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This dissertation is presented as a collection of projects related to the first galax-

ies and supermassive black holes. The analysis centers around the Lyman α (Lyα)

line of atomic hydrogen, which is an especially powerful probe of the high-redshift

universe due to its characteristic strength and spectral properties. Several instru-

ments and telescopes have recently been or will be targeting the Lyα line with

significantly increased sensitivity across all redshifts. In light of such advances,

we continue to be optimistic that when combined with other observational signa-

tures, accurate Lyα modeling can reveal key physical properties about the intrinsic

sources and external environments of these systems.

The included works incorporate state-of-the-art radiation transport calcula-

tions within high resolution ab initio cosmological simulations or more idealized

setups to understand the imprint of galaxy formation during the first billion years

after the Big Bang. Each chapter is a self-contained project with the title corre-

sponding to a peer-reviewed publication. The collection includes significant dis-

cussion of code development, analysis methods, specific applications, likely inter-

pretations, and broad perspectives that will hopefully benefit future researchers

in this field, as we observe and model the universe with ever increasing realism.
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enriched Pop II stars were present then Ṅion, and therefore LLyα, would
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2.2 The relative per cent error, 100[1 − xcw, approx/xcw], is shown in green.
The yellow curve in the insert is xcw, approx as given by Equation (2.21).
All curves cover a temperature range of T ∈ [1,104] K. . . . . . . . . . . 24

2.3 The distribution of parallel velocities f (u‖) as given by Equ. (2.17) for
different values of incoming frequency x. The profile resembles a Gaus-
sian with a sharp peak around the point u‖ = x. For large x it becomes
too improbable for atoms to have velocities high enough to Doppler
shift into resonance so the peak at u‖ = x disappears and a shifted
Gaussian is a good approximation. The frequencies sampled are x =
{0,1,2,3,4.5,10}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 The fractional probability p that u‖ < u0. This separation captures
the behavior of g for frequencies above and below the transitional fre-
quency xcw. The axes are frequency x ∈ (1,10) and (log10) tempera-
ture T ∈ (1,104) K. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
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2.5 Top panel: The Neufeld solution for the angular averaged intensity J(τ0,x)
of a static, homogeneous slab at T = 104 K. The central optical depth τ0
covers a range of moderate to extreme values, where the yellow, blue,
green, and red curves represent colt simulations using ∼ 106 photon
packets for τ0 = 105, 106, 107, and 108, respectively. The agreement
with the approximate analytic solutions (thin black lines) is quite good,
especially for higher values of τ0. At lower optical depths the underly-
ing assumptions used to derive Equation (2.39) break down, therefore
the true measure of this test is the limiting behavior as τ0 tends to infin-
ity. Bottom panel: Face-on line of sight radial surface brightness pro-
files for the same slabs as calculated by Equation (2.52) of Section 2.6.1.
The scaling is such that the highest optical depth system is unity at the
centre, i.e. SB0 ≡ SB(r = 0). The dashed line is a rough analytic fit to
guide the eye. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.6 Top panel: The dynamic test case gives the angular averaged inten-
sity J(vmax,x) of an isothermal (T = 104 K), homogeneous sphere of col-
umn density NH i

= 2 × 1020 cm−2 experiencing isotropic outflow. The
Hubble-like expansion is parametrized by the maximum velocity vmax
at the edge of the sphere. The static case agrees with the analytic solu-
tion of Dijkstra et al. (2006) while the colored curves reproduce to high
precision the same cases presented by Laursen et al. (2009). The veloc-
ity field applies an overall redshift to the profile, suppressing the blue
peak until it disappears entirely. At first the red peak is pushed fur-
ther from line centre, however, past a critical vmax the peak approaches
the centre again because the velocity gradient facilitates escape from
Doppler shifting. Bottom panel: The (averaged) line of sight radial sur-
face brightness profile for each sphere calculated according to Equa-
tion (2.52) of Section 2.6.1. The scaling is such that the static sphere is
unity at the centre, i.e. SB0 ≡ SB(r = 0). The dashed line is a reference
for a flat profile to guide the eye. Only the largest velocity gradients
substantially alter the profile so that the apparent image is much more
concentrated toward the centre. . . . . . . . . . . . . . . . . . . . . . . . 36

2.7 Neutral hydrogen column density NH i
for a “Late” model at a source

redshift of z = 9 with MH, tot = 107 M�. The spatial scale, in physical
kiloparsecs and arcseconds, are provided. The edge-on view of the halo
demonstrates the butterfly-shaped ionization structure of the models.
For comparison with Eq. (2.47) the corresponding ionizing photon rate
is Ṅion ≈ 1053 s−1, giving a late time lower limit of tlate & 103 yr. . . . . 44
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2.8 Neutral hydrogen column density NH i
(left), line of sight velocity vz

(middle), and ambient gas temperature T (right) surrounding the atomic
cooling halo of Safranek-Shrader et al. (2012) at a source redshift of z =
13.8. The velocity and temperature projections are weighted by the gas
density. The spatial scale, in physical parsecs and angular units of arc-
seconds, is provided along with circles to represent the halo’s virial ra-
dius ofRvir ≈ 600 pc, corresponding to a virial mass ofMvir ≈ 2×107 M�
or roughly MH, tot ≈ 2.5 × 106 M� for comparison with our idealized
models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.9 Line of sight flux as a function of Doppler velocity ∆v = c∆λ/λ for each
of the different models organized by mass (separate subfigures) and
wind structure (panels within each subfigure). Anisotropic ionization
and wind-driven outflows lower the effective line-of-sight opacity. The
halo models are characterized by velocity structure (S for “Static” and
W for “Wind”), ionization scenario (E for “Early” and L for “Late”), and
the total mass of hydrogen in the haloMH, tot (105−108 M�). Anisotropic
“Late” profiles have considerably more flux along the face-on line of
sight than the edge-on view. Also, asymmetric “Wind” models pro-
duce greater flux redward of the line centre. Both effects are sum-
marized for quantitative comparison in Table 2.3. The units are set
by having each halo reside at redshift z = 9 with a Pop III star for-
mation efficiency of η∗ = 0.01, corresponding to a central starburst of
LLyα = 3.9 × 10[6−9] L� (see Table 2.2 for more information). For refer-
ence, the observed flux density fλ increases with source luminosity LLyα

and decreases with redshift so that fλ ∝ LLyα(1 + z)−3 at high redshifts.
Transmission through the (neutral) IGM is not accounted for here, how-
ever, see Sections 2.6.1 and 2.6.4.1 for a discussion. . . . . . . . . . . . . 55
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2.10 Surface brightness profile for the WL7 idealized galaxy model at red-
shift z = 9, which has a “Wind” velocity profile, a “Late” anisotropic
ionization scenario, and total mass of hydrogen MH, tot = 107 M� so
that Mvir ∼ 108 M�. The central starburst has a Pop III star forma-
tion efficiency of η∗ = 0.01, which for this mass corresponds to a central
starburst of LLyα = 3.9 × 108 L� (see Table 2.2 for more information).
The galactic centre contains a Strömgren sphere within the core radius
rcore = 10 pc and produces a biconic ionized cavity out to redge ≈ 5 kpc
where the density drops to that of the background nH, IGM. The simula-
tion region is roughly 20 kpc across which allows the local IGM to play
an important role. Indeed, a lighthouse effect is apparent as photons
preferentially escape through the bipolar lobe aligned with the z-axis
and are scattered when they hit the neutral IGM. The intrinsic bolo-
metric flux F is given for each line of sight at the bottom of each panel. 56

2.11 Radial surface brightness profiles for each of the different mass mod-
els. The color scheme and intrinsic halo parameters are the same as
that of Fig. 2.9 (i.e. η∗ = 0.01 and z = 9). For the anisotropic L–models
there is a distinct feature at the edge radius corresponding to the hour-
glass ionization effect, where redge ≈ 1.09 kpc for the 5–models, redge ≈
2.35 kpc for the 6–models, redge ≈ 5.05 kpc for the 7–models, and redge ≈
10.88 kpc for the 8–models. The “Late” models are more extended than
the bottled-up “Early” models. . . . . . . . . . . . . . . . . . . . . . . . 58

2.12 Integrated light within a given radius, I(r) ∝
∫ r

0
SB(r ′)r ′dr ′, for the 5–

and 8–mass models, left and right respectively. The color scheme and
intrinsic halo parameters are the same as Figures 2.9 and 2.11. The
anisotropic L–models are much more extended than the E-models as
can be seen by comparing the half-light radii, R1/2, shown as extended
colored ticks on the radial axis. The curves have been normalized to
unity to allow for direct comparison. . . . . . . . . . . . . . . . . . . . . 59
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2.13 Correlation between mass and the location of the red peak, vred peak, in
units of km s−1 for each halo model. Once again, there is a clear dif-
ference between the “Early” and “Late” models, where escape near line
centre is possible for the latter because of anisotropic ionized bubbles.
Note that the wavelength resolution of these simulations is ∼ 10 km s−1

or ∼ 0.04 (1 + z) Å, which explains the deviation from the lower (red)
least squares fit. The cosmological simulation of Safranek-Shrader et al.
(2012) is plotted as a gray circle with a vertical line to represent the un-
certainty. SS12 is consistent with a relatively isotropic ionization sce-
nario. To guide the eye we have included power law fits for selected
models. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2.14 Relationships between mass and flux properties for relevant idealized
halo models. The left panel shows a clear difference in the bolometric
flux between face-on (z) and edge-on (xy) views. The right panel illus-
trates trends for the ratio of ‘red’ to ‘blue’ flux. For the “Early” models
Fr/Fb only depends on the strength of the wind, however, for the “Late”
models the ratio decreases for larger haloes. For reference, the cosmo-
logical simulation of Safranek-Shrader et al. (2012) is plotted as gray
circles for each of the six sightlines. The SS12 results indicate that the
halo emits roughly isotropically – perhaps due to the large (1 Mpc)3

comoving box size – and has a relatively small bulk velocity. For this
model we plot the ratio of ‘blue’ to ‘red’ flux as the velocity is largely
due to cosmological inflow. If additional feedback mechanisms are in-
cluded the SS12 results may be different. See Table 2.3 for a quantita-
tive comparison. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.15 Trends between mass and the half-light radius, R1/2, for the idealized
halo models. The relative shape of the integrated surface brightness
and the corresponding value of R1/2 indicate how extended the source
appears. In the left panel there is a clear relationship of R1/2 ∝M1/3

H, tot
which shadows the established relationship of χ in Equation (2.45). In
the right panel we have taken out the dependence on redge (or box size).
The “Early” models still demonstrate a noticeable trend of becoming
more singular with respect to the radius of the halo. To guide the eye
we have included power law fits for selected models. . . . . . . . . . . . 65
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2.16 Line of sight flux density (left), radial surface brightness profile (mid-
dle), and bolometric flux (right) for the six coordinate faces of the (67.5 kpc)3

physical extraction region, assuming a 108 L� source at z = 13.8. The
specific flux in the left panel is calculated for a Doppler resolution of
∆v ≈ 10 km s−1, corresponding to a spectral resolution of R ≡ λ/∆λ ≈
30000, achievable with next-generation large-aperture ground-based
infrared observatories with adaptive optics. The light-shaded curves
are intrinsic to the galaxy whereas the other three sets of curves in-
clude suppression from IGM opacity, i.e. a frequency dependent factor
of exp(−τred

GP ) defined in Equation (2.53). The difference between the
transmission models is the size of the local ionized bubble RH ii

which
has a strong effect on the observed flux. Although Figures 2.8 and 2.18
demonstrate many distinct inhomogeneous features, e.g. obscuration
from clouds or anisotropic excess intensity, the spatially averaged flux
and radial surface brightness are quite similar across different sight-
lines. The middle panel illustrates the singular nature of the intrinsic
Lyα source and the transition to an exponentially damped halo, which
in this case roughly coincides with SB ∝ exp(−r/12.5 kpc). The right
panel compares the effect of RH ii

on the total observed flux for compar-
ison with JWST sensitivities. . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.17 Line of sight surface brightness profiles for the six coordinate faces of
the entire (1 Mpc)3 comoving volume or (67.5 kpc)3 in physical units.
The central square corresponds to the size of Fig. 2.18. On larger scales
the IGM tends to smooth out the profiles so the viewing angle differ-
ences are less severe. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.18 Line of sight surface brightness profiles for the six coordinate faces of
the ∼ (4 kpc)3 extraction region. The dark fluffy streaks are wisps or
clouds of neutral hydrogen blocking the particular sightline. Artifacts
of the next-event estimator method sometimes appear, which does not
resolve intensity features on scales smaller than the intervening AMR
grid structure. Although these features are smoothed out when consid-
ering larger volumes (cf. Fig. 2.17) and transmission through the IGM,
such a halo could possible serve as an analog for resolved systems at
lower redshifts. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
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2.19 The total observed flux for “Wind” models after considering different
IGM ionization scenarios, denoted by the size of the local bubble RH ii

.
A roughly linear relation exists for most galaxies due to the assumed
constant Pop III star formation efficiency of η∗ = 0.01 at redshift z = 9.
Smaller bubbles have significant variance in bolometric flux based on
the ionization morphology and line of sight. On the other hand, local
model differences are minimized for large bubble sizes. . . . . . . . . . 74

2.20 Top panel: A test for aτ0 = 1 designed to compare different values of
xcrit. The converged solution (yellow histogram) is given by xcrit = 0
while a low value of xcrit = 0.25 provides excellent agreement and is
shown in black. A sample of values which are too high and affect the
emergent spectrum are xcrit = {0.5,1,2} and are respectively given by
orange, red, and purple dotted histograms. Bottom panel: Same as
the top panel except for aτ0 = 105. A value of xcrit = 5 is sufficiently
converged for our purposes. An acceptable value of xcrit = 10 is given by
a black line while non-converged values of xcrit = {15,25,35} are again
given by the orange, red, and purple dotted histograms. Here aτ0 is
large enough that the analytical solution of Equ. (2.34) is accurate, so it
is included as the green dashed line in the background. Both tests used
∼ 500,000 photon packets. . . . . . . . . . . . . . . . . . . . . . . . . . . 81

2.21 A test to examine the effect of extraction size for the post-processing
conditions of Safranek-Shrader et al. (2012). Solid curves represent
the angular averaged spectra while the transparent curves show the ob-
served flux as viewed along each each of the six coordinate axes. The
red, blue, green and yellow curves represent the results from extraction
cubes with a physical edge size of 1 kpc, 4 kpc, 16 kpc, and 67.5 kpc,
respectively. The normalization is set by a 108 L� source at z = 13.8. . . 82

2.22 Two test suites to explore the effect of temperature on Lyα radiative
transfer. Both cases represent the angular averaged intensity as a func-
tion of Doppler velocity ∆v = c∆λ/λ for uniform slabs of varying tem-
perature. For direct comparison between the models the normalization
is arbitrary but consistent in all cases. The top panel maintains a con-
stant optical depth at line centre of τ0 = 107 while the bottom panel
ensures a fixed column density of NH = 1.7× 1020 cm−2, corresponding
to τ0 = 107 at T = 104 K. Even though the optical depth or column den-
sity are fixed, the product aτ depends on temperature and the emergent
spectra is affected. The number of photon packets used in these simu-
lations is Nph = 106. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
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3.1 Radial profile of the energy density U (r) in the Lyα radiation field for
an expanding neutral IGM. The central source is normalized to an emis-
sion rate of Ṅα = 1052 photons s−1. The blue dotted line represents the
free-streaming limit while the red dashed line shows the analytic so-
lution from Equation (3.2) which assumes the diffusion approximation
at extremely low temperature. The increased energy density within
r . 1 Mpc is due to Lyα photon trapping. The black line is from a colt

simulation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

3.2 Ratio of the Lyα radiation force to the gravitational force on a hydrogen
atom. The vertical axis is normalized for a point mass of Mp = 109 M�
and an emission rate of Ṅα = 1052 photons s−1. The red dashed line rep-
resents the analytic expression from Equation (3.4) (see also Fig. 3.1).
The black curve is calculated from a colt simulation via the momen-
tum transfer methodology. The grey curve assumes the Eddington ap-
proximation to obtain the force from the energy density estimator (see
Section 3.3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.3 Ratio of the equilibrium radius to the virial radius as given by Equa-
tion (3.5). The Lyα radiation force overwhelms gravity for neutral gas
within req. The solid lines have a constant mass to (Lyα) light ratio in so-
lar units, i.e. Υα ≡ (Mvir/M�)/(Lα/L�), while the dashed lines represent
fixed luminosity. The contours are meant to guide the eye and represent
the product of the RMS amplitude of linearly extrapolated density fluc-
tuations σ and a normal distribution ofN (logf? ,µlogf? = −3,σlogf? = 0.75). 97

3.4 Ratio of pressure to energy density at a given radial line centre optical
depth τ0 in uniform spheres at low and high temperatures, i.e. T = 1 K
and T = 104 K. In the diffusion limit the ratio approaches P /U = 1

3 .
The colours distinguish simulations with centre-to-edge optical depths
of τ0,edge = {102,104,106,108}. The solid (dotted) lines are with (with-
out) the core skipping acceleration scheme. Core skipping results in
smaller trapping times for the innermost shells. However, this repre-
sents a small fraction of the overall volume. The grey curves are ap-
proximate fits throughout the optically thick regime. At T = 1 K we
find ttrap/tlight ≈ 40(τ0/106)1/4 for 103 < τ0 < 106 although the slope
is shallower (≈ 1/8) for τ0 > 106. At T = 104 K we find ttrap/tlight ≈
13(τ0/106)0.3 for τ0 & 106. . . . . . . . . . . . . . . . . . . . . . . . . . . . 108
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3.5 The ratio of the shell velocity vsh to the local escape velocity vesc ≡
(2GM<r /r)1/2 as a function of time for different halo masses Mvir de-
noted by colour and star formation efficiencies f? denoted by line style.
The galaxy mass significantly impacts whether the shell is able to es-
cape the gravitational potential well into the IGM. The light grey re-
gion is a schematic representation of times when the shell has crossed
the virial radius. All haloes with Mvir . 108 M� eventually reach the
escape condition rsh > rvir, which we expect to occur after at least ≈ 7,
13, and 30 Myr for the 106, 107, and 108 M� haloes, respectively. . . . . 120

3.6 Top panel: The time evolution of the ratio of the shell velocity for sim-
ulations with and without Lyα radiation pressure for different halo
masses Mvir = 106−10 M� at a fixed star formation efficiency of f? =
10−3. Bottom panel: The shell velocity ratio for different values of
f? = 10−1−(−4) at a fixed halo mass of Mvir = 108 M�. . . . . . . . . . . . . 121

3.7 Top panel: The time evolution of the velocity offset of the red peak of
the Lyα spectrum for different values of halo mass Mvir = 106−10 M�
at a fixed star formation efficiency of f? = 10−3. Bottom panel: The
velocity offset for different values of f? = 10−1−(−4) at a fixed halo mass of
Mvir = 108 M�. The location of the emerging red peak is fairly constant
throughout the simulations with a slight decrease in time. . . . . . . . . 122

3.8 Time-averaged velocity offset for different values of halo mass Mvir =
106−10 M� and star formation efficiency f? = 10−1−(−4). The velocity
offset has strong dependence on the efficiency of forming stars while
the mass mostly affects the luminosity. . . . . . . . . . . . . . . . . . . . 125

3.9 Time-averaged velocity offset for stellar sources as a function of in-
trinsic and observed Lyα luminosity for different values of halo mass
Mvir = 106−10 M� and star formation efficiency f? = 10−1−(−4). The
shaded regions have been corrected for transmission through the IGM
based on two different models represented by diamonds and stars (see
text). The dark grey arrow represents the overall shift from intrinsic
to observed Lyα properties, i.e. the IGM produces a redder and fainter
Lyα signature. For reference, we include the bright Lyα source CR7 at
z = 6.6 with a measured offset of +160 km s−1, discussed in Section 3.6
(large grey star symbol). . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
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3.10 Top panel: The ratio of the shell velocity vsh to the local escape veloc-
ity vesc ≡ (2GM<r /r)1/2 as a function of time for haloes of mass Mvir =
108−9 M� denoted by orange and red colours, with black hole escape
fractions of f •esc = 0.01− 0.1 shown by solid and dashed curves, respec-
tively. In all of the Stage II DCBH scenarios the shell exceeds the escape
velocity throughout the entire simulation. For comparison, we anno-
tate each curve with the corresponding final absolute shell velocity, i.e.
at 10 Myr. Bottom panel: The time evolution of the ratio of the shell ve-
locity for simulations with and without Lyα radiation pressure, which
turns out to be significant in all cases. . . . . . . . . . . . . . . . . . . . . 129

3.11 Time-averaged velocity offset for direct-collapse black holes as a func-
tion of intrinsic and observed Lyα luminosity for different values of
halo mass Mvir = 108−9 M� and black hole escape fraction f •esc = 0.01−
0.1. The black hole mass isM• = {1.33,6.52,14.8}×105 M� for Stage I, II,
and III, respectively (see Table 3.1). The shaded regions have been cor-
rected for transmission through the IGM based on two different models
(see Section 3.5.3). The resulting observations are characterized by a
redder and fainter Lyα signature. The velocity offset is generally larger
for the DCBH spectrum than equivalent stellar models. . . . . . . . . . 132

4.1 Illustrating the timing problem for supermassive black hole growth
in the early universe. The observed quasars with a mass M• ≈ 109–
1010 M� at redshift z ≈ 6− 7 could have originated from massive seeds
or from low-mass stellar progenitors with hyper-Eddington growth rates.140

4.2 Schematic density-temperature relation for the collapse of primordial
gas in an atomic cooling halo with a virial temperature Tvir ∼ 104 K. The
evolutionary track in the presence of a strong Lyman-Werner flux can
be significantly different from the typical scenario with H2 and metal
line cooling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

4.3 Illustration of the galactic outflow model for the Lyα emitter CR7. A
strong source of radiation drives an expanding shell of gas from the
centre through the interstellar medium (ISM). The Lyα photons are red-
shifted by the outflow and then transmitted through the intergalactic
medium (IGM) which lies between the distant galaxy and the observer.
The combined radiative transfer through the ISM and the IGM deter-
mines the observed Lyα line profile. . . . . . . . . . . . . . . . . . . . . . 146
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4.4 Observed line-of-sight flux as a function of Doppler velocity ∆v = c∆λ/λ
for the stellar and DCBH models. The grey curves are intrinsic profiles,
the black curves represent a plausible reprocessing due to scattering in
the IGM. The observed velocity offset of 160 km s−1 in the high-redshift
galaxy CR7 (vertical line) is reproduced in the DCBH case. The uncer-
tainty due to DEIMOS/Keck and X-SHOOTER/VLT spectral resolution
is marked by grey regions. . . . . . . . . . . . . . . . . . . . . . . . . . . 148

4.5 Projected gas density from an ab initio cosmological simulation in which
primordial gas undergoes direct collapse to a black hole (DCBH). The
gas flows along filaments of dark matter that form a cosmic web struc-
ture in the early universe. The first galaxies and black holes formed at
the intersection of these filaments. The three panels show the cosmic
web, host galaxy and the opaque gas cloud during SMBH seed forma-
tion at redshift z ≈ 11.6 corresponding to 385 Myr after the Big Bang.
For comparison, the 2.2′ × 2.2′ field of view for the JWST is about 400
times larger in area than the left panel. The circles in the middle panel
show the 0.032′′ (solid) and 0.065′′ (dashed) pixel resolution of the NIR-
Cam instrument on board the JWST for the 2 µm and 4 µm channels,
respectively. The central region where the DCBH forms is deeply em-
bedded in the surrounding cloud (right panel) and remains spatially
unresolved in this simulation. . . . . . . . . . . . . . . . . . . . . . . . . 150

5.1 Radial position rsh and velocity vsh of the expanding shell for each
model. The Pop III and MBH models are shown by the solid black
and red curves, while the Boost and Leak modifications are denoted by
dashed and dotted curves of the corresponding color. The grey dash-
dotted curves are fits using Equation (5.5), only provided for the Boost
models to avoid overcrowding the figure. For reference, β = 0.26 (0.15)
for the Pop III (MBH) Boost case. The thin curves represent simula-
tions without Lyα coupling, demonstrating that Lyα radiation pressure
is dynamically important. The radius was selected based on the peak
number density within the shell. . . . . . . . . . . . . . . . . . . . . . . . 163

5.2 Evolution of the gas number density n and velocity v for t = {1,2,3,5,8.5,20,60}Myr
for the MBH model. The dotted curves are from a higher resolution
simulation while the dashed curves are from a lower resolution simula-
tion. The shell outflow structure is the predominant feature throughout
the hydrodynamical simulation. The other models also exhibit qualita-
tively similar radial profiles. . . . . . . . . . . . . . . . . . . . . . . . . . 166
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5.3 Radial profile of the acceleration due to Lyα photons aα, gas pressure aP,
ionizing radiation aγ , and gravity agrav (dark matter + baryons). Both
the Pop III (upper) and MBH (lower) models are shown 3 Myr into the
simulation. Lyα trapping can be quite significant. We note that aP < 0
inside the shell due to a negative pressure gradient (shown as dashed
lines). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

5.4 Radial profile of the flux due to Lyα photons aα, gas pressure aP, ion-
izing radiation aγ , and gravity agrav (dark matter + baryons). Both the
Pop III (upper) and MBH (lower) models are shown 3 Myr into the sim-
ulation. Lyα trapping can be quite significant. We note that aP < 0
inside the shell due to a negative pressure gradient (shown as dashed
lines). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

5.5 The time evolution of the velocity offset for the red peak of the intrin-
sic line-of-sight flux. The Pop III and MBH models are shown by the
solid black and red curves, while the Boost modification is denoted by
dashed curves of the corresponding color. The location of the offset is
fairly constant throughout the simulations. . . . . . . . . . . . . . . . . 171

5.6 Evolution of the radial surface brightness profile for the Pop III and
MBH models at t = {1,2,3,5,8.5,60}Myr. The late dashed curve is from
a simulation with lower spatial resolution. For the intrinsic grey curves
the region is more uniform and extended in the Pop III case while the
MBH emission more closely follows the shell expansion as a result of
increased Lyα trapping. The black and red curves are corrected for
transmission through the IGM based on the model from Laursen et al.
(2011) and τred

GP from Equ. (5.6), respectively. After scattering in the
IGM the Pop III model appears much more compact whereas the MBH
model remains spatially extended. . . . . . . . . . . . . . . . . . . . . . 172

5.7 The spectral line intensity as a function of radius for the MBH model
at early (t = 3 Myr) and late (t = 60 Myr) times. In the ensuing time
the shell radius has expanded from rsh ≈ 0.5 kpc to rsh ≈ 4 kpc, which
makes a visible difference in the extent of the Lyα emitting region. The
images are corrected for transmission through the IGM where the up-
per and lower panels are based on the model from Laursen et al. (2011)
and τred

GP from Equ. (5.6), respectively. . . . . . . . . . . . . . . . . . . . . 173
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6.1 Projected gas density from an ab initio cosmological simulation, (Be-
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Chapter 1

Introduction

Shedding light on the cosmic dark ages is a primary goal of modern cosmology.

Currently, we have an exceptional window into the state of the early universe via

the cosmic microwave background, providing the initial conditions for cosmic

structure formation. Complementary to this, we can probe back in time with

highly sensitive telescopes, when the universe already exhibited a complex view

of stars, galaxies, and black hole activity. There is an enormous ongoing effort to

connect these two approaches with increasingly sophisticated numerical simula-

tions and next-generation observatories. In this thesis I present my contributions

to the theories that inform us about the galaxy formation process.

The most effective methods for identifying high-redshift objects involve the

Lyman α (Lyα) transition of hydrogen (Finkelstein, 2016). In these galaxies, UV

radiation from massive stars and black holes is reprocessed into Lyα photons,

which undergo a complex resonant scattering process enabling escape even in

dusty, multiphase environments (Dijkstra, 2014). Thus, Lyα emission is readily

detected across a wide range of redshifts, and into the epoch of reionization. Recent

breakthroughs are allowing us to observe increasingly faint and distant objects,

with similar progress being made for cosmological simulations from an ab initio

perspective of large-scale structures down to the level of resolving star formation.

An accurate understanding of the Lyα line within the cosmic context will continue

to play a crucial role in linking observation and theory at the high-z frontier.
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In this dissertation, we present a series of projects on Lyα radiative transfer for

which Aaron Smith is the lead author, divided into three parts: perspectives on

the first galaxies, supermassive black holes, and computational frontiers.

1.1 Perspectives on Galaxies

In Chapter 2, we present the Cosmic Lyα transfer code (colt), a massively

parallel Monte Carlo radiative transfer (MCRT) code, to study Lyα physics in the

framework of galaxy formation simulations. This is a timely problem because the

James Webb Space Telescope (JWST) will provide high resolution data by the end

of the decade. Reaching higher redshifts introduces physical effects that either

strengthen or attenuate the Lyα signal. On the one hand, the intergalactic medium

(IGM) becomes increasingly neutral, giving rise to more extended low surface

brightness Lyα halos. On the other hand, the first galaxies are increasingly devoid

of dust, yielding higher escape fractions, and low metallicity stellar populations

are more efficient ionizers, further boosting the Lyα luminosity. Observations will

be biased towards galaxies with an intrinsic outflow-induced red peak residing in

extensive H ii super bubbles, as Hubble flow facilitates transmission through the

IGM via the red damping wing of the Lyα line.

We perform a post-processing Lyα MCRT study, taking full advantage of mesh

refinement capabilities to resolve sub-parsec star forming regions from the proper

cosmological context. We also explore idealized models to better understand the

effects of halo mass, redshift, ionization structure, and bulk velocity, finding that

bipolar outflows can strongly impact the emergent spectrum. Focusing on the

first, comparatively simple, systems provides an ideal laboratory for fundamental

Lyα physics and provides insights about galactic environments that are not easily
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incorporated into the idealized models widely used to interpret Lyα spectra. Yet,

even with gravitational lensing to boost the luminosity our work indicates that

Lyα emission from stellar clusters within halos of Mvir . 109 M� is generally too

faint to be detected by the JWST.

Radiative feedback plays an important role in regulating star formation by

driving supersonic turbulence and increasing the efficiency of supernova-driven

outflows (Wise et al., 2012a). Due to the high computational cost of properly

treating Lyα scattering, the exact role of Lyα radiation pressure in galaxy formation

and evolution remains an open question. With the aid of MCRT, Dijkstra & Loeb

(2008) found that multiple scattering within high H i density shells is capable of

significantly enhancing the effective Lyα force. Previous explorations had focused

on order-of-magnitude estimates based on idealized calculations.

In Chapter 3, we present the first self-consistent Lyα radiation-hydrodynamics

(RHD) simulations, by coupling colt with spherically symmetric Lagrangian frame

hydrodynamics with ionizing radiation, non-equilibrium chemistry and cooling,

and self-gravity. The accurate MCRT calculations are feasible under the one-

dimensional approximation. The dynamical impact of Lyα radiation pressure

depends on the rate and duration of the momentum transfer. Ionizing radiation

from stellar sources may relieve the Lyα pressure before appreciably affecting the

kinematics of the host galaxy or efficiently coupling Lyα photons to the outflow.

The initial starburst drives an expanding shell of gas from the center and in some

cases Lyα feedback significantly enhances the shell velocity. Radiative feedback

alone is capable of ejecting baryons into the IGM for protogalaxies with a virial

mass ofMvir . 108 M�. We compare the Lyα signatures of Population III stars with

105 K blackbody emission to that of direct collapse black holes with a nonthermal
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Compton-thick spectrum and find substantial differences if the Lyα spectra are

shaped by radiation-driven winds. In both cases, the emergent flux is reprocessed

by the IGM such that the observed luminosity is reduced significantly and the

time-averaged velocity offset of the Lyα peak is shifted redward.

1.2 Perspectives on Black Holes

This work emphasizing the dynamical importance of Lyα radiation pressure

provides an intriguing perspective on the formation pathways for the first super-

massive black holes. Thus, in Chapter 4, we include an invited review article for

Astronomy & Geophysics, the journal of the Royal Astronomical Society. As this

chapter is intended for a broader audience, we focus on the historical development

of the ideas regarding the first supermassive black hole seeds, the physics of their

formation and radiative feedback, recent theoretical and observational progress,

and an outlook for the future.

In Chapter 5, we reproduce the spectral signatures of the COSMOS redshift 7

(CR7) Lyα emitter (Sobral et al., 2015). At the time of the observation the CR7

galaxy at z ≈ 6.6 stood out for its combination of exceptionally bright Lyα and He ii

1640 Å line emission but absence of metal lines. As a result CR7 was thought to

be the first viable candidate host of a young primordial starburst or direct collapse

black hole (DCBH). High-resolution spectroscopy revealed a 160 km s−1 velocity

offset between the Lyα and He ii line peaks while the spatial extent of the Lyα

emitting region is ∼ 16 kpc. The observables are indicative of an outflow signature

produced by a strong central source, so we showcased our Lyα RHD method to

investigate the nature of the CR7 source. For the observed galaxy properties, a

Population III star cluster with 105 K blackbody emission ionizes its environment
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too efficiently to generate a significant velocity offset. However, a massive black

hole with a nonthermal Compton-thick spectrum is able to reproduce the Lyα

signatures as a result of higher photon trapping and longer potential lifetime.

In Chapter 6, we perform a post-processing radiative feedback analysis on a

3D ab initio cosmological simulation of an atomic cooling halo under the DCBH

scenario. We maintain the spatial resolution of the simulation by incorporating

native ray-tracing on unstructured mesh data, including Lyα MCRT. DCBHs are

born in gas-rich, metal-poor environments with the possibility of Compton-thick

conditions, NH & 1024 cm−2. Therefore, the surrounding gas is capable of expe-

riencing the full impact of the bottled-up radiation pressure. In particular, we

find that multiple scattering of Lyα photons provides an important source of me-

chanical feedback after the gas in the sub-parsec region becomes partially ionized,

avoiding the bottleneck of destruction via the two-photon emission mechanism.

We provide detailed discussion of the simulation environment, expansion of the

ionization front, emission and escape of Lyα radiation, and Compton scattering.

A sink particle prescription allows us to extract approximate limits on the post-

formation evolution of the radiative feedback. We conclude that fully coupled 3D

Lyα RHD will be crucial to consider in future DCBH simulations.

1.3 Computational Frontiers

Due to its accuracy and generality, MCRT has emerged as the prevalent method

for Lyα radiative transfer in arbitrary geometries. However, the standard MCRT

method encounters a significant efficiency barrier in the high optical depth, dif-

fusion regime. Multiple acceleration schemes have been developed to improve

the efficiency of MCRT but the noise from photon packet discretization remains
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a challenge. The discrete diffusion Monte Carlo (DDMC) scheme, in which many

unresolved scatterings are replaced by a single jump to a neighboring cell, has

already been successfully applied in state-of-the-art RHD simulations. Still, the

established framework is not optimal for resonant line transfer.

Inspired by the DDMC paradigm, in Chapter 7, we present a novel extension

to resonant DDMC in which diffusion in space and frequency are treated on equal

footing. We explore the robustness of our new method and demonstrate a level of

performance that justifies incorporating the method into existing Lyα codes. We

present computational speedups of ∼ 102–106 relative to contemporary MCRT im-

plementations with aggressive core-skipping. This is because the resonant DDMC

runtime scales with the spatial and frequency resolution rather than the number

of scatterings—the latter is typically ∝ τ0 for static media, or ∝ (aτ0)2/3 with core-

skipping. We anticipate new frontiers in which on-the-fly Lyα radiative transfer

calculations are feasible in 3D RHD. More generally, resonant DDMC is trans-

ferable to any computationally demanding problem amenable to a Fokker-Planck

approximation of frequency redistribution.

In Chapter 8, we close by discussing some of the future directions for research

beyond this thesis. In particular, resonant DDMC has enormous potential to answer

longstanding questions and open up new realms in Lyα science.
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Part I

PERSPECTIVES ON GALAXIES
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Chapter 2

The Lyman-Alpha Signature of the First Galaxies1

2.1 Introduction

Observations of Lyman-α (Lyα) sources are a powerful probe of the high-redshift

Universe (e.g. Hu & McMahon, 1996; Rhoads et al., 2000; Taniguchi et al., 2005;

Finkelstein et al., 2009). In particular, the prominence of the Lyα line at λLyα =

1216 Å (1 + z) allows for spectroscopic confirmation of redshift measurements of

individual distant galaxies. Lyα sources are also a compelling probe of the cosmic

dark ages leading up to reionization – see Dunlop (2013) for a perspective on high-

z observations. Historically, Partridge & Peebles (1967a) determined that galaxies

from the first billion years after the Big Bang would be powerful emitters of Lyα

photons, though observations of these sources eluded us for longer than expected.

However, robust detections are becoming more regular, especially if the stellar

mass is comparable to the Milky Way or the star formation rate (SFR) is elevated

(e.g. SFR & 100 M� yr−1; Pritchet, 1994).

Within the earliest galaxies hard UV radiation from massive stars is repro-

cessed into Lyα photons; however, because neutral hydrogen (H i) is opaque to

the Lyα line, many of these photons may be resonantly trapped, and consequently

suffer significant dust absorption. Despite these effects, observations have deter-
1This chapter has been published as Smith, A., Safranek-Shrader, C., Bromm, V., Milosavlje-

vić, M., 2015, MNRAS, 449, 4336. C. Safranek-Shrader provided the cosmological simulation for
the Lyα radiative transfer study. V. Bromm and M. Milosavljević supervised the project.
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mined that the Lyα escape fraction, fe, actually increases at higher redshifts (Hayes

et al., 2011; Curtis-Lake et al., 2012). At some point, although the photons are no

longer destroyed by dust, they are scattered out of the line of sight and some frac-

tion of the Lyα emission is lost to the background as their sources become spatially

extended Lyα haloes (Loeb & Rybicki, 1999). Various mechanisms have been ex-

plored to explain the unusually high fe of high-z galaxies. In all likelihood this is

a result of the complicated resonant line transfer, galactic structure, and peculiar

dust properties. For example, multiple scatterings that facilitate excursions to the

wings of the frequency profile; large-scale flows that induce Doppler shifts; and

the geometry of dense, dusty clouds within a clumpy interstellar medium that pro-

vide pathways for escape (e.g. Hansen & Oh, 2006; Dijkstra & Loeb, 2008; Zheng

et al., 2010). In this work, we push these questions to the very first galaxies (for a

review see Bromm & Yoshida, 2011).

Assessing the observability of such early Lyα sources is nontrivial. Indeed, go-

ing to higher redshifts introduces physical effects that compete in either strength-

ening or attenuating the Lyα signal (Latif et al., 2011a,b; Dunlop, 2013). On one

hand, the intergalactic medium (IGM) becomes increasingly neutral at higher z, re-

sulting in a more difficult escape for Lyα photons (Ono et al., 2012). On the other

hand, the same IGM also becomes increasingly devoid of dust (Pentericci et al.,

2011). Furthermore, Population III (so-called Pop III) stellar sources are predicted

to have been more efficient ionizers, boosting the Lyα luminosity (Bromm, 2013;

Glover, 2013). The fact remains that high-redshift Lyα sources are being observed

out to z ∼ 7.5. Still, many details regarding the epoch of reionization (EoR), or

the inhomogeneous phase transition around z ∼ 6.5 − 15, are uncertain and may

greatly affect interpretations of Lyα transfer through the IGM (Barkana & Loeb,
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2007; Meiksin, 2009; Zaroubi, 2013).

Some of the most effective methods for identifying high-redshift objects in-

volve the Lyα line. In particular, Lyman-break galaxies (LBGs) are generally mas-

sive galaxies for which neutral hydrogen produces a sharp drop in the spectra due

to absorption (Meier, 1976a,b; Steidel & Hamilton, 1992, 1993). Lyman-α emit-

ters (LAEs) are young, less-massive galaxies with active star formation and strong

Lyα emission (Charlot & Fall, 1993). It is an important frontier to push Lyα se-

lection methods towards the highest possible redshifts. For galaxies at z & 6 the

neutral fraction of the intervening IGM increases enough for their spectra to yield

complete absorption of photons blueward of the Lyα line. This is the well-known

“Gunn-Peterson trough” (Gunn & Peterson, 1965) which is characteristic of LBGs.

However, these massive, evolved galaxies become increasingly rare at high red-

shifts. The LAE luminosity function also declines as redshift increases, and the

observed trend is robustly established for 4 . z . 7 (e.g. Bouwens et al., 2007;

Oesch et al., 2012) and expected to continue beyond z ∼ 7 (Ellis et al., 2013). Be-

cause a strong detection of the highly-redshifted Lyα line requires the emitter to

be young and relatively dust free – conditions which are naturally expected for the

first galaxies – LAEs are likely their typical manifestation.

High-redshift Lyα candidates must be followed up by spectroscopy in order to

guard against false positives from foreground contaminants. Fortunately, moderate-

to high-z surveys are underway that will dramatically increase the sample size

of Lyα galaxies and better characterize their statistical properties. For exam-

ple, the Hobby-Eberly Telescope Dark Energy Experiment (HETDEX) is a large

integral-field spectroscopic survey expected to detect a million LAEs (Hill et al.,

2008; Adams et al., 2011; Finkelstein et al., 2011; Chonis et al., 2013). Currently,
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there are several candidates at z & 7 (e.g. Ellis et al., 2013), with the highest

spectroscopically-confirmed source announced at z = 7.51 by Finkelstein et al.

(2013). Other records have been found using gamma-ray bursts (GRBs), active

galactic nuclei (AGN), or (sub-)mm observations of redshifted thermal dust emis-

sion (Dunlop, 2013). However, it is unclear how these other selection methods

relate to Lyα predictions. Such connections may complement Lyα observations,

even if the phenomena originate from the luminous deaths of individual massive

stars (i.e. GRBs) or are not associated with a ‘normal’ activity of the first galaxies

(e.g. AGN or high amounts of dust).

Lyα radiative transfer within the first galaxies is a timely problem because next-

generation facilities will provide high resolution data by the end of the decade.

The James Webb Space Telescope (JWST; Gardner et al., 2006) and large-aperture

ground-based observatories2 offer the prime avenue for observing Lyα emission

at the high-z frontier and will significantly contribute to our understanding of

the ionization history at the end of the dark ages. However, significant progress

has also been made on a number of complementary probes of the high-z Uni-

verse. Several 21-cm array experiments3 are coming online to map the distribu-

tion of H i over the course of reionization. The Lyα and 21-cm lines are related

through the Wouthuysen-Field mechanism for which Lyα scatterings pump elec-

trons into the excited hyperfine state, thereby coupling the spin and kinetic tem-

peratures (Wouthuysen, 1952; Field, 1958; Furlanetto et al., 2006). Finally, an ideal

complementary Lyα probe is encoded in the cosmic infrared background (CIB)
2Infrared telescopes with integral field spectrographs and adaptive optics imaging include the

Giant Magellan Telescope (GMT; www.gmto.org), Thirty Meter Telescope (TMT; www.tmt.org), and
the European Extremely Large Telescope (E-ELT; www.eso.org/sci/facilities/eelt).

3For example, the Low Frequency Array (LOFAR; www.lofar.org), the Murchison Wide-Field
Array (MWA; www.mwatelescope.org), the Precision Array to Probe the Epoch of Reionization (PA-
PER; eor.berkeley.edu), and ultimately the Square Kilometer Array (SKA; www.skatelescope.org).
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because the integrated radiation from all background stars and galaxies has been

redshifted to IR wavelengths (Partridge & Peebles, 1967b; Santos et al., 2002). The

Lyα contribution is seen through the correlation of sources across characteristic

length scales (for a review see Kashlinsky, 2005).

A number of authors have studied Lyα radiative transfer within different con-

texts. We have greatly benefited from and hope to add to the body of work in

this area. A partial list of references include: Ahn et al. (2002); Zheng & Miralda-

Escudé (2002); Dijkstra et al. (2006); Tasitsiomi (2006a); Verhamme et al. (2006);

Semelin et al. (2007); Laursen et al. (2009); Forero-Romero et al. (2011); Yajima

et al. (2012). The state of the art is to apply post-processing radiative transfer to

realistic hydrodynamical simulations, which is justified for many large scale sys-

tems. We use this method in conjunction with semi-analytic models to ascertain

the feedback of Lyα radiation on the galactic assembly process. Our focus on the

very first galaxies, in their proper cosmological context, is different from previ-

ous research that has targeted more massive systems at redshifts close to, or after,

reionization (e.g. Yajima et al., 2014). Such systems require a statistical descrip-

tion of Lyα transmission through the IGM as described by Dijkstra et al. (2011)

and Laursen et al. (2011). Photons that scatter out of the line of sight due to the

neutral fraction of the IGM are effectively lost to the background. Therefore, the

observability of Lyα emitters will provide independent constraints on reioniza-

tion (Fan et al., 2006; Jeeson-Daniel et al., 2012; Jensen et al., 2013, 2014; Dijkstra,

2014).

Measurements of the Lyα flux from first galaxies depend heavily on the ob-

served line of sight in addition to the properties of the host system and IGM.

Therefore, rather than solving a potentially intractable transfer equation with com-

12



plex angular dependence we take advantage of Monte-Carlo Radiative Transfer

techniques to accurately build emergent spectral energy distributions (SEDs). In

order to perform Lyα simulations we have developed a new massively parallel

code called colt – the Cosmic Lyman-α Transfer code. In Section 2.2, the basic

physics of Lyα transport is presented. In Section 2.3.1, we discuss the general

methodology behind colt and provide further algorithmic details in Section 2.3.2.

In Section 2.4, the code is tested against both static and dynamic setups. In Sec-

tion 2.5.1, we construct idealized analytical models to explore how fundamen-

tal parameters, including halo mass, virialization redshift, bulk velocity, and ion-

ization structure, affect Lyα transport in the first galaxies. These well-motivated

models help test our methods and sensitivity. Section 2.5.2 describes our imple-

mentation of the ab initio cosmological simulation of Safranek-Shrader et al. (2012)

as post-processing conditions for colt. In Section 2.6 we analyze and discuss the

emergent line of sight flux distributions and surface brightness profiles for both

the idealized analytic cases and the cosmological simulation. Finally, in Section 2.7

we reflect on the implications of this study with regard to future Lyα observations

with the JWST.

2.2 Basic physics of Lyman-alpha transport

Photons with frequencies close to the Lyα resonance line, corresponding to the

transition from the first excited state (2p) to the ground state (1s), may be ab-

sorbed and quickly re-emitted by neutral hydrogen. Thus, in optically thick envi-

ronments (τ � 1) the main mechanism of spatial diffusion is by the rare excursion

to the Lorentz wing of the spectral line. The cross section σν and number density

13



nH i
describe the optical depth τν along a photon’s path:

τν =
∫

path
nH i

σν d` , (2.1)

where ν specifies the frequency dependence.

It is often convenient to express frequency in a dimensionless manner as the

number of Doppler widths from line centre

x ≡ ν − ν0

∆νD
, (2.2)

where ν0 = 2.466×1015 Hz is the frequency of Lyα and the thermal Doppler width

of the profile is ∆νD ≡ (vth/c)ν0. The thermal velocity in terms of T4 ≡ T /(104 K) is

vth =

√
2kBT
mH

= 12.85 T 1/2
4 km s−1 . (2.3)

Furthermore, if the natural Lyα line width is ∆νL = 9.936×107 Hz then the ‘damp-

ing parameter’ represents the relative broadening of the natural line width:

a ≡ ∆νL

2∆νD
= 4.702× 10−4 T −1/2

4 . (2.4)

Therefore, the final cross section is

σν = f12
πe2

mec
φVoigt = f12

√
πe2

mec∆νD
H(a,x) , (2.5)

where f12 = 0.4162 is the oscillator strength of the Lyα transition and the Hjerting-

Voigt functionH(a,x) is the dimensionless convolution of Lorentzian and Maxwellian

distributions,

H(a,x) =
√
π∆νDφVoigt =

a
π

∫ ∞
−∞

e−y
2
dy

a2 + (y − x)2 . (2.6)

For reference, we define the cross section at line centre as σ0 ≡ σx/H(a,x) = 5.898×

10−14 T −1/2
4 cm2. For a region of constant density nH i

– such as a cell in a compu-
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tational domain – the integral in Equation (2.1) simplifies to

τx = nH i
σ0 `H(a,x)

= 1.820× 105 H(a,x)

T 1/2
4

( nH i

cm−3

)( `
pc

)
. (2.7)

Typically, the parameter a is much less than unity so the Hjerting-Voigt func-

tion is dominated in the centre by a resonant scattering Doppler core, φD, and

the wings are dominated by the Lorentzian component, φL. If the approximate

frequency marking the crossover from core to wing is denoted by xcw, i.e. where

φD(xcw) ' φL(xcw), then the Hjerting-Voigt function is roughly

H(a,x) ≈


e−x

2 |x| < xcw ‘core’

a
√
πx2

|x| > xcw ‘wing’
. (2.8)

See Sections 2.3.2.1 and 2.3.2.2 for a more rigorous discussion as well as numerical

approximations for H(a,x) and xcw. For most conditions with significant neutral

hydrogen density the gas is optically thick to core photons. However, in the wing,

H(a,x) can be quite small allowing a photon to escape with greater ease. The

approximate optical depth for a wing photon is then

τwing ≈
48.28
x2T4

( nH i

cm−3

)( `
pc

)
≈ 1.0

(
∆v

500 km s−1

)−2 ( NH i

1020 cm−2

)
, (2.9)

which is independent of temperature as is immediately apparent when written in

terms of the Doppler velocity ∆v ≡ c∆λ/λ. Note the relation between Doppler

frequency and velocity: x = ∆v/vth. Regions of high column density, NH i
�

1 pc cm−3 ∼ 1018 cm−2, may produce very high opacities. The trapped Lyα photons

are therefore exposed to greater extinction from dust. This may be best measured
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by the optical depth at line centre, which has moderate temperature dependence

and can be read from Equation (2.7) as τ0 ≡ τ |x=0 ≈ 5.9×106 [NH i
/(1020 cm−2)] T −1/2

4 .

2.3 Numerical Methodology

The colt code is based on previous Monte-Carlo radiative transfer (MCRT) al-

gorithms (See e.g. Ahn et al., 2002; Zheng & Miralda-Escudé, 2002; Dijkstra et al.,

2006; Verhamme et al., 2006; Laursen et al., 2009). The code reads initial condi-

tions of velocity, density, and temperature for each cell of a three-dimensional grid

employing adaptive mesh refinement (AMR). Sampling the Lyα emission profile

of high opacity systems is possible because acceleration schemes avoid unneces-

sary computations, e.g. frequent core scatterings. Additionally, colt is massively

parallel allowing a greater number of photon packets and therefore less statisti-

cal error. Section 2.3.1 outlines the general methodology for a Lyα transport code

while Section 2.3.2 describes the specific implementations used in colt. While the

Monte-Carlo method for Lyα radiative transfer is fairly standard, each portion of

Section 2.3.2 contains significant discussion or numerical schemes unique to this

work.

2.3.1 Basic Methodology

In order to sample Lyα observables we apply the method described below to in-

dividual photon packets. Depending on the desired resolution and physical setup

a large number of packets may be necessary to obtain statistical convergence.

