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The Greenland Ice Sheet has been losing mass at an accelerating rate

since 2003, in part due to changes in ice sheet dynamics. As ocean-terminating

outlet glaciers retreat, they initiate thinning that diffuses inland, causing dy-

namic mass loss from the ice sheet interior. Although outlet glaciers have

undergone widespread retreat during the last two decades, the inland extent

of thinning and, thus, the mass loss is heterogeneous between glacier catch-

ments. There remains a lack of a unifying explanation of the cause of this

heterogeneity and accurately projecting the sea-level rise contribution from

the ice sheet requires improvement in our understanding of what controls the

upstream diffusion of thinning, initiated by terminus retreat.

In this dissertation, I use observations and modeling to identify limits

to the upstream diffusion of dynamic thinning for ocean-terminating glaciers

draining the Greenland Ice Sheet. I start by using diffusive-kinematic wave

theory to describe the evolution of thinning and I calibrate a metric that

identifies how far upstream a thinning perturbation can diffuse from glacier
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termini. This metric is calculable from the observed glacier bed and surface

topography and I use it to predict inland thinning limits for the majority of

Greenland’s outlet glaciers. I find that inland thinning limits often coincide

with subglacial knickpoints in bed topography. These are steep reaches of the

bed that are located at the transition between the portion of the bed that

is below sea level and the upstream portion that is above sea level. I use

the predicted thinning limits to help identify individual glaciers that have the

largest potential to contribute to sea-level rise in the coming century. Finally,

I use higher-order numerical modeling to validate the predicted thinning limits

from the first-order kinematic wave model, and to investigate the timing and

magnitude of glacier mass loss over the coming century. I find that glaciers

that have small ice fluxes but are susceptible to thin far into the interior of

the ice sheet have the potential to contribute as much to sea-level rise as their

higher-flux counterparts. These lower-flux glaciers are often not discussed in

literature but will be significant contributors to sea-level rise by 2100.
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Chapter 1

Introduction

1.1 Background and motivation

Understanding the dynamics of the Greenland Ice Sheet (GrIS) is crit-

ical to accurately projecting sea-level rise over the next century. Total ice

sheet mass loss can be partitioned into two components: surface mass balance

and ice dynamics. Surface mass balance (SMB) refers to ice mass gained or

lost at the surface, the interface between the ice and the atmosphere. SMB is

governed by four key processes: precipitation, evaporation, sublimation, and

runoff and state-of-the-art ice-sheet-wide SMB estimates come from regional

climate models calibrated by observations (Ettema et al., 2009; Noel et al.,

2016). Ice dynamics refers to ice mass gained or lost due to ice flow and is

often calculated as the residual between total mass loss, measured by remote

sensing observations, and estimates of SMB from regional climate models. Ice

dynamics are projected account for about 40% of the total sea-level rise (SLR)

contribution from the ice sheet over the coming century (Nick et al., 2013;

Yoshimori and Abe-Ouchi, 2012). Observations have shown that Greenland’s

total ice mass loss and, hence, contribution to SLR is accelerating and that ice

dynamics accounts for 32% of the mass loss from the ice sheet between 2003–

2012 (Velicogna et al., 2014), with the most significant dynamic mass loss
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and dynamic thinning observed along Greenland’s southeast and northwest

margins (Csatho et al., 2014; Velicogna et al., 2014).

Around the periphery of the GrIS, the retreat of ocean-terminating out-

let glaciers that drain the ice sheet has initiated dynamic mass loss that diffuses

inland. As the calving fronts of outlet glaciers retreat, dynamic thinning is

initiated because of the removal of ice and the loss of backstress on upstream

ice (Bondzio et al., 2017; Thomas, 2004). This thinning then propagates in-

land as a diffusive-kinematic wave (Nye, 1960), which can advect the thinning

downstream, along glacier flow, or diffuse thinning both up and downstream

(Fig. 1.1). Rates of advection and diffusion will vary along a glacier’s flow and,

where the rate of downstream advection is sufficiently high, upstream diffusion

of the thinning will be stalled. The diffusive-kinematic wave model arises from

a linearized perturbation to the mass continuity equation and has been used to

investigate the response of theoretical glaciers (Nye, 1960; Weertman, 1958),

the stability of glacier terminus positions (Pfeffer, 2007), and the response of

Petermann Gletscher, Greenland, to grounding line and surface mass balance

perturbations (van der Veen, 2001). However, outside of Petermann Gletscher,

the kinematic wave framework has not been used to study Greenland’s outlet

glaciers. Results from 1-dimensional numerical modeling have shown that 75%

of dynamic mass loss over one century occurs after the first 3 years following

a terminus perturbation (Price et al., 2011). Thus, it is critical to under-

stand the magnitude and timing of this long-term diffusive mass loss from the

ice sheet. Observations show that the overwhelming majority of Greenland’s

ocean-terminating glaciers retreated between 2000–2010 (Murray et al., 2015)
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and episodic, widespread glacier retreat events have been observed along the

southeast margin of the GrIS since 1933 (Bjørk et al., 2012). The processes

that cause retreat of glacier termini, often referred to as “frontal ablation”

processes, are varied and an active field of research (Fried, 2018). In this dis-

sertation, we focus on the effect that retreat has on the rest of the glacier

catchment, so we are agnostic to the cause of the retreat and, thus, we will

not identify the specific processes responsible for the retreat.

Glacier thinning has been observed to be highly heterogeneous and,

a b

c d

Figure 1.1: Schematic of a terminus-initiated thinning perturbation. Glacier
flow is left to right, in the positive x-direction, with the glacier terminating in
the ocean. (a) The glacier’s terminus retreats. (b) Thinning perturbation is
initiated near the glacier’s terminus. (c) Thinning perturbation diffuses further
upstream (red arrows). (d) Thinning perturbation advects downstream (blue
arrows).
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currently, we lack a unifying explanation for the observed heterogeneity, al-

though recently compiled high-quality, high-resolution datasets are allowing

for improved interpretation of the observations. Over the NASA laser al-

timetry record from 1993 to 2012, ocean-terminating glaciers around the ice

sheet have exhibited varied dynamic thinning and thickening patterns that

are heterogeneous from glacier to glacier (Csatho et al., 2014). Our lack of

explanation for the heterogeneity around the ice sheet means that it is not yet

clear which physical processes are important to include in prognostic models,

thus hampering efforts to project sea-level rise. In this dissertation, digital

elevation models (DEMs) of the ice sheet surface from the 1970s and 1980s

(Korsgaard et al., 2016) and DEMs of the present-day ice sheet surface from

satellite stereo imagery, have allowed us to measure the inland extent of ice

sheet thinning, initiated at the termini of retreating glaciers. The DEMs from

the 1970s and 1980s were created from an aerial photo survey of the Greenland

Ice Sheet margin from 1978 to 1987. These DEMs are posted at 25 m resolu-

tion with vertical accuracy of 6 m and vertical precision of 4 m. DEMs of the

present-day ice sheet surface were created from high-resolution stereo imagery

collected by DigitalGlobe satellites. Currently, the DEMs are distributed by

the Polar Geospatial Center at the University of Minnesota in a product called

the ArcticDEM. Prior to the availability of this data product, I created DEMs

from the same imagery source using the NASA AMES Stereo Pipeline, a free

and open-source software tool for processing DEMs (Shean et al., 2016). The

DEMs that I created are posted at 2 m resolution, with uncertainty of about

5 m. In addition to observations of the surface of the ice sheet, a much im-
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proved Greenland-wide bed topography from mass-conservation (Morlighem

et al., 2014) has allowed us to interpret the dynamic changes in the context

of bed topography. While satellite altimetry from missions such as ICESat

and CryoSat-2 is critical for repeat, high accuracy ice-sheet-wide thickness

change measurements, the across-track spacing of satellite altimetry prohibits

us from measuring volume change within many of the narrow outlet glaciers

and prohibits us from identifying precise locations for observed thinning limits.

For projections of SLR over the coming century, higher-order, process-

based numerical models are needed and only recently have they become so-

phisticated enough to model glacier terminus retreat and subsequent thinning.

In this dissertation, we use the Ice Sheet System Model (ISSM) (Larour et al.,

2012) to simulate outlet glacier response to the observed terminus retreat of

the 2000s. The model was introduced into the literature in 2012 and it was

not until 2016 that the level-set method, a simple approach to simulating ter-

minus retreat, was implemented in ISSM (Bondzio et al., 2016). Because these

higher-order modeling capabilities have only recently been made available, past

literature has relied on 1-dimensional flowline models to simulate thinning in

response glacier retreat (Goelzer et al., 2013; Graversen et al., 2010; Nick et al.,

2009, 2012, 2013; Price et al., 2011; Vieli and Nick, 2011). The 1-dimensional

models rely on parameterization of lateral stresses and lack the ability to rep-

resent the heterogeneous across-flow bed topography of glaciers. Studies using

higher-order numerical modeling of Greenland glacier retreat have started to

appear in the literature and they focus on large glacier systems with high ice

flux (Bondzio et al., 2017; Choi et al., 2017; Haubner et al., 2017; Muresan
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et al., 2016). Thus far, only Choi et al. (2017) have used higher-order nu-

merical ice sheet modeling to obtain projections of sea-level rise attributed to

outlet glacier retreat in Greenland, for two glaciers in northwest Greenland.

1.2 Study overview and scope

In this dissertation, I use the kinematic wave model as well as higher-

order numerical ice flow modeling to study the heterogeneity of the diffusion

of dynamic thinning due to glacier retreat around the GrIS. I use recently

available datasets to measure outlet glacier thinning from the 1970s and 1980s

to present-day, by creating digital elevation models of the present-day ice sur-

face from stereo satellite imagery. The thinning observations allow me to

calibrate a metric from the kinematic wave model to help explain the ob-

served heterogeneity in dynamic thinning and I use the calibrated metric to

predict the inland extent of terminus-initiated thinning. I examine bed to-

pography in the vicinity of the predicted thinning limits and find previously

unreported subglacial knickpoints that set the majority of thinning limits for

ocean-terminating glaciers around the GrIS. The predicted thinning limits also

allow identification of the glacier catchments that are most vulnerable to far

inland thinning. Finally, I use a higher-order numerical model of ice flow

to validate the predicted thinning limits from kinematic wave theory and to

examine the temporal response of glaciers with differing bed topography to

terminus retreat over the coming century.
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1.2.1 Chapter structure

In Chapter 2, I begin with a simple, linearized, perturbation model of

the propagation of thinning. This 1-dimensional model is commonly referred

to as a diffusive-kinematic wave model and it describes the advection and

diffusion of a thinning perturbation along glacier flow. Although simple, the

advantage of the model is that it allows for the derivation of an easily calculable

metric, the Péclet number, that can be used to identify the locations of limits

to upstream diffusion of thinning initiated from glacier termini. I empirically

identify how high the Péclet number must be to limit thinning, using high-

resolution surface elevation change measurements for a group of 16 ocean-

terminating glaciers in West Greenland. The analysis in Chapter 2 is done

along a single flowline located near the center of each glacier’s flow. This

chapter should be viewed as a pilot study with an experimental method used

to determine the locations of thinning limits along glacier flow.

In Chapter 3, I expand on the work in Chapter 2 by improving the

methodology and by surveying 141 outlet glaciers around the entire GrIS. In

this chapter, I survey glaciers using multiple flowlines that span each glacier’s

width in order to account for differences in geometry across flow. Using an

analysis similar to Chapter 2, I empirically calibrate a thinning limit using the

Péclet number, although I now do this for glaciers around the entire ice sheet.

Most of the thinning limits that are identified are located along steep reaches of

the subglacial bed topography, separating the portion of the bed that is below

sea level and the upstream portion above sea level. These reaches of the bed

topography are steep step changes in bed elevation, which I term “subglacial
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knickpoints,” akin to knickpoints found along fluvial rivers. Having likely

been eroded by glacier flow over hundreds of thousands of years, subglacial

knickpoints control contemporary ice dynamics by limiting the inland diffusion

of thinning. Additionally, I show that previously overlooked glaciers with low

ice flux can potentially be large contributors to sea-level rise over the coming

century because the subglacial knickpoints along their flow are either relatively

gentle or absent and thinning can diffuse deep into the ice sheet interior. The

methodology in Chapter 3 represents an improvement over Chapter 2 and the

distances to glacier thinning limits presented in Chapter 3 supersede those in

Chapter 2.

In Chapter 4, I progress to a higher-order numerical model of ice flow to

validate the thinning limits predicted by the simpler, diffusive-kinematic wave

model and to develop realistic projections of dynamic ice mass loss in response

to terminus retreat. I do so for two glacier catchments with contrasting thin-

ning responses predicted by kinematic wave theory. Kakivfaat Sermiat, West

Greenland, is a glacier with a gentle knickpoint that permits thinning to dif-

fuse hundreds of kilometers into the ice sheet interior, thereby allowing the

glacier catchment to lose a significant amount of ice mass. On the other hand,

Kangerlussuaq Gletscher, East Greenland, has a steep knickpoint that sets a

limit to the upstream diffusion of thinning and protects the inland ice from

loss. The modeling experiments show that the two glaciers can lose compara-

ble amounts of ice mass by the year 2100, in response to previously observed

terminus retreat. However, the knickpoint of Kangerlussuaq Gletscher causes

the glacier to reach its new steady state faster than Kakivfaat Sermiat, which

8



responds more slowly and will continue to respond to the terminus retreat

observed between 2009 and 2015 beyond the year 2100.

In Chapter 5, I summarize the findings from Chapters 2–4 and provide

ideas for future research that would advance the topics investigated in this

dissertation and would help better constrain the projections of future sea-level

rise from the Greenland Ice Sheet over the coming century and beyond.
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Chapter 2

Inland thinning on the Greenland ice sheet

controlled by outlet glacier geometry

The majority of this chapter was previously published in Nature Geoscience.1

2.1 Introduction

Greenland’s contribution to future sea-level rise remains uncertain and

a wide range of upper and lower bounds has been proposed. These predictions

depend strongly on how mass loss, which is focused at the termini of marine-

terminating outlet glaciers, can penetrate inland to the ice sheet interior. Pre-

vious studies have shown that, at regional scales, Greenland Ice Sheet mass

loss is correlated with atmospheric and oceanic warming. However, mass loss

within individual outlet glacier catchments exhibits unexplained heterogene-

ity, hindering our ability to project ice sheet response to future environmental

1Felikson, D., Bartholomaus, T. C., Catania, G. A., Korsgaard, N. J., Kjær, K. H.,
Morlighem, M., Noël, B., van den Broeke, M., Stearns, L. A., Shroyer, E. L., Sutherland,
D. A., and Nash, J. D. (2017). Inland thinning on the Greenland ice sheet controlled by
outlet glacier geometry. Nature Geoscience, 10(5), 366–369, doi:10.1038/ngeo2934.

D.F., T.C.B. and G.A.C. designed the study. D.F. created the WorldView DEMs,
calculated catchment mass changes, and performed the kinematic wave analysis. D.F.,
T.C.B. and G.A.C. interpreted the results. N.J.K. and K.H.K. created the 1985 DEM.
M.M. processed the mass-conserving bed for the study region. B.N. and M.v.d.B. provided
downscaled SMB data. All authors discussed the results and commented on the manuscript.
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forcing. Using digital elevation model differencing, we spatially resolve the

dynamic portion of surface elevation change from 1985 to present within 16

outlet glacier catchments in West Greenland, where significant heterogeneity

in loss exists. We show that the upglacier extent of thinning and, thus, mass

loss, is limited by glacier geometry. We find that 94% of the total dynamic

loss occurs between the terminus and the location where the downglacier ad-

vective speed of a kinematic wave of thinning is at least 3 times larger than its

diffusive speed. This empirical threshold enables the identification of glaciers

that are not currently thinning but are most susceptible to future thinning in

the coming decades.

2.2 Spatial heterogeneity of observed mass change

Mass loss from the Greenland Ice Sheet (GrIS) has accelerated since

2005 and is concentrated near the Southeast and Northwest margins (Harig

and Simons, 2012; Schrama and Wouters, 2011; Velicogna et al., 2014; Wouters

et al., 2008). Numerous studies have described spatiotemporal heterogeneity in

outlet glacier terminus retreat (Murray et al., 2015), surface elevation (Csatho

et al., 2014), and velocity change (Moon et al., 2012) that influence where and

when mass is lost from the ice sheet. At the ∼500 km scale, average changes

correlate with atmospheric and oceanic temperature increases (Bevan et al.,

2012; Howat et al., 2008a; Khan et al., 2014a; Kjær et al., 2012). However,

individual glaciers contribute to ice sheet mass loss disproportionately from

their catchment area (Enderlin et al., 2014) and no mechanism exists to explain

the observed heterogeneity of mass loss within individual glacier catchments.
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Previous work has shown that glacier retreat is initiated as a perturbation to

the force balance at the terminus, causing thinning that propagates upglacier

(Nick et al., 2009; Price et al., 2011) at different rates (Konrad et al., 2017).

Inland thinning can account for more than 75% of total mass loss from a glacier

catchment (Price et al., 2011) and uncertainty in the extent of inland thinning

strongly influences Greenland’s contribution to future sea-level rise, for which

a wide range of upper and lower bounds is given in literature (46 mm – 538

mm by year 2100) (Moore et al., 2013; Nick et al., 2013; Pfeffer et al., 2008;

Price et al., 2011).

To fully resolve the complex pattern of outlet glacier behavior, we cal-

culate mass change from surface elevation changes in West Greenland using

high-resolution DEMs from a 1985 aerial survey of the region (Korsgaard et al.,

2016) and WorldView stereo imagery collected from 2012 to 2015 (Table 2.1).

