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Abstract

Presented in this work is an analytical determination of the basic dependences between the
main parameters of the hydromonitor water jet.

It is shown that the application of the asymptotic law of velocity and density distribution in
the boundary layer of the basic section of the jet permits to find solutions independent of the
choice of the jet’s boundary.1

In p. 12the last few years references 1 through 7 outlined the basics of the applied theory of
hydromonitor water jets. The authors conducted a study of the dynamics of jets under different
assumptions with the distribution of the longitudinal components of the velocity and density of
the air-water mixture in the cross-sections of the initial and main sections of the jet. It is shown
that taking the jet flow as quasi-stationary and taking into account the asymptotic distribution, it is
possible to obtain simpler and satisfactorily dependencies consistent with the experience.

The great difficulties in the mathematical procedures for solving two-phase flows do not allow
finding exact solutions. Therefore, in theoretical studies, the jets required Checkvarious simplifications or
were limited to empirical dependences.

Translator’s note: Translation from Russian of: N. F. Tsyapko. “Nekotoryye voprosy
teorii gidromonitornoy strui vody [Some questions of the theory of hydromonitor water jets]”.
Voprosy gidravlicheskoy dobychi uglya: Trudy VNIIGidrouglya 13 (1968), pp. 12–18.

The margin indicates the page of the original text. All underlining added by the translator. Underlining indicates phrases
for which the exact translation is unclear.

Translated by Ben Trettel (https://trettelresearch.com/contact.html) via Google Translate, Yandex Translate, and Reverso
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In this paper, an attempt is made to find a more accurate solution. It is based on:

a) linearity of the isotachs2 of the axial components of the dimensionless velocity in the main
section of the jet;

b) the asymptotic (Gaussian) distribution of the axial components of the velocity and density of
the water-air mixture in the cross-section of the main section of the jet;

c) similarity of velocity and density fields in the main section of the jet;

d) the law of conservation of momentum of the jet along its axis;

e) the law of conservation of mass of water along the axis of the jet.

The work considers only the main section of the jet.
Figure 1 is a diagram of a hydromonitor jet which sufficiently describes its structure at flow

pressures above 1.0 MN m−2 to 1.5 MN m−2 up to the sound velocity.

Figure 1: Diagram of a hydromonitor jet : AB — notional boundary of the initial section; BC —
notional boundary of the main section; AO3 — the boundary of the constant velocity core

Assuming that tan α = λa, tan α1 = λ1a and tan α′ = λ′a, from geometric considerations we
find

R = Rn + (x − xn)λ1a. (1)

2Translator’s note: Isotachs are lines of constant velocity. The term appears to be common only in meteorology in the
west.
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Multiplying and dividing the second term of equation 1 by R0, we obtain

R = Rn +

(
ax
R0
−

axn
R0

)
R0λ1,

or
R = Rn +

(
x − xn

)
R0λ1, (2)

where x =
ax
R0

is the dimensionless distance to the studied cross-section of the jet;
xn is the dimensionless length of the initial segment; and
a is the coefficient of turbulent flow structure [6] coming from Checkthe hydromonitor nozzle.

Whereas, as in the theory of a submerged jet of gas, λ′ = 1.5, we find that the p. 13dimensionless
length of the initial section of the jet is constant and equal to xn = 2/3.3

According to figure 1, the value of the transition radius is

Rn = R0

(
1 +

2
3
λ

)
. (3)

Substituting the value of Rn from equation 3 in formula 2, we obtain

R = R0

[
1 +

2
3
(λ − λ1) + λ1x

]
. (4)

The dimensionless value of the jet radius within the considered boundaries4 is correspondingly equal
to

R = 1 +
2
3
(λ − λ1) + λ1x. (5)

In this study, an asymptotic law is adopted for variations in the axial components of the velocity and

3Translator’s note: If the length of the “initial section” is interpreted as the breakup length 〈xb〉, then using the
definition of x it can be shown that xn/d0 = xn/(2a) where d0 is the nozzle diameter. The functional relationship of a
can be found from another paper by Tsyapko: N. F. Tsyapko. On the Causes of Expansion of a Hydromonitor Water Jet.
Trans. by B. Trettel. 2019. DOI: 10.26153/tsw/1271. Trans. of “O prichinakh rasshireniya gidromonitornoy strui vody [On
the causes of expansion of a hydromonitor water jet]”. Voprosy gidravlicheskoy dobychi uglya: Trudy VNIIGidrouglya
13 (1968), pp. 18–19

The resulting breakup length equation is:

〈xb〉
d0
=

xn
2

(
a0

√
ρg
ρl
+ cnRe + A1Tu

)−1

.

