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Plasma turbulence in the Texas Helimak, a simple magnetized torus (SMT) ex-

periment, has been simulated with fluid and gyrokinetic continuum models that

employ the discontinuous Galerkin (DG) computational method. SMTs are physi-

cal approximations of a sheared cylinder and, with simple magnetic geometry and

extensive diagnostics, are useful for validating numerical models. With helical, open

field lines and magnetic shear, the Helimak is a good model of the plasma turbu-

lence in the scrape-off layer (SOL) region of tokamaks or other fusion devices. This

region lies outside the last closed magnetic flux surface and plays an important role

in determining the exhaust of particles and heat, as well as setting conditions in the

core plasma.

Simulation results were compared with experimental data, and, in particular,

the gyrokinetic continuum model reproduced key features of experimental data.

Differences in the comparison indicate which features are necessary to include in

future models. Furthermore, the DG algorithms are well suited to run efficiently on

highly parallel computer architectures and also maintain conservation properties of

the Hamiltonian gyrokinetic system being modeled. A moment-conserving collision

operator has been implemented in this model, and results are verified with analytic

theory and previous simulations. In general, this research demonstrates the promise

of efficient and accurate gyrokinetic modeling of plasma turbulence on open field

lines, with important applications to plasma fusion research.
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Chapter 1

Introduction

Turbulence plays an important role in determining the transport and heating of

space, astrophysical, and laboratory plasmas. Modeling this turbulence is particu-

larly challenging because of the ability of the plasma to support waves with disparate

space-time scales as well as to generate both short and long wavelengths through

nonlinear processes. In this research, we ultimately seek to better understand and

model plasma turbulence in the scrape-off layer of advanced fusion devices such as

tokamaks.

1.1 Scrape-off Layer Turbulence

In tokamaks, the scrape-off layer (SOL) lies outside the last closed magnetic flux sur-

face and consists of open magnetic field lines that intersect material walls. Modeling

this boundary plasma region is very important because much of the thermal power

in fusion devices flows through it to divertor plates that must survive the resulting

erosion and redeposition. This region is characterized by fast transport along field

lines toward the divertor plates or limiters and turbulent cross-field transport across

field lines to the wall. Based on current experiments, the SOL heat-flux width is

expected to be very narrow (only several gyroradii) and may not scale with machine

size (Eich et al., 2013; Goldston, 2012). Increasing turbulence could mitigate this

by diffusing the power over a wider area.

Turbulent coherent structures called blobs, sometimes referred to as filaments

(Boedo et al., 2014; Krasheninnikov, 2001; Krasheninnikov et al., 2008; Terry et al.,

2007; Zweben and Gould, 1985; Zweben, 1985; Zweben et al., 2003), with higher

temperatures and densities than the background plasma, are convected across field
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lines in the SOL and can collide with chamber walls before reaching the divertor

plate. This could potentially damage plasma-facing components and inject impuri-

ties into the core plasma (Stangeby, 2000). Some coherent structures may have a

beneficial effect by spreading the heat load to the divertor (Rudakov et al., 2005;

Pitts et al., 2005). Thus, the balance between parallel and cross-field transport

in the SOL plays an important role in determining how heat and particles are ex-

hausted in advanced fusion devices (Loarte et al., 2007; Shimada et al., 2007), and

accurate modeling of this region is essential to predict the performance of future

fusion reactors such as ITER.

1.2 Simple Magnetized Torus Experiments

The SOL in tokamaks is generally characterized by steep temperature and density

gradients, geometry that includes an X-point, and complex physics, such as plasma-

wall interactions, impurity transport, radiation, neutral recycling, and a plasma

sheath. Basic plasma physics experiments with simpler magnetic configurations

and lower temperature plasmas than tokamaks permit more comprehensive probe

diagnostics and wider parameter scans than is generally available in fusion devices

and are, thus, useful for validating analytical and numerical models of the SOL. For

example, simple magnetized tori (SMT) experiments, such as the Texas Helimak

(Gentle and He, 2008; Perez et al., 2006) and TORPEX (Poli et al., 2006, 2008;

Ricci et al., 2008), are experimental realizations of the sheared cylindrical slab,

or a magnetized slab with curvature and shear. These experiments use toroidal

vacuum chambers with a toroidal magnetic field Bϕ and a small vertical magnetic

field BZ to produce helical-field lines that terminate on conducting plates at the

top and bottom of the vacuum vessel. This configuration results in a plasma that is

MHD-stable but unstable to microturbulence. With dimensionless parameters and

magnetic geometry similar to the SOL (see Table 2.3 in Williams (2017)), these

devices can be used to compare analytic and numerical models of SOL turbulence

with experimental data as has been done with various fluid codes (Li et al., 2009,

2011; Ricci et al., 2008; Ricci and Rogers, 2009, 2010).

The transition between various turbulence regimes in SMTs as BZ/Bϕ is var-

ied has been studied numerically and experimentally (Poli et al., 2006, 2008; Ricci

and Rogers, 2009, 2010). In Ricci and Rogers (2010), the electrostatic, drift-reduced

Braginskii equations (Zeiler et al., 1997) are used to analyze the transition between
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Figure 1.1: A cross-section of the Helimak experiment in the (R,ϕ) plane from
Gentle and He (2008).

different turbulence regimes, including ideal interchange, resistive-interchange, and

drift-interchange. All three regimes were shown to be present in TORPEX simula-

tions, while only the ideal interchange and drift-interchange modes were predicted

to be present in the Helimak. Velocity shear has been shown to reduce turbulent

transport in magnetized plasma by breaking up turbulent eddies and reducing tur-

bulence amplitudes (Biglari et al., 1990; Terry, 2000). The same mechanism is used

to create transport barriers and increase confinement in fusion devices (Itoh and

Itoh, 1988, 1996; Burrell et al., 1989; Burrell, 1997). SMTs also use limiter biasing

to drive a sheared E×B flow and study the effect of shear flow on turbulent trans-

port in simplified geometry. Experimental results of limiter biasing in the Helimak

and TORPEX have been reported in Gentle et al. (2010, 2014); Theiler et al. (2012).

1.2.1 The Texas Helimak

Plasmas in the Helimak can be generated from noble gas species, though argon is

most commonly used. The plasma is produced via electron cyclotron resonance

heating (ECRH), though most of the power is deposited at the upper-hybrid reso-

nance. The main turbulent drives in the Helimak are the interchange and drift wave

instabilities (Gentle and He, 2008; Gentle et al., 2010; Perez et al., 2006; Williams,

3



2017). The ratio of the vertical magnetic field to toroidal magnetic field BZ/Bϕ

can be varied experimentally from 0.16 to 0.003 by changing resistance in the ver-

tical field coils (Gentle et al., 2014). In the high-pitch-angle configurations of the

Helimak, the experimentally measured parallel wavelength is typically much larger

than the magnetic-field-line connection length, resulting in k‖ ' 0 (Williams, 2017).

Hence, the ideal interchange instability is expected to dominate. In this regime,

the dispersion relation predicts a growth rate of γI ∼ cs/
√
RLp, where cs is the ion

sound speed, R is the major radius of the SMT, and Lp is the pressure gradient scale

length. In the low-pitch-angle configuration, with finite k‖, the drift-interchange in-

stability is the main turbulent drive.

An equilibrium electric potential is set up radially in the Helimak due to the

plasma response to sheath physics, producing a vertical sheared E×B flow. There

are 4 sets of 4 conducting plates, 2 sets on the top and 2 sets on the bottom of

the vacuum vessel, located 180◦ apart toroidally. As seen in Fig. 1.1, each plate is

approximately 0.1 m in width and 0.2 m in height. A bias voltage can be applied to

the same plate in each set, such as the second from the low radial side, to study the

effect of shear flow on turbulence suppression. Over 500 Langmuir probes are present

in the device with both slow and fast digitizers to measure equilibrium profiles and

fluctuation levels, respectively (Gentle and He, 2008; Gentle et al., 2010; Li et al.,

2011). These diagnostics facilitate validation with numerical models.

1.3 Numerical Modeling and Methods

Since β ∼ 10−5 in the Helimak, electromagnetic fluctuations are negligible, and

the plasma is virtually electrostatic. Li et al. (2009, 2011) presented Helimak sim-

ulations using an electrostatic drift-reduced Braginskii model with cold ions, and

these reproduced some key experimental features. As mentioned, similar fluid mod-

els were used to model the TORPEX device (Ricci and Rogers, 2009, 2010), and

extensive validation has been performed (Ricci et al., 2011). These models may

explain SMT and tokamak-SOL plasmas well in some collisional parameter regimes.

However, kinetic models may be required to capture effects that can be significant

in lower-collisionality parameter regimes, such as trapped particles, some nonlinear

wave–particle interactions, and non-Maxwellian features in the particle distribution

functions (Cohen and Xu, 2008; Scott, 2003; Scott et al., 2010). Gyrokinetic contin-

uum simulations have been performed using SMT geometry and parameters similar
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to the National Spherical Tokamak Experiment (NSTX) SOL (Shi, 2017; Shi et al.,

2019), but validation with experimental data was not conducted.

In this thesis, we present both fluid and gyrokinetic simulations of the Texas

Helimak and make comparisons with experimental data. We have used the ArcOn

code (Michoski et al., 2014) to perform two-dimensional fluid simulations and the

Gkeyll code (Shi, 2017; Shi et al., 2015, 2017, 2019) to perform five-dimensional

(three spatial and two velocity dimensions) gyrokinetic continuum simulations. Both

codes use the discontinous Galerkin (DG) finite-element method for spatial dis-

cretization, which we describe in more detail in this section.

1.3.1 Discontinous Galerkin Finite-Element Method

In computational modeling, series-expansion methods approximate the solution to

a partial differential equation as a linear combination of a finite set of basis func-

tions. Examples of series-expansion methods include spectral methods, in which the

basis functions form an orthogonal set, and finite-element methods, in which each

basis function is mostly zero except for a small part of the computational domain.

Consider a simple one-dimensional conservation law of the form

∂f

∂t
+
∂F (f)

∂x
= 0, x ∈ [L,R] = Ω (1.1)

where F represents an operator containing spatial derivatives of f and Ω is the

spatial domain. Then the numerical solution in a series-expansion method is given

by

fh(x, t) =

K∑
k=1

ak(t)ϕk(x), x ∈ Ω, (1.2)

where fh is the numerical solution and ϕk are the basis functions. The residual error

is given by

R(fh) =
∂fh
∂t

+
∂F (fh)

∂x
, (1.3)

and various techniques are applied to minimize errors. In the Galerkin approach,

the residual is required to be orthogonal to all basis functions∫
Ω
dxR(fh)ϕk(x) = 0, ∀ k = 1, . . . ,K. (1.4)
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Other error-minimization techniques include (1) minimizing the L2 norm and (2)

collocation, in which the residual is required to vanish at certain grid points. For

some methods, the Galerkin approach and (1) are identical. For further details on

series-expansion methods and error minimization, see Ch. 6 in Durran (2010).

The discontinous Galerkin (DG) finite-element method was first presented in

Reed and Hill (1973) and has been analyzed extensively in Cockburn and Shu (1989);

Cockburn et al. (1989); Cockburn and Shu (1998, 2001); Hesthaven and Warburton

(2007). In this method, discontinuous basis functions are used to represent the

numerical solution on each cell of the computational domain

fh(x, t) =
K∑
k=1

ak(t)ϕk(x), x ∈ Ωj , (1.5)

where Ωj = [xj−1/2, xj+1/2]. The full numerical solution is just the sum of the local

solutions. In this scheme, the Galerkin approximation is only applied locally on

each cell, rather than globally as in the classic finite-element method. This makes

the method well-suited to highly parallel computer architectures. Additionally, this

method can preserve conservation laws both locally and globally, which is useful for

the conservative Hamiltonian systems we study in this thesis (Chapters 3, 4, and

5).

Again consider Eq. (1.1). The coefficients ak(t) of the numerical solution are

calculated by solving∫
Ωj

dx
∂fh
∂t

ϕk(x) = −
∫

Ωj

dx
∂F (fh)

∂x
ϕk(x) (1.6)

on each element. Integration by parts gives

K∑
n=1

Mn,k
dak
dt

=

∫
Ωj

dxF (fh)
∂ϕk(x)

∂x
− F̂ (fh)ϕk(x)

∣∣∣xj+1/2

xj−1/2

, (1.7)

where Mn,k =
∫

Ωj
dxϕnϕk are components the local mass matrix and F̂ is a numer-

ical approximation to the flux, which takes into account the discontinuous solution

on both sides of the cell boundary. Various numerical fluxes are compared in Cock-

burn and Shu (2001). Simulations presented in this thesis use the Lax–Friedrichs

method

F̂ =
1

2
[F (fL) + F (fR)− C(fR − fL)], (1.8)
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where C = maxf |F ′(f)|. Note that it is useful to map each element to the dimen-

sionless interval Ij = [−1, 1] using the transformation

ξ =
2(x− xj)

∆xj
, (1.9)

where xj is the cell center and ∆xj is the cell width.

Using this transformation, we now distinguish between the nodal and modal

DG representations. The nodal basis functions are typically Lagrange polynomials

ϕk(ξ) =

N∏
n=1
n6=k

ξ − ξn
ξk − ξn

, (1.10)

where ξi are the N Gauss-Legendre quadrature nodes on each cell that also include

the edges. The (N − 1)th degree polynomial ϕk is zero at every node but ξk. In

this form, the integrals in Eq. (1.7) are approximated using Gauss-Legendre-Lobatto

quadrature ∫ 1

−1
dξf(ξ) ≈

N∑
i=1

wi f(ξi), (1.11)

where the weights are defined as

wi =

∫ 1

−1
dξ ϕi(ξ). (1.12)

The matrices used for quadrature, including the mass matrix with elements Mn,k

and the stiffness matrix with elements Sn,k =
∫

Ωj
dx ∂ϕn

∂x ϕk, can be calculated an-

alytically from the basis functions and stored. For more details of this method,

see Hesthaven and Warburton (2007). The nodal representation was used for the

simulations presented in Chapters 2, 3, and 4.

The modal representation typically uses Legendre polynomials for the basis

functions, which are orthogonal on the element interval Ij and result in a mass matrix

that is diagonal. In this case, coefficients of integrals can be computed analytically

prior run-time, resulting in a quadrature-free code. This is the method used in the

new version of Gkeyll. Coefficients are pre-computed using the computer algebra

system Maxima, and the new code is O(10) times faster. Development of and results

from this version of the code are presented in Chapter 5.

In both the nodal and modal representations in Gkeyll, the time discretiza-
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tion is performed using strong stability-preserving (SSP) (Gottlieb et al., 2001)

high-order Runge–Kutta methods as detailed in Cockburn and Shu (1998, 2001).

1.4 Thesis Overview

The rest of the thesis is organized as follows. In Chapter 2, we present a two-

dimensional plasma fluid model of blob turbulence derived from the reduced Bra-

ginskii equations. We derive analytical growth rates for the system of equations.

Using the code ArcOn, we use Helimak parameters and then validate simulation

results with experimental data. We include limiter biasing in the model to study

the effect of shear flow on turbulence suppression. We isolate shear-driven modes

by setting the magnetic curvature term to zero and deriving analytic growth rates

in certain physical limits. Limiter-biasing simulations with and without curvature

are also presented.

In Chapter 3, we present the first kinetic simulations of the Helimak using the

gyrokinetic continuum code Gkeyll, building on work in Shi (2017); Shi et al. (2015,

2017, 2019). We introduce the gyrokinetic equations and describe an approximation

to the plasma source, which is not accurately known in the experiment. We present

a detailed comparison of the grounded results (no limiter biasing) with experimental

data. The simulation reproduces many experimental features and turbulent fluctu-

ations approach experimental levels, which have previously been underpredicted by

fluid codes. Some differences in the comparison provide insight as to what features

need to be included in future models to more accurately represent plasma turbulence

in SMTs or in a tokamak SOL.

In Chapter 4 we present limiter-biasing simulations of the Texas Helimak

using Gkeyll. We again make detailed comparisons with experimental data. In the

Helimak, flow shear due to limiter biasing does not consistently reduce turbulence

fluctuation levels. In our analysis of simluation and experimental data, we demon-

strate how the sheared flows could be affecting transport and, in turn, linear growth

rates, offering a possible explanation for experimental observations (Gentle et al.,

2014). We also consider the possibility of a Kelvin-Helmholtz instability from the

flow shear.

In Chapter 5 we present the development of a moment-conserving gyrokinetic

collision operator in the new version of the Gkeyll code. We set forth the form of

the nonlinear Fokker-Planck operator used, describe properties of the continuous
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operator, and show how our discretization scheme preserves these properties for the

discrete operator. We also describe the time-stepping method used and how we

maintain the stability of this operator as well as the full gyrokinetic Fokker-Planck

system. We present simple benchmark tests demonstrating that the discrete oper-

ator conserves momentum and energy and maximizes entropy. We also reproduce

Helimak simulations with this new version of the Gkeyll code and compare with

data from Chapter 3.

In Chapter 6, we conclude with a summary of our results. We highlight areas

of progress made in modeling plasma turbulence in SMTs. Based on these findings,

we also describe areas of future research that may be important in the work towards

accurate, predictive modeling of tokamak-SOL plasmas.
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Chapter 2

Two-dimensional Fluid Model of the

Texas Helimak

The Texas Helimak, a simple magnetized torus experiment (SMT), is a model of edge

turbulence for fusion devices such as tokamaks. The device has toroidal symmetry

and contains sixteen toroidal field coils and three vertical field coils, which create

helical magnetic field lines within a vacuum chamber. The helical pitch and, hence,

the connection length, of the field lines can be varied by changing resistance in

the vertical field coils. With small helical pitch and long connection length, the

Helimak is a good approximation of an infinite sheared cylinder, with the result that

equilibrium values, such as density, temperature and floating potential, only depend

on a radial coordinate (Gentle and He, 2008). The sheared cylinder approximation

is often used in plasma theory and computation, and the Helimak experiment is,

thus, useful for validating computational plasma models.

Theory and experiment have suggested that in SMTs different plasma insta-

bilities dominate for short connection lengths as compared to long connection lengths

(Poli et al., 2006, 2008; Ricci and Rogers, 2009, 2010). The two main plasma instabil-

ities in the Helimak are interchange, with no wave vectors parallel to the field lines,

and drift wave, with wave vectors parallel to field lines. For short connection lengths,

one would expect interchange instabilities to dominate since parallel wave vectors

are restricted by the connection length. This suggests that two-dimensional field-

line-averaged models, such as is presented in this chapter, would be more accurate

at shorter connection lengths, but would require an extension to three dimensions

to capture the dynamics for longer connection lengths (Ricci and Rogers, 2010).

In this chapter, we describe a two-dimensional field-line-averaged fluid model
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for blob turbulence based on Krasheninnikov (2001); D’Ippolito et al. (2002); Ay-

demir (2005), which is employed in the nodal discontinuous Galerkin code ArcOn

(Michoski et al., 2014). We have performed a scan of connection lengths in both the

experiment and the simulation to determine how the model captures density equi-

librium profiles and fluctuation levels. We present additional analysis of the model,

including expected linear growth rates for the interchange instability. Furthermore,

a voltage bias can be applied to conducting plates in the Helimak to study the affect

of velocity shear on turbulence suppression. We have introduced a limiter-biasing

feature within the model and include those results as well. Finally, we present an

analysis of velocity-shear-driven instabilities in a simulated scenarios without and

with magnetic curvature.

2.1 Fluid Model Equations

In the derivation of the model, we assume a drift-ordered fluid limit, appropriate

to systems with phenomena slow compared to thermal velocities, in which E ×B
drifts are on the order of the diamagnetic drifts caused by pressure gradients, with

both velocities ∼δvt,e, where δ ∼ ρs/L is assumed to be small. Thus, the important

velocities are the E ×B drift velocity VE , the electron diagmagnetic drift velocity

Vd, and parallel velocities V‖,e. The assumption that the magnetic field is in the z

direction and that quantities of interest vary little with respect to this coordinate

permits the reduction to two dimensions, with x representing the radial dimension

and y representing a binormal coordinate perpendicular to both êx and the magnetic

field. We assume quasineutrality, ni = ne ≡ n. We also assume cold ions, Ti ' 0,

and, therefore, the ion diamagnetic drift velocity is negligible. The equations solved

are

∂tn+ [φ, n] = −αn+D∇2
⊥n+ Sn (2.1)

∂tU + [φ,U ] = αφ− β[x, lnn] + µ∇2
⊥U (2.2)

U = ∇2
⊥φ, (2.3)

where n is density, U is vorticity, φ is the electrostatic potential, and Sn is a source

term described below. The brackets are defined as [a, b] = êz · (∇⊥a×∇⊥b). The

spatial units are normalized to the ion sound gyroradius, and time is normalized to

the ion gyroperiod (Michoski et al., 2014). The boundary conditions are periodic in
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x and y.

To derive 2.1 begin with the ion particle continuity equation, neglecting

diffusion and sources:

∂tn+∇ · n(VE + Vd + V‖i) = 0. (2.4)

We assume n∇ ·VE is second-order and that ∇ · nVd,i ≈ 0, since ions are cold. We,

thus, neglect these terms. The continuity equation 2.4 becomes

∂tn+ VE · ∇n = −∇‖(nV‖i). (2.5)

Integrating over the field line gives

∂tn+ VE · ∇n = − 2

Lc
ncs, (2.6)

where Lc is the connection length, and we have assumed that ions enter the sheath

at the ion sound speed cs (Stangeby, 2000).

Next we derive the vorticity equation (2.2) from the divergence of the current

density. Due to quasineutrality, we must have ∇ · (jd + jp) +∇‖j‖ = 0, where the

diamagnetic, polarization, and parallel current are given by

jd = (B/B2)×∇p (2.7)

jp = (−nmi/B
2)dt∇φ (2.8)

j‖ = en(V‖i − V‖e). (2.9)

Using the Boussinesq approximation, ∇·jp ≈ (−nmi/B
2)dt∇2φ, and the divergence

of the diamagnetic drift, ∇ · jd =
(
∇×B/B2

)
· ∇p, gives

nmi

B2
dt∇2φ =

(
∇× B

B2

)
· ∇p+∇‖[en(V‖i − V‖e)]. (2.10)

We can express the first term on the RHS in terms of curvature κ = (b · ∇)b. First,

note that

∇× B

B2
=
b×∇B2

B3
+
∇×B
B2

' 2b×∇B
B2

, (2.11)

where in the last expression we have assumed negligible local current densities (Li

12



et al., 2009). Using vector identities, we find

B × (∇×B) = (∇B) ·B − (B · ∇)B (2.12)

∇B
2

2
= B × (∇×B) + (B · ∇)B (2.13)

(B · ∇)B = (b ·B∇B)b+B2(b · ∇)b = ∇B
2

2
· b+B2κ (2.14)

∇B
2

2
= B × (∇×B) +∇B

2

2
· b+B2κ (2.15)

κ ' ∇⊥B
B

(2.16)

b× κ
B

= b× ∇B
B2

. (2.17)

Thus, the vorticity equation becomes

nmi

B2
dt∇2φ =

(
2b× κ
B

)
· ∇p+∇‖[en(V‖i − V‖e)]. (2.18)

Integrating along field lines gives

nmi

B2
dt∇2φ =

(
2b× κ
B

)
· ∇p+

2

Lz
encs [1− exp(Λ− eφ/Te)] (2.19)

'
(

2b× κ
B

)
· ∇p+

2

Lz
encs(Λ− eφ/Te), (2.20)

where Λ =
√
mi/(2πme) is the sheath parameter, and we have assumed (Λ−eφ/Te)

is small. The continuity and vorticity equation are written in dimensionless form by

normalizing spatial units to ion gyroradius ρs, time to ion gyrofrequency Ωi, density

to a background density n0, and electrostatic potential to Te/e. In dimensionless

form, curvature is κ = −(ρs/R)êx. Let α = 2ρs/Lc and β = 2ρs/R0. Finally, trans-

forming to a reference frame with a constant velocity, defining the potential as the

difference of the total potential from the Bohm sheath potential, using the definition

of the Poisson bracket given above, Eq. (2.6) and Eq. (2.20) become Eq. (2.1) and

Eq. (2.2), respectively.

