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The effect of electronic decoherence on nonadiabatic (NA) transition

rate is investigated with nuclear overlap/phase function (NOPF) and mixed

quantum/classical molecular dynamics (MQC-MD) simulations are performed

to obtain the NA transition rate on betaine dye molecules. First of all, spin-

boson model with ohmic spectral density is used to explore electronic de-

coherence. We obtain a decoherence function by comparing two solutions

for the canonical NOPF based on quantum mechanical and mixed quan-

tum/classical methods, respectively. We provide an electronic decoherence

time under short time and high temperature limits. Secondly, electronic de-

coherence only induced by intramolecular vibrational motions is studied with

the NOPF in the simplest betaine molecule, pyridinium-N-phenoxide betaine

[4-(1-pyridinio)phenolate]. Decoherence times from several approximations are

obtained, including the role of frequency shifts and Duschinsky rotation. We

find that the low frequency torsional motion does not make any significant

vi



contribution to the decay of the NOPF. Frequency shifts have more effect on

the decay of the NOPF, than Duschinsky rotation does, but the simplest spin-

boson model alone describes coherence decay quite well. At longer times, we

observe an exponential decay modulated by phase recurrence, but the contri-

bution of the exponential decay to the relaxation is small. Calculated ultrafast

decoherence time scales from intramolecular vibrational motions indicate that

nuclear motions in solute can have more influence on the total electronic deco-

herence than does solvent. Thirdly, Frank-Condon (FC) density function in the

simplest betaine molecule is calculated, combining the sum-over-states method

and the time-dependent method. The FC density function for harmonic vibra-

tional modes is computed by a modified three level-fixed binary tree algorithm

including the role of frequency shifts and Duschinsky rotation. For the tor-

sional mode, FC density is computed with the time-dependent method. We

find that frequency shifts affect FC density function more than Duschinsky

rotation does. The lack of a strong exponential decay in the high frequency

region of the FC density function implies that the vibrational motions in the

simplest betaine fall onto the strong coupling limit. Finally, Nuclear NA cou-

pling matrix elements by intramolecular vibrational motions are analytically

calculated with the spin-boson model. Limitations and applications of the

calculation are discussed.
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Chapter 1

About a relationship between electronic

decoherence and electronic pure dephasing

1.1 Introduction

In full quantum mechanical (FQM) dynamics, nuclear wave functions

evolving on alternative electronic potential energy surfaces (PES) diverge from

each other. This so-called electronic decoherence is associated with the decay

of off-diagonal elements in a reduced density matrix. [1–3] Electronic decoher-

ence, however, should be distinguished from electronic pure dephasing, which

also decay the off-diagonal elements in the reduced density matrix. Elec-

tronic pure dephasing is associated with electronic energy gap fluctuations

and increases with increasing temperature due to fluctuations while electronic

decoherence becomes weak with rising temperature. [4]

There have been several studies on the qualitative relationship between

electronic decoherence and pure electronic dephasing, [5] but few studies have

been fulfilled on the quantitative relationship between them. [6] It is important

to reveal the quantitative relationship between them for a couple of reasons.

First of all, this relationship can identify the origin of the decay of the off-

diagonal elements in a reduced density matrix more clearly. Since both the

electronic decoherence and the pure electronic dephasing can destroy the off-

diagonal elements, sometimes it is not clear which one gives more contribution
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to the decay. Using the quantitative relations, we can indicate the source

of the decay. Secondly, the relationship will provide a theoretical criterion

on whether or not a decoherence time should be implemented into an mixed

quantum/classical simulation. When the electronic pure dephasing decays

much faster than the electronic decoherence, the implementation of the elec-

tronic decoherence time into an mixed quantum/classical molecular dynamics

(MQC-MD) simulation is not needed. As a result, comparing the two time

scales can help determine whether or not a decoherence time should be used

in an MQC-MD simulation.

A couple of methods to incorporate decoherence times into MQC-MD

simulations dynamically have been proposed and used. [7–10] In those methods

decoherence times are provided during the evolution of a system. However,

we can think of a different approach to electronic decoherence, where the elec-

tronic decoherence is not provided during the evolution, but provided from the

initial nuclear distribution. [5] For a thermally equilibrated initial state, MQC

methods use the classical Maxwell-Boltzmann distribution to define an initial

configuration. Considering that electronic decoherence is a pure quantum ef-

fect, we can employ one of quantum statistical representations for the initial

distribution to show whether or not using the quantum distribution function

yields an electronic decoherence. Among those quantum statistical represen-

tations is the canonical Wigner distribution. [11] Lockwood et al combined the

high temperature result of the canonical Wigner distributions function for the

harmonic oscillators with the classical form of the thermally averaged nuclear

overlap/phase function (NOPF). They showed that an electronic decoherence
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can be realized by using the the Wigner distribution function.

The first purpose of the present study is to present a quantitative re-

lationship between electronic decoherence and electronic dephasing. For this

purpose, we employ a two level electronic system linearly coupled with a har-

monic bath, so-called spin-boson model. This spin-boson model has been

extensively used to explain the system-bath couplings analytically or numeri-

cally. We also use the ohmic spectral density to describe the dynamics of the

bath. Using the thermally averaged NOPF, we will elucidate a relationship

between electronic decoherence and electronic pure dephasing. In addition,

we provide a relationship between the electronic decoherence and the solva-

tion relaxation time and show that relationship can be used to estimate an

electronic decoherence time. Next we will investigate electronic decoherence

induced by the canonical Wigner distribution in MQC methods and explain

how the Wigner distribution can provide an electronic decoherence.

The next section shows a general derivation for canonical nuclear over-

lap/phase function based on the spin-boson model. In section 1.3, an electronic

decoherence time and an electronic dephasing time are provided under the

high temperature limit and the short-time approximation, and a relationship

between those two times are discussed. A solvation relaxation time within

the same limit and approximation is calculated as well, and a relationship

between the decoherence time and the solvation relaxation time is compared

with a previous result by Prezhdo and Rossky. section 1.4 deals with the elec-

tronic decoherence provided by combining the Wigner distribution into the

MQC method. We make a summary and conclusions on our study in the final
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section.

1.2 General derivation of canonical nuclear overlap/phase
function

We begin by considering two electronic surfaces which are harmonic

in the nuclear coordinates and differ only by displacement of the equilibrium

nuclear positions. That is to say, the two electronic states are the subsystem

of particular interest and the nuclei are harmonic bath. Much literature on

reactions has been devoted to consideration of this spin-boson model [12] or

displaced harmonic oscillator model, [13] due to the fact that the analytical

expression for physical quantities can be obtained. Suppose that the Hamil-

tonian of a system is

Ĥ = |i〉Ĥi〈i|+ |f〉Ĥf〈f |+ γ̂†|i〉〈f |+ γ̂|f〉〈i|, (1.1)

where |i〉 denotes the initial electronic state and |f〉 the final electronic state.

The electronic coupling matrix element is denoted by γ̂, while Ĥi and Ĥf are

the nuclear Hamiltonians on electronic surfaces |i〉 and |f〉, respectively

Ĥi =
∑

j

1

2
~ωj p̂

2
j +

∑
j

1

2
~ωj q̂

2
j , (1.2a)

Ĥf =
∑

j

1

2
~ωj p̂

2
j +

∑
j

1

2
~ωj(q̂j −∆j)

2 + ~ω0. (1.2b)

Here, the index j denotes each nuclear coordinate, with frequency ωj, coordi-

nate displacement between two states specified by ∆j, and an energy splitting

specified by ω0. Dimensionless pj and qj are used for convenience.
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The dynamics of an electronic subsystem can be expressed in terms of

a reduced density matrix ρ(t). [1, 14] For our two-level system, we can write

the matrix evolving from an initial condition as

ρ(t) =

(
|ci(t)|2 ci(t)c

∗
f (t)J

∗(t)
c∗i (t)cf (t)J(t) |cf (t)|

)
, (1.3)

where ci(t) and cf (t) are the amplitudes of the electronic wave functions in the

initial and final states, respectively, and the nuclear overlap/phase function is

given as

J(t) =
〈
Ψi(t)

∣∣∣Ψf (t)
〉
, (1.4a)

=
〈
Ψi(0)

∣∣∣ exp+

[
− i

~

∫ t

0

dτ∆Ĥfi(τ)
]∣∣∣Ψi(0)

〉
. (1.4b)

Here exp+ represents the time-ordered exponential, Ψi(0) is an initial nuclear

wave function, and ∆Ĥfi(t) is

∆Ĥfi(t) = exp
[ i

~
Ĥit
]
∆Ĥfi exp

[
− i

~
Ĥit
]
, (1.5)

where ∆Ĥfi = Ĥf − Ĥi.

We invoke a decorrelation assumption between the electronic and nuclear parts

due to the difference of their time scales. With the thermally equilibrated ini-

tial nuclear configuration, the resulting expression for canonical nuclear over-

lap/phase function
〈
J(t)

〉
T

is〈
J(t)

〉
T

=
〈

exp+

[
− i

~

∫ t

0

dτ∆Ĥfi(τ)
]〉

T
, (1.6)

where 〈· · · 〉T represents thermal averaging over nuclear configurations.

We next perform a cumulant expansion [15] of Eq. (1.6) to obtain〈
J(t)

〉
T

= exp
[ ∞∑

n=1

Kn(t)
]
, (1.7)
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where Kn(t) of Eq. (1.7) is defined as

Kn(t) =
(
− i

~

)n
∫ t

0

dτ1

∫ τ1

0

dτ2 · · ·
∫ τn−1

0

dτn

〈
Ĥfi(τ1)Ĥfi(τ2) · · · Ĥfi(τn)

〉
c
,

(1.8)

where Ô is the ordering operator, and 〈· · · 〉c represents a cumulant average.

In case that the system is composed of harmonic oscillators, the second or-

der truncation in cumulant expansion gives the exact result. [14] When the

truncation is applied to the present model system, the result becomes

〈
J(t)

〉
T

= exp

[
− it

~
〈∆Ĥfi〉T −

〈
(δÛ)2

〉
T

~2

∫ t

0

dτ2

∫ τ2

0

dτ1C(τ1)

]
. (1.9)

In Eq. (1.9), energy gap fluctuation autocorrelation function C(t), which

represents the response of the bath to a perturbation, has been introduced [3,

16, 17] and is defined here as

C(t) =

〈
δÛ(t) · δÛ(0)

〉
T〈

δÛ(0) · δÛ(0)
〉

T

, (1.10)

where the fluctuation operator of electronic energy gap δÛ(t) is given as

δÛ(t) = ∆Ĥfi(t)−
〈
∆Ĥfi

〉
T
. (1.11)

Since electronic decoherence is associated with the decay of the norm of〈
J(t)

〉
T
, and the solution of Eq. (1.9) in the present model system (spin-boson

model) can be obtained elsewhere, [12, 18] we just show the final form of the

norm here as

∣∣〈J(t)
〉

T

∣∣ = exp

[
−
∫ ∞

0

dωρ(ω)
coth(β~ω/2)(1− cos(ωt))

ω2

]
, (1.12)

6



where β = 1/kBT and spectral density ρ(ω) is introduced as

Ω(ω) =
∑

j

1

2
∆2

jw
2
j δ(ω − ωj). (1.13)

The spectral density introduced in Eq. (1.13) represents the coupling of

bath degrees of freedom to the subsystem. To describe the dynamics occurring

in condensed phases properly, several forms for the spectral density have been

proposed. [12] In this study, we use the ohmic spectral density, which is given

as

Ω(ω) = ηω exp
[
− ω

ωc

]
, (1.14)

where ωc is a cutoff frequency and η is a classically measurable friction coeffi-

cient of the bath.

1.3 Comparison between a FQM and a MQC result for
canonical nuclear overlap/phase function

The incorporation of the ohmic spectral density into the Eq. (1.12)

leads to [19, 20]

∣∣〈Jqm(t)
〉

T

∣∣ = exp

[
− η

{
1

2
ln
(
1 + (ωct)

2
)

+ ln
∞∏

n=1

[
1 +

(ωct)
2

(1 + nβ~ωc)2

]}]
,

(1.15a)

= exp

[
− η

{
1

2
ln(1 + ω2

c t
2) + 2 ln Γ

(
1 +

1

β~ωc

)

−2 ln

∣∣∣∣Γ(1 +
1 + iωct

β~ωc

)∣∣∣∣}
]
, (1.15b)

7



where superscript qm is used to distinguish the FQM solution with other

solutions from CL or MQC methods which is shown below.

Although Eq. (1.15) is the exact solution, it is difficult to single out terms

associated with decoherence. Since the decoherence is only explained by the

quantum mechanical description of the nuclear motions, the decoherence can

be obtained by comparing the exact quantum solution and the MQC solution

of |
〈
J(t)

〉
T
|. To do so, a mixed quantum-classical limit of Eq. (1.15) is invoked,

and the differences between them are explored.

In MQC methods, electronic parts are described quantum mechanically,

but nuclear motions are treated classically. ∆Ĥfi(t) is not an operator, but a

time-dependent variable. In this case
∣∣〈Jmqc(t)

〉
T

∣∣ becomes

〈
Jmqc(t)

〉
T

=
〈

exp
[
− i

~

∫ t

0

dτ∆Hmqc
fi (τ)

]〉
T
, (1.16)

where ∆Hmqc
fi (t) is

∆Hmqc
fi (t) = −

∑
j

~ωj∆j{qj(0) cos(ωjt) + pj(0) sin(ωjt)}

+
∑

j

1

2
~ωj∆

2
j + ~ω0. (1.17)

Inserting Eq. (1.17) into Eq. (1.16) and integrating with respect to time,〈
Jmqc(t)

〉
T

along with the classical initial distribution function is finally ob-

tained as

∣∣〈Jmqc(t)
〉

T

∣∣ = exp

[
− η

{
2t

β~
tan−1(ωct)−

1

β~ωc

ln
(
1 +

(
ωct
)2)}]

, (1.18)

8



where the classical distribution function is given as

ρcl(p,q) =
∏

j

β~ωj

2π
exp

[
− β~ωj

2

(
p2

j + q2
j

)]
, (1.19)

where p = {p1, · · · pn} and q = {q1, · · · qn}.

Taking the high temperature approximation of Eq. (1.15b) leads to Eq. (1.18)

since the quantum effects of nuclear motions are suppressed at high tempera-

ture, and classical mechanics suffices to describe the nuclear dynamics.

