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We derive an exact solution using continued fractions for a quantum particle

scattering from an oscillating delta-function potential. We study its transmis-

sion properties such as: Transmission zeros, transmission poles and threshold

anomalies. Using the same technique and a translation matrix method, we

study the problem of an infinite chain of oscillating deltas. We calculate its

band structure and eigenstates and show explicitly the contribution to these

eigenstates from the quasi-bound state of a single oscillating delta. We study

the dynamics of the quasi-energy bands of the system as a function of the

strength of the oscillation and show band quasi-periodicity and band collapse.

We also define the Floquet-Green’s function for a time-periodic Hamiltonian

and by a generalization of the method used for the two previous potentials we

are able to derive an expression for the Floquet-Green’s function of any har-

monically driven Hamiltonian. As an example of the application of this method

we study a tight-binding Hamiltonian with harmonic time dependence.
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Chapter 1

Introduction

The study of the effect of periodic driving in a system is among the

oldest in physics. The study of resonance, as it occurs in so many different

physical systems, from musical instruments to planetary motion, plays a cen-

tral role in the development of classical mechanics. With the discovery of

electromagnetic induction and Maxwell’s equations, a description of the inter-

action between matter and electromagnetic radiation became possible; once

again, central to this description lies the understanding of the effects of a

harmonic drive in the atomic states. Furthermore, in the field of solid state,

a microscopic description of electrons inside a crystal requires the study of

the effect on the electron’s motion due to the interaction between them and

the vibrations in the atomic potentials due to thermal fluctuations. These

vibrations, which have a well defined frequency, can be thought to act, within

the classical approximation, as harmonically driven potentials in the electron’s

Hamiltonian. Therefore, the study of harmonically driven Hamiltonians is of

significant importance because of the enormous field of applications in solid

state, atomic physics, and many other fields.

The theory of homogeneous linear differential equations with periodic
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coefficients dates back to 1877 when G.W. Hill[1] published a remarkable mem-

oir on the motion of the moon’s perigee. In that paper, Hill studied the equa-

tion that now bears his name:

−∂
2φ

∂t2
+ V (t)φ = λφ, V (t) = V (t+ τ) (1.1)

The periodicity of the potential V (t) in Hill’s original paper is due to the

periodic motion of the reduced earth-sun system. This same equation occurs

in many places in the physical sciences: In models of parametric resonance,

as a description of electrons in a crystalline lattice, in Riemannian geometry

describing the Jacobi fields of variations of periodic geodesics, even in the

reheating problem of the inflationary universe [5], among others. Equation 1.1

is notable for its spectrum of stable bands alternating with ’gaps’ or regions

of instability.

Hill assumed that this differential equation had solutions of the form

x = eεty(t) with y(z(t)) and z(t) = eit. He then expressed y(z) and the periodic

coefficients, V (t) in the equation, in a Laurent series in z. By equating the

(infinite) determinant of the coefficients to zero, an equation is obtained for

the values of ε that satisfy the differential equation. Hill introduced for the

first time in mathematics the infinite determinant, which was later studied by

Poincaré and others.

In 1883, G. Floquet published [3] a complete discussion of the properties

of the solutions of a linear differential equation of the nth order with periodic

coefficients. The general properties of the solutions having been determined,
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later authors devoted considerable attention to the problem of discovering

practical methods of obtaining them.

In Quantum Mechanics, Hill’s equation appears for the first time in

1928 with Bloch’s theory of electrons in a crystal [4]. The spatial periodicity

in this case is due to the atomic potentials. It is interesting to mention that in

his paper, there was no mention to any of the mathematical work on differential

equations with periodic coefficients that had been developed in the previous

50 years. Bloch derives his theorem for a periodic three dimensional space

and also studied the effect of an electric field in an electron moving through

the crystal. After this paper, Bloch’s theorem became a corner-stone in solid

state physics and his name is forever associated with space periodic potentials

in quantum physics.

Possibly, because of Bloch’s omission, Floquet’s name only appears

significantly in the physics of the last 35 years. This is when efforts began to

obtain more accurate descriptions of systems interacting with a classical field

that is periodic in time. An example of this is an AC electric field and systems

interacting with electromagnetic radiation.

Even though an exact treatment of such systems has to be formulated

using Floquet’s Theory, up to the 1960’s such systems where studied using only

perturbative approaches, most famously the Rotating Wave Approximation

(RWA) which allows one to get results analytically. In such an approach, the

strength of the oscillating field is assumed to be small and the frequency of

the oscillation is assumed to be resonant with the transition frequency of the
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system (typically a two state system).

With technological advances making possible the use of very strong

electromagnetic fields, non-perturbative approaches have become very impor-

tant and Floquet’s theory is now widely used. Of particular importance for

its development are the papers by Shirley [52] and Sambe[6]. The first one

uses Floquet’s theory to solve the important problem of a two state system

interacting with a periodic field. In Sambe’s paper a general formalism is de-

veloped in which he introduces an extended Hilbert space that allows one to

formally treat the original time-dependent system as a time independent one,

for which the tools developed for time-independent systems can be used.

Along this same line of thought, a more recent development is the t-t’

method [7] which goes a step further in this direction, by developing a formal-

ism which treats, on equal footing, the scattering through a time independent

and a time-dependent potential. Its basic idea is to introduce an auxiliary

variable t’ which extends the Hilbert space of the system so that the real

time dependence of the Hamiltonian can be addressed using the traditional

methods of time-independent scattering. It basically provides a method to

go from a time dependent system with n dimensions to a time-independent

system with n+1 dimensions. We can therefore say that this method formally

brings to Quantum Mechanics a trick that has been used in classical mechan-

ics for many years. One of the interesting things about this method is that it

applies to any time-dependent potential, including as a special case periodic

time dependence. With this new approach the problem of time-ordering in the
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calculation of an evolution operator becomes obsolete.

Our contributions in this dissertation consist of the application of Flo-

quet’s theory to the exact solution of two particular time-periodic problems

(Chapters 2 & 3) and the introduction of the Floquet-Green’s function for a

general time-periodic potential as well as the development of a simple method

for its calculation in the case of a general potential with a harmonic dependence

on time (Chapter 4).

In what remains of this chapter we will introduce the reader to the two

main mathematical tools that are used throughout this work.

1.1 Floquet’s theorem

Floquet’s theorem, in the context of Quantum Mechanics and just like

Bloch’s theorem, claims that a periodicity in the Hamiltonian produces a quasi-

periodicity in the solutions to Schrödinger’s equation (the time independent

one for Bloch’s, the time dependent one for Floquet’s) . In this respect one

might be tempted to say that they are the same theorem. That is really not the

case since there are many differences worth mentioning: In Bloch’s theorem,

the Hamiltonian is periodic in the space coordinates and required to be time

independent; in Floquet’s theorem the Hamiltonian is time periodic, and we

require nothing about its space dependence. Bloch’s theorem is derived on

a differential equation that is second order in a coordinate in space (kinetic

energy term), which is also the variable that is periodic; in Floquet’s case

the differential equation is first order in the variable that is periodic (time).
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Bloch’s equation is an eigenvalue equation, Floquet’s is not (a corollary of

Floquet’s theorem is that you can arrive to an eigenvalue equation, but that is

a consequence, not a starting point in proving it). Because of these differences,

we have included here, for completeness, a proof of Floquet’s theorem. It is

also included here because the proof is never included in Quantum Mechanics

books and the reader is not likely to have seen it before.

In what follows we will use the notation that capitalized letters cor-

respond to operators, and non-capitalized correspond to functions of position

and time (x,t). We have chosen the x-representation for all the operators.

Explicitly, Floquet’s theorem states that if

H(x, t) = H(x, t+ τ) (1.2)

then, the solutions to Schrödinger’s equation are of the form

ψε(x, t) = e−iεtφε(x, t) (1.3)

where φε(x, t) = φε(x, t+ τ).

We start with Schrödinger’s equation

i~
∂ψ

∂t
(x, t) = H(x, t)ψ(x, t), (1.4)

and define the time-translation operator U(x, t) as ψ(x, t) = U(x, t)ψ(x, 0).

U(x, t) satisfies

i~
∂

∂t
U(x, t) = H(x, t)U(x, t). (1.5)
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We now define the operator

Λτ (x) ≡ U−1(x, t)U(x, t+ τ), (1.6)

from which

U(x, t+ τ) = U(x, t)Λτ (x). (1.7)

Since Λτ is not singular (i.e. it has an inverse), we can always find an operator

W(x) that satisfies Λτ (x) = e−
i
~ τW(x). Notice that W must be Hermitian since

Λτ is unitary. We now write the time propagator as

U(x, t) = Φ(x, t)e−
i
~ tW(x). (1.8)

and prove that Φ(x, t+ τ) = Φ(x, t). From the previous equation evaluated at

t+ τ we get

U(x, t+ τ) = Φ(x, t+ τ)e−
i
~ tW(x)e−

i
~ τW(x); (1.9)

also, from the definition of Λτ

U(x, t+ τ) = U(x, t)Λτ (x) = Φ(x, t)e−
i
~ tW(x)e−

i
~ τW(x). (1.10)

From this we conclude that Φ(x, t+ τ) = Φ(x, t).

The solutions to Schrödinger’s equation can therefore be written as

ψ(x, t) = U(x, t)ψ(x, 0) = Φ(x, t)e−
i
~ tW(x)ψ(x, 0). (1.11)

If ψ(x, 0) = νε(x), with νε(x) being an eigenfunction of W(x) with eigenvalue

ε, the corresponding wave-function is
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ψε(x, t) = e−
i
~ tεΦ(x, t)νε(x) (1.12)

or

ψε(x, t) = e−
i
~ tεφε(x, t), (1.13)

with φε(x, t) a periodic function of time. The periodic functions φε(x, t)

can be calculated from an eigenvalue equation if we substitute Eq.1.13 into

Schrödinger’s equation

i~
∂

∂t
ψε(x, t) = i~

∂

∂t
e−

i
~ tεφε(x, t)

= εe−
i
~ tεφε(x, t) + i~e−

i
~ tε

∂

∂t
φε(x, t)

= H(x, t)e−
i
~ tεφε(x, t).

(1.14)

Cancelling e−
i
~ tε everywhere, we can write the last equality as an eigenvalue

equation

HF (x, t)φε(x, t) = εφε(x, t), (1.15)

where the Floquet Hamiltonian HF is defined as

HF (x, t) ≡ H(x, t)− i~ ∂
∂t
. (1.16)

In Schrödinger’s equation the time variable is just a parameter that

labels the different wave-functions that describe the state of the system at

different times. These wave-functions belong to the Hilbert space (R) of the

system which is defined as the set of all square integrable functions f(~r) with

finite
∫ |f(~r)|2d~r and inner product < f, g >≡ ∫ f ∗(~r)g(~r)d~r. Where ~r is in
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the configuration space of the system. This Hilbert space has an orthonormal

basis denoted by {f1(~r), f2(~r), ....}

Because Eq. 1.15 is an eigenvalue equation, time appears not as the

evolution parameter but as a variable that describes the state of the system

(!) Clearly the Hilbert space in which the solutions of such equation live must

be extended to include the parameter ’time’ along with the coordinates in

configuration space. For this purpose we follow Sambe’s [6] original paper:

Let us call T the Hilbert space of all possible periodic functions a(t) of time,

with period τ and finite
∫ τ/2
−τ/2 |a(t)|2dt, which is also furnished with the inner

product (a, b) ≡ 1
τ

∫ τ/2
−τ/2 a

∗(t)b(t)dt. The functions eiqωt, for q any integer, and

ω = 2π/τ form a complete orthonormal set in the Hilbert space T.

We construct now the composite Hilbert space R + T consisting of all

possible functions u(~r, t) which are periodic in time with period τ and for

which
∫ τ/2
−τ/2

∫ |u(~r, t)|2d~rdt is finite. ~r is in the configuration space of the

system as before. The inner product between functions u(~r, t) and v(~r, t)

in this space is defined as << u, v >>≡ 1
τ

∫ τ/2
−τ/2

∫
u∗(~r, t)v(~r, t)d~rdt. The

functions un,q(~r, t) ≡ fn(~r)eiqωt, n = 1, 2, ....., q = 0,±1,±2, .... form a

complete orthonormal set of this Hilbert space.

A Hermitian operator A in R + T is defined as an operator which satis-

fies << u,Av >>=<< Au, v >> for any function u(~r, t) and v(~r, t) in R + T.

Any Hermitian operator in R or T is also Hermitian in R + T. Since H is

Hermitian in R (and therefore in R + T), and also i~ ∂
∂t

is Hermitian in T (and

therefore in R + T), it follows that HF is a Hermitian operator in R + T.
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An interesting thing to point out is that, since the operators W and

HF have the same set of eigenvalues and are both Hermitian, one might be

tempted to say that they are the same operator. This, however, cannot be

possible. HF is Hermitian in R + T, but it is not Hermitian in R. Ignoring

this basic difference can lead to nonsense. For example, if we assume they

are the same operator, then the operator Λ(x) = e−
i
~ τW(x) = e−

i
~ τ(H(x,t)−i~ ∂

∂t
)

acting on a solution to Schrödinger’s equation ψ(x, t) becomes the identity

since (H(x, t)− i~ ∂
∂t

)ψ(x, t) = 0.

1.2 Continued Fractions

A continued fraction (CF) is simply a number of the form

f = a0 +
b1

a1 +
b2

a2 +
b3

...

where the fraction can contain a finite or an infinite number of a’s and b’s.

The truncation of the continued fraction after the step n-th is called the n-th

convergent(fn) of the fraction,

fn = a0 +
b1

a1 +
b2

a2 +
b3

...

an−1 +
bn
an

Formally, the infinite continued fraction f is the limit of the sequence

of convergents f0, f1, f2, .........
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The convergence of continued fractions is a very rich topic beyond the

scope of this work; suffice it to say that in all cases studied here, convergence

was always checked and achieved.

The history of continued fractions[8] is certainly one of the longest

among those of mathematical concepts. It begins twenty three centuries ago

with Euclid’s algorithm for the greatest common divisor. Even though from

Euclid’s algorithm one can get the ratio of two numbers as a continued (finite)

fraction there is no evidence that the Greeks ever used it to form a continued

fraction. A little more recently, we have the Rhind mathematical papyrus from

Egypt (1600 B.C.), where ascending continued fractions are written. The first

attempt to get a general definition of a CF was made by the merchant Leonardo

of Pisa, also called Fibonacci(1170-1250). The first known use of a CF as an

approximate expression for an irrational number

√
13 ∼= 3 +

4

6 + 4
6

was given by the Italian R. Bombelli in 1572. Later, his compatriot Cataldi

(1613) would synthesize Bombelli’s method. The first infinite CF expansion

is due to Lord W. Brouncker (1620-1686) who was the first president of the

Royal Society of London. Around 1659 he obtained

4

π
= 1 +

1

2 + 32

2+ 52

...

.

The beginning of the theory of CFs is due mostly to Wallis (1657) and

Huygens (1682). The golden age in the study of CFs was the 18th century with
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the contribution from some of the greatest mathematicians of that era: Eu-

ler(1731), Lambert (1750) and Lagrange (1766) (all from the Berlin Academy

of Science). Also in that century, Padé approximants were developed, which

are closely connected to CFs and play an important role in applications in

many fields.

The nineteenth century was a popular period for CFs. The subject

was know to every mathematician and even every scholar in many countries.

An army of mathematicians, including the most famous ones, contributed to

the development of the theory of continued fractions and their application to

various problems in mathematics and physics.

Since then, CFs have played a very important role in the development of

many branches of mathematics (e.g. the famous proof of the transcendence of

π in 1882 was obtained using CFs) and have been used extensively in computer

science, electronics, physics, etc...

One of the main reasons why continued fractions are so useful in compu-

tation is that they often provide representations for transcendental functions

that are much more generally valid than the classical representation by a power

series. As mentioned before they are related to the theory of how to approxi-

mate functions with ratios of two polynomials (rational approximation or Padé

approximation).

In Physics they have been used mainly for the solution of three-term re-

cursion relations, either in functions or in operators. Such is the case for tight-
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binding Hamiltonians [9, 10], for the time-independent Schrödinger equation

(in discretized space) [11], and for harmonic time-dependent potentials, such

as an atom in a standing-wave laser field [12, 13] or for tunneling in the pres-

ence of phonons [14]. Continued fractions have also been used in Classical

Mechanics to approximate irrational winding numbers for the study of KAM

torus and the conditions for its destruction[15].