Finally, we use a Gaussian source of the form

Sn =
αLx√
2πσ2

e
−
(
x−x0
2σ

)2

, (2.21)
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Figure 2.1: Comparison of linear growth rates for different values of β, the curvature
parameter.

where Lx is the simulation box width in x, and the source width is σ = 6ρs.

2.2 Linear Growth Rate

We now derive the linear growth rates of this model. Assume perturbations to

density and vorticity of the form n = n0 + ñ and U = U0 + Ũ , respectively, where

ñ and Ũ are proportional to ei(ky−ωt). Let us assume ∂2
x � k2

y and for simplicity

denote ky by k. We denote radial derivatives as ∂x = ′. We also assume that the

parallel loss term αn balances the source Sn. Substituting into the ArcOn equations

and neglecting terms second-order and higher, gives

−iωñ+ ik(φ′0ñ− n′0φ̃) = −Dk2ñ (2.22)

−iωŨ + ik(φ′0Ũ − U ′0φ̃) = αφ+ ik
β

n
ñ− µk2Ũ (2.23)

U = ∇2φ = φ′′0 + φ̃′′ − k2φ̃ ' −k2φ̃. (2.24)
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Without loss of generality, we can take φ0 = 0. Note that ñ
n0+ñ ' ñ

n0
. Then

substituting for U the equations above become

−iωñ− ikn′0φ̃ = −Dk2ñ (2.25)

iωk2φ̃ = αφ̃+ ik
β

n0
ñ+ µk4φ̃.

Solving the first equation for ñ and substituting into the second gives, after simpli-

fication, the following dispersion relation:

(iω − µk2)(iω −Dk2)− α

k2
(iω −Dk2) +

β

Ln
= 0, (2.26)

where Ln = −n0/n
′
0 is the density gradient scale length. Also, Ln = −λ, where λ is

the e-folding length defined by

1

Ly

∫
n dy = e−x/λ. (2.27)

The dispersion relation is quadratic in ω:

ω2 + i
(
Dk2 + µk2 +

α

k2

)
ω −

(
µDk4 + αD − β

λ

)
= 0. (2.28)

This gives

ω =
1

2

[
− i
(
Dk2 + µk2 +

α

k2

)
(2.29)

±
√
−
(
Dk2 + µk2 +

α

k2

)2
+ 4

(
µDk4 + αD − β

λ

) ]
. (2.30)

Since the argument of the radicand is always negative for any parameter values, the

second term is always imaginary and, thus, contributes to the growth rate. Figure

2.1 compares the growth rates for various values of β, the curvature parameter,

and Ln = 10ρs. These are compared with the estimated interchange growth rate

γI ∼ cs/
√
R0Ln (in red) for R0 = 50ρs m and Ln = 10ρs.
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Figure 2.2: Comparison of equilibrium density profiles in the Texas Helimak for
various magnetic-field-line connection lengths. Connection length is determined by
resistance in the vertical field coils, given in Ohms.

2.3 Validation with Helimak Experiment

We now describe the experimental research conducted on the Texas Helimak, which

was used to validate the model described in the previous section. In particular, the

magnetic-field-line connection length was varied to study the effect on equilibrium

profiles and density fluctuation profiles. Data for the equilibrium profiles and den-

sity fluctuations was measured for eight field-line connection lengths, and an argon

gas species was used for all shots. The device has a set of resistors in series and in

parallel, which can be changed manually to set the resistance in the vertical field

coils. It also contains over 500 Langmuir surface probes, and data is retrieved from

these by fast and slow digitizers. The fast digitizer, used for density fluctuation mea-

surements, contains 16 channels and samples data at 100 kHz. The slow digitizer,

used for equilibrium profile measurements, contains 64 channels and samples data

at 7 kHz (Gentle and He, 2008). The data analysis was performed using MDS+, an

open source software package commonly used in plasma and fusion experiments.

The density profiles and density fluctuations are pictured in figures 2.2 and

2.3, respectively. For these shots, the plasma pressure was 21 µT and the power

input was 6 kW. Lower resistance in the vertical field coils corresponds to shorter

connection lengths. As can be seen, changing the connection length appears to have
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Figure 2.3: Comparison of equilibrium density profiles in the Texas Helimak for
various magnetic-field-line connection lengths. Connection length is determined by
resistance in the vertical field coils, given in Ohms. Fluctuation levels are calculated
as the root mean square of density fluctuations over the local mean density.

little effect on the density profiles, though shorter connection lengths seem to pro-

duce a slightly greater density profiles. The density fluctuation levels do not vary

greatly with different connection lengths. The data from the shot at 10 Ω appears

anomalous compared to the other shots. A similar result was obtained after taking

data at this resistance on a different day. Upon further examination, it appeared that

the probe bias may have been too low for that particular shot and that there was in-

sufficient ion saturation. Considering only the other connection lengths, turbulence

levels appear slightly higher for longer connection lengths. Further analysis would be

required, such as measurements of k‖ to determine the dominant instabilities. This

data was not available for these shots. In other instances, measurements of finite

k‖ at longer connection lengths have suggested a transition to a drift-interchange

regime as resistance through the vertical field coils is increased (Williams, 2017).

Within the ArcOn model, the parallel loss and curvature parameters are

defined as α = 2ρs/Lc and β = 2ρs/R, respectively, where ρs is the ion gyroradius,

Lc is the connection length, and R is the major radius. The dimensionless diffusion

and viscosity coefficients are estimated as D = µ = νii/Ωci ≈ 0.01. The connection
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length can be calculated from the resistance using the following formula:

Lc =
(1.65 m2) IT

IV R
, (2.31)

where the coefficient is a fit parameter, IT and IV are the currents through the

toroidal and vertical coils, and R is the major radius. IT and IV are known experi-

mentally for each value of the vertical field coil resistance.

Initial simulations of the model contained fixed α. We subsequently included

an x-dependency in this parameter to model the radially-varying connection length

in the Helimak:

α = α0(0.6 + 0.02x) , α0 =
2 ρs Iv
1.65 IT

. (2.32)

The gas species argon has a value of ρs = 0.02 m. The extent of the radial domain is

x ∈ [0, 50], and the major radius in this formula ranges from 0.6 m to 1.6 m as it does

in the Helimak. The curvature parameter β was constant in these simulations at

0.04, corresponding to an average major radius of 1.1 m. Simulations for connection

lengths corresponding approximately to 2.7 and 10 Ω resistances were completed on

the Stampede cluster at the Texas Advanced Computing Center.

2.3.1 Comparison with Experimental Data

The density profiles and density fluctuations from the simulations are pictured in

figures 2.4 and 2.5, with experimental data in gray. Unlike the experimental data,

these differ greatly between the two connection lengths. The longer connection

lengths show less variation in the density profile. This can be explained by the

fact that α is small for longer connection lengths, resulting in a smaller loss term,

-αn, and, hence, higher density at the ends of the domain. The source term is also

α-dependent, resulting in a smaller peak in the profile. The density in our model

is normalized to a background density, and since the mechanisms for the power

deposition are not clearly understood in the Helimak, the ArcOn density profiles

were scaled to experimental profiles. The qualitative shape of the 2.7 Ω profile

corresponds well to experiment, though changes need to be made to the source term

and other parameters in the code, so that there is less variation in the simulated

density profiles for different values of α. Much of the power in the Helimak is

deposited at the upper hybrid resonance. This is challenging to model analytically

and provides an opportunity for future work.
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Figure 2.4: Comparison of equilibrium density profiles in ArcOn simulations of
two different connection-length scenarios in the Texas Helimak, corresponding to
resistance through the vertical field coils of 2.7 Ω and 10 Ω. Experimental values are
shown in gray. Since the density in our model is normalized to a background density
and the power deposition has not been accurately measured in the Helimak, the
ArcOn density profiles were scaled to experimental profiles. The lower connection
length, or 2.7 Ω, case captures experimental density profiles better than the higher
connection length, or 10 Ω case.
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Figure 2.5: Comparison of density fluctuation profiles in ArcOn simulations of two
different connection-length scenarios in the Texas Helimak, corresponding to resis-
tance through the vertical field coils of 2.7 Ω and 10 Ω. Fluctuation levels are
calculated as the root mean square of density fluctuations over the local mean den-
sity. The higher mean density for the 10 Ω case observed in Fig. 2.4 results in a
lower fluctuation level.
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The density fluctuations are calculated in both experiment and the simula-

tion from the standard deviation in density fluctuations, ñ = n − 〈n〉, normalized

to the mean of the density. Here angle brackets denote either an average in time

(experiment) or an average in time and the bi-normal direction (simulation). There

might be better methods, such as the power spectra, for comparing turbulent be-

havior of the plasma. In general, the turbulence levels from ArcOn are much less

than those from experiment, and the qualitative shape of the curves do not corre-

spond well to experiment, as seen in Fig. 2.5. The more strongly peaked density

profile for the simulated 2.7 Ω case likely gave rise to the increased turbulence levels

relative to the simulated 10 Ω case. In longer connection length regimes, such as

latter case, drift waves with finite k‖ contribute to turbulence levels. However, this

is not included in our two-dimensional model. Thus, these results indicate that, in

its current state, ArcOn is only appropriate for lower connection length regimes.

2.4 Limiter Biasing: Model and Results

In the Helimak, a bias voltage is applied to the second plates to study the effect of

velocity shear on turbulence suppression in simpler conditions than more advanced

fusion devices. Bias voltages from +25 V to -40 V were applied, and turbulence

levels were measured.

Following Li et al. (2011), we simulated limiter biasing in the 2D model

employed in ArcOn. We replaced the vorticity equation (2.2) with

∂tU + [φ,U ] = α(φ− φb)− β[x, lnn] + µ∇2
⊥U (2.33)

φb =
Vb
2
{tanh[(xmax − x)/xb] + tanh[(x− xmin)/w]} , (2.34)

where Vb = 1, xmin = 20, xmax = 40, and w = 1, all in dimensionless units. This is

a more realistic model of limiter biasing than in Li et al. (2011), in which the width

of the tanh functions was 10 times as large, as shown in figure 2.6.

Helimak experiments have shown no clear relation between flow shear and

turbulence level reductions (Gentle et al., 2014). It is possible that flow shear could

drive Kelvin-Helmholtz instabilities, and to isolate the effect of these modes we

analyzed the ArcOn model without the curvature term β.
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Figure 2.6: Comparison of functions used for the bias voltage φb by Li, et al. (Li
et al., 2011) and Arcon to model limiter biasing in the Helimak.

2.4.1 Velocity Profile Stability Analysis Without Curvature

Assume perturbations to density and vorticity of the form n = n0 + ñ and U =

U0 + Ũ , respectively, where ñ and Ũ are proportional to ei(ky−ωt). Let us assume

that the parallel loss term αn balances the source Sn and β = 0, since we are

considering the case with biasing and without curvature. Let k = ky for simplicity.

Substituting into the ArcOn equations terms second-order or higher gives

−iωñ+ ik(φ′0ñ− n′0φ̃) = −Dk2ñ (2.35)

−iωŨ + ik(φ′0Ũ − U ′0φ̃) = α(φ− φb)− µk2Ũ (2.36)

U = ∇2φ = φ′′0 + φ̃′′ − k2φ̃, (2.37)

where ′ = ∂x. Since β = 0, the density becomes passively advected, and we need

only consider the vorticity equation. We assume that the limiter biasing sets the flow

profile such that V = −φ′0. Simplifying the vorticity equation, using U0 = φ′′0 = −V ′
and Ũ = φ̃′′ − k2φ̃ gives

α(φ0 − φb) + µφ
(4)
0 = 0 (2.38)

−iω(φ̃′′ − k2φ̃) + ik[φ′0(φ̃′′ − k2φ̃)− φ′′′0 φ̃] = αφ̃+ µ(φ̃(4) − 2k2φ̃′′ + k4φ̃), (2.39)
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where we have separated zeroth-order and first-order terms.

We now solve for the equilibrium potential using Eq. (2.38). Without loss of

generality, we can assume the bias plate begins at x = 0. If one approximates φb as

a step function and assumes infinitely distant boundaries, the solution is given by a

piecewise function:

φ0 =


p1 x ≤ 0

p2 0 < x ≤W
p3 x > W

(2.40)

p1 = a1 cosκx eκx + c1 sinκx eκx (2.41)

p2 = a2 cosκx eκx + b2 cosκx e−κx + c2 sinκx eκx + d2 sinκx e−κx (2.42)

p3 = b3 cosκx e−κx + d3 sinκx e−κx, (2.43)

where κ = (α/µ)0.25 and W is the width of the bias plate. Assuming a continuous

solution and also continuous first, second, and third derivatives at the edges of the

bias plates, the coefficients are given by

a1 =
e−κW

(
eκW sin2(κW ) + eκW cos2(κW )− cos(κW )

)
2
(
sin2(κW ) + cos2(κW )

) (2.44)

c1 = − e−κW sin(κW )

2
(
sin2(κW ) + cos2(κW )

) (2.45)

a2 = − e−κW cos(κW )

2
(
sin2(κW ) + cos2(κW )

) (2.46)

b2 = −1

2
(2.47)

c2 = − e−κW sin(κW )

2
(
sin2(κW ) + cos2(κW )

) (2.48)

d2 = 0 (2.49)

b3 = −sin2(κW ) + cos2(κW )− eκW cos(kW )

2
(
sin2(κW ) + cos2(κW )

) (2.50)

d3 = −eκW
(
− cot2(κW )− 1

)
csc(κW )

2 (cot2(κW ) + 1)
2 . (2.51)

This equation is plotted in figure 2.7 for µ = 0.1 and µ = 0.01 and compared with

simulation data from ArcOn. The simulation potential profiles are broader than the

analytical functions, which could be due to turbulence or numerical fluctuations.
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Figure 2.7: Comparison of analytic and numerical solutions of the steady-state (a)
plasma potential and (b) flow velocity VE in the ArcOn model for zero curvature
and different viscosities. The broadening of simulation profiles could be due to
turbulence or numerical diffusion.

Figure 2.8 compares density fluctuation profiles in the zero-curvature limit for these

viscosities. The µ = 0.001 case has turbulence fluctuation levels approximately twice

that of the µ = 0.01 case.

Now consider Eq. (2.39) and find the solution for φ̃(x) by assuming the right

hand side is very small. After rearranging and substituting V for φ′0 and ω/k for c,

we have the Rayleigh stability equation:

(V − c)(φ̃′′ − k2φ̃)− V ′′φ̃ = 0. (2.52)

The boundary conditions are φ̃(−∞) = φ̃(+∞) = 0, which is satisfied by

φ̃ ∼ e−kx , φ̃′ ∼ −ke−kx for x→ +∞ (2.53)

φ̃ ∼ ekx , φ̃′ ∼ −kekx for x→ −∞. (2.54)

Equation 2.52 was solved numerically as a boundary value problem, assuming a

velocity profile of the form V = sech2(x), also known as a Bickley jet (Drazin

and Howard, 1966). Note that the velocity profile in the model is actually a sum

of two Bickley jets, but they are far enough apart that they can be considered

individually. This problem has two marginally stable eigensolutions. The first is an

even mode with φ̃(x) = sech2(x), k = 2, and cr = 2/3, where cr is the real part of

the phase velocity, and all units are dimensionless. The second, odd mode is given

by φ̃(x) = sech(x)tanh(x), k = 1, and cr = 2/3. The odd and even eigensolutions

24



10 20 30 40
x/ s

0.0

0.1

0.2

0.3

0.4

0.5
n r

m
s/

n

bias plate

ArcOn = 0.01
ArcOn = 0.001

Figure 2.8: Comparison of simulation density fluctuation levels for different viscosi-
ties in the zero-curvature limit.
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Figure 2.9: Growth rates and phase velocities of the eigensolutions to the ArcOn
equations in the inviscid limit with zero-curvature. This is identical to the Rayleigh
stability equation (2.52). We solved this equation numerically assuming a velocity
profile of the form V = sech(x), also known as a Bickley jet (Drazin and Howard,
1966). Note that the flow profile in the simulation is actually a sum of two jets. On
average, simulation growth rates were less than 0.05, implying the presence of the
odd mode.
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Figure 2.10: Comparison of simulation (a) density profiles and (b) density fluctua-
tion levels for grounded and limiter-biased scenarios in the Helimak.

are unstable for 0 < k < 1 and 0 < k < 2, respectfully. The corresponding stable

solution was used to initialize the boundary value problem to calculate growth rates

and phase velocities for a given k.

The results of our calculation are shown in Fig. 2.9 and agree well with

Drazin and Howard (1966). By comparing with with Fig. 2.1, this plot indicates

that shear instabilities could compete with linear interchange growth rates. Linear

growth rates in ArcOn were analyzed for the µ = 0.001 case with β = 0, and average

growth rates were less than 0.05, implying the presence of the even mode. However,

to make a more accurate comparison, it is necessary to include viscosity, i.e. finite µ,

in the stability analysis of Eq. (2.39). This challenging problem has been considered

by Clenshaw and Elliott (1960); Curle and Howarth (1957), but further analysis is

not within the scope of this thesis.

2.4.2 Simulations with Limiter Biasing and Curvature

We now present the results of Helimak simulations with limiter biasing using the

ArcOn model, Eqs. (2.1)-(2.3). We simulated a 2.7 scenario with D = µ = 0.01 and

β = 0.04. We ran the simulations for 25,000 gyroperiods, which is approximately

100 ms or 25 ion transit periods. An ion transit period is defined as τ‖ = Lc/(2cs).

In this section, we compare the results from a grounded scenario, a positively biased

scenario with Vb = 1 and a negatively biased scenario Vb = −1. The normalized

bias voltage values correspond to +10 V and -10 V, respectively.

Figure 2.10(a) compares density profiles for these three cases. The limiter-

biased cases have lower density everywhere. The density fluctuation levels are com-
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Figure 2.11: Comparison of simulation (a) plasma potential profiles and (b) VE for
grounded and limiter-biased scenarios in the Helimak.

pared in Fig. 2.10(b). Biased fluctuation levels appear to be larger when it is mostly

due to the fact the density fluctuation levels are normalized to the mean density

values, which are lower for the biased scenarios. There is a small increase in density

fluctuation levels just to the left of the biasing plate, which could be due to flow

shear, or Kelvin-Helmholtz, instabilities. The effect of limiter biasing on the plasma

potential is clearly visible in Fig. 2.11(a). However, according to experimental re-

sults, there should be more radial variation in the plasma potential of the grounded

scenario. The lack of a radial plasma profile is likely due to the fact that we do

not include sheath physics in this simplified model. Figure 2.11(b) compares flow

profiles, which are calculated as VE = −dφ0/dx. The negative sign results from the

direction of the Helimak magnetic field. The sheared flow is much more noticeable in

the cases with limiter biasing and flow values approach experimental measurements

(Gentle et al., 2014).

2.5 Conclusion

This simplified model is appropriate for studying blob turbulence in regimes domi-

nated by the ideal interchange mode. We demonstrated some qualitative agreement

in our comparisons with experimental profiles. However, improvements to the model

are required prior to further comparison with experimental data. Future work might

include testing a narrower source to create steeper gradients and turbulence levels

that more closely match experimental values. Other improvements might include

implementing a source term that can capture the upper hybrid resonance frequency
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and extending to non-periodic boundary conditions. For the latter, a possible so-

lution would be to use a wider x domain but only keep data from a portion of the

domain.

We have also used this model to simulate limiter biasing in the Helimak and

to study the interplay between shear-driven instabilities and interchange instabili-

ties. In our linear analysis of a scenario with no curvature, we demonstrated that

linear growth rates from shear-driven instabilities could compete with interchange

growth rates. If flow shear is indeed driving instabilities, as predicted by our linear

analysis, it could explain why there is no clear relation between shear levels and

turbulence reduction observed experimentally in the Texas Helimak. Further anal-

ysis to support this hypothesis is necessary, including solving the Orr-Sommerfeld

equation for the jet velocity profile. Future work might also include an analysis of

linear growth rates due to sheared flow that retains the α and β terms in equa-

tion. This could be compared with the limiter-biased simulations presented in the

previous section.
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Chapter 3

Gyrokinetic Modeling of the Texas

Helimak

In this chapter, we present gyrokinetic continuum simulations of the Texas Helimak

using the plasma fluid code Gkeyll.1 After a brief introduction, we describe the

gyrokinetic model and parameters employed in the simulation. We then present the

results of our nonlinear simulation and compare with experimental data. Next we

describe some physical and geometric features that are not currently included in our

model, and how including them may improve future results. We conclude with a

summary of these findings.

3.1 Introduction

Fluid simulations of the Heliamk produced some key experimental features, and

more complete fluid models may explain SMT plasmas well in some collisional pa-

rameter regimes. However, kinetic models are required to capture effects that can

be significant in lower-collisionality parameter regimes, such as trapped particles,

some nonlinear wave–particle interactions, and non-Maxwellian features in the par-

ticle distribution functions (Cohen and Xu, 2008; Scott, 2003; Scott et al., 2010).

1Bernard, T. N., Shi, E. L., Gentle, K. W., Hakim, A., Hammett, G. W., Stoltzfus-Dueck, T.,
Taylor, E. I. (2019). Gyrokinetic continuum simulations of plasma turbulence in the Texas Helimak.
Physics of Plasmas, 26(4), 042301.

Author contributions: T. N. Bernard set up and ran the simulations, carried out the analysis and
experimental comparison, and wrote the paper. E. L. Shi developed many of the computational
tools for simulation. K. W. Gentle is the P. I. of the experiment and provided experimental data.
A. Hakim is the lead developer of the Gkeyll code. G. W. Hammett and T. Stoltzfus-Dueck advised
on plasma theory and data analysis. E. I. Taylor provided experimental data.
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This chapter details the first kinetic simulations of the Helimak. We use the Gkeyll

computational framework to solve a five-dimensional (three spatial dimensions and

two velocity dimensions) gyrokinetic equation, building on work by Shi et al. using

straight and helical open-field-line configurations (Shi et al., 2015, 2017; Shi, 2017;

Shi et al., 2019). We maintain similarities with the set-up of the fluid simulations

in Li et al. (2009) and Li et al. (2011) for comparison with those results.

