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This dissertation studies the fundamental behavior associated with a
class of nonlinear acoustic metamaterials that derive their material properties
from a random distribution of non-interacting hyperelastic inclusions with designed mechanical instabilities embedded in a nearly incompressible viscoelastic matrix material. A metamaterial is an effective element whose behavior
originates due to the subwavelength structure and not the inherent mechanical
properties of the constituents and can attain behavior, such as negative stiffness, that is unattainable with conventional materials. Often metamaterials
utilize resonance phenomena and periodicity of unit cells to achieve the desired
response; however, the present work focuses on negative stiffness induced via
nonlinear structural elements with engineered instabilities. These instabilities
induce a local stiffness that varies as a function of an applied pre-strain. Since
acoustic phenomena of interest, such as harmonic generation or energy dissipation, are often on the macroscale, homogenization methods to define the
macroscopic heterogeneous medium are necessary.
v

The intent of this work is thus twofold. First, modeling techniques
for the quasi-static and dynamic response of the micro- and macroscale are
required. A nonlinear dynamic model is first developed to study the dispersive
and frequency-dependent properties of the heterogeneous medium. A quasistatic approximation is obtained via the low-frequency limit of such a dynamic
model. Then, a coupled multiscale models is obtained to study the subresonant
dynamics and to predict energy dissipation due to the inclusion oscillations and
nonlinearity via harmonic generation. In contrast, a purely quasi-static model
to obtain effective material properties of the heterogeneous medium is obtained
via an augmented Hashin-Shtrikman method that accounts for material and
geometric nonlinearity up to cubic order. The models of interest are explored
for one example inclusion design for the class of acoustic metamaterials of
interest. The resulting material response on both the micro- and macroscales
are obtained as a function of deformation, which offers the ability to tune and
tailor the macroscopic response to achieve a desired result.
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Chapter 1
Introduction

1.1

Motivation
The world is comprised of complex heterogeneous media, including nat-

urally occurring materials (e.g., ocean sediments, biological tissues, wood, and
polycrystalline metals), as well engineered materials designed to produce a
specific material response (e.g., reinforced rubber and carbon-fiber composite
materials) [1]. The observed behavior of these materials depends upon the
length scales of interest. As a simple illustration, consider the conceptual multiscale material shown in Fig. 1.1. In Fig. 1.1(a), the bulk material of length
L appears homogeneous. If one zooms in to a shorter length scale l, where
L  l, a heterogeneous medium is revealed as illustrated in Fig. 1.1(b). The
heterogeneous medium shown here is comprised of a continuous background
material, known as a matrix, and a small volume fraction of heterogeneities,
known as inclusions. Both the background medium and the inclusions are
assumed to be homogeneous on the length scale of l.
Whether the behavior of a heterogeneous material is modeled as an
effective homogeneous medium as in Fig. 1.1(a) or a heterogeneous medium as
in (b) depends on the length scale applicable to the desired application. With
respect to wave propagation, a homogeneous material model is appropriate
if the wavelength of interest λ is much larger than the length scale of and
spacing between the heterogeneities, but may not properly describe a hetero1

Figure 1.1: Multiscale material model for (a) a medium that appears homogeneous and (b) a heterogeneous medium with dispersed inclusions within a
matrix material.
geneous medium for wavelengths on the order of or shorter than the size of
the microscale inclusions or their spacing.
In the 1960s, advancements within the field of composite materials expanded the range of material properties available for engineering applications.
Composite materials display effective properties that are increased or altered
relative to a single phased material. Examples include increased stiffness, loss,
toughness, and thermal or electrical conductivity [1, 2]. However, the overall effective medium properties are still limited by the constituent materials.
Recent advances in material fabrication techniques such as additive manufacturing and computational modeling capabilities have greatly facilitated the
study of more exotic architected materials, known as metamaterials. The
general objective of the study of metamaterials is to expand the range of possible effective materials behaviors, and often relies upon a dynamic material
response [3].
A metamaterial is defined as a composite structure with engineered
2

subwavelength elements that achieve a unique effective material behavior that
is unattainable with conventional materials [3]. The effective properties of
these materials are estimated using various homogenization techniques, which
are most commonly dynamic, and the length scales of interest to achieve the
desired behavior is paramount. Of present interest is a heterogeneous medium
comprised of hyperelastic inclusions randomly dispersed within an elastic matrix material. The acoustic metamaterials studied here are therefore nonlinear, and differ from most metamaterial structures described in the literature
because they are particulate composites that do not require a dynamic, waveguide effect [4] or periodicity of the microscale unit cell to generate the unique
macroscopic properties [5, 6]. Instead, a static negative stiffness response is
obtained by designing subwavelength metamaterial structures with elastic instabilites that induce a nonlinear stress-strain response.
The quasi-static elastic response of the small-scale structures of interest
is represented with a quartic strain energy density function. The metamaterial elements explored in this work therefore offer the ability to generate and
tune the macroscopically observable quadratic and cubic nonlinearity resulting from subwavelength geometric and material nonlinearity. The interest in
these structures stems from previous research that exploited buckling phenomena associated with mechanical instabilities to obtain previously unattainable
mechanical properties and property combinations [7–9], such as simultaneously high stiffness and large damping capacities [10]. Small-scale inclusions
were then designed to exhibit a similar unstable buckling response [11]. The
intended behavior with such elements is reversible and repeatable, even after
undergoing large deformations [12]. Before inclusions exhibiting this behavior
can be designed and tailored for specific acoustic applications, a fundamental
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understanding of the nonlinear acoustic and elastic behavior of the metamaterial structures must be obtained with respect to the multiscale dynamic and
quasi-static large deformations, which is the focus of the preset work.

1.2

Objective
The effective medium of interest contains a dilute concentration of non-

interacting, nonlinear inclusions embedded in a nearly incompressible hyperelastic matrix material. Both geometric and material nonlinearity are accounted
for in the inclusion and matrix material. The overall objective is to study
the quasi-static and dynamic acoustic behavior of a heterogeneous medium
comprised of subwavelength hyperelastic inclusions with designed elastic
instabilities that varies as a function of an applied external pressure. The
present dissertation is motivated by the following questions:
1. What are the effects of designed mechanical instabilities on the microscale and in turn, how does this alter the macroscopic properties?
2. What modeling techniques are necessary to capture both the quasi-static
and dynamic behavior for the problem of interest, which is inherently
nonlinear and coupled across length scales?
The first question prompts the study of different physical phenomena,
such as effective stiffness, energy dissipation, and harmonic generation. Of
particular interest is the characterization of the effective medium properties
due to finite deformation. This characterization allows for a clear understanding of how the material and geometric nonlinearity of the inclusion influence
the macroscopic properties, such as the strain-dependent linear stiffness and

4

parameters of acoustic nonlinearity. Effects of the matrix, specifically with
respect to varying the shear stiffness, is also of interest due to its ability to
stabilize inclusions in a negative stiffness state.
Once the effective medium properties due to quasi-static deformations
are understood, the subresonant dynamic response can be modeled for both
the micro- and macroscales. Of particular interest is when nonlinearity influences the resulting dynamics and how this effects the macroscopic damping
capacity of the heterogeneous medium. Previous research has indicated that
increased loss is achievable with both zero linear stiffness and negative stiffness
elements [13], and confirmation of whether the same trends are observed for
the microscale inclusions is sought.
Additionally, behavior beyond the low-frequency limit is also of interest.
The issues of whether, if at all, the frequency-dependence of the macroscopic
material properties and resulting dispersive wave motion should be accounted
for and for what frequencies the metamaterial assumptions are still valid need
to be investigated. For higher frequencies, inertial effects of the matrix and
inclusions become important, and it is therefore of interest to explore how the
inclusion motion alters the dynamic properties of the effective medium. Both
the study of frequency-dependent effective material properties and the resulting harmonics generated for propagating waves are relevant in this frequency
range.
This work also develops appropriate models to investigate the aforementioned behaviors. To properly capture the finite deformations and constitutive
nonlinearity that characterize the system, models are formulated in the context of incremental deformation theory. Inspiration is drawn from the field of
bubbly liquids, which is a widely studied nonlinear effective medium relevant
5

to acoustic wave phenomena. Specifically, models originally applied to bubbly liquids are extended to account for the nonlinear constitutive behavior of
interest for both the inclusion and nearly incompressible matrix material and
to include inertial effects of the inclusion that are negligible for gas bubbles
in water. Both the dynamic oscillations and frequency-dependent material
properties may be obtained from these methods.
In addition to studying the dynamic behavior, the quasi-static effective medium response is also of interest, which is explored in two ways. One
is based on the low-frequency limit of the dynamic wave propagation model
discussed above. The other is an extension of the classical Hashin-Shtrikman
bounds applied to linear elastic materials [14], which is augmented to account
for geometric and material nonlinearity for the special case of purely radial
displacement fields.
The proposed models offer the ability to explore how the strongly nonlinear microscale behavior influences the material properties of the macroscale.
These models allow both infinitesimal and small-on-large behavior to be studied, where the acoustic response is obtained local to an applied external pressure. Varying the applied pressure induces different local properties of the
micro- and macroscales, and offers a mechanism to tune the resulting behavior as a function of deformation to different operation regimes. Additionally,
large amplitude acoustic behavior induced by finite deformations may also be
studied. It should be noted that the models aim to solve a forward problem, and can therefore be applied to numerous future application where the
specified microscale may differ from the case studied in the present work.

6

1.3

Overview
The present work focuses on development of models and numerical

results for the microscale inclusions of interest. To fully understand the phenomena described in Chapters 3–6, sufficient knowledge is required for acoustic
and elastic phenomena within the fields of metamaterials, nonlinearity, and effective medium theories. Therefore, Chapter 2 provides a detailed background
on relevant phenomena in metamaterials, mechanical, acoustic, and elastic
nonlinearity, quasi-static linear and nonlinear homogenization methods, and
frequency-dependent effective medium theories, such as those applied to study
scattering and dispersive wave propagation.
Chapter 3 focuses on the constitutive behavior of an isotropic, spherical microscale inclusion subjected to purely radial displacement imposed on
its surface. Analytic expressions are first developed to characterize the overall response for a quartic strain energy density function. To more easily account for finite deformations, an incremental theory is developed to describe
the total fields as a small perturbation from some reference state, defined as
the pre-strain state. Then, the specific inclusion of interest, which is studied
throughout the subsequent dissertation, is introduced. It is indicated that the
linear and nonlinear properties of the inclusion vary as a function of an applied
pre-strain.
Once the behavior of the nonlinear microscale inclusion is understood,
effective medium models can then be established and explored. In Chapter 4,
a frequency-dependent, effective medium model for nonlinear acoustic propagation is developed following the work of Zabolotskaya [15]. First, an ordinary
differential equation is derived in the form of a Rayleigh-Plesset equation,
which is traditionally used to model the large radial oscillations of gas bubbles
7

in a liquid. The generalized Rayleigh-Plesset equation developed in Chapter 4
following the work of Emelianov et al. [16] and Zabolotskaya et al. [17]. Combining the Rayleigh-Plesset equation with an inhomogeneous wave equation
possessing volume sources allows frequency-dependent effective medium properties to be derived, which are utilized in solving the problem of second- and
third-harmonic generation. The capabilities of this nonlinear acoustic propagation model are then explored for the inclusion of interest embedded in an
elastic matrix and compared with an effective medium consisting of a nearly
incompressible elastic material with air-filled cavities. Additionally, the nonlinear dynamic response is explored for the inclusion as a function of the prestrain imposed on the system, the source amplitude, and the source frequency.
The investigation of how these parameters influence the response of the effective medium provides a deeper understanding of the frequency-dependent
behavior induced by the dynamic inclusion motion.
Chapters 5 and 6 both focus on the frequency-independent behavior
of the same heterogeneous material. In Chapter 5, the low-frequency limit
of the acoustic propagation models obtained in Chapter 4 is employed to derive quasi-static properties that describe the effective medium at the varying
pre-strain reference states. The resulting behavior is explored for different
shear moduli of the matrix to understand the effects of the microscale instabilities on the macroscale in the quasi-static limit. The resulting quasi-static
material properties of the effective medium containing the metamaterial inclusions of interest are then compared to conventional materials, e.g. bubbly
liquids, granular media, organic and biological media, etc., to further interpret and understand the macroscopic behavior. The quasi-static constitutive
behavior is then used in conjunction with the generalized Rayleigh-Plesset
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equation from Chapter 4 to obtain a coupled, multiscale model that captures
the subresonant dynamic response. The resulting dynamics for the example
metamaterial inclusion of interest are then explored for different forcing amplitudes and properties of the matrix material. The behavior is once again
compared to that of an effective medium containing air cavities in a nearly
incompressible elastic solid.
In Chapter 6, a quasi-static homogenization model is obtained by augmenting the classic Hashin-Shtrikman bounds, which were originally derived
for linear elastic materials. The augmented Hashin-Shtrikman model accounts
for material and geometric nonlinearity in both the inclusion and matrix material. It is desired to develop an analytic expression for the local linear and
nonlinear stiffness moduli, but doing so requires a closed-form solution of the
matrix material. Analytic solutions when accounting for finite deformations
are rare, but exist. One such material is known as a harmonic material [18].
The behavior of the harmonic material is first detailed in the context of incremental deformation. The augmented Hashin-Shtrikman bounds are then
derived from the inclusion behavior described in Chapter 3 and the analytical
description of the harmonic material response. The resulting effective medium
is then explored for the metamaterial of interest and different parameters that
describe the harmonic material, which is always in the nearly incompressible
limit. The effective medium behavior for the augmented Hashin-Shtrikman
model is compared to that obtained from the low-frequency limit of the acoustic propagation model in Chapter 5, and good agreement is observed.
The dissertation is concluded with Chapter 7, which summarizes the
work in Chapter 3–6 and highlights advantages and disadvantages of the current metamaterials studied. Suggestions for future work are also discussed.
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Chapter 2
Background and Motivation

Of specific interest to this work are acoustic metamaterials displaying strong nonlinearity due to designed elastic heterogeneities. The scope of
research in this dissertation therefore includes metamaterials, acoustic wave
propagation, and micromechanics of elastic composites. Each of these areas
of study are vast and complex individually, and the combined behavior of
these fields may become complicated. This chapter endeavours to provide
necessary background for the relevant phenomena in each field through brief
introductions and highlights of metamaterials, nonlinearity, and quasi-static
and dynamic homogenization methods, which provide the foundation for the
research in the remainder of this dissertation.
Section 2.1 introduces the behavior associated with metamaterials and
a selection of examples from the literature are discussed. Section 2.2 focuses on
the incorporation and interpretation of nonlinearity in a medium via nonlinear
springs in a mechanical system, fluids with acoustic nonlinearity, and elastic
materials exhibiting nonlinear stiffness. A brief introduction to the fundamental quasi-static homogenization schemes considered for elastic and fluid media
is then presented in Section 2.3. The methods highlighted include simple volume averaging, the Hashin-Shtrikman bounds, and the Eshelby formulation
from the field of micromechanics. Extensions of those methods to nonlinear
fluid and elastic media are also discussed. Lastly, Section 2.4, provides a short
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discussion on homogenization methods via scattering of acoustic and elastic
waves with emphasis on dispersion models of bubbly liquids.