Since there is no nuclear quantum effect in the MQC methods, the

decay of
∣∣〈Jmqc(t)

〉
T

∣∣ is only caused by the electronic pure dephasing. To

obtain a dephasing time, we take a short-time limit. Then
∣∣〈Jmqc(t)

〉
T

∣∣ is

approximated as ∣∣〈Jmqc(t)
〉

T

∣∣ ≈ exp

[
− t2

2τ 2
dp

]
, (1.20)

where a dephasing time in the short-time approximation is given as

τdp =

√
β~

2ηωc

. (1.21)

In Eq. (1.21) we can see that the electronic pure dephasing time scale is

proportional to the T−1/2, i.e. the electronic pure dephasing time decreases

with increasing temperature. The electronic pure dephasing time is also related

to the energy gap fluctuation. Using the linear response theory, we can express

the energy gap fluctuation as 〈
δÛ2

〉
T

=
2λ

β
, (1.22)

where the reorganization energy λ is obtained from the linear response theory

and given in the ohmic bath as

λ = η~ωc. (1.23)

9



Eq. (1.21) can be rewritten with Eq. (1.22) as

τdp =
~√

〈δÛ2〉T
. (1.24)

Eq. (1.24) clearly shows that the electronic pure dephasing is associated with

the energy gap fluctuation. Eq. (1.21) and Eq. (1.24) together state that the

increasing temperature will give rise to the augmentation of the energy gap

fluctuation and the increasing fluctuation leads to the increase of the electronic

pure dephasing.

In fact, the solution for the short-time limit of the
∣∣〈Jmqc(t)

〉
T

∣∣ is also

obtained by using the pure classical method. In classical methods, the energy

gap or reaction rate depends only on the initial nuclear configurations. As a

result, ∆Hcl
fi does not depend on time and

〈
J cl(t)

〉
T

becomes

〈
J cl(t)

〉
T

=
〈

exp
[
− i

~
∆Hcl

fit
]〉

T
, (1.25)

where ∆Hcl
fi is given as

∆Hcl
fi = −

∑
j

~ωj∆jqj(0) +
∑

j

1

2
~ωj∆

2
j + ~ω0. (1.26)

After averaged classically over nuclear initial positions qj(0) and combined

with the ohmic bath,
∣∣〈J cl(t)

〉
T

∣∣ is given as

∣∣〈J cl(t)
〉

T

∣∣ = exp

[
− t2

2τ 2
dp

]
. (1.27)

Eq. (1.20) and Eq. (1.27) share the same result. In the CL and MQC results,

it should be noted that the decay of the thermally averaged NOPF ensues from
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the thermal average over the phase in the exponents of Eq. (1.25) and Eq.

(1.27). Due to the statistical distribution, each trajectory has different initial

nuclear positions and momentums and the path of each trajectory and thereby

the phase factor in Eq. (1.25) and Eq. (1.16) differs from each other. When

we average over all the trajectory to calculate the thermally averaged NOPF,

the difference of the phase factors of the trajectories causes the dephasing.

Equivalence at the short time of the CL and the MQC results comes from

the fact that both methods take the same classical nuclear distributions as

an initial condition. However, the dynamics of evolutions on two different

PES’s are involved in the MQC methods while only one is involved in the CL

methods, and this leads to the differences between these two methods.

Now we make an expansion of the FQM result in terms of β. In the

limit of β~ωc < 1, Eq. (1.15b) can be written as [19, 21]∣∣〈Jqm(t)
〉

T

∣∣ = exp

[
− η

{
2t

β~
tan−1(ωct)−

1

β~ωc

ln
(
1 +

(
ωct
)2)

+
1

6
β~ω3

c t
2 + ϑ(β3, t2)

}]
. (1.28)

We introduce here a decoherence function D(t) , which was used to obtain

a configuration-dependent decoherence time by Prezhdo and Rossky. The

function is given as

Jqm(t) = Jmqc(t)D(t). (1.29)

Under the decorrelation assumption, [22] the thermally averaged
〈
Jqm(t)

〉
T

is

expressed as 〈
Jqm(t)

〉
T
≈
〈
Jmqc(t)

〉
T

〈
D(t)

〉
T
. (1.30)
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and comparing Eq. (1.18) and Eq. (1.28) leads to the norm of that function

as ∣∣〈D(t)
〉

T

∣∣ = exp

[
− 1

6
βη~ω3

c t
2 + ϑ(β3, t2)

]
. (1.31)

When we neglect more than the third order in β, the electronic decoherence

function becomes ∣∣〈D(t)
〉

T

∣∣ ≈ exp

[
− t2

2τ 2
dc

]
, (1.32)

where τdc is a decoherence time [3] in the approximations and given as

τdc =

√
3

βη~ω3
c

. (1.33)

Eq. (1.33) shows that as the temperature increases, the electronic decoherence

time scale becomes longer and the electronic decoherence becomes weak. At

low temperature, however, the higher order terms of β in Eq. (1.31) will

become dominant, and they should be considered.

From Eq. (1.21) and Eq. (1.33), we can obtain a relationship between

the electronic decoherence time and the electronic pure dephasing time under

the short-time limit. Comparing τdc and τdp leads to

τdc

τdp

=

√
6

~ωcβ
=
√

6
(2π/ωc)

hβ
. (1.34)

Here we have two time scales 2π/ωc and hβ from Eq. (1.34) which are corre-

sponding to the electronic decoherence time and the electronic pure dephasing

time, respectively. Reichman and Silbey [18] called the former time scale the

”mechanical” time scale and the latter the ”quantum-thermal” time scale.

2π/ωc represents the fastest time scale in the system, which shows the largest

12



quantum effect. The electronic decoherence time, which is a pure quantum

effect, will then be governed by this time scale. The second time scale hβ

depends on the temperature. As temperature rises, the second time scale be-

comes short and significant, which indicates that the second time scale is really

associated with the electronic pure dephasing.

In the low temperature where 2π/ωc < hβ, the quantum-thermal time

scale becomes longer and accordingly, the electronic pure dephasing becomes

slower than the electronic decoherence time. The decay of
〈
Jqm(t)

〉
T

will then

be governed first by the faster electronic decoherence followed by the slower

electronic pure dephasing time. In fact, Reichman and Silbey [18] showed that〈
Jqm(t)

〉
T

decays exponentially due to the electronic pure dephasing in the

low temperature and the long-time limits, namely

∣∣〈Jqm(t)
〉

T

∣∣ ≈ (β~ωc

2π

)−η

exp

[
− πηt

β~

]
. (1.35)

One may wonder that the exponential decay in Eq. (1.35) is really caused by

the electronic pure dephasing. One way to prove that is to investigate the long-

time behavior of the
〈
Jmqc(t)

〉
T

since the decay of
〈
Jmqc(t)

〉
T

is solely governed

by the electronic pure dephasing. If the long-time behavior of
〈
Jmqc(t)

〉
T

shows

the same trend, we can speculate that the electronic pure dephasing leads to

the exponential decay in the long time in the low temperature limit. When

we calculate the long-time limit of
〈
Jmqc(t)

〉
T

from Eq. (1.18), we obtain

∣∣〈Jmqc(t)
〉

T

∣∣ ≈ exp

[
− πηt

β~

]
. (1.36)

Even if the pre-exponential factors in Eq. (1.35) and Eq. (1.36) are different,

13



both have the same exponential decay rate and this proves that the exponential

decay is really induced by the electronic pure dephasing.

In the room temperature where the electronic pure dephasing (or quantum-

thermal) time scale is around 160 fs, if the decoherence (or mechanical) time

is much larger than the electronic pure dephasing time scale, the decay of〈
Jqm(t)

〉
T

is mainly caused by the electronic pure dephasing. In real solu-

tions, however, there are in general high frequency nuclear motions in the

condensed phase. For example, asymmetric stretching vibrations of water

molecules whose time scale is about 9 - 10 fs are involved in the electronic

relaxation of a hydrated electron. [23] In this case, the electronic decoherence

will occur much faster than the electronic pure dephasing, and the electronic

decoherence will account for the most decay of
〈
Jqm(t)

〉
T
. [9, 10]

The real part of C(t) in Eq. (1.10) is related to the experimental

fluorescence Stokes shift function, [24] and in the limit where β~ωc < 1 it is

approximated in the ohmic bath as [25]

Re{C(t)} ≈ 1

1 + ω2
c t

2
. (1.37)

Stratt and Cho [17] showed that generally Re{C(t)} can be written as a Gaus-

sian form in the short time limit, here ωct � 1 :

Re
{
C(t)

}
≈ 1

1 + ω2
c t

2
= 1− ω2

c t
2 + · · · ,

≈ exp
[
− ω2

c t
2
]

= exp

[
− t2

2τg

]
. (1.38)
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where the Gaussian solvation time scale τg is given as

τg =
1√
2ωc

. (1.39)

Comparison between τdc and τg leads to(
τdc

τg

)2

=
6

βη~ωc

=
6

βλ
, (1.40)

Prezhdo and Rossky have showed the same relation between τdc and τg. [3] In

their study,
〈
Jqm(t)

〉
T

has been calculated using the frozen Gaussian approx-

imation [26–28] and the τdc has been obtained in the short-time limit. Eq.

(1.40) shows that the relationship between τdc and τg depends solely on the

quantities that can be gained experimentally. Since the τg is also a measurable

quantity, the relationship can be used to estimate an electronic decoherence

time τdc. [3]

1.4 Derivation of decoherence time from the Wigner
distribution function

In this section, we show how the decoherence time appears from the

combination of the canonical Wigner distribution and MQC methods using

the the spin-boson model with the ohmic spectral density.

The canonical Wigner distribution function is well known for the har-

monic oscillator model. [14] When we use the Eq. (4.3a) as the initial Hamil-

tonian, the Wigner distribution function is given as

ρW (p,q) =
∏

j

tanh(β~ωj/2)

π
exp

[
− tanh(β~ωj/2)

(
p2

j + q2
j

)]
, (1.41)

15



Applying the Wigner distribution to the MQC NOPF of Eq. (1.16)

and incorporating the ohmic spectral density into the equation leads to

∣∣〈Jmqc(t)
〉W

T

∣∣ = exp

[
− η

{
2t

β~
tan−1(ωct)−

1

β~ωc

ln
(
1 +

(
ωct
)2)

+
1

6
β~ω3

c t
2 + ϑ(β3, t2)

}]
, (1.42a)

= exp

[
− η

{
1

2
ln(1 + ω2

c t
2) + 2 ln Γ

(
1 +

1

β~ωc

)

−2 ln

∣∣∣∣Γ(1 +
1 + iωct

β~ωc

)∣∣∣∣}
]
, (1.42b)

where 〈· · · 〉WT represents averaging over nuclear configurations weighted by the

Wigner distribution function.

The exponent of Eq. (1.42a) shows the same decoherence term as in Eq.

(1.28). Eq. (1.42a) reveals that an MQC-MD simulation with the Wigner

distribution can show some decoherence effects. The appearance of electronic

decoherence in an MQC method combined with Wigner distribution has also

been addressed by Lockwood et al. [5] The Wigner distribution function in-

cludes the quantum corrections to the classical distribution function, which

means that due to the quantum mechanical uncertainty for the nuclear posi-

tions and momenta, there are additional distributions to the classical distribu-

tion, and therefore the Wigner distribution function is in general broader than

the classical distribution function. We have already shown in the previous sec-

tion that the MQC methods can describe only the electronic pure dephasing.
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Then we can conclude that the decoherence function appearing in Eq. (1.42a)

is provided by the electronic pure dephasing that is induced by the additional

nuclear distribution due to the quantum mechanical uncertainty.

It should be noted that although the magnitude of the MQC NOPF

associated with the Wigner distribution function in Eq. (1.42b) is exactly the

same as the FQM result in Eq. (1.15),
〈
Jmqc(t)

〉W
T

is not the same as the〈
Jqm(t)

〉
T

since the phase factor of the
〈
Jmqc(t)

〉W
T

and
〈
Jqm(t)

〉
T

are differ-

ent. [29] It is also noted that beyond the harmonic potential energy surfaces,

even the magnitude of MQC NOPF with Wigner distribution function will

differ from the FQM one. [29]

1.5 Summary

In this study, we showed a relationship between an electronic decoher-

ence time and an electronic pure dephasing time under the high temperature

and the short-time limits. The spin-boson model with the ohmic spectral den-

sity has been used to calculate the electronic decoherence and the electronic

pure dephasing times. The relationship leads to two time scales which are

associated with the electronic decoherence and the electronic pure dephasing,

respectively. By using those two time scales, we can identify the origin of the

off-diagonal elements in a reduced density matrix. The relationship also pro-

vide a criterion on the validity of the implementation of a decoherence time

into an MQC method.

With the same model, we also showed a relationship between the elec-

tronic decoherence time and a solvation time. The relations ship has the same
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form as the one proposed by a previous study. [3] Since the relation is expressed

with solely with experimental data, we can estimate an electronic decoherence

time using the relationship.

We have verified that an MQC method associated with the Wigner

distributions can show some electronic decoherence and this electronic deco-

herence can be considered as an electronic pure dephasing due to the additional

nuclear distribution which is caused by the quantum mechanical uncertainty.
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Chapter 2

Electrornic decoherence induced by

intramolecular vibrational motions in a

betaine dye molecule

2.1 Introduction

Many chemical processes in condensed phases require using quantum

mechanical methods. Among those processes are intra and intermolecular elec-

tron transfer (ET) reactions, [30] proton transfer reactions, [31] and electronic

relaxation dynamics [32] of a solvated electron. In the case of many degrees of

freedom, however, a fully quantum mechanical treatment is intractable since it

is required to follow all degrees of freedom in configuration space. One method

to address this difficulty is the use of mixed quantum-classical molecular dy-

namics (MQC-MD) methods where the subsystem (electrons or light particles)

degrees of freedom of interest are described with quantum mechanics and the

remaining bath (nuclei or heavy particles) degrees of freedom are described

classically. [7, 33, 34] However, it has been appreciated that the classical de-

scription of bath degrees of freedom can have important and direct impact on

observed rate processes. [35] In the full quantum description, loss of subsystem

coherence occurs due to the divergence of bath wavefunction evolutions corre-

sponding to alternative quantum states of the subsystem and this divergence is

expected to occur very rapidly in condensed phases. [5, 8, 36, 37] For example,
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the lack of this so-called decoherence in MQC-MD methods introduces a large

hydrogen isotope effect into the relaxation dynamics of the solvated electron,

in contrast to experiment. [38]

We will use the term an electronic decoherence to distinguish its quan-

tum nature from electronic pure dephasing; the latter is associated with elec-

tronic energy gap fluctuation and apprears in all MQC-MD methods. [4] Both

electronic decoherence and pure dephasing have an influence on nonadiabatic

(NA) transitions by leading to decay of off-diagonal elements of the electronic

reduced density matrix, but the electronic decoherence time increases with

increasing temperature while the dephasing time decreases with increasing

temperature due to the rise of fluctuation. [5, 39]

The understanding of decoherence is of importance in that it not only

gives a better insight into phenomena occurring in condensed phases, but also

provides a way to overcome the weakness of MQC-MD methods mentioned

above. Of particular interest is the quantitative estimation of a decoherence

time since the implementation of the dissipative effects of decoherence into

MQC-MD methods requires a reasonable estimation of the time. [9, 10]

