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Abstract 

 

Multivariate Multiple-Membership Random Effects Models:  

A Demonstration and Assessment of Model Estimation and Fit 

 

Sunyoung Park, PhD 

The University of Texas at Austin, 2018 

 

Supervisor: S. Natasha Beretvas 

 

 The current dissertation, composed of two studies, focused on the models that 

handle several data structure complexities simultaneously. The first study introduced and 

evaluated Markov Chain Monte Carlo (MCMC) estimation of the multivariate multiple-

membership random effects model (MV-MMREM) for handling multiple-membership 

data in scenarios with multiple, related outcomes. The second study assessed 

performance of the deviance information criterion (DIC) for selecting the best-fitting 

model to help support a researcher’s choices about whether to add fixed effects to the 

MV-MMREM effects model.  

  While a recent study introduced the idea of the MV-MMREM, no research has 

directly assessed its estimation nor demonstrated its use with real data. Therefore, real 

multiple-membership dataset were used that includes multiple related outcomes to 

demonstrate interpretation of MV-MMREM parameters. In addition, a simulation study 

was conducted to assess estimation of the MV-MMREM under a number of design 
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conditions including the proportion of multiple membership individuals, the number of 

clusters, the sample size per cluster, the degree of correlation among pairs of outcomes, 

the true intra-class correlation coefficient, type of missingness, and proportion of 

missingness. Additionally, the robustness of results were assessed for multivariate 

multiple-membership data when analyzed using multivariate, hierarchical linear model 

that ignores the multiple-membership structure (MV-HLM) and when instead using 

multiple, univariate MMREMs (one for each outcome). The results were assessed using 

relative parameter bias (RPB), relative standard error bias (RSEB), and coverage rates. 

 In the second study, another real dataset were analyzed with the resulting DIC 

values compared to demonstrate how it is used to support selection of the best-fitting 

model. In the associated simulation study, the same set of design conditions as in the first 

study (but not considered missingness and considered the magnitude of coefficients of 

predictor variables) were manipulated. The DIC was used to choose between three 

different conditional MV-MMREMs that differ in their fixed effects parameter 

specification. We assessed and compared correct model identification rates based on the 

DIC with inferences and based on the statistical significance of the parameters being 

added in the set of nested models. 
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INTRODUCTION 

 In any statistical analysis, it is critical to optimally match the model being 

estimated with the characteristics of the data structure. For example, if data are collected 

from individuals nested in clusters, then the resulting dependency should be handled 

either by correcting the standard errors or by modeling the clustering through use of the 

multilevel model. Similarly, if individuals are members of more than one cluster, then the 

resulting multiple-membership data structure should be appropriately modeled. Another 

kind of dependence that might also need to be addressed is that of multivariate outcomes. 

The current study focused on a model that simultaneously handles several such data 

structure complexities. More specifically, this study introduced and evaluated estimation 

of the multivariate multiple-membership random effects model (MV-MMREM, Beretvas, 

2015) for handling multiple-membership data in which individuals are members of 

multiple clustering units and for data that include multiple related outcomes. 

 While most statistical models of multiple regression and analysis of variance 

(ANOVA) assume that responses from individuals are independent, some data structures 

could be violated, for example, where individuals are nested in clusters that share the 

characteristics of clusters. One of the possible approaches for handling the dependence 

among individuals is the multilevel model (see detailed in Hox, 2010; Raundenbush & 

Bryk, 2002; Snijders & Bosker, 2012). Various methodological studies have been 

conducted have focused on the accuracy of the multilevel model parameter estimates, the 

required sample size for power, and nominal Type I error rates for the estimates of the 

multilevel model (Bassiri, 1988; Browne & Draper, 2000; Cools, van den Noortgate & 
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Onghena, 2009; Clarke & Wheaton, 2007; Maas & Hox, 2004, 2005; McNeish & 

Stapleton, 2013; Mathieu et al., 2012; Scherbaum & Ferreter, 2009; Snijders & Bosker, 

2012; Raudenbush & Liu, 2000; Konstantopoulos, 2010). In general, the number of upper 

level units (e.g., schools) is more influential on parameter estimation stability than the 

number of lower level units (e.g., students) per cluster. Recommendations for minimum 

numbers of clusters and of individuals per cluster have included 30 clusters with 30 

individuals per cluster (Chang, 2015; Kim, 1990; Mok, 1995). However, these 

recommendations refer only to the univariate multilevel model and such 

recommendations for minimum sample sizes might be changed for more complex 

multilevel models including scenarios with the multiple-membership and multiple, 

related outcomes.  

 Under the conventional multilevel model, it is assumed that all individuals are 

purely nested in clusters, but in real data this assumption might not hold. For example, 

middle school students might change middle schools multiple times for a variety of 

reasons. Some researchers might use ad hoc procedures to handle this kind of multiple-

membership scenario by deleting data for multiple-membership individuals or 

recognizing only one from a set of clusters. Methodological research has emphasized that 

parameter estimates are biased when multiple-membership is ignored (Luo & Kwok, 

2009; Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2014; 2017). The use of the 

multiple-membership random effects model (MMREM; Goldstein, 2010; Rasbash & 

Browne, 2001) offers one approach for handling multiple-membership.  
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 While the MMREM can be used to handle multiple-membership, there is another 

type of dependence that also requires handling that is another focus of this dissertation, 

specifically multiple related outcomes per individual. If multiple outcomes are measured 

for each person (e.g., math and science achievement), the dependence can be ignored if a 

researcher uses a univariate model. Instead the multiple outcomes can be handled in a 

single model, the dependence can be handled. For clustered individuals, the multivariate 

hierarchical linear model (MV-HLM) can be used. The MV-HLM can be used to test 

multivariate hypotheses, such as comparisons of separate versus common effects of a 

predictor on the multiple related outcomes.  

 As an extension of the univariate MMREM, the multivariate multiple-

membership random effects model (MV-MMREM; Beretvas, 2015) could be used to 

simultaneously handle the dependence among outcomes and a multiple-membership data 

structure. However, while several methodological studies have focused on the 

conventional univariate HLM (for example, Bassiri, 1988; Browne & Draper, 2000; 

Cools, van den Noortgate & Onghena, 2009; Clarke & Wheaton, 2007; Maas & Hox, 

2004, 2005; McNeish & Stapleton, 2013; Mathieu et al., 2012; Scherbaum & Ferreter, 

2009; Snijders & Bosker, 2012; Raudenbush & Liu, 2000; Konstantopoulos, 2010), the 

MMREM (for example, Luo & Kwok, 2009; Chung & Beretvas, 2010; Wolff Smith & 

Beretvas, 2014; 2017), and even the MV-HLM (see, for example, Chang, 2015; Pituch, 

Whittaker & Chang, 2016), however, little research has been found that demonstrates or 

examines estimation of the MV-MMREM. Therefore, the current study is composed of 

two parts focused on the MV-MMREM. 
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 The first study assessed estimation of the MV-MMREM. In addition, we 

compared use of the MV-MMREM to a model that ignores the multiple-membership data 

structure while recognizing the multivariate outcomes (MV-HLM) as well as a set of 

univariate models instead of a multivariate model (a set of univariate MMREMs with one 

for each outcome). We compared these three models’ estimates using a dataset without 

missingness and again after we introduced MAR into two of the three outcomes to 

provide a more authentic real data scenario and to demonstrate the impact of not using 

the MV-MMREM. We used a real multiple-membership dataset that includes multiple 

related outcomes to demonstrate interpretation of the MV-MMREM parameter estimates 

and compare results with those of the MV-HLM and univariate MMREMs. In this study, 

we also conducted a simulation study to assess estimation of the MV-MMREM as 

compared to the MV-HLM and univariate MMREMs under various conditions including 

the proportion of multiple-membership individuals, number of clusters, sample size per 

cluster, degree of correlation among pairs of outcomes, true intra-class correlation 

coefficient values, type of missingness for outcomes, and proportion of missing 

outcomes.  

 Most applied and methodological researchers use MCMC estimation for 

estimating MMREMs (Chandola, Clarke, Wiggins & Bartley, 2005; Leckie, 2009; Wolff 

Smith & Beretvas, 2017). And the most commonly used model fit criterion used with 

MCMC estimation is the deviance information criterion (DIC; Spiegelhalter, Best, Carlin 

& van der Linde, 2002). However, there is a lack of consensus supporting use of the DIC 

for choosing between models’ parameterizations (Ando, 2012; Gelman et al., 2004; 
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Spiegelhalter, Best, Carlin & Linde, 2014; Plummer, 2008; van der Linde, 2012). 

Insufficient research has focused on use of the DIC to compare models’ fit for MMREMs 

(Chung & Beretvas, 2012). And no study has investigated use of the DIC to select the 

best-fitting MV-MMREM. Thus, the second study investigated performance of the DIC 

as a measure of model fit for comparing several MV-MMREMs. The MV-MMREMs 

being compared differed in their fixed-effects parameterizations. 
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STUDY 1 

 The Multivariate Multiple-membership Random Effects model: An 

Introduction and Evaluation 

Study 1: Introduction 

 In any statistical analysis, it is critical to match the model being estimated with 

the characteristics of the data’s structure. For example, if data are collected from 

individuals nested in clusters, such as students nested in elementary schools, then the 

statistical model needs to address the resulting dependency either by correcting the 

standard errors or by directly modeling the clustering using the multilevel model (Hox, 

2010; Raundenbush & Bryk, 2002; Snijders & Bosker, 2012). If individuals are members 

of more than one cluster (for example, if some mobile students attended more than one 

elementary school), then the multiple-membership data structure should be appropriately 

modeled (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2017). Another kind of 

dependence that might also need to be addressed is that of multivariate outcomes. For an 

analysis of multiple related outcomes, power and Type I error control can be enhanced by 

using a multivariate rather than multiple univariate models (Snijders & Bosker, 2012).  

 The current study focused on a model that handles several data structure 

complexities simultaneously. More specifically, this study focused on a model suggested 

in prior research (Beretvas, 2015) that is intended to handle multiple-membership data in 

which individuals are members of multiple clustering units and for data that includes 

multiple related outcomes multilevel. Before describing the multivariate multiple-
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membership random effects model (MV-MMREM), we start with an overview of the 

multilevel model, focusing on the multiple-membership random effect model 

(MMREM), and of the multivariate hierarchical linear model (MV-HLM) including 

findings from methodological studies related to both models. 

MULTILEVEL MODEL  

 There are several ways that researchers can handle clustered data. In the current 

study, we focused on use of the multilevel model for handling the dependency that results 

from data being gathered for individuals who are nested within clusters (see more 

detailed treatments in Hox, 2010; Raundenbush & Bryk, 2002; Snijders & Bosker, 2012). 

If the dependence of residuals within a cluster is ignored, then the validity of statistical 

inferences can be impacted largely as a function of biased standard error estimation (see, 

for example, Raudenbush & Bryk; Snijders & Bosker).  

 Using a two-level multilevel model example in which students are nested in 

schools with a single univariate outcome the level-1 equation is as follows: 

ijjij rY  0       (1) 

where, ijY is the observed outcome score for student i in school j, the intercept ( j0 ) 

indicates the mean outcome score for school j, and the level-1 residual ( ijr ) provides the 

residual reflecting the expected variability in the outcome across students within schools. 

These level-1 residuals are assumed normally distributed with a mean of zero and 

variance of 
2

r  ( ),0(~ 2

rij Nr  ). In the unconditional model, the intercept ( j0 ) is 

modeled as shown below:  



 8 

jj u0000        (2) 

where 00  represents the average outcome and the level-2 residual ( ju0 ) reflects 

variability across schools in the outcome. The level-2 random effects are assumed to be 

normally distributed with mean of zero and the variance ( ),0(~ 2

0 uj Nu  ).  

 The variance of the level-1 and level-2 residuals (  and , respectively), the 

proportion of the total outcome that is due to differences between clusters (here, schools) 

is captured by the intra-class correlation coefficient (ICC) that is calculated as follows:  

.      (3) 

 There are several methodological studies focused on estimation of the 

conventional multilevel model that have investigated the influence of sample size on 

accuracy of parameter estimation (for example, Browne & Draper, 2000; Clarke & 

Wheaton, 2007; Maas & Hox, 2004, 2005; McNeish & Stapleton, 2013), power (Mathieu 

et al., 2012; Raudenbush & Liu, 2000; Scherbaum & Ferreter, 2009; Snijders & Bosker, 

2012), Type I error rates (Bassiri, 1988), and the impact of balanced versus unbalanced 

sample size (Cools, van den Noortgate & Onghena, 2009; Konstantopoulos, 2010). In 

summary, the number of clusters is more critical than the number of individuals within 

clusters for reasonable parameter and standard error recovery (Kim, 1990; Mok, 1995), 

balanced sample sizes within clusters result in more stable estimates, and at least 10 

clusters with 100 subjects (per cluster), 20 clusters with 20 subjects, or 30 clusters with 

30 subjects are typically recommended for two-level data (Chang, 2015). (Note that in 

2

r
2

u

22

2

ur

uICC
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this study we focus on use of the two-level model for clustered individuals. This same 

model can be used to handle the clustering of measurement occasions within individuals. 

The associated inferences described, here, about individuals within clusters obviously 

extend for measurement occasions within individuals). 

 Use of the conventional multilevel model described in Equations 1 and 2 requires 

an assumption that individuals are purely nested within clusters. That means that each 

individual is associated with no more than one clustering unit. However, in practical 

terms, individuals are not always purely nested in single clusters. Figure 1 depicts 

students who are purely clustered within elementary schools which means that while the 

dataset contains multiple students per elementary school (and multiple elementary 

schools), each student is only affiliated with a single elementary school. Figure 2, on the 

other hand, depicts students who are not purely nested by elementary school. Instead, 

students 1, 4, 6, and 8 attended more than one elementary school. The conventional 

multilevel model cannot handle data like that depicted in Figure 2 in which students are 

members of multiple clustering units. To use the conventional multilevel model, 

researchers have to either delete the individual students who are members of multiple 

elementary schools or ignore one of the set of clusters (here, elementary schools) 

associated with each student. However, use of either of these ad hoc procedures reduce 

power, results in biased random effects variance components and standard error estimates 

(Chung & Beretvas, 2012; Luo & Kwok, 2009). One alternative approach for handling 

multiple-membership data is to use the multiple-membership random effects model 

(MMREM; Goldstein, 2010; Rasbash & Browne, 2001).       
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Figure 1: Network graph depicting pure clustering of students (level-1) within 

elementary schools (level-2)  

 

 

Figure 2: Network graph depicting mobility of students (level-1) within elementary 

schools (level-2)  

MULTIPLE-MEMBERSHIP RANDOM EFFECTS MODEL (MMREM)  

 The MMREM can be used to handle data in which some individuals are 

associated with multiple clustering units (rather than a single cluster) (for example, for 

mobile students who might have attended multiple elementary schools). The 

unconditional MMREM is as follows, at level-1: 

}{}{0}{ jijji rY        (4) 

and at level-2, the intercept parameter is modeled as follows:  





}{

000}{0

jh

hihj uw            (5) 

where, {j} represents the set of level-2 units (e.g., elementary schools) associated with 

each level-1 unit (e.g., student) i and ihw  indicates the weight assigned to each 
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elementary school associated with a student. The weights should sum to one (i.e.,

1
}{


 jh

ihw ) for each individual i (Goldstein, 2010). For example, if a mobile student i 

attended three elementary schools (elementary schools ES1, ES2, and ES3), level-2 

model in Equation 5 for student i would be:  

3,02,01,000}3,2,1{ )3/1()3/1()3/1( ESESESESESESi uuuY        (6) 

where the weights of 1/3 are assigned to the residual for each elementary school.  

 Several empirical studies have focused on use of the MMREM under various 

conditions. Chandola, et al. (2005) analyzed health-related outcomes for individuals 

nested within households and residential districts. When they checked the deviance 

information criterion (DIC, Spiegelhalter, et. al., 2002), the MMREM model had better fit 

than the conventional multilevel model that ignored the multiple-membership. Leckie 

(2009) and Goldstein, Burgess, and McConnell (2007) also reported that the variance 

components’ estimates for upper level clustering units (schools) were underestimated 

when the conventional multilevel model was used and multiple-membership was ignored.  

 There are also several methodological studies that have assessed estimation of the 

MMREM under various conditions. Chung and Beretvas’s (2012) study investigated the 

impact on model estimates when modeling versus ignoring multiple-membership. The 

performance of estimations with the conventional model under various conditions, 

including: percentage of level-1 units (e.g., students) who are members of multiple 

clustering units (e.g., schools), the true intra-class correlation coefficient value, the 

number of level-2 units, the number of level-1 units per level 2 unit, and the maximum 
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number of level-2 clustering units of which mobile level-1 units are a member. The 

authors found that the fixed effects and level-2 variance components were underestimated 

and the level-1 variance was overestimated when the multiple-membership data structure 

was ignored.  

 Wolff Smith and Beretvas (2017) conducted a simulation study to compare the 

impact on results of using the MMREM with use of a conventional model with either just 

ignoring the multiple-membership and recognizing only the last cluster associated with 

an individual or deleting mobile level-1 units. The authors manipulated various 

conditions similar to those investigated in Chung and Beretvas (2012) including the 

percentage of mobile level-1 units, the true ICC, the number of level-2 units and the 

number of level-1 units per level-2 unit. In addition, Wolff Smith and Beretvas evaluated 

results for conditions with different true values for the level-2 average mobility predictor. 

The results of this research matched that found by Chung and Beretvas and further 

highlights the importance of appropriately modeling multiple-membership rather than 

ignoring it.  

 As can be seen in Equation 6, the researcher estimating the MMREM needs to 

select weights to assign to each of the set of level-2 units associated with each level-1 

unit. Wolff Smith and Beretvas conducted another study (2014) focused on estimation of 

the MMREM using different patterns of weights for each mobile individual’s set of 

cluster residuals. The results of the simulation study indicated that it is a priority to model 

the multiple-membership structure but that use of different patterns of weights did not 

impact parameter recovery. 
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 The conventional multilevel model and the MMREM mentioned above focus on 

analyses of a single, univariate outcome. However, in practice, multiple related outcomes 

are typically collected and of interest to applied researchers (for example, Reise & Duan, 

2003; Tabachnick, Fidell & Osterlind, 2001). It is possible to conduct multiple univariate 

analyses. Unfortunately, as with simpler models and analyses, ignoring the correlations 

among outcomes in separate univariate analyses can introduce threats to the validity of 

associated statistical inferences. For example, using multiple univariate models to test 

each hypothesis can inflate the experiment-wise Type I error rate. And if researchers are 

interested in not only fixed effects but also random effects variance estimation, use of a 

multivariate model can provide more accurate variance estimates. In addition, standard 

error estimates can be smaller and improve power for fixed effect parameter estimates 

especially when outcomes are more strongly related (Snijders & Bosker, 2012). For 

example, when researchers examine the differences among groups for multiple outcomes, 

the multivariate analysis of variance (MANOVA) is recommended to control the 

dependence among dependent variables rather than use of multiple analysis of variance 

(ANOVA). Therefore, an extension to the univariate multilevel model, termed the 

multivariate multilevel model can be used that handles a set of related outcomes 

simultaneously.  

MULTIVARIATE HIERARCHICAL LINEAR MODEL (MV-HLM) 

 The multivariate hierarchical linear model (MV-HLM) is a special case of the 

multilevel model that is used in scenarios with multiple related outcomes (Baldwin, Imel, 

Braithwaite & Atkins, 2014; Goldstein, 2010; Hox, 2010). In addition, to the better Type 
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I error control, smaller standard errors and thus improved power that result from using a 

multivariate rather than multiple univariate models, the MV-HLM can assess more 

flexible hypotheses that include comparisons of common predictors’ effects on multiple 

outcomes as well as multivariate hypotheses (Baldwin, et al.). 

 As an example, a researcher might be interested in analyzing student data 

including scores on reading, mathematics, and science achievement. The data might be 

clustered such that individual students are nested in schools. For this kind of data, a three-

level MV-HLM could be used with outcomes at level-1 clustered with individuals (level-

2) who are nested within schools (level-3). At level-1, the students’ three outcomes 

(reading, mathematics, and science achievement) can be identified using dummy-coded 

indicator variables as follows (Hox, 2010):  

ijijijijijijqij dddY 332211       (7) 

where ijd1 , ijd2 , and ijd3 are dummy coded variables corresponding to three outcomes 

(reading, mathematics, and science achievement). Note typically the level-1 error is 

omitted from the model because level one is only used to partition the multivariate 

outcomes’ structure into the model (Hox, 2010; Goldstein, 2010).   

 The level-2 model for individual students is as follows: 
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where the residuals ( ijr1 , ijr2 , ijr3 ) are assumed to follow a multivariate normal distribution 

with means of zero and a variance-covariance matrix specified as follows: 
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Finally, at level-3, the model is as follows: 
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where typically again the level-3 residuals ( ju10 , ju20 , ju30 ) are assumed to follow a 

multivariate normal distribution with means of zero and a variance-covariance matrix as 

follows: 
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 A simulation study focused on estimation of the three-level MV-HLM (Chang, 

2015) was conducted to assess optimal sample sizes. The study manipulated the number 

of outcomes, the magnitude of the correlation among pairs of outcomes, the number of 

clusters, the cluster size, and the true value of the intra-class correlation coefficient for 

each outcome. According to the results, using as few as 5 clusters and 30 subjects per 

cluster provided adequate fixed effects parameter estimates, but larger than 30 clusters 

and 100 subjects per cluster was required for reasonable statistical power to be found 

across conditions.  
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 A recent simulation study focused on the performance of MV-HLM when some 

outcome data are missing (Chang & Pituch, 2017). The study compared results when 

estimating each of the following models: 1) a MV-HLM modeling the dependencies 

among the multivariate outcomes, 2) a MV-HLM but assuming the multivariate outcomes 

are uncorrelated [i.e., a variance-components (VC) only residuals’ covariance matrix was 

assumed], and 3) multiple univariate HLMs – one for each outcome. Datasets were 

generated with 30 clusters and 30 individuals per cluster. Each cluster was assigned to 

one of two treatment groups, and each individual was measured on two outcome 

variables. In the study five conditions were varied including: type of missingness, the true 

correlation between outcomes, the percentage of missing data on the first outcome, the 

true intra-class correlations, and the true standardized effect of the cluster-level treatment 

variable on the first outcome. The results showed that use of MV-HLM had unbiased 

fixed effects estimates as well as unbiased level-1 and level-2 residuals’ variance 

estimates across all conditions. However, results also indicated that use of the MV-HLM 

assuming a VC structure and use of multiple univariate-HLMs produced bias for missing 

at random (MAR) data. The fixed effects estimates for the first outcome which had MAR 

missingness were overestimated if the correlation between outcomes was positive 

whereas the fixed effects were underestimated if the correlation between outcomes was 

negative. The level-1 and level-2 residuals’ variance estimates were also negatively 

biased under the MV-HLM with uncorrelated outcomes and multiple univariate-HLM 

models.   
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 While research has focused on application and estimation of the three-level MV-

HLM, little research has been found that extends this conventional MV-HLM to one that 

can take into account the mobility of some individuals across clustering units. Beretvas 

(2015) suggested extension of the univariate MMREM for scenarios with multivariate 

outcomes and multiple-membership of individuals within clusters. The current study 

focused on the model suggested by Beretvas and which merges the multivariate 

multilevel model (MV-HLM) and the multiple-membership random effects model 

(MMREM) into the MV-MMREM model.  

MULTIVARIATE MULTIPLE-MEMBERSHIP RANDOM EFFECTS MODEL (MV-MMREM) 

  As an example of the formulation of the MV-MMREM for a scenario with three 

related outcomes, the level-1 becomes  

}{3}{3}{2}{2}{1}{1}{ jijijijijijijqi dddY   .   (10) 

The level-2 model becomes: 
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where the residuals ( }{1 jir , }{2 jir , }{3 jir ) are assumed to follow a multivariate normal 

distribution with means of zero and a variance-covariance matrix specified as follows: 
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 At level-3, to handle the multiple-membership structure, we add in weighted 

composites of the residuals to represent variability in each outcome across clustering unit 

(e.g., elementary school) as follows: 
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where the set of three outcomes’ level-3 residuals are assumed to follow a multivariate 

normal distribution with means of zero and a variance-covariance matrix as follows: 
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.  

 While Beretvas (2015) introduced the idea of the MV-MMREM, there has been 

no research that has directly assessed its estimation nor demonstrated its use with real 

data. The performance of MV-MMREM might be similar to multiple-univariate 

MMREM analyses for estimating fixed effects, but the MV-MMREM could provide 

more accurate variance component estimates and standard error estimates that could 

impact the validity of the resulting statistical inferences.  

 In summary, if the empirical data that are collected consist of multiple related 

outcomes for clustered individuals and some of the individuals are members of multiple 

clusters (e.g., students attended multiple schools), then applied researchers can choose 

from three models, including: the MV-HLM, a set of univariate MMREMs, and the MV-
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MMREM. If the MV-HLM is used, then the multiple membership clustering is ignored. 

According to previous studies (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2017), 

if this multiple membership data structure is ignored then the resulting cluster-level 

variance component parameters tend to be underestimated while the individual level 

variance component are over-estimated. On the other hand, if multiple univariate 

MMREMs are used and the dependence among outcomes are ignored, then this can also 

negatively impact model results and statistical inferences. Chang and Pituch (2017) 

compared use of univariate HLMs versus a MV-HLM for purely clustered data and found 

that ignoring the correlations among outcomes results in biased fixed effects estimates 

with the direction of the bias depending on the sign of the correlation among outcomes. 

The authors also found that both level-1 and level-2 variance components were under-

estimated when univariate versus multivariate models were used.. The MV-MMREM can 

handle both the multiple membership data structure and the correlations among the 

outcomes simultaneously. However, as mentioned earlier, no previous research has 

assessed the performance of MV-MMREM with a real data analysis nor tested its 

estimation using a simulation study. 

 Therefore, in the current study, we used a real multiple-membership dataset that 

included multiple related outcomes to demonstrate interpretation of MV-MMREM 

parameters. We also compared MV-MMREM model estimates with those from a MV-

HLM that ignored the multiple-membership and results for multiple univariate 

MMREMs. In addition, we described a simulation study that we conducted that assesses 

estimation of the MV-MMREM under a number of design conditions including the 
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proportion of multiple-membership individuals, number of clusters, sample size per 

cluster, degree of correlation among pairs of outcomes, true intra-class correlation 

coefficient, type of missingness, and proportion of missing outcomes. We also assessed 

robustness of results for MV-MMREM datasets when analyzed using the MV-HLM and 

the multiple univariate-MMREMs. 

Study 1: Real Data Study Method 

DATASET 

 The Early Childhood Longitudinal Study, Kindergarten Class of 1998-99 (ECLS-

K) dataset was used to demonstrate estimation of the MV-MMREM and to compare 

parameter and standard error (SE) estimates with those from a model that ignores the 

multiple-membership (MV-HLM) and a set of univariate MMREMs that does not 

directly address the multivariate nature of the multiple, related outcomes (Uni-

MMREMs). The ECLS-K dataset includes various types of information collected about 

children from kindergarten through middle school (8th grade). Data that are gathered 

include children’s achievement, psychological status, as well as contextual factors 

describing children’s families, schools, teachers, and communities. The children sampled 

were from both private and public schools and include samples from different 

socioeconomic and ethnic backgrounds. 