CF methods are numerically effective, because of their recursiveness;

non-perturbative, in the sense that they do not approximate a function as a

finite power series, and analytical, since exact analytic results, although often

difficult, are possible.

Floquet’s theorem and continued fractions are the two fundamental

tools that will be used throughout this work.
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Chapter 2

Transmission Properties of the oscillating

delta-function potential

2.1 Introduction

Time-dependent potentials in mesoscopic systems have been studied for

a number of years in connection with electron-phonon interactions [14], quan-

tum tunneling time [16–18], ionization [19, 20], electronic transmission [21–24]

and also in the field of quantum chaos [15]. One of the interesting features

of localized time-periodic potentials is the presence of resonances or quasi-

bound ”states”, which could be thought of as electrons dynamically trapped

by the oscillating potential. This is also a feature common to all multi-channel

quantum scattering problems [25, 26].

We first prove here, starting from Schrödinger’s equation, that the

transmission amplitude has the structure of a CF of functions of the inci-

dent energy and the strength of the delta potential. This is a considerable

advantage over the numerical computation of the transmission done before

using this kind of potential [21, 22]. Our expression allows us to study with

greater detail, both analytically and numerically, several different features of

the transmission that had not been noticed or explained before, such as the
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location of the zero-pole resonances of the transmission and the almost pe-

riodic behavior of their position, the existence of non-resonant ”bands”, the

dependence of the pole residues on energy and the existence of the so-called

(in the language of nuclear physics) ”threshold anomalies” in the transmission.

We believe our work gives some insight and clarifies issues in the general prob-

lem of scattering through harmonically driven localized potentials. One such

potential is the Landau-Büttiker potential, for which numerical and analytical

studies of the transmission have been done [23, 24], showing many similarities

with the transmission properties of the potential studied in this paper.

In Section 2.2 we use Floquet’s theorem to derive the equations that

couple different components of the wave function in a plain wave basis, and

then we use these equations to find the S-matrix for this potential. In Sec-

tion 2.3 we solve the equations derived in Section 2.2 and find the exact CF

expression for the transmission amplitudes. In Section 2.4 and 2.5 we study an-

alytically and numerically the zeros and poles of the transmission. In Section

2.6 we briefly discuss the ”threshold anomalies” in the transmission amplitude.

2.2 Scattering Matrix and Transmission Amplitudes

A formal treatment of the problem of scattering by a time-periodic

potential can be found in [23, 27]. Also, a discussion about the sub-space of

the Hilbert space suitable for the treatment of time-periodic potentials can be

found in [6].
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The Hamiltonian we consider is

H(x, t) = − ~
2

2µ

d2

dx2
+ V δ(x)cos(ωt), (2.1)

where µ is the mass of the particle. Even though energy is not conserved, the

quasi-energy, ε, is conserved for this system and takes on a continuous range

of values in the interval 0≤ε≤~ω. The Floquet eigenstate with quasi-energy,

ε, takes the form

Ψε(x, t) =
∞∑

n=−∞
ψn(x)e−

i
~ (ε+n~ω)t. (2.2)

Since the potential is zero everywhere except at x = 0, we assume ψn(x) to be

of the form

ψn
L(x) =

1√
kn

(ane
iknx + dne

−iknx) for x < 0

ψn
R(x) =

1√
kn

(cne
iknx + bne

−iknx) for x > 0. (2.3)

The factor 1√
kn

has been included to ensure unitarity of the S-matrix and the

wave-vectors kn are defined by

kn =

√
2µ

~2
(ε+ n~ω) (2.4)

In this paper n will always have the range −∞ < n < ∞. The square root

function has its branch cut on the real energy axis (so that a real energy gives

a real momentum). For the energy on the negative real axis we will use the

Riemann sheet that has Im(kn) ≥ 0, the so called ”physical sheet”. On this

sheet the momentum kn is on the positive imaginary axis for any n < 0. This is

required to allow for evanescent modes (exponentially decaying on both sides
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of the potential) since they can contribute significantly to the wave-function

in the neighborhood of the delta function. These evanescent states are also

related to resonances or quasi-bound states which are known to exist in multi-

channel problems. To avoid any unphysical exponentially growing states when

dealing with positive pure imaginary momentum states, we will require that

an = 0 and bn = 0 for n≤ − 1. To study the resonances in the transmission

we will allow the energy to take complex values and will not necessarily stay

on the physical sheet. This will be discussed in section 2.5.

The Floquet eigenstate, Ψε(x, t), must be continuous at x = 0. This

leads to the condition

an + dn = cn + bn. (2.5)

Because of the delta function in the Hamiltonian, the slope of Ψε(x, t) is dis-

continuous and satisfies

dΨεdx

∣∣∣∣
x=0+

− dΨεdx

∣∣∣∣
x=0−

=
2µV

~2
cos(ωt)Ψε(0, t). (2.6)

This leads to the condition

cn + dn − bn − an = −2i [hn−1(an−1 + dn−1) + hn(an+1 + dn+1)], (2.7)

where

hn =
µV

2~2
√
knkn+1

. (2.8)

We can now combine Eqs. (2.5) and (2.7), to obtain the following relations

between coefficients

cn + ihncn+1 + ihn−1cn−1 = an − ihnbn+1 − ihn−1bn−1 (2.9)
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and

dn + ihndn+1 + ihn−1dn−1 = bn − ihnan+1 − ihn−1an−1. (2.10)

It is useful to separate the propagating modes from the evanescent

modes. Let us define column vectors

c̄p =




c0

c1

c2
...


 and c̄e =




c−1

c−2

c−3
...


 , (2.11)

where c̄p contains the amplitudes of the propagating modes outgoing to the

right, and c̄e contains the amplitudes of the evanescent modes that decay to

the right. Analogous definitions apply for the column vectors āp, b̄p, d̄p, and

d̄e. Note that āe≡0̄ and b̄e≡0̄. We can now rewrite Eqs. (2.9) and (2.10) in

the following form

(1̄pp + X̄pp)·c̄p + X̄pe·c̄e = āp − X̄pp·b̄p,

X̄ep·c̄p + (1̄ee + X̄ee)·c̄e = −X̄ep·b̄p,

(1̄pp + X̄pp)·d̄p + X̄pe·d̄e = b̄p − X̄pp·āp,

X̄ep·d̄p + (1̄ee + X̄ee)·d̄e = −X̄ep·āp, (2.12)

where 1̄pp and 1̄ee are infinite dimensional unit matrices and matrices X̄pp, X̄ee,

X̄ep, and X̄pe have matrix elements

(X̄pp)m,m′ = ihm (δm,m′+1 + δm,m′−1), (X̄ee)ν,ν′ = ihν (δν,ν′+1 + δν,ν′−1),

(X̄pe)m,ν = ih−1 δm,0δν,−1, (X̄ep)ν,m = ih−1 δm,0δν,−1. (2.13)
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Note that we have introduced the convention that the indices m = 0, 1, 2, ..,∞,

and ν = −1,−2,−3..,−∞, to help separate propagating modes from evanes-

cent modes.

We can now write the scattering matrix for this system. The scat-

tering matrix, S̄, connects the incoming propagating modes to the outgoing

propagating modes

(
d̄p
c̄p

)
= S̄·

(
āp
b̄p

)
=

(
r̄ t̄′

t̄ r̄′

)
·
(
āp
b̄p

)
, (2.14)

where t̄ and t̄′ are matrices of transmission probability amplitudes and r̄ and r̄′

are matrices of reflection probability amplitudes. More specifically, the matrix

element tm,m′ = (t̄)m,m′ is the probability amplitude for the m′ mode enter-

ing from the left to transmit to the right, and rm,m′ = (r̄)m,m′ is probability

amplitude that the m′ mode entering from the left and will reflect to the left.

Matrix elements of r̄′ and t̄′ contain reflection and transmission coefficients for

modes entering from the right. After some algebra one can show that

t̄ = t̄′ = (1̄pp + Ȳpp)
−1 and r̄ = r̄′ = −(1̄pp + Ȳpp)

−1·Ȳpp, (2.15)

where

Ȳpp = X̄pp − X̄pe·(1̄ee + X̄ee)
−1·X̄ep. (2.16)

The effects of the evanescent modes are now explicitly included in the scatter-

ing matrix.

For propagating modes entering in the mth channel on the left, the total
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probability for transmission to the right is

Tm =
∞∑

m′=0

|tm′,m|2. (2.17)

In the next section we focus on the transmission probability, T0. By

expanding it in continued fractions, we can determine all the transmission

zeros and complex poles of this system.

2.3 Continued fractions solution

Let us now consider the special case of a single propagating mode,

entering in channel m = 0 from the left and no propagating modes entering

from the right. In this case an = δn,0 and bn = 0. The probability amplitude

for the particle to be transmitted into the nth channel (propagating or not)

on the right is cn. For the propagating modes (n ≥ 0), cn = tn,0. Using the

above conditions into Eq.(2.9) we get a three term recursive relation for the

coefficients cn:

cn + ihncn+1 + ihn−1cn−1 = δn,0 (2.18)

Let us now define the following quantity

fn =
cn
cn+1

−∞ < n <∞ (2.19)

In terms of fn, Eq.(2.18) gives,

1 +
ihn
fn

+ ihn−1fn−1 = 0 for n 6=0 (2.20)

1 +
ih0

f0

+ ih−1f−1 =
1

c0

when n=0. (2.21)
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For n ≥ 0 we can write the solution of (2.20) in the form

fn =
1

−ihn (1 +
ihn+1

fn+1

), (2.22)

or,

fn =
1

−ihn (1 +
h2
n+1

1 +
h2
n+2

1 +
h2
n+3

. . .

). (2.23)

For n ≤ −1 we write the solution in the form

fn =
−ihn

1 + ihn−1fn−1

(2.24)

or,

fn =
−ihn

1 +
h2
n−1

1 +
h2
n−2

1 +
h2
n−3

. . .

. (2.25)

From the above expressions for the fn’s (when n = 0 and n = −1) we can

obtain c0 from Eq.(2.21),

c0 = t0,0 =
1

1 +
ih0

f0

+ ih−1f−1

=
1

1 +
h2

0

1 +
h2

1

1 +
h2

2

1 +
h2

3

. . .

+
h2
−1

1 +
h2
−2

1 +
h2
−3

1 +
h2
−4

. . .
(2.26)
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With the solution for the fn
′s and c0 known, any coefficient cn can be found

(using Eq.2.19) in the following way,

cn =
c0

fn−1fn−2...f0

for n≥1

and

cn = fnfn+1....f−1c0 for n≤− 1 (2.27)

From here, the transmission probability, T0, can be written as

T0 =
∞∑
n=0

|cn|2 = |t0,0|2(1 +
∑
n=1

1∏n
n′=1 |fn′−1|2 ) = |t0,0|2S(ε, V ). (2.28)

As it can be seen in Fig. 2.1, none of the f ′ns (for n ≥ 0) appear to have

zeros in the half-plane Re[ε] > 0. This implies that the function S(ε, V ) has

neither zeros nor poles in that region; consequently, the zeros and poles in the

transmission probability are the zeros and poles of |t0,0|2. From now on we

concentrate on t0,0 only.
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Figure 2.1: Graph of |f0(E)|2 in the complex plane (E in units of ~ω).
a ≡ mV 2

8~3ω
= 10. Notice that fn(ε)=f0(n~ω + ε)=f0(E). The function behaves

similarly, but with a different scale, for other values of a.

22



2.4 Transmission Zeros

The coefficient c0 can be taken to be a continuous function of the in-

coming energy E = ε + n~ω, instead of a function of the Floquet energy ε.

This is so because, when the incident energy is in channel m (E = m~ω + ε),

we need to solve Eq.(2.9) with the condition an = δn,m. The solution is given

in terms of the coefficient cm which now plays the former role of c0. The C.F.

for cm is given by Eq.(2.26) with m added to all subscripts. As it can be seen

easily, cm(ε) = c0(m~ω + ε) = c0(E), which means that the general solution

of the problem, for any incoming energy can be obtained from the C.F. ex-

pression for c0 derived in Eq.(2.26) evaluating it at any energy E. Notice also

that c0(E) = c0(m~ω+ ε) = tm,m(ε). Because of this, and to be rigorous with

the notation, we define t0(E) = t0(m~ω + ε) ≡ tm,m(ε) = c0(E) = t0,0(E).

From this we can say that t0(E) contains the same information as the whole

diagonal of the transmission matrix t in Eq.(2.14).

To study the properties of c0(E) it is convenient to define the following

quantities (see Eq. 2.8)

gn(ε) ≡ hn
2(ε) =

a√
ε+ n

√
ε+ n+ 1

with dimensionless parameters

a ≡ mV 2

8~3ω
, ε ≡ ε

~ω

and

e ≡ E

~ω
= ε+ n for n~ω ≤ E ≤ (n+ 1)~ω (2.29)
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Also, we define the function

F0(e) = F0(n+ ε) ≡ Fn(ε) ≡ 1 + i
h0(n+ ε)

f0(n+ ε)
= 1 +

gn(ε)

1 +
gn+1(ε)

1 +
gn+2(ε)

. . .

(2.30)

Notice that gn(ε) also depends on a.

Using the definitions given above we can write the coefficient c0(e) for

the range n ≤ e ≤ (n+ 1), in the following way

c0(e) = c0(n+ ε) =
1

Fn(ε) +
gn−1(ε)

...

1 +
g0(ε)

1 +
g−1(ε)

1 +
g−2(ε)

. . .

(2.31)

In the above expression all quantities are real (for ε real) except for g−1(ε)

which is pure imaginary. This has an important consequence for the number

of real zeros in c0(e) as we shall see next.

Let us rewrite the equation above in a slightly different way:

c0(n+ ε) =
1

Fn(ε) +
gn−1(ε)

1 +
gn−2(ε)

...

1 +
go(ε)

1 + iG(ε)

(2.32)
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where the continued fraction G(ε) is defined as

G(ε) ≡ −a
√

1− ε√ε(1 +
g−2(ε)

1 +
g−3(ε)

. . .

)

(2.33)

Notice G(ε) is a real function for ε real and 0 ≤ ε ≤ 1.

If Eq. (2.32) is put in the form of a standard fraction, we get

c0(ε) =
1

F0 + iG
for n=0

and

c0(n+ ε) =
iPn(gn−2, gn−3, ..., g0)G+Rn(gn−2, gn−3..., g0)

iQn(Fn, gn−1, ..., g0)G+ Sn(Fn, gn−1, ..., g0)
for n>0 (2.34)

In the last expression, Pn, Qn, Rn, Sn are polynomials on the variables gn and

Fn indicated in parentheses, such that the coefficient of every term is equal

to one and all variables appear elevated to the first power only (i.e. 1 + g1 +

g1g2 + ..). Notice that G is the only function that can take values between −∞
to∞. The other functions (Fn and gn) are strictly positive and finite for ε > 0

. This implies that Pn, Qn, Rn, Sn are strictly positive and finite, which means

that, for n > 0, the numerator of c0 can never be zero and the denominator

does not go to infinity unless G→∞, in which case the numerator would also

blow up keeping the fraction strictly positive. From this we can conclude that

there are no real transmission zeros for incident energies E > ~ω.

For n=0 we see that a real zero can only happen when F0(ε, a) −→∞
or G(ε, a) −→ ∞. The first case only occurs when ε = 0 (G blows up at this
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point too). For the second case, the real zeros of t0(ε, a) are given by the zeros

of G−1(ε, a). As it can be seen from Fig. 2.2 the function G−1(ε, a) seems to

have some periodicity. This can also be seen in Fig. 2.3 where the curves δ(a)

that satisfy t0(δ, a) = G−1(δ, a) = 0 are shown. This dependence of the trans-

mission real zeros with the parameter a can be seen directly in Fig. 2.4 in the

sequence of transmission graphs for different values of the strength of the delta.

