remains constant with an average value of 0.45.  Similar to emax, emin decreases 

with increasing Cu for Cu < 10 and stays almost constant for Cu > 10 with an 

average value of about 0.2.  The trend lines shown in Figure 5.4 can be expressed 

as: 

emax = 0.95 × (1/ Cu) + 0.43 , 200 ≥ Cu ≥ 1.0,  (5.2a) 

emin = 0.60 × (1/ Cu) + 0.22 , 200 ≥ Cu ≥ 1.0 (5.2b) 
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Figure 5.4 Variation between Void Ratio and Uniformity Coefficient, Cu, for 
Reconstituted Granular Materials 
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It can be seen in Figure 5.4 that both the values of emin and emax generally 

vary in a range of ±0.1.  In addition, the trends in the values of emin and emax with 

Cu parallel each other.  Figure 5.5 shows the variation of (emax - emin) with 

uniformity coefficient for the values of emax and emin presented in Figure 5.4.  As 

can be seen in the figure, the general variations in the values of (emax - emin) reduce 

(relative to the variations in emax and emin) and are about ±0.05.  The values of 

(emax - emin) presented in the literature vary between about 0.2 to 0.3 and average 

about 0.25 when Cu > 10, and the value of (emax - emin) increases with decreasing 

Cu for Cu ≤ 10.  The trend of the values (emax - emin) from the literature can be 

expressed as: 

(emax - emin) = 0.35 × (1/ Cu) + 0.21 , 200 ≥ Cu ≥ 1.0.  (5.3) 
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Figure 5.5 Variation between (emax - emin) and Uniformity Coefficient, Cu, of 
Granular Materials 
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It should be noted that because there is no laboratory data from the literature with 

Cu ≤ 1.7, the trend of (emax - emin) for 1.0 ≤ Cu ≤ 1.7 is based on the theoretical 

value of the uniform sphere particles. 

The differences in void-ratio between the denser and looser conditions 

used in this study are also plotted in Figure 5.5 by the solid symbols.  As can be 

seen in the figure, the void ratio differences between the looser and denser 

specimens from the 16 Pence Ranch materials are generally lower than the values 

of (emax - emin) presented in the literature.  This is thought to be the contributions 

from both the fact that the void ratios of the looser specimens are lower than emax, 

and that the void ratios of the denser specimens are higher than emin.  Based on 

Figure 5.4, the writer estimates that void ratios of the looser specimens of 

Gradations C4D1, C16D3, C1D03, C8D2, C3D2, C1D01, C3D05, C8D1, and 

C15D1 are close to the values of emax.  Therefore, the relative densities of these 

looser specimens are assumed to be 10%.  Similarly, the relative densities of the 

looser specimens from Gradations C3D6 and C3D1 are assumed to be 15%.  The 

relative densities of the denser and middle specimens of these 11 gradations can 

be estimated based on the void ratio of the looser specimens, elooser, and Cu with 

the (emax - emin) – log(Cu) relation shown in Eq. 5.3 as:   

Dr = 
21.0)C/1(35.0

ee

u

Looser

+×
−  + Dr, Looser (5.4) 

On the other hand, also based on Figure 5.4, the writer estimates that void ratios 

of the denser specimens of Gradations C1D17, C1D7, C1D1, C1D2, and C2D2 

are close to the values of emin.  Therefore, the relative densities of these denser 

specimens are assumed to be 90%.  The relative densities of the middle and looser 
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specimens of these 5 gradations can be estimated based on the void ratio of the 

denser specimens (eDenser) and the value of Cu with the (emax - emin) – log(Cu) 

relation shown in Eq. 5.3 as:   

Dr = Dr, Denser – 21.0)C/1(35.0
ee

u

Dooser

+×
−

 (5.5) 

The estimated relative densities of the 32 dry Pence Ranch specimens at 

medium dense and loose conditions are presented in Table 5.3.  As can be seen in 

the table, the relative densities of the 16 denser specimens vary between 50% and 

90% with an average of 75%.  The relative densities of the 16 middle specimens 

vary between 20% and 80% with an average of 50%, and the relative densities of 

the 16 looser specimens vary between 10% and 55% with an average of 25%.  

The majority of the denser specimens are in the range of dense to very dense, the 

majority of the middle specimens are in the range of loose to medium dense, and 

the majority of the looser specimens are in the range of very loose to loose.  

Hereafter, the denser, middle, and looser specimens are referred as dense to very 

dense, loose to medium dense, and very loose to loose specimens, respectively.  

It should be noted that these estimated relative densities, presented in 

Table 5.3, do not take the effect of D50 into account.  The value of D50 could have 

an impact on the value of (emax - emin).  Figure 5.6 shows the variation of (emax - 

emin) with median grain size, D50, of data collected by Ishihara (1976) and 

Kokusho et al. (1994).  The void ratio differences between the dense to very dense 

and very loose to loose specimens of the 16 Pence Ranch materials are also 

plotted in the figure.  As can be seen in Figure 5.6, the values of (emax - emin) 

presented in the literature are generally between 0.2 and 0.3 with an average of 
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0.25.  However, the values of (emax – emin) increase with decreasing D50, if D50 < 

1.0 mm.  Unfortunately, it is difficult to confirm that this increasing value of (emax 

- emin) is not a result of lower Cu, because the uniformity coefficients are difficult 

to obtain.  It is thought that the relative densities of the specimens constructed 

from composite materials with a median grain size less than 1 mm (Materials 

C1D03, C1D01, and C3D05) might be lower than the estimated values shown in 

Table 5.3.  However, the goal of this study is to test sandy and gravelly soils at 

different dry densities (or void ratio).  It is not intended to test specimens at a 

precise relative density. 

Table 5.3 Estimated Relative Densities of the 48 Reconstituted Specimens 

No. 
Gradation 

Curve 
No. 

D50, 
mm 

 
Cu 
 

Dr, %,  
Denser 

Specimen 

Dr, %,  
Middle 

Specimen 

Dr, %, 
Looser 

Specimen 
1 C1D17 17.39 1.10 90 60 55 
2 C1D7 6.73 1.42 90 60 40 
3 C4D1 0.86 4.23 90 50 10 
4 C16D3 3.42 15.7 60 40 10 
5 C1D03 0.33 1.30 75 40 10 
6 C1D1 1.13 1.33 90 65 30 
7 C1D2 2.59 1.29 90 80 50 
8 C8D2 2.18 8.73 65 40 10 
9 C2D2 2.01 2.36 90 70 45 

10 C3D2 2.85 3.35 60 35 10 
11 C1D01 0.11 1.41 55 35 10 
12 C3D6 6.17 3.09 70 50 15 
13 C3D05 0.47 3.16 50 20 10 
14 C8D1 1.20 7.97 75 25 10 
15 C3D1 1.19 2.81 60 30 15 
16 C16D1 1.20 15.9 90 60 25 
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In summary, the values of emax, emin, and (emax - emin) of granular soils are 

mainly a function of uniformity coefficient, Cu.  The relative densities of the 48 

dry Pence Ranch specimens are estimated from the void ratio of the very loose 

specimens and the emax – Cu and emin – Cu relationships established from data 

presented in the literature.  The estimated relative densities are presented in Table 

5.3.  The effect of D50 on the values of (emax - emin) is considered negligible.  

Because the relative densities of the 48 dry Pence Ranch specimens are estimated 

values, associated errors are expected.  Therefore, relative density is not used for 

estimating dynamic properties in this study.   
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5.2.4 Test Procedures 

Both the MMD and the fixed-free RCTS devices were used for testing the 

Pence Ranch specimens.  As discussed above, the MMD has the advantage of 

testing soil with larger particle sizes, because the diameter of the specimen is 15.2 

cm (6.0 in.).  Material with a particle size up to 2.5 cm (1.0 in.) can be tested with 

the MMD.  However, quantities of finer-grained soil were not sufficient to 

prepare such big specimens with low Cu values.  In this case, fixed-free specimens 

with a diameter of 7.1 cm (2.8 in.) were tested. 

The testing procedures followed with the MMD and fixed-free RCTS 

device were generally similar.  The specimens tested in the MMD are referred to 

as free-free specimens, and the specimens tested in the fixed-free RCTS device 

are referred to as fixed-free specimens.  The procedures followed in testing the 

free-free and fixed-free specimens are discussed as below.   

(a) Test Procedures with Free-Free Specimens 

While testing a free-free specimen, confining pressure was first increased 

in several steps from 0.14 to 4 atm to study the effect of confining pressure on 

five small-strain dynamic properties (Gmax, Ds,min, Emax, Dc,min, and Mmax).  These 

five different dynamic properties were obtained from the following three different 

tests: (1) torsional resonant column test, (2) longitudinal resonant column test 

(unconstrained compression), and (3) direct arrival of constrained compression 

waves.  Details of the theories and test procedures of these three different tests are 

discussed in Chapter Three.   
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The confining pressures were applied in steps to the specimens in a series 

as 0.14, 0.25, 0.5, 1.0, 2.0, 4.0, 0.5, 0.14, and 0.5atm.  At each confining pressure, 

the pressure was applied for at least 80 minutes to allow the specimen to 

equilibrate.  The variations of Gmax and Dmin with time at a constant pressure were 

recorded.  Changes in the values of Gmax and Dmin were generally within 2% over 

the period of 80 minutes. 

Equipment-generated damping in the half-power bandwidth damping 

measurement was determined at the end of each confining pressure.  As discussed 

in Chapter Three, resonant column tests in torsion were performed with four 

different numbers of coils (2, 4, 6, and 8), so that the material damping ratio with 

no influence from the back EMF (zero coil) could be determined by extrapolation, 

and the equipment-generated damping in the half-power bandwidth damping 

measurement could be determined.   

After the series of low-amplitude tests at nine different confining 

pressures, a series of High-Amplitude (HA) torsional Resonant-Column (RC) 

tests was performed at the last confining pressure (0.5atm).  The high-amplitude 

tests were performed after the study of the confining pressure on small-strain 

dynamic properties was completed.  This procedure was followed to avoid the 

impact of strain history on the small-strain dynamic properties.  Typically, 14 

high-amplitude torsional resonant column (HARC) tests were performed in this 

series of tests with excitation torque increasing from 1.41×  lb-in. 

(1.59× NT-m) to 14.1 lb-in. (1.59 NT-m).  The excitation torque was doubled 

after each torsional resonant column test.  Shear modulus and material damping 

310−

410−
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ratio in shear were measured during each test.  The shear modulus reduction and 

material damping ratio curves were obtained from the series of HARC tests. 

After the last resonant column test in the HARC test series was completed, 

the specimen was allowed to rest at the same confining pressure until the small-

strain shear modulus recovered (±5%).  Low-amplitude RC tests were performed 

periodically to monitor the recovery.  In general, specimens recovered after a rest 

period of 2 hours and the confining pressure was either reduced to 0.25 atm or 

increased to 2 atm for another series of HARC tests.  After the second series of 

HARC tests, the specimen was removed from the device, and a new specimen 

was prepared for the next test series.   

(b) Test Procedures with Fixed-Free Specimens 

Specimens tested with the fixed-free RCTS device had similar test 

sequences as those tested with the MMD.  Small-strain tests were first performed 

at the same series of confining pressures as those discussed above.  However, 

only torsional resonant column tests were performed on a fixed-free specimen.  

Gmax and Ds,min were the only two dynamic properties measured at each confining 

pressure.  The procedures for the high-amplitude resonant column tests were 

similar to those used in MMD.  However, a series of slow cyclic torsional shear 

(TS) tests was performed before the series of high-amplitude resonant column test 

to study the effect of frequency on shear modulus and material damping ratio in 

shear.  The series of TS tests was performed before the series of HARC tests, 

because the maximum strain amplitude that could be reached in the TS test was 

generally ten times lower than that in the HARC tests. 
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During a TS test, 10 cycles of sinusoidal excitation torque were applied to 

the top of the specimen.  The twist of the specimen was monitored by two 

proximeters on top of the specimen, and the excitation torque was determined 

from the drive voltage.  With the twist and the excitation torque, the stress-strain 

curve of each loading cycle was calculated.  The shear modulus was calculated 

from slope of the stress-strain loop, and the equivalent damping ratio was 

calculated from the area of the stress-strain loop (Hwang 1997).  Excitation torque 

was increased in steps from 0.141 lb-in. (0.0159 NT-m) to 14.1 lb-in. (1.59 NT-

m).  (Excitation torque lower than 0.141 lb-in. (0.0159 NT-m) was not used 

because of the resulting low signal-to-noise ratio.)   

In general, six different levels of excitation torque were used to drive the 

specimen in torsion at five different frequencies of 0.1, 0.5, 1, 5, and 10 Hz.  

Excitation torque was doubled at each level.  Different excitation frequencies 

were used to study the effect of measurement frequency.  There were generally 30 

torsional shear tests in a complete series of TS tests.  After the last TS test, the 

specimen was allowed to rest at the same confining pressure until the shear 

modulus recovered.  The low-amplitude RC test in shear was performed 

periodically to monitor the recovery.  In general, specimens recovered within a 

rest period of 30 minutes.  As discussed above, the maximum strain amplitude 

that could be reached in a TS test was generally 10 times lower than that in a 

HARC test, so specimens recovered faster.  

A series of HARC tests was performed after the specimen was recovered.  

The procedure of the HARC test was the same as those in a free-free specimen.  
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As the specimen was recovered from the high-amplitude RC test, the confining 

pressure was either reduced to 0.25 atm or increased to 2.0 atm for another series 

of TS and HARC tests.  After this series of tests was completed, the specimen was 

removed, and a new specimen was prepared for testing. 

5.3 WASHED MORTAR SAND, WMS  

As discussed in Chapter Three, initial testing using Washed Mortar Sand, 

WMS, (a standard sand in the soil dynamics laboratory of the University of Texas 

at Austin) was performed with both the MMD device and the fixed-free RCTS 

device to evaluate the performance of the MMD.  Specimens with a diameter of 

7.1 cm (2.8 in.) were used in the fixed-free resonant column device.  Much testing 

with this washed mortar sand has been performed at the University of Texas with 

the fixed-free RCTS device (Ni 1987, Kim 1991, Laird 1994.) 

Washed mortar sand is a poorly-graded sand, which is classified as SP in 

the Unified Soil Classification System.  It was obtained from the flood plain of 

the Colorado River in Austin, Texas.  Figure 5.7 shows a photograph of the 

washed mortar sand.  The index properties of washed mortar sand have been 

determined in studies by Knox et al. (1982), Rix (1984), Lee (1992) and Van Hoff 

(1993) at the University of Texas at Austin. Table 5.4 shows a summary of these 

properties.  The gradation curve of this material is presented in Figure 5.2g, and 

the material is denoted as C2D04 (WMS). 
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Figure 5.7   Photograph of the Washed Mortar Sand (Note: the units of the ruler 
in the picture are in inches) 

Table 5.4   Physical Properties of Washed Mortar Sand, Laird (1994) 

Unified Soil Classification  SP 
Grain Character Sub-angular to sub-rounded 
Soil Composition 40% Quartz 

30% Feldspar 
20% Other Minerals 
10% Shell Fragments 

Specific Gravity  2.67 
Maximum Dry Density 106.6 pcf (16.7 kN/m3) 
Minimum Dry Density 90.6 pcf (14.2 kN/m3) 
Maximum Void Ratio 0.839 
Minimum Void Ratio 0.563 
Particle Size Distribution: 
Median Grain Size, D50 0.35 mm 
Effective Grain Size, D10 0.25 mm 
Cu, (D60 / D10) 1.71 
Cz, (D30)2 / (D60*D10) 1.19 
% Passing #200 Sieve < 1% 
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Two very dense specimens were tested in this study: one was tested with 

the MMD and the other was tested with the fixed-free RCTS device.  Both 

specimens were prepared in a dense condition with a void ratio of about 0.54.  As 

can be shown in Table 5.4, the void ratios of these two specimens were slightly 

lower than the minimum void ratio of the material determined from the shaking 

table test, which indicates the relative densities of these two specimens were 

about 100%.  The two dense specimens were tested following the procedure use 

to test the dry Pence Ranch specimens.  The only difference was that the high-

amplitude tests were performed at four different confining pressures for the fixed-

free specimen.  These four different confining pressures were 0.5, 1.0, 2.0, and 

4.0 atm. 

5.4 POTENTIAL GRANULAR FILL MATERIAL AT THE YUCCA MOUNTAIN SITE 

Four reconstituted specimens of the granular soil proposed for possible use 

as the engineered fill at the waste handling building of the Yucca Mountain Site 

were tested.  These tests were performed under P. O. # A17376YSOA, UTACED.  

Mr. Ivan Wong of URS Greiner Corp. was the project manager.  These four 

specimens are referred to as the “Yucca” specimens hereafter. 

A photograph of the granular fill material is presented in Figure 5.8.  Each 

granular specimen was compacted using tamping. The initial properties of the 

specimens are presented in Table 5.5 and 5.6.  Only fixed-free RCTS device was 

used to test this material.  The nominal specimen diameters were either 2.78 in. 

(7.05 cm) or 1.38 in. (3.51 cm) and the heights were about 2.0 times the 

diameters.  The specimens were compacted to dry densities that ranged from 90 % 
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to 97 % of the modified Proctor maximum dry density.  The value of the modified 

Proctor maximum dry density was supplied by Mr. Mike Luebbers of URS 

Greiner as 114 pcf (1.83 g/cm3) and the optimum water content was 11 %.  Also, 

the specimens were compacted with “scalped” material such that the maximum 

particle size was no larger than 1/6 of the specimen diameter. 

 

 

Figure 5.8 Photograph of Potential Granular Fill Material at the Yucca 
Mountain Site (Note: the units of the ruler in the picture are in 
inches) 
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Table 5.5 Initial Properties of Yucca Specimens  

No. 
Gradation 

Curve 
UTID. 1 

 
Test Type 

 

 
Stage2 

Specimen 
Diameter, 

cm 

Maximum 
Particle 

Size, mm 
Fines, 

%3 

1 C14D1 UTA-23-K Fixed-Free 1 7.1 9.53 3.3 
2 C14D1 UTA-23-M Fixed-Free 2 7.1 9.53 3.3 
3 C4D03 UTA-23-L Fixed-Free 1 3.5 2.36 5.4 
4 C4D03 UTA-23-N Fixed-Free 2 3.5 2.36 5.4 
5 C4D03 UTA-23-U Fixed-Free 1 3.8 2.36 5.4 
6 C4D03 UTA-23-V Fixed-Free 2 3.8 2.36 5.4 
7 C14D1 UTA-23-W Fixed-Free 1 7.1 9.53 3.3 
8 C14D1 UTA-23-Y Fixed-Free 2 7.1 9.53 3.3 

Note:  1. Identification number used in the soil dynamics laboratory of the University 
of Texas at Austin. 

2. At Stage 1, specimens were tested at their molding water contents.  At Stage 
2, water was added and specimens were tested at higher water contents.  

3. Percentage passing No. 200 sieve; hence % of fines. 

Table 5.6 Additional Properties of Yucca Specimens  

No. 
Gradation 

Curve 
UTID 

 
D50, 
mm Cu

1 Cz
2 ω, % 

Void 
Ratio, 

e USCS3 R#4
4 

1 C14D1 UTA-23-K 0.97 14.4 0.33 2.6 0.60 SP 41.4 
2 C14D1 UTA-23-M 0.97 14.4 0.33 13.5 0.60 SP 43.4 
3 C4D03 UTA-23-L 0.33 3.8 1.05 2.8 0.60 SP-SM 42.4 
4 C4D03 UTA-23-N 0.33 3.8 1.05 15.8 0.60 SP-SM 44.4 
5 C4D03 UTA-23-U 0.33 3.8 1.05 10.9 0.49 SP-SM 47.4 
6 C4D03 UTA-23-V 0.33 3.8 1.05 13.5 0.49 SP-SM 48.4 
7 C14D1 UTA-23-W 0.97 14.4 0.33 11.2 0.51 SP 49.4 
8 C14D1 UTA-23-Y 0.97 14.4 0.33 13.5 0.51 SP 50.4 

Note:  1. Cu = D60 / D10 
 2. Cv = D30

2 / (D10 × D60) 
 3. Unified Soil Classification System 
 4. Percentage remaining on No. 4 sieve. 

The Yucca specimens were tested in two stages.  In the first stage, called 

stage 1, the specimens were dynamically tested at their molding water contents to 

evaluate the small- and large-strain properties.  In stage 1, these four specimens 

are denoted as UTA-23-K (w = 2.63%), UTA-23-L (w = 2.77%), UTA-23-U (w = 
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10.92%) and UTA-23-W (w = 11.15%).  Upon completion of stage-1 testing, the 

confining chamber and drive system were removed, and water was percolated 

through each specimen for one day using a vacuum assist of about 0.1 atm on the 

downstream side of the specimen.  Each specimen was then re-tested dynamically 

in this state of increased water content, called stage 2, to investigate the impact on 

the dynamic properties of increasing the water content of the granular fill after 

placement.  The specimens were renamed in stage 2 as UTA-23-M (w = 13.47%), 

UTA-23-N (w = 15.78%), UTA-23-V (w = 13.50%) and UTA-23-Y (w = 

13.53%).  These specimens correspond to stage-1 specimens UTA-23-K, UTA-

23-L, UTA-23-U and UTA-23-W, respectively.  Unfortunately, the heights of the 

four specimens were not measured in stage 2; hence, they have been assumed to 

have essentially the same dry unit weights as determined in stage 1.   

Because the negative pore water pressure was not measured in this study, 

total stress instead of effective stress was used for analyses.   In both stages, 

small-strain RC tests were performed at confining pressures of 0.14, 0.27, 0.54, 

1.09, and 2.18 atm.  High-amplitude resonant column and torsional shear tests 

were performed at confining pressure of 0.54 and 1.09 atm after the small-strain 

test during the loading sequence.   

The sequence of each high-amplitude RC test series and torsional shear 

test series are the same as those discussed in Section 5.1.4.   

5.5 ENGINEERED FILL  

The dynamic properties of an engineered fill material, denoted as “EF” 

from the United States, were evaluated.  The material is classified as gray, poorly 
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graded gravel with silt and sand (GP-GM) in the Unified Soil Classification 

System.  Figure 5.9 shows a photograph of this granular fill material.  Dynamic 

and cyclic testing of the material were performed on reconstituted specimens.  

The modified Proctor compaction method (ASTM D1557-91) was used to 

reconstitute four dense specimens. Three fixed-free resonant column specimens 

and one free-free resonant column specimen were constructed with this 

compaction method.  These four specimens are referred as the Engineered Fill 

(EF) specimens.   

The fixed-free specimens had a nominal diameter of 2.8 in. (7.11 cm) and 

a nominal height of 5.3 in. (14.3 cm).  Gravel with a size greater than 0.5 in. (1.27 

cm) was removed from the mixture before compacting the fixed-free specimens. 

Water was added before compacting each specimen so that the final water content 

would be about 6% by weight.  The free-free specimen had a diameter of 15.2 cm 

(6.0 in.) and a height of 31.8 cm (12.5 in.).  This specimen was compacted with 

all of the given material, and again a final water content of about 6% was attained. 

All specimens were constructed assuming a nominal dry unit weight of 137 pcf 

(2.2 gr /cm3), which is about 96.7% of the maximum dry density determined by 

modified Proctor (γd,max = 141.7 pcf.)   
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Figure 5.9 Photograph of Material “EF” (Note: the units of the ruler in the 
picture are in inches) 

Initial properties of all four specimens are given in Tables 5.7 and 5.8.  

Grain-size distribution curves of three of the specimens after testing are presented 

in Figure 5.2h.  The gradation of specimen UTA-26-A was not measured and was 

assumed to be the same as that of the specimen UTA-26-B.    

Table 5.7 Physical Properties of the Engineered Fill Specimens  

No. Gradation 
Curve1 

UTID. 2 
 

Test Type 
 

Maximum 
Size, mm 

Fines, 
%3 

1 C33D1 UTA-26-A Fixed-Free 12.2 13.0 
2 C33D1 UTA-26-B Fixed-Free 12.2 13.0 
3 C50D2 UTA-26-C Fixed-Free 12.2 12.8 
4 C51D3 UTA-26-D Free-Free 25.4 9.3 

Note:  1. As shown in Figure 5.2h. 
2. Identification number used in the soil dynamics laboratory of the University 

of Texas at Austin. 
3. Percentage passing No. 200 sieve; hence % of fines. 
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Table 5.8 Additional Physical Properties of the Engineered Fill Specimens  

No. Gradation 
Curve 

 
 

UTID 
 

D50, 
mm Cu

1 Cz
2 ω, 

% 

Void 
Ratio, 

e 
USCS3 R#4

4 

1 C33D1 UTA-26-A 1.48 32.75 1.10 5.6 0.24 SM 18.9 
2 C33D1 UTA-26-B 1.48 32.7 1.10 5.5 0.25 SM 19.9 
3 C50D2 UTA-26-C 2.12 49.7 1.58 5.9 0.23 SM 31.6 
4 C51D3 UTA-26-D 3.46 51.5 3.26 6.1 0.27 SW-SM 40.4 

Note:  1. Cu = D60 / D10 
 2. Cz = D30

2 / (D10 × D60) 
 3. Unified Soil Classification System 
 4. Percentage remaining on No. 4 sieve 
 5. Assumed to be the same as UTA-26-B 

For each laboratory specimen, the range in confining pressures was based 

on the estimated in situ mean effective stress, σm'.  Isotropic confining pressures 

of 0.1, 0.24, 0.50, 1.0, 1.9, and 2.9 atm were selected.  The negative pore water 

pressure was assumed to be 0.23 atm, based on the negative pore water study 

performed by Terrell (2002) with a gravelly fill material with similar gradation 

curve, fine content, and water content.  Therefore, the effective confining 

pressures, σo', were estimated to be 0.33, 0.47, 0.73, 1.23, 2.13, and 3.13 atm.  