In Shi (2017) and Shi et al. (2019), Gkeyll simulations were performed with

SMT geometry and NSTX-SOL parameters for a thin radial region (∆R/R ∼ 0.1).

These simulations neglected geometrical variation of SOL flux surfaces with poloidal

angle, such as flux expansion and magnetic shear. Therefore, detailed comparisons

with experimental data were not included, though there were interesting qualitative

similarities. Here we use Gkeyll to model the Helimak, where the geometry of the

simulation is much closer to that in the experiment, which only has a toroidal mag-

netic field plus a vertical magnetic field. The experiment has some magnetic shear

(Gentle and He, 2008; Williams, 2017) that is ignored at present in the simulation.

The Helimak simulation also spans a much broader range of radius, ∆R/R ∼ 0.5.

We include detailed comparisons with experimental measurements, including the

time-averaged density and temperature profiles, turbulence fluctuation amplitudes,

and correlation functions.

The ratio of the vertical magnetic field to toroidal magnetic field BZ/Bϕ

can be varied experimentally from 0.16 to 0.003 by changing resistance in the ver-

tical field coils (Gentle et al., 2014). The transition between various turbulence

regimes in SMTs as BZ/Bϕ is varied has been studied numerically and experimen-

tally (Ricci and Rogers, 2009, 2010; Poli et al., 2006, 2008). Ricci and Rogers (2010)

used the electrostatic, drift-reduced Braginskii equations (Zeiler et al., 1997) to ana-

lyze the transition between different turbulence regimes, including ideal interchange,

resistive-interchange, and drift-interchange, in SMTs. They predicted only the first

and last are present in the Helimak. For the ideal interchange instability, k‖ = 0,

and the dispersion relation predicts a growth rate of γI ∼ cs/
√
RLp, where cs is the

ion sound speed, R is the major radius of the SMT, and Lp is the pressure gradient

scale length. In the high-pitch-angle configurations of the Helimak that we consider

in this chapter, the experimentally measured parallel wavelength is typically much

larger than the magnetic-field-line connection length, resulting in k‖ ' 0 (Williams,

2017). Hence, the ideal interchange instability is expected to dominate. In the low-

pitch-angle configuration, with finite k‖, the drift-interchange instability is the main
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Figure 3.1: A map of the nonorthogonal field-line-following coordinates to cylindrical
coordinates (r, ϕ, Z) at a slice in the radial direction for a field line with N = 4
toroidal turns. (The experiment we simulated actually has N = 5.8 turns.) The
pink region shows one of the edges of the simulation domain, at z = Lz/2. Red lines
are surfaces of constant y, which follow field lines; i.e. y is constant on a field line.
As such, it is a field line label and is used as a perpendicular coordinate. The thick
red line is parallel to the magnetic field line at y = 0. Dashed black lines are surfaces
of constant z, with conducting sheath boundary conditions applied along the blue
dashed lines, and fewer are shown to indicate the coarser resolution in z than in
y. Note that the Helimak experimental magnetic field B points in the direction of
decreasing z, and the unit tangent vectors form a left-handed coordinate system.
The radial tangent vector êx points out of the plane and (êx × êy) · êz < 0.

turbulent drive.

The plasma response to sheath physics in the Helimak sets up a radially-

varying electric potential, producing a vertical E ×B flow that varies with radius.

A bias voltage can be applied to conducting plates on which magnetic field lines

terminate to modify the vertical sheared flow and study the effect of velocity shear

on turbulence suppression. In this chapter, we only consider the case where all

conducting plates are grounded and present the results of limiter-biasing in Chapter

4.

3.2 Gyrokinetic Model Equations

The Gkeyll code uses a nodal discontinuous Galerkin (DG) computational method

for the spatial discretization and an explicit third-order Runge–Kutta method to

discretize in time (Liu and Shu, 2000; Gottlieb et al., 2001). In our simulations,

we solve the full-f gyrokinetic equation in the long-wavelength, zero-Larmor-radius
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limit using the gyrocenter distribution function fs(R, v‖, µ, t):

∂Jsfs
∂t

+∇ · (JsṘfs) +
∂

∂v‖
(Jsv̇‖fs) = JsC[fs] + JsSs, (3.1)

where s refers to the species, C[fs] is a simplified nonlinear Fokker-Planck collision

operator, also called the Lenard-Bernstein or Dougherty operator, and Ss is a source

term, which we describe in more detail below. The Jacobian is J = B∗‖ , where

B∗‖ = b · B∗‖ , and B∗‖ = B + (Bv‖/Ωs)∇ × b. We use B∗‖ ' B. The phase-space

advection velocities Ṙ = {R, H} and v̇‖ = {v‖, H} are defined in terms of the

Poisson bracket

{F,G} =
B∗

msB∗‖
·
(
∇F ∂G

∂v‖
− ∂F

∂v‖
∇G

)
− 1

qsB∗‖
b · ∇F ×∇G. (3.2)

The gyrocenter Hamiltonian is

Hs =
1

2
mv2
‖ + µB + qs〈φ〉α, (3.3)

where 〈〉α is the gyro-average. In the long wavelength limit, 〈φ〉α = φ. In the

continuous-time limit, the DG advection scheme we use is energy-conserving. For

more details of our computational scheme, see Shi et al. (2017); Shi (2017); Shi et al.

(2019).

We solve for the electrostatic potential using the long-wavelength, gyrokinetic

Poisson equation with a linear ion polarization density

−∇ ·
(
ngi0q

2
i ρ

2
s0

Te0
∇⊥φ

)
= σg = qin

g
i (R, t)− ene(R, t), (3.4)

where ρs0 = cs0/Ωi is the ion sound gyroradius and cs0 =
√
Te0/mi is the ion sound

speed. (Note that the left hand side is actually independent of electron tempera-

ture since ρ2
s0 ∝ Te0, but it is convenient to recover conventional normalizations so

that ∇2
⊥ is normalized by ρ2

s0, and eφ is normalized by Te0.) In these simulations,

we assume qi = e, which appears to be a reasonable approximation since spectro-

scopic measurements indicate no ionzation states greater than Z = 1 for an argon

plasma in the Helimak. The background ion guiding-center density ngi0 is taken to

be constant in space and time. Nonlinear polarization with a spatially- and time-

dependent density is important future work.
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We artificially increased the electron mass so that mi/me = 400, which is

about 180 times smaller than the actual argon ion-to-electron mass ratio but twice

the ratio used in previous fluid simulations (Li et al., 2011). The electron mean free

path, λee = vt,e/νee, is the same as experiment since the thermal speed and collision

frequency contain the same mass dependency. The increased electron mass does

significantly reduce electron parallel thermal conduction, but it is still fast enough

that electron temperature is uniform along field lines.

We use a nonorthogonal field-line-following coordinate system (Beer et al.,

1995; Hammett et al., 1993; Scott, 1998) to model the helical field lines: z is the

distance along the field, x is the radial coordinate, and y is the bi-normal coordi-

nate. Field-line curvature enters through the second term in B∗, which contributes

terms proportional to ∇ × b · ∇y = −1/x. The field strength is dominated by the

vacuum toroidal field; therefore, we assume B(x) = B0(R0/x). Using the conven-

tion for field-line-following coordinate systems (Beer et al., 1995), the direction of

increasing z points in the clockwise direction when viewed from above. The Heli-

mak experimental magnetic field points in the counterclockwise, or −z, direction.

Transformation to a cylindrical coordinate system (R,ϕ,Z) is given by

Z = −2.0z/Lz + 1.0 (3.5)

ϕ =
2π

Ly

(
y +

2.0z

Lz
− 1.0

)
, (3.6)

where Ly is the extent of the domain in y and Lz is both the magnetic field line

connection length and extent of the domain in z. See Fig. 3.1 for more details.

The unit tangent vectors in the figure are defined as êy = ∂R/∂y/|∂R/∂y| and

êz = ∂R/∂z/|∂R/∂z|.
Conducting-sheath boundary conditions (Shi et al., 2017; Shi, 2017; Shi et al.,

2019) are used in the z direction, where field-lines intersect conducting plates, for

the distribution function f . These permit local parallel current fluctuations into and

out of the wall. Since we assume quasineutrality in our model, we do not resolve the

Debye sheath, which contains ni > ne and is on the order of a few Debye lengths.

The wall is assumed to be just outside the simulation domain. We solve for the

sheath potential φsh at the boundary using the gyrokinetic Poisson equation (3.4).

This sets a cut-off parallel velocity for electrons, 1
2mev

2
c = eφsh. Electrons with

velocities greater than vc leave the domain, while those with smaller velocities are

reflected. Dirichlet boundary conditions are used in x for the potential (φ = 0), and
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periodic boundary conditions are used in y for f and φ.

Table 3.1: Summary of Helimak simulation parameters

Parameter Value

Background magnetic field B0 = 0.1 T
Background density n0 = 1016 m−3

Background electron temperature Te0 = 10 eV
Background ion temperature Ti0 = 1 eV
Density gradient scale length Ln = 0.1 m
Electron gyroradius ρe = 1.02× 10−2 m
Electron mean free path λee = 98.4 m
Ion gyroradius ρi = 6.46× 10−3 m
Ion sound gyroradius ρs0 = 2.04× 10−2 m
Ion sound speed cs = 4.90× 103 m/s
Ion mean free path λii = 1.39 m
Ion cyclotron frequency Ωci = 2.40× 105 s−1

Ion-ion collision frequency νii = 1.11× 103 s−1

Ion-neutral collison frequency νi0 ≥ 185 s−1

3.3 Simulation Parameters

The Helimak simulations with Gkeyll evolve the electron and ion distribution func-

tions for an argon discharge. We chose simulation parameters based on typical ex-

perimental parameters (Gentle and He, 2008; Gentle et al., 2010) and previous fluid

simulations (Li et al., 2009, 2011), using B0 = 0.1 T and ngi0 = ne0 = 1016 m−3.

Since the electron–ion thermal equilibration time is much longer than a charge-

exchange time and particle confinement times for parallel loss, Ti0 � Te0 in the

experiment. We use Te0 = 10 eV based on experimental measurements. Previous

work (Perez et al., 2006; Li et al., 2009) estimates Ti0 ∼ 0.1 eV, though this has

not been accurately measured. Argon that is ionized at different locations will be

accelerated for different lengths of time towards the device ends by the presheath

potential, which varies along a field line. This will produce an ion temperature

that is a significant fraction of the presheath potential drop, which is of order Te0.

Therefore, we use Ti0 = 1 eV. The equilibrium temperatures define the velocity grid

and appear in the the source terms, which we explain in more detail below. The

particle temperatures Ti and Te vary spatially and are evolved self-consistently in

time. A gyrokinetic model is justified for these parameters since the ion-ion colli-
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Figure 3.2: Snapshots of ion guiding-center density (m−3) in the (x, y) plane at the
midpoint in z of the field-line-following coordinate system. Initial conditions are
depicted at 0 ms (left), turbulent structures are visible at 0.15 ms (center), and a
nonlinear turbulent state is apparent at 1 ms (right).

sion frequency, νii = 1.112× 103 s−1, is much less than the ion cyclotron frequency,

Ωci = 2.40× 105 s−1, and the ion gyroradius, ρi = 6.46× 10−3 m, is much less than

the density gradient scale length, Ln = 0.1 m. See Table 3.1 for a summary of key

simulation parameters.

The toroidal vacuum chamber of the Helimak is rectangular with a radial ex-

tent 0.6 m ≤ R ≤ 1.6 m and a vertical height H = 2.0 m. By changing the current

through the vertical field coils, the magnetic-field-line connection length Lz can be

varied from 12 m to 500 m. In our simulations, we use a slab-like metric with a spatial

Jacobian that is independent of x. To simulate the entire volume of the Helimak, the

configuration space extents are x ∈ [0.6, 1.6] m and z ∈ [−Lz/2, Lz/2]. Ly varies in-

versely with the connection length: Ly = H/N , whereN = Lz/(2πR0) is the number

of field-line turns and R0 = 1.1 m. This gives y ∈ [−Ly/2, Ly/2]. In the experiment,

there is magnetic shear due to the variation in the field with respect toR, which is not

included in this model. This also means that the connection length Lz and binormal

length of periodicity Ly do not vary in x as they realistically should. The parallel

velocity-space extents are given by v‖,e ∈ [−ve,max, ve,max] and v‖,i ∈ [−vi,max, vi,max],

where ve,max = 4vte = 4
√
Te0/me and vi,max = 6cs = 6

√
Te0/mi. The perpendicular

velocity-space extents for each species is given by µs ∈ [0, 3msv
2
s,max/(16B0)]. The

grid resolution is (Nx, Ny, Nz, Nv‖ , Nµ) = (48, 24, 16, 10, 5) with uniform spacing.

The numerical solutions for the distribution function and the Hamiltonian are pro-

jected onto piecewise-linear basis functions using the discontinuous Galerkin scheme.

We expect the quasi-steady-state conditions of the simulation to be independent of

initial conditions. Therefore, we chose initial conditions with a narrow density gradi-

ent scale length and a non-zero flow velocity as a function of the parallel coordinate,

computed from simplified 1D fluid models following Shi (2017) and Shi et al. (2019).

The density initial conditions are pictured in the left plot of Fig. 3.2. We also used
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a density floor of 10% to minimize unphysical negative values in our full-f distri-

bution function. The code includes a scheme to correct for negative values of the

distribution function, detailed in Shi et al. (2017) and Shi (2017), which adds a small

amount of numerical heating (∼10%) to the simulations in the quasi-steady state.

A new version of the code is under development and has a more robust method of

preventing negative values of the distribution function.

Scans of the ion-to-electron mass ratio were performed in previous helical

open-field-line simulations with Gkeyll and resulted in no significant changes to

turbulence statistics (Shi, 2017; Shi et al., 2019). The difference between the true

and reduced mass ratio for argon is much larger in the case of the Helimak. The

large parallel ion transit time requires longer simulation times to reach saturation

and is computationally expensive. By solving for linear perturbations in the par-

allel current, j̃‖, near the sheath and using j‖e + j‖i = 0, we estimated that the

reduced ion-to-electron mass ratio would under-predict the response of electrostatic

potential to temperature fluctuations by approximately 50%. A comparison of low-

resolution simulations, (Nx, Ny, Nz, Nv‖ , Nµ) = (24, 12, 8, 10, 5), with the true and

reduced mass ratio supports this prediction. A new modal discontinuous Galerkin

version of Gkeyll with automatic code generation is under development and is much

faster. It should allow routine use of higher ion-to-electron mass ratios in the future.

3.3.1 Source Model

In the Helimak, electrons are preferentially heated by electron-cyclotron and upper-

hybrid resonances. The latter is believed to dominate and is localized from 1.0–

1.1 m radially (Williams, 2017). The upper-hybrid resonance heating is difficult to

model accurately due to its density dependence. The source is also challenging to

model because the particle source rate and power deposition into the plasma are

not accurately known. It is estimated that over 90% of the 6 kW input power is lost

to radiation by electron-impact excitation of neutral argon. This process depends

on the neutral density profile. We estimated the total radiative cooling using the

predicted radiative cooling rate LZ in Mavrin (2017). The total power radiated

in the device is given by PradV = LZnenimpV ' 5.5 kW, assuming Te = 10 eV,

ne = 1×1016 m−3, and the total Argon density, including neutrals, is nimp = 4×1017

m−3. V is the total volume of Helimak vacuum vessel. Neutral interactions and

radiation are neglected in our present source model except indirectly through the

usage of a net source rate, as described below. We estimate the ion-neutral collision
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frequency νi0 ≥ 185 s−1 from the electron-neutral frequency (Gentle et al., 2014),

which differs by a factor of
√
me/mi, assuming ions travel at the sound speed along

field lines. This is much less than the gyrofrequency, though close to the ion transit

frequency Lz/(2cs) = 245 s−1. Thus, the effect of neutrals is important and a feature

we plan to include in future work.

We currently employ the simplified source model used in Shi et al. (2017);

Shi (2017); Shi et al. (2019). For both species, we assume a source of the form

Ss(R, v‖, µ) = S0 exp[−(x− xsrc)
2/(2σ2

src)]FM (v‖, µ;Ts,src), (3.7)

where s refers to species, FM is a normalized, non-drifting Maxwellian, xsrc = 1.0

m is the source location, and σn = 0.01 m is the source width. Ts,src is the source

temperature. The source is independent of y, z, and t. Previous fluid simulations

use σsrc ∼ 0.1 m. We chose a narrower source because the RF resonance is probably

very narrow, though the location of the upper-hybrid resonance fluctuates as the

density fluctuates. Equilibrium profiles are broadened by turbulence and wider than

the assumed source width. Low-resolution scans in σsrc from 0.1 to 0.01 m produced

little effect on resulting equilibrium profiles.

Since the actual particle and power source rates are not well known, we

estimate the particle source rate S0 and source temperature Ts,src using a 1D fluid

transport model (see Appendix B in Shi (2017) or Appendix A in Shi et al. (2019))

to approximately produce the observed quasi-steady-state density and temperature

profiles. We assume a balance of source rates and losses using

dN
dt

=

∫
dR

[
Sn(x)− n(x, z)

τ‖

]
= 0, (3.8)

where N is the total number of particles and τ‖ = Lz/(2cs) is the parallel transit

time. We assume a steady-state density profile with a variation in z based on a 1D

steady-state single fluid calculation

n(x, z) = np exp
[
−(x− xsrc)

2/
(
2σ2

n

)] 1 +
√

1− z2/(Lz/2)2

2
. (3.9)
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The peak density np is calculated such that
∫
dR n(x, z)/V is equal to the back-

ground density. We define the density source for each species as

Ss,n(x) ≡
∫
dvSs(R, µ, v‖) (3.10)

and use Eqs. (3.8)-(3.9) to estimate S0 ≈ 9.77 × 1019 m−3s−1 for the source am-

plitude. In the user input file, the particle source rate is implemented indirectly

by specifying the power input. We use estimate the power input using the energy

density rate

SE =
3

2
TsrcSn, (3.11)

where we estimate Tsrc = 5
3(Te0 +Ti0) based on the temperature at the midpoint in z

of a 1D steady-state fluid calculation (Shi, 2017; Shi et al., 2019) and Sn =
∫
d3v Ssrc.

Then the power is given by

Pin =

∫
dRSE ≈ 150 W. (3.12)

Using this input power, the code scales the particle source rate, S0 to an

appropriate value, which was approximately 3×10−19 m−3s−1, or about three times

less than our initial calculation. The simulation appeared to saturate well at this

value. Furthermore, we initially estimated Ts,src = 5
3Ts0 for the source temperature

in Eq. (3.7) and Eq. (3.11). However, that model assumes only convective outflows

and neglects the fast parallel thermal transport of electrons, so it was necessary to

double this value for electrons (Te,src = 10
3 Te0) to approximately match experimental

electron temperature profiles.

3.3.2 Convergence Testing

Because the gyrokinetic system is high in number of dimensions and, hence, com-

putationally intensive, convergence tests were performed only in the x direction for

a low-resolution, (Nx,Ny,Nz,Nv‖ ,Nµ) = (Nx, 12, 8, 10, 5), and a higher-resolution,

(Nx,Ny,Nz,Nv‖ ,Nµ) = (Nx, 24, 16, 10, 5), case. Unpublished resolution studies in

other directions have been done in the past for various conditions. Power in the

Fourier transform in x of electron density fluctuations are compared for different

resolutions in Fig. 3.3. Fluctuations are calculated as ñ = n− 〈n〉y, where the last

term denotes an average in the y-direction. The power has been averaged in y, z,
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Figure 3.3: Power in the Fourier transform in x of electron density fluctuations
is compared for various resolutions. The power has been averaged in y, z, and
in time from 10 to 16 ms. The low resolution case has (Nx, Ny, Nz, Nv‖ , Nµ) =
(Nx, 12, 8, 10, 5) and the higher resolution case has (Nx, Ny, Nz, Nv‖ , Nµ) =
(Nx, 24, 16, 10, 5). The decay of the power at high kx indicates that our simula-
tions are not changed significantly with increased resolution.
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Figure 3.4: (a) Electron density profiles, (b) electron temperature profiles, and
(c) plasma potential profiles are compared for different resolutions in x. The low-
resolution (LR) cases had (Nx, Ny, Nz, Nv‖ , Nµ) = (Nx, 12, 8, 10, 5), and the higher-
resolution (HR) cases had (Nx, 24, 16, 10, 5).

and in time from 10 to 16 ms. The decay of the power at high kx indicates that the

simulations are not changed significantly with increased resolution.

Equilibrium profiles and turbulence statistics were compared for different

resolutions. The equilibrium profiles pictured in Fig. 3.4 are very similar. Likewise,

electron density fluctuations and E ×B flow and shear are also similar (Fig. 3.5).

There are slight differences in the power spectra (Fig. 3.6(a)) with low-resolution

spectra decaying more sharply at high frequencies. The low-resolution autocorrela-

tion functions demonstrate stronger oscillatory behavior than the higher-resolution

cases (Fig. 3.6(b)), but other statistics such as radial correlation length (Fig. 3.6(c)),

skewness (Fig. 3.7(a)), and kurtosis (Fig. 3.7(b)) are fairly similar. These suggest

that equilibrium profiles and turbulence statistics are not significantly changed by

increasing to higher resolutions.

3.4 Comparison with Experiment

We ran the simulation using the Skylake (SKX) compute nodes on the Stampede2

cluster at the Texas Advanced Computing Center. A simulation of a 16 ms argon

discharge for Lz = 40 m required approximately 180,000 CPU-hours. This is about

4 times the ion transit time, τ‖ = Lz/(2cs) = 4.084 ms, which is the time it takes

an ion traveling at its characteristic sound speed, with Te0 = 10 eV, to traverse half

the magnetic-field-line connection length. We compared with experimental data

from a discharge with a similar connection length at R0 = 1.1 m, corresponding to
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Figure 3.5: (a) Electron density fluctuation profiles, (b) E×B flow profiles, and (c)
E×B shear profiles are compared for different resolutions in x. The low-resolution
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Figure 3.6: (a) Power spectra normalized to total energy, (b) autocorrelation func-
tions, and (c) radial correlation lengths are compared for different resolutions in
x. The low-resolution (LR) cases had (Nx, Ny, Nz, Nv‖ , Nµ) = (Nx, 12, 8, 10, 5), and
the higher-resolution (HR) cases had (Nx, 24, 16, 10, 5).
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Figure 3.8: Total particle count and the total particle energy in the simulation.
Particle energy for a single species is calculated as the integration of the product
of the particle Hamiltonian and distribution function over all phase space. Time-
averaged profiles and turbulence statistics were calculated from 10 to 16 ms.
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Figure 3.9: From left to right, electron density (m−3), electron temperature (eV),
and electrostatic potential (V) in (x, y) in the field-line-following coordinate system
at the midpoint in z.
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Figure 3.10: From left to right, electron density (m−3), electron temperature (eV),
and plasma potential (V) in the lab coordinates (R,Z) at a slice in the toroidal
coordinate ϕ.