As mentioned above, decoherence and pure dephasing gives rise to de-

cay of off-diagonal elements in reduced density matrix. An additional point of

interest is the long-time behavior of that decay has long been of interest since

it is associated with many spectroscopic phenomena such as zero-phonon line

shapes in optical spectra. [40, 41] Using a nonperturbative method, Skinner et

al showed that the decay at long-time limit is exponential. [42–44] Reichman

and Silbey used the ohmic spectral density in a two level system to show that
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there is some deviations from the expected exponential behavior for experi-

mentally accessible times in very low temperatures. [18]

One avenue to study decay of off-diagonal elements in reduced density

matrix and to obtain a decoherence time is by using a nuclear overlap/phase

function (NOPF). The NOPF is the overalp between nuclear wavepackets

evolving on different electronic potential energy surfaces (PES). This function

is responsible for the decay of off-diagonal elements. [1] The NOPF allows us to

directly measure coherence time scales, [14, 28, 45] therefore evaluation of this

function with a proper approximation can provide decoherence times for NA

transition occurring in condensed phase system. [8] For example, Prezhdo and

Rossky used a Gaussian form of NOPF introduced by Neria and Nitzan [28, 45]

to develop an approximate equation for decoherence time, and applied the

equation to obtain decoherence times for the relaxation of an excited solvated

electron in water and heavy water. [8] Lockwood et al have used molecular

dynamics simulation to find a decoherence time for ET between metal ions in

ruthenated azurin in water. [37]

Betaine dye molecules are well known for their distinct absorption

bands corresponding to solvent polarities. The absorption band is attributed to

the large dipole moment change between the ground and the first excited state

which is caused by intramolecular forward ET. Due to their intrinsic prop-

erty, betaine molecules have long attracted significant experimental [46–53]

and computational [54–57] attention. Using transient absorption spectroscopy,

Barbara and coworkers [47–50] have studied intramolecular back ET rates oc-

curring in the excited state of the betaine-30 molecule. Zong and McHale [51]
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focused on the effects of intramolecular vibrational modes as well as solvents

on the relaxation following excitation in betaine-30 using resonance Raman

spectroscopy. Among computational studies on that dye molecule, Mente and

Maroncelli elucidated solvation dynamics in molecular basis by carrying out

Monte Carlo simulations of the betaine-30 dye molecule in various solvent. [55]

Lobaugh and Rossky used surface hopping method [7] to investigate the dy-

namics of the betaine-30 molecule after excitation to the first excited state and

to elucidate solvent and intramolecular effects on the absorption spectrum of

betaine-30. [56, 57]

In the present study, we focus on quantitative description of a popular

molecular probe. The simplest betaine, pyridinium-N-phenoxide betaine [4-

(1-pyridinio)phenolate], isolated in the gas phase, is nvestigated to examine

electronic decoherence induced by intramolecular vibrational motions between

the ground and the first excited state. Figure 2.1 shows this simplest betaine

molecule, consisting of a pyridinium ring and a phenoxide ring, linked by an

N-C band.

For most intramolecular vibrational motions, we will employ a harmonic

PES, which has extensively been used for vibrational or vibronic spectrum cal-

culations and NA transition rate calculations. [58–60] We include frequency

shifts and Duschinsky rotation (mode mixing), which can play an role in vibra-

tional motions. [61–65] This inclusion allows us to study the effects of frequency

shifts and Duschinsky rotation on electronic decoherence. In general, a tor-

sional motion cannot be described by a harmonic PES due to the softness and

periodicity of that coordinate. In most methods related to a torsional motion,
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Figure 2.1: Molecular geometry and atom labelings of pyridinium-N-phenoxide
betaine [4-(1-pyridinio)phenolate].
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a periodic potential energy function for the torsional PES is sought, and the

torsional motion is considered as a wave packet evolving on the potential en-

ergy function.[66–68] We follow this methodology here, and by doing so, we

also study the effect of the torsional motion on decoherence.

We will investigate both the short-time and long-time behavior of the

NOPF, which is directly related to the decay of off-diagonal elements in re-

duced density matrix. [1] We will also use the NOPF to obtain intramolecular

motion-induced decoherence times based on alternative approximations. Fi-

nally comparing the decoherence times obtained to estimate decoherence times

due to solvent nuclear motions, we will be able to examine the contributions

of nuclear motions from solute and solvent.

This work is organized as follows. In the following section, we present

the theoretical methods to obtain displacements and frequencies for the ground

and the first excited state as well as Duschinsky rotation matrix. The detailed

procedure to calculate the NOPF is given as well. In section III, the calculated

results are shown and discussed. Finally, conclusions are made in section IV.
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2.2 Theoretical methods

We begin by considering the ground and the first excited state of a

simplest betaine molecule in the gas phase. Of particular interest here is the

influence of electronic decoherence on the NA transition from the first excited

state to the ground state. Considering the ultrafast time scales of intramolec-

ular vibrational motions, we make the reasonable and conventional [49] as-

sumption that the initial state is the equilibrium geometry in the first excited

state. We also use the low temperature limit for calculations, assuming that

the excited state vibrations are all in their ground state.

The Hamiltonian of the system composed of these two electronic states

can then be expressed in terms of mass-weighted normal coordinates Q =

{Q1, Q2, · · · , Q3N−6} where N is the number of atoms in the molecule

Ĥ = |g〉Ĥg〈g|+ |e〉Ĥe〈e|+ γ†|e〉〈g|+ γ|g〉〈e|, (2.1)

where |g〉 denotes the electronic ground state and |e〉 the first excited state.

γ is an electronic coupling matrix element, while Ĥg and Ĥe are the nuclear

Hamiltonians on electronic surfaces |g〉 and |e〉, respectively

Ĥg = T̂ (Q̇g) + V̂g(Qg), (2.2a)

Ĥe = T̂ (Q̇e) + V̂e(Qe), . (2.2b)

Here T̂ and V̂ are the kinetic and the potential energy operators, respectively.

The dynamics of an electronic subsystem can be expressed in terms of

a reduced density matrix ρ(t). [1, 14] For our two-level system, we can write

25



the matrix evolving from the initial conditions stated above as

ρ(t) =

(
|ce(t)|2 ce(t)c

∗
g(t)J

∗(t)

c∗e(t)cg(t)J(t) |cg(t)|2
)

, (2.3)

where ce(t) and cg(t) are the amplitudes of electronic wave functions in the

first excited and ground states, respectively. The NOPF, J(t) in Eq. (2.3) is

given as [8, 14, 45]

J(t) =
〈
Ψe(0)

∣∣∣ exp
[ i

~
Ĥet
]
exp

[
− i

~
Ĥgt
]∣∣∣Ψe(0)

〉
, (2.4)

where Ψe(0) is the initial nuclear wave function prepared in the equilibrium

geometry of the first excited state.

Up to this point, a general description for the NOPF has been pro-

vided. We now invoke some reasonable approximations for the calculation of

the NOPF for intramolecular vibrational motions. First, harmonic PES are

utilized for the other vibrational motions than the torsional motion. In many

cases, spin-boson model, [12] which only considers displacements in harmonic

potentials is sufficient to describe a system. [69] In general, however, frequency

shifts and mixing of modes (Duschinsky rotation) must be taken into account

to precisely explain the change of the vibrational normal modes accompanied

by an electronic transition. [64, 65] Frequency shifts occur due to force con-

stant differences between two PES’s and Duschinsky rotation arises when two

electronic states have different vibrational normal mode coordinate systems.

We describe how we obtain frequency shifts and Duschinsky rotation matrix

in the following subsection. Due to the periodic torsional PES and the large

difference between the optimized torsional angles of the two states (see below),
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the torsional PES is beyond harmonic potential description. For the torsional

motion, we use a method, which has been proposed by Seidner et al [66] and

used popularly by others. [67, 68] This method will also be described in detail

in the second subsection.

We now decompose the nuclear Hamiltonian in Eq. (2.1) into two

parts [70]

Ĥ = Ĥhar + Ĥ tor, (2.5)

where Ĥhar means the Hamiltonian which describes all the vibrational motions

under the harmonic potential approximation and Ĥ tor represents the Hamilto-

nian for the torsional motion. The torsional motion decouples from the other

modes and can be treated separately if we assume[
Ĥhar, Ĥ tor

]
= 0. (2.6)

This approximation is based on the time scale difference between slow torsional

motions and other motions. Under this approximation, the NOPF from Eq.

(2.4) can be factored into a product, which is given by

J(t) = Jhar(t)J tor(t), (2.7)

where Jhar(t) is the NOPF corresponding to Ĥhar and J tor(t) corresponding

to Ĥ tor. The detailed expressions for Jhar(t) and J tor(t) as well as Ĥhar and

Ĥ tor are provided next.
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2.2.1 Harmonic potential approximation with frequency changes
and Duschinsky rotation

Here we consider 3N − 7 vibrational degrees of freedom; the seventh

degree of freedom excluded is the torsional degree of freedom. As mentioned

above, the initial state is the first excited state and the final state is the ground

state, and those two states are coupled through vibrational motions which are

expressed by mass-weighted normal coordinates Q = {Q1, Q2, · · · , Q3N−7}.

The nuclear Hamiltonians in the two states, which are assumed to be harmonic,

differ by frequency shifts and Duschinsky rotation as well as the displacement

of the equilibrium nuclear positions. The Hamiltonian is then given by

Ĥhar = |g〉Ĥhar
g (Qg)〈g|+ |e〉Ĥhar

e (Qe)〈e|+ γhar(|g〉〈e|+ |e〉〈g|), (2.8)

where γhar is assumed to be real and static and

Ĥhar
g (Qg) =

1

2
Q̇T

g Q̇g +
1

2
QT

g ΩgQg, (2.9a)

Ĥhar
e (Qe) =

1

2
Q̇T

e Q̇e +
1

2
QT

e ΩeQe + ∆G. (2.9b)

Here Ωe and Ωg are diagonalized frequency matrices in each state and ∆G

is the potential energy minimum difference between two states. QT is the

transpose of Q.

To evaluate the integral of Jhar(t), we should express the coordinates

of the ground state as functions of the coordinates of the first excited state.

This can be accomplished by a linear combination [61, 69, 71]

Qg = DQe + ∆Q, (2.10)
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where D means Duschinsky rotation matrix and ∆Q represents a displacement

vector between the minima of the two states.

There are at least two methods to obtain D and ∆Q. [69, 72] In one

straightforward approach, geometry optimizations for each electronic state are

performed independently. [72–74] but in an alternative method due to Lee et

al, [69] the geometry optimization is only carried out for the initial electronic

state, and the geometry of the final electronic state is estimated by projecting

the force constant matrix (Hessian matrix) at the optimized geometry of the

initial state. Due to the difference of the two methods, one obtains different

frequencies, D, and ∆Q from each method. When we calculate reorganization

energies by intramolecular vibrational motions using each method and compare

those reorganization energies to experimental data [49], the reorganization

energy obtained from the the straightforward method is unreasonably large

while the energy from the other method is acceptable. This results from the

relatively large displacements in the present case. We therefore adopt Lee et

al ’s method [69] for our calculation.

Following Lee et al ’s method, [69] we first optimize the excited state

and perform frequency analysis of that electronic state to obtain the Ωe and

3N × (3N − 7) transformation matrix Lmx
e , which transforms mass-weighted

Cartesian coordinates into normal coordinates. Next we calculate the Hessian

matrix and the mass-weighted force vector (gradient) of the ground state at

the equilibrium position of the first excited state. Duschinsky matrix can be

evaluated with

Ω2
g = D(Lmx

e )TKmx
g Lmx

e DT . (2.11)

29



Here Kmx
g is the Hessian matrix of the ground state in Cartesian coordinates.

In Eq. (2.11), Ω2
g and D can be obtained simultaneously by diagonalizing

(Lmx
e )TKmx

g Lmx
e with the Symmetry Matrix Eigenvalue (SME) method or the

Singular Value Decomposition (SVD) method. [75] The mass-weighted dis-

placement vector ∆Q is then calculated from

∆Q = (Ω2
g)
−1D(Lmx

e )TFmx
g , (2.12)

where Fmx
g is the mass-weighted gradient of the ground state PES which is

obtained at the equilibrium position of the first excited state. Fmx
g is expressed

in terms of Cartesian coordinates.

To obtain Jhar(t), we will use the finite temperature analytical result,

and evaluate the function at very low temperature. The thermally averaged

NOPF for harmonic motions
〈
Jhar(t)

〉
T

has an exact solution with the assis-

tance of Kubo-Toyozawa formalism, [59, 69, 76]

〈
Jhar(t)

〉
T

= exp

[
− it

~
∆G− f1(t)− f2(t)

]
, (2.13)

where

f1(t) = ∆QTΘe

(
Θe + Θ̃g

)−1
Θ̃g∆Q, (2.14)

and

f2(t) =
1

2
Tr

[
ln
{

~2
(
2 sinh

(β~Ωe

2

))−2

×Ω−1
e sinh((β~− it)Ωe)(Θe + Θ̃g)(Φe + Φ̃g)Ω

−1
g sinh(iΩgt)

}]
.

(2.15)
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Tr means trace and the matrices above are defined as

Θe =
1

~
Ωe tanh

{(β~− it)Ωe

2

}
, (2.16a)

Θg =
1

~
Ωg tanh

{iΩgt

2

}
, (2.16b)

Φe =
1

~
Ωe coth

{(β~− it)Ωe

2

}
, (2.17a)

Φg =
1

~
Ωg coth

{iΩgt

2

}
, (2.17b)

Θ̃g = DTΘgD, (2.18a)

Φ̃g = DTΦgD, (2.18b)

and β = 1/kBT .

In the case of the spin-boson model, D becomes the identity matrix

and Ωg = Ωe = {ω1, ω2, · · · , ω3N−7}. As a result, f2(t) = 0 and
〈
Jhar(t)

〉
T

is

given as

〈
Jhar

SB (t)
〉

T
= exp

[
−

3N−7∑
j

Sj

[(
coth

(
β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)

]]
,

× exp

[
− it

~
∆G

]
, (2.19)

where Sj is a Huang-Rhys factor and defined as Sj = 1
2
∆Q2

j .

2.2.2 Torsional motion

As mentioned above, the central inter-ring torsional motion is well be-

yond a harmonic potential description due to a large torsional angle difference
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between the optimized geometries of the ground and the first excited state and

the periodic torsional PES. In order to examine the torsional motion properly,

we explicitly calculate the periodic torsional potential energy function for the

torsional motion of the electronic ground state. The torsional dynamics is

then described as a wave packet evolving on the periodic PES. The dynamics

of that mode is obtained by solving directly the time-dependent Schrödinger

equation (TDSE). [66–68]

One usually approximates the Hamiltonian for a torsional motion as [66–

68]

Ĥ tor = |g〉Ĥ tor
g (θ)〈g|+ |e〉Ĥ tor

e (θ)〈e|+ γtor(|g〉〈e|+ |e〉〈g|), (2.20)

where γtor is assumed to be real and static and

Ĥ tor
g (θ) = − ~2

2I tor

∂2

∂θ2
+ V tor

g (θ), (2.21a)

Ĥ tor
e (θ) = − ~2

2I tor

∂2

∂θ2
+ V tor

e (θ), (2.21b)

where θ is the torsional angle between the pyridinium ring and the phenoxide

ring and I tor is a reduced moment of inertia. V tor
e (θ) and V tor

g (θ) are the

torsional PES’s of each state.