See the paper previously cited in this footnote for the definition of the new terms in this equation.
4Translator’s note: Within the boundaries of the main section.
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density of the water-air mixture in the boundary layer of the jet. Therefore

v = vm exp

[
−θ

(
r
R

)2
]
, (6)

ρc = ρ2 +

(
1 +

ρ2
ρ1

)
ρm exp

[
−η

(
r
R

)2
]
, (7)

where r is the current radius of the area of the element dA = 2πr dr;
R is the radius of the cross-section of the jet within the control surface;
ρ1 is the density of the liquid;
ρ2 is the the density of the medium (air); and
ρm is the axial density of the liquid phase, averaged over a unit volume of the water-air mixture.

For the assumed v and ρc distributions, any isotach of dimensionless velocity (line BC in figure 1)
passing through the origin Check0 of the main section of the jet can be taken as the reference surface. In
this case, as will be shown below, when integrating in the range from r = 0 to r = ∞, the profiles of
v, ρc , and momentum flux do not change. The dependences of these quantities on the dimensionless
distance also do not change.

The boundary of the initial section AB and the 0BC contour line coincide if the following
condition is satisfied:

Rn = (xpo + xn)λ1 ∪ xpoλ1 = 1, (8)

where Rn is the dimensionless radius at the control surface (notional boundary).
To determine the parameters of θ and η, included in equations 6 and 7, is sufficient to use the

law of conservation of momentum (momentum force), and conservation of mass of the liquid along
the axis of the jet.

The elemental fluid flow through an area element of radius r and width dz (figure 1) is

dmzh = dmc − dmb . (9)

The elemental mass flow rate of the water-air mixture is

dmc = 2πρcvr dr . (10)

Substituting the values of ρc and v of the equations 6 and 7 and making the substitution
(

r
R

)2
= z
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and 2r dr = R2 dz, we obtain

dmc = πρ2vmR2e−θz dz + π(1 − A)ρmvmR2e−(η+θ)z dz, (11)

where p. 14A = ρ2/ρ1.
The elemental air mass flow rate is

dmb = πρ2vmR2e−θz dz − πρ2vmR2e−(η+θ)z dz. (12)

Substituting in the expression 8 the values dmc and dmb from equations 11 and 12 we obtain

dmzh = π[ρ2 + (1 − A)ρm]R2vme−(η+θ)z dz. (13)

Integrating function 13 in the range of z = 0 to z = α, we obtain the mass flow rate of water in the jet:

Mzh =
π

η + θ
[ρ2 + (1 − A)ρm]R2vm. (14)

The flow rate 14 is equal to the initial flow rate, therefore

ρ1πR2
0v0 =

π

η + θ
[ρ2 + (1 − A)ρm]R2vm.

From that we find

[A + (1 − A)ρm]
R

2
vm

η + θ
= 1, (15)

where ρm is the dimensionless axial density of the liquid phase, averaged over the unit volume;
vm is the dimensionless axial velocity; and
R is the dimensionless jet radius (at the accepted notional boundary surface).

The second elemental momentum Checkof the jet cross-section dA = 2πr dr is equal to

d j = v dm = 2πρcv2r dr . (16)

Substituting into equation 18 the values of ρc and v and integrating from r = 0 to r = ∞, we obtain

J = πρ2R2v2
m

1
2θ
+ π(1 − A)ρmR2v2

m

1
η + 2θ

. (17)

According to the law of conservation of momentum, this value will be equal to the initial momentum
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of the jet. Then
AR

2
v2
m

1
2θ
+ (1 − A)ρmR

2
v2
m

1
η + 2θ

= 1. (18)

Solving equations 15 and 18, and taking into account that in the transitional part of the jet

θ =
(
√

A2 + 8A − A)R
2
l

4
, (19)

η = R
2
l − θ =

(4 + A −
√

A2 + 8A)R
2
l

4
. (20)

From equations 19 and 20 it is clear that the values of θ and η depend on the ratio of densities ρ2

and ρ1 and the choice of the position of the control isotachs. This dependence is such that the shape
of the velocity and density curve of the water-air mixture does not change with the change in the
position of the control isotach, i.e. does not depend on the choice of the jet boundary.