 The current study focused on the students who had school identifiers for 1st, 3rd 

and 5th grades. For the timeframe of interest in this dataset, the maximum number of 

schools that students attended was three and equal weights were assigned to each school 
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attended by mobile students. Therefore, if students attended different schools for all of 

three-time points (1st, 3rd, 5th grade), the estimation model used is shown in Equation 6. 

Also, we constructed a dataset for students with no missing math, reading, and science 

scores at 5th grade. In total, data for 10,366 students from 1,856 schools were included in 

the final analysis. Of these students, 1,192 students (11.5%) attended more than 2 schools 

during 1st grade, 3rd grade, or 5th grade. The corrected item response theory scale math, 

reading, and science scores were used as the outcomes. All scores on these measures have 

been previously reported as having relatively high reliability, exceeding 0.8 (Pollack, et 

al., 2005). 

ESTIMATING MODELS 

 Differences in estimates as a function of model used were assessed by estimating 

the following three models using the same dataset: (1) 3-level MV-HLM ignoring 

multiple-membership (only use 5th grade school ID), (2) multiple 2-level Uni-MMREMs, 

and (3) 3-level MV-MMREM. All models were estimated using MLwiN software 

(Rasbash et al., 2000) with Markov Chain Monte Carlo (MCMC) estimation. One chain 

was run with 50,000 iterations with a burn-in of 10,000. By default MLwiN software 

provides the median of each parameter’s posterior distribution as a point estimate. We 

also compared these three models’ estimates using a dataset without missing data and 

again after we introduced missing at random (MAR) into two of the three outcomes to 

provide a more authentic real data scenario and to demonstrate the expected impact of not 

using the MV-MMREM. For the MAR-dataset, 20% of math and 20% of science scores 



 22 

were deleted with lower reading scores leading to more likely MAR math and science 

scores. The missing outcome data were obtained by following the same processes as used 

in previous research (Chang & Pituch, 2017; Enders, 2001). For each student, the 

probability of each math and science score being missing was calculated as one minus the 

percentile rank for the individual’s reading score. Then, a random number sampled from 

a [0, 1] uniform distribution was generated for each student’s math and their science 

scores. Each random number was then compared to the corresponding probability of 

missingness (1- the percentile rank). If the probability of missingness was larger than the 

random number then the relevant outcome score was removed to create the MAR dataset 

but not more than 20% of math and science scores were deleted. 

 In addition to demonstrating differences in the models’ parameterizations, the 

fixed effects and random effects’ variance components, and SE estimates, as well as the 

per-outcome ICC estimates were also compared across the three models. Also, the 

deviance information criterion (DIC; Spiegelhalter et al., 2002) values were used to 

compare model fit of the different models investigated. Smaller DIC values support better 

model fit. However, note that because the DIC is a function of -2*log likelihood values, 

smaller datasets (here, the MAR dataset) lead to a larger -2*log likelihood values and 

lower DIC values regardless of model fit. Thus, we only compared the DIC for MV-HLM 

versus MV-MMREM models estimated using the full dataset and the two models’ DIC 

values were also compared when used to analyze the MAR dataset. MV-MMREM and 

MV-HLM estimates of the level-1 and level-2 correlations among residuals for pairs of 
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outcomes were also estimated and compared. These correlations were not estimated with 

the Uni-MMREMs.  

Study 1: Real Data Study Results 

FIXED EFFECT, VARIANCE COMPONENT, AND STANDARD ERROR ESTIMATES 

 For the analyses of the full dataset, fixed effect parameter estimates did not differ 

substantially across the three models estimated (see Table 1). Also, the multiple Uni-

MMREM’s estimates of school- and student-level variance components were similar to 

MV-MMREM estimates. However, as expected (Chung & Beretvas, 2012; Goldstein, 

2010), MV-HLM’s estimates of school-level random effects variance and covariance 

components were smaller than MV-MMREM estimates. For the analyses of the MAR-

dataset, fixed-effects parameter and SE estimates were impacted when estimating 

multiple univariate-MMREMs. The estimates of Uni-MMREMs had larger fixed-effects 

and smaller SE estimates than MV-MMREM estimates and substantially smaller level-2 

and level-3 variance components than MV-MMREM estimates for the math and science 

outcomes (which had missing data) (See Table 1). For models estimated using the full 

dataset, the MV-MMREM had a much smaller DIC value (DIC = 256,425) than for the 

MV-HLM (DIC = 256,568) supporting the better fit of the MV-MMREM. The same 

pattern supporting the better fit of the MV-MMREM (DIC = 258,680) over the MV-

HLM (DIC = 258,855) was found for the MAR-dataset (see Table 1).  
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Table 1: Parameter and Standard Error Estimates under Multivariate-HLM, Univariate-MMREMs, and Multivariate-MMREM 

Models with Complete and MAR Data 

 Complete dataset MAR dataset 

 MV-HLM MMREMs MV-MMREM MV-HLM MMREMs MV-MMREM 

 Coef. (SE) Coef. (SE) Coef. (SE) Coef. (SE) Coef. (SE) Coef. (SE) 

Fixed Effects             

Reading 149.92 (0.42) 150.12 (0.44) 149.93 (0.44) 149.98 (0.42) 150.12 (0.44) 149.95 (0.43) 

Math 123.38 (0.38) 123.65 (0.41) 123.45 (0.41) 124.25 (0.40) 130.52 (0.33) 124.27 (0.41) 

Science 64.34 (0.26) 64.34 (0.28) 64.34 (0.28) 64.21 (0.28) 68.69 (0.23) 64.17 (0.29) 

Variance (Level-2: Student)           

Reading 512.05 (7.74) 510.51 (7.59) 510.03 (7.50) 512.18 (7.57) 510.51 (7.59) 510.10 (7.77) 

Math 463.21 (6.85) 464.39 (6.90) 464.10 (7.01) 409.10 (7.80) 332.89 (5.61) 409.60 (7.70) 

Science 168.71 (2.55) 169.13 (2.52) 169.09 (2.55) 171.39 (3.26) 130.51 (2.22) 171.31 (3.29) 

Covariance (Level-2: Student)           

Math/Read 327.23 (6.22)   327.25 (6.22) 303.74 (6.78)   303.85 (6.91) 

Science/Read 205.66 (3.80)   205.54 (3.78) 216.94 (4.40)   216.26 (4.50) 
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Science/Math 191.96 (3.60) 192.65 (3.65) 182.03 (4.19) 182.41 (4.22) 

Variance (Level-3: School) 

Reading 158.46 (9.53) 169.68 (10.73) 172.96 (10.92) 157.59 (9.72) 169.68 (10.73) 172.98 (11.09) 

Math 135.56 (8.31) 142.68 (9.31) 144.32 (9.52) 125.16 (8.49) 66.60 (5.58) 135.08 (9.26) 

Science 69.54 (4.00) 74.11 (4.37) 74.39 (4.45) 70.98 (4.41) 37.21 (2.80) 76.95 (4.98) 

Covariance (Level-3: School) 

Math/Read 134.47 (8.21) 144.77 (9.50) 126.79 (8.26) 137.52 (9.25) 

Science/Read 98.19 (5.76) 105.97 (6.57) 99.37 (6.13) 108.46 (6.96) 

Science/Math 85.32 (5.24) 91.13 (6.01) 81.47 (5.48) 87.97 (6.11) 

DIC 256568 

94869 

93866 

83493 

256425 258855 

94869 

72286 

64610 

258680 

 Note. Coef. = Estimates, SE = Standard errors. 

Table 1 (continued)
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CORRELATION AMONG OUTCOMES’ RESIDUALS

According to Table 2, the correlations among outcomes’ residuals at the school 

level were larger in magnitude than the corresponding student level correlations. Note 

that the two models’ estimates (MV-HLM and Uni-MMREMs) were the same to two 

decimal places. As expected, the correlations among academic achievement score 

residuals for reading, math, and science were moderate to high in value. The correlations 

ranged from 0.67 to 0.70 for student level and from 0.88 to 0.93 for school level 

residuals. 

Table 2: Correlation Coefficient Estimates between Pairs of Outcomes’ Residuals for 

Student- and School-Level Residuals under the MV-MMREM 

Outcome Level-2 (Student-Level) Level-3 (School-Level) 

Reading Math Science Reading Math Science 

Reading 1 1 

Math 0.67 1 0.92 1 

Science 0.70 0.69 1 0.93 0.88 1 

INTRA-CLASS COEFFICIENT (ICC) 

To examine the partitioning of the variability in the outcomes into the between- 

versus within-school portions, the ICCs were calculated for each outcome for the three 

estimating models (see Table 3). The science score had the largest ICC (0.29 - 0.31) and 

the math score had the smallest ICC (0.23 - 0.24) across three models. 
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Table 3: Intra-Class Coefficient Estimates by Outcome and Model 

Outcome MV-HLM MMREMs MV-MMREM 

Reading 0.24 0.25 0.25 

Math 0.23 0.23 0.24 

Science 0.29 0.30 0.31 

In summary, for analyses of the full dataset, variance components under MV-

HLM or multiple Uni-MMREMs were smaller than variance components estimated using 

the MV-MMREM. For analyses of the MAR dataset, estimation of multiple univariate 

MMREMs resulted in larger fixed effect and smaller variance component parameter 

estimates for math and science scores when compared with the other two models’ 

estimates. However, even though the full dataset provided one reference point to compare 

for estimates with MAR dataset analyses, even the full dataset results were based on an 

analysis of a real dataset for which we do not know the true parameters. Also, because the 

real data analysis was conducted using a relatively larger sample size, it is still unknown 

what kind of sample sizes are necessary for reasonable parameter recovery for the MV-

MMREM. Therefore, we also conducted a simulation study to examine parameter 

recovery under the MV-MMREM and to assess robustness of estimates when mis-

specifying the MV-MMREM data’s structure and model. 

Study 1: Simulation Study Method 

As a first study focused on evaluating estimation of the unconditional MV-

MMREM, the current study generated datasets to fit the MV-MMREM (see Equations 
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10, 11, and 12). In this study we examined differences in results when handling multiple-

membership clusters, multivariate outcomes data using (1) a conventional 3-level MV-

HLM recognizing only the most recent school attended (5th grade) and ignoring the 

multiple-membership data structure (see Equations 7, 8, and 9), (2) multiple 2-level 

univariate MMREMs – one for each of the multivariate outcomes (see Equations 4, and 

5), and (3) a 3-level MV-MMREM (see Equation 10, 11, and 12). 

GENERATING PARAMETERS AND CONDITIONS 

When generating data, the values for the true mean for each of three outcomes 

( 100 , 200 , 300  in Equation 12) of 150, 100, and 50, respectively, were used which 

provide values close to those estimated using the real data analysis conducted in this 

study. The level-2 (student-level) variance ( 2
11.r , 2

22.r , 2
33.r ) values also were generated 

using values close to those found in the real data analyses in this study including values 

of 500, 450, and 150, respectively. In the simulation study we manipulated seven 

conditions, including the number of schools (k), the number of students per school (n), 

the percentage of students who changed schools (mobility rate), the correlation among 

outcomes' residuals, and the intra-class correlation coefficient (ICC), type of missingness, 

and proportion of missing outcomes.  

Number of schools (k) 

In previous studies focused on the MMREM (Chung & Beretvas, 2012; Wolff 

Smith & Beretvas, 2014) and in a study focused on estimation of the multivariate 

multilevel model (Chang, 2015), authors recommended that the minimum number of 
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higher level clustering units be at least 50 units. Therefore, the current study investigated 

scenarios with 50 and 100 clusters (schools). 

Number of students per schools (n) 

Previous, related methodological studies have investigated scenarios with 20 and 

40 students per cluster (Meyers & Beretvas, 2006; Shi, Leite & Algina, 2010; Wolff 

Smith & Beretvas, 2014). In keeping with this previous research, the current study used 

the same values for the number of level one units (students) per level two unit (school). 

Also, the number of students per school within a real dataset typically vary thus we 

sampled the number of students per school from a uniform distribution for each 

condition. We used two values for this condition sampling from uniform distributions 

with means of 20 and 40 students per school and ranging respectively from 10 to 30 and 

30 to 50. 

Mobility rate 

The current study explored a scenario in which the clustering units across three-

time points are known for the individuals (students). Thus, the maximum number of 

schools attended for a mobile student would be three. In the ECLS-K data, about 10% of 

students changed schools at some point between 1st, 3rd, and 5th grade. In addition, 

previous studies have investigated 10% and 20% as small to moderate degrees of student 

mobility (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2014). Therefore, in line 

with these previous simulation studies and with the real data, conditions with 10% and 

40% student mobility are used as the small and large mobility rates, respectively. Among 
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the students who change the schools, some of the mobile students attend two different 

schools while others attend three different schools across three time-points. 

The actual ECLS-K data examined here indicated that only 5% of mobile students 

attended 3 different schools across the three-time points. However, in previous applied 

research (e.g., Gruman et al., 2008; Kerbow, 1996) and in related methodological work 

(Wolff Smith & Beretvas, 2014) there was evidence of a higher percent (40%) of mobile 

students attending different schools at each time-point. Therefore, in the current study we 

also examined conditions with the larger percent mobility value. In other words, 40% of 

mobile students were simulated to attend three different schools. For example, under 

conditions with 10% mobility, 90% of students were simulated to attend one school 

across three-time points (m = 1), 6% of students attending two different schools (m = 2), 

and 4% of students attending three difference schools (m = 3). Also, under conditions 

with 40% mobility, 60%, 24%, and 16% were used as the percent of students simulated to 

attend one, two, and three schools, respectively. Across students, we randomly assigned 

indicator from 1 to 3 using the relevant proportion of mobility rates. That is, for example, 

in the scenarios with 40% mobility, 60% of students were randomly assigned to receive a 

“1”  indicating that they only attend one school, 24 % of student were assigned to receive 

a “2” and 16% of students were assigned a “3” indicating that students attended two and 

three schools, respectively. When the students were assigned who attended two or three 

schools, a “one” was added to the first school identifier for the 3rd grade (simulated) 

school and another one was added to obtain the 5th grade school (for students attending 

three different schools across the three time points). 
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Correlations among outcomes’ residuals at level-2 and level-3 

In ECLS-K data, the correlations among outcomes’ residuals were found to range 

from -0.27 to 0.68 at level-2 and from -0.77 to 0.90 at level-3 as shown in Table 3. As a 

first study of the MV-MMREM, in this study we investigated a more limited set of 

generating values for the correlations among pairs of residuals. The correlations among 

outcomes’ residuals at level-2 and level-3 were generated with moderate (0.3 at level-2 

and 0.5 at level-3) and large (0.5 at level-2 and 0.7 at level-3) pairs of correlation values. 

Also, as demonstrated in the real data analysis results, the correlation among outcomes’ 

residuals could differ depending on the outcome. Therefore, we examined two conditions 

in which the values of correlations among residuals vary both for level-2 and level-3 

residuals. That is, with three outcomes, in the moderate correlations condition we used 

values of 0.2, 0.3, and 0.4 at level-2 and 0.4, 0.5, and 0.6 at level-3. In the large 

correlations condition, we used values of 0.4, 0.5, and 0.6 at level-2 and 0.6, 0.7, and 0.8 

at level-3. The resulting generating values for the covariance matrices appear in Table 4. 

Intra-class coefficient (ICC) 

According to the actual data analyses results reported above, the ICC estimates 

ranged in value from 10% to 31%. Also, similar to the actual data analyses results, ICC 

values of 5% and 15% were considered in Chung and Beretvas’ (2012) study and 15% 

and 25% were used in Wolff Smith and Beretvas’ (2014) methodological study. The 

simulation study with three-level multivariate HLM (Chang, 2015) used 10% and 30% as 

following previous studies with two-level HLM (Hedges & Hedberg, 2007; Maas & Hox, 

2004, 2005). The current study investigated 15% and 25% as small and large values for 
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the ICC. Because the current study consider MV-MMREM with three outcomes, the ICC 

values for each outcome may differ within a model. Therefore, the conditions that were 

examined including of both were the relatively smaller different ICC across three 

outcomes (ICC = 10%, 15%, and 20%) and relatively larger different ICCs across three 

outcomes are considered (ICC = 20%, 25%, and 30%). Based on the condition-specific 

values for the ICC and correlations, the level-2 covariances ( 21.r , 31.r , 32.r ), level-3 

variances ( 2
11.u , 2

22.u , 2
33.u ), and level-3 covariances ( 21.u , 31.u , 32.u ) were derived and 

appear in Table 4. 

Table 4: Generating Values for Level-2 and Level-3 Covariance Matrix Elements by 

Condition 

ICC Correlation Level-2 Level-3 

10% 

15% 

20% 

0.2, 0.3, 0.4 

(level-2) 

0.4, 0.5, 0.6 

(level-3) 

















































15010482

45095

500

,

0

0

0

MVN

















































5.383423

8227

57

,

0

0

0

MVN

0.4, 0.5, 0.6 

(level-2) 

0.6, 0.7, 0.8 

(level-3) 

















































150156137

450190

500

,

0

0

0

MVN

















































5.384533

8241

57

,

0

0

0

MVN
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20% 

25% 

30% 

0.2, 0.3, 0.4 

(level-2) 

0.4, 0.5, 0.6 

(level-3) 

















































15010482

45095

500

,

0

0

0

MVN

















































676245

15555

127

,

0

0

0

MVN

0.4, 0.5, 0.6 

(level-2) 

0.6, 0.7, 0.8 

(level-3) 

















































150156137

450190

500

,

0

0

0

MVN

















































678064

15585

127

,

0

0

0

MVN

Type of Missingness 

To compare the performance of three models under conditions with missing data, 

the type of missingness was varied. In addition to the full data set without any missing 

data condition, two missing mechanisms were assessed including: missing completely at 

random (MCAR) and missing at random (MAR) data. Note that outcome 1 was always 

complete across conditions. In MCAR conditions, outcomes 2 and 3 scores were 

randomly selected for deletion using the condition-specific proportion of missingness. 

For the MAR conditions, we followed the procedure used in a previous, related study 

(Chang & Pituch, 2017). 

The procedure for creating the MAR data is as follows. First, complete scores for 

outcomes 1, 2, and 3 were generated for each subject using Equations 10, 11, and 12. 

Second, for each student, the probability of a score being missing (P) for outcome 2 and 

for outcome 3 was calculated as one minus the percentile rank for the individual’s score 

Table 4 (continued)
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on outcome 1. This means that if a (simulated) individual’s outcome 1 score is low then 

there is a higher chance of the individual having a missing outcome 2 and outcome 3 

score. Third, a random number (R) sampled from a [0, 1] uniform distribution was 

generated for each student for outcome 2 and again for outcome 3. This R value is then 

compared to the probability of missingness (P) that was generated at the second step. If 

the probability of missingness (P) is larger than the random number (R) then the relevant 

outcome missing indicator, (D2 for outcome 2 and D3 for outcome 3) was assigned a “1”. 

Last, the data were ordered by their value on outcome 1. For outcome 2, if the student’s 

score on the missingness indicator, D2, was a value of one, then the outcome 2 score for 

that student was deleted starting with the student with the lowest score on outcome 1. 

This deletion process was then continued for each student with a D2 of one until the 

desired amount of missing data was obtained for outcome two. This same process was 

then repeated for scores on outcome three such that data were sorted by scores on 

outcome 1 and, working from the student with the lowest outcome 1 score on up, each 

student’s outcome three score was deleted until the condition-specific percent missing 

was obtained for outcome three scores. Because we generated two separate random 

number (R) for each of outcome 2 and outcome 3, some individuals will report all of 

three outcomes’ scores, will not report outcome 2 only, will not report outcome 3 only, or 

will not report both of outcome 2 and outcome 3. Also, because we only considered the 

positive correlation among outcomes condition as mentioned above, subject who had 

lower scores on outcome 1 tend to have lower scores on outcome 2 and 3. Consequently, 
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the deleted scores for outcome 2 and outcome 3 tended to be low as they were 

conditioned on outcome 1 scores. 

Proportion of Missing Outcomes 

Previous methodological studies investigating multivariate HLM estimation with 

missing data have investigated scenarios with 10 to 30 % of missingness (Chang & 

Pituch 2017; Park, Pituch, Kim, Chung & Dodd, 2015). An empirical study (Pituch, 

Whittaker & Chang, 2016) demonstrated use of multivariate HLM models with normal 

and binary responses used an empirical dataset in which about 42% of subjects had at 

least one missing outcome. Therefore, in the current study we looked at percent missing 

condition values of 20% and 40%. Also, as we found in our real data analysis, the 

proportion of missingness could differ depending on the outcomes and thus, we designed 

the simulation study to match that. Therefore, for the 20% missing condition, 10% of 

outcome 2 scores were missing and 30% of outcome 3 scores were missing. The 

corresponding probabilities for outcomes 2 and 3 for the 40% missing condition were 

30% and 50%, respectively. 

In summary, we generated data to fit the combination of parameter and design 

condition values for each of the 160 scenarios including 32 full dataset scenarios [number 

of level-3 units (2)   number of level-2 units per level-3 unit (2)   student mobility (2) 

  correlation among outcomes (2)   ICC (2)] and 128 missing data scenarios [number of 

level-3 units (2)   number of level-2 units per level-3 unit (2)   student mobility (2)   

correlation among outcomes (3)   ICC (2)   type of missingness (2)   proportion of 
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missing outcomes (2)]. For each condition, we generated 1,000 datasets resulting in a 

total of 160,000 datasets using R software (R Development Core Team, 2010). 

The R2MLwiN macro was used to estimate each of the three models for each 

generated dataset. R2MLwiN is a program that accesses MLwiN software using an R 

interface (Zhang et al., 2016). Each model was estimated using Markov Chain Monte 

Carlo (MCMC) estimation and non-informative priors matching MLwiN’s defaults. By 

default, in the MLwiN program for MCMC estimation, the following priors is used: 1) 

uniform distribution for fixed effects parameters, 2) gamma distribution for scalar 

variances, and 3) the Wishart distribution for covariance matrices (Browne, 2017). The 

three models that were estimated include: 1) MV-MLM model, 2) multiple Uni-

MMREMs (one for each outcome), and 3) MV-MMREM. Detailed information regarding 

the procedures with R2MLwiN macro can be found in Browne (2009) and Zhang et al. 

(2016). 

As used in previous simulation studies investigating estimation of MMREM 

model parameters (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2014), we used 

three chains, 10,000 iterations, and a burn-in of 1,000. We ran pilot analyses entailing 5 

replications per condition to validate use of this number of iterations and burn-in values. 

Across these replications, multivariate Rhat values were consistently greater than Gelman 

and Rubin’s (1992) cutoff of 1.1. We kept track of Rhat values for the full-scale 

simulation study to tally the proportion of non-convergence cases. If multivariate Rhat 

values were greater than 1.1 for any condition, we generated a new replication to base 

final results on converged solutions. 
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ANALYSES 

The relative parameter bias was used to provide information about parameter 

recovery. In the current study, parameter recovery for three outcomes’ fixed ( 100 , 200 , 

300 ) effects parameter estimates, level-2 ( 2

11.r , 2

22.r , 2

33.r ), level-3 random effects’ 

variances ( 2

11.u , 2

22.u , 2

33.u ), covariances at level-2 ( 12.r , 13.r , 23.r ) and level-3 ( 12.u ,

13.u , 23.u ) were assessed. Hoogland and Boomsma (1998) suggested that if the 

parameter’s relative bias exceeds 0.05 in magnitude, then substantial bias can be inferred. 

The relative standard error bias was also calculated for the SEs of each of the outcome-

specific fixed effects parameters. We again followed Hoogland and Boomsma’s 

recommendations and if the relative standard error bias exceeded 0.1 in magnitude, this 

indicated substantial bias. We used analysis of variance (ANOVA) results to help identify 

substantial differences in outcomes as a function of conditions. 

Study 1: Simulation Study Results 

CONVERGENCE RATE (RHAT)

Under most of the conditions examined in this study, multivariate Rhat values 

were smaller than 1.1 supporting close to 100% convergence rates. The smallest 

convergence rate was 92% in conditions with the smaller ICC value (ICC = 0.15) and 

fewer schools (k = 50). We calculated average of multivariate Rhat values (Gelman & 

Rubin, 1992) across 1,000 replications per condition and the mean of Rhat for estimating 

models and parameters ranged from 1.00 to 1.02 across conditions. 
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DEVIANCE INFORMATION CRITERION (DIC) VALUES

DIC values for MV-MMREM estimates were consistently smaller by at least ten 

points than DIC values for the MV-HLM across all conditions. Even though in which 

there were fewer schools (k = 50), fewer students per school (n = 20), lower mobility 

(10%), and the smaller ICC value (ICC = 0.15), the difference of DIC values between 

MV-MMREM and MV-HLM become smaller (with a median of 15.0) but the DIC still 

consistently favoring the MV-MMREM over the MV-HLM. 

FIXED EFFECTS AND STANDARD ERROR ESTIMATES 

No substantial relative parameter bias (RPB) was found in estimates of the three 

fixed effects ( 100 , 200 , 300 ) estimates under both the MV-HLM and MV-MMREM 

(RPB values ranged from 0.2% to 4.0%). However, when estimating the three Uni-

MMREMs (see Table 5), fixed effect estimates for the third outcome ( 300 ) were 

substantially positively biased (RPB = 7.1%) with MAR missingness when there was a 

higher proportion of missingness (40%), and stronger correlations among outcomes (0.5 

at level-2 and 0.7 at level-3). Note that results in Table 5 are summarized across ICC, 

number of schools, number of students, and mobility rate conditions because these 

conditions did not impact the bias that was found in Uni-MMREM estimates.  

Table 5: Relative Parameter Bias (RPB) for Fixed Effects Parameter Estimates by 

Conditiona Estimated Using Multiple Univariate MMREMs 

Type of 

Missingness 

% Missing Correlation 100 200 300
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FULL N/A 0.3/0.5 0.000 0.000 0.000 

0.5/0.7 0.000 0.000 0.000 

MAR 20% 0.3/0.5 0.000 0.010 0.026 

0.5/0.7 0.000 0.020 0.043 

40% 0.3/0.5 0.000 0.017 0.043 

0.5/0.7 0.000 0.033 0.071 

MCAR 20% 0.3/0.5 0.000 0.000 0.000 

0.5/0.7 0.000 0.000 0.000 

40% 0.3/0.5 0.000 0.000 0.000 

0.5/0.7 0.000 0.000 0.000 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

a Results are summarized across the ICC, number of schools, number of students, and 

mobility rate conditions because these conditions did not substantially impact results. 

