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Abstract
The atomization of fuel spray in internal combustion engines depends mainly on

the dynamic effect of the air on the fuel particles and perturbations of the fuel flow in
the nozzle.

The influence of the first factor was typically studied up to the present time. In this
paper, we provide a method for determining the size distribution curve of fuel particles
and their average size, based on the statistical methods of the kinetic theory of gases
under the influence of the second factor.
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Introduction
p. 3L

Atomization of liquid fuel using nozzles is of great importance for the working process of
diesel engines. Studies of this phenomenon are conducted in different areas: the behavior of
fuel jet at the outlet of the nozzle orifice of the injector, the range of penetration of the jet,
the spread of the spray jet in space and, finally, the fineness or the degree of atomization of
the fuel. The latter case has been studied in a variety of experimental works. For references,
refer to the manual of Sass1 and to the more complete work of three authors: de Juhasz,
Zahn, Schweitzer2.

The phenomenon of atomization of the fuel jet is as follows. Fuel flows from the p. 3R
typically straight circular orifice under high pressure. Almost directly after the orifice the
fuel jet begins to break up, and from it separates particles of irregular shapes, which are
involved in the general motion of the jet. Some time after leaving the orifice, the separated
particles diverge from each other and from the jet from which they were ejected over a
sufficiently large distance. Being completely isolated, each particle, due to the surface
tension and internal motion, assumes the spherical shape of a droplet. In this case, the
droplet participates in the average motion of the entire jet and, in addition, has its own
relative velocity, through which it was separated from the jet. The whole jet turns into
a fine spray, which on the outside has the form of a divergent cone with a vertex at the p. 4L
nozzle orifice and an axis coinciding with the axis of the orifice.

When viewing under a microscope droplets collected after they lost their speed due
to the resistance of the medium, it appears that a wide variety of droplet diameters are
obtained. In order to characterize the fineness of atomization, which is the result of complete
break up of the jet into droplets, one usually plots the droplet diameter distribution curve
proposed by Häusser and Strobl3. Such curves are obtained from Sass’ experiments as
shown in fig. 1. The curves are plotted as follows: the diameter of the droplet is plotted on
the horizontal axis, and the fraction of the total number of droplets of the corresponding
diameter (in percent) is on the vertical axis. All curves have one maximum, from which
they asymmetrically descend down the x-axis. This maximum corresponds to the diameter
most frequently encountered in the entire mass of droplets collected after the atomization of
the jet. The larger the droplet diameter differs from the diameter in which the distribution
function has a maximum, the less often such a droplet occurs in the total mass. Very small
and very large droplets are rare, and therefore, as the argument approaches zero and when
its ordinate4 increases, it rapidly tends to zero.

1Sass, Compressorless Diesel Engines [Beskompressornyee dvigateli Dizelya], ONTI,
1935, p. 58. [Translator’s note: This appears to be a Russian translation of F. Sass.
Kompressorlose Dieselmaschinen [Compressorless diesel engines]. Berlin: J. Springer, 1929.]

2K. J. de Juhasz, O. F. Zahn, P. H. Schweitzer, On the Formation and Dispersion of Oil Sprays. Bulletin
the Pennsylvania State College No. 40, 1932.

3F. Sass, op. cit., p. 58
4Translator’s note: This is as written in the text. It is likely a typographical error as the first part of the

sentence would suggest the distribution function goes to zero as the argument increases after the maximum.
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The areas between the ordinate and each curve are the same, since they express the total
number of droplets, always taken as 100%. Therefore, the larger the maximum ordinate,
the sharper the ordinate decreases on both sides of the maximum. In addition, the larger
the maximum, the closer it is, as a rule, to the origin. This circumstance expresses the fact
that a finer atomization will be more uniform.

Translator’s note: Число капель = Number of droplets. x-axis label was not given. It
likely is microns given a similar figure from Sass was reproduced by R. A. Castleman.
The Mechanism of Atomization Accompanying Solid Injection. Technical Report 440. Langley Field, VA:
National Advisory Committee for Aeronautics, Langley Aeronautical Lab, 1932. URL: http://ntrs.nasa.

gov/search.jsp?R=19930091513, p. 6, fig. 3.

Figure 1

The diameter of the most frequently encountered droplet is a parameter that fairly well p. 4R
characterizes the fineness and uniformity of atomization. But, in addition to this parameter,
it is also possible to make different average values for the spray pattern, for example, the
average diameter or diameter of a droplet with an average volume.

For practical purposes, it may not be as important to know the form of the distribution
curve as it is to be able to determine the value of any parameter that fully characterizes
the atomization in a quantitative way. The fact that here, apparently, only one parameter
is sufficient for such a characteristic, of course, favors any attempt at both experimental
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and theoretical study of this phenomenon.

A brief overview of the theoretical and experimental work on
atomization
There are several theoretical papers in which attempts are made to determine the diameter
of a droplet. H. Triebnigg5 calculates the average diameter of the droplets, discarding the
random deviations from the mean value. The droplet diameter is determined depending on
the surface tension of the fuel and the density of air in the space where the fuel flows. The
calculation is based on a perspective of the correct mechanism of the formation of each
droplet at the side of the outflowing jet. The formula obtained for the radius of a droplet
has the following form:

r = 4.6α γb
γl

1
ψ

1
p
,

where α is the surface tension; γb and γl are the specific weights of fuel and air in the
space where the atomization takes place; ψ is the coefficient of air resistance to the motion
of the fuel jet (the resistance is assumed to be proportional to the square of the velocity); p
is the fuel overpressure in front of the nozzle head relative to the environment where the
injection is made.

The formula agrees well with the experiments only for certain ranges of values of γl
and p. For small values of γl, corresponding to atmospheric pressure, the formula gives
completely incorrect values. The formula is generally not suitable for small γl, since for
γl = 0 an infinite radius is obtained. However, atomization can occur in a vacuum, and
although the droplet radius at low pressures of the air environment is somewhat larger, it
nevertheless grows much more slowly than the Triebnigg formula. Figure 2 shows graphically
the dependence of the droplet diameter on the density of the air, obtained on the basis
of experiments of Sass6. These results indicate that the role of the resistance is not as
significant as from the theory of Triebnigg suggests.

The role of the air environment in which the atomization occurs is evaluated differently
by various authors. For example, D. W. Lee7 comes to the conclusion that the amount of
back pressure has almost no effect on the droplet size (see the curves shown in his work p. 5L
shown in fig. 11). At the same time, the lowest back pressure was approximately 0.5 atm.

The same result was found by I. V. Astakhov8, the results of whose experiments found
no dependence of distribution of droplet diameters on back pressure. However, they were
conducted at only a relatively high back pressure of 5 to 12 atm.

5H. Triebnigg, Der Einblase- und Einspritzvorgang bei Dieselmaschinen. Wien 1925.
6F. Sass, p. 59.
7D. W. Lee, The Effect of Nozzle Design and Operating Conditions on the Atomization and Distribution

of Fuel Sprays, Nat. Adv. Com. for Aeron., Repo. No. 425.
8I. V. Astakhov, Vliyaniye vyazkosti topliva i drugikh faktorov na melkost’ raspylivaniya [Effect of

viscosity of fuel and other factors on the fineness of atomization] “Dizelestroenie” No. 2, 1937.
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Translator’s note:

Диаметр капель в микр = The diameter of the droplets in microns
Формула Triebnigg’а = The formula of Triebnigg
По опытам Засса = According to the experiments of Sass
Противодавление в кг/см2 = Pressure in kg/cm2

Figure 2

On the contrary, Castleman9 believes that the atomization of fuel in all cases occurs
only due to the disturbing effect of air on the jet, whose resistance tears the particles of
fuel from the jet.

Returning to the Triebnigg formula, we note that the droplet radius is proportional to:
α

p
.
This seems to be true if we assume that the energy of surface tension and the kinetic

energy of the outflowing jet play the main role in the phenomenon of droplet formation.
This dependence follows simply from considerations of dimensionality. As for the coefficient
of proportionality, the formula obviously gives an incorrect expression for it.

In addition, it should be noted that that the perspective of the correct mechanism for
the formation of droplets does not even approximate reality since the breakup of the jet
takes place quite irregularly, with the simultaneous formation of a multitude of droplets of
varying diameters that are ejected from the jet in different directions.

Another approach to the study of jet breakup is given in the work of Rayleigh10, who
considered the formation of regular droplets of the same diameter from a calmly flowing

9R. A. Castleman, The Mechanism of Atomization Accompanying Solid Injection, Nat. Adv. Com. f.
Aeron., Rep. No. 440, 1932.

10Rayleigh, The Theory of Sound, v. II, 1921, pp. 351.
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cylindrical jet at a low speed. He showed that the capillary oscillations of the surface of
such a jet are unstable and lead to its break up and the formation of droplets, the size of
which depends on the wavelength on the surface of the jet.

A study for similar conditions of the flow of the jet, but with a viscous fluid was made
by Weber11.

This kind of breakup is observed experimentally at low flow rates of the jet. At high p. 5R
speeds, the jet itself does not emerge12, since the liquid is atomized directly at the orifice
itself.

Thus, for low and high velocities, the phenomenon of jet breakup is different. In the first
case, the droplets are formed from a cylindrical jet at a certain distance from the orifice;
in the second case, the jet breaks up directly at the aperture, forming a cone filled with a
liquid broken into separate components.

Between these extreme cases, apparently, there are transitions. The conditions for the
transition from one type of atomization to another have not been sufficiently investigated.13.

Remarks on the formulation of the problem
In the present work we are interested only in the case of high pressures, which are used for
the atomization of fuel in compressorless diesel engines.

An attempt is made below to construct an estimate of the average droplet diameter,
bringing into this area the statistical methods of the kinetic theory of gases. At the same
time, we are still limiting ourselves to the case with an absence of back pressure in the
air environment, in order to somewhat simplify this first, very difficult challenge. The
solution should serve as the first approximation for the case of low air densities, for which
experiments were performed. The dependence shown in figure 2 shows that at low densities,
corresponding to a back pressure of 1 atm, the effect of air apparently can be neglected.

We attribute the phenomenon of atomization to the turbulence of the flow of fuel in the
orifice and assume that the only reason for this breakup, in the absence of back pressure,
is turbulence. This opinion has been repeatedly expressed. Schweitzer14 in the above-
mentioned work attributed the cause of jet breakup to the combined effect of turbulence
and air resistance. The higher the speed, the greater the role of the first factor and the
closer to the orifice the breakup of the jet begins. At high speeds, the breakup occurs
immediately at the orifice, even if the action of the air is eliminated. back pressure in
general only enhances the effect of the first factor.

Based on the above, we shall assume as a first approximation that at low back pressures
the air resistance can be neglected.

11C. Weber, Zum Zerfall eines Flussigkeitsstrahles, Zeitsch. f. Ang. Math. und Mech. Bd. 11, 1931.
12Translator’s note: Presumably this refers to the intact jet core emerging from the orifice.
13On this see Bull. Pennsyl. Coll. No. 40.
14Schweitzer, Bull. Pennsyl. Coll. No. 40.
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The derivation of the distribution function
We consider the continuous breakup of a jet into droplets at steady state. In the space
where the jet flows, a certain number N of fully formed spherical droplets are produced per
unit time, which are in random relative motion and, moreover, participate in the general
average motion of the entire jet. The average number of droplets formed per unit time over
a long period of time at steady state remains unchanged. Also, the distribution of these p. 6L
droplets by radius is unchanged. Our problem is to deduce, from considerations analogous
to those developed in the kinetic theory of gases, the distribution function of droplets by
radius.

To do this, along with the radius of the droplet it is necessary to consider the speed of
translational and rotational motion with respect to the same coordinate axes, which move
translationally with the average velocity of the jet.

Let the jet flow from a right circular cylindrical orifice and let the average velocity in
the orifice be U0. Using this speed it is easy to obtain the fuel flow rate. When there is no
resistance from the environment when the fuel is flowing, the momentum of the jet must be
maintained over time. Therefore, we can assume that the average velocity of each particle of
the liquid is conserved and is equal to U0. But, in addition, each fluid particle may be more
independent of the average relative motion, the cause of which is turbulent fluctuations
that occur when fluid particle is located in the cylindrical orifice of the nozzle.

Let us consider a system of droplets that are fully formed in unit time. Let us assume
first that each droplet, after being formed, leads a completely independent existence for an
arbitrarily long time. In other words, for the time being we will assume that each droplet
ejected from the jet almost immediately takes a spherical shape with a certain radius r and
receives some initial translational and rotational velocities, which then remain constant.
This means that for the time being we will not take into account the possible collisions of
droplets with each other, which should change the speed and the radius of affected droplets
(the latter is due to the possible mergers of colliding droplets).

The mechanical state of a single droplet is mainly determined by its radius r, the mo-
mentum components px, py, and pz for the translational motion and the angular momentum
kx, ky, and kz for the rotational motion.

As for the coordinates of a droplet in the space in which it moves, they do not play any
role in the future, since we are not considering any collisions or force fields, and therefore
the velocity of the droplet will not be related to its coordinates.

The components of the droplet momentum are taken here with respect to a coordinate
system moving at a speed of U0. Let one of the axes of the coordinate system, for example
the axis x, constantly coincide with the axis of the jet and the axis of the nozzle orifice.

For each droplet, the values of the seven quantities r, px, py, pz, kx, ky, and kz have
random values and are determined by causes that we can not identify.

Following the general method of the kinetic theory of gases, let us consider the phase
space of these seven variables. New in our case is the introduction of the radius of the
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particle as a variable, which is our main interest. The “gas”, which is considered here, p. 6R
consists of particles of various sizes that do not act mechanically on each other. Their
interaction applies for only the brief period of their formation, but, strictly speaking, in
this period the droplet particles whose state could be described approximately by seven
coordinates do not exist.

We repeat briefly the arguments that lead to the derivation of Maxwell’s formula in the
kinetic theory of gases, applied to this generalized phase space.

The mechanical state of each droplet is represented by a point in phase space. Since we
do not have an external force field and as long as there are no collisions, the coordinates
for representing points in phase space do not vary with time and are equal to their initial
values.

Consider N such points corresponding to the number of droplets ejected from the jet
per unit time. Let us denote the desired distribution function in the phase space (the phase
density) via ϕ. This will be a function of our seven arguments, which we will look for from
the condition of the maximum probability of the state of the system.

It should be noted that our case is quite different from a system of molecules, which is
developed in the kinetic theory of gases. First of all, we select here an isolated system of
droplets formed in unit time. However, in fact, they are in interaction with each other and
with the previously formed droplets in the space where the fuel is sprayed. Further, all the
droplets are not identical and the total instantaneous number of them N is also a random
variable, which is unknown in advance.

The first fact requires the consideration of the coordinates of the droplet, bringing the
total number of arguments of the phase density to ten. Only in this way can one account for
droplet collisions and their influence on the form of the function ϕ. However, this is a very
difficult task, since the consequences of the collisions of droplets are much more difficult to
take into account than, for example, the collisions of molecules treated as elastic spheres.

Because of this we are trying to determine the form of the function ϕ, which corresponds
to the initial state of the N droplets formed. This state is maintained for a short period of
time, when the action of the collisions can not yet strongly affect the distribution function.
As for the further changes in the size and number of droplets that will occur from collisions,
we will attempt to estimate it at least roughly approximately, considering the motion of the
formed droplets in the droplet cloud.

The number of droplets N and the distribution function are assumed to be constant in
time, since we consider a steady state process. The number of droplets formed is sought in
this problem; it is known in advance only that this is a constant number, characteristic of
the breakup process of the jet. But we know the total volume of droplets — this quantity
allows us to determine the constants entering into the function ϕ, which in the kinetic
theory of gases are determined through the number of particles in a given volume.

The form of the function ϕ essentially depends on the integrals of the equations of
motion of the particles under consideration. The main role here is played by the energy p. 7L
integral. In our case, we consider the initial state of the droplet system and its transition
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from its previous state, when it was a coherent liquid mass. This transition is considered
as sudden. Both states are connected, however, by the fact that the energy of the system
remains the same for them. This circumstance leads to the form of the function ϕ, similar
to the one it has in the kinetic theory of gases. The only difference is that there is one more
variable r.

We now turn to the derivation of the expression for the function ϕ. As in the kinetic
theory of gases, the region where there can be phase points is restricted to some extent
depending on the magnitude of the total energy and total volume of N droplets. We split
this area of the phase space into m cells; let the volume of the cell with the number i be ωi.
Let the random distribution of the N phase points of our droplet system be determined by
the numbers ni, where ni is the number of points in the cell ωi. The average density of
points per cell is ϕi = ni/ωi.

The number of ways in which a distribution of N droplets can be realized, as is well
known, is equal to

N !
n1!n2! . . . nm! , (1)

where
N =

m∑
i=1

ni
15.

The probability of some random distribution, characterized by the numbers ni is
proportional to the expression:

W = N !
n1!n2! . . . nm!ω

n1
1 ωn2

1 . . . ωnmm
16. (2)

Applying the usual transformation of the logarithm W using the Stirling formula, we
obtain:

lnW =
m∑
i=1

(ni lnωi − ni lnni) = −
m∑
i=1

ωiϕi lnϕi. (3)

Next, we replace the discrete picture with an approximate continuous distribution17.
The function ϕ will be determined in the entire phase space. Instead of a finite volume of
the cell ωi, we consider an element of the volume of the phase space

dΩ = dpx dpy dpz dkx dky dkz dr. (4)
15There remains, of course, the usual assumption about the difference between the two distributions

determined by the same system of numbers ni, but with a different composition of elements in individual
cells.

16Here it is assumed that the probability of an event that a particular point is in the cell ωi does not
depend on the number of this cell and is proportional to its volume.

17E. Borel, Mecanique Statistique Classique, Ser. “Les applic. de la theorie des probabilitès”, vol. II, no.
III, 1925, p. 63.
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The density ϕi, which depended on the cell number, now turns into a continuous function
of the coordinates of the phase space. Finally, the sums (1) and (3) turn into integrals:

N =
∫
ϕdΩ; (5)

H = − lnW =
∫
ϕ lnϕdΩ, p. 7R(6)

distributed over the entire space.
The steady state is characterized by the maximum probability, that is, the maximum

value ofW or the minimum value of H. This raises the problem of determining the minimum
of the integral (6). In this case, when finding the minimum, one must take into account
condition (5) and other similar conditions.

The latter includes the condition of conservation of energy. Indeed, whatever the droplet
formation process, the total energy of the N droplets will be the same as the energy of the
liquid jet from which the droplets formed. We can approximately determine the energy of
the jet, making various more or less probable assumptions. Consequently, we know the
total energy of the system of N droplets. In this quantity we do not include the energy of
translational motion with the speed U0, which will be the same for the droplets as before
their formation from the liquid jet. The considered energy consists of the kinetic energy of
the random relative motion of the droplets and the potential energy of the surface tension.

If the total energy of one droplet is denoted by ε, then the total energy of N droplets is
expressed by the integral:

E =
∫
εϕdΩ, (7)

distributed throughout the entire phase space.
Solving the variational problem of determining the minimum of the integral (6) under

the conditions (5), (7)18 we get that the distribution function ϕ, converting the integral to
a minimum, has the form:

ϕ = Ae−λε, (8)
where A and λ are two arbitrary constants that we define by substituting the expression (8)
in the integral (7), and the integral

Q =
∫
τϕdΩ, (9)

expressing the fact that the total volume of N droplets formed from the jet per unit time is
equal to the flow rate of fuel through the cross section of the nozzle orifice. This flow rate,
denoted by Q, is very easily related to the average velocity U0. The value of τ , included
under the integral sign, is the volume of a single droplet, and therefore depends only on the
radius r.

The integral (9) gives the second relation for determining the constants A and λ, which
replaces relation (5).

18E. Borel, Mec. Stat., p. 72.
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The expression for the energy of a droplet and an element of
the phase space
To use equations (7) and (9) to determine the arbitrary constants λ and A, we will construct
the expression for the energy of the droplets ε.

Consider moving coordinate axes associated with the jet. Let the x axis always coincide
with the axis of the jet and the nozzle orifice, but the origin moves with an average fluid
velocity U0.

We are only interested in the kinetic energy of the random motion of the droplets (that p. 8L
is, their relative motion19). Therefore, we denote the projection of the droplet momentum
on each axis with px, py, and pz; so the translational kinetic energy of the droplet relative
to the moving axes can be represented as follows:

1
br3

(
p2
x + p2

y + p2
z

)
,

where
b = 8π

3 ρ

and ρ is the density of the liquid.
This expression can be taken in the form:

p2

br3 , (10)

where
p2 = p2

x + p2
y + p2

z.

Since the components20 of the momentum are clearly not included in the expressions
for the function ϕ, we can convert to polar coordinates in the phase space, which will be
somewhat simpler. The volume element

dpx dpy d pz

we now present in this form:
4πp2dp, (11)

Since the integrals (7) and (9) need to be extended to the entire phase space, integration
over p must be performed in the range 0 to ∞.

19Translator’s note: The parenthetical expression is a bit confusing. I assume that Natanzon means the
kinetic energy of the random velocity relative to the mean U0, i.e., u ≡ U − U0 where u is the “random
motion” relative to the mean, U is the instantaneous velocity in a frame of reference fixed to the nozzle, and
U0 is the previously mentioned translational velocity for the frame of reference (chosen to match the jet
mean velocity).

20Translator’s note: This makes most sense if read as individual components in isolation (px, py, and pz)
are not included in the expression for ϕ.
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Let us now turn to the rotational energy. Let kx, ky, and kz be the projections of the
angular momentum of the droplet, then the rotational kinetic energy about the axis passing
through the center of gravity must be equal to

1
2I
(
k2
x + k2

y + k2
z

)
,

where
I = 8

15πρr
5.

Denoting by k the angular momentum, i.e., by setting

k2 = k2
x + k2

y + k2
z ,

we find that the rotational kinetic energy is

k2

cr5 , (12)

where
c = 16

15πρ.

Similar to the previous element

dkx dky dkz

can be represented as
4πk2dk. (13)

The integrals over k are taken from 0 to ∞.
Generally speaking, the required total kinetic energy is not confined to these two

components. To it one would have to add still the kinetic energy of the oscillation of the
liquid droplets. However, this would greatly complicate our task, and we are forced to
disregard this part of the kinetic energy in the future. However, the discarded kinetic energy
is unlikely to be large, but its role remains unclear.