2.1

Metamaterials
As introduced in the previous chapter, acoustic and elastic metamate-

rials are defined as subwavelength structures that give rise to unique effective
material behavior that are difficult or impossible to achieve with conventional
materials [3]. To approximate the metamaterial structure as a material, the
characteristic length scale of the microscale must be smaller than the wavelengths of interest. Note that the unique properties inherently describe an effective response and thus homogenization methods are significant in the study
of metamaterials.
The resulting effective material behavior in the long-wavelength limit
most commonly corresponds to dynamic properties obtained by exploiting resonance phenomena. This is similar to defining frequency-dependent moduli in
viscoelastic or porous media, where subwavelength behavior leads to macroscopic dispersion. Example phenomena of interest for acoustic metamaterials
include negative parameters, such as mass density [19], or stiffness [4], and extreme behavior, such as amplification of material damping [20], non-reciprocal
wave propagation [21], cloaking [22], and broadband lenses [23].
Consider first the concept of negative mass density. A seminal paper
by Liu et al., where the authors obtained negative mass density of a three
dimensional lattice of lead spheres coated with soft elastomers, is often cited
as the earliest study in the field of acoustic and elastic metamaterials [19].
Experimental results for the structure, termed a locally resonant sonic crystal,
indicated it was possible to tune the band gap by varying different properties of
11
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Figure 2.1: An illustrative example of negative mass density through a (a)
mass-in-mass system and (b) the approximate effective mass.
the structure. Note that the initial paper by Liu et al. claimed the sonic crystal
displayed an effective dynamic negative stiffness, but later work corrected the
observation and attributed the behavior to an apparent negative mass density
[24]. A simple, illustrative model for a system with negative mass is a linear
oscillator with internal resonances, as shown in Fig. 2.1.
In Fig. 2.1(a), an internal mass m is connected to an external ring
mass M by a spring with stiffness k and dashpot c. If an external, timeharmonic force F eiωt drives the system at frequency ω, then the outer mass M
is displaced by uouter eiωt and the displacement of the inner mass m is given by
uinner eiωt . The mass-in-mass system, sometimes referred to as a “mass-in-shell”
system, of Fig. 2.1 is modeled using two coupled linear oscillator equations:
−ω 2 M uouter eiωt + iωcuouter eiωt + k (uouter − uinner ) eiωt = F eiωt ,

(2.1.1a)

−ω 2 muinner eiωt + iωcuinner eiωt − k (uouter − uinner ) eiωt = 0.

(2.1.1b)
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Note that the −ω 2 represents the second time derivatives in the first term
and iω is the first time derivative of the second term of both Eq. (2.1.1a) and
(2.1.1b) for harmonic behavior. From Eq. (2.1.1b) it is possible to define the
motion of the inner mass relative to the outer mass, such that
uinner =

uouter
,
1 + 2iζ (ω/ω0 ) − (ω/ω0 )2

(2.1.2)

p
√
where ζ = c/2 km and ω0 = k/m are the damping ratio and undamped
natural frequency of the inner mass, respectively. Substitute Eq. (2.1.2) into
(2.1.1a) and group terms to obtain
2

−ω M





m
1 + 2iζ (ω/ω0 )
1+
uouter = F.
M 1 + 2iζ (ω/ω0 ) − (ω/ω0 )2

(2.1.3)

Assume that the mass-in-mass structure of Fig. 2.1(a) is modeled as an effective
moving mass meff as shown in (b). When subjected to the same time harmonic
force F eiωt , the effective mass in (b) moves with the same displacement as the
outer mass in (a), uouter eiωt . The equation of motion for Fig. 2.1(b) can be
expressed in a simplified form as
−ω 2 meff uouter = F,

(2.1.4)

where equating terms in Eq. (2.1.3) and (2.1.4) allow an expression for the
effective dynamic mass to be defined as


meff
m
1 + 2iζ (ω/ω0 )
=1+
.
M
M 1 + 2iζ (ω/ω0 ) − (ω/ω0 )2

(2.1.5)

A simple example to illustrate the effective mass behavior appears in


Fig. 2.2. The effective mass Re meff /M is shown as a function of ω/ω0
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Figure 2.2: An illustrative example of effective negative mass for a mass-inmass oscillator as a function of frequency at different viscous damping factors.
for m/M = 2 and three different values of the viscous damping factor, ζ =
0 shown in blue, ζ = 0.1 shown in orange, and ζ = 0.5 shown in purple.
The gray region represents frequencies for which there is negative effective
dynamic mass. For a lossless system, as ω → ω0 from zero frequency, the mass


becomes infinite and is unbounded at resonance. Beyond resonance, Re meff
approaches a finite value from negative infinity. Thus, there exists frequencies


where Re meff < 0, but the effective dynamic negative mass is restricted to a
finite range of frequencies near the resonance of the system. When the effective
mass is negative, the force and displacement of external mass shell M are in
phase, but the internal mass m moves out of phase with the shell.
The same behavior is shown for bounded curve with damping ζ = 0.1.


In this case, a finite region of frequencies near ω = ω0 exists where Re meff
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is negative. However, as the loss is increased, as for ζ = 0.5 shown in purple,


Re meff is no longer negative. The negative mass region disappeared due
to the high internal damping, which limits the magnitude of the response of
the internal mass near the frequency of resonance. Therefore, internal losses
can affect the resonance of the physical system and diminish or eliminate the
intended response. Such is a limitation, specifically in designing, modeling,
and building physical systems, that must be overcome with dynamic negative
properties.
A similar analysis can be applied to understand dynamic negative stiffness. One salient example of negative stiffness is obtained via an array of
subwavelength Helmholtz resonator side branches [4]. Thus, as an illustrative
example, consider a rigid waveguide with an attached Helmholtz resonator
cavity of volume VHR , as shown in Fig. 2.3(a). There is an acoustic wave
pac (x, t) propagating through the waveguide. Using a lumped-element approach, a Helmholtz resonator can be modeled using a mass m and spring k
[25], as illustrated in Fig. 2.3(b). Loss via a dashpot c is also introduced. The
equation of motion describing the mass-spring-damper for a time-harmonic
pressure wave pac = p0 eiωt is
−ω 2 mueiωt + iωcueiωt + kueiωt =

p0 iωt
e ,
A

(2.1.6)

where A is the cross-sectional area of the neck of the Helmholtz resonator. A
relationship for the force p0 /A and displacement of the spring u can be defined
as


p0
k 1 + 2iζ (ω/ω0 ) − (ω/ω0 )2 u = ,
(2.1.7)
A
√
where ζ = c/2 km and ω02 = k/m are the damping ratio and undamped natural frequency of the Helmholtz, respectively. Now replace the mass-spring15
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m
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k

k eff

Figure 2.3: An illustrative example of negative stiffness for a waveguide with
a Helmholtz resonator side-branch described as (a) a cavity with a short neck,
(b) a lumped-element model with a mass-spring-damper system, and (c) an
idealized effective spring with no mass.
damper system representing the Helmholtz resonator with an effective, massless spring as shown in Fig. 2.3(c). The equation of motion for the same
time-harmonic pressure wave is
k eff ueiωt =

p0 iωt
e .
A

(2.1.8)

Since a relationship for u and p0 /A is defined in Eq. (2.1.7), the effective spring
can be defined. Instead, consider the effective compliance where C eff = 1/k eff ,
such that
1
C eff
=
.
C
1 + 2iζ (ω/ω0 ) − (ω/ω0 )2

(2.1.9)