From p. 15equation 15 we find

ρm =
R

2
n − AR

2
nvm

(1 − A)R
2
vm

. (21)

Substituting the value of ρm from the expression 21 into equation 18 we find an equation for the
dimensionless axial velocity

vm =

√
D2 + 4BR

2
− D

2BR
2 . (22)

where
D =

η + θ

η + 2θ
, B =

Aη
2θ(η + 2θ)

.

After the conversion equation 21 takes the form

ρm =

2BR
2
n − A

(√
D2 + 4BR

2
− D

)
(1 − A)

(√
D2 + 4BR

2
− D

) . (23)

The density of the mixture at the jet axis is equal to

ρmc = A + (1 − A)ρm =
2BR

2
n√

D2 + 4BR
2
− D

. (24)
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The dimensionless axial dynamic pressure (averaged over time) is set to

ρm = ρmcv
2
m =

R
2
n

√
D2 + 4BR

2
− D

2BR
4 . (25)

Integrating expression 11 and divided the right side by the initial mass flow rate of the water, we
obtain a dimensionless jet flow (water-air mixture) mainly in the area of the jet:

Mc = 1 +
Aη

θR
2
n

R
2
vm. (26)

The dimensionless mass flow rate in the main section of the jet is

Mb =Mc − 1 =
Aη

θR
2
n

R
2
vm. (27)

The law of decreasing jet power (including the entrained air) can be found using the following
equation of theoretical mechanics:

E =
J 2

2m
,

where E is energy; and
J is force impulse.

In our case, the second dimensionless energy (dimensionless power) of the jet is equal to Check

N =
1
Mc

, (28)

as the dimensionless value of the jet magnitude is constant and equal to unity.
Equation 25 gives a mean value of dynamic pressure, which can be directly measured by the

Pitot tube.
Since the density of the water-air mixture changes discretely from ρ2 to ρ1 (during the flow of

the jet through a physically small orifice), the dynamic pressure also changes discretely, taking the
values ρ2v

2/2 and ρ1v
2/2. Therefore, the dynamic pressure of the jet transit substance (water) on its

axis is intermittent and takes a value of zero or ρg = v2
m.

We p. 16found the values of vm, ρm, pm as a function of the radius R and, therefore, this establishes

7



the dependence of these quantities on the dimensionless distance x, since

R = Rn + R0λ1(x − xn).

To determine the value of the parameter λ1 need to know the value of the origin Checkdistance of xpo
(figure 1). Summarizing the experimental results, one can set the value of the dimensionless origin Check
distance equal to xpo = 1.27. It should be noted that in order to more accurately determine xpo,
additional studies are needed.

Figure 2: The change in the dimensionless parameters of the hydromonitor jet along its axis.

Figure 2 shows the dependence of vm, ρm, and pm on the dimensionless distance for xpo = 1.27.
The same figure also shows the decreasing curves of the power of the jet Nc transit and the of the
transit substance (water) Nzh. Check

Since the momentum of the jet does not change with increasing distance from the nozzle, the
force acting on the plane perpendicular to the axis of the jet barrier must also remain as constant.
However, the experimentally obtained force curves have a maximum at 100-450 outlet nozzle
diameters (according to different authors). The reason for this are factors which are not usually taken
into account in the theory of hydromonitor jets. These factors include: the change in the nature of
the spreading of the jet along a barrier as it is withdrawn from the nozzle, the transfer of part of the
energy to ring vortices formed around the jet, and the emergence of more complex forms of fluid
motion in the boundary layer as compared to the adopted idealized diagram.
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In the practice of measuring the force of the jet, as a rule, the frequency characteristics of
dynamometers were not taken into account, and also that the receiving plate of the device (usually a
disk) has finite dimensions. Therefore, a number of measurements should be considered inconsistent
with the actual values of the force of the jet.

p. 17

Figure 3: Diagram of measuring the force of the jet, showing the effects of the location of the
dynamometer on its readings.