The potential energy in its main part consists of the energy of surface tension, which
for one spherical droplet is expressed with Gauss’s formula as follows:

ar2, (14)

where r is the radius of the droplet; p. 8R
a = 4πα (15)

and α is the coefficient of surface tension.
The surface film creates an overpressure inside the droplet, and if we take into account

the compressibility of the fuel, we will obtain some additional compression energy. This,
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however, is an insignificant quantity, as can be verified by numerical calculations. Therefore,
we discard the potential energy of compression. Likewise, we also discard that part of the
potential energy that is obtained when the surface deviates from a spherical shape during
oscillations.

Thus, in the first approximation, the total energy can be represented by the formula:

ε = p2

br3 + k2

cr5 + ar2. (16)

At the same time, the element of the volume of the phase space in place of (4) is
represented in the form:

dΩ = 16π2p2k2 dp dk dr. (17)

Determination of the arbitrary constant λ

We complete the integration in formula (5). Substituting here the expressions of ϕ and dΩ,
we get that

N = 16π2A

∫ ∞
0

{∫ ∞
0

p2e−
λp2

br3 dp

∫ ∞
0

k2e−
λk2
cr5 dk

}
e−λar

2
dr.

In terms of r, the integration extends from 0 to ∞, since r, obviously, can not have a
negative value.

The integrals in parentheses belong to a known type21, and we can write the expression
as follows:

N = π3A
(bc)

3
2

λ3

∫ ∞
0

r12e−λar
2
dr.

We use the formula: ∫ ∞
0

rne−λar
2
dr = 1

2Γ
(
n+ 1

2

)
(aλ)−

n+1
2 , (18)

where Γ (x) denotes the Gamma function. In this case, we have finally:

N = π3A
(bc)

3
2

λ3
1
2Γ

(13
2

)
(aλ)−

13
2 . (19)

21Here and below we use the following formulas:∫ ∞
0

x2e−ξx
2
dx =

√
π

4 ξ−
3
2 ;∫ ∞

0
x4e−ξx

2
dx = 3

√
π

4 ξ−
5
2 .
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Calculating Q, we substitute the expression of the function ϕ, dΩ and τ = 4π
3 r3 into

formula (9). This gives the following result:

Q = 4π
3 π3A

(bc)
3
2

λ3
1
2Γ (8)(aλ)−8. (20)

Finally, we turn to formula (7) and note that based on (16) the general expression of the
energy E is divided into three parts:

E = E1 + E2 + E3.

The first part E1 can be represented as follows: p. 9L

E1 = 16π2A

∫ ∞
0

{∫ ∞
0

p4e−
λp2

br3 dp

∫ ∞
0

k2e−
λk2
cr5 dk

}
1
br3 e

−λar2
dr.

Calculating the integrals in brackets, we find that

E1 = 3
2π

3A
(bc)

3
2

λ4

∫ ∞
0

r12e−λar
2
dr,

consequently,

E1 = 3
2π

3A
(bc)

3
2

λ4
1
2Γ

(13
2

)
(aλ)−

13
2 .

A completely analogous calculation shows that

E2 = 16π2A

∫ ∞
0

{∫ ∞
0

p3e−
λp2

br3 dp

∫ ∞
0

k4e−
λk2
cr5 dk

}
1
cr5 e

−λar2
dr

and is equal to E1.
The third part of the energy is equal to:

E3 = 16π2A

∫ ∞
0

{∫ ∞
0

p2e−
λp2

br3 dp

∫ ∞
0

k2e−
λk2
cr5 dk

}
ar2e−λar

2
dr

or

E3 = π3A
(bc)

3
2

λ3 a
1
2Γ

(15
2

)
(aλ)−

15
2 .

Using the formula for the Gamma function

Γ (x+ 1) = xΓ (x), (21)

we find that

E3 = 13
2 π

3A
(bc)

3
2

λ4
1
2Γ

(13
2

)
(aλ)−

13
2 .
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Now it remains to add the three found expressions for E1, E2, E3; this returns:

E = 19
2 π

3A
(bc)

3
2

λ4
1
2Γ

(13
2

)
(aλ)−

13
2 . (22)

To find λ, we form the ratio of formulas (22) to (20):

E

Q
= 19

2
8

4π
1
λ

Γ

(13
2

)
Γ (8) (aλ)

3
2 .

Using formula (21), we get:

χ = Γ (8)

Γ

(13
2

) = 7 · 6 · 5 · 4 · 3 · 2 · 1
11
2 ·

9
2 ·

7
2 ·

5
2 ·

3
2 ·

1
2Γ

(1
2

) .

Since Γ
(1

2

)
=
√
π, the coefficient χ must have the value:

χ = 17.51.

Using formula (15), we can now write that

E

Q
= 19 · 3

2χ α(aλ)
1
2 ,

hence
(aλ)−

1
2 = 1.628αQ

E
. (23)

We will use this formula below; it defines the required constant λ.

The distribution of the droplet radii and determination of the p. 9R
volume mean radius of the droplets
We now find the distribution of the droplets along the radii and the expression for some
quantities characteristic of this distribution.

If we are interested in the distribution of the droplets formed over the radii, regardless
of the droplet velocities, then we must integrate the function ϕ with respect to all variables
except r. If this is done and the result is denoted by Nf(r), then we have:

Nf(r) = π3A
(bc)

3
2

λ3 r12e−λar
2
.
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The absolute number of droplets, whose radius is contained in the interval (r, r+ dr), where
the translational and angular velocities are arbitrary, is:

Nf(r)dr.

The corresponding relative number, i.e. the fraction of the total number of droplets whose
radius is contained in the interval (r, r+dr), is obtained by dividing by N , and consequently
this number must be equal to:

f(r)dr = 2

Γ

(13
2

)(aλ)
13
2 r12e−λar

2
dr. (24)

We can go to dimensionless coordinates by introducing the variable x using the formula:

x = (λa)
1
2 r.

Then expression (24) takes the form:

f(x)dx = 2

Γ

(13
2

)x12e−x
2
dx. (25)

where
2

Γ

(13
2

) = 0.6947 · 10−2.

If function (25) is integrated in the range from 0 to ∞, then we obtain unity, as is easy
to verify on the basis of formula (18). This is as it should be, since f(x)dr is the relative
number of droplets whose radius is in the interval:[

(λa)−
1
2x; (λa)−

1
2 (x+ dr)

]
.

We now find the maximum of the function f(x). From the equation

f ′(x0) = 2

Γ

(13
2

)(12− 2x2
0)x11

0 e
−x2

0 = 0

we find:
x0 =

√
6 = 2.449,

and from here
f(x0) = 0.8026.
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Figure 3

Fig. 3 shows the curve y = f(x). This curve is almost symmetrical about the maximum
ordinate and close to a normal distribution curve centered at the point x0 = 2.45.

We have already pointed out that this distribution does not refer to the final composition
of the droplets into which the jet breaks down and which the experimenter can collect and
observe. The distribution obtained refers to the initial state, when the droplets are just
ejected from the jet. If collisions do not lead to merging of droplets, the distribution (25) p. 10L
would remain constant and could be observed.

However, in collisions, mergers of droplets usually occur. Therefore, the volume of
droplets under random motion will increase with time. This not only increases the average
droplet size, but the nature of their distribution over the radii must also vary.

We will return to this issue below.
Note that the initial distribution is characterized by the radius of the most frequently p. 10R

encountered droplet. This radius can be represented on the basis of (23) as follows:

r0 = (aλ)−
1
2x0 = 3.987αQ

E
. (26)

We now calculate the volume mean radius of the droplets.
Denoting it by r1, we find that

4π
3 r3

1 = Q

N
,

since the average volume of the droplets is obviously equal to the total volume of the liquid
Q, divided by the number N of them. On the basis of formulas (19) and (20) we find that

r3
1 = χ(aλ)−

3
2
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and from here22

r1 = 4.227αQ
E
. (27)

From here, among other things, it follows that the relationship

r1 = 1.060r0.

Thus, to know the most important droplet size in practice, the value of r1, it is necessary
to determine the energy of the droplets E.

(Continued in the next issue)

The nature of the flow of fuel in the nozzle orifice issue 4,
p. 6L

Before turning to the problem of determining the energy E, we consider the flow of fuel in
the nozzle orifice.

Fig. 4 shows a section of the nozzle orifice and outflowing jet. MNFE is the cross-section
of the cylindrical orifice, KNFL is the cone of the atomized jet. The length of the orifice L
usually is several times larger than its diameter 2R0.

At a sufficiently high average velocity U0, a turbulent flow regime is established in the
orifice. Since the ratio of the length of the orifice to the diameter L

2R0
is usually not more

than 2–4, the entire mass of fuel in the orifice is not occupied by a turbulent flow. Here,
apparently, the same phenomena as in the initial part of a long pipe will occur23.

The initial edge ME of the orifice is usually sharp, and the turbulent boundary layer
starts from it. It is adjacent to the surface of the orifice and gradually thickens. With a
sufficient length of the orifice, this layer would spread over the entire mass of the liquid,
and then the same velocity profile would be established along the cross section of the jet,
independent of the distance of the section from the entrance. But the length L of the orifice

22Translator’s note: To present Natanzon’s mass/volume mean radius expression in easier to understand
variables, it may be helpful to jump ahead in the series of papers to equation (39) for Q and equation (41)
for E. Q is the volumetric flow rate, where Q ≡

∫
A
U0dA. E is the total turbulent energy flow rate through

the nozzle, where E ≡
∫
A
kρU0dA, where k is the turbulent kinetic energy, k ≡ 1

2 (u′2 + v′2 + w′2). Note
that in equation (41), Natanzon ignores w fluctuations, but what is written here does not necessarily do so.
For a uniform velocity profile and uniform k profile, we find that E = kρQ. So, the mass mean diameter
D30 can be found:

D30 = 2R30 = 2r1 = 2 · 4.227 σ�Q
kρ�Q

= 8.454 σ
kρ
,

where the more modern notation for surface tension, σ, is used instead of Natanzon’s α. This is an
approximation of Natanzon’s result. Natanzon’s result is more general as it considers the velocity and
turbulence kinetic energy profiles.

23See Handbuch der Experimentalphysik, Bd. IV, L. Schiller, Flow in pipes [Dvizheniye zhidkosti v
trubakh]. Russian translation by G. A. Vol’pert, 1936, p. 94. [Translator’s note: Original title “Strömung in
Rohren”.]
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Figure 4

in the nozzles is never very large, and therefore we must assume that at the end of the
orifice NF , the thickness of the boundary layer is less than the radius R0. The core of the
jet in the orifice MGHE is filled with a potential flow. We shall assume approximately that
in this region the velocity is constant everywhere in the cross section and is equal to U1.

When the jet exits the orifice, particles are released from its surface, which turn
into spherical droplets. Because of this, the non-spray core becomes thinner and erodes
completely at point C. Around this part of the jet or its core, ejected droplets are in
random motion. This is the likely picture of the break up of the jet24.

The break up of the jet and turbulence p. 6R

The main cause of jet breakup, apparently, is turbulent velocity fluctuations in the boundary
layer, which are superimposed on the time-averaged velocities25.

Suppose, for example, that the averaged axial velocity is U , and the radial velocity is
zero. We denote the components of the velocity fluctuations along the axis and the tube
radius through u′ and v′. At any given moment, at any point in the flow, these quantities
can have any positive or negative random value. It is assumed that the average values of u′
and v′ in time are always zero.

With the fluctuations u′ and v′ is associated the notion of turbulent stress or friction
24See the beginning of the article (with reference to Schweitzer) in the journal “Dizelestroenie” No. 3,

1938.
25T. Kármán, Some aspects of the turbulence problem. Proceedings of the International Congress for

Applied Mechanics in Cambridge. 1934. J. Nikuradse, Gesetzmäßigkeiten der turbulenten Strömung in
glatten Rohren. Forsch. auf dem Gebiete des Ingenierw., Hf. 356, 1932. A Russian translation is in
the collection “Problems of turbulence”, ed. M. A. Velikanova and N. T. Shveykovskogo. ONTI 1936.
[Translator’s note: The latter is available translated into English as NASA TT F-10,359 from https:
//archive.org/details/nasa_techdoc_19670004508.]
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introduced by Reynolds, which acts analogously to viscosity and leads to a dramatic change
in the averaged motion as compared with the laminar regime26. Turbulent stress far away
from the boundaries of the flow greatly exceeds the viscous stress in its influence on the
averaged motion. Only near the boundaries are the roles reversed: here the main component
is viscous stress.

Physically, the turbulent stress is explained by the mixing of the liquid between separate
layers taken parallel to the velocity of the averaged motion. From each layer, particles are
continuously ejected, which, after going some way in direction of the other layer, gradually
lose their initial velocity and mix with the liquid of the new layer, and consequently take
the velocity of this layer. This transfer of particles from one layer to another (turbulent
transfer) is the cause of the velocity fluctuations at each point of the turbulent flow.

In the above-mentioned paper, Schweitzer believes that in the case of turbulent flow of
the fuel in the jet, the particles transfered between different layers can be ejected outside the
jet as soon as the latter leaves the orifice, and that this is the only cause of the gradual break
up of the jet in the absence of back pressure. This author believes that the experiments
with jets in a turbulent flow fully confirm this view about the break up.

We adopt the assumption above about the turbulent breakup of the jet as the basis for
the entire calculation.

We shall assume in the following that the fluctuation energy per unit volume of the
flowing liquid of the jet is equal to the energy of the droplets in relative motion, the p. 7L
total volume of which is unity. This assumption allows us to calculate the constant E in
equation (7).

The thickness of the boundary layer in the nozzle orifice
We must now determine the constant E. But first we need to study the thickness of the
boundary layer.

For the case of a boundary layer adjacent to a flat plate, there is a formula from
Prandtl27:

δ = 0.37x

5

√
U1x

ν

,

where δ is the thickness of the layer at a distance of x from the leading edge of the plate;
26See the derivation of the Reynolds equations. Lamb, Hydrodynamics, 5th ed., 1924, p. 638, or O.

Reynolds, On the dynamical theory of incompressible viscous fluids and the determination of the criterion,
in the collection titled “Probl. turbulentn.” [“Problems in turbulence”], p. 203.

27L. Prandtl, O. Tietjens, Gidro- i aerodinamika [Hydro- and aerodynamics] vol. II, 1935, p. 94.
[Translator’s note: This appears to be a Russian translation of O. K. G. Tietjens and L. Prandtl.
Hydro- und aeromechanik nach vorlesungen von L. Prandtl, Wien: Springer, 1944, the first volume of which
was translated into English as O. G. Tietjens and L. Prandtl. Fundamentals of Hydro- and Aeromechanics.
Trans. by L. Rosenhead. New York: Dover Publications, 1957.]
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ν is the kinematic viscosity and
U1 is the maximum fluid velocity in the layer.

Repeating Prandtl’s arguments, one can derive the formula for the case of a boundary
layer on a cylindrical surface.

Fig. 5 shows the cross section of the flow in the tube near the initial section MO. The
region occupied by the boundary layer is shaded. In any section there is a velocity profile,
shown in fig. 5a. In part of section KD, the velocity is constant and is equal to U1; inside
the boundary layer the velocity U varies from U1 to zero on the wall. In deriving the
formula for the thickness of the layer δ as a function of the distance x, Prandtl assumes
that in the layer, as in the tube, the velocity varies according to the “one-seventh” law, i.e.

U = U1

(
y

δ

) 1
7
,

where y is the distance from the wall.

Figure 5

Figure 5a

The desired formula is obtained by applying the momentum theorem. A fluid particle
moving parallel to the wall on the way to MN enters the boundary layer at point L. Its
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velocity on the way from point L to point N decreases by U1 − U . There is a loss of
momentum, the cause of which is the external friction force of the layer against the wall.

We will calculate the loss of momentum in the layer on the path from the input OM
to the cross section at a distance of x. We denote this loss, divided by the volume of the
liquid flowing per unit time through some section of the layer CD, through J . Then this
value can be represented as follows:

J = 2πρ
∫ δ

0
(U1 − U)U(R0 − y)dy.

We make a change of variables according to the formula

η = y

δ
,

and substitute the expression for the velocity. After this we will have:

J = 2πρU2
1 δ

2
∫ 1

0

(
η

1
7 − η

2
7
)(R0

δ
− η

)
dη. p. 7R

Performing the integration, we find:

J = 2πρU2
1 δ

2
(
R0
δ

7
72 −

7
240

)

= 2πρU2
1

7
72R0δ

(
1− 0.3 δ

R0

)
.

In section x + dx, the thickness is incremented by dδ, and the loss of momentum J is
incremented by dJ . Thus, dJ is an additional loss of momentum during the movement of
our fluid volume from the cross-section x to the cross section x+ dx. On this path, a force
equal to 2πR0τ0dx acted on the layer, where τ0 is the shear stress on the wall. Consequently,

dJ = 2πR0τ0dx. (28)

For τ0 Prandtl uses the expression28:

τ0 = 0.0199ρU2
1

(
ν

U1δ

) 1
4
.

In our case U1 should depend on δ. Let us find this dependence.
28See Prandtl, Tietjens, vol. II, p. 95. The numerical coefficient in this formula Prandtl takes as equal to

0.0228. In doing so, he takes the value of the ratio of the average layer speed and the maximum to be equal
to 1.235, assuming it is constant for the entire layer. We take this ratio to be equal to 1.335, since in our
case the Reynolds number is small.
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We introduce the notation:
m = U0

U1
;

m1 = U ′0
U1

;

Θ = x

R0
;

Re = U0R0
ν

,


(29)

where U ′0 is the average velocity over the thickness of the layer, and U0, as before, is the
average velocity over the entire section of the orifice; Re is the Reynolds number for the
orifice.

It is easy to see that this equality will be valid:

π[R2
0 − (R0 − δ)2]U ′0 + π(R0 − δ)2U1 = πR2

0U0,

where the first term on the left is the flow through the cross-section of the layer, the second
term is the flow in the central part of the flow, and on the right is the total flow taken at p. 8L
the average velocity. From this equation we obtain:

m = m1

1 + 1−m1
m1

(
1− δ

R0

)2
 . (30)

Assuming that the velocity distribution in the layer is the same as in the section of the
tube, where the region of turbulent motion has spread to the entire cross section, m1 should
generally depend on the Reynolds number, that is, ultimately again on δ. But the changes
in m1 are quite insignificant, at least for a small range of Reynolds numbers. Therefore,
the number m1 is assumed to be constant. Prandtl takes for it an average value equal to

1
1.235 = 0.81. Due to the fact that in our case the Reynolds numbers are small, we take for

it the value equal to 1
1.335 = 0.75029.

By keeping only the first power of the ratio δ

R0
in equation (30), we obtain:

m = 1− 2(1−m1) δ
R0
. (31)

We now substitute into equation (28) the value U1 = U0
m

and its expression instead of

29See Nikuradse, Laws of Turb. Motion in the collection titled “Probl. turbulentn” [“Problems in turbu-
lence”] table 9, p. 137.
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m. Tentatively differentiating the expression J , we find:

dJ = 2πρU3
0R0

7
72


(

1− 0.6 δ

R0

)
dδ

m2 − 2δ
(

1− 0.3 δ

R0

)
dm

m3

 .
Keeping only the first powers of δ

R0
, we get:

δ
1
4

(
1 + 0.525 δ

R0

)
dδ = 0.205

(
ν

U0

) 1
4
dx.

We integrate this equation, assuming that for x = 0, also δ = 0; this returns:

δ
5
4 =

0.256
(
ν

U0

) 1
4
x

1 + 0.233 δ

R0

.

We raise both sides to the power 4
5 , replace x with ΘR0 and take the expression on the

right side with accuracy up to the first degree of δ

R0
to get:

δ

R0
= 0.336R−

1
5

e Θ
4
5

(
1− 0.187 δ

R0

)
.

or finally:
δ

R0
= 0.336R−

1
5

e Θ
4
5

1 + 0.063R−
1
5

e Θ
4
5

. (32)

Comparison of this formula with the formula for a plate shows that the difference when
calculating the thickness of the layer between both formulas can reach 10%.

Formula (32) gives the thickness of the boundary layer in the initial section of a long
pipe. If the pipe is short and the final section is in this area, then, of course, there is a
doubt that this formula can be applied to the ends of the pipe. Apparently, this question p. 8R
has not yet been investigated. We assume, however, that in a section close to the outlet,
the thickness can be approximately calculated from formula (32).

Turbulent stress in the boundary layer
The magnitude of the energy of the fluctuations is closely related to the turbulent stress, so
let us consider the latter in the boundary layer.
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Consider any point in a turbulent fluid flow: let u′ and v′ be the two components of
the velocity fluctuation at this point. It turns out that two random events, namely that
the axial fluctuation is contained in the interval (u′, u′ + du′), and the radial in the interval
(v′, v′ + dv′), will not be independent, i.e. there is a correlation between the components
u′ and v′. This is indicated by the fact that an average over time of the product of both
components of the velocity fluctuation at any point is nonzero.

This time average value, denoted by u′v′30, is related to the turbulent stress τ introduced
by Reynolds, which is expressed as:

τ = ρu′v′.

Analysis of turbulent motion in a pipe has shown that the change in τ along the pipe radius
can be considered, in the first approximation, linear, equal to zero at the pipe axis and
maximum at the wall31:

The same can be assumed with some approximation for the turbulent layer, assuming
that the stress is zero at the boundary of the layer and the laminar region, and reaches its
maximum on the wall.

In what follows, we use the formulas for the definition of τ proposed by V. V. Voyshel32.
He showed that, on the basis of Nikuradse’s experiments, the quantity of interest to us in
the case of a smooth circular pipe can be represented as follows:

u′v′ = U ′0
2
ψ

η(1− η)2

1
λ2 + η(1− η)

,

where U ′0 is in this case, the average velocity over the thickness η = y

δ
; y is the distance

from the wall along the radius and λ and ψ are two constants that depend on the Reynolds
number for a layer

R′e = U ′0δ

ν
= m1

m

δ

R0
Re (33)

in the following way:
ψ = 0.072

(log10R
′
e)2 ; λ2 = 0.11(R′e)

8
9 (34)

Since we believe that the change in stress and velocity along the layer thickness is the same
as the change in these values along the radius in the pipe, then instead of the radius in all p. 9L

30The bar denotes averaging over time.
31See Nikuradse, Laws of Turb. Motion in the collection titled “Probl. turbulentn” [“Problems in turbu-

lence”] p. 127.
32V. Voyshel, Turbulentnoye treniye i raspredeleniye skorostey v pryamykh kruglykh trubakh [Turbulent

stress and velocity distribution in straight circular pipes]. Zhurnal tekhnicheskoy fiziki, vol. V, issue 8, 1935,
p. 1488.
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formulas, we have the thickness of the layer δ, and instead of the average velocity along the
pipe cross section U0, we have the average velocity along the layer thickness U ′0.

