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Abstract 

 

Advancements in Plutonium Radio-Nuclear Counting 

 

Michael Duncan Yoho, Ph.D. 

The University of Texas at Austin, 2018 

 

Supervisor:  Sheldon Landsberger 

Co-Supervisor: Donivan Porterfield 

 

This work integrates analysis techniques common to destructive nuclear forensics 

and non-destructive safeguards in the radio-nuclear analysis of plutonium. This work 

accomplishes this task by applying deconvolution methodologies typical in alpha 

spectrometry to the analysis of LaBr3:Ce spectra. It further integrates and applies 

uncertainty methodology common to destructive chemistry laboratories to the 

nondestructive analysis of plutonium. In pursuit of this aim, an alpha spectrometry 

deconvolution algorithm is developed capable of determining the 241Am/Pu mass fraction 

in plutonium with about a 1% uncertainty with a 95% coverage factor. Results agree very 

well with published alpha spectrometry and mass spectrometry mass ratios. Model ages 

calculated from the 241Pu/241Am chronometer also agree very well with the historical 

separation dates for reference materials that have been well purified chemically. A sister 

program is developed capable of determining plutonium mass ratios in spectra obtained 

with LaBr3:Ce scintillation detectors. This method is capable of determining the mass ratios 

with total measurement uncertainties of about 16%, 26%, 10%, and 4% (k = 2) for the mass 

ratios (relative to 239Pu) for 238Pu, 240Pu, 241Pu, and 241Am, respectively for 15 minute 
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duration spectra of reactor grade plutonium obtained at Los Alamos National Laboratory. 

Results for weapons-grade plutonium are somewhat worse with uncertainties for the mass 

ratios 240Pu, 241Pu, and 24Am of about 30%, 80% and 10% (k = 2), respectively. The primary 

issue with this work is a somewhat higher systematic uncertainty for 240Pu content in 

reactor grade plutonium for spectra taken by the International Atomic Energy Agency 

(IAEA). Further, a bottom up uncertainty methodology for plutonium non-destructive γ-

ray analysis is developed. Unlike the two primary plutonium analysis codes Fixed Energy 

Response Function Analysis with Multiple Efficiencies (FRAM) and Multi-Group 

Analysis (MGA), this methodology propagates uncertainty from many different 

contributors according to the Joint Committee for Guides in Metrology (JCGM) Guide to 

the Expression of Uncertainty in Measurement (GUM) supplement 1. It is demonstrated 

this method yields very high fidelity uncertainties for 238Pu, 239Pu, and 240Pu content in 

unshielded coaxial spectra in high statistics spectra when compared to a top down analysis. 

Finally, this work develops a method to determine much improved plutonium photon 

emission intensities markedly different from the prior art. It is planned to incorporate these 

improved emission intensity values and derived uncertainties into the GUM uncertainty 

model for FRAM. 
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Chapter 1: Introduction 

1.1 SUMMARY 

This work concerns itself with the destructive and non-destructive radio-nuclear 

counting of plutonium. The work presents an algorithm to determine the 241Am/Pu mass 

fraction in aqueous plutonium solution to within 1 – 1.5 % relative uncertainty with a 

coverage factor of two (k = 2). The mass fractions and derived chemical separation dates 

from the 241Pu/241Am chronometer for certified reference materials (CRMs) agree very well 

with other published isotope dilute mass spectrometry and alpha spectrometry studies. 

Further, chronometry results agree very well with the documented chemical separation 

dates for items rigorously chemically separated by both recrystallization and anion-

exchange. However, there is about a 1% difference in results when compared to 

unpublished Los Alamos mass spectrometry results.   

This work then applies the methodologies common to destructive alpha 

spectrometry to γ-spectrometry non-destructive analysis (NDA). Specifically, traditional 

alpha spectrometry deconvolution algorithms are utilized to develop one of the first 

programs capable of determining plutonium and americium isotopic ratios from 

lanthanum-bromide (LaBr3:Ce) spectra. For a set of 900 second real time, ~40% dead time 

spectra, reactor-grade plutonium isotopic ratios are determined with total measurement 

uncertainties of about 16%, 26%, 10%, and 4% (k = 2) for the mass ratios (relative to 239Pu) 

for 238Pu, 240Pu, 241Pu, and 241Am, respectively. Results for weapons-grade plutonium are 

somewhat worse with uncertainties for the mass ratios 240Pu, 241Pu, and 24Am of about 30%, 

80% and 10%, respectively. 238Pu in weapons-grade plutonium is typically below the 

detection limit for this method. Results are similar for the 10,000 s real time 1% dead-time 
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IAEA spectra with the addition of a larger systematic uncertainty for 240Pu in reactor grade 

plutonium yet lower uncertainties for the other isotopes.  

This work then describes a program to determine the uncertainty in plutonium 

measurements using the Los Alamos developed isotope analysis code FRAM [1]. FRAM 

is used throughout the world and extensively at TA-55 at Los Alamos and by the IAEA. 

This uncertainty program is intended to be used for nuclear forensics measurements in ISO 

17025 accredited laboratories, in which NDA γ-spectrometry measurements are becoming 

more common [2, 3]. In typical IAEA safeguards measurements, the isotopic ratios and 

mass of a plutonium item are measured many times to develop confidence intervals referred 

to as historical delta values [4]. If the reported mass of a further measurement falls outside 

of the historical delta, then the mass of the item is not verified. This form of uncertainty 

analysis is often described as top down [5]. However, a nuclear forensics laboratory will 

be analyzing items with no prior history or declared isotopic values. Therefore, the 

historical delta value will not be present. The uncertainty program described in this work 

rather employs the bottom up uncertainty methodology set forth by the Joint Commission 

for Guides in Metrology (JCGM) in the Guide to the Expression of Uncertainty in 

Measurement (GUM) [6] recommended for ISO 17025 accredited laboratories [7]. This 

uncertainty engine takes into account a large number of contributors including Poisson 

statistics, photon emission intensities, half-lives, photon energies, and any biases due to 

resolution and/or tailing. The uncertainty is propagated via the Monte Carlo method set 

forth in the JCGM supplement 1 to the GUM [8]. It is hoped that this may be used as a 

model for further attempts to apply the GUM methodology to other radio-nuclear counting 

methods. A measurement regime was undertaken on multiple certified plutonium reference 

materials with a coaxial germanium detector. It is found that the inclusion of the additional 

sources of uncertainty, and the accuracy of the propagation, improves the agreement 
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between the measured and declared plutonium isotopic ratios. Currently, the γ-

spectrometry plutonium isotopic code FRAM reports a bottom up uncertainty which takes 

into account Poisson statistics and bias from peak tailing and resolution. This work 

improves upon this by including many more uncertainty contributors and propagating the 

uncertainty in a completely transparent, rigorous manner. 

The aforementioned program establishes the uncertainty propagation methodology. 

However, the assigning of proper uncertainties to the fundamental model inputs is of equal 

importance. The current iteration of the FRAM uncertainty propagation program utilizes 

the emission intensity uncertainties from the National Nuclear Data Center (NNDC) [9]. 

This work reports that for typical un-shielded plutonium spectra over an hour in duration 

counted at 20,000 counts per second that the uncertainty from the emission intensities are 

larger than the uncertainty from Poisson statistics. Therefore, it is paramount for high-

statistics nuclear forensics spectral analysis to include good emission intensity values with 

good uncertainties when using FRAM. In the early days of FRAM, Sampson and Vo 

attempted to mitigate the bias in plutonium isotopic results due to the emission intensities 

[10]. However, no uncertainties for the found emission intensities were reported and the 

methodology was not rigorously documented. Therefore, if the emission intensities 

distributed with FRAM are used with the uncertainties stated in NNDC, the resulting 

uncertainties in the derived plutonium isotopic results may be too high. The primary source 

of uncertainty in the original emission intensity studies is detector efficiency curve 

determination. The prior art typically accomplishes this via detector mathematical 

modelling or via the measurement of standards such as 152Eu and 133Ba. For example, the 

NNDC database heavily relies on the 1976 study by Gunnink et al. [11] which assigns a 

2% flat uncertainty to all emission intensities from determining detector efficiency using 
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the 1970’s GAMANAL program. Further, the original studies typically use only a few 

spectra taken with a single detector and a single geometric configuration. 

To address the issue of the high uncertainties and potential biases in the emission 

intensities stated in the literature and the lack of uncertainties in the altered emission 

intensities distributed with FRAM, a program has been created to determine the emission 

intensities utilizing thousands of hours of archived spectral data of over 50 nuclear 

reference materials of vastly differing isotopic compositions taken over many years by 

many different detectors. The new program varies the emission intensities to minimize the 

sum of squared differences between well-documented mass spectrometry plutonium and 

americium mass ratios and the mass ratios derived from each γ-ray photo-peak. The latest 

developmental version of the isotopic analysis code FRAM [6] is used to determine the γ-

ray responses. In essence, the optimization program runs FRAM millions of times on 

thousands of spectra, each time with a new set of emission intensities, until an optimum 

solution is found which best matches plutonium and americium isotopic results. Unlike 

prior emission intensity studies, uncertainties will be determined in the standard manner 

typical for non-linear optimization efforts in other fields by examining the Hessian 

(curvature matrix) at the global minimum. Due to the ambitious scope of this project, the 

uncertainties have yet to be determined. However, the derived emission intensities 

demonstrate a significant reduction in bias when compared to results obtained when the 

emission intensities listed in the NNDC database are utilized. For example, Figure 1 

demonstrates an improvement in non-destructive plutonium mass measurements when 

utilizing more accurate γ-ray emission intensities. This work suggests this bias in isotopic 

composition may be due to errors of many percent in the emission intensities of several 

important γ-rays such as the 208-keV peak of 241Pu progeny and the 335 and 662-keV 

peaks of 241Am in the NNDC database. 
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Figure 1: Biases of total plutonium mass. The analysis combines high resolution 
gamma spectrometry and neutron coincidence counting. Items analyzed range in size from 
0.4 to 1747 g. The left data were generated using NNDC emission intensities. The right 
data utilize optimized emission intensities using the method of the present work. 

1.2 THEME 

This work consists of four components: 

• Alpha spectrometry deconvolution algorithm 

•  γ-spectrometry deconvolution algorithm 

• JCGM GUM FRAM uncertainty engine 

• γ-ray and x-ray emission intensity optimizer algorithm 

The theme of synthesizing techniques from nuclear forensics and nuclear safeguards unites 

these four projects. This is specifically accomplished by two means. First, techniques 

common to the destructive analysis of plutonium alpha spectra are applied to the 

nondestructive analysis of plutonium γ spectra. The two primary plutonium spectra 

deconvolution codes widely used are FRAM and the Lawrence Livermore developed code 

MGA. Both follow a sequential step-by-step process to eventually arrive at the plutonium 

and americium mass ratios. For example, the sequential process followed by FRAM is in 

summary [12]: 

• Fit a basic background to the analysis regions 
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• Determine energy calibration 

• Determine resolution calibration 

• Determine peak shape formula 

• Fit a set of complex regions to extract peak areas 

• Determine the relative efficiency curve 

• Calculate the relative activity of the isotopes 

• Adjust the background of the analysis regions 

• Iterate this procedure until the isotopic results have converged, or for a fixed 

amount of steps, usually 5 

• Calculate the final isotopic fractions 

This iterative process is possible due to the good energy resolution of high-purity 

germanium detectors (HPGe). On the whole, the resolution of the individual photopeaks 

does not pose a significant problem, except perhaps when attempting to de-convolute the 

x-ray region around 100 keV. Nice clean peaks are available for energy, resolution, and 

shape calibration. Further, the excellent energy resolution allows for the accurate 

determination of the background underneath relatively narrow analysis regions spanning 

perhaps no more than 10 keV. The situation markedly differs with the introduction of a 

medium resolution plutonium spectrum, taken for example with a LaBr3:Ce detector. 

Regions now spanning hundreds of keV encompassing hundreds of peaks must now be de-

convoluted all together. This work proposes the solution of borrowing the methodology 

typical in alpha spectra of de-convoluting essentially the entire spectrum, and determining 

all optimization parameters in one pass. Plutonium alpha spectra, particularly those of 

stippled samples, are very similar to LaBr3:Ce in that there exist roughly 100 significant 

alpha peaks encompassing a large area of hundreds of keV. Instead of attempting to fit 

individual peaks, large groups of peaks are fit all at once.  
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 The second manner in which this work synthesizes techniques from the safeguards 

and forensics communities is in regards to GUM uncertainty propagation. The GUM 

methodology common to ISO 17025 accredited nuclear forensics laboratories is applied to 

the FRAM framework. This is markedly different than the previous typical manner 

practiced by the IAEA in safeguards of utilizing historical data to determine delta 

confidence intervals, and markedly different than the current bottom up FRAM uncertainty 

framework which primarily only propagates uncertainty from Poisson counting statistics. 

To further unite the four projects, the GUM uncertainty methodology is applied to the alpha 

spectroscopy deconvolution algorithm. Thus, the technical theme of applying 

deconvolution techniques from destructive analysis to nondestructive analysis and the 

procedural theme of applying the typical destructive analysis GUM uncertainty framework 

to nondestructive analysis unite the individual components of this work. 

1.3 241AM IN PU BENEFIT TO NNSA PRIORITY PROGRAMS 

The NNSA (National Nuclear Security Administration) 2016 report to Congress 

Prevent, Counter, and Respond – A Strategic Plan to Reduce Global Nuclear Threats (FY 

2017-2021) [13] lists multiple priority safeguards programs to categorize and reduce Pu 

material. One of the largest DNN (Office of Defense Nuclear Nonproliferation) activities 

includes the Plutonium Management and Disposition Agreement (PMDA) between the 

United States and the Russian Federation. This agreement requires both States to categorize 

and dispose of 34 metric tons of WGPu. Another safeguards program is the Material 

Management and Minimization (M3) program. A primary goal of M3 is to eliminate 7,000 

kg of high-enriched uranium (HEU) and Pu material by the year 2022.   
241Am (half-life of 432 years), the daughter of 241Pu (half-life of 14.35 years), 

relatively quickly grows into WGPu and RGPu. Due to its high 36% emission intensity for 
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the 59 keV gamma-ray, 241Am contributes significantly to the dose for workers handling, 

processing, and ultimately disposing these materials. Further, 241Am is itself an accountable 

nuclear material. For these reasons, it is important to characterize 241Am in Pu materials. 

The current proposed 241Am in Pu methodology aims to provide an experimentally simple 

and inexpensive method to accurately characterize the amount of 241Am in Pu to aid in the 

substantial throughput needed to meet the PMDA and M3 program goals. 

1.4 241AM IN PU BENEFIT TO IAEA R&D GOALS 

The IAEA Department of Safeguards Long-Term R&D Plan for 2012-2023 lists 13 

long term needed capabilities with associated milestones [14]. R&D capability No. 8, 

“Ability to provide analytical services through the NWAL” (Network of Analytical 

Laboratories) contains milestone No. 10.3: “Develop and implement techniques for the 

determination of new chemical and physical attributes for strengthening safeguards 

verification using nuclear material samples. Improve capability to characterize nuclear 

material and verify its origin e.g.: Age determination…” The 241Am/241Pu parent-daughter 

pair provides an excellent chronometer to date the age of Pu materials [15]. The current 

proposed method directly addresses this IAEA long-term R&D goal by providing a simple, 

inexpensive, and accurate method to age-date WGPu and RGPu materials via the 

measurement of the 241Am/241Pu chronometer. 

IAEA R&D milestone 10.1 addresses the current need to produce new safeguards 

reference materials [14]. Milestone 10.1 specifically states: 

“Utilize the expanded NWAL in order to: 

1. Provide external quality control and reference materials 

2. Provide technical expertise” [14] 
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The 2016-2017 IAEA Development and Implementation Support Programme for Nuclear 

Verification (D&IS) [16] elaborates on milestone 10.1 by stressing the need to reduce the 

use of CRMs in analytical methods. This emphasis frugality stems from the difficulty and 

increasing expense of producing and distributing new certified reference materials 

(CRMs). The degradation of CRMs over time (e.g., cracking and flaking of solid U-Pu 

nitrate) due to radiolysis further worsens this supply issue [16]. 241Am is notorious for 

lacking an accurate consensus standard [17]. This limits the thermal ionization mass 

spectrometry (TIMS) measurement of the abundance of 241Am in Pu to around a 0.5% (k = 

2) uncertainty [17]. This work directly addresses IAEA milestone 10.1 by developing an 

independent method to determine 241Am in Pu which will aid in the development of a 

consensus 241Am standard. This method, combined with other low-uncertainty methods 

such as TIMS and alpha-gamma anticoincidence counting [15], will allow the placement 

of multiple independent confidence intervals on the concentration of 241Am in the proposed 

standard. Further, this work does not require the use of a CRM and therefore will conserve 

the limited supply of CRMs in the measurement of 241Am in Pu materials for NNSA 

priority safeguards projects such as M3 and PMDA. 

1.5 FRAM TRADITIONAL AND RECENT APPLICATIONS TO SAFEGUARDS 

1.5.1 Calorimetry 

FRAM is a gamma-spectrometry analysis software package which utilizes a 

relative efficiency curve to de-convolute, among other things, Pu, U, MOX (mixed-oxide 

fuel), and fission-product dominated spent fuel materials [18] and determine Pu and/or U 

isotopic abundances. FRAM is a well-established software package utilized in many 

safeguards measurements. The utilization of a relative-efficiency curve for Pu 

measurements dates back to efforts by Parker and Reilly at Los Alamos National 
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Laboratory (LANL) [19] and by Gunnink at Lawrence Livermore National Laboratory 

(LLNL) [20, 21] in the early 1970’s. The Livermore work eventually culminated in the 

Canberra disseminated code  MGA (Multi-Group Analysis) [22] utilized by the IAEA [16] 

and the Ortec disseminated code MGA++ [23]. The Los Alamos effort culminated in 

FRAM. NDA (non-destructive assay) applications of FRAM include calorimetry for Pu 

special nuclear material (SNM) [24]. The total heat-production 𝑊𝑊 produced from the 

material in question is measured via apparatus described in [25]. Gamma-spectrometry 

combined with FRAM analysis determines the isotopic mass fractions 𝑅𝑅𝑖𝑖 for example 
238Pu/Pu [g/g of heat-producing isotopes]. The individual isotope specific powers 𝑃𝑃𝑖𝑖 for 

relevant Pu isotopes and 241Am are given in Table 1 and taken from ASTM standard C1458 

[24]. The mass 𝑀𝑀 of the plutonium is then determined via 

 

𝑀𝑀 =
𝑊𝑊

∑ 𝑃𝑃𝑖𝑖𝑅𝑅𝑖𝑖𝑖𝑖
 (1) 

 

Table 1: Specific powers for Pu isotopes and 241Am [24] 

Isotope Specific Power   [mW/g] Uncertainty [k = 2] 

238Pu 567.57 0.26 
239Pu 1.9288 0.0003 
240Pu 7.0824 0.002 
241Pu 3.412 0.002 
242Pu 0.1159 0.0003 
241Am 114.2 0.42 
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1.5.2 Neutron Coincidence Counting 

Pu mass can be determined via the combination of neutron coincidence counting, 

described in [26], in conjunction with the FRAM analysis of a gamma spectrum. Similar 

to calorimetry, FRAM determines the Pu isotopic ratios and in this case neutron 

coincidence counting makes the absolute measurement necessary to convert to absolute 

mass. Spontaneous fission yields for Pu isotopes are given in . 

Table 2 and taken from [26]. 

Table 2: Spontaneous fission neutron yields for Pu isotopes [26] 

Isotope Spontaneous Fission Yield [n/s-g] 

238Pu 2.59E+3 
239Pu 2.18E-2 
240Pu 1.02E+3 
241Pu 5.00E-2 
242Pu 1.72E+3 

 

Neutron coincidence counting measures fract240Pueff. Fract240Pueff is the mass ratio of 240Pu 

that would create the same coincidence response as the measured response from all isotopes 

in the SNM. The Pu mass 𝑀𝑀 is then determined via 

 

𝑀𝑀 =
Pueff 

240

2.52fract Pu + fract 
238 Pu + 1.68fract Pu 

242   
240   (2) 

 

The complete neutron coincidence counting procedure is outlined in [26]. 
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1.5.3 Spent fuel assemblies 

Recently, in collaboration with the Department of Energy (DOE) Next Generation 

of Safeguards Initiative – Spent Fuel (NGSI-SF) project, FRAM has been used to verify 

facility declared initial enrichment, burnup, and cooling time of pressurized-water reactor 

(PWR) and boiling-water reactor (BWR) spent fuel assemblies [27, 28]. In the fission-

product dominated spectra, the multiple-gamma-ray emitting isotopes 134Cs and 154Eu to 

determine the relative-efficiency curve shape. A typical BWR spectrum taken during a 

2014 measurement campaign detailed in [27] at the Central Interim Storage Facility for 

Spent Nuclear Fuel is depicted in Figure 2. 

 

 

Figure 2: HPGe BWR spectrum taken from [27] 

The procedure described in [27, 28] to verify reactor conditions is to first measure the 

isotopic mass ratios 154Eu/137Cs, 134Cs/137Cs, 106Rh/137Cs, and 144Ce/137Cs as well as the 
137Cs count rate via FRAM. The semi-empirical equations (3) – (8) are utilized to determine 

burnup (BU), cooling time (CT), and initial enrichment (IE). 
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Cs 
137 = (𝑠𝑠𝑎𝑎𝑈𝑈𝑏𝑏)𝑠𝑠−𝜆𝜆137𝐶𝐶𝐶𝐶 (3) 

 
Eu 

154

Cs 
137 = (𝑠𝑠𝑎𝑎𝑈𝑈 + 𝑚𝑚)𝑠𝑠−(𝜆𝜆154−𝜆𝜆137)𝐶𝐶𝐶𝐶 (4) 

 
Cs 

134

Cs 
137 = (𝑠𝑠𝑎𝑎𝑈𝑈 + 𝑓𝑓)𝑠𝑠−(𝜆𝜆134−𝜆𝜆137)𝐶𝐶𝐶𝐶 (5) 

 
Rh 

106

Cs 
137 = (𝑔𝑔𝑎𝑎𝑈𝑈 + ℎ)𝑠𝑠−(𝜆𝜆106−𝜆𝜆137)𝐶𝐶𝐶𝐶 (6) 

 
Ce 

144

Cs 
137 = (𝑠𝑠𝑎𝑎𝑈𝑈 + 𝑚𝑚)𝑠𝑠−(𝜆𝜆144−𝜆𝜆137)𝐶𝐶𝐶𝐶 (7) 

 

𝐼𝐼𝐼𝐼 = 𝑑𝑑𝑎𝑎𝑈𝑈𝑘𝑘 (8) 

 

In this manner, it is reported [27, 28] that burnup, initial enrichment, and cooling time can 

be determined in just 10 minutes of measurement time and usually within about 3% of the 

actual parameters.  

1.5.4 Partial defect detection 

A recently developed and powerful FRAM application is partial-defect detection in 

fuel assemblies [29]. An image of a typical PWR assembly is given in Figure 3. An 

important goal of safeguarding spent fuel assemblies is the determination if any fuel pins 

have been removed and diverted for plutonium extraction. Long term IAEA R&D 

milestone 5.7 specifically calls for the development of more sensitive and less intrusive 

alternates to current partial defect testing of fuel assemblies [14]. Multiple methods exist 

which all have various limitations. For example, the Digital Cherenkov Viewing Device 
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[30] requires a-priori knowledge of burnup and cooling time and can only detect a large 

amount (~50%) of removed fuel pins [29]. It further does not work well for low-burnup 

fuel, fuel cooled for a long time, or fuel cooled in murky pools [31]. The Enhanced Fork 

Detection System [32] (EFDT) which utilizes a combination of neutron and gamma 

detectors, similarly requires operator-declared burnup and cooling time and requires 

movement and manipulation of the fuel assembly.  

 

 

Figure 3: AREVA PWR GAIA fuel assembly taken from [33] 

The method utilizing FRAM in [29] utilizes a single HPGe detector, does not require 

operator specified burnup or cooling time. A relative efficiency curve such as in Figure 4 

is fitted to the acquired gamma spectrum using peaks from multiple gamma-emitting 

fission products such as 154Eu and 134Cs. 134Cs, 154Eu, and 144Ce have sufficiently high-

energy gamma-rays that gamma-emissions from decays deep inside the fuel assembly 
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effect the overall efficiency response. Therefore, any missing fuel pins from inside the 

assembly will change the overall shape of the relative efficiency curve. The study in [29] 

reports the capability to detect an assembly with 5% of fuel rods removed. 

 

 

Figure 4: Relative efficiency curve for PWR spent fuel taken from [29] 

1.5.5 FRAM analysis benefit to IAEA R&D goals 

FRAM is a widely used analysis tool in the safeguards community and is expanding 

into areas such as partial defect detection and burnup, cool down time, and initial 

enrichment verification of spent fuel assemblies. This expansion of FRAM is directly 

contributing to the achievement of three IAEA R&D milestones: 
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1. 5.4: “Develop appropriate safeguards equipment to establish and maintain 

knowledge of spent fuel in shielding / storage / transport containers at all points 

in their life cycle” 

2. 5.6: “Develop improved NDA instruments and techniques to address 

verification of waste and scrap nuclear material with impure composition or 

heterogeneous isotopic composition” 

3. 5.7: “Develop more sensitive and less intrusive alternates to existing NDA 

instruments to perform partial defect test on spent fuel assembly prior to 

transfer to difficult to access storage” 

This work contributes to these IAEA R&D milestones by determining photon emission 

intensities to a more accurate degree and with correlations. This data will aid FRAM in 

reporting high-fidelity results in the analysis of SNM. Further, it develops a tool to 

propagate these new photon emission intensity uncertainties, along with uncertainty due to 

Poisson statistics, atomic masses, photon energies, and other pieces of nuclear data to paint 

an accurate uncertainty picture for FRAM results and present uncertainty budgets to clients. 

It has been found via uncertainty analysis reported in [34] and stated in the completed work 

section that photon emission intensities represent a prominent uncertainty contributor for 

many WGPu and RGPu measurements. For example, Figure 5 and Figure 6 depict 

uncertainty budgets for FRAM analyses of a one-hour spectrum and 80-hour spectrum, 

respectively, for CRM 126A (5.9% 240Pu). CRM 126A is a metal WGPu material. Dead-

time (DT) was 7%, and the spectra were taken with an Ortec GMX 40P HPGe (high-purity 

germanium) 45% efficient coaxial detector. Gamma emission intensities were taken from 

NNDC ENSDF files accessed in February 2016 [35].  

The photon energies contribute to uncertainty since they are integral parts of the 

deconvolution of a peak response. For example, the important 240Pu γ-ray at 104.24 keV is 
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very close to the interfering 241Am γ-ray at 102.96 keV. The energy of the 241Am γ-ray has 

an uncertainty of about 0.02 keV. If the true, natural value of the 241Am photon energy is 

higher than the energy used in the model, then some counts in the right portion of the 

Gaussian peak component from 241Am will be incorrectly ascribed to 240Pu. Therefore, the 

derived 240Pu/Pu mass ratio will be reported as too high.      

 

 

Figure 5: Uncertainty budget for one hour 7% DT CRM 126A 

0
10
20
30
40
50
60
70
80
90

100

238Pu 238Pu Pu240 Pu241 Am241 Np237

%
 T

ot
al

 u
nc

er
ta

in
ty

 c
on

tr
ib

ut
io

n

Mass %  [g/g-Pu]

Half-lives Gamma energies
Gamma emission intensities Poisson

238Pu 239Pu 240Pu 241Pu 241Am 237Np



18 

 

 

Figure 6: Uncertainty budget for 80 hour 7% DT CRM 126A 

As demonstrated in Figure 5 and Figure 6, even for a one hour count at only 7% DT, nuclear 

data uncertainty represents 90% of the total uncertainty contribution for the 241Pu/Pu mass 

% ratio, 70% of total uncertainty for 241Am/Pu, and substantial amounts for 239Pu/Pu, 
240Pu/Pu, and 237Np/Pu ratios. For the very high statistics 80 hour spectrum, nuclear data 

uncertainties dominate. Note that in this cursory analysis, no correlations (not stated in 

ENSDF) were used. This assumption will be further discussed in the future work section. 

By determining more accurate and precise photon emission intensities with uncertainties 

and correlations, safeguards results may be significantly improved.  

1.5.6 FRAM analysis benefit to ISO 17025 accredited laboratories 

The primary procedural document outlining uncertainty reporting requirements for 

ISO 17025 accredited laboratories is ISO/IEC 17025:2005 General requirements for the 

competence of testing and calibration laboratories [7]. Clause 5.4.6.3 specifically states 
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that all important uncertainty components must be taken into account when calculating 

uncertainty. Figure 5 and Figure 6 demonstrate that at least for WGPu measurements, 

gamma emission intensity uncertainty is non-trivial and even dominant for certain isotopic 

ratios determined with FRAM. Therefore, ISO 17025 accredited laboratories are required 

to take this uncertainty from nuclear data into account. Further, note 3 to clause 5.4.6.3 

specifically references the GUM ‘bottom up’ [36] methodology. In order to satisfy these 

requirements, this work creates a GUM compliant uncertainty propagation tool for FRAM 

which takes into account major uncertainty contributors. 

1.5.7 Relevance to similar current safeguards efforts 

There exists much ongoing work to apply GUM uncertainty analysis to safeguards 

projects and also to include uncertainty due to nuclear data in the analysis process. Recently 

at the American Nuclear Society (ANS) Advances in Nuclear Nonproliferation Technology 

& Policy Conference 2016, Pacific Northwest National Laboratory [37] presented work on 

utilizing Monte Carlo methods for determining measurement uncertainties for the 

enrichment reported by unattended monitors at gaseous centrifuge enrichment plants 

(GCEP). Among other inputs, uncertainty due to pressure, temperature, and spectrum 

counts were utilized to determine the total uncertainty for enrichment. At the same 

conference, Canberra and Oak Ridge National Laboratory (ORNL) presented a GUM 

methodology to propagate uncertainty for Tomographic Gamma Scanner (TGS) safeguards 

measurements of waste streams [38]. The uncertainty budget included, but was not limited 

to, terms from calibration, Poisson statistics, source location, ‘checkerboard effect’, and 

the voxel boundary effect. LANL, LLNL, and ORNL presented work on the effect of 

nuclear data uncertainty on epithermal neutron multiplicity counting [39]. The work 

suggested that uncertainty due to emission rates of spontaneous fission and (α,n) cross-
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sections could significantly affect total uncertainty. The work also pointed to the fact that 

covariances for much of this important data are incomplete or missing in the evaluated 

nuclear data. The work also presented the capability to propagate nuclear data uncertainty 

with the MCNP (Monte Carlo N-Particle) program.  

The present work will present the safeguards community with an additional GUM 

uncertainty model. It is hoped this uncertainty model for NDA gamma-spectrometry 

analysis will aid practitioners of other safeguards methods in developing similar 

procedures. Further, the present work aims to provide the safeguards community with 

updated isotopic plutonium and americium photon emission intensities with good 

uncertainties and correlations to aid in future measurements. 

1.6 CHRONOMETRY 

 Much of this work concerns itself with age-dating in nuclear forensics. A nuclear 

forensics laboratory is concerned with the determination of certain signatures. Examples 

of forensics signatures include isotopic ratios (for example, the mass ratio of 240Pu/Pu 

which is an indication of original reactor burnup), trace constituents (for example, trace 

fission products), the physical dimensions of the item (height, width), plutonium particle 

size, and metal hardness [40]. These signatures may be compared to databases of items or 

theoretical models to help determine where the item came from at what step in the 

production cycle it was diverted.  

