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Abstract: Reconstruction of Tensor Product Spline Surfaces to 
Integrate Surface-Surface Intersection Geometry and Topology while 

Maintaining Inter-Surface Continuity 

 

Benjamin Urick, Ph.D. 

The University of Texas at Austin, 2016 

 

Supervisor:  Richard H. Crawford 

 

In the field of Computer-Aided Geometric Modeling (CAGD) stands one critical 

problem that plagues not only users of Computer-Aided Design (CAD) applications, but 

all downstream uses of a geometric model, namely, computational analysis, animation, 

graphics, rendering, metrology, manufacturing, and 3D printing. When complicated real 

world models are created using the core Boolean operations of a CAD program, massive 

numbers of approximations set off a cascade of consequences that requires extensive 

additional CAD infrastructure, creates models unfit for direct downstream use, and 

necessitates entire industries to mitigate the crippling side effects. Termed the surface-

surface intersection (SSI) issue, or trim problem, intersecting spline surfaces are known 

to create complex nonlinear exact solutions of a very high degree. CAD applications have 

addressed this by approximating these intersections and introducing gaps between the 

discrete surfaces, using an independent topological structure to then manage model 

integrity through solid modeling processes. This document accepts the intersection 

approximation as an unavoidable computational circumstance and uses this to update the 

otherwise independent surfaces to create a single conformal, watertight model. This is 

accomplished using a novel approach that first analyzes the trim geometry and topology, 
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and then uses this information to form an admissible global parameter space. The 

attention to parameter space management is often an underappreciated and neglected 

process that is shown to be critical in any sound solution to the trim problem. Finally, the 

model space geometry is updated to embed the trim information while maintaining the 

existing trajectories and continuities of the original objects. This is accomplished through 

solving a system of isoparametric curve equations, under the right constraints, in reverse, 

a surface creation strategy without precedent in CAGD literature. The result is a 

watertight model representing the users' deign intent and ready for downstream 

processing, e.g. computational analysis, without the need of the current immense 

framework of amelioration. 
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Chapter 1:  Introduction 

 

“The difficulty of evaluating and representing the intersection of parametric 
surface patches has hindered the development of solid modelers that incorporate 
parametric surfaces. Roughly speaking, the topology of a surface patch becomes 
quite complicated when Boolean operations are performed. Finding a convenient 
representation for these topologies continues to be a major challenge.”  

- Christoph M. Hoffmann, 1989 [1] 

 

1.1 EVADING A CRISIS BY OUTSOURCING THE AGGRAVATION 

What Christoph M. Hoffmann noted in 1989 regarding the state of solid modeling 

would signify an era of stasis for both commercial and academic advancement on the 

subject, one that continues today. As detailed in this document, there has been no major 

shift in how solid models have been constructed for use in computational design, 

engineering, and manufacturing in over 30 years. This complacency is not engendered by 

an adequate methodology, but rather it reflects an understandably apoplectic reaction to a 

lack of a clearly superior alternative, a reluctance to change, a lack of understanding 

between disciplines, and a deepening cumulative investment in today’s technological 

legacy as time progresses. The process consumes vast resources and has spawned 

specialized fields and industries dedicated to mitigating its effects as the predicament has 

been passed onto users to remedy themselves. 

As is often the case, the absence of a new solution is not always the issue; rather, 

redefining the problem may be what is necessary. The formidable challenge of devising a 

method that calculates the intersection of surfaces exactly has hung over the computer-
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aided geometric design (CAGD) community for decades, as the problem is inherently 

highly complex, nonlinear, and intractable. The issue is unavoidable as making CAD 

models using repeated Boolean operations is the most natural and intuitive modeling 

technique for the user. After so many dormant decades of ineffective alternatives, what 

should be sought is to re-question the current set of surface-surface intersection 

assumptions to compose a new solution, instead of chasing an ever elusive exactness. 

In the CAGD researchers’ quest for an exact solution and representation of 

freeform surface Booleans, void of approximations, users have been forced to develop ad 

hoc practices that involve massive sets of approximations in themselves; modeling 

techniques that sacrifice model integrity simply to avoid the restrictions that existing 

CAGD tools place on them. In pushing this work to other disciplines and forcing the 

consumers to deal with the consequences, researchers have absolved themselves of 

considering alternative approaches to a Holy Grail solution, which may not even exist. 

This is reflected in the seemingly invariant state of technological advance of computer-

aided design (CAD) systems, its underlying paradigms mired by inertia for the past three 

decades. 

As thoroughly detailed in this document, the reality of not having a suitable 

surface-surface intersection procedure leads to techniques that introduce slight gaps and 

discontinuities between the interfaces, creating a patchwork of separated individual 

surfaces. Although small gaps that are nearly imperceptible to the user may seem like a 

mild condition, downstream users find them intolerable in a myriad of applications such 

as analysis, manufacturing, graphics, metrology, etc. Furthermore, as described by 

boundary representation (b-rep) expert Ian Stroud, creating a reliable and robust scheme 

to even achieve this patchwork within the CAD system itself assumes “that Father 

Christmas, the Tooth Fairy, the Easter Bunny and Superman all exist.” [2] 
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The problem is so ubiquitous and disruptive that certain solutions seem downright 

farcical. As detailed in the text Handbook of Solid Modeling [3], the following guidelines 

serve as recommendations for avoiding modeling errors in practice: 
 

1. Avoid trimming features 

2. Avoid trimming surfaces 

3. Avoid latent gratuitous surfaces 

4. Minimize concurrent intersections 

5. Create final intersections directly 
 

It further recommends that the user “avoid difficult geometry”, “keep geometry simple”, 

and explicitly warns: “don’t use Boolean operations unless absolutely necessary.” Let us 

compare this with the realities of building an actual CAD application. As described by 

Corney and Lim [4] on the subject of CAD kernel development, Boolean operations in 

solid modeling are “the most important” CAD functions in creating objects and represent 

the “bread and butter of geometric modeling”. The construction of CAD models hinges 

on repeated use of massive numbers of Boolean operations by the user. Per above, having 

best practices that suggest avoiding the core element of a CAD system to optimize solid 

model accuracy as well as not making complex representations because of modeling 

inadequacies and errors is tantamount to nothing less than Stockholm syndrome, with the 

surface-surface intersection quagmire acting as captor. Yet this is the bleak reality of the 

current industrial landscape. 

Boolean operations form a fundamental pillar of any solid modeling approach and 

CAD implementation. The quality of surface-surface intersection operations and 

geometric features critically affects downstream computer-aided engineering (CAE) and 
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computer-aided manufacturing (CAM) processes that are dependent on these CAD 

representations. Within the current methodology, where breaks in continuity are 

introduced between surfaces at the modeling phase, downstream users are afflicted with 

gap-ridden models that are useless without the arduous task of model healing, an actual 

industry into itself. 

 

1.2 THE CURRENT CAD-CAE-CAM MODELING PIPELINE 

The associated technologies of CAD, CAE and CAM have each historically 

developed independently, although their dependence on each other has increasingly been 

intertwined. As a result, combined use of these technologies has been ad hoc and 

pragmatic. Not only do impediments exist among data structures, file formats, software 

constraints, and user knowledge, but at the heart of the problem is that disparate 

representational schemes must be unified. 

While b-rep solids made of freeform spline objects dominate the CAD 

community, the vast majority of models in CAE and CAM are unstructured polyhedral or 

polygonal meshes. This difference in geometric definition has created an entire field 

devoted to the many facets of translating models from one form to another, including 

meshing, model healing, editing and rebuilding, amongst others. The most significant and 

rigorous study to date on the matter was conducted at Sandia National Laboratories, 

referred to as the DART System Analysis [5]. Using a strict sampling methodology and 

software monitoring systems on users, it was determined that this modeling bottleneck 

accounts for nearly 80% of the total design and analysis time [6], at both an inordinate 

cost and resource use. Remodeling, data conversion, and approximation introduce 

multiple levels of error and conjecture. 
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As such, the B-rep descriptions replete with freeform surfaces and intersection 

information, as outlined above, make geometric conversion only nominally accurate to 

the intended design. Although graphic displays of the surfaces with intersection 

operations are fairly suitable, standard computational analysis models normally need to 

be watertight and conformal. This critical situation has led Hughes et al. to the CAE 

endeavor to redefine standard finite element analysis (FEA) through what has been 

termed isogeometric analysis [7], or IGA. This extension to FEA avails spline-based 

geometry to be utilized in classic computational mechanics techniques. IGA not only 

helps to resolve the discrepancy in model definition between CAD and CAE, but also 

provides benefits in CAE to many difficult problems unresolvable in FEA. Ongoing 

research seeks to exploit this technology for purely the benefit of analysis quality as well 

as bridging the CAD-CAE-CAM chasm. 

As much as IGA has already helped to improve the industrial divide, there are still 

many difficult challenges to overcome. One of the most pressing is treating the effect of 

Boolean operations on solid models and the associated intersection operations. As 

surface-surface intersections are geometrically approximate, computational engineering 

researchers have sought to resolve this within the downstream CAE framework. This is 

an active area of research for plates, shells and with immersed methods [8–14] and 

represents an obstacle to the use of IGA on standard CAD models as Boolean solids. 

Alternatively, if CAD could produce a watertight description, IGA would be applicable 

without any alteration. 
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1.3 APPROXIMATION AS A NEW SPACE OF SOLUTIONS 

As stated before, it is a well-documented fact that the intersection of arbitrary 

freeform surfaces results in highly complex, nonlinear, high degree exact solutions [15] 

that lack convenient implementations in CAD applications. While researchers have 

agonized over the search for alternative formulations as an answer, a different approach 

will be taken herein. In accepting the use of conventional tensor product spline surfaces, 

along with the fact that one cannot reasonably implement an exact intersection solution, a 

freedom of opportunity is afforded that currently is not being explored. We will show in 

detail that not only can the surface-surface intersection problem not be implemented 

exactly, it shouldn’t! The reality is that CAD systems used in actual practice today are 

deeply founded on exploiting approximations, and embracing that philosophy actually 

yields a wealth of untapped opportunity. Those who denounce approximation as 

unacceptable do not appreciate the existing obligatory approximations imposed on 

current CAD users. CAGD researchers fail to appreciate the conditions to which the user 

is subject, and hence what the user would be willing to except for accuracy in return for a 

reliable Boolean operation. It will be shown that far greater approximations are 

demanded from present-day CAD systems, and further approximations are levied as 

contrived user solutions. 

 In this document we introduce a methodology to provide models that approximate 

watertight solutions to within a tolerance. In accepting this tolerance we embrace an 

ability to reverse-engineer the theoretical and algorithmic components of the procedures. 

The idea of an acceptable tolerance is also demanded from current surface-surface 

intersection operations, but with far worse results. Specifically, for the surface-surface 

intersection problem, we pose the question illustrated in Figure 1. For a given pair of 

arbitrary tensor product spline surfaces that intersect randomly, we assume there exists a 
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Figure 1: The watertight surface-surface intersection problem assuming the existence 
of a conventional solution. 

 

𝐶! map at the intersection, built as a conventional b-rep solid model form with minimal 

tensor product spline surface size and complexity. Inspecting the mappings we pose the 

question, “what qualities of the input information, geometric and topological, can be used 

to efficiently and robustly deliver the output information?” Or as the Figure depicts, 

“what are the model space and parameter space transformations required to effectively 

map the input information to the output information?” This document answers those 

questions while also opening up the solution space in what constitutes an admissible 
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transformation. Our reliance on a tolerance or approximation stems from determining the 

size and complexity of the minimal tensor product spline surface required as output. 

By the end of the text, we will have presented mechanisms for constructing (or 

reconstructing) tensor product spline surfaces to address the surface-surface intersection 

problem. The solution will take as input the intended objects for Boolean operation and 

return a watertight tensor product spline surface. Thus, the two output surfaces will meet 

𝐶! across the model space trim curve, corresponding to the isoparametric curve 

boundaries of the surfaces, and closely respect the CAD designer’s original intent for 

specifying the Boolean operation. We will find many remarkable uses for isoparametric 

curves and the information embedded in them. After application of this method, the 

above-described gaps at surface-surface intersections will no longer exist, the boundary 

representation will be immediately ready for any of various downstream applications 

such as finite element analysis (e.g., conventional analysis or isogeometric analysis), 

graphics rendering, animation, and manufacturing (e.g., 3D printing or additive 

manufacturing). 

Modern CAD systems provide an environment in which users can create and edit 

curves and surfaces. The surfaces may include tensor product spline surfaces such as B-

spline surfaces, or more generally, NURBS surfaces, or even more generally, T-spline 

surfaces. Our solution has the distinguishing characteristic that it will return the surface 

objects in their native form, thereby providing operational closure and continued ability 

for use as if they were originally generated objects of the application. 

Furthermore, the above described method naturally generalizes to the 

reconstruction of two or more trimmed surfaces that nominally intersect along a given 

model space trim curve, especially useful for the design of non-manifold objects. This 

allows for the execution of currently invalid, but important, Boolean operations such as 
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partial intersections. We also test for degeneracies and extraordinary points, common 

features of tensor product models. 

Along the way we discuss the opportunity to investigate a conventional open-

ended CAD process, reparameterization, under interesting new constraints. This in itself 

defines an exciting area of research for both modelers and researchers to explore, and 

goes to answer the issues posed by Hoffmann in the opening quote regarding the 

development of solid modeling. In providing back the original representation, we 

stimulate newly accessible prospects now possible given operational closure. 

 

1.3 ORGANIZATION OF THIS THESIS 

This document is presented such that a background in the subject provides for a 

much deeper appreciation of certain critical, otherwise subtle, points. Chapters 2 and 3 

give minimal background to understand and appreciate the formulation of the surface-

surface intersection problem. Chapter 2 details basic geometric entities used in the field, 

while Chapter 3 outlines the surface-surface intersection solution as employed in current 

CAD systems. The chapter then goes on to describe why and how b-reps utilize an 

auxiliary topological data structure, independent of the geometry. 

Chapter 4 outlines the specific details of the three-part solution strategy given in 

Chapters 5, 6, and 7, respectively. We defer any such details until then, and allow 

Chapters 2 and 3 to naturally set up the framework of Chapter 4. We will simply say here 

that these chapters address the questions posed in the introduction as to how to analyze 

the existing information in order to provide the appropriate parametric space and model 

space transformations. 
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Chapter 8 provides a complete example, from start to end, to demonstrate each 

step of the solution strategy, in exhaustive detail. Chapter 9 provides examples of how 

this methodology is a benefit for the CAE field by showing real IGA calculations. 

Finally, Chapter 10 concludes the document with a succinct summary as well as an 

outline of the next stages of development. 
  



 11 

 

Chapter 2:  CAD Geometry for Freeform Modeling 

 

2.1 FREEFORM GEOMETRIC REPRESENTATIONS 

The highly varied and numerous representations used throughout the history of 

geometric modeling have generated a vast amount of information on the subject. Rather 

than attempting to summarize this mature field of literature, this section is intended to 

provide a basic background for understanding the material in the context of this 

document. It should be noted, though, that the representations covered are the most 

ubiquitous forms currently employed in CAD systems. 

Parametric descriptions of curves and surfaces defined by B-splines dominate 

modern CAGD implementations. One way of conceptually understanding these 

approaches to parametric curves and surfaces is in the nested taxonomical hierarchy of  

 

Figure 2: Taxonomical set hierarchy of spline representations for CAGD  



 12 

set containment, an order to which each belongs in a subset relationship. For example, T-

spline representations are a superset of NURBS representations, which then are a superset 

of B-spline representations, which are in turn a superset of Bézier representations. 

Starting with Bézier curves, books on CAGD often cover the subject by introducing 

distinguishing qualities of each superset to build up the rich features that each set 

contributes. This thesis follows a similar strategy but, for brevity, omits the properties 

and algorithm aspects that generally accompany the subject. In this way the focus is on 

defining, ultimately, the essential forms employed in the proposed approach. 

A common characteristic associated with all of these representations is that they 

are vector-based formulations in terms of functions of independent parameters. In 

general, each definition takes on a form similar to, 
 

 𝚽 𝑢 =    𝑁!,! 𝑢   𝐏!

!

!!!

  ,   ( 1 ) 

 where, 

 𝚽 𝑢  is a point in a geometric object residing in model space, an object 

being a curve, surface, parametric solid or hyperpatch, 

 u is an independent parametric variable, 

 𝑁!,! 𝑢  are blending functions in parametric space of degree p which 

determine the influence of the control points, indexed such that 

each basis function corresponds to unique control points in model 

space, and 

 𝐏!  is a set of n+1 arbitrarily defined control points in model space. 
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The vectors representing points in model space have the same number of 

coordinates as the spatial dimension they occupy. For example, in 2D, 
 

𝚽 𝑢 =        𝑥(𝑢)𝑦(𝑢)    , 𝐏! =        
𝑥!
𝑦!        , 

 

and in 3D, 
 

𝚽 𝑢 =        
𝑥(𝑢)
𝑦(𝑢)
𝑧(𝑢)

    ,   𝐏! =        
𝑥!
𝑦!
𝑧!
       . 

 

Use of these representations serves as a design approach in CAGD that is intuitive 

to the user, simple, compact, robust, non-interpolatory of the object, and loaded with 

properties that make complex real-world objects easier to accurately describe, with less 

effort, complication, and cost. This is why they dominate present-day CAD applications. 

 

2.2 BÉZIER CURVES AND SURFACES 

Bézier curves, one of the most basic representations of geometric objects, are 

defined parametrically [16], 
 

 𝐂 𝑢 =    𝐵!,!(𝑢)
!

!!!

  𝐏!   ,   ( 2 ) 

where, 

𝐂 𝑢  is a point on the curve in model space, 

u is an independent parametric variable, 0 ≤ u ≤  1, 

𝐵!,! 𝑢  is the 𝜁-th Bernstein polynomial basis function of degree p, 
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𝐵!,! 𝑢 =   

𝑝!
𝜁! 𝑝 − 𝜁 !   𝑢

!   (1− 𝑢)!!!   , and   ( 3 ) 

𝐏!  is a set of 𝑝 + 1 control points in model space. 
 

For example, all degree 𝑝 = 3 Bézier curves are constructed using the following basis 

functions, 𝐵!,! 𝑢 = (1− 𝑢)!, 𝐵!,! 𝑢 = 3𝑢(1− 𝑢)!, 𝐵!,! 𝑢 = 3𝑢!(1− 𝑢), and 

𝐵!,! 𝑢 = 𝑢!, as familiar to us from basic combinatorial theory. Expanding equation ( 2 ) 

for the Bézier curve we see,  
 
 𝐂 𝑢     =    𝐵!,!(𝑢)!

!!!   𝐏!  

  =    (1− 𝑢)!𝐏! +   3𝑢(1− 𝑢)!𝐏! +   3𝑢! 1− 𝑢 𝐏! +   𝑢!𝐏! . 
 

The vector form for the 2D case gives,  
 

    𝑥 𝑢𝑦 𝑢        =    1− 𝑢 !     
𝑥!
𝑦!     + 3𝑢 1− 𝑢 !     

𝑥!
𝑦!     +   3𝑢

! 1− 𝑢     
𝑥!
𝑦!     +   𝑢

!     
𝑥!
𝑦!      . 

A Bézier curve of degree 𝑝 = 3 involves exactly 4 control points, whose 

coordinates are free to take on arbitrary user specified, real numbered values. Figure 3 

shows a 2-dimensional, cubic Bézier curve with the control points 𝐏! = ( 1 , 1 ), 𝐏! = ( 3 , 

5 ), 𝐏! =  ( 5 , 2 ) and 𝐏! = ( 7 , 3 ), as well as a plot of the basis functions, 𝐵!,! 𝑢 . The 

figure details the basis functions evaluated at u = 0.8 and indicates the associated point 

𝐂 0.8  mapped to the curve in model space. The curve is the graph of the function 𝐂 𝑢  

evaluated over the unit interval 0 ≤ u ≤  1 for the independent parameter u. This can also 

be viewed as a continuous mapping of the unit interval in parameter space to the curve 

𝐂 𝑢  in model space. 
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Figure 3: Arbitrary 2-dimensional, cubic Bézier curve (bottom) and corresponding 
basis functions (top), evaluated at parameter value u = 0.8.  
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A key feature depicted in Figure 3 should be noted regarding Bézier curves: each 

basis function 𝐵!,! 𝑢  is positive over the entire open interval 0 < u <  1 so that each 

control point  𝐏! globally influences the curve along its entire length from one end at  

𝐂 0  to the other end 𝐂 1 . Also, based on the definition of the Bernstein basis functions, 

the degree of the curve is always 1 less than the total number of control points. (Note that 

equation ( 2 ) is indexed from 𝜁 = 0.) 

 There are many reasons that make geometric forms such as the above attractive 

for implementing in a CAD system, namely, the basis functions exhibit non-negativity, 

the basis form a partition of unity, the basis functions are polynomial representations as 

opposed to transcendental, the basis provide a convex hull property with respect to the 

control polygon, and so forth. These features are well documented in the CAGD literature 

[16–18]. One of the most appealing aspects for designers at the interface level of the 

system is that these forms present an intuitive relationship between the control points, 

which the user can manipulate, and the geometric form the curve takes as a result. This is 

an attribute not shared by other polynomial bases and is afforded without the introduction 

of any extraneous undulating through the rare variation diminishing property.  

Bézier surfaces achieve the bivariate analogy to Bézier curves through the 

traditional definition of a tensor product [16]. A tensor product spline representation uses 

the product of basis functions 𝐵!,! 𝑠  and 𝐵!,! 𝑡  to create a bivariate function in 

parameter space, each basis function product corresponding to a control point 𝐏!,!, 
 

 𝐒 𝑠, 𝑡 =    𝐵!,! 𝑠   𝐵!,!(𝑡)
!

!!!

!

!!!

𝐏!,!  .   ( 4 ) 
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Figure 4: Arbitrary Bézier surface and associated control mesh in model space 
(bottom) and a single basis function (top) corresponding to point 𝐏𝟎,𝟏, for a 
surface of degrees 3 and 2 in 𝑠 and 𝑡, respectively.  
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The definition of a Bézier surface involves exactly the same Bernstein basis 

functions as seen in a Bézier curve 𝐵!,! 𝑠  and 𝐵!,! 𝑡  but used to form separable 

blending functions (𝐵!,! 𝑠   𝐵!,! 𝑡 ) that weight the associated control point 𝐏!,!. The 

result is a surface 𝐒 𝑠, 𝑡  instead of curve   𝐂 𝑢 . The control points are arrayed in model 

space through a lattice of skewed quadrilaterals called a control mesh, where the point 

topology of the mesh corresponds to the 𝜆, 𝜌 indexing of equation ( 4 ). As with Bézier 

curves each basis function of Bézier surfaces 𝐵!,! 𝑠  and 𝐵!,! 𝑡  is positive over the 

open unit interval 0 < s, t <  1 so that each control point, 𝐏!,!, globally influences the 

whole surface in the amount of    𝐵!,!𝐵!,!𝐏!,!. An example of an arbitrary surface 

illustrating this is shown in Figure 4. 

In order to represent conics exactly, a homogeneous coordinates are used with the 

above formulations, resulting in a 4D space:   𝑋  ,𝑌  ,𝑍  ,𝑊   .  
 

𝐏!! =        

𝑋!
𝑌!
𝑍!
𝑊!

       =        

𝑥!𝑤!
𝑦!𝑤!
𝑧!𝑤!
𝑤!

     , 𝐏!,!! =        

𝑋!,!
𝑌!,!
𝑍!,!
𝑊!,!

       =        

𝑥!,!𝑤!,!
𝑦!,!𝑤!,!
𝑧!,!𝑤!,!
𝑤!,!

      

 

 𝐂𝒘 𝑢 =        

𝑋 𝑢
𝑌 𝑢
𝑍 𝑢
𝑊 𝑢

   = 𝐵!,!(𝑢)
!

!!!

𝐏!!   ,   ( 5 ) 

 

 

𝐒𝒘 𝑠, 𝑡 =        

𝑋 𝑠, 𝑡
𝑌 𝑠, 𝑡
𝑍 𝑠, 𝑡
𝑊 𝑠, 𝑡

   = 𝐵!,! 𝑠   𝐵!,! 𝑡
!

!!!

𝐏!,!!
!

!!!

  ,   ( 6 ) 

 

The fourth dimension W is the weighting coordinate used in projective space. To 

represent these 4D curves and surfaces in a 3D vector space representing the standard 

modeling Euclidean 3-space, the homogeneous coordinate W is divided through the 
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spatial coordinates X, Y, and Z to give the following rational forms of the curve and 

surface equations, respectively [17]:  
 

 𝐂 𝑢 =
𝐵!,!(𝑢)  𝑤!

!
!!! 𝐏!

𝐵!,!(𝑢)
!
!!! 𝑤!

