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In this dissertation, several spin models with connections to topological

states of matter are investigated. In the second chapter, we study pyrochlore

iridate bilayer and trilayer thin films grown along the [111] direction at strong

coupling [Phys. Rev. Lett. 118, 177201 (2017)]. We obtain the ground

state magnetic configurations on a mean field level and carry out a spin-wave

analysis about them. In the trilayer case the ground state is found to be the all-

in–all-out state, whereas the bilayer has a deformed all-in–all-out state. For all

parameters we study, the lowest magnon band in the trilayer case has a nonzero

Chern number. In the bilayer case we also find a parameter range with nonzero

Chern numbers. We calculate the magnon thermal Hall response for both

geometries, finding a striking sign change as a function of temperature. We

also use a slave-boson mean-field theory to study the effects of doping on the

trilayer system, and discover an unconventional time-reversal symmetry broken

d+id superconducting state. In the third chapter, we investigate non-coplanar

kagome antiferromagnets with Dzyaloshinskii-Moriya interactions that order
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in a canted, non-coplanar order, such as iron jarosites [arXiv:1804.09783]. We

derive a new expression for the canting angle in the presence of an applied

magnetic field, and use the resulting order as a starting point for a spin-wave

analysis, finding topological magnon bands, with non-zero Chern numbers. We

predict a large magnon thermal Hall effect for iron jarosites, and further show

that it can be tuned by transverse magnetic fields, and by the Dzyaloshinskii-

Moriya interaction strength. Our prediction suggests that the iron jarosites

are a promising candidate material to observe the magnon thermal Hall effect

in a noncollinear order. In the the fourth chapter, we study the momentum

space entanglement spectrum of certain critical spin chains [Phys. Rev. B.

94, 08112(R) (2016)]. We advocate that the entanglement spectrum contains a

gap that separates universal states, determined by the associated critical field

theory, from a model specific non-universal part. Evidence from multicritical

spin-1 chains described by SU(2)2 and SU(3)1 Wess-Zumino-Witten theories

is provided.
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Chapter 1

Introduction

One of the main focal points of quantum condensed matter research is

topological states of matter, including both topologically ordered states charac-

terized by long-range ground state entanglement [244,245], and symmetry pro-

tected states [39]. The latter include topological insulators [6,23,81,162,188], in

which the essential physics is generally due to spin-orbit coupling. Another fo-

cus is correlated electron systems, in which electron-electron interactions dom-

inate, leading to interaction-driven insulators [94], magnetism [12], and uncon-

ventional superconductivity [124]. In recent years, there has been a growing

interest in combining these two avenues of research by studying spin-orbit cou-

pled correlated electron systems [193,203,249]. When both spin-orbit coupling

and electron-electron interactions are present, new possibilities open up, in-

cluding fractionalized topological insulators [101,103,126,139–142,186,200,218,

260], interaction-induced topological insulators [191,199,238,241,242,257,264],

and unconventional magnetic states [30, 102,192,194].

A promising place to look for both kinds of physics is in 5d transition-

metal oxides, which tend to have comparable electron-electron interaction and

spin-orbit coupling strengths [193, 203, 249]. Among these, the pyrochlore
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iridates A2Ir2O7 (where A is a rare earth element) have attracted much inter-

est [33, 101, 103, 139, 186, 236, 250, 251, 254], in part due to the geometrically

frustrated lattice suggesting exotic magnetic phenomena such as chiral spin

liquids [138], and in part because of their electron structure can allow a de-

scription in terms of a single effective jeff = 1/2 moment. Our first stop

through this dissertation, Chapter 2, will be the treatment of such thin films

at strong coupling. In this limit the system is described by a local moment

spin model, and the spin-orbit coupling shows up in the form of Dzyaloshinskii-

Moriya and anisotropic interactions [53,164,165,210]. We study the magnetic

properties of this system, both at half-filling and in the presence of dopants,

which will be shown to give rise to an unconventional time-reversal symmetry

broken d+ id superconducting state. Our second stop, Chapter 3, is the study

of magnetic properties in an antiferromagnetic spin model with Dzyaloshinskii-

Moriya interactions on the related kagome lattice. In both systems we find

that the magnetic excitations, the magnons, produce topologically nontrivial

bands, and a thermal Hall effect of magnons. Our third stop, Chapter 4, is a

study of entanglement properties in critical spin chains that can be related to

topologically ordered states. Before going into details, let us go back to the

origin of research in topological states - to the integer quantum Hall effect.
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1.1 From integer quantum Hall to magnon thermal Hall
effects

It was discovered [112] that a two-dimensional electron gas subject to

a strong magnetic field out of plane has a quantized Hall conductivity

σxy = ν
e2

h
, (1.1)

where ν is the number of filled Landau levels. The precise quantization was

first understood in terms of gauge invariance [75, 119], and soon after in the

language of topological invariants [13,171,230]. It was shown that the number

ν is given by a (integer-valued) topological invariant known as the (first) Chern

number, given by

Cn ≡
1

2π

∫
BZ

Ωz
nk dk

2, (1.2)

where n is a band index, the integral is taken over the Brillouin zone, and the

Berry curvature

Ωz
nk ≡ i

〈
∂un
∂k

∣∣∣∣×∣∣∣∣∂un∂k

〉
z

, (1.3)

where |un〉 is the periodic part of the n:th Bloch wave function. By virtue of

being a topological invariant, the Chern number is robust to continuous defor-

mations of the band structure, and hence also to perturbations. The integer

quantum Hall state is insulating in the bulk, but its edge is conducting. This

may be understood in terms of the bulk-edge correspondence - if a system

with non-zero Chern number is in contact with the topologically trivial vac-

uum, it must close its band gap to allow the invariant to change, producing
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protected edge modes. Haldane later introduced a model [74] for an integer

Chern insulator in zero net magnetic field, which also exhibits a quantized Hall

conductance.

In addition to the integer quantum Hall effect, a two-dimensional elec-

tron gas subject to a strong magnetic field may also exhibit a fractional quan-

tum Hall effect, where additional quantized Hall plateaus show up a certain

fractional filling ratios ν = p/q [232]. At these particular ratios, the elec-

trons condense into unusual liquid states, with excitations that carry frac-

tional charge [120] and statistics [11, 77]. Instead of using Chern numbers,

these states may be understood in terms of topological order [243–245], one

measure of which is the ground state degeneracy [246]. Alternatively, topolog-

ical order can be characterized in terms of long-range entanglement [111,127].

In a further development, spin-orbit coupled graphene was proposed to real-

ize a quantum spin Hall effect [99], which essentially consists of two copies

of the Haldane model. Instead of being characterized by a Chern number

C ∈ Z, a new Z2 topological invariant was introduced [100]. The effect was

observed in quantum wells [24,25,113], and was followed by three-dimensional

generalizations called topological insulators [60,82,163].

Bosonic variants of topological systems [18] are also possible, including

in photonic systems [107], cold bosonic atoms [2, 216], polaritonic systems

[104, 168], and, indeed also magnonic systems [166]. In particular, it turns

out that the Dzyaloshinskii-Moriya interaction mentioned above provides one

way of realizing a nontrivial Berry phase in both ordered [84,92,105,175] and

4



disordered [85, 105, 123] magnetic systems. This can easily be seen in a spin

model with Heisenberg exchange and Dzyaloshinskii-Moriya interaction,

H =
∑
〈i,j〉

[JSi · Sj +Dẑ · (Si × Sj)] , (1.4)

by rewriting it on the form

H =
∑
〈i,j〉

[
J ′

2

(
eiφS+

i S
−
j + e−iφS−i S

+
j

)
+ JSzi S

z
j

]
, (1.5)

where J ′ =
√
J2 +D2, and tanφ = D/J . The Dzyaloshinskii-Moriya inter-

action in this model can be interpreted as an effective magnetic field, that

will act on magnonic excitations hopping on the lattice by inducing a non-

trivial Berry phase. Such systems can give rise to non-zero Chern num-

bers, making for a bosonic, charge-neutral analog of the integer Chern in-

sulators [144, 160, 262]. An observable signature is found in the thermal Hall

effect of magnons 1, in which the magnon edge current produces a thermal

Hall current in the presence of a thermal gradient, with a transverse ther-

mal conductivity κxy [105, 150–152, 166, 175]. An expression for the magnon

thermal Hall conductivity valid for two-dimensional lattices and general non-

interacting spin-wave Hamiltonians 2 is [152,160]

κxy = − k2
BT

(2π)2 ~

∑
n

∫
BZ

[
c2 [g (εnk)]−

π2

3

]
Ωz
nk d

2k, (1.6)

1Sometimes simply known as the magnon Hall effect.
2That is, Hamiltonians bilinear in magnon creation and annihilation operators, that may

include terms that do not conserve magnon number.
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where g (εnk) is the Bose-Einstein distribution, and the c2 function is defined

c2 (x) = (1 + x)

[
ln

(
1 + x

x

)]2

− [lnx]2 − 2Li2 (−x) , (1.7)

where Lin (x) is the polylogarithm. c2 has the limits c2 [g (εnk)]→ π2/3 (0) as

βε → 0 (βε → ∞). Hence, κxy vanishes as T → 0 and is generically non-zero

for higher temperatures, as long as Ω 6= 0.

The effect has been experimentally observed in pyrochlore and kagome

ferromagnets [38, 84, 92, 175], and predicted to occur also in several antifer-

romagnetically coupled systems [91, 121, 157, 157, 176, 178, 180, 181, 184]. In

the case of noncoplanar magnetic orders, the topology can be due to finite

scalar spin chirality Si · (Sj × Sk) [105,178]. A similar thermal Hall effect has

been observed in disordered systems [78, 84, 85, 123, 239]. In addition, recent

years have seen many intriguing proposals to use magnons as a platform for

realizing analogs of other topological systems, including the the Haldane-Kane-

Mele model [110], topological insulators [128, 176], Dirac and Weyl semimet-

als [129, 131, 179, 219], and triple points [91]. Materials with these properties

could potentially be exploited in antiferromagnetic spintronics [17], and topo-

logical magnonic devices [237].

1.2 Entanglement and critical spin chains

Quantum entanglement has become a key concept in condensed matter

physics, both in the field of quantum computing [114], and as a tool to classify

many-body quantum states [4]. In particular, it has the ability to probe in-
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trinsic topological order [111, 127, 243] of e.g. fractional quantum Hall states.

Suppose a many-body system is in a given state |Ψ0〉, such that the density

matrix ρ = |Ψ0〉〈Ψ0|. By partitioning the Hilbert space into two nonover-

lapping regions A and B, i.e. H = HA ⊗ HB, the reduced density matrix

ρA = TrBρ for subsystem A is obtained by tracing out degrees freedom be-

longing to region B. The most common quantitative measure of entanglement

is the (bipartite) entanglement entropy 3

SA = −Tr [ρA ln ρA] . (1.8)

It was shown [111, 127] that the entanglement entropy of a topologically or-

dered state contains a universal, size-independent “topological entanglement

entropy” term. However, distinct topologically ordered states can have the

same topological entanglement entropy, and so we require a more powerful

tool. As the eigenvalues of ρA are non-negative, one can introduce a ficticious

entanglement Hamiltonian HE = − ln ρA. The full set of eigenvalues {ξi} of

HE is called the entanglement spectrum [130], and offers a more complete way

of characterizing the entanglement between regions A and B than the entan-

glement entropy, which is a single number. An important feature is that the

low-lying eigenstates of HE correspond to the states in A most entangled with

region B.

Both the entanglement entropy and spectrum depend crucially on how

the Hilbert space is partitioned, or cut. The most natural choice is a spatial

3For a review of its application to spin systems, see Ref. [116].
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cut, for which both real-space entanglement entropy [111, 127] and real-space

entanglement spectrum [130] can be used to detect the presence of topological

order using only the ground state wave function. This kind of partition works

well in systems with a bulk energy gap, but fails to reveal the underlying or-

der in gapless systems, where a cut in momentum space turns out to be more

suitable [224]. In Chapter 4 of this dissertation we will study the momentum

space entanglement properties of certain critical spin-1 chains, which are nat-

urally described [1] by conformal field theories known as Wess-Zumino-Witten

models [58] 4, and advocate that there is a gap in the momentum space entan-

glement spectrum of critical spin chains that separates a set of low-lying uni-

versal entanglement levels (eigenvalues of HE), determined by the associated

conformal field theory, from the nonuniversal entanglement levels. We provide

evidence for this universal bulk entanglement conjecture in multicritical spin-1

chains with SU(2)2 and SU(3)1 Wess-Zumino-Witten critical theories.

1.3 Outline

This dissertation is organised as follows. In Chapter 2, an analysis of

the magnetic properties of pyrochlore iridate thin films at strong coupling is

presented. In the first sections [Sec. 2.1] the pyrochlore iridates are introduced

in more detail, the coordinate system used is defined [Sec. 2.2], and the specific

4This description leads to a nontrivial connection to fractional quantum Hall states, for
which the effective field theories are 2 + 1-dimensional Chern-Simons theories [79,133,263].
These Chern-Simons theories are, in turn, connected to Wess-Zumino-Witten models in 1+1
dimensions [161,252].
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model is introduced [Sec. 2.3]. Then the magnetic order is found and discussed

[Sec. 2.4], and used in a spin-wave analysis [Sec. 2.5], where topological magnon

bands are found and leads to a magnon thermal Hall conductivity [Sec. 2.6].

Lastly, the effects of dopants are discussed in terms of a slave-boson mean field

theory [Sec. 2.7].

In Chapter 3, an analysis of noncoplanar kagome antiferromagnets with

Dzyaloshinskii-Moriya interactions is presented. First, the model, order, and

relevant materials are discussed [Sec. 3.1]. Next a spin-wave analysis revealing

topological magnon bands is presented [Sec. 3.2]. Then the magnon thermal

Hall conductivity is discussed, both for ambient iron jarosites, and in the pres-

ence of external magnetic fields and higher Dzyaloshinskii-Moriya strengths

[Sec. 3.3].

In Chapter 4, we discuss the momentum space entanglement spectra

for critical spin chains, formulating and finding evidence for a universal bulk

entanglement conjecture. The conjecture is verified for critical spin-1 chains,

with low-energy properties described by an SU(3)1 Wess-Zumino-Witten the-

ory [Sec. 4.1], as well as for models described by an SU(2)2 Wess-Zumino-

Witten theory [Sec. 4.2].

We end the dissertation with an overall summary and conclusions chap-

ter. There are also two appendices containing useful derivations for the py-

rochlore iridate systems.
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Chapter 2

Pyrochlores Iridate Thin Films at Strong

Coupling

In this chapter 1 we study magnetic properties of pyrochlore iridate

thin films grown in the [111] direction. The bulk pyrochlore iridates tend

to order in a noncollinear “all-in–all-out” configuration [50–52, 132, 201, 211],

except for Pr2Ir2O7, which shows no sign of ordering [32, 138, 167]. As for

electronic phases, there is a wealth of theoretical possibilities, including ax-

ion insulators [33, 67, 236], topological Mott insulators [103, 186], topologi-

cal crystalline insulators [101], other varieties of correlated topological insu-

lators [139], and Weyl semimetals [33, 236, 251, 256]. Thin films grown along

high symmetry directions are particularly interesting, as they have been shown

to offer further possible phases, that are not readily inferred from the bulk

ones [21, 34, 86, 87, 90, 255]. While these systems are expected to be in the

nonperturbative intermediate coupling regime [193,203,249], we will approach

them from the strong-coupling limit, where we can use a local moment descrip-

1The results presented here are based on the research article: Pontus Laurell and Gregory
A. Fiete, Topological Magnon Bands and Unconventional Superconductivity in Pyrochlore
Iridate Thin Films, Phys. Rev. Lett. 118, 177201 (2017). G. A. Fiete suggested and
supervised the project. P. Laurell performed all calculations and wrote all computer code.
Both authors participated in discussions, and in writing the paper.
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tion. In this respect our treatment is complimentary to past work in the weak

coupling limit [56, 87]. By combining these two perspectives we hope to shed

more light on the intermediate regime. Alternatively, our work can be seen

as a study of spin models with SOC on decorated kagome lattices, possibly

artificially realized in an optical lattice, where SOC and spin interaction terms

can be engineered using artificial gauge fields [42,45,68,189].

We derive a spin model appropriate for the thin film geometries, and

find the magnetic order on a mean-field level. In the trilayer system we find

an all-in–all-out (AIAO) state, and the bilayer system is found to realize a de-

formed AIAO order. We carry out a spin-wave analysis about the mean-field

orders, and find magnon bands with non-zero Chern numbers. These topologi-

cally nontrivial spin waves are shown to produce a magnon thermal Hall effect,

which has a clear signature of the topology as function of temperature. We

also study the effects of doping on a trilayer system. We derive order parame-

ters with the same symmetry as the Hamiltonian, and construct a slave-boson

mean-field theory. A self-consistent solution shows that the system can host

both a s-wave and an unconventional time-reversal symmetry broken d + id

superconducting states. These states are also found to have an interesting sign

structure for the superconducting order parameter.

The chapter is organized as follows. In sec 2.1 we introduce the py-

rochlore iridate bulk lattice, electron structure, and the thin film lattices. In

Sec. 2.2 the coordinate system is defined, and in Sec. 2.3 the spin model is

introduced. The magnetic order is found on a mean-field level in Sec. 2.4. The
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spin-wave analysis is described in Sec. 2.5, and the magnon thermal Hall con-

ductivity is calculated in Sec. 2.6. Doping effects on the TKT trilayer system

are studied in Sec. 2.7. The chapter ends with a summary and conclusions

section 2.8.