In addition to these formulas, we also use the same formula for the velocity U . If χ is
the ratio of the latter to U ′0, that is,

U = U ′0χ, (35)

then dχ

dη
can be represented in the form:

dχ

dη
= R′eψ

λ2
1− η

1
λ2 + η(1− η)

.33

Since λ2 is a sufficiently large number, we can assume that 1
λ2 = 0; this simplification for

our purposes is entirely permissible and will affect the value of both considered wells only
in an interval close to the wall itself. Therefore we will have:

−u′v′ = U ′0ψ(1− η); (36)
dχ

dη
= R′eψ

λ2
1
η
. (37)

After simplification, the formula for turbulent stress gives a linear dependence on η34.
These formulas allow us to determine turbulent stress, and then the fluctuation energy,

which is our goal.
For what follows, we need to know the integral of τ , which is distributed over the volume

of the liquid, which flows per unit time through the output cross-section of the boundary
layer. In this section, the thickness δ can be determined by formula (32) if the length and
radius of the nozzle orifice is known.

Denoting the desired integral by M , we obtain:

M = −2πρ
∫ δ

0
u′v′ U(R0 − y)dy. (38)

Substituting the value u′v′ and U and making the change of variables η = y

δ
, we get:

M = 2πρU ′0
3
δ2
∫ 1

0
(1− η)

(
R0
δ
− η

)
dη.

33Translator’s note: In the paper, this is later written as χ′.
34In this form of the formulas, these essentially do not differ from the formulas of Kármán (see Nikuradse,

“Probl. turbulentn” [“Problems in turbulence”] p. 197), but for us they have the advantage that the constants
λ and ψ are expressed in terms of R′e in a simple form.
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We calculate separately the integral on the right-hand side. To this end, we integrate by
parts: ∫ 1

0
χ(1− η)

(
R0
δ
− η

)
dη = |χψ|10 −

∫ 1

0
χ′ψdη;

where
ψ =

∫ η

0
(1− η)

(
R0
δ
− η

)
dη = R0

δ
η

(
1− η

2

)
− η

2

(
1− 2

3η
)
.

Note that for η = 0 (i.e., on the wall), χ = 0, and for η = 1 (on the outer surface of the
layer):

χ = U1
U ′0

= 1
m1

.

For the case η = 0, ψ = 0, and when η = 1 p. 9R

ψ = R0
δ

(
1
2 −

1
6
δ

R0

)
.

Next, we calculate the integral: ∫ 1

0
χ′ψdη.

Using formula (37), we find that this integral is equal to:

R0
δ

R′eψ

λ2

(
3
4 −

5
36

δ

R0

)
.

Thus the desired integral is equal to:

R0
δ

 1
m1

(
1
2 −

1
6
δ

R0

)
− R′eψ

λ2

(
3
4 −

5
36

δ

R0

) .
We denote the expression in parentheses by K, then for M we get:

M = 2πρU ′0
2
ψR0δK.

We replace U ′0 in this formula by U0 and divide it by

Q = πR2
0U0, (39)

then we get:
M

Q
= 2ρU2

0

(
m1
m

)3
ψ
δ

R0
K. (40)
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The M

Q
ratio, as we shall see, is expressed by the constant λ and the radii r0 and r1

[formulas (23), (26), (27)].
Let us now find the energy of fluctuations E. It is equal to:

E = ρ

2

∫ δ

0
(u′2 + v′2)U2π (R0 − y) dy. (41)

where, like M , the energy refers to the total flow rate through the layers. This formula is
similar to formula (38).35

We note here that if we go from section to section of the jet inside the orifice, then E
will increase. The energy of fluctuations is generated from the averaged motion: an increase
in E is accompanied by a drop in pressure along the flow of the jet.

When the jet leaves the orifice, we can approximately assume that the pressure and the
average velocity U0 are no longer changing. Therefore, we can assume that the largest value
of E will be in the outlet section of the orifice.

Thus, although the turbulent layer extends to the interior of the jet, this happens
outside the orifice, and one can believe that the energy E will not increase due to this
growth of the turbulent region. Therefore, both values of E and M will be taken at the
outlet cross-section of the orifice.

We return to integral (41). Between the values u′2+v′2 and u′v′, under some assumptions,
it is possible to establish a simple relationship.

Prandtl in deriving his formula for the turbulent stress assumed that the components of
the velocity u′ and v′ (at least in the case of motion in a pipe) are proportional36, and the
coefficient of proportionality does not vary with time (this means that there is a complete
correlation between u′ and v′). If we use this assumption, then the desired relationship is
not difficult to obtain.

Denote by ϑ the ratio
−u′v′

u′2
. (42)

The assumption of proportionality of the components gives: p. 10L

v′2

−u′v′
= ϑ,

35Translator’s note: Equation (41) implicitly assumes that there is no turbulent energy outside of the
boundary layer, which is questionable. However, this is of little consequence as E is the total turbulent
energy flow rate, and making the specific turbulent energy higher in the boundary layer would ensure that
E remains unmodified. That is, the equation is used to calculate E, not u′2.

36Translator’s note: It appears that Natanzon means inversely proportional, as that’s the approach he
takes later in this paper.
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since we are dealing with average values with respect to time, and ϑ does not depend on
time. Hence we obtain the required equality:

u′2 + v′2

−u′v′
= ϑ+ 1

ϑ
. (43)

In addition, the constant ϑ does not change along the radius of the pipe (in our case,
the thickness of the layer). This follows from the law of similarity of Kármán and is well
confirmed by experiments37 (at least with sufficient accuracy for our purposes).

Now using the relation (43) and the formulas (38) and (41), we get:

2 E
M

= ϑ+ 1
ϑ
. (44)

SinceM/Q can be determined by formula (40), we need to know the constant ϑ to determine
E/Q.

The theory does not yet provide a method for determining the constant ϑ, which,
apparently, should depend on the Reynolds number. We have only those data on the value
of this constant, which Kármán cites in his paper at the Congress on Applied Mechanics in
Cambridge38. He uses the experiments of Wattendorf and Reichardt, on the basis of which
we can conclude that ϑ is in the range from 0.24 to 0.32, and the Reynolds number for the
second of these authors was 25 000.

Apparently no other data exists, especially at the relatively low Reynolds numbers with
which we are dealing. Therefore, for the time being we will focus on the average value
ϑ = 0.28 and will use it for our calculations. In this case, we get a fairly close agreement
with experiment in calculating the diameter of an average sized droplet. Of course, further
refinement of the fineness calculations requires primarily a more reliable determination of
the energy E and hence the constant ϑ.39

37T. Kármán, Some aspects of the turbulence problem. Collection titled “Probl. turbulentn.” [“Problems
in turbulence”] p. 49 [Translator’s note: This was originally published in English at the International
Congress for Applied Mechanics in Cambridge, 1934.] and T. Kármán, Mechanical similitude and turbulence,
ibid., p. 274. [Translator’s note: This is available translated into English as NACA TM 611 from https:
//ntrs.nasa.gov/search.jsp?R=19930094805.]

38Collection titled “Probl. turbulentn.” [“Problems in turbulence”] p. 45.
39Translator’s note: Natanzon again does not explicitly write an expression in terms of the turbulent

kinetic energy, instead preferring a total turbulent energy flow rate as was done for the droplet size. After
collecting the terms and assuming a constant k profile (instead of Natanzon’s zero k in the center) as in a
previous translator’s note, the following can be written:

k = U2
0

(
m1

m

)2
ψ
δ

R0

{
1
m1

(
1
2 −

1
6
δ

R0

)
− R′eψ

λ2

(
3
4 −

5
36

δ

R0

)}(
ϑ+ 1

ϑ

)
,

where δ/R0 (which is a function of Re and Θ = L/R0) can be found from equation (32), m1 ≈ 0.750 and is
defined in set of equations (29), m can be calculated with equation (31), and ψ and λ2 can be calculated
from equation set (34), and ϑ = 0.28. This equation can be abbreviated as k = U2

0 · F (Re, R′e, Θ).
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Calculation of the volume mean radius in the initial state of
atomization
We use the above formulas to obtain some numerical results. In order to be able to compare
them with the experimental data of Sass, we will perform calculations for the conditions
in which he performed his experiments. Fig. 140 shows 4 distribution curves taken at
four different spraying pressures. Concerning these experiments, it is necessary to note
the following: first of all, they were produced with a fairly significant back pressure (10
atm). However, as shown by the experiments of Sass himself, and especially subsequent
experiments (see the works of D. W. Lee and I. V. Astakhov mentioned above), the fineness
of the atomization depends little on the back pressure. Therefore, we can quite easily take p. 10R
these four Sass experiments for comparison with the results of the calculation, especially
since our theory, based on many unconfirmed assumptions, does not, of course, give a
completely accurate value of the unknown quantities, and perhaps only their order.

Further, we do not know, unfortunately, the values of the viscosity and the surface
tension for the fuel which Sass used in his experiments. It is known that this was a gas
oil with a specific gravity of 0.87. Therefore, we take only approximate values of these
quantities, which can not, moreover, vary within wide limits. In general, the possible errors
here can not greatly affect the results.

Finally, it must also be kept in mind that in Sass’s experiments, the atomization was
carried out with a conventional pump, which is used for diesel engines, and therefore the
fuel flow in the nozzle holes had to be very uneven. Our formulas are derived for the steady
flow of fuel. Then, the constant pressure, which is given by Sass as the pressure of spraying,
apparently, is the so-called nozzle pressure. The actual pressure drop in the nozzle orifice
(between the initial and final section of the orifice) may be higher than indicated for at
least a significant part of the injection interval.

Despite these circumstances, we still present the results of the calculation, having in
mind a comparison of the order of magnitudes.

The pressure drop in the four Sass experiments of interest to us was equal to the
sequence:

140, 210, 270, 340 kg/cm2.

The experiments were carried out with gas oil, the density of which was:

ρ = 0.89 · 10−6 kg/cm2/cm4.41

Finally, the most probable value of the flow coefficient is µ = 0.85. Therefore, the
average fuel velocities in the orifices should be close to the values:

U0 = 1.51 · 104 ; 1.85 · 104 ; 2.18 · 104 ; 2.35 · 104 cm/sec.
40“Dizelestroenie” No. 3, 1938.
41Translator’s note: The units are printed as they were in the original.
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Further, since the fuel, when passing through the pump, heats up rather strongly, then
the resulting jet of fuel has a temperature of approximately 40◦. Therefore, for the kinematic
viscosity ν and the surface tension α, we can take the following values:

ν = 0.075 cm2/sec; α = 0.3 · 10−4 kg/cm42.

The radius of the nozzle orifice in these experiments was R0 = 0.0285 cm, and the ratio
of the orifice length to the radius was Θ = 8.

Assuming these numerical values of α, R0, andΘ, we calculate the radius r1 [formula (27)]
for the velocities U0 contained in the interval 1.2–2.7 · 104 cm/sec. In this interval, the
values of the rates at which the four experiments were made are contained. The results are
shown in the table below.

p. 11L
U0 · 10−4 (cm/sec) 1.2 1.5 1.8 2.1 2.4 2.7

r1 (microns) 3.22 2.28 1.72 1.35 1.10 0.914

Thus, the volume mean radius r1 of the droplets varies from 0.914 to 3.22 microns. Of
course, we can not yet compare this radius with the volume mean radius of the droplets p. 11R
observed in the experiment, since the value obtained refers only to the initial state, i.e., to
the instant of the formation of the droplets. With further motion, their dimensions should
increase due to collisions and merges. We now deal with an approximate calculation of the
volume mean radius in the final state.

(Concluded in the next issue)

The collision of the droplets and the growth of their size issue 5,
p. 19L

We have previously indicated that when droplets move after their formation, collisions
may occur and, as a consequence, the droplets will fuse. A correct account of the effect of
collisions on the increase in the diameter of the droplets is a task of great complexity, so
below we try only to roughly estimate the magnitude of this influence.

Let us imagine a cone-shaped space filled with an atomized jet consisting of a droplet
mist (fig. 6). Let BC be the final section of the nozzle orifice. An arc of a circle BEC
with center A is a section of a spherical surface. Imagine that droplets of the same initial
radius r1 are thrown out through the surface of this sphere, so that only completely formed
droplets lie behind this surface inside the cone LBECK. All these droplets have a total
velocity U0 and a certain speed of relative random motion c.

We will imagine that the final velocity for all droplets is the same in magnitude, but can
be in all possible directions, which explains the expansion of the jet as it moves. The initial
value of this velocity will be assumed to be equal to the mean square droplet velocity; we

42The surface tension decreases with increasing temperature. At 20◦ at different grades of gas oil, it
ranges from 0.3 to 0.4 · 10−4.
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Figure 6

denote the initial velocity of relative motion by c0. The droplet distribution from the initial
ejection velocity gives us the same formula (9), and hence it is easy to obtain the mean
square value of this velocity.

As the droplets move from the spherical surface, the diameter of the average droplet
at each point of the jet will grow due to collisions, after which mergers are sometimes
possible. But since after each merging the velocity of the newly formed droplet is less than
the velocities of the colliding droplets, then as the distance from the final cross section of
the orifice increases, the velocity of the random droplet movement will decrease, and with
it the number of collisions. Thus, the rate of growth of the volume of droplets should slow
down, and at a large distance from the orifice we get a certain amount of droplets, which
will almost be constant. The volume mean radius of the droplets in this final state will be
calculated; we denote it by r2.

Thus, we assume that the interior of the jet cone is filled with droplets so that in the p. 19R
neighborhood of each point there are droplets of only one radius, which would be the average
volume of the droplet at a given place of the jet. We denote this radius by r. As the motion
from the surface of the sphere BEC increases, this radius increases. Consequently, it can
be regarded as a function of the radius of the vector AM = x, by which we will determine
the position of the point inside the cone.

We denote the radius of the sphere BEC by R′0, then for x = R′0 we can assume that
the radius r = r1, and for a sufficiently large value of x, the radius r = r2; it is possible to
assume approximately (and for definiteness) that in this case x =∞.

We shall further assume that the radius r does not depend on the polar angle ξ, that
is, everywhere inside the cone at a certain distance x there are only droplets of radius r
at each moment. Suppose that the velocity of the random motion of the droplets c also
depends on x and varies from c1, at x = R′0 to some value c2 for x =∞; the latter will, of
course, be less than c1.

In addition to the quantities u and r, we consider also the droplet distribution density
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over the space γ, i.e. the number of droplets per unit volume in the vicinity of each point.
This quantity will also be assumed to depend only on x; in other words, the density will be
the same on any sphere of radius x inside the cone of the jet.

With increasing x, the density will decrease, first, because per unit time a certain
number of droplets leave the orifice that, when moving inside the cone, will cover a larger
space, and secondly, because in the process of moving mergers lead to a decrease in the
number of droplets.

We first find the dependence of the density γ on the distance x. To this end, we draw
two spheres with the radii x and x+ dx and consider the part of the layer between them
located inside the cone. The number of droplets entering through the inner sphere per unit
time is equal to:

σx2U0γ

where σ is the solid angle of the cone;
U0 is the velocity of all droplets, the relative velocity c is small in comparison with U0

and it can be ignored; in the same way, since the cone angle is small, we can assume that
U0 is everywhere directed along the radius, although, of course, this velocity is directed for
all droplets along the axis of the cone.

The number of droplets emerging from our layer through a sphere of radius x+ dx is
equal to:

σU0x
2γ + σU0

d

dx
(x2γ)dx.

Due to the mergers, the number of droplets inside our layer should decrease over the same
period of time. This decrease in the number of droplets under consideration should be
equal to the difference between the number of droplets entering our layer and the number
of droplets emanating from it, that is, this loss is equal to: p.20L

−σU0d(x2γ).

Since in all collisions that cause droplets to merge their total volume does not change, then
we can easily calculate the resulting decrease in the number of droplets in another way. We
assumed that at a distance of x, all the droplets have the same radius r; let their volume
be τ . To ensure that this equality of radii is not violated due to collisions, we assume that
the volume of all droplets during their stay in our layer will grow by dτ . The total number
of droplets entering the interior of the layer per unit time is:

σU0x
2γ.

If the volume of each of them has changed to τ + dτ , then, by virtue of the preservation of
the total volume of liquid contained in the droplets, their number will decrease with respect
to

τ

τ + dτ
≈ 1− dτ

τ
.
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Consequently, the decrease in the number of droplets per unit time will be:

σU0x
3γ
dτ

τ
.

We obtained the second expression for the decrease in the number of droplets. Equating
both expressions and contracting by σU0, we obtain the following equation:

−d(x2γ) = x2γ
dτ

τ
.

After integration we will have:
γ = C

τx2 , (45)

where C is an arbitrary constant.
To determine the constant, we find the total number of droplets N that are ejected per

unit time through surface BEC. On this surface x = R′0, and τ = τ1, therefore,

N = σR′0U0γ0 = σR′0
2
U0

C

τ1R′0
2 .

Hence
C = Nτ1

σU0
.

But since Nτ1 = Q = πR2
0U0, we get finally that

C = π

σ
R2

0. (46)

Thus, under our simplifying assumptions, the density γ is determined.
Consider now a droplet with a radius of r1 that just emerged from the orifice. In addition

to the general velocity of U0, it still has a relative velocity, the initial value of which is c1.
Due to collisions, the droplet path will generally have a zigzag form, but since the

density γ does not depend on the angle ξ, we can assume that our droplet will experience
an equal number of collisions from all sides, and the path will generally deviate little from
a straight line. Therefore, we neglect these deviations and assume that the path of our
droplet is rectilinear.

Collisions generally depend on the relative velocity between the droplets. Our droplet
has a velocity c with respect to the axes moving translationally at speed U0. The relative
velocity of other droplets is, according to our assumption, the same magnitude, but may
have an arbitrary direction. Consequently, the relative velocity between droplets can vary p. 20R
from 0 to 2c. If we denote by c the average value of the relative velocity between the
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droplets, then on the basis of the calculation done in the kinetic theory of gases we will
have43:

c = 4
3c. (47)

The number of collisions depends on the relative velocity between the droplets. Therefore,
we can assume that this number will not change for our droplet if we consider all the
remaining droplets to be stationary, and update the speed to c instead of c; while on
average per unit time our droplet will experience as many collisions as there would be if all
the droplets had velocities equal to c, but randomly directed in all directions.

Thus, replacing the speed c by c, we can assume that our droplet moves among fixed
droplets distributed inside the jet cone with density γ.

Figure 7

Moving among the fixed droplets, in time dt our droplet will cover the distance cdt. If
its radius is equal to r, then, therefore, during this time, it will outline a volume equal to
πr2cdt. On the basis of the assumption made above, in the vicinity of each point of the
path of our droplet, there are other droplets of the same size, equal to the size that the
droplet has already reached. Therefore, it is obvious that during this time it will collide
with any other droplet, the center of which is located inside a cylinder with a radius 2r,
height cdt (fig. 7), whose axis coincides with the trajectory of our droplet. The volume of
this cylinder is 4πr2cdt. Hence, the number of droplets, which collide with each other, is
equal to

4πr2c
C

τx2dt.

Since the absolute velocity of our droplet differs little from U0, we can assume that

dt = dx

U0
,

43See Prof. A. K. Timiryazev, Kineticheskaya teoriya materii [Kinetic Theory of Matter], GTTI, p. 136,
1933. [Translator’s note: Available at the Library of Congress. See https://lccn.loc.gov/55027675.]
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and the expression for the number of collisions will be:

4πCcr2

τx2U0
dx. (48)

Let us assume that each collision, even if it was only a touch, leads to the merging of
droplets and the formation of a new droplet with an increased volume. Generally speaking,
this is certainly wrong, since when the minimum distance between the centers is only slightly
less than 2r and the relative velocity is large enough, a merger may not occur. However,
taking into account that the relative velocity is generally small on the average, it is possible
to neglect the cases when there is no merging.

However, we tried to introduce the value l of the minimal narrowing of the droplet p. 21L
center, at which they still merge. This value l must be somewhat less than 2r. It is, however,
determined by us from a fairly crude calculation, based on the following: the force required
to break the surface film, covering both droplets as the centers were closer to each other by a
distance l; then this force was compared with the change in the amount of motion necessary
to keep the droplets near each other, if the relative velocity was c before approaching them.
The value of l calculated in this way determined the radius of the cylinder in fig. 7 and,
consequently, was included in expression (48) for the number of collisions. The calculations
were completed, but did not lead to a noticeable change in the results. In view of this, we
omit them here and assume in what follows that l = 2r.

If the number of collisions in the path dx is equal to the expression (48), then the total
increment of the volume of our droplet dτ on this path will be equal to the product of the
volume of each droplet τ by the number of them (48), hence we have:

dτ = 4πCcr2

x2U0
dx. (49)

This is the basic equation that determines the change in the volume of the droplet as it
moves inside the jet cone.

The resulting equation also contains the velocity c, which must be eliminated; this can
be done by considering the change in speed during a collision.

Suppose that our droplet with volume τ and mass ρτ collided with several fixed droplets
with total volume ∆τ and mass ρ∆τ . If the impact was inelastic, then the speed of the
combined total mass c′ is related to the speed c, which our moving droplet had before
impact, with the following ratio:

c′ = ρτ

ρτ + ρ∆τ
c,

which implies that

c′ =
(

1− ∆τ

τ

)
c
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or
∆c = −∆τ

τ
c,

where ∆c = c′ − c is the loss of speed upon impact. Taking the limit, we get:

dc

c
= dτ

τ
.

Integration of this equation gives:
c = C1

r3 , (50)

where C1 is an arbitrary constant equal to

C1 = c1r
3
1 = 4

3c1r
3
1;

c, and r1 are the initial values of c and r.
We now eliminate c from equation (49), using formula (50), then we get:

dτ

dx
= 4πCC1r

2

x2r3U0
(51)

or, substituting τ = 4π
3 r3, we arrive at the following equation: p. 21R

dr

dx
= CC1
U0r3x2 . (52)

Integration of this equation gives

r4
2
4 −

r4
1
4 = CC1

U0R′0
, (53)

if you simultaneously use the conditions: when

x = R′0 r = r1

and
x =∞ r = r1.

From formula (53), we can obtain the radius r2, the average volume of the droplet at a
sufficient distance from the orifice, where the collisions will no longer noticeably change the
volume of the droplet, since they will occur very rarely.

