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In recent years, there has been an upsurge in interest in three-dimensional

theories of gravity. In particular, two theories of massive gravity in three dimen-

sions hold strong promise in the search for fully consistent theories of quantum

gravity, an understanding of which will shed light on the problems of quantum

gravity in four dimensions. One of these theories is the “old” third-order theory

of topologically massive gravity (TMG) and the other one is a “new” fourth-order

theory of massive gravity (NMG). Despite this increase in research activity, the

problem of finding and classifying solutions of TMG and NMG remains a wide

open area of research. In this thesis, we provide explicit new solutions of massive

gravity in three dimensions and suggest future directions of research. These solu-
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tions belong to the Kundt class of spacetimes. A systematic analysis of the Kundt

solutions with constant scalar polynomial curvature invariants provides a glimpse

of the structure of the spaces of solutions of the two theories of massive grav-

ity. We also find explicit solutions of topologically massive gravity whose scalar

polynomial curvature invariants are not all constant, and these are the first such

solutions. A number of properties of Kundt solutions of TMG and NMG, such

as an identification of solutions which lie at the intersection of the full nonlinear

and linearized theories, are also derived.
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Chapter 1

Introduction

Since the advent of quantum theory and its immediate outstanding successes,

many attempts have been made to include gravity in the quantum theory. This

is the realm of quantum gravity. While the theory of general relativity is very

successful at describing large-scale physical phenomena, it carries within it the

seeds of its own limitations. For example, Einstein’s theory of gravity admits black

hole solutions, with gravitational singularities. Near these singularities, general

relativity ceases to be valid. Moreover, an understanding of the fundamental

origin of black hole thermodynamics requires a quantum theory. One fruitful

approach to quantum gravity is string theory, which has been shown to account

for the entropy of many black holes. However, string theory is not without its own

difficulties. For instance, string theory admits a huge number of vacua, called the

string theory landscape.

While the search for consistent quantum theories of gravity has led to

many advances in theoretical physics, many outstanding challenges still remain.

One promising approach is to study quantum gravity in a more tractable, but
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still relevant, setting, i.e., in three dimensions. A study of quantum gravity in

three dimensions will most likely lead to valuable insights and new approaches

in dealing with the problem of quantum gravity in four dimensions. Einstein’s

gravity in three dimensions has no propagating local degrees of freedom (see for

example [1, 2, 3, 4]). In the presence of a negative cosmological constant, the the-

ory has an interesting asymptotic conformal symmetry [5] and admits black hole

solutions, known as BTZ black holes [6]. In the context of the AdS/CFT corre-

spondence, this conformal symmetry might be elevated to a duality of the theory

with a two-dimensional conformal field theory (CFT) defined on the boundary

of anti-de Sitter spacetime (AdS). It might be argued that the main problem of

quantum gravity with negative cosmological constant is the identification of this

dual CFT. One of the immediate tests for such a CFT is that it accounts for

the entropy of the BTZ black hole. Interesting directions of research came from

recasting Einstein’s theory of gravity with a negative cosmological constant as

a Chern–Simons gauge theory [7, 8], however this approach has not led so far

to a clear accounting of the black hole entropy. More recently, Witten revisited

the subject [9], which motivated further research in this direction. However, this

effort was met with difficulties, for example, in the physical interpretation of the

partition function [10].

In this state of affairs, two geometrical theories of massive gravity in three

dimensions stand out as promising theories of quantum gravity, at least for special

values of their couplings. One of these theories is topologically massive gravity

(TMG) [11] and the other one is a new theory of massive gravity (NMG), proposed

recently in [12]. Unlike three-dimensional Einstein’s gravity, in both TMG and
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NMG, the linearized excitations about a constant-curvature background describe

a propagating massive graviton. However, while for TMG this local degree of free-

dom is the result of adding the parity-violating gravitational Chern–Simons term

to the Einstein–Hilbert action, NMG is obtained by adding a parity-preserving

Lagrangian which is quadratic in the curvature. Thus, the field equation of TMG

contains up to third-order derivatives in the metric, and the field equation of NMG

contains up to fourth-order derivatives. It is perhaps instructive to provide, in

brief, a historical context for higher-derivative theories of gravity.

Modifications of the Einstein–Hilbert action by addition of terms involving

higher powers of the curvature tensors—which lead via an action principle to field

equations with higher derivatives in the metric—and most notably fourth-order

gravity, have a long history which goes back to the early years of general relativity.

They have originally appeared in the work of Weyl [13] in his attempts to find

alternatives to Einstein’s theory and to unify gravity and electromagnetism—then

the only known fundamental interactions in Nature.*

Decades later, there was renewed interest in higher-order theories of grav-

ity, because they provided renormalizable quantum field theories. First, Utiyama

and DeWitt [15] demonstrated the necessity of adding higher-order curvature

terms to the Einstein–Hilbert action, if the theory is to be one-loop renormaliz-

able. The non-renormalizability of Einstein’s theory of general relativity is due

to the fact that the parameter of the perturbative expansion is the gravitational

constant, which has the dimension of a length squared. Then Stelle showed that

four-dimensional fourth-order gravity is renormalizable [16]. Renormalizability

*For a historical review of work on fourth-order gravity up to the sixties, see [14].
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of this theory of gravity is due to its massive spin-two excitations. However, the

massive graviton is a non-decoupling ghost (a negative norm state), and therefore

causes instability in the classical theory and renders the quantum theory non-

unitary [16, 17]. Further motivation for the study of higher-derivative theories of

gravity, albeit only as effective field theories, arose, for example, from studies of

quantum fields in curved spacetime and from string theory. Both renormalization

of quantum field theory in curved spacetime (see for example [18, 19]) and the

low-energy limit of string theory lead to higher-order curvature invariants.

The difficulty in reconciling unitarity and renormalizability seems to be

a generic trend in theories of gravity. However, in three dimensions, TMG and

NMG are special in this regard, at least for special values of their parameters and

with certain choices of signs in their actions. Moreover, for negative cosmological

constant, both TMG and NMG (in a region of its parameter space) admit the

BTZ black holes as solutions, which provide tests for the quantum theory. It is

worth noting that TMG and NMG admit non-Einstein black hole solutions as

well, which are not necessarily asymptotically AdS but would be important for

other choices of vacuum and asymptotics.

It is worth mentioning that on another front, in recent years, there has

been a revival of interest in massive theories of gravity in connection with a grav-

itational Higgs mechanism [20, 21], which is relevant, for example, in the brane

world scenario (where the presence of a brane breaks diffeomorphism invariance

in the directions perpendicular to the brane) and in string theory approaches to

quantum chromodynamics [21].

Despite the upsurge in interest in three-dimensional massive theories of
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gravity, little is known about their spaces of classical solutions. The problem of

finding exact solutions of nonlinear field equations of theoretical physics is often a

complicated one. For example, in four-dimensional general relativity, this problem

was (and still is) an active area of research since the inception of the theory, as

illustrated by the authoritative reference on the subject [22]. In three dimensions,

the local problem of which metrics are vacuum solutions of Einstein’s theory is

trivial: for a given cosmological constant Λ, all solutions have constant curvature,

with scalar curvature 𝑅 = 6Λ, and thus their local geometry is unique. However,

this is not the case for higher-derivative extensions of three-dimensional Einstein’s

theory. In fact, the problem is far from trivial, as confirmed, for example, by the

rarity (until recently) of distinct exact local solutions of topologically massive

gravity in the literature, even though this theory has been around for well over

twenty years.

For an orderly perspective of the possible space of solutions, different clas-

sification approaches are useful. These classification schemes group together so-

lutions using different criteria, thus readily providing many of the common prop-

erties of the solutions in a given class. Furthermore, sometimes all exact solutions

in a given class might be obtained if the class is tractable enough. Some of the

classification and solution-generating schemes which have proven very useful in

general relativity and other theories of gravity are: (i) requiring the solutions

to have some algebra of infinitesimal symmetries; (ii) algebraic classification of

certain curvature tensors (such as the Weyl and Ricci tensors); (iii) classification

based on curvature invariants; and (iv) requiring the solutions to admit some

special vector or tensor fields, subject to some covariant equations. There are
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of course interconnections between all these classification schemes, the study of

which is a valuable tool in providing insight into the theory at hand. While each

classification scheme brings to the foreground particular properties of the space-

times considered, when combined, they offer a rich perspective of the space of

solutions of the given theory. In this dissertation we shall find solutions of TMG

and NMG which admit a geodesic null vector field with vanishing divergence. We

will employ an algebraic classification of the Ricci and Cotton tensors to provide

more properties of these solutions, and then we will use the square of the Ricci

tensor (for TMG) and the scalar curvature (for NMG) to make visible part of

the structure of the space of Kundt solutions with constant scalar polynomial

curvature invariants.

We hope that the above considerations motivate the subject of this disser-

tation. The remainder of the dissertation is organized as follows. In Chapter 2,

we present some mathematical background which fixes our conventions and famil-

iarizes the reader with some of the facts regarding three-dimensional manifolds

(especially Lorentzian manifolds) and their relation to manifolds in general di-

mension. In particular, we present some of the basic classes of three-dimensional

spacetimes and their interrelationship. We also discuss the algebraic classifica-

tion of symmetric tensors of type (0,2) in three-dimensional spacetimes, which

will be used to classify the Ricci and Cotton tensors of our solutions of massive

gravity. Chapter 3 is devoted to the Kundt class of spacetimes to which our so-

lutions belong. We first collect some definitions and properties of vector fields,

then define the Kundt class of spacetimes in general dimension. We examine the

three-dimensional Kundt spacetimes in more detail and discuss the subclass con-
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sisting of those spacetimes with constant scalar polynomial curvature invariants.

In Chapter 4, we first present the action, field equations, and a discussion of the

proposal of chiral gravity [23], which has spurred new research on TMG. Then,

the core of this chapter is devoted to finding Kundt solutions of TMG. Chapter 5

is the counterpart of Chapter 4 for NMG. We first give more concrete motivation

for NMG before we delve into finding its Kundt solutions. In the last chapter, we

give concluding remarks and suggest some future directions of research related to

the work presented in this dissertation. Finally, the appendix is a survey of exact

solutions for TMG and NMG which were found before [24].
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Chapter 2

Mathematical Background

In this chapter we provide the mathematical background which will be needed

in our discussion of solutions of massive gravity in three dimensions. The first

section discusses some general properties of manifolds which are endowed with a

metric tensor and serves to fix some of our conventions. In Section 2.2, we discuss

conformal flatness and introduce the Cotton tensor, whose vanishing character-

izes conformal flatness in three dimensions. An important class of manifolds is

introduced in Section 2.3; this is the class of CSI manifolds, for which all scalar

polynomial curvature invariants are constant. Finally, in Section 2.4, we discuss

the Segre classification of the symmetric tensors of type (0,2) in three dimensions.

2.1 Preliminaries

A pseudo-Riemannian (or semi-Riemannian) manifold (𝑀, 𝑔𝛼𝛽) is a differentiable

manifold 𝑀 which is equipped with a smooth metric tensor 𝑔𝛼𝛽, i.e., a non-

degenerate symmetric bilinear form on each tangent space which varies smoothly

over the manifold. Hence, in any given coordinate system, the metric tensor
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has 𝐷 non-zero real eigenvalues, where 𝐷 is the dimension of the manifold. By

Sylvester’s law of inertia, the number of positive and negative eigenvalues does

not depend on the choice of the coordinate system. If the signature is (++ · · · )—

i.e., the metric is positive-definite—then the manifold is called a Riemannian

manifold. If the signature is (− + + · · · ), the manifold is called a Lorentzian

manifold. From now on, the term manifold, without any specification, refers to

either a Riemannian manifold, a Lorentzian manifold, or the underlying differen-

tiable manifold, with the specific meaning being implied by the context.

Given a metric 𝑔𝛼𝛽 on a manifold𝑀 , there is a unique torsion-free covariant

derivative ∇𝛼 satisfying ∇𝛼𝑔𝛽𝛾 = 0, called the Levi-Civita covariant derivative.

Given a coordinate system, the metric tensor and its (ordinary) derivatives are

used to construct every other geometric object. For example, the deviation of

the covariant derivative (acting on tensor fields) from the ordinary derivative is

expressed using the Christoffel symbols Γ𝛼
𝛽𝛾, which are defined by

Γ𝛼
𝛽𝛾 =

1

2
𝑔𝛼𝜎

(︀
𝜕𝛽𝑔𝛾𝜎 + 𝜕𝛾𝑔𝛽𝜎 − 𝜕𝜎𝑔𝛽𝛾

)︀
. (2.1)

The Riemann curvature tensor 𝑅𝛼
𝛽𝛾𝛿 is given by

𝑅𝛼
𝛽𝛾𝛿 = 𝜕𝛾Γ

𝛼
𝛽𝛿 − 𝜕𝛿Γ

𝛼
𝛽𝛾 + Γ𝛼

𝛾𝜎Γ
𝜎
𝛽𝛿 − Γ𝛼

𝛿𝜎Γ
𝜎
𝛽𝛾,

and has the following symmetries

𝑅𝛼𝛽𝛾𝛿 = −𝑅𝛽𝛼𝛾𝛿 = −𝑅𝛼𝛽𝛿𝛾 = 𝑅𝛾𝛿𝛼𝛽, (2.2)
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𝑅𝛼𝛽𝛾𝛿 +𝑅𝛼𝛾𝛿𝛽 +𝑅𝛼𝛿𝛽𝛾 = 0, (2.3)

∇𝛼𝑅𝛽𝛾𝛿𝜀 +∇𝜀𝑅𝛽𝛾𝛼𝛿 +∇𝛿𝑅𝛽𝛾𝜀𝛼 = 0. (2.4)

This last differential constraint is known as the Bianchi identity. Now, the Ricci

tensor, which is symmetric in its indices, is obtained by contracting the first and

third indices of the Riemann tensor:

𝑅𝛼𝛽 = 𝑅𝜎
𝛼𝜎𝛽,

and the scalar curvature (or Ricci scalar) is the trace of the Ricci tensor:

𝑅 = 𝑔𝛼𝛽𝑅𝛼𝛽.

Using the above ingredients, the vacuum Einstein equation, with cosmo-

logical constant Λ, is

𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + Λ𝑔𝛼𝛽 = 0, (2.5)

where the combination 𝐺𝛼𝛽 ≡ 𝑅𝛼𝛽 − (𝑅/2)𝑔𝛼𝛽 is called the Einstein tensor, is

symmetric, and is covariantly conserved (i.e., ∇𝛼𝐺𝛼𝛽 = 0) due to the Bianchi

identity (2.4). In dimension 𝐷 ≥ 3, taking the trace of equation (2.5), we find

that 𝑅 = 2𝐷Λ/(𝐷−2), and hence Einstein’s equation in vacuum is equivalent to

𝑅𝛼𝛽 =
2

𝐷 − 2
Λ𝑔𝛼𝛽. (2.6)

In two dimensions, equation (2.5) admits solutions only if Λ = 0, in which case

the equation is vacuous (0 = 0). In a coordinate system, Einstein’s equation in
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dimension 𝐷 ≥ 3 is a coupled system of 𝐷(𝐷+1)/2 partial differential equations.

The simplest manifolds are the flat manifolds, for which the Riemann

curvature vanishes everywhere. Since all one-dimensional manifolds are flat, we

shall restrict attention from now on to manifolds of dimension 𝐷 ≥ 2. Next in

simplicity are manifolds of constant curvature, for which the Riemann curvature

tensor is given by

𝑅𝛼𝛽𝛾𝛿 = 2𝐾𝑔𝛼[𝛾𝑔𝛿]𝛽, (2.7)

where 𝐾 is a constant, and the square brackets denote anti-symmetrization in the

enclosed indices. Using this tensorial identity to compute the Ricci tensor, we

obtain 𝑅𝛼𝛽 = 2𝐾𝑔𝛼𝛽, which means that manifolds of constant curvature, given

by (2.7), are Einstein manifolds, i.e., solutions of the vacuum Einstein equa-

tion (2.5), and the cosmological constant is given by Λ = (𝐷 − 2)𝐾. The local

geometry of a manifold (of a given dimension and metric signature) whose Rie-

mann tensor satisfies the identity (2.7) is completely determined by the constant

𝐾. For any given signature, dimension 𝐷, and constant 𝐾, there is a unique

simply-connected (geodesically) complete manifold with Riemann tensor given

by (2.7). In the Riemannian case, this manifold is Euclidean space if 𝐾 = 0,

the standard sphere of radius ℓ if 𝐾 = 1/ℓ2, and hyperbolic space of radius ℓ

if 𝐾 = −1/ℓ2. In the Lorentzian case, the unique simply-connected complete

manifold with Riemann tensor (2.7) is Minkowski spacetime if 𝐾 = 0, de Sitter

spacetime (dS) of radius ℓ if 𝐾 = 1/ℓ2 and 𝐷 ≥ 3 (or the universal cover of

de Sitter spacetime in two dimensions), and universal anti-de Sitter spacetime of

radius ℓ if 𝐾 = −1/ℓ2.

Due to its algebraic symmetries (2.2) and (2.3), the Riemann tensor in 𝐷
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dimensions has 𝐷2(𝐷2−1)/12 algebraically independent components. The corre-

sponding number for the Ricci tensor, being a symmetric tensor, is 𝐷(𝐷 + 1)/2.

In two dimensions, the Riemann tensor has only one independent component, and

is thus completely determined by the scalar curvature so that a two-dimensional

manifold is of constant curvature if and only if its scalar curvature is constant.

Note also that all two-dimensional manifolds are solutions of Einstein’s equa-

tion (2.5) (with Λ = 0). In three dimensions, since the numbers of algebraically

independent components of the Riemann and Ricci tensors coincide, the Ricci

tensor contains all the information about the curvature of the manifold. Indeed,

in three dimensions, the Riemann tensor is given by

𝑅𝛼𝛽𝜇𝜈 = 2𝑅𝛼[𝜇𝑔𝜈]𝛽 + 2𝑅𝛽[𝜈𝑔𝜇]𝛼 +𝑅𝑔𝛼[𝜈𝑔𝜇]𝛽, (2.8)

where the square brackets denote anti-symmetrization in the enclosed indices.

Thus, in three dimensions, all Einstein manifolds are of constant curvature, and

therefore their local geometry is completely constrained, which implies the ab-

sence of local propagating degrees of freedom in three-dimensional Einstein’s the-

ory of gravity.

2.2 Conformal flatness

Another curvature tensor, which is important in dimensions higher than three,

is the Weyl tensor, defined as the traceless component of the Riemann curvature

tensor, and as such contains the information in the Riemann tensor which is not
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contained in the Ricci tensor:

𝑊𝛼𝛽𝛾𝛿 = 𝑅𝛼𝛽𝛾𝛿 −
2

𝐷 − 2

(︀
𝑔𝛼[𝛾𝑅𝛿]𝛽 − 𝑔𝛽[𝛾𝑅𝛿]𝛼

)︀
+

2

(𝐷 − 1)(𝐷 − 2)
𝑅𝑔𝛼[𝛾𝑔𝛿]𝛽.