2.1 Introduction

The pyrochlore iridates is a class of 5d transition-metal oxides with

chemical formula A2Ir2O7
2, where A is a rare-earth ion. In this chapter we

will assume that the A site ion is nonmagnetic, as is the case for A=Y, La,

or that the effect of the A site is negligible, such that the system may be

described in terms of only the Ir ions. These form a network of corner-sharing

tetrahedra, where each vertex is the site of an Ir ion, see Fig. 2.1. In principle,

a magnetic A site ion leads to a coupling between rare-earth f electrons and

the Ir d electrons. In practice, however, many magnetic phenomena appear to

be largely independent of the A site ion [250]. Most strikingly this includes a

noncollinear all-in–all-out magnetic configuration, where the Ir spins all point

towards the center of a tetrahedron, or away from one [50–52, 132, 201, 211].

The main exception is A=Pr, which shows no signs of long-range order even

at the lowest accessible temperatures [32,138,167].

While the pyrochlore iridates are only one class of magnetic pyrochlore

oxides [66], they are made a particularly interesting one by their strong spin-

2Due to their chemical composition they are sometimes known as the 227 iridates.
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Figure 2.1: The bulk pyrochlore lattice. Each tetrahedron vertex is the site of
an Ir atom. The four sites in the tetrahedral unit cell are numbered 0 to 3.

orbit coupling 3, and their electron structure. The Ir4+ ion physics is domi-

nated by the 5d5 electrons, and octahedral cages formed by surrounding oxygen

ions. The crystal environment breaks the SO(3) symmetry down into a cubic

Oh symmetry, and splits the states into upper eg and lower t2g states, as shown

in Fig. 2.2. We neglect the small distortion of the tetrahedra that is generally

present [41, 186, 208, 222, 249]. Next, the spin-orbit coupling strength λ splits

the t2g states into a lower, filled effective j = 3/2 manifold, and an upper

half-filled j = 1/2 manifold [98, 108, 109, 261]. This hierarchy of energy scales

allows us to describe the physics of the pyrochlore iridates, to lowest order, in

terms of j = 1/2 particles hopping on a lattice. In practice the spin-orbit cou-

pling may be strong enough to mix the j = 1/2 and j = 3/2 states [87,211], or

3In general the atomic SOC strength λ ∼ Z4, where Z is the atomic number. Iridium
has Z = 77, and is the second densest element in ambient conditions.
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Figure 2.2: The electron structure of the 5d5 Ir4+ ions. A crystal field splits
the initially fully degenerate d orbitals into t2g and eg manifolds. The spin-
orbit coupling then splits the t2g orbitals into a lower j = 3/2 manifold, and
an upper half-filled j = 1/2 manifold.

even the t2g and eg manifolds [215]. Nevertheless, many aspects are captured

at least qualitatively by the j = 1/2 states. In the following we will work in

the jeff = 1/2 description.

When viewed along the [111] direction, the pyrochlore lattice in Fig. 2.1

becomes an alternating structure of kagome and triangular layers. We will fo-

cus on thin films grown [258] along this axis [21,34,86,87,90,255]. In particular

we will focus on triangular-kagome-triangular (TKT) trilayers and kagome-

triangular (KT) bilayers [34, 86, 87]. These geometries are shown in Fig. 2.3.

Since they are atomically thin, we propose to grow them in a “sandwich”

heterostructure with lattice matched support layers, which should minimize

distortion effects.
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(a) (b) TKT lattice (c) KT lattice

Figure 2.3: (a) “Sandwich” structure. (b) Top view of trilayer grown along
[111]. (c) Top view of the bilayer structure.

2.2 Coordinate systems

The bulk (or 3D) pyrochlore lattice (see Fig. 2.1) can be viewed as a

face centered cubic (fcc) lattice with a basis consisting of the four sites in a

“downward” tetrahedron. We take the three lattice vectors to be

ab1 = a (0, 1, 1) , ab2 = a (1, 0, 1) , ab3 = a (1, 1, 0) , (2.1)

where a is the lattice constant, and the superscript b signifies that this is the

bulk coordinate system. The four atomic positions in the unit cells are located

at vertices of a cube of length a/(2
√

2), as shown in Fig. 2.4. These positions

are given by

rb0 = (0, 0, 0) , rb1 =
1

2
a1, rb2 =

1

2
a2, rb3 =

1

2
a3. (2.2)
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Figure 2.4: The cubic coordinate system for the bulk pyrochlore lattice. Each
tetrahedron vertex is the site of an Ir atom, located at a corner of a cube. The
four sublattices are numbered 0 to 3.

To find the coordinate system for the thin film geometries, we now view

the pyrochlore lattice along the [111] direction. We pick out a TKT trilayer

(see Fig. 2.3b) or KT bilayer (Fig. 2.3c). The kagome plane is rotated into the

xy-plane using the matrix 4

Rbulk→TKT =


1√
2

1√
2

0

− 1√
6

1√
6

√
2
3

1√
3
− 1√

3
1√
3

 . (2.3)

In the TKT case, the result is the geometry shown in Fig. 2.5, with five sites

in the unit cell numbered 0, 1, 2, 3, 4. Sites 0, 1, 2 are located in the kagome

4The rotation matrix is constructed by first mapping the bulk lattice vector ab3 (which
is already in the xy-plane) onto x̂. Then we look for a rotation about x̂ to take ab1 into the
xy-plane as well, and describe the composite operation by the matrix Rbulk→TKT .
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plane, site 3 in a triangular layer above the plane, and site 4 in a triangular

layer below the plane. The KT bilayer has the same geometry, but only has

four sites in the unit cell (0, 1, 2, 3). Following a relabeling of sites to conform

with the conventions for the kagome lattice vectors 5, the basis vectors are

r0 = (0, 0, 0) , r1 =
a

2
(1, 0, 0) , r2 =

a

4

(
1,
√

3, 0
)
, (2.4)

r3 =
a

4

(
1,

√
3

3
,
2
√

6

3

)
, r4 =

a

4

(
1,

5
√

3

3
,−2
√

6

3

)
, (2.5)

and the lattice vectors are a1 = 2r1 and a2 = 2r2.

The reciprocal lattice vectors for the thin film lattices (as well as the

kagome lattice) are

b1 = 2π
a2 × ẑ

a1 · (a2 × ẑ)
=

4π√
3a

(√
3

2
,−1

2
, 0

)
, (2.6)

b2 = 2π
ẑ × a1

a1 · (a2 × ẑ)
=

4π√
3a

(0, 1, 0) . (2.7)

The reciprocal lattice is a hexagonal lattice, due to the fact that there’s an

underlying triangular lattice. The high-symmetry points are given in Table 2.1.

A standard path through the Brillouin zone is Γ→M → K → Γ [21,86,88].

2.3 Spin model in the strong-coupling limit

At half filling and in the limit of strong coupling (U/t → ∞), a sec-

ond order perturbation theory calculation results in the spin (local moment)

5The bulk lattice vectors ab1 and ab3 maps onto the kagome lattice vectors a2 and a1,
respectively. The third bulk lattice vector ab2 maps onto 2r3, which has an out-of-plane
component and thus no longer corresponds to a lattice vector.
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Figure 2.5: The thin film lattice structure. The five sites of the TKT trilayer
unit cell are numbered 0 to 4. The KT bilayer has the same structure, but
excludes the site labeled 4. The lattice vectors a1 and a2 are also shown.

Table 2.1: High symmetry points in the Brillouin zone. The coordinates are
given as k = ub1 + vb2.

Point Description (u, v) (kx, ky, kz)
Γ Center of BZ (0, 0, 0) (0, 0, 0)

M Center of a hexagon side
(
0, 1

2

) (
0, 2π√

3a

)
K Corner of hexagon

(
1
3
, 2

3

) (
2π
3a
, 2π√

3a

)
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Hamiltonian [186,251]

H =
∑
〈ij〉

[
JSi · Sj + Dij · (Si × Sj) + Sai Γabij S

b
j

]
(2.8)

for the bulk system. We assume that the thin film system is subject to the

same interactions. Unlike the bulk lattice where all sites have coordination

number 6, the thin film lattices develop inequivalent sublattices. In the TKT

case, sites in the kagome layer have 6 nearest neighbors (NNs), and sites in the

triangular layer have 3 NNs. In the KT case, sites in the kagome layer have 5

NNs.

In Eq. (2.8), Si is the effective spin-1/2 moment on site i, 〈i, j〉 denotes

NN interactions, and a, b = x, y, z are Cartesian vector indices.. The first

term represents antiferromagnetic Heisenberg coupling (J > 0), the second

antisymmetric (DM) Dzyaloshinskii-Moriya interaction (DMI), and the third

symmetric anisotropic exchange. Both are given in terms of the normalized

DM vectors v̂ij,

Dij = Dv̂ij, Γabij = Γ
(
v̂aij v̂

b
ij − δab/3

)
. (2.9)

In principle four independent interactions are allowed by symmetry on the

pyrochlore lattice [197], but the Slater-Koster approach used in deriving the

electronic Hamiltonian introduces additional constraints [250, 251]. We next

discuss the parametrization of the coupling constants J , D, and Γ. In Sec. 2.3.2

the DM vectors v̂ij are derived for the bulk system, and chosen appropriately

for thin film systems, and in Sec. 2.3.3 the spin model for the thin films is fully

defined.
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2.3.1 Parametrization of the coupling constants

In the simplest models, the strengths J , D, and Γ are functions of a

single Slater-Koster parameter tσ, and the Hubbard U coupling [250,251], and

we can write

J (tσ, U) =
4

U

(
t̃2 (tσ)−

2v2
y (tσ)

3

)
, (2.10)

D (tσ, U) =

√
28t̃ (tσ) vy (tσ)

U
, (2.11)

Γ (tσ, U) =
16v2

y (tσ)

U
. (2.12)

Here vy is defined by the hopping element between two sites

hij = tσ0 + i
√

2vyv̂ij · ~σ, (2.13)

where σ0 is the identity matrix. t, and vyv̂ij are real due to time-reversal

symmetry. In a Slater-Koster calculation that accounts for both direct hopping

between Ir atoms, and indirect hopping mediated by oxygen ions [251],

t̃ (tσ) =
130

243
+

785

2916
tσ, vy (tσ) =

28

243
+

125

729
tσ. (2.14)

In this parametrization it is clear that U provides an overall energy scaling,

and tσ tunes the relative strength (and sign) of the interactions. In Fig. 2.6

we plot the three coupling constants as functions of tσ. The bulk all-in–all-out

order requires J > 0 and D < 0, which selects a range of allowable tσ values.

In Fig. 2.7 the ratio D/J is plotted for this range.

The above parametrization connects to the microscopic derivation, but

is somewhat unwieldy. For the rest of the chapter, we will instead use an
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Figure 2.6: Coupling constants as functions of tσ at fixed U = 1. The region
between the two dashed red lines (−1.54 ≤ tσ ≤ −0.672) has antiferromagnetic
J and D < 0, corresponding to a bulk all-in–all-out order.
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Figure 2.7: The ratio of the DM strength to the Heisenberg coupling as a
function of tσ in the region where J > 0, D < 0.
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alternative parametrization [122]

J =
4t2

U

[
cos2

(
θt
2
− θ
)
− 1

3
sin2

(
θt
2
− θ
)]

, (2.15)

Dij =
8t2

U
cos

(
θt
2
− θ
)

sin

(
θt
2
− θ
)
v̂ij, (2.16)

Γabij =
8t2

U
sin2

(
θt
2
− θ
)[

v̂aij v̂
b
ij −

δab

3

]
, (2.17)

where θt = 2 arctan
√

2 ≈ 109.47◦ is the tetrahedral angle. The relation to the

parametrization in eqs. (2.10)-(2.12) is(
t̃ (tσ)√
2vy (tσ)

)
= t

(
cos
(
θt
2
− θ
)

sin
(
θt
2
− θ
) ) . (2.18)

In this parametrization the energies scale by t2/U , and the relative strengths

are determined by the angle θ. As θ → θt/2 ≈ 0.96 the system approaches the

Heisenberg limit (D = Γ = 0) and becomes gapless.

2.3.2 The Dzyaloshinskii-Moriya vectors

The direction of the DM vectors on the pyrochlore lattice can be deter-

mined up to an overall sign from symmetry alone [55,164,165], as can be seen

from an application of Moriya’s rules [164]. First note that the center point

between two lattice sites is not an inversion center, which implies that DMI

is symmetry allowed. Second, consider a plane containing two lattice sites i

and j and the middle point of the bond between the remaining two sites in

the tetrahedron (the “opposite bond”). This plane is a mirror plane, so the

DM vector v̂ij must be perpendicular to the plane, and thus parallel to the

opposite bond. We can use symmetries of the tetrahedral unit cell to find the
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relative orientation of the remaining DM vectors. It follows that the DM vec-

tors can be labeled by sublattice indices α, β, and that general site indices i,j

are not required. For concreteness, we use the cubic coordinate system shown

in Fig. 2.4, for which the four lattice sites are located at the positions (2.2).

We may take

v̂01 ∼
1√
2

(0, 1,−1) (2.19)

as our first DM vector, which indeed is parallel to the opposite bond rb3 − rb2.

The remaining DM vectors can be found by symmetry, see Appendix A. This

fixes all the DM vectors relative to each other, but as mentioned above, the

overall sign is not determined. The two possible signs correspond to two

configurations, known as direct and indirect. The above DM vectors are given

in the indirect configuration, following the convention on pyrochlore lattices

[55]. The direct configuration is found for D < 0, and is associated with

the AIAO order. The indirect configuration for D > 0 is associated with

another noncoplanar order. In bulk pyrochlore iridates one expects the direct

configuration, and there is ample experimental evidence for the AIAO order

for a wide array of systems [50–52,132,201,211].

In a thin film geometry, it is no longer possible, in general, to derive the

DM vectors by symmetry. To see this, consider the TKT trilayer in Fig. 2.5.

Any plane that contains a bond in the kagome plane, and the center of the

opposite bond, is no longer a mirror plane. However, planes containing the

bond connecting a site in the kagome plane to a site in one of the triangular
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layers still form mirror planes. Thus, if only symmetry is used, the thin film

DM vectors are underdetermined. In principle, one can fully determine them

using microscopic methods. In this work, we instead assume that the thin

film DM vectors are inherited from the bulk system. If we further imagine a

sandwich structure with non-magnetic, lattice matched support layers, as in

Fig. 2.3 (a), we can view the DM vectors as a lattice property. Then the bulk

DM vectors should be applicable throughout the heterostructure. Hence, the

thin film DM vectors are defined to be

ṽαβ = Rbulk→TKT v̂αβ. (2.20)

Note that these rotated DM vectors are still labeled by the bulk sublattice

indices 0, 1, 2, 3, rather than the TKT sublattice indices 0, 1, 2, 3, 4. Our next

step is to correct this, and find the spin-spin interaction matrices for thin film

systems.

2.3.3 Thin film spin model

In the following, we will find it convenient to change the site index i

into a unit cell index µ and a sublattice index α ∈ {0, 1, 2, 3}. Similarly, j gets

replaced by ν, β. Then the Hamiltonian (2.8) is written

H =
∑
〈µα,νβ〉

[
JSµα · Sνβ + Dαβ · (Sµα × Sνβ) + SaµαΓabαβS

b
νβ

]
. (2.21)

In the thin film case,

Dαβ = Dṽαβ, Γabαβ = Γ
(
ṽaαβ ṽ

b
αβ − δab/3

)
. (2.22)
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The mapping from the a bulk sublattice index ∈ {0, 1, 2, 3} to the TKT sub-

lattice index ∈ {0, 1, 2, 3, 4} is described in Table 2.2. As the TKT unit cells

has five sites one of the bulk sites has to show up twice - in this case in the

triangular layer sites. It can be checked that the two sites are connected by

bulk lattice vectors. Accounting for this relabelling of sublattices, we have

fully constructed the thin film spin model to be studied in the following sec-

tions. The KT model is constructed in the same manner, but excludes the site

labelled 4.

Table 2.2: Sublattice mapping between TKT and bulk coordinate systems.
TKT sublattice index Bulk sublattice index
0 0
1 3
2 1
3 2
4 2

2.4 Magnetic order

While the bulk pyrochlore iridates generally order in the all-in–all-out

configuration [50–52, 132, 201, 211], as would be expected from a mean-field

theory of (2.8) [55] the magnetic order in thin films is not as settled. Given the

lower symmetry in the thin film systems it is not clear whether the same order

should persist, and while experiments on thicker films of Eu2Ir2O7 provide

evidence for the AIAO order [62–64], previous theoretical studies (not at strong

coupling) in bilayers and trilayers are not conclusive [34, 86, 87]. Although
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these studies find different orders, we note that they provide evidence for a

q = 0 order (translationally invariant configuration), possibly with a small net

ferromagnetic moment.