We now transform the expression on the right-hand side of (53). If ξ0 is the angle
between the cone surface and the cone axis, then the solid angle of the cone will be:

σ = 2π(1− cos ξ0),
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and between R0 and R′0 there will be a relation:

R0 = R′0 sin ξ0.

Hence
πR0
σR′0

= sin ξ0
2(1− cos ξ0) = 1

2
1

tan ξ0
2

.

Since the angle ξ0 derived is always is rather small, we can put

πR0
σR′0

= 1
tan ξ0

.

Using this formula and formulas (46) and (51), we can write:

CC1
U0R′0

= 4c1r
3
1πR

2
0

3U0σR′0
= 4c1r

3
1R0

3U0 tan ξ0
.

We now eliminate the angle ξ0. Let the mean square transverse velocity of the droplet be
the initial condition of atomization v0

44, so we can approximately set45:

tan ξ0 = v0
U0
.

Of course, the jet cone can not have very sharp boundaries in general, and individual
droplets can deviate very much from the axis of the jet, but the main mass of them will be
inside the cone, determined by the angle ξ0. Therefore, we assume approximately that all
droplets whose distance from the orifice is equal to x are distributed uniformly in the part
of the thin spherical layer of the same radius x that is inside the cone.

Further, since the mean square velocities u0 and v0 are the same, which is evident
from the shape of the distribution function symmetric with respect to kx and ky, then,
consequently,

v0 = c1√
2
.

Hence p. 22L
tan ξ0 = 1√

2
c1
U0

46

44Translator’s note: I assume that Natanzon means that v0 is the initial velocity of a droplet which was
just formed.

45We do not take into account here the fact that due to the gradual loss of the velocity of the relative
motion of the droplets, the angle ξ0 should decrease somewhat with increasing x, forming a cone which will
bend in the direction of its axis. This will affect the density γ of the droplets, which will fall somewhat slower
with increasing x than we are taking. Therefore, the number of collisions should be larger, and consequently,
the growth of the volume of droplets is somewhat more sharp than is the case in our calculation.

46Translator’s note: The denominator of the right fraction was u0 in the original, but this appears to have
been a typographical error.
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and, consequently,
CC1
U0R′0

= 4
√

2
3 R0r

3
1.

Substituting this expression into formula (53), we obtain:

r4
2 = r4

1 + 16
√

2
3 r3

1R0. (54)

Since the first term on the right has a negligible value in comparison with the second, we
can drop it and write definitively:

r2 = 2r1
4

√√
2

3
R0
r1
. (55)

This formula approximately takes into account the increase in the droplet size when it
moves in the jet cone and refers to the final state of the atomized jet.

We calculate r2 using the values of r1 obtained above. The result is given here along
with the value of the velocity U0 and r1. In fig. 8, two curves depict the variation of r1 and
r2, depending on U0.

U0 · 10−4 (cm/sec) 1.2 1.5 1.8 2.1 2.4 2.7
r1 (microns) 3.22 2.28 1.72 1.35 1.10 0.914
r2 (microns) 16.4 12.6 10.24 8.57 7.31 6.36

For the diameters of medium-sized droplets in Sass’s experiments, we can take the
following values:

U0 · 10−4 (cm/sec) 1.51 1.85 2.18 2.35
d (microns) 22.9 19.5 16.3 14.3

If we take four points corresponding to Sass’s experiments, we plot it on the diagram in p. 22R
fig. 8, they are rather well placed on curve (II ).

This agreement of the results of theory and experiment should not yet be given much
weight. First of all, we do not know exactly the conditions of Sass’s experiments, which
would allow us to make the correct and appropriate calculations. In addition, it would be
necessary to make a correction for the back pressure, which in the experiments of Sass was
equal to 10 atm, and then the experimental points would be positioned much higher.

With other experiments, the agreement is also much worse. For example, in D. W. Lee’s
experiments, at the same orifice diameter and pressure drop, the diameter d of the droplet
varied from 30 to 40 microns.

As for I. V. Astakhov’s experiments, he obtained diameters in the range from 190 to 140 mi-
crons with a change in velocity from 62 to 119 m/s. Our formulas for this case, apparently,
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Translator’s note: опыты Засса = experiments of Sass
м/сек = m/s

Figure 8

are inapplicable, since the Reynolds numbers turn out to be too small and close to the
critical value. Probably, the role of turbulence in these cases is already insignificant, and
the whole phenomenon proceeds differently.

The foregoing calculation method still yields results, the order of which is quite close
to those values that are observed experimentally. Further improvement of the theory,
it is hoped, will bring its results closer to the data of the experiment, but this will be
possible only when the latter accumulate in sufficient quantity and give a completely clear
picture of the phenomenon, which is not yet available (at least if we speak of quantitative
dependences).

Concluding remarks
The proposed calculation of the fineness of atomization can, of course, be considered only
as an attempt. Numerous unverified assumptions, which were required in order to bring
the calculation of the diameter of the droplet to completion, still need to be reviewed. It is
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possible, however, that in this way it will be possible to obtain a more rigorous theory of
this phenomenon.

We considered atomization of fuel as consisting of two stages. First, the fuel passes
from the coherent state in the jet to the initial state of atomization. The total energy of
the liquid in both states is the same; this circumstance makes it possible to determine the
distribution function ϕ. Then, when the droplet mist is moving during droplet collisions
and coalescences, they grow in size and transition to the final atomized state. In this
process, the energy value E is not conserved, since due to inelastic collisions, part of it will
go to heating and fluid oscillations inside the droplet.

A more accurate study of the number and consequence of collisions requires, first of all,
consideration of the spatial distribution of droplets. In this case, it would be possible to
find not only the average volume of the droplet in the final atomized state, but also the
distribution function for this state.

If in fact the phenomenon does proceed in a similar way, then, of course, the division
into stages can not be so sharp. In addition, geometrically the jet outside the orifice and its p. 23L
cone do not feature the regularity and simplicity of shape, as we assumed.

Finally, the effect of the back pressure of the surrounding air environment, perhaps,
we could take into account as follows. Since the medium must inhibit the motion of the
droplets, the decrease in the relative velocity of their motion occurs to first approximation
in proportion to the density of the medium. These velocities are generally small, and for
the resistance, one can apply the Stokes formula. Hence, as the velocity c falls, so will the
number of collisions, and, consequently, so will the growth of the droplet volume in the
transition from the initial to the final state of atomization.

In addition, the medium will be very strongly inhibited and the average motion of p. 23R
all droplets. Due to the high speed compared with c, this deceleration will already be
proportional to the square of U0; therefore, the cone angle of the jet with increasing back
pressure will increase, the density of the droplet distribution will decrease, and consequently
the number of collisions will decrease. This will also entail a somewhat slower growth in
the volume of droplets.

Thus, it is probably possible to explain the decrease in the average volume of droplets
with increasing back pressure.

However, it is necessary, of course, that the experiments finally establish how this
phenomenon proceeds, since there is a disagreement between different authors.
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\begin{abstract}
The atomization of fuel spray in internal combustion engines depends mainly on the dynamic effect of the air on the fuel particles and perturbations of the fuel flow in the nozzle.

The influence of the first factor was typically studied up to the present time. In this paper, we provide a method for determining the size distribution curve of fuel particles and their average size, based on the statistical methods of the kinetic theory of gases under the influence of the second factor.
\end{abstract}
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\section*{Introduction}\marginpar{p.~3L}

Atomization of liquid fuel using nozzles is of great importance for the working process of diesel engines. Studies of this phenomenon are conducted in different areas: the behavior of fuel jet at the outlet of the nozzle orifice of the injector, the range of penetration of the jet, the spread of the spray jet in space and, finally, the fineness or the degree of atomization of the fuel. The latter case has been studied in a variety of experimental works. For references, refer to the manual of Sass\footnote{Sass, Compressorless Diesel Engines [Beskompressornyee dvigateli Dizelya], ONTI, 1935, p.\ 58. [Translator's note: This appears to be a Russian translation of \fullcite{sass_kompressorlose_1929}\mybibexclude{sass_kompressorlose_1929}.]} and to the more complete work of three authors: de Juhasz, Zahn, Schweitzer\footnote{K.\ J.\ de Juhasz, O.\ F.\ Zahn, P.\ H.\ Schweitzer, On the Formation and Dispersion of Oil Sprays. Bulletin the Pennsylvania State College No.\ 40, 1932.}. % Title translation of Sass book is from lyshevskiy_coefficient_1965.

The\marginpar{p.~3R} phenomenon of atomization of the fuel jet is as follows. Fuel flows from the typically straight circular orifice under high pressure. Almost directly after the orifice the fuel jet begins to break up, and from it separates particles of irregular shapes, which are involved in the general motion of the jet. Some time after leaving the orifice, the separated particles diverge from each other and from the jet from which they were ejected over a sufficiently large distance. Being completely isolated, each particle, due to the surface tension and internal motion, assumes the spherical shape of a droplet. In this case, the droplet participates in the average motion of the entire jet and, in addition, has its own relative velocity, through which it was separated from the jet. The whole jet turns into a fine spray, which on the outside has the form of a divergent cone\marginpar{p.~4L} with a vertex at the nozzle orifice and an axis coinciding with the axis of the orifice.

When viewing under a microscope droplets collected after they lost their speed due to the resistance of the medium, it appears that a wide variety of droplet diameters are obtained. In order to characterize the fineness of atomization, which is the result of complete break up of the jet into droplets, one usually plots the droplet diameter distribution curve proposed by \aspellNoCheck{H\"{a}usser} and Strobl\footnote{F.\ Sass, op.\ cit., p.\ 58}. Such curves are obtained from Sass' experiments as shown in fig.\ \ref{fig1}. The curves are plotted as follows: the diameter of the droplet is plotted on the horizontal axis, and the fraction of the total number of droplets of the corresponding diameter (in percent) is on the vertical axis. All curves have one maximum, from which they asymmetrically descend down the $x$-axis. This maximum corresponds to the diameter most frequently encountered in the entire mass of droplets collected after the atomization of the jet. The larger the droplet diameter differs from the diameter in which the distribution function has a maximum, the less often such a droplet occurs in the total mass. Very small and very large droplets are rare, and therefore, as the argument approaches zero and when its ordinate\footnote{Translator's note: This is as written in the text. It is likely a typographical error as the first part of the sentence would suggest the distribution function goes to zero as the \textit{argument} increases after the maximum.} increases, it rapidly tends to zero.

The areas between the ordinate and each curve are the same, since they express the total number of droplets, always taken as 100\%. Therefore, the larger the maximum ordinate, the sharper the ordinate decreases on both sides of the maximum. In addition, the larger the maximum, the closer it is, as a rule, to the origin. This circumstance expresses the fact that a finer atomization will be more uniform.

\begin{figure}[h]
   {\centering
   \includegraphics[width=8cm]{fig-1.png} \\[1em]}
   {\footnotesize Translator's note: \textit{\foreignlanguage{russian}{Число капель}} = \textit{Number of droplets}. $x$-axis label was not given. It likely is microns given a similar figure from \citeauthor{sass_kompressorlose_1929} was reproduced by \fullcite[p.~6,~fig.~3]{castleman_mechanism_1932}\mybibexclude{castleman_mechanism_1932}.}
   \caption{}
   \label{fig1}
\end{figure}

The diameter of the most frequently encountered droplet\marginpar{p.~4R} is a parameter that fairly well characterizes the fineness and uniformity of atomization. But, in addition to this parameter, it is also possible to make different average values for the spray pattern, for example, the average diameter or diameter of a droplet with an average volume.

For practical purposes, it may not be as important to know the form of the distribution curve as it is to be able to determine the value of any parameter that fully characterizes the atomization in a quantitative way. The fact that here, apparently, only one parameter is sufficient for such a characteristic, of course, favors any attempt at both experimental and theoretical study of this phenomenon.

\section*{A brief overview of the theoretical and experimental work on atomization}

There are several theoretical papers in which attempts are made to determine the diameter of a droplet. H.\ Triebnigg\footnote{\aspellNoCheck{H.\ Triebnigg, Der Einblase- und Einspritzvorgang bei Dieselmaschinen. Wien 1925.}} calculates the average diameter of the droplets, discarding the random deviations from the mean value. The droplet diameter is determined depending on the surface tension of the fuel and the density of air in the space where the fuel flows. \uline{The calculation is based on a perspective of the correct mechanism of the formation of each droplet at the side of the outflowing jet.} The formula obtained for the radius of a droplet has the following form:
\begin{equation*}
   r = 4.6 \, \alpha \, \frac{\gamma_b}{\gamma_l} \, \frac{1}{\psi} \, \frac{1}{p},
\end{equation*}

where $\alpha$ is the surface tension; $\gamma_b$ and $\gamma_l$ are the specific weights of fuel and air in the space where the atomization takes place; $\psi$ is the coefficient of air resistance to the motion of the fuel jet (the resistance is assumed to be proportional to the square of the velocity); $p$ is the fuel overpressure in front of the nozzle head relative to the environment where the injection is made.

The formula agrees well with the experiments only for certain ranges of values of $\gamma_l$ and $p$. For small values of $\gamma_l$, corresponding to atmospheric pressure, the formula gives completely incorrect values. The formula is generally not suitable for small $\gamma_l$, since for $\gamma_l = 0$ an infinite radius is obtained. However, atomization can occur in a vacuum, and although the droplet radius at low pressures of the air environment is somewhat larger, it nevertheless grows much more slowly than the Triebnigg formula. \Figref{fig2} shows graphically the dependence of the droplet diameter on the density of the air, obtained on the basis of experiments of Sass\footnote{F.\ Sass, p.\ 59.}. These results indicate that the role of the resistance is not as significant as from the theory of Triebnigg suggests.

\begin{figure}[h]
   {\centering
   \includegraphics[width=8cm]{fig-2.png} \\[1em]}
   {\footnotesize Translator's note: \\[1em]
   \textit{\foreignlanguage{russian}{Диаметр капель в микр}} = \textit{The diameter of the droplets in microns} \\
   \textit{\foreignlanguage{russian}{Формула Triebnigg'а}} = \textit{The formula of Triebnigg} \\
   \textit{\foreignlanguage{russian}{По опытам Засса}} = \textit{According to the experiments of Sass} \\
   \textit{\foreignlanguage{russian}{Противодавление в кг/см$^2$}} = \textit{Pressure in kg/cm$^2$}}
   \caption{}
   \label{fig2}
\end{figure}

The role of the air environment in which the atomization occurs is evaluated differently by various authors. For example, D.\ W.\ Lee\footnote{D.\ W.\ Lee, The Effect of Nozzle Design and Operating Conditions on the Atomization and Distribution of Fuel Sprays, \aspellNoCheck{Nat.\ Adv.\ Com.\ for Aeron., Repo.\ No.\ 425.}} comes to the conclusion that the amount of back pressure has almost no effect on the droplet size (see the curves shown in \marginpar{p.~5L} his work shown in fig.\ 11). At the same time, the lowest back pressure was approximately 0.5~atm.

The same result was found by I.\ V.\ Astakhov\footnote{\aspellNoCheck{I.\ V.\ Astakhov, Vliyaniye vyazkosti topliva i drugikh faktorov na melkost' raspylivaniya} [Effect of viscosity of fuel and other factors on the fineness of atomization] ``Dizelestroenie'' No.\ 2, 1937.}, the results of whose experiments found no dependence of distribution of droplet diameters on back pressure. However, they were conducted at only a relatively high back pressure of 5~to~12~atm.

On the contrary, Castleman\footnote{R.\ A.\ Castleman, The Mechanism of Atomization Accompanying Solid Injection, \aspellNoCheck{Nat.\ Adv.\ Com.\ f.\ Aeron., Rep.\ No.\ 440, 1932.}} believes that the atomization of fuel in all cases occurs only due to the disturbing effect of air on the jet, whose resistance tears the particles of fuel from the jet.

Returning to the Triebnigg formula, we note that the droplet radius is proportional to: $\displaystyle \frac{\alpha}{p}$.

This seems to be true if we assume that the energy of surface tension and the kinetic energy of the outflowing jet play the main role in the phenomenon of droplet formation. This dependence follows simply from considerations of dimensionality. As for the coefficient of proportionality, the formula obviously gives an incorrect expression for it.

In addition, it should be noted that that the perspective of the correct mechanism for the formation of droplets does not even approximate reality since the breakup of the jet takes place quite irregularly, with the simultaneous formation of a multitude of droplets of varying diameters that are ejected from the jet in different directions.

Another approach to the study of jet breakup is given in the work of Rayleigh\footnote{Rayleigh, The Theory of Sound, v.~II, 1921, pp.\ 351.}, who considered the formation of regular droplets of the same diameter from a calmly flowing cylindrical jet at a low speed. He showed that the capillary oscillations of the surface of such a jet are unstable and lead to its break up and the formation of droplets, the size of which depends on the wavelength on the surface of the jet.

A study for similar conditions of the flow of the jet, but with a viscous fluid was made by Weber\footnote{C.\ Weber, \aspellNoCheck{Zum Zerfall eines Flussigkeitsstrahles, Zeitsch.\ f.\ Ang.\ Math.\ und Mech.\ Bd.\ 11, 1931.}}.

This\marginpar{p.~5R} kind of breakup is observed experimentally at low flow rates of the jet. At high speeds, \uline{the jet itself does not emerge}\footnote{Translator's note: Presumably this refers to the intact jet core emerging from the orifice.}, since the liquid is atomized directly at the orifice itself.

Thus, for low and high velocities, the phenomenon of jet breakup is different. In the first case, the droplets are formed from a cylindrical jet at a certain distance from the orifice; in the second case, the jet breaks up directly at the aperture, forming a cone filled with a liquid broken into separate components. % Does this mean separate phases like water and air?

Between these extreme cases, apparently, there are transitions. The conditions for the transition from one type of atomization to another have not been sufficiently investigated.\footnote{On this see \aspellNoCheck{Bull.\ Pennsyl.\ Coll.\ No.\ 40.}}.

\section*{Remarks on the formulation of the problem}

In the present work we are interested only in the case of high pressures, which are used for the atomization of fuel in compressorless diesel engines.

An attempt is made below to construct an estimate of the average droplet diameter, bringing into this area the statistical methods of the kinetic theory of gases. At the same time, we are still limiting ourselves to the case with an absence of back pressure in the air environment, in order to somewhat simplify this first, very difficult challenge. The solution should serve as the first approximation for the case of low air densities, for which experiments were performed. The dependence shown in \figref{fig2} shows that at low densities, corresponding to a back pressure of 1 atm, the effect of air apparently can be neglected.

We attribute the phenomenon of atomization to the turbulence of the flow of fuel in the orifice and assume that the only reason for this breakup, in the absence of back pressure, is turbulence. This opinion has been repeatedly expressed. Schweitzer\footnote{Schweitzer, \aspellNoCheck{Bull.\ Pennsyl.\ Coll.\ No.\ 40.}} in the above-mentioned work attributed the cause of jet breakup to the combined effect of turbulence and air resistance. The higher the speed, the greater the role of the first factor and the closer to the orifice the breakup of the jet begins. At high speeds, the breakup occurs immediately at the orifice, even if the action of the air is eliminated. back pressure in general only enhances the effect of the first factor.

Based on the above, we shall assume as a first approximation that at low back pressures the air resistance can be neglected.

\section*{\uline{The derivation of the distribution function}}

We consider the continuous breakup of a jet into droplets at steady state. In the space where the jet flows, a certain number $N$ of fully formed spherical droplets are produced per unit time, which are in random relative motion and, moreover, participate in the general average motion of the entire jet. The average number of droplets formed per unit time over a long period\marginpar{p.~6L} of time at steady state remains unchanged. Also, the distribution of these droplets by radius is unchanged. Our problem is to deduce, from considerations analogous to those developed in the kinetic theory of gases, the distribution function of droplets by radius.

To do this, along with the radius of the droplet it is necessary to consider the speed of translational and rotational motion with respect to the same coordinate axes, which move translationally with the average velocity of the jet.

Let the jet flow from a right circular cylindrical orifice and let the average velocity in the orifice be $U_0$. Using this speed it is easy to obtain the fuel flow rate. When there is no resistance from the environment when the fuel is flowing, the momentum of the jet must be maintained over time. Therefore, we can assume that the average velocity of each particle of the liquid is conserved and is equal to $U_0$. But, in addition, each fluid particle may be more independent of the average relative motion, the cause of which is turbulent fluctuations that occur when fluid particle is located in the cylindrical orifice of the nozzle.

Let us consider a system of droplets that are fully formed in unit time. Let us assume first that each droplet, after being formed, leads a completely independent existence for an arbitrarily long time. In other words, for the time being we will assume that each droplet ejected from the jet almost immediately takes a spherical shape with a certain radius $r$ and receives some initial translational and rotational velocities, which then remain constant. This means that for the time being we will not take into account the possible collisions of droplets with each other, which should change the speed and the radius of affected droplets (the latter is due to the possible mergers of colliding droplets).

The mechanical state of a single droplet is mainly determined by its radius $r$, the momentum components $p_x$, $p_y$, and $p_z$ for the translational motion and the angular momentum $k_x$, $k_y$, and $k_z$ for the rotational motion.

As for the coordinates of a droplet in the space in which it moves, they do not play any role in the future, since we are not considering any collisions or force fields, and therefore the velocity of the droplet will not be related to its coordinates.

The components of the droplet momentum are taken here with respect to a coordinate system moving at a speed of $U_0$. Let one of the axes of the coordinate system, for example the axis $x$, constantly coincide with the axis of the jet and the axis of the nozzle orifice.

For each droplet, the values of the seven quantities $r$, $p_x$, $p_y$, $p_z$, $k_x$, $k_y$, and $k_z$ have random values and are determined by causes that we can not identify.

Following the general method of the kinetic theory of gases, let us consider the phase space of these seven variables. New in our case is the introduction of the radius of the particle as a variable, which is our main interest. The ``gas''\marginpar{p.~6R}, which is considered here, consists of particles of various sizes that do not act mechanically on each other. Their interaction applies for only the brief period of their formation, but, strictly speaking, in this period the droplet particles whose state could be described approximately by seven coordinates do not exist.

We repeat briefly the arguments that lead to the derivation of Maxwell's formula in the kinetic theory of gases, applied to this generalized phase space.

The mechanical state of each droplet is represented by a point in phase space. Since we do not have an external force field and as long as there are no collisions, the coordinates for representing points in phase space do not vary with time and are equal to their initial values.