It is interesting to notice in Fig. 2.3 and Fig. 2.4 that there are inter-

vals of a, around integer values, for which the real zero in the transmission

disappears. A table (for 0 ≤ a ≤ 9) with the exact values (to seven digits)

of the intervals for which there is a real zero in the transmission (apart from

the trivial one at E = 0) is shown in Table 2.1. This behavior of the real zero

seems to be matched by the behavior of the poles of the transmission as we

will see next.
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Figure 2.2: Graph of the function |G−1(ε, a)|. The zeros of this function give
the real zeros of the transmission.
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l h
a0 0 0.7821147
a1 1.1652568 1.7710590
a2 2.1873508 2.7667368
a3 3.1979937 3.7642963
a4 4.2045658 4.7626808
a5 5.2091415 5.7615115
a6 6.2125623 6.7606150
a7 7.2152455 7.7598995
a8 8.2174231 8.7593115

Table 2.1: Intervals of a=mV 2

8~3ω
for which a zero-pole resonance can be found in

the system. The notation aln/a
h
n (used in the text and in some graphs) refers

to the lower/higher value of the interval an.

2.5 Transmission Poles

In this section we prove by induction that the poles of c0(e) occur at

energies e = (n+ε∗) with 0 < Re(ε∗) < 1 and show that their residue decreases

with increasing n (energy). We start with equation (2.31) and write it in the

form

c0(n+ ε) =
1

Fn(ε) +Gn(ε)
(2.35)

where Fn and Gn satisfy

Fn(ε) = 1 +
gn(ε)

Fn+1(ε)

Gn(ε) =
gn−1(ε)

1 +Gn−1(ε)
(2.36)
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Let’s assume that c0(e) has a pole at e = n + ε∗. This implies that c0(e) has

also a pole at e = n+ 1 + ε∗ because we can write from Eqs. (2.35) and (2.36)

c0(n+ 1 + ε) =
1

Fn+1(ε) +Gn+1(ε)

=
1

gn(ε)

Fn(ε)− 1
+

gn(ε)

1 +Gn(ε)

=
(1 +Gn(ε))(Fn(ε)− 1)

gn(ε)(Fn(ε) +Gn(ε))

=
(1 +Gn(ε))

Fn+1(ε)(Fn(ε) +Gn(ε))
(2.37)

It is important to notice that, since f0(e) (as shown in Fig.2.1) has neither poles

nor zeros in the half plane Re(e) > 0, the function Fn(ε) = F0(n+ε) = 1+ih0(e)
f0(e)

does not have poles and Fn(ε) 6= 1. This implies that (from the last line of

Eq. (2.37)) if c0(e) has a pole at n+ε∗ (which means that Fn(ε∗)+Gn(ε∗) = 0),

then it must have a pole at n+ 1 + ε∗ (The numerator in Eq. (2.37) does not

vanish at ε = ε∗ because Gn(ε∗) = −Fn(ε∗) 6= −1).

Notice also that when n −→∞, Fn −→ 1, because f0(n+ ε)→∞, and

h0(n + ε)→ 0 in this limit. This means that the location of the transmission

zero approaches the location of the pole as the incoming energy grows; the

zero happens when ε = δ, with Gn(δ) = −1; the pole occurs when ε = ε∗, with

Gn(ε∗) = −Fn(ε∗). Obviously δ → ε∗ because Fn(ε∗) −→ 1 as n → ∞. From

that we conclude that the residue of the poles in the transmission amplitude

tend to zero as n −→ ∞. This explains why, even though the transmission

amplitude has an infinite number of poles separated by a distance of ~ω in the
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incoming energy, all at the same distance from the real axis, only the effect

of the first poles can be seen in the graphs of transmission probability versus

incoming energy. Another way to say this is that the zeros (in the complex

plane) at higher energies are very close to the poles, therefore cancelling out

the possible effect of the poles in the transmission.

In Fig. 2.5 we show a graph of the imaginary part of t0(e) where the

poles in channels 0, 1, 2, can be seen (we refer to channel n as the strip in

the complex energy plane that satisfies n < Re(e) < n + 1). It is evident in

that graph that the poles have support on different sheets; we will call these

sheets Sn, where n refers to the channel number. This sheeted structure comes

from the fact that, because the functions kn(e) have a branch point at e = −n
and two Riemann sheets, any function of kn(e) (t0(e) in particular) will have

a multiple-sheeted structure. What is called the ”physical” sheet (P) in the

context of multiple channel scattering is the sheet obtained when selecting all

the Riemann sheets with Im(kn) > 0. Each sheet of the full multi-sheeted

surface can be labelled by the sequence of signs of Im(k∞),..., Im(k1), Im(k0),

Im(k−1),..., Im(k−∞)., e.g., (+..−++..+) (bold has been used to indicate the

sign of Im(k0)); fortunately we do not need to consider all these sheets, since

only a small fraction of them are of physical interest; the principal one being

P or (+..+++..+). Crossing the real axis from P at an energy m < e < m+ 1

crosses all the branch cuts whose branch point is at an energy smaller than

e = m (see figure 2.6) . The sheet that is the smooth continuation of P

into the lower complex plane (smooth even at the cut) is the one obtained by
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taking Im(k−n)< 0 for all n ≤ m and Im(k−n)> 0 for all n > m . We call these

sheets Sm and they are precisely the ones where the poles in the transmission

are found, as shown schematically in Fig. 2.7.
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Figure 2.5: Graph of the imaginary part of t0(e) for a=0.5, showing several
poles. Each pole is located on a different sheet.

Resonances, as opposed to bound state poles, do not occur in the ”phys-

ical” sheet; however, from the unitarity of the S-matrix extended to the com-

plex plane, they can have important effects on the behavior of the S-matrix

along the real axis (see [25] for an excellent discussion on multiple channel

scattering).

In single channel scattering, the unitarity of the S-matrix on the real

axis has consequences in the analytic structure of the S-matrix in both sheets,

the most important one being the zero-pole structure of the resonances: every

pole has a companion zero at a position complex conjugate to the position of

the pole but on a different sheet. For multiple channel scattering the position

of the pole and zero are not so simply related and often the pole and zero
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Figure 2.6: Top view of the physical sheet P and the threshold branch points
and cuts in the complex energy plane. Indicated with a thin line are the branch
cuts corresponding to the branch points n = 0, 1, 2; the thick line represents
all the branch cuts with branch point at negative energy(n < 0 branch points).
Paths that start on the upper half of P and go under the branch cut lead to
the different sheets Sn (which in this figure are assumed to be underneath P).

appear in the same sheet.

The position of the pole (e∗) in the first channel, can be found by

looking at the zeros of the function F0(e, a) + G0(e, a) with the appropriate

selection of Riemann sheets, as described before, so as to be on the sheet S0.

A graph of the position of the pole as the strength of the potential is varied is

shown in Fig. 2.8, where it can be seen that the pole approaches the real axis

at e∗ = 1 when a→ 0, annihilating the real zero which also goes to the same

position with a → 0. As the parameter a is increased the zero moves to the

left on the real axis (see Fig. 2.3) and the pole moves away from the real axis

describing an arch. At a = ah0 = 0.7821147 (all values of a are accurate to the

seventh digit) the zero disappears at δ = 0 and so does the pole. For values of

a slightly greater, the transmission has a very high peak but it is not a pole, as
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Figure 2.7: Sketch of Im(t0(e)) versus Re(e) (we assume Im(e) = constant <
0) which gives a schematic representation of the different sheets where the
poles of the transmission are located. The peak structures in the lower part
of the figure represent poles.

can be seen in Fig. 2.9 (compare with the pole at a = 0.78 in Fig. 2.10). In the

interval ah0 < a < al1 the transmission does not have any zero-pole resonances.

In this interval the peak or false ”pole” follows a trajectory that seems the

continuation of the trajectory the pole had followed until it vanished. When

a = al1 the zero reappears on this channel, entering at δ = 1. At this value

however, we do not see any pole in this channel. There is in fact a pole on

S0 but it is located in the next channel (1 < Re(e∗) < 2). For a ≈ 1.3 the

pole has finally made it into the n = 0 channel. As a is further increased the

pole continues to describe an arch until it disappears along with the zero. A

similar behavior to the one described above occurs for increasing values of the

parameter a, with the pole describing ever increasing arches, each one farther

away from the real axis than the previous one. An identical behavior of the

poles on other sheets is expected from the discussion following Eq.(2.37).
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Figure 2.8: Trajectory of one of the transmission poles as a is changed from
0 to 9. Here aln/a

h
n refers to the lower/higher value of the interval an given in

Table 1.

The study of the behavior of the poles and real zeros as a function of the

parameter a = mV 2

8~3ω
shows an interesting quasi-periodic dependence on a and

the presence of ”bands” of non-resonant values of a for which the transmission

does not have zero-pole resonances. This quasi-periodic behavior of the trans-

mission resonances as a function of the strength of the oscillating potential

and the driving frequency has not been found before. Around integer values

of a the oscillating potential seems to be incapable of dynamically trapping

particles not even for a short period of time. It can also be mentioned that

the life-time of the quasi-bound states decreases with increasing a, which can

be accomplished by either increasing the strength V of the potential or by

decreasing the frequency of the oscillations.
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Figure 2.10: True pole of the transmission for a = 0.78, slightly lower than
the value of a (a = ah0) for which the zero disappears.

2.6 Threshold anomalies

One of the most evident features in the transmission versus energy

curves for all values of a is what seems to be a discontinuity in the slope

at e = n~ω (channel openings). A close look into this regions reveals that

there is a rapid divergence of the slope at the thresholds, that is, dt0
de
→ ±∞

as e → n~ω. This is actually a common occurrence in all multi-channel
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Figure 2.11: Various forms of transmission amplitude behavior at a channel
opening.

scattering problems, and it can be traced back to the fact that when the

energy is in the nth channel near threshold, the first open-channel momentum

is k−n =
√
e− n~ω. It can be proven that the S-matrix has elements that are

linear functions of this momentum near threshold. This clearly implies that

the derivative of these elements with respect to the energy must diverge at

threshold (for more details see [28]). These threshold anomalies can easily

be proven to exist in our particular time dependent potential by looking at

our C.F. solution for c0(e) in Eq. 2.31. From it, it is clear that the derivative

of this expression gives an infinite number of terms, each one proportional to

the derivative of some function gn(e). These functions and their derivatives

diverge at their thresholds (see the expression for gn in Eq. 2.29), therefore

the derivative of c0(e) must also diverge at each threshold. According to this,

the shape of the threshold anomaly can be of four different kinds, two cusps

like and two rounded steps, as shown in Fig. 2.11. These four different kinds

of anomalies are shown in Fig. 2.12 as they occur in the |t0(e)| graphs for two

different values of a.
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Chapter 3

Quasi-energy band structure of the

harmonically driven δ-function chain

3.1 Introduction

In this chapter we study a time dependent potential which is space-time

harmonic, that is, harmonic in its space and in its time dependence. In the last

chapter we studied in detail a delta-function potential whose strength changed

harmonically with time; in this chapter we will use some of the equations

derived for the one-delta case and from them construct the solution for an

infinite periodic chain of these oscillating delta functions.

Since the 1930s, the study of space-periodic potentials has yielded fun-

damental information about the properties of electrons in crystals. Tunnelling

and interference effects give rise to the well known energy band structure in

such materials. For real crystals, in addition to the band structure, one has

to consider the interaction of the electrons with impurities or defects, the

electron-electron interaction, and the electron-phonon interaction to give and

accurate description of the dynamics of electrons in such materials.

The development of super-lattices and the more recent advances in

atom optics have brought to the forefront the study of space periodic potentials

38



since, for the first time, it has been possible to observe fundamental quantum

effects, due solely to the spatial periodicity of the potential, that had been

predicted long ago. These include Landau-Zener tunnelling, Wannier-stark

ladders, and Bloch oscillations, which occur in a periodic system driven by a

D.C. electric field.[29]

The effects of time-periodic forces on spatially periodic systems have

also been studied and interesting phenomena have been predicted (and some

observed experimentally) such as dynamical localization (mini-band collapse)[30,

31], photon-assisted tunnelling [32], quantum hamiltonian ratchets [33, 34],

chaos-assisted tunnelling [35–39], dynamic Anderson-localization [15] and quan-

tization of particle transport[40].

Because of the myriad of phenomena that have been associated with

space-time periodic potentials, it is interesting to study one of the simplest

potentials which has both periodicities: a spatially periodic chain of δ-function

potentials whose strength oscillates periodically in time. The mathematical

simplicity of this potential permits an analytic computation of its eigenstates

and eigenvalues with the use of continued fractions. This simplicity also allows

for a clear understanding of the basic dynamical properties of a quantum

particle under a space-time periodic potential. This system is special because

its classical analog is quasi-integrable [41], whereas most other systems of this

type are non-integrable.

In Section 3.2 we derive the Floquet-Bloch (FB) Hamiltonian for the

oscillating delta chain and use it to investigate the quasi-energy (Q.E.) band
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structure in the perturbative regime. In Section 3.3 we construct the Floquet

translation matrix (TM). In Section 3.4, we solve for the eigenvalues and eigen-

vectors of the TM matrix using continued fractions. In Section 3.5, we study

the structure of the eigenvectors in the negative energy channels and relate

it to some scattering properties of the single δ-function potential which are

derived in appendices A and B. In Section 3.6, we study how the Q.E. band

structure changes as a function of the strength of the oscillating potential.

3.2 Floquet-Bloch approach

The Hamiltonian we will study in this paper is of the form (in the

position representation),

H(x, t) =
~2

2µ

∂2

∂x2
+ (Ṽ0 + Ṽ1cos(ωt))

∞∑
m=−∞

δ(x−mL) (3.1)

Here x is the position, µ is the effective mass of the particle, Ṽ0 is the strength

of the static part of the potential, Ṽ1 is the strength of the oscillating part of

the potential, ω is the frequency of the oscillation, t is the time, and L is the

distance between neighboring delta functions.

Since a wave function that satisfies Schrödinger’s equation i~∂Ψ
∂t

= HΨ

with Hamiltonian (1) must be quasi-periodic in time and space (Floquet-Bloch

theorem), the solutions are of the form

Ψε,κ(x, t) = e−iεt/~eiκx
∞∑

n=−∞

∞∑
m=−∞

ψn,me
2πmi x

L e−inωt, (3.2)
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where ~ is Planck’s constant, ψn,m is a probability amplitude, ε is the quasi-

energy (with allowed values 0 ≤ ε ≤ ~ω), and κ is the Bloch momentum

(for which the first Brillouin zone is taken to be −π/L ≤ κ ≤ π/L). If we

substitute the state Ψε,κ(x, t), into the Schrodinger equation and use the fact

that 1
L

∫ L/2
−L/2dx exp(2πi

L
(m−m′)x) = δm,m′ and 1

T

∫ T
o
dt exp(iω(n−n′)t) = δn,n′ ,

we obtain an eigenvalue equation for the amplitude ψn,m

∞∑

n′=−∞

∞∑

m′=−∞
H̃FB

n,n′,m,m′
ψn′,m′ = ε ψn,m (3.3)

where H̃FB is the FB Hamiltonian matrix

H̃FB

n,n′,m,m′
=

(
~2

2µ
(κ+

2π

L
m)2 − n~ω

)
δn,n′δm,m′+

Ṽ0

L
δn,n′+

Ṽ1

2L
(δn−1,n′+δn+1,n′).

(3.4)

Diagonalization of this matrix yields the quasi-energies and eigenvectors as a

function of the Bloch-momentum κ.

For computational purposes, it is convenient to define the following

dimensionless quantities,

ε ≡ ε/~ω, lω =

√
~

2µω
l ≡ L/lω, k ≡ κlω, x′ ≡ x/lω,

V1 ≡ µṼ1lω
2~2

, V0 ≡ µṼ0lω
~2

, HFB ≡ H̃FB/~ω.

(3.5)

Notice that lω is the wavelength of a particle with effective mass µ and energy

~ω. In terms of these dimensionless variables, the FB Hamiltonian takes the

form
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HFB

n,n′,m,m′
=

(
1

l2
(kl + 2πm)2 − n

)
δn,n′δm,m′ + 2

V0

l
δn,n′ + 2

V1

l
(δn−1,n′ + δn+1,n′)

(3.6)
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Figure 3.1: Quasi-energy curves for V0 = 0, V1 = 0.03, l = 5. Curves have been
labelled using (n,m) pairs, where the energy of the corresponding unperturbed
state is E = (n+ ε)~ω, and its wave vector is K = k+ 2πm/l. Features A, B,
C, and D are indicated. The inset shows a magnification of the dashed box.