This identity applies in three dimensions as well, but by (2.8), the Weyl tensor

vanishes identically in three dimensions. The Weyl tensor is invariant under

conformal transformations of the metric, i.e.,

𝑔𝛼𝛽 → 𝑒2𝑓𝑔𝛼𝛽 ⇒ 𝑊𝛼
𝛽𝛾𝛿 → 𝑊𝛼

𝛽𝛾𝛿,

where 𝑓 is an arbitrary smooth function. A manifold (𝑀, 𝑔𝛼𝛽) is said to be

(locally) conformally flat if at each point there exists a neighborhood 𝑈 and a

smooth function 𝑓 such that the Riemann curvature of the conformally equiva-

lent metric 𝑒2𝑓𝑔𝛼𝛽 vanishes identically on 𝑈 , i.e., (𝑈, 𝑒2𝑓𝑔𝛼𝛽) is flat. Manifolds of

constant curvature, in any number of dimensions, are conformally flat. In two

dimensions, every manifold is conformally flat, as is manifested by the existence

of isothermal coordinates. A necessary and sufficient condition for a manifold of

dimension greater than three to be conformally flat is that the Weyl tensor van-

ishes identically. Since the Weyl tensor vanishes identically in three dimensions,

its role as providing a criterion for conformal flatness, is played by another tensor,

called the Cotton tensor.

The Cotton tensor [25], 𝐶𝛼𝛽, is defined by

𝐶𝛼𝛽 = 𝜖𝛼
𝜇𝜈∇𝜇

(︁
𝑅𝜈𝛽 −

1

4
𝑅𝑔𝜈𝛽

)︁
, (2.9)
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where 𝜖𝛼𝛽𝛾 is the Levi–Civita tensor, defined, in terms of the permutation symbol

𝜀𝛼𝛽𝛾 and the determinant of the metric 𝑔, by 𝜖𝛼𝛽𝛾 = 𝜀𝛼𝛽𝛾/
√︀

|𝑔|. The combination

𝑃𝛼𝛽 = 𝑅𝛼𝛽 − 1
4
𝑅𝑔𝛼𝛽 is known as the Schouten tensor. The Cotton and Levi-

Civita tensors are, strictly speaking, pseudotensors because they change signs

under a parity transformation. The Cotton tensor was discussed in the classic

ADM paper [26], in connection with finding transverse traceless perturbations of

the metric, and in [27], in connection with the initial value-problem in general

relativity.

The Cotton tensor (2.9) is (i) traceless: 𝑔𝛼𝛽𝐶𝛼𝛽 = 0, (ii) covariantly con-

served: ∇𝛼𝐶𝛼𝛽 = 0, and (iii) symmetric: 𝐶𝛼𝛽 = 𝐶𝛽𝛼 (due to the contracted

Bianchi identity ∇𝛼𝐺𝛼𝛽 = 0). An equivalent definition of the Cotton tensor, in

which the symmetry is manifest is

𝐶𝛼𝛽 =
1

2

(︁
𝜖𝛼

𝜇𝜈∇𝜇𝑅𝜈𝛽 + 𝜖𝛽
𝜇𝜈∇𝜇𝑅𝜈𝛼

)︁
.

In three dimensions, conformal flatness is characterized by the vanishing of the

Cotton tensor. It is worth noting that while the condition of being conformally

flat involves second-order derivatives in the metric in dimension higher than three,

it involves third-order derivatives in the metric in three dimensions. This makes

the case of three dimensions different from higher dimensions and harder in some

respects, as is apparent, for instance, in the study of hypersurfaces of the sphere

with conformally flat induced metrics (see for example [28] for the Riemannian

case, and [29] for the Lorentzian case).
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2.3 CSI spacetimes

Manifolds for which all scalar polynomial invariants constructed from the Rie-

mann tensor and its covariant derivatives are constant are called CSI mani-

folds [30]. (The term “polynomial” is crucial in this definition, since there are CSI

manifolds which admit other types of non-vanishing local scalar invariants [31].)

In three dimensions, for a Lorentzian manifold to be CSI, it is sufficient that

all polynomial scalar invariants constructed from the curvature tensor and its

covariant derivatives up to order 2 are constant [32].

A manifold is said to be locally symmetric if the curvature tensor is co-

variantly constant. A manifold is locally homogeneous if, for any two points,

there is a local isometry mapping a neighborhood of one point into a neighbor-

hood of the other point [33]. For a manifold of either Riemannian or Lorentzian

signature, having constant curvature implies being locally symmetric, which im-

plies local homogeneity, which in turn implies that the manifold is CSI. However,

while every CSI Riemannian manifold is locally homogeneous [34], this is not

the case for Lorentzian manifolds, which means that the inclusion of the class

of locally homogeneous spacetimes in the CSI class of spacetimes in the dia-

gram of figure 2.1 is strict. For every CSI Lorentzian manifold with particular

constant invariants, there exists, at least in three [32] and four dimensions [30],

a locally homogeneous Lorentzian manifold with the same constant invariants.

The three-dimensional locally homogeneous Lorentzian manifolds were classified

recently in [35]. It was shown in [35] that a locally homogeneous Lorentzian

manifold is either locally symmetric or locally isometric to a Lie group equipped

with a left-invariant Lorentzian metric. More recently, it was shown in [32] that
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a three-dimensional CSI spacetime is either locally homogeneous or it is locally

a Kundt spacetime. (Kundt spacetimes are discussed in the next chapter.) The

corresponding result in four dimensions was proved very recently in [36].

Some of the important classes of three-dimensional spacetimes discussed

so far and their interrelationships are illustrated in the diagram of figure 2.1.

Figure 2.1: Some classes of three-dimensional spacetimes.

2.4 Segre types of symmetric tensors of type

(0,2)

In this section, we shall give a brief review of the algebraic classification of sym-

metric tensors of type (0,2) in Lorentzian manifolds. Let (𝑀, 𝑔𝛼𝛽) be a three-

dimensional Lorentzian manifold, let 𝑝 ∈ 𝑀 , and let 𝑆𝛼𝛽 be a symmetric tensor

at 𝑝.
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The eigenvalue problem*

𝑆𝛼
𝛽 𝑣

𝛽 = 𝜆𝑣𝛼

(where 𝑆𝛼
𝛽 = 𝑔𝛼𝜎𝑆𝜎𝛽, 𝜆 is a complex number, and 𝑣𝛼 is a tangent vector at 𝑝)

gives rise to a classification of 𝑆𝛼𝛽 in terms of the Jordan canonical form of 𝑆𝛼
𝛽

and a coarser classification by Segre type [37, 38, 39]. The classification via Segre

type reveals only the dimension of the Jordan blocks and the degeneracy of the

eigenvalues, where equal eigenvalues are enclosed in parentheses. For example,

𝑆𝛼𝛽 is of Segre type {(21)} if: the Jordan canonical form of 𝑆𝛼
𝛽 contains two blocks

of dimension 2 and 1, and the two eigenvalues are equal. In the case of non-real

eigenvalues, the Segre type is denoted {1𝑧𝑧}. All Segre types (i.e., types {111},

{1𝑧𝑧}, {21}, {3}, and their degeneracies) are possible, but the fact that 𝑆𝛼𝛽 is

symmetric places restrictions on the possible eigenvectors of 𝑆𝛼
𝛽 . For instance,

(i) a timelike eigenvector is possible only for type {111} and its degeneracies, in

which case it is unique. By convention, a comma is used to indicate the presence

of a timelike eigenvector, and most importantly, to distinguish between the two

types {(1,1)1} and {1,(11)}. (ii) The types {21}, {(21)}, and {3} admit exactly

one null eigenvector, and this eigenvector corresponds to the Jordan block of

dimension 2 in the first two types. (iii) The type {(1,1)1} admits exactly two

null eigenvectors, and it is the only type with this property. (iv) All types admit

a spacelike eigenvector, except for types {(1,1)1} and {3}. Finally, (v) the types

{1,11}, {1,(11)}, and {1𝑧𝑧} do not admit null eigenvectors.

*This same eigenvalue problem for Riemannian manifolds is simpler, since 𝑆𝛼
𝛽 would be

symmetric and therefore diagonalizable.
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In this dissertation, we will be interested in the Segre types (and corre-

sponding eigenvalues) of the Ricci and Cotton tensors. Note that the tracelessness

of the Cotton tensor implies that (i) a manifold with Cotton tensor of Segre type

{(111)} in an open subset is necessarily conformally flat in this open subset and

that (ii) the Cotton eigenvalues are zero for both Segre types {(21)} and {3}.
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Chapter 3

Kundt Spacetimes

In this chapter we introduce an important class of Lorentzian manifolds: the

Kundt class of spacetimes. This is the class within which we will find new explicit

solutions of massive gravity in three dimensions. Kundt spacetimes were originally

considered in the context of four-dimensional general relativity [40], but they have

been recently studied in general dimension (see for example [41] and [42]). Since

the Kundt class is defined by the existence of a geodesic null vector field with

special properties, we shall first discuss some properties of vector fields, which

will make the definition precise and are necessary for our discussion of some

properties of the Kundt class. Then, in Section 3.2, the Kundt spacetimes in

general dimension are introduced. Finally, in Section 3.3, we examine the three-

dimensional Kundt spacetimes and derive some of their properties.

3.1 Properties of vector fields

The definitions in this preliminary section, which are needed in our discussion

of Kundt spacetimes and some of their properties, can be found, for example,
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in the following books on general relativity: Wald [43], Stephani et al. [22], or

Poisson [44]. In particular, the books by Wald and Poisson contain excellent

detailed discussions of geodesic congruences.

In a manifold with covariant derivative ∇𝛼, a geodesic is a curve whose

velocity vector 𝑡𝛼 is in the same direction as itself when parallel propagated, i.e.,

if there exists a function 𝑓 defined on the curve such that

𝑡𝛼∇𝛼𝑡
𝛽 = 𝑓𝑡𝛽.

Such a curve can always be reparameterized such that the new tangent vector 𝑡𝛼

satisfies the equation

𝑡𝛼∇𝛼𝑡
𝛽 = 0;

with such a parameterization, the geodesic is said to be affinely parameterized.

It can be shown that given two affine parameters, one is necessarily a linear

function of the other. The tangent vectors of a given geodesic have the same

causal character at any point, i.e., they are either all timelike, spacelike, or null.

A congruence, in some open subset of a given manifold, is a family of

curves such that through each point there passes one and only one curve in this

family. On the one hand, the tangent vectors to the curves of a congruence define

a vector field. On the other hand, to every vector field there corresponds a natural

congruence, namely the family of its integral curves.

Invariant properties of vector fields often involve the vector field and its

first covariant derivative, as can be seen from the following definitions. A vector

field 𝑣𝛼 is said to be geodesic if it is in the direction of the tangent vector field 𝑡𝛼
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of a congruence of affinely parameterized geodesics, i.e., if there exists a function

𝑓 such that

𝑣𝛼 = 𝑓𝑡𝛼; (3.1)

It can be shown that a vector field 𝑣𝛼 is geodesic if and only if

𝑣𝛼𝑣
𝜎∇𝜎𝑣𝛽 − 𝑣𝛽𝑣

𝜎∇𝜎𝑣𝛼 = 0.

A geodesic vector field 𝑣𝛼 is said to be affinely parameterized if

𝑣𝛼∇𝛼𝑣
𝛽 = 0.

Thus, a vector field 𝑣𝛼 satisfying equation (3.1) is affinely parameterized if and

only if 𝑡𝛼𝜕𝛼𝑓 = 0, i.e., if and only if the function 𝑓 does not vary along the

geodesics.

The vector field 𝑣𝛼 is said to be hypersurface-orthogonal if 𝑣𝛼 is propor-

tional to the normal 𝜕𝛼𝑢 of a family of hypersurfaces given by 𝑢 = constant, i.e.,

if there exist two functions 𝑢 and 𝑓 such that

𝑣𝛼 = 𝑓𝜕𝛼𝑢. (3.2)

By the Frobenius theorem, a vector field 𝑣𝛼 is hypersurface-orthogonal if and only

if

𝑣[𝛼∇𝛽𝑣𝛾] = 0.

For a hypersurface-orthogonal null vector field 𝑣𝛼 given by (3.2), the hy-
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persurfaces 𝑢 = constant are null and 𝑣𝛼 is at the same time orthogonal and

tangent to these hypersurfaces (see figure 3.1). A hypersurface-orthogonal null

vector field is always geodesic, with the geodesics being contained in the null

hypersurfaces 𝑢 = constant.

Figure 3.1: Local structure of a spacetime admitting a hypersurface-
orthogonal null vector field 𝑛𝛼.

A vector field 𝑣𝛼 is said to be recurrent if

∇𝛼𝑣𝛽 = 𝑅𝛼𝑣𝛽,

for some vector field 𝑅𝛼, called the recurrence vector. If the recurrence vector is

identically zero then the vector is covariantly constant. It can be checked that

a recurrent vector field is geodesic and hypersurface-orthogonal. While a non-

null recurrent vector field is necessarily in the direction of a covariantly constant

vector field, a null recurrent vector field does not have this property in general.

A vector field 𝑣𝛼 is said to be a conformal Killing vector field if there exists
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a function 𝑓 such that

∇(𝛼𝑣𝛽) = 𝑓𝑔𝛼𝛽,

where the round brackets denote symmetrization in the enclosed indices. If 𝑓

is identically zero, then the vector field is a Killing vector field. A covariantly

constant vector field is trivially a killing vector. A Killing vector field is the

infinitesimal generator of a one-parameter group of isometries.

The existence of a null Killing vector in a spacetime—which is often used

as the defining property of a gravitational wave—is a strong requirement, since

when it is combined with the requirement that the spacetime also satisfies a field

equation, it often leads to a complete solution of the problem. For example, all

vacuum solutions of the four-dimensional Einstein equation with zero cosmologi-

cal constant which admit a null Killing vector field are known [22]. In topologi-

cally massive gravity with a negative cosmological constant, all solutions with a

null Killing vector field are known and were shown to be supersymmetric for a

suitable choice of the mass parameter of the field equation [45]. If the spacetime

is only required to admit a null geodesic vector field, we obtain a larger family

of spacetimes, which contains the Robinson–Trautman and Kundt classes. Only

the latter class of spacetimes will be considered in this dissertation.

3.2 Kundt spacetimes in general dimension

In four dimensions, important transverse properties of a null geodesic vector field

can be expressed in terms of three scalars, called the optical scalars: the expansion

(or divergence), the shear, and the twist. (These scalars are defined below in gen-
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eral dimension.) A physical interpretation of these scalars in terms of the shadow

cast on a screen by an opaque object, with both object and screen orthogonal to

the null geodesic vector, was given by Sachs in [46].

Spacetimes which admit a null vector field with vanishing optical scalars

were first considered as a class, in the context of general relativity, by Wolfgang

Kundt [40]. This important class of spacetimes, dubbed Kundt’s class, is the sub-

ject of Chapter 31 of [22]. Being defined in invariant terms, the Kundt class lends

itself to a straightforward generalization to any number of dimensions. Thus, a

Lorentzian manifold, of dimension 𝐷 ≥ 3, is called a Kundt spacetime if it admits

a geodesic null vector with zero twist, zero shear, and zero divergence. In 𝐷

dimensions, the optical scalars of a null geodesic vector 𝑛𝛼 are given by [47]:

𝜃 =
1

𝐷 − 2
∇𝛼𝑛

𝛼, 𝜎2 = ∇𝛼𝑛𝛽∇(𝛼𝑛𝛽) −
1

𝐷 − 2

(︀
∇𝛼𝑛

𝛼
)︀2
, 𝜔2 = ∇𝛼𝑛𝛽∇[𝛼𝑛𝛽],

where 𝜃, 𝜎2, and 𝜔2 correspond to the expansion, shear, and twist, respectively.

As argued, for example, in [30] a 𝐷-dimensional Kundt spacetime admits a

local adapted coordinate system, (𝑢, 𝑣, 𝑥𝑖), in which the metric has the following

form [30]

𝑑𝑠2 = 2𝑑𝑢(𝐻𝑑𝑢+ 𝑑𝑣 +𝑊𝑖𝑑𝑥
𝑖) + 𝑔𝑖𝑗(𝑢, 𝑥

𝑘)𝑑𝑥𝑖𝑑𝑥𝑗, (3.3)

where𝐻 = 𝐻(𝑢, 𝑣, 𝑥𝑘), 𝑊𝑖 = 𝑊𝑖(𝑢, 𝑣, 𝑥
𝑘), and 𝑖, 𝑗, 𝑘 = 1, . . . , 𝐷−2. The fact that

the null geodesic vector is non-twisting implies that the dual differential one-form

is exact, i.e., the vector field is a gradient, whose function is the coordinate 𝑢.

The coordinate 𝑣 is an affine parameter along the geodesics, and the coordinates

𝑥𝑖 are chosen such that their gradients are orthogonal to the null geodesic vector
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field (see figure 3.1). The requirements of vanishing shear and divergence imply

that the component 𝑔𝑖𝑗 is not a function of the null coordinate 𝑣. The existence

of this coordinate system greatly simplifies the equations of motion of massive

gravity in three dimensions. It is easy to check that the vector 𝑛𝛼𝜕𝛼 = 𝜕𝑣 is null,

geodesic (and affinely parameterized), and divergence-free.

Different subclasses of the Kundt class have been singled out in the litera-

ture for special attention. For example, the well known pp-waves (which is short

for plane-fronted waves with parallel rays) form a subclass of the Kundt family

of metrics. A pp-wave is defined as a spacetime admitting a covariantly constant

null vector field. These spacetimes were first considered by Brinkmann [48], al-

though they were not called pp-waves. The term pp-waves and the coordinate-free

definition given above are due to Ehlers and Kundt [49]. In Brinkmann coordi-

nates, the four-dimensional pp-waves are described by a metric of the form (3.3),

with 𝜕𝑣𝐻 = 0, 𝑊𝑖 = 0, and 𝑔𝑖𝑗 = 𝛿𝑖𝑗, for 𝑖, 𝑗 = 1, 2. Since their Ricci scalar is

identically zero, pp-waves can be solutions of the vacuum Einstein equation only

if the cosmological constant is zero, in which case the pp-wave solutions are the

ones for which 𝐻 is harmonic with respect to the coordinates 𝑥1 and 𝑥2. The

analog of the pp-waves which provide solutions of the vacuum Einstein equation

with a negative cosmological constant are the Siklos spacetimes. Siklos space-

times are conformal to the pp-waves, admit a null Killing vector field which is

not covariantly constant, and form another subclass of the Kundt class. In [50],

the Siklos solutions of the vacuum Einstein equation were interpreted as exact

gravitational waves propagating on anti-de Sitter spacetime. Siklos solutions of

TMG and NMG were found in [51] and [52].
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The full Kundt class of spacetimes and its subclasses have been of great

importance in both general relativity and string theory. Moreover, they enjoy

interesting mathematical properties. For example, it was shown recently in [53]

that a four-dimensional Lorentzian manifold which is not locally characterized by

the set of its scalar polynomial curvature invariants belongs to the Kundt class.