In terms of the relative standard error bias (RSEB) for the three fixed effects 

parameter estimates, most of the Uni-MMREMs and MV-MMREM RSEB values did not 

exceed 0.10 in magnitude. However, under the MV-HLM, the standard errors estimated 

for the second and third outcomes’ fixed effects were substantially negatively biased in 

conditions with more mobility (RSEB = 11.9% for outcome 2, and RSEB = 12.8% for 

outcome 3) as compared with conditions with less mobility (RSEB = 2.0% for outcome 

2, and RSEB = 2.0% for outcome 3). 

Table 5 (continued)
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VARIANCE AND COVARIANCE COMPONENT ESTIMATES 

MV-HLM and MV-MMREM estimates of level-2 variances were not 

substantially biased. However, when estimating the three Uni-MMREMs level-2 

variances for outcomes 2 and 3 (
2

22.r  and
2

33.r , respectively) particularly for conditions 

with MAR missingness and when correlations among outcomes were stronger, the level-2 

variance estimates were underestimated (see Table 6). As shown in Table 6, with MAR 

data, the RPB for the level-2 variance for outcome 2 residuals (5.6%) and for outcome 3 

(9.0%) were negatively biased when the level-2 residuals’ correlations among pairs of 

outcomes were stronger ( = 0.5). When the level-2 correlation was weaker (0.3), bias in 

MAR conditions was not substantial (RPB = 1.2% for outcome 2, and RPB = 3.1% for 

outcome 3). 

Table 6: Relative Parameter Bias for Level-2 Variances by Conditiona Estimated using 

Multiple Univariate MMREMs 

Type of 

Missingness 

Correlation School Student 
2

11.r 2

22.r 2

33.r

FULL 0.3 / 0.5 50 20 0.005 0.003 0.004 

40 0.001 0.002 0.001 

100 20 0.001 0.001 0.001 

40 0.000 0.001 0.000 

0.5 / 0.7 50 20 0.003 0.001 0.002 

40 0.001 0.001 0.001 
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100 20 0.001 0.001 0.001 

40 0.000 0.001 0.001 

MAR 0.3 / 0.5 50 20 0.004 -0.010 -0.027 

40 0.001 -0.013 -0.032 

100 20 0.001 -0.012 -0.031 

40 0.001 -0.014 -0.033 

0.5 / 0.7 50 20 0.004 -0.054 -0.087 

40 0.001 -0.057 -0.091 

100 20 0.001 -0.057 -0.090 

40 0.000 -0.058 -0.091 

MCAR 0.3 / 0.5 50 20 0.003 0.006 0.006 

40 0.001 0.001 0.001 

100 20 0.001 0.002 0.002 

40 0.001 0.001 0.000 

0.5 / 0.7 50 20 0.003 0.006 0.006 

40 0.001 0.002 0.001 

100 20 0.001 0.002 0.002 

40 0.001 0.000 0.000 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

a Results are summarized across the proportion of missingness, ICC, and mobility rate 

conditions because these conditions did not substantially impact results. 

Table 6 (continued)
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For MAR data with larger  conditions, the ANOVA of the RPB results indicated 

that there was a significant interaction between the number of students and number of 

schools conditions in their effect on level-2 residual variance estimates [for outcome 2 

(
2

22.r ): F(1, 32) = 14.71, p < 0.05; 
2

p = 0.44; for outcome 3 (
2

33.r ) : F (1, 32) = 9.13, p 

< 0.05;
2

p = 0.36]. For example, the RPB values were as follows: for the 50 schools and 

20 students per school conditions across two outcomes (RPB = -7.0%), 50 schools and 40 

students per school conditions (RPB = -7.4%), 100 schools and 20 students per school 

conditions (RPB = -7.3%), and the 100 schools and 40 students per school conditions 

(RPB = -7.4%). However, the difference ( RPB = 0.4%) between the scenarios with 50 

schools and 20 versus 40 students was not substantially different ( RPB = 0.1%) from 

the RPB between scenarios with 100 schools and 20 versus 40 students. Thus, the 

interaction effect does not have practical significance. 

As can be seen in Table 7, under the MV-HLM, the level-2 covariance estimates 

were slightly overestimated in conditions with more mobility and larger true ICCs. In the 

larger ICC and larger mobility rate conditions, the ANOVA of the RPB results indicated 

a significant interaction effect between the number of students and number of schools: 

[for 12.r  : F(1, 40) = 11.07, p < 0.05; 
2

p = 0.36; for 13.r : F(1, 40) = 8.57, p < 0.05; 
2

p

= 0.30; for 23.r : F (1, 40) = 10.55, p < 0.05; 
2

p = 0.35]. The results indicated that the 

average RPB in conditions with a smaller number of schools (k = 50) was worse than 

when there were more schools (k = 100). This difference was larger for scenarios with 

more (n = 40) rather than fewer (n = 20) students per school. For example, the RPB 
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values for the combinations of conditions were as follows across the three outcomes’ 

results: for 50 schools and 20 students  the RPB = 6.2%, for 50 schools and 40 students 

the RPB was 5.5%, for 100 schools and 20 students the RPB was 5.7%,  and for the 100 

schools and 40 student conditions the RPB was 5.6%. The interaction effect was 

statistically significant, the difference ( RPB) between 20 students versus 40 students 

per school with the 50 schools scenarios was 0.7% and the difference ( RPB) between 

20 students versus 40 students per school under the 100 schools scenarios was 0.1%. 

However, even though the difference is larger in the 50 schools conditions, the difference 

between two differences (0.7% versus 0.1%) did not exhibit practical significance. 

Table 7: Relative Parameter Bias for Level-2 Covariances by Conditiona Estimated 

Using the Multivariate HLM 

ICC Mobile School Student 12.r 13.r 23.r

15% 10% 50 20 0.014 0.016 0.017 

40 0.010 0.013 0.013 

100 20 0.010 0.013 0.014 

40 0.010 0.011 0.011 

40% 50 20 0.032 0.034 0.037 

40 0.027 0.031 0.033 

100 20 0.026 0.029 0.034 

40 0.026 0.029 0.032 

25% 10% 50 20 0.021 0.025 0.024 
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40 0.020 0.022 0.020 

100 20 0.020 0.020 0.022 

40 0.017 0.020 0.020 

40% 50 20 0.061 0.062 0.064 

40 0.053 0.055 0.057 

100 20 0.054 0.057 0.059 

40 0.054 0.055 0.057 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

a Results are summarized across the type of missingness, proportion of missingness, and 

correlations among outcomes conditions because these conditions did not substantially 

impact results.

The MV-MMREM resulted in no substantial bias in level-3 variance estimates 

(
2

11.u ,
2

22.u ,
2

33.u ), but level-3 covariance estimates ( 12.u , 13.u , 23.u ) were positively 

biased in conditions with a smaller number of schools with RPB values up to 9.6%. More 

specifically, under the MV-MMREM, the mean RPB for level-3 covariance estimates in 

the smaller number of schools conditions was 4.1% (up to 9.6%) whereas with the larger 

number schools conditions the RPB was 0.6% (up to 5.5%). However, MV-HLM 

estimates of the level-3 variances and covariances were substantially negatively biased 

across all conditions (see Table 8 for variances and Table 9 for covariances). The 

negative bias was much worse in conditions with a higher proportion of mobile students 

(RPB = -30.2% across variances, RPB = -30.1% across covariances) versus smaller 

Table 7 (continued)
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proportion of mobile students (RPB = -7.2% across variances, RPB = -6.4% across 

covariances). When 100 schools are included in the datasets, this bias was slightly worse 

(RPB = 20.0% across variances, RPB = -19.7% across covariances) than in scenarios 

when 50 schools were included in datasets (RPB = -17.4% across variances, RPB = -

16.8% across covariances) resulting in about 2.5% differences between the two 

conditions. 

Table 8: Relative Parameter Bias for Level-3 Variances by Conditiona Estimated Using 

the Multivariate HLM 

Correlation ICC School Student Mobile 
2

11.u  
2

22.u  
2

33.u

0.3 / 0.5 15% 50 20 10% -0.039 -0.052 -0.051 

40% -0.267 -0.277 -0.281 

40 10% -0.054 -0.054 -0.041 

40% -0.293 -0.285 -0.288 

100 20 10% -0.085 -0.100 -0.089 

40% -0.319 -0.319 -0.310 

40 10% -0.071 -0.080 -0.077 

40% -0.310 -0.326 -0.312 

25% 50 20 10% -0.030 -0.049 -0.068 

40% -0.279 -0.298 -0.303 

40 10% -0.046 -0.047 -0.066 

40% -0.279 -0.296 -0.302 
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100 20 10% -0.075 -0.083 -0.091 

40% -0.308 -0.322 -0.323 

40 10% -0.070 -0.088 -0.092 

40% -0.307 -0.325 -0.324 

0.5 / 0.7 15% 50 20 10% -0.035 -0.047 -0.048 

40% -0.258 -0.268 -0.277 

40 10% -0.063 -0.072 -0.058 

40% -0.292 -0.296 -0.290 

100 20 10% -0.089 -0.096 -0.082 

40% -0.313 -0.321 -0.314 

40 10% -0.092 -0.086 -0.078 

40% -0.314 -0.320 -0.314 

25% 50 20 10% -0.034 -0.056 -0.068 

40% -0.286 -0.294 -0.299 

40 10% -0.028 -0.051 -0.052 

40% -0.285 -0.298 -0.304 

100 20 10% -0.070 -0.094 -0.095 

40% -0.307 -0.317 -0.324 

40 10% -0.074 -0.083 -0.099 

40% -0.300 -0.318 -0.322 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

Table 8 (continued)
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a Results are summarized only for MAR missingness conditions because the other 

missingness conditions (MCAR or Full dataset) had similar patterns. Results are also 

only presented for the 40% missingess conditions the pattern of results corresponded to 

results with 20% missingness although the bias was worse with 40% missingness. 

Table 9: Relative Parameter Bias for Level-3 Covariances by Conditiona Estimated Using 

the Multivariate HLM

Correlation ICC School Student Mobile 12.u 13.u 23.u

0.3/0.5 0.15 50 20 0.1 -0.057 -0.051 -0.054 

0.4 -0.302 -0.286 -0.302 

40 0.1 -0.052 -0.049 -0.058 

0.4 -0.289 -0.298 -0.289 

100 20 0.1 -0.082 -0.076 -0.091 

0.4 -0.327 -0.316 -0.325 

40 0.1 -0.071 -0.074 -0.080 

0.4 -0.322 -0.313 -0.327 

0.25 50 20 0.1 -0.025 -0.018 -0.074 

0.4 -0.276 -0.281 -0.308 

40 0.1 -0.050 -0.047 -0.078 

0.4 -0.263 -0.270 -0.301 

100 20 0.1 -0.055 -0.059 -0.091 

0.4 -0.299 -0.294 -0.325 
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40 0.1 -0.061 -0.056 -0.102 

0.4 -0.305 -0.299 -0.334 

0.5/0.7 0.15 50 20 0.1 -0.039 -0.049 -0.053 

0.4 -0.276 -0.289 -0.282 

40 0.1 -0.073 -0.074 -0.067 

0.4 -0.295 -0.297 -0.295 

100 20 0.1 -0.086 -0.091 -0.086 

0.4 -0.324 -0.323 -0.319 

40 0.1 -0.086 -0.089 -0.081 

0.4 -0.314 -0.315 -0.315 

0.25 50 20 0.1 -0.054 -0.040 -0.042 

0.4 -0.294 -0.283 -0.287 

40 0.1 -0.042 -0.030 -0.033 

0.4 -0.298 -0.289 -0.288 

100 20 0.1 -0.092 -0.074 -0.077 

0.4 -0.313 -0.305 -0.304 

40 0.1 -0.089 -0.079 -0.073 

0.4 -0.316 -0.306 -0.307 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

a Results are summarized only for MAR missingness conditions because the other 

missingness consitions (MCAR or Full dataset) had similar patterns. Results are also only 

Table 9 (continued)
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presented for the 40 % missingness conditions the patter of results corresponded to 

results with 20 % missingness although the bias was worse with 40 missingness. 

As can be seen in Table 10, Uni-MMREMs also resulted in negatively biased 

variance estimates for outcomes 2 and 3 for MAR data (RPB = -9.9% for outcome 2, RPB 

= -13.2% for outcome 3). With MAR datasets, the bias was worse in conditions when the 

true correlation among outcomes was larger (RPB = -16.3%) versus smaller (RPB= -

6.8%) across second and third outcomes. 

Table 10: Relative Parameter Bias for Level-3 Variances by Conditiona Estimated Using 

the Multiple Univariate MMREMs 

Type of 

Missingness 

% 

Missingness 

Correlation School 
2

11.u 2

22.u 2

33.u

FULL N/A 0.3/0.5 50 0.009 0.005 0.004 

100 0.000 -0.010 -0.015 

0.5/0.7 50 0.022 0.007 0.012 

100 -0.001 -0.010 -0.011 

MAR 20% 0.3/0.5 50 0.011 -0.043 -0.076 

100 -0.003 -0.061 -0.087 

0.5/0.7 50 0.014 -0.134 -0.167 

100 0.000 -0.146 -0.183 

40% 0.3/0.5 50 0.015 -0.046 -0.078 
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100 -0.001 -0.064 -0.090 

0.5/0.7 50 0.014 -0.143 -0.180 

100 -0.002 -0.155 -0.193 

MCAR 20% 0.3/0.5 50 0.011 0.002 0.000 

100 -0.004 -0.013 -0.015 

0.5/0.7 50 0.014 0.004 0.005 

100 -0.001 -0.014 -0.014 

40% 0.3/0.5 50 0.019 0.006 0.006 

100 -0.008 -0.018 -0.017 

0.5/0.7 50 0.021 0.010 0.007 

100 0.000 -0.016 -0.013 

Note. The RPB values are bolded when the values are larger than 0.05 in magnitude. 

a Results are summarized across the ICC, number of students, and mobility rate 

conditions because these conditions did not substantially impact results.

In summary, use of MV-MMREM resulted in no substantial bias in parameter 

estimates across conditions except for slight positive bias in level-3 covariance estimates 

in conditions with a smaller number of schools. However, when multiple-membership 

was ignored, the MV-HLM was estimated then the standard errors for fixed effects and 

the level-3 variances and covariance were negatively biased particularly in the larger 

mobility rate conditions. When the dependence among outcomes was ignored, multiple 

Uni-MMREMs were estimated then the fixed effects parameters were overestimated and 

Table 10 (continued)
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the level-2 and level-3 variances were underestimated particularly with MAR data and 

when the true correlations among outcomes were larger. 

Study 1: Discussion 

The current study investigated use and estimation of the multivariate multiple-

membership random effects model (MV-MMREM) to handle multiple related outcomes 

and multiple-membership clusters simultaneously. This study also illustrated and 

assessed the impact of failing to handle both the multivariate outcomes and the multiple-

membership data structure. We compared results when the multiple-membership 

structure is ignored and estimates of the MV-HLM recognize only one of the clusters 

associated with each mobile individual versus the impact when the multiple-membership 

structure is recognized but the multivariate outcomes are ignored by estimating three 

univariate-MMREMs (one per outcome). The three models’ estimates were compared 

using a dataset without missingness and again after some of the scores for two of the 

three outcomes were selected to be missing at random (MAR). The analysis of MAR data 

was used to provide a more authentic real data scenario. 

In the current study we first demonstrated estimation of the three models with a 

real dataset. We also conducted a simulation study that evaluated the performance of 

three models under various conditions including: the number of upper lever units (here, 

school), the number of lower lever units (here, students), the proportion of mobile 

students, correlations among outcomes, the intra-class correlation (ICC), the type of 

missingness, and the proportion of missingness. While previous research has focused on 
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the use of MMREM for handling multiple-membership clusters (e.g., Chung & Beretvas, 

2012; Leckie, 2009; Wolff Smith & Beretvas, 2017) or on the use of multivariate models 

(e.g., Baldwin, Imel, Braithwaite & Atkins, 2014; Chang, 2015; Chang & Pituch; 2017; 

Goldstein, 2010; Hox, 2010) for handling multiple-related outcomes, no research has yet 

focused on use of the MV-MMREM. 

For the real data analysis, a subset of ECLS-K data was used that included 

students with school identifiers for 1st, 3rd and 5th grades with complete reading, math, 

and science scores in 5th grade. For the MAR-dataset, 20% of math and 20% of science 

scores were deleted (with lower reading scores leading to more likely MAR math and 

science scores). 

REAL DATA ANALYSIS RESULTS 

When MV-HLM and MV-MMREM estimates were compared, none of the 

estimates of fixed-effect parameters, standard errors (SE) and student-level residuals’ 

variance-covariances differed substantially for MAR and full dataset analyses. However, 

the MV-HLM estimates of school-level residuals’ variance-covariances were consistently 

smaller than corresponding MV-MMREM estimates for both the MAR and full datasets. 

The underestimation of school-level variances when ignoring the multiple-membership 

data structure was also found in previous, related studies (Chung & Beretvas, 2012; 

Goldstein, 2010; Wolff Smith & Beretvas, 2017). Because we found similar results in the 

simulation study, we provide a fuller explanation of why this happens in that section. 
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Even though Uni-MMREMs and MV-MMREM estimates were similar when 

analyzing the full datasets, values of fixed-effects parameter and variance component 

estimates were impacted when the MAR versus the full dataset was analyzed. In terms of 

fixed-effects parameter, the Uni-MMREM estimates of the grand means ( 200 and 300  in 

Equation 12) of the outcomes with missing data (the math and science scores) were larger 

than corresponding MV-MMREM estimates. As described earlier, we created the MAR 

dataset by introducing missing math and/or science scores for students with lower reading 

scores. Note also that due to the positive correlations among the three outcome scores, 

students who had lower reading scores are also more likely to have lower math and 

science scores. This then led to a MAR dataset with fewer low scores on math and 

science than in the full, complete dataset. In real datasets, researcher often have 

incomplete outcome scores. However, estimation of the multivariate model can handle 

missing at random (and completely at random) with both ML (see, for example, Chang & 

Pituch, 2017) and MCMC estimation (Browne, 2017). While the multivariate models, 

MV-HLM and MV-MMREM can handle missing data for multiple-outcomes 

simultaneously, the univariate model, Uni-MMREM, cannot handle the missing data 

because the analyses are conducted separately for each outcome and information about 

missing outcomes from related, complete outcome data is unavailable. Thus, it is not 

unexpected that the Uni-MMREM estimated means were higher on math and science for 

the MAR data than for the full data analyses (Chang & Pituch). 

The Uni-MMREM estimates of the school- and student-level residuals’ variance 

components were also substantially different (smaller) than those estimated using 
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the MV-MMREM model for the math and science outcomes for the MAR dataset. While 

estimation of the multivariate models (MV-HLM and MV-MMREM) handled the 

missing data using information from the complete data, estimation of the Uni-MMREMs 

cannot use information from complete data on related outcomes because each outcome is 

analyzed separately. Therefore, when estimating the Uni-MMREM, the missing 

(lower) math and science scores results in less variability and inevitably smaller variance 

estimates.  This matches the results found in the related, previous simulation research by 

Chang and Pituch (2017) who also found that when estimating a univariate HLM with 

MAR data, the individual- and cluster-level variances for outcome which had 

missingness were substantially underestimated. 

In summary then, these results for the real data analysis match what we expected 

in terms of analyses that ignore multiple-membership and multivariate outcomes and 

given the pattern of missingness that was introduced. In terms of the MV-MMREM 

estimates, the estimates of fixed effects and variance-covariance components had similar 

values regardless of whether the MAR or the full dataset were analyzed because the 

model and its estimation are intended to handle both characteristics of the data’s structure 

(including multiple-related outcomes and multiple-membership clusters). However, while 

the MV-MMREM seemed to perform as expected, we applied the model to a reasonably 

large dataset. In addition to comparing use of the model with that of the Uni-MMREMs 

and the MV-HLM with real data, we wanted to test how well the model can recovering 

parameter values with smaller sample sizes that might challenge parameter recovery. We 

also wanted to compare the robustness of results when using the less parameterized (and 
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mis-specified) MV-HLM and multiple Uni-MMREMs. Therefore, a simulation study was 

also conducted. 

SIMULATION STUDY RESULTS 

In the simulation study, the convergence rate results under MCMC estimation 

across the three models were not problematic under most conditions. However, in 

conditions with smaller true ICC values and fewer schools, the convergence rates were 

slightly lower and the lowest convergence rate was 92%. Even though a previous study 

(Chang & Pituch, 2017) used maximum likelihood estimation in a simulation study that 

compared use and estimation of a multivariate HLM versus multiple univariate HLMs, 

the convergence results were similar in that the smallest convergence rates were found in 

conditions with smaller ICC values and more missing data. That is, estimation is 

challenging regardless of estimation methods with smaller ICC values, more missing data 

and smaller number of upper level units (Beretvas & Murphy, 2013; Chang & Pituch; 

Hox & Maas, 2001; Whittaker & Furlow, 2009). 

In terms of model fit assessed by comparing DIC values, results consistently 

supported better fit using the correctly specified MV-MMREM over the MV-HLM across 

conditions. These DIC results matched results from a previous study (Chung & Beretvas, 

2012) that found that DIC values for the MMREM model estimated were consistently 

lower than the DIC values for conventional HLMs estimated using datasets with a 

multiple-membership data structure. 
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In terms of fixed effects parameters, no substantial relative parameter bias was 

found in estimates of the three fixed effects under both the MV-HLM and the MV-

MMREM. Substantial positive bias was found for the Uni-MMREM estimates in 

scenarios with a higher proportion of missingness and stronger true correlations among 

outcomes, especially under the MAR missingness condition. These results matched those 

in Chang and Pituch’s (2017) related, previous study. Chang and Pituch also found 

overestimated fixed effects estimates and this bias became more severe when the 

magnitude of the correlation and the degree of missingness increased. We generated 

datasets with positive correlations among outcomes (matching the pattern found in the 

real data analysis). We also introduced MAR missingness into the data such that that 

smaller outcome 1 scores lead to a greater chance of missing outcome 2 and outcome 3 

scores. Given scores among the three outcomes were positively correlated, it is more 

likely that lower outcome 2 and outcome 3 scores are missing. While the two multivariate 

models, MV-MMREM and MV-HLM, can handle the missingness by considering 

multiple related outcomes simultaneously, the Uni-MMREMs cannot use any information 

about missing outcomes because each outcome is modeled separately. Our results support 

the advantages of multivariate analyses with MAR data as suggested in previous, related 

studies which report that use of multivariate models provide more power for fixed effects 

in scenarios with more missing data and for stronger correlations among outcomes 

increase. In real analyses, it is very likely that researchers will encounter some missing 

data and the data might well be missing at random. In such scenarios, applied researchers 

should not use multiple Uni-MMREMs because the fixed effects parameter estimates will 



57 

be biased. Instead, as encouraged by other methodological researchers (Chang & Pituch, 

2017; Park, Pituch, Kim, Chung, & Dodd, 2015; Snijders & Bosker, 2012) and supported 

by our results, analysts should use multivariate models that can handle MAR data. 

Further methodological research is needed to evaluate the robustness of the MV-

MMREM estimations under other patterns of missingness including missing not at 

random data. 

In terms of the fixed effects parameters’ standard errors estimates, no substantial 

bias was found with either the Uni-MMREMs or the MV-MMREM. The standard error 

estimates were negatively biased under the MV-HLM for conditions with more mobile 

students. This result matches what Wolff Smith and Beretvas (2017) found when 

multiple-membership clusters were ignored in their comparison of a univariate MMREM 

with a univariate HLM. Also, even though in Meyers and Beretvas’ (2006) simulation 

study, the authors compared a univariate cross-classified model to a univariate HLM that 

ignored cross-classified clusters, similar results (underestimation of standard errors for 

fixed effects) were also found. Misspecification of the multilevel model can result in mis-

estimated standard errors (see, for example, Luo & Kwok, 2009; Van den Noortgate, 

Opdenakker, & Onghena, 2005; Raudenbush & Bryk, 2002). Researchers note that 

ignoring a level in a dataset’s structure can influence not only variance component 

estimates but also fixed effects’ standard error estimates. Not surprisingly then, the 

implications of ignoring the multiple-membership data structure will impact associated 

statistical inferences. Under-estimated standard errors will lead to inflated Type I error 

rates. Thus, as with univariate analyses, when using multivariate model analyses, 
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multiple-membership data structures should not be ignored due to the potential impact on 

standard error estimates and resulting statistical inferences. 

The Uni-MMREMs estimates of level-2 and level-3 variance components were 

negatively biased for MAR data and only for the outcomes with missing data (outcomes 2 

and 3). This bias was larger in conditions in which the true correlations among outcomes 

was larger. These results matched those found in Chang and Pituch’s (2017) study. These 

results make sense because of the pattern of the missing data that was introduced. Lower 

scores were those most likely to be missing which therefore deflates the variability of the 

resulting scores as compared to the true value before missing data were introduced. 

Under the MV-HLM estimation, level-3 variance and covariance parameter 

estimates were substantially negatively biased across all conditions and especially in 

conditions with more mobility. Previous studies (Chung & Beretvas, 2012; Wolff Smith 

& Beretvas, 2017) that conducted simulations studies to examine the impact of ignoring 

multiple membership data structures in multilevel models also found underestimation of 

school-level variance components with higher mobility. As explained in Chung and 

Beretvas’ study, the school-level residuals are assumed normally distributed with 

variance 𝜎𝑢
2. In multiple-membership data, here, the overall level-3 residual for a mobile

individual is a function of multiple level-3 units. The variance of the resulting weighted 

sum of residuals (where the weights sum to one and are thus each less than one) for 

mobile individuals will be less than the variance, 
2

u , for non-mobile individuals. The 

MMREM models (Uni-MMREM and MV-MMREM) are designed specifically to handle 

this difference and thus the resulting level-3 residuals’ variance is adjusted accordingly 
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when these multiple-membership models are estimated. This is not the case with the 

conventional multilevel model. The observed variance of the residuals for mobile 

individuals will still be smaller than for non-mobile individuals and the resulting single 

variance, 2

u , estimated using a conventional multilevel model (here, the MV-HLM) will 

then be smaller than it should be (see Chung & Beretvas). 

 Level-2 (student-level) covariance components under the MV-HLM were 

overestimated when there was a greater proportion of mobile students and larger true 

ICCs. The relative parameter bias in level-2 variances component estimates tended to be 

positive even though the degree of bias was not substantial. Several studies have 

examined the consequences of ignoring a level of nesting in multilevel data (Moerbeek, 

2004; Tranmer, 2001; Van den Noortgate, Opdenakker, & Onghena, 2005; Van 

Landeghem, et al., 2005) and results have shown that when clustering at the highest level 

of the data structure is ignored, the associated variance component is added 

(redistributed) to the variance component at the adjunct, lower level. While these 

previous studies examined the results of ignoring the highest level (here, school-level) of 

clustering entirely, our model (MV-HLM) did not completely ignore the highest level but 

only recognized one of the set of multiple clusters (schools) associated with the 

participants (students). The resulting impact is the same with the ignored cluster effects 

being pushed to the lower-level (here, student-level) resulting in overestimation of 

student-level variance-covariance estimates.  