The real part of the effective compliance of the waveguide is shown
in Fig. 2.4 as a function of ω/ω0 for the same three damping cases, ζ = 0
in blue, ζ = 0.1 in orange, and ζ = 0.5 in purple. As with the negative
mass, the negative compliances is first observed for frequencies near the system
resonance. However, negative compliances is now obtained at all values of the
viscous damping factor. The force, or pressure, is now out of phase with
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Figure 2.4: An illustrative example of the effective negative compliances for a
waveguide with a Helmholtz resonator side-branch as a function of frequency
at different viscous damping factors.
the displacement when the compliance is negative, which is indicative of a
decreasing resistance to an increasing imposed force.
The ζ = 0 case results in an unbounded effective compliance, where
 eff 
Re C
→ ±∞ as ω → ω0 . For positive damping ratios, the real part of the
effective compliance becomes negative near the resonance frequency, and the
magnitudes becomes increasingly diminished as the damping factor becomes
larger. Unlike with the negative mass, the effective compliances remains negative. However, this result still has its limitations. Recall that in Fig. 2.1(b), an
internal mass, spring, and damper in series with another mass was described
as an effective mass, whereas a mass, spring, and damper was described as an
effective spring in Fig. 2.3(c). In the former, the internal mass, spring, and
damper represent hidden degrees of freedom, as do the mass and damper in
17
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L
Figure 2.5: An illustrative example of a one-dimensional, periodic mass-spring
transmission line where each unit cell of length L contains a mass m and
stiffness k.
latter. These hidden degrees of freedom can be approximated in the context
of an effective mass or stiffness only if the elements are subwavelength. Otherwise, the metamaterial will not behave as a bulk, effective material. Therefore,
the operation regime for an acoustic metamaterial of this type is limited by
the size of the microstructure and the negative dynamic properties only exist
in a finite regime.
Metamaterials are most typically comprised of resonant unit cells arranged in a lattice structure, such as a waveguide with multiple Helmholtz resonator side-branches [4] or chains of mass-in-mass structures connected with
springs [26]. The mass-spring transmission line shown in Fig. 2.5 is an illustration of a periodic medium in one dimension. Each unit cell, denoted with
the dotted line of length L, is assumed to be identical and includes a mass m,
stiffness k, and displacement un , where n = 1, 2, 3. Although only three unit
cells appear in Fig. 2.5, the chain of oscillators may be infinite in extent.
The simplistic unit cell of a mass-spring oscillator can represent four
different cases. (i ) For conventional materials, it is assumed that m > 0 and
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k > 0. (ii ) If the effective mass used to model the mass-in-mass element
from Fig. 2.1 is connected with positive springs, then m < 0 (for certain
frequencies) and k > 0 (always). (iii ) A waveguide with multiple Helmholtz
resonator side-branches can be modeled as a chain of effective springs attached
to a positive mass, such that m > 0 is always satisfied, but k < 0 is possible
for certain frequencies. (iv ) Additionally, it is possible that each unit cell
in Fig. 2.5 is comprised of an effective mass and an effective spring, where
both m < 0 and k < 0 are possible simultaneously. For example, a periodic
waveguide with both a thin membrane and Helmholtz resonator side-branch
in each unit cell may yield double negative effective properties [27, 28]. The
macroscopic material behavior now depends on both the resonance behavior
and the periodicity of the metamaterial unit-cells.
To avoid the limitations inherent in resonant structures used to generative effective negative dynamic properties, static negative stiffness can instead
be obtained via structural instabilities [7, 11, 29, 30]. Consider now the quartic
potential energy W with two potential wells, as shown in blue in Fig. 2.6(a).
The stiffness can be approximated as the second derivative of the potential
energy W 00 , given by the red curve in Fig. 2.6(a). The horizontal dashed line
represents zero magnitude. Therefore, there exists a region where the value
of stiffness is less than the horizontal dashed line; this region, denoted with
a light orange color, represents an unstable system with negative stiffness.
Outside the negative stiffness regime, denoted with gray boxes, the stiffness
is positive and the system is stable. Under some loading conditions, a system
characterized by the potential energy and stiffness shown in Fig. 2.6(a) can
generate a bistable [31] or multistable [32] material response. This behavior is
known as mechanical snap-through, or simply snapping [33].
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Figure 2.6: An illustrative example of buckling phenomena and mechanical
instabilities in terms of (a) potential energy function W and the second derivative of W that characterizes stiffness and (b) a fixed-fixed beam to physically
display the snap-through phenomena.
The snap-through behavior can be exemplified through a simple, curved
fixed-fixed beam [11, 34] shown in Fig. 2.6(b). Assume the beam is initially
curved to the right. As a transverse force is imposed on the center of the beam,
it deforms into the mode denoted as unstable. However, the beam cannot stay
in the unstable state and instead settles into the stable state that is curved
outward to the left. Note that the simple beam element would possess a
monostable quartic potential energy function that differs from the symmetric,
bistable behavior illustrated in Fig. 2.6(a).
Under displacement-controlled loading, the resulting force acting on
the beam experiences a decrease in resistance to the imposed deformation until the beam reaches a state of instability. Then, the beam “snaps” from the
stable state that is curved to the right and through the unstable state to reach
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the stable state that is curved to the left. Overall stability is not attainable
with a single structure with a non-convex potential energy [29]. Similarly, it is
possible to obtain macroscopic negative stiffness for a heterogeneous material
containing structural negative stiffness element, which is also unstable. However, it is possible to constrain a negative stiffness element within an elastic or
viscoelastic matrix material to obtain macroscopic stability [7]. It is the latter
configuration that is of interest to the present dissertation.
Several designs to achieve a nonlinear stress-strain behavior due to
subwavelength instabilities that are reversible and repeatable exist in the literature [6, 11, 12, 35]. For example, Buckliballs are spherical shells fabricated
from soft elastic materials and patterned with geometric features [36]. If a
Buckliball is loaded with an external pressure that exceeds the internal pressure, it collapses to a smaller volume due to complex buckling phenomena
related to the geometric design. The stiffness that characterizes the Buckliball
changes as the structure collapses from the unbuckled state to a fully buckled
configuration and may show regions of negative stiffness within this transition.
Another example is porous, elastomeric cellular architectures [37].
These structures are comprised of rods that are assembled with adjacent layers orthogonal to each other, termed a woodpile geometry [38]. The directional
response of the structure depends on geometric properties such as spacing between rods relative to previous layers and the periodicity of layers with the
same spacing. As the structures are loaded, they may undergo snap-through,
and may be useful for damping applications [37, 38].
Furthermore, nonlinear, mechanical metamaterials have been inspired
by biological structures [39–41]. For example, snapping surfaces inspired by
the Venus flytrap has been proposed [39]. Curved surfaces mimicking the
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plant design are created by clamping an elastomer over a hole with cylindrical
cavities, pumping pressure into the hole to inflate the elastomer from the inside,
yielding biaxial tension, curing an additional layer of the elastomer over top,
and releasing the cavity pressure. The surface snaps due to a concentrated
load at the apex, causing a transition from a concave to convex shape.
Additionally, snap-through buckling may be induced on the microscale
by beam elements, with either a single beam or double beam design [11, 42].
In these elements, the beams buckle under external loading conditions and
induce microscale instabilities due to the physical and geometrical properties
of the beam, such as curvature and thickness. The resulting non-monotonic
stress-strain response for finite deformations can define local regimes of static
negative stiffness. The concept of buckling beams has been extended to honeycomb structures [12, 32]. Traditional cellular honeycomb materials absorb
energy via plastic deformations that are unrecoverable and thus impractical
for repeated use. However, negative stiffness honeycombs, which exhibit high
initial stiffness and then plateau as the layers buckle, are advantageous over
conventional honeycombs due to the recoverable and repeatable nature with
regards to energy absorption.
As an aside, buckling phenomena and phase transformations associated with certain plastic deformations are very similar with respect to elastic
energy [43]. Transformation induced plasticity (TRIP) steels, twinning induced plasticity (TWIP) steels, and shape memory alloys (SMAs) all undergo
martensitic transformations due to a thermo-mechanical load [44, 45]. For
these materials, the free energy varies as a function of temperature, or phase
state of the material. At certain temperatures, the potential wells of the free
energy, such as indicated in Fig. 2.6(a), are more pronounced, introducing
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regions of instability.
For example, these alloys are stable upon cooling but become unstable under certain thermomechanical loading conditions when the material is
heated. In TRIP and TWIP steels, phase transformations generate preferable mechanical properties, such as high work hardening rate or high strength
[44]. SMAs can result in a high damping capacity due to the instabilities of
the thermoplastic phase transformation [46] and have the advantage of being
reversible [47]. Furthermore, SMAs can be modeled as elasto-plastic inclusions embedded in an elasto-plastic matrix to create an SMA composite [47]
or as multi-atom lattice chains [45]. Thus, other phase transformation methods can be applied to obtain a structural negative stiffness behavior, and the
theoretical models developed in the present work may have relevance.
Recently, there has been increased interest within the metamaterial
community in the ability to tailor the nonlinear response of acoustic metamaterials. One application of many nonlinear acoustic metamaterials involves
controlling the flow of energy, sometimes confining energy transport to a single direction. Designs of non-reciprocal devices that exploit nonlinear behavior
include superlattices coupled with a strongly nonlinear medium [48, 49], and
Helmholtz cavities activated with a piezoelectric membrane [50]. Similarly,
the nonlinear interactions of dense arrays of elastic particles, called granular
crystals, have been utilized for phononic switches and rectifiers [51, 52], as well
as tunable nonlinear lenses for filtering, focusing, or improved resolution with
acoustic imaging [53, 54].
Effects of nonlinearity on wave propagation have also been considered for metamaterials that rely on periodicity. Examples of periodic, onedimensional metamaterials with nonlinear effects include chains of resonators
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with monoatomic mass-spring oscillators with [55] and without [56] local attachments, chains of bistable springs [5] or beams [57], structured waveguide
with periodic plates and side holes [28], and thin rods with finite internal massspring oscillators [58]. Furthermore, examples of nonlinear acoustic and elastic
metamaterials in two-dimensions include arrays of granular chains [53], plates
with periodic local resonances [59], continuous media with internal interfaces
that wrinkle as a function of deformation [60], and deformable lattices with
voided cavities [6] or resonators containing coated masses, thin beams, and
voids [61]. Despite the burgeoning of interest in nonlinear metamaterials, current research often focuses on periodic media, which limits physical systems
that can be considered and constructed. Therefore, the phenomena of nonlinear heterogeneous media with randomly distributed small-scale structures
capable of negative stiffness, for example, is still in need of further study.

2.2

Nonlinearity
The material nonlinearity of a medium is often restricted by the cur-

rently available constituent materials and dominated by second-order strain
effects, as reflected by the small and positive values of the parameters of acoustic nonlinearity at quadratic order [62]. In the field of acoustics, the ability to
enhance second-harmonic generation using microbubbles has been the subject
of much research [15, 63–65]. Cubic nonlinearity is often negligibly small in
comparison to quadratic nonlinearity [62] and reports of measurements are
limited. However, the present work considers cubically nonlinear terms as
they may be of interest for future applications, and the following provides an
introduction to theoretical means of doing so.
Mathematically, a Taylor series is an infinite sum of terms that repre24

sent a function in the neighborhood of an initial reference point. In the context
of a physical systems, a Taylor series expansion is often used to describe the
potential energy of a system. For example, only the first term is necessary
when modeling a linear system, such as the linear force-displacement relationship modeled using Hooke’s law [66]. For nonlinear systems, higher-order
terms of the Taylor series must be retained to capture the response to externally applied load. The following sections highlight the basic understanding
of nonlinear mechanical, fluid, and elastic systems.
2.2.1

Mechanical System with Nonlinear Springs
Many mechanical systems are characterized by small deformations and

thus are accurately modeled via linear masses, springs, and dampers. However,
when operating within a regime of large amplitude displacements, nonlinearity
often plays a role. The present dissertation focuses on systems with both
large strains and material nonlinearity of the material. The former accounts
for finite deformations, while the later refers to nonlinear stiffnesses that can
be represented as nonlinear springs. The present work only includes linear
damping, though this is another potential means of introducing nonlinearity
[67, 68].
Nonlinear elastic stiffness is most simply understood in the context of
nonlinear springs. In one dimension, the potential energy U can be modeled
as a Taylor series expansion for positive x about an equilibrium state x0 [69]
U = U |x0 +

∂U
∂x

1 ∂ 3U
+
3! ∂x3

(x − x0 ) +
x0

1 ∂ 2U
2! ∂x2

1 ∂ 4U
(x − x0 ) +
4! ∂x4
x0

(x − x0 )2
x0

3
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(2.2.1)
4

(x − x0 ) .
x0

Figure 2.7: Schematic of nonlinear spring kNL with restoring force F .
For simplicity, assume that x0 = 0 and the constant U |x0 = 0, such that there
is no displacement at equilibrium. The potential energy in Eq. (2.2.1) can
then be expressed as
1
1
1
U = k 1 x2 + k 2 x3 + k 3 x4 ,
2
3
4

(2.2.2)

where k1 is the linear spring constant and k2 and k3 are the nonlinear spring
constants. Through comparison of Eqs. (2.2.1) and (2.2.2), the spring constants k1 , k2 , and k3 can be related to the derivatives of the Taylor series.
Equilibrium is defined as the position where ∂U/∂x = 0 is satisfied.
Another important concept is that of stability in static conditions. A stable
equilibrium refers to a state where the potential energy is a minimum. It is
assumed that if ∂ 2 U/∂x2 > 0, then the reference state x0 is stable, whereas
an unstable state is obtained for ∂ 2 U/∂x2 < 0 [11, 29]. For a linear system,
this condition states that positive linear stiffness results in stability, whereas
negative linear stiffness causes a state to be unstable. Note that similar conditions are defined for unit cells containing several springs and represents a
simple example studied in the context of metamaterials [29].
For the illustrative nonlinear spring kNL shown in Fig. 2.7, expansion
spring in the +x direction corresponds to a negative restoring force F , whereas
compression in the −x direction indicates a positive restoring force. Therefore,
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Figure 2.8: Linear, hardening, and softening springs for (a) k1 < 0 and (b)
k1 > 0.
the restoring force is defined as [70]
F =−

∂U
= −k1 x − k2 x2 − k3 x3 .
∂x

(2.2.3)

Hooke’s law corresponds to k1 > 0 and k2 = k3 = 0, given by the blue lines in
Fig 2.8(a) and (b). For springs, it is often assumed that k2 = 0, and the simple
illustrative example in Fig. 2.8 therefore neglects quadratic nonlinear stiffness.
For that case, the force required to deform the spring depends on the signs of
k1 , and k3 . In Fig 2.8(a), it is assumed that the linear spring is positive. A
spring with positive cubic nonlinearity, k3 > 0, refers to a hardening response,
where as the deformation increases (larger magnitude of x), the spring becomes
more difficult to compress. The opposite occurs for springs with negative cubic
nonlinearity k3 < 0. The nonlinear spring displays softening represented by a
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decrease in resistance to an increasing deformation, as indicated by the purple
curve in Fig. 2.8(a).
If instead the linear stiffness is negative, as in Fig. 2.8(b), the resulting
behavior is reversed. The negative cubic spring, k3 < 0, now yields a softening
response shown by the orange curve, whereas as positive cubic spring, defined
by k3 > 0 and given by the purple curve, causes a hardening of the spring. If
k2 were non-zero, the effects of the quadratic spring would alter the symmetry
of the force without affecting the concept of hardening and softening springs.
The dynamic response due to the mechanical instabilities can be demonstrated through bistable oscillators with a double-well potential energy function. The behavior corresponds to one of three regimes of operation: periodic
oscillations about one of the stable equilibria, aperiodic, chaotic oscillations
about and between both stable equilibria, and periodic oscillations between
both stable equilibria [71]. The Duffing equation is one of the most commonly
used models for oscillations of nonlinear systems. It describes a linear damped
oscillator but includes nonlinear spring terms [72]. Although the seminal publication by Duffing focuses on the nonlinear behavior of a pendulum, the Duffing
oscillator applies to a variety of mechanical, electrical, and magnetic systems,
including nonlinear metamaterials [71].
For decades, numerous works have considered the dynamic behavior of
systems with various values of k1 , k2 , and k3 ; however, the most extensively
studied is the negative linear spring with a hardening cubic spring (and zero
quadratic spring). Amongst the most well known is described as a “magnetoelastic strange attractor”, where a steel beam deflected by magnets represents
a point mass in a double potential well and the so-called strange attractor
describes the numerical values a system tends to approach dynamically given
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a certain initial condition [73].
More recently, Duffing oscillators with purely cubic nonlinear attachments have been studied to facilitate efficient energy dissipation [74]. The
attachments possess zero linear stiffness, termed an “essential nonlinearity”
[75]. As the interest in nonlinear acoustic metamaterials increases, Duffing
oscillators have become relevant in describing chains of oscillators with multimass unit cells [76] such as mass-in-mass systems [77]. Furthermore, other
nonlinear acoustic metamaterials include nonlinear springs terms to describe
the mass-spring unit cells, but include equations of motion that are not explicitly of the Duffing oscillator form [5, 26]. Exploiting the capabilities of
nonlinear springs offers advancements in damping [26], vibration isolation [78],
and energy harvesting [71].
2.2.2

Fluid Material with Acoustic Nonlinearity
For a continuous material, the response is characterized not by springs,

but by material properties, such as the linear bulk modulus. Nonlinearity of
a fluid is most commonly quantified in terms of the parameters defined in
nonlinear acoustics, where parameters B/A and C/A quantify the deviation
of the finite amplitude sound speed from the small signal, equilibrium sound
speed, c0 [79]. Additionally, these parameters, which are the coefficients of a
Taylor series expansion of the change in pressure as a function of change in
density, measure the nonlinearity in the isentropic equation of state from which
they are derived. The equation of state is given by the following expansion
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[79]



∂P
1 ∂ 2P
(ρ − ρ0 ) +
(ρ − ρ0 )2
P − P0 =
∂ρ s,0
2 ∂ρ2 s,0


1 ∂ 3P
+
(ρ − ρ0 )3 + . . . ,
6 ∂ρ3 s,0


(2.2.4)

where p is the acoustic pressure, and ρ and ρ0 are the total and reference density, respectively. The subscript s, 0 denotes that the derivatives are evaluated
at constant entropy s and equilibrium density ρ0 . Standard convention is to
write the equation of state of Eq. (2.2.4) as
P − P0
=
ρ0 c20



ρ0
ρ0
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+
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ρ0
ρ0

2
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+
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3
,

(2.2.5)

where ρ0 = ρ − ρ0 is the termed the excess density and the coefficients of the
Taylor series are defined as

A = ρ0
2



B = ρ0

3

C = ρ0



∂P
∂ρ



≡ ρ0 c20 ,

(2.2.6a)
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∂ρ2
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∂ρ3



,

(2.2.6b)

.