      ,   ( 7 ) 

 

 

𝐒 𝑠, 𝑡 =   
𝐵!,! 𝑠   𝐵!,! 𝑡 𝑤!,!

!
!!!

!
!!! 𝐏!,!

𝐵!,! 𝑠   𝐵!,! 𝑡 𝑤!,!
!
!!!

!
!!!

      .  
 
( 8 ) 

 

In these forms, the weights 𝑤!  or 𝑤!,! must be specified by the user, each weight 

corresponding to its associated control point. The weights allow for flexibility in 

specifying the influence of the control point on the curve or surface, independently of the 

basis function. To represent a conic function exactly, one must determine the weights a 

priori to assign correct values of the control point coordinates.  

 

2.3 B-SPLINE AND NURBS CURVES AND SURFACES 

As pointed out in the previous section, Bézier basis functions are positive over the 

entire open interval and therefore all control points influence the curve from start to 

finish. Also, the degree is associated with the number of control points. These features 

are not always desirable and can be restrictive to the freeform modeler. B-splines, as a 

superset of Béziers, creates the ability to make local perturbations on the curves and 

surfaces associated with the basis functions, often referred to as local control. B-spline 

curves and surfaces of degree p and q are defined, respectively, by [16], 
 

 𝐂 𝑢 =    𝑁!,!(𝑢)
!

!!!

  𝐏!       ,   ( 9 ) 
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 𝐒 𝑠, 𝑡 =    𝑁!,! 𝑠   𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!  .   ( 10 ) 

 

Here, the B-spline basis functions are determined from, 
 

 𝑁!,!(𝑢) =   
  1, if  𝑢! ≤ 𝑢 ≤ 𝑢!!!
0, otherwise                    

      ,   ( 11 ) 

 
 

 𝑁!,! 𝑢 =
𝑢 −   𝑢!

𝑢!!! −   𝑢!
𝑁!,!!! 𝑢 +   

𝑢!!!!! −   𝑢
𝑢!!!!! −   𝑢!!!

𝑁!!!,!!! 𝑢   .   ( 12 ) 

 

This is a recursive definition of piecewise polynomials of a specified degree r 

given above as p or q. A significant difference between B-spline and Bézier functions, 

though, is the use of a knot vector in defining the B-spline, as indicated above by values 

𝑢! , 𝑢!!!, 𝑢!!!!!. A knot vector U describes the support of each basis function and so 

allows for local control point influence as opposed to the full range of influence of Bézier  

 

 

Figure 5: Arbitrary cubic B-spline basis functions of parameter u for knot vector 
=      0.0  , 0.0  , 0.0  , 0.0  , 0.1  , 0.2  , 0.3  , 0.4  , 0.5  , 0.6  , 0.7  , 0.8  , 0.9  , 1.0  , 
1.0  , 1.0  , 1.0 . Note the simlarity with basis functions 𝑁!,! 𝑢  though 
𝑁!,! 𝑢  as they possess the same knot spacing (defined later as knot 
intervals). 
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basis functions. The knot vector is an n + p + 1 monotonically increasing set of real 

numbers, each called a knot, 𝑈 =    𝑢!,… ,𝑢! ,… ,𝑢!!!!! . Here, n or m represents the 

total number of control points associated with the basis functions. Geometrically, this 

translates to control point influence in a more limited and local sense than the global 

influence that Bézier constructions exhibit. Due to the nature of the basis functions, 

uniform scaling of the knots as well as translation by a uniform value does not affect the 

curve or surface because only the relative distances between knots matter. 

Different spacing of knots can be made such that they are of uniformly increasing 

values or of a completely varying distribution of monotonically increasing knot values. If 

one uses the rational form of the B-spline equations, analogous to what was presented in 

Section 2.2 in the context of Bézier objects, along with the B-spline basis functions and a 

non-uniform knot vector, one describes a NURBS curve or surface: a Non-Uniform 

Rational B-Spline [17],  
 
 

 𝐂 𝑢 =
𝑁!,!(𝑢)  𝑤!!

!!! 𝐏!
𝑁!,!(𝑢)!

!!! 𝑤!
          ,   ( 13 ) 

 

 𝐒 𝑠, 𝑡 =   
𝑁!,! 𝑠   𝑁!,! 𝑡 𝑤!,!!

!!!
!
!!! 𝐏!,!

𝑁!,! 𝑠   𝑁!,! 𝑡 𝑤!,!!
!!!

!
!!!

        .   ( 14 ) 

 

This is a powerful definition that can describe many freeform geometric entities in a 

general and compact representation, from irregular freeform objects to exact conics. 

NURBS are a superset of B-splines and Béziers with the power to represent any of those 

objects witin its capacity. 
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2.4 MOTIVATING THE GENERALIZATION FROM NURBS TO T-SPLINES 

Although NURBS offer many benefits in freeform geometry over other 

representations, they suffer from some critical shortcomings. By definition, tensor 

product NURBS surfaces must employ a rectangular array of control points and hence a 

rectangular topology of basis functions [19]. When design criteria indicates local 

refinement, one can simply increase the number of control points to allow for finer 

feature quality by a process call knot insertion. Unfortunately, locally refining by 

increasing the number of control points necessarily propagates knot lines across the entire 

width of the surface patch such that the knot vector for the specific refined parameter 

direction is consistently maintained along the entire width of the tensor product. It is 

therefore common for models to grow to a size that slows computational performance, 

while forcing the modeler to deal with excess control points in regions never intended nor 

desired [20]. 

Another issue that arises in modeling with splines related to local refinement 

arises when adjacent, independent NURBS patches need to be connected across their 

boundaries. When neighboring NURBS surfaces are similar enough to allow it, merging 

the surfaces together to create a single tensor product NURBS patch can be achieved by 

making the control points of the adjacent tensor product patches conformal, where 

conformal patches possess adequately compatible control meshes for the intended 

continuity at the intersection. This approach with the NURBS definition can be achieved 

only by taking the union of the knot values of the two patches and knot refining each 

patch to produce equal numbers of shared control points. This is to say that if the knot 

vectors do not match at this edge, a scheme of inserting additional knots to each adjoining 

surface is required until they do match, lending to a further complexity of refinement 

[21]. When the respective control points do not match, they must be adjusted, often 
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averaged, thus perturbing the intended surface geometry. This can often result in a 

surface being pulled away from its original designed position [22]. 
 

2.5 T-SPLINE SURFACES 

A T-spline surface is defined with the same tensor product surface and B-spline 

basis function equations as a NURBS surface [23], 
 

 𝐒 𝑠, 𝑡 =   
𝑁!,! 𝑠   𝑁!,! 𝑡 𝑤!,!!

!!!
!
!!! 𝐏!,!

𝑁!,! 𝑠   𝑁!,! 𝑡 𝑤!,!!
!!!

!
!!!

        .   ( 15 ) 

 

Although equations ( 14 ) and ( 15 ) are identical, what distinguish T-spline surfaces from 

NURBS surfaces are their parameter space topologies and hence basis function 

evaluation. Whereas a NURBS surface requires 2 independent knot vectors that define 

the entire parameter space, T-splines consider each basis function in terms of the local 

knot values of influence. Such an aspect avails T-junctions, the defining feature of T-

splines (see Figure 6). T-junctions in parameter space are essentially restricted knot lines 

that terminate at intermediate knot values of the other, independent parameter. With T-

splines, T-junctions are created by virtue of the knots not being required to extend the full 

parameter space as is obligatory with NURBS surfaces. When a tensor product basis 

function requires evaluation for each control point, the parameter space topology is 

evaluated locally by considering the relevant basis functions that contribute to the surface 

at that point. To do this, the concept of a knot interval is introduced. A knot interval is 

simply the difference between two consecutive knot values in a knot vector, i.e., 

𝑠!!! − 𝑠! or 𝑠! − 𝑠!!!. A ray in parameter space is produced in each direction, per 

indices 𝜆 and 𝑗, to determine the knot intervals spanned. For a bicubic surface this  
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Figure 6: Arbitrary cubic T-spline. Top left: T-junction in parameter space at index 
𝜆,𝜌 , which corresponds to parameter space location 𝑠!, 𝑡! ; top right: 

knot interval ray evaluation at index 𝜆,𝜌 , parameter space location 
𝑠!, 𝑡! ; middle left: evaluated basis function 𝑁!,! 𝑠  at 𝑡!; middle right: 

evaluated basis function 𝑁!,! 𝑡  at 𝑠!; bottom: tensor product basis function 
  (𝑁!,! 𝑠 𝑁!,! 𝑡 ) for control point 𝐏!,!.  
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equates to 2 knot spans before and after the parameter of interest. In s this becomes 

𝑠!!! − 𝑠!!!, 𝑠!!! − 𝑠! and 𝑠! + 𝑠!!!, 𝑠!!! + 𝑠!!!. In 𝑡 this becomes 𝑡!!! − 𝑡!!!, 

𝑡!!! − 𝑡! and 𝑡! + 𝑡!!!, 𝑡!!! + 𝑡!!!. The basis functions, 𝑁!,! 𝑠  and 𝑁!,! 𝑡 , are then 

evaluated for the determined knot values. Using knot intervals allows for enforcement of 

rules on the topology of the basis functions where T-junctions are then allowed to exist. 

Figure 7 demonstrates this scheme by showing the topology of an arbitrary T-

spline in parametric space with parameters s and t. Knot intervals along any parametric 

line can be determined from the difference in knot values, say 𝑠! – 𝑠!, or by the locally 

subdivided portions induced by T-junctions and indicated by 𝑑! and 𝑒!. This allows the 

basis functions to be evaluated at any point by forming local knot vectors generated by 

these knot intervals. As shown for a degree 3 T-spline, the region of influence is 

determined by projecting out 2 knot intervals with rays in each parametric direction. The 

detailed rules for ray projection for arbitrary degree are documented in Finnigan [24]. 
 

 

Figure 7: Arbitrary T-Spline topology showing knots, e.g., 𝑠! and 𝑡!, and knot 
intervals, e.g., 𝑑! and 𝑒!, in parameter space (left). Cubic T-spline basis 
function influence as governed by the local knot vector (right). 

By using local knot vectors, T-spline rules allow for B-spline basis functions to be 

evaluated on a more local region than NURBS. To allow for this, and for the preservation 
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of the many rich properties NURBS and B-splines provide, the following rules must be 

satisfied [23]: 

 

Rule 1. The sum of knot intervals on opposing edges of any face must be 

equal. 

Rule 2. If a T-junction on one edge of a face can be connected to a T-

junction on an opposing edge of the face (thereby splitting the face 

into two faces) without violating Rule 1, that edge must be 

included in the T-mesh. 

Rule 3. If a knot is inserted into a control mesh creating a T-junction, the 2 

neighboring knot interval vectors in each direction need to be 

equal. 

 

T-spline surfaces that obey the above rules allow for representations not possible 

with tensor product NURBS surface definitions, including manifolds of arbitrary genus 

and surfaces with re-entrant corners. 

 

2.6 ISOPARAMETRIC CURVES (ISOCURVES) 

The concept of an isoparametric curve, or isocurve [17], is utilized frequently in 

this text and so a definition is given here. Isocurves can be derived from any of the 

surface definitions above, whether Bézier, B-spline, NURBS or T-spline, and are 

ubiquitously documented in CAGD references [16,17]. Without loss of generality, 

assume an arbitrary B-spline surface 𝐒 = 𝐒(𝑠, 𝑡) defined on a domain Ω = 𝑠!, 𝑠!!!!! ×

[𝑡!, 𝑡!!!!!] ⊂ ℝ!, with knot vectors 𝒮 and 𝒯, of degrees 𝑝 in 𝑠 and 𝑞 in 𝑡, respectively, 
 



 27 

 𝐒 𝑠, 𝑡 = 𝑁!,! 𝑠   𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!    . ( 17 ) 

 

Here, 𝐏!,! are the surface control points specified at user-defined locations. An isocurve 

is a spline based curve extracted from a surface along one of its parametric values. It is 

created by setting the other parametric value of the surface to a constant, e.g., 𝑠 = 𝑠, at 

the value where the intended isocurve is to be desired, 
 

 𝐈𝐒𝐎! 𝑡 = 𝐒 𝑠, 𝑡 = 𝑁!,! 𝑠   𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!      . ( 18 ) 

 

Because 𝑠 = 𝑠, the basis function 𝑁!,! 𝑠  can be fully evaluated. Grouping all of the 

known values of the expression together, we find,   
 

 𝐈𝐒𝐎! 𝑡 = 𝑁!,! 𝑡 𝑁!,! 𝑠 𝐏!,!

!

!!!

!

!!!

      . ( 19 ) 

 

We have defined the sum of evaluated basis functions with control points as follows,  
 

 𝐐! = 𝐐! 𝑠 = 𝑁!,! 𝑠 𝐏!,!

!

!!!

      , ( 20 ) 

 

where the values 𝐐! represent point values, making equation ( 20 ) analogous to   

equation ( 9 ),  
 

 𝐈𝐒𝐎! 𝑡 = 𝑁!,! 𝑡 𝐐!

!

!!!

      . ( 21 ) 

 

This is a spline curve with control points, embedded within the surface, that traces out a 

trajectory along constant parameter value. Note that the curve control points 𝐐! are 
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distinct from the surface control points 𝐏!,!. Also note that the isocurves above were 

evaluated in the 𝑡 spanning direction, yet the above equations are equally valid and 

derived similarly for the 𝑠 spanning direction. 
  



 29 

 

Chapter 3:  Solid Modeling and the Trim Problem 

 

3.1 CAD SYSTEM NEEDS BEYOND FREEFORM CURVES AND SURFACES 

The geometric entities described in Chapter 2 provide a representational form 

with which to create discrete point, curve and surface objects. Real models require 

amalgamations of an enormous number of these discrete objects, which are trimmed, 

split, and thoroughly modified to achieve complex, freeform shapes. A means of 

maintaining organization, validity, and soundness of such a complex arrangement falls 

within the field known of solid modeling. The necessity of such a methodology becomes 

even more crucial when considering the unsettled issues involved in calculating the 

intersection of arbitrary freeform spline surfaces, i.e., commonly referred to as the trim 

problem. 

 

3.2 PARAMETRIC SURFACE-SURFACE INTERSECTION (SSI) 

Intersection between independent tensor product surfaces is referred to as surface-

surface intersection (SSI) and is a well-researched area within CAGD [25,26]. Using 

equation ( 14 ), formulation of the problem leads to 3 nonlinear equations of 4 unknowns, 

namely, the 2 sets of bivariate tensor product parameters within each surface, 
 

 𝐒! 𝑠!, 𝑡! = 𝐒! 𝑠!, 𝑡!       ,  
( 22 ) 
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𝑁!,! 𝑠!   𝑁!,! 𝑡! 𝑤!,!!
!!!

!
!!! 𝐏!,!

𝑁!,! 𝑠!   𝑁!,! 𝑡! 𝑤!,!!
!!!

!
!!!

  

=     
𝑁!,! 𝑠!   𝑁!,! 𝑡! 𝑤!,!!

!!!
!
!!! 𝐏!,!

𝑁!,! 𝑠!   𝑁!,! 𝑡! 𝑤!,!!
!!!

!
!!!

          .  
( 23 ) 

 

Here we state that the spline surface 𝐒! = 𝐒!(𝑠! , 𝑡!) is defined on a domain 

Ω! = 𝑠!"#! , 𝑠!"#! ×[𝑡!"#! , 𝑡!"#! ] ⊂ ℝ!, and has knot vectors 𝒮! and 𝒯!, respectively. The 

superscript on each parametric variable is an indicator of the spline surface to which the 

variable belongs and not as an exponent to which the variable is elevated; when 

necessary, the exponent will be clearly indicated in a manner to distinguish itself from 

this surface index. 

When trying to solve equation ( 23 ), a basic mathematical fact arises: exact 

implicit surface-surface intersection of two low-degree polynomial surfaces is a 3D curve 

of very high degree.  For example, the solution to the intersection of two arbitrary bicubic 

surfaces is a 3D curve of degree 324 [15]. While it is theoretically possible to compute 

the coefficients of such a high degree polynomial intersection curve based on the 

parameters of the two polynomial surfaces, that computation would not be realizable 

within CAD environments given the computing limitations as well as the practicality of 

using the resulting high degree curve in practice.  The resulting geometric objects of 

exceedingly high degree and daunting complexity would not be amenable to algorithmic 

software implementation, let alone further trim operations (consider the progressively 

complex object created, e.g., intersecting two degree 324 surfaces, and so on). The 

associated roundoff errors produced in solving such a polynomial computationally would 

be difficult to control. This has given rise to various numerical approaches such as tracing 

methods, lattice methods, subdivision methods and marching methods [27–29], just to  
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Figure 8: Ordered point sets computed by an SSI operation. Various algorithms can be 
used to produce different point sets.  

name a few. The specific details of these approximation techniques are not as important 

as the consequences of employing these methods. 

In a typical CAD environment, numerical intersection algorithms are processed 

within proprietary software, hidden from the user. The most common approach is 

outlined as follows [4,30]. Numerical solutions are computed point-wise as ephemeral, 

ordered point sets (see Figure 8). The intersection algorithm creates these ordered point 

sets, the details of which are heavily implementation specific. Two interpolating 

parametric curves are then fit through the points produced by the numerical intersection 

algorithm (see Figure 9). Interpolation is performed independently between parametric 

and model space data, with the point sets being deleted after curve creation. 
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A conventional CAD system generally applies the following process for a trim 

operation between surfaces 𝐒! and 𝐒!:  
 

1. Numerically compute (sample) a set of points 𝑆𝑂𝑃!" that reside on (or 

sufficiently near) the surface-surface intersection in 3D model space (MS), 

scattered across the surface-surface intersection, and/or, compute a set of 

intersection-related points 𝑆𝑂𝑃!"# in the parameter space (PS) of spline 

surface 𝐒!, and/or, compute a set of intersection-related points 𝑆𝑂𝑃!"# in 

the parameter space of the spline surface 𝐒!;  

2. Generate a curve 𝐂!"  in 3D model space, based on the set of points 

𝑆𝑂𝑃!", where the curve 𝐂!" approximates the surface-surface 

intersection, e.g., by interpolating the set of points 𝑆𝑂𝑃!";  

3. Generate a trim curve 𝐂!"# in the 2D parameter space domain Ω! of the 

spline surface 𝐒!, based on the set of points 𝑆𝑂𝑃!"#, where the trim curve 

𝐂!"# approximates the preimage of the surface-surface intersection under 

the spline map 𝐒!, e.g., by interpolating the set of points 𝑆𝑂𝑃!"#;  

4. Generate a trim curve 𝐂!"# in the 2D parameter space domain Ω! of spline 

surface 𝐒!, based on the set of points 𝑆𝑂𝑃!"#, where the trim curve 𝐂!"# 

approximates the preimage of the surface-surface intersection under the 

spline map 𝐒!, e.g., by interpolating the set of points 𝑆𝑂𝑃!"#.  
 

Although it is generally close to within a particular precision, the model space 

curve 𝐂!" is not guaranteed to lie on the actual surface in model space. Such 

approximations are neither widely recognized nor understood by CAD users themselves. 

The approximation curves are generally of fine enough detail to avoid making those  
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Figure 9: Curve interpolation occurs independently in model and parameter space 
after being generated by a chosen numerical point-based operation. 

 

Figure 10: Resulting trimmed surface shown graphically to user. 
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performing SSI operations suspicious of the results of the algorithm. The graphics 

properly display the desired trimmed surface to an acceptable visual accuracy (see Figure 

10). The overwhelmingly critical SSI result is that no new surfaces are created nor are 

existing surfaces ever modified [4]. The ramifications of this cannot be overstated as this 

simple detail necessitates a critical supplementary infrastructure that takes the form of 

solid modeling, as described in detail in the next section. 

A fundamental problem with not altering the surface geometry within the trim 

operations is that the resulting surfaces do not meet in a 𝐶! across the geometric 

intersection of the original surfaces. This lack of continuity should be no surprise, as the 

original surfaces are never modified to reflect the trim information. Using current SSI 

technology, each trim operation exhibits an independent profile of small scale deviations 

from the true geometric intersection, referred to in the field as gaps. This is a direct result 

of the SSI operation’s utilization of numerical sampling followed by approximation, often 

by interpolation. 

Figure 11 is a blowup the intersection of the trimmed surfaces 𝐒!,!"#$$%& and 

𝐒!,!"#$$%&, exhibiting some of the gaps at the intersection that are only noticeable upon 

zooming into the image. While graphically it may seem correct at a distance, trim 

operations typically violate the intuitive expectation that the trimmed surfaces should 

have a 𝐶! interface across the geometric intersection of 𝐒! and 𝐒!. The graphics are often 

a result of rasterization or ray-tracing algorithms that employ unique pixel-wise 

procedures to resolve the graphical gap. These techniques often are not sufficient for 

applications outside of graphics, such as computational analysis.. 

Observe that, in the above defined SSI operation, there are three available model 

space approximations to the exact surface-surface intersection: the trajectory of the model 
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Figure 11: Resulting gap produced from the surface-surface intersection algorithm. 

space curve 𝐂!", the image 𝐒! 𝐂!"#  of the trim curve 𝐂!"# under the spline map 𝐒!, and 

the image 𝐒! 𝐂!"#  of the trim curve 𝐂!"# under the spline map 𝐒!. Each of those 

approximations exhibits an independent profile of deviations from the exact surface-

surface intersection 𝐒𝐒𝐈!"#$%, and disagrees with the other approximations as 
 
 𝐂!" ≠ 𝐒𝐒𝐈!"#$%      ,   ( 24 ) 

 
 𝐒! 𝐂!"# ≠ 𝐒𝐒𝐈!"#$%      ,   ( 25 ) 

 
 𝐒! 𝐂!"# ≠ 𝐒𝐒𝐈!"#$%      ,   ( 26 ) 
 
 𝐒! 𝐂!"# ≠ 𝐂!"      ,   ( 27 ) 
 
 𝐒! 𝐂!"# ≠ 𝐂!"      ,   ( 28 ) 
 
 𝐒! 𝐂!"# ≠ 𝐒! 𝐂!"#       .   ( 29 ) 
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In the above list, the notation 𝐗 ≠ 𝐘 may be interpreted as meaning that the 

Hausdorff distance between the sets of points 𝐗 and 𝐘 is greater than zero. The gaps 

between the trimmed surfaces are especially a result of the inequality 𝐒! 𝐂!"# ≠

𝐒! 𝐂!"#  as this ensures a lack of 𝐶! continuity. 

In the case of both surfaces being trimmed (i.e. surface modeling, as explained in 

the next section), there may be a separate model space curve 𝐂𝐒!"! for each surface 𝐒! 

participating in the intersection. For example, surface 𝐒! may be trimmed relative to 

surface 𝐒!, and surface 𝐒! may be separately trimmed relative to surface 𝐒!. Each 

trimming operation may generate a corresponding set of intersection points 𝑆𝑂𝑃!"! in 

model space, and thus, result in a separate model space curve 𝐂𝐒!"!. Thus, to the above 

multiplicity of set disagreements, we should add, for each k, 
 
 𝐂!"! ≠ 𝐒𝐒𝐈!"#$      ,   ( 30 ) 

 
 𝐂!"! ≠ 𝐒! 𝐂!"#       ,   ( 31 ) 

 
 𝐂!"! ≠ 𝐒! 𝐂!"#       .   ( 32 ) 

 

Therefore, a trim operation on spline surfaces generally results in at least one model 

space curve and a set of parametric trim curves per spline surface. As previously pointed 

out, because these curves represent separate approximations to the geometric intersection, 

gaps and openings are introduced along the geometric intersection. Furthermore, and just 

as vexing, the editable surface features of the tensor product spline surfaces (e.g. control 

points, degree, weights, etc.) are rendered un-editable and static. If control points of the 

unmodified surfaces were to be altered, the SSI operation would need to be rerun and 

new trim curves computed. This is not a feature of CAD systems and this capability is not 

offered. Trimmed objects become frozen forms, whose control points cannot be 

manipulated, making them uneditable by the feature that makes them desirable to 
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designers. The only non-affine transformations available to the user are essentially more 

intersection operations! 

The above described operation and associated ramifications are known in CAD as 

the trim problem, or the SSI problem (surface-surface intersection).  The trim problem is 

considered to be one of the top five problems in CAGD and solid modeling, and many 

consider it to be the most important problem, as evidenced by the quote from Hoffmann 

at the start of the introduction. This problem affects all users of the resultant model, 

including the numerous downstream users and applications of the model.  To date, there 

has been no general solution to this problem. The scope and weight of the problem may 

be summarized with an excerpt from [31], by one of the industry’s leading experts on the 

topic, Tom Sederberg:  

“The existence of these gaps in trimmed NURBS models seems innocuous and 
easy to address, but in fact it is one of the most serious impediments to 
interoperability between CAD, CAM and CAE systems [32]. Software for 
analyzing physical properties such as volume, stress and strain, heat transfer, or 
lift-to-drag ratio will not work properly if the model contains unresolved gaps. 
Since 3D modeling, manufacturing and analysis software does not tolerate gaps, 
humans often need to intervene to close the gaps. This painstaking process has 
been reported to require several days for a large 3D model such as an airplane 
[33] and was once estimated to cost the US automotive industry over $600 million 
annually in lost productivity [34]. At a workshop of academic researchers and 
CAD industry leaders [33], the existence of gaps in trimmed-NURBS models was 
singled out as the single most pressing unresolved problem in the field of CAD.” 
 