 Previous studies (Chung & Beretvas, 2012; Meyers & Beretvas, 2006) that 

focused on misspecification of upper level clusters (e.g., multiple-membership clusters, 



60 

and cross-classified clusters) also found overestimation of participant level (level-2) 

variance components. Note, however, that these previous researchers only examined 

univariate models and thus considered estimation only of variance not covariance 

components. Despite this, overestimation of level-2 residuals’ variance components also 

seem likely to co-occur with substantial overestimation of level-2 covariance components 

as was found in the current study. 

Interestingly, the MV-MMREM estimates of level-3 covariance components were 

positively biased in conditions with fewer schools. These results match those from 

previous studies (Chung & Beretvas; 2012; Leckie, 2009; Wolff Smith & Beretvas, 2017) 

that examined univariate (not multivariate) models. These previous studies also found 

overestimation in cluster-level variances even under the correctly specified MMREM. 

According to Browne and Draper’s (2000) study evaluating MCMC estimation, variance 

component estimates tend to be overestimated in conditions with fewer clusters 

(matching what we found with the MV-MMREM estimates). In addition, MV-HLM 

estimation of level-3 variance-covariance components were more negatively biased in 

conditions with more level-3 units (larger number of schools). The smaller degree of 

negative bias found with fewer rather than more clusters under the MV-HLM could have 

occurred because of MCMC’s tendency to overestimate cluster-level variances with 

fewer clusters being counteracted by the negative bias that can result from model mis-

specification (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2017). 

Given these results, use of the MV-HLM is not recommended if the data has a 

multiple-membership data structure because the standard errors for fixed effects as well 
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as the level-3 variances and covariances are negatively biased across conditions. In 

addition, with datasets consisting of multiple-related outcomes, estimating a set of Uni-

MMREMs works well only if the outcomes are not related or the dataset does not have 

missing data. Because most applied researchers are primarily concerned with fixed 

effects estimates, use of Uni-MMREMs is not recommended if there are missing 

outcomes and if the researcher cannot be sure whether the missingness is based on the 

unlikely MCAR assumption with MAR or MNAR missingness being more likely. On the 

other hand, the MV-MMREM performs well across all of conditions examined here 

except in scenarios with too few schools (clustering units) with slight overestimation 

found for level-3 covariance estimates. Because the current study found some over-

estimation with 50 clustering units and no bias with 100 clusters, future research should 

examine conditions with different numbers of clustering units to help refine the 

recommendation for the minimum number of clustering units. 

There are limitations of the current study that need to be considered. Results of 

this study should not be generalized beyond the limited conditions examined. Different 

numbers of clusters and students per cluster could impact results as well as different 

patterns of ICC and correlation values. The method used for generating MAR data for 

generating mobile students was one of several possible ways to generate both MAR data 

and for assigning mobility. For example, while in the current study we used the percentile 

rank of the first outcome score to introduce MAR data, other approaches have based the 

likelihood of a data point being missing using the logistic regression model (e.g., Enders, 

Keller, & Levy, 2017). Future research could explore alternative patterns for MAR data 
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as well as even examining how best to handle missing not at random data. For generating 

mobility, we assigned mobility completely at random. However, future research could 

explore scenarios in which the likelihood of mobility is related to individual and cluster-

level characteristics.  

 Also, only one type of prior distributions for MCMC estimation was used; 

however, future research could examine use of different prior distributions. In addition, 

only a very simple baseline MV-MMREM model was used to generate the data. In terms 

of information criteria, while DIC values seem to work well for choosing between MV-

MMREM and non-MMREM models, the performance of DIC values for choosing among 

multiple MV-MMREM has not been tested. Future research can be designed to take on 

each of these limitations including examining extensions to the model to examine 

parameter recovery for more complex MV-MMREMs, use of different priors and 

investigating performance of the DIC for choosing among MV-MMREMs. Last, the 

current study only considered MCMC estimation but other estimation methods (e.g., 

likelihood-estimation) with other statistical programs such as xxM (Mehta, 2013) or lme4 

(Bates, Maechler, Bolker, & Walker, 2015) should be examined. Based on the current 

study, future research can extend these more complicated models to examine the handling 

of multivariate data in scenarios with multiple membership data.  

 Even though the data generated in the current simulation study sound quite 

complex in their structure (multivariate and multiple-membership with MAR 

missingness), these kinds of data seem very likely to be encountered in real educational 

and social science research. Therefore, the findings of the current study that support use 
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of MV-MMREM over the MV-HLM and over use of multiple Uni-MMREMs should 

prove helpful to applied researchers who encounter these kinds of methodological 

dilemmas. 
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STUDY 2  

Performance of the Deviance Information Criterion versus Omnibus 

Statistical Significance Tests for Selecting the Best-Fitting Multivariate 

Multiple-membership Random Effects Model 

Study 2: Introduction 

When selecting a multilevel model to fit to a dataset, it is important to choose 

both a model that best matches characteristics of the data’s structure, but also to include 

the appropriate fixed and random effects. As a complement to use of tests of statistical 

significance for parameters for selecting the best-fitting multilevel model, various types 

of information criteria can be used including Akaike’s information criterion (AIC; 

Akaike, 1987), Bayesian information criterion (BIC; Schwarz, 1978), and modified AIC 

or BIC criterion. The deviance information criterion (DIC; Spiegelhalter et al., 2002) is 

the most commonly used information criterion when employing Markov Chain Monte 

Carlo (MCMC) methods to estimate a model (see, for example, Kruschke, 2014). 

However, even though MCMC estimation is frequently used with complex multilevel 

models such as the cross-classified random effects model (CCREM) or the multiple-

membership random effects model (MMREM) and for the multivariate MMREM (MV-

MMREM) that was recently suggested (Park & Beretvas, 2017), there is little research 

focused on the functioning of the DIC in terms of correct model selection. Of interest in 

this proposed study, no research has investigated the performance of the DIC for 

identification of the correct multivariate MMREM (MV-MMREM; Park & Beretvas, 

2017). Therefore, the current study focused on how well the DIC performs for selecting 

the correct MV-MMREM under a variety of design conditions. 
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In the next sections, we first provided a brief overview of the MMREM and of the 

multivariate hierarchical linear model (MV-HLM) before introducing the MV-MMREM. 

We then discuss the information criteria that are commonly used when estimating 

multilevel models with a particular focus on the DIC. 

MULTIVARIATE MULTIPLE-MEMBERSHIP RANDOM EFFECTS MODEL (MV-MMREM) 

If the within-cluster dependence of residuals is ignored, then the validity of the 

associated statistical inferences can be impacted largely as a function of biased standard 

error estimation (see, for example, Raudenbush & Bryk, 2002, Snijders & Bosker, 2012). 

The current study focused on use of the multilevel or hierarchical linear model (HLM) for 

handling the dependency among individuals within a cluster (see more detailed 

treatments in Hox, 2010; Raundenbush & Bryk; Snijders & Bosker). However, use of the 

conventional HLM involves the assumption that individuals are purely nested within 

clusters. This assumption means that individuals are associated with only one of the 

sample of clusters. Figure 3 depicts a purely clustered dataset entailing multiple 

elementary schools with multiple students per school and for which each of the 11 

students is associated with only one elementary school. 
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Figure 3: Network graph depicting pure clustering of students (level-1) within 

elementary schools (level-2)  

However, as depicted in Figure 4, it is possible that the data are not purely 

clustered and instead some students might have attended more than one elementary 

school. For example, students 1 and 4 attended more than one school (with both attending 

elementary schools 1 and 2). 

Figure 4: Network graph depicting mobility of some students (level-1) within elementary 

schools (level-2)  

There are several empirical, real-data analysis studies that have demonstrated the 

results of fitting a conventional HLM versus a MMREM to real data (Chandola, Clarke, 

Wiggins & Bartley, 2005; Goldstein, Burgess & McConnell, 2007). For example, 

Goldstein, Burgess, and McConnell’s study explained that the residuals’ variance 

estimates for upper level clusters (e.g., schools) were underestimated when the 

conventional multilevel model was used ignoring the mobility of students across schools. 

Chandola et al. study also provided evidence that the MMREM had better fit than a 

conventional HLM when the clustered data included individuals nested within 
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households and residential districts was handled because the DIC for MMREM was 

smaller than the DIC for conventional HLM.  

 In a methodological study that compared use of the MMREM versus the 

conventional HLM that ignored multiple-membership data (Chung & Beretvas, 2012), 

when the multiple-membership was ignored, the fixed-effects for level-2 predictors were 

under-estimated as were the level-2 residuals variances. In addition, the authors found 

that the level-1 residuals’ variances were over-estimated. Another study which introduced 

the cross-classified multiple-membership growth curve model (CCMM-GCM) compared 

results when the CCMM-GCM was estimated as compared with estimation of a 

conventional GCM that ignored the multiple-membership structure using real data (Grady 

& Beretvas, 2010). Grady and Beretvas found that the DIC for the CCMM-GCM was 

lower than the DIC value estimated for the conventional GCM supporting better fit of the 

more parameterized model. These studies that have focused on multiple-membership data 

have consistently supported the importance of appropriately handling the data structure 

and have found that the DIC typically supports the MMREM rather than the conventional 

HLM. However, the performance of the DIC has not been assessed as a fit index for use 

in selecting between MMREM parameterizations. And use of the DIC with the MV-

MMREM has not been examined at all. Therefore, research is needed to assess how well 

the DIC might function in terms of supporting the fit of the correct MV-MMREM.  

Because the MV-MMREM is a combination of the MMREM and the multivariate 

hierarchical linear model (MV-HLM), we first briefly review the MMREM and MV-

HLM and then describe the MV-MMREM. The MMREM can be used to handle data in 
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which some individuals are each associated with multiple clustering units. For example, 

some elementary school students might each have attended multiple elementary schools 

(see Figure 4). The conditional MMREM is as follows, at level-1: 

}{}{}{1}{0}{ jijijjji rXY    (13) 

where, {j} represents the set of level-2 units (e.g., elementary schools) associated with 

each level-1 unit (e.g., student) i and }{ jiY is the observed outcome score for student i 

attending set of elementary schools {j}. The intercept ( }{0 j ) indicates the mean outcome 

score for set of schools {j} controlling for level-1 predictor, X, and the coefficient ( }{1 j ) 

indicates the relationship between the level-1 predictor, X, and the outcome. The }{ jir is 

the level-1 residuals typically assumed normally distributed with a mean of zero and a 

constant variance of 
2

r ( ),0(~ 2

}{ rji Nr  ). 

At level-2, the parameters ( }{0 j , }{1 j ) can be modeled as follows: 
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where, ihw  indicates the weight assigned to each level-2 unit (here, elementary school) 

associated with a level-1 unit (here, student). The weights should sum to one (i.e.,

1
}{


 jh

ihw ) for each individual i (Goldstein, 2010). The residuals ( hu0 , hu1 ) are typically 



69 

assumed to follow a multivariate normal distribution with means of zero and a variance-

covariance matrix specified as follows: 
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MCMC estimation is most typically used to estimate MMREMs to handle their 

complexity. A simulation study which compared iterative generalized least squares 

(IGLS; Goldstein, 1986) with MCMC estimation for cross-classified random effects 

model (CCREM) and MMREMs emphasized that the large number of random effects 

under the MMREM introduces computational limitations that are better handled through 

use of MCMC estimation (Browne & Rasbash, 2009). Also, many applied researchers 

who are using the MMREM often use MCMC estimation (Chandola, Clarke, Wiggins & 

Bartley, 2005; Goldstein, Burgess & McConnell, 2007; Leckie, 2009). This might be 

largely due to MLwiN software (Charlton et al., 2017) as one of few multilevel modeling 

software programs to include the ability to estimate MMREMs. 

All of the methodological research focused on the MMREM has investigated its 

estimation with univariate outcomes. In practice, however, multiple related outcomes are 

typically collected and of interest to applied researchers. It is possible to estimate 

multiple, univariate MMREMs – one for each outcome. However, as with conventional 

univariate analyses, estimation of multiple univariate models ignores the dependency 

among related outcomes and can inflate the associated experiment-wise Type I error rates 

researchers (Tabachnick, Fidell & Osterlind, 2001). Analogously, the multivariate 

analysis of variance (MANOVA) is recommended when each of multiple dependent 

variables are related rather than use of multiple analyses of variance (ANOVAs). 
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Ignoring the dependencies among multivariate outcomes in multilevel data has been 

found to have a greater impact on variance component estimation than on fixed effects’ 

estimates (Chang, 2015; Pituch, Whittaker & Chang, 2016). Therefore, if a researcher 

want to estimate variance components accurately, use of a multivariate model is 

warranted. Also, use of a multivariate model can result in smaller standard error estimates 

for the fixed effects parameter estimates which results in improved power for associated 

significance tests (Snijders & Bosker). The more strongly inter-related the multivariate 

outcomes, the more biased will be the variance estimates as well as the standard error 

estimates if the dependencies among the outcomes are ignored and multiple univariate 

models used (see, for example, Snijders & Bosker, 2012). In addition, use of a 

multivariate model permits testing of more flexible research hypotheses. For example, 

researchers can compare coefficients for a single predictor across the multiple outcomes. 

The multivariate hierarchical linear model (MV-HLM) is a simple extension of 

the univariate multilevel model that can be used to handle multiple, related outcomes 

(Baldwin, Imel, Braithwaite & Atkins, 2014; Goldstein, 2010; Hox, 2010). For example, 

if the dataset consists of students’ scores on reading, mathematics, and science 

achievement and the sample consists of students nested within schools then a three-level 

MV-HLM could be used. For this kind of data, at level-1, the students’ three outcomes 

(e.g., reading, mathematics, and science achievement) can be identified using dummy-

coded indicator variables as follows (Hox, 2010): 

ijijijijijijqij dddY 332211   (15) 
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where, ijd1 , ijd2 , and ijd3 are dummy-coded variables identifying each of the three 

outcomes (reading, mathematics, and science achievement). According to Hox (2010) 

and Goldstein (2010), the level-1 error (residual) is not needed under the multivariate 

model because level-1 is used only to indicate the outcome. For an unconditional version 

of the model, the level-2 (student) model is as follows: 
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The level-2 residuals ( ijr1 , ijr2 , ijr3 ) are typically assumed to follow a multivariate normal

distribution with means of zero and a variance-covariance matrix, specified as follows: 
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At level -3 (school), the model is as follows: 
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where, 00q  for each outcome q (q = 1, 2, or 3) is the outcome-specific mean across 

schools and the level-3 residuals ( ju10 , ju20 , ju30 ) are typically assumed to follow a 

multivariate normal distribution :
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 The unconditional model can be expanded to include predictors. For example, a 

researcher might be interested in testing hypotheses about association of the outcome 

with students’ demographic (e.g., gender or ethnicity) or other student-level variables 

(e.g., students’ pre-score or students’ motivational level). Under the MV-HLM, when 

predictors are added, the level-1 model will typically remain the same (see Equation 15). 

However, when student-level predictor, X, are added then the level-2 (student) model will 

be as follows: 















ijijjjij

ijijjjij

ijijjjij

rX

rX

rX

331303

221202

111101







        (18) 

where, ijX  is the student-level predictor which is grand-mean- or group-mean-centered 

as encouraged by Enders and Tofighi (2007). Note, here we are focusing on scenarios in 

which predictors are grand-mean centered. The use of grand-mean centering can be used 

particularly when a research is interested in the effects of level-3 (school) predictors 

while wanting to control for the effects of level-2 (student) predictors (Enders & Tofighi). 

And, coefficients for each outcome ( jj 2111 , and j31  for this three-outcome model) 

captures the relationship between the grand-mean-centered predictor ( ijX ) and each 

outcome. Similar to the assumption made in the unconditional model (see Equation 16), 

the level-2 residuals ( ijr1 , ijr2 , and ijr3 ) are typically assumed to follow a multivariate 
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normal distribution with means of zero and a variance-covariance matrix, specified as 

follows: 
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Finally, at level-3, the model with fixed predictors’ effects is as follows: 
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where, 10q  is the overall mean of coefficients capturing the unique relationship between 

the predictor and each outcome. The level-3 residuals ( ju10 , ju20 , and ju30 ) are assumed

to follow a multivariate normal distribution: 
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. 

The model in Equation 19 does not include the residuals for predictors (
110 ,

210 , 

and 
310 ) representing the researcher’s assumption that the slope for level-2 predictor, X, 

does not vary across level-3 units. For example, if the predictor variable is a measure of 

the students’ motivation, then Equation 19 is modeling that the effects of motivation does 

not vary across level-3 units (schools) for any of the three outcomes (e.g., reading, 

mathematics, and science achievement). It is, of course, possible to release this constraint 
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and model that the relationship between the predictor and each outcome varies across 

level-3 units (here, schools). Note that the more variance and covariance terms for 

random effects there are to estimate in a model, the more difficult the model’s estimation. 

Note also that additional level-2 and level-3 predictors can be included and that the same 

predictor does not have to be used for each outcome. 

In her study, Chang (2015) provided several recommendations for sample size 

necessary for reasonable recovery of the MV-HLM’s parameters as a function of the 

relevant parameter of interest. The study compared the estimates from two-level 

univariate HLMs with predictors at level-1 and level-2 and estimates from three-level 

MV-HLM with corresponding predictors at level-2 and level-3. Chang recommended a 

relatively small minimum sample size (30 level-3 clusters and 5 level-2 units per cluster) 

to ensure acceptable 95% confidence interval coverage rates and nominal Type I error 

rates for fixed effect parameter estimates. On the other hand, relatively larger sample 

sizes were needed including at least 100 clusters and 30 individuals per cluster to ensure 

reasonable statistical power for estimates under the full conditional MV-HLM model. 

Researchers are encouraged to use sufficiently large sample sizes to ensure reasonable 

parameter recovery for more complex MV-HLM models that include multiple random 

effects variance and covariance parameters. 

In practice, however, and as mentioned earlier, when researchers collect clustered 

data for univariate or multivariate outcomes, individuals are not always purely nested 

within the relevant clusters (see, for example, Figure 4). Of interest in this study are 

scenarios in which individuals are members of multiple clusters or multiple-membership 



 75 

data. For example, researchers might have collected elementary school students’ multiple 

outcomes (e.g., reading, math, and science achievement scores) with some of students 

attending multiple elementary schools. It is possible to extend the MV-HLM in Equations 

15, 16, and 17 to handle the multiple-membership data structure complication (Park & 

Beretvas, 2017). Formulation of the unconditional MV-MMREM for a scenario with 

three related outcomes is as follows, at level-1 (outcome level): 

}{3}{3}{2}{2}{1}{1}{ jijijijijijijqi dddY          (20) 

where, as with the MMREM in Equation 13, the subscript i{j} represents the set of level-

2 clusters (here, elementary schools) attended by student i. For a non-mobile student, 

only the set {j} will contain the single elementary school. For a mobile student, the set 

{j} will contain two or more elementary schools.  

 At level-2 (student level), the unconditional MV-MMREM model is as follow: 
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where, the residuals ( }{1 jir , }{2 jir , and }{3 jir ) are assumed to follow a multivariate normal 

distribution with means of zero and a variance-covariance matrix specified as follows: 
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.  

 Because, for the example at hand in which level-2 units (students) are members of 

multiple level-3 units (schools), we need to handle the multiple-membership structure at 
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level-3, by using weighted composites of the level-3 residuals for each outcome as 

follows: 
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The set of three outcomes’ level-3 residuals are typically assumed to follow a 

multivariate normal distribution with means of zero and a variance-covariance matrix as 

follows:
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. 

Because the MV-MMREM is the combination of MV-HLM and MMREM, each 

outcome’s level-3 equation is exactly the same as for the univariate MMREM at level-2 

(see Equation 14). However, the multivariate version of the model directly captures 

potential covariances ( 12.u , 13.u , and 23.u ) between the outcomes through the 

covariance structure assumed for the outcomes’ residuals. 

As with the MV-HLM, the unconditional MV-MMREM model is easily extended 

to provide a conditional model that includes level-2 (for example, student) and level-3 

(school) predictors. In the following example, we have added a common level-2 

predictor, }{ jiX (e.g., motivation), to each outcome’s equation so that the level-2 model 

(see Equation 21) becomes: 
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and the residuals ( }{1 jir , }{2 jir , and }{3 jir ) are still assumed to follow a multivariate normal 

distribution with means of zero and a variance-covariance matrix as 
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At level-3, we present a very similar model to that in Equation 19 with fixed 

slopes for the level-2 predictor’s slope coefficients and weighted composites of the level-

3 residuals for each outcome as follows: 
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Again, we typically assume that the set of three outcomes’ level-3 residuals ( }{10 ju , }{20 ju , 

and }{30 ju ) are assumed to follow a multivariate normal distribution with means of zero 

and a variance-covariance matrix 
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. 

In Equation 24, each of the three predictor’s effects are modeled as fixed across 

level-3 units. As with the MV-HLM, the model can be extended to allow some or all of 

these effects to randomly vary across level-3 units. If the researches are interested only 

level-3 (school-level) characteristics such as private or public school (𝑃ℎ) and averaged 

students’ motivation scores per school as predictors (�̅�ℎ), the unconditional level-2 

equation (see Equation 21) and the conditional level-3 (school-level) equation including 

the level-3 predictors of interest could be formulated. Finally, in addition to adding level-

2 predictors (see Equation 23), we can also include level-3 (school-level) characteristics 

such as private or public school (𝑃ℎ) and averaged students’ motivation scores per school 

as predictors (�̅�ℎ). As recommended by Enders and Tofighi (2007), these level-3 (and 

level-2) predictors can be grand-mean-centered resulting in the following conditional 

model: 

{

𝛽10{𝑗} = 𝛾100 + ∑ 𝑤𝑖ℎ(𝛾101𝑃ℎ + 𝛾102�̅�ℎ + 𝑢10{ℎ})ℎ𝜖{𝑗}

𝛽20{𝑗} = 𝛾200 + ∑ 𝑤𝑖ℎ(𝛾201𝑃ℎ + 𝛾202�̅�ℎ + 𝑢20{ℎ})ℎ𝜖{𝑗}

𝛽30{𝑗} = 𝛾300 + ∑ 𝑤𝑖ℎ(𝛾301𝑃ℎ + 𝛾302�̅�ℎ + 𝑢30{ℎ})ℎ𝜖{𝑗}

𝛽11{𝑗} = 𝛾110
𝛽21{𝑗} = 𝛾210
𝛽31{𝑗} = 𝛾310

. (25) 
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 The coefficients for level-2 ( 10q ) or level-3 predictor ( 01q ) can be constrained to 

be equal across outcomes to test an assumption that the predictor’s effect is constant 

across outcomes. Future research can explore this particular facility of the multivariate 

model. Note that this model only includes level-3 predictors of the intercept for each 

outcome. Level-3 predictors can also be included in the model for the level-2 predictors’ 

slopes ( }{1 jq for q = 1 to 3) to capture cross-level interactions between level-3 and level-

2 predictors’ effects. That remains an avenue for future research. 

 The proportion of between clusters (e.g., schools,
2

qu ) variance divided by the 

total variance (
22

qq ru   ) for each outcome (q) can be described using the outcome-

specific intra-class correlation coefficient (ICC) as follows: 

22

2

qq

q

ru

u

qICC





 .     (26) 

Thus, if there are three outcomes, the model can provide estimates of three ICCs - one for 

each outcome. 

 While the MV-MMREM has been introduced and is intended for handling 

multivariate data when the data have a multiple-membership structure, no research has 

been found that evaluates how best to choose between multiple MV-MMREMs. Applied 

researchers need to make informed decisions about how best to choose between MV-

MMREMs including decisions about which fixed and random effects to include in a final 

model. Applied researchers like to compare fit of models to complement results from 

statistical significance testing of parameters of interest. Information criteria provide one 
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way to compare models’ fit and will be described next. For this reason, the performance 

of the DIC and omnibus statistical significance tests for correct MV-MMREM selection 

was investigated. Before describing the DIC and relevant research assessing its use, we 

will briefly review use of information criteria for choosing between multilevel models. 

INFORMATION CRITERIA 

As mentioned, there are a couple of ways for a researcher to decide whether to 

include parameters in a model. Many applied researchers rely on hypothesis testing 

results across a set of parameter estimates (a form of omnibus statistical significance 

test). For example, when a researcher compares two multilevel models then the 

researcher will typically select the model in which all fixed effect parameter estimates are 

statistically significant- thus looking at all the tests at once (an omnibus statistical test of 

sorts). Alternatively, researchers can compare model fit of two models where one model 

includes the parameter of interest and the other model does not include that parameter. 

When comparing two models’ fit, information criteria (ICs) are frequently used. 

The most popular information criteria that are used to compare models’ fit include 

Akaike’s information criterion (AIC; Akaike, 1973) and the Bayesian information 

criterion (BIC; Schwarz, 1978). The relevant IC is estimated for the models being 

compared and conventionally the model with the lower value for the IC has supported for 

being the best-fitting model. The AIC has been reported to exhibit problems with low 

reliability indicating that the AIC does not consistently support the correct model 

(Bozdogan, 1987; Hannon & Quinn, 1979; Schwarz, 1978). The AIC tends to support the 
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more parameterized model over the correct but simpler model (Hurvich & Tsai, 1989). 

Extensions to the AIC have been proposed including the BIC, the consistent AIC (CAIC; 

Bozdogan, 1987), and the HQIC (Hannon & Quinn). To handle AIC’s increased 

likelihood of supporting the more parameterized model, Hurvich and Tsai proposed the 

finite sample-corrected AIC (AICC). All of these ICs are used with models estimated 

using maximum likelihood estimation.  

 A few studies have investigated performance of various ICs for correct multilevel 

model selection. According to the results of Gurka’s (2006) study, which focused on two-

level growth curve models, all of the model selection criteria (AIC, AICC, CAIC and 

BIC) performed well under restricted maximum likelihood (REML) estimation as 

compared with results using full information maximum likelihood (FIML) estimation. As 

mentioned in Gurka’s study, more considerations for the information criteria were needed 

under other types of multilevel models. Whittaker and Furlow’s (2009) study compared 

the performance of the four information criteria examined in Gurka’s study as well as the 

performance of the HQIC. The authors used only FIML estimation of a conventional 

HLM. Whittaker and Furlow’s results indicated that the CAIC and BIC performed best 

especially when the level-1 sample size was used as the sample size in the ICs’ equations. 

A few studies have investigated performance of some of these ICs for choosing between 

alternative cross-classified random effects models (CCREMs). As part of their study 

focused on estimation of the CCREM, Meyers and Beretvas’s (2006) study compared use 

of the AIC and BIC for choosing the better-fitting model between a CCREM and an 

HLM for cross-classified data. The results indicated that the AIC and BIC performed well 
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across all of conditions for choosing the correct CCREM rather than the incorrect HLM. 

In Beretvas and Murphy’s study (2013), the authors evaluated the performance of 

the AIC, AICC, CAIC, HQIC, and BIC for identifying the best-fitting model among 

CCREMs. The authors also evaluated which sample size (number of level-1 or cross-

classified factor units) worked best with the ICs that require inclusion of a sample size in 

their calculation (namely, for the AICC, CAIC, HQIC, and BIC). According to the 

results, CAIC, HQIC, and BIC using sample size at level-1 (e.g., number of students) and 

AICC using upper level sample size information (e.g., number of schools) performed 

better across all of conditions. 