The dimensionless force of the jet, taking into account the finite size of the receiving plate of an
ideal dynamometer (figure 3) can be found from the expression

J np = AR
2
v2
m

1 − exp
−2θ

(
Rnp

R

)2
2θ

+

(1 − A)ρmR
2
v2
m

1 − exp
−(η + 2θ)

(
Rnp

R

)2
η + 2θ

,

where Rnp =
Rnp

R0
is the dimensionless radius of the receiving disk.

Figure 2 shows a graph of the change in the dimensionless force of the jet J np when the relative
radius of the instrument plate is Rnp = 20.

Figure 2 shows the results of measuring the averaged axial dynamic pressure using a Pitot tube
to the results of determining the axial velocity of the jet.

Considering that measurements of this kind meet great difficulties, the convergence of the
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experimental results and theoretical curves should be considered good.
The flight speed valueswere obtained bymeasuring the parameters of the trajectory in photographs

of the jets, which were fired at different pressures.
These measurements show that the shape of the curve of the flight trajectory of the jet (jet axis)

is determined by the axial velocity.
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\begin{abstract}
Presented in this work is an analytical determination of the basic dependences between the main parameters of the hydromonitor water jet.

It is shown that the application of the asymptotic law of velocity and density distribution in the boundary layer of the basic section of the jet permits to find solutions independent of the choice of the jet's boundary.\Transfootnote{\Transabstractpp{cooley_appendix_1975}{p.~182, ref.~996R}}

%The work should be of interest to scientific works and engineers concerned with hydromechanization.\footnote{Translator's note: There is no abstract in the original. Abstract from \fullcite[p.~182, ref.~996R]{cooley_appendix_1975}.}
\end{abstract}
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In\origpagestart{12} the last few years references 1 through 7 outlined the basics of the applied theory of hydromonitor water jets. The authors conducted a study of the dynamics of jets under different assumptions with the distribution of the longitudinal components of the velocity and density of the air-water mixture in the cross-sections of the initial and main sections of the jet. It is shown that taking the jet flow as quasi-stationary and taking into account the asymptotic distribution, it is possible to obtain simpler and satisfactorily dependencies consistent with the experience.

The great difficulties in the mathematical procedures for solving two-phase flows do not allow finding exact solutions. Therefore, in theoretical studies, the jets \transcheck{required} various simplifications or were limited to empirical dependences.

In this paper, an attempt is made to find a more accurate solution. It is based on:

\begin{enumerate}[label=\alph*)]
\item linearity of the isotachs\Transfootnote{Isotachs are lines of constant velocity. The term appears to be common only in meteorology in the west.} of the axial components of the dimensionless velocity in the main section of the jet;

\item the asymptotic (Gaussian) distribution of the axial components of the velocity and density of the water-air mixture in the cross-section of the main section of the jet;

\item similarity of velocity and density fields in the main section of the jet;

\item the law of conservation of momentum of the jet along its axis;

\item the law of conservation of mass of water along the axis of the jet.
\end{enumerate}

The work considers only the main section of the jet.

\Figref{1} is a diagram of a hydromonitor jet which sufficiently describes its structure at flow pressures above \SIrange{1.0}{1.5}{\mega\newton\per\meter\squared} up to the sound velocity.

\begin{figure}[h]
   \centering
   \includegraphics[width=8cm]{fig-1.png} \\[1em]
   \caption{Diagram of a hydromonitor jet : AB --- notional boundary of the initial section; BC --- notional boundary of the main section; \aspellNoCheck{AO}$_3$ --- the boundary of the constant velocity core}
   %{\footnotesize[Translator's note: $R_{\foreignlanguage{russian}{л}}$ = $R_n$ in the text.]}
   \transfiglabel{1}
\end{figure}

Assuming that $\tan\, \alpha = \lambda a$, $\tan\, \alpha_1 = \lambda_1 a$ and $\tan\, \alpha^\prime = \lambda^\prime a$, from geometric considerations we find
\begin{equation}
   R = R_n + (x - x_n) \lambda_1 a. \transeqnlabel{1}
\end{equation}
Multiplying and dividing the second term of \eqref{1} by $R_0$, we obtain
\begin{equation*}
   R = R_n + \left(\frac{a x}{R_0} - \frac{a x_n}{R_0}\right) R_0 \lambda_1,
\end{equation*}
or
\begin{equation}
   R = R_n + \left(\overline{x} - \overline{x}_n\right) R_0 \lambda_1, \transeqnlabel{2}
\end{equation}
where $\displaystyle \overline{x} = \frac{a x}{R_0}$ is the dimensionless distance to the studied cross-section of the jet; \\
$\overline{x}_n$ is the dimensionless length of the initial segment; and \\
$a$ is the coefficient of turbulent flow structure [6] \transcheck{coming from} the hydromonitor nozzle.