3.3 Three-dimensional Kundt spacetimes

In three dimensions, every geodesic null vector field is automatically twist-free

and shear-free, essentially because Sachs’ “screen” is one-dimensional, so three-

dimensional Kundt spacetimes are those spacetimes which admit a divergence-free

null geodesic vector field.

Let’s now restrict the metric (3.3) to three dimensions. Let 𝑥 = 𝑥1, 𝑊 =

𝑊1, and 𝑔 = 𝑔11. Then, using the coordinate transformation 𝑥 →
∫︀ √︀

𝑔(𝑢, 𝑥)𝑑𝑥,

we can set 𝑔(𝑢, 𝑥) = 1, so that

𝑑𝑠2 = 2𝑑𝑢(𝐻𝑑𝑢+ 𝑑𝑣 +𝑊𝑑𝑥) + 𝑑𝑥2. (3.4)

From this line element, we see that while the coordinate 𝑥 is spacelike and the

coordinate 𝑣 is null, the causal character of the coordinate 𝑢 depends on the

function 𝐻. As a side remark, the family of metrics given by (3.4) is closed

under the action of the Kerr–Schild transformation 𝑔𝛼𝛽 → 𝑔𝛼𝛽 + 𝜑𝑛𝛼𝑛𝛽, where 𝜑

is a function of 𝑢, 𝑣, and 𝑥. Indeed, this Kerr–Schild transformation generates

the entire family of metrics (3.4), starting from the subfamily of metrics with

vanishing 𝐻.
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It is worth mentioning that the Kundt class in three-dimensions is still

host to a large diversity of spacetimes. If we use the number of local symmetries

for example as a gauge, on one end of the spectrum the Kundt class contains the

maximally symmetric spacetimes, and on the other end of the spectrum there are

spacetimes with no local symmetries, an example of which is the Kundt metric

𝑑𝑠2 = 2𝑑𝑢(𝑢𝑥𝑑𝑢 + 𝑑𝑣 + 𝑣2𝑑𝑥) + 𝑑𝑥2. In connection with figure 2.1, the Kundt

class intersects all the classes in the diagram, and later we will find Kundt solu-

tions of the new theory of massive gravity which belong to the sea of spacetimes

surrounding the classes shown in figure 2.1.

Despite this diversity, a number of properties of the spacetimes given

by (3.4) follow at once by an examination of the nowhere-vanishing vector fields

in the (special) direction of 𝑛𝛼𝜕𝛼 = 𝜕𝑣, i.e., the vector fields 𝑓𝜕𝑣, where 𝑓 is

a nowhere-vanishing function of 𝑢, 𝑣, and 𝑥. (i) 𝑓𝜕𝑣 is recurrent if and only if

𝜕𝑣𝑊 = 0; the recurrence vector of 𝑓𝜕𝑣 is in the direction of 𝜕𝑣 if and only if

𝜕𝑣𝑓 = 𝜕𝑥𝑓 = 0. (ii) 𝑓𝜕𝑣 is covariantly constant for some 𝑓 if and only if 𝜕𝑣𝑊 = 0

and 𝜕𝑣𝐻 depends only on 𝑢, in which case 𝑓𝜕𝑣 is covariantly constant if and only

if 𝑓 = exp(−
∫︀
𝜕𝑣𝐻𝑑𝑢). (iii) 𝑓𝜕𝑣 is a Killing vector for some 𝑓 if and only if

𝜕2
𝑣𝑊 = 𝜕2

𝑣𝐻 = 0 and 𝜕𝑢𝜕𝑣𝑊 = 𝜕𝑥𝜕𝑣𝐻; 𝑓𝜕𝑣 is a conformal Killing vector if and

only if it is a Killing vector. (iv) 𝑅𝛼𝛽𝑛
𝛼𝑛𝛽 = 0 everywhere. (v) 𝐶𝛼𝛽𝑛

𝛼𝑛𝛽 = 0

if and only if 𝜕3
𝑣𝑊 = 0. (vi) 𝜕𝑣 is an eigendirection of the Ricci tensor if and

only if 𝜕2
𝑣𝑊 = 0. (vii) 𝜕𝑣 is an eigendirection of the Cotton tensor if and only if

𝜕3
𝑣𝑊 = 𝜕3

𝑣𝐻 = 0.
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3.3.1 CSI Kundt spacetimes

In [32], the authors study three-dimensional CSI spacetimes. They show that if

a three-dimensional CSI spacetime is not locally homogeneous, then it is locally

a Kundt spacetime. They also show that for every CSI spacetime with particular

constant scalar polynomial curvature invariants, there is a locally homogeneous

spacetime with precisely the same invariants.

For the Kundt metric (3.4) to be CSI, it is necessary and sufficient [32]

that there exist constants 𝑐1, 𝑐2, and 𝑐3 such that

𝑊 = 𝑊0 + 𝑣𝑊1 and 𝐻 = 𝐻0 + 𝑣𝐻1 +
1

8
𝑣2(𝑊 2

1 + 4𝑐1), (3.5)

where𝑊0, 𝑊1, 𝐻0, and𝐻1 are functions of 𝑢 and 𝑥, and𝑊1 satisfies the equations

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2𝑐2 and (𝑐1 − 𝑐2)𝑊1 = 𝑐3. (3.6)

Furthermore, the CSI Kundt metrics with 𝑐1 = 𝑐2 have Ricci and Cotton tensors

of Segre type {3}, {(21)}, or {(111)}; we call these collectively type A. For 𝑐1 ̸= 𝑐2

and 𝑐2 ̸= 0, the Ricci and Cotton tensors have Segre type {21} or {(1,1)1}; we call

these CSI Kundt metrics type B. Finally, for 𝑐2 = 0 and 𝑐1 ̸= 0, the Ricci tensor

has Segre type {21} or {(1,1)1}, but the Cotton tensor has type {3}, {(21)}, or

{(111)}; we call these CSI Kundt metrics type C. Note that, at a given point,

the Ricci and Cotton tensors for CSI Kundt metrics of types A and B do not

necessarily have the same Segre type.

The definitions of the last paragraph lead immediately to the following
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consequences. CSI Kundt metrics of type B cannot be conformally flat. A CSI

Kundt metrics of type C cannot be a solution of Einstein’s equation. We will

see that CSI Kundt solutions of the vacuum field equation of TMG cannot be of

type C. However, type C solutions of NMG do exist, but only at a special point

in parameter space.
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Chapter 4

Solutions of Topologically

Massive Gravity

In this chapter, we find Kundt solutions of topologically massive gravity. In Sec-

tion 4.1, we present the action and field equation of TMG, and give a brief review

of the work of Li, Song, and Strominger [23] on chiral gravity which generated

a revival of interest in TMG. Then, in Section 4.2, we study Kundt solutions of

TMG. We first provide an adapted review of the results of [47], which serves as

a framework in which to discuss the new solutions of subsection 4.2.2 and facil-

itates a comparison with the results for the new theory of massive gravity. In

general, when a nonlinear field equation is linearized, some of the solutions of the

linearized equation might not be linear approximations to any exact solution of

the nonlinear theory, and this is known as linearization instability. For example,

it was shown in [54] that chiral gravity has linearization instabilities, illustrated

for example by some of the solutions at the heart of the debate around chiral

gravity [55]. On the other end of the spectrum of solutions of the linearized the-

ory lie solutions which are not only linear approximations of the exact solutions,
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but are exact solutions of the full nonlinear theory. In subsection 4.2.3, we find

such solutions in topologically massive gravity. More precisely, after making a

choice of background metrics, we address the question of which Kundt metrics

are solutions to both the full nonlinear and linearized equations of motion of

TMG.

4.1 Topologically massive gravity

The action for topologically massive gravity [11] is given by

𝐼TMG =
1

16𝜋𝐺

(︁
𝐼EH +

1

𝜇
𝐼CS

)︁
, (4.1)

where the Einstein–Hilbert action, 𝐼EH, and the gravitational Chern–Simons ac-

tion, 𝐼CS, are

𝐼EH =

∫︁
𝑑3𝑥

√
−𝑔

(︀
𝑅− 2Λ

)︀
,

𝐼CS =
1

2

∫︁
𝑑3𝑥

√
−𝑔𝜖𝜆𝜇𝜈Γ𝜌

𝜆𝜎

(︁
𝜕𝜇Γ

𝜎
𝜌𝜈 +

2

3
Γ𝜎
𝜇𝜏Γ

𝜏
𝜈𝜌

)︁
.

The mass parameter 𝜇 is a non-zero real number, the Γ’s are the Christoffel

symbols of the metric given by (2.1), 𝑔 denotes the determinant of the metric,

and 𝜖𝜆𝜇𝜈 = 𝜀𝜆𝜇𝜈/
√
−𝑔, with 𝜀012 = 1.

Variation of the TMG action with respect to the metric yields the equation

of motion

𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + Λ𝑔𝛼𝛽 +

1

𝜇
𝐶𝛼𝛽 = 0, (4.2)
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where 𝐶𝛼𝛽 is the Cotton tensor defined in (2.9). Taking the trace of equation (4.2)

and using the fact that the Cotton tensor is traceless, we find that a solution

of (4.2) is necessarily of constant scalar curvature: 𝑅 = 6Λ (see figure 2.1). Thus,

the vacuum equation of motion of topologically massive gravity (4.2) may be

written equivalently in the simpler form

𝑅𝛼𝛽 − 2Λ𝑔𝛼𝛽 +
1

𝜇
𝜖𝛼

𝜇𝜈∇𝜇𝑅𝜈𝛽 = 0.

Recall that the vanishing of the Cotton tensor characterizes conformal

flatness in three dimensions. Thus, there are two broad classes of solutions to the

field equation of TMG (4.2): (i) conformally flat solutions, which are precisely

the solutions to the Einstein equation 𝑅𝛼𝛽 = 2Λ𝑔𝛼𝛽, and (ii) solutions with non-

zero Cotton tensor. This means that the conformally flat vacuum solutions of

TMG are all locally equivalent to either Minkowski, de Sitter, or anti-de Sitter

spacetimes depending on whether the cosmological constant is zero, positive, or

negative, respectively.

As noted earlier, under a parity transformation, the Cotton tensor changes

sign. This parity breaking entails that a solution of (4.2) consists of a metric and

an orientation of the manifold. However, note that given a solution of (4.2) for

𝜇 = 𝜇0, the same metric with a flip of the orientation of the manifold solves (4.2)

for 𝜇 = −𝜇0.

As is evident from the vacuum equation of motion of topologically massive

gravity (4.2), the Ricci and Cotton tensor for a solution of (4.2) have the same

Segre type and the same eigenvectors, at any given point of the spacetime. The
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tracelessness of the Cotton tensor implies that the eigenvalues of the Ricci tensor,

for solutions of (4.2), are constrained to have their sum equal to 6Λ. Moreover, a

solution of (4.2) with Ricci tensor of type {(111)} in a neighborhood is necessarily

conformally flat in that neighborhood.

In [56, 57], it was shown that solutions of TMG admitting a hypersurface-

orthogonal Killing vector field which is not null are necessarily Einstein. In par-

ticular, equation (4.2) admits no non-Einstein static solutions. However, non-

Einstein stationary solutions exist. In fact, we will find non-CSI stationary solu-

tions, and these are the first such solutions.

4.1.1 Linearized topologically massive gravity

To obtain the equation of motion for the linearized excitations around a constant-

curvature background metric 𝑔𝛼𝛽, with Ricci tensor �̄�𝛼𝛽 = 2Λ𝑔𝛼𝛽, the full metric

is written as

𝑔𝛼𝛽 = 𝑔𝛼𝛽 + 𝜖ℎ𝛼𝛽,

and the different terms of the nonlinear equation of motion are expanded up to

first order in the parameter 𝜖. The coefficients of 𝜖 in the expansion of the Ricci

tensor, scalar curvature, and Cotton tensor are respectively given by [58, 59]

𝑅
(1)
𝛼𝛽 =

1

2

(︀
− ∇̄2ℎ𝛼𝛽 − ∇̄𝛼∇̄𝛽ℎ+ 2∇̄𝜇∇̄(𝛼ℎ𝛽)𝜇

)︀
,

𝑅(1) = −∇̄2ℎ+ ∇̄𝜇∇̄𝜈ℎ𝜇𝜈 − 2Λℎ,

𝐶
(1)
𝛼𝛽 = 𝜀𝛼

𝜇𝜈∇̄𝜇

(︁
𝑅

(1)
𝜈𝛽 − 1

4
𝑔𝜈𝛽𝑅

(1) − 2Λℎ𝜈𝛽

)︁
,
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where the indices are raised and lowered using the background metric, the barred

quantities are constructed from the background metric, and ℎ = 𝑔𝛼𝛽ℎ𝛼𝛽.

The linearized equation of motion for TMG (4.2) is

𝑅
(1)
𝛼𝛽 − 1

2
𝑅(1)𝑔𝛼𝛽 − 2Λℎ𝛼𝛽 +

1

𝜇
𝐶

(1)
𝛼𝛽 = 0. (4.3)

Taking the trace of this equation with respect to the background metric, we find

that ℎ𝛼𝛽 is a solution only if

𝑅(1) = 0.

Thus, for a fluctuation ℎ𝛼𝛽 which satisfies this necessary condition, the equation

of motion becomes

(︁
𝑅

(1)
𝛼𝛽 − 2Λℎ𝛼𝛽

)︁
+

1

𝜇
𝜀𝛼

𝜇𝜈∇̄𝜇

(︁
𝑅

(1)
𝜈𝛽 − 2Λℎ𝜈𝛽

)︁
= 0. (4.4)

4.1.2 Chiral gravity

The study of theories of gravity with AdS boundary conditions using the formal-

ism of the AdS/CFT correspondence [60] has proven to be a fruitful endeavor, as

illustrated for example by the large number of papers in this area of research. A

precursor to the AdS/CFT correspondence is the work of Brown and Henneaux in

their classic paper [5], where it was shown that three-dimensional Einstein’s grav-

ity, with negative cosmological constant and appropriate boundary conditions,

admits a conformal symmetry with left- and right-moving Virasoro algebras with

equal central charges. In the context of the AdS/CFT correspondence, this result

should extend to the statement that the gravity theory is dual to a conformal
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field theory on the two-dimensional boundary of AdS3.

Using an approach parallel to that of Brown and Henneaux, the authors

of [61] studied the symmetry realized asymptotically on the boundary of AdS3 for

topologically massive gravity. The result is that the addition of the gravitational

Chern–Simons action still allows for a conformal symmetry with left- and right-

moving Virasoro algebras. However, contrary to the result for Einstein’s gravity,

the central charges of the two copies of the Virasoro algebra are not equal, i.e.,

the two-dimensional conformal field theory suffers a gravitational anomaly. This

is due to the fact that the gravitational Chern–Simons action transforms by a

boundary term under a diffeomorphism [62, 63]. The central charges are

𝑐𝐿 =
3ℓ

2𝐺

(︂
1− 1

𝜇ℓ

)︂
and 𝑐𝑅 =

3ℓ

2𝐺

(︂
1 +

1

𝜇ℓ

)︂
,

where the length scale ℓ is given by

ℓ =
1√
−Λ

.

Unitarity of the boundary CFT requires the central charges to be positive,

and it is easy to see that this happens only if 𝜇ℓ ≥ 1. Another effect of the

addition of the gravitational Chern–Simons action to the Einstein–Hilbert action

is a shift in the mass and angular momentum of the BTZ black hole solutions

(see for example [62]). The new mass 𝑀 and angular momentum 𝐽 are given by

ℓ𝑀 = ℓ𝑚+
𝑗

𝜇ℓ
and 𝐽 = 𝑗 +

𝑚

𝜇
,
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where 𝑚 and 𝑗 are respectively the mass and angular momentum in Einstein’s

theory of gravity (in the limit 𝜇 → ∞).

Note that at the point 𝜇ℓ = 1, the central charge 𝑐𝐿 of the boundary CFT

vanishes and the angular momentum of the BTZ black hole is given by 𝐽 = ℓ𝑀 .

This prompts an investigation of this special point.

Topologically massive gravity, with a negative cosmological constant, ad-

mits an AdS3 vacuum, asymptotically AdS3 black holes solutions (the BTZ black

holes), a local propagating massive graviton, and massless gravitons (which may

be viewed as propagating on the boundary of AdS3). The sign of the Einstein–

Hilbert action in (4.1), with 𝐺 > 0, is that proposed by Li, Song, and Stro-

minger [23] and differs from the choice in the original work on topologically mas-

sive gravity [11]. The positive sign of the Einstein–Hilbert action is necessary to

make the energy of the BTZ black hole positive. However, with this choice of

sign, the massive graviton has negative energy. Thus, the theory, with an AdS3

vacuum, is unstable for generic 𝜇, since either the massive gravitons or BTZ black

holes have negative energy. However, at the special point 𝜇ℓ = 1, there is a cure

to the problem.

In [23], the linearized equation of motion was written as

(︀
𝒟𝐿𝒟𝑅𝒟𝑀ℎ

)︀
𝛼𝛽

= 0,

where the three mutually commuting differential operators 𝒟𝐿, 𝒟𝑅, and 𝒟𝑀 are
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given by

(︀
𝒟𝐿/𝑅

)︀
𝛼
𝛽 = 𝛿𝛽𝛼 ± ℓ𝜖𝛼

𝜎𝛽∇̄𝜎 and
(︀
𝒟𝑀

)︀
𝛼
𝛽 = 𝛿𝛽𝛼 +

1

𝜇
𝜖𝛼

𝜎𝛽∇̄𝜎.

Thus, there are three branches of solutions:

(︀
𝒟𝐿ℎ𝐿

)︀
𝛼𝛽

= 0,
(︀
𝒟𝑅ℎ𝑅

)︀
𝛼𝛽

= 0,
(︀
𝒟𝑀ℎ𝑀

)︀
𝛼𝛽

= 0. (4.5)

While the first two branches correspond to left-moving and right-moving massless

gravitons, respectively, the last equation describes massive gravitons. Using the

𝑆𝐿(2,ℝ)𝐿 × 𝑆𝐿(2,ℝ)𝑅 isometry algebra of the AdS3 background, the authors

of [23] found all solutions in these three branches.

Note that in the limit 𝜇ℓ → 1, the left-moving and massive branches merge.