These datasets provide unprecedented spatial resolution (25 m) of surface el-

evation change. By differencing the DEMs and removing the component of

mass change due to surface mass balance (Section 2.6, Fig. 2.4), we obtain

estimates of dynamic mass loss in the near-terminus regions of outlet glaciers

(Fig. 2.1), revealing significant spatial variability in dynamic mass loss be-

tween glaciers, (-0.1 Gt to -190 Gt; Table 2.3). The high spatial resolution of

the DEMs and a new model-derived estimate of bed topography (Morlighem

et al., 2016) allow us to resolve the upstream limits of dynamic thinning within

glacier catchments and explain, through kinematic wave theory (Nye, 1960),

why the inland extent of dynamic thinning varies from glacier to glacier, thus

providing an explanation for the heterogeneity in observed mass loss.
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Figure 2.1: Dynamic surface elevation change. Surface elevation change
from DEM-differencing from 1985–present with surface mass balance (SMB)
anomaly removed. Labels pertain to glacier names listed in Table 2.3. Differ-
ences plotted on top of GIMP surface classification mask (Howat et al., 2014)
with ice in white, ocean in light gray, and bedrock in dark gray. Circle areas
are proportional to dynamic mass gain (blue) or loss (red).
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We find that, of the 16 glacier catchments in West Greenland, 4 have

dynamically gained mass since 1985 and their termini have remained stable:

Rink Isbræ (RNK), Kangerlussuup Sermersua (KAS), Store Gletsjer (STR),

and Sermeq Avannarleq (AVA) (Table 2.3). The remaining 12 catchments

have dynamically lost mass although the amount and spatial extent of this

dynamic thinning varies (Fig. 2.1). Hereafter, we refer to dynamic thinning

and dynamic mass loss simply as thinning and mass loss, respectively. In the

Sermeq Kujalleq (KUJ) catchment, thinning extends 15 km upglacier from its

terminus, whereas the Jakobshavn Isbræ (JAK) catchment has thinned to 120

km upglacier from its present-day terminus (Pritchard et al., 2009). Consistent

with past studies (Howat et al., 2008a; Khan et al., 2014a), but at higher

spatial resolution, we find that retreat and thinning are linked; glaciers that

have undergone the largest retreats have also experienced the greatest thinning

(Umiammakku Isbræ (UMI), Sermeq Silarleq (SIL), KAN, Eqip Sermia (EQI),

and JAK) while terminus positions of the thickening glaciers (KAS, STR, and

AVA) have remained stable (Table 2.3). JAK alone accounts for more than

81% of the total mass loss in the study region, however, we are unable to

quantify JAK’s full mass loss due to the limited spatial extent of the available

DEMs. UMI, SIL, and KAN account for 84% of the remaining regional mass

loss.

2.3 Kinematic wave theory

Our observations show that glacier thinning is greatest at glacier ter-

mini and decreases with distance upglacier from the terminus until, where
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observable within the spatial extents of the DEMs, it reaches zero at some

location along the centerline. This is consistent with the hypothesis that

terminus retreat perturbs the force balance, causing thinning to propagate

upglacier (Nick et al., 2009; Price et al., 2011). The propagation of thinning

along a glacier’s length can be modeled as a diffusive kinematic wave (Nye,

1960) (Section 2.6). The competition between advection and diffusion of this

wave, which reduce and enhance the upglacier translation of the thinning per-

turbation, respectively, is given by the Peclet number (Pe, Section 2.6). For

relatively thick, flat ice, Pe is low and diffusion dominates, allowing a thin-

ning perturbation to diffuse away from that location. Conversely, where ice is

relatively thin and steep, such as over rises in basal topography, Pe is high be-

cause advection dominates and thinning perturbations will advect downglacier.

Thus, by computing Pe along a glacier centerline, we can empirically identify

high Pe values at locations beyond which upglacier, diffusive propagation of

terminus-initiated thinning will be limited.

To illustrate our approach, we compare Pe and observed elevation

change of KAN along the glacier’s centerline (Fig. 2.2). We perform a moving

average on the thinning, within a window 10 local ice thicknesses wide, and

calculate the cumulative averaged thinning from the terminus to each center-

line location. We represent this as a percentage of total cumulative thinning

observed along the entire length of each glacier’s centerline, herein called “%

unit volume loss” (coloured line in Fig. 2.2b). For KAN, we find that 100% of

unit volume loss has occurred downglacier of a rise in the bed at 35 km along

the profile, where Pe reaches a maximum of 7.7 (Fig. 2.2c). At this location,
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Figure 2.2: Centerline profile of Kangilerngata Sermia (KAN). (a)
Elevations above the WGS-84 ellipsoid for 1985 (blue) and present-day (red)
glacier surfaces and mass-conserving bed (Morlighem et al., 2016) (black) along
the glacier centerline. (b) Dynamic surface elevation change (black). Moving
average within window of 5 local ice thicknesses colored by percentage of unit
volume loss. (c) Pe calculated from the 1985 surface (black) with Pe running
maximum (red). Shading reflects uncertainty (on the order of ±0.25 in this
example) from standard error propagation (Section 2.6).
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downglacier advection of thinning dominates and terminus-initiated thinning

cannot propagate upglacier beyond this point. Downstream Pe values <2 have

allowed terminus-initiated thinning to diffuse upglacier to this location.

2.4 Empirical threshold for inland thinning extent

We define “Pe running maxima” as the locations along the centerline

where Pe locally exceeds any downstream value of Pe (red on Fig. 2.2c). Pe

running maxima are critical because once a thinning perturbation propagates

beyond a local maximum in Pe and accesses lower Pe values, the thinning will

continue to propagate upglacier until it reaches yet higher Pe values. This

effect is apparent for 12 West GrIS glaciers that have thinned at their termini

(Fig. 2.3a). We find that 94% of the median unit volume loss (interquartile

range of 93% – 100%) occurs downglacier of where Pe first exceeds 3. Pe

less than 3 can still be important by impeding the upglacier propagation of

thinning. This can be seen along the centerline of LIL, where a Pe running

max of 1.8 near 4 km restricts 50% of the unit volume loss to this lowest reach,

while more moderate thinning extends beyond 14 km, where Pe reaches 8.5

(Fig. 2.14). Similarly, Pe running maxima of <3 and 2.2 are found close to

the termini of KSS and PRD, respectively, (Figs. 2.9 and 2.10), which buffer

the thinning upglacier of these locations from the stronger thinning near their

termini.

The evaluation of Pe requires a relationship between glacier flow, ice

thickness, and surface slope. We test the robustness of our results by imple-

menting four relationships and find that, in general, all formulations highlight

17



a

b

−10
0

10
20

Pe

0 10 20 30 40 50 60 70 80

−10
0

10
20

Pe

10 15 20 25 30 35 40

140 160 240 260

centerline distance (km)

JA
K

U
M

I

R
N

K

KS
S

LI
K

PR
D

LI
L

IN
G

KU
J

KA
S

AV
A

SI
L

EQ
I

ST
R

KN
G

KA
N

ING
UMI
RNK
PRD
SIL
KNG
LIK
LIL
KUJ
KAN
EQI

100

%
 u

ni
t v

ol
um

e 
lo

ss

0

20

40

60

80

0 2 4 6 8 10
Pe running maximum

Figure 2.3: Extent of dynamic thinning and local Peclet number
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Pe for 12 dynamically thinning west Greenland outlet glaciers. Median %
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the importance of the same geometric features (Figs. 2.5-2.19). An empirical

Pe threshold can be identified for each formulation, beyond which dynamic

thinning is limited (Section 2.7.2, Fig. 2.20). All ice flow formulations lead us

to conclude that glacier geometry provides a dominant control on the inland

extent of thinning.

Although glacier thinning changes glacier geometry and therefore Pe,

we note that even for UMI, second only to JAK in observed thinning at its

terminus (> 100 m), differences between the present-day Pe and the 1985 Pe

are not significant (Fig. 2.21). The locations of Pe = 3 vary significantly

along glacier centerlines (from 6 km at Kangerluarsuup Sermia (KSS) to 243

km at JAK); Fig. 2.3b). The distance to these threshold crossings explains the

spatial patterns of thinning within each catchment and provides an explanation

for the observed spatial heterogeneity in mass loss.

Our empirical threshold of Pe = 3 can be used to judge the relative

susceptibility of glacier catchments to future terminus-initiated thinning. We

expect 94% of mass loss to occur downglacier of the Pe = 3 crossing, should

terminus retreat occur, and for any glacier catchment, the further inland that

this threshold is met, the greater the contribution to future sea-level rise will

be. We expect similar variability in glacier geometry for catchments around

the GrIS, which could lead to future heterogeneity in the dynamic response to

terminus initiated thinning. However, because the volume of inland thinning

is correlated with the amount of terminus retreat, we note that our analysis

cannot predict the expected mass loss for a particular glacier without an un-

derstanding of the future evolution of its terminus position. As an example,
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LIK’s Pe = 3 crossing is second farthest inland in the study region, however

its terminus currently sits in relatively shallow water compared to the more

deeply-grounded glaciers (water depth at LIK shallows to 30 m just 500 m be-

hind the present-day terminus). Thus, future perturbations from the ocean at

LIK are likely to be smaller than those at glaciers with more deeply grounded

termini.

The Peclet number can be used to identify the glacier catchments where

improved or long-term observations are needed most and provide provisional

estimates of inland thinning extent, while numerical ice sheet models evolve to

the point where catchment-scale heterogeneity can be resolved. Additionally,

numerical models are only as good as the understanding that goes into build-

ing them and certain processes and boundary conditions (e.g., basal friction)

are omitted or inadequately represented. Our method circumvents the need

for deeper, but often poorly-constrained, process-based understanding that is

necessary for projection. The Peclet number is also useful for interpretation

of thinning by identifying whether the dynamic response is due to terminus-

initiated perturbations. Thinning downglacier of the location where the Pe

first crosses 3 may have originated at the terminus whereas any significant

thinning occurring upglacier of that location is unlikely to have originated

from the terminus. The thinning we observe within glacier catchments in

West Greenland is currently dominated by a response to terminus perturba-

tions, which implicates some manner of ocean forcing. However, in the future,

a different dynamic process may be responsible for glacier changes and the

Peclet number will help identify this.
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2.5 Conclusion

Our study highlights significant spatial variability in the response of 16

West Greenland outlet glaciers to recent climatic forcing. This heterogeneity

is explained by variations in local geometry (ice thickness, bed, and surface

topography) that influence the inland diffusion of thinning. While previous

authors have applied kinematic wave theory to understand the time-dependent

evolution of glaciers (Pfeffer, 2007; van der Veen, 2001), we demonstrate that

the Peclet number explains spatially-dependent dynamic changes. By apply-

ing the theory to a suite of glaciers, we define an empirical limit to upstream

thinning, whether a glacier has retreated or not. Because the diffusion of

terminus-initiated thinning is projected to be a large source of future contri-

bution to sea-level rise for the GrIS (Price et al., 2011), our approach enables

identification of those glacier catchments most susceptible to future inland

thinning and, thus, with the largest potential to increase sea level. Similarly,

we can also use the Peclet number to identify those catchments with limited

ability to dynamically respond. In West Greenland, RNK, UMI, JAK, and

LIK have the farthest inland Pe = 3 crossings. At JAK, the Pe = 3 thinning

limit is located at >240 km from the edge of the ice sheet, leading us to antic-

ipate that ongoing dynamic thinning may eventually extend one third of the

way across the entire GrIS at the latitude of JAK. The future response of LIK

may be mitigated by the retreat of its terminus into shallow water. However,

UMI and RNK have large potential to contribute further to future dynamic

mass loss in the West Greenland region, and thus we recommend continued

monitoring there.
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2.6 Methods

2.6.1 1985 DEM and uncertainty.

The 1985 DEM was created from aerial photos (Korsgaard et al., 2016).

Total error in the 1985 DEM consists of two components: random error, herein

called the “noise floor” (εnoise), and systematic error due to uncertainty in the

positioning of the camera. Systematic error is quantified by the mean errors

on the heights predicted by the photogrammetric model, determined by the

bundle block adjustment (εbundle). Spatial variability of the bundle block ad-

justment errors is governed by the location and geometry of the ground control;

error will increase away from the margin, where ground control points are con-

centrated, into the interior of the ice sheet. The sum of the DEM noise floor

and the systematic error components, in quadrature, yields the total error for

the DEM (εtotal). The total DEM error can be found from differences in DEM

elevation and elevation measured by airborne laser altimetry over a stable sur-

face such as bedrock. Airborne laser altimetry is an appropriate control given

that the uncertainty of the laser altimetry is an order of magnitude lower than

the uncertainty in the DEM (Kjær et al., 2012). Here, we use laser altimetry

collected by NASA’s Airborne Topographic Mapper (ATM).

To find the noise floor of the DEM, we assume that the spatially-varying

total DEM error can be approximated by the mean of the total DEM error

measured at locations where ATM laser altimetry is available. We first found

the mean total error (ε̄total) in the 1985 DEM by comparing DEM elevations

at elevation measurements from laser altimetry over stable bedrock surfaces

with less than 20◦ slopes (Korsgaard et al., 2016). This yielded a mean value
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for total error, ε̄total, across the extent of the 1985 DEM of 4.1 meters. Next,

we created a surface of bundle block adjustment errors, using linear interpo-

lation based on Delaunay triangulation, and queried this error surface at the

same bedrock locations as the total errors, yielding a mean value for bundle

adjustment error, ε̄bundle, of 2.3 meters. The noise floor of the 1985 DEM was

calculated as the difference between the squares of the two components:

ε2noise = ε̄2total − ε̄2bundle (2.1)

This yielded a value for the DEM noise floor, εnoise, of 3.4 meters and we

assume the noise floor is assumed to be constant across the spatial extent of

the DEM.

Finally, to obtain the spatially-varying total DEM error, we add the

noise floor and spatially-varying bundle block adjustment components, from

the error surface, in quadrature:

ε2total = ε2noise + ε2bundle (2.2)

This provides us with a continuous surface representing the total error on the

1985 DEM and we query this at locations along all glacier centerlines to obtain

uncertainties on the 1985 DEM elevations.

2.6.2 WorldView DEMs and uncertainty.

We created 2012-2015 present-day DEMs from WorldView imagery us-

ing the NASA AMES Stereo Pipeline (ASP) software package (Shean et al.,

2016). Previous work has shown that WorldView DEMs over the Greenland
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Ice Sheet have a vertical uncertainty of 5.22 m and may contain a systematic

vertical bias (Shean et al., 2016). To remove the bias, vertical differences be-

tween each WorldView DEM and the 1985 DEM were found over bedrock, as

defined by the GIMP surface mask (Howat et al., 2014), for slopes less than

20◦, and the mean vertical offset was removed from each WorldView DEM.

2.6.3 Glacier mass change and glacier catchments.

Total glacier mass change was calculated by finding the height change

between the 1985 DEM and the WorldView DEMs, spatially integrating to

determine volume change, and converting to mass change, assuming a constant

ice density of 917 kg m−3. Prior to spatial integration to calculate volume

change, we clipped the height change maps to each glacier’s catchment. Glacier

catchments were delineated using standard watershed analysis by assuming

that ice flows in the direction of the negative gradient of the ice surface. The

GIMP DEM was used as the ice surface, providing a continuous surface over

the entire ice sheet and allowing us to delineate the full catchment extents

from ice sheet margin to ice divide. Each glacier’s total mass change is shown

in Table 2.3.

For an estimate of the uncertainty associated with the calculated total

glacier mass changes, we provide a lower and an upper bound on the errors.

The error lower bound is calculated by assuming that errors are uncorrelated

between DEM pixels. Using this assumption, we obtain errors on the height

change by combining the spatially-varying errors of the 1985 DEM, described

in Section 2.6.1, with a spatially-constant error of 5.22 m on the WorldView
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DEM (Shean et al., 2016) as the root of the sum of the 1985 DEM error and

the WorldView DEM error within each pixel. We then propagate the spatially-

carying height change error through the spatial integration, to obtain an error

estimate on the volume change, and then propagate the error through the

conversion to mass change. The error upper bound is calculated assuming that

the maximum of the spatially-varying 1985 DEM error within each catchment

and the 5.22 m error in the WorldView DEMs represent systematic offsets

within the DEMs. Using this assumption, we obtain errors on the height

change by combining the systematic offsets as the root sum of the squares.

We then multiply the resulting values by the areas of each catchment, yielding

systematic offsets to our volume change estimates. We convert to mass change

to obtain an upper bound on the total mass change errors. Both lower and

upper bounds on the mass change errors are shown in Table 2.3.

2.6.4 Dynamic mass change.

Assuming the ice sheet was in balance from 1971–1988 (Rignot et al.,

2008), we calculate the surface mass balance (SMB) anomaly as the departure

from the 1971–1988 mean using RACMO2.3 model output, statistically down-

scaled to 1 km resolution (Noel et al., 2015), assuming a constant ice density

of 917 kg m−3, an appropriate assumption for the ablation zone of the glacier

catchments where our analysis is focused. We plot the contour of where cu-

mulative SMB is zero and observe that our DEM differences lie entirely in the

region where SMB is negative, indicating that this is the ablation zone (Fig.

2.4). Modeled SMB from RACMO2.3 is precipitation (solid and liquid) minus
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surface sublimation, drifting snow erosion, and runoff. SMB anomaly is inte-

grated temporally from 1985 to the year of each WorldView DEM used in the

study. Dynamic surface elevation change was found by removing the elevation

change due to SMB anomaly from the total elevation change calculated from

DEM differencing.

2.6.5 Kinematic waves.

To obtain the diffusive kinematic wave equation, the one dimensional

mass continuity equation is linearized about a datum state to obtain an advection-

diffusion equation for ice thickness perturbations. The advection-diffusion

equation for thickness perturbations can be expressed as:

∂H1

∂t
= ḃ1 −

∂C0

∂x
H1 −

(
C0 −

∂D0

∂x

)
∂H1

∂x
+D0

∂2H1

∂x2
(2.3)

where ḃ1 is the SMB anomaly; the coefficients C0 =
(
∂q
∂H

)
0

and D0 =
(
∂q
∂α

)
0
;

q is ice flux, H is ice thickness, α is the surface slope and x is the along-flow

direction upglacier from the terminus. The subscript “1” represents pertur-

bation quantities and “0” represents the datum state. See Section 2.7 for a

complete derivation of the kinematic wave equation.