Whereas, as in the theory of a submerged jet of gas, $\lambda^\prime = 1.5$, we find that the\origpage{13} dimensionless length of the initial section of the jet is constant and equal to $\overline{x}_n = 2/3$.\Transfootnote{If the length of the ``initial section'' is interpreted as the breakup length $\xbavg$, then using the definition of $\overline{x}$ it can be shown that $x_n / d_0 = \overline{x}_n/(2 a)$ where $d_0$ is the nozzle diameter. The functional relationship of $a$ can be found from another paper by \citeauthor{tsyapko_causes_2019}: \fullcite{tsyapko_causes_2019}

The resulting breakup length equation is:
\begin{equation*}
   \frac{\xbavg}{d_0} = \frac{\overline{x}_n}{2} \left(a_0 \sqrt{\frac{\rho_\text{g}}{\rho_\text{l}}} + c_\text{n} \Re + A_1 \Tu\right)^{-1}.
\end{equation*}
See the paper previously cited in this footnote for the definition of the new terms in this equation.}

According to \figref{1}, the value of the transition radius is
\begin{equation}
   R_n = R_0 \left(1 + \frac{2}{3} \lambda\right). \transeqnlabel{3}
\end{equation}
Substituting the value of $R_n$ from \eqref{3} in formula \ref{eqn:2}, we obtain
\begin{equation}
   R = R_0 \left[1 + \frac{2}{3}(\lambda - \lambda_1) + \lambda_1 \overline{x}\right]. \transeqnlabel{4}
\end{equation}
The dimensionless value of the jet radius within the considered boundaries\Transfootnote{Within the boundaries of the main section.} is correspondingly equal to
\begin{equation}
   \overline{R} = 1 + \frac{2}{3}(\lambda - \lambda_1) + \lambda_1 \overline{x}. \transeqnlabel{5}
\end{equation}
In this study, an asymptotic law is adopted for variations in the axial components of the velocity and density of the water-air mixture in the boundary layer of the jet. Therefore
\begin{align}
   v      &= v_m \exp\left[-\theta \left(\frac{r}{R}\right)^2\right], \transeqnlabel{6} \\
   \rho_c &= \rho_2 + \left(1 + \frac{\rho_2}{\rho_1}\right) \rho_m \exp\left[-\eta \left(\frac{r}{R}\right)^2\right], \transeqnlabel{7}
\end{align}
where $r$ is the current radius of the area of the element $\dif A = 2 \pi r \dif r$; \\
$R$ is the radius of the cross-section of the jet within the control surface; \\
$\rho_1$ is the density of the liquid; \\
$\rho_2$ is the the density of the medium (air); and \\
$\rho_m$ is the axial density of the liquid phase, averaged over a unit volume of the water-air mixture.

For the assumed $v$ and $\rho_c$ distributions, any isotach of dimensionless velocity (line BC in \figref{1}) passing through the \transcheck{origin} 0 of the main section of the jet can be taken as the reference surface. In this case, as will be shown below, when integrating in the range from $r = 0$ to $r = \infty$, the profiles of $v$, $\rho_c$, and momentum flux do not change. The dependences of these quantities on the dimensionless distance also do not change.

The boundary of the initial section AB and the \aspellNoCheck{0BC} contour line coincide if the following condition is satisfied:
\begin{equation}
   \overline{R}_n = (\overline{x}_{po} + \overline{x}_n) \lambda_1 \quad \cup \quad \overline{x}_{po} \lambda_1 = 1, \transeqnlabel{8}
\end{equation}
where $\overline{R}_n$ is the dimensionless radius at the control surface (notional boundary).

