
 

 

 

 

 

 

 

 

 

Copyright 

by 

Yaning Wang 

2018 

 

 

  



The Dissertation Committee for Yaning Wang Certifies that this is the approved 

version of the following dissertation: 

 

 

 

 

Development of Constitutive Models for Linear and Nonlinear Shear 

Modulus and Material Damping Relationships of Uncemented Soils 

 

 

 

 

 

Committee: 

 

Kenneth H. Stokoe II, Supervisor 

Brady R. Cox 

Ellen M. Rathje 

Chadi S. El Mohtar 

Robert B. Gilbert 

Clark R. Wilson 



Development of Constitutive Models for Linear and Nonlinear Shear 

Modulus and Material Damping Relationships of Uncemented Soils 

 

 

 

by 

Yaning Wang 

 

 

 

Dissertation 

Presented to the Faculty of the Graduate School of  

The University of Texas at Austin 

in Partial Fulfillment  

of the Requirements 

for the Degree of  

 

Doctor of Philosophy 

 

 

The University of Texas at Austin 

May 2018 



Dedication 

 

To my parents and my wife for endless love and support. 

To my beloved daughter Selina 

To all my family 

 



 v 

Acknowledgements 

 

I would like to express my utmost gratitude to my supervisor, as well as my 

academic father, Professor Kenneth H Stokoe, II for his support, guidance and 

mentorship throughout my doctoral studies at the University of Texas at Austin. Like a 

prairie to a longhorn, he has provided anything I need to survive, to grow and to 

accomplish this research work as I always want to. He has been a solid backing all the 

time whenever I was in dilemma during academic study and personal life. His passion 

and enthusiasm in work has always inspired me. It is my great luck and honor to be in his 

soil and rock dynamics research group. 

I am also deeply indebted to my Ph.D. research committee and all the 

geotechnical faculty members, Drs. Brady R. Cox, Clark R. Wilson, Ellen M. Rathje, 

Robert B. Gilbert, Chadi S. El Mohtar and Jorge G. Zornberg. Their instruction and 

direction during my graduate studies have been so helpful that I never regret choosing 

this place as my graduate school. In this world top geotechnical engineering program, I 

have obtained so much knowledge from Dr. Cox’s soil dynamics and in-situ soil 

characterization classes, Dr. Rathje’s geotechnical earthquake and numerical method 

classes, Dr. Gilbert’s foundation, slope stability and decision risk reliability classes, Dr. 

El Mohtar’s soil shear properties class, and Dr. Zornberg’s geoenvironmental engineering 

and retaining structures classes. Thanks are also extended to other excellent professors at 

UT Austin who has enlightened me a lot.  

My research life has been much more fulfilling with the supports from members 

of my research group. I would like to dedicate my thanks to Dr. Andrew Keene, who had 

worked together with me and mutually supported for four years in the laboratory, and Dr. 



 vi 

Onur Kacar who has been so nice and helpful during my job hunting. I would also like to 

thank Boonam Shin for his patient and kind help when I first entered the research group, 

and Steve (Zhongze) Xu for his considerate and efficient support during the final stage of 

my Ph.D. research. Thanks also go to the field research group, Dr. Julia Roberts, 

Sungmoon Hwang, Benchen Zhang, Gunwoong Kim for their excellent expertise 

assistance. 

It is my great joy to have friendship with a group of longhorns living in this 

beautiful and hot city Austin at the center of Texas. There are America-born longhorns, 

Andrew Stolte, Christian Armstrong, James Munson, Alicia Zapata, Gaston Quaglia, 

Mideast-born longhorns, Amr Morsy, Reihaneh Hosseini, Hossein Roodi, and Asia-born 

longhorns, Dr. Tongren Zhu, Dr. Yubing Wang, Dr. Xiaoyue Wang, Dr. Ying Lai, 

Yunhan Huang, Yumeng Tao, Boqin Xu, Kai Feng, Dr. Linlong Mu, Dr. Jinbo Chen, Dr. 

Xing Zheng, Dr. Yuanshen Ji, Bangguo Xiong, Chenyang Bi, Minglei Xiao, Ruohan 

Zhang, Xing Liu, Xiaoyu Wu, and Lingyuan Gao. My life would be much more boring 

and passionless without them all, and I wish all the best for them in the future. Also thank 

all my friends very much for the wonderful blessing video they made for my wedding. 

Finally, I am eternally grateful for the love and support from my whole family. 

My parents Lifeng Han and Yueli Wang brought me to this world and have provided me 

the best life possible even more than they can bear. My uncles and aunts, Kegang Han, 

Keqiang Han, Lixiu Han, Liying Han, Qingguo Li, Aimin Liu, have been so supportive at 

every turn throughout my life. My brothers and sisters, Yang Liu, Zonglin Li, Shuping 

Han, Yuyang Han, Yufeng Han, Jiafei Li, Yihan Li, always gave me so much fun every 

time I returned home from schools. My grandparents have also given me so much care 

during my early age. Last but most important, I would like to express my love and 

gratitude to my wife, Run Li, who has been so supportive and sacrificed a lot for me, and 



 vii 

to my beloved cute daughter, Selina Wang, who has brought me incomparable happiness 

and fresh energy to my life. Love you all! 

 When my daughter is old enough to understand languages, I will tell her a 

bedtime story about an Asia-born longhorn. He came to the so-called UT Great Prairie in 

Texas, made a lot of good friends, had a lot of happy experiences and led a wonderful life 

in Stokoe’s Farm. Sweet dream, baby. 

 



 viii 

Development of Constitutive Models for Linear and Nonlinear Shear 

Modulus and Material Damping Relationships of Uncemented Soils 

 

Yaning Wang, Ph.D. 

The University of Texas at Austin, 2018 

 

Supervisor:  Kenneth H. Stokoe, II 

 

For many decades, hundreds of soil samples recovered from North America and 

other parts of the world have been tested in the Soil and Rock Dynamics (SRD) 

Laboratory at The University of Texas at Austin using combined resonant column and 

torsional shear (RCTS) equipment. Dynamic soil property relationships determined in 

this study include: (1) linear relationships of log Gmax – log σ0 and log Dmin – log σ0, and 

(2) nonlinear relationships of G/Gmax – log γ and D – log γ. These relationships are 

important in geotechnical design, especially for geotechnical earthquake engineering and 

soil dynamics. More recently, higher resolution measurements have been made over 

shear strains ranging from about 1×10-6 to 0.3 %. Most recently, measurements of the 

initiation of pore-water pressure generation in nearly to saturated poorly-graded sands 

and low-plasticity silts have been conducted during torsional shear (TS) testing. 

A significant database has been developed involving all types of uncemented soil 

specimens tested in the SRD Laboratory since the late 1980’s. The effects of soil type, 

index properties, density, confining state and strain level on the dynamic properties have 

been quantified through multivariable regression analyses performed on the database. 

Four sets of empirical models for log Gmax – log σ0, G/Gmax – log γ, log Dmin – log σ0 and 

D – log γ relationships are presented in this study. These models are composed of simple 
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equations that incorporate the key parameters controlling linear soil behavior as well as 

nonlinear soil behavior. The process used to develop the parameters in the models 

employed a residual analysis procedure in a staged manner. Both the mean values of the 

empirical models and the uncertainty associated with these values are presented. Those 

empirical models show significant improvements in accuracy and applicable range 

compared to previous models. The application ranges of these models and sparse portions 

of the associated database are also discussed for the sake of appropriate utilization and 

future updates.  

The influence of number of loading cycles, confining pressure and soil type (sand 

or low-plasticity silt) on the initiation of pore-water pressure generation during TS testing 

are briefly discussed. A preliminary model for the ru – log γ relationship is presented. 

This model focuses on determination of the threshold strain at which pore pressure 

generation is triggered, γt
pp, and the early stages leading towards soil liquefaction. 
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Chapter 1:  Introduction 

1.1    BACKGROUND 

Most common failures in geotechnical engineering are caused by shear failures of 

soils. To investigate the mechanical behavior under shearing loads of geotechnical 

materials, the shear modulus (G) is the parameter most commonly used to describe 

stiffness and to calculate shear deformations at small to moderate strains (γ < 0.3 %). 

When the areas of soil dynamics and geotechnical earthquake engineering are involved, 

not only shear modulus but also material damping ratio (D) are used to analyze the 

response of the geotechnical materials to shearing motions. From studies since the late 

1960s, the shear modulus and material damping ratio of soil have been found to be 

dependent on soil type, soil index properties, density, confining state and strain level. 

Among the parameters, shear strain amplitude has been proven to be a controlling 

parameter for both shear modulus and material damping ratio. Shear strain can be used to 

divide the shear modulus and material damping ratio into two categories. The small-strain 

shear modulus (Gmax) and small-strain material damping ratio (Dmin) are essentially 

constant values and independent of strain amplitude. This strain range is also the linear 

strain range because modulus and damping do not change values. In the nonlinear range, 

shear modulus decreases and material damping ratio increases with increasing strain 

amplitude. 

For many decades, small-strain shear modulus (Gmax), small-strain material 

damping ratio (Dmin), nonlinear normalized shear modulus (G/Gmax – log γ) and nonlinear 

material damping ratio (D – log γ) relationships of soils have been determined in the Soil 

and Rock Dynamic Laboratory at The University of Texas at Austin using combined 

dynamic torsional resonant column (RC) and cyclic torsional shear (TS) testing. The 
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combined RCTS testing is a specialized geotechnical laboratory testing method which 

can be used to evaluate deformational characteristics of soil and rock for the purpose of 

understanding the geotechnical behavior of a site subjected to vibrations from all types of 

sources. The scope and quality of this testing improved as data acquisition technology 

and computerized automation has continued to advance. Recently, a higher-resolution 

measurement system has been developed (Keene, 2017) with which G and D values can 

be determined over shear strain (γ) ranging from about 1×10-6 % to 0.3 %. Most recently, 

pore pressure measurements have also been performed during torsional shear (TS) testing 

so that the coupled effects of pore water pressure and strain amplitude can be evaluated 

on nonlinear shear moduli and material damping ratios in saturated clean sands and low-

PI silts. 

A tremendous amount of research has been conducted over the past 50 years to 

determine shear modulus and material damping ratio in both small-strain (linear) and 

large-strain (nonlinear) ranges. As the research and test technology advance, more 

accurate test data with higher resolution has been achieved, as well as improved empirical 

models to predict this behavior. More accurate predictions for stiffness of soils can serve 

better in designing, failure analysis and decision making in geotechnical engineering. The 

thrust of the research in this dissertation involves development of new, more accurate, 

constitutive models for both shear modulus and material damping ratio of uncemented 

soils over larger strain ranges. Also, studies incorporating pore water pressure generation 

models for nearly to saturated granular soils are underway. 

1.2    OBJECTIVES OF RESEARCH 

Hundreds of soil samples, which have been recovered from many sites around 

North America as well as other parts of the world, have been tested in the Soil and Rock 
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Dynamic Laboratory at UT to characterize the materials since the late 1980’s. The 

samples include intact soil samples, reconstituted soil samples and intact rock cores. The 

development of the database accumulated from testing the uncemented soil specimens 

was the reason for developing the upgrade of the previous empirical constitutive models 

by Darendeli (2001) and Menq (2003). 

One of the focuses of this study is to generate effective models in term of a set of 

simple equations which can be applied over a wide range of soil types. The improvement 

of the new constitutive model compared to previous models is then shown. The effects of 

soil properties and state parameters on the shear modulus and material damping ratio of 

the soil are evaluated and quantified within the new framework. 

Another focus of this study is to begin the development of initial models for pore 

pressure generation in nearly to saturated sands and low-PI silts. Based on measurements 

of sand (SP) and low-PI silt (ML) specimens, the effects of soil type, confinement and 

loading pattern on the pore water pressure generation are evaluated and considered in the 

initial models. 

1.3    ORGANIZATION OF DISSERTATION 

This research addresses the following five main topics: (1) development of new 

constitutive models for small-strain shear modulus (Gmax); (2) development of new 

constitutive models for the nonlinear, normalized shear modulus (G/Gmax – log γ) 

relationship; (3) development of new constitutive models for small-strain material 

damping ratio (Dmin); (4) development of new constitutive model for the nonlinear 

material damping ratio (D – log γ) relationship; and (5) development of new constitutive 

models for pore water pressure generation in nearly to saturated granular soils. This 

dissertation contains 10 chapters as follows: 
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 1. Introduction. 

 2. Combined Dynamic Torsional Resonant Column (RC) and Cyclic Torsional 

Shear (TS) Equipment and Testing Methods  

 3. Physical Properties of Test Specimens 

 4. Previous Empirical Relationships 

 5. Proposed Model for the Small-Strain Shear Modulus of Uncemented Soils 

 6. Proposed Model for the Nonlinear, Normalized Shear Modulus of Uncemented 

Soils 

 7. Proposed Model for the Small-Strain Material Damping Ratio of Uncemented 

Soils 

 8. Proposed Model for the Nonlinear Material Damping of Uncemented Soils 

 9. Pore Water Pressure Generation in Sand and Low-PI Silt 

 10. Summary, Conclusions and Recommendations 
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Chapter 2:  Combined Resonant Column and Torsional Shear (RCTS) 

Testing Methods and Equipment 

2.1    INTRODUCTION 

Some of the text in this chapter was adapted from The University of Texas at 

Austin Geotechnical Engineering Report GR06-04 titled “Test Procedures and 

Calibration Documentation Associated with the RCTS and URC Tests at The University 

of Texas at Austin” written by Stokoe, Choi, Jeon, and Lee (2006). 

Combined resonant column and torsional shear (RCTS) test is employed to 

investigate the dynamic deformational characteristics, mainly shear modulus (G) and 

material damping (D) in shear of soil and rock specimens. The combined RCTS 

equipment was developed in the Soil and Rock Dynamics Laboratory at The University 

of Texas at Austin by Dr. Stokoe and his graduate students (Isenhower, 1979; Lodde, 

1982; Ni, 1987; Kim, 1991; Menq, 2003; and Keene, 2017). Development and upgrades 

of RCTS equipment, testing procedures and cyclic/dynamic material property databases 

have been continually pursued at The University of Texas at Austin over the past four 

decades.  

There are two types of RCTS equipment involved in this study according to the 

boundary condition of specimen. One is the generalized fixed-free RCTS equipment, 

with the bottom of the specimen fixed and torsional excitation applied to the free top, 

which is used for specimens with diameter less than 3 inches. When testing gravel 

materials with large particle size, free-free RCTS equipment (Menq, 2003), which sets 

free boundary conditions at both ends of the specimen, was designed and used for 

specimens with diameter of 6 inches. Since the principle is same for both RCTS 

equipment sets, only the commonly used, up-to-date fixed-free RCTS test method and 

equipment will be introduced in the following chapter. 
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In the fixed-free RCTS equipment, both resonant column (RC) and torsional shear 

(TS) tests can be performed sequentially on the same specimen over shear strains (γ) 

ranging from about 10-6 % to slightly more than 10-1 %. However, the two types of tests 

are different in theoretical basis and testing frequency. In the RC test, wave propagation 

theory is applied and testing frequencies are generally above 20 Hz. On the other hand, 

measurements in TS test are analyzed based on the material mechanics and slow cyclic 

loading frequencies below 3 Hz are required. The theoretical basis behind both RC and 

TS tests is presented in this chapter, as well as the sub-systems used to perform the 

testing. 

2.2    OVERVIEW OF COMBINED RESONANT COLUMN AND TORSIONAL SHEAR DEVICE 

The computer-controlled RCTS system used in this study can be idealized as a 

fixed-free system as shown in Fig. 2.1. The bottom end of the specimen is fixed against 

rotation at the base pedestal and top end of the specimen is connected to a freely-rotating, 

electro-magnetic drive system (see Fig. 2.1a). The coil-magnet drive system, which 

consists of a top cap and drive plate with permanent magnets, rotates freely to excite the 

specimen in dynamic (RC) or slow cyclic (TS) torsional motion. 

The basic operational principle of RC testing is to vibrate a cylindrical specimen, 

with a height-to-diameter ratio of between about 2.0 to 2.5, in first-mode, torsional 

resonant motion. Sinusoidal torsional excitation is applied to the top of the specimen over 

a range of frequencies. The variation of the shear strain amplitude of the specimen with 

frequency is determined using both an accelerometer and a pair of proximitors to measure 

torsional motion. Once first-mode resonance is established, the resonant frequency and 

maximum amplitude of vibration are calculated. These measurements are then combined 

with equipment characteristics and geometry of the specimen to calculate shear wave 
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velocity and shear modulus based on elastic wave propagation theory as discussed in 

Richart, Hall and Woods (1970). Material damping (D) is determined either from the 

width of the frequency response curve at small strains where D is independent of γ or 

from the free-vibration decay curve at small strains and at larger strains where D varies 

with γ. 

The TS test is another testing method for determining shear modulus and material 

damping. In TS testing, the same equipment configuration is used, but it is operated in a  

 

 

 
(a) Driving and monitoring systems on 

support cylinder 

(b) Simplified schematic of RCTS confining 

system (driving system not shown) 

Figure 2.1: Photographs of the Coil-magnet Driving System and Accelerometer, 

Proximitor and LVDT Monitoring System (a) and Simplified Schematic of 

RCTS Confining System (b). 
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different manner. A cyclic torsional force with a given frequency, generally below 3 Hz, 

is applied at the top of the specimen. Instead of determining the resonant frequency, the 

stress-strain hysteresis loop is determined from measuring the torque-twist response of 

the specimen. Proximitors are used to measure the angle of twist, while the voltage 

applied to the coil is calibrated to determine the applied torque. Shear modulus is 

calculated from the slope of a line through the end points of the hysteresis loop, and 

material damping is obtained from the area of the hysteresis loop (i.e., the amount of 

energy dissipated in one cycle). 

The fixed-free RCTS device used herein can be divided into five basic 

subsystems. These subsystems are: (1) a confinement system that applies confining 

pressure to the specimen, (2) a drive system that is used to apply sinusoidal torsional 

excitation at the top of the specimen, (3) a height monitoring system that is used to 

measure the height-change of the specimen during confinement, (4) a motion monitoring 

system that is used to measure the torsional response at the top of the specimen, and (5) a 

pore water pressure monitoring system used to measure the pore water pressure 

generation at the bottom of the specimen during the test. The confinement system is 

operated manually while the other four systems are controlled by an automated computer 

system with data acquisition and processing. Details of each system are discussed in 

following subsections. 

2.2.1  RCTS Confinement System 

The RCTS confinement system consists of a stainless steel chamber, air-pressure 

sources and air pressure gages to measure the confining pressure inside the chamber. 

Stainless steel is used for the chamber to minimize forces of attraction between the 

magnets attached to the drive plate in the RCTS drive system and the chamber walls. A 
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thin-walled (0.6 cm in thickness), 10-inch in diameter hollow cylinder, four (or eight) 

fixing rods (1.28 cm in diameter), a top plate and a base plate (2.5 cm in thickness) 

together enclose the confined space in which the specimen is placed (see Figure 2.1b). 

Compressed air (or nitrogen gas) is introduced into the confining chamber to create the 

cell pressure. Rubber O-rings are used between the ends of the hollow cylinder and the 

two end plates to create seals at the top and bottom of the chamber. The base plate is 

firmly attached to the table on which the RCTS test device is placed.  

The RCTS confinement chamber was designed to be capable of handling air 

pressure as high as 460 psi (about 31 atm). There are two air sources for the confinement 

system; the building air pressure source and a high-pressure (~2000 psi) nitrogen tank. 

The supplied pressure from the building can go up to about 80 psi and, after that, the 

supplied pressure from the nitrogen tank is used for higher confining pressures. When 

testing pressure is higher than 200 psi, number of fixing rods that needed for safety 

increases from four to eight. Different pressure gages are used for the different pressure 

sources considering the proper resolution and range. Annual calibration is required for 

the pressure gages to ensure the accuracy of the readings.  

Compressed air is used to confine isotropically the specimen in the RCTS device. 

One or two membranes with a pre-selected thickness was utilized around the specimen to 

transfer the confinement from the air pressure to the specimen. Sealing the specimen was 

done with vacuum grease and O-rings at the ends of the membrane on both the top cap 

and base pedestal. Water bath around the specimen was used to slow down the air 

transfer through the membranes when saturated specimens were tested. One or two 

drainage vents through the base pedestal and the base plate connected the pore pressure 

inside the specimen to the outside atmosphere and made sure that drained conditions 

would exist during the RC test. 
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2.2.2  RCTS Drive System 

The drive system in the RCTS device consists of a rigid drive plate, a function 

generator and a power amplifier. The rigid drive plate has four arms with one permanent 

magnet firmly fixed at the end of each arm as shown in Figure 2.2. Each permanent 

magnet is encircled with two sets of drive coils which do not touch the magnet. The 

central portion of the drive plate is attached to the top cap on the specimen using four 

screws. During each RCTS test, sinusoidal electrical current passes through the total of 

eight coils. The electrical current creates sinusoidal torsional excitation, which in turn 

generates torsional motion at the top of the specimen. The magnitude of torque generated 

by the drive plate is dependent on the strength of the permanent magnets, the size and 

resistance of the drive coils, the size of the air gap between the magnets and coils, the 

length of the drive plate arms and the power of the electrical current that passes through 

the coils. The function generator is the device that generates the sinusoidal current going 

to the coils. For the drive systems generally used in testing, the maximum torque was 

about 0.6 lb-ft (82 N-cm)  

A schematic diagram of the up-to-date drive system is shown in Figure 2.3. The 

NI PXI-6251 DAQ system is controls by the computer to input sinusoidal signal to the 

drive coils. In the resonant column (RC) test, the NI PXI 6251 DAQ system conducts 

frequency sweeps with a constant input voltage, while in the torsional shear (TS) test, a 

fixed-frequency N-cycle mode is used. For torsional shear (TS) and high-amplitude 

resonant column (RC) tests, a power amplifier (Model HP 6824A) is used to amplify the 

sinusoidal input current. The drive plate, function generator and power amplifier are all 

checked annually for calibration compliance. 

 



 11 

 

Figure 2.2: General Configuration of RCTS Equipment (Keene, 2017). 
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Figure 2.3: Schematic Diagram of the RCTS Drive System (Keene, 2017). 

2.2.3  Specimen-Height Monitoring System 

The specimen-height monitoring system consists primarily of a linear variable 

differential transformer (LVDT) (Columbia Model SH-200-53R), the NI PXI-4461 and 

NI PXI-6251 DAQ modules. As shown in Figure 2.2b, the LVDT core is attached to the 

drive plate, which moves together with the top cap on the specimen. The LVDT coils are 

supported by a holding arm that is fixed to the base plate of the RCTS system so that the 

LVDT coils remain in a fixed position during testing. The LVDT core, which is located 

inside the LVDT coils, does not touch the coils so that no friction occurs during testing. 

When the height of the specimen changes, the relative position of the core inside the coils 

will change too, and a different LVDT reading will be obtained. 

The output voltage signal is read by NI PXI-6251 DAQ module after an input 

voltage signal generated by NI PXI-4461 is sent to the LVDT. The input signal in the 

LVDT coil is at a voltage level of 4.77 RMS volts and a frequency of 500 Hz. This output 

voltage is combined with the calibration factor from the annual calibration and the height 

of the specimen at the time of the measurement is determined. This process is repeated 

many times during RCTS testing at each confining pressure. The height of the specimen 

at all times during testing is needed in the data analysis for the estimation of changes in 

void ratio and total unit weight of the specimen during the total duration of confinement. 
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Figure 2.4: Schematic Diagram of the Specimen-Height Monitoring System (Keene, 

2017). 

2.2.4  Motion Monitoring System 

The testing frequency in the RC test is usually above 20 Hz while in TS test, low-

frequency (below 3 Hz) cyclic stress-strain relationship is measured. Due to the 

difference in testing frequency, different motion monitoring systems are used for RC and 

TS tests. 

2.2.4.1 Motion Monitoring System for Resonant Column (RC) Test 

The specimen-motion monitoring system for resonant column test is composed of 

an accelerometer (Columbia Model 302-6), a charge amplifier (Columbia Model 4102M) 

and NI PXI-6251 DAQ module. This system is used to measure the first-mode resonant 

frequency, dynamic response curve around the resonant frequency and the free-vibration 

decay curve. All components in the system are calibrated annually to ensure accurate 

measurements.  

As shown in Figure 2.2, the accelerometer is attached to the drive plate and 

generates an electrical signal created by the torsional motions of the specimen. The 

recorded signal from the accelerometer is then conditioned by the charge amplifier after 

which the digital voltmeter is used to read this voltage at each frequency measured by the 

frequency counter in NI PXI-6251 DAQ module. The amplitude of torsional motion at 
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each frequency can then be obtained from which a frequency response curve is plotted. 

The resonant frequency of the specimen is obtained from the frequency at maximum 

motion. After the resonant-frequency measurement has been successfully and accurately 

performed, the drive system then applies a sinusoidal torsional excitation at the resonant 

frequency of the specimen. Once this resonant motion becomes steady state, the computer 

suddenly shuts off the current so that a free-vibration decay curve is captured by the NI 

PXI-6251 DAQ module. The frequency response curve and free-vibration decay curve 

are used in the data analysis to calculate the shear modulus and material damping ratio, 

respectively. The schematic diagram of the RC test motion monitoring system is shown 

in Figure 2.5.  

 

Figure 2.5: Schematic Diagram of the RC Test Motion Monitoring System (Keene, 

2017). 

2.2.4.2 Motion Monitoring System for Torsional Shear (TS) Test 

The specimen-motion monitoring system for torsional shear test is composed of 

two proximitors (Bently Nevada 330100-50-05), a DC power supply (Lambda LL-903) 

and NI PXI-4461 DAQ module. This system is used to measure the torque-twist 

hysteresis loops of the specimen by monitoring the low-frequency (less than 3 Hz) 
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torsional motion at the top of the specimen. All components in the system are calibrated 

annually to ensure accurate measurements. 

As shown in Figure 2.2, the proximitor target is attached to the drive plate, which 

moves together with the top cap on the specimen. The proximtor probes are supported by 

a holding arm that is fixed to the base plate of the RCTS system so that the proxmitor 

probes remain in a fixed position during testing. A DC power supply with an output of 24 

voltage is used to power the proximitors probes. The function of the proximitor probes is 

to measure the width of the air gap between the target and the probe tip. Two probes are 

used and the operational amplifier subtracts the signal of one probe from the other so that 

the effect of any bending in the specimen towards the probes can be eliminated. Because 

the proximitor probes do not touch the drive plate, no compliance problems are 

introduced into the measurement. A schematic diagram of the TS motion monitoring 

system is shown in Figure 2.6. 

 

Figure 2.6: Schematic Diagram of the TS Test Motion Monitoring System (Keene, 

2017). 

2.2.5  Pore Water Pressure Monitoring System 

The pore water pressure monitoring system consists primarily of a pressure 

transducer (Omega PX309-150G5V), a DC power supply (Lambda LL-903) and NI PXI-
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6251 DAQ module. This system is used to measure the pore water pressure in the 

drainage line when the specimen is tested under undrained condition. All components in 

the system are calibrated annually to ensure accurate measurements. 

Drainage line needs to be filled with water before connected to the pressure 

transducer so that the air compression will not affect the measurements. A DC power 

supply with an output of 15 voltage is used to power the pressure transducer. The 

pressure transducer monitors the water pressure in the drainage line connected to the 

inside of the specimen and transfers that into voltage signal which is recorded by NI PXI-

6251 DAQ. This output voltage is combined with the calibration factor from the annual 

calibration and the pore water pressure of the specimen at the time of the measurement is 

determined. A schematic diagram of the pore water pressure monitoring system is shown 

in Figure 2.7. 

 

Figure 2.7: Schematic Diagram of the Pore Water Pressure Monitoring System. 

2.3    RESONANT COLUMN (RC) TESTING METHOD 

The resonant column test is based on the one-dimensional wave propagation 

theory derived from the theory of elasticity. The shear modulus (G) is calculated based on 

the first-mode resonant frequency while material damping (D) is evaluated from either 

half-power bandwidth method or from the free vibration decay curve. 
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2.3.1  Shear Modulus 

An example frequency response curve obtained at one measurement time in the 

RC test is shown as Figure 2.8. The frequency response curve is “bell-like” and has a 

peak at the first-mode resonant frequency. By inserting the resonant circular frequency, 

𝜔𝑟 (𝜔𝑟 = 2𝜋𝑓𝑟) , in the following equation, the shear wave velocity, 𝑉𝑠 , can be 

calculated: 
𝐼

𝐼0
=

𝜔𝑟 ∙ ℎ

𝑉𝑠
tan

𝜔𝑟 ∙ ℎ

𝑉𝑠
 (2.1) 

where  𝐼 = mass polar moment of inertia of the soil specimen, 

 𝐼0 = mass polar moment of inertia of the top cap and drive system, 

 ℎ = height of the soil specimen, 

 𝜔𝑟 = circular resonant frequency (𝜔𝑟 = 2𝜋𝑓𝑟), and 

   𝑉𝑠 = shear wave velocity of the soil specimen. 

 

 

Figure 2.8: Typical Dynamic Response Curve Obtained in a Resonant Column Test. 
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As noted in the equation, the resonant circular frequency (𝜔𝑟) instead of natural 

circular frequency (𝜔𝑛 ) is used to calculate shear wave velocity. The relationship 

between 𝜔𝑟 and 𝜔𝑛 is: 

𝜔𝑟 = 𝜔𝑛√1 − 2𝐷2 (2.2) 

For most soil and rock specimens tested in RCTS device, the maximum damping 

ratio (D) obtained is less than 7 % which leads to the difference between 𝜔𝑟 and 𝜔𝑛 

less than 0.5 %.  

Once the shear wave velocity is determined, shear modulus is calculated from the 

relationship: 

𝐺 = 𝜌 ∙ 𝑉𝑠
2 (2.3) 

Where 𝜌 is the total mass density of the specimens (total unit weight divided by 

gravity). 

2.3.2  Shear Strain 

The shearing strain varies radially within the specimen and may be expressed as a 

function of the distance from the longitudinal axis as illustrated in Figure 2.9. The 

equivalent shearing strain, γ or 𝛾𝑒𝑞, is represented by: 

𝛾 = 𝑟𝑒𝑞 ∙
𝜃𝑚𝑎𝑥

𝐿
 (2.4) 

where 𝑟𝑒𝑞 = equivalent radius, 

𝜃𝑚𝑎𝑥 = angle of twist at the top of the specimen, and 

𝐿 = length of the specimen. 

Chen and Stokoe (1979) studied the radial distribution in shearing strain to find a 

value of 𝑟𝑒𝑞 for specimen tested in the RCTS device to evaluate an effective strain. They 

found that the value of 𝑟𝑒𝑞 varied from 0.82∙ r0 for a peak shearing strain amplitude 
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below 0.001 % to 0.79∙ r0 for a peak shearing strain of 0.1 % for a solid specimen. These 

values of 𝑟𝑒𝑞 have been adopted in this research. 

In the resonant column test, the resonant period (𝑇𝑟, seconds), and output voltage 

of accelerometer (𝐴𝑐, volts) at resonance are measured. Accelerometer output is changed 

to the displacement by using the accelerometer calibration factor (CF, volts/in./sec2) 

assuming harmonic motion. The accelerometer displacement is divided by the distance 

(𝐷𝑎𝑐, inches) between the location of accelerometer and the axis of the specimen to 

calculate the angle of twist at the top the specimen (𝜃𝑚𝑎𝑥). The shearing strain is then 

calculated by: 

𝛾 = 𝑟𝑒𝑞 ∙
𝐴𝑐 ∙ 𝑇𝑟

2

4𝜋2 ∙ 𝐶𝐹
∙

1

𝐷𝑎𝑐
∙

1

𝐿
 (2.5) 

 

Figure 2.9: Shearing Strain in RCTS Specimen Column. 
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2.3.3  Material Damping 

In the resonant column test, the material damping can be evaluated from either the 

free-vibration decay method or from the half-power bandwidth method. Each of these 

methods is discussed below. It is important to note that, in these measurements, the 

damping measurement includes material damping in the specimen plus any damping in 

the equipment. Calibration of equipment-generated damping is required annually to 

obtain the accurate material damping in the specimen. 

2.3.3.1 Free-Vibration Decay Method 

Material damping in soil and rock specimens can be quite complex to define. 

However, the theory for a single-degree-of-freedom system with viscous damping is a 

useful framework for describing the effect of material damping which occurs in soil and 

rock (Richart et al. 1970). The decay of free vibrations of a single-degree-of-freedom 

system with viscous damping is described by the logarithmic decrement, δ, which is the 

ratio of the natural logarithm of two successive amplitudes of motion as: 

𝛿 = ln (
𝑍1

𝑍2
) =

2𝜋𝐷

√1 − 𝐷2
 (2.6) 

Where Z1 and Z2 = two successive peak strain amplitudes of motion, and 

D = material damping ratio. 

The free-vibration decay curve is recorded using the data acquisition system by 

shutting off the driving force while the specimen is vibrating at the resonant frequency. 

The amplitude of each cycle is measured from the decay curve, and the logarithmic 

decrement is then calculated. Material damping ratio is calculated from logarithmic 

decrement according to: 

𝐷 = √
𝛿2

4𝜋2 + 𝛿2
 

(2.7) 
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A typical free-vibration decay curve (from a metal calibration specimen) is shown 

in Figure 2.10. In this method, it is not certain which strain amplitude is a representative 

strain for damping ratio because strain amplitude decreases during free-vibration decay. 

In this research, a representative strain amplitude was used as the peak strain amplitude 

during steady-state vibration for shearing strains below 0.001% which are assumed to be 

in the estimated linear range where G equals Gmax. However, at larger strains, the 

representative strain is smaller than the peak strain, and the average strain determined for 

the first three cycles of free vibration are used. 

 

 

Figure 2.10: Example of Determination of Material Damping Ratio from the Free-

Vibration Decay Curve Using a Metal Specimen. 

2.3.3.2 Half-Power Bandwidth Method 

Another method of measuring damping in the resonant column test is the half-

power bandwidth method, which is based on measurement of the width of the frequency 
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response curve near resonance. From the frequency response curve, the logarithmic 

decrement can be calculated from (Richart et al. 1970): 

𝛿 =
𝜋

2
∙

𝑓2
2 − 𝑓1

2

𝑓𝑟
2

∙ √
𝐴2

𝐴𝑚𝑎𝑥
2 − 𝐴2

∙
√1 − 2𝐷2

1 − 2𝐷2
 

(2.8) 

where f1 = the frequency below the resonance where the strain amplitude is A, 

f2 = the frequency above the resonance where the strain amplitude is A, 

fr = the resonant frequency, and 

D = the material damping ratio. 

If the damping ratio is small and A is chosen to be 0.707Amax, which is called the 

half-power point, the logarithmic decrement can be simplified as: 

𝛿 = 𝜋 ∙
𝑓2 − 𝑓1

𝑓𝑟
 (2.9) 

Therefore, the damping ratio can be expressed as: 

𝐷 =
𝑓2 − 𝑓1

2 ∙ 𝑓𝑟
 (2.10) 

A typical damping measurement by the half-power bandwidth method is shown in 

Figure 2.8. 

Another method of measuring damping in the resonant column test is using a 

least-mean-squares fit of the theoretical response curve equation for a single-degree-of-

freedom system to the measured response curve. The theoretical response curve for a 

single-degree-of-freedom system from Richart et al. (1970) is given by: 

𝑀 =
1

√[1 − (𝜔/𝜔𝑛)2]2 + [2𝐷(𝜔/𝜔𝑛)]2
 (2.11) 

where M is the displacement response factor, 𝜔 is the input frequency, 𝜔𝑛  is the 

circular natural frequency, and D is the material damping ratio. 
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This method is preferred when the levels of background noise compared to signal 

are significant, which refers to very small strain levels (below 10-4 %). This method 

serves as an “averaging” technique to reduce the disturbance from background noise. 

Traditionally, background noise can be a problem in measuring material damping 

using the free-vibration decay method at very small strains, strains less than about 

0.0003%. On the other hand, background noise generally has a smaller effect on the 

frequency response curve at strains below even 0.0003%. Therefore, the half-power 

bandwidth method is often preferred to the free-vibration decay method for making small 

strain damping measurements. However, at larges strains, symmetry in the frequency 

response curve is no longer maintained, and a serious error can be introduced in the half-

power bandwidth method (Ni, 1987). In this research, both types of damping 

measurement were made at small-strains in an attempt to obtain good data sets while only 

the free-vibration decay method was used at larger strains (generally above 0.001%). 

2.4    TORSIONAL SHEAR (TS) TESTING METHOD 

The torsional shear test is another method of determining the deformational 

characteristics (shear modulus and material damping) of soil or rock specimens using the 

same RCTS equipment. Rather than measuring the dynamic response of the specimen, 

the actual stress strain hysteresis loop is determined by means of measuring the torque-

twist curve. Shear modulus is calculated from the slope of the hysteresis loop, and the 

hysteretic damping ratio is calculated using the area of the hysteresis loop. 

2.4.1  Shear Modulus 

Since shear modulus is calculated from the stress-strain relationship, shearing 

stress and shearing strain in the TS test need to be determined, respectively. 
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2.4.1.1 Shearing Stress 

Determination of shearing stress in the torsional shear test is based on the theory 

of elasticity for circular or tubular rods in pure torsion. Assume that pure torque, T, is 

applied to the top of the specimen. The torque can be calculated from 

𝑇 = ∫ 𝜏𝑟(2𝜋𝑟)𝑟𝑑𝑟
𝑟𝑜

𝑟𝑖

 (2.12) 

where 𝜏𝑟 is the shearing stress at a distance r from the axis of specimen and, ro and ri are 

outside and inside radii, respectively. If the shearing stress is assumed to vary linearly 

across the radius: 

𝜏𝑟 = 𝜏𝑚 ∙ (𝑟 𝑟𝑜⁄ ) (2.13) 

where 𝜏𝑚 is the maximum shearing stress at r = ro. Equation 2.12 can be rewritten as: 

𝑇 =
𝜏𝑚

𝑟𝑜
∙

𝜋

2
∙ (𝑟𝑜

4 − 𝑟𝑖
4) =

𝜏𝑚

𝑟𝑜
∙ 𝐽𝑝 (2.14) 

where Jp is the area of polar moment of inertia. Equation 2.14 can be rewritten as: 

𝜏𝑚 = 𝑟𝑜 ∙
𝑇

𝐽𝑝
 (2.15) 

Because shearing stress is assumed to vary linearly across the radius, the average 

torsional shearing stress is defined as: 

𝜏𝑎𝑣𝑔 = 𝑟𝑒𝑞 ∙
𝑇

𝐽𝑝
 (2.16) 

where req is the equivalent radius, same as used in the resonant column analysis for 

calculation of shearing strain. 

The value of applied torque, T, is calculated from the input voltage applied to the 

drive system, VT (volts), and the torque calibration factor, KT (torque / volts). Thus, 

average shearing stress becomes: 
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𝜏𝑎𝑣𝑔 = 𝑟𝑒𝑞 ∙
𝐾𝑇 ∙ 𝑉𝑇

𝐽𝑝
 (2.17) 

2.4.1.2 Shearing Strain 

Calculation of shearing strain in the torsional shear test follows the same 

procedure used in the resonant column test. The proximitors system directly measures the 

displacement (instead of acceleration measured in the resonant column test). Hence, the 

angle of twist (θ) is calculated from the proximitor output voltage, VP (volts), and the 

proximitors calibration factor, KP (rad / volts). Shearing strain, γ, is then calculated from: 

𝛾 = 𝑟𝑒𝑞 ∙
𝐾𝑃 ∙ 𝑉𝑃

𝐿
 (2.18) 

2.4.1.3 Shearing Modulus 

Once the stress-strain hysteresis loop is measured, the shear modulus, G, is 

calculated from the slope of a line through the end points of the hysteresis loop as shown 

in Figure 2.11. Thus the shear modulus is calculated from: 

G = τ 𝛾⁄  (2.19) 

where τ is peak shearing stress and 𝛾 is peak shearing strain. 

2.4.2  Hysteretic Damping Ratio 

Hysteretic damping ratio in the torsional shear test is measured using the amount 

of energy dissipated in one complete cycle of loading, unloading, and reloading and the 

peak strain energy stored in the specimen during the cycle. In the torsional shear test, the 

dissipated energy is measured from the area of the stress-strain hysteresis loop. The 

energy per cycle, Wd, due to a viscous damping force, Fd, is: 

W𝑑 = ∫ F𝑑 ∙ �̇�𝑑
𝑇

0

t (2.20) 
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where �̇� is a velocity and T is a period. For simple harmonic motion with frequency of 

ω, i.e. x = A ∙ cos(𝜔𝑡 − 𝜑), Wd becomes: 

W𝑑 = 𝜋 ∙ 𝑐 ∙ 𝜔𝐴2 (2.21) 

From Equation 2.20, the viscous damping coefficient can be expressed as: 

𝑐 = W𝑑 (𝜋 ∙ 𝜔𝐴2)⁄  (2.22) 

The peak strain energy, Ws, stored by the spring is equal to the area under the 

secant modulus line in the Figure 2.11 and can be written as: 

W𝑠 = 𝑘𝐴2 2⁄  (2.23) 

The critical damping coefficient, cc, is: 

c𝑐 = 2 ∙ √𝑘𝑚 = 2𝑘 𝜔𝑛⁄  (2.24) 

 

Figure 2.11: Example of Determination of Shear Modulus and Material Damping Ratio 

in the Torsional Shear Test. 
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Where k is an elastic spring constant, m is a mass, and 𝜔𝑛 is a natural frequency of 

system. Using Equation 2.23, Equation 2.24 can be rewritten as: 

c𝑐 = 4𝑊𝑠 (𝜔𝑛𝐴2)⁄  (2.25) 

Therefore, the damping ratio, D, can be expressed as: 

𝐷 = 𝑐 c𝑐⁄ = 𝑊𝑑 (4𝜋𝑊𝑠)⁄ ∙ (𝜔𝑛 𝜔⁄ ) (2.26) 

For soil and rock materials, damping is often assumed to be frequency 

independent. Therefore, 𝜔𝑛 𝜔⁄  is ignored and hysteretic damping is written as: 

𝐷 =
1

4𝜋
∙

𝑊𝑑

𝑊𝑠
 (2.27) 

Where Wd is the area of the hysteresis loop and Ws is the area of the triangle as shown in 

Figure 2.11. 

2.5    SUMMARY 

Combined resonant column and torsional shear (RCTS) test is employed to 

investigate the dynamic deformational characteristics, mainly shear modulus (G) and 

material damping (D) in shear of soil and rock specimens. The computer-controlled 

RCTS system used in this study can be idealized as a fixed-free system. The up-to-date 

fixed-free RCTS device used herein can be divided into five basic subsystems: a 

confinement system, a drive system, a height monitoring system, a motion monitoring 

system and a pore water pressure monitoring system. The resonant column test is based 

on one dimensional wave propagation theory. In RC test, the shear modulus is obtained 

by measuring the first-mode resonant frequency of the specimen, and material damping is 

evaluated either from the free-vibration decay curve or by the half-power bandwidth 

method. On the other hand, the torsional shear test is based on the material mechanics. In 

TS test, the shear modulus calculated from the slope of a line through the end points of 
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the shearing stress-strain hysteresis loop, and the material damping is obtained from the 

area of hysteresis loop. This chapter presented the theoretical basis of the RCTS testing 

method and the detailed information about the testing equipment and procedures. 
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Chapter 3:  Physical Properties of Test Specimens 

3.1    INTRODUCTION 

Since the 1990’s, hundreds of soil and rock samples were recovered from many 

sites around North America and Pacific Rim area and tested in the Soil and Rock 

Dynamics Laboratory using the combined RCTS equipment at The University of Texas at 

Austin. In this study, shear modulus and material damping ratio of uncemented soils from 

resonant column tests, as well as the pore water pressure generation under shearing for 

saturated soils from torsional shear tests, are analyzed. Information regarding soil 

specimens and the confining pressures at which these specimens were tested are 

discussed and tabulated in this chapter. Additionally, Standardized procedures for 

specimen preparation and experiment program are presented herein. 

This chapter has been divided into three sections. First, the uncemented soil 

specimens from the resonant column database used in the both shear modulus and 

material damping modeling study are described in section 3.2. Database for shear moduli 

and material damping ratios in both linear and nonlinear ranges are introduced in the 

subsections, respectively. The second section 3.3 introduces the nearly saturated granular 

soil specimens used for the prototype study of pore water pressure generation. At last, 

standardized procedures of preparation and experiment programs for three types of 

specimens, which include intact soil specimen, reconstituted unsaturated soil specimen 

and reconstituted saturated granular soil specimen, are presented in section 3.4. This 

chapter attempts to acquaint the reader with the characteristics of the databases used for 

the generation of constitutive models regarding the soil behaviors.  
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3.2    DATABASE FOR SHEAR MODULUS AND MATERIAL DAMPING MODELING STUDY 

Quality measurements of shear modulus below elastic threshold shear strain can 

provide accurate estimations of Gmax and top limit of shear modulus reduction curve, 

which are important for the accuracy of modeling both Gmax and G/Gmax reduction curve. 

The same is true for soil material damping modeling that the accuracy of material 

damping ratio measurements in small strain are also important for modeling both Dmin 

and material damping increment curve. The elastic threshold shear strain of soils can 

range from 10-4 to 10-2 % depending on soil properties and confining conditions. 

However, previous databases for both shear modulus and material damping of soils are 

usually short of measurements in shear strain range below 10-4 % and are of limited 

accuracy when γ is less than 10-3 %. Development and upgrades of a combined resonant 

column and torsional shear equipment, testing procedures and cyclic/dynamic material 

property databases have been continually pursued at The University of Texas at Austin 

over the past four decades by Professor Stokoe and his graduate students (Isenhower, 

1979, Lodde, 1982, Ni, 1987, Kim, 1991, Hwang, 1997, Menq, 2003 and Keene, 2017). 

Therefore, a comprehensive database for both shear modulus and material damping of 

uncemented soils is generated using the RCTS system with decent measurements over 

shear strain range from 1×10-6 to 0.5 %.  

The database is summarized with selected information in Table 3.1. A total of 253 

uncemented soil specimens, of which 126 are intact soil specimens and 127 are 

reconstituted soil specimens, are included in this database. The table provides the 

following information on the each specimen: 1) specimen number, which can be tracked 

for corresponding the specimen identification number in Appendix A, 2) reconstituted 

specimen (R) or intact specimen (I), 3) soil type determined according to the Unified Soil 

Classification System (USCS) (ASTM D2487-11, 2011), 4) number of confining pressure 
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levels at which linear and nonlinear shear modulus measurements have been performed, 

5) estimated initial void ratio of the specimen, 6) coefficient of uniformity, Cu, which 

equal to grain size ratio of 60 % over 10 % passing in the grain size distribution curve, 7) 

fines content (percentage of fine material passing #200 sieve by weight), 8) plasticity 

index (PI) which is equal to liquid limit minus plastic limit of the soil specimen, 9) 

estimated maximum over-consolidation ratio of the specimen based on characteristics of 

the measured relationship between small-strain shear modulus and mean confining 

pressure, 10) D50, the grain size corresponding to 50 % passing in the grain-size 

distribution curve, and 11) water content of the specimen. These 11 items represent the 

11 column headings in the table 3.1. 

Table 3.1: Summary of the Database for Shear Modulus Modeling Study. 

No. 
R/

I 

Soil  

Type 

σ0
  

Levels  
Initial 

Void 

Ratio 

Cu 
FC   

 % 
PI 

Max. 