Unless otherwise specified the number of photon packets in each simulation is

Nph = 107.
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2.3.1.1 Photon emission

The initial spatial distribution of Lyα photons is based on the physical setup,

i.e. initial conditions. The first mechanism for producing Lyα line emission is

interstellar recombination as a result of ionizing radiation from hot stars. The

second mechanism is collisional excitation of neutral hydrogen, usually result-

ing from shocks caused by accretion or supernovae. An initialization criterion

accounts for photoionizing sources and diffuse emission, both of which may be

significant for atomic cooling haloes. However, throughout this work we choose to

initialize photons from the central location r = 0. The initial direction ki of each

photon is drawn from an isotropic distribution in the rest frame of the embedded

source. For convenience, velocities are expressed in terms of the thermal velocity:

u ≡ v
vth

. (2.10)

The photon is emitted at the natural frequency of the Lyα photon xnat in the rest

frame of the atom. To obtain the initial frequency xi in the moving frame of am-

bient gas we apply a Doppler shift appropriate to the velocity of the atom uatom =

vatom/vth (Laursen et al., 2009)

xi = xnat + ki ·uatom . (2.11)

To be explicit, xnat is drawn from a Lorentzian distribution and the components

of uatom are each taken from a Maxwellian distribution describing the thermal

motion of the ambient gas. Although we use the expression in Equation (2.11), the

memory of xi is quickly lost by multiple scattering events, so for optically thick

environments one may simply inject the photon at line centre, or xi = 0.
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2.3.1.2 Ray tracing

The propagation distance of any photon is determined by the optical depth τν

drawn from an exponential distribution. This is because the mean optical depth

〈τν〉 ≡
∫∞

0
τνe
−τνdτν = 1 defines the mean free path λmfp, or the average distance a

photon can travel without being absorbed (or scattered) by the intervening medium (Ry-

bicki & Lightman, 1986). Therefore, travel beyond each mean free path becomes

less and less probable. Formally, the mean free path is then λmfp ≡ `|τν=1 = 1/nH i
σν .

From Equation (2.1) the respective optical depths of infinitesimal paths are

dτν,i = nH i
σν d`i = d`i/λmfp so the probability of no interaction is 1−d`i/λmfp = 1−

dτν,i . With N partitions of ∆τν , the numerical representation of discrete intervals,

the probability distribution function over the total path is the product

P (τν) = lim
N→∞

(
1− ∆τν

N

)N
= e−τν , (2.12)

which has been normalized so that
∫∞

0
P (τν)dτν = 1. The cumulative distribution

function is the integrated distribution defined by F(τν) ≡ P (≤ τν) =
∫ τν

0
P (τ ′ν)dτ ′ν ,

which can be inverted to give the optical depth at which an interaction event oc-

curs,

τevent = − lnR, (2.13)

where R is drawn from a univariate distribution.

To perform Cartesian-like ray tracing, the Monte-Carlo method selects a pho-

ton with an optical depth τevent according to Equation (2.13). Because individual

cells are regions of uniform density we may equate this with the calculated opti-

cal depth τx from Equation (2.7) to find the propagation distance, i.e. τx = τevent

provides `(τevent). However, this often leads to a scattering which is outside the

original cell. Therefore, we first calculate the optical depth required to travel
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through the cell: τx,cell = nH i, cellσ0 `cellH(acell,x), where `cell is the distance from

the current position to the point where the photon exits the cell. If τevent > τx,cell

the ‘spent’ optical depth is subtracted from the current optical depth, i.e. τevent =

τevent − τx,cell. Likewise, the current position is updated to r = r + `cellki and ray

tracing continues through the next cell.

As photons traverse from cell to cell the temperature T and ambient bulk veloc-

ity ubulk may change. Therefore, Doppler shifting induces terms of ±ki ·ubulk cor-

responding to a nonrelativistic Lorentz transformation, i.e. one where ‖ubulk‖ � c.

Additionally, the frequency differs between cells due to the x ∝ ∆ν−1
D ∝ T −1/2 scal-

ing relation. The frequency in the new (primed) cell is then

x′ = (x+ ki ·ubulk)
√
T /T ′ −ki ·u′bulk . (2.14)

If τevent ≤ τx,cell the optical depth is ‘exhausted’ in the current cell and the

photon undergoes a scattering event. The propagation distance is recalculated

according to the remaining optical depth, i.e. `event = τevent/[nH i, cellσ0H(acell,x)].

The position is advanced by `event in the ki direction and the algorithm proceeds

to update the frequency and direction as described in Section 2.3.1.3. The photon

ray traces along a new direction with each subsequent scattering until it ultimately

escapes the computational domain.

2.3.1.3 Scattering events

A scattering event changes the photon’s frequency according to the atom’s ve-

locity uatom, the final kf and initial ki directions, and a small recoil effect to satisfy

conservation of momentum

xf = xi + (kf −ki) ·uatom + g (ki ·kf − 1) . (2.15)
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The recoil parameter g is defined as (see e.g. Adams, 1971)

g ≡ h∆νD

2kBT
= 2.536× 10−4 T −1/2

4 ≈ 0.54a , (2.16)

which is included but negligible for the applications of this paper.

The velocity of the scattering atom is most conveniently expressed in terms of

its parallel u‖ and perpendicular u⊥ components. The perpendicular magnitudes

are unbiased by the photon’s frequency and are therefore drawn from a Gaussian,

i.e. exp(−u2
⊥)/
√
π. However, the magnitude of the parallel velocity u‖ = ki · uatom

is affected by the presence of the resonance line. The distribution function for

u‖ depends on frequency as the convolution of a Gaussian with a Doppler-shifted

Lorentzian peak:

f (u‖) =
a

πH(a,x)
e−u

2
‖

a2 + (x −u‖)2 , (2.17)

which highly favors velocities with u‖ = x for core photons. For wing photons

(x � xcw), however, the probability that an atom has a high enough velocity to

Doppler shift into resonance becomes vanishingly small, so f (u‖) becomes increas-

ingly Gaussian.

The angle θ between the incident and outgoing scattering directions is gov-

erned by the phase (probability) function

W (θ) ∝ 1 +
R
Q

cos2θ , (2.18)

where R/Q is the degree of polarization for 90◦ scattering. Due to the physical

symmetry the phase function is independent of the azimuthal angle φ. For core

photons with x < xcw the electron transition to the 2p1/2 state results in isotropic

scattering, i.e. R/Q = 0, while the 2p3/2 transition results in polarization with

R/Q = 3/7 (Hamilton, 1940). Since a quantum state with angular momentum j has

a spin multiplicity of 2j + 1, Lyα photons in the core are excited to the 2p1/2 state
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with 1/3 probability and the 2p3/2 state with 2/3 probability. Nonresonant wing

photons on the other hand are dominated by Rayleigh scattering because their

wavelength is much larger than the Bohr radius, λLyα � a0, therefore the resultant

polarization is maximal, i.e. R/Q = 1 (Stenflo, 1980). Anisotropic scattering is used

throughout colt.

2.3.2 Computational optimization schemes

The previous section was written with little regard to computational efficiency,

something we now seek to remedy. The details are presented in order of introduc-

tion, rather than importance.

2.3.2.1 Approximation for H(a,x)

An approximation for the Voigt profile is important because H(a,x) is evalu-

ated after every scattering. A substantial effort has gone into studying this pro-

file and implementing efficient algorithms with double precision accuracy – see

e.g. Schreier (2011) and references therein. However, the Lyα resonance line is a

unique application with a specific parameter range, so the approximations used in

this work are entirely our own. We require our algorithm to provide better than

one per cent accuracy for all frequencies and all realistic temperatures. To do this

we first evaluate the integral H(a,x) with special functions and expand to second
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Figure 2.1: Top panel: The Hjerting-Voigt function H(a,x) and our approximation
for different values of temperature. The crossover from core to wing xcw as given
by Equ. (2.21) is also shown. Bottom panel: A demonstration of the relative per
cent error 100[1 −Happrox(a,x)/H(a,x)] where Happrox(a,x) is given by Equ. (2.54).
The yellow, blue, green, and red curves correspond to temperatures of 1 K, 10 K,
500 K and 104 K, respectively. The overlying dashed lines represent the best case
scenario when only keeping first order terms in a, using the exact Dawson integral.
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order in a:

H(a,x) =
a
π

∫ ∞
−∞

e−y
2
dy

a2 + (y − x)2

= Re
(
e(a−ix)2

erfc(a− ix)
)

= e−x
2

+
2a
√
π

(2xF(x)− 1)

+ a2e−x
2 (

1− 2x2
)

+O
(
a3

)
, (2.19)

where the (complex) complementary error function is related to the area under

a Gaussian by erfc(z) ≡ 1 − 2
∫ z

0
e−y

2
dy/
√
π and the associated Dawson integral is

F(x) ≡
∫ x

0
ey

2−x2
dy.

colt takes advantage of the fact that H(a,x) is symmetric by first evaluating

z = x2. Then because the behavior of the profile differs for small and large z the

domain is decomposed into three regions. The ‘core’ region is derived by expand-

ing around z = 0, while the ‘wing’ region is an asymptotic expansion. An inter-

mediate region acts as a smooth transition between the two. The approximations

utilize continued fractions in order to maximize the efficiency of a small number

of operations, e.g. 8 additions and 4 divisions. See Appendix 2.8.1 for the imple-

mentation of Happrox.

Second and higher order terms in a are required to achieve one per cent accu-

racy for sub-Kelvin temperatures. However, since the CMB temperature floor pre-

vents gas from reaching such low temperatures only first order terms are used in

colt. Figure 2.1 demonstrates the relative error, i.e. 100[1−Happrox(a,x)/H(a,x)],

for temperatures ranging from 1 − 104 K. As can be seen, the error is well con-

trolled, improving even further for higher temperatures.
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Figure 2.2: The relative per cent error, 100[1 − xcw, approx/xcw], is shown in green.
The yellow curve in the insert is xcw, approx as given by Equation (2.21). All curves
cover a temperature range of T ∈ [1,104] K.

2.3.2.2 Approximation for xcw

The crossover from core to wing xcw determines when H(a,x) changes from a

Gaussian to a Lorentzian. This is important because xcw marks the point where

difficulties arise in generating u‖ and also identify whether core skipping is neces-

sary (see Sections 2.3.2.3 and 2.3.2.4). Our calculation assumes that the core and

wing limits of H(a,x) compete in their contribution to the profile:

e−x
2
cw ≈ a

√
πxcw

. (2.20)

Equation (2.20) provides a conservative approximation for xcw, providing a sharp

boundary with the core (see Fig. 2.1). The exact solution can be written in terms of

the lower branch of the Lambert W function, which in turn may be approximated

by a low-order rational function with a relative accuracy of less than 0.1 per cent

for the same parameter range asHapprox(a,x). In summary, our optimal calculation
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of the core-to-wing crossover frequency is

xcw =

√
−W−1

(
− a
√
π

)
≈

√
L1 −L2 +

L2

L1
+O(L−2

1 )

≈ 6.9184721 +
81.766279

loga− 14.651253
, (2.21)

where L1 = log(a/
√
π) and L2 = log[− log(a/

√
π)]. The relative per cent error is

shown in Fig. 2.2.

2.3.2.3 Generating the scattering velocity u‖

As described in Section 2.3.1.3 (cf. Equation 2.17) the distribution for the par-

allel velocity u‖ with respect to the incoming photon is

f (u‖) ∝
e−u

2
‖

a2 + (x −u‖)2 . (2.22)

To good approximation this profile resembles a Gaussian with a sharp peak around

the point u‖ = x (see Fig. 2.3).

Unfortunately, f (u‖) is not integrable so we instead use the inverted cumulative

distribution function method on a related distribution and employ the rejection

method to accept each draw. In this case the comparison function is chosen to be

g(u‖) ∝
1

a2 + (x −u‖)2 , (2.23)

and draws are accepted with a probability of f /g = exp(−u2
‖ ). However, we only

employ this algorithm for small frequencies, i.e. x ≤ 1, because as x increases the

method becomes quite inefficient.

We learn more about f (u‖) by examining its behavior when x →∞. Here the

peak at u‖ = x is pushed so far into the wing that there are essentially no atoms
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with speeds fast enough to absorb at the Doppler shifted resonance line, i.e. f ≈

exp−u2
‖ /(a

2 + x2). Therefore, we may simply draw from a proper Gaussian with a

slight modification – the peak is shifted by x−1. We demonstrate this by finding

the local extrema in the core:

df (u‖)
du‖

∝ u‖
(
1 + a2 + (x −u‖)2

)
− x ≈ u‖x2 − x = 0

⇒ u‖,max =
1
x
. (2.24)

Here we have assumed |x| � 1� u‖. It is straightforward to show f ′′(u‖) ≈ −2x−2 <

0 so this is a local maximum as expected. Therefore, for x & 9 we draw from a

Gaussian with mean x−1.

The intermediate region is problematic for either of these methods. There-

fore, we follow Zheng & Miralda-Escudé (2002) and use the piecewise comparison

function:

g(u‖) ∝


g1 = 1/

[
a2 + (x −u‖)2

]
u‖ ≤ u0

g2 = e−u
2
0 /

[
a2 + (x −u‖)2

]
u‖ > u0

(2.25)

where u0 is a separation parameter and the corresponding acceptance fraction is

exp(−u2
‖ ) for g1 and exp(u2

0−u
2
‖ ) for g2. We now restrict the discussion to positive x,

which is possible because f (−x,u‖) = f (x,−u‖) allows us to recover velocities drawn

from negative x. The probability that a velocity is less than u0 is

p =

∫ u0

−∞ g(u‖)du‖∫∞
−∞ g(u‖)du‖

=
θ0 + π

2(
1− e−u2

0
)
θ0 +

(
1 + e−u

2
0
)
π
2

, (2.26)

where

θ0 = tan−1
(u0 − x

a

)
. (2.27)
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Figure 2.3: The distribution of parallel velocities f (u‖) as given by Equ. (2.17) for
different values of incoming frequency x. The profile resembles a Gaussian with
a sharp peak around the point u‖ = x. For large x it becomes too improbable for
atoms to have velocities high enough to Doppler shift into resonance so the peak at
u‖ = x disappears and a shifted Gaussian is a good approximation. The frequencies
sampled are x = {0,1,2,3,4.5,10}.

If p < R, a univariate, then θ is drawn uniformly from the interval [θ0,π/2], other-

wise θ ∈ [−π/2,θ0]. Finally, a velocity candidate,

u‖ = a tanθ + x , (2.28)

is accepted if another univariate, R′, is less than the acceptance fraction, i.e. exp(−u2
‖ )

or exp(u2
0 −u

2
‖ ) for each respective region.

The algorithm from Zheng & Miralda-Escudé (2002) works well as long as the

probability of the two regions are balanced, i.e. in colt we attempt to maintain
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p ∼ 1
2 . The reason for this is that u0 controls the acceptance fraction, so if u0 is too

small then we do not gain much for larger x and conversely if u0 is too large then

we defeat the purpose for smaller x. The exact value of p is very sensitive to both

x and a, so we can only hope for average acceptance rates to be reasonable given

the variance in u0(a,x). If we assume u0 < x then to first order in a we have:

p ≈ a
π

eu
2
0

x −u0
. (2.29)

The behavior of this function is different for core and wing photons. In the core it

is reasonable to assume a perturbation from the natural peak location and apply

the transformation u0 → x − au′0 where u′0 = u′0(a,x) admits an analytic solution

to the approximate balance of p ∼ 1
2 . Again, to first order in a Equation (2.29)

becomes

p ≈ e
(x−au′0)2

πu′0
≈

1− 2axu′0
πu′0

ex
2
≈ 1

2
. (2.30)

The solution in terms of u0 = x −u′0 is

u0, core ≈ x −
1/2

x+ π
4ae
−x2 ≈ x −

1

x+ e1−x2/a
, (2.31)

where the final equality allows the approximation to extend to larger x and is used

in colt for 1 < x < xcw.

For the region in which the wing dominates, i.e. x > xcw, the algorithm suffers

an identity crisis. As discussed earlier, the high-x behavior of f approaches a Gaus-

sian distribution though each of the candidate u‖ samples are from a Lorentzian

distribution. Therefore, the exact value of u0 is less important as long as it is

greater than xcw. We test various prescriptions for u0(a,x), also varying initial fre-

quency x and temperature T , in order to minimize the average number of draws

in a simulation. A linear function, matched to the previous region provides suffi-

cient acceptance of candidate random numbers. We use the following separation
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Figure 2.4: The fractional probability p that u‖ < u0. This separation captures the
behavior of g for frequencies above and below the transitional frequency xcw. The
axes are frequency x ∈ (1,10) and (log10) temperature T ∈ (1,104) K.

constant for xcw < x < 9, denoted the ‘wing’ region:

u0, wing ≈ xcw − x−1
cw + 0.15(x − xcw) . (2.32)

Figure 2.4 demonstrates the fractional probability p(a,x) for drawing u‖ < u0 given

our piecewise prescription of u0 = u0, core for 1 < x < xcw and u0 = u0, wing for

xcw ≤ x < 9. The efficiency of the algorithm is especially sensitive to frequency.

2.3.2.4 Core-skipping

In optically thick regimes photons spend much of their time undergoing core

scatterings with negligible diffusion in physical or frequency space. These scat-

terings can be avoided by only selecting atoms with perpendicular velocity com-

ponents greater than a critical frequency, i.e. photons have zero mean free path

if u⊥ < xcrit. Following Ahn et al. (2002) we employ the Box-Muller method to
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generate two independent draws according to:

u⊥,1 =
√
x2

crit − lnR1 cos2πR2

u⊥,2 =
√
x2

crit − lnR1 sin2πR2 , (2.33)

where R1 and R2 are univariates. The speedup time achieved here is significant

since the probability of drawing a wing photon is roughly Pwing ∼
∫∞
xcw

exp(−x2)dx ∼

10−5 corresponding to skipping roughly 105 core scatterings.

The crucial problem is to find an appropriate value for the critical frequency xcrit.

colt introduces an algorithm with core-skipping based on both local and nonlo-

cal criteria. This is especially important for high resolution, adaptively structured

grids where the range of densities may cover several orders of magnitude. We de-

sire a local determination of xcrit that accelerates the code but does not artificially

push photons too far into the wings. As noted by Laursen et al. (2009) the im-

portant parameter is the product aτ0 so we seek a relation of the form xcrit(aτ0).

The model we consider for the near zone environment is that of an optically thick

static uniform sphere. This is motivated by the idealized geometry and an analytic

solution for the angular averaged intensity J at the surface first given by Dijkstra

et al. (2006),

J(τ0, a,x) =
1
8

√
π

6
x2

aτ0
sech2


√

π3

54
x3

aτ0

 , (2.34)

which has been normalized to 1/4π, reflecting an integration over solid angle. The

peaks are located at xp = ±0.931(aτ0)1/3, which is derived by solving the equa-

tion �J/�x = 0, or equivalently x̄ tanh x̄ = 1
3 with x̄ =

√
π3/54x3/aτ0. Therefore, the

peak heights correspond to Jp ≡ J(xp) = 0.0551(aτ0)−1/3. We next expand Equa-

tion (2.34) around x = 0 and define xcrit for large aτ0 as the frequency where J ≈
1
8

√
π
6x

2/aτ0+O(x8) reaches a small fraction of Jp, giving xcrit ≈ 1
5(aτ0)1/3(percentage

calibration/6.57%)−1/2.
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Thorough tests demonstrate this expression for xcrit is valid for all aτ0 > 1 (see Ap-

pendix 2.8.2). Furthermore, it has a negligible effect on the emergent spectrum

but greatly reduces the computation time. In summary, colt uses the following

approximation:

xcrit =


0 for aτ0 < 1

1
5 (aτ0)1/3 for aτ0 ≥ 1

. (2.35)

If the photon is already in the wing we do not use a cutoff because there are no

core scatterings to skip.

The final ingredient in Equation (2.35) to be explained is how to calculate the

product aτ0. colt employs a combination of local and nonlocal estimates of how

aggressive to be with core-skipping. As we cannot possibly predetermine the es-

cape path of a given photon we instead place a conservative limit on aτ0 for differ-

ent lines of sight. The local criterion is computed on-the-fly, using the minimum

optical depth to the edge of the current cell aτcell. However, in highly refined re-

gions (perhaps with partial ionization) and for scattering events near cell edges

this can be quite small, i.e. if `cell is the minimum distance to the cell boundary

Equation (2.7) gives

aτcell = 85.56 T −1
4

( nH i

cm−3

)(`cell

pc

)
. (2.36)

It is apparent that if nH i
is roughly constant then the only nonlocal quantity

needed is the physical size of the system. Therefore, the minimum integrated col-

umn density along rays emanating from the scattering event sets up an effective

sphere with the intensity of Equation (2.34). Rather than calculate this at every

scattering we combine the cell-based determination with a nonlocal (nl) estimate:

aτ
nl
≡min

∑
path

aτ0 , (2.37)
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where the path is followed as long as the relative change in neutral hydrogen den-

sity remains less than a prescribed threshold, i.e. |∆nH i
/nH i
| < f

nl
∼ 1

2 . A value

of f
nl

= 0 ignores the nonlocal scheme completely and setting f
nl
∼ 1 is too ag-

gressive, failing to even detect sharp ionization fronts. To avoid double counting

the local contribution, the paths originate at the edge of each cell and proceed out-

ward. In practice the paths include at least the six directions of the coordinate axes

and possibly more to achieve greater angular coverage. The nonlocal estimate can

be computed once for each cell as the initial conditions are read in. colt currently

uses the sum of the local determination aτcell and the nonlocal estimate aτ
nl

as the

value of aτ0 used in Equation (2.35).

We note that other criteria could be used for estimating aτ0. For example, the

nonlocal integration might stop if the velocity gradient exceeds the threshold for

Sobolev escape; however, in most cases this is a secondary factor with little affect

on core-skipping. Finally, additional local distances may be used in certain cases.

Of special interest is to use the Jeans length to estimate core-skipping in idealized

galactic setups. The Jeans length λJ ≡
√

15kBT /4πGµρ acts as a physical upper

limit for the size of a system with uniform density ρ. A primordial gas with mean

molecular weight µ ≈ 1.23 mH, mass fraction of hydrogen X ≈ 0.75, and density

ρ ≈ mHnH i
/X corresponds to a Jeans length of λJ = 0.75 kpc T 1/2

4 (nH i
/cm−3)−1/2

and a local aτ0 of

aτJ = 6.428× 104 T −1/2
4

( nH i

cm−3

)1/2
, (2.38)

so that xcrit, J ≈ 8 for T = 104 K and nH i
= 1 cm−3.
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2.3.2.5 Parallel implementation

Monte Carlo codes benefit greatly from parallel computation because each pho-

ton packet is an independent event. Therefore, the scalability is nearly linear. colt

uses the Message Passing Interface (MPI) libraries to implement dynamic load bal-

ancing between different processors. This is done because photons that undergo

many scatterings take longer to escape. Therefore, the master process allocates a

reasonable amount of work to each slave, e.g. (1 − 10% of the photons)/(number

of processors), until the required number of photons are assigned. The nonlocal

determination of
∫
d(aτ) for each cell, see Equation (2.37), is also performed with

an efficient parallel computation.

2.4 Test Cases

At this stage it is important to verify the code against known solutions. We

choose tests that are complementary to each other in order to isolate certain key

aspects of Lyα transport. The static test is the well-known Neufeld analytical so-

lution for an optically thick homogeneous slab (Harrington, 1973; Neufeld, 1990).

The dynamic test is that of an isotropically expanding sphere with different maxi-

mal velocities as described by Laursen et al. (2009).

2.4.1 Static test – the Neufeld profile

The angular averaged intensity J(τ0, a,x) for a static one-dimensional uniform

slab was derived by Harrington (1973) and Neufeld (1990). Photons are injected at

line centre at the origin and continuously scatter until escape occurs at a ‘centre-

to-edge’ optical depth of τ0. When the bulk motion of the gas is set to zero,
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Figure 2.5: Top panel: The Neufeld solution for the angular averaged inten-
sity J(τ0,x) of a static, homogeneous slab at T = 104 K. The central optical depth τ0
covers a range of moderate to extreme values, where the yellow, blue, green, and
red curves represent colt simulations using ∼ 106 photon packets for τ0 = 105,
106, 107, and 108, respectively. The agreement with the approximate analytic so-
lutions (thin black lines) is quite good, especially for higher values of τ0. At lower
optical depths the underlying assumptions used to derive Equation (2.39) break
down, therefore the true measure of this test is the limiting behavior as τ0 tends to
infinity. Bottom panel: Face-on line of sight radial surface brightness profiles for
the same slabs as calculated by Equation (2.52) of Section 2.6.1. The scaling is such
that the highest optical depth system is unity at the centre, i.e. SB0 ≡ SB(r = 0).
The dashed line is a rough analytic fit to guide the eye.
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ubulk = 0, and the recoil effect is ignored, g = 0, the emergent spectra are double-

peaked and symmetric around the line-central frequency x = 0. The intensity at

the surface is given by

J(τ0, a,x) =
1

4
√

6π

x2

aτ0
sech


√

π3

54
x3

aτ0

 , (2.39)

which has been normalized to 1/4π, reflecting an integration over solid angle. The

peaks are located at xp = ±1.06642(aτ0)1/3, which is derived by solving the equa-

tion �J/�x = 0, or equivalently x̄ tanh x̄ = 2
3 with x̄ =

√
π3/54x3/aτ0. Therefore, the

peak heights correspond to 103 J(τ0, a,xp) = 45.074(aτ0)−1/3.

As can be seen in Fig. 2.5 the agreement between numerical and analytic so-

lutions is quite good for high optical depths. For example, at an optical depth of

τ0 = 108 when comparing the simulated profile (red line) with the approximate

analytic solution (thin black line) there is a maximum difference of ∼ 5 per cent.

The Neufeld approximation of Equation (2.39) fails to capture the correct spec-

tra at lower optical depths because core scatterings also contribute to the spatial

diffusion of Lyα photons. Therefore, the true measure of this test is the limit-

ing behavior as τ0 tends to infinity. The bottom panel of Fig. 2.5 demonstrates

the face-on radial surface brightness profiles for the same slabs as calculated by

Equation (2.52) of Section 2.6.1. The scaling is such that the highest optical depth

system is unity at the centre, i.e. SB0 ≡ SB(r = 0). The dashed line is a rough

analytic fit to guide the eye and is given in the figure. The shaded regions repre-

sent one standard deviation of uncertainty on SB due to radial binning. Finally,

this test has also been performed at other temperatures with similar results, cf.

Appendix 2.8.4. Such simulations of Lyα scatterings through optically thick slabs

help measure the effectiveness of the acceleration schemes, cf. Appendix 2.8.2.
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Figure 2.6: Top panel: The dynamic test case gives the angular averaged intensity
J(vmax,x) of an isothermal (T = 104 K), homogeneous sphere of column density
NH i

= 2 × 1020 cm−2 experiencing isotropic outflow. The Hubble-like expansion
is parametrized by the maximum velocity vmax at the edge of the sphere. The
static case agrees with the analytic solution of Dijkstra et al. (2006) while the col-
ored curves reproduce to high precision the same cases presented by Laursen et al.
(2009). The velocity field applies an overall redshift to the profile, suppressing the
blue peak until it disappears entirely. At first the red peak is pushed further from
line centre, however, past a critical vmax the peak approaches the centre again be-
cause the velocity gradient facilitates escape from Doppler shifting. Bottom panel:
The (averaged) line of sight radial surface brightness profile for each sphere cal-
culated according to Equation (2.52) of Section 2.6.1. The scaling is such that
the static sphere is unity at the centre, i.e. SB0 ≡ SB(r = 0). The dashed line is a
reference for a flat profile to guide the eye. Only the largest velocity gradients sub-
stantially alter the profile so that the apparent image is much more concentrated
toward the centre.
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2.4.2 Dynamic test – isotropic expansion of a uniform sphere

To test the code for the case of a nonzero gas bulk velocity we compare our

results to previous simulations with isotropic expansion of a uniform sphere – see

Zheng & Miralda-Escudé (2002); Dijkstra et al. (2006); Verhamme et al. (2006); Ta-

sitsiomi (2006a); Semelin et al. (2007); Laursen et al. (2009); Yajima et al. (2012). In

general, velocity gradients affect Lyα escape because photons are Doppler shifted

out of line centre thereby reducing the effective optical depth. In general, even

velocity fields on the order of the thermal velocity in photoionized gas (vth ∼

10 km s−1) can change the emergent spectrum of Lyα photons.

Following Laursen et al. (2009) we consider the intensity of an isothermal (T =

104 K), homogeneous sphere of column density NH i
= 2× 1020 cm−2 experiencing

isotropic expansion. The Hubble relation gives the velocity vbulk(r) of the gas at

the position r from the centre of a sphere with radius R:

vbulk(r) =Hr =
vmax

R
r (2.40)

where the Hubble-like parameter H sets the maximal velocity vmax at the edge

of the sphere, i.e. vmax ≡ vbulk(R). Figure 2.6 shows the result of this test which

demonstrates excellent agreement with Laursen et al. (2009). The static case (vmax =

0) also agrees with the analytical solution of Dijkstra et al. (2006) for a static, op-

tically thick spherical “slab”. This test is also similar to that of Loeb & Rybicki

(1999) who calculated the zero-temperature spectrum of a Lyα source embedded

in a neutral, homogeneous IGM undergoing Hubble expansion. Whereas a static

solution produces two distinct peaks for blue and red modes of escape, the blue

photons are continuously redshifted back to the core and the red mode becomes

the only means of escape. This inevitably leads to free streaming on cosmolog-

ical (&Mpc) scales. Unfortunately, there is no analytical solution for a medium
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possessing both thermal and bulk motions. Figure 2.6 illustrates the effect of in-

creasing vmax, which acts to suppress the blue peak until it disappears entirely by

vmax ∼ 200 km s−1. At first the red peak is pushed further from line centre, how-

ever, past a critical vmax the peak approaches the centre again because the velocity

gradient facilitates escape. The bottom panel of Fig. 2.6 shows the (averaged) line

of sight radial surface brightness profile for each sphere. The scaling is such that

the static sphere is unity at the centre, i.e. SB0 ≡ SB(r = 0). The dashed line is a

reference for a flat profile to guide the eye. Only the largest velocity gradients sub-

stantially alter the profile so that the apparent image is much more concentrated

toward the centre.

2.5 First galaxy models

Galaxy formation is a highly complex process; however, studying the forma-

tion and radiative transport in the first, comparatively simple, systems provides

an ideal laboratory for the physics involved (Bromm & Yoshida, 2011). We here

employ two complementary methodologies to represent the structure and dynam-

ics of a first galaxy for colt – first, in Section 2.5.1 we construct idealized analytic

models of these galaxies, and second, in Section 2.5.2 we extract a virialized halo

from an ab initio cosmological simulation for post-processing. These first galaxy

models will then be the input for the radiative transfer calculations discussed in

Section 2.6. Our idealized models allow us to explore the basic physics by directly

adjusting parameters in order-of-magnitude fashion. Our cutout from the cosmo-

logical simulation, on the other hand, provides us with one representative exam-

ple of a realistic first galaxy. We can thus gauge the validity of our exploratory toy

models.
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2.5.1 Idealized models

We now explore idealized models for the first galaxies at redshift z ∼ 10 in

preparation for extractions from a cosmological simulation. The number density

of hydrogen nuclei nH is built up from the following assumptions: First, we require

spherical symmetry so that nH = nH(r). Second, we adopt a power law density pro-

file within the galaxy, i.e. nH ∝ r−β out to the edge of the galaxy redge defined as

the point where nH equals the background IGM, nH, IGM. An isothermal law with

β = 2 provides a good description of a virialized system (e.g. Binney & Tremaine,

2008). Finally, we prefer a non-cuspy ‘core’ in the centre of the galaxy, mean-

ing the density profile flattens off to a constant density nH, 0 within a core radius

of rcore ≈ 10 pc. This is inspired by observations of low surface brightness galaxies

that suggest a softening in the centre (Burkert, 1995; de Blok et al., 2001; Kor-

mendy et al., 2009). In summary, the model is piecewise in the radial coordinate r

according to:

nH(r) =



nH, 0 for r ≤ rcore = 10 pc

nH, 0

(
r
rcore

)−2

for rcore < r < redge

nH,IGM for r ≥ redge

. (2.41)

Here nH, IGM is the background atomic hydrogen number density derived from

a ΛCDM model with cosmological parameters taken from the Planck Collabo-

ration et al. (2014), and incorporating constraints from the Wilkinson Microwave

Anisotropy Probe (WMAP; Hinshaw et al., 2013), the South Pole Telescope (SPT;

Keisler et al., 2011), and the Atacama Cosmology Telescope (ACT; Das et al., 2014).

Specifically, the Hubble constant is taken to be H0 = 67.8 km s−1 Mpc−1 while

the fractional energy contributions of baryons, matter, and dark energy are Ωb =

39



0.0485, Ωm = 0.307, and ΩΛ = 0.693, respectively. Therefore, nH, IGM is ρcr,0XΩb(1+

z)3/mH, or

nH, IGM ≈ 2× 10−4 cm−3
(1 + z

10

)3
, (2.42)

where X ≈ 0.75 is the mass fraction of hydrogen and ρcr,0 ≡ 3H2
0 /(8πG) is the criti-

cal energy density at present.

Furthermore, the edge of the galaxy is given by solving the equation nH(redge) =

nH, IGM, which yields a radius of redge = rcore(nH, 0/nH, IGM)1/2. The density pa-

rameter nH, 0 is then found by normalizing the overall mass of hydrogen in the

galaxy MH, tot to some value, e.g. ∼ 106 − 108 M� for an atomic cooling halo. The

total mass is given by the integral

MH, tot = 4πmH

∫ redge

0
nH(r)r2dr

= 4πmHnH, 0r
3
core

(√
nH, 0

nH, IGM
− 2

3

)
. (2.43)

Equation (2.43) is a cubic polynomial in nH, 0 whose solution is not particularly

insightful. However, we may expand about large masses MH, tot to consolidate the

leading order terms. These terms provide a relative accuracy in nH, 0 of better than

1 part per billion for masses larger than 106 M�. For the parameters chosen above

this implies a central density of

nH, 0 ≈ nH, IGM

(
χ2 +

4
9
χ+

4
27

)
, (2.44)

where we have introduced the dimensionless parameter:

χ ≡
n−1/3

H, IGM

rcore

(
MH, tot

4πmH

)1/3

= 560
(
MH, tot

107 M�

)1/3 (
rcore

10 pc

)−1 (1 + z
10

)−1
. (2.45)
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This term may also be found by dropping the 2
3 term in Equation (2.43). The χ

parameter relates the (leading order) ratio of core and background densities via

nH, 0 ≈ χ2nH, IGM and the ratio of core and edge radii via redge ≈ χrcore. With this

central density the optical depth to Lyα scattering of the core region is at least

τcore ∼ nH, 0σ0rcore ∼ 108, a value that would increase with a larger core radius, a

lower temperature, or a more massive system.

We are primarily interested in the mass and density of hydrogen, therefore we

decided to use MH, tot in the comparison. The total or virial mass of the galaxy

is larger for two main reasons: (i) The mass fraction of hydrogen to baryons is

less than unity, i.e. X ≈ 0.75. (ii) The contribution of baryonic mass is consider-

ably less than the contribution of dark matter, which is usually more extreme in

smaller galaxies. In fact, if a substantial amount of gas is lost through ram pres-

sure stripping or supernova blowout, for example, the baryonic mass may be sig-

nificantly below the cosmological baryon fraction of Ωb/Ωm ∼ 16 per cent (Allen

et al., 2002). At any rate we can reasonably relate the virial and total hydrogen

masses by Mvir ∼ 10MH, tot.

2.5.1.1 Structure and evolution of the ionized region

The model above did not include an ionized region around a central star clus-

ter. This is important because Lyα photons can easily escape such regions. Fur-

thermore, a Strömgren analysis suggests that the ionized region may be on the

order of rcore for a reasonable set of parameters:

RS =
(

3
4π

Ṅion

n2
0αB

)1/3

≈ 15 T 1/4
4 Ṅ 1/3

ion, 51 n
−2/3
100 pc , (2.46)

where we have defined normalized values for ionizing photon rate Ṅion, 51 ≡ Ṅion/(1051 s−1)

and density n100 ≡ n0/(100 cm−3). The normalization used for Ṅion is a plausible
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guess at the rate expected from the starbursts residing in the first galaxies (see Sec-

tion 2.5.3 for further discussion). The expression was simplified by approximating

the total Case B recombination rate by α
B
≈ 2.5×10−13 T −3/4

4 cm3 s−1 (Osterbrock &

Ferland, 2006). In order to understand how the ionized region affects Lyα transfer

we need to consider how the full three-dimensional ionization structure evolves in

time. The Strömgren radius is a good approximation early on when the radiation is

bottled up and the ionization rate balances the recombination rate, i.e. Ṅion ≈ Ṅrec.

However, as the ionization front moves out, the H ii regions blow pockets through

which Lyα photons may escape. Therefore, we distinguish between early ioniza-

tion scenarios when the H ii region is ultra-compact as in Equation (2.46) and late

scenarios when the H ii starburst regions have overtaken the entire halo. These

cases bracket the entire evolution.

The late stages of the ionization structure must be anisotropic because the cos-

mological filaments guide the ionized bubbles into a butterfly-shaped morphology

around the centre. For simplicity we model this as a bipolar cavity. Specifically, in

addition to the Strömgren sphere, our late scenario also has a biconical region out

to redge. The size of the H ii region is determined by the total number of ionizing

photons, i.e. Nion>NH. If the photons are produced at a constant rate and the vol-

ume of the cone is described by the opening angle θopen from the axis of symmetry

then the time to evacuate the cavity is at least of order

tlate&
NH

Ṅion
≈
θ2

openMH, tot

2mHṄion

≈ 0.1 Myr Ṅ−1
ion, 51

(
MH, tot

107 M�

)(
θopen

30◦

)2

. (2.47)

Therefore, the late scenario corresponds to a time when the biconic region out

to redge is fully ionized – see Fig. 2.7 for an edge-on view of the column density
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through one such halo.

2.5.1.2 Radiation pressure driven wind

The central starburst provides a feedback mechanism on the host galaxy. In

order to motivate a spherically symmetric velocity law we consider the relative

strength of the gravitational force Fgrav to the radiation force Frad. As a first esti-

mate, if we attribute the radiation pressure to Thompson scattering in the single-

scattering limit, then because of the 1/r2 scaling of both forces, their ratio is of

order
Frad

Fgrav
≈ L∗σT

4πcmHGM∗
≈ 0.3

(
Υ

104

)−1

, (2.48)

where L∗ and M∗ are respectively the total luminosity and mass of the entire clus-

ter. The normalization is chosen to correspond to the mass to light ratio for Pop III

stars, i.e. Υ ≈ 104 (see Section 2.5.3). For simplicity Equation (2.48) assumes a

point source. In reality, the ratio decreases radially from the centre of the gravi-

tational potential as the dark matter halo mass dominates the gravitational force.

Furthermore, Equation (2.48) is only applicable to ionized gas, whereas Lyα scat-

tering occurs in neutral gas so other sources of pressure must also be present for

our idealized law. Therefore, we consider a force multiplier in analogy to that of

Castor et al. (CAK; 1975) originating from many resonant and optically thin lines.

The multiplier can amplify the scattering efficiency by many orders of magnitude.

Thus, the luminosities considered here (& 107 L�) may be capable of sustaining

radiation-driven winds (Wise et al., 2012b). Indeed, the Lyα line alone may be

responsible for much of the opacity these winds require (Dijkstra & Loeb, 2008,

2009). The CAK theory uses mass conservation and momentum balance to arrive
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Figure 2.7: Neutral hydrogen column density NH i
for a “Late” model at a source

redshift of z = 9 with MH, tot = 107 M�. The spatial scale, in physical kilopar-
secs and arcseconds, are provided. The edge-on view of the halo demonstrates
the butterfly-shaped ionization structure of the models. For comparison with
Eq. (2.47) the corresponding ionizing photon rate is Ṅion ≈ 1053 s−1, giving a late
time lower limit of tlate & 103 yr.
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at a ‘beta law’ with an exponent of 1/2 for the radial velocity profile

v(r) = v∞
(
1− R∗

r

)1/2
, (2.49)

where R∗ is the size of the source. The terminal velocity v∞ is typically larger

than the escape velocity vesc by a factor of a couple. Plausible values for our mod-

els are obtained by requiring that the mass loss rate Ṁ = 4πr2ρv be less than the

maximally efficient mass loss for single scattering Ṁmaxv∞ = L∗/c for which the ra-

diation momentum is imparted entirely to the gas. In the halo’s isothermal region,

i.e. rcore < r < redge, the velocity approaches v∞ and ρ ∝ r−2 so

v∞ .
(
4πmHM

2
H, totnH,IGM

)−1/6
√
L∗
c

≈ 10 km s−1
(
MH, tot

107 M�

)−1/3(
L∗

107 L�
10

1 + z

)1/2

. (2.50)

In principle, multiple scattering in the optically thick environment could boost v∞

by a factor of the square root of the optical depth, or at least an order of magni-

tude. However, for simplicity our wind models all assume the velocity profile of

Equation (2.49) with R∗ = 1 pc, the approximate size of the central star cluster, and

v∞ = 10 km s−1, a value comparable to the thermal velocity vth. We note that our

value of vinf is also close to the escape velocity of the system, vesc ≈ (2GMvir/Rvir)1/2

≈ 13 km s−1 [Mvir/(107 M�)]1/3 [(1 + z)/10]1/2. Therefore, our terminal velocity is

similar in magnitude to the pure CAK theory formula of v∞ = vesc(1−Frad/Fgrav)1/2.

For completeness, the original CAK force multiplier M(t) = kt−α would need to

be reevaluated for H and He lines of gas with primordial composition. It is be-

yond the scope of this work to do so here but for reference the model of Cas-

tor et al. (1975) derives values of k ≈ 1/30 and α ≈ 0.7. The parameter t is ei-

ther the electron-scattering optical depth
∫∞
r
σTρdr or the Sobolev optical depth

σTρvth|dv/dr |−1 in static or expanding media, respectively.
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Table 2.1: Classification scheme for the idealized galactic models.

Classification Velocity H ii Scenario MH, tot [M�]
SE [5− 8] Static Early 105 − 108

SL [5− 8] Static Late 105 − 108

WE [5− 8] Wind Early 105 − 108

WL [5− 8] Wind Late 105 − 108

The density and velocity profiles considered here are not self-consistent in the

dynamical sense. However, our simplified β-model, calibrated in the above fash-

ion, should give us a rough window into the otherwise extremely complex physics

of galactic winds (e.g. Veilleux et al., 2005). This also avoids overconstructing

models that are already quite idealized. Finally, the radiation pressure driven

winds considered above may require some dust and metals to be present in the

ISM. However, we have not included dust in these primordial environments. Fur-

ther study on how dust affects Lyα transfer in anisotropic models should be car-

ried out and is left for future work. Still, various mechanisms such as scattering in

clumpy media have been proposed to explain why the Lyα escape fraction is so sig-

nificant in environments where core depletion seems unavoidable. In fact, Hayes

et al. (2011) suggest that dust attenuation is unlikely to affect Lyα escape at z & 11.

For our purposes, we expect dust to lower the bolometric line flux by at most a

factor of a few. For an example of coupling large scale cosmological simulations

with dust and radiative transfer models designed to constrain IGM ionization and

the dust distribution in the ISM of early galaxies see Dayal et al. (2011) and Hutter

et al. (2014).
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Figure 2.8: Neutral hydrogen column density NH i
(left), line of sight velocity vz

(middle), and ambient gas temperature T (right) surrounding the atomic cooling
halo of Safranek-Shrader et al. (2012) at a source redshift of z = 13.8. The velocity
and temperature projections are weighted by the gas density. The spatial scale, in
physical parsecs and angular units of arcseconds, is provided along with circles to
represent the halo’s virial radius of Rvir ≈ 600 pc, corresponding to a virial mass
of Mvir ≈ 2 × 107 M� or roughly MH, tot ≈ 2.5 × 106 M� for comparison with our
idealized models.

2.5.1.3 Model parameter space

The various galactic models we consider are based on the following physical

quantities: (i) The velocity structure as either static or with a radial wind. (ii) The

H ii structure as either an early or late ionization scenario. (iii) The total mass of

hydrogen in the halo MH, tot chosen as either 105, 106, 107, or 108 M�. For clarity

we describe the model classifications summarized in Table 2.1:

S ⇒ “Static” – The bulk velocity of every cell is zero.

W ⇒ “Wind” – A radiation-driven wind assuming the velocity profile of Eq. (2.49)

with R∗ = 1 pc and v∞ = 10 km s−1. Note: For simplicity we chose the same

v∞ for all models although it could very well be larger by a factor of a few.

E ⇒ “Early” – The density profile of Eq. (2.41) is modified to have zero neutral
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hydrogen density within a Strömgren sphere of radius RS = rcore at the centre

of the galaxy.

L ⇒ “Late” – The density profile of Eq. (2.41) is also modified to have zero

neutral hydrogen density within a bipolar cone of opening angle θ = 30◦ out

to redge.

5–8 ⇒ MH, tot = 105 − 108 M� – These models allow us to explore the effect of

mass, or column density, on Lyα escape. Mvir is roughly an order of magni-

tude larger.

For simplicity the temperature is set to a constant value of T = 104 K throughout

the entire computational domain. We note that in some cases the residual H i

within such H ii regions may still be optically thick to the Lyα line centre, i.e.

aτ0 � 1. However, as this is many orders of magnitude lower than the optical

depth outside an ionized region we have assumed the neutral fraction is negligible

in idealized models. These models are intended to test the basic physics involved

with Lyα transport under the conditions discussed above, and we consider more

realistic conditions from a cosmological simulation in Section 2.5.2.

2.5.1.4 Refinement criteria

The above models require accurate spatial discretization with a dynamic range

of several orders of magnitude. Because we work primarily with cosmological

simulations utilizing adaptive mesh refinement (AMR) we also incorporate the

AMR grid structure into these idealized models. This has the dual benefit of (i)

efficiently characterizing the field information even with ionization fronts or high

density formations and (ii) unifying the data structures and ray tracing algorithms
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Table 2.2: The Lyα luminosity is related to the Pop III star formation efficiency,
η∗ ≡M∗/Mgas, according to Equation (2.51), where M∗ is the total mass in Pop III
stars and Mgas is the total baryonic mass of the halo. Specifically, a primordial
gas satisfies MH, tot ≈ 0.75Mgas. The ionizing photon rate for a Pop III cluster is
roughly Ṅion ∼ 1048 (M∗/M�) s−1. If metal enriched Pop II stars were present then
Ṅion, and therefore LLyα, would be an order of magnitude lower. For our purposes
we assume the escape fraction of ionizing photons, f ion

esc , is negligible. The virial
mass Mvir is also given for reference.

Model Mvir [M�] MH, tot [M�] η∗ M∗ [M�] Ṅion [s−1] LLyα [L�]
Idealized 10[6−9] 10[5−8] 0.01 1.3× 10[3−6] 1.3× 10[51−54] 3.9× 10[6−9]

SS12 2.13× 107 2.65× 106 0.01 3.5× 104 3.5× 1052 108

for both idealized setups and extractions from hydrodynamical simulations. In or-

der to map the analytic conditions onto an AMR grid we first construct a Cartesian

grid with dimensions {x,y,z} ∈ (−2redge,2redge). This choice for the box size is some-

what arbitrary but provides enough of a buffer from the IGM to redistribute any

remnant Lyα core photons that might have escaped through the bipolar cavity. At

this point we recursively refine the grid structure until the following criteria are

all met: (i) Density – the cell dimensions must be smaller than the Jeans length λJ

by a factor of NJ, i.e. ∆`cellNJ ≤ λJ. A choice of NJ = 64 was implemented in the

models. (ii) Velocity gradient – the cell must be smaller than the Sobolev length λS

by a factor of NS, i.e. ∆`cellNS ≤ λS. A choice of NS = 32 was made to avoid unre-

solved Doppler shifting from continuous Sobolev escape. (iii) Geometric – refine

based on whether a cell is within a specified volume or if the boundary of a ge-

ometric shape passes through the cell. For example, the shape of the edge of the

galaxy was resolved by requiring that cells containing points where r = redge satisfy

∆`cellNG ≤ redge. The chosen value wasNG = 64. Similarly for rcore. The refinement

criteria for the boundary of the ionized cone in the “Late” scenario was chosen to

be 512∆`cell ≤ redge.

49



2.5.2 First atomic cooling haloes

The analytic models considered above inform us about key aspects of Lyα line

transfer in the first galaxies, testing our methods and sensitivity. However, we can

push these questions further by employing ab initio cosmological simulations as

post-processing initial conditions for colt. We examine one cosmological simula-

tion in this paper, and analyze additional cases in a follow-up study. In this section

we summarize the simulation described by Safranek-Shrader et al. (2012, hereafter

SS12), in preparation for the radiative transfer calculations of Section 2.6.3. The

simulation of SS12 uses the hydrodynamical/N -body code flash (Fryxell et al.,

2000), version 3.3, to evolve cosmological initial conditions through the nonlin-

ear collapse of structure formation. The cosmological initial conditions were gen-

erated with mpgrafic (Prunet et al., 2008), which provides multi-scale Gaussian

random fields at z = 146 in a 1 Mpc3 comoving volume. A hierarchical zoom-in

procedure with three levels of dark matter refinement was employed to obtain a

maximum effective resolution of 5123 and an effective dark matter particle mass

of 230 M� in the target halo. The baryonic refinement strategy is based on (i) a

Lagrangian refinement factor that implies a cell mass of ≈ 0.1 M� at the highest

refinement level and (ii) a criterion that the Jeans length be resolved by at least 12

grid cells. Further details regarding the initial conditions, hydrodynamics, refine-

ment strategies, chemistry, gas cooling, sink particles, H2-dissociating radiation,

and various other schemes may be found in SS12. The first galaxy model we study

with colt is an extraction of a virialized halo at redshift z = 13.8 with Rvir ≈ 600 pc

and Mvir = 2.1 × 107 M�, corresponding to MH, tot = 2.6 × 106 M� for comparison

with our idealized models. With 22 levels of refinement and 83 cells per block the

effective spatial resolution of the halo is 0.004 pc, or 830 AU, considerably higher
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than previous Lyα radiative transfer simulations.