It was argued in [23] that in this limit, the massive graviton has zero energy,

becomes identical to the left-moving massless graviton, and may be considered as

pure gauge, which amounts to a loss of one bulk degree of freedom. The theory

at the critical point 𝜇ℓ = 1, with the sign of the action chosen in (4.1) and the

standard Brown–Henneaux boundary conditions, is known as chiral gravity, and

is chiral in the sense that the asymptotic symmetry group is generated by one

copy of the Virasoro algebra.

However, the claims of [23] did not go unchallenged, which led to a spirited

debate [55]. The debate about the physical degrees of freedom at the chiral point

led to more work on chiral gravity, and ultimately to a new set of consistent

boundary conditions defining a new theory, which has come to be termed log

gravity [54] (in reference to the new logarithmic boundary conditions [64]). The
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new boundary conditions are more relaxed than those of Brown and Henneaux,

and accommodate some of the solutions at the heart of the debate.

More recently, a positive energy theorem for chiral gravity was proved at

the perturbative level in [54]. Also, in this same reference, using an approach

due to Clement [65], it was shown that there are no non-Einstein stationary and

rotationally symmetric solutions of chiral gravity. However, an exact positive

energy theorem is still an outstanding problem; see [66] for some partial results.

The question of renormalizability of topologically massive gravity, which was

considered in [67], was revisited in [68], and the answer is in the positive. In [69]

it is argued that chiral gravity can be consistently extended to chiral supergravity.

4.2 Kundt solutions of TMG

In this section, after reducing the field equation of topologically massive grav-

ity (4.2) for the Kundt family of metrics (3.4), we will first give an adapted

review of the CSI solutions, which were found very recently in [47]. The empha-

sis will be on a subfamily of CSI solutions, whose description is particularly easy.

Then, new explicit Kundt solutions for Λ = −𝜇2 will be given. These are the first

explicit non-CSI solutions of equation (4.2). Finally, with a choice of suitable

backgrounds, we will identify Kundt metrics which are solutions of both the full

and linearized equations of motion of TMG.

Let 𝐸𝛼𝛽 denote the TMG tensor, i.e.,

𝐸𝛼𝛽 = 𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + Λ𝑔𝛼𝛽 +

1

𝜇
𝐶𝛼𝛽.
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By direct calculation in the adapted coordinate system (𝑢, 𝑣, 𝑥), where the Kundt

metric takes the form (3.4), we find that the equations 𝐸𝑣𝑣 = 0, 𝐸𝑣𝑥 = 0, and

𝜕2
𝑣𝑅 = 0 (where 𝑅 is the scalar curvature) are satisfied if and only if

𝑊 = 𝑊0 + 𝑣𝑊1 and 𝐻 = 𝐻0 + 𝑣𝐻1 + 𝑣2𝐻2,

where 𝑊0, 𝑊1, 𝐻0, 𝐻1, and 𝐻2 are all functions of 𝑢 and 𝑥. Since 𝜕2
𝑣𝑊 is

identically zero, the null vector 𝜕𝑣 is everywhere an eigendirection of the Ricci

tensor, and consequently, the Ricci tensor cannot be anywhere of Segre type

{1,11}, {1,(11)}, or {1𝑧𝑧}.

The function 𝑊0 can be eliminated by the coordinate transformation 𝑣 →

𝑣 + 𝑓(𝑢, 𝑥), where the function 𝑓 satisfies the equation 𝜕𝑥𝑓 +𝑊1𝑓 = 𝑊0. Inci-

dentally, 𝑊1 and 𝐻2 are not changed by this transformation.

Now, the scalar curvature is

𝑅 = 4𝐻2 + 2𝜕𝑥𝑊1 −
3

2
𝑊 2

1 .

Since all vacuum solutions of topologically massive gravity have 𝑅 = 6Λ, the

function 𝐻2 is then given by

𝐻2 = −1

2
𝜕𝑥𝑊1 +

3

8
𝑊 2

1 +
3

2
Λ. (4.6)

Using the necessary conditions found thus far, and calculating the com-

ponents 𝐸𝑢𝑣 and 𝐸𝑥𝑥, one obtains 𝐸𝑢𝑣 = −2𝐸𝑥𝑥, and the vanishing of these
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components gives the nonlinear second-order differential equation

2

3
𝜕𝑥
[︀
𝜕𝑥𝑊1 −

1

2
𝑊 2

1 − 2Λ
]︀
−
(︁
𝑊1 −

2

3
𝜇
)︁[︀

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 − 2Λ
]︀
= 0. (4.7)

Since this equation is independent of the variable 𝑢 and is translationally symmet-

ric with respect to the variable 𝑥, the solution takes the form 𝑊1 = 𝑊1(𝑥+𝑓(𝑢)).

Now, a coordinate transformation of the form 𝑥 → 𝑥+𝑓(𝑢) allows us to eliminate

the dependence of 𝑊1 on 𝑢. Thus, equation (4.7) is an ODE in 𝑊1. Note that

the equation is written in this form to make manifest the CSI solutions, which

will be discussed shortly.

The vanishing of the remaining components of the TMG tensor provides

two more differential equations, restricting the functions 𝐻1 and 𝐻0. More specif-

ically, the vanishing of 𝐸𝑢𝑥 leads to the differential equation

2𝜕2
𝑥𝐻1 − (𝑊1 − 2𝜇)𝜕𝑥𝐻1 = 0. (4.8)

Given a solution of equation (4.7), equation (4.8) is then (for fixed 𝑢) a second-

order homogeneous linear ODE in 𝐻1. The vanishing of 𝐸𝑢𝑢 yields the differential

equation

0 = 4𝜕3
𝑥𝐻0 + 2

[︀
3𝑊1 + 2𝜇

]︀
𝜕2
𝑥𝐻0 +

[︀
14𝜕𝑥𝑊1 −𝑊 2

1 + 4𝜇𝑊1 − 12Λ
]︀
𝜕𝑥𝐻0

+2
[︀
4𝜕2

𝑥𝑊1 − (𝑊1 − 2𝜇)𝜕𝑥𝑊1

]︀
𝐻0 + 4

[︀
𝜕𝑢𝜕𝑥𝐻1 +𝐻1𝜕𝑥𝐻1

]︀
. (4.9)

Given a solution 𝑊1 of equation (4.7) and a solution 𝐻1 of equation (4.8), equa-

tion (4.9) is then essentially a third-order non-homogeneous linear ODE, with
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coefficients depending on 𝑊1 and the non-homogeneous term depending on 𝐻1.

In summary, a Kundt solution of (4.2) necessarily admits a coordinate

system, (𝑢, 𝑣, 𝑥), in which the metric takes the form

𝑑𝑠2 = 2𝑑𝑢
[︀
(𝐻0 + 𝑣𝐻1 + 𝑣2𝐻2)𝑑𝑢+ 𝑑𝑣 + 𝑣𝑊1𝑑𝑥

]︀
+ 𝑑𝑥2, (4.10)

where𝑊1 and𝐻2 are functions of 𝑥, and𝐻1 and𝐻0 are functions of 𝑢 and 𝑥. This

family of metrics will be the setting for many of our later considerations. For a

Kundt metric of the form (4.10) to be a vacuum solution of topologically massive

gravity, the functions 𝑊1, 𝐻2, 𝐻1, and 𝐻0 must satisfy equations (4.6)–(4.9). The

conformally flat solutions of TMG satisfy the following equations

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2Λ, 𝐻2 =
1

8

(︀
𝑊 2

1 + 4Λ
)︀
,

𝜕𝑥𝐻1 = 0, 2𝜕2
𝑥𝐻0 + 2𝑊1𝜕𝑥𝐻0 +

(︀
𝑊 2

1 + 4Λ
)︀
𝐻0 = 0.

The square of the Ricci tensor of a vacuum solution of TMG of the

form (4.10) is given by

𝑅𝛼𝛽𝑅
𝛼𝛽 = 18Λ2 +

3

2

(︁
𝜕𝑥𝑊1 −

1

2
𝑊 2

1 − 4Λ
)︁(︁

𝜕𝑥𝑊1 −
1

2
𝑊 2

1

)︁
, (4.11)

which is clearly constant if and only if 𝜕𝑥𝑊1−𝑊 2
1 /2 is constant. In what follows,

we first discuss the CSI solutions, which were given in [47], after which we will

present new solutions with non-constant 𝑅𝛼𝛽𝑅
𝛼𝛽.
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4.2.1 CSI Kundt solutions of TMG

Recall that the conditions for a Kundt metric to be CSI are given by (3.5)

and (3.6). Combining these requirements with equations (4.6) and (4.7), it is

easy to see that the CSI Kundt solutions of TMG must satisfy

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2Λ or 𝑊1 =
2

3
𝜇.

While the first condition leads to CSI Kundt solutions of type A (which are

defined in the discussion following equation (3.6)), the second condition leads to

CSI Kundt solutions of type B, except when Λ = −𝜇2/9, in which case there are

only type A solutions. The CSI Kundt solutions of equation (4.2) are given in

explicit form in [47], so we will content ourselves here with plotting the square of

the Ricci tensor versus the cosmological constant for these solutions, since this

plot illustrates the special nature of the point Λ = −𝜇2/9, where the two types

of solutions merge. For type A solutions, the square of the Ricci tensor is

𝑅𝛼𝛽𝑅
𝛼𝛽 = 12Λ2,

while for type B, it is

𝑅𝛼𝛽𝑅
𝛼𝛽 =

2

27

(︀
243Λ2 + 18𝜇2Λ + 𝜇4

)︀
.

The square of the Ricci tensor (in units of 𝜇4) is plotted against Λ (in units of

𝜇2) in figure 4.1. The two curves for type A and type B meet tangentially at

Λ = −𝜇2/9, and the type B solutions disappear at this point. While the square
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of the Ricci tensor of the type A solutions admits 0 as a global minimum at

Λ = 0, the square of the Ricci tensor for type B solutions admits a minimum at

Λ = −𝜇2/27, with value 𝑅𝛼𝛽𝑅
𝛼𝛽 = 4𝜇4/81.

Figure 4.1: The square of the Ricci tensor (in units of 𝜇4) of the CSI
Kundt solutions of TMG versus Λ (in units of 𝜇2). The solid curves cor-
respond to metrics of type A and the dashed curves to metrics of type B.

In the remainder of this subsection, we shall examine the solutions of TMG

with constant 𝑊1. These solutions are necessarily CSI, and 𝑊1 is given by either

𝑊 2
1 = −4Λ (solutions of type A) or 𝑊1 = 2𝜇/3 (solutions of type B). The solu-

tions with𝑊 2
1 = −4Λ are obviously possible only for Λ ≤ 0. Part of the reason for

examining these solutions is that the differential equations in 𝐻1 and 𝐻0 (equa-

tions (4.8) and (4.9), respectively) are (for fixed 𝑢) linear ODEs with constant

coefficients. Hence their solutions are completely determined by the roots of their

respective characteristic polynomials and the non-homogeneous term in the case

of equation (4.9). The exact form of these solutions is, again, given in [47], so we
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will focus here on the multiplicity of the roots of the characteristic polynomials

and whether or not they are real. While non-real roots yield solutions which are

oscillatory in the 𝑥 direction, the interest in roots with multiplicity greater than

one stems from the fact that their appearance at the chiral point Λ = −𝜇2 gives

rise to interesting solutions of TMG satisfying the boundary conditions of log

gravity [64].

The roots of the characteristic polynomial of equation (4.8) are 0 and

𝑊1/2 − 𝜇. The two roots are real, and they become a double root if 𝑊1 = 2𝜇,

which happens if and only if 𝑊 2
1 = −4Λ and Λ = −𝜇2. This means that the roots

of the characteristic polynomial of equation (4.8) are distinct for all solutions of

type B.

Now, the characteristic equation of the linear ODE in 𝐻0, equation (4.9),

is

𝑟
[︀
4𝑟2 + 2(3𝑊1 + 2𝜇)𝑟 −𝑊 2

1 + 4𝜇𝑊1 − 12Λ
]︀
= 0. (4.12)

For solutions with 𝑊 2
1 = −4Λ (which are solutions of type A), the roots are 0,

−𝑊1, and −𝑊1/2−𝜇. The discriminant of equation (4.12), in this case, is (up to

a positive factor) equal to −Λ(Λ + 𝜇2)2. Since the discriminant is non-negative,

all roots are real. Moreover, the characteristic polynomial admits a multiple root

if Λ = 0 or Λ = −𝜇2. At Λ = 0, 0 is a double root. For Λ = −𝜇2, 0 is also a

double root when 𝑊1 = −2𝜇, but −2𝜇 is the double root if 𝑊1 = 2𝜇.

Finally, for solutions with 𝑊1 = 2𝜇/3 (which are the solutions of type B),

the roots of equation (4.12) are 0 and −𝜇±
√︀

27Λ + 4𝜇2/3. The discriminant of

equation (4.12) is (up to a positive factor) equal to (27Λ+4𝜇2)(27Λ−5𝜇2)2. Since

this discriminant is negative for Λ < −4𝜇2/27, equation (4.12) admits two non-
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real (complex conjugate) roots in this interval (see figure 4.2). The roots are all

real for Λ ≥ 4𝜇2/27. There are multiple roots at Λ = −4𝜇2/27 and Λ = 5𝜇2/27.

At Λ = −4𝜇2/27, −𝜇 is a double root, and at Λ = 5𝜇2/27, 0 is a double root.

Figure 4.2: Nature of the roots of equation (4.12) for the CSI Kundt
solutions of TMG of type B. The presence of non-real roots is indicated
by the thick dashed curve. Multiple roots occur at Λ = −4𝜇2/27 and
Λ = 5𝜇2/27. 𝑅𝛼𝛽𝑅𝛼𝛽 and Λ are expressed in units of 𝜇4 and 𝜇2 respectively.

4.2.2 Non-CSI solutions of TMG

In our search for non-CSI solutions of topologically massive gravity, we must

clearly look for solutions of equation (4.7) such that 𝜕𝑥𝑊1 − 𝑊 2
1 /2 is not con-

stant. Equation (4.7) is an autonomous second-order ordinary differential equa-

tion. Interestingly, the equation admits a one-parameter group of Lie point sym-

metries (generated by the obvious translational symmetry with respect to the

independent variable), unless Λ = −𝜇2, in which case the symmetry algebra is
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two-dimensional. This means that for Λ = −𝜇2, by Lie’s theory of differential

equations, the ODE reduces to two quadratures.

The infinitesimal generators of the Lie point symmetries for equation (4.7),

in the special case when Λ = −𝜇2, are 𝜕𝑥 and exp(2𝜇𝑥)[𝜕𝑥 − 2𝜇(𝑊1 + 2𝜇)𝜕𝑊1 ].

We first transform equation (4.7) using the change of independent and dependent

variables 𝜇𝑧 = exp(−2𝜇𝑥), 𝑤 = exp(2𝜇𝑥)(𝑊1 + 2𝜇). The resulting equation is

simpler in form than equation (4.7):

𝑑2𝑤

𝑑𝑧2
+

5

4
𝑤
𝑑𝑤

𝑑𝑧
+

3

16
𝑤3 = 0. (4.13)

This equation belongs to the family of equations 𝑦′′+𝑎𝑦𝑦′+𝑏𝑦3, which was studied

recently in [70]. It is also worth noting that the general solution to this equation

was given, long ago, in Kamke’s book [71], page 551. While the general solution

can be written in implicit form, explicit solutions of equation (4.13) can be found,

as revealed from the first integral

𝑎

(︂
𝑑𝑤

𝑑𝑧
+

1

4
𝑤2

)︂2

+ 𝑏

(︂
𝑑𝑤

𝑑𝑧
+

3

8
𝑤2

)︂3

= 0,

where 𝑎 and 𝑏 are two constants. While the choice 𝑏 = 0 (and 𝑎 ̸= 0) leads to

CSI solutions, the choice 𝑎 = 0 (and 𝑏 ̸= 0) leads to the first-order differential

equation

𝜕𝑥𝑊1 −
3

4
𝑊 2

1 − 𝜇𝑊1 + 𝜇2 = 0,

with solutions

𝑊1 = −2𝜇

3

[︀
2 tanh(𝜇𝑥) + 1

]︀
, (4.14)
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and

𝑊1 = −2𝜇

3

[︀
2 coth(𝜇𝑥) + 1

]︀
. (4.15)

Note that the constant of integration is eliminated by a coordinate transformation

of the form 𝑥 → 𝑥 + 𝑐. The square of the Ricci tensor for these new families of

Kundt solutions of TMG is

𝑅𝛼𝛽𝑅
𝛼𝛽 = 12Λ2 +

128Λ2

27

(︀
𝑒2𝜇𝑥 ± 1

)︀−4
,

where the upper sign corresponds to the solutions satisfying (4.14), and the lower

sign corresponds to the solutions satisfying (4.15). A plot of the square of the

Ricci tensor as a function of 𝑥 is given in figures 4.3 and 4.4. While the coordinate

𝑥 spans the whole real line for the solutions satisfying (4.14), it is restricted to

either positive or negative values for the solutions satisfying (4.15).

Now, since equations (4.8) and (4.9) are satisfied if 𝐻1 = 0 and 𝐻0 = 0,

then the metrics

𝑑𝑠2 = − 8𝜇2𝑣2

3
(︀
𝑒2𝜇𝑥 ± 1

)︀𝑑𝑢2 + 2𝑑𝑢𝑑𝑣 −
4𝜇𝑣

(︀
3𝑒2𝜇𝑥 ∓ 1

)︀
3
(︀
𝑒2𝜇𝑥 ± 1

)︀ 𝑑𝑢𝑑𝑥+ 𝑑𝑥2

are non-CSI solutions of topologically massive gravity (4.2) for Λ = −𝜇2. We

content ourselves here with providing a short list of their properties. The Segre

type of the Ricci tensor of these metrics is generically {21} and degenerates

to {(1,1)1} on the Killing horizon 𝑣 = 0. The corresponding eigenvalues are

2Λ + (8Λ/9)[exp(2𝜇𝑥) ± 1]−2 and 2Λ − (16Λ/9)[exp(2𝜇𝑥) ± 1]−2, respectively.
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Figure 4.3: The square of the Ricci tensor (in units of 𝜇4) of the new
Kundt solutions of TMG satisfying (4.14).

Figure 4.4: The square of the Ricci tensor (in units of 𝜇4) of the new
Kundt solutions of TMG satisfying (4.15).
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The algebra of infinitesimal symmetries is the two-dimensional non-abelian Lie

algebra generated by the Killing vectors 𝜕𝑢 and 𝑢𝜕𝑢 − 𝑣𝜕𝑣. Finally, note that the

solution with the upper sign interpolates between the AdS metric (in the limit

𝑥 → +∞), which is a CSI metric of type A, and a CSI metric of type B (in the

limit 𝑥 → −∞). As for the solution with the lower sign, the square of the Ricci

tensor blows up in the limit 𝑥 → 0, tends to that of AdS spacetime in the limit

𝜇𝑥 → +∞, and tends to that of a CSI Kundt solution of type B in the limit

𝜇𝑥 → −∞.