Each of the studies that has investigated use of the ICs with multilevel model 

selection focused on likelihood-based estimation. However, researchers commonly turn 

to a Bayesian approach to estimating multilevel models operationalized using MCMC 

estimation. In particular, as noted earlier, it is very commonly the case that MCMC 

estimation is used to estimate the MMREM. When using MCMC estimation, instead of 

using one of the previously mentioned ICs which are typically based on maximum 

likelihood estimation, the DIC is typically used to support selection of the best-fitting 

model. 

There have been several empirical studies that have used the DIC as a fit index to 

select the best-fitting multilevel model. Chandola, Clarke, Wiggins, and Bartley’s (2005) 

investigated the performance of the MMREM with health-related outcomes for 

individuals nested within households and residential districts. The DIC results indicated 

that the MMREM model had better fit than the conventional multilevel model that 
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ignored the multiple-membership data structure. Goldstein, Burgess, and McConnell 

(2007) also provided similar results showing that the use of MMREM resulted in a 

smaller DIC than for a corresponding, conventional HLM. Grady and Beretvas’s (2010) 

study compared estimation of a cross-classified multiple-membership growth curve 

model with that of a conventional growth curve model that ignored the multiple-

membership resulting from mobile students. The results indicated that the use of the 

multiple-membership growth curve model had a smaller DIC than that for the 

conventional growth curve model for both unconditional and conditional models. 

Similarly, Thum’s (2003) study that focused on MCMC estimation of the MV-

HLM also used the DIC to compare fit of different model parameterizations. Thus, 

previous applied and methodological research has demonstrated and explored use of the 

DIC for choosing between the MMREM and the corresponding HLM models. However, 

no research has been found that assesses use of the DIC as a way to choose among 

MMREM models. In the next section, we offer more detail about the DIC. 

The DIC is a generalization of the AIC and is related to the BIC and offers an 

information criterion that can be used for selecting among multilevel models estimated 

using MCMC estimation. After proposing the posterior mean deviance ( )(D ) as a 

measure of fit (Spiegelhalter, Thomas, Best & Gilks, 1996), the authors considered how 

to penalize model fit for increased model complexity. Thus, the DIC follows the same 

logic as underlies the AIC by being founded in a combination of goodness of fit while 

including a penalty for model complexity as follows: 
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DD pDpDDIC  )(2)(  (27) 

where, )(D  is the deviance at the expected value of the unknown parameters, )(D is 

the posterior expectation (typically estimated mean) of the deviance (discrepancy 

between data and model), and Dp represents the effective number of model parameters 

(Spiegelhalter et al., 2002). The term Dp  can also be expressed as the deviance at the 

expected value ( )(D ) of the parameters subtracted from the mean deviance across all 

possible parameter vector values ( )(D ): )()(  DDpD  (see details in Spiegelhalter 

et al., 2002). Similar to the AIC and BIC, the model with the lowest DIC value is 

identified as the better-fitting model. Some researchers have suggested a minimum 

difference of five (Spiegelhalter, Thomas & Best, 2003) or ten (Leckie, 2009) in the DIC 

values for the two models being compared as evidence of substantially different DIC 

values. 

Even though the DIC is quite commonly used for comparing model fit with 

MCMC estimation, several authors have mentioned weaknesses in the DIC as well 

(Spiegelhalter, Best, Carlin & Linde, 2014). For example, Dp  values theoretically should 

not differ if the prior information distribution for two parameters (e.g.,  and )log( ) is 

mathematically equivalent because Dp  values should be an invariant to re-parametrized 

estimates. However, depending on the re-parameterization, Dp  values and thus resulting 

DIC values might differ for mathematically equivalent parameters. In addition, 

sometimes the Dp  value is negative if the posterior distribution of parameters is 
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extremely non-normally distributed. Because the Dp  value is included in the calculation 

of the DIC (see Equation 27) as a penalty for model complexity, it is not appropriate for 

its values to be negative. Several studies have suggested ways to improve the DIC 

including revising Dp  to be invariant under re-parameterizations (Spiegelhalter et al., 

2014), using an alternative measure of complexity ( vp ) instead of Dp  (Gelman et al., 

2004), or allowing the Dp to have more contribution to the DIC [e.g., DpDDIC 3)(   ] 

(Ando, 2012; Plummer, 2008; van der Linde, 2012). Even though there is a lack of 

consensus about use of the DIC, the DIC is still the most commonly used IC for MCMC 

estimation (Spiegelhalter et al., 2014) and is used in the MLwiN software (Rasbash et al., 

2009a) which is commonly used when estimating MMREMs.   

Several simulation studies have been conducted to examine the performance of 

the DIC for model selection with the MV-HLM or the MMREM. Entink, Fox, and Van 

Der Linden (2009) estimated a multilevel model with items nested within individuals 

using MCMC estimation. The authors compared model fit using the DIC for a model 

with randomly varying slopes versus a model that constrained slopes to be fixed across 

individuals. The results indicated the DIC consistently supported the fit of the more 

parameterized random slopes model. Chung and Beretvas’s (2012) study also compared 

use of the conventional HLM versus use of the MMREM across various conditions. 

While the focus of the study was on fixed and random effects parameter estimation, the 

authors also assessed use of the DIC for model fit comparison. In their study, the authors 
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found that across conditions, the DIC always supported the improved fit of the MMREM 

over the HLM for multiple-membership data. 

 As mentioned, this research on the functioning of the DIC with MMREM 

estimation has supported that the DIC consistently supports the more parameterized 

MMREM over the conventional-HLM model. This previous research has indicated that 

the DIC is not very sensitive and always favors MMREM model for multiple-

membership data. However, the correct model in both studies was the more 

parameterized model. This DIC research has not investigated how the DIC does when the 

less parameterized model is the correct model. In addition, none of this research has 

tackled performance of the DIC in distinguishing among a set of MMREMs and 

definitely not among multivariate MMREMs. In this proposed study, we intend to 

investigate how the DIC works with the MV-MMREM and to identify how a number of 

design conditions (e.g., the number of clusters, number of individuals per cluster, 

multiple-membership rate, correlations among outcomes’ residuals at level-2 and level-3, 

and intra-class coefficient) impact performance of the DIC in terms of correct MV-

MMREM selection. Importantly, we generated multivariate data in which MV-MMREM 

is the correct model and we also evaluated scenarios in which the correct model is less 

parameterized than alternatives. 

 In summary, when the data structure includes multiple-related outcomes and 

multiple-membership clusters, the use of MV-MMREM might be recommended 

especially for estimation of random effects covariance components and standard errors 

for fixed effects parameter estimates. Choosing the best-fitting model is an important part 
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of applied research. If MCMC estimation is needed to estimate the models being 

compared then the DIC is typically used. Even though there have been several simulation 

and applied studies focused on use of the DIC for best-fitting model selection, this 

research has focused on comparing fit of the MMREM with the HLM. No research has 

yet assessed performance of omnibus statistical significance tests as well as the DIC with 

the MV-MMREM. In addition, no research has been found that has assessed use of the 

omnibus statistical significance tests as well as DIC for selecting among possible 

MMREMs or among MV-MMREMs to help inform the best-fitting final model including 

specification of all fixed and random effects parameters. 

Therefore, in the current study we analyzed real multiple-membership, 

multivariate data using the MV-MMREM. The models that were compared include a set 

of conditional models that include different fixed effects parameters. The MV-

MMREMs’ omnibus statistical significance tests as well as DIC values were compared to 

inform which model appears to fit best. Inferences based on the DIC were compared with 

results based on omnibus statistical significance testing. While most studies that have 

investigated use of the DIC have included the more parameterized model as the correct 

model, an evaluation of the DIC should also explore its functioning when the less 

parameterized model is the correct model and its fit is compared with an over-

parameterized model. While we demonstrate use of the DIC with a real data analysis, the 

best-fitting model is unknown for real data. Thus, this study also includes a simulation 

study to examine the performance of the DIC for selecting the best-fitting model under 
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various conditions. The next section described the real data analysis that was conducted 

before presenting the proposed simulation study. 

Study 2: Real Data Study Method 

DATASET 

A subset of data from the Early Childhood Longitudinal Study, Kindergarten 

Class of 1998-99 (ECLS-K) was used for the real data analysis. The ECLS-K is a 

longitudinal dataset following students from kindergarten through middle school (8th 

grade) and includes information about children’s achievement, psychological status as 

well as describing students’ circumstances including descriptors of their family, schools, 

teachers, and communities. The children in the dataset are sampled from both private and 

public schools and include samples from different socioeconomic and ethnic 

backgrounds. 

For the current study, we extracted data for students who had school identifiers 

for 1st, 3rd and 5th grades as well as for students who were not missing any of the 

following scores: 5th grade math, reading, science achievement scores, school type 

(public or private), and 3rd grade motivation scores. The final dataset consisted of data for 

10,366 students from 1,856 schools. About 11.5 % of the sample (1,192 students) 

attended two schools and about 0.3% of the sample (32 students) attended three 

elementary schools during 1st grade, 3rd grade, and 5th grade.  

In empirical data analyses, there are various MV-MMREMs (e.g., varying fixed 

effects and random effects or constraining predictors’ coefficients across multiple 
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outcomes) that could be considered. And applied researchers typically compare a set of 

models to find the best-fitting model to their data. A very typical research question in 

applied research focuses on which predictors should be included to best explain 

variability in the outcome or outcomes. As a first study comparing the fit of conditional 

MV-MMREMs, we focus on a small set of three models that are compared. Using this 

dataset, the DICs for the following three MV-MMREM models were compared 

including: (1) a model including the same student (level-2) predictor for each outcome 

with freely estimated coefficients (see Equations 20, 23, and 24), (2) a model including 

two school (level-3) predictors (e.g., school type and a weighted average student 

motivation score) for each outcome with the associated coefficients freely estimated (see 

Equations 20, 21, and 25), and (3) a model including both the student (level-2) and two 

school (level-3) predictors for each outcome with the coefficients freely estimated (see 

Equations 20, 23, and 25). In addition, we used the omnibus statistical test by selecting 

the model in which all fixed effects slope parameter estimates were statistically 

significant.  

ESTIMATING MODELS 

 The fifth-grade spring reading, math, science achievement scores were used as the 

three related outcomes. All scores on these measures have been previously reported as 

having relatively high reliability, exceeding 0.8 (Pollack et al., 2005). First, a conditional 

MV-MMREM was estimated with motivation scores measured in 3rd grade (M) added as 

the level-2 predictor for each outcome with the predictor’s coefficient estimated 
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separately for each outcome. In the second MV-MMREM that was estimated, the 

weighted public versus private school indicator (wP) and weighted average of the 

students’ motivation scores for the set of schools attended by each student (𝑤�̅�) were 

added as level-3 predictors although this model did not include the level-2 predictor (M). 

In the third MV-MMREM that was estimated, the student 3rd grade motivation scores (M) 

were modeled as the level-2 predictor of each outcome, and the two level-3 predictors 

(wP and 𝑤�̅�) were also included. 

The maximum number of schools that any student attended was three for this 

dataset and timeframe (first through fifth grades). Weights were assigned equally to each 

school attended. For example, if a student attended three schools, the weights used for the 

level-3 residuals in Equation 25 for each of the three schools attended will be 1/3. Note 

that the same weights used for a mobile student’s residuals are also used for calculating 

the school-level weighted composite motivation predictor value, 𝑤�̅�. Each fixed effect 

parameter and residuals’ variance-covariance components and their associated standard 

errors were estimated and compared across models. In addition, the resulting ICC 

estimate per outcome and correlations among three outcomes at each level were also 

estimated and compared. 

To estimate three models, MLwiN software (Rasbash et al., 2009a) was used with 

MCMC estimation. For each parameter, the median of the relevant posterior distribution 

were used as the point estimate. One chain was run with 50,000 iterations with a burn-in 

of 10,000. By default, MLwiN provides the DIC value when using MCMC estimation. 

Results of statistical significant testing and DIC values were then used to compare the fit 



91 

of the models that were estimated. As explained above, smaller DIC values indicate 

better model fit and the difference needs to be greater than 5 or 10 to reliably support 

improvement in fit (see, for example, Li, Bolt, & Fu, 2006; Spiegelhalter et al., 2003; 

Wolff Smith & Beretvas, 2017). 

Study 2: Real Data Study Results 

FIXED EFFECT, VARIANCE COMPONENT, AND STANDARD ERROR ESTIMATES 

Fixed effect parameter estimates for each outcome did not differ across the three 

models that were estimated (see Table 11). According to the results for Model 3’s 

estimates of each outcome’s fixed effect, each of the coefficients for the level-2 and 

level-3 predictors was statistically significant (p < 0.05). This means then that the 

omnibus statistical test results support Model 3 as the best-fitting model. Under Model 2 

which only included the level-3 predictors (not level-2 predictors), the estimates of the 

contextual effect (𝑤�̅�) on reading, math and science achievement outcome were 16.16, 

15.09, and 4.03, respectively. Corresponding contextual effect estimates for Model 3 that 

included the same level-3 predictors in addition to level-2 predictors were substantially 

lower with values of 4.00, 2.85, and 9.36 for reading, math and science outcomes, 

respectively. The SE estimates for the fixed effect estimates were quite similar across the 

three models. 

In addition, inclusion of both the level-2 and level-3 predictors in Model 3 

resulted in lower school- and student-level residuals’ variance component estimates as 

compared to estimates using Model 1 (that included only the level-2 predictor) and 
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compared with Model 2 (which only included the level-3 predictors). When Model 3 was 

compared to Model 1, the difference is greater for level-3 variance values than level-2. 

On the other hand, when Model 3 was compared to Model 2, the difference is greater for 

level-2 variance values rather than level-3 variance values. The covariance components 

between pairs of residuals at both levels were also smallest in the Model 3 (see Table 11). 

Because the covariances is a functions of variance values, thus it would be more 

informative at correlation values reported below (see Table 12). 

The DIC for the Model 2 (including only level-3 predictors) had the largest value 

(DIC = 255,179). Model 3 had the lowest DIC value (DIC = 253,013). The DIC for 

Model 3 was still substantially lower than that of Model 1 (253,086). The DIC results 

then matched the inferences that would be made based on the results of the statistical 

significance tests of the fixed effects parameters in Model 3. 

Table 11: Fixed and Random Effects Parameter (and Standard Error) Estimates under 

Three Models and for the Reading, Math, and Science Outcomes 

Model 1 Model 2 Model 3 

Fixed Effects Coef. (SE) Coef. (SE) Coef. (SE) 

Reading 150.27 (0.38) 150.68 (0.36) 150.57 (0.36) 

Math 123.78 (0.36) 124.08 (0.35) 123.98 (0.35) 

Science 64.52 (0.25) 64.76 (0.24) 64.69 (0.24) 

Student (Level-2) 

M, Reading 11.70 (0.24) 11.09 (0.26) 
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M, Math 10.65 (0.23) 10.12 (0.25) 

M, Science 6.26 (0.14) 5.88 (0.15) 

School (Level-3) 

Mw , Reading 16.16 (0.66) 4.03 (0.70) 

Mw , Math 15.09 (0.65) 4.00 (0.68) 

Mw , Science 9.36 (0.43) 2.85 (0.44) 

wP, Reading 9.44 (0.93) 9.52 (0.94) 

wP, Math 4.00 (0.91) 4.07 (0.93) 

wP, Science 4.29 (0.62) 4.36 (0.63) 

Random Effects 

Variance (Level-3) 

Reading 120.70 86.26 98.10 

Math 104.11 86.30 96.36 

Science 56.46 45.87 50.03 

Covariance (Level-3) 

Read/Math 98.74 75.18 86.13 

Read/Science 75.24 56.38 63.36 

Math/Science 63.99 50.49 59.96 

Variance (Level-2) 

Reading 417.70 501.60 418.03 

Math 386.08 455.38 385.85 

Table 11 (continued)
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Science 143.20 167.02 143.28 

Covariance (Level-2) 

Read/Math 242.58 318.77 242.52 

Read/Science 156.68 201.35 156.81 

Math/Science 147.74 188.33 147.69 

DIC 253,085 255,178 253,012 

Note. Model 1 = Conditional MV-MMREM adding predictor at level-2, Model 2 = 

Conditional MV-MMREM adding predictor at level-3, Model 3 = Conditional MV-

MMREM adding predictors at both of level-2 and level-3. The smallest DIC value among 

DICs from three models is highlighted. 

CORRELATION AMONG OUTCOMES’ RESIDUALS

The standardized covariances (i.e., correlations) among pairs of outcomes’ 

residuals at level-3 (school) were stronger than the corresponding correlations at level-2 

(student level). Note that the three models’ estimates were the same to two decimal 

places. As can be seen in Table 12, the correlations between level-3 reading and math 

residuals was 0.88, for reading and science residuals the correlation was 0.91, and 

between math and science residuals the correlation was 0.83. However, the corresponding 

correlations were as follows for level-2 residuals, 0.60 between reading and math 

residuals, 0.64 for reading and science residuals, and 0.63 for math and science residuals’ 

correlation. 

Table 11 (continued)
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Read Math Science 

Read 1 0.88 0.91 

Math 0.60 1 0.83 

Science 0.64 0.63 1 

Note. Correlations below the diagonal are between pairs of level-2 residuals. Correlations 

above the diagonal are between pairs of level-3 residuals. 

INTRA-CLASS COEFFICIENT (ICC) 

The ICCs for the three outcomes (reading, math, and science achievement) were 

calculated for each of three MV-MMREMs that were estimated. As seen in Table 13, for 

Model 1 that includes the level-2 predictor, ICC estimates for reading achievement, math 

and science outcomes were 0.22, 0.21, and 0.28, respectively. Under Model 2 with only 

the level-3 predictors, the ICC estimates were smaller with values of 0.15, 0.16 and 0.22 

for reading, math, and science, respectively. Finally, under the fullest model that included 

both level-2 and level-3 predictors (Model 3), ICC values were 0.19, 0.20 and 0.26 for 

reading, math, and science, respectively. 

Table 13: Intra-class coefficient (ICC) in the Model 1, Model 2, and Model 3 

Model1 Model2 Model3 

Reading 0.22 0.15 0.19 

Math 0.21 0.16 0.20 

Science 0.28 0.22 0.26 

Table 12: Estimates of Correlations between Pairs of Level-2 and Level-3 Residuals 
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Note. Model 1 = Conditional MV-MMREM adding predictor at level-2, Model 2 = 

Conditional MV-MMREM adding predictor at level-3, Model 3 = Conditional MV-

MMREM adding predictors at both of level-2 and level-3. 

In summary, the real data analysis results matched what would be expected given 

the addition of predictors that explained variability in the outcome. This includes finding 

statistical significance for the predictors’ coefficients and finding residual variability 

decreasing once the predictors are added to the model. Of most importance to this study, 

inferences based on the DIC’s support for Model 3 that included both the level-2 and 

level-3 predictors corresponded with inferences that would be based on the statistical 

significance of the predictors’ slopes. However, obviously we do not know which of the 

three models really should be the model that best approximates truth (“best fitting”). We 

also do not know whether there are scenarios in which statistical significance results do 

not match DIC inferences. Last, we do not know how well the DIC works in terms of 

selecting among a set of MV-MMREMs. The current study, therefore, examined how 

well the DIC and omnibus statistical significance tests perform in terms of supporting the 

fit of the correct MV-MMREM under a number of conditions. 

We generated data to fit a certain MV-MMREM and estimate a set of differently 

parameterized MV-MMREMs which always included the correctly specified MV-

MMREM as well as mis-specified versions. The mis-specified MV-MMREMs 

sometimes included a mis-specified and over-specified model (as well as the correctly 

specified model) was fit. And last, two (one more and one less) under-parameterized 
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models – as well as the correctly parameterized model – will be fit to the same dataset. In 

addition to capturing correct model identification rates for the DIC and omnibus 

statistical significance tests, we assessed the Type I error and power rates for the each of 

fixed effects parameter estimates to see how well the resulting inferences align with the 

model fit inferences that would be based on a comparison of models’ DIC values. That is, 

we are extending research on the DIC and statistical significance tests’ performance to 

include its use for MV-MMREM model selection under conditions that test whether the 

DIC and statistical significance tests function well when estimating over- and under-

parameterized models. And, we are examining how well model-selection decisions based 

on use of DIC and statistical significance tests values support results based solely on 

estimation of parameter and standard error estimates. As part of the simulation study, we 

also manipulated additional conditions that include the sample size, mobility rate, true 

ICC, correlation among pairs of outcomes, and magnitude of predictors’ coefficients that 

might impact both parameter and standard error estimation as well as model fit. 

Study 2: Simulation Study Method 

The next section described a simulation study that assessed use of the DIC for 

selecting the best-fitting MV-MMREM out of three different MV-MMREMs under a 

variety of conditions that are described in further detail below. More specifically, we 

examined differences in model-selection results for the DIC and statistical significance 

tests for MV-MMREMs that differ in the number of fixed effects parameters that are 

included. 
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GENERATING PARAMETERS AND CONDITIONS 

In the simulation study we manipulated seven types of design conditions, 

including correct MV-MMREMs, the number of level-3 units, (k; schools), the number of 

level-2 units, (n; students per school), the percentage of students who changed schools 

(mobility rate), the true correlation among outcomes' residuals at each level, the true 

intra-class correlation coefficient (ICC) for the generating model, and the magnitude of 

predictors’ coefficients. 

Generating MV-MMREMs 

Based on the results of the real data analysis, data sets were fit to each of three 

models including: (1) an MV-MMREM that includes a level-2 predictor for each 

outcome (see Equations 20, 23, and 24), (2) an MV-MMREM including two level-3 

predictors for each outcome and no level-2 predictors (see Equations 20, 21, and 25), and 

(3) an MV-MMREM that includes both a level-2 and two level-3 predictors for each 

outcome (see Equations 20, 23, and 25). One of the purposes of this simulation study is to 

examine how well the DIC and omnibus statistical significance tests work in terms of 

supporting the fit of the correct MV-MMREM when compared with the fit of incorrect 

MV-MMREMs. The same three different MV-MMREMs were fit to each dataset that is 

generated including a model with just the level-2 predictor of each of the three outcomes, 

an MV-MMREM with just the level-3 predictor of each of the three outcomes and a MV-

MMREM with both the level-2 and level-3 predictor of each outcome. Thus, the correct 

model was always one of the models estimated. For Model 1, one mis-specified model 

(Model 2, including the level-3 rather than the level-2 predictor) and one over-
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parameterized model (Model 3, that also includes the level-3 predictor) also were 

estimated. For the second generating model (Model 2), one mis-specified MV-MMREM 

(Model 1, including the level-2 rather than the level-3 predictor) and the over-

parameterized model (Model 3, unnecessarily including the level-2 predictor) also were 

estimated. Last, for the third generating model (Model 3), two under-parameterized 

model (Model 1 and Model 2, one incorrectly omitting the level-3 predictor and one 

incorrectly omitting the level-2 predictor) also were estimated. 

In addition to tallying the proportion of correct model identifications resulting 

from use of the DIC, results of the omnibus statistical significance tests of the slope 

estimates also were recorded. Table 14 highlights how the statistical significance 

inferences about the set of tests of predictors’ slopes were used to inform model 

selection. As an example, if data are generated using the first model that only includes a 

level-2 predictor of each of the multivariate outcome, then the correct model has been 

supported by statistical significance if each level-2 predictor’s slope is statistically 

significant (p < .05) and each level-3 predictor’s slopes that is estimated is not 

statistically significant (p > .05). For data generated using the level-2 predictor only 

model, results from estimating the level-3 predictor model not was used as the model 

does not include inferences about the statistical significance (or non-significance) of the 

slopes for the level-2 predictor. To the experiment-wise Type 1 error rate, the following 

Bonferroni correction was used: * = m/ , where  is the desired experiment-wise -

level (typically, 0.05) and m is the number of univariate hypotheses tests of the slopes 



100 

estimated for the model. Note that m differed depending on the model that is being 

estimated (see Table14). 

Table 14: Comparison of generating MV-MMREMs and estimating MV-MMREMs and 

the correct inference results based on omnibus statistical significance tests 

Generating Model 

Estimating Model 

(Predictors’ Level) 

Number of 

Slopes 

Correct Inference 

Level-2 

Level-2 3 Level-2:  sig. 

Level-3 n.a. n.a. 

Level-2 & Level-3 9 

Level-2:  sig. 

Level-3:  n.s. 

Level-3 

Level-2 n.a. n.a. 

Level-3 6 Level-3:  sig. 

Level-2 & Level-3 9 

Level-2:  n.s. 

Level-3:  sig. 

Level-2 & Level-3 

Level-2 

n.a n.a. 

Level-3 n.a n.a. 

Level-2 & Level-3 9 

Level-2:  sig. 

Level-3:  sig. 

Note. sig. = statistically significant (p < .05 / m); n.s. = not statistically significant (p 

> .05 / m); n.a. = not applicable. 



101 

Number of schools (k) 

In terms of the number of level-3 units, we explored conditions with 50 and 100 

clusters matching values explored in related simulation studies that focused on the 

MMREM model (e.g., Chung & Beretvas, 2012; Wolff Smith & Beretvas, 2014) and the 

multivariate multilevel model (Chang, 2015). 

Number of students per schools (n) 

The number of level-2 units per level-3 unit that were examined in this study 

includes 20 and 40 in keeping with previous related research (Meyers & Beretvas, 2006; 

Shi, Leite & Algina, 2010; Wolff Smith & Beretvas, 2014). We investigated a total 

number of level-2 units that is substantially smaller than used in the real data analysis to 

test how well the DIC works in scenarios with smaller sample sizes. 

Mobility rate 

The MV-MMREM model is intended for use with multiple-membership data. 

Thus, multiple-membership data were generated couched in the context of students as the 

level-2 units being mobile across schools (as the level-3 units). We examined conditions 

in which the mobility rate is relatively low (10%) and high (40%) by following precious 

studies (Gruman et al., 2008; Kerbow, 1996; Wolff Smith & Beretvas, 2014). In this 

study, we were keeping to the scenario in which the maximum number of schools 

attended by mobile students is three. If a simulated student was mobile then the student 

attended two or three schools. Based on our analysis of the ECLS-K data as well as 

findings in previous related research (Chung & Beretvas, 2012; Wolff Smith & Beretvas, 
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2014; 2017), the proportion of students who attended three schools across three time 

points varied from 5% to 40%. To consider the an extreme case in terms of the proportion 

of mobile students who attended three schools across three time points, 40% of mobile 

students generated to attend three schools. For example, in conditions with 10% of the 

total sample being mobile, 6% of the total students were generated to attend two schools 

and 4% to attend three schools whereas in conditions with 40% of the total sample being 

mobile, 24% of students attend two school and 16% attend three schools.  