By removing the thickness change due to SMB anomaly, ḃ1, from the

total observed surface elevation change, we investigate how glacier dynamics

alone control glacier elevation changes. The second term, ∂C0

∂x
H1, modulates

the timing of local thickness change by introducing an over-damped compo-

nent to the response which exponentially decays with time (Nye, 1960). This

response acts independently of nearby thickness perturbations. In contrast,
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the third and fourth (advective and diffusive) terms depend on the first and

second spatial derivatives of the thickness perturbation and thus depend on

adjacent thickness changes. These two terms govern the along-flow propa-

gation of H1 and are the focus of our study. Previous studies have used a

similar framework to study changes of tidewater glaciers in both Greenland

and Alaska (Pfeffer, 2007; van der Veen, 2001).

Thus, the spatial evolution of the thinning perturbation is governed

by the advective and diffusive terms in Eqn. 2.3 (third and fourth terms on

the right-hand side). A thinning perturbation of some finite length will simul-

taneously advect and diffuse in both directions along-flow at rates governed

by the glacier’s geometry. We’re interested in whether a thinning perturba-

tion, extending from the terminus to an upglacier location with length l, will

advect downglacier and be replenished by thicker ice from upglacier or con-

tinue to diffuse upglacier, beyond the location, x = l. The relative rates of

advection, or wave speed, and diffusion is given by the Peclet number (Pe), a

non-dimensional ratio of the coefficient of advection, (C0 − ∂D0/∂x), to the

coefficient of diffusion, D0 (Cuffey and Paterson, 2010):

Pe =
(C0 − ∂D0/∂x)

D0

l (2.4)

where l is the length of the thinning perturbation (Section 2.6). The values of

C0, D0, and ∂D0/∂x are given by the dependence of local ice flux on surface

slope, α0, and ice thickness, H0, respectively (Eqns. 2.18–2.23). For the

rapidly-flowing trunks of the outlet glaciers in our region of interest, we assume

that ice flow is dominated by basal sliding and we use several commonly-used
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relationships between ice flux, thickness, and slope (commonly referred to as

a “sliding law”) to evaluate the Peclet number (Section 2.6).

The relationship described by the sliding laws (Eqns. 2.16 and 2.17)

assume a balance between the driving stress and the basal shear stress and

ignores membrane stresses. Therefore, prior to calculating Pe, we perform a

moving average of the bed and surface topography over a length of 10 times

the local ice thickness, a typical longitudinal coupling length for fast-flowing

ice (Kamb and Echelmeyer, 1986). At each point along the centerline, αo and

H0 are calculated using the smoothed 1985 DEM and the smoothed mass-

conserving bed (Morlighem et al., 2016), representing the pre-thinning geom-

etry, and the length, l, is the distance from the terminus to the local point.

All sliding laws are valid only where surface slope is positive and we

do not calculate the Peclet number where slope is less than or equal to zero.

Basal water pressure in the effective pressure sliding law formulation is set to

ice overburden pressure. The effective pressure law is invalid where the glacier

approaches flotation and we do not calculate the Peclet number where the

difference between ice thickness and water pressure (in ice thickness equivalent)

is less than or equal to 75 m.

2.6.6 Uncertainty.

Uncertainties in the mass-conserving bed solution, the 1985 DEM, and

the WorldView DEMs were propagated through the moving averaging, through

the analytic expressions for C0, D0, and ∂D0/∂x (Eqns. 2.18–2.23, through

Eqn. 2.4, and through the calculation for % unit volume loss. The procedure
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for creating the mass-conserving bed solution produces errors at each grid cell

(Morlighem et al., 2016). This yielded uncertainties in the Pe values, shown

in gray shading on Figs. 2.2 and 2.6–2.19 in Section 2.7.

2.6.7 Pe running maxima and unit volume loss.

We define “Pe running maxima” as the locations along the centerline

where Pe locally exceeds any downstream value of Pe (red on Fig. 2.2c). Per-

cent unit volume loss is defined as the cumulative thinning from the terminus

to each centerline location, as a percentage of total cumulative thinning ob-

served along the entire length of each glacier’s centerline (coloured curve on

Fig. 2.2b). We binned values of percent unit volume into windows of width Pe

= 1 and calculated the median, 25th and 75th percentiles. We do not propa-

gate uncertainties in % unit volume loss and running Pe maxima through these

statistics calculations because uncertainties in the statistics are more sensitive

to the scatter of values from all glaciers and less sensitive to the uncertainties

in the individual values, themselves.
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2.7 Supplemental Information

2.7.1 Advection-diffusion equation for ice thickness perturbations

Our derivation of the advection-diffusion equation for thickness pertur-

bations follows (Nye, 1960). We begin with the one-dimensional mass conti-

nuity equation for a glacier:

∂q

∂x
+
∂H

∂t
= ˙(b) (2.5)

where q is ice flux, H is ice thickness, ˙(b) is the surface mass balance, x is the

along-flow direction, and t is time. We assume that ice flux, q, is a function of

only ice thickness, H, and surface slope, α.

q = f(H,α) (2.6)

Consider a small perturbation of ice flux, ice thickness, and surface

slope, from a datum state:

ḃ = ḃ0 + ḃ1 (2.7)

H = H0 +H1 (2.8)

α = α0 + α1 (2.9)

q = q0 + q1 (2.10)

where the subscript “0” indicates the quantity is evaluated at the datum state

and the subscript “1” is the perturbation to that quantity. We assume that

at the datum state, the glacier is in steady state, such that ∂H0/∂t = 0 and

∂q0/∂x = ḃ0. Thus, by substituting Eqns. 2.7, 2.8, and 2.10 into 2.5, we

obtain:

∂q1
∂x

+
∂H1

∂t
= ḃ1 (2.11)
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The ice flux expression can be expanded as a Taylor series about the

datum state:

q = f(H,α) = f(H0, α0) +
∂q

∂h

∣∣∣∣
0

(H −H0) +
∂q

∂α

∣∣∣∣
0

(α− α0) + H.O.T. (2.12)

where H.O.T. represent higher-order terms. Using Eqns. 2.8, 2.9, and 2.10, we

can reformulate Eqn. 2.12. The higher-order terms are higher order in H1 and

α1 and, because we have assumed that the perturbation quantities are small,

we can neglect these terms:

q1 =
∂q

∂H

∣∣∣∣
0

H1 +
∂q

∂α

∣∣∣∣
0

α1 (2.13)

Now, we can substitute Eqn. 2.13 into Eqn. 2.11:

∂

∂x

(
∂q

∂H

∣∣∣∣
0

H1 +
∂q

∂α

∣∣∣∣
0

α1

)
+
∂H1

∂t
= ḃ1 (2.14)

We rearrange and combine terms to obtain:

∂H1

∂t
= ḃ1 −H1

∂C0

∂x
−
(
C0 −

∂D0

∂x

)
∂H1

∂x
+D0

∂2H1

∂x2
(2.15)

where ḃ1 is the surface mass balance anomaly; the coefficients C0 = ∂q/∂H|0

and D0 = ∂q/∂α|0; q is ice flux, H is ice thickness, α is the surface slope

and x is the along-flow direction upglacier from the terminus. The subscript

“1” represents perturbation quantities and “0” represents the datum state.

Eqn. 2.15 is the advection-diffusion equation which governs how ice thickness

perturbations, H1, evolve with time. All quantities in the equation are “local”

in that they are evaluated at a point, x, and the solution to the equation

describes the thickness perturbation at the same x.
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By removing the thickness change due to SMB anomaly, ḃ1, from the

total observed surface elevation change, we investigate how glacier dynamics

alone control glacier elevation changes. The second term, (∂C0/∂x)H1, mod-

ulates the timing of local thickness change by introducing an over-damped

component to the response which exponentially decays with time (Nye, 1960).

This response acts independently of nearby thickness perturbations. In con-

trast, the third and fourth (advective and diffusive) terms depend on the first

and second spatial derivatives of the thickness perturbation and thus depend

on adjacent thickness changes. These two terms govern the along-flow prop-

agation of H1 and are the focus of our study. Previous studies have used a

similar framework to study changes of tidewater glaciers in both Greenland

and Alaska (Pfeffer, 2007; van der Veen, 2001).

2.7.2 Glacier sliding laws

We use two glacier sliding laws: hard-bed sliding (Weertman, 1957)

and sliding based on effective pressure (Budd et al., 1979). Hard-bed sliding

is parameterized as:

q = KbH
m+1αm (2.16)

where m is a positive exponent and Kb is a function of the bed roughness (or

sliperiness). Kb and is independent of ice thickness, H, and surface slope, α.

For the effective pressure sliding law, we use the parameterization from

(Pfeffer, 2007):

q = κ
αnH(n+1)

(H − p̂w)m
(2.17)
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where n and m are positive exponents; p̂w = hwρw/ρi; hw is water depth;

ρw and ρi are water and ice densities, respectively; and κ is a dimensional

constant. κ is independent of ice thickness, H, and surface slope, α. Water

depth is the height of sea level (the geoid) above the bed and is set to zero

where the bed is above sea level.

These sliding formulations (Eqns. 2.16 and 2.17) have been used ex-

tensively in numerical ice sheet models (Bindschadler et al., 2013) and assume

a balance between the driving stress and the basal shear stress but ignore

membrane stresses. Therefore, prior to calculating Pe, we perform a moving

average of the bed and surface topography over a length of 10 times the local

ice thickness, a typical longitudinal coupling length for fast-flowing ice (Kamb

and Echelmeyer, 1986). At each point along the centerline, αo and H0 are

calculated using the smoothed 1985 DEM and the smoothed mass-conserving

bed (Morlighem et al., 2016), representing the pre-thinning geometry, and the

length, l, is the distance from the terminus to the local point.

Using Eqn. 2.16, we can evaluate the advection and diffusion coeffi-

cients in Eqn. 2.15:

C0 =
∂q

∂H

∣∣∣∣
0

= Kb(m+ 1)Hm
0 α

m
0 (2.18)

D0 =
∂q

∂α

∣∣∣∣
0

= Kb(m)Hm+1
0 αm−10 (2.19)

∂D0

∂x
= Kbm

(
(m+ 1)Hm

0

∂H0

∂x
αm−10 +Hm+1

0 (m− 1)αm−20

∂α0

∂x

)
(2.20)

Using Eqn. 2.17, we can evaluate the advection and diffusion coeffi-

cients in Eqn. 2.15. These are the same expressions as in (Pfeffer, 2007) but
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duplicated here for completeness:

C0 =
∂q

∂H

∣∣∣∣
0

= κ
(H0α)n

(H0 − p̂w)m

[
1 +

(n−m)H0 − np̂w
H0 − p̂w

]
(2.21)

D0 =
∂q

∂α

∣∣∣∣
0

= κn

(
αn−10 Hn+1

0

(H0 − p̂w)m

)
(2.22)

∂D0

∂x
= κ

(
n(n− 1)αn−20 Hn+1

0

(H0 − p̂w)m
∂α0

∂x
+
n(n+ 1)αn−10 Hn

0

(H0 − p̂w)m
∂H0

∂x

−nm(∂H0/∂x− ∂p̂w/∂x)αn−10 Hn+1
0

(H0 − p̂w)m+1

)
(2.23)

When we evaluate the Peclet number, the leading factors Kb and κ are

cancelled out in the ratio. We note that the Peclet number can be negative

when the coefficient of advection is negative (Figs. S2-16). The implication of

this is that, at these locations, thinning perturbations can advect upglacier.

In this study, we are focusing on inland thinning limits, where the rate of

downglacier advection is larger than the rate of diffusion. For downglacier ad-

vection to occur, the Peclet number at these limits must be positive therefore,

we do not devote any attention to negative Peclet numbers.

2.7.3 Thinning due to changes in basal hydrology

It has been observed at Columbia Glacier, Alaska, that rapid tidewater

glacier sliding can be initiated by increased rain and meltwater input to the

bed. (Kamb et al., 1994; Meier et al., 1994) The increase in measured speeds

was found to be, at most, 1.5 m/day. Assuming that the observed speedup

lasts over the lowest 20 km of Columbia Glacier (where measurements were

taken) and assuming that upglacier of the measurements, the speed didnt
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change, we can determine the thinning rate from mass conservation to be 0.05

m/day (using a glacier thickness of 700 m). Assuming these events last 5

days, the total thinning is 0.25 m. Furthermore, (Schoof, 2010) showed that

higher summer melt rates are likely to suppress the magnitude and duration

of glacier speedup in summer because of faster channelization. Short-term

bursts of water supplied to the bed overwhelm the hydrologic system and can

have a large effect on glacier velocity, but the speedup lasts for a short time

scales (∼ days) before returning to its pre-burst state. Given this, we can

safely assume that, although basal hydrology can have a significant impact on

short-term velocities (i.e., rapid sliding events), it does not have a large effect

on the long-term surface elevation change. The magnitude of changes that

were observing (<100 m of thinning at some glaciers) is likely dominated by

a kinematic adjustment to terminus retreat.

2.7.4 Justification for linearization

To ensure that the linearized kinematic wave equation is an appropri-

ate approximation, we compare the magnitudes of the linear terms with the

magnitudes of the second order terms that were neglected in the linearization.

The second-order terms that we have neglected in the Taylor series expansion

of the hard-bed sliding law are:

H.O.T. = (1/2)
∂2q

∂H2

∣∣∣∣
0

(H1)
2 +

∂2q

∂α∂H

∣∣∣∣
0

(H1)(α1) + (1/2)
∂2q

∂α2

∣∣∣∣
0

(α1)
2 (2.24)
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where

∂2q

∂H2

∣∣∣∣
0

(H1)
2 = Kb(m+ 1)mHm−1

0 αm0 (H1)
2 (2.25)

∂2q

∂α2

∣∣∣∣
0

(α1)
2 = Kb(m)(m− 1)Hm+1

0 αm−20 (α1)
2 (2.26)

∂2q

∂α∂H

∣∣∣∣
0

(H1)(α1) = Kb(m)(m+ 1)Hm
0 α

m−1
0 (H1)(α1) (2.27)

We compare the second-order terms to the zeroth- and first-order terms:

q0 = KbH
m+1
0 αm0 (2.28)

∂q

∂H

∣∣∣∣
0

(H1) = Kb(m+ 1)Hm
0 α

m
0 (H1) (2.29)

∂q

∂α

∣∣∣∣
0

(α1) = Kb(m)Hm+1
0 αm−10 (α1) (2.30)

To compare the terms, we use typical orders of magnitude observed for

ice thickness, surface slope, thickness change, and slope change:

H0 ≈ 103 (2.31)

α0 ≈ 10−2 (2.32)

H1 ≈ 10 (2.33)

α ≈ 10−3 (2.34)

(2.35)

We compare terms for several values of the sliding exponent, m, and

evaluate the summation of terms using the orders of magnitude above:

m 0th and 1st 2nd

1 1.3e4 3.0e2
2 1.5e5 1.0e4
3 1.7e6 2.1e5
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In all cases, the summation of the zeroth- and first-order terms is at

least one order of magnitude larger than the summation of the second-order

terms. This demonstrates that, for the magnitude of observed perturbations,

the linearized approximation to the ice flow equation is appropriate. Thus, we

expect thinning to behave as kinematic waves after the initial perturbation.
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2.7.5 Supplementary Figures and Tables

Figure 2.4: Surface elevation change due to SMB. (a) Dynamic dh
from DEM differences (red-blue) and SMB zero-contour (green). (b) Surface
elevation change anomaly from the 1971–1988 mean, summed from August
1985 to August 2014. SMB converted to elevation change using constant ice
density of 917 kg m−3, from 1 km downscaled RACMO2.3. SMB anomaly
fields summed to August 2012 and to August 2013 are qualitatively similar to
the one shown.
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Table 2.1: WorldView imagery IDs, acquisition dates, and vertical shifts or-
ganized by glacier. Glacier names are in Danish or New Greenlandic, where a
Danish name is not available (Bjørk et al., 2015).

Glacier WV catalog IDs Acquisition date DEM vertical
shift(m)

Inngia Isbræ (ING) 10300100196E1800 22 May 2012 -6.63
1030010019340900

Inngia Isbræ (ING) 1030010018093600 22 May 2012 -1.21
1030010019B80B00

Umiammakku Isbræ (UMI) 1030010027AB7000 12 Oct 2013 -17.18
10300100283A7300

Umiammakku Isbræ (UMI) 1020010022061700 24 May 2013 -18.92
10200100213AF500

Umiammakku Isbræ (UMI) 1020010020E0A700 10 Apr 2013 -13.83
10200100210AC200

Rink Isbræ (RNK) 10200100246F0C00 11 Aug 2013 -11.43
1020010026D4DA00

Rink Isbræ (RNK) 102001002434FF00 20 Aug 2013 -4.78
10200100248C1D00

Rink Isbræ (RNK) 10300100286EF100 16 Oct 2013 6.18
1030010028CD9900

Rink Isbræ (RNK) 102001001C677D00 29 Jun 2012 -9.62
102001001BE62300

Kangerlussuup Sermersua (KAS) 10300100246F7700 04 Aug 2013 -12.06
10300100260CED00

Kangerlussuup Sermersua (KAS) 102001001C999A00 31 Aug 2012 1.63
102001001CC47600

Kangerluarsuup Sermia (KSS) 102001001CC47600 31 Aug 2012 3.44
102001001C999A00

Perlerfiup Sermia (PRD) 1020010022209C00 15 Apr 2013 2.08
102001002061B000

Perlerfiup Sermia (PRD) 10200100211D3C00 10 Apr 2013 5.06
1020010021C54D00

Perlerfiup Sermia (PRD) 103001001F82E300 21 Mar 2013 6.82
1030010020B16400

Perlerfiup Sermia (PRD) 102001001C677D00 29 Jun 2012 -4.91
102001001BE62300

Sermeq Silarleq (SIL) 1020010022209C00 14 Apr 2013 2.08
102001002061B000

Sermeq Silarleq (SIL) 10200100211D3C00 10 Apr 2013 5.06
1020010021C54D00

Kangilleq (KNG) 102001001CC9A400 16 Jul 2012 -0.39
102001001E05D900

Kangilleq (KNG) 103001001F82E300 21 Mar 2013 6.01
1030010020B16400
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Table 2.2: (continued) WorldView imagery IDs, acquisition dates, and vertical
shifts organized by glacier. Glacier names are in Danish or New Greenlandic,
where a Danish name is not available (Bjørk et al., 2015).