SS12 examine the formation and fragmentation conditions for a star cluster in-

side a cosmological atomic cooling halo, i.e. a system with virial temperature Tvir &

104 K such that Lyα line cooling is enabled. These systems are important for

the first galaxies because Lyα line cooling is much more efficient than cooling by

molecular hydrogen or metal lines, and catalyzes the star formation process. Fig-

ure 2.8 shows the neutral hydrogen column density NH i
, line of sight velocity vz,

and ambient gas temperature T of the cutout region. The filamentary, irregu-

lar nature of the gas is apparent, stressing the need for more realistic conditions

than analytic models may allow. For simplicity we assume the stellar population

of this galaxy has had no significant impact on its galactic surroundings, thereby

isolating the radiative transfer effects as originating from a Lyα source within a

cosmological environment harboring gas accretion inflow. Indeed, the only feed-

back mechanism in the simulation is an external Lyman-Werner radiation field

incident from the six faces of the computational domain. However, as the Lyα ob-

servability may be enhanced by feedback at later times, e.g. galactic outflows and

ionization, we will analyze additional haloes for which feedback is accounted for

with greater sophistication in a follow-up paper. In Section 2.6.4.1 we discuss the

effect of the IGM on Lyα observations; any reddening of the intrinsic line profile

induces less attenuation. Finally, we also test cutouts of varying sizes within the

(1 Mpc)3 comoving volume, or (67.5 kpc)3 physical volume in Appendix 2.8.3. We

find minimal differences between the emergent flux densities fλ, especially for the

larger cutouts.
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2.5.3 Properties of the central starburst

We now clarify the assumptions regarding the central starburst luminosity and

stellar properties. The initial mass function (IMF) of a cluster depends on the

metallicity of the population, where more massive Pop III stars are distributed

with a top-heavy IMF and Pop II stars display a normal IMF biased toward low-

mass stars. For simplicity, we assume a Pop III starburst with a top-heavy IMF,

although a significant fraction of the first galaxies may typically already be pop-

ulated by metal enriched Pop II stars, or a mixture of populations (Johnson et al.,

2008; Greif et al., 2010; Ritter et al., 2012; Wise et al., 2012a; Muratov et al., 2013;

Ritter et al., 2015). The Lyα luminosity, LLyα, depends on the Pop III star forma-

tion efficiency, η∗ ≡M∗/Mgas, where M∗ is the mass in Pop III stars and Mgas is the

total baryonic mass in the host halo. For ease of comparison we assume a fixed

star formation efficiency of η∗ = 0.01 for both the idealized models and the cutout

simulation of SS12. The assumption that the cluster consists of Pop III stars with a

top-heavy IMF sets the ionizing photon rate to Ṅion ∼ 1048 (M∗/M�) s−1. However,

if metal enriched Pop II stars were present the rate would be an order of magni-

tude lower (Bromm et al., 2001a; Schaerer, 2002). The luminosity in Lyman-α is

(Dijkstra, 2014)

LLyα = 0.68 hν0

(
1− f ion

esc

)
Ṅion

≈ 5× 108 L�
( η∗
0.01

) (
Mvir

108 M�

)
, (2.51)

where hν0 = 10.2 eV and f ion
esc is the fraction of ionizing photons escaping the cen-

tral starburst region, which we assume to be zero. Because Equation (2.51) scales

with Ṅion, if one assumes a Pop II IMF the radiative transfer calculations of Sec-

tion 2.6, including flux and surface brightness, scale down by roughly a factor of
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ten compared to the Pop III case if η∗ would remain the same as before. Again,

we emphasize that the Lyα flux and intensity profiles throughout this paper are

scale free because the radiative transfer is decoupled from the hydrodynamics.

The choice of a fixed star formation efficiency serves as the primary normalization

for our profiles and fundamentally captures the basic idea that source luminosity

should depend on halo mass. The one per cent star formation efficiency is admit-

tedly an optimistic value that represents a likely upper limit on the prospects of

detecting Lyα photons from Pop III sources. A comprehensive list of the properties

of the central starburst is given in Table 2.2.

In the models considered above, emission from Lyα line cooling is insignifi-

cant compared to the central luminosity of the starburst. This is primarily be-

cause the electron abundance is quite low at this stage of galaxy formation. To

justify this we calculate the Lyα emissivity due to collisional excitation according

to ψH = 7.5×10−19 erg cm3 s−1 (1+T 1/2
5 )−1e−118348/T nenH (see equation 15a of Cen,

1992), where T5 ≡ T /(105 K), and integrate over volume to obtain the Lyα cooling

luminosity. Applying this method to each cell of the entire SS12 simulation results

in a total computed luminosity of ∼ 250 L�, several orders of magnitude below the

stellar luminosity estimated by Equation (2.51). However, this should be thought

of as a lower bound on the cooling luminosity as additional radiative feedback

would lead to greater ionization. To obtain an estimate of the upper bound on Lyα

cooling emission we may assume an ionization scenario such that ne ≈ nH, which

in this case leads to a maximal luminosity of 7.3×105 L�, less than one per cent the

Lyα stellar luminosity. Finally, even though the cooling production rate is incon-

sequential in this case, it may be important for more massive haloes as the electron

abundance significantly increases for virial temperatures well above 104 K, which
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is necessary to activate more efficient atomic cooling.

We briefly mention that the assumed 0.68 conversion factor from ionizing to

Lyα photons may underestimate the actual luminosity in high-density H ii regions.

This is because metal poor stars are harder sources of ionization. In these environ-

ments the factor takes into account the mean ionizing photon energy above 13.6 eV

(Raiter et al., 2010). Secondary ionization effects may also play a role. However, as

this would only boost the luminosity by a factor of ∼ 1.5 it is not likely to change

the conclusions in this study.

2.6 Radiative Transfer Calculations

The output from colt can be viewed as a redistribution of Lyα photons in both

frequency and spatial position. In this section we describe the next-event estimator

method for calculating surface brightness profiles (Section 2.6.1) and the results

from each of the first galaxy models described above (Sections 2.6.2 and 2.6.3).

2.6.1 Surface brightness construction

The first galaxies are positioned near the horizon of the currently observable

Universe and therefore appear as very small and faint objects. The observability of

individual galaxies depends on both the details of Lyα transfer and the sensitivity

of the instruments. If a galaxy is completely unresolved we may only be able to

measure a single integrated flux. However, if the feature of interest is spatially

resolved we may also measure the surface brightness. Therefore, colt calculates

the line of sight surface brightness using the next-event estimator method, simi-

lar to that of Tasitsiomi (2006a) and Laursen et al. (2009). For each scattering we
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Figure 2.9: Line of sight flux as a function of Doppler velocity ∆v = c∆λ/λ for
each of the different models organized by mass (separate subfigures) and wind
structure (panels within each subfigure). Anisotropic ionization and wind-driven
outflows lower the effective line-of-sight opacity. The halo models are charac-
terized by velocity structure (S for “Static” and W for “Wind”), ionization sce-
nario (E for “Early” and L for “Late”), and the total mass of hydrogen in the halo
MH, tot (105 − 108 M�). Anisotropic “Late” profiles have considerably more flux
along the face-on line of sight than the edge-on view. Also, asymmetric “Wind”
models produce greater flux redward of the line centre. Both effects are summa-
rized for quantitative comparison in Table 2.3. The units are set by having each
halo reside at redshift z = 9 with a Pop III star formation efficiency of η∗ = 0.01, cor-
responding to a central starburst of LLyα = 3.9× 10[6−9] L� (see Table 2.2 for more
information). For reference, the observed flux density fλ increases with source
luminosity LLyα and decreases with redshift so that fλ ∝ LLyα(1 + z)−3 at high red-
shifts. Transmission through the (neutral) IGM is not accounted for here, however,
see Sections 2.6.1 and 2.6.4.1 for a discussion.
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Figure 2.10: Surface brightness profile for the WL7 idealized galaxy model at red-
shift z = 9, which has a “Wind” velocity profile, a “Late” anisotropic ionization
scenario, and total mass of hydrogen MH, tot = 107 M� so that Mvir ∼ 108 M�. The
central starburst has a Pop III star formation efficiency of η∗ = 0.01, which for this
mass corresponds to a central starburst of LLyα = 3.9 × 108 L� (see Table 2.2 for
more information). The galactic centre contains a Strömgren sphere within the
core radius rcore = 10 pc and produces a biconic ionized cavity out to redge ≈ 5 kpc
where the density drops to that of the background nH, IGM. The simulation region
is roughly 20 kpc across which allows the local IGM to play an important role. In-
deed, a lighthouse effect is apparent as photons preferentially escape through the
bipolar lobe aligned with the z-axis and are scattered when they hit the neutral
IGM. The intrinsic bolometric flux F is given for each line of sight at the bottom of
each panel.

ask what is the probability that the photon would have been scattered toward a

given line of sight and how the intervening medium would have attenuated the

hypothetical signal. For anisotropic scattering the proper phase function W (θ)

from Equation (2.18) quantifies the probability of being scattered into the line of

sight. Additionally, the optical depth integrated to the edge of the computational

domain diminishes the photon’s absolute weight by a factor of e−τesc . If each pho-

ton originally has equal weight, i.e. LLyα/Nph where LLyα is again the total Lyα

luminosity and Nph ∼ 107 is the number of photon packets, then a square CCD
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grid composed of pixels each subtending a solid angle Ωpix, observing a source at

a luminosity distance dL, receives a total binned surface brightness of

SBpix ≡
∆E

∆t∆A∆Ω
=
LLyα/Nph

4πd2
LΩpix

∑
W (θ)e−τesc−τIGM . (2.52)

Here we have approximated surface brightness by pixel quantities, i.e. energy (∆E),

time (∆t), area (∆A), and solid angle (∆Ω). For completeness, the luminosity dis-

tance in a flat universe is given by dL = (1+z)
∫ z

0
cdz′/H(z′) whereH(z) is the Hubble

parameter at a given redshift. The summation is over all scatterings of all pho-

tons within the pixel range. In Equation (2.52), the phase function W (θ) is set to

unity for isotropic scattering. At the relevant wavelengths the typical pixel size

of JWST instruments ranges from Ωpix, NIRCam ≈ 10−3 arcsec2 for photometry to

Ωpix, NIRSpec ≈ 0.1 arcsec2 for spectroscopy.

The surface brightness may be calculated on the fly for any prescribed direc-

tion. In practice, however, we find it more efficient to ray trace along the six

coordinate axes, yielding six orthogonal observers for the faces of a cube. Fur-

thermore, due to the severe exponential damping with even moderate optical

depths we only continue to ray trace as long as τesc . 50, which is conserva-

tively large but still accelerates the process significantly. The line of sight flux

is calculated with the same method but without the ‘per solid angle’, i.e. Ω−1
pix.

colt produces spatial and frequency bins for
∑
W (θ)e−τesc which is multiplied by

LLyα/[4πNph(1 + z)42062652`2
pix] and integrated over frequency to obtain inten-

sity4 SB, expressed in units of erg s−1 cm−2 arcsec−2, or by LLyα/(4πNph∆λbin, obsd
2
L)

4The units of LLyα are erg s−1, the factor 180
π × 60 × 60 ≈ 206265 converts from radians to arc-

seconds, and `pix is the physical size of a pixel in cm. The redshift and pixel size dependence
originates from considering that dL = (1+z)2dA and

√
Ωpix = θpix ≈ `pix/dA where dA is the angular

diameter distance.
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Figure 2.11: Radial surface brightness profiles for each of the different mass
models. The color scheme and intrinsic halo parameters are the same as that
of Fig. 2.9 (i.e. η∗ = 0.01 and z = 9). For the anisotropic L–models there is a
distinct feature at the edge radius corresponding to the hourglass ionization ef-
fect, where redge ≈ 1.09 kpc for the 5–models, redge ≈ 2.35 kpc for the 6–models,
redge ≈ 5.05 kpc for the 7–models, and redge ≈ 10.88 kpc for the 8–models. The
“Late” models are more extended than the bottled-up “Early” models.

and integrated over the field of view to obtain flux density5, fλ. Here ∆λbin, obs

corresponds to the observed wavelength bin size; throughout this paper we use a

Doppler resolution of about ∆v ≈ 10 km s−1, corresponding to a spectral resolu-

tion of R ≡ λ/∆λ ≈ 30000, which is achievable with next-generation large-aperture

ground-based infrared observatories equipped with adaptive optics. Our results

may be degraded by a factor of ∼ 30 for comparison with the NIRSpec instrument

aboard the JWST.
5The flux density is an observed quantity, therefore, we use the redshifted wavelength bin size,

∆λbin, obs = (1 + z)∆λbin.
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Figure 2.12: Integrated light within a given radius, I(r) ∝
∫ r

0
SB(r ′)r ′dr ′, for the 5–

and 8–mass models, left and right respectively. The color scheme and intrinsic
halo parameters are the same as Figures 2.9 and 2.11. The anisotropic L–models
are much more extended than the E-models as can be seen by comparing the half-
light radii, R1/2, shown as extended colored ticks on the radial axis. The curves
have been normalized to unity to allow for direct comparison.

Transmission through the IGM depends on the local environment and details

of reionization. Our treatment follows that of Madau & Rees (2000) who examine

the effect of local H ii bubbles on the red damping wing of the Gunn-Peterson (GP)

trough. In essence, the IGM opacity removes Lyα photons with a single scattering

out of the line of sight, resulting in a spatially extended Lyα halo (Loeb & Rybicki,

1999). Normally the GP optical depth at line centre, τ0(z) ≈ 7× 105 [(1 + z)/10]3/2,

is large enough to remove any flux blueward of the Lyα line. However, if the Lyα

emitter resides within an ionized patch on the order of ∼ 0.1− 1 physical Mpc the

radiation can redshift sufficiently far from resonance to avoid total suppression in

the intervening IGM. In an Einstein–de Sitter universe with a completely neutral

medium outside the ionized bubbles the optical depth of the red damping wing is

(Madau & Rees, 2000)

τred
GP =

τ0(zem)

πR−1
α

[
λα(1 + z)
λobs

]3/2∫ xi

xrei

dxx9/2

(1− x)2 +R2
αx6

, (2.53)

with dimensionless parameters Rα ≡ Λλα/(4πc) ≈ 2× 10−8, xrei = (1 + zrei)λα/λobs,
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and xi = (1 + zi)λα/λobs. The limits of integration are set by a cutoff at the redshift

of reionization zrei and the redshift zi to the edge of the H ii region around the

source. The line centre optical depth τ0(zem) is evaluated in terms of the emission

redshift of the Lyα source. For simplicity, we employ this prescription for the IGM

opacity, i.e. τIGM = τred
GP in Equation (2.52).

2.6.2 Idealized models

The freedom to change one parameter at a time allows us to perform a direct

comparison between various idealized first galaxy models. We discuss the line

flux and surface brightness profiles, employing the S–W, E–L, and MH, tot nomen-

clature, introduced above.

Figure 2.9 demonstrates how line flux changes between the halo models. Some

of the most apparent trends are:

• Static profiles are symmetric about the Lyα line centre whereas moderate

radiation-driven winds generate considerably more red photons than blue

ones. This scenario would facilitate Lyα escape and reduce the fraction of

photons subject to Gunn-Peterson absorption. On the other hand cosmologi-

cal inflow models might produce the opposite effect, creating more extended

profiles.

• The “Late” ionization models lead to a distinctive sharp drop near line cen-

tre. Ionized pockets prove to be a very efficient mode of escape. Indeed,

there would be a third peak at line centre if it were not for the neutral IGM

surrounding these models.
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• The bolometric flux for a given “Late” anisotropic model is larger when ob-

served face-on (z) than edge-on (xy). See Table 2.3 for the line of sight flux

normalized for comparison against the angular averaged flux of the same

model. The most dramatic difference is for the WL8 model, where the view-

ing angle can lead to a dynamic range of ∼ 3 from maximum to minimum

apparent brightness.

• The intrinsic ratio Fr/Fb of “red” photons to “blue” photons with respect to

the Lyα line centre characterizes the relative efficiency of the wind compared

to resonant scattering and escape facilitated by ionized regions. The highest

fraction is for the edge-on (xy) view of the WL5 model with Fr/Fb = 6.36 and

the lowest is for the face-on (z) view of the WL8 model with Fr/Fb = 2.38.

Figures 2.10–2.12 illustrate various features of the spatial distribution of the

emergent photons. The main qualitative difference may be seen in models with a

“Late” ionization scenario, which when viewed from the edge-on direction display

a prominent outline of the butterfly-shaped cavity. To demonstrate this effect we

include Fig. 2.10, which shows the surface brightness profile for the WL7 ideal-

ized galaxy model from edge-on and face-on lines of sight. Areas within the ex-

tended ionized regions are darker because the Lyα photons only scatter once they

reach the neutral gas at the boundaries. Therefore, Lyα surface brightness images

highlight sharp ionization fronts. Recall that the galactic centre contains a Ström-

gren sphere within the core radius rcore = 10 pc and a biconic H ii region out to

redge ≈ 5 kpc where the density drops to that of the background nH, IGM. The sim-

ulation region itself is roughly 20 kpc across. This allows the local IGM to play an

important role and capture the asymmetric morphology as photons preferentially

escape through the lobes aligned with the z-axis.
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Table 2.3: The Lyα bolometric flux, F =
∫
Fλdλ where Fλ is the intrinsic flux den-

sity, along different lines of sight (~̀) for the isothermal galaxy models. The flux has
been normalized for comparison against the isotropic, angular-averaged flux (Ω),
which is 1.4× 10−[20−17] erg s−1cm−2 for a source at redshift z = 9 and star forma-
tion efficiency η∗ = 0.01. The difference between the face-on (z) and edge-on (xy)
integrated flux is more pronounced in massive models. The asymmetric “Wind”
models in Fig. 2.9 produce greater flux redward of the line centre. The intrinsic
red-to-blue component flux ratio Fr/Fb characterizes the relative efficiency of the
wind compared to resonant scattering and ionization facilitated escape.

Model ~̀ F/FΩ
SL5 z 1.40
WL5 z 1.59
SL5 xy 0.72
WL5 xy 0.80
SL6 z 1.60
WL6 z 1.80
SL6 xy 0.72
WL6 xy 0.74
SL7 z 1.69
WL7 z 1.91
SL7 xy 0.70
WL7 xy 0.70
SL8 z 1.70
WL8 z 1.90
SL8 xy 0.69
WL8 xy 0.68

Model ~̀ Fr/Fb
WL5 z 3.72
WL5 Ω 4.37
WL5 xy 6.36
WE5 Ω 5.91
WL6 z 2.96
WL6 Ω 3.49
WL6 xy 4.58
WE6 Ω 5.72
WL7 z 2.57
WL7 Ω 2.99
WL7 xy 3.71
WE7 Ω 5.60
WL8 z 2.38
WL8 Ω 2.74
WL8 xy 3.29
WE8 Ω 5.64

In order to compare the various models we present each of the radially aver-

aged surface brightness profiles in Fig. 2.11. The four panels group models of the

same mass. As expected, the “Late” edge-on (xy) profiles have an intensity deficit

within the edge radius redge compared to the face-on (z) view. Furthermore, the

“Late” models are generally more extended than the bottled-up “Early” models,

which is increasingly true for more massive galaxies. Finally, in order to obtain a

quantitative description of the relative spatial extension of the idealized models

Fig. 2.12 contains plots of the (normalized) integrated light within a given radius,
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Figure 2.13: Correlation between mass and the location of the red peak, vred peak,
in units of km s−1 for each halo model. Once again, there is a clear difference
between the “Early” and “Late” models, where escape near line centre is possible
for the latter because of anisotropic ionized bubbles. Note that the wavelength
resolution of these simulations is ∼ 10 km s−1 or ∼ 0.04 (1 + z) Å, which explains
the deviation from the lower (red) least squares fit. The cosmological simulation
of Safranek-Shrader et al. (2012) is plotted as a gray circle with a vertical line to
represent the uncertainty. SS12 is consistent with a relatively isotropic ionization
scenario. To guide the eye we have included power law fits for selected models.

I(r) ∝
∫ r

0
SB(r ′)r ′dr ′, for the 5– and 8–mass models, respectively. A clear ordering

of the observed Lyα size emerges as we compare the half-light radii, R1/2, shown as

extended coloured ticks on the radial axis. Large ionized regions and subsequent

diffusion in the IGM may increase R1/2 to many times the original “Early” size.

Finally, we illustrate some observable trends between these idealized first galaxy

models. Figure 2.13 shows the location of the red peak, vred peak, in Doppler veloc-

ity units from line centre, i.e. ∆v = c∆λ/λ, which increases as a function of mass. A

power law fit of the data shows that vred peak is twice as sensitive to mass for “Early”
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Figure 2.14: Relationships between mass and flux properties for relevant idealized
halo models. The left panel shows a clear difference in the bolometric flux between
face-on (z) and edge-on (xy) views. The right panel illustrates trends for the ratio
of ‘red’ to ‘blue’ flux. For the “Early” models Fr/Fb only depends on the strength of
the wind, however, for the “Late” models the ratio decreases for larger haloes. For
reference, the cosmological simulation of Safranek-Shrader et al. (2012) is plotted
as gray circles for each of the six sightlines. The SS12 results indicate that the
halo emits roughly isotropically – perhaps due to the large (1 Mpc)3 comoving box
size – and has a relatively small bulk velocity. For this model we plot the ratio of
‘blue’ to ‘red’ flux as the velocity is largely due to cosmological inflow. If additional
feedback mechanisms are included the SS12 results may be different. See Table 2.3
for a quantitative comparison.

64



105 106 107 108

MH,tot (M¯)

1

2

5

10

15

R
1/

2
(k

p
c)

SLxy
WLxy
SLz
WLz
SEΩ

WEΩ

SS12

0.0331M 0.334
H,tot

0.0382M 0.27
H,tot

105 106 107 108

MH,tot (M¯)

0

0.5

1

1.5

R
1/

2/
r e

d
ge

SLxy
WLxy
SLz
WLz
SEΩ

WEΩ

SS12

Figure 2.15: Trends between mass and the half-light radius, R1/2, for the idealized
halo models. The relative shape of the integrated surface brightness and the cor-
responding value of R1/2 indicate how extended the source appears. In the left
panel there is a clear relationship of R1/2 ∝M1/3

H, tot which shadows the established
relationship of χ in Equation (2.45). In the right panel we have taken out the de-
pendence on redge (or box size). The “Early” models still demonstrate a noticeable
trend of becoming more singular with respect to the radius of the halo. To guide
the eye we have included power law fits for selected models.
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models than for “Late” models. Figure 2.14 shows the qualitative differences of the

flux properties listed in Table 2.3. The anisotropic models appear more luminous

when observed face-on (z) than edge-on (xy) by a factor of a few. Additionally, for

“Wind” models the relative flux redward of line centre (Fr/Fb ∼ a few) is generally

more exaggerated for the “Early” models. Finally, Figure 2.15 compares the half-

light radius, R1/2, for each of the galaxies. The various models roughly follow the

relation predicted by Equation (2.45) that R1/2 ∝ χ ∝M1/3
H, tot. Recall that the inte-

grated light within a given radius, I(r) ∝
∫ r

0
SB(r ′)r ′dr ′, may be normalized to unity

at the largest radii so I(R1/2) = 1/2. The value of the half-light radius indicates how

extended the source appears. The difference between the bottled-up “Early” mod-

els and butterfly-shaped “Late” models is especially pronounced for more massive

galaxies. When appropriate we have included power law fits for selected models

to guide the eye.

2.6.3 Realistic first galaxy

We now present the colt output of the realistic cosmological simulation in-

troduced in Section 2.5.2. Figure 2.16 shows the line of sight flux and radial

surface brightness profiles for the six coordinate faces of the (67.5 kpc)3 extrac-

tion region in physical units. The specific flux in the left panel is calculated for

a Doppler resolution of ∆v ≈ 10 km s−1, corresponding to a spectral resolution of

R ≡ λ/∆λ ≈ 30000, achievable with next-generation large-aperture ground-based

infrared observatories with adaptive optics. The light-shaded curves are intrinsic

to the galaxy whereas the other three sets of curves denoted by different values

of RH ii
are included to consider suppression from IGM opacity, however, we de-

fer such discussion until Section 2.6.4. The middle panel illustrates the singular
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Figure 2.16: Line of sight flux density (left), radial surface brightness profile (mid-
dle), and bolometric flux (right) for the six coordinate faces of the (67.5 kpc)3

physical extraction region, assuming a 108 L� source at z = 13.8. The specific
flux in the left panel is calculated for a Doppler resolution of ∆v ≈ 10 km s−1,
corresponding to a spectral resolution of R ≡ λ/∆λ ≈ 30000, achievable with next-
generation large-aperture ground-based infrared observatories with adaptive op-
tics. The light-shaded curves are intrinsic to the galaxy whereas the other three
sets of curves include suppression from IGM opacity, i.e. a frequency dependent
factor of exp(−τred

GP ) defined in Equation (2.53). The difference between the trans-
mission models is the size of the local ionized bubble RH ii

which has a strong effect
on the observed flux. Although Figures 2.8 and 2.18 demonstrate many distinct
inhomogeneous features, e.g. obscuration from clouds or anisotropic excess in-
tensity, the spatially averaged flux and radial surface brightness are quite similar
across different sightlines. The middle panel illustrates the singular nature of the
intrinsic Lyα source and the transition to an exponentially damped halo, which in
this case roughly coincides with SB ∝ exp(−r/12.5 kpc). The right panel compares
the effect of RH ii

on the total observed flux for comparison with JWST sensitivities.
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Figure 2.17: Line of sight surface brightness profiles for the six coordinate faces of
the entire (1 Mpc)3 comoving volume or (67.5 kpc)3 in physical units. The central
square corresponds to the size of Fig. 2.18. On larger scales the IGM tends to
smooth out the profiles so the viewing angle differences are less severe.
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Figure 2.18: Line of sight surface brightness profiles for the six coordinate faces
of the ∼ (4 kpc)3 extraction region. The dark fluffy streaks are wisps or clouds
of neutral hydrogen blocking the particular sightline. Artifacts of the next-event
estimator method sometimes appear, which does not resolve intensity features on
scales smaller than the intervening AMR grid structure. Although these features
are smoothed out when considering larger volumes (cf. Fig. 2.17) and transmis-
sion through the IGM, such a halo could possible serve as an analog for resolved
systems at lower redshifts.
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nature of the intrinsic Lyα source and the transition to an exponentially damped

halo, which in this case roughly coincides with SB ∝ exp(−r/12.5 kpc). The right

panel compares the observed bolometric flux under different RH ii
scenarios with

JWST sensitivities – see Section 2.6.4.2.

For the most part the spatially averaged flux and radial surface brightness pro-

files are quite smooth and qualitatively similar across different sightlines. Like-

wise, the actual intensity images (see Fig. 2.17) also appear relatively isotropic

and featureless despite the obvious inhomogeneous and anisotropic features il-

lustrated by the column density (see Fig. 2.8) and surface brightness images (see

Fig. 2.18) captured in the immediate vicinity of the galaxy, i.e. a few virial radii

away. The dark fluffy streaks are clouds of neutral hydrogen blocking particular

sightlines. The main distinguishing characteristic is that certain faces of the cube

are significantly brighter than others, especially in the central ∼ 1 kpc region. This

is due to the inhomogeneous medium which provides preferred channels of es-

cape. It is apparent from Fig. 2.14 that the deviation from isotropy for the SS12

model is not very pronounced compared to the idealized anisotropic models. In

this particular case |1−F/FΩ| . 0.2, although smaller extraction cubes exhibit sig-

nificant anisotropic variance in the emergent spectra, especially when comparing

opposite lines of sight, i.e ±x, ±y, and ±z (see Appendix 2.8.3). Such line-of-sight

difference is likely due to the location of the central starburst within the dense

galactic environment. However, much of the relative variation between sightlines

may wash out as we account for the additional diffusion required to escape the

vast neutral IGM. Furthermore, looking at the temperature structure of Fig. 2.8

indicates that it may also be possible to experience similar “thermal effects” that

shape the emergent spectra in a nontrivial way. Although there is no temper-
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Table 2.4: JWST instrument sensitivity for a 5σ detection after 106 seconds of ex-
posure time based on sensitivities assuming the G235M grating with the F170LP
filter for NIRSpec and the F150W filter for NIRCam. Flux densities are related by
fλ ≈ (c/λ2) fν where 1 Jy = 10−23 erg s−1 cm−2 Hz−1. Entries denoted by G06 rep-
resent values taken from Gardner et al. (2006), scaled from the quoted sensitivity
based on a 10σ detection after 104 seconds.

Instrument R ∆λ ∆ν ∆Ωpix f fν fλ SB
Units – Å Hz arcsec2 erg s−1 cm−2 nJy erg s−1 cm−2 Å−1 erg s−1 cm−2 arcsec−2

NIRSpec 1000 20 1011 0.1 8× 10−20 (G06) 50 4× 10−21 8× 10−19

NIRCam 4 4500 4× 1013 10−3 2× 10−19 0.56 (G06) 5× 10−23 2× 10−16

ature dependence on the Lorentz wing optical depth it is apparent from Equa-

tions (2.9) and (2.36) that the products aτ0 and aτwing depend on temperature as

T −1 and T −1/2, respectively. To demonstrate the thermal effects of the core-wing

transition xcw we include two test suites of uniform slabs with varying temperature

but (i) constant optical depth and (ii) constant column density in Appendix 2.8.4.

2.6.4 Detectability of individual first galaxies

2.6.4.1 IGM Transmission

The observability of this particular galaxy model depends on the subsequent

transmission through the IGM. In Fig. 2.16 we present the intrinsic flux density fλ

(shown as semi-transparent curves) and three scenarios that include suppression

from the IGM. All signals have been corrected for redshift and assume a 108 L�

source. The lower three sets of curves include a frequency dependent factor of

exp(−τred
GP ) defined in Equation (2.53) using physical sizes for the local ionized

bubble RH ii
of 1 Mpc, 0.1 Mpc, and 0 Mpc, respectively. The RH ii

= 0 Mpc curves

represent the worst case scenario of no H ii region while the RH ii
= 1 Mpc curves

are likely a best case scenario, under the assumption that the IGM is fully neutral
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outside the ionized bubble. To a certain degree, this ionization model may be

inconsistent with the assumption in Equation (2.51) that the fraction of ionizing

photons escaping the central starburst region is small. In other words, the buildup

of an ionized bubble requires f ion
esc > 0 and consequently a lower Lyα luminosity.

For simplicity we employ this model as a means of exploring the limiting cases

between a fully ionized and a fully neutral IGM. Furthermore, such bubbles may

be due to the exterior environment, e.g. neighboring galaxies or early patches of

reionization.

2.6.4.2 Direct detection in deep JWST surveys

At z = 13.8 the Lyα line is redshifted to 1.8 µm which will be detected by JWST

with NIRSpec at a (medium) spectral resolution of R ∼ 1000, corresponding to a

Doppler velocity resolution of ∼ 300 km s−1. Therefore, if we assume a 5σ signal

after 106 seconds of exposure time the expected flux detection limit6 for obser-

vations with the NIRSpec is fλ,NIRSpec ≈ 4× 10−21 erg s−1 cm−2 Å−1, or fν,NIRSpec ≈

50 nJy (see Table 2.4; Figure 2.16; Gardner et al., 2006; Johnson et al., 2009; Pawlik

et al., 2011). For the most part only optimistic H ii scenarios allow a significant de-

tection of the Lyα line in the first galaxies. However, if the strength of the source

is increased and redshift is decreased then possibly even the RH ii
= 0 Mpc scenario

may be observable. The NIRSpec instrument will have an integrated flux sensitiv-

ity of fNIRSpec ≈ 8×10−20 erg s−1 cm−2 and therefore, a surface brightness sensitivity

of SBNIRSpec ≈ 8 × 10−19 erg s−1 cm−2 arcsec−2. The NIRCam instrument is capa-

ble of fν,NIRCam = 0.56 nJy photometry, or fλ,NIRCam ≈ 5 × 10−23 erg s−1 cm−2 Å−1,

over 10−3 arcsec2 pixels, providing an equivalent sensitivity of SBNIRCam ≈ 2 ×
6See the predicted JWST sensitivity limits for detecting spatially unresolved line fluxes at

www.stsci.edu/jwst/science/sensitivity.
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10−16 erg s−1 cm−2 arcsec−2 and fNIRCam ≈ 2×10−19 erg s−1 cm−2 for the 5 µm range

of the F150W filter. See Table 2.4 for a summary of detection limits for NIRSpec

and NIRCam aboard the JWST. Neither instrument is sensitive enough to detect

Lyα emission from the SS12 first galaxy model without an additional boost from

gravitational lensing.

Although we have focused on the SS12 model we may also explore the de-

tectability of the suite of idealized models. The advantage of this approach is that

a number of morphologies and masses may be explored, although the physical

setups assume a number of simplifications as discussed in Section 2.5.1. The bolo-

metric flux predicted for the idealized models, after considering the Lyα radiative

transfer and IGM ionization, is shown if Fig. 2.19. We focus on “Wind” mod-

els to avoid overpopulating the figure. This also provides a slight boost in flux

compared to the static models. We again use the same IGM ionization scenarios

denoted by the bubble size RH ii
. A roughly linear relation exists for most galaxies

due to the assumed constant Pop III star formation efficiency of η∗ = 0.01 at red-

shift z = 9, but when RH ii
= 0 Mpc the power-law slope increases to f ∝ M1.5

H, tot.

Smaller bubbles have significant variance in flux based on the ionization morphol-

ogy and line of sight. On the other hand, local model differences are minimized

for the largest bubble sizes. Figure 2.19 is consistent with the previous results ex-

trapolated from the SS12 galaxy. For completeness, we note that there may still be

significant theoretical uncertainties due to choices in modeling, scattering in the

IGM, or additional sources of feedback in and around the host galaxy.
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Figure 2.19: The total observed flux for “Wind” models after considering different
IGM ionization scenarios, denoted by the size of the local bubble RH ii

. A roughly
linear relation exists for most galaxies due to the assumed constant Pop III star
formation efficiency of η∗ = 0.01 at redshift z = 9. Smaller bubbles have significant
variance in bolometric flux based on the ionization morphology and line of sight.
On the other hand, local model differences are minimized for large bubble sizes.

2.6.4.3 Gravitational lensing to boost the Lyα luminosity

Currently, the Hubble Space Telescope (HST) is carrying out the Frontier Fields

programme, which uses high-magnification foreground galaxy clusters to produce

the deepest lensing observations to date. This method has the potential to suffi-

ciently boost observed Lyα luminosities to detect high-z target galaxies. Zackris-

son et al. (2012) explore the prospects of detecting Pop III galaxies behind the

z = 0.546 galaxy cluster MACS J0717.5+3745. With a magnification µ & 10, the

cluster is an ideal candidate for an even deeper JWST Frontier Field programme.

The authors conclude that if & 0.1 per cent of the available baryons are converted

into Pop III stars, then one expects a statistically significant number of lensed
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Pop III galaxy images in a single JWST/NIRCam field. Therefore, even conserva-

tive Lyα galaxies with virial mass Mvir & 108 M� and redshift 8 < z < 15 may be

observable with the JWST. However, current estimates are based on semi-analytic

modeling of the transition from dark matter halo mass to total stellar luminos-

ity (e.g. Safranek-Shrader et al., 2012). More precise Lyα fluxes from additional

simulations would help provide input for the upcoming deep lensing searches.

2.7 Summary and Conclusions

Lyman-α emitting sources provide observational clues about the formation and

evolution of distant galaxies. Future observatories, such as the JWST and large-

aperture ground-based facilities, will help focus and extend our view into the

high-z Universe. As we better understand the properties of Lyα radiative trans-

fer we can more fully assess the potential of this probe of the cosmic dark ages.

The modeling of both individual galaxies and the background emission from all

Lyα sources is highly complementary at these redshifts. Here we have carried

out an exploratory survey of Lyα radiative transfer in two classes of first galaxy

models. The first was an idealized analytic model and the second was an atomic

cooling halo extracted from a high-resolution cosmological simulation for post-

processing. We have found that the diffusion in space and frequency is sensitive

to the mass density distribution, the velocity profile, and the ionization structure.

The specific line-of-sight flux and surface brightness profiles show unique aspects

of Lyα transfer for both the idealized models and the cosmological simulation.

The intervening IGM has a significant effect on the Lyα line flux prior to and

during the epoch of reionization. We expect the Gunn-Peterson effect to elim-

inate the blue peak entirely and significantly destroy the signal out to at least
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∆v ∼ 500 km s−1, which corresponds to ∆λobs ∼ 20 [(1 + z)/10] Å. The idealized

models with “Late” type ionization are intrinsically peaked close to line centre;

therefore, Lyα sources from z & zrei associated with a highly anisotropic ionization

scenario from the host galaxy may be nearly impossible to detect. However, the

“Early” galaxy models with virial mass Mvir & 108 M� have resonantly scattered

far enough into the wings to possibly survive IGM transmission. This may be in-

ferred from Fig. 2.16 for the post-processing results of the cosmological simulation

described above (see also Fig. 2.9 for the idealized models). We note that our treat-

ment of Lyα transmission through the IGM could be extended. The analytic pre-

scription can hardly capture the details of the epoch of reionization (EoR). Indeed,

the EoR was not instantaneous and inhomogeneous reionization boosts the Lyα

visibility, especially if local H ii patches are large enough for photons to redshift

out of resonance. The IGM model we considered does not include line-of-sight

overdensities (e.g. Damped Lyman-α systems, etc.), gravitational lensing, or real-

istic prescriptions for the ionizing background. The sum total of all such effects

may produce a large variance in Lyα observations across different sightlines.

The specific flux detected from high-z Lyα sources depends on the spectral

resolution and sensitivity of the instrument. Throughout this study we have pre-

sented numerical calculations of fλ with a resolution of R ≡ λ/∆λ ≈ 30000, achiev-

able with next-generation large-aperture ground-based infrared observatories with

adaptive optics. The NIRSpec instrument aboard the JWST is capable of obtain-

ing R ≈ 1000, so many of the Lyα profiles here marginally span ∼ 10 wavelength

bins. Furthermore, at z = 9 a physical size of 4 kpc corresponds to 1 arcsec, i.e.

∼ 30 NIRCam pixels or ∼ 3 NIRSpec pixels, thus the JWST also has sufficient an-

gular resolution to consider surface brightness measurements and spatially vary-
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ing spectral features. We anticipate ongoing and future deep field surveys which

take advantage of Lyα selection for further spectroscopic follow-up. As seen from

Fig. 2.16 the atomic cooling halo from SS12 with Mvir = 2 × 107 M� at z = 13.8,

with a Pop III star formation efficiency of η∗ = 0.01, residing in a super bubble

with RH ii
= 100 kpc, and a boost from gravitational lensing is still a factor of

100 below the JWST detection limits for a 5σ signal after 106 seconds of exposure

time. Thus, extrapolation from our result implies that haloes with Mvir < 109 M�

are generally too faint to be amenable to the detection of Lyα emission from stel-

lar sources. More massive haloes, on the other hand, should be within reach for

the JWST. Their observability is further boosted by the expected broader spectral

profiles which are less susceptible to the opacity of the IGM.

With post-processing results from additional cosmological simulations of more

evolved haloes we will be better equipped to discuss the observability of the Lyα

signature of the first galaxies. Furthermore, additional processes not considered in

this study may have an important effect on Lyα observations. For example, diffuse

emission may account for a significant source of radiation and numerical methods

should be developed to compute this directly from the conditions of the ambient

gas.

Finally, we have not included dust in these models. The presence of high

amounts of dust in quasars at z > 6 constrains the production timescale to .

100 Myr (e.g. Bertoldi et al., 2003). Therefore, the origin of high-redshift dust

may be almost exclusively due to ∼ 8−40 M� core-collapse supernovae (SNe; Gall

et al., 2011). Current models based on chemical kinematics of . 1000 day old

SNe ejecta predict the formation of a significant amount of silicate dust along with

other metals (Dwek & Cherchneff, 2011). However, it is unclear how much dust
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actually survives in these hostile environments (Gall et al., 2014). Dust grain de-

struction may be caused by shock-heating from the SN UV flash, hot gas in the

reverse shock ∼ 104 years after the explosion, or lower order effects such as ra-

dioactivity. Still, there is empirical evidence for resilient dust production in SN

ejecta, e.g. observations of remnants with yields of 0.1 − 1 M� (Matsuura et al.,

2011; Gomez et al., 2012). This coincides with numerical simulations demonstrat-

ing rapid metal enrichment in young galaxies (e.g. Greif et al., 2010; Wise et al.,

2012a). We expect to be able to model dust accurately by post-processing cos-

mological simulations that include models for metal enrichment. This may give

additional insight and can be compared with models that assume mixed or clumpy

distributions based on an intrinsic dust to gas mass ratio.
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2.8 Additional details

2.8.1 Calculation of H(a,x)

colt uses the following approximation for H(a,x):

Happrox(a,z) =

e−z


1− a


A0 +

A1

z −A2 +
A3

z −A4 +
A5

z −A6




for z ≤ 3

e−z + a


B0 +

B1

z −B2 +
B3

z+B4 +
B5

z −B6 +
B7

z −B8


for

3 < z < 25

a/
√
π

z − 1.5− 1.5

z − 3.5− 5
z − 5.5

for z ≥ 25

(2.54)

where z = x2 and the constants Ai and Bi are given in Table 2.5.

2.8.2 Tests for xcrit

The expression xcrit ∝ (aτ0)1/3 is based on comparing an expanding of the an-

alytical solution for a static uniform sphere to the height of its peak – see Equa-

tion (2.34). However, the constant of proportionality must be found by empirical

tests. The tests were run on many different values of aτ0, however, we only show

two to demonstrate the validity across the parameter space. The first is for aτ0 = 1,
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Table 2.5: Coefficients for the rational function approximation of the central (x2 ≤
3) and intermediate (3 < x2 < 25) regions in Equation (2.54).

i Ai Bi
0 15.75328153963877 0.0003300469163682737
1 286.9341762324778 0.5403095364583999
2 19.05706700907019 2.676724102580895
3 28.22644017233441 12.82026082606220
4 9.526399802414186 3.21166435627278
5 35.29217026286130 32.032981933420
6 0.8681020834678775 9.0328158696
7 – 23.7489999060
8 – 1.82106170570

for which Equation (2.35) gives xcrit = 0.2, while the second is for aτ0 = 105, where

xcrit = 9.3. As can be seen from Fig. 2.20, both values produce excellent results.

2.8.3 Extraction size for the cosmological simulation

In order to test the grid structure of the cosmological simulation for edge effects

and sensitivity to the extraction size we examine the emergent spectra for cubes

with a centre to edge distance of 500 pc, 2 kpc, 8 kpc, and 32 kpc. The largest size

represents the radiative transfer through the entire (1 Mpc)3 comoving volume.

Figure 2.21 demonstrates the convergence of the flux density fλ toward that of

the largest extraction, although there is still a significant variance across different

lines of sight due to the inhomogeneous nature of the cosmic structure.

2.8.4 Thermal effects on Lyα spectra

In order to demonstrate the “thermal effects” on Lyα radiative transfer, e.g. via

the Doppler width ∆νD and core-wing transition xcw, we include two test suites

of uniform slabs with varying temperature. The first maintains a constant optical
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Figure 2.20: Top panel: A test for aτ0 = 1 designed to compare different values of
xcrit. The converged solution (yellow histogram) is given by xcrit = 0 while a low
value of xcrit = 0.25 provides excellent agreement and is shown in black. A sample
of values which are too high and affect the emergent spectrum are xcrit = {0.5,1,2}
and are respectively given by orange, red, and purple dotted histograms. Bottom
panel: Same as the top panel except for aτ0 = 105. A value of xcrit = 5 is sufficiently
converged for our purposes. An acceptable value of xcrit = 10 is given by a black
line while non-converged values of xcrit = {15,25,35} are again given by the orange,
red, and purple dotted histograms. Here aτ0 is large enough that the analytical
solution of Equ. (2.34) is accurate, so it is included as the green dashed line in the
background. Both tests used ∼ 500,000 photon packets.
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Figure 2.21: A test to examine the effect of extraction size for the post-processing
conditions of Safranek-Shrader et al. (2012). Solid curves represent the angular
averaged spectra while the transparent curves show the observed flux as viewed
along each each of the six coordinate axes. The red, blue, green and yellow curves
represent the results from extraction cubes with a physical edge size of 1 kpc,
4 kpc, 16 kpc, and 67.5 kpc, respectively. The normalization is set by a 108 L�
source at z = 13.8.

depth at line centre of τ0 = 107 while the second ensures a fixed column density

of NH = 1.7 × 1020 cm−2, which corresponds to τ0 = 107 at T = 10 K. The angular

averaged intensity for each model is plotted in Fig. 2.22. Even though the opti-

cal depth or column density is fixed, the product aτ depends on temperature and

the emergent spectra is affected. Furthermore, we note that although the Lorentz

wing optical depth is always independent of temperature, aτ0 and aτwing are pro-

portional to T −1 and T −1/2, respectively.

The prominent asymmetric profile at lower temperatures is due to energy loss

from recoil at each scattering event. Equations (2.15) and (2.16) demonstrate

that for recoil shifting to appreciably affect the Lyα profile it must be compa-
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rable to the typical redistribution at each scattering event. For example, if g ≈

2.5× 10−4T −1/2
4 then under thermally-dominated redistribution we typically have

uatom � g. However, Lorentzian-dominated redistribution may become a reason-

able approximation at low temperatures. In this case, the scattering atom’s parallel

velocity component is roughly uatom ≈ xi ± (c/vth)(∆νL/ν0) and the ratio to recoil is

significantly reduced for core photons, i.e. uatom/g ≈ (∆νL/ν0)(mHc
2/hν0) ≈ 3.7.

The total relative contribution over all scattering events induces a runaway red-

dening effect in cold, optically thick environments.

83



0.5

1

τ0 =107
10 K

102 K

103 K

104 K

f λ
(a

rb
it
ra

ry
u
n
it
s)

−500 −250 0 250 500

∆v (km s−1 )

0

0.5

1

NH =1.7×1020 cm−2
10 K

102 K

103 K

104 K

Figure 2.22: Two test suites to explore the effect of temperature on Lyα radia-
tive transfer. Both cases represent the angular averaged intensity as a function of
Doppler velocity ∆v = c∆λ/λ for uniform slabs of varying temperature. For direct
comparison between the models the normalization is arbitrary but consistent in all
cases. The top panel maintains a constant optical depth at line centre of τ0 = 107

while the bottom panel ensures a fixed column density of NH = 1.7 × 1020 cm−2,
corresponding to τ0 = 107 at T = 104 K. Even though the optical depth or col-
umn density are fixed, the product aτ depends on temperature and the emergent
spectra is affected. The number of photon packets used in these simulations is
Nph = 106.
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Chapter 3

Lyman-Alpha Radiation Hydrodynamics of

Galactic Winds Before Cosmic Reionization1

3.1 Introduction

Radiation from the first stars and galaxies initiated a dramatic transforma-

tion throughout the Universe, marking the end of the cosmic dark ages (Bromm

& Yoshida, 2011; Loeb & Furlanetto, 2013). The observational frontier for high-

redshift galaxies has been extended into the epoch of reionization (Bouwens et al.,

2011; Finkelstein et al., 2013; Oesch et al., 2015; Stark et al., 2015; Zitrin et al.,

2015; Oesch et al., 2016). Furthermore, next-generation observatories such as the

James Webb Space Telescope (JWST; Gardner et al., 2006) will probe even deeper

into the past and provide essential details about cosmic history. The Lyα transi-

tion of neutral hydrogen (H i) plays a prominent role in spectral observations of

high-z objects. However, due to the high opacity of pre-reionized gas, direct de-

tection is challenging. Still, it may be possible to observe the indirect signatures of

radiatively-driven outflows, including from Lyα radiation pressure which is more

prominent in these conditions.

Within the first galaxies, up to two-thirds of the ionizing photons from mas-

sive stars are reprocessed into Lyα radiation (Partridge & Peebles, 1967a; Dijkstra,
1This chapter has been published as Smith, A., Bromm, V., Loeb, A., 2017, MNRAS, 464, 2963.

V. Bromm and A. Loeb supervised the project.
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2014). However, because neutral hydrogen is opaque to the Lyα line, photon trap-

ping effectively acts as a force multiplier applied to gas surrounding H ii regions.

Indeed, the role of Lyα radiation pressure throughout the galactic assembly pro-

cess has been discussed extensively, particularly in the context of other feedback

mechanisms (e.g. Cox, 1985; Haehnelt, 1995; Oh & Haiman, 2002; McKee & Tan,

2008). Such discussions tend to focus on order of magnitude estimates based on

idealized radiative transfer calculations (Wise et al., 2012a; Dijkstra & Loeb, 2008;

Milosavljević et al., 2009). Up to this point, accurate radiation-hydrodynamics

(RHD) simulations incorporating Lyα feedback have not been performed, either

because the effects are considered sub-dominant or the perceived computational

costs prohibited such a treatment. However, the nature of this question requires

full consideration of the dynamical coupling between matter and radiation.

The first galaxies were likely atomic cooling haloes whose virial temperatures

activate Lyα line cooling, i.e. Tvir & 104 K (Bromm & Yoshida, 2011). In this frame-

work, the first galaxies greatly impacted their surroundings as the initial drivers

of reionization. Furthermore, radiative feedback from Population III or II stars

dramatically altered the gas within these relatively low-mass systems. Feedback

physics is crucial for understanding the multi-scale connections of astrophysical

phenomena and their observational signatures. So far simulations have focused

on thermally-driven supernova (SN) feedback while the impact of Lyα radiation

pressure is still relatively unexplored.

The physical processes that couple Lyα radiation to gas dynamics are contin-

uum absorption by dust and momentum transfer via multiple scattering with neu-

tral hydrogen. These two mechanisms are roughly independent of each other in

the sense that high dust content reduces the Lyα escape fraction while an absence
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of dust results in a pure scattering scenario. Wise et al. (2012a) argue for the ex-

istence of a metallicity upper limit such that if Z & 0.05 Z� then Lyα radiation

pressure may be ignored because of the increasing impact of dust opacity (see also

Henney & Arthur, 1998). However, it is uncertain whether metallicity thresh-

olds are universally applicable considering the nontrivial nature of Lyα radiative

transfer in inhomogeneous, dusty media. Throughout this paper we approximate

first galaxies as metal-free environments so dust effects are not discussed in detail.

Nonetheless, even without absorption, Lyα photon trapping only affects the resid-

ual H i within ionized regions. Therefore, unless the gas remains neutral for a long

enough duration even relatively strong sources are kinematically inconsequential.

Furthermore, geometric effects such as gas clumping, rotation, and filamentary

structure often lead to anisotropic escape, photon leakage, or otherwise altered

dynamical impact.

In regions dominated by Lyα radiation pressure we expect expansion to set

in and eventually limit the impact of subsequent feedback. Historically, this was

recognized to be important in the context of planetary nebulae as far back as Am-

barzumian (1932), Zanstra (1934), Struve (1942), and Chandrasekhar (1945). The

authors found that expansion could lower the Lyα opacity to the extent that the

radiation pressures due to Lyα and Lyman continuum are the same order of mag-

nitude. Later, Cox (1985) examined Lyα pressure in the context of providing disc

support during the formation epoch of spiral galaxies. Bithell (1990) and Haehnelt

(1995) claimed further importance in galactic modeling by arguing that fully ion-

ized, self-gravitating objects can be supported by radiation pressure for character-

istic lengths of `α ∼ 100 pc − 3 kpc. More recently, Dijkstra & Loeb (2008) found

that multiple scattering within high H i column density shells is capable of en-
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hancing the effective Lyα radiation pressure by one or two orders of magnitude.

The static case sets the upper limit on force multiplication while subsequent accel-

eration renders an ever diminishing effective opacity (Dijkstra & Loeb, 2009). The

exact nature of the dynamics of Lyα-driven winds and the extent of their impact

is an intriguing yet challenging problem.

Still, there are other scenarios in which Lyα feedback may play a significant

role. For example, Oh & Haiman (2002) argue that Lyα trapping can constrain the

efficiency of star formation in high-z galaxies. This follows from a discussion by

Rees & Ostriker (1977) in which cooling radiation attempts to unbind a system in

free-fall collapse. In this picture, although radiation pressure does not overcome

collapse it increases the temperature and the boosted Jeans mass is likely to in-

hibit fragmentation (see also Latif et al., 2011a). Oh & Haiman (2002) conclude

that Lyα photon pressure is likely to be an important source of feedback until

supernova explosions become dominant. In fact, Lyα radiation pressure may con-

tribute alongside other feedback mechanisms in the formation of intermediate-

mass “seed” black holes (Dijkstra et al., 2008; Milosavljević et al., 2009; Smith

et al., 2016). Finally, Lyα radiation pressure has also been studied in the context

of the first stars, where it may reverse outflow along the polar directions but is not

likely to be significant elsewhere (McKee & Tan, 2008; Stacy et al., 2012).