Specimen UTA-26-A was first tested at small strains at 6 different confining 

pressures in the increasing sequence noted above.  The specimen was then 

unloaded to an effective confining pressure of 0.73 atm and tested at small and 

high strains on the reloading sequence of 0.73, 1.23, 2.13, and 3.13 atm.  High-

amplitude resonant column and torsional shear tests were performed during this 

loading path at each effective confining pressure.  Specimens UTA-26-B and 

UTA-26-C were loaded in the same fashion as specimen UTA-26-A, but high-

amplitude resonant column and torsional shear tests were performed during the 

first loading path at effective confining pressure of 0.47, 1.23, and 3.13 atm.  
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Specimen UTA-26-D was tested in the same fashion as specimens UTA-26-B and 

UTA-26-C, but without torsional shear testing. 

The sequence of each high-amplitude RC test series and torsional shear 

test series are the same as those discussed in Section 5.2.4.   

5.6 SUMMARY  

A total of 59 reconstituted specimens were tested during the period of this 

study.  The majority of the specimens were constructed using parent material that 

was recovered from the Pence Ranch site.  These specimens had very few (less 

than 1%) fines, and were mostly tested dry (48 of 49).  Sixteen different 

gradations of the gravelly and sandy material from the Pence Ranch site were 

manufactured to study the effect of three material parameters on the dynamic 

properties of granular soils.  These three material parameters are: (1) grain size 

expressed as mean grain diameter, D50, with D50 varying from 0.11 to 17.4 mm, 

(2) grain distribution expressed by the uniformity coefficient, Cu, with values 

varying between 1.1 and 15.9, and (3) dry density expressed in terms of void 

ratio, e, with values varying from 0.38 to 1.15.   

Three dry specimens were prepared with each of the 16 manufactured 

gradations.  The three specimens for each gradation were used to represent the 

material in denser, middle, and looser conditions.  The relative densities of 

specimens at these three different conditions were estimated based on the emax – 

Cu and emin – Cu relationships established from data presented in the literature.  

The majority of the denser specimens are in the range of dense to very dense, the 

majority of the middle specimens are in the range of loose to medium dense, and 
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the majority of the looser specimens are in the range of very loose to loose.  

Therefore, in this study, the denser, middle, and looser specimens are referred as 

dense to very dense, loose to medium dense, and very loose to loose specimens, 

respectively. 

Additional reconstituted specimens of three different materials from other 

areas of the United States were also tested.  These three different materials were: 

(1) washed mortar sand (a standard sand used in the soil dynamics laboratory of 

the University of Texas at Austin), (2) a potential backfill material at the Yucca 

Mountain, Nevada site (named as Material Yucca in this study), and (3) an 

engineered fill material (named as Material EF in this study).  Reconstituted 

specimens prepared with the washed mortar sand had very few (less than 1%) 

fines, and were tested dry.  On the other hand, reconstituted specimens prepared 

with the Yucca and the EF material were tested wet with water contents ranging 

from 2.7 to 15.8%.  Both materials contain some fine soils, ranging from 3.3 to 

13.0%.  
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Chapter 6 

Small-Strain Dynamic Properties of Granular Materials  

6.1 INTRODUCTION 

In this study, small-strain dynamic tests are defined as those tests in which 

the equivalent shearing strain amplitude, γeq, does not exceed 10-4%, or the elastic 

threshold strain, γt
e, whichever is less.  Small-strain testing was performed with 

both the large-scale, multi-mode, free-free resonant column device (MMD) and 

the combined fixed-free resonant column (RC) and torsional shear (TS) device to 

evaluate the effects of void ratio, e, median grain size, D50, uniformity coefficient, 

Cu, mean effective stress, σo', excitation frequency, f, and moisture content, w, on 

Gmax and Ds, min of granular soils.  

In this chapter, the effects of void ratio, e, median grain size, D50, 

uniformity coefficient, Cu, and mean effective stress, σo', on Gmax and Ds, min of 

dry specimens are first discussed.  Then, the effects of frequency and moisture 

content on Gmax and Ds, min are discussed.   

The MMD was also used to evaluate the effects of void ratio, e, median 

grain size, D50, uniformity coefficient, Cu, and mean effective stress, σo', on Emax, 

Dc, min, and Mmax of dry free-free, Pence Ranch specimens.  These results are 

presented at the end of this chapter. 
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6.2 SMALL-STRAIN SHEAR MODULUS, GMAX, OF DRY MATERIALS 

Examples of the variation in Gmax with effective isotropic confining 

pressure are presented in Figure 6.1.  The results shown in Figure 6.1 are for 

dense to very dense, dry specimens with a constant value of Cu of about 1.2.  As 

shown in the figure, shear modulus increases with increasing σo' and increasing 

D50.  The increase in Gmax with σo' is well known (Richart et al., 1970).  The 

effect of σo' on Gmax is similar for all values of D50 and can be expressed as a 

normalized confining pressure raised to the power nG as: 
Gn

a

o
1Gmax P

'CG 




σ⋅=  (6.1) 

where Pa is atmospheric pressure and CG1 is the value of Gmax at a mean effective 

confining pressure of one atmosphere.   
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Figure 6.1 Variation in Small-Strain Shear Modulus with Effective Confining 
Pressure of Sandy and Gravelly Soils with a Constant Cu of About 
1.2. 
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It should be noted that there is a slight increase in the vertical pressure 

relative to horizontal pressure as a result of the weight of the specimen and the 

weight of the top end-cap.  The difference is less than 0.015 atm, which is less 

than about 10% of the lowest cell (confining) pressure applied on the specimen, 

so it was ignored in this study.   

Hardin and Richart (1963) studied reconstituted sand specimens 

(maximum particle size, D100, ≤ 0.85 mm; medium-sized sand particles or 

smaller) with a resonant column device, and concluded that the effects of grain 

size, gradation, and relative density on Gmax were due to the way these variables 

affect void ratio.  The relationship between void ratio and Gmax at one atmosphere, 

CG1, of the 48 dry Pence Ranch specimens is presented in Figure 6.2a.  As seen in 

the figure, there is a general trend of CG1 decreasing as e increases.  This general 

trend is the same as Hardin and Richart found.  To investigate the impact of larger 

particles, specimens with maximum particle sizes greater than US standard sieve 

No. 4 have been eliminated from Figure 6.2a, and the remaining 27 finer-grained 

specimens (with no gravel-sized particles) are plotted in Figure 6.2b.  The void 

ratio correction function, assuming CG1 = 60 MPa (1250 ksf) at e = 1, proposed by 

Hardin (1978) is also presented in these figures.  As illustrated in both figures, 

Gmax at an isotropic pressure of one atmospheric, CG1, increases with decreasing 

void ratio, as expected.  
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Figure 6.2 Variation in Small-Strain Shear Modulus at 1 Atm, CG1, with Void 
Ratio  
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It is interesting to see in Figure 6.2b that the values of CG1 of specimens 

constructed from materials with maximum particle sizes less than 4.75 mm (US 

standard sieve No. 4) fall close to the curve proposed by Hardin (1978).  This 

result agrees with the observation of Hardin and Richart (1963) discussed above.  

However, as presented in Figure 6.2a, the values of CG1 show a much greater 

variation as specimens with larger-grained particles are considered.  Specimens 

that contain particle sizes greater than 4.75 mm show a greater slope (greater 

change in CG1 with e) than Hardin’s curve.  This suggests that a modified void 

ratio function, which takes into account the effects of gradation (D50 and Cu as 

discussed in Section 4.2), is needed to describe the effect of void ratio on small-

strain shear modulus of sandy and gravelly soils.  This point is addressed in 

Section 6.2.3. 

The initial void ratios were used in calculating and plotting the values of 

CG1 in Figure 6.2 for almost all dry Pence Ranch specimens. These values were 

used because void ratio is essentially independent of effective confining pressure 

for granular materials.  The only exception are the three specimens constructed 

from Gradation C1D01 (Cu = 1.4 and D50 = 0.11mm).  In these three specimens, 

the void ratios measured at one atmosphere were used.  The reason for using 

different void ratios of those specimens is that the void ratios decreased with 

increasing confining pressure, as illustrated in Figure 6.3.   

Figure 6.3 shows the variation of void ratio change, e – einitial, with σo' of 

all 48 dry Pence Ranch specimens.  As shown in the figure, the values of e – einitial 

of most specimens are close to zero as confining pressure increases from 0.14 to 
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4.0 atm.  However, the void ratios of the three specimens with Gradation C1D01 

decreased with increasing effective confining pressure as σo' exceeded 0.5atm.  

(All specimens were prepared at a confining pressure of 0.5 atm in this study.)  

This higher void ratio change with increasing confining pressure of these three 

specimens is a result of that Gradation C1D01 contains only material between US 

standard sieves No. 100 and No. 200. This gradation is on the border line of 

granular material and silty material.  

In summary, the value of CG1 is a function of void ratio, median grain size, 

and uniformity coefficient.  However, for three specimens constructed from 

Gradation C1D01, void ratio is also a function of σo'.  To simplify the discussion, 

the results from these specimens (Gradation C1D01) were not included in  
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Figure 6.3 Variation of Void Ratio Change, e – einitial, with Effective Confining 
Pressure 
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generating the numerical model for small-strain shear modulus.  In the following 

sections, the trends of void ratio, median grain size, and uniformity coefficient, 

with the values of CG1 and nG are first discussed.  Then, based on the observation, 

a numerical model for Gmax is presented.  However, it should be noted that the 

values of CG1 of the three specimens from Gradation C1D01 presented in Figure 

6.2 have also been adjusted with the numerical model discussed in Section 6.2.3 

to account for the void ratio change as effective confining pressure increases. 

6.2.1 Gmax at σo' of One Atmosphere, CG1  

As discussed above, the small-strain shear modulus at one atmosphere, 

CG1, is a function of the gradation characteristics of the specimen as well as the 

void ratio.  To systematically investigate the effects of D50 and Cu on the values of 

CG1, the 48 dry Pence Ranch specimens are separated into six groups.  Specimens 

in Gradation Groups 1, 2, and 3 are used to illustrate the effect of D50 on the value 

of CG1, while the values of Cu of each group are nearly constant at about 1.3, 3.1, 

and 8.4, respectively.  The log(CG1) – log(e) relationships and the gradation 

curves of the Pence Ranch specimens in Groups 1, 2, and 3 are presented in 

Figure 6.4.  On the other hand, specimens in Gradation Groups 4 and 5 are used to 

illustrate the effect of Cu on the value of CG1, because the values of D50 are nearly 

constant at about 2.4 mm and 1.2 mm, respectively.  The log(CG1) – log(e) 

relationships and the gradation curves of the Pence Ranch specimens in Groups 4 

and 5 are presented in Figure 6.5.  The last group (Gradation Group 6) is not 

discussed here but later, because both D50 and Cu are changing for the specimens 

in this group. 
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Pence Ranch Specimens in Groups 4 and 5  

It is interesting to note that, as shown in Figures 6.4 and 6.5, the values of 

CG1 decrease with increasing void ratio.  The log(CG1) – log(e) curve for each 

gradation group in both figures is approximately a straight line.  This suggests that 

CG1 is correlated with ex, and can be expressed as: 

CG1 = CG2 × ex  (6.2) 

where CG2 is Gmax at one atmosphere with e = 1.  The impact of D50 and Cu on the 

values of both CG2 and x are discussed below. 
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Upon careful review of Figure 6.4, it can be seen that the effect of D50 on 

the values of CG1 can be separated into two parts based on the value of D50. When 

D50 is greater than 2 mm, increasing the value of D50 causes the slopes of log(CG1) 

– log(e) curves to increase.  On the other hand, the slopes of log(CG1) – log(e) 

curves of specimens with D50 < 2 mm are about the same (~ -1.3).  This agrees 

with Hardin and Richart’s (1963) study discussed above that gradation does not 

affect Gmax for sandy materials.  It can also be seen in Figure 6.4 that the log(CG1) 

– log(e) curve moves to the left (decreasing void ratio) as the values of Cu 

increases from 1.3 to 8.4.  The effect of Cu on the values of CG1 is better 

illustrated in Figure 6.5.  As can be seen in Figure 6.5b, the slopes of the four 

log(CG1) – log(e) curves are about the same as the value of Cu varies from 1.3 to 

8.7, with the curves moving parallel to each other as void ratio decreases.  A 

similar result is found in Figure 6.5d, but the relationship has a slightly flatter 

slope.   

In summary, it is clear at this point that the value of CG2 is dependent on 

the value of Cu, and the exponential term, x, (which is the slope of the log(CG1) – 

log(e) curve) in Equation 6.2 is a function of D50.  The combined impact of D50 

and Cu for the dense to very dense specimens is illustrated in Figure 6.6 by the 

two trend lines shown for the dense to very dense specimen, one line for Cu ~ 1.2 

and the increased values of CG1 for Cu ~ 10.  A detailed model of Gmax of granular 

material is presented in Section 6.2.3, but the effects of gradation and void ratio 

on the values of nG are first discussed below. 
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Figure 6.6 Trends in the Variation of Small-Strain Shear Modulus at 1 Atm 
with Median grain size of Sandy and Gravelly Soils. 

6.2.2 Slope of log (Gmax) – log (σo' / Pa) Curve, nG  

Values of the slope of the log(Gmax) – log(σo' / Pa) curve, nG, are presented 

in Figures 6.7a and 6.7b.  Figure 6.7a shows the relationships between nG and 

void ratio of the Pence Ranch specimens.  As shown in the figure, the values of nG 

fall in a range from about 0.43 to 0.65 and increase with increasing values of Cu 

for the different gradation curves and increasing values of e for a given gradation.  

Figure 6.7b shows the relationship between nG and Cu of the 45 Pence Ranch 

specimens (3 specimens from Gradation C1D01 are not included).  Results from 

other granular materials tested in the soil dynamics laboratory at the University of 

Texas at Austin are also shown in Figure 6.7b to broaden the range of Cu.     
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Figure 6.7  Trends in the Variation of nG with Void Ratio and Uniformity 
Coefficient of Sandy and Gravelly Soils.  
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The general trends show the values of nG increasing: (1) with increasing 

uniformity coefficient, Cu, and (2) with increasing void ratio (hence, decreasing 

dry density) for a given specimen.  Therefore, confining pressure has a larger 

effect on Gmax of loose, well graded granular materials than dense, uniform 

materials.  The trends of the relationship between nG and Cu can be expressed as: 
nG = 0.50 × Cu

0.09, S  = 0.025, for very loose to loose specimens,  
uG C|n

 (6.3a) 
nG = 0.47 × Cu

0.09, = 0.056, for dense to very dense specimens, or 

 (6.3b) 

uG C|nS

nG = 0.48 × Cu
0.09, S = 0.045, for all specimens. (6.3c) 

uG C|n

where 50 ≥ Cu ≥ 1.2, and S  is the conditional standard deviation.  S  is  

the standard deviation of the difference between the n

uG C|n ',C| our σγ

G determined from Eq. 7.12 

and the measured nG.  As shown in the three equations, accuracy of estimated nG 
(magnitude of ) can not be improved much by separating specimen into two 

groups (Eq. 6.3a and 6.3b).  Therefore, Eq. 6.3c is recommended for estimating 

n

uG C|nS

G to simplify the estimation.  Figure 6.8 shows the comparison between 

measured and estimated values of nG for the 48 specimens using Eq. 6.3c.   As 

can be seen in the figure, the estimated values are mostly within ±20% of the 

measured values, and generally they are within ±10%. 

6.2.3 Model for Small-Strain Modulus, Gmax, of Granular Materials 

Based on the observations described above, we can see that the slopes of 

the log(CG1) – log(e) curves are mostly dependent on D50, and the intersections of 

the log(CG1) – log(e) curves with e = 1, CG2, are mostly dependent on Cu.   
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The values of CG2 and the exponential term of void ratio, x, in Equation 6.2 of 

each curve shown in Figures 6.4 and 6.5 are determined with the “least squares” 

method.  The resulting values of CG2 and x are shown in Figures 6.9 and 6.10.  In 

Figure 6.9 the relationship between the exponential term, x, and median grain 

size, D50, is shown.  Figure 6.10 shows the variation of the term CG2 in Eq. 6.2 

with uniformity coefficient, Cu. 

As can be seen in Figure 6.9, the slope of the log(CG1) – log(e) curves, x, 

decreases with increasing D50.  The relationship between the values of x and 

median grain size, D50, can be expressed as: 
x = -1.3- (D50 / 12)0.82, S = 0.17, or  (6.4a) 

50D|x

x = -1.3- (D50 / 20)0.75, S = 0.28. (6.4b) 
50D|x

Both equations are shown in Figure 6.9.  It is clear that, Eq. 6.4a shows a better 

estimation for the values of x.  However, test results from specimens with D50 > 4 
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mm are limited with three gradation curves.  As an engineering consideration of 

being in the conservative side, Eq. 6.4b is recommended of estimating exponential 

term, x, in this study.  

On the other hand, as shown in Figure 6.10, the values of CG2 (which is 

Gmax at σo' = 1 atm and e = 1.0) is a function of Cu.  The values of CG2 decrease 

linearly with increasing values of Cu in a log – log plot.  The relationship between 

CG2 and uniformity coefficient, Cu, in Figure 6.10 can be expressed as: 

CG2 = CG3 × Cu
b1 (6.5) 

where CG3 is equal to CG1 at e = Cu = 1 (or Gmax at 1 atm, with e and Cu both equal 

to 1) and b1 is a constant. By combining Equations (6.3), (6.4), and (6.5), the 

value of Gmax at a mean effective confining pressure of one atmosphere, CG1, can 

be expressed as: 

CG1 = CG3 × Cu
b1× ex (6.6) 

The values of CG3 and b1 are determined from data collected from the 45 

Pence Ranch specimens (3 specimens from Gradation C1D01 are not included) 

using least squares regression.  The results from the least square fitting for the 

values of CG3 and b1 are 67.1 MPa (1400 ksf) and -0.20, respectively, with a 
standard deviation, S , 9.0 MPa of (188 ksf).  Figure 6.11 shows that 

comparison between measured and estimated values of C

50u D,C,e|1CG

G1.  As can be seen in the 

figure, the estimated values are within ±20% of the measured values, and 

generally they are with ±10%.  
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Figure 6.11 Comparison between Measured and Estimated values of CG1  

By combining Equations 6.1 and 6.6, the relationships between small-

strain shear modulus, Gmax, and mean effective stress, σo', in Equation 6.1 can be 

rewritten as: 

Gmax = CG3 × Cu
b1 × ex × 

Gn

a

o
P

'


σ



  (6.7) 

where CG3 =67.1 MPa (1400 ksf),  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 

nG = 0.48 × Cu
0.09.  

Small-stain shear moduli measured at all confining pressures of all 48 dry 

Pence Ranch specimens are then estimated using Eq. 6.7.  Figure 6.12 shows that 

comparison between measured and estimated values of Gmax.   
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As can be seen in the figure, Gmax estimated from Eq. 6.7 shows a very good 

agreement with measured Gmax, with a conditional standard deviation, 
, of 8.8 MPa of (184 ksf).  ',D,C,e|G o50umax

S σ

As discussed above, three specimens constructed from Gradation C1D01, 

of which the void ratio is also a function of σo', are not included in this 

comparison.  The small-strain shear moduli of these three specimens need to be 

adjusted to account for the void ratio change at confining pressures other than 1 

atm, before the values of CG1 can be determined.  A correction factor, FG1 is used 

for this adjustment, and it can be expressed as: 

FG1 = x
1

x

e
e  (6.8) 
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where e1 is the void ratio at 1 atm and x is assumed to be -1.3 (Eq. 6.4).  The 

small-strain shear moduli of these three specimens were adjusted by dividing the 

measured Gmax with the correction factor, FG1.  The resulting values of CG1 and nG 

are presented in Figures 6.9 and 6.10.  As can be seen in these figures, the values 

of CG1 and nG of these three specimens also follow the proposed model.  The 

estimated values of CG1 and nG of these three specimens are also plotted in 

Figures 6.11 and 6.8, respectively.  As can be seen in the figures, both estimated 

values of CG1 and nG of these three specimens are also within the 80% of accuracy 

band determined using the other 45 dry Pence Ranch specimens.  This agreement 

suggests that Eq. 6.7 could also be used for soils with a median grain size of 0.1 

mm.  However, the values of the measured Gmax determined at an effective 

confining pressure other than 1 atm need to be adjusted for void ratio change with 

Eq. 6.8 before estimating the values of CG1 and nG with Eq. 6.7.   

6.3 SMALL-STRAIN MATERIAL DAMPING RATIO, DS,MIN, OF DRY MATERIALS 

Examples of the variation in small-strain material damping ratio in shear, 

Ds, min, with effective isotropic pressure for specimens with different values of D50 

are presented in Figure 6.13.  The results shown in Figure 6.13 are for dense to 

very dense specimens with a nearly constant value of Cu of about 1.2.  As can be 

seen in the figure, all values of Ds,min are less than 1%. In addition the value of 

material damping ratio: (1) decrease slightly with increasing confining pressure, 

and (2) with increasing D50.  As with Gmax, the effect of σo' on Ds, min can be 

expressed by a normalized confining pressure raised to the power nD as: 

Ds, min = 
Dn

a

o
1D P

'C 




σ⋅  (6.9) 
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where CD1 is the value of Ds,min at σo' equal to one atmosphere.   

Small-strain material damping ratio, Ds,min, is discussed below in terms of 

CD1 and nD.  A numerical model for Ds,min of dry granular soils is presented at the 

end of the section.   
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Figure 6.13 Variation in Small-Strain Material Damping Ratio with Effective 
Confining Pressure of Sandy and Gravelly Soils with a Constant Cu 
of about 1.2. 

6.2.1 Ds,min at σo' of One Atmosphere, CD1 

The change in CD1 with void ratio is shown in Figure 6.14.  Figure 6.14a 

shows the change in CD1 with void ratio for specimens with a constant Cu of about 

1.2, and Figure 6.14b shows the change in CD1 with void ratio for specimens with 

a constant D50 of about 1.2 mm.  The results presented in Figures 6.13 and 6.14 

show that: (1) Ds,min decreases as D50 increases, (2) Ds,min decreases as Cu 

decreases, and (3) Ds,min generally decreases as void ratio decreases.  The first 

general trend of Ds,min decreasing as D50 increases is presented in Figure 6.15.   
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The results in this figure are shown for all 48 dry Pence Ranch specimens.  The 

variation of Ds,min with Cu for the Pence Ranch specimens in Gradation Groups 4 

and 5, in which D50 is about constant (varies between 1.1 and 2.9 mm), is shown 

in Figure 6.16.  These results are presented to emphasize the effect of Cu and 

further show that Ds,min decreases as Cu decreases. 

The variations of CD1 with D50 and Cu presented in Figures 6.14 and 6.15, 

respectively, show that the values of CD1 fall in a narrow range, between 0.3% and 

1.2%.  These data show more variability in the generalized trends than shown for 

Gmax. It is felt that the increased variability stems, at least in part, from the greater 

difficulty involved in measuring material damping ratio.   
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Figure 6.15 Variation of Small-Strain Material Damping Ratio in Shear at 1 Atm 
with Median grain size of Sandy and Gravelly Soils. 
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Figure 6.16 Variation of Small-Strain Material Damping Ratio in Shear at 1 Atm 
with Uniformity Coefficient of Sandy and Gravelly Soils with D50 
around 2 mm 

The relationship between CD1 and void ratio is not nearly as well defined 

as for Gmax.  In fact, for six out of sixteen gradations, CD1 increased with 

increasing void ratio which is opposite to the trend shown in Figure 6.12.  The 

values of CD1 of the very loose to loose specimens of these six gradations are 

about 3.6% lower than those of the dense to very dense specimens.  The values of 

CD1 of the very loose to loose specimens of the other ten gradations are about 

12.6% higher than those of the dense to very dense specimens.   Because the 

relationship between CD1 and void ratio is not well defined, the void ratio term is 

not considered in the model of Ds,min, and the estimated values of Ds,min are 

expected to exhibit a wider variability than those of Gmax.  The model of Ds,min of 
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granular material is presented in Section 6.3.3, but the effects of gradation and 

void ratio on the values of nD are first discussed below. 

6.3.2 Slope of log (Ds,min) – log((σo' / Pa) Curve, nD 

The slopes of the log (Ds, min) –log (σo' / Pa) relationship, nD, are shown in 

Figure 6.17.  Figure 6.17a shows the variation of nD with void ratio, and Figure 

6.17b shows the variation of nD with uniformity coefficient.  Both the nD – e and 

nD – log(Cu) relationships are not as clearly defined as those for nG presented in 

Figure 6.7.  As can be seen in Figure 6.17a, in half of the gradations, nD increases 

with increasing void ratio. On the other hand, the values of nD decrease with 

increasing void ratio in the other half of the gradations.  Also, as can be seen in 

Figure 6.17b, the uniformity coefficient shows no impact on the value of nD.  It is 

not shown here, but the median grain size also has no effect on the values of nD.  