Glacier WV catalog IDs Acquisition date DEM vertical
shift(m)

Sermilik (LIK) 1020010022209C00 15 Apr 2013 2.08
102001002061B000

Sermilik (LIK) 10200100211D3C00 10 Apr 2013 5.06
1020010021C54D00

Sermilik (LIK) 103001001F82E300 21 Mar 2013 6.82
1030010020B16400

Lille Gletsjer (LIL) 1020010022209C00 14 Apr 2013 2.08
102001002061B000

Lille Gletsjer (LIL) 10200100211D3C00 10 Apr 2013 5.06
1020010021C54D00

Store Gletsjer (STR) 1020010024DBA200 22 Jul 2013 -1.55
10200100246C5400

Sermeq Avannarleq (AVA) 1020010025091500 22 Jul 2013 2.56
1020010022691F00

Sermeq Kujalleq (KUJ) 102001002221A000 19 Mar 2013 4.35
102001001FCFC600

Sermeq Kujalleq (KUJ) 10300100208CF100 04 Apr 2013 2.25
1030010022828900

Sermeq Kujalleq (KUJ) 103001001F82E300 21 Mar 2013 6.82
1030010020B16400

Sermeq Kujalleq (KUJ) 103001003164AD00 01 Jul 2014 0.38
103001003447AF00

Kangilernata Sermia (KAN) 10300100343B7700 04 Jul 2014 1.35
10300100338FB400

Kangilernata Sermia (KAN) 103001003164AD00 01 Jul 2014 -0.06
103001003447AF00

Eqip Sermia (EQI) 10300100343B7700 04 Jul 2014 1.35
10300100338FB400

Eqip Sermia (EQI) 103001003164AD00 01 Jul 2014 -0.06
103001003447AF00

Jakobshavn Isbræ (JAK) 1020010040600A00 19 Jul 2015 1.69
1020010041D71300
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Table 2.3: Total mass change from DEM differencing partitioned by glacier
catchment. Volume change converted to mass change using constant ice den-
sity of 917 kg m−3. Terminus retreat measured along the glacier centerlines
from 1985 to position in present-day WorldView DEMs.

Glacier Mass change Error Error Retreat
lower bound upper bound

(Gt) (Gt) (Gt) (km)
Inngia Isbræ (ING) -3.870 0.004 2.18 6.5
Umiammakku Isbræ (UMI) -13.138 0.005 2.07 4.5
Rink Isbræ (RNK) 0.214 0.006 3.10 1.5
Kangerlussuup Sermersua (KAS) 3.780 0.007 3.02 0.0
Kangerluarsuup Sermia (KSS) -1.900 0.002 0.23 1.5
Perlerfiup Sermia (PRD) -1.940 0.002 0.37 2.5
Sermeq Silarleq (SIL) -14.460 0.006 3.79 4.0
Kangilleq (KNG) -0.421 0.004 1.00 0.0
Sermilik (LIK) -0.078 0.004 1.02 0.0
Lille Gletsjer (LIL) -0.713 0.003 0.76 1.0
Store Gletscher (STR) 2.101 0.005 2.08 0.0
Sermeq Avannarleq (AVA) 0.645 0.005 1.68 0.0
Sermeq Kujalleq (KUJ) -0.941 0.004 1.02 0.0
Kangilernata Sermia (KAN) -9.835 0.011 7.08 3.0
Eqip Sermia (EQI) -4.150 0.009 4.66 2.5
Jakobshavn Isbræ (JAK) -189.985 0.021 14.37 15.8
Region -234.691
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Figure 2.5: Centerline profile of Ingia Isbræ (ING). (a) Elevations
above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. Dashed line indicates an extrapolation of mass-conserving
bed elevation, where the mass-conserving bed may not reflect the true bed.
(b) Dynamic surface elevation change and % unit volume loss. (c) Pe (hard-
bed sliding, m=1) calculated from the 1985 surface with shading reflecting
propagated errors. (d) Pe (hard-bed sliding, m=2) calculated from the 1985
surface with shading reflecting propagated errors. (e) Pe (hard-bed sliding,
m=3) calculated from the 1985 surface with shading reflecting propagated er-
rors. (f) Pe (effective pressure sliding) calculated from the 1985 surface with
shading reflecting propagated errors. Pe running maxima shown in red. Green
vertical shaded bars reflect uncertainty bounds within which % unit volume
loss crosses 94%. 42
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Figure 2.6: Centerline profile of Umiamako Isbræ (UMI). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.7: Centerline profile of Rink Isbræ (RNK). (a) Elevations
above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. Dashed line indicates an extrapolation of mass-conserving
bed elevation, where the mass-conserving bed may not reflect the true bed.
(b) Dynamic surface elevation change and % unit volume loss. (c) Pe (hard-
bed sliding, m=1) calculated from the 1985 surface with shading reflecting
propagated errors. (d) Pe (hard-bed sliding, m=2) calculated from the 1985
surface with shading reflecting propagated errors. (e) Pe (hard-bed sliding,
m=3) calculated from the 1985 surface with shading reflecting propagated er-
rors. (f) Pe (effective pressure sliding) calculated from the 1985 surface with
shading reflecting propagated errors. Pe running maxima shown in red. Green
vertical shaded bars reflect uncertainty bounds within which % unit volume
loss crosses 94%. 44
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Figure 2.8: Centerline profile of Kangerlussuup Sermersua (KAS).
(a) Elevations above the WGS-84 ellipsoid for 1985 (blue) and present-day
(red) glacier surfaces and mass-conserving bed (black) (Morlighem et al., 2016)
along the glacier centerline. (b) Dynamic surface elevation change and % unit
volume loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface
with shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2)
calculated from the 1985 surface with shading reflecting propagated errors.
(e) Pe (hard-bed sliding, m=3) calculated from the 1985 surface with shading
reflecting propagated errors. (f) Pe (effective pressure sliding) calculated from
the 1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.9: Centerline profile of Kangerluarsuup Sermia (KSS). (a)
Elevations above the WGS-84 ellipsoid for 1985 (blue) and present-day (red)
glacier surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along
the glacier centerline. (b) Dynamic surface elevation change and % unit vol-
ume loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface
with shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2)
calculated from the 1985 surface with shading reflecting propagated errors.
(e) Pe (hard-bed sliding, m=3) calculated from the 1985 surface with shad-
ing reflecting propagated errors. (f) Pe (effective pressure sliding) calculated
from the 1985 surface with shading reflecting propagated errors. Pe running
maxima shown in red. Green vertical shaded bars reflect uncertainty bounds
within which % unit volume loss crosses 94%.
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Figure 2.10: Centerline profile of Perlerfiup Sermia (PRD). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.11: Centerline profile of Sermeq Silarleq (SIL). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.

48



0

500

1000

1500

e
le

v
a
ti

o
n
 (

m
)

a

75

50

25

0

25

50

d
y
n
. 
∆

h
 (

m
) b

2

0

2

4

P
e

c m=1

2

0

2

4

P
e

d m=2

5

0

5

P
e

e m=3

0 5 10 15 20 25
centerline distance (km)

5

0

5

10

P
e

f eff. press.

0 50 100
% unit volume loss

Figure 2.12: Centerline profile of Kangilleq (KNG). (a) Elevations
above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.13: Centerline profile of Sermilik (LIK). (a) Elevations above
the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier surfaces
and mass-conserving bed (black) (Morlighem et al., 2016) along the glacier
centerline. (b) Dynamic surface elevation change and % unit volume loss.
(c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with shading
reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calculated from
the 1985 surface with shading reflecting propagated errors. (e) Pe (hard-
bed sliding, m=3) calculated from the 1985 surface with shading reflecting
propagated errors. (f) Pe (effective pressure sliding) calculated from the 1985
surface with shading reflecting propagated errors. Pe running maxima shown
in red. Green vertical shaded bars reflect uncertainty bounds within which %
unit volume loss crosses 94%.
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Figure 2.14: Centerline profile of Lille Gletsjer (LIL). (a) Elevations
above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier sur-
faces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. Dashed line indicates an extrapolation of mass-conserving
bed elevation, where the mass-conserving bed may not reflect the true bed.
(b) Dynamic surface elevation change and % unit volume loss. (c) Pe (hard-
bed sliding, m=1) calculated from the 1985 surface with shading reflecting
propagated errors. (d) Pe (hard-bed sliding, m=2) calculated from the 1985
surface with shading reflecting propagated errors. (e) Pe (hard-bed sliding,
m=3) calculated from the 1985 surface with shading reflecting propagated er-
rors. (f) Pe (effective pressure sliding) calculated from the 1985 surface with
shading reflecting propagated errors. Pe running maxima shown in red. Green
vertical shaded bars reflect uncertainty bounds within which % unit volume
loss crosses 94%. 51
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Figure 2.15: Centerline profile of Store Gletscher (STR). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.16: Centerline profile of Sermeq Avannarleq (AVA). (a) El-
evations above the WGS-84 ellipsoid for 1985 (blue) and present-day (red)
glacier surfaces and mass-conserving bed (black) (Morlighem et al., 2016)
along the glacier centerline. Dashed line indicates an extrapolation of mass-
conserving bed elevation, where the mass-conserving bed may not reflect the
true bed. (b) Dynamic surface elevation change and % unit volume loss. (c)
Pe (hard-bed sliding, m=1) calculated from the 1985 surface with shading re-
flecting propagated errors. (d) Pe (hard-bed sliding, m=2) calculated from the
1985 surface with shading reflecting propagated errors. (e) Pe (hard-bed slid-
ing, m=3) calculated from the 1985 surface with shading reflecting propagated
errors. (f) Pe (effective pressure sliding) calculated from the 1985 surface with
shading reflecting propagated errors. Pe running maxima shown in red. Green
vertical shaded bars reflect uncertainty bounds within which % unit volume
loss crosses 94%. 53
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Figure 2.17: Centerline profile of Sermeq Kujalleq (KUJ). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.
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Figure 2.18: Centerline profile of Kangilernata Sermia (KAN). (a)
Elevations above the WGS-84 ellipsoid for 1985 (blue) and present-day (red)
glacier surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along
the glacier centerline. (b) Dynamic surface elevation change and % unit vol-
ume loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface
with shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2)
calculated from the 1985 surface with shading reflecting propagated errors.
(e) Pe (hard-bed sliding, m=3) calculated from the 1985 surface with shad-
ing reflecting propagated errors. (f) Pe (effective pressure sliding) calculated
from the 1985 surface with shading reflecting propagated errors. Pe running
maxima shown in red. Green vertical shaded bars reflect uncertainty bounds
within which % unit volume loss crosses 94%.
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Figure 2.19: Centerline profile of Eqip Sermia (EQI). (a) Elevations
above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier sur-
faces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. (b) Dynamic surface elevation change and % unit volume
loss. (c) Pe (hard-bed sliding, m=1) calculated from the 1985 surface with
shading reflecting propagated errors. (d) Pe (hard-bed sliding, m=2) calcu-
lated from the 1985 surface with shading reflecting propagated errors. (e) Pe
(hard-bed sliding, m=3) calculated from the 1985 surface with shading reflect-
ing propagated errors. (f) Pe (effective pressure sliding) calculated from the
1985 surface with shading reflecting propagated errors. Pe running maxima
shown in red. Green vertical shaded bars reflect uncertainty bounds within
which % unit volume loss crosses 94%.

56



a b

c d

Figure 2.20: Peclet number running maxima and % unit volume
loss. Percent unit volume loss plotted against the running maximum Pe for 12
dynamically thinning west Greenland outlet glaciers using four formulations
of glacier sliding: (a) hard bed sliding law with sliding exponent m = 1
(Weertman, 1957), (b) hard bed sliding law with sliding exponent m = 2
(Weertman, 1957), (c) hard bed sliding law with sliding exponent m = 3
(Weertman, 1957), and (d) the effective pressure sliding law (Budd et al.,
1979). Median % unit volume loss within a moving window of width 1 Pe is
calculated for each glacier and black dots are medians of the glacier median
values with error bars representing the 25th and 75th percentiles of % unit
volume loss.
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Figure 2.21: Centerline profile of Umiamako Sermia (UMI). (a) Eleva-
tions above the WGS-84 ellipsoid for 1985 (blue) and present-day (red) glacier
surfaces and mass-conserving bed (black) (Morlighem et al., 2016) along the
glacier centerline. Dashed line indicates an extrapolation of mass-conserving
bed elevation, where the mass-conserving bed may not reflect the true bed.
(b) Dynamic surface elevation change and % unit volume loss. (c) Pe cal-
culated from the 1985 surface (blue)(Howat et al., 2014) and the WV surface
(red) shows that the Pe has changed only slightly as the glacier has thinned
and retreated over time.
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Chapter 3

Steep glacier bed knickpoints mitigate inland

thinning in Greenland

The contents of this chapter is currently under review at Science.1

3.1 Abstract

Greenland exhibits significant heterogeneity in the spatial pattern of

ice mass loss through ocean-terminating outlet glaciers, however our inability

to determine the controls on this heterogeneity limits our potential to predict

future mass loss. Previous modeling work has demonstrated that ice sheet

thinning can be modeled as a diffusive-kinematic wave. Application of this

model enables us to identify the geometry that controls the limits to dynamic

thinning for 141 of Greenland’s 156 ocean-terminating glaciers. We find that

more than half of the thinning limits correspond to previously unreported

knickpoints in bed topography at locations where the bed steeply rises above

1Felikson, D., Catania, G. A., Bartholomaus, T. C., and Morlighem, M. (2018). Steep
glacier bed knickpoints mitigate inland thinning in Greenland. Manuscript submitted for
publication.

D.F. and G.A.C. designed the study. D.F. compiled glacier inventory, calculated
DEM difference, performed the kinematic wave analysis, and compiled statistics. G.A.C.
initiated interpretation of bed features as knickpoints. D.F. and M.M. evaluated quality of
bed topography. D.F., T.C.B. and G.A.C. interpreted the kinematic wave theory results.
All authors discussed the results and commented on the manuscript.
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sea level. Observed heterogeneity in mass loss around Greenland can be ex-

plained by the heterogeneity in the inland location of glacier bed knickpoints

and their steepness; glaciers with the potential to thin far inland are more

often found in regions of gentle bed topography while glaciers with limited

potential to thin far inland are more often found in regions with mountainous

topography and steeper knickpoints.

3.2 Introduction

Since the early to mid-1990s, the Greenland Ice Sheet (GrIS) has been

losing mass at an accelerating rate with dynamic mass loss due to increased

discharge from ocean-terminating outlet glaciers accounting for 40% of the to-

tal (van den Broeke et al., 2016). Retreat and acceleration of outlet glaciers

(Bevan et al., 2012; Holland et al., 2008; Khan et al., 2014a; Kjær et al., 2012;

Larsen et al., 2016) has caused thinning, initiated at outlet glacier termini, to

diffuse inland (Bindschadler, 1997; Nick et al., 2009; Nye, 1960; Payne et al.,

2004; Price et al., 2011; van der Veen, 2001). Long-term (>3 yrs) diffusion

of thinning into the interior from outlet glaciers can account for 75% of com-

mitted ice sheet mass loss over the century following initial retreat and thus

constitutes a large contribution to sea-level rise (Price et al., 2011). In ad-

dition, dynamic loss of ice via outlet glaciers in Greenland is heterogeneous

between individual and even neighboring glaciers (Csatho et al., 2014; Felik-

son et al., 2017b; Howat et al., 2008b; Porter et al., 2014). Because the GrIS

has over one hundred ocean-terminating glaciers (Section 3.6), characterizing

the controls for each glacier is challenging. Many studies have examined how
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glacier geometry controls terminus retreat (Carr et al., 2014; Gudmundsson

et al., 2012; Jamieson et al., 2012, 2014; Robel et al., 2016; Schoof, 2007; Steiger

et al., 2017) but few have explored geometric controls on thinning (McFadden

et al., 2011). In Chapter 2, our results suggested that the unique geometry

of each outlet glacier sets the limit to inland thinning, however no study has

assessed the potential geometric controls on inland thinning around the en-

tire GrIS, nor which specific aspect of glacier geometry is most important. In

this Chapter, we use observations of the ice sheet surface to measure how far

inland dynamic thinning has spread from outlet glacier termini around the

entire GrIS. We examine glacier bed topography in the regions where the in-

land spread of thinning is inhibited. By doing so, we identify and characterize

previously unreported glacier bed knickpoints as prevalent features around the

ice sheet that will influence the future contribution to sea level from the GrIS.

3.3 Methods

To calibrate an empirical limit to thinning, we use the same method

that we used in Chapter 2, now utilizing digital elevation models (DEMs) that

provide expanded spatial coverage of the entire ice sheet margin. To measure

total glacier thickness change, we difference a DEM of the ice sheet surface

created from an aerial photo survey of the GrIS margin, collected between 1978

and 1987 (Korsgaard et al., 2016), from a DEM of the present-day ice sheet

surface elevation, compiled by the Polar Geospatial Center into the ArcticDEM

product. We isolate dynamic thickness change by removing the integrated,

∼35 yr, surface mass balance (SMB) anomaly from total thinning using an
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estimate of SMB from the regional climate model, RACMO2.3, downscaled

to a spatial resolution of 1 km (Noel et al., 2016, Section 3.6). We create a

comprehensive list of ocean-terminating glaciers from two previous catalogues

(Joughin et al., 2015, 2017; Moon and Joughin, 2008; Rignot and Mouginot,

2012) and identify ocean-terminating glaciers that have well-constrained bed

topography in the BedMachine product (Morlighem et al., 2017, Section 3.6).