One of the most valuable signatures is age-dating. Typically, a plutonium item is 

manufactured from chemically purified plutonium. Methods exist for this chemical 

purification such as recrystallization [41] and anion-exchange [42]. If the chemical 

separation was rigorously conducted, then it is typically assumed that any impurities, such 

as americium, are negligible at the time of separation (t = 0). This assumption holds for the 
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plutonium reference materials CRM 136 and CRM 137 where impurities were chemically 

separated out by both recrystallization and anion-exchange [43]. In contrast, CRM 136 was 

originally chemically separated via just recrystallization and studies indicate a measureable 

amount of 241Am at t = 0. The isotopic results from well-purified material can then be 

decay-corrected to determine the date of initial purification. Well-established chronometers 

for plutonium include 235U/239Pu, 236U/240Pu, 236U/240Pu, 237Np/241Pu, and 241Am/241Pu. 

These consist of parent – progeny pairs. For example, the decay-chain related to the 
241Am/241Pu chronometer is given by  

   

Pu 
241 → Am → Np 

237
 

241  

 

The half-lives of 241Pu, 241Am, and 237Np are 14.29, 432.6, and 2.144E+6 years, 

respectively. This indicates another issue with chronometry: the half-lives must be around 

the order-of-magnitude of the item age. For example, if the half-life of the parent is too 

short, then it will all be decayed away prior to its being measured. If the half-life of the 

progeny is too short, then secular-equilibrium will be obtained prior to measurement and 

the information on the initial separation date will be lost. Note that the 14.29 year half-life 

indicates 241Pu will largely be absent from any plutonium inventory after a few hundred 

years, or about 10 half-lives. This indicates that the 241Pu/241Am chronometer will still be 

a valuable analysis tool for any plutonium manufactured after the Manhattan Project well 

into the future.  

 The multitude of chronometers for plutonium also suggests that age-dating of 

material not rigorously purified can still yield valuable nuclear forensics information. For 

example, say all of the aforementioned uranium / plutonium chronometers indicate a 

material age of about 5 years. However, the 241Pu/241Am chronometer indicates an older 
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age of about 8 years. This discrepancy may give the analyst information about the means 

of chemical separation (e.g., anion-exchange or recrystallization) and more information 

about its origins.  

 The mathematics behind a simple parent-progeny chronometer is straightforward 

and described in a good introduction paper on nuclear forensics published by Los Alamos 

Chemistry Division in 2012 [44] or any text on the subject such as Moody’s [45]. Given 

atoms N1 and N2 of parent 1 and progeny 2 at the time of measurement 𝑠𝑠, decay constants 

𝜆𝜆1 and 𝜆𝜆1 , and atoms N10 and N20 at the time of separation, the first and second order 

Bateman equations are given as 

 

𝑁𝑁1 = N10𝑠𝑠−𝜆𝜆1𝑡𝑡 (9) 

 

 

𝑁𝑁2 = 𝑁𝑁10
λ1

𝜆𝜆2 − 𝜆𝜆1
(𝑠𝑠−𝜆𝜆1𝑡𝑡 − 𝑠𝑠−𝜆𝜆2𝑡𝑡) (10) 

 

These equations are then solved for 𝑠𝑠 to give 

 

𝑠𝑠 =  
1

𝜆𝜆1 − 𝜆𝜆2
log �1 −

𝑁𝑁2

𝑁𝑁1
�

𝜆𝜆2 − 𝜆𝜆1

𝜆𝜆1
�� (11) 

 
Note the expression 1

𝜆𝜆1−𝜆𝜆2
 in Equation 3. If the half-lives of the two isotopes are similar or 

have large uncertainties, then the uncertainty of the separation time 𝑠𝑠 will be large. 

Therefore, the uncertainty of the half-lives predicts a lower-bound on performance for any 

chronometer in estimating the separation date of the material. For example, it will be 

demonstrated in the alpha spectrometry section that after about one hour of counting time 

for aqueous plutonium with about 100-200 alpha particles striking the detector per second, 
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the uncertainty on the derived 241Pu/241Am chronometer is predominantly driven by the 

half-lives of 241Pu and 241Am. 

1.7 DECAY CORRECTION 

This section outlines the basic principles for decay-correction in regards to 

plutonium safeguards measurements and radio-nuclear counting in nuclear forensics. 

While very well-established, for example in the Passive Nondestructive Assay of Nuclear 

Materials (PANDA) Manual [46], it is vital for someone new to the safeguards community 

to understand how to decay-correct plutonium isotopic results and work with mass 

fractions. It seems fitting to include here this basic, yet important exposition. 

 A typical safeguards verification measurement consists of first counting the item 

with a high-purity germanium detector (HPGe) for about 300 to 900 seconds to determine 

the plutonium and americium mass fractions, relative to total plutonium. From this 

measurement, the total amount of either coincident spontaneous-fission neutrons or total 

amount of heat per plutonium mass is determined. The coincident neutrons are then 

counted to determine the total amount of coincident fissile-neutrons emanated from the 

source. In United States verification measurements related to stockpile stewardship, 

sometimes the total amount of heat emanating from the item is measured via calorimetry. 

Together, these measurements give total plutonium mass. The total measured mass and 

sometimes the measured isotopic results, calorimetry measurement, or neutron 

measurement are then compared to the values derived from the facility declared values. 

These declarations may be from decades prior to the measurement, and the resulting 

isotopic values, neutron response, and heat response may have changed. It is important to 

conduct the decay corrections in a rigorous manner in order to avoid any false positives for 

material diversion due to operator error.  



24 

 

 The issue of decay correcting and using the correct units is further exasperated 

when it comes to nuclear forensics measurements once an item has been sent to a laboratory 

such as Los Alamos, Lawrence Livermore, or Karlsruhe to determine signatures. The 

method proposed in this work for determining 241Am in plutonium relies on using the very 

accurate plutonium isotopic results (238Pu, 239Pu, 240Pu, 241Pu, and 242Pu) obtained from 

isotope dilution mass spectrometry (IDMS) in the alpha spectrometry deconvolution to 

determine the left-over response from 241Am. The IDMS plutonium mass fraction values 

may have been measured several weeks prior to alpha counting or vise-versa. For an item 

chemically purified in the last few years, the uncertainty on the 241Am/241Pu chronometer 

can be a few weeks. Therefore, the IDMS results must be decay-corrected prior to being 

input into the alpha-spectrometry deconvolution process. Further, any standards or certified 

reference materials must be decay corrected prior to being analyzed for quality assurance 

purposes. A final complication arises in that it is somewhat common in the chemistry 

community to not report values relative to the total amount of plutonium, but relative to 

the total mass of the sample. This is called the assay value. It is very common for the 

measured 241Am content by IDMS and any impurities to be reported in this manner. This 

further correction must be conducted in order to not produce highly inaccurate results and 

to ensure the IDMS and radiochemistry 241Am values agree within uncertainty. 

Communication is key between the mass spectrometry and radiochemistry teams, and it is 

important that all measured values be clearly stated as to what are the units, and to which 

quantity they are relative. The end of this section briefly describes a decay calculator 

program for plutonium, americium, and neptunium isotopes designed to be used by the 

radiochemistry team in order to somewhat alleviate this headache when using the alpha 

deconvolution algorithm.    



25 

 

Denote the total mass of 238Pu, 239Pu, 240Pu, 241Pu, and 242Pu at the time of 

declaration 𝑠𝑠 as m8, m9, m0, m1, and m2. Further, denote the total atoms of these isotopes as 

N8, … , N2. The atomic masses are denoted by M8, … , M2. The decay-constants are denoted 

by 𝜆𝜆8, … , 𝜆𝜆2.  Denote the masses at the time of measurement 𝑠𝑠 = 0 as 𝑠𝑠8
0, … , 𝑠𝑠2

0. Denote 

the total atoms at time 𝑠𝑠 = 0 as 𝑁𝑁8
0, …, 𝑁𝑁2

0.  Denote the symbols for 241Am and 237Np 

similarly as Nam, Nnp, mAm, mNp, MAm, MNp, 𝜆𝜆Am, 𝜆𝜆Np, 𝑠𝑠Am
0 , 𝑠𝑠𝑁𝑁𝑁𝑁

0 , 𝑁𝑁Am
0 , and 𝑁𝑁Np

0 . The 

decay corrections for the isotopes 238Pu, 239Pu, 240Pu, 241Pu, and 242Pu are first-order and 

will be described first. The decay of 241Am is described by a second-order Bateman 

equation since it is the progeny of 241Pu. The final case is 237Np which is a third-order 

Bateman equation since it is the progeny of 241Am.  

 The basic case of 241Pu decay will be described and taken as an example of how to 

decay correct 238Pu, 239Pu, 240Pu, and 242Pu. The mass percent of 241Pu/Pu is given by the 

ratio of the mass of 241Pu over the sum of the masses of the other plutonium isotopes: 

 
100𝑠𝑠1

𝑠𝑠Pu
= 100 ×

𝑠𝑠1

𝑠𝑠8 + 𝑠𝑠0 + 𝑠𝑠9 + 𝑠𝑠1 + 𝑠𝑠2
 (12) 

 

In order to work with the decay correction formulas espoused in the previous section, these 

masses must be converted to atoms: 

 

= 100 ×
𝑀𝑀1𝑁𝑁1

𝑀𝑀8𝑁𝑁8 + 𝑀𝑀0𝑁𝑁0 + 𝑀𝑀9𝑁𝑁9 + 𝑀𝑀1𝑁𝑁1 + 𝑀𝑀2𝑁𝑁2
 (13) 

 

The total atoms are then related to the total atoms at the time of measurement, 𝑠𝑠 = 0, via 

application of the first-order Bateman equation:  
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= 100

×
𝑀𝑀1𝑁𝑁1

0𝑠𝑠−𝜆𝜆1𝑡𝑡

𝑀𝑀8𝑁𝑁8
0𝑠𝑠−𝜆𝜆8𝑡𝑡 + 𝑀𝑀0𝑁𝑁0

0𝑠𝑠−𝜆𝜆0𝑡𝑡 + 𝑀𝑀9𝑁𝑁9
0𝑠𝑠−𝜆𝜆9𝑡𝑡 + 𝑀𝑀1𝑁𝑁1

0𝑠𝑠−𝜆𝜆1𝑡𝑡 + 𝑀𝑀2𝑁𝑁2
0𝑠𝑠−𝜆𝜆2𝑡𝑡 (14) 

 

The only thing left to do is divide the numerator and denominator by the total mass of 

plutonium at 𝑠𝑠 = 0: 

 

= 100 ×

𝑠𝑠1
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆1𝑡𝑡

𝑠𝑠8
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆8𝑡𝑡 + 𝑠𝑠0

0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆0𝑡𝑡 + 𝑠𝑠9

0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆9𝑡𝑡 + 𝑠𝑠1

0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆1𝑡𝑡 + 𝑠𝑠2

0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆2𝑡𝑡

 (15) 

 

This relates the decay-corrected mass of 241Pu at the time of measurement to the declared 

plutonium mass fractions stated on the declaration sheet by the facility. 

 The derivation for 241Am and 237Np are similar and require the use of second and 

third-order Bateman equations, respectively. The final equations relating the decay-

corrected masses to the declared values on the declaration sheets are given as: 

 
mAm

𝑠𝑠Pu
× 100

= 100 

×  
𝑀𝑀Am𝑁𝑁𝐴𝐴𝐴𝐴

0 𝑠𝑠−𝜆𝜆𝐴𝐴𝐴𝐴𝑡𝑡 + 𝜆𝜆1
𝜆𝜆Am − 𝜆𝜆1

𝑀𝑀Am𝑁𝑁1
0(𝑠𝑠−𝜆𝜆1𝑡𝑡 − 𝑠𝑠−𝜆𝜆Am𝑡𝑡)

𝑀𝑀8𝑁𝑁8
0𝑠𝑠−𝜆𝜆8𝑡𝑡 + 𝑀𝑀0𝑁𝑁0

0𝑠𝑠−𝜆𝜆0𝑡𝑡 + 𝑀𝑀9𝑁𝑁9
0𝑠𝑠−𝜆𝜆9𝑡𝑡 + 𝑀𝑀1𝑁𝑁1

0𝑠𝑠−𝜆𝜆1𝑡𝑡 + 𝑀𝑀2𝑁𝑁2
0𝑠𝑠−𝜆𝜆2𝑡𝑡 

(16) 

   

and 
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mnp

𝑠𝑠𝑃𝑃𝑃𝑃
× 100

=

𝑠𝑠Np
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆Np𝑠𝑠 +

𝑀𝑀Np

𝑀𝑀Am

𝜆𝜆Am

𝜆𝜆Np − 𝜆𝜆Am

𝑠𝑠Am
0

𝑠𝑠Pu
0 (𝑠𝑠−𝜆𝜆Am𝑠𝑠 − 𝑠𝑠−𝜆𝜆Np𝑠𝑠) +

𝑀𝑀Np

𝑀𝑀1
𝜆𝜆

1

𝜆𝜆Am

𝑠𝑠1
0

𝑠𝑠Pu
0 [

𝑠𝑠−𝜆𝜆1𝑠𝑠

(𝜆𝜆Am − 𝜆𝜆1)�𝜆𝜆Np − 𝜆𝜆1�
+

𝑠𝑠−𝜆𝜆Am𝑠𝑠

(𝜆𝜆1 − 𝜆𝜆Am)�𝜆𝜆Np − 𝜆𝜆Am�
+

𝑠𝑠−𝜆𝜆Np𝑠𝑠

�𝜆𝜆Am − 𝜆𝜆Np��𝜆𝜆1 − 𝜆𝜆Np�
]

𝑠𝑠8
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆8𝑠𝑠 +

𝑠𝑠0
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆0𝑠𝑠 +

𝑠𝑠9
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆9𝑠𝑠 +

𝑠𝑠1
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆1𝑠𝑠 +

𝑠𝑠2
0

𝑠𝑠Pu
0 𝑠𝑠−𝜆𝜆2𝑠𝑠

 
(17) 

 

 A screenshot of a decay-calculator program called CAAC Calc written for the goal 

of aiding radiochemistry in decay-correcting the IDMS plutonium values to be input into 

the alpha-spectrometry deconvolution program is presented below. One drawback in the 

majority of plutonium decay-correction programs such as ISOPOW developed by Vo in 

FRAM [1] is the inability to propagate uncertainties. CAAC Calc propagates uncertainties 

due to half-lives, atomic masses, and initial isotopic ratios. It works backwards and 

forwards and has the majority of the reference materials used at Los Alamos National 

Laboratory by both the safeguards and nuclear forensics communities stored in an easily 

editable meta-data text file. Uncertainties for half-lives, declared isotopic ratios, and atomic 

masses are documented in the meta-data text file.  
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Figure 7: Decay-calculator program 
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Figure 8: Selected meta-data 
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1.8 DERIVATION OF PEAK SHAPE 

This section derives the mathematical form of the peak shape. Much of this work 

concerns itself with the deconvolution of spectra, arising either from photons or alpha 

particles. Both of these phenomena are typically modelled via the convolution of a 

Gaussian component with an exponential tailing component. In both γ and alpha 

spectrometry utilizing germanium and silicon semi-conductor detectors, the broadening of 

a peak is due to statistical spread in the amount of charge carriers, variations in charge 

collection efficiency, and electronic noise [47]. In alpha spectrometry, there is additional 

broadening due to variations in the recoil energy of the emitted atom upon decay [48]. In 

germanium semi-conductors, tailing is caused by incomplete charge collection in the 

detector [49]. This is also the case in alpha-spectra, where edge effects in the detector 

depletion region lead to the loss of collection of electron-hole pairs [48, 50]. However, in 

alpha spectrometry the primary contributor to tailing is losses in energy of the alpha 

particles due to interactions with material between the source and the detector. These 

include interactions with the chamber gas, self-attenuation in the deposited source, and 

interactions with the detector depleted regions. When the alpha particles interact with 

matter the primary source of energy loss is via ionization of electrons. A similar effect on 

peak shape occurs in γ-spectrometry where the photons lose energy via small-angle 

Compton scatter while interacting with matter between the source and the detector. This 

small-angle Compton scattering affect leads to counts shifted down several keV in energy, 

very similar to the effect in alpha spectrometry. However, it is common practice in γ 

deconvolution codes such as FRAM and MGA to model this affect due to small angle 

Compton scattering via a step function and attribute this response to the background. This 

attribution to the background will not lead to an underestimation of peak area since the 

efficiency curve compensates for these lost counts. Finally, in LaBr3:Ce scintillation 
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spectra, the very poor resolution of the detector dominates any small effects due to tailing. 

Therefore, it is common to not model the tail and for the sake of simplicity only model the 

peak as a Gaussian. 

 The derivation of the convolution of a Gaussian and an exponential can be found 

in any standard mathematical text on deconvolution, such as the one by Jansson [51]. The 

specific derivation for the alpha peak shape is given in a 1987 paper by Bortels [52], 

although the specifics of solving the integrals is omitted. Define the standard-deviation of 

a Normal distribution as 𝜎𝜎 and define the centroid as 𝜇𝜇 and set it equal to 0. Further, define 

the exponential constant as 𝜏𝜏. Denote the Normal and left-sided exponential distributions 

as N(𝑥𝑥) and F(𝑥𝑥). These distributions are defined as:    

 

 

𝑁𝑁(𝑥𝑥) =
1

𝜎𝜎√2𝜋𝜋
𝑠𝑠

−𝑥𝑥2

2𝜎𝜎2  (18) 

 

and as 

 

𝐹𝐹(𝑥𝑥) = 𝜆𝜆𝑠𝑠𝜆𝜆𝑥𝑥H(−𝑥𝑥) (19) 

 

Note that H(−𝑥𝑥) is just the left-sided step function. 

The convolution is given by integrating the product of the two distributions from -∞ to +∞. 

Define this convolution as I(𝑠𝑠). 

 

 

I(𝑠𝑠) = N(𝑥𝑥) ∗ F(𝑥𝑥) =
𝜆𝜆

𝜎𝜎√2𝜋𝜋
� 𝑚𝑚𝑥𝑥𝑠𝑠

−(𝑦𝑦−𝑥𝑥)2

2𝜎𝜎2
+∞

−∞
𝑠𝑠𝜆𝜆𝑥𝑥H(−𝑥𝑥) (20) 
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Combining the two exponentials and realizing the step function can be taken out of the 

integrand by simply only integrating up to 0 yields 

 

 

I(𝑠𝑠) = N(𝑥𝑥) ∗ F(𝑥𝑥) =
𝜏𝜏

𝜎𝜎√2𝜋𝜋
� 𝑚𝑚𝑥𝑥𝑠𝑠

−(𝑥𝑥2−2𝜎𝜎2𝜆𝜆𝑥𝑥−2𝑥𝑥𝑦𝑦+𝑦𝑦2)
2𝜎𝜎2

0

−∞
 (21) 

 

In order to solve this integral, it is useful to use the variable substitution 

 

𝑧𝑧 =  
1

√2𝜎𝜎
(𝑥𝑥 − (𝑠𝑠 + 𝜎𝜎2𝜏𝜏)) (22) 

 

Then, 

 

𝑚𝑚𝑥𝑥 =  √2𝜎𝜎 (23) 

 

At 𝑥𝑥 = 0: 

 

𝑧𝑧 =
−(𝑠𝑠 + 𝜎𝜎2𝜏𝜏)

√2𝜎𝜎
 (24) 

 

 And at x=-∞,  z = -∞ 

 

and 

 

𝑧𝑧2 =
𝑥𝑥2 + 𝑠𝑠2 + 𝜎𝜎4𝜏𝜏2 − 2𝑥𝑥𝑠𝑠 − 2𝜎𝜎2𝜏𝜏𝑥𝑥 + 2𝑠𝑠𝜎𝜎2𝜏𝜏

2𝜎𝜎2  (25) 
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This implies that 

 
−(𝑥𝑥2 + 𝑠𝑠2 − 2𝑥𝑥𝑠𝑠 − 2𝜎𝜎2𝜏𝜏𝑥𝑥)

2𝜎𝜎2 = 𝜏𝜏(𝑠𝑠 +
𝜏𝜏𝜎𝜎2

2
) − 𝑧𝑧2 (26) 

 

Substituting all these expressions back into the Eq. (21) yields 

 

I(𝑠𝑠) =  
1

√𝜋𝜋
𝑠𝑠𝜏𝜏(𝑦𝑦+𝜏𝜏𝜎𝜎2

2 ) � 𝑚𝑚𝑧𝑧𝑠𝑠−𝑧𝑧2

−�𝑦𝑦+𝜎𝜎2𝜏𝜏�
√2𝜎𝜎

−∞
 (27) 

 

Note that 𝑠𝑠−𝑧𝑧2is an even function, so the limits of integration can be changed to: 

 

I(𝑠𝑠) =  
1

√𝜋𝜋
𝑠𝑠𝜏𝜏(𝑦𝑦+𝜏𝜏𝜎𝜎2

2 ) � 𝑚𝑚𝑧𝑧𝑠𝑠−𝑧𝑧2
∞

(𝑦𝑦+𝜎𝜎2𝜏𝜏)
√2𝜎𝜎

 
(28) 

 

Define the erfc(𝑥𝑥) function as 

 

erfc(𝑥𝑥) =  
2

√𝜋𝜋
� 𝑚𝑚𝑧𝑧𝑠𝑠−𝑧𝑧2

∞

𝑥𝑥
 (29) 

 

Substituting the erfc(𝑥𝑥) function back into Eq. (27) yields: 

 

I(𝑠𝑠) =  
𝜏𝜏
2

𝑠𝑠𝜏𝜏�𝑦𝑦+𝜎𝜎2𝜏𝜏
2 �erfc(

(𝑠𝑠 + 𝜎𝜎2𝜏𝜏)
√2𝜎𝜎

 (30) 

 

This is the joint-probability density function for the convoluted area of a Normal 

probability distribution and an exponential distribution. The integral of this expression will 
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sum to one. Now, in a spectrum a peak will have an area greater than one. So, the area 

scaling factor denoted by 𝐴𝐴 must be introduced. Further, the centroid of the peak 𝜇𝜇 will 

have a non-zero energy. Introducing these two terms gives the final expression for the peak 

response 𝑅𝑅(𝑠𝑠) where 𝑠𝑠 is the spectrum channel: 

 

R(𝑠𝑠) =  𝐴𝐴
𝜏𝜏
2

𝑠𝑠𝜏𝜏�𝑦𝑦−𝜇𝜇+𝜎𝜎2𝜏𝜏
2 �erfc(

(𝑠𝑠 − 𝜇𝜇 + 𝜎𝜎2𝜏𝜏)
√2𝜎𝜎

 (31) 

   

Alpha spectrometry deconvolution programs typically model more than one exponential 

tail. The most common number is three, which is the number utilized in this work. The 

convolution process is very similar to that just described. Only, weighting factors 𝜂𝜂1−3 

must be introduced to account for the multiple tails. The principal of superposition applies 

in this case, and the true alpha peak response is divided into the sum of the responses of 

three peaks each with a different exponential constant. The expression for multiple tails is 

given as 

 

I(𝑠𝑠) = 𝐴𝐴 � 𝜂𝜂𝑖𝑖
𝜏𝜏𝑖𝑖

2
𝑠𝑠𝜏𝜏𝑖𝑖�𝑦𝑦−𝜇𝜇+𝜎𝜎2𝜏𝜏𝑖𝑖

2 �erfc(
(𝑠𝑠 − 𝜇𝜇 + 𝜎𝜎2𝜏𝜏𝑖𝑖)

√2𝜎𝜎

3

𝑖𝑖=1

  (32) 

  

 Note that the scaling factors 𝜂𝜂𝑖𝑖 must all sum to one so that the joint probability distribution 

still equals unity. It has always surprised the author that the exponential constants 𝜏𝜏𝑖𝑖 are 

outside of the exponential and erfc functions. At first glance it seems that the only constant 

outside of the exponential and erfc functions should be the peak area. The reason is that 

the exponential distribution contains a 𝜏𝜏 term term outside of the exponential function and 

this constant term propagates throughout all the calculations. 
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Chapter 2: Determination of 241Am in WGPu for Chronometry 

Applications 

2.1 SUMMARY 

This section presents an algorithm to determine the 241Am/Pu mass ratio from 

spectra of unpurified plutonium taken with alpha spectrometry. The 238Pu /Pu, 239Pu/Pu, 
240Pu/Pu, and 242Pu/Pu mass ratios are determined Thermal Ionization Mass Spectrometry 

(TIMS). These mass ratios are then input into a deconvolution algorithm which determines 

the remaining response function from 241Am in the spectrum. One spectral feature which 

complicates the deconvolution are the spectral features which arise from conversion 

electrons. This is mitigated by introducing a conversion electron model which shifts counts 

from the primary alpha energies up to the energies due to the coincidence of alpha and 

electron particles. All sources of uncertainty are attempted to be taken into account in 

compliance with the Joint Committee for Guides in Metrology (JCGM) document Guide 

to the Measurement of Uncertainty (GUM) supplement 101 [53]. This is accomplished via 

a Monte-Carlo uncertainty model which takes into account uncertainties from Poisson 

statistics, alpha energies, alpha emission intensities, half-lives, TIMS plutonium mass ratio 

values, and atomic masses, and efficiency. Two primary measurement regimens are carried 

out. The first analyzes well-documented certified reference materials (CRM) 126A, 136, 

137, and 138. The derived 241Am/Pu mass ratios and separation dates are found to be in 

very good agreement with prior published TIMS and alpha spectrometry studies. Further, 

analyses of the reference materials CRM 136 and CRM 137, originally purified via both 

recrystallization and ion-exchange, yield separation dates which agree very well with the 

literature. Unfortunately, there is about a 1% bias for chronometry dates and about a 1.5% 

bias when compared to un-published LANL IDMS data of the same reference materials. 



36 

 

After improving the experimental procedure, a second counting regimen was undertaken 

on non-CRM samples. Repeatability was found to greatly improve upon rinsing the pipet 

in acid prior to stippling the aqueous solution onto the glass cover slips. This is conjectured 

to be due to the elimination of any surfactant on the pipet tip from the factory which may 

attenuate some of the alpha particles and create anomalous spectral features. Total 

measurement uncertainties range from about 0.6 to 1.6 % with a coverage factor of 2 (k = 

2) for a single hour-long count at around 100 alpha particles per second striking the 

detector. It is recommended to not count for longer than one hour since uncertainties from 

half-lives, nuclear data, and other sources are then larger in magnitude than the uncertainty 

from Poisson statistics. The primary application of this program is intended to be for 

routine programmatic work done at CMR at Los Alamos National Laboratory where the 

client does not desire to spend the extra resources for the accuracy of an IDMS 241Am mass 

ratio. Since the presented method does not require the separation of the americium from 

the plutonium, substantial time and resources may be saved. Further, many clients desire 

multiple independent methods with overlapping uncertainties. A second americium method 

with the capability of attaining uncertainties around 1% (k = 2) will provide the clients with 

the assurance they desire. Unfortunately, whereas the results from the current method agree 

very well with previous literature and with the documented separation dates, the 0.5 – 1.5 

% difference between the LANL IDMS and LANL alpha values do not achieve this goal.     

2.2 INTRODUCTION 

Multiple methods exist for the determination of the concentration of 241Am. The 

most accurate and well-regarded technique is IDMS [17]. Due to the similarity of the first 

ionization potential of Am and Pu at 5.97 eV and 6.03 eV, respectively, there exists a 

significant isobaric interference between 241Am and 241Pu [54]. Since 241Pu concentration 
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can vary from 0.5% in research reactor produced Pu to more than 20% for RGPu [17], 
241Am must be chemically separated prior to analysis. The chemical separation further 

improves the ionization efficiency of americium, which has been reported to be as high as 

0.63% with the addition of a carbon additive [55]. Typically, approximately 1 µL of 

solution containing 500 ng of 241Am in HNO3 is placed on a rhenium, tantalum, or tungsten 

filament and dried [17]. The filament is then heated to produce ions which are then 

analyzed by a mass spectrometer. One such TIMS instrument used by the Actinide 

Analytical Chemistry Group (C-AAC) at LANL is depicted in Figure 9.   

 

 

Figure 9: TIMS instrumentation at C-AAC 

The primary limitation with the measurement of 241Am with TIMS is isotope 

fractionation. As the filament is heated, lighter isotopes fractionate faster than lighter 

isotopes at a rate of 0.1 to 0.5% per mass unit [17] for actinides. Consequentially, the ratio 

of light isotopes to heavy isotopes changes over time during the measurement process. In 

the absence of an 241Am isotopic standard with which to make corrections, isotope 

fractionation limits IDMS measurements to about 0.5% (k = 2) as reported by [17]. 
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However, work conducted at the Commissariat à l’Energie Atomique [56], which 

determined the 241Am/243Am in French Atomic Energy Commission (FAEC) standards, 

approximated the systematic error due to fractionation as only 0.2% (k = 2). Statistical 

uncertainty was reported as 0.2% (k = 2). Combining these in quadrature gives final result 

of 241Am/243Am = 0.013628 ± 0.3% in [56]. Note that for safeguards measurements, such 

as the determination of americium concentration in spent-fuels, the amount of material 

available is usually not a limiting factor to uncertainty. In summary, IDMS is widely 

regarded as the primary method for Am determination, although fractionation continues to 

be a significant measurement limitation. 

 This work had difficulty in finding published studies in the open literature reporting 
241Am content in plutonium reference materials determined via IDMS. K. Mayer from the 

Joint Research Centre in Karlsruhe reports IDMS results for CRM 137 in a 2000 paper in 

the Fresenius’ Journal of Analytical Chemistry  [57]. The study analyzed standard 

reference material (SRM) 947 which has since been certified as CRM 137 which is one of 

the CRMs analyzed in the present work. Plutonium, uranium, and americium were 

chemically separated via a Dowex 1 × 8 200-400 mesh anion exchange resin. The 
241Am/243Am isotope ratio measurements were carried out with a Finnigan MAT 261 

thermal ionization mass spectrometer. The age of the plutonium determined from the 
241Am/241Pu mass ratio is reported as 27.71 ± 0.4 (k = 2) years. This represents a relative 

uncertainty of about 1 % for a 95% coverage factor. Their results agree very well with the 

documented  age of 27.5 years. The study also states results for SRM 947 obtained via 

nondestructive γ-spectrometry utilizing the MGA isotope analysis program. The study does 

not state the specific counting duration. It states only that it was counted for between 3 and 

48 hours until the reported counting statistics dropped below 1%. The NDA γ-spectrometry 

analysis material age of 27.22 ± 0.28 years is in good agreement with the IDMS result.  
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The good agreement between the present work and the Karlsruhe study gives confidence 

to the fidelity of the present method.  

2.2.1 Inductively coupled plasma mass spectrometry (ICP-MS) 

ICP-MS is becoming more popular for the analysis of 241Am and other actinides 

due to the simplicity of sample introduction, ease of ionizing elements with high potentials 

(5.97 eV for Am), and rapid sample preparation. The sample is dissolved and the aqueous 

solution is introduced into the plasma via a nebulizer. The ions are subsequently focused 

through the mass spectrometer for analysis. ICP-MS instrumentation at The University of 

Texas at Austin Jackson School of Geosciences is depicted in Figure 10. Common 

polyatomic interferences with possible sulfur and chloride in the dissolution, possible 

oxygen introduction during analysis, and Bi and Pb in the sample matrix include but are 

not limited to 209Bi32S+ (249.95 AMU), 208Pb33S (240.95 AMU), 206Pb35Cl (240.94 AMU), 

and 209Bi16O2+ (240.94 AMU). 241Pu and Pu hybrid ions 240PuH+ and 242PuH+ also cause 

interferences [58]. However, these interferences can be resolved by utilizing high-

resolution equipment such as a sector-field magnetic-sector ICP-MS, and the Pu 

interferences can be removed via separation [17]. Other problems include the very high 

ICP-MS instrumental mass bias (although constant with respect to time unlike for TIMS), 

memory, and carry-over effects which limit precision [17].  