Therefore, the value of nD was not found to be a strong function of e, Cu, or D50 

The values of nD range from about -0.18 to -0.01.  The negative values 

indicate Ds,min decreases with increasing σo'.  In terms of absolute values, the 

smaller values of nD when compared with nG show that Gmax is affected much 

more by confining pressure than Ds,min.  Because the effect of effective confining 

pressure on the value of Ds,min is smaller and the value of nD is not strongly 

correlated with e, Cu, or D50, the average value of -0.08 is used in this study for 

nD.  
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6.3.3 Model for Small-Strain Material Damping Ratio in Shear, Ds,min, of 
Granular Materials 

As shown in Figures 6.14 and 6.15, the values of CD1 increase linearly 

with decreasing D50 and increasing Cu on log-log plots.  Therefore, the variation 

of the values of CD1 with D50 and Cu can be expressed as: 

CD1 = CD2 × Cu
b2 × D50

b3 (6.10) 

where CD2 is equal to Ds, min at one atmosphere with Cu = D50 = 1, and b2, b3 are 

constants.  On the other hand, because the slopes of the log (Ds, min) –log (σo' / Pa) 

relationship, nD, is not a function of void ratio, uniformity coefficient, or median 

grain size, the small-strain material damping ratio can be expressed as: 

Ds, min = CD2 × Cu
b2 × D50

b3 × 
Dn

a

o
P

'





σ  (6.11) 

Parameters (CD2, b2, b3, and nD) in Eq. 6.11 are determined from all 48 

Pence Ranch specimens at all confining pressure using least squares regression, 

and Eq. 6.11 can written as: 

Ds,min = 0.55 × Cu
0.1 × D -0.3 × 

08.0

a

o
P

' −



σ



 ,  S = 0.10%(6.12) ',D,C|D o50umin,s σ50

The negative value of b3 and n  indicates D  increases as D  and σ ' 

decreases.  The values of estimated D  using Eq. 6.10 and measured values of 

D  are compared in Figure 6.18.  As expected, the estimated values of material 

damping ratio show more variability than those of shear modulus, but the general 

trend is clearly followed.  

D s,min 50 o

s,min

s,min
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s,min

It should be noted that, if moisture is present in these specimens, D  

increases significantly.  Furthermore, the high frequencies (150 to 500 Hz) at 

which the free-free RC tests are performed further increase the values of D  of 

moist soils.  It is because of these two reasons that dry materials were used to 

evaluate D  of the material skeleton, which shows little change with frequency 

when dry (Kim and Stokoe, 1994).  Both the effects of adding moisture and 

loading frequency on small-strain material damping ratio of granular materials are 

discussed in the next section. 

s,min

s,min

s,min
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6.4 EFFECTS OF MEASUREMENT FREQUENCY AND MOISTURE CONTENT ON 
GMAX AND DS, MIN  

It has been shown that measurement frequency has little to no effect on 

Gmax and Dmin of dry granular materials (Kim and Stokoe, 1994).  However, as 

moisture is added to the specimen, both shear modulus and material damping ratio 

become functions of loading frequency.  In this section, the effect of loading 

frequency on dry granular materials tested in the MMD and fixed-free RCTS 

devices is first discussed.  Then, the effect of loading frequency on moist granular 

specimens is presented.  Finally, the variations of small-strain shear modulus and 

material damping ratio in shear with water content are discussed.  

 6.4.1 Effect of Measurement Frequency on Dry Specimens  

As discussed in Chapter Four, half of the Pence Ranch specimens were 

tested with a combined fixed-free resonant column and torsional shear (RCTS) 

device, because the maximum particle size was within the acceptable size range 

for testing.  The effect of measurement frequency on the small-strain properties of 

these 24 dry specimens was evaluated using the combined RCTS device to 

broaden the frequency range that could be studied.  Two very dense “washed 

mortar sand” specimens were also tested: one with the RCTS device (Specimen 

UTC13A) and the other with the MMD (Specimen UTC-12-A).  Results from 

these two specimens are also used in the discussion.  

As discussed at the beginning of this chapter, “small-strain” is defined as 

the strain range in which the equivalent shearing strain amplitude, γeq, did not 

exceed 10-4% or the elastic threshold strain, γt
e, whichever was less.  However, the 

lower limit of the strain level in the torsional shear test is between 0.0005 and 
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0.001% (see Chapter Three).  Therefore, shear modulus and material damping 

ratio in shear at γ = 0.001%, are denoted as G and Ds in this section for discussion 

purposes, instead of G  and Ds,min.  As discussed latter in Chapter Seven, the 

elastic threshold strains of these 26 specimens vary between 10 and 10 %.  The 

values of G discussed in this section are generally no lower than 0.98G

4− 3−

max, and the 

values of D discussed in this section are generally no higher than Ds,min + 0.2%. 

max

The results from the free-free RC and fixed-free RCTS tests on 26 dry 

granular specimens are presented in Figures 6.19 and 6.20.  Figure 6.19 shows the 

variation in normalized shear modulus, G/G1Hz, with loading frequency.  Figure 

6.20 shows the variation in normalized material damping ratio, Ds/Ds, 1Hz, with 

loading frequency.  In Figure 6.19, shear modulus, G, is normalized by dividing 

shear modulus with the shear modulus measured at 1 Hz, G1Hz, to illustrate the 

effect of loading frequency.  Similarly, the normalized material  
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Figure 6.19  Variation of Normalized Shear Modulus, G/G1Hz with Loading 
Frequency of 26 Dry Granular Specimens 
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Figure 6.20  Variation of Normalized Material Damping Ratio, Ds/Ds,1Hz with 
Loading Frequency of 26 Dry Granular Specimens 

damping ratio shown in Figure 6.20 is normalized by dividing material damping 

ratio in shear, Ds, with the material damping ratio measured at 1 Hz, D1Hz.   

As can be seen in Figures 6.19 and 6.20, both shear modulus and material 

damping ratio in shear are independent of frequency at these essentially small 

strains. For shear modulus presented in Figure 6.19, the values of G/Gmax are all 

very close to one and vary within ±3% for loading frequencies between 0.1 Hz 

and 300 Hz.  Similarly, as can be seen in Figure 6.20, loading frequency also has 

essentially no impact on material damping ratio of dry granular materials. The 

normalized material damping ratio varies between 0.8 and 1.2, with an average of 

all values equals to 1.03, for loading frequencies between 0.1 Hz and 300 Hz.  

However, the normalized material damping ratios show a wider variation than the 

normalized shear moduli.  This wider variation is mainly due to the fact that 
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material damping ratio is a more difficult parameter to measure in the slow cyclic 

torsional shear test than shear modulus.  At small strain levels, the stress-strain 

measurements tend to be distorted by ambient noise as a result of low signal-to-

noise ratios.  This is one of the reasons that the results from resonant column tests 

are used in discussing the effects of D50 and Cu on Ds,min in Section 6.3. 

6.4.2 Effect of Measurement Frequency on Gmax and Dmin of Wet Specimens  

The effects of frequency on four moist specimens of material, denoted as 

Engineered Fill “EF”, specimens (specimen UT number: “UTA-26-A, -B, -C, and 

-D”), are presented in Figures 6.21 and 6.22.  The gradation curves of these four 

specimens are shown in Figure 5.2.  The materials are classified as SM or SW-SM 

in the Unified Soil Classification System.  Figure 6.21 shows the variation of 

normalized shear modulus, G/G1Hz, with measurement frequency, f, and Figure 

6.22 shows both the variation of material damping ratio in shear, Ds, and 

normalized material damping ratio in shear, Ds/Ds,1Hz, with measurement 

frequency.  Both normalized shear modulus and material damping ratio in shear 

were measured at γ = 0.001%.  A confining pressure of 0.24 atm is added to all 

applied confining pressures to calculate the values of σo' in order to account the 

negative pore water pressure of these four unsaturated specimens (Terrell, 2002). 
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Figure 6.21  Variation of Normalized Shear Modulus, G/G1Hz with Loading 
Frequency of Four “EF” Specimens 

As can be seen in Figure 6.21, normalized shear modulus increases 

slightly with increasing frequency.  Shear modulus measured at 10 Hz is about 

3% higher than that at 0.1 Hz.  The impact of frequency increases as the 

measurement frequency surpasses 10 Hz.  Shear modulus measured at 400 Hz is 

about 20% higher than that at 10 Hz.   
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(b) Ds/ Ds,1Hz ~ f Relationship  

Figure 6.22  Variation of Material Damping Ratio and Normalized Material 
Damping Ratio in Shear with Loading Frequency of Four “EF” 
Specimens 
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It should be noted that the shear modulus of Specimen UTA-26-D 

presented in Figure 6.21 is normalized by the shear modulus of Specimen UTA-

26-C measured at 1 Hz.  However, Specimens UTA-26-C and UTA-26-D are 

constructed with the same material but different gradations.  The gradation curves 

of the two specimens have similar value of Cu (~50) and void ratio (~0.25), but 

the values of D50 are different.  The values of D50 are 2.1mm and 3.5mm for 

Specimens UTA-26-C and UTA-26-D, respectively.  To account for these 

differences, a reduction factor, RG, is introduced.  The reduction factor is defined 

as: 

RG = 
6.3 Dat  G
 2.1  Dat  G

50max

50max

=
=

 (6.13a) 

The reduction factor, RG, can be determined using the numerical model developed 

in Section 6.2, by assuming D50, Cu, σo', and e have a similar effect on G for both 

dry and wet specimens.  By combining Equations 6.7 and 6.12 and eliminating 

similar terms in the numerator and denominator, the reduction factor, RG, can be 

expressed as:  

RG = 0.75

0.75

(3.6/20)-1.3-

(2.1/20)--1.3

0.25
 25.0  = 0.92 (6.13b) 

An average void ratio of 0.25 is used for both specimens, since both specimens 

are in a very dense condition (see discussion in Section 8.2).  All the shear moduli 

of Specimen UTA-26-D presented in Figure 6.21 were multiplied by RG (0.92) 

before they were normalized by G1Hz of Specimen UTA-26-C. 

The measured material damping ratios of the four wet specimens, as 

shown in Figure 6.22a, range from 1.0 to about 6.0%.  It is important to point out 

that material damping ratios of moist specimens are much higher than those of dry 
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specimens, which are generally lower than 1.2% as discussed in Section 6.3. The 

higher values of material damping ratio of moist specimens are assumed to be the 

result of viscous damping caused by water movement in the void space.    

The effect of measurement frequency on material damping ratio is better 

illustrated with normalized material damping ratio in shear, Ds/Ds,1Hz. This result 

is shown in Figure 6.22b.  As can be seen in this figure, frequency has a much 

higher impact on material damping ratio than on shear modulus.  The effect(s) of 

measurement frequency on material damping ratio can be separated into two 

parts.  First, material damping ratio increases as frequency decreases below 1 Hz.  

This is thought to be a result of creep at such slow loading rates.  Second, material 

damping increases with increasing frequency above 1 Hz, most likely as a result 

of the viscous damping generated by relative movement between water and the 

soil skeleton.   

It should be noted again that the material damping ratio of Specimen 

UTA-26-D is normalized by Ds,1Hz of Specimen UTA-26-C. (The effect of 

different median grain size is insignificant in this case, because the presence of 

water has a much higher impact.)  As in shear modulus, material damping ratio in 

shear of Specimen UTA-26-D is multiplied by a reduction factor, RD before being 

normalized by Ds,1Hz of Specimen UTA-26-C.  By assuming D50, Cu, and σo' have 

a similar effect on Ds for both dry and wet specimens, the reduction factor, RD, 

can be determined from Equation 6.12 as: 

RD =  
)6.3D(D
)1.2D(D

50s

50s

=
=  = 3.0

3.0

6.3
1.2

−

−

 = 1.16 (6.14) 
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The value of RD is greater than one, because the median grain size of Specimen 

UTA-26-D is greater than that of Specimens UTA-26-C.  The values of Ds of 

Specimen UTA-26-D in Figure 6.22 were multiplied by the reduction factor 

(1.14) before being normalized by the Ds,1Hz of Specimen UTA-26-C at each 

confining pressure. 

In summary, the effect of measurement frequency on the values of G of 

wet specimens is limited.  Shear modulus measured at 400 Hz is about 20% 

higher than that at 1 Hz.  On the other hand, measurement frequency has a 

significant effect on the values of Ds.  Material damping ratio measured at 400 Hz 

is about 1.5 times higher than that measured at 1 Hz.  The higher frequency 

dependency of material damping ratio of moist specimens is thought to be the 

effect of viscous damping cause by the presence of water in the void space.   

6.4.3 Effect of Water Content on Gmax and Ds,min 

As discussed in Chapter Five, one of the Pence Ranch specimens (Dr ~ 

60%) was tested at dry, “saturated”, and “field capacity” conditions using the 

MMD to study the effect of different water contents.  This specimen was prepared 

at a medium dense condition (e = 0.39) with the materials from gradation C16D3 

(Cu = 15.7 and D50 = 3.4 mm).  The gradation curve of C16D3 is shown in Figure 

5.2.  The conditions of “saturated” and “field capacity” are defined below. 

The specimen was first tested dry at small strains over an effective 

confining pressure range of 0.25 to 4 atm.  Then, water was allowed to flow 

through the specimen from the bottom to the top of the specimen until no air was 

coming from the top of the specimen.  The specimen was called “saturated” in 
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this stage even though it is estimated that the degree of saturation was only around 

97 to 99%.  The specimen was tested again at small strains over the confining 

pressure range from 0.25 to 4 atm.  A high amplitude test was also performed at 

σo' = 0.5 atm while unloading from 4 atm.  Finally, the specimen was allowed to 

drain freely until no more water drained out the bottom of the specimen.  This 

stage is often defined as “field capacity”.  The specimen was tested again at the 

“field capacity” stage following the procedure described for the “saturated” stage.   

The water content at “saturated” stage was estimated from the length-

change of the support spring to be 14.4%, which is about 98% of saturation.  The 

water content at the “field capacity” stage was measured after the test was 

finished.  The water content was found to be 7.0%, which is a degree of saturation 

of about 50% . The total unit weights of these two stages were calculated from the 

measured (or estimated) water contents so that the corresponding shear moduli 

could be calculated.  

Figure 6.23 shows the variations of Vs and Gmax with effective isotropic 

confining pressure, σo', and Figure 6.24 shows the variation of Ds,min with 

effective confining pressure.  A total of 0.07 atm is assumed for the negative pore 

water pressure at the unsaturated stage of “field capacity”. The negative pore 

water pressure is assumed to be close to zero at the “saturated” stage.  As can be 

seen in Figure 6.23a, the values of Vs decrease very little as moisture content of 

the specimen increases.  On the other hand, the values of Gmax, as shown in Figure 

6.23b, of the three different stages of moisture content are about the same at each 

confining pressure.   
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Figure 6.23  Effect of Moisture Content on Small-Strain Shear Wave Velocity 
and Shear Modulus  
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Figure 6.24  Effect of Moisture Content on Small-Strain Material Damping Ratio 
in Shear in terms of log (Ds,min) – log(σo') Relationships 

This result is a combination of decreasing shear wave velocity and increasing total 

unit weight as water content increases.  However, as shown in Figure 6.24, the 

value of Ds,min increases rapidly with increasing water content; with the value 

going from about 0.5% at w = 0% to about 1.2% at w = 14.4% at σo'  = 1 atm.  It 

can be seen that the presence of water has a higher impact on Ds, min than on Gmax, 

and that it appears as a “jump” function on Ds,min. 

6.5 SMALL-STRAIN YOUNG’S MODULUS AND CONSTRAINED MODULUS 

A total of 24 dry Pence Ranch specimens was tested with the MMD.  The 

small-strain Young’s modulus, Emax, material damping ratio in unconstrained 
compression, , and constrained modulus, Mmin,cD max, were also evaluated with 

these 24 specimens.  An example of the variation in Gmax, Emax, and Mmax, with 

effective confining pressure, σo', of a medium dense Pence Ranch specimen from 
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Gradation C16D3 (Cu = 15.7, D50 = 3.4 mm, classified as SP in Unified Soil 

Classification System) is presented in Figure 6.25.  As can be seen in the figure, 

the value of Mmax is higher than the value of Emax which, in turn, is higher than the 

value of Gmax (Mmax > Emax > Gmax) at any given σo', as expected.  
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Figure 6.25  Variations of Small-Strain Shear, Young’s, and Constrained Moduli 
with Isotropic Confining Pressure on a Medium Dense Specimen 
from Gradation C16D3 (Cu = 15.7 and D50 = 3.4 mm) 

As with Gmax, the effect of σo' on Emax and Mmax can be expressed by a 

normalized confining pressure raised to the power nE and nM, respectively, as: 
En

a

o
1Emax P

'CE 




σ⋅=  (6.15) 

Mn

a

o
1Mmax P

'CM 




σ⋅=  (6.16) 

where CE1 and CM1 are the values of Emax and Mmax at σo' equal to one 

atmosphere.  Void ratio, e, median grain size, D50, and uniformity coefficient, Cu, 
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affect the values of Emax and Mmax, as they do Gmax.  However, because the 

absence of specimens with small particles (lower values of D50), the effect of 

gradation on the void ratio function of Emax and Mmax can not be determined as 

was done with Gmax.  Therefore, only the trends of the effects are discussed, and 

the model developed for Gmax is modified for estimating the values of Emax and 

Mmax.   

The effects of void ratio, e, median grain size, D50, and uniformity 

coefficient, Cu, on Emax and Mmax of the 24 dry Pence Ranch specimens in terms 

of CE1, CM1, nE, and nM are discussed below.   

6.5.1 Small-Strain Young’s Modulus, Emax 

Figure 6.26 shows the log(CE1) – log(e) relationships of the 24 dry Pence 

Ranch specimens.  The log(CG1) – log(e) relationships for these same specimens 

are shown in Figure 6.27.  As can be seen in the figure, void ratio has a similar 

effect on the values of CE1 as those of CG1.  The eight sets of log(CE1) – log(e) 

curves (three different void ratios in each set) in Figure 6.26 show an identical 

trend as those log(CG1) – log(e) curves in Figure 6.27.  Hence, void ratio shows 

the same effect on CE1 as CG1.  The combined impact of D50 and Cu on Young’s 

modulus at one atmosphere, CE1, for the 24 dry specimens is illustrated in Figure 

6.28 by the three trend lines.  Two trend lines are for the dense to very dense case: 

one line is for Cu ~ 1.2, and the other is for Cu ~ 10.  It is interesting to notice that 

the three trend lines in Figure 6.28 are similar to those shown in Figure 6.6 for 

CG1, which indicates that D50 and Cu have similar effects on both CG1 and CE1, as 

one would expect.    
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Figure 6.26  Variation of Young’s Modulus at One Atmosphere with Void Ratio 
of 24 Dry Pence Ranch Specimens in terms of log(CE1) – log(e) 
Relationships 

The effects of D50 and Cu on the value of nE are shown in Figure 6.29. 

Figure 6.29a shows the relationship between e and nE, and Figure 29b shows the 

relationship between Cu and nE. As one can see in the figure, the general trends 

show the values of nE increasing: (1) with increasing uniformity coefficient, Cu, 

and (2) with increasing void ratio (hence, decreasing dry density).  Therefore, 

confining pressure has a larger effect on Emax of loose, well graded granular 

materials than dense, uniform materials.  The mean and one standard deviation 

curves of nG from Figure 6.7b are also shown in Figure 6.29b.  It can be seen in 

the figure that the values of nE are generally within the range of one standard 
deviation of nG (S = 0.054).   

uE C|n
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Figure 6.27  Variation of Shear Modulus at One Atmosphere with Void Ratio of 
24 Dry Pence Ranch Specimens in terms of log(CG1) – log(e) 
Relationships 
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Figure 6.28  Variation of Young’s Modulus at One Atmosphere with D50 and Cu 
of 24 Dry Pence Ranch Specimens 
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Figure 6.29  Trends in the Variation of nE with Void Ratio, e, and Uniformity 
Coefficient, Cu, of 24 Dry Pence Ranch Specimens  
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However, the values of nE show more variability than those of nG as 

shown in Figure 6.7b.  It is thought that there are at least two reasons for this 

wider variation.  The first reason is that shear modulus is measured with a 

sinusoidal excitation generated by the electromagnetic motor.  Each measurement 

point on the response curve is an average of about 10 vibration cycles.  On the 

other hand, Young’s Modulus is measured with an impulsive excitation.  Each 

measurement point on the response curve represents only one point on the filtered 

time record.  The measurement error in Young’s Modulus is expected to be 

somewhat higher than for shear modulus.   

The second reason is the interference from other vibrations.  Figure 6.30 

shows an example of the interfered response curve.  As can be seen in Figure 

6.29, the interfered response curve caused the values of Emax to be either 

overestimated or underestimated, because more than one peak exists on the figure.  

The value of Dc,min is underestimated in the case presented in Figure 6.30.  

However, in other cases, an interfered response curve could also cause the value 

of Dc,min to be overestimated.  The sources of this interference are not certain at 

this time.  It is thought that bending resonant mode of the specimen or other 

instrumentation interference could play an important role of the interference.  

However, it is interesting to notice that interference of other modes occurred only 

within the frequencies between 600 and 700 Hz.  Results from these 

measurements were deleted and were not used for analyses any further.  
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Figure 6.30  An Example of Bending Interfering with the Response Curve in the 
Unconstrained Compression Wave Measurement 

Although the data are limited and show more variability than Gmax, the 

trends that e, D50, and Cu have on the values of CE1 and nE are similar to those of 

determined for CG1 and nG.  This suggests that the empirical model established for 

shear modulus can also be used for estimating Young’s modulus.  Assuming that 

the values of e, D50, and Cu have the same impact on Young’s modulus as those 

on shear modulus, Eq. 6.7 is rewritten as:   

Emax = CE3 × Cu
b1 × ex × 

En

a

o
P

'





σ

  (6.17) 

where CE3 = Young’s modulus at Cu = D50 = e =1 and σo' = 1atm,  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 

nE = 0.48 × Cu
0.09. 
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The values of b1 and x are the same as those in Eq. 6.7, and the value of nE is 

equal to nG.  The only unknown in Eq. 6.17, CE3, is determined using least square 

regression, as 168 MPa (3500 ksf), with a conditional standard deviation, 
, of 32.8 MPa of (684 ksf).  The estimated values of C',D,C,e|E o50umax

S σ E1 and nE are 

shown in Figure 6.31a and Figure 6.31b, respectively.  As can be seen in the 

figure, the estimated values of CE1 and nE are mostly within ±20% of the 

measured values.  This assures that void ratio, median grain size, uniformity 

coefficient, and effective confining pressure have the similar effects on both 

Young’s modulus as on shear modulus.   

6.5.2 Small-Strain Constrained Modulus, Mmax 

Similar to CE1, Figure 6.32a shows the log(CM1) – log(e) relationships of 

24 dry Pence Ranch specimens which were tested with the MMD.  The log(CG1) – 

log(e) relationships of 24 dry Pence Ranch specimens are presented in Figure 

6.32b.  As can be seen in the figure, most of the log(CM1) – log(e) curves show the 

identical trend as those of the eight sets of log(CG1) – log(e) curves.  The only two 

exceptions are the log(CM1) – log(e) curves of Materials C1D7 and C4D1.  The 

values of CM1 of the six specimens from these two gradation curves are slightly 

lower than expected.  However, void ratio shows a similar effect on the values of 

CM1 as those of CG1.  The combined impact of D50 and Cu on small-strain 

constrained modulus at one atmosphere, CM1, for the 24 dry Pence Ranch 

specimens is illustrated in Figure 6.33 by the three trend lines.  Two trend lines 

are for the dense to very dense case, one line for Cu ~ 1.2 and the other for the 

increased values of CM1 for Cu ~ 10.  As the values of CG1 and CE1, the values of 
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CM1 increase with increasing Cu and D50.  The trend lines are similar to those of 

CG1 and CE1. 
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Figure 6.31  Comparison between Measured and Estimated values of CE1 and nE  
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Figure 6.32 Variation of Constrained Modulus and Shear Modulus at One 
Atmosphere with Void Ratio of 24 Dry Pence Ranch Specimens 
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Figure 6.33  Variation of Constrained Modulus at One Atmosphere with D50 and 
Cu of 24 Dry Pence Ranch Specimens 

The relationship between nM and uniformity coefficient, Cu, is presented in 

Figure 6.34.  The one standard deviation range of nG is also shown in Figure 6.34.  

It can be seen in Figure 6.34b that the values of nM of the 24 dry Pence Ranch 

specimens are lower than those of nG.  However, as nG and nE, nM increases as: (1) 

void ratio decreases and (2) uniformity coefficient increases.  The general trends 

of nM are lower than those of the nG by about 0.1, and can be expressed as:  
nM = 0.39 × Cu

0.09, S = 0.043 (6.18) 
uM C|n

where 17 ≥ Cu ≥ 1.2.  Figure 6.35 shows the comparison between measured and 

estimated values of nM for 24 free-free specimens.   As can be seen in the figure, 

the estimated values are generally within ±20% of the measured values. 
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Figure 6.34  Variation of nM with Void Ratio and Uniformity Coefficient of 24 
Dry Pence Ranch Specimens 
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Figure 6.35  Comparison between Measured and Estimated Values of nM 

Like Young’s modulus, the numerical model established for shear 

modulus is used for estimating constrained modulus with a little modification.  

Equation 6.7 is rewritten as: 

Mmax = CM3 × Cu
b1 × ex × 

Mn

a

o
P

'





σ  (6.19) 

where CM3 = constrained modules at Cu = D50 = e =1 and σo' = 1atm,  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 
nM = 0.39 × Cu

0.09(S = 0.043).   
uM C|n

The values of b1 and x are the same as those in Eq. 6.7, but the values of nM are 

lower than those in Eq. 6.7 as shown in Eq. 6.18.  The only unknown in Eq. 6.19, 

CM3, is determined using least square regression, as 240 MPa (5000 ksf), with a 
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conditional standard deviation, S , of 53.8 MPa (1122 ksf).  The 

estimated value of C

',D,C,e|M o50umax σ

M1 is shown in Figure 6.36.  As can be seen in the figure, the 

estimated values of CM1 are mostly within ±20% of the measured values.  This 

shows that void ratio, median grain size, uniformity coefficient, and effective 

confining pressure have similar effects on the values of Mmax as on those of Emax 

and Gmax.   
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Figure 6.36 Comparison between Measured and Estimated Values of CM1  

However, as discussed above, the values of nM are generally about 0.1, in 

absolute value, lower than those of nG and nE.  This trend is expected to change at 

higher confining pressure (assuming the trend has been properly measured), 

because Poisson’s ratios of most soils are greater than zero.  As discussed later in 

Section 6.7, if Poisson’s ratio is greater than zero, Mmax has to be greater than 
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Emax which is greater than Gmax.  The trends of the values of nM discussed above 

were measured at confining pressures ranging from 0.14 to 4.0 atm. 