OCR 

D50 

mm 

Wc  

% 
#(1) #(2) 

1 R SP 7 7 0.373 4.58 0 0 1 0.67 0.12 

2 R SP 3 3 0.599 1.87 0.9 0 1 0.34 4.2 

3 R SP 6 6 0.797 1.55 2.6 0 1 0.19 6.4 

4 R SP 3 3 0.658 1.55 2.6 0 1 0.19 4.4 

5 R SP 6 6 0.637 1.81 2.7 0 1 0.19 4.6 

6 R SP 3 3 0.784 1.81 2.7 0 1 0.19 5.9 

7 R SP 2 6 0.528 3.00 5 0 1 0.54 16.7 

8 R SP 5 5 0.834 2.15 10 0 1 0.14 6.1 

9 R GP 2 5 0.801 1.10 0 0 1 17.4 0 

10 R GP 2 0 0.704 1.10 0 0 1 17.4 0 

11 R GP 0 4 0.702 1.10 0 0 1 17.4 0 

12 R GP 1 4 0.634 1.10 0 0 1 17.4 0 

13 R GP 2 4 0.812 1.42 0 0 1 6.73 0 

14 R GP 2 5 0.592 1.42 0 0 1 6.73 0 

15 R GP 1 4 0.689 1.42 0 0 1 6.73 0 

16 R SP 2 6 0.761 4.23 0.5 0 1 0.86 0 

17 R SP 1 5 0.548 4.23 0.5 0 1 0.86 0 

18 R SP 2 6 0.649 4.23 0.5 0 1 0.86 0 
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Table 3.1, cont. 

19 R SW 2 6 0.487 15.71 0.3 0 1 3.42 0 

20 R SW 2 5 0.371 15.71 0.3 0 1 3.42 0 

21 R SW 2 5 0.421 15.71 0.3 0 1 3.42 0 

22 R SW 1 0 0.372 15.71 0.3 0 1 3.42 0 

23 R SW 1 0 0.167 24.42 1.1 0 1 3.10 0 

24 R SP 2 6 1.066 1.30 0 0 1 0.33 0 

25 R SP 2 6 0.630 1.30 0 0 1 0.33 0 

26 R SP 0 6 0.800 1.30 0 0 1 0.33 0 

27 R SP 2 0 0.796 1.30 0 0 1 0.33 0 

28 R SP 2 6 0.861 1.33 0 0 1 1.13 0 

29 R SP 2 6 0.580 1.33 0 0 1 1.13 0 

30 R SP 0 6 0.697 1.33 0 0 1 1.13 0 

31 R SP 2 4 0.695 1.33 0 0 1 1.13 0 

32 R SP 2 6 0.776 1.29 0 0 1 2.59 0 

33 R SP 2 6 0.601 1.29 0 0 1 2.59 0 

34 R SP 2 6 0.653 1.29 0 0 1 2.59 0 

35 R SW 2 6 0.526 8.73 0 0 1 2.18 0 

36 R SW 2 6 0.396 8.73 0 0 1 2.18 0 

37 R SW 2 6 0.460 8.73 0 0 1 2.18 0 

38 R SP 2 6 0.667 2.36 0 0 1 2.01 0 

39 R SP 2 6 0.516 2.36 0 0 1 2.01 0 

40 R SP 2 6 0.595 2.36 0 0 1 2.01 0 

41 R SP 1 6 0.604 3.35 0 0 1 2.85 0 

42 R SP 2 6 0.447 3.35 0 0 1 2.85 0 

43 R SP 2 6 0.536 3.35 0 0 1 2.85 0 

44 R SP 0 5 1.145 1.41 0 0 1 0.11 0 

45 R SP 0 5 0.937 1.41 0 0 1 0.11 0 

46 R SP 0 5 1.029 1.41 0 0 1 0.11 0 

47 R GP 0 4 0.659 3.09 0 0 1 6.17 0 

48 R GP 3 4 0.492 3.09 0 0 1 6.17 0 

49 R GP 2 5 0.548 3.09 0 0 1 6.17 0 

50 R SP 2 6 0.697 3.16 0 0 1 0.47 0 

51 R SP 2 6 0.574 3.16 0 0 1 0.47 0 

52 R SP 1 5 0.660 3.16 0 0 1 0.47 0 

53 R SW 2 6 0.569 7.97 0 0 1 1.20 0 

54 R SW 3 6 0.418 7.97 0 0 1 1.20 0 

55 R SW 3 6 0.534 7.97 0 0 1 1.20 0 

56 R SP 3 6 0.652 2.81 0 0 1 1.19 0 

57 R SP 2 6 0.506 2.81 0 0 1 1.19 0 

58 R SP 3 6 0.603 2.81 0 0 1 1.19 0 
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59 R SW 2 6 0.497 15.94 0 0 1 1.20 0 

60 R SW 2 6 0.354 15.94 0 0 1 1.20 0 

61 R SW 3 6 0.421 15.94 0 0 1 1.20 0 

62 R SW-SM 3 6 0.272 51.47 9.3 0 1 3.46 6.11 

63 R SW 2 5 0.602 14.35 3.3 0 1 0.97 2.63 

64 R SP 2 5 0.602 3.78 5.4 0 1 0.33 2.77 

65 R SW 2 5 0.599 14.35 3.3 0 1 0.97 13.5 

66 R SP 1 5 0.487 3.78 5.4 0 1 0.33 15.8 

67 R SW 2 4 0.507 14.35 3.3 0 1 0.97 4.72 

68 R SP 1 0 0.516 3.78 5.4 0 1 0.33 4.55 

69 R SP 0 5 0.415 3.78 5.4 0 1 0.33 10.9 

70 R SW 2 6 0.433 14.35 3.3 0 1 0.97 11.2 

71 R SW 2 3 0.434 14.35 3.3 0 1 0.97 13.5 

72 I SP-SM 1 5 0.730 2.24 9 0 1 0.17 26.4 

73 I SP 1 6 0.830 2.00 4 0 2 0.54 20 

74 R SP 1 4 0.634 1.89 0.1 0 1 0.31 0 

75 R SP 1 0 0.784 2.00 0.1 0 1 0.08 0 

76 R SP 1 5 0.603 2.25 6.1 0 1 0.70 0 

77 R SP 1 5 0.612 3.18 0.6 0 1 0.29 0 

78 R SP 1 5 0.674 1.89 0.1 0 1 0.31 5 

79 R SP 1 0 0.817 2.25 6.1 0 1 0.08 5 

80 R SP 1 5 0.670 2.25 6.1 0 1 0.70 5 

81 R SP 1 5 0.640 3.18 0.6 0 1 0.29 5 

82 R SP 1 0 0.684 1.89 0.1 0 1 0.31 5 

83 R SP 1 6 0.637 1.55 2.6 0 1 0.19 4.2 

84 R SP 1 6 0.793 1.55 2.6 0 1 0.19 6.4 

85 R SP 1 6 0.620 1.81 2.7 0 1 0.19 4.5 

86 R SP 1 6 0.787 1.81 2.7 0 1 0.19 6.6 

87 R SP 1 6 0.613 1.87 0.9 0 1 0.34 4.6 

88 R SP 1 6 0.746 1.87 0.9 0 1 0.34 5.9 

89 R SP 1 6 0.598 2.13 2.4 0 1 0.26 4.4 

90 R SP 1 6 0.743 2.13 2.4 0 1 0.26 5.7 

91 I SW-SM 0 5 0.482 8.57 10 0 1 0.46 3 

92 I SW-SM 0 4 0.437 10.71 12 0 1 0.56 12.5 

93 I SW-SM 0 4 0.373 6.88 9 0 1 0.43 10 

94 I SP-SM 0 5 0.458 5.07 10 0 1 0.30 12.5 

95 R SP-SM 6 6 0.804 1.94 12.6 0 1 - 6.2 

96 R SP-SM 6 6 0.615 1.94 12.6 0 1 - 5 

97 R SP-SM 3 3 0.635 2.24 20.9 0 1 - 5.1 

98 R SP-SM 3 3 0.782 2.24 20.9 0 1 - 5.8 
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99 R SW-SM 5 5 0.947 74.64 37 0 1 - 7.9 

100 R SW-SM 5 5 0.725 74.64 37 0 1 - 3.6 

101 R SM 4 6 0.240 32.71 13 0 1 - 5.61 

102 R SM 3 6 0.245 32.71 13 0 1 - 5.54 

103 R SM 3 6 0.226 49.71 12.8 0 1 - 5.91 

104 R SW 3 0 0.272 51.47 9.3 0 1 - 6.11 

105 R SM 0 5 0.813 2.30 48.9 0 1 - 0 

106 R SM 0 5 0.839 2.30 48.9 0 1 - 5 

107 I SP-SM 1 5 0.670 - 78.7 0 1 - 21.3 

108 I SM 1 4 0.690 - 80.1 0 1 - 19.9 

109 I SP-SM 1 7 0.760 - 78.2 0 1 - 21.8 

110 I ML 1 6 0.480 - 62 0 1 - 19.8 

111 I ML 1 7 0.480 - 62 0 1 - 19.8 

112 I SM 0 6 0.666 - 36 0 1 - 18 

113 I SM 1 0 0.470 - 19 0 1 - 14 

114 I SM 0 3 0.675 - 83.7 0 4 - 11.5 

115 I SP-SM 1 5 0.620 - 89.2 0 1 - 11.4 

116 I SP-SM 1 4 0.720 - 91 0 1 - 14 

117 I SP-SM 1 5 0.750 - 90.6 0 1 - 17.4 

118 I SM 2 0 0.398 - 40 1 2 - 13.4 

119 I SW-SM 2 0 0.480 8.57 10 0 1 - 3 

120 I SW-SM 1 0 0.427 10.71 12 0 1 - 12.5 

121 I SW-SM 1 0 0.380 6.88 9 0 1 - 10 

122 I SP-SM 1 0 0.460 5.07 10 0 1 - 12.5 

123 I SM 1 5 0.650 8.57 26 0 1 - 17.5 

124 I SM 1 5 0.460 11.00 28 0 1 - 13.5 

125 I SM 0 5 0.580 - 43 0 1 - 21.5 

126 I CL 2 0 0.620 - 60 8 2 - 19 

127 I SM 1 0 0.510 5.00 22 1 1 - 14.5 

128 I SC-SM 1 0 0.390 50.00 20 5 1 - 10.8 

129 I SM 1 4 0.510 8.75 17 0 1 - 15.8 

130 I SM 1 4 0.490 - 30 0 1 - 16.4 

131 I SM 1 3 0.550 - 32 0 1 - 17.5 

132 I CL 1 0 0.830 - 92 11 1 - 28.6 

133 I SC 1 0 0.480 - 30 31 4 - 15.2 

134 I SM 1 5 0.920 - 20 0 1 - 32.7 

135 I SM 1 5 0.850 - 14 0 1 - 26.7 

136 I SM 1 4 0.860 - 18 0 1 - 28.1 

137 I ML 1 0 0.920 - 99 7 1 - 35.3 

138 I ML 1 4 0.970 - 52 0 1 - 31 
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139 I SM 1 5 0.880 - 30 0 1 - 31.2 

140 I ML 1 6 0.640 - 78 0 1 - 24 

141 I SM-SC 1 0 0.520 - 40 7 1 - 17.9 

142 I SM 0 5 0.551 - 41.4 0 1 - 14.9 

143 I SM 0 5 0.552 - 41 0 1 - 16.4 

144 I SM 0 4 0.905 - 24 0 1 - 19.8 

145 I SM 0 5 0.788 - 20 0 1 - 24.1 

146 I SM 0 4 1.013 - 40 0 1 - 33.3 

147 I ML 0 5 0.852 - 85 0 1 - 32.5 

148 R SC 2 5 0.506 - 14 12 1 - 12.3 

149 I SC 4 0 0.711 - 23 24 1.12 - 22.9 

150 I SC 4 6 0.770 - 26.2 9 2 - 24 

151 I SC 4 6 0.937 - 29 27 1.6 - 29.7 

152 I SC 4 6 0.738 - 39 29 1.6 - 27.3 

153 I SC 4 6 0.949 - 40 18 2 - 29.8 

154 I CH 3 6 0.447 - 61.7 55 1 - 14.5 

155 I CL 4 6 1.421 - 75 43 2 - 67.9 

156 I CL 4 6 0.976 - 93 19 2 - 38.6 

157 I CL 4 6 1.280 - 98 33 1.3 - 50.3 

158 I MH 4 5 1.087 - 85 25 1.3 - 41.3 

159 I MH 4 6 1.118 - 95 18 1.4 - 44.6 

160 I CH 1 5 1.340 - 49.8 26 1 - 50.2 

161 I CL 1 6 0.580 - 79.3 19 1 - 20.7 

162 I CL 1 0 0.950 - 66.7 30 1 - - 

163 I CL 1 4 1.020 - 63 23 1 - 37 

164 I CL 1 6 1.100 - 58.1 19 1 - 41.9 

165 I CL-ML 1 6 0.540 - 53 5 2 - 19.2 

166 I CL 1 7 0.500 - 54 13 2 - 18.1 

167 I CL 1 5 0.840 - 86 23 1 - 30.1 

168 I CL 1 4 0.630 - 65 13 1 - 24 

169 I CL 1 4 0.840 - 86 23 1 - 30.1 

170 I CH 2 5 1.380 - 93 36 1 - 50 

171 I CH 2 5 1.585 - 97 43 1 - 58 

172 I CH 2 0 1.480 - 96 53 8 - 57 

173 I CL 2 5 0.760 - 91 19 1 - 30 

174 I CL 4 7 0.670 - 99.8 28.8 1 - 20.5 

175 I SM 1 4 0.640 - 47.7 3.4 1 - 23 

176 I CL 2 5 0.640 - 94.9 27.7 8 - 25.9 

177 I SC 2 4 0.470 - 17.0 20.3 1 - 19.5 

178 I ML 1 4 0.240 - 51.9 3.7 2 - 8 
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179 I CL 1 6 0.580 - 75 15 8 - 19 

180 I CL 1 6 0.700 - 62 15 8 - 20 

181 I SC-SM 1 5 0.370 - 48 5 4 - 12.5 

182 I CL 2 5 0.610 - 51 10 1 - 21 

183 I SC 2 5 0.561 - 35 20 2 - 15 

184 I SM 1 0 0.580 - 43 0 1 - 21.5 

185 I CL 2 5 0.580 - 57 10 1 - 20 

186 I ML 1 5 0.770 - 85.0 9 1 - 26.2 

187 I CL 1 5 0.540 - 63.7 9 1 - 17.5 

188 I CL 1 4 0.540 - 66.3 16 2 - 22 

189 I CH 2 5 0.670 - 69.7 29 8 - 25 

190 I CL 1 4 0.500 - 76.7 12 1 - 17 

191 I CL-ML 1 5 0.690 - 53 5 1 - 24 

192 I SC-SM 1 5 0.390 - 20 5 1 - 10.8 

193 I CL 1 5 0.470 - 73 9 1 - 16.4 

194 I CL 1 5 0.280 - 83 12 1 - 9.7 

195 I CL-ML 1 5 0.620 - 51 4 1 - 22 

196 I SM 1 0 0.550 - 41 0 1 - 16.4 

197 I CH 1 5 0.870 - 99 25 4 - 30 

198 I CL 1 5 0.560 - 64 10 1 - 20 

199 I ML 1 3 0.690 - 71 5 1 - 28.6 

200 I CL 1 5 0.830 - 92 11 1 - 28.6 

201 I CH 1 4 0.820 - 99 36 1 - 31.5 

202 I CH 1 3 0.690 - 99 25 1 - 26 

203 I CL 1 3 0.600 - 94 18 1 - 21 

204 I CH 1 5 1.550 - 63 53 1 - 52.8 

205 I SC 1 5 0.900 - 23 34 1 - 31.1 

206 I CH 1 5 0.610 - 87 27 1 - 20.8 

207 I CH 1 4 2.310 - 93 79 1 - 84 

208 I MH 2 5 2.330 - 68 132 4 - 83 

209 I CL 1 5 1.150 - 73 29 1 - 41 

210 I SM-SC 1 7 0.740 - 37 4 1 - 15 

211 I CH 1 0 0.870 - 100 37 1 - 15.2 

212 I SM-SC 1 0 0.520 - 40 7 1 - 17.9 

213 I CL-ML 0 4 0.808 - 65 7 1 - 26.1 

214 I MH 0 6 0.820 - 100 17 4 - 30.8 

215 I MH 0 5 0.776 - 100 17 4 - 30.8 

216 I SC 0 5 0.564 - 27.6 23.6 1 - 15.4 

217 I SM 0 6 0.414 - 40 1 1 - 13.4 

218 I CL 0 5 0.613 - 60 8 16 - 19 
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219 I CL 0 5 0.538 - 83 10 1 - 15 

220 I SM 0 5 0.737 - 41 2 1 - 21 

221 I SM 0 5 0.511 - 22 1 1 - 14.5 

222 I SC 0 5 0.738 - 28 19 1 - 20.6 

223 I SC 0 4 0.416 - 29 16 1 - 12.3 

224 I CL 0 5 0.446 - 70 14 24 - 15.5 

225 I ML 0 4 0.914 - 99 7 1 - 35.3 

226 I ML 0 6 0.879 - 98 8 1 - 31.1 

227 I ML 0 6 0.967 - 98 12 1 - 37.2 

228 R SW-SM 2 0 0.255 17.93 10.62 0 1 0.84 7.1 

229 R SW-SM 2 0 0.268 41.89 8.53 0 1 2.75 6.2 

230 R SW 2 0 0.296 20.89 0 0 1 2.77 5.61 

231 R SW 2 5 0.316 10.53 0 0 1 0.86 6.76 

232 R SW 2 5 0.444 4.53 4 0 1 0.36 10.5 

233 R GP 2 0 0.492 2.74 0 0 1 6.73 4.11 

234 R SW-SM 2 5 0.414 18.33 9.2 0 1 1.12 0.5 

235 R SW-SM 2 5 0.364 18.94 8.3 0 1 1.37 0.5 

236 R SM 2 5 0.386 38.11 19.23 0 1 - 9.6 

237 R SW-SM 0 5 0.255 17.93 10.62 0 1 - 7.1 

238 R SW-SM 0 5 0.268 41.89 8.53 0 1 - 6.2 

239 R SM 2 5 0.456 15.39 16.62 0 1 - 8 

240 R SM 2 5 0.392 31.88 25.28 0 1 - 8.39 

241 R SM 2 5 0.276 16.96 18.82 0 1 - 10.1 

242 R ML 2 5 0.722 21.39 100 0 1 - 20.8 

243 R ML 2 5 0.489 23.84 50 0 1 - 11.7 

244 R ML 2 5 0.558 8.68 80 0 1 - 17.3 

245 R SM 0 6 0.68 3.16 15 0 1 - 13.8 

246 R SM 4 7 0.644 3.16 15 0 1 - 12.1 

247 R SM 3 6 0.607 3.16 15 0 1 - 11.8 

248 R SM 2 6 0.64 3.16 15 0 1 - 13.1 

249 R SM 3 6 0.708 2.21 56.15 0 1 - 25.6 

250 R SM 0 6 0.862 3.65 32.96 0 1 - 19.4 

251 R SM 3 6 0.938 3.65 32.96 0 1 - 32.6 

252 R SM 1 4 0.786 2.21 56.15 0 1 - 29 

253 R SM 1 4 0.898 2.53 38.84 0 1 - 25.4 

Notes:  

(1) Number of confining pressure levels at which linear shear modulus measurements 

have been performed. 

(2) Number of confining pressure levels at which nonlinear shear modulus measurements 

have been performed. 
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Distribution of soil specimens according to soil types based on the Unified Soil 

Classification System (USCS) (ASTM D2487-11, 2011) in the shear modulus modeling 

database is shown in Figure 3.1 and Table 3.2. The soil types are denoted as symbols: 1) 

GP: poorly graded gravel, 2) SP: poorly graded sand, 3) SW: well-graded sand, 4) SM: 

silty sand, 5) SC: clayey sand, 6) CH: clay of high plasticity, fat clay, 7) CL: clay of low 

plasticity, lean clay, 8) MH: silt of high plasticity, elastic silt, 9) ML: silt. Soils with 

mixed soil types are denoted by the dominant part herein: the group SP includes SP and 

SP-SM; group SW includes SW and SW-SM; group SM includes SM and SM-SC; group 

CL includes CL and CL-ML. 

 

 

 

Figure 3.1: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011). 
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Table 3.2: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011). 

Soil Type GP SP SW SM SC CH CL MH ML Total 

Number 11 71 38 48 16 13 36 5 15 253 

 

3.2.1  Database for Small-Strain Shear Modulus Modeling 

For small-strain shear modulus modeling, a total of 220 uncemented soil 

specimens, of which 106 are intact soil specimens and 114 are reconstituted soil 

specimens, are involved. Distribution of soil specimens according to soil types based on 

the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) is shown in 

Figure 3.2 and Table 3.3. 

 

 

Figure 3.2: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Gmax. 
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Table 3.3: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Gmax. 

Soil Type GP SP SW SM SC CH CL MH ML Total 

Number 9 65 29 41 13 11 33 5 14 220 

 

For modeling Gmax, there are 1083 RC tests in total performed on the 220 soil 

specimens in the linear range and the corresponding data points are recorded. All the 

small-strain shear modulus (Gmax) measurements involved in this dissertation varying 

with mean confining pressure (σ0) is plotted in log-log scale in Figure 3.3.  

Information regarding the mean confining pressure levels at which small-strain 

shear modulus measurements have been performed is presented in Figure 3.4 and Table  

 

 

Figure 3.3: Variation of All Gmax Measurements with σ0 in the Database. 
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3.4. The test pressures ranged from 0.05 to 35 atmospheres. The distribution of small-

strain shear modulus measurements according to the estimated void ratio (e) of the soil 

specimen is shown in Figure 3.5 and Table 3.5. The estimated void ratios of soil 

specimens when small-strain shear modulus measurements were performed ranged from 

0.2 to 2.4. The distribution of small-strain shear modulus measurements according to the 

fines contents (FC) of soil specimens is presented in Figure 3.6 and Table 3.6. The fines 

contents of soil specimens when small-strain shear modulus measurements were 

performed ranged from 0 to 100%. The distribution of small-strain shear modulus 

measurements according to the plasticity index (PI) values of soil specimens is presented 

in Figure 3.7 and Table 3.7. The PI values of soil specimen when small-strain shear 

modulus measurements were performed have a range from 0 to 135 %. 

 

 

Figure 3.4: Distribution of Small-Strain Shear Modulus Measurements according to 

Mean Confining Pressure. 
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Figure 3.5: Distribution of Small-Strain Shear Modulus Measurements according to 

Estimated Void Ratio. 

 

Figure 3.6: Distribution of Small-Strain Shear Modulus Measurements according to the 

Fines Content. 
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Figure 3.7: Distribution of Small-Strain Shear Modulus Measurements according to the 

Plasticity Index. 

 

Table 3.4: Distribution of Small-Strain Shear Modulus Measurements according to 

Mean Confining Pressure. 

σ0’, atm 0.05~0.2 0.2~0.4 0.4~0.8 0.8~1.6 1.6~3.2 3.2~6.4 6.4~35 Total 

Number 94 158 186 202 189 149 105 1083 

 

Table 3.5: Distribution of Small-Strain Shear Modulus Measurements according to 

Estimated Void Ratio. 

Void Ratio, e 0.2~0.5 0.5~0.6 0.6~0.7 0.7~0.8 0.8~0.9 0.9~1 1~2.4 Total 

Number 270 213 254 149 92 46 59 1083 

 

 

 

 

737

114

108

78
46

Non-Plastic

0 ~ 10 %

10 ~ 20 %

20 ~ 30 %

30 ~ 135 %



 44 

Table 3.6: Distribution of Small-Strain Shear Modulus Measurements according to the 

Fines Content. 

FC, % 0 ~ 5 % 5 ~ 15 % 15 ~ 30 % 30 ~ 50 % 50 ~ 90 % 90% up Total 

Number 417 123 106 109 233 95 1083 

 

Table 3.7: Distribution of Small-Strain Shear Modulus Measurements according to the 

Plasticity Index. 

PI, % Non-Plastic 0 ~ 10 % 10 ~ 20 % 20 ~ 30 % 30 ~ 135 % Total 

Number 737 114 108 78 46 1083 

 

3.2.2  Database for Nonlinear Shear Modulus Modeling 

For nonlinear shear modulus modeling, a total of 211 uncemented soil specimens, 

of which 98 are intact soil specimens and 113 are reconstituted soil specimens, are 

involved. Distribution of soil specimens according to soil types based on the Unified Soil 

Classification System (USCS) (ASTM D2487-11, 2011) is shown in Figure 3.8 and Table 

3.8. 

For modeling nonlinear shear modulus (G/Gmax) relationship, there are 403 shear 

modulus reduction curves involved, which consist of 4787 RC tests in total performed on 

the 211 soil specimens. All the G/Gmax measurements included in this study varying with 

shear strain is plotted in semi-log scale in Figure 3.9. 

 

Table 3.8: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for G/Gmax. 

Soil Type GP SP SW SM SC CH CL MH ML Total 

Number 9 64 33 33 13 13 32 3 11 211 
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Figure 3.8: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for G/Gmax. 

 

The distribution of shear modulus reduction curves according to the mean 

confining pressure levels is presented in Figure 3.10 and Table 3.9. The test pressures 

ranged from 0.05 to 35 atmospheres. The distribution of shear modulus reduction curves 

according to the estimated void ratio (e) of the soil specimen is shown in Figure 3.11 and 

Table 3.10. The estimated void ratios of soil specimens when shear modulus reduction 

curves were measured ranged from 0.2 to 2.4. The distribution of shear modulus 

reduction curves according to the fines contents (FC) of soil specimens is presented in 

Figure 3.12 and Table 3.11. The fines contents of soil specimens when shear modulus 

reduction curves were measured ranged from 0 to 100%. The distribution of shear 

modulus reduction curves according to the plasticity index (PI) values of soil specimens 

is presented in Figure 3.13 and Table 3.12. The PI values of soil specimen when shear 

modulus reduction curves were measured have a range from 0 to 135 %. 
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Figure 3.9: Variation of All G/Gmax Measurements with Shear Strain in the Database. 
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Table 3.10: Distribution of Shear Modulus Reduction Curves according to Estimated 
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Table 3.11: Distribution of Shear Modulus Reduction Curves according to the Fines 

Content. 

FC, % 0 ~ 5 % 5 ~ 15 % 15 ~ 30 % 30 ~ 50 % 50 ~ 90 % 90% up Total 

Number 154 72 41 37 60 39 403 

 

Table 3.12: Distribution of Shear Modulus Reduction Curves according to the Plasticity 

Index. 

PI, % Non-Plastic 0 ~ 10 % 10 ~ 20 % 20 ~ 30 % 30 ~ 135 % Total 

Number 277 32 34 35 25 403 

 

 

 

Figure 3.10: Distribution of Shear Modulus Reduction Curves according to Mean 

Confining Pressure. 
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Figure 3.11: Distribution of Shear Modulus Reduction Curves according to Estimated 

Void Ratio. 

 

Figure 3.12: Distribution of Shear Modulus Reduction Curves according to the Fines 

Content. 
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Figure 3.13: Distribution of Shear Modulus Reduction Curves according to the Plasticity 

Index. 

 

3.2.3  Database for Small-Strain Material Damping Modeling 

For small-strain material damping ratio (Dmin) modeling, a total of 219 

uncemented soil specimens, of which 102 are intact soil specimens and 117 are 

reconstituted soil specimens, are involved. Distribution of soil specimens according to 

soil types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011) is shown in Figure 3.14 and Table 3.13. 

 

Table 3.13: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Dmin. 

Soil Type GP SP SW SM SC CH CL MH ML Total 

Number 10 68 33 39 9 12 30 5 13 219 
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Figure 3.14: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Dmin. 

 

For modeling Dmin, there are 1104 RC tests in total performed on the 219 soil 

specimens in the linear range and the corresponding data points are recorded. All the 

small-strain material damping ratio (Dmin) measurements involved in this dissertation 

varying with mean confining pressure (σ0) is plotted in log-log scale in Figure 3.15.  

Information regarding the mean confining pressure levels at which small-strain 

material damping ratio measurements have been performed is presented in Figure 3.16 

and Table 3.14. The test pressures ranged from 0.05 to 35 atmospheres. The distribution 

of small-strain material damping ratio measurements according to the estimated void 

ratio (e) of the soil specimen is shown in Figure 3.17 and Table 3.15. The estimated void 

ratios of soil specimens when small-strain material damping ratio measurements were 

performed ranged from 0.2 to 2.4. The distribution of small-strain material damping ratio 
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measurements according to the fines contents (FC) of soil specimens is presented in 

Figure 3.18 and Table 3.16. The fines contents of soil specimens when small-strain 

material damping ratio measurements were performed ranged from 0 to 100%. The 

distribution of small-strain material damping ratio measurements according to the 

plasticity index (PI) values of soil specimens is presented in Figure 3.19 and Table 3.17. 

The PI values of soil specimen when small-strain material damping ratio measurements 

were performed have a range from 0 to 135 %. 

 

 

 

Figure 3.15: Variation of All Dmin Measurements with σ0 in the Database. 
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Figure 3.16: Distribution of Small-Strain Material Damping Ratio Measurements 

according to Mean Confining Pressure. 

 

 

Figure 3.17: Distribution of Small-Strain Material Damping Ratio Measurements 

according to Estimated Void Ratio. 
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Figure 3.18: Distribution of Small-Strain Material Damping Ratio Measurements 

according to the Fines Content. 

 

 

Figure 3.19: Distribution of Small-Strain Material Damping Ratio Measurements 

according to the Plasticity Index. 

401

139
98

120

228

118
0 ~ 5 %

5 ~ 15 %

15 ~ 30 %

30 ~ 50 %

50 ~ 90 %

90% up

747

117

100

82

58

Non-Plastic

0 ~ 10 %

10 ~ 20 %

20 ~ 30 %

30 ~ 135 %



 54 

Table 3.14: Distribution of Small-Strain Material Damping Ratio Measurements 

according to Mean Confining Pressure. 

σ0’, atm 0.05~0.2 0.2~0.4 0.4~0.8 0.8~1.6 1.6~3.2 3.2~6.4 6.4~35 Total 

Number 94 160 188 206 190 153 113 1104 

 

Table 3.15: Distribution of Small-Strain Material Damping Ratio Measurements 

according to Estimated Void Ratio. 

Void Ratio, e 0.2~0.5 0.5~0.6 0.6~0.7 0.7~0.8 0.8~0.9 0.9~1 1~2.4 Total 

Number 300 192 253 144 103 49 63 1104 

 

Table 3.16: Distribution of Small-Strain Material Damping Ratio Measurements 

according to the Fines Content. 

FC, % 0 ~ 5 % 5 ~ 15 % 15 ~ 30 % 30 ~ 50 % 50 ~ 90 % 90% up Total 

Number 401 139 98 120 228 118 1104 

 

Table 3.17: Distribution of Small-Strain Material Damping Ratio Measurements 

according to the Plasticity Index. 

PI, % Non-Plastic 0 ~ 10 % 10 ~ 20 % 20 ~ 30 % 30 ~ 135 % Total 

Number 747 117 100 82 58 1104 

 

3.2.4  Database for Nonlinear Material Damping Ratio Modeling 

For nonlinear material damping ratio modeling, a total of 224 uncemented soil 

specimens, of which 110 are intact soil specimens and 114 are reconstituted soil 

specimens, are involved. Distribution of soil specimens according to soil types based on 

the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) is shown in 

Figure 3.20 and Table 3.18. 
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For modeling nonlinear material damping ratio relationship, there are 409 

material damping increment curves involved, which consist of 4620 RC tests in total 

performed on the 224 soil specimens. All the material damping ratio measurements 

included in this study varying with shear strain is plotted in semi-log scale in Figure 3.21. 

 

Table 3.18: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Nonlinear 

Material Damping. 

Soil Type GP SP SW SM SC CH CL MH ML Total 

Number 10 65 36 39 10 13 31 5 15 224 

 

 

 

Figure 3.20: Distribution of Soil Specimens according to Soil Types based on Unified 

Soil Classification System (USCS) (ASTM D2487-11, 2011) for Nonlinear 

Material Damping. 
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Figure 3.21: Variation of All D Measurements with Shear Strain in the Database. 
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values of soil specimens is presented in Figure 3.25 and Table 3.22. The PI values of soil 

specimen when material damping increment curves were measured have a range from 0 

to 135 %. 

 

Table 3.19: Distribution of Material Damping Increment Curves according to Mean 

Confining Pressure. 

σ0’, atm 0.05~0.2 0.2~0.4 0.4~0.8 0.8~1.6 1.6~3.2 3.2~6.4 6.4~35  Total 

Number 13 50 108 63 78 60 37 409 

 

Table 3.20: Distribution of Material Damping Increment Curves according to Estimated 

Void Ratio. 

Void Ratio, e 0.2~0.5 0.5~0.6 0.6~0.7 0.7~0.8 0.8~0.9 0.9~1 1~2.4 Total 

Number 110 76 92 52 31 23 25 409 

 

Table 3.21: Distribution of Material Damping Increment Curves according to the Fines 

Content. 

FC, % 0 ~ 5 % 5 ~ 15 % 15 ~ 30 % 30 ~ 50 % 50 ~ 90 % 90% up Total 

Number 151 69 36 50 61 42 409 

 

Table 3.22: Distribution of Material Damping Increment Curves according to the 

Plasticity Index. 

PI, % Non-Plastic 0 ~ 10 % 10 ~ 20 % 20 ~ 30 % 30 ~ 135 % Total 

Number 288 34 31 33 23 409 
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Figure 3.22: Distribution of Material Damping Increment Curves according to Mean 

Confining Pressure. 

 

 

Figure 3.23: Distribution of Material Damping Increment Curves according to Estimated 

Void Ratio. 
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Figure 3.24: Distribution of Material Damping Increment Curves according to the Fines 

Content. 

 

 

Figure 3.25: Distribution of Material Damping Increment Curves according to the 

Plasticity Index. 
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3.3    MATERIAL USED FOR PORE WATER PRESSURE GENERATION MODELING STUDY 

There are three types of soil materials which have been used for the pore water 

pressure measurements in the laboratory torsional shear tests. They are liquefiable fine 

sand recovered from Christchurch, NZ, Ottawa sand sent from Buffalo and Willamette 

Silt recovered from Hillsboro site. The Christchurch liquefiable fine sand and Ottawa 

sand were air dried before shipment and reconstituted in the laboratory to build 

specimens. The Willamette Silt was sampled using Shelby tubes from sites and trimmed 

to specimens in the laboratory following the procedure of intact soil specimen 

preparation. In the subchapters, these three types of soil materials are described in more 

details. 

3.3.1  Liquefiable Fine Sand From Christchurch, NZ 

In 2010-2011, the city of Christchurch, NZ, and the surrounding suburbs 

experienced widespread liquefaction multiple times during a series of powerful 

earthquakes known as the Canterbury earthquake sequence. Also in the field shaking tests 

at sites, positive pore water pressure in the liquefaction zone are generated and recorded 

by the pore water pressure sensors. The liquefiable soil in Christchurch, NZ, is supposed 

to be an appropriate testing object for pore water pressure generation and liquefaction 

studies, based on the its behavior in the earthquake and field shaking tests. 

The sand tested in this study is from two sites in a suburb of Christchurch named 

Bexley. The sand was recovered as part of a comprehensive field study to determine the 

effectiveness of shallow (depth ~ 4 m) ground improvements to inhibit liquefaction 

triggering in future earthquakes by Van Ballegooy et al. (2017). The sand was recovered 

as disturbed samples from depths between 2 and 3 m in the zone where liquefaction 

occurred multiple times. The sand was recovered by a significant effort that involved 

dewatering, trenching, logging and sampling at the end of the ground-improvement study 
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Figure 3.26: Grain Size Distribution of Liquefiable Sand from Christchurch, New 

Zealand. 

The specimen designations used herein are S6(2m), S6(3m), S3(2.5m) and 

S3(3m) according to the location (Site 3 and Site 6) and depth. Sieve analyses (ASTM 

D6913-04, 2009) were performed on each sample to determine grain-size distributions. 

The grain size distribution curves of the samples are presented in Figure 3.26. The values 

of percent passing for the various particle diameters, D, are presented in Table 3.23. The 

uniformity coefficient, Cu (= D60 /D10), was then determined. Values of Cu are 1.81, 1.55, 

1.87 and 2.13 for S6(2m), S6(3m), S3(2.5m) and S3(3m), respectively, as presented in 

Table 3.23. Based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011), the liquefiable sands from Site 6 and 3 classify as poorly graded sand (SP). The 

sand is fine sand with fines content (FC) less than 3%. The specific gravity of the sand 
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(a) Site 3 at 2.5 m depth (b) Site 3 at 3.0 m depth 

Figure 3.27: Electron Microscope Images of Sand from Site 3 (Ground Improvement 

Trials Report, 2014). 

Electron microscope images of sands from Site 3 are shown in Figure 3.27 for 

sands from depths of 2.5 and 3 m. The particle shapes of the sands from the 2.5 m and 3 

m depths at Site 3 range between sub-rounded and sub-angular shapes in the writer’s 

judgment. No electron microscope images of sands for Site 6 are available, but the 

particle shapes are expected to be similar to those of sands from Site 3. The assumption is 

made by all researchers in the New Zealand study that these sands were sampled from the 

liquefiable sand layer at each site, and this layer is believed to be continuous throughout 

the test sites. Using the estimated Roundness (R = (minimum radius of the particle edges) 

/ (inscribed radius of the entire particle)) and Cu, values of minimum void ratio, emin, and 

maximum void ratio, emax, were estimated from Youd (1973) as shown in Figure 3.28. 

The emin and emax values were also estimated from Menq (2003), which is denoted as 

Equation 3.1 and Equation 3.2. The values of emin and emax determined using each method 

are also presented in Table 3.23. 
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Figure 3.28: Youd’s Recommended Estimation of emin and emax from Gradational and 

Particle Shape Characteristics and General range of R (Youd, 1973). 

Table 3.23: Grain Size Information of the Liquefiable Sand from Site 3 and 6 in 

Christchurch, New Zealand. 

Site 

𝐷10 𝐷30 𝐷50 𝐷60 𝐷95 

𝐶𝑢 

Estimation1 Estimation2 

(mm) 𝑒𝑚𝑖𝑛 𝑒𝑚𝑎𝑥 𝑒𝑚𝑖𝑛 𝑒𝑚𝑎𝑥 

S6(2m) 0.114 0.162 0.192 0.206 0.295 1.81 0.46 0.96 0.55 0.98 

S6(3m) 0.128 0.164 0.186 0.198 0.250 1.55 0.50 1.0 0.61 1.04 

S3(2.5m) 0.193 0.289 0.335 0.360 0.590 1.87 0.45 0.95 0.54 0.94 

S3(3m) 0.128 0.194 0.255 0.273 0.402 2.13 0.42 0.89 0.50 0.88 

Notes:  

(1) Based on Youd (1973). 

(2) Based on Menq (2003). 
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𝑒𝑚𝑎𝑥 = 0.95 × (1 𝐶𝑢⁄ ) + 0.43 (3.1) 

𝑒𝑚𝑖𝑛 = 0.60 × (1 𝐶𝑢⁄ ) + 0.22 (3.2) 

where 200 ≥ 𝐶𝑢 ≥ 1.0. 

Each specimen was reconstituted as a cylindrical specimen with a diameter of 

about 5.1 cm and a height of about 10.2 cm. The target degree of saturation is 100 %, 

which means the specimens were supposed to be fully saturated. Detailed methods of 

reconstitution are described in the following subchapter.  

 

3.3.2  Ottawa Sand From Buffalo 

The Ottawa sand used in this study was aired dried and shipped from Buffalo. A 

photograph of the sand is shown in Figure 3.29. Sieve analyses (ASTM D6913-04, 2009) 

were performed to determine grain-size distribution of the Ottawa sand. The grain size 

distribution curve of the sand is presented in Figure 3.30. The values of percent passing 

for the various particle diameters, D, are presented in Table 3.24. The uniformity 

coefficient, Cu, was determined to 1.65. Based on the Unified Soil Classification System 

(USCS) (ASTM D2487-11, 2011), the Ottawa sand is classified as poorly graded sand 

(SP). The sand is fine sand with fines content (FC) less than 0.5%. The specific gravity of 

the sand particle is assumed to be 2.65. The values of emin and emax determined using 

methods from Youd (1973) and Menq (2003) are also presented in Table 3.24. 

Each specimen was reconstituted as a cylindrical specimen with a diameter of 

about 5.1 cm and a height of about 10.2 cm. The target degree of saturation is 100 %, 

which means the specimens were supposed to be fully saturated. 
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Figure 3.29: Photograph of Ottawa Sand from Buffalo. 

 

 

Figure 3.30: Grain Size Distribution of Ottawa Sand from Buffalo. 
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Table 3.24: Grain Size Information of Ottawa Sand from Buffalo. 

Soil Type 

𝐷10 𝐷30 𝐷50 𝐷60 𝐷95 

𝐶𝑢 

Estimation1 Estimation2 

(mm) 𝑒𝑚𝑖𝑛 𝑒𝑚𝑎𝑥 𝑒𝑚𝑖𝑛 𝑒𝑚𝑎𝑥 

Ottawa Sand 0.164 0.205 0.252 0.271 0.390 1.65 0.51 0.98 0.58 1.01 

Notes:  

(1) Based on Youd (1973). 

(2) Based on Menq (2003). 

 

3.3.3  Willamette Silt From Hillsboro Site 

The Willamette Silt was sampled using Shelby tubes and shipped from the 

Hillsboro site. A photograph of Willamette Silt specimen after tests, which was trimmed 

and prepared following the procedure in the next subchapter, is shown in Figure 3.31. 

The liquid limit (LL), plastic limit (PL) and plasticity index (PI) of the Willamette Silt 

were determined following the standard test methods for Atterberg limits (ASTM D4318 

– 17, 2017) and are presented in Table 3.25. Based on the Unified Soil Classification 

System (USCS) (ASTM D2487-11, 2011), the Willamette Silt is classified as lean clay 

(CL), but very close to Silt (ML). 

Each specimen was trimmed to a cylindrical specimen with a diameter of about 

5.1 cm and a height of about 10.2 cm. Since the water table is more than 15 ft above the 

sample location, the sample was supposed to be fully saturated. The degree of saturation 

is calculated to be 100 %. 
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Figure 3.31: Photograph of Willamette Silt Specimen from Hillsboro Site. 

 

Table 3.25: Atterberg Limits and Water Content of Willamette Silt from Hillsboro Site. 

Site Depth,ft PL LL PI wc 

B 13 20 17.4% 26.4% 8.9% 30.8% 

 

3.4    SAMPLE PREPARATION AND EXPERIMENT PROGRAMS 

Three types of specimens, associated with different methods of sample 

preparation and test schedules, are involved in this research. They are intact cohesive soil 

specimen, reconstituted unsaturated granular soil specimen and reconstituted saturated 

granular soil specimen. In the following subchapters, the sample preparation and 

experiment programs of the three types of specimens are explained separately.  
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3.4.1  Intact Cohesive Soil Specimen 

The linear and nonlinear shear modulus relationships of the intact cohesive soil 

specimens from the resonant column test are involved into the shear modulus modeling 

study in this research. Intact cohesive soil specimens are usually made from the Shelby 

tube samples, which are taken from the in-situ boreholes at test sites. Due to the diameter 

of Shelby tubes (~ 8 cm) and the edge-effect of sampling, the diameter of the specimen is 

usually chosen to be 5.1 cm (2 inches) and the height is chosen to be 10.2 cm (4 inches). 

Before the set-up, the wax seals on both sides of the Shelby tubes are checked to 

make sure the in-situ index properties, especially water content, of the sample are 

maintained. A 4-jaw cutter is used to cut the tubes into appropriate length. A hydraulic 

extruder is used to extrude the soil sample out from the tube. The soil sample is then 

transferred to a specimen lathe for the diameter trimming. The periphery of the soil 

sample should be trimmed very carefully to the target diameter by wire saws and knives. 

Both ends of the soil specimens are trimmed to the target height in a target size mold. 

Then the specimen is transferred to the pedestal on the test table. The vertical orientation 

of the specimen should be maintained same as the in-situ during the whole process. At 

last, the filter paper and membrane are applied to the specimen with a top cap on the top 

and a pedestal at the bottom. The filter paper provides more drainage paths since 

permeability of cohesive soil is generally low. The membrane is used to apply air 

confining pressure to the specimen. Photographs of the intact specimen preparation are 

shown in Figure 3.32. 
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Figure 3.32: Preparation of Intact Cohesive Soil Specimen. 

After each confining pressure was applied, RC testing was performed in linear 

range over a period of about 1000 minutes to track the consolidation of the cohesive soil. 

Small-strain RC testing was performed every 10 minutes in the first 100 minutes and 

every 100 minutes after the first 100 minutes. After 1000 minutes of consolidation, 

nonlinear RC testing was performed to obtain the nonlinear shear modulus measurement 

(shear modulus reduction curve). Appropriate time for recovery after nonlinear tests was 

needed for soil specimen before changing to the next confining pressure. 

3.4.2  Reconstituted Unsaturated Granular Soil Specimen 

The linear and nonlinear shear modulus relationships of the reconstituted 

unsaturated granular soil specimens from the resonant column test are involved into the 
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shear modulus modeling study in this research. Reconstituted unsaturated soil specimens 

are usually made from cohesionless soil sample which are air-dried or sealed with in-situ 

moisture before delivery. The size of specimen chosen depends on the maximum particle 

size of the soil sample. Generally, the specimen diameter to the maximum particle size 

ratio should be no less than 6, which is recommended in ASTM D4015-87. In the 

following part, a standard preparation procedure for a reconstituted specimen with 5.1 cm 

(2 inches) diameter is introduced as an example. 

The soil was mixed with or without de-aired water to make the target degree of 

saturation. The under-compaction method (Ladd, 1978) was used to build the specimens 

to the target uniform density. The specimen was compacted in 5 layers and each layer had 

a target height which was calculated using the under-compaction method. A split, 

stainless steel mold with an inner diameter slightly greater than 5.1 cm (2 inches) was 

used to hold the specimen during reconstitution. A small, stainless steel tamper with 

slightly less than a diameter of 2.5 cm was used to tamp the specimen to the target height 

in each step. The split mold and small tamper are shown in Figure 3.33. 

 

  
(a) Split Compaction Mold (b) Small Compaction Tamper 

Figure 3.33: Compaction Mold and Compaction Tamper for Reconstituted Specimen. 
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After each confining pressure was applied, RC testing was performed in linear 

range over a period of about 65 minutes to track the consolidation of the granular soil. 

Small-strain RC testing was performed every 10 minutes starting from the 5th minute. 

After 65 minutes of consolidation, nonlinear RC testing was performed to obtain the 

nonlinear shear modulus measurement (shear modulus reduction curve). Appropriate time 

for recovery after nonlinear tests was needed for soil specimen before changing to the 

next confining pressure. 

3.4.3  Reconstituted Saturated Granular Soil Specimen 

The pore water pressure generation measurements, along with nonlinear shear 

modulus relationships of the reconstituted saturated granular soil specimens from the 

torsional shear test are involved into the pore water pressure modeling study in this 

research. Reconstituted saturated soil specimens are made from cohesionless soil sample 

which are air-dried before delivery. In this research, customized top cap and pedestal 

with a diameter of 5.1 cm (2 inches) are made for saturated specimen preparation and 

testing. In the following part, a standard preparation procedure for a reconstituted 

saturated specimen with 5.1 cm (2 inches) diameter is discussed. 

The custom-built top cap and base pedestal are shown in Figure 3.34. The top cap 

was drilled with a hole to set a drainage switch on the top of specimen. A porous stone 

made of brass was press-fitted at the bottom of the hole to prevent soil particles from 

going through. The pedestal has four porous stones made of brass connected to the 

drainage line inside. The porous stones were set at the equivalent radius (γeq = 0.82γo). 

Both top cap and base pedestal are made of aluminium alloy. 
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Figure 3.34: Customized Top Cap and Pedestal for Pore Water Pressure Study. 

There are two methods of making saturated specimen used herein. The first one is 

back-pressure saturation method. The specimen was built with dry granular soil materials 

using under-compaction method. Then CO2 was set to go through the specimen from the 

bottom to the top for a certain period. After that, de-aired water was set to go through the 

specimen from the bottom to the top for a certain period of time. At last, pressures of 

both inside and outside of the specimen were increased to a certain level to compress the 

air bubbles and promote the CO2 dissolve into the water in the specimen to make the 

specimen as saturated as possible. The specimen built using back-pressure saturation 

method (before pressures were applied) is shown in Figure 3.35. 
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Figure 3.35: Specimen Built Using Back-Pressure Saturation Method (Before Pressures 

were Applied). 

The second method is frozen specimen method. The granular soil sample was 

submerged under water in a pot and boiled to eliminate the air from the soil. After 

cooling, the sample was transferred into a split mold and the entire process was 

performed under de-aired water in a bucket to isolate the sample from air. A temporary 

top cap, a temporary bottom cap and a cylindrical membrane were used to seal the 

specimen before taken out from the de-air water pool. The specimen held by the mold 

was frozen in a refrigerator. The frozen specimen is shown in Figure 3.36. The frozen 

specimen was then transferred to the RCTS testing table with the corresponding top cap 

and pedestal.  
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Figure 3.36: Specimen Built Using Frozen Specimen Method. 

De-aired water bath was used to minimize the air transfer through the membrane 

into the specimen during the tests (as shown in Figure 3.37). After each confining 

pressure was applied, RC testing was performed in linear range to track the consolidation 

of the specimen. However, 30 minutes instead of 65 minutes was allowed for 

consolidation to reduce the air transferring into the specimen. After 30 minutes of 

consolidation, nonlinear TS testing was performed to obtain the pore water pressure 

generation, as well as the nonlinear shear modulus measurement (shear modulus 

reduction curve). During each TS testing, 30 cycles of cyclic excitation with different 

amplitudes at a frequency of 0.5 Hz was applied on the top of the saturated specimen. 
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Appropriate time for recovery after nonlinear tests was needed for soil specimen before 

changing to the next confining pressure. 

 

 

Figure 3.37: Water Bath used for Saturated Granular Soil Specimen in RCTS Device. 

 

3.5    SUMMARY 

Databases for modeling the shear modulus and pore water pressure generation are 

discussed in this chapter. A total of 256 uncemented soil specimens, of which 127 are 

Intact soil specimens and 129 are reconstituted soil specimens, are included in this shear 

modulus modeling study as shown in Table 3.1.  

For modeling Gmax, there are 1100 RC tests in total performed on the 223 soil 

specimens in the linear range and the corresponding data points are classified in term of 
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the test pressure, estimated void ratio, the fines content and plasticity index. For modeling 

nonlinear shear modulus (G/Gmax) relationship, there are 403 shear modulus reduction 

curves involved, which consist of 4787 RC tests in total performed on the 214 soil 

specimens. The distributions of shear modulus reduction curves according to the test 

pressure, estimated void ratio, the fines content and plasticity index are discussed.  

For modeling Dmin, there are 1115 RC tests in total performed on the 221 soil 

specimens in the linear range and the corresponding data points are classified in term of 

the test pressure, estimated void ratio, the fines content and plasticity index. For modeling 

nonlinear material damping relationship, there are 409 material damping increment 

curves involved, which consist of 4620 RC tests in total performed on the 226 soil 

specimens. The distributions of shear modulus reduction curves according to the test 

pressure, estimated void ratio, the fines content and plasticity index are discussed.  

For pore water pressure generation modeling study, three types of soil materials 

are used, which are liquefiable fine sand recovered from Christchurch, NZ, Ottawa sand 

sent from Buffalo and Willamette Silt recovered from Hillsboro site. At last, three types 

of specimens, which are intact cohesive soil specimen, reconstituted unsaturated granular 

soil specimen and reconstituted saturated granular soil specimen, associated with 

different methods of sample preparation and test schedules, are presented herein. 
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Chapter 4:  Previous Empirical Relationships 

4.1    INTRODUCTION 

Empirical constitutive models for shear stiffness, material damping ratio and pore 

water pressure generation of soils are widely used in geotechnical engineering practice, 

especially for geotechnical earthquake engineering. Numerous research and studies have 

been contributed to predict the shear moduli and material damping in linear and nonlinear 

ranges, and pore water pressure generation based on index properties and states of soils. 

A few most commonly used models are mentioned in this chapter, respectively.  

4.2    EMPIRICAL MODEL FOR SMALL-STRAIN SHEAR MODULUS 

An early investigation of Gmax of reconstituted sandy soils was performed by 

Hardin and Richart (1963), which revealed that both mean confining pressure (σ0) and 

void ratio (e) affect Gmax. From their studies, a generalized equation was recommended 

for Gmax: 

𝐺𝑚𝑎𝑥 = 𝐴𝐺𝐹(𝑒)(𝜎0)𝑛𝐺 (4.1) 

where F(e) is a function of e, and AG and nG are constants. The value of Gmax and σ0 are 

in kPa. Several forms of F(e) have been proposed in the past several decades. The most 

commonly used are: 

𝐹(𝑒) =
(2.97 − 𝑒)2

1 + 𝑒
 (4.2) 

by Hardin and Black (1968), and  

𝐹(𝑒) =
1

0.3 + 0.7𝑒2
 (4.3) 

by Hardin (1978). 

The values of constants AG and nG varies with soil types. The values of AG and nG 

for sandy and gravelly soils (Kokusho, 1987; Ishihara, 1996) is summarized in Table 4.1. 

For sandy soils, the value of AG varies from 3300 to 9000, and the value of nG is mostly 
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about 0.5 or less. However, for gravelly soils, the values of both AG and nG have a wider 

variation range: AG varies from 1200 to 13000, and nG varies from 0.38 to 0.85. 

 Table 4.1: Values of AG and nG for Sandy and Gravelly Soils (Kokusho, 1987; 

Ishihara, 1996). 

 

 

Seed et al. (1986) also showed that small-strain shear modulus was a function of 

mean confining pressure, as well as soil types. The suggested expression of Gmax is: 

𝐺𝑚𝑎𝑥 = 1000(𝐾2)𝑚𝑎𝑥(𝜎0)𝑛𝐺 (4.4) 
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where Gmax and σ0 are in units of psf. (K2)max is a constant varying with soil types. The 

values for (K2)max suggested by Seed et al. (1986) is summarized in Table 4.2. The values 

of (K2)max for sandy soils vary from 34 to 86, while the values of (K2)max for gravelly 

soils vary from 90 to 188.  

Table 4.2: Values of (K2)max for Sandy and Gravelly Soils (Seed at al., 1986). 

 

Menq (2003) included other important characteristics of granular soils in the Gmax 

model, such as median grain size (D50) and uniformity coefficient (Cu), based on RC tests 

of 59 reconstituted specimens:  

𝐺𝑚𝑎𝑥 = 𝐶𝐺3 × 𝐶𝑢
𝑏1 × 𝑒𝑥 × (

𝜎0

𝑃𝑎
)

𝑛𝐺

 (4.5) 

where  𝐶𝐺3 =  67.1 𝑀𝑃𝑎 (1400 𝑘𝑠𝑓), 

𝑏1 =  −0.2, 

𝑥 =  −1 − (𝐷50 20⁄ )0.75, 

 𝑛𝐺 = 0.48 × 𝐶𝑢
0.09

 

𝐶𝑢  = uniformity coefficient, and, 

𝑒 = void ratio 
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From Menq’s study, the main factors that influence Gmax are σ0, e and D50. The 

effect caused by Cu is minor, and is mostly due to the changes of e caused by changes in 

Cu. According to Menq’s equation, Gmax increases with increasing values of σ0', D50 and 

Cu and decreasing e. 

4.3    EMPIRICAL MODEL FOR NONLINEAR SHEAR MODULUS 

The S-shaped curve of shear modulus reduction with shear strain was first 

published by Seed & Idriss (1970) based on 75 tests on 30 sands. The first comprehensive 

study about the parameters affecting shear modulus reduction curve was conducted by 

Hardin & Drnevich (1972b). A list of parameters with importance of effect on shear 

modulus and material damping is shown in Table 4.3 based on their research.  

Hardin and Drnevich (1972b) also proposed a hyperbolic relationship which can 

relate shear stress and shearing strain in modeling dynamic soil behavior. The hyperbolic 

model can be used to fit the shear modulus reduction curve: 

𝐺

𝐺𝑚𝑎𝑥
=

1

1 + (𝛾 𝛾𝑟⁄ )
 (4.6) 

where G is the secant shear modulus at shear strain of γ, Gmax is the small-strain shear 

modulus, and γr is the reference strain corresponding to strain amplitude when secant 

shear modulus reduces to half of Gmax. In this relationship, γr is the only one parameter 

which accounts for the difference in shear modulus reduction curves for different soils 

and conditions. 

Darendeli (2001) introduced a curvature coefficient “a” into the hyperbolic model 

for better fitting the curvature of shear modulus reduction curve. The modified hyperbolic 

model is proposed as: 

𝐺

𝐺𝑚𝑎𝑥
=

1

1 + (𝛾 𝛾𝑟⁄ )𝑎
 (4.7) 
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Table 4.3: Parameters that Controls Nonlinear Soil Behavior and Their Relative 

Importance in terms of Affecting Shear Modulus and Material Damping 

(Hardin and Drnevich, 1972b). 
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Where 𝛾𝑟 = (0.0352 + 0.001 ∙ 𝑃𝐼 ∙ 𝑂𝐶𝑅0.3246) ∙ (𝜎0)0.3483 

a = 0.919 

γr is still the reference strain at which G/Gmax = 0.5 and a is the curvature 

parameter. γr is affected by plastic limit (PI), over-consolidation ratio (OCR) and mean 

confining pressure (σ0) as shown in, while a is a constant of 0.919. Since the database for 

Darendeli’s model mostly consists of intact clay specimens, this relationship is more fit to 

cohesive soils. 

For cohesionless soils, Menq (2003) found that, in addition to σ0, another main 

factor which affects the nonlinear shear modulus of sandy and gravelly soils is the 

uniformity coefficient (Cu). Based on Menq’s RC tests of 59 reconstituted sandy and 

gravelly soil specimens, he presented the recommended equations for calculating the 

parameters in Darendeli’s modified hyperbolic model for nonlinear shear modulus: 

𝛾𝑟 = 0.12 × 𝐶𝑢
−0.6 × (

𝜎0

𝑃𝑎
)

0.5×𝐶𝑢
−0.15

 (4.8) 

𝑎 = 0.86 + 0.1 × log (
𝜎0

𝑃𝑎
) (4.9) 

Oztoprak & Bolton (2013) proposed a new hyperbolic model to fit the shear 

modulus reduction curve for sands which included the elastic threshold γt
e into the model: 

𝐺

𝐺𝑚𝑎𝑥
=

1

1 + ((𝛾 − 𝛾𝑡
𝑒) 𝛾𝑟⁄ )𝑎

 (4.10) 

Noting that for γ < γt
e, G/Gmax = 1. 

where 𝛾𝑟 = 0.01 ∙ 𝐶𝑢
−0.3 ∙ (𝜎0 𝑃𝑎⁄ ) + 0.08 ∙ 𝑒 ∙ 𝐷𝑟, 

𝛾𝑡
𝑒 = 0.0002 + 0.012 ∙ 𝛾𝑟, 

𝑎 = 𝐶𝑢
−0.075

. 
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γt
e is the elastic threshold strain beyond which shear modulus starts to reduce from 

Gmax. γr is affected by σ0, Cu, e and relative density (Dr). γt
e is in a simple linear relation 

with γr. And curvature parameter, a, depends on Cu.  

4.4    EMPIRICAL MODEL FOR SMALL-STRAIN MATERIAL DAMPING 

Compared with small-strain shear modulus, quality measurements of small-strain 

material damping ratio were rare in the past due to difficulties of eliminating the 

equipment generated damping and background noise. The development of models for 

material damping of soils was relatively slow because of the shortage of available test 

database. However, small-strain material damping of soils was generally believed to 

decrease as confining pressure increases. 