For zero static potential, V0 = 0, and small V1, the quasi-energy bands

can be labelled away from the avoided crossings, by the integer pair (n, m) as

is shown in Fig.3.1 for the parameters V1 = 0.03, l = 5. The FB eigenvector

corresponding to the point ε
(n,m)

(kl) on band (n,m), is a plane wave with

(dimensionless) energy E = (n + ε) and (dimensionless) momentum K =

k + 2π
l
m. The curve in Fig.3.1 for the pair (n, m) is obtained by drawing

a parabola centered at the point (n, 2πm) in the infinite plane (E,K). The
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segment of the parabola that crosses the region 0 ≤ E ≤ 1, −π/l < K ≤ π/l,

gives rise to the quasi-energy band labelled (n,m).

It is also useful to plot the average energy of the FB eigenstates,

Ψε,κ(x, t), which we define as,

< E >≡
∑
n

(ε+ n)
∑
m

|ψn,m|2 , (3.7)

This is shown in Fig.3.2 for the same parameters chosen for Fig. 3.1. Let

us focus on three features, marked A,B,C, in Fig. 3.1 and 3.2. We begin by

studying B, an avoided crossing between bands (1,-1) and (2,1). From first

order degenerate perturbation theory we obtain the reduced 2x2 Hamiltonian

near the point kl ∼ 1:

HFB =

[
ε0

1,−1
(kl) 2V1

l

2V1

l
ε0

2,1
(kl)

]
(3.8)

where the unperturbed quasi-energies are:

ε0
1,−1

(kl) = 1
25

(kl − 2π)2 − 1 and ε0
2,1

(kl) = 1
25

(kl + 2π)2 − 2

The eigenvalues of this Hamiltonian matrix give the quasi-energy bands in the

neighborhood of the crossing,

ε±(kl) =
1

2

(
ε0

1,−1
(kl) + ε0

2,1
(kl)

)
± 1

2

√(
ε0

1,−1
(kl)− ε0

2,1
(kl)

)2

+ 16

(
V1

l

)2

(3.9)

At the middle of the avoided crossing, where ε0
1,−1

= ε0
2,1

, the distance between

the bands, ∆, is

∆ = 4
V1

l
(3.10)
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Note that the width of the avoided crossing does not depend on the energy

or momentum of the bands involved, which is a peculiar feature of the delta-

function chain. Therefore, for the delta-function chain, all first-order avoided

crossings have the same width, ∆.

Feature C is an example of a first order avoided crossing between bands

(0,0) and (1,-1). Note that the first order avoided crossings in the quasi-energy

plot reveal themselves as crossings in the average energy plot. This happens

because at an avoided crossing the two states exchange identities, and the

average energy includes the contribution from both states.

Feature A, in Fig. 3.2, is a second order avoided crossing, involving a

two phonon process between the unperturbed states (2,1) and (0,0). This is

evident in Fig. 3.2, where the crossing occurs between a band with average

energy near 2~ω and a band near 0 ~ω.

Feature D in Fig. 3.2 can not be explained using degenerate perturba-

tion theory. It is not the result of an avoided crossing between unperturbed

states. This feature occurs when the unperturbed quasi-energy band (1,-1) (in

Fig. 3.1) crosses the lower edge of the quasi-energy Brillouin zone (ε = 0).

This sudden drop in the average energy of the eigenstate will be discussed

later.
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Figure 3.2: Average energy, 〈E〉, versus Bloch momentum, k, for V0 = 0,V1 =
0.03,l = 5. Features A, B, C, and D (discussed in the text) are indicated.

3.3 Translation Matrix

Let us now construct the Floquet translation matrix for the δ-function

chain. This will be done in two steps. First, we calculate the transfer matrix

connecting the Floquet-coefficients of the wave-function (Eq. 3.2) on the left

and on the right of a δ-function. Then we calculate the translation matrix

which connects the Floquet-components of the wave function on the left side

of a delta-function with the components on the left side of the nearest neighbor

delta-function. The eigenvectors of this translation matrix will have either pure

real (norm of eigenvalue equal to one) or complex (norm different from one)

Bloch-momentum. The cases with real Bloch-momentum correspond to the

physical states, while the eigenfunctions with complex Bloch momentum are

not physical since they diverge in one direction along the x-axis.
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3.3.1 Time Periodicity

Let us write the FB state, Ψε,κ(x, t), in terms of dimensionless variables,

and in the form

Ψε(x
′, τ) =

∞∑
n=−∞

ψn(x′)e−i(ε+n)τ . (3.11)

where ψn(x′) contains all the spatial dependance of the wave-function. Since

the potential is zero everywhere except at x′ = ml, we assume ψn(x′) in regions

I and II (on the left and right of the δ-function at x′ = 0, respectively) to be

of the form

ψn
I(x′) =

1√
kn

(ane
iknx′ + dne

−iknx′) for − l < x < 0

ψn
II(x′) =

1√
kn

(cne
iknx′ + bne

−iknx′) for 0 < x < l. (3.12)

For finite chains, the factor 1√
kn

is included to ensure unitarity of the S-

matrix[42]; we also use that convention here. The dimensionless wave-vectors,

kn, are given by

kn ≡
√
ε+ n. (3.13)

Note that for n < 0 the wave vector is imaginary and gives rise to exponentially

decaying and growing modes. These will be discussed later.

Continuity of Ψε(x
′, τ) at x′ = 0 gives

an + dn = cn + bn. (3.14)

Because of the delta function in the Hamiltonian, the spatial derivative of
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Ψε(x
′, τ) at x′ = 0 is discontinuous and satisfies

dΨε

dx′

∣∣∣∣
x′=0+

− dΨε

dx′

∣∣∣∣
x′=0−

= [V0 + V1cos(τ)]Ψε(0, τ). (3.15)

This leads to the condition

cn+dn−bn−an = −2i [sn(an+dn)+hn−1(an−1+dn−1)+hn(an+1+dn+1)], (3.16)

where,

hn =
V1

(ε+ n)1/4(ε+ n+ 1)1/4
and sn =

V0√
ε+ n

. (3.17)

Using (3.14) and (3.16) we solve for cn and bn in terms of an and dn to obtain,

cn = an − isnan − ihn−1an−1 − ihnan+1 − isndn − ihn−1dn−1 − ihndn+1 (3.18)

and

bn = dn + isnan + ihn−1an−1 + ihnan+1 + isndn + ihn−1dn−1 + ihndn+1 (3.19)

It is useful to define the column vectors A, B, C, and D with components an,

bn, cn, and dn, respectively. Then Eqs. (3.18) and (3.19) can be written in

matrix form as

C = (1−X)·A−X·D (3.20)

B = X·A + (1 + X)·D (3.21)

where the matrix X has components

[X]n,n′ = δn′,n−1ihn′ + δn′,n+1ihn′−1 + δn′,nisn. (3.22)
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This system of equations can also be written as

(
C
B

)
= M·

(
A
D

)
(3.23)

with

M =

[
1−X −X

X 1 + X

]
(3.24)

The matrix M relates components of the eigenstates on opposite sides of a

single δ-function in the infinite chain.

3.3.2 Spatial Periodicity

Because of the spatial periodicity of the Hamiltonian Eq. (3.1), Floquet-

Bloch states have the property

TlΨε,k(x
′) = Ψε,k(x

′ + l) = λΨε,k(x
′), (3.25)

where Tl is the translation by l operator and λ is its eigenvalue, which satisfies

λ = eikl for k real (Bloch momentum) when Ψε,k(x
′) is a Bloch-function.

Imposing this condition on the wave function and its derivative at the point

x′ = −l/2, we obtain

λ(ane
−iknl/2 + dne

iknl/2) = cne
iknl2 + bne

−iknl/2

λ(ane
−iknl/2 − dneiknl/2) = cne

iknl/2 − bne−iknl/2 .
(3.26)

We can write this set of equations as,

λ

[
T−l/2 T

l/2

T−l/2 −T
l/2

](
A
D

)
=

[
T
l/2

T−l/2
T
l/2
−T−l/2

](
C
B

)
, (3.27)
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where the matrix T±l/2 is diagonal and has matrix elements e±iknl/2. We can

now write

λ

(
A
D

)
=

[
T−l/2 T

l/2

T−l/2 −T
l/2

]−1 [
T
l/2

T−l/2
T
l/2
−T−l/2

](
C
B

)

=
1

2

[
T
l/2

T
l/2

T−l/2 −T−l/2

] [
T
l/2

T−l/2
T
l/2
−T−l/2

](
C
B

)

=

[
T
l

0
0 T−l

](
C
B

)
(3.28)

If combine Eqs. (3.23), (3.24), and (3.28), we obtain

TM

(
A
D

)
= λ

(
A
D

)
(3.29)

where

TM =

[
T
l
(1−X) −T

l
X

T−lX T−l(1 + X)

]
(3.30)

is the Floquet translation matrix. After diagonalizing the TM matrix, one

selects the eigenvectors corresponding to eigenvalues |λ| = 1. These are the

Floquet-Bloch states of the system.

3.3.3 Static Potential Case (V0 6= 0, V1 = 0)

For a purely static potential, the TM matrix is a 2x2 matrix with two

distinct eigenvalues and corresponding eigenvectors. It can be shown that,

TM =

[
eikl(1 + V o

2ik
) eikl( V o

2ik
)

e−ikl(− V o
2ik

) e−ikl(1− V o
2ik

)

]
, (3.31)

where k =
√

2E.

A graph of the absolute value of the two eigenvalues of TM, as a function

of energy, for the static delta chain is shown in Fig. 3.3a. The prohibited
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energy regions are the regions occupied by the ”bubbles.” These occur at

energies for which the absolute value of the eigenvalues of TM is not one. The

well-known band structure for this potential is obtained by plotting energy

vs. Bloch momentum as shown in Fig. 3.3b. For the parameters chosen in

Fig.3.3, the delta-function potential has a bound state at E = −1. That is

precisely the location of the negative energy band, which occupies the region

−1.025 < E < −0.975 in units of the bound state energy |Ebound| = V 2
o

2
. The

width of this band is known to decrease rapidly with the distance between

wells [47]. For l = 5 it is already of the order of 10−3.
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Figure 3.3: (a)Energy, E, plotted as a function of the absolute value of eigen-
values λ1,2 of the TM matrix (measured in units of the bound-state energy

of one δ-function potential, Ebound = −mV 2
o

2~2 = −1). (b) Energy versus Bloch

momentum, k, for a static chain. Parameters used are V0 = −√2, V1 = 0, and
l = 5

It is now interesting to use the Floquet TM matrix derived in Secs.
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(3.1) and (3.2) for the case when V0 6= 0, V1 = 0 as a way to test the Floquet

formalism and to gain insight into the effect of a time periodic perturbation

in the band structure of the static potential. Using the Floquet TM matrix

of Eq. (3.30) and the same parameters is in Fig.3.3, we obtain in Fig. 3.4a, a

plot of the eigenvalues of the TM matrix as a function of the ’quasi-energy’.

In Fig.3.4b, we obtain a plot of the ’quasi-energy’ vs. Bloch-momentum. The

relation between Fig. 3.4 and Fig. 3.3 is simple. The energy axes in Fig.3.3a

and 3.3b have been divided into intervals of width ~ω and the intervals have

been mapped into the region 0 ≤ ε ≤ ~ω in Figs.3.4a and 3.4b, respectively.

The way to recover the results in Fig.3.3 starting with Fig.3.4 is to ’unfold’ the

quasi-energy axis by calculating the ’average’ energy, as defined in Eq. 3.7, for

each eigenvector in the Q.E. bands. This shows us that when the oscillating

part of the potential is small compared to the static part, the quantity that ap-

proximately preserves the band structure of the static potential is < E >. The

effect of a small oscillating potential is only important when the distance be-

tween two unperturbed energy bands is a multiple of ~ω (in the neighborhood

of a quasi-energy avoided crossing); this is where the deviations of < E > from

the band structure of the static potential occur, as was shown in Figs.3.1 and

3.2. Thus, the average energy is a useful quantity since it smoothly becomes

the energy as the oscillating potential is turned off.
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Figure 3.4: (a)Quasienergy, ε, versus the absolute value of the eigenvalues λ
of the Floquet TM matrix. (b)Quasienergy, ε, versus the Block momentum,
k. Parameters used are V0 = −√2, V1 = 0, and l = 5. Only 8 positive energy
channels included.

3.4 Eigenvectors of the Floquet Translation Matrix

The solution to the eigenvalue equation (Eq.(3.29)) can be obtained in

terms of continued fractions. The procedure we follow is similar to the one

used in the study of the scattering properties of a single oscillating δ-function

potential [42].

Eq.(3.29) can be written in the form,

(1−X)·A−X·D = λT−l ·A

(1 + X)·D + X·A = λT
l
·D.

(3.32)

Adding these two equations, we obtain a relationship between the components

of A and D,

Dn = ηnAn, with ηn = −1 − e ikle−ikn l

1 − e ikle ikn l
, (3.33)
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where the dimensionless quantities kn, k and l (defined in Eqs. (3.5) and

(3.13)) have been used. The relation between A and D is purely kinematic; it

does not depend on the potential. If we combine Eqs. 3.32 and 3.33, we obtain

(1− λT−l)·A = X·P·A (3.34)

where P is a diagonal matrix with matrix elements

Pn ≡ [P]n,n =
e−iknl − eiknl
1− eikleiknl eikl. (3.35)

We now define,

Qn = [1− λT−l ]n,n = 1− e−iknleikl. (3.36)

Using this, and Eq.(3.22) we obtain from Eq.(3.34) a three term recursive

relation on the components an of the eigenvectors of the system,

Rnan − ihn−1Pn−1an−1 = ihnPn+1an+1, (3.37)

where

Rn = Qn − isnPn. (3.38)

Using the method of continued fractions we now obtain from Eq. (3.37) an

expression for the ratio an
an+1

. Let us define

fn =
an
an+1

. (3.39)

If we substitute Eq. (3.39) into Eq.(3.37), we obtain

Rn − ihn−1Pn−1fn−1 =
ihnPn+1

fn
. (3.40)
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Solving Eq. (3.40) for fn in terms of fn−1 gives,

fn =
ihnPn+1

Rn − ihn−1Pn−1fn−1

, (3.41)

and solving Eq. (3.40) for fn−1 in terms of fn gives

fn−1 =
1

ihn−1Pn−1

(Rn − ihnPn+1

fn
). (3.42)

Thus, from Eqs. 3.41 and 3.42, we can obtain two different expressions for the

quantity fn. If we iterate Eq. 3.41 we obtain

fn
↓ =

ihnPn+1

Rn +
h2
n−1Pn−1Pn

Rn−1 +
h2
n−2Pn−2Pn−1

Rn−2 +
h2
n−3Pn−3Pn−2

...

(3.43)

where the downward arrow indicates that the indices of all quantities (except

Pn+1) run over integers equal to or smaller than n. If we iterate Eq. 3.42 we

obtain,

fn
↑ =

1

ihnPn
(Rn+1 +

h2
n+1Pn+1Pn+2

Rn+2 +
h2
n+2Pn+2Pn+3

Rn+3 +
h2
n+3Pn+3Pn+4

...

), (3.44)

where the upward arrow indicates that the indices of all quantities run over in-

tegers equal or greater than n. It is important to note that these two functions

have very different dependance on n. When |n| → ∞, fn
↑ → ∞ . This im-

plies that for |n| large, an >> an+1 (the components of the eigenvector decay

for n positive and grow for n negative). On the other hand, when |n| → ∞,

fn
↓ → 0. This implies that for |n| large an << an+1 (the components of the
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eigenvector grow for n positive and decay for n negative). This means that to

obtain eigenvectors that have support in a finite number of channels one has

to use fn
↑ for n >> 1 and fn

↓ for n << −1.

We can now derive a general prescription to generate the components

of an eigenvector starting from an arbitrary an = 1. By applying repeatedly

the definition of fn = an
an+1

, we obtain

am+n = am
f↑m+n−1f

↑
m+n−2....f

↑
m

(3.45a)

am−n = f ↓m−1f
↓
m−2....f

↓
m−nam (3.45b)

for any n > 0. One can avoid having to use both equations to generate the

components of an eigenvector by using Eq. 3.45a and starting with an m

negative enough so that all eigenvectors have support on channels higher than

m. This can be done since for any eigenvector, and for n negative and large,

an << an+1. Then, the contribution of large negative components to any

eigenvector will be negligible.