Following the evidence for a q = 0 structure in both thin films and the

bulk systems, we look for a translationally invariant structure in a mean-field

theory of the model (2.21). Following a standard mean-field substitution

Sµα → 〈Sµα〉+ (Sµα − 〈Sµα〉) (2.23)

the Hamiltonian can be written

H = 2
∑
µα

∑
νβ

[JµανβSµα · 〈Sνβ〉

+ Dµανβ · (Sµα × 〈Sνβ〉) + ΓabµανβS
a
µα〈Sbνβ〉

]
, (2.24)

where constant and small terms have been neglected. We have also removed

the restriction on the sum by making the coupling constants depend on the

unit cell indices. The assumption of a fully ordered q = 0 structure implies

〈Sνβ〉 ≡ 〈Sβ〉. Formally we can write

H =
∑
µα

SaµαgµBB
a
eff,α, (2.25)

where the effective field from the other spins is

Ba
eff,α

2
=
∑
νβ

(
Jµανβ〈Saβ〉 − εabcDb

µανβ〈Scβ〉+ Γµανβ〈Sbβ〉
)
, (2.26)

in units with gµB = 1.
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Next we specialize to NN interactions on the TKT lattice, which re-

moves the µ, ν indices from the exchange matrices (e.g. Jµανβ → Jαβ). While

each lattice site in the bulk system has two NNs on sublattice β, a site in our

kagome plane need not - it only has one such NN if β corresponds to one of the

triangular layers. Meanwhile, a site in one of our triangular layers can have

zero or one NNs on sublattice β, but never two. This situation is expressed in

the exchange matrices

Jαβ =


0 2J 2J J J

2J 0 2J J J
2J 2J 0 J J
J J J 0 0
J J J 0 0

 , (2.27)

Dαβ = D


0 2ṽ03 2ṽ01 ṽ02 ṽ02

2ṽ30 0 ṽv31 ṽ32 ṽ32

2ṽ10 2ṽ13 0 ṽ12 ṽ12

ṽ20 ṽ23 ṽ21 0 0
ṽ20 ṽ23 ṽ21 0 0

 , (2.28)

Γabαβ =


0 2Γab03 2Γab01 Γab02 Γab02

2Γab30 0 2Γab31 Γab32 Γab32

2Γab10 2Γab13 0 Γab12 Γab12

Γab20 Γab23 Γab21 0 0
Γab20 Γab23 Γab21 0 0

 , (2.29)

where Γabαβ is given by Eq. (2.22). The exchange matrices for the KT bilayer

are obtained by simply taking the upper 4× 4 part of the TKT matrices.

To find the ground states, we use classical spin vectors of fixed length,

and solve the mean-field model variationally. While our approach neglects
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(a) TKT mean field state (b) KT mean field state

Figure 2.8: Magnetic ground states found on the thin film geometries. (a) The
TKT trilayer generically has the AIAO order, while (b) the KT bilayer has a
deformed AIAO state. The kagome planes are highlighted by shaded planes.

quantum effects, its use is justified here as a) it finds the correct order in the

bulk system, and b) the ground states we find for the thin film geometries are

found to be stable in a spin-wave analysis, see Sec. 2.5. In the TKT trilayer,

an AIAO state is found both for the parametrization in eqs. (2.10)-(2.12)

relevant for iridates, and for generic parameters with J ≥ 0, D < 0, Γ = 0.

This configuration is shown in Fig. 2.8a. In the KT bilayer, the symmetry

about the kagome plane is lowered further, resulting in a continuous family of

distorted AIAO states. A representative example is shown in Fig. 2.8b. These

spin configurations are different from the proper AIAO state in that the spins

meet in a point away from the center of the tetrahedron.

The distorted AIAO states can be characterized by the z coordinate

of the point where the spins intersect. Setting z = 0 in the kagome plane, a
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perfect AIAO state corresponds to z =
[
Rbulk→TKT (1, 1, 1)/(4

√
2)
]
z
≈ 0.102.

It turns out to be interesting to consider bilayer orders close to perfect AIAO

states, because that regime hosts topological magnon bands. However, the

parametrizations in Sec. 2.3.1 do not allow parameter values yielding such

orders. By instead cutting direct ties to these microscopic models it becomes

posssible to get arbitrarily close to the AIAO state. To do this, we set J = 1

and allow D < 0 and Γ to vary independently. Fig. 2.9a shows the optimal

z coordinate as a function of D, and Fig. 2.9b shows the associated optimal

value for the anisotropic coupling Γ. Now, reaching the AIAO state in this

model comes out the cost of requiring fine-tuning both D and Γ, as well as

unusually strong DMI |D|/J & 1. Indeed, based on existing experiments

one expects strengths closer to |D|/J ∼ 0.1 − 0.3 [52]. However, recent ab

initio calculations for thin film heterostructures suggest that certain pyrochlore

iridates may even have dominant DMI [253]. In addition one can consider

implementing the lattice in an optical lattice system, which may be capable of

reaching |D|/J = 1 [68]. Hence, the bilayer mean field states approximating

the AIAO order for |D|/J ≥ 0.7 are theoretically interesting, as they realize

topological magnon bands, and potentially more experimentally relevant than

they may seem at first glance.

Our discussion so far has made the implicit assumption of an ideal

sandwich structure, with undistorted iridium tetrahedra. This is a potential

issue, as distortion can have large effects on transition metal oxides in gen-

eral [143], and the pyrochlore iridates in particular generally have trigonally
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Figure 2.9: In (a) we plot the z coordinate of the KT bilayer order closest
to the AIAO state (represented by the solid line) as a function of the DMI
strength. Reaching this bilayer state most proximate to the AIAO state also
requires fine-tuning the anisotropic coupling Γ. In (b) the optimal value of Γ
is plotted as a function of the DMI strength. The Heisenberg coupling is set
to J = 1.

distorted oxygen octahedra [41, 208, 222, 249]. For weakly distorted tetrahe-

dra, assuming the electron structure is still described by the jeff = 1/2 state,

the Slater-Koster construction would result in rescaled hopping integrals on

certain bonds. Thus we can consider the effect of weak distortions by scaling

exchange parameters. We consider three ansatzes

(a) Jout = cJin with other exchange parameters unchanged,

(b) scaling all out-of-plane parameters by c,

(c) Jout = cJin, DMout = cDMin and Γout = c2Γin,

where the subscript in denotes a bond in the kagome plane (in-plane bond),

and out denotes a bond connecting a site in the kagome plane to a site in a
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triangular layer (out-of-plane). Ansatz (b) corresponds to scaling t or U in

(2.15)-(2.17), and is perhaps the most realistic of the three. We neglect any

changes in DM vectors due to distortion, and explore the range c ∈ [0.7, 1.3],

c 6= 1. For these values and ansatzes, both TKT and KT systems yield the

same family of deformed AIAO states as found for the ideal KT bilayers.

Before moving on to the spin-wave analysis, we provide an estimate

of the ordering temperatures for the thin film systems. Both kagome and py-

rochlore Heisenberg antiferromagnets (without DMI) have an extensive ground

state degeneracy. The degeneracy is lifted by the DMI, causing the system to

order. Hence the DM strength is expected to set the ordering temperature,

which is evidenced in classical Monte Carlo simulations. For kagome systems

with DM vectors perpendicular to the plane the ordering temperatures are

found to follow Tc ≈ D [54]. Similarly, for bulk pyrochlore lattices with the

direct DM vector configuration Tc ≈ 2.5D [55]. We obtain a conservative es-

timate for the ordering temperature in the thin films by scaling the kagome

Tc

TTKT
c =

z̄TKT

zkagome

T kagome
c ≈ 1.2D, (2.30)

TKT
c =

z̄KT

zkagome

T kagome
c ≈ 1.125D, (2.31)

where zkagome = 4 is the coordination number for the kagome lattice, and

z̄TKT = 4.8, z̄KT = 4.5 are the average coordinations on the TKT and KT

lattices.
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2.5 Spinwave spectra

The natural low energy excitations about the ordered states are de-

viations from the groundstate, or spinwaves. The spinwave spectra for bulk

pyrochlore iridates were previously studied by Lee et al. [122], employing the

parametrization in eqs. (2.15)-(2.17). To have comparable results, we uti-

lize the same parametrization in the TKT trilayer case. As discussed in the

previous section, we use independently chosen parameters in the KT bilayer,

designed to yield states proximate to the AIAO order. The procedure is as

follows: we apply a sublattice-dependent spin rotation, introduce Holstein-

Primakoff (HP) bosons, truncate the bosonic Hamiltonian to quadratic order,

Fourier transform it, and diagonalize it using a Bogoliubov transform.

2.5.1 Spin rotation and truncated Hamiltonian

First we write the spin Hamiltonian (2.21) on the generic form

H =
∑
ij

Sai Λab
ij S

b
j , (2.32)

where Λij is the full spin-spin interaction matrix. In order to describe devi-

ations about a noncollinear ground state, it is convenient to rotate the spin

quantization axis at each site i such that the z component of the spin points

along the direction of the local ordered moment. We write

Sai =
[
Ri

(
S̃i

)]a
= Rab

i S̃
b
i , (2.33)

where Si is the spin operator in the global coordinate system, and S̃i is the

spin operator with the local coordinate system appropriate at site i. For

32



generic spin configurations this rotation can be unique to a given site i, but

for the case at hand the rotation just depends on the sublattice. Note that

the SO(3) rotation matrix Ri preserves the right-handedness of the global

coordinate system, and thus is a canonical transformation. The transformed

spin operators interact through a new spin-spin interaction matrix Λ̃ij,

H =
∑
ij

[
RT
i ΛijRj

]ab
S̃ai S̃

b
j ≡

∑
ij

Λ̃ab
ij S̃

a
i S̃

b
j . (2.34)

Next we introduce the Holstein-Primakoff representation [12] for the rotated

spin operators

S̃zi = s− a†iai, S̃+
i =

√
2s− a†iaiai, S̃−i = a†i

√
2s− a†iai, (2.35)

whereby deviations from the noncollinear ground state is described in terms

of bosonic magnons. We formally use a large-s expansion for the square roots,

and truncate the boson Hamiltonian at quadratic order. The Ir jeff = 1/2

moments mean that 2s = 1, and that the expansion parameter is not small.

However, the expansion remains justified at least at low temperatures where

〈a†iai〉 � 2s. In addition, the convergence of the asymptotic expansion for

s = 1/2 is often very good in practice [28, 40, 93]. In carrying out the trun-

cation of the Hamiltonian we neglect magnon-magnon interactions, which is

also justified at low temperatures.
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The truncated version of the Hamiltonian (2.34) now takes the form

∑
ij

Λ̃ab
ij S̃

a
i S̃

b
j =

∑
ij

{
Λ̃xx
ij

1

4

(
aiaj + a†ia

†
j + aia

†
j + a†iaj

)
+ Λ̃yy

ij

1

4

(
−aiaj − a†ia

†
j + aia

†
j + a†iaj

)
+ Λ̃zz

ij

[
1

4
− 1

2

(
a†iai + a†jaj

)]
+ Λ̃xy

ij

1

4i

(
aiaj − a†ia

†
j − aia

†
j + a†iaj

)
+ Λ̃zy

ij

1

4i

(
aj − a†j

)
+ Λ̃yx

ij

1

4i

(
aiaj − a†ia

†
j + aia

†
j − a

†
iaj

)
+ Λ̃yz

ij

1

4i

(
ai − a†i

)
+Λ̃xz

ij

1

4

(
ai + a†i

)
+ Λ̃zx

ij

1

4

(
aj + a†j

)}
. (2.36)

Hence the magnon number is not conserved. As a consistency check, we should

find that the terms linear in a and a† vanish. The reason for this is that the

spin waves are assumed to be deviations from a stable classical ground state.

Terms linear in the magnon creation and annihilation operators can be viewed

as effective, spin-flipping magnetic fields. The presence of such fields would

imply that the assumed groundstate is unstable, and thus cannot represent the

actual groundstate [190, p. 309] [49]. This requirement implies the conditions

∑(
Λ̃xz
ij ± Λ̃yz

ij

1

i

)
= 0, (2.37)∑(

Λ̃zx
ij ± Λ̃zy

ij

1

i

)
= 0, (2.38)

where the sums may be taken over a unit cell.
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2.5.2 Fourier transform

To proceed we replace the site index i by a unit cell index µ and sublat-

tice index α. In this section, these are the thin film sublattice indices described

in Table 2.2. (For the sake of brevity and clarity we do not show the relabelling

explicitly here.) The coordinate of this site is written ~ri = Rµ + rα, where

rα are the basis vectors (2.4)-(2.5). Next we Fourier transform the HP boson

Hamiltonian, using the convention

aα (Rµ) =
1√
N

∑
k

eik·Rµeik·rαaα (k) , (2.39)

a†α (Rµ) =
1√
N

∑
k

e−ik·Rµe−ik·rαa†α (k) . (2.40)

We have labeled the sublattice by a subscript rather than a position vector,

since the different sublattices correspond to different boson species with sep-

arate energy bands. The unit cell index µ will be summed over, however,

resulting in a Kronecker δ function for the momentum variables.

After the Fourier transform and nearest-neighbor approximation the

Hamiltonian can be written

H =
1

2

∑
αβ

∑
k

[
Aαβ (k) a†α (k) aβ (k) +Bαβ (k) a†α (k) a†β (−k)

+ B?
αβ (−k) aα (−k) aβ (k) + A?αβ (−k) aα (−k) a†β (−k)

]
, (2.41)
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where the A and B matrices are given by

Aαβ (k) = −δαβfα+ 0 2 cos(k1)A01 2 cos(k2)A02 eik3A03 e−ik3A04

2 cos(k1)A10 0 2 cos(k12)A01 ei(k31)A13 e−i(k31)A14

2 cos(k2)A20 2 cos(k12)A21 0 ei(k32)A23 e−i(k32)A24

e−ik3A30 ei(k13)A31 ei(k23)A32 0 0

e+ik3A40 e−i(k13)A41 e−i(k23)A42 0 0

, (2.42)

Bαβ (k) = 0 2 cos(k1)B01 2 cos(k2)B02 eik3B03 e−ik3B04

2 cos(k1)B10 0 2 cos(k12)B01 ei(k31)B13 e−i(k31)B14

2 cos(k2)B20 2 cos(k12)B21 0 ei(k32)B23 e−i(k32)B24

e−ik3B30 ei(k13)B31 ei(k23)B32 0 0

e+ik3B40 e−i(k13)B41 e−i(k23)B42 0 0

. (2.43)

Here kα ≡ k · rα, kαβ ≡ kα − kβ, and

Aαβ =
1

4

[
Λ̃xx
αβ + Λ̃yy

αβ − iΛ̃
xy
αβ + iΛ̃yx

αβ

]
, (2.44)

Bαβ =
1

4

[
Λ̃xx
αβ − Λ̃yy

αβ + iΛ̃xy
αβ + iΛ̃yx

αβ

]
. (2.45)

Finally, we have the term −δαβfα in (2.42). It is the only term not coupling

different sublattices, due to its origin in S̃zi S̃
z
j = (s − a†iai)(s − a

†
jaj) ≈ s2 −

sa†iai − sa
†
jaj. It is given by

fα =
1

2

∑
γ

fαγ, (2.46)

where f is the symmetric matrix

f =


0 2Λ̃zz

01 2Λ̃zz
02 Λ̃zz

03 Λ̃zz
04

2Λ̃zz
10 0 2Λ̃zz

12 Λ̃zz
13 Λ̃zz

14

2Λ̃zz
20 2Λ̃zz

21 0 Λ̃zz
23 Λ̃zz

24

Λ̃zz
30 Λ̃zz

31 Λ̃zz
32 0 0

Λ̃zz
40 Λ̃zz

41 Λ̃zz
42 0 0

 . (2.47)

These expressions are valid for the TKT trilayer. In the KT bilayer it suffices

to restrict the sums over α, β in (2.41), and the sum over γ in (2.46), to

0, 1, 2, 3, instead of 0, 1, 2, 3, 4.
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2.5.3 Diagonalization and topological magnon bands

The Hamiltonian is written on a matrix form using a Bogoliubov trans-

formation,

H =
∑
k

X†k h (k) Xk, h (k) =

[
A (k) B (k)
B? (−k) A? (−k)

]
, (2.48)

where Xk =
(
a0 (k) , . . . am (k) , a†0 (−k) , . . . a†m (−k)

)T
is the usual

vector of creation and annihilation operators. We have m = 4 and m = 3, for

the TKT and KT geometries, respectively. In a fermionic system we would

now simply diagonalize h (k) unitarily. In a bosonic system, that would, how-

ever, generally result in quasiparticles that do not satisfy bosonic commuta-

tion relations [43, 49, 235]. To ensure that the diagonalization transformation

is canonical, we can instead diagonalize gh (k) 6, where

g =

(
In×n 0

0 −In×n

)
, (2.49)

and In×n is the n×n identity matrix. For the TKT and KT systems, n = 5 and

n = 4, respectively. We keep the physical states, which are those corresponding

to positive eigenvalues of gh (k) 7.

6This procedure is known as paraunitary diagonalization, and is generally possible if
h (k) is both hermitian and positive definite [43]. Further, if a spin-wave Hamiltonian is
not positive definite it would permit negative energy excitations, implying that groundstate
is not stable. Hence, we find that checking positive definiteness of h (k) throughout the
Brillouin zone is useful as a consistency check.

7The Bogoliubov transformation doubles the Hilbert space, making eigenvalues of gh (k)
show up in pairs ±λ [43]. For bosons, only positive energy states can be physical, as can
easily be seen from the quantum harmonic oscillator Hamiltonian H = εa†a, which would
not be stable for ε < 0. Similarly, the Bose-Einstein distribution function g = 1/(exp(βε)−1)
would predict negative occupation numbers for ε < 0.
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The resulting spin-wave spectra for the TKT trilayer are shown in

Fig. 2.10 for different values of the parameter θ between the DMI-dominated

θ = 1.57 to approaching the Heisenberg limit at θ ≈ 0.96. The KT bilayer

spectra are shown in Fig. 2.11 for select values of the DM strength and the

anisotropic coupling Γ, both chosen to achieve a state close to the AIAO or-

der. In the bulk system, a threefold degeneracy at the Γ point is guaranteed by

the cubic symmetry [122], but the degeneracy is lifted in the lower symmetry

thin film geometries. As a result, we generically find bands isolated from each

other. Hence, all bands have well-defined (first) Chern numbers (1.2). We

calculate these using a momentum space lattice discretization method due to

Fukui et al [65]. We turn out to find non-zero Chern numbers in a large re-

gion of parameter space. The nontrivial topology is due to the DMI causing a

noncoplanar spin texture, which induces a nontrivial Berry phase on magnons

travelling through the Brillouin zone.