4.2.3 Kundt solutions of TMG which are also solutions of

linearized TMG

In this subsection, we shall characterize, among the family of Kundt metrics (4.10),

those metrics which are simultaneously solutions of the full nonlinear vacuum

equation of motion of topologically massive gravity (4.2) and solutions of the

linearized equation of motion (4.4), with background metric

𝑔𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽 = 2

[︂
1

8
𝑣2
(︀
�̄� 2

1 + 4Λ
)︀
𝑑𝑢2 + 𝑑𝑢𝑑𝑣 + 𝑣�̄�1𝑑𝑢𝑑𝑥

]︂
+ 𝑑𝑥2, (4.16)

where the function �̄�1(𝑥) is a solution of the equation

𝜕𝑥�̄�1 −
1

2
�̄� 2

1 = 2Λ.

The background metric (4.16) is locally AdS, Minkowski, or dS, depending on

whether Λ is negative, zero, or positive, respectively. In the Minkowski case,
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the coordinate system (𝑢, 𝑣, 𝑥) is a global coordinate system. The chosen back-

grounds (4.16) are characterized, among the family of metrics given by (3.4),

as those metrics which have constant curvature and admit the non-abelian two-

dimensional algebra generated by the vector fields 𝜕𝑢 and 𝑢𝜕𝑢− 𝑣𝜕𝑣 as algebra of

infinitesimal symmetries.

Let’s assume the Kundt metric given by (4.10) is a solution of the full

equation of motion (4.2). This means that the functions 𝐻2, 𝑊1, 𝐻1, and 𝐻0

satisfy equations (4.6)–(4.9). In what follows we will find necessary and sufficient

conditions for such a metric to be a solution of the linearized equation of motion

as well.

Computing 𝑅(1) yields

𝑅(1) =
3

2

(︀
𝑊1 − �̄�1

)︀2
.

The necessary vanishing of 𝑅(1) then implies that we must have 𝑊1 = �̄�1. Con-

sequently, 𝐻2 takes the simple form

𝐻2 =
1

8

(︀
�̄� 2

1 + 4Λ
)︀
.

Now let 𝐿𝛼𝛽 denote the left-hand side of the linearized equation of mo-

tion (4.4):

𝐿𝛼𝛽 =
(︀
𝑅

(1)
𝛼𝛽 − 2Λℎ𝛼𝛽

)︀
+

1

𝜇
𝜀𝛼

𝜇𝜈∇̄𝜇

(︀
𝑅

(1)
𝜈𝛽 − 2Λℎ𝜈𝛽

)︀
.

A direct computation of 𝐿𝛼𝛽 shows that all components are identically zero (mod-

ulo the full nonlinear field equations), except for 𝐿𝑢𝑢, which gives the additional
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equation

𝐻1𝜕𝑥𝐻1 = 0.

This equation and equation (4.8) are simultaneously satisfied if and only if 𝜕𝑥𝐻1 =

0.

In summary, the Kundt metric (4.10) is a solution of both the full and

the linearized equation of motion of topologically massive gravity, with the back-

ground metric (4.16), if and only if the functions 𝑊1, 𝐻2, 𝐻1, and 𝐻0 satisfy the

following equations

𝑊1 = �̄�1, 𝐻2 =
1

8

(︀
�̄� 2

1 + 4Λ
)︀
, 𝜕𝑥𝐻1 = 0,

and equation (4.9). Note that these solutions include non-conformally flat met-

rics.

4.2.4 Discussion

We have studied the problem of which Kundt metrics are local solutions of topo-

logically massive gravity. This question was considered, very recently, in [47].

Due to the existence of a local coordinate system in which a Kundt metric takes

the form (3.4), the field equations of TMG reduce for this class of metrics to a

simple set of three ODEs: one nonlinear second-order ODE in 𝑊1, equation (4.7),

and two linear ODEs, equations (4.8) and (4.9), which are of order two and three,

respectively. Only the CSI solutions (i.e., solutions with constant scalar polyno-

mial curvature invariants) were found explicitly in [47]. An application of Lie’s

theory of differential equations to the nonlinear ODE leads to the first explicit
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non-CSI solutions of TMG, and remarkably this happens only when Λ = −𝜇2.

With a choice of appropriate constant-curvature backgrounds, we characterized,

among the family of Kundt metrics (4.10), those which are solutions of both the

full and linearized equations of motion of TMG.

The plots of the square of the Ricci tensor versus Λ, in units of 𝜇, provide

a panoramic view of the space of CSI Kundt solutions across all values of Λ and

make visible the special nature of some values of Λ. In particular, the point

Λ = −𝜇2/9 of figure 4.1 is noteworthy of special mention, since the neighboring

CSI Kundt solutions of type B disappear at this point. Also, the point Λ = −𝜇2

was found to be special in connection with the multiplicity of the roots for the

CSI Kundt solutions of type A with constant 𝑊1, and this is the point which is

host to the theory of chiral gravity.

Finally, we note that vacuum solutions of topologically massive gravity

which belong to the Kundt class have appeared in the literature before [47]. The

most general solution admitting a null Killing vector field of TMG with negative

cosmological constant was found in [45], and it was shown that these solutions

are supersymmetric for one choice of the orientation of the manifold. These AdS

waves belong to the solid curve of figure 4.1, and were found earlier in [51]. The

spacelike warped AdS3 [72] solution of TMG is also a Kundt spacetime, and it

belongs to the dashed curve of figure 4.1.
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Chapter 5

Solutions of the New Theory of

Massive Gravity

In this chapter, we find Kundt solutions of the new theory of massive gravity

in three dimensions [12]. In Section 5.1, we first motivate NMG by casting it

in the context of fourth-order gravity in general dimension. We then present

the action and the field equations of NMG. Section 5.2 is devoted to a study of

Kundt solutions of NMG. After simplifying the field equations, we briefly discuss

the special case 𝜆 = 𝑚2 in subsection 5.2.1. We then discuss in detail the CSI

solutions in subsection 5.2.2, with emphasis on an easily describable subfamily. In

subsection 5.2.3, with an appropriate choice of parameters, we answer a question

about which Kundt metrics are exact solutions to both TMG and NMG. Finally,

in subsection 5.2.4, we identify solutions of the full nonlinear equation of motion

of NMG which are also solutions of the linearized theory, with the same choice of

background metrics as for TMG.
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5.1 The new theory of massive gravity

If a Lorentz-invariant mass term is added to the massless Fierz–Pauli action

(which defines the lowest-order perturbation theory of general relativity), a rel-

ativistic field theory of massive spin-two fields results [73]. However, the Fierz–

Pauli theory of massive gravity is only defined as a free theory in a fixed spacetime

background.

For the massless Fierz–Pauli theory, consistency of the coupling to matter

fields requires self-coupling of the gravitational field. Furthermore, the consis-

tency of this self-coupling leads to the addition of an infinite number of correc-

tions. The resulting self-consistent theory of a self-interacting massless spin-two

field is none other than Einstein’s theory of gravity, and this is true for flat and

curved backgrounds and in arbitrary dimensions. Ort́ın’s book [74] contains an

excellent extended discussion of the Fierz–Pauli theory, along these lines, and

references to the original literature.

Now, since there are no straightforward diffeomorphism-invariant mass

terms to add to the Einstein–Hilbert action, it is difficult to construct an inter-

acting theory for the massive graviton. One such theory is topologically massive

gravity, which was studied in the last chapter, however this theory does not re-

duce to the Fierz–Pauli theory at the linearized level and does not preserve parity.

Recently, a new theory of massive gravity in three dimensions (NMG), which is

parity-preserving, was constructed in three dimensions [12]. A natural context in

which to present the new theory of massive gravity is provided by fourth-order

gravity, generalized to any number of dimensions 𝐷 ≥ 3. This discussion serves

to show the special nature of NMG. The most general Lagrangian with terms

54



which are either linear or quadratic in the curvature is

𝐼 =
1

16𝜋𝐺

∫︁
𝑑𝐷𝑥

√
−𝑔

[︀
𝑅 + 𝛼𝑅2 + 𝛽𝑅𝜇𝜈𝑅

𝜇𝜈 + 𝛾(𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 − 4𝑅𝜇𝜈𝑅

𝜇𝜈 +𝑅2)
]︀
,

(5.1)

where 𝛼, 𝛽, and 𝛾 are constants. The last term with coefficient 𝛾 is the Gauss–

Bonnet term. In four dimensions, by the generalized Gauss–Bonnet theorem, this

term is a surface term, and therefore it does not contribute to the equation of

motion. In three-dimensions, it vanishes identically, due to the identity (2.8).

The equation of motion corresponding to the action (5.1) is

𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 +𝐾𝛼𝛽 = 0,

where 𝐾𝛼𝛽 contains up to fourth-order derivatives in the metric (for an expression

of 𝐾𝛼𝛽 in terms of the metric, see for example [75]).

In four dimensions, the terms quadratic in the curvature lead to renor-

malizability of the theory, but the theory is not unitary due to a non-decoupling

ghost [16], and this is what has become expected of such theories. However,

in three dimensions, with a sign of the Einstein–Hilbert part of the action op-

posite to that of (5.1), and with a particular relation between the coefficients

𝛼 and 𝛽, the theory was shown to be equivalent to the unitary massive Fierz–

Pauli theory at the linearized level [12], which propagates two massive modes

of helicity ±2. Renormalizability of this theory was checked in [76]. One of

the key ideas of [12] lies in requiring the tensor 𝐾𝛼𝛽 to satisfy the following

property: its trace is proportional to the Lagrangian from which it is derived,

i.e., 𝑔𝛼𝛽𝐾𝛼𝛽 ∝ 𝛼𝑅2 + 𝛽𝑅𝜇𝜈𝑅
𝜇𝜈 . This requirement, which implies the relation
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𝛼/𝛽 = −3/8, ensures that the linearized scalar curvature is set to zero by the

equation of motion, thus removing the zero-helicity mode which would have been

a ghost. An attempt to find the counterparts of NMG in higher dimensions, by

imposing the above requirement on the 𝐾𝛼𝛽 tensor, leads to a no-go result [75].

Thus the new theory of massive gravity in three dimensions occupies a special

place among fourth-order theories of gravity.

The action of the new theory of massive gravity (with a cosmological con-

stant) [12] is given by

𝐼NMG =
1

16𝜋𝐺

∫︁
𝑑3𝑥

√
−𝑔

(︁
𝑅− 2𝜆− 1

𝑚2
𝐾
)︁
, (5.2)

where the scalar 𝐾 is the precise combination of squares of the curvature tensors:

𝐾 = 𝑅𝜇𝜈𝑅𝜇𝜈 −
3

8
𝑅2.

The constant 𝜆 is not necessarily equal to the cosmological constant Λ, and 𝑚 is

a non-zero mass parameter, which (to be inclusive) is allowed to be either real

or pure imaginary, so that 𝑚2 is a non-zero real number of either sign. Note

that the action (5.2) has a sign opposite to that advocated above, but in our

later considerations, we will be only interested in the classical solutions of NMG

so that the choice of sign is immaterial, since we are allowing all signs of the

parameters appearing in (5.2).

The equation of motion, obtained from varying the action (5.2) is

𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + 𝜆𝑔𝛼𝛽 −

1

2𝑚2
𝐾𝛼𝛽 = 0, (5.3)
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where the tensor 𝐾𝛼𝛽, given by

𝐾𝛼𝛽 = 2∇2𝑅𝛼𝛽 −
1

2

(︁
∇𝛼∇𝛽𝑅 + 𝑔𝛼𝛽∇2𝑅

)︁
− 8𝑅𝜇

𝛼𝑅𝜇𝛽

+
9

2
𝑅𝑅𝛼𝛽 +

(︁
3𝑅𝜇𝜈𝑅𝜇𝜈 −

13

8
𝑅2

)︁
𝑔𝛼𝛽,

is covariantly constant and satisfies the important property: 𝑔𝛼𝛽𝐾𝛼𝛽 = 𝐾. The

trace of the equation of motion (5.3) gives 𝐾 + 𝑚2(𝑅 − 6𝜆) = 0, so that, for a

solution of (5.3), 𝐾 = 0 if and only if 𝑅 = 6𝜆.

For an Einstein metric, with 𝑅𝛼𝛽 = 2Λ𝑔𝛼𝛽, the tensor 𝐾𝛼𝛽 is given by

𝐾𝛼𝛽 = −(Λ2/2)𝑔𝛼𝛽. Therefore, the equation of motion (5.3) for an Einstein

metric is an algebraic equation in Λ:

𝜆 = Λ− Λ2

4𝑚2
. (5.4)

This relation implies that equation (5.3) admits an Einstein solution if and only

if 𝜆/𝑚2 ≤ 1. For positive 𝑚2, anti-de Sitter spacetime is a solution of (5.3) if

and only if 𝜆/𝑚2 < 0; Minkowski spacetime is a solution if and only if 𝜆 = 0; but

de-Sitter spacetime is a solution for any 𝜆/𝑚2 ≤ 1. For negative 𝑚2, the same

statements hold as for positive 𝑚2, with AdS and dS interchanged.

A glance at equation (5.3) shows that the tensor 𝐾𝛼𝛽 and the Ricci tensor

have the same Segre type and same eigenvectors.
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5.1.1 Linearized new massive gravity

Linearization of the equation of motion (5.3) around a constant-curvature back-

ground metric 𝑔𝛼𝛽, with Ricci tensor �̄�𝛼𝛽 = 2Λ𝑔𝛼𝛽 leads to the equation of motion

for the fluctuations ℎ𝛼𝛽

𝑅
(1)
𝛼𝛽 − 1

2
𝑅(1)𝑔𝛼𝛽 + (𝜆− 3Λ)ℎ𝛼𝛽 −

1

2𝑚2
𝐾

(1)
𝛼𝛽 = 0, (5.5)

where 𝑅
(1)
𝛼𝛽 and 𝑅(1) are given in subsection 4.1.1, and 𝐾

(1)
𝛼𝛽 is given by [77]

𝐾
(1)
𝛼𝛽 = − 1

2
∇̄2𝑅(1)𝑔𝛼𝛽 −

1

2
∇̄𝛼∇̄𝛽𝑅

(1) + 2∇̄2𝑅
(1)
𝛼𝛽 − 4Λ∇̄2ℎ𝛼𝛽

− 5Λ𝑅
(1)
𝛼𝛽 +

3

2
Λ𝑅(1)𝑔𝛼𝛽 +

19

2
Λ2ℎ𝛼𝛽.

Taking the trace of the linearized equation of motion (5.5), and using

𝜆 = Λ− Λ2/(4𝑚2), we obtain

(︂
1− Λ

2𝑚2

)︂
𝑅(1) = 0,

which is equivalent to 𝑅(1) = 0 if Λ ̸= 2𝑚2 (or 𝜆 ̸= 𝑚2). Thus, for Λ ̸= 2𝑚2, the

linearized equation of motion for NMG becomes

(︂
1 +

5Λ

2𝑚2

)︂[︀
𝑅

(1)
𝛼𝛽 − 2Λℎ𝛼𝛽

]︀
− 1

𝑚2
∇̄2

[︀
𝑅

(1)
𝛼𝛽 − 2Λℎ𝛼𝛽

]︀
= 0.
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5.2 Kundt solutions of NMG

In this section, we study solutions of the vacuum equation of motion of the new

theory of massive gravity (5.3) among the Kundt family of metrics given by (3.4).

Let �̃�𝛼𝛽 denote the NMG tensor, i.e.,

�̃�𝛼𝛽 = 𝑅𝛼𝛽 −
1

2
𝑅𝑔𝛼𝛽 + 𝜆𝑔𝛼𝛽 −

1

2𝑚2
𝐾𝛼𝛽.

By direct calculation, the components of the NMG tensor with the simplest ex-

pressions are �̃�𝑣𝑣, �̃�𝑣𝑥, �̃�𝑢𝑣, and �̃�𝑥𝑥. However, as can be checked, there is a

relation between these four components and the trace of the NMG tensor:

2�̃�𝑢𝑣 = 𝑔𝛼𝛽�̃�𝛼𝛽 − �̃�𝑥𝑥 +
(︀
2𝐻 −𝑊 2

)︀
�̃�𝑣𝑣 + 2𝑊�̃�𝑣𝑥.

This identity allows us to exchange the equation �̃�𝑢𝑣 = 0 for the simpler equation

𝑔𝛼𝛽�̃�𝛼𝛽 = 0. For ease of notation, we denote the trace of the NMG tensor by 𝑇 ,

i.e.,

𝑇 = 𝑔𝛼𝛽�̃�𝛼𝛽.

The two components �̃�𝑣𝑣 and �̃�𝑣𝑥 are given by

4𝑚2�̃�𝑣𝑣 = 2𝜕4
𝑣𝐻 −𝑊𝜕4

𝑣𝑊 − 3(𝜕𝑣𝑊 )𝜕3
𝑣𝑊 + (𝜕2

𝑣𝑊 )2 + 2𝜕𝑥𝜕
3
𝑣𝑊,

16𝑚2�̃�𝑣𝑥 = 16𝑚2𝑊�̃�𝑣𝑣 − 8𝑊𝜕4
𝑣𝐻 − 20(𝜕𝑣𝑊 )𝜕3

𝑣𝐻 − 4(𝜕2
𝑣𝑊 )𝜕2

𝑣𝐻

+32(𝜕3
𝑣𝑊 )𝜕𝑣𝐻 + 16(𝜕4

𝑣𝑊 )𝐻 + (𝜕𝑣𝑊 )2𝜕2
𝑣𝑊

+8𝜕𝑥𝜕
3
𝑣𝐻 − 16𝜕𝑢𝜕

3
𝑣𝑊 + 8𝑚2𝜕2

𝑣𝑊.
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Using the two equations �̃�𝑣𝑣 = 0 and �̃�𝑣𝑥 = 0, and assuming 𝑊 is a polynomial

function in 𝑣, we show that 𝑊 is necessarily linear in 𝑣. This assumption and the

ensuing result will then lead to a manageable system of equations. Let 𝑊 be a

polynomial function in 𝑣 of degree 𝑛 ≥ 2, i.e., 𝑊 = 𝑊0 + · · ·+ 𝑣𝑛𝑊𝑛, where the

coefficients 𝑊𝑖 (𝑖 = 0, . . . , 𝑛) are functions of 𝑢 and 𝑥. Using this ansatz for 𝑊

and computing the (2𝑛 − 4)th derivative of �̃�𝑣𝑣 with respect to 𝑣, we find that

Kundt solutions of NMG must satisfy the following simple identity

𝜕2𝑛
𝑣 𝐻 = 𝑎𝑛𝑊

2
𝑛 ,

where 𝑎𝑛 = (2𝑛− 4)!𝑛(𝑛− 1)(4𝑛2 − 15𝑛 + 12)/2. Since 𝑊𝑛 does not depend on

𝑣, the last identity implies that all derivatives of 𝐻 with respect to 𝑣 higher than

2𝑛 must be identically zero. Now, if we calculate the (3𝑛− 4)th derivative of �̃�𝑣𝑥

with respect to 𝑣, we obtain a second identity for the (2𝑛)th derivative of 𝐻 with

respect to 𝑣:

𝑏𝑛𝑊𝑛𝜕
2𝑛
𝑣 𝐻 + 𝑐𝑛𝑊

3
𝑛 = 0,

where 𝑏𝑛 = (3𝑛−4)!𝑛(𝑛−1)(4𝑛2+5𝑛−4)/(2𝑛)! and 𝑐𝑛 = (3𝑛−4)!𝑛(𝑛−1)(5𝑛2−

20𝑛+ 16)/8. Combining the two identities, we obtain the necessary condition

(𝑎𝑛𝑏𝑛 + 𝑐𝑛)𝑊
3
𝑛 = 0.