Let us now define the function,

Πn(ε, k) = Πn
i=−m

1

f ↑i (ε, k)
(3.46)

where m is chosen so all eigenvectors have support on channels higher than m.

Using this function we can construct the positive momentum components of

any eigenvector ΨT = (AT,DT), where T denotes transpose, starting with an

arbitrarily fixed a−m = 1 (before the vector is normalized). We can write

AT = (..., 1, Π−m(ε, k), Π−m+1(ε, k), ......., Πn(ε, k), ....) (3.47)
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The negative momentum components, D, are obtained from Eq.(3.33).

For any point (ε, k) chosen, there is a band that passes arbitrarily close

to that point (the bands fill the first Brillouin zone densely). At this point,

several components Πn have a pole. Each diverging Πn gives a nonzero com-

ponent of the eigenvector corresponding to this point. After obtaining the D

components and normalizing we end up with the full eigenvector which can be

compared to the eigenvectors obtained from direct numerical diagonalization

of the matrix TM at the same point.

We have now developed three different methods to obtain Floquet-

Bloch states for our system: (1) We can find the eigenvectors of the FB

Hamiltonian, Eq. (3.6); (2) We can find the poles of Eq. (3.47); and (3)

We can find by numerical diagonalization the eigenvectors of the TM matrix

in Eq. (3.30). In the first two approaches, one specifies both the quasi-energy

and the Bloch momentum, and then one proceeds to find the corresponding

eigenvector. In the third approach, Eq. (3.30), only the quasi-energy is re-

quired, the Bloch momentum is a result of the calculation of the eigenvalues

of the TM matrix.

In Fig. 3.5a and 3.5b, we show a plot of two eigenfunctions obtained

by constructing the translation matrix, TM, for parameters V1 = 1.0, V0 = 0,

and then numerically finding its eigenvalues and eigenvectors. Eigenvector Ψ1

has quantum numbers, (ε = 0.586, k = 0.01), and eigenvector Ψ2 has quantum

numbers, (ε = 0.07, k = 0.01). In Fig. 3.5c we show a graph of the positive

momentum components, A, and negative momentum components, D, of these
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Figure 3.5: Plots of components of A and D for two FB eigenvectors with
(ε = 0.586, k = 0.01) and (ε = 0.07, k = 0.01) for V0 = 0, V1 = 1.0, l = 5.
(a) Eigenvector of the TM matrix with (ε = 0.586, k = 0.01). (b) Eigenvector
of the TM matrix with (ε = 0.07, k = 0.01). (c) Plots of A and D obtained
from Eqs. (3.47) and (3.33). These plots are indicative of the pole structure
of Πn. The dashed line corresponds to (ε = 0.586, k = 0.01) and the solid line
to (ε = 0.07, k = 0.01).

eigenvectors as a function of ε for k = 0.01, calculated using Eq.(3.47) and

Eq.(3.33). The components are arranged in decreasing order of energy (from

left to right). There are very narrow peaks for all components shown, at

quasi-energies 0.586 and 0.07 as can be seen in the insets. The profile of an

eigenstate, as obtained by connecting its corresponding peaks, is in very good

agreement with the results obtained by diagonalizing the TM matrix.

By plotting the component Π8(ε, k) in the interval 0 ≤ ε ≤ 1, 0 ≤ kl ≤
π, one can see the band structure of this potential. We include bands whose

eigenvectors have components in channels n′ ≤ 8. Fig. 3.6a shows the Q.E.

bands obtained by diagonalizing TM. Fig. 3.6b shows a contour plot of values
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of Π8(ε, k).

Figure 3.6: V0 = 0, V1 = 0.3, l = 5. (a) Quasienergy curves obtained by
numerical diagonalization of the Floquet TM matrix. (b) Contour plot of the
function Π8(ε, kl).
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As mentioned earlier, feature D in Fig.3.2 can not be explained using

degenerate perturbation theory because it is not the result of an avoided cross-

ing. To examine this feature let us consider the functions f ↓0 and f ↓−1, (see Eq.

3.43). When ε → 0, h0 ∼ 1√
k0
→ ∞, h−1 ∼ 1√

k0
→ ∞ and P0 ∼ k0 → 0.

Therefore f ↓0 → ∞ when ε → 0, which implies a0

a1
→ ∞. One can also show

that f ↓−1 → 0 as ε→ 0, which implies a0

a1
→∞. This means that a0 is the only

non-zero component of an eigenvector corresponding to a quasi-energy band

at the point ε = 0. Therefore, the average energy of the eigenvector goes to

zero at this point. This explains the plunge observed in Fig.3.2 at point D. In

principle there should be a feature like D for any band that crosses the line

ε = 0. However, the width of the ’plunge’ in the average energy band depends

on the size of the component a1 of the eigenvector as one approaches the bot-

tom of the energy Brillouin zone. The higher the average energy of the band

where the plunge occurs, the narrower it is, because the a1 component of the

eigenvector is smaller for higher average energies. This result might indicate

that a free particle (plane wave) moving with an energy E could be forced

to loose all its energy when adiabatically turning on a space-time periodic

potential that oscillates with a frequency ω = E/~.

3.5 Contribution of the negative energy channels

In this section we look at an interesting feature of the delta chain,

which establishes a nice connection with the scattering properties of a single

oscillating δ-function potential. In what follows, we assume the static potential
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to be zero (sn = 0 in Eq. 3.38) and ask the question: how do negative

energy channels contribute to the Floquet-eigenstates of the system? This

question is motivated by the fact that, when the parameter l is large, numerical

diagonalization of the TM matrix becomes very inaccurate because the terms

eiknl become very large for negative energy channels (imaginary momentum

kn). Knowing how those channels contribute to the Q.E. band structure is

therefore an important question.

In Fig.3.7a we show the location, in the Q.E. band structure, of two

eigenvectors of the system, and in Fig.3.7b we plot the contribution to these

eigenvectors from the various Floquet channels. It is important to notice

the shape of D in the negative energy channels is very similar for the two

eigenvectors despite their different quantum numbers (ε, k). Why is there a

peak in channel -5 in all eigenvectors? What determines this structure? For

a given amplitude of a0, the structure of any eigenvector Ψ can be written in

the following form,

ΨT = (AT ,DT ), (3.48)

where,

AT = (..., a2, a1, a0, f
↓
−1a0, f

↓
−2f

↓
−1a0, f

↓
−3f

↓
−2f

↓
−1a0, ....), (3.49)

and

DT = (..., η2a2, η1a1, η0a0, η−1f
↓
−1a0, η−2f

↓
−2f

↓
−1a0, ...). (3.50)

60



0

1

kl

ε

0 0 −5
0

0.5

0 0 −5
0

0.5

−1 −3 −5 −7 −9 −11
0

QB state
Eig.vec. 1
Eig.vec. 2

 V
1
 = 1.2

1 

2 

Eigenvector 1 

Eigenvector 2

 A  D

 A  D

 n

 n

 a)

 b)
 c)

π/2 π 
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vectors: (1) (ε = 0.775, k = 0); and (2) (ε = 0.462, k = 0). (c) Comparison of
the negative energy contributions (D part) of the two eigenvectors in (b) with
that of the quasi-bound state of a single δ-function potential.

The structure of the negative energy part of the eigenvectors can be

studied by looking at the sequence (f ↓−1, (f
↓
−2f

↓
−1), (f ↓−3f

↓
−2f

↓
−1), ....). Let

us begin by defining the quantities ρn and bn as

ρn ≡ 1− e2iknl

e−ikl − eiknl , bn ≡ eiknl − eikl, (3.51)

so that

Pn = e−iknlρn, Rn = e−iknlbn . (3.52)
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Using this in Eq.(3.43), we obtain an alternative expression for f−n
↓,

f−n
↓ =

ih−nρ−n+1e
−i(k−n+1−k−n)l

b−n +
h2
−n−1

ρ−n−1ρ−n

b−n−1 +
h2
−n−2

ρ−n−2ρ−n−1

b−n−2 −
h2
−n−3

ρ−n−3ρ−n−2

...

. (3.53)

For n > 1 this expression can be simplified. Since ρ−n ' eikl and bn ' −eikl,
f ↓−n becomes,

f−n
↓ =

ih−ne
−i(k−n+1−k−n )l

1 +
h2
−n−1

1 +
h2
−n−2

1− h2
−n−3

...

(3.54)

From Eq. (3.54), one can conclude that for the negative energy channels, the

positive momentum components, A, of the eigenvector decay exponentially

with n; f−n
↓ ∝ e−l/2n. This can be seen in Fig. 3.7b where it is evident that

the negative energy components of A decay very quickly with n. In contrast,

the vector, D, has a different structure, with a peak at n = −5. It is in this

part of the eigenvector where the negative energy components contribute the

most. If we had chosen to construct the TM matrix for translations to the left,

then the A part would have shown the biggest contribution from the negative

channels. From Eq. (3.33) and for negative energy channels d−n ' e−ik−n la−n.

Hence,

d−n
d−n+1

= Z−n ≡ ih−n
1 +G−n

, (3.55)
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where the C.F., Gn, can be defined recursively as

Gn =
h2
n−1

1 +Gn−1

. (3.56)

This function Gn is precisely the same function used to describe the transmis-

sion through a single oscillating δ-function[42]. As shown in Appendix A, the

ratio between the diagonal components, C−n, of the transmission matrix for a

single δ-function is
C∗−n
C∗−n+1

= −Z∗2−n ,

where the (*) denotes evaluation at the pole of the S-matrix.

The relationship actually goes further. In appendix B we look at the

quasi-bound state of the single δ-function potential and prove that its compo-

nents (only the transmission part is considered, since the reflection should be

identical for symmetry reasons) can be written as,

VT
QB

= (....., 1, Z∗−1, Z
∗
−1Z

∗
−2, Z

∗
−1Z

∗
−2Z

∗
−3, .....) (3.57)

Whereas according to Eq.(3.55), the negative energy components of the

vector, D, can be written as

DT = (....., 1, f ↓−1, f
↓
−1Z−2, f

↓
−1Z−2Z−3, ....) . (3.58)

The difference between Eqs. (3.57) and (3.58) is in the behavior of the function

f ↓−1(ε, k), which for a certain range of ε (because of its dependance on the Bloch

momentum k) can be considerably different from Z−1(ε). The other difference

concerns the fact that in Eq. (3.57) the Z−n functions are evaluated at the

63



pole whereas the functions in Eq. (3.58) are evaluated at different values along

the bands. In Fig. 3.7b we show two eigenvectors of the infinite chain, and in

Fig. 3.7c we compare the negative energy components of D with the quasi-

bound state of the single δ-function system. The agreement is quite good for

all the eigenvectors that we considered. The reason for such agreement, which

seems to be independent of the particular quasi-energy of the eigenstate, is

simple: the functions Z−n are fairly smooth in the complex plane, therefore,

their value at E∗ and their value on the real axis are very close in most cases.

When the strength, V1, is small, the different Floquet-eigenstates are

exponentially localized about the unperturbed states. As the strength V1 in-

creases and the eigenstates gain support in the negative energy channels, they

develop a characteristic peak in those channels, which can actually dominate

the structure of the vector, D, for the eigenstates with lowest average energy.

In general we can say that the structure of all FB eigenvectors of the

infinite chain consists of two very distinct parts, the positive energy compo-

nents which are sensitive to the Bloch-momentum k, and the negative energy

components which are independent of k and are closely related to the quasi-

bound state of the single δ-function potential. We expect this to be a general

feature that should occur in other space-time periodic potentials such as an

oscillating Kroenig-Penney potential.
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3.6 Band Dynamics

In this section we discuss some general features of the behavior of the

quasi-energy bands as the strength V1 of the oscillating potential is changed.

In subsection 3.6.1 we discuss the almost periodic behavior of the Q.E. bands

with lowest average energy as V1 is changed. In subsection 3.6.2 we discuss

the existence of points in the Q.E. band structure which are not affected by a

change in the parameter V1. Subsection 3.6.3 deals with the collapse (signifi-

cant reduction of its width) of one of the Q.E. bands for particular values of

V1.

3.6.1 Periodicity of the band structure

In the sequence of plots in Fig.3.8, we show the bands associated with

eigenvectors whose main support is on channels n ≤ 4. We focus on these

bands because they have especially interesting behavior as the parameter V1

is changed. Inspection of these plots shows that as V1 is varied, the band

patterns come close to repeating their structure in an almost-periodic manner.

In going from V1 = 0 to V1 = 1.0 there is one complete exchange of identity

for each band: (0,0) → (0,-1)-(1,1), (0,-1)-(1,1)→ (1,-1)-(2,1), (1,-1)-(2,1)→
(0,0). From V1 = 1.0 to V1 = 1.414 there is another exchange. This periodicity

occurs as a function of V 2
1 . A similar quasi-periodic behavior was found for the

transmission through a single oscillating delta function potential [42], where

the dynamics of the zeros and poles of the system depend almost periodically

on the parameter a ≡ V 2
1 . The period in V 2

1 is one: the equivalent of panel
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V 2
1 = 0.25 is panel V 2

1 = 1.25, the equivalent of panel V 2
1 = 0.5 is V 2

1 = 1.5, and

so on. This periodicity is another manifestation of the correlation between the

structure of the quasi-bound state in the single delta scattering problem and

the structure of the eigenvectors with support in the lowest energy channels

in the infinite chain.
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Figure 3.8: Series of plots showing the evolution of Q.E bands (the four lowest
in average energy) as the parameter V1 is increased with fixed V0 = 0 and
l = 5. Three of the bands (A,B,C) participate in a periodic exchange of
identity. Band A initially related to unperturbed state (0,0), band B related
to unperturbed states (1,1),(0,-1) and band C related to states (1,-1), (2,1).
Arrows indicate the position of some of the fixed points in the Q.E. band
structure.
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3.6.2 Fixed points in the band structure

Suppose that before we turn on the oscillating potential, we have a

state which is a superposition of two plain waves, in particular φn(x) =

1
2i

(eiknx − e−iknx) = sin(knx). If kn satisfies the condition, kn = mπ/l with

−∞≤m≤∞, then sin(knl) = 0, which means that the wave function has nodes

at the location of the δ-functions. This implies that this particular state will

not be affected as the potential is turned on (whether the δ-function potential

is oscillating or not). This state is a Bloch state since it is periodic in space

and it must belong to a band of the perturbed system. Therefore, for an infi-

nite chain of δ-functions, oscillating or not, there are fixed points in the band

structure, in the sense that for any V1 and V0 there is always a band attached

to the points that satisfy the condition kn = mπ/l. This is a special feature of

the delta function potential. The fixed points are at the edges (m odd) and the

center (m even) of the Brillouin zone. For l = 5, we can obtain the location in

quasi-energy of the fixed points,

√
εm,n + n = mπ/l (3.59)

From this and the additional condition 0 ≤ εm,n ≤ 1 we obtain the first three,

ε0,1 = 0.395, ε1,2 = 0.579, and ε3,3 = 0.553. The value ε0,0 = 0 is not important

because the wave function of this state vanishes everywhere.

These three fixed points have been marked with arrows in the different

panels in Fig.3.8. It is important to mention that there are an infinite number

of these points. In the panels in Fig.3.8, only those associated with the positive
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energy channels, n≤4 are shown. The higher energy channels are not coupled

in a significant way with the bands shown and do not produce any significant

change in them.

3.6.3 Band Collapse

As can be seen in Fig.3.9a, near the value V1 = 0.767, one of the three

Q.E. bands that participated in the exchange described in Section 3.6.1 be-

comes practically flat, that is, the width of that Q.E. band has collapsed to its

minimum value. This collapse occurs almost periodically as a function of V 2
1 .

Collapse of Q.E. bands in a periodic potential driven by a oscillating electric

field has been studied before using one-band and two-band approximations

[30]. It was shown there that in the single-band nearest neighbor tight bind-

ing approximation, the collapse is complete (the width of the band goes to

zero) and is determined by the zeros of the Bessel function J0. In the same

paper, numerical calculations show that the collapse is not complete as it is

expected from the von Neumann-Wigner non-crossing rule [43].