We first focus on the TKT spectra in Fig. 2.10. There is a gap closing

between the lowest two bands at θc = 1.26, otherwise the bands are separated.

At θ = 1.57 the direct gap between the two lowest bands is 0.114t2/U . If we

consider Y2Ir2O7 as our prototype Mott-insulating AIAO magnet, we may use

the value U = 2.5 from first-principle calculations on the bulk material [211].

Assuming U/t = 6, the gap is 92K. The iridates are most likely in the interme-

diate coupling regime with lower U/t ratios, so this provides a lower estimate

of the gap. At θ = 0.96 the direct gap is higher, 0.135t2/U . Hence, away from

the gap closing at θc these gaps should correspond to experimentally accessible
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temperatures. The TKT bands (apart from the θ = 0.96 case approaching the

Heisenberg limit) have flatness ratios on the order of 1/10, where the flatness

ratio is defined as the ratio of the band gap to the bandwidth. The TKT case

generically has topologically nontrivial bands. To illustrate this, we plot the

Chern number of the lowest band in Fig. 2.12, which shows a sharp topological

transition at the band closing θc.

In the KT spectra, we consider the regime with |D|/J ≥ 0.7. The

value of Γ/J is chosen to engineer a magnetic configuration as close to the

AIAO state as possible. As shown in Fig. 2.11 there is a gap closing around

D/J = −1.3. For the range 0.7 < |D|/J < 1.3 the lowest band is found to

be topological, as shown in Fig. 2.13, whereas the band becomes topologically

trivial for |D|/J > 1.3. The gap for |D|/J = 0.7 is found to be 0.3J . A

resonant magnetic x-ray scattering experiment on Sm2Ir2O7 reported J =

27.3(6)meV [52]. If we use that value (along with our considerably higher

DMI strength), the gap becomess ≈ 95K and the flatness ratio of the lowest

band is approximately 1.

We further note that the presence of relatively flat bands imply that

magnon-magnon interactions could lead to interesting correlated boson behav-

ior. The argument for this is that the semiclassical velocity v ∝ ∇kε vanishes

for a flat band, quenching the kinetic energy and making interactions the only

relevant energy scale. The interaction effects are particularly interesting in the

case of very flat, topologically nontrivial bands [14]. Our bands do, however,

have some dispersion, particularly away from the Heisenberg limit. (In that
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Figure 2.10: Spin-wave spectra in the trilayer system. Energies are given in
units of t2/U . There is a band closing at θc = 1.26, associated with a sign
change in the Chern number of the lowest band, from +1 for θ > θc to −1 for
θ < θc.
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Figure 2.11: Spin-wave spectra in the bilayer system. Energies are given in
units of the Heisenberg coupling J . There is a band closing around D = −1.3,
separating the topological sector with Chern number −1 from the trivial sector
at |D| > 1.3.
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Figure 2.12: Chern number of the lowest band in the TKT trilayer system.
There is a sharp topological transition at θc = 1.26.
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Figure 2.13: Absolute value of the Chern number of the lowest KT magnon
band as a function of the DM strength D, for J = 1 and Γ chosen to approxi-
mate the AIAO order.

42



limit, our mean-field and spin-wave results are also less reliable in the first

place.) We thus neglect those effects here, but speculate that further range in-

teractions (longer range hopping terms for the magnons) may produce higher

flatness ratios, as they do in the case of electronic Chern insulators [20].

2.6 Magnon thermal Hall conductivity

We calculate Ωnk on momentum space grids of 1000 × 1000 sites [65].

Then the magnon thermal Hall conductivity κxy (1.6) is computed for both

TKT and KT systems. The resulting thermal conductivity for select parameter

values is plotted in Fig. 2.14, for temperatures up to the estimated ordering

temperatures (2.30)-(2.31). In the non-trivial sectors, there is a sign change

in κxy as a function of temperature, which provides a direct signature of the

band topology. For TKT systems with θ > 1.12 and KT systems in the

topological sector, this sign change takes place below the estimated ordering

temperatures. The sign of the initial bump is due to the topological sector

of the lowest band. As higher bands of opposite sign Berry curvature become

populated, it becomes a competition between the rising c2 function of the

lower bands, and the Berry curvatures of the higher bands. The sign change

occurs when higher bands come to dominate the transverse thermal transport.

Such a sign change has also been shown to occur in ferromagnetic kagome

systems [123], where the thermal Hall effect persists into the paramagnetic

regime above the ordering temperature. Note that the sign change does not

occur in all systems. In e.g. two-band models, the Berry curvatures must be
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Figure 2.14: Magnon thermal Hall conductivity for TKT trilayer system with
(a) θ = 1.57, and (b) θ = 1.15. The thermal energy kBT is given in units of
t2/U . In (c) and (d) magnon Hall conductivity is shown for the KT bilayer
system with (c) D = −0.7, and (d) D = −1.3, respectively. In (a), (b) and
(c), the sign of the initial bump depends on the sign of the Chern number
of the lowest band. At higher temperatures, bands with opposite sign Berry
curvatures contribute and eventually come to dominate. In (d) the system is
in the trivial sector for the lowest band, and there is no sign change.
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equal and opposite, so the upper band can never overcome the lower one [177].

As an estimate of the sensitivity required to experimentally resolve the

sign change we use the magnitude of the inital bump. For TKT systems with

U = 2.5 eV, t = U/6, we find 2.2 · 10−11 W/K for θ = 1.15, and 1.7 · 10−11

W/K for θ = 1.57. For the KT bilayer with J = 27.3 meV, we find 1.9 · 10−12

W/K. Hence a sensitivity of ≈ 10−11 W/K is required. In experiments on

suspended thinfilms, sensitivities of less than 10−8 W/K have been achieved

[214]. For nanowires, sensitivities on the order of 10−11 W/K are reported

[248]. Although the conductance we predict is a topological property, which

allows for shrinking and shaping the sample in order to minimize spurious

substrate contributions, there is no doubt that would be difficult to achieve

the sensitivity required to experimentally observe the signal from a single

layer. Instead, one can consider stacks of several layers, which should produce

stronger signals. In fact, a recent work predicts a magnon thermal Hall effect

in bulk pyrochlore iridates in the presence of applied magnetic fields [91].

The iridates may be away from the strong-coupling limit, in which case

the magnon bands would broaden. If two nearby bands broaden, the higher

band will begin to contribute to the thermal Hall conductivity at tempera-

tures lower than in the non-broadened case. If the two bands happen to have

opposite Chern number, the conductivity can get suppressed. If it occurs to

the lowest two bands, the height of the initial peak is reduced. However, while

the Berry curvature is strongest near the avoided crossings, there is also a

non-negligible amount of Berry flux in other parts of the Brillouin zone. The
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signal should thus only disappear if the bands come to fully overlap. From

RPA and spin-wave calculations in bulk pyrochlore iridates, the broadening

effect can be estimated to be / 3meV (or 35K), at least away from the frus-

trated limit [122]. Hence, only qualitative modifications to the magnon Hall

response are expected away from the topological transition points.

2.7 Doping effects

We conclude our study of pyrochlore iridate thinfilms at strong coupling

by considering the effects of doping the TKT system away from half-filling.

Our treatment is similar in spirit to that of cuprate high-temperature super-

conductors [124,172], where the idea is that an undoped parent compound can

be described as a Mott insulator, with some kind of antiferromagnetic order

at low temperatures. By doping the Mott insulator away from half-filling, new

carriers become available and may form Cooper pairs. In the cuprates, where

the spin-orbit coupling is small, this results in a d-wave superconducting state.

By adapting some of the same methods, we predict both an s-wave, and an

unconventional d+id superconducting state in the pyrochlore iridate thinfilms.

These states have an unusual sign structure for the pairing order parameter,

reminiscent of noncentrosymmetric superconductors [19, 213].

We start from the spin Hamiltonian (2.21), which was derived under the

assumption of half-filling. When a constant filling fraction cannot be assumed,
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the proper expression is

H ′ = H −
∑
〈i,j〉

Jninj/4, (2.50)

where ni is the fermion number operator. We introduce dopants through a

hopping term

Ht = −t
∑
〈ij〉σ

(
c†iσcjσ + H.c.

)
, (2.51)

where c† is the fermionic creation operator for the dopants. The sum H ′ +

Ht will be called a t − J-like model. In what follows, we will use a hidden

symmetry of the Hamiltonian (2.21) to derive order parameters that satisfy

the symmetries of the Hamiltonian in Sec. 2.7.1, and develop a slave-boson

mean-field theory in Sec. 2.7.2, and solve the system numerically in a self-

consistent manner. The resulting phase diagram is reported and discussed in

Sec. 2.7.3.

2.7.1 Order parameters from a hidden symmetry

We can rewrite Eq. (2.50) as H ′ =
∑
〈i,j〉 (Hij − Jninj/4), where

Hij = JSi · Sj + Dij · (Si × Sj) + Sai Γabij S
b
j . (2.52)

For the discussion in this section, only the spin-spin interactions term are

important, so for simplicity, we assume half-filling for now. This expression

has a hidden symmetry [210], by which Hij can be mapped onto an isotropic

Heisenberg form

Hij = J0S
′
i · S′j. (2.53)
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This is achieved by a SO(3) spin rotation about an axis given by the DM

vector v̂ij, by an angle φi = φ = −φj, such that

S′i = (1− cosφ) (v̂ij · Si) v̂ij + cosφSi − sinφSi × v̂ij, (2.54)

S′j = (1− cosφ) (v̂ij · Sj) v̂ij + cosφSj + sinφSj × v̂ij. (2.55)

Note that the rotation depends on the bond through the DM vector. If it did

not, the full Hamiltonian would be a sum of (equal) isotropic terms (2.53), and

would have a (classically) extensive degeneracy, in disagreement the mean-field

orders we found in Sec. 2.4. Using the identity

(A×B) · (C×D) = (A ·C) (B ·D)− (A ·D) (B ·C) (2.56)

for the scalar quadruple product, we find

S′i · S′j =

[
cos2 φ− sin2 φ

3

]
Si · Sj + 2 sinφ cosφv̂ij · (Si × Sj)

+ 2 sin2 φSai

[
vaijv

b
ij −

δab

3

]
Sbj . (2.57)

We identify the coefficients

J = J0

[
cos2 φ− sin2 φ

3

]
, (2.58)

D = J02 sinφ cosφ, (2.59)

Γ = J02 sin2 φ. (2.60)

Comparing to the parametrization in eqs. (2.15)-(2.17) we find J0 = 4t2/U

and φ = θt/2− θ. The angle φ is zero in the Heisenberg limit, and generically

non-zero in the presence of SOC.
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Next, we represent the spin operators in a rotated term (2.53) by

fermionic spinons f ′σ through

S ′ai =
1

2
f ′†iστ

a
σσ′f

′
iσ′ , (2.61)

subject to the local constraint
∑

σ f
′†
iσf
′
iσ = 1 [124]. We will later modify

these local constraints to allow for deviations from half-filling. We will also

approximate them by global constraints for each sublattice. For now, note

that each rotated term is formally equivalent to the corresponding Heisenberg

term in the standard t− J model,

H =
∑
〈i,j〉

J

(
Si · Sj −

1

4
ninj

)
−
∑
ij,σ

tij

(
c†iσcjσ + H.c.

)
. (2.62)

We can thus apply the usual t − J order parameters to Eq. (2.53). In terms

of the f ′ operators, S′i · S′j may be decoupled into a spin-conserving exchange

parameter

χ̂′ij = f ′†iαf
′
jα, (2.63)

and a singlet pairing parameter

∆̂′ij = f ′iαiτ
y
αβf

′
jβ = f ′i↑f

′
j↓ − f ′i↓f ′j↑. (2.64)

Although it is tempting to directly construct a mean-field theory in terms of

these order parameters, the site and bond dependent spin rotations would make

it difficult to interpret the results. Instead, we will undo the SO(3) rotations

using SU(2) transformations acting on the spinon indices. This procedure is

inspired by similar methods developed for Schwinger boson theories [145,153].
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To make the SO(3) and SU(2) nature of the rotations more explicit, we

can write

1

2
f ′†iσ~τσσ′f

′
iσ′ = S′i = RijSi =

1

2
fiαRij~ταβfiβ, (2.65)

where the SO(3) rotation matrix Rij acts on the vector index a of ~ταβ. If we

instead implement Rij by a SU(2) transformation

1

2
f ′iα
†~ταβf

′
iβ =

1

2

(
f †i U

†
ij

)
α
~ταβ (Uijfiβ)β , (2.66)

or f ′iβ = [Uij]βγ fiγ. Applying these transformations to the χ′ and ∆′ order

parameters, we find

χ̂′ij = cos (θt/2− θ) χ̂ij + sin (θt/2− θ) ψ̂ij, (2.67)

∆̂′ij = cos (θt/2− θ) ∆̂ij − sin (θt/2− θ) ξ̂ij. (2.68)

The order parameters obtained this way are given by

χ̂ij = f †iαfjα, ψ̂ij = f †iα (iv̂ij · ~τ)αβ fjβ, (2.69)

∆̂ij = fiαiτ
y
αβfjβ, ξ̂ij = fiα (τ yv̂ij · ~τ)αβ fjβ, (2.70)

and represent spin-conserving exchange, non-spin-conserving exchange, singlet

pairing, and triplet pairing of spinons, respectively. They can be shown to

satisfy

(χ̂ij)
† = χ̂ji,

(
ψ̂ij

)†
= ψ̂ji, ∆̂ij = ∆̂ji, ξ̂ij = ξ̂ji. (2.71)

It is interesting to compare these to similar order parameters used for doped

Heisenberg-Kitaev models [173,174],

eγij = f †iατ
γ
αβfjβ, tγij = fiα (iτ γτ y)αβ fjβ, (2.72)
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where γ is the bond index for the Kitaev model on the honeycomb lattice. eγ

and tγ correspond to ψ̂ and ξ̂, respectively. In comparison, our order parame-

ters have different bonds weighted by their DM vectors. This is a reflection of

the spin-lattice coupling due to the DMI, an effect that vanishes in the limit

of zero spin-orbit coupling (θ → θt/2).

2.7.2 Slave-boson mean-field theory

It is now time to consider doping away from half-filling, by including

the hopping Hamiltonian (2.51). Since we are doping a Mott insulator, the

electron-electron interactions are strong, and disfavor double occupation of a

lattice site i. This can be expressed in the form of a constraint∑
σ

c†iσci ≤ 1, (2.73)

but it is nonholonomic and thus difficult to implement in practice. A fermionic

creation operator is faithfully represented

c†iσ = f †iσbi + εσ,σ′fiσ′d
†
i , (2.74)

when subject to constraint f †iσfiσ + b†ibi + d†idi = 1. Here bi is the annihila-

tion operator of a slave boson particle, corresponding to a vacancy at site i.

Similarly, di is the slave boson that corresponds to double occupancy. Then

double occupancy can be projected out, leading to

c†iσ = f †iσbi, (2.75)

subject to f †iσfiσ + b†ibi = 1. This constraint is holonomic, and can be imple-

mented with a Lagrange multiplier. The price we pay to have a well-behaved
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constraint, is the inclusion of a slave boson particle. In addition, the operator

defined in Eq. (2.75) no longer satisfies fermionic commutation relations, but

produces the right matrix elements in the reduced Hilbert space [124,172].

In terms of the previously derived order parameters, our t − J-like

Hamiltonian becomes

H ′ =
∑
〈i,j〉

{
−t
(
c†iσcjσ + H.c.

)
+
J0

4

[
f †iσfiσ − cos2 φ

(
χ̂ijχ̂

†
ij + ∆̂†ij∆̂ij

)
− sinφ cosφ

(
χ̂ijψ̂

†
ij + ψ̂ijχ̂

†
ij − ∆̂†ij ξ̂ij − ξ̂

†
ij∆̂ij

)
− sin2 φ

(
ψ̂ijψ̂

†
ij + ξ̂†ij ξ̂ij

)]
− J

4
ninj

}
. (2.76)

We write

ninj =
(

1− b†ibi
)(

b†jbj

)
≈ 1− b†ibi − b

†
jbj, (2.77)

where we have neglected a boson-boson interaction term, which is valid for

low doping. By also working at low temperatures, we can assume that all

bosons are condensed so that 〈b†ibi〉 = 〈b†ibj〉 = δ. Then the doping level can

be measured in the parameter δ, only the spinons have dynamic degrees of

freedom, and the hopping term acquires the mean-field form

Ht = −tδ
∑
〈ij〉

(
f †iσfjσ + H.c.

)
. (2.78)

Next we introduce mean-field decouplings for all the order parameters,

assuming a translationally invariant solution (that repeats every unit cell).