Using metal specimens to determine the equipment generated damping at a range 

of frequencies, Laird (1994) was able to obtain the small-strain material damping ratio 

(Dmin) from the measured damping ratio by subtracting the equipment damping ratio at 

the measurement frequency. An empirical model for the value of Dmin was suggested by 

Laird (1994) as follows: 

 

𝐷𝑚𝑖𝑛 = 𝐶𝐷 ∙ 𝐹(𝑒) ∙ (
𝜎0

𝑃𝑎
)

𝑛𝐷

 (4.11) 

where CD is a dimensionless material damping ratio coefficient, nD is the exponent of the 

normalized mean confining stress, and F(e) was suggested to be the void ratio function by 

Hardin (1978) (Equation 4.3). 

Later on, with the improvements in utilization of digital signal filter and 

accumulation of test data, more and more quality measurements of Dmin were available. 

Darendeli (2001) introduced an empirical model to fit the Dmin, of cohesive soils which is 

proposed as: 
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𝐷𝑚𝑖𝑛 = (0.8 + 0.013 ∙ 𝑃𝐼 ∙ 𝑂𝐶𝑅−0.107) ∙ [1 + 0.292 ∙ ln(𝑓𝑟𝑞)] ∙ (
𝜎0

𝑃𝑎
)

−0.289

 (4.12) 

where PI is the soil plasticity (%), OCR is the overconsolidation ratio, frq is the loading 

frequency, σ0 is the mean confining pressure and Pa is the atmospheric pressure. 

According to this equation, Dmin of cohesive soils increases as PI and loading frequency 

increases, and decreases as OCR and σ0 increases. 

Based on results from RC tests of 59 reconstituted sandy and gravelly soil 

specimens, Menq (2003) presented a recommended equation for calculating the Dmin of 

granular soils: 

𝐷𝑚𝑖𝑛 = 0.55 ∙ 𝐶𝑢
0.1 ∙ 𝐷50

−0.3 ∙ (
𝜎0

𝑃𝑎
)

−0.08

 (4.13) 

where Cu is the uniformity coefficient, D50 is the median grain size. According to this 

equation, Dmin of granular soils increases as Cu increases, and decreases as D50 and σ0 

increases. 

 

4.5    EMPIRICAL MODEL FOR NONLINEAR MATERIAL DAMPING 

The first comprehensive study about material damping curve in nonlinear range 

was conducted by Hardin & Drnevich (1972b). They also proposed an approximate shape 

for the material damping increment curve as: 

 

𝐷 = 𝐷𝑚𝑎𝑥 ∙
𝛾ℎ

1 + 𝛾ℎ
 (4.14) 

where Dmax is the maximum damping ratio of the soil that depends on soil type, mean 

confining pressure, loading frequency and number of cycles. γh is defined as a hyperbolic 

strain, which is calculated as: 
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𝛾ℎ =
𝛾

𝛾𝑟
∙ [1 + 𝑎 ∙ exp (−𝑏 ∙ (

𝛾

𝛾𝑟
))] (4.15) 

where “a” and “b” are coefficients that adjust the shape of the stress-strain curve for soil 

type, loading frequency and number of cycles. γr is the reference strain corresponding to 

strain amplitude when secant shear modulus reduces to half of Gmax. 

Darendeli (2001) adjusted the material damping ratio determined from Masing 

behavior with a scaling function to fit the measured material damping ratio in the 

laboratory. The equation of the model for material damping ratio curve is: 

 

𝐷 = 𝑏 ∙ (
𝐺

𝐺𝑚𝑎𝑥
)

0.1

∙ 𝐷𝑀𝑎𝑠𝑖𝑛𝑔 + 𝐷𝑚𝑖𝑛 (4.16) 

where Dmin is the small-strain material damping ratio and b is a scaling coefficient. 

DMasing is the Masing damping determined from Masing behavior. The equation for 

DMasing is: 

 

 

(4.17) 

where п is pi (=3.14159) and γr is the reference strain. 
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The scaling coefficient b for cohesive soils is a function of loading cycles (N): 

 

𝑏 = 0.6329 − 0.0057 ∙ ln(𝑁) (4.18) 

 

4.6    EMPIRICAL MODEL FOR PORE WATER PRESSURE GENERATION 

The major variable in effective stress analysis of soil, mostly sand, is the variation 

in the pore water pressure. Based on the effective stress theory, pore water pressure 

variation in soils can cause changes of effective stresses, which lead to the variation in 

the stiffness of soils. 

Dobry developed a simple pore water pressure model based directly on the results 

of an undrained cyclic strain-controlled test series (Dobry et al. 1986). The accumulated 

or excess residual pore water pressure normalized to the initial vertical effective stress, ru, 

was predicted in the model. The general form of the Dobry’s pore pressure model is 

presented as follows: 

𝑟𝑢 =
𝑝 ∙ 𝑁𝑐 ∙ 𝑔(𝛾𝑐𝑦)

1 + 𝑁𝑐 ∙ 𝑔(𝛾𝑐𝑦)
 

(4.19) 

where p is a constant parameter, NC is the number of loading cycles, and g(γcy) is a 

function which represents the tendency of volumetric strain in a single undrained cycle of 

γcy if the test had been drained. The constant p and function g(γcy) can be determined by 

fitting the cyclic undrained test results. 

Based on the model fit to the experimental data points, the g(γcy) function was 

determined by Vucetic and Dobry (1986). The particular form of the model describing 

the pore water pressure buildup in a majority of sands is shown as: 

𝑟𝑢 =
𝑝 ∙ 𝑁𝑐 ∙ 𝐹 ∙ (𝛾𝑐𝑦 − 𝛾𝑡𝑝)

𝑠

1 + 𝑁𝑐 ∙ 𝐹 ∙ (𝛾𝑐𝑦 − 𝛾𝑡𝑝)
𝑠 (4.20) 
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Where γtp is the practical threshold strain, below which for all practical purposes the 

residual pore pressure buildup can be taken as zero. It was mentioned that γtp is usually 

somewhat larger than the actual threshold strain for pore pressure generation γt, which is 

in most cases about equal to 0.01%. The parameter p, F and s are experimentally obtained 

constants.  

4.7    SUMMARY 

Empirical constitutive models for small-strain and nonlinear shear modulus (Gmax 

and G/Gmax), small-strain and nonlinear material damping ratio (Dmin and D) and pore 

water pressure generation (ru) are introduced in this chapter, respectively.  

For small-strain shear modulus, an early model for reconstituted sandy soils was 

proposed by Hardin and Richart (1963). An importance function in this model called the 

void ratio function F(e) has been studied and recommended in several forms. Another 

model for Gmax was developed by Seed et al. (1986). A material constant, (K2)max, is 

involved in this model and varies with soil types. Menq (2003) also proposed a Gmax 

model by including characteristic of granular such as median grain size (D50) and 

uniformity coefficient (Cu) based on RC tests of 59 reconstituted specimens. For 

nonlinear shear modulus modeling, the S-shaped shear modulus reduction curve was first 

published by Seed & Idriss (1970). The first hyperbolic model to fit the shear modulus 

reduction curve is proposed by Hardin and Drnevich (1972b) with only one parameter γr 

which accounts for difference in shear modulus reduction curves for different soils and 

conditions. Darendeli (2001) introduced a curvature coefficient “a” into the hyperbolic 

model for better fitting the curvature of shear modulus reduction curve. Oztoprak & 

Bolton (2013) proposed a modified hyperbolic model to fit the shear modulus reduction 

curve for sands which included the elastic threshold γt
e into the model.  



 88 

For small-strain material damping, Laird (1994) proposed an early model of Dmin 

based on the small-strain material damping ratio measurements from the measured 

damping ratio by subtracting the equipment damping ratio at the measurement frequency. 

Darendeli (2001) introduced an empirical model to fit the Dmin, of cohesive soils and 

Menq (2003) presented a recommended equation for calculating the Dmin of granular 

soils. For nonlinear material damping, the first comprehensive study and model of 

material damping curve in nonlinear range was conducted by Hardin & Drnevich 

(1972b). By adjusting the material damping ratio determined from Masing behavior with 

a scaling function to fit the measured material damping ratio in the laboratory, Darendeli 

(2001) proposed an adjusted damping model to fit the material damping curve. For pore 

water pressure modeling, the Dobry’s pore pressure model with g(γcy) function 

determined by Vucetic and Dobry (1986) was mentioned in the end. 
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Chapter 5:  Proposed Model for Small-Strain Shear Modulus of 

Uncemented Soils 

5.1    MODEL DEVELOPMENT 

A generalized model for the estimation of Gmax is proposed in this chapter as an 

alternative to the in-situ soil stiffness measurements. The empirical equation for the Gmax 

model is: 

𝐺𝑚𝑎𝑥 = 𝐶𝐺 ∙ 𝐹𝐺 ∙ 𝐹(𝜎0) (5.1) 

in which CG is a single-value, soil-type-dependent constant. FG is dependent on soil 

index and density properties. F(σ0) is dependent on soil index and confining-state 

properties as discussed below. 

Based on the small-strain shear modulus database described in Chapter 3, many 

factors related to soil properties and confinement states show impacts on Gmax. These 

factors include soil type, mean confining pressure (σ0), void ratio (e), fines content (FC), 

uniformity coefficient (Cu), median grain size (D50), water content (wc), the plasticity 

index (PI) and the overconsolidation ratio (OCR). The resolution of one soil index 

property can be of adequate or limited quality depending on the type of soil. For example, 

PI can be used to differentiate clays but it is not a good indicator for sands since most of 

clean sands have no plasticity. FC is a useful index for sands but not for clays because 

many clays can have similar values of FC which are above 90 %. Cu is not useful if FC is 

greater than 10 % and D10, which is used to calculate Cu, becomes controversial.  

To achieve better regression analyses for test data from a wide variety of soils, the 

new database was best fitted using the generalized Equation 5.1, but with different CG, 

and different combinations of property factors into the functions FG and F(σ0’), for 

different soil types. Based on the performance of multivariable regression analyses, soils 

were divided in this study into three groups as follows: 1) Clean Sand and Gravel Group 



 90 

(soils with FC ≤ 12%), 2) Non-Plastic Silty Sand Group (soils with FC > 12 % and no 

plasticity), 3) Clayey Soil Group (soils with FC > 12% and plasticity). 

The modeling process used to develop the parameters in Equation 5.1 was 

conducted following a residual analysis procedure. At first, only one variable with the 

greatest impact on Gmax was considered in the model and the model was designated as 

Stage-1. Since the linear (or bilinear) relationship between Gmax and σ0 on a log-log scale 

is well accepted and nearly always observed during tests, the mean confining pressure 

turned out to be the most obvious influence factor and was chosen to be the first variable 

considered in the Stage-1 model. The Stage-1 model equation was determined from many 

different forms of variable combinations using the method of least squares. Residuals 

were then calculated based on the regression equation and plotted against the other 

variables which are not included in the model. Looking at the residual plots, the variable 

that showed the strongest relationship with the residuals was then added to the model and 

the model was improved and labelled as Stage-2. The Stage-2 model equation was also 

determined from many different forms of variables combinations using the method of 

least squares. Residuals were again plotted against the remaining variables not included 

in the model and the variable with the strongest relationship was then added as the Stage-

3 model. The same manner was continued until the residual plots showed no obvious 

relationships. 

However, following the procedure described above, some of the variables added 

to the model may not be necessary. To determine if a given variable is worth including in 

the model, the adjusted coefficient of multiple determination, Ra
2, was used as follows: 

 

𝑅𝑎
2 = 1 − (

𝑛 − 1

𝑛 − 𝑝
) ∙

𝑆𝑆𝐸

𝑆𝑆𝑇𝑂
 (5.2) 
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where n is number of observations, p is the number of parameters in the model, SSE is 

the error sum of squares (= ∑(Yi − Ŷi)
2
) and SSTO is the total sum of squares (=

∑(Yi − Y̅)2). Yi is the ith value of the observation, Ŷi is the predicted value of Yi, and Y̅ 

is the mean value of the observation. The degrees of freedom for SSE and SSTO are (n-p) 

and (n-1), respectively. Only the added variables which cause a reasonable increase in the 

fit of the model to overcome the decrease of (n-p) are worthy of keeping in the model. In 

other words, the added variables which cause the Ra
2 to increase are improving the model 

and worth including in the model. 

Besides Ra
2, Akaike’ Information Criterion (AIC) and Bayesian Information 

Criterion (BIC) are also used as model selection criteria judging the improvement of the 

model. The AIC and BIC are defined as shown in Equations 5.3 and 5.4, respectively: 

 

𝐴𝐼𝐶 = 𝑛 ∙ ln(𝑆𝑆𝐸) − 𝑛 ∙ ln(𝑛) + 2𝑝 (5.3) 

𝐵𝐼𝐶 = 𝑛 ∙ ln(𝑆𝑆𝐸) − 𝑛 ∙ ln(𝑛) + 𝑝 ∙ ln(𝑛) (5.4) 

where n is number of observations, p is the number of parameters in the model, and SSE 

is the error sum of squares (= ∑(Yi − Ŷi)
2
). Notice that for both measures, the first term 

is 𝑛 ∙ ln(𝑆𝑆𝐸) which decreases as SSE decreases. The second term in both measures, 𝑛 ∙

ln(𝑛) is fixed for a given sample, regardless of which model is used. For both measures, 

the third terms, 2𝑝 and 𝑝 ∙ ln(𝑛), are penalty terms which increase as p increases. When 

a variable is added, the criteria will only be smaller when the decrease in SSE outweighs 

the increase in the penalty terms. In another word, the added variables which cause the 

AIC and BIC to decrease are improving the model and worth including in the model. 

Since the Gmax values were calculated from the first-mode resonant frequency 

measurements during resonant column (RC) testing, the error term in Gmax measurements 

was assumed to follow the log-normal distribution to be more reasonable. Thus, the 
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method of least squares was performed on the natural logarithm transformation of the 

original data, and the residual analysis was also performed in natural logarithm space. 

5.2    GMAX OF CLEAN SAND AND GRAVEL GROUP (WITH FC ≤ 12 %) 

The first soil group is denoted as clean sand and gravel, which includes soils with 

fines content no greater than 12 %. Based on the small-strain shear modulus database 

described in Chapter 3, the soil types involved in the clean sand and gravel group are GP, 

SP, SP-SM, SW and SW-SM. Distribution of soil specimens according to soil types 

based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in Gmax modeling of clean sand and gravel group is shown in Figure 5.1 and 

Table 5.1. The total number of soil specimens involved are 90, of which 84 are 

reconstituted soil specimens and 6 are intact soil specimens recovered from Shelby tubes. 

A total of 467 Gmax measurements from RC tests were included into the regression 

analysis for Gmax modeling. There are 5 stages of models generated during the model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05. 

Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), for 

soils with FC less than 12 %, the uniformity coefficient (Cu) and median grain size (D50) 

from grain size analysis are good indicators for soils and enter the parameter 

development of the model. 

 

Table 5.1: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type GP SP SP-SM SW SW-SM Total 

Number 9 54 2 19 6 90 
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Figure 5.1: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

 

5.2.1 Stage-1 Model for Gmax of Clean Sand and Gravel Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the Gmax measurements in the clean sand and 

gravel group using the method of least squares. The following equation was selected to 

be the Stage-1 model equation with the smallest error sum of squares (SSE) and largest 

adjusted coefficient of multiple determination (Ra
2) values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

𝛽2

 (5.5) 
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The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation are presented in Table 5.1, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE (root mean squared error). 

In Table 5.2, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for both β1 and β2 are much smaller 

than the significant level α of 0.05, which means both hypotheses tests are significant and 

the estimated values for β1 and β2 are reasonable. The R2 value for Stage-1 model is 

around 0.79, representing 79 percent of variance explained by the model. The values of 

Ra
2, AIC and BIC are used to compare with the next stage model for the evaluation of 

improvement. The RMSE is 0.299, which is also known as the standard error of the 

regression. The coefficient covariance of the Stage-1 model is shown in Table 5.3. 

 

Table 5.2: Estimated Coefficients of Stage-1 Model for Clean Sand and Gravel Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 2263.06 32.51 69.61 4.63E-248 

β2 0.51 0.01 41.88 6.69E-160 

R2 = 0.79, Ra
2 = 0.79, AIC = 197.9, BIC = 206.2, RMSE = 0.299 
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Table 5.3: Coefficient Covariance of Stage-1 Model for Clean Sand and Gravel Group. 

 β1 β2 

β1 1056.825 0.106 

β2 0.106 1.49E-04 

 

The predicted Gmax values from Stage-1 model are plotted against the measured 

Gmax values in the database for clean sand and gravel group in Figure 5.2. Figures 5.2(a) 

and 5.2(b) are in linear and logarithmic scales, respectively. Since the Gmax measurements 

are assumed to follow the log-normal distribution, the 95 % prediction bound (PB), 

which is supposed to capture 95 % of all the Gmax measurements, was denoted as follows: 

 

95 %  𝑃𝐵 = (exp(𝜇 − 1.96𝜎) , exp(𝜇 + 1.96𝜎)) (5.6) 

in which µ and σ are the mean and standard deviation of the natural logarithm of the 

predicted Gmax values at each level of measured Gmax values. Then the exp(µ) is the mean 

of the predicted Gmax values and exp(1.96σ) is the scale factor describing the prediction 

bound. As shown in Figure 5.2, the scale factor is calculated to be 1.796 and denoted by 

two red dashed lines (the slope of upper dashed line is 1.796 and the slope of lower 

dashed line is 1/1.796). 95% of all the Gmax measurements are supposed to fall between 

the two red dashed lines. 

The residuals are calculated from the Stage-1 model as the differences between 

the predicted Gmax values and the measured Gmax values. As shown in Figure 5.3, the 

residuals are plotted with respect to all the possible variables considered in the database, 

which includes mean confining pressure (σ0), void ratio (e), median grain size (D50),  
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Figure 5.2: Comparison of Predicted Gmax Values from the Stage-1 Model with 

Measured Gmax Values for the Clean Sand and Gravel Group: (a) Linear 

Scale, (b) Log Scale. 
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Figure 5.3: Residuals from the Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for the Clean Sand and Gravel Group. 

 

uniformity coefficient (Cu), and fines content (FC). The red lines in the residual plots are 

the fitting lines using a polynomial function p(x) of degree n as: 

 

𝑝(𝑥) = 𝑝1𝑥𝑛 + 𝑝2𝑥𝑛−1 + ⋯ + 𝑝𝑛𝑥 + 𝑝𝑛+1 (5.7) 
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As the purpose of the fitting lines was simply to show the trend of residuals 

changing with variables, the degree of the polynomial function was chosen to be 2 for 

simplicity. Looking at all the residual plots in Figure 5.3, the void ratio shows the 

strongest relationship with the residuals: the trend of residuals decreases as void ratio 

increases. The trend of residuals also shows obvious dependencies on D50 and Cu. 

However, these relationships are not as strong as the relationship between residual and 

void ratio. Therefore, void ratio was added to the Stage-1 model to generate the Stage-2 

model.  

In Figure 5.3(f), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Gmax measurements. However, in this case, patterns 

are shown in the residual against Gmax plot, which means the variance assumption is 

unsatisfied. 

5.2.2 Stage-2 Model for Gmax of the Clean Sand and Gravel Group 

With both mean confining pressure (σ0) and void ratio (e) in the model, many 

different forms of regression equations were applied to fit the Gmax measurements in the 

clean sand and gravel group using the method of least squares. The following equation 

selected to be the Stage-2 model equation with the smallest SSE and largest Ra
2 values is: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (
𝜎0

𝑃𝑎
)

𝛽3

 (5.8) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation are presented in Table 5.4, as well as the SSEs, t-
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statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.4, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for β1, β2 and β3 are much smaller 

than the significant level α of 0.05, which means all hypotheses tests are significant and 

the estimated values for β1, β2 and β3 are reasonable. The R2 value for the Stage-2 model 

is around 0.919, representing 91.9 percent of variance explained by the model. The value 

of Ra
2 is 0.918 and larger than that of the Stage-1 model which is 0.79. The value of AIC 

is -242.7 and smaller than that of the Stage-1 model which is 197.9. The value of BIC is -

230.3 and smaller than that of the Stage-1 model which is 206.2. Based on the three 

model selection criteria above, the Stage-2 model shows improvements relative to the 

Stage-1 model and void ratio should be added into the regression model as a variable. 

The coefficient covariance of the Stage-2 model is shown in Table 5.5. 

 

Table 5.4: Estimated Coefficients of Stage-2 Model for Clean Sand and Gravel Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1409.14 27.74 50.80 1.16E-191 

β2 0.86 0.03 27.03 2.49E-97 

β3 0.50 0.01 64.93 5.20E-235 

R2 = 0.919, Ra
2 = 0.918, AIC = -242.7, BIC = -230.3, RMSE = 0.187 
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Table 5.5: Coefficient Covariance of Stage-2 Model for Clean Sand and Gravel Group. 

 β1 β2 β3 

β1 769.519 -0.783 0.040 

β2 -0.783 1.00E-03 -1.80E-05 

β3 0.040 -1.80E-05 5.84E-05 

 

The predicted Gmax values from the Stage-2 model are plotted against the 

measured Gmax values in the database for clean sand and gravel group in Figure 5.4. 

Figures 5.4(a) and 5.4(b) are in linear and logarithmic scales, respectively. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.440 and denoted by two red dashed lines (the slope of upper dashed line is 1.440 and 

the slope of lower dashed line is 1/1.440). Compared with the Stage-1 model, the scale 

factor for Stage-2 model is smaller, which reflects smaller variance in the Gmax 

prediction. 

The residuals are calculated for the Stage-2 model and are plotted in Figure 5.5 

with respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), median grain size (D50), uniformity coefficient 

(Cu), and fines content (FC). Based on Equation 5.7, a two-degree polynomial fitting 

function was chosen to show the trend of residuals changing with the variables, which is 

plotted as the red line in each subplot. Looking at all the residual plots, D50 shows the 

strongest relationship with the residuals in the Stage-2 model: the trend of residuals 

increases as D50 increases. Thus, D50 should be added into the Stage-2 model to generate 

the next Stage-3 model. The trend of residuals shows no obvious dependencies on σ0 and 

e anymore since they are already considered in the Stage-2 model. 
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Figure 5.4: Comparison of Predicted Gmax Values from the Stage-2 Model with the 

Measured Gmax Values for the Clean Sand and Gravel Group: (a) Linear 

Scale, (b) Log Scale. 
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Figure 5.5: Residuals from the Stage-2 Model Plotted with Respect to All the Possible 

Variables and Measured Gmax Values for the Clean Sand and Gravel Group. 

In Figure 5.5(f), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. Compared with the Stage-1 model, the residuals of 

Stage-2 model are more randomly scattered around zero along the Gmax measurements, 

and no obvious patterns are shown, which means the constant variance assumption is 

satisfied. 
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5.2.3 Stage-3 Model for Gmax of the Clean Sand and Gravel Group 

Considering mean confining pressure (σ0), void ratio (e) and median grain size 

(D50) in the model, many different forms of regression equations were applied to fit the 

Gmax measurements in the clean sand and gravel group using the method of least squares. 

The following equation was selected to be the Stage-3 model equation with the smallest 

SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2−(𝛽3∙𝐷50)𝛽4
∙ (

𝜎0

𝑃𝑎
)

𝛽5

 (5.9) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation are presented in Table 5.6, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

 

Table 5.6: Estimated Coefficients of the Stage-3 Model for Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1388.74 23.02 60.34 3.23E-221 

β2 0.75 0.04 20.10 4.99E-65 

β3 0.09 0.01 16.99 1.16E-50 

β4 1.09 0.10 11.00 3.87E-25 

β5 0.51 0.01 81.71 8.60E-277 

R2 = 0.947, Ra
2 = 0.947, AIC = -442.0, BIC = -421.3, RMSE = 0.151 
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Table 5.7: Coefficient Covariance of the Stage-3 Model for Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 

β1 529.739 -0.661 -1.87E-03 -0.629 0.026 

β2 -0.661 1.39E-03 -5.54E-05 2.59E-03 -2.51E-05 

β3 -1.87E-03 -5.54E-05 2.75E-05 -7.47E-05 4.72E-06 

β4 -0.629 2.59E-03 -7.47E-05 9.80E-03 -2.82E-05 

β5 0.026 -2.51E-05 4.72E-06 -2.82E-05 3.89E-05 

 

In Table 5.6, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over the SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for the Stage-3 model is around 0.947, representing 94.7 percent of variance being 

explained by the model. The value of Ra
2 is 0.947 and larger than that of the Stage-2 

model which is 0.918. The value of AIC is -442.0 and smaller than that of the Stage-2 

model which is -242.7. The value of BIC is -421.3 and smaller than that of the Stage-2 

model which is -230.3. Based on the three model selection criteria above, the Stage-3 

model shows improvements relative to the Stage-2 model and the median grain size (D50) 

should be added in the regression model as a variable. The coefficient covariance of the 

Stage-3 model is shown in Table 5.7. 
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The predicted Gmax values from the Stage-3 model are plotted against the 

measured Gmax values in the database for the clean sand and gravel group in Figure 5.6. 

Figures 5.6(a) and 5.6(b) are in linear and logarithmic scales, respectively. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.342 and denoted by two red dashed lines (the slope of upper dashed line is 1.342 and 

the slope of lower dashed line is 1/1.342). Compared with Stage-2 model, the scale factor 

for the Stage-3 model is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 5.7 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), median grain size (D50), uniformity coefficient (Cu) 

and fines content (FC). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, Cu shows the strongest 

relationship with the residuals: the trend of residuals decreases as Cu increases. Thus, the 

Cu should be added into the Stage-3 model to generate the next Stage-4 model. The trend 

of residuals shows no obvious dependencies on σ0, e and D50 anymore since they are 

already considered in the Stage-3 model. 

In Figure 5.7(f), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-3 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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Figure 5.6: Comparison of the Predicted Gmax Values from the Stage-3 Model with 

Measured Gmax Values for the Clean Sand and Gravel Group: (a) Linear 

Scale, (b) Log Scale. 
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Figure 5.7: Residuals from the Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for the Clean Sand and Gravel Group. 
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5.2.4 Stage-4 Model for Gmax of Clean Sand and Gravel Group 

With mean confining pressure (σ0), void ratio (e), median grain size (D50) and 

uniformity coefficient (Cu) considered in the model, many different forms of regression 

equations were applied to fit the Gmax measurements in the clean sand and gravel group 

using the method of least squares. The following equation was selected to be the Stage-4 

model equation with the smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝐶𝑢
−𝛽2 ∙ 𝑒−𝛽3−(𝛽4∙𝐷50)𝛽5 ∙ (

𝜎0

𝑃𝑎
)

𝛽6∙(𝐶𝑢)𝛽7

 (5.10) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation were presented in Table 5.8, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.8, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.978, representing 97.8 percent of variance explained 

by the model. The value of Ra
2 is 0.978 and larger than that of Stage-3 model which is 

0.947. The value of AIC is -847.9 and smaller than that of Stage-3 model which is -442.0. 

The value of BIC is -818.9 and smaller than that of Stage-3 model which is -421.3. Based 

on the three model selection criteria above, Stage-4 model show improvements on Stage  
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Table 5.8: Estimated Coefficients of Stage-4 Model for Clean Sand and Gravel Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1343.96 15.00 89.58 2.70E-293 

β2 0.21 0.01 22.34 2.06E-75 

β3 1.08 0.06 17.60 2.22E-53 

β4 0.09 0.01 10.04 1.46E-21 

β5 0.51 0.07 6.95 1.27E-11 

β6 0.47 0.01 71.25 1.22E-250 

β7 0.06 0.01 6.79 3.52E-11 

R2 = 0.978, Ra
2 = 0.978, AIC = -847.9, BIC = -818.9, RMSE = 0.098 

 

Table 5.9: Coefficient Covariance of Stage-4 Model for Clean Sand and Gravel Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 225.08 -2.2E-03 -0.52 0.03 -0.33 0.02 -0.02 

β2 -2.2E-03 9.1E-05 -1.5E-07 1.8E-05 -2.7E-04 7.3E-06 -1.4E-05 

β3 -0.52 -1.5E-07 3.8E-03 -3.5E-04 3.9E-03 2.5E-05 -6.1E-05 

β4 0.03 1.8E-05 -3.5E-04 7.7E-05 -3.3E-04 1.7E-06 3.5E-06 

β5 -0.33 -2.7E-04 3.9E-03 -3.3E-04 5.4E-03 4.4E-05 -6.3E-05 

β6 0.02 7.3E-06 2.5E-05 1.7E-06 4.4E-05 4.3E-05 -4.7E-05 

β7 -0.02 -1.4E-05 -6.1E-05 3.5E-06 -6.3E-05 -4.7E-05 7.4E-05 
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3 model and uniformity coefficient (Cu) should be added into the regression model as a 

variable. The coefficient covariance of the Stage-4 model is shown in Table 5.9. 

The predicted Gmax values from Stage-4 model are plotted against the measured 

Gmax values in the database for clean sand and gravel group in Figure 5.8. Figures 5.8(a) 

and 5.8(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 1.209 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.209 and the slope of 

lower dashed line is 1/1.209). Compared with Stage-3 model, the scale factor for Stage-4 

model is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-4 model and plotted in Figure 5.9 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), median grain size (D50), uniformity coefficient (Cu) 

and fines content (FC). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, FC shows the strongest 

relationship with the residuals. Thus, the FC should be added into the Stage-4 model to 

generate the next Stage-5 model. The trend of residuals shows no obvious dependencies 

on σ0, e, D50 and Cu anymore since they are already considered in the Stage-4 model. 

In Figure 5.9(f), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-4 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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Figure 5.8: Comparison of Predicted Gmax Values from Stage-4 Model with Measured 

Gmax Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.9: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clean Sand and Gravel Group. 
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5.2.5 Stage-5 Model for Gmax of Clean Sand and Gravel Group 

With mean confining pressure (σ0), void ratio (e), median grain size (D50), 

uniformity coefficient (Cu) and fines content (FC) considered in the model, many 

different forms of regression equations were applied to fit the Gmax measurements in the 

clean sand and gravel group using the method of least squares. The following equation 

was selected to be the Stage-5 model equation with the smallest SSE and largest Ra
2 

values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝐶𝑢
−𝛽2 ∙ 𝑒−𝛽3−(𝛽4∙𝐷50)𝛽5 ∙ (

𝜎0

𝑃𝑎
)

𝛽6∙(𝐶𝑢)𝛽7−𝛽8∙𝐹𝐶

 (5.11) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-5 model 

function using least squares estimation were presented in Table 5.10, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.10, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-5 model is around 0.980, representing 98.0 percent of variance explained 

by the model. The value of Ra
2 is 0.980 and larger than that of Stage-4 model which is 

0.978. The value of AIC is -905.0 and smaller than that of Stage-4 model which is -847.9. 

The value of BIC is -871.8 and smaller than that of Stage-4 model which is -818.9. Based  



 114 

Table 5.10: Estimated Coefficients of Stage-5 Model for Clean Sand and Gravel Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1334.95 14.05 95.04 4.65E-304 

β2 0.21 0.01 23.78 4.70E-82 

β3 1.12 0.05 21.08 1.74E-69 

β4 0.09 0.01 11.94 8.66E-29 

β5 0.54 0.07 7.85 3.01E-14 

β6 0.48 0.01 77.28 2.96E-265 

β7 0.08 0.01 9.51 1.08E-19 

β8 1.03 0.13 7.80 4.34E-14 

R2 = 0.980, Ra
2 = 0.980, AIC = -905.0, BIC = -871.8, RMSE = 0.092 

 

on the three model selection criteria above, Stage-5 model show improvements on Stage-

4 model and the fines content (FC) should be added into the regression model as a 

variable. The coefficient covariance of the Stage-5 model is shown in Table 5.11. 

The predicted Gmax values from Stage-5 model are plotted against the measured 

Gmax values in the database for clean sand and gravel group in Figure 5.10. Figures 

5.10(a) and 5.10(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.196 

and denoted by two red dashed lines (the slope of upper dashed line is 1.196 and the 

slope of lower dashed line is 1/1.196). Compared with Stage-4 model, the scale factor for 

Stage-5 model is smaller, which reflects smaller variance in the Gmax prediction. 
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Table 5.11: Coefficient Covariance of Stage-5 Model for Clean Sand and Gravel Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 197.29 -2.3E-03 -0.43 0.02 -0.29 0.02 -0.02 -0.15 

β2 -2.3E-03 8.0E-05 2.1E-05 1.1E-05 -2.4E-04 6.3E-06 -1.2E-05 -1.4E-06 

β3 -0.43 2.1E-05 2.8E-03 -2.2E-04 3.0E-03 2.3E-05 -3.6E-05 6.7E-04 

β4 0.02 1.1E-05 -2.2E-04 5.3E-05 -2.1E-04 1.8E-06 1.6E-06 -1.9E-05 

β5 -0.29 -2.4E-04 3.0E-03 -2.1E-04 4.7E-03 4.0E-05 -4.4E-05 5.0E-04 

β6 0.02 6.3E-06 2.3E-05 1.8E-06 4.0E-05 3.8E-05 -3.7E-05 1.2E-04 

β7 -0.02 -1.2E-05 -3.6E-05 1.6E-06 -4.4E-05 -3.7E-05 6.4E-05 2.9E-04 

β8 -0.15 -1.4E-06 6.7E-04 -1.9E-05 5.0E-04 1.2E-04 2.9E-04 1.7E-02 

 

The residuals are calculated from Stage-5 model and plotted in Figure 5.11 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), median grain size (D50), uniformity coefficient (Cu) 

and fines content (FC). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the residuals show no 

obvious dependencies on σ0, e, D50, Cu and FC, which means no additional variables are 

needed to be considered in the model. In another word, the model parameter development 

process is completed, and the Stage-5 model is the final regression model for Gmax of 

clean sand and gravel group. 
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Figure 5.10: Comparison of Predicted Gmax Values from Stage-5 Model with Measured 

Gmax Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.11: Residuals from Stage-5 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clean Sand and Gravel Group. 

In Figure 5.11(f), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-5 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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5.2.6 Final Model for Gmax of Clean Sand and Gravel Group 

Through the model parameter development process, five stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), median grain size (D50), uniformity coefficient (Cu) and fines 

content (FC), were considered into the model as variables in sequence. According to the 

adjusted coefficient of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) 

and Bayesian Information Criterion (BIC), improvements were shown during the process 

from Stage-1 model to Stage-5 model. The means and standard deviations of residuals for 

the five models are plotted versus σ0 in Figure 5.12. The means of residuals are randomly 

scattered around zero along σ0 for the all models. The standard deviations of residuals 

decrease significantly as adding variables into the model from Stage-1 to Stage-5, which 

is another demonstration of improvements during the process. At last, Stage-5 model was 

selected to be final regression model for Gmax of clean sand and gravel group. 

The regression equations of parameters in the final Gmax model of the clean sand 

and gravel group are presented in Table 5.12. Notice that, the unit for FC is decimal and 

the unit for D50 is millimeter. From the result presented in Table 5.12, CG for clean sand 

and gravel group is 1335 ksf (63.9 MPa). FG is a function of Cu, e and D50, which means 

the Gmax on every pressure level is affected by Cu, e and D50. Both FC and Cu are 

included in the exponential of normalized effective confining pressure and control the 

slope of the relationship between Gmax and σ0 in log-log scale. As mentioned in the Stage-

5 model, the scale factor describing 95 % prediction bound (PB) is calculated to be 1.196. 

The coefficient of variation for one prediction is calculated to be 0.092, and the 

coefficient of variation for the mean is calculated to be 0.004. 
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Figure 5.12: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Five Models for Clean Sand and Gravel Group. 
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Table 5.12: Parameters in Gmax Model for Clean Sand and Gravel Group. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐺 1335 ksf (63.9 MPa) 

𝐹𝐺  C𝑢
−0.21 ∙ 𝑒−1.12−(0.09∙𝐷50)0.54

 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.48∙𝐶𝑢
0.08−1.03∙𝐹𝐶

 

Notes: 1. FC is in decimal form.  2. D50 is in millimeter. 

 

Even though the Stage-5 was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Except for 

Stage-1 model, of which the variance assumption is unsatisfied, Stage models 2, 3 and 4 

can also be appropriately used with consideration of the variable (soil properties and 

states) availability and model prediction variance. 

 

5.3    GMAX OF NON-PLASTIC SILTY SAND GROUP (WITH FC > 12 % AND NO 

PLASTICITY) 

The second soil group is denoted as non-plastic silty sand, which includes soil 

with fines content greater than 12 % and no plasticity. Based on the small-strain shear 

modulus database described in Chapter 3, the soil types involved in the non-plastic silty 

sand group are SM, SP-SM, SW-SM and ML. Distribution of soil specimens according to 

soil types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011) involved in Gmax modeling of non-plastic silty sand group is shown in Figure 5.13 

and Table 5.13. The total number of soil specimens involved are 57, of which 29 are 

reconstituted soil specimens and 28 are intact soil specimens recovered from Shelby 

tubes. A total of 270 Gmax measurements from RC tests were included into the regression 
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analysis for Gmax modeling. There are 3 stages of models generated during the model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05. 

 

Table 5.13: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type SM SP-SM SW-SM ML Total 

Number 36 9 4 8 57 

 

 

 

Figure 5.13: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 
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Mean confining pressure (σ0), void ratio (e) and fines content (FC) are still good 

indicators for soils with FC greater than 12 % and no plasticity. However, Cu is no longer 

an appropriate indicator for properties of soils with FC more than 12 % because D10 is 

usually hard to determined. Even it can be determined by hydrometer test, the value of Cu 

could be extremely high and lose its original usage. For similar reason, D50 is also not a 

good indicator, thus excluded from model parameter development. The water content 

(Wc) turned out to be a factor that can influence the shear stiffness of the soils, which is 

probably through the capillary suction. 

 

5.3.1 Stage-1 Model for Gmax of Non-Plastic Silty Sand Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the Gmax measurements in the non-plastic silty 

sand group using the method of least squares. The following equation was selected to be 

the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

𝛽2

 (5. 12) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation were presented in Table 5.14, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 
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Table 5.14: Estimated Coefficients of Stage-1 Model for Non-Plastic Silty Sand Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1860.94 40.56 45.89 6.03E-129 

β2 0.51 0.02 31.19 3.67E-91 

R2 = 0.784, Ra
2 = 0.783, AIC = 184.5, BIC = 191.6, RMSE = 0.34 

 

Table 5.15: Coefficient Covariance of Stage-1 Model for Non-Plastic Silty Sand Group. 

 β1 β2 

β1 1644.749 -0.206 

β2 -0.206 2.68E-04 

 

In Table 5.14, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for both β1 and β2 are much smaller 

than the significant level α of 0.05, which means both hypotheses tests are significant and 

the estimated values for β1 and β2 are reasonable. The R2 value for Stage-1 model is 

around 0.784, representing 78.4 percent of variance explained by the model. The values 

of Ra
2, AIC and BIC will be used to compare with the next stage model for the evaluation 

of improvement. The coefficient covariance of the Stage-1 model is shown in Table 5.15. 

The predicted Gmax values from Stage-1 model are plotted against the measured 

Gmax values in the database for non-plastic silty sand group in Figure 5.14. Figures 

5.14(a) and 5.14(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.947 
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and denoted by two red dashed lines (the slope of upper dashed line is 1.947 and the 

slope of lower dashed line is 1/1.947). 95% of all the Gmax measurements are supposed to 

fall between the two red dashed lines. 

The residuals are calculated from Stage-1 model and plotted in Figure 5.15 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), water content (wc) and fines content (FC). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the void ratio shows the strongest relationship with the 

residuals: the trend of residuals decreases as void ratio increases. The trend of residuals 

also shows obvious dependencies on wc and FC, however, the relationships are not as 

strong as the relationship between residual and void ratio. Thus, the void ratio should be 

added into the Stage-1 model to generate the Stage-2 model.  

In Figure 5.15(e), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Gmax measurements. However, in this case, patterns 

are shown in the residual against Gmax plot, which means the variance assumption is 

unsatisfied. 
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Figure 5.14: Comparison of Predicted Gmax Values from Stage-1 Model with Measured 

Gmax Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.15: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Non-Plastic Silty Sand Group. 
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5.3.2 Stage-2 Model for Gmax of Non-Plastic Silty Sand Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the Gmax 

measurements in the non-plastic silty sand group using the method of least squares. The 

following equation was selected to be the Stage-2 model equation with the smallest SSE 

and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (
𝜎0

𝑃𝑎
)

𝛽3

 (5. 13) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 5.16, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.16, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other  

 

Table 5.16: Estimated Coefficients of Stage-2 Model for Non-Plastic Silty Sand Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1237.15 25.61 48.31 5.31E-134 

β2 0.74 0.03 24.37 7.61E-70 

β3 0.51 0.01 55.66 6.17E-149 

R2 = 0.933, Ra
2 = 0.933, AIC = -130.7, BIC = -119.9, RMSE = 0.19 
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Table 5.17: Coefficient Covariance of Stage-2 Model for Non-Plastic Silty Sand Group. 

 β1 β2 β3 

β1 655.704 -0.626 -0.041 

β2 -0.626 9.12E-04 -2.67E-06 

β3 -0.041 -2.67E-06 8.34E-05 

 

terms in the model. As shown in the table, P-values for β1, β2 and β3 are much smaller 

than the significant level α of 0.05, which means all hypotheses tests are significant and 

the estimated values for β1, β2 and β3 are reasonable. The R2 value for Stage-2 model is 

around 0.933, representing 93.3 percent of variance explained by the model. The value of 

Ra
2 is 0.933 and larger than that of Stage-1 model which is 0.783. The value of AIC is -

130.7 and smaller than that of Stage-1 model which is 184.5. The value of BIC is -119.9 

and smaller than that of Stage-1 model which is 191.6. Based on the three model 

selection criteria above, Stage-2 model show improvements on Stage-1 model and void 

ratio should be added into the regression model as a variable. The coefficient covariance 

of the Stage-2 model is shown in Table 5.17. 

The predicted Gmax values from Stage-2 model are plotted against the measured 

Gmax values in the database for non-plastic silty sand group in Figure 5.16. Figures 

5.16(a) and 5.16(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.449 

and denoted by two red dashed lines (the slope of upper dashed line is 1.449 and the 

slope of lower dashed line is 1/1.449). Compared with Stage-1 model, the scale factor for 

Stage-2 model is smaller, which reflects smaller variance in the Gmax prediction. 
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Figure 5.16: Comparison of Predicted Gmax Values from Stage-2 Model with Measured 

Gmax Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.17: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Non-Plastic Silty Sand Group. 

 

The residuals are calculated from Stage-2 model and plotted in Figure 5.17 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), water content (wc) and fines content (FC). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 
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of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the water content shows the strongest relationship with 

the residuals: the trend of residuals decreases as water content increases. Thus, the water 

content should be added into the Stage-2 model to generate the Stage-3 model. The trend 

of residuals shows no obvious dependencies on σ0 and e anymore since they are already 

considered in the Stage-2 model. 

In Figure 5.17(e), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Gmax measurements. However, in this case, patterns 

are shown in the residual against Gmax plot, which means the variance assumption is 

unsatisfied. 

5.3.3 Stage-3 Model for Gmax of Non-Plastic Silty Sand Group 

With mean confining pressure (σ0), void ratio (e) and water content (wc) 

considered in the model, many different forms of regression equations were applied to fit 

the Gmax measurements in the non-plastic silty sand group using the method of least 

squares. The following equation was selected to be the Stage-3 model equation with the 

smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (1 − 𝛽3 ∙ 𝑤𝑐) ∙ (
𝜎0

𝑃𝑎
)

𝛽4

 (5. 14) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation were presented in Table 5.18, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 
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In Table 5.18, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.963, representing 96.3 percent of variance explained 

by the model. The value of Ra
2 is 0.962 and larger than that of Stage-2 model which is 

0.933. The value of AIC is -288.2 and smaller than that of Stage-2 model which is -130.7. 

The value of BIC is -273.8 and smaller than that of Stage-2 model which is -119.9. Based 

on the three model selection criteria above, Stage-3 model show improvements on Stage-

2 model and water content should be added into the regression model as a variable. The 

coefficient covariance of the Stage-3 model is shown in Table 5.19. 

 

Table 5.18: Estimated Coefficients of Stage-3 Model for Non-Plastic Silty Sand Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1770.16 48.59 36.43 2.21E-105 

β2 0.53 0.03 19.90 1.40E-54 

β3 1.32 0.07 19.74 4.90E-54 

β4 0.52 0.01 76.07 1.65E-182 

R2 = 0.963, Ra
2 = 0.962, AIC = -288.2, BIC = -273.8, RMSE = 0.142 

 

 

 

 



 133 

Table 5.19: Coefficient Covariance of Stage-3 Model for Non-Plastic Silty Sand Group. 

 β1 β2 β3 β4 

β1 2361.385 -1.069 2.694 -0.005 

β2 -1.069 7.10E-04 -9.51E-04 -1.13E-05 

β3 2.694 -9.51E-04 4.50E-03 4.67E-05 

β4 -0.005 -1.13E-05 4.67E-05 4.70E-05 

 

The predicted Gmax values from Stage-3 model are plotted against the measured 

Gmax values in the database for non-plastic silty sand group in Figure 5.18. Figures 

5.18(a) and 5.18(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.319 

and denoted by two red dashed lines (the slope of upper dashed line is 1.319 and the 

slope of lower dashed line is 1/1.319). Compared with Stage-2 model, the scale factor for 

Stage-3 model is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 5.19 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), water content (wc) and fines content (FC). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the residuals show no obvious dependencies on σ0, e, wc 

and FC, which means no additional variables are needed to be considered in the model. In 

another word, the model parameter development process is completed, and the Stage-3 

model is the final regression model for Gmax of non-plastic silty sand group. The 

relationship between residual and FC shown in Stage-1 model vanished after e and wc 
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Figure 5.18: Comparison of Predicted Gmax Values from Stage-3 Model with Measured 

Gmax Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.19: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Non-Plastic Silty Sand Group. 

 

were taken into account because of multicollinearity. In a stepwise procedure, only FC 

was excluded from the regression model since FC does not explain much new variation 

when σ0, e and wc are already in the model. 
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In Figure 5.19(e), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-3 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 

5.3.4 Final Model for Gmax of Non-Plastic Silty Sand Group 

Through the model parameter development process, three stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), and water content (wc) were considered into the model as 

variables in sequence. According to the adjusted coefficient of multiple determination 

(Ra
2), Akaike’ Information Criterion (AIC) and Bayesian Information Criterion (BIC), 

improvements were shown during the process from Stage-1 model to Stage-3 model. The 

means and standard deviations of residuals for the three models are plotted versus σ0 in 

Figure 5.20. As adding variables into the model from Stage-1 to Stage-3, the means of 

residuals are more scattered around zero and the standard deviations of residuals decrease 

significantly, which is another demonstration of improvements during the process. At 

last, Stage-3 model was selected to be final regression model for Gmax of non-plastic silty 

sand group. 

The regression equations of parameters in the final Gmax model of the non-plastic 

silty sand group are presented in Table 5.20. Notice that, the unit for wc is decimal. From 

the result presented in Table 5.20, CG for non-plastic silty sand group is 1770 ksf (84.8 

MPa). FG is a function of e and wc, which means the Gmax on every pressure level is 

affected by e and wc. The exponential of normalized effective confining pressure is 0.52 

which means the slope of the relationship between Gmax and σ0’ in log-log scale is 

constant for non-plastic silty sand. As mentioned in the Stage-3 model, the scale factor  
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Figure 5.20: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Three Models for Non-Plastic Silty Sand Group. 
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Table 5.20: Parameters in Gmax Model for Non-Plastic Silty Sand Group. 

Non-Plastic Silty Sand Group 

(FC > 12% and No Plasticity) 

𝐶𝐺 1770 ksf (84.8MPa) 

𝐹𝐺  𝑒−0.53 ∙ (1 − 1.32 ∙ 𝑤𝑐) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.52

 

Notes: 1. wc is in decimal form. 

 

describing 95 % prediction bound (PB) is calculated to be 1.319. The coefficient of 

variation for one prediction is calculated to be 0.141, and the coefficient of variation for 

the mean is calculated to be 0.009. 

Even though the Stage-3 was selected to be the final model for preciseness 

purpose of research study, the other two stage models are also valuable resources. Stage-

2 model can also be appropriately used with consideration of the variable (soil properties 

and states) availability and model prediction variance. 

 

5.4    GMAX OF CLAYEY SOIL GROUP (FC > 12 % AND PLASTICITY) 

The third soil group is denoted as clayey soil, which includes soil with fines 

content greater than 12 % and plasticity. Based on the small-strain shear modulus 

database described in Chapter 3, the soil types involved in the clayey soil group are SC, 

SM-SC, CH, CL, CL-ML, MH and ML. Distribution of soil specimens according to soil 

types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in Gmax modeling of clayey soil group is shown in Figure 5.21 and Table 5.21. 

The total number of soil specimens involved are 73, of which 1 are reconstituted soil 

specimens and 72 are intact soil specimens recovered from Shelby tubes. A total of 346 
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Gmax measurements from RC tests were included into the regression analysis for Gmax 

modeling. There are 5 stages of models generated during the model development process. 

The significant level, α, for the t test of each parameter in the model is set to be 0.05. 

 

Table 5.21: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 

Soil Type SC SM-SC CH CL CL-ML MH ML Total 

Number 11 7 11 29 4 5 6 73 

 

 

 

Figure 5.21: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 
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Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), the 

plasticity index (PI) and overconsolidation ratio (OCR) become good indicators for 

clayey soil group, which are included into the parameter development of the model. As 

mentioned in the previous chapter, Cu and D50 are excluded from model parameter 

development because they are no longer appropriate indicators for properties of soils with 

high fines content. The water content (Wc) also turned out to be a factor that can 

influence the shear stiffness of the soils. 

5.4.1 Stage-1 Model for Gmax of Clayey Soil Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the Gmax measurements in the clayey soil group 

using the method of least squares. The following equation was selected to be the Stage-1 

model equation with the smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

𝛽2

 (5. 15) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation were presented in Table 5.22, as well as the SSEs,  

 

Table 5.22: Estimated Coefficients of Stage-1 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1613.39 48.29 33.41 5.03E-110 

β2 0.48 0.02 23.39 4.55E-73 

R2 = 0.614, Ra
2 = 0.613, AIC = 543.4, BIC = 551.1, RMSE = 0.531 
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Table 5.23: Coefficient Covariance of Stage-1 Model for Clayey Soil Group. 

 β1 β2 

β1 2332.090 -0.300 

β2 -0.300 4.20E-04 

 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.22, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for both β1 and β2 are much smaller 

than the significant level α of 0.05, which means both hypotheses tests are significant and 

the estimated values for β1 and β2 are reasonable. The R2 value for Stage-1 model is 

around 0.614, representing 61.4 percent of variance explained by the model. The values 

of Ra
2, AIC and BIC will be used to compare with the next stage model for the evaluation 

of improvement. The coefficient covariance of the Stage-1 model is shown in Table 5.23. 

The predicted Gmax values from Stage-1 model are plotted against the measured 

Gmax values in the database for clayey soil group in Figure 5.22. Figures 5.22(a) and 

5.22(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 2.825 and denoted 

by two red dashed lines (the slope of upper dashed line is 2.825 and the slope of lower 

dashed line is 1/2.825). 95% of all the Gmax measurements are supposed to fall between 

the two red dashed lines. 
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Figure 5.22: Comparison of Predicted Gmax Values from Stage-1 Model with Measured 

Gmax Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 5.23: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clayey Soil Group. 
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The residuals are calculated from Stage-1 model and plotted in Figure 5.23 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC), 

plasticity index (PI) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the void ratio shows the strongest relationship with the residuals: the trend of 

residuals decreases as void ratio increases. The trend of residuals also shows obvious 

dependencies on OCR, FC, PI and wc, however, the relationships are not as strong as the 

relationship between residual and void ratio. Thus, the void ratio should be added into the 

Stage-1 model to generate the Stage-2 model.  

In Figure 5.23(g), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Gmax measurements. However, in this case, residuals 

show positive correlation with Gmax, which means the variance assumption is unsatisfied. 

5.4.2 Stage-2 Model for Gmax of Clayey Soil Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the Gmax 

measurements in the clayey soil group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (
𝜎0

𝑃𝑎
)

𝛽3

 (5. 16) 
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The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 5.24, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.24, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for β1, β2 and β3 are much smaller 

than the significant level α of 0.05, which means all hypotheses tests are significant and 

the estimated values for β1, β2 and β3 are reasonable. The R2 value for Stage-2 model is 

around 0.855, representing 85.5 percent of variance explained by the model. The value of 

Ra
2 is 0.854 and larger than that of Stage-1 model which is 0.613. The value of AIC is 

205.4 and smaller than that of Stage-1 model which is 543.4. The value of BIC is 216.9 

and smaller than that of Stage-1 model which is 551.1. Based on the three model 

 

Table 5.24: Estimated Coefficients of Stage-2 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1093.15 26.84 40.73 1.89E-133 

β2 1.08 0.05 23.89 5.68E-75 

β3 0.40 0.01 30.72 1.68E-100 

R2 = 0.855, Ra
2 = 0.854, AIC = 205.4, BIC = 216.9, RMSE = 0.326 
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Table 5.25: Coefficient Covariance of Stage-2 Model for Clayey Soil Group. 

 β1 β2 β3 

β1 720.292 -0.809 -0.017 

β2 -0.809 2.06E-03 -1.51E-04 

β3 -0.017 -1.51E-04 1.69E-04 

 

selection criteria above, Stage-2 model show improvements on Stage-1 model and void 

ratio should be added into the regression model as a variable. The coefficient covariance 

of the Stage-2 model is shown in Table 5.25. 

The predicted Gmax values from Stage-2 model are plotted against the measured 

Gmax values in the database for clayey soil group in Figure 5.24. Figures 5.24(a) and 

5.24(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.889 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.889 and the slope of lower 

dashed line is 1/1.889). Compared with Stage-1 model, the scale factor for Stage-2 model 

is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 5.25 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC), 

plasticity index (PI) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the OCR shows the strongest relationship with the residuals: the trend of residuals 

increases as OCR increases. Thus, the OCR should be added into the Stage-2 model to  
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Figure 5.24: Comparison of Predicted Gmax Values from Stage-2 Model with Measured 

Gmax Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 5.25: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clayey Soil Group. 
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generate the Stage-3 model. The trend of residuals shows no obvious dependencies on σ0 

and e anymore since they are already considered in the Stage-2 model. 