BZ ' 0.005 T and BZ/Bϕ ' 0.05. We selected this configuration as it results in the

shortest connection length for which magnetic field lines terminate on conducting

plates on the bottom and top of the vacuum chamber.

Figure 3.8 shows the total particle count and total energy, Etot = Ee + Ei, of

the simulation. Particle energy for a single species is calculated as the integration

of the product of the particle Hamiltonian and distribution function over all phase

space:

Es =

∫
dzHs fs(z). (3.13)

Particle count is still increasing, though beginning to level-off by the end of the

simulation. The energy appears to saturate around 10 ms. The large spike in

energy at early time is due to numerical heating added from the scheme to correct

for negative distribution function values. The nearly constant energy but increasing

particle count indicates a slight decrease in temperature. We calculate equilibrium

profiles and turbulence statistics over the interval from 10 to 16 ms.

In the simulation, turbulent structures are visible at 0.15 ms, as seen in the
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Figure 3.11: Comparison of (a) the electron density profiles shown with the narrow
source and (b) electron temperature profiles shown with the simulated plasma po-
tential, assuming an adiabatic electron response. Λ = ln

√
mi/(2πme), where Λtrue

uses the real ion-to-electron mass ratio and Λsim uses the reduced ion-to-electron
mass ratio of 400. eφ/Λsim is not exactly equal to Te because the conducting sheath
boundary condition allows currents to flow in and out of the walls.

center plot of figure 3.2, which contains snapshots of the ion guiding-center density in

the nonorthogonal field-line-following coordinate system. The right-hand plot shows

a nonlinear turbulent state at 1 ms. According to the energy plot in Fig. 3.8, a quasi-

steady state is reached at approximately 10 ms. Figure 3.9 depicts electron density,

electron temperature, and electrostatic potential at t = 10 ms in the field-line-

following coordinate system at the midpoint along z. Using the transformation in

Eq. (3.5)3.6, these data were mapped to the cylindrical coordinate system (R,ϕ,Z)

and is shown in Fig. 3.10 in the (R,Z) plane at a slice in ϕ. N = Lz/(2πR0) = 5.8

is the number of toroidal turns of the field line, and this periodicity is apparent in

the figure. For more details of the mapping, see Fig. 3.1.

Figure 3.11 compares equilibrium profiles of simulation and experimental

data. Experimental Langmuir probes are located on conducting plates at the top

and bottom of the vacuum vessel. The probe measurements of the equilibrium

profiles have about a 50% uncertainty, and experimental data is generally fit to a

smooth curve. There is a top–bottom asymmetry in experimental density profiles.

This is not present in the simulation, since our model is symmetric in z. Thus,

in all comparisons we calculate simulation data at the minimum of the z domain

(z = −Lz/2). One reason for this asymmetry could be the vertical, Z in the lab

frame or z in the simulation, E ×B drift, which we presently neglect in our model.

Discussing this issue is complicated because of the nonorthogonal coordinate system
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that is used, but to be precise, the advection due to a radial electric field, VE×B ·∇ =

VE×B ·∇y ∂/∂y+VE×B ·∇z ∂/∂z is approximated by VE×B ·∇y∂/∂y, which advects in

y at fixed z and, thus, at fixed height Z. This is a common assumption for core flux-

tube codes assuming k⊥ � k||, but can break down for long wavelength components

or small magnetic pitch angle. Based on experimental flow data from Gentle et al.

(2010), the vertical E × B flow is 2–3 times the vertical component of the sonic

outflows along the field lines for simulated parameters. This factor increases as the

toroidal field component BT increases relative to the vertical component BZ and may

influence observed density profiles. Additionally, the microwave waveguide enters

the machine at the bottom and may explain the similarity in bottom density profiles

for different pitch angles, which is not observed for top profiles (Williams, 2017).

Experimental temperature profiles are fairly top–bottom symmetric and centered

around 1.1 m, irrespective of pitch angle (Williams, 2017). Since electron parallel

heat conduction is rapid, the electron-temperature steady-state profiles would be

less affected by the vertical E×B drift or the location of the microwave guide. The

vertical component of E ×B flow is likely important in transport balances, though

not as important for turbulence fluctuations.

We model the source for each species using a single Maxwellian with a flat

temperature profile and a density profile centered at 1.0 m. We chose the location

of the source based on experimental steady-state density profile. Figure 3.11(a)

depicts the narrow electron density source and resulting equilibrium profiles which

were broadened by turbulence. The simulation density peak is close in magnitude

to experimental profile peaks. However, the simulation fails to capture the steep

gradient just to the right of the peak and the flat profile at higher radii that is present

in the experiment. This might be improved by implementing a density-weighted

Poisson equation, instead of the current one Eq. (3.4), in which the background

ion guiding center density ngi0 is constant in space and time. This approximation

is similar to the Boussinesq approximation used in many fluid models (Li et al.,

2009, 2011, 2017). Some simulations have relaxed this approximation (Francisquez

et al., 2017; Dudson et al., 2016; Halpern et al., 2016) but have not been tested with

Helimak parameters.

Figure 3.11(b) shows that the simulation produced a temperature profile cen-

tered to the left of the experimental profile. The peak magnitude and the gradient

to the right of the peak were both less than experiment. The simulated plasma

potential profile is shown in 3.11(b) as eφ/Λ, where Λ = ln
√
mi/(2πme) is the
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Figure 3.12: Electron density fluctuation profiles normalized to (a) the local mean
density 〈n〉(R), which is averaged in time and in the azimuthal angle and (b) nor-
malized to volume-averaged density 〈n〉vol, which is averaged in time and over the
entire volume.

plasma sheath parameter and is calculated for the reduced ion-to-electron mass ra-

tio and the true mass ratio. An estimate of the simulated floating potential using

φfl ' φ − TeΛ/e agrees qualitatively with experimental measurements of the same

quantity (Gentle and He, 2008; Gentle et al., 2010; Williams, 2017).

The simulated turbulence profiles, shown in Fig. 3.12, come closer to

experimentally measured levels than previous fluid simulations (Li et al., 2009).

Turbulence levels are calculated as the root-mean-square of density fluctuations,

ñ = n − 〈n〉, normalized to the mean electron density 〈n〉. In the Helimak, ion

saturation current measurements, Isat = ne
√
Te, are used as a proxy for density in

density fluctuation statistics and have very small associated errors. For comparison,

we also calculate simulation density fluctuations using Isat = ne
√
Te but, henceforth,

refer to all density fluctuations as ñ, as opposed to Ĩsat, as is typically done in He-

limak experimental papers. In the simulation, angle brackets 〈〉 denote an average

in time, performed from 10 to 16 ms, and an average in the azimuthal angle. In

Fig. 3.12(a), density fluctuations are normalized to a local mean density, while in

Fig. 3.12(b), they are normalized to a global mean density. The latter shows slightly

better agreement, though both differ at large radii. Using a density-weighted Pois-

son equation may improve agreement here.

The plasma potential equilibrium profile generates a sheared flow perpendic-

ular to the magnetic field. This flow is calculated as VE = −(dφ0/dx)/B0, with the

negative sign resulting from the direction of the experimental magnetic field, and the

corresponding shear as γE = |dVE/dx|. As mentioned above, we currently neglect
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Figure 3.13: (a) The E × B drift velocity VE normalized to the ion sound speed
and (b) the absolute value of the shear γE compared to the local interchange growth
rate γI . The experimental velocity shear was estimated from the Te data, assuming
φ0 ≈ ΛTe/e.

the vertical E×B in our simulation, and the flow in 3.13(a) is in the y, or toroidal,

direction. We approximate the experimental flow and shear from the experimental

temperature profiles by assuming φ0 ≈ ΛTe/e, though this calculation overestimates

the flow velocities as compared with published experimental measurements (Gen-

tle et al., 2010; Li et al., 2011). We note that this flow is mostly in the vertical

direction. Previous research has shown that velocity shear in strongly magnetized

plasmas has a stabilizing effect by breaking apart turbulent eddies (Terry, 2000).

Therefore, we compare shear to the local linear growth rate of the interchange insta-

bility γI = cs/
√
RLp in Fig. 3.13(b). The pressure gradient scale length is defined

as 1/Lp = −(dp/dx)/p. Turbulence statistics, such as power spectra and auto-

correlation functions, are calculated at radial locations where VE ' 0, at R = 1.09

m for the simulation and R = 1.17 m for the experiment, and where VE is ap-

proximately maximal, at R = 1.20 m for the simulation and R = 1.25 m for the

experiment.

The power spectra are calculated from the Fourier transform of the electron

density fluctuations ñ = n−〈n〉 with respect to time. Since the density fluctuations

are not periodic at the boundaries tmin and tmax of this time series, we multiply the

density fluctuations by a sinusoidal window prior to performing the FFT:

ñw(ti) =

[
1− cos

(
2π

Nt
i

)]
ñ(ti). (3.14)

The integer i runs from 0 to Nt, ensuring that the time series is 0 and thus periodic.
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Figure 3.14: Comparison of (a) power spectra and (b) autocorrelation functions
for simulation (blue and red) and experimental (orange and green) data at radial
locations where VE is zero and maximal.

The power spectra is then normalized to the total energy

P(f) =
〈|ñ(f)|2〉∑
f ∆f |ñ(f)|2 , (3.15)

where f denotes frequency and not the distribution function. The frequency grid

spacing ∆f is 168 Hz. The same window and sampling frequency were used for both

simulation and experimental data. The experimental data uses a longer time series

and was binned to 6 ms intervals and then averaged.

Figure 3.14(a) compares the experimental and simulated power spectra mul-

tiplied by the frequency, fP(f), at radial locations where E ×B flow is zero and

maximal. For the radial values where flow is maximal, the experimental spectrum

is weakly peaked near 1.2 kHz, in accordance with previous results (Perez et al.,

2006; Li et al., 2009), while the simulation is a bit noisier and peaks at a higher

frequency, in the 2-4 kHz range. The simulation spectra appear to have less relative

power in frequencies just below the peak and greater power above the peak when

compared to the respective experimental spectra. Furthermore, simulation spectra

decay more quickly at high frequencies.

Figure 3.14(b) depicts the autocorrelation functions, which are calculated as

C(τ) = 〈ñ(t)ñ(t + τ)〉/〈ñ(t)2〉. Brackets denote a time average, and τ is the time

difference. In both sets of data, the curves where VE is maximal exhibit more os-

cillatory behavior. The correlation time for the simulation data is shorter, as we

would expect given the results from the power spectra.
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Figure 3.15: Comparison of radial correlation lengths Lrad as a function of radius,
from the simulation and from measurements at the top and bottom of the experi-
ment.
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Figure 3.17: Comparison of (a) skewness and (b) excess kurtosis of density fluctua-
tions as a function of radius for simulation and experimental values.
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Figure 3.18: A snapshot of electron density (m−3) at the midpoint in y at 10 ms.
The aspect ratio is not to scale.
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Figure 3.19: Power in the Fourier transform in z of electron density fluctuations,
averaged in x and y and from 10 to 16 ms, from simulation data. The power in
the zeroth mode is at least ten times greater than the other modes, suggesting the
average kz ≈ 0.
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Figure 3.20: Snapshots of electron density at the midpoint in y are compared for
low-resolution simulations with different Lz: 20 m (top), 40 m (center), and 80 m
(bottom).

Figure 3.15 compares the radial correlation length as a function of radius.

The experimental and simulation graphs show opposite trends, though the mag-

nitude is similar. Reduced turbulence levels have been shown to correspond to a

reduction in the radial correlation length (Gentle et al., 2010; Terry, 2000). How-

ever, the correlation lengths are larger for the simulation at R > 1.1 m, though the

turbulence fluctuations are less than experiment in this region.

Figure 3.16 compares the probability density functions (PDFs) at radial lo-

cations where VE is zero and maximal. Experimental values were measured at the

top of the device and calculated as ñ/ñrms. The positive tails of the simulation

PDFs approach the experimental values until 5ñ/ñrms, where they end. Presum-

ably, if the simulations were run for a longer time, the tail in the simulation PDF

would extend to higher ñ/ñrms. For radii where VE is maximal, negative tails in the

simulation are greater than experiment. The simulations have lower density fluc-

tuations at large radii, compared with experiment, which means that the negative

fluctuations in density are less affected by the positivity of total density and could

possibly explain this difference in the negative tails.

In figure 3.17(a), experimental and simulation density fluctuations exhibit

positive skewness, which is a characteristic of blob transport (D’Ippolito et al.,

2011). Skewness is calculated as E[ñ3]/σ3, where E[...] is the expectation value and
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ations are compared for low-resolution simulations with different Lz.
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σ is the standard deviation of the density fluctuations. There are similarities be-

tween the simulation and experimental measurements from the top at radii greater

than 1.2 m. However, the simulation does not reproduce the large values observed

in the experiment at R = 1.1 m for the top measurements and at R = 1.0 for the

bottom measurements. We compare excess kurtosis in Fig. 3.17(b), which is calcu-

lated as E[ñ4]/σ4 − 3. Positive excess kurtosis is also a signature of blob transport

(D’Ippolito et al., 2011). Though the simulation matches the top experimental curve

at radii greater than 1.25 m, it fails to capture the large peaks in excess kurtosis

that appear in both experimental data sets. We also note that values of skewness

and kurtosis from Gkeyll simulations with NSTX-like parameters are comparable

to those calculated here (Shi, 2017; Shi et al., 2019).

Figure 3.18 shows a plot of the electron density (x, z) at the midpoint in y,

and there is little structure along z in the bad curvature region R > 1.0 m, except in

the overall fall-off of density approaching the conducting-sheath boundaries. This

suggests interchange-like turbulence, with kz ≈ 0. Figure 3.19 depicts the power

in the Fourier transform of the density fluctuations, ñ = n − 〈n〉y, in z, averaged

in x and y and in time from 10 to 16 ms. The zeroth mode is more than an order

of magnitude greater than the other modes, suggesting that the average kz ≈ 0

and, hence, interchange-driven turbulence dominates. Limitations in computational

resources prevented high-resolution comparisons with lower pitch angles, particu-

larly because the parallel ion transit times are longer and require longer simulation

times to saturate. As can be seen in figures 3.20 and 3.21, low-resolution test cases

demonstrated greater kz structure as the pitch angle was decreased, possibly indi-

cating a transition to the drift-interchange-driven turbulence regime as predicted in

Poli et al. (2008) and Ricci and Rogers (2010).

3.4.1 Kinetic Effects

One way kinetic effects enter is via the fact that collisions that are not strong enough

to fully thermalize electrons in the tail above the sheath potential cutoff velocity

during a single bounce of electrons between the sheaths at the two ends of the field

line. In some places this may reduce the electron distribution function tail and

reduce the electron sheath heat-transmission coefficient, but in places where tur-

bulence has carried energetic electrons from a hot region to a region that is colder

on average, it may enhance the electron sheath heat-transmission coefficient. The

coefficient is given by γe = q‖/(Γ‖,nTe), with quantities evaluated at the sheath
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Figure 3.22: Time evolution of electron sheath heat-transmission coefficient at radial
locations where VE is zero and maximal. In (a), the coefficient is given by γe =
q‖/(Γ‖,nTe), with quantities evaluated at the sheath entrance, z = Lz/2, and at
the midpoint in y. In (b), γe is normalized to the expected value for a Maxwellian
distribution function, 2+eφsh/Te, which shows γe fluctuating in time and exceeding
the expected Maxwellian value by approximately 10–20%, indicating relatively small
kinetic effects.

entrance, z = Lz/2, and at the midpoint in y. We plot the time-evolution of this

quantity in figure 3.22(a) for radial values where VE is zero and maximal. For

a Maxwellian distribution function, this coefficient is 2 + eφsh/Te, and it is often

assumed eφsh/Te ∼ 3 (Stangeby, 2000). In Fig. 3.22(b), we normalize the electron

sheath heat-transmission coefficient to this quantity, using the time-dependent quan-

tities φsh and Te rather than assuming eφsh/Te = 3. In the simulation, the sheath

heat-transmission coefficient relative to the Maxwellian value fluctuates in time, ex-

ceeding the expected Maxwellian coefficient by approximately 10–20%, suggesting

relatively small, but nonnegligible kinetic effects for these parameters. However, a

more detailed convergence study in velocity resolution would be needed to quantify

how much of this is due to numerical discretization versus kinetic effects.

Kinetic effects may be much more important in other regimes, such as in

some previous particle-in-cell simulations of edge-localized mode events (?) on JET,

where they observed that γe was 5–6 times the nominal Maxwellian value. We leave

more detailed analysis of kinetic effects to future simulations of such regimes and

also when we extend the code, as planned, to handle the closed-field-line pedestal

and SOL regions of tokamaks simultaneously.
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3.5 Additional Physical and Geometric Features

In this section, we estimate the effects of several physical and geometric features that

were not included in the simulation results previously presented in this chapter.

3.5.1 Real Ion-to-electron Mass Ratio

To estimate the effect of including a realistic ion-to-electron mass ratio, consider a

parallel current density near the sheath. The electron parallel current density at the

sheath is calculated as

j‖,e = −e
∫ ∞
vc

dv‖v‖
ne√
2πv2

te

e
−v2‖/(2v2te) (3.16)

= −enevte√
2π

e−v
2
c/(2v2te), (3.17)

where the cut-off velocity for reflected electrons is v2
c = 2eφ0/me. Use j‖,e + j‖,i = 0

and the Bohm sheath criterion j‖,i = enics to estimate a relation for the background

potential at the sheath φ0:

nevtee
−eφ0/Te = enics (3.18)

φ0 =
Te0
e

ln

(
nevte√
2πnics

)
. (3.19)

Next linearize j‖,i and j‖,e about equilibrium values, giving

j̃‖,e = j‖,e0

(
ñe
ne0

+
1

2

T̃e
Te0
− eφ̃

Te0
+
eφ0T̃e
Te0Te0

)
(3.20)

j̃‖,i = enics
ñi
ni0

. (3.21)
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Using j‖,e0 = −j‖,i0 and assuming quasineutrality (ne0 = ni0), we express the total

perturbed current density j̃‖ = j̃‖,i + j̃‖,e as

j̃‖ = ene0cs

(
ñi − ñe
ne0

+
eφ̃

Te0
− 1

2

T̃e
Te0
− eφ0T̃e
Te0Te0

)
(3.22)

= ene0cs

(
−mini0

1

eB2
∇2
⊥φ̃+

eφ̃

Te0
−
[

1

2
+ ln

(
nevte√
2πnics

)]
T̃e
Te0

)
(3.23)

= ene0cs

(
(1− ρs∇2

⊥)
eφ̃

Te0
−
[

1

2
+ ln

(
nevte√
2πnics

)]
T̃e
Te0

)
. (3.24)

The ρs∇2
⊥eφ̃/Te0 term can be discarded since it comes from neglecting the ion-

polarization-density flow. The effect of the reduced ion-to-electron mass ratio enters

through the logarithmic term in Eq. (3.24). We can estimate the effect on turbulent

fluctuations by comparing the perturbed current density in the simulation j̃‖,sim to

that with the true electron mass j̃‖,true.

j̃‖,true − j̃‖,sim
j̃‖,sim

≈ − ln
√
mi/(2πme) + ln

√
400/(2π)

1
2 + ln

(√
400
2π

) (3.25)

=
ln [400/(mi/me)]

1 + ln [400/(2π)]
≈ −1.01. (3.26)

Here we have assumed that the contributions from the terms containing poten-

tial fluctuations cancel. Thus, the reduced ion-to-electron mass ratio would under-

predict the response of electrostatic potential to temperature fluctuations by ap-

proximately 50%.

A comparison of low-resolution simulations, (Nx, Ny, Nz, Nv‖ , Nµ) =

(24, 12, 8, 10, 5), with the true and reduced-mass ratio seems to support this pre-

diction. The true-electron-mass simulation was run to 7.5 ms, nearly 2 ion transit

times and compared with the mi/me = 400 simulations. Equilibrium profiles and

turbulence statistics were calculated from 5.5 to 7.5 ms. There is little change in

the equilibrium density profiles, shown in figure 3.23(a), but there is both a de-

crease in electron temperature (Fig. 3.23(b)) and an increase in the plasma profile

(Fig. 3.23(b)) in the true electron mass simulation. The electron density fluctu-

ation levels (Fig. 3.24(a)) increase at high radii for the true electron mass case,

similar to what is observed experimentally. The E × B flow (Fig. 3.24(b)) and
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Figure 3.23: Comparison of (a) equilibrium electron density profiles, (b) the elec-
tron temperature profiles, and (c) plasma potential profiles from simulations with a
reduced ion-to-electron mass ratio (increased electron mass) and the true electron
mass. The density profile is relatively unchanged but there is a significant decrease
in electron temperature and an increase in the plasma potential for the case with
real me.

shear (Fig. 3.24(c)) are not significantly changed. There is only a slight reduction in

skewness (Fig. 3.25(a)) and kurtosis (Fig. 3.25(b)) levels for the true electron mass

simulations.

3.5.2 Magnetic Shear

Here we estimate the effect of including magnetic shear in Helimak simulations.

Shear enters through the variation in connection length Lz with respect to x. At

fixed z, periodicity in y requires f(x, y, z) = f(x, y+Ly, z), where Ly = 2πR0LV /Lz0.

The height of the device is LV = 2.0 m and Lz0 is the magnetic field line connection

length at R0. Therefore, ky = 2πj/Ly = jLz0/(R0LV ), where j is any integer from

1 to Ny. Looking at Fig. 3.1, there is also a periodicity in y as z varies,

f(x, y, z) = f(x, y − Ly, z + Lz/N) (3.27)

f(x, y, z) = f(x, y − 2πLV x/Lz, z + 2πx),

where N is number of toroidal turns by a field line. Fourier transform Eq. (3.27) in

y and consider a single ky:

f(x, ky, z)e
ikyy = f(x, ky, z + 2πx)eikyye−2πikyxLV /Lz . (3.28)
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Figure 3.24: Comparison of (a) the rms of electron density fluctuations normalized
to the local mean density (b) the E ×B flow, and (c) shear from simulations with
a reduced ion-to-electron mass ratio (increased electron mass) and the true electron
mass. For the case with the real electron mass, fluctuation levels increase at high
radii as in experiment. Other quantities are not significantly changed.
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Figure 3.25: Comparison of (a) skewness and (b) kurtosis of density fluctuations
from simulations with with a reduced ion-to-electron mass ratio (increased electron
mass) and the true electron mass. Both quantities are slightly less for the case with
real electron mass.
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Performing a Fourier transform in x gives

f(kx, ky, z)e
ikxx = f(kx, ky, z + 2πx)eikxxe−2πikyxLV /Lz . (3.29)

The radial wave number in this coordinate system (taking shear into account) is

k′x = kx − 2πkyLV /Lz. The change in the radial perturbation due to shear is

2πLV /Lz ' 0.3 for Lz = 40 m. This value is not too significant and decreases as Lz

increases.