Consider $N$ such points corresponding to the number of droplets ejected from the jet per unit time. Let us denote the desired distribution function in the phase space (the phase density) via $\varphi$. This will be a function of our seven arguments, which we will look for from the condition of the maximum probability of the state of the system.

It should be noted that our case is quite different from a system of molecules, which is developed in the kinetic theory of gases. \uline{First of all, we select here an isolated system of droplets formed in unit time.} However, in fact, they are in interaction with each other and with the previously formed droplets in the space where the fuel is sprayed. Further, all the droplets are not identical and the total instantaneous number of them $N$ is also a random variable, which is unknown in advance.

The first fact requires the consideration of the coordinates of the droplet, bringing the total number of arguments of the phase density to ten. Only in this way can one account for droplet collisions and their influence on the form of the function $\varphi$. However, this is a very difficult task, since the consequences of the collisions of droplets are much more difficult to take into account than, for example, the collisions of molecules treated as elastic spheres.

Because of this we are trying to determine the form of the function $\varphi$, which corresponds to the initial state of the $N$ droplets formed. This state is maintained for a short period of time, when the action of the collisions can not yet strongly affect the distribution function. As for the further changes in the size and number of droplets that will occur from collisions, we will attempt to estimate it at least roughly approximately, considering the motion of the formed droplets in the droplet cloud. % "cloud" was originally translated as mist from тумане.

The number of droplets $N$ and the distribution function are assumed to be constant in time, since we consider a steady state process. The number of droplets formed is sought in this problem; it is known in advance only that this is a constant number, characteristic of the breakup process of the jet. But we know the total volume of droplets --- this quantity allows us to determine the constants entering into the function $\varphi$, which in the kinetic theory of gases are determined through the number of particles in a given volume.

The form of the function $\varphi$ essentially depends on the integrals of the equations of motion of the particles under consideration\marginpar{p.~7L}. The main role here is played by the energy integral. In our case, we consider the initial state of the droplet system and its transition from its previous state, when it was a coherent liquid mass. This transition is considered as sudden. Both states are connected, however, by the fact that the energy of the system remains the same for them. This circumstance leads to the form of the function $\varphi$, similar to the one it has in the kinetic theory of gases. The only difference is that there is one more variable $r$.

We now turn to the derivation of the expression for the function $\varphi$. As in the kinetic theory of gases, the region where there can be phase points is restricted to some extent depending on the magnitude of the total energy and total volume of $N$ droplets. We split this area of the phase space into $m$ cells; let the volume of the cell with the number $i$ be $\omega_i$. Let the random distribution of the $N$ phase points of our droplet system be determined by the numbers $n_i$, where $n_i$ is the number of points in the cell $\omega_i$. The average density of points per cell is $\varphi_i = n_i / \omega_i$.

The number of ways in which a distribution of $N$ droplets can be realized, as is well known, is equal to
\begin{equation}
   \frac{N!}{n_1!\, n_2!\, \ldots \, n_m!}, \label{1}
\end{equation}
where
\begin{equation*}
   N = \sum_{i = 1}^m n_i\footnote{There remains, of course, the usual assumption about the difference between the two distributions determined by the same system of numbers $n_i$, but with a different composition of elements in individual cells.}.
\end{equation*}

The probability of some random distribution, characterized by the numbers $n_i$ is proportional to the expression:
\begin{equation}%$
   W = \frac{N!}{n_1!\, n_2!\, \ldots \, n_m!} \omega_1^{n_1} \omega_1^{n_2} \ldots \omega_m^{n_m}\footnote{Here it is assumed that the probability of an event that a particular point is in the cell $\omega_i$ does not depend on the number of this cell and is proportional to its volume.}. \label{2} %$ Do not delete. This comment with the dollar sign is needed due to a bug in geany's code highlighter.
\end{equation}

Applying the usual transformation of the logarithm $W$ using the Stirling formula, we obtain:
\begin{equation}
   \ln W = \sum_{i = 1}^m (n_i \ln \omega_i - n_i \ln n_i) = -\sum_{i = 1}^m \omega_i \varphi_i \ln \varphi_i. \label{3}
\end{equation}

\uline{Next, we replace the discrete picture with an approximate continuous distribution}\footnote{E.\ Borel, \aspellNoCheck{Mecanique Statistique Classique, Ser.\ ``Les applic.\ de la theorie des probabilit\`{e}s'', vol.\ II, no.\ III, 1925, p.\ 63.}}. The function $\varphi$ will be determined in the entire phase space. Instead of a finite volume of the cell $\omega_i$, we consider an element of the volume of the phase space
\begin{equation}
   d \Omega = d p_x \, d p_y \, d p_z \, d k_x \, d k_y \, d k_z \, d r. \label{4}
\end{equation}

The density $\varphi_i$, which depended on the cell number, now turns into a continuous function of the coordinates of the phase space. Finally, the sums (\ref{1}) and (\ref{3}) turn into integrals:
\begin{align}
   N &= \int \varphi d \Omega; \label{5} \\
   H &= -\ln W = \int \varphi \ln \varphi d \Omega, \label{6} \marginnote{p.~7R}
\end{align}
distributed over the entire space.

The steady state is characterized by the maximum probability, that is, the maximum value of $W$ or the minimum value of $H$. This raises the problem of determining the minimum of the integral (\ref{6}). In this case, when finding the minimum, one must take into account condition (\ref{5}) and other similar conditions.

The latter includes the condition of conservation of energy. Indeed, whatever the droplet formation process, the total energy of the $N$ droplets will be the same as the energy of the liquid jet from which the droplets formed. We can approximately determine the energy of the jet, making various more or less probable assumptions. Consequently, we know the total energy of the system of $N$ droplets. In this quantity we do not include the energy of translational motion with the speed $U_0$, which will be the same for the droplets as before their formation from the liquid jet. The considered energy consists of the kinetic energy of the random relative motion of the droplets and the potential energy of the surface tension.

If the total energy of one droplet is denoted by $\varepsilon$, then the total energy of $N$ droplets is expressed by the integral:
\begin{equation}
   E = \int \varepsilon \varphi d \Omega, \label{7}
\end{equation}
distributed throughout the entire phase space.

Solving the variational problem of determining the minimum of the integral (\ref{6}) under the conditions (\ref{5}), (\ref{7})\footnote{E.\ Borel, \aspellNoCheck{Mec.\ Stat., p.\ 72.}} we get that the distribution function $\varphi$, converting the integral to a minimum, has the form:
\begin{equation}
   \varphi = A e^{-\lambda \varepsilon}, \label{8}
\end{equation}
where $A$ and $\lambda$ are two arbitrary constants that we define by substituting the expression (\ref{8}) in the integral (\ref{7}), and the integral
\begin{equation}
   Q = \int \tau \varphi d \Omega, \label{9}
\end{equation}
expressing the fact that the total volume of $N$ droplets formed from the jet per unit time is equal to the flow rate of fuel through the cross section of the nozzle orifice. This flow rate, denoted by $Q$, is very easily related to the average velocity $U_0$. The value of $\tau$, included under the integral sign, is the volume of a single droplet, and therefore depends only on the radius $r$.

The integral (\ref{9}) gives the second relation for determining the constants $A$ and $\lambda$, which replaces relation (\ref{5}).

\section*{The expression for the energy of a droplet and an element of the phase space}

To use equations~(\ref{7}) and (\ref{9}) to determine the arbitrary constants $\lambda$ and $A$, we will construct the expression for the energy of the droplets $\varepsilon$.

Consider moving coordinate axes associated with the jet. Let the $x$ axis always coincide with the axis of the jet and the nozzle orifice, but the origin moves with an average fluid velocity $U_0$.

We\marginpar{p.~8L} are only interested in the kinetic energy of the random motion of the droplets (that is, their relative motion\footnote{Translator's note: The parenthetical expression is a bit confusing. I assume that Natanzon means the kinetic energy of the random velocity \textit{relative to} the mean $U_0$, i.e., $u \equiv U - U_0$ where $u$ is the ``random motion'' relative to the mean, $U$ is the instantaneous velocity in a frame of reference fixed to the nozzle, and $U_0$ is the previously mentioned translational velocity for the frame of reference (chosen to match the jet mean velocity).}). Therefore, we denote the projection of the droplet momentum on each axis with $p_x$, $p_y$, and $p_z$; so the translational kinetic energy of the droplet relative to the moving axes can be represented as follows:
\begin{equation*}
   \frac{1}{b r^3} \left(p_x^2 + p_y^2 + p_z^2\right),
\end{equation*}
where
\begin{equation*}
   b = \frac{8 \pi}{3} \rho
\end{equation*}
and $\rho$ is the density of the liquid.

This expression can be taken in the form:
\begin{equation}
   \frac{p^2}{b r^3}, \label{10}
\end{equation}
where
\begin{equation*}
   p^2 = p_x^2 + p_y^2 + p_z^2.
\end{equation*}

Since the components\footnote{Translator's note: This makes most sense if read as \textit{individual components in isolation} ($p_x$, $p_y$, and $p_z$) are not included in the expression for $\varphi$.} of the momentum are clearly not included in the expressions for the function $\varphi$, we can convert to polar coordinates in the phase space, which will be somewhat simpler. The volume element
\begin{equation*}
   d p_x \, d p_y \, d \, p_z
\end{equation*}
we now present in this form:
\begin{equation}
   4 \pi p^2 d p, \label{11}
\end{equation}

Since the integrals (\ref{7}) and (\ref{9}) need to be extended to the entire phase space, integration over $p$ must be performed in the range $0$ to $\infty$.

Let us now turn to the rotational energy. Let $k_x$, $k_y$, and $k_z$ be the projections of the angular momentum of the droplet, then the rotational kinetic energy about the axis passing through the center of gravity must be equal to
\begin{equation*}
   \frac{1}{2 I} \left(k_x^2 + k_y^2 + k_z^2\right),
\end{equation*}
where
\begin{equation*}
   I = \frac{8}{15} \pi \rho r^5.
\end{equation*}

Denoting by $k$ the angular momentum, i.e., by setting
\begin{equation*}
   k^2 = k_x^2 + k_y^2 + k_z^2,
\end{equation*}
we find that the rotational kinetic energy is
\begin{equation}
   \frac{k^2}{c r^5}, \label{12}
\end{equation}
where
\begin{equation*}
   c = \frac{16}{15} \pi \rho.
\end{equation*}

Similar to the previous element
\begin{equation*}
   d k_x \, d k_y \, d k_z
\end{equation*}
can be represented as
\begin{equation}
   4 \pi k^2 d k. \label{13}
\end{equation}

The integrals over $k$ are taken from $0$ to $\infty$.

Generally speaking, the required total kinetic energy is not confined to these two components. To it one would have to add still the kinetic energy of the oscillation of the liquid droplets. However, this would greatly complicate our task, and we are forced to disregard this part of the kinetic energy in the future. However, the discarded kinetic energy is unlikely to be large, but its role remains unclear.

The potential energy in its main part consists of the energy of surface tension, which for one spherical droplet is expressed with Gauss's formula as follows:
\begin{equation}
   a r^2, \label{14}
\end{equation}
where\marginpar{p.~8R} $r$ is the radius of the droplet;
\begin{equation}
   a = 4 \pi \alpha \label{15}
\end{equation}
and $\alpha$ is the coefficient of surface tension.

The surface film creates an overpressure inside the droplet, and if we take into account the compressibility of the fuel, we will obtain some additional compression energy. This, however, is an insignificant quantity, as can be verified by numerical calculations. Therefore, we discard the potential energy of compression. Likewise, we also discard that part of the potential energy that is obtained when the surface deviates from a spherical shape during oscillations.

Thus, in the first approximation, the total energy can be represented by the formula:
\begin{equation}
   \varepsilon = \frac{p^2}{b r^3} + \frac{k^2}{c r^5} + a r^2. \label{16}
\end{equation}

At the same time, the element of the volume of the phase space in place of (\ref{4}) is represented in the form:
\begin{equation}
   d \Omega = 16 \pi^2 p^2 k^2 \, d p \, d k \, d r. \label{17}
\end{equation}

\section*{Determination of the arbitrary constant $\lambda$}

We complete the integration in formula~(\ref{5}). Substituting here the expressions of $\varphi$ and $d \Omega$, we get that
\begin{equation*}
   N = 16 \pi^2 A \int_0^\infty \left\{\int_0^\infty p^2 e^{-\frac{\lambda p^2}{b r^3}} d p \int_0^\infty k^2 e^{-\frac{\lambda k^2}{c r^5}} d k \right\} e^{-\lambda a r^2} d r.
\end{equation*}
In terms of $r$, the integration extends from $0$ to $\infty$, since $r$, obviously, can not have a negative value.

The integrals in parentheses belong to a known type\footnote{Here and below we use the following formulas:
\begin{align*}
   \int_0^\infty x^2 e^{-\xi x^2} d x &= \frac{\sqrt{\pi}}{4} \xi^{-\tfrac{3}{2}} \ ; \\
   \int_0^\infty x^4 e^{-\xi x^2} d x &= \frac{3 \sqrt{\pi}}{4} \xi^{-\tfrac{5}{2}}.
\end{align*}}, and we can write the expression as follows:
\begin{equation*}
   N = \pi^3 A \frac{(b c)^{\tfrac{3}{2}}}{\lambda^3} \int_0^\infty r^{12} e^{-\lambda a r^2} d r.
\end{equation*}

We use the formula:
\begin{equation}
   \int_0^\infty r^n e^{-\lambda a r^2} d r = \frac{1}{2} \Gamma\left(\frac{n + 1}{2}\right) (a \lambda)^{-\frac{n + 1}{2}}, \label{18}
\end{equation}
where $\Gamma(x)$ denotes the Gamma function. In this case, we have finally:
\begin{equation}
   N = \pi^3 A \frac{(b c)^{\tfrac{3}{2}}}{\lambda^3} \frac{1}{2} \Gamma\left(\frac{13}{2}\right) (a \lambda)^{-\tfrac{13}{2}}. \label{19}
\end{equation}
Calculating $Q$, we substitute the expression of the function $\varphi$, $d \Omega$ and $\displaystyle \tau = \frac{4 \pi}{3} r^3$ into formula~(\ref{9}). This gives the following result:
\begin{equation}
   Q = \frac{4 \pi}{3} \pi^3 A \frac{(b c)^{\tfrac{3}{2}}}{\lambda^3} \frac{1}{2} \Gamma(8) (a \lambda)^{-8}. \label{20}
\end{equation}
Finally, we turn to formula~(\ref{7}) and note that based on (\ref{16}) the general expression of the energy $E$ is divided into three parts:
\begin{equation*}
   E = E_1 + E_2 + E_3.
\end{equation*}

The\marginpar{p.~9L} first part $E_1$ can be represented as follows:
\begin{equation*}
   E_1 = 16 \pi^2 A \int_0^\infty \left\{\int_0^\infty p^4 e^{-\frac{\lambda p^2}{b r^3}} d p \int_0^\infty k^2 e^{-\frac{\lambda k^2}{c r^5}} d k \right\} \frac{1}{b r^3} e^{-\lambda a r^2} d r.
\end{equation*}

Calculating the integrals in brackets, we find that
\begin{equation*}
   E_1 = \frac{3}{2} \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^4} \int_0^\infty r^{12} e^{-\lambda a r^2} d r,
\end{equation*}
consequently,
\begin{equation*}
   E_1 = \frac{3}{2} \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^4} \frac{1}{2} \Gamma\left(\frac{13}{2}\right) (a \lambda)^{-\frac{13}{2}}.
\end{equation*}
A completely analogous calculation shows that
\begin{equation*}
   E_2 = 16 \pi^2 A \int_0^\infty \left\{\int_0^\infty p^3 e^{-\frac{\lambda p^2}{b r^3}} d p \int_0^\infty k^4 e^{-\frac{\lambda k^2}{c r^5}} d k \right\} \frac{1}{c r^5} e^{-\lambda a r^2} d r
\end{equation*}
and is equal to $E_1$.

The third part of the energy is equal to:
\begin{equation*}
   E_3 = 16 \pi^2 A \int_0^\infty \left\{\int_0^\infty p^2 e^{-\frac{\lambda p^2}{b r^3}} d p \int_0^\infty k^2 e^{-\frac{\lambda k^2}{c r^5}} d k \right\} a r^2 e^{-\lambda a r^2} d r
\end{equation*}
or
\begin{equation*}
   E_3 =  \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^3} a \frac{1}{2} \Gamma\left(\frac{15}{2}\right) (a \lambda)^{-\frac{15}{2}}.
\end{equation*}
Using the formula for the Gamma function
\begin{equation}
   \Gamma(x + 1) = x \Gamma(x), \label{21}
\end{equation}
we find that
\begin{equation*}
   E_3 =  \frac{13}{2} \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^4} \frac{1}{2} \Gamma\left(\frac{13}{2}\right) (a \lambda)^{-\frac{13}{2}}.
\end{equation*}
Now it remains to add the three found expressions for $E_1$, $E_2$, $E_3$; this returns:
\begin{equation}
   E = \frac{19}{2} \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^4} \frac{1}{2} \Gamma\left(\frac{13}{2}\right) (a \lambda)^{-\frac{13}{2}}. \label{22}
\end{equation}
To find $\lambda$, we form the ratio of formulas~(\ref{22}) to (\ref{20}):
\begin{equation*}
   \frac{E}{Q} = \frac{19}{2} \frac{8}{4 \pi} \frac{1}{\lambda} \frac{\displaystyle \Gamma\left(\frac{13}{2}\right)}{\Gamma(8)} (a \lambda)^{\frac{3}{2}}.
\end{equation*}
Using formula~(\ref{21}), we get:
\begin{equation*}
   \chi = \frac{\Gamma(8)}{\displaystyle \Gamma\left(\frac{13}{2}\right)} = \frac{7 \cdot 6 \cdot 5 \cdot 4 \cdot 3 \cdot 2 \cdot 1}{\displaystyle \frac{11}{2} \cdot \frac{9}{2} \cdot \frac{7}{2} \cdot \frac{5}{2} \cdot \frac{3}{2} \cdot \frac{1}{2} \Gamma\left(\frac{1}{2}\right)}.
\end{equation*}
Since $\displaystyle \Gamma\left(\frac{1}{2}\right) = \sqrt{\pi}$, the coefficient $\chi$ must have the value:
\begin{equation*}
   \chi = 17.51.
\end{equation*}
Using formula~(\ref{15}), we can now write that
\begin{equation*}
   \frac{E}{Q} = \frac{19 \cdot 3}{2 \chi} \alpha (a \lambda)^{\frac{1}{2}},
\end{equation*}
hence
\begin{equation}
   (a \lambda)^{-\frac{1}{2}} = 1.628 \frac{\alpha Q}{E}. \label{23}
\end{equation}
We will use this formula below; it defines the required constant $\lambda$.

\section*{The\protect\marginpar{p.~9R} distribution of the droplet radii and determination of the volume mean radius of the droplets}

We now find the distribution of the droplets along the radii and the expression for some quantities characteristic of this distribution.

If we are interested in the distribution of the droplets formed over the radii, regardless of the droplet velocities, then we must integrate the function $\varphi$ with respect to all variables except $r$. If this is done and the result is denoted by $Nf(r)$, then we have:
\begin{equation*}
   Nf(r) = \pi^3 A \frac{(b c)^{\frac{3}{2}}}{\lambda^3} r^{12} e^{-\lambda a r^2}.
\end{equation*}
The absolute number of droplets, whose radius is contained in the interval $(r, r + d r)$, \uline{where the} translational and angular velocities are arbitrary, is:
\begin{equation*}
   Nf(r) d r.
\end{equation*}
The corresponding relative number, i.e.\ the fraction of the total number of droplets whose radius is contained in the interval $(r, r + d r)$, is obtained by dividing by $N$, and consequently this number must be equal to:
\begin{equation}
   f(r) d r = \frac{2}{\displaystyle \Gamma\left(\frac{13}{2}\right)} (a \lambda)^{\frac{13}{2}} r^{12} e^{-\lambda a r^2} d r. \label{24}
\end{equation}
We can go to dimensionless coordinates by introducing the variable $x$ using the formula:
\begin{equation*}
   x = (\lambda a)^{\frac{1}{2}} r.
\end{equation*}
Then expression (\ref{24}) takes the form:
\begin{equation}
   f(x) d x = \frac{2}{\displaystyle \Gamma\left(\frac{13}{2}\right)} x^{12} e^{-x^2} d x. \label{25}
\end{equation}
where
\begin{equation*}
   \frac{2}{\displaystyle \Gamma\left(\frac{13}{2}\right)} = 0.6947 \cdot 10^{-2}.
\end{equation*}
If function~(\ref{25}) is integrated in the range from $0$ to $\infty$, then we obtain unity, as is easy to verify on the basis of formula~(\ref{18}). This is as it should be, since $f(x) d r$ is the relative number of droplets whose radius is in the interval:
\begin{equation*}
   \left[(\lambda a)^{-\frac{1}{2}} x ; (\lambda a)^{-\frac{1}{2}} (x + d r)\right].
\end{equation*}
We now find the maximum of the function $f(x)$. From the equation
\begin{equation*}
   f^\prime(x_0) = \frac{2}{\displaystyle \Gamma\left(\frac{13}{2}\right)} (12 - 2 x_0^2) x_0^{11} e^{-x_0^2} = 0
\end{equation*}
we find:
\begin{equation*}
   x_0 = \sqrt{6} = 2.449,
\end{equation*}
and from here
\begin{equation*}
   f(x_0) = 0.8026.
\end{equation*}
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Fig.\ \ref{fig3} shows the curve $y = f(x)$. This curve is almost symmetrical about the maximum ordinate and close to a normal distribution curve centered at the point $x_0 = 2.45$.

We have already pointed out that this distribution does not refer to the final composition of the droplets into which the jet breaks down and which the experimenter can collect and observe. The distribution obtained refers to the initial state, when the droplets are just ejected from the jet. If\marginpar{p.~10L} collisions do not lead to merging of droplets, the distribution (\ref{25}) would remain constant and could be observed.

However, in collisions, mergers of droplets usually occur. Therefore, the volume of droplets under random motion will increase with time. This not only increases the average droplet size, but the nature of their distribution over the radii must also vary.

We will return to this issue below.

Note\marginpar{p.~10R} that the initial distribution is characterized by the radius of the most frequently encountered droplet. This radius can be represented on the basis of (\ref{23}) as follows:
\begin{equation}
   r_0 = (a \lambda)^{-\frac{1}{2}} x_0 = 3.987 \frac{\alpha Q}{E}. \label{26}
\end{equation}
We now calculate the volume mean radius of the droplets.