Of these 141 glaciers, we find that 74 glaciers (52%) have dynamic thinning

limited to within the spatial extent of the DEM difference, 32 glaciers (23%)

have thinned beyond the extent of the DEM difference, and the remainder

have not dynamically thinned.

We model dynamic thinning originating at the termini of ocean-terminating

glaciers as a diffusive-kinematic wave, allowing us to identify features in bed to-

pography that set limits to inland diffusion of thinning around the GrIS (Nye,

1960). As ocean-terminating glacier termini retreat, thinning is initiated that

diffuses inland. Thinning limits are determined along glacier flowlines using

the Péclet number (Pe), a ratio of the rates of downstream advection to dif-

fusion of the kinematic wave of thinning. Along glacier flow, where Pe is

high, the rate of downglacier advection of thinning will outpace upglacier dif-

fusion; thus, by finding high Pe, we can find the upglacier limits to dynamic

thinning. We expand on the approach described in Chapter 2 by assessing

each glacier’s across-flow geometry with at least 6 and up to 18 flowlines, al-

lowing us to obtain a more representative measure of the impact of glacier

geometry on thinning limits. For each surveyed glacier, we find the furthest

inland dynamic thinning limits through an iterative approach using increas-
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ingly finer across-glacier resolution (Section 3.6). From the set of all iterated

flowlines, we remove flowlines with thinning limits that are located far out-

side the interquartile range of distances to thinning limits (Section 3.6). This

neglects flowlines that are not representative of the average across-flow geom-

etry. Within a single glacier, thinning limits closer to the glacier terminus

along some flowlines have the potential to reduce the overall measure of that

glacier’s inland thinning extent (Figs. 3.9–3.25). We thus mitigate the poten-

tial undesirable impact of non-representative flowlines and produce a single

metric of glacier-wide thinning limits by subtracting one standard deviation of

the distances to inland thinning limits from the distance to the furthest inland

thinning limit. Herein, we discuss thinning limits along individual flowlines as

well as glacier-wide thinning limits.

For glaciers where observed thinning occurs within the DEM-difference

boundaries, we find that 89% of their volume loss (interquartile range of 74% –

100%) occurs downstream of where the Pe first exceeds 3 (Fig. 3.5). Our sur-

vey of West Greenland glaciers in Chapter 2 yielded a median volume loss at

the location where Pe exceeds 3 that is slightly higher but within the interquar-

tile range presented here (Section 2.4). This is due to the improvement in our

methodology from Chapter 2 to Chapter 3 and our broader survey of glaciers

around the entire GrIS. As in Chapter 2, in a predictive sense, we expect the

potential for thinning to diffuse from the terminus to the location where the

Pe first exceeds 3 for all glaciers, irrespective of their having thinned previ-

ously. Further inland of the locations of this empirical thinning limit along

each glacier’s flow, the ice sheet is unlikely to experience large dynamic volume
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loss initiated at glacier termini. Thus, we identify the locations of thinning

limits along each surveyed flowline and we examine glacier geometry in the

vicinity of the thinning limits for all glaciers in Greenland.

3.4 Results and discussion

Around the GrIS, we find that 70% of all surveyed flowlines have knick-

points in bed topography, where the bed rises steeply above sea-level at the

heads of submarine troughs (Fig. 3.1; Section 3.6). Knickpoints represent step

changes in bed topography that separate troughs, which lie below sea level,

and the inland bed; knickpoints have a median height of 940 m occurring over

a median extent of 37 km (Fig. 3.7). The slopes of knickpoints are variable

across the ice sheet with a median change in slope between the troughs and

the knickpoints of 2.7 deg (Fig. 3.1g). Although this change in slope is seem-

ingly small, 89% of flowlines with an identified knickpoint have thinning limits

(Pe=3) within the extent of the knickpoint, indicating that these bed features

are significant in mitigating the inland diffusion of terminus-initiated thinning.

Steep slopes at knickpoints play an important role in ice dynamics by

setting thinning limits. To illustrate, we make use of two examples. Helheim-

gletscher (HG) in East Greenland is typical of glaciers with steep knickpoints

that limit thinning while Kakivfaat Sermiat (KS) in West Greenland exem-

plifies glaciers with more gentle knickpoints and a large mismatch between

knickpoint location and the predicted extent of thinning (Fig 3.1). Submarine

glacier troughs along both glaciers accommodate low Pe numbers (<3) due to

smooth, gentle beds and thus, gentle surface slopes that permit the upstream
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diffusion of thinning perturbations following terminus retreat (Fig. 3.1b-c and

e-f). At the HG knickpoint, steep bed slopes (2.8 deg) produce steep surface

slopes and relatively thinner ice, increasing the rate of downglacier advection

of thinning perturbations and yielding high Pe numbers that exceed the em-

pirical limit (Pe>3) along all flowlines. Thinning perturbations that initiate

at the HG terminus are thus stalled at the knickpoint by the continuous, rapid

flow of thicker ice from above. In contrast, glaciers without knickpoints or

ones with gentle knickpoints, such as KS, have lower bed slopes (0.62 deg at

the KS knickpoint) where the bed crosses sea level. These gentler slopes allow

thinning to diffuse inland, beyond the location where the bed rises above sea

level. Gentle bed slopes along four of the six KS flowlines allow thinning to

propagate more than 400 km beyond the knickpoint locations (Fig. 3.1a). The

remaining two KS flowlines have steeper knickpoint slopes (>1 deg) that set

thinning limits within 20 km of the terminus. However, steep slopes along

individual flowlines may not be enough to limit inland thinning for a given

glacier and we suggest that the collective behavior of all flowlines impacts the

distance to inland thinning for each glacier.

The combination of flow confluence of glacier tributaries (Kessler et al.,

2008; MacGregor et al., 2000) and higher basal sliding speeds within glacier

troughs produces higher erosion rates compared to the slow-flowing interior

(Hallet, 1979; Herman et al., 2015). Modeling has shown that steeper knick-

points are notched into the landscape where ice is topographically steered

through high relief (Kessler et al., 2008). Our ice-sheet-wide findings corrob-

orate this model expectation; flowlines for glaciers situated in mountainous
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Figure 3.1: (a,d) Along-flow bed topography with distance from terminus
showing trough (blue), knickpoint (red), and upglacier (green) regions. (b,e)
Bed slope along flowlines overlaid on bed topography. (c,f) Pe along flowlines
overlaid on bed topography. Kakivfaat Sermiat (KS) plots outlined in blue (a-
c) and location of the glacier is shown as a blue dot on the map of Greenland;
Helheimgletscher (HG) figures outlined in green (d-f) and location is shown
as green dot. Map views of KS are shown along with two additional ocean-
terminating outlet glaciers to the north that exhibit similar characteristics as
KS. Predicted thinning limits shown as black diamonds in a and c. (d-f)
Similar to a-c at Helheimgletscher. (g) Histogram of differences in bed slope
between the knickpoint and the trough along all surveyed flowlines with large
bed rises at sea level.
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topography converge to flow down relatively steeper knickpoints (Fig. 3.8,

Section 3.6), causing more flowlines across glacier flow to have thinning limits

that are collocated with knickpoints. In contrast, glaciers in non-mountainous

regions have flowlines that are not strongly topographically steered to converge

and flow down steep knickpoints and we find larger discrepancies between thin-

ning limits and the distance to sea-level, often with thinning limits extending

far inland along multiple flowlines (Fig. 3.2). The standard deviation of dis-

tances between the location where the bed rises above sea level and predicted

thinning limits is 144 km within mountainous regions and 894 km within gentle

bed topography. Our corroboration of the modeling hypothesis suggests that

the formation of mountains in East Greenland 350 My ago (McKerrow et al.,

2000) may have produced the bed topography that ultimately mitigates con-

temporary inland mass loss. On the other hand, the lack of mountain building

in particular regions has permitted outlet glacier geometries that can transmit

thinning deep into the ice sheet interior. Eight glaciers, situated in drainage

systems with gentle bed topography (1.1, 4.2, 8.1, and 8.2), have flowlines with

thinning limits >200 km beyond their submarine troughs (Fig. 3.2), making

these four drainage systems particularly vulnerable to inland ice sheet mass

loss.

While the potential for diffusive thinning to propagate into the ice

sheet interior is governed by regional patterns in bed topography and the

presence or absence of knickpoints, the potential sea-level rise contribution

from thinning diffusion depends also on rates of ice flux. Perturbed glaciers

with higher ice fluxes will discharge more ice from larger portions of the ice
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sheet. To determine the potential of glacier catchments to contribute to future

sea-level rise, we rank all 141 glaciers by their glacier-wide thinning limits and,

separately, by their present-day ice flux. We average the two rankings, placing

equal importance on thinning limits and ice flux (Table 3.1) and find that the

top 20 glaciers with the largest potential to contribute to future sea-level rise

are distributed around the ice sheet (Fig. 3.3a). As glacier geometry changes

in response to terminus retreat, the predicted thinning limits and ice flux may

also change. Therefore, the rankings of Greenland’s glaciers may change as

well. Thus, this current work represents our best current projection for the

relative potential of each glacier to contribute to sea-level rise and this may

be reevaluated in the future as the glaciers respond, using the method that we

have described.

We find that the absence of knickpoints, or knickpoints with relatively

low slopes along the majority of flowlines, allows glaciers with relatively low

ice flux to have a high potential to contribute to sea-level rise because they

are predisposed to thin far inland (Table 3.1). Of the glaciers with the largest

potential to contribute to sea-level rise, two do not have a knickpoint at sea

level and three others have knickpoints that do not set thinning limits because

they have relatively low slopes (<1 deg). The remaining 15 glaciers have

knickpoints that set thinning limits but these glaciers have a high potential

to contribute to future sea-level rise because of either large flux (>3 km3/yr)

or because the glacier-wide thinning limit set by the knickpoint is located

far inland (>40 km). Of the top 20, only three are currently stable and

not presently thinning: Petermann Gletscher, Daugaard-Jensen Gletsjer, and
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Kong Christian IV Gletscher. Several of our top 20 glaciers are the subject

of significant research, such as Jakobshavn Isbræ, Kangerlussuaq Gletscher,

and Helheimgletscher. However, we identify many glaciers with comparatively

little attention, such as Kakivfaat Sermiat, Humboldt Gletscher, and Ikertivaq

N. These glaciers have the potential to be large contributors of dynamic ice

mass loss as thinning perturbations diffuse hundreds of kilometers into the

ice sheet interior within their catchments. A group of seven glaciers near

Kakivfaat Sermiat are of particular concern because their ice catchments are

adjacent and cumulatively account for 6 km3/yr of ice discharge with predicted

thinning limits that range from 65 to 406 km into the ice sheet interior (Figs.

3.9–3.25).

3.5 Conclusion

Our results broadly agree with satellite observations that have mea-

sured the largest rates of dynamic thinning and mass loss along the southeast

and northwest margins (Csatho et al., 2014; Velicogna et al., 2014); 12 of the

top 20 glaciers are in drainage systems 8.1 (northwest) and 3.3, 4.1, and 4.2

(southeast). Outside of these currently changing regions, our glacier ranking

identifies glaciers that have not yet experienced large changes but have a large

potential to contribute to sea-level rise. Furthermore, the inland thinning lim-

its that we have identified can be used to interpret observed ice sheet changes;

dynamic thinning inland of our predicted thinning limits is more likely to oc-

cur due to processes other than terminus retreat, such as an increase in basal

sliding from transient surface melt. Although subglacial bed knickpoints may
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Table 3.1: Twenty glaciers with highest potential to contribute to future sea-level rise. Glacier-
wide thinning limit is the maximum distance from terminus to predicted thinning limits minus one standard
deviation of all distances to predicted thinning limits across-flow. Flux is width-averaged obtained by
multiplying terminus velocity by terminus depth. Knickpoint slope is median slope of linear fits to the bed
elevations within the knickpoint across all glacier flowlines. Table rows are colored to indicate mountainous
(red) and gentle (blue) bed topography.

glacier-wide knickpoint knickpoint
thinning flux sets thinning slope

glacier name rank basin limit (km) (km3/yr) limit? (deg)
Petermann Gletscher† 1 1.1 380.9 5.85 yes 0.36
Køge Bugt C 2 4.2 108.7 9.82 yes 1.22
Jakobshavn Isbræ 3 7.1 57.9 21.30 yes 1.05
Kakivfaat Sermiat 4 8.1 406.0 2.97 no 0.85
Daugaard-Jensen Gletsjer† 5 3.1 55.3 6.06 yes 3.93
Rink Isbræ 6 7.2 49.0 8.59 yes 1.07
Kong Oscar Gletscher 7 8.1 53.7 5.22 yes 1.81
Zachariae Isstrøm 8 2.1 44.3 9.35 no 0.55
Humboldt Gletscher 9 1.1 880.7 1.50 no knickpoint n/a
Kong Christian IV Gletscher† 10 3.2 123.1 1.91 yes 1.25
Deception Ø branch N∗ 11 3.3 52.8 3.35 yes 0.97
Ikertivaq N 12 4.2 109.1 1.38 no knickpoint n/a
Kangerlussuaq Gletscher 13 3.3 33.6 13.01 yes 2.11
Upernavik Isstrøm S 14 8.1 63.6 1.69 yes 0.57
Upernavik Isstrøm C 15 8.1 37.9 4.01 yes 1.80
Unnamed near Uunartit Islands 16 3.3 45.8 2.43 yes 1.30
Ussing Bræer N 17 8.1 64.8 1.42 no 0.54
Unnamed near Hayes Gletscher M 18 8.1 41.2 2.70 yes 1.45
Helheimgletscher 19 4.1 28.6 16.40 yes 2.83
Kangiata Nunaata Sermia 20 6.1 36.1 3.60 yes 1.28

† No observed dynamic thinning.
* ArcticDEM quality does not allow us to determine whether this glacier has dynamically thinned.
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have a different initiation mechanism than their riverine counterparts, per-

haps, by drawing on ideas from surface hydrology, subglacial knickpoints can

also be used to reconstruct uplift rate histories (Roberts and White, 2010) and

analyze the reorganization of ice drainage basins (Willett et al., 2014), as has

been done for fluvial knickpoints.

Through the erosion of knickpoints, Greenland’s past geologic activity

has implications on modern and future ice sheet mass balance. If we as-

sume that erosion rates within submarine troughs are between 1 and 5 mm/yr

(Koppes and Montgomery, 2009), and erosion rates in the ice sheet interior

are insignificant, then a 500 m tall knickpoint could have formed over the

past 100,000–500,000 years. Therefore, knickpoints must be slowly evolving

features that have likely persisted over multiple past glacial cycles. In this

manner, mountain building, glacier dynamics, and geomorphology combine

around the ice sheet margins to produce persistent landscape features that ex-

ert a stabilizing influence on ice sheet mass balance. This highlights the need

to include glacial bed knickpoint evolution in long-timescale ice sheet models,

in order to capture their stabilizing effects on ice dynamics during interglacial

periods.
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3.6 Supplemental Materials

3.6.1 Glacier flowlines

We identified marine-terminating glaciers around the Greenland Ice

Sheet by combining glaciers identified in the survey of Rignot and Mouginot

(2012) with glaciers identified in the MEaSUREs Annual Greenland Outlet

Glacier Terminus Positions from SAR Mosaics, Version 1 dataset (Joughin

et al., 2015, 2017; Moon and Joughin, 2008). The two datasets define the

location of each glacier at approximately the center of flow, a few kilometers

from the terminus, and we used the locations defined in each dataset, with the

exception of several that were manually moved away from the edge of the ice

sheet surface velocity dataset to facilitate creating flowlines.

Rignot and Mouginot (2012) classified 243 land- and marine-terminating

glaciers around the Greenland Ice Sheet. We then added 34 glaciers in the

MEaSUREs survey that were not included in Rignot and Mouginot (2012).

This yielded a total of 277 glaciers. We created centerlines for the 277 glaciers

extending up and down glacier flow using the MEaSUREs Multi-year Green-

land Ice Sheet Velocity Mosaic, Version 1 dataset. Centerlines were found us-

ing Matlab’s stream2 function (Joughin et al., 2016, 2017) and were clipped to

grounded ice using the mask provided with the BedMachine product (Morlighem,

2017; Morlighem et al., 2017). Because of uncertainty in ice surface velocity

field, some centerlines terminated in unending loops. All centerlines were man-

ually inspected and loops were removed.

Along the glacier centerlines, we sampled bed topography along 20 km

from each glacier’s terminus and we identified ocean-terminating glaciers as
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those that have >2 km of bed elevation below sea level and whose submarine

troughs begin within 1 km of the terminus. Using these criteria, we find 156

ocean-terminating glaciers. Of the 156, 145 have bed topography estimated

from mass-conservation in BedMachine. Of the 145 ocean-terminating glaciers

with mass-conserving bed topography, we identified 4 glaciers with poor con-

straints on the mass-conserving bed solution. We identified these poorly-

constrained glaciers as ones with either no bathymetry nor radar sounding

measurements along their flow or ones with negative ice thickness found from

the ArcticDEM and BedMachine bed. Thus, 141 ocean-terminating glaciers

with well-constrained bed topography remained and these are the ones that

we surveyed in the study.

total 277
ocean-terminating 156
ocean-terminating, mass-conserving bed 145
ocean-terminating, mass-conserving bed, well-constrained 141

Additionally, we manually defined the locations of 75 total tributaries at

approximately the center of flow within the tributary, where ice flow is distinct

from the main trunk. A centerline and separate across-flowlines were created

for each tributary, but when we report glacier-wide statistics, we use flowlines

across all tributaries. See supplementary spreadsheet for glacier locations.

3.6.1.1 Previous identification of GrIS ocean-terminating outlet
glaciers

Several prior studies have catalogued Greenland ocean-terminating out-

let glaciers. Murray et al. (2015) found 199 ocean-terminating glaciers by

75



identifying glaciers wider than 1 km using Landsat-7 imagery from 2000-2010.