Currently there is no direct solution to the trim problem. Instead, most industries 

have developed alternative surface descriptions that attempt to avoid the issues stemming 

from SSI. The alternative surface descriptions approximate the originally supplied 

surface splines, often at significant translational cost and effort. Examples of alternative 

surface descriptions include subdivision surfaces and faceted remeshing with geometric 

healing. As another example, T-splines might be constructed to represent a multi-patch 
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NURBS surface geometry, given an appropriate set of conditions. Unfortunately, these 

alternative surface descriptions introduce additional approximations, add many new 

problems not present in the original model, and either do not allow for trim operations or 

provide for trim operations in a manner that is unreliable and difficult to use.  

As noted above, without correction, the gaps between the trimmed surfaces of 

object models would severely compromise downstream processes such as engineering 

analysis, manufacturing, graphics rendering and animation. For example, in a thermal 

analysis, the computed flow of heat between the trimmed surfaces would be disrupted by 

such gaps.  In the context of 3D printing, the gaps would translate into specified locations 

where required material would not be deposited, and the structural integrity of the 

resulting printed object would be undermined. In graphics, if not properly handled, the 

rendered image would contain the appearance of cracks at the gaps. In animation, the 

objects and characters would separate when dynamically actuated. 

As further noted above, the correction of such gaps between trimmed surfaces 

unfortunately involves the exertion of intensive human labor. For example, prior to 

engineering analysis, the model may be converted into a continuous mesh of triangles, 

polygons, or other polytopes. Tremendous human labor is typically required to heal, or 

fix, the gaps by injecting a myriad of small polygons to fill the open area left between 

surfaces. The gaps may be so numerous and of such small scale that it can challenge the 

human capacity to detect and ameliorate all gaps in a single pass of human gap 

correction. Repeated cycles of analysis, machining, rendering, animation, depending on 

process of interest, may be dedicated to nothing more than identifying gap locations not 

caught by previous manual iterations. This can substantially decrease the time and budget 

available for meaningful analyses that would otherwise inform optimizations of the 

model design.   
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There is a need for algorithms capable of performing intersection operations on 

surfaces such that the resulting surfaces meet 𝐶! across their geometric intersections. 

Furthermore, there exists an urgent need for mechanisms capable of reconstructing 

surfaces in a previously created gap-replete representation so that the reconstructed 

surfaces meet 𝐶! (i.e., conformal) across their geometric. There is a massive backlog of 

leaky models that fill modelers’ libraries. Procedures to resolve this may enable the 

benefits of technologies to be more fully and systematically realized, such as 

isogeometric analysis (IGA) [6], product lifecycle management, and additive 

manufacturing. 

With or without gaps, and before the model is accessed downstream from the 

CAD system, a means of maintaining model integrity within the CAD application is 

fundamental, without which there is no representational reliability. In light of the trim 

problem, and given the sheer intricacy of real world models, another means of 

organization was cleverly created in order to enforce accurate and reliable CAD 

modeling. 

 

3.3 SOLID MODELING 

Solid modeling is a diverse field spanning many distinct, yet significantly related, 

topics and disciplines. The voluminous research, literature, and computational 

implementations on the topic were formulated between the 1970s and 1990s to meet the 

demand for CAGD systems used in engineering applications [35,36]. As of late, most 

commercial solid modeling software packages have focused on a similar set of operating 

principles, based primarily on industrial performance. 
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In general, solid modeling provides a significantly precise and specific means of 

representing 3D physical objects in a mathematical or computational sense, along with 

facilities for generating and editing these representations. According to Shapiro [37], 

“solid modeling is distinguished from other areas in geometric modeling and computing 

by its emphasis on informational completeness, physical fidelity and universality.” This 

feature of solid modeling extends from the mathematical basis to the data structures used 

computationally [38]. 

The earliest efforts of solid modeling sought to define principles for establishing 

valid solid representations. Real world physical objects are described as mathematical 

entities (mathematical models), which are then cast in symbolic structures (symbolic 

representations) [39–46]. The challenge is to create definitions that guard against artifacts 

in generating solids, such as dangling edges.  

The concept of defining solid modeling this way has led to many different 

representational schemes, many of which are familiar to those in engineering and 

computer science, although generally not cast as explicitly and completely as in the solid 

modeling community. The following are the most common representational schemes 

[37,43,47]: 

 

1. Spatial enumeration (i.e. voxels or structured polytope meshes) 

2. Cell decomposition (i.e. unstructured polytope meshes) 

3. Constructive solid geometry or CSG 

4. Sweep representations 

5. Boundary representations (also referred to as Brep, B-rep, b-rep or brep).   

6. Primitive instancing  

7. Implicit representations 
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CAD systems initially developed around use of CSG and b-rep schemes, along 

with some sweep representations. Hybrid representations between these types began to 

emerge through the 1980s until the b-rep scheme for handling general freeform geometric 

models became, and now is, the dominant representatial scheme in almost all CAD 

systems [38]. 

B-reps can be understood as solids defined by a boundary skin, whether manifold 

or non-manifold. For those not familiar with b-reps, it is essential to understand that the 

solid defined in this manner does not equate to an explicit description of the internal body 

of a volume, hence the name boundary representation. As shown in Figure 12, the 

boundary is enforced by a major assumption of the b-rep scheme and underlying data 

structures: topology and geometry are separate components [2]. This important 

distinction is what gives the method its power but also causes the most confusion to the 

uninitiated. We then talk about solid objects defined by the topological data referencing 

multiple lower dimensional geometric entities. These geometric objects most often take 

the form of NURBS curves and surfaces, as described in detail in the previous chapter. 

The separation of topology and geometry in the b-rep structure is fundamental to 

 

 

Figure 12: B-rep data structure primary assumption: separation of topology and 
geometry. 
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grasping the scheme, as well as how CAD systems process solid modeling operations on 

such objects and the effect on downstream functions. 

At minimum, the following topological entities are required in a b-rep scheme: 

faces (𝐹!), edges (𝐸!), and vertices (𝑉!). In a topological sense only and without any 

geomteric form themselves, faces bound an object and are bound themselves by edges; 

edges are bound by vertices. One can think of these entities in a graph structure as they 

have no physical form in 3D space, unlike their geometric counterparts. These three 

topological entities are associated with the geometric objects of surfaces, curves, and 

points, respectively. Those with a programming background may think of the 

associations between topological and geometric entities as pointers. As shown in Figure 

13, a b-rep comprises relationships between the topolgical entities and the geometric 

objects to which they refer. Most commercial solid modelers use more additional 

topological entities beyond the minimum for convenience of processing speed and  

 

 

Figure 13: The minimal set of topological and geometric objects required to produce a 
valid b-rep scheme. 
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robustness, like shells, loops, bodies, and co-edges, just to name a few, although they are 

redundant. 

Typical CAD models in industrial applications use many b-rep solids in the 

process of building up parts and assemblies. During this process, a fundmental technique  

in modeling employs Boolean operations on these b-reps [4]. Boolean operators 

implement set-theoretic functions applied in a manner that strives to maintain the b-rep 

data structure. In addition to these base operations, the expected modern suite of b-rep 

solid modeling operators has been enriched with a collection of algorithmic constructors, 

including sweep, loft, extrude, offset, blend and bevel [1].  

When Boolean operations are instantiated between objects, two things occur: a 

call to perform SSI operations between the appropriate surfaces is made, creating 

approximating curves as described above, and the topology is then updated to ensure 

integrity and validity of a solid b-rep [4]. Membership classification operators are used to 

qualify the appropriate objects relative to each solid [16]. The solid is made topologically 

correct again through use of compliant data structures, like the winged-edge data 

structure [48]. The tools for manipulating these data structures are designed to enforce the 

Euler-Poincaré equation, and its variants [47]; parametrically [16], 
 

 𝑉 − 𝐸 + 𝐹 − 𝐻 = 2 𝐵 − 𝐺   ,  
 

( 33 ) 
 

where, 

𝑉 ∶= the number of vertices, 

𝐸 ∶= the number of edges, 

𝐹 ∶= the number of faces, 
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𝐻 ∶= the number of loops, the number of inner, or hole, loops, or ordered edges 

bounding open portions of a face, 

𝐵 ∶= the number of shells, defined as being an internal void of the solid, and 

𝐺 ∶= the genus of the solid. 

 

The methodology described above, which is employed in the majority of 

commercial systems, ensures topologically well-formed CAD models, without having 

watertight geometry, but only a trimmed geometric approximation. B-rep interrogations 

allow for standard modeling operations to result in new, valid b-reps. As explained 

above, SSI operations on the bounding surface geometry are not closed under such 

operations. This has serious implications for downstream processes such as graphics, 

computer-aided engineering (CAE), computer-aided manufacturing (CAM), and 

visualization, among others. 

As such, two significant paradigms within computer-aided design with regards to 

modeling procedures have emerged: surface modeling and solid modeling [4].  In surface 

modeling, an object is represented simply as a set of unconnected surfaces, without 

maintaining a model of the topological structure corresponding to the relationships 

between the geometric features of the object.  Thus, while the user may design two 

trimmed surfaces within an object that apparently intersect along a given curve, the CAD 

system does not explicitly record the topological or geometric relationship between the 

trimmed surfaces or associated points and curves. Thus, in surface modeling, surfaces are 

operated on as independent entities. The resulting model may contain significant errors, 

data structure violations, and may be altogether inaccurate relative to the design intent. 

Further, the lack of structure makes it unusable to most downstream consumers. The 

advantage is that the model is more flexible and the memory footprint is much smaller. 
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In solid modeling, the specification of an object requires the specification of both 

topology and geometry, as outlined above. Solid modeling may be used to create a 2-

manifold or even a non-manifold object (despite the use of the name solid). The sphere 

𝑆! and the torus 𝑇! are common examples of 2-manifolds. An example of a non-

manifold object is the arbitrary union of two planes as this object fails the defining 

condition for a 2-manifold at each point along the intersection of the two planes. Another 

example of a non-manifold object is the union of two spheres that touch each other at a 

single point of tangency. All of these objects, manifold or non-manifold, can be made to 

be valid solid models. 

When a Boolean operation (union, intersection, set difference) is performed in 

CAD in the context of solid modeling, the CAD system will update the b-rep in a variety 

of ways, e.g., depending on the data structure format of the boundary representation, as 

well as the solid modeling algorithm applied, e.g., use of Euler operators or a variety of 

alternative operators.  As an illustrative example in view of Figures 8-11, the b-rep may 

be updated by the following strategy:   

1. Add a new topological edge 𝐸 and associate the curve 𝐂!" with the new 

topological edge 𝐸;  

2. Split an existing topological face 𝐹! corresponding to the spline surface 𝐒! 

along a new topological co-edge 𝐸! corresponding to the trim curve 𝐂!"#, 

to obtain two subfaces 𝐹!! and 𝐹!!; 

3. Associate the topological co-edge 𝐸! with the edge 𝐸 and with the trim 

curve 𝐂!"#;  

4. Select one of the two sub-faces 𝐹!! and 𝐹!! to be retained and the other to 

be discarded, i.e., depending on the identity of the Boolean operation 

(intersection, subtraction, or union), and/or, on user input;  
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5. Replace the face 𝐹! with its selected subface 𝐹!! (or 𝐹!!), and associate the 

spline surface 𝐒! with the selected subface 𝐹!! (or 𝐹!!),  

6. Repeat steps 1-5, substituting topological and geometric entities associated 

with 𝐒! for 𝐒!. 

 

These operations are checked stepwise for both local and global topological 

validity [49], ensuring the b-rep data structure is valid. In the end, the geometry will still 

be approximated as it is in surface modeling. But unlike surface modeling, there is a rich 

toplogy that is now associated with the geometric objects, albeit, in an adjunct fashion. 

One subtle, yet very important point should be appreciated though: if the geometry were 

to take on a watertight and conformal configuration, the b-rep topology would be 

expressed through the exact boundaries of the geometric objects.  

 

3.4 SOLID MODELING EXAMPLES THAT INCLUDE SSI OPERATIONS 

To understand the way in which solid modeling and SSI work together on simple 

models, Appendices A, B, and C show fully detailed examples of common composite b-

reps produced using solid modeling Boolean operations. 

Appendix A shows single bicubic B-spline patches and the corresponding solid 

modeling b-rep data structure. This highlights the invariance of the topological data for 

the difference in surface description, hence the separation of geometry and topology in 

the b-rep data structure. 

Appendix B shows the extremely simple case of two bicubic planes intersecting. 

One immediately notices the complexity required to maintain the integrity of even the 

simplest of solid models. A comparison is made between which part is retained and 
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which part is not, which clearly demonstrates no change to the actual surface 

representations. 

A more complex model is shown in Appendix C as the intersection of two 

cylinders, common in engineering as two intersecting pipes. The complexity of the data 

required to represent the solid model is considerable, and here an opportunity is taken to 

compare a solid modeling operation with a surface modeling operation. Again, no 

changes are made to update the surface representations, yet the topological updates for 

the solid modeling Boolean are extensive. 
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Chapter 4:  Resolving the Trim Problem – Outline and Overview 

 

4.1 THE ANATOMY OF THE ALGORITHM: ELEMENTS AND PROCESSES 

As described in earlier chapters, current b-rep CAD solid modelers rely heavily 

on approximation and interpolation when performing Boolean operations, where 

numerical solutions of point sets that reside on (within numerical tolerance) the surface-

surface intersection in the 3D model space are computed. Respective sets of intersection 

points are computed in the parameter spaces of the spline surfaces involved in the 

intersection and or approximation. Interpolated spline curves are independently fit to each 

point set, creating a geometric disparity along the intersection. An auxiliary topological 

procedure is employed to create an ancillary data structure that provides an independent 

means of maintaining soundness and validity to the solid model. The intentional 

separation of geometry and topology provides a means for successfully accomplishing 

Boolean operations, in lieu of the trim problem, as proven in the technology’s long-

standing dominance within industry. Yet the consequences of this separation have been 

shown to be vast and significant. 

The next three chapters outline a geometric and topological reconstruction process 

meant to serve as a replacement for the current paradigm of producing gap-riddled 

models. As such, we will create two output tensor product surface patches such that their 

boundaries meet continuously along a portion of the model space curve and the union of 

the images of the two output surface patches approximates a neighborhood in the image 

of the spline surface 𝐒!, i.e., a neighborhood that straddles the surface-surface 

intersection. This could also be described as a boundary of a union of images of the first 
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set of output surface patches and a boundary of a union of the images of the second set of 

output surface patches that meet 𝐶! across the model space curve 𝐂!". Furthermore, the 

b-rep topology will be updated to furnish significant information about the geometric 

objects’ parameter spaces, hence sewing back together the geometry-topology divide. 

This concept can greatly benefit CAD systems by eliminating the SSI problem, 

considered the top problem in the field [33]. We outline the chapters below by a natural 

division of both theory and algorithmic implementation. 

 

4.1.1 Parameter Space Analysis 

Analyzing the input topology and geometry is a pivotal first step in understanding 

the architecture of a trim solution outlined in Chapter 5. This is an important component 

often underutilized by those in fields outside of solid modeling. Without utilizing this 

data, an immense effort is required to establish it by often inefficient and indirect means. 

It will be shown that proper topological analysis of a b-rep model leads to simple 

identification of degeneracies, special cases, and extraordinary points. Leveraging the 

power of solid modeling yields immense dividends, especially through existing CAD 

infrastructure that has optimized these operations over many decades. 

Another way of considering the above issues is by considering the following: If a 

valid, watertight spline surface is somehow constructed then it is, by definition, a 

mapping from a tensor product parameter space to model space. But what does this new 

parameter space look like and how was it produced? There must be information from the 

existing data that provides the building blocks to answer this question with a clear, robust 

methodology and with minimal complexity. We will show that this information can be 

obtained from an analysis of the b-rep topology and the parameter space trim curves. 
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4.1.2 Reparameterization and Reconstructing the Global Parameter Space 

Having inspected the input data, the gaps in the original surface-surface 

intersection will need to be repaired.  Before we seek to create new surfaces 𝐒! and 𝐒! 

under the constraint that we must maintain the same continuity within the original surface 

patches, 𝐒! and 𝐒!, respectively, we must define a suitable corresponding parameter 

space for the new surfaces. 

The process described in Chapter 6 will extract necessary data from the existing 

objects to do this and in the process motivate a new area of potential research. The 

reparameterization procedure described in this chapter is applied in a novel way, under 

specific circumstances related to the trim problem, providing a new tool to explore the 

space of solutions. This affords users and developers another degree of freedom in the 

representation of surfaces, in this case watertight. 

 

4.1.3 Model Space Surface Reconstruction 

With a global parameter space created from the input b-rep SSI information, we 

will then turn to reconstructing the model space geometry to correctly reflect the 

intersection requirements. The two critical considerations for a successful reconstruction 

are that the resulting surfaces meet 𝐶! across their geometric intersections and that the 

original surface geometry is maintained. Chapter 7 presents a unique approach to 

accomplish these operations that turns out to be simple, robust, and algorithmically 

straightforward because of certain properties specific to B-splines. 
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4.2 DATA INPUT FOR THE POST-SSI ALGORITHM  

For the purposes of describing the technology and detailing the algorithm, we will 

assume that a valid b-rep solid model exists, as outlined in previous chapters. We will 

demonstrate that the methodology described in the following chapters can operate on an 

existing b-rep solid model to repair the gaps at surface-surface intersections. Thus, the 

algorithm will be referred to as the Post-SSI algorithm.  A Pre-SSI algorithm will be 

outlined in the conclusion as a simple modification of this approach, allowing for 

watertight objects at the user’s initiation of the Boolean solid modeling operation. 

Separation of these related methods allows for both the repair of existing gap-ridden 

models as well as a correct-by-construction implementation, by use of the Post-SSI and 

Pre-SSI algorithms, respectively. 

The input for the Post-SSI algorithm is a b-rep created using one or more 

(typically many) solid modeling Boolean operations on the associated tensor product 

spline surfaces such as NURBS surfaces or T-Spline surfaces. These b-rep solid models 

may be provided in a common CAD file format or may exist in the kernel of a CAD 

system, in which case the b-rep may have a specialized internal format. In terms of a data 

structure, different CAD packages have different data structure realizations.  

Furthermore, there are many different file formats used to represent the b-rep data outside 

of an application. For execution of the Post-SSI algorithm, the data structure type and 

data file format of the CAD file does not need be of any specific standard, be it a 

proprietary specification or interoperability standard. Some examples of data file formats 

include, but are not limited to, ACIS (*.sat, *.sab), STEP (*.stp, *.step), Rhino (*.3dm,), 

etc. The important point here is to emphasize that the approach is agnostic with respect to 

data structures, so long as the model is a valid b-rep solid model and one can access the 

necessary information. The Post-SSI algorithm may operate on b-reps from any source, 
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but not on alternative representations that do not have explicit topology, e.g., polytope 

meshes (structured or unstructured), constructive solid geometry (CSG) data, and implicit 

geometric representations. Unlike b-reps, these representations possess topology implicit 

in their definitions. This is not a particularly limiting factor considering that almost all 

current CAD systems are primarily NURBS based b-rep solid modelers [50]. 
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Chapter 5:  Parameter Space Analysis 

 

5.1 THE RECONSTRUCTION ROLE OF THE PARAMETER SPACE TRIM CURVE  

This chapter is concerned with the first of three stages of the watertight algorithm, 

as outlined below in three constituent parts along with a prepossessing step. This stage 

provides the critical first phase towards connecting the geometric divide that exists 

between the independent surface parameter spaces. An analysis of the initial topological 

and geometric associations is critical for any efficient and robust reconstruction process. 

 

5.2 PREPROCESSING: TOPOLOGY TRAVERSAL 

There is a topology-geometry separation that exists in b-rep solid modeling. As a 

preprocessing operation, the Post-SSI algorithm first needs to traverse the b-rep to 

identify a set of topological entities associated with the surface-surface intersection 

geometry, e.g., a pair of topological faces 𝐹! and 𝐹! that share (a) topological edge(s) 𝐸!, 

bounded by vertices 𝑉!.  This operation will lead to the appropriate geometric trim data. 

CAD topological navigation may be performed in any of a variety of ways depending on 

the format of the b-rep data structure, yet is a common and trivial operation for any 

modern solid modeler.  The face 𝐹! is associated with a spline surface 𝐒! and one or more 

parameter space trim curves whose images reside in the 2D parametric domain of the 

spline surface 𝐒!, based on edge references. The b-rep stores all the spline curves and 

spline surfaces in terms of data sets of geometric information.  For example, the 

geometric data set for a curve will include its degree, knot vector, weights, control points, 
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etc.  The geometry of a surface will consist of similar data, but in two dimensions.  Given 

a trim edge 𝐸 identified where the SSI operation took place, we identify the parameter 

space (PS) trim curve 𝐂!"# associated with 𝐒!.  Likewise, the face 𝐹! is associated with a 

spline surface 𝐒! and one or more parameter space trim curves whose images reside in 

the 2D parametric domain of the spline surface 𝐒!.  One of those parameter space trim 

curves, which we denote as 𝐂!"#, is associated with edge 𝐸, the same edge linked to 

𝐂!"#. Furthermore, the edge 𝐸 is associated with a single curve 𝐂!" in model space 

(MS). We can now proceed knowing the topological relationship between 𝐂!"#, 𝐂!"#, 

and 𝐂!". 

We state that the spline surface 𝐒! = 𝐒!(𝑠! , 𝑡!) is defined on a domain Ω! =

𝑠!"#! , 𝑠!"#! ×[𝑡!"#! , 𝑡!"#! ] ⊂ ℝ!, and has knot vectors 𝒮! and 𝒯!. The superscript on each 

parametric variable indicates its associated spline surface and not an exponent for which 

the variable is elevated; when there is any chance of confusion, the exponent will be 

clearly indicated in a distinguished manner. 

 

5.3 SEGMENTATION, CLASSIFICATION, AND CLUSTERING 

Having identified the trim curves associated with an edge, each parameter space 

trim curve 𝐂!"! is processed by the following order of operations: segmentation, 

classification, and then clustering. The segmentation process identifies key points along 

the parameter space trim curve 𝐂!"!, the classification operation assigns parameter labels 

to segments lying between these calculated segmentation points, and finally, the 

clustering operation combines similar adjacent segments for convenient processing 

during the next series of watertight operations. See Figure 14 for an illustrated example 

of each of these three steps detailed in the text. 
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The specific goal of the segmentation, classification, and clustering operations is 

to partition the parameter space trim curve 𝐂!"! 𝑢! = [𝑠! 𝑢! , 𝑡! 𝑢! ]! into segments 

associated, i.e., labeled with either the first surface parameter, 𝑠!, or of the second surface 

parameter, 𝑡!, in the parameter space of the bivariate tensor-product surface, 𝐒!(𝑠! , 𝑡!). 

These segments will be used to determine the reconstructed parameter space, Ω! =

𝑠!"#! , 𝑠!"#! ×[𝑡!"#! , 𝑡!"#! ] ⊂ ℝ!, of the watertight bivariate tensor-product surface, 

𝐒! = 𝐒!(𝑠! , 𝑡!). The segmentation process uses curve feature criteria that identify specific 

points on the parameter space trim curve 𝐂!"!(𝑢!! ) = [𝑠! 𝑢!! , 𝑡! 𝑢!! ]!. The 

classification process uses these segmentation points to assign either the 𝑠! or 𝑡! 

parameter value as a label to the curve portions between the segmentation points. This 

classification provides a means for the reparameterization and reconstruction processes, 

to replace the arbitrary curve segment as a function of both 𝑠! and 𝑡! with either an 𝑠! 

isocurve or a 𝑡! isocurve within a new parametric surface domain. The clustering 

operation is a convenience for processing, grouping adjacent segments of the same 

classification together for simultaneous downstream processing. 

Along with segmenting, classifying, and clustering the parameter space trim curve 

𝐂!"!, points on the parameter space trim curve known as extraordinary points (also 

known as singular points or degenerate points of a tensor product surface patch edge) are 

identified. Degeneracies and other special cases common in CAD models are properly 

identified and thoroughly vetted, as detailed below. 