(2.2.6c)

s,0

s,0

For a fluid material, the bulk modulus is defined as K0 = ρ0 c02 = K0 .
In addition to B/A and C/A, parameters exist to describe the nonlinearity of a traveling wave in a fluid medium. These are called the coefficients
of nonlinearity and are defined at quadratic order as [79]
β =1+
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B
,
2A

(2.2.7)

Material
Air
Water
Ethanol
Benzene
Methanol
Octane
Pig Liver
Canine Spleen
Canine Kidney
Pig Fat
Whole Porcine Blood

K [GPa]
1.21
2.19
1.11
1.54
1.00
1.01
2.54
2.48
2.46
2.12
2.56

B/A
0.4
5
10.5 [81]
9[81]
9.6[81]
11.3
6.7[79]
6.8[79]
7.2[79]
10.9[79]
6.2[79]

C/A
–
32
165.9
90
98.96
159.44
116.5
108.9
112.8
102.2
42.1

Ref.
[81]
[82]
[82]
[83]
[83]
[83]
[84]
[84]
[84]
[84]
[83]

Table 2.1: Bulk modulus K, and parameters of nonlinearity B/A and C/A for
example fluids and fluid-like media obtained from references cited within the
table.
and at cubic order as [80]
"
#
 2
3 C
1 B
7B 4
γ=
−
−
−
.
2 6A 2 A
6A 3

(2.2.8)

Other definitions for γ appear, but the form of Eq. (2.2.8) was chosen to describe all nonlinear terms at cubic order in a nonlinear Westervelt-type equation. See Appendix A for details. Equations (2.2.7) and (2.2.8) account for
both material and geometric nonlinearity at quadratic and cubic order, respectively.
Table 2.1 shows estimates of the bulk modulus K, B/A, and C/A for
some example fluid and fluid-like media obtained from the references cited
in the table. The most common values of B/A are small and positive, as
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indicated for the organic and biological media with values ranging from 5 to
12 as obtained from Refs. [79, 81, 82]. The acoustic nonlinearity of air is even
smaller; the value of B/A is less than 1.
Values of C/A are less commonly reported in the literature, but exist
for the organic and biological media shown in Table 2.1 from Refs. [82–84].
The largest value shown in the table is for ethanol at 165.9. Note that the magnitudes of C/A are more than 10 times greater than the values of B/A for the
same material. However, for small acoustic Mach numbers the values of C/A
for a homogeneous fluid or fluid-like medium are rarely large enough relative to
the quadratic nonlinearities to influence the acoustic response [82]. Acoustic
parameters of nonlinearity are also used to characterize finite-amplitude effects
of traveling waves in solids or heterogeneous media. This topic is explored in
Secs. 2.2.3 and 2.3.5.
2.2.3

Elastic Material with Nonlinear Stiffnesses
For an elastic material, nonlinearity is often quantified in terms of the

nonlinear stiffness tensors, which are analogous to the linear and nonlinear
springs for mechanical systems. A general elastic strain energy density is
expressed as a Taylor series expansion as [85]
1
1
E = E0 + Bij Eij + Cijkl Ekl Eij + Dijklmn Emn Ekl Eij
2
6
1
+ Mijklmnpq Epq Emn Ekl Eij ,
24

(2.2.9)

where Cijkl represents the components of linear elastic stiffness tensor and
Dijklmn and Mijklmnpq are the components of the nonlinear elastic stiffness
tensorsDijklmn is typically characterized by third-order elastic constants, and
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Mijklmnpq by fourth-order elastic constants [86]. The two lowest-order terms in
Eq. (2.2.9), E0 and Bij , are often assumed to be zero, resulting in zero strain
energy and zero stress when there is no deformation. In the present work
it is assumed that E0 and Bij are equal to zero and are neglected from this
point forward. The strain tensors Eij correspond to the Green-Lagrange strain
tensors and include finite deformations.
Since a focus of the present work is how the nonlinear elastic behavior influences the acoustic response, it is of interest to relate B/A and C/A as
defined for fluids to nonlinear stiffness coefficients of an elastic material. Equations (2.2.6)–(2.2.8) characterize the acoustic nonlinearity of a fluid. Thurston
and Shapiro related B/A, C/A and higher-order terms to components of the
elastic stiffness tensors in the fluid limit for purely longitudinal motion, where
the deformation is only in the direction of propagation [87]. Since only onedimensional wave propagation is considered in that work, this method only
relates the acoustic nonlinearity to diagonals of the stiffness tensors, i.e. C1111 ,
D111111 , etc., Kostek et al. later related the three uniques components of the
second-order stiffness tensor, D111111 , D111122 and D112233 , in the limit of an
inviscid fluid to β [88]. However, this does not include cubic order nonlinearities. Hamilton et al. [86] extends the work of Kostek et al. to account for
cubic nonlinearities. Instead of the components of Dijklmn and Mijklmnpq , they
equate the third- and fourth-order elastic constants defined by an extended
Landau-Lifshitz strain energy density function to a strain energy density involving B/A and C/A terms.
Methods of deriving the relationship between acoustic and elastic
nonlinearity appear in Appendix B, following the methods of Thurston and
Shapiro [87], Norris [89], Kostek et al. [88], and Hamilton et al. [86]. The
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resulting quadratic-order moduli are equivalent to those appearing in the
references above, which define B/A as


B
D111111
=− 5+
.
A
C1111

(2.2.10)

and yield a nonlinearity coefficient β of

β=−

3 D111111
+
2
2C1111


,

(2.2.11)

where D111111 = 2A + 6B + 2C is defined in terms of the Landau’s thirdorder elastic constants A, B, and C, [90] and C1111 = K + 34 µ = ρ0 c2l for an
compressible elastic material. Equation (2.2.11) therefore matches previously
derived values [79].
The expression for C/A is given by
C
M1111
D111
=
+ 12
+ 27,
A
C11
C11

(2.2.12)

which matches the one provided by Ref. [87]. A similar method to that of
Ref. [86] is applied in Appendix B to arrive at Eq. (2.2.12). However, the
difference between the approach in Appendix B and that provided by Hamilton
et al. is that the present derivation utilizes the stiffness tensor components
rather than the Landau constants, e.g. A, B, C, and so forth.
It is possible to obtain large elastic nonlinearity, and in turn acoustic
nonlinearity for certain solid materials. Some example materials appear in
Table 2.2. Although rocks are often considered “micro-inhomogeneous” media which include imperfections, they are often modeled as macroscopically
homogeneous material and described using elastic constants such as A, B,
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Material
Limestone 1083
Westerly Granite
Massilon Sandstone
Pyrex Glass
Polystrene

K [GPa]
29.6
29.9
6.1
31.0
3.8

B/A
1077.9
2469
5066.7
-10.78
10.88

C/A
–
–
–
–
–

Ref.
[91]
[91]
[91]
[92]
[92]

Table 2.2: Bulk modulus K, and parameters of nonlinearity B/A and C/A for
example solid media obtained from references cited within the table.
and C. Therefore, rocks are included in the present section as solid media.
Based on the third-order elastic constants for three example rocks, Limestone
1083, Westerly Granite, and Massilon Sandstone, given in Ref. [91], quadratic
parameters of nonlinearity are derived, which appear in Table 2.2. Although
acoustic nonlinearity of rocks is more commonly described using β notation,
values for B/A are instead presented as a means of comparing the behavior of
different materials.
The parameter of quadratic nonlinearity for all three example rocks are
on the order of 103 , which is much greater than for the biological and organic
materials. The large magnitude of the nonlinearity parameters is the result
of the “micro-inhomogeneous” nature of the rocks [93, 94]. It is therefore
reasonable to assume that defects and imperfections in a material will result
in large acoustic nonlinearity. Such a concept is further considered in Section
2.3.5. Negative values of B/A can be encounted for solids, as observed for
Pyrex glass [92]. Other solids, such as the polymer polystrene [92], possess
B/A = O (10), similar to organic and biological media.
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Figure 2.9: General multiscale system for (a) macroscale of length L, (b)
mesoscale of length l, and (c) microscale of length a.

2.3

Quasi-Static Homogenization
The field of study known as micromechanics of heterogeneous elastic

media is vast, detailed, and often very difficult to navigate. The study of
micromechanics is used in the localization of stress and strain behavior, as
well as to determine the effective behavior of heterogeneous media. Of interest
in the present work is quasi-static homogenization methods used to describe
heterogeneous media containing multiple phases or constituents. Such models
are frequency independent and are often limited to the long wavelength when
considering wave propagation.
Although micromechanical homogenization methods are most applicable to solid inclusions embedded in elastic or viscoelastic media, some are
also applicable to emulsions, defined as an effective fluid containing two or
more immiscible fluids, and suspensions of elastic inclusions within a fluid or
fluid inclusions with an elastic material [85]. Brief highlights of some major
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contributions within the field of quasi-static homogenization are detailed in
the current section, with specific interest on basic concepts relevant to the
subsequent chapters of this dissertation.
Heterogeneous materials are often modeled as multiscale systems and
the length scales are paramount in defining of the problem. Consider the
example material shown in Fig. 2.9(a) with length scale L, which represents the
macroscale. On the macroscale, the medium appears homogeneous. Zooming
in reveals the mesoscale, shown in (b), which is an intermediate scale of length
l comprised of several heterogeneities within a surrounding matrix material.
The mesoscale is clearly heterogeneous. If one zooms in again, the microscale
is revealed, as shown in (c). The microscale is defined with a length scale a,
and is assumed to be homogeneous. The arrangement of microscale elements
on the mesoscale may either be random or periodic, where the length scale a
refers to the diameter of microscale elements.
If the following inequalities are satisfied,
L  l  a,

(2.3.1)

then the multiscale system exhibits a separation of length scales [85]. In that
case, the mesoscale also defines the size of a representative volume element
(RVE). The RVE represents the smallest volume of a heterogeneous material
whose overall responise is the same as that observed on the macroscale. In the
absence of a separate mesoscale, only the following is satisfied:
L  a.

(2.3.2)

The RVE is then characterized simply as the macroscale with length L.
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To define the overall effective properties of the macroscale, the composite must be characterized by a statistical homogeneity, where statistics
defining the distribution of microscopic geometric features are identical anywhere within an RVE [85]. Thus, the RVE must large enough to include a
sufficient number of inhomogeneities. The volume of the RVE V then serves
as the domain over which effective medium properties are averaged to obtain
a statistically homogeneous composite. Let an arbitrary volume averaged field
be denoted with a hat fˆij and be defined as
1
fˆij =
V

Z
fij dV.

(2.3.3)

V

The volume averaged stress and strain, denoted as σ̂ij and ε̂ij , are both defined
from Eq. (2.3.3). The effective properties of a statistically homogeneous field
is induced in the composite through the imposition of homogeneous boundary
conditions [1].
The average-stress theorem states that for a constant traction imposed
on the entire boundary S of domain of volume V , the resulting stress on the
surface is equal to the average stress in the body [85]. Similarly, the averagestrain theorem states that if a constant strain is instead imposed on the entire
surface S enclosing the volume V , then the average strain throughout the
volume is defined by the strain on the surface. In the present section, overhats
are maintained to denote effective, volume-averaged parameters. However, in
future chapters, the overhat is omitted due to the conclusions made from the
average-stress and average-strain theorems.
Homogenization theories may be broken up into two categories: (i )
variational approaches that provide an upper and lower bound for an the effective moduli, rather than an single-valued estimate [14] and (ii ) approximate
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methods that make certain assumptions regarding the geometry, statistical
properties, and so forth, to obtain a single estimate of the effective properties [95]. While it may be possible to obtain an exact solution to describe a
composite, such effective properties would be valid for very limited, specific
cases, and approximations are usually required to describe some component of
the composite. The following subsections present the homogenization methods
corresponding to these two categories.
Section 2.3.1 focuses on defining the effective moduli via simple averages. The two methods of averaging are now regarded as upper and lower
bounds on the effective moduli. Although the averaged bounds are the least
restrictive, they are also historically significant and are therefore included here
for completeness. The Hashin-Shtrikman bounds are defined in Section 2.3.2
and approximate methods based on the Eshelby formulation are discussed in
Section 2.3.3. The last sections focus on nonlinear extensions of homogenization methods. First, augmentations of both variational, Hashin-Shtrikman
type bounds, and Eshelby theories are discussed in Section 2.3.4. Then, an
extension to lower linear bound obtained in Section 2.3.1 is derived in Section
2.3.5 to obtain effective parameters describing the acoustic nonlinearity of fluid
or fluid-like media.
2.3.1

Averages
The simplest method of homogenization involves an arithmetic mean.

This general rule of mixtures is a weighted average for an overall property
based on the material properties and volume fraction of the each constituent
relative to the overall effective material. The following derivations for the socalled Voigt and Reuss bounds are simplistic, one-dimensional examples, but
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Figure 2.10: An illustrative effective material with two constituents under (a)
a uniform strain loading condition, used to derive the Voigt bound, and (b) a
uniform stress loading condition, used to derive the Reuss bound.
are generalizable to other composites geometries.
First consider the continuous medium comprised of two alternating
materials oriented in the configuration shown in Fig. 2.10(a). Let material 1
be denoted by the light gray medium, and material 2 be with the dark gray
medium. An effective average modulus Ŷ for j constituents can be expressed
as
Ŷ =

σ̂
.
ε̂

(2.3.4)

For the case shown in Fig. 2.10(a), the loading displaces the surface it acts
on uniformly. Both material 1 and material 2 undergo the same displacement
and the entire medium is subjected to a uniform strain condition. Thus,
the average strain is the same for the effective medium and each constituent,
whereas the average stress in the effective material is defined as the summation
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of the stresses in each constituent weighted by the volume fraction of that
constituent, such that
σ̂ =

X

φj σ̂j =

j

X

φj ε̂Yj .