 

 

Figure 10: ICP-MS instrumentation at UT Austin at Jackson School of Geosciences [59] 
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There have been several relatively recent studies which utilized ICP-MS to analyze 

special nuclear materials (SNM). A recent European Commission study determined 241Am 

amounts in spent fuel via ICP-MS. After correcting for significant bias, 241Am 

concentrations were determined with a 10% (k=2) uncertainty. However, no separation was 

performed leading to significant interferences from the 241Pu isobar [60]. A 2006 study 

determined 241Am/241Pu ratios with uncertainties of about 2.5% (k = 2) for Pu reference 

materials IRMM081 and IRMM083 and for Trinitite [61]. As stated above, ICP-MS is 

frequently used in 241Am concentrations determination in geological and biological 

samples due to its ease of use. For example [62] determined 241Am in Sagami Bay sediment 

core samples to with about 6 – 15 % (k = 2) uncertainty for activity concentrations on the 

order of 10 mBq/g. Another study compared the performance of alpha spectrometry to ICP-

MS for IAEA sediment standards 384 (60 fg/g Am), 385 (33 fg/g Am), and 308 (1.5 fg/g 

Am). Uncertainties (k = 2) for alpha spectrometry 241Am concentrations were 9%, 14%, 

and 23%, respectively. Uncertainties (k = 2) for ICP-MS concentrations were 14%, 12%, 

and 33%, respectively. In summary, ICP-MS is easier to use than TIMS, yet lacks similar 

precision. 

2.2.2 Alpha spectrometry 

Alpha spectrometry is frequently used for the determination of 241Am in fuel 

materials due to the relatively low-cost of silicon semi-conductor detectors and constant 

detector efficiency in the energy range of Pu and Am alpha particles (4 – 6 MeV) [63]. 

Samples are dissolved in acid, typically HNO3 and HF, and either drop-deposited onto 

glass cover slips or electro-deposited onto metal substrates. A typical resolution for drop-

deposited samples in the present work is about 20 keV (full-width at half maximum, 

FWHM, at 5 MeV). The energy resolution of electro-deposited samples typically ranges 
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from 8-10 keV [64].  Samples are then counted for up to several days on silicon semi-

conductor detectors inside a vacuum chamber.  

A significant amount of the literature focuses on the analysis of environmental 

materials which typically have much lower amounts of 241Am and therefore poorer 

counting statistics and higher uncertainties.  For example, [65] determined 241Am in water, 

air filters, and urine with concentrations ranging from 0.1 to 100 pCi/sample with 

accuracies ( k=1 standard deviation of n = 16 samples and not taking into account 

systematic uncertainties) of 4%, 2%, and 2%, respectively. Americium was chemically 

separated via extraction chromatography and the use of a 243Am tracer. The study reports 

a systematic uncertainty due to the tracer of 2-5% (k = 1) which are not included in the 

stated accuracies. For many applications, the insufficient activity of 243Am tracers limits 

achievable uncertainty. Other recent environmental studies include the detection of 241Am 

in food samples [66], in feces [67], and in oyster mushrooms [68]. 

 

 

Figure 11: Oyster mushrooms analyzed via alpha spec. Taken from [68] 
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A 2008 study examined 241Am in synthetic solutions and evaporator concentrate 

samples from nuclear power plants [69]. First, Pu was separated via an anion exchange 

column. The anion exchange effluent was then co-precipitated with oxalic acid. Following 

the precipitation, Am was isolated via an Eichrom TRU resin. 241Am samples were then 

electrodeposited onto planchets. An 243Am tracer was utilized in the alpha spectrometry 

analysis. The determined 2421Am concentration was 1.04 ± 0.32 (k = 2) mBq/g.  

A 1984 paper by Kirby and Sheehan from the former DOE Mound Site presents a 

procedure most similar to the present work [43]. First, alpha-spectrometry is used to 

determine the (238Pu/239Pu+240Pu) ratio of alpha counts from samples where the 241Am has 

been separated via anion exchange. This ratio is then used in the deconvolution of the 

unseparated alpha spectrum to determine the 241Am/239Pu ratio of alpha counts. Due to 

dissimilar deposition of Pu and Am in electrodeposition, drop-deposition was utilized with 

correspondingly poor resolution and tailing. Due to the computational limitations of the 

time, a simplified tailing model 

 

𝑌𝑌𝑖𝑖
𝑁𝑁 = 𝐴𝐴 + 𝑎𝑎𝑋𝑋𝑖𝑖

𝑞𝑞 (33) 

 

where 𝑌𝑌𝑖𝑖 is the counts in spectrum ‘maxbin’ 𝑠𝑠 and 𝐴𝐴, 𝑎𝑎, and 𝑞𝑞 are constants determined 

from a linear / nonlinear fit. A maxbin is defined as set of adjacent spectrum channels. NBL 

CRMs 136, 137, and 138 (then SRMs 946, 947, 948) were analyzed. 241Am/239Pu atom 

ppm were on average per sample reported as 23194 ± 1.9% (k=2), 22643 ± 2.3% (k=2), 

and 23194 ± 2.0% (k=2), respectively. It is unclear what sources of uncertainty the study 

included due to the lack of an uncertainty budget. The only uncertainty contributors 

discussed are Poisson statistics and a 10% uncertainty on the tailing counts. The derived 
241Am/241Pu mass ratios and the derived chemical separation dates are in very good 
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agreement with the present work for the three analyzed SRMs. The combined agreement 

of the Karlsruhe study [57] and the Mound study [43] lend confidence to the fidelity of the 

present work. 

2.2.3 Electro-deposition 

The current work utilizes the similar deposition of americium and plutonium in 

drop-deposited samples. Unfortunately, this leads to very poor energy resolution and peak 

tailing. A large amount of uncertainty is generated during the deconvolution of the tail, 

especially in older RGPu samples with very high amounts of 241Am. It is possible that 

significantly better resolution and tailing can be achieved by utilizing a method developed 

in 2009 for the near-identical electrodeposition of Am and Pu [70]. In that work, the 

optimized procedure was carried out on SRM-947. The % alpha activity of 241Am/Pu was 

calculated for the electrodeposited samples and for drop-deposited samples. Negligible 

differences were determined, although uncertainties were somewhat high at around 9%.  

2.2.4 Alpha deconvolution method 

The semi-theoretical response for an alpha-peak response function in silicon 

detectors was derived in 1987 by Bortels as the convolution of a Gaussian peak with 

multiple exponential tails (usually 1-4) [71]. The convoluted expression is given in Eq. 9 

and was derived in section 1.8 of this work: 
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The first term 𝑠𝑠�𝑥𝑥 is the expected counts in spectrum channel x and 𝐴𝐴 is the total counts in 

the alpha peak. The symbols 𝜏𝜏𝑘𝑘 and 𝜂𝜂𝑘𝑘 represent the exponential time constants and 
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magnitudes, respectively. The sigma of the normal component of the peak is represented 

by the symbol 𝜎𝜎. The set 𝐾𝐾 is the set of tailing expressions used to model the peak. Note 

that in γ-spectrometry, the tail is typically modelled as a single exponential.  Variants of 

this alpha-peak expression are used and studied in [72-84]. Alternative methods usually 

involve the application of cubic splines [85, 86]. As previously stated, the 1984 Mound 

Site work [43] utilizes a very simple tailing function since the work was completed prior 

to the wide-spread adoption of Eq. 10 in the late 1980’s and 1990’s. 

2.3 EXPERIMENTAL 

Two experimental counting regimes were undertaken. The first regime analyzed 

samples of CRMs 126A, 136, 137, and 138. Aqueous solutions were direct-deposited onto 

glass cover slips and counted in an Ortec Octete Plus Integrated Alpha-Spectroscopy 

System with silicon semi-conductor detectors depicted in Figure 13. Deposition volumes 

ranged from 25 to 100 µL. The cover slips were placed into plastic cups depicted in Figure 

12. The purpose of the plastic cup is to minimize the contamination of the detector chamber 

due to the ejection of decayed atoms from the sample matrix onto the chamber walls. The 

decay of an alpha particle may impart sufficient momentum to break the surrounding 

chemical bonds. The alpha decay of 241Am to 237Np or the alpha will not necessarily just 

eject 237Np atoms since the massive 237Np nucleus may transfer some of its energy to the 

surrounding atoms in the matrix. Therefore, the chamber contamination may contain both 

the primary plutonium and americium parents as well as progeny. A detailed discussion of 

recoil contamination and prevention methods is contained in [50]. The introduction of the 

plastic cup to capture any recoiled or ejected atoms has significantly reduced background. 

A sensitivity study demonstrated that the very low background indicates no background 
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subtraction is necessary in the acquired spectra since it will affect the derived 241Am/Pu 

ratio by less than about 0.02%, far less than other sources of uncertainty.  

 

 

Figure 12: Alpha chamber with plastic cup 

 

Figure 13: Ortec Octete Plus Integrated Alpha-Spectroscopy System 
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Spectra were acquired with counting times ranging from 100 to 400 ksec. All eight 

chambers were utilized for the counting of CRM 126A resulting in eight spectra. Four 

chambers resulting in four spectra each were acquired for CRMs 136, 137, and 138. An 

issue apparent after the acquisition process was a spectral anomaly in the tails of the peaks. 

This is evident in a preliminary spectrum of CRM 126A and also in the residuals depicted 

in Figure 14. About half of the spectra analyzed in this regime exhibited this feature, and 

there is little mention of it in the literature.  

 

 

Figure 14: Spectrum exhibiting considerable un-modelled interference. The spectrum is 
from a 3600s count from WGPu CRM 126a 
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An optical microscopy investigation was undertaken. Figure 15 depicts magnification of a 

cover slip of CRM 137 which demonstrated significant spectral distortions. The optical 

images in Figure 15 contain coffee rings. Images of another CRM 137 sample which did 

not display any coffee ring spectral distortions had a ring which encompassed only about 

20%  of the sample circumference.   

  

 

Figure 15: Optical microscopy of coverslip (top) and magnified ring (bottom) 

This work conjects that a surfactant on the pipet tip was being introduced onto the cover 

slip. After dousing the pipet in acid, subsequent samples analyzed with this methodology 

have not exhibited further spectral distortions. However, about half of the spectra contained 

in the first measurement regime contain this spectral feature. The 10 samples of CRM 126A 

without any spectral distortions have a very similar average derived material age of 5674 

± 6 days compared to the average derived material  of the six samples which displayed 
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significant distortions of  5680 ± 19 days. Here, the values after the ± symbol represent the 

sample standard deviation of the derived material ages. Whereas the average ages are very 

similar, the poorer spectra have a sample standard deviation about three times larger than 

the spectra displaying no spectral distortions. Therefore, the conjected coffee-ring affect 

does not contribute to a systematic bias. Instead, it worsens repeatability. 

 A second experimental regimen was undertaken after the adoption of dousing the 

pipet in acid. Samples 21250, 22194 and 21137 were analyzed in a similar manner to the 

first regime. The primary difference is that the second set of samples were counted for a 

shorter duration of 3600 seconds with many more counts for each sample. This change in 

counting time is due to the analysis of the posterior uncertainty budgets for the first 

experimental regime which demonstrated that after about an hour, no further value is 

acquired due to improved statistics since the systematic uncertainties from other 

uncertainty contributors such as half-lives as the IDMS isotopic ratios begin to dominate.   

Table 3 depicts the plutonium isotopic composition of all samples analyzed. No formal 

definition exists for the dividing line between reactor grade plutonium (RGPu) and 

weapons-grade plutonium (WGPu) as there is for the 20% demarcation for low-enriched 

and high-enriched uranium as set forth by the IAEA [87]. This study adopts the arbitrary 

denotes the division to be 90% 240Pu mass %. Using this demarcation, four WGPu and 

three RGPu samples were analyzed. Table 4 depicts the counting conditions and some 

meta-data. Of note are the reduced 𝜒𝜒2 values for the fitting process. The much reduced 

𝜒𝜒2values for the second experimental regime are due to the lack of spectral distortions and 

also due to the much shorter counting duration. As in any radio-nuclear fitting code for 

HPGe, LaBr3:Ce, or alpha spectra, small inaccuracies in the model impact reduced 𝜒𝜒2 as 

the relative uncertainties on the counts in each channel decreases. For very long counts, 

even a high-fidelity model such as FRAM can yield large reduced 𝜒𝜒2 values. 
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Table 3: Plutonium isotopic values for samples analyzed. All values are decay 
corrected to the indicated time. CRMs 126A, 136, 137 and 138 are decay-corrected from 
the values specified on the reference sheets. Samples 21250, 22194 and 21137 are decay-
corrected from values obtained from IDMS. Uncertainties expressed in parentheses 
indicate a 68% confidence interval, or k = 1. 

  Mass % [grams isotope x / grams Pu x 100] 

Sample Type 238Pu 239Pu 240Pu 241Pu 242Pu 
Decay  

corrected to 
Samples analyzed after dousing pipet in acid  

21250 RGPu 0.782(9) 78.612(8) 17.421(3) 1.120(2) 2.064(4) 8/8/2017 
22194 WGPu 0.0093(1) 93.974(1) 5.914(1) 0.0652(1) 0.0374(2) 9/11/2017 
21137 WGPu 0.0087(10) 93.970(1) 5.888(1) 0.1027(2) 0.03110(6) 8/14/2017 

 
Samples analyzed prior to dousing pipet in acid 
CRM 126A WGPu 0.01100(1) 93.9585(8) 5.9141(8) 0.0798(1) 0.03661(1) 8/1/2016 
CRM 136 RGPu 0.180(3) 86.221(7) 12.527(7) 0.479(1) 0.594(2) 8/8/2016 
CRM 137 RGPu 0.216(2) 78.91(1) 19.079(9) 0.547(2) 1.247(2) 8/8/2016 
CRM 138 WGPu 0.0080(4) 91.949(5) 7.953(5) 0.05567(2) 0.0335(2) 26/8/2016 
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Table 4: Meta-data for samples analyzed. The resolution is the standard deviation of 
the Gaussian fitted to the peaks. Any increases in the full-width at half-maximum due to 
tailing is not taken into account.  

Sample Type DT 
[%] 

 
# 

Samples 

Count time 
per sample 

[ks] 

Resolution 
(sigma of 
Gaussian) 

[keV] 

Typical 
Reduced 𝜒𝜒2 

Counts 
per 

second 
[cps] 

 

 Samples analyzed after dousing pipet in acid   

21250 RGPu 0  38 3.6 7.4 1.6 118 
22194 WGPu 1  16 3.6 8.1 1.4 215 
21137 WGPu 2  18 3.6 7.9 1.5 309 

  
Samples analyzed prior to dousing pipet in acid  

CRM 126A WGPu 2  16 340 1.3 24 208 
CRM 136 RGPu 1  4 700 1.3 25 59 
CRM 137 RGPu 1  4 342 1.3 45 74 
CRM 138 WGPu 0  4 937 1.3 25 27 

2.4 ALGORITHM INFORMAL DESCRIPTION 

 This section informally describes the fitting routine utilized in the program. For an 

explicit description of the governing equation, see section 2.9. A screenshot of the complete 

program is depicted in Figure 16. 
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Figure 16: Alpha spectrometry program 

2.4.1 Regions 

A typical fit plutonium alpha spectrum will contain two primary groups of peaks. 

One group centered at around 5100 keV predominantly contains peaks due to 239Pu and 
240Pu. There does exist a small response from 242Pu, but this is usually only visible in the 

spectrum for very high burnup RGPu containing many percent of 242Pu. The current work 

models about 25 responses from alpha emissions in this region. The second group of peaks 

is centered at about 5400 keV and contains responses from 241Am and 238Pu. Again, this 

work models about 25 peaks in this region. It is important to fit a sufficiently large stretch 

of the spectrum to accurately model the tails from the 241Am and 238Pu region underneath 

the 239Pu and 240Pu region. Indeed, this is the primary difficulty associated with this 

methodology. The great majority of the counts in the 239Pu and 240Pu region lie above 5000 
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keV. The counts from the most abundant 241Am and 238Pu alpha particles occur at about 

5400 keV. Therefore, the exponential tails must be modelled about 400 keV out from the 

centroids of the Gaussians. To accomplish this, the fitting routine models the spectrum 

from about 4600 to about 5500 keV. In this manner, the tail responses around 5000 keV 

from the 241Am and 238Pu peaks at 5400 keV will be very accurately modeled by imitating 

the tails responses around 4600 keV from the 5000 keV 239Pu and 240Pu peaks. For WGPu 

with very little 241Am or 238Pu, the fitting process of the tails does not have to be of a high 

fidelity nature since there are very few tailing counts underneath the 239Pu and 240Pu peaks. 

However, this tail can represent several percent of the area around 4600 keV for the very 

high-burnup materials such as CRM 137. In this case, the tail fitting must be very good 

indeed. Figure 17 and Figure 18 depict typical fits and residuals for RGPu sample 21250 

and WGPu sample 22194 for the sake of comparison. Note that the residuals typically all 

fall within ±3 sigma, with a few points falling within ±4 sigma towards the right end of the 
241Am peaks. This is primarily due to the great difficulty in modelling the conversion 

electrons. Also note that the algorithm fits the entire span from 4600 keV to 5400 keV at 

once. 
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Figure 17: Typical fit of RGPu sample 21250 counted for 3600s 
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Figure 18: Typical fit of WGPu sample 22194 counted for 3600s 

2.4.2 Conversion electron model 

In alpha particle decay, energy from the nucleus is imparted to the ejected alpha 

particle and some to the momentum of the nucleus. Sometimes, the decayed nucleus is left 



55 

 

in an excited state. This excess energy is then sometimes emitted via the emission of a 

photon. Sometimes, however, the excess energy is imparted to a nearby electron. The 

ejected electron is termed a conversion electron (CE). The energies of these CEs are usually 

around 10 – 50 keV. The energy is equal to the energy of the level transition minus the 

binding energy necessary to eject the electron from either the K, L, M, or N and above 

(N+) shells. Some isotopes such as 239Pu do not suffer too much from this affliction since 

71 % of alpha decays go directly to ground, and 28% of the time the nucleus decays to only 

about 10 keV above ground. 241Am decay, however, produces a significant amount of 

conversion electrons.The nucleus decays to 60 keV from ground about 85% of the time 

and about 15 % of the time it to 100 keV from ground. These excess energies are small 

enough to have a very low cross-section for photon emission but are large enough to exceed 

the electron binding energies in the L, M, and N+ shells. It is typical in alpha spectrometry 

to discount the effects of coincident alpha particles with photons due to a very low detector 

efficiency. However, the conversion electrons have a very high probability of depositing 

their energy in the detector. This work finds that for the Ortec Octete Plus Integrated Alpha-

Spectroscopy System with a 25-100 µL sample on the 4th position, an average CE has about 

a 2% chance of depositing its energy in the detector. This leads to spectral counts shifting 

to the right by 20 – 50 keV, depending on the energy of the CE. If the CEs are not taken 

into account, the model will under-predict the experimental data. Due to the lack of 

statistics in the majority of alpha spectral deconvolution studies [43, 72-82, 85, 86, 88-

105], these CEs are not typically modelled. In this work, however, the higher counting 

statistics necessitates the inclusion of this model.  Figure 19 depicts fits of a RGPu sample 

with and without a CE model. Note that the defect around 5500 keV on the right shoulder 

of the 241Am and 238Pu region has been significantly improved. 
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The CE model utilized in this work is rather simple. All CE energies are assumed 

to have the same detector efficiency. While this assumption holds for alpha particles around 

5000 keV, it may not at around 50 keV since an electron at 10 keV will be stopped by 

electromagnetic interactions in the sample, gas chamber, and detector window and dead-

layers more than an electron at 50 keV. Nevertheless, a non-linear deconvolution algorithm 

must be as simple as possible to increase robustness. For this reason, the constant efficiency 

assumption is made and does lead to better fits. The CE energies and emission probabilities 

were taken from the NNDC ENSDF files. Very simply, counts are taken from the primary 

alpha peaks and added 10 – 50 keV above their energies depending on the specifics of the 

particular CE. A discussion of the biases and difficulties of CEs as related to alpha 

spectrometry can be found in [106]. 
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Figure 19: Fit of RGPu without (top) and with (bottom) CE model 

2.4.3 Resolution and Tailing 

For the sake of model robustness, the resolution from 4600 to 5400 and tailing 

parameters are assumed to be constant. This is fairly standard for alpha spectrometry. This 

work involved many iterations of attempting to improve model accuracy by for example 

making the resolution a function of energy. However, these added complications failed to 

significantly improve performance at too great a cost of repeatability. 
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2.4.4 Efficiency 

 It is standard in alpha spectrometry to assume a constant detector efficiency curve 

[43, 72-86, 88-105, 107-114]. Photons may scatter or be absorbed via the photoelectric 

effect in the sample, gas chamber, or detector dead-layers. However, there are no 

equivalent mechanisms for alpha particles. The alpha particles will only lose energy as they 

advance through the various media between the sample and detector. Due to the very large 

particle mass, they will not significantly deviate from their original direction. Nevertheless, 

for absolute rigor a 0.1% (k = 2) uncertainty is assigned to the assumption of constant 

detector efficiency. 

2.4.5 Initial Conditions 

 Initial conditions for resolution and tailing taken as stock values from previous fits. 

The algorithm demonstrates considerable robustness for variations in these initial 

conditions. For the sake of simplicity, they are not estimated from the spectrum. The initial 
241Am/Pu activity ratio is estimated by doing an initial gross fit of the areas of the two peak 

groups around 5100 and 5400 keV.  

2.4.6 Nonlinear fitting algorithm 

 The standard 𝜒𝜒2 statistic is utilized along with the Levenberg-Marquardt 

optimization algorithm described in Numerical Recipes [115]. The latest version of the 

algorithm demonstrates considerable robustness with different optimization algorithms 

such as L-BFGS and Downhill Simplex. No bounds are set on the parameters except for a 

lower bound of zero for quantities where being negative is not physically meaningful. This 

is simply accomplished by optimizing the absolute value of the quantity, such as the 
241Pu/Pu isotopic ratio.  
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2.5 UNCERTAINTY PROPAGATION 

 Uncertainty is propagated via the Monte Carlo method outlined in the JCGM 

supplement 1 to the GUM [8]. Normal distributions are assigned to the counts in each 

channel, alpha particle energies and emission intensities, half-lives, and the IDMS TIMS 

Pu isotopic ratios. The standard deviations of the counts in each channel are taken to be the 

square-root of the counts utilizing the Normal approximation to the Poisson distribution. 

Standard deviations of the nuclear data are taken to be the uncertainties (k = 1) stated in 

the NNDC ENSDF files. The only slightly non-standard methodology is the assignment of 

the 0.1% uncertainty to the efficiency curve. The efficiency curve is flat throughout the 

Monte Carlo simulations, and a 0.1% uncertainty is added in quadrature to the standard 

deviation of the results of the Monte Carlo simulations post-priory. Values for all of the 

random-variables are randomly samples 1000 times and propagated through the non-linear 

deconvolution process. The uncertainties of the 241Am/Pu mass ratio and the derived 

chemical separation date are taken to be the standard deviation of the resulting distribution 

(plus the 0.1% uncertainty from the efficiency curve). This GUM procedure is depicted in 

Figure 20. 
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Figure 20: Uncertainty methodology  
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Table 6, Figure 21, and Figure 22 depict posterior uncertainty budgets for typical 

WGPu and RGPu samples 21137 and 21250. Total measurement uncertainties (TMUs) are 

stated in the table and figure descriptions. TMUs are typically around 1% (k = 2) for both 

materials, with the uncertainty slightly smaller for the model age. Note that half-lives play 

a more significant role for the model ages as opposed to the 241Am/Pu mass ratios. Primary 

uncertainty drivers are Poisson statistics, the TIMS Pu isotopic ratios, and half-lives. The 

large uncertainty from TIMS is due to the difficulty in measuring 238Pu abundance due to 

the 238U isobar from imperfect chemical separation. 

Table 5: Uncertainty budget for a typical 3600 s WGPu sample 21137 spectrum. 
241Am/Pu mass × 100 TMU =  0.99% (k = 2). Model age TMU = 0.79% (k = 2).    

Component 241Am MF % budget Age % budget 
Poisson * 1000 MC iterations, rather than 100 for others 41.3 31.1 
Mass spec 29.1 28.7 
Half-lives 19.2 30.0 
Atomic Masses 0 0 
Alpha energies 3.6 2.8 
Alpha intensities 1.2 0.9 
Conversion electron data 0.3 0.3 
Efficiency curve error 5.1 6.2 
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Figure 21: Uncertainty bar diagram for a typical 3600 s WGPu sample 21137 spectrum 
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Table 6: Posterior uncertainty budget table for a typical 3600 s RGPu sample 21250 
spectrum. 241Am/Pu mass × 100 TMU  =  0.95% (k = 2). Model age TMU = 0.71% (k = 
2).  

Component 241Am MF % budget Age % budget 
Poisson * 1000 MC iterations, rather than 100 for others 43.2 28.8 

Mass spec 30.7 21.5 
Half-lives 12.1 36.6 

Atomic Masses 0 0 
Alpha energies 7.6 5.0 

Alpha intensities 2.3 1.5 
Conversion electron data 0.5 0.4 

Efficiency curve error 3.7 6.2 
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Figure 22: Posterior uncertainty budget bar chart for a typical 3600 s RGPu sample 
21250 spectrum. 241Am/Pu mass x 100 TMU  =  0.95 % (k = 2). Model age TMU = 0.71% 
(k = 2). 
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comparison of the sample standard deviation of a set of multiple counts to the propagated 

statistical uncertainty is frequently used, for example in [10] to assess uncertainty rigor.   

Table 7: Comparison of the standard deviation of calculated model age distribution to 
the Monte-Carlo statistical uncertainty component for data obtained after dousing the pipet 
in acid 

Sample Type 
# of 3600s 

spectra 
Model age statistical standard 

deviation [days], k=1 

Monte-Carlo Statistical 
uncertainty component 

[days], k=1 
21250 RGPu 38 34 40 
22194 WGPu 16 27 26 
21137 WGPu 18 16 20 

2.6 RESULTS 

 The results for the second measurement campaign demonstrate TMUs of between 

0.8 and 1.6 % (k = 2) for both the 241Am/Pu mass ratios and the derived separation dates. 

The measurements demonstrate excellent repeatability, with the sample standard 

deviations of the measurement results being well below the TMUs. The results for the 

second set of measurement campaigns demonstrate significantly worse repeatability, with 

sample standard deviations greater than the TMUs generated via Monte-Carlo. This is due 

to the sample-specific bias of the coffee-ring effect which was only eliminated for the 

second measurement regime. The Monte-Carlo simulations are not taking into account this 

source of uncertainty and therefore the TMUs are too low for these items. 

In comparison with the prior art, CRMs 136, 137, and 138 demonstrate excellent 

agreement with the Mound Site alpha spectrometry study [43]. CRM 137 demonstrates 

excellent agreement with the 2000 Karlsruhe study [57]. Further, CRMs 136 and 137 agree 

very well with the documented separations dates in the literature [43]. Note that these 

samples were originally purified via recrystallization and anion-exchange so there should 

not be much residual 241Am at the time of separation. CRM 138 was not originally purified 
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via anion-exchange. Therefore the over-prediction of the separation date and the over-

prediction of 241Am content by about 1 % is consistent with the history of this item. 

Unfortunately, there is typically about a 1 % bias when compared to the LANL IDMS. 

Although this data is unpublished, this represents a significant issue with the present work. 

One of the goals of this work is to develop a method to verify the IDMS 241Am content 

with a second independent method. This 1 – 1.5% bias does not meet this goal. 

Nevertheless, there still is agreement within uncertainty at the extreme of about 2 sigma. 

A small consolation is that the bias seems to be  fairly consistent across all items. These 

results are summarized in Table 8 and Table 9. Note that the very minor discrepancies 

between the 241Am/Pu mass ratios and chronometry dates is the fact that the 241Am/Pu mass 

ratios are decay corrected to the date of the alpha spectrometry analysis utilizing the 

plutonium isotopic ratios taken from the CRM certificates. These may differ from the other 

plutonium results obtained in the studies. Therefore, the chronometry results represent the 

best comparison between the literature and the present method.  

Table 8: 241Am/241Pu chronometer comparison with prior art. Values represent percent 
differences (Measured – literature value) / literature value x 100. Statistical uncertainties 
are the sample standard deviations of the set of measurements. 

Material Type Purification method 
LANL 
IDMS 
[%] 

Mound 
Alpha 
[%] 

Sep. 
Date 

Karlsruhe 
IDMS [%] 

Alpha 
Stat. 
unc. 
k=2 
[%] 

Alpha 
TMU 
k=2 
[%] 

21250 RG  0.5    0.4 0.9 
22194 WG  1.0    0.6 0.9 
21137 WG  1.0    0.4 1.0 

CRM 126A WG      0.4 0.8 
CRM 136 RG IE 0.7 -0.01 -0.14  0.4 0.8 
CRM 137 RG IE  0.8 0.12 -0.10 0.01 0.6 0.9 
CRM 138 WG RC 0.5 0.07 1.22   0.3 0.7 
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Table 9: 241Am/Pu mass % comparison with prior art. Values represent percent 
differences 100 × (measured – literature value) / literature value. Statistical uncertainties 
are the sample standard deviations of the set of measurements. 

Material Type LANL IDMS [%] Mound Alpha [%] Karlsruhe IDMS [%] 

Stat. 
unc. 
[%] 
k=2 

TMU 
k=2 
[%] 

21250 RG 0.7   0.9 1.6 
22194 WG 1.7   1.0 1.2 
21137 WG 1.0   0.6 0.8 

CRM 126A WG    0.6 0.7 
CRM 136 RG 1.7 0.1  1.1 0.8 
CRM 137 RG 1.9 -0.3 -0.08 1.5 0.6 
CRM 138 WG 1.6 0.5   0.8 0.6 

 

Figure 23 explores the potential sources of discrepancy between the LANL IDMS 
241Am/Pu ratio and the current work 241Am/Pu ratio. This diagram further breaks down the 

uncertainty budget into components specific to each isotope. It is possible that either the 

reported mass spectrometry 238Pu/Pu atom ratio is off by about two sigma or the IDMS 
241Am/Pu mass ratio is off by about two sigma. This demonstrates that a model is only as 

good as the inputs. If the 238Pu number is off by a few percent, then the peak response from 
241Am will be off since the counts due to 238Pu are directly underneath those of 241Am. 
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Figure 23: Tornado-diagram exploration of disagreement between LANL IDMS and 
current work alpha method for RGPu sample 21250. The IDMS uncertainty is k = 2. 

2.6.1 Raw data 

 This subsection depicts the raw data for each spectrum measurement. Model age 

results and 241Am/Pu mass ratios are presented. In addition to the alpha spectrometry 
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9.15 9.2 9.25 9.3 9.35 9.4

Pu241 atom ratio

Pu242 atom ratio

241 MF mass %

Pu241 HL

Pu240 atom ratio

239 MF mass %

Pu240 HL

Pu238 HL

Pu239 HL

Am241 HL

Pu238 atom ratio

Am/Pu mass %

-2 sigma

+ 2 sigma

IDMS
uncertainty

Alpha
result

IDMS
Value



69 

 

systematic uncertainty reported by FRAM version 5.2 utilizing the 120-460 keV coaxial 

parameter set. All γ-spectrometry values agree very well with the alpha spectrometry 

values. The methodology of the γ-spectrometry counting is similar to that described in [2, 

116]. All uncertainties represent coverage factors of 2. Further, the fits of the first spectra 

analyzed for the second measurement campaign are presented. These raw results are 

depcited in Figures [23-35]. 

 

 

Figure 24: Curve fitting and residuals for a 3600s RGPu sample 21250 spectrum 
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Figure 25: Model age results for RGPu 21250 compared to IDMS 

 

 

Figure 26: 241Am mass% results for RGPu 21250 compared to IDMS 
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Figure 27: Curve fitting and residuals for a 3600s WGPu 22194 count 

 

 

Figure 28: Model age results for WGPu sample 22194 compared to IDMS 
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Figure 29: 241Am mass% results for WGPu sample 22194 compared to IDMS 

 

 

Figure 30: Curve fitting and residuals for a 3600s WGPu 22137 count 
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Figure 31: Model age results for a WGPu 22137 compared to IDMS 

 

 

Figure 32: 241Am mass% results for WGPu 22137 compared to IDMS 
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Figure 33: Model age results for RGPu CRM 137 

 

 

Figure 34: Model age results for RGPu CRM 136 
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Figure 35: Model age results for WGPu CRM 126A 

 

Figure 36: Model age results for WGPu CRM 138 
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spent adjusting all of the alpha particle emission intensities and energies to arrive at a non-

biased solution. Figure 37 depicts the comparison of the alpha spectrometry model age 

results using and not using TIMS plutonium isotopic values as well as the LANL IDMS 

model age. Figure 38 demonstrates that good residuals can still be achieved without using 

these values. 