 

5.3.1 Significant Points: Definition and Computation 

Given the parameter space SSI curve 𝐂!"! 𝑢! = [𝑠! 𝑢! , 𝑡! 𝑢! ]!corresponding 

to the spline surface 𝐒!(𝑠! , 𝑡!), significant points of a number of different types are 
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identified.  (The superscript i in the parameter 𝑢! of the parameter space SSI curve 𝐂!"! is 

a reminder that the trajectory of 𝐂!"! resides in the domain Ω! of the spline surface 𝐒!.) 

Labeled by variable 𝛼, there are four types of significant points (types 0, 1, 2, and 3) 

𝐂!"!(𝑢!! ) = [𝑠! 𝑢!! , 𝑡! 𝑢!! ]! defined by certain curve criteria. 

Significant point type 0 identifies where there are end points and internal kinks 

and cusps on the curve 𝐂!"!. In other words, a significant point of type 0 corresponds to a 

knot of valence greater than or equal to the degree 𝑝!! of the curve 𝐂!"!(𝑢!).    

Significant point type 1 indicates where a point 𝐂!"!(𝑢!) on curve 𝐂!"! is such 

that the slope relative to surface parameter 𝑠! is equal to 1 or -1, 
 

 
(𝑑𝑡!/𝑑𝑢!)
(𝑑𝑠!/𝑑𝑢!) = 𝑑𝑡!/𝑑𝑠! = 1.     ( 34 ) 

 

Significant point type 2 indicates the stationary points of the curve 𝐂!"!, i.e., 

points 𝐂!"!(𝑢!) such that, 
 

 
𝑑𝑡!

𝑑𝑢! = 0  .     ( 35 ) 

 

In other words, a stationary point is a point where the curve 𝐂!"! has zero slope, when 

viewed as a function of 𝑠!.  

Significant point type 3 indicates the critical points of the curve 𝐂!"!, i.e., points 

𝐂!"!(𝑢!) such that, 
 

 
𝑑𝑠!

𝑑𝑢! = 0  .     ( 36 ) 

 

In other words, a critical point is a point where the curve 𝐶!"# has infinite slope, when 

viewed as a function of 𝑠!. 
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Figure 14: Example of the segmentation, classification, and clustering data computed 
from an arbitrary parameter space trim curve. 
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𝑑𝑠!

𝑑𝑢! = 0  .      

 

 

It should be observed that it is possible for the parameter space trim curve 𝐂!"! to 

have one or more line segments (straight curve, infinite curvature) as part of its trajectory. 

If the slope of such a line segment is a member of the set {0,1,−1,∞}, that line segment 

would result in an infinite number of significant points. Thus, such segments of special 

slope should be removed from the curve 𝐂!"! prior to the identification of significant 

points. Methods to accomplish this identification and removal of line segments from the 

trajectory of a curve are well known curve processing techniques and such functionality 

is ubiquitous in CAD systems. 

 

5.3.2 Classification: Classifying the Sections of Parameter Space Trim Curve 

Each significant point of the curve 𝐂!"! = 𝐂!"!(𝑢!) corresponds to a respective 

value of the curve parameter 𝑢!.  The significant points of the curve 𝐂!"! can be ordered 

according to the curve parameter 𝑢!, partitioning the curve 𝐂!"! into segments.  We use 

the index 𝛼𝑗 to identify the significant points according to this ordering.  Each segment is 

bounded in 𝑢! by a successive pair (𝑢!"! ,  𝑢!"!!! ) of significant points. 

Each segment may be classified as being of type 𝑠! or type 𝑡! based on the types 

of its endpoints, e.g., as shown in Table 1.  If the segment is bounded by significant 

points 𝐂!"!(𝑢!"! ) and 𝐂!"!(𝑢!"!!! ), there are sixteen possible cases for the ordered pair 
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(Type  𝐂!"! 𝑢!"! ,Type  𝐂!"!(𝑢!"!!! )), where Type  𝐂!"! 𝑢!"!  denotes the type of the 

significant point 𝐂!"!(𝑢!"! ), and Type  𝐂!"!(𝑢!"!!! ) denotes the type of the significant 

point 𝐂!"!(𝑢!"!!! ).  As shown in Table 1, the type of the segment is immediately resolved 

into one of the sixteen cases. The cases are labeled with 𝑠! or 𝑡!, and in other cases, the 

pair cannot immediately yield the classification of the segment and a second test must be 

made as follows. The velocity vector is calculated, 
 

 
𝑑𝐂!"!
𝑑𝑢! =

𝑑𝑠!

𝑑𝑢! ,
𝑑𝑡!

𝑑𝑢!

!

  ,     ( 37 ) 

 

at any point in the interior of the segment, .i.e., excluding the end points, and classify the 

segment based on the following criteria, 
 

 Segment  Type =   
type  𝑠! , if   𝑑𝑡!/𝑑𝑠! < 1
  type  𝑡! , if   𝑑𝑡!/𝑑𝑠! > 1

    .     ( 38 ) 

 

Furthermore, observe that the segment type classification is invariant under 

exchange of the endpoint types (i.e. the table is symmetric).  For example, the segment 

type of pair (2,1) is the same as the segment type of pair (1,2).  Finally, note that the type 

pairs (3,2) and (2,3) are not possible if the segmentation has been performed properly.  

These cases represent a transition between zero slope and infinite slope, that cannot occur 

on a 𝐶! curve segment without an intermediate significant point of type 1. Thus, an error 

warning may be issued if either of these type pairs is encountered, a valuable resource in 

CAD case testing (the case table is a covering of all possible cases). 
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5.3.3 Clustering Segments of the Same Type into Intervals 

For expedited processing, a maximal contiguous group of segments of the same 

type is desirable, and an operation is created to combine them to form a cluster (i.e., 

interval) of the same type. Note that this operation is by no means required, but is   
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Table 1. Segment type classification, type 𝑠! or type 𝑡!, based on bounding 
significant point pair (Type  𝐂!"! 𝑢!"! ,Type  𝐂!"!(𝑢!"!!! )). 
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included for efficiency. Figure 14 shows an example in which a sequence of six segments 

having the corresponding sequence of types {𝑠!, 𝑠!, 𝑠!, 𝑡!, 𝑡!, 𝑠!}, is processed for 

clustering. The first three segments are combined to form a cluster of type 𝑠!; the next 

two segments are combined to form a cluster of type 𝑡!; and the last segment would 

constitute a singleton cluster of type 𝑠!. The clustering process is a trivial array 

processing algorithm that handles a simple sequence of binary values. 

 

5.3.4 Checks for Degeneracies, Special Cases, and Extraordinary Points 

Solid modeling theory, and in particular b-rep modeling, is built on the necessity 

to check the validity and soundness of a solid. These operations are often carried out 

analyzing the topology in concert with geometric attributes. Important features that need 

to be detected in watertight algorithms, such as degeneracies and extraordinary points, are 

easily handled by employing these utilities. 

 

5.3.4.1 Check for Extraordinary Point Locations at Ends of Loop Component Curves 

As part of the traversal of the b-rep data structure, the Post-SSI algorithm can 

identify a loop or loops associated with each face corresponding to spline surface 𝐒! 

involved in the intersection.  The loop is a directed object consisting of edges that point 

to component curve, among which is the parameter space curve 𝐂!"!.  Each component 

curve maps from a corresponding 1D domain to the 2D parametric domain of the spline 

surface 𝐒!.  The loop partitions the 2D parametric domain into regions.  The orientation 

of the loop is used by the b-rep as a mechanism to indicate which region is included or 

excluded (i.e., counted as being and not being part of the modeled object, respectively). 
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For each successive pair of component parametric space curves 𝐂!" ! ,𝐂!" !!!  

referenced by the loop, the point where the two component curves (of the pair) meet is 

tested for degeneracy as follows.  (The notation 𝐿𝐶 𝑛  is the n-th component curve of the 

loop.  When the index value n points to the last component curve of the loop, the index 

value 𝑛 + 1 is interpreted as pointing to the first component curve of the loop.)  Let 

vector 𝐯𝐞𝐥! denote the velocity vector of component curve 𝐂!" !  at the end of the curve 

(evaluated at the maximal parameter value of the domain), and let vector 𝐯𝐞𝐥! denote the 

velocity vector of component curve 𝐂!" !!!  at the start of the curve (evaluated at the 

minimal parameter value of the domain).  In other words, if we denote the parameter of 

loop reference curve 𝐂!" ! , Ω! = [𝑟!"#! , 𝑟!"#! ] ⊂ ℝ, as 𝑟!, 𝐂!" ! = 𝐂!" ! (𝑟!), then 
 

 𝐯𝐞𝐥!   =   𝐂!" !
! 𝑟!"#!                 =   

𝑑𝐂!" !

𝑑𝑟! (𝑟!"#! )                  ,     ( 39 ) 

 

 𝐯𝐞𝐥!   =   𝐂!" !!!
! 𝑟!"#!!!     =   

𝑑𝐂!" !!!

𝑑𝑟!!! (𝑟!"#!!!)      .     ( 40 ) 

 

Then the meeting point 𝐂!" ! (𝑟!"#! ) = 𝐂!" !!! (𝑟!"#!!!) is declared to be an extraordinary 

point if 
 

 135°     ≤      𝑐𝑜𝑠!!
𝐯𝐞𝐥!    ⋅   𝐯𝐞𝐥!
𝐯𝐞𝐥! 𝐯𝐞𝐥!

    ≤     225°      ,     ( 41 ) 

 

where 𝐯𝐞𝐥!    ⋅   𝐯𝐞𝐥! denotes the dot product of vectors 𝐯𝐞𝐥! and 𝐯𝐞𝐥!, and 𝐯𝐞𝐥!  and 

𝐯𝐞𝐥!  denote the Euclidean norm of vectors 𝐯𝐞𝐥! and 𝐯𝐞𝐥!, respectively. 

If the loop arises as part of a non-manifold object, the loop orientation may not be 

consistent with the above test criterion because of the particular definition employed for 

non-manifold curve orientations.  The extraordinary point criterion may be realized in 
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different ways, dependent on the specific implementation, but will not be unrealizable 

because of these variations. Application specific criteria will have to be employed. 

 

5.3.4.2 Check for Extraordinary Point Locations at Kinks and Cusps 

As defined in the segmentation operation, kinks and cusps are identified by curve 

criteria identifying significant point type 0. Each kink and cusp along the parameter space 

curve 𝐂!"! 𝑢!!   may be tested for degeneracy using a modified approach of that defined 

above.  Let 𝑢!!  be the parametric location of a kink or cusp in the parameter space curve 

𝐂!"! 𝑢!! , and let vector 𝐯𝐞𝐥! denote the derivative of the parameter space curve 𝐂!"! 

evaluated at location 𝑢!! − 𝛿, and let vector 𝐯𝐞𝐥! denote the derivative of the parameter 

space curve 𝐂!"! at location 𝑢!! + 𝛿, where 𝛿 is a small positive real number, 
 

 𝐯𝐞𝐥! = 𝐂!"!(!)(𝑢!! − 𝛿) =
𝑑𝐂!"!
𝑑𝑢! (𝑢!

! − 𝛿)      ,     ( 42 ) 

 

 𝐯𝐞𝐥! = 𝐂!"! ! 𝑢!! + 𝛿   =
𝑑𝐂!"!
𝑑𝑢! (𝑢!

! + 𝛿)    .   ( 43 ) 

 

Then, the point 𝐂!"!(𝑢!! ) may be identified as an extraordinary point if 𝐯𝐞𝐥! and 𝐯𝐞𝐥! 

satisfy the above angular condition stated in equation ( 41 ). Evaluation tests using 

epsilon criteria are very common in CAD systems, especially in proximity tests, and so 

this operation should not be considered difficult by any means within the modeling 

environment. 
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Chapter 6:  Reparameterization and Reconstructing Global Parameter 
Space 

 

6.1 THE SPACE OF NEW OPPORTUNITIES IN RECONSTRUCTING THE TRIM DOMAIN 

The Post-SSI algorithm operates on the spline surfaces 𝐒! and 𝐒! to ultimately 

create, respectively, a first set of one or more output surface patches, 𝐒! = 𝐒!(𝑠!, 𝑡!), 

associated with 𝐒! and a second set of one or more output surface patches, 𝐒! =

𝐒!(𝑠!, 𝑡!), associated with 𝐒!. As intended, a boundary of a union of images of the first 

set of output surface patches and a boundary of a union of the images of the second set of 

output surface patches meet 𝐶! across the model space curve 𝐂!". Thus, the gaps in the 

original surface-surface intersection will have been repaired.  Further, the surfaces 𝐒! and 

𝐒! are created as to maintain the same continuity within the original surface patches, 𝐒! 

and 𝐒!, respectively. As such, there must exist, and hence be created from the input 

surface and trim data, a corresponding new parameter space as to define surfaces 𝐒! and 

𝐒!. 

The last chapter was concerned with the first stage of the Post-SSI algorithm, an 

analysis of the parametric space trim curve 𝐂!"! within the surface domain of 𝐒! =

𝐒!(𝑠! , 𝑡!) defined as Ω! = 𝑠!"#! , 𝑠!"#! ×[𝑡!"#! , 𝑡!"#! ] ⊂ ℝ!. This chapter will serve the 

twofold purpose of using these results to determine the reconstructed parameter space 

domain, Ω! = 𝑠!"#! , 𝑠!"#! ×[𝑡!"#! , 𝑡!"#! ] ⊂ ℝ!, of the watertight bivariate tensor-product 

surface, 𝐒! = 𝐒!(𝑠! , 𝑡!), while simultaneously providing the requisite input data for the 

last step of the algorithm, as detailed in the next chapter. In doing so we will use the well-

known procedure in CAGD of reparameterization to form the global parameter space and 
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its associated reparameterization surface function. This novel concept introduced here, 

offering an opportunity to explore an unexploited aspect of the modeling space. 

 

6.2 REFINING EXISTING GEOMETRIC DATA FOR EXTRACTION 

In the following sections, the Post-SSI algorithm uses the well documented 

CAGD processes of knot refinement [16] and reparameterization [17] on the input 

surface {𝐒!} and the model space curve 𝐂!" entities. For the purposes of clarifying the 

sequence of operations, we will make a key distinction as to the source of data used to 

perform these operations. Each of these entities may be refined based on both intrinsic 

location information and external location information. When refining an entity based on 

location information that naturally belongs to that entity, the location information is 

referred to as intrinsic location information. For example, when refining a surface (or 

curve) based on its original knot values, the knot values are interpreted as intrinsic 

location information. As another example, when refining a surface based on the 

significant points residing within the parametric domain of that surface, the significant 

points may be interpreted as intrinsic location information. Conversely, when refining an 

entity based on location information that naturally belongs to another entity, the location 

information is referred to as external location information. For example, when refining a 

surface based on the significant points residing in the parametric domain of another 

surface that are then mapped to that surface, the significant points are interpreted as 

external location information, i.e., taken from a source external to that particular object. 

As another example, when refining the model space curve 𝐂!" based on the mapped 

knots of a surface, the knots are interpreted as external location information.  
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6.2.1 Refinement of Surfaces and Model Space Curve(s) based on Intrinsic Location 
Information 

As shown in Chapter 2, knot vectors and control points serve as the principal 

components of describing geometric entities such as parametric curves and tensor product 

surfaces. Refinement is a means of changing the description of these elements without 

changing the trace of the geometric entities; that is, the set of points that define the 

geometric object in model space are not altered whatsoever. Refinement is an extremely 

common CAGD operation used in many different composite processes, mainly in 

intermediate operations applied on a geometric object’s numerous components. Unless 

stated otherwise in this document, whenever we refer to “refining” a given curve or 

surface at a given parametric location (and direction when referring to surfaces) we will 

mean the process of raising the knot multiplicity through knot insertion at that parametric 

location to the degree of the given curve or surface, respectively. Using methods that are 

well understood in spline-based modeling, we will employ this operation on the model 

space curve or surface so as to separate the entity into intervals of simplified form, i.e., 

Bézier form, without changing the image of the curve or surface in space. Our goal in 

doing this will be to create a geometric superset of data that will accommodate the 

objective of creating a single representation of the trim region, while retaining the 

information of the original surfaces. 

We will first refine the objects using intrinsic knots associated with each object. 

The model space curve 𝐂!" 𝑣  is refined by performing knot insertion at each interior 

knot in the original knot vector 𝒱 of model space curve 𝐂!" 𝑣 , to raise the multiplicity 

of the knot 𝑣 to the degree of the model space curve 𝐂!". For a given segment (or 

cluster) of the parameter space curve CPSi, the spline surface 𝐒! is refined at certain 

interior surface knots of the spline surface 𝐒!, either 𝑠! or 𝑡!, depending on the 
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classification of the segment, as determined in the previous chapter. Suppose 𝑥! ∈ {𝑠! , 𝑡!} 

denotes the type of the segment as per the detailed classification scheme. The surface 𝐒! 

is then refined at interior 𝑥! knots of 𝐒! that occur on the closed interval 

𝑥!(𝑢!! ), 𝑥!(𝑢!!!! ) , where 𝑢!!  and 𝑢!!!!  denote the parameter values of 𝐂!"!(𝑢!) that 

bound the segment.  We will use the general nomenclature that an 𝑥! knot of the surface 

𝐒! is either an 𝑠! knot if the segment is of type 𝑠!, or a 𝑡! knot if the segment is of type 𝑡!. 

Furthermore, a 𝑦! knot of the surface 𝐒! is either a 𝑡! knot if the segment is of type 𝑠!, or 

an 𝑠! knot if the segment is of type 𝑡!. 

Recall that the parameter space curve 𝐂!"!(𝑢!) has coordinate functions 𝑠!(𝑢!) 

and 𝑡!(𝑢!) such that 𝐂!"! 𝑢! = 𝑠! 𝑢! , 𝑡!(𝑢!) !. Thus, if the segment is of type 𝑥! =

𝑠!, then 𝑥!(𝑢!! ), 𝑥!(𝑢!!!! ) = 𝑠!(𝑢!! ), 𝑠!(𝑢!!!! ) . Conversely, if the segment is type 

𝑥! = 𝑡!, then 𝑥!(𝑢!! ), 𝑥!(𝑢!!!! ) = 𝑡!(𝑢!! ), 𝑡!(𝑢!!!! ) . 

Besides the knot values described above, intrinsic knots based on the significant 

points of parametric space curve 𝐂!"!, as determined in the previous chapter, are used to 

refine the surface 𝐒!. Given a segment of type 𝑥! ∈ {𝑠! , 𝑡!} from the parameter space 

curve 𝐂!"!, the surface 𝐒! is refined at the 𝑥!-coordinate locations corresponding to the 

significant points that bound the segment.  In other words, the surface 𝐒! is refined at the 

locations 𝑥!(𝑢!! ) and 𝑥!(𝑢!!!! ), where 𝑢!!  and 𝑢!!!!  denote the parameter values of curve 

𝐂!"! 𝑢!  that bound the segment. 

 

6.2.2 Refinement of Surfaces and Model Space Curve(s) based on External Location 
Information 

Having refined the surfaces and model space curve based on intrinsic data, we 

now turn to the other source of refinement data, external location information. In 
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exchanging, or mapping, this data across geometric entities, we will employ the term knot 

cross-seeding. 

For a given segment (or cluster) of type 𝑥! ∈ {𝑠! , 𝑡!} from the parameter space 

curve 𝐂!"!, the model space curve 𝐂!" 𝑣  is refined at locations corresponding to the 

interior 𝑥! knots of surface 𝐒! that occur on the closed interval 𝑥!(𝑢!! ), 𝑥!(𝑢!!!! ) .  

Furthermore, any 𝑦! knot of the surface 𝐒! whose corresponding knot line intersects the 

given segment (or cluster) of the parameter space curve 𝐂!"!   may be transferred to the 

model space curve 𝐂!", and used to refine the model space curve 𝐂!". These refinements 

of the model space curve are performed for each segment of the parameter space curve 

𝐂!"! and/or for each surface 𝐒! involved in the surface-surface intersection. The 𝑥! knot 

of 𝐒! can be mapped to the one-dimensional parametric domain of the model space curve 

𝐂!" 𝑣  in a variety of ways, the method being independent. We do note that the 

procedure minimize the associated epsilon in the operation, which most CAD 

applications employ at this point. In this document, we will map a surface knot 𝑠!!  onto 

the domain of 𝐂!" 𝑣  via a minimization of distance between the 𝑡! isocurve 𝐒!(𝑠!! , 𝑡!) 

and the model space curve 𝐂!" 𝑣 ).   Similarly, one may map a surface knot 𝑡!!  onto the 

domain of 𝐂!" 𝑣  via a minimization of distance between the 𝑠! isocurve 𝐒!(𝑠! , 𝑡!! ) and 

the model space curve 𝐂!" 𝑣 ). The operations of evaluation and point proximity 

minimization are common to any CAD application. 

We continue to cross-seed the knots through refinement of the model space curve 

based on significant points of each parameter space curve 𝐂!"!. For all values of the 

surface index i, the model space curve 𝐂!" 𝑣   is refined at locations {𝑣∝} corresponding 

to the significant points (𝑠!! , 𝑡!! )  of the parameter space curve 𝐂!"! 𝑢!! . Again, there 

are a variety of ways to determine the locations {𝑣∝}, and again we will employ common 

procedures in CAD environments so as to map a significant point (𝑠!! , 𝑡!! ) of the 
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parameter space curve 𝐂!"! onto the 1D parametric domain of 𝐂!" 𝑣  via a minimization 

of distance between 𝐒!(𝑠!! , 𝑡!! ) and 𝐂!" 𝑣 , and then point inversion, ordinary techniques. 

Refining each surface 𝐒! based on the knots of the model space curve cross-seeds 

in the opposite direction. Each surface 𝐒! is refined based on the interior knots of the 

model space curve 𝐂!".  Given a knot 𝑣! of the model space curve 𝐂!", the knot 𝑣! is 

mapped to a point (𝑠!! , 𝑡!! ) in the 2D parametric domain of the surface 𝐒!. The point 

(𝑠!! , 𝑡!! )  is then mapped to a closest segment of the parameter space curve 𝐂!"!. If the 

closest segment is of type 𝑥! ∈ {𝑠! , 𝑡!}, the surface 𝐒! is refined at 𝑥!! .  In other words, if 

the segment type 𝑥! = 𝑠!, the surface 𝐒! is refined at 𝑠! = 𝑠!! ; conversely, if the segment 

type 𝑥! = 𝑡!, the surface 𝐒! is refined at 𝑡! = 𝑡!! . As noted above, there are a variety of 

ways to perform this mapping and we will employ the same common method of 

minimizing the distance between 𝐂!" 𝑣!  and 𝐒!(𝑠! , 𝑡!), followed by point inversion.  

Lastly, refinement of surface 𝐒! based on the external significant points completes 

the knot cross-seeding stage. The algorithm refines the surface 𝐒! based on external 

significant points occurring in the 2D parametric domain(s) of the other participating 

surface(s). For each significant point (𝑠!
! , 𝑡!

! ) of each other participating surface 𝐒!, 𝑗 ≠ 𝑖, 

a corresponding point (𝑠!"#! , 𝑡!"#! ) in the (𝑠! , 𝑡!) domain of the surface  𝐒! is computed. 

The point (𝑠!"#! , 𝑡!"#! ) may be mapped to a closest segment of the parameter space curve 

𝐂!"!. If the closest segment is of type 𝑥! ∈ {𝑠! , 𝑡!}, the surface 𝐒! may be refined at 

𝑥! = 𝑥!"#! . In other words, if the segment type 𝑥! = 𝑠!, the surface 𝐒! may be refined at 

𝑠! = 𝑠!"#! ; conversely, if the segment type 𝑥! = 𝑡!, the surface 𝐒! may be refined at 

𝑡! = 𝑡!"#! . A significant point (𝑠!
! , 𝑡!

! ) of a different participating surface 𝐒! may be 

mapped to a point (𝑠!!"! , 𝑡!"#! ) in the (𝑠! , 𝑡!) domain of the surface 𝐒! in a variety of 

ways. If the significant point (𝑠!
! , 𝑡!

! ) has already been transferred to a value 𝑣! in the 

domain of the model space curve 𝐂!", the point (𝑠!"#! , 𝑡!"#! ) may be determined by 



 71 

minimizing the distance between the point 𝐂!" 𝑣!  and the surface 𝐒!(𝑠! , 𝑡!), and then 

point inversion.  Alternatively, the significant point (𝑠!
! , 𝑡!

! ) may be mapped more 

directly to the domain of the surface 𝐒! by minimizing the distance between the point 

𝐒!(𝑠!
! , 𝑡!

! ) and the surface 𝐒!(𝑠! , 𝑡!), followed by point inversion. This minimization may 

be interpreted as a projection from the surface 𝐒! to the surface 𝐒!, or from the 2D 

parametric domain of surface 𝐒! to the 2D parametric domain of surface 𝐒!.  