(2.3.5)

j

After substituting Eq. (2.3.5) into Eq. (2.3.4), the average modulus Ŷ of the
effective medium is defined as a weighted summation of each constituents’
moduli, where
P
Ŷ =

j

φj ε̂Yj X
=
φj Yj .
ε̂
j

(2.3.6)

For the two phase example shown in Fig. 2.10(a), the average modulus under
uniform strain is
Ŷ = φY1 + (1 − φ) Y2 ,

(2.3.7)

where φ = φ1 and φ2 = 1 − φ. In the context of elasticity, this bound is
attributed to a paper published in 1889 by Voigt, and is thus referred to as
the Voigt bound [96]. The quantity Ŷ can represent any effective properties
for a random composite. For example, Eq. (2.3.6) often defines the effective
density of a material where Ŷ → ρ.
Now assume that the example material is oriented 90 degrees from
the configuration in Fig. 2.10(a). The same uniform force loading is imposed
only on material 1 for this orientation, as shown in Fig. 2.10(b). Thus, both
material 1 and material 2 undergo different displacements, but are subjected
to a uniform stress. The average strain in the effective material is now the
summation of the strains in each constituent weighted by the volume fraction
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of that constituent, such that
ε̂ =

X

φj ε̂j =

j

X
j

φj

σ̂
.
Yj

(2.3.8)

The effective average modulus Ŷ is still defined from Eq. (2.3.4), but is now
expressed in terms of the weighted summation in Eq. (2.3.8), such that
1
Ŷ

P
=

j

φj (σ̂/Yj ) X φj
=
.
σ̂
Yj
j

(2.3.9)

For the two phase example shown in Fig. 2.10(b), the average modulus under
uniform stress is
1

=

φ

+

(1 − φ)

.
(2.3.10)
Ŷ
Y1
Y2
In elasticity, this bound is often referred to as the Reuss average from a paper
published in 1929 [97]. As with the Voigt bound, Eq. (2.3.9) is not restricted
to the Young’s modulus describing a simple, periodic system.
The uniform stress model is also applicable to suspensions and emulsions. As a historical aside, a paper published in 1910 by Mallock studied the
effective sound speed through a frothy liquid, i.e. gas bubbles within a fluid
[98]. In his paper, Mallock obtained a mean density and elastic modulus of the
mixture through Eqs. (2.3.7) and (2.3.10), respectively. The effective sound
speed is then defined as
s
c=

K̂
=
ρ̂



−1/2
φ
(1 − φ)
[φρ1 + (1 − φ) ρ2 ]
+
.
K1
K2

(2.3.11)

Mallock’s publication of the average modulus in Eq. (2.3.11), which is the
same as Eq. (2.3.10), is the earliest known to the author and in fact predates
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Figure 2.11: An illustrative example of an ensemble of coated spheres that can
be modeled using the Hashin-Shtrikman homogenization approach.
Reuss’s publication. Within the field of acoustics, Eq. (2.3.11) is referred to as
the so-called Wood equation, named for A. B. Wood based on his published
book Textbook of Sound [99]. The first edition references Mallock’s results
with the appropriate citation, but the second edition removed the citation
to Mallock’s 1910 paper and Eq. (2.3.11) was attributed to Wood. More
recently, Eq. (2.3.11) is known as the Mallock-Wood equation within the fields
of acoustics [100].
2.3.2

Hashin-Shtrikman Bounds
The Hashin-Shtrikman (HS) bounds were derived to rigorously capture

the effective bounds of the bulk and shear moduli of a heterogeneous medium
rather than to provide a single estimate of the effective moduli [101]. Such
bounds are more restrictive in allowed values of effective modulus than the
Reuss and Voigt bounds. Often the HS bounds are applied to an ensemble of
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coated spheres as shown in Fig. 2.11. In general, there are no restrictions on
the size or number of constituents. Through use of variational principles, it
is possible to derive bounds for the moduli for an inhomogeneous media with
heterogeneities that are not necessarily spherical in shape and the assumption
of spherical inclusions is a limiting case of the general theory [14].
A simpler approximation for defining the effective bulk modulus of a
two phase problem is illustrated in Fig. 2.12. A linearly elastic, spherical
inclusion with known properties and radius RI is embedded in an elastic matrix
material of known properties, as shown in Fig. 2.12(a). Now let a larger
circle with radius R∗ encompass the inclusion and some of the matrix, such
that it corresponds to a RVE consisting of a single coated sphere. The RVE
is now defined as a homogeneous medium, as shown in Fig. 2.12(b). The
effective medium consists of unknown properties that are solved for via the
homogenization. It is then assumed that continuity of normal displacement
and normal stress are satisfied at both the inclusion-matrix interface in (a)
and the effective medium-matrix interface (b). The effective bulk modulus
is obtained from these four equations [102]. The simplified derivation of the
effective bulk modulus appears here.
In the following derivation, assume that both the inclusion and effective
medium are spherical. The resulting effective bulk modulus is an exact answer
for this configuration, and the validity of this expression thus depends on
how accurately the two scales are modeled as spheres. In this case, bounds
are not obtained. However, this derivation can be used to approximate the
generalized bounds as derived by Hashin and Shtrikman [14]. The extension
of the HS-type effective moduli to nonlinear stiffnesses developed in Chapter 6
follows the assumptions of continuity of radial displacement and radial stress,
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Figure 2.12: An illustrative example schematic of homogenization using a
Hashin-Shtrikman scheme for (a) a single linear inclusion within a linear matrix
and (b) a linear effective medium within the same linear matrix.
as shown for linear order in following derivation. For completeness, the steps
for obtained the upper and lower bounds of the shear and bulk moduli in terms
of variational principles appears in Appendix C.
First, assume that the inclusion, matrix, and effective medium all obey
linear elasticity in the limit of small strains. Let the inclusion be denoted with
subscript ‘1’, the matrix with material ‘2’, and the effective medium with ‘*’.
The displacements are then defined as
u1 = a1 rerr ,


b2
2
u = a2 r + 2 err ,
r
u∗ = a∗ rerr ,

(2.3.12a)
(2.3.12b)
(2.3.12c)

where a1 , a2 , b2 , and a∗ are unknown. For purely radial deformations, the
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strain tensor in the small-strain limit in spherical coordinates is
ε=

ur
∂ur
err +
(eθθ + eφφ ) ,
∂r
r

(2.3.13)

such that
ε1 = a1 I,




b2
2b2
2
ε = a2 − 3 err + a2 + 3 (eθθ + eφφ ) ,
r
r
ε∗ = a∗ I,

(2.3.14a)
(2.3.14b)
(2.3.14c)

where I is the identity matrix. In linear elasticity, the Cauchy stress is given
as


1
σ = Ktr (ε) I + 2µ ε − tr (ε) I
3

(2.3.15)

where tr (ε) is the trace of the strain tensor, K is the bulk modulus and µ is
the shear modulus. The Cauchy stress for the inclusion, matrix, and effective
medium are as follows:
σ 1 = 3K1 a1 I,




4
b2
2b2
2
σ = 3 K2 + µ2 a2 I + 2µ2 − 3 err + 3 (eθθ + eφφ ) ,
3
r
r
σ ∗ = 3K∗ a∗ I,

(2.3.16a)
(2.3.16b)
(2.3.16c)

Continuity of radial displacement and radial stress must be satisfied
at both the inclusion-matrix interface, where r = R1 and at the effective
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medium-matrix interface, where r = R∗ , to yield
a1 R1 = a2 R1 +

b2
,
R12

(2.3.17a)

a∗ R∗ = a2 R∗ +

b2
,
R∗2

(2.3.17b)

and

b2
4
3K1 a1 = 3 K2 + µ2 a2 − 4µ2 3 ,
3
R1


4
b2
3K∗ a∗ = 3 K2 + µ2 a2 − 4µ2 3 ,
3
R∗


(2.3.18a)
(2.3.18b)

respectively. Then, by combing Eqs. (2.3.17a)–(2.3.18b), the bulk modulus is
defined as
K∗+ = K2 +

φ
1
1−φ
+
K1 − K2 K2 + 43 µ2

,

(2.3.19)

where the volume fraction φ for a single spherical element is

φ=

R1
R∗

3
.

(2.3.20)

For a two phase material with spherical inclusions, Eq. (2.3.19) is an exact
solution for a spherical effective medium where K2 > K1 . In this case, there
are no upper and lower bounds. However, for an arbitrary two phase medium
with no restrictions on the geometry, Eq. (2.3.19) represents the upper bound
as obtained in Appendix C.
For the spherical inclusion and effective medium, Eq. (2.3.19) only represents K2 > K1 . If instead K1 > K2 , then the moduli and volume fractions
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are reversed, such that
K∗− = K1 +

1−φ
1
φ
+
K2 − K1 K1 + 43 µ1

.

(2.3.21)

For an arbitrary two phase material with no restrictions on the geometry,
Eq. (2.3.21) represents the lower bound.
The lower and upper bounds given in Eqs. (2.3.21) and (2.3.19) can be
derived more generally following variational principles outlined by Hashin and
Shtrikman [14]. Using that procedure, it is observed that the effective bulk and
shear moduli for a two phase medium is independent of the geometry of each
constituent. The effective bulk modulus is thus bounded by K∗− < K∗ < K∗+
as given in Eq. (2.3.19) and (2.3.19) with the assumption that K2 > K1 and
µ2 > µ1 . Following the variational principles, material 2 represents either the
inclusion or matrix depending on which is stiffer.
Upper and lower bounds for the shear modulus are obtained assuming
shear deformation, such as in Appendix C. The upper bound is defined by
µ+
∗ = µ2 +

φ
,
1
2 (1 − φ) (K2 + 2µ2 )

+
µ1 − µ2
5µ2 K2 + 34 µ2

(2.3.22)

and the lower bound is defined by
µ−
∗ = µ1 +

1−φ
.
2φ (K1 + 2µ1 )
1

+
µ2 − µ1 5µ1 K1 + 34 µ1

(2.3.23)

+
The effective shear modulus then satisfies µ−
∗ < µ∗ < µ∗ , where material 2 is

defined as the stiffer material satisfying K2 > K1 .
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2.3.3

Eshelby Homogenization
Although Eshelby type homogenization schemes are not applied in the

current dissertation, it is important to introduce them given their prominence
in micromechanical techniques. Eshelby theory is the foundation of several
approximate methods for linear homogenization. In the seminal paper published in 1957, Eshelby proposed a method of imaginary cutting, straining and
welding operations for an isolated ellipsoid in an isotropic matrix subjected to
a far field strain [95]. First, the inhomogeneity is removed from the matrix
material. Then, the inclusion is subjected to an eigenstrain. This eigenstrain
is then defined as the homogeneous strain in the effective medium. The inclusion is then restored to its initial size by applying surface tractions, and
placed back in the matrix material, which now has zero stress. Lastly, the
tractions are removed by introducing an equal and opposite body force. As
shown by Eshelby, this process is the same as solving the equilibrium equations
describing a homogeneous medium with known body forces.
Effective moduli derived by Eshelby are inherently for low volume fractions of heterogeneities embedded in an elastic matrix material. The MoriTanaka method extends the Eshelby scheme to non-dilute concentrations by
accounting for interactions between inhomogeneities [103, 104]. For a twophase medium containing spherical inclusions, the effective moduli obtained reduces identically to either the upper or lower HS bound depending on whether
the inclusion is stiffer than the matrix or vice versa, respectively [104]. Another homogenization method, called the self-consistent scheme, instead solves
the single inclusion problem when a heterogeneity is embedded within a homogeneous effective medium [105, 106]. It is similar in form to the effective
moduli derived by Eshelby, though certain moduli describing a homogeneous
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matrix material are now replaced by the moduli of a homogeneous effective
medium. This yields an implicit definition for the bulk and shear moduli.
2.3.4

Nonlinear Extensions
Extensions of the linear homogenization schemes that account for non-

linear effects began more than five decades ago. The earliest extensions focused
on plastic behavior, which is a type of nonlinear deformation still of significant interest today [107, 108], and elastic solids with material and geometric
nonlinearity up to quadratic order [109]. Nonlinear homogenization methods
based on variational principles rely on a “comparison composite”. In linear
elasticity, the comparison composite is the homogeneous matrix material [101].
Conversely, the comparison composite is not as well defined for nonlinear composites.
For example, Talbot and Willis provided the first HS type bounds for
nonlinear composites by means of a comparison composite based on a Green’s
function [110]. A derivation based on a different linear comparison composite
was later proposed by Ponte Castañda [111] that only captured one bound (either upper or lower depending on the composite) and extensions were later introduced to capture both bounds [112]. Additional research by Ponte Castañda
proposed a more general linear comparison composite that generated an exact
“second-order” theory rather than bounds [113], which was studied more rigorously from a variational principles perspective several years later [114]. Studies
contemporary with the aforementioned research often highlighted cases where
that homogenization method was invalid or inefficient [112, 114–116]. Refinement of the “second-order” theories were later proposed [116] and improved
bounds are still sought [117].
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The derivations of bounds for nonlinear composites based on variational
principles using linear comparison composites are long and complicated, and
thus are not repeated here. However, a basic understanding of the linear
comparison composite, as defined by Ponte Castañda, is discussed below. It
is assumed that a linear comparison composite is defined for each constituent
j as the second-order Taylor series approximation about a reference strain εj ,
such that [116]
E0j (ε) = Ej (εj ) + ρj (εj ) · (ε − εj ) +

1
(ε − εj ) · C0j · (ε − εj ) ,
2

(2.3.24)

where Ej (εj ) is a reference strain energy density,
ρj (εj ) =
is a reference stress, and
C0j =

∂Ej
∂ε

∂ 2 Ej
∂ε2

(2.3.25)
εj

(2.3.26)
εj

is a symmetric, constant tensor. The subsequent stress-strain relationship is
defined as
σ j = ρj (εj ) + C0j · (ε − εj ) ≡ τ j (εj ) + C0j ε,

(2.3.27)

where τ j represents a stress polarization tensor and is defined as
τ j (ε) = ρj (ε) − C0j εj .