The probability current associated with an eigenstate in a collapsed

band is very small. For l = 5, only the positive energy components of an

eigenstate could contribute to this current since the current due to the nega-

tive energy components is already very small (it decays exponentially with l).

Because of this, each oscillating δ-function in the chain must reflect the inci-

dent positive energy components of an eigenstate in a collapsed band. This is

only possible if the location in quasi-energy of the collapsed band is close to the
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quasi-energy value for which a transmission zero occurs in a single δ-function

potential [42].

In Fig.3.9a, the transmission probability through one δ-function has

been plotted alongside the band structure of the infinite chain shown in Fig.3.9b.

This figures shows that the location of the collapsed band and the location of

the zero of transmission are very close. Other collapses are expected for values

of V1 that satisfy the approximate relation V 2
1 (mod1) ≈ 0.767. A relationship

between the suppression of tunnelling and band collapse has been pointed out

before by Gomez-Llorente et al.[44], although within the two-band approxi-

mation.

In Fig.3.9c, we enlarge the region occupied by the collapsed band. It re-

veals that the band has a finite width ∆ ≈ 0.008~ω. Several avoided crossings

with other bands can be seen. In Fig. (3.9d) we only needed to include Floquet

channels with n≤1 in the calculation , which shows that the basic structure of

the band is determined by the coupling between the first propagating channel

(n=0) and the negative energy channels. Another way to obtain this basic

structure is by using the diabatic representation, [45],[46] where all avoided

crossings with a gap smaller than a certain value are replaced by crossings. In

Fig.(3.9d), superimposed on the band is a plot of the function cos(2kl), which

corresponds to the shape of the band if only nearest-neighbor interaction is

allowed. The relative displacement of the maxima in the two curves indicates

that there is a small amount of direct coupling between non-adjacent cells. In

Fig. 3.9e we show the average energy of the eigenstate associated with the col-
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lapsed band and also the structure of two eigenstates at the points indicated.

Near the edges of the Brillouin zone (the fixed point) the structure of the

eigenstate is dominated by the structure of the unperturbed state, sin(k0x),

which carries no current. The energy of the Floquet eigenstate near these

points is therefore positive. As one moves from the edge to the center of the

Brillouin zone the negative energy channels dominate and the average energy

becomes negative.

It has been shown before that a relationship exists between dynami-

cal suppression of tunnelling and band collapse. In this work we have shown

a relationship between dynamical suppression of transmission and band col-

lapse. Other localized potentials such as the square well (or barrier) have been

shown to have transmission zeros (resonances)[23, 24] and therefore one might

expect to observe Q.E. band collapses associated with periodic chains of these

potentials.
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Figure 3.9: (a)The transmission probability for a single oscillating δ-function
potential as a function of quasienergy for V0 = 0, V1 = 0.767, l = 5. (b) The
quasienergy band structure of the infinite chain for V0 = 0, V1 = 0.767, l = 5.
The collapsed Q.E. band is the thick line. (c) Magnification of the region in
(b) occupied by the collapsed band. (d) The band (solid line) without the
small avoided crossings with higher energy bands (diabatic representation).
The function cos(2kl) is plotted for comparison (dot-dashed line). (e) The
average energy along the collapsed band and the components of eigenstates
from two different locations on the collapsed band.
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Chapter 4

Floquet-Green’s function formalism for

harmonically driven Hamiltonians

4.1 Introduction

In chapter 2 we studied a simple model of a localized time-harmonic

potential; in chapter 3 we developed a method to derive the quasi-energy band

structure of a space-time harmonic system composed of an infinite chain of the

previously studied oscillating delta-functions. For this chapter we develop a

generalization of the method used in the previous two chapters to solve a three

term recursion relation. With this generalization we are able write a general

expression for the solution of any harmonically driven(HD) potential.

As we have mentioned before, in the last two decades, HD potentials

(space periodic or not), have been studied considerably and many interest-

ing effects have been found. Among them: dynamical localization (mini-band

collapse)[30, 31], photon-assisted tunnelling [32], quantum hamiltonian ratch-

ets [33, 34], chaos-assisted tunnelling [35–39, 49] and atom stabilization [50].

They have also been used to study quantum tunnelling time [16–18], ioniza-

tion [19, 51], electronic transmission [21–24, 42], and quantum chaos [15].

The pioneering work of Shirley[52] and Sambe[6] laid down the theoret-
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ical foundations for a complete treatment of time-periodic potentials, based on

the same mathematical tools already developed for time-independent poten-

tials. Of great importance among these tools is the Green’s function, whose

definition and application for time-periodic systems has not been clear un-

til recently. A Floquet-Green’s function method for the solution of radiative

electron scattering in a strong laser field was introduced by F.H.M Faisal[53].

More recently, the t-t’ method [7] for treating time-dependent systems was

developed with great success. For the case of a periodic potential this formal-

ism provides a natural way of defining and using the Floquet-Green’s function

which can be used to study scattering through this kind of potential [7]. For

the case of a Harmonic Driving (HD) potential we find the Floquet Hamil-

tonian and derive the Floquet-Green’s function of the system using Matrix

Continued Fractions (MCF). This same approach can be used to derive the

Green’s function of a phonon-coupled system, given the close resemblance be-

tween these two systems[54, 55]. It has in fact been used for the case of a two

state system coupled to a harmonic oscillator.[56]

As an application of our method we calculate the Floquet-Green’s func-

tion for a system whose Hamiltonian is periodic in space (we use the tight bind-

ing approximation) and has a defect at a particular location in the lattice. We

characterize the defect by its on-site energy, which changes harmonically in

time as V0 + V1cos(ωt). This hamiltonian could be realized experimentally

in a 1-D hetero-structure where a metal contact has been placed covering a

small region and is connected to an oscillating voltage source. We also believe
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that the problem of conduction through a molecule placed between two metal

contacts could be modelled with a similar Hamiltonian.

In section 4.2 we introduce the Floquet Hamiltonian and the Floquet-

Green’s function for a time-periodic system. In section 4.3 we derive the

Floquet-Green’s function for the case of a HD potential using matrix continued

fractions. In section 4.4, as an illustration of the technique developed in section

4.3, we study a tight-binding Hamiltonian with a defect energy which depends

harmonically on time. We calculate the Local Density of States (LDOS) and

study the existence of localized states and their behavior as a function of the

different parameters of the model.

4.2 t-t’ method and Floquet-Green’s function

In our approach we use the (t,t’) method [7] where the time variable t’ is

treated as a spatial coordinate, and a new quasi-time variable t is introduced.

Using this approach we derive the expression for the Floquet-Green’s function

of a general time-periodic system.

We introduce the Floquet-Hamiltonian, HF , which is defined as

HF (x, t′) = H(x, t′)− i~ ∂
∂t′

, (4.1)

and the (t,t’)-Schrödinger equation

i~
∂

∂t
χ(x, t, t′) = HF (x, t′)χ(x, t′, t) . (4.2)
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It is easy to show, that if χ(x, t′, t) satisfies Eq.(4.2), then

φ(x, t) ≡ χ(x, t, t) (4.3)

is a solution to the Schrödinger equation

i~
∂

∂t
φ(x, t) = H(x, t)φ(x, t) . (4.4)

The great advantage of the t-t’ method is that, since the Hamiltonian

(Eq.4.2) is independent of t, χ(x, t′, t) can be found using the standard tech-

niques developed for time independent Hamiltonian.

By using the method of separation of variables, we can write

χ(x, t, t′) = e−iεt/~ψ(ε|x, t′), (4.5)

and using this into Eq.(4.2), gives a t-independent Schrödinger equation

HF (x, t′)ψ(ε|x, t′) = εψ(ε|x, t′) . (4.6)

As a consequence of Floquet’s theorem, if H(x, t′) is periodic in t’(period τ),

ψ(ε|x, t′) is also periodic in t’. We define the Green’s function corresponding

to this Floquet-Hamiltonian as:

[ε−HF (x, t′)]GF (ε|x, x′, t′, t”) = δ(x− x′)δτ (t′ − t”) , (4.7)

where δτ (x) is the τ -periodic delta function. Because of the periodicity of the

Hamiltonian, the Floquet eigenfunctions as defined by Eq.(4.6) are periodic in

time. The solution of Eq.(4.7) can be written as
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GF (ε|x, x′, t′, t”) =

∫
dε′
∑
n

ψ∗n(ε′|x, t′)ψn(ε′|x′, t”)

ε− ε′ , (4.8)

where {ψn(ε′|x, t)} is the complete set of eigenfunctions of the Floquet-Hamiltonian

(Eq.4.6). From this expression it can be seen that GF (ε|x, x′, t′, t”) is periodic

in both t’ and t”, therefore, it can be written as

GF (ε|x, x′, t′, t”) =
∞∑

α,β=−∞
GF
α,β(ε|x, x′)eiαt′e−iβt” . (4.9)

Similarly for HF (x, t′) we write

HF (x, t′) =
∞∑

γ=−∞
HF
γ (x)eiγt

′
. (4.10)

Using Eqs.(4.9),(4.10) into (4.7) and equating components we get

ε GF
α,β(ε|x, x′)−

∞∑
γ=−∞

HF
α,γ(x)GF

γ,β(ε|x, x′) = δ(x− x′)δα,β , (4.11)

where HF
α,γ ≡ HF

α−γ.

In the next section we specialize Eq.(4.11) for the case of a HD Hamil-

tonian. We will use the method of matrix continued-fractions (MCF) to derive

an explicit solution for the Floquet-Green’s function assuming a potential that

depends harmonically on time.

4.3 Harmonically Driven Potential, Matrix CF method

The Hamiltonian that we consider in this part is of the general form

(with no particular representation chosen),
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H = Ho + Vo + 2V1cos(ωt
′). (4.12)

This general class of Hamiltonians includes a great variety of physical systems

of interest. We refer to this class of Hamiltonians as harmonically driven

(HD) Hamiltonians. In section 4.4 we will apply the methods developed here

to a simple but nonetheless interesting system: A tight-binding model with

a defect on-site energy that depends harmonically on time. According to

Eqs.(4.1),(4.10) and the definition after Eq.(4.11), the Floquet-Hamiltonian

corresponding to Eq.(4.12) is

HF
α,γ = (Ho + Vo − α~ω)δα,γ + V1(δα+1,γ + δα−1,γ) . (4.13)

Using this into Eq.(4.11) we get

(1Eα −HS)Gα,β − V1(Gα+1,β + Gα−1,β) = 1δα,β , (4.14)

where

Eα ≡ ε+ α~ω, HS ≡ Ho + Vo , < x|Gα,β|x′ >≡ GF
α,β(ε|x, x′) . (4.15)

To solve Eq.4.14 we use MCF. It basically follows the procedure intro-

duced by Martinez et al,[42, 57] which has also been used by Moskalets and

Büttiker [58] for the solution of a three-term recurrence relations in a HD sys-

tem. Similar approaches using CF’s have also been used before in the solution
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of time-independent Hamiltonians (tight binding type).[9, 10, 59] To begin, we

define the operator

Fα,β ≡ Gα,βG
−1
α+1,β, (4.16)

from which we can write

F−1
α,βGα,β = Gα+1,β ,

Fα−1,βGα,β = Gα−1,β . (4.17)

Using this equations into Eq.(4.14) we get,

(1Eα −HS)Gα,β − (V1F
−1
α,β + V1Fα−1,β)Gα,β = 1δα,β . (4.18)

Let us consider this equation for the case α 6= β,

(1Eα −HS)Gα,β − (V1F
−1
α,β + V1Fα−1,β)Gα,β = 0 for α 6= β . (4.19)

A trivial solution of this equation is Gα,β = 0, for α 6= β; that is, the off-

diagonal components vanish. This is expected only for the case V1 = 0. For

V1 6= 0 we assume that in general the off diagonal elements do not vanish (at

least not all of them) and therefore, from Eq.(4.19) we get,

1Eα −HS = (V1F
−1
α,β + V1Fα−1,β) for α 6= β . (4.20)

Evaluating this equation for α = β + 1, we get

V1Fβ,β = Cβ+1 − V1(V1Fβ+1,β)−1V1, (4.21)
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where, to simplify notation we defined Cβ ≡ 1Eβ −HS. Iterating Eq.(4.21)

we get,

V1Fβ,β = Cβ+1 − V1
1

Cβ+2 − V1
1

Cβ+3 − V1
1
...

V1

V1

V1 . (4.22)

Here, the notation 1
A

instead of A−1 has been used for clarity. Evaluating

Eq.(4.19) for α = β − 1 we get

V1F
−1
β−1,β = Cβ−1 − V1(Fβ−2,βV

−1
1 )V1,

= Cβ−1 − V1
1

V1F
−1
β−2,β

V1 .
(4.23)

Continuing the fraction in an iterative way we get,

V1F
−1
β−1,β = Cβ−1 − V1

1

Cβ−2 − V1
1

Cβ−3 − V1
1
...

V1

V1

V1. (4.24)

We now rewrite Eq.(4.18), for α = β as

(1Eβ −HS)Gβ,β − (V1(V1Fβ,β)−1V1 + V1(V1F
−1
β−1,β)−1V1)Gβ,β = 1 . (4.25)

Using Eqs.(4.22) and (4.24) we finally get

(1Eβ −HS − Veff (Eβ))Gβ,β(ε) = 1 , (4.26)

where

Veff (Eβ) = V
↑
eff (Eβ) + V

↓
eff (Eβ) , (4.27)
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with

V
↑
eff (Eβ) = V1

1

Cβ+1 − V1
1

Cβ+2 − V1
1
...

V1

V1

V1 ,

V
↓
eff (Eβ) = V1

1

Cβ−1 − V1
1

Cβ−2 − V1
1
...

V1

V1

V1 . (4.28)

The off-diagonal components of the Floquet-Green’s function operator can be

calculated by repeated multiplication by the operators V
↑
eff and V

↓
eff .

Eq.(4.26) is very interesting. It gives an expression for the diagonal part

of the Floquet-Green’s function of the system (from which elastic transmission

and density of states can be calculated), in which the effect of the coupling

between different (Floquet) channels, generated by the HD potential, has been

”summed up” into a dynamical effective potential (D.E.P.) that is energy

dependent. This general result for the class of HD Hamiltonians is related

to the ”pruning” technique developed by Bonča and Trugman [60] for the

treatment of electron-phonon interactions within a tight-binding lattice. Also,

Pastawski et al.[59] have developed a similar method (”decimation” technique)

for the treatment of electron transport through a molecule.

It is interesting to notice from Eq.(4.28) that to lowest order in E and

V1, we get Veff = −V1(HS)−1V1, which means that the harmonic potential

generates an energy independent D.E.P. which is negative (in general it will

lower the energy of the perturbed eigenstates as compared to the energy of

the unperturbed ones) and is quadratic in V1. The effect of this quadratic
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dependence of the effective potential has been reported before regarding the

dependence of the transmission zero and pole with the amplitude of the oscil-

lating potential for a δ-function potential[42] and also regarding the dynamics

of the quasi-energy bands with lowest average energy in a chain of oscillating

δ-function potentials [57]. This lowest-order correction to the potential ex-

perienced by a particle in an oscillating potential is similar to the so called

Franck-Condon energy which is also negative and quadratic in the coupling

constant between electrons in a lattice and phonons. [61]

It is also worth noticing that our formalism goes beyond any pertur-

bative approach in V1 since, even if we truncate the expression for Veff to

lowest order in V1, which gives, Veff (Eβ) ∼ V1( 1

Cβ+1
+ 1

Cβ−1
)V1, the resulting

expression for Gβ,β contains all even powers of V1. This means that truncation

of Veff to lowest order still gives a Floquet-Green’s function which includes

contributions of an infinite number of diagrams. This feature makes Eq.(4.26)

an ideal framework for the treatment of very strong HD potentials such as the

ones produced by laser fields where multiphoton processes are common[62],

and interesting effects such has atom stabilization have been reported.[50]

Finally, we notice that the dependence of any quantity in Eq.(4.26)

on the index β is only through the ”channel” energy Eβ = ε + β~ω, where

the quasienergy ε (usually taken to be ε ∈ [0, 1]~ω) appears adding to β~ω.

Because of this, the index β in Eβ will be dropped. E represents the main

channel energy, which, for example, in a scattering problem through this kind

of potential, corresponds to the energy of the incoming particle. We can
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therefore simplify even further the notation in Eq.(4.26):

GD(E) =
1

(1E −HS − Veff (E))
, (4.29)

where GD(E) = GD(ε+ α~ω) ≡ Gα,α(ε).