3.6 Conclusion

This work represents the first extensive comparison of kinetic simulations of a

toroidal open-field-line basic plasma physics device with experimental data. The

results demonstrate good progress towards modeling turbulence on helical open-

field lines in tokamak SOL-like conditions with gyrokinetic equations. These results

indicate which aspects of the model could be improved prior to simulating a more

complicated tokamak SOL where kinetic effects are likely more significant.

Simulation density profiles approached Helimak experimental values of mag-

nitude and gradient scale length but failed to caputure the top-bottom asymmetry.

The simulation also under-predicted the magnitude and gradient of the temperature

profiles. Turbulence fluctuation levels were closer to experiment than previous fluid

simulations, particularly near R = 1 m, but still less than experiment at higher

radii. Some qualitative features of turbulence statistics were captured, such as os-

cillations in the autocorrelation function where VE is maximal, radial correlation

lengths of similar magnitude, and positive skewness and excess kurtosis of the dis-

tribution function in the bad-curvature region. Notable differences were that the

power spectra from the simulation peaked at higher frequencies than experiment,

radial correlation values have opposing trends, and the simulation did not capture

the largest values of skewness and excess kurtosis at some experimental radial lo-

cations. Previous research suggests that interchange turbulence should dominate

for this connection length, and this was confirmed with an average k‖ ≈ 0 in our

simulations. Kinetic effects were observed in fluctuations of the electron sheath

heat-transmission coefficient.

It is clear that key physical and geometric features need to be added to our

model in the future for better overall agreement with experimental turbulence statis-
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tics. A more self-consistent source model that includes radiation and the density-

dependent upper-hybrid resonance might improve the agreement of equilibrium pro-

files. Including a vertical (z-directed, in our non-orthogonal coordinates) E×B flow

may account for some of the top-bottom asymmetry that is visible in the density

equilibrium profiles. Since the experimental background density varies radially, a

more accurate model would use the density-weighted Poisson equation, instead of

Eq. (3.4), which includes the time and spatial variation in the ion guiding-center

density on the left-hand side of the equation. Other geometric features to include

are magnetic shear and the radial variation in the connection length. These may

affect where the transition from interchange to drift-wave turbulence occurs by giv-

ing the turbulence shorter parallel correlation length and breaking up the strong

oscillatory dynamics present in the simulation.

A new, faster version of the Gkeyll code is being developed and will allow

for scans in the ion-to-electron mass ratio and collision frequencies to study their

effect on turbulence statistics. Scans in connection length could also be performed

to study the transition from interchange to drift-interchange turbulence. The effect

of neutral particles is significant in this parameter regime, and future development

for the code will likely include an appropriate neutral model. Improvements to the

conducting-sheath boundary conditions will also be considered.
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Chapter 4

Gyrokinetic Continuum Simulations of

Limiter Biasing

Since the discovery of the H-mode in the ASDEX tokamak (Wagner et al., 1982)

and in other devices thereafter (Ernst et al., 1998; Gibson and the JET team, 1998;

Levinton et al., 1995; Nagami et al., 1984), there has been significant interest in un-

derstanding the conditions that govern the transition to this improved confinement

regime. H-mode is characterized by increased core energy, steep gradients in the

density and temperature profiles near the edge of the plasma, and a reduction of

radial turbulent transport across the separatrix, or last closed magnetic flux surface.

A sheared, poloidal flow in the plasma edge, generated by radial electric fields, has

been observed to correlate with this reduction in turbulence (Burrell et al., 1989),

and the role of E × B flow shear in turbulence suppression has been studied ex-

tensively (Biglari et al., 1990; Burrell, 1997; Terry, 2000). In strongly magnetized

plasmas, shear may break up turbulent structures and, hence, reduce turbulence

levels, provided certain requirements are met: (1) the shear rate is greater than

the turbulence decorrelation rate, (2) turbulent structures remain in the region of

shear longer than the decorrelation time, and (3) the flow itself is stable, i.e. not

Kelvin-Helmholtz unstable (Terry, 2000).

The effect of flow shear on turbulence levels has been studied experimentally

in more basic, open-field-line plasma devices such as LAPD (Zhou et al., 2012),

TORPEX (Theiler et al., 2012), and the Texas Helimak (Gentle et al., 2010, 2014)

by applying a bias voltage to plasma limiters, which drives a sheared E ×B flow.

This provides more direct control over the shear than is typically available in the

edge of a tokamak. The helical magnetic field lines in the Helimak terminate on
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conducting plates at the top and bottom of the vacuum vessel. These are arranged

in four sets of four plates, with two sets on the top and two sets on the bottom,

located 180◦ apart toroidally (Fig. 1.1). Each plate is approximately 0.2 m in width.

The plasma response to sheath physics at the plates sets up a radially-varying electric

potential, resulting in the sheared, E ×B flow. A bias voltage can be applied to

the same plate in each of the four sets, such as the second from the low radial side,

leaving the other three grounded, to modify the velocity shear and study the effect

of shear flow on turbulence (Gentle and He, 2008; Gentle et al., 2010; Li et al.,

2011).

Standard theories of shear stabilization have not been sufficient to explain

observations from limiter-biasing experiments on the Helimak (Gentle et al., 2014).

In order to better understand those observations, we have performed continuum

gyrokinetic simulations of biasing scenarios in the Helimak with the plasma physics

code Gkeyll, building upon simulations of limiter biasing in LAPD presented in

(Shi, 2017). Though fluid simulations of biasing in the Helimak have been pre-

sented and resulting profiles approach experimental values (Li et al., 2011), kinetic

models are necessary to reproduce non-Maxwellian features in the particle distribu-

tion functions, among other phenomena. Furthermore, our model introduces E×B
velocity shear self-consistently via the plasma response to boundary conditions in

the parallel direction, which we explain in detail in the first section. Following the

explanation of the simulation set-up, we present the results of limiter-biasing simu-

lations of the Texas Helimak and make comparisons with the grounded simulation

and experimental data. We then determine whether requirements to make shear sta-

bilization theory valid are met and also discuss the possible role of Kelvin-Helmholtz

instabilities in these systems.

4.1 Simulation Set-up

We again used the Gkeyll code, with a nodal discontinuous Galerkin computa-

tional method for the spatial discretization and an explicit third-order Runge–Kutta

method to discretize in time, to produce the results that follow. The full-f gyroki-

netic equation in the long-wavelength, zero-Larmor-radius limit (3.1) is used to

evolve the gyrocenter distribution function fs(R, v‖, µ, t) for electrons and ions in

a singly-ionized argon plasma. The long-wavelength gyrokinetic Poisson equation

(3.4) is used to evolve the electrostatic potential.
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Limiter biasing is modeled via the conducting-sheath boundary conditions

in the z direction. For now, our model assumes that field lines intersect the plates

perpendicularly, though in the experiment they intersect at a non-normal angle that

depends on BZ/Bφ. We use the the gyrokinetic Poisson equation (3.4) to solve for

the sheath potential φsh at this boundary and, as in the grounded simulations, do

not resolve the Debye sheath. The wall is assumed to be just outside the simulation

domain with a potential φw. The cut-off parallel velocity for electrons is vc =√
max (2e(φsh − φw)/me, 0), determining which electrons are reflected at the wall

(v‖ < vc) and which leave the domain (v‖ > vc). For the grounded scenario, φw = 0.

To model limiter biasing, we specified φw = Vb at a radial interval to simulate a bias

voltage on the second from the inner wall conducting plates in the Helimak:

φw(x, y) =

Vb 0.86 ≤ x ≤ 1.06

0 else.
(4.1)

This is more realistic than the model used in previous fluid simulations of limiter-bias

in the Helimak (Li et al., 2011). They use set of two-fluid reduced Braginskii equa-

tions and impose the plasma potential as φ = ΛTe + Vb, where Λ = ln
√
mi/(2πme)

is the plasma sheath parameter. By comparison, the plasma potential in our model

evolves more self-consistently via the gyrokinetic Poisson equation and the parallel

boundary conditions. Furthermore, Li et al. approximate the bias potential as

Vb{tanh [(x− xmin)/xb] + tanh [(x− xmin)/xb]}/2, (4.2)

with a relatively wide width xb = 0.1 m, whereas our boundary condition is a true

step function, like the voltage to the conducting plates.

We maintained the Dirichlet boundary conditions in x for the potential (φ =

0) and periodic boundary conditions in y for f and φ. The rest of the simulation

set-up remained the same as described in Sec. 3.2, including Table 3.1 parameters,

the finite grid and velocity space extents, and the source model.

4.2 Comparison with Experiment

To simulate the biased discharges, we restarted simulations from the grounded case

at 4 ms with either Vb = −40 V or Vb = +10 V in Eq. 4.1 and ran to 16 ms. We chose

the bias values based on available experimental data. The applied voltage creates
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Figure 4.1: Equilibrium profile comparison of grounded and limiter-biased scenarios.
Plots (a) and (c) contain electron density profiles for simulation and experiment,
respectively, and (b) and (c) contain electron temperature profiles. All profiles were
calculated by averaging in time, and also in y for simulation data.
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a cylindrical annulus of potential bias within the plasma, and this region is shaded

gray in the figures presented in this section. All other parameters are the same

as in the grounded simulation to facilitate direct comparison. The simulations do

not contain the radially-varying connection length due to magnetic shear, which is

present in the device. Thus, we compared simulation results with experimental data

from discharges with a similar connection length at the radial center of the vacuum

chamber. This corresponded to BZ ' 0.005 T and BZ/Bϕ ' 0.05. Simulation

equilibrium profiles and other statistics were calculated over a 10 to 16 ms window.

Figures 4.1(a) and 4.1(b) compare simulation equilibrium profiles. Simula-

tion profiles were calculated at the end of the z domain that corresponds to the

bottom of the Helimak. Very little change is observed between the grounded and

positively biased cases. The negative biasing produced a slight increase in the tem-

perature profile within the biased region and just to the left of it. This is consistent

with the fact that a more negative bias voltage would produce a larger potential well

that would reflect more electrons than in the grounded or postively-biased case.

As seen in figures 4.1(c) and 4.1(d), the biasing has a more pronounced effect

on the experimental equilibrium profiles. Our numerical model currently neglects

the vertical E ×B flow, which likely affects particle transport and, hence, density

equilibrium profiles. The change in the electron temperature profiles is likely due to

the fact that most of the power is absorbed at the upper hybrid resonance. There-

fore, changes in the density profile lead to changes in power absorption and, in turn,

equilibrium temperature profiles. The effect of the limiter biasing on the equilibrium

plasma potential profile is clearly seen in Fig. 4.2(a) and Fig. 4.2(c) for the simula-

tion and experiment, respectively. A baffled probe is used to directly measure the

experimental plasma potential equilibrium profile (Demidov et al., 2010) and these

values may have a 20% systematic error (Gentle, 2019). Though the experimental

measurements do not extend as far radially, an increase or decrease in the plasma

profile is observed corresponding to a positive or negative bias voltage in both sim-

ulation and experimental data. Also, shown with these plots is the E × B flow,

which was calculated from the plasma potential profile as VE = −dφ0/dx/B0 and

normalized to the ion sound speed. Direct spectroscopic measurements of experi-

mental flow were not available for these discharges, and the data shown in 4.2(d) is

about 2–4 times less in magnitude than spectroscopic measurements (Gentle et al.,

2010, 2014). In the experiment, this flow has a strong vertical component, which is

not included in the simulation. The flow in the latter is mostly in the y, or toroidal,
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Figure 4.2: In (a) and (c), comparisons of the electrostatic potential and, in (b) and
(d), E ×B flow for grounded and limiter-biased scenarios of both simulation and
experiment, respectively. The experimental plasma potential is measured with a
baffled probe. The simulation E×B flow shown here is calculated from the plasma
potential as VE = −dφ0/dx/B0, where the negative sign arises from the direction of
the magnetic field in the Helimak.
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Figure 4.3: In (a) and (c), comparisons of the magnitude of the E × B shear
with the grounded local interchange growth rate γI = cs/

√
RLn and, in (b) and

(d) the normalized density fluctuation levels for the grounded and limiter-biased
scenarios of simulation and experiment, respectively. The density fluctuation levels
are calculated with respect to the volume-averaged density 〈n〉vol.

direction.

Figures 4.3(a) and 4.3(c) contain comparisons of E ×B shear in grounded

and limiter-biased cases of simulation and experiment, respectively. The shear is

calculated as dVE/dx. The local, linear interchange growth rate for the corre-

sponding grounded scenarios is also shown in these figures and was calculated as

γI = cs/
√
RLn. The density gradient scale length is Ln = max(−n/(dn/dx), 0), us-

ing the grounded density equilibrium profiles from Figs. 4.1(a) and 4.1(c). According

to shear suppression theory, the shear rate should be larger than the decorrelation

rate or instability growth rate in order for shear to break up turbulent eddies (Terry,

2000). Looking at the simulation data in figure 4.3(a), the shear rates are only

marginally larger than the interchange growth rate, except for the negatively biased

case, in which the shearing rate is approximately twice as large near R = 1.1 m. In

Fig. 4.3(b), density fluctuation levels have been normalized to a volume-averaged
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Figure 4.4: Comparison of local interchange growth rates for the grounded and
limiter-biased cases of the simulation and experiment.

density, and these plots show no significant changes in turbulence levels between the

biased and unbiased cases. Given the large peaks in the shear rate of the negatively

biased scenario, one might expect a corresponding reduction in turbulence levels.

However, there is actually a slight increase in this case.

These differences are marginal, and it is not possible to draw further con-

clusions on the effect of shear suppression of turbulence in the simulations without

performing additional scans in bias voltage. For example, a more extreme bias

value, such as Vb = −80, may have a more noticeable effect on density turbulence

levels. In Fig. 4.3(c), experimental shear levels are less than the local interchange

growth rate obtained from grounded experimental equilibrium density profiles. One

might expect little changes in the density turbulence fluctuation levels. However,

Fig. 4.3(d) shows an increase in turbulence fluctuations for the positively biased

case and a small reduction in the negatively-biased case.

We then calculated the local, linear interchange growth rate for grounded

and limiter-biased scenarios of simulation and experiment. Figure 4.4(a) shows the

linear growth rates for the simulation. The slight increase in the growth rate for the

negatively biased case between 1.0 to 1.1 m could explain the observed increase in

turbulence levels at the same interval. In Fig. 4.4(b), the increase in the local linear

growth rate at 1.1 m for the positively biased case might explain the increase tur-

bulence levels at that location. Furthermore, the decrease in the local linear growth

rate at 1.1 m for the negatively biased case might explain the reduction of turbulence

levels observed there. These plots and those in Fig. 4.3 suggest that the changes to

the E ×B flow introduced by limiter biasing affect classical transport and, hence,
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Figure 4.5: In (a) and (c), comparisons of electron temperature fluctuations and
in (b) and (d), potential fluctuations for the grounded and limiter-biased scenarios.
Both are normalized to the volume-averaged electron temperature 〈Te〉.

equilibrium profiles. The stronger or weaker gradients in these profiles, in turn,

affect turbulence levels. Fluctuations in electron temperature and plasma potential

were also measured. Figures 4.5(a) and 4.5(c) contain radial profiles of electron tem-

perature fluctuations for simulation and experiment, respectively. This is calculated

at the rms of temperature fluctuations normalized to the volume-averaged electron

temperature. The simulation data shows little change between the grounded and

positively biased cases, but a more noticeable change in the profile of the negatively

biased case. For the latter, the fluctuations decrease at the center of the biased

region and increase near the edges. The experimental plot in Fig. 4.5(c) displays

a decrease in fluctuations for both biased cases, when compared to the grounded

scenario. Figures 4.5(b) and 4.5(d) contain radial profiles of plasma potential fluctu-

ations for simulation and experiment. Again the rms values of potential fluctuations

are normalized to the volume-averaged electron temperature. The simulation fluc-

tuation values are up to five times larger than experimental values. Both simulation
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Figure 4.6: Comparison of radial correlation lengths for the grounded and limiter-
biased cases of the simulations.

and experimental data have grounded and positively biased cases are very similar

to one another, and the corresponding negatively biased case is reduced to the right

of the biased region. This relative decrease is more significant in the experimental

data.

Radial correlation lengths can be an indication of the size of turbulent struc-

tures in a plasma, and these are plotted in figure 4.6 for the simulation scenarios.

There is a small reduction in radial correlation lengths for the negatively biased case

at radii greater than 1.1 m. A peak in the shear rate occurs at 1.1 m in Fig. 4.3(a),

suggesting that the stronger shear in this region could be breaking up turbulent

structures and reducing overall correlation lengths. On the other hand, shearing

rates for the positively biased case are not significantly higher than the grounded

scenario, and we are not able to draw conclusions about the decrease in radial corre-

lation lengths observed around 1.2 m. Experimental radial correlation length data

was not available for comparison.

Figures 4.7(a) and 4.7(c) compare radial particle fluxes and figures 4.7(b) and

4.7(d) compare radial heat fluxes from simulation and experiment for the grounded

and limiter-biased scenarios. These are used in experiment to quantify turbulent

transport. The perturbed potential, φ̃ = φ − 〈φ〉, is used to calculate the radial

flow. In the simulation, the perturbed flow is calculated from the variation of φ
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Figure 4.7: Comparison of turbulent radial particle and heat fluxes for the grounded
and limiter-biased simulations.
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Figure 4.8: Comparison of parallel heat flux to top plates from grounded and limiter-
biased simulation scenarios.

in the bi-normal direction y, as Ṽx = (∂φ̃/∂y)/B0. The particle flux is given by

Γ̃n = 〈ñṼx〉, and the heat flux is given by Γ̃T = 〈n〉〈T̃eṼx〉. They are normalized

to 〈n〉 and 〈n〉〈Te〉, respectively with units of velocity. This is the standard ex-

perimental normalization to avoid calibration errors, and we use it for simulation

flux calculations for comparison. In figures 4.7(a) and 4.7(b), there is little change

in flux profiles between the different cases, except for some slight increases in the

negatively-biased scenario, particularly around R = 0.9 m. This corresponds to the

small increase in turbulent fluctuation levels in Fig. 4.3(b). Simulation flux profiles

are much different from the experimental profiles since flow for the latter is calcu-

lated from measurements of the perturbed vertical electric field ẼZ , whereas the

simulation flux profiles were calculated from the perturbed toroidal field. Mapping

simulation data to cylindrical coordinates and calculating Ṽx from ẼZ gives similar

results as in 4.7(a) and 4.7(b). Experimental data in figure 4.7(c) shows reduced

particle transport for both biased cases, and data in 4.7(d) shows reduced heat

transport for the negatively-biased case. This is consistent with the reduction in

other turbulent quantites for the negatively-biased experimental case in Figs. 4.3(d),

4.5(c), and 4.5(d).

Figure 4.8 compares the heat flux to the conducting plates from grounded

and limiter-biased simulations. This was calculated as q‖ = 〈q‖,e〉+ 〈q‖,i〉, where 〈〉
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denotes an average in time and in y. The electron and ion heat fluxes are given by

q‖,e =

∫ v‖max

vc

d3v feHe (4.3)

q‖,i =

∫ v‖max

0
d3v fiHi, (4.4)

where vc is the electron parallel cutoff velocity and fs and Hs are evaluated at

z = zmax. The grounded and positively-biased cases are very similar. The peak of

the negatively-biased scenario is slightly reduced, and the x-integrated value of the

heat flux is less than the other cases. This is consistent with the higher electron

temperature profile visible in Fig. 4.1(b).

4.3 Kelvin-Helmholtz Instability

In neutral fluid theory, a sheared, stratified fluid is guaranteed stable if the Richard-

son number (Ri) is greater than 1/4 everywhere. In other words,

Ri =
g

n0

dn0

dx

1

γ2
E

<
1

4
(4.5)

is a necessary, but not sufficient, condition for instability. In such a system, instabil-

ities can arise from sheared flow, i.e. a Kelvin-Helmholtz instability, or from a pres-

sure gradient that opposes a gravitational force, i.e. a Rayleigh-Taylor instability.

In the Helimak, effective gravity is calculated as g = 2c2
s/R (Horton, 2012). Accord-

ing to Fig. 4.9, the simulation scenarios meet the necessary requirement (Eq. 4.5)

for instability at radial locations greater than 1.0 m. Only the negatively-biased

case meets the necessary instability requirement for some radial values less than 1.0

m, as seen in Fig. 4.9(b). According to Eq. 4.5 and Fig. 4.9(b), the grounded and

positively-biased cases are stable for R < 1.0 m.

We now consider the requirements for a Kelvin-Helmholtz mode and deter-

mine whether it is likely present in the Helimak simulations. We restrict our analysis

to the good curvature region of the negatively-biased case, with dn0/dx > 0, in or-

der to isolate this mode from the ideal interchange mode. The following analysis

is based on Sec. 9.II in Scott (2001). First we consider a fluid with a background

flow V = V (x)êy and assume an inviscid 2D perturbation. The linearized Euler
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grounded and limiter-biased simulations shows that the necessary instability re-
quirement, Ri < 1/4, is met for all three cases at radial values greater than 1.0
m. Only the negatively-biased scenario meets the instability requirement for some
radial values less than 1.0 m.
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equation becomes (
∂

∂t
+ V

∂

∂y

)
∇⊥φ̃− ṽx

∂2V

∂x2
= 0, (4.6)

where φ̃ is the stream function (or electrostatic potential in the case of a magnetized

plasma). Fluctuating flow can be defined in terms of the stream function: ṽ =

∇φ̃× êz. Assuming a solution of the form φ̃ ∼ ei(ky−ωt), Eq. 4.6 becomes

∂2φ̃

∂x2
− k2φ̃ =

kV ′′

kV − ω φ̃. (4.7)

Multiply both sides by the complex conjugate φ̃∗, and use the relation

φ̃∗
∂2φ̃

∂x2
=

∂

∂x

(
φ̃∗
∂φ̃

∂x

)
−
∣∣∣∣∣∂φ̃∂x

∣∣∣∣∣
2

. (4.8)

After integrating over x the first term on the right-hand side vanishes if either

periodic or Dirichlet (φ̃ = 0) boundary conditions are assumed. We use the latter

in the Gkeyll simulation. To determine the growth rate, take the imaginary part

of Eq. 4.7:

γ

∫
dx

kV ′′

(ωR − kV )2 + γ2
|φ̃|2 = 0 (4.9)

Thus, the growth rate must be zero unless there is an inflection point in the back-

ground flow (V ′′ = 0) within the x-domain. By considering the real part of 4.7, we

determine a limit on the wavenumber k:

∫
dx

(ωR − kV )kV ′′

(ωR − kV )2 + γ2
|φ̃|2 =

∫
dx

∣∣∣∣∣∂φ̃∂x
∣∣∣∣∣
2

+

∫
dx k2|φ̃|2. (4.10)

The first term in the numerator vanishes due to Eq. 4.9 giving

∫
dx

∣∣∣∣∣∂φ̃∂x
∣∣∣∣∣
2

+

∫
dx k2

[
1 +

V V ′′

(ωR − kV )2 + γ2

]
|φ̃|2 = 0. (4.11)
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Figure 4.10: Power in the Fourier transform in z of electron density fluctuations,
averaged in y and from 10 to 16 ms, is compared in the good-curvature region (R =
0.86 m) and bad-curvature region (R = 1.2 m) of the negatively-biased simulation.
The increased power in the good-curvature region suggests that drift waves could
be driving the increased turbulent fluctuation levels observed here.