It can also be seen that in Figure 5.25, the strong relationship between residual 

and wc shown in Stage-1 model vanished after void ratio was taken into account because 

of multicollinearity. Since most of clayey soil specimens involved in this group are fully 

saturated, it does make sense that the void ratio is correlated to the water content. In a 

stepwise procedure, wc, instead of e, was excluded from the regression model since wc 

does not explain much new variation when σ0 and e are already in the model. 

In Figure 5.25(g), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Gmax measurements. However, in this case, patterns 

are shown in the residual against Gmax plot, which means the variance assumption is 

unsatisfied. 

5.4.3 Stage-3 Model for Gmax of Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e) and overconsolidation ratio 

(OCR) considered in the model, many different forms of regression equations were 

applied to fit the Gmax measurements in the clayey soil group using the method of least 

squares. The following equation was selected to be the Stage-3 model equation with the 

smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (𝛽3 + 𝑂𝐶𝑅)𝛽4 ∙ (
𝜎0

𝑃𝑎
)

𝛽5

 (5. 17) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation were presented in Table 5.26, as well as the SSEs, 
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t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.26, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.915, representing 91.5 percent of variance explained 

by the model. The value of Ra
2 is 0.914 and larger than that of Stage-2 model which is 

0.854. The value of AIC is 24.6 and smaller than that of Stage-2 model which is 205.4. 

The value of BIC is 43.8 and smaller than that of Stage-2 model which is 216.9. Based on 

the three model selection criteria above, Stage-3 model show improvements on Stage-2  

 

Table 5.26: Estimated Coefficients of Stage-3 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 393.84 137.08 2.87 4.32E-03 

β2 0.97 0.04 27.22 1.64E-87 

β3 4.50 1.94 2.31 2.13E-02 

β4 0.54 0.10 5.48 8.26E-08 

β5 0.48 0.01 41.99 8.33E-137 

R2 = 0.915, Ra
2 = 0.914, AIC = 24.6, BIC = 43.8, RMSE = 0.251 
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Table 5.27: Coefficient Covariance of Stage-3 Model for Clayey Soil Group. 

 β1 β2 β3 β4 β5 

β1 18789.644 -0.059 -261.198 -13.286 0.104 

β2 -0.059 1.28E-03 1.10E-03 -2.03E-04 -1.28E-04 

β3 -261.198 1.10E-03 3.779 0.179 -3.50E-03 

β4 -13.286 -2.03E-04 0.179 0.010 1.48E-05 

β5 0.104 -1.28E-04 -3.50E-03 1.48E-05 1.30E-04 

 

model and OCR should be added into the regression model as a variable. The coefficient 

covariance of the Stage-3 model is shown in Table 5.27. 

The predicted Gmax values from Stage-3 model are plotted against the measured 

Gmax values in the database for clayey soil group in Figure 5.26. Figures 5.26(a) and 

5.26(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.630 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.630 and the slope of lower 

dashed line is 1/1.630). Compared with Stage-2 model, the scale factor for Stage-3 model 

is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 5.27 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC), 

plasticity index (PI) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual  
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Figure 5.26: Comparison of Predicted Gmax Values from Stage-3 Model with Measured 

Gmax Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 5.27: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clayey Soil Group. 
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plots, the FC shows the strongest relationship with the residuals: the trend of residuals 

decreases as FC increases. Thus, the FC should be added into the Stage-3 model to 

generate the Stage-4 model. The trend of residuals shows no obvious dependencies on σ0, 

e and OCR anymore since they are already considered in the Stage-3 model. 

In Figure 5.27(g), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-3 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 

5.4.4 Stage-4 Model for Gmax of Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR) 

and fines content (FC) considered in the model, many different forms of regression 

equations were applied to fit the Gmax measurements in the clayey soil group using the 

method of least squares. The following equation was selected to be the Stage-4 model 

equation with the smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ 𝑒−𝛽2 ∙ (𝛽3 + 𝑂𝐶𝑅)𝛽4 ∙ (1 − 𝛽5 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

𝛽6

 (5. 18) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation were presented in Table 5.28, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.28, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 
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terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.948, representing 94.8 percent of variance explained 

by the model. The value of Ra
2 is 0.947 and larger than that of Stage-3 model which is 

0.914. The value of AIC is -144.3 and smaller than that of Stage-3 model which is 24.6. 

The value of BIC is -121.3 and smaller than that of Stage-3 model which is 43.8. Based 

on the three model selection criteria above, Stage-4 model show improvements on Stage-

3 model and FC should be added into the regression model as a variable. The coefficient 

covariance of the Stage-4 model is shown in Table 5.29. 

 

Table 5.28: Estimated Coefficients of Stage-4 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 710.14 155.47 4.57 6.91E-06 

β2 0.80 0.03 26.21 1.28E-83 

β3 3.13 1.03 3.04 2.59E-03 

β4 0.53 0.07 8.12 8.90E-15 

β5 0.46 0.02 21.03 1.79E-63 

β6 0.51 0.01 55.58 1.05E-172 

R2 = 0.948, Ra
2 = 0.947, AIC = -144.3, BIC = -121.3, RMSE = 0.196 
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Table 5.29: Coefficient Covariance of Stage-4 Model for Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 

β1 2.42E+04 -0.34 -156.39 -9.79 0.55 0.13 

β2 -0.34 9.29E-04 8.76E-04 -1.27E-04 -2.64E-04 -1.04E-04 

β3 -156.39 8.76E-04 1.06 0.06 -1.50E-03 -1.45E-03 

β4 -9.79 -1.27E-04 0.06 4.23E-03 -1.30E-05 2.02E-05 

β5 0.55 -2.64E-04 -1.50E-03 -1.30E-05 4.77E-04 4.61E-05 

β6 0.13 -1.04E-04 -1.45E-03 2.02E-05 4.61E-05 8.46E-05 

 

The predicted Gmax values from Stage-4 model are plotted against the measured 

Gmax values in the database for clayey soil group in Figure 5.28. Figures 5.28(a) and 

5.28(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.466 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.466 and the slope of lower 

dashed line is 1/1.466). Compared with Stage-3 model, the scale factor for Stage-4 model 

is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-4 model and plotted in Figure 5.29 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC), 

plasticity index (PI) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual  
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Figure 5.28: Comparison of Predicted Gmax Values from Stage-4 Model with Measured 

Gmax Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 



 158 

 

 

Figure 5.29: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clayey Soil Group. 
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plots, the PI shows the strongest relationship with the residuals: the trend of residuals 

increases as PI increases. Thus, PI should be added into the Stage-4 model to generate the 

Stage-5 model. The trend of residuals shows no obvious dependencies on σ0, e, OCR and 

FC anymore since they are already considered in the Stage-4 model. 

In Figure 5.29(g), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-4 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 

5.4.5 Stage-5 Model for Gmax of Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), 

fines content (FC) and plasticity index (PI) considered in the model, many different forms 

of regression equations were applied to fit the Gmax measurements in the clayey soil 

group using the method of least squares. The following equation was selected to be the 

Stage-5 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐺𝑚𝑎𝑥 = 𝛽1 ∙ (1 + 𝛽2𝑒)−𝛽3 ∙ (𝛽4 + 𝑂𝐶𝑅)𝛽5+𝛽6𝑃𝐼 ∙ (1 − 𝛽7𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

𝛽8

 (5. 19) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-5 model 

function using least squares estimation were presented in Table 5.30, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 5.30, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 
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terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-5 model is around 0.959, representing 95.9 percent of variance explained 

by the model. The value of Ra
2 is 0.959 and larger than that of Stage-4 model which is 

0.947. The value of AIC is -230.3 and smaller than that of Stage-4 model which is -144.3. 

The value of BIC is -199.5 and smaller than that of Stage-4 model which is -121.3. Based 

on the three model selection criteria above, Stage-5 model show improvements on Stage-

4 model and PI should be added into the regression model as a variable. The coefficient 

covariance of the Stage-5 model is shown in Table 5.31. 

 

Table 5.30: Estimated Coefficients of Stage-5 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 4864.53 660.98 7.36 1.41E-12 

β2 0.96 0.32 2.94 3.46E-03 

β3 2.42 0.48 5.04 7.58E-07 

β4 1.92 0.59 3.24 1.32E-03 

β5 0.27 0.04 6.22 1.48E-09 

β6 0.46 0.05 8.76 9.86E-17 

β7 0.44 0.02 21.80 2.14E-66 

β8 0.49 0.01 57.29 4.22E-176 

R2 = 0.959, Ra
2 = 0.959, AIC = -230.3, BIC = -199.5, RMSE = 0.174 
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Table 5.31: Coefficient Covariance of Stage-5 Model for Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 4.37E+05 140.07 -198.35 -272.96 -19.61 9.18 -0.70 -0.18 

β2 140.07 0.11 -0.15 -0.02 7.85E-04 -0.01 -5.68E-04 1.84E-04 

β3 -198.35 -0.15 0.23 0.05 -1.14E-03 0.01 1.74E-04 -6.35E-04 

β4 -272.96 -0.02 0.05 0.35 0.02 -0.01 -1.74E-04 -1.26E-03 

β5 -19.61 7.85E-04 -1.14E-03 0.02 1.92E-03 -1.65E-03 7.86E-05 3.53E-05 

β6 9.18 -0.01 0.01 -0.01 -1.65E-03 2.81E-03 -7.72E-05 -5.44E-05 

β7 -0.70 -5.68E-04 1.74E-04 -1.74E-04 7.86E-05 -7.72E-05 4.09E-04 4.14E-05 

β8 -0.18 1.84E-04 -6.35E-04 -1.26E-03 3.53E-05 -5.44E-05 4.14E-05 7.39E-05 

 

The predicted Gmax values from Stage-5 model are plotted against the measured 

Gmax values in the database for clayey soil group in Figure 5.30. Figures 5.30(a) and 

5.30(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.400 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.400 and the slope of lower 

dashed line is 1/1.400). Compared with Stage-4 model, the scale factor for Stage-5 model 

is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-5 model and plotted in Figure 5.31 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC), 

plasticity index (PI) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with  
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Figure 5.30: Comparison of Predicted Gmax Values from Stage-5 Model with Measured 

Gmax Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 5.31: Residuals from Stage-5 Model Plotted with respect to All the Possible 

Variables and Measured Gmax Values for Clayey Soil Group. 
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variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the residuals show no obvious dependencies on σ0, e, OCR, FC, PI and wc, which 

means no additional variables are needed to be considered in the model. In another word, 

the model parameter development process is completed, and the Stage-5 model is the 

final regression model for Gmax of clayey soil group. 

In Figure 5.31(g), residuals are also plotted with respect to the Gmax measurements 

to check the variance assumption. The residuals of Stage-5 model are randomly scattered 

around zero along the Gmax measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 

5.4.6 Final Model for Gmax of Clayey Soil Group 

Through the model parameter development process, five stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), overconsolidation ratio (OCR), fines content (FC) and 

plasticity index (PI) were considered into the model as variables in sequence. According 

to the adjusted coefficient of multiple determination (Ra
2), Akaike’ Information Criterion 

(AIC) and Bayesian Information Criterion (BIC), improvements were shown during the 

process from Stage-1 model to Stage-5 model. The means and standard deviations of 

residuals for the five models are plotted versus σ0 in Figure 5.32. As adding variables into 

the model from Stage-1 to Stage-5, the means of residuals are more scattered around zero 

and the standard deviations of residuals decrease significantly, which is another 

demonstration of improvements during the process. At last, Stage-5 model was selected 

to be final regression model for Gmax of clayey soil group. 
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Figure 5.32: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Five Models for Clayey Soil Group. 
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Table 5.32: Parameters in Gmax Model for Clayey Soil Group. 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐺 4865 ksf (232.9MPa) 

𝐹𝐺  (1 + 0.96 ∙ 𝑒)−2.42 ∙ (1.92 + 𝑂𝐶𝑅)0.27+0.46∙𝑃𝐼 ∙ (1 − 0.44 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.49

 

Notes: 1. PI and FC are in decimal. 

 

The regression equations of parameters in the final Gmax model of the clayey soil 

group are presented in Table 5.32. Notice that, the units for PI and FC are decimal. From 

the result shown in Table 5.32, CG for clayey soil group is 4865 ksf (232.9 MPa). OCR, 

PI, e and FC are involved in the equation of FG, which means the Gmax on every pressure 

level is affected by OCR, PI, e and FC for clayey soil. The exponential of normalized 

effective confining pressure is 0.49 which means the slope of the relationship between 

Gmax and σ0’ in log-log scale is constant for clayey soil. As mentioned in the Stage-5 

model, the scale factor describing 95 % prediction bound (PB) is calculated to be 1.400. 

The coefficient of variation for one prediction is calculated to be 0.172, and the 

coefficient of variation for the mean is calculated to be 0.009. 

Even though the Stage-5 model was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Except for 

Stage models 1 and 2, of which the variance assumptions are unsatisfied, Stage models 3 

and 4 can also be appropriately used with consideration of the variable (soil properties 

and states) availability and model prediction variance. 
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5.5    SUMMARY: GMAX OF UNCEMENTED SOILS 

A total of 1083 Gmax measurements from resonant column tests are involved in 

the multivariable regression analysis for small-strain shear modulus of uncemented soils. 

Considering the applicability of different soil property factors and based on the 

performance of multivariable regression analysis, soils are divided into three groups as 

follows: 1) Clean Sand and Gravel Group (soils with FC ≤ 12%) (467 Data Points), 2) 

Non-Plastic Silty Sand Group (soils with FC > 12 % and no plasticity) (270 Data Points), 

3) Clayey Soil Group (soils with FC > 12% and plasticity) (346 Data Points). 

For the clean sand and gravel group, five stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-5 model, and 

Stage-5 model was selected to be final regression model for Gmax of clean sand and gravel 

group. Besides, Stage models 2, 3 and 4 are also valuable resources, and can be 

appropriately used with consideration of the variable (soil properties and states) 

availability and model prediction variance. 

For the non-plastic silty sand group, three stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-3 model, and 

Stage-3 model was selected to be final regression model for Gmax of non-plastic silty sand 

group. Stage-2 model can also be appropriately used with consideration of the variable 

availability and model prediction variance. 

For the clayey soil group, five stages of models were generated during the model 

parameter development process. According to values of Ra
2, AIC and BIC, improvements 

were shown during the process from Stage-1 model to Stage-5 model, and Stage-5 model 

was selected to be final regression model for Gmax of clayey soil group. Besides, Stage 
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models 3 and 4 can also be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

The regression equations for the parameters CG, FG and F(σ0) in the final Gmax 

models of the three soil groups are presented in Table 5.33, respectively. The predicted 

Gmax values from final model are plotted against the measured Gmax values in the database 

for all three soil groups in Figure 5.33. Figures 5.33(a) and 5.33(b) are in linear and 

logarithmic scales, respectively. Based on Equation 5.6, the scale factor describing the 95 

% prediction bound (PB) is calculated to be 1.300 and denoted by two red dashed lines 

(the slope of upper dashed line is 1.300 and the slope of lower dashed line is 1/1.300). 

95% of all the Gmax measurements are supposed to fall between the two red dashed lines. 

The coefficient of variation for one prediction is calculated to be 0.134, and the 

coefficient of variation for the mean is calculated to be 0.004. 

The residuals are calculated from the final models and plotted in Figure 5.34 with 

respect to mean confining pressure (σ0), void ratio (e) and fines content (FC), which are 

the common variables considered in all three soil groups. The residuals show no obvious 

dependencies on σ0, e and FC. In Figure 5.34(d), residuals are also plotted with respect to 

the Gmax measurements. The residuals points are randomly scattered around zero along 

the Gmax measurements, and no obvious patterns are shown, which means the constant 

variance assumption of the Gmax model is satisfied. 

The means and standard deviations of residuals for the final Gmax models are 

plotted versus σ0 in Figure 5.35. The means of residuals are closely scattered around zero 

and the standard deviations of residuals constantly maintain below 0.15 in natural 

logarithmic scale, which is another demonstration of the effectiveness of the Gmax model. 
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Table 5.33: Parameters in Log Gmax – Log σ0 Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐺 1335 ksf (63.9 MPa) 

𝐹𝐺  C𝑢
−0.21 ∙ 𝑒−1.12−(0.09∙𝐷50)0.54

 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.48∙𝐶𝑢
0.08−1.03∙𝐹𝐶

 

Non-Plastic Silty Sand Group 

(FC > 12% and No Plasticity) 

𝐶𝐺 1770 ksf (84.8MPa) 

𝐹𝐺  𝑒−0.53 ∙ (1 − 1.32 ∙ 𝑤𝑐) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.52

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐺 4865 ksf (232.9MPa) 

𝐹𝐺  (1 + 0.96 ∙ 𝑒)−2.42 ∙ (1.92 + 𝑂𝐶𝑅)0.27+0.46∙𝑃𝐼 ∙ (1 − 0.44 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.49

 

Notes: 1. PI, FC and wc are in decimal.  2. D50 is in millimeter. 
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Figure 5.33: Comparison of Predicted Gmax Values from the Final Gmax Models with 

Measured Gmax Values for All Three Soil Groups: (a) Linear Scale, (b) Log 

Scale. 
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Figure 5.34: Residuals from the Final Gmax Models Plotted with respect to the Common 

Variables and Measured Gmax Values for All Three Soil Groups. 

 

 

 

Figure 5.35: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for the Final Gmax Models for All Three Soil Groups. 
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It is advisable to have a comprehensive understanding about the database during 

the application of constitutive models generated from it. The distribution ranges of the 

influence factors considered during the model development in the database are shown in 

Table 5.34, as well as the areas where available data points are sparse. Attention needs to 

be paid while utilizing the model in these sparse zones. Future updates of both the current 

database and constitutive models can also be focused on these sparse zones. 

 

Table 5.34: Distribution Ranges and Sparse Zones of the Database for Gmax Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group 

σ0 (atm) 0.1 ~ 10 7 ~ 10 

e 0.3 ~ 1.2 1.0 ~ 1.2 

D50 (mm) 0.1 ~ 20 9 ~ 20 

Cu 1 ~ 60 30 ~ 60 

FC (%) 0 ~ 12 None 

Non-Plastic Silty 

Sand Group 

σ0 (atm) 0.1 ~ 40 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

wc (%) 0 ~ 35 None 

Clayey Soil Group 

σ0 (atm) 0.07 ~ 40 0.07 ~ 0.1 

e 0.2 ~ 2.4 1.5 ~ 2.4 

OCR 1 ~ 100 20 ~ 100 

FC (%) 12 ~ 100 None 

PI (%) 0 ~ 135 60 ~ 135 
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Chapter 6:  Proposed Model for Nonlinear Shear Modulus of 

Uncemented Soils 

6.1    MODEL DEVELOPMENT 

To describe the shear modulus reduction with shear strain relationship in the 

nonlinear range, a one-curvature-parameter, modified hyperbolic model (1CPM) has been 

widely used over the past 17 to 20 years. This modified hyperbolic model was originally 

proposed by Darendeli (2001). Another version of the modified hyperbolic model was 

proposed by Oztoprak & Bolton in 2013. Both versions of the modified hyperbolic model 

use one curvature parameter, “a”, to control the shape of curve. This curvature parameter 

(“a”) has shown better effectiveness in fitting the shear modulus reduction data in the 

nonlinear shear strain range than the hyperbolic model originally proposed by Hardin and 

Drnevich (1972b) which did not have a curvature parameter. 

Never the less, improvements to the fitting model are needed. There are two shear 

strain ranges where the one-curvature-parameter modified hyperbolic model shows 

insufficient effectiveness in fitting the shear modulus reduction curve. These strain ranges 

are: (1) shear strains in the range around and below the elastic threshold strain (γt
e), and 

(2) highly nonlinear shear strains in the range generally below G/Gmax = 0.4. Two 

representative shear modulus reduction curves are selected from the nonlinear shear 

modulus database to illustrate these points. The two curves are shown in Figure 6.1 for 

Test Specimens YWKH02AB and YWKH03AB. The RC test data points are best fitted 

with the one-curvature-parameter modified hyperbolic model (Darendeli, 2001) using the 

method of least squares. The first mismatch between the one-curvature-parameter 

modified hyperbolic model and the test data occurs in the shear strain range around the  
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Figure 6.1: Shear Modulus Reduction Curves Fitted by the One-Curvature-Parameter 

Modified Hyperbolic Model (Darendeli, 2001) Using the Least-Squares 

Regression Method. 
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elastic threshold strain, γt
e, where the model curve underestimates G/Gmax. This strain 

range is denoted as “Mis-fit Range #1” in Figures 6.1(a) and (b). The second mismatch 

occurs in highly nonlinear shear strain where G/Gmax is less than 0.4. This strain range is 

denoted as “Mis-fit Range #2” in Figures 6.1(a) and (b), where shows the 

underestimation of test data points by the model. In terms of mathematical model, these 

mismatches occur because of the insufficient curvatures in the one-curvature-parameter 

modified hyperbolic model. 

The mismatch of test data points for the one-curvature-parameter, modified 

hyperbolic model in the highly nonlinear range shear strain range was also discussed by 

Kacar & Stokoe (2014). The mismatch was perceived to result from the shortage of RC 

test data in the highly nonlinear range where shear strains are greater than 0.2%. The 

proposed solution for the mismatch in highly nonlinear strain is a two-step modification 

process of curvature parameter “a”.  In the small-to-moderate strain range where the 

resonant column test results are sufficient (defined by values of G/Gmax > 0.4), the “a” 

value is calculated from the regression analysis of RC test results. Values of “a” in the 

larger strain range where G/Gmax < 0.4 are calculated from the regression analysis of 

triaxial test results and depend upon how the confinement is changing. The two-step 

modification process of curvature parameter “a” is shown in Figure 6.2. However, there 

are two deficiencies in this process. First, the mismatches between the RC test data and 

the one-curvature-parameter, modified hyperbolic model (1CPM) still remain in the shear 

strain range around the elastic threshold where G/Gmax is about 0.98. Second, a 

singularity point (discontinuity point) is created where the calculation of curvature 

parameter “a” is changed. The mathematic discontinuity caused by this singularity point 

can cause trouble and inconvenience in derivation and integration applications. 
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Figure 6.2: Two-Step Modification Process of Curvature Parameter “a” on: (a) the 

G/Gmax – Log γ Relationship at G/Gmax <0.4 and (b) the Modified Shear 

Stress – Strain Relationships (Kacar, 2014). 
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Compared to the previous one-curvature-parameter, modified hyperbolic model 

(1CPM), another curvature parameter, b, is integrated into the model to account for shape 

changes in the shear modulus reduction curves with soil properties and to better fit the 

test data. A two-curvature-parameters, modified hyperbolic model (2CPM) is proposed 

herein and is utilized to better fit the shear modulus reduction curves. The 2CPM is 

expressed by: 

 

𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (𝛾 𝛾𝑚𝑟⁄ )𝑎)𝑏
 (6.1) 

where both “a” and “b” are the curvature parameters which control the shape of the shear 

modulus reduction curve, and γmr is the modified reference strain at which G/Gmax = 0.5b. 

The same two shear modulus reduction curves in Figure 6.1 are then best fitted 

with the new, two-curvature-parameters, modified hyperbolic model (2CPM) and plotted 

in Figure 6.3. After additional curvature parameter “b” is included in the model, the 

apparent mismatches at both shear strain ranges around the elastic threshold and highly 

nonlinear range are eliminated. From the Figure 6.3, the two-curvature-parameters 

modified hyperbolic model shows much better effectiveness in fitting the two shear 

modulus reduction curves than the modified hyperbolic model with one curvature 

parameter. In term of the sum square of error (SSE) for the two curves, the mismatch in 

curve-fitting of YWKH02AB(0.27atm) decreases from 9.3E-3 to 4.4E-5 by a factor of 

209.6 and the mismatch in curve-fitting of YWKH03AB(0.27atm) decreases from 3.7E-3 

to 3.1E-4 by a factor of 11.6, when using 2CPM instead of 1CPM. For the whole 

database, the average sum square of error (SSE) decreases from 3.4E-3 to 2.6E-4 by a 

factor of 13.4 when using 2CPM instead of 1CPM, which proves much better 



 178 

 

 

Figure 6.3: Shear Modulus Reduction Curves Fitted by the Two-Curvature-Parameters 

Modified Hyperbolic Model Using Least-Squares Regression Method. 
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effectiveness of the new, two-curvature-parameters, modified hyperbolic model to best-

fit shear modulus reduction curves. 

Based on the nonlinear shear modulus database described in Chapter 3, many 

factors regarding soil properties and soil states show impacts on the normalized shear 

modulus reduction curve (G/Gmax – log γ relationship). These factors include soil type, 

mean confining pressure (σ0), void ratio (e), fines content (FC), uniformity coefficient 

(Cu), plasticity index (PI) and overconsolidation ratio (OCR). The resolution of one soil 

index property is generally not adequate and is of limited quality depending on the type 

of soil which is being described. For example, PI can be used to differentiate clays but it 

is not a good indicator for sands which have a PI equal to or close to zero. The FC is a 

useful index for sands but not for clays because many clays can have similar values of FC 

which are generally above 90 %. The Cu is not useful if FC is greater than 10 % and D10, 

which is used to calculate Cu, becomes controversial. 

To achieve better regression analyses of test data from a wide variety of soils, the 

new database was best fitted using the generalized Equation 6.1, but with different forms 

of curvature parameters (“a” and “b”) and modified reference strain (γmr), for different 

soil types. Just as done in Chapter 5, based on the performance of multivariable 

regression analyses, soils are divided into three groups as follows: 1) Clean Sand and 

Gravel Group (soils with FC ≤ 12%), 2) Non-Plastic Silty Sand Group (soils with FC > 

12 % and no plasticity), 3) Clayey Soil Group (soils with FC > 12% and plasticity). 

The model parameter development process was conducted following a residual 

analysis procedure. At first, only one variable with the greatest impact on the G/Gmax – 

log γ relationship was considered in the model and the model was denoted as Stage-1. 

Since some dependence of the normalized shear modulus reduction curve on σ0 is well 

known and observed during testing, the mean confining pressure turned out to be the 
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most obvious influence factor and was chosen to be the first variable considered into the 

Stage-1 model. The Stage-1 model equation was determined from many different forms 

of variable combinations using the method of least squares. Residuals were then 

calculated based on the regression equation and plotted against the other variables which 

were not included in the model. Looking at the residual plots, the variable that shows the 

strongest relationship with the residuals was added in the model and the model was 

improved in Stage-2. The Stage-2 model equation was also determined from many 

different forms of variables combinations using the method of least squares. Residuals 

were then plotted against the remaining variables not included in the model and the 

variable with the strongest relationship was added into the Stage-3 model. This process 

was continued until the residual plots showed no obvious relationships. 

However, following the procedure above, the variables added to the model may 

not be necessary. To determine if a certain variable is worth including in the model, three 

model selection criteria are used as discussed in Chapter 5. These selection criteria are 

the adjusted coefficient of multiple determination (Ra
2), Akaike’ Information Criterion 

(AIC) and Bayesian Information Criterion (BIC). These criteria are defined by Equations 

5.2, 5.3 and 5.4, respectively. The added variables which cause the Ra
2 to increase, and 

both AIC and BIC to decrease are improving the model and worth including in the model. 

Since the G/Gmax values were calculated from the first-mode resonant frequency 

measurements during resonant column (RC) testing, the error term in Gmax measurements 

was assumed to follow the log-normal distribution to be more reasonable. Thus, the 

method of least squares was performed on the natural logarithm transformation of the 

original data, and the residual analysis was also performed in natural logarithm space. 
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6.2    G/GMAX – LOG γ RELATIONSHIP OF THE CLEAN SAND AND GRAVEL GROUP 

(WITH FC ≤ 12 %) 

The first soil group is denoted as clean sand and gravel, which includes soil with 

fines content no greater than 12 %. Based on the nonlinear shear modulus database 

described in Chapter 3, the soil types involved in the clean sand and gravel group are GP, 

SP, SP-SM, SW and SW-SM. Distribution of soil specimens according to soil types 

based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in G/Gmax – log γ relationship modeling of clean sand and gravel group is shown 

in Figure 6.4 and Table 6.1. The total number of soil specimens involved are 90, of which 

88 are reconstituted soil specimens and 2 are intact soil specimens recovered from Shelby 

tubes. A total of 184 normalized shear modulus reduction curves, with a total of 2419 

measurement points from RC tests were involved in the regression analyses for G/Gmax – 

log γ relationship modeling. There are 4 stages of models generated during the model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05. 

Besides the mean confining pressure (σ0), void ratio (e) and fines content (FC), 

uniformity coefficient (Cu) is a good indicator for soils with FC less than 12 % and enter 

the parameter development of the model. However, the shear modulus reduction curves 

are not sensitive to the variation in median grain size (D50), which, therefore, is excluded 

from the model parameter development process. 

 

Table 6.1: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type GP SP SP-SM SW SW-SM Total 

Number 9 53 1 22 5 90 
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Figure 6.4: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

 

6.2.1 Stage-1 Model for G/Gmax – Log γ Relationship of the Clean Sand and Gravel 

Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the G/Gmax – log γ relationships in the clean sand 

and gravel group using the method of least squares. The following equation with the 

smallest SSE and largest Ra
2 values was selected to be the Stage-1 model equation: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

𝛽1 ∙ 𝜎0
𝛽2

)
𝛽3

)

𝛽4
 (6.2) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 
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function using least squares estimation are presented in Table 6.2, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE (root mean squared error). 

In Table 6.2, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.939, representing 93.9 percent of variance explained 

by the model. The large value of R2 with only mean confining pressure σ0 considered in 

the model is another proof of the effectiveness of new modified hyperbolic model with 

two curvature parameters. The values of Ra
2, AIC and BIC are used to compare with the 

next stage model in the evaluation of improvement. The coefficient covariance of the 

Stage-1 model is shown in Table 6.3. 

 

Table 6.2: Estimated Coefficients of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.068 0.010 6.693 2.71E-11 

β2 0.404 0.011 37.809 4.02E-246 

β3 0.729 0.015 48.214 0 

β4 0.985 0.074 13.250 9.87E-39 

R2 = 0.939, Ra
2 = 0.939, AIC = -6224.3, BIC = -6201.1, RMSE = 0.067 

 



 184 

Table 6.3: Coefficient Covariance of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 

β1 1.02E-04 -5.54E-07 -1.44E-04 7.50E-04 

β2 -5.54E-07 1.14E-04 -1.48E-06 -3.17E-05 

β3 -1.44E-04 -1.48E-06 2.28E-04 -1.05E-03 

β4 7.50E-04 -3.17E-05 -1.05E-03 5.53E-03 

 

The predicted G/Gmax values from Stage-1 model are plotted against the measured 

G/Gmax values in the database for the clean sand and gravel group in Figure 6.5. Since the 

G/Gmax measurements are assumed to follow the log-normal distribution, based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.140 and denoted by two red dashed lines (the slope of upper dashed line is 1.140 and 

the slope of lower dashed line is 1/1.140). In this case, 95% of all the G/Gmax 

measurements fall between the two red dashed lines. 

The residuals using the Stage-1 model are calculated as the differences between 

the predicted G/Gmax values and the measured G/Gmax values at each γ. As shown in 

Figure 6.6, residuals are plotted with respect to all of the possible variables considered in 

the database, which includes: mean confining pressure (σ0), void ratio (e), uniformity 

coefficient (Cu) and fines content (FC). Based on Equation 5.7, a two-degree polynomial 

fitting function was chosen to show the trend of residuals changing with variables, which 

is plotted as the red line in each subplot. Looking at all the residual plots, the void ratio 

shows the strongest relationship within the residuals. Thus, the void ratio was added into 

the Stage-1 model to generate the Stage-2 model.  
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Figure 6.5: Comparison of Predicted G/Gmax Values from Stage-1 Model with Measured 

G/Gmax Values for the Clean Sand and Gravel Group. 

In Figure 6.6(e) and (f), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the clean sand and gravel group involved in this research. 
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Figure 6.6: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clean Sand 

and Gravel Group. 
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6.2.2 Stage-2 Model for G/Gmax – Log γ Relationship of the Clean Sand and Gravel 

Group 

With both mean confining pressure (σ0) and void ratio (e) in the model, many 

different forms of regression equations were applied to fit the G/Gmax – log γ 

relationships in the clean sand and gravel group using the method of least squares. The 

following equation was selected to be the Stage-2 model equation with the smallest SSE 

and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒𝛽2 − 𝛽3) ∙ 𝜎0
𝛽4

)
𝛽5

)

𝛽6
 (6.3) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using the least squares estimation are presented in Table 6.4, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficients of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.4, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.966, representing 96.6 percent of variance explained 

by the model. The value of Ra
2 is 0.966 and larger than that of Stage-1 model which is 

0.939. The value of AIC is -7650.0 and smaller than that of Stage-1 model which is -

6224.3. The value of BIC is -7615.3 and smaller than that of Stage-1 model which is -
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6201.1. Based on the three model selection criteria above, the Stage-2 model shows 

improvements relative to the Stage-1 model, and void ratio should be added into the 

regression model as a variable. The coefficient covariance of the Stage-2 model is shown 

in Table 6.5. 

The predicted G/Gmax values from Stage-2 model are plotted against the measured 

G/Gmax values in the database for clean sand and gravel group in Figure 6.7. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.102 and denoted by two red dashed lines (the slope of upper dashed line is 1.102 and 

the slope of lower dashed line is 1/1.102). Compared with Stage-1 model, the scale factor 

for Stage-2 model is smaller, which reflects smaller variance in the G/Gmax prediction. 

 

Table 6.4: Estimated Coefficients of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.130 0.014 9.595 2.01E-21 

β2 0.545 0.051 10.752 2.27E-26 

β3 0.043 0.008 5.490 4.45E-08 

β4 0.452 0.007 60.738 0 

β5 0.804 0.013 62.605 0 

β6 0.882 0.046 18.991 4.65E-75 

R2 = 0.966, Ra
2 = 0.966, AIC = -7650.0, BIC = -7615.3, RMSE = 0.05 
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Table 6.5: Coefficient Covariance of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 1.83E-04 -2.67E-04 8.77E-05 -9.00E-06 -1.50E-04 5.68E-04 

β2 -2.67E-04 2.57E-03 -3.37E-04 7.46E-05 1.53E-05 5.47E-05 

β3 8.77E-05 -3.37E-04 6.24E-05 -9.91E-06 -5.16E-05 1.86E-04 

β4 -9.00E-06 7.46E-05 -9.91E-06 5.55E-05 1.49E-06 -1.79E-05 

β5 -1.50E-04 1.53E-05 -5.16E-05 1.49E-06 1.65E-04 -5.59E-04 

β6 5.68E-04 5.47E-05 1.86E-04 -1.79E-05 -5.59E-04 2.16E-03 

 

The residuals are calculated from Stage-2 model and plotted in Figure 6.8 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), uniformity coefficient (Cu) and fines content (FC). 

Based on Equation 5.7, a two-degree polynomial fitting function was chosen to show the 

trend of residuals changing with variables, which was plotted as the red line in each 

subplot. Looking at all the residual plots, Cu shows the strongest relationship with the 

residuals. Thus, the Cu was added into the Stage-2 model to generate the next Stage-3 

model. The trend of residuals shows no obvious dependencies on σ0 and e anymore since 

they are already considered in the Stage-2 model. 

In Figure 6.8(e) and (f), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 
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the shear strain of 10E-4 % is another demonstration of the high quality data from the 

resonant column tests for the clean sand and gravel group involved in this research. 

 

 

 

Figure 6.7: Comparison of Predicted G/Gmax Values from Stage-2 Model with Measured 

G/Gmax Values for Clean Sand and Gravel Group. 
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Figure 6.8: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clean Sand 

and Gravel Group. 
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6.2.3 Stage-3 Model for G/Gmax – Log γ Relationship of the Clean Sand and Gravel 

Group 

Considering mean confining pressure (σ0), void ratio (e) and uniformity 

coefficient (Cu) in the model, many different forms of regression equations were applied 

to fit the G/Gmax – log γ relationships in the clean sand and gravel group using the method 

of least squares. The following equation was selected to be the Stage-3 model equation 

with the smallest SSE and largest Ra
2 values: 

 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒𝛽2∙𝐶𝑢 + 𝛽3) ∙ 𝜎0
𝛽4

)
𝛽5

)

𝛽6
 (6.4) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation are presented in Table 6.6, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.6, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.977, representing 97.7 percent of variance explained 

by the model. The value of Ra
2 is 0.944 and larger than that of the Stage-2 model which is 

0.944. The value of AIC is -7650.0 and smaller than that of the Stage-2 model which is -

8601.7. The value of BIC is -7615.3 and smaller than that of the Stage-2 model which is -
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8567.0. Based on the three model selection criteria above, the Stage-3 model show 

improvements on the Stage-2 model and Cu should be added into the regression model as 

a variable. The coefficient covariance of the Stage-3 model is shown in Table 6.7. 

The predicted G/Gmax values from Stage-3 model are plotted against the measured 

G/Gmax values in the database for clean sand and gravel group in Figure 6.9. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.083 and denoted by two red dashed lines (the slope of upper dashed line is 1.083 and 

the slope of lower dashed line is 1/1.083). Compared with Stage-2 model, the scale factor 

for Stage-3 model is smaller, which reflects smaller variance in the G/Gmax prediction. 

 

Table 6.6: Estimated Coefficients of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.050 0.004 13.666 5.21E-41 

β2 0.100 0.003 38.782 3.67E-256 

β3 0.011 0.001 13.005 2.01E-37 

β4 0.448 0.006 75.405 0 

β5 0.834 0.011 75.878 0 

β6 0.839 0.035 24.135 1.82E-115 

R2 = 0.977, Ra
2 = 0.977, AIC = -8601.7, BIC = -8567.0, RMSE = 0.041 
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Table 6.7: Coefficient Covariance of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 1.33E-05 3.47E-07 2.83E-06 -1.16E-07 -3.71E-05 1.26E-04 

β2 3.47E-07 6.68E-06 5.61E-07 2.08E-06 4.96E-07 2.66E-06 

β3 2.83E-06 5.61E-07 7.40E-07 -1.59E-07 -8.30E-06 2.79E-05 

β4 -1.16E-07 2.08E-06 -1.59E-07 3.53E-05 1.20E-06 -1.18E-05 

β5 -3.71E-05 4.96E-07 -8.30E-06 1.20E-06 1.21E-04 -3.59E-04 

β6 1.26E-04 2.66E-06 2.79E-05 -1.18E-05 -3.59E-04 1.21E-03 

 

The residuals are calculated from Stage-3 model and plotted in Figure 6.10 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), uniformity coefficient (Cu), fines content (FC) and 

plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, FC shows the strongest 

relationship with the residuals. Thus, the FC was added into the Stage-3 model to 

generate the next Stage-4 model. The trend of residuals shows no obvious dependencies 

on σ0, e and Cu anymore since they are already considered in the Stage-3 model. 

In Figure 6.10(e) and (f), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 
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the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the clean sand and gravel group involved in this research. 

 

 

 

Figure 6.9: Comparison of Predicted G/Gmax Values from Stage-3 Model with Measured 

G/Gmax Values for Clean Sand and Gravel Group. 
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Figure 6.10: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clean Sand 

and Gravel Group. 
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6.2.4 Stage-4 Model for G/Gmax – Log γ Relationship of the Clean Sand and Gravel 

Group 

With mean confining pressure (σ0), void ratio (e), uniformity coefficient (Cu) and 

fines content (FC) considered in the model, many different forms of regression equations 

were applied to fit the G/Gmax – log γ relationships in the clean sand and gravel group 

using the method of least squares. The following equation was selected to be the Stage-4 

model equation with the smallest SSE and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒𝛽2∙𝐶𝑢 + 𝛽3) ∙ 𝜎0
𝛽4

)
𝛽5+𝐹𝐶

)

𝛽6−𝛽7∙𝐹𝐶
 (6.5) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation are presented in Table 6.8, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.8, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.982, representing 98.2 percent of variance explained 

by the model. The value of Ra
2 is 0.982 and larger than that of Stage-3 model which is 

0.944. The value of AIC is -9142.8 and smaller than that of Stage-3 model which is -

8601.7. The value of BIC is -9102.3 and smaller than that of Stage-3 model which is  
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Table 6.8: Estimated Coefficients of Stage-4 Model for Clean Sand and Gravel Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.048 0.003 16.464 8.45E-58 

β2 0.089 0.002 49.867 0 

β3 0.008 0.000 15.342 9.22E-51 

β4 0.399 0.006 71.455 0 

β5 0.834 0.010 85.563 0 

β6 0.844 0.029 28.923 3.57E-158 

β7 1.897 0.083 22.797 2.42E-104 

R2 = 0.982, Ra
2 = 0.982, AIC = -9142.8, BIC = -9102.3, RMSE = 0.037 

 

 

Table 6.9: Coefficient Covariance of Stage-4 Model for Clean Sand and Gravel Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 8.56E-06 2.29E-07 1.25E-06 -5.97E-07 -2.62E-05 8.47E-05 1.38E-04 

β2 2.29E-07 3.16E-06 2.46E-07 2.00E-06 4.51E-07 8.64E-07 -2.00E-05 

β3 1.25E-06 2.46E-07 2.45E-07 2.23E-08 -4.05E-06 1.28E-05 1.41E-05 

β4 -5.97E-07 2.00E-06 2.23E-08 3.12E-05 2.14E-06 -1.56E-05 -1.43E-04 

β5 -2.62E-05 4.51E-07 -4.05E-06 2.14E-06 9.50E-05 -2.65E-04 -3.98E-04 

β6 8.47E-05 8.64E-07 1.28E-05 -1.56E-05 -2.65E-04 8.52E-04 1.44E-03 

β7 1.38E-04 -2.00E-05 1.41E-05 -1.43E-04 -3.98E-04 1.44E-03 6.93E-03 
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-8567.0. Based on the three model selection criteria above, Stage-4 model show 

improvements on Stage-3 model and fines content (FC) should be added into the 

regression model as a variable. The coefficient covariance of the Stage-4 model is shown 

in Table 6.9. 

The predicted G/Gmax values from Stage-4 model are plotted against the measured 

G/Gmax values in the database for clean sand and gravel group in Figure 6.11. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.074 and denoted by two red dashed lines (the slope of upper dashed line is 1.074 and 

the slope of lower dashed line is 1/1.074). Compared with Stage-3 model, the scale factor 

for Stage-4 model is smaller, which reflects smaller variance in the G/Gmax prediction. 

The residuals are calculated from Stage-4 model and plotted in Figure 6.12 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), uniformity coefficient (Cu), fines content (FC) and 

plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the residuals show no 

obvious dependencies on σ0, e, Cu, FC and PI, which means no additional variables are 

needed to be considered in the model. In another word, the model parameter development 

process is completed, and the Stage-4 model is the final regression model for G/Gmax – 

log γ relationship of clean sand and gravel group. 

In Figure 6.12(e) and (f), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 
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the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the clean sand and gravel group involved in this research. 

 

 

 

Figure 6.11: Comparison of Predicted G/Gmax Values from Stage-4 Model with Measured 

G/Gmax Values for Clean Sand and Gravel Group. 
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Figure 6.12: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clean Sand 

and Gravel Group. 
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6.2.5 Final Model for G/Gmax – Log γ Relationship of the Clean Sand and Gravel 

Group 

Through the model parameter development process, four stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), uniformity coefficient (Cu) and fines content (FC), were 

considered into the model as variables in sequence. According to the adjusted coefficient 

of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and Bayesian 

Information Criterion (BIC), improvements were shown during the process from Stage-1 

model to Stage-4 model. The means and standard deviations of residuals for the four 

models are plotted versus σ0 in Figure 6.13. As adding variables into the model from 

Stage-1 to Stage-4, the means of residuals are scattered more closely around zero and the 

standard deviations of residuals decrease significantly, which is another demonstration of 

improvements during the process. At last, Stage-4 model was selected to be final 

regression model for G/Gmax – log γ relationship of the clean sand and gravel group. 

The regression equations of parameters in the final G/Gmax – log γ relationship 

model of the clean sand and gravel group are presented in Table 6.10. Notice that, the 

unit for FC is decimal. From the result presented in Table 6.10, both curvature parameters 

“a” and “b” are a function of FC, which means FC controls the shape of the shear 

modulus reduction curve for soil in clean sand and gravel group. γmr is a function of σ0’, e 

and Cu, which means σ0’, e and Cu combine to affect the location of shear modulus 

reduction curve horizontally for soil in clean sand and gravel group. As mentioned in the 

Stage-4 model, the scale factor describing 95 % prediction bound (PB) is calculated to be 

1.074. The coefficient of variation for one prediction is calculated to be 0.037, and the 

coefficient of variation for the mean is calculated to be 7.41e-04. 
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Figure 6.13: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Four Models for Clean Sand and Gravel Group. 
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Table 6.10: Parameters in G/Gmax – Log γ Relationship Model for the Clean Sand and 

Gravel Group. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

b 0.844 − 1.897 ∙ FC 

a FC + 0.834 

𝛾𝑚𝑟 (%) (0.048 ∙ 𝑒0.089∙𝐶𝑢 + 0.008) ∙ (
𝜎0

𝑃𝑎
)

0.400

 

Note: 1. FC is in decimal. 

 

Even though the Stage-4 was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Stage 

models 1, 2 and 3 can also be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

 

6.3    G/GMAX – LOG γ RELATIONSHIP OF THE NON-PLASTIC SILTY SAND GROUP 

(WITH FC > 12 % AND NO PLASTICITY) 

The second soil group is denoted as non-plastic silty sand, which includes soil 

with fines content greater than 12 % and no plasticity. Based on the nonlinear shear 

modulus database described in Chapter 3, the soil types involved in the non-plastic silty 

sand group are SM, SP-SM, SW-SM and ML. Distribution of soil specimens according to 

soil types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011) involved in G/Gmax – log γ relationship modeling of non-plastic silty sand group is 

shown in Figure 6.14 and Table 6.11. The total number of soil specimens involved are 

56, of which 24 are reconstituted soil specimens and 32 are intact soil specimens 

recovered from Shelby tubes. 107 normalized shear modulus reduction curves, with a 

total of 1146 measurement points from RC tests are involved into the regression analysis 
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for G/Gmax – log γ relationship modeling. There are 3 stages of models generated during 

the model development process. The significant level, α, for the t test of each parameter 

in the model is set to be 0.05. 

 

Table 6.11: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type SM SP-SM SW-SM ML Total 

Number 30 10 6 10 56 

 

 

 

Figure 6.14: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 
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Mean confining pressure (σ0), void ratio (e) and fines content (FC) are still good 

indicators for soils with FC greater than 12 % and no plasticity. However, Cu is no longer 

an appropriate indicator for properties of soils with FC more than 12 % because D10 is 

usually hard to determined. Even it can be determined by hydrometer test, the value of Cu 

could be extremely high and lose its original usage. For similar reason, D50 is also not a 

good indicator, thus excluded from model parameter development. 

 

6.3.1 Stage-1 Model for G/Gmax – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the G/Gmax – log γ relationships in the non-plastic 

silty sand group using the method of least squares. The following equation was selected 

to be the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

𝛽1 ∙ 𝜎0
𝛽2

)
𝛽3

)

𝛽4−𝛽5∙𝜎0
 (6.6) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation are presented in Table 6.12, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.12, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

 



 207 

Table 6.12: Estimated Coefficients of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.011 0.002 6.365 2.82E-10 

β2 0.318 0.020 15.591 7.88E-50 

β3 1.040 0.063 16.603 1.29E-55 

β4 0.438 0.050 8.817 4.30E-18 

β5 0.007 0.001 4.995 6.80E-07 

R2 = 0.884, Ra
2 = 0.883, AIC = -1817.9, BIC = -1792.7, RMSE = 0.109 

 

Table 6.13: Coefficient Covariance of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 

β1 3.16E-06 -1.70E-06 -1.02E-04 8.71E-05 1.24E-06 

β2 -1.70E-06 4.15E-04 -9.41E-06 -4.83E-05 -1.61E-05 

β3 -1.02E-04 -9.41E-06 3.92E-03 -2.99E-03 -4.30E-05 

β4 8.71E-05 -4.83E-05 -2.99E-03 2.47E-03 3.78E-05 

β5 1.24E-06 -1.61E-05 -4.30E-05 3.78E-05 1.98E-06 

 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.884, representing 88.4 percent of variance explained 

by the model. The values of Ra
2, AIC and BIC will be used to compare with the next 



 208 

stage model for the evaluation of improvement. The coefficient covariance of the Stage-1 

model is shown in Table 6.13. 

The predicted G/Gmax values from Stage-1 model are plotted against the measured 

G/Gmax values in the database for the non-plastic silty sand group in Figure 6.15. Based 

on Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated 

to be 1.239 and denoted by two red dashed lines (the slope of upper dashed line is 1.239 

and the slope of lower dashed line is 1/1.239). in this case, 95% of all the Gmax 

measurements fall between the two red dashed lines. 

The residuals are calculated from the Stage-1 model and plotted in Figure 6.16 

with respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e) and fines content (FC). Based on Equation 5.7, a 

two-degree polynomial fitting function was chosen to show the trend of residuals 

changing with variables, which was plotted as the red line in each subplot. Looking at all 

the residual plots, the void ratio shows the strongest relationship with the residuals: the 

trend of residuals increases as void ratio increases. The trend of residuals also shows 

obvious dependency on FC, however, the relationship is not as strong as the relationship 

between residual and void ratio. Thus, the void ratio should be added into the Stage-1 

model to generate the Stage-2 model.  

In Figure 6.16(d) and (e), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the non-plastic silty sand group involved in this research. 
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Figure 6.15: Comparison of Predicted G/Gmax Values from Stage-1 Model with Measured 

G/Gmax Values for Non-Plastic Silty Sand Group. 
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Figure 6.16: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Non-Plastic 

Silty Sand Group. 
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6.3.2 Stage-2 Model for G/Gmax – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the G/Gmax – log 

γ relationships in the non-plastic silty sand group using the method of least squares. The 

following equation was selected to be the Stage-2 model equation with the smallest SSE 

and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒 − 𝛽2) ∙ 𝜎0
𝛽3

)
𝛽4∙𝑒𝛽5

)

𝛽6−𝛽7∙𝜎0
 (6.7) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 6.14, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.14, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.978, representing 97.8 percent of variance explained 

by the model. The value of Ra
2 is 0.977 and larger than that of Stage-1 model which is 

0.883. The value of AIC is -3700.6 and smaller than that of Stage-1 model which is -

1817.9. The value of BIC is -3665.3 and smaller than that of Stage-1 model which is  
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Table 6.14: Estimated Coefficients of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.029 0.002 15.901 1.44E-51 

β2 0.003 0.000 10.968 1.12E-26 

β3 0.335 0.009 38.971 8.40E-212 

β4 1.139 0.028 40.921 6.71E-226 

β5 0.093 0.015 6.360 2.92E-10 

β6 0.475 0.022 21.259 9.85E-85 

β7 0.007 0.001 9.756 1.19E-21 

R2 = 0.978, Ra
2 = 0.977, AIC = -3700.6, BIC = -3665.3, RMSE = 0.048 

 

 

Table 6.15: Coefficient Covariance of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 3.39E-06 3.47E-07 -8.39E-07 -3.76E-05 1.11E-05 3.93E-05 4.50E-07 

β2 3.47E-07 6.29E-08 1.39E-09 -1.74E-06 2.73E-06 3.15E-06 2.90E-08 

β3 -8.39E-07 1.39E-09 7.40E-05 5.26E-06 6.13E-06 -1.29E-05 -3.55E-06 

β4 -3.76E-05 -1.74E-06 5.26E-06 7.75E-04 7.52E-05 -5.42E-04 -6.86E-06 

β5 1.11E-05 2.73E-06 6.13E-06 7.52E-05 2.15E-04 7.67E-05 5.20E-07 

β6 3.93E-05 3.15E-06 -1.29E-05 -5.42E-04 7.67E-05 4.99E-04 6.63E-06 

β7 4.50E-07 2.90E-08 -3.55E-06 -6.86E-06 5.20E-07 6.63E-06 4.49E-07 
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-1792.7. Based on the three model selection criteria above, Stage-2 model show 

improvements on Stage-1 model and void ratio should be added into the regression model 

as a variable. The coefficient covariance of the Stage-2 model is shown in Table 6.15. 

The predicted G/Gmax values from Stage-2 model are plotted against the measured 

G/Gmax values in the database for non-plastic silty sand group in Figure 6.17. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.099 and denoted by two red dashed lines (the slope of upper dashed line is 1.099 and 

the slope of lower dashed line is 1/1.099). Compared with Stage-1 model, the scale factor 

for Stage-2 model is smaller, which reflects smaller variance in the G/Gmax prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 6.18 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e) and fines content (FC). Based on Equation 5.7, a 

two-degree polynomial fitting function was chosen to show the trend of residuals 

changing with variables, which was plotted as the red line in each subplot. Looking at all 

the residual plots, FC shows the strongest relationship with the residuals. Thus, FC 

should be added into the Stage-2 model to generate the Stage-3 model. The trend of 

residuals shows no obvious dependencies on σ0 and e anymore since they are already 

considered in the Stage-2 model. 

In Figure 6.18(d) and (e), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the non-plastic silty sand group involved in this research. 
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Figure 6.17: Comparison of Predicted G/Gmax Values from Stage-2 Model with Measured 

G/Gmax Values for Non-Plastic Silty Sand Group. 
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Figure 6.18: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Non-Plastic 

Silty Sand Group. 
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6.3.3 Stage-3 Model for G/Gmax – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With mean confining pressure (σ0), void ratio (e) and fines content (FC) 

considered in the model, many different forms of regression equations were applied to fit 

the G/Gmax – log γ relationships in the non-plastic silty sand group using the method of 

least squares. The following equation was selected to be the Stage-3 model equation with 

the smallest SSE and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒 − 𝛽2) ∙ 𝜎0
𝛽3−𝛽4∙𝐹𝐶)

(𝛽5∙𝑒+𝛽6∙𝐹𝐶)𝛽7

)

𝛽8−𝛽9∙𝜎0
 (6.8) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation are presented in Table 6.16, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.16, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.980, representing 98 percent of variance explained 

by the model. The value of Ra
2 is 0.980 and larger than that of Stage-2 model which is 

0.977. The value of AIC is -3837.3 and smaller than that of Stage-2 model which is -

3700.6. The value of BIC is -3791.9and smaller than that of Stage-2 model which is -

3665.3. Based on the three model selection criteria above, Stage-3 model show 
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improvements on Stage-2 model and fines content (FC) should be added into the 

regression model as a variable. The coefficient covariance of the Stage-3 model is shown 

in Table 6.17. 