We again emphasize that all of the mapping methods discussed here are common 

to CAD applications and the selection of a particular strategy does not impact the 

integrity of the overall approach. We make note of these methods simply to show the 

straightforwardness and ordinary operations used to accomplish the cross-seeding 

procedure. Although slight numerical differences will appear through choice of mapping 

routine, these are the realities of working in a CAD environment for any task that 

involves differing implementations. 

For the modeling of a 2-manifold, the trim boundaries of at most two trimmed 

surfaces can meet along any given curve in model space. However, the principles 

outlined above are not limited to the context of 2-manifolds. A remarkable result is that a 

non-manifold structure may be created where the trim boundaries of more than two 

surfaces meet along the model space curve and it is possible that more than two 

participating surfaces {𝐒!} could be utilized with this process. 

 

6.3 DOMAIN SELECTION FOR ISOCURVE EXTRACTION 

In the previous chapter we defined classified clusters that were based on 

successive segments of the parameter space curve 𝐂!"! for surface 𝐒!. In this section, we 

will see the role that these clusters of classification play through informing the 
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construction of a global parameter space. Within each cluster, the Post-SSI algorithm 

organizes the extraction of geometric data and the construction of output geometry based 

on successive segments of the cluster. In particular, for each segment of the cluster, a 

corresponding domain for surface patch reconstruction is selected, herein referred to as 

the extraction domain. The boundary of the extraction domain will be referred to as the 

extraction boundary. The extraction domain is a subdomain in the 2D parametric domain 

Ω! of the original spline surface 𝐒!, and is so named because a set of isocurves will be 

extracted from the mapped spline surface 𝐒! of the corresponding extraction domain. The 

control points of these isocurves will prove useful in the next chapter for constructing the 

output surface patch(es) corresponding to the portion of the parameter space curve 𝐂!"!. 

In this chapter, we will focus on the role that this extraction data plays on construction of 

a global parameter space. 

For each surface 𝐒!, the extraction domains that correspond respectively to the 

portions of the parameter space curve 𝐂!"! form a partition of the 2D parametric domain 

of the surface 𝐒!, i.e., the extraction domains are non-overlapping regions and their union 

is equal to the 2D parametric domain of the surface 𝐒!. Here the term “non-overlapping” 

means that the intersection of different extraction domains has zero area. It should be 

understood, however, that adjacent extraction domains meet along their shared knot 

boundaries. For example, the right boundary of one extraction domain may be the left 

boundary of another extraction domain. Given a cluster of type 𝑥! ∈ {𝑠! , 𝑡!} from the 

parameter space curve 𝐂!"!, the cluster is partitioned into portions based on a set of 

division points comprising: 
 

1. the interior 𝑥! knots of surface 𝐒!;  
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2. the 𝑥! knots of surface 𝐒! that have been derived from the intrinsic and 

external significant points;  

3. the 𝑥! knots of surface 𝐒! that have been derived from the knots of the 

model space curve 𝐂!".  
 

These represent the superset of intrinsic and external knots refinements of the surface 𝐒! 

domain Ω!. 

This superset of distinct knots corresponding to borders of these extraction 

domains, when ordered, form a set {𝑥!! }, where 𝛽 is an index of the set. The superscript i 

is a reminder that these knots are related to surface 𝐒!. However, we may drop the 

superscript for simplicity when there is no need for that reminder. Each interval of the 

form [𝑥!! , 𝑥!!!! ] defines a corresponding portion 𝐂𝐏!"!,! of the cluster, and gives rise to a 

corresponding interval extraction domain Ω!! . The portion 𝐂𝐏!"!,! is the restriction of the 

parameter space curve 𝐂𝐏!"! to the interval [𝑥!! , 𝑥!!!! ]. Here the notation “𝐂𝐏” is meant 

to suggest “Curve Portion”, because of its interval portion. The union of the extraction 

domains {Ω!! } over the index 𝛽 is equal to the 2D parameteric domain Ω! of the surface 

𝐒!,  Ω! = Ω!!! . 

Given a portion 𝐂𝐏!"!,!, we define a corresponding rectangular extraction domain 

Ω!!  as follows. The 𝑥! extent of the extraction domain Ω!!  is set equal to the closed 

interval [𝑥!! , 𝑥!!!! ]. Note that we refer to this portion with the simpler notation 𝐂𝐏!"! 

when the dependency on 𝛽 is not necessary for the discussion at hand. The extent of the 

extraction domain Ω!!  in the complementary parameter 𝑦! ∈ {𝑠! , 𝑡!}, 𝑦! ≠ 𝑥!, may be 

selected in various ways. If we denote the 𝑦! extent of the extraction domain Ω!!  by the 

closed interval [𝑦!"! ,𝑦!"! ], we have Ω!! = [𝑥!! , 𝑥!!!! ]×[𝑦!"! ,𝑦!"! ]. The notation “LB” and 

“UB” are meant to be suggestive of the “lower bound” and “upper bound”, respectively, 
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of the extraction domain. The image of the surface patch 𝐒!,! in model space is coincident 

with the image of the extraction domain Ω!!  under the spline map 𝐒!. 

The values of 𝑦!"!  and 𝑦!"!  have no distinct values and can be selected in a variety 

of ways, with respect to some simple criteria. The value 𝑦!"!  is selected as a value of 

parameter 𝑦! that is strictly less than the minimum value of the parameter 𝑦! achieved by 

the portion 𝐂𝐏!"!,!, and the value 𝑦!"!  is selected as a value of parameter 𝑦! that is strictly 

greater than the maximum value of the parameter 𝑦! achieved by the portion 𝐂𝐏!"!,!. For 

example, the value 𝑦!"!  may be selected to be a 𝑦! knot of the surface 𝐒! that is strictly 

less than said minimum, and the value 𝑦!"!  may be selected to be a 𝑦! knot of the surface 

𝐒! that is strictly greater than said maximum.  As another example, the values 𝑦!"!  and 

𝑦!"!  may be selected so that the extraction domain Ω!!  spans the entire 𝑦! extent of the 

domain Ω! of the surface 𝐒!, i.e., 𝑦!"!  is set equal to the first 𝑦! knot of the surface 𝐒! and 

𝑦!"!  is set equal to the last 𝑦! knot of the surface 𝐒!. As yet another example, the values 

𝑦!"!  and 𝑦!"!  may be selected based on user input.  

The cross-seeding step in the Post-SSI algorithm systematically exchanged 

refinement location information such as knot values and significant points between 

participating geometric entities, i.e., the model space curve and surfaces. Thus, the above-

described distinct division points {𝑥!! } along the 𝑥! axis of the surface 𝐒! will exist in 

one-to-one correspondence with division points {𝑣!} in the 1D domain of the model 

space curve, and in one-to-one correspondence with division points {𝑥!
! } in each other 

surface 𝐒!, 𝑗 ≠ 𝑖. Thus, the 𝑥! extent of the extraction domain Ω!!  may correspond not 

only to the portion 𝐂𝐏!"!,! of the parameter space curve 𝐂𝐏!"!, but also to a portion 

𝐂𝐏!",! of the model space curve 𝐂!" and a portion 𝐂𝐏!"!,! of parameter space curve 

𝐂𝐏!"! for all 𝑗 ≠ 𝑖. One may interpret the above described process of exchange and 

refinement as a common reduction to mutually correlated portions of simplified form. 
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This is a key feature of creating the superset of knots, cross-seeding, and forming the 

extraction domains, the start to defining a global parameter space that includes the 

intersection data. 

 

6.4 ISOCURVE EXTRACTION AND REFINEMENT 

Recall from Chapter 2 that techniques for computing the curve control points of 

isocurves given the surface control points of a surface patch are well understood in 

spline-based modeling. By definition, a 𝑦! isocurve corresponds to a fixed value of 𝑥! 

and extends along the 𝑦! direction. That is, 𝑦! becomes the parameter of a B-spline curve 

that is embedded in the surface 𝐒! at the 𝑥! location. The Post-SSI algorithm computes 

curve control points for a number of 𝑦! isocurves based on the surface control points of 

the surface patch 𝐒!,!. In this and the upcoming sections, refer to Figures 15, 16, and 17 

for an illustration of the discussion. 

We seek to compute curve control points for two boundary isocurves, i.e., 

boundary isocurves corresponding respectively to the boundary values 𝑥! = 𝑥!!  and 

𝑥! = 𝑥!!!!  of the extraction domain Ω!! . Furthermore, curve control points for one or 

more non-boundary isocurves are computed corresponding respectively to one or more 

distinct values of 𝑥! in the interior of the closed interval [𝑥!! , 𝑥!!!! ]. The number of the 

non-boundary isocurves is fully explained in the next chapter, subject to specific criteria 

used in that area of the discussion. For now, we will assume the number of isocurves 

sampled from the refined intervals to be one less than the degree 𝑝!! of the surface patch 

𝐒!,! in the 𝑥! direction, which is the degree of the surface 𝐒! in the 𝑥! direction. For 

example, if 𝑝!! = 3, there may be two non-boundary isocurves. If 𝑝!!   = 2, there may be 

only one non-boundary isocurve. Discussed in the next chapter, the Greville abscissae are 
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desirable values of 𝑥! or 𝑣! to use for computing the 𝑝!!   − 1 non-boundary isocurves. 

Each of the non-boundary isocurves would then correspond to respective Greville 

abscissae. More generally, if we denote the surface control net of the surface patch 𝐒!,! 

by 𝐏!,!: 0 ≤ 𝜆 ≤ 𝑚!! , 0 ≤ 𝜌 ≤ 𝑛!! , with the index 𝜆 being associated with the 

parameter 𝑥! and the index 𝜌 being associated with the parameter 𝑦!, the number of the 
non-boundary isocurves are set equal to one less than 𝑚!!. Let 𝐈𝐒𝐎!!! (𝑦

!) denote the 𝑦! 

isocurve of the surface patch 𝐒!,! at 𝑥! = 𝑥!! : 𝐈𝐒𝐎!!! 𝑦
! = 𝐒!,!(𝑥!! ,𝑦!). For the purposes 

of reconstruction, 𝑚!!   + 1 longitudinal isocurves are computed, corresponding 

respectively to the 𝑚!!   + 1 locations 𝑥!! < 𝑥!! < ⋯ < 𝑥!! < ⋯ < 𝑥!!!   !!
! < 𝑥!!!   

! , with 

𝑥!! = 𝑥!!  and 𝑥!!!
! = 𝑥!!!! . 

An interesting note should be made here when employing conventional CAD 

software for the purposes of generating isocurves. CAD systems are notoriously 

pragmatic and less inclined to respect CAGD theory, so the isocurve returned by the tool 

may be of lower degree than the degree of the surface. When the trajectory of the 

isocurve is simple enough to admit an exact representation with a lower degree curve, the 

CAD system may do so, the assumption being that the user prefers simpler entities, which 

are still exact, to theoretically matching results. For example, imagine a bicubic spline 

surface generating by lofting, in which case the isocurves along one parametric direction 

may be reduced to line segments. This property of conventional tools, while useful in 

many contexts, is not so useful in the present context. For the sake of the surface 

reconstruction to be described below, we require that the above-mentioned 𝑦! isocurves 
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Figure 15: Surface patch with corresponding parameter space. Trim curves are shown 
along with the isocurves of the surface knots in both parametric directions.  
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Figure 16: Surface patch showing relevant information of an extraction domain. 
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 be of degree equal to the degree 𝑝!! of the surface patch 𝐒!,! in the 𝑦! direction. To the 

extent that a software tool returns an isocurve of lower degree, the Post-SSI algorithm 

may elevate the degree of the isocurve to 𝑝!!. The check for degree concurrence is a 

trivial operation and techniques for degree elevation are well known in spline-based 

modeling.  

Having sampled the isocurves, we now come to a fundamental step of the process 

in which we modify the isocurves to reflect the trim boundary. Each of the above 

described 𝑦! isocurves of the surface patch 𝐒!,! is divided into two sub-isocurves based 

on the model space curve.  For each 𝜆 ∈ 0, 1, 2,… ,𝑚!! , the isocurve 𝐈𝐒𝐎!!! (𝑦
!) is knot 

refined at the location 𝑦! = 𝑦!!",!!  as determined based on the model space curve (or the 

portion 𝐂𝐏!",! of the model space curve). Specifically, the Post-SSI algorithm computes 

𝑦!!",!!  as the value of the 𝜈! parameter that achieves the closest approach of the isocurve 

𝐈𝐒𝐎!!! 𝑦
!  to the model space curve 𝐂!" 𝑣 . In other words, the Post-SSI algorithm 

minimizes the distance between 𝐈𝐒𝐎!!! 𝑦
!  and 𝐂!" 𝑣  over the space {(𝑣,𝑦!)}. 

𝐈𝐒𝐎!!! 𝑦
! , refined to the knot multiplicity of the isocurve at 𝑦! = 𝑦!!",!! , divides the 

isocurve into two sub-isocurves, denoted 𝐈𝐒𝐎!!!
! (𝑦!) and 𝐈𝐒𝐎!!!

! (𝑦!).   

For Figures 15-17, an example of the above-described isoparametric curve 

sampling and division based on an extraction domain is shown. Figure 15 shows a spline 

surface 𝐒! = 𝐒! 𝑠!, 𝑡!  intersected by spline surface 𝐒! = 𝐒! 𝑠!, 𝑡! , a parameter space 

curve 𝐂!"# 𝑢!  corresponding to spline surface 𝐒!, and a model space curve 𝐂!" 𝑣 . 

Figure 16 shows an example of an extraction domain (in dark grey) corresponding to a 

portion of the parameter space curve 𝐂!"# 𝑢!  of type 𝑠! cluster. Figure 17 shows the 
corresponding detailed extraction domain and sub-isoparametric curves 𝐈𝐒𝐎!!!

! 𝑦! =

𝑡! :  𝑥!! = 𝑠!!
! , 𝑠!!

! , 𝑠!!
! , 𝑠!!

!  generated from the above-described sampling and curve 

division procedures. 



 80 

 

Figure 17: Extraction domain details with isocurve sampling. 
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6.5 ISOCURVE REPARAMETERIZATION 

Having defined an extraction domain and then sampled and divided isocurves 

from it, we will now employ various forms of reparameterization methods on the 

isocurves. This step will allow us to form a global parameter space and is the basis for a 

new modeling tool. 

Having a collection of isocurves using the procedures of the previous sections, it 
is more often than not the case that different sub-isocurves of the set  {𝐈𝐒𝐎!!!

! (𝑦!) ∶   𝜆 =

0,1,2,… ,𝑚!!} have different numbers of knots, in both value and multiplicity. The most 

obvious source of differences with the sub-isocurve knots is that the isocurves are 

typically of different lengths, and thus, a longer sub-isocurve will have a longer span as 

well as cross a larger number of transverse knot lines of the surface patch 𝐒!,! than a 

shorter sub-isocurve. Reviewing Figure 17, such is the case as we note that not only do 

the knots of the isocurves vary in multiplicity, but the shared knot values exist at the 

same locations for different knot span intervals. The result is that, when normalized, none 

of the knot values will agree between the collection of isocurves. Forming a shared 

surface domain from this assemblage of differing knot vectors is extremely difficult, if at 

all feasible. We resolve the situation using reparameterization. 

We seek to reparameterize the 𝑦! isocurves of the surface patch 𝐒!,!. In general, 

𝑥! isocurves will be referred to herein as “transverse isoparametric curves” while 𝑦! 

isocurves may be referred to herein as “longitudinal isoparametric curves”. The 

reparameterization operation is concerned with one thing and that is to redefine a curve’s 

knot vector while maintaining the exact geometric image in model space. The parametric 

conversion requires a reparameterization function whose construction and mapping will 

concern us for the remainder of this chapter. The reparameterization function may be 

linear, piecewise linear or non-linear, and may be computed in any of various ways, as 



 82 

well as have further implications as to the features of the corresponding isocurve after 

being reparameterized. 

We seek a reparameterization function 𝑦! = 𝑓!! 𝑦!  that maps from the closed 

interval 𝐼! = [𝑦! ,𝑦!!!] onto the interval 𝐼! = [𝑦! ,𝑦!!!] such that, for all 𝑦 in 𝐼!, there 

exists a 𝑦 in 𝐼! that produces the same set of points in ℝ! when evaluated as a model 

space curve, 𝐈𝐒𝐎!!! 𝑦
! . Another way of stating this is that the Hausdorff distance 

between the sets of points 𝐈𝐒𝐎!!! 𝑦
!  and 𝐈𝐒𝐎!!! 𝑦

!  is zero. 

 

6.5.1 Isocurve Linear Reparameterization 

The first method of defining the reparameterization function 𝑦! = 𝑓!! 𝑦!  is 

computationally the easiet, linear reparameterization. While trivial to compute, it results 

in a large number of knot insertions. Figure 18 illustrates the discussion that follows. 

We noted in the last section that if we simply normalized each sub-isocurve 
𝐈𝐒𝐎!!!

! (𝑦!), 𝜆 ∈ 0, 1, 2,… ,𝑚!!  to a common parametric interval 𝐼!!
!! = [𝑦!"#!! ,𝑦!"#!! ] in 

the 𝑦! parameter, we could potentially have a collection of isocurves whose knot vectors 

contained wildly divergent sets of knots. Let us go ahead and perform this operation to 
obtain a corresponding linearly reparameterized set of sub-isocurves 𝐋𝐑𝐈𝐒𝐎!!!

! (𝑦!). 

(Here, “LR” distinguishes the reparameterization method.) Note that there are a wide 

variety of ways to select 𝑦!"#!!  and 𝑦!"#!! .  For example, we may choose 𝐼!!
!! = [0,1].  In 

another version, 𝐼!!
!! = [𝑦!"! ,𝑦!!"! ], where 𝑦!!"!  is strictly between 𝑦!"!  and 𝑦!"! , e.g., the 

midpoint of 𝑦!"!  and 𝑦!"! . The selection of these values will be discussed later. 
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Figure 18: Isocurve linear reparameterization. 
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Having linearly reparameterized the isocurves for each 𝜆 ∈ 0, 1, 2,… ,𝑚!! , we 
will then identify any knots of the reparameterized sub-isocurve 𝐋𝐑𝐈𝐒𝐎!!!

! (𝑦!), 

𝜇 ∈ 0, 1, 2,… ,𝑚!! , 𝜇 ≠ 𝜆, that are not present in the knot vector of the reparameterized 
sub-isocurve 𝐋𝐑𝐈𝐒𝐎!!!

! (𝑦!), and add those identified knots to the knot vector of 

𝐋𝐑𝐈𝐒𝐎!!!
! (𝑦!). In other words, wherever one reparameterized sub-isocurve has a knot that 

is absent from the knot vector of a different reparameterized sub-isocurve, we may add 

that knot to the knot vector of the different reparameterized sub-isocurve. As a result, 

each of the reparameterized sub-isocurves will share a common knot vector. 
 

6.5.2 Isocurve Nonlinear Reparameterization 

In a nonlinear reparameterization scheme of the 𝑦! isocurves, each sub-isocurve 
𝐈𝐒𝐎!!!

! (𝑦!), 𝜆 ∈ 0, 1, 2,… ,𝑚!! , is reparameterized with a corresponding 

reparameterization function 𝑦! = 𝑓!!!
! (𝑦!), to obtain a corresponding reparameterized sub-

isocurve 𝐍𝐋𝐑𝐈𝐒𝐎!!!
! (𝑦!), so that the reparameterized sub-isocurves {𝐍𝐋𝐑𝐈𝐒𝐎!!!

! (𝑦!)} are 

defined on a common parametric interval 𝐼!!
!! = [𝑦!"#!! ,𝑦!"#!! ] and have a common knot 

vector. For example, the functions {𝑓!!!
! } could be polynomials that map between the knot 

intervals at a varying rate, so as not to be constantly scaled. The functions may also be 

1D spline functions of degree 𝑝!"#$!$% (nonlinear reparameterization implies 𝑝!"#$!$% 
is greater than one), in which case the sub-isocurves  {𝐍𝐋𝐑𝐈𝐒𝐎!!!

! 𝑦! } will be of degree 

𝑝!!𝑝!"#$!$%, where 𝑝!! is the degree of the sub-isocurves {𝐈𝐒𝐎!!!
! (𝑦!)}. For this 

document, we will use spline functions for reparameterization. 

One method of simplifying this process is to use the longest of the sub-isocurves 

as the model for the final form of the reparameterized knot vector with the goal of 

obtaining sub-isocurves defined on a common knot vector. Figure 19 details an example 

of this procedure. Let 𝑥!"#$!!  denote the value of 𝑥!!  corresponding to the longest sub- 
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Figure 19: Isocurve nonlinear reparameterization. 
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isocurve.  Each remaining sub-isocurve 𝐈𝐒𝐎!!!
! (𝑦!), 𝑥!! ≠ 𝑥!"#$!! , may then be nonlinearly 

reparameterized with a corresponding reparameterization function 𝑦! = 𝑓!!!
! (𝑦!) of 

common degree 𝑝!"#$!$%, to obtain a corresponding nonlinearly reparameterized sub-
isocurve, denoted 𝐄𝐕𝐑𝐈𝐒𝟎!!!

! (𝑦!), of degree 𝑝!!𝑝!"#$%$& (the prefix “EV” is meant as a 

reminder of the elevation of the longest sub-isocurve). The longest sub-isocurve may then 

be degree elevated to degree 𝑝!!𝑝!"#$%$&, to obtain a degree-elevated sub-isocurve, 

denoted 𝐄𝐕𝐑𝐈𝐒𝟎!!"#$!!
! (𝑦!).  The nonlinear reparameterizations and the degree elevation 

are performed in such a fashion that the resulting set of 𝑚!! + 1 sub-isocurves 

𝐄𝐕𝐑𝐈𝐒𝟎!!!
! (𝑦!) ∶   𝜆 ∈ 0, 1, 2,… ,𝑚!!  are of degree 𝑝!!𝑝!"#$%$& and share a common 

knot vector. For example, if 𝑝!! = 3, 𝑝!"#$%$& = 3,  and the sub-isocurve 𝐈𝐒𝐎!!
!!

!
! (𝑦!) is 

the longest of the sub-isocurves, then each of the sub-isocurves 𝐈𝐒𝐎!!!
! (𝑦!), 𝜆 ∈

1, 2,… ,𝑚!!  may be nonlinearly reparameterized with a corresponding degree 3 
reparameterization function 𝑦! = 𝑓!!!

! (𝑦!), and the sub-isocurve 𝐈𝐒𝐎!!
!!

!
! (𝑦!) may be 

degree elevated to degree 9, to obtain a common knot vector. Here we do not have to deal 

with the exchange of differing knots between isocurves as the mapping was constructed 

specifically to avoid this. The downside is that the curves are now of a higher degree, and 

in the case of the example go from degree 3 to degree 9. 

 

6.6 GLOBAL PARAMETERIZATION DOMAIN CONSTRUCTION 

6.6.1 Piecewise Domain Reconstruction 

In the following discussion of geometry reconstruction, it is not significant how 
the sub-isocurves {𝐈𝐒𝐎!!!

! (𝑦!)} have been reparameterized to a common knot vector.  

Thus, we may drop the prefix “L”, “NL” and “EV”, and refer simply to reparameterized 
sub-isocurves {𝐑𝐈𝐒𝐎!!!

! (𝑦!)} to distinguish them from the original configuration 
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{𝐈𝐒𝐎!!!
! (𝑦!)}. This notation is meant to encompass any type of reparameterization being 

applied to the sub-isocurves to obtain reparameterized sub-isocurves that share a common 

knot vector. 

We will now form the domain Ω!!! for the output patch 𝐒!!,!. This domain may be 

interpreted as a reconstruction domain because the output patch 𝐒!!,! is constructed so as 

to rebuild (or modify) the geometry based on information extracted from the surface 

patch 𝐒!,! on the extraction sub-domain Ω!!!. The reconstruction sub-domain Ω!!! becomes 

a subregion of the global parameter domain Ω!! .  The reconstruction sub-domain Ω!!! is 

defined to be [𝑥!! , 𝑥!!!! ]×[𝑦!"#!! ,𝑦!"#!! ], where 𝑦!"#!!  and 𝑦!"#!!  are respectively the first and 

last knot values of the common knot vector of the reparameterized sub-isocurves 
{𝐑𝐈𝐒𝐎!!!

! (𝑦!)}, i.e., the minimum and maximum values of the common interval on which 

the reparameterized sub-isocurves are defined. 

Note that similar processing operations could be applied to the sub-isocurves on 
the other side of the model space curve, i.e., on the sub-isocurves {𝐈𝐒𝐎!!!

! (𝑦!) ∶   𝜆 =

0,1,2,… ,𝑚!!}. There are no fundamental differences between which side of the model 

space trim curve the extraction domain is taken from and so everything stated in this 

chapter applies for all 𝑘 ∈ {A,B}.  