The reduced moment of inertia I tor for the torsional angle defined about

the bond between N(4) atom and C(12) atom in Figure 2.1 is given as [68]

I tor =
IpyIph

Ipy + Iph

, (2.22)

In Eq. (2.22), Ipy is defined as

Ipy =
∑

j

mjr
2
j , (2.23)
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where j means any atom in pyridinium ring and rj represents the distance

between atom j and the torsional axis. In the same manner, Iph is

Iph =
∑

k

mkr
2
k (2.24)

The initial nuclear wave function is in the equilibrium position of the

first excited state. Under this assumption, the harmonic potential can be used

for the first excited state PES and the V tor
e (θ) is given as

V tor
e (θ) =

1

2
I tor(ωtor

e )2(θ − θe
0)

2, (2.25)

where θe
0 is the torsional angle at the equilibrium configuration of the first

excited state and V tor
0 is the energy at the configuration.

The harmonic potential, however, cannot be applied to the ground state be-

cause the nuclear positions are far from the equilibrium positions of the ground

state. In this case, the explicit torsional PES for the ground state is necessary.

In general, the PES for the torsional motion is given as [77]

V tor
g (θ) =

1

2

∑
n

Vn

(
1− cos{n(θ − θg

0)}
)
, (2.26)

where θg
0 is the torsional angle at the equilibrium configuration of the ground

state and n is an integer. To obtain parameters for the ground state torsional

PES, potential energies are calculated by varying the torsional angle θ and

then fitting the energies as a function of θ.

Now J tor(t) can be written as

J tor(t) = 〈Ψtor
e (t)

∣∣Ψtor
g (t)

〉
, (2.27)
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where Ψtor
e (t) and Ψtor

g (t) are obtained by solving the TDSE

i~
∂

∂t
Ψtor

e (t) = Ĥ tor
e Ψtor

e (t), (2.28)

and

i~
∂

∂t
Ψtor

g (t) = Ĥ tor
g Ψtor

g (t). (2.29)

When we follow Seidner et al ’s work, [66] standard fast Fourier transformation

(FFT) techniques [78, 79] are used to propagate the wave functions, and the

overlap in Eq. (2.27) is integrated with respect to the torsional angle θ. [66–68]
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2.3 Results and Discussion
2.3.1 Geometry optimizations and normal mode analysis

Geometry optimizations and frequency analysis are performed with the

GAUSSIAN 98 program. [80] The geometry optimization in the ground state

is carried out at the Hartree-Fock level at with 6-31G∗ basis set. Configu-

ration interaction singles (CIS) with the same basis set is used to optimize

the first excited state. Frequencies in this paper are scaled with the factor of

0.91. [81] The geometry optimizations of the ground and the first excited state

are performed without applying any symmetries at first, and then by applying

C2 symmetry for the ground and Cs for the first excited state. The torsional

angle between the pyridinium ring and the phenoxide ring in the first excited

state is held fixed at 90◦ under the Cs symmetry. Since we found that the elec-

tronic energies under the symmetries are not significantly different from those

without symmetries, we have applied the symmetries in all of our calculations.

Figure 2.2 shows the optimized geometries of the ground state and

the first excited state. The central bond lengths between N(4) and C(12)

(see Figure 2.1) are 1.42 Å and 1.39 Å in the ground and the first excited

state. The optimized torsional angle of 41.7◦ in the ground is increased into

90◦ in the first excited state. This angle difference is attributed to the π to

π∗ transition, and this difference has already been observed by an ab initio

calculation study. [82, 83]In addition, a tilted geometry of the pyridinium ring

is observed in the first excited state. The tilted geometry with the same angle

of 12.2◦ has also been reported by the calculation of Hogiu et al. [52]

In Table 2.1, frequencies and dimensionless displacements of 60 vibra-
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41.6º
90.0º

12.2º

(b)(a)

Figure 2.2: Optimized geometries of the ground (a) and first excited (b) state
of the betaine molecule. The upper ring is the pyridinium and the lower the
phenoxide ring. In (a), the torsional angle is 41.7◦. In (b), the torsional angle
is 90◦, and the tilt angle of the pyridinium ring is 12.2◦.
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tional modes of the ground and the first excited state are listed, respectively.

Among those vibrational modes are 37 totally symmetric vibrational modes

and the others are nontotally symmetric modes. Note that only totally sym-

metric vibrational modes have displacements. [64] The ground state frequencies

are calculated by projecting into the normal coordinates of the first excited

state the force constant matrix of the ground state and by diagonalizing the

matrix. This calculation is performed by using Eq. (2.11). Note that the force

constant matrix is obtained at the equilibrium position of the first excited

state.

From our vibrational analysis, 56.5 cm−1 can be assigned to the fre-

quency of the torsional mode in the ground state and 121.6 cm−1 in the first

excited state. In the case of the inter-ring stretching mode, 294.4 cm−1 is

assigned to the ground state and 280.0 cm−1 to the first excited state. Note

that in Table 2.1, the displacement for the torsional mode is zero despite the

large angle difference between the two optimized geometries. This is because

the torsional mode in the first excited state is a nontotally symmetric mode,

and due to the projection of the force constant matrix into the normal coor-

dinates of the first excited state, the mode in the ground state also becomes a

nontotally symmetric mode.

Hogiu et al [52] also assigned some frequencies obtained from the Ra-

man spectrum of betaine-30 to the torsional and the stretching mode. In their

analysis, they assigned 133 cm−1 to the torsional mode and 1209 cm−1 to the

stretching mode. The peak of 291 cm−1 was attributed to the inversion of the

pyridinium nitrogen atom in their study. Since each ring in the betaine-30 has
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Table 2.1: 60 normal mode frequencies (cm−1) and displacements in the ground
and the first excited statea

mode    ωg ωe ∆Q mode ωg ωe ∆Q mode ωg ωe ∆Q 

1 69.5  28.1  -5.69  21 686.4  745.1 0.00 41 1480.6 1291.5 0.00 

2 27.1  62.4  0.00  22 765.9  771.3 0.51 42 1327.2 1344.0 -0.59 

3 56.5  121.6  0.00  23 768.4  810.9 0.00 43 1337.5 1370.0 0.00 

4 154.0  170.5  0.00  24 838.9  876.7 0.00 44 1452.5 1427.2 0.03 

5 282.6  201.5  1.56  25 936.3  953.1 0.28 45 1436.2 1447.7 -0.30 

6 294.4  280.0  0.21  26 1025.9  969.0 0.00 46 1477.6 1478.4 0.29 

7 369.2  352.0  0.00  27 949.4  969.2 -0.54 47 1522.8 1522.7 0.00 

8 512.1  387.5  -0.36  28 1047.3  972.7 0.19 48 1528.0 1535.8 0.06 

9 402.6  425.5  0.00  29 1006.6  999.4 0.36 49 1622.7 1620.2 0.02 

10 410.0  434.9  0.00  30 1018.6  1008.2 -1.01 50 1670.2 1666.6 -0.99 

11 435.7  457.0  -0.75  31 966.6  1018.7 0.00 51 1748.3 1746.3 0.30 

12 556.5  538.3  0.19  32 960.8  1020.8 0.00 52 3092.9 3087.0 0.05 

13 466.1  544.0  0.00  33 1155.1  1031.4 0.00 53 3094.6 3089.1 0.00 

14 616.0  594.8  0.06  34 1115.2  1081.7 0.00 54 3076.7 3102.3 0.06 

15 683.7  631.1  -0.39  35 1061.5  1097.1 0.00 55 3074.8 3102.8 0.00 

16 620.1  635.3  0.00  36 1145.5  1163.1 -0.16 56 3104.3 3119.7 -0.04 

17 804.7  658.3  0.08  37 1201.2  1206.5 0.70 57 3107.0 3121.4 0.06 

18 699.4  692.2  0.39  38 1266.3  1252.0 -0.03 58 3145.5 3128.4 0.02 

19 1000.7  720.8  -0.05  39 901.7  1261.8 0.00 59 3179.7 3154.4 0.00 

 20 874.1  737.2  0.00   40 1172.1  1285.0 0.03 60 3181.5 3158.7    0.06 
 

a Configuration interaction singles (CIS) with 6-31G* is used to perform a geometry optimization for the first 

excited state. The frequencies of the ground state is obtained at the optimized geometry of the first excited state by 

diagonalizing force constant matrix (Hessian matrix) of the ground state. Calculation for the force constant matrix 

is performed at Hartree-Fock level with 6-31G*. Frequency scaling factor is 0.91, and displacements are unitless. 

See text. 
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larger mass due to phenyl groups attached to each ring than in the simplest

betaine, we believe that 1209 cm−1 is too high to be assigned to the inter-ring

stretching mode. This issue is discussed further elsewhere. [84]

Figure 2.3 shows the contour map of the absolute values of the Duschin-

sky matrix elements |Dij| obtained from Eq. (2.11). MOdesa are numbered

in order of increasing frequency. Although there are some off-diagonal ele-

ments in the low and middle frequency region, the map shows that the matrix

is nearly diagonal, which suggests that Duschinsky matrix effect may not be

large in this betaine molecule, and that a spin-boson model may be a good

approximation. It is also evident that couplings occur largely between normal

modes with similar frequencies, and there are more couplings at low frequency

modes than at middle or high frequency modes. It is also seen that nine C-H

stretching modes of over 3000 cm−1 are not coupled to other modes at low or

middle frequencies.

2.3.2 Nuclear overlap/phase function, J(t)

Figure 2.4 compares the decays of
∣∣Jhar(t)

∣∣ and
∣∣J tor(t)

∣∣ using the Eqs.

(2.13) and (2.27), respectively. In all the calculations of the desired NOPF,

we employ the low temperature limit by fixing the temperature at 8 K. At a

temperature of 8 K, each normal mode including the torsional mode stays at

its vibrational ground state in the first excited state. Figure 2.4 shows that

the decay of
∣∣J tor(t)

∣∣ is much slower than that of
∣∣Jhar(t)

∣∣. The effect of the

torsional motion on the electronic decoherence is therefore insignificant when

compared with the other vibrational modes.
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Figure 2.3: Duschinsky matrix elements between the ground (S0) and the first
excited (S1) state. To see solely coupling strengths, absolute values of the
elements are shown, namely |Dij|. The numbering is the same as in Table 2.1
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Figure 2.4: Comparison between
∣∣Jhar(t)

∣∣ and
∣∣J tor(t)

∣∣. The temperature is
held at 8 K to satisfy the low temperature limit.
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In Figure 2.5, model I includes the effect of Duschinsky rotation as well

as frequency shifts and displacements. While frequency shifts and displace-

ments are considered in model II, model III accounts solely for the effect of

displacements (spin-boson model). As is evident from Figure 2.5, that model

II is somewhat different from model III, the differences originating from fre-

quency shifts in the model II. A comparison between model I and model II

shows that Duschinsky rotation has a very minor effect. Based on these obser-

vations, in our molecular system, frequency shifts introduce large deviations

from the spin-boson model than the Duschinsky rotation does.

However, the differences among those three models are not large. Lee

et al [69] studied an ET reaction between tryptophan cation radical and ty-

rosine, comparing reaction rates from those three models, respectively. Their

results also demonstrated that both frequency shifts and Duschinsky rotation

produced only a minor effect. These limited studies thus suggest that reason-

able results should be obtained when using a spin-boson model for polyatomic

systems without further modifications such as frequency shifts or Duschinsky

rotation.

Prezhdo and Rossky [3, 8] used the frozen gaussian approximation (FGA)

to derive decoherence time in the short time limit. In their derivation, the

thermally averaged NOPF
∣∣〈J(t)

〉
T

∣∣ has the form∣∣〈Jga(t)
〉

T

∣∣ ≈ exp

[
− 1

2

t2

(τ ga
D )2

]
, (2.30)

The general form of Eq. (2.30) can be written as

τ ga
D =

[
−
{ d2

dt2
ln
∣∣〈J(t)

〉
T

∣∣}
t=0

]− 1
2

. (2.31)
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Figure 2.5: Comparison among several models for
∣∣J(t)

∣∣. Model I includes
Duschinsky rotation as well as frequency shifts and displacements. In model
II, Duschinsky rotation is not considered. In model III (spin-boson model),
only displacements are taken into account. The temperature is the same as in
Figure 2.4.

43



Figure 2.6 shows the comparison between the
∣∣J(t)

∣∣ based on Eq. (2.4) and

the Gaussian form of
∣∣J(t)

∣∣ based on Eq. (2.30). Since the approximation

is made in the short time regime, the approximation is excellent up to 2 fs,

when it starts digressing from the correct values. It can be seen, however,

that the deviation at long times is not large. Eq. (2.30) is also used to obtain

a decoherence time τ ga
D , and the estimated value of τ ga

D by the intramolecular

vibrational modes is 2.64 fs. It is interesting to note that Lockwood et al found

that a decoherence time occurring in a solvated ET protein is 2.4 fs, with the

protein alone accounting for a value of 4 fs, a quite comparable value. [5]

Now we investigate the longer time behavior of the canonical NOPF.

One phenomenon resulting from the finite number of normal modes in the

calculation of the canonical NOPF is phase recurrence, which means that the

canonical NOPF does not decay completely. [18, 85, 86] Figure 2.7(a) clearly

shows evident phase recurrence. The first recurrence is associated with normal

modes which have higher frequency and larger displacements. Table 2.1 shows

that the 50th normal mode of which frequency is around 1670 cm−1 has a large

displacement. The time scale of the first phase recurrence occurring at around

20 fs corresponds to that of this normal mode.

We noted earlier, that theoretical considerations [18, 42–44] imply ex-

poential dcay at long times. Even in this 60 mode system, we see in Figure

2.7(a) that decay beyond 5 - 10 fs is roughly exponential. From Figure 2.7(b),

we can see that an exponential decay begins at around 4.7 fs. When we use
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an exponential fitting function, for this time regime

∣∣Jexp(t)
∣∣ ≈ exp

[
− t

τ exp
d

]
, (2.32)

the τ exp
d is estimated as approximately 1.91 fs. However, comparing the ex-

ponential decay with the Gaussian (Figure 2.6), we observe that the initial

Gaussian decay is dominant. The roughly exponential decay characterizes

only the last about 25 %, and the characteristic time scale is comparable.