Howat and Eddy (2011) employed the same method, identifying glaciers wider

than 1 km in satellite imagery, but used additional data from Landsat-1 (1972)

through Landsat-7 (2010) to identify 210 ocean-terminating glaciers. Rignot

and Mouginot (2012) identified 212 ocean-terminating glaciers by compiling a

thorough review of previous literature. Our estimate of 156 ocean-terminating

outlet glaciers is lower than previous estimates for two reasons. First, some of

the ocean-terminating glaciers identified in older studies may have retreated

out of the ocean and now terminate on land. Second, uncertainty in the bed

topography may cause us to characterize a glacier as land-terminating when,

in reality, it terminates in the ocean. Our study is the first to identify ocean-

terminating glaciers using the BedMachine, v3, bed topography to find glaciers

grounded below sea level. So, while our method may not provide a definitive

catalog of all ocean-terminating outlet glaciers, it does provide us with a nearly

complete sample with many representative bed topographies that is sufficient

for our characterization of the propagation of thinning.

3.6.1.2 Across-flowlines

To sample glaciers across-flow, streamlines were created from evenly-

spaced starting points across each glacier’s flow. Starting points were identified

along a line perpendicular to the surface velocity field starting at each glacier’s

location. The perpendicular line was terminated where surface velocity is less

than 60% of the surface velocity at the glacier location. Ten starting points for

the across-flow streamlines were placed at evenly-spaced intervals along each
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glacier’s perpendicular line and the two starting points on each extreme of the

perpendicular line were discarded in order to sample just the central part of

each glacier’s flow. The two most extreme starting points on each side of the

perpendicular line were often within shear margins. Six across-flow streamlines

were created for each glacier in the same manner as the centerlines, masking

to grounded ice, and manually removing unending loops.

3.6.1.3 Iterated across-flowlines

To account for differences in glacier geometry and, hence, thinning dif-

fusion limits, across glacier flow, we use an iterative approach, finding thinning

limits along flowlines across the width of each glacier until we have found the

furthest inland limit. Our scheme samples wider glaciers with more flowlines

and finds the furthest inland thinning diffusion limit for a given glacier. We

start with six flowlines, evenly spaced across glacier flow and find the thin-

ning diffusion limit as the first location where Pe exceeds 3 upglacier of the

terminus along each. Then, starting at the farthest inland thinning diffusion

limit, we create six additional flowlines within the bounds of the flowlines ad-

jacent to the one with the furthest inland thinning diffusion limit. We find

thinning diffusion limits along the new set of six flowlines and identify the

furthest inland. We perform three iterations this way but stop if we can not

find a thinning diffusion limit further upglacier of the previous iteration or if

adjacent flowlines are <2.5 km apart.
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3.6.2 Dynamic glacier thickness change

We measured dynamic thickness change by finding the total thickness

change from digital elevation model (DEM) differencing and then removing the

surface mass balance (SMB) component using a climate model. We neglect

glacial isostatic adjustment (GIA) in our measured thickness change because

the largest observed uplift rates are 27.2 mm/yr (Wake et al., 2016), yield-

ing a 1 meter error on our thickness change estimates over the observational

timespan, which is less than combined DEM error (Korsgaard et al., 2016). To

obtain total thickness change, we differenced a DEM of the ice sheet surface

from an aerial photo survey of Greenland ice sheet margin, collected between

1978 and 1987 (Korsgaard et al., 2016), from a DEM of the present-day ice

sheet surface elevation, as measured by the Polar Geospatial Center Arctic-

DEM. To remove the SMB component, we use output from the regional cli-

mate model, RACMO2.3, which has been downscaled to a spatial resolution

of 1 km (Noel et al., 2016). We find the mean SMB component from 1971

to 1988, assumed to represent a time period when the ice sheet was in steady

state (Rignot et al., 2008). We calculate cumulative SMB from 1985 to 2015

and calculate the SMB anomaly as the difference between the cumulative and

mean SMB fields. We convert SMB anomaly to glacier thickness change using

a spatially-constant ice density of 917 kg / m3 and subtract the SMB anomaly

component from total thickness change from DEM differencing to obtain the

dynamic thickness change.

We sample dynamic thickness change along glacier centerlines and, for

glaciers that have dynamically thinned, we calculate percent unit volume loss
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as cumulative thinning, from the terminus to each location, as a percentage of

the total cumulative thinning measured along the flowline.

3.6.3 Péclet number

The behavior of terminus-initiated thinning along a glacier’s flow can be

modeled as a diffusive, kinematic wave (Nye, 1960). The Péclet number (Pe) is

the ratio of the rate of advection to the rate of diffusion of the thinning (Cuffey

and Paterson, 2010). For terminus perturbations, Pe can be used to identify

locations along glacier flow upglacier of which thinning will be limited (Felikson

et al., 2017a). These critical locations (herein called “thinning limits”) can be

used to determine the susceptibility of a glacier catchment to future thinning,

should thinning be initiated as the result of glacier terminus retreat.

We calculate the Pe along each glacier flowline (centerlines and across-

flowlines) using the ice sheet surface elevation from the aerial photo survey

DEM and bed elevation from the BedMachine Greenland product. We assume

that these datasets represent the geometry of the ice sheet at steady-state

(Rignot et al., 2008). To calculate Pe, we assume that ice flux is completely

due to sliding and use a hard-bed sliding law to derive the coefficients in the

kinematic wave equation used to calculate Pe. Felikson et al. (2017a) includes

a complete derivation of the kinematic wave equation and justification for

using the hard-bed sliding law. Because the hard-bed sliding law neglects

membrane stresses, we smooth the bed and surface topography within windows

of ten times the local ice thickness, a typical longitudinal coupling length for

fast-flowing ice, prior to calculating Pe (Kamb and Echelmeyer, 1986).
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The Péclet number is calculated as:

Pe =
(C0 − ∂D0/∂x)

D0

l (3.1)

where the coefficients are defined as:

C0 =
∂q

∂H

∣∣∣∣
0

= Kb(m+ 1)Hm
0 α

m
0 (3.2)

D0 =
∂q
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0

= Kb(m)Hm+1
0 αm−10 (3.3)
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0

∂H0

∂x
αm−10 +Hm+1

0 (m− 1)αm−20

∂α0

∂x

)
(3.4)

where q is ice flux, α is surface slope, H is ice thickness, m is a positive

exponent in the hard-bed sliding law, and Kb is a function of the bed roughness

(or slipperiness). Kb and is independent of ice thickness, H, and surface slope,

α. Note that the coefficient Kb drops out of the Pe equation.

We illustrate the Péclet number calculation along one flowline of Køge

Bugt S (Fig. 3.4). Along this flowline, most of the observed dynamic thinning

is constrained to within 6 km from the glacier’s terminus (Fig. 3.4b). Pe

remains low (<3) in this part of the glacier’s flow and has a local maximum of

∼4 just upstream of the location where the bed steeply rises above sea level

(Fig. 3.4c). Following the method of Felikson et al. (2017a), we calculate the

total unit volume loss along this flowline as the total cumulative thinning from

the glacier’s terminus along this flowline; and the “percent unit volume loss”

as the cumulative thinning from the terminus to each location along flow as

a percentage of the total unit volume loss (shown as a colored curve on Fig.

3.4b).
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Figure 3.4: Geometry, thinning, and Péclet number along the flow of Køge
Bugt S. (a) Glacier surface from aerial photo DEM (blue), glacier surface
from ArcticDEM (red), and bed topography from BedMachine (black). (b)
Dynamic thinning along flow (black) and % unit volume loss (color) along the
flowline. (c) Péclet number along the flowline.
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Figure 3.5: Volume loss and Peclet numbers along 93 TWG centerlines around
the GrIS. Percent unit volume loss and running Peclet maxima for the selected
glaciers are shown in the plots (left) with median values (black dots) and 25th
and 75th percentiles (black bars) shown for windows of width equal to 1 Pe.
Maps (right) shows glacier centerlines that were used to create the plots (red).

3.6.4 Flowline thinning limit calibration

Calibration of an empirical threshold for inland thinning limits was

done by comparing percent unit volume loss with Pe along glacier centerlines,

following the method of Felikson et al. (2017a). We compare Pe with observed

volume loss for only the glaciers that have been observed to have dynamically

thinned between the DEM acquisition times (93 glaciers of the total 141, or

66%). We find that 89% of unit volume loss occurs downglacier of where Pe

first exceeds 3 along centerlines (Fig. 3.5).
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3.6.5 Glacier-wide thinning limits

Along each flowline (centerlines and across-flowlines), we identify the

location where Pe first exceeds 3 upglacier of the terminus. This location

represents the “thinning limit” along each flowline; for terminus perturbations,

we expect 89% of the unit volume loss to occur downglacier of this location.

To find glacier-wide thinning limits, we collect statistics on thinning limits for

each available glacier flowline (original and iterated across-flowlines). We first

find quartiles (Q25, Q50, and Q75) and identify outliers as flowline thinning

limits that are outside of [Q25 - 1.5*IQR, Q75 + 1.5*IQR], where IQR is Q75 -

Q25. We remove outliers and find the maximum flowline thinning limit and the

standard deviation of all flowline thinning limits. We define the “glacier-wide

thinning limit” as the maximum minus the standard deviation. For glaciers

with multiple tributaries, we combined thinning limits for all flowlines from

all tributaries before calculating statistics.

3.6.6 Knickpoint characterization

To identify knickpoints, we use a procedure that searches for local min-

ima and maxima in the moving-averaged bed, sampled along flowlines. We use

the Matlab function findpeaks to identify all local minima and maxima that

exceed a prominence of 5 m. We found that this threshold balances identify-

ing the prominent local minima and maxima while minimizing identification

of local minima and maxima that are present due to small errors in the bed

topography. We then calculate the vertical rise of the bed between each local

minimum and the subsequent local maximum and label the rises greater than

83



300 m as “large rises.” We combine large rises that are proximal to one an-

other if the local minimum of one rise is within 10 km horizontally and 100 m

vertically of the previous local maximum (Fig. 3.6). To further characterize

the bed, we perform linear regression to fit lines through bed elevations within

three regions: the large rise at sea level, downstream, and upstream of the

large rise at sea level.

We define a knickpoint using three criteria:

1. Our algorithm has found a large rise in the bed (>300 m) at the location

where the bed first crosses sea-level upstream of the terminus.

2. The large rise at sea level represents a step change in bed elevation such

that the mean elevation plus one standard deviation within the trough

is lower than the mean minus one standard deviation upstream of the

large rise.

3. The slope from linear regression of the large rise at sea level is higher

than the slope downstream of the large rise.

Along some flowlines, our algorithm cannot identify whether or not a knick-

point exists. This occurs when a local minimum cannot be identified down-

stream of the location where the bed crosses sea-level.

At Kakivfaat Sermiat (Fig. 3.6, top panel), for example, the average

slope of the knickpoint is more gentle than the average slope within the trough

because of another steep reach within the submarine trough. At Helheim-

gletscher (Fig. 3.6, bottom panel), the average slope of the trough is negative
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because of an overdeepening. Both of the flowlines shown have knickpoints

that pass the step test; that is, the large rise identified at sea level represents

a step change in bed topography.

For all identified knickpoints, we find that their extent and height varies

(Fig. 3.7). Median knickpoint heights, defined as the difference in bed eleva-

tion from the knickpoint start to end, is 940 m. Median knickpoint extent,

defined as the distance along the flowline from knickpoint start to end, is 37

km.

3.6.6.1 Knickpoints in mountainous bed topography

To separate Greenland drainage systems into ones with high relief

(“mountainous”) and ones with low relief (“non-mountainous”), we use the

standard deviation of bed elevations within each drainage system (Table S1).

Basins in which the standard deviation of bed elevations is larger than 300 m

are labeled as mountainous; all others are non-mountainous.

Average knickpoint slopes along flowlines within mountainous and non-

mountainous regions are shown in Fig. 3.8. Median knickpoint slope is 1.8

deg in mountainous regions and 1.2 deg in gentle bed topography. Though

the difference in medians is subtle, it is significant; a Wilcoxon rank-sum

test reveals that knickpoint slopes in mountainous regions are larger than

knickpoint slopes in non-mountainous regions at the 1% significance level.
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Figure 3.6: Examples of the knickpoint identification algorithm. Kakivfaat
Sermiat flowline (top) and Helheimgletcher (bottom). All local maxima and
minima shown as green and red dots, respectively. Green and red vertical
lines represent start and end of large bed rises along both flowlines; thicker
green and red vertical lines indicate the sea-level knickpoint. Black lines depict
linear regression fits to bed elevations in the troughs, at the knickpoint, and
upglacier.

86



0 50 100 150

extent (km)

0

50

100

150

200

250

300
c
o
u
n
t

500 1000 1500 2000 2500

height (m)

0

50

100

150

200

250

300

c
o

u
n

t
Figure 3.7: Histograms of sea-level knickpoint extents (a) and heights (b) along
all surveyed flowlines where a knickpoint was identified as a step change in bed
topography. Note that there is one outlier in the knickpoint extents.
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Figure 3.8: Histograms of median knickpoint slopes along flowlines in moun-
tainous (blue) and non-mountainous (red) drainage systems.
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DS min max mean median std classification
1.1 -1172.00 1355.00 77.56 19.00 265.40 non-mountainous
1.2 -988.00 1158.00 252.33 231.00 317.58 mountainous
1.3 -476.00 1160.00 362.41 345.00 322.62 mountainous
1.4 -125.00 1011.00 324.97 332.00 200.43 non-mountainous
2.1 -1331.00 1979.00 54.02 -2.00 268.84 non-mountainous
2.2 -409.00 2436.00 813.03 802.00 414.89 mountainous
3.1 -1419.00 2888.00 939.30 902.00 557.63 mountainous
3.2 -715.00 3672.00 1372.08 1455.00 636.66 mountainous
3.3 -1179.00 2978.00 892.86 825.00 586.50 mountainous
4.1 -1111.00 3373.00 551.91 315.00 613.51 mountainous
4.2 -608.00 2050.00 455.07 411.00 256.44 non-mountainous
4.3 -1071.00 2193.00 1057.10 1067.00 360.90 mountainous
5.0 -1157.00 2504.00 1000.00 988.00 370.93 mountainous
6.1 -711.00 1755.00 750.38 724.00 300.06 mountainous
6.2 -687.00 1790.00 288.96 246.00 280.38 non-mountainous
7.1 -1478.00 449.00 -59.02 -53.00 142.09 non-mountainous
7.2 -1085.00 2195.00 185.32 90.00 335.68 mountainous
8.1 -1476.00 1931.00 165.01 156.00 234.15 non-mountainous
8.2 -567.00 1416.00 506.44 538.00 222.42 non-mountainous

Table 3.2: Classification of mountainous and non-mountainous bed topography
by drainage system (DS).

3.6.7 Glacier catchment ice flux

To measure glacier catchment ice flux, we sample surface speed and ice

thickness within 5 km of each glacier’s terminus. Surface speed was sampled

from the MEaSUREs Annual Greenland Outlet Glacier Terminus Positions

from SAR Mosaics, Version 1 dataset (Joughin et al., 2015, 2017; Moon and

Joughin, 2008) and ice thickness was obtained from the Greenland Ice Mapping

Project (Howat et al., 2014) and the BedMachine product (Morlighem, 2017;

Morlighem et al., 2017). Glacier width was estimated as the distance between

the furthest across-flowlines along a line perpendicular to the centerline within

88



the 5 km window. Ice flux for each glacier was estimated as the maximum ice

flux found within this window.

3.6.8 Glacier thinning diffusion limits

0 200 400 600 800
distance from terminus (km)

0099

0098

Figure 3.9: Thinning diffusion limits and locations where bed rises above sea
level for glaciers in drainage system 1.1. Black boxplots represent predicted
thinning limit locations along flowlines after outlier removal. Red dots rep-
resent locations where the bed rises above sea level for the same flowlines.
Glacier IDs correspond to supplemental spreadsheet.
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Figure 3.10: Similar to Fig. 3.10 for drainage system 1.2.
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Figure 3.11: Similar to Fig. 3.11 for drainage system 1.3.
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Figure 3.12: Similar to Fig. 3.12 for drainage system 2.1.
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Figure 3.13: Similar to Fig. 3.13 for drainage system 3.1.
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Figure 3.14: Similar to Fig. 3.14 for drainage system 3.2.

0 10 20 30 40 50 60 70
distance from terminus (km)

0184

0183

0181

0177

0174

0173

Figure 3.15: Similar to Fig. 3.15 for drainage system 3.3.
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Figure 3.16: Similar to Fig. 3.16 for drainage system 4.1.
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Figure 3.17: Similar to Fig. 3.17 for drainage system 4.2.
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Figure 3.18: Similar to Fig. 3.18 for drainage system 4.3.
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Figure 3.19: Similar to Fig. 3.19 for drainage system 5.0.
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Figure 3.20: Similar to Fig. 3.20 for drainage system 6.1.
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Figure 3.21: Similar to Fig. 3.21 for drainage system 6.2.
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Figure 3.22: Similar to Fig. 3.22 for drainage system 7.1.
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Figure 3.23: Similar to Fig. 3.23 for drainage system 7.2.

96



0 100 200 300 400 500 600 700
distance from terminus (km)

0061
0059
0058
0057
0056
0055
0054
0053
0052
0051
0050
0049
0048
0047
0046
0045
0044
0043
0042
0041
0040
0039
0038
0037
0036
0035
0034
0033
0032
0031
0030
0029
0028
0027
0026
0025
0024
0023
0022
0021
0020
0019
0018

Figure 3.24: Similar to Fig. 3.9 for drainage system 8.1.
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Figure 3.25: Similar to Fig. 3.25 for drainage system 8.2.
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Chapter 4

Projected sea-level rise from two glaciers with

contrasting bed geometries

4.1 Introduction

Significant uncertainties exist in the magnitude and rate of ice-sheet

contribution to sea-level rise (SLR) during the 21st century (Church et al.,

2013). Projections for the Greenland Ice Sheet (GrIS) indicate that surface

mass balance will account for up to 13 cm of global mean SLR by 2100 (Yoshi-

mori and Abe-Ouchi, 2012) and ice sheet dynamic mass loss is likely to account

for up to 8.5 cm during the same time period (Nick et al., 2013). Dynamic

mass loss from the GrIS comes primarily from ocean-terminating outlet glaciers

draining the ice sheet. As the termini of these glaciers retreat, thinning is ini-

tiated near the calving fronts and diffuses inland. Inland thinning over the

long-term (>3 years) can account for up to 75% of total dynamic ice mass loss

over the 100 years following terminus retreat (Price et al., 2011).