The predicted G/Gmax values from Stage-3 model are plotted against the measured 

G/Gmax values in the database for non-plastic silty sand group in Figure 6.19. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.093 and denoted by two red dashed lines (the slope of upper dashed line is 1.093 and 

the slope of lower dashed line is 1/1.093). Compared with Stage-2 model, the scale factor 

for Stage-3 model is smaller, which reflects smaller variance in the Gmax prediction. 

 

Table 6.16: Estimated Coefficients of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.031 0.002 17.137 9.84E-59 

β2 0.003 0.000 12.483 1.33E-33 

β3 0.405 0.011 36.407 5.17E-193 

β4 0.193 0.024 8.083 1.61E-15 

β5 1.495 0.351 4.255 2.27E-05 

β6 3.079 0.885 3.480 5.21E-04 

β7 0.121 0.013 9.106 3.73E-19 

β8 0.486 0.021 23.135 2.39E-97 

β9 0.006 0.001 9.451 1.84E-20 

R2 = 0.980, Ra
2 = 0.980, AIC = -3837.3, BIC = -3791.9, RMSE = 0.045 
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Table 6.17: Coefficient Covariance of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 β9 

β1 3.3E-06 3.5E-07 2.4E-07 6.3E-06 -4.0E-04 -1.2E-03 9.9E-06 3.6E-05 4.2E-07 

β2 3.5E-07 6.2E-08 2.3E-07 1.0E-06 -2.3E-05 -1.7E-04 2.4E-06 3.0E-06 2.7E-08 

β3 2.4E-07 2.3E-07 1.2E-04 1.7E-04 -5.3E-05 -5.8E-04 1.4E-05 -8.0E-06 -3.5E-06 

β4 6.3E-06 1.0E-06 1.7E-04 5.7E-04 4.4E-04 -4.2E-03 1.6E-05 4.6E-05 1.8E-07 

β5 -4.0E-04 -2.3E-05 -5.3E-05 4.4E-04 1.2E-01 5.6E-02 -1.2E-04 -5.5E-03 -6.3E-05 

β6 -1.2E-03 -1.7E-04 -5.8E-04 -4.2E-03 5.6E-02 7.8E-01 -7.4E-03 -1.3E-02 -1.5E-04 

β7 9.9E-06 2.4E-06 1.4E-05 1.6E-05 -1.2E-04 -7.4E-03 1.8E-04 6.8E-05 3.5E-07 

β8 3.6E-05 3.0E-06 -8.0E-06 4.6E-05 -5.5E-03 -1.3E-02 6.8E-05 4.4E-04 6.0E-06 

β9 4.2E-07 2.7E-08 -3.5E-06 1.8E-07 -6.3E-05 -1.5E-04 3.5E-07 6.0E-06 4.4E-07 

 

The residuals are calculated from Stage-3 model and plotted in Figure 6.20 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e) and fines content (FC). Based on Equation 5.7, a 

two-degree polynomial fitting function was chosen to show the trend of residuals 

changing with variables, which was plotted as the red line in each subplot. Looking at all 

the residual plots, the residuals show no obvious dependencies on σ0, e and FC, which 

means no additional variables are needed to be considered in the model. In another word, 

the model parameter development process is completed, and the Stage-3 model is the 

final regression model for G/Gmax – log γ relationship of non-plastic silty sand group. 

In Figure 6.20(d) and (e), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 
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increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-4 % is another demonstration of the high-quality data from the 

resonant column tests for the non-plastic silty sand group involved in this research. 

 

 

 

Figure 6.19: Comparison of Predicted G/Gmax Values from Stage-3 Model with Measured 

G/Gmax Values for Non-Plastic Silty Sand Group. 
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Figure 6.20: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Non-Plastic 

Silty Sand Group. 
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6.3.4 Final Model for G/Gmax – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

Through the model parameter development process, three stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), and fines content (FC) were considered into the model as 

variables in sequence. According to the adjusted coefficient of multiple determination 

(Ra
2), Akaike’ Information Criterion (AIC) and Bayesian Information Criterion (BIC), 

improvements were shown during the process from Stage-1 model to Stage-3 model. The 

means and standard deviations of residuals for the three models are plotted versus σ0 in 

Figure 6.21. As adding variables into the model from Stage-1 to Stage-3, the means of 

residuals are scattered more closely around zero and the standard deviations of residuals 

decrease significantly, which is another demonstration of improvements during the 

process. At last, Stage-3 model was selected to be final regression model for G/Gmax – log 

γ relationship of non-plastic silty sand group. 

The regression equations of parameters in the final G/Gmax – log γ relationship 

model of the non-plastic silty sand group are presented in Table 6.18. Notice that, the unit 

for FC is decimal. From the result presented in Table 6.18, curvature parameter “b” is a 

function of σ0, while curvature parameter “a” is a function of e and FC. Therefore, the 

shape of shear modulus reduction curve is affected by σ0, e and FC. γmr is a function of 

σ0, e and FC, which means the horizontal location of shear modulus reduction curve is 

also controlled by σ0’, e and FC. As mentioned in the Stage-3 model, the scale factor 

describing 95 % prediction bound (PB) is calculated to be 1.093. The coefficient of 

variation for one prediction is calculated to be 0.045, and the coefficient of variation for 

the mean is calculated to be 0.0013. 
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Figure 6.21: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Three Models for Non-Plastic Silty Sand Group. 
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Table 6.18: Parameters in G/Gmax – Log γ Relationship Model for the Non-Plastic Silty 

Sand Group. 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

b 0.486 − 0.006 ∙
𝜎0

𝑃𝑎
 

a (1.495 ∙ 𝑒 + 3.079 ∙ FC)0.121 

𝛾𝑚𝑟  (%) (0.031 ∙ 𝑒 − 0.003) ∙ (
𝜎0

𝑃𝑎
)

0.405−0.193∙𝐹𝐶

 

Notes: 1. FC is in decimal. 

 

Even though the Stage-3 was selected to be the final model for preciseness 

purpose of research study, the other two stage models are also valuable resources. Stage 

models 1 and 2 can also be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

 

6.4    G/GMAX – LOG γ RELATIONSHIP OF THE CLAYEY SOIL GROUP (WITH FC > 12 % 

AND PLASTICITY) 

The third soil group is denoted as clayey soil, which includes soil with fines 

content greater than 12 % and plasticity. Based on the nonlinear shear modulus database 

described in Chapter 3, the soil types involved in the clayey soil group are SC, SM-SC, 

CH, CL, CL-ML, MH and ML. Distribution of soil specimens according to soil types 

based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in G/Gmax – log γ relationship modeling of clayey soil group is shown in Figure 

6.22 and Table 6.19. The total number of soil specimens involved are 65, of which 1 are 

reconstituted soil specimens and 64 are intact soil specimens recovered from Shelby 

tubes. 112 normalized shear modulus reduction curves, with a total of 1222 measurement 
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points from RC tests are involved into the regression analysis for G/Gmax – log γ 

relationship modeling. There are 5 stages of models generated during the model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05. 

 

Table 6.19: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 

Soil Type SC SM-SC CH CL CL-ML MH ML Total 

Number 9 7 13 27 3 3 3 65 

 

 

 

 

Figure 6.22: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 
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Besides the mean confining pressure (σ0), void ratio (e) and fines content (FC), 

the plasticity index (PI) and overconsolidation ratio (OCR) become good indicators for 

clayey soils, which are included into the parameter development of the model. As 

mentioned in the previous chapter, Cu and D50 are excluded from model parameter 

development because they are no longer appropriate indicators for properties of soils with 

high fines content. 

 

6.4.1 Stage-1 Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the G/Gmax – log γ relationships in the clayey soil 

group using the method of least squares. The following equation was selected to be the 

Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

𝛽1 ∙ 𝜎0
𝛽2

)
𝛽3

)

𝛽4
 (6.9) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation are presented in Table 6.20, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.20, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 
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Table 6.20: Estimated Coefficients of the Stage-1 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.015 0.002 8.159 8.35E-16 

β2 0.205 0.016 12.998 2.89E-36 

β3 1.364 0.100 13.649 1.42E-39 

β4 0.280 0.033 8.397 1.26E-16 

R2 = 0.863, Ra
2 = 0.862, AIC = -2176.1, BIC = -2155.7, RMSE = 0.099 

 

Table 6.21: Coefficient Covariance of the Stage-1 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 

β1 3.21E-06 -6.89E-06 -1.59E-04 5.77E-05 

β2 -6.89E-06 2.49E-04 1.30E-04 -6.55E-05 

β3 -1.59E-04 1.30E-04 9.99E-03 -3.22E-03 

β4 5.77E-05 -6.55E-05 -3.22E-03 1.11E-03 

 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.863, representing 86.3 percent of variance explained 

by the model. The values of Ra
2, AIC and BIC will be used to compare with the next 

stage model for the evaluation of improvement. The coefficient covariance of the Stage-1 

model is shown in Table 6.21. 

The predicted G/Gmax values from Stage-1 model are plotted against the measured 

G/Gmax values in the database for clayey soil group in Figure 6.23. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.215 
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and denoted by two red dashed lines (the slope of upper dashed line is 1.215 and the 

slope of lower dashed line is 1/1.215). 95% of all the Gmax measurements are supposed to 

fall between the two red dashed lines. 

 

 

 

Figure 6.23: Comparison of Predicted G/Gmax Values from Stage-1 Model with Measured 

G/Gmax Values for Clayey Soil Group. 
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The residuals are calculated from Stage-1 model and plotted in Figure 6.24 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) 

and plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the void ratio shows the 

strongest relationship with the residuals: the trend of residuals increases as void ratio 

increases. The trend of residuals also shows obvious dependencies on FC, OCR and PI, 

however, the relationships are not as strong as the relationship between residual and void 

ratio. Thus, the void ratio should be added into the Stage-1 model to generate the Stage-2 

model.  

In Figure 6.24(f) and (g), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-3 % is another demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 
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Figure 6.24: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for Clayey Soil 

Group. 
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6.4.2 Stage-2 Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the G/Gmax – log 

γ relationships in the clayey soil group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

𝛽1 ∙ 𝑒 ∙ 𝜎0
𝛽2

)
𝛽3

)

𝛽4
 (6.10) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation are presented in Table 6.22, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.22, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.959, representing 95.9 percent of variance explained 

by the model. The value of Ra
2 is 0.959 and larger than that of Stage-1 model which is 

0.862. The value of AIC is -3657.2 and smaller than that of Stage-1 model which is -

2176.1. The value of BIC is -3636.8 and smaller than that of Stage-1 model which is  
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Table 6.22: Estimated Coefficients of the Stage-2 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.035 0.003 12.016 1.65E-31 

β2 0.276 0.008 36.520 7.94E-198 

β3 1.185 0.037 32.128 1.53E-164 

β4 0.475 0.032 15.064 3.75E-47 

R2 = 0.959, Ra
2 = 0.959, AIC = -3657.2, BIC = -3636.8, RMSE = 0.054 

 

Table 6.23: Coefficient Covariance of the Stage-2 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 

β1 8.67E-06 -5.83E-06 -9.95E-05 9.19E-05 

β2 -5.83E-06 5.72E-05 3.30E-05 -4.39E-05 

β3 -9.95E-05 3.30E-05 1.36E-03 -1.11E-03 

β4 9.19E-05 -4.39E-05 -1.11E-03 9.96E-04 

 

-2155.7. Based on the three model selection criteria above, Stage-2 model show 

improvements on Stage-1 model and void ratio should be added into the regression model 

as a variable. The coefficient covariance of the Stage-2 model is shown in Table 6.23. 

The predicted G/Gmax values from Stage-2 model are plotted against the measured 

G/Gmax values in the database for clayey soil group in Figure 6.25. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.112 

and denoted by two red dashed lines (the slope of upper dashed line is 1.112 and the 

slope of lower dashed line is 1/1.112). Compared with Stage-1 model, the scale factor for 

Stage-2 model is smaller, which reflects smaller variance in the Gmax prediction. 
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Figure 6.25: Comparison of Predicted G/Gmax Values from Stage-2 Model with Measured 

G/Gmax Values for Clayey Soil Group. 
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The residuals are calculated from Stage-2 model and plotted in Figure 6.26 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) 

and plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the FC shows the strongest 

relationship with the residuals: the trend of residuals increases as FC increases. Thus, the 

FC should be added into the Stage-2 model to generate the Stage-3 model. The trend of 

residuals shows no obvious dependencies on σ0 and e anymore since they are already 

considered in the Stage-2 model. 

In Figure 6.26(f) and (g), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-3 % is another demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 
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Figure 6.26: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clayey Soil 

Group. 
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6.4.3 Stage-3 Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e) and fines content (FC) 

considered in the model, many different forms of regression equations were applied to fit 

the G/Gmax – log γ relationships in the clayey soil group using the method of least 

squares. The following equation was selected to be the Stage-3 model equation with the 

smallest SSE and largest Ra
2 values: 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒 + 𝛽2 ∙ 𝐹𝐶) ∙ 𝜎0
𝛽3

)
𝛽4+𝛽5∙𝐹𝐶

)

𝛽6−𝛽7∙𝐹𝐶
 (6.11) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation are presented in Table 6.24, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.24, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.970, representing 97 percent of variance explained 

by the model. The value of Ra
2 is 0.970 and larger than that of Stage-2 model which is 

0.959. The value of AIC is -4043.0 and smaller than that of Stage-2 model which is -

3657.2. The value of BIC is -4007.3 and smaller than that of Stage-2 model which is -

3636.8. Based on the three model selection criteria above, Stage-3 model show  
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Table 6.24: Estimated Coefficients of the Stage-3 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.031 0.002 13.955 3.66E-41 

β2 0.004 0.001 5.554 3.43E-08 

β3 0.250 0.007 37.068 7.92E-202 

β4 0.966 0.033 28.921 2.30E-140 

β5 0.378 0.053 7.200 1.05E-12 

β6 0.596 0.029 20.269 6.45E-79 

β7 0.207 0.015 14.226 1.36E-42 

R2 = 0.970, Ra
2 = 0.970, AIC = -4043.0, BIC = -4007.3, RMSE = 0.046 

 

Table 6.25: Coefficient Covariance of the Stage-3 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 4.81E-06 1.82E-07 -2.35E-06 -3.56E-05 -4.39E-05 6.09E-05 1.06E-05 

β2 1.82E-07 5.48E-07 -1.73E-06 -2.30E-08 -1.21E-05 4.61E-06 -3.32E-06 

β3 -2.35E-06 -1.73E-06 4.56E-05 4.23E-07 3.32E-05 -2.73E-05 6.17E-07 

β4 -3.56E-05 -2.30E-08 4.23E-07 1.12E-03 -9.17E-04 -6.44E-04 -3.57E-04 

β5 -4.39E-05 -1.21E-05 3.32E-05 -9.17E-04 2.76E-03 -3.42E-04 4.23E-04 

β6 6.09E-05 4.61E-06 -2.73E-05 -6.44E-04 -3.42E-04 8.65E-04 2.23E-04 

β7 1.06E-05 -3.32E-06 6.17E-07 -3.57E-04 4.23E-04 2.23E-04 2.11E-04 
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improvements on Stage-2 model and FC should be added into the regression model as a 

variable. The coefficient covariance of the Stage-3 model is shown in Table 6.25. 

The predicted G/Gmax values from Stage-3 model are plotted against the measured 

G/Gmax values in the database for clayey soil group in Figure 6.27. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.095 

and denoted by two red dashed lines (the slope of upper dashed line is 1.095 and the 

slope of lower dashed line is 1/1.095). Compared with Stage-2 model, the scale factor for 

Stage-3 model is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 6.28 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) 

and plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the OCR shows the 

strongest relationship with the residuals. Thus, the OCR should be added into the Stage-3 

model to generate the Stage-4 model. The trend of residuals shows no obvious 

dependencies on σ0, e and FC anymore since they are already considered in the Stage-3 

model. 

In Figure 6.28(f) and (g), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-3 % is another demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 
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Figure 6.27: Comparison of Predicted G/Gmax Values from Stage-3 Model with Measured 

G/Gmax Values for Clayey Soil Group. 
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Figure 6.28: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clayey Soil 

Group. 
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6.4.4 Stage-4 Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e), fines content (FC) and 

overconsolidation ratio (OCR) considered in the model, many different forms of 

regression equations were applied to fit the G/Gmax – log γ relationships in the clayey soil 

group using the method of least squares. The following equation was selected to be the 

Stage-4 model equation with the smallest SSE and largest Ra
2 values: 

 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1 ∙ 𝑒 + 𝛽2 ∙ 𝐹𝐶) ∙ (𝜎0 + 𝛽3 ∙ 𝑂𝐶𝑅)𝛽4
)

𝛽5+𝛽6∙𝐹𝐶

)

𝛽7−𝛽8∙𝐹𝐶
  (6.12) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation are presented in Table 6.26, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.26, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.976, representing 97.6 percent of variance explained 

by the model. The value of Ra
2 is 0.976 and larger than that of Stage-3 model which is 

0.970. The value of AIC is -4320.1 and smaller than that of Stage-3 model which is -

4043.0. The value of BIC is -4279.3 and smaller than that of Stage-3 model which is -

4007.3. Based on the three model selection criteria above, Stage-4 model show 
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improvements on Stage-3 model and OCR should be added into the regression model as a 

variable. The coefficient covariance of the Stage-4 model is shown in Table 6.27. 

The predicted G/Gmax values from Stage-4 model are plotted against the measured 

G/Gmax values in the database for clayey soil group in Figure 6.29. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.084 

and denoted by two red dashed lines (the slope of upper dashed line is 1.084 and the 

slope of lower dashed line is 1/1.084). Compared with Stage-3 model, the scale factor for 

Stage-4 model is smaller, which reflects smaller variance in the Gmax prediction. 

 

 

Table 6.26: Estimated Coefficients of Stage-4 Model for Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.025 0.002 16.033 1.28E-52 

β2 0.0015 0.0005 3.176 1.53E-03 

β3 0.375 0.035 10.708 1.24E-25 

β4 0.358 0.009 37.976 1.23E-208 

β5 0.972 0.031 31.823 4.19E-162 

β6 0.419 0.050 8.436 9.20E-17 

β7 0.571 0.024 23.532 3.53E-101 

β8 0.200 0.013 15.803 2.69E-51 

R2 = 0.976, Ra
2 = 0.976, AIC = -4320.1, BIC = -4279.3, RMSE = 0.041 
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Table 6.27: Coefficient Covariance of Stage-4 Model for Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 2.44E-06 -2.21E-08 -1.13E-05 -4.42E-06 -2.16E-05 -3.01E-05 3.49E-05 5.79E-06 

β2 -2.21E-08 2.22E-07 -1.86E-06 -1.72E-06 1.32E-06 -5.13E-06 2.66E-07 -2.02E-06 

β3 -1.13E-05 -1.86E-06 1.22E-03 1.72E-04 5.83E-05 -6.60E-05 -2.83E-05 -3.09E-05 

β4 -4.42E-06 -1.72E-06 1.72E-04 8.91E-05 1.04E-05 2.99E-05 -3.36E-05 -4.51E-06 

β5 -2.16E-05 1.32E-06 5.83E-05 1.04E-05 9.33E-04 -8.02E-04 -4.84E-04 -2.91E-04 

β6 -3.01E-05 -5.13E-06 -6.60E-05 2.99E-05 -8.02E-04 2.46E-03 -2.63E-04 3.69E-04 

β7 3.49E-05 2.66E-07 -2.83E-05 -3.36E-05 -4.84E-04 -2.63E-04 5.90E-04 1.57E-04 

β8 5.79E-06 -2.02E-06 -3.09E-05 -4.51E-06 -2.91E-04 3.69E-04 1.57E-04 1.61E-04 

 

The residuals are calculated from Stage-4 model and plotted in Figure 6.30 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) 

and plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 

was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the PI shows the strongest 

relationship with the residuals. Thus, PI should be added into the Stage-4 model to 

generate the Stage-5 model. The trend of residuals shows no obvious dependencies on σ0, 

e, FC and OCR anymore since they are already considered in the Stage-4 model. 

In Figure 6.30(f) and (g), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 
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the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-3 % is another demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 

 

 

 

Figure 6.29: Comparison of Predicted G/Gmax Values from Stage-4 Model with Measured 

G/Gmax Values for Clayey Soil Group. 
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Figure 6.30: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clayey Soil 

Group. 
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6.4.5 Stage-5 Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e), fines content (FC), 

overconsolidation ratio (OCR) and plasticity index (PI) considered in the model, many 

different forms of regression equations were applied to fit the G/Gmax – log γ 

relationships in the clayey soil group using the method of least squares. The following 

equation was selected to be the Stage-5 model equation with the smallest SSE and largest 

Ra
2 values: 

 

 
𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (
𝛾

(𝛽1𝑒 + 𝛽2𝐹𝐶) ∙ (𝜎0 + 𝛽3𝑂𝐶𝑅)𝛽4−𝛽5𝑃𝐼)
𝛽6+𝛽7𝐹𝐶+𝛽8𝑃𝐼

)

𝛽9−𝛽10𝑒−𝛽11𝐹𝐶
  (6.13) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-5 model 

function using least squares estimation are presented in Table 6.28, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 6.28, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-5 model is around 0.982, representing 98.2 percent of variance explained 

by the model. The value of Ra
2 is 0.981 and larger than that of Stage-4 model which is 

0.976. The value of AIC is -4621.1 and smaller than that of Stage-4 model which is -

4320.1. The value of BIC is -4564.9 and smaller than that of Stage-4 model which is -
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4279.3. Based on the three model selection criteria above, Stage-5 model show 

improvements on Stage-4 model and PI should be added into the regression model as a 

variable. The coefficient covariance of the Stage-5 model is shown in Table 6.29. 

 

Table 6.28: Estimated Coefficients of the Stage-5 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.020 0.001 17.967 3.58E-64 

β2 0.004 0.001 7.033 3.37E-12 

β3 0.420 0.032 13.195 3.05E-37 

β4 0.447 0.011 40.926 1.31E-230 

β5 0.270 0.031 8.831 3.56E-18 

β6 0.896 0.027 33.071 2.01E-171 

β7 0.412 0.046 8.893 2.11E-18 

β8 0.534 0.060 8.941 1.41E-18 

β9 0.586 0.021 28.487 4.81E-137 

β10 0.098 0.008 12.934 6.17E-36 

β11 0.135 0.014 9.445 1.76E-20 

R2 = 0.982, Ra
2 = 0.981, AIC = -4621.1, BIC = -4564.9, RMSE = 0.037 
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Table 6.29: Coefficient Covariance of the Stage-5 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 β11 

β1 1.2E-6 -1.0E-7 -6.0E-6 -6.5E-7 1.1E-5 -1.0E-5 -1.1E-5 -2.7E-5 2.0E-5 5.5E-7 5.2E-6 

β2 -1.0E-7 3.7E-7 -2.3E-6 -1.5E-6 1.4E-7 3.9E-7 -9.6E-6 8.4E-6 1.5E-6 3.1E-6 -5.6E-6 

β3 -6.0E-6 -2.3E-6 1.0E-3 1.5E-4 3.3E-5 2.6E-5 -5.6E-5 -4.4E-5 2.6E-5 2.4E-5 -2.1E-5 

β4 -6.5E-7 -1.5E-6 1.5E-4 1.2E-4 2.0E-4 -1.8E-5 1.9E-5 -1.2E-4 2.8E-5 1.4E-5 3.1E-6 

β5 1.1E-5 1.4E-7 3.3E-5 2.0E-4 9.3E-4 -6.2E-5 -1.1E-5 -8.5E-4 2.2E-4 4.8E-5 3.2E-5 

β6 -1.0E-5 3.9E-7 2.6E-5 -1.8E-5 -6.2E-5 7.3E-4 -7.2E-4 -9.4E-5 -3.3E-4 -3.9E-5 -2.1E-4 

β7 -1.1E-5 -9.6E-6 -5.6E-5 1.9E-5 -1.1E-5 -7.2E-4 2.1E-3 -3.3E-4 -1.4E-4 -1.4E-4 4.5E-4 

β8 -2.7E-5 8.4E-6 -4.4E-5 -1.2E-4 -8.5E-4 -9.4E-5 -3.3E-4 3.6E-3 -3.1E-4 2.1E-4 -2.9E-4 

β9 2.0E-5 1.5E-6 2.6E-5 2.8E-5 2.2E-4 -3.3E-4 -1.4E-4 -3.1E-4 4.2E-4 6.2E-5 8.4E-5 

β10 5.5E-7 3.1E-6 2.4E-5 1.4E-5 4.8E-5 -3.9E-5 -1.4E-4 2.1E-4 6.2E-5 5.7E-5 -6.1E-5 

β11 5.2E-6 -5.6E-6 -2.1E-5 3.1E-6 3.2E-5 -2.1E-4 4.5E-4 -2.9E-4 8.4E-5 -6.1E-5 2.0E-4 

 

The predicted G/Gmax values from Stage-5 model are plotted against the measured 

G/Gmax values in the database for clayey soil group in Figure 6.31. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.074 

and denoted by two red dashed lines (the slope of upper dashed line is 1.074 and the 

slope of lower dashed line is 1/1.074). Compared with Stage-4 model, the scale factor for 

Stage-5 model is smaller, which reflects smaller variance in the Gmax prediction. 

The residuals are calculated from Stage-5 model and plotted in Figure 6.32 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) 

and plasticity index (PI). Based on Equation 5.7, a two-degree polynomial fitting function 
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was chosen to show the trend of residuals changing with variables, which was plotted as 

the red line in each subplot. Looking at all the residual plots, the residuals show no 

obvious dependencies on σ0, e, FC, OCR and PI, which means no additional variables are 

needed to be considered in the model. In another word, the model parameter development 

process is completed, and the Stage-5 model is the final regression model for the G/Gmax 

– log γ relationship of clayey soil group. 

 

 

Figure 6.31: Comparison of Predicted G/Gmax Values from Stage-5 Model with Measured 

G/Gmax Values for Clayey Soil Group. 
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Figure 6.32: Residuals from Stage-5 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and G/Gmax Values for the Clayey Soil 

Group. 
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In Figure 6.32(f) and (g), residuals are also plotted with respect to the shear strain 

and G/Gmax measurements to check the variance assumption. The variance of residuals 

increases with increasing shear strain and decreasing G/Gmax measurements. It is 

reasonable because of the nature of the hyperbolic model, which shows largest gradient in 

the middle and smaller gradients at both further ends. The small variance shown below 

the shear strain of 10E-3 % is another demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 

 

6.4.6 Final Model for G/Gmax – Log γ Relationship of the Clayey Soil Group 

Through the model parameter development process, five stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), fines content (FC), overconsolidation ratio (OCR) and 

plasticity index (PI) were considered into the model as variables in sequence. According 

to the adjusted coefficient of multiple determination (Ra
2), Akaike’ Information Criterion 

(AIC) and Bayesian Information Criterion (BIC), improvements were shown during the 

process from Stage-1 model to Stage-5 model. The means and standard deviations of 

residuals for the five models are plotted versus σ0 in Figure 6.33. As adding variables into 

the model from Stage-1 to Stage-5, the means of residuals are always scattered around 

zero and the standard deviations of residuals decrease significantly, which is another 

demonstration of improvements during the process. At last, Stage-5 model was selected 

to be final regression model for the G/Gmax – log γ relationship of clayey soil group. 
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Figure 6.33: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Five Models for Clayey Soil Group. 
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Table 6.30: Parameters in G/Gmax – Log γ Relationship Model for the Clayey Soil 

Group. 

Clayey Soil Group 

(FC > 12% and Plasticity) 

b 0.586 − 0.098 ∙ 𝑒 − 0.135 ∙ FC 

a 0.896 + 0.412 ∙ FC + 0.534 ∙ PI 

𝛾𝑚𝑟 (%) (0.02 ∙ 𝑒 + 0.004 ∙ FC) ∙ (
𝜎0

𝑃𝑎
+ 0.42 ∙ 𝑂𝐶𝑅)

0.447−0.27∙𝑃𝐼

 

Notes: 1. PI and FC are in decimal. 

 

The regression equations of parameters in the final Gmax model of the clayey soil 

group are presented in Table 6.30. Notice that, the units for PI and FC are decimal. From 

the result shown in Table 6.30, curvature parameter “b” is a function of FC and e, while 

curvature parameter “a” is a function of FC and PI, which implies FC, PI and e combine 

to control the shape of the shear modulus reduction curve. γmr is a function of σ0’, e, FC, 

OCR and PI, which combine to control the horizontal location of the shear modulus 

reduction curve. In the function of γmr, OCR can be considered as a correction factor for 

the confining pressure. As mentioned in the Stage-5 model, the scale factor describing 95 

% prediction bound (PB) is calculated to be 1.074. The coefficient of variation for one 

prediction is calculated to be 0.036, and the coefficient of variation for the mean is 

calculated to be 0.001. 

Even though the Stage-5 model was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Stage 

models 1, 2, 3 and 4 can also be appropriately used with consideration of the variable 

(soil properties and states) availability and model prediction variance. 
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6.5    SUMMARY: G/GMAX – LOG γ RELATIONSHIP MODEL OF UNCEMENTED SOILS 

403 normalized shear modulus reduction curves, with a total of 4787 

measurement points from RC tests are involved into the regression modeling for G/Gmax 

– log γ relationships of uncemented soils. Considering the applicability of different soil 

property factors and based on the performance of multivariable regression analysis, soils 

are divided into three groups as follows: 1) Clean Sand and Gravel Group (soils with FC 

≤ 12%) (2419 Data Points), 2) Non-Plastic Silty Sand Group (soils with FC > 12 % and 

no plasticity) (1146 Data Points), 3) Clayey Soil Group (soils with FC > 12% and 

plasticity) (1222 Data Points). 

For the clean sand and gravel group, four stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-4 model, and 

Stage-4 model was selected to be final regression model for G/Gmax – log γ relationship 

of clean sand and gravel group. Besides, Stage models 1, 2 and 3 are also valuable 

resources, and can be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

For the non-plastic silty sand group, three stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-3 model, and 

Stage-3 model was selected to be final regression model for G/Gmax – log γ relationship 

of non-plastic silty sand group. Stage models 1 and 2 can also be appropriately used with 

consideration of the variable availability and model prediction variance. 

For the clayey soil group, five stages of models were generated during the model 

parameter development process. According to values of Ra
2, AIC and BIC, improvements 

were shown during the process from Stage-1 model to Stage-5 model, and Stage-5 model 
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was selected to be final regression model for G/Gmax – log γ relationship of clayey soil 

group. Besides, Stage models 1, 2, 3 and 4 can also be appropriately used with 

consideration of the variable (soil properties and states) availability and model prediction 

variance. 

The regression equations for the parameters “a”, “b” and γmr in the final G/Gmax 

models of the three soil groups are presented in Table 6.31, respectively. The predicted 

G/Gmax values from final model are plotted against the measured G/Gmax values in the 

database for all three soil groups in Figure 6.34. Based on Equation 5.6, the scale factor 

describing the 95 % prediction bound (PB) is calculated to be 1.079 and denoted by two 

red dashed lines (the slope of upper dashed line is 1.079 and the slope of lower dashed 

line is 1/1.079). 95% of all the Gmax measurements are supposed to fall between the two 

red dashed lines. The coefficient of variation for one prediction is calculated to be 0.039, 

and the coefficient of variation for the mean is calculated to be 5.59E-04. 

The residuals are calculated from the final models and plotted in Figure 6.35 with 

respect to mean confining pressure (σ0), void ratio (e) and fines content (FC), which are 

the common variables considered in all three soil groups. The residuals show no obvious 

dependencies on σ0, e and FC. In Figure 6.35(d) and (e), residuals are also plotted with 

respect to the shear strain and G/Gmax measurements. The variance of residuals increases 

with increasing shear strain and decreasing G/Gmax measurements. It is reasonable 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. The small variance shown below the shear 

strain of 10E-3 % is another demonstration of the high-quality data from the resonant 

column tests for all the three soil groups involved in this research. 
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The means and standard deviations of residuals for the final G/Gmax models are 

plotted versus σ0 in Figure 6.36. The means of residuals are closely scattered around zero 

and the standard deviations of residuals constantly maintain below 0.05 in natural 

logarithmic scale, which is another demonstration of the effectiveness of the G/Gmax – log 

γ models. 

 

Table 6.31: Parameters in G/Gmax – Log γ Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

b 0.844 − 1.897 ∙ FC 

a FC + 0.834 

𝛾𝑚𝑟  (%) (0.048 ∙ 𝑒0.089∙𝐶𝑢 + 0.008) ∙ (
𝜎0

𝑃𝑎
)

0.400

 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

b 0.486 − 0.006 ∙
𝜎0

𝑃𝑎
 

a (1.495 ∙ 𝑒 + 3.079 ∙ FC)0.121 

𝛾𝑚𝑟  (%) (0.031 ∙ 𝑒 − 0.003) ∙ (
𝜎0

𝑃𝑎
)

0.405−0.193∙𝐹𝐶

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

b 0.586 − 0.098 ∙ 𝑒 − 0.135 ∙ FC 

a 0.896 + 0.412 ∙ FC + 0.534 ∙ PI 

𝛾𝑚𝑟  (%) (0.02 ∙ 𝑒 + 0.004 ∙ FC) ∙ (
𝜎0

𝑃𝑎
+ 0.42 ∙ 𝑂𝐶𝑅)

0.447−0.27∙𝑃𝐼

 

Note: 1. FC and PI are in decimal form. 
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Figure 6.34: Comparison of Predicted G/Gmax Values from the Final G/Gmax – Log γ 

Models with Measured G/Gmax Values for All Three Soil Groups. 
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Figure 6.35: Residuals from the Final G/Gmax Models Plotted with respect to the 

Common Variables and Measured Shear Strain and G/Gmax Values for All 

Three Soil Groups. 
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Figure 6.36: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for the Final G/Gmax Models for All Three Soil Groups. 

 

It is advisable to have a comprehensive understanding about the database during 

the application of constitutive models generated from it. The distribution ranges of the 

influence factors considered during the model development in the database are shown in 

Table 6.32, as well as the areas where available data points are sparse. Attention needs to 

be paid while utilizing the model in these sparse zones. Future updates of both the current 

database and constitutive models can also be focused on these sparse zones. 
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Table 6.32: Distribution Ranges and Sparse Zones of the Database for G/Gmax Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group 

σ0 (atm) 0.06 ~ 6 0.06 ~ 0.1 

e 0.2 ~ 1.1 0.9 ~ 1.1 

Cu 1 ~ 60 30 ~ 60 

FC (%) 0 ~ 12 None 

Non-Plastic Silty 

Sand Group 

σ0 (atm) 0.1 ~ 30 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

FC (%) 10 ~ 100 65 ~ 75 

Clayey Soil Group 

σ0 (atm) 0.25 ~ 30 None 

e 0.25 ~ 2.4 1.6 ~ 2.4 

FC (%) 12 ~ 100 None 

OCR 1 ~ 8 None 

PI (%) 0 ~ 135 60 ~ 135 
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Chapter 7:  Proposed Model for Small-Strain Material Damping Ratio 

of Uncemented Soils 

7.1    MODEL DEVELOPMENT 

A generalized model for the estimation of small-strain material damping ratio 

(Dmin) is proposed in this chapter. The starting empirical equation for the Dmin model is: 

 

𝐷𝑚𝑖𝑛 = 𝐶𝐷 ∙ 𝐹𝐷 ∙ 𝐹(𝜎0) + 𝛿𝐷 (7.1) 

in which CD is a single-value, soil-type-dependent constant. FD is dependent on soil index 

and density properties, F(σ0) is dependent on confining-state properties, and δD is an 

additional item which may or may not be added as appropriate. 

Based on the small-strain material damping ratio database described in Chapter 3, 

many factors regarding soil properties and soil states show impacts on Dmin. These factors 

include soil type, mean confining pressure (σ0), void ratio (e), fines content (FC), 

uniformity coefficient (Cu), median grain size (D50), water content (Wc) and the plasticity 

index (PI). The resolution of one soil index property can be of adequate or limited quality 

depending on the type of soil which is being described. For example, PI can be used to 

differentiate clays but it is not a good indicator for clean sands or other granular soils 

which have a PI value of zero. FC is a useful index for sands but not for clays because 

many clays can have similar values of FC which are above 90 %. Cu is not useful if the 

FC is greater than 10 % and D10, which is used to calculate Cu, becomes controversial.  

To achieve better regression analyses for test data from a wide variety of soils, the 

new database was best fitted using generalized Equation 7.1, but with different CD values, 

and different combinations of property factors in the functions for FD and F(σ0), 

depending on the soil types. Based on the performance of multivariable regression 

analyses, soils are divided into the same three groups as discussed in the previous 
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chapters: 1) Clean Sand and Gravel Group (soils with FC ≤ 12%), 2) Non-Plastic Silty 

Sand Group (soils with FC > 12 % and no plasticity), 3) Clayey Soil Group (soils with 

FC > 12% and plasticity). 

The model parameter development process was conducted following a residual 

analysis procedure. At first, only one variable with an obvious impact on Dmin was 

considered in the model and the model was denoted as Stage-1. Since the linear (or 

bilinear) relationship between Dmin and σ0 in log-log scale is commonly observed during 

tests, the mean confining pressure turned out to be the first variable considered in the 

Stage-1 model. The Stage-1 model equation was determined from many different forms 

of variable combinations using the method of least squares. Residuals were then 

calculated based on the regression equation and plotted against the other variables which 

are not included in the model. Looking at the residual plots, the variable that showed the 

strongest relationship with the residuals was then added in the model and the model was 

improved and designated as Stage-2. The Stage-2 model equation was also determined 

from many different forms of variable combinations using the method of least squares. 

Residuals were then plotted against the remaining variables not included in the model and 

the variable with the strongest relationship was added to the Stage-3 model. The same 

manner was continued until the residual plots showed no obvious relationships. 

However, following the procedure above, the variables added into the model may 

not be necessary. To determine if a certain variable is worth including in the model, three 

model selection criteria were used as presented in Chapter 5, which are the adjusted 

coefficient of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and 

Bayesian Information Criterion (BIC). These criteria are defined by Equations 5.2, 5.3 

and 5.4, respectively. The added variables which cause the Ra
2 to increase, and both AIC 

and BIC to decrease improve the model and are worth including in the model. 
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Since the Dmin values were mainly calculated using the half-power bandwidth 

method from the first mode resonant response curve during resonant column (RC) 

testing, the error term in Dmin measurements was assumed to follow the log-normal 

distribution. Thus, the method of least squares was performed on the natural logarithm 

transformation of the original data, and the residual analysis was also performed in 

natural logarithm space. 

7.2    DMIN OF CLEAN SAND AND GRAVEL GROUP (WITH FC ≤ 12 %) 

The first soil group is denoted as clean sand and gravel, which includes soil with 

fines content no greater than 12 %. Based on the small-strain material damping ratio 

database described in Chapter 3, the soil types involved in the clean sand and gravel 

group are GP, SP, SPSM, SW and SWSM. Distribution of soil specimens according to 

soil types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011) involved in Dmin modeling of clean sand and gravel group is shown in Figure 7.1 

and Table 7.1. The total number of soil specimens involved are 93, of which 86 are 

reconstituted soil specimens and 7 are intact soil specimens recovered from Shelby tubes. 

A total of 466 Dmin measurements from RC tests were included into the regression 

analysis for Dmin modeling. There are 5 stages of models generated during the model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05. 

Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), for 

soils with FC less than 12 %, uniformity coefficient (Cu) and median grain size (D50) 

from grain size analysis are good indicators for soils and enter the parameter 

development of the model. The water content (Wc) turned out to be a factor that can 

influence the material damping ratio of the clean sand and gravel group. 
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Table 7.1: Distribution of Soil Specimens for the Clean Sand and Gravel Group 

according to Soil Types based on Unified Soil Classification System 

(USCS) (ASTM D2487-11, 2011). 

Soil Type GP SP SP-SM SW SW-SM Total 

Number 10 52 3 20 8 93 

 

 

 

 

Figure 7.1: Distribution of Soil Specimens for the Clean Sand and Gravel Group 

according to Soil Types based on Unified Soil Classification System 

(USCS) (ASTM D2487-11, 2011). 
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7.2.1 Stage-1 Model for Dmin of Clean Sand and Gravel Group 

With only mean confining pressure, σ0, in the model, many different forms of 

regression equations were applied to fit the Dmin measurements in the clean sand and 

gravel group using the method of least squares. The following equation was selected to 

be the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

−𝛽2

 (7.2) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation are presented in Table 7.2, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE (root mean squared error). 

In Table 7.2, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, the P-value for β1 is much smaller than the 

significant level α of 0.05, which means the hypotheses test is significant and the 

estimated value for β1 is reasonable. However, the P-value for β2 is larger than the 

significant level α of 0.05, which means the hypotheses test for β2 is not significant. 

Furthermore, the R2 value for Stage-1 model is as small as 0.004, representing very little 

amount of variance explained by the model. Therefore, only considering σ0 as a variable 

is not enough to make a usable model, and the model needs to be improved. The values 

of Ra
2, AIC and BIC are used to compare with the next stage model for the evaluation of 

improvement. The coefficient covariance of the Stage-1 model is shown in Table 7.3. 
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Table 7.2: Estimated Coefficients of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.77 0.02 36.63 5.43E-139 

β2 0.03 0.02 1.41 1.59E-01 

R2 = 0.004, Ra
2 = 0.002, AIC = 809.6, BIC = 817.9, RMSE = 0.577 

 

 

Table 7.3: Coefficient Covariance of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 

β1 4.45E-04 -1.01E-04 

β2 -1.01E-04 5.38E-04 

 

The predicted Dmin values from Stage-1 model are plotted against the measured 

Dmin values in the database for clean sand and gravel group in Figure 7.2. Figures 7.2(a) 

and 7.2(b) are in linear and logarithmic scales, respectively. Since the Dmin measurements 

are assumed to follow the log-normal distribution, based on Equation 5.6, the scale factor 

describing the 95 % prediction bound (PB) is calculated to be 3.094 and denoted by two 

red dashed lines (the slope of the upper dashed line is 3.094 and the slope of the lower 

dashed line is 1/3.094). 95% of all the Dmin measurements are supposed to fall between 

the two red dashed lines. Again, the prediction bound is too wide and the model needs to 

be improved before it can be usable. 
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Figure 7.2: Comparison of Predicted Dmin Values from Stage-1 Model with Measured 

Dmin Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.3: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clean Sand and Gravel Group. 
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The residuals are calculated using the Stage-1 model as the differences between 

the predicted Dmin values and the measured Dmin values. As shown in Figure 7.3, residuals 

are plotted with respect to all the possible variables considered in the database, which 

includes mean confining pressure (σ0), fines content (FC), water content (wc), void ratio 

(e), median grain size (D50) and uniformity coefficient (Cu). Based on Equation 5.7, a 

two-degree polynomial fitting function was chosen to show the trend of residuals 

changing with variables, which was plotted as the red line in each subplot. Looking at all 

the residual plots, the FC shows the strongest relationship with the residuals. The trend of 

residuals also shows obvious dependencies on wc, e and Cu, however, the relationships 

are not as strong as the relationship between residual and FC. Thus, the fines content 

should be added into the Stage-1 model to generate the Stage-2 model. 

In Figure 7.3(g), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Dmin measurements. However, in this case, patterns 

are shown in the residual against Dmin plot, which means the variance assumption is 

unsatisfied. 

7.2.2 Stage-2 Model for Dmin of Clean Sand and Gravel Group 

With both mean confining pressure (σ0) and fines content (FC) in the model, 

many different forms of regression equations were applied to fit the Dmin measurements 

in the clean sand and gravel group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (1 + 𝛽2 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

−𝛽3

 (7.3) 
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The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using the least squares estimation were presented in Table 7.4, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficients of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.4, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for β1, β2 and β3 are much smaller 

than the significant level α of 0.05, which means all hypotheses tests are significant and 

the estimated values for β1, β2 and β3 are reasonable. The R2 value for Stage-2 model is 

around 0.601, representing 60.1 percent of variance explained by the model. The value of 

Ra
2 is 0.599 and larger than that of the Stage-1 model which is 0.002. The value of AIC is 

384.8 and smaller than that of the Stage-1 model which is 809.6. The value of BIC is 

397.2 and smaller than that of the Stage-1 model which is 817.9. Based on the three 

model selection criteria above, the Stage-2 model show improvements on the Stage-1 

model and FC should be added into the regression model as a variable. The coefficient 

covariance of the Stage-2 model is shown in Table 7.5. 

The predicted Dmin values from Stage-2 model are plotted against the measured 

Dmin values in the database for clean sand and gravel group in Figure 7.4. Figures 7.4(a) 

and 7.4(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 2.045 and 

denoted by two red dashed lines (the slope of upper dashed line is 2.045 and the slope of 

lower dashed line is 1/2.045). Compared with Stage-1 model, the scale factor for Stage-2 

model is smaller, which reflects smaller variance in the Dmin prediction. 
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Table 7.4: Estimated Coefficients of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.55 0.01 44.82 1.66E-170 

β2 29.03 1.87 15.52 4.64E-44 

β3 0.13 0.02 8.58 1.44E-16 

R2 = 0.601, Ra
2 = 0.599, AIC = 384.8, BIC = 397.2, RMSE = 0.366 

 

Table 7.5: Coefficient Covariance of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 

β1 1.51E-04 -0.015 -5.48E-05 

β2 -0.015 3.497 6.27E-03 

β3 -5.48E-05 0.006 2.27E-04 

 

The residuals are calculated from Stage-2 model and plotted in Figure 7.5 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), fines content (FC), water content (wc), void ratio (e), median 

grain size (D50) and uniformity coefficient (Cu). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, wc shows the strongest relationship with the residuals. Thus, the wc should be 

added into the Stage-2 model to generate the next Stage-3 model. The trend of residuals 

shows no obvious dependencies on σ0 and FC anymore since they are already considered 

in the Stage-2 model. 
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Figure 7.4: Comparison of Predicted Dmin Values from Stage-2 Model with Measured 

Dmin Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.5: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clean Sand and Gravel Group. 
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In Figure 7.5(g), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. Compared with Stage-1 model, the residuals of Stage-2 

model are more closely scattered around zero along the Dmin measurements. However, an 

obvious increasing trend of residuals with increasing Dmin values can be seen, which 

means the constant variance assumption is not satisfied. 

7.2.3 Stage-3 Model for Dmin of Clean Sand and Gravel Group 

Considering mean confining pressure (σ0), fines content (FC) and water content 

(wc) in the model, many different forms of regression equations were applied to fit the 

Dmin measurements in the clean sand and gravel group using the method of least squares. 

The following equation was selected to be the Stage-3 model equation with the smallest 

SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 − 𝑤𝑐)𝛽3 ∙ (1 + 𝛽4 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

−𝛽5

 (7.4) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation were presented in Table 7.6, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.6, the t-statistic is calculated by the estimate over the standard error 

(SE) and tests for the significance of each term given other terms in the model. The P-

values for all the parameters (βs) are much smaller than the significant level α of 0.05, 

which means the estimated values for all the parameters (βs) are reasonable. The R2 value 

for Stage-3 model is around 0.629, representing 62.9 percent of variance explained by the 

model. The value of Ra
2 is 0.626 and larger than that of Stage-2 model which is 0.599. 
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The value of AIC is 352.2 and smaller than that of Stage-2 model which is 384.8. The 

value of BIC is 373.0 and smaller than that of Stage-2 model which is 397.2. Based on 

the three model selection criteria above, Stage-3 model show improvements on Stage 2  

 

Table 7.6: Estimated Coefficients of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.64 0.04 17.39 1.91E-52 

β2 0.26 2.24E-04 1179.55 0 

β3 0.11 0.04 2.90 3.93E-03 

β4 32.80 2.14 15.36 2.79E-43 

β5 0.12 0.01 8.01 9.61E-15 

R2 = 0.629, Ra
2 = 0.626, AIC = 352.2, BIC = 373.0, RMSE = 0.353 

 

Table 7.7: Coefficient Covariance of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 

β1 1.37E-03 6.70E-06 1.31E-03 0.010 -9.77E-05 

β2 6.70E-06 5.01E-08 7.47E-06 1.17E-04 -4.08E-08 

β3 1.31E-03 7.47E-06 1.46E-03 0.030 -4.26E-05 

β4 0.010 1.17E-04 0.030 4.563 0.005 

β5 -9.77E-05 -4.08E-08 -4.26E-05 0.005 2.16E-04 
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model and water content (wc) should be added into the regression model as a variable. 

The coefficient covariance of the Stage-3 model is shown in Table 7.7. 

The predicted Dmin values from Stage-3 model are plotted against the measured 

Dmin values in the database for clean sand and gravel group in Figure 7.6. Figures 7.6(a) 

and 7.6(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 1.992 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.992 and the slope of 

lower dashed line is 1/1.992). Compared with Stage-2 model, the scale factor for Stage-3 

model is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 7.7 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), fines content (FC), water content (wc), void ratio (e), median 

grain size (D50) and uniformity coefficient (Cu). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the void ratio shows the strongest relationship with the residuals. Thus, the void 

ratio should be added into the Stage-3 model to generate the next Stage-4 model. The 

trend of residuals shows no obvious dependencies on σ0, FC and wc anymore since they 

are already considered in the Stage-3 model. 

In Figure 7.7(g), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. Compared with Stage-1 and 2 models, the residuals of 

Stage-3 model are more closely scattered around zero along the Dmin measurements. 

However, obvious increasing trend of residuals with increasing Dmin values can still be 

seen, which means the constant variance assumption is not satisfied. 
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Figure 7.6: Comparison of Predicted Dmin Values from Stage-3 Model with Measured 

Dmin Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.7: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clean Sand and Gravel Group. 
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7.2.4 Stage-4 Model for Dmin of Clean Sand and Gravel Group 

With mean confining pressure (σ0), fines content (FC), water content (wc) and 

void ratio (e) considered in the model, many different forms of regression equations were 

applied to fit the Dmin measurements in the clean sand and gravel group using the method 

of least squares. The following equation was selected to be the Stage-4 model equation 

with the smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 − 𝑤𝑐)𝛽3+𝛽4∙𝑒 ∙ (1 + 𝛽5 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

−𝛽6

 (7.5) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation were presented in Table 7.8, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.8, the t-statistic is calculated by the estimate over the standard error 

(SE) and tests for the significance of each term given other terms in the model. The P-

values for all the parameters (βs) are much smaller than the significant level α of 0.05, 

which means the estimated values for all the parameters (βs) are reasonable. The R2 value 

for Stage-4 model is around 0.715, representing 71.5 percent of variance explained by the 

model. The value of Ra
2 is 0.712 and larger than that of Stage-3 model which is 0.626. 

The value of AIC is 230.1 and smaller than that of Stage-3 model which is 352.2. The 

value of BIC is 255.0 and smaller than that of Stage-3 model which is 373.0. Based on 

the three model selection criteria above, Stage-4 model show improvements on Stage 3 

model and void ratio (e) should be added into the regression model as a variable. The 

coefficient covariance of the Stage-4 model is shown in Table 7.9. 
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Table 7.8: Estimated Coefficients of the Stage-4 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.55 0.01 52.55 1.51E-196 

β2 1.00 0.01 179.12 0 

β3 -12.49 1.20 -10.42 5.57E-23 

β4 19.45 1.75 11.13 1.19E-25 

β5 23.44 1.85 12.66 1.04E-31 

β6 0.14 0.01 10.75 3.49E-24 

R2 = 0.715, Ra
2 = 0.712, AIC = 230.1, BIC = 255.0, RMSE = 0.310 

 

Table 7.9: Coefficient Covariance of the Stage-4 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 1.10E-04 8.43E-06 -4.99E-04 1.19E-03 -0.008 -4.18E-05 

β2 8.43E-06 3.15E-05 -0.003 0.005 1.75E-03 -4.18E-06 

β3 -4.99E-04 -0.003 1.435 -2.031 0.749 -1.00E-03 

β4 1.19E-03 0.005 -2.031 3.052 -0.647 7.98E-04 

β5 -0.008 1.75E-03 0.749 -0.647 3.430 1.72E-03 

β6 -4.18E-05 -4.18E-06 -1.00E-03 7.98E-04 1.72E-03 1.67E-04 

 

The predicted Dmin values from Stage-4 model are plotted against the measured 

Dmin values in the database for the clean sand and gravel group in Figure 7.8. Figures 

7.8(a) and 7.8(b) are in linear and logarithmic scales, respectively. Based on Equation 
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5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.829 

and denoted by two red dashed lines (the slope of upper dashed line is 1.829 and the 

slope of lower dashed line is 1/1.829). Compared with Stage-3 model, the scale factor for 

Stage-4 model is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-4 model and plotted in Figure 7.9 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), fines content (FC), water content (wc), void ratio (e), median 

grain size (D50) and uniformity coefficient (Cu). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, D50 shows the strongest relationship with the residuals. Thus, the median grain size 

should be added into the Stage-4 model to generate the next Stage-5 model. The trend of 

residuals shows no obvious dependencies on σ0, FC, wc and e anymore since they are 

already considered in the Stage-4 model. 

It can also be seen that in Figure 7.9, the strong relationship between residual and 

Cu shown in Stage-1 model vanished after FC, wc and e were taken into account because 

of multicollinearity. In a stepwise procedure, Cu was excluded from the regression model 

since Cu does not explain much new variation when FC, wc and e are already in the 

model. 