Now we consider why the exponential decay is weak and less dominant

than the initial Gaussian decay in this system. Since the contributions of the

torsional motion, frequency shifts, and Duschinsky rotation to the decay of the

canonical NOPF is not large, a second order truncation in the cumulant expan-

sion of
∣∣〈J(t)

〉
T

∣∣ is a reasonable approximation for the harmonic vibrational

motions. Then the result is given as [14, 15]

∣∣〈J(t)
〉

T

∣∣ ≈ exp

[
− 〈(δÛ)2〉T

~2

∫ t

0

dt2

∫ t2

0

dt1Re{C(t1)}
]
. (2.33)

Here normalized energy gap fluctuation autocorrelation function C(t) is de-

fined as

C(t) =
〈δÛ(t) · δÛ(0)〉T
〈δÛ(0) · δÛ(0)〉T

, (2.34)

where δÛ(t) is defined as

δÛ(t) = ∆Ĥge(t)− 〈∆Ĥge〉T , (2.35)

and ∆Ĥge is as

∆Ĥge = Ĥg − Ĥe. (2.36)
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Figure 2.7: (a) The long time behavior of
∣∣J(t)

∣∣. Phase recurrence is seen at
around 20 fs. (b) Comparison between

∣∣J(t)
∣∣ and

∣∣Jexp(t)
∣∣. The calculation

for
∣∣Jexp(t)

∣∣ is based on Eq. (2.32). Frequency shifts and Duschinsky rotation
are included.
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When the normalized C(t) decays completely before a typical correlation time

of τc, for times t � τc, Eq. (2.33) can be written as [14, 87, 88]

∣∣〈J(t)
〉

T

∣∣ ≈ exp

[
− 〈(δÛ)2〉T

~2
Mt

]
. (2.37)

where M is defined as

M =

∫ ∞

0

dt1Re{C(t1)}. (2.38)

From Eq. (2.37), we see the exponential decay of
∣∣〈J(t)

〉
T

∣∣. As a consequence,

the first condition for the exponential decay of
∣∣〈J(t)

〉
T

∣∣ is the complete relax-

ation (or decay) of Re{C(t)} before a typical correlation time, and the second

condition is the faster decay of Re{C(t)} than
∣∣〈J(t)

〉
T

∣∣.
We plot the Re{C(t)} along with the

∣∣J(t)
∣∣ in Figure 2.8 in the low

temperature limit, it is clear that the decay of Re{C(t)} is actually slower than

that of
∣∣J(t)

∣∣ until around 4.8 fs. (In addition, of course Re{C(t)} never decays

completely due to the finite number of normal modes.) Hence, over the short

time that most of the decay occurs, one does not reach the exponential limit.

The slower decay of Re{C(t)} in Figure 2.8 also explains the dominance of the

initial Gaussian decay. When Re{C(t)} decays slowly, we can use Re{C(t)} ≈

Re{C(0)}, and then
∣∣〈J(t)

〉
T

∣∣ can well be approximated as

∣∣〈J(t)
〉

T

∣∣ ≈ exp

[
− 〈(δÛ)2〉T

2~2
Re{C(0)}t2

]
. (2.39)

We also see from Figure 2.8 that the small time interval for the exponential

decay accords with the time interval where Re{C(t)} has small values; because

these conditions for the exponential decay are approximately satisfied in such

time regions.
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Electronic decoherence times can be defined perhaps most convention-

ally by

τd =

∫ ∞

0

dt
∣∣J(t)

∣∣. (2.40)

Using
∣∣Jga(t)

∣∣ as the integrated function in Eq. (2.40), we define the resulting

short-time approximate decoherence time as τSTA
d We present various deco-

herence times in Table 2.2. Table 2.2 shows that as the effects of frequency

shifts and Duschinsky rotation are included (from model III to model I), the

decoherence times become shorter. This is a reasonable result because non-

totally symmetric modes can now participate in the decay of the canonical

NOPF through frequency shifts and Duschinsky rotation. However, note an

exception in τ exp
d , which is only a local decay rate.

We next consider solvent effects. Prezhdo and Rossky [3] proposed a

relationship between the electronic decoherence time scale and the energy gap

fluctuation time scale in the high temperature limit, and estimated electronic

decoherence times τD induced by only solvent molecules in several systems.

In their study, decoherence times have been estimated as 4.5 fs for the first

excited state of the hydrated electron in water, and to be 49 fs for the betaine-

30 molecule in acetonitrile. If we assume that the vibrational coupling between

the nuclei of a solute molecule and those of solvent molecules is small enough

to be neglected and that the short time approximation is valid, the total

decoherence time τ tot
D can be decomposed into(

1

τ tot
D

)2

≈
(

1

τ solut
D

)2

+

(
1

τ solv
D

)2

, (2.41)
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Table 2.2: Various electronic decoherence timesa

 

 τD
ga τd

STA τd
TI τd

exp 

model Ib 2.64 3.31 3.67 1.91 

model II 2.71 3.40 3.72 1.85 

model III 2.78 3.48 4.10 2.03 

 
aTemperature is fixed at 8K for the calculations of all the τD’s. Below are the definitions 
of the τD’s. 

• 
2

2 0

d ( )
d

ga
D T t

J t
t

τ
=

≡ −              • 
( )

2

2
1d exp
2 2

STA ga
d Da

D

tt πτ τ
τ

 
 = − =
 
 

∫  

• d ( )TI
d T

t J tτ ≡ ∫                  • 
0

1
d ln ( )
d

c exp
d T

t t

J t
t

τ
−

=

  ≡ −  
   

 

bDefinitions for models are the same as in Fig. 5. See text. 
cIn principle, τd

exp should be calculated at t = ∞ , but due to the phase recurrence, 
τd

exp is calculated at t=t0. Here t0 is the time where the exponential decay is most 
prominent. See text. 
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where τ solut
D stands for the decoherence time induced by the nuclei of the solute,

and τ solv
D the time induced by the solvent molecules.

Taking into account that a betaine-30 molecule has a larger number of

normal modes than the simplest betaine, it is a reasonable speculation that

the electronic decoherence time by intramolecular vibrational motions in a

betaine-30 should be no longer than 2.64 fs, which is the decoherence time in

the simplest betaine. If we use the time 2.64 fs the τ solut
D and 49 fs for the τ solv

D in

a betaine-30/acetonitriles system in Eq. (2.41), we obtain the expected 2.64 fs

for the total electronic decoherence time in the betaine-30/acetonitrile system.

The total decoherence, which is essentially the same as the decoherence time

due to the intramolecular vibrational modes, implies that the nuclear motions

of a charge transfer polyatomic solute molecule such as a betaine molecule

have far more effect on the total decoherence time than the nuclear motions

of solvent molecules even in condensed phases.
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2.4 Concluding remarks

We have carried out geometry optimization and vibrational normal

mode analysis for the ground and the first excited states in the simplest betaine

molecule. In our study, the most prominent difference between geometries of

the two electronic state was the torsional angle which is attributed to the π to

π∗ transition. We have also shown that the frequencies of the torsional mode

in the ground and the first excited state lie in the low frequency region, and

the torsional mode is a nontotally symmetric mode. The inter-ring stretching

mode frequencies in each state is not high due to the large masses of both

rings. The Duschinsky matrix obtained is nearly diagonal, which suggests that

Duschinsky rotation effects on electronic decoherence in this betaine molecule

should be large

By using the nuclear overlap/phase function, we investigated electronic

decoherence caused by intramolecular vibrational motions in the molecule. In

our study, contributions to the decay of the canonical NOPF come from the

harmonic vibrational motions, and the torsional motion is to slow to make a

significant contribution to the decay. Frequency shifts have more influence on

the decay of that function than Duschinsky rotation did, but the deviation

from the simple spin-boson model by frequency shifts is also relatively small.

At longer times, we observed an exponential decay followed by phase

recurrence in the decay of the canonical NOPF. This phase recurrence occurred

due to the limited number of normal modes. Compared with the initial Gaus-

sian decay, the exponential decay was not dominant. This was explained by
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demonstrating that the condition for the exponential decay, i.e. fast and com-

plete decay of the normalized energy gap fluctuation autocorrelation function,

did not occur.

Through a short time (or Gaussian) approximation, we obtained an

electronic decoherence time of 2.64 fs by the intramolecular vibrational mo-

tions in the betaine molecule. Decoherence times obtained with different ap-

proximations did not deviate from that time. Based on those times, we find

that electronic decoherence by intramolecular vibrational motions occurs on an

ultrafast time scale. The ultrafast decoherence time of 2.64 fs by intramolecu-

lar vibrational motions suggests that the nuclear motions of polyatomic solute

molecules such as a betaine dye can have more effect on the total electronic

decoherence than solvent molecules do. This reaches a conclusion that when

we implement decoherence effect into an MQC-MD simulation on a polyatomic

solute molecule in condensed phases, the incorporation of solely the decoher-

ence effect from the solute molecule is sufficient to obtain a total decoherence

time and thereby a reasonable NA transition rate.
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Chapter 3

Harmonic model description of the

Franck-Condon density for a betaine dye

molecule

3.1 Introduction

Electron transfer (ET) reactions play an important role in many chem-

ical and biological systems, and there have been many theoretical and exper-

imental studies on ET reaction rates. [30, 89] A traditional and conventional

approach to ET reaction rate is to neglect the dependence of electronic cou-

pling matrix element on nuclear displacements (Condon approximation). [90]

In that case, the ET reaction rate is factored into the purely electronic part

and a purely nuclear part, the so called Franck-Condon (FC) factors. Due

to the importance of the FC factors to ET reaction rates, many theoreti-

cal studies have been conducted to calculate the FC factors. Among several

methods to the computation of FC factors, one direct approach is a sum-

over-states method, which is normally based on recursion relations. [91, 92]

Alternative time-dependent method has been developed by Heller. [26, 27, 93]

In this method, the FC factors are not calculated directly, the FC envelop is

the Fourier transform of the time-dependent overlap of two nuclear wave func-

tions which are evolving on two different electronic potential energy surfaces

(PES).
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Sum-over-states method must be used for the direct calculation of FC

factors, but there are some difficulties using that method for large molecules,

since the equilibrium geometries of two electronic PES are in general rather

different. That is, one PES is displaced with respect to the other PES, and fre-

quencies on one PES are shifted from those in the other. Displacements occurs

from the difference between minima of two PES’s, and frequency shifts occur

because one PES is distorted from the other. In addition, vibrational normal

modes can change so that those in one electronic state are rotated or mixed in

the normal mode basis of the other electronic state. This phenomenon, called

a Duschinsky rotation or the Duschinsky effect, [71] prevents FC overlap in-

tegrals from being reduced to simple products of one-dimensional FC overlap

integrals, and, as a result, the calculation of FC factors becomes more compli-

cated. Due to the significance of FC factors, many methods for computing the

integrals along with the Duschinsky rotation have been devised. [61, 94–101].

Sharp and Rosenstock have derived expressions based on a generating function

method for computing the FC overlap integrals. [61] Gruner and Brumer have

used a binary tree algorithm to develop an efficient technique to calculate the

vibrational overlap integrals. [94]

As mentioned above, the sum-over-states method is based on recursion

relations. [91], and efficient execution of recursion relations requires saving

previous overlap integrals in computer memory. However, those methods are

challenging to apply directly to large molecules since too many of FC overlap

integrals must be saved in memory. To address this overflow problem, Ruhoff

and Ratner proposed a three level-fixed binary tree (TLFBT) algorithm. [100]
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This algorithm, discussed below, is based on the Gruner and Brumer’s binary

tree algorithm, [94] but instead of building one large binary tree, binary trees

for each level are constructed to reduce memory usage.

Among studied ETreactions is intramolecular ET, where the ET occurs

within a single molecule. A good example of intramolecular ET reactions is

that reaction occurring in the excited S1 state of betaine dye molecules. Be-

taine dye molecules have drawn much attention from both experimental [46–

53, 102–105] and theoretical community [39, 54–57] due to their distinct charge

transfer absorption band and S1 relaxation via back ET reaction that de-

pend strongly on solvent polarity. Using transient absorption spectroscopy,

Barbara and co-workers studied back ET reaction occurring in the betaine-

30 molecule. [47–50] McHale and coworkers have studied intramolecular vi-

brational and solvent motions associated with charge transfer excitation in

the betaine-30 using resonance Raman spectroscopy. [51, 102, 103] Werncke

et al. investigated vibrational relaxation in the electronic ground state after

intramolecular back ET by picosecond time-resolved anti-Stokes Raman spec-

troscopy. [52, 104, 105] Among computational studies on that dye molecule,

Mente and Maroncelli carried out Monte Carlo simulations of the betaine-30

in various solvents to study the solvation dynamics. [55]Lobaugh and Rossky

have investigated the dynamics of the first excited state of betaine-30 [56, 57]

using mixed quantum/classical dynamics. [7]

In the present study, the simplest betaine, pyridinium-N-phenoxide be-

taine [4-(1-pyridinio)phenolate] is studied. As is shown in Figure 3.1, the

molecule consists of a linked pyridinium ring and a phenoxide ring. The goal
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is to examine methods for evaluating FC factors for a large molecule with

the sum-over-states method and to investigate the properties of FC density

functions obtained with different models.

We will employ harmonic potential energy surfaces, as has been used

extensively for vibrational or vibronic spectrum calculations and ET reaction

rate calculations. [58–60] We include a detailed consideration of frequency

shifts and Duschinsky rotation, which can play an role in vibrational mo-

tions. [61–65] This generality allows us to study the importance of frequency

shifts and Duschinsky rotation on FC factors. In general, one expects that a

torsional motion cannot be described by a harmonic PES due to the softness

and periodicity of that coordinate. In most treatment of a torsional motion,

a periodic potential energy function for the torsional PES is sought, and the

torsional motion is considered as a wave packet evolving on the potential en-

ergy function.[66–68] We follow this methodology here, and by doing so, we

also study the effect of the torsional motion on FC factors. By comparing

FC density functions obtained from the sum-over-states method and the time-

dependent method, we will examine the advantages of each method over the

other. In particular, we will investigate the behavior of FC factors in the high

frequency region, where the FC density function has contribution from a large

number of FC factors. [106]

This work is organized as follows. In the next section, we discuss the-

oretical methods for computing FC factors and FC density functions for the

harmonic and torsional motions. In section III, the calculation results are

shown and discussed. Concluding remarks appear in the final section IV.
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Figure 3.1: Molecular geometry and atom labelings of pyridinium-N-phenoxide
betaine [4-(1-pyridinio)phenolate].
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3.2 Theoretical methods

We begin by considering the ground and the first excited state of

the simplest betaine molecule, in the gas phase. Considering ultrafast time

scales of intramolecular vibrational motions, we make the reasonable and

conventional assumption that the relaxation into the equilibrium geometry

in the first excited state occurs rapidly after the electronic excitation. [49]

We will primarily use a low temperature limit for calculations, correspond-

ing to an initial state with the excited state vibrations all in their ground

state. [64, 107] The model Hamiltonian of the system composed of these two

electronic states can be expressed in terms of mass-weighted normal coor-

dinates Q = {Q1, Q2, · · · , Q3N−6} where N is the number of atoms in the

molecule

Ĥ = |g〉Ĥg〈g|+ |e〉Ĥe〈e|+ γ†|e〉〈g|+ γ|g〉〈e|, (3.1)

where |g〉 denotes the electronic ground state and |e〉 the first excited state. γ

is an electronic coupling matrix element (assumed constant), while Ĥg and Ĥe

are the nuclear Hamiltonians on electronic surfaces |g〉 and |e〉, respectively

Ĥg = T̂ (Q̇g) + V̂g(Qg), (3.2a)

Ĥe = T̂ (Q̇e) + V̂e(Qe), . (3.2b)

Here T̂ and V̂ are the kinetic and the potential energy operators, respectively.