To determine the parameters of $\theta$ and $\eta$, included in \eqsref{6}{7}, is sufficient to use the law of conservation of momentum (momentum force), and conservation of mass of the liquid along the axis of the jet.

The elemental fluid flow through an area element of radius $r$ and width $\dif z$ (\figref{1}) is
\begin{equation}
   \dif m_{zh} = \dif m_c - \dif m_b. \transeqnlabel{9}
\end{equation}
The elemental mass flow rate of the water-air mixture is
\begin{equation}
   \dif m_c = 2 \pi \rho_c v r \dif r. \transeqnlabel{10}
\end{equation}
Substituting the values of $\rho_c$ and $v$ of the \eqsref{6}{7} and making the substitution $\displaystyle \left(\frac{r}{R}\right)^2 = z$ and $2 r \dif r = R^2 \dif z$, we obtain
\begin{equation}
   \dif m_c = \pi \rho_2 v_m R^2 e^{-\theta z} \dif z + \pi (1 - A) \rho_m v_m R^2 e^{-(\eta + \theta) z} \dif z, \transeqnlabel{11}
\end{equation}
where\origpage{14} $A = \rho_2 / \rho_1$.

The elemental air mass flow rate is
\begin{equation}
   \dif m_b = \pi \rho_2 v_m R^2 e^{-\theta z} \dif z - \pi \rho_2 v_m R^2 e^{-(\eta + \theta) z} \dif z. \transeqnlabel{12}
\end{equation}
Substituting in the expression \ref{eqn:8} the values $\dif m_c$ and $\dif m_b$ from \eqsref{11}{12} we obtain
\begin{equation}
   \dif m_{zh} = \pi [\rho_2 + (1 - A) \rho_m] R^2 v_m e^{-(\eta + \theta) z} \dif z. \transeqnlabel{13}
\end{equation}
Integrating function \ref{eqn:13} in the range of $z = 0$ to $z = \alpha$, we obtain the mass flow rate of water in the jet:
\begin{equation}
   \mathcal{M}_{zh} = \frac{\pi}{\eta + \theta} [\rho_2 + (1 - A) \rho_m] R^2 v_m. \transeqnlabel{14}
\end{equation}
The flow rate \ref{eqn:14} is equal to the initial flow rate, therefore
\begin{equation*}
   \rho_1 \pi R_0^2 v_0 = \frac{\pi}{\eta + \theta} [\rho_2 + (1 - A) \rho_m] R^2 v_m.
\end{equation*}
From that we find
\begin{equation}
   [A + (1 - A) \overline{\rho}_m] \frac{\overline{R}^2 \overline{v}_m}{\eta + \theta} = 1, \transeqnlabel{15}
\end{equation}
where $\overline{\rho}_m$ is the dimensionless axial density of the liquid phase, averaged over the unit volume; \\
$\overline{v}_m$ is the dimensionless axial velocity; and \\
$\overline{R}$ is the dimensionless jet radius (at the accepted notional boundary surface).

\transcheck{The second elemental momentum} of the jet cross-section $\dif A = 2 \pi r \dif r$ is equal to
\begin{equation}
   \dif j = v \dif m = 2 \pi \rho_c v^2 r \dif r. \transeqnlabel{16}
\end{equation}
Substituting into \eqref{18} the values of $\rho_c$ and $v$ and integrating from $r = 0$ to $r = \infty$, we obtain
\begin{equation}
   J = \pi \rho_2 R^2 v_m^2 \frac{1}{2 \theta} + \pi (1 - A) \rho_m R^2 v_m^2 \frac{1}{\eta + 2 \theta}. \transeqnlabel{17}
\end{equation}
According to the law of conservation of momentum, this value will be equal to the initial momentum of the jet. Then
\begin{equation}
   A \overline{R}^2 \overline{v}_m^2 \frac{1}{2 \theta} + (1 - A) \overline{\rho}_m \overline{R}^2 \overline{v}_m^2 \frac{1}{\eta + 2 \theta} = 1. \transeqnlabel{18}
\end{equation}
Solving \eqsref{15}{18}, and taking into account that in the transitional part of the jet
\begin{align}
   \theta &= \frac{(\sqrt{A^2 + 8 A} - A) \overline{R}_l^2}{4}, \transeqnlabel{19} \\
   \eta &= \overline{R}_l^2 - \theta = \frac{(4 + A - \sqrt{A^2 + 8A}) \overline{R}_l^2}{4}. \transeqnlabel{20}
\end{align}
From \eqsref{19}{20} it is clear that the values of $\theta$ and $\eta$ depend on the ratio of densities $\rho_2$ and $\rho_1$ and the choice of the position of the control isotachs. This dependence is such that the shape of the velocity and density curve of the water-air mixture does not change with the change in the position of the control isotach, i.e.\ does not depend on the choice of the jet boundary.