Much of the uncertainty regarding Lyα dynamics is related to difficulties in

numerical modeling. Monte-Carlo radiative transfer (MCRT) has emerged as the

prevalent method for accurate Lyα calculations (Ahn et al., 2002; Zheng & Miralda-

Escudé, 2002; Dijkstra et al., 2006). In many cases Lyα transfer codes are used to

post-process realistic hydrodynamical simulations (e.g. Tasitsiomi, 2006a; Laursen

et al., 2009; Verhamme et al., 2012; Smith et al., 2015). However, idealized models
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described by a few basic parameters have also been widely used to study Lyα spec-

tra from moderate redshift galaxies (Ahn, 2004; Verhamme et al., 2006; Gronke

et al., 2015; Gronke & Dijkstra, 2016). Along these lines, Dijkstra & Loeb (2008)

performed the first, direct MCRT calculations of Lyα radiation pressure for various

spherically symmetric models representing different stages of galaxy formation.

The authors describe scenarios for supersonic Lyα-driven outflows for ∼ 106 M�

minihalo environments. They argue that Lyα pressure is too weak to affect larger

(& 109 M�) high-redshift star-forming galaxies, except in the case of . 1 kpc galac-

tic supershells in the interstellar medium as explored in greater detail by Dijkstra

& Loeb (2009). We emphasize that each of the above estimates are based on non-

dynamical simulations. Still, we must consider the possibility that Lyα radiation

can drive galactic winds and affect regions with neutral gas throughout the galaxy

formation process. In contrast to the MCRT method, Latif et al. (2011a) use the

stiffened equation of state proposed by Spaans & Silk (2006) to mimic Lyα pres-

sure effects in a cosmological simulation. However, it is unclear whether such

an approach faithfully reproduces the complex physics involved with Lyα radia-

tive transfer. The qualitative result is similar to other forms of radiation pressure,

which collectively regulate star formation by driving turbulence and increase the

efficiency of supernova-driven outflows (Wise et al., 2012a).

A substantial effort has recently been invested in RHD simulations using MCRT,

which is often more accurate than other methods but comes at a higher compu-

tational cost (e.g. Abdikamalov et al., 2012; Harries, 2015; Roth & Kasen, 2015;

Tsang & Milosavljević, 2015). Indeed, a dynamical approach seems timely for Lyα

feedback because of increasingly powerful computational resources in conjunc-

tion with improved theoretical and numerical algorithms (e.g. Mihalas & Miha-
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las, 1984; Mihalas, 2001; Castor, 2004). Radiation hydrodynamics also provides a

more general context for Lyα studies than allowed from post-processing simula-

tions. The dynamical context may also provide new information about the likeli-

hood of observations at various stages of galaxy evolution, especially before and

after reionization. Cosmological RHD simulations have undergone significant ad-

vances in recent years (Jeon et al., 2015; Norman et al., 2015; So et al., 2014). There

are hints that radiative feedback will boost the escape fraction of ionizing radiation

in the shallow potential wells of the first galaxies, which may significantly impact

their visibility (Pawlik et al., 2013). These lower mass systems may quickly re-

spond to Lyα radiation, ionizing radiation, supernova explosions, and other feed-

back mechanisms which modify aspects of the standard picture of galaxy and star

formation.

The observed Lyα flux depends on properties of the host galaxy, the interven-

ing IGM, and the external sight line to the detector. Previous studies have shown

that asymmetries in the gas distribution introduce a directional dependence of the

spectrum, which can be strongly enhanced by the presence of significantly lower-

column density pathways as is the case for the models of Behrens et al. (2014)

and Dijkstra et al. (2016a). Still, the intrinsic escape of Lyα photons from individ-

ual galaxies likely deviates from isotropy by at most a factor of a few, especially

when considering Lyα radiative transfer effects due to the larger-scale environ-

ment (Smith et al., 2015). Therefore, we focus our study of Lyα feedback on spher-

ically symmetric setups, which affects the robustness of observational predictions

but is also more computationally feasible because the aggregate statistics converge

with fewer photon packets. This paper is organized as follows. In Section 3.2 we

discuss the cosmological context and provide analytic estimates for Lyα feedback
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effects. In Section 3.3 we present the radiative transfer methodology to obtain

Monte-Carlo estimates of local dynamical quantities, including tests of our code

against known solutions. In Section 3.4 we present the remaining hydrodynamics

methodology along with additional physics required for our models. In Section 3.5

we present Lyα RHD simulations of galaxies with different strengths for the cen-

tral starburst or black hole. This is intended to determine the dynamical impact

of Lyα radiation pressure during the early stages of galaxy formation. Finally, in

Section 3.6 we conclude.

3.2 The Cosmological Context

Lyα radiation pressure from the first stars likely had a substantial impact on

their host environments. Relatively low mass minihaloes with Mvir . 106 M�

would have been especially susceptible to Lyα scattering against the neutral gas

surrounding the central H ii region. A similar scenario is also possible for H i “su-

pershells” in interstellar environments within more massive galaxies later in cos-

mic history. However, the overall impact of Lyα trapping diminishes rapidly as

ongoing star formation and AGN activity enlarge the ionized bubbles and eventu-

ally reionize the Universe. In the remainder of this section we present analytical

estimates of Lyα feedback effects to determine the relative importance in various

contexts. In some cases these already serve as test cases of our code.

3.2.1 Sources in a neutral expanding IGM

We now consider the radiation pressure due to a Lyα point source at redshift

z = 10 embedded in a neutral, homogeneous intergalactic medium undergoing
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Hubble expansion. As the photons scatter and diffuse they eventually experience

enough cosmological redshifting that they move far into the red wing of the line

profile and free streaming becomes unavoidable. Loeb & Rybicki (1999) calculated

an analytic solution for the angle-averaged intensity J(ν,r) as a function of radius

valid in the diffusion limit. This is an ideal test case because the initial setup is

clear, analytic expressions for Lyα radiation quantities are readily available, and

we may compare to previous results obtained by Dijkstra & Loeb (2008).

We briefly describe our setup parameters. The neutral hydrogen background

number density is nH, IGM ≈ 2.5×10−4 cm−3 [(1 + z)/11]3 throughout the entire do-

main. The solution from Loeb & Rybicki (1999) assumes a zero temperature limit

despite the higher cosmic background temperature of TCMB ≈ 30 K. Therefore,

in order to minimize thermal effects we use a uniform temperature of T = 1 K.

Our grid consists of concentric spherical shells spaced such that the thickness in-

creases with radius according to ∆r ∝ r1/2. The minimum radius rmin ≈ 50 pc

is chosen to achieve a reasonable resolution up to the maximum radius rmax ≈

10 Mpc where the IGM is optically thin to redshifted Lyα photons. The velocity

field follows from an isotropic expansion law of v(r) = H(z)r, where the redshift-

dependent Hubble parameter is H(z) ≈ H0Ω
1/2
m (z + 1)3/2. Here we assume a flat

matter-dominated high-z Universe with a present-day Hubble constant of H0 =

67.8 km s−1 Mpc−1 and matter density parameter of Ωm ≈ 0.3. Specifically, in

terms of the characteristic scales discussed by Loeb & Rybicki (1999) the comov-

ing frequency shift from line centre at which the optical depth reaches unity is

ν∗ ≈ 1.2× 1013 Hz [(1 + z)/11]3/2 so that τIGM(ν∗) ≡ 1. This corresponds to a proper

radius r∗ ≈ 1 Mpc for which the Doppler shift due to Hubble expansion produces

the critical frequency shift ν∗. Finally, the relative proper velocity at the critical
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Figure 3.1: Radial profile of the energy density U (r) in the Lyα radiation field for
an expanding neutral IGM. The central source is normalized to an emission rate
of Ṅα = 1052 photons s−1. The blue dotted line represents the free-streaming limit
while the red dashed line shows the analytic solution from Equation (3.2) which
assumes the diffusion approximation at extremely low temperature. The increased
energy density within r . 1 Mpc is due to Lyα photon trapping. The black line is
from a colt simulation.

radius is v∗ ≡H(z)r∗|z=10 ≈ 1450 km s−1.

Figure 3.1 represents the energy density as a function of radius and demon-

strates that the colt simulation smoothly connects the diffusion and free-streaming

cases. The analytic expression for the angle-averaged intensity is

J̃ =
1

4π

( 9
4πν̃3

)3/2
exp

{
− 9r̃2

4ν̃3

}
, (3.1)

where the dimensionless radius, frequency, and intensity are given by r̃ ≡ r/r∗, ν̃ ≡

ν/ν∗, and J̃ ≡ J/
[
Lα/(r2

∗ ν∗)
]
, respectively. The energy density in the Lyα radiation

93



field is

U (r) =
4π
c

∫ ∞
0
J(ν,r)dν

=
181/3Γ (13

6 )

7π3/2

Lα
c r2
∗

(r∗
r

)7/3

≈ 4.3× 10−13 erg cm−3 Ṅα,52 r
−7/3
kpc , (3.2)

which is independent of redshift. We have introduced the dimensionless quantity

Ṅα,52 ≡ Ṅα/(1052 photons s−1) to normalize the emission rate of the central Lyα

source and the quantity rkpc ≡ r/(1kpc) to normalize the radius. We note that the

r−7/3 scaling was also found by Chuzhoy & Zheng (2007), who provide an intuitive

explanation for the exponent. This solution is plotted as the red dashed line and is

valid out to ∼ 1 Mpc where the redshifted photons transition to the optically thin

limit. The free-streaming energy density is given by Lα/(4πr2c) and is plotted as

the blue dotted line in Fig. 3.1. Scattering traps the photons and enhances their

energy density at small radii compared to the optically thin case.

Following Dijkstra & Loeb (2008) we also compare the radiation force to the

gravitational force as a function of radius in Fig. 3.2. For simplicity and consis-

tency with the simulation setup we assume a point massMp for the central source,

which yields an inverse square law for the gravitational acceleration, agrav = GMp/r
2.

The radiation force may be calculated directly by Monte-Carlo estimators as shown

by the solid black curve. Additionally, in regions where the Eddington approxi-

mation holds we may calculate the acceleration due to Lyα feedback on the gas

as

aα ≈
1

3ρH

dU
dr
≈ 80 km s−1Myr−1Ṅα,52r

−10/3
kpc

(1 + z
11

)−3
. (3.3)
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Figure 3.2: Ratio of the Lyα radiation force to the gravitational force on a hydrogen
atom. The vertical axis is normalized for a point mass of Mp = 109 M� and an
emission rate of Ṅα = 1052 photons s−1. The red dashed line represents the analytic
expression from Equation (3.4) (see also Fig. 3.1). The black curve is calculated
from a colt simulation via the momentum transfer methodology. The grey curve
assumes the Eddington approximation to obtain the force from the energy density
estimator (see Section 3.3).

Thus, the ratio of the radiation force to the gravitational force is

Fα
Fgrav

≈ 18 Ṅα,52 M
−1
p,9 r

−4/3
kpc

(1 + z
11

)−3

≈ 4.3 Υ −1
α,2 r

−4/3
kpc

(1 + z
11

)−3
, (3.4)

where we have introduced Mp,9 ≡Mp/(109 M�) as a normalization for the central

point mass and Υα ≡ (Mp/M�)/(Lα/L�) as the mass to (Lyα) light ratio in solar

units; furthermore, we define Υα,2 ≡ Υα/100. Equation (3.4) is plotted as the red

dashed line in Fig. 3.2. The analytic and simulation curves in figure 2 of Dijkstra

& Loeb (2008) bend downward at small radii compared to our case because the
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authors considered a modified NFW density profile for the dark matter halo. At

large radii the Eddington approximation used to obtain the grey curve becomes

increasingly unreliable. However, the different methods of estimating the Lyα

radiation force are consistent with both the analytic expression and each other, in

their region of respective validity.

Finally, we investigate this model in the context of different galaxy scenarios.

The Lyα radiation force overwhelms gravity within a characteristic radius corre-

sponding to the equilibrium point where Frad/Fgrav = 1. In the case of Fig. 3.2 the

equilibrium radius is req ≈ 9 kpc as calculated by the general expression req ≈

3 kpc Υ
−3/4
α,2 [(1 + z)/11]−9/4. The virial radius for a halo of mass Mvir scales as

rvir ∝ M1/3
vir (1 + z)−1 so it follows that the ratio of the equilibrium radius to the

virial radius is
req

rvir
≈ 14 Ṅ 3/4

α,52 M
−13/12
p,9

(1 + z
11

)−5/4
. (3.5)

Thus, assuming a constant mass to light ratio the potential for Lyα-driven outflows

is more substantial in less massive haloes. This is illustrated in Fig. 3.3 for haloes at

a redshift of z = 10. To better interpret lines of constant Υα we include contours of

probable values based on a universal star formation efficiency f? . If we assume the

mass in baryons is Mb ≈ MvirΩb/Ωm and the mass in Pop III stars is M? ≈ f?Mb

then Equ. (3.5) may be written as req/rvir ≈ 82[f?/(10−3)]3/4M−1/3
p,9 [(1 + z)/11]−5/4.

The contours represent the product of the root-mean-square amplitude of linearly

extrapolated density fluctuations σ (see Loeb & Furlanetto, 2013) and a normal

distribution on logf? with mean µlogf? = −3 and standard deviation σlogf? = 0.75

in the vertical direction.

Although the Lyα force can have a greater relative impact than gravity it is

important to realize the effect is predicated on the presence of neutral hydrogen

96



106 107 108 109 1010 1011 1012

Mvir (M�)

10−2

10−1

100

101

102

103

104

r e
q
/r

v
ir

( F
α

=
F

gr
av

)
Υα = 10−2

Υα = 1

Υα = 102

L
α =

10 5
L�

L
α =

10 7
L�

L
α =

10 9
L�

L
α =

10 11
L�

CR7

LR99

Fα > Fgrav if r < req

z = 10

Figure 3.3: Ratio of the equilibrium radius to the virial radius as given by Equa-
tion (3.5). The Lyα radiation force overwhelms gravity for neutral gas within
req. The solid lines have a constant mass to (Lyα) light ratio in solar units, i.e.
Υα ≡ (Mvir/M�)/(Lα/L�), while the dashed lines represent fixed luminosity. The
contours are meant to guide the eye and represent the product of the RMS ampli-
tude of linearly extrapolated density fluctuations σ and a normal distribution of
N (logf? ,µlogf? = −3,σlogf? = 0.75).

gas. Thus, kinematic changes to galactic assembly may be mitigated if the ioniza-

tion timescale tion is shorter than the minimum feedback timescale tα. A simple

order of magnitude estimate for tα is the interval required to accelerate the gas to

a velocity of vα, which according to Equation (3.3) is

tα ∼
vα
aα
≈ 27 kyr

M10/9
9 vα,10

Ṅα,54

(
r
rvir

)10/3 (1 + z
11

)−1/3
, (3.6)

where the velocity normalization is vα,10 ≡ vα/(10 km s−1), which is comparable to

the thermal velocity of the gas. In comparison the competing ionization timescale
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from the source is roughly tion ∼ Ne/Ṅion. Here we approximate the number of

available electrons in primordial gas byNe ≈ (X+Y /2)Mb/mH , where X ≈ 0.75 and

Y ≈ 0.25 represent the mass fraction of hydrogen and helium, respectively, and

Mb is the total mass of baryons being ionized, i.e. Mb ≈ MpΩb/Ωm. The rate of

ionizing photons is related to the rate of Lyα photons by Ṅα ≈ 0.68(1 − fesc)Ṅion,

where fesc is the escape fraction of ionizing photons (Dijkstra, 2014). The above

arguments combine to give

tion ∼
Ne
Ṅion

≈ 327 kyr Ṅ−1
α,52 Mp,9

(
1−

fesc

0.08

)
, (3.7)

which demonstrates that it is possible for Lyα feedback to have a dynamical impact

before the gas becomes ionized by the same central source. The Lyα timescale is

about an order of magnitude shorter with strong radial dependence but exhibits

only weak scaling with mass and redshift:

tα
tion
≈ 0.084 M1/9

p,9 vα,10

(
r
rvir

)10/3 (1 + z
11

)−1/3
. (3.8)

The above calculation neglects recombinations which would slow the propagation

of the ionization front. Also, the mass contained within a given radius could be

significantly smaller than the halo mass. Still, as the estimates are based on a post-

processing model, we defer further discussion until self-consistent dynamics are

considered in Section 3.5.

3.2.2 Overcoming the gravitational binding energy

While the previous discussion applies to neutral gas in the intergalactic medium

we now consider a similar argument that connects to the virial halo itself. Rees &

Ostriker (1977) considered a scenario in which Lyα cooling radiation overcomes

the gravitational binding energy for a virialized system. The condition Lαttrap &
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GM2/R is roughly equivalent to the requirement that the trapping time be longer

than the dynamic time, i.e. ttrap > tdyn, where ttrap ≈ 15 tlightτ
1/3
6 T 1/6

4 for op-

tical depths of τ6 ≡ τ/106 & 1, and where tlight is the light crossing time with

T4 ≡ T /(104 K) (Adams, 1975; Neufeld, 1991). This leads to a critical Lyα luminos-

ity of (Loeb & Furlanetto, 2013)

Lα,crit ∼ 1039 erg s−1
(
Mvir

106 M�

)4/3 (1 + z
11

)2 (15 tlight

ttrap

)
, (3.9)

which is roughly equivalent to the luminosity generated by a 103 M� Popula-

tion III star cluster with an escape fraction for ionizing photons of fesc = 0.1.

A lower escape fraction implies that Lyα photons are more efficiently produced

while a higher escape fraction reduces the Lyα luminosity for the same star forma-

tion efficiency f? . The value of fesc = 0.1 is a typical time-averaged escape fraction

in 109 M� haloes, although fesc can be much higher for minihaloes (∼ 0.5) or much

smaller for more mature haloes (. a few per cent) (see e.g. Gnedin et al., 2008;

Wise & Cen, 2009; Yajima et al., 2011; Ferrara & Loeb, 2013; Paardekooper et al.,

2015; Faisst, 2016; Xu et al., 2016). Thus, the maximum star formation efficiency

to avoid unbinding via Lyα feedback is

f? ≡
M?

Mgas
. 10−3

(
Mvir

106 M�

)1/3 (1 + z
11

)2 (15 tlight

ttrap

)
. (3.10)

3.2.3 Lyα-driven galactic supershells

As previously mentioned, Lyα radiation pressure does not appreciably affect

gas within ionized regions. We may estimate the kinematic effects of photon trap-

ping in the context of the shell model by considering the following parameters: (i)

the Lyα luminosity Lα, (ii) the local H i column density NH i
, (iii) the shell radius r,

and (iv) the duration that the gas remains neutral ∆t. For simplicity we consider
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a geometry dependent force multiplier, MF, as a way to absorb any uncertainty in

the enhancement to the total force, Lα/c, which is imparted by the source under

single scattering. Therefore the change in velocity is approximately

∆v ≈ MFLα∆t

4πr2mHNH i
c

≈ 10 km s−1 MF,50 Lα,8 ∆tkyr N
−1
H i,19 r

−2
100pc , (3.11)

where we have used the following for notational convenience: MF,50 ≡ MF/50,

Lα,8 ≡ Lα/(108 L�), ∆tkyr ≡ ∆t/(1 kyr), NH i,19 ≡ NH i
/(1019 cm−2), and r100pc ≡

r/(100 pc). Even in the relatively short time of ∆t ≈ 1 kyr the shell can accelerate

to speeds comparable to the thermal velocity vth = 12.85 T 1/2
4 km s−1 and affect the

local hydrodynamics.

3.2.4 Impact of ionizing radiation pressure

We now compare the impact of Lyα radiation pressure to that of ionizing radi-

ation. To simplify the calculation we assume blackbody emission from a point

source in the shell model considered in Section 3.2.3. This spectrum may be

parametrized by the bolometric luminosity L? and effective temperature Teff. Thus,

the flux through a shell of radius r is given by (Krumholz et al., 2007; Greif et al.,

2009)

Fν =
L?e
−τν

4σSBT
4
effr

2
Bν (3.12)

where σSB is the Stephan-Boltzmann constant, Bν is the Planck function, and τν ≈∫ r
0
σνnH i

d` = σνNH i
(r) is the optical depth to ionizing photons. If we also employ

the nebular approximation then each photoionization occurs from the 1 2S ground

state of H i and the frequency-dependent cross section becomes (see equation 2.4
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of Osterbrock & Ferland, 2006)

σν = σ0

(13.6eV
hν

)4 exp[4− 4ε−1 tan−1 ε]
1− exp(−2π/ε)

, (3.13)

where ε ≡
√
hν/13.6 eV− 1 and σ0 ≈ 6.3× 10−18 cm2. For the gas coupling the ab-

sorption coefficient for ionizing radiation is kν = ρσν/µH, where the mean molecu-

lar weight is roughly the mass of hydrogen, i.e. µH ≈mH. Putting this together we

calculate the acceleration due to ionizing radiation

aγ ≡
1
cρ

∫
kνFνdν

≈ L?
4cµHσSBT

4
effr

2

∫ ∞
νmin

σνBνe
−τνdν

≈ 15σ0L?
4π5µHr2c

∫ ∞
xmin

x4
min exp[4− 4χ−1 tan−1χ]
x (ex − 1)[1− exp(−2π/χ)]

e−τxdx

≈ 15σ0L?
4π5µHr2c

x3
min

exmin − 1
Tγ

≈ 260 km s−1 kyr−1 r−2
pc Tγ , (3.14)

where χ ≡
√
x/xmin − 1 and xmin ≡ 13.6eV/(kBTeff). The first line is the general

definition while the second line incorporates the blackbody approximation from

Equation 3.12. The third line employs a change of variables into nondimensional

frequency and the cross section from Equation 3.13 for direct integration. The

fourth line takes advantage of the fact that at low NH i
(r) the integrand is sharply

peaked at xmin so we apply a delta function approximation to obtain the coefficient

and introduce an ionizing radiation force transmission function Tγ ∈ [0,1] which

we discuss later in this section. The last line has been evaluated for a 100 M�

Pop III star with L? = 106.095 L� and Teff = 104.975 K (Schaerer, 2002). Finally, we

may relate this to the Lyα radiation pressure by considering the ionizing photon
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rate (Greif et al., 2009)

Ṅion =
πL?
σSBT

4
eff

∫ ∞
νmin

Bν
hν

dν =
15L?

π4kBTeff

∫ ∞
xmin

x2dx
ex − 1

. (3.15)

In connection to Equation (3.11), the acceleration aα = ∆v/∆t and Lyα photon rate

Ṅα ≈ 0.68(1− fesc)Ṅion provide the relative impact for a massive Pop III star:

aα
aγ
≈ 0.94 MF,50N

−1
H i,19T

−1
γ . (3.16)

The Lyα force multiplier is certain to depend on the column density of the shell.

However, the exact relationship may be complicated by several other factors such

as geometry, bulk velocity, dust content, temperature, emission spectrum, and var-

ious three-dimensional effects such as turbulence and low-opacity holes. Analytic

estimates suggest thatMF ∼ ttrap/tlight ≈ 15(τ0/105.5)1/3 for a uniform slab (Adams,

1975). In the context of Equations 3.11 and 3.16 we use the computed results

from Dijkstra & Loeb (2008) for static shells (see their figure 6). The data follow

MF ≈ 10N 0.44
H i,19 over the range NH i

∈ (1019,1021)cm−2, indicating that the effective

force ratio is bounded by aα/aγ & 0.19N−0.56
H i,19 . Finally, we emphasize that this is the

total column density of the shell while the final transmission term Tγ uses the cu-

mulative radial column density (discussed below), therefore the ratio may change

across the shell itself.

In the idealized case of a thin, dense shell with no interior H i it is possi-

ble that Lyα photons and ionizing radiation provide equal contributions to the

acceleration. However, recombinations within the H ii region will absorb ioniz-

ing photons throughout the volume, yielding an effective ionizing radiation force

transmission function that depends on the radial column density NH i
(r). The

exact form of Tγ may be calculated according to Equation 3.14, however for in-

tuition it may be thought of as a step function that rapidly decreases beyond a
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critical column density of NH i,crit ≈ 3 × 10−17 cm−2. If the vanishing transmission

is modeled as an effective optical depth we find Tγ ≈ exp[−2.3 × 10−18 cm2NH i
]

but this falls off much faster than the exact solution, so another reasonable ap-

proximation for NH i
∈ (1017,1021) cm−2 is the complementary error function Tγ ≈

erfc[1.15log(NH i
/NH i,crit)]/2. As the ionization front advances this recombination

opacity increases until it balances the ionization rate. Thus, as long as the shell

remains neutral we expect the acceleration to be dominated by Lyα radiation pres-

sure. For concreteness, under Case B recombination we may estimate the optical

depth as τν ∼ (αBn
2dt)σ0d` ∼ 10d`2

S(Ṅion,50n10)2/3. Here, Ṅion,50 ≡ Ṅion/(1050s−1)

and n10 ≡ n/(10cm−3), where we have used the light crossing time dt ∼ d`/c. Fur-

thermore, the distance is scaled to the Strömgren radius, i.e. d`S ≡ d`/RS. With

these values Lyα momentum transfer exceeds that of ionizing radiation at the ion-

ization front by several orders of magnitude.

3.3 Methodology: Radiative Transfer

In this section we discuss the post-processing methodology that enables us to

accurately calculate the Lyα radiation pressure. For details regarding the MCRT

method employed in the Cosmic Lyα Transfer code (colt) the reader is referred to

Smith et al. (2015). The numerical methods outlined below introduce additional

functionality for colt that is then tested in preparation for fully coupled radia-

tion hydrodynamics. Although colt is capable of calculating radiation pressure

for general three-dimensional grids with mesh refinement we focus on spherically

symmetric profiles for this paper. In Sections 3.3.1, 3.3.2, and 3.3.3 we describe

methods for calculating the Lyα energy density, force, and radiation pressure, re-

spectively.
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3.3.1 Energy density due to photon trapping

The Monte-Carlo method naturally tracks the time photons spend within each

cell, which may be used as a measure of the energy density in the Lyα radiation

field. This is because the total number of photons in a cell at a given time is rea-

sonably approximated by the Lyα emission rate multiplied by the average time

spent in the cell, i.e. Ncell = Ṅα〈t〉cell, which is related to the Lyα source luminosity

via Lα = hνṄα. For convenience we assume all photons are relatively close in en-

ergy, i.e. ∆ν� να,2 which is straightforward to relax if desired. In this framework

we keep track of the total length traversed by all paths of all photons within the

particular cell and define
∑
`cell ≡ cNph〈t〉cell where Nph is the number of photon

packets in the simulation. The energy density is obtained after integrating over all

independent photon paths up to the point of escape:

Ucell =
hνNcell

Vcell
=

Lα
cNphVcell

∑
`cell . (3.17)

The summation is over all paths of all photons within the particular cell and the

volume depends on the geometry under consideration, e.g. Vcell = ∆x∆y∆z for

Cartesian cells and Vcell = 4π
3 (r3

outer − r3
inner) for spherical shells. Finally, the sum

over the average residence time is equivalent to the total trapping time over the

cells in a domain D, i.e. ttrap =Nph
∑
〈t〉D.

3.3.2 Radiation force due to scattering events

Monte-Carlo radiative transfer also lends itself to tracking momentum transfer

from Lyα photon packets to hydrogen atoms during each scattering event. The
2For line transfer this is justified because even photons in the extreme wing of the profile differ

from the median energy by a small fraction, e.g. a velocity offset of ∆v ≈ 3000 km s−1 corresponds
to a one per cent deviation from the assumed energy hνα .

104



exchange of momentum is given by ∆p = hν
c (ni −nf ), where the unit vectors ni

and nf represent the initial and final directions of the scattered photon. For con-

venience we track the overall momentum exchange which is related to the average

by
∑
∆p = Nph〈∆p〉. To good approximation the momentum rate ṗ ≡ ∆p/∆t may

be written in terms of the Lyα emission rate Ṅα. However, the effect of each scat-

tering event must be applied to the entire cell as a single fluid element. Therefore,

the force is diluted by the inertial mass of the cell, i.e. mcell =
∫
ρdV . The acceler-

ation due to Lyα scattering is

acell =
Ṅα〈∆p〉
ρVcell

=
Lα

cNphρVcell

∑(
ni −nf

)
, (3.18)

where the summation is over all scatterings of all photons within the particu-

lar cell. The geometry determines the direction of interest for the contribution

from each scattering event. For example, the radial component of momentum is

∆pr ∝ (ni −nf ) · r̂. In practice we employ a Monte-Carlo estimator to reduce noise

in regions with fewer scatterings. The idea is to use continuous momentum depo-

sition to determine the gas coupling. The photon contribution is weighted by the

traversed optical depth so the acceleration becomes

acell =
Lα

cNphρVcell

∑
dτνn , (3.19)

where the sum is over all photon paths within the cell.

3.3.3 Radiation pressure due to the rate of momentum flux

The final quantity of interest is Lyα radiation pressure, which differs from the

energy density and radiation force as it applies to cell boundaries rather than in-

teriors. Therefore, we consider the rate of momentum flux as measured by the

stream of photons propagating through a given cell surface. Similar to the force
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calculation the momentum of the photon packet is p = hν
c n, which we can imagine

is transferred to a theoretical barrier representing the surface. Therefore, the Lyα

radiation pressure tensor is

Pcell =
Ṅα〈p⊗n〉
Acell

=
Lα

cNphAcell

∑
n⊗n , (3.20)

where the tensor product of the direction vector with itself is a symmetric matrix,

i.e. n ⊗ n = nnT. Here Acell is the area of the cell boundary, e.g. a Cartesian

cell has Ax = ∆y∆z and a spherical shell has Ar = 4πr2. The summation is over

all crossings of all photons through the particular interface. In practice we again

employ a Monte-Carlo estimator to calculate the continuous momentum flux in a

particular direction. The pressure tensor becomes

Pcell =
Lα

cNphVcell

∑
`celldτνn⊗n , (3.21)

where the sum is over all photon paths within the cell and `cell is the distance

traversed. For concreteness, to determine the radial pressure in spherical shells

the projected outer product terms reduce to ∆Prr ∝ (n⊗n)rr = n2
r = (n · r̂)2.

3.3.4 Test Cases

Before proceeding further we verify colt against known solutions. This was

done in Section 3.2.1 for the case of sources in an expanding IGM. For complete-

ness we also compare the Monte-Carlo estimators for U and P in the diffusion and

free streaming limits.

3.3.4.1 A point source in vacuum

A point source in vacuum is not expected to undergo any scattering events.

Thus, a free streaming situation arises where the energy in a shell at radius r =
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ct remains constant in time but is spread through an ever increasing volume of

∆V = 4πr2∆r, where ∆r is the shell thickness. The shell flash has an energy of

∆E = Lα∆t = Lα∆r/c and thus an energy density ofU (r) = Lα/(4πr2c), as verified by

colt. Also, with no scattering events the force is zero and the relation to pressure

is P =U as expected in this special case.

3.3.4.2 Energy density in the diffusion limit

Photons in optically thick environments are expected to undergo numerous

scattering events. In these conditions the isotropic pressure and energy density

are related as P = U/3. We perform this test on uniform density spheres with

various centre-to-edge optical depths τ0,edge = {102,104,106,108} at low and high

temperatures, i.e. T = 1 K and T = 104 K. The pressure to energy density ratio and

trapping time normalized to the light crossing time are shown in Fig. 3.4. The solid

(dotted) lines are simulations with (without) the core skipping scheme, which sig-

nificantly improves the computational efficiency but underestimates the trapping

time for the innermost radial shells. The trapping time is approximately ttrap,1 K ≈

{1.5,3.9,6.3,7.5,13,23,35,52,70} and ttrap,104 K ≈ {1.6,4.2,8.2,12,12,9.1,12,25,50}

light crossings at the radial optical depths log(τ0) = {0,1,2,3,4,5,6,7,8} for T = 1 K

and T = 104 K, respectively. At T = 1 K this is approximately fit by ttrap/tlight ≈

40(τ0/106)1/4 over the interval 103 < τ0 < 106 although the slope becomes more

shallow (≈ 1/8) for τ0 > 106. At T = 104 K the fit is roughly given by ttrap/tlight ≈

13(τ0/106)0.3 for τ0 & 106, although we note it is robustly & 10 for τ0 & 100.

It is particularly interesting that the ratio of ttrap/tlight scales more slowly than

predicted by analytic arguments (Adams, 1975). The standard τ1/3
0 scaling as-

sumes that Lyα escapes in a ‘single excursion’ during which there is a ‘restoring
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Figure 3.4: Ratio of pressure to energy density at a given radial line centre optical
depth τ0 in uniform spheres at low and high temperatures, i.e. T = 1 K and T =
104 K. In the diffusion limit the ratio approaches P /U = 1

3 . The colours distinguish
simulations with centre-to-edge optical depths of τ0,edge = {102,104,106,108}. The
solid (dotted) lines are with (without) the core skipping acceleration scheme.
Core skipping results in smaller trapping times for the innermost shells. How-
ever, this represents a small fraction of the overall volume. The grey curves
are approximate fits throughout the optically thick regime. At T = 1 K we find
ttrap/tlight ≈ 40(τ0/106)1/4 for 103 < τ0 < 106 although the slope is shallower (≈ 1/8)
for τ0 > 106. At T = 104 K we find ttrap/tlight ≈ 13(τ0/106)0.3 for τ0 & 106.
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force’ that pushes Lyα wing photons back to the core by an amount 〈dx|x〉 ≈ −1/ |x|

for each scattering event, where x ≡ (ν − να)/∆νD is the relative frequency from

line centre in units of Doppler widths ∆νD ≡ (vth/c)να ≈ 1011 Hz T 1/2
4 (see Adams,

1972; Harrington, 1973). However, in cold media and far in the wing of the

line, this restoring force becomes smaller than the ‘force’ exerted by atomic re-

coil. Specifically, recoil pushes Lya photons consistently to the red by an amount

dx ≈ g ≡ h∆νD/2kBT ≈ 0.02536/
√
T /K, where g is known as the ‘recoil parameter’

(see e.g. Field, 1959; Adams, 1971). For x & g−1 ≈ 39.44
√
T /K we expect recoil

to overwhelm the standard ‘restoring force’. In comparison, the typical frequency

with which photons escape from a medium with a given optical depth and tem-

perature is xpeak ≈ 33.6(τ0/106)1/3(T /K)−1/6, see the discussion following equation

34 in Smith et al. (2015) based on the analytic solution for a static sphere derived

by Dijkstra et al. (2006). In short, for τ0 & 1.62×106(T /K)2 photons need to diffuse

so far into the wing of the line in order to escape that recoil prevents them from

returning to the core, which further facilitates their escape and likely explains the

flattening of the trapping time at higher τ0. Interestingly, at T = 104 K we find

the trapping time is closer to the analytic estimate, although the scaling exponent

is still only ∼ 0.3. We also note that this result depends on other environmental

properties such as geometry.

3.4 Methodology: Radiation Hydrodynamics

Although there are several descriptions detailing the theory of radiation hydro-

dynamics, our treatment closely follows the conventions found in Mihalas & Mi-

halas (1984), Mihalas (2001), and Castor (2004). We also benefited from the work

of Abdikamalov et al. (2012), Harries (2015), Roth & Kasen (2015), and Tsang &
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Milosavljević (2015).

3.4.1 Lyα radiative transport

The lab frame Lyα radiative transfer equation is

1
c
�Iν
�t

+n ·∇Iν = kν (Jν − Iν) + Sν(r) , (3.22)

where Iν is the specific intensity of the radiation, ν is the frequency, n is a unit

vector in an arbitrary direction, and Jν ≡ 1
4π

∫
IνdΩ is the intensity averaged over

the solid angle dΩ. The source terms on the right are represented by Sν(r), the

emission function for newly created photons at the position r, and kν ≡ nH i
σν , the

absorption coefficient which is equivalent to the neutral hydrogen number density

multiplied by the frequency-dependent Lyα scattering cross-section. Additional

terms may be included to describe absorption and scattering of Lyα photons by

dust as well as other thermal processes. However, in this paper we consider only

‘dust-free’ environments so we do not include a detailed description here.

The moments of the radiation intensity correspond to the Lyα energy density

Eν ≡ c−1
∫

dΩIν , flux Fν ≡
∫

dΩIνn, and pressure Pν ≡ c−1
∫

dΩIνn ⊗n. Each of

these quantities may be integrated over frequency to obtain bolometric versions,

e.g. E =
∫∞

0
Eνdν. With the intensity moments in hand we may now take moments

of Equation (3.22) to arrive at the radiation energy and radiation momentum equa-

tions:

�E

�t
+∇·F =

"
dνdΩkν (Jν − Iν) ≡ −cG0 , (3.23)

1
c2
�F

�t
+∇·P =

1
c

"
dνdΩkν (Jν − Iν)n ≡ −G . (3.24)

These represent sources of energy and momentum coupling to the gas and thus are

identified by −cG0 and −G, respectively. In Equations (3.23) and (3.24) we have
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dropped the term corresponding to the Lyα emission function Sν(r), which in gen-

eral should be included. This was done because throughout this paper we assume

central emission which may be approximated as Sν(r) ≈ hναṄα(4π)−1δ(ν)δ(r) and

implies an energy source of
!

dνdΩSν(r) ≈ Lαδ(r). However, these photons origi-

nate from the ionizing source directly so there is no corresponding term for the gas

in our simplistic modeling of an unresolved central Lyα source. We note that the

non-equilibrium chemistry and cooling discussed in Section 3.4.4 does include ra-

diative processes involving the gas at grid scales, such as collisional (de)excitation.

3.4.2 Lab frame radiation hydrodynamics

The equations governing non-relativistic hydrodynamics are often written in

an Eularian reference frame as a set of conservation laws. We quote the conser-

vation of mass, momentum, and total energy with source terms related to gravity

and radiation as follows:

�ρ

�t
+∇· (ρv) = 0 , (3.25)

�ρv

�t
+∇· (ρv ⊗v) +∇P0 = −ρ∇Φ +G− v

c
G0 , (3.26)

�ρe

�t
+∇· [(ρe+ P0)v] = −ρv ·∇Φ + cG0 . (3.27)

Here and in the following, all quantities with the subscript 0 are evaluated in the

comoving fluid reference frame while all other quantities are in the lab frame, or

the Eularian frame of the fixed coordinate system. Therefore, ρ is the lab frame

density, v is the lab frame velocity, P0 is the comoving pressure, and the last equa-

tion is written in terms of the total specific energy, or the sum of comoving specific

internal energy and lab frame specific kinetic energy: e ≡ ε0 + 1
2 |v|

2. The radiation

source terms G and cG0 are respectively the momentum and energy components
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of the lab frame force four-vector, which directly correspond to the source terms

of Equations (3.23) and (3.24).

In this paper we assume an ideal gas equation of state so that the comoving

pressure is isotropic and completely specified by

P0 = (γad − 1)ρε0 , (3.28)

where γad ≡ CP /CV is the adiabatic index, or ratio of specific heat at constant

pressure to that at constant volume.

The final source term we have included is gravity, which is represented by the

scalar potential Φ and may be a function of space and time. However, in spherical

symmetry we may utilize Newton’s shell theorem. Thus, the acceleration depends

on the mass enclosed within the radius of the shell, i.e. agrav = −∇Φ = −GM<r r̂/r
2.

In the context of a flat ΛCDM cosmology there is also a background potential spec-

ified by ∇2Φ = 4πGρ−Λ where the cosmological constant is given by Λ ≡ 8πGρΛ =

3H2
0ΩΛ. Therefore, in cosmological environments we include deceleration from

dark matter and cosmic acceleration from dark energy. In the simplest scenario

this corresponds to adding the non-baryonic matter component to the enclosed

mass M<r and an outward acceleration of aΛ = −∇ΦΛ = Λ
3 r. This allows us to

employ physical units for the remainder of this paper even when cosmological

dynamics are important.

3.4.3 Ionizing radiation

A proper treatment of ionizing radiation is essential for assessing the dynami-

cal impact of Lyα feedback. We therefore solve the time-dependent transfer equa-

tion for ionizing radiation in an explicitly photon-conserving manner (Abel et al.,

1999; Pawlik et al., 2011). This approach guarantees that the ionization fronts
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move at the correct speed independent of the spatial resolution. The ionizing radi-

ation is characterized by expectation values of photons collected into three bands

according to the ionization energies of H i, He i, and He ii, or 13.6 eV, 24.6 eV, and

54.4 eV, respectively. The absorption within each band is treated in the grey ap-

proximation using the source intensity Jν and photoionization cross-sections σH i
,

σHe i, and σHe ii. The rate of ionizing photons in each frequency range is (Jeon et al.,

2014)

Ṅion,i ≡
∫ νmax,i

νmin,i

dν
4πJν
hν

, (3.29)

where the subscript i ∈ {1, 2, 3} denotes the particular band and Ṅion =
∑
Ṅion,i .

The photoionization rate is defined by

Γx,i ≡
∫ νmax,i

νmin,i

dν
4πJν
hν

σx , (3.30)

while the photoheating rate is given by

Ex,i ≡
∫ νmax,i

νmin,i

dν
4πJν
hν

σx(hν − hνx) , (3.31)

where the subscript x ∈ {H i, He i, He ii} denotes the species. Therefore, the average

photoionization cross-section and average energy imparted to the gas per ionizing

photon is

〈σx〉i ≡
Γx,i

Ṅion,i
and 〈εx〉i ≡

Ex,i
Γx,i

. (3.32)

To guarantee conservation of photons over a hydrodynamical timestep ∆t we

calculate the total number of ionizing photons emitted by the source as Nion,i =

Ṅion,i∆t. However, as photons are absorbed near the source the effective num-

ber of ionizing photons Nion,eff,i is reduced to represent the remaining portion.

Therefore, due to absorption in interior cells the effective photon rate is Ṅion,eff,i =

Nion,eff,i/∆t. For a shell of thickness ∆r the optical depth for a given species and
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frequency band is τx,i = nx〈σx〉i∆r while the total optical depth from all species is

τi =
∑
τx,i . Therefore, the absorption rate in the cell is

Ṅion,abs,i = Ṅion,eff,i (1− e−τi ) . (3.33)

The rate of change in number density is

ṅion,x =
∑
i

ṅion,x,i =
∑
i

τx,i
τi

Ṅion,abs,i

Vcell
, (3.34)

the rate of change in specific internal energy by volume is

Γ̇ =
∑
x,i

〈εx〉i ṅion,x,i , (3.35)

and the acceleration along the ray due to ionizing momentum transfer is

aγ =
∑
x,i

〈hνx〉i
c

ṅion,x,i

ρ
. (3.36)

where 〈hνx〉i ≡ hνx + 〈εx〉i is the average photon energy.

3.4.4 Non-equilibrium chemistry and cooling

We self-consistently solve the rate equations for a primordial chemistry net-

work consisting of H, H+, He, He+, He++, and e− (Bromm et al., 2002). Reactions

affecting these abundances include H and He collisional ionization and recombi-

nation from Cen (1992). After incorporating the photoionization rates we obtain

overall number density rates, i.e. ṅx = ṅion,x + ṅchem,x. Meanwhile the cooling

mechanisms include collisional ionization, collisional excitation, recombination

cooling, bremsstrahlung, and inverse Compton cooling. Collectively, the cooling

provides the rate of change in specific internal energy by volume Λ̇. For computa-

tional efficiency these rates are tabulated as a function of the logarithmic temper-

ature and linear interpolation is employed throughout the simulation.
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3.4.5 Timestep criteria

Because photoionization can rapidly affect the chemical and thermal state of

the gas we employ timestep sub-cycling ∆tsub to accurately follow the evolution.

We employ an explicit algorithm with timesteps limited to a small fraction of the

cooling timescale and depletion timescales for individual abundances:

∆tsub = εsub min
x

{∣∣∣∣∣ ε0ρ

Γ̇ − Λ̇

∣∣∣∣∣, ∣∣∣∣∣nxṅx
∣∣∣∣∣} , (3.37)

where εsub . 0.1 is the sub-cycling factor. It is also important to ensure the sub-

cycling stops after the hydrodynamical time ∆t. Also the number of absorptions

cannot exceed the number of available ionizing photons, i.e. ∆tsub ≤Nion,eff,i/Ṅion,abs,i .

Therefore, the (volume) specific heating and cooling in each sub-cycle are Γ =

Γ̇ ∆tsub and Λ = Λ̇∆tsub, respectively. To ensure the accuracy of the chemical and

thermodynamic state of the gas we update the species abundances and internal

energy throughout each sub-cycle. However, we apply the cumulative force from

the absorption of ionizing photons at the end of the hydrodynamical timestep.

Therefore, the acceleration due to ionizing radiation is the weighted average from

each sub-timestep, i.e. aγ =
∑
aγ,sub∆tsub/∆t.

3.4.6 Monte-Carlo estimators

The final ingredient is to evaluate G0 and G in terms of the Monte-Carlo esti-

mators discussed in Section 3.3. The MCRT calculations take place in the comov-

ing frame and are related to quantities in the lab frame by the Lorentz transfor-
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mation (Mihalas, 2001):

G0 = γ
(
G0

0 +
v

c
·G0

)
≈ G0

0 +
v

c
·G0 , (3.38)

G =G0 +γ
v

c

(
G0

0 +
γ

γ + 1
v

c
·G0

)
≈G0 +

v

c
·G0 , (3.39)

where γ ≡ (1−|v|2/c2)−1/2. Although Lyα scattering is only approximately isotropic

the anisotropic corrections are small compared to the Lyα radiation pressure. There-

fore, because kν is only weakly dependent on the scattering angle we may evaluate

the energy component as G0
0 ≈ c−1

∫
dνkν

∫
dΩ(Iν − Jν) = 0. The isotropic approxi-

mation also simplifies the momentum calculation: G0 ≈ c−1
∫

dνkν
∫

dΩ(Iν−Jν)n =

c−1
∫

dνkνFν . Putting this together with the ionizing radiation gives the following:

G0 = ρ(aα +aγ ) and G0
0 =

Γ −Λ
c

, (3.40)

where the accelerations are based on Equations (3.19) and (3.36).

3.4.7 Lagrangian radiation hydrodynamics

We may now convert Equations (3.25)-(3.27) into the Lagrangian RHD frame-

work. Derivatives in this frame are denoted by the uppercase differential operator

D(•)/Dt ≡ �(•)/�t +v ·∇(•). The RHD equations are as follows:

Dρ

Dt
+ ρ∇·v = 0 , (3.41)

Dv
Dt

+
∇P0

ρ
= −∇Φ +aα +aγ , (3.42)

Dε0

Dt
+ P0

D(1/ρ)
Dt

=
Γ −Λ
ρ

, (3.43)

accurate to second order in (v/c). The Lagrangian formulation has the advantage

of substantially simplifying the numerical setup for one-dimensional problems.
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Our spherically symmetric hydrodynamics solver is based on the von Neumann-

Richtmyer staggered mesh scheme described by Von Neumann & Richtmyer (1950),

Mezzacappa & Bruenn (1993), and Castor (2004). This algorithm has the advan-

tage of adaptive resolution which is useful for tracking shock waves by allowing

the grid to follow the motion of the gas. With this approach we must include arti-

ficial viscosity to damp numerical oscillations near shocks. We use both linear and

quadratic viscosity in the references above.

3.5 Simulation Results

3.5.1 Models

3.5.1.1 Galaxy models

In order to determine the dynamical impact of Lyα feedback on galaxy forma-

tion we explore a series of idealized model galaxies parametrized by the total mass

and source luminosity. For simplicity we assume an NFW dark matter halo pro-

file and thereby calculate the dark matter gravitational contribution analytically.

Specifically, the dark matter density is ρDM(r) = ρDM,0R
3
S/[r(RS + r)2] with a con-

centration parameter of cNFW ≡ Rvir/RS ≈ 5, where Rvir is the virial radius and RS

is the scale radius.

The gas follows an isothermal density profile until it reaches the background

IGM density. Specifically, ρ(r) = ρvir(r/Rvir)−2 with the normalization given by

ρvir = Ωb∆c(z)H(z)2R2
vir/(8πG), where the fractional baryon density is Ωb ≈ 0.0485

and the virialization overdensity is ∆c(z = 10) ≈ 178. The background IGM den-

sity is ρIGM(z) = ρcrit,0Ωb(1 + z)3, with a present-day critical density of ρcrit,0 ≡

3H2
0 /(8πG). The galactic gas starts off cold and neutral, with an initial tempera-
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ture set by the cosmic microwave background (CMB) at TCMB = 2.725 K (1 + z).

The exact value makes little difference as the gas quickly becomes hot and ionized

within the growing H ii region. The simulations begin at a redshift of z = 10 with

an initial velocity profile following the Hubble flow, i.e. v = H(z)r. We follow the

evolution for 10 Myr and perform the Lyα MCRT calculations with every third

hydrodynamical timestep. In primordial gas we use an ideal gas adiabatic index

of γad = 5/3.

3.5.1.2 Source parameters

The spectral energy distribution from the starburst determines the ionizing ra-

diation and Lyα emission which are modeled self-consistently throughout the sim-

ulation. Our code assumes a blackbody source and calculates the average emission

rates, cross-sections, and heating from ionizing photons in each frequency band

according to Equations (3.29)-(3.32). We model the central source as consisting of

50 M� Pop III stars with an effective blackbody temperature of Teff = 104.922 K and

bolometric luminosity per star of 105.568 L�. If the star formation efficiency is f?

then the total luminosity of the source is

L? ≈ 4.5× 1042 erg s−1
(
f?

10−3

)(
fb

0.16

)(
Mvir

109 M�

)
, (3.44)

where fb ≡Ωb/Ωm is the baryonic mass fraction. The corresponding rate of ioniz-

ing photons is related to the Lyα luminosity via

Lα ≈ 0.68hνα(1− fesc)Ṅion

≈ 9.9× 1041 erg s−1
(
f?

10−3

)(
fb

0.16

)(
Mvir

109 M�

)
, (3.45)

where the escape fraction of ionizing photons fesc is approximately zero in our

spherically symmetric models. For reference, the Lyα mass-to-light ratio for this
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source is Υα = Mvir/Lα ≈ 3.88 (f?/10−3)−1 in solar units. In Equation (3.45) the

Lyα luminosity can be boosted by a factor of a few for metal-free gas illuminated

by Pop III type spectra as a higher mean ionizing photon energy increases the

standard conversion factor of 0.68 from ionizing to Lyα photons (Raiter et al.,

2010).

3.5.1.3 Simulation parameters

The numerical resolution is highest for the smallest mass haloes. For exam-

ple, with ≈ 2000 Lagrangian mass elements we achieve a resolution of mcell ≈

{164,763,4860,4.8×104,3.8×105}M� forMvir = {106,107,108,109,1010}M�, which

typically leads to an adaptive resolution of ≈ 0.1− 2 pc at the shell front. To avoid

boundary effects the computational domain is twice the virial radius, except in

cases where this is smaller than a few kpc or larger than tens of kpc. The com-

putational cost may change dramatically based on the number of timesteps with

MCRT calculations and spatial resolution. To be safe we require convergence cri-

teria such that between batches of ≈ 1600 photons the Lyα force has a . 1 per cent

relative change in & 99 per cent of the cells. We bin the line of sight Lyα spectra

with a resolution of ∆v ≈ 1 km s−1.