6.6 SMALL-STRAIN MATERIAL DAMPING RATIO IN UNCONSTRAINED 
COMPRESSION  

An example of the variation of Ds,min and Dc,min with effective isotropic 

confining pressure, σo', of a dense Pence Ranch specimen from gradation curve 

C8D1 (D50 = 1.2 mm, Cu = 8.0, and classified as SP in Unified Soil Classification 

System) is presented in Figure 6.37.  As can be seen in the figure, the values of 

Dc,min decrease with increasing isotropic confining pressure, as those of Ds,min do.  

However, the values of Dc,min show a wider variation than those of Ds,min.   
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Figure 6.37  Variation of Material Damping Ratio in Unconstrained Compression 
and in Shear with Isotropic Confining Pressure of a Dense Specimen 
with Gradation C8D1 
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This wider variation is a result of different measurement methods, as discussed in 

Section 6.5.1.  

All values of Dc,min and Ds,min measured at isotropic confining pressures 

ranging from 0.14 to 4.0 atm of all 24 dry free-free Pence Ranch specimens are 

shown in Figure 6.38.  As can be seen in Figure 6.38, the values of Ds,min and 

Dc,min of dry granular soils are both small.  The values of Ds,min vary between 0.2 

and 0.9, but the values of Dc,min vary much wider, between 0.1 and 1.2.  However, 

it still can be seen in Figure 6.38 that the values of Dc,min increase with the 

increasing values of Ds,min.  This suggests that D50 and Cu should have a similar 

impact on Dc,min as on Ds,min.  Further study with a vertical electromagnetic motor 

could better investigate this issue. 
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Figure 6.38  Comparison of Material Damping Ratio in Unconstrained 
Compression and in Shear of all 24 Dry Free-Free, Pence Ranch 
Specimens 
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6.7 POISSON’S RATIO  

As described in Chapter Two, the value of Poisson’s ratio at small strains 

can be calculated from any two combinations of Vc, Vp, and Vs.  Similar 

relationships can be derived from any two combinations of moduli (Gmax, Emax, 

and Mmax) as: 

EGν  = 1
2

G
E

max

max

−









 (6.20) 
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max

max

max

max

−







×

−








 (6.21) 
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(6.22) 

where subscripts of Poisson’s ratio are used to indicated the combination of small- 

strain moduli used in the equation.  It should be noted that these equations are 

based on two assumptions: (1) the material is in the “elastic” range, and (2) the 

material is homogeneous and isotropic.  For soils, only Gmax, Emax, and Mmax are 

used in Equations 6.20 through 6.22, so the first assumption is generally fulfilled.  

Also, reconstituted granular soils specimens are generally homogeneous on the 

scale of the specimen.  Reconstituted granular soils are, however, somewhat 

anisotropic in terms of structural anisotropy.  Therefore, Poisson’s ratios 

calculated from the three different combinations of moduli are expected to be 

somewhat different. 
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An example of the variation Poisson’s ratio calculated from three different 

combinations of moduli with effective confining pressure, σo', of a medium dense 

Pence Ranch specimen from gradation C16D3 (D50 = 3.4 mm, Cu = 15.7, and 

classified as SP in Unified Soil Classification System) are presented in Figure 

6.39.  As can be seen in the figure, Poisson’s ratios determined from three 

different combinations of moduli are not the same value, which is a result of the 

anisotropic nature of granular soil (Lee, 1993).  If one ignores the first three Emax 

measurements performed at the lowest pressures, Poisson’s ratio decreases with 

increasing confining pressure and the values are generally within 10 % of each 

other.  In terms of one average number, the value of Poisson’s ratio is about 0.28 

over the pressure range used in this study.  

It is interesting to notice that the values of MGν  exhibit less variation than 

the values of ν and .  One of the reasons is that values of Young’s modulus 

exhibit a wider variation due to the difficulty in performing this measurement.  

The other reason is the variation of the values of M

EG MEν

max, Emax, and Gmax with 

Poisson’s ratio.  Figure 6.40 shows the variation of normalized moduli with 

Poisson’s ratio.  As can be seen in the figure, the values of Mmax / Gmax and Mmax / 

Emax increase rapidly with increasing Poisson’s ratio.  On the other hand, the ratio 

between Emax and Gmax only increases from two to three as Poisson’s ratio 

increases from 0 to 0.5.  This is why a slight measurement error has less impact 

on the values of  calculated from Mν max and Gmax or Mmax and Emax, but has a 

bigger impact on the values of ν  calculated from Emax and Gmax.   
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Figure 6.39 Variation of Poisson’s Ratios with Isotropic Confining Pressure of a 
Medium Dense Pence Ranch Specimen from Gradation C16D3 
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Figure 6.40  Variation of Normalized Moduli with Poisson’s Ratio 
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It is interesting to point out that, in Figure 6.38, the values  and 

decrease with increasing isotropic confining pressure.  This agrees with the 

observation discussed above that the values of n

MGν

MEν

G are generally higher than the 

values of nM.  On the other hand, the values of EGν   vary widely and it is difficult 

to observe a general trend.  However, the values of EGν should hold constant with 

increasing isotropic confining pressure, because the values of nE follow the same 

trend as those of nG.  

6.8 SUMMARY  

The effects of void ratio, e, median grain size, D50, uniformity coefficient, 

Cu, and effective confining pressure, σo', on Gmax and Ds,min of dry granular soils 

are discussed in Sections 6.2 and 6.3.  The effect of water content and loading 

frequency on the values of Gmax and Ds,min are discussed in Section 6.4.  Small-

strain constrained modulus, Young’s modulus, material damping ratio in 

unconstrained compression, and Poisson’s ratio are discussed at the end of the 

chapter.   

For granular soils, small-strain shear modulus, Gmax, is mainly a function 

of effective confining pressure, σo', void ratio, e, and median grain size, D50.  The 

effect of uniformity coefficient, Cu, on Gmax is minor, and is mostly due to the 

way uniformity coefficient affects total unit weight.  In general, Gmax increases 

with increasing D50, Cu, and σo', and decreasing e. The value of Gmax of granular 

soils can be estimated with Eq. 6.7 as: 

Gmax = CG3 × Cu
b1 × ex × 

Gn

a

o
P

'





σ

 ,  

',D,C,e|G o50umax
S σ  = 8.8 MPa of (184 ksf) (6.23) 
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where CG3 =67.1 MPa (1400 ksf),  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 

nG = 0.48 × Cu
0.09.  

Factors affecting the values of Gmax have a similar effect on the values of Emax and 

Mmax.  Equation 6.7 can also be used for estimating the values of Emax and Mmax 

with slight modifications.  The value of Emax of granular soils can be estimated 

with Eq. 6.17 as: 

Emax = CE3 × Cu
b1 × ex × 

En

a

o
P

'





σ

 ,  

',D,C,e|E o50umax
S σ  = 32.8 MPa of (684 ksf) (6.24) 

where CE3 = 168 MPa (3500 ksf), and nE = nG.  Also, the value of Mmax of 

granular soils can be estimated with Eq. 6.19 as: 

Mmax = CM3 × Cu
b1 × ex × 

Mn

a

o
P

'





σ ,  

',D,C,e|M o50umax
S σ  = 53.8 MPa (1122 ksf) (6.25) 

where CM3 = 220 MPa (4600 ksf), and nM = 0.39 × Cu
0.09.  The value of Ds, min 

decreases with increasing D50 and σo', but increases with increasing Cu.  The 

values of Dmin of dry granular soils can be estimated with Eq. 6.12 as: 

Ds, min = 0.55 × Cu
0.1 × D50

-0.3 × 
05.0

a

o
P

' −






σ

 ,  S = 0.10%

 (6.26) 

',D,C|D o50umin,s σ

Loading frequency has an effect on Gmax and Ds,min only when the specimen is 

wet.  The value of Ds,min could increase several fold as water is added to the soil.  

The values of Ds,min and Dc,min of dry granular soils are both small.  The values of 
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Ds,min vary between 0.2% and 0.9%, and the values of Dc,min vary slightly more, 

between 0.1% and 1.2%.  The values of Dc,min increase with the increasing values 

of Ds,min.  The values of D50 and Cu should have the same impact on Dc,min as on 

Ds,min.   

Poisson’s ratio can be calculated from any two combinations of Gmax, 

Emax, and Mmax.  The values of MGν  and MEν decrease with increasing isotropic 

confining pressure, which is a result of that the values of nG and nE are generally 

higher than those of nM.  On the other hand, the values of EGν  vary widely and it 

is difficult to observe a general trend.  However, the values of EGν should remain 

constant with increasing isotropic confining pressure, because the values of nE 

follows the same trend as those of nG. 
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Chapter 7 

Nonlinear Dynamic Properties in Shear of Granular Materials 

7.1 INTRODUCTION 

As described in Chapter One, soils behave nonlinearly in shear as strain 

amplitude surpasses the elastic threshold strain, γt
e.  Shear modulus decreases and 

material damping ratio increases with increasing shearing strain above γt
e.  The 

variations of shear modulus and material damping ratio with increasing shearing 

strain are important for characterizing soil behavior during strong ground shaking 

(i.e., earthquakes).  Because it is difficult to perform nonlinear dynamic tests in-

situ, the nonlinear dynamic properties for field deposits are generally obtained by 

modifying those measured in the laboratory.   

The shear modulus reduction curve (G – log γ) used for ground motion 

analyses is modified from the normalized shear modulus reduction curve 

measured in the laboratory with the small-strain shear modulus measured in the 

field.  The relationship between the nonlinear shear modulus used for analyses in 

the field, Gfield, and the nonlinear shear modulus measured in the laboratory, Glab, 

can be expressed as: 

Gfield = 
labmax,

lab
G

G × Gmax,field  (7.1) 

where  Gmax,lab = small-strain shear modulus measured in the laboratory, and  

Gmax,field = small-strain shear modulus measured in situ. 
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Because of the level of difficulty associated with damping measurements in the 

field, the nonlinear material damping ratio curve measured in the laboratory is 

used without any established modification procedure.  Therefore, evaluation of 

the G/Gmax – log γ and Ds – log γ curves are the two main goals of nonlinear 

dynamic laboratory measurements.   

The variations of shear modulus and material damping ratio with shearing 

strain are generally presented in semi-logarithmic plots.  In this type of 

presentation, shear modulus and material damping ratio in the linear range are 

clearly shown, as are those in the nonlinear range up to strains of about 1%.  The 

G – log γ and Ds – log γ curves are generally separated into three ranges in most 

earthquake engineering analyses of free-field ground motion.  The ranges are: (1) 

linear, (2) “nonlinear elastic”, and (3) nonlinear. These three ranges are illustrated 

in Figure 7.1.  Figure 7.1a shows a typical G/Gmax – log γ curve, and Figure 7.1b 

shows a typical Ds – log γ curve.  The boundary between linear and “nonlinear 

elastic” ranges is the elastic threshold strain, γt
e, and the boundary between 

“nonlinear elastic” and nonlinear ranges is the cyclic threshold strain, γt
c.   

As shown in Figure 7.1, shear modulus is at the maximum value, denoted 

as Gmax, and the material damping ratio in shear is at the minimum value, denoted 

as Ds,min, at strain amplitudes lower than the elastic threshold strain, γt
e.  The strain 

range between the elastic and cyclic thresholds is generally denoted as the 

“nonlinear elastic” range.  In this strain range, shear modulus decreases and 

material damping ratio in shear increases with increasing shearing strain.   
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Figure 7.1  Typical Nonlinear G/Gmax – log γ and Ds – log γ Curves 

However, both shear modulus and material damping ratio in shear are essentially 

unaffected by the number of loading cycles in the “nonlinear elastic” range.  

(Both Gmax and Ds,min are affected by loading frequency which is ignored in this 
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discussion.)  As strain amplitude exceeds the cyclic threshold, γt
c, both shear 

modulus and material damping ratio in shear are functions of loading cycles, and 

this range is called the nonlinear range.  For dry granular soils of moderate 

densities, shear modulus decreases and material damping ratio increases with an 

increasing number of loading cycles as the shearing strain surpasses γt
c.  It should 

be noted that soils behave nonlinearly in both the “nonlinear elastic” and 

nonlinear ranges.  These two ranges are often referred to as the nonlinear range in 

the literature.  Shear modulus in the nonlinear range is denoted as G, and material 

damping ratio in shear is denoted as Ds. 

To evaluated the G/Gmax – log γ curve correctly, it is very important to 

measure Gmax; that is, to perform modulus (and damping for that matter) 

measurements at several strain levels below γt
e.  As an example of this point, 

consider Figure 7.2.  A series of shear modulus reduction curves are shown in 

Figure 7.2.  In each curve, the smallest strain at which G is given by lower 

boundaries of shearing strain, γL.  These boundaries are limited at γ of 0.0007%, 

0.004%, and 0.01%.  The maximum shear modulus used for normalization is the 
shear modulus measured at γL of each curve, and is denoted as .  In these 

three curves, the ratio between the value of  (measured at γ = 0.0007%, 

0.004%, and 0.01%) and the actual value of G

Lmax,G γ

Lmax,G γ

max are 98%, 90%, and 80%, 

respectively.  The normalized shear moduli are denoted as (G/Gmax)98, (G/Gmax)90, 

and (G/Gmax)80 in Figure 7.2 for these three curves.  As shown in the figure, the 

normalized shear modulus curve moves upward as γL increases; hence, the 

material appears to be more linear.   
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Figure 7.2  Variation of Shear Modulus Reduction Curves with Different Values 
of the Apparent Small-Strain Shear Modulus 

To better illustrate the effect of on the value of normalized shear 

modulus, the variation of the maximum percentage error of the normalized shear 
modulus, defined as ( /G

Lmax,G γ

Lγ

Lmax,G γ max – 1)×100%, with the ratios of /G
Lmax,G γ max are 

illustrated in Figure 7.3.  As can be seen in this figure, the percentage error 
increases from 2% to about 43% as G /Gmax, max decreases from 98% to 70%.  In 

the literature, the shearing strain at which G/Gmax = 0.98 is sometimes defined as 

the elastic threshold strain, γt
e.  This definition suggests that if one wishes to 

measure the value of G/Gmax with less than 2% of error, the value of Gmax must be 

measured at the strain amplitude lower than the elastic threshold strain. 
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Figure 7.3  Variation of Maximum Error of Normalized Shear Modulus with the 
Ratio between Gmax,used and Gmax 

The remaining sections in the chapter contain the following.  First, the 

modified hyperbolic model proposed by Darendeli (2001) is discussed in Section 

7.2.  The modified hyperbolic model was used for modeling the G/Gmax – γ 

relationship of the sandy and gravelly soils tested in this study.  The effects of 

four variables (void ratio, e, median grain size, D50, uniformity coefficient, Cu, 

and mean effective stress, σo') on the shear modulus reduction curve of granular 

soils are discussed in Section 7.3.  The modified “Massing behavior” proposed by 

Darendeli (2001), which is used for the correlation between normalized shear 

modulus and nonlinear material damping ratio of sandy and gravelly soils, is then 

discussed in Section 7.4.  The relationships between normalized shear modulus 

and nonlinear material damping ratio of sandy and gravelly soils measured in this 

study are presented in Section 7.5.  Two different forms of the modified 

hyperbolic model for material ratio are discussed in Section 7.6.  These two 
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modified hyperbolic models are used to determine the elastic threshold strain, γt
e, 

of sandy and gravelly soils.  Factors that affect the values of γt
e of sandy and 

gravelly soils are discussed in Section 7.7.  Finally, the impacts of moisture 

content on the nonlinear properties of granular soil are discussed in Section 7.8.   

As discussed in Chapter Three, only resonant tests in shear can be 

performed at large strains in the large-scale, multi-mode, free-free resonant 

column device.  Therefore, only shear modulus and material damping ratio in 

shear in the nonlinear range are discussed in this chapter.   

7.2 MODIFIED HYPERBOLIC MODEL USED TO REPRESENT THE NONLINEAR 
SHEAR MODULUS REDUCTION CURVE  

In this section, the modified hyperbolic model proposed by Darendeli 

(2001) is discussed.  This modified hyperbolic model is utilized herein to evaluate 

and model dynamic soil properties in terms of normalized shear modulus.  As 

discussed in Chapter Four, Darendeli (2001) suggests the modified hyperbolic 

model as: 

maxG
G  = a

r

1

1









γ
γ

+

 (7.2) 

where γr is the reference strain, and “a” is the curvature coefficient.   

It is easy to see that reference strain, γr, is the shearing strain at which 

G/Gmax is equal to 0.5. This simple relation helps to establish the relationship 

between normalized shear modulus and shearing strain.  As illustrated in Figure 

7.4, the reference strain on the G/Gmax – log γ curve of a medium dense to dense 

specimen from Gradation C1D2 is about 0.07%, which is simply the shearing 
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strain at which G/Gmax is equal to 0.5.  On the other hand, as can be seen in the 

figure, the measured values of G/Gmax are slightly different from the curve of the 

hyperbolic model if “a” is limited to be 1.0.  The variation of curvature coefficient 

“a” is used to adjust the curve slightly to minimize this difference.  As illustrated 

in Figure 7.4, the fitting curve with a curvature coefficient of 0.8 and a reference 

strain of 0.069% better fits the measurements.  

The individual effects of the reference strain, γr, and the curvature 

coefficient “a” on the G/Gmax – log γ curve are presented in Figures 7.5 and 7.6, 

respectively.  As illustrated in Figure 7.5a, the linearity of the G/Gmax – log γ 

curve increases with increasing value of the reference strain. As a result, the 

corresponding τ – γ curves, in Figure 7.5b, shows higher strengths with higher 

values of the reference strain.   
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Figure 7.4  Comparison of the Fitting Curves from Hyperbolic Model and 
Modified Hyperbolic Model with the G/Gmax – log γ Curve of the 
Dense Specimen from Gradation C1D2 
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Figure 7.5  Effect of Reference Strain on (a) Normalized Modulus Reduction 
Curve and (b) Stress-Strain Curve (Darendeli, 2001) 
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Figure 7.6  Effect of the Curvature Coefficient “a” on the Normalized Modulus 
Reduction Curve (Darendeli, 2001) 

On the other hand, in terms of the absolute value, the overall slope of the 

G/Gmax – log γ curve increases with increases in the value of “a”, as presented in 

Figure 7.6.  Figure 7.7 shows the impact of the curvature coefficient on the τ – γ 

curves.  It is interesting to see that the curvature coefficient has an opposite 

impact on the shear stress, for shearing strains above and below the reference 

strain, γr.  Shear stress increases with an increasing value of the curvature 

coefficient “a”, at γ < γr, and decreases with an increasing value of the curvature 

coefficient at γ > γr.   

The impacts of median grain size, D50, uniformity coefficient, Cu, void 

ratio, e, and effective confining pressure, σo', on the values of the reference strain, 

γr, and the curvature coefficient “a” of granular soils are discussed in the 

following section.   
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Figure 7.7 Effect of the Curvature Coefficient on the Stress-Strain Curve (a) at 
Small and Intermediate Strains, and (b) at High Strains (Darendeli, 
2001) 

7.3 NONLINEAR SHEAR MODULUS OF SANDY AND GRAVELLY SOILS 

Typical results illustrating the nonlinear behavior of the granular soils 

tested in this study are shown in Figures 7.8a and 7.8b in terms of the normalized 

shear modulus and material damping ratio curves, respectively. All specimens 

shown in Figure 7.8 are dense to very dense specimens (Dr ~ 85 %). The general 

trend is for the normalized shear modulus degradation curves to become more 

nonlinear as Cu increases.  The same trend holds for material damping ratio. In 

other words, at a given shearing strain above γt
e, the value of G / Gmax decreases 

and Ds increases as Cu increases.  This general trend increases as γ increases as 

seen in the figure.  The same trend holds for the very loose to loose and loose to 

medium dense specimens.   
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Figure 7.8  Effect of Uniformity Coefficient, Cu, on Nonlinear Shear Modulus 
and Material Damping Curves of Dense to Very Dense Specimens 
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In terms of comparing with empirical curves in the literature, G/Gmax – log 

γ and Ds – log γ curves from Seed et al. (1986) are often cited. Their mean 

modulus reduction curves for sands and gravels are shown in Figure7.8a. The 

laboratory results compare well with these curves.  The more uniform materials 

are slightly above the mean sand curve while well graded materials such as 

gravelly materials with a wide range in sizes shift to the mean gravel curve which 

is significantly below the mean sand curve.  In terms of empirical Ds – log γ 

curves, Seed et al. (1986) recommended the same mean damping curve for sands 

and gravels as shown in Figure 7.8b.  In this study, more uniform materials show 

more linearity than predicted by the empirical curve, while the mean empirical 

curve agrees quite well with the behavior found for well graded gravelly materials 

confined at σo' of 0.5 atmosphere.   

It is also interesting to notice that, in Figure 7.8, material damping ratio 

increases with decreasing normalized shear modulus.  The increasing damping in 

the nonlinear range can be correlated with the increasing modulus reduction.  This 

correlation is discussed later in the chapter.  Factors that affect the G/Gmax – log γ 

curve have a similar effect on the Ds – log γ curve.  The effects of these factors on 

the G/Gmax – log γ curve are discussed in this section. The effects of these factors 

on the Ds – log γ curve are discussed in Section 7.5, in terms of the (Ds – Ds,min) – 

G/Gmax relationship.   

To model the influence of the uniformity coefficient and other factors on 

the normalized modulus degradation curve, it is convenient to model the G/Gmax – 

log γ curves using the modified hyperbolic equation used by Darendeli (2001).  
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As discussed in the previous section, the modified hyperbolic equation can be 

expressed as: 

a

r

max 1

1
G

G








γ
γ+

=  (7.3) 

where γ is any given shearing strain, γr is the reference shearing strain (with 

respect to shear modulus), and “a” is the curvature coefficient.  The G/Gmax – log 

γ is discussed in terms of γr and “a” below. 

7.3.1 Reference Strain, γr  

The variation of reference strain with void ratio, median grain size and 

uniformity coefficient of the 30 dry Pence Ranch specimens at an effective 

confining pressure of 0.5 atm is shown in Figure 7.9.  Figure 7.9a shows the log γr 

– e relationship of the Pence Ranch specimens in Gradation Group 1, and Figure 

7.9b shows the log γr – e relationship of the Pence Ranch specimens in Gradation 

Group 5.  As discussed in Chapter Five, the Pence Ranch specimens in Group 1 

have a nearly constant uniformity coefficient of about 1.3 while D50 varies from 

0.1 to 17.4 mm.  On the other hand, for specimens in Group 5, the values of D50 

are held nearly constant at about 1.2 mm while the value of Cu varies from 1.3 to 

16.0.  As can be seen in the figures, the reference strain shows some scatter (about 

a factor of two) but is not a function of void ratio for any gradation.  It can also be 

seen in the figure that the values of γr exhibit a decreasing trend with increasing 

values of Cu and are about constant for different values of D50.   
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Figure 7.9  Variation of Reference Strain with Void Ratio, e, Median grain size, 
D50, and Uniformity Coefficient, Cu, of the Dry Pence Ranch 
Specimens in Gradation Groups 1 and 5 at σo' = 0.5 atm 
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The effects of D50 and Cu on the value of γr are better illustrated by 

plotting the reference strain against these two variables as shown below.  Figure 

7.10a shows the variation of reference strain with median grain size, and Figure 

7.10b shows the variation of γr with uniformity coefficient of all 49 Pence Ranch 

specimens.  Results from other granular materials (seven specimens) tested in the 

soil dynamics laboratory at the University of Texas at Austin are also shown in 

Figure 7.10 to broaden the range of Cu.  All results shown in these figures were 

determined at a mean effective stress of 0.5 atm.  As can be seen in the figures, no 

clear trend between γr and D50 exists.  On the other hand, γr is strongly correlated 

with Cu and decreases as Cu increases. The values of reference strain vary over 

about one order of magnitude (0.01 to 0.1%) for the complete data set.  The 

curves showing the average value and the lower and upper boundaries are also 

presented in Figure 7.10b.  The average curve was determined by the “least 

square” method and can be expressed as:  

γr,0.5atm  = 0.08 × Cu
-0.5

   (7.4) 

where  γr,0.5atm = γr at effective confining pressure of 0.5 atm.  The range shown in 

the figure can be calculated as:  

γr,0.5atm = 0.12 × Cu
-0.5

 (7.5) 

for the upper limit, and  

γr,0.5atm = 0.04 × Cu
-0.5

 (7.6) 

for the lower limit.  As we can see in these three equation, the value of γr can vary 

widely, about ±50%, at a given uniformity coefficient.  If one considers one 

standard deviation, the upper and lower ranges are: 
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Figure 7.10 Trends in the Variation of Reference Strain, γr, with Median Grain 
Size, D50, and Uniformity Coefficient, Cu  

 257



γr,0.5atm = 0.095 × Cu
-0.5

 (7.7) 

γr,0.5atm = 0.065 × Cu
-0.5

 (7.8) 

It has been shown over the past two decades that the G/Gmax – log γ 

relationship becomes more linear with increasing confining pressure (Kokusho, 

1980; Ni, 1987; Ishihara, 1996; Darendeli, 2001).  This trend is shown in Figure 

7.11, in which reference strain increases as effective confining pressure increases.  

Because high-amplitude tests of most of the Pence Ranch specimens were 

performed only at an effective confining pressure of 0.5 atm in this study, results 

from three different sources are presented in Figure 7.11. These three different 

sources are: (1) washed mortar sand and the engineered-fill (EF) material tested in 

this study, (2) Toyoura sand tested by Kokusho (1980), and (3) trend of 20 non-

plastic intact specimens from national and international sites summarized by 

Darendeli (2001).   

The uniformity coefficients of Toyoura sand (Cu = 1.3) and washed mortar 

sand (Cu = 1.7) are close.  To avoid the effect of measurement error and wider 

variations is measured data, results from these two materials were used together 

for determining the trend between γr and σo' at an average Cu of about 1.5.  