Accurately projecting the magnitude and timing of SLR contribution

from GrIS outlet glaciers requires higher-order, process-based, numerical ice

sheet models. Much of the previous literature has employed 1-dimensional

flowline models to reconstruct glacier thinning in response to retreat (Goelzer

et al., 2013; Graversen et al., 2010; Nick et al., 2009, 2012, 2013; Price et al.,
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2011; Vieli and Nick, 2011). These studies have modeled Greenland’s outlet

glaciers with the largest ice fluxes (Jakobshavn Isbræ, Petermann Gletscher,

Helheim Gletscher, and Kangerlussuaq Gletscher), and then scaled SLR esti-

mates to the entire ice sheet. However, there are several limitations encoun-

tered in the use of flowline models. First, across-flow heterogeneity in glacier

geometry is likely important to accurate prediction of the total amount of

inland thinning (Chapter 3). Flowline models cannot represent the complex

geometrical heterogeneity observed for most glaciers and may not be able to

accurately characterize the expected thinning response. Second, flowline mod-

els rely on parameterizations of lateral stress transfer. Higher-order models,

on the other hand, are capable of solving the full momentum balance, and

model ice flow over 2-dimensional topography, alleviating the need for any

parameterization. In addition to this, past studies using flowline models re-

quired bed topography along a glacier’s center of flow and, thus, were limited

to those glaciers for which along-flow ice-penetrating radar surveys were col-

lected. Recently, a mass-conservation approach to infer glacier thickness was

developed (Morlighem et al., 2011) and used, in conjunction with kriging, to

create Greenland-wide bed topography (Morlighem et al., 2014). This enables

use of higher-order models that require a two-dimensional bed topography.

Finally, it is unlikely that all outlet glaciers will exhibit a similar timescale of

response to terminus perturbations, given the observed heterogeneity in outlet

glacier geometry. Thus, scaling SLR estimates from individual outlet glaciers

to the entire ice sheet may not provide an accurate timing for SLR from the

GrIS.
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In this study, we will use the Ice Sheet System Model (ISSM) to recon-

struct observed glacier changes and project future change. We have elected

to use ISSM (Larour et al., 2012) because its capabilities include data as-

similation to infer a basal boundary condition and because it has a simple

method to simulate a moving calving front using a level-set method, without

the need to remesh as the calving front moves (Bondzio et al., 2016). The

data assimilation method available in ISSM is based upon a control method,

developed first by MacAyeal (1993). The recent capacity to employ a mov-

ing terminus boundary permits completes the suite of capabilities required to

model the dynamic response of outlet glaciers. Thus, we are now able to take

advantage of these developments to better constrain projected SLR due to

terminus-initiated inland thinning of outlet glaciers.

Because the datasets and model capabilities allowing simulation of

ocean-terminating glacier retreat in higher-order numerical models have only

recently been developed, only a small number of studies exist that have simu-

lated glacier retreat and upstream response using realistic GrIS outlet glacier

geometries. Muresan et al. (2016) reconstructed the observed retreat history

of Jakobshavn Isbræ, Greenland, and confirmed two observed acceleration

events that were likely caused by ocean forcing. Bondzio et al. (2017) im-

proved upon that work and more definitely showed that the observed retreat

at Jabobshavn Isbræ caused upstream acceleration due to an instantaneous

drop in viscosity within the shear margins; furthermore, Bondzio et al. (2017)

showed that gradual warming of the shear margins adds 5 to 10% to the up-

stream acceleration. Haubner et al. (2017) modeled retreat and thinning of
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Upernavik Isstrøm, Greenland, identified periods of mass loss and stability,

and attributed 80% of glacier mass loss from 1985 to 2005 to dynamic ice

discharge. Choi et al. (2017) simulated terminus retreat of Nioghalvfjerds-

fjorden and Zachariae Isstrøm Glaciers, Greenland, from present to 2100 and

projected the SLR contribution from these two outlets for various frontal melt

rate forcings. Of the studies listed, Choi et al. (2017) was the only one to use

a higher-order numerical ice sheet model to estimate SLR attributed to outlet

glacier retreat.

Here, we model the inland propagation of thinning for two glaciers

in response to past terminus retreat: Kakivfaat Sermiat and Kangerlussuaq

Gletscher. We choose these glaciers because, although both glaciers have a

high potential contribution to SLR, they do so for different reasons. Kanger-

lussuaq Gletscher in East Greenland is a glacier that presently discharges a

large amount of ice (13 km3/yr) and, therefore, a perturbation at the terminus

may lead to a large increase in the magnitude of ice discharge. On the other

hand, Kakivfaat Sermiat in West Greenland discharges much less ice from the

ice sheet (3 km3/yr) but has a geometry that allows thinning perturbations

to diffuse very far into the interior of its ice catchment (Felikson et al., 2018,

in review). Previously, the relative potential to contribute to SLR for these

glaciers was assessed by modeling the inland diffusion of thinning as a diffusive-

kinematic wave, using a simple model derived from a linearized perturbation

to the 1-dimensional mass continuity equation (Nye, 1960). Here, we validate

the simplified diffusive-kinematic wave model results using ISSM, a process-

based, 3-dimensional, thermomechanical ice sheet model. Using a higher-order
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model allows us to account for nonlinearities in the thinning response to ter-

minus retreat, longitudinal coupling that is not explicitly accounted for, and

realistic lateral stress transfer. Furthermore, once we have validated the kine-

matic wave model, we use ISSM to project the future response of each glacier

to previously observed terminus retreat and compare the ice volume loss from

each catchment. Our SLR projections are, thus, a lower bound because we

are projecting committed glacier mass loss due to the retreat that has already

been observed and we are neglecting additional future retreat.

4.2 Methods

4.2.1 Glacier setting

Kakivfaat Sermiat (KAK) is situated in the relatively gentle bed to-

pography of West Greenland (73.48◦N, 55.31◦W). At the head of the trough

through which the glacier flows, the bed rises gently above sea level; the low

slope of the bed along the glacier’s flow results in a geometry that allows

thinning perturbations that initiate at the terminus to diffuse far (over 400

km) into the interior of the ice sheet (Felikson et al., 2018, in review). The

terminus of KAK drains into two separate fjords and the northern portion of

the KAK terminus has retreated 4.5 km from 1985 to 2017, beginning in 2009

(Fig. 4.1b).

Kangerlussuaq Gletscher (KLG), on the other hand, flows through the

mountainous bed topography of East Greenland (68.62◦N, 32.95◦W). At the

head of its subglacial trough is a steep bed knickpoint that sets the thinning

limit predicted from kinematic wave theory (Fig. 4.2, Felikson et al. (2018, in
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Figure 4.1: Kakivfaat Sermiat setting. (a) Model domain (black) and glacier
flowlines (gray dashed) shown on top of bed topography. Insert shows loca-
tion of glacier (red dot). Transparent red box shows extent of panel b. (b)
Terminus positions used as model forcing. (c) Glacier surface velocity used
to initialize model shown on top of Landsat imagery from GoogleEarth. (d)
Glacier surface elevation used to initialize model shown on top of Landsat
imagery from GoogleEarth.

review)). Most of the thinning that is initiated at the terminus of KLG should

thus be restricted to the lowest reaches of the glacier’s flow, ∼40 km upstream

of the terminus. Upstream of this location, the inland ice is largely decoupled

from the dynamics of the ice within the glacier’s trough and is buffered from

the upstream diffusion of thinning from the glacier’s terminus. Retreat of the

calving front of KLG may have been ongoing prior to 1980 but experienced a
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sudden, rapid retreat of 7.5 km (as measured along the glacier’s centerline) in

late 2004 (Bevan et al., 2012). Between 1980 and 2004, the glacier’s surface

lowered relatively gradually but then underwent rapid thinning of ∼100 m

between 2004 and 2007 (Fig. 4.3a, Khan et al., 2014b), likely in response to

coincident terminus retreat. The speed of KLG increased by 150% from the

periods between 1985–1996 and 1997–2004, coinciding with gradual terminus

retreat, and then increased further, coinciding with the abrupt retreat between

2004 and 2005 (Fig. 4.3b, Bevan et al., 2012).

4.2.2 Ice sheet model

To perform our numerical modeling experiments, we use the Ice Sheet

System Model (ISSM, Larour et al., 2012). ISSM is a free and open-source,

3-dimensional, thermodynamical, finite-element model capable of simulating

ice flow. ISSM tracks the location of the glacier calving front using a level-

set method (Bondzio et al., 2016) and, in our experiments, we prescribe the

terminus location from observed terminus positions, described in Section 4.2.3.

To lessen the computational expense of the model, we approximate the Navier-

Stokes flow equations using the shallow shelf or shelfy stream approximation

(SSA, MacAyeal, 1989):

∇ · (2µ̄ε̇SSA1)− α2vx = ρgH
∂s

∂x

∇ · (2µ̄ε̇SSA2)− α2vy = ρgH
∂s

∂y

(4.1)
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Figure 4.2: Kangerlussuaq Gletscher setting. (a) Model domain (black) and
glacier flowlines (gray dashed) shown on top of bed topography. Transparent
red box shows extent of panel b. (b) Terminus positions used as model forcing;
insert shows location of glacier (red dot). (c) Glacier surface velocity used to
initialize model shown on top of Landsat imagery from GoogleEarth. (d)
Glacier surface elevation used to initialize model shown on top of Landsat
imagery from GoogleEarth.
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Figure 4.3: Kangerlussuaq Gletscher history. (a) Surface elevation change and
surface mass balance (SMB) of KLG (figure from Khan et al. (2014b)). (b)
Speed (red) and terminus (frontal) position (blue) of KLG (figure from Bevan
et al. (2012)).

with:

εSSA1 =

 2
∂vx
∂x

+
∂vy
∂y
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2

(
∂vx
∂y

+
∂vy
∂x

)
 , εSSA2 =


1

2

(
∂vx
∂y

+
∂vy
∂x

)
∂vx
∂x

+ 2
∂vy
∂y

 (4.2)

where µ̄ is the depth-averaged ice viscosity, H is ice thickness, α is the basal

friction coefficient, vx and vy are the x- and y-components of depth averaged

ice velocity, s is the surface elevation and ε̇ is the strain rate. To assess the

impact of the SSA simplification, we performed simulations with higher-order

physics for comparison (Blatter, 2017; Pattyn, 2003).
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To initialize the basal boundary slip condition, we perform data-assimilation

of observed surface velocities to obtain a best-fit of the stress balance equa-

tions. We use a basal friction law based on effective pressure at the ice-bed

interface (Cuffey and Paterson, 2010, p. 240):

τb = −α2N r‖vb‖s−1vb (4.3)

where τb is the basal friction, α is the basal friction coefficient, r and s are

friction law coefficients (both set to 1), vb is the basal ice velocity, and N is the

effective pressure. Effective pressure is the difference between ice overburden

pressure and water pressure at the base of the ice (Cuffey and Paterson, 2010,

p. 328):

N = ρgHi − Pw (4.4)

where Pw is assumed to be the hydrostatic water pressure at the depth of the

base of the ice, where the bed is below sea level, and zero where the bed is

above sea level.

Ice viscosity is governed by Glen’s flow law (Cuffey and Paterson, 2010)

with the flow law parameter determined using an ice temperature of -7◦C for

KLG and -10◦C for KAK. We performed simulations with viscosity calculated

from other ice temperatures but found that these values gave us the best match

between simulated glacier thinning and observations. Ice temperature is held

constant over each glacier’s domain for the entirety of each simulation.

The model domains were set up such that they encompass flowlines

across each glacier’s width and extend from each glacier’s terminus inland to

beyond the thinning limit predicted by kinematic wave theory (Figs. 4.1a and
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4.2a; Felikson et al., 2018, in review). We create anisotropic meshes using

a method based on the bidimensional anisotropic mesh generator (BAMG)

package, with horizontal resolution of 300 m for KLG and 250 m for KAK in

regions of high strain rates and up to 10 km elsewhere. The resulting meshes

have 21,135 elements at KLG and 11,829 elements at KAK. For all transient

forward runs of the model, we use a time step of 3.7 days for KAK and 1.8 days

for KLG to satisfy the Courant-Friedrichs-Lewy condition for convergence of

the numerical integration of the momentum balance equations (Eqn. 4.1).

4.2.3 Geometry and velocity

Our goal is to initialize the model with a pre-retreat ice sheet geome-

try and velocity, however good quality, contemporaneous data does not exist

for each glacier. For ice sheet surface topography, we use a digital elevation

model (DEM) constructed from an aerial photo survey of the ice sheet mar-

gin, acquired in 1985 at KAK and 1981 at KLG (Korsgaard et al., 2016). The

aerial photo DEM provides surface topography from the terminus to ∼15 km

inland at KAK and ∼50 km inland at KLG. Beyond the spatial extent of the

aerial photo DEM, we use the Greenland Ice Mapping Project (GIMP) DEM

(Howat et al., 2014) by vertically shifting the GIMP DEM to best match the

aerial photo survey DEM (Figs. 4.1d and 4.2d). Bed topography from BedMa-

chine, version 3, is used for both glaciers (Morlighem et al., 2014). Observed

terminus positions used to prescribe the position of the calving front in the

model are from the the Making Earth System Data Records for Use in Re-

search Environments (MEaSUREs) project (Joughin et al., 2015, 2017; Moon

109



and Joughin, 2008). We use only terminus observations bracketing the large

changes in terminus position for each glacier and limit observations to just one

per year, neglecting seasonal terminus position changes.

Similar to our approach for initializing ice surface topography, we ini-

tialize ice surface velocity by combining observations from Landsat imagery

(Rosenau et al., 2015) with observed surface velocities from the MEaSUREs

project (Joughin et al., 2016, 2017). Supplementing the Landsat velocities

with MEaSUREs velocities is necessary because the Landsat velocities pro-

vide coverage of the near-terminus regions of both glaciers but do not ex-

tend to the interior edge of the model domains. To reduce uncertainty in

the Landsat surface velocities at KAK, we average velocities from 4 acquisi-

tion times: 2000-08-01T03:43:06, 2002-08-16T03:34:00, 2002-08-23T03:40:02,

and 2002-08-28T15:30:49. For KLG, we use velocities from 1 acquisition time:

2001-07-07T01:39:06. To further reduce noise in the surface velocities derived

from Landsat imagery, we use a median filter with a 19-pixel kernel for KAK

and a 27-pixel kernel for KLG.

Type Source Notes

Bed topography Morlighem et al. (2014) BedMachine, version 3
Pre-retreat surface topography Korsgaard et al. (2016)
Present-day surface topography DEMs created by the Po-

lar Geospatial Center from
DigitalGlobe, Inc. imagery.

Landsat surface velocity Rosenau et al. (2015)
MEaSUREs surface velocity Joughin et al. (2016, 2017)
Surface mass balance Noel et al. (2016) RACMO2.3, downscaled to

1 km resolution
Terminus positions Joughin et al. (2015, 2017);

Moon and Joughin (2008)

Table 4.1: Data used for initializing, forcing, and evaluating the model.
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4.2.4 Experiment setup

We first calibrate the basal friction coefficient, α, by performing data-

assimilation using our mosaic of surface velocity and glacier geometry obser-

vations for each glacier. A spatially-varying basal friction coefficient is found

that yields the smallest misfit between modeled and observed surface velocity,

with Tikhonov regularization applied to smooth the resulting field. Regular-

ization coefficients, γt, for each glacier were found using an L-curve analysis

(Hansen, 1992, Figs. 4.4 and 4.5). The L-curve shows the smoothness of the

inferred basal friction coefficient field (y-axis) versus the misfit between mod-

eled and observed surface velocities (x-axis). The corners of each L-curves

(γt = 2× 10−06 for KAK; γt = 8× 10−05 for KLG) yield the optimal balance

between a smooth basal friction coefficient field and a good fit to observed

velocity. The selected regularization coefficients are shown boxed in red (Figs.

4.4 and 4.5).

Following calibration of the basal friction coefficient, we allow the model

to relax for 1 year, keeping the terminus at the initial position. The relaxation

step is meant to remove some of the transient drift that is present in the

model due to approximated physics, incorrect parameters, temporal mismatch

in observed geometry and velocity, and uncertainty in the geometry. At the

same time, we limit the relaxation time to just 1 year and not longer to ensure

that the glacier’s initial geometry does not change significantly.