Correlations among outcomes’ residuals at level-2 and level-3 

According to the results from the real data analysis described earlier, the 

correlations among outcomes’ residuals were found to range from 0.67 to 0.70 at the 

student level (level-2) with a range from 0.88 to 0.93 at the school level (level-3). To 

assess the impact of the magnitude of these correlations, two values (considered moderate 

and strong) for these sets of level-2 and level-3 correlations were explored. In this study, 

we focused on slightly more moderate values for the correlations among pairs of 

residuals. Future research can investigate values closer to 0.9. Also, as demonstrate in the 

real data analysis results, the correlation among outcomes’ residuals could differ. 

Therefore, we examined a condition in which the values of correlations among residuals 

varied both for level-2 and level-3 residuals. Here, we examined values for the 

correlations among outcomes’ level-2 residuals that varied between 1) 0.2 for Outcome 1 

and Outcome 2, 0.3 for Outcome 1 and Outcome 3, and 0.4 for Outcome 2 and Outcome 

3 and 2) 0.4, 0.5, and 0.6. Also, to match our findings with the real data analysis, we 
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generated values for the level-3 residuals’ correlations that were larger than 

corresponding level-2 residuals’ correlations with values ranging between 1) 0.4, 0.5, and 

0.6 and 2) 0.6, 0.7, and 0.8, respectively. 

Intra-class coefficient (ICC) 

The ICC estimates from the conditional MV-MMREMs estimated using ECLS-K 

data reported earlier ranged from 0.21 up to 0.28. In her MV-HLM study, Chang (varied 

values for the ICC from 0.1 to 0.3 while in their study focused on estimation of the 

MMREM, Chung and Beretvas (2012) explored values for the ICC ranging from 0.15 to 

0.25. Based on these real data analysis results and on conditions supported and 

investigated in previous, related research, in the current study we also investigated values 

for the outcome-specific ICCs ranging from 0.15 to 0.25. The ICC values are from the 

conditional models which means the ICCs capture level-2 to total variance proportions 

for residuals after controlling for the relevant predictors. The same values for these ICCs 

were used when generating data for all three models to provide a starting point for this 

research. 

In addition, as evidenced in the results for the real data analysis, ICC estimates for 

each outcome typically differ. Therefore, the true outcome-specific ICCs were generated 

using slightly different values for each outcome. For example, for conditions with 

relatively small ICC values, the three outcomes were generated to have a magnitude of 

0.10, 0.15, and 0.20. In the larger-sized ICC condition, values of 0.20, 0.25, and 0.30 

were used. 
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When generating data, the values for true intercept for each of the three outcomes 

( 00q  in Equation 25 for outcome q) of 150, 100, and 60 were used and the values for 

level-2 (student-level) residuals’ variances (
2

11.r , 
2

22.r , and 
2

33.r  in Equation 23) of 300, 

250, and 70 were used based on results of the real data analysis conducted in this study. 

Values for the level-2 residuals’ covariances ( 21.r , 31.r , and 32.r ), level-3 residuals’ 

variances (
2

11.u , 
2

22.u , and 
2

33.u ), and level-3 residuals’ covariances ( 21.u , 31.u , and 

32.u ) were derived with as a function of the condition’s correlation (for each pair of 

outcomes) and ICC values. After calculating the values based on ICC and fixed values 

were rounded and the values appear in Table 15. 

Table 15: Generating Values for Level-2 and Level-3 Residuals’ Covariance Matrix 

Elements by Condition 

Residuals’ Covariance Matrix Values 

ICC per 

Outcome 

Correlation 

per Outcome 

Level-2 Level-3 

0.10 

0.15 

0.20 

0.2, 0.3, 0.4 

(level-2) 

0.4, 0.5, 0.6 

(level-3) 

[
300
55 250
82 53 70

] [
33
15 44
19 17 18

] 
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0.4, 0.5, 0.6 

(level-2) 

0.6, 0.7, 0.8 

(level-3) 

[
300
110 250
66 87 70

] [
33
15 44
19 17 18

] 

0.20 

0.25 

0.30 

0.2, 0.3, 0.4 

(level-2) 

0.4, 0.5, 0.6 

(level-3) 

[
300
55 250
82 53 70

] [
75
32 83
40 30 30

] 

0.4, 0.5, 0.6 

(level-2) 

0.6, 0.7, 0.8 

(level-3) 

[
300
110 250
66 87 70

] [
75
47 83
55 40 30

] 

Magnitude of Predictors’ Coefficients 

To compare the performance of DIC and significance tests we examined 

conditions with different values for the magnitude of true predictors’ coefficients. To 

vary the conditions to produce small versus moderate effects, the standardized effect 

sizes 0.1 and 0.4 was considered (Hox, 2010). Using information from the real data 

analysis about standard deviation (SD) values for each outcome and the formula to 

calculate coefficients values [effect sizes * (SD of explanatory variable / SD of outcome 

Table 15 (continued)
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variable)], the values for each level of coefficients for each outcome were generated as 

below.  

For example, for conditions with the small magnitude for predictors’ coefficients, 

the true values for the level-2 predictor’s coefficients for each of the three outcomes were 

generated to be 1, 2, and 3 and the slopes for the level-3 predictor’s coefficients for each 

outcome were generated to be 6, 8, and 10. Finally, for the slopes for the level-3 

contextual effects’ coefficients for each outcome were generated to be 2, 3, and 4. On the 

other hand, for conditions with the large magnitude for predictors’ coefficients, the true 

values for the level-2 predictor’s coefficients were generated to be 6, 8, and 10, the slopes 

for the level-3 predictor’s coefficients to be 10, 20, and 30, and for the slopes for the 

level-3 contextual effects’ coefficients were 10, 14, and 18. Relevant combinations of 

these three types of predictors’ coefficient values were used when generating data to fit 

each of the three models (Model 1 – with only level-2 predictors’ coefficients non-zero, 

Model 2 – with only the contextual effects and level-3 predictors’ coefficients being non-

zero and Model 3 – with level-2 and level-3 and contextual effects predictors’ 

coefficients being non-zero). 

To generate the level-2 interval-scaled predictor’s score (e.g., motivation score), 

each school’s (level-3) contextual effect was first generated assuming a normal 

distribution with overall mean of four and variance of 0.5 across school means of 

students’ predictor scores. After that, each individual’s score was sampled from a normal 

distribution centered at the individual’s school mean on X (for non-mobile students) or at 

the weighted school mean X (for mobile students) with a standard deviation of one. Thus, 
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the ICC for level-2 predictor scores was 0.33. All of the values used for generating 

motivation scores (M) were based on the real data analysis. After generating predictors’ 

scores for each individual and contextual effects, they were grand-mean centered. Finally, 

for the level-3 categorical predictor (e.g., school affiliation), we sampled the value from a 

Bernoulli distribution and assigned either a zero or one with equal probability. 

In summary, in this simulation we generated data using 192 combinations of 

conditions including generating MV-MMREM models (3)   number of level-3 units (2)

  number of level-2 units per level-3 unit (2)   student mobility (2)   correlation

among outcomes (2)   ICC (2)   magnitude of predictors’ coefficients (2)]. For each

condition, 1,000 data sets were generated for a total of 192,000 datasets using R software 

(R Development Core Team, 2010). After generating data, the R software R2MLwiN 

macro was used to estimate three models for each data set. [R2MLwiN is a program that 

accesses MLwiN software using an R interface (Zhang et al., 2016)]. Each model was 

estimated using MCMC estimation and non-informative priors matching MLwiN’s 

defaults (see details in Browne & Rasbash, 2009). According to the MLwiN manual for 

MCMC estimation (Browne, 2017), the following priors are used as defaults including 

the uniform distribution for fixed effects parameters, the gamma distribution for scalar 

variances, and the Wishart distribution for covariance matrices. 

After conducting pilot analyses using individual datasets to support selection the 

minimal number of burn-ins and iterations for which convergence is consistently found, 

the number of chains, burn-in and sampling iterations were set for the full-scale 

simulation study. Kernel density, autocorrelation, partial correlation, Monte Carlo 
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standard errors, Raftery-Lewis diagnostic (Raftery & Lewis, 1992), Rhat (Gelman & 

Rubin, 1992) and effective sample size (ESS) information was used to assess 

convergence in the pilot study (Zhang et al., 2016). For the actual simulation, when 

multivariate Rhat values for fixed effects parameters were greater than 1.1, the replication 

was considered as not having converged. We tally and report the proportion of 

replications for which non-convergence was found. We generated additional replications 

to ensure that final results are based on converged solutions. 

ANALYSES 

For the purpose of comparing the performance of the DIC and omnibus statistical 

significance tests for selecting the correct model, DIC values were saved for each of the 

three models estimated using each generated dataset. The model associated with the 

smallest DIC value is identified as the best-fitting model by the DIC. We then explored 

which conditions appear to impact correct model selection rates based on the DIC. Here, 

as the cut off value for difference between two models’ DIC, we used 5 or 10 as 

suggested in previous studies (see, for example, Li, Bolt, & Fu, 2006; Spiegelhalter et al., 

2003; Wolff Smith & Beretvas, 2017). We also assessed the correspondence between the 

model selection inferences based on the DIC and those resulting from use of statistical 

significance testing. More specifically, as outlined in Table 14, we also tallied the 

proportion of replications for which the inferences based on the statistical significance 

tests of sets of parameters correspond with the true model. 
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The logistic regression was used to assess the effects of conditions and their two-

way interaction effects on the rates of correct conclusions based on the omnibus 

statistical significance test and DIC values. When the DIC and omnibus statistical 

significance inference was correct, the correct inferences rates was coded with a one, and 

otherwise coded with a zero. If the values of effect size (𝑅𝐿
2 ; McFadden, 1974) for each

of conditions and interaction effects between two conditions were larger than 0.01, we 

reported the results as practically significant. The values of effect size is calculated: 𝑅𝐿
2 =

𝑥2/[−2𝑙𝑜𝑔 ∗ (𝐿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒)], where, 𝑥2 is the difference between the -2*log-likelihood

statistics of the model containing all the study conditions and a nested model with the 

condition of interest not included, and [−2𝑙𝑜𝑔 ∗ (𝐿𝑏𝑎𝑠𝑒𝑙𝑖𝑛𝑒)] is -2*log-likelihood for the

model without any conditions. 

Correct inferences based on the omnibus statistical significance test is affected by 

parameter estimates, standard error estimates as well as the relevant test statistic assumed 

for the sampling distribution of each parameter estimate. Therefore, to help inform results 

from the omnibus statistical significance tests, the relative parameter bias for fixed 

effects, level-2 and level-3 random effects’ variance-covariance was calculated and 

assessed. Also, relative standard error bias was assessed for fixed effects’ standard error 

estimates. Hoogland and Boomsma (1998) suggested that if the parameter’s relative bias 

exceeds 0.05 in magnitude, then substantial bias can be inferred and if the relative 

standard error bias exceeds 0.1 in magnitude, this indicates substantial bias. When the 

parameter values are generated using values of zero, however, we could not calculate 

RPB and calculated bias instead. 
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Also, Type I error and power rates for statistical tests for each fixed effects were 

tallied. Burton and colleagues’ (2006) suggested that an acceptable range for Type I error 

rates could be obtained by calculating the standard error given the number of replications 

and -level being used: [𝑆𝐸(α) =  √{𝛼(1 − 𝛼)}/𝑛], where α is alpha-level and n is 

number of replications per condition. Therefore, given we used an -level of 0.05 and 

1,000 replications, the acceptable Type I error rate range of (0.036, 0.064) was used. If 

rates were greater than 0.064 then they were considered too liberal with values lower than 

0.036 being too conservative. 

Study 2: Simulation Study Results 

As mentioned earlier, the datasets were generated to fit three models including (1) 

an MV-MMREM that includes a level-2 predictor for each outcome (Model 1), (2) an 

MV-MMREM including a level-3 predictor for each outcome and no level-2 predictors 

(Model 2), and (3) an MV-MMREM that includes both level-2 and level-3 predictors for 

each outcome (Model 3). After generating data sets, the generated data set was analyzed 

with each of the three models (Model 1, Model 2, and Model 3). Results were reported 

for each generating model in order (including Model 1 then Model 2 then Model 3). Each 

section includes a description of results for convergence rates, model selection using the 

DIC for the three estimating models, relative parameter bias, relative standard error bias, 

coverage rate for confidence intervals, and omnibus statistical significance test 

inferences. 
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DATA GENERATED TO FIT MODEL 1 

Convergence rates 

Across conditions and models, the convergence rates ranged from 90.0% to 

100.0% and most conditions converged between 97.5% and 100.0% of the time. 

However, in 4 out of 64 conditions (including those with a fewer students, fewer schools, 

smaller ICC, and a larger rate of mobile students) convergence rates were somewhat 

lower ranging from 90.0% to 95.3%. 

Model selection by DIC 

First, the three model fit (DIC) values from the three estimating models were 

compared. When Model 1-generated data were analyzed assuming Model 1, Model 2, 

and Model 3, DIC values for Model 1 should be smaller than values of DIC for Model 2 

and Model 3 for the correct model selection to be supported by the DIC. As mentioned 

earlier, different researchers have suggested use of different minimum cutoff values for 

difference between two models’ DICs and thus we also tested minimum differences of 5 

and 10. However, DIC values for Model 1 were very close to DIC values for Model 3 

with an average difference of 0.94. Therefore, cutoff of 5 or 10 was too large to 

distinguish Model 1 from Model 3. Average difference between DIC values when 

estimating Model 2 were 360.17 and 359.48 when compared with Model 1 and Model 3, 

respectively. Therefore, we present the DIC results when DIC values for Model 1 (correct 

model) are smaller by any amount than the DIC values for the other two models (Model 2 

and Model 3). The percentage of correct model decisions using the smallest DIC value 

across the 1,000 replications per condition ranged from 60.0% to 91.9% (see Table 20). If 
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the DIC did not support the better fit of the correct model (Model 1), Model 3 (over-

specified model) was supported by the smallest DIC values. Model 2 was never selected 

as the best fitting model. 

Bias and Relative parameter bias 

Model 1 as estimating model 

When estimating the correct model (here, Model 1), each of the three intercepts 

and the three level-2 predictors’ coefficients for each outcome were estimated without 

substantial bias. Similarly, no bias was found in estimates of each of the six level-2 

variance-covariance parameters. Relative parameter bias ranged from -0.6% to 2.4% 

across parameters. Estimates of elements of the level-3 residuals’ variance-covariance 

matrix were substantially positively biased across conditions. And this positive bias was 

worse in conditions with fewer schools (average RPB = 16.6%) versus conditions with 

more schools (average RPB = 8.4%). 

Model 2 as estimating model 

As Model 2 included level-3 predictors for each outcome and no level-2 

predictors, if we used Model 2 as the estimating model for data sets generated to fit 

Model 1, it is parameterized incorrectly. When the Model 1-generated data were analyzed 

assuming Model 2, there was no substantial bias found in the three intercepts’ estimates 

(average RPB ranged from 1.6% up to 5.0%). As mentioned earlier, because the 

parameter values for level-3 predictors’ coefficients and level-3 contextual effects’ 

coefficients are generated using values of zero under Model 1, we could not calculate 
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RPB and calculated bias instead. The bias values for level-3 predictors’ coefficients 

ranged from -0.49 to 0.33 across conditions. The mean bias for level-3 contextual effects’ 

coefficients were larger in scenarios with the larger magnitude for level-2 predictors’ 

coefficients (Bias = 7.66) rather than the smaller magnitude of level-2 predictors’ 

coefficients (Bias = 1.95).  

 In terms of level-2 variance-covariance component estimates, there was no 

substantial bias (ranging from 0.7% to 4.7%) in conditions with the smaller magnitude of 

level-2 predictors’ coefficient except in conditions with the smaller true correlation 

among outcomes (RPB = 6.8%). However, in conditions with the larger magnitude for the 

level-2 predictors’ coefficient, substantial positive bias was found in the variance-

covariance component estimates (RPB = 38.3%) (see Table 16). While the level-2 

variance estimates were overestimated regardless of other conditions in scenarios with 

the larger magnitude of level-2 predictors’ coefficients, the overestimation of level-2 

covariance estimates was worse with a smaller true correlation among outcomes (RPB = 

69.5%) compared to conditions with the larger true correlation among outcomes (RPB = 

41.8%). Note that Table 16 provided only the results for conditions with the larger 

generating value for level-2 predictors’ coefficients because no substantial bias was 

found in conditions with the smaller generating values for level-2 predictors’ coefficients. 

The relative parameter bias for the level-3 residuals’ variance-covariance component 

estimates indicated positive bias and became worse in scenarios with fewer schools (RPB 

= 20.0%) than with more schools (RPB = 8.5%). 
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Table 16: Relative Parameter Bias (RPB) for Level-2 Random Effects’ Parameter 

Estimates by Conditiona when Model 1-Generated Data were Analyzed 

Assuming Model 2 

Conditions Relative Parameter Bias 

No. of No. 

Corr ICC Mobile 𝜎𝑟1
2 𝜎𝑟2

2 𝜎𝑟3
2 𝜎𝑟12 𝜎𝑟13 𝜎𝑟23

School Students 

20 50 Small Small Small 0.211 0.154 0.253 0.888 0.757 0.390 

Large 0.229 0.165 0.272 0.943 0.821 0.416 

Large Small 0.214 0.149 0.253 0.879 0.757 0.382 

Large 0.228 0.162 0.267 0.951 0.810 0.410 

Large Small Small 0.214 0.152 0.255 0.440 0.460 0.324 

Large 0.228 0.162 0.270 0.471 0.490 0.344 

Large Small 0.211 0.150 0.253 0.437 0.455 0.321 

Large 0.224 0.161 0.268 0.469 0.486 0.341 

100 Small Small Small 0.208 0.150 0.249 0.864 0.752 0.383 

Large 0.225 0.160 0.267 0.936 0.810 0.410 

Large Small 0.208 0.150 0.250 0.867 0.755 0.384 

Large 0.224 0.159 0.269 0.932 0.811 0.412 

Large Small Small 0.210 0.150 0.251 0.439 0.458 0.322 

Large 0.224 0.160 0.267 0.469 0.487 0.342 

Large Small 0.206 0.149 0.249 0.436 0.454 0.319 

Large 0.222 0.157 0.265 0.465 0.482 0.338 

40 50 Small Small Small 0.209 0.150 0.251 0.874 0.756 0.383 

Large 0.225 0.160 0.268 0.938 0.812 0.410 

Large Small 0.207 0.148 0.250 0.863 0.749 0.381 

Large 0.223 0.157 0.268 0.935 0.808 0.410 
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Large Small Small 0.210 0.148 0.251 0.438 0.458 0.318 

Large 0.225 0.158 0.268 0.467 0.486 0.341 

Large Small 0.206 0.147 0.250 0.435 0.452 0.319 

Large 0.221 0.160 0.268 0.467 0.486 0.343 

100 Small Small Small 0.208 0.148 0.249 0.876 0.758 0.381 

Large 0.222 0.158 0.267 0.933 0.810 0.410 

Large Small 0.207 0.148 0.250 0.870 0.753 0.383 

Large 0.220 0.159 0.266 0.929 0.805 0.409 

Large Small Small 0.207 0.147 0.249 0.435 0.452 0.319 

Large 0.222 0.158 0.266 0.466 0.484 0.340 

Large Small 0.207 0.148 0.249 0.436 0.455 0.319 

Large 0.222 0.158 0.266 0.467 0.485 0.340 

Note. Mobile = Proportion of mobile students, The RPB values are bolded when the 

values are larger than 0.05 in magnitude. 

a Results are only provided for conditions with the larger generating value for level-2 

predictors’ coefficients because conditions with the smaller generating value for level-2 

predictors’ coefficients did not result in substantial bias. 

Model 3 as estimating model 

When Model 1-generated data were analyzed assuming Model 3 (which was an 

over-specified model), again no substantial bias was found for estimates of the three 

intercepts and the three level-2 predictors’ coefficients (RPB ranged from -1.6% to 

2.4%). Because the Model 1-generated datasets had parameter values of zero for level-3 

predictors’ coefficients and level-3 contextual effects’ coefficients, we calculated bias 

Table 16 (continued)
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instead of RPB. The pattern of substantial bias found in estimates of level-3 predictors’ 

coefficients and level-3 contextual effects’ coefficients were similar across all conditions 

(Bias ranging from -0.528 to 0.624). 

Estimates of level-2 variance-covariance components were not substantially 

biased ranging from -0.6% to 1.9%. However, similar to results when estimating Model 1 

and Model 2, estimates of the level-3 variance-covariance matrix elements were 

positively biased with worse bias in conditions with fewer schools (RPB = 17.9%) than 

for conditions with more schools (RPB = 9.1%). 

Relative standard error bias 

Across conditions and the three estimating models, the relative standard error bias 

(RSEB) for fixed effects parameter estimates was not substantial. RSEB ranged from -

6.3% to 9.9% except in 8 out of 64 conditions, namely those with fewer schools. When 

the dataset had fewer schools, standard errors were over-estimated by up to 12.9%. 

Type I error rates and power rates 

As mentioned earlier, we tallied the Type I error rates using an -level of 0.05 as 

well as power rates for each of fixed effects estimates. For Type I error rates with -level 

of 0.05, Burton et al’s (2006) acceptable range of 0.036 up to 0.064 was used as cut-off 

values. 

Model 1 as estimating model 

When Model 1-generated data were analyzed assuming the correct model (Model 

1), the power to detect each of the three non-zero intercepts and three level-2 predictors’ 
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coefficients ranged from 85.7% to 100.0% across most conditions. For level-2 predictors’ 

coefficients of the third outcome, lower power (75.7%) was found in 8 out of 64 

conditions corresponding to scenarios with fewer schools, fewer students per school, and 

smaller level-2 predictors’ coefficient values. 

Model 2 as estimating model 

When Model 1-generated data were analyzed assuming Model 2 (which was an 

incorrectly parameterized model), the power to detect each of three non-zero intercepts 

ranged from 89.0% to 100.0%. The Type I error rates to detect each of three zero level-3 

predictors’ coefficients ranged from 0.038 to 0.063 which is an acceptable range based on 

Burton and colleagues’ (2006) criterion. However, the Type I error rate for level-3 

contextual effects’ coefficients had inflated rates (see Table 17). The inflated Type I error 

rate was worse with larger level-2 predictors’ coefficient values (0.658) compared to 

smaller level-2 predictors’ coefficient values (0.108). 

Table 17: Type I error Rates for Level-3 Contextual Effects’ Coefficients by Conditiona 

when Model 1-Generated Data were Analyzed Assuming Model 2 

Conditions Type I Error Rate 

Coef. 

No. of 

School 

ICC Mobile O1 O2 O3 

Large 20 Small Small 0.815 0.516 0.602 

Large 0.747 0.470 0.554 

Large Small 0.517 0.308 0.408 
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Large 0.457 0.289 0.364 

40 Small Small 0.988 0.860 0.915 

Large 0.970 0.806 0.870 

Large Small 0.867 0.638 0.748 

Large 0.811 0.583 0.683 

Small 20 Small Small 0.146 0.075 0.059 

Large 0.135 0.082 0.061 

Large Small 0.094 0.068 0.063 

Large 0.093 0.065 0.055 

40 Small Small 0.276 0.123 0.087 

Large 0.248 0.116 0.088 

Large Small 0.162 0.099 0.075 

Large 0.152 0.092 0.079 

Note. Coef. = True value of predictors’ coefficient, Mobile = Proportion of mobile 

students, O1 = Level-3 contextual effects’ coefficients for Outcome 1, O2 = Level-3 

contextual effects’ coefficients for Outcome 2, and O3 = Level-3 contextual effects’ 

coefficients for Outcome 3, The Type I error rates are bolded when the values are not 

included in an acceptable range (0.036 to 0.064).  

a Results are summarized across the number of students per school and correlation among 

outcomes because these conditions did not substantially impact results. 

Table 17 (continued)
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Model 3 as estimating model 

When Model 1-generated data were analyzed assuming Model 3 (which was an 

over-specified model), the power to detect each of three non-zero intercepts ranged from 

90.0% to 100.0% and was 72.7 % to 100.0% for the three level-2 predictors’ coefficients. 

The power rates were relatively smaller with fewer schools, fewer students, and smaller 

level-2 predictors’ coefficients. The Type I error rates for level-3 predictors’ coefficient 

estimates and level-3 contextual effects’ coefficients ranged from 0.039 to 0.062 which 

was within the acceptable range (Burton et al., 2006) except in 2 conditions with fewer 

students with an inflated Type I error rate of 0.071. 

Omnibus statistical significance 

Based on each of the fixed effects’ significance tests, the omnibus statistical 

significance for each estimating model was assessed. For example, when Model 1-

generated data were analyzed assuming Model 1, all of three intercepts and three level-2 

predictors’ coefficients should be statistically significant. As noted in Table 14, when 

Model 1-generated data are analyzed assuming Model 2, it is not possible to make correct 

model inferences based on omnibus tests of statistical significance. When Model 1-

generated data were analyzed assuming Model 3, all three intercepts and three level-2 

predictors’ coefficients should be statistically significant whereas all three level-3 

predictors’ coefficients and the three level-3 contextual effects’ coefficients should not be 

statistically significant. We tallied the rates of correct inferences based on the omnibus 

test of statistical significance per replication when Models 1 and 3 were applied to Model 

1-generated data. 
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Also, logistic regression was used to assess the effects of conditions and their 

two-way interaction effects on the rates of correct conclusions based on the omnibus 

statistical significance test. When the omnibus statistical significance inference was 

correct, the outcome was coded with a one, and otherwise coded with a zero. If the values 

of effect size (𝑅𝐿
2; McFadden, 1974) for each of conditions and interaction effects

between two conditions were larger than 0.01, we reported the results here as practically 

significant. 

Model 1 as estimating model 

As mentioned above, when Model 1-generated data were analyzed assuming the 

correct model, Model 1, all three intercepts and three level-2 predictors’ coefficients 

should be significant for the correct decision based on omnibus statistical significance 

test. The logistic regression results indicated that the number of students (𝑅𝐿
2 = 0.017),

number of schools (𝑅𝐿
2 = 0.018), and magnitude of level-2 predictors’ coefficients (𝑅𝐿

2 =

0.022) were practically significant factors. For example, in conditions with fewer schools 

the omnibus correct inference rates (91.7%) were smaller than in conditions with more 

schools (98.8%). The pattern was similar in conditions with fewer students per school 

(91.5%) versus more students per school conditions (99.0%). As the factor with the 

strongest impact, if the true magnitude of predictors’ coefficients was larger, all of the 

statistically significant inferences were correct (100.0%) across all conditions, but the 

percentage decreased to 70.6% when the true level-2 predictors’ coefficient values were 

small (see Table 18). 
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Model 3 as estimating model 

When Model 1-generated data were analyzed assuming Model 3 (which was an 

over-specified model), most of the conditions had correct inference rates of greater than 

70%. Only in 8 out of 64 conditions with fewer schools, fewer students, and smaller 

magnitude of predictors’ coefficients conditions had relatively smaller correct inference 

rates, averaging 53.9% (see Table 18). Note that results in Table 18 are summarized 

across correlations among outcomes, ICC, and the rate of mobile students’ conditions 

because these conditions did not impact the rates. 

Table 18: Proportion of Correct Inferences for Omnibus Statistical Significance Tests by 

Conditiona when Model 1 was used to Generate Data 

Conditions Estimating Model 

Coef. 