Initially this results in a model with no less than 36 mean-field parameters
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– there are 9 a priori independent χαβ for example 8. In order to make the

problem more tractable we introduce two ansatzes, for s- and d-wave super-

conducting states. In both ansatzes we distinguish between in-plane bonds

(connecting two sites in the kagome plane), and out-of-plane bonds (connect-

ing a site in the kagome plane to one site in a triangular layer). These are

necessarily different in that the kagome and triangular lattice sites have dif-

ferent coordination numbers. We assume that the exchange parameters χin,

χout, ψin, and ψout are real-valued and constant, where χin = χ01 = χ02 = χ12,

χout = χ03 = χ04 etc., consistent with the condition (2.71). The triplet order

parameter is assumed to be zero. In the s-wave ansatz,

(∆01,∆02,∆03,∆04) = (∆in,∆in,∆out,∆out) , (2.79)

and in the d-wave ansatz

(∆01,∆02,∆03,∆04) =
(
∆in,∆ine

i2π/3,∆oute
iπ/3,∆oute

iπ/3
)
. (2.80)

Since the spinons are s = 1/2 objects, we require the phase of the order

parameter to change by 4π as we sweep a circle in real space. The phases in

the ansatz are chosen to make the phase change rate constant over the circle.

This d-wave ansatz is complex in momentum space, and thus breaks time

reversal symmetry, and represents a d+ id state. In addition to making these

ansatzes, we also neglect the sin2 φ terms. This approximation is justified in

the region of interest, with realistic SOC strengths.

8The TKT lattice has bonds (01), (02), (03), (04), (12), (13), (14), (23), and (24), see
Fig. 2.5. The parameters for reverse bonds are obtained using Eq. (2.71).
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To solve the model we relax the local constraint 1 = δ +
∑

σ f
†
iσfiσ

and require it only to be satisfied on average for each sublattice. The new

constraints are implemented using two Lagrange multiplier λin and λout, for

the in- and out-of-plane constraints, respectively. The mean-field model is

solved self-consistently and numerically. We make an initial guess for the order

parameters, and determine values for the Lagrange multipliers such that the

constraints are satisfied. Then we diagonalize the Hamiltonian, and calculate

new values for the order parameters using expressions for expectation values

in Appendix B. The self-consistent parameters are updated using conservative

mixing, and new values for the Lagrange multipliers are found. The process

is repeated until convergence is found.

2.7.3 Self-consistent phase diagram

For given values of the doping strength δ and the spin-orbit-coupling

parameter θ we find self-consistent s- and d+ id-wave solutions, and compare

their energies. The results are summarized in the phase diagram of Fig. 2.15.

At low doping and SOC the s-wave ansatz is found to be energetically favor-

able. There is a transition to the d+ id-wave state at a finite doping strength

δc (θ), which decreases with increasing SOC strength θ. For sufficiently strong

doping, above δ ≈ 0.2, the singlet pairing order parameter ∆ vanishes. This

region is characterized by non-zero exchange parameters, and corresponds to

a Fermi liquid state.

A peculiar feature of both the self-consistent s- and d + id-wave solu-
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tions is that the pairing order parameter has different signs for the in-plane and

out-of-plane bonds, i.e. sgn (∆out) = −sgn (∆in). The sign change can be un-

derstood by analogy to layered, noncentrosymmetric superconductors. There

are materials where the noncentrosymmetricity can induce a Rashba spin-orbit

coupling term that alternates in sign between layers, which leads to a similar

sign change in the superconducting order parameter [57, 212, 240]. Although

our model does not explicitly contain a Rashba-like term, we have spin-orbit

coupling present in the form of DM and Γ interactions. In the TKT lattice they

produce an AIAO order, as in Fig. 2.8a. In this configuration, the moments in

the kagome plane average to an effective field Beff ∼ +ẑ, whereas the moments

in each triangular plane produce effective fields Beff ∼ −ẑ. Hence, the AIAO

order results in the same kind of sign structure as the effective magnetic field

due to the Rashba effect in noncentrosymmetric materials.

Finally we comment on the possibility of triplet superconductivity (e.g.

p-wave) in the TKT systems. While we neglected triplet pairing in the results

reported above, we have also unsuccessfully searched for signatures of p-wave

superconductivity. In hindsight we can understand this using the same analogy

to noncentrosymmetric superconductors. In such materials it has been shown

that spin-orbit effects (including the Rashba effect) are generally detrimental

to triplet pairing [5, 19], with certain exceptions [59].

55



d+id

s-wave

Fermi liquid

θt
2 1.1 1.2 1.3 1.4

θ0.00

0.05

0.10

0.15

0.20

δ

Figure 2.15: Phase diagram for the t-J-like model in the trilayer system.

2.8 Summary and Conclusions

In this chapter we discussed pyrochlore iridate KT bilayer and TKT

trilayer thin films at strong coupling. The magnetic ground states were found

on the mean-field level, resulting in an all-in–all-out state for the TKT system,

and a distorted AIAO order for the KT system. These magnetic configurations

were used as starting points for a spin-wave analysis. For general parameters,

the TKT magnon bands were found to be topologically nontrivial. In the KT

case, topological bands can be realized by tuning the DMI and Γ interaction

strengths. In the topological sector, a thermal Hall effect of magnons was

predicted. The associated transverse thermal conductivity was shown to dis-

play direct signatures of the underlying topology. Lastly, the effects of doping

the TKT system were studied. A phase diagram was constructed, showing
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regions of s-wave superconductivity, as well as unconventional, time-reversal

symmetry-broken d + id-wave superconductivity. Both states were found to

have an unusual sign structure for the superconducting order parameter. This

work complements earlier studies that started from the weak-coupling limit,

draws connections from pyrochlore iridates to layered superconductors and

magnon Hall physics, and suggests that pyrochlore iridate thin films grown

along the [111] direction are a promising candidate for topological properties

and unconventional orders.
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Chapter 3

Kagome Antiferromagnets with

Dzyaloshinskii-Moriya Interactions

In this work 1 we analyze the magnetic and topological properties of

kagome antiferromagnets with both in- and out-of-plane Dzyaloshinskii-Moriya

interactions. In particular we focus on materials that order in a noncoplanar

“umbrella” magnetic configuration. These include oxides like iron jarosites [54,

61,148,149,170,247,259], chromium jarosites [95,125], veseignite [265], and the

recently introduced Nd3Sb3Mg2O14 compound [205]. Our main results are new

expressions for the canting angle, and the prediction of a large magnon thermal

Hall effect. This effect is further shown to be tunable in magnetic fields, or

by varying the in-plane DMI. By tuning a (possibly staggered) magnetic field

so that the canting almost vanishes, we also demonstrate that the previous

understanding of the origin of topological magnons in noncollinear kagome

systems is incomplete.

In Sec. 3.1 we introduce the model and magnetic order, derive expres-

1The results presented here are based on the research article: Pontus Laurell and Gre-
gory A. Fiete, Magnon thermal Hall effect in kagome antiferromagnets with Dzyaloshinskii-
Moriya interactions, arXiv:1804.09783 (2018). P. Laurell suggested the project, performed
the calculations, and wrote the computer code. G. A. Fiete supervised the project. Both
authors participated in discussions, and in writing the manuscript.
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sions for the canting angle, and survey experimentally relevant materials. In

Sec. 3.2 we carry out a spin-wave analysis for potassium iron jarosite, and find

topologically nontrivial magnon bands. In Sec. 3.3 we calculate the magnon

thermal Hall conductivity as a function of temperature, applied transverse

magnetic fields, and in-plane DMI strength. The chapter ends with a sum-

mary and conclusions section 3.4.

3.1 Model and canted magnetic order

3.1.1 Spin model

The kagome lattice, shown in Fig. 3.1, is a network of cornersharing

triangles, and in some ways a two-dimensional counterpart to the pyrochlore

lattice, which consists of cornersharing tetrahedra. It has three sublattices,

which we will label α, β, γ, and is described using the same coordinate system

as the TKT trilayer lattice of Fig. 2.5, after removing the two triangular layers.

Hence the basis vectors for the kagome lattice can be taken to be rα = r0, rβ =

r1, rγ = r2, with ri given by Eq. (2.4). The two lattice vectors are a1 = 2rβ,

and a2 = 2rγ, and the reciprocal lattice vectors are given in eqs. (2.6)-(2.7).

One property of the kagome lattice is that a middle point between two

lattice sites is not an inversion center 2. Hence, DMI is allowed by the lattice

symmetry [54, 164] 3, and a natural starting Hamiltonian for kagome Mott

2This is easy to see in Fig. 3.1 by considering an inversion operation about the point
halfway along the (βγ) bond.

3See also Sec. 2.3.2.
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Figure 3.1: The kagome lattice is a network of corner-sharing triangles. The
two lattice vectors a1 and a2 are shown, along with the sublattices α, β, γ.

insulators at half-filling is found in the spin model

H1 =
∑
〈i,j〉

[J1Si · Sj + Dij · (Si × Sj)] , (3.1)

where J1 > 0 is the strength of the antiferromagnetic nearest-neighbor (NN)

Heisenberg exchange, 〈i, j〉 denotes a sum over NNs, Dij is the DM vector,

and Si is the vector of spin operators at site i. In the ideal case, the kagome

plane is a mirror plane, and Moriya’s rules require the DM vector to point

perpendicular to the plane, i.e. Dij = Dz ẑ [54,164]. This is what we mean by

an out-of-plane DMI. On the level of a classical mean-field theory, the model

is expected to order in a coplanar state for any |Dz| 6= 0 [54]. The situation

becomes more subtle when quantum fluctuations are accounted for. In the case

of spin-1/2 there is both theoretical and experimental evidence for a quantum
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critical point at Dc
z/J1 ' 0.1 [29, 83, 89]. For |Dz| < Dc

z the model is believed

to describe a quantum spin liquid, and for |Dz| > Dc
z the coplanar ordered

state is recovered. Both for S = 1/2 and higher spins, there are two possible

q = 0 states, characterized by their chirality [37, 54]. For Dz < 0 a state with

all spins pointing towards or away from the center of a triangle is picked out

4. This configuration is known as the 120◦ order, and is shown in Fig. 3.2 (a).

The above discussion assumes that the kagome plane is a mirror plane.

This assumption is not always true - in e.g. three-dimensional materials con-

structed from stacked kagome layers the local crystal environment may lower

the symmetry [54]. If that occurs, in-plane components of the DM vectors are

also allowed. We can write Dij = Dpn̂ij + Dz ẑ, where n̂ij is a normalized in-

plane DM vector, and Dp is the strength of the in-plane DMI. The DM vector

for the (αβ) bond in Fig. 3.1 is taken to be Dαβ = (0, Dp, Dz). The remaining

DM vectors can be found by rotations about ẑ, and are shown in Fig. 3.3. The

in-plane DMI does have some important physical consequences. First, non-zero

Dp cants the spins in the 120◦ order out-of-plane. The canted order is known

as the “umbrella” configuration, and has a weak ferromagnetic moment, see

Fig. 3.2 (b). The fact that the spin-1/2 material veseignite (BaCu3V2O8(OH)2)

orders in the umbrella configuration despite having |Dz| < Dc
z suggests that

Dp can stabilize the order against quantum fluctuations [265]. For the spin-5/2

4Much like in the pyrochlore case, symmetry only determines the DM vectors up to a
sign. In this chapter we use the convention of Matan et al. [148], whereas others use the
convention of Elhajal et al. [54]. The latter convention has the opposite sign, and so the
120◦ order would correspond to Dz > 0.
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(a) top

(b) side

Figure 3.2: (a) Top, and (b) side views of the canted 120◦ (or “umbrella”)
magnetic configuration. The top view also shows the uncanted 120◦ order.

iron jarosites we will focus on later, the higher spin leads to smaller frustration

effects, and a stable canted order [149]. In addition, even weak in-plane DMI

can have significant impact on thermodynamic quantities [195,196].

Experimental fits to spin-wave spectra suggest that the model (3.1)

with in-plane DMI is incomplete. In the jarosites there is also NNN Heisenberg

exchange, for example [149]. To account for this, we introduce a fuller model,

H = HJ1 +HDM +HJ2 +HB, (3.2)
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Figure 3.3: The kagome DM vectors. The green arrows show the in-plane
components, while the out-of-plane component is pointing out of the plane for
the triangles pointing up, or into the plane for triangles pointing down.

where

HJ1 = J1

∑
〈i,j〉

(
Si · Sj + ∆Szi S

z
j

)
, (3.3)

HJ2 = J2

∑
〈〈i,j〉〉

Si · Sj, (3.4)

HDM =
∑
〈i,j〉

Dij · (Si × Sj) , (3.5)

HB = B
∑
i

Szi . (3.6)

Above J2 is the NNN exchange strength. We have also introduced an XXZ

anisotropy ∆ for the NN exchange, and a magnetic field B applied perpen-

dicular to the kagome plane. We neglect interlayer coupling, which is weak

compared to the DMI in iron jarosites [148]. The canted 120◦ order can al-

ternatively be explained by single-ion anisotropy terms, [44,48,149] but these
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are expected to be small for the Fe3+ ions of iron jarosites. [54]

3.1.2 Canting angle

Let us consider the canted 120◦ order more closely. Neglecting quantum

effects, it can be described using classical spin vectors

Sα = S

(
−3

2
cos η, −1

2
cos η, sin η

)
, (3.7)

Sβ = S

(
+

3

2
cos η, −1

2
cos η, sin η

)
, (3.8)

Sγ = S (0, cos η, sin η) , (3.9)

where S is size of the moment. The canting angle η is chosen such that η = 0

in the uncanted, coplanar order. The umbrella order is associated with a scalar

spin chirality in the unit cell

χ4 = Sα · (Sβ × Sγ) =
3
√

3S3

2
cos2 (η) sin η, (3.10)

and a vector spin chirality

~χ4 = Sα × Sβ + Sβ × Sγ + Sγ × Sα =
3
√

3S2

2
cos2 (η) ẑ. (3.11)

Note that χ4 vanishes as η → 0, but the vector chirality ~χ4 does not. In

fact, it may remain non-zero even above the magnetic ordering temperature

TN [71].

Substituting the expressions for the spin vectors into the Hamiltonian

(3.2) yields the classical energy

Ecl (η)

NS2
=
J

2
− 3J

2
cos 2η − 2J1∆ sin2 η − B

S
sin η

+
√

3Dz cos2 η +
√

3Dp sin 2η, (3.12)
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where J ≡ J1 − J1∆ + J2. The classical canting angle η is a minimum of the

classical energy, i.e. it is determined by the zeros to

f (η) =
1

NS2

∂Ecl (η)

∂η
. (3.13)

To first order in η the solution can be expressed in a simple form,

η(1) ≡ Beff

Bsat

, (3.14)

where the effective field and saturation field are given by

Beff =
B

S
+ 2
√

3 |Dp| , (3.15)

Bsat = 6 (J1 + J2)− 4J1∆ + 2
√

3 |Dz| . (3.16)

We see that both in-plane DMI and transverse magnetic fields will cant the

spins. The XXZ anisotropy can increase the canting angle by reducing the

saturation field, but would not lead to continuous canting if Dp = B = 0.

It is also instructive to solve the equation f(η) = 0 for some special

cases. For Dp 6= 0, B = ∆ = 0,

tan 2η =
−2Dp√

3 (J1 + J2)−Dz

. (3.17)

If also J2 = 0 this reproduces a formula derived earlier by Elhajal et al. [54].

For small angles η, the tan function can be approximated by tan 2η ≈ sin 2η,

which recovers a formula used by refs. [148, 259]. The special case of Dp =

∆ = 0, B 6= 0 leads to

sin η =
B/S

6 (J1 + J2)− 2
√

3Dz

. (3.18)

This expression is consistent with a result due to Owerre [181].
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3.1.3 Overview of experimentally relevant materials

Although the umbrella configuration is somewhat exotic in that it is

a noncoplanar order on a two-dimensional lattice, there are several materi-

als known to exhibit it at low temperatures. We list the main examples in

Table 3.1, along with ordering temperature, canting angle, and spin model pa-

rameters. The chromium jarosites are also potentially interesting, and would

represent the missing S = 3/2 link between iron jarosites and the S = 1/2

materials. From that family KCr3(OD)6(SO4)2 is reported to order in a q = 0

structure at TN = 4K, but it only has slight canting [95, 125]. None of the

sources cited in the table present evidence for an XXZ anisotropy of the form

introduced in our full model (3.2).

The different iron jarosites have qualitatively similar behavior, so we

will pick the potassium iron jarosite as our model system, using the parameters

fit by Matan et al. [149]. Its canting angle is relatively small compared to the

listed S = 1/2 materials, but it does have the highest ordering temperature.

Higher TN tends to be associated with stronger magnon thermal Hall effects,

as higher energy bands can be populated thermally before the order melts.

These materials are also known to realize near ideal kagome lattices, so we are

justified in neglecting distortion effects. The iron jarosites can also be grown

in large, stoichiometrically pure single crystals [71,72]. We note again that in

the absence of Dp, veseignite would be expected to be in a spin liquid phase as

|Dz|/J1 < .1. Indeed, its out-of-plane DM strength is very similar to that of

herbertsmithite (ZnCu3(OH)6Cl2), which is a putative spin liquid. The values
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Table 3.1: Materials that order in the umbrella configuration.
Material Ref. S TN (K) η J1 (meV) J2 (meV) |Dp|/J1 Dz/J1

Potassium iron jarosite (fit 1) KFe3(OH)6(SO4)2 [149] 5/2 65 1.9◦ 3.18 0.11 0.062 -0.062
Potassium iron jarosite (fit 2) [259] 3.225 0.11 0.068 -0.06
Silver iron jarosite H AgFe3(OH)6(SO4)2 [148] 5/2 59 1.8◦ 3.18 0.11 0.057 -0.053
Silver iron jarosite D AgFe3(OD)6(SO4)2 [148] 5/2 59 2.4◦ 3.18 0.11 0.075 -0.053
Veseignite BaCu3V2O8(OH)2 [265] 1/2 9 6◦ 4.6 N/A 0.19 -0.07

Nd3Sb3Mg2O14 [205] 1/2 0.56 30.6◦ N/A N/A 0.8 0

reported for herbertsmithite are |Dz|/J1 ≈ 0.08, and |Dp|/J1 ≈ 0.01.