Similarly, results from four EF specimens were used to determine the trend 

between reference strain and effective confining pressure at an average Cu of 

about 45.  The average value of Cu of the 20 intact specimens in Darendeli’s study 

is about 7.0.   
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Figure 7.11 Trends in the Variation of Reference Strain, γr, with Uniformity 
Coefficient, Cu, and Effective Isotropic Pressure, σo', of Sandy and 
Gravelly Soils 

These three trend lines are plotted again in Figure 7.12 along with five, 

dense to very dense Pence Ranch specimens of Gradations C1D01, C3D05, 

C8D1, C3D1, and C16D1.  High-amplitude tests were conducted at both 0.5 and 2 

atm with these five Pence Ranch specimens.  As can be seen in the figure, these 

five specimens follow the three general trends established above.  However, as 

can be seen in Figure 7.10b, the variation of the reference strain at a given 

pressure can easily be ±20% (± one standard deviation for the data shown).  The 

trend between γr and σo' should not be determined by only two points at a given 

uniformity coefficient.  Results from these five specimens are only used to verify 

the trends among γr, Cu, and σo'.   
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Figure 7.12 In the Variation of Reference Strain, γr, with Uniformity Coefficient, 
Cu, and Effective Isotropic Pressure, σo' Comparisons of Trends with 
Results from Five Medium-Dense Pence Ranch Specimens  

The general form of the three trend lines shown in Figure 7.12 can be 

expressed as: 

γr = γr,1atm × 
γ








 σ
n

a

o

P
'

  (7.9) 

where  γr,1atm = γr at effective confining pressure of 1 atm, and nγ is the 

exponential term.  It is interesting to notice that the slopes of these three trend 

lines decreases as the value of Cu increases.  The relationship between nγ and Cu is 

shown in Figure 7.13.  As shown in the figure, the nγ – Cu relationship is close to 

a straight line in a log-log plot.  The values of nγ can be expressed as: 

nγ = P3 × Cu
P4

   (7.10) 
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where P3 and P4 are dimensionless fitting parameters.  By combining Eqs. 7.9 

and 7.10, the value of γr can be determined from Cu and σo' as: 

γr = P1 × Cu
P2

  × 

4P
uC3P

a

o

P
'

×








 σ
 (7.11) 

where P1 and P2 are also dimensionless fitting parameters.  The values of P1, P2, 

P3, and P4 are determined by the “least square” method, and Eq. 7.11 can be 

rewritten as:  

γr = 0.12 × Cu
-0.6

  × 

15.0
uC5.0

a

o

P
'

−×








 σ
 , S  = 0.014%',C| our σγ  (7.12) 

where  is the conditional standard deviation, which is the standard 

deviation of the difference between the γ

',C| our
S σγ

r determined from Eq. 7.12 and the 

measured γr.  The conditional standard deviation of 0.014% is about 33% the 

absolute value of the γr of granular material with Cu ~ 10 (σo' = 1 atm).   
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Figure 7.13 Variation of the Value of nγ with Uniformity Coefficient, Cu 
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Figure 7.14 Nomograph Showing the Effects of Cu and σo' on γr 

It is clear that both uniformity coefficient and effective confining pressure 

have a significant impact on the value of γr.  A nomograph showing the variation 

of γr with Cu and σo' based on Eq. 7.12 is presented in Figure 7.14.   

7.3.2 Curvature Coefficient “a” 

The variation of the curvature coefficient, “a”, with void ratio, e, at an 

effective confining pressure of 0.5 atm is shown in Figure 7.15.  Figure 7.15a 

shows the “a” – e relationship of 18 Pence Ranch specimens in Gradation Group 

1, and Figure 7.15b shows the “a” – e relationship of 12 Pence Ranch specimens 

in Gradation Group 5.  As can be seen in the figures, the curvature coefficient “a” 

shows a little scatter but is generally independent of void ratio, median grain size, 

and uniformity coefficient for any given gradation.   
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The effects of D50 and Cu on the curvature coefficient are better illustrated 

by plotting these two variables against the curvature coefficient.  Figure 7.16a 

shows the variation of the curvature coefficient with median grain size, D50, and 

Figure 7.16b shows the variation of “a” with uniformity coefficient of all 49 

Pence Ranch specimens.  Results from other granular materials tested in the soil 

dynamic laboratory at the University of Texas at Austin are also shown in Figure 

7.16.  As can be seen in the figures, the curvature coefficient “a” varies from 0.7 

to 1.0 with an average of 0.85 and a standard deviation of 0.08.  There is no clear 

trend between the curvature coefficient “a” and median grain size or uniformity 

coefficient.   

The only factor that appears to significantly affect the curvature 

coefficient “a” is the effective confining pressure.  Figure 7.17 shows the 

relationship between curvature coefficient “a” and effective confining pressure for 

five, dense to very dense Pence Ranch specimens of Gradations C1D01, C3D05, 

C8D1, C3D1, and C16D1.  As discussed above, high-amplitude tests were 

conducted at confining pressures of 0.5 and 2 atm with these five, dense to very 

dense Pence Ranch specimens.  Results from three different sources presented in 

Figure 7.16 are also presented in Figure 7.17 to broaden the range of confining 

pressures used in the measurements.   
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Figure 7.16 Variation of Curvature Coefficient, “a”, with Median Grain Size, 
D50, and Uniformity Coefficient, Cu, at Effective Confining Pressure 
of 0.5 atm 
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Figure 7.17 Variation of Curvature Coefficient, “a”, with Effective Confining 
Pressure, σo' 

As shown in Figure 7.17, the curvature coefficient “a” generally increases 

as effective confining pressure increases.  The curvature coefficient “a” of the 

four, EF specimens varies between 0.69 and 0.78, with an average value of 0.72 at 

an effective confining pressure of 0.5 atm.  The average value of “a” increases 

from 0.72 at σo' = 0.5 atm to 0.85 at σo' = 4 atm.  Results from the washed mortar 

sand and the five, dense to very dense Pence Ranch specimens show a similar 

trend, with the curvature coefficient increasing with increasing σo'.  The value of 

curvature coefficient “a” of the dense washed mortar sand specimens increases 

from about 0.8 at σo' = 0.5 atm to about 0.9 at σo' = 4 atm.  Also the curvature 

coefficient “a” at σo' = 2.0 atm is about 0.1 (in absolute value) higher than those at 
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an effective confining pressure of 0.5 atm for these five, dense to very dense 

Pence Ranch specimens. 

Although results for Toyoura sand show no trend with confining pressure, 

and Darendeli (2001) suggested a constant value of 0.92 for curvature coefficient 

“a”, the value of “a” generally increases with increasing effective confining 

pressure.  This trend can be expressed as: 
a = 0.86 + 0.1 × log(σo'/Pa), S = 0.09'|a oσ  (7.13) 

where Pa is atmospheric pressure and = is the conditional standard deviation.  

It should be noted that Eq. 7.13 needs to be used with caution, because the amount 

of data is limited.   

'|a o
S σ

7.4  MODIFIED “MASING BEHAVIOR” FOR MATERIAL DAMPING RATIO 
INCREASE CURVE 

As illustrated in Figure 7.8b, material damping increases with increasing 

strain amplitude.  The increasing damping in the nonlinear range is a result of 

increasing nonlinearity at particle contacts with increasing strain.  This suggests 

that if the relationship between G/Gmax and log γ are determined, then the Ds – log 

γ curve can be easily defined with the Ds – G/Gmax relationship.  Several models 

have been used to define the relationship between the material damping ratio and 

the normalized shear modulus in the nonlinear range (Ishihara, 1996, Hwang, 

1997, and Darendeli 2001).  Because of its simplicity, the “Masing behavior” is 

by far the most commonly used model.  The cyclic stress-strain behavior 

proposed by Masing (1926) and the modification of the “Masing behavior” 

proposed by Darendeli (2001) are discussed below.  
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Masing (1926) suggested that the stress-strain path during cyclic loading 

could be related to the monotonic loading stress-strain path.  The monotonic 

loading stress-strain path is also known as the backbone curve.  As illustrated in 

Figure 7.18, Masing suggested that the unloading stress-strain path follows a 

curve which is the “scaled-by-two and flipped-over” backbone curve.  The 

reloading stress-strain curve also follows the same scaled backbone curve to the 

initial point of the unloading curve.  This set of unloading and reloading curves is 

said to follow “Masing behavior”.   

Because the unloading curve is just the backbone curve scaled by two, in 

terms of absolute value, the initial shear modulus of the unloading curve is equal 

to Gmax.  This assumption is close to the behavior of metals, but not soils.  In a 

soil specimen, particles distort and move as the specimen deforms under loading 

in the nonlinear region.  At the initial point of the unloading curve, soil particles 

have deformed from the original packing.  The initial unloading shear modulus is 

expected to be lower than Gmax.  Since the initial shear modulus is overestimated 

in “Masing behavior”, the area of hysteresis loop determined from “Masing 

behavior” is larger than those in actual soil behavior.  As a result, material 

damping calculated from “Masing behavior” is larger than those measured in the 

laboratory, especially at higher strain levels (> 10-2%).   

To overcome the short coming of the “Masing behavior” approximation, 

Darendeli (2001) adjusted the material damping ratio determined by assuming 

“Masing behavior” with a correction function, 
1.0

maxG
Gb 








⋅ , as: 
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GbD ⋅








⋅=  (7.14) 

where: DNonlinear = nonlinear material damping ratio, (Ds – Ds,min), determined 

from the modified “Masing behavior”, 

b = scaling coefficient (=0.6329-0.0057 × ln (N)),  

N = number of cycle, 

G/Gmax = normalized shear modulus, and 

DMasing = material damping ratio determined from the “Masing behavior”. 

Figure 7.19 shows the comparison between DMasing and DNonlinear.  As illustrated in 

the figure, the amount of adjustment of material damping ratio increases with 

increasing shearing strain, and the actual material damping ratio at a given 

shearing strain is the summation of DNonlinear and Ds,min.  As noted in Figure 7.19.   
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The Masing damping, DMasing, presented in Figure 7.19, is determined 

from a modified hyperbolic G/Gmax – log γ curve with γr = 0.03% and a = 0.90.  

The theoretical value of DMasing can be determined, only when a = 1 as: 





















−

γ+γ
γ









γ

γ+γ
γ−γ

π
== 2

ln
4100(%)D

r

2
r

r
r

0.1a,gsinMa  (7.15) 

where:  = 3.1416.  For values of Dπ Masing with a curvature coefficient “a” other 

than 1, Darendeli (2001) suggested calculating the values numerically as: 
3

0.1a,gsinMa3
2

0.1a,gsinMa20.1a,gsinMa1gsinMa DcDcDcD === ++=  (7.16) 

where: , 0.2523 + 1.8618a + -1.1143ac 2
1 =

0.0095 - 0.0710a - 0.0805ac 2
2 = , and 

0.0003 + 0.0002a + 0.0005a- c 2
3 = . 

This modified “Masing behavior” is used for modeling the relationship 

between material damping ratio and the degradation of shear modulus of granular 

soils in this study.  The relationship between material damping ratio and 

normalized shear modulus of granular soils is discussed in the following section. 

7.5 NONLINEAR MATERIAL DAMPING RATIO IN SHEAR OF GRANULAR 
MATERIALS 

The relationship between material damping ratio in shear, Ds, and 

normalized shear modulus, G/Gmax, of all 59 specimens (discussed in Chapter 

Five) at dense to very dense, loose to medium dense, and very loose to loose 

conditions are shown in Figure 7.20.  The damping ratio determined from the 

original “Masing behavior” and the modified “Masing behavior” (Darendeli, 
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2001) along with the range for sand specimens suggested by Ishihara (1996) and 

standard deviations suggested by Darendeli (2001) are presented in the figure.  

The curvature coefficient “a” is assumed to be one in the original “Masing 

behavior”.  On the other hand, the average value of 0.85 discussed in the previous 

section is used for the value of “a” in the modified “Masing behavior”. 
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Figure 7.20 Variation of Material Damping Ratio in Shear, Ds, with Normalized 
Shear Modulus, G/Gmax of all 59 Specimens 

It should be noted that the normalized shear moduli, presented in Figure 

7.20, have been adjusted to account for the fact that shear modulus and material 

damping ratio were not measured at the same shearing strain in the resonant 

column tests.  As discussed in Chapter Three, the material damping ratio in shear, 

Ds, at higher strain levels is determined from the free-vibration decay method.  

Because strain amplitude decreases with the number of cycles during the free-

vibration test, only the first three cycles are used for calculating the material 

damping ratio.  The strain amplitude is also an average of the peak-strain-
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amplitudes of the first three free-vibration cycles.  The normalized shear moduli 

plotted in Figure 7.20 were calculated from the modified hyperbolic curve, which 

is the best “least square” fit to the measured G/Gmax – log γ curve, using the 

average shearing strain of the first three free-vibration cycles.   

As can be seen in Figure 7.20, the measured material damping ratios are 

generally lower than the range suggested by Ishihara (1996) but generally within 

the standard deviation suggested by Darendeli (2001).  The different testing 

techniques (cyclic triaxial versus resonant column) are thought to be an important 

reason for this difference.  The measured material damping ratios are mostly 

located in the lower half of the region suggested by Darendeli.  The reason that 

measured material damping ratios are mostly in the lower region is the effect of 

water content on the material damping ratio in the small-strain range.  The intact 

specimens analyzed by Darendeli were mostly wet.  As discussed in Chapter Six, 

small-strain material damping ratio increases significantly as moisture is added to 

the soil.  As can be seen in the figure, the four measured damping curves 

appearing above the mean curve are from four moist specimens of the EF 

material.   

To remove the effect of material damping ratio in the small-strain range 

from the nonlinear damping behavior, “nonlinear damping”, expressed as (Ds–

Ds,min), is used to discuss the variation of material damping in the nonlinear range 

with normalized shear modulus, G/Gmax.  Figure 7.21 shows the variation of (Ds–

Ds,min) with G/Gmax.  As can be seen in the figure, the modified “Masing behavior” 

shows good agreement with the measured values of (Ds–Ds,min).  The values of 
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(Ds–Ds,min) mostly lie within the range of one standard deviation suggested by 

Darendeli (2001).  The only outlier is the “nonlinear damping” measured from 

three specimens of Gradation C1D01, which show slightly higher values than the 

other specimens.  The slightly higher values of Ds of the specimens from 

Gradation C1D01 are thought to be the effect of material type.  As discussed in 

Chapter Five, Gradation C1D01 is located at the border between sandy and silty 

soils, thus the material is a very fine, granular soil.   
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Figure 7.21 Variation of “nonlinear damping”, (Ds – Ds,min), with Normalized 
Shear Modulus, G/Gmax of all 59 Specimens 

As can be seen in Figure 7.21, the (Ds–Ds,min) – G/Gmax curves for 

specimens with different values of void ratio, median grain size, and uniformity 

coefficient are close to each other.  This shows that e, D50, and Cu do not have a 

significant impact on the (Ds–Ds,min) – G/Gmax curves.  Likewise, effective 

confining pressure has no significant effect on the relationship between (Ds–

Ds,min) and G/Gmax.  As presented in Figure 7.22, (Ds–Ds,min) – G/Gmax curves of a 
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dense washed mortar sand specimen at four different confining pressures are on 

top of each other.  This indicates that factors which affect the G/Gmax – log γ 

curve have a similar effect on the (Ds–Ds,min) – log γ curve.   

The close match between the measured data and the modified “Masing 

behavior” suggests that the modified “Masing behavior” recommended by 

Darendeli is an appropriate model for correlating the nonlinear material damping 

ratio and normalized shear modulus of granular material with particle sizes up to 

0.7 in. (1.74 cm).  Median grain size, uniformity coefficient, void ratio, and 

effective confining pressure show no significant impact on the relationship 

between (Ds–Ds,min) and G/Gmax. However, since Darendeli’s model didn’t 

consider the effect of uniformity coefficient, Cu, on reference strain, γr, and 

effective confining pressure, σo', on curvature coefficient “a”, the values of γr and 

“a” should be measured from tests or estimated from Eqs. 7.12 and 7.13. 
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Figure 7.22 Variation of “nonlinear damping”, (Ds – Ds,min), with Normalized 
Shear Modulus, G/Gmax and Effective Confining Pressure, σo' 
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7.6 MODIFIED HYPERBOLIC MODEL FOR MATERIAL DAMPING RATIO  

The value of the elastic threshold strain, γt
e, can be determined from both 

shear modulus reduction and material damping increase curves.  In the literature, 

the elastic threshold strain in the G/Gmax – log γ curve is generally defined as the 

shearing strain at which G/Gmax is equal to 0.98 (Ni, 1987; Kim, 1991).  On the 

other hand, elastic threshold strain in the material damping ratio increase curve is 

defined as the strain amplitude at which Ds/Ds, min = 1.2 or Ds – Ds, min = 0.2% 

(Laird, 1994).  In this study, the modified hyperbolic model was used for curve 

fitting in the small-to-intermediate strain range to determine the elastic threshold 

strain in the G/Gmax – log γ and the D – log γ curves.  The modified hyperbolic 

model for the G/Gmax – log γ relationship is discussed in Section 7.2.  Two 

different forms of the modified hyperbolic model for the D – log γ relationship are 

discussed in this section. 

Similar to normalized shear modulus, the hyperbolic model can also be 

used for describing the relationship between normalized material damping ratio 

and strain amplitude.  The equation of the modified hyperbolic model 

recommended by Darendeli (2001) can be expressed as: 

min,s

s

D
D  = 1 + 

D,rγ
γ  (7.17) 

where  D,rγ  is the reference strain with respect to normalized material damping 

ratio.  The value of Ds is 100% higher than that of Ds,min when γ equals the 
reference strain, D,rγ .  It should be noted that this reference strain, D,rγ , is not the 

same reference strain used in the normalized shear modulus relationship, γr, which 

is determined from the G/Gmax – log γ curve as discussed in Section 7.2.  The 
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elastic threshold strain, γt2
e, can then be calculated from  based on the 

definition suggested by Laird (1994), (D

D,rγ

s / Ds,min = 1.2) as: 

tm
45%

γt2
e = 0.2 × D,rγ   (7.18) 

Figure 7.23 shows the damping incremental curve of a dense specimen from 

Gradation C1D2 at an effective confining pressure of 0.5 atm.  As can be seen in 

the figure, the curve from the modified hyperbolic model for damping shows a 

good fit with the measured data.   

Because the modified hyperbolic model for damping is used for 

determining the value of γt2
e, the modeling curve would fit the measured data at 

lower strain amplitudes better if only data points with values of Ds/Ds,min less than 
2.0 were used for determining the values of .  Fitting the curve with only data 

points which have D

D,rγ

s/Ds,min less than 2.0 results in the curve shown in Figure 

7.24.  The elastic threshold strain is better estimated in this case.   
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Figure 7.23  Variation of Normalized Material Damping Ratio, Ds/Ds,min, with 
Shearing Strain of a Dense Specimen from Gradation C1D2 
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Figure 7.24  Strain Range Used for Determining γt2
e in the Ds/Ds,min – log γ curve 

of a Dense Specimen from Gradation C1D2 

The normalized material damping ratio curve, Ds/Ds,min – log γ has also 

been used to describe material damping in the nonlinear range (Darendeli, 1997). 

This relationship is, however, not a good way to describe material damping ratio 

in the nonlinear range.  The reason is that the value of Ds,min has a great impact of 

the values of Ds/Ds,min (see discussion in Section 7.7).  For the same value of Ds, 

the value of Ds/Ds,min increases from 1 to 10 as the value of Ds,min decreases from 

3% to 0.3%.  To avoid the impact of Ds,min in describing the nonlinear D, a 

different form of the modified hyperbolic model for nonlinear material damping 

ratio is introduced.  In this format, the modified hyperbolic model is based on the 

“nonlinear damping”,  (Ds – Ds,min), at any given strain amplitude: 

  (Ds – Ds,min) =  
D,r'γ

γ  (7.19) 
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where D,r'γ  = the reference strain with respect to (Ds – Ds,min).  In absolute value, 

Ds is 1.0% higher than Ds,min at the reference strain, D,r'γ .  The elastic threshold 

strain, γt3
e, can then be calculated from the value of D,r'γ  based on the definition 

suggested by Laird (1994), ((Ds – Ds,min) = 0.2%) as: 
γt3

e = 0.2 × D,r'γ   (7.20) 

Figure 7.25 shows an example of the relationship between “nonlinear damping” 

and strain amplitude of the dense specimen form Gradation C1D2 at an effective 

confining pressure of 0.5 atm.  Similar to γt2
e, only data points with a value of (Ds 

– Ds,min) less than 0.5% were used in determining the values of γt3
e for better 

estimating the elastic threshold strain.   
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Figure 7.25 Variation of “Nonlinear Damping”, Ds – Ds,min, with Shearing Strain 
of the Dense Specimen with Gradation C1D2 

Both forms of the modified hyperbolic model for material damping ratio 

are used for determining the elastic threshold strain (denoted as γt2
e and γt3

e) in 

this study.  However, γt3
e, which is based on the “nonlinear damping”, is preferred 
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because the value of Ds,min has less impact on the value of (Ds – Ds,min) than on the 

value of (Ds/Ds,min).  Moreover, the mechanism of material damping in the 

nonlinear range is different from those in the linear range (Hardin and Drnevich, 

1972; Darendeli, 2001).  Material damping ratio in the nonlinear range is 

correlated with the decreasing shear modulus.  On the other hand, small-strain 

material damping is a combination of frequency independent damping caused by 

hysteretic stress-strain loop and frequency dependent viscous damping caused by 

the presence of void water.  As a result, the material damping induced by the 

degradation of shear modulus is not a function of (proportional to) the value of 

Ds,min.  Comparison between the elastic threshold strains of granular soils 

determined from these two different methods are discussed in the following 

section. 

7.7 ELASTIC THRESHOLD STRAIN OF SANDY AND GRAVELLY SOILS 

As discussed in the previous sections, the value of the elastic threshold 

strain, γt
e, can be determined from both normalized shear modulus – log γ and 

material damping ratio – log γ curves.  Elastic threshold strain in the G/Gmax – log 

γ curve is defined as the shearing strain at which G/Gmax is equal to 0.98 (Ni, 

1987; Kim, 1991).  On the other hand, the elastic threshold strain in the material 

damping ratio incremental curve is defined as the strain amplitude at which 

Ds/Ds,min = 1.2 or (Ds – Ds,min) = 0.2% (Laird, 1994).   

The elastic threshold strain in the G/Gmax – log γ curve can be calculated 

from reference strain, γr, and curvature coefficient “a” as: 

γt
e = r

a/1

1
98.0
1

γ×




−

   (7.21) 
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As can be seen in the equation, factors (uniformity coefficient, Cu, and effective 

confining pressure, σo') that affect the values of γr should have a similar effect on 

the value of γt
e, the ratio between γt

e and γr is ( ) a/1198.01 − . 

The variation of elastic threshold strain determined from the G/Gmax – log 

γ curve with uniformity coefficient, Cu, and median grain size, D50 are presented 

in Figure 7.26.  Figure 7.26a shows the relationship between γt
e and D50, and 

Figure 7.26b shows the relationship between γt
e and Cu.  As expected, the values 

of γt
e are independent of D50, and decrease with increasing values of Cu as those of 

γr.  The mean and the range of the reference strains are presented in Figure 7.26b.  

As can be seen in the figure, the values of γt
e are about one hundredth of the 

values of γr.  In fact a value of 115 is nearly the factor.   

As discussed in Section 7.3.2, only Ds/Ds,min with values lower than 2.0 

were used to determine the elastic threshold strain from the normalized material 

damping ratio curve.  The effect of D50 on the elastic threshold strain determined 

from Ds/Ds,min – log γ curve is presented in Figure 7.27a, and the effect of Cu on 

the elastic threshold strain is presented in Figure 7.27b.  Surprisingly, as shown in 

the figures, the value of γt2
e decreases with increasing value of D50, and the 

relationship between γt2
e and Cu is not clearly defined.  This is because Ds,min has a 

significant impact on the value of Ds/Ds,min, the value of Ds/Ds,min decreases from 

1 to 10 as the value of Ds,min decreases from 3% to 0.3%.  This is why the elastic 

threshold strain is not recommended to be determined from Ds/Ds,min – log γ 

curve. 
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Figure 7.26 Variation of Elastic Threshold Strain Determined from the G/Gmax – 
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Figure 7.27 Variation of Elastic Threshold Strain Determined from the Ds/Ds,min 
– log γ Curve with Uniformity Coefficient, Cu, and Median Grain 
Size, D50 
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The other method of determining the elastic threshold strain is through the 

“nonlinear damping” curve.  As discussed in Section 7.3.2, elastic threshold 

strains are determined only from (Ds – Ds,min) with a value lower than 0.5%.  The 

variation of elastic threshold strain determined from the (Ds – Ds,min) – log γ curve 

with uniformity coefficient, Cu, and median grain size, D50 are presented in Figure 

7.28a and 7.28b, respectively.  Similar to the result determined from G/Gmax – log 

γ curve, the values of γt
e are independent of D50, and decrease with increasing 

values of Cu.   

As one would expect, the values of γt
e determined from both G/Gmax – log 

γ curve (denoted as γt
e) and (Ds – Ds,min) – log γ curve (denoted as γt3

e) are close 

but are not the same value.  The value of γt
e determined from G/Gmax – log γ curve 

is a little bit lower than that from (Ds – Ds,min) – log γ curve.  This indicates that 

γt3
e should be determined at a strain amplitude where (Ds – Ds,min) is less than 

0.2%.  However, both values of γt
e from G/Gmax – log γ and (Ds – Ds,min) – log γ 

curves are about 100 times lower than that of the reference strain.  The values of 

γt3
e decrease from about 1×10-3% at Cu = 1.5 to about 1×10-4% at Cu = 45.   