No. of 

School 

No. of 

Student 

Model1 Model3 

Large 20 50 100.0% 78.3% 

100 100.0% 78.3% 

40 50 100.0% 77.4% 

100 100.0% 77.3% 

Small 20 50 70.6% 53.9% 

100 96.1% 75.0% 

40 50 95.3% 74.4% 

100 99.9% 78.1% 
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a Results are summarized across ICC, students’ mobility and correlation among outcomes 

because these conditions did not substantially impact results. 

In summary, in terms of DIC selection, the better fit of the correct Model 1 was 

typically supported. And when the correct model was not supported, the more 

parameterized model (Model 3) were always selected over the incorrectly parameterized 

model (Model 2). In the scenarios with more schools and more students and larger level-2 

predictors’ coefficients, the omnibus significant tests tended to lead to the high rate of 

correct decisions when Model 1-generated data were analyzed assuming Model 1 versus 

Model 3. There was positive relative parameter bias with only level-3 variance-

covariance component estimates regardless of estimating model. If the level-2 predictor 

was omitted from the model but level-3 contextual effect based on the level-2 predictor 

was added (Model 2), the associated coefficients’ Type I error rates were extremely 

inflated particularly when the parameters of the omitted level-2 predictors’ coefficient 

values were large. 

DATA GENERATED TO FIT MODEL 2 

Convergence rates 

Across three models, most of the conditions had almost 100.0% convergence 

rates. However, in 4 out of 64 conditions (including those with a fewer students, fewer 

schools, smaller ICC, and a larger rate of mobile students) convergence rates were 

somewhat lower with values ranging from 89.9% to 95.4%. 
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Model selection by DIC 

When the three models’ fit (DIC) values were compared, the DIC values for 

Model 2 should be smaller than for other two models’ DIC values for correct model 

selection to be supported. Corresponding with what we found for data generated to fit 

Model 1, the differences among DIC values for the three models did not tend to be larger 

than 5 or 10. Therefore, we again tallied the proportion of correct inference rates when 

DIC values for Model 2 (correct model) were smaller by any amount than the DIC values 

for the other two models (Model 1 and Model 3). The average differences were 4.06 

when Model 1 (mis-specified model) and Model 2 (correct model) was compared, 1.20 

when Model 1 and Model 3 (over-specified model) was compared, and 3.49 when Model 

2 and Model 3 was compared. The percentage of correct decisions using the smallest DIC 

values across 1,000 replications per condition ranged from 78.9% to 90.1% (see Table 

20). When the Model 2 (correct model) was not supported, Model 3 (over-specified 

model) was more supported (62.5%) by the smallest DIC value rather than Model 2 

(37.5%). 

Bias and relative parameter bias 

Model 1 as estimating model 

As Model 1 included the level-2 predictor for each outcome and no level-3 

predictors, Model 1 is incorrectly parameterized when Model 2 is used to generate the 

data. When Model 2-generated data were analyzed assuming Model 1, there was no 

substantial bias in estimates of each of three intercepts (RPB ranged from 1.7% to 

2.1%). Because the true values for level-2 predictors’ coefficients were zero under Model 



124 

2, we calculated bias values for three level-2 predictors’ coefficients with bias that 

resulted ranging from -0.002 to 0.157. 

No substantial relative parameter bias was found for Model 1 estimates of the 

level-2 residuals’ variance-covariance estimates (RPB ranged from -0.4% to 1.5%). 

However, substantial positive bias was found in the level-3 residuals’ variance-

covariance estimates in scenarios with fewer schools (RPB = 6.4%) but not in conditions 

with more schools (RPB = 0.5%).  

Model 2 as estimating model 

When estimating the correct model (here, Model 2), we found no substantial 

relative parameter bias in estimates of any of the fixed effects parameters (including the 

three intercepts, three level-3 predictors’ coefficients, and the three level-3 contextual 

effects’ coefficients with RPB ranging from -4.3% to 4.8%). 

We found no substantial bias in estimates of the level-2 residuals’ variance-

covariance matrix elements (RPB ranged from -0.5% to 1.4%). However, we found 

positive bias in estimates of the level-3 residuals’ variance-covariance residuals’ 

components. And this positive bias was worse in scenarios with fewer schools (RPB = 

18.2%) than with more schools (RPB = 8.2%). 

Model 3 as estimating model 

When Model 2-generated data were analyzed assuming Model 3 (an over-

specified model), no substantial bias was found for estimates of the three intercepts, three 

level-3 predictors’ coefficients, and three level-3 contextual effects’ coefficients ranging 
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from -3.3% to 5.0%. As the true value of level-2 predictors’ coefficients were zero under 

Model 2, the bias values were calculated instead of relative parameter bias. The bias for 

estimates of level-2 predictors’ coefficients ranged from -0.058 to 0.042. 

No substantial bias was found in estimates of level-2 residuals’ variance-

covariance components (RPB ranged from -0.4% to 1.5%). Last, substantial positive 

relative parameter bias was found for the level-3 random effects’ components’ estimates 

and was worse in conditions with fewer schools (RPB = 17.9%) than in scenarios with 

more schools (RPB = 8.0%).  

Relative standard error bias 

The relative standard error bias for fixed effect parameters was also assessed. We 

found no substantial SE bias across conditions when Model 2-generated datasets were 

analyzed assuming Model 2 (the correct model) and Model 3 (the over-specified model) 

with RSEB ranging from -5.9% to 10.0%. When Model 2-generated datasets were 

analyzed assuming Model 1 (incorrectly parameterized model), RSEB was not substantial 

for standard errors estimated for level-2 predictors’ coefficients (RSEB ranged from -

5.4% to 7.2%). However, positive standard error bias was found for SE estimates for the 

three intercepts’ estimates (RSEB = 15.5%) in 8 out of 64 conditions including larger 

values of level-3 predictors’ coefficients, more schools, and more students conditions 

(see Table 18). 
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Conditions Relative Standard Error Bias 

Coef. Corr. ICC Mobility O1 O 2 O3 

Large Small Small Small 0.217 0.200 0.217 

Large 0.162 0.163 0.194 

Large Small 0.187 0.170 0.191 

Large 0.150 0.126 0.159 

Large Small Small 0.126 0.120 0.139 

Large 0.129 0.127 0.129 

Large Small 0.136 0.138 0.144 

Large 0.116 0.144 0.141 

Small Small Small Small 0.052 0.034 0.072 

Large 0.045 0.016 0.004 

Large Small 0.085 0.052 0.086 

Large 0.047 0.071 0.064 

Large Small Small 0.048 0.038 0.033 

Large 0.031 0.046 0.057 

Large Small 0.041 0.069 0.083 

Large 0.052 0.055 0.067 

Note. Coef. = True value of predictors’ coefficient, Corr. = Correlation among outcomes, 

Mobile = Proportion of mobile students, O1 = Level-2 predictors’ coefficients for 

Outcome 1, O2 = Level-2 predictors’ coefficients for Outcome 2, and O3 = Level-2 

Table 19: Relative Standard Error Bias (RSEB) for intercepts’ estimates by Conditiona 

when Model 2-Generated Data were Analyzed Assuming Model 1 
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predictors’ coefficients for Outcome 3, The RSEB values are bolded when the values are 

larger than 0.10 in magnitude. 

a Results are only provided for conditions with more schools and more students 

conditions. 

Type I error rates and power rates 

We tallied Type I error rates and power rates for statistical tests of each of the 

fixed effects estimates. The acceptable range for Type I error rates was 0.036 to 0.064 for 

an -level of 0.05 (Burton et al, 2006). 

Model 1 as estimating model 

When Model 2-generated data were analyzed assuming the incorrectly 

parameterized model (Model 1), the power rates to detect each of the three non-zero 

intercepts was 100.0% and the Type I error rates for the three level-2 predictors’ 

coefficients came close to the acceptable range across all of conditions even though the 

rates had a narrow escape (ranging from 0.035 to 0.066). 

Model 2 as estimating model 

When Model 2-generated data were analyzed assuming the correct model, the 

power to detect each of three non-zero intercepts ranged from 89.2% to 100.0% across 

conditions. However, the level-3 predictors’ coefficients and level-3 contextual effects’ 

coefficients had much lower power rates in scenarios with smaller true coefficients 

(37.6%) versus scenarios with larger values for the level-3 predictors’ coefficients 

(96.9%). 
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Model 3 as estimating model 

When Model 2-generated data were analyzed assuming Model 3 (over-specified 

model), the results matched the same pattern found for Model 1 and Model 2. Power rates 

to detect each of three non-zero intercepts ranged from 89.4% to 100.0% and type I error 

rates for the level-2 predictors’ coefficients were within the acceptable range (ranging 

from 0.038 to 0.063). Also, the power to detect each of three non-zero level-3 predictors’ 

coefficients and three non-zero level-3 contextual effects’ coefficients in scenarios with 

larger level-3 predictors’ coefficient values (96.8%) was much higher than in conditions 

with the smaller level-3 predictors’ coefficient values (37.7%). 

Omnibus statistical significance 

As with Model 1-generated data, the rates of correct omnibus decisions were 

assessed for Model 2-generated data analyzed using Models 2 and 3. When the correct 

model (Model 2) was estimated using Model 2-generated data then the correct omnibus 

decision resulted when each of the three intercepts, three level-3 predictors’ coefficients, 

and three level-3 contextual effects’ coefficients were statistically significant. When 

Model 2-generated data were analyzed assuming Model 3, then the correct decision 

resulted when each of the three intercepts, three level-3 predictors’ coefficients, and three 

level-3 contextual effects’ coefficients were statistically significant and the level-2 

predictors’ coefficients were not statistically significant. We tallied the proportion of 

correct omnibus inferences. We used logistic regression to assess the effects of design 

conditions on correct rates. Given the large sample size of the data being analyzed, we 

used a minimum cutoff of 0.01 for the effect size (𝑅𝐿
2; McFadden, 1974) along with
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statistical significance to identify practically significant factors influencing correct 

omnibus decision rates. 

Model 2 as estimating model 

When Model 2 was estimated, the logistic regression results indicated that the 

number of schools (𝑅𝐿
2 = 0.017) and true magnitude of level-3 predictors’ coefficients

(𝑅𝐿
2 = 0.019) were practically significant factors influencing omnibus decision rates. For

example, in scenario with more schools (51.4%) the correct inference rates were higher 

than when there were fewer schools (39.2%). Also, in the scenarios with larger level-3 

predictors’ coefficient values, higher correct inference rates (87.8%) was found whereas 

smaller values of level-3 predictors’ coefficients conditions had much lower correct 

inference rates (3.2%). 

Model 3 as estimating model 

When Model 3 was estimated, then the correct omnibus decisions followed the 

same pattern as was found when Model 2 was assumed for Model 2-generated data. The 

number of schools (𝑅𝐿
2 = 0.013) and magnitude of level-3 predictors’ coefficients (𝑅𝐿

2 =

0.019) were practically significant factors. Again, the correct inference rates were 

relatively higher in scenarios with the larger level-3 predictors’ coefficient values 

(76.3%) than with the smaller predictors’ coefficient (2.4%) conditions. When there were 

more schools in the dataset the correct inference rates were better (44.6%) than when 

there were fewer schools (33.9%). 
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In summary, in terms of correct decisions by DIC values, the correct model 

(Model 2) was generally selected rather than the incorrectly parameterized model (Model 

1) or over-parameterized model (Model 3) across conditions. This study found that if the

true values for level-3 predictors’ coefficients were small, the power to detect each of 

non-zero level-3 predictors’ coefficients were substantially low even when Model 2-

generated data were analyzed assuming the correct model (Model 2) or over-specified 

model (Model 3). We again found positive bias for estimates of level-3 variance-

covariance components for each of the three estimating models. If level-3 predictors were 

incorrectly omitted from the model and the level-2 predictor was incorrectly added 

(Model 1) then the standard error estimates for each of the three intercepts were 

positively biased. 

DATA GENERATED TO FIT MODEL 3 

Convergence rates 

Across conditions and models, the convergence rate ranged from 94.6% to 

100.0%. 

Model selection by DIC 

As described for Model 1-generated data, differences among the three models’ 

DIC values did not tend to be larger than five in value especially when DIC values for 

Model 1 and Model 3 were compared and exhibited an average difference of 1.20. 

Therefore, cutoff of 5 or 10 was found to be too large to distinguish Model 3 from Model 

1. Average difference between DIC values when estimating Model 2 were 369.20 and
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369.89 when compared with Model 1 and Model 3, respectively. Thus, we only 

summarized correct model identification supported by the lowest DIC value. The logistic 

regression results indicated that the number of schools (𝑅𝐿
2 = 0.019) and magnitude of

predictors’ coefficients (𝑅𝐿
2 = 0.019) were the only practically significant factors. The

correct model selection rates were lower in conditions with fewer schools (51.5%) than 

with more schools (75.5%). Also, the proportion of correct model selection decisions was 

81.8% if the level-2 and level-3 predictors’ coefficient values were large (see Table 20). 

On the other hand, if the predictors’ coefficients were small, the rates of correct 

inferences decreased to 45.0%. If Model 3 was not selected, Model 1 was supported as 

the best-fitting model and Model 2 was never supported as the best-fitting model. 

Table 20: Proportion of Correct Inferences for DIC by Conditiona when Model 1, Model 

2, and Model 3 were used to Generate Data 

Conditions Generating Model 

School Student Coef Model 1 Model 2 Model 3 

20 50 Large 78.9% 86.0% 67.4% 

Small 83.3% 81.5% 26.6% 

100 Large 72.0% 88.4% 72.5% 

Small 73.8% 87.4% 38.6% 

40 50 Large 78.9% 87.5% 93.4% 

Small 83.7% 85.0% 53.8% 

100 Large 71.3% 86.9% 93.9% 
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Small 73.9% 85.3% 61.0% 

a Results are summarized across ICC, students’ mobility and correlation among outcomes 

because these conditions did not substantially impact results. 

Bias and relative parameter bias 

Model 1 as estimating model 

When Model 3-generated data were analyzed assuming Model 1 (which was an 

under-parameterized model), each of three intercepts and three level-2 predictors’ 

coefficients for the three outcomes, and the level-2 residuals’ variance-covariance 

estimates were estimated without substantial bias ranging (RPB ranged from 0.2% to 

5.0%). In terms of level-3 residuals’ variance-covariance component estimates, there was 

no substantial bias in scenarios with more schools (RPB = 0.5%) whereas there slight 

positive bias was found in scenarios with fewer schools (RPB = 6.4%).  

Model 2 as estimating model 

When Model 3-generated data were analyzed assuming Model 2 which was also 

an under-parameterized model, three intercepts and three level-3 predictors’ coefficients 

ranging was slightly biased (RPB ranged from 5.1% to 5.4%), but the substantial 

positive bias was found in estimates of the level-3 contextual effects’ coefficients. This 

positive biases became worse in conditions with larger level-2 and level-3 predictors’ 

coefficient values (RPB = 63.2%) when compared with results from conditions with 

smaller predictors’ coefficient values (RPB = 55.2%). Estimates of the level-2 variance-

covariance components were positively biased (RPB = 38.3%) only when the true values 

Table 20 (continued)
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for level-2 and level-3 predictors’ coefficients were large. The level-3 variance-

covariance components were positively biased across all conditions but were more biased 

in scenarios with fewer schools (RPB = 19.2%) than with more schools (RPB = 9.0%). 

Model 3 as estimating model 

Last, when we estimated the correct model, no substantial bias was found in 

estimates of the three intercepts, three level-2 predictors’ coefficients, three level-3 

predictors’ coefficients, three level-3 contextual effects’ coefficients, and level-2 

residuals’ variance-covariance matrix (RPB ranged from -4.4% to 4.7%). Only the level-3 

residuals’ variance-covariance parameters were substantially overestimated and this 

overestimation became worse in scenarios with fewer schools (RPB = 17.2%) versus 

conditions with more schools (RPB = 8.3%). 

Relative standard error bias 

When Model 3-generated data were analyzed assuming Model 1 (here, the under-

specified model), the RSEB for fixed effect parameter estimates (three intercepts and 

three level-2 predictors’ coefficients) were not substantially biased ranging from (RSEB 

ranged from -6.2% to 9.8%). When the Model 3-generated data were analyzed assuming 

Model 2 (here, also an under-specified model), no substantial bias was found in standard 

error estimates for fixed effects (three intercepts, three level-3 predictors’ coefficients, 

and three level-3 contextual effects’ coefficients) with RSEB ranging from -3.0% to 

10.0%. However, in 7 out of 64 conditions including conditions with fewer schools, 

substantial SE bias was found (RSEB = 11.6%). When Model 3-generated data were 
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estimated assuming the correct model (Model 3), the most of standard errors 

corresponding fixed effects were not biased ranging from -5.3% to 10.0% except in 7 out 

of 64 conditions those with fewer schools conditions (RSEB = 12.4%). 

Power rates 

 When we generated data to fit Model 3 which included all of the level-2 and 

level-3 predictors, all of the true values for the coefficients were not zero. Therefore, we 

only tallied the power rates for detecting each of non-zero fixed effects parameters.  

Model 1 as estimating model 

 When Model 3-generated data were analyzed assuming Model 1, the power to 

detect each of three non-zero intercepts and three non-zero level-2 predictors’ 

coefficients ranged from 90.5% to 100.0%. However, in 8 out of 64 conditions 

corresponding to scenarios with smaller values of level-2 and level-3 predictors’ 

coefficients, fewer schools and fewer students had relatively lower power rates (88.9%). 

Model 2 as estimating model 

 When Model 3-generated data were analyzed assuming Model 2 (which was also 

a less parameterized model), the power for each of the three intercepts ranged from 

90.5% to 100.0% across conditions. In scenarios with larger true level-2 and level-3 

predictors’ coefficients, power for the three level-3 predictors’ coefficients and three 

level-3 contextual effects’ coefficients was high with values ranging from 95.2% to 

100.0%. However, in conditions with the smaller true level-2 and level-3 predictors’ 
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coefficient values, the power rates were lower and more so in scenarios with fewer 

schools (33.0%) versus more schools (60.1%). 

Model 3 as estimating model 

When estimating the correct model (Model 3), the power rates to detect each of 

the three non-zero intercepts and three non-zero level-2 predictors’ coefficients ranged 

from 83.6% to 100.0%. Again, in conditions with larger true values for the level-2 and 

level-3 predictors’ coefficients, the power was relatively larger (97.4%) than in 

conditions with smaller true predictors’ coefficients. The lower power rates in scenarios 

with smaller predictors’ coefficients became worse in conditions with fewer schools 

(36.1%) versus more schools (55.0%). 

Omnibus statistical significance 

Given that for Model 3-generated data, only statistical significance tests for 

Model 3 could offer omnibus support for the correct model, only omnibus inferences for 

Model 3 estimates were summarized for Model 3-generated data (see Table 14). 

Model 3 as estimating model 

According to the results of the logistic regression analyses, the number of schools (𝑅𝐿
2 =

0.015) and magnitude of predictors’ coefficients (𝑅𝐿
2 = 0.019) were practically significant

factors. For example, in scenario with fewer schools (39.1%) correct omnibus inference 

rates were lower than in conditions with more schools (51.2%). Also, the correct omnibus 

inference rates dropped sharply when true values for level-2 and level-3 predictors’ 
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coefficients were small (2.5%) as compared with conditions with larger true predictors’ 

coefficients values (87.8%).  

 In summary, both omnibus statistical significance tests and DIC values resulted in 

lower correct inference rates in scenarios with fewer schools and smaller true values for 

predictors’ coefficients. The two factors, the magnitude of level-2 and level-3 predictors’ 

coefficients and the number of schools had practical effects on the omnibus statistical 

significance tests and on correct model selection rates based on use of DIC values. Even 

when datasets were generated to fit Model 3, the level-3 residuals’ variance-covariance 

estimates were positively biased across all conditions and estimating models. When level-

3 predictor and level-3 contextual effect were correctly included in the model but the 

level-2 predictor was incorrectly omitted from the model (Model 2), the estimates of 

level-3 contextual effects’ coefficients and level-2 variance-covariance components were 

positively biased.  

Study 2: Discussion  

 The current study investigated the use of deviance information criteria (DIC) and 

omnibus statistical significance testing for selecting the best-fitting model among 

different conditional MV-MMREMs. Even though simulation studies have been 

conducted to assess of use of model fits and statistical significance testing under various 

multilevel models (Beretvas & Murphy, 2013; Gurka, 2006; Meyers & Beretvas, 2006; 

Whittaker & Furlow, 2009), there are no studies showing the performance of DIC and 

significance testing for selecting among MV-MMREMs. In addition, while most previous 
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studies have generated data to fit the most parametrized model, the current study also 

investigated results when the correct model was a less parameterized model. The 

discussion section is structured as follows. First, we explain the results from the real data 

analysis. Next, we discuss the results from the simulation study. For the simulation study 

section, the results are discussed in the following order: model selection rates for DIC 

values, RPB for fixed and random effects parameter estimates, RSEB for fixed effects, 

and then the corresponding correct model selection rates for the omnibus tests of 

statistical significance. Last, limitations and avenues for future research are discussed.    

REAL DATA ANALYSIS RESULTS

We first compared DIC and omnibus statistical significance-based inferences for a 

set of MV-MMREMs using a subset of real data taken from the ECLS-K dataset. Based 

on the omnibus statistical significance results for the predictors, Model 3 would be 

supported because all of the predictors’ slopes were statistically significant. This matches 

the model best supported by the smallest DIC value being associated with Model 3. 

Also, matching the associated simulation study, the three models that were 

compared included Model 1 with a level-2 predictor (student motivation) of each of three 

outcomes (reading, math, and science achievement scores). Model 2 included the 

weighted average of the students’ motivation scores for the set of schools attended by 

each student (𝑤�̅�), and the weighted school affiliation (public versus private) predictor. 

Finally, Model 3 included both levels’ predictors (student motivation at level-2, weighted 

motivation scores at level-3, and weighted school affiliation at level-3). Note that the 
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continuous predictor variables, (motivation scores and weighted average of motivation 

scores) were grand-mean centered. As a result, when Model 2 (including only level-3 

predictors for each outcome) and Model 3 (including all of level-2 and level-3 predictors) 

were compared, the level-3 contextual effects’ coefficients (𝑤�̅�) were substantially 

different. More specifically, if the motivation score at the students’ level (M) was not 

included as predictors but included only as weighted motivation scores at level-3 as in 

Model 2, then the coefficients for the weighted motivation scores (𝑤�̅�) on reading, 

mathematics, and science scores were dramatically larger. 

 Under Model 3, the grand-mean centered level-2 predictors’ coefficients provide 

within school effects (𝛽𝑤) whereas the level-3contextual effects’ coefficients provide the 

compositional effects (𝛽𝑐) which are the differences in between school effects and within 

school effects (𝛽𝑐 = 𝛽𝑏 − 𝛽𝑤) (Raudenbush & Bryk, 2002). The level-2 predictor was 

not included in Model 2 which reflects an assumption that the within school effects are 

zero (𝛽𝑤= 0). This means that the level-3 contextual effects coefficients capture the 

between school effects (𝛽𝑐 = 𝛽𝑏 − 𝛽𝑤 = 𝛽𝑏 − 0 = 𝛽𝑏). Therefore, as can be seen on the 

Table11, the sum of the level-2 and level-3 predictors coefficients for each outcome 

under Model 3 corresponds reasonably closely to the level-3 contextual effect’s 

coefficient for the same outcome in Model 2. For example, under Model 3, for the 

reading outcome, the level-2 predictors’ coefficient value was 11.09 and the level-3 

contextual effect was 4.03 which sums to 15.12. The corresponding level-3 contextual 

effect’s coefficient under Model 2 is 16.16 for the reading outcome. Not unexpectedly, 

given the statistical significance of the predictors’ coefficients, the level-2 and level-3 
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random effects’ variance and covariance estimates were lower, the more predictors 

included in the model being estimated. 

These real data analysis results match expectations, but there is no way to 

guarantee that significance testing and DIC provide the appropriate information to select 

the best-fitting model because the true best-fitting model under a real dataset is never 

known. Also, while the real dataset had a relatively larger sample size, the inference 

based on statistical significance testing versus the DIC value could differ with smaller 

sample sizes that applied researchers might typically encounter. Therefore, in this study 

we also conducted a simulation study that evaluated the performance of significance 

testing and DIC under various conditions including: true MV-MMREM, number of level-

3 units, number of level-2 units per level-3 unit, student mobility, correlation among 

outcomes, ICC, and magnitude of predictors’ coefficients. 

SIMULATION STUDY RESULTS 

To compare and discuss the simulation study results across three generating MV-

MMREMs, the Discussion section is divided into the following sections that discuss 

results by outcome including convergence rates, bias and relative parameter bias, relative 

standard error bias, omnibus statistical significance, and model selection by DIC value, 

respectively.   

Convergence rates 

The convergence rate results showed that under most of the conditions 

convergence was not problematic. The most challenging conditions in terms of 
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convergence rates included datasets that were generated with fewer level-2 and level-3 

units, smaller ICC values, and a larger rate of mobile students. However, even in the most 

challenging conditions examined in this study, convergence rates still exceeded 90%. The 

conditions that lowered convergence rates matched scenarios in related, previous studies 

where smaller ICC values (Chang & Pituch, 2017) and smaller sample sizes (Beretvas & 

Murphy, 2013; Hox & Maas, 2001; Whittaker & Furlow, 2009) resulted in lower 

convergence rates regardless of the types of multilevel models (e.g., conventional HLM, 

cross-classified random effects model, and multiple-membership random effects model) 

that were estimated. 

Model selection by DIC 

 Overall, most of the conditions did not result in correct model selection when 

cutoff values of 5 or 10 were used. Thus, the DIC results were provided when DIC values 

for the correct model were smaller by any amount than DIC values for the other two 

incorrect models. Generally, when a less parameterized model (Model 1 or Model 2) was 

the correct model, the DIC values consistently supported the correct model having the 

smallest DIC values rather than the over-parameterized model (Model 3). If the correct 

model was not supported, the over-specified model (Model 3) was preferred rather than 

the mis-specified models. According to previous studies (Hurvich & Tsai, 1989; 

Whittaker & Furlow, 2009), AIC and BIC indices also supported the over-specified 

model if the correct model was not selected. Because the DIC is a generalization of the 
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AIC and is related to the BIC, the results of the current study’s results expectedly 

matched findings with AIC and BIC. 