For 𝑛 ≥ 3, 𝑎𝑛, 𝑏𝑛, and 𝑐𝑛 are all positive, and for 𝑛 = 2, we have 𝑎2𝑏2+𝑐2 = −28/3.

This means that the factor (𝑎𝑛𝑏𝑛+𝑐𝑛) is not zero for any 𝑛 ≥ 2, and consequently
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𝑊𝑛 must be identically zero. Thus the function 𝑊 is necessarily linear in 𝑣, i.e.,

𝑊 = 𝑊0 + 𝑣𝑊1,

where 𝑊0 and 𝑊1 are functions of 𝑢 and 𝑥.

This result simplifies the expressions for �̃�𝑣𝑣, �̃�𝑣𝑥, and 𝜕2
𝑣𝑇 drastically:

2𝑚2�̃�𝑣𝑣 = 𝜕4
𝑣𝐻,

4𝑚2�̃�𝑣𝑥 = 2𝜕𝑥𝜕
3
𝑣𝐻 − 5𝑊1𝜕

3
𝑣𝐻,

−8𝑚2𝜕2
𝑣𝑇 = 4(𝜕3

𝑣𝐻)2 +
(︀
4𝜕2

𝑣𝐻 − 4𝜕𝑥𝑊1 +𝑊 2
1 + 8𝑚2

)︀
𝜕4
𝑣𝐻.

It is easy to see that the three equations �̃�𝑣𝑣 = 0, �̃�𝑣𝑥 = 0, and 𝜕2
𝑣𝑇 = 0 are

simultaneously satisfied if and only if the function 𝐻 is quadratic in 𝑣, i.e.,

𝐻 = 𝐻0 + 𝑣𝐻1 + 𝑣2𝐻2,

where 𝐻0, 𝐻1, and 𝐻2 are functions of 𝑢 and 𝑥. Thus, a Kundt metric (3.4), with

𝑊 polynomial in 𝑣, is a solution of the vacuum equation of motion of the new

theory of massive gravity (5.3) only if 𝑊 is linear in 𝑣 and 𝐻 is quadratic in 𝑣.

This immediately implies that the null vector 𝜕𝑣 is everywhere an eigendirection of

both the Ricci and Cotton tensors. Also, as before, the function 𝑊0 is eliminated

by a coordinate transformation of the form 𝑣 → 𝑣 + 𝑓(𝑢, 𝑥).

There are four remaining equations that the Kundt metric (3.4) must

satisfy in order to be a vacuum solution of the new theory of massive gravity. The

equations 𝑇 = 0 and �̃�𝑥𝑥 = 0 are coupled differential equations of the functions
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𝐻2 and 𝑊1, containing derivatives with respect to 𝑥 only. The vanishing of 𝑇

gives the equation

0 =
(︀
8𝐻2 −𝑊 2

1 − 8𝑚2
)︀(︀
8𝐻2 − 8𝜕𝑥𝑊1 + 3𝑊 2

1 + 24𝑚2
)︀
− 192𝑚2

(︀
𝜆−𝑚2

)︀
, (5.6)

whereas the vanishing of �̃�𝑥𝑥 yields the equation

0 = 128𝜕2
𝑥𝐻2 − 320𝑊1𝜕𝑥𝐻2 + 64𝐻2

2 − 16
(︀
8𝜕𝑥𝑊1 − 11𝑊 2

1 + 8𝑚2
)︀
𝐻2

+𝑊 4
1 + 16𝑚2𝑊 2

1 + 64𝜆𝑚2. (5.7)

Since these equations are independent of the variable 𝑢 and are translationally

symmetric with respect to the variable 𝑥, the solutions take the form 𝑊1 =

𝑊1(𝑥+ 𝑓(𝑢)) and 𝐻2 = 𝐻2(𝑥+ 𝑓(𝑢)). Thus, a coordinate transformation of the

form 𝑥 → 𝑥+ 𝑓(𝑢), allows us to eliminate the 𝑢 dependence of 𝑊1 and 𝐻2.

Now, assuming all the necessary conditions derived so far are satisfied,

equation �̃�𝑢𝑥 = 0 is (for constant 𝑢) a third-order homogeneous linear ODE in

𝐻1, where the coefficients depend on 𝐻2 and 𝑊1:

0 = 8𝜕3
𝑥𝐻1 − 8𝑊1𝜕

2
𝑥𝐻1 +

(︀
8𝐻2 − 4𝜕𝑥𝑊1 +𝑊 2

1 − 8𝑚2
)︀
𝜕𝑥𝐻1, (5.8)

Upon solving equation (5.8) for 𝐻1, the equation �̃�𝑢𝑢 = 0 is (for constant

𝑢) a fourth-order non-homogeneous linear ODE in 𝐻0, where the coefficients of

the homogeneous part depend on 𝐻2 and 𝑊1, and the non-homogeneous term

62



depends on 𝐻1:

0 = 24𝜕4
𝑥𝐻0 + 48𝑊1𝜕

3
𝑥𝐻0 − 3

[︀
24𝐻2 − 36𝜕𝑥𝑊1 − 9𝑊 2

1 + 8𝑚2
]︀
𝜕2
𝑥𝐻0

− 3
[︀
28𝜕𝑥

(︀
2𝐻2 − 𝜕𝑥𝑊1

)︀
−
(︀
8𝐻2 + 30𝜕𝑥𝑊1 +𝑊 2

1 − 8𝑚2
)︀
𝑊1

]︀
𝜕𝑥𝐻0

+
[︀
24𝜕3

𝑥𝑊1 − 36𝑊1𝜕𝑥
(︀
6𝐻2 − 𝜕𝑥𝑊1

)︀
+
(︀
36𝜕𝑥𝑊1 + 11𝑊 2

1 − 8𝑚2
)︀
𝜕𝑥𝑊1

+8
(︀
8𝐻2 − 11𝜕𝑥𝑊1 + 17𝑊 2

1 − 8𝑚2
)︀
𝐻2

]︀
𝐻0 +𝑁, (5.9)

where the non-homogeneous term, 𝑁 , is

𝑁 = 48
[︀
𝜕𝑢𝜕

2
𝑥𝐻1 +𝐻1𝜕

2
𝑥𝐻1 + (𝜕𝑥𝐻1)

2
]︀
.

In summary, we have shown that the Kundt metric (3.4), with 𝑊 a poly-

nomial function in 𝑣, is a solution of the vacuum equation of motion of the new

theory of massive gravity (5.3) only if 𝑊 is linear in 𝑣 and 𝐻 is quadratic in 𝑣.

Moreover, each one of these Kundt solutions is locally equivalent to a metric of the

form (4.10), where the functions𝑊1, 𝐻2, 𝐻1, and 𝐻0 satisfy equations (5.6)–(5.9).

Now, the scalar curvature for a Kundt metric of the form (4.10) is given

by

𝑅 = 4𝐻2 + 2𝜕𝑥𝑊1 −
3

2
𝑊 2

1 . (5.10)

In contrast with topologically massive gravity, the scalar curvature for vacuum

solutions of the new massive gravity is not constrained to take a specific value for

fixed values of the parameters 𝜆 and 𝑚2. Although we will not be able to find

them explicitly, there are Kundt solutions with non-constant scalar curvature.

For CSI Kundt solutions of NMG, the scalar curvature will serve us to visualize
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how these solutions vary with 𝜆, and Λ (in one instance).

Since the equation 𝑇 = 0 (5.6) factors nicely for 𝜆 = 𝑚2, and since this

is a special point in other respects as well, we shall isolate this special case and

examine it first.

5.2.1 𝜆 = 𝑚2

Equation (5.6) was purposefully written to make manifest the two branches of

solutions when 𝜆 = 𝑚2: we call first branch the one consisting of solutions with

𝐻2 = 𝑊 2
1 /8 + 𝑚2, and call second branch the one consisting of solutions with

𝐻2 = 𝜕𝑥𝑊1 − 3𝑊 2
1 /8− 3𝑚2. For the first branch, equation (5.7) becomes

𝜕𝑥(𝑊1Δ)− 3

2
𝑊 2

1Δ = 0, (5.11)

and for the second branch, it becomes

𝜕2
𝑥Δ− 9

4
𝜕𝑥(𝑊1Δ) + 2

(︀
𝜕𝑥𝑊1 +

7

16
𝑊 2

1 −𝑚2
)︀
Δ = 0, (5.12)

where Δ = 𝜕𝑥𝑊1 −𝑊 2
1 /2 − 4𝑚2 in both equations. These expressions have the

virtue of making apparent the CSI solutions. The two branches merge at the

CSI solutions with Δ = 0, which are of type A. (The grouping of the CSI Kundt

metrics into types A, B, and C is given in the discussion following equation (3.6).)

The CSI solutions which belong to the first branch but not to the second branch

are of type B, while the remaining CSI solutions (i.e., those which belong to

the second branch but not to the first branch) are of type C. All these CSI
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solutions are included in the discussion of their counterparts at generic 𝜆/𝑚2 in

the following subsection. For the type C solutions, which exist only at 𝜆 = 𝑚2,

the field equations are particularly simple: 𝑊1 = 0, 𝐻2 = 𝑚2, 𝜕3
𝑥𝐻1 = 0, and

𝜕4
𝑥𝐻0 − 4𝑚2𝜕2

𝑥𝐻0 = −2
[︀
𝜕𝑢𝜕

2
𝑥𝐻1 +𝐻1𝜕

2
𝑥𝐻1 + (𝜕𝑥𝐻1)

2
]︀
.

A computation of the Cotton tensor reveals that the type C solutions include

non-conformally flat as well as conformally flat solutions. As remarked before,

these conformally flat solutions are not Einstein. The conformally flat solutions

of type C are given by: 𝑊1 = 0, 𝐻2 = 𝑚2, 𝜕2
𝑥𝐻1 = 0, and

4𝑚2𝐻0 = 2𝜕𝑢𝐻1 +𝐻2
1 + 𝑓(𝑢),

where 𝑓 is an arbitrary function.

In addition to the CSI solutions, both branches of solutions contain non-

CSI solutions. Unfortunately, both equations (5.11) and (5.12) admit only trans-

lation with respect to the independent variable as point symmetry. While this

means we cannot solve them directly by the group method, the translational sym-

metry allows us to reduce their order by one. For the first branch this reduction

leads to an Abel ODE.

Finally, note that the scalar curvature for the first branch is

𝑅 = 2
(︀
𝜕𝑥𝑊1 −

1

2
𝑊 2

1

)︀
+ 4𝑚2,
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and for the second branch, it is

𝑅 = 6
(︀
𝜕𝑥𝑊1 −

1

2
𝑊 2

1

)︀
− 12𝑚2.

Since all solutions with 𝜕𝑥𝑊1 − 𝑊 2
1 /2 = constant are necessarily CSI, we see

that the scalar curvature is constant if and only if the solution is CSI. This last

statement can be strengthened and generalized. Indeed, it can be shown that

the original Kundt metric (3.4), without the assumption of 𝑊 being polynomial

in 𝑣, is a solution of NMG (5.3) with constant scalar curvature only if 𝑊 is

linear in 𝑣, and consequently it belongs (up to coordinate transformations) to the

subfamily given by (4.10). Furthermore, by examining equations (5.10) and (5.6)

(for general 𝜆), it follows that 𝑅 is constant if and only if the Kundt solution is

CSI.

5.2.2 CSI solutions of NMG

For generic 𝜆/𝑚2, in order to simplify the system of equations 𝑇 = 0 and �̃�𝑥𝑥 = 0

(equations (5.6) and (5.7), respectively) we assume that the functions 𝐻2 and 𝑊1

are related by

𝐻2 =
1

8
(𝑊 2

1 + 4𝑐1),

for some constant 𝑐1. Note that this restriction does not preclude any CSI solu-

tion. Conversely, it turns out that the solutions of NMG satisfying this condi-

tion are necessarily CSI. Furthermore, the system of equations (5.6), (5.7), and
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𝐻2 = (𝑊 2
1 + 4𝑐1)/8 admits a solution only if

(A) 𝜆 =
1

4𝑚2
𝑐1(4𝑚

2 − 𝑐1) and 𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2𝑐1,

or

(B) 𝜆 =
1

108𝑚2
𝑐1(7𝑐

2
1 + 44𝑐1𝑚

2 − 8𝑚4) and 𝑊 2
1 =

2

9
(2𝑚2 − 𝑐1).

The NMG solutions satisfying (A) are CSI of type A, and the solutions satisfying

(B) are CSI of type B, provided 𝑐1 ̸= −2𝑚2/17 and 𝑐1 ̸= 2𝑚2. The two types of

solutions merge, for positive 𝑚2, at 𝑐1 = −2𝑚2/17 (with 𝜆 = −35𝑚2/289), where

the solutions of type B disappear; this special point is the counterpart of the

special point Λ = −𝜇2/9 of TMG (see figure 4.1). While the scalar curvature for

the solutions of type A is 𝑅 = 6𝑐1, the scalar curvature of the type B solutions is

𝑅 = 4(5𝑐1−𝑚2)/9. Plots of 𝑅 versus 𝜆 are given in figures 5.1 and 5.3, for positive

and negative 𝑚2 respectively. Solutions of type A exist only for 𝜆/𝑚2 ≤ 1, while

solutions of type B must satisfy 𝑅 ≤ 4𝑚2 (for 𝑊1 to be real). The last condition

sets an upper limit on the scalar curvature of CSI Kundt solutions of type B; this

limit is realized by the CSI solutions at the special point (𝜆 = 𝑚2, 𝑅 = 4𝑚2),

which are of type C. For 𝑚2 < 0, it is clear from figure 5.3 that CSI Kundt

solutions of type A and CSI Kundt solutions of type B do not coexist. As for

𝑚2 > 0, CSI Kundt solutions of type B exist only for 𝜆 ≥ −5𝑚2/7 (see figure 5.1).

When 𝜆/𝑚2 ≤ 1, we have seen that the vacuum equation of NMG ad-

mits a constant curvature solution, satisfying 𝑅𝛼𝛽 = 2Λ𝑔𝛼𝛽, where Λ is given by

𝜆 = Λ − Λ2/(4𝑚2). A plot of the scalar curvature of the CSI Kundt solutions
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versus Λ, for positive 𝑚2, is given in figure 5.2. The corresponding plot for nega-

tive 𝑚2 consists simply of two straight lines representing solutions of type A and

one point at (Λ = 2𝑚2, 𝑅 = 4𝑚2), so it is not included here.

Now, by equation (5.6), when 𝑊1 is constant, 𝐻2 is also constant. Thus

the solutions with constant 𝑊1 are necessarily CSI. As is the case for TMG, the

subfamily of CSI Kundt solutions of NMG with constant 𝑊1 is particularly easy

to describe, so we will restrict attention to these solutions in the remainder of

this subsection. Equations (5.8) and (5.9) are (for constant 𝑢) linear ODEs with

constant coefficients. Thus their solutions are determined by the roots of their

characteristic polynomials (and the non-homogeneous term, for equation (5.9)).

Type A solutions with constant 𝑊1

First, note that the CSI Kundt solutions of type A with constant 𝑊1 exist only

for 𝑅 ≤ 0, since for these solutions 𝑊 2
1 = −2𝑅/3. The characteristic equation of

the linear ODE in 𝐻1, equation (5.8), is

𝑟
(︀
8𝑟2 − 8𝑊1𝑟 +𝑊 2

1 − 8𝑚2
)︀
= 0,

with roots 0 and
(︀
𝑊1 ±

√︀
4𝑚2 +𝑊 2

1 /2
)︀
/2. For positive 𝑚2, the roots are always

real, and a multiple root occurs only at the special point (𝜆 = −3𝑚2, 𝑅 = −12𝑚2),

where 0 is a double root. For negative𝑚2, the roots are all real for 𝑅 ≤ 12𝑚2, and

there are two non-real (complex conjugate) roots in the interval 12𝑚2 < 𝑅 ≤ 0.

In this case, all roots are distinct, except at the special point (𝜆 = 𝑚2, 𝑅 = 12𝑚2),
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Figure 5.1: The scalar curvature of the CSI Kundt solutions of NMG ver-
sus 𝜆, for positive 𝑚2. The solid curves correspond to metrics of type A
and the dashed curves to metrics of type B. The two parabolas meet tan-
gentially at the point (−35/289,−12/17). 𝑅 and 𝜆 are expressed in units
of 𝑚2.

Figure 5.2: The scalar curvature of the CSI Kundt solutions of NMG
versus Λ, for positive 𝑚2. The solid curves correspond to metrics of
type A and the dashed curves to metrics of type B. Λ± = 2 ± 4

√︀
3/7,

and the lines meet the ellipse tangentially at the points (−2/17,−12/17)
and (70/17,−12/17). 𝑅 and Λ are expressed in units of 𝑚2.
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Figure 5.3: The scalar curvature of the CSI Kundt solutions of NMG
versus 𝜆, for negative 𝑚2. The solid parabola represents metrics of type A,
and the dashed curve (which is part of a parabola) represents metrics of
type B. 𝑅 and 𝜆 are expressed in units of |𝑚2|.

where 𝑊1/2 is a double root.

Now, the characteristic equation of the linear ODE in 𝐻0, equation (5.9),

is

𝑟(𝑟 +𝑊1)
(︀
8𝑟2 + 8𝑊1𝑟 +𝑊 2

1 − 8𝑚2
)︀
= 0, (5.13)

with roots 0, −𝑊1, and −𝑊1/2 ±
√︀

2(8𝑚2 +𝑊 2
1 )/4. For positive 𝑚2, the roots

are always real, and multiple roots occur at the special points (𝜆 = −3𝑚2, 𝑅 =

−12𝑚2) and (𝜆 = 0, 𝑅 = 0). While 0 and −𝑊1 are both double roots at the

point with 𝜆 = −3𝑚2, the point with 𝜆 = 0 admits 0 as its only double root.