Eq.(4.29) can also be written making use of the Green’s function cor-

responding to the time independent part of the Hamiltonian,

GD = GS
1

1− Veff (E)GS
, (4.30)

with

GS ≡ 1

1E −HS
. (4.31)

4.4 Tight-binding with defect. HD site-energy case

Electron localization in a crystal due to defects has been studied for

many decades. In a space-periodic (time independent) potential described

in the tight-binding approximation, an irregularity in the atomic potential

generates a bound state localized in the neighborhood of the defect[63]. If

the energy mismatch between the site-energy of the defect and that of the

medium in which it is embedded is V0, the energy of the localized state is

found to be sign(V0)
√

4T 2 + V 2
0 , where T is the tunnelling parameter and the

allowed band of extended states corresponds to energies between −2T and 2T .

The system we are interested in, also couples the electron at the im-

purity with a HD field. This system is similar to a tight-binding hamiltonian
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with a defect that couples the electron states with the degrees of freedom of

localized phonons.[14] As it has been shown before[54], the transmission in

these two systems can be derived from a similar set of equations and there-

fore presents several features in common. The main differences are: 1) The

harmonic oscillator spectrum of the phonons is bounded from below, which

implies that it is impossible for an electron to gain energy when interacting

with a harmonic oscillator in the ground state. For a HD potential, the elec-

tron can always gain energy (or loose it). 2) The coupling between a state

with the harmonic oscillator in the eigenstate N, and a state with a harmonic

oscillator in state N+1 or N-1, depends on N: for initial electron energy E and

initial phonon state N, the probability amplitude to be scattered into the elec-

tron state E-~ω and phonon state N+1 is proportional to
√
N + 1; for E+~ω

and phonon state N − 1 it is
√
N . This is not the case for the time periodic

field for which this probability amplitudes do not depend on any parameter

except the amplitude of the HD field. 3) Phonons are usually due to ther-

mal vibrations, which means that temperature is an additional variable to be

considered in electron-phonon coupled systems. It is not a consideration for a

HD potential which can be realized only by the application of an external field

onto the electron system. Despite these differences, the two systems can be

solved in an almost identical way, and the differences can only be attributed

to the thermal averaging (necessary in the phonon case) when the oscillator

state, before the interaction with the electron, has a large N.

We will apply the method developed in the last section, now for the
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case of a Hamiltonian which has its matrix elements in the site representation

given by

H = H0 + (V0 + V1cos(ωt))|0 >< 0|, (4.32)

with

H0 ≡ −T
∑
j

(|j + 1 >< j|+ |j − 1 >< j|), (4.33)

where t is associated with the tunnelling probability between adjacent sites in

the lattice, V0 characterizes the defect on-site energy and V1 is the amplitude

of the external HD field, which is assumed to exist only at the defect site

(j = 0 site). We have taken the on-site energy throughout the lattice to be

zero except at the defect location.

In the notation of Eqs. (4.12),(4.15) we have

HD = H0 + V0|0 >< 0|,

V1 =
1

2
V1|0 >< 0| .

(4.34)

From this, and using Eq.(4.27) and (4.28) we get

V
↑
eff (E) =

1

4
V 2

1 |0 >< 0| 1

C1(E)− |0 >< 0|V↑eff (E + 1)|0 >< 0| |0 >< 0|

= V ↑eff (E)|0 >< 0| ,
(4.35)

where the function V ↑eff (E) is defined as

84



V ↑eff (E) ≡ 1

4
V 2

1 < 0| 1

C1(E)− V ↑eff (E + 1) |0 >< 0| |0 > . (4.36)

Similarly for V
↓
eff (E) we get

V
↓
eff (E) =

1

4
V 2

1 |0 >< 0| 1

C−1(E)− |0 >< 0|V↑eff (E − 1)|0 >< 0| |0 >< 0|

= V ↓eff (E)|0 >< 0| ,
(4.37)

where the function V ↓eff (E) is defined as

V ↓eff (E) ≡ 1

4
V 2

1 < 0| 1

C−1(E)− V ↓eff (E − 1) |0 >< 0| |0 > . (4.38)

Accordingly, the operator Veff (E) can be written as

Veff (E) = Veff (E)|0 >< 0| = (V ↓eff (E) + V ↑eff (E))|0 >< 0| . (4.39)

Using this into Eq.(4.29) we get

GD(E) =
1

(1E −H0 − (V0 + Veff (E))|0 >< 0|) . (4.40)

In terms of the Green’s function for the operator H0 we write

GD(E) = G0 1

(1−H1(E)G0)
, (4.41)

where

G0 =
1

(1E −H0)
, and H1(E) = (V0 + Veff (E))|0 >< 0| = V (E)|0 >< 0|.

(4.42)
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The operator (1−H1(E)G0)−1 can be evaluated easily,

1

(1−H1(E)G0)
= 1 + V (E)|0 >< 0|G0 + V (E)2G0

0,0|0 >< 0|G0 + ......

= 1 +
V (E)

1− V (E)G0
0,0

|0 >< 0|G0 ,
(4.43)

and therefore,

GD = G0 +
V (E)

1− V (E)G0
0,0

G0|0 >< 0|G0 . (4.44)

In the site representation this equation reads

GDi,j = G0
i,j +

V (E)

1− V (E)G0
0,0

G0
i,0G

0
0,j , (4.45)

and for i = j = 0, we get

GD0,0 = G0
0,0 +

V (E)

1− V (E)G0
0,0

G0
0,0G

0
0,0

=
G0

0,0

1− V (E)G0
0,0

.

(4.46)

The only remaining task is to find the function V (E) = V0 + Veff (E), with

Veff (E) = V ↑eff (E) +V ↓eff (E). Let us begin with V ↑eff (E) defined in Eq.(4.36):

V ↑eff (E) =
1

4
V 2

1 < 0| 1

C(E + 1)− V ↑eff (E + 1) |0 >< 0| |0 >

=
1

4
V 2

1 < 0| 1

(G0(E + 1))−1 − (V0 + V ↑eff (E + 1))|0 >< 0| |0 >

=
1

4
V 2

1 < 0| G0(E + 1)

1− (V0 + V ↑eff (E + 1))|0 >< 0|G0(E + 1)
|0 >

(4.47)

this last expression, following the procedure beginning with Eq.(4.41) is easily

found to give a result very similar to Eq.(4.46),

V ↑eff (E) =
1

4
V 2

1

G0
0,0(E + 1)

1− (V0 + V ↑eff (E + 1))G0
0,0(E + 1)

=
1
4
V 2

1

(1/G0
0,0(E + 1)− V0)− V ↑eff (E + 1)

.

(4.48)
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Iterating this equation we get the final expression

V ↑eff (E) =
1
4
V 2

1

(1/G0
0,0(E + 1)− V0)−

1
4
V 2

1

(1/G0
0,0(E + 2)− V0)−

1
4
V 2

1

...

. (4.49)

Similarly for V ↓eff (E) we find

V ↓eff (E) =
1
4
V 2

1

(1/G0
0,0(E − 1)− V0)−

1
4
V 2

1

(1/G0
0,0(E − 2)− V0)−

1
4
V 2

1

...

. (4.50)

For the H0 given in Eq.(4.33) it is well know that 1/G0
0,0(E) = ±√E2 − 4T 2

(the sign choice will be discussed later). With this, the Floquet-Green’s func-

tion for the system in Eq.(4.32) is completely solved in terms of the parameters

(T, V0, V1, E). Explicitly,

GD0,0(E) =
2/V1

a(E)− 2

V1

Veff (E)
, (4.51)

where

Veff (E) =
V1/2

a(E + 1)− 1

a(E + 2)− 1
...

+
V1/2

a(E − 1)− 1

a(E − 2)− 1
...

,

(4.52)

and, to simplify notation we defined the function

a(E) = ±2
√
E2 − 4T 2

V1

− 2
V0

V1

. (4.53)
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The choice in the sign of the function ±√E2 − 4T 2 is not a trivial

one. For a system with perfect spacial periodicity it is irrelevant; however,

our system does not have such periodicity; the presence of the defect potential

does force a choice in the sign. One can show that GD0,i = GD0,0R(E)
|i|
± . Where

R±(E) = E
2T
±
√

(E/2T )2 − 1. When E > 2T > 0, R+ > 1 and R− < 1. The

first choice (+) is not physical since it gives a Green’s function that diverges

in space; this force us to chose the negative sign for the square root in the

case E > 2T > 0. A similar analysis shows that for E < −2T < 0, the plus

sign in the square root is required. This sign change can be accomplished if

we replace
√

(E/2T )2 − 1 by (E/2T )
√

1− (2T/E)2. Using this, the correct

form for Eq.(4.53) is

a(E) =
2E

V1

√
1−

(
2T

E

)2

− 2
V0

V1

. (4.54)

It could be argued that one does not have to bother taking care of

the proper sign in G0
0,0 for |E| > 2T because that is outside of the band

−2T < E < 2T where there might not even be any states. This is not true

because of the possible existence of bound states outside of the band (which

is clearly the case for V0 6= 0,V1 = 0). Another argument is that some of the

off diagonal (in Floquet index) elements of the Floquet-Green’s function will

necessarily have energies outside of the band, i.e., if E = α~ω is inside the

band, E + n~ω is obviously not necessarily in it, and therefore, the matrix

elements Gα+n,α(0, j) = Gα+n,α(0, 0)(1/R↑(E + n))j when |E + n~ω| > 2T will

not converge as j → ∞ unless the previously mentioned selection of sign is
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Figure 4.1: LDOS for a tight binding Hamiltonian with a defect energy oscil-
lating in time. T = 1, V0 = 0 (units of ~ω) . The width of the band (4T) is
bigger than ~ω.

made for a(E + n~ω).

The LDOS at the defect location can be calculated from the diagonal

elements of the Green’s function with the usual formula,

ρ0(E) = ∓ 1

π
Im(GD0,0(E ± iγ)) (4.55)

In the derivation of this equation, which relates the density of states with

the Green’s function, it is necessary to include ±iγ in the energy to get the

contribution, in the density of states, of the discrete part of the spectrum

(poles). In our numerical calculations, γ = 10−7 unless otherwise specified.

Fig.4.1 shows a plot of ρ0(E), for different values of V1, where all pa-

rameters are given in units of ~ω, and V0 = 0, T = 1. In a) it can be seen
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that the LDOS is very close to the expected LDOS for the static part of the

hamiltonian(H0), with the allowed energy band located between −2T and 2T .

As the value of V1 is increased one can see some of the eigenstates leaking out

of the band and populating the region outside the interval [−2, 2]. The first

ones to do so are the unperturbed eigenstates in ”resonance” with the oscil-

lating potential; that is the ones with energy close to ±~ω. For V1 = 2 the

distribution is even broader with the features of the unperturbed hamiltonian

still recognizable. At V1 = 4 the density of states has significantly spread over

the region −6 < E < 6. For no value of V1 do we find any poles (localized

states) in the system.

Figure 4.2 shows the LDOS for T = 1, V0 = 1 and various values of

V1. For a very small V1 we see the LDOS expected for a tight-binding model

with an impurity, where the impurity produces a localized state (pole in the

density of states) at an energy sign(V0)
√

4T 2 + V0
2. A ”pole” can be seen

in a) at the expected value
√

4T 2 + V0
2 =
√

5. Closer analysis of this peak

near
√

5 reveals that this is actually not a true pole. If this peak in the LDOS

were truly a pole, its height should be proportional to 1/γ and therefore it

should go to infinity as γ → 0. For all the values of V1 shown in Fig. 4.2, the

height of the peak eventually saturates as γ is made smaller. For V1 = 0.0001

the height as a function of γ saturates for γ = 10−11; for V1 = 0.01 we get a

γ ∼ 10−7. For bigger values of V1 saturation occurs for even smaller values of

γ. This implies that the bound state of the static potential, in the presence

of the oscillating potential, acquires a finite life time and therefore on can say
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Figure 4.2: LDOS for different values of the amplitude of the oscillation. As
in Fig.4.1, T = 1 and the defect has a static on-site energy V0 = 1. No poles
where obtained at any value of V1.

that the oscillating potential ”ionizes” the bound state of the static part of

the Hamiltonian.

It has been shown before [51] that, for an attractive δ-function po-

tential, the addition of a time-periodic perturbation in the strength of the

δ-function always ”ionizes” the bound state. It is actually easy to understand

why it is so. The time-periodic perturbation couples the unperturbed Hamilto-

nian’s bound state, with energy EB, with all the unperturbed states at energies

EB + n (in units of ~ω). Clearly, for any EB there is a value of n above which

the unperturbed states will be in the continuum (EB + n > 0). That means

that the bound state has a finite probability to transition into those states

and escape. Because of this, the resonance associated with it has an intrinsic
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non-zero width given by the inverse of the life time. In our case, in addition to

the localized time-independent potential (the V0 part of the defect energy) we

have the tight-binding hamiltonian, which does not have a continuum at high

energies. Its continuum lies only in the interval [-2T, 2T]. Despite this, the

argument that justifies the absence of a bound state applies almost the same:

If the width of the energy band of H0 (4T ) is greater than 1 (~ω), no matter

what is the energy of the bound state (EB) associated with V0, there will be at

least one energy EB + n (for some n) that will fall inside the extended states

band (the continuum). The bound state of the time independent Hamilto-

nian, due to the time-harmonic potential, is therefore coupled to at least one

extended state and therefore becomes no longer bound (for 4T > 1). For small

values of V1, these kind of narrow resonances associated with bound states are

called quasi-bound states and are typical of multichannel Hamiltonians [26].

At V1 = 0.1 it is interesting to notice the ”daughter” resonances on both sides

of the bound state resonance at
√

5± 1. In fact there is an infinite number of

these ”daughter” resonances at
√

5 +n with an amplitude that decays quickly

with |n|. For large values of V1, a complex structure of peaks have developed,

being separated in energy by integer values of ~ω. This is what would be

expected if instead of a HD potential we had a harmonic oscillator coupled

to the electron. For large coupling (V1), the density of states of the oscillator

becomes dominant in the LDOS of the electron.

In Fig.4.3 we study an interesting regime. For T = 0.1, the width ofthe

energy band of H0 (4T = 0.4) is smaller than 1. In this figure, V0 = 0, and
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Figure 4.3: LDOS for a small band width. T = 0.1(~ω), and therefore, the
width of the band (4T) is smaller than ~ω. No static on-site energy, V0 = 0.

we look at different values of V1. In a) the density of states is very close to

the well known LDOS for a tight binding model without a defect. Very small

replica bands can be observed around E = ±1. In b) these replica bands are

more noticeable. For V1 = 1 in c), the shape of the LDOS inside the bands is

starting to change. For V1 = 2 and higher, the LDOS looks very much like the

LDOS for a harmonic oscillator, highly peaked around E = n(~ω).

For Fig.4.4 we chose again T = 0.1, and V0 = 0.1. This gives an energy

of the bound state of HS of EB =
√

0.04 + .01 = 0.2236. Because the band

width is smaller than 1, the bound state is coupled to unperturbed states

with energies EB + n which are all outside the extended states band. This

means one would expect that, for small V1, as in Fig.4.4(a), there will be a

true pole in the density of states at an energy EB ∼ 0.223. Indeed, within our
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Figure 4.4: LDOS for T = 0.1, V0 = 0.1 and different values of V1. There is a
pole on the right of the extended states band for V1 < 1.

numerical possibilities, no saturation in the height of the peak was detected

when decreasing γ. In (b), V1 = 0.4. We still have a pole on the right of the

band, but its energy is down to EB = 0.2185. The pole moves towards the

extended states band as we increase V1. Notice that there are replica bands of

extended states centered around E = n, as well as replica poles (too small to

be seen in Fig.4.3. In (c), for V1 = 1.0 there is still a pole, located right next to

the edge of the band. In the figure, this pole is too close to be discernible from

the edge of the continuum of extended states. At V1 = 1.6 in (d), the pole

has already disappeared inside the band; there are no longer localized states

in the system and the spectrum of the system resembles the spectrum of the

harmonic oscillator, with density of states highly peaked near E = 0.1 + n.