The Golden Rule transition rate from the first excited state to the

ground state is expressed with FC factors as [106] :

kET =
2πγ2

~
∑

g

FC(e; g)δ(Ee − Eg). (3.3)
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Here Ee(g) is the total energy in the first excited (ground) state. FC(e; g) is

the FC weight or the squared FC overlap integral for each final state gand is

defined as

FC(e; g) = I(e; g)2 = |〈χe(Qe)|χg(Qg)〉|2, (3.4)

where I(e; g) is the FC overlap integral and χe(g)(Qe(g)) are nuclear vibrational

eigenfunctions in the first excited (ground) state. From the practical point of

view, FC density functions are more useful than individual FC factors due to

the resolution limit. Assuming the lowest vibrational level initially in the first

excited state, the FC density functions Σ(ω) can be expressed as [106]

Σ(ω) =
1

δω

∑
g

I(0; g)2, (3.5)

where the sum is taken over the vibrational states in the electronic ground

state within some energy range δω, namely, |ω − ωg| ≤ δω/2. Here ~ωg

represents the vibrational energy difference of the ground and the first excited

vibronic states. For instance, ωg =
∑

j ng
jw

g
j + ∆G for the spin-boson model

(no frequency shifts or mode mixing), where ng
j and ωg

j are a jth vibrational

quantum number and a jth frequency in the ground state, respectively, and

∆G is the potential energy minimum difference between two electronic states.

Up to this point, a general description for the FC density function has

been provided. We now invoke some reasonable approximations for the calcu-

lation of that function. First, a harmonic PES is utilized for the vibrational

motions other than the torsional motion. In many cases, spin-boson model [12]

which only considers displacements in harmonic potentials is sufficient to de-

scribe a system. [69] In general, however, frequency shifts and mixing of modes
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(Duschinsky rotation) must be taken into account to precisely explain the

change of the vibrational normal modes accompanied by an electronic transi-

tion. [64, 65] The detailed procedure used to obtain frequency shifts and the

Duschinsky rotation matrix is described in detail elsewhere. [69, 72] For the

highly anharmonic torsional motion, we use a method that has been proposed

by Seidner et al [66] and used popularly by others. [67, 68] This method will

be described in detail in the second subsection.

We decompose the nuclear Hamiltonian in Eq. (3.1) as [70]

Ĥ = Ĥhar + Ĥ tor (3.6)

where Ĥhar means the Hamiltonian which describes all the vibrational mo-

tions subject to the harmonic potential approximation and Ĥ tor represents

the Hamiltonian for the torsional motion. Assuming that the torsional motion

decouples from the other modes, based on the time scale difference between

slow torsional motions and other motions, the FC density function can be

written as [27]

Σtot(ω) =

∫ ∞

−∞
dω′Σhar(ω − ω′)Σtor(ω′). (3.7)

where Σhar(ω) is the FC density function for Ĥhar and Σtor(ω) that for Ĥ tor.

Detailed expressions for Σhar(ω) and Σtor(ω) as well as Ĥhar and Ĥ tor are

provided next.

3.2.1 Franck-Condon density function for harmonic motions with
frequency shifts and Duschinsky rotation matrix

We consider 3N −7, harmonic vibrational degrees of freedom, with the

seventh degree of freedom excluded being the torsional degree of freedom. We
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use mass-weighted normal coordinates denoted as Q = {Q1, Q2, · · · , Q3N−7}.

The harmonic nuclear Hamiltonians in the two states differ by frequency shifts

and Duschinsky rotation as well as the displacement of the equilibrium nuclear

positions. The Hamiltonian is then given by

Ĥhar = |g〉Ĥhar
g (Qg)〈g|+ |e〉Ĥhar

e (Qe)〈e|+ γhar(|g〉〈e|+ |e〉〈g|), (3.8)

where γhar is assumed to be real and static and

Ĥhar
g (Qg) =

1

2
Q̇T

g Q̇g +
1

2
QT

g ΩgQg. (3.9a)

Ĥhar
e (Qe) =

1

2
Q̇T

e Q̇e +
1

2
QT

e ΩeQe + ∆G, (3.9b)

Here Ωe and Ωg are diagonalized frequency matrices in each state and ∆G

is the potential energy minimum difference between the two electronic states.

QT is the transpose of Q.

To evaluate a FC overlap integral of Ihar(e, g) = 〈χhar
e (Qe)|χhar

g (Qg)〉,

we should express the coordinates of the ground state as the function of the

coordinates of the first excited state. This can be accomplished by a linear

combination [61, 69, 71]

Qg = DQe + ∆Q, (3.10)

where D is Duschinsky rotation matrix and ∆Q means a mass-weighted dis-

placement vector.

As discussed elsewhere, alternative methods to obtain D and ∆Q are

available. [69, 72] We find that a method due to Lee et al, [69] in which the

geometry optimization is only carried out for the initial electronic state and
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the geometry of the final electronic state is estimated by projecting the force

constant matrix (Hessian matrix) at the initial state optimized geometry. Re-

organization energies obtained in this way compare favorably to those reorga-

nization energies inferred from experimental and computational data as show

in Table 3.1. In Table 3.1, the values in the present work are obtained from

the simplest betaine and all the others come from the betaine-30. Among

the experimental [49, 53, 103] and computational [55–57] results, Maroncelli

and coworker’s work and Rossky and coworker’s work consider only the tor-

sional motion for the low frequency intramolecular reorganization energy. In

the present study, the reorganization energy for the low frequency vibrational

modes include the reorganization energy from the modes whose frequency is

less than 200 cm−1 as well as from the torsional mode. Method A in the Table

I corresponds to the straightforward method and method B does to Lee et al ’s

method. Both methods in this work use the spin-boson model for the calcu-

lation of the reorganization energy. Compared with experimental data, Lee

et al ’s method (method B) provides a closer value to the experimental results

than method A.

The need for this less intuitive approach results from the relatively large

displacements in the present case.

Following Ref. [69], we first optimize the excited state and perform

frequency analysis of that electronic state to obtain the Ωe and 3N × (3N −7)

transformation matrix Lmx
e , which transforms mass-weighted Cartesian coor-

dinates into normal coordinates. Next we calculate the Hessian matrix and the

mass-weighted force vector (gradient) of the ground state at the equilibrium
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Table 3.1: Comparison between the computational experimental data for low
frequency, high frequency, and total intramolecular reorganization energies for
simplest betaine and betaine-30a

 λlow(/cm-1) λhigh(/cm-1) λtot(/cm-1) 

this work Ab,c 3055 19013 22068 

this work Bb,d 2130 3100 5230 

Barbarae 1233 1276 3509 

Maroncellif 1100   

Rosskyg 760   

McHaleh 33 87 120 

Ernstingi 1940 1430 3370 

 

a Only this work is on the simpleste betaine. All the other studies are carried out on 
betaine-30. 
bBoth methods are using the spin-boson model. 
cThe reorganization energy calculation in this work A is based on the method mentioned 
as the straightforward method in text.   
dThis calculation is based on the Lee and et al’s method. 
eRef 49. 
fRef 55. 
gRefs 56,57. 
hRef 103. 
iRef 53. 
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position of the first excited state. The Duschinsky matrix D can then be evalu-

ated from the Hessian matrix of the ground state in Cartesian coordinates. [39]

The mass-weighted displacement vector ∆Q can then be calculated.

Sharp and Rosenstock have derived a generating-function-based expres-

sion for FC factors. [61] Following their method, we reach the equation

∞∑
m=0

∞∑
n=0

TmUn

(
2m2n

m!n!

)
Ihar(m,n) =

Ihar(0,0) exp

[
− (TTAT + 2TTB)− (UTCU + 2UTG) + 2TTEU

]
,

(3.11)

where T and U are dummy variable vectors.[61].

The matrices in Eq. (3.11) are given as

A = I− 2J(JTJ + I)−1JT , (3.12a)

C = I− 2(JTJ + I)−1, (3.12b)

E = 2(JTJ + I)−1JT , (3.12c)

and vectors as

B =

[
J(JTJ + I)−1JT − I

]
∆, (3.13a)

G = (JTJ + I)−1JT∆. (3.13b)

Here I is the identity matrix and J and a dimensionless vector ∆ are defined
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respectively as

J = ΓgDΓ−1
e , (3.14a)

∆ = Γg∆Q, (3.14b)

where an element of the diagonal matrix Γg is given as

(Γg)jj =

√
ωg

j

~
. (3.15)

In addition, Ihar(0,0) in Eq. (3.11) is given as

Ihar(0,0) = 2(3N−7)/2

[
det

(
JTJ + I

)]− 1
2

× exp

[
− 1

2
∆T∆ +

1

2
∆TJ(JTJ + I)−1JT∆

]
, (3.16)

where 0 = (01, 02, · · · , 0k, · · · , 03N−7).

Many conventional methods use the general recursion relation to calcu-

late multidimensional FC overlap integrals. [61, 94–98] In our case, we derive

a recursion relations from Eq. (3.11), which leads to

Ihar(m,n + 1k) = −
3N−7∑
j=1

ckj

(
nj

nk + 1

) 1
2

Ihar(m,n− 1j)

−dk

(
2

nk + 1

) 1
2

Ihar(m,n)

+
3N−7∑
j=1

ekj

(
mj

nk + 1

) 1
2

Ihar(m− 1j,n), (3.17)
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where n = (n1, n2, n3, · · · , n3N−7) and 1k = (01, 02, · · · , 1k, · · · , 03N−7).

Since we have assumed that the excited state vibrations are in their ground

state (namely m = 0), Eq. (3.17) is simplified into

Ihar(0,n+1k) = −
3N−7∑
j=1

ckj

(
nj

nk + 1

) 1
2

Ihar(0,n−1j)−dk

(
2

nk + 1

) 1
2

Ihar(0,n).

(3.18)

The straightforward recursion relation method requires large amounts

of memory limiting their applications. [94, 100] In order to overcome this prob-

lem, Ruhoff and Ratner [100] proposed the three level-fixed binary tree algo-

rithm (TLFBT), which is based on Gruner and Brumer’s binary tree algo-

rithm. [94] In Gruner and Brumer’s binary tree algorithm, one large binary

tree grows to save FC factors. However, TLFBT method divides the large

binary tree into smaller binary trees. Each binary tree is labeled by the level

and stores only FC factors belong to the same level. Here the level L is defined

as

L = 1 +
3N−7∑
j=1

nj, (3.19)

where nj is the quantum number of the j-th normal mode. The TLFBT

method uses the fact that only the previous two levels L − 1 and L − 2 are

required to calculate an FC factor in the level L. Therefore, the method stores

FC factors pertaining to just the previous two levels, greatly reducing the

memory usage. Although the TLFBT algorithm is used for our study, the

number of FC integrals to be computed is still large for 59 normal modes. To

reduce the number of FC integrals, we modify the TLFBT method and use

symmetry groups for vibrational normal modes in next.
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In general, totally symmetric low frequency modes have large displace-

ments, and therefore high quantum numbers in the low frequency modes should

be included in the calculation of the FC factors. For totally symmetric high

frequency modes, however, displacements are small and only a few terms in a

progression are sufficient to be considered. Suppose the level L binary tree. In

this binary tree, FC factors are computed up to L quanta of each mode. When

L is large, the computation of a FC factor for a high frequency normal mode

whose displacement is small, wastes time and memory space. To address the

problem, our modified method separates modes whose displacements are large

from the other modes. First, FC factors for the large displacement modes are

calculated, and then the binary trees grow up from each of the FC factors for

the large displacement modes. For example, suppose that among totally sym-

metric modes we have 4 frequency modes which have large displacements and

we should consider quantum numbers up to N1, N2, N3, and N4 quanta for the

4 modes, respectively. Then, one first calculate FC factors the total number of

which is N1×N2×N3×N4. Next levels is decided from the quantum numbers

of only the other modes and binary trees grow up from each of the FC factors

computed from the 4 modes. We can label each binary tree as (0, 0, 0, 0, 0),

(0, 0, 0, 0, 1), · · · , (0, 0, 0, 0, L), (1, 0, 0, 0, 0), · · · , (N1, N2, N3, N4, L), where the

first four numbers in the parenthesis are quantum numbers for the four large

displacements modes, and the last number is the level for the other modes.

Since we consider the modes whose displacements are large separately, we can

keep the level small in this way.

In addition, we use vibrational symmetry groups of the simplest betaine
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molecule. Vibrational normal modes in the first excited state belong to A
′

and A
′′

symmetries since the symmetry of the optimized geometry in the first

excited state is Cs. Due to the symmetry, the Duschinsky matrix is block-

diagonalized into two sub-matrices. (See Figure 3.2.) Then, each sub-matrix

can be treated separately, and FC overlap integrals are factored into a product,

which is given as

Ihar(0,n) = Ihar(0,nA
′

)× Ihar(0,nA
′′

) (3.20)

Here nA
′
is defined as nA

′
= (nA

′

1 , · · · , nA
′

N
A
′ ) and nA

′′
= (nA

′′

1 , · · · , nA
′′

N
A
′′ ); NA′

and NA′′ are the total number of modes pertaining to symmetric groups A
′

and A
′′
, respectively.

Under the assumption that the excited state vibrations are all in their

ground state, the FC density function is now given as [106]

Σhar(ω) =
1

δω

∑
k

Ihar(ωg)2, (3.21)

where the sum is taken over the vibrational states in the electronic ground

state within a resolution δω, i.e., |ω − ωg| ≤ δω/2 and ωg is defined as

ωg =
3N−7∑
j=1

ng
jω

g
j + ∆wzpe

ge + ∆G. (3.22)

Here ∆wzpe
ge is the zero point energy difference between the ground and the

first excited state, that is, ∆wzpe
ge = wzpe

g − wzpe
e .

3.2.2 Franck-Condon density function induced by torsional motion

As mentioned above, the central inter-ring torsional motion is well be-

yond a harmonic potential description, and the method introduced in the
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previous section cannot be applied to this torsional motion. The alternative

time-dependent method due to Heller et al, [26, 27] yield the FC density func-

tion via a Fourier transform of the time-dependent overlap between two nuclear

wave functions evolving on two different electronic PES’s.