The product V V ′′ must be negative, and the limit on k is given by

(ωR − kV )2 + γ2 < |V V ′′| ∼ V 2

∆2
V

. (4.12)

An approximate requirement for the Kelvin-Helmholtz instability is k∆V < O(1),

where ∆V is the shear length. That is, only long wavelengths are unstable. Using

kmin = 2π/Ly ≈ 18.16 m−1, we can estimate this minimum requirement on ky

for the simulations. The negatively-biased case that we consider demonstrated the

largest shear rate and also an increase in density fluctuation turbulence levels in

the good curvature region. Based on Fig. 4.2(b), we estimate ∆V ≈ 0.1 m, giving

kmin∆V ≈ 1.8 > O(1). This product would be even greater for the grounded and

positively biased cases, given the corresponding shear lengths evident in Fig. 4.2(b).

Therefore, it is unlikely that the Kelvin-Helmholtz modes are present in any of the

simulations.

Figure 4.10 compares the power in the Fourier transform in z of electron

density fluctuations at two radial locations in the negatively-biased simulation. The

increased power in kz modes greater than zero in the good-curvature region (R =

0.86 m), relative to the bad-curvature region (R = 1.2 m), suggests that drift waves,
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with finite k‖, could be causing the increased turbulence levels observed at that

location.

4.4 Conclusions

In this chapter, we presented simulations of limiter biasing in the Texas Helimak and

compared with grounded simulations and with experimental data. The motivation

to study limiter biasing in the Helimak is to better understand the role that flow

shear can play on turbulence suppression. Our simulation results and analysis of

experimental data have shown that local linear interchange growth rates are gener-

ally larger or only marginally less than flow shear rates, which suggests that shear

suppression theory does not apply in the case of the Helimak. We conclude that

differences in experimental turbulent fluctuation levels observed for different bias

voltages in the Helimak result from changes in transport and, hence, equilibrium

profiles caused by the flow shear rather than turbulence suppression by shear. As

in the previous chapter, we observe differences in the comparison of simulation and

experimental profiles, which is likely due to the vertical component of the E ×B
flow that is not currently included in our model. Including this feature is important

future work.

Based on our analysis of Kelvin-Helmholtz modes, we determined they are

not likely present for Helimak parameters. We concluded that the slight increase

in turbulent fluctuation levels in the good-curvature region of the negatively-biased

simulation could be due to drift wave modes. Future work could include a more

detailed analysis of drift-interchange turbulence in the limiter-biasing simulations,

particularly in scenarios with longer connection lengths. The new, faster version of

Gkeyll will facilitate routine use of longer connection lengths.
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Chapter 5

A Conservative Gyrokinetic

Fokker-Planck Collision Operator

This chapter describes the development of a moment-conserving gyrokinetic collision

operator for the new version of Gkeyll. In this version, the modal discontinuous

Galerkin (DG) method replaces the nodal method used previously. In the modal

DG algorithm, the basis functions are orthonormal, which allows coefficients of com-

putational kernels to be precalculated using the Maxima computer algebra system

(CAS). This results in a quadrature-free code that is about ten times faster than

the previous version. In this chapter, we introduce the form of gyrokinetic Fokker-

Planck collision operator that we use and describe its theoretical properties. We

then present the algorithm used to implement the discrete operator and demon-

strate that properties of the continuous operator are preserved. Next we detail the

stability requirements for the discrete operator used our time-stepping method. Fi-

nally, we present present various benchmark problems and then conclude with a

summary of our findings.

5.1 Gyrokinetic Fokker-Planck Collision Operator

Kinetic theory is necessary to describe the dynamical behavior of charged particles

in a plasma that is far from equilibrium. In these systems, small-angle collisions are

more important than the ballistic, “hard-angle” collisions that dominate in neutral

gases or fluids. The Vlasov-Maxwell-Fokker-Planck equation can be used to describe
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the evolution of the phase space distribution f(t,x,v) for particles in this system:

∂fs
∂t

+∇ · (vfs) +∇v · (asfs) =

(
∂fs
∂t

)
c

, (5.1)

where as = (qs/ms) (E + v ×B) is the acceleration due to the Lorentz force, and

qs and ms the charge and mass of species s, respectively. The fields E and B are

evolved self-consistently using Maxwell’s equations. The right hand side represents

the small-angle collisions via the nonlinear Fokker-Planck collision operator, which,

in the Rosenbluth form (Rosenbluth et al., 1957), is(
∂fs
∂t

)
c

= − ∂

∂vi
(〈∆vi〉s fs) +

1

2

∂2

∂vi∂vj

(
〈∆vi∆vj〉s fs

)
. (5.2)

The 〈∆vi〉s and 〈∆vi∆vj〉s terms are average increments per unit time. These

are generally calculated from the Rosenbluth potentials and result in a nonlinear

integro-differential equation (Rosenbluth et al., 1957).

In certain plasma regimes, this six-dimensional equation spans a wide range

of spatial and temporal scales and is numerically intractable. Fortunately, when

the plasma dynamics of interest evolve on a timescale much slower than the rapid

particle gyromotion due to magnetic fields, gyrokinetic theory can reduce Eq. (5.1)

from six phase-space dimensions to five by using a systematic averaging procedure

to remove fast gyration timescales (Brizard and Hahm, 2007; Krommes, 2010, 2012;

Sugama, 2000). This is appropriate in magnetized plasmas with a strong back-

ground magnetic field and weak spatial inhomogeneities, such as laboratory nuclear

fusion plasmas. The gyrokinetic equation permits a larger time-step and coarser

grid than the six-dimensional Vlasov-Maxwell-Fokker-Planck equation. This for-

mulation results in a change of variables from the phase-space variables (x,v) to

the gyro-averaged particle position, or gyrocenter, phase-space variables (R, v‖, µ),

where R is the gyrocenter coordinate, v‖ is the velocity component(coordinate) par-

allel to the background magnetic field, and µ = mv⊥/2B is the magnetic moment,

an adiabatic constant that depends on the velocity component(coordinate) parallel

to the magnetic field. The gyrokinetic equation evolves the gyrocenter distribution

function f(t,R, v‖, µ) and is written in conservative form as

∂fs
∂t

+∇ ·
(
J Ṙfs

)
+

∂

∂v‖

(
J v̇‖fs

)
= J

(
∂fs
∂t

)
c

, (5.3)
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where J is the Jacobian and the gyrokinetic nonlinear Fokker-Planck collision

operator appears on the right-hand side. The phase-space advection velocities

Ṙ = {R, H} and v̇‖ = {v‖, H} are defined in terms of the Poisson bracket

{F,G} =
B∗

msB∗‖
·
(
∇F ∂G

∂v‖
− ∂F

∂v‖
∇G

)
− 1

qsB∗‖
b · ∇F ×∇G. (5.4)

To complete the gyrokinetic system, we solve for the electrostatic potential using the

long-wavelength, gyrokinetic Poisson equation with a linear ion polarization density

−∇ ·
(
ngi0q

2
i ρ

2
s0

Te0
∇⊥φ

)
= σg = qin

g
i (R, t)− ene(R, t). (5.5)

We build upon work in Hakim et al. (2019) and present a moment-conserving

discretization scheme for the gyrokinetic Fokker-Planck collision operator using the

modal discontinuous Galerkin (DG) algorithm. We make the following approxi-

mations to the average velocity increments per unit time that appear in Eq. (5.2):

〈∆vi〉s = −νss(vi − ui,s) and 〈∆vi∆vj〉s = 2νssv
2
th,sδij , where νss is the collision

frequency, us is the mean velocity, and vth,s =
√
Ts/ms is the thermal speed. In a

gyrokinetic system, the average velocity perpendicular to the background magnetic

field is zero to lowest order. Therefore, the total mean velocity is us = u‖s b, where b

is the unit vector parallel to the background magnetic field B. Thus, the simplified

gyrokinetic collision operator becomes(
∂fs
∂t

)
c

= νss
∂

∂v‖

[
(v‖ − u‖)fs + v2

th,s

∂fs
∂v‖

]
+ νss

∂

∂µ

[
2µfs + 2

msv
2
th,s

B
µ
∂fs
∂µ

]
≡ C[fs], (5.6)

where νss is the collision frequency and the “primitive” moments u‖ and vth,s are cal-

culated by taking moments of the distribution function fs. This operator accounts

for both drag and diffusion on the distribution function in velocity space. We cur-

rently use a mean value of the collision frequency that does not contain any velocity

dependence, given by the formula in Huba (2009). In the complete formulation,

the collision frequency is reduced at high velocities and is proportional to 1/v3. At

present, we will only consider same-species collisions, though cross-species collisions

are currently being developed and tested in this model and will be presented in a

future paper.
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5.2 The Continuous Gyrokinetic Fokker-Planck Opera-

tor

In plasma physics, the simplied form of the Fokker-Planck collision operator in

Eq. (5.6) is often referred to as the Lenard-Bernstein collision operator or the Dougherty

operator, based on Lenard and Bernstein (1958) and Dougherty (1964), respectively.

As in Hakim et al. (2019), we refer to it as the gyrokinetic Fokker-Planck operator

(FPO), since algorithms laid forth here also apply to the more general operator

in which velocity increments are determined from the Rosenbluth potentials. To

consider properties of the gyrokinetic FPO, we first define the following moment

calculations:

M s
0 = 〈1〉s (5.7)

M s
1 = 〈v‖〉s (5.8)

M s
2 = 〈v2

‖ + 2Bµ/ms〉s. (5.9)

The gyrokinetic moment operator 〈ϕ(v‖, µ)〉s is defined as

〈ϕ(v‖, µ)〉s =

∫ ∞
−∞

ϕ(v‖, µ)J fs(t,R, v‖, µ) d3v, (5.10)

where
∫∞
−∞ d

3v = (2π/ms)
∫∞
−∞ dv‖

∫∞
0 dµ anywhere it appears in this paper since

we are using gyrokinetic coordinates. The mean velocity and thermal speed that

appear in the gyrokinetic FPO are calculated from the moments using the relations

M s
1 = nsu‖s and M s

2 = nsu‖
2
s+3nsv

2
th,s. As noted above, we will only consider same-

species collisions and, henceforth, drop the subscript. The continuous gyrokinetic

FPO analytically conserves particle number, momentum and energy for each species,

which is summarized by the following propositions.

Proposition 1 (Number Density Conservation). The gyrokinetic FPO conserves

number density of each species:

∂

∂t
〈1〉 = 0 (5.11)

Proposition 2 (Momentum Conservation). The gryokinetic FPO conserves total
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momentum:

∂

∂t
〈mv‖〉 = 0 (5.12)

if

−
∫ ∞
−∞

mν(v‖ − u‖)J f d3v = 0 (5.13)

Proposition 3 (Energy Conservation). The gyrokinetic FPO conserves total en-

ergy:

∂

∂t
〈v2
‖/2 +Bµ〉 = 0 (5.14)

if

−
∫ ∞
−∞

ν
[
mv‖(v‖ − u‖) + 2Bµ− 3mv2

th,s

]
J f d3v = 0. (5.15)

To prove conservation from Eq. (5.6), integrate the drag terms by parts once

and the diffusion terms by parts twice. It is necessary to integrate over all configu-

ration space, as well. Otherwise, local conservation laws can be defined that involve

the spatial divergence of the conserved quantities. In these propositions, we also

assume that f(t,R, v‖, µ) → 0 faster than any power of the velocity as v‖, µ → ∞.

An analogous discrete operator must conserve these quantities in a discrete sense,

accounting for boundary conditions in the finite velocity domain.

As in Hakim et al. (2019), we demonstrate that the gyrokinetic FPO ensures

entropy is a non-decreasing function and causes the system to relax to a maximum-

entropy solution, i.e. a Maxwellian function.

Proposition 4 (H-Theorem). The total entropy of the system is a non-decreasing

function, that is

d

dt

∫ ∞
−∞
−f ln f d3v ≥ 0. (5.16)

Proof. Let S = −
∫∞
−∞ f ln f d3v. Then we have

∂S

∂t
= −

∫ ∞
−∞

∂f

∂t
(ln f + 1) d3v. (5.17)
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Write the gyrokinetic Fokker-Planck operator as

∂f

∂t
=
∂Fv‖
∂v‖

+
∂Fµ
∂µ

(5.18)

where

Fv‖ = (v‖ − u‖)f + v2
th,s

∂f

∂v‖
(5.19)

Fµ = 2µf + 2
mv2

th

B
µ
∂f

∂µ
. (5.20)

We have dropped ν without any loss of generality. Substitute and integrate by parts

to get

∂S

∂t
=

∫ ∞
−∞

1

f

(
Fv‖

∂f

∂v‖
+ Fµ

∂f

∂µ

)
d3v. (5.21)

We have assumed that Fv‖ → 0 as v‖ → ±∞ and Fµ → 0 as v‖ → ∞ faster than

the logarithmic singularity from the ln f term. Substituting for partial derivatives

using 5.19 and 5.20 gives

∂S

∂t
=

1

v2
th

∫ ∞
−∞

[
1

f

(
F 2
v‖

+
2B

mµ
F 2
µ

)
− (v‖ − u‖)Fv‖ −

B

m
Fµ

]
d3v. (5.22)

With the definitions of Fv‖ and Fµ, the second and third terms become∫ ∞
−∞

[
−
(
v2
‖ +

2Bµ

m

)
f + (2v‖u‖ − u2

‖ + 3v2
th)f

]
d3v = 0, (5.23)

after integration by parts and using definitions of the moments. Therefore, since

µ ≥ 0,

∂S

∂t
=

1

v2
th

∫ ∞
−∞

1

f

(
F 2
v‖

+
2B

mµ
F 2
µ

)
≥ 0 (5.24)

as long as f > 0.

For the full gyrokinetic equation, the integration needs to be performed over

the complete phase-space and not just velocity space as shown. The process is the

same as described following the moment-conservation proofs. Now the definition

of entropy and the fact that it increases monotonically can be used to prove the
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following.

Proposition 5 (Maximum entropy solution). The maximum entropy solution to

the Fokker-Planck operator is the Maxwellian given by

fM (n, u‖, vth) =
n

(2πv2
th)3/2

exp

(
−

(v‖ − u‖)2

2v2
th

− Bµ

mv2
th

)
. (5.25)

Proof. We wish to maximize the entropy subject to the constraint that density,

momentum and energy do not change during the evolution as required by Proposi-

tions (1)–(3). Therfore, we need to find the extremum of

S =−
∫ ∞
−∞

f ln f d3v + λ0

(∫ ∞
−∞

f d3v −M0

)
+ λ1

(∫ ∞
−∞

v‖f d
3v −M1

)
+ λ2

(∫ ∞
−∞

(v2
‖ + 2Bµ/m)f d3v −M2

)
, (5.26)

where λ0, λ1 and λ2 are Lagrange multipliers. Varying this Lagrangian and applying

the constraints to determine the Lagrange multipliers, leads to the Maxwellian.

Because the entropy is monotonically increasing, the Maxwellian maximizes the

entropy.

Proposition 6 (Self-adjoint property). The Fokker-Planck operator, C[f ], is self-

adjoint: for arbitrary functions g(t,R, v‖, µ), f(t,R, v‖, µ)

〈gC[f ]〉 = 〈fC[g]〉 (5.27)

with the inner product defined as

〈fg〉 =

∫ ∞
−∞

1

fM
fg d3v (5.28)

where fM is the Maxwellian that satisfies C[fM ] = 0.

Proof. Integrating Eq. (5.27) by parts and using 5.19 and 5.20 gives

〈gC[f ]〉 = −
∫ ∞
−∞

(
Fv‖

∂

∂v‖
+ Fµ

∂

∂µ

)(
g

fM

)
d3v. (5.29)
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Use the identities

v2
thfM

∂

∂v‖

(
f

fM

)
= (v‖ − u‖)f + v2

th

∂f

∂v‖
= Fv‖ (5.30)

2mv2
th

B
fMµ

∂

∂µ

(
f

fM

)
= 2f +

2mv2
th

B
µ
∂f

∂µ
= Fµ (5.31)

to arrive at

〈gC[f ]〉 =− v2
th

∫ ∞
−∞

fM

{
∂

∂v‖

(
f

fM

)
∂

∂v‖

(
g

fM

)
+

2m

B
µ
∂

∂µ

(
f

fM

)
∂

∂µ

(
g

fM

)
d3v. (5.32)

This is symmetric in f and g, and the self-adjoint property follows.

The self-adjoint property indicates that all eigenvalues of the operator are

real and the solution is damped. For further discussion of the fM weighting used in

the definition of the inner product, see Hakim et al. (2019).

5.3 The Discrete Gyrokinetic Fokker-Planck Operator

Prior to describing the conservative discretization scheme for the gyrokinetic Fokker-

Planck operator (FPO), we first briefly introduce the concept of weak equality. For

some interval I and some basis ψk, where k = 1, . . . , N , two quantities f and g are

weakly equal if ∫
I
(f − g)ψk dx = 0. (5.33)

That is, the projections of these functions on a given basis are equal. We denote a

weak equality by f
.
= g. In our scheme we will need to invert quantities that are

defined via weak inequalities and, thus, require the definition of a weak operator. For

example, consider the relation between the zeroth and first moments, M1 = M0u.

It may seem trivial to solve for the mean velocity from this equation as u = M1/M0.

However, in our scheme, we only know the projections of M0 and M1 on the DG

function space and not the exact solutions of the moments. We, therefore, must
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solve for u by inverting the weak operation

M1
.
= M0u. (5.34)

Using Eq. (5.33) and assuming u belongs to the same function space, u =
∑

m umψm,

we can express this weak operation as a system of linear equations

∑
m

um

∫
I
M0ψmψkdx =

∫
I
M1ψkdx, (5.35)

where M0 and M1 also have expansions in the basis space that need to be included.

We refer to the inversion of this system as weak-division. For more information

about weak equality and weak operators, see Hakim (2019).

We now set forth the conservative discretization scheme for the gyrokinetic

Fokker-Planck operator (FPO) using the modal discontinous Galerkin (DG) al-

gorithm. We assume a 1X2V system, with one spatial dimension and the two

gyrokinetic velocity dimensions. The scheme is easily extended to higher spatial

dimensions, and we include results from a 3X2V system in the benchmark sec-

tion. We implement the DG scheme on a rectangular mesh with cells Ωi,j,k ≡
[xi−1/2, xi+1/2]× [v‖j−1/2, v‖j+1/2]× [µk−1/2, µk+1/2] and select a set of orthonormal

basis functions on each cell ψm(x, v‖, µ), for m = l, . . . , N :∫
Ωi,j,k

ψmψn dx dv‖ dµ = δmn. (5.36)

and denote the numerical solution by fh. We choose the basis functions to lie in the

Serendipity polynomial space Vpd of order p and dimension d (Arnold and Awanou,

2011), though the algorithm presented here is general to other orthonormal basis-

sets. Monomials for the three-dimensional 1X2V are constructed from

Vp3 = {xlvm‖ µn | deg3(xlvm‖ µ
n) ≤ p}, (5.37)

where the degp function is defined as the sum of all monomial powers that appear

superlinearly.

The 1X2V system contains one spatial dimension, or a one-dimensional

configuration-space. Thus, the moments and fluid quantities, such as u‖ and vth,
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are chosen to lie in the Vp1 space and are calculated from the weak equalities

Mh,0
.
=

∫
fh

2π

m
dv‖ dµ (5.38)

Mh,1
.
=

∫
v‖fh

2π

m
dv‖ dµ (5.39)

Mh,2
.
=

∫
(v2
‖ + 2Bµ/m)fh

2π

m
dv‖ dµ. (5.40)

As in Hakim et al. (2019), we apply a limiter to numerical solution of M0 to ensure

that u does not approach infinity. Consider the orthonormal piecewise linear basis

on the interval [-1,1]

ψ0 =
1√
2

; ψ1 =

√
3√
2
x. (5.41)

Letting M1 = 1 and M0 = n0ψ0 + n1ψ1, the weak-division operation gives

u =

√
2

n2
0 − n2

1

(n0 −
√

3n1x), (5.42)

which is undefined for n1 = ±n0. Mean density n0 is always positive. When

n1 = ±n0 occurs, the piecewise linear solution of M0 crosses the M0 = 0 axis at

x = ±1/
√

3. The solution may have a zero crossing, so long as it is weakly equivalent

to a solution with no zero crossings, which is true for |n1| <
√

3n0. In practice, we

have found that the limit n0 < |n1|/
√

3 ensures that the mean velocity u does not

approach infinity and that the time-step does not become vanishingly small. For

more details of the limiter scheme see Hakim et al. (2019) and Hakim (2019).

Now to discretize the gyrokinetic FPO, first multiply by a test function w ∈
Vp3 and integrate over all phase-space:∫

Ωi,j

w
∂fh
∂t

dx dv‖ dµ =

∫
Ωi,j

w

{
∂

∂v‖

[
(v‖ − u‖)fs + v2

th,s

∂fs
∂v‖

]
+

∂

∂µ

[
2µfs 2

msv
2
th,s

B

∂f

∂µ

]}
dx dv‖ dµ, (5.43)

where we neglect the 2π/m integration factor to simplify notation. Integrate by

88



parts once to give

∫
Ωi,j,k

w
∂fh
∂t

dx dv‖ dµ =

∫ xi+1/2

xi−1/2

∫ µk+1/2

µk−1/2

wGv‖(fL, fR) dx dµ

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

+

∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

wGµ(fL, fR) dx dv‖

∣∣∣∣∣
µk+1/2

µk−1/2

−
∫

Ωi,j,k

{
∂w

∂v‖

[
(v‖ − u‖)fh + v2

th

∂fh
∂v‖

]
+
∂w

∂µ

[
2µf +

2mv2
th

B
µ
∂fh
∂µ

]}
dx dv‖ dµ. (5.44)

The numerical fluxes Gv‖(fL, fR) and Gµ(fL, fR) are written in penalty form

Gv‖(fL, fR) =
1

2
(v‖ − u‖)(fR + fL)−

τv‖
2

(fL − fR) + v2
th

∂f̂h
∂v‖

(5.45)

Gµ(fL, fR) = µ(fR + fL)− τµ
2

(fL − fR) +
2mv2

th

B
µ
∂f̂h
∂µ

, (5.46)

where τv‖ max(|v‖ − u‖|) and τµ = max(2µ). Fluxes are calculated at cell inter-

faces, and fL and fR refer to solutions from the left and right cells, respectively.