 

 

Figure 37: Results for RGPu sample 21250 for algorithm not utilizing TIMS isotopic 
values for plutonium. Uncertainties are k = 2. No uncertainty was calculated for the alpha 
values which do not utilize mass spectrometry data. 
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Figure 38: Deconvolution curve fitting if not utilizing TIMS isotopics for RGPu sample 
21250 

2.7 CONCLUSIONS 

A deconvolution algorithm has been written to determine the 241Am/Pu ratio in 

spectra resulting from the alpha counting of plutonium stippled samples. Repeatability and 

accuracy are much aided by utilizing the 238Pu/Pu, 239Pu/Pu, 240Pu/Pu, and 242Pu/Pu isotopic 

ratios determined via TIMS in the deconvolution process. TMUs are around 1% with a 

coverage factor of 2 for both the calculated 241Am/Pu mass ratio and the derived 

chronometry separation date. Results agree very well with previous alpha and IDMS data 

reported in the literature. Further, derived separation dates agree very well with the 

separation dates reported in the literature for materials originally chemically separated via 

recrystallization and anion-exchange. However, there exists a 0.5 to 1.5% disagreement 

with unpublished LANL IDMS data.  This method demonstrates it is suitable as an 
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alternative cheaper method to IDMS for determining 241Am content in routine 

programmatic work. The disagreement with LANL IDMS data creates doubt as to whether 

it is a suitable as an independent second method to confirm 241Am content for forensics 

samples.  

2.8 ALGORITHM FORMAL DESCRIPTION 

Table 11 defines the indices and sets used in the algorithm description. Table 12 

defines the symbols for the given data such as half-lives and emission intensities. Table 13 

defines the symbols for intermediary values which are functions of more fundamental 

quantities. Table 14 defines the symbols used for all of the optimization parameters varied 

by the program. Table 10 states the upper and lower bounds of the analysis regions. Note 

that the first two regions are only used to estimate an initial condition for the 241Am content. 

 

Table 10: Upper and lower bounds for the analysis regions. Regions 0,L and 0,R are 
only used to estimate initial conditions for the 239Pu and 241Am areas, respectively. Region 
1 represents the primary analysis region for the nonlinear deconvolution. 

Region 𝑢𝑢 Lower bound [keV] Upper bound [keV] 
0L 4850 5220 
0R 5220 5620 
1 4600 5620 
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Table 11: Indices and sets used in alpha deconvolution algorithm 

Indices and sets Description 
𝑥𝑥 ∈ 𝑋𝑋 Channel 𝑥𝑥 in set of channels 𝑋𝑋 
𝑗𝑗 ∈ 𝐽𝐽 Alpha peak 𝑗𝑗 in set of peaks 𝐽𝐽 
𝑘𝑘 ∈  𝐾𝐾 Tail function 𝑘𝑘 in set of Tail functions 𝐾𝐾 
𝑢𝑢 ∈  𝑁𝑁 Conversion electron 𝑢𝑢 in set of conversion electrons 𝑁𝑁 
𝑘𝑘 ∈ 𝐾𝐾 Initial isotopic condition 𝑘𝑘 in set of initial conditions 𝐾𝐾 
𝑠𝑠 ∈ 𝐼𝐼 Isotope 𝑠𝑠 in set of isotopes 𝐼𝐼 
𝑢𝑢 ∈ 𝐶𝐶𝐼𝐼𝑗𝑗 ⊆  𝑁𝑁 Conversion electron 𝑢𝑢 in set of conversion electrons 𝐶𝐶𝐼𝐼𝑗𝑗  

associated with alpha emission 𝑗𝑗 

Table 12: Symbols for given data 

Symbol Units Description 
y(x) Counts Measured counts in channel x 
𝐼𝐼𝑗𝑗 keV Energy of alpha emission 𝑗𝑗 
𝐼𝐼𝑗𝑗 particles per disintegration Emission intensity for alpha emission 𝑗𝑗 
𝑇𝑇1

2
(𝑠𝑠) Years Half-life for isotope 𝑠𝑠 

𝑠𝑠(𝑠𝑠) Grams Mass of isotope 𝑠𝑠 
𝑀𝑀(𝑠𝑠) Grams/mol Atomic mass for isotope 𝑠𝑠 
𝐼𝐼𝑛𝑛 keV Energy of conversion electron 𝑢𝑢 
𝑃𝑃(𝑢𝑢|𝑗𝑗) None Probability that conversion electron 𝑢𝑢 is emitted  

given alpha emission 𝑗𝑗 

Table 13: Symbols for non-optimized values and functions 

Symbol Units Description 
χ2 Counts Typical sum of the squares of the residuals loss function 
F(𝑥𝑥, β) Counts Predicted counts at channel 𝑥𝑥 given a set of parameters 𝛽𝛽 
𝜇𝜇𝑗𝑗 Channels Calculated centroid in channels of alpha emission 𝑗𝑗 
𝐴𝐴𝑗𝑗 Counts Calculated area associated with alpha emission 𝑗𝑗 

Table 14: Optimized parameters 𝛽𝛽 

Symbol Description Units Initial condition 
𝜔𝜔 Conversion electron detector efficiency  0.02 
𝜏𝜏𝑘𝑘 Tailing exponential constant associated with tail 

function 𝑘𝑘 
 0.02, 0.16, 0.38 

𝜂𝜂𝑘𝑘 Tailing fraction constant associated with tail 
function 𝑘𝑘 

 0.2, 0.4, 0.4 

𝑠𝑠𝜎𝜎 Detector resolution (standard deviation of Gaussian) Channels 1.5 
𝑠𝑠 Energy calibration slope Channels/keV From spectrum 
𝑏𝑏 Energy calibration intercept Channels From spectrum 

𝐴𝐴Pu239 Total counts in spectrum due to 239Pu Counts Estimated from 
spectrum 

𝐴𝐴Am241 Total counts in spectrum due to 241Am Counts Estimated from 
spectrum 
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2.8.1 Initial conditions 

The initial condition for the total area of 239Pu is estimated by summing the counts 

in region spanning 4850 to 5220 keV and multiplying by the expected count ratio of 240Pu 

counts to 239Pu counts determined from the TIMS numbers. This preliminary analysis 

utilizes the energy calibration supplied in the spectrum. It is beneficial if this energy 

calibration has an accuracy of ± 10 keV. 

 

𝐴𝐴Pu239 = �
𝑠𝑠(𝑥𝑥)

1 +
𝑠𝑠Pu240𝑇𝑇1

2
(Pu239)𝑀𝑀(Pu240)

𝑠𝑠Pu239𝑇𝑇1
2

(Pu240)𝑀𝑀(Pu240)
∀𝑥𝑥 𝑖𝑖𝑛𝑛 𝑟𝑟0𝐿𝐿

 
(35) 

 

Now that the area of 239Pu has been estimated, the expected area from 238Pu is determined. 

This is subtracted from the sum of the counts in a preliminary region spanning 5220 to 

5620 keV to arrive at the initial condition for the area of 241Am. 

 

𝐴𝐴Am241 = � 𝑠𝑠(𝑥𝑥) − 𝐴𝐴𝑃𝑃𝑃𝑃239

𝑠𝑠Pu238𝑇𝑇1
2

(Pu239)𝑀𝑀(Pu240)

𝑠𝑠𝑃𝑃𝑃𝑃239𝑇𝑇1
2

(Pu238)𝑀𝑀(Pu238)
∀𝑥𝑥 𝑖𝑖𝑛𝑛 𝑟𝑟0𝑅𝑅

 (36) 

 

2.8.2 Objective function 

 The typical χ2 statistic is utilized. The error function between the measured and 

model counts in each channel in a region spanning 4600 to 5620 keV is weighted by the 

Poisson uncertainty. 

 

χ2 = min
𝛽𝛽

�
�F(𝑥𝑥, β) − 𝑠𝑠(𝑥𝑥)�2

𝑠𝑠(𝑥𝑥)
∀𝑥𝑥 𝑖𝑖𝑛𝑛 𝑟𝑟

 (37) 
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2.8.2 Peak and tailing function 

 The basis of the peak function is a Gaussian convoluted with three exponential tails 

derived in section 1.8 in the introduction. This is modified by subtracting the responses 

from the conversion electrons from the primary alpha peaks and adding them 10 – 50 keV 

above. Note that in Eq. (38) there exists two primary terms. The first term is just the 

expression for a Gaussian convoluted with an exponential but with the responses from CEs 

subtracted out  (1 − 𝜔𝜔 ∑ 𝑃𝑃(𝑢𝑢|𝑗𝑗)∀𝑛𝑛∈𝐶𝐶𝐸𝐸𝑗𝑗 ). The second term is the response from coincidences 

between the alpha particles and the CEs. The coincidence sum-peaks are modelled with the 

same resolution and tailing as the primary alpha peaks. Note that there is just a single CE 

efficiency 𝜔𝜔. So, the CE model only introduces a single extra optimization parameter into 

the non-linear least-squares fit. 

 

F(𝑥𝑥, 𝛽𝛽) = � �
𝐴𝐴𝑗𝑗

2 �1 − 𝜔𝜔 � 𝑃𝑃(𝑢𝑢|𝑗𝑗)
∀𝑛𝑛∈𝐶𝐶𝐸𝐸𝑗𝑗

� 𝜏𝜏𝑘𝑘𝜂𝜂𝑘𝑘exp �𝜏𝜏𝑘𝑘�𝑥𝑥 − 𝜇𝜇𝑗𝑗�
∀𝑘𝑘∈𝐾𝐾∀𝑗𝑗∈𝐽𝐽

+
𝜎𝜎2𝜏𝜏𝑘𝑘

2

2
 � erfc �

1
√2

�
𝑥𝑥𝑖𝑖 − 𝜇𝜇𝑗𝑗

𝜎𝜎
+ 𝜎𝜎𝜏𝜏𝑘𝑘�� 

 

+ � � �
𝐴𝐴𝑗𝑗

2
𝜔𝜔𝑃𝑃(𝑢𝑢|𝑗𝑗)𝜏𝜏𝑘𝑘𝜂𝜂𝑘𝑘exp �𝜏𝜏𝑘𝑘 �𝑥𝑥 − �𝜇𝜇𝑗𝑗 + 𝜇𝜇𝑛𝑛��

∀𝑛𝑛∈𝐶𝐶𝐸𝐸𝑗𝑗∀𝑘𝑘∈𝐾𝐾∀𝑗𝑗∈𝐽𝐽

+
𝜎𝜎2𝜏𝜏𝑘𝑘

2

2
 � erfc �

1
√2

�
𝑥𝑥𝑖𝑖 − �𝜇𝜇𝑗𝑗 + 𝜇𝜇𝑛𝑛�

𝜎𝜎
+ 𝜎𝜎𝜏𝜏𝑘𝑘�� 

 

(38) 

2.8.3 Energy calibration 

The energy calibration is modelled as linear.  



82 

 

 

𝜇𝜇𝑗𝑗 = 𝑠𝑠𝐼𝐼𝑗𝑗 + 𝑏𝑏 (39) 

 

The centroids of the alpha particle and CE sum peaks occur at the sum of the energies of 

the two particles. 

 

𝜇𝜇𝑗𝑗 + 𝜇𝜇𝑛𝑛 = 𝑠𝑠(𝐼𝐼𝑗𝑗 + 𝐼𝐼𝑛𝑛) + 𝑏𝑏 (40) 

 

The alpha peak areas from 239Pu, 240Pu, and 242Pu are all linked together to the area from 
239Pu via the NNDC emission intensities and the TIMS stated ratios of 238Pu/239Pu, 
240Pu/239Pu, and 242Pu/239Pu. Thus, 239Pu is the ‘anchor isotope’ to which all other isotopes 

are relative. The alpha peak areas from 241Am are linked to the total 241Am area via the 

inclusion of the emission intensities. 

 

𝐼𝐼𝑓𝑓 𝑗𝑗 ∈ 𝐽𝐽Pu239:                  𝐴𝐴𝑗𝑗 =  𝐼𝐼𝑗𝑗𝐴𝐴Pu239 (41) 

 

𝐼𝐼𝑓𝑓 𝑗𝑗 ∈ 𝐽𝐽Pu238:           𝐴𝐴𝑗𝑗 =  𝐼𝐼𝑗𝑗𝐴𝐴𝑃𝑃𝑃𝑃239
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 (42) 

 

 

𝐼𝐼𝑓𝑓 𝑗𝑗 ∈ 𝐽𝐽Pu240:           𝐴𝐴𝑗𝑗 =  𝐼𝐼𝑗𝑗𝐴𝐴Pu239
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 (43) 

 

 

𝐼𝐼𝑓𝑓 𝑗𝑗 ∈ 𝐽𝐽Pu242:           𝐴𝐴𝑗𝑗 =  𝐼𝐼𝑗𝑗𝐴𝐴Pu239
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𝐼𝐼𝑓𝑓 𝑗𝑗 ∈ 𝐽𝐽Am241:           𝐴𝐴𝑗𝑗 =  𝐼𝐼𝑗𝑗𝐴𝐴Am241 (45) 

2.8.4 Nuclear data used in alpha deconvolution algorithm 

Table 15 states the utilized half-lives and uncertainties. Table 16 states the isotope 

masses taken from the NNDC Evaluated Nuclear Data Files (ENDF) version 7. Alpha 

particle and conversion electron data are extracted from ENSDF and depicted in  

Table 17 and Table 18, respectively. 
 

Table 15: Half-life taken from ENSDF [9] 

Isotope Half-life [y] u [k=1] 
238Pu 87.74 0.03 
239Pu 24100 11 
240Pu 6561 7 

241Am 432.6 0.6 
242Pu 3.73E+05 0.03E+05 
241Pu 14.33 0.04 

 

Table 16: Atomic mass data extracted from ENDF 7 [117] 

Isotope Isotopic mass [g/m] u [k=1] 
238Pu 238.0495534 2.10E-06 
239Pu 239.0521565 2.10E-06 
240Pu 240.0538075 2.10E-06 

241Am 241.0568229 2.10E-06 
242Pu 242.0587368 2.10E-06 
241Pu 241.0568453 2.10E-06 
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Table 17: Alpha particle data extracted from ENSDF [9] 

Isotope Energy [keV] µ [k=1] Intensity [α/diss] u [k=1] 
239Pu 5156.59 0.14 0.7079 0.001 
239Pu 5143.82 0.21 0.1714 0.0004 
239Pu 5105.81 0.21 0.1187 0.0003 
239Pu 5073.12 0.21 0.000034 0.00001 
239Pu 5055.34 0.21 0.000375 0.000012 
239Pu 5111.21 0.21 0.0002 0.00001 
239Pu 5008.7 0.21 0.000182 0.000027 
239Pu 4988.13 0.21 0.000034 0.00001 
239Pu 5029.51 0.21 0.00013 0.00004 
239Pu 4962.83 0.21 0.00007 0.00001 
239Pu 4935 0.21 0.00005 0.000007 
239Pu 4737.05 0.21 0.000057 5E-07 
239Pu 4829.38 0.21 3.54E-05 7E-07 
239Pu 4911.69 0.21 0.00003 0.000016 
239Pu 4866.91 0.21 0.000018 0.000005 
239Pu 4770.01 0.21 1.25E-05 3E-07 
239Pu 4795.73 0.21 9.44E-06 1.7E-07 
239Pu 4632.35 0.21 8.6E-06 3E-07 
239Pu 4870.38 0.21 0.000007 0.000003 
239Pu 4748.81 0.21 7.5E-06 1.1E-06 
239Pu 4690.29 0.21 5.6E-06 5E-07 
238Pu 5499.03 0.2 0.704 0.0006 
238Pu 5456.3 0.2 0.2885 0.0006 
238Pu 5358.1 0.2 0.00104 0.00003 
238Pu 5208 0.2 2.92E-05 4E-07 
240Pu 5168.13 0.15 0.7274 0.0018 
240Pu 5123.6 0.2 0.2716 0.0019 
240Pu 5021.1 0.2 0.000863 0.000018 
240Pu 4863.5 0.2 1.08E-05 1.8E-07 

241Am 5485.56 0.12 0.8445 0.001 
241Am 5442.86 0.12 0.1323 0.001 
241Am 5388.25 0.13 0.0166 0.0003 
241Am 5544.11 0.12 0.0038 0.0001 
241Am 5511.46 0.12 0.0023 0.0001 
241Am 5469.47 0.12 0.0004 0.0001 
241Am 5321.87 0.13 0.00014 0.00003 
241Am 5416.28 0.13 0.0001 0.00001 
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Table 17, cont.  

241Am 5244.13 0.13 0.000022 0.000003 
241Am 5225.08 0.13 0.000013 0.000001 
241Am 5181.63 0.13 0.000009 0.000001 
241Am 4834.15 0.13 0.000007 0.000001 
241Am 5155.12 0.13 0.000007 0.000001 
241Am 5190.17 0.23 0.000006 0.000001 
241Am 5280.99 0.13 0.000005 0.000001 
241Am 5092.06 0.13 0.000004 0.000001 
241Am 5099.08 0.13 0.000004 0.000001 
241Am 5117.21 0.13 0.000004 0.000001 
241Am 5179.35 0.13 0.000003 0.000001 
241Am 5065.97 0.15 1.1E-06 1E-07 
241Am 5007.07 0.14 0.000001 1E-07 
242Pu 4902.3 0.1 0.7653 0.0017 
242Pu 4858.2 0.1 0.2344 0.0017 
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Table 18: Conversion electron data extracted from ENSDF [9] 

Isotope 
 

𝑃𝑃(𝑢𝑢|𝑗𝑗) 
E 

keV 
𝑃𝑃(𝑢𝑢|𝑠𝑠𝑑𝑑𝑎𝑎ℎ𝑠𝑠)  

u [k=1] E u [k=1] 
Notes 

241Am 0.306 39.52 0.01 1 5485.6 keV transition 2,0 L 
241Am 0.082 54.84 0.004 1 5485.6 keV transition 2,0 M 
241Am 0.034 58.67 0.001 1 5485.6 keV transition 2,0 N+ 
241Am 0.142 6.3 0.005 0.5 5485.6 keV transition 2,1 L 
241Am 0.038 21 0.001 1 5485.6 keV transition 2,1 M 
241Am 0.009466 25.47 0.0004 1 5485.6 keV transition 2,1 N+ 
241Am 0.167 13.18 0.0005 1 5485.6 keV transition 2,1,0 L 
241Am 0.042 28.5 0.002 1 5485.6 keV transition 2,1,0 M 
241Am 0.00242 32.32 0.0001 1 5485.6 keV transition 2,1,0 N+ 
241Am 0.728 23.4 0.03 1 5442.86 keV transition 4,2 L 
241Am 0.193 38.72 0.005 1 5442.86 keV transition 4,2 M 
241Am 0.07167 42.5 0.003 1 5442.86 keV transition 4,2 N+ 
241Am 0.305 39.52 0.01 1 5442.86 keV transition 4,2,0 L 
241Am 0.082 54.84 0.004 1 5442.86 keV transition 4,2,0 M 
241Am 0.034 58.5 0.001 1 5442.86 keV transition 4,2,0 N+ 
241Am 0.142 6.3 0.005 0.5 5442.86 keV transition 4,2,1 L 
241Am 0.038 21 0.001 1 5442.86 keV transition 4,2,1 M 
241Am 0.00945 25.5 0.0004 1 5442.86 keV transition 4,2,1 N+ 
241Am 0.158 13.18 0.005 1 5442.86 keV transition 4,2,1,0 L 
241Am 0.04 28.5 0.002 1 5442.86 keV transition 4,1,1,0 M 
241Am 0.0133 32.3 0.0005 1 5442.86 keV transition 4,2,1,0 N+ 
238Pu 0.728 24.04 0.03 1 5456.3 keV transition 1,0 L 
238Pu 0.201 38.95 0.01 1 5456.3 keV transition 1,0 M 
238Pu 0.069 42.6 0.003 1 5456.3 keV transition 1,0 N+ 
240Pu 0.727 25.78 0.03 1 5123.6 keV transition 1,0 L 
240Pu 0.201 40.69 0.01 1 5123.6 keV transition 1,0 M 
240Pu 0.069 44.4 0.003 1 5123.6 keV transition 1,0 N+ 
239Pu 0.74 8.43 0.03 0.5 5143.82 keV transition 1,0 M 
239Pu 0.258 12.1 0.01 0.5 5143.82 keV transition 1,0 N+ 
239Pu 0.51 32.161 0.02 1 5105.81 keV transition 4,1 L 
239Pu 0.141 47.075 0.005 1 5105.81 keV transition 4,1 M 
239Pu 0.049 50.8 0.002 1 5105.81 keV transition 4,1 N+ 
239Pu 0.218 19.198 0.01 1 5105.81 keV transition 4,2 L 
239Pu 0.059 34.112 0.002 1 5105.81 keV transition 4,2 M 
239Pu 0.02 37.8 0.001 1 5105.81 keV transition 4,2 N+ 
239Pu 0.221 8.43 0.01 0.5 5105.81 keV transition 4,2,1 M 
239Pu 0.077 12.1 0.003 0.5 5105.81 keV transition 4,2,1 N+ 
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Chapter 3: Determining Plutonium Isotopic Ratios from 

Lanthanum(III) Bromide:Cerium Spectra 

3.1 SUMMARY 

This work describes an algorithm to extract plutonium isotopic ratios from 

LaBr3:Ce spectra. Results are presented for spectra taken by the Safeguards Science & 

Technology (NEN-1) group at Los Alamos National Laboratory and by the International 

Atomic Energy Agency (IAEA). This effort is in response to the IAEA “Inter-comparison 

Exercise on U and Pu Isotopic Analysis with medium-resolution gamma-ray 

spectrometers” and IAEA efforts to expand the use of LaBr3:Ce and CdZnTe detectors. 

This method utilizes the 152 and 160 keV peaks to determine 238Pu and 240Pu, respectively. 

It consists of a fairly general response-function methodology to determine all fitting 

parameters such as peak areas and peak resolution variables in a single non-linear 

optimization step. For the 1000 s real time, ~40% dead time Los Alamos spectra, reactor-

grade plutonium isotopics are determined with total measurement uncertainties of about 

8%, 13%, 5%, and 2% for the mass ratios (relative to 239Pu) 238Pu, 240Pu, 241Pu, and 241Am, 

respectively. Results for weapons-grade plutonium are somewhat worse with uncertainties 

for the mass ratios 240Pu, 241Pu, and 24Am of about 30%, 80% and 10%, respectively. 238Pu 

in weapons-grade plutonium is typically below the detection limit for this method. Results 

are similar for the 10,000 s real time 1% dead-time IAEA spectra with the addition of a 

larger systematic uncertainty for 240Pu in reactor grade plutonium possibly due to poorer 

detector resolution and too thin of a cadmium filter.     

3.2 INTRODUCTION 

The International Atomic Energy Agency (IAEA) proposes to expand the use of 

medium-resolution gamma-ray spectrometers (MRGS) to the verification of operator-
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declared U and Pu [118]. LaBr3:Ce and CdZnTe detectors are already standard tools for 

the verification of fresh and spent fuel. Potential advantages of MRGS over traditional 

high-resolution gamma-ray spectrometers (HRGS) stated by the IAEA include the ability 

to operate at room temperature, compactness, reliability, ease-of-use, and a lower cost. 

Further, these attributes indicate MRGS may be particularly well suited for unattended 

monitoring. To explore this potential new application, the IAEA has collected a set of high-

quality reference spectra of U and Pu reference materials for the first phase of a three part 

exercise [119]. This work reports efforts to develop an algorithm to determine Pu isotopics 

from the IAEA and LANL acquired spectra. For reactor-grade plutonium (RGPu) 

commonly encountered in international verification, this algorithm produces relatively 

non-biased results for 238Pu, 241Pu, and 241Am isotopic ratios. Good 240Pu isotopic ratios are 

generated from the LANL spectra whereas 240Pu is biased high by about 40% for the IAEA 

spectra. These results demonstrate potential to achieve the IAEA goal of verification of Pu 

materials. Although 240Pu may be biased for the IAEA spectra, all results demonstrate good 

repeatability. This repeatability demonstrates the potential to achieve the IAEA goal of 

utilizing LaBr3:Ce detectors for unattended monitoring of Pu materials once a baseline has 

been established. 

The algorithm presented in this work utilizes a general response-function fitting 

process which determines energy calibration, resolution calibration, efficiency calibration, 

background fitting, and peak fitting in a single non-linear optimization step. This organic 

approach markedly differs from traditional HRGS analysis programs which typically adopt 

a sequential methodology.  

The two common high-purity germanium (HPGe) plutonium and uranium isotopic 

analysis programs used by the IAEA are the LANL developed code FRAM [120] and the 

Lawrence Livermore National Laboratory (LLNL) developed code MGA [121]. Both take 
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advantage of the excellent HPGe resolution by first conducting energy and resolution 

calibrations on various non-interfered single peaks in the spectrum. Next, the relevant parts 

of spectrum are divided into many regions with very easy-to-fit background endpoints. 

Background and peak areas are then fit for each region in sequence. For example, FRAM 

analyses 20 regions when determining Pu isotopics in shielded coaxial spectra [122]. 

Finally, a relative efficiency curve, whose theory is developed and described in [121, 123, 

124], is fit to these peak areas. Isotopic ratios are then determined by combining the 

efficiency and peak area results.  

In Pu LaBr3:Ce spectra, relatively poor resolution reduces the effectiveness of this 

sequential approach. There exist virtually no clean peaks upon which to perform resolution 

and energy calibrations. Instead of multiple small, sometimes 10 keV wide, clearly defined 

analysis regions, a typical Pu LaBr3:Ce spectrum contains only three naturally demarcated 

analysis regions spanning hundreds of keV. This work utilizes the regions spanning 137 to 

220 keV, 300 to 660 keV, and 600 to 740 keV. Even in these three regions, there still exist 

peak interferences at the region extremum which increase the difficulty of performing a 

solitary background-subtraction step. Further, detector efficiency may vary widely over 

these large analysis regions. This creates difficulty in de-coupling the efficiency calibration 

from the peak deconvolution process. For these reasons, this work adopts the general 

response-function approach typically encountered in fitting Pu spectra acquired via alpha-

spectroscopy.  

 Alpha Pu spectra consist of two clear demarcated regions. One spans about 4700 

to 5200 keV and contains 239Pu and 240Pu alpha peaks. Another spans about 5300 to 5500 

keV and contains a multitude of 238Pu and 241Am peaks. Due to poor resolution and the 

lack of free peaks in samples prepared via stippled deposition, energy calibration, 

resolution and tailing calibration, and peak area determination are typically all determined 
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in a single non-linear step. Papers which outline this methodology include [43, 73, 74, 77, 

89, 94, 96]. The present work utilizes a similar approach. The addition of an efficiency 

curve and significant background effects, absent in alpha spectrometry, increases 

deconvolution difficulty. These added difficulties are somewhat eased by the lack of 

significant peak tailing in LaBr3:Ce spectra.  

Another method at determining Pu isotopic ratios from LaBr3:Ce spectra has 

recently been reported by Vo in 2016 [12]. Vo reports that a modified version of FRAM 

was created to address the complications associated with MRGS detectors. The difficulties 

involved with determining energy and resolution calibrations are mitigated by performing 

the calibration steps multiple times throughout the course of the analysis. The difficulty in 

de-convolving multiple overlapping peaks is addressed by utilizing a non-linear Powell’s 

minimization method. Generalizing, the 2016 FRAM modification represents a 

compromise between the serial method of traditional HPGe spectral fitting and the general 

response function analysis common to alpha spectrometry and this present work. The 

method by Vo utilizes the 642 keV 240Pu peak to determine the 240Pu/239Pu isotopic ratio. 

Further, it does not directly measure the 238Pu/239Pu ratio and rather relies on a correlation 

formula. This present work differs in that it utilizes the 160 keV 240Pu peak which has a 

much higher emission intensity. Further, it attempts to directly measure 238Pu by utilizes 

the 152 keV gamma ray.        

3.3 EXPERIMENTAL 

The measurement conditions of the IAEA spectra are well described in [119]. The 

IAEA and LANL detectors have 2 inch by 0.5 inch LaBr3:Ce crystals. Table 19 summarizes 

the counting conditions and certified reference material (CRM) information for both the 

IAEA and LANL spectra. In typical HPGe Pu verification measurements utilizing MGA 
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or FRAM, real-times range from 100 to 1000 s. The LANL real-time is set at 1000s. This 

time-frame is chosen since it corresponds to the typical maximum acquisition time utilized 

in the field for safeguards Pu verification measurements. Further, the LANL spectra are 

taken with 2 mm of cadmium filter with a dead time of about 40%.  The IAEA spectra 

range from 100s to 500000s of real-time with a 1 mm cadmium filter. However, the IAEA 

spectra are counted at a very low dead time of around 1% which is not typical of ideal 

safeguards counting conditions. The 10000 s IAEA spectra therefore correspond closely to 

the LANL spectra in terms of counting statistics at the relevant analysis energies. For these 

reasons the analysis of the 10000 s IAEA spectra are presented in this work.  

Figure 39 compares a typical IAEA and LANL spectrum for the RGPu reference 

material CBNM61. This comparison highlights a few potential shortcomings of the IAEA 

spectra. First, the thinner amount of cadmium filter leads to more x-rays at around 100 

keV. The method proposed in this paper utilizes an analysis region spanning 137 to 220 

keV to measure the 240Pu gamma ray at 160 keV. The higher x-rays may interfere with the 

determination of the background at the left end of this region and may lead to a bias for 
240Pu. Further, the very low dead time may increase the effects of natural background. As 

seen in Figure 39, the x-rays are much larger in the IAEA spectra. Even with an order of 

magnitude lower acquisition time, the LANL spectra have much better counting statistics 

at the critical regions around 200 keV, 400 keV, and 700 keV.  

An advantage of the IAEA spectra over the LANL spectra is the negation of the 

effect of random summing. The excellent resolution and corresponding narrow analysis 

regions of HPGe spectra allow either the deconvolution or outright ignorance of the effects 

of sum peaks. In lower resolution LaBr3:Ce spectra, sum peaks will invariably be included 

in the wider analysis regions and lead to biases. The present work currently only takes into 

account the double summing of the 208 keV 241Pu peak which will appear at 416 keV. It is 
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conjectured that a bit more cadmium filter than is usual for HPGe spectra may be optimal 

for LaBr3:Ce Pu verification measurements. If a small amount of cadmium is utilized, then 

the 60 keV 241Am peak and the 100 keV x-rays will randomly sum with all of the other 

peaks in the spectrum and produce a multitude of sum peaks all throughout the critical 

analysis regions. A bit more cadmium than is usual, for example 2 mm as is the case for 

the LANL spectra will mitigate this source of bias.   

  

 

Figure 39: IAEA (blue, higher x-rays) and LANL (black, lower x-rays) CBNM61 RGPu 
typical spectra. The IAEA spectrum has a 10000s acquisition real time with 5000 cps at a 
1% dead time. The LANL spectrum has a 1000 s acquisition real time with 40000 cps at a 
41% dead time. The IAEA acquisition utilizes a 1 mm Cd with 3mm steel filter whereas 
the LANL spectrum utilizes a 2 mm Cd filter. Note the much better counting statistics for 
the critical 140-208, 300-460 and 600-740 keV regions for the LANL spectrum counted 
with a shorter duration.   
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Table 19:  Declared values and counting conditions for the LANL and IAEA spectra. 
Isotopics for the CBNM and the Pidie series are taken from [119]. Other isotopics for the 
LANL data are taken from the reference sheets. Isotopics are decay corrected to the 
specified count dates.   