Denoting it by $r_1$, we find that
\begin{equation*}
   \frac{4 \pi}{3} r_1^3 = \frac{Q}{N},
\end{equation*}
since the average volume of the droplets is obviously equal to the total volume of the liquid $Q$, divided by the number $N$ of them. On the basis of formulas~(\ref{19}) and (\ref{20}) we find that
\begin{equation*}
   r_1^3 = \chi (a \lambda)^{-\frac{3}{2}}
\end{equation*}
and from here\footnote{Translator's note: To present Natanzon's mass/volume mean radius expression in easier to understand variables, it may be helpful to jump ahead in the series of papers to equation~(\ref{39}) for $Q$ and equation~(\ref{41}) for $E$. $Q$ is the volumetric flow rate, where $Q \equiv \int_A U_0 d A$. $E$ is the total turbulent energy flow rate through the nozzle, where $E \equiv \int_A k \rho U_0 d A$, where $k$ is the turbulent kinetic energy, $k \equiv \tfrac{1}{2} (\overline{{u^\prime}^2} + \overline{{v^\prime}^2} + \overline{{w^\prime}^2})$. Note that in equation~(\ref{41}), Natanzon ignores $w$~fluctuations, but what is written here does not necessarily do so. For a uniform velocity profile and uniform $k$ profile, we find that $E = k \rho Q$. So, the mass mean diameter $D_{30}$ can be found:
\begin{equation*}
   D_{30} = 2 R_{30} = 2 r_1 = 2 \cdot 4.227 \frac{\sigma \cancel{Q}}{k \rho \cancel{Q}} = 8.454 \frac{\sigma}{k \rho},
\end{equation*}
where the more modern notation for surface tension, $\sigma$, is used instead of Natanzon's $\alpha$. This is an approximation of Natanzon's result. Natanzon's result is more general as it considers the velocity and turbulence kinetic energy profiles.} % See handwritten notes (green notebook) on 2018-01-06.
\begin{equation}
   r_1 = 4.227 \frac{\alpha Q}{E}. \label{27}
\end{equation}
From here, among other things, it follows that the relationship
\begin{equation*}
   r_1 = 1.060 r_0.
\end{equation*}
Thus, to know the most important droplet size in practice, the value of $r_1$, it is necessary to determine the energy of the droplets $E$.

(Continued in the next issue)

\section*{The\protect\marginpar{issue~4, p.~6L} nature of the flow of fuel in the nozzle orifice}

Before turning to the problem of determining the energy $E$, we consider the flow of fuel in the nozzle orifice.

Fig.\ \ref{fig4} shows a section of the nozzle orifice and outflowing jet. \aspellNoCheck{$MNFE$} is the cross-section of the cylindrical orifice, \aspellNoCheck{$KNFL$} is the cone of the atomized jet. The length of the orifice $L$ usually is several times larger than its diameter $2 R_0$.
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At a sufficiently high average velocity $U_0$, a turbulent flow regime is established in the orifice. Since the ratio of the length of the orifice to the diameter $\displaystyle \frac{L}{2 R_0}$ is usually not more than $2$--$4$, the entire mass of fuel in the orifice is not occupied by a turbulent flow. Here, apparently, the same phenomena as in the initial part of a long pipe will occur\footnote{See \aspellNoCheck{Handbuch der Experimentalphysik, Bd.\ IV}, L.\ Schiller, Flow in pipes [\aspellNoCheck{Dvizheniye zhidkosti v trubakh}]. Russian translation by G.\ A.\ \aspellNoCheck{Vol'pert}, 1936, p.\ 94. [Translator's note: Original title \aspellNoCheck{``Str\"{o}mung in Rohren''}.]}.

The initial edge \aspellNoCheck{$ME$} of the orifice is usually sharp, and the turbulent boundary layer starts from it. It is adjacent to the surface of the orifice and gradually thickens. With a sufficient length of the orifice, this layer would spread over the entire mass of the liquid, and then the same velocity profile would be established along the cross section of the jet, independent of the distance of the section from the entrance. But the length $L$ of the orifice in the nozzles is never very large, and therefore we must assume that at the end of the orifice \aspellNoCheck{$NF$}, the thickness of the boundary layer is less than the radius $R_0$. The core of the jet in the orifice \aspellNoCheck{$MGHE$} is filled with a potential flow. We shall assume approximately that in this region the velocity is constant everywhere in the cross section and is equal to $U_1$.

When the jet exits the orifice, particles are released from its surface, which turn into spherical droplets. Because of this, the non-spray core becomes thinner and erodes completely at point $C$. Around this part of the jet or its core, ejected droplets are in random motion. This is the likely picture of the break up of the jet\footnote{See the beginning of the article (with reference to Schweitzer) in the journal ``Dizelestroenie'' No.\ 3, 1938.}.

\section*{The\protect\marginpar{p.~6R} break up of the jet and turbulence}

The main cause of jet breakup, apparently, is turbulent velocity fluctuations in the boundary layer, which are superimposed on the time-averaged velocities\footnote{T.\ K\'{a}rm\'{a}n, Some aspects of the turbulence problem. Proceedings of the International Congress for Applied Mechanics in Cambridge. 1934. J.\ Nikuradse, \aspellNoCheck{Gesetzm\"{a}{\ss}igkeiten der turbulenten Str\"{o}mung in glatten Rohren. Forsch.\ auf dem Gebiete des Ingenierw., Hf.\ 356, 1932}. A Russian translation is in the collection ``Problems of turbulence'', ed.\ M.\ A.\ Velikanova and N.\ T.\ Shveykovskogo. ONTI 1936. [Translator's note: The latter is available translated into English as NASA TT F-10,359 from \url{https://archive.org/details/nasa_techdoc_19670004508}.]}. % WON'T: Put this in Zotero.

Suppose, for example, that the averaged axial velocity is $U$, and the radial velocity is zero. We denote the components of the velocity fluctuations along the axis and the tube radius through $u^\prime$ and $v^\prime$. At any given moment, at any point in the flow, these quantities can have any positive or negative random value. It is assumed that the average values of $u^\prime$ and $v^\prime$ in time are always zero.

With the fluctuations $u^\prime$ and $v^\prime$ is associated the notion of turbulent stress or friction introduced by Reynolds, which acts analogously to viscosity and leads to a dramatic change in the averaged motion as compared with the laminar regime\footnote{See the derivation of the Reynolds equations. Lamb, Hydrodynamics, 5th ed., 1924, p.\ 638, or O.\ Reynolds, On the dynamical theory of incompressible viscous fluids and the determination of the criterion, in the collection titled \aspellNoCheck{``Probl.\ turbulentn.''} [``Problems in turbulence''], p.\ 203.}. Turbulent stress far away from the boundaries of the flow greatly exceeds the viscous stress in its influence on the averaged motion. Only near the boundaries are the roles reversed: here the main component is viscous stress.

Physically, the turbulent stress is explained by the mixing of the liquid between separate layers taken parallel to the velocity of the averaged motion. From each layer, particles are continuously ejected, which, after going some way in direction of the other layer, gradually lose their initial velocity and mix with the liquid of the new layer, and consequently take the velocity of this layer. This transfer of particles from one layer to another (turbulent transfer) is the cause of the velocity fluctuations at each point of the turbulent flow.

In the above-mentioned paper, Schweitzer believes that in the case of turbulent flow of the fuel in the jet, the particles transfered between different layers can be ejected outside the jet as soon as the latter leaves the orifice, and that this is the only cause of the gradual break up of the jet in the absence of back pressure. This author believes that the experiments with jets in a turbulent flow fully confirm this view about the break up.

We adopt the assumption above about the turbulent breakup of the jet as the basis for the entire calculation.

We shall assume in the following that the fluctuation energy per unit volume of the flowing liquid\marginpar{p.~7L} of the jet is equal to the energy of the droplets in relative motion, the total volume of which is unity. This assumption allows us to calculate the constant $E$ in equation~(\ref{7}).

\section*{The thickness of the boundary layer in the nozzle orifice}

We must now determine the constant $E$. But first we need to study the thickness of the boundary layer.

For the case of a boundary layer adjacent to a flat plate, there is a formula from Prandtl\footnote{L.\ Prandtl, O.\ Tietjens, \aspellNoCheck{Gidro- i aerodinamika} [Hydro- and aerodynamics] vol.\ II, 1935, p.\ 94. [Translator's note: This appears to be a Russian translation of \fullcite{tietjens_hydro-_1944}\mybibexclude{tietjens_hydro-_1944}, the first volume of which was translated into English as \fullcite{tietjens_fundamentals_1957}\mybibexclude{tietjens_fundamentals_1957}.]}:
\begin{equation*}
   \delta = \frac{0.37 x}{\displaystyle \sqrt[5]{\frac{U_1 x}{\nu}}},
\end{equation*}
where $\delta$ is the thickness of the layer at a distance of $x$ from the leading edge of the plate; \\
$\nu$ is the kinematic viscosity and \\
$U_1$ is the maximum fluid velocity in the layer.

Repeating Prandtl's arguments, one can derive the formula for the case of a boundary layer on a cylindrical surface.

Fig.\ \ref{fig5} shows the cross section of the flow in the tube near the initial section \aspellNoCheck{$MO$}. The region occupied by the boundary layer is shaded. In any section there is a velocity profile, shown in fig.\ \ref{fig5a}. In part of section \aspellNoCheck{$KD$}, the velocity is constant and is equal to $U_1$; inside the boundary layer the velocity $U$ varies from $U_1$ to zero on the wall. In deriving the formula for the thickness of the layer $\delta$ as a function of the distance $x$, Prandtl assumes that in the layer, as in the tube, the velocity varies according to the ``one-seventh'' law, i.e.\
\begin{equation*}
   U = U_1 \left(\frac{y}{\delta}\right)^{\frac{1}{7}},
\end{equation*}
where $y$ is the distance from the wall.
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The desired formula is obtained by applying the momentum theorem. A fluid particle moving parallel to the wall on the way to \aspellNoCheck{$MN$} enters the boundary layer at point $L$. Its velocity on the way from point $L$ to point $N$ decreases by $U_1 - U$. There is a loss of momentum, the cause of which is the external friction force of the layer against the wall.

We will calculate the loss of momentum in the layer on the path from the input \aspellNoCheck{$OM$} to the cross section at a distance of $x$. We denote this loss, divided by the volume of the liquid flowing per unit time through some section of the layer \aspellNoCheck{$CD$}, through $J$. Then this value can be represented as follows:
\begin{equation*}
   J = 2 \pi \rho \int_0^\delta (U_1 - U) U (R_0 - y) d y.
\end{equation*}
We make a change of variables according to the formula
\begin{equation*}
   \eta = \frac{y}{\delta},
\end{equation*}
and substitute the expression for the velocity. After this we will have:
\begin{equation*}
   J = 2 \pi \rho U_1^2 \delta^2 \int_0^1 \left(\eta^{\frac{1}{7}} - \eta^{\frac{2}{7}}\right) \left(\frac{R_0}{\delta} - \eta\right) d \eta.\marginnote{p.~7R}
\end{equation*}
Performing the integration, we find:
\begin{align*}
   J &= 2 \pi \rho U_1^2 \delta^2 \left(\frac{R_0}{\delta} \frac{7}{72} - \frac{7}{240}\right) \\%= \\
     &= 2 \pi \rho U_1^2 \frac{7}{72} R_0 \delta \left(1 - 0.3 \frac{\delta}{R_0}\right).%\footnotemark
\end{align*}
%\footnotetext{Translator's note: This is displayed as printed, including the multiple equal signs in a row.}
In section $x + dx$, the thickness is incremented by $d \delta$, and the loss of momentum $J$ is incremented by $d J$. Thus, $d J$ is an additional loss of momentum during the movement of our fluid volume from the cross-section $x$ to the cross section $x + d x$. On this path, a force equal to $2 \pi R_0 \tau_0 d x$ acted on the layer, where $\tau_0$ is the shear stress on the wall. Consequently, % see http://masterrussian.net/f15/usage-hyphen-russian-14388/#post185777 about the dash before d J
%\addtocounter{equation}{27}
\begin{equation}
   d J = 2 \pi R_0 \tau_0 d x. \label{28}
\end{equation}
For $\tau_0$ Prandtl uses the expression\footnote{See Prandtl, Tietjens, vol.\ II, p.\ 95. The numerical coefficient in this formula Prandtl takes as equal to 0.0228. In doing so, he takes the value of the ratio of the average layer speed and the maximum to be equal to 1.235, assuming it is constant for the entire layer. We take this ratio to be equal to 1.335, since in our case the Reynolds number is small.}:
\begin{equation*}
   \tau_0 = 0.0199 \rho U_1^2 \left(\frac{\nu}{U_1 \delta}\right)^{\frac{1}{4}}.
\end{equation*}
In our case $U_1$ should depend on $\delta$. Let us find this dependence.

We introduce the notation:
\begin{equation}
   \left.
   \begin{aligned}
      m = \frac{U_0}{U_1} \ ; \\
      m_1 = \frac{U_0^\prime}{U_1} \ ; \\
      \Theta = \frac{x}{R_0} \ ; \\
      Re = \frac{U_0 R_0}{\nu},
   \end{aligned}
   \right\} \label{29}
\end{equation}
where $U_0^\prime$ is the average velocity over the thickness of the layer, and $U_0$, as before, is the average velocity over the entire section of the orifice; $Re$ is the Reynolds number for the orifice.

It is easy to see that this equality will be valid:
\begin{equation*}
   \pi [R_0^2 - (R_0 - \delta)^2] U_0^\prime + \pi (R_0 - \delta)^2 U_1 = \pi R_0^2 U_0,
\end{equation*}
where the first term on the left is the flow through the cross-section of the layer, the second term is the flow in the central part of the flow, and on the right is the total flow taken at\marginpar{p.~8L} the average velocity. From this equation we obtain:
\begin{equation}
   m = m_1 \left[1 + \frac{1 - m_1}{m_1} \left(1 - \frac{\delta}{R_0}\right)^2\right]. \label{30}
\end{equation}

Assuming that the velocity distribution in the layer is the same as in the section of the tube, where the region of turbulent motion has spread to the entire cross section, $m_1$ should generally depend on the Reynolds number, that is, ultimately again on $\delta$. But the changes in $m_1$ are quite insignificant, at least for a small range of Reynolds numbers. Therefore, the number $m_1$ is assumed to be constant. Prandtl takes for it an average value equal to $\displaystyle \frac{1}{1.235} = 0.81$. Due to the fact that in our case the Reynolds numbers are small, we take for it the value equal to $\displaystyle \frac{1}{1.335} = 0.750$\footnote{See Nikuradse, Laws of Turb.\ Motion in the collection titled \aspellNoCheck{``Probl.\ turbulentn''} [``Problems in turbulence''] table 9, p.\ 137.}.

By keeping only the first power of the ratio $\displaystyle \frac{\delta}{R_0}$ in equation~(\ref{30}), we obtain:
\begin{equation}
   m = 1 - 2 (1 - m_1) \frac{\delta}{R_0}. \label{31}
\end{equation}

We now substitute into equation~(\ref{28}) the value $\displaystyle U_1 = \frac{U_0}{m}$ and its expression instead of $m$. Tentatively differentiating the expression $J$, we find:
\begin{equation*}
   d J = 2 \pi \rho U_0^3 R_0 \frac{7}{72} \left\{\left(1 - 0.6 \frac{\delta}{R_0}\right) \frac{d \delta}{m^2} - 2 \delta \left(1 - 0.3 \frac{\delta}{R_0}\right) \frac{d m}{m^3}\right\}.
\end{equation*}
\uline{Keeping only the first powers of} $\displaystyle \frac{\delta}{R_0}$, we get:
\begin{equation*}
   \delta^{\frac{1}{4}} \left(1 + 0.525 \frac{\delta}{R_0}\right) d \delta = 0.205 \left(\frac{\nu}{U_0}\right)^{\frac{1}{4}} d x.
\end{equation*}
We integrate this equation, assuming that for $x = 0$, also $\delta = 0$; this returns:
\begin{equation*}
   \delta^{\frac{5}{4}} = \frac{\displaystyle 0.256 \left(\frac{\nu}{U_0}\right)^{\frac{1}{4}} x}{\displaystyle 1 + 0.233 \frac{\delta}{R_0}}.
\end{equation*}
We raise both sides to the power $\displaystyle \frac{4}{5}$, replace $x$ with $\Theta R_0$ and take the expression on the right side with accuracy up to the first degree of $\displaystyle \frac{\delta}{R_0}$ to get:
\begin{equation*}
   \frac{\delta}{R_0} = 0.336 R_e^{-\frac{1}{5}} \Theta^{\frac{4}{5}} \left(1 - 0.187 \frac{\delta}{R_0}\right).
\end{equation*}
or finally:
\begin{equation}
   \frac{\delta}{R_0} = \frac{0.336 R_e^{-\frac{1}{5}} \Theta^{\frac{4}{5}}}{\displaystyle 1 + 0.063 R_e^{-\frac{1}{5}} \Theta^{\frac{4}{5}}}. \label{32}
\end{equation}
Comparison of this formula with the formula for a plate shows that the difference when calculating the thickness of the layer between both formulas can reach 10\%.

Formula~(\ref{32}) gives the thickness of the boundary layer in the initial section of a long pipe. \uline{If the pipe is short and the final section is in this area}, then, of course, there is a doubt that\marginpar{p.~8R} this formula can be applied to the ends of the pipe. Apparently, this question has not yet been investigated. We assume, however, that in a section close to the outlet, the thickness can be approximately calculated from formula~(\ref{32}).

\section*{Turbulent stress in the boundary layer}

The magnitude of the energy of the fluctuations is closely related to the turbulent stress, so let us consider the latter in the boundary layer.

Consider any point in a turbulent fluid flow: let $u^\prime$ and $v^\prime$ be the two components of the velocity fluctuation at this point. It turns out that two random events, namely that the axial fluctuation is contained in the interval $(u^\prime, u^\prime + d u^\prime)$, and the radial in the interval $(v^\prime, v^\prime + d v^\prime)$, will not be independent, i.e.\ there is a correlation between the components $u^\prime$ and $v^\prime$. This is indicated by the fact that an average over time of the product of both components of the velocity fluctuation at any point is nonzero.

This time average value, denoted by $\overline{u^\prime v^\prime}$\footnote{The bar denotes averaging over time.}, is related to the turbulent stress $\tau$ introduced by Reynolds, which is expressed as:
\begin{equation*}
   \tau = \rho \overline{u^\prime v^\prime}.
\end{equation*}
Analysis of turbulent motion in a pipe has shown that the change in $\tau$ along the pipe radius can be considered, in the first approximation, linear, equal to zero at the pipe axis and maximum at the wall\footnote{See Nikuradse, Laws of Turb.\ Motion in the collection titled \aspellNoCheck{``Probl.\ turbulentn''} [``Problems in turbulence''] p.\ 127.}:

The same can be assumed with some approximation for the turbulent layer, assuming that the stress is zero at the boundary of the layer and the laminar region, and reaches its maximum on the wall.

In what follows, we use the formulas for the definition of $\tau$ proposed by V.\ V.\ Voyshel\footnote{V.\ Voyshel, \aspellNoCheck{Turbulentnoye treniye i raspredeleniye skorostey v pryamykh kruglykh trubakh} [Turbulent stress and velocity distribution in straight circular pipes]. Zhurnal tekhnicheskoy fiziki, vol.\ V, issue 8, 1935, p.\ 1488.}. He showed that, on the basis of Nikuradse's experiments, the quantity of interest to us in the case of a smooth circular pipe can be represented as follows:
\begin{equation*}
   \overline{u^\prime v^\prime} = {U_0^\prime}^2 \psi \frac{\eta (1 - \eta)^2}{\displaystyle \frac{1}{\lambda^2} + \eta (1 - \eta)},
\end{equation*}
where $U_0^\prime$ is in this case, the average velocity over the thickness $\displaystyle \eta = \frac{y}{\delta}$; $y$ is the distance from the wall along the radius and $\lambda$ and $\psi$ are two constants that depend on the Reynolds number for a layer
\begin{equation}%$
   R_e^\prime = \frac{U_0^\prime \delta}{\nu} = \frac{m_1}{m} \frac{\delta}{R_0} R_e \label{33} %\footnote{Translator's note: The $R_e$ in this equation was written as $Re$, but this appears to have been a typographical error.} % $ keep this comment due to a code formatting error in Geany
\end{equation}
in the following way:
\begin{equation}%$
   \psi = \frac{0.072}{(\log_{10} R_e^\prime)^2} \ ; \quad \lambda^2 = 0.11 (R_e^\prime)^{\frac{8}{9}} \label{34} %\footnote{Translator's note: The $R_e^\prime$ in the second equation here was written as $R^\prime e$, but this appears to have been a typographical error.} % $
\end{equation}
Since we believe that the change in stress and velocity along the layer thickness is the same as the change in these values along the radius in the pipe, then instead of\marginpar{p.~9L} the radius in all formulas, we have the thickness of the layer $\delta$, and instead of the average velocity along the pipe cross section $U_0$\uline{, we have} the average velocity along the layer thickness $U_0^\prime$.

In addition to these formulas, we also use the same formula for the velocity $U$. If $\chi$ is the ratio of the latter to $U_0^\prime$, that is,
\begin{equation}
   U = U_0^\prime \chi, \label{35}
\end{equation}
then $\displaystyle \frac{d \chi}{d \eta}$ can be represented in the form:
\begin{equation*}
   \frac{d \chi}{d \eta} = \frac{R_e^\prime \psi}{\lambda^2} \frac{1 - \eta}{\displaystyle \frac{1}{\lambda^2} + \eta (1 - \eta)}.\footnote{Translator's note: In the paper, this is later written as $\chi^\prime$.}
\end{equation*}
Since $\lambda^2$ is a sufficiently large number, we can assume that $\displaystyle \frac{1}{\lambda^2} = 0$; this simplification for our purposes is entirely permissible and will affect the value of both considered wells only in an interval close to the wall itself. Therefore we will have:
\begin{align}
   -\overline{u^\prime v^\prime} &= U_0^\prime \psi (1 - \eta); \label{36} \\
   \frac{d \chi}{d \eta} &= \frac{R_e^\prime \psi}{\lambda^2} \frac{1}{\eta}. \label{37}
\end{align}
After simplification, the formula for turbulent stress gives a linear dependence on $\eta$\footnote{In this form of the formulas, these essentially do not differ from the formulas of \aspellNoCheck{K\'{a}rm\'{a}n} (see Nikuradse, \aspellNoCheck{``Probl.\ turbulentn''} [``Problems in turbulence''] p.\ 197), but for us they have the advantage that the constants $\lambda$ and $\psi$ are expressed in terms of $R_e^\prime$ in a simple form.}.