In Figure 7.9(g), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals of Stage-4 model are randomly scattered 

around zero along the Dmin measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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Figure 7.8: Comparison of Predicted Dmin Values from Stage-4 Model with Measured 

Dmin Values for the Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.9: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for the Clean Sand and Gravel Group. 
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7.2.5 Stage-5 Model for Dmin of Clean Sand and Gravel Group 

With mean confining pressure (σ0), fines content (FC), water content (wc), void 

ratio (e) and median grain size (D50) considered in the model, many different forms of 

regression equations were applied to fit the Dmin measurements in the clean sand and 

gravel group using the method of least squares. The following equation was selected to 

be the Stage-5 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 + 𝑤𝑐)𝛽3−𝛽4∙𝑒+𝛽5∙𝐷50 ∙ (1 + 𝛽6 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

−𝛽7

 (7.6) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-5 model 

function using least squares estimation were presented in Table 7.10, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficients of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.10, the t-statistic is calculated by the estimate over the standard error 

(SE) and tests for the significance of each term given other terms in the model. The P-

values for all the parameters (βs) are much smaller than the significant level α of 0.05, 

which means the estimated values for all the parameters (βs) are reasonable. The R2 value 

for Stage-5 model is around 0.830, representing 83.0 percent of variance explained by the 

model. The value of Ra
2 is 0.828 and larger than that of Stage-4 model which is 0.712. 

The value of AIC is -9.1 and smaller than that of Stage-4 model which is 230.1. The 

value of BIC is 19.9 and smaller than that of Stage-4 model which is 255.0. Based on the 

three model selection criteria above, Stage-5 model show improvements on Stage 4 

model and the median grain size (D50) should be added into the regression model as a 

variable. The coefficient covariance of the Stage-5 model is shown in Table 7.11. 
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Table 7.10: Estimated Coefficients of the Stage-5 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 0.60 0.01 61.28 4.09E-223 

β2 0.99 1.03E-03 957.25 0 

β3 7.45 1.11 6.73 5.19E-11 

β4 15.23 1.51 10.06 1.17E-21 

β5 4.29 0.30 14.51 1.52E-39 

β6 21.17 1.36 15.53 5.31E-44 

β7 0.14 0.01 13.52 2.66E-35 

R2 = 0.830, Ra
2 = 0.828, AIC = -9.1, BIC = 19.9, RMSE = 0.240 

 

Table 7.11: Coefficient Covariance of the Stage-5 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 9.46E-05 -3.74E-06 5.62E-04 9.37E-04 5.31E-05 -6.58E-03 -2.23E-05 

β2 -3.74E-06 1.07E-06 -4.08E-04 -5.46E-04 1.68E-04 1.41E-04 -9.30E-07 

β3 5.62E-04 -4.08E-04 1.23E+00 1.62E+00 -1.72E-01 -5.95E-01 1.27E-03 

β4 9.37E-04 -5.46E-04 1.62E+00 2.29E+00 -2.03E-01 -5.77E-01 1.40E-03 

β5 5.31E-05 1.68E-04 -1.72E-01 -2.03E-01 8.72E-02 -7.87E-03 -1.87E-04 

β6 -6.58E-03 1.41E-04 -5.95E-01 -5.77E-01 -7.87E-03 1.86E+00 1.11E-03 

β7 -2.23E-05 -9.30E-07 1.27E-03 1.40E-03 -1.87E-04 1.11E-03 1.00E-04 
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The predicted Dmin values from Stage-5 model are plotted against the measured 

Dmin values in the database for clean sand and gravel group in Figure 7.10. Figures 

7.10(a) and 7.10(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.595 

and denoted by two red dashed lines (the slope of upper dashed line is 1.595 and the 

slope of lower dashed line is 1/1.595). Compared with Stage-4 model, the scale factor for 

Stage-5 model is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-5 model and plotted in Figure 7.11 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), fines content (FC), water content (wc), void ratio (e), median 

grain size (D50) and uniformity coefficient (Cu). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the residuals show no obvious dependencies on σ0, FC, wc, e, D50 and Cu, which 

means no additional variables are needed to be considered in the model. In another word, 

the model parameter development process is completed, and the Stage-5 model is the 

final regression model for Dmin of the clean sand and gravel group. 

In Figure 7.11(g), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals of Stage-5 model are randomly scattered 

around zero along the Dmin measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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Figure 7.10: Comparison of Predicted Dmin Values from Stage-5 Model with Measured 

Dmin Values for Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.11: Residuals from Stage-5 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clean Sand and Gravel Group. 
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7.2.6 Final Model for Dmin of Clean Sand and Gravel Group 

Through the model parameter development process, five stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), fines content (FC), water content (wc), void ratio (e) and median grain size 

(D50), were considered into the model as variables in sequence. According to the adjusted 

coefficient of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and 

Bayesian Information Criterion (BIC), improvements were shown during the process 

from Stage-1 model to Stage-5 model. The means and standard deviations of residuals for 

the six models are plotted versus σ0 in Figure 7.12. The means of residuals are randomly 

scattered around zero along σ0 for the all models. The standard deviations of residuals 

decrease significantly as adding variables into the model from Stage-1 to Stage-5, which 

is another demonstration of improvements during the process. At last, Stage-5 model was 

selected to be final regression model for Dmin of clean sand and gravel group. 

The regression equations of parameters in the final Dmin model of the clean sand 

and gravel group are presented in Table 7.12. Notice that, the units for wc and FC are 

decimal and the unit for D50 is millimeter. From the result presented in Table 7.13, CD for 

clean sand and gravel group is 0.6 %. FD is a function of FC, wc, e and D50, which means 

the Dmin on every pressure level is affected by FC, wc, e and D50. The exponential of 

normalized effective confining pressure is -0.14 which means the slope of the 

relationship between Dmin and σ0 in log-log scale is constant for the clean sand and gravel 

group. As mentioned in the Stage-5 model, the scale factor describing 95 % prediction 

bound (PB) is calculated to be 1.595. The coefficient of variation for one prediction is 

calculated to be 0.240, and the coefficient of variation for the mean is calculated to be 

0.011. 
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Figure 7.12: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Five Models for the Clean Sand and Gravel 

Group. 
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Table 7.12: Parameters in Dmin Model for the Clean Sand and Gravel Group. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐷 0.6 % 

𝐹𝐷 (0.99 + 𝑤𝑐)7.45−15.23∙𝑒+4.29∙𝐷50 ∙ (1 + 21.17 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.14

 

𝛿𝐷 NA 

Notes: 1. wc and FC are in decimal form.  2. D50 is in millimeter.   

3. NA = not applicable 

 

Even though the Stage-5 was selected to be the final model for preciseness 

purpose of research study, the other stage models except Stage-1 model are also valuable 

resources. Stage-2 and 3 models should be used with caution because the variance 

assumptions are unsatisfied. Stage-4 model can be appropriately used with consideration 

of the variable (soil properties and states) availability and model prediction variance. 

 

7.3    DMIN OF NON-PLASTIC SILTY SAND GROUP (WITH FC > 12 % AND NO 

PLASTICITY) 

The second soil group is denoted as non-plastic silty sand, which includes soil 

with fines content greater than 12 % and no plasticity. Based on the small-strain material 

damping ratio database described in Chapter 3, the soil types involved in the non-plastic 

silty sand group are SM, SPSM, SWSM and ML. Distribution of soil specimens 

according to soil types based on the Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011) involved in Dmin modeling of the non-plastic silty sand group is shown 

in Figure 7.13 and Table 7.13. The total number of soil specimens involved are 58, of 
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which 31 are reconstituted soil specimens and 27 are intact soil specimens recovered 

from Shelby tubes. A total of 287 Dmin measurements from RC tests were included into 

the regression analysis for Dmin modeling. There are 3 stages of models generated during 

the model development process. The significant level, α, for the t test of each parameter 

in the model is set to be 0.05. 

 

Table 7.13: Distribution of Soil Specimens for the Non-Plastic Silty Sand Group 

according to Soil Types based on Unified Soil Classification System 

(USCS) (ASTM D2487-11, 2011). 

Soil Type SM SP-SM SW-SM ML Total 

Number 37 9 5 7 58 

 

 

Figure 7.13: Distribution of Soil Specimens for the Non-Plastic Silty Sand Group 

according to Soil Types based on Unified Soil Classification System 

(USCS) (ASTM D2487-11, 2011). 
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Mean confining pressure (σ0), void ratio (e) and fines content (FC) are still good 

indicators for soils with FC greater than 12 % and no plasticity. However, Cu is no longer 

an appropriate indicator for properties of soils with FC more than 12 % because D10 is 

usually hard to determined. Even it can be determined by hydrometer test, the value of Cu 

could be extremely high and lose its original usage. For similar reason, D50 is also not a 

good indicator, thus excluded from model parameter development. The water content 

(Wc) turned out to be a factor that can influence the material damping ratio of soils, 

which is included into the model parameter development process. 

7.3.1 Stage-1 Model for Dmin of Non-Plastic Silty Sand Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the Dmin measurements in the non-plastic silty 

sand group using the method of least squares. The following equation was selected to be 

the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

−𝛽2

 (7.7) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation were presented in Table 7.14, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.14, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for both β1 and β2 are much smaller 
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Table 7.14: Estimated Coefficients of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 1.47 0.04 32.72 1.65E-98 

β2 0.20 0.02 8.41 1.99E-15 

R2 = 0.199, Ra
2 = 0.196, AIC = 422.4, BIC = 429.7, RMSE = 0.505 

 

Table 7.15: Coefficient Covariance of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 

β1 2.02E-03 2.32E-04 

β2 2.32E-04 5.48E-04 

 

than the significant level α of 0.05, which means both hypotheses tests are significant and 

the estimated values for β1 and β2 are reasonable. The R2 value for Stage-1 model is 

around 0.199, representing 19.9 percent of variance explained by the model. The values 

of Ra
2, AIC and BIC will be used to compare with the next stage model for the evaluation 

of improvement. The coefficient covariance of the Stage-1 model is shown in Table 7.15. 

The predicted Dmin values from Stage-1 model are plotted against the measured 

Dmin values in the database for non-plastic silty sand group in Figure 7.14. Figures 

7.14(a) and 7.14(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 2.687 

and denoted by two red dashed lines (the slope of upper dashed line is 2.687 and the 

slope of lower dashed line is 1/2.687). 95% of all the Dmin measurements are supposed to 

fall between the two red dashed lines. 
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Figure 7.14: Comparison of Predicted Dmin Values from Stage-1 Model with Measured 

Dmin Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.15: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Non-Plastic Silty Sand Group. 

 

The residuals are calculated from Stage-1 model and plotted in Figure 7.15 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 
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of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the void ratio shows the strongest relationship with the 

residuals: the trend of residuals decreases as void ratio increases. Thus, the void ratio 

should be added into the Stage-1 model to generate the Stage-2 model.  

In Figure 7.15(e), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Dmin measurements. However, obvious increasing 

trend of residuals with increasing Dmin values can be seen, which means the constant 

variance assumption is not satisfied. 

7.3.2 Stage-2 Model for Dmin of Non-Plastic Silty Sand Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the Dmin 

measurements in the non-plastic silty sand group using the method of least squares. The 

following equation was selected to be the Stage-2 model equation with the smallest SSE 

and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 ∙ 𝑒)𝛽3∙𝑒 ∙ (
𝜎0

𝑃𝑎
)

−𝛽4

 (7.8) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 7.16, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.16, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests  
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Table 7.16: Estimated Coefficients of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 39.11 10.22 3.83 1.59E-04 

β2 0.44 0.02 19.33 1.15E-53 

β3 4.32 0.50 8.69 2.98E-16 

β4 0.19 0.02 11.95 6.44E-27 

R2 = 0.682, Ra
2 = 0.679, AIC = 159.0, BIC = 173.6, RMSE = 0.319 

 

Table 7.17: Coefficient Covariance of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 

β1 104.410 0.185 4.939 -0.040 

β2 0.185 5.23E-04 0.010 -1.11E-04 

β3 4.939 0.010 0.247 -0.002 

β4 -0.040 -1.11E-04 -0.002 2.43E-04 

 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.682, representing 68.2 percent of variance explained 

by the model. The value of Ra
2 is 0.679 and larger than that of Stage-1 model which is 

0.196. The value of AIC is 159.0 and smaller than that of Stage-1 model which is 422.4. 
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The value of BIC is 173.6 and smaller than that of Stage-1 model which is 429.7. Based 

on the three model selection criteria above, Stage-2 model show improvements on Stage-

1 model and void ratio should be added into the regression model as a variable. The 

coefficient covariance of the Stage-2 model is shown in Table 7.17. 

The predicted Dmin values from Stage-2 model are plotted against the measured 

Dmin values in the database for non-plastic silty sand group in Figure 7.16. Figures 

7.16(a) and 7.16(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.863 

and denoted by two red dashed lines (the slope of upper dashed line is 1.863 and the 

slope of lower dashed line is 1/1.863). Compared with Stage-1 model, the scale factor for 

Stage-2 model is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 7.17 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the fines content shows the strongest relationship with 

the residuals. Thus, the fines content should be added into the Stage-2 model to generate 

the Stage-3 model. The trend of residuals shows no obvious dependencies on σ0 and e 

anymore since they are already considered in the Stage-2 model. 

In Figure 7.17(e), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals of Stage-2 model are randomly scattered 

around zero along the Dmin measurements, and no obvious trends are shown, which 

means the constant variance assumption is satisfied. 
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Figure 7.16: Comparison of Predicted Dmin Values from Stage-2 Model with Measured 

Dmin Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.17: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Non-Plastic Silty Sand Group. 
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7.3.3 Stage-3 Model for Dmin of Non-Plastic Silty Sand Group 

With mean confining pressure (σ0), void ratio (e) and fines content (FC) 

considered in the model, many different forms of regression equations were applied to fit 

the Dmin measurements in the non-plastic silty sand group using the method of least 

squares. The following equation was selected to be the Stage-3 model equation with the 

smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 ∙ 𝑒)𝛽3∙𝐹𝐶+𝛽4∙𝑒 ∙ (1 + 𝛽5 ∙ 𝐹𝐶) ∙ (
𝜎0

𝑃𝑎
)

−𝛽6

 (7.9) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation were presented in Table 7.18, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.18, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.737, representing 73.7 percent of variance explained 

by the model. The value of Ra
2 is 0.733 and larger than that of Stage-2 model which is 

0.679. The value of AIC is 106.5 and smaller than that of Stage-2 model which is 159.0. 

The value of BIC is 128.5 and smaller than that of Stage-2 model which is 173.6. Based 

on the three model selection criteria above, Stage-3 model show improvements on Stage-
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2 model and fines content should be added into the regression model as a variable. The 

coefficient covariance of the Stage-3 model is shown in Table 7.19. 

 

Table 7.18: Estimated Coefficients of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 52.16 13.81 3.78 1.94E-04 

β2 0.41 0.02 20.34 3.54E-57 

β3 0.81 0.15 5.36 1.72E-07 

β4 5.20 0.48 10.82 4.95E-23 

β5 5.35 2.04 2.63 9.12E-03 

β6 0.19 0.01 13.13 4.97E-31 

R2 = 0.737, Ra
2 = 0.733, AIC = 106.5, BIC = 128.5, RMSE = 0.291 

 

Table 7.19: Coefficient Covariance of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 190.780 0.241 -0.586 6.098 -9.510 -0.044 

β2 0.241 4.11E-04 -0.001 0.008 -0.018 -7.46E-05 

β3 -0.586 -0.001 0.023 2.24E-04 0.288 -1.29E-04 

β4 6.098 0.008 2.24E-04 0.231 -0.012 -0.002 

β5 -9.510 -0.018 0.288 -0.012 4.145 8.18E-05 

β6 -0.044 -7.46E-05 -1.29E-04 -0.002 8.18E-05 2.03E-04 
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The predicted Dmin values from Stage-3 model are plotted against the measured 

Dmin values in the database for non-plastic silty sand group in Figure 7.18. Figures 

7.18(a) and 7.18(b) are in linear and logarithmic scales, respectively. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.761 

and denoted by two red dashed lines (the slope of upper dashed line is 1.761 and the 

slope of lower dashed line is 1/1.761). Compared with Stage-2 model, the scale factor for 

Stage-3 model is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 7.19 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the residuals show no obvious dependencies on σ0, e, FC 

and wc, which means no additional variables are needed to be considered in the model. In 

another word, the model parameter development process is completed, and the Stage-3 

model is the final regression model for Dmin of non-plastic silty sand group. 

In Figure 7.19, residuals are also plotted with respect to the Dmin measurements to 

check the variance assumption. The residuals of Stage-3 model are randomly scattered 

around zero along the Dmin measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 
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Figure 7.18: Comparison of Predicted Dmin Values from Stage-3 Model with Measured 

Dmin Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.19: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Non-Plastic Silty Sand Group. 
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7.3.4 Final Model for Dmin of Non-Plastic Silty Sand Group 

Through the model parameter development process, three stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), and fines content (FC) were considered into the model as 

variables in sequence. According to the adjusted coefficient of multiple determination 

(Ra
2), Akaike’ Information Criterion (AIC) and Bayesian Information Criterion (BIC), 

improvements were shown during the process from Stage-1 model to Stage-3 model. The 

means and standard deviations of residuals for the three models are plotted versus σ0 in 

Figure 7.20. The means of residuals for all three stage models are scattered around zero 

except when at the lowest confining pressure level. As adding variables into the model 

from Stage-1 to Stage-3, the standard deviations of residuals decrease significantly, 

which is another demonstration of improvements during the process. At last, Stage-3 

model was selected to be final regression model for Dmin of non-plastic silty sand group. 

The regression equations of parameters in the final Dmin model of the non-plastic 

silty sand group are presented in Table 7.20. Notice that, the unit for FC is decimal. From 

the result presented in Table 7.20, CD for non-plastic silty sand group is 52.16 %. FD is a 

function of e and FC, which means the Dmin on every pressure level is affected by e and 

FC. The exponential of normalized effective confining pressure is -0.19 which means the 

slope of the relationship between Dmin and σ0 in log-log scale is constant for non-plastic 

silty sand group. As mentioned in the Stage-3 model, the scale factor describing 95 % 

prediction bound (PB) is calculated to be 1.761. The coefficient of variation for one 

prediction is calculated to be 0.289, and the coefficient of variation for the mean is 

calculated to be 0.017. 
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Figure 7.20: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Three Models for Non-Plastic Silty Sand Group. 
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Table 7.20: Parameters in Dmin Model for the Non-Plastic Silty Sand Group. 

Non-Plastic Silty Sand Group 

(FC > 12% and No Plasticity) 

𝐶𝐷 52.16 % 

𝐹𝐷 (0.41 ∙ 𝑒)0.81∙𝐹𝐶+5.2∙𝑒 ∙ (1 + 5.35 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 NA 

Note: 1. FC is in decimal.  2. NA = not applicable 

 

Even though the Stage-3 was selected to be the final model for preciseness 

purpose of research study, the other two stage models are also valuable resources. Stage-

2 model can also be appropriately used with consideration of the variable (soil properties 

and states) availability and model prediction variance. 

 

7.4    DMIN OF CLAYEY SOIL GROUP (WITH FC > 12 % AND PLASTICITY) 

The third soil group is denoted as clayey soil, which includes soil with fines 

content greater than 12 % and plasticity. Based on the small-strain material damping ratio 

database described in Chapter 3, the soil types involved in the clayey soil group are SC, 

SMSC, CH, CL, CL-ML, MH and ML. Distribution of soil specimens according to soil 

types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in Dmin modeling of clayey soil group is shown in Figure 7.21 and Table 7.21. 

The total number of soil specimens involved are 68, which are all intact soil specimens 

recovered from Shelby tubes. A total of 351 Dmin measurements from RC tests were 

included into the regression analysis for Dmin modeling. There are 4 stages of models 



 309 

generated during the model development process. The significant level, α, for the t test of 

each parameter in the model is set to be 0.05. 

 

Table 7.21: Distribution of Soil Specimens for the Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 

Soil Type SC SM-SC CH CL CL-ML MH ML Total 

Number 7 8 12 27 3 5 6 68 

 

 

 

 

Figure 7.21: Distribution of Soil Specimens for the Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 
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Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), the 

plasticity index (PI) become good indicators for clayey soils, which are included into the 

parameter development of the model. As mentioned in the previous chapter, Cu and D50 

are excluded from model parameter development because they are no longer appropriate 

indicators for properties of soils with high fines content. The water content (Wc) also 

turned out to be a factor that can influence the material damping ratio of the soils, which 

is included into the model parameter development process. 

7.4.1 Stage-1 Model for Dmin of Clayey Soil Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the Dmin measurements in the clayey soil group 

using the method of least squares. The following equation was selected to be the Stage-1 

model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (
𝜎0

𝑃𝑎
)

−𝛽2

 (7.10) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation were presented in Table 7.22, as well as the SSEs,  

 

Table 7.22: Estimated Coefficients of the Stage-1 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 2.55 0.07 38.67 3.33E-128 

β2 0.11 0.02 6.58 1.74E-10 

R2 = 0.11, Ra
2 = 0.108, AIC = 446.2, BIC = 453.9, RMSE = 0.457 
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Table 7.23: Coefficient Covariance of the Stage-1 Model for the Clayey Soil Group. 

 β1 β2 

β1 4.34E-03 3.77E-04 

β2 3.77E-04 2.95E-04 

 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.22, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for both β1 and β2 are much smaller 

than the significant level α of 0.05, which means both hypotheses tests are significant and 

the estimated values for β1 and β2 are reasonable. The R2 value for Stage-1 model is 

around 0.11, representing 11 percent of variance explained by the model. The values of 

Ra
2, AIC and BIC will be used to compare with the next stage model for the evaluation of 

improvement. The coefficient covariance of the Stage-1 model is shown in Table 7.23. 

The predicted Dmin values from Stage-1 model are plotted against the measured 

Dmin values in the database for clayey soil group in Figure 7.22. Figures 7.22(a) and 

7.22(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 2.445 and denoted 

by two red dashed lines (the slope of upper dashed line is 2.445 and the slope of lower 

dashed line is 1/2.445). 95% of all the Dmin measurements are supposed to fall between 

the two red dashed lines. 
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Figure 7.22: Comparison of Predicted Dmin Values from Stage-1 Model with Measured 

Dmin Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 7.23: Residuals from Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clayey Soil Group. 

 

The residuals are calculated from Stage-1 model and plotted in Figure 7.23 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), plasticity index (PI), fines content (FC) and water 

content (wc). Based on Equation 5.7, a two-degree polynomial fitting function was 
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chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the void ratio shows the 

strongest relationship with the residuals. The trend of residuals also shows obvious 

dependencies on PI, FC and wc, however, the relationships are not as strong as the 

relationship between residual and void ratio. Thus, the void ratio should be added into the 

Stage-1 model to generate the Stage-2 model.  

In Figure 7.23(f), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Dmin measurements. However, in this case, residuals 

show positive correlation with Dmin, which means the variance assumption is unsatisfied. 

 

7.4.2 Stage-2 Model for Dmin of Clayey Soil Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the Dmin 

measurements in the clayey soil group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ 𝛽2
−𝑒 ∙ (

𝜎0

𝑃𝑎
)

−𝛽3

+ 𝛽4
−𝑒

 (7.11) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 7.24, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 
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In Table 7.24, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.336, representing 33.6 percent of variance explained 

by the model. The value of Ra
2 is 0.331 and larger than that of Stage-1 model which is 

0.108. The value of AIC is 345.4 and smaller than that of Stage-1 model which is 446.2. 

The value of BIC is 360.8 and smaller than that of Stage-1 model which is 453.9. Based 

on the three model selection criteria above, Stage-2 model show improvements on Stage-

1 model and void ratio should be added into the regression model as a variable. The 

coefficient covariance of the Stage-2 model is shown in Table 7.25. 

  

Table 7.24: Estimated Coefficients of the Stage-2 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 7.62 1.33 5.73 2.16E-08 

β2 13.48 4.25 3.17 1.64E-03 

β3 0.29 0.03 8.77 8.10E-17 

β4 0.72 0.04 20.31 5.70E-61 

R2 = 0.336, Ra
2 = 0.331, AIC = 345.4, BIC = 360.8, RMSE = 0.396 
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Table 7.25: Coefficient Covariance of the Stage-2 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 

β1 1.768 5.399 0.014 -0.023 

β2 5.399 18.056 0.045 -0.094 

β3 0.014 0.045 1.08E-03 -3.08E-04 

β4 -0.023 -0.094 -3.08E-04 1.26E-03 

 

The predicted Dmin values from Stage-2 model are plotted against the measured 

Dmin values in the database for clayey soil group in Figure 7.24. Figures 7.24(a) and 

7.24(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 2.165 and denoted 

by two red dashed lines (the slope of upper dashed line is 2.165 and the slope of lower 

dashed line is 1/2.165). Compared with Stage-1 model, the scale factor for Stage-2 model 

is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 7.25 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), plasticity index (PI), fines content (FC), and water 

content (wc). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the PI shows the strongest 

relationship with the residuals. Thus, the plasticity index should be added into the Stage-2 

model to generate the Stage-3 model. The trend of residuals shows no obvious 

dependencies on σ0 and e anymore since they are already considered in the Stage-2 

model. 
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Figure 7.24: Comparison of Predicted Dmin Values from Stage-2 Model with Measured 

Dmin Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 7.25: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clayey Soil Group. 

 

It can also be seen that in Figure 7.25, the strong relationship between residual 

and wc shown in Stage-1 model vanished after void ratio was taken into account because 

of multicollinearity. Since most of clayey soil specimens involved in this group are fully 

saturated, it does make sense that the void ratio is correlated to the water content. In a 
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stepwise procedure, wc, instead of e, was excluded from the regression model since wc 

does not explain much new variation when σ0 and e are already in the model. 

In Figure 7.25(f), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals should be randomly scattered around 

zero in a horizontal band along the Dmin measurements. However, in this case, patterns 

are shown in the residual against Dmin plot, which means the variance assumption is 

unsatisfied. 

7.4.3 Stage-3 Model for Dmin of Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e) and plasticity index (PI) 

considered in the model, many different forms of regression equations were applied to fit 

the Dmin measurements in the clayey soil group using the method of least squares. The 

following equation was selected to be the Stage-3 model equation with the smallest SSE 

and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ 𝛽2
−𝑒−𝛽3∙𝑃𝐼 ∙ (1 + 𝛽4 ∙ 𝑃𝐼𝛽5) ∙ (

𝜎0

𝑃𝑎
)

−𝛽6

+ (𝛽7 ∙ 𝑃𝐼)𝛽8−𝛽9𝑒 (7.12) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using least squares estimation were presented in Table 7.26, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.26, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 
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smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.608, representing 60.8 percent of variance explained 

by the model. The value of Ra
2 is 0.599 and larger than that of Stage-2 model which is 

0.331. The value of AIC is 165.7 and smaller than that of Stage-2 model which is 345.4. 

The value of BIC is 200.5 and smaller than that of Stage-2 model which is 360.8. Based 

on the three model selection criteria above, Stage-3 model show improvements on Stage-

2 model and PI should be added into the regression model as a variable. The coefficient 

covariance of the Stage-3 model is shown in Table 7.27. 

 

Table 7.26: Estimated Coefficients of the Stage-3 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 7.29 0.86 8.44 9.10E-16 

β2 8.00 1.19 6.71 7.85E-11 

β3 3.31 0.40 8.33 2.00E-15 

β4 148.01 62.70 2.36 1.88E-02 

β5 1.95 0.18 10.95 3.89E-24 

β6 0.20 0.01 15.24 2.24E-40 

β7 0.50 0.08 6.25 1.24E-09 

β8 2.54 0.71 3.55 4.39E-04 

β9 1.80 0.46 3.88 1.23E-04 

R2 = 0.608, Ra
2 = 0.599, AIC = 165.7, BIC = 200.5, RMSE = 0.306 
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Table 7.27: Coefficient Covariance of the Stage-3 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 β9 

β1 7.5E-01 7.6E-01 5.6E-02 3.3E+01 1.0E-01 3.1E-03 -1.6E-02 -2.6E-01 -1.5E-01 

β2 7.6E-01 1.4E+00 -1.6E-01 2.1E+01 4.5E-02 5.4E-03 -3.5E-02 -5.3E-01 -3.1E-01 

β3 5.6E-02 -1.6E-01 1.6E-01 2.0E+01 5.5E-02 -4.1E-04 5.6E-03 7.0E-02 4.4E-02 

β4 3.3E+01 2.1E+01 2.0E+01 3.9E+03 1.1E+01 1.1E-01 -6.1E-02 -3.4E+00 -1.6E+00 

β5 1.0E-01 4.5E-02 5.5E-02 1.1E+01 3.2E-02 1.9E-04 -9.6E-05 -6.0E-03 -2.7E-03 

β6 3.1E-03 5.4E-03 -4.1E-04 1.1E-01 1.9E-04 1.8E-04 -1.4E-04 -1.9E-03 -1.2E-03 

β7 -1.6E-02 -3.5E-02 5.6E-03 -6.1E-02 -9.6E-05 -1.4E-04 6.5E-03 4.8E-02 3.3E-02 

β8 -2.6E-01 -5.3E-01 7.0E-02 -3.4E+00 -6.0E-03 -1.9E-03 4.8E-02 5.1E-01 3.3E-01 

β9 -1.5E-01 -3.1E-01 4.4E-02 -1.6E+00 -2.7E-03 -1.2E-03 3.3E-02 3.3E-01 2.2E-01 

 

The predicted Dmin values from Stage-3 model are plotted against the measured 

Dmin values in the database for clayey soil group in Figure 7.26. Figures 7.26(a) and 

7.26(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.811 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.811 and the slope of lower 

dashed line is 1/1.811). Compared with Stage-2 model, the scale factor for Stage-3 model 

is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 7.27 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), plasticity index (PI), fines content (FC) and water 

content (wc). Based on Equation 5.7, a two-degree polynomial fitting function was  
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Figure 7.26: Comparison of Predicted Dmin Values from Stage-3 Model with Measured 

Dmin Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 7.27: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clayey Soil Group. 

 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the FC shows the strongest 

relationship with the residuals: the trend of residuals decreases as FC increases. Thus, the 

fines content should be added into the Stage-3 model to generate the Stage-4 model. The 
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trend of residuals shows no obvious dependencies on σ0, e and PI anymore since they are 

already considered in the Stage-3 model. 

In Figure 7.27(f), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. In this case, patterns are shown in the residual against 

Dmin plot, which means the variance assumption is unsatisfied. 

7.4.4 Stage-4 Model for Dmin of Clayey Soil Group 

With mean confining pressure (σ0), void ratio (e), plasticity index (PI) and fines 

content (FC) considered in the model, many different forms of regression equations were 

applied to fit the Dmin measurements in the clayey soil group using the method of least 

squares. The following equation was selected to be the Stage-4 model equation with the 

smallest SSE and largest Ra
2 values: 

 

𝐷𝑚𝑖𝑛 = 𝛽1 ∙ (𝛽2 + 𝐹𝐶)−𝛽3∙𝑒−𝛽4∙𝑃𝐼 ∙ (1 + 𝛽5 ∙ 𝑃𝐼𝛽6) ∙ (
𝜎0

𝑃𝑎
)

−𝛽7

+ (𝛽8 ∙ 𝑃𝐼)𝛽9−𝛽10∙𝑒 (7.13) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using least squares estimation were presented in Table 7.28, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 7.28, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 
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value for Stage-4 model is around 0.767, representing 76.7 percent of variance explained 

by the model. The value of Ra
2 is 0.761 and larger than that of Stage-3 model which is 

0.599. The value of AIC is -15.9 and smaller than that of Stage-3 model which is 165.7. 

The value of BIC is 22.7 and smaller than that of Stage-3 model which is 200.5. Based on 

the three model selection criteria above, Stage-4 model show improvements on Stage-3 

model and FC should be added into the regression model as a variable. The coefficient 

covariance of the Stage-4 model is shown in Table 7.29. 

 

Table 7.28: Estimated Coefficients of the Stage-4 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 4.86 0.56 8.61 2.70E-16 

β2 1.99 0.12 16.61 7.86E-46 

β3 1.91 0.15 12.50 9.13E-30 

β4 6.50 0.53 12.34 3.51E-29 

β5 106.75 33.66 3.17 1.65E-03 

β6 1.64 0.14 11.86 2.21E-27 

β7 0.19 0.01 16.14 6.37E-44 

β8 0.46 0.07 6.53 2.39E-10 

β9 1.73 0.43 3.97 8.92E-05 

β10 1.34 0.30 4.54 7.89E-06 

R2 = 0.767, Ra
2 = 0.761, AIC = -15.9, BIC = 22.7, RMSE = 0.237 
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Table 7.29: Coefficient Covariance of the Stage-4 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 β9 β10 

β1 3.2E-1 4.1E-2 3.0E-2 1.4E-1 1.2E+1 5.9E-2 2.1E-3 -1.0E-2 -1.0E-1 -6.3E-2 

β2 4.1E-2 1.4E-2 -4.4E-3 1.0E-2 2.5E+0 1.0E-2 2.9E-4 2.9E-4 1.1E-3 1.1E-3 

β3 3.0E-2 -4.4E-3 2.3E-2 9.5E-3 6.7E-2 -1.9E-3 6.0E-4 -5.3E-3 -5.1E-2 -3.2E-2 

β4 1.4E-1 1.0E-2 9.5E-3 2.8E-1 1.5E+1 5.8E-2 6.8E-4 -5.3E-3 -5.7E-2 -3.5E-2 

β5 1.2E+1 2.5E+0 6.7E-2 1.5E+1 1.1E+3 4.4E+0 8.1E-2 -2.3E-1 -2.6E+0 -1.5E+0 

β6 5.9E-2 1.0E-2 -1.9E-3 5.8E-2 4.4E+0 1.9E-2 2.2E-4 -6.8E-4 -6.9E-3 -4.2E-3 

β7 2.1E-3 2.9E-4 6.0E-4 6.8E-4 8.1E-2 2.2E-4 1.3E-4 -2.1E-4 -1.8E-3 -1.2E-3 

β8 -1.0E-2 2.9E-4 -5.3E-3 -5.3E-3 -2.3E-1 -6.8E-4 -2.1E-4 4.9E-3 2.6E-2 1.8E-2 

β9 -1.0E-1 1.1E-3 -5.1E-2 -5.7E-2 -2.6E+0 -6.9E-3 -1.8E-3 2.6E-2 1.9E-1 1.3E-1 

β10 -6.3E-2 1.1E-3 -3.2E-2 -3.5E-2 -1.5E+0 -4.2E-3 -1.2E-3 1.8E-2 1.3E-1 8.7E-2 

 

The predicted Dmin values from Stage-4 model are plotted against the measured 

Dmin values in the database for clayey soil group in Figure 7.28. Figures 7.28(a) and 

7.28(b) are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale 

factor describing the 95 % prediction bound (PB) is calculated to be 1.581 and denoted 

by two red dashed lines (the slope of upper dashed line is 1.581 and the slope of lower 

dashed line is 1/1.581). Compared with Stage-3 model, the scale factor for Stage-4 model 

is smaller, which reflects smaller variance in the Dmin prediction. 

The residuals are calculated from Stage-4 model and plotted in Figure 7.29 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), plasticity index (PI), fines content (FC) and water  
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Figure 7.28: Comparison of Predicted Dmin Values from Stage-4 Model with Measured 

Dmin Values for Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 7.29: Residuals from Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Dmin Values for Clayey Soil Group. 

 

content (wc). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the residuals show no obvious 

dependencies on σ0, e, PI, FC and wc, which means no additional variables are needed to 
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be considered in the model. In another word, the model parameter development process is 

completed, and the Stage-4 model is the final regression model for Dmin of clayey soil 

group. 

In Figure 7.29(f), residuals are also plotted with respect to the Dmin measurements 

to check the variance assumption. The residuals of Stage-4 model are randomly scattered 

around zero along the Dmin measurements, and no obvious patterns are shown, which 

means the constant variance assumption is satisfied. 

 

7.4.5 Final Model for Dmin of Clayey Soil Group 

Through the model parameter development process, four stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), plasticity index (PI) and fines content (FC), were considered 

into the model as variables in sequence. According to the adjusted coefficient of multiple 

determination (Ra
2), Akaike’ Information Criterion (AIC) and Bayesian Information 

Criterion (BIC), improvements were shown during the process from Stage-1 model to 

Stage-4 model. The means and standard deviations of residuals for the four models are 

plotted versus σ0 in Figure 7.30. As adding variables into the model from Stage-1 to 

Stage-4, the means of residuals are more closely scattered around zero and the standard 

deviations of residuals decrease significantly, which is another demonstration of 

improvements during the process. At last, Stage-4 model was selected to be final 

regression model for Dmin of clayey soil group. 
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Figure 7.30: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Four Models for Clayey Soil Group. 
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Table 7.30: Parameters in Dmin Model for the Clayey Soil Group. 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐷 4.86 % 

𝐹𝐷 (1.99 + 𝐹𝐶)−1.91∙𝑒−6.5∙𝑃𝐼 ∙ (1 + 106.75 ∙ 𝑃𝐼1.64) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 (0.46 ∙ 𝑃𝐼)1.73−1.34∙𝑒 

Note: 1. PI and FC are in decimal. 

 

The regression equations of parameters in the final Dmin model of the clayey soil 

group are presented in Table 7.30. Notice that, the units for PI and FC are decimal. From 

the result shown in Table 7.30, CD for clayey soil group is 4.86 %. The e, PI and FC are 

involved in the equation of FG, which means the Dmin on every pressure level is affected 

by e, PI, and FC for clayey soil group. The exponential of normalized effective confining 

pressure is -0.19 which means the slope of the relationship between Dmin and σ0 in log-

log scale is constant for clayey soil group. The addition item δD is a function of PI and e. 

As mentioned in the Stage-5 model, the scale factor describing 95 % prediction bound 

(PB) is calculated to be 1.581. The coefficient of variation for one prediction is calculated 

to be 0.234, and the coefficient of variation for the mean is calculated to be 0.0125. 

Even though the Stage-4 model was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Stage-3 

model can also be appropriately used with consideration of the variable (soil properties 

and states) availability and model prediction variance. 
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7.5    SUMMARY: DMIN MODELING OF UNCEMENTED SOILS 

A total of 1104 Dmin measurements from resonant column tests are involved in the 

multivariable regression analysis for small-strain material damping ratio of uncemented 

soils. Considering the applicability of different soil property factors and based on the 

performance of multivariable regression analysis, soils are divided into three groups as 

follows: 1) Clean Sand and Gravel Group (soils with FC ≤ 12%) (466 Data Points), 2) 

Non-Plastic Silty Sand Group (soils with FC > 12 % and no plasticity) (287 Data Points), 

3) Clayey Soil Group (soils with FC > 12% and plasticity) (351 Data Points). 

For the clean sand and gravel group, five stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-5 model, and 

Stage-5 model was selected to be final regression model for Dmin of clean sand and gravel 

group. Besides, the other stage models except Stage-1 model are also valuable resources. 

Stage-2 and 3 models should be used with caution because the variance assumptions are 

unsatisfied. Stage-4 model can be appropriately used with consideration of the variable 

(soil properties and states) availability and model prediction variance. 

For the non-plastic silty sand group, three stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-3 model, and 

Stage-3 model was selected to be final regression model for Dmin of non-plastic silty sand 

group. Stage-2 model can also be appropriately used with consideration of the variable 

availability and model prediction variance. 

For the clayey soil group, four stages of models were generated during the model 

parameter development process. According to values of Ra
2, AIC and BIC, improvements 

were shown during the process from Stage-1 model to Stage-4 model, and Stage-4 model 
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was selected to be final regression model for Dmin of clayey soil group. Besides, Stage-3 

model can also be appropriately used with consideration of the variable (soil properties 

and states) availability and model prediction variance. 

The regression equations for the parameters CD, FD, F(σ0) and δD in the final Dmin 

models of the three soil groups are presented in Table 7.31, respectively. The predicted 

Dmin values from final model are plotted against the measured Dmin values in the database 

for all three soil groups in Figure 7.31. Figures 7.31(a) and 7.31(b) are in linear and 

logarithmic scales, respectively. Based on Equation 5.6, the scale factor describing the 95 

% prediction bound (PB) is calculated to be 1.634 and denoted by two red dashed lines 

(the slope of upper dashed line is 1.634 and the slope of lower dashed line is 1/1.634). 

95% of all the Dmin measurements are supposed to fall between the two red dashed lines. 

The coefficient of variation for one prediction is calculated to be 0.251, and the 

coefficient of variation for the mean is calculated to be 0.0076. 

The residuals are calculated from the final models and plotted in Figure 7.32 with 

respect to mean confining pressure (σ0), void ratio (e) fines content (FC) and water 

content (wc), which are the common variables considered in the model development 

processes of all three soil groups. The residuals show no obvious dependencies on σ0, e, 

FC and wc. In Figure 7.32(e), residuals are also plotted with respect to the Dmin 

measurements. The residuals points are randomly scattered around zero along the Dmin 

measurements, and no obvious patterns are shown, which means the constant variance 

assumption of the Dmin model is satisfied. 

The means and standard deviations of residuals for the final Dmin models are 

plotted versus σ0 in Figure 7.33. The means of residuals are closely scattered around zero 

and the standard deviations of residuals constantly maintain below 0.3 in natural 

logarithmic scale, which is another demonstration of the effectiveness of the Dmin model. 
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Table 7.31: Parameters in Log Dmin – Log σ0 Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐷 0.6 % 

𝐹𝐷 (0.99 + 𝑤𝑐)7.45−15.23∙𝑒+4.29∙𝐷50 ∙ (1 + 21.17 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.14

 

𝛿𝐷 NA 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

𝐶𝐷 52.16 % 

𝐹𝐷 (0.41 ∙ 𝑒)0.81∙𝐹𝐶+5.2∙𝑒 ∙ (1 + 5.35 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 NA 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐷 4.86 % 

𝐹𝐷 (1.99 + 𝐹𝐶)−1.91∙𝑒−6.5∙𝑃𝐼 ∙ (1 + 106.75 ∙ 𝑃𝐼1.64) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 (0.46 ∙ 𝑃𝐼)1.73−1.34∙𝑒 

Notes: 1. PI, FC and wc are in decimal form.  2. D50 is in millimeter. 

3. NA = not applicable 
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Figure 7.31: Comparison of Predicted Dmin Values from the Final Dmin Models with 

Measured Dmin Values for All Three Soil Groups: (a) Linear Scale, (b) Log 

Scale. 
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Figure 7.32: Residuals from the Final Dmin Models Plotted with respect to the Common 

Variables and Measured Dmin Values for All Three Soil Groups. 
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Figure 7.33: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for the Final Dmin Models for All Three Soil Groups. 

 

It is advisable to have a comprehensive understanding about the database during 

the application of constitutive models generated from it. The distribution ranges of the 

influence factors considered during the model development in the database are shown in 

Table 7.32, as well as the areas where available data points are sparse. Attention needs to 

be paid while utilizing the model in these sparse zones. Future updates of both the current 

database and constitutive models can also be focused on these sparse zones. 
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Table 7.32: Distribution Ranges and Sparse Zones of the Database for Dmin Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group 

σ0 (atm) 0.1 ~ 30 9 ~ 30 

FC (%) 0 ~ 12 None 

wc (%) 0 ~ 27 None 

e 0.25 ~ 1.2 0.9 ~ 1.2 

D50 (mm) 0.1 ~ 20 9 ~ 20 

Non-Plastic Silty 

Sand Group 

σ0 (atm) 0.1 ~ 40 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

FC (%) 10 ~ 95 65 ~ 75 

Clayey Soil Group 

σ0 (atm) 0.07 ~ 40 0.07 ~ 0.1 

e 0.2 ~ 2.4 1.5 ~ 2.4 

PI (%) 0 ~ 135 60 ~ 135 

FC (%) 20 ~ 100 None 
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Chapter 8:  Proposed Model for Nonlinear Material Damping Ratio of 

Uncemented Soils 

8.1    MODEL DEVELOPMENT 

According to previous research and general observations from the resonant 

column tests, the material damping ratio (D) of soil increases with increasing shear strain 

(γ) and the relationship between D and γ is also called a material damping increment 

curve. Based on Equation 2.7, the material damping ratio in the nonlinear range can be 

calculated from logarithmic decrement ( 𝐷 = √𝛿2 (4𝜋2 + 𝛿2)⁄ ), and the material 

damping ratio should have a lower boundary limit above 0 and an upper boundary limit 

less than 100 %. However, according to the material damping ratio database presented in 

Chapter Three, the maximum material damping ratio observed in the laboratory is around 

15 %. Generally speaking, a value of 15 % material damping ratio is very high for soil 

materials in engineering practice, let alone a material damping ratio near 100 %. 

Actually, the theoretical upper boundary limit of 100 % for the material damping ratio of 

soil is meaningless in practice. Therefore, a lower value for an estimated maximum 

boundary limit can be used for material damping ratio to generate models with better 

resolution in data. 

A three-parameters modified hyperbolic model is proposed in this work and is 

utilized to better fit the material damping increment curves as follows: 

 

𝐷 =
𝑑 ∙ (𝛾 𝛾𝐷⁄ )𝑐 + 𝐷𝑚𝑖𝑛

(𝛾 𝛾𝐷⁄ )𝑐 + 1
 (8.1) 

where “d” is the upper boundary limit of material damping ratio, “c” is the curvature 

parameter which controls the shape of the material damping increment curve, γD is the 

reference shear strain at which D = (d+Dmin)/2. 
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Based on the nonlinear material damping ratio database described in Chapter 3, 

many factors regarding soil properties and soil states show impacts on the material 

damping increment curve (D – log γ relationship). These factors include soil type, mean 

confining pressure (σ0), void ratio (e), fines content (FC), uniformity coefficient (Cu), 

median grain size (D50), plasticity index (PI) and water content (wc). As mention in the 

previous chapters, the resolution of one soil index property can be of adequate or limited 

quality depending on the type of soil which is being described.  

To achieve better regression analyses of the test data from a wide variety of soils, 

the new database was best fitted using generalized Equation 8.1, but with different forms 

of upper boundary limit (d), curvature parameter (c) and reference strain (γD), for 

different soil types. Just as in previous chapters, based on the performance of 

multivariable regression analyses, the soils in the database are divided into three groups 

as follows: 1) Clean Sand and Gravel Group (soils with FC ≤ 12%), 2) Non-Plastic Silty 

Sand Group (soils with FC > 12 % and no plasticity), 3) Clayey Soil Group (soils with 

FC > 12% and plasticity). 

Just as done in Chapters 5, 6 and 7, the model-parameter development process 

was conducted following a residual analysis procedure. At first, only one variable with 

the obvious impact on D – log γ relationship was considered in the model and the model 

was denoted as Stage-1. Since the dependence of the material damping increment curve 

on σ0 is well accepted and normally observed during tests, the mean confining pressure 

turned out to be the most obvious influence factor and was chosen to be the first variable 

considered in the Stage-1 model. The Stage-1 model equation was determined from many 

different forms of variable combinations using the method of least squares. Residuals 

were then calculated based on the regression equation and plotted against the other 

variables which are not included in the model. Looking at the residual plots, the variable 
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that shows the strongest relationship with the residuals should be added into the model 

and the model was improved to be Stage-2. The Stage-2 model equation was also 

determined from many different forms of variables combinations using the method of 

least squares. Residuals were then plotted against the remaining variables not included in 

the model and the variable with the strongest relationship should be added into the Stage-

3 model. The same manner was continued until the residual plots show no obvious 

relationships. 

However, following the procedure above, the variables added into the model may 

not be necessary. To determine if a certain variable is worth including into the model, 

three model selection criteria are used as discussed in Chapter 5, which are the adjusted 

coefficient of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and 

Bayesian Information Criterion (BIC). These criteria are defined as Equations 5.2, 5.3 

and 5.4, respectively. The added variables which cause the Ra
2 to increase, and both AIC 

and BIC to decrease are improving the model and worth including in the model. 

Since the material damping ratio (D) values were either calculated using the half-

power bandwidth method from the first-mode resonant response curve at small strains, or 

calculated from the frequency vibration decay curve at large strains during resonant 

column tests, the error term in the measurements of D was assumed to follow the log-

normal distribution to be more reasonable. Thus, the method of least squares was 

performed on the natural logarithm transformation of the original data, and the residual 

analysis was also performed in the natural logarithm space. 
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8.2    D – LOG γ RELATIONSHIP OF THE CLEAN SAND AND GRAVEL GROUP (WITH FC 

≤ 12 %) 

The first soil group is denoted as clean sand and gravel, which includes soil with 

fines content no greater than 12 %. Based on the nonlinear material damping ratio 

database described in Chapter 3, the soil types involved in the clean sand and gravel 

group are GP, SP, SPSM, SW and SWSM. Distribution of soil specimens according to 

soil types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 

2011) involved in D – log γ relationship modeling of clean sand and gravel group is 

shown in Figure 8.1 and Table 8.1. The total number of soil specimens involved are 94, 

of which 87 are reconstituted soil specimens and 7 are intact soil specimens recovered 

from Shelby tubes. 181 material damping increment curves, with a total of 2265 

measurement points from RC tests, are involved in the regression analyses for modeling 

D – log γ relationships. Four stages of models were generated during this model 

development process. The significant level, α, for the t test of each parameter in the 

model is set to be 0.05 as done in the other studies presented in Chapters 5, 6 and 7. 

Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), both 

uniformity coefficient (Cu) and median grain size (D50) are good indicators for soils with 

FC less than 12 % so that these parameters were used to develop the model. The water 

content (wc) turned out to also be a factor that can influence the material damping ratio of 

soil. 

 

Table 8.1: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type GP SP SP-SM SW SW-SM Total 

Number 10 51 3 23 7 94 
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Figure 8.1: Distribution of Soil Specimens for Clean Sand and Gravel Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

 

8.2.1 Stage-1 Model for D – Log γ Relationship of the Clean Sand and Gravel 

Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the D – log γ relationships in the clean sand and 

gravel group using the method of least squares. The following equation was selected to 

be the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 1

 (8.2) 

10

51

3

23

7

GP

SP

SP-SM

SW

SW-SM
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The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using least squares estimation are presented in Table 8.2, as well as the SSEs, t-

statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE (root mean squared error). 

In Table 8.2, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.938, representing 93.8 percent of variance explained 

by the model. The large value of R2 with only mean confining pressure σ0 considered in 

the model is another proof of the effectiveness of the three-parameters modified 

hyperbolic model for D – log γ relationship. The values of Ra
2, AIC and BIC will be used 

to compare with the next stage model for the evaluation of improvement. The coefficient 

covariance of the Stage-1 model is shown in Table 8.3. 

The predicted D values from Stage-1 model are plotted against the measured D 

values in the database for clean sand and gravel group in Figure 8.2. Since the D 

measurements are assumed to follow the log-normal distribution, based on Equation 5.6, 

the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.533 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.533 and the slope of 

lower dashed line is 1/1.533). 95% of all the D measurements are supposed to fall 

between the two red dashed lines. 
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Table 8.2: Estimated Coefficients of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 15.64 1.28 12.20 3.41E-33 

β2 0.09 0.01 6.96 4.46E-12 

β3 0.32 0.02 21.43 6.52E-93 

β4 0.93 0.02 58.16 0 

R2 = 0.938, Ra
2 = 0.938, AIC = -468.3, BIC = -445.4, RMSE = 0.218 

 

Table 8.3: Coefficient Covariance of the Stage-1 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 

β1 1.644 0.016 2.43E-04 -0.017 

β2 0.016 1.62E-04 1.24E-05 -1.81E-04 

β3 2.43E-04 1.24E-05 2.26E-04 -8.28E-06 

β4 -0.017 -1.81E-04 -8.28E-06 2.58E-04 

 

The residuals are calculated from the Stage-1 model as the differences between 

the predicted D values and the measured D values. As shown in Figure 8.3, residuals are 

plotted with respect to all the possible variables considered in the database, which 

includes mean confining pressure (σ0), void ratio (e), fines content (FC), uniformity 

coefficient (Cu), median grain size (D50) and water content (wc). Based on Equation 5.7, a 

two-degree polynomial fitting function was chosen to show the trend of residuals 

changing with variables, which was plotted as the red line in each subplot. Looking at all  
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Figure 8.2: Comparison of Predicted D Values from the Stage-1 Model with Measured 

D Values for the Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 8.3: Residuals from the Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clean Sand and 

Gravel Group. 
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the residual plots, the void ratio shows the strongest relationship with the residuals. Thus, 

the void ratio should be added into the Stage-1 model to generate the Stage-2 model. 

In Figure 8.3(g) and (h), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. The residuals of the Stage-1 model are 

randomly scattered around zero along the values of D, which means the constant variance 

assumption is satisfied. The variance of residuals increases with increasing shear strain 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. Much smaller variance shown below the shear 

strain of 10E-4 % is a demonstration of the high-quality data from the resonant column 

tests for the clean sand and gravel group involved in this research. 

 

8.2.2 Stage-2 Model for D – Log γ Relationship of the Clean Sand and Gravel 

Group 

With both mean confining pressure (σ0) and void ratio (e) in the model, many 

different forms of regression equations were applied to fit the D – log γ relationships in 

the clean sand and gravel group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4∙𝑒𝛽5−𝛽6∙𝑒

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4∙𝑒𝛽5−𝛽6∙𝑒

+ 1

 
(8.3) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using the least squares estimation are presented in Table 8.4, as well as the 



 349 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficients of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.4, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.955, representing 95.5 percent of variance explained 

by the model. The value of Ra
2 is 0.955 and larger than that of Stage-1 model which is 

0.938. The value of AIC is -1194.7 and smaller than that of Stage-1 model which is -

468.3. The value of BIC is -1160.3 and smaller than that of Stage-1 model which is -

445.4. Based on the three model selection criteria above, Stage-2 model show 

improvements on Stage-1 model and void ratio should be added into the regression model 

as a variable. The coefficient covariance of the Stage-2 model is shown in Table 8.5. 