Finally we have the Nd3Sb3Mg2O14 compound. In comparison to the

other materials it has a huge canting angle of η = 30.6◦. The origin of this angle

is currently not very clear, and calls for further experimental study. Scheie et

al. [205] used the sine approximation for Eq. (3.17), and set Dz = 0. Even

then they estimated that an in-plane DMI |Dp|/J1 ∼ 0.8 would be required

to produce the right angle. This is, in fact, an underestimation. If we instead

use Eq. (3.17) we actually find |Dp|/J1 > 1.5, again assuming Dz = 0. In

reality Dz would likely be non-zero, and so an even higher Dp value would be

needed. Such high values are not necessarily unrealistic - even stronger DMI

has been predicted in first-principle calculations on pyrochlore iridates - as

high as D/J ∼ 3 [253]. However, we speculate that a more mundane solution

might be possible. If an XXZ anisotropy term is present, as in Eq. (3.2), it

would allow the large canting angle to occur for weaker |Dp|/J1. E.g. if ∆ = 1

the estimated |Dp|/J1 ∼ 0.8 is recovered. Other interactions affecting the

canting angle could of course also be present.
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3.2 Topological magnon bands

Having described the magnetic order, we next carry out a linear spin-

wave analysis for potassium iron jarosite in the ordered regime (T < TN).

The calculations are very similar to what we described in Sec. 2.5 for the

pyrochlore thin film systems. To avoid repetition, we will just sketch the

calculations here. We start from the spin Hamiltonian (3.2) with ∆ = 0. The

spin quantization axis is rotated at each site, such that ẑ points along the

direction of the local moment. Deviations from the umbrella configuration

groundstate are described using Holstein-Primakoff bosons [12]

S̃zi = S − a†iai, S̃+
i =

√
2S − a†iaiai, S̃−i = a†i

√
2S − a†iai. (3.19)

In this case S = 5/2 and a large-S expansion is well justified. We thus ap-

proximate S̃+
i =

√
2Sai, and S̃−i =

√
2Sa†i . We truncate the Hamiltonian to

quadratic order as before, Fourier transform it, and write it in a matrix form

Hk = X†kh (k) Xk, h (k) =

[
A (k) B (k)
B? (−k) A? (−k)

]
, (3.20)

Xk =
(
aα (k) , aβ (k) , aγ (k) , a†α (−k) , a†β (−k) , a†γ (−k)

)T
.

The bosonic system is diagonalized paraunitarily by considering the modified

problem gh (k) [43], where

g =

(
I3×3 0

0 −I3×3

)
, (3.21)

and I3×3 is the 3× 3 identity matrix. The positive energy states are kept.

These calculations lead to the spin-wave spectrum in Fig. 3.4 for potas-

sium iron jarosites, using parameters from Matan et al. [149]. In Fig. 3.5 the
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full three-dimensional band structure is plotted, making for a shape that may

remind one of a plastic stool. The dispersion of the bottom band is due to the

presence of J2 6= 0, as is made clear by Fig. 3.6. In fact, J2 was introduced

in the fits to experimental neutron scattering data to match the observed dis-

persion [149,259]. Since then, an alternate explanation has been proposed by

Chernyshev [35,37]. In that model J2 = 0, and the dispersion comes about due

to magnon decay from the upper branches into the flat lower band. Of course,

this would be a strong quantum effect in a system with S = 5/2, which is

usually considered rather classical. However, there is a certain lack of spectral

weight in the neutron data for energies about twice that of the lower band [149],

which may well be due to magnon decay. In the context of our coming magnon

thermal Hall calculations, what matters is the energetics of the band struc-

ture. This includes the presence of the dispersion, but not its exact origin.

A lack of spectral weight in the upper bands might quantitatively change the

transport properties as a function of temperature, but is not expected to result

in qualitative shifts. We also note that magnon-magnon interactions can have

significant damping effects, at least in the S = 1/2 case [36], which is beyond

the scope of our work.

The symmetry properties of different orders in kagome antiferromagnets

were studied in Ref. [154]. The zero magnetization coplanar q = 0 order with

η = 0 has a symmetry group isotropic to Z2, but the umbrella order breaks

the symmetry group down to the trivial group I. This implies that there

are no protected degeneracies in the spin-wave spectra for the umbrella order,
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Figure 3.4: Spin-wave spectrum for potassium iron jarosite.

Figure 3.5: 3D plot of the magnon band structure for potassium iron jarosite.
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Figure 3.6: Spin-wave spectrum obtained for the potassium iron jarosites, but
with exchange strengths J ′1 = J1 + J2, J ′2 = 0. The absence of NNN exchange
leads to a flat lower band.

and that any gap closings would be accidental. We do indeed find the bands

to be gapped throughout the Brillouin zone, and although it is not visually

obvious from Fig. 3.4, there are indeed avoided crossings between the lower

two bands. These gaps allow us to define the Berry curvature Ωz
n (k) for

the n:th magnon band, and calculate Chern numbers for individual bands

using Eq. (1.2). In this chapter, we calculate these integers using a lattice

discretization for the momentum space consisting of 2000×2000 lattice points

[65]. Going from the lowest to the highest band, the Chern numbers are found

to have the unusual structure (−3,+1,+2) in potassium iron jarosite. Higher

Chern numbers (C > 1) are generally rather rare, and magnon bands are no

different in this respect. Previous works finding topological magnon bands

on the kagome lattice have not included in-plane DMI, and generally found

Chern numbers that are permutations of (0,−1,+1) [160, 181–184, 207]. The
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one exception appears to be Mook et al. [159], who studied a model with

ferromagnetic J1, and J2, and Dp = 0. They constructed a topological phase

diagram with several regions of higher Chern numbers. In our case, however,

the higher Chern numbers appear to be linked to the in-plane DMI |Dp|, rather

than J2. As an example, using the same parameters as in Fig. 3.6 results in

the same Chern numbers (−3,+1,+2).

3.3 Magnon thermal Hall conductivity

We calculate the magnon thermal Hall conductivity κxy using Eq. (1.6)

for fixed S up to the ordering temperature TN = 65K. For two-dimensional

lattices, it produces a quantity measured in W/K. For materials built from

stacks of kagome layers, we can divide by the interlayer distance a to find

the thermal conductivity in units of W/Km. Strictly speaking, we should

divide by the length scale on which the magnetic configuration repeats, which

would usually be the size of the magnetic unit cell. In the case of the iron

jarosites, the full crystal unit cell includes three kagome layers. However, the

weak net ferromagnetic moments alternate in sign between layers, causing a

doubling of the unit cell, so that the magnetic unit cell includes six kagome

layers [71, 148, 170]. In contrast, e.g. Nd3Sb3Mg2O14 have the same sign for

the out-of-plane spin components in all layers, and no expanded magnetic unit

cell [205]. We can simplify our description of the iron jarosites by considering

the configuration shown in Fig. 3.2, and taking the upwards-pointing triangle

as our starting point. The spins at the vertices of a triangle point out of that
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triangle, a pattern that is repeated every two layers. The layers inbetween

instead have the spins pointing into the triangle. Since we neglect interlayer

coupling, the positions of these triangles in the xy-plane is not important,

and it is enough to consider two kagome planes, corresponding to the spins

pointing either out of, or into, the upwards-pointing triangles. It turns out

that we can simplify the situation even further. If we calculate Chern numbers,

or magnon thermal Hall conductivity, in a) a plane with spins pointing out of

the upwards-pointing triangles, and a canting along +ẑ, and b) a plane with

spins pointing into the upwards-pointing, and a canting along −ẑ, the results

have the same sign and magnitude. This allows us to restrict our calculations

to a single plane, and to use the interlayer distance connecting nearest kagome

layers.

The conductivity is plotted in Fig. 3.7 as a function of temperature.

The conductivity rises monotonically with temperature, in contrast with the

behavior in the pyrochlore thin film systems in Fig. 2.14. The reason is that

the lowest band has the highest Chern number, and thus the strongest Berry

flux, so the higher bands cannot overcome its contribution to the conductivity.

As mentioned, the calculation was done assuming fixed S, but S is expected

to decrease close to TN , along with the sublattice magnetization. However, ex-

perimental results on e.g. the critical magnetic field suggests that the ordering

transition is rather mean-field-like [71, 148], so we expect that fixed magneti-

zation is a reasonable approximation up to at least T0 = 50K∼ 3TN/4. For

this reason, along with the fact that the conductivity rises monotonically, we

73



will generally present values found for T = T0 in the following.

For potassium iron jarosite the signal of a single layer at T = T0 is

1.8 · 10−12 W/K. The distance separating different kagome layers is ∼ 5.7Å

[72, 231], and results in a thermal conductivity κxy = 3.15 · 10−3 W/Km.

Using the parameters from the alternate fit by Yildirim and Harris [259]

gives a slightly higher result 3.41 · 10−3 W/Km. The silver iron jarosites

AgFe3(OX)6(SO4)2 yield similar values, 2.91·10−3 W/Km or 3.15·10−3 W/Km

at T = TAg
0 = 45K, for X=H and X=D, respectively. We note that the

predicted values for iron jarosites are on the same order as experimentally

observed magnon thermal Hall conductivities in ferromagnets, and similar to

predictions for bulk pyrochlore iridates in the noncollinear all-in–all-out config-

uration. In pyrochlore ferromagnets, conductivities as large as 2 · 10−3 W/Km

were observed [92, 175], compared to 4 · 10−4 W/Km in a kagome ferromag-

net [84], and 8 · 10−5 W/Km in a spin ice [85]. The predicted value for py-

rochlore iridates with realistic D/J = 0.18 is 3 · 10−4 W/Km. For a slightly

higher DM strength of D/J = 0.33, about 10−3 W/Km is predicted [91].

Hence, our results suggest that iron jarosites are promising candidate mate-

rials in which to observe the magnon thermal Hall effect in a noncollinear

magnetic configuration. Compared to pyrochlore iridates, the jarosites are

better magnetic insulators, and should thus be better suited for magnon ther-

mal Hall studies. Despite the magnetic insulator name there will also be bulk

transport, but unlike the topological edge transport it can be suppressed by

disorder [198].
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Figure 3.7: Magnon thermal Hall conductivity for potassium iron jarosites,
plotted as a function of temperature up to the ordering temperature TN = 65K.
The dashed vertical line marks T0 = 50K.

Furthermore, the effect can be tuned. In light of previous results on

kagome and star lattices that linked the signal in noncollinear system directly

to the scalar spin chirality [178, 180, 181], it is natural to expect a stronger

effect at higher canting. Recalling the first-order expression for the canting

angle, we may try to increase the effective field (3.15) by tuning the applied

transverse field, or the in-plane DMI strength. The first option is, of course,

easier to access experimentally. However, stronger Dp may be realized in

materials yet to be discovered. For the magnetic fields we have two options,

staggered and non-staggered fields. Since the sign of the out-of-plane spin

components alternate in sign between adjacent kagome layers in potassium

iron jarosite [71, 148, 170], the ideal way to tune different layers to the same

canting angle involves a staggered field. This case turns out to lead to our
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most remarkable results. If the field is not staggered, some layers will see an

increased canting, and others decresased canting. This leads to different layers

contributing differently to the conductivity, but will still give us a way to tune

the magnon thermal Hall effect.

In Fig. 3.8 we plot κxy at T = T0, which we denote κ0, as a function

of the applied, staggered transverse magnetic field. We also plot the canting

angle, as determined from Eq. (3.13). The range of field strengths included

in the plot is B/J1 ∈ [−.54, .92], which can be converted to B ∈ [−4.67, 8]

in units of Tesla, using the effective magnetic moment µeff = 6.3µB, and

J1 = 3.18meV [71]. The lowest field strength is chosen to make the canting

vanish, by tuning the effective field (3.15) to zero. This occurs for

B0 = −S
√

3|Dp| ≈ −1.89meV, (3.22)

or B0 ≈ −4.67T. In Fig. 3.9 we show how the spectrum for single layers changes

over this range of magnetic fields. The two main qualitative changes are that

the energy gaps between bands change with the magnetic field, and that the

system approaches the gapless limit as B → B0, as shown in Fig. 3.10.

Returning to the results in Fig. 3.8, we see that a positive staggered

magnetic field (directed along +ẑ in some reference kagome plane) increases

the canting angle and affects the size of the effect, as expected. However, the

effect first decreases, and changes sign at B/J1 ≈ 0.06. At this point there

is a topological transition where all the Chern numbers change sign. The

structure goes from (−3,+1,+2) to (+3,−1,−2). After the transition, the
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Figure 3.8: The magnon thermal Hall conductivity at T = T0 as a function
of the staggered magnetic field strength is shown in blue. The field is applied
perpendicular to the kagome plane, and alternates in sign between layers. In
red we plot the canting angle (in degrees). The sign change of κ0 coincides with
all Chern numbers reversing sign. Note that κ0 does not vanish as the canting
angle approaches zero. The blue and red disks mark the values obtained for
potassium iron jarosites using the experimental canting angle.

magnitude of the signal and the canting angle both increase with the field.

The signal at the largest fields is enhanced by almost an order of magnitude.

If the field is instead directed along −ẑ, the canting angle decreases, and,

remarkably, the signal increases with the field strength. This trend continues

down to the smallest numerically accessible canting angle η ≈ 1.12 × 10−6 ◦,

for which the scalar spin chirality is negligible. The behavior in Fig. 3.8 is

thus in stark contrast to the past understanding that the topology is due to

the noncollinear spin texture. Indeed, despite the order being noncollinear,

the topology appears to be due to the DMI, just as in collinear magnets. This
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Figure 3.9: The spin wave spectra for potassium iron jarosites for different
magnetic field strengths.
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Figure 3.10: The spin-wave gap at the Γ point as a function of magnetic field.
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Figure 3.11: The magnon thermal Hall conductivity as a function of an applied
non-staggered magnetic field perpendicular to the kagome plane. The magnon
thermal Hall signal at T = T0 is shown in blue, and is obtained by averaging
the positive and negative field field responses in Fig. 3.8.

79



result underlines the importance and subtle role of the in-plane DMI.

We also note that other materials, such as Nd3Sb3Mg2O14, have the

same sign net ferromagnetic moment in all layers [205]. In these materials

we do not require a staggered field, and expect a behavior similar to Fig. 3.8

for ordinary, non-staggered fields. For iron jarosites in a non-staggered field,

there is still an effect that can be tuned with the field strength. We can find

it by averaging the responses plotted in Fig. 3.8 for fields along +ẑ and −ẑ,

which leads to Fig. 3.11. This effect is less dramatic, and with less obvious

topological properties, but we still predict a non-zero magnon thermal Hall

effect. Finally, we note that a field-induced transition has been observed in the

iron and silver jarosites for sufficiently strong non-staggered magnetic fields.

Above a critical field Hc, the net ferromagnetic moments become aligned for all

layers. However, this occurs only above a rather high Hc ≈ 14T at T = T0 for

potassium iron jarosite, [71] and Hc ≈ 8T at T = TAg
0 for silver jarosite, [148].

These fields are above what we consider here.

Finally, we vary Dp at zero magnetic field, while the other parameters

J1, J2, Dz are kept fixed to their experimentally determined value. The evo-

lution of the spectrum is shown in Fig. 3.12. The system is almost gapless

at the Γ point for small Dp values, as can be understood from an analytical
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expression [259] for the lowest band energy at the Γ point 5

ε0 =
√

12S|Dp|+ O

(
D2

J1 + J2

)
. (3.23)

This expression agrees very well with the numerically observed gap, up to

above |Dp| ≈ 0.25J , where the bands begin to move apart from each other.

This agreement is shown in Fig. 3.13. Note that our treatment assumes that

the system orders in the umbrella configuration, which is not necessarily the

case for the smallest Dp values. Since we are trying to reach stronger canting,

we are actually more interested in the higher Dp values, which are more likely

to result in the umbrella state.

Finally, in Fig. 3.14 we plot κ0 as a function of the in-plane DMI Dp at

zero magnetic field. We observe a topological transition near |Dp|/J1 = 0.25,

from a sector where all three bands are nontrivial, to one where only two

bands are topological. Above this transition the more common (−1, 0,+1)

Chern number structure is found. Due to multiple band closings near the

transition point, numerical convergence is challenging, and we are unable to

verify whether there are any intermediate topological transitions. Although

the canting angle increases monotonically with |Dp|, the magnon thermal Hall

conductivity κ0 reaches a maximum at |Dp|/J1 = 0.6. Higher |Dp| results

in higher magnon energies (see figs. 3.12 and 3.13), which leads to lower oc-

cupation at a fixed temperature T0, which leads to a downturn of the signal.

5Similar expressions exist for the M and K points, which are labeled Y and X, respectively
in Ref. [259]. The expressions are valid when only J1, J2, Dz, and Dp are non-zero.
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Figure 3.12: The spin wave spectra for potassium iron jarosites for different
in-plane DMI strengths.
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Figure 3.13: The gap at the Γ point as a function of the in-plane DMI strength.