(2.3.28)

Equation (2.3.27) is defined similarly for the linear HS bounds, e.g. see
Eq. (C.5) in Appendix C, though the polarization tensors for the second-order
theory shown in Eq. (2.3.28) differs from the linear theory in Eq. (C.6).
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The strain energy density in each phase is then defined as
Ej (ε) = E0j (ε) + Vj (εj , C0j )

(2.3.29)

where Vj represents the error function describing the nonlinear perturbations
from the linear comparison composite. Similarly, the total potential energy is
also defined relative to a linear comparison composite, such that
E (ε̂) = E0 (ε̂) +

X

φj Vj (εj , C0j ) ,

(2.3.30)

j

where E0 represents the strain energy density that is of the form of Eq. (2.3.24),
ε̂ is the average stress, and φj is the volume fraction at each phase. The second
term in Eq. (2.3.30) thus represents the perturbations of the effective medium
from a linear composite due to the nonlinearity of each phase. Variational
principles are then applied, such as those detailed for the linear HS method
in Appendix C, and numerical methods often required to solve the problem.
Some examples include composites with incompressible power-law phases [113],
hyperelastic elastomers with deformable particulates [118] and fiber-reinforced
rubbers [119].
Other methods do not rely explicitly on variational principles and instead serve as extended Eshelby-type methods. Several papers are devoted
to extending the linear Eshelby theory to account for material and geometric
nonlinearity of a heterogeneity embedded in a linear matrix material. Both
quadratic [120] and cubic [121] nonlinearity of the inclusion have been accounted for. However, assumptions, such as the geometry of the inclusions,
must be made to obtain solutions. For example, the limited cases of cylindrical
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[121], spherical [120, 121], and ellipsoidal [122] inclusions within a linear matrix have been considered. Additionally, an incremental Mori-Tanaka method
was implemented to develop a micromechanical model of a particulate filled
elastomer undergoing finite deformations [123]. Thus, quasi-static homogenization methods exist, but often require specific limiting assumptions and
may becomes difficult to apply to problems of interest.
2.3.5

Mixture Law
The study of homogenization exists within the field of acoustics, but is

rarely described as such. Instead, methods of approximating a heterogeneous
medium as a homogeneous one is generally referred to as effective medium
theories. Of most common interest is the determination of an effective sound
speed, attenuation, and coefficients of acoustic nonlinearity. In the quasi-static
limit, the effective sound speed and coefficients of nonlinearity can be obtained
from an immiscible mixture law that characterizes a medium subjected to an
iso-stress or iso-pressure [124, 125]. Such a method is the nonlinear extension
of the basic averaging used to derive the Reuss bound of the elastic moduli
and the Mallock-Wood sound speed.
Mixture law theory only applies to immiscible mixtures of multiple fluids or fluid-like media with µM /KM  1. It is not well suited for describing the
acoustic nonlinearity of suspensions or composite elastic materials unless the
constituents are soft solids that behave similar to nearly incompressible fluids. The effective behavior using the mixture law is derived from an isentropic
pressure-density relationship given in Eq. (2.2.5). Begin with the following
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expansion for small v/V0 :
ρ − ρ0
=
ρ0


−1
   2  3
v
v
v
v
1+
−1≈−
+
−
,
V0
V0
V0
V0

(2.3.31)

where V is the total volume, V0 is the equilibrium volume and v is a small
perturbation defined as v = V − V0 . In the present derivation, terms are only
retained to cubic order.
Substitution of Eq. (2.3.31) into Eq. (2.2.5) yields the following
pressure-volume relation :
p
=−
A



v
V0




  2 
  3
C
B
v
B
v
+ 1+
− 1+ +
.
2A
V0
A 6A
V0

(2.3.32)

However, an expansion for volume as a function of pressure is desired. Since p
and v are small quantities, the method of recursive substitution, as detailed in
Appendix A is applied to obtain an expression for v that it is only a function
of powers of p/A, which yields


v
V0



"
#


 2
C  p 3
p
B  p 2
B 1 B
−
=− + 1+
+ 1+ +
.
A
2A
A
A 2 A
6A
A
(2.3.33)

B/A and C/A can be related to the coefficients of nonlinearity β and γ defined
in Eqs. (2.2.7) and (2.2.8), respectively. This allows Eq. (2.3.33) to be reexpressed in terms of β and γ as


v
V0



 p 2 2
p
=− +β
−
A
A
3


 
1
p 3
γ+ β
.
2
A

(2.3.34)

Now assume that Eq. (2.3.34) describes an effective medium, e.g. where
V0 is the unknown equilibrium volume and A is the unknown bulk modulus of
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the effective medium. Then, the change in volume of the effective medium is
simply the summation of the change in volume of the constituents, such that
v=

n
X

vj ,

(2.3.35a)

j=1
n

n

X V j 0 vj
X vj
v
=
=
φj ,
V0
V0 Vj 0
Vj 0
j=1
j=1

(2.3.35b)

where φj is the equilibrium volume fraction of the j th constituent in the entire
medium. Then,
 p 2 2
p
− +β
−
A
A
3

 

n
n
X
X
p 3
φj
1
φj
= −p
β
γ+ β
+ p2
2 j
2
A
A
A
j
j
j=1
j=1
n

2 X φj
− p3
3 j=1 A3j


 (2.3.36)
1
γj + βj .
2

The pressure perturbation p is the same everywhere within the heterogeneous medium. This is identical to the uniform stress assumption made for
Fig. 2.10(b). By equating orders of p, the effective stiffness, where K = A,
and acoustic parameters of nonlinearity β and γ can be obtained.
For a two-phase medium, the bulk modulus K is given as
φ
1−φ
1
=
+
,
K
K1
K2

(2.3.37)

where φ is the volume fraction of phase 1 and K1 and K2 represent the
bulk moduli of material 1 and 2, respectively. Note that this is identical
to Eq. (2.3.10), where Ŷ → K. Equating orders of p2 allow a definition for
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second-order nonlinearity, such that

β=φ

K
K1

2


β1 + (1 − φ)

K
K2

2
β2 ,

(2.3.38)

where β1 and β2 are the coefficients of nonlinearity at quadratic in material
1 and 2, respectively. Similarly, at cubic order, the effective coefficient of
nonlinearity is

γ=φ

K
K1

3 

 3 

1
K
1
1
γ1 + β1 + (1 − φ)
γ2 + β2 − β,
2
K2
2
2

(2.3.39)

where γ1 and γ2 are the coefficients of nonlinearity at cubic order in material 1 and 2, respectively. An effective parameter of quadratic nonlinearity
was initially derived by Apfel [126], but the corrected form that appears in
Eq. (2.3.38) was laterd obtained by Everbach et al. [124]. Everbach [125] also
extended the derivation to cubic order to obtain Eq. (2.3.39); those results are
expressed in terms of B/A and C/A rather than β and γ.
Table 2.3 presents values of B/A and C/A for inhomogeneous, effective
media. For the case of bubbly liquids at three different volume fractions of φ =
1%, φ = 0.1%, and φ = 0.01%, B/A and C/A are obtained from Eqs. (2.3.38)
and (2.3.39). It is seen that bubbly liquids enhance the nonlinearity parameters
over its constituents, where the magnitudes of B/A and C/A increase for
decreasing volume fraction. Although C/A is rarely considered for bubbly
liquids, these values are included to make clear that the magnitudes are still
large, but rely mostly on the quadratic effects rather than those at cubic order.
Furthermore, negative values of B/A are reported for fluids in the proximity of a critical point during a phase transformation [130]. Thus, phase
transformation can result in acoustic parameters of nonlinearity with both
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Material
Water with φ = 1% gas
bubbles
Water with φ = 0.1%
gas bubbles
Water with φ = 0.01%
gas bubbles
Water with 600 µm solid
glass beads
Water with 16 µm airfilled glass beads
Microspheres in Castor
Oil at P ' 75 kPa
Microspheres in Castor
Oil at P ' 88 kPa

K [GPa]
0.01

B/A × 103
0.24

C/A × 105
-0.22

Ref.
[127]

0.13

2.12

-19.98

[127]

0.86

8.84

-526.08

[127]

7.18

0.027

17

[128]

2.86

-0.21

111

[128]

0.04

-6.4

–

[129]

0.13

-3.0

–

[129]

Table 2.3: Bulk modulus, B/A, and C/A for example mixtures.
large magnitudes and negative values. One salient study by Trivett et al. reported large and negative values of quadratic acoustic nonlinearity by applying
a hydrostatic pressure to a mixture of castor oil containing hollow, encapsulated microspheres [129]. In that work, the ambient pressure was increased
until the thin elastic shells of the microspheres buckled. The abrupt reduction in the stiffness of the microspheres and an associated decrement in the
sound speed in the mixture gave rise to large and negative values of quadratic
acoustic nonlinearity. Two values of hydrostatic pressure and the subsequent
stiffness and parameter of nonlinearity were obtained from Ref. [129] are shown
in Table 2.3. Bubbly liquids are amongst the simplest nonlinear media to create and have therefore been used in applications where exploiting nonlinearity
is of interest [131]. However, free, i.e. uncoated bubbles, are typically unsta-
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ble [131] and although encapsulated microbubbles have shown to vary as a
function of an external pressure [129], the microstructure behavior cannot be
controlled.
Another heterogeneous media of interest in nonlinear acoustics are
granular media. Granular media are defined as discrete solid particles that
interact in some way, such as sand or powders. The overall response of granular media differs from that of the constituents and thus, the basic mixture
law is not applicable. One simplified example is air- or fluid-saturated glass
beads. The acoustic nonlinearity for this type of medium was measured using
dynamic acoustoelastic testing for solid and air-filled glass beads in water by
Trarieux et al. [128], and those reported values appear in Table 2.3. Both solid
and air-filled beads result in large values of C/A relative to B/A. Additionally,
air-filled glass beads possess a negative value of B/A, whereas B/A for solid
glass beads is positive.
Therefore, it is possible to obtain large and/or negative values of acoustic nonlinearity due to heterogeneities introduced into a system. Sometimes
this arises due to intentional inclusions, such as encapsulated or free gas bubbles and glass beads. For example, non-reciprocal media consisting of bubbly
liquids coupled to a superlattice with two alternating linear media have been
proposed [48, 49], and contrast agents have become significant in improving
biomedical imaging capabilities [131]. In other instances, an unintentional
imperfection may exist in a material, such as solids or structures containing
cracks, dislocations, or other defects. The increased acoustic nonlinearity can
then be exploited to detect the presence of undesired defect, which could be
problematic in certain applications [93]. The concept of introducing heterogeneities into a homogeneous material is the main focus on the present work,

58

where the inclusions are now bistable metamaterial elements designed with
instabilities.

2.4

Dynamic Scattering and Dispersion models
Another approach to describe an inhomogeneous medium relies on the

dynamics of the multiscale system, where models depend inherently on equations of motion to describe the acoustic or elastic wave propagation rather
than static deformation theory. One interest is quantifying scattering effects
of the heterogeneities rather than characterizing the composite as a homogeneous, effective material. Two classes of models exist: (i ) single scattering
models and (ii ) multiple scattering models. Bubbly liquids are amongst the
most widely studied effective media in acoustics. Other prominent examples
include microspheres in other fluids, such as oil [129], or viscoelastic media
[132, 133], as well as solid spheres in elastic or viscoelastic media [134]. More
recently, scattering models have been applied to determine emergenet material
properties of acoustic metamaterials. There is a wealth of literature for acoustic and elastic scattering models, e.g. see Ref. [135]. However, the analytical
models developed in Chapter 4 build upon the foundation of research describing the nonlinear dynamic behavior of bubbly liquids and special attenuation
is paid here to those theories.
Single scattering theories are characterized by non-interacting inclusions, such that the scatterers can be treated as independent. Low volume
fractions are often necessary in order to neglect multiple scattering effects.
Earliest single scattering models date back to Lord Rayleigh for rigid spheres
in a fluid and were only valid in the long-wavelength limit [136]. Generalizations of single scattering models were eventually made to account for different
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physical and geometric properties, such as elastic spheres in fluids [137], elastic spheres embedded elastic media [138], and coated inclusions in viscoelastic
media [133], for example. Although some popular single scattering models are
restricted to low-frequencies [139], others account for the resonance behavior
of inclusions to obtain dynamic, frequency-dependent models [135, 140].
On the other hand, multiple-scattering models can account for larger
volume fractions of heterogeneities by considering the behavior of re-scattered
waves within the heterogeneous medium. The pioneering work of Foldy represents the earliest significant contribution to multiple scattering theories [141].
In his seminal paper, Foldy applied statistical averaging to describe the wave
propagation through a random collection of scatterers. Improved models were
later proposed to better capture the interactions, for example at higher volume fraction [142, 143], but the details are beyond the scope of the present
research. However, it is worth noting that the behavior of bubbly liquids is
often considered from a multiple scattering perspective [144].
Popular propagation models that consider wave phenomena in bubbly
liquids often depend on the dynamic response of a bubble, which is most
simply modeled as a forced nonlinear oscillator using the Rayleigh-Plesset
(RP) equation [127]. The RP equation is often defined as
3
Ṙ
Pg − P∞
RR̈ + Ṙ2 + 4ν =
,
2
R
ρ0