Since the solution is discontinuous across cell interfaces, f̂h is a continuous recovered

distribution function calculated via a weak-equality procedure using fL and fR.

To understand this, consider a simple one-dimensional example. Let I =

[−1, 1] be the interval containing the functions fL on IL = [−1, 0] and fR on IR =

[0, 1], which have a single discontinuity at x = 0. Choosing the function spaces PL
and PR on the interval IL = [−1, 0] and IR = [0, 1], respectively, we can reconstruct

a continuous function f̂ such that

f̂
.
= fL x ∈ IL on PL (5.47)

f̂
.
= fR x ∈ IR on PR, (5.48)

where f = fL for x ∈ IL and f = fR for x ∈ IR. However, to determine f̂ uniquely,

we use the fact that between fL and fR we have 2N pieces of information, where N

is the number of basis functions in PL,R. We can, therefore, construct a polynomial
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of maximum order 2N − 1

f̂(x) =
2N−1∑
m=0

f̂mx
m, (5.49)

which, with Eqns. (5.47) and (5.48), completely determines f̂ .

We now consider the effect of a finite domain on boundary conditions. As op-

posed to the continuous FPO, we truncate the velocity domain: v‖ ∈ [−v‖max, v‖max]

and µ ∈ [0, µmax], where v‖max and µmax are sufficiently large. We choose the bound-

ary conditions

Gv‖
(
fL(−v‖max), fR(−v‖max)

)
= Gv‖

(
fL(v‖max), fR(v‖max)

)
= 0 (5.50)

Gµ
(
fL(0), fR(0)

)
= Gµ

(
fL(µmax), fR(µmax)

)
= 0. (5.51)

When substituting 1 for w, it is easy to demonstrate particle conservation. However,

the discrete scheme in 5.44 does not conserve momentum or energy, as can be shown

by substituting w = v‖ and integrating the volume term by parts again. When

summed over all velocity cells, this term contributes non-vanishing jumps in the

solution at cell interfaces. A similar procedure can be demonstrated for energy.

To conserve these moments in the discrete scheme, it is necessary to integrate

by parts twice initially and evaluate the additional surface terms using the recovered
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distribution function f̂h:

∫
Ωi,j,k

w
∂fh
∂t

dx dv‖ dµ =

∫ xi+1/2

xi−1/2

∫ µk+1/2

µk−1/2

wGv‖(fL, fR) dx dµ

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

−
∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

∂w

∂v‖
v2
thf̂h dx dµ

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

+

∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

wGµ(fL, fR) dx dv‖

∣∣∣∣∣
µk+1/2

µk−1/2

−
∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

∂w

∂µ

2mv2
th

B
µf̂h dx dµ

∣∣∣∣∣
µk+1/2

µk−1/2

−
∫

Ωi,j,k

{
∂w

∂v‖
(v‖ − u‖)−

∂2w

∂v2
‖
v2
th

+
∂w

∂µ
2µ− 2mv2

th

B

(
µ
∂2w

∂µ2
+
∂w

∂µ

)}
fh dx dv‖ dµ. (5.52)

We denote this as Scheme C and demonstrate the conservation properties through

a series of proofs. Without loss of generality, we assume the mass is 1 and neglect

the 2π integration factor.

Proposition 7 (Discrete Number Density Conservation). Scheme C conserves num-

ber density:

d

dt

∑
j

∫
Ωi,j,k

fh dx dv‖ dµ = 0. (5.53)

Proof. To prove this, use w = 1 in Eq. (5.52) and sum over all velocity space cells.

Since the numerical flux is continuous, the boundary conditions 5.50 and 5.51 com-

plete the proof.

Remark that the sum above, and in all the propositions in this section, is over

velocity space cells as there are no spatial gradients in the gyrokinetic FP equation.

However, for the full gyrokinetic Fokker-Planck equation, the sum extends over all

of phase-space.

Proposition 8 (Discrete Momentum Conservation). Scheme C conserves momen-

91



tum:

d

dt

∑
j

∫
Ωi,j,k

v‖fh dx dv‖ dµ = 0, (5.54)

if the following weak-equality relation is satisfied:

v2
th

∑
k

∫ µk+1/2

µk−1/2

(
f̂h(v‖max)− f̂h(−v‖max)

)
dµ+Mh,1 − uMh,0

.
= 0. (5.55)

Proof. To prove this, use w = v‖ in Eq. (5.52) and sum over all velocity space cells

to get

d

dt

∑
j,k

∫
Ωi,j,k

v‖fh dx dv‖ dµ =−
∑
j,k

∫ xi+1/2

xi−1/2

∫ µk+1/2

µk−1/2

v2
thf̂h dx dµ

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

−
∑
j,k

∫
Ωi,j,k

(v‖ − u‖)fh dx dv‖ dµ (5.56)

The contributions from the numerical fluxes Gv‖ and Gµ drop out due to continuity

and boundary conditions. In the first term all interface contributions from v‖ will

cancel except the first and last. Combined with the definition of the discrete moment

operators in the second term leads to the constraint

∫ xi+1/2

xi−1/2

[∑
k

∫ µk+1/2

µk−1/2

v2
th

(
f̂h(v‖max)− f̂h(−v‖max)

)
dµ+Mh,1 − uMh,0

]
dx = 0,

(5.57)

where f̂h is also a function of x and µ. Using the definition of weak equality this

implies that the momentum will be conserved if Eq. (5.55) is satisfied. Notice that

the f̂h was replaced by fh as at the outer velocity boundaries as there is no “outside”

cell to allow reconstructing a distribution function.

The weak-equality constraint, Eq. (5.55), is stronger than required to satisfy

Eq. (5.57). However, ensuring that the weak-equality constraint is satisfied auto-

matically ensures that the momentum conservation conditions are met.
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Proposition 9 (Discrete Energy Conservation). Scheme C conserves energy:

d

dt

∑
j,k

∫
Ωi,j,k

(
1

2
v2
‖ +Bµ

)
fh dx dv‖ dµ = 0, (5.58)

if the following weak-equality relation is satisfied:

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
v‖maxf̂h(v‖max)− v‖maxf̂h(−v‖max)

)
dµ

+
∑
j

∫ v‖j+1/2

v‖j−1/2

2v2
th

(
µmaxf̂h(µmax)− µmaxf̂h(−v‖max)

)
dv‖

+Mh,2 − uMh,1 − 3v2
thMh,0

.
= 0. (5.59)

Proof. For this proposition assume that p ≥ 2 and so v2 ∈ Vp2 . The case of p = 1

introduces some complexity, dealt with below. To prove the proposition use w =

v2
‖/2 +Bµ in Eq. (5.52) and sum over all velocity space cells to get

d

dt

∑
j

∫
Ωi,j,k

1

2
v2fh dx dv‖ dµ = −

∑
j,k

∫ xi+1/2

xi−1/2

∫ µk+1/2

µk−1/2

v2
thv‖f̂h dx dµ

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

−
∑
j,k

∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

2v2
th µf̂h dx dµ

∣∣∣∣∣
µk+1/2

µk−1/2

−
∑
j,k

∫
Ωi,j,k

[
v‖(v‖ − u‖)fh + 2Bµfh − 3v2

thfh
]
dx dv‖ dµ. (5.60)

All contributions from interior cell interfaces cancel in the first term. Combined

with the definition of the discrete moment operators in the second term leads to the

constraint∫ xi+1/2

xi−1/2

[∑
k

∫ µk+1/2

µk−1/2

v2
th

(
v‖maxf̂h(v‖max) + v‖maxf̂h(−v‖max)

)
dµ

+
∑
j

∫ v‖j+1/2

v‖j−1/2

2v2
thµmaxf̂h(µmax) dv‖

+Mh,2 − uMh,1 − 3v2
thMh,0

]
dx = 0. (5.61)

Using the definition of weak-equality this implies that the energy will be conserved
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if Eq. (5.59) is satisfied.

Thus, the constraints required for conservation of momentum and energy

provide a set of weak-equality relations

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
f̂h(v‖max)− f̂h(−v‖max)

)
dµ+Mh,1 − uMh,0

.
= 0 (5.62)

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
v‖maxf̂h(v‖max) + v‖maxf̂h(−v‖max)

)
dµ

+
∑
j

∫ v‖j+1/2

v‖j−1/2

2v2
thµmaxf̂h(µmax)dv‖ +Mh,2 − uMh,1 − 3v2

thMh,0
.
= 0. (5.63)

This is a linear system that can be inverted to give parallel drift velocity u‖ and

the thermal speed vth in the full configuration-space basis Vp1 . The proofs above

indicate the importance of boundary conditions in this conservative scheme, and

the appearance of the recovered polynomial f̂h

It is necessary to remark that this scheme is is only appropriate for basis

functions of p ≥ 2, in which case it spans the quadratic term in the test function

v2
‖/2 + Bµ. For a piecewise linear basis (p = 1), conservation can be maintained if

the quadratic term in the test function is replaced by its projection onto the basis

functions, v2
‖ ∈ V1

3 , which is weakly equivalent to v2
‖ in this basis:

v2
‖
.
= v2
‖ on V1

3 . (5.64)

It is straightforward to show that v2
‖ is continuous. Also, in a weak-equality sense,

the definition of particle energy is the same, whether we use the original quadratic

expression or its projection in the following.

Eh =

∫ v‖max

−v‖max

dv‖

∫ µmax

0
dµ (v2

‖/2 +Bµ)fh (5.65)

We now derive discrete energy conservation for the p = 1 basis.

Proposition 10 (Discrete Energy Conservation, p = 1 case). Scheme C conserves

energy:

d

dt

∑
j,k

∫
Ωi,j,

(v2
‖/2 +Bµ)fh dx dv‖ dµ = 0. (5.66)

94



if the following weak-equality relation is satisfied:

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
v‖max

fh(v‖max) + v‖max
fh(−v‖max)

)
dµ

+
∑
j

∫ v‖j+1/2

v‖j−1/2

2v2
thµmaxf̂h(µmax)dv‖

+M∗h,2 − uM∗h,1 − v2
thM

∗
h,0 − 2v2

thM0
.
= 0. (5.67)

where vj = (vj+1/2 + vj−1/2)/2. The “star moments” M∗h,k are defined below.

Proof. As v2
‖/2 does not belong in V1

3 we use its projection to show energy conser-

vation. That is, use v2
‖/2 (see Eq. (5.64)). With this choice we can show that

∂

∂v

(
1

2
v2
‖

)
=

1

2
(v‖j+1/2 + v‖j−1/2) ≡ v‖j . (5.68)

Setting w = v2
‖/2 + Bµ in Eq. (5.52) and summing over all velocity space cells we

get

d

dt

∑
j,k

∫
Ωi,j,

(v2
‖/2 +Bµ)fh dx dv‖ dµ = −

∑
j,k

∫ xi+1/2

xi−1/2

∫ µk+1/2

µk−1/2

v‖jv
2
thf̂h dx

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

−
∑
j,k

∫ xi+1/2

xi−1/2

∫ v‖j+1/2

v‖j−1/2

2v2
th µf̂h dx dµ

∣∣∣∣∣
µk+1/2

µk−1/2

−
∑
j,k

∫
Ωi,j

[
v‖j(v‖ − u‖)fh + 2Bµfh − 2v2

thfh

]
dx dv‖ dµ.

(5.69)

The contribution from the numerical flux term Gv‖ drops out as v2
‖/2 is continuous.

However, as v‖j is not continuous the contributions from the first term above do not
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drop out. This can be written as

∫ xi+1/2

xi−1/2

v2
th

∑
j,k

∫ µk+1/2

µk−1/2

v‖j f̂h

∣∣∣∣∣
v‖j+1/2

v‖j−1/2

dx dµ =

∫ xi+1/2

xi−1/2

∑
k

∫ µk+1/2

µk−1/2

[
v2
th

(
v‖max

fh(v‖max) + v‖max
fh(−v‖max)

)
− v2

th

∑
j 6=±jmax

∆v‖j f̂h,j+1/2

]
dx dµ, (5.70)

where ∆v‖j = v‖j+1
− v‖j , and j 6= ±jmax is taken to mean that the sum excludes

the first and last j indices. We define the “star moments” as

M∗h,0
.
=

∑
j 6=±jmax

∑
k

∫ µk+1/2

µk−1/2

∆v‖j f̂h,j+1/2 dµ (5.71)

M∗h,1
.
=
∑
j,k

∫ v‖j+1/2

v‖j−1/2

∫ µk+1/2

µk−1/2

v‖jfh dv‖ dµ (5.72)

M∗h,2
.
=
∑
j,k

∫ v‖j+1/2

v‖j−1/2

∫ µk+1/2

µk−1/2

(v‖jv‖ + 2Bµ)fh dv‖dµ. (5.73)

With the definition of weak equality, this implies that the energy will be conserved

in the p = 1 case if Eq. (5.67) is satisfied.

In summary, for the p = 1 case the drift velocity and thermal speed must be

determined using the following simultaneous set of weak-equality relations

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
f̂h(v‖max)− f̂h(−v‖max)

)
dµ+Mh,1 − uMh,0

.
= 0 (5.74)

∑
k

∫ µk+1/2

µk−1/2

v2
th

(
v‖max

fh(v‖max) + v‖max
fh(−v‖max)

)
dµ

+
∑
j

∫ v‖j+1/2

v‖j−1/2

2v2
thµmaxf̂h(µmax)dv‖

+M∗h,2 − uM∗h,1 − v2
thM

∗
h,0 − 2v2

thM0
.
= 0. (5.75)

In this case, both the regular and star discrete moments must be computed.
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5.4 Time-stepping and Stability

We now discuss stability requirements for the Vlasov-Maxwell-Fokker-Planck (5.1)

and gyrokinetic Fokker-Planck (5.3) equations that have been discretized in space

using a discontinuous Galerkin (DG) algorithm. Both are complicated nonlinear

equations with a mixture of diffusion and advection operators in velocity and con-

figuration space, which we currently solve using Strong-Stability Preserving (SSP)

versions of Runge–Kutta. In general, one can determine the appropriate time-step

for a linear problem df/dt = Lf [f ] by estimating the eigenvalues λ of the operator L.

Then the time-step is chosen such that λ∆t is within the region of numerical stability

for a particular time-stepping algorithm for all eigenvalues of the operator (Durran,

2010).

The Strong-Stability Preserving Runge–Kutta third-order scheme (SSP-RK3)

method we use takes convex combinations of individual Euler stages to achieve

higher-order accuracy while preserving certain properties, such as positivity, TVD,

and avoidance of artificial oscillations, at each of the Euler steps. We also want

to ensure stability at each individual Euler stage. For purely damped eigenvalues,

df/dt = λf (with real λ < 0), an individual Euler step fn+1 = (1 + ∆tλ)fn would

be stable for negative λ if we set the time step so ∆t|λ| < 2, which is a bit more con-

servative than the stability limit for the final RK3 combination of the Euler steps,

|λmax|∆t <∼ 1.73. To avoid “overdamped” solutions (Durran, 2010) that oscillate

around zero in an Euler step instead of just damping with the same sign, we use the

more conservative limit ∆t|λ| < 1.

In this section, we first consider the stability conditions for DG diffusion

and advection operators separately. We then discuss the stability of the combined

diffusion and advection terms in the Fokker-Planck operator. Finally, we describ

stability criteria for the collisionless terms, which can be compactly expressed as an

multi-dimensional advection operator.

5.4.1 Stability of the DG Diffusion Operator

Consider the diffusion equation ∂f/∂t = D∂2/∂t. Using a spectral method for spa-

tial representation and expanding the solution in terms of the eigenfunctions eikx,

the eigenvalues are λk = −Dk2. The highest wavenumber, or Nyquist mode, is

k = π/∆x, which gives a maximum eigenvalue of λmax = −Dπ2/(∆x)2. Eigen-

modes and eigenvalues are far more complicated for the DG discretized diffusion
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operator. At long wavelengths the DG eigenmodes and eigenvalues will be good ap-

proximations to the spectral eigenmodes, but stability limits are set by the largest

magnitude eigenvalues, where the differences from the Fourier results can be sig-

nificant. To understand this, we will first consider a second-order finite-difference

(or equivalently, finite-volume) discretization of the diffusion operator, which is the

simplest p = 0 limit of DG. For a finite difference approximation to the diffusion

equation using centered differencing and a foward-Euler time-stepping method, the

stability constraint becomes λmax = −4D/(∆x)2. This is smaller than the con-

straint from a spectral method in order to avoid “overdamping” poorly resolved

modes (Durran, 2010). This smaller eigenvalue allows for a larger time-step.

For DG methods with higher-order basis functions up to O(xp), one might

speculate that one can approximately use the same formula λmax = −4D/(∆x)2

but use an effective grid resolution ∆xeff that is smaller than the full width of DG

cells, ∆xcell, since DG keeps additional information within each cell. For hyper-

bolic terms, experience suggests that the effective Courant-Friedrichs-Lewy (CFL)

stability condition is v∆t/∆xeff < 1, where ∆xeff = ∆xcell/(2p + 1). When DG is

expressed in nodal form, the p + 1 Gaussian quadrature nodes are non-uniformly

spaced and give higher order accuracy for integrals, which perhaps explains the

effective higher resolution factor of 2p + 1 instead of p + 1, which is what would

result if DG with p+ 1 nodes (or modes) per cell was equivalent to a finite-volume

method with p + 1 grid points per cell. For a diffusion operator, it turns out that

∆xeff = ∆xcell/(p+1) is a more accurate estimate. In van Leer and Nomura (2005),

the authors calculate the eigenmodes and eigenvalues of a diffusion operator using

their recovery DG algorithm with p = 1 and p = 2. Their Eq. 79 and Fig. 1 give

λmax = 15/(∆xcell)
2 for p = 1, while their Fig. 3 gives λmax ≈ 33/(∆xcell)

2 for p = 2.

Their results can be fit with the expression

λmax = −CpD
4

(∆xeff)2
, (5.76)

where ∆xeff = ∆xcell/(p+ 1), and Cp is an order unity coefficient given by C0 = 1,

C1 = 0.94, C2 = 0.92, for p = 0, 1, and 2. Writing this explicitly in terms of the DG

cell width, we get

λmax = −CpD
4(p+ 1)2

(∆xcell)2
. (5.77)
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There are some subtleties regarding interpretation of the results. While we agree

with their calculation of the spectrum of eigenvalues, we have a different interpreta-

tion of the multiple eigenvalue roots, as we interpret them as all being physical. For

example, their Fig. 3 shows that the second branch is properly interpreted as giving

the physical eigenvalues for the range β = k∆x = π to 2π. In general, DG with

O(xp) basis functions corresponds to p+1 nodes per DG cell and includes modes up

to k∆x = (p+ 1)π. That is, modes have up to p+ 1 extrema in oscillations per cell,

though the eigenvalues of the shortest wavelength modes may not be very accurate.

5.4.2 Stability of the DG Advection Operator

Before we continue to the the Fokker-Planck operator, which contains both drag

and diffusion terms, let us first consider the stability constraints of a simple one-

dimensional advection operator:

∂f

∂t
= −v∂f

∂x
. (5.78)

Note that a spectral method would give a maximum eigenvalue of λmax = ikmaxv =

iπv/∆x, ignoring the sign of v. The lowest order version of standard DG is equivalent

to a 1st-order upwind finite volume algorithm, which for v > 0 gives

∂fj
∂t

= −vfj − fj−1

∆x
. (5.79)

One can substitute fj(t) = A(t)eikxj and find that the maximum eigenvalue occurs

for k = π/∆x. This is the Nyquist mode fj(t) = A(t)(−1)j , which oscillates from

one grid point to the next. This simplifies the above equation to

∂A

∂t
= −v 2A

∆x
(5.80)

Thus, the largest absolute magnitude of the eigenvalue is

λmax =
2v

∆x
(5.81)

For first-order Euler-time advancements (RK1), the stability limit for a damped

eigenmode is |λ|∆t < 2. (See Fig. 2.4 in Durran (2010).) The stability limit can be
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expressed in terms of the CFL number:

v∆t

∆x
= CFL < 1, (5.82)

which is the usual CFL limit. Most computational fluid dynamics algorithms assume

this or a related limit, CFL < σ, for some constant σ. If every Euler stage of a SSP-

RK3 method satisfies certain properties then the final stage of the SSP-RK3 method

also satisfies those properties. This can be overly conservative, and one could, in

principle, use a slightly larger time step. Looking again at Fig. 2.4 in Durran (2010),

RK3 should be linearly stable up to |λ|∆t <∼ 2.5, or CFL < 1.25.

For DG with piecewise linear basis functions (p = 1), the maximum eigen-

value is somewhat larger. We will assume, as is true for p = 2, that the max-

imum eigenvalue for the highest k is the Nyquist mode. Because there are two

DG nodes per cell, this corresponds to k = 2π/∆xcell. In each cell, the Nyquist

mode has a mean value of 0 and a linear slope: f(x, t) = f1(t)ψ1(x − xj), where

ψ1(x) =
√

3x/(∆x/2) is an orthonormal basis function. Then the Nyquist mode in

this DG representation gives

∂f1

∂t
= −v

〈
ψ1
∂f

∂x

〉
(5.83)

= −v
√

3

∆x
(f̂(∆x/2) + f̂(−∆x/2)) (5.84)

= −6
v

∆x
f1, (5.85)

where vf̂ is the upwind numerical flux at the cell boundaries. In this case, the

eigenvalue is

λmax = 6
v

∆x cell
. (5.86)

Equations 5.81 and 5.86 are fit perfectly by the formula λmax = (2p+ 1)2v/∆xcell.

However, for piecewise quadratic basis functions (p = 2,) one finds that λmax ≈
11.9 v/∆xcell, a bit higher than the 10v/∆xcell that is predicted by the (2p +

1)2v/∆xcell formula. This was calculated using a symbolic math program to solve

for the spectrum of eigenvalues of the DG discretization of the ∂/∂x operator, which

in the case of p = 2, requires solving a 3 × 3 linear system. The resulting general
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formula for the maximum eigenvalue for advection is

λa = 2Ca,p max(v/∆xeff) (5.87)

= 2Ca,p (2p+ 1) max(v/∆xcell), (5.88)

where the advection coefficient Ca,p is 1 for p = 0, 1, and 1.2 for p = 2. When cell

spacing ∆xcell is constant, only the flow v needs to appear in the max() function.

5.4.3 Stability of the Nonlinear Fokker-Planck Operator

The nonlinear Fokker-Planck collision operator (FPO) has both drag and diffusion

terms, and calculating the eigenvalues of the resulting drag-plus-diffusion operator

is more complicated. First, consider a simple one-dimensional limit:

∂f

∂t
= C[f ] =

∂

∂v

[
ν(v − u)f + νv2

t

∂f

∂v

]
(5.89)

Because the first term looks like advection, one might at first think that it gives

an imaginary part to the eignvalues. However, the eigenvalues of the full collision

operator are not necessarily a simple sum of the separate eigenvalues of the diffusion

terms and advection terms. In fact, we have already proved in Prop. 6 that the

combined drag and diffusion terms in the continuous FPO have a set of eigenvalues

that are all purely damped and real (λ < 0).