However, both B and Dp can potentially stabilize the umbrella order, and pro-

duce higher ordering temperatures. A correspondingly higher T0 value would

give a larger effect, also at higher Dp. On the other end of the plot, κ0 vanishes

as |Dp|/J1 approaches zero.

The lesson learned is that there are three different cases for kagome

antiferromagnets with DMI. In the first, Dp = 0 and a noncollinearity can be

induced by an applied (possibly staggered) magnetic field B. As the field is

reduced, the canting angle and scalar spin chirality vanishes, along with the

topological response. In the second case, B = 0 and the canting is caused by

in-plane DMI. As it is reduced, the canting vanishes along with the topological

response. In the third case, both in-plane DMI and a magnetic field are present.

By tuning the field as to make the canting angle zero, the topological response

persists and even grows. Taken together, these observations imply that the

cause for the topological excitations may be a noncollinear spin texture, the
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Figure 3.14: The magnon thermal Hall conductivity at T = T0 as a function
of the in-plane DMI is shown in blue. In red we plot the canting angle (in
degrees). Near |Dp|/J1 = 0.25 a topological transition renders one of the bands
topologically trivial. The case of potassium iron jarosite is marked by disks.
The blue disk marks the value obtained in Fig. 3.7, and the red disk marks
the experimental canting angle 1.9◦.

in-plane DMI, or some interplay of the two.

3.4 Summary and Conclusions

In this chapter, we discussed kagome antiferromagnets with Dzyalosh-

inskii-Moriya interactions that order magnetically in a canted 120◦ configu-

ration, the “umbrella” order. The magnetic groundstate was described clas-

sically, and new expressions for the canting angle were found when in-plane

DMI, transverse magnetic field, and XXZ anisotropy are all present, unify-

ing previously published formulas derived for special cases. These magnetic
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configurations were used as a starting point for a spin-wave analysis of the

potassium iron jarosites. The magnon bands were found to have non-zero

and high Chern numbers. These topological magnon bands were predicted

produce a large magnon thermal Hall effect of ∼ 3 · 10−3 W/Km. The effect

was shown to be tunable in the presence of an applied non-staggered magnetic

field, and even more so for a staggered field, which allowed an enhancement by

almost an order of magnitude. A topological transition was found as a func-

tion of staggered magnetic field strength, which is reflected in a sign change of

the conductivity. In addition, the signal was shown to persist as the limit of

zero canting angle is approached, where the scalar spin chirality also vanishes.

Hence we argued that the source of the topological excitations cannot simply

be due to the spin chirality, as indicated in the literature. For other materials,

it may be possible to find the same physics with ordinary, non-staggered fields.

Finally, we also allowed the in-plane DMI to vary, which lead to a noticeable

shift in the band structure around |Dp|/J1 ≈ 0.25, where a topological transi-

tion also occurs, and one band becomes trivial. Our work suggests that kagome

antiferromagnets like the iron jarosites have interesting topological properties

and represent a good candidate for observing the magnon thermal Hall effect

in a noncollinear order.
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Chapter 4

Universal Entanglement Spectra in Critical

Spin Chains

In this chapter 1 we study momentum space entanglement spectra in

several critical spin-1 chains. We begin by discussing the physics behind dif-

ferent partitions of the Hilbert space, and introduce the universal bulk en-

tanglement conjecture (UBEC), which we will later provide evidence for in

critical spin-1 chains associated with SU(2)2 and SU(3)1 Wess-Zumino-Witten

(WZW) field theories, in sections 4.1 and Sec. 4.2, respectively. The chapter

ends with a summary in Sec. 4.3.

Rather than a momentum space cut, the most widely used partition

to diagnose topologically ordered states is some form of spatial cut [118, 130,

137,187,229] (or a particle cut [80,217]). This technique works well in gapped

systems, where there is an associated length scale, and the reduced density

matrix mimics the thermal density matrix of the physical edge state [187]. In

practice, this takes the form of a set of low-lying universal entanglement levels

1The results presented here are based on the research article: Rex Lundgren, Jonathan
Blair, Pontus Laurell, Nicolas Regnault, Gregory A. Fiete, Martin Greiter, and Ronny
Thomale Universal entanglement spectra in critical spin chains, Phys. Rev. B. 94,
081112(R) (2016). P. Laurell’s contributions were focused on the numerical aspects of the
work, which were carried out together with R. Lundgren and J. Blair. P. Laurell’s contri-
butions include calculations, and participation in discussions, and in writing the paper.
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(eigenvalues of the entanglement Hamiltonian HE), corresponding to the gap-

less edge states, separated by an entanglement gap from higher, non-universal

levels. This gap can allow identification of the universal levels, and has been

used to define a notion of topological adiabaticity [229]. Some degree of care

is required as physical properties are determined from ρA = e−HE , which can

be viewed as a thermal density matrix at a ficticious entanglement tempera-

ture TE = 1, whereas the states below the entanglement gap correspond to

low-energy properties of HE. For generic Hamiltonians, the two limits may

correspond to different phases [31].

The lack of an energy gap in critical systems results poses a problem

for spatial cuts, as the entanglement weight need not be localized along the

cut [27, 47, 117, 226]. Thomale et al. [224] introduced the momentum space

entanglement spectrum in the spin-1/2 Heisenberg antiferromagnetic chain,

defining the momentum in terms of the Fourier transform of individual spin

flip operators. Hence, the cut is highly nonlocal in real space. They found a

large entanglement gap in the spin fluid phase, and a counting of entanglement

levels below the entanglement gap characteristic of the low energy U(1) boson

field theory. This can be understood by noting that the Heisenberg chain is in

the same universality class as the Haldane-Shastry chain [73, 209] (which has

an infinite entanglement gap). The Haldane-Shastry chain falls in the SU(2)1

WZW class, as does the Laughlin fractional quantum Hall state [224], which

also has an entanglement gap and the same counting in a “conformal limit”

[229]. The momentum space entanglement spectrum has since been studied in
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the XXZ spin-1/2 chain [135], spin-ladders [134, 136], and disordered systems

[7, 158]. Momentum space entanglement methods have also been utilized in

high-energy physics [16,46,185].

Emerging from previous literature is what we call the universal bulk en-

tanglement conjecture, that the entanglement spectrum of critical spin chains

has an entanglement gap separating a non-universal part from a universal

part, determined by the associated conformal field theory. By confirming

it for several critical spin-1 chains with intricate field theories, we elevate

the conjecture to a general principle. In particular, we study the entangle-

ment spectrum at the Takhtajan-Babujian point [15,223], and the Uimin-Lai-

Sutherland point [115, 221, 233, 234], which are associated with SU(2)2 and

SU(3)1 WZW theories, respectively. Both points are critical points in the

bilinear-biquadratic spin-1 model (the real-space entanglement spectrum of

which is studied in Ref. [226]). We identify fine-tuned models with infinite

entanglement gaps that realize the same WZW models. These are the Pfaffian

spin chain [69, 227], and the SU(3) symmetric generalization of the Haldane-

Shastry model [73,106,209], respectively. We then compare their entanglement

spectra to the Takhtajan-Babujian and Uimin-Lai-Sutherland points, where

we find finite entanglement gaps and matching universal entanglement levels.

4.1 SU(3)1 WZW theory

The universal behavior we advocate was first observed in spin-1/2

chains in the SU(2)1 Wess-Zumino-Witten universality class [224]. A natural
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way to test the conjecture in a more general case, is by enlarging the internal

symmetry group. Hence we consider the Uimin-Lai Sutherland (ULS) point in

the bilinear-biquadratic spin-1 model [115,221,233,234]. Its low-energy model

is described by a SU(3)1 WZW theory with central charge c = 2. Alternatively,

SU(3)1 WZW can be thought of as two gapless free bosonic field theories, each

with c = 1 [220]. In terms of S = 1 spin operators the ULS Hamiltonian is

given by

HULS =
N∑
α=1

SαSα+1 +
N∑
α=1

(SαSα+1)2 . (4.1)

We implement periodic boundary conditions by placing the sites on a unit

circle in the complex plane, on which the coordinate of site α is

ηα = exp

(
i2πα

N

)
, α ∈ {1, . . . , N} . (4.2)

The ULS point, being integrable, allows a compact reformulation in terms of

SU(3) spin vectors [226],

HULS =
N∑
α=1

Jα · Jα+1, (4.3)

where Jα = 1
2

∑
στ c

†
ασ
~λστcατ is the SU(3) spin vector at site α, ~λστ is a vector

built from the eight Gell-Mann matrices, c†ασ is the electron creation operator

on site α for color σ, and the color indices run over τ, σ ∈ {r, g, b} (for red,

green, and blue). The ULS model (4.3) will be contrasted with the long-range

SU(3) Haldane-Shastry model

H
SU(3)
HS =

2π2

N2

N∑
α 6=β

Jα · Jβ
|ηα − ηβ|2

, (4.4)
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where |ηα − ηβ| is the chord distance along the ring.

We aim to use exact diagonalization to find the ground states of eqs.

(4.3) and (4.4), for finite size systems. Before we can perform a momentum cut

for those ground states, we need to specify which operators span the Hilbert

space of the spin chain. In the spin-1/2 case, the spin-flip operators S+
α , S−α

are the natural choice. In the SU(3) case we can form analogous color flip

operators eστα = c†ασcατ , σ 6= τ . When the number of sites N = 0 mod 3,

the ground states of Eqs. 4.3 and (4.4) are SU(3) singlets due to a generalized

interpretation of the Marshall theorem [146]. We write

|ψ0〉 =
∑
{z;w}

ψ0[z;w]ebgz1 . . . e
bg
ZN/3

ergw1
. . . ergwN/3 |0g〉 , (4.5)

where the sum extends over all possible ways of distributing the positions [z] ≡

z1, . . . zN/3 of the blue particles, and [w] ≡ w1, . . . wN/3 of the red particles. The

state

|0g〉 =
N∏
α=1

c†αg |0〉 (4.6)

is a fully color-polarized reference state where all the particles are green. We

construct the SU(3) singlet state by acting on |0g〉 with the ebgα and ergα color

flip operators. Next we define momentum space operators ẽbgp and ẽrgq

ebgα =
1√
N

N∑
p=1

η̄ p ẽbgp , ergβ =
1√
N

N∑
q=1

η̄ q ẽrgq , (4.7)

where p, q ∈ {1, . . . , N} are integer spaced momentum indices. Substituting
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Eq. (4.7) into the SU(3) singlet (4.5) leads to

|ψ0〉 =
∑
{p;q}

ψ̃0[p; q] ẽbgp1 . . . ẽ
bg
pN/3

ẽrgq1 . . . ẽ
rg
qN/3
|0g〉 , (4.8)

ψ̃0[p; q] =
∑
{z;w}

ψ0[z;w] z̄p11 . . . z̄
pN/3
N/3 w̄

q1
1 . . . w̄

qN/3
N/3 . (4.9)

In real space, the color flip operators, being constructed from fermionic

creation and annihilation operators, represent hard-core bosons. In momentum

space, however, there is no hard-core constraint. This drastically increases the

number of basis states needed to describe the chain. We write the ground

state in a momentum space occupation number basis

|ψ0〉 =
∑
{n;m}

φ̃0[n;m] |n1, . . . , nN ;m1, . . . ,mN〉 , (4.10)

where np is the number of times momentum index p for color flips from green

to blue appears in Eq. (4.8). Similarly, mq is the number of times momentum

index q for color flips from green to red appears. The momentum occupation

number basis state in Eq. (4.10) is thus given by

|n1 . . . ;m1, . . .〉 =
N∏
p=1

(ẽbgp )np√
np!

N∏
q=1

(ẽrgq )mq√
mq!

|0g〉 . (4.11)

It should be noted that, in general, the basis states are non-orthonormal,

and form an overcomplete basis. However, there are special points, including

the ground states of the SU(3) Haldane-Shastry model and the Pfaffian spin

chain, where the structure of the individual eigenstates yields an orthonormal

and complete basis. In particular, all weight is located in one one momentum
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sector, and the total momentum is an exact quantum number [22]. As we move

away from these points, the full basis spanned by all momentum subspaces

becomes overcomplete. However, as we will see shortly, a significant part of

the ground state weight remains located in one momentum sector, making

the basis approximately orthonormal. In general, we expect ground states

for all critical spin chains described by SU(N)k WZW field theories to behave

similarly. In the calculations, we compute the momentum space entanglement

spectrum using all momentum sectors, and assume that the total momentum

is a good quantum number.

We use exact diagonalization to find the real-space ground state, and

obtain the momentum space ground state (4.10) after a many-particle Fourier

transform. Due to its exponential numerical cost, the maximal chain length

we are able to reach is N = 15. Having constructed the basis and obtained

the ground states, we are now ready to calculate the momentum entangle-

ment spectrum for Eqs. (4.3) and (4.4). For an odd number of sites N , the

momentum is partitioned into

A =

{
p

∣∣∣∣ p ≤ N + 1

2

}
⊗
{
q

∣∣∣∣ q ≤ N + 1

2

}
, (4.12)

and

B =

{
p

∣∣∣∣ p > N + 1

2

}
⊗
{
q

∣∣∣∣ q > N + 1

2

}
. (4.13)

The two regions A and B are further decomposed in terms of total momentum,
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M = MA +MB, and particle number, N = NA +NB, which are given by

MA/B =
∑
p∈A/B

npp+
∑
q∈A/B

mqq, (4.14)

and

NA/B =
∑
p∈A/B

np +
∑
q∈A/B

mq. (4.15)

The crystal momentum M c
A/B = MA/B mod N is always a good quantum

number of the reduced density matrix ρA/B. In general, M and MA/B are good

approximate quantum numbers for unbroken or weakly broken internal spin

symmetry [135, 224]. As a quantitative example, the N = 12 groundstate of

Eq. (4.3) has more than 99% of its total amplitude in the M = N2

3
sector, and

less than 1% in other sectors.

As implied above, MA/B is an exact quantum number in the ground state of

Eq. (4.4). Fig. 4.1a shows the spectral levels ξ of HE for Eq. (4.4) in the

(N,NA) = (15, 6), NA,r = NA,b = 3 sector. We observe a large degeneracy

of entanglement levels at infinity, corresponding to eigenvalues λ = 0 of ρA

2. Going from left to right in Fig. 4.1a, the counting of entanglement levels

starts with 1, 2, 5. Up to this point, the counting matches the state counting

of two gapless U(1) bosons, and beyond it we reach a finite size limit. All of

2The i:th eigenvalue λi of the reduced density matrix ρA is related to the i:th entangle-
ment “energy” level through λi = e−ξi .
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(a) SU(3) Haldane-Shastry Model
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(b) Uimin-Lai-Sutherland Point

Figure 4.1: (a) Entanglement spectrum of Eq. (4.4), and (b) entanglement
spectrum of the Uimin-Lai-Sutherland point for (N,NA) = (15, 6), 3 red and
3 blue particles. At the Uimin-Lai-Sutherland point, a finite entanglement gap
separates the generic entanglement levels (shown in blue) from the universal
levels (shown in red). The entanglement eigenvalues ξi are plotted against the
total momentum in region A. Throughout this work, ρA is normalized such
that trρA = 1 for each NA. The universal entanglement in (a) and (b) matches
the 1, 2, 5 counting of SU(3)1 WZW theory, supporting the UBEC.

the properties above can be understood from analytical results. For Eq. (4.4),

the ground state wave function is given by [206, Eq. (9)]

ψHS
0 [z;w] =

N/3∏
i<j

(zi − zj)2(wi − wj)2

N/3∏
i,j=1

(zi − wj)
N/3∏
i=1

ziwi. (4.16)

The ground state can be written in terms of color flip operators, for any pair

of colors (up to a minus sign) [228]. Due to a momentum-conserving orbital

squeezing relation between Fock states of nonzero weight, all the weight of

Eq. (4.16) is in the M = N2

3
sector. To understand this, note that Eq. (4.16),

in its polynomial form, is equivalent to the spin-singlet bosonic Halperin-(221)

fractional quantum Hall state [76] with filling fraction ν = 2
3
. Vice versa, the

ν = 2
3

Halperin-(221) state has SU(3)1 symmetry [10]. Since the Halperin-(221)
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state obeys certain squeezing properties [9, 225], so does Eq. (4.16). Eq. (4.4)

is special in that the finite size ground state does not contain entanglement

corrections as compared to the thermodynamic field theory.

We now turn to the ULS point (4.3). Its entanglement spectra is plotted

in Fig. 4.1b. We observe an entanglement gap for all MA, that separates the

nonuniversal levels at higher ξ, from universal levels at lower ξ. Note that the

counting of the universal levels matches that of Eq. (4.4). For larger system

sizes, the relative importance of the nonuniversal entanglement levels would

decrease. Meanwhile the universal entanglement weight, defined as the sum of

eigenvalues of ρA for the universal levels divided the full sum of eigenvalues,

becomes dominant and remains separated from the universal levels by the

entanglement gap. This implies that the UBEC also holds for critical spin

chains described by SU(3)1 WZW theory.