 
Declared values [mass %/Pu] 

      

LANL  
(1000s LT)  

238P
u 

239Pu 240Pu 241Pu 241Am DT 
% 

kCps   mm 
Cd, 
mm 
Fe 

# 
spectra 

Count date 

CBNM61 1.0 66.0 26.8 1.8 6.6 41 40 2 18 12/15 
CBNM70 0.7 76.7 19.1 1.4 5.4 44 45 2 19 12/15 
Stdiso15 0.1 83.2 15.6 0.4 1.3 32 30 2 23 12/15 
Stdiso12 0.05 87.6 11.9 0.2 0.8 37 36 2 19 12/15 
Stdiso9 0.02 92.9 6.9 0.1 0.3 26 23 2 17 12/15 
Stdiso3 0.01 96.4 3.6 0.03 0.1 14 10 2 16 12/15 
Pidie-1 0.01 93.9 6.0 0.1 0.4 7 6 2 19 12/15 
86-000 0.01 94.4 5.6 0.04 0.3 49 52 2 20 12/15 
87-000 0.01 94.4 5.6 0.04 0.3 29 26 2 17 12/15            

 
Declared values [mass %/Pu]  

     

IAEA 
(10000s 

LT) 

238P
u 

239Pu 240Pu 241Pu 241Am DT 
% 

cps mm 
Cd 

# 
spectra 

Count date 

CBNM61 1.0 66.0 26.7 1.9 6.5 1 5 1, 3 F 10 12/13 
CBNM70 0.7 76.6 19.1 1.5 5.3 1 4 1, 3 10 1/14 
CBNM84 0.1 85.0 14.3 0.3 1.0 1 5 1 10 2/14 
CBNM93 0.01 93.6 6.3 0.1 0.3 1 3 1 10 2/14 
PIDIE7 1.1 65.2 26.9 1.9 8.3 <1 1 1 10 2/14 
PIDIE5 0.1 77.1 21.5 0.6 3.2 <1 2 1 10 3/14 
PIDIE3 0.04 85.2 14.2 0.3 1.3 <1 1 1 10 3/14 
PIDIE1 0.01 93.9 6.0 0.1 0.4 <1 .5 1 10 3/14 

3.4 ALGORITHM 

This section qualitatively describes the proposed algorithm of this work. The full 

algorithm is explicitly described in the appendix complete with input data for fixed 

parameters and initial conditions for the varying parameters.   
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3.4.1 Algorithm Overview 

For any non-linear optimization, a complex model which takes into account 

nuances of the physics leads to more accurate results. Conversely, simplicity leads to 

robustness and repeatability. A good model strikes a balance between these two extrema. 

Due to poor resolution and the overlapping of multiple peaks, this work conjects that a 

LaBr3:Ce deconvolution model must be as simple as possible. This work attempts to keep 

the number of optimization parameters at a minimum. This maximizes degrees of freedom 

and ensures that the ‘slack’ in analysis regions is taken up by the peak areas and not by 

mathematical artifacts such as overly complex background shapes or an overly complex 

efficiency curve. 

The algorithm utilizes a two-stage approach. Both stages utilize a general response-

function methodology. First, the 300-460 keV and 600-740 keV regions of the spectrum 

are analyzed to obtain the 241Pu/239Pu and 241Am/239Pu isotopic ratios. These two ratios are 

then set as constant for a subsequent analysis of a 137 to 220 keV region. This second 

analysis determines the 238Pu/239Pu and 240Pu/239Pu isotopic ratios. The idea behind this 

two-stage analysis is that the 137 to 220 keV region has a complex background shape. 

Setting the 241Pu and 241Am isotopic ratios constant allows the nonlinear solver to 

accurately model this complex background. 
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Figure 40: General outline of methodology.  

3.4.2 Isotopes  

In the experience of this work, several other isotopes besides Pu and 241Am must 

be modelled to achieve accurate results. The very broad nature of the analysis regions 

necessitates the inclusion of background peaks not typically modelled in HPGe plutonium 

analysis. 236Pu will be abundant in fresh RGPu. As the material ages, the ingrowth of the 
212Pb and 208Tl progeny will lead to measurable peaks throughout the spectrum. Important 
236Pu progeny peaks occur at 277, 300 and 583 keV. Note that these occur at the extrema 

of the 600-730 and 300 to 460 keV regions. The neglect of these peaks will therefore lead 

to a poorly fit background. This work assumes a > 5 year old material and the secular 

equilibrium of the relevant 236Pu progeny.  237Np and the 233Pa progeny also emit gamma 

rays at energies of 300, 312, and 340 keV which must be modelled for RGPu for similar 

reasons.  

A source of bias not fully explored in this work is the effects of sum peaks. The 

inclusion of just one sum peak at 416 keV managed to significantly correct a bias for the 
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higher dead-time RGPu spectra. It is conjectured that the inclusion of further sum peaks 

will further reduce biases.  

3.4.3 Backgrounds 

The background underneath the 300-460 and 600-740 keV regions are 

straightforward and can be modelled either as flat or linear. All backgrounds take into 

account steps due to small-angle Compton scattering as described in [125] which is an 

excellent compilation of gamma spectrometry deconvolution techniques. The 140 to 220 

keV region is more problematic.  Figure 41 depicts a typical planar HPGe RGPu spectrum 

around 160 keV. The quadratic nature of the planar HPGe background is assumed to hold 

true for the LaBr3:Ce spectra. This quadratic background is in part due to Compton 

backscatter peaks from the 375 and 414 keV 239Pu gamma-rays. The LANL spectra 

background, with better resolution, can be modelled as the intersection of two lines. 

Unfortunately, the two lines intersect around 160 keV which is the critical energy for 

measuring 240Pu. This bilinear background model did not work well for the poorer 

resolution IAEA spectra where it was too difficult to determine the intersection point. Note 

that the background slope changes around 137 keV. This work fails to model this slight 

change in slope, as the addition of an extra background parameter somewhat decreases 

precision. For WGPu, this background modelling inaccuracy leads to a bias of around 

100% for 238Pu. The background underneath 160 keV represents the fundamental problem 

associated with the method of this work.  
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Figure 41: Depiction of a typical background from 140 to 220 keV for RGPu planar 
HPGe spectra. 

3.4.4  Initial conditions 

A general nonlinear optimization requires initial conditions for all varying 

parameters. This includes the isotopic ratios. The algorithm is run twice: once with initial 

conditions reflective of a typical RGPu material and again with WGPu isotopics. The result 

which corresponds to the lowest 𝜒𝜒2 statistic is then chosen. The algorithm in this work will 

converge to the global minimum for RGPu material for a wide range of initial isotopic 

conditions. Occasionally WGPu spectra will not converge given the RGPu initial 

conditions. Other initial conditions such as background parameters are typically estimated 

from the spectrum. The isotope initial conditions are listed in Table 28 in the algorithm 

appendix.  
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3.4.5 Solver 

The algorithm utilizes the Argonne National Laboratory implementation of the 

Levenberg-Marquardt non-linear solver in MINPACK [126]. Unbounded optimization is 

utilized. Many parameters are not physically meaningful if less than zero. Examples of 

these are background step sizes and isotope activity ratios. The algorithm bounds these 

parameters between zero and infinity by optimizing the absolute value. Perhaps better 

performance can be achieved by utilizing an optimization routine designed to handle 

bounds such as Limited memory Broyden-Fetcher-Goldfarb-Shanno (L-BFGS) [127]. 

Derivatives are determined numerically. Speed and model accuracy can further be 

improved by explicitly calculating derivatives. As is, the whole algorithm takes about three 

seconds to complete with a desktop computer using a 3.6 GHz processor.  

Reduced 𝜒𝜒2 values typically range from about 0.8 for lower-statistics spectra to 

about 3 for higher-statistics spectra. About 2 of the LANL LA-86 spectra had reduced 𝜒𝜒2 

values around 7 with a somewhat poor fit from 600 to 740 keV. This is likely due to the 

very high dead-time of about 49% which may cause difficulties due to significant random 

summing. Figure 42 depicts a typical fit for a LANL CBNM61 RGPu spectrum. 
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Figure 42: Typical fits for CBNM61, RGPu for the LANL spectra 300-460 (top left), 
600-740 (top right), and 140-220 (bottom) keV regions. 

3.4.6 Efficiency 

The efficiency curve from 300 to 740 keV for the first phase of the analysis is semi-

physical. This work first attempted to utilize the physical efficiency curve reported by 

Gunnink in an early version of MGA in [121] with terms for intrinsic efficiency, self-

shielding and absorber attenuation in addition to a scaling factor. Introducing the absorber 

term into the nonlinear model made the algorithm less robust and caused it to sometimes 

not converge. The final efficiency curve only contains terms for intrinsic efficiency and 
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self-shielding in addition to a scaling factor. The intrinsic efficiency is modelled as a simple 

quadratic equation and was determined from an analysis of the IAEA CBNM61 spectra. 

Therefore, the intrinsic efficiency assumes a 1 mm Cd and 3 mm Fe filter used in the 

measurement process. Differences in absorber thickness between samples and also detector 

dimensions may be somewhat taken into account via the self-shielding term and the scaling 

factor. Note that the same intrinsic efficiency model is used for the LANL and IAEA data 

with good results for 241Pu/239Pu and 241Am which are both determined in this region. 

Early on, a purely empirical quadratic efficiency curve was utilized for the 300 to 

740 keV region with only slightly worse results for a few of the WGPu materials than the 

semi-physical model. The results in this work reflect the usage of the physical model. It 

may be better in the future to utilize the purely empirical model. This will improve 

robustness when analyzing spectra taken from multiple detectors with different crystal 

dimensions and different absorber thicknesses.  

The efficiency curve from 140 to 220 keV is modelled as a purely empirical 

quadratic function. Initial conditions for this empirical model were determined, again, from 

an analysis of the CBNM61 IAEA spectra. Note that the two efficiency curves are 

completely independent. It may be possible to use a single efficiency curve spanning the 

entire region, something which was not attempted by this work. 

3.4.7 Energy, resolution, peak shape 

The model utilizes standard  forms for the energy calibration, resolution calibration 

and peak shape found in any good work describing gamma spectrometry deconvolution 

methods such as [125] or the LLNL/Gunnink GAMANAL manual [128].  
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3.5 RESULTS 

Table 20 contains statistical and systematic uncertainties for results obtained from 

the LANL and IAEA spectra. Statistical uncertainty is defined as the sample standard 

deviation of the set of measurements for the same item. This work defines systematic 

uncertainty as the distance between the declared value and the average of the set of 

measurements. All coverage factors are equal to 1 (k=1) which corresponds to a 68% 

confidence interval. Table 21 contains total measurement uncertainties (TMU). This is 

defined as the quadratic sum of the statistical and systematic uncertainties.  
241Am results are excellent for all items. RGPu TMUs are typically around a few 

percent. PIDIE-1, a WGPu material containing very little 241Am, has the worst TMU of 

15%. 241Pu TMUs are less than 10% for WGPu. 241Pu results are significantly worse for 

WGPu materials which contain very low abundances of 241Pu.  
238Pu TMUs are fairly good for the RGPu materials. The results contain three true 

RGPu measurements corresponding to high burnups: LANL CBNM61, IAEA CBNM61 

and IAEA PIDIE7. 238Pu TMUs are 8, 11 and 15% respectively for these measurements. 

Unfortunately, this method cannot typically measure 238Pu in WGPu materials. For 

intermediate burnup items, there exists a high bias for 238Pu. This is likely due to the 

underestimation of background close to the 152 keV 238Pu peak described in section 3.3.  
240Pu is the most difficult isotope to directly measure. Unfortunately, it is the most 

important due to its role in determining item total mass via neutron coincidence counting. 

All LANL measurements have 240Pu TMUs below 33% except for the super weapons grade 

material STDISO3 containing only 3% 240Pu.  LANL results are substantially better for 

RGPu materials with TMUs between 8-13%. TMUs for the IAEA measurements are a bit 

worse with TMUs ranging from 15 to 49%. This worse performance for 240Pu for the IAEA 

spectra is hypothesized to be due to three factors. First, the improved resolution of the 
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LANL detector allows the better deconvolution of the overlapping peaks at 160 keV. 

Second, as depicted in Figure 39, the LANL spectra have better counting statistics in the 

critical analysis regions. Finally and likely most important, the IAEA spectra use a thinner 

cadmium filter which leads to significantly more counts due to Pu and U x-rays around 100 

and 110 keV. These x-rays are not modelled and consequentially will lead to a very poor 

fit of background for the critical 140 to 220 keV region. It is conjectured the LANL spectra 

yield more accurate 240Pu/Pu mass ratios due to the diminishment of these x-rays. This 

difficulty in estimating the background underneath the 240Pu represents the primary 

drawback associated with this work. 

For many materials and isotopes, systematic uncertainties represent the majority of 

the TMU. Repeatability is in general quite good. This suggests the method may be 

appropriate for remote monitoring since a baseline can be established for an item.   
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Table 20: Statistical and systematic uncertainties for Los Alamos and IAEA spectra. 
Statistical uncertainties are taken as the sample standard-deviations of the 10-20 spectra 
for each material. Systematic uncertainties are the relative distances between the measured 
and declared values. This is calculated via 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑢𝑢𝑢𝑢𝑠𝑠𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠 =  100 ×
 (𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑃𝑃𝑟𝑟𝑚𝑚𝑚𝑚−𝑚𝑚𝑚𝑚𝑑𝑑𝑑𝑑𝑚𝑚𝑟𝑟𝑚𝑚𝑚𝑚)

𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑃𝑃𝑟𝑟𝑚𝑚𝑚𝑚
. ‘NM’ indicates 238Pu is not detected. Uncertainties correspond to the 

mass ratios of isotope X/239Pu. 

Los Alamos spectra Statistical Uncertainty [% k=1]  Systematic Uncertainty [% k=1] 

Material 238Pu 240Pu 241Pu 241Am  238Pu 240Pu 241Pu 241Am 

CBNM61 5 12 2 1  6 2 6 -2 
CBNM70 5 9 2 1  -1 9 1 -1 
Stdiso15 10 8 4 1  35 2 0 -2 
Stdiso12 11 12 3 1  164 -23 13 0 
Stdiso9 22 15 6 1  133 -22 19 -6 
Stdiso3 NM 67 12 5  NM 98 103 -9 
Pidie-1 97 8 26 3  21 -32 56 -4 
86-000 92 16 18 5  -7 -23 109 -14 
87-000 54 6 9 2  94 -3 66 -10 

          

IAEA spectra Statistical Uncertainty [% k=1]  Systematic Uncertainty [% k=1] 

Material 238Pu 240Pu 241Pu 241Am  238Pu 240Pu 241Pu 241Am 
CBNM61 6 5 3 1  10 38 3 4 
CBNM70 3 8 3 1  -42 13 -3 4 
CBNM84 9 9 5 1  53 14 3 1 
CBNM93 NM 16 6 1  NM -28 17 1 
PIDIE-7 11 11 8 2  11 48 0 8 
PIDIE-5 20 13 7 1  32 24 -6 5 
PIDIE-3 44 22 18 3  55 17 -17 5 
PIDIE-1 NM 39 57 4  NM 30 -49 14 
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Table 21:  TMUs for the LANL and IAEA spectra. TMUs determined by adding in 
quadrature the statistical and systematic uncertainties ‘NM’ indicates 238Pu is not detected. 
Uncertainties correspond to the mass ratios of isotope X/239Pu 

LANL Spectra Total measurement uncertainty [% k=1] 

Material 238Pu 240Pu 241Pu 241Am 
CBNM61 8 13 6.0 1.6 
CBNM70 5 13 2 0.7 
Stdiso15 36 8 4 2.4 
Stdiso12 164 26 13 1 
Stdiso9 135 27 20 6 
Stdiso3 NM 118 104 10 
Pidie-1 99 33 61 5 
86-000 92 28 110 15 
87-000 108 7 67 10      

IAEA Spectra Total measurement uncertainty [% k=1] 
 

material 238Pu 240Pu 241Pu 241Am 
CBNM61 11 38 4 4 
CBNM70 42 15 4 4 
CBNM84 54 16 5 1 
CBNM93 NM 32 18 1 
PIDIE-7 15 49 8 8 
PIDIE-5 38 27 9 5 
PIDIE-3 70 27 24 6 
PIDIE-1 NM 49 75 15 

3.6 CONCLUSIONS 

This work has explicitly described an algorithm which determines 238Pu/239Pu, 
240Pu/239Pu, 241Pu/239Pu and 241Am/239Pu isotopic ratios from LaBr3:Ce spectra. The 

algorithm utilizes a fully general response function methodology which determines all 

fitting parameters in one single optimization step. The 152 and 160 keV peaks are used for 
238Pu and 240Pu. Results for 238Pu, 240Pu, 241Pu, and 241Am are determined with TMUs of 

about 8%, 13%, 5%, and 2% respectively for the 1000s real time LANL spectra. WGPu is 

more difficult to measure with TMUs of about 30%, 80% and 10% for 240Pu, 241Pu, and 
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241Am. The algorithm with no modifications produces similar results for the IAEA spectra. 

The only exception is a higher bias for RGPu 240Pu. The primary difficulty with this method 

is the complex background shape which must be modelled underneath the 240Pu peak at 

160 keV. 

The general response function methodology of this work holds promise for 

analyzing spectra for low and mid-resolution detectors. Fitting all parameters in a single 

step removes the need for sequential energy, resolution, and efficiency calibration. Further, 

there is no need for an iterative process to determine the background shape. Future work 

entails applying this method to non-destructively determining uranium enrichment for 

NaI(Tl) detectors. It is hypothesized this method is not well suited to the analysis of HPGe 

spectra. The expected high level of precision necessitates fitting multiple regions each with 

a well-defined background function. The addition of each background region adds at least 

two fitting parameters. Therefore, model complexity will quickly grow and the model may 

become less robust.     

3.7 ALGORITHM FORMAL DESCRIPTION 

This appendix explicitly describes the optimization algorithm. Table 22 contains 

upper and lower region bounds. Table 23, Table 24, Table 25, Table 26, and Table 27 

define all symbols and state units, values for non-optimized values, and initial conditions 

for optimized parameters. Table 28 contains the isotopic initial conditions for the 300 to 

740 keV analysis and the subsequent 130 to 220 keV analysis. Both optimizations utilize 

stock WGPu and RGPu starting conditions. Table 29 contains the parameterization of the 

detector intrinsic efficiency for 300 to 740 keV estimated from an analysis of the IAEA 

CBNM61 spectra. Note that this intrinsic efficiency is utilized for both the IAEA and Los 

Alamos spectra. Section 7.2 contains a detailed description of the 300 to 740 keV analysis. 
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Section 7.3 abbreviates the 130 to 220 keV analysis due to its similar nature. Section 7.5 

contains data relating to the utilized photons and isotopes tabulated in Table 30 and Table 

31. 

3.7.1 Description of symbols 

Table 22: Upper and lower bounds for the analysis regions. Region 0 is only used to 
estimate the 239Pu absolute activity. 

Region Lower bound [keV] Upper bound [keV] 
0 438 469 
1 288 475 
2 606 744 
3 Minimum of ±10 channel region 

centered at 137 keV 
219 

Table 23: Indices and set notation for algorithm 

Indices and sets Description 
𝑥𝑥 ∈ 𝑋𝑋 Channel 𝑥𝑥 in set of channels 𝑋𝑋 
𝑎𝑎 ∈ 𝑃𝑃 Peak 𝑎𝑎 in set of peaks 𝑃𝑃 
𝑠𝑠 ∈  𝐼𝐼 Isotope 𝑠𝑠 in set of Isotopes 𝐼𝐼 
𝑠𝑠 ∈  𝐼𝐼 Region 𝑢𝑢 in set of regions 𝑅𝑅 
𝑘𝑘 ∈ 𝐾𝐾 Initial isotopic condition 𝑘𝑘 in set of initial conditions 𝐾𝐾 

Table 24: Symbols for given data. 

Symbol Units Description 
Ep keV Energy of peak p 
𝑠𝑠𝑥𝑥 Counts Measured counts in channel x 
𝛾𝛾𝑁𝑁 Photons per 

disintegration 
Emission intensity for peak p 
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Table 25: Symbols for non-optimized values and functions 

Symbol Units Description 
𝜎𝜎p Channels Width (standard deviation of Gaussian) of peak p 
 F𝑟𝑟(𝑥𝑥, β) Counts Modelled counts at channel 𝑥𝑥 in region 𝑢𝑢 due to peaks 
B𝑟𝑟(𝑥𝑥, 𝛽𝛽) Counts Modelled counts at channel 𝑥𝑥 in region 𝑢𝑢 due to background 
𝐴𝐴𝑁𝑁 Counts  Modelled area of peak p 
𝐶𝐶𝑁𝑁 Channels Centroid of peak p 
χ𝑘𝑘

2   χ2 loss function minimized using initial isotope conditions 𝑘𝑘 
𝛽𝛽𝑘𝑘 Multiple units Optimized parameters using initial isotope conditions 𝑘𝑘 
𝜀𝜀𝑟𝑟(𝐶𝐶𝑁𝑁)  Relative efficiency of peak 𝑎𝑎 
𝛼𝛼pu239 Photons per 

disintegration 
Absolute activity of 239Pu. Cannot be determined. For numerical 
purposes, set at a value which makes the relative efficiency curve 
roughly equal to 1 at 451 keV 

𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13 Multiple units Quadratic intrinsic efficiency curve parameters for regions 1 and 2 
𝜇𝜇 1/cm Plutonium attenuation coefficient (Total – coherent) 

Table 26: Fitting parameters 𝜷𝜷 and initial conditions for regions 1 and 2 analysis 

Symbol Description Units Initial condition 
𝛼𝛼𝑁𝑁 The ratio of the activity of isotope 𝑠𝑠 associated with 

peak 𝑎𝑎 to the activity of 239Pu (6 isotopes modelled) 
 See Table X 

𝑏𝑏11 R1 background constant Counts Minimum counts in 
R1 

𝑏𝑏12 R1 background step Counts Counts at the left – 
counts at right, 
Or zero if negative 

𝑏𝑏22 R1 background constant Counts Minimum counts in 
R2 

𝑏𝑏22 R1 background linear  0 
𝑏𝑏23 R1 background step Counts/Channel Counts at the left – 

counts at right, 
Or zero if negative 

𝑢𝑢11 Resolution intercept Channels2 0 
𝑢𝑢12 Resolution slope Channels 0.034 
𝑠𝑠11 Energy slope Channels From spectrum 
𝑠𝑠12 Energy intercept Channels/keV From spectrum 
𝑠𝑠13 Energy slack parameter for R2  1 
𝑠𝑠11 Physical efficiency scaling factor   
𝑤𝑤 Thickness of plutonium cm 0.01 cm 
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Table 27: Fitting parameters 𝜷𝜷 and initial conditions for region 3 analysis 

Symbol Description Units Initial condition 
𝛼𝛼𝑁𝑁 The ratio of the activity of isotope 𝑠𝑠 associated with 

peak 𝑎𝑎 to the activity of 239Pu 
 See Table X 

𝑏𝑏31 Intersection point between the quadratic and flat 
portions of the background of R3  

 190 keV 

𝑏𝑏32 R3 background constant Channels Minimum counts in R3 
𝑏𝑏33 R3 background linear Channels/keV 0 
𝑏𝑏34 R3 background quadratic Channels/keV2 0 
𝑏𝑏35 R3 background step Channels Counts at the left – 

counts at right, 
Or zero if negative 

𝑢𝑢21 Resolution  Channels2  
𝑠𝑠21 Energy slope Channels From spectrum 
𝑠𝑠22 Energy intercept Channels/keV From spectrum 
𝑠𝑠31 Empirical efficiency constant term  -0.55 
𝑠𝑠32 Empirical efficiency linear term 1/keV 0.0096 
𝑠𝑠33 Empirical efficiency quadratic term 1/keV2 -2.2e-6 

Table 28: Initial isotope conditions 𝐾𝐾 

Region Iteration Mass ratios of X/239Pu   
  238Pu 240Pu 241Pu 241Am 237Np 236Pu progeny 416 keV Sum peak 

1,2 RGPu  40 5 5 1.e-5 1.e-5 1.e-5 
1,2 WGPu  6 0.1 0.1 1.e-5 1.e-5 1.e-5 
3 RGPu 1. 40      
3 WGPu 0.01 6      

Table 29: Values for the intrinsic efficiency curve spanning 300 to 740 keV. These 
values are determined from an analysis of the CBNM61 IAEA spectra 

Parameter Value Units 
𝑠𝑠11 2.12e-4  
𝑠𝑠12 -2.92e-6 1/keV 
𝑠𝑠13 1.28e-6 1/keV2 

3.7.2 Regions 1 and 2 analysis 

First, the algorithm sets the absolute activity of 239Pu to a value which roughly sets 

the efficiency curve equal to 1 at 451 keV. This is done purely for numerical reasons. This 

is accomplished by performing a rough fit of the relatively clean 451 keV 239Pu peak. The 

background magnitude is taken as the number of counts in the farthest channel to the right. 
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The energy calibration contained in the spectrum file is used to determine the channel 

bounds: 

 

 
𝛼𝛼Pu239 = � (𝑠𝑠𝑥𝑥 − 𝑠𝑠469keV)/

𝑥𝑥𝑥𝑥[438 𝑘𝑘𝑚𝑚𝑘𝑘,469 𝑘𝑘𝑚𝑚𝑘𝑘]

𝛾𝛾Pu239 𝑚𝑚𝑡𝑡 451keV Error! 
Bookmark 

not 
defined.(46) 

 

Now, the algorithm minimizes the χ2 loss function for each of the isotopic initial 

conditions. The best result with the lowest χ2 value will be chosen at the end. 

 

For 𝑘𝑘 𝑠𝑠𝑢𝑢 𝐾𝐾: 

χ𝑘𝑘
2 = min

𝛽𝛽𝑘𝑘
�

�F(𝑥𝑥, 𝛽𝛽𝑘𝑘) + B(𝑥𝑥, 𝛽𝛽𝑘𝑘) − 𝑠𝑠(𝑥𝑥)�2

𝑠𝑠(𝑥𝑥)
𝑥𝑥

 (47) 

 

where the peak shape is a standard Gaussian: 

 

 

F(𝑥𝑥, 𝛽𝛽𝑘𝑘) =
√2𝜋𝜋

2
�

𝐴𝐴𝑁𝑁

𝜎𝜎(𝑠𝑠𝑁𝑁)√2𝜋𝜋∀𝑁𝑁 in r 
containing x

𝑠𝑠−
(𝑥𝑥−𝐶𝐶𝑝𝑝)

2𝜎𝜎2  (48) 

 

And the backgrounds underneath regions 1 and 2 are modelled to be flat and linear 

with steps [125]: 

 

B1(𝑥𝑥, 𝛽𝛽𝑘𝑘) = 𝑏𝑏11 + 1
2

∑
𝑏𝑏12

𝐴𝐴𝑝𝑝
𝜎𝜎𝑝𝑝√2𝜋𝜋

�
𝐴𝐴𝑝𝑝

𝜎𝜎𝑝𝑝√2𝜋𝜋
∀𝑝𝑝 𝑖𝑖𝑖𝑖 𝑟𝑟1

∀𝑁𝑁 𝑖𝑖𝑛𝑛 𝑟𝑟1  erfc(𝑥𝑥−𝐶𝐶𝑝𝑝

𝜎𝜎𝑝𝑝
2 ) 

(49) 
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B2(𝑥𝑥, 𝛽𝛽𝑘𝑘) = 𝑏𝑏21 + 𝑏𝑏22𝑥𝑥 + 1
2

∑
𝑏𝑏23

𝐴𝐴𝑝𝑝
𝜎𝜎𝑝𝑝√2𝜋𝜋

�
𝐴𝐴𝑝𝑝

𝜎𝜎𝑝𝑝√2𝜋𝜋
∀𝑝𝑝 𝑖𝑖𝑖𝑖 𝑟𝑟2

∀𝑁𝑁 𝑖𝑖𝑛𝑛 𝑟𝑟2  erfc(𝑥𝑥−𝐶𝐶𝑝𝑝

𝜎𝜎𝑝𝑝
2 ) 

(50) 

 

The resolution calibration is modelled via two parameters. 

 

𝜎𝜎𝑁𝑁 = �𝑢𝑢1 + 𝑢𝑢2𝐼𝐼𝑁𝑁 (51) 

 

The energy calibration is linear with a slack parameter for the 600 to 740 keV region. 

 

𝐶𝐶𝑁𝑁 = (𝑠𝑠11 + 𝑠𝑠12𝑥𝑥) × � 1, if 𝑥𝑥 in 𝑢𝑢1
𝑠𝑠13, if 𝑥𝑥 in 𝑢𝑢2

 (52) 

 

All of the peak areas for an isotope are linked together by multiplying activity by 

the efficiency and emission intensities: 

 

𝐴𝐴𝑁𝑁 = 𝜀𝜀𝑟𝑟�𝑠𝑠𝑁𝑁�𝛾𝛾𝑁𝑁𝛼𝛼pu239𝛼𝛼𝑁𝑁 (53) 

  

The efficiency curve is quasi-physical and includes a built-in quadratic intrinsic 

efficiency model, a term for plutonium self-shielding, and a scaling factor. The intrinsic 

efficiency model assumes 1 mm of Cd and 3 mm of Fe shielding and was determined via 

an analysis of the IAEA CBNM61 spectra. 

 

 

𝜀𝜀1 𝑚𝑚𝑛𝑛𝑚𝑚 2�𝑠𝑠𝑁𝑁� = 𝑠𝑠11(𝑠𝑠11 + 𝑠𝑠12𝐶𝐶𝑁𝑁 + 𝑠𝑠13𝐶𝐶𝑁𝑁
2)

1 − 𝑠𝑠−𝜇𝜇𝜇𝜇

𝜇𝜇𝑤𝑤
 (54) 
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The result which corresponds to the lowest 𝜒𝜒2 is then chosen. The 241Pu and 241Am 

activity ratios are both reported and input into the second analysis of the 140 to 220 keV 

region. 

3.7.3 Region 3 analysis 

The region three analysis is similar to the first except that 𝛼𝛼𝑁𝑁𝑃𝑃241 and 𝛼𝛼𝐴𝐴𝐴𝐴241 are 

now constant and taken as the values determined from the previous fit of regions one and 

two. The background function, efficiency curve, energy and resolution calibrations are 

slightly different. The background is quadratic underneath the majority of the region with 

a flat component underneath the peaks at 208 keV. The program determines the intersection 

point of these two regions via the inclusion of the optimization parameter 𝑏𝑏31. This 

typically remains close to the initial condition which is set at 190 keV. 

 

B3(𝑥𝑥, 𝛽𝛽) =
1
2

�
𝑏𝑏35

𝐴𝐴𝑁𝑁

𝜎𝜎𝑁𝑁√2𝜋𝜋

�
𝐴𝐴𝑁𝑁

𝜎𝜎𝑁𝑁√2𝜋𝜋
∀𝑁𝑁 𝑖𝑖𝑛𝑛 𝑟𝑟3

∀𝑁𝑁 𝑖𝑖𝑛𝑛 𝑟𝑟3

 erfc �
𝑥𝑥 − 𝐶𝐶𝑁𝑁

𝜎𝜎𝑁𝑁
2 �

+ � 𝑏𝑏32 + 𝑏𝑏33𝑥𝑥 + 𝑏𝑏34𝑥𝑥2, 𝑥𝑥 < 𝑏𝑏31
𝑏𝑏32 + 𝑏𝑏33𝑏𝑏31 + 𝑏𝑏34𝑏𝑏31

2 , 𝑥𝑥 ≥ 𝑏𝑏31
 

(55) 

 

Since there is only one region, there is no need for a slack energy calibration 

parameter: 

 

𝐶𝐶𝑁𝑁 = (𝑠𝑠21𝑥𝑥 + 𝑠𝑠22) (56) 

 

Due to the small width of the region, the resolution calibration can be simplified to 

be dependent on a single parameter: 
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𝜎𝜎3𝑁𝑁 = �𝑢𝑢3𝐼𝐼𝑁𝑁 (57) 

 

The efficiency curve is modelled by a simple empirical quadratic curve, although 

this work conjects that a physical model should work as well: 

  

 

𝜀𝜀3�𝑠𝑠𝑁𝑁� = (𝑠𝑠31 + 𝑠𝑠32𝐶𝐶𝑁𝑁 + 𝑠𝑠33𝐶𝐶𝑁𝑁
2) 

(58) 

 

The result which corresponds to the lowest 𝜒𝜒2 is then chosen. The 238Pu and 240Pu 

activity ratios are reported. Activity ratios are then converted to mass ratios via the 

inclusion of half-life and atomic mass data. 