Following Heller’s method, [26, 27] first we explicitly calculate the pe-

riodic torsional potential energy function for the torsional motion of the elec-

tronic ground state. The torsional dynamics is then described as a wave packet

evolving on the periodic PES. The dynamics of that mode is obtained by solv-

ing directly the time-dependent Schrödinger equation (TDSE), as discussed

elsewhere. [39, 66–68]

The initial nuclear wave function is in the equilibrium position of the

first excited state, so that the harmonic potential can be used for the first

excited state PES V tor
e (θ) given as

V tor
e (θ) =

1

2
I tor(ωtor

e )2(θ − θe
0)

2, (3.23)

where θe
0 is the torsional angle at the equilibrium configuration of the first

excited state and V tor
0 is the energy at the configuration. The explicit torsional

PES for the ground state is necessary. In general, the PES for the torsional

motion is given as [77]

V tor
g (θ) =

1

2

∑
n

Vn

(
1− cos{n(θ − θg

0)}
)
, (3.24)

where θg
0 is the torsional angle at the equilibrium configuration of the ground

state and n is an integer. We obtain parameters for the ground state torsional

PES by fitting computed potential energies as a function of θ.
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The FC density can be expressed as the Fourier transform of the over-

lap between the two nuclear wave functions evolving on the first excited and

ground state [26, 27];

Σtor(ω) = 2Re

∫ τ

0

dt
〈
Ψtor

e (t)
∣∣Ψtor

g (t)
〉
exp(iωt), (3.25)

where Ψtor
e (t) and Ψtor

g (t) are nuclear wave functions on the first excited and

ground state, respectively, where Ψtor
g (t) = Ψtor

g (t). The relation between τ in

Eq. (3.25) and δω in Eq. (3.21) is

δω =
2π

τ
. (3.26)

3.3 Results and discussion

Geometry optimizations and frequency analysis are performed with the

GAUSSIAN 98 program. [80] The geometry optimization in the ground state

is carried out at the Hartree-Fock level at with 6-31G∗ basis set. Configu-

ration interaction singles (CIS) with the same basis set is used to optimize

the first excited state. Frequencies in this paper are scaled with the factor of

0.91. [81] The geometry optimizations of the ground and the first excited state

are performed without applying any symmetry at first, and then by applying

C2 symmetry for the ground and Cs for the first excited state. The torsional

angle between the pyridinium ring and the phenoxide ring in the first excited

state is held fixed at 90◦ under Cs symmetry. We found that the electronic

energies under the symmetry were not significantly different from those with-

out symmetry, so we have applied the symmetries in all of our calculations,

reported here.
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Table 3.2: 60 normal mode frequencies (cm−1) and displacements in the ground
and the first excited state under the symmetriesa,b

mode    ωg ωe ∆Q mode ωg ωe ∆Q mode ωg ωe ∆Q 

1 69.5  28.1  -5.69  21 1266.3  1252.0 -0.03 41 369.2 352.0  0.00  

2 282.6  201.5  1.56  22 1172.1  1285.0 0.03 42 402.6 425.5  0.00  

3 294.4  280.0  0.21  23 1327.2  1344.0 -0.59 43 410.0 434.9  0.00  

4 512.1  387.5  -0.36  24 1452.5  1427.2 0.03 44 466.1 544.0  0.00  

5 435.7  457.0  -0.75  25 1436.2  1447.7 -0.30 45 620.1 635.3  0.00  

6 556.5  538.3  0.19  26 1477.6  1478.4 0.29 46 874.1 737.2  0.00  

7 616.0  594.8  0.06  27 1528.0  1535.8 0.06 47 686.4 745.1  0.00  

8 683.7  631.1  -0.39  28 1622.7  1620.2 0.02 48 768.4 810.9  0.00  

9 804.7  658.3  0.08  29 1670.2  1666.6 -0.99 49 838.9 876.7  0.00  

10 699.4  692.2  0.39  30 1748.3  1746.3 0.30 50 1025.9 969.0  0.00  

11 1000.7  720.8  -0.05  31 3092.9  3087.0 0.05 51 966.6 1018.7  0.00  

12 765.9  771.3  0.51  32 3076.7  3102.3 0.06 52 960.8 1020.8  0.00  

13 936.3  953.1  0.28  33 3074.8  3102.8 0.00 53 1155.1 1031.4  0.00  

14 949.4  969.2  -0.54  34 3104.3  3119.7 -0.04 54 1115.2 1081.7  0.00  

15 1047.3  972.7  0.19  35 3107.0  3121.4 0.06 55 901.7 1261.8  0.00  

16 1006.6  999.4  0.36  36 3145.5  3128.4 0.02 56 1480.6 1291.5  0.00  

17 1018.6  1008.2  -1.01  37 3181.5  3158.7 0.06 57 1337.5 1370.0  0.00  

18 1061.5  1097.1  0.00  38 27.1  62.4 0.00 58 1522.8 1522.7  0.00  

19 1145.5  1163.1  -0.16  39 56.5  121.6 0.00 59 3094.6 3089.1  0.00  

 20 1201.2  1206.5  0.70   40 154.0  170.5 0.00 60 3179.7 3154.4  0.00  
 

a Configuration interaction singles (CIS) with 6-31G* is used to perform a geometry optimization for the 

first excited state. The frequencies of the ground state is obtained at the optimized geometry of the first excited 

state by diagonalizing force constant matrix (Hessian matrix) of the ground state. Calculation for the force 

constant matrix is performed at Hartree-Fock level with 6-31G*. Frequency scaling factor is 0.91, and 

displacements are unitless. See text. 
bThe first 37 normal modes belong to the totally symmetry group, A’ and the other 23 to the nontotally 

symmetric group, A”. Note that only the normal modes belonging to A’ have displacements. 
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Figure 3.2: Absolute values of Duschinsky matrices’ elements. (a) Normal
modes in the ground (S0) and the first excited state (S1) are arranged in terms
of the increasing order of frequencies. (b) Same as (a) except for being sorted
by symmetry first, and then by frequency within the same symmetry. In (b),
the modes 1 - 37 belong to symmetry A

′
and 38 - 60 to symmetry A

′′
.
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Figure 3.2 shows Duschinsky rotation matrices ordered by frequency

(Figure 3.2(a)) and after the blocking by vibrational symmetry groups, (Fig-

ure 3.2(b)). The first 37 normal modes belong to A
′
, and the other 23 to

A
′′
, yielding the block-diagonalized Duschinsky matrix In Figure 3.2(b). Ta-

ble 3.2 provides the frequencies and displacements which pertain to A
′

and

A
′′
. Note that the normal modes pertaining to A

′′
symmetry group have zero

displacements.

Before going further, it it worth commenting on the relation between

these results and and experimental resonance Raman observations. [51, 102,

103] Experiments (in solvent) showed that approximately 19 modes were res-

onance Raman active, among which 7 modes have prominent displacements

(larger than 0.1). [103] Further, our study shows 18 normal modes whose dis-

placements are relatively large (larger than 0.2). Among them, 9 modes have

significant displacements larger than 0.5. Based on this observation, our study

is in qualitative agreement with the resonance Raman study. Another agree-

ments between our computational and the resonance Raman experimental

study is about the relationship between frequencies and displacements. Both

shows that displacements in the low frequency region are in general larger than

in the high frequency region.

Figure 3.3 shows Σhar(ω) for harmonic motions with varying δω (see

Eq. (3.5)). Frequency shifts and Duschinsky rotation are taken into account

in the FC density spectra. Zero frequency in the graph corresponds to the

minimum energy difference between the ground and first excited state PES’s,

i.e. zero corresponds to an energy difference of ∆G (see Eq. (3.9b)).
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Figure 3.3: FC densities for the harmonic motions in the resolution of 300
cm−1 and 50 cm−1. The inset shows the FC density in the resolution of 1
cm−1. Both frequency shifts and Duschinsky rotation are included
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The total number of FC factors computed is about 5.34 × 1014, and

the sum of FC factors is 0.9845. As quantum numbers increase or the level

increases, the number of FC factors to be computed increases rapidly. The

sharp increase makes it difficult to obtain FC factors in the high frequency

region (or high quantum number), and, as a result, the total sum of FC factors

is not exactly one. As δω becomes small, more fine structure appears in the FC

density function. It is interesting to note that at higher resolution, we can see

irregular structure in the low frequency region, reflecting mode selectivity. [106]

Mode selectivity occurs since only a few number of modes can contribute in

the low frequency region. A distinct high frequency tail is also observed.

A FC density function for the harmonic motions can be also obtained

from the Fourier transform of nuclear overlap/phase function (NOPF), i.e.

with the time-dependent method outlined above. [26, 27, 93] The NOPF for the

harmonic motion Jhar(t) is obtained analytically from the generating function

method developed by Kubo-Toyozawa. [59] Then the FC density function can

be directly calculated as:

Σhar(ω) = 2Re

∫ ∞

0

dtJhar(t) exp(iωt), (3.27)

where Jhar(t) is the NOPF for the harmonic motions.

In Figure 3.4, we show semilogarithmic plots of FC density function

from the sum-over-states method and from the time-dependent method for

the harmonic motions. Both frequency shifts and Duschinsky rotation are in-

cluded in both cases, and δω is 300 cm−1 corresponding to a τ (see Eq. (3.26))

of 111 fs. For this τ , Jhar(t) ∼ 9.8 × 10−7 In the low frequency region, the
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Figure 3.4: Semilogarithmic plot for the FC density functions comparing be-
tween the sum-over-states method and the time-dependent method for the har-
monic motions. Both frequency shifts and Duschinsky rotation are included,
and δω = 300 cm−1.
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sum-over-states method shows a little mode selectivity, but the time-dependent

method does not. In the high frequency region, however, due to the difficulty

in the calculation of FC factors in the sum-over-states method, the result from

the sum-over-states method becomes inaccurate and we can see the discrep-

ancy between two methods. Thus the two approaches have complementary

strengths.

In Figure 3.5, model I includes the effect of Duschinsky rotation as well

as frequency shifts and displacements. While frequency shifts and displace-

ments are considered in model II, model III accounts solely for the effect of

displacements (spin-boson model). It is evident from Figure 3.5 that model

II is somewhat different from model III, the differences originating from fre-

quency shifts in the model II. A comparison between model I and model II

shows that Duschinsky rotation has a relatively minor effect. Based on these

observations, in our molecular system, frequency shifts introduce larger devi-

ations from the spin-boson model than the Duschinsky rotation does.

It is evident that both frequency shifts and Duschinsky rotation increase

values of the FC density function in the high frequency region. One reason

of this is that nontotally symmetric modes which have no displacements can

now affect the FC density function through frequency shifts and Duschinsky

rotation. Sando et al studied the effects of Duschinsky rotation on an ET

rate in a model system where two modes without displacements are mixed

among eight modes. [64] They also observed the increased contribution to the

ET rate from the high frequency region, and attributed the increase to the

participation of the nontotally symmetric modes. We note that as frequency
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Figure 3.5: Comparison among several models for Σhar(ω). Model I includes
Duschinsky rotation and frequency shifts as well as displacements. In model
II, Duschinsky rotation is not considered. Model III only has the effect of
displacements. Both frequency shifts and Duschinsky rotation are included,
and δω = 300 cm−1.
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shifts and Duschinsky rotation are included, the number of FC factors to

be computed are increased, i. e. the total number of FC factors goes from

8.86× 1010 in model III, to 9.66× 1012 in model II, to 5.34× 1014 in model I.

This increase also reflects the participation of nontotally symmetric modes.

As already mentioned previously, under the assumption of separable

torsion from the other harmonic motions, the total FC density can be written

as [27]

Σtot(ω) =

∫ ∞

−∞
dω′Σhar(ω − ω′)Σtor(ω′), (3.28a)

=

∫ ∞

−∞
dω′Σhar(ω′)Σtor(ω − ω′). (3.28b)

Figure 3.6 shows the total FC density function as well as the FC density

functions for the harmonic motions and for the torsional motion. The effects

of frequency shifts and Duschinsky rotation are included. The calculation of

the FC density function for the harmonic motions are performed using Eq.

(3.5) and the FC density for the torsional motion is computed based on Eq.

(3.25). The resolution is 300 mathrm cm−1. It is clear that the role of the

torsional motion is essentially to simply shift the peak of the spectra into a

higher position.

One potentially interesting feature of the FC density function is the

behavior of the function in the high frequency (or energy) region. [108, 109]

Englman and Jortner showed that an exponential decay of the FC function

can be expected from the spin-boson model in the weak coupling limit, defined

as λv ≤ ~〈ω〉. [109] Here the vibrational reorganization energy λv is given for
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Figure 3.6: The total FC density, Σtot(ω) along with Σhar(ω) and Σtor(ω).
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harmonic model as

λv =
3N−7∑

j

1

2
∆2

j~ωj, (3.29)

and the mean vibrational frequency is as

〈ω〉 =

∑3N−7
j ωj

3N − 6
, (3.30)

In Figure 3.7, we present a semilogarithmic plot of the FC density function

for the harmonic motions to examine the high frequency behavior in our sys-

tem also for the spin-boson model (model III). For this purpose, we use the

Fourier transform of the NOPF to obtain the FC density function at very high

frequency. We use the spin-boson model to obtain the reorganization easily.

In Figure 3.7, we observe only a roughly exponential decay of very high

energy. According to the Englman and Jortner’s work, in order to observe a

true exponential decay, the vibrational reorganization energy should be equal

to or less than the mean vibration frequency. However, the vibrational reor-

ganization energy of 4228 cm−1 in our system is much larger than the mean

vibrational frequency of 1232 cm−1. Due to the much larger reorganization

energy than the mean vibrational frequency, our falls into the strong coupling

limit, where the vibrational reorganization energy is larger than the mean

vibrational frequency.

3.4 Concluding remarks

In this study, FC factors and FC density functions for the 60 vibra-

tional modes of the simplest betaine molecule have been calculated by com-

bination of the sum-over-states method and the time-dependent method. In
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Figure 3.7: Semilogarithmic plot for the FC density function and exponential
fit in the high frequency region to observe the exponential decay. For the easy
calculation of vibrational reorganization energy, we use the spin-boson model
for the FC density function. δω = 300 cm−1.
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the sum-over-states method for the 59 harmonic motions, we were able to ad-

dress the memory overflow problem by modifying the TLFBT algorithm and

using the vibrational symmetry groups. The sum-over-states method agrees

well with the time-dependent method except for the very high frequency re-

gion. Here, the rapid increase of the number of FC factors to be computed

prevents a reasonable computation of all the FC factors required. In the low

frequency region, the sum-over-states method reveals a fine structure reflecting

some mode selectivity. Compared with experimental data from the resonance

Raman experiments, displacement calculations in our study is in qualitative

agreements with the experimental results. Both our study and the resonance

Raman study also shows that low frequency modes have larger displacements

than high frequency modes.

The inclusion of frequency shifts and Duschinsky rotation vastly in-

creases the number of FC factors to be computed in the high frequency re-

gion. As a result, the FC density function becomes broader compared with the

simple spin-boson model. We also observed that frequency shifts have more

influence on the FC density function than Duschinky rotation. The FC density

function for the torsional motion has nearly a delta function-like shape, and

so its role is solely to shift the position of the FC density function to a higher

frequency. This is associated with the slow dynamics of torsion.

In the high frequency region, we did not observe strong exponential

decay. For the simplest betaine molecule, the relatively large structural change

between the ground and the first excited state leads to large displacements and

the resulting large reorganization energy. As a result, the molecule falls into
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the strong coupling limit, and an exponential decay energy gap law does not

pertain.