 

6.6.2 Global Parameter Space Reparameterization and Reconstruction 

The piecewise reparameterization and assembly operations previously outlined in 

this chapter will now be combined into a new and exciting synthesis. Figure 20 depicts 

the global parameter space reconstruction and reparameterization as per the continuous 

example used in this section. Instead of these operations taking place independently, 

introducing the possibility of error and incompatibility if not monitored and regulated, we 
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Figure 20: Global parameter space reconstruction and reparameterization functions. 
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 can constrain the task to not only guarantee valid output but to facilitate the users’ 

understanding of the solution space. 

We previously stated that in a nonlinear reparameterization scheme of the 𝑦! 
isocurves, each sub-isocurve 𝐈𝐒𝐎!!!

! (𝑦!), 𝜆 ∈ 0, 1, 2,… ,𝑚!! , is reparameterized with a 

corresponding reparameterization function 𝑦! = 𝑓!!!
! (𝑦!), to obtain a corresponding 

reparameterized sub-isocurve 𝐍𝐋𝐑𝐈𝐒𝐎!!!
! (𝑦!), so that the reparameterized sub-isocurves 

{𝐍𝐋𝐑𝐈𝐒𝐎!!!
! (𝑦!)} are defined on a common parametric interval 𝐼!!

!! = [𝑦!"#!! ,𝑦!"#!! ] and 

have a common knot vector. We state the trivial fact that the linear reparameterization 

scheme is the simplest of these functions so as to generalize all the reparameterization 

schemes by use of a reparameterization function, 𝑦! = 𝑓!! 𝑦! . As noted before, without 

loss of generality, that we prefer this function to be a 1-D spline function that maps one 

univariate parameter domain to another. We make a clever self-referential observation 

here, mirroring the isocurve extraction. If the unified isocurve collection originates from 

a single surface with a shared domain, and we wish to form a congruent collection of 1-D 

spline reparameterization functions, we can define a parent spline reparameterization 

surface for which these isocurves originate. In a symmetric operation to the isocurve 

extraction process, the definition of the reparameterization surface serves as the users’ 

guide to the reparameterization process, constrained appropriately within the restrictions 

of the mapping. 

The reparameterization surface will be defined as 𝑦! = 𝑓! 𝑥! ,𝑦! , where 𝑓! 

takes on the form of a bivariate spline surface. Here, the knot vectors of 𝑦! and 𝑦! must 

be defined to reflect the original surface domain Ω! as well as the prescribed domain Ω!, 

respectively. Each subdomain, Ω!!  and Ω!! , is then satisfied locally, with the interface 

boundaries coincident as components of the continuous surface construction. Control 

point locations are completely user specified and can take the form of linear or an infinite 
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number of nonlinear forms but with one restriction, 𝑦! = 𝑓! 𝑥! ,𝑦!  must be strictly 

monotonic so as to map the parameter interval without overlap. 

Figure 20 depicts an example showing the relationship between the 

reparameterization surface 𝑦! = 𝑓! 𝑥! ,𝑦!  and the individual 1-D reparameterization 

functions 𝑦! = 𝑓!!
!(𝑦!) for each isocurve of a subdomain Ω!! . We state this using the 

definitions of Chapter 2 as follows, 
 

 𝐒 𝑥! ,𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑥!
𝑦!

𝑓! 𝑥! ,𝑦!
         ,   ( 42 ) 

 

 𝐒 𝑥! ,𝑦! =    𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝐏!,!       ,   ( 43 ) 

 

 𝐒 𝑥! ,𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝛾!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝛾!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝑦!,!

         ,   ( 44 ) 

 

where 𝛾!!  and 𝛾!!  are the Greville abscissae and 𝑦!,! are user specified for definition of the 

reparameterization function. This reduces to, 
 

 𝐒 𝑥! ,𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑥!!

𝑦!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝑦!,!
         .   ( 45 ) 
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Note several details of these equations. First, that 𝑥! and 𝑦! are based on Greville points 

and that no further calculations must be made to determine them. Next, we find that 

specification of the reparameterization surface becomes the specification of spline 

attributes and a set of scalar values, 𝑦!,!, that specify the height field of, 
 

 𝑓! 𝑥! ,𝑦! = 𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝑦!,!     .   ( 46 ) 

 

 For a specified value of 𝑥!! , the reparameterization surface becomes an isocurve and the 

univariate reparameterization for the curve is defined as, 
 

 𝐂 𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑥!
𝑦!

𝑓!!
!(𝑦!)

         ,   ( 13 ) 

 

 𝐂 𝑦! =    𝑁!,!(𝑢)
!

!!!

  𝐏!       ,   ( 48 ) 

 

 𝐂 𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝛾!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝛾!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝑦!,!

         ,   ( 49 ) 

 
 

 𝐂 𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑥!!

𝑦!!

𝑁!,! 𝑥!   𝑁!,!(𝑦!)
!

!!!

!

!!!

𝑦!,!
         .   ( 50 ) 
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Just like the definition of an isocurve from a surface, because 𝑥!!  is known and 𝑁!,! 𝑥!  

can be evaluated, the resulting coefficients could be combined with the control points, 
 

 𝐂 𝑦! =        
𝑥!
𝑦!

𝑦!
   =     

𝑥!!

𝑦!!

  𝑁!,!(𝑦!)
!

!!!

𝑦!!,!

         .   ( 51 ) 

 

Again, 𝑥! and 𝑦! are based on Greville points and no further calculations must be made to 

determine them. Next, we find that specification of the reparameterization curve becomes 

the specification of spline attributes and a set of scalar values, 𝑦!!,!, that specify the 

height field of, 
 

 𝑓!!
! 𝑦! =   𝑁!,! 𝑦!

!

!!!

𝑦!!,!     .   ( 52 ) 

 

This description and its utilization as such a resource has not been employed to 

date and represents an exciting new topic in the field to further explore. Besides the 

prescription of the original domain data and the strict monotonicity of the surface 

function, the control point locations and the construction of the new domain are up to the 

user. This is an open model in which to examine form (i.e. NURBS versus T-spline 

construction), domain composition (i.e. knot value selection of new domain), control 

point optimization techniques, approximation by degree reduction techniques, etc. There 

is a huge potential for which developers, theorists, modelers, and designers could explore 

given their unique perspectives. This development warrants its own investigation as a 

research topic. 
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6.7 MODEL SPACE TRIM ADJUSTMENT 

This chapter has detailed a method of sampling isocurve information from 

existing surface splines 𝐒! and 𝐒!, as well as utilizing the model space trim curve 𝐂!", to 

determine the reconstructed parameter space domain, Ω!. One step that must be 

performed before any in this chapter has been deferred until now as it relates more to the 

next chapter, yet has effects on the isocurve division performed above. Discussing it 

earlier would have been without context, where saving it until this point gives the ideal 

segue to what follows. In this section we will outline a very small, yet significant 

adjustment to the model space curve using conventional CAD operations. 

The process of generating the model space trim curve 𝐂!"  in 3D model space was 

thoroughly explained in Chapter 2. As an interpolated curve based on the set of points 

𝑆𝑂𝑃!", 𝐂!" approximates the surface-surface intersection, and cannot be guaranteed to 

meet either of the spline surfaces 𝐒! and 𝐒! at any point. As such, creating a surface-

surface intersection 𝐶! across this curve is not easy. Further, if a non-manifold continuity 

is required across the intersection within each new surface 𝐒!, 𝐶! continuity must 

somehow be easily maintained. A slight modification of the already approximated model 

space trim curve 𝐂!" will assure these continuity conditions. 

 Since the reconstruction process relies on discrete isocurve extraction, we will 

ensure continuity at these discrete locations so that the calculations resulting from the use 

of these objects carry that continuity along with those results. The concept of constraint-

based curve modification [17], or soft editing, as it is known to CAD users, is the 

repositioning of curve control points to specified locations so as to maintain the 

continuity of the curve. Techniques for performing constraint-based repositioning of 

curve control points on general spline curves are well understood. Here we will soft edit 
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the curve to confirm that the model space trim curve 𝐂!" intersects both spline surfaces 

𝐒! and 𝐒! at the point of intersection. 

 The simplest case of soft editing is for a curve with 𝐶!!! continuity, as extra 

constraints for tangency need not be considered. This process occurs by first finding the 

point on 𝐒! that minimizes the distance to  𝐂!" 𝑣! , which results in an isocurve at 

𝐈𝐒𝐎!!
! (𝑦!!). If 𝐒! and 𝐒! are associated with a valid b-rep from a solid modeling 

operation, 𝐈𝐒𝐎!!
! (𝑦!!) will intersect 𝐒! at a point such that 𝐒! 𝑥!!,𝑦!! = 𝐒! 𝑥!!,𝑦!! . We 

then soft edit 𝐂!" 𝑣!  to point location 𝐒! 𝑥!!,𝑦!! = 𝐒! 𝑥!!,𝑦!! . In the case where a 

model space trim curve 𝐂!" has continuity less than 𝐶!!!, or  𝐺! continuity with a lesser 

𝐶 continuity, the repositioning must involve tangency constraints to ensure continuity 

conditions. Although more complicated, the soft edit procedure handles this case also. 

 The soft editing adjustments to the control point positions of the model space trim 

curve 𝐂!" constitute very small alterations. Since the curve is an interpolation to begin 

with, these slight modifications actually improve the approximation as they correct for 

the error between trim curve and true intersection. This step may seem insignificant given 

the values involved, but go to great length to guaranteeing continuity in the next chapter. 
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Chapter 7:  Model Space Surface Reconstruction 

 

7.1 CONSTRUCTION OF OUTPUT PATCH GEOMETRY AND A PIONEERING APPROACH 

Having created a suitable global parameter space from the SSI information, the 

model space geometry must be updated to correctly reflect the intersection requirements. 

The two critical considerations for a successful reconstruction are that the resulting 

surfaces meet 𝐶! across their geometric intersections and that the original surface 

geometry is maintained. This chapter will show a pioneering approach to accomplish 

these operations that turns out to be simple, robust, and algorithmically trivial thanks to 

optimal properties of B-splines. 

 

7.2 ISOCURVES AS AN INDIRECT METHOD OF EXCHANGING CONTROL POINT DATA  

Construction of output patches 𝐒! must be made from the existing model space 

surface data as there is no other source of geometric information. A quick appraisal of the 

situation furnishes the scarce information available; essentially, only the initial control 

point data. In its original form, as an untrimmed surface, this may seem an implausible 

source for the necessary reconstructed surface data. As merely control point locations of 

the unmodified surface description, the original control points are actually not useful. 

Transformed into an alternative description, these control points provide the exact 

information for the task at hand. The surface information can be thought of transmitted in 

whole, without approximation, through the isocurve conversion. The mapping provides 

for a complete and precise conversion to a usable form for the reconstruction process. 
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For each value of the surface index 𝑖, geometric data 𝐺! derived from the surface 

patch 𝐒!,! along with geometric data from the portion 𝐂𝐏!",!  of the model space curve 

𝐂!" is used for reconstruction. The two output patches, denoted 𝐒!!,! and 𝐒!!,!, are 

mappings from rectangular domains Ω!!! and Ω!!!, respectively, defined in the previous 

chapter. For each value of the surface index 𝑖 and for each 𝑘 ∈ {A,B}, the boundary 

isocurve of that output patch 𝐒!",! will map onto the portion 𝐂𝐏!",! of the model space 

curve 𝐂!".  Thus, the output patches 𝐒!",!: 𝑖 ∈ 0,1 ; 𝑘 ∈ {A,B}  will all meet each other 

along the portion 𝐂𝐏!",! with 𝐶! continuity, output patches of the same index value a 

higher degree of geometric continuity to replicate the original surface geometry across 

the intersection. Here we have assumed there are two surfaces participating in the 

surface-surface intersection. However, the principles detailed below naturally generalize 

to any number of participating surfaces. This makes the approach valid for manifold and 

non-manifold surfaces alike, a challenging realization in itself. 

To understand the relationship between the surface control point data and the 

reconstruction algorithm, it is necessary to review the definition of an isocurve as defined 

in equations ( 17 ) – ( 21 ). As shown in Figures 21-23, for an arbitrary surface 

𝐒 = 𝐒(𝑠, 𝑡) defined on a domain Ω = 𝑠!, 𝑠!!!!! ×[𝑡!, 𝑡!!!!!] ⊂ ℝ!, with knot vectors 

𝒮 and 𝒯, of degrees 𝑝 in 𝑠 and 𝑞 in 𝑡,  
 

 𝐒 𝑠, 𝑡 = 𝑁!,!(𝑠)𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!     . ( 53 ) 

 

Here, 𝐏!,!  are the surface control points specified at user-defined locations. An isocurve 

is a spline based curve extracted from a surface along one of its parametric values. It is 

created by setting the other parametric value of the surface to a constant, e.g., 𝑠 = 𝑠, at 

the value where the intended isocurve is to be created [16,17], 
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 𝐈𝐒𝐎! 𝑡 = 𝐒 𝑠, 𝑡 = 𝑁!,!(𝑠)𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!  ( 54 ) 

 

Because 𝑠 = 𝑠, the basis function 𝑁!,!(𝑠) can be fully evaluated. Grouping all of the 

known values of the expression together we find,   
 

 𝐈𝐒𝐎! 𝑡 = 𝑁!,! 𝑡 𝑁!,! 𝑠 𝐏!,!

!

!!!

!

!!!

 ( 55 ) 

 

We have defined the sum of evaluated basis functions with control points to be,  
 

 𝐐! = 𝐐! 𝑠 = 𝑁!,! 𝑠 𝐏!,!

!

!!!

  , ( 56 ) 

 

where the values 𝐐!  represent point values, making equation ( 56 ) comparable to 

equation ( 9 ) in Chapter 2,  
 

 𝐈𝐒𝐎! 𝑡 = 𝑁!,! 𝑡   𝐐!     .
!

!!!

 ( 57 ) 

 

As shown in Figure 22, this is a spline curve with control points, embedded within the 

surface. Note that the curve control points, 𝐐! , are distinct from the surface control 

points, 𝐏!,! . Also note that the isocurves were evaluated in the 𝑡 spanning direction, yet 

the above equations are equally valid and derived exactly for the 𝑠 spanning direction. 

 A key insight into the concept of an isocurve can be understood in examining 

equation ( 56 ) in detail. Figure 23 illuminates the relationship between surface control 

points 𝐏!,!  and isocurve control points 𝐐! . In examining the highlighted groupings, one 

can now appreciate the meaning of equation ( 56 ) by seeing that each isocurve control 
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point is simply a weighted sum of the row of the surface control points of the same index 

𝜉. The unique weighting of the points is a result of the evaluation of the sum on 𝜃 over 

𝑚 + 1 products of basis functions and surface control point, 𝑁!,! 𝑠 𝐏!,!!
!!! . We say 

that the surface control point data now resides in the isocurve as the B-spline basis is an 

unambiguously defined expression, clearly known and calculated from the minimal input 

data (see equation ( 56 )). Given the isocurve expression, we postulate that if we can 

provide all of the isocurve data, with the exception of the surface control points, we may 

extract these points. 

Now, let us consider an arbitrary surface 𝐒 = 𝐒(𝑠, 𝑡) defined on a domain 

Ω = 𝑠!, 𝑠!!!!! ×[𝑡!, 𝑡!!!!!] ⊂ ℝ!, with knot vectors 𝒮 and 𝒯, of degrees 𝑝 in 𝑠 and 𝑞 

in 𝑡,  
 

 𝐒 𝑠, 𝑡 = 𝑁!,!(𝑠)𝑁!,!(𝑡)
!

!!!

!

!!!

𝐏!,!     , ( 58 ) 

 

where 𝐏!,!  are the surface control points. Here we assume that the degrees 𝑝 and 𝑞, knot 

vectors 𝒮 and 𝒯, and hence number of rows, 0 ≤ 𝜃 ≤ 𝑚, and columns, 0 ≤ 𝜉 ≤ 𝑛, are 

known. We will state, though, that the surface control points 𝐏!,!  are unknown values. 

The expression is then an incomplete geometric description of a surface due to 

inadequate data, and cannot be evaluated.  

 Let us also consider a collection of 𝑚 + 1 arbitrary isocurves that lie in the 

surface 𝐒 𝑠, 𝑡 , indexed 0 ≤ 𝜆 ≤ 𝑚. The only restriction we impose is that they must 

have compatible degrees 𝑝 and 𝑞 to the respective parametric directions that they span, 𝑠 

and 𝑡, respectively. For a degree 𝑞 isocurve in 𝑡, each isocurve is defined as, 
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 𝐈𝐒𝐎!! 𝑡 = 𝑁!,! 𝑡   𝐐!,!    .
!

!!!

 ( 59 ) 

 

As opposed to equation ( 57 ), here the isocurve control points have a double index 𝐐!,!, 

0 ≤ 𝜆 ≤ 𝑚 for indexing the isocurve itself that is located on the surface 𝐒 𝑠, 𝑡  at 𝑠 = 𝑠!, 

and 0 ≤ 𝜌 ≤ 𝑛 to index the control points along the isocurve along 𝑡. Again, the choice 

of isocurve evaluation is arbitrary and holds in either the 𝑠 or 𝑡 direction. 

Since the isocurves considered are not just arbitrary spline curves, as defined in 

equation ( 57 ), but are assumed to be derived from a parent surface, in this case 𝐒 𝑠, 𝑡  

by equation ( 58 ), the isocurve control points 𝐐!,! are defined to be weighted 

combinations of surface control points, 
 

 𝐐!,! = 𝑁!,!(𝑠!)
!

!!!

𝐏!,!     . ( 60 ) 

 

This equation represents the 𝜌-th control point 𝐐!,! of the 𝜆-th isocurve, as created by 

summing over the 𝑚 surface control points 𝐏!,! . Because 𝐐!,! are control points of an 

isocurve in the surface of 𝐒 𝑠, 𝑡 , by equations ( 59 ) and ( 60 ), there must exist an 

isocurve knot vector identical to the surface knot vector in the same direction, i.e., 𝑛 = 𝑛, 

and 𝜌 = 𝜉. Isocurves of 𝐒 𝑠, 𝑡  may exist from other knot vector constructions, e.g., 

𝑛 ≠ 𝑛, and hence control point quantities and locations could vary as compared to that 

described above, but these curves are simply refined versions of an isocurve with 𝑛 = 𝑛, 

and 𝜌 = 𝜉. In fact, there are an infinite number of valid isocurves on 𝐒 𝑠, 𝑡 , of which we 

are strictly interested in the form of 𝑛 = 𝑛, and 𝜌 = 𝜉, a form guaranteed by equations         

( 58 ) and ( 59 ), 

 𝐐!,! = 𝑁!,!(𝑠!)
!

!!!

𝐏!,!     . ( 61 ) 
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 Using this indexing, we expand equation ( 61 ), isocurve by isocurve, by 

incrementing the isocurve index, 0 ≤ 𝜆 ≤ 𝑚, 
 

 𝐐!,! = 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,!(𝑠!)𝐏!,!     , ( 62 ) 
 

 𝐐!,! = 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,!(𝑠!)𝐏!,!     , ( 63 ) 
 

 …  
 

 𝐐!,! = 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,!(𝑠!)𝐏!,!     , ( 64 ) 
 

 …  
 

 𝐐!!!,! = 𝑁!,! 𝑠!!! 𝐏!,! +⋯+ 𝑁!,! 𝑠!!! 𝐏!,! +⋯+ 𝑁!,!(𝑠!!!)𝐏!,!     , ( 65 ) 
 

 𝐐!,! = 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,! 𝑠! 𝐏!,! +⋯+ 𝑁!,!(𝑠!)𝐏!,!     . ( 66 ) 
 

Noting the common term 𝐏!,!  in equations ( 62 ) – ( 66 ), we can form the linear system, 
 

 

𝐐!,!
𝐐!,!
⋮

𝐐!,!
⋮

𝐐!!!,!
𝐐!,!

=

𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠!
𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠!

⋮ ⋯ ⋮ ⋯ ⋮
𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠!

⋮ ⋯ ⋮ ⋯ ⋮
𝑁!,! 𝑠!!! ⋯ 𝑁!,! 𝑠!!! ⋯ 𝑁!,! 𝑠!!!
𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠! ⋯ 𝑁!,! 𝑠!

𝐏!,!
𝐏!,!
⋮
𝐏!,!
⋮

𝐏!!!,!
𝐏!,!

      , ( 67 ) 

 

 𝐐!,! = 𝐍!,!𝐏!,!     . ( 68 ) 
 

Note that this system is formed by each row of control points, isocurve and 

surface, 𝐐!,!  and 𝐏!,! , respectively, as indexed 0 ≤ 𝜉 ≤ 𝑛, such that there are 𝑛 + 1 of 

these linear systems of equations. The vector of the 𝜉-th row of isocurve control points, 



 101 

𝐐!,! , indexed 0 ≤ 𝜆 ≤ 𝑚, is of length 𝑚 + 1. The vector of the 𝜉-th row of surface 

control points, 𝐏!,! , indexed 0 ≤ 𝜃 ≤ 𝑚, is of length 𝑚 + 1. This makes 𝐍!,!  a matrix of 

𝑚 + 1 × 𝑚 + 1  terms, all of which are known given that they are B-spline basis 

functions with predetermined parameter values 𝑠!. This system has a unique solution for 
the case in which 𝑚 = 𝑚 for 𝐍!,! , with 𝐍!,!  having full rank, i.e., all 𝑚 + 1 rows are 

independent. If the user has control over the elements within the collection of isocurves, 

these are fairly straightforward criteria to satisfy: 

 
1. In order for 𝑚 = 𝑚, and hence 𝜆 = 𝜃, making 𝐍!,!  a square matrix, the 

collection of isocurves in the same parametric direction must number 

exactly 𝑚 + 1; 
2. In order for  𝐍!,!  to have full rank, each value of 𝑠! must be unique, for all 

𝑠! ≤ ⋯ ≤ 𝑠! ≤ ⋯ ≤ 𝑠! bound by the domain of 𝒮, 𝑠!, 𝑠!!!!! . 

Practically speaking, this means that all 𝑚 + 1 isocurves must be non-

redundant and unique, a simple enough requirement to satisfy. 

 

Having satisfied these two items, a unique solution can be found for a single row of 

surface control points, 
 

 𝐏!,! = 𝐍!,!
!!
𝐐!,!     . ( 69 ) 

 

Of course, given modern methods in numerical linear algebra for solving such linear 

systems, the matrix inverse here is not to be taken as an explicit operation. Rather, it 

suggests the existence of a unique solution and the theoretical capability to determine all 
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of the surface control points by solving 𝑛 + 1 such linear systems under fairly modest 

requirements. 

 

7.2 CONSTRUCTING 𝑪𝟎 CONTINUOUS SURFACE PATCHES FROM TRIMMED ISOCURVES 

The previous section gives a rigorous framework of how surface control point 

data can be determined by a collection of unique isocurves. We use this concept, along 

with the information from Chapters 5 and 6, to develop a specific approach for building 

𝐶! continuous surface patches. This automatic process is then optimized to a very 

lightweight algorithm for extreme numerical efficiency. 

Given the previous chapter’s reparameterization steps for each value of the 

surface index i, for all 𝑣 ∈ 𝐼! = [𝑣! , 𝑣!!!], 𝑖 ∈ 0,1 , and 𝑘 ∈ A,B , the 𝑦! isocurve of 

𝐒!",! corresponding to the value 𝑥! = 𝑣 (recalling, 𝑥! = 𝑓!! 𝑣 ) will either start or end at 

the point 𝐂!" 𝑣  on the model space curve (see Figures 25 and 26). Thus, longitudinal 

isocurves in different output patches will meet at the same point on the model space 

curve if they correspond to the same coordinate value 𝑣. Because this property holds for 

each portion 𝐂𝐏!",! of the model space curve (i.e., each value of portion index 𝛽 in the 

index set Φ), the parameter spaces of the output patches 𝐒!",!: 𝑖 ∈ 0,1 , 𝑘 ∈ A,B ,𝛽 ∈

Φ  are unified into the global parameter space created in the last chapter. Here we have 

again assumed there are two surfaces participating in the surface-surface intersection, 

although they scale to multiple surfaces without supplemental theory. 

Yet further, the boundary isocurve of 𝐒!",! for the boundary remote from the 

portion 𝐂𝐏!",! will have the same trajectory in model space as the corresponding 

boundary isocurve of the surface patch 𝐒!,!. The construction of each output patch 𝐒!!,! 

and 𝐒!!,! will involve the solution of a collection of corresponding linear systems of 
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equations, as described above, but in a modified format requiring fewer isocurves. We 

will show that for Bézier patches, the coefficients of the linear system are known in 

advance, and thus, the inverse matrix for this linear system may be precomputed and 

hardcoded as part of a software and/or hardware implementation of the Post-SSI 

algorithm, for a more efficient solution of the linear system. 