From\origpage{15} \eqref{15} we find
\begin{equation}
   \overline{\rho}_m = \frac{\overline{R}_n^2 - A \overline{R}_n^2 \overline{v}_m}{(1 - A) \overline{R}^2 \overline{v}_m}. \transeqnlabel{21}
\end{equation}
Substituting the value of $\overline{\rho}_m $ from the expression \ref{eqn:21} into \eqref{18} we find an equation for the dimensionless axial velocity
\begin{equation}
   \overline{v}_m = \frac{\sqrt{\mathcal{D}^2 + 4 B \overline{R}^2} - \mathcal{D}}{2 B \overline{R}^2}. \transeqnlabel{22}
\end{equation}
where
\begin{equation*}
   \mathcal{D} = \frac{\eta + \theta}{\eta + 2 \theta}, \qquad B = \frac{A \eta}{2 \theta (\eta + 2 \theta)}.
\end{equation*}
After the conversion \eqref{21} takes the form
\begin{equation}
   \overline{\rho}_m = \frac{2 B \overline{R}_n^2 - A \left(\sqrt{\mathcal{D}^2 + 4 B \overline{R}^2} - \mathcal{D}\right)}{(1 - A) \left(\sqrt{\mathcal{D}^2 + 4 B \overline{R}^2} - \mathcal{D}\right)}. \transeqnlabel{23}
\end{equation}
The density of the mixture at the jet axis is equal to
\begin{equation}
   \overline{\rho}_{mc} = A + (1 - A) \overline{\rho}_m = \frac{2 B \overline{R}_n^2}{\sqrt{\mathcal{D}^2 + 4 B \overline{R}^2} - \mathcal{D}}. \transeqnlabel{24}
\end{equation}
The dimensionless axial dynamic pressure (averaged over time) is set to
\begin{equation}
   \overline{\rho}_{m} = \overline{\rho}_{mc} \overline{v}_m^2 = \frac{\overline{R}_n^2 \sqrt{\mathcal{D}^2 + 4 B \overline{R}^2} - \mathcal{D}}{2 B \overline{R}^4}. \transeqnlabel{25}
\end{equation}
Integrating expression \ref{eqn:11} and divided the right side by the initial mass flow rate of the water, we obtain a dimensionless jet flow (water-air mixture) mainly in the area of the jet:
\begin{equation}
   \overline{\mathcal{M}}_c = 1 + \frac{A \eta}{\theta \overline{R}_n^2} \overline{R}^2 \overline{v}_m. \transeqnlabel{26}
\end{equation}
The dimensionless mass flow rate in the main section of the jet is
\begin{equation}
   \overline{\mathcal{M}}_b = \overline{\mathcal{M}}_c - 1 = \frac{A \eta}{\theta \overline{R}_n^2} \overline{R}^2 \overline{v}_m. \transeqnlabel{27}
\end{equation}
The law of decreasing jet power (including the entrained air) can be found using the following equation of theoretical mechanics:
\begin{equation*}
   E = \frac{\mathcal{J}^2}{2 m},
\end{equation*}
where $E$ is energy; and \\
$\mathcal{J}$ is force impulse.

\transcheck{In our case, the second dimensionless energy (dimensionless power) of the jet is equal to}
\begin{equation}
   \overline{N} = \frac{1}{\overline{\mathcal{M}}_c}, \transeqnlabel{28}
\end{equation}
as the dimensionless value of the jet magnitude is constant and equal to unity.

\Eqref{25} gives a mean value of dynamic pressure, which can be directly measured by the Pitot tube.

Since the density of the water-air mixture changes discretely from $\rho_2$ to $\rho_1$ (during the flow of the jet through a physically small orifice), the dynamic pressure also changes discretely, taking the values $\rho_2 v^2 / 2$ and $\rho_1 v^2 / 2$. Therefore, the dynamic pressure of the jet transit substance (water) on its axis is intermittent and takes a value of zero or $\overline{\rho}_g = \overline{v}_m^2$.