4.2 SU(2)k=2 WZW theory

In the previous section, we explored the reach of the UBEC by enlarging

the internal symmetry group. Another direction is to consider critical spin

chains with higher level k > 1 Wess-Zumino field theory terms. Higher k is

associated with multicritical points, which generally represent phase transition

points rather than gapless spin fluid phases [1]. Several models realizing SU(2)2

WZW theory have been found for spin-1 chains, including the Takhtajan-
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Babujian spin chain [15,223]

HTB =
N∑
α=1

SαSα+1 −
N∑
α=1

(SαSα+1)2 . (4.17)

An analytical lattice realization of SU(2)2 WZW theory has been found for

the Pfaffian spin chain [69,169]

HPf =
2π2

N2

[
N∑
α 6=β

SαSα+1

|ηα − ηβ|2

− 1

20

N∑
α,β,γ
α 6=β,γ

(SαSβ) (SαSγ) + (SαSγ) (SαSβ)

(η̄α − η̄β) (η̄α − η̄γ)

 . (4.18)

The low-energy theory is described by a massless bosonic field and a Majorana

field, consistent with c = 3/2 [226]. A truncated, shorter-ranged version of

Eq. (4.18),

HJ1−J3 =
N∑
α=1

{
SαSα+1 +

J3

J1

[(Sα−1Sα) (SαSα+1) + H.c.]

}
, (4.19)

was studied by Michaud et al. [155]. They found numerical evidence for SU(2)2

critical behavior at J3/J1 ≈ 0.11, with central charge c = 1.5.

The singlet ground state of any spin-1 chain of even length N can be

written

∣∣ψS=1
0

〉
=
∑
{z}

ψ0 (z1, . . . , zN) S̃+
z1
. . . S̃+

zN
|−1〉N . (4.20)

The sum extends over all possible configurations of N spin-flip operators, al-

lowing for at most two spin-flips at the same site. The vacuum state |−1〉N =
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⊗Ni=1 |szi = −1〉 has all spins in the sz = −1 state, and S̃+
α = 1

2
(Szα + 1)S+

α is

a renormalized spin flip operator [70]. These renormalized spin flip operators

are the natural choice to unify a Pfaffian polynomial of spin-flip coordinates

with the singlet property of the resulting wave function, such that the ground

state of Eq. (4.18) reads

ψPf
0 (z1, . . . , zN) = Pf

(
1

zi − zj

) N∏
i<j

(zi − zj)
N∏
i=1

zi, (4.21)

where Pf (1/zi − zj) = A[(1/(z1 − z2) . . . 1/ (zN−1 − zN)]. Eq. (4.21) can also

be constructed by symmetrizing over two S=1/2 Haldane-Shastry chain states

[70,204]. We Fourier transform the spin-flip operators as

S+
α =

1√
N

N∑
q=1

η̄qαS̃
+
q , S̃+

q =
1√
N

N∑
α=1

ηqα S
+
α . (4.22)

Substituting (4.22) into (4.20), we find

|ψS=1
0 〉 =

∑
{q}

ψ̃0(q1, . . . , qN) S̃+
q1
. . . S̃+

qN
|−1〉N , (4.23)

ψ̃0(q1, . . . , qN) =
∑
{z}

ψ0(z1, . . . , zN) z̄ q11 . . . z̄ qNN . (4.24)

We calculate the momentum space entanglement spectrum from the

Fourier transformed ground state by partitioning the momentum space basis

into

A =

{
q

∣∣∣∣q < N

2

}
, B =

{
q

∣∣∣∣q > N

2

}
. (4.25)

Each region is decomposed in terms of number of particles N = NA + NB =∑N
q=1 nq, and total momentum M = MA +MB =

∑N
q=1 nqq, where nq denotes
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(a) Pfaffian Spin Chain
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(b) Takhtajan-Babujian Point
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(c) J1 − J3 Model

Figure 4.2: (a) Entanglement spectrum of Eq. (4.18), (b) entanglement spec-
trum of the Takhtajan-Babujian point, and (c) entanglement spectrum of the
J1 − J3 model for (N,NA) = (12, 6). In (b) and (c), the universal (red) and
non-universal (blue) entanglement levels are separated by a finite entanglement
gap. For (a)-(c), the counting of the universal levels matches the counting of
SU(2)2 WZW theory, consistent with the UBEC.

the occupation number of a given momentum q. As in the last section, the

crystal momentum M c = M mod N is an exact quantum number, while M

generally is not. The state in Eq. (4.21) is a squeezing state, with all its weight

in the M = N2/2 sector. The M = N2/2 sector also turns out to hold most

of the ground state weight for the Takhtajan-Babujian and J1 − J3 models.

Hence MA is a good approximate quantum number. (For example, the N = 10

Takhtajan-Babujian ground state has 94% of its total weight in the M = 50

sector.)

Fig. 4.2a shows the entanglement spectrum of Eq. (4.21) for (N,NA) =

(12, 6). It should be compared with the entanglement spectra of the Takhtajan-

Babujian and J1 − J3 model ground states in figs. 4.2b and 4.2c, respectively.

In all three cases, there is a matching of the universal levels, and a counting

1, 1, 3, . . . of the low-lying entanglement levels form left to right. The count-

ing corresponds to the energy levels of a boson and a Majorana fermion with
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antiperiodic boundary conditions [156]. For NA = 7 (not shown), the ob-

served counting is 1, 2, 4, . . . , consistent with the previous finding 3. Fig. 4.2a

shows nonuniversal entanglement weight, i.e. there is an extensive number

of zero eigenvalues in ρA. This is due to a monomial equivalence between

Eq. (4.18) and the bosonic Moore-Read state [161]. Figs. 4.2b and 4.2c do ex-

hibit nonuniversal entanglement weight, separated from the universal weight

by an entanglement gap, again in agreement with the UBEC. Note that in

analytically unresolved cases such as the model Eq. (4.19) at J3/J1 ≈ 0.11,

the momentum entanglement fingerprint provides a particularly elegant tool

to identify the critical theory.

Note also that using the momentum space entanglement spectrum has

some advantages over (bipartite) real-space entanglement measures in iden-

tifying conformal field theories. A density matrix renormalization group cal-

culation of the real-space entanglement entropy ( c
3

lnL in a conformal field

theory [26]) of Eq. 4.18 found c = 1.46(2) [227]. Although that result is con-

sistent with c = 3
2
, it should be contrasted with our method, which confirms

c exactly using small system sizes. The real-space entanglement spectrum can

be used to identify the central charge through the distribution of entanglement

levels [27] and can be identified as a boundary conformal field theory [117].

3The finite effects in the entanglement spectrum counting, as well as the perspective
from root partition monomials in momentum space, show that the (N,NA) = (12, 6) sector
corresponds to the 1 branch and the (N,NA) = (12, 7) sector to the Ψ branch. The σ
branch is resolved by the entanglement spectrum analysis of the ground state of (4.18) for
N odd [227].
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As a tool for identifying c numerically it is still limited by finite size effects 4.

4.3 Summary and Conclusions

Using several examples of critical spin-1 chains, we have provided evi-

dence that the universal bulk entanglement conjecture for critical spin chains

generically holds for SU(N)k Wess-Zumino-Witten theories. As concrete fur-

ther examples, one would expect to find an entanglement gap in the mo-

mentum space entanglement spectrum (upon Fourier transforming the correct

quantum operator) for SU(N)1 Heisenberg models, which were constructed in

Refs. [8, 96], as well as their generalizations to higher k [3, 147]. It would also

be interesting to investigate the anisotropic generalization of the Takhtajan-

Babujian point with the momentum space entanglment spectrum [97]. From

a broader perspective, our work highlights that entanglement spectra not only

provide universal fingerprints for topological phases, but also for critical sys-

tems.

4More specifically, the distribution of the entanglement levels only approaches the contin-
uum limit for system sizes of 1000 or more [27], while the width of the boundary conformal
field theory scales as lnL, indicating that this method is limited to large system sizes [117].
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Chapter 5

Summary and Conclusions

In this final part of the dissertation, we summarize the preceding chap-

ters, and present conclusions and an outlook. In Chapter 2 we studied py-

rochlore iridate trilayer and bilayer thin films grown along the [111] direction

using a strong-coupling approach. The study of such systems is motivated

by the promise of novel phases when both spin-orbit coupling and electron-

electron interactions are of appreciable strength, and by the fact that a mul-

titude of interesting phases and phenomena have already been predicted. To

that extensive list we can now add topological magnon bands, a magnon ther-

mal Hall effect, and unconventional time-reversal symmetry broken supercon-

ductivity for doped trilayer systems. We also found an all-in–all-out magnetic

ground state for the trilayer system, and a deformed variant on the bilayer

lattice. Our work provides new connections between pyrochlore iridates to

both magnon thermal Hall physics and layered superconductors. The fact

that many of our results are related to the Dzyaloshinskii-Moriya interaction

highlights that spin-orbit coupling has interesting and important effects also

in local moment models.

In Chapter 3 we investigated magnetic and topological properties of
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kagome antiferromagnets with both in- and out-of-plane Dzyaloshinskii-Moriya

interactions. Much like the pyrochlore systems, these systems exist on a ge-

ometrically frustrated lattice, yet order in noncollinear orders at low tem-

peratures due to the Dzyaloshinskii-Moriya interactions, in this case in the

umbrella configuration. We derived new expressions for its canting angle, al-

lowing for both in-plane Dzyaloshinskii-Moriya interactions and an applied

transverse field. A spin-wave analysis revealed several topological bands, with

higher Chern numbers (|C| > 1). We calculated the magnon thermal Hall con-

ductivity, predicting a large enough effect for iron jarosite systems to propose

them as a candidate material for experiments. We found that the effect can

be tuned by almost an order of magnitude by a staggered magnetic field, and

that it remains finite even as the canting angle approaches zero. We also saw

that there are several topological transitions as function of the magnetic field

or the in-plane Dzyaloshinskii-Moriya strength.

In Chapter 4 we studied the momentum space entanglement spectra of

critical spin-1 chains. These models have a low-energy description in terms of

SU(N)k Wess-Zumino-Witten models, which allowed for a subtle connection

to fractional quantum Hall states. Our study provided evidence for, and ex-

panded the reach of, the conjecture that the momentum-space entanglement

spectrum contains a universal part, related to the field theory, and a nonuni-

versal part separated from each other by an entanglement gap.

While all systems we have studied are spin models with connections

to topological states of matter, our motivations for studying them have been
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rather different, which only serves to highlight the ubiquity of topological

physics in condensed matter physics. Hence, there are many avenues for fur-

ther research into the topics we have discussed. One may consider studying

the topological properties of other spin models, or ask questions such as: Are

there effective models for the iridates that better describe the electron struc-

ture? How far does the analogy between topological magnon band structures

and electronic band structures go? In particular, it would be interesting to

better understand the role of magnon-magnon interactions, especially in nearly

flat bands. There is also an increasing interest in nonequilibrium properties,

including in frustrated models proximate to the ones studied here, and driven

systems where entanglement may be used to characterize thermalization.
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Appendix A

Derivation of pyrochlore lattice DM vectors

We take v̂01 as given in (2.19),

v̂01 ∼
1√
2

(0, 1,−1) . (A.1)

Next we use the four threefold rotation axes of the tetrahedron to derive the

other DM vectors. To achieve this we can use the matrix form of Rodrigues’

rotation formula 1,

R = I cos θ + sin θ [u]x + (1− cos θ) u⊗ u, (A.2)

where u is a unit vector in the direction of the axis of rotation, and

[u]x =

 0 −uz uy
uz 0 −ux
−uy ux 0

 (A.3)

is the cross-product matrix of u.

Using

u =
1√
3

(1, 1, 1) , (A.4)

1Mathematica conveniently implements this in the RotationMatrix command.
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and θ = 120◦ = 2π/3 (positive angle for counter-clockwise rotation) we find

v̂02 ∼
1√
2

(−1, 0, 1) , v̂03 ∼
1√
2

(1,−1, 0) . (A.5)

Since Dij · (S× Sj) = Dji · (Sj × Si) = −Dji · (Si × Sj), it follows that the

DM vectors are antisymmetric, v̂ij = −v̂ji. In particular, we know v̂10 and can

construct a new rotation matrix corresponding to

u ∼ c− rb1, c =

(
1

2
,
1

2
,
1

2

)
, (A.6)

where c is the vector to the center of the cube. This time, the rotation is

clockwise. Normalizing, we get

u =
1√
3

(1,−1,−1) , (A.7)

which yields

v̂12 ∼
1√
2

(1, 1, 0) , v̂13 ∼
1√
2

(−1, 0,−1) . (A.8)

Similarly,

u ∼ c− rb2, u =
1√
3

(−1, 1,−1) , (A.9)

for a counter-clockwise rotation yields

v̂21 ∼
1√
2

(−1,−1, 0) , v̂23 ∼
1√
2

(0, 1, 1) . (A.10)

Antisymmetry gives the last two vectors. Alternatively, they can be verified

by the forming the rotation matrix about the remaining axis and rotating

clockwise.
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Appendix B

Expectation values for order parameters in the

slave boson mean-field theory

Here we derive expressions for the expectation values in the slave boson

mean-field theory studied in chapter 2, in a manner similar to that of Ref. [202].

We rewrite the Hamiltonian

H −H0 =
∑
k

ϕ†kHkϕk =
∑
k

ϕ†kUkDkU
†
kϕk ≡

∑
k

γ†kDkγk, (B.1)

where H0 is the constant part, Dk is a diagonal matrix with the eigenvalues

of Hk as its elements, and Uk is the unitary diagonalizing matrix constructed

from the (normalized) eigenvectors of Hk. ϕk is the vector

ϕk =
(
f0↑ (k) , f0↓ (k) . . . f4↓ (k) , f †0↑ (−k) , f †0↓ (−k) . . . f †4↓ (−k)

)T
, (B.2)

introduced in the Bogoliubov transformation, where T denotes transpose. The

vector γk represents the annihilation operators for the effective quasiparticle

in the diagonal basis. Its elements satisfy γk,a = U †k,abϕk,b, where the vector

indices a, b run over the 20 components of ϕ.

For clarity, summation over spin indices σ is not assumed in the fol-

lowing. We begin by calculating the expectation value for the density n. We
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average over all sites on the same sublattice.

nµα =
∑
σ

〈f †µασfµασ〉 =
Nsublattices

Nsites

∑
µ

∑
σ

〈f †µασfµασ〉

=
5

Nsites

∑
k

〈ϕ†k,2α+1ϕk,2α+1 + ϕ†k,2α+2ϕk,2α+2〉

=
5

Nsites

∑
k

〈γ†k,b
([
U †k

]
b,2α+1

[Uk]2α+1,c

+
[
U †k

]
b,2α+2

[Uk]2α+2,c

)
γk,c〉, (B.3)

where Nsites is the total number of lattice sites, and Nsites/5 is the number

of unit cells. The matrix element is non-zero if and only if b = c, and the

state corresponding to b is occupied. Due to the particle-hole symmetry of the

Bogoliubov transformation, it is occupied if the b:th eigenvalue of Hk is less

than or equal to zero. Using
[
U †k

]
b,2α+1 =

[
U?
k

]
2α+1,b

we write

nµα =
5

Nsites

∑
k

∑
b occ.

[∣∣∣[Uk]2α+1,b

∣∣∣2 +
∣∣∣[Uk]2α+2,b

∣∣∣2] . (B.4)

Similarly, we calculate the expectation value for χ

χµα,µα+v =
5

Nsites

∑
k

∑
b occ.

eik·v
(

[U?
k ]2α+1,b [Uk]2αα+v+1,b

+ [U?
k ]2α+2,b [Uk]2αα+v+2,b

)
, (B.5)

where v denotes the displacement vector from Rµ+rα to some nearest neighbor

and αα+v denotes the sublattice index of that site. The other order parameters

have the expectation values

∆µα,µα+v =
5

Nsites

∑
k

e−ik·v
∑

b unocc.

(
[Uk]2α+1,b [U?

k ]10+2αα+v+2,b

− [Uk]2α+2,b [U?
k ]10+2αα+v+1,b

)
, (B.6)
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ψµα,µα+v =
5

Nsites

∑
k

ieik·v
∑
b occ.

{
[U?

k ]2α+1,b [Uk]2αα+v+2,b v
−
α,αα+v

+ [U?
k ]2α+2,b [Uk]2αα+v+1,b v

+
α,αα+v

+ vzα,αα+v

(
[U?

k ]2α+1,b [Uk]2αα+v+1,b

− [U?
k ]2α+2,b [Uk]2αα+v+2,b

)}
, (B.7)

where v±α,αα+v = vxα,αα+v ± iv
y
α,αα+v

, and

ξµα,µα+v =
5

Nsites

∑
k

ie−ik·v
∑

b unocc.

{
[Uk]2α+1,b [U?

k ]10+2αα+v+1,b

(
−v+

α,αα+v

)
+ [Uk]2α+2,b [U?

k ]10+2αα+v+2,b v
−
α,αα+v

+ vzα,αα+v

(
[Uk]2α+1,b [U?

k ]10+2αα+v+2,b

+ [Uk]2α+2,b [U?
k ]10+2αα+v+1,b

)}
. (B.8)

Note that the pairing order parameters ∆ and ξ involve sums over unoccupied

(positive energy) states, instead of occupied states.
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[153] L. Messio, O. Cépas, and C. Lhuillier, Schwinger-boson approach to the

kagome antiferromagnet with Dzyaloshinskii-Moriya interactions: Phase

diagram and dynamical structure factors, Phys. Rev. B 81 (2010),

064428.

[154] L. Messio, C. Lhuillier, and G. Misguich, Lattice symmetries and regular

magnetic orders in classical frustrated antiferromagnets, Phys. Rev. B

83 (2011), 184401.

[155] F. Michaud, F. Vernay, S. R. Manmana, and F. Mila, Antiferromagnetic

spin-S chains with exactly dimerized ground states, Phys. Rev. Lett.

108 (2012), 127202.
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