3.5.2 Dynamical impact of Lyα radiation pressure

A dense shell-like outflow structure forms in hydrodynamical response to the

central starburst ionizing and heating the gas within the galaxy. The radial ex-

pansion of the shells normalized to the local escape velocity is shown for each

simulation in Fig. 3.5. The sequence of curves demonstrates the significant role

of halo mass in retaining gas despite strong radiative feedback. Indeed, the shal-
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Figure 3.5: The ratio of the shell velocity vsh to the local escape velocity vesc ≡
(2GM<r /r)1/2 as a function of time for different halo massesMvir denoted by colour
and star formation efficiencies f? denoted by line style. The galaxy mass signifi-
cantly impacts whether the shell is able to escape the gravitational potential well
into the IGM. The light grey region is a schematic representation of times when
the shell has crossed the virial radius. All haloes with Mvir . 108 M� eventually
reach the escape condition rsh > rvir, which we expect to occur after at least ≈ 7,
13, and 30 Myr for the 106, 107, and 108 M� haloes, respectively.

low gravitational potential wells of minihalos allow the shell velocity to exceed

the escape velocity3 vesc ≡ (2GM<r /r)1/2. The typical shell velocity ranges from

vsh ≈ 30−100 km s−1 for theMvir = 106−10 M� galaxies, which is roughly the same

order of magnitude despite the large range of halo masses. This may be understood

in terms of a simplified model in which the initial push from radiation pressure
3We note that Fig. 3.5 uses the local escape velocity, which may be lower than what is actually

required to escape the galaxy. Alternatively, one might use the definition vesc ≡
√

2|Φ | where the
gravitational potential is given by Φ = GM<r /r +

∫ rvir

r
4πGr ′ρ(r ′)dr ′ . At the virial radius the second

term vanishes and reduces to the definition based on the local enclosed mass.
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Figure 3.6: Top panel: The time evolution of the ratio of the shell velocity for
simulations with and without Lyα radiation pressure for different halo masses
Mvir = 106−10 M� at a fixed star formation efficiency of f? = 10−3. Bottom panel:
The shell velocity ratio for different values of f? = 10−1−(−4) at a fixed halo mass of
Mvir = 108 M�.
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Figure 3.7: Top panel: The time evolution of the velocity offset of the red peak of
the Lyα spectrum for different values of halo massMvir = 106−10 M� at a fixed star
formation efficiency of f? = 10−3. Bottom panel: The velocity offset for different
values of f? = 10−1−(−4) at a fixed halo mass of Mvir = 108 M�. The location of
the emerging red peak is fairly constant throughout the simulations with a slight
decrease in time.
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produces a shock propagating at a multiple of the sound speed cs. Conservation

of momentum then dictates that d
dt (mshvsh) = ṗrad−4πr2

shρc
2
s −GmshM<r /r

2
sh, where

we have included terms for radiative momentum transfer, gas pressure, and grav-

ity. The simulations empirically motivate the adoption of the Mach number M

as a parametrization of the shell velocity, i.e. vsh ∼ Mcs. The exact value ofM is

difficult to determine a priori and implicitly depends on the hydrodynamics and

halo properties, e.g. Mvir and f? . However, with this in mind we calculate the ratio

of the shell velocity to the escape velocity at the virial radius:

vsh

vesc
≈ Mcs

vesc
=M

(
kBT /mH

GMvir/rvir

)1/2

≈ 1.2T 1/2
4

(
M
5

)(
Mvir

109 M�

)−1/3 (1 + z
11

)−1/2
. (3.46)

This quantity reflects the likelihood that galaxies retain their gas under strong ra-

diative feedback. Qualitatively, minihalos are more susceptible to shell ejection

than the more massive galaxies. We note that this simple argument is in rough

agreement with the observed galaxy stellar mass function, which has a much shal-

lower faint end slope than expected from dark matter only simulations (Somerville

& Davé, 2015).

In Fig. 3.6 we consider the role of Mvir and f? on the relative importance of

Lyα radiation pressure on the shell velocity compared to simulations without Lyα

feedback. We find that for a fixed star formation efficiency including the Lyα

force has a greater dynamical impact in larger mass haloes. We also find that for

a fixed halo mass a higher star formation efficiency leads to a greater difference

for simulations incorporating Lyα feedback. Both of these effects are likely due to

a higher energy density of trapped Lyα photons, which leads to more scatterings

because of the larger optical depth for a fixed f? or the increased Lyα emission rate
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for a fixedMvir. We find that Lyα radiation pressure can be dynamically important

for a number of realistic protogalaxy environments.

3.5.3 Predictions for Lyα observations

In Fig. 3.7 we explore the impact of Mvir and f? on the velocity offset with

respect to the central point source for the red peak of the intrinsic line-of-sight

Lyα flux. The location of the offset is fairly constant throughout the simulations

although there is some decrease in time. We find that for a fixed star formation

efficiency a more massive halo has a greater velocity offset. Likewise, for a fixed

halo mass a lower star formation efficiency yields a greater offset. Both of these

effects are likely due to the larger optical depth for individual photons to escape

the galaxy. To consolidate these trends we plot the time-averaged velocity offset as

a function of halo mass in Fig. 3.8. Although there is some degeneracy at different

times between these parameters the qualitative behavior is apparent. The effi-

ciency of star formation has a strong impact on the velocity offset while the mass

affects the luminosity. However, as the mass of the galaxy is not a direct observ-

able, we also provide the velocity offsets as a function of the observed Lyα lumi-

nosity in Fig. 3.9. The intrinsic (circles) and observed (diamonds and stars) time-

averaged velocity offsets follow similar trends as those discussed above. However,

the Lyα luminosity that survives transmission through the neutral IGM at z = 10

may be significantly reduced. Furthermore, the observed velocity offset may also

appear much redder than the spectra emerging from the galaxy. This overall shift

from intrinsic to observed Lyα characterization is essential to interpreting theoret-

ical predictions and observational bias of high-z Lyα (non)detections.

It may be difficult to disentangle the effects of intrinsic galaxy parameters and
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Figure 3.8: Time-averaged velocity offset for different values of halo mass Mvir =
106−10 M� and star formation efficiency f? = 10−1−(−4). The velocity offset has
strong dependence on the efficiency of forming stars while the mass mostly affects
the luminosity.

IGM models, but larger samples of high-z galaxies with measurements for Lα,obs

and ∆vpeak may provide insights regarding the natures of Lyα emitting galaxies.

For example, we expect Lyα detections to be biased towards bright galaxies within

& 1 Mpc ionized patches of the Universe or galaxies with a significant flux emerg-

ing & 100 km s−1 redward of the Lyα line centre. We include two treatments of

frequency dependent transmission through the IGM in Fig. 3.9 to demonstrate a

range of Lyα reprocessing scenarios. The model labeled as Laursen et al. (2011)

is represented by stars and employs their “benchmark” Model 1 curve at z ≈ 6.5

as described in relation to their figures 2 and 3. The curve is a statistical aver-

age of a large number of sightlines (& 103) cast from several hundreds of galaxies
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Figure 3.9: Time-averaged velocity offset for stellar sources as a function of intrin-
sic and observed Lyα luminosity for different values of halo massMvir = 106−10 M�
and star formation efficiency f? = 10−1−(−4). The shaded regions have been cor-
rected for transmission through the IGM based on two different models repre-
sented by diamonds and stars (see text). The dark grey arrow represents the over-
all shift from intrinsic to observed Lyα properties, i.e. the IGM produces a redder
and fainter Lyα signature. For reference, we include the bright Lyα source CR7 at
z = 6.6 with a measured offset of +160 km s−1, discussed in Section 3.6 (large grey
star symbol).

through a simulated cosmological volume. A region of the Universe undergoing

early reionization at higher redshifts may have a qualitatively similar transmis-

sion curve. The model labeled exp
(
−τred

GP

)
is based on the analytic prescription

of Madau & Rees (2000), which accounts for the optical depth of the red damping

wing of the Gunn-Peterson (GP) trough. After removing all Lyα photons blueward

of the circular velocity to account for cosmological infall (see Dijkstra et al., 2007),

we attenuate the remaining Lyα profile based on the likelihood of undergoing a

scattering event in a uniform, neutral IGM. We assume the galaxies reside within
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a local ionized bubble with a physical radius of rH ii
≈ 500 kpc and that reion-

ization is complete by redshift zre ≈ 6. Any IGM model should be considered in

the context of statistical variations depending on the particular galaxy and sight-

line. Therefore, the observables presented in this paper represent optimistic yet

plausible expectations of averaged IGM effects. See Dijkstra (2014) for a review

containing additional discussion and related references.

3.5.4 Stellar vs. black hole source spectra

We now explore black hole sources as an alternative production mechanism

for Lyα radiation pressure. We discuss this scenario in the context of so-called

“direct collapse” black holes (DCBHs) (Bromm & Loeb, 2003; Johnson & Haardt,

2016), invoked as seeds for the growth of supermassive black holes (SMBHs) of

a few billion solar masses observed in z > 6 quasars (Fan et al., 2006; Mortlock

et al., 2011; Wu et al., 2015). The DCBH model in this study employs the non-

thermal Compton-thick spectrum presented by Pacucci et al. (2015a). The stel-

lar and DCBH SEDs differ significantly in their effective photoionization cross-

sections and energy transfer per ionizing photon as calculated according to Equa-

tions (3.29)–(3.32). The Compton-thick environment reprocesses the broadband

spectrum such that only X-ray and non-ionizing photons remain. This DCBH

model is qualitatively different than a typical quasar spectrum, which retains the

UV ionizing photons and is therefore more similar to the stellar (blackbody) source

except the Lyα line profile is significantly broader. For example, Vanden Berk

et al. (2001) find that the composite quasar spectrum from the Sloan Digital Sky

Survey (SDSS) has an average Lyα emission-line profile width of σλ,α ≈ 19.46 Å ≈

4800 km s−1.
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We present a select cases to match the most common physical conditions for

DCBH formation, i.e. Mvir ≈ 108−9 M� and M• ≈ 105−6 M�. Specifically, we

use the supplementary data provided by Pacucci et al. (2015a) to calculate typ-

ical ionization rates for their low-density profile, standard accretion scenario at

three stages representing early (5 Myr), intermediate (75 Myr), and late (115 Myr)

hydrodynamical response during the growth of the black hole. This is done to

cover a broader range of DCBH properties, analogous to the star formation effi-

ciency parameter. We also add an additional parameter which we call the black

hole escape fraction f •esc ≈ 0.01 in order to account for three-dimensional effects. In

principle this allows partial leakage of ionizing photons from the Compton-thick

reprocessing region at . 1 pc. For our purposes this means we employ a combina-

tion of the Compton-thick spectrum and the unprocessed spectrum scaled to the

mass of the black hole, i.e. fν,DCBH = (1 − f •esc)fν,Compton-thick + f •escfν,unprocessed. We

obtain the Lyα and He ii line luminosities by integrating the Pacucci et al. (2015a)

spectra around the 1216 Å and 1640 Å peaks, respectively. For concreteness, we

provide a list of DCBH source properties for each model in Table 3.1. Even a small

fraction of escaped, unprocessed ionizing photons has an impact on the ioniza-

tion properties. The effective cross-sections and energy transferred per photon are

not very sensitive to the different stages, so we only provide representative val-

ues for Stage II as follows: 〈σH i
〉1−3 = {3.1 × 10−18,4.99 × 10−19,3.42 × 10−20} cm2,

〈σHe i〉2−3 = {4.3 × 10−18,7.62 × 10−19} cm2, 〈σHe ii〉3 = 4.72 × 10−19 cm2, 〈εH i
〉1−3 =

{3.65,18.7,58.1} eV, 〈εHe i〉2−3 = {9.58,54.4} eV, and 〈εHe ii〉3 = 18.7 eV. Note, for

simplicity we model the cascade of multiple ionization and heating events experi-

enced by the X-ray photons with a ‘one-shot’ approximation, where all the energy

is transferred in a single scattering (Shull & van Steenberg, 1985).
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Table 3.1: Summary of the source parameters for the DCBH models. The stages
represent early (5 Myr), intermediate (75 Myr), and late (115 Myr) hydrodynami-
cal response during the growth of the black hole. The black hole escape fraction
f •esc ≈ 0.01 accounts for three-dimensional effects allowing some of the ionizing
photons to escape without significant reprocessing.

Model Stage I Stage II Stage III
t• [Myr] 5 75 115
M• [M�] 1.33× 105 6.52× 105 1.48× 106

Lα [erg s−1] 8.72× 1042 3.63× 1043 6.43× 1043

LHe ii [erg s−1] 1.54× 1042 6.76× 1042 5.75× 1042

Ṅion,1 [s−1] 1.13× 1051 5.52× 1051 1.26× 1052

Ṅion,2 [s−1] 1.53× 1051 7.52× 1051 1.71× 1052

Ṅion,3 [s−1] 1.53× 1051 7.95× 1051 2.60× 1052

As shown in Fig. 3.10 the DCBH scenario is an ideal setting for Lyα radiation

pressure to have a significant dynamical impact in primordial galaxies. In every

case Lyα feedback increases the simulated shell velocity by at least a factor of a

few. Lyα radiation pressure has a greater relative impact for larger haloes and

lower black hole escape fractions. Furthermore, this allows the shell to exceed the

escape velocity throughout the simulations, even for the Mvir = 109 M� halo. Fi-

nally, in Fig. 3.11 we provide the time-averaged velocity offsets from the Compton-

thick black hole source as a function of the observed Lyα luminosity. The intrinsic

and observed points are similar to the stellar case in Fig. 3.9 except the velocity

offsets are generally larger. This is likely due to the higher residual H i fraction re-

sulting from the harder spectrum. Figures 3.9 and 3.11 both use a simplified IGM

model (diamond markers) that assumes a neutral IGM outside a local H ii super-

bubble. However, the impact of the IGM weakens when reionization is underway

and by z ∼ 10 the evolving, inhomogeneous ionization state can enhance the over-

all transmission of Lyα photons through the IGM. Furthermore, the analytic IGM

model suppresses the Lyα flux by more than one order of magnitude. However,
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even when the Universe is still 90% neutral by volume, patchy reionization allows

the IGM to transmit & 10% of the flux (see figures 2 and 3 of Dijkstra et al., 2011).

This transmission applies to haloes more massive than considered in this paper,

which are more likely to reside in larger ionized bubbles. Still, their calculation is

relevant because both the DCBH and Pop III scenarios may benefit from having a

more massive galaxy nearby, either to provide the critical Lyman-Werner flux or to

keep the halo from forming stars until it crosses Tvir ∼ 104 K (see e.g. Visbal et al.,

2016).

3.6 Summary and Conclusions

Lyα radiative transfer simulations not only provide insight about observations

of Lyα emitting galaxies but also regarding fundamental processes affecting the

gas within the galaxies. As the observational frontier for high-z galaxies extends

into the pre-reionization Universe the conditions for which Lyα radiation pres-

sure may be dynamically important are increasingly common. Therefore, we have

developed a one-dimensional radiation hydrodynamics framework for radiatively-

driven outflows during the formation of the first galaxies. Our simulations repre-

sent the first hydrodynamical study incorporating accurate Monte-Carlo radiative

transfer calculations of Lyα feedback. This is essential because order of magnitude

estimates and even post-processing simulations are unlikely to be self-consistent

with the gas and ionization dynamics. Still, these calculations indicate that mul-

tiple scattering within high H i column density shells is capable of significantly

enhancing the effective Lyα force (Dijkstra & Loeb, 2008, 2009). Furthermore, Lyα

radiation pressure may contribute alongside other feedback mechanisms such as

supernova explosions. Understanding the role of Lyα trapping in galaxies is a
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challenging but important problem.

We have studied Lyα radiation pressure in the context of galaxies at z ≈ 10 with

different halo mass Mvir and star formation efficiency f? defined as the fraction of

baryonic mass that is in stars. We have also considered Lyα feedback within the

context of DCBH formation. The central starburst or black hole emission drives an

expanding shell of gas from the centre. The results of our one-dimensional models

may be summarized as follows:

(1) Strong radiative feedback in minihaloes can launch supersonic outflows into
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the IGM and Lyα radiation pressure may enhance this effect,

(2) Including Lyα feedback has a greater relative impact on the shell velocity

with higher f? or larger Mvir,

(3) The velocity offset ∆vpeak of the Lyα flux depends on the H i optical depth,

therefore a higher neutral fraction due to a lower f? or larger Mvir translates

to a greater velocity offset,

(4) We provide quantitative estimates for the extent to which the scattering of

Lyα photons in the IGM leads to a reprocessing of the observed flux, i.e.

the observed Lyα luminosity is reduced and the velocity offset undergoes a

redward shift,

(5) Lyα radiation pressure may have a significant dynamical impact on gas sur-

rounding DCBHs, with Lyα signatures typically characterized by larger ve-

locity offsets than stellar counterparts if in both cases the line shift is set by

Lyα radiation pressure.

We emphasize that the details of these conclusions may rely on particular mod-

eling choices. Still, the main results are fairly robust. The most significant un-

certainties are likely associated with the one-dimensional approximation, which

provides broad insights but three-dimensional effects may be important. Post-

processing studies of Lyα radiative transfer in similar contexts inform us about

the impact of three-dimensional effects (Dijkstra & Kramer, 2012; Behrens et al.,

2014; Duval et al., 2014; Zheng & Wallace, 2014; Smith et al., 2015). For example,

geometry, gas clumping, rotation, filamentary structure, and anisotropic emission

from the source often lead to anisotropic escape, photon leakage, or otherwise al-

tered dynamical impact. Lyα observables such as the equivalent width and escape
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fraction may also be affected. For additional discussion regarding the caveats of

these models and methods see Smith et al. (2016), which is also useful when ap-

plying these results to observations of high-z Lyα emitting galaxies.

We also note that there are other ways to trigger outflows which may lead to

different results for the Lyα signatures. In star-forming galaxies supernova explo-

sions could lead to even faster winds leading to larger Lyα velocity offsets until

the velocity gradient facilitates escape from Doppler shifting. Additionally, these

environments are likely to already be metal enriched such that the Lyα luminosity

could be several times fainter due to dust absorption. However, some of these un-

certainties could be disentangled by comparing the Lyα properties with comple-

mentary multi-frequency observations. Additionally, our theoretical framework

relies on the ability to measure the velocity offset of high-z galaxies, which is only

possible if there is a nonshifted line to compare with. If the He ii 1640 Å line is not

observed then it may still be possible to observe Balmer lines. The JWST is capable

of detecting the Hα, Hβ, Hγ , and Hδ lines with the Near-Infrared Spectrograph

(NIRSpec) at a medium spectral resolution of R = 2700 out to redshifts of z = 6.6,

9.3, 10.5, and 11.2 respectively. Beyond that the lines fall into the wavelength cov-

erage of the Mid-Infrared Instrument (MIRI), which is an order of magnitude less

sensitive than the NIRSpec for line flux detection at comparable spectral resolu-

tion. Even though the ratio of Balmer-line intensities implies diminishing returns,

i.e. the Balmer decrement is typically Hα:Hβ:Hγ = 2.86:1:0.47 (Osterbrock & Fer-

land, 2006), depending on the source redshift it may still be advantageous to look

for a higher-order line, considering the relative spectroscopic performance gain

of NIRSpec over MIRI. Therefore, we expect selected samples of high-z Lyα emit-

ters will also include the measured velocity offset similar to current lower-redshift
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surveys.

Recently, the luminous COSMOS redshift 7 (CR7) Lyα emitter at z = 6.6 was

confirmed to have strong He ii emission with no detection of metal lines from the

UV to the near infrared (Matthee et al., 2015; Sobral et al., 2015). As a result sev-

eral groups have considered the CR7 source in the context of a young primordial

starburst or direct collapse black hole (Pallottini et al., 2015; Agarwal et al., 2016;

Hartwig et al., 2016; Visbal et al., 2016; Dijkstra et al., 2016a; Smidt et al., 2016).

CR7 and similar galaxies therefore represent an ideal application of the methodol-

ogy presented herein as they allow for direct comparison with current and upcom-

ing observations. In Smith et al. (2016), we closely examined and reproduced sev-

eral Lyα signatures of the CR7 source under a DCBH model, including the velocity

offset between the Lyα and He ii line peaks. We also found that Lyα radiation pres-

sure turns out to be dynamically important in the case of CR7. In the near future,

other sources similar to CR7 may provide additional constraints on early galaxy

and quasar formation. Indeed, Pacucci et al. (2016) identified two objects charac-

terized by very red colours and robust X-ray detections in the CANDLES/GOODS-

S survey with photometric redshift z & 6 representing promising black hole seed

candidates.

The main goal is to assemble a broad net of models to provide a theoretical

framework for Lyα observations of high-z galaxies, leading to a more complete un-

derstanding of the environments that are dynamically impacted by Lyα radiation

pressure. The extent of Lyα trapping is a complex problem affected by a number

of factors, including destruction via collisional (de)excitation, absorption by dust,

holes or pathways for escape, reduced opacity due to turbulence and bulk gas

motion, sources with broad or offset line emission, or cold gas accretion along fil-
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aments. Lyα radiation hydrodynamics simulations are now computationally fea-

sible and will provide additional insights into the process of galaxy formation.

Overall, in the early Universe, the higher neutral fraction acts to reduce the visi-

bility of Lyα emission, implying an evolving luminosity function, as suggested by

current observations. On the other hand, the same conditions favor the dynamical

impact of Lyα radiation pressure inside the first galaxies, thus rendering radiation

hydrodynamical studies crucial to fully elucidate the epoch of cosmic dawn.
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Part II

PERSPECTIVES ON BLACK HOLES
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Chapter 4

The First Supermassive Black Holes1

The existence of a supermassive black hole (SMBH) at the centre of almost ev-

ery galaxy provides strong evidence for a generic growth mechanism alongside

that of the host galaxy (Kormendy & Ho, 2013). Nuclear black holes typically

comprise very much less than 1% of the available baryonic mass in the galaxy

and are therefore gravitationally dominant only locally. But their efficient conver-

sion of rest mass to radiation plays an important role in the evolution of galax-

ies as a powerful source of feedback that drives winds, suppresses star formation

and contributes to the reionization of the universe. Understanding the physical

processes leading to the formation and growth of SMBHs is crucial in unraveling

fundamental questions about the galactic building blocks of the universe. While

the largest-scale structures took several billion years to form, supermassive black

holes up to ∼ 1010 M� (quasars) are observed very early in the history of the uni-

verse, around a cosmological redshift of z ≈ 7, at less than 5% of the current age of

the universe (Fan et al., 2006; Mortlock et al., 2011; Wu et al., 2015). This presents

a timing problem under conventional scenarios for the growth of these objects by

accretion.

The rate of black hole growth via gas consumption is regulated by balancing

the attractive gravitational force against the build-up of pressure from the radi-
1This chapter has been published as Smith, A., Bromm, V., Loeb, A., 2017, Astron. Geophys.,

58, 3.22 (invited review). V. Bromm and A. Loeb supervised the project.
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ation emitted by the infalling gas as it encounters viscous heating. For typical

radiative efficiencies, the maximal growth rate – known as the Eddington limit –

barely allows growth from stellar-mass black hole progenitors in the limited time

available since the Big Bang. As an analogy, we consider the exponential growth

of a bank account accruing compound interest. A lifetime of steady investments

makes the burden of saving for retirement relatively straightforward and secure.

However, if the growth has to occur in less than a decade then there is a timing

crisis: the unfortunate individual must either save money at exorbitant rates, ex-

perience a miracle akin to winning the lottery – or delay their retirement.

4.1 Timing Matters

How and when did the first supermassive black holes form? Although there

may not be a universal pathway, rapid seeding or growth is unavoidable within our

current understanding of the most distant quasars. The first SMBHs were likely

to have co-assembled within the first galaxies a few hundred million years after

the Big Bang. Remarkably, primordial galaxies that could delay the onset of star

formation seem to facilitate a mechanism to produce massive (104–106 M�) black

hole seeds, which form “in one go” from gas clouds with inefficient cooling. Such

clouds thereby maintain high thermal pressure support, which in turn suppresses

fragmentation and thus star formation. These direct collapse black holes (DCBHs)

circumvent the timing crisis. DCBHs can form only early in cosmic history when

a specific set of rare conditions is satisfied. At redshifts z & 10, they are still be-

yond the reach of current telescopes. Progress will be made with next-generation

observatories using wide-field surveys and follow-up deep observations of select

objects. Ultimately, this will provide compelling evidence for or against forma-
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Figure 4.1: Illustrating the timing problem for supermassive black hole growth
in the early universe. The observed quasars with a mass M• ≈ 109–1010 M� at
redshift z ≈ 6−7 could have originated from massive seeds or from low-mass stellar
progenitors with hyper-Eddington growth rates.

tion scenarios involving direct-collapse, persistent hyper-Eddington accretion, or

other more exotic possibilities (e.g. Dolgov & Silk, 1993). In the sections below, we

briefly review the historical development of ideas about the first SMBH seeds, the

physics of their formation and radiative feedback, recent progress, and our out-

look for the future. Figure 4.1 provides a schematic overview of the quasar-seed

timing problem.

4.2 Cosmological Context

The standard cosmological model involves dark energy and cold dark matter

(ΛCDM). Both ingredients remain mysterious in terms of their underlying physics.

However, the ΛCDM model matches data across scales extending from large-scale
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structures to galaxy formation and evolution. Historically, supermassive black

hole research predates the recent cosmological perspective. Summarizing these

earlier insights, Rees (1984) discussed possible routes for runaway growth in ac-

tive galactic nuclei. In isolated environments, possible formation pathways in-

clude: stellar-remnant black holes after vigorous gas accretion; dense star clusters

in which runaway collisions trigger the formation of a SMBH; or a cluster of post-

supernovae neutron stars or black holes coalescing in the dynamically unstable

central core of the galaxy. In cosmology, SMBHs can grow over longer timescales

via episodic galaxy mergers and accretion from streams of cold gas along fila-

ments of the cosmic web (Mayer et al., 2010, 2015). Still, it was recognized that

a gas cloud may conceivably bypass conventional star formation and yield a near-

extremal Kerr black hole if cooling does not initiate fragmentation (Rees, 1984).

Early simulations of collapsing primordial gas clouds showed that most of

the gas does indeed fragment into dense stellar clumps which eventually virial-

ize into a spheroidal galactic bulge (Loeb & Rasio, 1994). The emergence of a

SMBH would thus be forestalled. On the other hand, if a central seed black hole

of mass & 106 M� were to form during the collapse then it could quickly grow by

steady accretion to a quasar-size black hole (Li et al., 2007). Otherwise dynamical

instabilities in the inner region of the disc would inhibit the accretion required

for such growth. The crucial bottleneck is the formation of the initial, million

solar-mass, seed. Either way, realistic modeling of massive black hole inception is

highly complex and ultimately relies on understanding both small- and large-scale

phenomena. For example, low angular momentum configurations would help fa-

cilitate runaway collapse because the centrifugal barrier is significantly lower; in

this context, quasar seeds could be a natural consequence of the initial collapse of
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regions with unusually small rotation (Eisenstein & Loeb, 1995). Such low-spin

cosmological perturbations might provide environments in which SMBH forma-

tion is an extreme manifestation of the ΛCDM model.

4.3 Forming the First Massive Black Holes

The main contenders for the earliest quasar seeds are DCBHs, super-Eddington

accretion onto stellar remnant black holes, and runaway collisions in dense star

clusters. Here we focus on DCBHs and highlight recent theoretical and observa-

tional evidence for this new class of black hole seeds; we discuss the alternative

scenarios briefly.

In typical galactic environments black hole accretion is episodic because of self-

regulating radiative feedback which yields accretion rates that are sub-Eddington

when averaged over multiple duty cycles (Johnson & Bromm, 2007; Milosavljević

et al., 2009). However, maintaining super-Eddington accretion is possible when

the black hole is embedded within sufficiently dense gas; this renders the ra-

diation pressure less effective (e.g. Wyithe & Loeb, 2012; Pacucci et al., 2015b).

Based on one-dimensional radiation-hydrodynamics simulations, Inayoshi et al.

(2016) find accretion rates exceeding Ṁ• & 103 LEdd/c
2 when the following condi-

tion is satisfied: (n∞/105 cm−3) > (M•/104 M�)−1 (T∞/104 K)3/2, where n∞ and T∞

are the density and temperature of the ambient gas. It remains an open question

whether such growth rates are sustainable considering the violent assembly envi-

ronments of the first galaxies where newly formed stars and supernovae blow away

the surrounding gas. Other scenarios may also work, such as dense star clusters

that undergo runaway collapse. With a ubiquitous supply of cold gas effectively

trapping accretion radiation, a ∼ 10M� black hole seed undergoing random mo-
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tions through the cluster may initiate supra-exponential growth over a dynamical

timescale (Alexander & Natarajan, 2014).

On the other hand, forming a DCBH requires collapse without fragmentation,

a cosmic “miracle” of sorts, that is naturally explained within the context of galaxy

formation theory. The idea is that if a primordial gas cloud, devoid of any heavy

chemical elements (“metals” in astronomical terminology), is bathed in a sea of

ultraviolet radiation then it will be unable to cool and form stars (figure 4.2).

Specifically, according to the Jeans criterion for triggering gravitational instability,

high thermal pressure is required to prevent the gas cloud from fragmenting. In

present-day star-forming clouds, line cooling by heavy elements and dust radiates

away thermal energy that would otherwise provide stability. But in the early uni-
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verse only hydrogen and helium were available to cool the gas. Thus, a small abun-

dance of molecular hydrogen (H2) played a key role as the primary cooling agent

below the ∼ 8000 K accessible via atomic hydrogen line cooling. If strong non-

ionizing Lyman-Werner radiation (LW; with photon energies below 13.6 eV) from

neighbouring galaxies photodissociates H2 then the evolutionary track through

density-temperature phase space is significantly altered (see Fig. 4.2). Only atomic

cooling primarily through the Lyman-α (Lyα) line of hydrogen efficiently keeps

the collapsing core below ∼ 104 K. The first idealized models of isothermal col-

lapse including H2 photodissociation still predicted that the cloud breaks up at

late stages despite the higher temperature track (Omukai, 2001a). Gas collapse

may be entirely suppressed in the minihaloes, with virial masses ofMvir . 106 M�,

that are predicted to host the first stars, when the LW background flux is above a

critical value. More massive host haloes, on the other hand, in general become

self-shielding so that molecules can form again, eventually leading to star forma-

tion (Oh & Haiman, 2002). However, Bromm & Loeb (2003), carrying out the first

simulations of this collapse with cosmological initial conditions, recognized that

under conditions of unusually strong LW irradiation, the inflow would continue

on its near-isothermal track. The resulting free-fall collapse of the atomically-

cooling gas could then produce massive black holes directly. Subsequently, the

DCBH model has received increased attention (e.g. Begelman et al., 2006; Regan

& Haehnelt, 2009; Choi et al., 2013, 2015). This body of work is broadly reviewed

in Volonteri (2012), Haiman (2013), Loeb & Furlanetto (2013), Johnson & Haardt

(2016), and Latif & Ferrara (2016).
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4.4 Radiation from the First Black Holes

Active galactic nuclei are conspicuous manifestations of gas accretion onto su-

permassive black holes, with luminosities exceeding the total starlight of their host

galaxies. The accretion disc radiates broadband emission from optical to X-ray

wavelengths with a peak in the UV. The characteristic blackbody temperature for

the Eddington luminosity near the event horizon is TEdd ≈ 5×105 K (M•/108 M�)−1/4

(Rees, 1984). DCBHs are born in gas-rich environments and may be self-shielding

to ionizing photons. Still, the gas remains transparent to X-rays and the “Compton-

thick” spectrum retains the non-thermal tail contributed by Bremsstrahlung radi-

ation and magneto-hydrodynamical (MHD) processes (Pacucci et al., 2015a). In

these environments, radiation pressure from the black hole along with concurrent

star formation and nearby supernovae are likely to have had a substantial impact

on the host galaxy (Jeon et al., 2012). Lower mass minihaloes with shallower grav-

itational potential wells (Mvir . 105–107 M�) would have been especially suscep-

tible to radiative feedback, which potentially depleted the reservoir of gas needed

to fuel black hole growth (Whalen et al., 2004; Wise et al., 2012a). The viabil-

ity of the DCBH mechanism also relies on the regulation of chemical feedback

because molecular hydrogen and metal cooling induces fragmentation (Hartwig

et al., 2016, and recall figure 4.2). Therefore, the eventual DCBH formation sites

must remain free from star formation during collapse. Furthermore, the emission

of UV and X-ray photons promotes H2 formation and increases the critical LW flux

needed to form DCBHs (Inayoshi & Tanaka, 2015; Latif et al., 2015).

A particularly interesting source of feedback in DCBH environments is Lyα

photon trapping. In the vicinity of a newly collapsing primordial gas cloud, the

surrounding neutral hydrogen is extremely optically thick to photons near the Lyα
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Figure 4.3: Illustration of the galactic outflow model for the Lyα emitter CR7. A
strong source of radiation drives an expanding shell of gas from the centre through
the interstellar medium (ISM). The Lyα photons are redshifted by the outflow and
then transmitted through the intergalactic medium (IGM) which lies between the
distant galaxy and the observer. The combined radiative transfer through the ISM
and the IGM determines the observed Lyα line profile.

resonant line. In one-dimensional simulations, a dense shell-like outflow struc-

ture forms in hydrodynamical response to the central source ionizing and heating

of the gas. As illustrated in figure 4.3, the Lyα photons are redshifted by the

galactic outflow, producing a velocity offset that may result in considerably less

scattering out of the line of sight by the intervening intergalactic medium (IGM).

The complex nature of the Lyα radiative transfer means that explorations of Lyα

feedback tend to focus on order-of-magnitude estimates based on idealized calcu-

lations (Oh & Haiman, 2002; McKee & Tan, 2008; Milosavljević et al., 2009). With

the aid of post-processing Monte-Carlo radiative transfer (MCRT) methods, Dijk-

stra & Loeb (2008) found that multiple scattering within high H i column density

shells is capable of enhancing the effective Lyα force by one or two orders of mag-

nitude. The first self-consistent Lyα radiation hydrodynamics (RHD) simulations

were performed by Smith et al. (2017b), who coupled a MCRT code (colt; Smith
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et al., 2015) with spherically symmetric Lagrangian frame hydrodynamics includ-

ing ionizing radiation, non-equilibrium chemistry and cooling, and self-gravity.

They found that Lyα radiation pressure may have a significant dynamical impact

on gas surrounding DCBHs, with Lyα signatures characterized by larger veloc-

ity offsets than stellar counterparts if, in both cases, the Lyα spectra are shaped

by radiation-driven winds. Finally, it has recently been suggested that trapped

Lyα cooling radiation may enhance the formation of DCBHs by accounting for the

photodetachment of H− ions, precursors to H2, by Lyα photons during collapse

(Johnson & Dijkstra, 2017).

4.5 Observational Evidence for DCBHs

The DCBH scenario has received increased popularity as theoretical predic-

tions agreed with multiple lines of observational evidence. Although individual

cases currently remain tenuous, there is good reason to believe SMBH progen-

itor candidates may be observationally confirmed with the capabilities of next-

generation observatories. Recently, the luminous COSMOS redshift 7 (CR7) Lyα

emitter at z = 6.6 was confirmed to have exceptionally strong Lyα (& 8×1043 erg s−1)

and possible He ii 1640 Å (∼ 2 × 1043 erg s−1) emission with no detection of metal

lines from the UV to the near-infrared within instrumental sensitivity (Matthee

et al., 2015; Sobral et al., 2015). As a result, several groups have considered the

CR7 source in the context of a young primordial starburst or DCBH (Pallottini

et al., 2015; Agarwal et al., 2016; Hartwig et al., 2016; Visbal et al., 2016; Dijk-

stra et al., 2016a; Smidt et al., 2016). In Smith et al. (2016), we examined and

reproduced several Lyα signatures of the CR7 source under the Lyα RHD frame-

work discussed in the section above (see also figure 4.3). As shown in figure 4.4,
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Figure 4.4: Observed line-of-sight flux as a function of Doppler velocity ∆v =
c∆λ/λ for the stellar and DCBH models. The grey curves are intrinsic profiles,
the black curves represent a plausible reprocessing due to scattering in the IGM.
The observed velocity offset of 160 km s−1 in the high-redshift galaxy CR7 (vertical
line) is reproduced in the DCBH case. The uncertainty due to DEIMOS/Keck and
X-SHOOTER/VLT spectral resolution is marked by grey regions.

the DCBH model reproduces the observed 160 km s−1 velocity offset between the

Lyα and He ii line peaks, whereas the stellar model fails. We also found that Lyα

radiation pressure turns out to be dynamically important in the case of CR7.

However, more recently, Bowler et al. (2017) obtained deeper observations of

CR7. The authors claim the new photometry cannot be reproduced by a DCBH

spectral energy distribution (SED), suggesting instead that the broadband mea-

surements may be contaminated by forbidden, doubly-ionized oxygen [O iii] emis-
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sion lines. They propose that CR7 can be classified as a more standard low-mass,

narrow-line AGN or a low-metallicity starburst getting the hard SED from massive

stellar binaries. In contrast, Pacucci et al. (2017) argue that the new photometry is

still consistent with the DCBH model. Either way, deep spectroscopy with future

telescopes will be needed to discriminate convincingly between particular mod-

els (see also Agarwal et al., 2017). In the near future, other sources similar to

CR7 may provide additional constraints on early galaxy and quasar formation. In-

deed, Pacucci et al. (2016) identified two objects characterized by very red colours

and robust X-ray detections in the CANDLES/GOODS-S survey with photomet-

ric redshift z & 6 representing promising black hole seed candidates. We note that

these objects were selected based on currently available Hubble Space Telescope and

Chandra Space Telescope data.

Another independent argument for the existence of DCBHs is found in corre-

lations between the cosmic infrared and X-ray backgrounds (CIB and CXB), which

represent the cumulative light from faint, unresolved sources in the respective

wavelength ranges (Cappelluti et al., 2013). The specific signal is encoded within

the source-subtracted CIB fluctuations after accounting for foreground stars and

galaxies (for additional details see Kashlinsky et al., 2005, 2012). Although other

models may also explain the observations, DCBHs have been implicated as a nat-

ural way to produce enough IR and X-ray emission without over-ionizing the uni-

verse during the epoch of reionization (Yue et al., 2013; Helgason et al., 2016).

4.6 Outlook for the Future

Finally, we consider the prospects for unveiling the nature of supermassive

black hole seeds with next-generation facilities. Continuing technological ad-
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Figure 4.5: Projected gas density from an ab initio cosmological simulation in
which primordial gas undergoes direct collapse to a black hole (DCBH). The gas
flows along filaments of dark matter that form a cosmic web structure in the early
universe. The first galaxies and black holes formed at the intersection of these fil-
aments. The three panels show the cosmic web, host galaxy and the opaque gas
cloud during SMBH seed formation at redshift z ≈ 11.6 corresponding to 385 Myr
after the Big Bang. For comparison, the 2.2′×2.2′ field of view for the JWST is about
400 times larger in area than the left panel. The circles in the middle panel show
the 0.032′′ (solid) and 0.065′′ (dashed) pixel resolution of the NIRCam instrument
on board the JWST for the 2 µm and 4 µm channels, respectively. The central re-
gion where the DCBH forms is deeply embedded in the surrounding cloud (right
panel) and remains spatially unresolved in this simulation.

vances are going to allow us to probe the high-redshift universe in unprecedented

detail. This includes the characterization of individual objects and integrated

backgrounds based on observations in the radio, infrared, optical and X-ray wave-

lengths. Furthermore, space-based gravitational wave detectors will constrain

SMBH merger models. Lastly, high-resolution simulations of black hole environ-

ments with multiscale physics will continue to refine our understanding of the

formation and evolution of galactic black holes.

The James Webb Space Telescope (JWST) and giant segmented mirror telescopes1

may allow direct observations of the first galaxies and quasars. In particular, the
1 Telescopes with integral field spectrographs and adaptive optics imaging will include the

Giant Magellan Telescope (GMT; www.gmto.org), Thirty Metre Telescope (TMT; www.tmt.org),
and the European Extremely Large Telescope (E-ELT; www.eso.org/sci/facilities/eelt).
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Near-Infrared Camera (NIRCam) and Near-Infrared Spectrometer (NIRSpec) in-

struments on board the JWST will be capable of obtaining deep photometric and

spectroscopic observations. The new data will yield a more complete census of

galaxies from the first billion years of cosmic history, possibly including their red-

shifts, spectral energy distributions, star formation rates, metallicity, and emission

line properties. As a reference, figure 4.5 illustrates the gas density from an ab ini-

tio cosmological simulation in which primordial gas undergoes the direct collapse

to a black hole (Becerra et al., 2018b). We show the galaxy at different scales to

highlight the filamentary large-scale structure, gas distribution and opaque cloud

within a sub-parsec region.

Several other complementary observatories will contribute to the emerging

picture as well. For example, black holes often produce jets with strong radio

emission, which may be observed at higher redshifts with the Atacama Large Mil-

limeter Array (ALMA2). Upcoming 21-cm cosmology experiments, such as the

Square Kilometre Array (SKA3), will map the distribution of neutral hydrogen

over the course of early cosmic history through reionization, providing a better

understanding of the contribution of high-redshift quasars to this process. Future

observations will also provide better measurements of the cosmic infrared and

X-ray backgrounds which exhibit a correlation that might be explained by unre-

solved massive black holes in faint galaxies. Eventually, many of these sources will

be resolved and characterized as the proposed Lynx and Athena X-ray telescopes

detect high-energy emission from distant SMBHs. Deep surveys of nearby dwarf

galaxies might also reveal traces of the black hole seeding mechanism due to their

relative isolation after formation. Finally, the planned Laser Interferometer Space

Antenna (eLISA4) promises to directly detect these massive black holes via merg-
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ers, extending gravitational wave astronomy from the stellar-mass events recently

detected with the Laser Interferometer Gravitational-Wave Observatory (LIGO5)

to the DCBH mass range.

4.7 Simulations

The field of black hole research will benefit from the steady progress in compu-

tational algorithms and hardware, as high-resolution hydrodynamical simulations

will provide additional insights into the process of SMBH formation. In particular,

fully coupled radiation-hydrodynamics simulations will be crucial to elucidate the

astrophysical phenomena responsible for the rapid growth of the first black holes.

Pioneering simulations typically focus on specific aspects of larger questions in

order to balance algorithmic complexity, resolution and computational feasibil-

ity. Eventually, it will be possible to apply more efficient and robust methods to

problems with broader applicability. For example, incorporating effects based on

accurate but traditionally expensive techniques, such as 3D Monte-Carlo radiative

transfer, will be increasingly viable and worthwhile. The goal of these simulations

is to connect what can be directly observed with what is ultimately powering these

sources, however challenging this may be. A smoking-gun signature of an individ-

ual DCBH may be beyond the capabilities of next-generation telescopes, but the

emergence of multiple independent lines of evidence might present a compelling

picture in which massive black hole seeds bridge the gap in understanding the

genesis of the first quasars.

2www.almaobservatory.org
3skatelescope.org
4www.elisascience.org
5www.ligo.org
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Chapter 5

Evidence for a Direct Collapse Black Hole

in the Lyman-Alpha Source CR71

5.1 Introduction

Before the formation of the first stars and galaxies the cold, expanding Universe

was in a state known as the cosmic dark ages. Eventually, gravitational instabilities

seeded the growth of dark matter minihaloes with typical mass Mh ∼ 105−7 M�,

hosting a generation of massive Population III (Pop III) stars with a primordial gas

composition. The first stars began the process of reionizing the Universe. Over

time several of these haloes merge to form atomic cooling haloes with typical mass

Mh ∼ 107−9M� by z ∼ 10, corresponding to the first bona fide galaxies (Bromm &

Yoshida, 2011; Loeb & Furlanetto, 2013). By this time star formation likely con-

sisted of both Pop III and metal enriched Pop II stars (Jeon et al., 2015), although

in principle pockets of pristine gas could persist to later redshifts (Pallottini et al.,

2014; Ma et al., 2015). In addition to chemical evolution, the first galaxies experi-

enced significant radiative and mechanical feedback (Pawlik et al., 2013). Under-

standing the formation of the first galaxies and their subsequent evolution pro-

vides important insights on the remainder of cosmic history and the transition to

present-day galaxies.
1This chapter has been published as Smith, A., Bromm, V., Loeb, A., 2016, MNRAS, 460, 3143.

V. Bromm and A. Loeb supervised the project.
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The high-z observational frontier is constrained by the ability of current in-

frared technologies to detect increasingly faint and distant galaxies. However,

the upgraded capabilities of the Hubble Space Telescope (HST) in combination with

large aperture ground-based observatories has allowed deep broadband photom-

etry and spectroscopic confirmation of a number of galaxies at z > 6.5 (Bouwens

et al., 2011; Finkelstein et al., 2013; Oesch et al., 2015; Stark et al., 2015; Zitrin

et al., 2015). As predicted by Partridge & Peebles (1967a), proto-galactic star for-

mation would produce powerful intrinsic Lyα luminosities, although the increas-

ing neutral hydrogen fraction in the diffuse intergalactic medium (IGM) signifi-

cantly suppresses Lyα transmission for sources at z > 6.5 (Dijkstra, 2014; Mesinger

et al., 2015). Still, galaxies with strong Lyα emission are more likely to be detected

with substantial outflows or clustered within locally ionized bubbles and web-like

morphologies (Jensen et al., 2013; Kakiichi et al., 2016; Smith et al., 2015). De-

spite attenuation from the neutral IGM one might hope to infer properties of the

emission source, galaxy, and IGM based on the altered Lyα line profile, physical

size of the Lyα emitting region, continuum spectral energy distribution (SED), and

relative strength of Lyα, Hα, and He ii 1640 Å nebular emission lines (Schaerer,

2002; Johnson et al., 2009; Pawlik et al., 2011).

Recent follow-up observations of the Lyα emitter “CR7” (COSMOS redshift 7)

at z = 6.6 by Sobral et al. (2015) confirmed the presence of strong He ii emission

with no detection of metal lines from the UV to the near infrared (see also Matthee

et al., 2015). As the most luminous Lyα emitter at z > 6, the CR7 source may be

the first detection of a massive (& 107 M�) Pop III star cluster. Deep HST imaging

reveals three clumps (A, B, and C) in close proximity (∼ 5 kpc). Component A

dominates the rest-frame UV and is also coincident with both the He ii emission
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and the centre of the Lyα emitting region. Clumps B and C are much redder and

likely dominate the mass of the system. Because a normal stellar population fails

to reproduce the excess Lyα and He ii luminosities, Sobral et al. (2015) suggest a

composite spectrum in which clump A is fit by a pure Pop III SED and clumps

B+C are comprised of enriched populations. If CR7 does indeed host a Pop III star

cluster with a top-heavy initial mass function (IMF) then we are likely viewing a

rare starburst with an age of less than a few Myr (Pallottini et al., 2015; Hartwig

et al., 2016; Visbal et al., 2016).

On the other hand, the Lyα emission from CR7 may also be due to accretion

onto a (∼ 105−6 M�) black hole. At this redshift the black hole growth time would

have been limited to perhaps . 500 Myr providing a strong case for so-called “di-

rect collapse” black holes (DCBHs) (Bromm & Loeb, 2003), especially given the

existence of supermassive black holes (SMBHs) of a few billion solar masses ob-

served in z > 6 quasars (Fan et al., 2006). The DCBH formation scenario is explored

in detail for the CR7 Lyα emitter with the models of Pallottini et al. (2015), Agar-

wal et al. (2016), and Smidt et al. (2016). Furthermore, Hartwig et al. (2016) use

merger tree models to statistically argue against a Pop III starburst explanation

based on their short lifetimes and earlier metal enrichment. Either way, the CR7

enigma is that a massive system was able to maintain a low-metallicity environ-

ment down to z = 6.6. However, under optimistic assumptions a DCBH is a likely

outcome for pristine haloes exposed to strong Lyman-Werner radiation (Hartwig

et al., 2016). Despite the theoretical uncertainties regarding its nature, the CR7

source has tantalizing significance as it opens up additional possibilities for direct

observational constraints on first galaxy and quasar formation.

The remainder of this paper is devoted to a discussion of Lyα radiative transfer

155



and radiation pressure in the context of the CR7 source. Stellar feedback has been

observed to drive molecular gas outflows in the SDSS J0905+57 (redshift z = 0.712)

compact starburst galaxy (Geach et al., 2014), and we expect a similar mechanism

to operate for Lyα radiation pressure in high-z, low metallicity environments (Di-

jkstra & Loeb, 2008, 2009). For a discussion of Lyα feedback in a more general con-

text see Smith et al. (2017b). In the case of the CR7 Lyα emitter, high-resolution

spectroscopy has revealed a +160 km s−1 velocity offset between the Lyα and He ii

line peaks, which is indicative of an outflow signature and/or Lyα scattering in

the IGM (Sobral et al., 2015). A redshifted Lyα line is common in Lyman-α emit-

ting galaxies at z . 3 (Steidel et al., 2010; Erb et al., 2014; Hashimoto et al., 2015;

Yang et al., 2016), nonetheless it is particularly interesting to consider Lyα radi-

ation pressure assisted outflows in the context of CR7. An additional constraint

from CR7 (clump A) is the spatial extent of the Lyα emitting region (∼ 16 kpc

physical). We therefore examine the effect of radiative feedback on these Lyα ob-

servables, including Lyα photon trapping and ionizing radiation. In Section 5.2 we

introduce our simulation model and methodology. In Section 5.3 we present the

radiation hydrodynamics and Lyα radiative transfer results. Finally, in Section 5.4

we provide a summary and conlusions.

5.2 Modeling the CR7 system

5.2.1 Basic observational properties

The luminous Lyα emitter CR7 at z ≈ 6.604+0.001
−0.003 stands out for its exceptional

Lyα and He ii 1640 Å line emission but absence of metal lines. High-resolution

spectroscopy reveals a narrow Lyα line with a FWHM width of 266±15 km s−1
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and luminosity of Lα > 8.32 × 1043 erg s−1. This is a lower limit because a sig-

nificant fraction of the Lyα photons could have been ‘eliminated’ from the line

of sight due to radiative transfer effects within the galaxy, absorption by dust,

anisotropic escape, and scattering by residual H i in the IGM. The He ii 1640 Å

line emission on the other hand is free from these complications, therefore we as-

sume the observed luminosity of LHe ii = 1.95× 1043 erg s−1 accounts for the entire

emission. This implies a line ratio of He ii/Lyα . 0.22 and an ionizing flux ratio of

Q(He+)/Q(H) . 0.42, corresponding to a hard blackbody spectrum with effective

temperature Teff > 100 kK (Bromm et al., 2001b; Schaerer, 2002).

The observed CR7 properties provide a strong case for either a young primor-

dial starburst or direct collapse black hole. Given that the halo mass of clump A is

Mh,A ≈ 3× 1010 M� and the baryonic mass is Mgas,A . 5× 109 M� it is not impos-

sible for a massive (& 107 M�) Pop III star cluster to produce the observed He ii

emission, although this is pushing standard star formation theory to the extreme.

In comparison, Pop II stars fall short by many orders of magnitude (Hartwig et al.,

2016). Furthermore, the nondetection of metal lines strongly suggests that super-

nova feedback is not present in CR7. The relatively narrow Lyα line eliminates the

possibility of Wolf-Rayet stars and active galactic nuclei (AGN) as the Lyα source

as they produce broader lines with FWHM & 103 km s−1 (Brinchmann et al., 2008).