For negative 𝑚2, the roots are all real for 𝑅 ≤ 12𝑚2 (see figure 5.5), and there

are two non-real roots in the interval 12𝑚2 < 𝑅 ≤ 0; note that these intervals

match those for the characteristic polynomial of the ODE in 𝐻1. All roots are

distinct, except at the special points (𝜆 = 𝑚2, 𝑅 = 12𝑚2) and (𝜆 = 0, 𝑅 = 0).

The point with 𝜆 = 𝑚2 admits the double root −𝑊1/2, whereas the point with
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𝜆 = 0 admits 0 as a double root.

Type B solutions

As noted earlier, the CSI Kundt solutions of type B exist only for 𝑅 ≤ 4𝑚2

(see figure 5.1), since for these solutions 𝑊 2
1 = (4𝑚2 −𝑅)/10. The characteristic

equation of the linear ODE in 𝐻1, equation (5.8), is

𝑟(𝑟 +𝑊1)(𝑟 − 2𝑊1) = 0,

with roots 0, −𝑊1, and 2𝑊1, which are all real. A multiple root occurs only at

the special point (𝜆 = 𝑚2, 𝑅 = 4𝑚2), where 0 is a triple root.

The characteristic equation of the linear ODE in 𝐻0, equation (5.9), is

𝑟
(︀
2𝑟3 + 4𝑊1𝑟

2 + 15𝑊 2
1 𝑟 − 8𝑚2𝑟 − 4𝑊 3

1

)︀
= 0. (5.14)

This equation admits at least two real roots, one of which is 0. The discrim-

inant of the cubic factor (up to a positive multiple) is 4093𝑅3 + 5844𝑚2𝑅2 +

31984𝑚4𝑅 + 28608𝑚6, which admits only one real root: 𝑅0 ≈ −0.950𝑚2. (Note

that, for positive 𝑚2, 𝑅0 is smaller than the scalar curvature of the point where

the CSI Kundt solutions of types A and B merge.) Thus, for positive 𝑚2, the

roots of equation (5.14) are all real in the range 𝑅0 ≤ 𝑅 ≤ 4𝑚2, and there are

two non-real roots for 𝑅 < 𝑅0 (see figure 5.4). Multiple roots occur at 𝑅 = 4𝑚2

(where 0 is a double root) and at 𝑅 = 𝑅0 (where the double root is ≈ −1.465𝑊1).

For negative 𝑚2, there is always one pair of non-real roots (see figure 5.5).
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Figure 5.4: Nature of the roots of equation (5.14) for the CSI Kundt
solutions of NMG of type B, for 𝑚2 > 0. The thick dashed curve indicates
the presence of two non-real roots.

Figure 5.5: Nature of the roots of equations (5.13) and (5.14) for 𝑚2 < 0.
The thick curves indicate the presence of two non-real roots.
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5.2.3 Kundt solutions of TMG which are also solutions of

NMG

Assume that the Kundt metric (4.10) is a solution of the equation of motion of

TMG (4.2). This means that the functions 𝑊1, 𝐻2, 𝐻1, and 𝐻0 satisfy equa-

tions (4.6)–(4.9). In what follows, we will identify those metrics which are also

solutions of the field equation of NMG (5.3), with 𝜆 = Λ− Λ2/(4𝑚2).

With the above assumptions, equation (5.6) becomes

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2Λ,

which implies that the metrics must be CSI of type A. Equation (5.7) is then

automatically satisfied, whereas equations (5.8) and (5.9) become

(2𝑚2 − 2𝜇2 − Λ)𝜕𝑥𝐻1 = 0,

4(𝜕𝑥𝐻1)
2 − (2𝑚2 − 2𝜇2 − Λ)[2𝜕2

𝑥𝐻0 + 2𝑊1𝜕𝑥𝐻0 + (𝑊 2
1 + 4Λ)𝐻0] = 0,

respectively. Thus, there are two cases, depending on whether or not the pa-

rameters in the equations of motion of the two theories of massive gravity are

constrained to satisfy the additional relation 2𝑚2 = 2𝜇2 + Λ.

If 2𝑚2 ̸= 2𝜇2 + Λ, then the Kundt metric given by (4.10) is a solution to

both equation (4.2) and equation (5.3) if and only if the following equations are

satisfied

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2Λ, 𝐻2 =
1

8

(︀
𝑊 2

1 + 4Λ
)︀
,

73



𝜕𝑥𝐻1 = 0, 2𝜕2
𝑥𝐻0 + 2𝑊1𝜕𝑥𝐻0 +

(︀
𝑊 2

1 + 4Λ
)︀
𝐻0 = 0.

These are, expectedly, precisely the necessary and sufficient conditions for the

Kundt metric (4.10) to be a solution of Einstein’s equation 𝑅𝛼𝛽 = 2Λ𝑔𝛼𝛽.

If 2𝑚2 = 2𝜇2 + Λ, then the Kundt metric given by (4.10) is a solution to

both equation (4.2) and equation (5.3) if and only if the following equations are

satisfied

𝜕𝑥𝑊1 −
1

2
𝑊 2

1 = 2Λ, 𝐻2 =
1

8

(︀
𝑊 2

1 + 4Λ
)︀
, 𝜕𝑥𝐻1 = 0,

and equation (4.9). And, for fixed 𝑊1, these are precisely the necessary and

sufficient conditions for the Kundt metric (4.10) to be a solution of both the full

and linearized equation of motion of TMG, where the linearization is with respect

to the background metric

𝑔𝛼𝛽𝑑𝑥
𝛼𝑑𝑥𝛽 = 2

[︂
1

8
𝑣2
(︀
𝑊 2

1 + 4Λ
)︀
𝑑𝑢2 + 𝑑𝑢𝑑𝑣 + 𝑣𝑊1𝑑𝑢𝑑𝑥

]︂
+ 𝑑𝑥2.

5.2.4 Kundt solutions of NMG which are also solutions of

linearized NMG

We now identify, among the family of Kundt metrics (4.10), a subfamily of met-

rics which are simultaneously solutions of the full nonlinear vacuum equation of

motion of the new theory of massive gravity (5.3) and solutions of the linearized

equation of motion (5.5), with background metric (4.16).

Let’s assume the Kundt metric given by (4.10) is a solution of the full
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equation of motion (5.3) and that 𝑊1 = �̄�1. Then equation (5.6) becomes

(8𝐻2 − �̄� 2
1 − 4Λ)(8𝐻2 − �̄� 2

1 + 16𝑚2 − 12Λ) = 0,

and 𝑅(1) is given by

𝑅(1) =
1

2
(8𝐻2 − �̄� 2

1 − 4Λ).

Recall that for Λ ̸= 2𝑚2, 𝑅(1) must be identically zero. Thus, whether Λ is equal

to 2𝑚2 or not, the last two equations are satisfied if and only if

𝐻2 =
1

8

(︀
�̄� 2

1 + 4Λ
)︀
.

Now let �̃�𝛼𝛽 denote the left-hand side of the linearized equation of mo-

tion (5.5):

�̃�𝛼𝛽 = 𝑅
(1)
𝛼𝛽 − 1

2
𝑅(1)𝑔𝛼𝛽 + (𝜆− 3Λ)ℎ𝛼𝛽 −

1

2𝑚2
𝐾

(1)
𝛼𝛽 .

A direct computation of �̃�𝛼𝛽 shows that all components are identically zero (mod-

ulo the full nonlinear field equations), except �̃�𝑢𝑢, which gives the additional

equation

𝜕𝑥
(︀
𝐻1𝜕𝑥𝐻1

)︀
= 0.

This last equation and equation (5.8) are satisfied simultaneously if and only if

𝜕𝑥𝐻1 = 0. In summary, we have shown that the Kundt metrics (4.10), satisfying

the following equations

𝑊1 = �̄�1, 𝐻2 =
1

8

(︀
�̄� 2

1 + 4Λ
)︀
, 𝜕𝑥𝐻1 = 0,
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and equation (5.9), are solutions of both the full and linearized equation of motion

of NMG, where the linearization is with respect to the background metric (4.16).

5.2.5 Discussion

We have studied the problem of which Kundt metrics are local solutions of the

new theory of massive gravity. Due to the existence of a local coordinate system

in which a Kundt metric takes the form (3.4), the field equations, with the extra

assumption that 𝑊 is polynomial in the null coordinate 𝑣, reduce to a simple

set of four ODEs: equations (5.6)–(5.9). The CSI solutions were discussed in

detail, with focus on the subfamily for which equations (5.8) and (5.9) are linear

ODEs with constant coefficients. The CSI solutions were classified according to

the Segre types of their Ricci and Cotton tensors and by their scalar curvature.

With the same choice of backgrounds as for TMG, a family of Kundt solutions of

NMG which are also solutions of the linearized theory was found. Furthermore,

we have also answered a question about which Kundt solutions of TMG are also

solutions of NMG.

A number of plots of the scalar curvature versus 𝜆, in units of 𝑚, were

provided. These plots make visible the special nature of some values of 𝜆. For

instance, the point (𝜆 = 𝑚2, 𝑅 = 4𝑚2) in figures 5.1 and 5.3 is the only place

where conformally flat, non-Einstein, CSI Kundt solutions of NMG exist. Inci-

dentally, this interesting point also includes the static Einstein universe ℝ × S2

(for positive 𝑚2) and the static universe with negative spatial curvature ℝ× H2

(for negative 𝑚2) [78], which are non-Kundt vacuum solutions of NMG; the

sphere S2 and the hyperbolic plane H2 both have radius 1/(2|𝑚2|). The point
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(𝜆 = −35𝑚2/289, 𝑅 = −12𝑚2/17) of figure 5.1 is the analog of the special point

Λ = −𝜇2/9 of figure 4.1 in that the neighboring CSI Kundt solutions of type B

disappear at these points. This point was also found to be special in [79], in con-

nection with the existence of black hole solutions satisfying some ansatz. These

black holes were only found for −35𝑚2/289 ≤ 𝜆.

We have also found the point (𝜆 = −3𝑚2, 𝑅 = −12𝑚2) (for positive 𝑚2)

to be special in connection with the multiplicity of the roots for the CSI Kundt

solutions of type A with constant 𝑊1. This was previously found to hold in the

restricted family of solutions admitting a null Killing vector field [52]. This point

is the analog of the point Λ = −𝜇2 for TMG, where chiral gravity lives. This is

also a special point in connection with static solutions and unitarity properties

of the theory [80].

Finally, we note that vacuum solutions of NMG which belong to the Kundt

class of spacetimes have been found previously in the literature. The AdS wave

solutions of [52] belong to the family of metrics given by (4.10), with 𝐻2 = 𝐻1 =

𝑊1 = 0, and the black holes of [81] are special cases of the AdS waves of [52]. All

of these solutions admit a null Killing vector field and belong to the solid curves

of figures 5.1 and 5.3.
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Chapter 6

Conclusions and Outlook

In this dissertation, we have discussed exact solutions of two interesting theories of

gravity in three-dimensions: topologically massive gravity [11] and a new theory

of massive gravity [12]. While the question of which metrics are local solutions

of the vacuum Einstein equation admits a trivial answer in three dimensions, the

spaces of solutions of TMG and NMG have a rich structure. We hope the results

and focus of this dissertation are the seeds of a systematic probing of this rich

structure.

More specifically, we have studied the problem of which Kundt metrics

are local solutions of the vacuum field equations of TMG and NMG and derived

some of their properties. Three-dimensional Kundt spacetimes are defined by

the existence of a non-diverging null geodesic congruence. This definition gives

rise to an adapted coordinate system in which the metric takes a special form

which simplifies the computation of the geometric tensors. In particular, the

equations of motion of TMG reduce to a simple set of three ODEs, two of which

are linear ODEs of order two and three, and the remaining equation is a nonlinear
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second-order ODE. Restricting attention to the subclass of Kundt metrics with

constant scalar polynomial curvature invariants (CSI) leads to a complete solution

of the problem [47]. By an application of Lie’s theory of differential equations to

the second-order nonlinear ODE, we found the first non-CSI explicit solutions of

TMG [24], and remarkably this happens only for a special point in the parameter

space of the field equation, which is the same point that was advocated in the

paper [23] as worthy of special attention. Further study of this nonlinear equation

using analytical methods complementary to the Lie group method or numerical

methods will likely elucidate its structure.

The field equations of NMG, with one simplifying assumption, reduce to a

simple set of four ODEs: two linear ODEs of order three and four (corresponding

respectively to the linear ODEs of TMG of order two and three), and a system of

two coupled nonlinear equations. Restricting attention to CSI Kundt spacetimes

simplifies the problem and leads to a complete and interesting picture of the space

of CSI Kundt solutions in terms of the scalar curvature. Here also, further study

of the derived equations of motion using analytical and numerical techniques will

most likely lead to new explicit solutions of NMG.

A number of plots were included to make visible part of the structure of

the space of CSI Kundt solutions of TMG and NMG and the special nature of

certain points in parameter space. Some of these points have already appeared as

worthy of close examination in other contexts in the literature. Our work provides

further circumstantial evidence for their special nature. It would be worthwhile to

probe these special points deeper and see if they support other viable theories of

quantum gravity. For example, they might be host to new physically interesting
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boundary conditions which lead to new theories of gravity, or some other physical

phenomena which were not previously encountered.

Some obvious generalizations of the work in this dissertation are as follows.

We would like to extend our results to the parity-violating extension of NMG,

called general massive gravity (GMG) [12], which has not received much attention

so far. This theory is obtained by adding the gravitational Chern–Simons action

to that of NMG, which has the effect of splitting the degeneracy of the mass

of the two helicity massive modes of NMG. One immediate result is that the

conformally-flat solutions of NMG are trivially solutions of the GMG extension,

for any value of the coupling of the gravitational Chern–Simons action. Another

interesting theory to consider is the limit of NMG (5.2) with only the 𝐾 term.

This theory was recently studied by Deser [82], who shows that the quadratic

approximation admits a single, physical, massless propagating mode. It would be

nice to study the Kundt solutions for this theory. Another generalization of our

work consists of finding Kundt solutions of massive gravity in three dimensions

coupled to matter.

It would be interesting to study the implications of our results for chiral

gravity [23], log gravity [54], and the various claims made in the recent literature

on the subject of massive gravity in three dimensions. But to do this properly,

a knowledge of the global structure of our spacetimes is necessary. It is worth

noting that there are crucial differences between doing physics in global anti-de

Sitter spacetime and in one of its Poincaré patches, as illustrated for example by

parts of the debate around chiral gravity [55]. In this direction, it is interesting

to study the possible spacetimes obtained by matching our local solutions across
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boundaries subject to different differentiability conditions, such as maximal ana-

lytic extensions. Also, for their own interest and because they provide valuable

tests for the quantum theory, it is interesting to obtain black hole solutions, for

example using the method of discrete quotients [83]. Some black holes in the

Kundt class have already been found in [81].

In connection with the algebraic classification of the Ricci tensor in three

dimensions (see Section 2.4), if the eigenvalues of the Ricci operator are all con-

stant, then the three dimensional manifold is said to be curvature homogeneous.

A generalization of this property is the following: a manifold is said to be curva-

ture homogeneous up to order 𝑘 if there exists a frame in which the components

of the curvature tensor and its covariant derivatives up to order 𝑘 are constant.

A locally homogeneous manifold is curvature homogeneous up to any order. In

dimension two, curvature homogeneity implies local homogeneity. While three-

dimensional Riemannian manifolds which are curvature homogeneous up to order

one are necessarily locally homogeneous [84], this is not the case for Lorentzian

manifolds [85]. However, in [86], it was shown that curvature homogeneity up to

order two guarantees local homogeneity.

The problem of the local classification of three-dimensional manifolds which

are curvature homogeneous has received considerable attention in the literature,

and this literature has remained thus far an untapped resource in the search for

new solutions of theories of massive gravity in three dimensions. To illustrate the

fact that the local classification of three-dimensional spacetimes is very much an

active area of research and identify future directions of research, we provide a

very brief survey of some major results in this direction.
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In Riemannian geometry, the problem of classifying three-dimensional

manifolds with prescribed constant eigenvalues of the Ricci operator is easier

than in its Lorentzian counterpart, since the Ricci operator is diagonalizable. If

the eigenvalues are all equal, the manifold is of constant curvature. While the

local classification of three-dimensional Riemannian manifolds with two distinct

constant Ricci eigenvalues was considered in [87], the case of three distinct Ricci

eigenvalues was studied in [88]. A detailed survey of what is known in the Rie-

mannian setting can be found in [89].

As in the Riemannian case, if the Ricci tensor of a Lorentzian manifold

is diagonalizable with three equal (and constant) eigenvalues, the manifold is of

constant curvature. However, for Lorentzian manifolds, the Ricci operator (as

we have seen in Section 2.4) is not always diagonalizable, but has one of the

Segre types {111}, {1𝑧𝑧}, {21}, {3}, or their degeneracies. Thus it is natural to

specialize the local classification of curvature homogeneous Lorentzian manifolds

to each one of the Segre types. While the results are far from complete, a number

of papers have appeared which undertake this task. For example, the case of Segre

type {(11)1} was studied in [90]. The case of Segre type {(21)} was considered

in [91]. Finally, the case of Segre type {111} was studied in [92].

When a local classification is inaccessible, research has focused on con-

structing families of examples of manifolds with a given Ricci operator. The

systematic consideration of these families will certainly prove a valuable tool in

either finding new solutions of massive gravity in three dimensions or proving

non-existence results.

Finally, we hope that this search effort will lead to advances in our un-
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derstanding of massive gravity in three dimensions, and ultimately to a better

understanding of quantum gravity in the four dimensional world we live in.
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Appendix

In this appendix we present the local solutions of topologically massive gravity

(equation (4.2)) and the new theory of massive gravity (equation (5.3)), known

before [47] and [24].

A.1 Solutions of TMG

The local solutions of equation (4.2) which were found before [47] and [24] can

be classified into warped AdS3, warped flat space, warped dS3, and solutions

admitting a null Killing vector field. For more details about these solutions,

excluding the solutions of [93], see the appendix of [47].

A.1.1 Warped AdS3

Spacelike warped AdS3: The metric of spacelike warped AdS3 [83, 93] is given

in the ordered coordinate system (𝜏, 𝜎, 𝑢) by

𝑑𝑠2 = 𝐿2
[︀
− cosh2 𝜎𝑑𝜏 2 + 𝑑𝜎2 + 𝑎2(𝑑𝑢+ sinh𝜎𝑑𝜏)2

]︀
, (A.1)
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where 𝐿2 and 𝑎2 are positive constants. This is a real line fibration over AdS2.

When the warp factor 𝑎2 is equal to 1, this is AdS3 spacetime. For 𝑎2 ̸= 1, the

Ricci tensor is of type {(1, 1)1}, with corresponding eigenvalues (𝑎2 − 2)/(2𝐿2)

and −𝑎2/(2𝐿2), respectively. Since the scalar curvature is 𝑅 = (𝑎2 − 4)/(2𝐿2),

this metric is a solution of equation (4.2) (i) with Λ < 0 only if 𝑎2 < 4; (ii) with

Λ = 0 only if 𝑎2 = 4; and (iii) with Λ > 0 only if 𝑎2 > 4.