The predicted D values from Stage-2 model are plotted against the measured D 

values in the database for clean sand and gravel group in Figure 8.4. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.438 

and denoted by two red dashed lines (the slope of upper dashed line is 1.438 and the 

slope of lower dashed line is 1/1.438). Compared with Stage-1 model, the scale factor for 

Stage-2 model is smaller, which reflects smaller variance in the D prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 8.5 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), uniformity coefficient (Cu), 
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Table 8.4: Estimated Coefficients of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 16.39 1.08 15.22 7.30E-50 

β2 0.09 0.01 9.12 1.65E-19 

β3 0.39 0.01 30.48 3.06E-171 

β4 1.08 0.03 34.93 4.42E-214 

β5 0.62 0.04 16.28 2.03E-56 

β6 0.73 0.12 6.13 1.02E-09 

R2 = 0.955, Ra
2 = 0.955, AIC = -1194.7, BIC = -1160.3, RMSE = 0.186 

 

Table 8.5: Coefficient Covariance of the Stage-2 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 1.16E+00 1.07E-02 2.85E-04 -1.81E-02 -2.38E-02 -2.41E-02 

β2 1.07E-02 1.02E-04 1.03E-05 -1.87E-04 -2.24E-04 -2.20E-04 

β3 2.85E-04 1.03E-05 1.61E-04 1.06E-05 2.55E-05 -1.27E-05 

β4 -1.81E-02 -1.87E-04 1.06E-05 9.51E-04 -9.29E-06 -2.12E-03 

β5 -2.38E-02 -2.24E-04 2.55E-05 -9.29E-06 1.44E-03 3.60E-03 

β6 -2.41E-02 -2.20E-04 -1.27E-05 -2.12E-03 3.60E-03 1.43E-02 
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Figure 8.4: Comparison of Predicted D Values from the Stage-2 Model with Measured 

D Values for the Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 8.5: Residuals from the Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clean Sand and 

Gravel Group. 
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median grain size (D50) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, FC shows the strongest relationship with the residuals. Thus, the FC should be 

added into the Stage-2 model to generate the next Stage-3 model. The trend of residuals 

shows no obvious dependencies on σ0 and e anymore since they are already considered in 

the Stage-2 model. 

In Figure 8.5(g) and (h), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. The residuals of the Stage-2 model are 

randomly scattered around zero along the values of D, which means the constant variance 

assumption is satisfied. The variance of residuals increases with increasing shear strain 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. Much smaller variance shown below the shear 

strain of 10E-4 % is a demonstration of the high-quality data from the resonant column 

tests for the clean sand and gravel group involved in this research. 

. 

8.2.3 Stage-3 Model for D – Log γ Relationship of the Clean Sand and Gravel 

Group 

Considering mean confining pressure (σ0), void ratio (e) and fines content (FC) in 

the model, many different forms of regression equations were applied to fit the D – log γ 

relationships in the clean sand and gravel group using the method of least squares. The 

following equation was selected to be the Stage-3 model equation with the smallest SSE 

and largest Ra
2 values: 
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𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝐹𝐶)𝛽4−𝐹𝐶)
𝛽5∙𝑒𝛽6−𝛽7∙𝑒

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝐹𝐶)𝛽4−𝐹𝐶)
𝛽5∙𝑒𝛽6−𝛽7∙𝑒

+ 1

 (8.4) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using the least squares estimation are presented in Table 8.6, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficients of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.6, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.959, representing 95.9 percent of variance explained 

by the model. The value of Ra
2 is 0.959 and larger than that of Stage-2 model which is 

0.955. The value of AIC is -1400.3 and smaller than that of Stage-2 model which is -

1194.7. The value of BIC is -1360.2 and smaller than that of Stage-2 model which is -

1160.3. Based on the three model selection criteria above, Stage-3 model show 

improvements on Stage-2 model and FC should be added into the regression model as a 

variable. The coefficient covariance of the Stage-3 model is shown in Table 8.7. 

The predicted D values from Stage-3 model are plotted against the measured D 

values in the database for clean sand and gravel group in Figure 8.6. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.415  
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Table 8.6: Estimated Coefficients of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 21.17 1.85 11.42 2.13E-29 

β2 0.13 0.02 7.29 4.21E-13 

β3 17.94 1.88 9.54 3.60E-21 

β4 0.45 0.01 36.66 3.01E-231 

β5 1.02 0.03 39.84 2.47E-263 

β6 0.56 0.03 16.12 2.01E-55 

β7 0.72 0.10 7.17 9.91E-13 

R2 = 0.959, Ra
2 = 0.959, AIC = -1400.3, BIC = -1360.2, RMSE = 0.178 

 

Table 8.7: Coefficient Covariance of the Stage-3 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 3.44E+00 3.20E-02 3.74E-01 9.77E-04 -2.81E-02 -4.23E-02 -4.78E-02 

β2 3.20E-02 3.07E-04 1.43E-03 1.76E-05 -2.87E-04 -4.01E-04 -4.46E-04 

β3 3.74E-01 1.43E-03 3.54E+00 -5.43E-03 -3.91E-03 -6.20E-03 -9.74E-04 

β4 9.77E-04 1.76E-05 -5.43E-03 1.54E-04 -2.22E-08 1.66E-05 -1.45E-08 

β5 -2.81E-02 -2.87E-04 -3.91E-03 -2.22E-08 6.57E-04 1.05E-04 -1.23E-03 

β6 -4.23E-02 -4.01E-04 -6.20E-03 1.66E-05 1.05E-04 1.19E-03 2.74E-03 

β7 -4.78E-02 -4.46E-04 -9.74E-04 -1.45E-08 -1.23E-03 2.74E-03 1.01E-02 
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Figure 8.6: Comparison of Predicted D Values from the Stage-3 Model with Measured 

D Values for the Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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and denoted by two red dashed lines (the slope of upper dashed line is 1.415 and the 

slope of lower dashed line is 1/1.415). Compared with Stage-2 model, the scale factor for 

Stage-3 model is smaller, which reflects smaller variance in the D prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 8.7 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), uniformity coefficient (Cu), 

median grain size (D50) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, Cu shows the strongest relationship with the residuals. Thus, Cu should be added 

into the Stage-3 model to generate the next Stage-4 model. The trend of residuals shows 

no obvious dependencies on σ0, e and FC anymore since they are already considered in 

the Stage-3 model. 

In Figure 8.7(g) and (h), residuals are also plotted with respect to the shear strain 

and D measurements to check the variance assumption. The residuals of Stage-3 model 

are randomly scattered around zero along the D measurements, which means the constant 

variance assumption is satisfied. The variance of residuals increases with increasing shear 

strain because of the nature of the hyperbolic model, which shows largest gradient in the 

middle and smaller gradients at both further ends. Much smaller variance shown below 

the shear strain of 10E-4 % is a demonstration of the high-quality data from the resonant 

column tests for the clean sand and gravel group involved in this research. 
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Figure 8.7: Residuals from Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for Clean Sand and 

Gravel Group. 
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8.2.4 Stage-4 Model for D – Log γ Relationship of the Clean Sand and Gravel 

Group 

With mean confining pressure (σ0), void ratio (e), fines content (FC) and 

uniformity coefficient (Cu) considered in the model, many different forms of regression 

equations were applied to fit the D – log γ relationships in the clean sand and gravel 

group using the method of least squares. The following equation was selected to be the 

Stage-4 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ 𝐶𝑢
−𝛽3 ∙ (𝜎0 + 𝛽4 ∙ 𝐹𝐶)𝛽5−𝐹𝐶

)

𝛽6∙𝑒𝛽7−𝛽8∙𝑒

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ 𝐶𝑢
−𝛽3 ∙ (𝜎0 + 𝛽4 ∙ 𝐹𝐶)𝛽5−𝐹𝐶

)

𝛽6∙𝑒𝛽7−𝛽8∙𝑒

+ 1

 
(8.5) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using the least squares estimation are presented in Table 8.8, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficients of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.8, the standard error (SE) is the standard deviation of the estimate. The 

t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests are 

in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.965, representing 96.5 percent of variance explained 

by the model. The value of Ra
2 is 0.965 and larger than that of Stage-3 model which is 

0.959. The value of AIC is -1743.1 and smaller than that of Stage-3 model which is - 
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Table 8.8: Estimated Coefficients of the Stage-4 Model for the Clean Sand and Gravel 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 18.13 1.34 13.50 5.52E-40 

β2 0.13 0.02 8.52 2.89E-17 

β3 0.31 0.02 20.34 1.44E-84 

β4 22.04 1.95 11.29 8.75E-29 

β5 0.47 0.01 41.95 7.03E-285 

β6 0.93 0.02 45.39 3.04E-320 

β7 0.34 0.03 9.90 1.14E-22 

β8 0.80 0.11 7.57 5.41E-14 

R2 = 0.965, Ra
2 = 0.965, AIC = -1743.1, BIC = -1697.3, RMSE = 0.165 

 

1400.3. The value of BIC is -1697.3 and smaller than that of Stage-3 model which is -

1360.2. Based on the three model selection criteria above, Stage-4 model show 

improvements on Stage-3 model and uniformity coefficient (Cu) should be added into the 

regression model as a variable. The coefficient covariance of the Stage-4 model is shown 

in Table 8.9. 

The predicted D values from Stage-4 model are plotted against the measured D 

values in the database for clean sand and gravel group in Figure 8.8. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.380 

and denoted by two red dashed lines (the slope of upper dashed line is 1.380 and the 

slope of lower dashed line is 1/1.380). Compared with Stage-3 model, the scale factor for 

Stage-4 model is smaller, which reflects smaller variance in the D prediction. 
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Table 8.9: Coefficient Covariance of the Stage-4 Model for the Clean Sand and Gravel 

Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 1.80E+0 1.98E-2 -9.75E-4 3.22E-1 3.99E-4 -9.98E-3 -1.94E-2 -4.77E-2 

β2 1.98E-2 2.29E-4 1.77E-5 1.92E-3 1.36E-5 -1.37E-4 -2.44E-4 -5.37E-4 

β3 -9.75E-4 1.77E-5 2.26E-4 2.86E-3 1.77E-5 -8.24E-5 -2.14E-4 -2.92E-5 

β4 3.22E-1 1.92E-3 2.86E-3 3.81E+0 -6.27E-3 -4.02E-3 -9.11E-3 -5.93E-3 

β5 3.99E-4 1.36E-5 1.77E-5 -6.27E-3 1.27E-4 -3.32E-6 1.00E-5 1.25E-5 

β6 -9.98E-3 -1.37E-4 -8.24E-5 -4.02E-3 -3.32E-6 4.20E-4 -5.76E-5 -1.21E-3 

β7 -1.94E-2 -2.44E-4 -2.14E-4 -9.11E-3 1.00E-5 -5.76E-5 1.17E-3 2.93E-3 

β8 -4.77E-2 -5.37E-4 -2.92E-5 -5.93E-3 1.25E-5 -1.21E-3 2.93E-3 1.13E-2 

 

The residuals are calculated from Stage-4 model and plotted in Figure 8.9 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC), uniformity coefficient (Cu), 

median grain size (D50) and water content (wc). Based on Equation 5.7, a two-degree 

polynomial fitting function was chosen to show the trend of residuals changing with 

variables, which was plotted as the red line in each subplot. Looking at all the residual 

plots, the residuals show no obvious dependencies on σ0, e, FC, Cu. Even though D50 and 

wc show slight relationships with residuals, they were unable to increase the Ra
2 or 

decrease the AIC and BIC when considered in the model. Therefore, the model parameter 

development process is completed, and the Stage-4 model is the final regression model 

for D – log γ relationship of clean sand and gravel group. 
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Figure 8.8: Comparison of Predicted D Values from the Stage-4 Model with Measured 

D Values for the Clean Sand and Gravel Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 8.9: Residuals from the Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clean Sand and 

Gravel Group. 
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In Figure 8.9(g) and (h), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. The residuals of the Stage-4 model are 

randomly scattered around zero along the values of D, which means the constant variance 

assumption is satisfied. The variance of residuals increases with increasing shear strain 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. Much smaller variance shown below the shear 

strain of 10E-4 % is a demonstration of the high-quality data from the resonant column 

tests for the clean sand and gravel group involved in this research. 

 

8.2.5 Final Model for D – Log γ Relationship of the Clean Sand and Gravel Group 

Through the model parameter development process, four stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), fines content (FC) and uniformity coefficient (Cu) were 

considered into the model as variables in sequence. According to the adjusted coefficient 

of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and Bayesian 

Information Criterion (BIC), improvements were shown during the process from Stage-1 

model to Stage-4 model. The means and standard deviations of residuals for the four 

models are plotted versus σ0 in Figure 8.10. The means of residuals for all four models 

are scattered around zero. As adding variables into the model from Stage-1 to Stage-4, 

the standard deviations of residuals decrease gradually, which is another demonstration of 

improvements during the process. At last, Stage-4 model was selected to be final 

regression model for D – log γ relationship of clean sand and gravel group. 
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Figure 8.10: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Four Models for Clean Sand and Gravel Group. 
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Table 8.10: Parameters in D – Log γ Relationship Model for the Clean Sand and Gravel 

Group. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

d 18.13 % 

c 0.93 ∙ 𝑒0.34−0.8∙𝑒 

𝛾𝐷 (%) 0.13 ∙ 𝐶𝑢
−0.31 ∙ (

𝜎0

𝑃𝑎
+ 22.04 ∙ 𝐹𝐶)

0.47−𝐹𝐶

 

Note: 1. FC is in decimal. 

 

The regression equations of parameters in the final D – log γ relationship model 

of the clean sand and gravel group are presented in Table 8.10. Notice that, the unit for 

FC is decimal. From the result presented in Table 8.10, the upper boundary limit for the 

material damping ratio of the clean sand and gravel group is 18.13 %. The curvature 

parameters “c” is a function of void ratio, which means void ratio controls the shape of 

the material damping increment curve for soil in clean sand and gravel group. γD is a 

function of σ0, FC and Cu, which means σ0, FC and Cu combine to affect the location of 

material damping increment curve horizontally for soil in clean sand and gravel group. 

As mentioned in the Stage-4 model, the scale factor describing 95 % prediction bound 

(PB) is calculated to be 1.380. The coefficient of variation for one prediction is calculated 

to be 0.164, and the coefficient of variation for the mean is calculated to be 0.0035. 

Even though the Stage-4 was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Stage 

models 1, 2 and 3 can also be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 
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8.3    D – LOG γ RELATIONSHIP OF THE NON-PLASTIC SILTY SAND GROUP (WITH FC 

> 12 % AND NO PLASTICITY) 

The second soil group is denoted as non-plastic silty sand, which includes soil 

with fines content greater than 12 % and no plasticity. Based on the nonlinear material 

damping ratio database described in Chapter 3, the soil types involved in the non-plastic 

silty sand group are SM, SPSM, SWSM and ML. Distribution of soil specimens 

according to soil types based on the Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011) involved in D – log γ relationship modeling of non-plastic silty sand 

group is shown in Figure 8.11 and Table 8.11. The total number of soil specimens 

involved are 55, of which 26 are reconstituted soil specimens and 29 are intact soil 

specimens recovered from Shelby tubes. 115 material damping increment curves, with a 

total of 1135 measurement points from RC tests are involved into the regression analysis 

for D – log γ relationship modeling. There are 3 stages of models generated during the 

model development process. The significant level, α, for the t test of each parameter in 

the model is set to be 0.05. 

Mean confining pressure (σ0), void ratio (e) and fines content (FC) are still good 

indicators for soils with FC greater than 12 % and no plasticity. The water content (wc) 

turned out to be a factor that can influence the material damping ratio of soil. However, 

Cu is no longer an appropriate indicator for properties of soils with FC more than 12 % 

because D10 is usually hard to determined. Even it can be determined by hydrometer test, 

the value of Cu could be extremely high and lose its original usage. For similar reason, 

D50 is also not a good indicator, thus excluded from model parameter development. 
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Table 8.11: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 

Soil Type SM SP-SM SW-SM ML Total 

Number 31 10 5 9 55 

 

 

 

Figure 8.11: Distribution of Soil Specimens for Non-Plastic Silty Sand Group according 

to Soil Types based on Unified Soil Classification System (USCS) (ASTM 

D2487-11, 2011). 
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8.3.1 Stage-1 Model for D – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the D – log γ relationships in the non-plastic silty 

sand group using the method of least squares. The following equation was selected to be 

the Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 1

 
(8.6) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using the least squares estimation are presented in Table 8.12, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.12, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.940, representing 94 percent of variance explained 

by the model. The values of Ra
2, AIC and BIC will be used to compare with the next 

stage model for the evaluation of improvement. The coefficient covariance of the Stage-1 

model is shown in Table 8.13. 
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Table 8.12: Estimated Coefficients of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 13.125 0.772 17.011 5.86E-58 

β2 0.045 0.005 9.638 3.52E-21 

β3 0.293 0.011 25.660 8.16E-115 

β4 1.187 0.031 38.874 1.28E-210 

R2 = 0.940, Ra
2 = 0.940, AIC = -552.1, BIC = -531.9, RMSE = 0.19 

 

 

Table 8.13: Coefficient Covariance of the Stage-1 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 

β1 0.595 0.003 -4.45E-04 -0.018 

β2 0.003 2.14E-05 -4.94E-06 -1.24E-04 

β3 -4.45E-04 -4.94E-06 1.31E-04 4.36E-06 

β4 -0.018 -1.24E-04 4.36E-06 9.32E-04 

 

The predicted D values from Stage-1 model are plotted against the measured D 

values in the database for non-plastic silty sand group in Figure 8.12. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.449 

and denoted by two red dashed lines (the slope of upper dashed line is 1.449 and the 

slope of lower dashed line is 1/1.449). 95% of all the D measurements are supposed to 

fall between the two red dashed lines. 
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Figure 8.12: Comparison of Predicted D Values from the Stage-1 Model with Measured 

D Values for the Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 8.13: Residuals from the Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Non-Plastic Silty 

Sand Group. 

 

The residuals are calculated from Stage-1 model and plotted in Figure 8.13 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 
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on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the void ratio shows the strongest relationship with the 

residuals. The trend of residuals also shows obvious dependency on FC, however, the 

relationship is not as strong as the relationship between residual and void ratio. Thus, the 

void ratio should be added into the Stage-1 model to generate the Stage-2 model.  

In Figure 8.13(e) and (f), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. The residuals of the Stage-1 model are 

randomly scattered around zero along the values of D, which means the constant variance 

assumption is satisfied. The variance of residuals increases with increasing shear strain 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. Much smaller variance shown below the shear 

strain of 10E-4 % is a demonstration of the high-quality data from the resonant column 

tests for the non-plastic silty sand group involved in this research. 

 

8.3.2 Stage-2 Model for D – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With both mean confining pressure (σ0) and void ratio (e) considered in the 

model, many different forms of regression equations were applied to fit the D – log γ 

relationships in the non-plastic silty sand group using the method of least squares. The 

following equation was selected to be the Stage-2 model equation with the smallest SSE 

and largest Ra
2 values: 
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𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝑒)𝛽4
)

𝛽5∙𝑒𝛽6

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝑒)𝛽4
)

𝛽5∙𝑒𝛽6

+ 1

 (8.7) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using the least squares estimation are presented in Table 8.14, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.14, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.962, representing 96.2 percent of variance explained 

by the model. The value of Ra
2 is 0.962 and larger than that of Stage-1 model which is 

0.940. The value of AIC is -1052.2 and smaller than that of Stage-1 model which is -

552.1. The value of BIC is -1021.9 and smaller than that of Stage-1 model which is -

531.9. Based on the three model selection criteria above, Stage-2 model show 

improvements on Stage-1 model and void ratio should be added into the regression model 

as a variable. The coefficient covariance of the Stage-2 model is shown in Table 8.15. 

The predicted D values from Stage-2 model are plotted against the measured D 

values in the database for non-plastic silty sand group in Figure 8.14. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.346 

and denoted by two red dashed lines (the slope of upper dashed line is 1.346 and the 
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slope of lower dashed line is 1/1.346). Compared with Stage-1 model, the scale factor for 

Stage-2 model is smaller, which reflects smaller variance in the D prediction. 

 

Table 8.14: Estimated Coefficients of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 12.09 0.47 25.46 2.37E-113 

β2 0.0066 0.0013 4.9756 7.51E-07 

β3 5.79 0.64 8.99 1.00E-18 

β4 1.01 0.06 18.17 6.50E-65 

β5 1.38 0.04 35.18 1.17E-183 

β6 0.25 0.04 6.24 6.23E-10 

R2 = 0.962, Ra
2 = 0.962, AIC = -1052.2, BIC = -1021.9, RMSE = 0.152 

 

Table 8.15: Coefficient Covariance of the Stage-2 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 β6 

β1 2.25E-01 3.47E-04 -6.86E-02 -7.00E-03 -1.14E-02 -2.51E-03 

β2 3.47E-04 1.74E-06 -7.62E-04 -6.81E-05 -5.94E-07 2.67E-05 

β3 -6.86E-02 -7.62E-04 4.14E-01 3.17E-02 -7.46E-03 -1.74E-02 

β4 -7.00E-03 -6.81E-05 3.17E-02 3.11E-03 -5.32E-04 -1.32E-03 

β5 -1.14E-02 -5.94E-07 -7.46E-03 -5.32E-04 1.53E-03 1.13E-03 

β6 -2.51E-03 2.67E-05 -1.74E-02 -1.32E-03 1.13E-03 1.65E-03 
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Figure 8.14: Comparison of Predicted D Values from Stage-2 Model with Measured D 

Values for Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log Scale. 
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Figure 8.15: Residuals from Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for Non-Plastic Silty 

Sand Group. 

 

The residuals are calculated from Stage-2 model and plotted in Figure 8.15 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 
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of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, FC shows the strongest relationship with the residuals. 

Thus, FC should be added into the Stage-2 model to generate the Stage-3 model. The 

trend of residuals shows no obvious dependencies on σ0 and e anymore since they are 

already considered in the Stage-2 model. 

In Figure 8.15(e) and (f), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. The residuals of the Stage-2 model are 

randomly scattered around zero along the values of D, which means the constant variance 

assumption is satisfied. The variance of residuals increases with increasing shear strain 

because of the nature of the hyperbolic model, which shows largest gradient in the middle 

and smaller gradients at both further ends. Much smaller variance shown below the shear 

strain of 10E-4 % is a demonstration of the high-quality data from the resonant column 

tests for the non-plastic silty sand group involved in this research. 

 

8.3.3 Stage-3 Model for D – Log γ Relationship of the Non-Plastic Silty Sand 

Group 

With mean confining pressure (σ0), void ratio (e) and fines content (FC) 

considered in the model, many different forms of regression equations were applied to fit 

the D – log γ relationships in the non-plastic silty sand group using the method of least 

squares. The following equation was selected to be the Stage-3 model equation with the 

smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝑒 + 𝛽4 ∙ 𝐹𝐶)𝛽5−𝛽6∙𝐹𝐶)
𝛽7∙𝑒𝛽8

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝜎0 + 𝛽3 ∙ 𝑒 + 𝛽4 ∙ 𝐹𝐶)𝛽5−𝛽6∙𝐹𝐶)
𝛽7∙𝑒𝛽8

+ 1

 (8.8) 
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The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using the least squares estimation are presented in Table 8.16, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.16, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are  

 

Table 8.16: Estimated Coefficients of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 12.13 0.46 26.48 1.46E-120 

β2 0.0025 7.05E-04 3.56 3.83E-04 

β3 5.73 0.66 8.64 1.82E-17 

β4 9.17 1.29 7.10 2.19E-12 

β5 1.47 0.08 18.30 1.10E-65 

β6 0.52 0.04 14.25 1.73E-42 

β7 1.39 0.04 36.50 3.30E-193 

β8 0.27 0.04 6.93 7.26E-12 

R2 = 0.965, Ra
2 = 0.965, AIC = -1149.7, BIC = -1109.5, RMSE = 0.146 
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Table 8.17: Coefficient Covariance of the Stage-3 Model for the Non-Plastic Silty Sand 

Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 2.10E-01 1.50E-04 -7.64E-02 -4.61E-02 -9.41E-03 -8.24E-04 -1.06E-02 -2.23E-03 

β2 1.50E-04 4.97E-07 -3.96E-04 -5.85E-04 -5.37E-05 -1.04E-05 1.55E-06 1.42E-05 

β3 -7.64E-02 -3.96E-04 4.40E-01 2.81E-01 4.07E-02 1.51E-04 -7.27E-03 -1.77E-02 

β4 -4.61E-02 -5.85E-04 2.81E-01 1.67E+00 7.13E-02 3.62E-02 -5.74E-03 -1.30E-02 

β5 -9.41E-03 -5.37E-05 4.07E-02 7.13E-02 6.44E-03 1.65E-03 -6.35E-04 -1.64E-03 

β6 -8.24E-04 -1.04E-05 1.51E-04 3.62E-02 1.65E-03 1.35E-03 1.66E-05 2.54E-05 

β7 -1.06E-02 1.55E-06 -7.27E-03 -5.74E-03 -6.35E-04 1.66E-05 1.45E-03 1.07E-03 

β8 -2.23E-03 1.42E-05 -1.77E-02 -1.30E-02 -1.64E-03 2.54E-05 1.07E-03 1.57E-03 

 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.965, representing 96.5 percent of variance explained 

by the model. The value of Ra
2 is 0.965 and larger than that of Stage-2 model which is 

0.962. The value of AIC is -1149.7 and smaller than that of Stage-2 model which is -

1052.2. The value of BIC is -1109.5 and smaller than that of Stage-2 model which is -

1021.9. Based on the three model selection criteria above, Stage-3 model show 

improvements on Stage-2 model and fines content (FC) should be added into the 

regression model as a variable. The coefficient covariance of the Stage-3 model is shown 

in Table 8.17. 

The predicted D values from Stage-3 model are plotted against the measured D 

values in the database for non-plastic silty sand group in Figure 8.16. Based on Equation 

5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.329 
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and denoted by two red dashed lines (the slope of upper dashed line is 1.329 and the 

slope of lower dashed line is 1/1.329). Compared with Stage-2 model, the scale factor for 

Stage-3 model is smaller, which reflects smaller variance in the D prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 8.17 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), void ratio (e), fines content (FC) and water content (wc). Based 

on Equation 5.7, a two-degree polynomial fitting function was chosen to show the trend 

of residuals changing with variables, which was plotted as the red line in each subplot. 

Looking at all the residual plots, the residuals show no obvious dependencies on σ0, e, FC 

and wc, which means no additional variables are needed to be considered in the model. In 

another word, the model parameter development process is completed, and the Stage-3 

model is the final regression model for D – log γ relationship of non-plastic silty sand 

group. 

In Figure 8.17(e) and (f), residuals are also plotted with respect to the shear strain 

and D measurements to check the variance assumption. The residuals of Stage-3 model 

are randomly scattered around zero along the D measurements, which means the constant 

variance assumption is satisfied. The variance of residuals increases with increasing shear 

strain because of the nature of the hyperbolic model, which shows largest gradient in the 

middle and smaller gradients at both further ends. Much smaller variance shown below 

the shear strain of 10E-4 % is a demonstration of the high-quality data from the resonant 

column tests for the non-plastic silty sand group involved in this research. 
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Figure 8.16: Comparison of Predicted D Values from the Stage-3 Model with Measured 

D Values for the Non-Plastic Silty Sand Group: (a) Linear Scale, (b) Log 

Scale. 
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Figure 8.17: Residuals from the Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Non-Plastic Silty 

Sand Group. 
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8.3.4 Final Model for D – Log γ Relationship of the Non-Plastic Silty Sand Group 

Through the model parameter development process, three stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), void ratio (e), and fines content (FC) were considered into the model as 

variables in sequence. According to the adjusted coefficient of multiple determination 

(Ra
2), Akaike’ Information Criterion (AIC) and Bayesian Information Criterion (BIC), 

improvements were shown during the process from Stage-1 model to Stage-3 model. The 

means and standard deviations of residuals for the three models are plotted versus σ0 in 

Figure 8.18. The means of residuals for all three models are scattered around zero. As 

adding variables into the model from Stage-1 to Stage-3, the standard deviations of 

residuals decrease gradually, which is another demonstration of improvements during the 

process. At last, Stage-3 model was selected to be final regression model for D – log γ 

relationship of non-plastic silty sand group. 

The regression equations of parameters in the final D – log γ relationship model 

of the non-plastic silty sand group are presented in Table 8.18. Notice that, the unit for 

FC is decimal. From the result presented in Table 8.18, the upper boundary limit for the 

material damping ratio of the non-plastic silty sand group is 12.13 %. The curvature 

parameter “c” is a function of e. Therefore, the shape of material damping increment 

curve is affected by e. γD is a function of σ0, e and FC, which means the horizontal 

location of material damping increment curve is also controlled by σ0, e and FC. As 

mentioned in the Stage-3 model, the scale factor describing 95 % prediction bound (PB) 

is calculated to be 1.329. The coefficient of variation for one prediction is calculated to 

be 0.145, and the coefficient of variation for the mean is calculated to be 0.0043. 
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Figure 8.18: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Three Models for the Non-Plastic Silty Sand 

Group. 



 386 

Table 8.18: Parameters in D – Log γ Relationship Model for the Non-Plastic Silty Sand 

Group. 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

d 12.13 % 

c 1.39 ∙ 𝑒0.27 

𝛾𝐷 (%) 0.0025 ∙ (
𝜎0

𝑃𝑎
+ 5.73 ∙ 𝑒 + 9.17 ∙ 𝐹𝐶)

1.47−0.52∙𝐹𝐶

 

Note: 1. FC is in decimal. 

 

Even though the Stage-3 was selected to be the final model for preciseness 

purpose of research study, the other two stage models are also valuable resources. Stage 

models 1 and 2 can also be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

 

8.4    D – LOG γ RELATIONSHIP OF THE CLAYEY SOIL GROUP (WITH FC > 12 % AND 

PLASTICITY) 

The third soil group is denoted as clayey soil, which includes soil with fines 

content greater than 12 % and plasticity. Based on the nonlinear material damping ratio 

database described in Chapter 3, the soil types involved in the clayey soil group are SC, 

SM-SC, CH, CL, CL-ML, MH and ML. Distribution of soil specimens according to soil 

types based on the Unified Soil Classification System (USCS) (ASTM D2487-11, 2011) 

involved in D – log γ relationship modeling of clayey soil group is shown in Figure 8.19 

and Table 8.19. The total number of soil specimens involved are 71, which are all intact 

soil specimens recovered from Shelby tubes. 113 material damping increment curves, 

with a total of 1220 measurement points from RC tests are involved into the regression 
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analysis for D – log γ relationship modeling. There are four stages of models generated 

during the model development process. The significant level, α, for the t test of each 

parameter in the model is set to be 0.05. 

 

Table 8.19: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 

Soil Type SC SM-SC CH CL CL-ML MH ML Total 

Number 7 10 13 27 3 5 6 71 

 

 

 

 

Figure 8.19: Distribution of Soil Specimens for Clayey Soil Group according to Soil 

Types based on Unified Soil Classification System (USCS) (ASTM D2487-

11, 2011). 
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Besides mean confining pressure (σ0), void ratio (e) and fines content (FC), the 

plasticity index (PI) becomes good indicators for clayey soils, which are included into the 

parameter development of the model. The water content (wc) turned out to be a factor that 

can influence the material damping ratio of soil. As mentioned in the previous chapter, Cu 

and D50 are excluded from model parameter development because they are no longer 

appropriate indicators for properties of soils with high fines content. 

8.4.1 Stage-1 Model for D – Log γ Relationship of the Clayey Soil Group 

With only mean confining pressure σ0 in the model, many different forms of 

regression equations were applied to fit the D – log γ relationships in the clayey soil 

group using the method of least squares. The following equation was selected to be the 

Stage-1 model equation with the smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ 𝜎0
𝛽3

)
𝛽4

+ 1

 (8.9) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-1 model 

function using the least squares estimation are presented in Table 8.20, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.20, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 
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Table 8.20: Estimated Coefficients of the Stage-1 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 19.47 2.28 8.56 3.40E-17 

β2 0.11 0.02 4.93 9.43E-07 

β3 0.23 0.02 12.42 1.99E-33 

β4 1.12 0.04 26.90 1.88E-125 

R2 = 0.899, Ra
2 = 0.899, AIC = -323.7, BIC = -303.3, RMSE = 0.212 

 

Table 8.21: Coefficient Covariance of the Stage-1 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 

β1 5.18 4.87E-02 -1.10E-02 -7.50E-02 

β2 4.87E-02 4.80E-04 -1.33E-04 -7.97E-04 

β3 -1.10E-02 -1.33E-04 3.50E-04 1.18E-04 

β4 -7.50E-02 -7.97E-04 1.18E-04 1.72E-03 

 

smaller than the significant level α of 0.05, which means both hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-1 model is around 0.899, representing 89.9 percent of variance explained 

by the model. The values of Ra
2, AIC and BIC will be used to compare with the next 

stage model for the evaluation of improvement. The coefficient covariance of the Stage-1 

model is shown in Table 8.21. 

The predicted D values from Stage-1 model are plotted against the measured D 

values in the database for clayey soil group in Figure 8.20. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 1.514 and 
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denoted by two red dashed lines (the slope of upper dashed line is 1.514 and the slope of 

lower dashed line is 1/1.514). 95% of all the D measurements are supposed to fall 

between the two red dashed lines. 

The residuals are calculated from Stage-1 model and plotted in Figure 8.21 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), water content (wc), plasticity index (PI), fines content (FC) and 

void ratio (e). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the wc shows the strongest 

relationship with the residuals: the trend of residuals decreases as wc increases. The trend 

of residuals also shows obvious dependencies on FC, PI and e, however, the relationships 

are not as strong as the relationship between residual and water content. Thus, the water 

content should be added into the Stage-1 model to generate the Stage-2 model.  

In Figure 8.21(f) and (g), residuals are also plotted with respect to the shear strain 

and D values to check the variance assumption. An obvious increasing trend of residuals 

of the Stage-1 model with increasing D values can be seen, which means the constant 

variance assumption is not satisfied. The variance of residuals increases with increasing 

shear strain because of the nature of the hyperbolic model, which shows largest gradient 

in the middle and smaller gradients at both further ends. Much smaller variance shown 

below the shear strain of 10E-3 % is a demonstration of the high-quality data from the 

resonant column tests for the clayey soil group involved in this research. 
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Figure 8.20: Comparison of Predicted D Values from the Stage-1 Model with Measured 

D Values for the Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 8.21: Residuals from the Stage-1 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clayey Soil 

Group. 
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8.4.2 Stage-2 Model for D – Log γ Relationship of the Clayey Soil Group 

With both mean confining pressure (σ0) and water content (wc) considered in the 

model, many different forms of regression equations were applied to fit the D – log γ 

relationships in the clayey soil group using the method of least squares. The following 

equation was selected to be the Stage-2 model equation with the smallest SSE and largest 

Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝑤𝑐)𝛽4+𝑤𝑐
)

𝛽5

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝑤𝑐)𝛽4+𝑤𝑐
)

𝛽5

+ 1

 (8.10) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-2 model 

function using least squares estimation were presented in Table 8.22, as well as the SSEs, 

t-statistics, P-values, coefficients of multiple determination (R2), adjusted coefficient of 

multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.22, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-2 model is around 0.959, representing 95.9 percent of variance explained 

by the model. The value of Ra
2 is 0.959 and larger than that of Stage-1 model which is 

0.899. The value of AIC is -1419.8 and smaller than that of Stage-1 model which is -

323.7. The value of BIC is -1394.2 and smaller than that of Stage-1 model which is -

303.3. Based on the three model selection criteria above, Stage-2 model show 
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improvements on Stage-1 model and water content should be added into the regression 

model as a variable. The coefficient covariance of the Stage-2 model is shown in Table 

8.23. 

 

Table 8.22: Estimated Coefficients of the Stage-2 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 15.16 0.63 23.91 7.49E-104 

β2 0.29 0.02 13.47 1.17E-38 

β3 0.017 8.7E-04 19.30 1.24E-72 

β4 1.15 0.03 43.26 3.42E-248 

β5 1.36 0.03 43.40 2.91E-249 

R2 = 0.959, Ra
2 = 0.959, AIC = -1419.8, BIC = -1394.2, RMSE = 0.135 

 

Table 8.23: Coefficient Covariance of the Stage-2 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 

β1 4.02E-01 1.16E-02 -3.89E-05 -3.28E-03 -1.50E-02 

β2 1.16E-02 4.55E-04 -5.48E-06 1.28E-04 -5.50E-04 

β3 -3.89E-05 -5.48E-06 7.54E-07 -2.87E-06 1.20E-06 

β4 -3.28E-03 1.28E-04 -2.87E-06 7.04E-04 3.77E-05 

β5 -1.50E-02 -5.50E-04 1.20E-06 3.77E-05 9.83E-04 
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The predicted D values from Stage-2 model are plotted against the measured D 

values in the database for clayey soil group in Figure 8.22. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 1.303 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.303 and the slope of 

lower dashed line is 1/1.303). Compared with Stage-1 model, the scale factor for Stage-2 

model is smaller, which reflects smaller variance in the D prediction. 

The residuals are calculated from Stage-2 model and plotted in Figure 8.23 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), water content (wc), plasticity index (PI), fines content (FC) and 

void ratio (e). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the PI shows the strongest 

relationship with the residuals. Thus, the PI should be added into the Stage-2 model to 

generate the Stage-3 model. The trend of residuals shows no obvious dependencies on σ0 

and wc anymore since they are already considered in the Stage-2 model. 

It can also be seen that in Figure 8.23, the strong relationship between residual 

and void ratio shown in Stage-1 model vanished after wc was taken into account because 

of multicollinearity. Since most of clayey soil specimens involved in this group are fully 

saturated, it does make sense that the void ratio is correlated to the water content. In a 

stepwise procedure, wc, instead of e, was included from the regression model since void 

ratio does not explain much new variation when σ0 and wc are already in the model. 
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Figure 8.22: Comparison of Predicted D Values from the Stage-2 Model with Measured 

D Values for the Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 8.23: Residuals from the Stage-2 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clayey Soil 

Group. 
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In Figure 8.23(f) and (g), residuals are also plotted with respect to the shear strain 

and D measurements to check the variance assumption. The residuals of Stage-2 model 

are randomly scattered around zero along the D measurements, which means the constant 

variance assumption is satisfied. The variance of residuals increases with increasing shear 

strain because of the nature of the hyperbolic model, which shows largest gradient in the 

middle and smaller gradients at both further ends. Much smaller variance shown below 

the shear strain of 10E-3 % is a demonstration of the high-quality data from the resonant 

column tests for the clayey soil group involved in this research. 

 

8.4.3 Stage-3 Model for D – Log γ Relationship of the Clayey Soil Group 

With mean confining pressure (σ0), water content (wc) and plasticity index (PI) 

considered in the model, many different forms of regression equations were applied to fit 

the D – log γ relationships in the clayey soil group using the method of least squares. The 

following equation was selected to be the Stage-3 model equation with the smallest SSE 

and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝛽4 ∙ 𝑤𝑐)𝛽5+𝑤𝑐−𝑃𝐼)
𝛽6

𝛽7+𝑃𝐼

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝛽4 ∙ 𝑤𝑐)𝛽5+𝑤𝑐−𝑃𝐼)
𝛽6

𝛽7+𝑃𝐼

+ 1

 (8.11) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-3 model 

function using the least squares estimation are presented in Table 8.24, as well as the 

SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 
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Table 8.24: Estimated Coefficients of the Stage-3 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 15.61 0.64 24.31 1.09E-106 

β2 0.07 0.01 10.60 3.75E-25 

β3 0.06 0.01 9.95 1.77E-22 

β4 2.69 0.20 13.35 4.94E-38 

β5 1.06 0.03 34.54 1.41E-182 

β6 1.48 0.08 17.59 7.67E-62 

β7 0.53 0.12 4.35 1.50E-05 

R2 = 0.964, Ra
2 = 0.963, AIC = -1565.5, BIC = -1529.8, RMSE = 0.127 

 

In Table 8.24, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-3 model is around 0.964, representing 96.4 percent of variance explained 

by the model. The value of Ra
2 is 0.963 and larger than that of Stage-2 model which is 

0.959. The value of AIC is -1565.5 and smaller than that of Stage-2 model which is -

1419.8. The value of BIC is -1529.8 and smaller than that of Stage-2 model which is -

1394.2. Based on the three model selection criteria above, Stage-3 model show 

improvements on Stage-2 model and PI should be added into the regression model as a 

variable. The coefficient covariance of the Stage-3 model is shown in Table 8.25. 
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Table 8.25: Coefficient Covariance of the Stage-3 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 

β1 4.12E-01 1.90E-03 1.01E-03 3.43E-02 -7.84E-03 -2.36E-05 -2.69E-02 

β2 1.90E-03 4.30E-05 -2.49E-05 -9.37E-04 -4.13E-06 -2.77E-04 2.36E-04 

β3 1.01E-03 -2.49E-05 3.58E-05 9.94E-04 -6.72E-05 2.90E-04 -4.78E-04 

β4 3.43E-02 -9.37E-04 9.94E-04 4.06E-02 -1.55E-03 8.42E-03 -1.44E-02 

β5 -7.84E-03 -4.13E-06 -6.72E-05 -1.55E-03 9.39E-04 -1.30E-03 2.14E-03 

β6 -2.36E-05 -2.77E-04 2.90E-04 8.42E-03 -1.30E-03 7.08E-03 -9.20E-03 

β7 -2.69E-02 2.36E-04 -4.78E-04 -1.44E-02 2.14E-03 -9.20E-03 1.50E-02 

 

The predicted D values from Stage-3 model are plotted against the measured D 

values in the database for clayey soil group in Figure 8.24. Based on Equation 5.6, the 

scale factor describing the 95 % prediction bound (PB) is calculated to be 1.283 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.283 and the slope of 

lower dashed line is 1/1.283). Compared with Stage-2 model, the scale factor for Stage-3 

model is smaller, which reflects smaller variance in the D prediction. 

The residuals are calculated from Stage-3 model and plotted in Figure 8.25 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), water content (wc), plasticity index (PI), fines content (FC) and 

void ratio (e). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the FC shows the strongest 

relationship with the residuals. Thus, the FC should be added into the Stage-3 model to  
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Figure 8.24: Comparison of Predicted D Values from the Stage-3 Model with Measured 

D Values for the Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 8.25: Residuals from the Stage-3 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clayey Soil 

Group. 
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generate the Stage-4 model. The trend of residuals shows no obvious dependencies on σ0, 

wc and PI anymore since they are already considered in the Stage-3 model. 

In Figure 8.25(f) and (g), residuals are also plotted with respect to the shear strain 

and D measurements to check the variance assumption. The residuals of Stage-3 model 

are randomly scattered around zero along the D measurements, which means the constant 

variance assumption is satisfied. The variance of residuals increases with increasing shear 

strain because of the nature of the hyperbolic model, which shows largest gradient in the 

middle and smaller gradients at both further ends. Much smaller variance shown below 

the shear strain of 10E-3 % is a demonstration of the high-quality data from the resonant 

column tests for the clayey soil group involved in this research. 

 

8.4.4 Stage-4 Model for D – Log γ Relationship of the Clayey Soil Group 

With mean confining pressure (σ0), water content (wc), plasticity index (PI) and 

fines content (FC) considered in the model, many different forms of regression equations 

were applied to fit the D – log γ relationships in the clayey soil group using the method of 

least squares. The following equation was selected to be the Stage-4 model equation with 

the smallest SSE and largest Ra
2 values: 

 

𝐷 =

𝛽1 ∙ (
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝛽4 ∙ 𝑤𝑐 − 𝐹𝐶)𝛽5−𝑃𝐼+𝑤𝑐−𝛽6∙𝐹𝐶)
(𝛽7∙𝐹𝐶)𝛽8∙𝑃𝐼

+ 𝐷𝑚𝑖𝑛

(
𝛾

𝛽2 ∙ (𝛽3 ∙ 𝜎0 + 𝛽4 ∙ 𝑤𝑐 − 𝐹𝐶)𝛽5−𝑃𝐼+𝑤𝑐−𝛽6∙𝐹𝐶)
(𝛽7∙𝐹𝐶)𝛽8∙𝑃𝐼

+ 1

 
 (8.12) 

The regression analysis was conducted using the function of fitting nonlinear 

regression model (fitnlm) in MATLAB. The estimated coefficients of the Stage-4 model 

function using the least squares estimation are presented in Table 8.26, as well as the 
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SSEs, t-statistics, P-values, coefficients of multiple determination (R2), adjusted 

coefficient of multiple determination (Ra
2), AIC, BIC and RMSE. 

In Table 8.26, the standard error (SE) is the standard deviation of the estimate. 

The t-statistic is calculated by the estimate over SE. The P-values for the hypotheses tests 

are in the last column. Each t-statistic tests for the significance of each term given other 

terms in the model. As shown in the table, P-values for all the parameters (βs) are much 

smaller than the significant level α of 0.05, which means all hypotheses tests are 

significant and the estimated values for all the parameters (βs) are reasonable. The R2 

value for Stage-4 model is around 0.968, representing 96.8 percent of variance explained 

by the model. The value of Ra
2 is 0.968 and larger than that of Stage-3 model which is 

0.963. The value of AIC is -1737.0 and smaller than that of Stage-3 model which is -

1565.5. The value of BIC is -1696.1 and smaller than that of Stage-3 model which is -

1529.8. Based on the three model selection criteria above, Stage-4 model show 

improvements on Stage-3 model and FC should be added into the regression model as a 

variable. The coefficient covariance of the Stage-4 model is shown in Table 8.27. 

The predicted D values from the Stage-4 model are plotted against the measured 

D values in the database for the clayey soil group in Figure 8.26. Based on Equation 5.6, 

the scale factor describing the 95 % prediction bound (PB) is calculated to be 1.261 and 

denoted by two red dashed lines (the slope of upper dashed line is 1.261 and the slope of 

lower dashed line is 1/1.261). Compared with Stage-3 model, the scale factor for Stage-4 

model is smaller, which reflects smaller variance in the D prediction. 
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Table 8.26: Estimated Coefficients of the Stage-4 Model for the Clayey Soil Group. 

Parameter Estimate Standard Error (SE) t-Statistic P-value 

β1 21.70 0.98 22.09 4.11E-91 

β2 0.11 0.01 13.72 6.12E-40 

β3 0.12 0.01 17.53 1.64E-61 

β4 5.29 0.19 27.86 2.16E-132 

β5 1.45 0.08 18.35 1.38E-66 

β6 1.09 0.09 11.70 4.73E-30 

β7 1.91 0.05 38.41 8.12E-212 

β8 1.62 0.11 14.63 9.89E-45 

R2 = 0.968, Ra
2 = 0.968, AIC = -1737.0, BIC = -1696.1, RMSE = 0.119 

 

Table 8.27: Coefficient Covariance of the Stage-4 Model for the Clayey Soil Group. 

 β1 β2 β3 β4 β5 β6 β7 β8 

β1 9.65E-01 6.17E-03 4.51E-04 3.70E-02 -7.20E-03 -6.76E-03 -1.62E-03 -5.29E-02 

β2 6.17E-03 7.02E-05 -2.24E-05 -6.72E-04 -1.36E-04 -7.44E-05 -2.66E-05 -5.76E-04 

β3 4.51E-04 -2.24E-05 5.01E-05 4.83E-04 3.01E-05 -1.19E-05 1.95E-05 1.73E-04 

β4 3.70E-02 -6.72E-04 4.83E-04 3.61E-02 4.62E-03 2.99E-03 -1.09E-03 5.48E-03 

β5 -7.20E-03 -1.36E-04 3.01E-05 4.62E-03 6.26E-03 7.12E-03 -1.78E-03 3.64E-03 

β6 -6.76E-03 -7.44E-05 -1.19E-05 2.99E-03 7.12E-03 8.68E-03 -1.93E-03 3.93E-03 

β7 -1.62E-03 -2.66E-05 1.95E-05 -1.09E-03 -1.78E-03 -1.93E-03 2.47E-03 -3.02E-03 

β8 -5.29E-02 -5.76E-04 1.73E-04 5.48E-03 3.64E-03 3.93E-03 -3.02E-03 1.22E-02 
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The residuals are calculated from Stage-4 model and plotted in Figure 8.27 with 

respect to all the possible variables considered in the database, which includes mean 

confining pressure (σ0), water content (wc), plasticity index (PI), fines content (FC) and 

void ratio (e). Based on Equation 5.7, a two-degree polynomial fitting function was 

chosen to show the trend of residuals changing with variables, which was plotted as the 

red line in each subplot. Looking at all the residual plots, the residuals show no obvious 

dependencies on σ0, wc, PI, FC and e, which means no additional variables are needed to 

be considered in the model. In another word, the model parameter development process is 

completed, and the Stage-4 model is the final regression model for the D – log γ 

relationship of clayey soil group. 

In Figure 8.27(f) and (g), residuals are also plotted with respect to the shear strain 

and D measurements to check the variance assumption. The residuals of Stage-4 model 

are randomly scattered around zero along the D measurements, which means the constant 

variance assumption is satisfied. The variance of residuals increases with increasing shear 

strain because of the nature of the hyperbolic model, which shows largest gradient in the 

middle and smaller gradients at both further ends. Much smaller variance shown below 

the shear strain of 10E-3 % is a demonstration of the high-quality data from the resonant 

column tests for the clayey soil group involved in this research. 
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Figure 8.26: Comparison of Predicted D Values from the Stage-4 Model with Measured 

D Values for the Clayey Soil Group: (a) Linear Scale, (b) Log Scale. 
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Figure 8.27: Residuals from the Stage-4 Model Plotted with respect to All the Possible 

Variables and Measured Shear Strain and D Values for the Clayey Soil 

Group. 
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8.4.5 Final Model for D – Log γ Relationship of the Clayey Soil Group 

Through the model parameter development process, four stages of models were 

generated. Impact factors regarding soil properties and states, including mean confining 

pressure (σ0), water content (wc), plasticity index (PI) and fines content (FC) were 

considered into the model as variables in sequence. According to the adjusted coefficient 

of multiple determination (Ra
2), Akaike’ Information Criterion (AIC) and Bayesian 

Information Criterion (BIC), improvements were shown during the process from Stage-1 

model to Stage-4 model. The means and standard deviations of residuals for the four 

models are plotted versus σ0 in Figure 8.28. As adding variables into the model from 

Stage-1 to Stage-4, the means of residuals are always scattered around zero and the 

standard deviations of residuals decrease gradually, which is another demonstration of 

improvements during the process. At last, Stage-4 model was selected to be final 

regression model for the D – log γ relationship of clayey soil group. 

The regression equations of parameters in the final D – log γ model of the clayey 

soil group are presented in Table 8.28. Notice that, the units for wc, FC and PI are 

decimal. From the result shown in Table 8.28, the upper boundary limit for the material 

damping ratio of the clayey soil group is 21.7 %. The curvature parameter “c” is a 

function of FC and PI, which implies FC and PI combine to control the shape of the 

material damping increment curve. γD is a function of σ0, wc, FC and PI, which combine 

to control the horizontal location of the material damping increment curve. As mentioned 

in the Stage-4 model, the scale factor describing 95 % prediction bound (PB) is 

calculated to be 1.261. The coefficient of variation for one prediction is calculated to be 

0.118, and the coefficient of variation for the mean is calculated to be 0.0034. 
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Figure 8.28: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for All Four Models for the Clayey Soil Group. 
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Table 8.28: Parameters in D – log γ Relationship Model for the Clayey Soil Group. 

Clayey Soil Group 

(FC > 12% and Plasticity) 

d 21.7 % 

c (1.91 ∙ 𝐹𝐶)1.62∙𝑃𝐼 

𝛾𝐷 (%) 0.11 ∙ (0.12 ∙
𝜎0

𝑃𝑎
+ 5.29 ∙ 𝑤𝑐 − 𝐹𝐶)

1.45−𝑃𝐼+𝑤𝑐−1.09∙𝐹𝐶

 

Notes: 1. FC, PI and wc are in decimal. 

 

Even though the Stage-4 model was selected to be the final model for preciseness 

purpose of research study, the other stage models are also valuable resources. Except for 

Stage-1 model, of which the variance assumption is unsatisfied, Stage models 2 and 3 can 

also be appropriately used with consideration of the variable (soil properties and states) 

availability and model prediction variance. 

 

8.5    SUMMARY: D – LOG γ RELATIONSHIP MODEL OF UNCEMENTED SOILS 

409 material damping increment curves, with a total of 4620 measurement points 

from RC tests are involved into the regression modeling for D – log γ relationships of 

uncemented soils. Considering the applicability of different soil property factors and 

based on the performance of multivariable regression analysis, soils are divided into three 

groups same as previous chapters: 1) Clean Sand and Gravel Group (soils with FC ≤ 

12%) (2265 Data Points), 2) Non-Plastic Silty Sand Group (soils with FC > 12 % and no 

plasticity) (1135 Data Points), 3) Clayey Soil Group (soils with FC > 12% and plasticity) 

(1220 Data Points). 

For the clean sand and gravel group, four stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 
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improvements were shown during the process from Stage-1 model to Stage-4 model, and 

Stage-4 model was selected to be final regression model for D – log γ relationship of 

clean sand and gravel group. Besides, Stage models 1, 2 and 3 are also valuable 

resources, and can be appropriately used with consideration of the variable (soil 

properties and states) availability and model prediction variance. 

For the non-plastic silty sand group, three stages of models were generated during 

the model parameter development process. According to values of Ra
2, AIC and BIC, 

improvements were shown during the process from Stage-1 model to Stage-3 model, and 

Stage-3 model was selected to be final regression model for D – log γ relationship of non-

plastic silty sand group. Stage models 1 and 2 can also be appropriately used with 

consideration of the variable availability and model prediction variance. 

For the clayey soil group, four stages of models were generated during the model 

parameter development process. According to values of Ra
2, AIC and BIC, improvements 

were shown during the process from Stage-1 model to Stage-4 model, and Stage-4 model 

was selected to be final regression model for D – log γ relationship of clayey soil group. 

Besides, Stage models 2 and 3 can also be appropriately used with consideration of the 

variable (soil properties and states) availability and model prediction variance. 