(2.4.1)

where R is the instantaneous bubble radius, overdots denote time derivatives,
ν is the kinematic viscosity in the surrounding fluid, Pg is the pressure of
the gas bubble, P∞ is the external pressure infinitely far from the surface,
and ρ0 is the ambient density of the fluid. When external pressure is applied
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to the gas bubble, the internal pressure required to keep the bubble in quasistatic equilibrium must change, causing the radius to expand or contract [145].
Nonlinear oscillations are introduced, which can, for example, cause scattered
energy to be pumped into higher-order harmonics or subharmonics, or lead to
the collapse of cavitation bubbles.
Amongst the most prominent models for gas bubbles in a fluid are those
based the work of Commander and Prosperetti, which combines a linear wave
equation and RP equation for a distribution of bubbles [146]. Similar models
exist to capture the response of encapsulated bubbles [147] and voids in rubberlike materials [148]. The Commander and Prosperetti model and subsequent
extensions are limited to first-order effects with respect to multiple scattering
and models accounting for higher-order effects have also been considered [149].
The earliest model is actually that of Zabolotskaya, where dispersive
properties of sound speed, attenuation, and quadratic parameters of nonlinearity were derived from a linear wave equation and the RP equation [15].
The Zabolotskaya model is significant because it accounts for second-harmonic
generation. Although the dynamic response of the gas bubbles was originally
treated as though the bubbles were independent of one another, it is possible
to include a distribution of bubbles in both the effective sound speed and coefficient of nonlinearity [127]. By introducing a distribution of bubbles in the
Zabolotskaya model, it becomes identical, at first order, to the linear model of
Commander and Prosperetti. Since dilute concentrations of nonlinear inclusions are considered in the present dissertation, the model of Zabolotskaya that
treats the bubbles as independent scatterers is the foundation of the frequency
dependence of macroscopic material properties studied in Chapter 4
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2.5

Summary
The present chapter introduced a variety of different phenomena rele-

vant to the present work and provides motivation for studying the problem of
interest. Typical acoustic metamaterials, as described in Section 2.1, generate
dynamic properties of interest, such as negative stiffness or density, through
resonant phenomena of linear, periodic media. Nonlinear metamaterials are
becoming of increasing interest, but the response is often limited to lattice
structures. The present work endeavours to overcome the restrictions and
limitations of resonant, periodic metamaterial structures by focusing on random nonlinear inclusion with static negative stiffness induced by a non-convex
potential energy.
In an effort to understand the nonlinear response associated with the
inclusions of interest, nonlinear phenomena were introduced in Section 2.2 in
the context of nonlinear softening and hardening springs, fluids with acoustic
parameters of nonlinearity, and elastic materials with nonlinear stiffness coefficients. The behavior introduced here is applied to the microscale in Chapter
3. Once the microscale is understood, the effects on the macroscale can then
be explored. Since the present work focuses on heterogeneous media containing random composites, standard homogenization techniques applied in
micromechanics, briefly introduced in Section 2.3, are relevant to the problem of interest. However, extensions to nonlinear composites are limited, and
Chapter 6 presents an extension to the simple Hashin-Shtrikman derivation
shown in Section 2.3.2 to include quadratic and cubic nonlinearity.
In addition to the quasi-static behavior, it is also of interest to explore
the dynamic response of nonlinear microscale inclusions. Commonly, single
and multiple scattering models are applied to study the resonant behavior
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of spherical inclusion, as discussed in Section 2.4. One prominently studied
nonlinear medium is that of free gas bubbles in a fluid, which is modeled
using the Rayleigh-Plesset equation. Chapters 4 and 5 develop extensions of
the Rayleigh-Plesset equation to model the inclusion and matrix materials of
interest. The analyses considered here follow closely from those describing
bubbly liquids.
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Chapter 3
Nonlinear Inclusion

The main focus of the present work is to study the influence of a class
of nonlinear microscale inclusions on the macroscale. It is assumed that a nonlinear, spherical inclusion is embedded in a surrounding matrix material, as
shown in Fig. 3.1. In order to study wave propagation due to an external pressure wave, specifically with respect to infinitesimal, small-on-large, and large
amplitudes, the constitutive behavior of the inclusion must first be understood.
The inclusion of interest is spherical, undergoing purely radial deformation due
to uniform pressure imposed on the surface. It is assumed that the inclusion
possesses both geometric and material nonlinearity. Finite deformations are
therefore necessary to properly account for nonlinear effects. However, the
constitutive behavior in nonlinear elasticity is more complicated than the linear elastic stress-strain relationship. To simplify the equations, incremental
deformations from an applied pre-strain are introduced. The small-on-large
behavior at each increment represents a small perturbation about an imposed
pre-strain.
The behavior describing the nonlinear deformation of a spherical inclusion with material nonlinearity is presented in Section 3.1 and includes the
total, pre-strain and incremental response. To study the inclusion from an
acoustic point of view, parameters of acoustic nonlinearity are defined in Section 3.2. These analytic expressions are then applied to an example inclusion
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Figure 3.1: Schematic of the single inclusion embedded in a surrounding matrix
material.
that posses a cubic stress-strain relationship in Section 3.3.

3.1

Deformation
A hyperelastic, or Green elastic, material is a constitutive model for

which a strain energy function exists and implies finite deformations [18]. For
the present work, the strain energy density is constructed as a Taylor series
expansion for strain, as given in Section 2.2 and repeated in Eq. (3.1.7). The
inclusion is assumed to undergo purely radial deformation, and thus spherical
coordinates are used. Let the deformed field of the inclusion be given by
xI (r, θ, φ) and represent some displacement from the reference configuration


x̃I r̃, θ̃, φ̃ . Variables in Lagrangian (reference) coordinates are defined with a
tilde, whereas plain variables denote Eulerian coordinates. The two coordinate
systems are related through
r = (1 + ξI ) r̃,

θ = θ̃,
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φ = φ̃

(3.1.1)

where ξI is the normalized radial displacement from the global equilibrium
radius RI0 ;
ξI =

RI − RI0
.
RI0

(3.1.2)

For spherically symmetric deformation, the only non-zero component of the
displacement field is the radial component, such that
uI = xI − x̃I = ξI r̃err .

(3.1.3)

For finite elasticity, the deformation gradient is important in describing
the deformation. In spherical coordinates, the deformation gradient is given
as [66]
F I = ∇x̃ xI =

∂r
r
err + (eθθ + eφφ ) = (1 + ξI ) I,
∂r̃
r̃

(3.1.4)

where I is the identity tensor. Here the Green-Lagrange strain tensor is used
to describe the finite deformation, where

1
1
E I = (F tI F I − I) =
(1 + ξI )2 − 1 I =
2
2



1 2
ξI + ξI I.
2

(3.1.5)

Thus, the only strain components are on the diagonal of the strain tensor and
are identical. The strain tensor can therefore be denoted as E I = EI I for
simplicity under this type of deformation. Both the deformation gradient and
strain tensors are symmetric, and ξI represents the small-strain limit of EI for
purely radial deformation of a sphere.
For nonlinear, hyperelastic materials, the strain energy density is often
expanded in powers of strain. Although such an approximation may not be
valid for all media, it is assumed that the complicated microstructure of the
metamaterial inclusion can be modeled as a bulk material with a quartic strain
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energy density function. Thus, the strain energy density may be expanded up
to quartic order in strain components to obtain
1
1
E = Cijkl Ekl Eij + Dijklmn Emn Ekl Eij
2
6
1
+ Mijklmnpq Epq Emn Ekl Eij ,
24

(3.1.6)

where index notation is introduced for clarity. The coefficients Cijkl , Dijklmn
and Mijklmnpq are components of the fourth-, sixth-, and eighth-order stiffness
tensors, respectively [66]. For a spherical inclusion subjected to purely radial
displacement fields, the strain is only non-zero on the diagonals. Therefore, the
general strain energy density of Eq. (3.1.6) may be simplified for the inclusion
of interest as
1
1
1
EI = Cjjkk EI2 + Djjkkmm EI3 + Mjjkkmmqq EI3 .
2
6
24

(3.1.7)

Cijkl is defined in linear elasticity as [66]
Cijkl



2
= Kδij δkl + µ δik δjl + δil δjk − δij δkl .
3

(3.1.8)

The summation of the components in Eq. (3.1.7) therefore yields
Cjjkk = 9KI ,

(3.1.9)

where KI is defined as the linear bulk modulus of the material. However, the
higher-order stiffness components, which correspond to material nonlinearity,
are not commonly defined in the same way as the components of the linear
stiffness tensor. For simplicity, let the summation of the quadratic and cubic
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stiffness components relating radial deformation to the strain energy density
be defined as
Djjkkmm = 27KI0 ,

(3.1.10)

Mjjkkmmqq = 81KI00 .

(3.1.11)

The definitions in Eqs. (3.1.9)–(3.1.11) will be used thus forth. Substituting
the definitions for the stiffness tensor components from Eqs. (3.1.9)–(3.1.11)
into Eq. (3.1.7) provides the following reduced form of the strain energy density:
9
9
27
EI = KI EI2 − KI0 EI3 + KI00 EI4 .
2
2
8

(3.1.12)

Note that Eq. (3.1.12) is limited to the case of purely radial deformations.
For the case of finite deformation, the strain energy density is related
to the Cauchy stress through the deformation gradient, such that [66]


F I ∂EI t
9 0 2 9 00 3
−1
σI =
F = (1 + ξI )
3KI EI − KI EI + KI EI I.
det F I ∂E I I
2
2

(3.1.13)

As noted for the strain and deformation gradient, the terms of the Cauchy
stress tensor are identical on the diagonal and zero otherwise. It is thus of
interest to consider hydrostatic pressure, which is defined as


1
9 0 2 9 00 3
−1
−3KI EI + KI EI − KI EI I.
PI = − σ I : I = (1 + ξI )
3
2
2

(3.1.14)

By accounting for finite deformations, the definitions for Cauchy stress and
pressure given in Eqs. (3.1.13) and (3.1.14) can be difficult to work with and
interpret, especially for the purpose of homogenization. It is therefore of interest to define the microscale in terms of incremental deformations for an applied
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pre-strain to aid in characterizing the effective behavior on the macroscale due
to nonlinear inclusions.
In Fig. 3.2, a simple cartoon illustrates the meaning of incremental
deformations and introduces how the response is obtained. Consider first the
non-monotonic, cubically nonlinear pressure-strain curve shown in Fig. 3.2(d).
The blue, orange, and purple circles, labeled as (a), (b), and (c) highlight
deformation states of interest and correspond to Fig. 3.2(a), (b), and (c),
respectively. A sphere in the global equilibrium state is shown in Fig. 3.2(a).
In the pressure-strain curve in Fig. 3.2(d), the global equilibrium corresponds
to the blue circle at zero strain and zero pressure.
Now deform the sphere from Fig. 3.2(a) to (b). The initial deformation
state is defined as the pre-strain with radius R1 . In Fig. 3.2(d), this state is
denoted with the orange circle with strain E1 and pressure P1 . The intent is
to obtain the behavior at a new deformation state with strain E and pressure
P . If it is assumed that once the inclusion is constrained in the pre-strain
state of E1 and P1 , only a small deformation is required to deform the system
to state E and P . This new state, considered to be the total field, is denoted
by the purple circle in Fig. 3.2(d) and corresponds to a sphere of radius R as
in Fig. 3.2(c). The total field is defined as the summation of the pre-strain
and incremental fields at the previous step. Thus, total strain and pressure
are defined as E = E1 + Ē and P = P1 + P̄ , respectively
In order to describe the total deformation based on incremental perturbation from an applied pre-strain, both the pre-strain and incremental fields
must be defined. First, consider the pre-strain states. In terms of the spherical
coordinates, the pre-strain deformation for the inclusion is given by xI1 (r, θ, φ),
which represents some displacement from the same initial reference configura69

Figure 3.2: An illustrative example of an incremental deformation, where the
deformation of a sphere is shown at (a) the global equilibrium, (b) some prestrain state, and (c) some total state. The pressure-strain response, highlighting specifically the the deformation states in (a)–(c), appears in (d).
tion x̃I




r̃, θ̃, φ̃ . The deformation fields describing the pre-strain state are the

same as for the total fields given in Eq. (3.1.1)–(3.1.14). The only difference is
that the pre-strain fields are denoted with a subscript ‘1’. The dimensionless
change in radius is
ξI1 =

RI1 − RI0
.
RI0

(3.1.15)

The only non-zero component of the displacement vector is in the radial di-
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rection, such that
uI1 = ξI1 r̃err .