The proposal that CR7 is powered by a DCBH does not necessarily imply a simi-

larly broad Lyα line. Quasar lines originate from the broad line region (BLR) near

the vicinity of the black hole, which is made of small gas clouds each contribut-

ing a narrow portion of the broad line according to its line-of-sight velocity. The

narrow line could be due to recombinations and resonant scattering not associ-

ated with a fully developed BLR, or to narrowing during transmission through the
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IGM.

The +160 km s−1 velocity offset between the Lyα and He ii line peaks is most

likely caused by an outflow within clump A. It is important to consider the uncer-

tainty on the velocity offset, which is associated with the measured Lyα line width,

the redshift estimates, and the spectral resolution. Although the line is broader

than the offset it is sharply peaked so the FWHM greatly overestimates the un-

certainty. The redshift confidence range σz ≈ 0.001 implies a potential redshift

uncertainty of at least σ∆v,z ≈ cσz/(1 + z) ≈ 40 km s−1. The spectral resolution of

DEIMOS/Keck was 0.65 Å pix−1, which corresponds to an uncertainty of σ∆v,Keck ≈

c∆λ/[λα(1 + z)] ≈ 21.1 km s−1. The NIR observations with X-SHOOTER/VLT had

a resolution of R ∼ 5300, corresponding to σ∆v,VLT ≈ c/R ≈ 56.6 km s−1 (Sobral

et al., 2015). The spatial extent of the Lyα emitting region is concentrated well

within the virial radius of rvir,A ≈ 13.3 kpc. If the offset was caused by scatter-

ing in the IGM the Lyα halo would be much more extended (Loeb & Rybicki,

1999). Resonant scattering in a uniform static sphere requires an optical depth

at line centre of τ0 ≈ 5×106T −1
4 [∆v/(160 km s−1)]3 to produce the necessary offset,

where we have normalized the gas temperature according to T4 ≡ T /(104 K), see

the discussion following equation (34) in Smith et al. (2015). Assuming an approx-

imately isothermal density profile, clump A would have τ0 & 1011 if it remained

neutral. Therefore, the effective optical depth must be reduced by a significant

velocity gradient and ionization fraction. In this low-metallicity environment the

possible outflow mechanisms are hydrodynamical gas pressure, ionizing radiation

pressure, and Lyα radiation pressure. We therefore simulate each of these self-

consistently in order to determine the effect on the key observables.
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5.2.2 Numerical methodology

The simulations in this paper employ the Lyα radiation hydrodynamics (RHD)

methods described and tested in Smith et al. (2017b), which we briefly review

now. For computational efficiency and model simplicity we focus on spherically

symmetric profiles for this paper. Therefore, we solve the RHD equations in the

Lagrangian framework with derivatives denoted by the uppercase differential op-

erator D(•)/Dt ≡ �(•)/�t + v · ∇(•). The equations for conservation of mass, mo-

mentum, and total energy with terms accurate to second order in (v/c) are

Dρ

Dt
+ ρ∇·v = 0 , (5.1)

Dv
Dt

+
∇P
ρ

= −∇Φ +aα +aγ , (5.2)

Dε
Dt

+ P
D(1/ρ)
Dt

=
Γ −Λ
ρ

, (5.3)

where ρ is the density, v the velocity, P the pressure, and ε is specific internal

energy. Our spherically symmetric hydrodynamics solver is based on the von

Neumann-Richtmyer staggered mesh scheme described in Von Neumann & Richt-

myer (1950), Mezzacappa & Bruenn (1993), and Castor (2004). This has the ad-

vantage of adaptive resolution, allowing the grid to follow the motion of the gas.

Artificial viscosity is included in order to damp numerical oscillations near shocks.

Finally, we assume an ideal gas equation of state so the pressure is specified by

P = (γad − 1)ρε, where in primordial gas we use an adiabatic index of γad = 5/3.

The source terms are related to the gravitational potential Φ , acceleration due

to Lyα photons aα, acceleration from ionizing radiation aγ , and volumetric pho-

toionization heating minus radiative cooling rates, Γ −Λ. In our model the grav-

itational acceleration includes gas, dark matter, and dark energy components as

agrav = −∇Φ = −GM<r r̂/r
2 +H2

0ΩΛr, where M<r is the enclosed mass, H0 is the
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Hubble constant, and ΩΛ is the dark energy density in units of the present-day

critical density. The dark energy component has a negligible effect at these red-

shifts but is included for completeness. Thus, we adopt physical units for cosmo-

logical simulations and directly account for Hubble flow via the initial velocity

field. The Lyα radiation pressure is accurately calculated with the Cosmic Lyα

Transfer code (colt) according to the Monte-Carlo implementation described in

Smith et al. (2015, 2017b).

Because the ionization state of the gas can greatly affect Lyα radiative transfer

we also self-consistently simulate ionizing radiation. We solve the time-dependent

transfer equation in an explicitly photon-conserving manner in order to accurately

follow the evolution of the ionization front (Abel et al., 1999). Following Pawlik

& Schaye (2011) and Jeon et al. (2014) we collect the photons into three bands ac-

cording to the ionization energies of H i, He i, and He ii, or 13.6 eV, 24.6 eV, and

54.4 eV, respectively. Absorption and heating are treated in the grey approxima-

tion using the source intensity to compute the photon emission rates Ṅion,i as well

as expectation values for photoionization cross-sections 〈σx〉i and energy transfer

per ionizing photon 〈εx〉i , where the subscript i ∈ {1, 2, 3} denotes the particular

band and the subscript x ∈ {H i, He i, He ii} denotes the species. These quanti-

ties completely describe the central source of ionizing radiation in our models.

Finally, we also solve the rate equations for a primordial chemistry network con-

sisting of H, H+, He, He+, He++, and e− (Bromm et al., 2002). Reactions affecting

these abundances include photoionization, collisional ionization, and recombina-

tion while cooling mechanisms also include collisional excitation, bremsstrahlung,

and inverse Compton cooling (Cen, 1992). As photoionization can rapidly affect

the chemical and thermal state of the gas we employ timestep sub-cycling to ac-
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curately follow the evolution.

For the initial simulation setup we adopt an idealized model galaxy with the

observed properties of the CR7 system. For simplicity we assume an NFW dark

matter halo profile and thereby calculate the dark matter gravitational contribu-

tion analytically. Specifically, the dark matter density is ρDM(r) = ρDM,0R
3
S/[r(RS +

r)2] with a concentration parameter of cNFW ≡ Rvir/RS ≈ 5, where Rvir is the virial

radius and RS is the scale radius. The gas follows an isothermal density profile

with ρ(r) = ρvir(r/Rvir)−2 until it reaches the background IGM density ρIGM(z). The

galactic gas starts off cold and neutral, with an initial temperature set by the cos-

mic microwave background at T = 2.725 K (1 + z). The exact value makes little

difference as the gas quickly becomes hot and ionized within the growing H ii re-

gion. The simulation begins at redshift z = 6.6 and continues for 10− 100 Myr.

5.2.3 Possible sources

The delayed Pop III starburst and massive black hole (MBH) scenarios are char-

acterized by central emission with different source parameters. Each model is

normalized to match the He ii emission rate which we calculate to be ṄHe ii ≈

3.44 × 1054 s−1 (Bromm et al., 2001b; Schaerer, 2002). The specific source pa-

rameters for each model considered in this paper are presented in Table 5.1. The

fiducial Pop III case is calculated from a blackbody spectrum with effective tem-

perature Teff = 100 kK. We also consider modified scenarios in which (i) the Lyα

luminosity is boosted by an order of magnitude and (ii) the ionizing emission rates

are reduced by an order of magnitude as a crude approximation for continuum

leakage within a one-dimensional setting. The ∼ 105 M� black hole case is based

on the popular DCBH formation model, although our use of the MBH acronym
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allows for other formation scenarios. We model the MBH according to the non-

thermal Compton-thick spectrum presented by Pacucci et al. (2015a). Specifically,

we use the supplemental data provided by the authors to calculate typical ion-

ization rates for their low-density profile, standard accretion scenario at . 75 Myr.

The Pop III and MBH SEDs differ significantly, which is apparent by comparing the

photon emission rates, photoionization cross-sections, and energy transfer per ion-

izing photon in Table 5.1. The Compton-thick MBH environment reprocesses the

broadband spectrum such that only X-ray and non-ionizing photons remain. Note,

for simplicity we model the cascade of multiple ionization and heating events ex-

perienced by the X-ray photons with a ‘one-shot’ approximation, where all the

energy is transferred in a single scattering (e.g. Shull & van Steenberg, 1985).

The ionizing photons are responsible for heating the gas within the galaxy and

thereby produce a high-velocity shock. The Strömgren radius for such a strong

source surrounded by the neutral IGM with a background density of nH i
|z=6.6 ≈

4.3 × 10−4 cm−3, Case B recombination coefficient aB ≈ 2.59 × 10−13cm3s−1, and

rate of ionizing photons Ṅion ≈ 5× 1054 s−1 is of order rS ≈ [3Ṅion/(4πn
2
H i
αB)]1/3 ∼

1 Mpc. Therefore, the CR7 source is capable of ionizing its own local super bubble.

Furthermore, the ionization parameters and resultant state of the gas has a strong

impact on the emergent Lyα spectra. The modifications to our fiducial models are

designed to explore the impact of source parameters and gain additional physical

insight.
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Figure 5.1: Radial position rsh and velocity vsh of the expanding shell for each
model. The Pop III and MBH models are shown by the solid black and red curves,
while the Boost and Leak modifications are denoted by dashed and dotted curves
of the corresponding color. The grey dash-dotted curves are fits using Equa-
tion (5.5), only provided for the Boost models to avoid overcrowding the figure.
For reference, β = 0.26 (0.15) for the Pop III (MBH) Boost case. The thin curves
represent simulations without Lyα coupling, demonstrating that Lyα radiation
pressure is dynamically important. The radius was selected based on the peak
number density within the shell.
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Table 5.1: Summary of the source parameters for the Pop III and black hole
models. The ‘boost’ and ‘leak’ modifications respectively increase the Lyα lu-
minosity or reduce the ionizing photon rate. The Lyα luminosity is taken to be
Lα = 0.68hνα(1 − f ion

esc )Ṅion where hνα = 10.2 eV, f ion
esc is the escape fraction of ion-

izing photons, and Ṅion =
∑
Ṅion,i .

Model Pop III Black Hole Boost Leak
Lα [erg s−1] 6.53× 1044 3.82× 1043 ×10 –
Ṅion,1 [s−1] 2.63× 1055 0 – ÷10
Ṅion,2 [s−1] 2.90× 1055 0 – ÷10
Ṅion,3 [s−1] 3.44× 1054 3.44× 1054 – ÷10
Ṅion [s−1] 5.88× 1055 3.44× 1054 – ÷10
〈σH i
〉1 [cm2] 3.00× 10−18 0 – –

〈σH i
〉2 [cm2] 5.69× 10−19 0 – –

〈σH i
〉3 [cm2] 7.88× 10−20 2.61× 10−23 – –

〈σHe i〉2 [cm2] 4.67× 10−18 0 – –
〈σHe i〉3 [cm2] 1.48× 10−18 7.42× 10−21 – –
〈σHe ii〉3 [cm2] 1.05× 10−18 5.66× 10−22 – –
〈εH i
〉1 [eV] 3.85 0 – –

〈εH i
〉2 [eV] 17.5 0 – –

〈εH i
〉3 [eV] 48.4 579 – –

〈εHe i〉2 [eV] 8.01 0 – –
〈εHe i〉3 [eV] 38.5 728 – –
〈εHe ii〉3 [eV] 7.89 550 – –

5.3 Simulation results

5.3.1 Outflow Structure

Soon after the central source turns on the gas within the galaxy becomes hot

and ionized. Eventually a dense shell forms in hydrodynamical response and ex-

pands in accordance with conservation of momentum. If we assume the shell con-

tinually accumulates mass as it sweeps outward into an isothermal density profile

then the mass grows with radius as m(r) = 4π
∫ r

0
ρ(r ′)r ′2dr ′ ∝ r. We may extend the

analysis by considering power-law profiles with m(r) = m0(r/r0)β where β ∈ (0,1)

and the subscript 0 denotes a specified moment in time. Therefore, momentum
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conservation dictates that

d(mv)
dt

=
d
dt

m0

(
r
r0

)β
ṙ

 = F(t) , (5.4)

where F(t) is the force on the shell. Examples of the force contributions are from

Lyα photons ∼ Lα/c, gravity ∼ Gm(r)M(< r)/r2 ∝ rβ−1, and gas pressure ∼ 4πr2ρc2
s

where cs is the sound speed. In the case that these forces vary slowly in time or are

small compared to the initial kick, Equation (5.4) admits the following power-law

solution for the shell’s motion:

f ≡ 1 + (1 + β)
(t − t0)
r0

(
v0 +

a0

2
(t − t0)

)
,

r(t) = r0f
1

1+β and v(t) = [v0 + a0(t − t0)]f
−β

1+β , (5.5)

where at time t0 the radius, velocity, and acceleration are respectively r0, v0, and

a0. Equation (5.5) provides a reasonable description of the evolution at late times,

despite the apparent breakdown in the validity of our assumptions early on. The

radial expansion of the shells in each of the simulation models is shown in Fig. 5.1.

The shell maintains a vsh & 100 km s−1 outflow throughout the simulation. We also

show that Lyα radiation pressure significantly impacts the shell velocity, which is

evident in comparison to simulations without Lyα coupling included. Further-

more, as expected, the Lyα feedback is noticeably more effective in the models

with a boost in Lyα luminosity or an ionizing continuum leakage.

Similarly, we present radial profiles of the gas number density and velocity

at various stages throughout the MBH simulation in Fig. 5.2. The evolution of the

shell outflow is qualitatively similar in each of the models with slight differences in

shape. At late times, e.g. as reflected in the 60 Myr curve, the sharp shock features

naturally dissipate as it continues to propagate into lower density gas. In Fig. 5.3

we consider the radial acceleration due to Lyα photons, gas pressure, ionizing
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Figure 5.2: Evolution of the gas number density n and velocity v for t =
{1,2,3,5,8.5,20,60}Myr for the MBH model. The dotted curves are from a higher
resolution simulation while the dashed curves are from a lower resolution sim-
ulation. The shell outflow structure is the predominant feature throughout the
hydrodynamical simulation. The other models also exhibit qualitatively similar
radial profiles.

radiation, and gravity (dark matter + baryons). The relative importance of Lyα

feedback and hydrodynamical pressure is inverted between the Pop III and MBH

cases. In the massive black hole case Lyα radiation undergoes significant trapping

within the shell and Lyα feedback is dominant within the shell. However, due to

resonant scattering in expanding media the photons emerge redward of line centre

and therefore the Lyα force is reduced. One of the predominant features in both

models is that the gas pressure is strongly peaked at the expanding shell front.
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Pop III (upper) and MBH (lower) models are shown 3 Myr into the simulation.
Lyα trapping can be quite significant. We note that aP < 0 inside the shell due to a
negative pressure gradient (shown as dashed lines).

Finally, ionizing momentum transfer roughly traces the neutral gas density and is

therefore dynamically unimportant once the gas is ionized.

5.3.2 Velocity offset

We now consider whether the models self-consistently reproduce the velocity

offset observed between the Lyα and He ii lines. Figure 5.4 shows the typical Lyα

line flux for the Pop III and MBH models from early to late times of 0.5 Myr, 3 Myr,
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and 8 Myr. Although each simulation environment is highly ionized by this time

the two sources yield vastly different spectral profiles. This may be understood

in terms of the residual H i within the expanding shell. As seen from Table 5.1,

the Pop III source has a much higher hydrogen effective ionization cross-section

than the black hole emission. In fact, the degree of ionization is such that Lyα

photons emerge without a significant systemic velocity offset. On the other hand,

the ionizing radiation in the MBH model leaves sufficient H i so that Lyα resonant

scattering becomes coupled to the outflow. Therefore, the observed velocity offset

provides a powerful hint into the nature of CR7 and provides an argument against

a 105 K blackbody radiation source as might be produced from Pop III stars. In

Figure 5.5 we show the time evolution of the velocity offset for the red peak of

the intrinsic line-of-sight flux, which is fairly constant throughout the simulations

demonstrating the robustness of these models.

We use the frequency dependent transmission curve of Laursen et al. (2011) to

account for subsequent scattering of Lyα photons out of the line of sight. Specif-

ically, we use their “benchmark” Model 1 curve at z ≈ 6.5 as described in rela-

tion to their figures 2 and 3. The curve is a statistical average of a large number

of sightlines (& 103) cast from several hundreds of galaxies through a simulated

cosmological volume. Any IGM model should be considered in the context of sta-

tistical variations depending on the particular galaxy and sightline. However, for

concreteness we multiply their average IGM transmission curve with our intrin-

sic Lyα spectra when discussing the CR7 observables for the Laursen et al. (2011)

model.

Our second treatment of transmission through the IGM represents a plausible

reprocessing of the spectrum based on the analytic prescription of Madau & Rees
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(2000). Lyα photons are removed from the line of sight flux according to their

likelihood of undergoing even a single scattering event. In an Einstein-de Sitter

universe with a uniform, neutral IGM the optical depth of the red damping wing

of the Gunn-Peterson (GP) trough is

τred
GP =

τ0(z)

πR−1
α

(
1− ∆v

c

)3/2∫ xH ii

xre

dx x9/2

(1− x)2 +R2
αx6

, (5.6)

where Rα ≡ Λαλα/(4πc) ≈ 2 × 10−8, the optical depth at line centre is τ0(z) ≈ 5 ×

105 [(1+z)/7.7]3/2, and the dimensionless parameters are given by xi = (1−∆v/c)(1+

zi)/(1 + z). The limits of integration are set by a cutoff at the reionization redshift

zre ≈ 6 and the size of the ionized bubble around the source via zH ii
corresponding

to a physical radius of rH ii
≈ 500 kpc. Calculations of Lyα observables are based on

the intrinsic line of sight flux attenuated by this approximate transmission through

the IGM, i.e. Fλ,obs ≡ Fλe−τIGM . As illustrated in Fig. 5.4 the observed luminosity

may be reduced substantially with a ratio of L/Lobs ≈ 46 and ≈ 1.6 for the Pop III

and MBH cases, respectively, under the Laursen et al. (2011) IGM model. For the

τred
GP IGM model the ratio is L/Lobs ≈ 7.7 and ≈ 4.7 for the Pop III and MBH cases.

5.3.3 Spatial extent

An additional observational constraint from CR7 is the ∼ 16 kpc spatial extent

of the Lyα emitting region. To examine this we show the evolution of the radial

Lyα surface brightness profile in Fig. 5.6 for the Pop III and MBH models. As the

shell expands the central intensity is reduced while the outer intensity increases.

The drop in brightness at the shell front is much sharper in the black hole model

than the Pop III case due to the more efficient Lyα trapping. The observed sur-

face brightness reflects the estimated transmission through the IGM based on the
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Figure 5.4: Radial profile of the flux due to Lyα photons aα, gas pressure aP, ion-
izing radiation aγ , and gravity agrav (dark matter + baryons). Both the Pop III
(upper) and MBH (lower) models are shown 3 Myr into the simulation. Lyα trap-
ping can be quite significant. We note that aP < 0 inside the shell due to a negative
pressure gradient (shown as dashed lines).

models of Laursen et al. (2011) and that of Equation (5.6). Photons that scatter

toward an observer at larger radii are typically closer to line centre and therefore

suffer greater absorption. Specifically, for the MBH model we find an intrinsic to

observed ratio of SBr /SBr,obs ≈ {1.2,2,7,20} at r ≈ {0.05,1,10,20} kpc, respectively,

under the Laursen et al. (2011) IGM model. For the τred
GP IGM model the ratio is

SBr /SBr,obs ≈ {4,6.5,7.5} at r ≈ {0.05,1,20} kpc, respectively.

Complementary to the radial surface brightness profile is the spectral line in-
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tensity as would be observed along a slit in the radial direction. Figure 5.7 illus-

trates such a measurement for the MBH model at simulation times of 3 Myr and

60 Myr. The images have been corrected for IGM transmission and show the rel-

ative importance of the red peak compared to the blue peak which is visible due

to the logarithmic scaling. This perspective also demonstrates a slight decrease in

the velocity offset at larger radii which is explained by the resonant scattering bias

to return to line-centre. The primary difference between the early and late times is

the radius of the shell front which by 60 Myr has advanced to ∼ 4 kpc and ∼ 8 kpc

in the MBH and MBH Boost models, respectively. At later times the velocity offset

decreases, possibly as a result of the lower shell velocity and a more diffuse Lyα

trapping environment. Still, all of the aforementioned Lyα features persist in sim-

ulations carried out to 120 Myr. If the shell radius is indicative of the Lyα emitting

region then even at vsh ∼ 100 km s−1 it would take at least 50 Myr to achieve a size
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Figure 5.7: The spectral line intensity as a function of radius for the MBH model at
early (t = 3 Myr) and late (t = 60 Myr) times. In the ensuing time the shell radius
has expanded from rsh ≈ 0.5 kpc to rsh ≈ 4 kpc, which makes a visible difference in
the extent of the Lyα emitting region. The images are corrected for transmission
through the IGM where the upper and lower panels are based on the model from
Laursen et al. (2011) and τred

GP from Equ. (5.6), respectively.

of ∼ 10 kpc in diameter. Although our models allow vsh to be a few times larger,

we nonetheless find it less probable that the CR7 source is significantly younger

than this. Again, such long source durations can more easily be explained within

a MBH scenario than a Pop III starburst.

5.3.4 Caveats

We now discuss the limitations of our simulations and their potential impact

on the above results. Uncertainties in the galaxy model parameters and initial con-

ditions may produce slightly different observables. For example, normalizing the

black hole flux to the observed He ii emission leads to a much lower Lyα luminos-

ity. For this reason we have explored the “Boost” and “Leak” models to determine
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the impact of extra Lyα emission or less ionizing radiation. We also modeled the

photon emission as a central point source. While the Pop III starburst is initially

centrally dominated, it is highly unlikely to remain so as star formation proceeds.

However, similar to Dijkstra & Loeb (2008) we expect our final results are not

particularly sensitive to the choice for the radial Lyα photon emission.

Another issue is that of numerical resolution. At a halo mass of Mvir ≈ 3 ×

1010 M� we achieve Lagrangian mass elements of ≈ 6.6×105 M� which at various

times corresponds to ≈ 0.1 − 2 pc resolution at the shell front. Improving the

resolution by a factor of ≈ 5 produces very similar results except at the earliest

times or innermost radii. Higher resolution leads to slightly faster initial velocities

because higher densities allow for more efficient radiation coupling. However, the

computational cost may change dramatically based on the number of timesteps

with MCRT calculations and the convergence criteria. To be safe we require that

between batches of ≈ 1600 photons the Lyα force has a . 1 per cent relative change

in & 99 per cent of the cells.

Furthermore, distinguishing effects due to radiative transfer within the galaxy

and in the IGM can be difficult to disentangle. We have used two IGM transmission

models based on cosmological simulations and a simple analytic treatment. Still,

the true Lyα transmission could deviate from each of these. See Dijkstra (2014)

for a review containing a detailed discussion and related references. An impor-

tant consequence of some IGM models is that the observed velocity offset could be

mimicked by a broad spectrum or a static double-peaked spectrum in which the

flux blueward of the observed +160 km s−1 offset is suppressed by inflow into the

potential well (Loeb & Eisenstein, 1995; Barkana & Loeb, 2003). Future observa-

tions could potentially distinguish between these scenarios.
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We also note that the input spectrum impacts other Lyα observables. For ex-

ample, in Fig. 5.4 the emergent spectra have FWHM at 0.5 Myr, 3 Myr, and 8 Myr

of respectively ≈ 60 km s−1, 70 km s−1, and 50 km s−1 for the Pop III model and

≈ 180 km s−1, 100 km s−1, and 60 km s−1 for the MBH model. All of these val-

ues are significantly narrower than the observed 266±15 km s−1 FWHM of the

Lyα line. This indicates that the width is dominated by unresolved turbulence

and three-dimensional radiative transfer effects. As a rough estimate we assume

FWHM ∝ veff ≈ (c2
s +v2

turb)1/2 ≈ cs(1+Ma2)1/2 ≈ csMa, where Ma is the Mach number.

A comparison with the calculated FWHM implies Ma ≈ 2− 5, which is reasonable

but not incorporated into our simulations. We may also compare our results with

the observed line ratio of He ii/Lyα ≈ 0.22. At 3 Myr with the Laursen et al. (2011)

(τred
GP ) IGM transmission we find He ii/Lyα ≈ 3.36 (0.37) for the Pop III model and

He ii/Lyα ≈ 0.41 (1.4) for the MBH model. All of these are high by a factor of

& 2, which is difficult to account for in the Pop III case but the MBH case may

allow for more Lyα photons than inferred by the Compton-thick spectrum. The

‘boost’ modification explores the effect of an order of magnitude overcorrection

to this ratio. Finally, this ratio is also sensitive to the statistical uncertainty in

IGM modeling. We also note that several effects might diminish Lyα radiation in

high-density environments (Neufeld, 1990). Recently, Dijkstra et al. (2016a) ar-

gued that collisional de-excitation plays an important role for Lyα signatures of

DCBHs. Our simulations do not resolve such high densities but these effects could

be incorporated into the input spectrum, e.g. with a broader Lyα line. Although

the He ii/Lyα line ratio is affected, we do not expect significant changes to the Lyα

spectral profile or surface brightness profile.

Perhaps the most important caveat is that although we accurately incorpo-
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rate Lyα trapping, ionizing radiation, chemistry, and cooling into our hydrody-

namical study we have done so in spherical symmetry. The one-dimensional ap-

proximation provides significant insight into the CR7 source. However, three-

dimensional effects are likely to be important. For example, geometric effects such

as gas clumping, rotation, filamentary structure, and anisotropic emission from

the source often lead to anisotropic escape, photon leakage, or otherwise altered

dynamical impact. This may increase the amount of residual H i within the galaxy

and perhaps more naturally reproduce the observed velocity offset. One might

consider adding a layer of complexity with semi-analytic prescriptions within our

one-dimensional models, e.g. self-shielding clouds or low column density holes.

However such alterations would no longer be hydrodynamically self-consistent.

Although three-dimensional hydrodynamical simulations exist they do not incor-

porate fully-coupled Lyα feedback. Post-processing studies of Lyα radiative trans-

fer in similar contexts provides insight about the impact of three-dimensional ef-

fects (Dijkstra & Kramer, 2012; Behrens et al., 2014; Duval et al., 2014; Zheng &

Wallace, 2014; Smith et al., 2015). Lyα observables are certainly affected by view-

ing angle with higher equivalent widths, escape fractions, and line-of-sight fluxes

for face-on inclinations than edge-on directions, e.g. due to the formation of a disk

or jet. Three-dimensional simulations also demonstrate the importance of small-

scale structure in the interstellar medium. Both of these effects could change the

He ii/Lyα line ratio by a factor of a few. Additional uncertainties in the galaxy

model parameters and initial conditions may produce different observables. For

example, Lyα feedback and radiative transfer observables may be affected by al-

tering the gas density profile. Our choice of an isothermal profile is an idealized

setup that may affect the early gas dynamics but matters less as the system evolves,
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especially in relation to the expanding shell. Our model uncertainties are likely

dominated by our overall assumption of a one-dimensional geometry as opposed

to the details of this one-dimensional profile. Still, in the context of the CR7 galaxy

the assumption of spherical symmetry ought to provide a qualitatively correct,

first-order, prediction of the Lyα signature.

5.4 Summary and Conclusions

Lyα emitting sources provide intriguing hints about the formation and evolu-

tion of galaxies in the high-redshift universe. The CR7 source at z ≈ 6.6 presents

a unique opportunity in this regard due to its exceptionally bright Lyα and He ii

1640 Å line emission but absence of metal lines. Previous investigations have

considered the possibility that we are witnessing a young primordial starburst or

direct collapse black hole. In this work we examine the connection between the

emission source and Lyα observables. Specifically, Sobral et al. (2015) report a

+160 km s−1 velocity offset between the Lyα and He ii line peaks which we self-

consistently reproduce in one-dimensional radiation-hydrodynamics simulations.

Our simulations represent the first hydrodynamical study incorporating accurate

Monte-Carlo radiative transfer calculations of Lyα radiation pressure. The CR7

galaxy is an ideal application as it allows direct comparison with current observa-

tions.

In this pristine environment the dominant physical processes are gravity, hy-

drodynamical gas pressure, and radiative feedback from Lyα photons as well as

the thermal and chemical coupling of ionizing radiation. The source ionizes its

own local bubble and drives an expanding shell of gas from the centre. The details

depend on the properties of the source spectrum which we categorize as either a
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Pop III star cluster with 105 K blackbody emission or a massive black hole with a

nonthermal Compton-thick spectrum. Our results may be summarized as follows:

(1) The MBH model results in greater photon trapping within the shell because

the harder spectrum reduces the average ionization cross-section for hydro-

gen yielding extra residual H i.

(2) The extent of the Lyα emitting region is correlated with the shell radius im-

plying a likely source lifetime of 10− 100 Myr.

(3) The MBH model reproduces the +160 km s−1 velocity offset and the 16 kpc

region size while the Pop III model does not.

We emphasize that these models represent a particular choice for the spectral en-

ergy distribution and should be viewed as such. Nonetheless, our results provide

evidence corroborating a direct collapse black hole scenario. Indeed, we have pre-

sented independent and complementary evidence that CR7 hosts a DCBH, next

to arguments based on metal enrichment which assesses the likelihood of forming

Pop III stars around z ≈ 6.6 in massive host systems (e.g. Hartwig et al., 2016).

It is known that a strong background of Lyman-Werner radiation is able to sup-

press star formation until the buildup of atomic cooling haloes, i.e. systems with

virial temperature Tvir & 104 K such that Lyα cooling is enabled (e.g. Haiman et al.,

1997). Furthermore, Visbal et al. (2016) demonstrate that if local reionization oc-

curs early enough and with sufficient ionizing flux the photoheated gas around a

Mvir ∼ 109 M� halo with star-free progenitors has a cosmological Jeans mass that

is comparably large. In such cases the metal enrichment is considerably delayed

and potentially results in a rapid Pop III starburst with Lyα luminosity compara-
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ble to that of CR7. However, the Lyα signatures are still more easily explained by

the DCBH scenario.

Finally, we briefly discuss additional observational signatures that may distin-

guish a DCBH from a Pop III starburst. The formation of a DCBH is likely to

generate rapid rotation, producing a jet. However, CR7 was not detected in the

Chandra COSMOS Survey so its X-ray luminosity in the energy range 0.2−10 keV

is below 1044 erg s−1 (Elvis et al., 2009). This is not surprising because such a large

flux would indicate the jet is pointing directly towards us. At other angles the low

disk temperature, high-z suppression factor, and absorption in the Milky Way im-

ply an even lower observed flux (Hartwig et al., 2016), pushing the limits of even

next-generation X-ray observatories, such as the X-ray Surveyor (Weisskopf et al.,

2015). On the other hand, a detection of radio emission would also provide strong

evidence for the presence of a massive black hole. Future improved simulations

are likely to further elucidate the nature of the remarkable CR7 source, allowing

more robust predictions for its multi-wavelength signature.
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Chapter 6

Radiative Effects During the Assembly

of Direct Collapse Black Holes1

6.1 Introduction

Quasars powered by black holes with masses up to ∼ 1010 M� have been ob-

served out to a redshift of z ∼ 7, presenting a timing problem for their growth by

conventional accretion (Fan et al., 2006; Mortlock et al., 2011; Wu et al., 2015).

In the context of galaxy formation theory, the most plausible explanation for the

origin of the first supermassive black holes (SMBHs) is either rapid seeding or un-

usually efficient growth (Volonteri, 2012; Johnson & Haardt, 2016; Smith et al.,

2017c). In particular, viable candidates include the direct collapse scenario which

gives rise to 104−6 M� seeds under specialized conditions in the early Universe

(Bromm & Loeb, 2003; Begelman et al., 2006; Lodato & Natarajan, 2006; Regan &

Haehnelt, 2009), and hyper-Eddington accretion on to stellar remnant black holes

(Wyithe & Loeb, 2012; Pacucci et al., 2015b; Inayoshi et al., 2016). Thereafter,

episodic galaxy mergers and cold gas accretion from the cosmic web regulate the

growth of nuclear black holes (Li et al., 2007; Mayer et al., 2010; Smidt et al., 2017).

The emergence of M• . 106 M� black holes within quasar progenitors at z & 10 is
1This chapter has been published as Smith, A., Becerra, F., Bromm, V., Hernquist, L., 2017,

MNRAS, 472, 205. F. Becerra and L. Hernquist provided the cosmological simulation for the Lyα
radiative transfer study. V. Bromm supervised the project.
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beyond the reach of current telescopes, but should come within reach with the

James Webb Space Telescope (JWST) (e.g. Natarajan et al., 2017; Dayal et al., 2017).

Indeed, different formation scenarios may have unique observational signatures

and dynamical implications (Gallerani et al., 2017). Therefore, our understand-

ing of black hole assembly and growth in realistic settings can have a significant

impact on models and simulations of the first galaxies (Bromm & Yoshida, 2011).

The first SMBHs can affect galaxy evolution through radiative feedback that drives

winds, suppresses star formation, and contributes to the reionization of the Uni-

verse (Loeb & Furlanetto, 2013).

Forming a direct collapse black hole (DCBH) requires primordial gas to col-

lapse without fragmentation. This is achieved by strong non-ionizing Lyman–

Werner radiation (LW; hν = 11.2−13.6eV) from neighbouring galaxies which pho-

todissociates H2 (Agarwal et al., 2012, 2014; Regan et al., 2017). With only atomic

hydrogen line cooling available, the gas follows nearly isothermal collapse once

the virial temperature reaches Tvir ∼ 104 K (Omukai, 2001b; Oh & Haiman, 2002).

DCBHs are thus born in gas-rich environments with no previous star formation.

The hydrogen column density when averaged over all directions is extremely high,

NH & 1024 cm−2, potentially leading to Compton-thick conditions (Yue et al., 2013).

Certainly, the initial assembly environment is self-absorbing to ionizing photons.

However, the subsequent evolution remains an open question. In particular, what

is the role of radiative feedback? After a certain time-scale metal enrichment from

neighbouring galaxies and supernovae from concurrent star formation will alter

the surroundings. Eventually, the black hole likely resembles that of typical active

galactic nuclei (AGN), undergoing sub-Eddington accretion rates over multiple

duty cycles (Milosavljević et al., 2009). However, is the dominant driver of the
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evolution of DCBHs related to internal or external factors?

A particularly interesting source of feedback in the DCBH scenario is Lyman α

(Lyα) radiation pressure. As a strong resonant line of neutral hydrogen, Lyα pho-

tons undergo multiple scattering which may enhance the effective Lyα force by

one or two orders of magnitude in optically thick regions (Dijkstra & Loeb, 2008,

2009). The first self-consistent Lyα radiation hydrodynamics (RHD) simulations

were performed by Smith et al. (2016, 2017b), who coupled a Monte Carlo radia-

tive transfer (MCRT) code with spherically symmetric Lagrangian frame hydro-

dynamics including ionizing radiation, non-equilibrium chemistry and cooling,

and self-gravity. They found a dense shell-like outflow structure, formed in re-

sponse to the central ionizing source, and that Lyα radiation pressure may have

a significant dynamical impact on gas surrounding DCBHs. Finally, it has also

been suggested that trapped Lyα cooling radiation may enhance the formation of

DCBHs by facilitating the photodetachment of H− ions, precursors to H2, during

collapse (Agarwal & Khochfar, 2015; Johnson & Dijkstra, 2017). However, all Lyα

feedback studies thus far have been limited to 1D geometries.

There is a good reason to believe that SMBH formation scenarios may be obser-

vationally testable with the capabilities of next-generation observatories. Indeed,

already the luminous COSMOS redshift 7 (CR7) Lyα emitter at z = 6.6 has re-

ceived substantial attention due to its exceptionally strong Lyα and possible He ii

1640 Å emission with no detection of metal lines from the UV to the near-infrared

within instrumental sensitivity (Matthee et al., 2015; Sobral et al., 2015). As a re-

sult, CR7 has served as a prominent case study for young primordial starburst and

DCBH models (Pallottini et al., 2015; Agarwal et al., 2016; Dijkstra et al., 2016a;

Hartwig et al., 2016; Smidt et al., 2016; Smith et al., 2016; Visbal et al., 2016).
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However, the debate regarding the origin of CR7 remains ongoing, especially af-

ter deeper broad-band observations are consistent with a low-mass, narrow-line

AGN or stellar models with massive, low-metallicity binaries (Bowler et al., 2017).

Furthermore, recent reexamination of the original spectroscopic data lowers the

confidence-level of the He ii line detection to < 2σ (Shibuya et al., 2018). Deeper

spectroscopy of CR7 and future candidates will be necessary to convincingly dis-

criminate between a black hole seeded via direct collapse and other more stan-

dard interpretations (Agarwal et al., 2017; Pacucci et al., 2017). Still, other ob-

servational signatures of DCBHs may be manifest if their spectral energy distri-

butions (SEDs) exhibit the imprint of Compton-thickness (Pacucci et al., 2015a).

For example, DCBHs may be responsible for the measured correlations between

the cosmic infrared and X-ray backgrounds, i.e. the source-subtracted fluctua-

tions after accounting for foreground stars and galaxies (Kashlinsky et al., 2005;

Cappelluti et al., 2013; Helgason et al., 2016). The collection of several indepen-

dent signatures with next-generation observatories will clarify and constrain our

understanding of the first SMBHs.

The primary focus of this paper is to investigate the effects of radiative feed-

back during DCBH assembly by carrying out a post-processing analysis of the

high-resolution ab initio cosmological simulation of Becerra et al. (2018b). For

this exploratory study, the radiation remains decoupled from the hydrodynamical

evolution of the gas. However, we fully explore the impact of Lyα radiation pres-

sure in a realistic 3D DCBH environment, which is therefore complementary to

the work of Smith et al. (2017b). This is important because asymmetries in the gas

distribution introduce a directional dependence of the Lyα spectrum and escape

properties (e.g. Behrens et al., 2014; Zheng & Wallace, 2014; Smith et al., 2015).
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5 kpc 250 pc 10 pc 0.5 pc

Figure 6.1: Projected gas density from an ab initio cosmological simulation, (Be-
cerra et al., 2018b), where primordial gas undergoes the direct collapse to a black
hole (DCBH). The gas flows along filaments of dark matter that form a cosmic
web structure in the early Universe. The panels illustrate the large-scale environ-
ment, host galaxy and the dense self-gravitating cloud where the DCBH forms at
redshift z ≈ 11.6, corresponding to 385 Myr after the big bang. For comparison,
the 2.2′ × 2.2′ field of view for the JWST is about 400 times larger in area than
the left-hand panel. The circles in the second panel show the 0.032′′ and 0.065′′

pixel resolution of the NIRCam instrument on board the JWST for the 2 and 4 µm
channels, respectively.

Throughout this work, we use the terminology of pre- and post-formation to con-

sider environmental changes due to the buildup of the massive object (Becerra

et al., 2018b; Woods et al., 2017). This paper is organized as follows. In Section 6.2,

we discuss details of the simulation setup as well as the physical properties of the

host galaxy. In Section 6.3, we argue that the buildup and eventual breakout of

ionizing photons represents a critical transition for the DCBH. In Section 6.4, we

present the Lyα radiative transfer calculations and discuss the potential impact

in relation to other forces acting on the gas. In Section 6.5, we evaluate the role

of Compton scattering in the sub-parsec region around the black hole. Finally, in

Section 6.6, we explore the implications of our work.
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6.2 Simulation

6.2.1 DCBH Formation

We perform a high-resolution ab initio cosmological simulation of the collapse

of an atomic cooling halo. Using the approach described in Becerra et al. (2015)

and Becerra et al. (2018b), we follow the evolution of the halo from cosmological

initial conditions at redshift z = 99 until its collapse at z ≈ 11.6. Fig. 6.1 shows the

projected gas density of the central 25 kpc, 1.25 kpc, 50 pc and 2.5 pc from left

to right, which illustrates the morphology of the halo from the large-scale envi-

ronment down to the central gas cloud. We emulate the formation of a DCBH by

inserting a sink particle once the highest density cell reaches a threshold number

density of nth ' 108 cm−3. The accretion radius of this particle is set to Racc = 1pc

(Becerra et al., 2018b) in such a way that the initial mass of the sink particle is

M• ≈ 8.8 × 104 M�. Thus, the post-formation scenario should be interpreted as

an aggressive extrapolation of the DCBH environment without fully resolving the

formation and growth of the massive object in the hydrodynamical simulation.

6.2.2 Insights from radial profiles

Throughout the initial collapse the halo structure is well approximated by el-

lipsoidal collapse models. We therefore explore radial profiles of various physical

quantities to extract information about the galactic environment. The density is

illustrated in Fig. 6.2, which is reasonably approximated by a broken power law

over the range r ∈ (10−3,103) pc. The break radius is due to the choice of the

density resolution threshold, or equivalently, the limited resolution implies the

pre-formation profile corresponds to roughly a dynamical time, as evaluated at
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Figure 6.2: Radial density profile ρ(r) for different lines of sight, which may be
approximated as a broken power law separating the core and halo regions at r ≈
0.3 pc. The ρ ∝ r−7/3 scaling is steeper than the ρ ∝ r−2 isothermal profile produced
by violent relaxation. The solid curve corresponds to the initial collapse while the
dotted curve has been evolved according to a massive sink particle prescription.
The corresponding enclosed gas mass M<r is denoted by green markers at the top.

the maximum resolved density, of ∼ 10 kyr prior to the formation of the protostar.

If the evolution proceeds under self-similar, isothermal collapse then the break

in the profile will shift to smaller scales, eventually reaching the radius of the

protostar (Abel et al., 2002; Becerra et al., 2015). We note that secondary infall

and accretion results in a density distribution that is steeper than the ρ ∝ r−2 pro-

file produced by violent relaxation. We find a power-law scaling of ρ ∝ r−7/3 in

good agreement with Bertschinger (1985) where ρ ∝ r−9/4 and Wise et al. (2008)

where ρ ∝ r−12/5, except in the core where the slope flattens off to ρ ∝ r−0.4 around

r ≈ 0.3 pc. During the initial collapse and formation, the gas remains neutral
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Figure 6.3: Radial velocity profile vr for different sightlines. The relationship to
the Keplerian velocity vkep ≡

√
GM<r /r (solid black curve) is approximately |vr | ≈

vkep/2 within the virial radius and |vr | ≈ 2vkep beyond that due to cosmological
inflow. The sound speed cs (dashed black curve) is ≈ 9 − 9.5 km s−1 throughout.
Radial scaling relations are provided in Table 6.1.

with only a small abundance of free protons. Specifically, the ionization fraction,

xH ii
≡ nH ii

/nH, is typically of order 10−5 to 10−3 depending on the density, such

that nH ii
∼ 0.1cm−3 (r/10pc)−5/3. As expected for direct collapse, the central re-

gion has access to at least 105 M� of gas within a radius of ≈ 1.3 pc. More broadly,

the enclosed baryonic mass is M<r ≈ 4π
∫ r

0
ρ(r)r2dr (for 1D profiles), calculated

explicitly as M<r ≡
∑
<r ρiVi where the sum is over all Voronoi cells within a ra-

dius r, and the subscript denotes cell quantities for density ρi and volume Vi . For

convenience and completeness, in Table 6.1 we provide radial scaling relations

for several relevant quantities, calculated as mass-weighted averages within shell
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volumes, i.e.

〈q〉shell ≡

∫
qρdV∫
ρdV

≈
∑
qiρiVi∑
ρiVi

, (6.1)

where the discretized version sums over all cells within each shell. Similarly, we

obtain mass-weighted line of sight averages with

〈q〉LOS ≡

∫
qρd`∫
ρd`

≈
∑
qiρi∆`i∑
ρi∆`i

, (6.2)

where the integral is along radial rays within each shell and the summation is the

discretized version calculated by ray tracing.

As seen in Fig. 6.3, the gas is experiencing both cosmological inflow throughout

the halo and collapse within the central region. To quantify this, we consider the

mass accretion rate Ṁ ≡ −4πr2ρvr , which has a maximum value of 2.35 M�yr−1 at

0.465 pc just outside the core radius. In Fig. 6.3, we also show the mass-weighted

velocity along multiple sightlines and find a considerable scatter across different

directions, as quantified by the velocity dispersion (grey region) in each shell as

σv ≡ (〈v2〉 − 〈v〉2)1/2. Angular momentum does not appear to inhibit the inflow in

this case. In particular, we calculate the Keplerian or rotational velocity as vkep ≡
√
GM<r /r (solid black curve) and find that |vr | ≈ vkep/2 within the virial radius and

|vr | ≈ 2vkep beyond, the latter is a reflection of cold gas inflow along the filaments.

The associated Keplerian angular momentum is jkep = r vkep and calculating the

magnitude of the mass-weighted specific angular momentum demonstrates that

|j |/jkep ≈ 0.4 − 0.6 throughout the halo except in the immediate vicinity of the

collapsing region (. 0.01 pc) where the role of angular momentum is less certain.

In Fig. 6.3, we also show the sound speed (dashed black curve) defined as cs ≡√
γkBT /µ, where in primordial gas the adiabatic index is γ = 5/3 and the mean

molecular weight is µ ≈ 1.22mH. However, atomic line cooling efficiently regulates
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Table 6.1: Radial scaling relations for various physical quantities calculated as
mass weighted averages. Most of the profiles are reasonably approximated by
a broken power law separated into regions i and ii as r ∈ (10−3, r

i-ii) pc and
r ∈ (r

i-ii,103) pc, respectively, where r
i-ii is the radius connecting the regions. For

convenience, the scalings are normalized according to values representative of the
centre of each region, i.e. r

i
≡ r/(0.05 pc) and r

ii
≡ r/(10 pc). All relations are

approximate fits to simulation data based on shell and line-of-sight averages de-
scribed by equations (6.1) and (6.2). See the text for definitions and descriptions
of all quantities.

Quantity Units Region i Region ii r
i-ii [pc]

ρ [g cm−3] 2.78× 10−17r−0.4
i

2.46× 10−21r−7/3
ii 0.24

nH [cm−3] 1.26× 107 r−0.4
i

1.12× 103 r−7/3
ii 0.24

xH ii
[1] 1.15× 10−5 r−0.3

i
1.15× 10−4 r2/3

ii 0.18
M<r [M�] 214 r2.6

i
5.10× 105 r2/3

ii 0.45
Ṁ [M�/yr] 0.0325 r2.3

i
0.327 r−2/3

ii 0.36
vr [km s−1] −2.47 r0.7

i
−6.99 r−1/4

ii 0.6
σv [km s−1] 3.83 r0.18

i
4.94 r−0.1

ii
0.82

vkep [km s−1] 4.29 r0.8
i

14.8 r−1/6
ii 0.45

jkep [pc km s−1] 0.215 r1.8
i

148 r5/6
ii 0.45

|j |/jkep [1] < 10 ≈ 0.4− 0.6 0.01
T [K] ≈ 7000− 8000 ≈ 7000− 8000 –
cs [km s−1] ≈ 9− 9.5 ≈ 9− 9.5 –
tff [Myr] 0.0127 r0.2

i
0.733 r7/6

ii 0.45
λJ [pc] 0.181 r0.2

i
11.2 r7/6

ii 0.42
λJ/2r [1] 3.61 r−0.8

i
1.12 r1/6

ii 0.42
agrav [km s−1Myr−1] 413 r0.6

i
38.1 r−1.1

ii
0.38

aP [km s−1Myr−1] 536 r−1
i

12.5 r−1
ii

0.3
aram [km s−1Myr−1] 92.2 r0.4

i
1.08 r−3/2

ii 0.32
aP/agrav [1] 1.30 r−1.6

i
0.328 r0.1

ii
0.15

189



the temperature to T ≈ 7000−8000 K, so the sound speed is also roughly constant

at cs ≈ 9− 9.5 km s−1 throughout the halo.

Dynamical quantities are also of interest. We find short free-fall times within

the core (≈ 5 − 25 kyr), rapidly rising beyond, such that tff ≈ {15,60,775} kyr at

r = {0.1,1,10} pc, respectively. Here, tff ≡
√

3π/32Gρ̄, where ρ̄ ≡ 3M<r /4πr3 is the

average density within a given radius. To quantify the stability of the system we

consider the Jeans length λJ ≡
√

15kBT /4πGµρ̄ ∼ tff cs. Interestingly, the ratio of

the Jeans length to the diameter has a minimum value just outside the core radius,

i.e. min(λJ/2r) = 0.84 at r = 0.83 pc, indicating that the break in the roughly

isothermal scaling may be related to this instability length-scale. However, the

break may also partially be a result of limited numerical resolution in the regions

of highest density. Finally, outside the core both the gravitational and gas pressure

acceleration components scale inversely with radius, a ∝ r−1. This is as expected

for near-isothermal profiles in which the density profile ρ ∝ r−2 gives an enclosed

mass of M<r ∝ r so the acceleration is agrav ∝ M<r /r
2 ≈ r−1. Furthermore, the gas

pressure is roughly proportional to the density, i.e. thermal pressure ∼ ρkB T with

constant temperature or ram pressure ∼ ρσ2 with constant velocity dispersion,

so the force is aP ∝ dlogρ/dr ≈ r−1. The radial deceleration due to ram pressure,

defined by aram ≡ vr
dvr
dr , exhibits a steeper radial profile of ∝ r−3/2, but is about an

order of magnitude smaller than the other forces. In general, the accelerations can

have large variations across different sightlines, but gravity dominates the overall

gas dynamics during the collapse stage.
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Figure 6.4: Radial column density of hydrogen, NH =
∫ r

0
nH d`, (upper panel)

along with the local contribution estimated by dNH/dlogr = nHr (lower panel).
For convenience we also provide the corresponding Lyα optical depth at line
centre τ0 ≈ NHσ0 (isothermal gas), where the Lyα cross-section at line centre is
σ0 = 5.9 × 10−14 cm2T −1/2

4 . In such optically thick environments, Lyα photons
emitted in the sub-parsec vicinity of the DCBH would be severely trapped and
presumably destroyed by collisional de-excitation. However, this is mitigated by
fewer scattering events once the gas becomes ionized.
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6.3 Ionizing radiation

6.3.1 Neutral hydrogen column density

During the collapse phase the central region accumulates a significant amount

of dense neutral gas. As seen in Fig. 6.4, the dominant contribution to the radially-

integrated opacity is from the core, where the hydrogen column density is NH(r) ≡∫ r
0
nH d` ∼ 1025 cm−2 and the optical depth for ionizing radiation is τion ≈NHσion &

107 assuming σion & 10−18 cm2 near the 13.6 eV hydrogen ionization threshold.

The variation along sightlines is roughly one order of magnitude with the mini-

mum columns oriented along the poles of the angular momentum axis. Fig. 6.4

also shows the optical depth for Lyα resonant scattering at line centre, which

is τ0 ≈ NH σ0 in isothermal gas with a Lyα cross-section at line centre of σ0 =

5.9× 10−14 cm2T −1/2
4 , where T4 ≡ T /(104 K).