To be a solution of equation (4.2), the parameters 𝑎2 and 𝐿2 of the met-

ric (A.1) must be related to the parameters of the equation as follows

𝐿2 =
9

𝜇2 − 27Λ
and 𝑎2 =

4𝜇2

𝜇2 − 27Λ
.

Thus, for Λ < 0, there are spacelike warped AdS3 solutions for all values of 𝜇,

except when Λ = −𝜇2/9, in which case 𝑎2 = 1 and the solution is AdS3. For

Λ = 0, the solution is given by 𝑎2 = 4 and 𝐿2 = 9/𝜇2. For Λ > 0, there

are spacelike warped AdS3 solutions only in the interval Λ < 𝜇2/27. In the

interval Λ > 𝜇2/27, there are warped dS3 solutions (discussed below), and when

Λ = 𝜇2/27, there is a warped flat space solution (also discussed below).

Solutions of (4.2) which are locally equivalent to the spacelike warped

AdS3 (A.1) have appeared in [37, 94, 95, 72].

Timelike warped AdS3: The metric of timelike warped AdS3 [83, 93] is given

in the ordered coordinate system (𝑢, 𝜎, 𝜏) by

𝑑𝑠2 = 𝐿2
[︀
cosh2 𝜎𝑑𝑢2 + 𝑑𝜎2 − 𝑎2(𝑑𝜏 + sinh𝜎𝑑𝑢)2

]︀
, (A.2)
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where 𝐿2 and 𝑎2 are positive constants. This is a real line fibration over the

hyperbolic plane H2. For 𝑎2 ̸= 1, the Ricci tensor is of type {1, (11)}, with

corresponding eigenvalues −𝑎2/(2𝐿2) and (𝑎2 − 2)/(2𝐿2), respectively. All the

remainder of the above remarks about the spacelike warped AdS3 metric (A.1)

apply word for word to the metric (A.2).

Solutions of (4.2) which are locally equivalent to the timelike warped

AdS3 (A.2) have appeared in [96, 97, 94, 98, 65, 99].

A.1.2 Warped flat space

Spacelike warped flat space: The metric of spacelike warped flat space [93]

is given in the ordered coordinate system (𝜏, 𝑟, 𝑢)

𝑑𝑠2 =
1

Λ

[︀
− 𝑑𝜏 2 + 𝑑𝑟2 + 12(𝑑𝑢+ 𝑟𝑑𝜏)2

]︀
. (A.3)

This is a solution of equation (4.2) only if Λ = 𝜇2/27. The Ricci tensor is of Segre

type {(1, 1)1}, with corresponding eigenvalues 6Λ and −6Λ, respectively.

Timelike warped flat space: The metric of timelike warped flat space [93] is

given in the ordered coordinate system (𝑟, 𝜃, 𝑡)

𝑑𝑠2 =
1

Λ

[︀
𝑑𝑟2 + 𝑟2𝑑𝜃2 − 3(𝑑𝑡+ 𝑟2𝑑𝜃)2

]︀
. (A.4)

This is also a solution of equation (4.2) only if Λ = 𝜇2/27. The Ricci tensor is of

Segre type {1, (11)}, with corresponding eigenvalues −6Λ and 6Λ, respectively.
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A.1.3 Warped dS3

Spacelike warped dS3: The metric of spacelike warped dS3 [93] is given in the

ordered coordinate system (𝜏, 𝜑, 𝑢) by

𝑑𝑠2 = 𝐿2
[︀
− 𝑑𝜏 2 + cosh2 𝜏𝑑𝜑2 + 𝑎2(𝑑𝑢− sinh 𝜏𝑑𝜑)2

]︀
, (A.5)

where 𝐿2 and 𝑎2 are positive constants. This is a real line fibration over dS2.

Unlike the warped AdS3 case, this metric is not dS3 for any value of 𝑎2. The

Ricci tensor is of type {(1, 1)1}, with corresponding eigenvalues (𝑎2 + 2)/(2𝐿2)

and −𝑎2/(2𝐿2), respectively.

To be a solution of equation (4.2), the parameters 𝑎2 and 𝐿2 of the met-

ric (A.5) must be related to the parameters of the equation as follows

𝐿2 =
9

27Λ− 𝜇2
and 𝑎2 =

4𝜇2

27Λ− 𝜇2
.

Thus, there are spacelike warped dS3 solutions only if Λ > 𝜇2/27.

Timelike warped dS3: The metric of timelike warped dS3 [93] is given in the

ordered coordinate system (𝜃, 𝜑, 𝑢) by

𝑑𝑠2 = 𝐿2
[︀
𝑑𝜃2 + cos2 𝜃𝑑𝜑2 − 𝑎2(𝑑𝑢+ sin 𝜃𝑑𝜑)2

]︀
, (A.6)

where 𝐿2 and 𝑎2 are positive constants. This is a real line fibration over the

two-sphere S2. The Ricci tensor is of type {1, (11)}, with corresponding eigen-

values −𝑎2/(2𝐿2) and 𝑎2 + 2/(2𝐿2), respectively. All the remainder of the above
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remarks about the spacelike warped dS3 metric (A.5) apply word for word to the

metric (A.6).

A.1.4 Solutions admitting a null Killing vector field

In [45], it was shown that the most general solution admitting a null Killing vector

field of equation (4.2) with a negative cosmological constant is given locally in

the ordered coordinated system (𝜌, 𝑢, 𝑣) by

𝑑𝑠2 = 𝑑𝜌2 + 𝑒(
√
−Λ−𝜇)𝜌𝑓(𝑢)𝑑𝑢2 + 2𝑒2

√
−Λ𝜌𝑑𝑢𝑑𝑣, (A.7)

for Λ ̸= −𝜇2, by

𝑑𝑠2 = 𝑑𝜌2 + 𝜌𝑓(𝑢)𝑑𝑢2 + 2𝑒2
√
−Λ𝜌𝑑𝑢𝑑𝑣,

for 𝜇 =
√
−Λ, and by

𝑑𝑠2 = 𝑑𝜌2 + 𝜌𝑒2
√
−Λ𝜌𝑓(𝑢)𝑑𝑢2 + 2𝑒2

√
−Λ𝜌𝑑𝑢𝑑𝑣,

for 𝜇 = −
√
−Λ. Wherever 𝑓 ̸= 0, the Ricci tensor has Segre type {(21)}, and

wherever 𝑓 = 0, the Ricci tensor has Segre type {(111)}. These metrics be-

long to the solid curve of figure 4.1 and were obtained earlier in [51]. Solutions

of (4.2) with cosmological constant which admit a null Killing vector field have

also appeared in [98, 65, 100, 59, 101, 83, 102].

The metric (A.7) is also a solution of TMG for Λ = 0, in which case it is

a pp-wave. Solutions which belong to this family have appeared in [97, 37, 103,

100, 104, 105].
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A.2 Solutions of NMG

In this part of the appendix, we present the local solutions of equation (5.3) which

were found before [24], by the papers in which they appeared.

A.2.1 Clement [79]

In [79], Clement found the following solution of equation (5.3)

𝑑𝑠2 = −𝛽2𝜌
2 − 𝜌20
𝑟2

𝑑𝑡2 + 𝑟2
[︁
𝑑𝜑− 𝜌+ (1− 𝛽2)𝜔

𝑟2
𝑑𝑡
]︁2

+
21− 4𝛽2

8𝑚2𝛽2(𝜌2 − 𝜌20)
𝑑𝜌2, (A.8)

where 𝛽2, 𝜔, and 𝜌20 are constants; the function 𝑟2 is given by

𝑟2 = 𝜌2 + 2𝜔𝜌+ 𝜔2(1− 𝛽2) +
𝛽2𝜌20
1− 𝛽2

;

and the constant 𝛽2 is given by

𝛽2 =
9− 21𝜆/𝑚2 ± 2

√︀
3(5 + 7𝜆/𝑚2)

4(1− 𝜆/𝑚2)
.

Note that these are solutions only for 𝜆/𝑚2 ≥ −5/7 and 𝜆 ̸= 𝑚2. Clement

considers the range of values of 𝛽2 between 0 and 1, since this is the range where

causally regular black holes exist. This range corresponds to −35𝑚2/289 < 𝜆 <

𝑚2/21. The Ricci tensor is of Segre type {(1, 1)1}, with respective eigenvalues

− 1

21

(︀
72± 19

√︀
3(5 + 7𝜆/𝑚2)

)︀
𝑚2 and

2(𝑚2 − 𝜆)

−6±
√︀
3(5 + 7𝜆/𝑚2)

,
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and hence the scalar curvature is

𝑅 = − 4

21

(︀
39± 10

√︀
3(5 + 7𝜆/𝑚2)

)︀
𝑚2,

where the upper/lower sign corresponds to the upper/lower sign of 𝛽2, respec-

tively. These solutions belong to the dashed curve of figure 5.1.

Clement also found the locally symmetric and conformally flat AdS2 × ℝ

solution:

𝑑𝑠2 = −(𝜌2 − 𝜌20)𝑑𝑡
2 − 1

2𝑚2(𝜌2 − 𝜌20)
𝑑𝜌2 − 2𝑚2𝑑𝜑2. (A.9)

This is a solution for 𝜆 = 𝑚2 < 0. The Ricci tensor has Segre type {(1, 1)1}, with

corresponding eigenvalues 2𝑚2 and 0, respectively. Hence the scalar curvature is

𝑅 = 4𝑚2.

A.2.2 Bergshoeff, Hohm, and Townsend [80]

In [80], the authors found conformally flat solutions of equation (5.3) for 𝜆 = 𝑚2.

The first solution is the static metric

𝑑𝑠2 = −𝑎𝑑𝑡2 + 𝑎−1𝑑𝑟2 + 𝑟2𝑑𝜃2, (A.10)

with

𝑎 = 𝑎0 + 𝑎1𝑟 − 2𝑚2𝑟2,

and 𝑎0, 𝑎1, and 𝑎2 are constants. This metric is a solution for both positive

and negative 𝑚2 and is Einstein only if 𝑎1 = 0. The Ricci tensor has Segre

type {(1, 1)1}, with corresponding eigenvalues 4𝑚2 − 𝑎1/(2𝑟) and 4𝑚2 − 𝑎1/𝑟,
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respectively. Hence the scalar curvature is

𝑅 = 12𝑚2 − 2𝑎1
𝑟

.

The other solution found in [80] is the locally symmetric dS2×ℝ spacetime:

𝑑𝑠2 = −𝑑𝑡2 + 𝑒2
√
2𝑚𝑡𝑑𝑟2 + 𝑟20𝑑𝜃

2. (A.11)

It is clear that this is a solution only for positive 𝑚2, and is the counterpart of

the AdS2 × ℝ solution for negative 𝑚2 found by Clement [79]. The Ricci tensor

has Segre type {(1, 1)1}, with corresponding eigenvalues 2𝑚2 and 0, respectively.

Hence the scalar curvature is 𝑅 = 4𝑚2.

A.2.3 Oliva, Tempo, and Troncoso [78]

In [78], the authors also found conformally flat solutions of (5.3) for 𝜆 = 𝑚2, some

for negative 𝑚2 and others for positive 𝑚2. In addition to the solution (A.10),

they found the following solutions. The first solution is

𝑑𝑠2 = − 1

2𝑚2

[︁
− 1

4
(𝑎+ 𝑏 cosh 𝜌)2𝑑𝑡2 + 𝑑𝜌2 + sinh2 𝜌𝑑𝜑2

]︁
, (A.12)

where 𝑎 and 𝑏 are constants and 𝑚2 is negative. This metric is Einstein only if

𝑎 = 0. For 𝑎 ̸= 0, it is locally symmetric only if 𝑏 = 0, in which case it is the

static universe of negative spatial curvature ℝ × H2 (where H2 is the hyperbolic

plane), with Ricci tensor of Segre type {1, (11)} (whose eigenvalues are 0 and

2𝑚2, respectively), and with scalar curvature 𝑅 = 4𝑚2. For 𝑎𝑏 ̸= 0, the Ricci
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tensor has Segre type {1, (11)}, with eigenvalues 4𝑚2[1 − 𝑎/(𝑎 + 𝑏 cosh 𝜌)] and

4𝑚2[1− 𝑎/(2𝑎+ 2𝑏 cosh 𝜌)]. Hence the scalar curvature is

𝑅 = 12𝑚2 − 8𝑚2𝑎

𝑎+ 𝑏 cosh 𝜌
.

The corresponding solution for positive 𝑚2 is given by

𝑑𝑠2 =
1

2𝑚2

[︁
− 2𝑚2(𝑎+ 𝑏 cos 𝜃)2𝑑𝑡2 + 𝑑𝜃2 + sin2 𝜃𝑑𝜑2

]︁
, (A.13)

where 𝑎 and 𝑏 are constants. This metric is Einstein only if 𝑎 = 0. For 𝑎 ̸= 0, it

is locally symmetric only if 𝑏 = 0, in which case it is the static Einstein universe

ℝ × S2, with Ricci tensor of Segre type {1, (11)} (whose eigenvalues are 0 and

2𝑚2, respectively), and with scalar curvature 𝑅 = 4𝑚2. For 𝑎𝑏 ̸= 0, the Ricci

tensor has Segre type {1, (11)}, with eigenvalues 4𝑚2[1 − 𝑎/(𝑎 + 𝑏 cos 𝜃)] and

4𝑚2[1− 𝑎/(2𝑎+ 2𝑏 cos 𝜃)]. Hence the scalar curvature is

𝑅 = 12𝑚2 − 8𝑚2𝑎

𝑎+ 𝑏 cos 𝜃
.

Another solution for negative 𝑚2 found in [78] is given by the metric

𝑑𝑠2 = − 1

2𝑚2

[︁
2𝑚2(𝑎+ 𝑒𝑧)2𝑑𝑡2 + 𝑑𝑧2 + 𝑒2𝑧𝑑𝜑2

]︁
, (A.14)

where 𝑎 is a constant. This metric is Einstein only if 𝑎 = 0. The Ricci tensor has

Segre type {1, (11)}, with eigenvalues 4𝑚2[1−𝑎/(𝑎+𝑒𝑧)] and 4𝑚2[1−𝑎/(2𝑎+2𝑒𝑧].
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Hence the scalar curvature is

𝑅 = 12𝑚2 − 8𝑚2𝑎

𝑎+ 𝑒𝑧
.

This solution interpolates between AdS3 (𝑧 → −∞) and the static universe ℝ×H2

𝑧 → +∞) with 𝑅 = 4𝑚2.

A.2.4 Ayón-Beato and Hassäıne [52]

In [52], the authors found the AdS wave solutions of (5.3). These solutions admit

a null Killing vector field and belong to the family of metrics given by (4.10),

with 𝐻2 = 𝐻1 = 𝑊1 = 0. Thus they are all CSI Kundt solutions of type A,

which means they belong to the solid curves in figures 5.1 and 5.3. The black

holes found by Clement [81] are special cases of the AdS waves of [52].
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th/9204099]; M. Bañados, M. Henneaux, C. Teitelboim, and J. Zanelli,

“Geometry of the 2+1 black hole,” Phys. Rev. D 48, 1506 (1993) [arXiv:gr-

qc/9302012].

[7] A. Achúcarro and P. K. Townsend, “A Chern–Simons action for three-

dimensional anti-de Sitter supergravity theories,” Phys. Lett. B 180, 89

(1986).

94



[8] E. Witten, “(2+1)-Dimensional Gravity as an Exactly Soluble System,”

Nucl. Phys. B 311, 46 (1988).

[9] E. Witten, “Three-Dimensional Gravity Revisited,” arXiv:0706.3359 [hep-

th].

[10] A. Maloney and E. Witten, “Quantum Gravity Partition Functions in Three

Dimensions,” arXiv:0712.0155 [hep-th].

[11] S. Deser, R. Jackiw, and S. Templeton, “Three-dimensional massive gauge

theories,” Phys. Rev. Lett. 48, 975 (1982); “Topologically massive gauge

theories,” Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406.1988 AP-

NYA,281,409 (1988 APNYA,281,409-449.2000)].

[12] E. A. Bergshoeff, O. Hohm, and P. K. Townsend, “Massive Gravity in

Three Dimensions,” Phys. Rev. Lett. 102, 201301 (2009) [arXiv:0901.1766

[hep-th]].

[13] H. Weyl, “Eine neue Erweiterung der Relativitätstheorie,” Ann. Phys.

(Leipzig) 59, 101 (1919).

[14] H.-J. Schmidt, “Fourth order gravity: equations, history, and applications

to cosmology,” Int. J. Geom. Meth. Mod. Phys. 4, 209 (2007) [arXiv:gr-

qc/0602017].

[15] R. Utiyama and B. S. DeWitt, “Renormalization of a Classical Gravita-

tional Field Interacting with Quantized Matter Fields,” J. Math. Phys. 3,

608 (1962).

[16] K. S. Stelle, “Renormalization of higher-derivative quantum gravity,” Phys.

Rev. D 16, 953 (1977); “Classical gravity with higher derivatives,” Gen. Rel.

Grav. 9, 353 (1978).

[17] D. G. Boulware, “Quantization of Higher Derivative Theories of Grav-

ity”; A. Strominger, “Is there a Quantum Theory of Gravity?”; and

E. T. Tomboulis, “Renormalization and Asymptotic Freedom in Quantum

95



Gravity” in Quantum Theory of Gravity: Essays in honor of the 60th birth-

day of Bryce S DeWitt, ed. S. M. Christensen (Adam Hilger, Bristol, 1984).

[18] N. D. Birrell and P. C. W. Davies, Quantum fields in curved space (Cam-

bridge University Press, 1982).

[19] I. L. Buchbinder, S. D. Odintsov, and I. L. Shapiro, Effective Actions in

Quantum Gravity (IOP Publishing, Bristol, 1992)

[20] Z. Kakushadze and P. Langfelder, “Gravitational Higgs Mechanism,” Mod.

Phys. Lett. A 15, 2265 (2000) [arXiv:hep-th/0011245].

[21] G. ’t Hooft, “Unitarity in the Brout–Englert–Higgs Mechanism for Gravity,”

[arXiv:0708.3184 [hep-th]].

[22] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, and E. Herlt,

Exact Solutions of Einstein’s Field Equations (second edition, Cambridge

University Press, 2003).

[23] W. Li, W. Song, and A. Strominger, “Chiral gravity in three dimensions,”

JHEP 0804, 082 (2008) [arXiv:0801.4566 [hep-th]].

[24] M. Chakhad, “Kundt spacetimes of massive gravity in three dimensions,”

arXiv:0907.1973 [hep-th].
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