As discussed in Section 7.1, the value of Gmax needs to be measured at 

shearing strains lower than the elastic threshold strain to obtain a shear modulus 

reduction curve with a maximum error less than 2%.  Accordingly, it is important 

to note that shear modulus measurements should be performed at shearing strains 

less or equal to 1×10-4% for well graded gravelly materials if one wishes to 

establish a reliable G/Gmax – log γ relationship.   
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Figure 7.28 Variation of Elastic Threshold Strain Determined from the (Ds – 
Ds,min) – log γ Curve with Uniformity Coefficient, Cu, and Median 
Grain Size, D50 
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7.7 EFFECT OF MOISTURE CONTENT ON NONLINEAR SOIL PROPERTIES 

Two dense specimens from Gradation C16D3 were tested during this 

study.  One of the dense specimens was tested dry like the other specimens.  

However, as discussed in Section 6.4.3, the other dense specimen from Gradation 

C16D3 was tested at the “dry”, “field capacity”, and “saturated” conditions three 

different stages to determine the small-strain dynamic properties.  High-amplitude 

tests were also performed at the “field capacity” and “saturated” stages.  The 

moisture content at the “field capacity” stage was about 7.0%, which was about 

48% of saturation.  On the other hand, the moisture content at the “saturated” 

stage was 14.4%, which was about 98% of saturation.   

The variation of normalized shear modulus with shearing strain of these 

two dense specimens at three different moisture stages is presented in Figure 7.29.  

As can be seen in the figure, the specimens show more nonlinear behavior as 

moisture content increases.  Figure 7.30 shows the variation of reference strain 

with water content of these three curves along with the range of reference strains 

presented in Figure 7.10b.  Results from the dry specimens at medium dense and 

loose conditions of Gradation C16D3 are also presented in Figure 7.30.  As can be 

seen in the figure, reference strain decreases with increasing moisture content.   
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Figure 7.29 Variation of Normalized Shear Modulus with Shearing Strain of 
Two Dense Specimens from Gradation C16D3 (USCS = SP) 

0.01

2

3

4

5

6
7
8
9

0.1

R
ef

er
en

ce
 S

tra
in

, γ
r, 

%

1
2 4 6 8

10
2 4 6 8

100
Uniformity Coefficient,

σo' = 0.5 atm

Cu

 Mean
 Range

         w, %       e
 0.0        0.50
 0.0        0.43
 0.0        0.38
 7.0        0.39
 14.4      0.39

 

Figure 7.30 Variation of Reference Strain with Moisture Content of Four 
Specimens from Gradation C16D3 (USCS = SP) at Three Different 
Moisture Stages 
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However, the specimen tested at the dry stage is a different specimen from 

the specimen tested at “field capacity” and “saturated” stages.  As can be seen in 

Figure 7.30, the other two dry specimens with different void ratios also show a 

similar variation in reference strain with respect to the dry dense specimen.  The 

variation of reference stain as a result of changing moisture content is still within 

the range of reference strain variation determined in Figure 7.10b.  It is difficult to 

tell if the variation in the reference strain of the three different moist stages is a 

result of moisture change or if it is just variation between specimens.  Further 

study is needed before concluding the effects of moisture content on the value of 

γr. 

Figure 7.31 illustrates the relationship between material damping ratio in 

shear, Ds, and the shearing strain.  As expected, material damping ratio increases 

with increasing moisture content.  The relationship between “nonlinear damping”, 

(Ds – Ds,min), and normalized shear modulus is presented in Figure 7.32.   As can 

be seen in the figure, the (Ds – Ds,min) – G/Gmax curves of three different moisture 

stages are close to each other.   

Due to the limitation of the amount of data which is available at this point, 

the effect of water content on the G/Gmax – log γ curve is not clear at this point.  

However, the effect of water content on the (Ds – Ds,min) – G/Gmax curve is 

limited.  Further study is needed to identify the effect of moisture content on the 

nonlinear soil properties.   
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7.8 SUMMARY 

The nonlinear properties of granular materials are discussed in this 

chapter.  The modified hyperbolic model suggested by Darendeli (2001) was used 

for modeling the relationship between normalized shear modulus and shearing 

strain as:   

maxG
G  = a

r

1

1









γ
γ

+

 (7.22) 

where γr is the reference strain, and “a” is the curvature coefficient.  This model 

was used because of its simplicity, as there are only two parameters.  Reference 

strains of granular soils are mainly a function of uniformity coefficient, Cu, and 

effective confining pressure, σo'.  Reference strains, γr, of granular soils can be 

determined from Cu and σo' as: 

γr = 0.12 × Cu
-0.6

  × 

15.0
uC5.0

a

o

P
'

−×








 σ
 , S = 0.014%',C| our σγ  (7.23) 

where Pa is atmospheric pressure and S  is the conditional standard 

deviation.  On the other hand, the curvature coefficient “a” is only a function of 

effective confining pressure, σ

',C| our σγ

o'.  The value of “a” generally increases with 

increasing effective confining pressure and the trend can be expressed as: 
a = 0.86 + 0.1 × log(σo'/Pa), S  = 0.09'|a oσ  (7.24) 

The nonlinear material damping ratio of granular material is best modeled 

with the modified “Masing behavior” suggested by Darendeli (2001).  The (Ds – 

Ds,min) – G/Gmax curves of 59 specimens tested in this study are close to the mean 

(Ds – Ds,min) – G/Gmax curve determine  from the modified “Masing behavior”, 
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and are generally within the range of one standard deviation proposed by 

Darendeli (2001).  Median grain size, uniformity coefficient, void ratio, and 

effective confining pressure shows no effect on the relationship between (Ds – 

Ds,min) and G/Gmax. 

The elastic threshold strain can be determined from three different curves 

as: (1) G/Gmax – log γ and denoted as γt
e, (2) Ds/Ds, min – log γ and denoted as γt2

e, 

and (3) (Ds – Ds, min) – log γ and denoted as γt3
e.  The elastic threshold strain 

determined from these three curves is defined as the strain amplitude at which: (1) 

G/Gmax is equal to 0.98, (2) Ds/Ds, min = 1.2, or (3) Ds – Ds, min = 0.2%, 

respectively.  Factors (uniformity coefficient, Cu, and effective confining 

pressure, σo') that affect the values of γr have similar effects on the values of γt
e 

(γt
e, γt2

e, and γt3
e), and γr is about 100 higher than γt

e (γt
e and γt3

e) for the 59 

granular specimens tested in this study. 

It is not recommended to determine the elastic threshold strain from the 

Ds/Ds,min – log γ curve, because Ds,min has a big impact on the value of Ds/Ds,min.  

In theory, values of γt
e determined from both G/Gmax – log γ curves and values of 

γt3
e determined from (Ds – Ds,min) – log γ curves should be the same.  However, γt

e 

determined from the G/Gmax – log γ curve is a little bit lower than γt3
e from the (Ds 

– Ds,min) – log γ curve.  This is thought to be the result of the different definitions 

used for determining γt
e from G/Gmax – log γ and (Ds – Ds,min) – log γ curves.  In 

general terms, the elastic threshold strain of granular soils decreases from about 

1×10-3% at Cu = 1.5 to about 1×10-4% at Cu = 45. 
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Granular soils show slightly more nonlinearity as water is added in the 

specimen.  However, as discussed in Section 7.7, this might also be the variation 

between different specimens. Material damping ratio increases with increasing 

moisture content.  The effect of water content on the (Ds – Ds,min) – G/Gmax curve 

is limited.  More study is needed to further investigate the impact of moisture 

content on nonlinear behavior of granular soils.  
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Chapter 8  

Effect of Scalping 

8.1 INTRODUCTION  

As discussed in Chapter 3, the large-scale, multi-mode, free-free, resonant 

column device (MMD) is capable of testing material with a particle size up to 1 

in. (2.5 cm).  However, in engineering practice, gravelly materials with a 

maximum particle size grater than 1 in. (2.5 cm) can often be found in both 

natural deposits and artificial engineered fills.  For this kind of material, particles 

that remain on the 2.5-cm (1-in.) sieve need to be removed before the materials 

can be tested in the MMD.  This procedure of removing bigger particles is often 

called “scalping”.  The resulting material is referred as “scalped material” 

hereafter.   

Scalped material usually has lower values for both the median grain size, 

D50, and the uniformity coefficient, Cu, than the original material.  As discussed in 

previous chapters, both D50 and Cu have a significant impact on the shear modulus 

and material damping ratio in shear of granular materials.  As a result, dynamic 

properties measured with scalped material are different from the original material 

and need to be adjusted for the effects of changing in D50 and Cu.  Equations 

discussed in Chapters Six and Seven can be used to capture the effects of scalping 

on the measured dynamic properties.   
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In this chapter, results of the loose to medium dense specimens with 

Gradations C4D1 and C16D3 are first discussed; material with Gradation C4D1 is 

scalped from material with Gradation C16D3 using the US Standard sieve No. 4 

(4.75 mm).  Then, this result is compared with estimated values using equations 

discussed in the previous two chapters.  Finally, the limitation of the equations in 

estimating small-strain shear modulus, Gmax, of very dense well-graded material is 

discussed, and an alternative procedure of estimating Gmax of this type of material 

is suggested.    

8.2 EFFECT OF SCALPING DETERMINED FROM RESONANT COLUMN TESTS 
AND SUGGESTED EQUATIONS  

As discussed in Chapter 5, material with Gradation C4D1 is simply the 

scalped material from the material with Gradation C16D3.  Figure 8.1 shows the 

gradation curves of these two materials.  As can be seen in the figure, both 

materials have very little fines (≤ 0.5%).  Material with Gradation C4D1 is mostly 

within the range of sand, and material with Gradation C16D3 consists of about 

42% gravel and 58% sand.  Both materials are classified, however, as SP in the 

Unified Soil Classification System. 

The G – log γ, G/Gmax – log γ, and Ds – log γ curves of these two loose to 

medium dense specimens are shown in Figures 8.2a, 8.2b, and 8.2c, respectively. 

As discussed in Chapter 6, Gmax increases and Ds,min decreases as D50 increases.  

On the other hand, as discussed in Chapter 7, granular material behaves in a more 

nonlinear fashion as the value of Cu increases.  These two general trends are 

consistent with the results from these two specimens as illustrated in Figures 8.2.  
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Figure 8.1  Gradation Curves of the Original Material (C16D3) and Scalped 
Material (C4D1) 

On the other hand, the G – log γ, G/Gmax – log γ, and Ds – log γ curves of 

these two specimens can also be determined from equations discussed in Chapters 

Six and Seven.  Procedures of determining the G – log γ, G/Gmax – log γ, and Ds – 

log γ curves from equations discussed in Chapters Six and Seven are summarized 

below.   

First, the curves G/Gmax – log γ can be determined using Eq. 7.22 at any 

given shearing strain, γ, as: 

maxG
G  = a

r

1

1









γ
γ

+

 (8.1) 
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where γr is the reference strain, and “a” is the curvature coefficient.  Reference 

strains and curvature coefficient in the equation can be determined using Eq. 7.23 

and 7.24 as: 

γr = 0.12 × Cu
-0.6

  × 

15.0
uC5.0

a

o

P
'

−×








 σ
  (8.2) 

a = 0.86 + 0.1 × log(σo'/Pa) (8.3) 

where  Cu = uniformity coefficient, 

 σo' = effective confining pressure, and 

Pa = atmospheric pressure. 

With the G/Gmax – log γ curve, the G – log γ curve can be determined by 

multiplying Eq. 8.1 by Gmax.  The value of Gmax is discussed in Chapter 6 and can 

be estimated with Eq. 6.23 as: 

Gmax = CG3 × Cu
b1 × ex × 

Gn

a

o
P

'





σ

  (8.4) 

where CG3 =67.1 MPa (1400 ksf),  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 

nG = 0.48 × Cu
0.09.  

The (Ds - Ds,min) – log γ curve can then be determined using the modified “Masing 

behavior” proposed by Darendeli (2001) using Eqs. 7.14, 7.15, and 7.16 as: 
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where: DMasing = material damping ratio determined from the “Masing behavior”, 

b = scaling coefficient (=0.6329-0.0057 × ln (N)),  

  = 3.1416,  π

0.2523 + 1.8618a + -1.1143ac 2
1 = , 

0.0095 - 0.0710a - 0.0805ac 2
2 = , and 

0.0003 + 0.0002a + 0.0005a- c 2
3 = . 

Finally, the Ds – log γ curve can be calculated by adding Ds, min to the (Ds – Ds,min) 

– log γ curve.  Small-strain material damping ratio in shear, Ds,min, of dry granular 

soils can be determined from Eq. 6.26 as: 

Ds, min = 0.55 × Cu
0.1 × D50

-0.3 × 
08.0

a

o
P

' −






σ

  (8.8) 

The estimated curves of loose to medium dense specimens with 

Gradations C4D1 and C16D3 are also shown in Figure 8.2 with the test results 

from the resonant column tests.  As can be seen in the figure, the estimated curves 

are generally very close to the measurements.  This shows that the equations 

suggested in this study can be used for determining the effect of scalping.   

However, it should be noted that equations discussed above are based on 

dry specimens with few to no fines, maximum particle size of 25 mm (1 in.), 

19.1mm ≥  D50 ≥  0.11mm, 50 ≥  Cu ≥  1.1, 4.0 atm ≥  σo' ≥  0 .14 atm, and 1.1 ≥  
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e ≥  0.23.  Extreme caution should be practiced, if one wishes to use these 

equations for materials outside this range.  This caution is especially important in 

estimating the value of Gmax of very dense well-graded gravelly soils, which have 

void ratios less than 0.30.  The reason is that the relationship between Gmax and e 

is modeled with a straight line in a log – log plot, as discussed in Section 6.2.1.  

The disadvantage of this model is that effect of void ratio could be overestimated 

for very dense specimens (e ≤ 0.30).  In other words, using Eq. 8.4 could 

overestimate the value of Gmax of very dense, well-graded gravelly soils.  It is 

suggested that a scalped specimen is first tested at the same void ratio to 

determine Gmax,(scalped) of the scalped material, if it is possible to obtain the void 

ratio of e. Then, one can estimate the Gmax,(original) of the original material by 

adjusting the results from the scalped specimens with an adjusting factor, FA, as: 

Gmax,(original) = Gmax,(scalped) × FA 

 = Gmax,(scalped) × 
material scalped fo G Estimated

 material original fo G Estimated

max

max  

      = Gmax,(scalped) × 2.0
Scalped,u

/20)(D-1.3-

2.0
Original,u

/20)(D--1.3

Ce

C e
0.75

Scalped 50,

0.75
Orignal 50,

−

−

×

×
 (8.9) 

where D50,Original = D50 of the original material, 

 D50,Scalped = D50 of the scalped material, 

 Cu,Original = Cu of the original material, and 

 Cu,Scalped = Cu of the scalped material. 

In this manner the uncertainty of the void ratio function can be greatly reduced.   
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8.3 SUMMARY 

In this chapter, results of loose to medium dense specimens with 

Gradations C4D1 and C16D3 are discussed.  Material with Gradation C4D1 is the 

scalped material from material with Gradation C16D3.  Trends of the nonlinear 

curves from these two loose to medium dense specimens show good agreement 

with effects of D50 and Cu that are discussed in Chapters Six and Seven.  These 

effects are: (1) Gmax increases and Ds,min decreases as D50 increases and (2) 

granular material behaves in a more nonlinear fashion as the value of Cu 

increases.   

The estimated curves based on equations presented in previous chapters 

are also presented in this chapter.  The estimated curves are generally very close 

to the measurements.  This close comparison shows that equations suggested in 

this study can be used for determining scalping effects for specimens with a 

maximum particle size less than 25 mm (1 in.).  However, extra caution should be 

taken while applying these equations to materials with maximum particles size 

greater than 25 mm (1 in.) or materials with a void ratio lower than 0.30.  For very 

dense, well-graded materials with maximum particles size greater than 25mm (1 

in.), it is suggested that a scalped specimen is first tested at the same void ratio as 

the unscalped material to determine Gmax,(scalped).  Then, one can estimate the 

Gmax,(original) of the original material by multiply the Gmax,(scalped) with an adjusting 

factor, FA, as shown in Eq. 8.9. 
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Chapter 9  

Summary, Conclusions, and Recommendations 

9.1 SUMMARY  

A large-scale, multi-mode, free-free, resonant column device (MMD) was 

developed as part of this study.  This new device, along with a traditional fixed-

free resonant column (RC) and torsional shear (TS) device, were used to study the 

effects of mean effective stress, σo', void ratio, e, measurement frequency, f, water 

content, w, median grain size, D50, and uniformity coefficient, Cu on the linear 

and nonlinear dynamic properties of sandy and gravelly soils. 

The MMD is capable of testing specimens with a diameter of 15.2 cm (6 

in.) and a length of 60 cm (12 in.) in the following three different measurement 

modes: (1) torsional resonance measurements, (2) longitudinal resonance 

measurements, and (3) direct-arrival, constrained compression wave 

measurements.  These three different measurement modes allow linear and 

nonlinear shear modulus, G, material damping ratio in shear, Ds, to be evaluated 

as well as small-strain Young’s modulus, Emax, small-strain material damping 

ratio in unconstrained compression, Dc,min, and small-strain constrained modulus, 

Mmax.  All of these measurements are performed on the same specimen with the 

MMD.  The theoretical background and a detailed description of the MMD are 

presented in earlier chapters.   
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A total of 59 reconstituted specimens was tested during the period of this 

study.  These 59 reconstituted specimens consist of 49 specimens prepared with 

material recovered from the Pence Ranch site in Idaho, two specimens 

constructed with washed mortar sand, eight specimens constructed with a 

potential backfill material at the Yucca Mountain site in Nevada, and four 

specimens constructed with an engineered fill material.  Three material 

parameters were investigated: (1) grain size expressed as median grain size, D50, 

(2) grain distribution expressed by the uniformity coefficient, Cu, and (3) dry 

density expressed in terms of void ratio, e.  Information regarding the four 

different sources of sandy and gravelly soils used to reconstitute the specimens 

tested in this work is summarized in Chapter Five.  

Small-strain dynamic properties of gravelly materials measured with the 

MMD and the combined fixed-free RCTS device are presented in Chapter Six.  

An empirical relationship relating small-strain shear modulus, Gmax, with effective 

confining pressure, σo', void ratio, e, mean grain size, D50, and uniformity 

coefficient, Cu, was developed.  Similar relationships were also developed for 

small-strain Young’s modulus, Emax, small-strain constrained modulus, Mmax, and 

small-strain material damping ratio in shear, Ds,min.  The effects of water content 

and measurement frequency on Gmax and Ds,min were also investigated.  

Nonlinear dynamic properties in shear of sandy and gravelly soils 

measured with the MMD and the fixed-free RCTS device are discussed in 

Chapter Seven.  The nonlinear properties are expressed as G – log γ, G/Gmax – log 

γ, and Ds – log γ,   The effects of effective confining pressure, void ratio, median 
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grain size, uniformity coefficient, and water content on the nonlinear properties 

are discussed.   

The effect of scalping on the dynamic properties is discussed in Chapter 

Eight.  Test results from original and scalped materials show very good agreement 

with estimated values calculated from equations suggested in Chapters Six and 

Seven.  An alternative procedure is also suggested for estimating Gmax of very 

dense, well-graded gravelly material with a maximum grain size greater than 1 in. 

(2.5 cm).   

9.2 CONCLUSIONS 

9.2.1 Small-Strain Dynamic Properties of Sandy and Gravelly Soils 

For granular soils, small-strain shear modulus, Gmax, is mainly a function 

of effective confining pressure, σo', void ratio, e, and median grain size, D50.  The 

effect of uniformity coefficient, Cu, on Gmax is minor, and is mostly due to the 

way the uniformity coefficient affects void ratio (dry unit weight).  In general, 

Gmax increases with increasing D50, Cu, and σo', and decreasing e. The value of 

Gmax of granular soils can be estimated as: 

Gmax = CG3 × Cu
b1 × ex × 

Gn

a

o
P

'





σ

 ,  

',D,C,e|G o50umax
S σ  = 8.8 MPa of (184 ksf) (9.1) 

where CG3 =67.1 MPa (1400 ksf),  

b1 = - 0.20, 

x = -1- (D50 / 20)0.75, and 

nG = 0.48 × Cu
0.09.  
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To illustrate the general effects of D50, e, and Cu on the log Gmax – log σo' 

relationship, this relationship for a poorly-graded fine sand (SP) and a well-graded 

gravel (GW) are presented in Figure 9.1.  The basic physical properties and 

dynamic parameters of these two simulated materials at a very dense condition 

(Dr ~ 95%) are presented in Table 9.1.  The gradation curves of these two 

materials are shown in Figure 9.2.  As can be seen in Figure 9.1, small-strain 

shear modulus of the very dense, well-graded gravel is about 1.5 times higher 

than that of the poorly-graded sand.  This is mainly the effect of particle size 

(bigger value of D50 of the very dense well-graded gravel) and decreased value of 

e.  As can be seen in Eq. 9.1, exponential term x decreases as D50 increases.  In 

term of absolute value, exponential term x of the well-graded gravel is 40% 

higher than that of the poorly-graded fine sand.  The ex term of the gravelly soil is 

4.7 times that of the sandy soil.  On the other hand, the Cu
b1 term of the gravelly 

soil is about 0.6 time that of the sandy soil.  As a combination effect of the terms 

ex and Cu
b1, small-strain shear modulus of the well-graded gravel is about 1.5 

times higher than that of the poorly-graded fine sand.   

It can also be seen in the figure that the small-strain shear modulus of the 

well-graded gravel increases more rapidly than that of the poorly graded sand as 

effective mean stress, σo', increases.  This is because σo' has a bigger impact on 

well-graded material in terms of the impact of Cu on nG.  Median grain size has no 

effect on the value of nG. 
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Table 9.1  Basic Physical Properties and Estimated Dynamic Parameters (σo' = 
1 atm) of the Assumed Sandy and Gravelly Soils 

 
Gravelly 
Soil 

Sandy 
Soil 

Cu 20 1.5 
D50, mm 8.0 0.5 

e 0.26 0.64 
Dr, % 95 95 

Gmax, MPa 277 99 
nG 0.63 0.50 

Ds,min, % 0.40 0.71 
γr, % 0.020 0.094 

a 0.86 0.86 
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Figure 9.1 Comparison of the log Gmax – log σo' Relationships for Dense 
Specimens of a Poorly-Graded Sand (SP) and a Well-Graded Gravel 
(GW) 
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Figure 9.2 Assumed Gradation Curves of a Poorly-Graded Sandy Soil (SP) and 
a Well-Graded Gravelly Soil (GW) 

Factors affecting the values of Gmax have a similar effect on the values of 

Emax and Mmax.  Equation 9.1 can also be used for estimating the values of Emax 

and Mmax with slight modifications.  The value of Emax of granular soils can be 

estimated as: 

Emax = CE3 × Cu
b1 × ex × 

En

a

o
P

'





σ

 ,  

',D,C,e|E o50umax
S σ  = 32.8 MPa of (684 ksf) (9.2) 

where CE3 = 168 MPa (3500 ksf), and nE = nG.  Also, the value of Mmax of 

granular soils can be estimated as: 

Mmax = CM3 × Cu
b1 × ex × 

Mn

a

o
P

'





σ ,  

',D,C,e|M o50umax
S σ  = 53.8 MPa (1122 ksf) (9.3) 

where CM3 = 220 MPa (4600 ksf), and nM = 0.39 × Cu
0.09.  

The value of Ds,min decreases with increasing D50 and σo', but increases 

with increasing Cu.  The values of Dmin of dry granular soils can be estimated as: 
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Ds, min = 0.55 × Cu
0.1 × D50

-0.3 × 
08.0

a

o
P

' −






σ

 ,   

',D,C|D o50umin,s
S σ = 0.10% (9.4) 

To illustrate the general effects of Cu, D50, and σo' on small-strain material 

damping ratio in shear, the log Ds,min – log σo' relationship of the poorly-graded 

fine sand (SP) and the well-graded gravel (GW) (outlined in Table 9.1) are 

presented in Figure 9.3.  As can be seen in the figure, Ds,min decreases with 

increasing mean effective stress.  The value of Ds,min of the well-graded gravel is 

lower than that of the poorly-graded fine sand, which is mainly the effect of 

particle size; hence, D50 of the well-graded gravel is higher, and Ds,min decreases 

with increasing D50.   
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Figure 9.3 Comparison of the log Ds,min – log σo' Relationships for Dense 
Specimens of a Poorly-Graded Sand (SP) and a Well-Graded Gravel 
(GW) 
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It is interesting to note that impact of Cu on Ds,min.  For instance, if the 

gravelly soil was actually poorly graded (GP) with Cu = 1.5 (and e = 0.64 and D50 

= 8 mm), then, in absolute value, Ds,min would be about 1% lower than that of the 

well graded gravel, as shown by the short dashed line in Figure 9.3.  

Loading frequency has an effect on Gmax and Ds,min only when the 

specimen is wet.  The value of Ds,min could increase several fold as water is added 

to the soil.  The values of Ds,min and Dc,min of dry granular soils are both small.  

The values of Ds,min vary between 0.2% and 0.9%, and the values of Dc,min vary 

slightly more, between 0.1% and 1.2%.  The values of Dc,min increase with higher 

values of Ds,min.  The values of D50 and Cu are thought to have the same impact on 

Dc,min as on Ds,min.   

Poisson’s ratio can be calculated from any two combinations of Gmax, 

Emax, and Mmax assuming an isotropic, homogeneous material.  The values of MGν  

and decrease with increasing isotropic confining pressure, which results from 

the finding that the values of n

MEν

G and nE are generally higher than the value of nM 

for a giving material.  On the other hand, the values of EGν  vary widely, and it is 

difficult to observe a general trend.  However, the values of EGν should remain 

constant with increasing isotropic confining pressure, because the values of nE 

follows the same trend as those of nG. 