6.3.2 Expansion of the ionization front

During the formation of the central supermassive object, the high density im-

plies that the ionization front is bounded within the dense sub-parsec core. How-

ever, as the black hole grows, at least three effects are likely to allow the ionization

front to eventually break out of the core within a relatively short time. First, the

number of ionizing photons increases rapidly; secondly, accretion removes gas effi-

ciently enough to lower the ionization rate threshold to ionize the core; and thirdly,

dramatic photoheating of the gas leads to rapid expansion, facilitating ionization

by lowering the density and recombination rate. Once the ionization front has ex-

tended beyond the core into the ∝ r−7/3 profile, it quickly outruns the rest of the

halo in approximately the light crossing time. We estimate the breakout to occur
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Figure 6.5: Estimated ionization front rIF as a function of the strength of the ion-
izing source Ṅion, which is proportional to the black hole mass M• at roughly
∼ 1048 s−1 M−1

� . The calculation is based on a Strömgren analysis in which we inte-
grate along rays in the simulation – see equation (6.3) and the subsequent discus-
sion. The threshold for breakout is one to two orders of magnitude lower in the
polar directions. The arrows indicate the effect of accretion on the evolution of the
H ii region.

on the order of . 105 yr, which corresponds to the sound crossing time for the core.

To analyse the expansion of the ionization front we consider an equilibrium

model in which recombinations balance ionizations within a Strömgren sphere.

The number of ionizing photons per unit time emitted from the source needed to

produce an ionized region of radius rIF based on the density in the simulation is

Ṅion ≈ 4π
∫ rIF

0
αBn

2
Hr

2dr , (6.3)
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where αB = 2.59 × 10−13T −0.7
4 cm3 s−1 is the effective Case B recombination coeffi-

cient (Osterbrock & Ferland, 2006). This analysis is valid until dynamical pro-

cesses kick in (e.g. accretion and radiative feedback), because the recombina-

tion time, trec ∼ 1/nHαB . 1yr, is much shorter than the sound crossing time,

ts ≡ r/cs ≈ 105 yr(r/1pc). The main goal of this paper is to determine the impact

of Lyα radiation pressure in the vicinity of a DCBH. However, the development

of the H ii region will significantly modify the Lyα radiative transfer. Therefore,

we consider how the full 3D ionization structure evolves in time. Even though

the density profile is roughly spherically symmetric, the column density can dif-

fer by an order of magnitude between sightlines (compare Figs 6.1, 6.2 and 6.4).

Fig. 6.5 demonstrates this effect by exhibiting the extent of the ionization front

as a function of source ionization rate based on equation (6.3). The rate thresh-

old to blow pockets out of the core is one to two orders of magnitude lower in

the polar directions. Ultimately, the threshold is overcome for a significant solid

angle as the accretion and intensifying source lead to an evolving system, as indi-

cated by the arrows in Fig. 6.5. The rate of ionizing photons is proportional to the

black hole mass, although the details depend on the specific SED. To simplify the

calculation, we assume a blackbody source emitting at the Eddington luminosity,

LEdd = 4πGM•mHc/σT, with an effective temperature of Teff = 105 K. Thus,

Ṅion =
πLEdd

σSBT
4
eff

∫ ∞
νmin

Bν
hν

dν

≈ 2.37× 1054 s−1
(

M•
106 M�

)
, (6.4)

where σSB is the Stefan–Boltzmann constant, Bν the Planck function, and hνmin =

13.6eV. However, a harder (softer) SED or more (less) efficient source produces

more (fewer) ionizing photons per unit time, implying an uncertainty in the con-
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stant of proportionality of at least a factor of a few (Bolton et al., 2010; Yue et al.,

2013).

Finally, we briefly explain why the halo is ionized so quickly once the ion-

ization rate threshold is reached. We first approximate equation (6.3) by Ṅion ∝

n2
H,rmsr

3
IF, where the rms number density within the ionized region is nH,rms ≡

(3r−3
IF

∫ rIF
0
n2

H r
2 dr)1/2. In our case the power law in the core is observed to be

nH ∝ r−0.4, which is preserved when calculating the rms density. This explains

the origin of the scaling in the central region of Fig. 6.5, where we find Ṅion ∝

(r−0.4
IF )2r3

IF = r2.2
IF , or an inverted relation of rIF ∝ Ṅ 0.45

ion . Outside the core the pro-

file falls off rapidly and the rms density integral is dominated by the contribution

from the core, i.e.
∫ rIF

0
n2

H r
2 dr → constant. Therefore, the rms scaling becomes

nH,rms ∝ r−3/2 and the required rate of ionizing photons saturates outside the core

because Ṅion ∝ n2
H,rmsr

3
IF ' const.

6.4 Lyman-alpha trapping

6.4.1 Sub-parsec optical depth

During DCBH assembly the optical depth for Lyα photons at line centre can be

significantly higher than what is typically described as extremely optically thick,

conventionally defined by the condition aτ0 & 1000 or equivalently τ0 & 2×106T 1/2
4

(Adams, 1972). Here, the damping parameter a ≡ ∆νL/2∆νD, is half the ratio of

the natural line width to the thermally broadened Doppler width. To distinguish

between the broad range of environments we term even higher opacity regimes as

‘hyper-extreme’, as is the case for DCBH formation where τ0 ∼ 1012 (see Fig. 6.4).

However, the escape of Lyα photons at hyper-extreme optical depths will be reg-
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ulated by photoionization, two-photon emission, velocity gradients, dust absorp-

tion and 3D effects such as gas clumping, rotation, filamentary structure, holes

or anisotropic emission. These effects are not independent of each other. For ex-

ample, even at high densities collisional de-excitation becomes inefficient if the

average number of scatterings remains lower than a certain threshold (Dijkstra

et al., 2016a). Which effects are most important to accurately model?

We first consider the nature of Lyα resonant scattering in extremely opaque

media, which can be thought of as a diffusion process in both frequency and space

(Adams, 1972; Harrington, 1973; Neufeld, 1990). The frequency diffusion ac-

counts for partially coherent scattering in the wings of the Lyα profile (Unno,

1952; Hummer, 1962), and reduces the mean number of scatterings from the

strong Nscat ∝ τ2 dependence under a spatial random walk to a nearly linear scal-

ing Nscat ∝ τ0 (Osterbrock, 1962; Adams, 1972). However, at these opacities the

mean number of successive wing scatterings just before escape may still be de-

scribed as a diffusion process at the effective wing optical depth, i.e. Nscat,w = τ2
w ≈

(aτ0)2/3/π ≈ 19.25(τ0/106)2/3T −1/3
4 (Ahn et al., 2002), emphasizing the role of ex-

cursions to the wing in facilitating the propagation of Lyα photons. For additional

details and discussion of Lyα radiative transfer see the review by Dijkstra (2014).

6.4.2 Two-photon decay

6.4.2.1 Number of scattering events

In this paper we adopt a value of Nscat ≈ 0.6τ0 based on numerical calculations

in which Lyα photons are emitted in the centre of a uniform, static sphere (Dijk-

stra et al., 2006). This scenario provides a conservative upper limit on Nscat but

should be close to the actual number for the following reasons. First, although
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the gas cloud is not static the infall velocity is comparable to the thermal velocity

of the gas, and therefore only decreases Nscat by a small amount (Bonilha et al.,

1979; Dijkstra et al., 2016b). Additionally, it has been shown that Nscat is indepen-

dent of bulk velocity for uniform spheres undergoing solid-body rotation up to

300km s−1 (Garavito-Camargo et al., 2014). Secondly, in reality the Lyα radiation

is not centrally emitted, either due to radial dependence or offset with respect to

the centre of mass of the cloud. However, this too has been shown to have only a

minor effect on Nscat, reducing the estimate by a factor of approximately 1.4−2 for

homogeneously distributed sources (Harrington, 1973; Garavito-Camargo et al.,

2014). Thirdly, 3D inhomogeneities may also lower the number of scatterings. In-

deed, the column density may differ by an order of magnitude across sightlines

(see Fig. 6.4). However, translating this to Nscat is non-trivial as multiple scat-

tering tends to isotropize the radiation field. Even if Lyα photons are efficiently

channeled towards low column pathways, in the DCBH scenario fragmentation

is suppressed and the gas distribution remains fairly smooth, unlike multiphase

models with clumpy sub-structures (Neufeld, 1991; Gronke et al., 2017).

6.4.2.2 Escape fraction with de-excitation

We now estimate the impact of collisional de-excitation in the simulation. Dur-

ing Lyα scattering interactions with nearby protons can induce transitions of the

form 2p→ 2s. Once in the 2s-state, the excited atom returns to the ground state via

two-photon decay. The probability that a Lyα photon is eliminated in this process

per scattering event is

pdest =
npCps

npCps +Aα
≈ 2.83× 10−7

( np
106 cm−3

)
, (6.5)
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where np is the number density of free protons, Aα = 6.25×108 s−1 is the Einstein-

A coefficient of the Lyα transition and Cps = 1.77 × 10−4 cm3 s−1 is the collision

strength, which has weak dependence on temperature (Seaton, 1955; Dennison

et al., 2005). The fraction of Lyα photons that is not destroyed afterNscat scattering

events at constant density and temperature is (Dijkstra et al., 2016a)

f
2γ

esc = [1− pdest]
Nscat ≈ 1−Nscatpdest , (6.6)

where the second expression is valid when pdest � 1. If we ignore helium ion-

izations then the free proton number density is np ≈ xenH, where xe denotes the

ionized fraction. Additionally, a static uniform sphere gives Nscat ≈ 0.6τ0 ≈ 3.28×

106T −1/2
4

(
1−xe
10−4

)(
nH

106 cm−3

) (
R

0.3pc

)
, where R is the radius of the high-density cloud.

This implies a critical density for which Lyα photons do not escape (f 2γ
esc � 1) of

nH,crit ≈ 106 cm−3T 1/4
4

(
xe(1− xe)

10−4

R
0.3pc

)−1/2

. (6.7)

We also calculate f 2γ
esc directly from the simulation data accounting for non-

uniform conditions by taking the product from successive shells. The radial de-

pendence is given by cumulative product within the region of interest

f
2γ

esc =
∏

[1− pdest]
∆Nscat , (6.8)

where ∆Nscat ≈ 0.6∆τ0 denotes the contribution of each shell to the total number

of scatterings. This shell-by-shell approximation is appropriate because additional

scattering events take place under volume-weighted average conditions. The con-
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Figure 6.6: The escape fraction of Lyα photons accounting for collisional de-
excitation that induces 2p→ 2s transitions converting Lyα into two-photon emis-
sion. This process renders escape impossible as long as the gas remains neutral.
However, once the ionization front rIF breaks out of the core around 0.3 pc, the
number of scatterings decreases significantly. With a strong ionizing source, both
the pre- and post-formation density profiles allow escape for photons emitted near
the centre.

tinuous version of equation (6.8) is derived from the geometric product integral

f
2γ

esc = exp
[∫

ln(1− pdest)dNscat

]
≈ exp

[
−0.6

∫
pdestnH i

σ0 dr
]

≈ exp
[
−3.1

pc

∫
xe(1− xe)

10−4

( nH

106 cm−3

)2
T −1/2

4 dr
]
. (6.9)

The exponential behaviour leads to a sharp cut-off corresponding to a characteris-

tic length-scale for destruction of Lyα photons via two-photon decay. The degree

of ionization also affects the likelihood of escape. Fig. 6.6 shows the effect of a cen-
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tral ionizing source on the total f 2γ
esc , i.e. r � rvir, as calculated from equation (6.8).

We assume a constant ionization fraction of xe ≈ 10−4 within the ionization front.

Specifically, for r < rIF the number densities from the hydrodynamical simulation

are modified as follows: np ≈ nH and nH i
≈ xenH in the calculations for pdest and

∆Nscat, respectively. We have checked that the result is not sensitive to the exact

value of xe. If the core remains neutral then essentially no Lyα photons are able

to escape the core. However, as the DCBH forms and ionizes the gas, collisional

de-excitation no longer regulates the Lyα luminosity, even for central emission.

Finally, we note that Lyα radiation pressure may still be an important source of

feedback in such compact environments despite the reduced force multiplication

due to two-photon decay.

6.4.3 Intrinsic luminosity

During DCBH formation, excess thermal energy from the collapsing gas is effi-

ciently radiated away via atomic line cooling with approximately fα ∼ 40% of the

release in gravitational binding energy being converted to Lyα emission (Dijkstra,

2014). The gravitational potential energy is given by dU = −GM<rdm/r, where the

differential mass in spherical geometry is dm = 4πr2ρdr. The radial dependence

of the intrinsic Lyα luminosity then is

dLgrav
α

dr
= fα

dU̇
dr

= 4πfαGrρṀ , (6.10)

and the cumulative intrinsic Lyα luminosity is

L
grav
α = 16π2fαG

∫ R

0
r3ρ2vr dr . (6.11)
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In practice, we calculate the luminosity as the cumulative sum from discrete cells

or shells according to

L
grav
α = fα

∑GṀ
r

∆m, (6.12)

where gas must be infalling to contribute. The effects of dark matter are implicit

in the gas density and velocity profiles. We note that Lyα cooling radiation arises

from any physical mechanism that facilitates collisional excitation, collisional ion-

ization, or recombination, e.g. shock heating, microturbulence, background radi-

ation, etc. Such processes are indirectly included in our calculation of Lgrav
α based

on energy considerations and may be ignored once Lyα emission is dominated by

black hole accretion and nebular sources.

After the formation of a collapsed central object, ionizing radiation from the

accretion disc leads to the efficient production of Lyα photons via recombinations.

The cumulative intrinsic Lyα luminosity due to recombinations is

Lrec
α = 0.68hνα

∫ R

0
4πr2αBnenpdr , (6.13)

where hνα = 10.2 eV and the number densities ne and np are for free electrons and

protons (Dijkstra, 2014). Fig. 6.7 illustrates the radial dependence of Lyα emission

from gravitational collapse and recombinations. The peak of dLα/dr corresponds

to the transition out of the core of the density profile, i.e. the break in the power

law. In the pre-formation phase Lyα cooling dominates at Lgrav
α ≈ 4.4×1038 erg s−1

while in post-formation recombinations from a central ionizing source can con-

tribute as much as Lrec
α ∼ 1045 erg s−1 (see Table 6.2 for additional details).

However, the Lyα luminosity is also limited by the strength of the ionizing

source. For concreteness, we relate the Lyα luminosity to the ionizing luminosity

directly as

Lα =
3
4
fcoll

(
1− f ion

esc

)
Lion , (6.14)
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Figure 6.7: Radial dependence of the intrinsic Lyα emission, including the cumu-
lative luminosity Lα (top panel) and its derivative dLα/dr (bottom panel). The
peak corresponds to the transition out of the core of the density profile. Lyα emis-
sion from recombinations in ionized (neutral) gas is illustrated by thick (thin) red
curves, denoted by the subscript ‘max’ (‘min’) (see Table 6.2 for further details).
Lyα cooling radiation from gravitational collapse is shown as the black curve. We
also show the Lyα emission due to collisional excitation as the thin green line (see
equation 15a of Cen, 1992), which is comparable to our estimate for Lgrav

α .
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Table 6.2: Radial scaling relations for the Lyα luminosity calculated by equa-
tions (6.12) and (6.13). The notation for the broken power law is the same as
Table 6.1, i.e. r

i
≡ r/(0.05 pc) and r

ii
≡ r/(10 pc). Calculations in fully ionized and

mostly neutral gas are denoted by the subscripts ‘max’ and ‘min’, respectively.
As in Table 6.1, the scalings are given as pre-formation profiles in order to retain
information on sub-parsec scales. However, the pre-formation case cannot be ion-
ized so the cumulative value serves as an upper limit. A more conservative value
for the luminosity after ionization breakout is Lrec

α,max ≈ 5×1043 erg s−1, correspond-
ing to the ionized post-formation curve shown in Fig. 6.7.

Quantity Units Region i Region ii r
i-ii [pc]

Lrec
α,max [erg/s] 1.16× 1043 r2.2

i
≈ 9.0× 1044 0.36

L
grav
α [erg/s] 1.29× 1035 r3.9

i
≈ 4.4× 1038 0.40

Lrec
α,min [erg/s] 3.18× 1033 r1.6

i
≈ 3.0× 1035 0.36

d
drL

rec
α,max [erg/s/pc] 4.70× 1044 r1.2

i
1.33× 1041 r−8/3

ii 0.23
d
drL

grav
α [erg/s/pc] 7.91× 1036 r2.9

i
1.40× 1036 r−2

ii
0.31

d
drL

rec
α,min [erg/s/pc] 8.76× 1034 r0.6

i
1.85× 1033 r−4/3

ii 0.26

which accounts for the fact that harder ionizing spectra can boost the overall Lyα

production per ionizing photon (Raiter et al., 2010; Dijkstra, 2014). Here the ion-

izing luminosity is Lion ≡ 〈hν〉ionṄion =
∫∞
νmin

Lνdν for a given source with νmin =

13.6eV. For reference, a blackbody source with an effective temperature of Teff =

{104,105,106}K has a mean energy per ionizing photon of 〈hν〉ion = {14.57,29.61,233.9}eV.

The collisional parameter is defined as fcoll ≡ (1+1.62nH,3)/(1.56+1.78nH,3), where

nH,3 ≡ nH/(103 cm−3) and is bounded by 0.64 < fcoll < 0.91 in the low- and high-

density limits, respectively. The factor of (1− f ion
esc ) accounts for the escape of ion-

izing photons either from 3D effects or because the galaxy is ionized out into the

intergalactic medium (IGM). If we combine equations (6.4) and (6.14) considering

a blackbody with Teff = 105 K emitting at the Eddington luminosity then the Lyα

luminosity in the high-density, ionization-bound regime (fcoll ≈ 0.91 and f ion
esc � 1)
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is

Lα = fcoll

(
1− f ion

esc

) 3πLEdd

4σSBT
4
eff

∫ ∞
νmin

Bν dν

≈ 7.67× 1043 erg s−1
(

M•
106 M�

)
, (6.15)

or equivalently a rate of Ṅα ≈ 4.69×1054 s−1 (M•/106 M�). In this case, the standard

factor of 0.68 Lyα photons per ionizing photon is increased to fcoll〈hν〉ion/(13.6eV) ≈

2. For comparison, higher effective temperatures or harder SEDs asymptotically

approach the maximal Eddington-limited values of Lα,Edd ≈ 8.58×1043 erg s−1 (M•/106 M�)

and Ṅα,Edd ≈ 5.25× 1054 s−1 (M•/106 M�).

We note that such efficient conversion to Lyα emission assumes a low escape

fraction, which may not be the case for long mean free path high energy photons. A

more self-consistent calculation would perform multi-wavelength ionizing radia-

tive transfer directly from the SED, which will be done in future 3D RHD simula-

tions of DCBH growth. Still, X-ray feedback may have important consequences for

Lyα transport, which is sensitive to the ionization state and dynamical evolution

of the gas. For example, in neutral gas a harder spectrum leads to a higher residual

ionized fraction due to X-ray heating (Dijkstra et al., 2016a), while in ionized gas

the longer mean free path implies a higher residual neutral fraction, which can

increase the efficiency of Lyα driven winds (Smith et al., 2016). In the following

subsection we account for some of the uncertainty regarding the ionizing source

by varying xH i
≡ nH i

/nH. Furthermore, the post-processing analysis allows for lu-

minosity rescaling given a particular SED. Therefore, we may meaningfully refer

to both direct emission properties, such as Ṅα, and model dependent quantities,

such as M•.
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6.4.4 Lyα radiative transfer simulations

The MCRT post-processing methodology that enables accurate Lyα radiation

pressure calculations with the Cosmic Lyα Transfer code (colt) is described in

detail by Smith et al. (2015, 2017b). In particular, we employ Monte Carlo esti-

mators based on the traversed opacity for continuous momentum deposition to

reduce noise in regions with fewer scatterings. In order to maintain the spatial

resolution of the simulation, we have extended the capabilities of colt to run na-

tively on unstructured mesh data, i.e. the Voronoi tessellation of points. In fact,

colt is able to perform Lyα radiative transfer with any particle-based data under

the interpretation of a Voronoi tessellation, which can be efficiently and robustly

constructed with preexisting software such as the Computational Geometry Algo-

rithms Library (The CGAL Project, 2017). Implementing ray tracing and other al-

gorithms in this geometry follows standard techniques (e.g. Springel, 2010), which

have been carefully tested and optimized for Lyα radiative transfer.

6.4.4.1 Dynamical impact

Lyα radiation pressure may contribute alongside other forms of feedback to im-

pose restrictions on the maximum mass of the seed black hole. If Lyα feedback is

able to overcome gravity and the momentum of the inflowing gas, then the result-

ing outflow could signal an end to the assembly process. In Fig. 6.8, we illustrate

the relative dynamical importance of Lyα radiation pressure compared to gravity.

In the limit of a central, compact source the Lyα radiation field can significantly

overwhelm gravity within the core. Specifically, in the notation of Table 6.1 we

find the radial acceleration is aα ∼ {106–8 r−2.5
i

,101–3 r−1.8
ii
}kms−1Myr−1 (M•/106 M�)

in regions i and ii connecting at r
i-ii ∼ 0.5 pc, with the coefficient range arising from
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Figure 6.8: The total Lyα emission rate Ṅα necessary for Lyα radiation pressure
to overcome gravitational acceleration as a function of radius. Results are shown
for the pre-formation scenario with varying degrees of ionization, xH i

≡ nH i
/nH,

which strongly affects the optical depth for Lyα photons. Sightline dependence
converges slowly and is only shown for the logxH i

= −10 case to have fewer over-
lapping curves. We differentiate between a central source and extended emission
from recombinations (see Lrec

α in Fig. 6.7). For similar luminosities, central emis-
sion has a greater impact within the core while the extended case more easily af-
fects gas outside the core.

different ionization fractions. However, for an extended source distributed accord-

ing to the recombination rate (see Lrec
α in Fig. 6.7), Lyα trapping is reduced in the

core, while still having an impact. Interestingly, extended emission actually en-

hances the force outside the core because the Lyα photons have not diffused as

far into the wings as in the central, bottled up scenario. For this same reason, we

predict post-formation scenarios with reduced density in the core may allow Lyα

radiation pressure to act on greater distances for similar luminosities, although

we do not simulate this here. Overall, we expect Lyα feedback and gas pressure
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to contribute to the formation of galactic winds in response to the newly formed

DCBH, given the typical mass range is M• ∼ 104−6 M�. In the case that the core

remains ionization bounded or two-photon decay destroys Lyα photons, the ex-

tent of Lyα feedback will be limited to within the core. However, considering the

low threshold to affect the gas in these regions Lyα trapping should eventually be

explored in fully coupled 3D RHD simulations. Despite the considerable uncer-

tainty in the interpretation of our results, the post-processing analysis is indicative

of the complexity and computational requirements to fully determine the dynam-

ical impact of Lyα radiation pressure.

6.4.4.2 Escape properties

We now consider the characteristics of the intrinsic escape of Lyα photons dur-

ing DCBH assembly. A single scattering with neutral hydrogen far from the source

removes Lyα photons from the line of sight, so to first order all flux blueward of

∆v . 100km s−1 is eliminated. However, for simplicity we do not extrapolate to

observed signatures based on IGM transmission. Instead we focus on the effects of

the 3D geometry. Fig. 6.9 shows three basic parameters of the emergent line pro-

files for different values of xH i
≡ nH i

/nH with either central or extended emission.

(i) The top panel demonstrates the strong effect of residual opacity on the ve-

locity offset of the blue and red peaks, ∆vpeak. Depending on the ionization state,

the peaks are likely to emerge with a velocity offset and FWHM of ∼ 102−3 km s−1.

Another interesting feature is the angular dependence of the peak location, dom-

inated by a dipole-like Doppler shift of ∆(∆vpeak) ≈ ±vsys ≈ ±24km s−1 due to the

systemic velocity of the source with respect to the centre of mass, in addition to

random velocity dispersions. Overall, the blue peak has a larger absolute velocity
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Figure 6.9: Lyα escape properties for different degrees of ionization, xH i
≡ nH i

/nH,
including the velocity offset of the blue and red peaks, ∆vpeak, flux ratio of the
blue and red peaks, Fblue/Fred, and the angular dependence of the escaping bolo-
metric flux compared to isotropic emission, FLOS/FΩ. See the text for a discussion.
Simulations with central and extended sources are denoted by ‘+’ and ‘×’ mark-
ers, respectively. Horizontal offsets have been applied in order to avoid confusion
from overlapping data. Note that in the top panel the left and right points denote
the blue and red peaks, respectively.
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Figure 6.10: Line-of-sight Lyα flux as a function of Doppler velocity ∆v = c∆λ/λ
for the case of an ionization fraction of xH i

≡ nH i
/nH = 10−4. The main features

include the enhancement of the blue peak due to gas infall, enhancement in the
polar directions of the rotation axis, and the lower effective optical depth for ex-
tended emission compared to a central source.

offset than the red peak, i.e. |∆vblue| > |∆vred|, and the peak separation has little

variation across sightlines, i.e. |∆vblue|+ |∆vred| ≈ constant.

(ii) The middle panel shows the directional dependence of the blue to red flux

ratio, Fblue/Fred. In the collapsing scenario, the blue peak dominates by a factor

of a few with significant angular dependence in the optically thin limit, while

converging to a factor of a few in the high-opacity limit. We also note that an

extended source results in a more balanced profile (lower ratio) than a central

source.

(iii) The lower panel illustrates the line-of-sight bolometric Lyα flux, FLOS, com-

pared to the isotropic case of FΩ ≡ Lα/(4πd2
L), where dL denotes the luminosity

distance. Due to the ellipsoidal or thick-disc geometry (e.g. Lodato & Natarajan,
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2006), we find beaming along both directions of the angular momentum axis by a

factor of a few compared to edge-on sightlines. It is important to note that the ex-

cess is less pronounced for extended emission than for a central source, although

the difference may not matter in the optically thick limit.

Additional insights regarding the escape of Lyα photons in 3D DCBH environ-

ments are available upon close examination of the line profile of a single simula-

tion. We choose the case of xH i
= 10−4 and show the angular-dependence of the

emergent flux density and bolometric flux in Fig. 6.10. All of the profiles show

an enhancement of the blue peak due to gas infall, such that Fblue/Fred ≈ 4. The

line-of-sight flux is also noticeably enhanced by at least a factor of two along ei-

ther direction of the rotation axis. Also, for a given simulation the locations of the

blue and red peaks varies by approximately 50km s−1 across different sightlines

due to a systemic dipole velocity shift. The absolute peak separation is about 1.5

times smaller for the extended emission compared to the central source due to the

lower effective optical depth. The shape of the profile is also noticeably different

because each photon is emitted in distinct regions with unique pathways to es-

cape. Interestingly, the more realistic recombination emission setup produces a

more skewed or less symmetric line, similar to the observed profiles of many Lyα

emitting galaxies (e.g. Rivera-Thorsen et al., 2015).

6.5 Compton Scattering

6.5.1 Initial stage

Before the H ii region develops, the number density of free electrons is too low

for significant Compton scattering. We calculate a lower limit for the Thomson

210



optical depth of τT = NeσT & 10−5. Therefore, if the DCBH environment be-

comes optically thick to Compton scattering it is in response to ionizing radiation

emitted from the newly formed black hole. However, as discussed previously, we

do expect the gas to become ionized so the opacity calculated from the pre- and

post-formation electron column densities will rise and has the potential to even-

tually rise to τT & 1 with the growth of the DCBH, rendering the emitting region

Compton-thick.

6.5.2 Upper limits

Fig. 6.11 illustrates the effect of the ionization front radius rIF on the cumulative

optical depth to Compton scattering. Although we do not follow the hydrodynam-

ical evolution beyond the initial formation, our extrapolation indicates that DCBH

environments become Compton-thick for a significant fraction of sightlines. 1D

RHD simulations combined with spectral synthesis modelling have already been

carried out by Pacucci et al. (2015a) (see also Yue et al., 2013). They found that

Compton-thickness does indeed occur, persisting for about 120 Myr under their

standard accretion scenario. Furthermore, the emerging spectrum is strongly af-

fected by the hydrogen column density as photons shortward of the Lyα line are

reprocessed to lower energies. Thus, the predicted spectral signature of DCBHs

exhibits characteristic non-thermal emission in the observed infrared and X-ray

bands. The conditions for Compton-thickness still need to be explored with 3D

ab initio simulations, including self-consistent buildup of the H ii region and all

relevant forms of radiative feedback.

An additional consideration is whether ongoing accretion is able to replenish

the gas supply after the rapid formation of a central massive object. If runaway
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Figure 6.11: The optical depth to Compton scattering τT ∼ NHσT as a function of
the extent of the ionization front rIF. Even in the post-formation case the effect
is at least marginally important for many sightlines (τT ∼ 1), and may need to be
taken into account in hydrodynamical simulations.

collapse efficiently evacuates the central parsec region, the replacement time is

approximately tacc ≈M<r /Ṁ & 72.3kyr(r/pc)4/3, which is longer than the dynam-

ical time by a factor of tacc/tff & 1.45(r/pc)1/6. However, an extrapolation in time

suggests that gas is not flowing into the core fast enough to maintain Compton-

thickness indefinitely. At some point, the combination of decreasing column den-

sity and increasing radiation pressure dramatically alters the environment, lead-

ing to sub-Eddington black hole growth.

We emphasize that rapid evacuation of the central gas during the assembly of

the initial seed black hole may reduce the post-formation accretion rates. For ex-

ample, Pacucci et al. (2015b) suggest that super-Eddington accretion can occur for
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extended periods (& 100 Myr), however, a lower ambient density could imply an

earlier transition to feedback-limited growth rates. On the other hand, the authors

also point out that a radiatively inefficient slim disc mode of accretion could allow

for sub-Eddington luminosities and super-Eddington rates. Either way, 3D radia-

tion hydrodynamics with ionizing and Lyα feedback in (near) Compton-thick set-

tings may moderate extreme hyper-Eddington accretion in the aftermath of direct

collapse.

6.6 Summary and Conclusions

We have explored the impact of radiative feedback on the assembly environ-

ments of direct collapse black holes. The main focus has been to apply a Monte

Carlo Lyα radiative transfer code to calculate the pressure exerted by Lyα photons

on the surrounding gas. Previous applications of this method have been limited

to 1D geometries, either in the context of the expanding shell model (Dijkstra &

Loeb, 2008), or coupled to a spherically symmetric hydrodynamics code (Smith

et al., 2017b). In this work, we have performed an exploratory post-processing

analysis of the high-resolution ab initio cosmological simulation of Becerra et al.

(2018b). We found that Lyα radiation pressure is likely important in shaping the

environment surrounding newly formed DCBHs. Therefore, 3D Lyα radiation hy-

drodynamics will be crucial to incorporate in future DCBH simulations, alongside

accurate ionizing radiative transfer and Compton scattering as discussed above.

Our results confirm previous predictions that Lyα radiation can have a dy-

namical impact in realistic astrophysical settings, beyond its role as a probe of (in-

ter)stellar and (inter)galactic properties. Still, determining the exact role of Lyα

photon trapping is challenging both theoretically and observationally. For exam-
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ple, the Monte Carlo method is computationally demanding in extremely optically

thick environments and great care must be taken to ensure convergence at every

stage in fully coupled RHD simulations. However, more efficient algorithms and

hardware will eventually make such calculations feasible. Additionally, upcoming

observations with the JWST and other facilities extending our view of the high-

redshift frontier will help guide and motivate simulations to better understand

newly discovered phenomena. Still, our models robustly predict intense Lyα ra-

diation pressure within the sub-parsec region. Certain configurations may extend

the influence of Lyα feedback out to ∼ 100 pc, although the quantitative details are

likely sensitive to a number of environmental factors including photoionization,

two-photon decay, velocity gradients, dust absorption and geometrical effects.

Details regarding the impact of Lyα feedback in the direct collapse scenario

will remain uncertain until fully cosmological, on-the-fly simulations are avail-

able. Still, Lyα trapping likely induces thermal effects via less efficient cooling,

chemical effects via photodetachment or photodissociation, and kinematic effects

via direct momentum transfer. The thermal impact has recently been revisited by

Ge & Wise (2017), who perform time-dependent Lyα radiative transfer on radially

averaged profiles during the initial collapse of massive black hole seeds. Simi-

lar to Spaans & Silk (2006), the equation of state for gas at moderate densities

(n ∼ 104 – 105) could potentially have γ as high as 4/3, which would briefly affect

the Jeans mass and reduce fragmentation. Ge & Wise (2017) claim a 50 000 K

envelope forms at a radius of ∼ 1 pc. However, the core still maintains near-

isothermal collapse as cooling proceeds via other atomic hydrogen transitions and

two-photon emission (e.g. Omukai, 2001b; Schleicher et al., 2010). Our work

based on the simulation of Becerra et al. (2018b) already includes an approximate
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prescription for Lyα trapping in this phase. Thus, we focus our investigation on

the longer-term dynamical impact of Lyα radiation pressure once the massive ob-

ject has formed. The importance of Lyα feedback during DCBH assembly seems

fairly robust, however, fully coupled 3D calculations may be necessary for a self-

consistent, higher order description. Of course, fundamental insights about Lyα

radiative transfer can guide our understanding. For example, a static cloud of con-

stant density has an approximate temperature dependence for the trapping time

of ttrap/tlight ∼ (aτ0)1/3 ∝ T −1/3 (Adams, 1975), and the characteristic escape fre-

quency changes as ∆vpeak = xpeakvth ∝ T 1/6, where xpeak ∼ (aτ0)1/3 and vth ∝ T 1/2

(e.g. Smith et al., 2015). Therefore, in the context of fully coupled simulations, we

expect our results to be modified by other environmental factors, such as the rapid

development of low-column pockets to facilitate the escape of Lyα photons.

Lyα trapping may also have an effect on other observational signatures. For ex-

ample, additional radiation pressure provides negative feedback, making it more

difficult for gas to reach the source, thereby regulating the black hole mass and

luminosity ∝ Ṁ•. The emerging SED is also indirectly related to Lyα processes as

additional feedback may destroy the Compton-thickness property and excess two-

photon emission earlier than expected. Lyα photons may also affect chemical pro-

cesses via the photodetachment of ions and molecules. Finally, Lyα spectroscopy

with next-generation observatories may provide further insights into high-z galax-

ies and radiative transfer effects, such as the presence (absence) of outflowing gas.

In future studies it may be worth revisiting Lyα radiation pressure in the con-

text of other environments as well. Lyα coupling is likely sub-dominant in sim-

ulations of massive star formation, including Population III stars (McKee & Tan,

2008; Stacy et al., 2012), and galactic winds caused by AGN, starbursts and super-
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novae (Haehnelt, 1995). However, there may be aspects in which these systems

can still be dynamically influenced by Lyα trapping due to a radial scaling steeper

than free-streaming, dlogaα/dlogr < −2, from force multiplication in the diffu-

sion limit (Dijkstra & Loeb, 2008; Smith et al., 2017b). In any case, Lyα photons

are crucial in shaping conditions in the early Universe, and in allowing us to probe

them.

216



Part III

COMPUTATIONAL FRONTIERS

217



Chapter 7

Discrete Diffusion Lyman-Alpha Radiative Transfer1

7.1 Introduction

The Lyman α (Lyα) line of neutral hydrogen (H i) is an important probe of

galaxy formation and evolution throughout cosmic history (Partridge & Peebles,

1967a). However, due to the complex nature of resonant scattering of Lyα photons

in optically-thick environments, the necessary radiative transfer modeling and in-

terpretation of observations are often challenging (Dijkstra, 2014). Encouragingly,

the fundamental physical processes are well studied and a few analytic solutions

exist in the literature for idealized cases (Harrington, 1973; Neufeld, 1991; Loeb &

Rybicki, 1999; Dijkstra et al., 2006; Tasitsiomi, 2006b; Higgins & Meiksin, 2012).

Furthermore, the development of Monte Carlo radiative transfer (MCRT) codes

with acceleration schemes has allowed for an accurate, universal approach to Lyα

calculations (e.g. Auer, 1968; Ahn et al., 2002; Zheng & Miralda-Escudé, 2002).

The MCRT method is well-suited for analyzing 3D hydrodynamical simulations

in post-processing (e.g. Tasitsiomi, 2006a; Laursen et al., 2009; Verhamme et al.,

2012; Smith et al., 2015), the exploration of parameter space in empirical model-

ing (e.g. Gronke et al., 2015), and spherically-symmetric radiation hydrodynamics

(RHD; Smith et al., 2016, 2017b). Still, increasingly efficient use of computational
1This chapter is in press as Smith, A., Tsang, B. T.-H., Bromm, V., Milosavljević, M., 2018,

MNRAS, preprint (arXiv:1709.10187). A. Smith and B. Tsang developed the resonant Discrete
Diffusion Monte Carlo (rDDMC) method. V. Bromm and M. Milosavljević supervised the project.
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resources will undoubtedly extend the utility and scope of Lyα modeling to in-

clude more dimensions, parameters, and photon packets for better resolution and

more robust convergence.

Historically, discrete-ordinate and grid-based methods were employed to cal-

culate Lyα radiative transfer solutions for 1D geometries. Eventually, the Monte

Carlo approach emerged as the prevalent method due to its accuracy and general-

ity, although several studies continue to explore alternatives by numerically solv-

ing approximations of the Lyα radiative transfer equation (e.g. Roy et al., 2010;

Yang et al., 2011, 2013; Higgins & Meiksin, 2012). A drawback of these and other

techniques based on directional and frequency discretization is the difficulty of

adequately representing frequency redistribution, especially when accounting for

angular dependence. In many cases these methods are also restricted to slab or

spherical symmetry, velocity monotonicity, time-independence, artificial bound-

ary conditions, or require grids and interpolation schemes tailored to specific ap-

plications. MCRT codes overcome this by employing continuous, stochastic sam-

pling to build physical quantities from numerous statistical realizations, adapting

the accuracy to the available computational resources.

Most Lyα MCRT codes employ a core-skipping technique to accelerate fre-

quency diffusion into the wings of the Lyα profile, thereby facilitating spatial ex-

cursion albeit indirectly. These schemes work in optically-thick regions where

photons near line centre have negligible mean free paths, and skip to a scattering

with a rapidly moving atom that brings the photon out of the core (Auer, 1968;

Avery & House, 1968; Ahn et al., 2002). However, Tasitsiomi (2006a) and Laursen

et al. (2009) further incorporated a semi-analytic scheme based on an approxi-

mate Neufeld solution to reassign frequencies and directions of photons when the
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optical depth based on the distance to the nearest face of a resolution element is

extremely large. In practice such random walk prescriptions and their variants

lose efficiency in simulations with high spatial resolution due to close proxim-

ity to cell interfaces where the acceleration scheme is not active (Gentile, 2001).

Furthermore, the robustness of modified walks is not well understood in the case

of line transfer. For example, the threshold criterion for triggering the accelera-

tion scheme only considers the line centre opacity (aτ0� 1), which is problematic

for wing photons as they do not retain directionality under consecutive applica-

tions of the random walk acceleration scheme. In this paper we employ a different

method for direct spatial and frequency diffusion to significantly accelerate Lyα

MCRT, as described below.

Discrete Diffusion Monte Carlo (DDMC) techniques have been developed to in-

crease the efficiency of MCRT calculations in opaque media (Gentile, 2001; Dens-

more et al., 2007). The idea is to replace many unresolved Monte Carlo scatterings

with a single jump to a neighboring cell based on a discretized diffusion equa-

tion. Under the Fick’s law closure relation of the radiative transfer equation, the

diffusive term operates as spatial leakage across cell interfaces that may be nat-

urally incorporated into the Monte Carlo paradigm. In practical applications,

DDMC is only used if the cell optical depth is above a threshold value, e.g. τν & 5.

DDMC packets are converted to normal Monte Carlo packets when the frequency-

dependent cell optical depth drops below the threshold due to a change of the

absorption coefficient along the packet’s trajectory. The DDMC method was origi-

nally developed for monochromatic thermal radiative transfer. It has recently been

extended to incorporate frequency-dependent transfer (Abdikamalov et al., 2012;

Densmore et al., 2012; Wollaeger et al., 2013; Wollaeger & van Rossum, 2014). The
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method has also been applied to the study of neutrino transport in supernovae

(Wollaeger et al., 2017) and radiative feedback in massive star cluster formation

(Tsang & Milosavljevic, 2017).

Diffusion acceleration schemes may be necessary for 3D RHD simulations to

resolve the essential physical scales on which the characteristics of Lyα transport

are set. In fact, the computational efficiency of Lyα MCRT is especially relevant in

RHD contexts incorporating resonant scattering in highly time-variable, optically

thick environments. Recently, Smith et al. (2017a) made a case for the dynami-

cal importance of Lyα radiation pressure in sites where very massive stars formed

from primordial gas collapse directly into black holes (reviewed in Volonteri, 2012;

Smith et al., 2017c). They carried out an exploratory post-processing analysis of

a high-resolution ab initio cosmological simulation, concluding that fully coupled

Lyα RHD will be crucial to consider in the future because Lyα photons provide

a significant source of dynamical feedback. There are also other astrophysical

settings where Lyα RHD effects may be important, including Population III stars

(e.g McKee & Tan, 2008; Stacy et al., 2012, 2016), early quasar formation (e.g.

Haehnelt, 1995; Milosavljević et al., 2009), and interstellar/galactic winds (e.g. Di-

jkstra & Loeb, 2008; Smith et al., 2017b). The DDMC method can also be utilized

to accelerate Lyα MCRT transfer even when the radiation pressure is negligible,

both in addition to core-skipping and in cases where core-skipping is not desired.

Therefore, it seems timely to apply the DDMC method to Lyα radiative transfer

problems, to which we devote the remainder of this paper.

The paper is organized as follows. In Section 7.2, we provide the background

for Lyα transfer and describe the DDMC methodology within this context. In

Section 7.3, we test the method against analytical solutions and explore the time-
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dependent behavior in homogeneous media. In Section 7.4, we discuss the robust-

ness of the DDMC framework and demonstrate strong performance characteristics

compared to traditional MCRT. In Section 7.5, we comment on several aspects of

combined discrete and continuous transport schemes. In Section 7.6, we explore

potential applications of the DDMC method to future Lyα studies.

7.2 Methodology

In this section we summarize the fundamental concepts behind the DDMC

method and the specific details relating to its application to Lyα radiative transfer.

7.2.1 Lyman-α radiative transport

The specific intensity Iν(r,n, t) encodes all information about the radiation

field taking into account the frequency ν, spatial position r, propagation direc-

tion unit vector n, and time t. The general Lyα radiative transfer equation is given

by
1
c
�Iν
�t

+n ·∇Iν = jν − kνIν +
"

kν′Iν′Rν′ ,n′→ν,ndΩ′dν′ , (7.1)

where kν is the absorption coefficient, jν is the emission coefficient, and the last

term accounts for frequency redistribution after partially coherent scattering (Di-

jkstra, 2014). The redistribution function R is the differential probability per unit

initial photon frequency ν′ and per unit initial directional solid angle Ω′ that the

scattering of such a photon traveling in directionn′ would place the scattered pho-

ton at frequency ν and directional unit vectorn (for the historical development see

Henyey, 1940; Zanstra, 1949; Unno, 1952).
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It is convenient to convert to the dimensionless frequency x ≡ (ν − ν0)/∆νD,

where ν0 = 2.466× 1015 Hz is the frequency of the Lyα transition, ∆νD ≡ (vth/c)ν0

is the Doppler width of the profile, and the thermal velocity in terms of T4 ≡

T /(104 K) is vth ≡ (2kBT /mH)1/2 = 12.85T 1/2
4 kms−1. Furthermore, the natural Lyα

line width is ∆νL = 9.936× 107 Hz and the ‘damping parameter’, a ≡ ∆νL/2∆νD =

4.702 × 10−4T −1/2
4 , represents the relative broadening of the natural line. This is

important because the frequency dependence of the absorption coefficient is en-

capsulated within the Voigt profile φVoigt. For convenience we define the Hjerting-

Voigt functionH(a,x) =
√
π∆νDφVoigt(ν) as the dimensionless convolution of Lorentzian

and Maxwellian distributions,

H(a,x) =
a
π

∫ ∞
−∞

e−y
2
dy

a2 + (y − x)2 ≈


e−x

2
‘core’

a
√
πx2

‘wing’
. (7.2)

The approximate frequency marking the crossover from core to wing is denoted

by xcw, i.e. where exp(−x2
cw) ' a/

√
πx2

cw.

Expressions for the redistribution function and discussions of its properties

may be found in Unno (1952), Osterbrock (1962), Hummer (1962), and Lee (1974).

One notational simplification is that the scattering probability depends only on the

angle between the incoming and outgoing directions, µ ≡ cosθ = n ·n′. Therefore,

with an appropriate choice of a scattering phase function p(µ) normalized such

that
∫ 1
−1
p(µ)dµ = 1, we define the outgoing angular-averaged redistribution func-

tion as Rx′→x ≡ (4π)−2
!

dΩ′dΩRx′ ,n′→x,n =
∫ 1
−1
p(µ)Rx′→x,µdµ. Furthermore, the

conservation of photons in equation (7.1) requires a normalization2 for the redis-

tribution function of
∫∞
−∞Rx′→xdx′ = 1, in accordance with the previous interpre-

2This convention differs from that of Hummer (1962), but is similar to that of Dijkstra (2014).
For reference, our angle-averaged definition is related as Rus

x′→x = RHummer
x′→x /φVoigt(x′).
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tation as a probability distribution function. Finally, the conversion to dimension-

less frequency introduces a constant multiplicative factor, e.g. specific intensity,

Ix = ∆νDIν , and frequency redistribution, Rx′→x = (∆νD)2Rν′→ν . Further discus-

sion of the behavior of the redistribution function is provided in Appendix 7.7.

7.2.2 Diffusion regime

We define the zeroth and first order angular moments of the radiation inten-

sity as Jx ≡ 1
4π

∫
dΩIx and Hx ≡ 1

4π

∫
dΩIxn. These quantities are related to the

energy density and flux by Ex = 4π
c Jx and Fx = 4πHx, respectively. The emis-

sivity is discretized as creation of photon MC packets each characterized by a

particular energy εk, position rk, frequency xk, and emission time tk, such that

jx ≈
∑
εkδ(rk)δ(xk)δ(tk)/(4π), where the index k refers to an individual MC packet.

Without loss of generality we omit the emissivity term in the following discussion.

The angular-averaged form of equation (7.1) is the zeroth order moment equation:

1
c
�Jx
�t

+∇·Hx = −kxJx +
∫
kx′Jx′Rx′→xdx

′ . (7.3)

In the diffusion limit this is further simplified by applying Fick’s law as a closure

relation to the moment equations:

Hx = −∇Jx
3kx

, (7.4)

where the factor of 3 arises from the number of dimensions. Likewise, in optically

thick media we can take advantage of the Fokker-Planck approximation to rewrite

the redistribution integral as (Rybicki & dell’Antonio, 1994)

− kxJx +
∫
kx′Jx′Rx′→xdx

′ ≈ �

�x

(
kx
2
�Jx
�x

)
, (7.5)
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which naturally transforms frequency redistribution into a localized diffusion pro-

cess. We note that the form of equation (7.5) technically violates photon conser-

vation, but the correction factor proposed by Rybicki & dell’Antonio (1994) with

frequency derivatives of n ·Hx may safely be ignored for nearly isotropic radi-

ation fields. Furthermore, equation (7.5) does not account for detailed balance,

atomic recoil, or stimulated scattering. However, these are unlikely to be signifi-

cant for the applications of this paper (Rybicki, 2006). Thus, after incorporating

equations (7.4) and (7.5) we have

1
c
�Jx
�t

= ∇ ·
(
∇Jx
3kx

)
+
�

�x

(
kx
2
�Jx
�x

)
. (7.6)

This form places diffusion in space and frequency on equal footing.

Finite-volume discretization in space and frequency transforms the diffusion

terms into source and sink terms dictating the movement of photon packets through

cell boundaries and frequency bins. This process is quantitatively described by

‘leakage coefficients’, sometimes referred to as ‘leakage opacities’. We define the

cell- and bin-averaged intensity by Ji,j ≡ (∆Vi∆xj)−1
!
i,j
JxdV dx, with ∆Vi ≡

∫
i
dV

denoting the volume of cell i, and ∆xj ≡
∫
j
dx the width of frequency bin j. The

spatial diffusion term becomes

∇ ·
(
∇Jx
3kx

)
−→

∑
δi

kδiz-leak(Jδi,j − Ji,j) , (7.7)

where the summation is over all neighboring cells δi, the cells sharing a face

with cell i. This discretization of the diffusion operator is based on a continu-

ous piecewise linear reconstruction with inflections at cell centers and interfaces.

In the Monte Carlo interpretation the right hand side of equation (7.7) provides

the mechanism for spatial transport. Likewise, the frequency diffusion term is

�

�x

(
kx
2
�Jx
�x

)
−→

∑
δj

k
δj
x-leak(Ji,δj − Ji,j) , (7.8)
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where the summation is over neighboring frequency bins δj. In the Monte Carlo

picture the exchange on the right hand side of equation (7.8) provides the mecha-

nism for frequency redistribution.

Substituting equations (7.7) and (7.8) into equation (7.6) yields the fundamen-

tal equation for our new DDMC scheme for resonant line transfer with a symmet-

ric treatment of diffusion in both space and frequency:

1
c

�Ji,j
�t

=
∑
δi

kδiz-leak(Jδi,j − Ji,j) +
∑
δj

k
δj
x-leak(Ji,δj − Ji,j) . (7.9)

Equation (7.9) is arranged to highlight photon flux conservation across cell and bin

interfaces. The relative magnitudes of the leakage coefficients express the likeli-

hood of the respective diffusion events.

The exact form for the leakage coefficients is determined by the specific geom-

etry and discretization scheme. Derivations of kδiz-leak are given by Densmore et al.

(2007) and Tsang & Milosavljevic (2017) for non-uniform Cartesian geometry, and

Abdikamalov et al. (2012) for non-uniform spherical geometry. For concreteness,

in this paper we employ the following leakage coefficients for non-uniform Carte-

sian coordinates with ∆zi denoting the cell width in the leakage direction, and ∆xj

denoting the frequency bin width:

kδiz-leak =
1

3∆zi

2
ki,j∆zi + kδi,j∆zδi

(7.10)

and

k
δj
x-leak =

1
∆xj

1

k−1
i,j ∆xj + k−1

i,δj∆xδj
. (7.11)

Here, the cell- and bin-averaged scattering coefficients are defined by ki,j ≡ (∆Vi∆xj)−1
!
i,j
kxdV dx.

We note that the discretization is not required to follow a particular grid structure.

For example, it would also be natural to have a frequency weighting kernel, such
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as splines for higher order convergence. In this paper we employ a tophat filter

to simulate a piecewise constant frequency representation. Specifically, the Lyα

absorption coefficient is kx = k0H(a,x), where k0 denotes the value at line centre

and the Hjerting–Voigt function is defined in equation (7.2) with a second order

expansion in a of (see Smith et al., 2015)

H(a,x) ≈ e−x
2

+
2a
√
π

(
2xF(x)− 1

)
+ a2e−x

2(
1− 2x2

)
, (7.12)

where the Dawson integral is F(x) =
∫ x

0
ey

2−x2
dy. Integrating equation (7.12) over

frequency yields

H(a,x) ≡
∫ x

0
H(a,y)dy

≈
√
π

2
erf(x)− 2a

√
π
F(x) + a2xe−x

2
, (7.13)

where the error function is erf(x) ≡ 2
∫ x

0
e−y

2
dy/
√
π. Thus, a tophat discretization

has a mean absorption coefficient of

kj = k0

(
H(a,xj +∆xj /2)−H(a,xj −∆xj /2)

)
/∆xj , (7.14)

where for clarity we have dropped the spatial index and introduced the frequency

bin centre and width as xj and ∆xj , respectively.