For now we use a conservative estimate of the eigenvalues of the DG-discretized

FPO based on a sum of contributions from the advection and diffustions terms. We

use ∆veff,adv = ∆vcell/(2p+ 1) for the advection term and ∆veff,diff = ∆vcell/(p+ 1)

for the diffusion term. We also assume constant grid spacing, giving

−λmax = 2Ca,pνmax(|v − u|)(2p+ 1)

∆vcell
+ 4Cpνv

2
t

(p+ 1)2

(∆vcell)2
. (5.90)

Cp is defined above for Eq. (5.76), and Eq. (5.77) Ca,p is defined for Eq. (5.87) and

Eq. (5.88). For the 1X2V gyrokinetic FPO, the stability requirement becomes

−λmax = 2Ca,pνmax(|v‖ − u‖|)
(2p+ 1)

∆v‖cell
+ 4Cpνv

2
t

(p+ 1)2

(∆v‖cell)2

+ 4Ca,pν µmax
(2p+ 1)

∆µcell
+ 8Cpν

mv2
t

B
µmax

(p+ 1)2

(∆µcell)2
. (5.91)
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Figure 5.1: Relaxation tests of 1X1V Fokker-Planck operator in (a) p = 1 and (b)
p = 2 with values of CFL FRAC when each becomes unstable. Unstable oscillations
are seen at the edges of the domain, which grow quickly if the simulations are run
for longer times.

In the code, the value of −λ for every velocity-space cell is calculated at every Euler

time-step of the SSP-RK3 scheme to determine −λmax and ensure stability of the

collision operator.

5.4.4 Stability Tests of Pure FPO

Prior to presenting the results of simple tests of stability limits, we first explain how

the time-step is currently set in the Gkeyll code. When just considering the collision

operator and not the Hamiltonian terms on the LHS of Eq. (5.6), the time-step is

determined as

∆t = CFL FRAC/λmax, (5.92)

where CFL FRAC is a user input parameter and λmax is calculated using Eq. (5.90)

or Eq. (5.91), depending on velocity dimensions.

We explored this stability limit by increasing CFL FRAC from 1 in a spatially

homogeneous relaxation problems of the FPO in 1X1V and 1X2V. We used p = 1

and p = 2 modal DG basis functions. The collision operator relaxes the distribution

function to a maximum entropy solution. We used a bump-on-tail Maxwellian for

the initial condition. For the 1X1V tests, this was

fM =
n√
2πv2

t

exp

[−(v − u)2

2v2
t

]
(5.93)
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Figure 5.2: (a) Initial conditions and relaxation tests of the 1X2V Fokker-Planck
operator in (b) p = 1 and (c) p = 2. The latter two give values CFL FRAC when
each becomes unstable. The colorbars in these show that negative values are present
in the distribution function, an indication of the onset of instability. Oscillations
are slightly visible in the upper right-hand corner of the center plot.

f(t = 0) = fM (vt = 1/3) + fM,b(vt,b = 1)

(
1 +

a2
b

(v − ub)2 + s2
b

)
, (5.94)

where ab =
√

1 is the amplitude of the bump, ub = 6vt/
√

3 is the location of the

bump in velocity space, and sb = 0.12 is a softening factor to avoid divergence. he

density n is constant in space and equal to 1. We used two cells for the configuration

space with an extent of x ∈ [0, 1.0]. The resolutions in velocity space were 32 and

16 cells for p = 1 and p = 2 basis functions, respectively. The velocity space extent

was given by ∈ [−vmax, vmax] with vmax = 2.0. We used a collision frequency of

ν = 0.01 and ran the simulation for one collision period, t = ν−1 s.

For the piecewise linear basis, we observed that the solution began to go

unstable for CFL FRAC = 1.43, as seen in Fig. 5.1(a). This corresponded to ∆t ≈
0.07567 and λmax ≈ 0.1587. The piecewise quadratic basis test began to go unstable

for CFL FRAC = 2.05, as seen in Fig. 5.1(b). This corresponded to ∆t ≈ 0.06245

and λmax ≈ 0.1523. Figures 5.1 shows small oscillations in the solutions near the

boundaries, which grow quickly if the simulations are run for longer time. Bump-

on-tail Maxwellian initial conditions are shown in each plot.

We explored the stability limit for the 1X2V gyrokinetic FPO by again in-

creasing CFL FRAC in in spatially homogeneous relaxation problems. The bump-

on-tail Maxwellian initial conditions for these tests are the same as Eq. (5.94) but
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with fM given by

fM (v‖, µ) =
n

(2πv2
t )

3/2
exp

[
−
v2
‖

2v2
t

− Bµ

mv2
t

]
(5.95)

instead of Eq. (5.93). The other parameters in Eq. (5.94) are the same except

vt = 1/
√

12, vt,b = 1/
√

2, and ub = 4vt. These initial conditions are pictured

in Fig. 5.2(a). The same collision frequency, end time, density, and configuration

space resolution and extents were used as in the 1X1V tests. The resolutions in

velocity space were (Nv‖ , Nµ) = (32, 16) and (16, 8) cells for p = 1 and p = 2 basis

functions, respectively. The velocity space extents were v‖ ∈ [−v‖max, v‖max] and

µ ∈ [0,mv2
‖max/(2B)] with v‖max = 2.0, m = 1, and B = 1.

For p = 1, we observed that the solution began to go unstable for a CFL FRAC

of 1.984 for the piecewise linear basis. This corresponded to ∆t ≈ 0.06307 and

λmax ≈ 0.09538. The instability be seen in the upper-right-hand corner of Fig. 5.2(b).

The negative values in the distribution function, as seen in the colorbar, indicate

the onset of instability. The p = 2 basis test began to go unstable at CFL FRAC

of 2.298. This corresponded to ∆t ≈ 0.07554 and λmax ≈ 0.1643. Figure 5.2(c) also

contains negative values in the solution indicating oscillations which grow quickly

in time.

Note that negative values do not always give way to numerical instabili-

ties. For some initial conditions with discontinuities in the derivative, such a step

function, resulting discrete solutions can be negative in places, often in µ, but still

stable. However, this can lead to negative density or temperature moments, which

are unphysical. A robust method of preventing negative values in the Gkeyll code

is currently being developed.

5.4.5 Stability Conditions for the Full VM-FP and GK-FP Equa-

tions

We now discuss the stability conditions for the collisionless terms in the Vlasov-

Maxwell-Fokker-Planck and gyrokinetic Fokker-Planck equations. These can be

expressed as nonlinear advection operators that are functions of the phase-space

variables z ≡ (x,a). Let us also introduce the phase-space velocity vector ααα ≡
(v,F ) and phase-space gradient ∇z ≡ (∇,∇v). Since ∇z · ααα = 0, we can express
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the collisionless terms compactly in a conservative, or Hamiltonian, form:

∂f

∂t
+ ∇z · (αααf) = 0. (5.96)

We now use Eq. (5.88) to calculate the stability condition on each cell

λlocal = 2 Ca,p (2p+ 1)
∑
k

max(0,ααα · n̂k)/∆zk, (5.97)

where the k sum is over all faces of the cell, n̂k is the outward normal of the kth face,

and ∆zk is the grid spacing in the direction corresponding to the kth face. The form

of the maximum function guarantees that the sum is only over faces where there is

an outgoing flux.

Using H to denote the eigenvalue from the collisionless, or Hamiltonian,

terms and “coll” to denote the eigenvalue arising from the Fokker-Planck operator,

we sum these to find the eigenvalue for each cell λ̂local = λH,local + λcoll,local. In the

SSP-RK3 method, we define our time-step as

∆t = CFL FRAC/λ̂max, (5.98)

where CFL FRAC is a user-set input parameter. The stability of the collisionless

part of the gyrokinetic equation is limited by the electrostatic shear Alfvén mode

(Belli and Hammett, 2005; Shi, 2017), which can be derived by linearizing the col-

lisionless form of Eq. (5.3) and Eq. (5.5) and solving the dispersion relation. In the

long-wavelength limit, this becomes

ωH =

√
ne
n0

|k‖vth,e|
|k⊥ρs|

, (5.99)

where n0 is the linear ion polarization density used in the Poisson equation. We

seek an estimate for CFL FRAC so that ωH,max∆t < 1.73, which is the stability

limit for the RK3 time-stepping method. To estimate ωH,max, assume k‖,max ≈
dzeff = (2p + 1)/dz and k⊥,min = π/Lx, where dz is the cell spacing in z and Lz is

the domain width in x. The initial time-step is set by the fastest parallel electron

transit rate, v‖max. The corresponding eigenvalue is v‖max/dzeff = (2p+1)v‖max/dz,
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giving a time-step estimate of

∆t =
CFL FRAC dz

(2p+ 1)v‖max
. (5.100)

Combining with Eq. (5.99) and the RK stability limit gives

ωH,max∆t = CFL FRAC

√
ne,max

n0

vth,e Lx
πv‖e,max ρs

< 1.73, (5.101)

which we use to set an appropriate value of CFL FRAC as an input parameter

prior to run time. In the future, we plan to calculate ωH,max within the code to

dynamically set the time-step limit due to the electrostatic shear Alvén mode.

5.5 Benchmark Problems

The previous chapters included results from the first version of the Gkeyll code

(G1). We now present the numerical results of the conservative gyrokinetic Fokker-

Planck operator in both simple and more complex tests using the new version of the

code (G2). The conservative algorithms for the gyrokinetic Fokker-Planck operator

are currently being used in the Gkeyll code to simulate various plasma physics

problems, including collisional Landau damping and plasma turbulence on open,

helical magnetic field lines. To illustrate that the properties elucidated in Sec. 5.3

are maintained in our computational scheme, we test only the collision operator

in spatially homogenous relaxation problems. We also present simulations of the

Texas Helimak, with the same parameters as in Chapter 3, using the new moment-

conserving collision operator. Results compare well with the previous version of the

code and also run about 10 times faster.

5.5.1 Simple Relaxation Tests in 1X2V

We demonstrate that the collision operator relaxes the distribution function to a

maximum entropy solution and conserves momentum and energy. As in Hakim et al.

(2019), we define the discrete Maxwellian fM,h as the maximum entropy solution

on the finite grid rather than the projection of Eq. (5.25) onto the discontinuous

Galerkin basis functions. If we repeat the derivation of Eq. (5.25) but assume the

discrete form of the collision operator and a finite velocity domain as opposed to

a continuous and infinite velocity domain, the result would be different than the
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Figure 5.3: Results of 1X2V relaxation tests of the GK-FPO using bump-on-tail
Maxwellian initial conditions with p = 1 and p = 2 basis functions show that (a) the
FPO relaxes the solution to a discrete Maxwellian and (b) increases entropy. The
discrete Maxwellian fM,h is defined as the numerical solution at t = 10ν−1 and the
entropy S is −∑ f ln f , where

∑
represents a sum over all phase space cells. In (b)

we have plotted the difference in the entropy from that at t = 0, normalized to the
entropy at t = 0.

projection of Eq. (5.25) onto the basis functions.

In the following tests we initialize the distribution function to bump-on-tail

Maxwellian and study the relaxation to a discrete Maxwellian with piecewise linear

(p = 1) and piecewise quadratic (p = 2) basis functions. For the bump-on-tail initial

conditions the set-up is the same as in Sec. 5.4.4 but with CFL FRAC = 1 and a run

time of t = 10ν−1. In Fig. 5.3(a), we demonstrate that the FPO relaxes the solution

to the discrete Maxwellian fM,h, which is defined here as the numerical solution at

t = 10ν−1. This difference approaches zero after approximately one collision period

for both types of basis functions. We also demonstrate that the FPO increases the

entropy in Fig. 5.3(b). We define the entropy S as −∑ f ln f , where
∑

represents

a sum over all phase space cells, and plot the difference in the entropy from that at

t = 0, normalized to the entropy at t = 0. The maximum entropy for the p = 1 case

is slightly lower than p = 2. In Fig. 5.4 we have plotted the difference of the L2-norm

of the (a) first and (b) second moments with respect to the L2-norm of that moment

at t = 0, normalized to the moment at t = 0. These demonstrate that momentum

and energy are conserved to machine precision, in support of propositions 9 and 10.
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Figure 5.4: Results of 1X2V relaxation tests of the GK-FPO using bump-on-tail
Maxwellian initial conditions with p = 1 and p = 2 basis functions show that (a)
momentum M1 and (b) energy M2 are conserved to machine precision. In each case,
we have plotted the difference of the L2-norm of the moment with respect to the
L2-norm of that moment at t = 0, normalized to the latter.

5.5.2 Helical Open-field-line Plasma Turbulence

Simulations of the Texas Helimak were repeated with with G2, and the moment-

conserving collision operator. Using Eq. (5.101), we calculated that CFL FRAC

≈ 0.28 was necessary to prevent the electrostatic shear Alfvén mode from becoming

unstable, and, therefore, set CFL FRAC to 0.2 as a conservative estimate. We ran

with the same collision frequencies as in the previous simulations, which we denote

by νs, where s refers to species. We also ran with a reduced collision frequency,

0.1νs, for comparison. Spatial variation in the collision frequency and cross-collisions

were not included. For these simulations, the particle source rate is set directly as

opposed to calculating it from the given input power. Thus, we use S0 = 3 × 1019

m−3s−1, which was the calculated particle source rate in the G1 Helimak simulations

(Sec. 3.3.1). G2 simulations were run to 16 ms, approximately 4 ion transit times.

Calculated equilibrium profiles were averaged in time from 10 to 16 ms and in the

bi-normal direction.

Figure 5.5 shows snapshots of electron density, electron temperature, and

plasma potential in the nonorthogonal field line following coordinate system at 10

ms. Turbulent structures and density levels are very similar to those in Fig. 3.9

from G1, though electron temperature is slightly greater. Electron density profiles

from G2 simulations with the “true” (νs) and reduced collisionalities (0.1νs) are

compared in Fig. 5.6(a) with results from G1. All three profiles are very similar.
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Figure 5.5: Snapshots of electron density (top), electron temperature (middle), and
plasma potential (bottom) in the xy-plane, from simulations of the Texas Helimak
with the moment-conserving collision operator.

More differences are visible in Fig. 5.6(b), which compares the electron temperature

profiles. The G1 temperature profile is over slightly lower than the corresponding

G2 (νs) simulations. The higher temperature of the latter could be a result of the

energy-conserving scheme in the collision operator. It could also be due to the

neglect of electron–ion collisions in the G2 simulations, which result in less energy

diffusion from electrons to ions. The higher profile for the reduced collisionality case

(0.1νs) could be due to the fact that a lower collisionality regime supports higher

electron temperature fluctuations.

Plasma potential profiles are compared in Fig. 5.7(a), and they are all quite

similar. Given the electron temperature profile comparison and assuming an adia-

batic response from electrons, eφ ∼ ΛTe, we would expect the potential profile from
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Figure 5.6: Comparison of (a) electron density and (b) electron temperature equi-
librium profiles from simulations of the Texas Helimak with different collision fre-
quencies. Profiles from a simulation produced with the first version of Gkeyll (G1)
are compared to simulations produced with the new version of Gkeyll (G2) using
the moment-conserving collision operator.
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Figure 5.7: Comparison of (a) plasma potential and (b) density fluctuation profiles
from simulations of the Texas Helimak with different collision frequencies. Profiles
from a simulation produced with the first version of Gkeyll (G1) are compared
to simulations produced with the new version of Gkeyll (G2) using the moment-
conserving collision operator.
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the G2 simulation with lower collisionality to be higher than the other two simula-

tions, which is not the case. It is possible that the lower collisionality allows for a

non-adiabatic response of the plasma potential. Density fluctuation levels compared

in Fig. 5.7(b) are slightly larger in the G1 simulation than in the G2 simulations,

particularly for radial values less than 1 m. At radial values greater than 1 m, the

profiles are comparable. The lack of a spatially varying collision frequency in the

G2 simulations may account for some of these differences. In general, the overall

comparison for these quantities is favorable.

5.6 Conclusion

In this chapter we presented a moment-conserving algorithm for the gyrokinetic

nonlinear Fokker-Planck operator, which is also called the Lenard-Bernstein or

Dougherty operator, using a modal discontuous Galerkin algorithm in the new ver-

sion of Gkeyll (G2). As in Hakim et al. (2019), we demonstrated the properties of

the continuous operator, including the conservation of moments and that it satisfies

H-theorem. We detailed how our DG discretization scheme preserves these proper-

ties. In particular, we presented a method to conserve energy even when the kinetic

energy function (1
2mv

2) is not spanned by the piecewise linear basis functions that

are often used.

We discussed the stability limits from the collision operator in the SSP-RK3

time-stepping scheme. We also discussed the effect of the collisionless, gyrokinetic

terms due to the electrostatic shear Alfén mode and how the the CFL condition

is currently set within Gkeyll for the full GK-FP system. For studying strongly

collisional regimes, it will be helpful to use an accelerated scheme such as a “Super

Time-Stepping” method (Meyer et al., 2014). This has already been tested within

Gkeyll, and implementing it for the full Vlasov-Maxwell or gyrokinetic systems with

the Fokker-Planck operator is important future work.

Various benchmark tests have demonstrated the effectiveness of our moment-

conserving scheme. The simple relaxation tests explicitly demonstrate the conserva-

tion of moments and relaxation to a maximum entropy solution. The full GK-FPO

system was used to successfully reproduce Helimak simulations and even appears to

conserve energy better, though further analysis is required to confirm this. To make

a complete comparison with the simulations presented in Chapter 3 and Chapter

4, it is necessary to include a spatially varying collision frequency and inter-species
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collisions. These features are currently being tested in Gkeyll, and some modi-

fications to the moment-conserving scheme are required to conserve moments for

inter-species collisions. Additional features, such as general geometry that includes

magnetic shear and the vertical E ×B flow, are also available in this version code,

which will potentially improve comparison with experimental data.
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Chapter 6

Conclusions and Future Work

In the first chapter of this thesis, we motivated this research by describing the role

that plasma turbulence in the scrape-off layer of advanced fusion devices may play

in power exhaust and confinement. We then demonstrated that simple magnetized

torus experiments like the Texas Helimak can improve our understanding of SOL

turbulence by allowing us to test and validate models of edge turbulence. We intro-

duced the discontinous Galerkin finite-element method and briefly highlighted the

benefits of using this model. Though not discussed in great detail, there can be

challenges in maintaining the positivity of the distribution function and its corre-

sponding moments. Shi (2017) and Shi et al. (2017) describe a positivity correction

for the nodal DG version of Gkeyll, and a more robust method for maintaining

positivity is currently being developed for the new modal DG version of Gkeyll.

In Chapter 2, we demonstrated how a simple two-dimensional fluid model

of blob turbulence can be a useful tool for studying various fluid instabilities and

growth rates. By including a potential bias voltage in the model, we analyzed the

Kelvin-Helmholtz instability and the role it may play in the Helimak. Compari-

son with experimental data showed some agreement for equilibrium density profiles

of the lowest simulated magnetic field line connection length, but it did not accu-

rately reproduce experimental observations for longer connection length scenarios.

However, this model is a useful theoretical tool, and future work could include fur-

ther investigation of flow shear instabilities. Growth rates could be calculated for

the Orr-Sommerfeld equation and compared with growth rates measured from the

code. The interplay between interchange turbulence and shear instabilities could be

further investigated in this simplified system.

In Chapter 3, we presented the first kinetic simulations of the Texas Heli-
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mak using the continuum gyrokinetic code Gkeyll. Though we reproduced many

features of experimental data, we discovered that certain features that are neglected

in our current model, such as magnetic shear, vertical E ×B flow, and a real elec-

tron mass, may be necessary to further improve agreement. The new version of the

Gkeyll code will contain these geometric features and its increased speed will allow

for use of the real electron mass. As expected for this system, kinetic effects were

small. Additional convergence tests in velocity resolution are necessary to fully in-

vestigate the effects on the electron sheath heat-transmission coefficients. It would

also be useful to make a comparison with a more complete fluid model, such as

the GDB code (Francisquez et al., 2017) or the five- or ten-moment fluid solvers in

Gkeyll in order to better understand whether a fluid or kinetic code is necessary for

particular SMT or SOL plasma regimes. Furthermore, a more self-consistent source

model should include radiation due to electron–ion impact excitation. Neutral inter-

actions are thought to be significant for these plasma parameters, and developing a

computationally efficient, yet accurate, model for neutrals is important future work.

In Chapter 4, we simulated limiter biasing in the Helimak using Gkeyll and

compared with experimental data. As concluded in the previous chapter, geometric

effects such as the vertical E×B flow may be necessary to achieve better agreement.

This flow affects transport and, in turn, equilibrium profiles. Our analysis of equilib-

rium profiles demonstrated that shear rates are either less than or only marginally

greater than local linear interchange growth rates. Therefore, the theory of shear

suppression of turbulence will not likely apply for these limiter-biased scenarios. In

our analysis, we also determined that the Kelvin-Helmholtz instability is not likely

present. Increased levels of turbulence in the good-curvature region could be due

to drift-wave turbulence. Future work could include reproducing the limiter biasing

simulations with general geometry, including shear and vertical E ×B flow, using

the new version of Gkeyll to achieve better agreement with experimental profiles.

One could also increase the amplitude of bias voltage values beyond experimental

values to test if there is a threshold beyond which flow shear can suppress turbu-

lence. With the new, faster version of Gkeyll it would also be possible to complete

runs with longer connection lengths to study the drift-interchange regime and the

effect of limiter biasing on drift-wave turbulence.

In Chapter 5, we presented the scheme for a moment-conserving nonlin-

ear Fokker-Planck collision operator in the modal DG version of Gkeyll. We de-

scribed the stability limits of the strong stability-preserving third-order Runge–
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Kutta method used. We demonstrated the conservation properties of the collision

operator through simple relaxation tests. We also tested this collision operator in

simulations of the Texas Helimak and results compare well with the previous version

of the code. However, these tests do not currently include inter-species collisions or

a spatially-varying collision frequency, which were contained in the previous version

of Gkeyll. There is ongoing work to fully implement and test these features within

the code.

New geometric features, including magnetic shear, have also recently been

added to Gkeyll, which will likely improve simulations of SMT plasmas and also

allow for simulations of more geometrically complex tokamak-SOL plasmas. Future

work will also include the development of “X-point” geometry to simultaneously

simulate plasma within the last closed flux surface (LCFS) and SOL of a tokamak.

Electromagnetic fluctuations will likely be important when modeling this scenario,

and this feature is already available in the new version of the code.

This thesis demonstrates progress that has been made in numerical modeling

of plasma turbulence in simple magnetized torus experiments and offers insight

on how to more accurately model plasma turbulence in SMTs and move toward

predictive modeling of tokamak-SOL plasmas.
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