9.2.2 Nonlinear Dynamic Properties of Sandy and Gravelly Soils 

Nonlinear dynamic properties of sandy and gravelly soils measured with 

the MMD and the fixed-free RCTS device are discussed in Chapter Seven.  The 
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modified hyperbolic model suggested by Darendeli (2001) was used for modeling 

the relationship between normalized shear modulus and shearing strain as:   

maxG
G  = a

r

1

1









γ
γ

+

 (9.5) 

where γr is the reference strain, and “a” is the curvature coefficient.  Reference 

strain is simply the shearing strain at which G/Gmax = 0.50.  This model was used 

because of its simplicity, as there are only two parameters (reference strain, γr, 

and curvature coefficient, a).   

Reference strains of granular soils are mainly a function of uniformity 

coefficient, Cu, and effective confining pressure, σo'.  Reference strains of 

granular soils can be estimated from Cu and σo' as: 

γr = 0.12 × Cu
-0.6

 × 

15.0
uC5.0

a

o

P
'

−×








 σ
 , S = 0.014%',C| our σγ  (9.6) 

where Pa is the atmospheric pressure.  On the other hand, the curvature coefficient 

“a” generally varies between 0.8 to 1.0, and seems to be only a function of the 

effective confining pressure, σo'.  The value of “a” increases slightly with 

increasing effective confining pressure, with the trend expressed as: 
a = 0.86 + 0.1 × log (σo'/Pa), S  = 0.09'|a oσ  (9.7) 

Figure 9.4 shows the G – log γ and G/Gmax – log γ curves of the very dense 

specimens of the poorly-graded fine sand (SP) and the well-graded gravel (GW) 

discussed in the previous section.  These relationships are shown for a mean 

effective stress of 1.0 atm.  Figure 9.4a shows the G – log γ curve, and Figure 

9.4b shows the G/Gmax – log γ curve.  As can be seen in Figure 9.4a, the shear 
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modulus curve of the well-graded gravel is mostly above that of the poorly-graded 

fine sand, which is a result of higher D50.  However, the difference of G between 

these two materials decreases as shearing strain increases, because γr of the well-

graded gravel (0.02%) is lower than that of the poorly-graded fine sand (0.09%).  

This effect is better illustrated with the G/Gmax – log γ curve shown in Figure 

9.4b.  As can be seen in the figure, the well-graded gravel behaves more nonlinear 

than the poorly-graded fine sand.   
400
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Figure 9.4 Comparison of the G – log γ and G/Gmax – log γ Relationships for 
Dense Specimens of a Poorly-Graded Sand (SP) and a Well-Graded 
Gravel (GW) 
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The corresponding stress-strain curve of the gravelly soil is generally 

higher than that of the sandy soil, as illustrated in Figure 9.5.  This difference 

mainly results from the effect of the higher D50 value of the gravelly soil.  

However, as can be seen in the figure, because of higher nonlinearity exhibited by 

the gravelly soil, the difference between sandy and gravelly soils decreases as 

strain amplitude exceeds 0.05%.  Shear stress of the sandy soil begins to exceed 

that of the gravelly soil at shearing strains above 0.18%.  This result is 

unexpected, and it shows that equations developed in this study should not be 

used in determining the stress-strain relationship of sandy and gravelly soils at 

shearing strain higher than a few tenth of a percent, because reference strain, γr, 

and curvature coefficient, a, are both determined from measurements performed at 

strain amplitudes generally lower than 0.1%.  However, it is interesting to note 

that the curvature coefficients of these two soils were estimated to be 0.86, as 

show in Table 9.1.  If a lower value (i.e. 0.75) was used for the well graded grave, 

these two stress-strain curves would not cross each other.  
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Figure 9.5 Comparison of the Stress-Strain Relationships for Dense Specimens 
of a Poorly-Graded Sand (SP) and a Well-Graded Gravel (GW) 
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The nonlinear material damping ratio of granular material is best modeled 

with the modified “Masing behavior” suggested by Darendeli (2001).  The (Ds – 

Ds,min) – G/Gmax curves of 59 specimens tested in this study are close to the mean 

(Ds – Ds,min) – G/Gmax curve determined  from modified “Masing behavior” (see 

Figure 7.21) and are generally within the range of one standard deviation as 

proposed by Darendeli (2001).  Median grain size, uniformity coefficient, void 

ratio, and effective confining pressure show essentially no effect on the 

relationship between (Ds – Ds,min) and G/Gmax.   

With the (Ds – Ds,min) – G/Gmax relationship, the Ds – log γ curve can be 

determined based on the G/Gmax – log γ curve.  To illustrate the general effects of 

Cu and D50 on the Ds – log γ relationship, the Ds – log γ relationship of the same 

poorly-graded fine sand (SP) and well-graded gravel (GW) specimens are 

presented in Figure 9.6.  As can be seen in the figure, Ds,min of the well-graded 

gravel is lower than that of the poorly-graded fine sand.  As discussed in the 

previous section, this is mainly the effect of particle size (D50 of the well-graded 

gravel is higher).  However, as shearing strain increases, material damping ratio 

of the well-graded gravel increases faster than that of the poorly-graded fine sand 

due to the effect of Cu.   
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Figure 9.6 Comparison of the Ds,min – log γ Relationship for Dense Specimens 
of a Poorly-Graded Sand (SP) and a Well-Graded Gravel (GW) 

9.2.3 Threshold Strain above Which Nonlinearity Begins  

Figure 9.7a shows a typical G/Gmax – log γ curve, and Figure 9.7b shows a 

typical Ds – log γ curve for a dry, granular soil.  The G/Gmax – log γ and Ds – log γ 

curves are generally separated into three ranges in most earthquake engineering 

analyses of free-field ground motions.  The ranges are: (1) linear, (2) “nonlinear 

elastic”, and (3) nonlinear. These three ranges are illustrated in Figure 9.7.  The 

boundary between the linear and “nonlinear elastic” ranges is the elastic threshold 

strain, γt
e, and the boundary between “nonlinear elastic” and nonlinear ranges is 

the cyclic threshold strain, γt
c.   
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 (b) Material Damping Ratio Increase Curve 

Figure 9.7  Typical Nonlinear G/Gmax – log γ and Ds – log γ Curves of a Dry 
Granular Soil 

In terms of the laboratory test results, the elastic threshold strain can be 

determined from three different curves as: (1) G/Gmax – log γ and denoted as γt
e, 

(2) Ds/Ds, min – log γ and denoted as γt2
e, and (3) (Ds – Ds, min) – log γ and denoted 

 314



as γt3
e.  The elastic threshold strain determined from these three curves is defined 

as the strain amplitude at which: (1) G/Gmax is equal to 0.98, (2) Ds/Ds, min = 1.2, 

or (3) Ds – Ds, min = 0.2%, respectively.  Factors (uniformity coefficient, Cu, and 

effective confining pressure, σo') that affect the values of γr have similar effects on 

the values of the elastic threshold strain (γt
e, γt2

e, and γt3
e).  It is interesting to note 

that γr is about 100 times higher than either γt
e or γt3

e for the 59 granular 

specimens tested in this study. 

It is not recommended to determine the elastic threshold strain from the 

Ds/Ds,min – log γ curve, because Ds,min has a big impact on the value of Ds/Ds,min.  

In theory, values of γt
e determined from both G/Gmax – log γ curves and values of 

γt3
e determined from (Ds – Ds,min) – log γ curves should be the same.  However, γt

e 

determined from the G/Gmax – log γ curve is a little bit lower than γt3
e from the (Ds 

– Ds,min) – log γ curve.  This is thought to be the result of the different definitions 

used for determining γt
e from G/Gmax – log γ and (Ds – Ds,min) – log γ curves.  In 

general terms, the elastic threshold strain of granular soils decreases from about 

1×10-3% at Cu = 1.5 to about 1×10-4% at Cu = 45.  Also, it should be noted that γt3
e 

can be found to be the same value as γt
e simply by reducing the (Ds – Ds,min) value 

at which it is selected for γt3
e.  This was not done in this study because there is 

much more scatter in the Ds,min values at small strains than the Gmax values.  

9.2.4 Effect of Water Content  

Two dense specimens from Gradation C16D3 (SP) were tested during this 

study.  In the nonlinear range, one of the dense specimens was tested dry, and the 

other dense specimen was tested at the “field capacity” and “saturated” stages.  
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The moisture content at the “field capacity” stage was about 7.0%, which was 

about 48% of saturation.  On the other hand, the moisture content at the 

“saturated” stage was 14.4%, which was about 98% of saturation.   

Figures 9.8a, 9.8b, and 9.8c show the G/Gmax – log γ, Ds – log γ, and (Ds – 

Ds,min) – log γ curves, respectively, of these two dense specimens.  As can be seen 

in Figure 9.8a, granular soils show slightly more nonlinearity as water is added to 

the specimen; hence, reference strain decreases slightly with increasing water 

content.  However, as discussed in Section 7.7, this might also be the variation 

between different specimens.  Small-strain shear moduli at these three stages are 

also presented in the figure.  As can be seen in the figure, water content has little 

effect (~10%) on small-strain shear modulus.  On the other hand, as shown in 

Figure 9.8b, water content has a significant effect on the small-strain material 

damping ratio in shear.  The value of Ds,min, increases two to three times as water 

is added in the specimen.  In terms of the nonlinear material damping ratio, as 

shown in Figure 9.8c, the (Ds – Ds,min) – log γ curves at three different water 

content are close to each other.  The effect of water content on the (Ds – Ds,min) – 

log γ relationship is small.   

Because the amount of data is limited in this study, more study would be 

needed to further investigate the impact of moisture content on nonlinear behavior 

of granular soils. 
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9.2.5 Effect of Scalping on Dynamic Properties 

The procedure of removing bigger particles from a material before testing 

is often referred to as “scalping”.  The resulting material is called a “scalped 

material”.  The scalped material often has lower values of D50 and Cu.  As a result, 

the dynamic properties of the scalped material are different from those of the 

original material.  Results of the loose-to-medium dense specimens with 

Gradations C4D1 and C16D3 are discussed in Chapter Eight.  Material with 

Gradation C4D1 is the scalped material from material with Gradation C16D3.  

Trends of the nonlinear curves from these two loose-to-medium dense specimens 

show good agreement with the effects predicted by changes in D50 and Cu that are 

discussed in Chapters Six and Seven.  These effects are: (1) Gmax increases and 

Ds,min decreases as D50 increases and (2) material behaves in a more nonlinear 

fashion as the value of Cu increases.   

Test results of both original and scalped materials also show very good 

agreement with the estimated values calculated from equations suggested in 

Chapters Six and Seven.  This close comparison shows that equations suggested 

in this study can be used for determining scalping effects for materials with a 

maximum particle size less than 25 mm (1 in.).  However, extra caution should be 

taken while applying these equations to materials with maximum particles sizes 

greater than 25 mm (1 in.) or materials with a void ratio lower than 0.30, which 

are outside the range of the measurements performed in this study.   

For very dense, well-graded material (e ≤ 0.30) with maximum particles 

size greater than 25 mm (1 in.) that can not be tested with the MMD, it is 
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suggested that a scalped specimen is first tested at the same void ratio as the 

unscalped material to determine Gmax,(scalped) if it is possible to obtain this value of 

void ratio. Then, one can estimate the Gmax,(original) of the original material by 

multiply the Gmax,(scalped) with an adjusting factor, FA, as: 

Gmax,(original) = Gmax,(scalped) × FA 

 = Gmax,(scalped) × 
material scalped fo G Estimated

 material original fo G Estimated

max

max  

      = Gmax,(scalped) × 
2.0

Scalped,u
/20)(D-1.3-

2.0
Original,u

/20)(D--1.3

Ce

C e
0.75

Scalped 50,

0.75
Orignal 50,

−

−

×

×
 (9.8) 

where D50,Original = D50 of the original material, 

 D50,Scalped = D50 of the scalped material, 

 Cu,Original = Cu of the original material, and 

 Cu,Scalped = Cu of the scalped material. 

In this manner the amount of uncertainty and the effect of void ratio function can 

be greatly reduced.   

9.3 RECOMMENDATIONS 

1. The arrangement of the free-free boundary conditions in the MMD was 

successful.  This design is adaptable to a bigger device and construction of such a 

larger device (say 1.5 ft (45.8 cm) in diameter and 3 ft (91.5 cm) tall) would 

permit investigation of gravelly soils with maximum particle size as big as 3 in. 

(76.2mm). 

 

2. The excitation mechanism in the longitudinal direction of the MMD should be 

modified with an electrical motor to improve measurement of the material 
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damping ratio in unconstrained compression. Such a modification would also 

allow Young’s modulus and Dc be measured in both the linear and nonlinear 

strain ranges.  This modification would also help better determine Poisson’s ratio 

in the nonlinear range using Young’s and shear moduli.  

 

3. Results of this study are primarily for dry specimens.  Further investigations of 

the effect of water content on the linear and nonlinear dynamic properties of 

sandy and gravelly soils are needed. 
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Appendix A 

Equivalent Radius for Strain Calculations in a Free-Free, 
Resonant Column Specimen 

As discussed in Chapter Three, shearing strain is not a constant in a free-

free torsional resonant column specimen tested in the large-scale, multi-mode, 

free-free resonant column device (MMD).  It varies in both the longitudinal and 

the radius directions.  In this study, an equivalent radius, req, is found, and the 

shearing strain at the equivalent radius is used as the equivalent shearing strain, 

γeq, for representing the measured shear modulus (Hardin and Drnevich, 1972; 

Chen and Stokoe, 1979).  The equivalent radius ratio, C, is used to determine the 

relationship between the maximum shearing strain, γmax, and the equivalent 

shearing strain, γeq, of the specimen as: 

max

eqeq

a
r

C
γ

γ
==  (A.1) 

where a is the outside radius of the specimen, and req is the equivalent radius. 

Chen and Stokoe (1979) used the hyperbolic model proposed by Hardin 

and Drnevich (1972).  By fulfilling the requirement of the force equivalent 

equations, they found that the equivalent radius ratio, C, of a traditional fixed-free 

specimen varied from 0.82 (G/Gmax = 1) to 0.75 (G/Gmax = 0.5).  Chen and Stokoe 

(1979) suggested using an average value of 0.79 at all strain level.  Because the 

polar moment of inertia of the top end mass is much greater than that of a fixed-

free specimen (see Figure 3.1a), shearing strain varies linearly in the radius 

direction, and is approximately constant along the longitudinal direction of a 
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fixed-free resonant column specimen.  However, this is not the case of a free-free 

specimen (see Figure 3.1b) in which polar moment inertias of the end caps are 

smaller than that of a free-free specimen tested in the MMD.  As a result, shearing 

strain in a free-free specimen varies in both longitudinal and radius directions.  

Therefore, the value of the equivalent radius ratio, C, suggested by Chen and 

Stokoe (1979) should be adjusted before used in a free-free specimen.   

In this appendix, the procedures for determining the equivalent radius 

ratio, C, of a fixed-free specimen suggested by Chen and Stokoe (1979) are 

reviewed.  Similar procedures are then used to evaluate the equivalent radius 

ratio, C, of a free-free specimen, in which the variations of shearing strain along 

the longitudinal direction have been added.  A final C value of 0.65 is suggested 

for the free-free specimens tested in the MMD. 

A.1 EQUIVALENT RADIUS RATIO, C, OF A FIXED-FREE SPECIMEN 

In the hyperbolic model (Hardin and Drnevich, 1972), the relationship 

between shear modulus, G, and shear strain, γ, can be expressed as: 

r
max 1

1
G

G

γ
γ+

=  (A.2) 

where: Gmax = the maximum shear modulus, and 

γr = the reference strain at which G / Gmax = 0.5. 
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Consider a free body with a unit length in a fixed-free resonant column specimen, 

as shown in Figure A.1.a.  The secant stiffness, , is used to describe the 

relationship between the applied torque, T, and the twist per unit length, θ, as 

shown in Figure A.1.b.  The polar moment of inertia, J, is shown in Figure A.2.  

The effective shear modulus, G

JGeff

eff, can be expressed as: 

θ⋅
=

J
TGeff   (A.3) 

By dividing the specimen into thin cylindrical rings, as shown in Figure 

A.2, at a given twist, the shear strain, γ, along the center of a ring can be 

calculated from the twist per unit length as: 

θ⋅ρ=γ   (A.4) 

where ρ is radius at the center of the cylindrical ring.  The total torque on the 

cross section can then be integrated as: 

∫∫ ⋅ρ⋅γ⋅=⋅ρ⋅τ=
AA

dAGdAT  (A.5) 

where τ is the shear stress applying on the differential area, dA.  Combining Eq. 

A.3, and A.5, the effective shear modulus can be determined as: 

∫
∫

∫
∫

⋅ρ⋅γ

⋅ρ⋅γ⋅
=

⋅ρ⋅θ

⋅ρ⋅τ
=

A

A

A

2
A

eff dA

dAG

dA

dA
G  (A.6) 

It should be noted here that shearing strain is a constant along the longitudinal 

axis in a fixed-free specimen, so only the shearing strain variation in the radius 

direction is considered.   

The integration in Eq. A.6 can be performed numerically at a given twist 

by dividing the specimen into thin cylindrical rings along the radial direction. 

With Geff, the equivalent strain can be calculated from Eq. A.2 as: 
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r
eff

max
eq 1

G
G

γ⋅







−=γ  (A.7) 

In summary, at a given twist, the shearing strain on the perimeter, γperim, 

can be calculated with Eq. A.4 by setting ρ = a.  The equivalent strain can be 

calculated with Eq. A.6 and A.7.  With the strain on the perimeter, γperim, and the 

equivalent shearing strain, γeq, the equivalent radius ratio, C, can then be 

calculated as shown in Eq. A.1.  Similar procedure can be used at other twist 

levels.  Figure A.3 shows the relationship between the equivalent radius ratio and 

the shearing strain on the perimeter, γperim, (referred as the maximum shearing 

strain in the figure).  As can be seen in the figure, the equivalent radius ratio, C, of 

a traditional fixed-free specimen varied from 0.82 (G/Gmax = 1) to 0.75 (G/Gmax = 

0.5).  Chen and Stokoe (1979) suggested using an average value of 0.79 at all 

strain level.  Similar procedures can be used to determine the equivalent radius 

ratio, C, in a free-free specimen as discussed in the following section.  

A.2 EQUIVALENT RADIUS RATIO, C, OF A FREE-FREE SPECIMEN 

In a free-free resonant column specimen, shearing strain varies along the 

longitudinal direction as well as in the radial direction.  Therefore, Eq. A.6 should 

be adjusted as: 

∫
∫

⋅ρ⋅γ

⋅ρ⋅γ⋅
=

V

V
eff dV

dVG
G  (A.8) 

As in Eq. A.6, integration in Eq. A.8 can be calculated numerically.  However, 

before we can integrate Eq. A.8, we should first define the variation of shearing 

strain along the longitudinal direction.   
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Figure A.3  Comparison of Equivalent Radius Ratio Determined in this Study 
(β=0.01) and the Results from Chen and Stokoe (1979)  

Figure A.4 shows the displacement, Z, and shearing strain on the perimeter, γperim, 

along the longitudinal direction, X, of a free-free specimen.  Two coordinate 

systems X and X', are used in the longitudinal direction for deriving equations.  

The relationship between X and X' can be expressed as: 









β⋅

⋅β−π
−=








−

β
⋅π⋅

⋅−=





 −

λ
−=

2
L)(X

2
LL2

4
1X

2
L

4
X'X  (A.9) 

where: 
λ

⋅π⋅
=

⋅ω
=

L2
V

L

s

nβ , or 
β

⋅π⋅
=λ

L2  , (A.10) 

λ = the wave length, and  

L = the length of the specimen. 
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Figure A.4  Displacement and Strain Curves of Free-Free Resonant Column 
Specimen with End Caps at First Resonant Mode 

The value of β depends on the polar moment inertias of the top end mass, of the 

bottom end mass, and of the free-free specimen.  β of free-free specimens tested 

in the MMD vary between 2.2 and 2.8 (β <<1 in a fixed-free specimen).   

The displacement, Z, on the perimeter of a free-free specimen can be 

shown as: 

Z =  - Zo cos(
λ

⋅π⋅ X2 ) = - 
λ

⋅π⋅
⋅

⋅
λ

⋅
X2

L2topZ  (A.11) 

The shearing strain along the perimeter of the specimen, γperim, is the derivative of 

the displacement, Z, with respect to X: 
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 (A.12) 

As can be seen in the equation, the maximum shear strain, γmax, can be expressed 

as: 

L
Ztopmax

π
⋅=γ  (A.13) 

By combining Eq. A.9, A.12, and A.13, we will find that: 
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β⋅
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π⋅
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2
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max

max

maxperim

 (A.14) 

Shear Strain, γ(X), at the radius of ρ can be calculated from the γperim(X) at the 

same longitudinal location, X, as: 

a
)X()X( perim

ρ
⋅γ=γ  (A.15) 

With equations A.14 and A.15, shearing strain at any point of a free-free 

specimen can be determined.  

By assuming γr = 0.002 (0.2%, as in suggested by Chen and Stokoe, 

1979), effective shear modulus can be integrated numerically from Eq. A.8 by 

dividing the specimen into small sections in both radial and longitudinal 

directions.  The effective shear strain, γeq, is then calculated from the effective 
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shear modulus based on the hyperbolic model as shown in Eq. A.7.  Then, the 

equivalent radius ratio, C, can be obtained with Eq. A.1.  

The variation between equivalent radius ratio, C, and shearing strain on 

the perimeter of the specimen, γperim, at different values of β are shown in Figure 

A.5.  As we can see in the figure, C – γperim curves approach to a limit as β 

reduces to be less than 0.1.  As mentioned above, β varies from 2.2 to 2.8 for free-

free specimens tested in the MMD, and it is much less than 1 for a fixed-free 

specimen.  As β approaches to zero, the solution of a free-free specimen is close 

to that of a fixed-free specimen.   
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Figure A.5  Variation between Equivalent Radius Ratio and Maximum Shearing 
strain in a Free-Free Specimen with Different Values of Beta 
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Figure A.3 also shows the comparison between the C – γperim curve with β 

= 0.01 and the C – γperim curve determined by Chen and Stokoe (1979) in which 

the variation of shearing strain along the longitudinal direction is not considered 

(β << 1).  The two curves are very close to each other.  The minor difference is 

thought to be a result of numerical integration.  

A representing equivalent radius ratios of a free-free specimen is chosen 

by averaging the C values between the range of G/Gmax = 0.5 and 0.99 (or γmax = 

0.01% and 0.2%).  This is the higher strain portion of the G/Gmax curve that is 

tested in a free-free resonant column test.  The smaller strain range is not included 

in the average, because geo-material behaviors linearly in this range.  The 

variation of the equivalent radius ratios with respect to β are shown in Figure A.6.  

As can be seen in the figure, equivalent radius ratio changes from 0.67 to 0.63 

with an average of 0.65, as β increases from 2.2 to 2.8.  The average, 0.65, is 

adopted for data reduction in this study.   

A comparison between the original hyperbolic G/Gmax – log γ curve with 

γr = 0.2%, and the equivalent G/Gmax – log γ curve of a free-free resonant column 

specimen with an equivalent radius ratio of 0.65 (β = 2.4 and γr = 0.2%) is shown 

in Figure A.7.  These two curves are very close to each other with an error of 

shear modulus less than 1% at the reference strain (γr = 0.2%).  This result shows 

that an average C value of 0.65 is a good approximation for free-free specimens 

tested in the MMD.  
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Appendix B 

Interaction between the Coils and Magnets of the Torsional 
Electrical Motor 

B.1 Introduction 

As described in Chapter Three, torsional resonant is excited by an 

electromagnetic motor in the large-scale, multi-mode, free-free resonant column 

device (MMD).  The torsion drive motor of the MMD consists of eight electrical 

coils and eight neodymium iron boron magnets.  The eight coils are powered by 

the MB Dynamics Model SS530 power amplifier, which amplifies the electrical 

signals from the Hewlett Packard model 3562A dynamic signal analyzer.  The 

power amplifier provides an electromotive force (EMF) which creates a voltage 

potential difference between the two ends of the coils.  This voltage potential 

difference produces a current passing through the coils.  (The current typically 

ranged from 0.001 A to 1.0 A in this study.)  The relationship between the voltage 

potential difference and current across the coils is discussed in Section B.2. 

As the current passes through the coils, it induces a magnetic field around 

the coils which interacts with the magnets centered in the coils.  The resulting 

interacting magnetic forces excite the specimen in torsional motion.  By sweeping 

the frequency of the input current, resonance in torsion can be generated.  The 

relationship between this magnetic force and the current passing through the coils 

and the relationship between this magnetic force and the relative location of the 

magnets with respect to the coils are discussed Section B.3. 
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As the specimen vibrates in torsion, the eight magnets move with the 

bottom end of the specimen, the relative movement between the magnets and the 

drive coils generates another electromotive force, called the back EMF or the 

induced EMF.  The back EMF, like the EMF created with the power amplifier, 

can also generate an electromagnetic force between the coils and the magnets.  

Since the back EMF is not in phase with the EMF from the power-amplifier, it 

attenuates the motion of the specimen.  This is the main source of equipment-

generated damping in the MMD as well as the fixed-free resonant column (RC) 

and torsional shear (TS) device.  The relationship between the back EMF and the 

equipment generated damping ratio is discussed in Section B.4.   

The last interaction between the coils and magnets is the demagnetization 

of the permanent magnets.  This topic is discussed in Section B.5. 

B.2 Inductance 

Each coil used in this study consists of about 200 loops of electrical wire.  

The wire has a nominal diameter of 0.020 in. (0.5 mm) and is approximately 10.9 

ft (36 m) in length.  It is well known that as current passes through a coil loop, it 

generates a magnetic field around the loop.  Therefore, as alternative current 

travels through the first loop of each coil, the generated magnetic field around the 

first loop of the coil alternates too.  This creates magnetic field changes on the rest 

of the loops in the coil with a frequency equals to the frequency of the drive 

voltage.  The magnetic field change induces a voltage potential with an opposite 

direction to the original voltage potential on the rest loops of the coil.  This 

induced voltage potential reduces the amount of current passing through the coils 
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like a resistor.  This impedance increases with increasing frequency, and is known 

as inductance. 