To our best knowledge, the leakage treatment for frequency under the Fokker-

Planck approximation for resonant scattering has not appeared previously in the

literature. The derivation is similar to spatial leakage in 1D non-uniform Cartesian

coordinates. We note that in an isothermal, uniform medium with uniform spatial

and frequency meshes equation (7.10) reduces to kδiz-leak = [3kj(∆z)2]−1. Likewise,

equation (7.11) reduces to kδjx-leak = [(k−1
j + k−1

δj ) (∆x)2]−1. Notice this is a harmonic

mean between frequency bins. Therefore, the spatial and frequency dependence
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may be factored out for an efficient on-the-fly implementation, with the additional

advantage that the redistribution function is no longer required.

7.2.3 Monte Carlo procedure

The Lyα Monte Carlo procedures used to solve equation (7.9) are similar to the

continuous implementation of MCRT (see e.g. Dijkstra, 2014). However, instead

of following continuous photon trajectories, the DDMC packets are tracked by the

cell index and frequency bin. When precise positions and frequencies are needed

they can be drawn uniformly from the cell volume or bin interval. After a DDMC

packet is initialized, the subsequent trajectory is determined by the locally dom-

inant opacity. In other words, the leakage process with the smallest interaction

distance:

∆` = min
δi,δj

(
∆`δiz-leak,∆`

δj
x-leak

)
, (7.15)

is executed to transport the photon packet across the appropriate cell or frequency

bin interface. Here, the indices δi and δj run over all neighboring cells and fre-

quency bins. The respective lengths are determined by drawing the effective opti-

cal depths from exponential distributions, such that

∆`X = − lnξ/kX for kX ∈
{
kδiz-leak, k

δj
x-leak

}
, (7.16)

where ξ is a random number uniformly distributed on [0,1], and the label X

specifies the transport process. We retain physical time-dependence of the radia-

tion field by limiting the cumulative path length of each photon packet during a

timestep. Specifically, causality requires that if ∆`X > c(tn+1− tk), where tk denotes

the current photon time and tn+1 the end of the timestep, then we set tk = tn+1 and
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the photon packet remains within the cell and frequency bin without executing

leakage.

Photon packets are removed from the simulation when they reach the bound-

ary of the domain; otherwise they persist across timesteps. If the number of active

photons exceeds a certain value then a photon packet resampling scheme may be

desirable. However, we do not implement resampling in this paper. We instead

focus on the scenario in which all photons are emitted at the beginning of the sim-

ulation, or continuously as prescribed for a radiation source. For example, a time-

dependent source with luminosity Lα(t) emits an energy of En =
∫
n
Lα(t)dt, with

packet emission times uniformly distributed over the duration of the timestep,

tk ∈ [tn, tn+1]. For multiple sources, such as stellar populations or extended recom-

bination emission, and time-variable sources, it may also be desirable to incorpo-

rate a photon packet weighting scheme to accelerate the convergence of Monte

Carlo sampling. The weights allow simulations to dynamically allocate photon

packets to optimally sample the radiation field. The total energy emitted during

each timestep is distributed with weights of wk across ∆Nph,n photon packets, e.g.

if equal weights are chosen then wk = ∆N−1
ph,n. The individual packet energies are

given by εk = wkEn, so by construction
∑
εk = En. Special emission cases include

an initial flash of energy E0 and/or a constant luminosity source Lα.

We employ two different Monte Carlo estimators for the spectral energy den-

sity. First, the ‘bin’ estimate is based on counting the number of photons within

each cell and bin at the end of each timestep. Second, the more accurate ‘path’

estimate is based on the total residence time due to the continuous propagation of

photon packets (Smith et al., 2017b). The spectral energy density estimators are
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thus given by

Ei,j,n ≈
∑
bins

εk
∆Vi∆xj

≈
∑

paths

εk
∆Vi∆xj

∆`k
c∆tn

, (7.17)

where the summations are over all photon packets within the particular cell, fre-

quency bin, and timestep. We calculate the integrated energy density via Ei,n ≈∑
j Ei,j,n∆xj for frequency and Ej,n ≈

∑
i Ei,j,n∆Vi for space. Similarly, a Monte Carlo

estimator for the acceleration of a given cell under the DDMC transport scheme is

ai,n ≈
∑
faces

εkτδi,j
cρi∆tn

, (7.18)

where the summation is over all leaked photon packets, inward and outward,

across all faces of the current cell throughout the timestep. If the outward unit

normal vector of the cell faces are denoted bynδi , then the optical depth vector de-

notes the contribution along the leakage direction according to τδi,j ≡ ±ki,j∆`δiz-leaknδi ,

where a positive (negative) sign denotes outward (inward) leakage. As with energy

density, it is also possible to retain the frequency information; however, for clarity

we do not do that here.

7.2.4 Dust absorption

The absorption of Lyα photons by dust can have a significant impact on the

internal radiation field and emergent flux. We briefly describe two methods to ac-

count for dust absorption in the DDMC scheme. In both cases the leakage coeffi-

cients are calculated using the total scattering coefficient including Lyα and dust,

such that ki,j = kα,i,j + ks in equations (7.10) and (7.11), where dust scattering is

typically modeled assuming a constant albedo defined by A ≡ ks/(ks +ka). The first

method follows a probabilistic treatment by sampling the distance to an absorp-

tion event as ∆`a = − lnξ/ka, similar to equation (7.16). If this is smaller than the
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traversed leakage distance from equation (7.15) then the photon packet is elimi-

nated from the simulation after a residence time within the cell of ∆ta = ∆`a/c. The

second method employs continuous absorption by adjusting the weight of photon

packets to accelerate the convergence of the radiation field. In other words, if the

photon packet moves with an interaction distance of ∆` based on equation (7.15),

then the traversed optical depth is τa = ka∆` and the weight is reduced by e−τa .

Photon packets with negligible weight can be eliminated by applying a thresh-

old condition, e.g. wk > wmin ∼ 10−10. We note that in this scheme the Monte

Carlo estimators in equations (7.17) and (7.18) must be modified to account for

the decreasing contribution along the path. Otherwise the momentum transfer

would be overestimated, especially in cases where the cumulative optical depth to

escape is greater than unity, i.e.
∑
τa > 1. The correction factor to the path estima-

tors for energy density and acceleration before applying the weight reduction is∫ τa

0
e−τ

′
a dτ ′a/τa = (1 − e−τa)/τa, which is approximately 1 − τa/2 in the optically-thin

limit. In this paper we only consider dust-free settings.

7.2.5 Comoving frame formulation

Bulk velocity can strongly affect Lyα radiative transfer as the resulting Doppler

shifts can bring photons closer to or further from resonance. Lyα scattering is most

naturally calculated in the gas comoving frame, typically in the non-relativistic

limit. Therefore, we incorporate bulk velocity with a Doppler frequency correction

∆ν when moving across cell interfaces,

c∆ν
ν0

= −nk ·∆v . (7.19)

The corresponding dimensionless frequency correction introduces a factor account-

ing for temperature variations across cells, x′ = (x+nk ·u)
√
T /T ′−nk ·u′, where the
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primed quantities pertain to the new cell and u ≡ v/vth. For discrete spatial trans-

port the net Doppler shift only depends on the flux directionality function W (µ),

averaged over outward-facing directions. Thus, the DDMC change in velocity is

c∆ν
ν0

= −fµ∆vδi where fµ ≡

∫ 1
0
µW (µ)dµ∫ 1

0
W (µ)dµ

. (7.20)

Here, ∆vδi denotes the magnitude of the velocity difference in the direction nor-

mal to the δi neighboring cell interface. The coefficient fµ quantifies the assumed

anisotropy at the interface. For reference, in Doppler units equation (7.20) be-

comes x′ = x
√
T /T ′ + fµ(∆uδi

√
T /T ′ −∆u′δi). In this paper we employ the approx-

imation of isotropic escape for pure DDMC transport such that W (µ) ∝ 1 and

fµ = 1/2, which should be considered as a conservative lower limit. We note that if

W (µ) ∝ µ then fµ = 2/3, and if W (µ) ∝ µ2 then fµ = 3/4. Therefore, if focusing does

occur for photons emerging from planar boundaries into lower density gas then

we still expect fµ . 0.7. This averaging scheme can also independently incorporate

discrete frequency bins. We simply apply the linear correction to the bin edges and

draw a new random frequency uniformly from within the Doppler-shifted range.

We then reassign the DDMC packet to the corresponding discrete frequency bin.

7.3 Test problems

To validate the accuracy of our resonant DDMC scheme we implement a suite

of test problems. Where possible we derive analytic solutions for comparison to

the numerical calculations. The setup for grey diffusion in Section 7.3.1 validates

the spatial DDMC scheme. Then in Section 7.3.2 we investigate the behavior of

Lyα scattering in spherical and plane-parallel geometries. We present new ap-

proximate steady-state solutions for an infinite, static, homogeneous medium. We
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Figure 7.1: Radiation energy density Ez for grey diffusion in a uniform medium
over several doubling times, t = {1,2,4,8,16}×10−2 tdiff, where the diffusion time is
tdiff = 1

2τtlight = kR2/2c. For convenience the axes have been rescaled into dimen-
sionless units. Both photon ‘bin’ counting and cumulative ‘path’ length Monte
Carlo estimators are shown as described by equation (7.17). Within the domain,
both provide excellent agreement with the analytical solution of equation (7.23).

also compare the evolution of a Lyα radiation pulse with a pulse evolving under

grey diffusion.

7.3.1 Grey diffusion

We consider the spatial transport of DDMC particles in a 1D infinite domain.

We restrict to the case of a constant scattering coefficient, which is equivalent to a

random walk in space with a uniform mean free path of λmfp = k−1. Under these

conditions the time-dependent diffusion equation is

1
c
�Ez
�t

=
1
k
�2Ez
�z2 +

E0

c
δ(z)δ(t) , (7.21)
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where the notation for the source function fully specifies the initial value problem,

i.e. Ez|t=0+ = E0δ(z)/c. For an arbitrary reference length scale R the light crossing

time is tlight = R/c and the diffusion time is tdiff = 1
2τtlight = kR2/2c. Rescaling

equation (7.21) into dimensionless units according to z = z̃R, Ez = Ẽz̃ E0/R, and

t = t̃ k R2/2c yields
�Ẽz̃
�t̃

=
1
2
�2Ẽz̃
�z̃2 + δ(z̃)δ(t̃) , (7.22)

which has the solution:

Ẽz̃ =
e−z̃

2/2t̃
√

2πt̃
, (7.23)

Our spatial transport test consists of a 1D grid with DDMC activated in all of the

101 equally-spaced cells. We initialize 107 DDMC particles at t = 0 and employ

constant time steps of ∆t = 10−3tdiff. Figure 7.1 shows the radiation energy den-

sity profile over several doubling times, specifically t = {1,2,4,8,16} × 10−2 tdiff.

The simulation provides excellent agreement with the exact analytical solution

of equation (7.23). However, we note that the simulation domain is finite with

z ∈ [−R,R] so the two solutions diverge as photons escape when they reach bound-

ary.

7.3.2 Static medium with resonant scattering

We now explore the time-dependent solution for the equivalent 3D line trans-

fer problem. The evolution is more complicated due to the diffusion in both space

and frequency. The general equation assuming a static, homogeneous medium

with a frequency-dependent scattering coefficient k(x) is

1
c
�E

�t
=
∇2E
3k(x)

+
�

�x

(
k(x)

2
�E

�x

)
+
E0

c
δ(r)δ(x)δ(t) , (7.24)
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Figure 7.2: Angular-averaged flux J(x) for a homogeneous, static slab as a function
of frequency. The axes have been rescaled by factors of (aτ0)1/3 to remove the
dependence on temperature and optical depth from the analytic solution. The
simulations were run with aτ0 = 109 and T = 10 K. With a uniform resolution
of ∆z ≈ 0.01R and ∆x ≈ 0.05(aτ0)1/3, the Monte Carlo noise is still apparent when
the number of photon packets isNph ≈ 104. Convergence is obtained by increasing
Nph, yielding nearly exact agreement to the analytic solution with Nph ≈ 106.

where for notational compactness we have dropped the subscripts on E, and the

source term specifies the initial value problem, i.e. Er,x|t=0+ = E0δ(r)δ(x)/c. Rescal-

ing equation (7.24) into dimensionless units with an arbitrary reference length

scale R is accomplished by r = r̃R, E = ẼE0/R
3, dx =

√
3/2k(x)Rdx̃, and t = t̃3R/c,

yields

τ(x̃)
�Ẽ

�t̃
= ∇̃2Ẽ +

�2Ẽ

�x̃2 +

√
2
3
δ(r̃)δ(x̃)δ(t̃) , (7.25)

where the optical depth is defined as τ(x̃) = k(x̃)R.
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Figure 7.3: Radiation energy density Ez for the steady-state case of resonant scat-
tering in a static uniform medium. For convenience the axes have been rescaled
into dimensionless units. The cumulative path length Monte Carlo estimator is
shown along with the approximate analytical solution of equation (7.35), which is
within the expected agreement (see text).

7.3.2.1 Steady-state

We first consider a steady-state point source by eliminating the time derivative

in equation (7.25) and by replacing the source term with E0δ(t) → Lα and the

dimensionless transformation with E = Ẽ Lα/cR2. The spatial and frequency terms

may be combined to take advantage of 4D spherical symmetry by defining ξ ≡
√
r̃2 + x̃2, where r̃ = ‖r̃‖, further simplifying equation (7.25) into

�

�ξ

(
ξ3�Ẽ

�ξ

)
= −
√

6
2π2δ(ξ) . (7.26)

The source term has a factor of
√

6 due to the coefficients of 1/3 and 1/2 in equa-

tion (7.24), and 2π2 in the denominator is the surface area of the 4D unit sphere.

Equation (7.26) has solution

Ẽ(ξ) =

√
6

4π2ξ
−2 . (7.27)
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which may also be derived by relating the symmetric 4D Fourier transform to

the equivalent 1D Hankel transform. The final form after substituting back the

original spatial and frequency variables involves an integral over the frequency-

dependent optical depth. The integral can be evaluated analytically for wing pho-

tons, i.e. |x| & xcw, using equation (7.2)

x̃

√
3
2

=
∫
τ−1
x dx ≈

∫ √
πx2

aτ0
dx =

√
πx3

3aτ0
. (7.28)

Therefore, after converting to physical units we have:

E(r,x) ≈
√

6
4π2

Lα
cR2

( rR)2
+


√

2π
27

x3

aτ0

2
−1

. (7.29)

At the characteristic radius R the profile of equation (7.29) has a mean of zero,

absolute mean of 〈|x|〉R = (aτ0/
√

2π)1/3 ≈ 0.7362(aτ0)1/3, and standard deviation

of (〈x2〉 − 〈x〉2)1/2
R = (3

√
3aτ0/4

√
π)1/3 ≈ 0.9016(aτ0)1/3. An approximate radial en-

ergy density for wing photons may be obtained by integrating equation (7.29) over

frequency:

E(r) ≈ Lα
2πc

(
2aτ0√
πr5R

)1/3

. (7.30)

Likewise, the radially-integrated spectral energy density is

E(x) ≈ 9Lα
8πcR

aτ0√
π|x|3

. (7.31)

From these simple expressions we can derive insight about Lyα trapping near

point sources, when r . R. For example, the trapping time as a function of ra-
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Figure 7.4: Spatially integrated spectral energy density Ex for the same simulation
as Fig. 7.3. The approximate analytical solution of equation (7.36) is within the
expected agreement (see text).

dius is roughly

ttrap ≈ 4π
∫ R

0

E(r)
Lα

r2dr

≈ 3
2

(
2aτ0√

π

)1/3

tlight

≈ 21.94 tlight

( NH i

1020 cm−2

)1/3 ( T

104 K

)−1/3

≈ 12.14 tlight

( τ0

106

)1/3 ( T

104 K

)−1/6
, (7.32)

in excellent agreement with previous estimates and empirical calculations (Adams,

1975; Smith et al., 2017b).

However, if the optically-thick slab has finite extent then the angular averaged

intensity Jx at the surface is described by the following solution derived by Har-
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Figure 7.5: Spectral energy density corresponding to Figs. 7.3 and 7.4. The double-
peaked profile is only apparent in the escaping line flux as in Fig. 7.2. Other-
wise, the steady-state source retains photons near line-centre as approximately
described by equation (7.34).

rington (1973) and Neufeld (1990) (see also Dijkstra et al., 2006):

J(x,aτ0) =
1

4
√

6π

x2

aτ0
sech


√

π3

54
x3

aτ0

 , (7.33)

which has been normalized to 1/4π, reflecting an integration over solid angle.

Equation (7.33) is a symmetric, double-peaked profile with peaks located at xp =

±1.0664(aτ0)1/3, which is derived by setting �J/�x = 0 to obtain the transcendental

relation x̄ tanh x̄ = 2/3 with x̄ =
√
π3/54x3/aτ0. Therefore, the peak heights corre-

spond to 102 J(τ0, a,xp) = 4.5074(aτ0)−1/3. Figure 7.2 illustrates the emergent Lyα

line flux after scaling out the dependence of (aτ0)1/3 from equation (7.33). The

simulation was run with aτ0 = 109 and T = 10 K, with 106 photon packets at a

uniform resolution of ∆z ≈ 0.01R and ∆x ≈ 0.05(aτ0)1/3. The DDMC simulation

provides excellent agreement with the analytical steady state solution in the high-

opacity limit.

We now compare the steady-state DDMC calculation with the analytical solu-
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tion. The previous derivation must be slightly modified to account for the slab

geometry. The final expression for the spectral energy density as a function of

space and frequency, analogous to equation (7.29), is

E(z,x) ≈ −
√

6
4π

Lα
c

log

( zR)2
+


√

2π
27

x3

aτ0

2 . (7.34)

Unfortunately, in one dimension further integration over the infinite space and

frequency domains does not converge, unless we restrict the range. For presenta-

tional simplicity we limit the respective ranges to |z| < R and |x| < π
3 (
√

27/2πaτ0)1/3.

The frequency integration yields a hypergeometric function, however we obtain a

simple expression from the leading order Taylor expansion. This process leads to

an approximate slab version of equation (7.30) of

E(z) ≈
√

6Lα
c


√

27
2π
aτ0

1/3 (
1−

∣∣∣∣ zR ∣∣∣∣1/3) . (7.35)

The corresponding spatial integration leads to a leading order approximate slab

version of equation (7.31) of

E(x) ≈
√

6RLα
πc

1−
√

2π
27
|x|3

aτ0
arctan


√

2π
27
|x|3

aτ0

 . (7.36)

We note that in this approximation the line profile is broader than in the radial

case, e.g. at the characteristic radius R the profile of equation (7.34) has a mean of

zero and standard deviation of (〈x2〉 − 〈x〉2)1/2
R ≈ 1.161(aτ0)1/3.

These simplified expressions allow a direct comparison with the numerical so-

lutions obtained with the DDMC method. Figures 7.3 and 7.4 show the energy

density Ez and the spatially integrated spectral energy density Ex for the same

steady-state simulation as Fig. 7.2. The full spatial and frequency dependence

from the simulation is illustrated in Fig. 7.5. For the steady-state case, there is no
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double-peaked frequency profile interior to the slab, even though this is the dis-

tinguishing characteristic of the escaping line flux as shown in Fig. 7.2. The sim-

ulation and the approximate analytical solutions are within the expected agree-

ment considering the underlying assumptions. For example, in the finite domain

we expect edge effects near the slab boundary as well as for wing photons that

have previously escaped. In the 1D case the analytic expressions are based on a

restricted integration range that cannot disentangle correlation between position

and frequency, which may be important for a finite slab. The apparent discrep-

ancy may also be due to the assumed line opacity, which is the full Voigt profile

in the simulation instead of the wing approximation made in the analytic expres-

sions. Finally, the pure DDMC implementation may slightly overestimate the path

length for free-streaming photons. In any case, the simplicity of the analytical so-

lutions and the rough agreement with simulations demonstrate the utility of this

kind of analysis for Lyα transfer calculations.

7.3.2.2 Time-dependence

We also explore the time-dependent solution of equation (7.25), describing the

evolution of a pulse of radiation undergoing diffusion in space and frequency.

For testing purposes the DDMC scheme is activated in all cells and frequency

bins. We initialize the packets at t = 0 and employ a constant time step of ∆t =

10−3(aτ0)1/3R/c, where we choose aτ0 = 109 with T = 10 K. For reasons discussed

in Section 7.4.2 this particular test has uniform cells of width ∆z ≈ 0.02R and

uniform bins of width ∆x ≈ 0.1(aτ0)1/3. The simulation was run with 107 pho-

ton packets. Figures 7.6 and 7.7 show the radiation energy density over several

doubling times, specifically t = {1,2,4,8,16,32} × 10−2 (aτ0)1/3R/c. For clarity, the
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Figure 7.6: Radiation energy density Ez for resonant scattering in a static uniform
medium over several doubling times, t = {1,2,4,8,16,32} × 10−2 (aτ0)1/3R/c. For
convenience the axes have been rescaled into dimensionless units. Both photon bin
counting and cumulative path length Monte Carlo estimators are shown. The main
difference from grey diffusion is the shape of the spatial evolution (see Fig. 7.1).

profiles have been integrated over frequency in Fig. 7.6 and space in Fig. 7.7. The

evolution differs from that of grey diffusion. The spatial profile is approximately

an exponential function rather than the Gaussian in grey diffusion (compare with

Fig. 7.1). Specifically, we find that the solution can be approximated by the fitting

function dlogEz/d|z/R| ≈ −2.24(t/tdiff)−0.72, where the approximate diffusion time

is tdiff = tlight(aτ0)1/3. The spatially-averaged line profile becomes increasingly flat

with time. However, the emergent profile does develop the expected double peak

structure. This is apparent when considering the energy density near the bound-

ary. Fig. 7.8 illustrates the nontrivial dependence on position and frequency at the

time t = 0.2(aτ0)1/3R/c.
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Figure 7.7: Spatially integrated spectral energy density Ex for the same simulation
as illustrated in Fig. 7.6. The distribution gradually spreads out and flattens with
time.

7.4 Performance Characteristics

We now analyze the numerical performance of the DDMC method. We char-

acterize its scaling and compare its runtimes to those of counterpart non-diffusive

MCRT simulations. As before we start with grey diffusion before we turn to reso-

nant scattering.

7.4.1 Grey diffusion

In grey diffusion the discrete grid spacing acts as an effective mean free path for

photon propagation, such that λmfp,eff = max(∆z,k−1). If the computational bottle-

neck is physical scattering, then the number of scattering events after one diffu-

sion time is NMC
scat ≈ cktdiff = τ2/2 and NDDMC

scat ≈ ctdiff/∆z = τR/2∆z for the MC and
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Figure 7.8: Spectral energy density corresponding to Figs. 7.6 and 7.7 at the time
t = 0.2(aτ0)1/3R/c. The double-peaked profile is already apparent near the bound-
ary.

DDMC schemes, respectively. Therefore, the estimated speedup by employing the

DDMC method is approximately NMC
scat /N

DDMC
scat ≈ τ∆z/R. The actual speedups may

vary depending on details about the code implementation and hardware architec-

ture. We have checked that this relation roughly holds for pure DDMC scattering

across reasonable parameter ranges in τ and ∆z/R. However, to illustrate the τ

and ∆z performance characteristics we run a suite of simulations with varying op-

tical depth and grid resolution. Figure 7.9 shows the relative computational time

to run simulations with τ ∈ [1,106] for one light crossing time tlight, while varying

the number of grid cells such that nz = 2R/∆z ∈ 2{−∞,3,6,9} + 1 = {1,9,65,513}. With

a high enough opacity, the time to diffuse out of one cell becomes longer than the

overall light crossing time, so the runtime flattens off as additional speedup is no

longer possible. This begins to occur when tdiff,cell & tlight, a condition that can be
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reformulated in terms of the overall optical depth and number of cells as τ & n2
z /2.

7.4.2 Resonant scattering

We now perform a suite of simulations to assess how the resolution affects the

performance of the pure resonant DDMC scheme. Although the following is an

oversimplification, the local diffusion into neighboring cells limits the frequency-

dependent effective mean free path λmfp,eff = max(∆z,k−1
x ). The typical redistri-

bution in the wings generates an average drift back toward the core of 〈δx〉 ∼

−1/x and a RMS displacement of
√
〈δx2〉 ∼ 1 (Osterbrock, 1962). Therefore, a

wing photon tends to return to the core after Nscat,wing ∼ x2 scatterings. In the

optically-thick regime, escape occurs after an excursion in the wing to a charac-

teristic escape frequency determined by setting the RMS displacement to the slab

size, i.e. N 1/2
scat,wingλmfp ≈ R. Therefore, the escape frequency is approximately

xesc ≈ (aτ0/
√
π)1/3, the optical depth at this frequency is τesc ≈ xesc, the mean

free path is λmfp ≈ R/xesc, and the trapping (or diffusion) time is ttrap ≈ xesctlight

(Adams, 1975). However, the total number of scatterings including core photons

with short mean free paths is higher and may be estimated from the cumulative es-

cape probability viaNscat ∼ P −1
esc ∼ [2

∫∞
xesc

dxφ(x)/x2]−1 ∼ τ0 (Adams, 1972). Physical

scattering dominates the computational time for Lyα MCRT codes, so we expect

the runtime to scale as tMC ∝ τ0. With a core-skipping acceleration scheme this

is improved to tMC,cs ∝ x2
esc ∝ (aτ0)2/3. We have verified that this is approximately

true in our MCRT runs.

On the other hand, the runtime for escape under a pure DDMC implemen-

tation is independent of the optical depth but is determined by the spatial and

frequency discretization. However if the comparison is across a physical timescale
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Figure 7.9: Relative runtime for DDMC scattering simulations carried out for one
light crossing time as a function of optical depth τ . The number of grid cells
nz = 2L/∆z ∈ 2{−∞,3,6,9}+1 = {1,9,65,513}. The flattening occurs when the diffusion
time across one cell becomes longer than the light crossing time of the box, i.e.
τ & n2

z /2, marked by vertical ticks for each relevant curve. At lower optical depths
the relative runtime is inversely proportional to opacity.

such as the light crossing time then the relative DDMC runtime may decrease with

increasing opacity, similar to the trend demonstrated in Fig. 7.9. For concreteness

we test the pure DDMC scheme with different cell and bin sizes. The simulations

finish when all photon packets have escaped the slab with aτ0 = 106 at a temper-

ature of T = 10 K. In this case, the wing dominated transport calculations scale

as tDDMC ∝ (∆z)−2 and tDDMC ∝ (∆x)−3, as demonstrated in Fig. 7.10. This is due

to physical scatterings being replaced by leakage events. The spatial term is the

usual diffusion process with a scattering reduction factor of ∼ (∆z/λmfp)2 ∼ τ2
x,cell.

The frequency redistribution also induces a drift term, which makes diffusion

from the core to the escape frequency more difficult. This may be seen by expand-
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ing the frequency derivative in equation (7.6) as kx�2J/�x2 − k′x�J/�x. We argue

that the speedup includes a diffusive factor of ∼ ∆x2/〈δx2〉 and an additional fac-

tor ∝ ∆x from the drift toward the core. Therefore, the computational efficiency

may be limited by the cell size or bin width if either is too small. In this case, the

two are well matched when the following condition is approximately satisfied:

∆x3

aτ0
≈ 2.5

∆z2

R2 , (7.37)

which explains the flattening of the timings in Fig. 7.10.

For additional clarity, Fig. 7.11 illustrates this matching effect for the same

suite of pure DDMC simulations of varying cell and bin sizes. If the computa-

tional domain covers the range |z| ≤ R and |x| ≤ 2.5(aτ0)1/3, then the approximate

relation given by equation (7.37) corresponds to a matched number of cells and

bins when n3
x ≈ 12.5n2

z . Therefore, a reasonable choice to obtain satisfactory res-

olution in test cases is nz = 101 and nx = 51. Finally, we note that the DDMC

method is most efficient when ∆x is larger than the width of the core ∼ 2xcw. Such

frequency binning provides an effective core-skipping scheme because frequency

redistribution within the same bin is skipped.

7.4.3 Comparison with MCRT

The strength of the DDMC method is the relative computational speedup com-

pared to continuous MC in the high opacity limit. This is because the MC run-

time scales with the typical number of scatterings, which is ∝ τ0 without a core-

skipping acceleration scheme and ∝ (aτ0)2/3 with core-skipping. However, the

runtime in a pure DDMC implementation depends only on the spatial cell and

frequency bin discretization. For concreteness, Fig. 7.12 compares DDMC and MC

performance under a similar setup as in Figs. 7.10 and 7.11. Specifically, the MC
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Figure 7.10: Relative runtimes for a suite of simulations with varying discretiza-
tion for the spatial cells and frequency bins. The runtimes are normalized to the
most efficient DDMC simulation. The simulations finish when all photon pack-
ets escape a slab with aτ0 = 106 and T = 10 K. The upper (lower) panel illus-
trates the parameter space as a function of bin (cell) size. The runtime scales as
tDDMC ∝ (∆x)−3 when frequency diffusion dominates and tDDMC ∝ (∆z)−2 when
spatial diffusion dominates. Otherwise, the timing flattens out as the other dis-
cretization resolution (cell or bin) acts as the computational bottleneck. The ap-
parent break in the power law in the upper panel corresponds to a bin size of
∆x ∼ 2xcw ≈ 5, which implies less efficient diffusive redistribution for core pho-
tons.
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The main features are illustrated with the dashed lines: (i.) an efficiency barrier
at ∆x . 2xcw ≈ 5, and (ii.) a matching effect where the cell and bin sizes yield
comparable computational costs given by equation (7.37), such that ∆x ∝ (∆z)2/3.

timings are from different simulations that finish when all photon packets escape.

The setups are characterized by the parameter aτ0 = 2.7728(T /10K)−1 (NH/1014 cm−2),

which for consistency is evaluated at a temperature of T = 10 K. The DDMC simu-

lation suite has aτ0 = 106, but with varying cell and bin sizes. The relative runtime

is the physical runtime scaled by the total number of photon packets, such that

the shortest time is unity. An explanation of the presentation details is given in

the figure caption. The main trends have already been discussed. Still, Fig. 7.12

demonstrates the potential speedup obtained by implementing rDDMC. We also

provide a 2D color map with the red (green) indicating where the runtime is domi-

nated by spatial (frequency) diffusion. In summary, our DDMC method can be sev-

eral orders of magnitude more efficient than standard MCRT even without overly

sacrificing on the spatial and spectral resolution of the simulation.
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Figure 7.12: Relative runtimes for the DDMC and continuous MC methods with
the same normalization as Figs. 7.10 and 7.11. The setup allows for direct compar-
ison as the MC timings are from different simulations that finish when all photon
packets escape a slab of aτ0 at T = 10 K. The MC runtime scales with the aver-
age number of scatterings, which is ∝ τ0 without the core-skipping acceleration
scheme and ∝ (aτ0)2/3 otherwise. The runtime for a pure DDMC implementation
is independent of opacity. Therefore, we show the same DDMC data from the
suite of simulations at aτ0 = 106. For presentation purposes we insert 1D axes il-
lustrating the cell (bin) size dependence at constant bin (cell) widths, labeled by
z̃ ≡ z/2R and x̃ ≡ x/(aτ0)1/3, respectively. The upward rungs of the left (right) lat-
tice show the effect of halving the bin (cell) width. For clarity, we also include a 2D
color diagram, with red (green) indicating that the runtime is dominated by spa-
tial (frequency) diffusion. The ∝ (∆z)−2 and ∝ (∆x)−3 scalings are evident in these
respective regimes. The dashed lines in the color insert highlight the efficiency
barrier when ∆x . 2xcw and the matching effect is illustrated in Fig. 7.11.
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7.5 Future directions

We now discuss some future considerations to be addressed toward applying

our DDMC method in general 3D Lyα transport codes.

7.5.1 Hybrid scheme

The DDMC method is accurate as long as the diffusion approximation holds.

The approximation may be violated for wing photons even in optically-thick en-

vironments. This limitation can be resolved with a hybrid transport scheme in

which DDMC packets can convert to spatially-continuous MC packets and vice

versa, depending on whether the frequency-dependent optical depth of the cell is

sufficiently large, e.g. how τi,j ≡ ki,j∆zi compares to τDDMC. The case of spatial

leakage into lower opacity cells is described by Densmore et al. (2007), Abdika-

malov et al. (2012), and Tsang & Milosavljevic (2017), who adopt the ‘asymptotic

diffusion limit’ as the interfacing boundary condition.

For completeness, we sketch out the main ideas of the hybrid scheme for spatial

transport. When calculating the leakage coefficients we first determine whether

the neighboring cells are optically thick. However, the kδi,j in equation (7.10) de-

notes the comoving opacity of the neighbor so we must account for velocity in-

duced Doppler shifting. If τδi,j < τDDMC then the leakage coefficient is redefined

to be

kδiDDMC→MC =
1

3∆zi

2
ki,j∆zi + 2λ

, (7.38)

where λ ≈ 0.7104 is the constant extrapolation distance (Habetler & Matkowsky,

1975). If this corresponds to the minimum distance according to equations (7.15) and (7.16),

then the DDMC packet becomes an MC packet with a random position on the cell
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interface and an isotropic outward direction. On the other hand, if an MC packet

moves into a neighboring cell that is optically thick then it is converted into a

DDMC packet in that cell with probability

P δiMC→DDMC =
2

kδi,j∆zδi + 2λ

(2
3

+µ
)
, (7.39)

where µ is the directional cosine for the MC packet with respect to the cell in-

terface. Otherwise, the packet scatters back into the original cell with a random

position on the cell interface and an isotropic inward direction. For equation (7.39)

to have a valid probabilistic interpretation, we require P δiMC→DDMC ∈ [0,1] for µ ∈

(0,1], which imposes a condition that τDDMC & 2, although we suggest a more

conservative choice of τDDMC = 5. The conversion between DDMC and MC spa-

tial schemes may also occur when a packet shifts in frequency. Therefore, after a

scattering event, τi,j is recomputed and conversion is considered and executed if

appropriate.

The implementation of a hybrid frequency scheme is more subtle. Specifically,

the Fokker-Planck approximation is most accurate for wing photons where the fre-

quency redistribution is local, i.e. for xj & 5 the RMS displacement is
√
〈δx2〉 ∼ 1.

On the other hand, the core photons, which undergo complete redistribution,

present a challenge, but depending on the application it may not be necessary

to accurately model core photons. Therefore, we suggest minimum resolution for

the central frequency bin of ∆x0 & 2xcw as an effective core-skipping scheme, and

∆xj & 1 in the wings. Interfacing may be achieved by defining an analogous fre-

quency flux of Gx ≡ 1
2kx �Jx/�x and applying appropriate boundary conditions.

There may also be other ways to address the limitations of the Fokker-Planck ap-

proximation. We defer that analysis to future work.
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7.5.2 Continuous MCRT

After converting a DDMC packet into a continuous MC packet, the packet k

is assigned additional a continuous position zk, propagation direction nk, and/or

frequency xk. In the case of continuous spatial transport, the leakage coefficient

is replaced with the minimum interface-crossing distance, e.g. ∆`k ≤ ∆zδik /µ
δi
k ,

where zδik is the orthogonal distance from the MC packet to the interface with

cell δi and µδik is the directional cosine defined by nk and the interface normal

vector. Whether a scattering event or interface crossing occurs, the packet position

changes by

∆zk = ∆`knk . (7.40)

In the case of continuous frequency transport, whenever a scattering event takes

place the scattering coefficient is replaced with the normal value of kx. The cor-

responding redistribution process is exactly the same as in pure resonant MCRT.

Specifically, the scattering is coherent in the rest frame of the atom, with the par-

allel velocity component affected by the presence of the resonance line. Thus, the

change in frequency is

∆xk = ∆nk ·uatom + g (µ− 1)

= (u‖ − g) (µ− 1) +u⊥
√

1−µ2 , (7.41)

where ∆nk denotes the vector difference between outgoing and ingoing propa-

gation directions, µ the directional cosine between the two directions, uatom the

atom’s velocity in Doppler units, and g ≡ h∆νD/2kBT the recoil parameter (see e.g.

Adams, 1971). The second equality utilizes a special reference frame aligned with

the motion of the scattering atom, such that the probability distribution functions

for the parallel and perpendicular components are P (u‖) ∝ exp(u2
‖ )/[a

2 + (x − u‖)2]
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and P (u⊥) ∝ exp(u2
⊥), respectively. A core-skipping acceleration scheme for fre-

quency diffusion may also be used as in resonant MCRT (e.g. Smith et al., 2015).

7.5.3 Discretized frequency redistribution

In principle, MCRT can incorporate either continuous or discrete frequency

representation. However, the primary bottleneck of Lyα radiative transfer is reso-

nant scattering within the core of the line profile. Thus, frequency diffusion out of

the core is usually necessary for spatial diffusion to occur, and applying Fick’s law

without the Fokker-Planck approximation provides only a marginal performance

improvement. Still, a discrete frequency grouping MC implementation can be sig-

nificantly faster than an equivalent continuous frequency version because redistri-

bution across bins emulates the common core-skipping technique. Furthermore,

even with core-skipping the discrete implementation takes advantage of precom-

puted redistribution matrix elements instead of on-the-fly computations. There-

fore, we briefly comment on the discrete frequency grouping method. We define

the redistribution function averaged over incoming and outgoing bins by

Rj ′→j =
1

∆xj∆xj ′

"
j j ′
Rx′→xdxdx′ . (7.42)

When a scattering event occurs the new frequency bin is efficiently drawn from

this discrete probability distribution function. Unlike our Fokker-Planck DDMC

scheme, frequency grouping is completely non-local and robust over all frequen-

cies as long as ∆xj . 1, corresponding to a resolution requirement for redistribu-

tion in the wings. The advantage of the MC approach over similar discrete meth-

ods is that the redistribution matrix does not need to be inverted. However, the

matrix elements themselves can be quite expensive to calculate, even with high-

performance numerical libraries. To allow for variation of runtime parameters
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such as bin sizes and temperature, we can utilize the approximation from Goutte-

broze (1986) to obtain Rx′→x. We can then implement a two-dimensional adaptive

quad tree integration scheme to obtain the final discretized version. This allows

minimal overhead for the evaluation of equation (7.42) and a significant speedup

over continuous frequency MCRT.

However, due to the resolution requirement this approach becomes increas-

ingly costly at high opacities as more photon packets are needed for convergence.

Furthermore, the pre-computation presents a computational challenge for temperature-

and angle-dependent redistribution in realistic simulation environments. Fortu-

nately, the elements only need to be calculated once, although an efficient data

representation may be necessary. For example, a uniform tabulation could have a

large memory overhead, e.g. resolving {∆x,∆x′} = 0.1, ∆ logT = 0.1, and ∆cosθ =

0.01 requires ∼ 1011 elements, or ∼TB of data. In any case, initial tests for isother-

mal slabs with isotropic scattering are quite promising. Therefore, the main ad-

vantage of our new DDMC method for resonant lines is the computational ef-

ficiency, no costly redistribution matrix calculations, and convenient interfacing

within existing MCRT codes. Still, depending on the problem it can be conve-

nient to hybridize any combination of the three extensions discussed: our DDMC

scheme, a continuous frequency scheme, and a discretized frequency redistribu-

tion scheme.

7.5.4 Speedup for 3D simulations

In Section 7.4, we demonstrated the improved performance of the rDDMC

method over standard MCRT in highly idealized setups. To check whether similar

speedups can be obtained in more realistic environments where regions of high
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and low optical depth exist, we have implemented the hybrid scheme for spatial

transport described in Section 7.5.1, while maintaining a pure rDDMC approach

for frequency redistribution. We note that this makes it difficult to reproduce the

characteristic asymmetry of the red/blue Lyα peak heights induced by outflow-

ing/inflowing gas. This is because the bin containing the core of the line acts as a

barrier to leakage across the core. Therefore, it will be necessary to implement a

robust hybrid frequency scheme as well, most likely with adaptive kernel resolu-

tion in the wings and boundary conditions for conversion to MCRT in the core, as

well as when at high temperatures the Doppler width exceeds the desired resolu-

tion. For our proof of concept implementation, we employ a gridless tophat kernel

for exact Doppler-shifting of the bin edges when moving across cell interfaces. We

also maintain a uniform resolution in real frequency characterized by the velocity

offset from line centre, ∆v = c∆λ/λ0. We expect to improve our rDDMC imple-

mentation as needed for more realistic models of galaxies, black holes, the IGM,

or stellar and planetary atmospheres.

We apply our implementation to an ab initio cosmological zoom-in simulation

resolving the collapse of a primordial gas cloud in an atomically cooling dark

matter halo. The simulation models the assembly of a direct collapse black hole

(DCBH), a system expected to require Lyα radiation hydrodynamical studies. We

refer the reader to Smith et al. (2017a) for specific details and Lyα MCRT anal-

ysis related to the simulation data taken from Becerra et al. (2018b,a). The orig-

inal data is represented by a Voronoi tessellation of particles. However, for our

comparison we deposit the central 10 pc region onto Cartesian grids of varying

spatial resolution up to n{x,y,z} = 28 + 1 = 257, where as before we enforce an odd

number of bins to ensure the symmetry of inserting photons at the origin. The
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Figure 7.13: Relative speedup obtained with the rDDMC method compared to
MCRT with continuous frequency redistribution (tMC/tDDMC). For details about
the 3D cosmological atomic cooling halo setup see Section 7.5.4 and Smith et al.
(2017a). The rDDMC implementation employs hybrid spatial transport (see Sec-
tion 7.5.1), while the MCRT utilizes aggressive nonlocal core-skipping (colt;
Smith et al., 2015). The simulation comparison is performed for Cartesian grids
with varying spatial resolution from ≈ 0.04–10 pc and frequency resolution from
50–200km s−1.

highest resolution grid has a density dynamic range of almost five orders of mag-

nitude. We then perform post-processing MCRT and rDDMC on the same initial

conditions, finding that both methods converge to the highest resolution result.

Following Smith et al. (2017a), we adopt the model with a neutral hydrogen frac-

tion of xH i
= nH i

/nH ≈ 10−4, which results in an angular-averaged line flux with a

separation between the blue and red peaks of approximately 600km s−1, i.e. the

emergent spectra are similar to the curve labeled ‘Central Source’ in figure 10 of

Smith et al. (2017a). The highest temperature is around T ∼ 104 K so the fre-

quency discretization should be greater than 2vth ≈ 25km s−1 to maintain accu-
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racy in the Fokker-Planck approximation. Therefore, we run rDDMC simulations

with frequency resolution from ∆(∆v) = 50–200km s−1. The resulting speedups

compared to a full MCRT implementation with aggressive nonlocal core-skipping

(colt; Smith et al., 2015), are shown in Fig. 7.13. It is apparent that rDDMC can

significantly outperform MCRT, although this likely depends on the specific appli-

cation and code implementation. Still, this initial example is encouraging and we

will continue to develop the rDDMC scheme for future applications on adaptive

grids and unstructured mesh geometries.

We note that the quoted speedups apply to solving the radiative transfer equa-

tion for the local radiation field. However, it is often necessary to construct surface

brightness images along particular lines of sight, which is typically done in one of

two ways. Firstly, directional binning of escaping photons, which converges slowly

as only a small fraction of photons fall into the differential solid angles required

for high-resolution images. Still, the rDDMC speedup automatically applies here.

Secondly, the next-event estimation or peel-off method uses weighted ray-tracing

from every scattering event or a subset thereof to construct high signal-to-noise

images of the Lyα photosphere. A hybrid rDDMC implementation transitioning

to MCRT in lower opacity regions would produce essentially the same result as

spatially discrete photon packets immediately contribute less than one per cent of

their original weight, i.e. ∼ e−τν,cell . However, for consistency we suggest sampling

a random position within the cell and perform ray-tracing with early termina-

tion, i.e. discarding photons with negligible weight for computational efficiency.

However, this method should be carefully tested as we anticipate the need for cor-

rection factors to account for the reduced number of physical scattering events.

Finally, depending on the application it may be possible to embed information
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within the grid itself, e.g. E(r,ν), to reconstruct observables in an additional post-

processing step.

7.6 Conclusions

Careful analysis of radiative transfer in the Fokker-Planck approximation has

provided us with additional theoretical and practical insight into Lyα transport.

We have presented several analytical approximate solutions of the transfer equa-

tion. For further progress in more general environments we turn to simulations.

Although there are many computational methods for line scattering problems,

MCRT has emerged as the most common tool due to its susceptibility to simply

and robustly incorporate additional physics (e.g., absorption by dust). Here, we

have developed a novel extension of the DDMC method for resonance lines. Al-

though we have focused on Lyα radiative transfer, the methodology is applicable

to other lines in optically thick environments. The central idea is to skip scatter-

ings in which either the mean free path is smaller than the cell size (ki,j∆zi � 1),

or the typical frequency redistribution is similarly unresolved (∆xj � 1).

We have shown that the performance characteristics under simple setups are

straightforwardly interpretable. In particular, the DDMC runtime scales with the

spatial and frequency resolution rather than the number of scatterings as in tra-

ditional MCRT. Therefore, our method successfully breaks the high opacity effi-

ciency barrier inherent in MCRT and the DDMC framework can be readily incor-

porated into existing Lyα MCRT codes.

The immediate frontiers include the full 3D Lyα RHD coupling in extremely

high optical depth environments. However, even in cases where Lyα radiation

pressure is not dynamically important, observational signatures may depend on
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the highly time-variable hydrodynamical coupling, which governs the escape of

Lyα radiation from galaxies at intermediate and very high redshift (e.g. Finkel-

stein, 2016). Self-consistently incorporating Lyα and other forms of radiation into

simulations with dusty, turbulent flows will provide a more complete understand-

ing of these situations.

In future work, we will apply our DDMC method to more complex 3D environ-

ments. Additionally, the DDMC method may be employed to explore other funda-

mental aspects of Lyα radiative transfer, such as dust extinction, recoil, collisional

(de)excitation, cosmological expansion, turbulence, and other effects. Computa-

tional advances will thus assist in the interpretation of the high-precision data

from next-generation telescopes.

7.7 Approximations of the redistribution function

We now provide specific forms for the Lyα redistribution function. In particu-

lar, under isotropic coherent scattering without recoil, the redistribution function

for the Voigt profile is (Unno, 1952; Hummer, 1962)

RII-A(x,x′) =
1

πH(x′, a)

∫ ∞
ζ
e−u

2
[
tan−1

(x+u
a

)
− tan−1

( x̄ −u
a

)]
du , (7.43)

where x̄ = max(x,x′), x = min(x,x′), and ζ = (x̄−x)/2 = |x−x′ |/2. The limit as a→ 0

corresponds to the case with only Doppler broadening, so we may approximate

the redistribution function in the core by

RII-A,core(x,x′) ≈ RI-A(x,x′) =
√
π

2
ex
′2

erfc|x̄| , (7.44)

where |x̄| = max(|x|, |x′ |). In this approximation core photons have an equal prob-

ability of being scattered in the range |x| < |x′ | with an exponentially decreasing
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probability of being scattered to other frequencies. On the other hand, in the limit

of large frequencies |x + x′ | → ∞ the approximate redistribution function in the

wing is

RII-A,wing(x,x′) ≈
(

2x′

x+ x′

)2 e−ζ2

√
π
− ζ erfc(ζ)

 . (7.45)

The angular-averaged redistribution function under dipole scattering for the Voigt

profile is given by

RII-B(x,x′) =
3a

8πH(x′, a)

∫ ∞
ζ
e−u

2
∫ x+u

x̄−u

3− (x − tu )2
−
(
x′ − t
u

)2

+ 3
(x − t
u

)2
(
x′ − t
u

)2 dtdu
t2 + a2 .

(7.46)

The limit as a→ 0 provides the corresponding approximation in the core, equiva-

lent to RI-B(x,x′),

RII-B,core(x,x′) ≈ 3
8
ex
′2
[ √

π
2

erfc|x̄|
(
3 + 2x2 + 2x′2 + 4x2x′2

)
− e−|x̄|

2
|x̄|

(
2|x|2 + 1

)]
,

(7.47)

where |x| = min(|x|, |x′ |). This modifies the redistribution because photons are pref-

erentially forward- and back-scattered in the core. Finally, we calculate the limit-

ing behavior of the redistribution function in the wing as

RII-B,wing(x,x′) ≈
(

2x′

x+ x′

)2 (11
10

+
8
5
ζ2 +

4
5
ζ4

) e−ζ2

√
π
−
(3
2

+ 2ζ2 +
4
5
ζ4

)
ζ erfc(ζ)

 .
(7.48)

Additional references on the theoretical properties and practical computation of

the redistribution function include: Ayres (1985), Gouttebroze (1986), Uitenbroek

(1989), Leenaarts et al. (2012), and Harutyunian et al. (2016). Furthermore, the

effect of recoil on the redistribution function is considered by Field (1959) and

Basko (1981).
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Chapter 8

Outlook

In this dissertation we have presented a study of the first galaxies and super-

massive black holes focusing on the Lyα line of hydrogen. We are optimistic that

fields related to Lyα will continue to witness substantial progress for decades to

come. Some of the interesting questions relate to the visibility of Lyα emitters

(LAEs) as a diagnostic of reionization, Lyα halos as a probe of the circumgalac-

tic medium (CGM), Lyα scattering and escape to better understand the formation

and redshift (non)evolution of certain galaxy populations, and assessing the role

of Lyα radiation pressure in various environments. At lower redshifts where more

data is available, LAEs with high equivalent widths exhibit bluer UV slopes and

are younger, less massive, and have lower star formation rates. Significantly more

high-z galaxies will be accessible by next-generation telescopes utilizing wide-field

surveys and follow-up deep observations of select objects.

On the theoretical side, accurate simulations are needed that simultaneously

and self-consistently resolve the sub-structure of the ISM and large-scale structure

of the increasingly neutral IGM. In Chapter 2, we presented colt, a MCRT code

to study Lyα physics in the context of galaxy formation simulations. In Chapter 3,

we presented the first self-consistent 1D Lyα RHD simulations, with applications

to the first galaxies and DCBH scenarios in Chapters 3–5. Then in Chapter 6,

we performed a post-processing radiative feedback analysis on a 3D cosmological

262



simulation of an atomic cooling halo under the DCBH scenario. We concluded that

fully coupled 3D Lyα RHD will be crucial to consider in future DCBH simulations

as Lyα photons provide a significant source of dynamical feedback.

Finally, in Chapter 7 we presented a novel extension of discrete diffusion Monte

Carlo (DDMC) for resonance lines that can be significantly more computationally

efficient than standard MCRT methods. The resonant DDMC technique will enable

unprecedented post-processing surveys characterizing the statistical properties of

simulated high-z galaxies, while maintaining the full directional and time depen-

dence necessary for robust comparisons of theory and observation. It will also be

leveraged towards full 3D Lyα RHD coupling in high optical depth environments,

such as those encountered during the initial collapse and growth of massive black

hole seeds. However, even in cases where Lyα radiation pressure is dynamically

unimportant, observational signatures likely depend on the highly time-variable

hydrodynamical coupling, which governs the escape of radiation from galaxies

at all redshifts. Self-consistently incorporating Lyα and other forms of radiation

into simulations with dusty, turbulent flows will provide a more complete under-

standing of these situations and ultimately assist in the interpretation of high-

precision data from next-generation telescopes.
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