These formulas allow us to determine turbulent stress, and then the fluctuation energy, which is our goal.

For what follows, we need to know the integral of $\tau$, which is distributed over the volume of the liquid, which flows per unit time through the output cross-section of the boundary layer. In this section, the thickness $\delta$ can be determined by formula~(\ref{32}) if the length and radius of the nozzle orifice is known.

Denoting the desired integral by $M$, we obtain:
\begin{equation}
   M = -2 \pi \rho \int_0^\delta \overline{u^\prime v^\prime} \, U (R_0 - y) d y. \label{38}
\end{equation}
Substituting the value $\overline{u^\prime v^\prime}$ and $U$ and making the change of variables $\displaystyle \eta = \frac{y}{\delta}$, we get:
\begin{equation*}
   M = 2 \pi \rho {U_0^\prime}^3 \delta^2 \int_0^1 (1 - \eta) \left(\frac{R_0}{\delta} - \eta\right) d \eta.
\end{equation*}
We calculate separately the integral on the right-hand side. To this end, we integrate by parts:
\begin{equation*}
   \int_0^1 \chi (1 - \eta) \left(\frac{R_0}{\delta} - \eta\right) d \eta = \left|\chi \psi\right|_0^1 - \int_0^1 \chi^\prime \psi d \eta;
\end{equation*}
where
\begin{equation*}
   \psi = \int_0^\eta (1 - \eta) \left(\frac{R_0}{\delta} - \eta\right) d \eta = \frac{R_0}{\delta} \eta \left(1 - \frac{\eta}{2}\right) - \frac{\eta}{2} \left(1 - \frac{2}{3} \eta\right).
\end{equation*}
Note that for $\eta = 0$ (i.e., on the wall), $\chi = 0$, and for $\eta = 1$ (on the outer surface of the layer):
\begin{equation*}
   \chi = \frac{U_1}{U_0^\prime} = \frac{1}{m_1}.
\end{equation*}

For\marginpar{p.~9R} the case $\eta = 0$, $\psi = 0$, and when $\eta = 1$
\begin{equation*}
   \psi = \frac{R_0}{\delta} \left(\frac{1}{2} - \frac{1}{6} \frac{\delta}{R_0}\right).
\end{equation*}
Next, we calculate the integral:
\begin{equation*}
   \int_0^1 \chi^\prime \psi d \eta.
\end{equation*}
Using formula~(\ref{37}), we find that this integral is equal to:
\begin{equation*}
   \frac{R_0}{\delta} \frac{R_e^\prime \psi}{\lambda^2} \left(\frac{3}{4} - \frac{5}{36} \frac{\delta}{R_0}\right).
\end{equation*}
Thus the desired integral is equal to:
\begin{equation*}
   \frac{R_0}{\delta} \left\{\frac{1}{m_1} \left(\frac{1}{2} - \frac{1}{6} \frac{\delta}{R_0}\right) - \frac{R_e^\prime \psi}{\lambda^2} \left(\frac{3}{4} - \frac{5}{36} \frac{\delta}{R_0}\right)\right\}.
\end{equation*}
We denote the expression in parentheses by $K$, then for $M$ we get:
\begin{equation*}
   M = 2 \pi \rho {U_0^\prime}^2 \psi R_0 \delta K.
\end{equation*}
We replace $U_0^\prime$ in this formula by $U_0$ and divide it by
\begin{equation}
   Q = \pi R_0^2 U_0, \label{39}
\end{equation}
then we get:
\begin{equation}
   \frac{M}{Q} = 2 \rho U_0^2 \left(\frac{m_1}{m}\right)^3 \psi \frac{\delta}{R_0} K. \label{40}
\end{equation}
The $\displaystyle \frac{M}{Q}$ ratio, as we shall see, is expressed by the constant $\lambda$ and the radii $r_0$ and $r_1$ [formulas~(\ref{23}), (\ref{26}), (\ref{27})].

Let us now find the energy of fluctuations $E$. It is equal to:
\begin{equation}
   E = \frac{\rho}{2} \int_0^\delta (\overline{{u^\prime}^2} + \overline{{v^\prime}^2}) \, U 2 \pi \, (R_0 - y) \, d y. \label{41}
\end{equation}
where, like $M$, the energy refers to the \uline{total flow rate} through the layers. This formula is similar to formula~(\ref{38}).\footnote{Translator's note: Equation~(\ref{41}) implicitly assumes that there is no turbulent energy outside of the boundary layer, which is questionable. However, this is of little consequence as $E$ is the total turbulent energy flow rate, and making the specific turbulent energy higher in the boundary layer would ensure that $E$ remains unmodified. That is, the equation is used to calculate $E$, not $\overline{{u^\prime}^2}$.}

We note here that if we go from section to section of the jet inside the orifice, then $E$ will increase. The energy of fluctuations is generated from the averaged motion: an increase in $E$ is accompanied by a drop in pressure along the flow of the jet.

When the jet leaves the orifice, we can approximately assume that the pressure and the average velocity $U_0$ are no longer changing. Therefore, we can assume that the largest value of $E$ will be in the outlet section of the orifice.

Thus, although the turbulent layer extends to the interior of the jet, this happens outside the orifice, and one can believe that the energy $E$ will not increase due to this growth of the turbulent region. Therefore, both values of $E$ and $M$ will be taken at the outlet cross-section of the orifice.

We return to integral (\ref{41}). Between the values $\overline{{u^\prime}^2} + \overline{{v^\prime}^2}$ and $\overline{u^\prime v^\prime}$, under some assumptions, it is possible to establish a simple relationship.

Prandtl in deriving his formula for the turbulent stress assumed that the components of the velocity $u^\prime$ and $v^\prime$ (at least in the case of motion in a pipe) are proportional\footnote{Translator's note: It appears that Natanzon means \textit{inversely} proportional, as that's the approach he takes later in this paper.}, and the coefficient of proportionality does not vary with time (this means that there is a complete correlation between $u^\prime$ and $v^\prime$). If we use this assumption, then the desired relationship is not difficult to obtain.
% DONE: Check Prandtl book to see what he actually assumes. ==> I couldn't find this.

Denote by $\vartheta$ the ratio
\begin{equation}%$
   \frac{-\overline{u^\prime v^\prime}}{\overline{{u^\prime}^2}}. \label{42} %\footnote{Translator's note: The denominator did not have a bar over the quantity in the original, but this appears to have been a typographical error.} % $
\end{equation}

The\marginpar{p.~10L} assumption of proportionality of the components gives:
\begin{equation*}
   \frac{\overline{{v^\prime}^2}}{-\overline{u^\prime v^\prime}} = \vartheta,
\end{equation*}
since we are dealing with average values with respect to time, and $\vartheta$ does not depend on time. Hence we obtain the required equality:
\begin{equation}
   \frac{\overline{{u^\prime}^2} + \overline{{v^\prime}^2}}{-\overline{u^\prime v^\prime}} = \vartheta + \frac{1}{\vartheta}. \label{43}
\end{equation}
In addition, the constant $\vartheta$ does not change along the radius of the pipe (in our case, the thickness of the layer). This follows from the law of similarity of K\'{a}rm\'{a}n and is well confirmed by experiments\footnote{T.\ K\'{a}rm\'{a}n, Some aspects of the turbulence problem. Collection titled `\aspellNoCheck{`Probl.\ turbulentn.''} [``Problems in turbulence''] p.\ 49 [Translator's note: This was originally published in English at the International Congress for Applied Mechanics in Cambridge, 1934.] and T.\ \aspellNoCheck{K\'{a}rm\'{a}n}, Mechanical similitude and turbulence, ibid., p.\ 274. [Translator's note: This is available translated into English as  NACA TM 611  from \url{https://ntrs.nasa.gov/search.jsp?R=19930094805}.]} (at least with sufficient accuracy for our purposes).

Now using the relation (\ref{43}) and the formulas~(\ref{38}) and (\ref{41}), we get:
\begin{equation}
   2 \frac{E}{M} = \vartheta + \frac{1}{\vartheta}. \label{44}
\end{equation}
Since $M/Q$ can be determined by formula~(\ref{40}), we need to know the constant $\vartheta$ to determine $E/Q$.

The theory does not yet provide a method for determining the constant $\vartheta$, which, apparently, should depend on the Reynolds number. We have only those data on the value of this constant, which K\'{a}rm\'{a}n cites in his paper at the Congress on Applied Mechanics in Cambridge\footnote{Collection titled \aspellNoCheck{``Probl.\ turbulentn.''} [``Problems in turbulence''] p.\ 45.}. He uses the experiments of Wattendorf and Reichardt, on the basis of which we can conclude that $\vartheta$ is in the range from 0.24 to 0.32, and the Reynolds number for the second of these authors was 25\,000.

\uline{Apparently no other data exists, especially at the relatively low Reynolds numbers with which we are dealing}. Therefore, for the time being we will focus on the average value $\vartheta = 0.28$ and will use it for our calculations. In this case, we get a fairly close agreement with experiment in calculating the diameter of an average sized droplet. Of course, further refinement of the fineness calculations requires primarily a more reliable determination of the energy $E$ and hence the constant $\vartheta$.\footnote{Translator's note: Natanzon again does not explicitly write an expression in terms of the turbulent kinetic energy, instead preferring a total turbulent energy flow rate as was done for the droplet size. After collecting the terms and assuming a constant $k$ profile (instead of Natanzon's zero $k$ in the center) as in a previous translator's note, the following can be written:
\begin{equation*}
   k = U_0^2 \left(\frac{m_1}{m}\right)^2 \psi \frac{\delta}{R_0} \left\{\frac{1}{m_1} \left(\frac{1}{2} - \frac{1}{6} \frac{\delta}{R_0}\right) - \frac{R_e^\prime \psi}{\lambda^2} \left(\frac{3}{4} - \frac{5}{36} \frac{\delta}{R_0}\right)\right\} \left(\vartheta + \frac{1}{\vartheta}\right),
\end{equation*}
where $\delta/R_0$ (which is a function of $R_e$ and $\Theta = L/R_0$) can be found from equation~(\ref{32}), $m_1 \approx 0.750$ and is defined in set of equations~(\ref{29}), $m$ can be calculated with equation~(\ref{31}), and $\psi$ and $\lambda^2$ can be calculated from equation set~(\ref{34}), and $\vartheta = 0.28$. This equation can be abbreviated as $k = U_0^2 \cdot F(R_e, R_e^\prime, \Theta)$.}

\section*{Calculation of the volume mean radius in the initial state of atomization}

We use the above formulas to obtain some numerical results. In order to be able to compare them with the experimental data of Sass, we will perform calculations for the conditions in which he performed his experiments. Fig.\ 1\footnote{``Dizelestroenie'' No.\ 3, 1938.} shows 4 distribution curves taken at four different spraying pressures. Concerning these experiments, it is necessary to note the following: first of all, they were produced with a fairly significant back pressure (10 atm). However, as shown by the experiments of Sass himself, and especially subsequent experiments (see the works of D.\ W.\ Lee and I.\ V.\ Astakhov mentioned above), the fineness of the atomization\marginpar{p.~10R} depends little on the back pressure. Therefore, we can quite easily take these four Sass experiments for comparison with the results of the calculation, especially since our theory, based on many unconfirmed assumptions, does not, of course, give a completely accurate value of the unknown quantities, and perhaps only their order.

Further, we do not know, unfortunately, the values of the viscosity and the surface tension for the fuel which Sass used in his experiments. It is known that this was a gas oil with a specific gravity of 0.87. Therefore, we take only approximate values of these quantities, which can not, moreover, vary within wide limits. In general, the possible errors here can not greatly affect the results.

Finally, it must also be kept in mind that in Sass's experiments, the atomization was carried out with a conventional pump, which is used for diesel engines, and therefore the fuel flow in the nozzle holes had to be very uneven. Our formulas are derived for the steady flow of fuel. Then, the constant pressure, which is given by Sass as the pressure of spraying, apparently, is the so-called nozzle pressure. The actual pressure drop in the nozzle orifice (between the initial and final section of the orifice) may be higher than indicated for at least a significant part of the injection interval.

Despite these circumstances, we still present the results of the calculation, having in mind a comparison of the order of magnitudes.

The pressure drop in the four Sass experiments of interest to us was equal to the sequence:
\begin{equation*}
   140,\ 210,\ 270,\ 340 \ \text{kg}/\text{cm}^2.
\end{equation*}

The experiments were carried out with gas oil, the density of which was:
\begin{equation*}
   \rho = 0.89 \cdot 10^{-6}~\text{kg}/\text{cm}^2/\text{cm}^4.\footnote{Translator's note: The units are printed as they were in the original.}
\end{equation*}

Finally, the most probable value of the flow coefficient is $\mu = 0.85$. Therefore, the average fuel velocities in the orifices should be close to the values:
\begin{equation*}
   U_0 = 1.51 \cdot 10^4 \, ; \quad 1.85 \cdot 10^4 \, ; \quad 2.18 \cdot 10^4 \, ; \quad 2.35 \cdot 10^4~\text{cm}/\text{sec.}
\end{equation*}

Further, since the fuel, when passing through the pump, heats up rather strongly, then the resulting jet of fuel has a temperature of approximately 40$^\circ$. Therefore, for the kinematic viscosity $\nu$ and the surface tension $\alpha$, we can take the following values:
\begin{equation*}
   \nu = 0.075~\text{cm}^2/\text{sec}; \quad \alpha = 0.3 \cdot 10^{-4}~\text{kg}/\text{cm}\footnote{The surface tension decreases with increasing temperature. At 20$^\circ$ at different grades of gas oil, it ranges from $0.3$ to $0.4 \cdot 10^{-4}$.}.
\end{equation*}

The radius of the nozzle orifice in these experiments was $R_0 = 0.0285$~cm, and the ratio of the orifice length to the radius was $\Theta = 8$.

Assuming these numerical values of $\alpha$, $R_0$, and $\Theta$, we calculate the radius $r_1$ [formula~(\ref{27})] for the velocities $U_0$ contained in the interval $1.2$--$2.7 \cdot 10^4$~cm/sec. In this interval, the values of the rates at which the four experiments were made are contained. The results are shown in the table below.

\begin{center}\marginpar{p.~11L}
\begin{tabular}{c|c|c|c|c|c|c}
   \hline
   $U_0 \cdot 10^{-4}$ (cm/sec) & 1.2  & 1.5  & 1.8  & 2.1  & 2.4  & 2.7   \\
   \hline
   $r_1$ (microns)              & 3.22 & 2.28 & 1.72 & 1.35 & 1.10 & 0.914
\end{tabular}
\end{center}

Thus, the volume mean radius $r_1$ of the droplets varies from 0.914~to~3.22~microns. Of course, we can not yet compare this radius with the\marginpar{p.~11R} volume mean radius of the droplets observed in the experiment, since the value obtained refers only to the initial state, i.e., to the instant of the formation of the droplets. With further motion, their dimensions should increase due to collisions and merges. We now deal with an approximate calculation of the volume mean radius in the final state.

(Concluded in the next issue)

\section*{The\protect\marginpar{issue 5,}\protect\marginpar{p.~19L} collision of the droplets and the growth of their size}

We have previously indicated that when droplets move after their formation, collisions may occur and, as a consequence, the droplets will fuse. A correct account of the effect of collisions on the increase in the diameter of the droplets is a task of great complexity, so below we try only to roughly estimate the magnitude of this influence.

\begin{figure}[h]
   {\centering
   \includegraphics[width=8cm]{fig-6.png} \\[1em]}
   \caption{}
   \label{fig6}
\end{figure}

Let us imagine a cone-shaped space filled with an atomized jet consisting of a droplet mist (fig.\ \ref{fig6}). Let \aspellNoCheck{$BC$} be the final section of the nozzle orifice. An arc of a circle \aspellNoCheck{\aspellNoCheck{$BEC$}} with center $A$ is a section of a spherical surface. Imagine that droplets of the same initial radius $r_1$ are thrown out through the surface of this sphere, so that only completely formed droplets lie behind this surface inside the cone \aspellNoCheck{$LBECK$}. All these droplets have a total velocity $U_0$ and a certain speed of relative random motion $c$.

We will imagine that the final velocity for all droplets is the same in magnitude, but can be in all possible directions, which explains the expansion of the jet as it moves. The initial value of this velocity will be assumed to be equal to the mean square droplet velocity; we denote the initial velocity of relative motion by $c_0$. The droplet distribution from the initial ejection velocity gives us the same formula~(\ref{9}), and hence it is easy to obtain the mean square value of this velocity.

As the droplets move from the spherical surface, the diameter of the average droplet at each point of the jet will grow due to collisions, after which mergers are sometimes possible. But since after each merging the velocity of the newly formed droplet is less than the velocities of the colliding droplets, then as the distance from the final cross section of the orifice increases, the velocity of the random droplet movement will decrease, and with it the number of collisions. Thus, the rate of growth of the volume of droplets should slow down, and at a large distance from the orifice we get a certain amount of droplets, which will almost be constant. The volume mean radius of the droplets in this final state will be calculated; we denote it by $r_2$.

Thus,\marginpar{p.~19R} we assume that the interior of the jet cone is filled with droplets so that in the neighborhood of each point there are droplets of only one radius, which would be the average volume of the droplet at a given place of the jet. We denote this radius by $r$. As the motion from the surface of the sphere \aspellNoCheck{$BEC$} increases, this radius increases. Consequently, it can be regarded as a function of the radius of the vector \aspellNoCheck{$AM = x$}, by which we will determine the position of the point inside the cone.

We denote the radius of the sphere \aspellNoCheck{$BEC$} by $R_0^\prime$, then for $x = R_0^\prime$ we can assume that the radius $r = r_1$, and for a sufficiently large value of $x$, the radius $r = r_2$; it is possible to assume approximately (and for definiteness) that in this case $x = \infty$.

We shall further assume that the radius $r$ does not depend on the polar angle $\xi$, that is, everywhere inside the cone at a certain distance $x$ there are only droplets of radius $r$ at each moment. Suppose that the velocity of the random motion of the droplets $c$ also depends on $x$ and varies from $c_1$, at $x = R_0^\prime$ to some value $c_2$ for $x = \infty$; the latter will, of course, be less than $c_1$.

In addition to the quantities $u$ and $r$, we consider also the droplet distribution density over the space $\gamma$, i.e.\ the number of droplets per unit volume in the vicinity of each point. This quantity will also be assumed to depend only on $x$; in other words, the density will be the same on any sphere of radius $x$ inside the cone of the jet.

With increasing $x$, the density will decrease, first, because per unit time a certain number of droplets leave the orifice that, when moving inside the cone, will cover a larger space, and secondly, because in the process of moving mergers lead to a decrease in the number of droplets.

We first find the dependence of the density $\gamma$ on the distance $x$. To this end, we draw two spheres with the radii $x$ and $x + dx$ and consider the part of the layer between them located inside the cone. The number of droplets entering through the inner sphere per unit time is equal to:
\begin{equation*}
   \sigma x^2 U_0 \gamma
\end{equation*}
where $\sigma$ is the solid angle of the cone;

$U_0$ is the velocity of all droplets, the relative velocity $c$ is small in comparison with $U_0$ and it can be ignored; in the same way, since the cone angle is small, we can assume that $U_0$ is everywhere directed along the radius, although, of course, this velocity is directed for all droplets along the axis of the cone.

The number of droplets emerging from our layer through a sphere of radius $x + dx$ is equal to:
\begin{equation*}
   \sigma U_0 x^2 \gamma + \sigma U_0 \frac{d}{d x} (x^2 \gamma) d x.
\end{equation*}
Due to the mergers, the number of droplets inside our layer should decrease over the same period of time. This decrease in the number of droplets under consideration should be equal to the difference between the number of droplets entering our layer and the number of droplets emanating from it, that\marginpar{p.20L} is, this loss is equal to:
\begin{equation*}
   -\sigma U_0 d (x^2 \gamma).
\end{equation*}
Since in all collisions that cause droplets to merge their total volume does not change, then we can easily calculate the resulting decrease in the number of droplets in another way. We assumed that at a distance of $x$, all the droplets have the same radius $r$; let their volume be $\tau$. To ensure that this equality of radii is not violated due to collisions, we assume that the volume of all droplets during their stay in our layer will grow by $d \tau$. The total number of droplets entering the interior of the layer per unit time is:
\begin{equation*}
   \sigma U_0 x^2 \gamma.
\end{equation*}
If the volume of each of them has changed to $\tau + d \tau$, then, by virtue of the preservation of the total volume of liquid contained in the droplets, their number will decrease with respect to
\begin{equation*}
   \frac{\tau}{\tau + d \tau} \approx 1 - \frac{d \tau}{\tau}.
\end{equation*}
Consequently, the decrease in the number of droplets per unit time will be:
\begin{equation*}
   \sigma U_0 x^3 \gamma \frac{d \tau}{\tau}.
\end{equation*}
We obtained the second expression for the decrease in the number of droplets. Equating both expressions and contracting by $\sigma U_0$, we obtain the following equation:
\begin{equation*}
   - d(x^2 \gamma) = x^2 \gamma \frac{d \tau}{\tau}.
\end{equation*}
After integration we will have:
\begin{equation}
   \gamma = \frac{C}{\tau x^2}, \label{45}
\end{equation}
where $C$ is an arbitrary constant.

To determine the constant, we find the total number of droplets $N$ that are ejected per unit time through surface \aspellNoCheck{$BEC$}. On this surface $x = R_0^\prime$, and $\tau = \tau_1$, therefore,
\begin{equation*}
   N = \sigma R_0^\prime U_0 \gamma_0 = \sigma {R_0^\prime}^2 U_0 \frac{C}{\tau_1 {R_0^\prime}^2}.
\end{equation*}
Hence
\begin{equation*}
   C = \frac{N \tau_1}{\sigma U_0}.
\end{equation*}
But since $N \tau_1 = Q = \pi R_0^2 U_0$, we get finally that
\begin{equation}
   C = \frac{\pi}{\sigma} R_0^2. \label{46}
\end{equation}
Thus, under our simplifying assumptions, the density $\gamma$ is determined.

Consider now a droplet with a radius of $r_1$ that just emerged from the orifice. In addition to the general velocity of $U_0$, it still has a relative velocity, the initial value of which is $c_1$.