By separating the resistance and inductance of the drive coils, the circuit 

of the drive coils can be idealized as an RL circuit which consists of a resistor (R) 

and an inductor (L).  Resistance is measured in ohms (Ω), and inductance 

measured in henries (H).  As a result of the inductance of the coils, there is a 

phase shift between the drive voltage and current.  The inductance of the coils 

also reduces the magnitude of current passing through the drive coils at higher 

frequencies. The relationship between the driving voltage, V, and the induced 

current, , that flows through coils can be expressed as: i

LjR
Vi

ω+
=  (B.1) 

where:  ω = circular frequency of the driving voltage, 

L = equivalent inductance of the coils, (= 23.6 mH), 

j = 1− , and 

R = equivalent resistance of the coils (48.0Ω in the motor used in this 

study). 

It should be noted that both  and V are phasors, which are the combination of 

magnitudes and phases.  The phase shift, φ, between the drive current and voltage 

can be calculated from: 

i

φ = 





−

R
Lω1tan , (B.2) 

and the absolute magnitude of the current, | i |, can be calculated as: 

| i |= 
22 )(

||
LR

V
ω+

 (B.3) 
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The variation of the phase shift with excitation frequency and the variation 

of the ratio of drive-current-to-voltage with excitation frequency are shown in 

Figure B.1a and Figure B.1b, respectively.  From these figures, it can be seen that 

the phase shift is less than 2 degrees when the excitation frequency is 10 Hz and 

increases rapidly to more than 10 degrees at 100 Hz.  It is also important that the 

amplitude of the current drops quickly with frequency when the frequency is 

higher than 100 Hz.  This is one of the reasons why the MMD cannot drive the 

specimen at the second- or the third-mode torsional resonance to the same strain 

level as at the first-mode torsional resonance.  On the other hand, the MMD was 

design to test material at a frequency higher than those of fixed-free resonant 

column and torsional shear tests.  Therefore, by combining the test results from 

free-free resonant column tests and fixed-free resonant column and torsional shear 

tests, material can be tested at a wide range of frequency.  The torsional free-free 

resonant column test can also be performed at a lower frequency range (40 to 200 

Hz) by increasing the weight of the end caps at both ends of the specimens. 

B.3 Electromagnetic Force  

As discussed above, when current passes through a coil, it generates a 

magnetic field around the coil.  If there is a permanent magnet close to this coil, 

the magnetic field which is generated by the current will produce an 

electromagnetic force, FEMF, between the coil and the magnet. This is the force 

that drives the specimen during testing.  The amplitude of the FEMF is proportional 

to the amplitude of the current which passes through the coils. 
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(b) Variation of the Ratio of Drive-Current-to-Voltage with Excitation Frequency 

Figure B.1 Variation with Excitation Frequency of the Phase Shift and the 
Amplitude Ratio between Drive Current and Voltage. 

The magnitude of the FEMF between the magnets and coils used in this 

study was checked with an electronic scale (Sauter RC 4021).  A vertical milling 

machine was used to adjust the location between the magnets and coils.  The 

electronic scale was used to measure the force between the coil and the magnet 

with an accuracy of 0.01g.  The coil was held with an aluminum frame that was 

placed on top of the scale, so as to keep the magnetic field a safe distance from 

the scale and hence not influence the scale.  The vertical milling machine was 
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used to fix and precisely locate the N-pole of the magnet inside the coil as 

illustrated in Figure B.2.  The magnet was moved inside the coil in three different 

directions.  The displacement is measured with an accuracy of 0.0001in. (~ 

0.0025 mm).   

The relationship between the FEMF and the location of a magnet inside of a 

coil is shown in Figure B.3.  This is typical result of the magnetic field 

distribution inside coils.  As can be seen in the figure, the FEMF is approximately 

constant within the range used in this study.  The most influential movement is in 

the vertical (Z) direction witch is in and out of the coil.  The value of FEMF 

decreases by about 30% by moving from the center of the coil out for 0.3 in. 

(0.762 cm).  However, the maximum shear strain tested in the free-free resonant 

column tests is about 0.1%, which is about 0.1 in. peak movement of the magnet 

in the Z direction.  From Figure B.3, the value of FEMF varies about 3% within this 

range.  Therefore, the value of FEMF can be considered as a constant for research 

purposes. 

The relationship between drive current and the FEMF is shown in Figure 

B.4.  The FEMF is linearly proportional to the drive current and can be expressed 

as: 

FEMF = CEMF ×  (B.4) i

where: CEMF = electromagnetic force coefficient (=0.587 lb./Amp. = 0.261 NT/ 

Amp. ), and i  = driving current (Amp.). 
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Figure B.3  Typical Relationship between the Location of the Magnet within a 
Coil and the Electromagnetic Force, FEMF 
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Figure B.4 Relationship between Drive Current and Electromagnetic Force, 
FEMF 

B.4 Back EMF 

The third phenomenon generated in a coil-magnet arrangement is called 

the back electromotive force, back EMF (or induced EMF).  As a magnet moves 

within a coil, the magnetic field around the coil changes.  The magnetic-field 

change generates a voltage potential in the coil, which is the back EMF.  Based on 

Ohm’s law, the back EMF induces a current in the coil if it is a closed circuit.  

Like the driving current, this induced current will also create an electromagnetic 

force between the coil and magnet.  This electromagnetic force is denoted as 
.  The FEMF ,backF EMF ,back  is 180o out of phase (opposite direction) with respect to 

the velocity of the magnet, so it decreases the motion of the magnet just like a 
viscous damper.  The  is known to be the main source of equipment-EMF ,backF
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generated damping in the fixed-free resonant column (RC) and torsional shear 

(TS) device (Hwang, 1997).  The net excitation force from the coil-magnet drive 
system can be obtained by combining the FEMF and .  However, the FEMF ,backF

EMF

EMF ,back

EMF 

depends on the driving current, while the F  depends on the relative 

velocity between the magnets and the coils (essentially the velocity of the 
magnets).  The phase shift between F

 ,back

FEMF and  changes through out a 

resonant column test as shown in Figure B.5.  It is easier to treat FEMF as an 
external force, and  as a equipment damping term, instead of combining 

the F

EMF ,backF

EMFEMF and  as a net excitation force.  ,backF
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In a fixed-free resonant column test, the polar moment inertia of the drive-

plate is at least ten times higher than that of the specimen (Hwang, 1997), so the 

polar moment inertia of the specimen is negligible compared with the drive plate.  

This relationship means that the specimen and the drive plate together can be 

reduced to a single-degree-of-freedom system.  The governing equation can be 

expressed as: 

M &  + (Cz& z&specimen + Cback EMF)  + K z  = FEMF  (B.5) 

where: M = mass of the top mass, 

Cspecimen = damping coefficient of test specimen, 
Cback EMF = damping coefficient from the back EMF, (where  

C

EMF ,backF  =

&

z&&

z&

back EMF × z ), 

K = spring constant, 

 = the second derivative of displacement, 

 = the first derivative of displacement, 

z  = displacement, 

and FEMF = electromagnetic force. 
It should be noted that , , , Fz z& z&& EMF, and  are phasors, which are the 

combination of magnitudes and phases.  The measured damping ratio, D, can be 

expressed as: 

EMF ,backF

D = 
mk2
cc EMF backspeciemn

⋅

+
= D specimen + D back EMF (B.6) 

As can be seen in the equation, the measured damping ratio is a linear 

combination of the material damping of the specimen and the equipment damping 

ratio caused by the back EMF.  The material damping ratio of the specimen can 
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be obtained by subtracting damping generated by the back EMF from the total 

damping ratio measured from the test.  This approach has been widely used in the 

fixed-free resonant column test in the last decade (Hwang, 1997).  However, it is 

more complicated in a free-free resonant column specimen, where the polar 

moment inertia of the specimen is greater then that of the drive plate.  The 

difference in the polar moment inertia of each specimen can not be ignored in this 

case. 

Two different approaches have been conducted in this study to separate 

equipment-generated damping from the material damping ratio.  The first 

approach is to test each specimen with a varying number of coils, i.e. 2, 4, 6, and 

8 coils.  By plotting the measured damping ratio versus the number of coils, the 

damping ratio with respect to zero coils can be extrapolated.  This method can be 

used for both the half-power bandwidth and the free-vibration decay damping 

ratio measurements.  A special device, an inner chamber switch unit (ICS), which 

is described in Section 3.5, has been developed in the soil dynamic laboratory of 

the University of Texas at Austin as part of this research to accomplish this task.  

The switch unit is operated with an OOPIC (Object Oriented Programmable 

Integrated Circuit) microcontroller.  Details of the ICS and the OOPIC 

microcontroller are discussed in Section 3.5. 
The other approach use to eliminate the  is to open the drive 

circuit of the coils during a free vibration decay test.  As described above, 
 comes from the current generated by the magnetic field changing within 

the coils.  If the drive circuit is opened, then no current can be conducted in the 

EMF ,backF

EMF ,backF
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coils.  Therefore, no  can be generated.  The material damping ratio can 

then be measured without interference from the equipment-generated damping.  

This is an easier way of eliminating equipment damping than extrapolating the 

equipment-generated damping with different number of coils, because it required 

only one test rather than four tests.  However, at small strain levels (< 10

EMF ,backF

-5%), 

damping ratios measured from the free-vibration decay method can exhibit 

significant scatter due to background noise.  The first technique is used in this 

case together with the half-power bandwidth method to measure the material 

damping ratio at small strain levels. 

These two measurement techniques have been verified using a brass 

specimen (UTA-M#6) in a fixed-free resonant column device.  To show the effect 

of the second approach, the metal specimen is first excited by a finger flipping on 

the drive plate while the circuit of the coils is closed.  Figure B.6a shows the time 

records of this free-vibration decay curve.  Then, it is excited again with the 

circuit opened.  The time record of this free-vibration curve is shown in Figure 

B.6b.  As shown in Figure B.6a, the torsional motion decays quickly while the 

circuit of the coils is closed.  On the other hand, as shown in Figure B.6b the 

amplitude of the torsional motion almost does not change after 60 cycles of 

motion, as the circuit of the coils is opened.  This result give a solid prove of the 

performance of the second approach (open the drive circuit during free-vibration 

decay) in eliminating equipment generated damping caused by the Back EMF.   

It is interesting to see that, in Figure B.6a, the torsional motion decay 

quickly.  However, after 30 cycles of free vibration, bending motion becomes the 
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dominated motion after torsional vibration has decayed.  This interesting result is 

the contribution of the coil circuit arrangement, in which Back EMF generated in 

a bending motion of two coils located at the opposite location across the diagonal 

line cancels out each others.  As a result, there is no equipment damping in the 

bending mode, and bending motion becomes the dominated motion after 30 

cycles of free vibration. 
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Figure B.6 Free-Vibration Time Record of Metal Specimen UTA-M#6 with 
Different Coil Impendence 
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The material damping ratio in torsional motion is later determined again 

using the electromagnetic motor and opening the drive circuit during the free-

vibration decay.  To enhance the accuracy of the measurement, a long time period 

of about 10 seconds (~ 500 cycles) was recorded.  The measured damping ratio is 

about 0.02%.  The measured damping ratio of 0.02% is the combination of the 

material damping of the metal specimen and other possible sources of equipment-

generated damping (i.e. energy losses at the boundary, etc.).  A damping ratio of 

0.02% is negligible for damping measurements in most geotechnical materials, 

which normally have material damping ratios greater 0.3%. 

The second approach of eliminating the equipment damping is also tested 

with the same fixed-free arrangement described above.  The measured damping 

ratios with 8, 6, 4, and 2 coils are 0.79%, 0.60%, 0.42%, and 0.21%, respectively.  

The extrapolated damping ratio with zero coil is about 0.02%, which is the same 

as the damping ratio measured from the free-vibration decay method by opening 

the drive circuit during free-vibration decay.  These results prove that both 

techniques of eliminating the equipment generated damping discussed in this 

section give reliable results of eliminating the equipment damping. 

B.5 Demagnetization 

The forth mechanism between the drive coils and permanent magnets is 

demagnetization of permanent magnets.  Permanent magnets are demagnetized 

during each test, due to the opposite magnetic field applied to them.  As a result, 

permanent magnets should be replaced periodically.  However, this mechanism 

can be reduced with higher quality magnets, i.e. Neodymium iron boron magnets.  
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Using slightly demagnetized magnets will not affect the accuracy in resonant 

column tests, since the shear modulus is calculated from the resonant frequency.  

The relationship between drive voltage and force is not required in resonant 

column tests.  The only problem with using demagnetized magnets in a resonant 

column test is that the maximum driving force is reduced, so the specimen can not 

be driven to as high a strain level.  However, demagnetization of permanent 

magnets could be a problem in the torsional shear test.  Periodic calibration of the 

relationship between the drive voltage and force is required for torsional shear 

tests. 

B.6 Summary of Coil-Magnet Interactions 

By combining the first three mechanisms (inductance, electromagnetic 

force, and the back EMF), the net excitation force from the coil-magnet driving 

system can be expressed as: 
Fnet  = FEMF +  EMF ,backF

= CEMF ×   i + C back EMF ×  z&

= CEMF ×
LjR

V
ω+

 + C back EMF ×  (B.7) z&

As can be seen, Equation B.7 is difficult to use, since FEMF depends on the driving 
current, but the  depends on the velocity of the magnets.  It is a better 

idea to treat the F

EMF ,backF

EMF as an external force, and the  as a damping term as 

discussed in Equation B.6. 

EMF ,backF

In a resonant column test,  is the main source of equipment 

generated damping.  It can be eliminated by opening the coil circuit during free 

vibration tests at higher strain level (γ > 10

EMF ,backF

-4%), or by changing the number of 
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coils used for driving the specimen along with the half-power bandwidth method 

at small strain range (γ < 10-4%).  On the other hand, in torsional shear (TS) tests, 

both the displacement and excitation force are needed for determining shear 
modulus and material damping ratio. F  is only one of the sources of the 

equipment damping in the TS tests.  Phase shift between drive current and voltage 

(inductance), as well as various time delays between various measuring 

instrumentations (e.g. filter and signal amplifier) are also the sources of the 

equipment damping in the TS tests.  For the TS tests performed in the soil 

dynamic laboratory of the University of Texas at Austin, metal specimens are 

used periodically for calibrating the equipment damping in the TS tests, D

EMF ,back

eq,TS.  
This way, the material damping ratio caused by the , inductance, and 

various time delays between various measuring instrumentations can be 

eliminated by subtracting the measured damping ratio with the D

EMF ,backF

eq,TS.   
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Appendix C 

Equipment Calibration 

C.1 INTRODUCTION 

In order to obtain accurate test results in the large-scale, multi-mode, free-

free resonant column device (MMD), instruments and transducers purchased from 

manufacture will need to be verified, and devices build in the laboratory at UT 

Austin will need to be calibrated.  Most procedures of verifying the instruments 

and transducers purchased from manufacture used in this study can be found in 

Stokoe et al. 2001.  Two calibrations: (1) mass polar moment of inertia of the 

drive-plate and (2) equipment generated damping, associated with devices build 

in the laboratory at UT Austin are discussed below. 

C.2 CALIBRATION OF MASS POLAR MOMENT OF INERTIA OF THE MMD 
DRIVE-PLATE  

As discussed in Chapter Two, the end masses attached at the both ends of 

the free-free specimen have a significant effect on the resonant frequency.  One 

needs the polar moment inertias of the masses attached at the end of the specimen 

to calculate the shear wave velocity of the specimen.  Most parts of end masses 

are machined in a regular shape or is small enough to be treated as a point mass, 

so the mass polar moment of inertia of these parts can be easily calculated.  

However, the magnet holder is machined in a special shape to connect the 

magnets and the bottom end cap of the specimen.  Because of the irregular shape 

of the magnet holder, it is easier to calibrate the polar moment inertia of the drive-
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plate rather than calculate it by determining the shape of the magnet holder.  (The 

drive-plate in the MMD includes magnet holder with eight magnets and the 

bottom end cap.) 

The polar moment inertia of the drive-plate in the MMD (referred as the 

free-free drive-plate hereafter) is calibrated with a modified fixed-free resonant 

column device using a brass specimen (UT metal specimen #2, UTA-M#2) 

following the similar procedure used in the fixed-free resonant column calibration 

(Hwang 1997).  To determine the mass polar moment of inertia of the free-free 

drive-plate, two fixed-free resonant column tests are performed with the brass 

specimen.  The first fixed-free test is performed with the free-free drive-plate, and 

the second test is performed with the traditional fixed-free drive-plate (referred as 

the fixed-free drive-plate hereafter.)  In the first test, the measured resonant 

frequency, fr, can be expressed as: 

fr = fn × 221 D− . (C.1) 

where, fn = natural frequency of the brass specimen with the free-free drive-plate, 

D = material damping ratio of the brass specimen pluses the equipment 

damping ratio at frequency of fr. 

Since fn = 
π2
1 × 

td II
k
+

 and D<<1, Eq. C.1 can be rewrite as: 

fr = 
π2
1 × 

td II
k
+

 × 221 D− ≈ 
π2
1 × 

td II
k
+

 (C.2) 

where, k = stiffness of the brass specimen, 

Id = mass polar moment of inertia of the free-free drive-plate, and 
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It = mass polar moment of inertia of the brass plate on top of the brass 

specimen, which connects the specimen and the drive-plate. 

Fixed-free resonant column test of the same brass specimen is then 

performed with a fixed-free drive-plate.  As the first test, the resonant frequency, 

fr1, of this resonant test can be expressed as: 

fr1 = 
π2
1 × 

td II
k
+1

 × 2
121 D− ≈ 

π2
1 × 

td II
k
+1

 (C.3) 

where, D1 = material damping ratio of the brass with equipment damping ratio at 

frequency = fr1, and Id1 = mass polar moment of inertia of the fixed-free drive-

plate.  By combining Equations C.2 and C.3, one will find: 
2

1









r

r

f
f = 

)(
)( 1

td

td

II
II

+
+  (C.4) 

In this equation, It can be calculated by measuring the dimension and weight of 

the brass plate, and Id1 is predetermined in the fixed-free resonant column 

calibration.  Therefore, the only unknown in Equation C.4 is the mass polar 

moment of inertias of the free-free drive-plate, Id.  Table C.1 summarizes the 

results of the calibration.  The polar moment of inertia of the free-free drive-plate 

is 0.00355 (lb-fr-sec2). 

Resonant tests have also been performed with vacuum tubes attached on 

top of the free-free drive-plate.  This result is also shown in Table C.1 (last row of 

the data).  As can be seen in the table, the influence of the vacuum tubes on 

measurements of resonant frequency (0.01 Hz) and material damping ratio (0.01 

%) are both negligible. 
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Table C.1  Summary of Calibration Results of the MMD Drive-Plate with Metal 
Specimen UTA-M#2 

Drive-plate 
No. of 
Coils 

Resonant 
Frequency, 
Hz 

It  
(lb-fr-
sec2) 

Id or Id1  
(lb-fr-
sec2) 

Half-Power 
Damping 
Ratrio, % 

Free-
Vibration 
Damping 
Ratrio, % 

Fixed-free  8 104.50 4.62E-05 2.03E-03 0.46 0.02 
Free-free  8 79.37 4.62E-05 3.55E-03 1.38 0.02 
Free-free  6 79.37 4.62E-05 3.55E-03 1.03 0.02 
Free-free  4 79.36 4.62E-05 3.55E-03 0.69 0.02 
Free-free  2 79.37 4.62E-05 3.55E-03 0.39 0.02 
Free-free  0       0.02*   
Free-free**  8 79.36 4.62E-05 3.55E-03 1.39 0.02 

Note: * Extrapolated from previous four tests. 
 ** Two vacuum tubes are connected on top of the drive-plate. 

C.3 EQUIPMENT GENERATED DAMPING IN THE MMD 

As discussed in section 3.4, the back EMF is the main source of the 

equipment generated damping in the MMD.  As shown in Table C.1, in a fixed-

free setup with the free-free drive plate, material damping ratios of the brass 

specimen #2 measured from both the half-power method with different number of 

coils and the free-vibration decay method with an opened circuit are about 0.02%.  

Similar result was found using the fixed-free drive-plate as discussed in Appendix 

B.  The same brass specimen is tested in the large-scale, multi-mode, free-free 

resonant column device (MMD).  Two aluminum cylinders (4 in. long and 6 in. in 

diameter) are added to the both ends of the brass specimen to simulate a soil 

specimen, as shown in Figure C.1.  Material damping ratios are measured from 

both the half-power bandwidth method with different number of coils and the 

free-vibration decay method with an opened circuit.  The measured material 
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damping ratios are 0.02% from these two methods, which is the same as the 

material damping ratio measured in the fixed-free resonant column device. 

 

8-32 
bolts 

Aluminum  
Cylinder 

Brass  
Specimen 
UTA-M#15 

Dive 
Plate 

Figure C.1  Arrangement of Metal Specimen UTA-M#2 in the MMD 
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However, the author notices that material damping ratios, measured from 

some dry granular specimens in the MMD, are slightly higher than expected at 

resonant frequencies higher than 350 Hz.  The measured material damping ratio 

increases from 0.3% to 0.35% as frequency increases from 350 Hz (σo' ~ 2 atm) 

to 400 Hz (σo' ~ 4 atm) in these specimens.  An additional brass specimen (UTA-

M#15) is used to verify the equipment damping at a frequency of 384Hz.  The 

measured damping is about 0.081% from both methods described above.  This 

suggests that there might be another equipment damping source (0.08% - 0.02% = 

0.06%) other than the back EMF. 

There are several possible source of this extra 0.06% of damping.  These 

possible sources are: (1) viscosity of pressure air, (2) boundaries between brass 

specimen and aluminum cylindrical blocks, and (3) specimen supporting system.  

To study the effect viscosity of the pressure air, resonant column tests with metal 

specimen UTA-M#15 are performed at an air pressure of -0.5 atm (vacuum) and 

4.0 atm.  The measured damping ratios are 0.078% and 0.083%, respectively.  

This shows that viscosity of pressured air plays a role at the equipment damping 

ratio at high frequency (>350 Hz), but 0.005% (0.083% - 0.078%) of difference is 

only 10% of the extra 0.06% of damping.  

The second possible source is boundaries between brass specimen and 

aluminum cylindrical blocks.  The brass specimen is connected to the aluminum 

cylindrical blocks as shown in Figure C.1 with four 8-32 bolts.  These four 8.32 

bolts are arranged symmetrically around the brass specimens at a distance of 1.5 

in. to the center of the specimen.  The interfaces between the specimen and the 
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aluminum cylindrical blocks can be idealized as “rigid”, only if the stiffness of the 

brass specimen is much lower then that of the boundaries.  However, metal 

specimen UTA-M#15 is made of a solid brass bar with a radius of 0.75 inch.  The 

stiffness of the boundaries in this case might be lower than that of the metal 

specimen.  The shear modulus of the metal specimen UTA-M#15 measured in the 

MMD is only 6.8×108 psf, which is about 15% lower than other metal specimens 

(G = 8.0×108 psf) made of the same material.  Because the interface is not rigid, 

energy in the specimen can be lost in a frictional form as it passes through the 

boundaries between the specimen and the aluminum cylindrical blocks.  A new 

metal specimen which is machined from one piece of metal without interfaces 

would be needed in future study to eliminate this problem.   

The last and the most possible source is the supporting system of the 

MMD.  As discussed in Chapter Three, specimen in the MMD is supported with 

four soft springs at the bottom end of the specimen.  Fish wires are used to 

connect the bottom end of the specimen to the soft spring, and from the soft 

spring to the supporting frame.  Although, setscrews are used at each connection 

to eliminate frictional damping, it is possible that the arrangement causes an extra 

“0.06%” of equipment damping at higher frequency.  

It is difficult to identify that the main source of the extra “0.06%” of 

equipment damping is the boundaries between brass specimen and aluminum 

cylindrical blocks or the specimen supporting system in the MMD.  A new metal 

specimen which is machined from one piece of metal is needed for further 

investigation.  On the other hand, the extra “0.06%” of equipment damping is 
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negligible in most of damping measurement.  Material damping ratios of most 

geo-materials are higher than 0.3%, which is 5 times higher than this extra 

“0.06%” of damping ratio.  In this study, small- stain material damping ratios of 

sandy and gravelly soils measured at a frequency higher than 350 Hz are deleted 

without further analyses.   

C.4 SUMMARY 

Two calibrations: (1) mass polar moment of inertia of the drive-plate in 

the MMD and (2) equipment generated damping, associated with devices build in 

the laboratory at UT Austin are discussed in this appendix. 

The polar moment inertia of the drive-plate in the MMD is calibrated with 

a modified fixed-free resonant column device using a brass specimen (UT metal 

specimen #2, UTA-M#2) following the similar procedure used in the fixed-free 

resonant column calibration (Hwang 1997).  Result shows that the polar moment 

of inertia of the free-free drive-plate is 0.00355 (lb-fr-sec2).  The effect of the 

vacuum tubes attached at the end of the specimen on measurements of resonant 

frequency (0.01 Hz) and material damping ratio (0.01 %) are both negligible. 

Back EMF is the main source of the equipment damping ratio of the 

MMD at resonant frequency lower than 350 Hz.  Equipment damping at this 

range can be eliminated by either half-power bandwidth method with different 

number of coils or free-vibration decay method with an opened circuit.  An extra 

of 0.06% of equipment damping ratio are found in the MMD as resonant 

frequency surpassed 350 Hz.  The exact causes of this extra equipment damping 

are unknown at this point.  However, because material damping ratios of the most 
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geo-materials are higher than 0.3%, equipment of “0.06%” is negligible in most 

of damping measurement.  In this study, small- stain material damping ratios of 

sandy and gravelly soils measured at a frequency higher than 350 Hz are deleted 

without further analyses.   
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