In Fig.4.5 we show a sequence of plots where T = 0.1, V0 = 0.4 for
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Figure 4.5: LDOS for T = 0.1, V0 = 0.4 and different values of V1. There are
poles for all values of V1. Pole location changes from 0.44 +n for V1 → 0 to
∼ 0.4 + n for V1 →∞, with n any integer.

different values of V1. In a), V1 = 0.1, and we find a pole very close to

EB =
√

4T 2 + V 2
0 = 0.447, which is the location of the pole for the static

potential case (V1 = 0). For V1 = 0.4 in Fig.4.5(b), the pole has moved to

EB ∼ 0.443 and the ”replica bands” are clearly seen on the right and left of the

main band (near E = 0). Also two ”daughter” poles are big enough to be seen

at E = 0.443±1. In (c) V1 = 1, the poles have moved to E = 0.424+n~ω, and

the relative amplitude of the continuum part of the spectrum is growing smaller

compared to the set of localized states (poles), for increasing V1 values. The

extension of the region where poles have significant residue to be observable in

the figure grows with V1. For (d) V1 = 2, the poles are now at E ∼ 0.3955 +n.

As the value of V1 is increased further, the pole does not move anymore from
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this location and the point spectrum (poles) becomes more and more important

as compared to the continuum spectrum. For all values of V1, for T = 0.1 and

V0 = 0.4 there is a pole.

It can be proven easily that the location of the poles behave in the

following way for any values of V0, V1 and T (provided 4T < 1(~ω)):

EB →
√

4T 2 + V 2
0 +n for V1 → 0 , EB → V0+n for V1 →∞. (4.56)

There would not be a pole in any of these limits if the expected loca-

tion of the pole (in this limit) falls inside the extended states band between

−2T, 2T . This is the case in Fig. 4.4 (T = 0.1, V0 = 0.1), where, when V1 → 0,

pole location →
√

4T 2 + V 2
0 = 0.223 and for V1 → ∞, expected ”pole” loca-

tion → V0 = 0.1, which is inside the band. Already for V1 > 1 the pole has

moved into that band (it is no longer a pole), generating a peak in the density

of states, which continues to move inside the band for increasing values of V1

until it settles at E = V0 + n ∼ 0.1 + n for V1 > 2.
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Chapter 5

Conclusions

In chapter 2 we found an exact solution for the problem of transmission

of a particle through a monochromatic oscillating potential through the use

of C.F’s. Apart from the short computational time as compared to numeri-

cal diagonalization, continued fractions allowed us to prove rigorously general

properties of the transmission for this system, such as the existence of trans-

mission zeros only for incoming energies smaller than ~ω.

We also found that in the complex plane the system has an infinite

number of poles (resonances) located at regular intervals of ~ω in the inci-

dent energy. The scattering matrix and any quantity related to it has a very

complex structure in the complex energy plane due to the different channel-

momentum factors (square roots) which appear in it, creating in principle an

infinitely sheeted structure. From this multitude of sheets however, only the

ones that are a smooth analytic continuation of the real energy axis have rel-

evance. It is in those sheets that the poles can be found. As expected, the

residue of these poles decreases with increasing energy.

Because of the unitarity of the S-matrix, it is known that a pole must

always be accompanied by a zero which may or may not occur in the real
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energy axis. Only for incident energies smaller than ~ω and for certain ranges

in the strength of the oscillation we find the zero to be located on the real

energy axis. This zero in the transmission is indeed an interesting feature,

since no static potential (except for an infinite wall) could reflect completely

an incoming particle. It is also only in those same ranges of the strength of the

oscillation were the S-matrix has poles (because of the unitarity condition).

We found ’threshold anomalies’ in the transmission probability (its derivative

diverges) at the channel openings, which are due to the square root dependence

on energy of the S-matrix elements.

Even though these scattering properties have been found for a partic-

ular case of harmonically driven system (delta-function potential), we believe

that in most cases the reasons behind their occurrence is sufficiently general

for us to expect them to occur in other situations where the potential is also

localized and harmonically dependent on time.

In chapter 3 we studied another kind of harmonically driven potential,

an infinite chain of harmonically driven delta oscillators. For this purpose we

used two basic methods: degenerate perturbation theory and Floquet trans-

lation matrix. Degenerate perturbation theory was developed to give a more

physical picture for the avoided crossings in the perturbative regime. The

translation matrix method was developed as a more efficient method to cal-

culate the eigenstates of the system. Transfer matrix or translation matrix

(TM) methods have been used before in extended systems but rarely in mul-

tichannel problems. The advantage in using such method is quite important:
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the construction of the translation-by-a-period matrix operator requires solv-

ing Schrodinger’s equation only in one cell of the infinite periodic potential. A

study of the TM eigenvectors and eigenvalues provides the eigenstates and dis-

persion relations for the quantum numbers of the allowed states of the infinite

system.

Due to the simple structure of the translation matrix we were also able

to find its eigenvectors using continued fractions, which proved important in

understanding the contribution to the eigenstates of the infinite chain due to

the evanescent modes, also, turns out to be the only way to include their effect

for parameters of the system that give a small effective ~;for , in this regime,

these exponential modes destroy the accuracy of any numerical diagonalization

of the TM matrix.

We showed that the quasi-bound states (resonances in the S-matrix)

of a single delta contribute significantly to the structure of the low energy

Floquet-Bloch states of the chain. These bands can therefore be considered

the ’quasi-bound state bands’ of the system. Oscillating deltas are therefore

”sticky” in the sense that the wave-function (at low energies) tends to stick

around in the neighborhood of the delta. This tendency to do so is related

to the existence (for complex energies) of quasi-bound states which in the

real energy axis manifest themselves as resonances; they can be thought of as

incoming states that are trapped inside the scattering region for some finite

time (Wigner delay time).

Analysis of the average-energy of the eigenstates of the system when
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a harmonic (frequency ω) perturbation is present reveals an interesting effect

when the energy of the unperturbed system is close to a multiple of ~ω. Turn-

ing on the harmonic space-periodic potential might cause the particle to give

away all its energy.

We studied the dynamics of the quasi-energy band structure as a func-

tion of the strength of a time periodic potential and found that the lowest

(in average energy) bands are strongly affected by this parameter. They show

an almost periodic dependence on the square of the oscillator strength, with

successive exchanges of identity between these bands. This is consistent with

the fact, mentioned in chapter 2, that the pole location (quasi-bound state

energy) seems to change also in an almost periodical way with the square of

the strength of the oscillating delta. Since the quasi-bound state has a very

important presence in those lowest energy bands, one would expect them to

change accordingly with this parameter.

We identified points in the quasi-energy band structure related with

standing waves whose nodes correspond to the location of the oscillating δ-

functions in the chain. At these points (at the edge and center of the momen-

tum Brillouin zone) one of the bands that participate in an avoided crossing

remains pinned as the strength of the oscillating potential is changed (the band

whose corresponding eigenfunction is antisymmetrical). This effect, although

theoretically possible has no counterpart in any real situation since it depends

critically on the potential having no spatial extension; any potential with a

range different from zero would not leave this states ’untouched’.
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We found that for certain values of the strength of the oscillating poten-

tial, the width of one of the Q.E. bands becomes very small. This phenomenon

has been called in the literature ’band collapse’. It provides a possible mech-

anism to produce highly non-dispersive (coherent) states in a waveguide or

super-lattice. We found that the ’collapse’ is related to the dynamical quench-

ing of the transmission through a single oscillating δ-function potential.

In chapter 4 we make use of what is the common mathematical feature

of all time-harmonic potentials: the Hamiltonian couples only states that are

nearest-neighbors in energy (E with E + ~ω and E − ~ω). This simple fact

means that in principle all thess potentials could be solved using the same

basic method that we developed in chapter 2 for the solution of a three term

recursion relation in the coefficients of the wave-function. Using this technique,

we developed a general method to calculate the Floquet-Green’s function of

this kind of systems.

Once the Floquet-Green’s function of a system is known, all its trans-

mission properties can be calculated as well as density of states, wave packet

propagation,etc. We showed that in the general case of harmonic driving, the

Floquet-Green’s function of any such system can be written in a compact way

and be calculated efficiently using Matrix continued fractions (MCF). Tradi-

tional approaches to the problem of a system under harmonic drive have relied

on perturbative or approximate treatments such as the rotating wave approx-

imation(RWA) which break down for strong amplitudes of the driving field.

Our procedure for the calculation of the Floquet-Green’s function can be used
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to reach any degree of accuracy at any strength of the driving field. A trun-

cation of the MCF to only one step does already include the contribution to

the Floquet-Green’s function of an infinite number of terms in its perturbation

expansion.

We also derived an expression for the (energy dependent) dynamical

effective potential (D.E.P.) which includes the effect of the coupling to the dif-

ferent energy states due to the time periodicity of the system. This quantity

is equivalent to the calculation, in a time-independent system, of the ’self-

energy’ which is due to the coupling between, for example, a cavity and the

leads. The D.E.P. allows one to calculate the diagonal of the Floquet-Green’s

function operator from which the density of states can be found easily. Calcu-

lation of the D.E.P could provide an interesting tool to help understand effects

such as dynamical stabilization of atoms in a strong laser field.[50]

We applied this formalism to the case of a tight-binding model with a

defect energy which depends harmonically on time. The transmission through

this defect potential has been calculated before and compared to the trans-

mission through a tight-binding Hamiltonian with a defect that couples the

electron with phonon degrees of freedom only present at the defect location.[54]

We calculated the diagonal of the Floquet-Green’s function at the defect loca-

tion (GD
0,0) and from it, the LDOS as a function of energy for different values

of the parameters of the system. We found that there is a qualitative differ-

ence in the behavior of the system for the regimes 4T > ~ω and 4T < ~ω. In

both cases we found that the LDOS spreads over a bigger range of energies as
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the parameter V1 is increased. However, in the first case there are no localized

states for any values of the parameters V0,V1. This result is due to the fact that

the oscillating potential couples the bound state with at least one extended

state of the unperturbed Hamiltonian, producing a finite probability of scape

from the bound state. Turning on the oscillating potential will therefore, in

all cases (provided 4T > ~ω), ”ionize” the bound state (if any) of the static

part of the Hamiltonian. This result is consistent with the work of Costin et

al.[51] which shows that the bound state of an attractive δ-function potential

does not remain bound when a time-periodic driving is turned on (except for a

very particular class of non-harmonic periodic driving). For the case 4T < ~ω,

there may or may not be any localized states in the system depending on the

different values of V0 and V1. A bound state outside of the band can only be

coupled to energy eigenstates of the static hamiltonian which are all localized.

The effect of the oscillating potential changes the location of the localized

states energy, and produces an infinite chain of poles in the LDOS, all located

at multiples of ~ω from each other. The pole location changes with the pa-

rameter V1 according to Eq.(4.56). In both cases (4T > ~ω and 4T < ~ω), the

LDOS transitions from the LDOS of the static defect problem, for small V1,

to a harmonic-oscillator-like LDOS for V1 large.

The problem of harmonic driving in a quantum system is an old and

important one. In this work we have studied numerically and analytically

simple but interesting problems that we believe increased significantly the

understanding of the effects of this type of driving, and we have also developed
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an important tool (Floquet-Green’s function in terms of MCF) that can be

used to investigate the dynamics of any harmonically driven quantum system.
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Appendix A

Ratio of the elastic transmission amplitudes

For a single oscillating delta-function potential, it has been shown[42] that the

elastic transmission amplitude Cn obeys an equation of the form

Cn =
1

Fn +Gn

(A.1)

with

Fn(ε) = 1 +
h2
n(ε)

Fn+1(ε)
, (A.2)

and

Gn(ε) =
h2
n−1(ε)

1 +Gn−1(ε)
. (A.3)

Therefore,

C−n
C−n+1

=
F−n+1

1 +G−n
. (A.4)

When this expression is evaluated at the value of the quasi-energy for which

the S-matrix has poles on each channel, we obtain (*indicates that the corre-

sponding function is evaluated at the pole) F ∗−n+1 = −G∗−n+1, and therefore,

C∗−n
C∗−n+1

=
F ∗−n+1

1 +G∗−n
= − G∗−n+1

1 +G∗−n
= − h2∗

−n
(1 +G∗−n)2

= −Z∗2−n . (A.5)
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Appendix B

S-matrix and quasi-bound states

A quasi-bound state associated with the pole of an S-matrix can be found

using the following argument. In general, any complex symmetric matrix, for

example the S-matrix in the complex plane, with n distinct eigenvalues can be

written in the form [48]

S = VDVT , (B.1)

where D is a diagonal matrix. This can be written as

S = α1V1 ∧VT
1 + α2V2 ∧VT

2 + ...... , (B.2)

where α1, α2, .. are the diagonal elements of D (which are proportional to the

eigenvalues of S) and V1,V2, ... are the columns of V. As we approach a pole

of the S-matrix, E → E∗, and one of the eigenvalues of S diverges. Therefore,

S → S∗, where

S∗ = αV
QB
∧VT

QB
, with α→∞ as E→ E∗. (B.3)

V
QB

is the quasi-bound state, and it does not correspond to a square integrable

wave-function. We define it as the eigenvector of S whose eigenvalue diverges

at the pole. Now we proceed to show, using the exact solution for the S-matrix
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of the single δ-function potential that, at the pole location, S can be written

in this way and we will find the corresponding components of V
QB

.

The diagonal elements of the transmission matrix are given by the

quantities Cn. From this diagonal one can produce the rest of this matrix by

using the functions fn as defined in [42]. The S-matrix (near the pole) can be

written as (only the transmission components are shown)

S∗ =




. . .
...

...
...

...
. . . 1 1/Z∗−1 1/(Z∗−1Z

∗
−2) 1/(Z∗−1Z

∗
−2Z

∗
−3) . . .

. . . Z∗−1 1 1/Z∗−2 1/(Z∗−3Z
∗
−2) . . .

. . . Z∗−1Z
∗
−2 Z∗−2 1 1/Z∗−3 . . .

. . . Z∗−1Z
∗
−2Z

∗
−3 Z∗−2Z

∗
−3 Z∗−3 1 . . .

...
...

...
...

. . .




D ,

(B.4)

with D a diagonal matrix with diagonal elements D = (......C∗0 , C
∗
−1, C

∗
−2......).

In the above expression we made use of the fact that to go down on a column

starting from the diagonal matrix multiplies by Z∗n, and to go up on a column

from the diagonal matrix element divides by Z∗n (this is only true at the pole,

where F ∗n = −G∗n). From this, using D = C∗0(...1, Z∗2−1, Z
∗2
−1Z

∗2
−2, Z

∗2
−1Z

∗2
−2Z

∗2
−3...),

we write S∗ as

S∗ = C∗0




. . .
...

...
...

. . . 1 Z∗−1 Z∗−1Z
∗
−2 . . .

. . . (Z∗−1) Z∗−1(Z∗−1) Z∗−1Z
∗
−2(Z∗−1) . . .

. . . (Z∗−1Z
∗
−2) Z∗−1(Z∗−1Z

∗
−2) Z∗−1Z

∗
−2(Z∗−1Z

∗
−2) . . .

. . . (Z∗−1Z
∗
−2Z

∗
−3) Z∗−1(Z∗−1Z

∗
−2Z

∗
−3) Z∗−1Z

∗
−2(Z∗−1Z

∗
−2Z

∗
−3) . . .

...
...

...
. . .




.

(B.5)
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This expression has exactly the form anticipated in the discussion about the

form of the S matrix near the pole, since it can be written as an external

product,

S∗ = C∗0V
QB
∧VT

QB
, (B.6)

with

VT
QB

= (....., 1, Z∗−1, Z
∗
−1Z

∗
−2, Z

∗
−1Z

∗
−2Z

∗
−3, .....) , (B.7)

and C0
∗ diverging at the pole.
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École Norm. Sup., 12, 47(1883).

[4] F. Bloch, Z. Phys. 52, 555, 1928.

[5] J.H. Shirley, Phys. Rev. B, 138, 979 (1965).

[6] H. Sambe, Phys.Rev.A, 7, 2203(1972).

[7] S.C. Althorpe, D.J. Kouri, D.K. Hoffman, N. Moiseyev, Chem.Phys., 217,

289(1997); U. Peskin, N. Moiseyev, J.Chem.Phys, 99, 4590(1993).

[8] C. Brezinsky in History of Continued Fractions and Paé Approximants,
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