In cases where the b-rep is modeling a 2-manifold object, the Post-SSI algorithm 

constructs only one of the output patches 𝐒!!,! and 𝐒!!,! for each value of the surface 

index i, that is, for only a single value of 𝑘 ∈ A,B . In cases where the b-rep is modeling 

a non-manifold object, the Post-SSI algorithm constructs two or more output patches that 

meet along the model space curve with at least 𝐶! continuity. For example, the Post-SSI 

algorithm may construct both the output patches 𝐒!!,! and 𝐒!!,!. The only difference in 

these approaches is the number of operations, with no difference in the operations 

themselves. 

If desired, the two output patches 𝐒!!,! and 𝐒!!,! may be combined by using knot 

removal along the respective boundaries that map to the model space curve, in order to 

form a single output patch 𝐒!,!, in which case the two identified boundaries become an 

interior isoparametric trim curve for the single output patch 𝐒!,!.   

Per the last section, we require input geometric data 𝐺! derived from the surface 

patch 𝐒!,! in the form of: 

 

1. the control points of one or both of the above-described reparameterized 

transverse boundary isocurves, i.e., the control points of 𝐂𝐏!",! as a 

portion of the model space curve 𝐂!";  

2. the control points of boundary isocurves that extend in the 𝑦! direction; 

and  
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3. the control points of one or more non-boundary isocurves that extend in 

the 𝑦! direction.   

 

Thus, the Post-SSI algorithm constructs the surface control points for the output 

patch 𝐒!!,! based on a set of isoparametric curve data including the control points of the 

portion 𝐂𝐏!",! of the model space curve, which may be interpreted as the control points 

for a boundary isocurve of the output patch 𝐒!!,!; and the control points of the 𝑦! sub-

isocurves 𝐑𝐈𝐒𝐎!!!
! (𝑦!)    ∶   𝜆 ∈ 0,1, 2,… ,𝑚!! , or a subset of those control points. 

We will go through an example using Figures 24 – 28 to accompany the 

definitions below. Without loss of generality, we will assume 𝑘 = 𝐴 for simplicity of 

discussion. Choosing 𝑘 = 𝐵 would furnish the same results throughout, for the respective 

section of the reconstruction patch. 

The set of isocurve data includes the control points of the boundary isocurve 

𝐈𝐒𝐎!!"! (𝑥
!) as well as the interior control points of the 𝑦! sub-isocurves 𝐑𝐈𝐒𝐎!!!

! (𝑦!)    ∶

  𝜆 ∈ 0,1, 2,… ,𝑚!! , but exclude the end control points of those sub-isocurves. A 

control point of a spline curve is said to be an interior control point if it is not an end 

control point of that spline curve. The output patch 𝐒!!,! will be defined on the 

reconstruction domain Ω!!!, as described in the previous chapter. For specificity of 

discussion, suppose the reconstruction domain Ω!!! is given by: [𝑥!! , 𝑥!!!! ]×[𝑦!"! ,𝑦!!"! ],  

where 𝑦!"! < 𝑦!!"! < 𝑦!"! , where 𝑦!"!  and 𝑦!"!  are respectively the lower and upper 

bounds of the extraction domain Ω!! . 

Let 𝐏!,!
! : 0 ≤ 𝜃 ≤ 𝑚!! , 0 ≤ 𝜉 ≤ 𝑛!!

!  denote the surface control net of the output 

patch 𝐒!!,!, where 𝑛!!
! + 1 is the number of curve control points in each sub-isocurve 

𝐑𝐈𝐒𝐎!!!
! (𝑦!). In the special case where the sub-isocurves are Bézier sub-isocurves, 



 105 

𝑛!!
! = 𝑝!!, where 𝑝!! is the degree of the Bézier sub-isocurves. Furthermore, in the 

special case where the surface patch 𝐒!,! is of Bézier form in the 𝑥! direction, 𝑚!! = 𝑝!!, 

where 𝑝!! is the degree in the 𝑥! direction. In the rest of this section, for ease of 

discussion, we will drop the surface index 𝑖 from the parameters 𝑥! and 𝑦!, the limit 

values 𝑚!! and 𝑛!!
! , the sample location 𝑥!! , and the degrees 𝑝!! and 𝑝!!. This will not 

change the applicability as the procedure is valid for any surface of index 𝑖; this will 

simplify the otherwise saturated nomenclature to include what is necessary to understand 

the reconstruction procedure. 

As motivated in the beginning of the chapter, we seek surfaces that are 𝐶! acrosst 

the intersection. That is, we want the surface control points of the output patch 𝐒!!,! to be 

computed so that the portion 𝐂𝐏!",! of the model space curve 𝐂!" is a boundary isocurve 

of the output patch 𝐒!!,!, i.e., the boundary isocurve along the boundary corresponding to 

𝑦 = 𝑦!!".  This condition may be achieved by setting the boundary row 𝐏!,!!!
! : 0 ≤ 𝜃 ≤

𝑚!  of surface control points for the output patch equal to the control points of the 

portion 𝐂𝐏!",!. It is a mathematical fact that the curve control points of a boundary 

isocurve of a tensor product spline are respectively identical to the surface control points 

of the tensor product spline along the same boundary, the result of an open knot vector B-

spline curve interpolating its end points [16,17].   

We seek surface control points of the output patch 𝐒!!,! to be computed so that 

the boundary isocurve 𝐈𝐒𝐎!!"(𝑥) of 𝐒!,! is a boundary isocurve of the output patch 𝐒!!,! 

along the boundary 𝑦 = 𝑦!". This condition may be achieved by setting the boundary 

row 𝐏!,!! : 0 ≤ 𝜃 ≤ 𝑚!  of surface control points equal to the control points of the 

boundary isocurve 𝐈𝐒𝐎!!"(𝑥).  
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For the boundary column 𝐏!,!
! : 0 ≤ 𝜉 ≤ 𝑛!!  of surface control points of the 

output patch 𝐒!!,!, we set the interior members of that column equal to the corresponding 

interior control points of the boundary sub-isocurve 𝐑𝐈𝐒𝐎!!
! (𝑦). Recalling that 𝑥! = 𝑥!, 

the end members of this column are already addressed by the above described control 

point identifications.  

For the boundary column 𝐏!!,!
! : 0 ≤ 𝜉 ≤ 𝑛!!  of surface control points of the 

output patch 𝐒!!,!, we set the interior members of that column equal to the corresponding 

interior control points of the boundary sub-isocurve 𝐑𝐈𝐒𝐎!!!

! 𝑦 . As 𝑥!! = 𝑥!!!, the 

end members of this column are already addressed by the above described control point 

identifications. 

Thus far we have accounted for all the boundary control points of the surface 

control net, leaving only the (𝑚! − 1)(𝑛!! − 1) interior surface control points to be 

determined, 𝐏!,!
! : 0 ≤ 𝜃 ≤ 𝑚! , 0 ≤ 𝜉 ≤ 𝑛!! . Here entails the novel and significant 

approach, previously unemployed in CAGD, as outlined in the last section, but in a 

modified form. Unlike the last section where all of the control points of a particular row 

were solved in the linear system, here we have reduced the problem by removing the 

known exterior values, thereby reducing the system by 2 rows and 2 columns. In the 

present context, note that the 𝑥 = 𝑥! isocurve of the output patch 𝐒!!,! is given by,  
 

 𝐒!!,! 𝑥!,𝑦 = 𝑁!,!!(𝑥!)𝑁!,!!(𝑦)

!!
!

!!!

!!

!!!

𝐏!,!
!     , ( 70 ) 

 

 𝐒!!,! 𝑥!,𝑦 = 𝑁!,!! 𝑦 𝑁!,!! 𝑥! 𝐏!,!
!

!!

!!!

!!
!

!!!

    , ( 71 ) 
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where 𝑁!,!! denotes the 𝜃-th NURBS basis function of degree 𝑝!, and 𝑁!,!! denotes the 

𝜉-th NURBS basis function of degree 𝑝!. In the special case where the curve portion 

𝐂𝐏!",! of the model space curve is a Bézier portion, the NURBS function 𝑁!,!! may 

specialize to the Bézier basis function 𝐵!,!!of degree 𝑝!. In the case where we are 

dealing with weighted control points 𝐏!,!
! , we may interpret these points as being in 4D 

space, and recover 3D points by projection.   

Observe that the curve control points 𝐐!
!: 0 ≤ 𝜉 ≤ 𝑛!!  for this isocurve 

𝐒!!,! 𝑥!,𝑦  are given by: 
 

 𝐐!
! = 𝑁!,!!(𝑥!)𝐏!,!        

!

!!

!!!

. ( 72 ) 

 

For each 𝜉 ∈ 1, 2,… ,𝑛!! − 1  and each 𝜆 ∈ 1, 2,… ,𝑚! − 1 , we can set 𝐐!
! 

equal to 𝐐!,!! , i.e., the 𝜌-th control point of the sub-isocurve 𝐑𝐈𝐒𝐎!!
! 𝑦 : 

 

 𝐐!,!! = 𝑁!,!!(𝑥!)𝐏!,!
!

!!

!!!

    . ( 73 ) 

 

As per the last section, this strategy is reasonable since both the sub-isocurve 𝐑𝐈𝐒𝐎!!
! 𝑦  

and the isocurve 𝐒!!,! 𝑥! ,𝑦  are evaluated at 𝑥 = 𝑥!. Unlike the last section, in the above 

summation, we can separate out the terms with indices 𝜃 = 0  and 𝜃 = 𝑚! containing 

known surface control points 𝐏!,!
!  and 𝐏!!,!

!  from the terms with indices 

𝜃 = 1, 2,… ,𝑚! − 1, containing unknown surface control points. We do this as the 

isocurves that are selected in sampling the original surface contain the boundaries of the 

surface that, as shown above, immediately furnish the surface control points. Removing 

the 0-th and 𝑚!-th terms from the summation and rearranging the equation we get, 
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 𝐐!,!! − 𝑁!,!!(𝑥!)𝐏!,!
! − 𝑁!!,!!(𝑥!)𝐏!!,!

!   =    𝑁!,!!(𝑥!)𝐏!,!
!

!!!!

!!!

    . ( 74 ) 

 

Like the procedure used with equations ( 61 ) – ( 67 ), from equation ( 74 ) we can write, 
 

 𝐐!,!
! − 𝐍!,!𝐏!,!

! − 𝐍!!,!𝐏!!,!
! = 𝐍!,!𝐏!,!

!     . ( 75 ) 
 

Thus, for each 𝜌 ∈ 1, 2,… ,𝑛!! − 1   we have a corresponding determinate system of 

(𝑚! − 1) linear vector equations in (𝑚! − 1) vector unknowns, which may be solved, 

e.g., using any standard technique from numerical linear algebra, to determine the interior 

surface control points in the 𝜉-th row of the surface control net 𝐏!,!
! , i.e., the surface 

control points 𝐏!,!
! : 0 < 𝜃 < 𝑚! ,  

 

 𝐏!,!
! = 𝐍!,!

!!
𝐐!,!
! − 𝐍!,!𝐏!,!

! − 𝐍!!,!𝐏!!,!
!     . ( 76 ) 

 

In other words, each interior row of the surface control net corresponds to a separate 

linear system, which may easily be solved to determine the interior members of that row.  

Thus, the entire set of interior surface control points of the output patch 𝐒!!,! are readily 

obtained. This technique of solving for surface control points based on isocurve control 

points is a new contribution to the theory of tensor product splines and has previously 

never been documented as a surface construction strategy. 

With respect to the reconstruction formulation, up until this point there has been 

no restriction on the isocurve sampling locations in creating the isocurve collection, just 

criteria on the exact number of isocurves sampled and the distinctive values the isocurve 

parameters must take, previously discussed due to uniqueness of solution for the system 

of equations. Although there is no further theoretical restriction of the isocurve collection, 
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the sampling of the non-boundary isocurves at the Greville abscissae can be shown to 

produce a solution to the ensuing linear system that is optimal in various metric norms. 

As performed using the methodology of the previous chapter, isocurves sampled at 

Greville abscissae furnish the maximal coefficients in the numerical solution of the 

matrix-vector system. This underscores the results of other areas of current research that 

seem to reinforce the advantageous choice of Greville abscissae in particular instances of 

numerical solutions involving B-spline utilization. 

 An enhanced version of this procedure, from an algorithmic perspective, is 

composed using an essential property of B-spline curves and surfaces, knot refinement, 

coupled with the Greville parameter sampling procedure above. If the isocurves are 

sampled such that their forms express a degree and knot vector of a Bézier curve from the 

surface in both the 𝑥 and 𝑦 directions, the structure of the linear system will contain 

known, pre-computed values. This is distinguished from the arbitrary values that will be 

obtained from an isocurve with an unrestricted knot vector form. The solution of the 

unknown control points of this Bézier patch with Greville abscissae becomes almost 

trivial, a minimal set of multiplications by hardcoded coefficients within minor 

summations. This optimal formulation is detailed in Appendix D for the most common 

case of CAD intersections, bicubic surfaces. This makes the reconstruction cost of the 

algorithm negligible and the speed near immediate, as quickly as the trivial additions and 

multiplications can be made by the processor. For example, in the case of the bicubic 

surface, the solution involves a total of 16 scalar-vector multiplications and 12 vector-

vector additions, insignificant operations given modern computing power. 

Whether input as a general patch or by Bézier refinement, employing the Post-SSI 

algorithm techniques detailed above constructs a complete description of an output patch, 

i.e., the output patch 𝐒!!,!, the output patch 𝐒!!,!, or the combination of 𝐒!!,! and 𝐒!!,!, 
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depending on the user’s output specification. The Post-SSI algorithm output comprises 

the surface control net, a pair of tensor product knot vectors, a set of weights, and the 

degrees of the output patch. This output patch may be interpreted as a portion or the 

entirety of a reconstructed output surface, e.g., a B-Spline surface, or a NURBS surface 

or a T-Spline surface, depending on the global parameterization. The operations are 

flexible to the isocurve collection with near minimal restriction, yet optimized under very 

common and practical conditions. This makes the procedure accommodating to the most 

general of conditions while ideal under the most conventional, an astonishing and 

fortuitous result. 

 

7.3 COMBINING OUTPUT PATCHES, GEOMETRICALLY AND TOPOLOGICALLY 

Recall that the domain Ω!!! of the output patch 𝐒!!,! is defined as the parameter 

space [𝑥!! , 𝑥!!!! ]×[𝑦!"#!! ,𝑦!"#!! ]. It is possible that 𝑦!"#!!  is greater than 𝑦!"#! , i.e., the 

minimum value of parameter 𝑦! in the domain Ω! of the surface 𝐒!. To avoid possible 

confusion with 𝑦!"#!! , we will here refer to 𝑦!"#!  as 𝑦!"##$! . Thus, it may be desirable to 

combine the output patch 𝐒!!,! with the restriction of surface 𝐒! to the longitudinally 

inferior domain Ω!,!"#$!! =    [𝑥!! , 𝑥!!!! ]  × 𝑦!"##$! , y!"#!!  to obtain an extended output patch 

𝐒!",!!"#  on the longitudinally extended domain Ω!,!"#$!! =    [𝑥!! , 𝑥!!!! ]  × 𝑦!"##$! , y!"#!! . This 

combination can be achieved by removing an appropriate number of knots at 𝑦! = 𝑦!"#!! .   

This combination is easily achievable because the output surface patch 𝐒!!,! has been 

designed to respect the geometry of surface 𝐒! along its 𝑦! = 𝑦!"#!!  boundary.  

Furthermore, recall that the domain Ω!!! of the output patch 𝐒!!,! may be equal to 

the rectangle [𝑥!! , 𝑥!!!! ]×[𝑦!"#!! ,𝑦!"#!! ].  It is possible that 𝑦!"#!!  is less than 𝑦!"#! , i.e., the 

maximum value of parameter 𝑦! in the domain Ω! of the surface 𝐒!. Similar to the above, 
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to avoid possible confusion with 𝑦!"#!! , we will here refer to 𝑦!"#!  as 𝑦!"#$#%&! . Thus, it may 

be desirable to combine the output patch 𝐒!!,! with the restriction of surface 𝐒! to the 

longitudinally superior domain Ω!,!"#$!! =    [𝑥!! , 𝑥!!!! ]  × 𝑦!"#!! ,𝑦!"#$#%&!  to obtain an 

extended output patch 𝐒!!,!!"#   on the longitudinally extended domain Ω!,!"#$!! =

  [𝑥!! , 𝑥!!!! ]  × 𝑦!"#!! ,𝑦!"#$#%&! . This combination can be achieved by removing an 

appropriate number of knots at 𝑦! = 𝑦!"#!! .  This combination is easily achievable because 

the output surface patch 𝐒!!,! has been designed to agree with the geometry of surface 𝐒! 

along its 𝑦! = 𝑦!"#!!   boundary. 

As noted above, a given segment (or cluster) of type 𝑥! from the parameter space 

curve 𝐂!"! may include a number of portions 𝐂𝐏!",! corresponding to respective values 

of the portion index 𝛽.  An output patch 𝐒!!,! and/or an output patch 𝐒!!,! can be 

constructed for each of the portions, as variously described above.  It should be 

understood that successive output patches 𝐒!!,! and 𝐒!!,!!! (or, successive output patches 

𝐒!!,! and 𝐒!!,!!!) associated with a given segment (or cluster) can be combined by 

applying knot removal along their shared boundary.  Thus, a single output patch can be 

formed for each cluster (or segment). 

The points, curves, and surfaces resulting from the above described geometry 

construction process are used to update the topology of the b-rep data structure.  As 

described previously, this data structure will be specific to the CAD package or exchange 

file type, yet the update is not limited to any specific data structure and is amenable to 

any valid b-rep data structure commonly used in CAD systems and CAD data exchange 

standards. 

The b-rep topology update occurs after having constructed the output surface 

patch 𝐒!!,! and/or the output surface patch 𝐒!!,!. Assuming a minimal face, edge, vertex 

topological structure, the update can be performed as follows. The existing trim edge 𝐸 
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may be divided into two or more subedges 𝑆𝐸! .  One of those subedges, say 𝑆𝐸!, points 

to the portion 𝐂𝐏!",! of the model space curve, and the remaining subedge(s) point to 

remaining portion(s) of the model space curve. The original topological face 𝐹! associated 

with surface 𝐒! and the original trim loop containing the parameter space trim curve 𝐂!"! 

are updated to add an additional trim loop for the 2D domain of surface 𝐒!, where the 

additional trim loop includes portion 𝐂𝐏!"!,! of the parameter space curve 𝐂!"!, and 

encloses a region corresponding to the domain of the output surface patch 𝐒!!,!  (or the 

domain of the output surface patch 𝐒!!,!). The orientation of the additional loop is 

selected to indicate that the region no longer belongs to the face 𝐹!. A new topological 

face 𝐹! is created and assigned the output surface patch 𝐒!!,! (or the output surface patch 

𝐒!!,!) as its underlying surface spline object.  The new topological face 𝐹! will then have 

four coedges: 

1. 𝐶𝐸!,!! , corresponding to the 𝑥 = 𝑥! boundary of the output surface patch; 

2. 𝐶𝐸!,!! , corresponding to the 𝑥 = 𝑥!!! boundary of the output surface 

patch;  

3. 𝐶𝐸!,!! , corresponding to the 𝑦 = 𝑦!"#!!  boundary of the output surface 

patch;  

4. 𝐶𝐸!,!! , corresponding to the 𝑦 = 𝑦!"#!!  boundary of the output surface 

patch, i.e., the boundary that meets the portion 𝐂𝐏!",! of the model space 

curve. 

The coedge 𝐶𝐸!,!!  is identified with the subedge 𝑆𝐸!. The remainder of the 

original surface patch will require an update to provide appropriate topological adjacency 

information with the new surfaces patches, 𝐒!!,! and 𝐒!!,!, and their respective 

topological entities. 
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Having updated both the geometry and the topology, the new b-rep solid model is 

written out to the specified standard of the data structure type of the CAD application 

and/or data format of the CAD file, dependent on end use. As a standard b-rep in native 

form, this new data not only satisfies the continuity issues of the trimmed surfaces, but it 

returns it back in such a way that is available for processing as if it were indistinguishably 

generated originally from the source. This feature gives the operation the key property of 

closure that is essential for complex, iterative operations in a CAD system. 
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Figure 21: Arbitrary spline surface showing control points in a control net.  
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Figure 22: Arbitrary isocurve from a spline surface showing detailed definition.  
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Figure 23: Detailed depiction of the isocurve control points and their relationship to the 
surface control points through the isocurve definition.  



 117 

 

 

Figure 24: Arbitrary spline surface as input to trim.  
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Figure 25: Input spline surface to trim with associated isocurves extracted and 
reparameterized.  
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Figure 26: Output spline surface showing unknown control points.  
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Figure 27: Output spline surface showing known versus unknown control points.  
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Figure 28: Detail of a single row of known isocurve control points, known surface 
control points, and unknown surface control points.  
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Chapter 8:  The Complete Process: an Illustrated Example 

 

8.1 WATERTIGHT ALGORITHM ILLUSTRATED FROM INPUT TO OUTPUT 

This chapter illustrates a complete example, from input to output, over 25 figures. 

One should parallel relevant sections from Chapters 4 through 8 while reviewing Figures 

29-54 for pertinent theoretical and algorithmic underpinnings. The example is a result of 

actual data computed by the algorithm and is not merely for display, created in the 

Rhinoceros® (Rhino®) CAD application [51] and processed through code written with its 

software development toolkit (SDK). The watertight algorithm is thus completely 

integrated into the software, allowing for the full use of tools within Rhino®. 

We create two arbitrary spline surfaces 𝐒! and 𝐒!, shown in Figure 29, that 

intersect in model space and allow for a standard admissible b-rep Boolean operation. 

The parameter space mappings of these two surfaces are detailed in Figure 30, showing 

that surface 𝐒! is a bicubic B-spline surface with internal knots in both directions while 

surface 𝐒! is a linearly lofted B-spline surface, generated from a highly dynamic cubic 

curve with internal knots. This represents a very complex, yet common CAD operation. 

The model space result of the Boolean operation is shown in Figure 31. The 

standard SSI operation takes place as described in Chapter 2 with necessary topological 

updates to respect the solid model integrity. As noted in this diagram, Figure 32 shows a 

zoomed in view of a part of the model, detailing the discontinuous gap-replete fashion of 

the Boolean operation performed. The model space trim curve does not represent the true 

intersection curve. 
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The details of the result of the SSI operation in model space showing the full 

parameter space of 𝐂!" with its mapping to model space is shown in Figure 33. Because 

of the inherent complexity, detailed areas are pulled out as shown in Figure 38. For the 

objects related to 𝐒!, the details of the result of the SSI operation in model space and the 

various associated parameter spaces of 𝐒! are shown in Figure 34. Figure 35 shows this 

also for 𝐒!, the complexity being quite high as to also necessitate detailed figures. These 

are shown in Figures 36 and 37, respectively, for the two surfaces. 

Figures 36.1, 36.2, 36.3 show the data indicated by Figure 34, along with the 

Chapter 4 operations applied. This indicates the parameter space and model space surface 

and curve data for that portion of 𝐒!, as well as the segmentation, classification and 

clustering data. Figures 37.1, 37.2, 37.3 show the data indicated by Figure 35, for 𝐒! in 

the same way as Figure 36, indicating the segmentation, classification and clustering 

operations. 

Figure 38 describes the operations detailed in Chapter 5. The refinement and 

cross-seeding of the components takes place using standard CAD projection calls. For 

that portion of the model space trim curve, Greville points are used on the superset of 

model space trim curve knots, as shown in Figure 39, to sample isocurves. Isocurves on 

𝐒! are evaluated in Figure 40 and trimmed in Figure 41 along the trim boundary. For 𝐒!, 

isocurves are evaluated in Figure 42 and trimmed in Figure 43 along the trim boundary. 

The important step of reparameterization is then applied in Figures 44 through 47. 

Figures 44 and 45 indicate how the reparameterization surface supplies the 

reparameterization curves used with each isocurve on each segment. This can be 

compared to the same process, but for 𝐒!, in Figures 46 and 47. 

Figure 48 is an important diagram to compare the original geometric definitions 

of 𝐒! with the reconstructed mappings shown in Figures 49 and 50. Figure 49 shows a T-
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spline approach, yielding a more local and compact representation, while Figure 50 

shows that B-spline representation is just as easy to obtain. An interesting detail can be 

seen in these two figures in that, because a developable surface was used as the 

reparameterization surface, each isocurve reparameterization function is linear, so a large 

number of knots proliferate. Had a nonlinear reparameterization scheme been solved for, 

the number of knots would have been much fewer. 

For 𝐒!, Figure 51 shows the original mapping to compare to the reconstructed 

form of Figure 52. Because there are no internal knots, only a B-spline results from the 

reconstruction and a T-spline is unnecessary. 