If a comparison had been made between pairs of differently parameterized models 

(e.g., Model 1-generated data were analyzed assuming Model 2 or Model 2-generated 

data were analyzed assuming Model 1), the DIC values would have provided accurate 

information to support selection of the correct model. When a more parameterized model 

(Model 3) is the correct model, on the other hand, the number of schools and magnitude 

of predictors’ coefficients impacted correct model selection rates. With fewer schools 

conditions and smaller values for the coefficients, the rates of correct inferences based on 

DIC values were lower. If Model 3 was not supported, Model 2 (including only level-2 

predictor) was frequently selected as having the smallest DIC values. As seen, results of 

low power rates for each of the level-3 predictors’ coefficients tended to result in 

statistical non-significance more often when true parameter values were small and with 

fewer level-3 units (here, schools). And this pattern was associated with larger DIC 

values (which also provides evidence against the more parameterized, incorrectly non-

significant coefficient models). The DIC is composed of goodness of fit (𝐷(𝜃)̅̅ ̅̅ ̅̅ ̅) and

penalty of model complexity (𝑝𝐷). As the level-3 predictors were not able to reduce the 

deviance between data and model due to the low power of predictors’ coefficients in 

scenarios with the true values for level-3 predictors’ coefficients were small, the 

goodness of fit will not change a lot but the second part of the equation will be larger 

because the model is more parameterized. Consequently, DIC values for the more 

parameterized model (e.g., Model 3), including non-significant predictors, will be higher 
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than DIC values for the less parameterized model (e.g., Model 2) that includes only 

statistically significant predictors. 

Bias and relative parameter bias 

In most conditions fixed effects estimates of intercepts, level-2 predictors’ 

coefficients, and level-3 predictors’ coefficients were unbiased across the three 

generating MV-MMREMs. The results indicate that MCMC estimation of the conditional 

MV-MMREMs generally works well for recovering true fixed effects’ parameter values 

under the conditions examined here even with as few as 50 clusters, with 20 level-1 units 

per cluster, and even with as high a proportion as 40% of individuals being members of 

multiple clusters and with small true values of for predictors’ coefficients. 

Level-3 contextual effects’ coefficients 

When the fullest MV-MMREM (Model 3) was used to generate data but Model 2 

was estimated (which assumes that level-2 predictors’ coefficients are zero), then the 

three level-3 contextual effects’ coefficients were substantially positively biased. Those 

results were similar to what we found in the real data analysis. Also, the Type I error 

rates for level-3 contextual effects’ coefficient estimates were also inflated when Model 

1-generated data were analyzed assuming Model 2. In a previous simulation study (Kim 

& Frees, 2006), researchers found that when lower-level predictors were incorrectly 

omitted in a model, then their contextual effects’ coefficients were biased. The results of 

current study also followed the previous study’s results (Kim & Frees) that the effects of 

omitting non-zero level-2 predictors in the model have more impact on bias and Type I 
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error rates (e.g., when Model 1-generated data or Model 3-generated data were analyzed 

assuming Model 2) than omitting non-zero level-3 predictors (e.g., when Model 2-

generated data or Model 3-generated data were analyzed assuming Model 1). 

 As described above, the positive bias in contextual effects’ coefficient estimates 

when the corresponding individual-level predictor is omitted from the model is not 

surprising. When the level-2 (here, student level) predictor is omitted, then the 

compositional effect captures the between-clusters (here, between schools) effect from 

which zero (assumed for the level-2 predictors’ effect) is subtracted. Thus, even though 

the within school effects were not zero but were modeled under an assumption that they 

were zero, the compositional effect did not provide the actual compositional effects (𝛽𝑐 =

𝛽𝑏 − 𝛽𝑤), but the whole between-schools effect. Because in the current study, we only 

generated positive true values for coefficients, the compositional effects become larger if 

we assume that the within-schools effect is zero. And thus the contextual effect will be 

positively biased when both the level-2 and level-3 contextual effects are positive. This 

explanation is confirmed by the results that the overestimation of level-3 contextual 

effects’ coefficients disappeared when Model 3-generated data were analyzed assuming 

Model 3. That is, if level-2 predictors’ coefficients were estimated appropriately as non-

zero, then the compositional effects were correctly estimated as the difference in between 

schools and within school effects.   
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Level-2 residuals’ variance-covariance estimates 

 When Model 1-generated data were analyzed assuming Model 2, the level-2 

residuals’ variance-covariance estimates were positively biased. That finding is similar to 

the results from the real data analysis. These results were also expected in the simulation 

study because we generated variability at level-2 to be explained by level-2 predictors, 

but Model 2 incorrectly omitted the level-2 predictors. Therefore, the unexplained 

variability at level-2 is captured in the level-2 residuals’ variance components’ estimates 

and results in the over-estimation.  

Level-3 residuals’ variance-covariance estimates 

 Overall, level-3 residuals’ variance-covariance estimates were positively biased 

across all conditions. This overestimation matches what has been found in previous 

studies’ results (Chung & Beretvas; 2012; Leckie, 2009; Wolff Smith & Beretvas, 2017). 

Use of MCMC estimation can result in overestimation of cluster-level variances. 

According to Browne and Draper’s (2006) study that evaluated MCMC estimation, 

variance component estimates tend to be overestimated in scenarios with too few clusters. 

In the first study of this dissertation (Study 1), we found positive bias only in estimates of 

level-3 covariances and only in scenarios with fewer schools (e.g., 50 schools).  

 However, in this study, we found biased level-3 residuals’ variance and 

covariance estimates even in conditions with 100 schools. There were many similarities 

between the two studies. The design conditions were the same in this dissertation study as 

those used in Study 1. However, the MV-MMREM models estimated differed. In the first 

study, only the unconditional MV-MMREM was estimated. In the current study, we 
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estimated conditional MMREMs. However, there is little reason to expect that estimation 

of additional fixed effects parameters will impact recovering of random effects variance 

components in correctly specified MV-MMREMs. Thus, the type of MV-MMREM 

estimated cannot have impacted estimation of level-3 residuals’ covariance parameters. 

The other difference between the two studies was the true values used for the MV-

MMREM’s generating parameters that were based on the associated real data analyses’ 

results. There is no reason to believe that values of fixed effects parameters impacted 

results. However, the estimation problems encountered here were likely then attributable 

to the use of smaller generating values for the random-effects covariance parameters. 

In this study, where we found that a larger number of clusters was needed to avoid 

over-estimation of covariance parameters, the true values of covariance parameters at 

levels 2 and 3 were smaller. To further understand whether this results was related to the 

magnitude of these population values, we conducted a pilot simulation study using the 

same parameter values as were used in Study 1 for random effects’ variance components 

for six conditions [crossing the three generating MV-MMREMs with the two number of 

schools (50 and 100) conditions for this small pilot study]. The results supported our 

explanation of why more clusters (100) were needed in this study than in the earlier 

dissertation study because, in the pilot study, overestimation of level-3 residuals’ 

covariances were only positively biased with 50 schools (with the highest RPB of 

10.8%). Estimates were not biased when the dataset entailed 100 clusters when 

generating values for covariances were larger. Therefore, the overestimation of level-3 

residual’s variance-covariance estimates in Study 2 can be explained by the known over-
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estimation of random effects covariances when using MCMC estimation with too few 

clusters and in scenarios when the true covariances are small in value.     

Relative standard error bias 

Most conditions provided unbiased standard error estimates for the estimates of 

intercepts, level-2 predictors’ coefficients, level-3 predictors’ coefficients, and level-3 

contextual effects’ coefficients across three generating MV-MMREMs. 

      Interestingly, when Model 2-generated data were analyzed assuming an incorrectly 

parameterized model (Model 1), positive SE bias was found for the three intercepts in 

scenarios with the larger magnitude for level-3 predictors’ coefficients, more schools, and 

more students per school conditions. Similarly, in the real data results (see Table 11), the 

standard errors for each of the three intercept estimates under Model 1 were found to be 

slightly larger than standard errors of intercepts for Model 2 and Model 3. Many studies 

(Acreneaux & Mickerson, 2009; Bell & John, 2015; Kim & Frees, 2006; Moulton, 1986) 

have pointed out that when critical variables are omitted in the multilevel model, the 

standard errors of included fixed effects’ estimates will be incorrect. While standard 

errors of fixed effects included in the model were usually underestimated when critical 

variables were omitted, Acreneaux and Mickerson’s (2009) study found that the standard 

errors of fixed effects in the model were overestimated particularly when a large 

proportion of variance on outcomes should be explained by cluster level variables but the 

cluster variables were not included in the model. Our results matched Acreneaux and 

Mickerson’s findings. In addition, the overestimation of standard errors disappeared 
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when level-3 predictors were included in the model (e.g., when Model 2-generated data 

were analyzed assuming Model 2 or Model 3). These results support that the SEs’ 

overestimation when Model 2-generated data were analyzed assuming Model 1 could be 

due to the omission of the non-zero level-3 predictors in the model. 

Omnibus statistical significance 

In terms of omnibus statistical significance testing, the magnitude for predictors’ 

coefficients and number of clusters (here, schools) were the primary factors impacting 

rates of correct inferences. Across all three generating MV-MMREMs, scenarios with 

smaller true values for predictors’ coefficients and fewer schools tended to decrease the 

correct rates of model selection. Particularly, the effects of the magnitude for predictors’ 

coefficients were more critical when level-3 predictors were included. For example, when 

Model 1-generated data (including only the level-2 predictor) were analyzed assuming 

the correct model (Model 1), the average correct inferences rate was 70.6% in scenarios 

with smaller predictors’ coefficient values whereas the correct inferences rate was 

100.0% with larger predictors’ coefficient values. However, when Model 2-generated 

data (including only level-3 predictors) were analyzed assuming the correct model 

(Model 2), the rates of correct inferences dropped to an average of 2.4% in scenarios with 

smaller predictors’ coefficient values and 76.3% in scenarios with larger values for 

predictors’ coefficients. Even when data were generated based on Model 3 (including 

both level-2 and level-3 predictors) and analyzed assuming Model 3 (correct model), the 

pattern was similar: the correct rate was an average of 2.5% in conditions with a smaller 
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magnitude for predictors’ coefficients conditions and 87.8% in scenarios with the larger 

magnitude for predictors’ coefficients. 

This link between parameter value and power is expected. Typically, a statistical 

significance test is based on the ratio of a parameter estimate to its corresponding 

standard error estimate. Holding all else equal, the closer the true parameter is to zero, the 

less power the test will have. Other factors that influence statistical power for fixed effect 

parameter estimates in multilevel models include the alpha-level, and the sample size at 

each level (Scherbaum & Ferreter, 2009). Typically, the number of clusters is smaller 

than the within-cluster sample sizes and thus the statistical tests of higher-level fixed 

effect parameter estimates tend to have larger standard error estimates and lower power 

than tests of within-cluster parameter estimates. Consequently, if we fail to detect non-

zero parameters for each of fixed effects, the correct rates based on omnibus statistical 

significance tests will be lower. 

Therefore, when using more complex models such as MV-MMREM, 50 schools 

might be not be a sufficient number of clusters to inform an appropriate level of correct 

rates based on statistical significance tests. Therefore, applied researchers need to be 

aware that if estimating the MV-MMREM using a dataset that has fewer clusters (e.g., 

less than 50) and smaller fixed effect parameter values (e.g., with values lower than 0.1 

for the standardized effect size), the decision to select the best-fitting model using the 

omnibus statistical significance test will be influenced by low statistical power for each 

of the fixed effects’ estimates. 
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As mentioned earlier, even though the model selection based on DIC values was 

influenced by the number of schools and magnitude of predictors’ coefficients when 

Model 3-generated data were analyzed, the correct inferences rates based on DIC values 

were relatively higher rather than the correct inferences rates based on omnibus statistical 

significance across three generating MV-MMREMs. For example, when Model 1-

generated data were analyzed assuming Model 1, the average inferences rates based on 

omnibus statistical significance was 70.6% in scenarios with smaller predictors’ 

coefficients’ values (versus 100.0% with larger predictors’ coefficients’ values). Also, 

when Model 2-generated data were analyzed assuming Model 2, the correct inference 

rates were 3.2% when the predictors’ coefficients were small (versus 87.8% when 

predictors’ coefficients’ values were large). Finally, when Model 3-generated data were 

analyzed assuming Model 3, the correct omnibus inference rates were still small, 2.5% 

when true values for predictors’ coefficients were small as compared 87.8% with 

conditions with larger true predictors’ coefficients values. The corresponding correct 

model selection rates when using the DIC to compare models were as follows for Model 

1-generated data, rates ranged from 60.0% to 91.9%, when Model 2-generated data were 

analyzed, rates ranged from 78.9% to 90.1%, and for Model 3-generated data were 

analyzed three models, rates ranged from 16.1% to 99.6%. Even though the previous 

studies mentioned that DIC values had lack of consistency (Spiegelhalter, 2014), the 

current study indicated that correct inferences rates based on DIC values were better than 

when basing model selection on the set of statistical significance results as is done with 

an omnibus test. 
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 In summary, the omnibus statistical significance tests and DIC values generally 

worked appropriately and in agreement to support the best-fitting model. However, when 

the true values of coefficients are small (here, standardized effect sizes are 0.1) and data 

include fewer cluster-level units (here, 50 schools), the best-fitting model based on 

statistical significance tests and DIC values need to be chosen cautiously. If the more 

parameterized model (e.g., Model 3) is the correct model but the level-3 predictors’ 

coefficients’ values are small, then the DIC will sometimes result in selection of the 

simpler model (e.g., Model 2) incorrectly. However, this tendency was not as strong as 

with omnibus statistical significance testing results. Also, when the less parameterized 

model was the correct model (e.g., Model 1 or Model 2 versus Model 3), the use of DIC 

generally provided the correct model selection decision but there is a need for users to be 

aware of the DIC’s tendency to support the more parameterized model (e.g., Model 3).  

 Results from the omnibus statistical significance test versus DIC values might 

result in different models being selected. Based on this study’s results, if the dataset 

consists of a small number of clusters (here, as few as 50 clusters), and the slope 

estimates were small (here, of magnitude 0.1) then this affected the power of the omnibus 

statistical significance test leading to lower correct inference rates than when comparing 

models’ DIC values. Thus, if the applied analyst identifies different models are supported 

by the DIC versus omnibus statistical test then if there are two few clusters and a small 

slope estimate, it might be best to select the MV-MMREM model supported by the DIC.  

 Also, it is noteworthy note that there are some biased estimates when only the 

contextual effects model was considered. For example, if the individual-level predictors’ 
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coefficient was non-zero but included only the contextual effect at the upper-level (e.g., 

when Model 3-generated data were analyzed assuming Model 2), the estimates of the 

contextual effect were positively biased. Therefore, even if researchers are interested in 

the contextual effects at the upper level of the model only (e.g., Model 2), the results of 

the alternative model (including both upper-level contextual effect’s predictor and 

corresponding individual-level predictor, Model 3) should still be compared. If effects of 

individual-level predictors are not in the model even though they should be then, the 

effectiveness of contextual effects on outcomes could be exaggerated if grand-mean 

centering is used. 

 There are limitations to the current study that need to be considered. Because only 

a subset of limited conditions was considered, more extended conditions should be 

considered for the generalization of the results. For example, the ideal number of clusters 

and number of students per cluster for unbiased cluster-level variance-covariance 

components could be further extended. When we compared results of Study1 and Study 

2, moreover, the parameter values for random effects had an impact on bias for cluster-

level random effects’ estimates and thus extended conditions and different population 

values need to be considered as future research. Also, we only considered three outcomes 

as multivariate outcomes and three predictors without missingness thus estimation of the 

MV-MMREM should be assessed with more and fewer outcomes and with missing 

values on predictors. The current study considered only MCMC estimation with one type 

of prior distribution, thus future research could investigate use of different prior 

distributions and compare results with those from using likelihood-based estimation. 
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Finally, the performance of alternative information criteria such as WAIC (Gelman, 

Hwang & Vehtari, 2014) could be assessed and compared with the correct inferences 

rates based on DIC values particularly in scenarios with the population values for 

predictors’ coefficients were small. 

In terms of models, three different types of conditional MV-MMREM were 

compared that differed only in their fixed effect parameter specification. Therefore, 

future research can examine the performance of DIC values when models are 

distinguished by more than just fixed effects parameters’ specification. Also, as has been 

emphasized, the level-3 residuals’ variance-covariance estimates were overestimated in 

our model where we assumed an unstructured covariance matrix resulting in a total of 12 

random effects’ components at level-2 and level-3 that had to be estimated with only 

random intercepts and three outcomes. Increasing the number of cluster units will help 

with parameter recovery. Alternatively, a simpler covariance structure could be estimated 

with some parameters constrained to equal zero or constrained to be equal with other 

parameters. Therefore, future research could focus on the robustness of parameter and SE 

estimates to mis-specification (over-simplification) of the random effects covariance 

matrix. In addition, while in our model we estimated fixed effects’ coefficients freely for 

each of outcomes, fixed effects parameters could be constrained to be equal across 

outcomes. Use of the DIC for testing hypotheses about these constraints could be 

explored in future research. 

The current study investigated the performance of conditional MV-MMREMs 

under various conditions as well as performance of the model fit index (DIC) and 
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omnibus statistical significance tests to find the best-fitting model among the conditional 

MV-MMREMs. Even though the MV-MMREM is a complicated statistical model 

compared to the conventional HLM, the model generally performed well across 

conditions. Also, the findings support use of the DIC index along with statistical 

significance tests to select among MV-MMREMs that differ in their fixed-effect 

parameter specifications. Additionally, the findings provide guidelines that applied 

researchers need to be aware of when using DIC and statistical significance tests with 

conditional MV-MMREMs. In conclusion, the MV-MMREM can offer a useful model 

for applied researchers when their data include multivariate outcomes and multiple-

membership clustered data. And while more research is needed, the model can be well 

estimated with enough clusters using MCMC estimation. And this study’s results 

generally support use of the DIC (over use of omnibus statistical hypothesis testing) 

when choosing among MV-MMREMs which differ in the fixed effects parameterizations 

examined here. 
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DISCUSSION 

A primary challenge for applied researchers is to select the best-fitting model for 

their data. Even though there are various characteristics that can be found in any 

empirical dataset, the current study focused on scenarios with clustered individuals, with 

at least some of the individuals as members of more than one cluster and with multiple, 

related outcomes per individual. In social science research, this kind of data can be quite 

common although it is not always the case that researchers address all of the 

methodological dilemmas – including clustering, multiple-membership and multivariate 

outcomes – in their analyses. Instead, researchers might run a univariate analysis for each 

of the multiple, related outcomes and might choose only one from the set of multiple 

clusters per mobile individual. 

In the pair of studies constituting this dissertation, we demonstrate use of a 

multivariate model intended for use with multiple-membership data – the MV-MMREM. 

With the help of the developers of MLwiN software, we were able to demonstrate how to 

estimate the MV-MMREM. However, to help inform applied researchers’ use of the 

model, we wanted to assess how well the MV-MMREM parameters were estimated and 

how robust model results were when some of the characteristics (multivariate outcomes 

and multiple-membership data structure) were ignored. In addition, we wanted to assess 

how well applied researchers could choose between parameterizations of the MV-

MMREM using the DIC index as well as statistical tests of parameter estimates.

Therefore, the dissertation involved two studies focused on the MV-MMREM, 

including: 1) parameter estimation of the correct MV-MMREM as compared with use of 
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non-MMREM (e.g., MV-HLM) and non-multivariate models (e.g., Uni-MMREMs) and 

2) MV-MMREM model selection performance using statistical significance tests versus 

the DIC when comparing conditional MV-MMREMs that differed only in their fixed 

effects parameter specification. In each study, we included a real data analysis involving 

multivariate outcomes and multiple-membership clusters to demonstrate and compare 

estimation and interpretation of model parameters.  

In the first simulation study, we compared estimation of three multilevel models: 

1) when the multiple-membership structure is ignored (MV-HLM), 2) when dependence 

of multivariate outcomes is ignored (Uni-MMREMs), and 3) when multiple-membership 

cluster and multivariate outcomes are considered simultaneously (MV-MMREM). The 

performance of the three models was compared under various conditions including the 

mobility rate, number of clusters (here, school), sample size per cluster (here, students), 

correlation among outcomes, true ICC, type of missingness, and proportion of missing 

outcomes. The second simulation study investigated the performance of model fit to 

select the best-fitting model among three MV-MMREMs including the following models; 

1) only including the level-2 predictor for each outcome, 2) only including the level-3 

predictors for each outcome, and 3) including level-2 and level-3 predictors for each 

outcome. Under various conditions (including number of level-3 units, number of level-2 

units per level-3 unit, proportion of mobile students, correlation among outcomes, true 

ICCs, and magnitude for predictors’ coefficients), the performance of DIC and of 

omnibus tests of statistical significance were examined to assess how well they worked in 

terms of correctly supporting the true model.  
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 In the first simulation study, MV-MMREM was found to perform well across all 

conditions except there was a positive bias at the cluster-level residuals’ covariance in 

scenarios with fewer clusters. The overestimation was due to characteristics of MCMC 

estimation in that the MCMC estimation tends to overestimate the cluster-level random 

effects covariance components when the number of clusters is small (Browne & Draper, 

2006; Chung & Beretvas; 2012; Leckie, 2009; Wolff Smith & Beretvas, 2017). 

Therefore, future research is needed to examine optimal number of clusters to estimate 

cluster level residuals’ variance-covariance components appropriately.  

 On the other hand, when multiple-membership structure was ignored (here, use of 

MV-HLM), standard error estimates for fixed effects were negatively biased with more 

mobile students conditions, level-3 residuals’ variance-covariance estimates were 

negatively biased across all conditions. Also, level-2 residuals’ covariance estimates were 

positively biased when there were more mobile students and larger true ICCs conditions. 

The underestimation of standard error estimates (Meyers & Beretvas, 2006; Wolff Smith 

& Beretvas, 2017) and level-3 variance-covariance estimates (Chung & Beretvas, 2012; 

Wolff Smith & Beretvas) were also found in the results of previous studies that explained 

the conventional HLM cannot handle the underestimation of residuals’ variance from 

mobile students. The overestimation of level-2 covariance components could also be 

explained by findings in previous studies (Moerbeek, 2004; Tranmer, 2001; Van den 

Noortgate, Opdenakker, & Onghena, 2005; Van Landeghem, et al., 2005) that showed 

that when clustering at the highest level is not fully considered, the ignored variance 
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component is added at a lower level. Based on those results, the current study further 

supported the importance of not ignoring multiple-membership data structures.  

 Finally, the current study found substantial bias when multivariate outcomes were 

ignored (here, use of Uni-MMREMs). For example, fixed effects for three outcomes were 

overestimated particularly in scenarios with a higher proportion of missingness and MAR 

missingness conditions. In addition, level-2 and level-3 variance estimates for outcomes 

with missing data were negatively biased in scenarios with a larger correlation among 

outcomes and MAR missingness conditions. The results matched a previous study 

focused on purely clustered data (Chang & Pituch, 2017) that also found the 

overestimation of fixed effects and underestimation of variance estimates in scenarios 

with MAR conditions. The results indicate that when a dataset has multiple-related 

outcomes and outcomes had MAR missingness, use of multivariate analysis is 

recommended. Note that the results of real data analysis matched results from the 

simulation study. In conclusion, even though the MV-MMREM is a more complicated 

model than the conventional HLM, MV-HLM, or uni-MMREMs, the use of MV-

MMREM performed well and provided more accurate results when the data had multiple-

membership clusters and multivariate outcomes.  

 In the second simulation study, three generating MV-MMREMs were compared 

to examine the performance of statistical significance and DIC values to support the best-

fitting model. Again the results of the real data analysis matched those of the simulation 

study. In the simulation study, three conditional MV-MMREMs were used to generate 

data and to estimate the datasets assuming the correct model and two (incorrect) models. 
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In terms of omnibus statistical significance tests, the correct rates were highly influenced 

by the magnitude for true values of predictors’ coefficients and fewer cluster units (here, 

schools). While significance of level-2 predictors’ coefficients provided correct 

inferences regardless of conditions, the statistical significance of level-3 predictors’ 

coefficients frequently failed to provide the correct inferences in scenarios with fewer 

cluster units and small true values for predictors’ coefficients. A previous study 

(Scherbaum & Ferreter, 2009) demonstrated that low power was expected in conditions 

with smaller sample sizes (particularly with fewer clusters) and, of course, with small 

population parameters. Consequently, low power rates for level-3 predictors’ coefficients 

result in low correct rates for omnibus statistical significance tests when level-3 

predictors’ coefficients are in the correct model (e.g., Model 2 and Model 3).  

 In terms of DIC values, when the less parameterized model is the correct model, 

DIC values consistently supported the correct model. If the correct model was not 

supported, however, the over-parameterized model was supported over the differently 

parameterized model. Similar results were found in previous research (Hurvich & Tsai, 

1989; Whittaker & Furlow, 2009) even though the authors examined the performance of 

AIC and BIC with maximum likelihood estimation rather than the DIC used with MCMC 

estimation. However, when the over-parameterized model was the correct model, DIC 

values usually selected the correct model but had lower correct model selection rates 

when the less parameterized model was the correct model. The lower correct rates were 

found in scenarios with small true values of predictors’ coefficients and fewer clusters as 

with omnibus statistical significance tests. If the over-parameterized model (correct 
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model) was not selected, the less parameterized model that included only level-2 

predictors’ coefficients was always supported. The results could be explained by 

calculation of the DIC itself that is composed of goodness of fit along with a penalty for 

model complexity. Therefore, while the predictors cannot reduce the deviance between 

the statistical model and actual datasets, the penalty of model complexity increased by 

including predictors resulting the DIC values increased. Previous study (Spiegelhalter et 

al., 2014) mentioned that DIC values sometimes did not work well due to the lack of 

consistency. However, when DIC values and omnibus statistical significance test were 

compared in scenarios with fewer cluster units and smaller magnitude for predictors’ 

coefficients, DIC values provided relatively higher (and consistent) correct model 

selection rates as compared with results from the omnibus statistical significance test. 

As a first investigation of the MV-MMREM there were limitations. The first 

simulation study considered only the unconditional model and the second simulation 

study varied only the fixed effects parameterization of the MV-MMREMs. Therefore, a 

future study may extend the models examined to include additional fixed effect and 

random effects components with multivariate outcomes and multiple-membership data. 

Also, both studies considered only a limited set of conditions and used MCMC estimation 

with only one set of prior distributions for the parameters. More research is needed to 

find the optimal number of clusters for reasonable MV-MMREM random effects 

covariance parameters’ recovery. Future research could also explore use of alternative 

prior distributions. Also, even though DIC values worked better than statistical 
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significances, future research can explore the performance of alternatives to the DIC such 

as WAIC (Gelman, Hwang & Vehtari, 2014) among conditional MV-MMREMs.   

 In summary, the current study focused on MV-MMREM that is able to handle 

multiple-membership clusters and multivariate outcomes simultaneously. Even though it 

is a more complex statistical model than previous multilevel models (e.g., conventional 

HLM, MV-HLM, and Uni-MMREM), the estimation of MV-MMREM was found to 

perform better in particular conditions. Also, under the MV-MMREMs’ context, the DIC 

and omnibus statistical significance performed properly by supporting the correct model 

but there was also some restrictions or guidelines for use of model fit information under 

specific conditions. As shown in real data analysis section, the empirical dataset often 

have more complicated data structure than conventional HLM, multivariate HLM or 

univariate MMREM. Therefore, the findings of reasonable estimation of the MV-

MMREM suggest that applied researchers should consider using the MV-MMREM when 

the data structure include multivariate outcomes and multiple-membership clusters and 

when their data have enough clusters for reasonable MV-MMREM parameter recovery.  
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