After relaxation, we simulate the evolution of Kakivfaat Sermiat (KAK)

and Kangerlussuaq Gletscher (KLG) to the year 2100, starting the KAK sim-
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Figure 4.4: L-curve for Kakivfaat Sermiat inversion. Residual norm, Jres (v),
plotted with respect to the regularization solution norm, Jreg (α), for different
values of the Tikhonov parameter, γt. Corner at γt = 2× 10−06.

ulation at year 1985 and the KLG simulation at year 1999. We justify starting

the KLG simulation in 1999, rather than at the beginning of our observations,

because good quality contemporaneous observations of glacier velocity and

surface are not available before the glacier’s retreat and because KLG did not

change significantly between 1985 and 1999 (Khan et al., 2014b). To initialize

KLG velocities in the year 1999, we scaled the Landsat velocity observations

by 0.7 and the MEaSUREs velocity observations by 0.5, based on the velocity

history reconstructed by Bevan et al. (2012) (Fig. 4.3). We prescribe the

position of the calving front using observations (Figs. 4.1 and 4.2), linearly

interpolating the calving front position between the times of each subsequent
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Figure 4.5: L-curve for Kangerlussuaq Gletscher inversion. Residual norm,
Jres (v), plotted with respect to the regularization solution norm, Jreg (α), for
different values of the Tikhonov parameter, γt. Corner at γt = 8× 10−05.

observed position. At the ice surface, we prescribe cumulative annual surface

mass balance from the Regional Climate Model, RACMO2.3, downscaled to 1

km (Noel et al., 2016), from the start of each simulation to 2015; from 2015

to 2100, we prescribe a constant surface mass balance as the average between

2000 and 2015, as forecasts from RACMO are not available. We will focus on

the dynamic response of each glacier and so we will remove the SMB compo-

nent from the modeled glacier response; thus, for our study, it is not necessary

to force the model with an accurate projection of future SMB. During the tran-

sient forward run, all boundary conditions other than surface mass balance,

including the basal friction coefficient, are kept constant.
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4.3 Results

For both KAK and KLG, modeled thinning closely matches observed

thinning. Our results will focus on the dynamic thinning and mass loss, so we

remove the SMB component by subtracting the thickness and mass changes

due to the anomaly from mean SMB between 1971 and 1988; we refer to the

residual quantities as “dynamic thinning” or “dynamic mass loss.” We com-

pare modeled dynamic thinning from the start of each simulation to the aver-

age surface from 2011 – 2014 to best match the observed elevations from the

ArcticDEM surface of the same time period. Along the centerline of KAK, the

root mean squared difference between modeled thinning and observed thinning

(red and black curves, respectively, in Fig. 4.6b) is 13 m. Along the centerline

of KLG, the same metric yields a difference of 28 m (red and black curves,

respectively, in Fig. 4.7b).

As the simulation progresses to the year 2100, dynamic thinning along

the centerline of KAK continues to diffuse into the ice sheet interior, eventually

extending over 200 km from the terminus (Fig. 4.6b). The response of KLG

contrasts that of KAK; significant dynamic thinning along the KLG centerline

remains limited to just 50 km upstream of the KLG terminus (Fig. 4.7b).

Even as the lowest reaches of the KLG catchment continue to lose ice, beyond

50 km from the terminus, the dynamic response is muted, with <30 m of

dynamic thinning upstream of the knickpoint. The thinning limit that we

observe in the higher-order numerical modeling simulation coincides with the

thinning limit predicted by kinematic wave theory (Pe=3), that is ultimately

set by a steep knickpoint in the bed, where the bed rises above sea level (Fig.

114



Figure 4.6: Kakivfaat Sermiat (KAK) projected thinning. (a) Glacier surface
(colored curves) and bed topography (black) along the centerline. Along-flow
distance (y-axis) represents distance from the position of the calving front at
the start of the simulation. (b) Dynamic thinning simulated by the model
(colored curves) and from observations (black). (c) Péclet number along the
glacier centerline. Note that we show only up to 200 km along the centerline
but the model domain extends 600 km to the ice divide.

4.7c, Felikson et al. (2018, in review)). Along the centerline of KAK, on the

other hand, the bed geometry lacks a steep knickpoint and, thus, Pe remains

below the empirical thinning limit along the entire length of the centerline

(Fig. 4.6c). Our numerical modeling simulation also confirms that thinning is

not limited to the lowest reaches of KAK and diffuses far into the interior of

the ice sheet.
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Figure 4.7: Kangerlussuaq Gletscher (KLG) projected thinning. (a) Glacier
surface (colored curves) and bed topography (black) along the centerline.
Along-flow distance (y-axis) represents distance from the position of the calv-
ing front at the start of the simulation. (b) Dynamic thinning simulated by
the model (colored curves) and from observations (black). (c) Péclet number
along the glacier centerline. Data plotted along the centerline represents the
full extent of the model domain.

4.4 Discussion

Results from our higher-order numerical modeling experiments validate

the theoretical limit to the inland diffusion of thinning, or lack thereof, as pre-

dicted by kinematic wave theory. Consistent with the linearized perturbation

theory (Chapter 3), thinning within KAK catchment encompasses the entire

domain by 2100, while at KLG, thinning is restricted to downstream of the

knickpoint over the same time period. It should be noted that we manually

tuned the ice viscosity for each glacier so that the modeled thinning matched
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observed thinning but we did this by changing its value consistently across

the entirety of each model domain. In other words, we did not introduce any

spatial variation in viscosity within each domain. So, while our tuning of

viscosity can affect the speed with which thinning diffuses inland, it will not

change the location of the thinning limit in the model. Our results also in-

dicate that terminus retreat is the primary forcing mechanism responsible for

the observed inland dynamic thinning for each glacier. For our simulations, it

was not necessary to invoke other processes such as cryohydrologic warming to

weaken the ice (e.g., Bondzio et al., 2017) or reorganization of the subglacial

hydrological system via changes to the friction coefficient during the transient

forward run (e.g., Parizek and Alley, 2004) in order to reproduce the observed

spatiotemporal pattern of dynamic thinning.

Our simulations reveal that differences in catchment geometry cause

differences in the timing of mass loss and, hence, SLR from each glacier (Fig.

4.8). Normalized mass loss shows that 90% of the dynamic mass loss in 2100

from the KLG catchment occurs by year 2058, whereas the KAK catchment

responds more slowly and does not achieve 90% of its total dynamic mass

loss until year 2084. In fact, while KLG achieves steady state by 2100, KAK

is continuing its mass loss; the rate of dynamic mass loss at the end of the

simulation at KLG is 0.05 Gt/yr, where as KAK is losing mass at a rate of

1.07 Gt/yr in 2100 (Fig. 4.9). Thus, the steep sea-level knickpoint at KLG

limits terminus-initiated thinning to 50 km from the calving front and allows

the glacier to achieve a new steady-state more quickly than KAK, a glacier

that lacks a steep knickpoint.

117



Our projections of SLR from the KLG catchment agrees with a previ-

ously published estimate but we show that low-flux glaciers like KAK can con-

tribute as much to SLR as high-flux glaciers like KLG. Using a 1-dimensional

flowline model, Price et al. (2011) estimated almost 0.4 mm of SLR from KLG

by year 2100, in response to past terminus retreat. We obtain a slightly larger

estimate of 0.49 mm over the same projected time span, a consistent result con-

sidering differences in the two approaches. The model of Price et al. (2011) re-

lies on a parameterization of lateral stress transfer, whereas our 3-dimensional

model explicitly solves the higher-order momentum balance equations (Eqn.

4.1). Additionally, Price et al. (2011) induced thinning by perturbing the stress

boundary condition at the terminus of their model, whereas we explicitly re-

move portions of ice by prescribing the position of the terminus. For these

reasons, our model provides an improved framework over past flowline model-

ing approaches and SLR projections for Greenland. Our projections highlight

the potential importance of previously under-studied low-flux glaciers such as

KAK. By 2100, our simulations show KAK contributing an equivalent amount

to SLR as KLG, even though the ice flux of KAK is 23% that of KLG. This is a

direct consequence of the geometry of KAK allowing the diffusion of thinning

to draw down ice from deeper into the ice sheet interior than at KLG and

highlights the importance of lower-flux glaciers in future SLR.

While our projections provide an estimate of committed SLR by 2100

for the two modeled glaciers, our estimates cannot necessarily be attributed to

a particular retreat event. In particular, we note the predisposition of the KAK

catchment to mass loss prior to our imposed terminus retreat in 2009 (Fig.
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4.10). To investigate the behavior of the glacier in the absence of prescribed

terminus retreat, we performed a control experiment for KAK and found that

139.4 Gt of dynamic mass loss would occur within the KAK catchment if the

terminus is maintained at its pre-retreat position (Fig. 4.11). However, we

note the similarity in the timing of response from the KAK catchment when we

compare the normalized response for the transient run with terminus retreat

with the control run (Fig. 4.12). Thus, regardless of our ability to attribute

mass loss to the prescribed terminus retreat event, each glacier catchment has

an inherent response time governed by its unique geometry.
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Figure 4.8: Normalized cumulative mass loss and sea-level rise. Dots represent
the point at which dynamic mass loss has exceeded 90% of its final value.
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Figure 4.9: Rates of mass loss and sea-level rise.

4.5 Conclusion

By simulating outlet glacier response to terminus retreat using higher-

order numerical modeling, we have confirmed thinning limits, or lack thereof,

predicted by linearized, perturbation theory. The simplified theory, in which

we modeled terminus-initiated thinning as a diffusive-kinematic wave, allowed

us to identify the inland distance to which thinning can diffuse from an easily-

calculable metric (Felikson et al., 2018, in review). Having identified glaciers

with the potential for large contribution to sea-level rise over the coming cen-

tury, we have now used a higher-order numerical ice flow model to project

the timing and magnitude of sea-level rise from two differing glaciers. As pre-

dicted by kinematic wave theory, our numerical modeling simulations confirm

that along Kakivfaat Sermiat, a glacier flowing over gentle topography and no
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Figure 4.10: Cumulative mass loss and sea-level rise.

thinning limit, significant thinning can diffuse hundreds of kilometers into the

interior of the ice sheet. Along Kangerlussuaq Gletscher, a glacier that flows

over a steep knickpoint that sets the thinning limit, numerical modeling simu-

lations show that all significant thinning occurs downstream of the knickpoint

at 50 km from the terminus, with muted thinning response upstream of the

knickpoint.

Geometry controls how outlet glacier catchments respond to terminus

retreat, especially in terms of the timing of the mass loss. Glaciers with geome-

tries similar as KAK, without steep sea-level knickpoints, will allow thinning

to diffuse far into the interior of the ice sheet following terminus retreat. Thus,

in terms of catchment mass loss, the response occurs over a longer timescale for

glaciers like KAK than for glaciers like KLG, which limit thinning to the lowest
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Figure 4.11: Comparison of modeled mass loss for transient and control runs
of the KAK catchment.

reaches of their flow and reach their new steady state more quickly. In terms

of overall magnitude, low-flux glaciers that flow through gentle bed topogra-

phy, such as KAK, may contribute as much to sea-level rise as their high-flux

counterparts and may be even larger contributors than high-flux glaciers like

KLG in the latter half of this century and beyond.
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Figure 4.12: Comparison of normalized modeled mass loss for transient and
control runs of the KAK catchment.
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Chapter 5

Conclusions

Heterogeneity in ocean-terminating outlet glacier thinning since 1993

has been observed from laser altimetry of the Greenland Ice Sheet (Csatho

et al., 2014). Presently, however, there is no unifying explanation for the

heterogeneity. The goal of the research presented in this dissertation was

to better understand what controls the observed heterogeneity in mass loss

observed at Greenland’s ocean-terminating outlet glaciers in order to better

constrain projections of sea-level rise due to ice sheet dynamics.

5.1 Key findings and contributions

I started by applying a simplified theory of glacier thinning for 16 out-

let glaciers in West Greenland (Chapter 2). By perturbing and linearizing

the 1-dimensional glacier mass continuity equation, a diffusive-kinematic wave

equation can be derived that describes the evolution of a thinning perturbation

along a glacier’s flow (Nye, 1960). The diffusive-kinematic wave equation can

be normalized to obtain a non-dimensional ratio of the rates of downstream

advection to diffusion of thinning called the Péclet number (Pe). I show that,

near the termini of ocean-terminating outlet glaciers in West Greenland, Pe

is low, indicating that a thinning perturbation originating at the terminus
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can diffuse upstream (Felikson et al., 2017a). Using digital elevation models

(DEMs) of the ice sheet surface from 1985 (Korsgaard et al., 2016) and DEMs

that I created from high-resolution stereo satellite imagery of the present-day

surface, I found empirically that terminus-initiated dynamic thinning can dif-

fuse upstream until it reaches the location along glacier flow where the Pe first

exceeds 3. Because of each glacier’s unique geometry, for the 16 outlet glaciers

I studied, the location where Pe first exceeds 3 occurs between 6 and 243 km

upstream of the glacier termini. Thus, thinning originating at the termini of

these glaciers can diffuse inland to different distances along each glacier’s flow.

Because mass loss is partially governed by the inland extent of thinning, my

finding helps explain the heterogeneity that we observe in dynamic mass loss

from Greenland outlet glaciers.

Next, I used Pe to determine thinning limits for 141 of Greenland’s

ocean-terminating glaciers and I identified a unique bed feature present at

many Greenland glaciers that sets a limit on the upstream diffusion of thin-

ning (Chapter 3). One advantage to using the simplified diffusive-kinematic

wave approach is that the Pe is easily-calculable from observed glacier geom-

etry. This allowed me to comprehensively survey thinning limits using several

flowlines spread across the width of each glacier, as well as additional flowlines

to capture major glacier tributaries, and obtain statistics on thinning limits

for each glacier. By examining bed topography in the vicinity of the thinning

limits, I found previously unreported knickpoints where the bed rises steeply

from below sea level (Felikson et al., 2018, in review). Bed slopes at the knick-

points are steeper than bed slopes within the submarine troughs and, thus,
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impact ice dynamics. The steepness of the bed at knickpoints causes the ice

surface to be relatively steep and the Pe to be relatively high. Where the

bed is sufficiently steep, the Pe exceeds the empirical thinning limit (Pe>3)

and thinning initiated by terminus retreat is limited to downstream of the

knickpoint. The knickpoints are not homogeneous, however, and I show that

knickpoints are steeper for glaciers that flow through mountainous topogra-

phy, possibly because more ice flux is topographically steered to flow through

constrictions, eroding steeper knickpoints (Kessler et al., 2008). Knickpoints

in regions of gentle bed topography are less steep or absent, allowing thinning

to diffuse hundreds of kilometers into the ice sheet interior within some glacier

catchments. Additionally, I used the predicted inland extent of thinning, and

a measure of each glacier’s ice flux, to identify glacier catchments with the

highest potential to contribute to sea-level rise over the coming century.

Finally, having characterized the majority of outlet glaciers around the

ice sheet, I employed a state-of-the-art, higher-order, numerical model of ice

flow to simulate glacier thinning following terminus retreat and to project sea-

level rise from two glaciers with contrasting responses predicted by diffusive-

kinematic wave theory (Chapter 4). I model the response of Kakivfaat Sermiat

(KAK), West Greenland, and Kangerlussuaq Gletscher (KLG), East Green-

land, two glaciers that I identified as having a large potential contribution to

sea-level rise but for different reasons. KAK is a low-ice-flux glacier but with

a gentle knickpoint that will allow thinning to diffuse hundreds of kilometers

into the ice sheet interior. KLG, on the other hand, has a steep knickpoint

that will limit thinning to within 50 km of its terminus but with a high ice flux.
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Thus, though the inland extent of thinning may be limited, terminus retreat

may lead to a large increase in the magnitude of discharge at KLG. My nu-

merical modeling experiments confirm this; both KAK and KLG will respond

to the recently observed terminus retreat by losing comparable amounts of ice

mass. At the year 2100, both glaciers are projected to contribute ∼0.5 mm to

global mean sea-level rise. However, the response of KAK is slower than that

of KLG; mass loss from the KLG catchment reaches 90% of the total predicted

mass loss by 2058, whereas mass loss at KAK takes until 2084 to reach 90%

of its total predicted loss. And, while KLG has reached a new equilibrium

by 2100, KAK has not. The rates of modeled mass loss in year 2100 is 0.05

Gt/yr at KLG and 1.07 Gt/yr at KAK, indicating that KAK will continue its

mass loss response beyond 2100. This highlights the importance of lower-flux,

oft-overlooked glaciers, such as KAK that have the potential to contribute as

much to sea-level as their high-flux counterparts.

5.2 Directions for future work

The findings in this dissertation presents several opportunities for fur-

thering the work and improving sea-level rise projections from the Greenland

Ice Sheet. Progress in narrowing the uncertainty in sea-level rise projections

can be made by better understanding the sensitivity of dynamic mass loss

to uncertainties in model physics, by improving the methods used to obtain

ice-sheet-wide estimates of dynamic mass loss, and by continuing to expand

our understanding of the influence of evolving bed topography on ice sheet

dynamics.
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While the higher-order numerical modeling presented in Chapter 4 was

tuned to match observations of surface velocity and dynamic thinning, future

work would benefit from a better understanding of the effect of uncertain model

physics on projections of the timing of future sea-level rise. The uncertainty

associated with parameters such as ice viscosity and basal friction can be used

to drive scatter in mass loss projections to gain insight into the sensitivity

of the timing of sea-level rise to these parameters. Additionally, the physics

governing the basal boundary condition can be explored, as well. For example,

recent work by Stearns and van der Veen (2018) suggests that basal sliding

speed is correlated with effective pressure and not with friction at the ice-

bed interface. This can be systematically explored in the framework of the

higher-order numerical model and the influence of the choice of sliding law on

sea-level rise timing can be quantified.

Simulating terminus retreat within a higher-order model for all of Green-

land’s ocean-terminating outlet glaciers has not yet been accomplished. This

is due in part to the computational expense required to run such a model and

also to the time required to tune the model to provide a reasonable match to

observations, in the face of varied dynamical circumstances at each glacier. To

date, studies that have projected sea-level rise from the entire ice sheet have

relied on modeling a small number of glaciers and scaling the results. The

work presented in this dissertation can be expanded in a similar manner by

modeling a small number of glaciers to span the parameters space formed by

glacier geometry and ice flux. By doing so, it may be possible to develop a

statistical relationship between these parameters and projected sea-level rise
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that can be used to estimate sea-level rise from glaciers that have not been

modeled. This may provide a path to narrowing the spread of sea-level rise

projections for the Greenland Ice Sheet that currently exists in literature.

Finally, it would be useful to search for knickpoints outside of Green-

land, such as in the subglacial bed topography of Antarctica, Alaska, Svalbard,

as well as deglaciated topography, world-wide. If sea-level knickpoints exist

elsewhere, that suggests an erosional feedback that is common to all glacial

settings. If, however, sea-level knickpoints are not found elsewhere, perhaps

there is a unique erosional mechanism that exists in Greenland.
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