The regression equations for the parameters “d”, “c” and γD in the final D – log γ 

models of the three soil groups are presented in Table 8.29, respectively. The predicted D 

values from final model are plotted against the measured D values in the database for all 

three soil groups in Figure 8.29. Based on Equation 5.6, the scale factor describing the 95 

% prediction bound (PB) is calculated to be 1.338 and denoted by two red dashed lines 

(the slope of upper dashed line is 1.338 and the slope of lower dashed line is 1/1.338). 

95% of all the D measurements are supposed to fall between the two red dashed lines. 
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The coefficient of variation for one prediction is calculated to be 0.149, and the 

coefficient of variation for the mean is calculated to be 0.0022. 

 

Table 8.29: Parameters in D – Log γ Model for Three Groups of Uncemented Soils. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

d 18.13 % 

c 0.93 ∙ 𝑒0.34−0.8∙𝑒 

𝛾𝐷 (%) 0.13 ∙ 𝐶𝑢
−0.31 ∙ (

𝜎0

𝑃𝑎
+ 22.04 ∙ 𝐹𝐶)

0.47−𝐹𝐶

 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

d 12.13 % 

c 1.39 ∙ 𝑒0.27 

𝛾𝐷 (%) 0.0025 ∙ (
𝜎0

𝑃𝑎
+ 5.73 ∙ 𝑒 + 9.17 ∙ 𝐹𝐶)

1.47−0.52∙𝐹𝐶

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

d 21.7 % 

c (1.91 ∙ 𝐹𝐶)1.62∙𝑃𝐼 

𝛾𝐷 (%) 0.11 ∙ (0.12 ∙
𝜎0

𝑃𝑎
+ 5.29 ∙ 𝑤𝑐 − 𝐹𝐶)

1.45−𝑃𝐼+𝑊𝐶−1.09∙𝐹𝐶

 

Note: 1. FC, PI and wc are in decimal form. 
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Figure 8.29: Comparison of Predicted D Values from the Final D – Log γ Models with 

Measured D Values for All Three Soil Groups. 
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The residuals are calculated from the final models and plotted in Figure 8.30 with 

respect to mean confining pressure (σ0), void ratio (e), fines content (FC) and water 

content (wc), which are the common variables considered during the model parameter 

development process for all three soil groups. The residuals show no obvious 

dependencies on σ0, e, FC and wc. In Figure 8.30(e) and (f), residuals are also plotted 

with respect to the shear strain and D measurements to check the variance assumption. 

The residuals of the final models are randomly scattered around zero along the D 

measurements, which means the constant variance assumption is satisfied. The variance 

of residuals increases with increasing shear strain because of the nature of the hyperbolic 

model, which shows largest gradient in the middle and smaller gradients at both further 

ends. Much smaller variance shown below the shear strain of 10E-4 % is a demonstration 

of the high-quality data from the resonant column tests for all the three soil groups 

involved in this research. 

The means and standard deviations of residuals for the final D – Log γ models are 

plotted versus σ0 in Figure 8.31. The means of residuals are closely scattered around zero 

and the standard deviations of residuals constantly maintain below 0.2 in natural 

logarithmic scale, which is another demonstration of the effectiveness of the D – log γ 

models. 
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Figure 8.30: Residuals from the Final D – Log γ Models Plotted with respect to the 

Common Variables and Measured Shear Strain and D Values for All Three 

Soil Groups. 
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Figure 8.31: Variation of Mean and Standard Deviation of Residuals with Mean 

Confining Pressure for the Final D – Log γ Models for All Three Soil 

Groups. 

 

It is advisable to have a comprehensive understanding about the database during 

the application of constitutive models generated from it. The distribution ranges of the 

influence factors considered during the model development in the database are shown in 

Table 8.30, as well as the areas where available data points are sparse. Attention needs to 

be paid while utilizing the model in these sparse zones. Future updates of both the current 

database and constitutive models can also be focused on these sparse zones. 
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Table 8.30: Distribution Ranges and Sparse Zones of the Database for D – Log γ Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group 

σ0 (atm) 0.1 ~ 8 None 

e 0.2 ~ 1.0 None 

FC (%) 0 ~ 12 None 

Cu 1 ~ 60 30 ~ 60 

Non-Plastic Silty 

Sand Group 

σ0 (atm) 0.1 ~ 30 None 

e 0.2 ~ 1.1 1.0 ~ 1.1 

FC (%) 10 ~ 100 65 ~ 75 

Clayey Soil Group 

σ0 (atm) 0.3 ~ 30 None 

wc (%) 8 ~ 85 70 ~ 85 

PI (%) 0 ~ 135 60 ~ 135 

FC (%) 20 ~ 100 None 
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Chapter 9:  Pore Water Pressure Generation in Sand and Low-PI Silt 

9.1    INTRODUCTION 

Since the development of pore-water pressure measurements during torsional 

shear testing in the Soil and Rock Dynamics Laboratory at The University of Texas at 

Austin, seven, nearly saturated soil specimens have been tested and a reasonable amount 

of useful information has been obtained. The seven, nearly saturated soil specimens are 

composed of: (1) four specimens that were reconstituted using the liquefiable fine sand 

(SP) from Christchurch, NZ, (2) two specimens that were reconstituted using the Ottawa 

sand sent from the University at Buffalo used in the large liquefaction chamber, and (3) 

one intact specimen that was trimmed from a Shelby-tube sample taken from the 

Hillsboro site near Portland, OR as is composed of the low-plasticity Willamette silt.  

In the following sections, the influences of number of loading cycles, confining 

pressure and soil type (sand or silt) on the pore water pressure generation (ru – log γ 

relationship) in soil during shearing are discussed. Based on this limited amount of test 

data, a preliminary model of pore water pressure generation is developed and presented. 

Since the maximum excess pore water pressure ratio generated during the torsional shear 

tests is usually below 10 %, the principal usage of the model is to determine the threshold 

strain at which pore water pressure starts to generate, which is also usually considered as 

the liquefaction triggering point. 

9.2    EFFECT OF NUMBER OF LOADING CYCLES ON PORE WATER PRESSURE 

GENERATION OF GRANULAR SOILS 

Whether or not number of loading cycles (N) has an effect on ru – log γ 

relationship of granular soils depends on the shear strain level generated in the soil during 

cyclic loading. When the loading is small and the shear strain created in the soil is less 

than the pore water pressure generation threshold, γt
pp, the number of loading cycles (N) 
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has no influence on the ru – log γ relationship. No matter how many loading cycles are 

applied to the soil, the excess pore water pressure is always zero because the volume of 

soil is constant and no tendency of contraction is induced. This type of response is shown 

in Figure 9.1. When the strain in the soil is smaller than γt
pp, the excess pore water 

pressure ratio (ru) simply cycles around zero with increasing loading cycles. When the 

torsional loading is larger and the shear strain in the soil is larger than γt
pp, the number of 

loading cycles (N) has a significant effect on generating positive pore water pressures. In 

 

 

 

Figure 9.1: Measurement of Pore Water Pressure Generation of SP Sand Specimen from 

Christchurch, NZ at 0.54 atm during Torsional Shear Test when Shear Strain 

is Small. 
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this case, the excess pore water pressure increases with the number of loading cycles 

because, during each loading cycle, the soil behaves contractively and generates positive 

excess pore water pressure, which has no time to dissipate completely and accumulates 

with number of loading cycles. As shown in Figure 9.2, when the shear strain in the soil 

is greater than γt
pp, the excess pore water pressure ratio (ru) increases with increasing 

number of loading cycles, and the slope of the increment becomes flatter with increasing 

loading cycles. 

 

 

 

Figure 9.2: Measurement of Pore Water Pressure Generation of SP Sand Specimen from 

Christchurch, NZ at 0.54 atm during Torsional Shear Test when Shear Strain 

is Large. 
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Figure 9.3: Variation of Excess Pore Water Pressure Ratio, ru, with Number of Loading 

Cycles (N). 

Based on all the available information from the pore water pressure generation 

database, excess pore water pressure ratio, ru, is plotted with number of loading cycles 

(N) in Figure 9.3. The range in the number of loading cycles (N) in the database is from 5 

to 30. As seen in Figure 9.3, loading cycle (N) should be considered as an influence 

factor for pore water pressure generation and its effect depends on the shear strain level 

of soil. 

 

9.3    EFFECT OF CONFINING PRESSURE ON PORE WATER PRESSURE GENERATION OF 

GRANULAR SOILS 

The mean effective confining pressure (σ0’) has a huge effect on both γt
pp and the 

increment rate of the pore water pressure generation in granular soils. Pore water pressure 
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increment curves for a nearly saturated sand specimen during torsional shear testing are 

plotted with different mean effective confining pressure conditions at the start of cycling 

in Figure 9.4. The sand specimen was reconstituted using liquefiable fine sands from 

Christchurch, NZ. The excess pore pressure ratio (ru) is calculated based on the excess 

pore water pressure generation at 30th loading cycle (N = 30) and the loading frequency is 

0.5 Hz during the torsional shear tests. The pore water pressure generation threshold was 

selected to be the strain at which ru equals 0.3 %. As seen in Figure 9.4, the pore water 

pressure generation threshold, γt
pp, increases from 0.006 % to 0.025 % as the initial σ0’ at 

the start of cycling increases from 0.14 to 2.2 atm. The rate of pore water pressure 

generation also shows an apparent decreasing trend with increasing σ0’.  

 

 

Figure 9.4: Pore Water Pressure Generation Curves at N = 30 Cycles under Different 

Confining Pressures for a Nearly Saturated SP Sand Specimen from 

Christchurch, NZ. 
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Figure 9.5: Variation of Excess Pore Water Pressure Ratio with Mean Effective 

Confining Pressure. 

Based on all available information from the UT pore water pressure generation 

database, excess pore water pressure ratio is plotted versus mean effective confining 

pressure (σ0’) in Figure 9.5. The range of confining pressure in the database is from 0.1 to 

4.4 atm. As seen in Figure 9.5, pore water pressure generation becomes more difficult 

with the increasing confinement. Therefore, mean effective confining pressure (σ0’) 

should be considered as a factor affecting pore water pressure generation. 
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9.4    EFFECT OF SOIL TYPE ON PORE WATER PRESSURE GENERATION OF GRANULAR 

SOILS  

Based on the torsional shear testing performed on the sandy soil specimens and 

one low-plasticity silty soil specimen, soil type has an important influence on the pore 

water pressure generation in these liquefiable soils. Pore water pressure increment curves 

for SP sand from Christchurch, NZ, and the low-plasticity silt from Portland, OR under 

mean effective confining pressures (σ0’) of 0.54 and 1.1 are plotted in Figures 9.6. The 

excess pore pressure ratio (ru) is calculated based on the excess pore water pressure 

generation at 30th loading cycle (N = 30) and the loading frequency is 0.5 Hz during the 

torsional shear tests. The pore water pressure generation threshold was selected to be the 

strain at which ru equals 0.3 %. As shown in the figures, the pore water pressure 

thresholds for sand from Christchurch and silt from Hillsboro are 0.011 and 0.035 % at 

the σ0’ of 0.54 atm, 0.015 and 0.042 % at the σ0’ of 1.1 atm, respectively. On average the 

pore water pressure threshold for silt is around three times larger than that for sand. It is 

worth noting that the shapes of the pore water pressure increment curves are similar for 

sand and low-PI silt.  

The estimated void ratios (e) of both SP sand specimen and silt specimen are 

around 0.8. The difference in the pore water pressure thresholds for these two type of 

granular soils may result from the difference in fines content (FC). The more fine grain 

particles, the easier for the soil skeleton to deform without squeezing the voids, which 

means less chance of volume change during deformation. Based on all the discussion 

above, soil type should also be considered as an influence factor in the modeling of pore 

water pressure generation. 
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Figure 9.6: Pore Water Pressure Increment Curves for SP Sand Specimen from 

Christchurch, NZ and Low-plasticity Silt Specimen from Portland, OR 

under Mean Effective Confining Pressures of 0.54 and 1.1 atm. 
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9.5    PROPOSED MODEL FOR PORE WATER PRESSURE GENERATION 

As discussed in the previous sections of this chapter, number of loading cycles 

(N), mean effective confining pressures (σ0’) at the start of cyclic loading and soil type 

(sand (SP) or low-PI silt (ML)) have huge effects on the pore water pressure generation, 

and should be considered as variables in the model development. A three-parameter 

modified hyperbolic model is proposed and utilized to fit the pore water pressure 

increment curves as follows:  

 

𝑟𝑢(%) =
100

(1 + (
𝛾
𝑐)

−𝑎

)
𝑏 (9.1) 

in which parameters a and b are curvature parameters which control the shape of the pore 

water pressure generation curve, and parameter c is the denominator of shear strain for 

normalization. The boundary limits of this model are good: the output of the model is 

close to zero when shear strain is very small, and the output of model is close to 100 

percent when shear strain is very large. Based on all the available information from the 

current pore water pressure generation database, the regression equations of parameters in 

the ru – log γ relationship model of sand and silt are presented in Table 9.1, respectively. 

 

Table 9.1: Parameters in ru – Log γ Model for Sand and Low-PI Silt. 

Para. Sand Low-PI Silt 

a 𝟎. 𝟎𝟎𝟏𝟕 − 𝟏. 𝟑 ∙ (
𝝈𝟎

′

𝑷𝒂
)

𝟎.𝟎𝟔

+ 𝟏. 𝟗 ∙ 𝑵𝟎.𝟎𝟒 𝟎. 𝟎𝟎𝟏𝟖 − 𝟗. 𝟗 ∙ (
𝝈𝟎

′

𝑷𝒂
)

𝟎.𝟎𝟖

+ 𝟏𝟐 ∙ 𝑵𝟎.𝟎𝟐 

b 𝟒. 𝟑𝟐 ∙ 𝑵−𝟎.𝟐𝟐 𝟐. 𝟕𝟐 ∙ 𝑵−𝟎.𝟑𝟐 

c (%) 𝟎. 𝟎𝟓𝟖 + 𝟎. 𝟒𝟔 ∙ (
𝝈𝟎

′

𝑷𝒂
)

𝟎.𝟗𝟕

 𝟎. 𝟑𝟒 ∙ (
𝝈𝟎

′

𝑷𝒂
)

𝟎.𝟕
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There are two important points that need to be considered when using the pore 

water pressure generation model. First, the number of loading cycles (N), mean effective 

confining pressures (σ0’) at the start of cyclic loading, soil type (sand or low-PI silt) and 

shear strain (γ) are the only four influence factors considered in this model. Due to the 

shortage of test data, the effects of other factors such as degree of saturation, void ratio, 

uniformity coefficient and so on, have not been considered in this pore water pressure 

generation model. These factors may also have some effects on the threshold, γt
pp, and ru 

– log γ relationship. In the future, when more test data becomes available, the influence 

of additional factors may be added to the model. 

Second, even though the boundary limit of the model allows the output of ru to be 

as high as 100 percent, any output value of ru greater than 10 percent is not recommended 

and safe to use. It is because of the shortage of pore water pressure database, which 

consists of data with ru less than 10 percent. This also makes the usage of this pore water 

pressure generation model more focused on the threshold of liquefaction triggering and 

early stage of liquefaction process. In the same way, the model application range should 

be 0 to 5 atm in mean effective confining pressure (σ0’), and 0 to 30 in loading cycle (N). 

Extrapolation may be used under careful consideration but not recommended. In the 

future, with more test data available, the model can be updated and extended to a wider 

range of application. 

 

9.6    SUMMARY OF THE PORE WATER PRESSURE GENERATION MODEL 

In this chapter, pore water pressure generation in granular soils during laboratory 

torsional shear testing is analyzed and discussed. Based on the seven nearly saturated soil 

specimens tested so far in the Soil and Rock Dynamics Laboratory, loading cycle (N), 
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mean effective confining pressures (σ0’) and soil type (sand or silt) are proved to have big 

effects on the pore water pressure generation. The excess pore water pressure increases 

with more loading cycles applied to the soil when the response shear strain of soil is 

greater than the pore water pressure generation threshold. The threshold increases and the 

increment rate of pore water pressure decreases with mean effective confining pressure. 

The threshold of pore water pressure generation in silt is about three times larger than 

that in sand. With these three influence factors considered as variables in the model 

development, an empirical model of pore water pressure generation was proposed as 

Equation 9.1, and the regression equations of parameters in the model are presented in 

Table 9.1. Attentions need to be paid while using the model due to the shortage of 

available test data. Other factors such as degree of saturation, void ratio, uniformity 

coefficient and so on may also have influences on the pore water pressure generation 

curve. The application of the current model should be more focused on the threshold and 

early stage of pore water pressure generation where ru is less than 10 percent. 

Extrapolation may be used under careful consideration but not recommended. In the 

future, with more test data available, the model can be updated with consideration of 

more influence factors and extended to a wider range of application. 
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Chapter 10:  Summary, Conclusions and Recommendations 

10.1   SUMMARY 

In this study, improved models describing the effects of soil type, index 

properties, density, confining state and strain level on dynamic soil properties have been 

developed. The dynamic properties modeled include small-strain shear modulus (log Gmax 

– log σ0 relationship), nonlinear shear modulus (G/Gmax – log γ relationship), small-strain 

material damping ratio (log Dmin – log σ0 relationship), nonlinear material damping ratio 

(D – log γ relationship) and the pore water pressure generation (ru – log γ relationship). 

The models have been quantified through multivariable regression analyses on the UT 

database. This database is composed of all traceable uncemented soil specimens tested 

since the late 1980’s in the Soil and Rock Dynamics Laboratory using the combined 

RCTS equipment at UT. Detailed information regarding the combined RCTS device and 

the database are presented in Chapter 2 and 3, respectively. In Chapter 4, a few of the 

previous empirical models for shear stiffness, material damping ratio and pore water 

pressure generation of soils are briefly discussed. 

The model developments for the log Gmax – log σ0, G/Gmax – log γ, log Dmin – log 

σ0 and D – log γ relationships of uncemented soils are presented in Chapter 5, 6, 7 and 8, 

respectively. The final models for these dynamic properties are proposed based on the 

performance of multivariable regression analyses in each of these chapters. The 

application ranges of the constitutive models and the material ranges of sparse data in the 

database are also discussed at the end of each chapter for the sake of appropriate 

utilization and future updates. Based on a limited amount of test data, a preliminary 

model for pore water pressure generation is developed and discussed in Chapter 9. This 

model focuses on determination of the threshold strain at which pore pressure generation 
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is triggered, γt
pp, and the early stages leading towards significant pore-water pressure 

generation and soil liquefaction. 

 

10.2   CONCLUSIONS AND RECOMMENDATIONS 

10.2.1 Proposed Model for the Log Gmax – Log σ0 Relationship of Uncemented Soils 

The equation for the log Gmax – log σ0 relationship model of uncemented soils is: 

 

𝐺𝑚𝑎𝑥 = 𝐶𝐺 ∙ 𝐹𝐺 ∙ 𝐹(𝜎0) (10.1) 

in which CG is a single-value, soil-type-dependent constant, FG is dependent on soil index 

and density properties and F(σ0) is dependent on soil index and confining-state 

properties. 

A total of 1083 Gmax measurements from resonant column tests on 220 soil 

specimens are used in the multivariable regression analysis of the small-strain shear 

moduli (log Gmax – log σ0 relationship) of uncemented soils. The regression equations for 

the parameters CG, FG and F(σ0) in the final Gmax models of the three soil groups are 

presented in Table 10.1. The predicted Gmax values from the final model are plotted 

against the measured Gmax values in the database for all three soil groups in Figure 10.1. 

Figures 10.1(a) and 10.1(b) are in linear and logarithmic scales, respectively. Based on 

Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated to 

be 1.300 and denoted by the two red dashed lines (the slope of upper dashed line is 1.300 

and the slope of lower dashed line is 1/1.300). Ninety-five percent (95 %) of all the Gmax 

measurements falls between the two red dashed lines. The coefficient of variation for one 

prediction is calculated to be 0.134, and the coefficient of variation for the mean is 

calculated to be 0.004. 
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The distribution ranges of the influence factors considered in the model 

development using the UT database are shown in Table 10.2, as well as the material 

ranges where available data points are sparse. Attention needs to be paid while utilizing 

the model in these sparse zones. Future updates of both the current database and 

constitutive models can also be focused on these sparse zones. 

 

Table 10.1: Parameters in Log Gmax – Log σ0 Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐺 1335 ksf (63.9 MPa) 

𝐹𝐺  C𝑢
−0.21 ∙ 𝑒−1.12−(0.09∙𝐷50)0.54

 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

0.48∙𝐶𝑢
0.08−1.03∙𝐹𝐶

 

Non-Plastic Silty Sand Group 

(FC > 12% and No Plasticity) 

𝐶𝐺 1770 ksf (84.8MPa) 

𝐹𝐺  𝑒−0.53 ∙ (1 − 1.32 ∙ 𝑤𝑐) 

𝐹(𝜎0) (
𝜎0

′

𝑃𝑎
)

0.52

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐺 4865 ksf (232.9MPa) 

𝐹𝐺  (1 + 0.96 ∙ 𝑒)−2.42 ∙ (1.92 + 𝑂𝐶𝑅)0.27+0.46∙𝑃𝐼 ∙ (1 − 0.44 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

′

𝑃𝑎
)

0.49

 

Notes: 1. Gmax = CG∙FG∙F(σ0).  2. PI, FC and wc are in decimal form.   

      3. D50 is in millimeters. 
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Figure 10.1: Comparison of Predicted Gmax Values from the Log Gmax – Log σ0 Models 

with Measured Gmax Values for All Three Soil Groups: (a) Linear Scale, (b) 

Log Scale. 
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Table 10.2: Distribution Ranges and Sparse-Data Zones of the Database for Log Gmax – 

Log σ0 Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group  

(GP, SP, SP-SM, 

SW, SW-SM) 

σ0 (atm) 0.1 ~ 10 7 ~ 10 

e 0.3 ~ 1.2 1.0 ~ 1.2 

D50 (mm) 0.1 ~ 20 9 ~ 20 

Cu 1 ~ 60 30 ~ 60 

FC (%) 0 ~ 12 None 

Non-Plastic Silty 

Sand Group 

(SM, SP-SM, SW-

SM, ML) 

σ0 (atm) 0.1 ~ 40 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

wc (%) 0 ~ 35 None 

Clayey Soil Group 

(SC, SM-SC, CH, 

CL, CL-ML, MH, 

ML) 

σ0 (atm) 0.07 ~ 40 0.07 ~ 0.1 

e 0.2 ~ 2.4 1.5 ~ 2.4 

OCR 1 ~ 100 20 ~ 100 

FC (%) 12 ~ 100 None 

PI (%) 0 ~ 135 60 ~ 135 

 

10.2.2 Proposed Model for the G/Gmax – log γ Relationship of Uncemented Soils 

A two-curvature-parameter, modified hyperbolic model (2CPM) is proposed and 

utilized to create an improved fit to the normalized shear modulus reduction curves. This 

model is expressed as: 

 

𝐺

𝐺𝑚𝑎𝑥
=

1

(1 + (𝛾 𝛾𝑚𝑟⁄ )𝑎)𝑏
 (10.2) 

where both “a” and “b” are curvature parameters which control the shape of the 

normalized shear modulus reduction curve (G/Gmax – log γ relationship), and γmr is the 

modified reference strain at which G/Gmax = 0.5b. 
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Four hundred and three (403) normalized shear modulus reduction curves, with a 

total of 4787 measurement points from RC tests are used in the regression modeling for 

the G/Gmax – log γ relationships of uncemented soils. The regression equations for the 

parameters “a”, “b” and γmr in the final G/Gmax models of the three soil groups are 

presented in Table 10.3. Predicted G/Gmax values using the final model are plotted against 

the measured G/Gmax values in the database for all three soil groups in Figure 10.2. Based 

on Equation 5.6, the scale factor describing the 95 % prediction bound (PB) is calculated 

to be 1.079 and denoted by two red dashed lines (the slope of upper dashed line is 1.079 

and the slope of lower dashed line is 1/1.079). Ninety-five percent (95 %) of all the Gmax 

measurements are supposed to fall between the two red dashed lines. The coefficient of 

variation for one prediction is calculated to be 0.039, and the coefficient of variation for 

the mean is calculated to be 5.59E-04. 

Based on the UT database, general values of parameters in the model are given as 

follows. For the clean sand and gravel group, the typical ranges in the values of “b”, “a” 

and γmr are 0.64 ~ 0.84, 0.83 ~ 0.94 and 0.004 % ~ 0.1 %, respectively. For the non-

plastic silty sand group, the typical ranges in the values of “b”, “a” and γmr are 0.32 ~ 

0.49, 0.96 ~ 1.20 and 0.002 % ~ 0.05 %, respectively. For the clayey soil group, the 

typical ranges in the values of “b”, “a” and γmr are 0.23 ~ 0.52, 1.00 ~ 1.88 and 0.009 % ~ 

0.07 %, respectively. 

The distribution ranges of the influence factors considered during the model 

development in the database are shown in Table 10.4, as well as the zones where 

available data points are sparse. Attention needs to be paid while utilizing the model in 

these sparse zones. Future updates of both the current database and constitutive models 

could also focus on filling in these sparse zones. 
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Table 10.3: Parameters in G/Gmax – Log γ Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

b 0.844 − 1.897 ∙ FC 

a FC + 0.834 

𝛾𝑚𝑟 (%) (0.048 ∙ 𝑒0.089∙𝐶𝑢 + 0.008) ∙ (
𝜎0

𝑃𝑎
)

0.400

 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

b 0.486 − 0.006 ∙
𝜎0

𝑃𝑎
 

a (1.495 ∙ 𝑒 + 3.079 ∙ FC)0.121 

𝛾𝑚𝑟 (%) (0.031 ∙ 𝑒 − 0.003) ∙ (
𝜎0

𝑃𝑎
)

0.405−0.193∙𝐹𝐶

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

b 0.586 − 0.098 ∙ 𝑒 − 0.135 ∙ FC 

a 0.896 + 0.412 ∙ FC + 0.534 ∙ PI 

𝛾𝑚𝑟 (%) (0.02 ∙ 𝑒 + 0.004 ∙ FC) ∙ (
𝜎0

𝑃𝑎
+ 0.42 ∙ 𝑂𝐶𝑅)

0.447−0.27∙𝑃𝐼

 

Note: 1. FC and PI are in decimal form. 
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Figure 10.2: Comparison of Predicted G/Gmax Values from the G/Gmax – Log γ Models 

with Measured G/Gmax Values for All Three Soil Groups. 
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Table 10.4: Distribution Ranges and Sparse-Data Zones of the Database for G/Gmax – 

Log γ Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group  

(GP, SP, SP-SM, 

SW, SW-SM) 

σ0 (atm) 0.06 ~ 6 0.06 ~ 0.1 

e 0.2 ~ 1.1 0.9 ~ 1.1 

Cu 1 ~ 60 30 ~ 60 

FC (%) 0 ~ 12 None 

Non-Plastic Silty 

Sand Group 

(SM, SP-SM, SW-

SM, ML) 

σ0 (atm) 0.1 ~ 30 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

FC (%) 10 ~ 100 65 ~ 75 

Clayey Soil Group 

(SC, SM-SC, CH, 

CL, CL-ML, MH, 

ML) 

σ0 (atm) 0.25 ~ 30 None 

e 0.25 ~ 2.4 1.6 ~ 2.4 

FC (%) 12 ~ 100 None 

OCR 1 ~ 8 None 

PI (%) 0 ~ 135 60 ~ 135 
 

 

10.2.3 Proposed Model for the Log Dmin – Log σ0 Relationship of Uncemented Soils 

The equation for the log Dmin – log σ0 model of uncemented soils is: 

 

𝐷𝑚𝑖𝑛 = 𝐶𝐷 ∙ 𝐹𝐷 ∙ 𝐹(𝜎0) + 𝛿𝐷 (10.3) 

in which CD is a single-value, soil-type-dependent constant, FD is dependent on the soil 

index and density properties and F(σ0) is dependent on confining-state properties. The 

value of δD is an additional item which may or may not be added as appropriate. 

A total of 1104 Dmin measurements from resonant column tests on 219 soil 

specimens are involved in the multivariable regression analysis for small-strain material 

damping ratio of uncemented soils. The regression equations for the parameters CD, FD, 

F(σ0) and δD in the final Dmin models of the three soil groups are presented in Table 10.5. 

The predicted Dmin values using the final model are plotted against the measured Dmin 
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values in the database for all three soil groups in Figure 10.3. Figures 10.3(a) and 10.3(b) 

are in linear and logarithmic scales, respectively. Based on Equation 5.6, the scale factor 

describing the 95 % prediction bound (PB) is calculated to be 1.634 and denoted by two 

red dashed lines (the slope of upper dashed line is 1.634 and the slope of lower dashed 

line is 1/1.634). Ninety-five percent (95 %) of all the Dmin measurements are supposed to 

fall between the two red dashed lines. The coefficient of variation (COV) for one 

prediction is calculated to be 0.251, and the coefficient of variation for the mean is 

calculated to be 0.0076. It is interesting to note that the COVs for one prediction and for 

the mean are about twice as large for Dmin compared to the COVs for Gmax. This 

difference occurs because the uncertainty in Dmin data due to the background noise is 

greater than the uncertainty in Gmax data. 

The distribution ranges of the influence factors considered during the model 

development in the database are shown in Table 10.6, as well as the zones where 

available data points are sparse. Attention needs to be paid while utilizing the model in 

these sparse zones. Future updates of both the current database and constitutive models 

can also be focused on these sparse zones. 
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Table 10.5: Parameters in Log Dmin – Log σ0 Model for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC ≤ 12%) 

𝐶𝐷 0.6 % 

𝐹𝐷 (0.99 + 𝑤𝑐)7.45−15.23∙𝑒+4.29∙𝐷50 ∙ (1 + 21.17 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.14

 

𝛿𝐷 NA 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

𝐶𝐷 52.16 % 

𝐹𝐷 (0.41 ∙ 𝑒)0.81∙𝐹𝐶+5.2∙𝑒 ∙ (1 + 5.35 ∙ 𝐹𝐶) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 NA 

Clayey Soil Group 

(FC > 12% and Plasticity) 

𝐶𝐷 4.86 % 

𝐹𝐷 (1.99 + 𝐹𝐶)−1.91∙𝑒−6.5∙𝑃𝐼 ∙ (1 + 106.75 ∙ 𝑃𝐼1.64) 

𝐹(𝜎0) (
𝜎0

𝑃𝑎
)

−0.19

 

𝛿𝐷 (0.46 ∙ 𝑃𝐼)1.73−1.34∙𝑒 

Notes: 1. PI, FC and wc are in decimal.  2. D50 is in millimeter. 

3. NA = not applicable 
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Figure 10.3: Comparison of Predicted Dmin Values from the Log Dmin – Log σ0 Models 

with Measured Dmin Values for All Three Soil Groups: (a) Linear Scale, (b) 

Log Scale. 
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Table 10.6: Distribution Ranges and Sparse-Data Zones of the Database for Log Dmin – 

Log σ0 Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group  

(GP, SP, SP-SM, 

SW, SW-SM 

σ0 (atm) 0.1 ~ 30 9 ~ 30 

FC (%) 0 ~ 12 None 

wc (%) 0 ~ 27 None 

e 0.25 ~ 1.2 0.9 ~ 1.2 

D50 (mm) 0.1 ~ 20 9 ~ 20 

Non-Plastic Silty 

Sand Group 

(SM, SP-SM, SW-

SM, ML) 

σ0 (atm) 0.1 ~ 40 None 

e 0.2 ~ 1.0 0.3 ~ 0.35 

FC (%) 10 ~ 95 65 ~ 75 

Clayey Soil Group 

(SC, SM-SC, CH, 

CL, CL-ML, MH, 

ML) 

σ0 (atm) 0.07 ~ 40 0.07 ~ 0.1 

e 0.2 ~ 2.4 1.5 ~ 2.4 

PI (%) 0 ~ 135 60 ~ 135 

FC (%) 20 ~ 100 None 

 

10.2.4 Proposed Model for the D – log γ Relationship of Uncemented Soils 

A three-parameter modified hyperbolic model is proposed and utilized to better fit 

the material damping versus log strain curves as follows: 

 

𝐷 =
𝑑 ∙ (𝛾 𝛾𝐷⁄ )𝑐 + 𝐷𝑚𝑖𝑛

(𝛾 𝛾𝐷⁄ )𝑐 + 1
 (10.4) 

where “d” is the upper boundary limit of material damping ratio, “c” is the curvature 

parameter which controls the shape of the nonlinear material damping curve and γD is the 

reference shear strain at which D = (d+Dmin)/2. 

Four hundred and nine (409) nonlinear material damping curves, with a total of 

4620 measurement points from RC testing, composed the dataset that was used in the 

regression modeling for D – log γ relationships of uncemented soils. The regression 
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equations for the parameters “d”, “c” and γD in the final D – log γ models of the three soil 

groups are presented in Table 10.7. The predicted D values from the final model are 

plotted against the measured D values in the database for all three soil groups in Figure 

10.4. Based on Equation 5.6, the scale factor describing the 95 % prediction bound (PB) 

is calculated to be 1.338 and denoted by two red dashed lines (the slope of upper dashed 

line is 1.338 and the slope of lower dashed line is 1/1.338). Ninety-five percent (95 %) of 

all the D measurements are supposed to fall between the two red dashed lines. The 

coefficient of variation for one prediction is calculated to be 0.149, and the coefficient of 

variation for the mean is calculated to be 0.0022. 

The distribution ranges of the influence factors considered during the model 

development in the database are shown in Table 10.8, as well as the zones where 

available data points are sparse. Attention needs to be paid while utilizing the model in 

these sparse zones. Future updates of both the current database and constitutive models 

can also be focused on these sparse zones. 
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Table 10.7: Parameters in the D – Log γ Models for the Three Robust Groups of 

Uncemented Soils in the UT Database. 

Clean Sand and Gravel Group 

(FC < 12%) 

d 18.13 % 

c 0.93 ∙ 𝑒0.34−0.8∙𝑒 

𝛾𝐷 (%) 0.13 ∙ 𝐶𝑢
−0.31 ∙ (

𝜎0

𝑃𝑎
+ 22.04 ∙ 𝐹𝐶)

0.47−𝐹𝐶

 

Non-Plastic Silty Sand Group  

(FC > 12% and No Plasticity) 

d 12.13 % 

c 1.39 ∙ 𝑒0.27 

𝛾𝐷 (%) 0.0025 ∙ (
𝜎0

𝑃𝑎
+ 5.73 ∙ 𝑒 + 9.17 ∙ 𝐹𝐶)

1.47−0.52∙𝐹𝐶

 

Clayey Soil Group 

(FC > 12% and Plasticity) 

d 21.7 % 

c (1.91 ∙ 𝐹𝐶)1.62∙𝑃𝐼 

𝛾𝐷 (%) 0.11 ∙ (0.12 ∙
𝜎0

𝑃𝑎
+ 5.29 ∙ 𝑤𝑐 − 𝐹𝐶)

1.45−𝑃𝐼+𝑤𝑐−1.09∙𝐹𝐶

 

Note: 1. wc, FC and PI are in decimal. 
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Figure 10.4: Comparison of Predicted D Values from the Final D – Log γ Models with 

Measured D Values for All Three Soil Groups. 
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Table 10.8: Distribution Ranges and Sparse-Data Zones of the Database for D – Log γ 

Model. 

Soil Group Influence Factor Database Range Sparse Zone 

Clean Sand and 

Gravel Group  

(GP, SP, SP-SM, 

SW, SW-SM 

σ0 (atm) 0.1 ~ 8 None 

e 0.2 ~ 1.0 None 

FC (%) 0 ~ 12 None 

Cu 1 ~ 60 30 ~ 60 

Non-Plastic Silty 

Sand Group 

(SM, SP-SM, SW-

SM, ML) 

σ0 (atm) 0.1 ~ 30 None 

e 0.2 ~ 1.1 1.0 ~ 1.1 

FC (%) 10 ~ 100 65 ~ 75 

Clayey Soil Group 

(SC, SM-SC, CH, 

CL, CL-ML, MH, 

ML) 

σ0 (atm) 0.3 ~ 30 None 

wc (%) 8 ~ 85 70 ~ 85 

PI (%) 0 ~ 135 60 ~ 135 

FC (%) 20 ~ 100 None 
 

 

10.2.5 Proposed Preliminary Model for ru – log γ Relationship of Granular Soils 

A three-parameters modified hyperbolic model is proposed and utilized to fit the 

pore water pressure increment curves as follows:  

 

𝑟𝑢(%) =
100

(1 + (
𝛾
𝑐)

−𝑎

)
𝑏 (10.5) 

in which parameters a and b are curvature parameters which control the shape of the pore 

water pressure generation curve and parameter c is the denominator of shear strain for 

normalization. 

Loading cycle (N), mean effective confining pressures (σ0’) and soil type (sand or 

silt) have huge effects on the pore water pressure generation, and are considered as 

variables in the model development. Based on all the available information from the 



 447 

current pore water pressure generation database, the regression equations of parameters in 

the ru – log γ relationship model of sand and silt are presented in Table 10.9, respectively. 

Attentions need to be paid while using the model due to the shortage of available 

test data. The effects of other factors such as degree of saturation, void ratio, uniformity 

coefficient and so on, have not been considered in this pore water pressure generation 

model. The application of the current model should be more focused on the threshold of 

liquefaction triggering and early stage of liquefaction process where ru is less than 10 

percent. Extrapolation may be used under careful consideration but not recommended. In 

the future, with more test data available, the model can be updated and extended to a 

wider range of application. 

 

Table 10.9: Parameters in ru – Log γ Model for Sand and Silt. 

Para. Sand Low-PI Silt 

a 0.0017 − 1.3 ∙ (
𝜎0

′

𝑃𝑎
)

0.06

+ 1.9 ∙ 𝑁0.04 0.0018 − 9.9 ∙ (
𝜎0

′

𝑃𝑎
)

0.08

+ 12 ∙ 𝑁0.02 

b 4.32 ∙ 𝑁−0.22 2.72 ∙ 𝑁−0.32 

c (%) 0.058 + 0.46 ∙ (
𝜎0

′

𝑃𝑎
)

0.97

 0.34 ∙ (
𝜎0

′

𝑃𝑎
)

0.7
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Appendix A: Uncertainty in the Model Predictions 

A.1   INTRODUCTION 

In this chapter, uncertainty in the dynamic properties of uncemented soils 

predicted by the empirical models is briefly discussed. These dynamic properties include 

small-strain shear modulus (log Gmax – log σ0 relationship), nonlinear shear modulus 

(G/Gmax – log γ relationship), small-strain material damping ratio (log Dmin – log σ0 

relationship) and nonlinear material damping ratio (D – log γ relationship). Uncemented 

soils are divided into three groups same as previous chapters: 1) Clean Sand and Gravel 

Group (soils with FC ≤ 12%), 2) Non-Plastic Silty Sand Group (soils with FC > 12 % and 

no plasticity), 3) Clayey Soil Group (soils with FC > 12% and plasticity). In the 

following each subchapter, uncertainty associated with the parameters in the models and 

variables in the databases are presented for each soil group. 

A.2   UNCERTAINTY IN THE CLEAN SAND AND GRAVEL GROUP 

The empirical models for the dynamic properties of clean sand and gravel group 

and associated databases are presented in Chapters 5, 6, 7 and 8. The average estimates of 

soil dynamic properties can be obtained by utilizing the mean values of the parameters in 

the models. However, the actual data points regarding the soil dynamic properties scatter 

around the average estimates in a zone. 

There are two sources of uncertainty in the predictions. The first part of 

uncertainty comes from the variance of estimation knowing the mean estimation. It is the 

uncertainty in the estimation given all the variables (soil properties and states) needed in 

the models. It can be calculated based on the coefficient covariance of the parameters (βs) 

in the models. Since this uncertainty represents the deficiency of the model, it decreases 
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significantly during the model development process. For the final empirical models, this 

uncertainty is very small because of the great performance in fitting the database. 

The second part of uncertainty comes from the variance of the mean estimation. It 

is the uncertainty in the mean estimation without knowing the variables (soil properties 

and states) needed in the models. It can be calculated based on the data distribution in the 

associated database. This uncertainty is much larger than the first uncertainty because it is 

related to the variance in the input information of the model instead of the model 

parameters. 

Since all the predictions from the developed empirical models are assumed to 

follow the log-normal distribution, one standard deviation band is from exp(µ – σ) to 

exp(µ + σ). The exp(µ) and exp(σ) are the mean and standard deviation of the prediction. 

A non-plastic soil with void ratio (e) of 0.6, fines content (%) of 2 %, median 

grain size (D50) of 2 mm, uniformity coefficient (Cu) of 6.5 and water content (%) of 

3.5 % is selected to be representative for the clean sand and gravel group. The predicted 

mean values, as well as the standard deviations accounting for uncertainty in model 

parameters and input variables, are presented using the Gmax and Dmin models in Table 

A.1 and Figure A.1. The confinement for the soil is selected to be 1.2 atm for the 

uncertainty analysis of nonlinear properties. The predicted mean values and the standard 

deviations accounting for uncertainty in model parameters and input variables using the 

G/Gmax – log γ relationship and D – log γ relationship models are presented in Table A.2 

and Figure A.2. Due to the limit of database, the standard deviation due to the uncertainty 

of input variables is extrapolated beyond shear strain of 0.3 %. 
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Table A.1: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for Gmax and Dmin Models of 

the Clean Sand and Gravel Group. 

σ0 

(atm) 

Gmax (MPa) Dmin (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

0.1 27.2 1.035 1.357 1.405 1.309 1.081 1.747 1.888 

0.22 41.4 1.028 1.345 1.383 1.176 1.064 1.798 1.914 

0.484 62.9 1.024 1.349 1.382 1.057 1.054 1.755 1.850 

1 92.4 1.024 1.334 1.367 0.958 1.053 1.809 1.905 

2.2 140.5 1.029 1.346 1.385 0.861 1.061 1.812 1.923 

4.84 213.5 1.037 1.360 1.410 0.774 1.076 1.731 1.863 

10 313.9 1.046 1.359 1.422 0.702 1.094 1.772 1.938 

22 477.1 1.056 1.350 1.426 0.631 1.115 1.476 1.646 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 
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Figure A.1: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Small-strain Shear Modulus and (b) Small-strain Material 

Damping Relationships in the Clean Sand and Gravel Group. 
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Table A.2: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for G/Gmax – Log γ and D – 

Log γ Models of the Clean Sand and Gravel Group. 

σ0 

(atm) 

G/Gmax D (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

1.00E-05 0.999 1.000 1.002 1.002 0.902 1.001 1.848 1.849 

2.20E-05 0.999 1.000 1.003 1.003 0.904 1.001 1.727 1.729 

4.84E-05 0.998 1.000 1.004 1.004 0.909 1.002 1.900 1.904 

1.00E-04 0.996 1.001 1.007 1.007 0.919 1.004 1.931 1.938 

2.20E-04 0.992 1.001 1.013 1.014 0.942 1.006 1.789 1.800 

4.84E-04 0.984 1.001 1.023 1.024 0.992 1.010 1.709 1.727 

1.00E-03 0.970 1.002 1.036 1.038 1.089 1.015 1.652 1.677 

2.20E-03 0.944 1.003 1.056 1.059 1.310 1.021 1.594 1.627 

4.84E-03 0.896 1.003 1.087 1.090 1.777 1.026 1.552 1.593 

1.00E-02 0.825 1.004 1.117 1.121 2.619 1.032 1.474 1.522 

2.20E-02 0.710 1.004 1.147 1.153 4.279 1.035 1.393 1.443 

4.84E-02 0.564 1.006 1.181 1.189 6.919 1.039 1.299 1.350 

1.00E-01 0.421 1.008 1.247 1.257 9.963 1.070 1.336 1.430 

2.20E-01 0.283 1.015 1.277 1.296 13.124 1.126 1.211 1.363 

4.84E-01 0.180 1.031 1.284 1.324 15.427 1.177 1.105 1.301 

1.00E+00 0.114 1.055 1.284 1.354 16.707 1.210 1.051 1.272 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 
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Figure A.2: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Normalized Shear Modulus Reduction and (b) Material 

Damping Curves in the Clean Sand and Gravel Group. 
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A.3   UNCERTAINTY IN THE NON-PLASTIC SILTY SAND GROUP 

The empirical models for the dynamic properties of the non-plastic silty sand 

group and associated databases are presented in Chapters 5, 6, 7 and 8. The average 

estimates of soil dynamic properties can be obtained by utilizing the mean values of the 

parameters in the models. However, the actual data points regarding the soil dynamic 

properties scatter around the average estimates in a zone. 

In order to perform the uncertainty analysis, a non-plastic soil with void ratio (e) 

of 0.6, fines content (%) of 24 % and water content (%) of 16 % is selected to be 

representative for the non-plastic silty sand group. The predicted mean values, as well as 

the standard deviations accounting for uncertainty in model parameters and input 

variables, are presented using the Gmax and Dmin models in Table A.3 and Figure A.3. The 

confinement for the soil is selected to be 1.7 atm for the uncertainty analysis of nonlinear 

properties. The predicted mean values and the standard deviations accounting for 

uncertainty in model parameters and input variables using the G/Gmax – log γ relationship 

and D – log γ relationship models are presented in Table A.4 and Figure A.4. Due to the 

limit of database, the standard deviation due to the uncertainty of input variables is 

extrapolated beyond shear strain of 0.3 %. 
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Table A.3: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for Gmax and Dmin Models of 

the Non-Plastic Silty Sand Group. 

σ0 

(atm) 

Gmax (MPa) Dmin (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

0.1 26.3 1.045 1.227 1.283 1.795 1.148 2.397 2.753 

0.22 39.7 1.035 1.511 1.564 1.549 1.123 1.752 1.968 

0.484 60.0 1.026 1.468 1.506 1.337 1.103 1.696 1.871 

1 87.6 1.020 1.409 1.437 1.167 1.091 1.658 1.810 

2.2 132.1 1.021 1.378 1.407 1.007 1.089 1.615 1.758 

4.84 199.3 1.027 1.319 1.355 0.869 1.097 1.649 1.808 

10 291.0 1.035 1.205 1.247 0.759 1.112 1.464 1.629 

22 439.1 1.046 1.146 1.199 0.655 1.135 1.402 1.591 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 
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Figure A.3: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Small-strain Shear Modulus and (b) Small-strain Material 

Damping Relationships in the Non-Plastic Silty Sand Group. 
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Table A.4: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for G/Gmax – Log γ and D – 

Log γ Models of the Non-Plastic Silty Sand Group. 

σ0 

(atm) 

G/Gmax D (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

1.00E-05 1.000 1.000 1.003 1.003 1.101 1.000 1.904 1.905 

2.20E-05 1.000 1.000 1.004 1.004 1.101 1.001 1.946 1.947 

4.84E-05 0.999 1.000 1.003 1.004 1.104 1.001 1.892 1.894 

1.00E-04 0.998 1.001 1.007 1.008 1.109 1.002 1.921 1.925 

2.20E-04 0.996 1.001 1.014 1.015 1.123 1.005 1.877 1.886 

4.84E-04 0.990 1.002 1.028 1.030 1.160 1.010 1.843 1.861 

1.00E-03 0.980 1.004 1.045 1.049 1.242 1.016 1.795 1.824 

2.20E-03 0.955 1.006 1.070 1.076 1.461 1.023 1.757 1.798 

4.84E-03 0.904 1.008 1.121 1.129 1.987 1.028 1.680 1.726 

1.00E-02 0.822 1.008 1.165 1.175 3.014 1.033 1.571 1.623 

2.20E-02 0.690 1.009 1.240 1.251 4.983 1.037 1.534 1.590 

4.84E-02 0.535 1.012 1.309 1.325 7.547 1.036 1.388 1.439 

1.00E-01 0.399 1.015 1.281 1.300 9.609 1.058 1.423 1.506 

2.20E-01 0.279 1.025 1.496 1.534 10.998 1.087 1.350 1.467 

4.84E-01 0.191 1.045 1.722 1.799 11.664 1.105 1.310 1.448 

1.00E+00 0.134 1.068 1.916 2.046 11.931 1.114 1.284 1.430 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 
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Figure A.4: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Normalized Shear Modulus Reduction and (b) Material 

Damping Curves in the Non-Plastic Silty Sand Group. 
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A.4   UNCERTAINTY IN THE CLAYEY SOIL GROUP 

The empirical models for the dynamic properties of the clayey soil group and 

associated databases are presented in Chapters 5, 6, 7 and 8. The average estimates of soil 

dynamic properties can be obtained by utilizing the mean values of the parameters in the 

models. However, the actual data points regarding the soil dynamic properties scatter 

around the average estimates in a zone. 

In order to perform the uncertainty analysis, a soil with void ratio (e) of 0.7, fines 

content (%) of 71 %, water content (%) of 25 %, plasticity index of 20 % and 

overconsolidation ratio (OCR) of 1.0 is selected to be representative for the clayey soil 

group. The predicted mean values, as well as the standard deviations accounting for 

uncertainty in model parameters and input variables, are presented using the Gmax and 

Dmin models in Table A.5 and Figure A.5. The confinement for the soil is selected to be 

2.4 atm for the uncertainty analysis of nonlinear properties. The predicted mean values 

and the standard deviations accounting for uncertainty in model parameters and input 

variables using the G/Gmax – log γ relationship and D – log γ relationship models are 

presented in Table A.6 and Figure A.6. Due to the limit of database, the standard 

deviation due to the uncertainty of input variables is extrapolated beyond shear strain of 

0.3 %. 
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Table A.5: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for Gmax and Dmin Models of 

the Clayey Soil Group. 

σ0 

(atm) 

Gmax (MPa) Dmin (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

0.1 22.0 1.101 2.751 3.027 4.792 1.139 1.460 1.664 

0.22 32.5 1.081 1.938 2.094 4.161 1.115 1.559 1.738 

0.484 47.8 1.063 1.810 1.924 3.615 1.094 1.593 1.743 

1 68.4 1.050 1.618 1.699 3.179 1.081 1.591 1.719 

2.2 100.8 1.042 1.557 1.623 2.767 1.074 1.584 1.701 

4.84 148.7 1.045 1.485 1.551 2.411 1.078 1.627 1.753 

10 212.5 1.055 1.453 1.533 2.127 1.088 1.664 1.811 

22 313.4 1.071 1.480 1.585 1.858 1.106 1.520 1.681 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 
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Figure A.5: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Small-strain Shear Modulus and (b) Small-strain Material 

Damping Relationships in the Clayey Soil Group. 
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Table A.6: Predicted Mean Values and Standard Deviations accounting for Uncertainty 

in the Model Parameters and Input Variables for G/Gmax – Log γ and D – 

Log γ Models of the Clayey Soil Group. 

σ0 

(atm) 

G/Gmax D (%) 

Mean Std#11 Std#22 Std#1+2 Mean Std#1 Std#2 Std#1+2 

1.00E-05 1.000 1.000 1.003 1.003 1.901 1.000 2.051 2.051 

2.20E-05 1.000 1.000 1.006 1.006 1.902 1.000 1.853 1.853 

4.84E-05 1.000 1.000 1.003 1.003 1.904 1.000 1.858 1.858 

1.00E-04 1.000 1.000 1.002 1.003 1.909 1.001 1.770 1.771 

2.20E-04 0.999 1.000 1.003 1.004 1.921 1.001 1.694 1.696 

4.84E-04 0.998 1.001 1.005 1.005 1.951 1.002 1.748 1.752 

1.00E-03 0.994 1.002 1.010 1.012 2.013 1.005 1.691 1.699 

2.20E-03 0.983 1.003 1.023 1.026 2.168 1.008 1.697 1.711 

4.84E-03 0.955 1.006 1.049 1.056 2.527 1.014 1.709 1.733 

1.00E-02 0.897 1.008 1.095 1.103 3.245 1.020 1.687 1.721 

2.20E-02 0.777 1.008 1.156 1.165 4.833 1.024 1.685 1.725 

4.84E-02 0.607 1.012 1.223 1.237 7.707 1.025 1.638 1.678 

1.00E-01 0.446 1.015 1.296 1.315 11.409 1.042 1.407 1.466 

2.20E-01 0.302 1.024 1.335 1.367 15.521 1.077 1.298 1.398 

4.84E-01 0.200 1.045 1.400 1.464 18.536 1.109 1.162 1.288 

1.00E+00 0.135 1.071 1.419 1.520 20.140 1.128 1.083 1.221 

Notes: 1. Standard deviation accounting for uncertainty in model parameters. 

 2. Standard deviation accounting for uncertainty in input variables. 

 

 

 

 

 

 



 463 

 

 

 

Figure A.6: Predicted Mean Values and Standard Deviations Associated with the Point 

Estimates of (a) Normalized Shear Modulus Reduction and (b) Material 

Damping Curves in the Clayey Soil Group. 
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A.5   SUMMARY 

In this chapter, uncertainty in the linear and nonlinear shear modulus and material 

damping of uncemented soils predicted by the empirical models is briefly discussed. 

There are two sources of uncertainty in the predictions. The first part of uncertainty 

comes from the variance of estimation knowing the mean estimation. It is the uncertainty 

in the estimation given all the variables (soil properties and states) needed in the models. 

It can be calculated based on the coefficient covariance of the parameters (βs) in the 

models. The second part of uncertainty comes from the variance of the mean estimation. 

It is the uncertainty in the mean estimation without knowing the variables (soil properties 

and states) needed in the models. It can be calculated based on the data distribution in the 

associated database. 

 Uncemented soils are divided into three groups same as previous chapters: 1) 

Clean Sand and Gravel Group (soils with FC ≤ 12%), 2) Non-Plastic Silty Sand Group 

(soils with FC > 12 % and no plasticity), 3) Clayey Soil Group (soils with FC > 12% and 

plasticity). In the following each subchapter, a representative soil with necessary known 

properties and states is selected for each soil group. The mean values, as well as the 

standard deviations accounting for uncertainty in model parameters and input variables, 

are presented for the predictions of the linear and nonlinear shear modulus and material 

damping. 
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