Due to collisions, the droplet path will generally have a zigzag form, but since the density $\gamma$ does not depend on the angle $\xi$, we can assume that our droplet will experience an equal number of collisions from all sides, and the path will generally deviate little from a straight line. Therefore, we neglect these deviations and assume that the path of our droplet is rectilinear.

Collisions generally depend on the relative velocity between the droplets. Our droplet has a velocity $c$ with respect to the axes moving translationally at speed $U_0$. The relative velocity of other droplets is, according to our assumption, the same magnitude, but may have an arbitrary direction. Consequently, the relative velocity\marginpar{p.~20R} between droplets can vary from $0$ to $2 c$. If we denote by $c$ the average value of the relative velocity between the droplets, then on the basis of the calculation done in the kinetic theory of gases we will have\footnote{See Prof.\ A.\ K.\ \aspellNoCheck{Timiryazev, Kineticheskaya teoriya materii} [Kinetic Theory of Matter], \aspellNoCheck{GTTI}, p.\ 136, 1933. [Translator's note: Available at the Library of Congress. See \url{https://lccn.loc.gov/55027675}.]}:
\begin{equation}
   \overline{c} = \frac{4}{3} c. \label{47}
\end{equation}
The number of collisions depends on the relative velocity between the droplets. Therefore, we can assume that this number will not change for our droplet if we consider all the remaining droplets to be stationary, and \uline{update the speed to} $\overline{c}$ instead of $c$; while on average per unit time our droplet will experience as many collisions as there would be if all the droplets had velocities equal to $c$, but randomly directed in all directions.

Thus, replacing the speed $c$ by $\overline{c}$, we can assume that our droplet moves among fixed droplets distributed inside the jet cone with density $\gamma$.

\begin{figure}[h]
   {\centering
   \includegraphics[width=6cm]{fig-7.png} \\[1em]} % DONE: Seems too wide.
   \caption{}
   \label{fig7}
\end{figure}

Moving among the fixed droplets, in time $d t$ our droplet will cover the distance $\overline{c} d t$. If its radius is equal to $r$, then, therefore, during this time, it will outline a volume equal to $\pi r^2 \overline{c} d t$. On the basis of the assumption made above, in the vicinity of each point of the path of our droplet, there are other droplets of the same size, equal to the size that the droplet has already reached. Therefore, it is obvious that during this time it will collide with any other droplet, the center of which is located inside a cylinder with a radius $2 r$, height $\overline{c} d t$ (fig.\ \ref{fig7}), whose axis coincides with the trajectory of our droplet. The volume of this cylinder is $4 \pi r^2 \overline{c} d t$. Hence, the number of droplets, which collide with each other, is equal to
\begin{equation*}
   4 \pi r^2 \overline{c} \frac{C}{\tau x^2} d t.
\end{equation*}
Since the absolute velocity of our droplet differs little from $U_0$, we can assume that
\begin{equation*}
   d t = \frac{d x}{U_0},
\end{equation*}
and the expression for the number of collisions will be:
\begin{equation}
   \frac{4 \pi C \overline{c} r^2}{\tau x^2 U_0} d x. \label{48}
\end{equation}
Let us assume that each collision, even if it was only a touch, leads to the merging of droplets and the formation of a new droplet with an increased volume. Generally speaking, this is certainly wrong, since when the minimum distance between the centers is only slightly less than $2 r$ and the relative velocity is large enough, a merger may not occur. However, taking into account that the relative velocity is generally small on the average, it is possible to neglect the cases when there is no merging.

However,\marginpar{p.~21L} we tried to introduce the value $l$ of the minimal narrowing of the droplet center, at which they still merge. This value $l$ must be somewhat less than $2 r$. It is, however, determined by us from a fairly crude calculation, based on the following: the force required to break the surface film, covering both droplets as the centers were closer to each other by a distance $l$; then this force was compared with the change in the amount of motion necessary to keep the droplets near each other, if the relative velocity was $\overline{c}$ before approaching them. The value of $l$ calculated in this way determined the radius of the cylinder in fig.\ \ref{7} and, consequently, was included in expression (\ref{48}) for the number of collisions. The calculations were completed, but did not lead to a noticeable change in the results. In view of this, we omit them here and assume in what follows that $l = 2 r$.

If the number of collisions in the path $d x$ is equal to the expression (\ref{48}), then the total increment of the volume of our droplet $d \tau$ on this path will be equal to the product of the volume of each droplet $\tau$ by the number of them (\ref{48}), hence we have:
\begin{equation}
   d \tau = \frac{4 \pi C \overline{c} r^2}{x^2 U_0} d x. \label{49}
\end{equation}
This is the basic equation that determines the change in the volume of the droplet as it moves inside the jet cone.

The resulting equation also contains the velocity $c$, which must be eliminated; this can be done by considering the change in speed during a collision.

Suppose that our droplet with volume $\tau$ and mass $\rho \tau$ collided with several fixed droplets with total volume $\Delta \tau$ and mass $\rho \Delta \tau$. If the impact was inelastic, then the speed of the combined total mass $\overline{c}^\prime$ is related to the speed $\overline{c}$, which our moving droplet had before impact, with the following ratio:
\begin{equation*}
   \overline{c}^\prime = \frac{\rho \tau}{\rho \tau + \rho \Delta \tau} \overline{c},
\end{equation*}
which implies that
\begin{equation*}
   \overline{c}^\prime = \left(1 - \frac{\Delta \tau}{\tau}\right) \overline{c}
\end{equation*}
or
\begin{equation*}
   \Delta \overline{c} = -\frac{\Delta \tau}{\tau} \overline{c},
\end{equation*}
where $\Delta \overline{c} = \overline{c}^\prime - c$ is the loss of speed upon impact. Taking the limit, we get:
\begin{equation*}
   \frac{d \overline{c}}{\overline{c}} = \frac{d \tau}{\tau}.
\end{equation*}
Integration of this equation gives:
\begin{equation}
   \overline{c} = \frac{C_1}{r^3}, \label{50}
\end{equation}
where $C_1$ is an arbitrary constant equal to
\begin{equation*}
   C_1 = \overline{c}_1 r_1^3 = \frac{4}{3} c_1 r_1^3;
\end{equation*}
$c$, and $r_1$ are the initial values of $c$ and $r$.

We now eliminate $c$ from equation~(\ref{49}), using formula~(\ref{50}), then we get:
\begin{equation}
   \frac{d \tau}{d x} = \frac{4 \pi C C_1 r^2}{x^2 r^3 U_0} \label{51}
\end{equation}
or,\marginpar{p.~21R} substituting $\displaystyle \tau = \frac{4 \pi}{3} r^3$, we arrive at the following equation:
\begin{equation}
   \frac{d r}{d x} = \frac{C C_1}{U_0 r^3 x^2}. \label{52}
\end{equation}
Integration of this equation gives
\begin{equation}
   \frac{r_2^4}{4} - \frac{r_1^4}{4} = \frac{C C_1}{U_0 R_0^\prime}, \label{53}
\end{equation}
if you simultaneously use the conditions: when
\begin{equation*}
   x = R_0^\prime \qquad r = r_1
\end{equation*}
and
\begin{equation*}
   x = \infty \qquad r = r_1.
\end{equation*}
From formula~(\ref{53}), we can obtain the radius $r_2$, the average volume of the droplet at a sufficient distance from the orifice, where the collisions will no longer noticeably change the volume of the droplet, since they will occur very rarely.

We now transform the expression on the right-hand side of (\ref{53}). If $\xi_0$ is the angle between the cone surface and the cone axis, then the solid angle of the cone will be:
\begin{equation*}
   \sigma = 2 \pi (1 - \cos \xi_0),
\end{equation*}
and between $R_0$ and $R_0^\prime$ there will be a relation:
\begin{equation*}
   R_0 = R_0^\prime \sin \xi_0.
\end{equation*}
Hence
\begin{equation*}
   \frac{\pi R_0}{\sigma R_0^\prime} = \frac{\sin \xi_0}{2 (1 - \cos \xi_0)} = \frac{1}{2} \frac{1}{\displaystyle \tan \frac{\xi_0}{2}}.
\end{equation*}
Since the angle $\xi_0$ derived is always is rather small, we can put
\begin{equation*}
   \frac{\pi R_0}{\sigma R_0^\prime} = \frac{1}{\tan \xi_0}.
\end{equation*}
Using this formula and formulas~(\ref{46}) and (\ref{51}), we can write:
\begin{equation*}
   \frac{C C_1}{U_0 R_0^\prime} = \frac{4 c_1 r_1^3 \pi R_0^2}{3 U_0 \sigma R_0^\prime} = \frac{4 c_1 r_1^3 R_0}{3 U_0 \tan \xi_0}.
\end{equation*}
\uline{We now eliminate the angle $\xi_0$. Let the mean square transverse velocity of the droplet be the initial condition of atomization $v_0$}\footnote{Translator's note: I assume that Natanzon means that $v_0$ is the initial velocity of a droplet which was just formed.}, so we can approximately set\footnote{We do not take into account here the fact that due to the gradual loss of the velocity of the relative motion of the droplets, the angle $\xi_0$ should decrease somewhat with increasing $x$, forming a cone which will bend in the direction of its axis. This will affect the density $\gamma$ of the droplets, which will fall somewhat slower with increasing $x$ than we are taking. Therefore, the number of collisions should be larger, and consequently, the growth of the volume of droplets is somewhat more sharp than is the case in our calculation.}:
\begin{equation*}
   \tan \xi_0 = \frac{v_0}{U_0}.
\end{equation*}
Of course, the jet cone can not have very sharp boundaries in general, and individual droplets can deviate very much from the axis of the jet, but the main mass of them will be inside the cone, determined by the angle $\xi_0$. Therefore, we assume approximately that all droplets whose distance from the orifice is equal to $x$ are distributed uniformly in the part of the thin spherical layer of the same radius $x$ that is inside the cone.

Further, since the mean square velocities $u_0$ and $v_0$ are the same, which is evident from the shape of the distribution function symmetric with respect to $k_x$ and $k_y$, then, consequently,
\begin{equation*}
   v_0 = \frac{c_1}{\sqrt{2}}.
\end{equation*}

Hence\marginpar{p.~22L}
\begin{equation*}
   \tan \xi_0 = \frac{1}{\sqrt{2}} \frac{c_1}{U_0} \footnote{Translator's note: The denominator of the right fraction was $u_0$ in the original, but this appears to have been a typographical error.}
\end{equation*}
and, consequently,
\begin{equation*}
   \frac{C C_1}{U_0 R_0^\prime} = \frac{4 \sqrt{2}}{3} R_0 r_1^3.
\end{equation*}
Substituting this expression into formula~(\ref{53}), we obtain:
\begin{equation}
   r_2^4 = r_1^4 + \frac{16 \sqrt{2}}{3} r_1^3 R_0. \label{54}
\end{equation}
Since the first term on the right has a negligible value in comparison with the second, we can drop it and write definitively:%\footnote{Translator's note: The full equation without the approximation is
%\begin{equation*}
   %r_2 = r_1 \sqrt[4]{1 + \frac{16 \sqrt{2}}{3} \frac{R_0}{r_1}}.
%\end{equation*}}
\begin{equation}
   r_2 = 2 r_1 \sqrt[4]{\frac{\sqrt{2}}{3} \frac{R_0}{r_1}}. \label{55}
\end{equation}
This formula approximately takes into account the increase in the droplet size when it moves in the jet cone and refers to the final state of the atomized jet.

We calculate $r_2$ using the values of $r_1$ obtained above. The result is given here along with the value of the velocity $U_0$ and $r_1$. In fig.\ \ref{fig8}, two curves depict the variation of $r_1$ and $r_2$, depending on $U_0$.

\begin{center}
\begin{tabular}{c|c|c|c|c|c|c}
   \hline
   $U_0 \cdot 10^{-4}$ (cm/sec) & 1.2  & 1.5  & 1.8   & 2.1  & 2.4  & 2.7   \\
   \hline
   $r_1$ (microns)              & 3.22 & 2.28 & 1.72  & 1.35 & 1.10 & 0.914 \\
   \hline
   $r_2$ (microns)              & 16.4 & 12.6 & 10.24 & 8.57 & 7.31 & 6.36
\end{tabular}
\end{center}

For the diameters of medium-sized droplets in Sass's experiments, we can take the following values:

\begin{center}
\begin{tabular}{c|c|c|c|c}
   \hline
   $U_0 \cdot 10^{-4}$ (cm/sec) & 1.51 & 1.85 & 2.18 & 2.35 \\
   \hline
   $d$ (microns)                & 22.9 & 19.5 & 16.3 & 14.3
\end{tabular}
\end{center}

\begin{figure}[h]
   {\centering
   \includegraphics[width=8cm]{fig-8.png} \\[1em]}
   {\footnotesize Translator's note: \textit{\foreignlanguage{russian}{опыты Засса}} = \textit{experiments of Sass} \\
   \textit{\foreignlanguage{russian}{м/сек}} = \textit{m/s}}
   \caption{}
   \label{fig8}
\end{figure}

If\marginpar{p.~22R} we take four points corresponding to Sass's experiments, we plot it on the diagram in fig.\ 8, they are rather well placed on curve (\textit{II}).

This agreement of the results of theory and experiment should not yet be given much weight. First of all, we do not know exactly the conditions of Sass's experiments, which would allow us to make the correct and appropriate calculations. In addition, it would be necessary to make a correction for the back pressure, which in the experiments of Sass was equal to 10~atm, and then the experimental points would be positioned much higher.

With other experiments, the agreement is also much worse. For example, in D.\ W.\ Lee's experiments, at the same orifice diameter and pressure drop, the diameter $d$ of the droplet varied from 30~to~40~microns.

As for I.\ V.\ Astakhov's experiments, he obtained diameters in the range from 190~to~140~microns with a change in velocity from 62~to~119~m/s. Our formulas for this case, apparently, are inapplicable, since the Reynolds numbers turn out to be too small and close to the critical value. Probably, the role of turbulence in these cases is already insignificant, and the whole phenomenon proceeds differently.

The foregoing calculation method still yields results, the order of which is quite close to those values that are observed experimentally. Further improvement of the theory, it is hoped, will bring its results closer to the data of the experiment, but this will be possible only when the latter accumulate in sufficient quantity and give a completely clear picture of the phenomenon, which is not yet available (at least if we speak of quantitative dependences).

\section*{Concluding remarks}

The proposed calculation of the fineness of atomization can, of course, be considered only as an attempt. Numerous unverified assumptions, which were required in order to bring the calculation of the diameter of the droplet to completion, still need to be reviewed. It is possible, however, that in this way it will be possible to obtain a more rigorous theory of this phenomenon.

We considered atomization of fuel as consisting of two stages. First, the fuel passes from the coherent state in the jet to the initial state of atomization. The total energy of the liquid in both states is the same; this circumstance makes it possible to determine the distribution function $\varphi$. Then, \uline{when the droplet mist is moving during droplet collisions and coalescences, they grow in size and transition to the final atomized state}. In this process, the energy value $E$ is not conserved, since due to inelastic collisions, part of it will go to heating and fluid oscillations inside the droplet.

A more accurate study of the number and consequence of collisions requires, first of all, consideration of the spatial distribution of droplets. In this case, it would be possible to find not only the average volume of the droplet in the final atomized state, but also the distribution function for this state.

If in fact the phenomenon does proceed in a similar way, then, of course, the division into\marginpar{p.~23L} stages can not be so sharp. In addition, geometrically the jet outside the orifice and its cone do not feature the regularity and simplicity of shape, as we assumed.

Finally, the effect of the back pressure of the surrounding air environment, perhaps, we could take into account as follows. Since the medium must inhibit the motion of the droplets, the decrease in the relative velocity of their motion occurs to first approximation in proportion to the density of the medium. These velocities are generally small, and for the resistance, one can apply the Stokes formula. Hence, as the velocity $c$ falls, so will the number of collisions, and, consequently, \uline{so will} the growth of the droplet volume in the transition from the initial to the final state of atomization.

In\marginpar{p.~23R} addition, \uline{the medium will be very strongly inhibited and the average motion of all droplets}. Due to the high speed compared with $c$, this deceleration will already be proportional to the square of $U_0$; therefore, the cone angle of the jet with increasing back pressure will increase, the density of the droplet distribution will decrease, and consequently the number of collisions will decrease. This will also entail a somewhat slower growth in the volume of droplets.

Thus, it is probably possible to explain the decrease in the average volume of droplets with increasing back pressure.

However, it is necessary, of course, that the experiments finally establish how this phenomenon proceeds, since there is a disagreement between different authors.
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% Natanzon's theory to predict turbulence quantities (detailed in the in the nozzle is neglected in this work as CFD is considered more trustworthy. Comparison against experiments unavailable in Natanzon's time are made. Criticism of the theory from the Russian literature is detailed.

% Natanzon's theory assumes $\savg{x_\text{b}}/d_0 = 0$, and as a result of this there is no spatial variation in droplet size at formation. You could take your turbulent mass flux theory and apply maxent at each droplet formation event to get something similar with spatial variation.
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\newcommand*{\Figsthref}[2]{Figures~\ref{#1}~through~\ref{#2}}

\newcommand*{\tabref}[1]{table~\ref{#1}}
\newcommand*{\Tabref}[1]{Table~\ref{#1}}
\newcommand*{\tabsref}[2]{tables~\ref{#1}~and~\ref{#2}}
\newcommand*{\Tabsref}[2]{Tables~\ref{#1}~and~\ref{#2}}

\renewcommand*{\secref}[1]{\S~\ref{#1}}
\newcommand*{\chapref}[1]{chapter~\ref{#1}}

%\if\debug1{
%% Make refcheck work with the special reference commands I defined above.
%% https://tex.stackexchange.com/questions/87610/making-refcheck-work-with-cleveref
%\makeatletter
%\newcommand{\refcheckize}[1]{%
  %\expandafter\let\csname @@\string#1\endcsname#1%
  %\expandafter\DeclareRobustCommand\csname relax\string#1\endcsname[1]{%
    %\csname @@\string#1\endcsname{##1}\@for\@temp:=##1\do{\wrtusdrf{\@temp}}}%
  %\expandafter\let\expandafter#1\csname relax\string#1\endcsname
%}
%\newcommand{\refcheckizetwo}[1]{%
  %\expandafter\let\csname @@\string#1\endcsname#1%
  %\expandafter\DeclareRobustCommand\csname relax\string#1\endcsname[2]{%
    %\csname @@\string#1\endcsname{##1}{##2}\wrtusdrf{##1}\wrtusdrf{##2}}%
  %\expandafter\let\expandafter#1\csname relax\string#1\endcsname
%}
%\makeatother

%\refcheckize{\ref}
%\refcheckize{\eqref}
%\refcheckize{\Eqref}
%\refcheckizetwo{\eqsref}
%\refcheckizetwo{\Eqsref}
%\refcheckizetwo{\eqssref}
%\refcheckizetwo{\Eqssref}
%\refcheckizetwo{\eqsthref}
%\refcheckize{\figref}
%\refcheckize{\Figref}
%\refcheckizetwo{\figsref}
%\refcheckizetwo{\Figsref}
%\refcheckizetwo{\figsthref}
%\refcheckizetwo{\Figsthref}
%\refcheckize{\tabref}
%\refcheckize{\Tabref}
%\refcheckizetwo{\tabsref}
%\refcheckizetwo{\Tabsref}
%\refcheckize{\secref}
%}\fi

% make description environment not use bold letters
% http://www.latex-community.org/forum/viewtopic.php?f=44&t=4204
\renewcommand*\descriptionlabel[1]{\hspace\labelsep\normalfont #1}

% stacked text for underbraces
\newcommand{\ubtext}[2]{\stackrel{\text{\scriptsize#1}}{\text{\scriptsize#2}}}

% approximately proportional to symbol
% from https://tex.stackexchange.com/questions/33538/how-to-get-an-approximately-proportional-to-symbol
\newcommand{\appropto}{\mathrel{\vcenter{
  \offinterlineskip\halign{\hfil$##$\cr
    \propto\cr\noalign{\kern2pt}\sim\cr\noalign{\kern-2pt}}}}}

% Don't use DOI if URL is present
% http://tex.stackexchange.com/a/154872
%\renewbibmacro*{doi+eprint+url}{%
  %\iftoggle{bbx:doi}
    %{\iffieldundef{url}{\printfield{doi}}{}}
    %{}%
  %\newunit\newblock
  %\iftoggle{bbx:eprint}
    %{\usebibmacro{eprint}}
    %{}%
  %\newunit\newblock
  %\iftoggle{bbx:url}
    %{\usebibmacro{url+urldate}}
    %{}}

% WONT: Figure out how to make abstract of your standard LaTeX documents look like that of KediaBluffBlowoff.pdf, etc.

% https://tex.stackexchange.com/a/219261
% https://tex.stackexchange.com/questions/151583/how-to-adjust-the-width-of-abstract
%\renewenvironment{abstract}
%{\noindent \rule{\linewidth}{.5pt}\vspace{-0.5em}\par{\noindent \bfseries \abstractname}
%\list{}{%
%\setlength{\leftmargin}{0pt}%
%\setlength{\rightmargin}{\leftmargin}%
%}%
%\item\relax
%}
%{\medskip\noindent
%\endlist
%\vspace{-2.5em}\rule{\linewidth}{.5pt}\vspace{-10em}
%}

% Remove "In:" from the bibliography
% https://tex.stackexchange.com/a/10686
\renewbibmacro{in:}{}

% Change issue number to be in parentheses
% https://tex.stackexchange.com/a/97729
\xpatchbibmacro{volume+number+eid}{%
  \setunit*{\adddot}%
}{%
}{}{}
\DeclareFieldFormat[article]{number}{\mkbibparens{#1}}

% Put URLs and DOIs in same font as remainder of text
% https://tex.stackexchange.com/q/151110
%\urlstyle{same}
\DeclareFieldFormat{url}{URL: \url{#1}}
\DeclareFieldFormat{doi}{DOI: \href{http://dx.doi.org/#1}{#1}}

% Change ISSN from small caps
\DeclareFieldFormat{issn}{ISSN: #1}
\DeclareFieldFormat{isbn}{ISBN: #1}

% https://blog.roland-kluge.de/?p=720
% https://github.com/GNUAspell/aspell/issues/305
% Don't check a section with aspell.
\newcommand{\aspellNoCheck}[1]{#1}
\newcommand{\aspellNoCheckInput}[1]{\input{#1}}