The most compelling figures are Figure 53 and 54, showing the global 

reparameterization space mappings in T-spline and B-spline forms, respectively. The key 

features are that the intersection is watertight, meeting at a shared transverse isocurve, 

from a single parameter space. This completes the process for this segment, with the rest 

of the model available for the same procedure. 
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Figure 29: Two arbitrary spline surfaces 𝐒! and 𝐒! that intersect in model space. The 
surface 𝐒! is a bicubic B-spline surface with internal knots in both 
directions. The surface 𝐒! is a linearly lofted B-spline surface, generated 
from a highly dynamic cubic curve with internal knots.  
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Figure 30: Detailed view of parameter space mappings to model space for the surfaces 
𝐒! and 𝐒! of Figure 29.   
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Figure 31: The result of a solid modeling Boolean operation incorporating SSI on 
spline surfaces 𝐒! and 𝐒! of Figure 29.   
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Figure 32: A zoomed in detail of Figure 31 detailing the discontinuous gap-replete 
fashion of the Boolean operation performed.   
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Figure 33: The details of the result of the SSI operation in model space showing the full 
parameter space of 𝐂!!.   
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Figure 34: The details of the result of the SSI operation in model space and the various 
associated parameter spaces of 𝐒!.   
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Figure 35: The details of the result of the SSI operation in model space and the various 
associated parameter spaces of 𝐒!.   
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Figure 36: Figures 36.1, 36.2, 36.3 (clockwise from left). Zoomed details of the result 
of the SSI operation in model space and the various associated parameter 
spaces of 𝐒!.   
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Figure 37: Figures 37.1, 37.2, 37.3 (clockwise from left). Zoomed details of the result 
of the SSI operation in model space and the various associated parameter 
spaces of 𝐒!.   
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Figure 38: Figures 38.1, 38.2, 38.3 (clockwise from left). Zoomed details of the result 
of the SSI operation in model space and the various associated parameter 
spaces of model space trim curve 𝐂!".    
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Figure 39: Figures 39.1, 39.2 (from top to bottom). Detail of the knot refined curve 𝐂!" 
with sample points shown. In this example the sample points are Greville 
points of 𝐂!".   
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Figure 40: Isocurve sampling of surfaces 𝐒!, untrimmed.   
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Figure 41: Isocurve sampling of surfaces 𝐒!, trimmed at 𝐂!".   
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Figure 42: Isocurve sampling of surfaces 𝐒!, untrimmed.   
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Figure 43: Isocurve sampling of surfaces 𝐒!, trimmed at 𝐂!".   
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Figure 44: Example of linear isocurve reparameterization for isocurve sampling of 
surfaces 𝐒!.   
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Figure 45: Example of linear isocurve reparameterization for isocurve sampling of 
surfaces 𝐒!.   
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Figure 46: Example of linear isocurve reparameterization for isocurve sampling of 
surfaces 𝐒!.   
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Figure 47: Example of linear isocurve reparameterization for isocurve sampling of 
surfaces 𝐒!.   
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Figure 48: Isocurve sampling of surface 𝐒! with its parameter space.   
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Figure 49: Reconstructed T-spline surface 𝐒! with its respective parameter space.   
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Figure 50: Reconstructed B-spline surface 𝐒! with its respective parameter space.   
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Figure 51: Isocurve sampling of surface 𝐒! with its parameter space.   
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Figure 52: Reconstructed B-spline surface 𝐒! with its respective parameter space.   
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Figure 53: T-spline surface 𝐒 as a union of 𝐒! and 𝐒! with its global parameter space.   
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Figure 54: B-spline surface 𝐒 as a union of 𝐒! and 𝐒! with its global parameter space.   
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Chapter 9:  Watertight Modeling Analysis Examples 

 

9.1 DOWNSTREAM BENEFITS OF WATERTIGHT MODELS: EXAMPLES FROM 
COMPUTATIONAL ANALYSIS 

The previous chapters have dealt with the procedures required for creating 

watertight models from b-rep CAD model Boolean intersections. Referring back to the 

DART System Analysis [5] report by Sandia National Laboratories, mentioned in the 

introduction, we are reminded that without watertight models nearly 80% of the total 

design and analysis time goes towards repairing gap-ridden models [6]. In this chapter we 

show examples that effectively eliminate operational overhead, freeing the engineer to 

focus on engineering instead of model preprocessing. 

Using the now ubiquitous method of Bézier extraction for performing IGA [52–

54], the models are created in the Rhinoceros® (Rhino®) CAD application [51] and 

analyzed in the LS-DYNA® CAE package [55]. Rhino® offers a software development 

toolkit (SDK) for which users can write scripting interfaces and software plugins. The 

watertight algorithm was employed in this fashion, completely integrated into the 

software, allowing for the full use of Rhino® features, including an export file 

representing the Bézier extraction data (*.iga). This automated procedure constructs a 

geometric data file ready for isogeometric analysis in any capable CAE package with the 

capability of performing Bézier extraction. Here we have employed LS-DYNA® for this 

purpose, creating the required input keyword file with computational analysis 

preprocessing information, e.g., material properties, boundary conditions, etc., and 

simply referenced the Bézier extraction file (*.iga) for all geometric information. This 
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seamless operation removes the demands on the user for any manipulation of the 

geometric information for analysis purposes, the current source of immense inefficiency 

in the current design-through-analysis process. 

For all the models run in this chapter, the following input properties in LS-DYNA® 

were assumed: 

 

1. The element type is specified by *SECTION_SHELL as EQ.201 [56], 

meaning that shell type 201 uses Isogeometric shells with NURBS 

formulation from the *ELEMENT_SHELL_NURBS_PATCH. This is 

required for use with all IGA shell modeling in LS-DYNA®. 

2. The shell thickness of 0.1 was used in the hole-in-plate examples, 0.5 for 

the pipe-pipe intersection. 

3. The material properties used were that of mild steel in SI units, 𝜌 = 

7.8300E-6 Mg/m3, E = 200.0 GPa.   

4. Appendix E gives a sample keyword file used as input for the hole-in-plate 

example. The pipe-pipe intersection file is the same, except for the shell 

thickness and boundary conditions. 

 

9.1.1 Hole-in-Plate  

An important test for surface intersection reconstruction algorithms is the hole in 

the plate example [57], significant for a multitude of reasons. First, it possesses an 

unambiguous feature in the hole, a perfect circle, which allows for measuring the quality 

of the operation. Next, this radial intersection cuts across a rectangular input domain, 

forcing the algorithm to deal with the most taxing conditions of reparameterization. 
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Lastly, it is a common feature that is frequently required in engineering models at a high 

level of accuracy. 

Using the watertight reconstruction algorithm defined in the previous chapters, we 

successfully create this bicubic watertight object to model tolerance. We have taken a 

unit quadrant as our dimension for the model, making the plate 2x2 units. The hole has a 

diameter of 1. Here we have employed a T-spline description with extraordinary points 

along the diagonals of the patch. Moving them to the corner boundaries could have 

eliminated these extraordinary points, but this forces this condition on the larger model 

for which this hole would be part of. This is to say that most hole-in-plate conditions do 

not exist independently and thus need to be amenable to fitting into the surrounding 

model, so a sound reconstruction algorithm should address this. 

After building the object, the model was directly exported for modal analysis as a 

shell in LS-DYNA®. The boundary conditions were set as pinned at the exterior edges, 

i.e., constrained translational degrees of freedom with free rotations. Here we show an 

important quality of the watertight algorithm. Since a shell analysis requires a certain 

level of continuity of the input model, the analysis results provide confirmation that the 

model contains no discontinuities. The model is in fact 𝐶!, each interior knot line having 

multiplicity 1. The exception to this is around the 2-ring of the extraordinary points, a 

feature universal to all current modelers [58], and a research topic on its own. Figures 55, 

56, and 57 document this model. 
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Figure 55: Hole-in-plate example showing the original surface and result of a standard 
b-rep trim utilizing SSI. 

 

 

Figure 56: Hole-in-plate watertight solution. 
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We push this example further to an even more complex level. Solid modelers are 

often troubled by non-manifold conditions and it takes a sophisticated application to  

 

Figure 57: Hole-in-plate modal analysis depicting the first mode. This image shows the 
displaced shape, the color scheme indicating the level of displacement from 
the base plane. 

handle non-manifold CAD models using the traditional b-rep model incorporating 

standard SSI features. Here we keep all objects after the Boolean operation, including 

both the interior and the exterior of the hole-in-plate to show some valuable features of 

the watertight procedure. Not only is the hole accurate to model tolerance, represented as 

an isocurve in the plate, but it is done such that the plate is 𝐶! across this “trim”! This is 
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quite a powerful facet of the approach, allowing for watertight non-manifold modeling. It 

also calls into question our understanding of Boolean operations in CAD in general. Is a 

user interested in trim operations from applying Booleans or a more general imprinting of 

intersection data on the surface objects? The imprinting operation is the Boolean 

operation but without deleting portions, essentially the non-manifold operation. This 

clarification places the operation in a more general and useful context given the design 

intent. Figures 58 and 59 show the results of this modeling and analysis. 

 

Figure 58: Non-manifold hole-in-plate watertight solution. 
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Figure 59: Non-manifold hole-in-plate modal analysis depicting the first mode. 

 

9.1.2 Intersecting pipe example 

Having run the quintessential hole-in-plate example, we now expand to the 

common engineering application of intersecting pipes. The completely conformal 

intersection resulting from this has been the bane of many modelers working in industry 

without such a tool. In Figures 60, 61, and 62 the intersecting pipe configuration of 

Appendix C is reconstructed and analyzed for modal analysis, demonstrating the ease of 

process and the quality of output. The boundary conditions used for the analysis were of  



 158 

 

 

Figure 60: Gap ridden pipe-pipe intersection model, original B-rep file as input detailed 
in Appendix C. 

pinned translational degrees of freedom along the hemisphere of the chord (bottom pipe). 

Given the relative stiffness of the components, the first mode is a lateral, side-to-side 

displacement. 

Used in a multitude of objects from bike frames to oil platforms, this seemingly 

straightforward modeling condition is vexing in lieu of a watertight solution, requiring 

expensive and specialized approaches. Thin walled intersecting tubes have surprisingly 
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complex mechanical behavior at their junction, with angles and respective diameters of 

arbitrary values. Respecting both the non-manifold feature and the continuity conditions 

required from a shell analysis, the watertight algorithm makes short work of this. 

 

 

 

Figure 61: Watertight pipe-pipe intersection, configuration the same as that as depicted 
in Appendix C. 
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Figure 62: Watertight pipe-pipe intersection, modal analysis depicting first mode from 
various viewpoints, color indicates displacement.   
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Chapter 10:  Conclusion 

 

10.1 AN APPROACH FOR REALIZING WATERTIGHT RECONSTRUCTION  

The surface-surface intersection issue has confounded the CAGD field for 

decades in which CAD systems have been designed to mitigate the effects through ad hoc 

computational and algorithmic gymnastics. This handling of the problem using the b-rep 

data structure has been innovative and has allowed for modern software systems to effect 

complicated designs, but inhibits more complex designs moving forward. Models 

requiring the majority of their time and effort to be made usable for their intended field 

have besieged downstream users. In the case of CAE, the DART System Analysis 

produced by Sandia National Laboratories [5] revealed that 80% of an engineer’s time is 

spent healing CAD models. This is an unsustainable and untenable approach to design for 

analysis. 

To tackle this problem, we posed a simple question in the introduction. We asked 

what were the model space and parameter space transformations that could effectively 

map a standard b-rep CAD model with SSI information to a watertight configuration. 

This document answered those questions through a three-part solution, outlined in 

Chapter 4. Geometric and topological reconstruction operations were defined to make 

gap-riddled models watertight. The output tensor product surface patches were shown to 

be 𝐶! across the model space trim curve 𝐂!" while maintaining continuity internal to the 

patch, 𝐶! across the trim in the case of bicubic surfaces. In making the objects watertight 

the b-rep topology supplies valuable parameter space information, healing also the 
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geometry-topology separation in solid modeling. This is a compelling concept itself 

worthy of CAD system utilization. 

The three main watertight algorithm steps consist of parameter space analysis, 

reparameterization and global parameter space reconstruction, and then model space 

reconstruction. In parameter space analysis the input topology and geometry are surveyed 

to furnish the requisite information for reparameterizing sets of isoparametric curves 

extracted from the source model. The global parameter space is then formed, motivating 

questions about optimal transformations and mappings in a novel approach, worthy of 

research in itself. The model space reconstruction procedure further exploits the attributes 

of the isoparametric curve data using a method that has not been previously published. 

Setting up a simple system of linear equations, the isocurve control points can be shown 

to provide a unique solution to the surface control points of the trimmed surface. This 

results in surfaces that meet 𝐶! across their intersection curve, with the original surface 

geometry and continuity maintained. 

Having produced watertight models on the CAD side, isogeometric analysis can 

be used directly by the analysis code through the now popular method of Bézier 

extraction. Simply exporting from CAD and importing to CAE of the geometric data, 

with no further user manipulation, makes analysis automatic, while greatly reducing the 

demands on the engineer. Analyzing these models prompts the reconsideration of the 

entire issue. With CAD surfaces it is no longer about an intersection paradigm, in a 

classic Boolean framework, rather, about imprinting surfaces with intersection 

information. Imprinting can be thought of as inserting an impression of the intersection 

data into the object so as to be both 𝐶! with the intersecting object while maintaining 

continuity of the original geometry. We achieve this by modularizing the separate 
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functions of intersection, perceived and accepted within its existing context in the field, 

and reconstruction, the process of updating the original objects with this information. 

An important point must be considered in viewing watertight modeling in this 

way. As shown in Chapter 2, exact intersection of even simple objects results in an entity 

that is of a high degree, highly complex; the information dense and intricate. It is not 

appropriate to demand that this yield the same simple forms when performing current 

solid modeling Boolean operations, where the surface objects are never updated. The 

processes are incomparable, with simple representations as originally input expected as 

output being unreasonable and inconsistent with theory. What is valid, justifiable, and 

reasonable to stipulate is that there should be a straightforward procedure for making 

models watertight, within the currently accepted approximation tolerances, of a 

complexity of the intersection localized around the intersection domain and not 

propagating to areas with non-influential geometric or topological features. Such is the 

procedure outlined here. 

The watertight reconstruction approach described adopts the philosophy that as 

long as CAD systems employ low degree spline representations of objects, intersection 

will be necessarily rooted in approximation. Postulating this approach then admits the 

procedures outlined. CAD users must already accept modeling tolerances in current b-rep 

solid modeling practice, as described by the SSI procedure, and the watertight algorithm 

accepts this same tolerance but with conformal results. The methodology employed 

demands modeling tolerances from the user that are no more stringent than already 

demanded, with the current paradigm generating far less desirable results. 

Another salient feature that should be recognized about this watertight algorithm 

is that it allows for the property of operational closure. A spline object gets returned as a 

spline object, in the same canonical form as input. As previously discussed, this is 
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currently not available with use of b-reps in which the object is transformed into a static 

and uneditable entity after a Boolean procedure is applied. This becomes a useful 

attribute for modelers looking to modify objects subsequent to an SSI operation. 

 

10.2 LIMITATIONS AND FUTURE WORK 

We mention that there is considerable research left to explore with this approach. 

The biggest area worthy of attention is optimizing the reparameterization surface 

function, searching for the ideal parameterization of the target object. Careful 

consideration of the assumptions and constraints required to do this is warranted as they 

have a profound effect on the output. Ideally a T-spline approach would best serve this 

process so as to localize features in the neighborhood of the intersection. Another equally 

interesting area of research, but on the solid modeling side, is traversing the parameter 

space of the watertight object now that the divide between geometry and topology has 

been reconciled. The face, edge, vertex system presented before as an auxiliary system 

now points to knot faces, knot lines, and intersecting knot locations. This utilization as a 

modeling aid is unique and exciting as the previous divide was the source of much 

consternation. Additionally, a concise proof is warranted regarding the complexity of 

watertight objects. Having this bound would help to alleviated the issues that arise over 

the required density of refinement needed to produce such objects. The extraordinary 

point issue with respect to this approach requires further study, to determine not only how 

many extraordinary points are needed in the operation, but also where the optimal 

locations are and how to treat them afterwards. The insight from the s-t significant point 

transition in Chapter 5 helps to shed light on the nature of this further study. 
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While there is still much to explore with the method itself, more industrially 

significant models should be processed using the existing framework. This itself will 

yield more insight and refinement to the procedure, as well as significantly alleviating the 

current imprecision and cost in valuable time and resources experienced in industry. 
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Appendix A 

This appendix shows single bicubic B-spline patches and the corresponding solid 

modeling b-rep data structure. This highlights the invariance of the topological data for 

the difference in surface description, hence the separation of geometry and topology in 

the b-rep data structure.  

 

 

Figure A1: See file: 
“UrickBen_PhDdissertation_AppendixA_cubicNURBSplane_compare.pdf” 
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Appendix B 

In this appendix the extremely simple case of two bicubic planes intersecting is 

detailed. One immediately notices the complexity required to maintain the integrity of 

even the simplest of solid models. A comparison is made between what part is retained 

and which part is not, which clearly demonstrates no change to the actual surface 

representations.  

 

 

Figure B1: See file: 
“UrickBen_PhDdissertation_AppendixB_planePlaneIntersectionExample.pdf”  
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Appendix C 

Intersection of two cylinders is detailed in this appendix, common in engineering 

as two intersecting pipes. The complexity of the data required to represent the solid 

model is considerable, and here an opportunity is taken to compare a solid modeling 

operation with a surface modeling operation. Again, no changes are made to update the 

surface representations, yet the topological updates for the solid modeling Boolean are 

extensive.  

 

 

Figure C1: See file: 
“UrickBen_PhDdissertation_AppendixC_pipePipeIntersectionExample.pdf”  
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Appendix D 

As described in Figures D1-D12, an enhanced version of the reconstruction 

procedure from Chapter 7 from an algorithmic perspective is detailed, with isocurves 

sampled at Greville abscissae. If the isocurves are sampled such that their forms express a 

degree and knot vector of a Bézier curve from the surface in both the 𝑥 and 𝑦 directions, 

the structure of the linear system will contain known, pre-computed values. This is 

distinguished from the arbitrary values that with be obtained from an isocurve with an 

unrestricted knot vector form. The solution of the unknown control points of this Bézier 

patch with Greville abscissae becomes almost trivial, a minimal set of multiplications by 

hardcoded coefficients within minor summations. Here the optimal formulation is 

detailed for the most common case of CAD intersections, bicubic surfaces. This makes 

the reconstruction cost of the algorithm negligible and the speed near immediate, as 

quickly as the trivial additions and multiplications can be made by the processor. In the 

case of the bicubic surface, the solution involves a total of 16 scalar-vector 

multiplications and 12 vector-vector additions, insignificant operations given modern 

computing power. 
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Figure D1: Arbitrary bicubic Bézier surface.   



 171 

 

Figure D2: Arbitrary isocurve extracted fro bicubic Bézier surface with detailed 
definition.   
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Figure D3: Detailed view of isocurve control point calculation.   
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Figure D4: Comparison of bicubic Bézier surface and isocurve mappings from 
parameter space to model space.   
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Figure D5: Detailed calculation of bicubic Bézier interpolated boundary isocurves.   
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Figure D6: Known control point data from bicubic Bézier surface given the four 
associated interpolated boundary isocurves .   
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Figure D7: Assumed known input information from bicubic Bézier surface including 
the four associated interpolated boundary isocurves with arbitrarily 
extracted unique interior isocurves.   
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Figure D8: Known and unknown surface control points of a surface from the input data.   
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Figure D9: Isocurve equation evaluation given input information.   
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Figure D10: Isocurve equation manipulation.   
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Figure D11: Isocurve equation manipulation to solve for unknown interior surface 
control points. Isocurves assumed to be sampled at Greville abscissae.   



 181 

 

Figure D12: Solution of unknown interior surface control points. Isocurves assumed to 
be sampled at Greville abscissae. 
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Appendix E 

This appendix gives a sample keyword file in LS-DYNA® for the hole-in-plate 

modal analysis. The full boundary condition list has been truncated for brevity. 

 
*KEYWORD  5000M 
$ 
*TITLE 
20160808_holeInPlate_00_EP_outer_EIGEN.k 
$ 
$=============================================================================== 
$ *CONTROL 
$------------------------------------------------------------------------------- 
*CONTROL_IMPLICIT_EIGENVALUE 
$     NEIG    CENTER     LFLAG    LFTEND     RFLAG    RHTEND    EIGMTH    SHFSCL 
$D       0       0.0         0 -infinity         0 +infinity         2       0.0 
$      000 
10 
$------------------------------------------------------------------------------- 
*CONTROL_IMPLICIT_CONSISTENT_MASS 
$    IFLAG 
$D       0 
         1 
$------------------------------------------------------------------------------- 
*CONTROL_IMPLICIT_GENERAL 
$   IMFLAG       DT0    IMFORM      NSBS       IGS     CNSTN      FORM    ZERO_V 
$D       0    <none>         2         1         2         0         0         0 
         1 1.000E-02 
$------------------------------------------------------------------------------- 
*CONTROL_TERMINATION 
$   ENDTIM    ENDCYC     DTMIN    ENDENG    ENDMAS     NOSOL 
$D     0.0         0       0.0       0.0   1.0E+08         0 
 5.000E-02 
$=============================================================================== 
$ *DATABASE 
$------------------------------------------------------------------------------- 
*DATABASE_BNDOUT 
$       DT    BINARY      LCUR     IOOPT   OPTION1   OPTION2   OPTION3   OPTION4 
$D     0.0    1 or 2      none       0.0         0         0         0         0 
    5.0E-4         0 
$------------------------------------------------------------------------------- 
*DATABASE_SPCFORC 
$       DT    BINARY      LCUR     IOOPT   OPTION1   OPTION2   OPTION3   OPTION4 
$D     0.0    1 or 2      none       0.0         0         0         0         0 
    5.0E-4         0 
$------------------------------------------------------------------------------- 
*DATABASE_BINARY_D3PLOT 
$    IFILE     IMATL     IWALL 
$D       1         0         0 
 1.000E-03 
$------------------------------------------------------------------------------- 
*DATABASE_GLSTAT 
$       DT    BINARY      LCUR     IOOPT   OPTION1   OPTION2   OPTION3   OPTION4 
$D      0.    1 or 2    <none>        0.         0         0         0         0 
 1.000E-03 
$------------------------------------------------------------------------------- 
$  *DATABASE_HISTORY_NODE Card for Case II 
*DATABASE_HISTORY_NODE 
$ ID1, ... , IDi, ... , IDn 
1 
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$=============================================================================== 
$ *PART 
$------------------------------------------------------------------------------- 
*PART 
$                                     HEADING 
$D                                    <none> 
 
$      PID     SECID       MID     EOSID      HGID      GRAV    ADPOPT      TMID 
$D  <none>    <none>    <none>         0         0         0         0         0 
         1         1         1         0         0         0         0         0 
$=============================================================================== 
$ *SECTION_SHELL 
$------------------------------------------------------------------------------- 
*SECTION_SHELL 
$    SECID    ELFORM      SHRF       NIP     PROPT QR / IRID     ICOMP     SETYP 
$D  <none>                 1.0         2       0.0       0.0         0         1 
         1       201       1.0         2       1.0         0         0         1 
$       T1        T2        T3        T4      NLOC     MAREA      IDOF    EDGSET 
$D     0.0      <T1>      <T1>      <T1>       0.0       0.0       0.0 
      0.01      0.01      0.01      0.01       0.0       0.0       0.0         0 
$=============================================================================== 
$ *MAT 
$------------------------------------------------------------------------------- 
*MAT_ELASTIC 
$      MID        RO         E        PR        DA        DB         K 
$D  <none>    <none>    <none>       0.0       0.0       0.0       0.0 
$        1   1.02E-3  1.7472E7       0.3       0.0       0.0       0.0 
         1 7.8300E-6     200.0       0.1       0.0       0.0         0 
$=============================================================================== 
$ *INCLUDE 
$------------------------------------------------------------------------------- 
*INCLUDE_TRANSFORM 
$                                FILENAME 
20160808_holeInPlate_00_EP_outer_BEXT.iga 
$#               INT       PID     IMASS      FORM 
         0         1         1         0         0      
$   IDROFF              PREFIX    SUFFIX 
 
$   FCTMAS    FCTTIM    FCTLEN    FCTTEM   INCOUT1 
0.,0.,10. 
$   TRANID 
 
$=============================================================================== 
$ *BOUNDARY_SPC_NODE 
$------------------------------------------------------------------------------- 
*BOUNDARY_SPC_NODE 
$ NID/NSID       CID      DOFX      DOFY      DOFZ     DOFRX     DOFRY     DOFRZ 
$D  <none>         0         0         0         0         0         0         0 
         5         0         1         1         1         0         0         0 
$ ... TRUNCATED LIST ... 
      2208         0         1         1         1         0         0         0 
$ 
$ 
*END 
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