3.7.4 Tabulated data 

Table 30: Isotope data taken from [9] (ENSDF) accessed 2017. 

Isotope half-life [y] mass [g/mol] 
238Pu 87.7 238.0496 
239Pu 24110 239.0522 
240Pu 6561 240.0538 
241Pu 14.329 241.0568 

241Am 432.6 241.0568 
237Np 2.14E+06 237.0482 

236Pu progeny 1.00E+07 (arbitrary) 200 (arbitrary) 
Sum peak at 416 keV 1.00E+07 (arbitrary) 200 (arbitrary) 
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Table 31: Photon data either taken from [9] (ENSDF), PeakEasy version 4.51 [129]  or 
FRAM 5.2 [120] 

Number Isotope Centroid [keV] 
Emission intensity 

[Photons per disintegration] Region 
0 239Pu 129.294 6.29E-05 3 
1 239Pu 141.66 3.20E-07 3 
2 239Pu 143.35 1.81E-07 3 
3 239Pu 144.211 2.89E-06 3 
4 239Pu 146.077 1.22E-06 3 
5 241Am 146.557 5.15E-06 3 
6 239Pu 148.567 1.89E-06 3 
7 241Am 150.113 7.57E-07 3 
8 238Pu 152.72 9.37E-06 3 
9 241Pu 159.97 6.64E-08 3 

10 239Pu 160.18 5.10E-08 3 
11 240Pu 160.308 4.10E-06 3 
12 239Pu 161.482 1.23E-06 3 
13 241Am 161.54 6.00E-09 3 
14 241Pu 164.597 4.66E-07 3 
15 241Am 164.597 6.88E-07 3 
16 241Am 165.93 2.30E-07 3 
17 241Am 169.56 1.73E-06 3 
18 239Pu 171.39 1.10E-06 3 
19 239Pu 173.72 3.10E-08 3 
20 241Am 175.07 1.82E-07 3 
21 239Pu 179.21 6.60E-07 3 
22 239Pu 184.55 2.10E-08 3 
23 239Pu 188.1 1.09E-07 3 
24 239Pu 189.35 8.30E-07 3 
25 241Am 190.4 2.20E-08 3 
26 241Am 191.96 2.16E-07 3 
27 239Pu 195.68 1.07E-06 3 
28 239Pu 203.545 5.74E-06 3 
29 241Am 204.04 2.90E-08 3 
30 241Pu 208 5.39E-06 3 
31 241Am 208 7.95E-06 3 
32 239Pu 218 1.20E-08 3 
33 241Am 221.46 4.24E-07 3 
34 239Pu 225.42 1.51E-07 1 
35 239Pu 263.91 2.65E-07 1 
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36 241Am 264.89 9.00E-08 1 
37 241Am 267.54 2.60E-07 1 
38 236Pu progeny 270.245 2.96E-06 1 
39 236Pu progeny 277.351 1.30E-03 1 
40 236Pu progeny 288.07 1.76E-04 1 
41 236Pu progeny 292.7 3.57E-06 1 
42 241Am 292.77 1.42E-07 1 
43 236Pu progeny 295.1 1.37E-05 1 
44 239Pu 297.46 4.98E-07 1 
45 236Pu progeny 300.087 1.89E-03 1 
46 237Np 300.128 6.56E-02 1 
47 239Pu 302.91 5.10E-08 1 
48 241Am 304.21 1.01E-08 1 
49 239Pu 307.81 5.50E-08 1 
50 241Am 309.1 1.40E-08 1 
51 239Pu 311.737 2.62E-07 1 
52 237Np 311.9 3.86E-01 1 
53 239Pu 316.44 1.32E-07 1 
54 239Pu 319.828 4.54E-08 1 
55 236Pu progeny 320 0 1 
56 239Pu 320.868 5.03E-07 1 
57 241Am 322.526 1.50E-06 1 
58 239Pu 323.828 5.38E-07 1 
59 236Pu progeny 327.96 8.00E-05 1 
60 236Pu progeny 328 2.66E-06 1 
61 241Pu 332.387 2.97E-07 1 
62 241Am 332.387 1.51E-06 1 
63 239Pu 332.85 4.90E-06 1 
64 241Pu 335.432 2.34E-08 1 
65 241Am 335.432 4.87E-06 1 
66 239Pu 336.112 1.14E-06 1 
67 241Am 337.7 4.29E-08 1 
68 237Np 340.48 4.47E-02 1 
69 241Am 340.56 4.30E-08 1 
70 239Pu 341.495 6.60E-07 1 
71 239Pu 345.011 5.53E-06 1 
72 239Pu 350.8 1.80E-08 1 
73 241Am 358.25 1.20E-08 1 
74 239Pu 361.84 1.22E-07 1 
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75 239Pu 367.054 8.59E-07 1 
76 239Pu 368.534 8.99E-07 1 
77 241Pu 368.605 1.04E-08 1 
78 241Am 368.605 2.12E-06 1 
79 241Pu 370.934 2.75E-08 1 
80 241Am 370.934 5.12E-07 1 
81 239Pu 375.042 1.55E-05 1 
82 237Np 375.3 6.79E-03 1 
83 241Am 376.61 1.52E-06 1 
84 239Pu 380.15 3.05E-06 1 
85 239Pu 382.75 2.59E-06 1 
86 241Am 383.81 2.82E-07 1 
87 241Am 390.62 5.90E-08 1 
88 239Pu 392.9 2.03E-06 1 
89 239Pu 393.14 3.45E-06 1 
90 237Np 398.62 1.39E-02 1 
91 241Am 398.64 2.00E-08 1 
92 239Pu 399.54 5.90E-08 1 
93 236Pu progeny 404.2 1.27E-06 1 
94 241Am 406.35 1.45E-08 1 
95 239Pu 410.99 3.93E-08 1 
96 239Pu 413.712 1.47E-05 1 
97 236Pu progeny 415.2 8.22E-05 1 
98 237Np 415.73 1.75E-02 1 
99 241Am 415.88 3.10E-08 1 

100 Sum Peak 416 0 1 
101 241Am 419.33 2.87E-07 1 
102 236Pu progeny 422.04 1.73E-06 1 
103 239Pu 422.6 1.22E-06 1 
104 241Am 426.47 2.46E-07 1 
105 239Pu 426.67 2.33E-07 1 
106 241Am 429.94 1.15E-08 1 
107 239Pu 430.19 4.30E-08 1 
108 236Pu progeny 433.6 7.17E-06 1 
109 241Am 442.81 3.50E-08 1 
110 239Pu 445.74 8.80E-08 1 
111 239Pu 451.474 1.90E-06 1 
112 241Am 452.45 2.40E-08 1 
113 236Pu progeny 452.83 1.80E-04 1 
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114 241Am 454.66 9.70E-08 1 
115 239Pu 457.65 1.49E-08 1 
116 241Am 459.68 3.63E-08 1 
117 239Pu 461.26 2.27E-08 1 
118 241Am 463.22 1.00E-08 1 
119 241Am 468.12 2.88E-08 1 
120 236Pu progeny 473.6 2.67E-05 1 
121 239Pu 481.52 4.60E-08 1 
122 236Pu progeny 485.95 1.03E-05 1 
123 241Am 573.94 1.25E-08 2 
124 239Pu 582.8 6.15E-09 2 
125 236Pu progeny 583.191 1.75E-02 2 
126 239Pu 586.1 1.53E-09 2 
127 241Am 586.59 1.31E-08 2 
128 236Pu progeny 587.7 8.20E-06 2 
129 241Am 590.28 2.86E-08 2 
130 241Am 597.48 7.41E-08 2 
131 239Pu 597.98 1.67E-08 2 
132 239Pu 599.6 2.00E-09 2 
133 239Pu 606.9 1.20E-09 2 
134 239Pu 608.9 1.16E-09 2 
135 239Pu 612.8 9.50E-09 2 
136 239Pu 617.1 1.34E-08 2 
137 239Pu 618.3 2.04E-08 2 
138 241Am 619.01 5.94E-07 2 
139 239Pu 619.3 1.21E-08 2 
140 236Pu progeny 620.4 2.05E-06 2 
141 239Pu 624.8 4.38E-09 2 
142 241Am 632.93 1.26E-08 2 
143 239Pu 633.15 2.39E-08 2 
144 239Pu 637.72 2.46E-08 2 
145 239Pu 640.08 8.00E-08 2 
146 241Am 641.47 6.80E-08 2 
147 240Pu 642.46 1.30E-07 2 
148 236Pu progeny 643.5 2.40E-06 2 
149 236Pu progeny 645.5 3.11E-06 2 
150 239Pu 645.95 1.52E-07 2 
151 239Pu 649.5 1.20E-08 2 
152 236Pu progeny 650.1 7.38E-06 2 
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153 239Pu 650.5 2.66E-09 2 
154 239Pu 652.1 6.51E-08 2 
155 241Am 653 3.83E-07 2 
156 239Pu 654.9 2.27E-08 2 
157 239Pu 658.9 9.99E-08 2 
158 241Am 662.5 3.62E-06 2 
159 239Pu 664.6 2.65E-08 2 
160 239Pu 674.2 5.00E-09 2 
161 239Pu 685.97 8.70E-09 2 
162 239Pu 688.1 1.11E-09 2 
163 241Am 688.7 3.25E-07 2 
164 239Pu 690.8 9.00E-09 2 
165 241Am 693.6 3.68E-08 2 
166 241Am 696.6 5.34E-08 2 
167 239Pu 698.7 1.50E-09 2 
168 239Pu 701.1 5.12E-09 2 
169 239Pu 703.7 3.95E-08 2 
170 236Pu progeny 705.2 4.51E-06 2 
171 241Am 709.5 6.41E-08 2 
172 239Pu 717.6 2.80E-08 2 
173 239Pu 719.8 3.70E-09 2 
174 241Am 721.96 1.89E-06 2 
175 236Pu progeny 722.04 4.16E-05 2 
176 236Pu progeny 727.33 3.79E-03 2 
177 241Am 737.3 8.00E-08 2 
178 236Pu progeny 748.7 8.81E-06 2 
179 241Am 755.9 7.60E-08 2 
180 239Pu 756.3 3.67E-08 2 
181 241Am 759.4 1.67E-08 2 
182 236Pu progeny 763.13 3.75E-04 2 
183 239Pu 766.3 2.40E-09 2 
184 238Pu 766.4 2.20E-07 2 
185 241Am 767 5.00E-08 2 
186 239Pu 767.5 3.10E-09 2 
187 239Pu 769.3 1.13E-07 2 
188 241Am 770.6 4.40E-08 2 
189 241Am 772.2 2.70E-08 2 
190 239Pu 772.7 1.30E-09 2 
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Table 32: Plutonium attenuation cross section taken from ENDF/B-V11.1 plutonium 
photo-atomic interaction data accessed November 2017 [117]. These macroscopic cross-
sections assume a density of 19.86 g/cm2. 

Energy [keV] Total - coherent XS [1/cm] 
122.666 85.4563 
123.027 84.8857 
123.246 84.5421 
124.452 82.7224 
124.813 82.1882 

125 81.9123 
125.631 80.8389 
125.89 80.3989 

125.893 80.395 
126 80.2131 

126.708 79.2219 
127.35 78.3291 

127.434 78.2135 
128.3 77.0283 

128.825 76.2413 
129.267 75.5873 
131.437 72.4769 
131.826 71.9365 
133.352 69.9941 
134.673 68.3752 
134.896 68.1056 
136.458 66.2659 
138.038 64.4757 
138.844 63.5544 
139.637 62.6644 
141.254 60.9034 
142.889 59.1945 
143.195 58.8821 
146.218 55.9186 
147.911 54.3512 
149.472 52.9618 

150 52.5031 
151.356 51.35 
153.109 49.9133 
154.882 48.5187 
156.675 47.1643 
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158.49 45.8548 
160.324 44.5828 
160.534 44.4407 
162.181 43.3455 
165.959 40.9767 
167.88 39.8434 
170.12 38.5794 

171.791 37.6741 
173.78 36.6363 

174.248 36.3987 
179.887 33.6989 

180 33.6478 
181.97 32.7753 

188.365 30.1616 
190.546 29.34 
192.752 28.5422 
194.29 28.005 

194.984 27.7672 
197.242 27.0139 
199.53 26.2811 

200 26.134 
201.837 25.5708 
206.538 24.2085 
211.349 22.9234 
218.776 21.1317 
221.368 20.5562 
223.872 20.0215 
226.464 19.4899 
231.74 18.4719 

234.423 17.9846 
237.137 17.5113 
239.883 17.0515 
242.661 16.6049 
245.471 16.171 

250 15.5076 
251.189 15.3416 
251.19 15.3415 

254.097 14.946 
257.04 14.5616 
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260.016 14.1881 
261.941 13.9545 
263.027 13.8251 
266.073 13.4722 
269.154 13.1294 
272.27 12.7963 

275.423 12.4726 
278.612 12.158 
281.838 11.8523 
285.102 11.5551 
288.403 11.2663 
291.743 10.9858 
295.121 10.7163 
298.538 10.4542 

300 10.3454 
301.995 10.1998 
305.492 9.9524 
309.029 9.7119 
312.608 9.478 
316.228 9.2508 
316.23 9.2507 

319.889 9.0291 
321.158 8.9544 
323.594 8.8135 
327.341 8.6037 
331.131 8.3997 
334.965 8.2013 
338.844 8.0083 
342.768 7.8207 
346.737 7.6408 
350.752 7.4657 
363.078 6.968 
367.282 6.8113 
371.535 6.6589 
375.837 6.5105 
380.189 6.3661 
384.592 6.2256 
389.045 6.0889 
393.55 5.9558 
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398.107 5.8263 
398.11 5.8263 

398.681 5.8106 
402.717 5.7019 
412.098 5.4627 
416.869 5.3478 
421.697 5.2359 
426.58 5.1269 

431.519 5.0207 
436.516 4.9174 
446.684 4.7188 
451.856 4.6232 
457.088 4.5301 
462.381 4.441 
467.735 4.354 
473.151 4.2694 
478.63 4.1868 

484.172 4.1063 
489.779 4.0279 
495.45 3.9513 

501.187 3.8767 
501.19 3.8767 

506.991 3.8036 
512.861 3.7322 

518.8 3.6626 
524.808 3.5947 
528.17 3.5585 

530.884 3.5297 
537.032 3.4662 
543.25 3.4042 

549.541 3.3437 
555.904 3.2847 
562.341 3.227 
568.853 3.1708 
575.44 3.1158 

582.103 3.0621 
588.844 3.0098 
595.662 2.9587 

600 2.9272 
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602.56 2.9093 
609.537 2.8616 
616.595 2.815 
621.97 2.7806 

623.735 2.7695 
630.957 2.725 
630.96 2.7249 

638.264 2.681 
645.654 2.6381 
653.131 2.5961 
660.694 2.5551 
668.344 2.5149 
676.083 2.4757 
683.912 2.4374 
691.831 2.4006 
699.842 2.3646 
707.946 2.3294 
716.143 2.2949 
724.436 2.2612 
732.825 2.2281 
741.31 2.1958 

749.894 2.1642 
761.517 2.123 
767.362 2.1029 
776.247 2.0732 
785.236 2.0442 
794.328 2.0162 
794.33 2.0162 

803.526 1.9885 
812.831 1.9613 
822.243 1.9346 
831.764 1.9085 
841.395 1.8829 
851.138 1.8578 
860.994 1.8332 
870.964 1.8091 
881.049 1.7854 
891.251 1.7623 
901.571 1.7396 



123 

 

Table 32, cont. 

912.011 1.7174 
922.571 1.6959 
933.254 1.6748 
944.061 1.6542 
954.993 1.6339 
966.051 1.614 
977.237 1.5945 
988.553 1.5754 

1000 1.5566 
1011.58 1.5378 
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Chapter 4: Optimization of Photon Emission Intensities for Passive 
Gamma Plutonium Isotopic Measurements with FRAM 

4.1 SUMMARY 

This chapter  documents the optimization of plutonium and 241Am photon emission 

intensities utilized for version 6 of the FRAM (fixed energy, response function analysis 

with multiple efficiencies) γ-ray isotopic analysis software. The optimization utilizes 1900 

high-resolution γ-spectra representing over two months of acquisition time for over 50 

certified and working plutonium reference materials. A line-search conjugate gradient 

descent algorithm varies the emission intensities to minimize the sum of squared 

differences between the plutonium isotopic results and the well-documented mass 

spectrometry declared values. It is demonstrated that utilizing these optimized emission 

intensities provides unbiased isotopic results and prevents significant biases incurred by 

using those listed in the NNDC (National Nuclear Data Center) ENSDF (Evaluated 

Nuclear Structure Data File) database. Specific examples of the ramifications of this bias 

for nuclear forensics and safeguards measurements are examined. It is demonstrated that 

utilizing NNDC emission intensities leads to a 241Am/241Pu model age on average 400 days 

too young for 25 year-old shielded reactor-grade plutonium (RGPu). Further, using NNDC 

emission intensities in combination with neutron coincidence counting for plutonium mass 

verification will lead to an average underestimation of total material by about 4% for 

unshielded weapons-grade plutonium (WGPu).    

 4.2 INTRODUCTION 

FRAM is passive γ-ray isotopic analysis software developed at Los Alamos 

National Laboratory in 1988 for plutonium assay at the Los Alamos Plutonium Facility 

[130] . The software employs the relative efficiency method first developed by Parker and 
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Reilly [131] in 1974. This method is one of the very few nondestructive assay techniques 

which does not require prior calibration.  

This independence from calibration and sample or detector geometry makes γ-ray 

analysis ideal for plutonium and uranium safeguards measurements which require the 

timely assay of multiple items with different geometries, isotopic compositions, and 

shielding. Typically, item isotopic composition acquired via γ-spectroscopy is combined 

with an absolute measurement from neutron coincidence counting or calorimetry to assay 

total SNM (special nuclear material) mass. The usage of FRAM for traditional safeguards 

applications is well described in the FRAM application guide [122] and the PANDA 

(Passive nondestructive assay of nuclear materials) manual [132]. Recent publications 

utilizing γ-spectroscopy for safeguards include the assay of ~3 kg plutonium dioxide items 

in containers at the RT-1 plant at the Industrial Mayak Association [133] and the assay of 

dilute plutonium solutions [134]. FRAM is not just confined to the applications of 

plutonium and uranium assay. For example, recent publications demonstrate the potential 

to use FRAM to efficiently detect the diversion of reactor fuel pins [27, 28].   

Passive γ-spectroscopy is also well suited for aiding in the initial analysis of nuclear 

forensics samples. For plutonium items, γ-spectroscopy can be used for initial screening, 

aiding in the determination of the optimal method of chemical separation, and determining 

an initial chemical separation date via the 241Pu/241Am chronometer. For example, a 2017 

study utilizes FRAM for the screening of plutonium foils within the first 24 hours of receipt 

of samples [2], and a 2016 forensics case study describes the usage of FRAM in the initial 

analysis stage of plutonium metal [3].   

A major source of error in FRAM measurements is the uncertain nature of the 

photon emission intensities. Note that this work uses the modern Joint Commission for 

Guides in Metrology (JCGM) definition of error as “the result of a measurement minus the 
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true value of the measurand” [6]. Typical plutonium (238Pu, 239Pu, 240Pu, 241Pu) and 241Am 

emission intensity uncertainties listed in the NNDC ENSDF database [9] range from about 

0.5 % to 3 % (coverage factor k = 1) for the more intense γ-rays. The primary source of 

uncertainty in the original emission intensity studies is efficiency curve determination. For 

example, the ENSDF database heavily relies on the 1976 study by Gunnink et al. [11] for 

plutonium and 241Am emission-intensities above 129 keV. The study assigns a 2% 

uncertainty due to efficiency approximation which is accomplished via a combination of 

mathematical modelling with the 1970’s Lawrence Livermore GAMANAL program and 

the measurement of standards described in [135]. Gunnink et al. [11] also determines the 

ratios of emission intensities for γ-rays very close in energy such as 241Pu at 208 keV to 
239Pu at 203 kV. Due to their proximity, the uncertainty due to efficiency largely cancels 

out. Still, total uncertainty for these ratios remains fairly high and is reported at around 1% 

(k = 1). The majority of other major studies utilized by ENSDF for plutonium and 241Am 

emission intensities including [136-139] determine absolute efficiency via the counting of 

calibrated sources such as 152Eu and 133Ba.  

4.2.1 Description of FRAM 

4.2.1.1 Algorithm 

The FRAM algorithm is well described in [10], in the FRAM manual [140], and in 

the application guide [122]. This work will now present a brief summary of this 

methodology. FRAM takes as input a spectrum traditionally acquired via a high purity 

germanium detector (HPGe), although the capability exists to analyze cadmium zinc 

telluride (CZT) and lanthanum bromide (LaBr3:Ce) spectra. The algorithm uses this 

spectrum to calibrate energy, tailing, and resolution. For plutonium analysis, It then 

proceeds to deconvolute the peak areas for x-rays and γ-rays associated with the decay of 
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plutonium, 241Am, and if detectable 237Np, uranium and 243Am. For plutonium, FRAM 

typically includes 60 – 80 peaks in the analysis depending on which energy region is 

utilized as described in section 2.2.  

The peak count-rate 𝐶𝐶𝚤𝚤𝚤𝚤̇  associated with isotope 𝑠𝑠 at energy 𝑗𝑗 is given by 

 

𝐶𝐶𝚤𝚤𝚤𝚤̇ = 𝑁𝑁𝑖𝑖𝜆𝜆𝑖𝑖𝛽𝛽𝑖𝑖𝑗𝑗𝜀𝜀𝑗𝑗 (59) 

 

Here 𝑁𝑁𝑖𝑖 and 𝜆𝜆𝑖𝑖 are the number of atoms and the decay constant associated with 

isotope 𝑠𝑠, 𝛽𝛽𝑖𝑖𝑗𝑗 is the emission intensity of the photon at energy 𝑗𝑗 emitted by isotope 𝑠𝑠, and 

𝜀𝜀𝑗𝑗 is the total efficiency at energy 𝑗𝑗. The efficiency 𝜀𝜀𝑗𝑗 =  𝜀𝜀𝑔𝑔𝜀𝜀𝐼𝐼,𝑗𝑗𝜖𝜖𝑚𝑚𝑏𝑏𝑚𝑚,𝑗𝑗𝜀𝜀𝑚𝑚𝑡𝑡𝑡𝑡,𝑗𝑗 where 𝜀𝜀𝑔𝑔, 𝜀𝜀𝑖𝑖,𝑗𝑗, 

𝜖𝜖𝑚𝑚𝑏𝑏𝑚𝑚,𝑗𝑗, and 𝜀𝜀𝑚𝑚𝑡𝑡𝑡𝑡,𝑗𝑗 are components due to geometry, intrinsic detector efficiency, sample self-

absorption, and attenuation by any objects between the sample and detector. Note that 

efficiency is assumed to be independent of the particular isotope. This case exists if all 

isotopes in question share the same distribution within the material. Note that FRAM has 

the capability to relax this assumption, but this is beyond the scope of this work. 

Efficiency can be written as 

 

𝜀𝜀𝑗𝑗 = 𝐾𝐾
𝐶𝐶𝚤𝚤𝚤𝚤̇
𝛽𝛽𝑖𝑖𝑗𝑗

= 𝐾𝐾𝑅𝑅𝑗𝑗 (60) 

 
Here, 𝐾𝐾 is a constant and 𝑅𝑅𝑗𝑗 ≡ 𝐶𝐶𝚤𝚤𝚤𝚤̇

𝛽𝛽𝑖𝑖𝑗𝑗
 is the relative efficiency at energy 𝑗𝑗. FRAM determines 

the relative efficiency as a function of energy by examining an isotope with a set of strong 

associated peaks and well documented emission intensities spanning the energy range in 

question. The isotopes 241Pu, 239Pu, and 241Am are frequently used for this purpose. FRAM 

utilizes either a 6th order polynomial in exponential space or a semi-physical model 
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described in [141] to determine 𝑅𝑅(𝐼𝐼) for a certain energy range. Combining Eqns. (59 and 

(60 and averaging over 𝑢𝑢 peaks produces the expression for the activity for isotope 𝑠𝑠 (𝛼𝛼𝑖𝑖): 

 

𝛼𝛼𝑖𝑖 =
𝐾𝐾
𝑢𝑢

�
1

𝜎𝜎𝐶𝐶𝚤𝚤𝚤𝚤̇

𝐶𝐶𝚤𝚤𝚤𝚤̇
𝛽𝛽𝑖𝑖𝑗𝑗

𝑛𝑛

𝑗𝑗=0

𝑅𝑅𝑗𝑗 (61) 

 

This average is weighted via the Poisson uncertainty 𝜎𝜎𝐶𝐶𝚤𝚤𝚤𝚤̇  associated with count rate 

𝐶𝐶𝚤𝚤𝚤𝚤̇  determined by the prior deconvolution. Note that the constant 𝐾𝐾 is still unknown. The 

point behind the relative efficiency method is that the ratio of the activities for two different 

isotopes can be determined without any knowledge of absolute efficiency because the 

constant 𝐾𝐾 cancels out: 

 

𝛼𝛼𝑖𝑖

𝛼𝛼𝑘𝑘
=  

𝑠𝑠
𝑢𝑢

∑
𝐶𝐶𝑖𝑖𝑗𝑗
𝛽𝛽𝑖𝑖𝑗𝑗

𝑛𝑛
𝑗𝑗=0 𝑅𝑅𝑗𝑗

∑ 𝐶𝐶𝑘𝑘𝑑𝑑
𝛽𝛽𝑘𝑘𝑑𝑑

𝐴𝐴
𝑑𝑑=0 𝑅𝑅𝑑𝑑

 (62) 

 

Further, the element of time cancels allowing the usage of peak counts 𝐶𝐶 instead of 

count-rate. For plutonium, isotopic ratios are determined in this manner for 238Pu, 240Pu, 
241Pu, and 241Am relative to 239Pu. 242Pu peaks are typically below the detection limit, so 

its relative isotopic abundance is typically taken as the facility declaration value or 

determined via a correlation equation described in the manual [141]. The final algorithm 

step is to combine the isotopic ratios to produce mass fractions 𝑠𝑠𝑖𝑖 for all isotopes 𝑠𝑠 with 

units of [g/g Pu].   
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4.2.1.2 Analysis Regions  

User-defined parameter sets described in [141] enable application-specific  

optimization. FRAM also provides four built-in parameter sets designed to take advantage 

of three natural analysis regions in a typical plutonium spectrum each containing a 

measurable 240Pu peak. 240Pu, an important isotope for neutron coincidence counting mass 

verification measurements, emits only three typically measureable γ-rays at 104, 160, and 

642 keV.   For unshielded items, the most intense occurs at 104 keV amidst many x-ray 

interferences. Typically only high resolution planar or semi-planar detectors can resolve 

this region. However, due to the high intensity of 240Pu at 104 keV, lack of sum peaks, and 

lack of backscatter peaks, this region usually provides the most accurate, precise, and 

timely measurements. FRAM provides a 60 - 220 keV parameter set which includes about 

60 peaks for these unshielded spectra. 

If an item is shielded with more than about 15mm of steel-equivalent, then the high 

energy efficiency of a coaxial detector is needed to get sufficient counts at 642 for an 

accurate and precise 240Pu mass ratio. FRAM provides a 180 – 1010 keV parameter set for 

these types of spectra. Note that this region is important for nuclear forensics since 

nondestructive γ-spectroscopy will likely be employed in the preliminary stages of analysis 

prior to the removal of any shielding. Further, prior to chemical dissolution, an item may 

have a large amount of self-shielding which precludes low energy analysis. 

For items with shielding between 0 and 15 mm of steel-equivalent, the 160 keV 
240Pu peak may have the best Poisson statistics. Parameter sets spanning 120-460 keV and 

120-420 keV for planar and coaxial detectors, respectively, have been designed for these 

moderately shielded spectra. This region suffers from a multitude of sum peaks and 

Compton/backscatter edges. Most importantly, the 160 keV 240Pu peak is surrounded by a 

host of peaks due to the summing of the 241Am γ-ray at 60 keV and the 100 keV U and Pu 
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k x-rays. Further, intense 239Pu peaks at 414 and 451 keV have backscatter edges at 158 

and 163 keV, respectively. This increases the difficulty in determining an accurate 

background shape at 160 keV. 241Pu also suffers from sum peaks in this region, with 

significant summing interferences at 208 and 267 keV. Further, there exist sum peaks at 

203 keV which interfere with 239Pu. This indirectly affects 241Pu since this peak is used to 

aid in determining the relative efficiency at 208 keV.  

The nuclear forensics studies described in [3] and [2] utilize the middle analysis 

region to analyze coaxial spectra from thin, unshielded plutonium metal. For the most 

accurate nuclear forensics measurements, this paper highly recommends using a planar 

detector combined with the low energy analysis region since this combination is not 

affected by many of the issues above. Further, many of the sum peaks occur one or two 

keV away from important γ-peaks. A planar detector sometimes possesses sufficient 

resolution to moderate the effects of these sum peaks. If only a coaxial detector is available, 

it is recommended to count with a detector dead time below about 15% to mitigate the 

effects of sum peaks. Section 5.6 presents supporting analysis for this recommendation and 

potential ramifications for nuclear forensics chronometry if it is not followed. Figure 43 

depicts a typical coaxial RGPu spectrum with the four different FRAM analysis regions. 
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Figure 43: RGPu plutonium spectrum taken with a coaxial HPGe displaying the four 
primary FRAM analysis regions. 

4.2.2 Description of Data 

The archival spectra utilized in the emission intensity optimization represent 1900 

hours of counting time dating back to 1988. Counting conditions are summarized in [10] 

and in Table 33. Counting geometries and count rates attempt to emulate a mixture of 

realistic field and laboratory measuring conditions. For example, dead times ranging from 

2 to 53 % represent both low dead time rigorous laboratory forensics measurements and 

high dead time field verifications. For about 170 spectra, 1-2 mm of lead was placed 

between the detector and item to simulate field measurements of shielded items. About 

15% of the data was randomly selected for training. All of the data was utilized in testing.   
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Table 33: Description of training and testing data 
 

Group 1 Group 2 Group 3 Group 4 

Energy range [keV] 060-230 120-420 120-460 180-1010 

Detector type Planar Planar Coaxial Coaxial 

No. unique samples 30 46 44 53 
Measurement time [hours] 1 1 1 1 

No. measurements in training data 200 200 N/A 100 

No. measurements in testing data 970 873 907 984 
240Pu content 3% - 26% 3% - 27 % 3%-29% 3% - 29% 

Conte rate [khz] 2-78 3-52 3-40 3-40 

Dead-time [%] 2-52 3-53 3-53 3-53 

Resolution [keV] at 129 keV 0.53-0.69 0.53-0.69 0.87-0.99 0.87-0.99 

No. branching ratios optimized 30 4 0 41 

Item size [g] 0.4 – 1747 0.4 – 1747 0.4 – 2000 0.4 – 2000 

 

 

Shielding [mm] 1-2, Cd 1-2, Cd 1-2, Cd 1-2, Cd/Pb 

4.3 OPTIMIZATION ALGORITHM 

4.3.1 Algorithm Selection 

Two design constraints guided the selection of the specific optimization algorithm: 

 
1. Interface with FRAM via the built-in command line interface (see [141]) 

2. Optimize 30 emission intensities with 100 spectra within 24 hours 

The first constraint allows the capability to design one program which can easily 

optimize emission intensities for future applications such as uranium verification and 

reactor partial defect measurements. The second constraint allows a full set of about 80 

plutonium and 241Am emission-intensities to be optimized over a weekend.  