We\origpage{16} found the values of $\overline{v}_m$, $\overline{\rho}_m$, $\overline{p}_m$ as a function of the radius $\overline{R}$ and, therefore, this establishes the dependence of these quantities on the dimensionless distance $\overline{x}$, since
\begin{equation*}
   R = R_n + R_0 \lambda_1 (\overline{x} - \overline{x}_n).
\end{equation*}
To determine the value of the parameter $\lambda_1$ need to know the value of the \transcheck{origin} distance of $x_{po}$ (\figref{1}). Summarizing the experimental results, one can set the value of the dimensionless \transcheck{origin} distance equal to $\overline{x}_{po} = 1.27$. It should be noted that in order to more accurately determine $x_{po}$, additional studies are needed.

\begin{figure}[h]
   \centering
   \includegraphics[width=12cm]{fig-2.png} \\[1em]
   \caption{The change in the dimensionless parameters of the hydromonitor jet along its axis.}
   \transfiglabel{2}
\end{figure}

\Figref{2} shows the dependence of $\overline{v}_m$, $\overline{\rho}_m$, and $\overline{p}_m$ on the dimensionless distance for $\overline{x}_{po} = 1.27$. \transcheck{The same figure also shows the decreasing curves of the power of the jet $\overline{N}_c $ transit and the of the transit substance (water) $\overline{N}_{zh}$.}

Since the momentum of the jet does not change with increasing distance from the nozzle, the force acting on the plane perpendicular to the axis of the jet barrier must also remain as constant. However, the experimentally obtained force curves have a maximum at 100-450 outlet nozzle diameters (according to different authors). The reason for this are factors which are not usually taken into account in the theory of hydromonitor jets. These factors include: the change in the nature of the spreading of the jet along a barrier as it is withdrawn from the nozzle, the transfer of part of the energy to ring vortices formed around the jet, and the emergence of more complex forms of fluid motion in the boundary layer as compared to the adopted idealized diagram.

In the practice of measuring the force of the jet, as a rule, the frequency characteristics of dynamometers were not taken into account, and also that the receiving plate of the device (usually a disk) has finite dimensions. Therefore, a number of measurements should be considered inconsistent with the actual values of the force of the jet.

\origpage{17}\begin{figure}[h]
   \centering
   \includegraphics[width=8cm]{fig-3.png} \\[1em]
   \caption{Diagram of measuring the force of the jet, showing the effects of the location of the dynamometer on its readings.}
   \transfiglabel{3}
\end{figure}

The dimensionless force of the jet, taking into account the finite size of the receiving plate of an ideal dynamometer (\figref{3}) can be found from the expression
\begin{align*}
   \overline{\mathcal{J}}_{np} &= A \overline{R}^2 \overline{v}_m^2 \frac{\displaystyle 1 - \exp\left[-2 \theta \left(\frac{\overline{R}_{np}}{\overline{R}}\right)^2\right]}{2 \theta} + \\
   &\qquad (1 - A) \overline{\rho}_m \overline{R}^2 \overline{v}_m^2 \frac{\displaystyle 1 - \exp\left[- (\eta + 2 \theta) \left(\frac{\overline{R}_{np}}{\overline{R}}\right)^2\right]}{\eta + 2 \theta},
\end{align*}
where $\displaystyle \overline{R}_{np} = \frac{R_{np}}{R_0}$ is the dimensionless radius of the receiving disk.

\Figref{2} shows a graph of the change in the dimensionless force of the jet $\overline{\mathcal{J}}_{np}$ when the relative radius of the instrument plate is $\overline{R}_{np} = 20$.

\Figref{2} shows the results of measuring the averaged axial dynamic pressure using a Pitot tube to the results of determining the axial velocity of the jet.

Considering that measurements of this kind meet great difficulties, the convergence of the experimental results and theoretical curves should be considered good.

The flight speed values were obtained by measuring the parameters of the trajectory in photographs of the jets, which were fired at different pressures.

These measurements show that the shape of the curve of the flight trajectory of the jet (jet axis) is determined by the axial velocity.
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