When the low frequency region of FC density function for a large

molecule is investigated, we find that the sum-over-states method readily pro-

vides fine structures. Due to the rapid increase in the number of contributing

FC factors in the high frequency region and the resulting difficulty of compu-

tation, however, the sum-over-states method does not provide accurate values.

In this case the time-dependent method is an excellent alternative.
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Chapter 4

Derivation of quantum mechanical nuclear

nonadiabatic coupling matrix elements using a

spin-boson model

4.1 Introduction

Many chemical reactions occur through a transition between two differ-

ent adiabatic potential energy surfaces, namely, a nonadiabatic (NA) transition

and require a full quantum mechanical treatment to describe the transition.

For chemical reactions occurring in the condensed phases, however, the full

quantum mechanical treatment is intractable due to the tremendous computa-

tional effort. As an alternative, mixed quantum/classical molecular dynamics

(MQC-MD) methods have been introduced. [7, 8, 33, 34, 110] In the MQC-MD

methods, the dynamics of a small subsystem where a NA transition takes

place is treated with a full quantum mechanical method, and the dynamics of

a nuclear bath coupled to the subsystem is described with a classical method.

Among the MQC-MD methods is the Tully’s surface hopping method, [7,

111] where the system evolves on one electronic surface at any time and hops

stochastically between surfaces based on the state-to-state transition ampli-

tudes. Due to the straightforwardness and advantages over the quantum me-

chanical methods, the MQC-MD methods have been extensively used to inves-

tigate many chemical reactions occurring in the condensed phase. [56, 57, 112–
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114]

MQC-MD methods deal with nuclear motions classically. In surface

hopping methods, the classical treatment of nuclear dynamics leads to classical

nuclear NA coupling matrix elements in NA coupling term, which is given as [7]

−i~
〈
φk

∣∣∂φ

∂t

〉
= Ṙ · dkj(R), (4.1)

where φk and φj are the electronic wave functions for the k-th and j-th poten-

tial energy surfaces, Ṙ is a nuclear velocity, and dkj(R) is an electronic NA

coupling vector (or matrix elements). Eq. (4.1) shows that the nuclear NA

coupling matrix elements corresponds to the nuclear velocities in the classical

treatment of the matrix elements. When a system involves large masses and

large velocities, quantum effects such as tunneling or electronic decoherence

are diminished due to the shorter de Broglie wavelengths. In that system,

the classical treatment of nuclear motions and nuclear NA coupling matrix

elements will reproduce the full quantum mechanical results well. However,

there are many chemical systems where the quantum mechanical description

of nuclear motions are important. For example, many experiments showed

that high frequency intramolecular vibrational motions participate in an NA

transition (back electron transfer reaction) in a betaine-30 in solutions. [47–53]

Due to their high frequencies, the modes should be treated quantum mechan-

ically. The surface hopping method along with Eq. (4.1), which use the

classical description of nuclear NA coupling matrix elements, will not be able

to yield a proper NA transition rate. To address this problem, Lobaugh and

Rossky [56, 57] derived a quantum mechanical version of the nuclear NA cou-
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pling matrix elements for intramolecular nuclear vibrational motions. They

also incorporated that result into the surface hopping method to investigate

the NA transition in a betaine-30/acetonitrile system. They assumed in their

derivation that potential energy surfaces for the intramolecular vibrational

motions are harmonic potential surfaces without displacements, and nuclear

wave functions in each potential energy surface are time-independent.

In the present study, we provide another quantum mechanical nuclear

NA coupling matrix elements for the intramolecular vibrational motions. For

this purpose, we use displaced harmonic potential energy surfaces, so-called the

spin-boson model. We will not take into account frequency shifts or Duschin-

sky rotation here because Lee et al ’s study [69] and our previous studies [39, 84]

showed that frequency shifts and Duschinsky rotation [71] do not make signif-

icant difference compared with the spin-boson model. We consider the time-

dependence of nuclear wave functions. This time-dependence description is

needed since nuclear configurations in a MQC-MD method changes in each

time. In the next section, we provide a new derivation for a quantum mechan-

ical nuclear NA coupling matrix elements and give a short summary.

4.2 Quantum mechanical derivation of nuclear nonadi-
abatic coupling matrix elements

We begin by considering two electronic surfaces which are harmonic

in the nuclear coordinates and differ only by displacement of the equilibrium

nuclear positions. Since of particular interest is the NA coupling term due

to the intramolecular vibrational motions, those two electronic states are cou-
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pled through intramolecular vibrational modes, which are expressed by mass-

weighted normal coordinates Q = {Q1, Q2, · · · , Q3N−6}, where N is the total

number of atoms in a solute molecule. Much literature on reactions has been

devoted to consideration of this spin-boson model [12] or displaced harmonic

oscillator model, [13] due to its analytical and compact expressions for various

quantities. Suppose that the Hamiltonian of a system is

Ĥ = |i〉Ĥi〈i|+ |f〉Ĥf〈f |+ γ̂†|i〉〈f |+ γ̂|f〉〈i|, (4.2)

where |i〉 denotes the initial electronic state and |f〉 the final electronic state.

The electronic coupling matrix element is denoted by γ̂, while Ĥi and Ĥf are

the nuclear Hamiltonians on electronic surfaces |i〉 and |f〉, respectively

Ĥi =
∑

j

~2

2
P̂ 2

j +
∑

j

1

2
ω2

j Q̂
2
j , (4.3a)

Ĥf =
∑

j

~2

2
P̂ 2

j +
∑

j

1

2
ω2

j (Q̂j −Dj)
2 + E0. (4.3b)

Here, the index j denotes each nuclear coordinate, with frequency ωj, coordi-

nate displacement between two states specified by Dj, and a energy splitting

specified by E0. Mass-weighted normal coordinate and conjugated momentum

operators Q̂j and P̂j are used for convenience.

An NA coupling term due to the intramolecular degrees of freedom for
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the electronic states can be expressed [56, 115]

Vif =

〈
Ωi(Q, t)

〈
Φi(Q, r)

∣∣∣∣∑
j

−~2

2

∂2

∂Q2
j

∣∣∣∣Φf (Q, r)

〉
r

∣∣∣∣Ωf (Q, t)

〉
Q

,(4.4a)

= −
∑

j

~2

{〈
Ωi(Q, t)

∣∣∣∣〈Φi(Q, r)

∣∣∣∣∂Φf (Q, r)

∂Qj

〉
r

∣∣∣∣∂Ωf (Q, t)

∂Qj

〉
Q

+
1

2

〈
Ωf (Q, t)

∣∣∣∣〈Φi(Q, r)

∣∣∣∣∂2Φf (Q, r)

∂Q2
j

〉
r

∣∣∣∣Ωf (Q, t)

〉
Q

}
. (4.4b)

where Q and r represent a set of normal coordinates Q = {Q1, Q2, · · · , QN}

and a set of electronic coordinates r = {r1, r2, · · · }, respectively.
〈
· · ·
〉
r

and〈
· · ·
〉
Q

mean the integrations with respect to the r and Q, respectively. We

make an assumption that the first derivative of the initial electronic state

varies slowly with Q. We also invoke the Condon approximation, [90] which

states that the electronic coupling matrix elements do not depend on nuclear

coordinates. We can then ignore the second term of Eq. (4.4b), which, with

the Condon approximation, yields

Vif ≈ −
∑

j

~2

〈
Ωi(Q, t)

∣∣∣∣〈Φi(Q, r)

∣∣∣∣∂Φf (Q, r)

∂Qj

〉
r

∣∣∣∣∂Ωf (Q, t)

∂Qj

〉
Q

, (4.5a)

≈ −
3N−6∑

j

~2

〈
Φi(Q

0, r)

∣∣∣∣ ∂

∂Qj

∣∣∣∣Φf (Q
0, r)

〉〈
Ωi(Q, t)

∣∣∣∣ ∂

∂Qj

∣∣∣∣Ωf (Q, t)

〉
,

(4.5b)

where Q0 means the nuclear configuration in a reference geometry. We drop

the coordinate dependence of the integrations in Eq. (4.5b). Eq. (4.5b)

shows that the NA coupling term can be expressed as the sum of the products
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of electronic NA coupling matrix elements and nuclear NA coupling matrix

elements. One issue associated with Eq. (4.5b) is that we should select a

geometry as an reference. For example, suppose that we investigate an NA

transition after an electronic excitation of the ground state. In case that the

relaxation of nuclear motions after the excitation is very slow, we can consider

that of the equilibrium ground state as a reference geometry. On the contrary,

if the nuclear relaxation is fast enough to reach the equilibrium geometry of the

excited state quickly, we can select the equilibrium excited state as a reference

geometry.

First, we focus on the quantum mechanical expression for the nuclear

NA coupling matrix element associated with the j-th normal mode. To do

this, we introduce dimensionless quantities, q and p, which are defined as

qj =
√

~
ωj

Qj and pj =
√

~
ωj

Pj for convenience. The nuclear NA coupling

matrix element with respect to the j-th dimensionless normal coordinate and

the j-th momentum can be expressed as〈
Ωi(Q, t)

∣∣∣∣ ∂

∂Qj

∣∣∣∣Ωf (Q, t)

〉
=

√
ωj

~

〈
Ωi(q, t)

∣∣∣∣ ∂

∂qj

∣∣∣∣Ωf (q, t)

〉
. (4.6)

Due to the time-dependence of the nuclear wave functions in the Eq. (4.6),

we should specify the initial condition for the nuclear wave functions. Here

we use the thermally averaged nuclear configuration as an initial condition.

Then,
〈
Ωi(q, t)

∣∣ ∂
∂qj

∣∣Ωf (q, t)
〉

T
can be expressed by using the Feynman path

integral formalism [116, 117] as

〈
Ωi(q, t)

∣∣ ∂

∂qj

∣∣Ωf (q, t)
〉

T
=

∫∞
−∞ dq

∫∞
−∞ dq′〈q′|e−(β−λ)Ĥi|q〉 ∂

∂qj
〈q|e−λĤf |q′〉∫∞

−∞ dq〈q|e−βĤi|q〉
,

(4.7)

92



where λ = it/~. When Eq. (4.3) is used as the initial and final state Hamil-

tonians, the numerator in Eq. (4.7) can be given as∫ ∞

−∞
dq

∫ ∞

−∞
dq′〈q′|e−(β−λ)Ĥi|q〉 ∂

∂qj

〈q|e−λĤf |q′〉 (4.8)

=
∆j

2i
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

× exp

[
−
∑

j

∆2
j

2
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)} −

i

~
E0t

]

×
∏

j

1

2| sinh(β~ωj/2)|
, (4.9)

where ∆j =
√

~
ωj

Dj. Since the denominator in Eq. (4.7) is obtained easily as∫ ∞

−∞
dq〈q|e−βĤi|q〉 =

∏
j

1

2| sinh(β~ωj/2)|
, (4.10)

Eq. (4.7) becomes

〈
Ωi(q, t)

∣∣ ∂

∂qj

∣∣Ωf (q, t)
〉

T

=
∆j

2i
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

× exp

[
−
∑

j

∆2
j

2
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

]

× exp

[
− i

~
E0t

]
. (4.11)

Finally, inserting Eq. (4.8) into Eq. (4.6) leads to a quantum mechanical
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expression for the nuclear NA coupling matrix as

〈
Ωi(Q, t)

∣∣ ∂

∂Qj

∣∣Ωf (Q, t)
〉

T

=
Dj

2i
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

× exp

[
−
∑

j

∆2
j

2
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

]

× exp

[
− i

~
E0t

]
. (4.12)

One concern about Eq. (4.12) is the initial condition for the nuclear configura-

tion. We used the thermally averaged nuclear configuration as an initial con-

dition. When we consider a photoinduced electron transfer reaction, however,

the initial nuclear configuration is no longer the thermally equilibrated state.

Instead, the initial nuclear configuration is more likely to be a nonequilibrium

state or a microcanonical equilibrium depending on the initial laser pulse for

the excitation and the rate of the intramolecular vibrational relaxation. [118–

121] The nuclear NA coupling matrix elements for the nonequilibrium or the

microcanonical nuclear configuration requires further study.

On the other hand, the calculation of the electronic NA coupling matrix

element associated with the j-th normal mode is performed by transforming

the normal coordinates into the Cartesian coordination. The reason why we

use the Cartesian coordinates is that most calculations including the electronic

NA coupling matrix elements in the MQC-MD methods are carried out in the

Cartesian coordinates. To transform the Cartesian coordinates, we introduce
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the linear transformation matrix L between the Cartesian displacement Coor-

dinates and the normal modes, which is given as

Q = LT
√

M(R−R0). (4.13)

The electronic NA coupling matrix element associated with the j-th normal

mode is then written as [56]〈
Φi(Q

0, r)

∣∣∣∣ ∂

∂Qj

∣∣∣∣Φf (Q
0, r)

〉
=

3N∑
k

(LT )−1
jk√

Mk

〈
Φi(R

0, r)

∣∣∣∣ ∂

∂Rk

∣∣∣∣Φf (R
0, r)

〉
.

(4.14)

Here LT is (3N−6)×3N transformation matrix and M is a 3N×3N diagonal

mass matrix.

Combining Eq. (4.12) and Eq. (4.14) to calculate the NA coupling

term Vif , We finally obtain

Vif =
3N−6∑

j

3N∑
k

Dj

2i
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

× exp

[
−
∑

j

∆2
j

2
{cosh(β~ωj/2)(1− cos(ωjt)) + i sin(ωjt)}

]

× exp

[
− i

~
E0t

]
(LT )−1

jk√
Mk

〈
Φi(R

0, r)

∣∣∣∣ ∂

∂Rk

∣∣∣∣Φf (R
0, r)

〉
. (4.15)

Eq. (4.15) shows the final form for nuclear NA coupling matrix el-

ements. When intramolecular vibrational motions play an important role in

NA transitions in a molecular system, which is investigated with an MQC-MD

simulation, Eq. (4.15) can be incorporated into the MQC-MD simulation. It

should be noted that our derivation is based on the Condon approximation,
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namely, neglecting any vibronic coupling. In case vibronic coupling becomes

important, alternative methods should be devised. For low frequency in-

tramolecular vibrational motions, vibronic coupling can be realized by includ-

ing the vibrations into the simulation classically instead of using Eq. (4.15).

Since the low frequency vibrational motions have little quantum effects, this

classical and explicit implementation of the vibrational motions will be a good

alternative. For example, vibronic couplings due to torsional motions between

the pyridinium ring and the phenoxide ring in a betaine-30 was implemented

into an MQC-MD simulation by treating them classically. [56] In this case, the

frequencies and displacements corresponding to the torsional motions should

be removed in Eq. (4.15). For high frequency intramolecular vibrational mo-

tions, however, quantum effects can be important and the classical treatment

of those motions are irrelevant. To deal with vibronic coupling for the high

frequency modes, further study is needed to obtain a new equation showing

the non-Condon effect. Until then, Eq. (4.15) can be used since the equation

is based on the quantum mechanics.
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