The second constraint necessitates the usage of a line-search algorithm which 

chooses a search direction based on derivatives which according to [115] are typically 
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faster than derivative-free methods such as the downhill simplex method or Powell’s 

method.   

The FRAM command line interface sometimes only reports 238Pu, 241Am, and 241Pu 

mass ratios to three significant digits for spectra with low abundances of 238Pu, 241Am, and 
241Pu. This leads to inaccurate derivatives of the objective function described in section 

4.2. Errors in determining derivatives will be magnified by Newton’s method or quasi-

Newton methods which rely on second-derivative information. Therefore, the extra 

computational time needed to compute the Hessian will not lead to a better search direction 

than first-order gradient descent methods. For these reasons, the conjugate-gradient descent 

method was chosen as described in [142] for choosing a search direction.  

The objective function described in 4.2 was found to have many small, local 

minima in the vicinity of the global minimum. The golden-section line search method [115] 

was chosen over backtracking [115] because it proved more capable of navigating around 

these local minima. To further mitigate the effects of the observed multiple minima in the 

neighborhood of the global minimum, the emission intensities and function calls used to 

calculate the derivatives are saved in memory. For example, if 30 emission intensities are 

optimized, then 30 points and associated objective functions must be calculated to 

determine the gradient if one-sided differencing is used.  After each iteration, the best set 

of emission intensities resulting in the lowest objective function obtained from either the 

line search or saved from the gradient calculation replaces the set from the previous 

iteration. Almost always, the line search results in the best point. The saved points from 

the gradient calculation typically only result in the best point during the last few iterations 

where the objective function surface resembles a golf-ball with the many local minema.  
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4.3.2 Objective Function 

The objective function to be minimized is: 

 

𝑀𝑀𝑠𝑠𝑢𝑢: 𝜒𝜒2(𝜷𝜷)  =   � � �
𝑓𝑓(𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷) − 𝑠𝑠�(𝑠𝑠, 𝑗𝑗) 

𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝜷𝜷𝟎𝟎)
�

2

∀𝑗𝑗∀𝑖𝑖

 (63) 

 

Eq. (63 is close to the standard 𝜒𝜒2 least-squares formulation described in numerical 

recipes [115].  The term 𝑓𝑓(𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷) represents the FRAM mass ratio output for isotope 𝑠𝑠 

reported for spectrum 𝑗𝑗 using a set of emission intensity parameters 𝜷𝜷. It is important to 

keep in mind that the spectrum is a function the counts 𝑥𝑥 in each of the 8192 channels. The 

term 𝑠𝑠�(𝑠𝑠, 𝑗𝑗) represents the certified or working reference material declared mass ratio for 

isotope 𝑠𝑠 and spectrum 𝑗𝑗.   

The weighting factor 𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝜷𝜷𝟎𝟎) refers to the uncertainty in the reported FRAM mass 

ratio due to Poisson statistics for isotope 𝑠𝑠 and spectrum 𝑗𝑗 using the initial emission 

intensities 𝜷𝜷𝟎𝟎. This ensures that inaccurate isotopic results due to very low statistics spectra 

will have very low weights and therefore will not skew the objective function. Further, it 

allows 238Pu, 241Pu, and 241Am results from WGPu and RGPu items which can differ by 

several orders of magnitude to be included together in the objective function. 

 During the course of optimization the emission intensities will change. This will 

cause FRAM to report different uncertainties. Inaccuarate sets of emission intensities will 

drastically increase the reported Poisson uncertainty. In Eq. 5, the weights do not change 

during optimization. If the weights are allowed to change and are taken as the reported 

Poisson uncertainty for each iteration, then a global minimum may occur close to zero with 

illogical emission intensities that are so poor that the reported Poisson uncertainty 
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approaches infinity. Setting the weights constant ensures the global minimum will be the 

location of the best emission intensities. 

Note that the weighting factors correspond to uncertainty in the model 𝑓𝑓 values and 

not to the declared values 𝒚𝒚�. This differs from the typical least-squares formulation given 

in most standard texts such as Bevington’s Data Reduction and Error Analysis for the 

Physical Science [143] and Numerical Recipes [115]. In this work, the mass spectrometry 

declared values typically have such low reported uncertainty that it is negligible compared 

to the uncertainties due to Poisson statistics, 𝜎𝜎𝑥𝑥. Uncertainty in the model 𝑓𝑓 is a function 

of the fundamental uncertainty of the number of counts 𝑥𝑥 in each of the 8192 channels in 

the spectrum. This work utilizes the method described in Numerical Recipes section 15.3 

[115] and specified by section 8.4 in Taylor’s An Introduction to Error Analysis [144] to 

define an equivalent uncertainty: 

 

𝜎𝜎𝑦𝑦� (equiv) =  �𝜎𝜎𝑦𝑦�
2 + �

𝑚𝑚𝑓𝑓
𝑚𝑚𝑥𝑥

𝜎𝜎𝑥𝑥�
2

= �0 + �𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝜷𝜷𝟎𝟎)�2 =   𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝜷𝜷𝟎𝟎) (64) 

 

Using this equivalent uncertainty ensures the rigor of the objective function and its 

closeness to a  maximum likelihood estimator.  

It is also important to optimize off of relatively short, one hour counting interval  

and not the longer 24 hour counting one. In this way, most of the uncertainty is due to 

Poisson statistics and not due to second-order effects such as sum peaks and Compton 

edges. This ensures that the weights are normally distributed and that the reduced Chi-
square statistic at the global minimum,  �̂�𝜒2 = 𝜒𝜒

2(𝜷𝜷𝒎𝒎)
(𝑛𝑛𝑞𝑞−𝑁𝑁)

, is close to one. Here, 𝜷𝜷𝒎𝒎 is the set of 

emission intensities at the global minimum 𝑠𝑠, 𝑢𝑢 is the number of spectra, 𝑞𝑞 is the number 

of isotopes analyzed, and 𝑎𝑎 is the number of emission intensities optimized. Due to the 
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normality of the weights,  𝜒𝜒2 is close to a maximum likelihood estimator as discussed in 

Numerical recipes section 15.7 [115]. If long-counts are used, then there will be many 

outlier points since sum peaks and Compton edges will significantly affect the error in each 

channel. Therefore, the weights will be more closely modelled by an exponential 

distribution. Then, the 𝜒𝜒2 statistic which assumes normally distributed weights cannot be 

used. Rather, the mean absolute deviation statistic (see Numerical Recipes section 15.7 

[115]) which assumes exponentially distributed weights will be a closer maximum 

likelihood estimator. The first optimization attempt of this work utilized 24 hour counts 

and the mean absolute deviation statistic. However, it was found that using the hour long 

counts combined with 𝜒𝜒2 led to better results for the testing data.  

4.3.3 Minimization Algorithm 

Time permitting, partial derivatives for each emission intensity 𝑘𝑘 are calculated via 

central differencing: 

 
𝜕𝜕𝑓𝑓(𝛽𝛽𝑘𝑘 , 𝜷𝜷 ∩ 𝛽𝛽𝑘𝑘)

𝜕𝜕𝛽𝛽𝑘𝑘
=

𝑓𝑓(𝛽𝛽𝑘𝑘 + ℎ, 𝜷𝜷 ∩ 𝛽𝛽𝑘𝑘) −  𝑓𝑓(𝛽𝛽𝑘𝑘 − ℎ, 𝜷𝜷 ∩ 𝛽𝛽𝑘𝑘)
2ℎ

 (65) 

 

The 180-1010 coaxial region takes about three times longer to analyze in FRAM 

(one second per spectrum as opposed to 1/3 of a second) than the lower energy regions for 

a computer with about 2.80 GHz of processing power. In this case for the interest of time, 

forward differencing which only needs one function call per derivative as opposed to two 

is used. The derivative step size ℎ is typically taken as 0.001𝛽𝛽𝑘𝑘. This rather large derivative 

step mitigates the effects of the rounding errors in the command line results. Pseudo-code 

below outlines the utilized conjugate gradient descent algorithm: 
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1. Set all emission intensities to NNDC values and then normalize to 1 

2. 𝒑𝒑𝟎𝟎  =  −𝛻𝛻𝑓𝑓(𝜷𝜷𝟎𝟎) 

3. 𝛼𝛼0 = min
𝛼𝛼

𝑓𝑓( 𝜷𝜷𝟎𝟎 + 𝛼𝛼𝒑𝒑𝟎𝟎)  

4. 𝜷𝜷𝟏𝟏 =  𝜷𝜷𝟎𝟎 + 𝛼𝛼0𝒑𝒑𝟎𝟎  

5. 𝒔𝒔𝟎𝟎 = 𝒑𝒑𝟎𝟎  

6. For 𝑠𝑠 in range�1, 𝑑𝑑𝑠𝑠𝑢𝑢(𝜷𝜷𝟎𝟎)�: 

a. 𝒑𝒑𝒊𝒊 = −𝛻𝛻𝑓𝑓(𝜷𝜷𝒊𝒊) 

b. 𝝎𝝎𝒊𝒊 = 𝒑𝒑𝒊𝒊
𝑇𝑇𝒑𝒑𝒊𝒊

𝒑𝒑𝒊𝒊−𝟏𝟏𝑇𝑇𝒑𝒑𝒊𝒊−𝟏𝟏
 

c. 𝒔𝒔𝒊𝒊 = 𝒑𝒑𝒊𝒊 + 𝝎𝝎𝒊𝒊 𝒔𝒔𝒊𝒊−𝟏𝟏 

d. 𝛼𝛼𝑖𝑖 = min
𝛼𝛼

𝑓𝑓( 𝜷𝜷𝒊𝒊 + 𝛼𝛼𝒔𝒔𝒊𝒊) 

e. 𝜷𝜷𝒊𝒊+𝟏𝟏 =  𝜷𝜷𝒊𝒊 + 𝛼𝛼𝑖𝑖𝒔𝒔𝒊𝒊  

f. Break if 𝜒𝜒𝑖𝑖
2 − 𝜒𝜒𝑖𝑖−1

2 < 1 

       7.  Set  𝜷𝜷𝟎𝟎 = 𝜷𝜷𝒏𝒏 and go to step 2 

 

Golden section line searches are used for the first iteration and along the conjugate 

directions in steps 3 and 6d as described in Numerical Recipes section 10.1 [115]. The 

conjugate direction formula in step 6b is the simple method derived in the original paper 

by Fletcher et al. [142].  The termination criterion in step 6f is taken as that recommended 

by Numerical Recipes since it is typically not meaningful and a poor use of computational 

time to refine 𝜒𝜒2 beyond the point where it is decreasing by less than one for an iteration.  

To further mitigate the effects of the observed multiple minima in the neighborhood 

of the global minimum, the emission intensities and function calls used to calculate the 

derivatives are saved in memory. After each iteration, the best set of emission intensities 

saved in memory replaces the set determined via conjugate gradient descent. This typically 

only happens during the final one or two iterations right before convergence is achieved, 

and then only rarely. Since the derivative step size is relatively large, these extra points 
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provide a pretty good set of perturbations of the objective function at no extra 

computational cost. If trapped in a local minimum, these perturbations allow the algorithm 

to jump out and escape.  

4.4 RESULTS 

4.4.1 Training data 
The χ�2statistics for the three optimizations are listed in Table 34. These statistics 

are further broken down by isotope 𝑠𝑠 according to the expression  

 

χ�i
2  =  � �

𝑓𝑓(𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷) − 𝑠𝑠�(𝑠𝑠, 𝑗𝑗)
𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝛽𝛽0)

�
2

∀𝑗𝑗

(𝑢𝑢 −
𝑎𝑎
5

)�  (66) 

 

Note that these isotope specific expressions should be taken as qualitative since the 

term (𝑢𝑢 − 𝒑𝒑
𝟓𝟓
) arbitrarily distributes the degrees of freedom equally between the six 

plutonium and americum isotopes. This is due to the fact that it is ambiguous exactly which 

emission intensities should be used to calculate the DOF for which isotope since there are 

many cases where γ-rays of one isotope interfere with the γ-rays of another isotope and 

therefore affect the measured isotopics.   

In almost all cases the χ�2and χ�i
2 statistics are less than 2. Note that the weights 

𝜎𝜎𝑓𝑓(𝑖𝑖,𝑗𝑗,𝜷𝜷𝟎𝟎) only take into account Poisson uncertainty and omit error due to sum-peak 

interferences, Compton edges, IDMS error, and incorrect tailing modelling. The closeness 

of χ�2and χ�i
2 to one indicates that the majority of the error in the reported isotopics in the 

training data at the final iteration is due to Poisson statistics. This closeness further 

indicates the validity of the use of the χ�2 statistic as the objective function. However, these 

values are not perfect and clearly would fail the χ2 test. Unfortunately, following the 
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recommendation given in section 15.6 in Numerical Recipes [115], this implies the 

diagonal elements of the inverse of the Hessian cannot be taken as the uncertainties of the 

fitted emission intensities. For this reason, this present work chooses not to provide the 

Hessian or any covariances to prevent them being improperly used as uncertainties. The 

uncertainties must be derived via either bootstrapping or the Monte-Carlo method. Since a 

single optimization takes roughly 3 days of computational time on a standard 2.8 GHz 

personal computer, to Monte-Carlo or bootstrap would require either a considerable time 

investment or an upgrade in computation speed.  

Table 34: χ�2 and χ�i
2 for the three optimizations 

 Isotope specific χ�i
2   

Analysis 238Pu 239Pu 240Pu 241Pu 241Am Overall �̂�𝜒2 Overall DOF 
Low-energy planar 2.0 1.5 1.4 1.3 1.8 1.6 1000 - 30 

Middle-energy planar 1.7 1.4 1.3 3.0 1.3 1.8 1000 - 4 
High-energy coaxial 1.3 1.1 1.1 2.0 1.7 1.5 500 - 41 

4.4.2 Testing Data 

This section ascertains the effectiveness of the optimized emission intensities to 

provide accurate and precise plutonium mass ratios for the testing data. The accuracy 𝐴𝐴𝑖𝑖 

for isotope 𝑠𝑠 is measured by the average mass ratio error weighted by the Poisson 

uncertainty reported by FRAM:  

 

𝐴𝐴𝑖𝑖  =
1
𝑢𝑢

�
𝑓𝑓�𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷optimized� − 𝑠𝑠�(𝑠𝑠, 𝑗𝑗)

𝜎𝜎𝑓𝑓�𝑖𝑖,𝑗𝑗,𝜷𝜷optimized�∀𝑖𝑖

 (67) 

 

The use of the weighted average ensures that low statistics spectra do not unduly 

bias the overall results. The use of the NNDC emission intensities leads to very poor 

performance for many of the energy regions. FRAM sometimes recognizes this fact and 
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increases the reported Poisson uncertainty. This generates a lower weighted average than 

warranted. Therefore, in order to objectively compare performance, isotopic uncertainties 

reported for the optimized results are used for both. Table 35 compares the accuracies of 

the parameter sets using the optimized and NNDC emission intensities. The optimized 

emission intensities lead to essentially unbiased results for plutonium and 241Am reported 

mass ratios. Further, all of the parameter sets utilizing NNDC emission intensities display 

significant biases for the majority of the isotopes. The values stated in Table 36 represent 

the average sigma difference between the FRAM reported values and the declared IDMS 

values. For example, the 240Pu/Pu mass ratio reported for an unshielded sample counted 

with a planar detector will be off on average by about 2.66 times the reported Poisson 

uncertainty if NNDC emission intensities are used. For shielded items counted with a 

coaxial detector, the 241Pu will have an average error representing over a six-sigma event. 

This may cause significant quality assurance problems for nuclear forensics laboratories.  

The only optimized parameter set with a significant bias is the 120-460 keV coaxial 

energy region which over reports for 241Pu. This bias is hypothesized to be primarily due 

to sum peaks which occur at 160, 165, 203, and 208 keV as discussed in section 2.2. 

Without taking into account these sum peaks, the 120-420 keV planar region suffers similar 

affects. These were eliminated by the addition of these sum peaks into the FRAM model.  

Every effort was made to do the same for the coaxial region. Unfortunately, the relatively 

low resolution of typical coaxial detectors prohibits the resolution of these second order 

effects. Figure 44 depicts this relationship between dead time and 241Pu/Pu mass ratio error 

for the middle energy coaxial dataset using the optimized emission intensities. A sample 

counted with 50% dead-time will on average have a 4% relative error bias. This bias will 

in particular affect nuclear forensics chronometry utilizing the 241Pu/241Am mass ratio to 

determine time since chemical separation. For a 25 year old WGPu sample, this 4% bias 
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translates into a systematic underestimation of material age by about 200 days which may 

lead to material misidentification. If a coaxial detector must be used for high-fidelity 

forensics measurements, this work recommends counting at about 15% dead-time or less. 

This is the point in Figure 44 where the 241Pu mass ratio begins to exhibit a bias. The 

formula used to calculate the relative errors 𝑅𝑅𝐼𝐼𝑖𝑖𝑗𝑗 for isotope 𝑠𝑠 and spectrum 𝑗𝑗 is: 

 

𝑅𝑅𝐼𝐼𝑖𝑖𝑗𝑗  = 100
𝑓𝑓�𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷optimized� − 𝑠𝑠�(𝑠𝑠, 𝑗𝑗)

𝑓𝑓�𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷optimized�
 (68) 

 

The precision 𝑃𝑃𝑖𝑖 for isotope 𝑠𝑠 is measured by the sample standard deviation of the 

mass ratio errors weighted by the Poisson uncertainty: 

 

𝑃𝑃𝑖𝑖 =  ��
(
𝑓𝑓�𝑗𝑗(𝑥𝑥), 𝑠𝑠, 𝜷𝜷optimized�

𝜎𝜎𝑓𝑓�𝑖𝑖,𝑗𝑗,𝜷𝜷optimized�
− 𝐴𝐴𝑖𝑖)

𝑢𝑢 − 1
∀𝑗𝑗

 (69) 

 

Again, the usage of weights ensures low statistics spectra do not unduly bias the 

overall results. Table 36 compares the precision of the parameter sets using the optimized 

and NNDC emission intensities. In almost all cases, the mass ratios determined by using 

the optimized emission intensities exhibit considerably tighter spread than those obtained 

via NNDC values. In the case of the 238Pu, 241Pu mass ratios determined via the high energy 

analysis region, using NNDC emission intensities leads to roughly double data variability. 
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Table 35: Accuracy results for testing data for parameter sets with optimized and NNDC 
emission intensities. Values are average mass ratio errors weighted by Poisson uncertainty 
(see Eq. (67). 

Parameter set 238Pu 239Pu 240Pu 241Pu 241Am 
Low Energy Plnr      

Optimized 0.07 -0.20 0.19 0.08 -0.17 
NNDC 0.48 -2.68 2.66 3.80 2.55 

Middle Energy Plnr      
Optimized 0.12 -0.10 0.08 -0.01 -0.42 

NNDC 1.40 0.00 -0.10 3.40 -0.48 
Middle Energy Cx      

Optimized -0.05 0.24 -0.28 2.0 -0.62 
NNDC 0.68 0.93 -1.00 6.6 -0.86 

High Energy Cx      
Optimized 0.02 -0.07 0.06 0.43 0.00 

NNDC 2.50 1.10 -1.20 6.40 0.69 

Table 36:  Precision results for testing data for parameter sets with optimized and NNDC 
emission intensities. Values are sample standard deviations of the mass ratio errors 
weighted by Poisson uncertainty (see Eq. (69)). 

Parameter set 238Pu 239Pu 240Pu 241Pu 241Am 
Low Energy Plnr      

Optimized 1.3 1.3 1.2 1.5 1.5 
NNDC 1.3 2.2 2.1 2.4 1.9 

Middle Energy Plnr      

Optimized 1.4 1.2 1.2 1.9 1.5 
NNDC 2.0 1.4 1.4 3.4 1.9 

Middle Energy Cx      

Optimized 1.5 1.2 1.2 2.3 2.0 
NNDC 1.7 1.5 1.5 4.3 2.0 

High Energy Cx      

Optimized 1.0 0.94 0.93 1.5 1.7 
NNDC 2.0 1.2 1.2 3.4 2.6 
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Figure 44: Demonstration of the correlation between 241Pu/Pu mass ratio relative error 
and dead time for 120-460 keV coaxial parameter set with optimized emission intensities. 

4.4.3 Chronometry 

This section examines the ramifications of using NNDC emission intensities in the 

analysis of shielded plutonium on forensics age dating. The mathematics behind age-dating 

is well described in [145] and the usage of the 241Pu/241Am chronometer in forensics is 

documented in [146]. Figure 45 represents the error in days between the separation date 

determined by FRAM and the separation date calculated from the declared isotopics. The 

data represents the results for the coaxial spectra using the 180-1010 keV analysis region. 

The results in the top and bottom graphs in Figure 45 utilize NNDC and optimized emission 

intensities, respectively. The results are partitioned into RGPu and WGPu. Somewhat 

arbitrarily, this work defines WGPu as any material with a 240Pu/Pu mass ratio below 10%. 

The WGPu and RGPu model age errors follow roughly the same distribution for 

the optimized emission intensities. Using NNDC emission intensities clearly leads to very 

different results for WGPu and RGPu materials. Nondestructive γ-spectroscopy is utilized 
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for nuclear forensics and safeguards due to its capability to analyze materials with a wide-

range of isotopic compositions. This is no longer an advantage if differently biased model 

ages are reported for WGPu and RGPu. The RGPu separation dates are much more biased 

young than the WGPu results. The model ages determined using the optimized emission 

intensities are on average about 100 days too young for 25 year old materials, whereas 

model ages determined using NNDC emission intensities are on average about 400 days 

too young. This extra bias of a year will significantly increase the risk of material 

misidentification. 
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Figure 45: Error in days between the separation date determined via FRAM and the 
separation date determined from the declared isotopics for spectra obtained on coaxial 
detectors. The 120-1010 keV analysis region is used. The results in the top and bottom 
graphs utilize NNDC and optimized emission intensities, respectively. 

4.4.4 Mass Verification 

This section examines the mass error that may result during safeguards verifications 

which utilize NNDC emission intensities. The theory and mathematics behind neutron 
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coincidence counting is described in [122]. A neutron measurement provides the quantity 
240Pueff which is equivalent to the rate of fission neutrons emitted by the SNM. From the 

nondestructive γ-spectroscopy mass ratios, the quantity fract240Pueff is determined 

according to: 

 

fract240Pueff  = 2.52238Pu/Pu + 240Pu/Pu + 1.68242Pu/Pu (70) 

 

Fract240Pueff equivalent to the rate of fission neutrons emitted per gram by the SNM. 

The material mass 𝑠𝑠 is then given by 𝑠𝑠 = 240Pueff/ fract240Pueff. Typically, about 90% of 

the uncertainty in the fract240Pueff is driven by the uncertainty in the 240Pu/Pu mass ratio. 

Due to the high emission rate at 104 keV, the low energy planar analysis region for FRAM 

usually leads to the most accurate and precise mass verification measurements for 

unshielded items. Any systematic error due to emission intensities in this region will 

therefore be detrimental to safeguards verification efforts.  

 The fract240Pueff are calculated for the 060-230 keV planar testing spectra 

using the optimized and NNDC emission intensities. The mass errors are calculated 

assuming a perfect neutron coincidence measurement and 100 g items. A 100 g item mass 

is assumed solely to generate easily comparable and sensible data. No correlation was 

found between item mass and fract240Pueff for the actual mass range of materials (0.4 to 

1747 g). This analysis will therefore be valid for items having about 2 kg or less of SNM.  

Figure 46 demonstrates a clear dependence of mass error on 240Pu content if NNDC 

emission intensities are used. A 100 g WGPu item on average will be measured as 

containing about 96 g of SNM. This 4-5 % mass defect may cause a false-positive for 

material diversion. The masses determined using the optimized emission intensities are 
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non-biased for the full range of materials ranging from 4% 240Pu content to 26% 240Pu 

content.   

 

 

 

 

Figure 46: Mass errors for spectra of unshielded items taken with planar detectors. Items 
range in size from 0.4 to 1747 g and are normalized to 100g for presentation purposes. The 
top data is generated via the 060-230 keV parameter set with NNDC emission intensities. 
The bottom data utilizes the optimized emission intensities. An ideal neutron coincidence 
measurement is assumed. 
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4.4.5 Emission Intensity Comparison 

This section examines the level of agreement between the optimized and NNDC 

emission intensities listed in Table 37. The sigma difference for any emission intensity 𝛽𝛽𝑘𝑘 

for photon 𝑘𝑘 is defined as [𝛽𝛽𝑘𝑘(optimized) −  𝛽𝛽𝑘𝑘(NNDC)]/𝜎𝜎NNDC. The term 𝜎𝜎NNDC 

denotes the uncertainty reported for the NNDC emission intensities in [9]. Note that the 

optimized emission intensities were determined using the relative efficiency method. This 

method cannot determine absolute intensities. Rather, it determines a vector of intensities 

that can be multiplied by any positive scalar. If all the emission intensities are multiplied 

by 100, then the derived plutonium isotopic ratios from any spectrum will remain the same. 

Fixing the 129 keV 239Pu emission intensity to the NNDC value of 6.31e-5 photons per 

disintegration eliminates this degree of freedom. This scales the rest of the emission 

intensities to the 239Pu 129 keV photon.  

The majority of the optimized and NNDC emission intensities agree within two 

sigma. Outliers do exist, particularly at lower energies. Typically these are for very low 

intensity photons which do not significantly affect the FRAM algorithm. In many cases, 

peaks exist at the fringes of an analysis region and only impact the estimation of the 

background. Therefore, it suffices to only know if a peak exists. The overall agreement 

within uncertainty of the NNDC and optimized emission intensities gives confidence to 

both the published values and also the methodology of this work. 
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Table 37: Optimized emission intensities compared to NNDC 

Energy 
[keV] 

Isotope Optimized 
Emission 

intensity [photons 
per 

disintegration] 

NNDC Emission intensity 
[photons per disintegration] 

[9]  

NNDC 
Uncertainty 
[photons per 

disintegration] 
[9] 

Sigma 
difference 

[𝛽𝛽𝑘𝑘(optimized)
−  𝛽𝛽𝑘𝑘(NNDC)]
/𝜎𝜎NNDC 

59.5 241Pu 8.56E-06 8.45E-06 1.976E-07 0.6 
59.5 241Am 3.62E-01 3.59E-01 4.00E-03 0.8 
96.1 239Pu 3.78E-07 3.79E-07 0.18e-7 0.0 
97.1 241Pu 3.77E-06 3.77E-06 9.88E-08 0.0 
98.8 239Pu 1.11E-05 1.47E-05 7.00E-07 -5.2 
99.0 241Am 1.99E-04 2.03E-04 4.00E-06 -1.1 
99.9 238Pu 6.85E-05 7.29E-05 8.00E-07 -5.4 
101.1 241Pu 6.04E-06 6.00E-06 1.48E-07 0.2 
101.1 241Am 2.00E-05 1.81E-05 6.00E-07 3.2 
103.0 241Am 1.95E-04 1.95E-04 4.00E-06 0.1 
103.1 239Pu 2.42E-06 2.16E-06 5.00E-08 5.2 
103.7 241Pu 9.67E-07 1.01E-06 6.00E-09 -7.2 
104.2 240Pu 7.11E-05 7.14E-05 9.00E-07 -0.3 
123.6 239Pu 1.92E-07 2.37E-07 9.00E-09 -5.0 
124.5 239Pu 7.32E-07 6.81E-07 1.80E-08 2.8 
125.2 239Pu 6.14E-07 5.63E-07 1.50E-08 3.4 
125.3 241Am 4.11E-05 4.08E-05 9.00E-07 0.3 
129.3 239Pu 6.31E-05 6.31E-05 4.00E-07 0.0 
141.7 239Pu 3.37E-07 3.20E-07 7.00E-09 2.4 
143.4 239Pu 1.83E-07 1.73E-07 7.00E-09 1.4 
144.2 239Pu 2.91E-06 2.83E-06 6.00E-08 1.4 
146.1 239Pu 1.19E-06 1.19E-06 3.00E-08 0.0 
146.6 241Am 4.77E-06 4.61E-06 1.10E-07 1.4 
150.1 241Am 7.63E-07 7.40E-07 2.10E-08 1.1 
152.7 238Pu 9.34E-06 9.29E-06 7.00E-08 0.7 
160.0 241Pu 6.50E-08 6.54E-08 8.00E-10 -0.5 

160.18 239Pu 5.54E-08 6.20E-08 1.20E-08 -0.6 
160.3 240Pu 3.99E-06 4.02E-06 4.00E-08 -0.8 
161.5 239Pu 1.20E-06 1.23E-06 2.00E-08 -1.4 
164.6 241Am 6.86E-07 6.67E-07 2.10E-08 0.9 
164.6 241Pu 4.63E-07 4.56E-07 7.35E-09 1.0 
165.9 241Am 2.32E-07 2.32E-07 1.10E-08 0.0 
203.5 239Pu 5.70E-06 5.69E-06 3.00E-08 0.3 
208.0 241Pu 5.35E-06 5.19E-06 7.35E-08 2.2 
255.4 239Pu 8.01E-07 8.00E-07 1.00E-08 0.1 
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Table 37, cont. 

267.5 241Pu 1.79E-07 1.74E-07 2.45E-09 1.9 
311.7 239Pu 2.64E-07 2.58E-07 7.00E-09 0.8 
319.9 239Pu 4.58E-08 4.80E-08 5.00E-09 -0.4 
320.9 239Pu 5.42E-07 5.42E-07 7.00E-09 0.0 
322.6 241Am 1.51E-06 1.52E-06 3.20E-08 -0.3 
323.8 239Pu 5.42E-07 5.39E-07 7.00E-09 0.5 
332.4 241Pu 2.97E-07 2.94E-07 3.92E-09 0.8 
332.4 241Am 1.51E-06 1.49E-06 3.00E-08 0.8 
332.9 239Pu 4.89E-06 4.94E-06 3.00E-08 -1.7 
335.4 241Am 4.83E-06 4.96E-06 1.00E-07 -1.3 
336.1 239Pu 1.15E-06 1.12E-06 2.00E-08 1.5 
341.5 239Pu 6.65E-07 6.62E-07 1.40E-08 0.2 
345.0 239Pu 5.59E-06 5.56E-06 2.00E-07 0.1 
367.1 239Pu 8.66E-07 8.90E-07 2.00E-08 -1.2 
368.5 239Pu 9.08E-07 8.80E-07 2.00E-08 1.4 
368.6 241Pu 1.04E-08 9.60E-09 4.17E-10 2.0 
368.6 241Am 2.12E-06 2.17E-06 5.00E-08 -0.9 
370.9 241Pu 2.76E-08 2.63E-08 4.17E-10 3.1 
370.9 241Am 5.15E-07 5.23E-07 1.20E-08 -0.7 
375.0 239Pu 1.55E-05 1.55E-05 9.00E-08 -0.4 
410.9 239Pu 3.97E-08 6.80E-08 3.40E-08 -0.8 
413.7 239Pu 1.48E-05 1.47E-05 1.10E-07 1.4 
451.5 239Pu 1.90E-06 1.89E-06 1.60E-08 0.5 
640.1 239Pu 8.07E-08 8.70E-08 2.00E-09 -3.2 
641.5 241Am 6.86E-08 7.10E-08 3.00E-09 -0.8 
646.0 239Pu 1.51E-07 1.52E-07 3.00E-09 -0.3 
649.5 239Pu 1.21E-08 7.10E-09 5.00E-10 10.0 
650.5 239Pu 2.68E-09 2.70E-09 4.00E-10 0.0 
652.1 239Pu 6.56E-08 6.60E-08 2.00E-09 -0.2 
653.0 241Am 3.85E-07 3.77E-07 1.10E-08 0.7 
654.9 239Pu 2.29E-08 2.25E-08 3.00E-10 1.3 
658.9 239Pu 1.00E-07 9.70E-08 2.00E-09 1.7 
662.5 241Am 3.64E-06 3.64E-06 8.00E-08 -0.1 
722.0 241Am 1.90E-06 1.96E-06 4.00E-08 -1.6 
763.3 241Am 3.02E-09 2.00E-09 6.00E-10 1.7 
767.0 241Am 5.05E-08 5.00E-08 1.80E-09 0.3 
769.3 239Pu 1.13E-07 1.19E-07 1.00E-08 -0.6 
770.6 241Am 4.44E-08 4.74E-08 2.10E-09 -1.4 
772.2 241Am 2.71E-08 2.66E-08 1.50E-09 0.4 
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Table 37, cont. 

1001 238Pu 9.98E-09 9.80E-09 7.00E-10 0.3 

 

4.5 CONCLUSIONS/FUTURE WORK 

The optimized emission intensities determined in this work substantially 

outperform those listed in the NNDC database in both measures of accuracy and precision. 

Specific ramifications of the bias introduced by using NNDC emission intensities have 

been explored. These ramifications include a 4% underestimation of material mass for 

unshielded WGPu and a 400 day underestimation of material age for 25 year-old shielded 

RGPu. This work has also documented the methodology behind the emission-intensity 

optimization. It is intended that this work may be used as a reference for ISO 17025 

accredited laboratories which utilize FRAM and the optimized emission intensities for 

forensics measurements. 

The derived emission intensities and those listed in the NNDC database typically 

agree within uncertainty. It is important to note this work does not claim to have determined 

a set of emission intensities closer to their true values. Rather, it claims the weaker 

statement that FRAM obtains better plutonium isotopics using the optimized emission 

intensities in realistic field and laboratory conditions common to safeguards and forensics 

measurements. In order to make the stronger claim, at minimum the uncertainties must be 

derived. Unfortunately, section 4.1 describes the inadequacy of simply taking the 

uncertainties to be the diagonal of the inverse Hessian at the global minimum. 

Consequentially, more time consuming methods must be utilized. Future work entails 

determining these uncertainties via bootstrapping which necessitates significant 

computational investment. 
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Chapter 5: FRAM GUM Compliant Uncertainty Engine 

5.1 SUMMARY 

An alternative uncertainty method for the Los Alamos developed plutonium and 

uranium isotopic analysis code FRAM is developed. In the distributed version of FRAM 

5.2, Poisson uncertainty assigned to the counts in each spectrum channel is propagated 

through the model according to the Joint Commission for Guides in Metrology (JCGM) 

Guide to the Expression of Uncertainty in Measurement (GUM) [8]. The alternate approach 

of this work is to propagate many more sources of uncertainty throughout the model such 

as nuclear data uncertainty and 242Pu correlation coefficient uncertainty. High statistics 

spectra from four certified reference materials (CRMs) are obtained utilizing a coaxial 

detector. It is found that utilizing more sources of uncertainty largely eliminates large 

sigma disagreements between the declared and measured plutonium isotopic ratios.  

5.2 INTRODUCTION 

The method for FRAM version 5 propagation of uncertainty is documented in 

[141]. Uncertainties in fitted parameters, for example peak areas, are typically determined 

via the standard manner of examining the Hessian at the global minimum of the loss 

function as decribed in [115]. Uncertainties are then, for the most part, propagated using 

Taylor series approximation methods consistent with the GUM framework. The non-GUM 

compliant issue with FRAM 5.2 is the lack of the inclusion of additional sources of 

uncertainty. Of particular concern is the lack of inclusion of uncertainties due to the 

emission intensities, which typically have uncertainties between 0.5 and 3% for the more 

abundant photons listed in the National Nuclear Data Center (NNDC) Evaluated Nuclear 

Structure Data Files (ENSDF) [9]. This lack of inclusion of prominent sources of 

uncertainty is sufficient for many applications, such as routine International Atomic Energy 
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Agency (IAEA) safeguards measurements. In these measurements, a plutonium or uranium 

item is measured multiple times. This is then analyzed by statisticians to establish historical 

confidence intervals [4]. If a subsequent measurement value exceeds this confidence 

interval, follow-up actions are initiated. In nuclear forensics, however, a totally new item 

may be measured which does not have a historical confidence interval. Further, the mass, 

counting geometry, and isotopic condition may be different from the conditions in the 

certified reference materials around which FRAM has been developed [147]. Therefore, 

bottom up [5] uncertainty propagation of all nuclear data is fitting for nuclear forensics. 

FRAM also reports an uncertainty due to changes in detector resolution and tailing 

described in [148].  

 Another source of uncertainty not propagated by FRAM is the uncertainty in the 
242Pu correlation coefficients. 242Pu typically cannot be directly measured via γ-

spectrometry due to a very long half-life. It is typical to correlate its abundance to the other 

isotopes using various formulae and equations from studies such as [123, 149-157]. For 

reactor-grade plutonium (RGPu), this may introduce a significant amount of uncertainty 

into the final plutonium isotopic results due to the large amount of 242Pu ingrowth during 

the long burnup period. Since a non-destructive γ analysis normalizes the mass ratios of 
238Pu, 239Pu, 240Pu, 241Pu, and 242Pu to total plutonium mass, a large error in 242Pu content 

will lead to a large error in all of the other reported isotope mass fractions. This is not 

typically a concern for weapons-grade plutonium (WGPu) due to the very low abundance 

of 242Pu. 

 The GUM methodology is straightforward and well described in [8, 36]. The 

fundamental model inputs are assigned a joint probability distribution. Typically, 

independent Normal distributions are chosen for each model input for the sake of 

simplicity. The Normal distribution means and standard deviations are typically chosen to 
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be the model input value and the stated one sigma uncertainty. For example, a model which 

calculates voltage in 𝑉𝑉 = 𝐼𝐼𝑅𝑅 where the measured current 𝐼𝐼 = 2 ± 0.1 𝐴𝐴 and the measured 

resistance 𝑅𝑅 = 1 ± 0.2 Ω   may assign a Normal distribution to the current with mean of 

2 and a standard deviation of 0.1 and a similar distribution for the resistance. The 

uncertainty of the calculated voltage is then determined either via Monte Carlo simulations 

as stipulated in supplement 1 to the GUM [8] or by the Tailor series approximation method 

outlined in any textbook on basic mathematical methods such as numerical recipes [115]. 

In this case, the uncertainties will add in relative quadrature to get the final result 𝑉𝑉 = 2 ±

0.41 𝑉𝑉. In this case, the relative quadrature summation is mathematically exact and should 

yield the same uncertainty as a large number of Monte Carlo simulations. Due to the high 

level of complexity of the FRAM program, desire for high fidelity uncertainties, and the 

necessity of an created a separate program from FRAM, the Monte Carlo GUM method is 

utilized in this work.  

5.3 EXPERIMENTAL 

A set of measurements of CRMs 126A, 136, 137, and 138 were taken on an Ortec 

GMX 40P series coaxial HPGe detector with measured 1.90 keV FWHM resolution and 

45% relative efficiency to a NaI at 1.33 MeV. This detection system is depicted in Figure 

47. The measurements were conducted by radiochemists in Actinide Analytical Chemistry 

Group (C-AAC) in the CMR facility at Los Alamos National Laboratory (LANL). Longer 

counting times ranged from 16 to 127 hours.   
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Table 38 depicts the plutonium mass fractions for measured items. Sufficient 

attenuators were utilized to lower the 241Am response at 60 keV to about the same or lower 

height as the x-rays at around 100 keV. The acquired spectra were then analyzed with 

FRAM 5.2 using the coaxial 120-460 keV parameter set. Statistical uncertainties reported 

by FRAM, the systematic FRAM uncertainty reported by FRAM due to resolution and 

tailing, and the Monte Carlo uncertainty were then compared. This was accomplished by 

looking at the sigma difference between the declared and measured values according to 

𝑠𝑠𝑠𝑠𝑔𝑔𝑠𝑠𝑠𝑠 𝑚𝑚𝑠𝑠𝑓𝑓𝑓𝑓𝑠𝑠𝑢𝑢𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑢𝑢𝑢𝑢𝑠𝑠𝑚𝑚 − 𝑚𝑚𝑠𝑠𝑠𝑠𝑑𝑑𝑠𝑠𝑢𝑢𝑠𝑠𝑚𝑚)/𝑢𝑢𝑢𝑢𝑠𝑠𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠𝑠𝑠𝑢𝑢𝑠𝑠𝑠𝑠. 

 

 

Figure 47: Coaxial HPGe at the CMR facility at LANL 
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Table 38: Plutonium isotopic values for samples analyzed. All values are decay 
corrected to the indicated time. CRMs 126A, 136,137 and 138 are decay-corrected from 
the values specified on the reference sheets. Sample DHS13 is decay-corrected from values 
obtained from IDMS/Uncertainties expressed in parentheses indicate a 68% confidence 
interval, or k = 1. 

  Mass % [grams isotope x / grams Pu × 100] 

Sample Type 238Pu 239Pu 240Pu 241Pu 242Pu 
Decay  

corrected to 
CRM 126A WGPu 0.01100(1) 93.9585(8) 5.9141(8) 0.0798(1) 0.03661(1) 8/1/2016 
CRM 136 RGPu 0.180(3) 86.221(7) 12.527(7) 0.479(1) 0.594(2) 8/8/2016 
CRM 137 RGPu 0.216(2) 78.91(1) 19.079(9) 0.547(2) 1.247(2) 8/8/2016 
CRM 138 WGPu 0.0080(4) 91.949(5) 7.953(5) 0.05567(2) 0.0335(2) 26/8/2016 
DHS13 WGPu 0.0096(4) 93.960(1) 5.887(1) 0.1126(4) 0.0313(1) 4/12/2015 

5.4 NEW UNCERTAINTY ENGINE 

 The uncertainty methodology of the present work is depicted in Figure 48. Standard 

deviations are assigned to the counts in each spectrum channel, emission intensities (also 

known as branching ratios), half-lives, molar masses, photon energies, and 242Pu 

coefficients equal to the Poisson counting uncertainties and the uncertainties found in the 

nuclear data. Independent Normal distributions are assumed for each of these quantities. 

These are then randomly sampled according to the GUM supplement 1[8]. The randomly 

sampled values are then input into FRAM 5.2. FRAM 5.2 then analyzes the randomly 

modified spectrum with the randomly modified nuclear data and produces isotopic results. 

This process is repeated and the results tallied until the convergence criteria stated in the 

GUM supplement 1 is reached. The standard deviation of the distribution of the results is 

then taken to be the uncertainty. A screenshot of the program is depicted in Figure 49. A 

posterior uncertainty budget is also generated by only randomly sampling from a single 

source of uncertainty, tallying the results, and taking the uncertainty component to be the 

standard deviation of the distribution of the final results. Note that the GUM supplement 1 

states that this posterior uncertainty budget is only qualitative. 
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Figure 48: FRAM Monte Carlo uncertainty methodology 
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Figure 49: Monte Carlo FRAM uncertainty propagation program 
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The program is run for the stated number of simulations by the user. Typically, 

uncertainties are required either with one or two significant figures of precision. If the 

standard error in the standard deviation of the tallied results is below the requested decimal 

precision, then the simulations have converged. The needed number of simulations to run 

to get 1 or 2 decimal places of uncertainty precision for the WGPu CRM 126a sample is 

depicted in Table 39. To get a single decimal place of precision in the uncertainty less than 

300 iterations are required. For 2 decimal places of precision, about 2000 iterations are 

required for all isotopes except 241Am.   

Table 39: Typical number of simulations needed to for the Monte Carlo uncertainties to 
converge to one and two decimal places for spectra of WGPu  

Requested σ 
decimal precision 

238Pu 239Pu 240Pu 241Pu 241Am 237Np 

n = 1 <300 <300 <300 <300 300 <300 
n = 2 2300 1500 1500 1800 17000 4300 

5.5 RESULTS 

A comparison of FRAM statistical uncertainty, FRAM statistical uncertainty + bias, 

and the Monte Carlo uncertainty for the 239Pu/Pu mass fraction as a function of counting 

time for WGPu sample CRM 126A at 7% DT is depicted in Figure 50. It demonstrates that 

for a short counting duration of around one hour, typical for IAEA verification 

measurements, all three ways of calculating uncertainty agree. For counts of longer 

duration, the Monte Carlo uncertainty becomes larger than the FRAM uncertainty. Since 

FRAM primarily utilizes Poisson statistics to propagate uncertainty, this source becomes 

smaller as the counts in each spectrum channel increases. However, the uncertainty due to 

the nuclear data stays constant.   
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Table 40 depicts the sigma differences between the declared and measured values 

for the full duration counts for all of the items measured utilizing only the FRAM statistical 

uncertainty. Note the existence of high sigma discrepancies such as 6 or 7 sigma. The 

averages and standard deviations of these relative errors are also depicted. They 

demonstrate small biases within FRAM for this coaxial 120-460 keV parameter set. If the 

FRAM 5.2 coaxial 120-460 keV parameter set is non-biased and the uncertainty is correct, 

then the standard deviations of the sigma errors will be equal to 1. Note that, for example, 

the 239Pu/Pu standard deviation is about 3. This implies that the reported uncertainty is 

about 3 times lower than expected. Further, the important 240Pu/Pu standard deviation is 

also about 3 times lower than expected. This implies that in this case FRAM is under 

reporting uncertainty by about a factor of 3. Table 41 depicts the sigma differences utilizing 

the Monte Carlo uncertainties. Note that the standard deviations are now very close to 1, 

as expected, for the 238Pu/Pu, 239Pu/Pu, and 240Pu/Pu mass fractions. These are  excellent 

results demonstrating agreement between bottom up uncertainty propagation and a top 

down study. However, the Monte Carlo methodology somewhat over-reports the 

uncertainty by a factor of 5 for the 241Pu/Pu mass fraction and by a factor of about 2 for the 
241Am/Pu and 237Np/Pu mass fractions. These isotopes all have multiple photo-peaks. This 

work conjects this reported uncertainty is too high since the emission intensities found in 

FRAM may be closer to the true values than those reported in the literature. Unfortunately, 

the emission intensities included with the FRAM distribution to not include uncertainties. 

The methodology outlined in Chapter 4 of this work will attempt to determine these 

uncertainties for FRAM 6.   
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Figure 50: Comparison of Monte Carlo, FRAM statistical, and FRAM statistical + bias 
uncertainties for CRM 126A WGPu counted on a coaxial detector with 7% DT for 239Pu/Pu 
mass fraction. 
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Table 40: Sigma difference between measured and declared plutonium mass fractions. 
The sigma differences = (measured – declared)/uncertainty. The uncertainties are the 
statistical uncertainties reported by FRAM 5.2 using the coaxial 120-460 keV parameter 
set. Bold red items are greater than two sigma. 

CRM DT [%] LT [h] 238Pu 239Pu 240Pu 241Pu 241Am 237Np 

136 11.3 16 -1.6 0.2 0.3 -2.4   

*126A 14.7 16 2.8 -0.4 0.5 -3.8 0.1 -0.7 

*126A 14.5 16 1.1 -1.8 1.9 0.7 -0.6 -0.6 

*126A 11.5 17 0.1 -1.2 1.2 0.1 -0.1 -0.1 

126A 24.8 19 -2.0 1.5 -1.4 -2.6 0.9 -0.8 

138 11.1 19 -0.5 0.6 -0.6 -2.8   

*126A 12.6 23 0.9 -2.6 2.7 0.1 -2.3 -1.6 

*126A 11 24 0.8 -1.5 1.5 -0.9 -1.4 -0.4 

137 11.9 27 -1.3 2.4 -0.7 -0.3   

*126A 14.1 28 0.0 -2.8 2.7 -1.6 0.4 -1.4 

*126A 13.3 41 1.7 -2.5 2.6 -2.6 -1.1 -1.7 

*126A 13.9 61 2.5 -2.3 2.4 -1.0 0.0 -1.4 

*126A 13.4 64 1.4 -6.0 5.9 -3.1 -1.5 -1.8 

*126A 11.1 66 0.2 -1.3 1.4 -1.4 -1.0 -0.6 

138 6.3 71 -0.2 -2.7 2.8 -2.7   

*126A 6.8 80 3.7 -0.3 0.8 -0.8 2.3 -1.1 

126A 12.5 83 6.2 0.1 0.7 -0.4 2.5 -0.9 

136 8.8 84 -0.7 4.9 -3.1 -1.2   

126A 8.5 86 4.1 -0.9 1.4 -1.0 2.4 -0.8 

DHS13LANL1A 8.4 86 -1.0 -4.7 4.6 -3.8 1.2 2.0 

*126A 13 102 1.1 -6.8 7.2 -4.1 -1.6 -1.3 

*126A 13.3 126 2.7 -7.7 7.6 -3.3 -1.1 -1.4 

137 8.5 127 -1.1 5.1 -0.8 -1.7   

  Ave. bias: 0.9 -1.3 1.8 -1.8 -0.1 -0.9 

  Std. Devs: 2.0 3.2 2.6 1.4 1.5 0.9 
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Table 41: Sigma difference between measured and declared plutonium mass fractions. 
The sigma differences = (measured – declared)/uncertainty. The uncertainties are the 
TMUs reported by Monte Carlo. The mass fractions are determined using the coaxial 120-
460 keV parameter set in FRAM 5.2 

CRM DT [%] LT [h] 
238Pu 239Pu 240Pu 241Pu 241Am 237Np 

136 11.3 16 -1.1 0.1 0.2 -0.3     
126-A 14.7 16 2.7 -0.2 0.3 -0.4 0.1 -0.4 
126-A 14.5 16 1.1 -1.1 1.2 0.1 -0.2 -0.4 
126-A 11.5 17 0.2 -1.0 1.1 0.0 -0.1 -0.1 
126-A 24.8 19 -2.0 1.3 -1.2 -0.8 0.7 -0.6 

138 11.1 19 -0.5 0.3 -0.3 -0.5     
126-A 12.6 23 0.8 -1.6 1.6 0.0 -0.6 -1.0 
126-A 11.0 24 0.8 -1.4 1.4 -0.3 -0.5 -0.3 

137 11.9 27 -0.8 0.7 -0.3 0.0     
126-A 14.1 28 0.0 -1.3 1.4 -0.2 0.2 -0.9 
126-A 13.3 41 1.7 -1.2 1.3 -0.2 -0.6 -1.0 
126-A 13.9 61 2.1 -0.8 0.8 -0.1 0.0 -0.9 
126-A 13.4 64 1.3 -2.3 2.4 -0.4 -0.5 -1.1 
126-A 11.1 66 0.2 -1.0 1.0 -0.3 -0.4 -0.4 

138 6.3 71 -0.2 -0.5 0.5 -0.3     
126-A 6.8 80 1.4 0.0 0.1 -0.1 0.7 -0.7 
126-A 12.5 83 1.4 0.0 0.1 0.0 0.7 -0.6 

136 8.8 84 -0.4 0.7 -0.5 -0.1     
126-A 8.5 86 1.4 -0.1 0.2 -0.1 0.6 -0.5 

DHS13LANL1A 8.4 86 -0.9 -1.1 1.1 -0.7 0.5 1.1 
126-A 13.0 102 0.9 -2.3 2.4 -0.4 -0.6 -0.8 
126-A 13.3 126 2.1 -2.2 2.3 -0.3 -0.4 -0.9 

137 8.5 127 -0.6 0.6 -0.1 -0.2     

  Ave. bias: 0.5 -0.6 0.7 -0.2 0.0 -0.6 
  Std. dev: 1.2 1.0 0.96 0.2 0.5 0.5 

5.6 CONCLUSIONS 

 A JCGM GUM Monte Carlo uncertainty methodology has been applied to FRAM 

plutonium isotope analysis. For short counts of around an hour of duration, the statistical 

uncertainty reported by FRAM agrees with the Monte Carlo reported uncertainty. For very 
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high statistics spectra, the coaxial 120-460 keV parameter set in FRAM 5.2 tends to 

underreport uncertainty by about a factor of 3 for the 238Pu/Pu, 239Pu/Pu, and the 240Pu/Pu 

mass fractions. FRAM 5.2 tends to underreport uncertainty by about a factor of 50% for 
241Pu, 241Am, and 237Np. Note that this does not include the systematic uncertainty due to 

tailing and resolution reported by FRAM. The Monte Carlo method reports uncertainty 

very well for the 238Pu/Pu, 239Pu/Pu, and 240Pu mass fractions. It over reports uncertainty 

by about a factor of five for the 241Pu/Pu mass fraction and by about a factor of two for the 
237Np/Pu and 241Am/Pu mass fractions. This over reporting is likely due to the emission 

intensities included in FRAM 5.2 being significantly better than those in the literature. Note 

that this study uses the FRAM 5.2 emission intensity values but the uncertainties stated in 

the literature.  

 This bottom up methodology consistent with GUM is good alternate approach for 

uncertainty propagation for NDA analysis of plutonium items for nuclear forensics 

measurements. For nuclear forensics measurements, there typically is no historical 

information on the item being measured from which to determine a systematic uncertainty 

component using a top down approach typical in IAEA verification measurements.  

5.7 TABULATED DATA 

This section states the data utilized to propagate uncertainty for the coaxial 120-

460 keV parameter set. The stated values for the energy, emission intensities (EIs), half-

lives, molar masses, and 242Pu coefficients are used for the means of the Gaussian 

distributions randomly sampled in the Monte Carlo simulations. The standard deviations 

of the Gaussian distributions are taken to be the k = 1 uncertainties for the most part stated 

in the NNDC ENSDF files. Table 42 depicts photon peak information. Table 43 depicts 

isotope information. Table 44 depicts 242Pu correlation coefficient information. 
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Table 42: Energies, emission intensities [EI], and uncertainties utilized for the FRAM 
5.2 coaxial 120-460 keV parameter set. Energies and EIs taken from FRAM parameter set. 
Uncertainties taken from NNDC ENSDF accessed 2018. 

Isotope Energy [keV] EI [photons/diss] EI uncertainty 
 [photons/diss] k=1 

Energy uncertainty 
 [keV] k=1 

239Pu 124.49 6.00E-07 1.90E-08 0.03 
239Pu 125.2 4.60E-07 1.60E-08 0.1 

241Am 125.292 4.11E-05 2.00E-06 0.02 
239Pu 129.294 6.29E-05 4.00E-07 0.001 
239Pu 143.35 1.81E-07 8.00E-09 0.2 
235U 143.76 1.10E-01 6.00E-04 0.003 

239Pu 144.211 2.89E-06 7.00E-08 0.003 
239Pu 146.077 1.22E-06 3.00E-08 0.006 

241Am 146.557 5.15E-06 1.00E-07 0.03 
241Pu 148.567 1.89E-06 8.00E-09 0.01 

241Am 150.113 7.57E-07 5.00E-08 0.03 
235U 150.93 7.60E-04 3.00E-04 0.015 

238Pu 152.72 9.37E-06 7.00E-08 0.002 
241Pu 159.97 6.64E-08 9.00E-10 0.02 
239Pu 160.18 5.10E-08 1.30E-08 0.05 
240Pu 160.308 4.10E-06 2.20E-08 0.003 
239Pu 161.482 1.23E-06 6.00E-08 0.015 

241Am 161.54 6.00E-09 6.00E-10 0.1 
235U 163.36 5.05E-02 3.00E-04 0.003 

241Pu 164.597 4.66E-07 8.26E-09 0.02 
241Am 164.597 6.88E-07 3.00E-08 0.02 
241Am 165.93 2.30E-07 1.00E-08 0.06 

235U 185.715 5.70E-01 3.00E-03 0.004 
235U 202.11 1.10E-02 2.00E-04 0.01 

239Pu 203.545 5.74E-06 9.00E-08 0.005 
241Am 204.04 2.90E-08 6.00E-10 0.06 

235U 205.311 5.03E-02 3.00E-04 0.004 
241Pu 208 5.39E-06 8.55E-08 0.01 

241Am 208 7.95E-06 9.00E-08 0.023 
241Am 209.75 3.42E-02 3.00E-04 0.002 
243Am 226.36 2.80E-03 1.40E-04 0.02 
243Am 227.81 5.10E-03 1.00E-03 0.5 
243Am 228.16 1.08E-01 2.20E-03 0.001 
243Am 254.4 1.10E-03 3.00E-05 0.03 
239Pu 255.38 7.99E-07 2.00E-08 0.015 
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Table 42, cont. 

239Pu 263.93 2.50E-07 1.00E-08 0.03 
      264.85 0.00E+00 0.00E+00 0 

239Pu 265.7 1.51E-08 4.00E-09 0.3 
241Pu 267.54 1.79E-07 2.85E-09 0.012 

241Am 267.54 2.64E-07 6.00E-09 0.04 
239Pu 311.737 2.56E-07 8.00E-09 0.04 
237Np 311.902 3.85E-01 5.00E-03 0.005 
239Pu 319.828 4.55E-08 5.00E-09 0.1 
239Pu 320.868 5.03E-07 1.20E-08 0.02 

241Am 322.526 1.50E-06 4.00E-08 0.03 
239Pu 323.828 5.38E-07 1.30E-08 0.03 
241Pu 332.387 2.97E-07 4.60E-09 0.016 

241Am 332.387 1.51E-06 4.00E-08 0.03 
239Pu 332.85 4.90E-06 8.00E-08 0.005 

243Am 334.31 2.07E-02 2.00E-04 0.003 
241Pu 335.432 2.34E-08 5.70E-10 0.04 

241Am 335.432 4.87E-06 7.00E-08 0.03 
239Pu 336.112 1.14E-06 2.60E-08 0.012 

      337.72 0.00E+00 0.00E+00 0 
      340.45 0.00E+00 0.00E+00 0 

239Pu 341.495 6.60E-07 1.30E-08 0.01 
239Pu 345.011 5.53E-06 8.00E-08 0.02 
235U 345.87 3.00E-04 6.00E-05 0.03 

239Pu 367.054 8.59E-07 2.00E-08 0.025 
239Pu 368.534 8.99E-07 1.40E-08 0.02 
241Pu 368.605 1.04E-08 4.23E-10 0.02 

241Am 368.605 2.12E-06 5.00E-08 0.03 
241Pu 370.934 2.75E-08 5.38E-10 0.023 

241Am 370.934 5.12E-07 8.00E-09 0.03 
      372.45 0.00E+00 0.00E+00 0 

239Pu 375.042 1.55E-05 2.10E-07 0.003 
237Np 375.3 6.79E-03 7.00E-05 0.005 
241Am 376.61 1.52E-06 3.00E-08 0.03 
239Pu 410.99 5.00E-08 3.00E-08 0.3 
239Pu 413.712 1.47E-05 2.10E-07 0.005  

414.8 0.00E+00 0.00E+00 0 
237Np 415.743 1.68E-02 7.00E-05 0.005  

415.94 0.00E+00 0.00E+00 0 
239Pu 451.474 1.90E-06 3.00E-08 0.2 
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Table 42, cont. 

241Am 452.45 2.40E-08 7.00E-10 0.2 

Table 43: Half-lives [HL], and molar masses [M] used for Monte Carlo uncertainty 
propagation. All uncertainties are k = 1. Taken from NNDC ENSDF accessed 2018. M 
from NNDC ENDF accessed 2018. 

Isotope  HL [y] M [g/mol] HL uncertainty [y] M uncertainty [g/mol] 
239Pu 2.41E+04 239.0522 1.10E+01 2.10E-06 
241Pu 1.43E+01 241.0569 4.00E-02 2.10E-06 
238Pu 8.77E+01 238.04961 3.00E-02 2.10E-06 
240Pu 6.56E+03 240.0538 7.00E+00 2.10E-06 
242Pu 3.76E+05 242.05874 3.00E+03 2.10E-06 

241Am 4.34E+02 241.05679 6.00E-01 2.10E-06 
235U 7.04E+08 235.0439 1.00E+06 2.10E-06 

237Np 2.14E+06 237.04817 7.00E+03 2.10E-06 

Table 44: 242Pu correlation coefficients and uncertainties. A 5% uncertainty is assumed. 

Isotope Value Uncertainty 
242Pu 1.58 8.00E-02 
238Pu 0.5 2.50E-02 
239Pu -1.8 9.00E-02 
240Pu 1 5.00E-02 
241Pu 0.23 1.10E-02 
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Chapter 6: Conclusions 

This work integrates analysis techniques common to destructive nuclear forensics 

and non-destructive safeguards in the radio-nuclear analysis of plutonium. This work 

accomplishes this task by combining deconvolution methodologies typical in alpha 

spectrometry to the deconvolution of LaBr3:Ce spectra. It further integrates applies 

uncertainty methodology common to destructive chemistry laboratories to the 

nondestructive analysis of plutonium. In pursuit of this aim, the following has been 

accomplished: 

1. Development of an alpha spectrometry deconvolution algorithm capable of 

determining 241Am content in plutonium aqueous samples with a total measurement 

uncertainty of around 1 % (k = 2). The 241Am content and model separation dates 

derived from the 241Am/241Pu chronometer agree very well with published prior alpha 

spectrometry studies, prior published isotope dilute mass spectrometry published 

studies, and documented separation dates for items initially well purified via 

recrystallization and anion-exchange. The primary issue with this work is the 

disagreement of 0.5 to 1.5% with unpublished Los Alamos National Laboratory mass 

spectrometry results. This method demonstrates the capability to offer a cheap 

alternative for determining 241Am content in routine work. 

2. Development of a γ-spectrometry deconvolution algorithm capable of determining 

plutonium mass ratios in spectra obtained with LaBr3:Ce detectors. This method is 

capable of determining the mass ratios with total measurement uncertainties of about 

16%, 26%, 10%, and 4% (k = 2) for the mass ratios (relative to 239Pu) for 238Pu, 240Pu, 
241Pu, and 241Am, respectively for reactor grade plutonium 900 second long spectra 

obtained at Los Alamos National Laboratory. Results for weapons-grade plutonium are 

somewhat worse with uncertainties for the mass ratios 240Pu, 241Pu, and 24Am of about 
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30%, 80% and 10% (k=2), respectively. The primary issue with this work is a 

somewhat higher systematic uncertainty for 240Pu content in reactor grade plutonium 

for spectra taken by the IAEA.  

3. Development of a methodology to determine 238Pu, 239Pu, 240Pu, 241Pu and 241Am 

photon emission intensities to be utilized in FRAM 6. It is demonstrated that the derived 

emission intensities utilized in conjunction with a plutonium analysis code such as 

FRAM eliminate a 4% bias in mass verification measurements for weapons grade 

plutonium if the emission intensities listed in the literature are used. Further, 

chronometry results obtained from the 241Pu/241Am ratio yield much more accurate 

model separation dates. The primary issue with this method is the not stating of 

uncertainties, although this is very much an on-going effort. 

4. Development of a bottom up uncertainty methodology for plutonium non-destructive 

γ-ray analysis. Unlike the two primary plutonium analysis codes FRAM and MGA, this 

methodology propagates uncertainty from many different contributors according to the 

JCGM GUM supplement 1. It is demonstrated this method yields very high fidelity 

uncertainties for 238Pu, 239Pu, and 240Pu content in unshielded coaxial spectra in very 

high statistics spectra. This is in contract to the traditional statistical uncertainty 

propagation of FRAM which tends to underestimate uncertainties for these isotope 

mass fractions by about a factor of 3 if just statistical uncertainty is propagated. Note 

that this is only the case for very high statistics spectra. However, the Monte Carlo 

method tends to over report uncertainty by a factor of two for 241Am and 241Np and by 

a factor of 5 for 241Pu. This is in contrast to FRAM which only under reports these 

uncertainties by about 50%. This over reporting of uncertainty for Monte Carlo is 

conjected to be due to the more accurate emission intensities distributed with FRAM 

5.2 than listed in the literature. However, FRAM 5.2 does not come with uncertainties 
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for these emission intensities, forcing the Monte Carlo methodology to utilize the 

uncertainties listed in the literature. This uncertainty methodology is demonstrated to 

be a very appealing alternative for the analysis of nuclear forensics samples where there 

does not exist a history of measurements to derive historical systematic biases and 

historical confidence intervals as is practiced in routine verification measurements by 

the IAEA.   
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