(3.1.16)

Similarly, the deformation gradient and strain are, once again, only non-zero
on the diagonal, such that the deformation gradient is
F I1 = (1 + ξI1 ) I

(3.1.17)

and the associated Green-Lagrange strain tensor is

E I1 =


1 2
ξI1 + ξI1 I.
2

(3.1.18)

The linear and nonlinear stiffness moduli KI , KI0 , and KI00 are constants and
therefore are invariant between the total and pre-strain deformation states.
The Cauchy stress tensor is
−1

σ I1 = (1 + ξI1 )




9 0 2 9 00 3
3KI EI1 − KI EI1 + KI EI1 I,
2
2

(3.1.19)

and the hydrostatic pressure is
−1

PI1 = (1 + ξI1 )



9 0 2 9 00 3
−3KI EI1 + KI EI1 − KI EI1 I.
2
2

(3.1.20)

Note that the pre-strain states are necessarily subsets of the total fields.
Now the incremental deformation fields are defined. In the present
work, increments are denoted with an overbar. Only a small increment is
required to displace the inclusion from the pre-strain field xI1 to the total field
xI . Thus, the incremental fields represent a perturbation from the pre-strain
state to the total state and x̄ = xI − xI1 . The incremental displacement is
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defined as the difference between the total field and the pre-strain such that
[18]
ūI = uI − uI1 = (ξI r̃ − ξI1 r̃) err , = ξ¯I r̃err ,

(3.1.21)

and the incremental nondimensional change in radius is therefore
RI − RI1
ξ¯I = ξI − ξI1 =
.
RI0

(3.1.22)

Similarly, both the incremental deformation gradient and incremental strain
tensor are defined as the differences between the total field and pre-strain,
such that the deformation gradient is
F̄ I = F I − F I1 = ξ¯I I,

(3.1.23)

and the strain tensor is


1 2
1 2
Ē I = E I − E I1 = ξI + ξI − ξI1 − ξI1 I,
2
2


1 ¯2
1 2
1 2
¯
¯
= ξI + ξI1 + ξI + ξI1 ξI + ξI1 − ξI1 − ξI1 I,
2
2
2


1
= (1 + ξI1 ) ξ¯I + ξ¯I2 I.
2

(3.1.24)

The incremental displacement in Eq. (3.1.21) is not defined with respect to the
reference coordinate directly. Instead, the incremental displacement is equal
to the incremental position vector x̄I . Therefore, the resulting incremental
deformation gradient and strain tensor are defined as the difference between
the total field and the pre-strain state, and not using the standard definitions
given in Eqs. (3.1.4) and (3.1.5), respectively. This approximation will properly
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capture the behavior if the magnitude of the incremental displacement is small
enough.
The incremental Cauchy stress is also defined as the difference between
the total Cauchy stress and the pre-strain Cauchy stress. However, the total
Cauchy stress can also be expressed as a Taylor series expansion with respect
to strain about a reference strain. Here the reference strain is chosen to be the
pre-strain, such that the derivatives of stress with respect to strain correspond
to the incremental Cauchy stress, where
σ I ≡ σ I (E I1 ) +

∂σ I
∂E I

Ē I +
E I1

1 ∂ 2σI
2 ∂E 2I

2

Ē I +
E I1

1 ∂ 3σI
6 ∂E I3

3

Ē I .

(3.1.25)

E I1

The pre-strain stress is defined as σ I1 = σ I (E I1 ) and given in Eq. (3.1.19).
Note that it is more convenient to express the incremental stress as a function
of ξ¯I , rather than ĒI , such that
"
#
2
∂σ I
1
∂
σ
∂σ
I
I
ξ¯2
σ I = σ I1 + (1 + ξI1 )
ξ¯I +
(1 + ξI1 )2
+
∂EI EI1
2
∂EI2 EI1 ∂EI EI1 I
(3.1.26)
"
#
2

(1 + ξI1 ) ∂ 3 σ I
∂
σ
I
ξ¯3 + O ξ¯I4 .
+
(1 + ξI1 )2 + 3
6
∂EI3 EI1
∂EI2 EI1 I
Now assume that σ I = σI I and let Eq (3.1.26) be expressed as
σ I = σ I1 +

∂σI
∂ξI

1 ∂ 2 σI
ξ¯I +
2 ∂ξI2
EI1

1 ∂ 3 σI
ξ¯I2 +
6 ∂ξI3
EI1

!
ξ¯I3 I.

(3.1.27)

EI1

Terms are only retained up to cubic order in ξ¯ because terms of order O ξ¯I4



and higher are negligible. Although Eq. (3.1.27) is obtained by assuming ĒI
is small, the pressure-strain relationship has been expanded to cubic order
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because the proposed metamaterial behavior of interest possesses magnitudes
of the Taylor series coefficients that may be large enough to render the higherorder terms non-negligible.
The incremental stress, defined as σ̄ I = σ I − σ I1 from Eq. (3.1.27), is


9
9
2
3
0
00
σ̄ I ≡ 3K̄I ξ¯I − K̄I ξ¯I + K̄I ξ¯I I.
2
2

(3.1.28)

The coefficients of the Taylor series in Eq. (3.1.27) have been defined as K̄I , K̄I0
and K̄I00 and represent the stiffness coefficients for the incremental deformation.
Unlike the linear and nonlinear stiffnesses KI , KI0 , and KI00 , the values of K̄I ,
K̄I0 and K̄I00 vary as a function of the pre-strain. To differentiate between the
stiffnesses that characterize the total and incremental deformations, KI , KI0 ,
and KI00 are defined as the global linear and nonlinear stiffnesses, and K̄I , K̄I0
and K̄I00 as local stiffness coefficients defined at a varying reference state due
an imposed pre-strain.
The local linear stiffness coefficient is given by
K̄I =

1 ∂σI
3 ∂ξI

EI1

9
1
= KI − 3KI0 EI1 + KI00 EI21 + (1 + ξI1 )−1 PI1 ,
2
3

(3.1.29)

the local quadratic stiffness coefficient is given by
K̄I0 = −

1 ∂ 2 σI
9 ∂ξI2

= (1 + ξI1 ) (KI0 − 3KI00 EI1 ) +
EI1

+

1
(1 + ξI1 )−2 PI1 ,
9
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1
(1 + ξI1 )−1 K̄I
3

(3.1.30)

and the local cubic stiffness coefficient is given by
K̄I00 =

1 ∂ 3 σI
27 ∂ξI3

= (1 + ξI1 )2 KI00 +
EI1

+

1
(1 + ξI1 )−2 K̄I
3

(3.1.31)

1
(1 + ξI1 )−3 PI1 .
9

The hydrostatic pressure in the inclusion for any strain state can then also be
represented as the pre-stress, or more specifically, pre-pressurization, plus the
incremental fields, such that
9
9
PI = PI1 − 3K̄I ξ¯I + K̄I0 ξ¯I2 − K̄I00 ξ¯I3 .
2
2

(3.1.32)

All three local stiffness moduli depend on the static linear and nonlinear
stiffness, KI , KI0 , and KI00 , and the pre-strain states, PI1 , EI1 , and ξI1 . In the
infinitesimal limit, ξI1 → 0 and PI1 → 0, and therefore, K̄I → KI , K̄I0 →
KI0 + 13 KI , and K̄I00 → KI00 + 31 KI . As the strain magnitudes increase and finite
deformations are accounted for, the local stiffness moduli at each deformation
state begin to vary. It is non-intuitive that the linear stiffness moduli in
Eq. (3.1.29) depends on the higher-order stiffnesses that quantify the material
nonlinearity. However, those terms are only non-negligible when displacements
are large, which allows the local linear stiffness moduli to properly capture the
geometric effects. The same response is observed for K̄I0 in Eq. (3.1.30), which
also depends on cubic nonlinearity.
It is important to note that the constitutive relationship for the inclusion will likely be obtained empirically, such as through an experiment or
from a finite element method (FEM) model. Thus, values of the incremental
deformation and stiffness moduli will be established numerically. Given the
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incremental representation of the inclusion derived in this section, it is now
easier to apply homogenization methods to describe an effective medium response as a function of the incremental microscale behavior, as described in
Chapters 4–6.

3.2

Acoustic Nonlinearity
In Section 3.1, the behavior of the nonlinear inclusion was quantified

in terms of local linear and nonlinear stiffness moduli as a way to study the
quasi-static deformations. When considering the nonlinear response of propagating acoustic waves, a different set of coefficients exists to quantify the
nonlinear behavior. It is therefore of interest to relate the local stiffness moduli to parameters of acoustic nonlinearity. It is assumed that the inclusion
can be described in the fluid limit with respect to the acoustic parameters of
nonlinearity, though this limiting assumption may warrant additional analysis
in the future. In Section 2.2.2, the parameters of nonlinearity for small perturbations was derived. Since the present analysis assumes large deformations, it
is necessary to instead define local parameters of nonlinearity B̄/Ā and C̄/Ā.
Let the equation of state describing the incremental deformation be
defined with respect to the pre-strain state ρ1 as the reference state, rather
than ρ0 , [79] such that
P = P (ρ1 ) +

∂P
∂ρ

1 ∂ 3P
+
6 ∂ρ3

(ρ − ρ1 ) +
ρ1
3

(ρ − ρ1 ) .
ρ1
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1 ∂ 2P
2 ∂ρ2

(ρ − ρ1 )2
ρ1

(3.2.1)

Then, Eq. (3.2.1) can be expressed as

P̄ = P − P1 = ĀI

ρ̄
ρ1





B̄I
+
2

ρ̄
ρ1

2

C̄I
+
6



ρ̄
ρ1

3
,

(3.2.2)

where ρ̄ = ρ − ρ1 and the coefficients of the Taylor series are
ĀI = ρ1
B̄I = ρ21
C̄I = ρ31

∂P
∂ρ
∂ 2P
∂ρ2
∂ 3P
∂ρ3

≡ ρ1 c21 ,
ρ1

,

(3.2.3)

ρ1

.
ρ1

In acoustics, P̄ corresponds to an acoustic pressure perturbation of
small amplitude. To relate the nonlinearity parameters to the nonlinear local
stiffness parameters derived in Section 3.1, let the acoustic pressure be the
same as the hydrostatic pressure of the inclusion. Then, Eq. (3.2.2) can be
related to the (3.1.32) by defining ξ¯I in terms of ρ̄I /ρI1 . Density can be related
to the deformation gradient as [66]
ρ
1
,
=
ρ0
det F

(3.2.4)

such that
ρI
(1 + ξI1 )3
ρI ρI0
det F I1
(1 + ξI1 )3
=
=
=
=
3
ρI1
ρI0 ρI1
det F I
(1 + ξI )3
1 + ξI1 + ξ¯I

−3
(1 + ξI1 )3
ξ¯I
=
.

3 = 1 +
1 + ξI1
(1 + ξI1 )3 1 + ξ¯I / (1 + ξI1 )
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(3.2.5)

ξ¯I can then expressed as a function of ρ̄I /ρI1 and substituted into Eq. (3.1.32).
First, let
ξ¯I = (1 + ξI1 )

"

ρ̄I
1+
ρI1

#

−1/3

−1 .

(3.2.6)

Since ρ̄I /ρI1 is small, Eq. (3.2.6) can be binomially expanded up to cubic order
in ρ̄I /ρI1 to obtain
"

1
ξ¯I = (1 + ξI1 ) −
3



ρ̄I
ρI1



2
+
9



ρ̄I
ρI1

2

14
−
81



ρ̄I
ρI1

3 #
.

(3.2.7)

Next, substitute Eq. (3.2.7) into Eq. (3.1.32) to obtain

  2
(1 + ξI1 ) K̄I
K̄I0 4
ρ̄I
P̄I = (1 + ξI1 ) K̄I
+
(1 + ξI1 )
−
2
ρI1
K̄I 3

  3 (3.2.8)
0
00
(1 + ξI1 ) K̄I
K̄
28
K̄
ρ̄I
+
.
(1 + ξI1 )2 I − 4 (1 + ξI1 ) I +
6
9
ρI1
K̄I
K̄I


ρ̄I
ρI1



By equating Eqs. (3.2.2) and (3.2.8), the local acoustic parameters of nonlinearity are defined as
ĀI = (1 + ξI1 ) K̄I ≡ ρI1 c̄2I ,

(3.2.9)

B̄I
K̄I0 4
= (1 + ξI1 )
− ,
ĀI
K̄I 3

(3.2.10)

C̄I
K̄ 00
K̄ 0 28
= (1 + ξI1 )2 I − 4 (1 + ξI1 ) I + .
9
ĀI
K̄I
K̄I

(3.2.11)

Local coefficients of nonlinearity β̄I and γ̄I can also be defined in the same way

78

as in Eq. (2.2.7) and (2.2.8), such that
β̄I = 1 +
and

1 B̄I
2 ĀI

"
#
 2
1 C̄I
B̄I
7B̄I
−3
−8 .
γ̄I =
−
4 ĀI
ĀI
ĀI

(3.2.12)

(3.2.13)

As with the local linear and nonlinear stiffness moduli, the local parameters
and coefficients of nonlinearity B̄I /ĀI , C̄I /ĀI , β̄I , and γ̄I all vary as a function
of the imposed pre-strain.

3.3

Example: Metamaterial Inclusion
Previous work has shown that 2D designs of beam elements that are

extruded as cylinders or rectangles give rise to a quartic strain energy density
function [11, 42, 80]. Example designs appear in Fig. 3.3(a) and 3.3(b).
Although these designs serve as valuable proofs of concept, it is of interest given
the assumption of purely spherical deformations in Section 3.1 to consider
elements that are truly spherical. An example of such an element in shown
in Fig. 3.3(c). To highlight the different components of the spherical element,
a vertical slice through the center of the sphere reveals a 2D cut of the full
sphere in Fig. 3.3(d).
The inclusion is symmetric about the cut plane, as well as the orange
dashed lines denoted in Fig. 3.3(c). In the 2D cut, the symmetry lines partition
the inclusion into four quadrants. Within each quadrant there is a double beam
element, a pressure transformer, and a curved outer surface that denotes the
inclusion-matrix interface, all of which are delineated in Fig. 3.3(d) with a
purple box or curve. An external force is imposed at the inclusion-matrix
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Figure 3.3: Example inclusions designs with beam elements as (a) 2D square
shape extruded to a rectangular prism, adapted from Ref. [42], (b) 2D circular
shape extruded to a cylinder, (c) 3D full sphere, and (d) 3D sphere cut in half
to reveal the internal elements.
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Figure 3.4: Strain energy density EI in kJ versus displacement d in mm.
interfaces to deform the double beam elements of the inclusion via the pressure
transformer. Double beam elements, as opposed to single beam elements,
are introduced to constrain the second buckling mode of a clamped-clamped
beam, which yields the desired unstable behavior [34]. The unstable response
of the double beams, which give rise to a non-monotonic stress-strain behavior,
results from the concentration of the pressure imposed on the inclusion-matrix
interface to the center of both the upper and lower beam through the pressure
transformer. The components of each quadrant in Fig. 3.3(d) corresponds to
one sixth of the entire sphere, all of which are identical.
The inclusion modeled here is assumed have an initial radius of RI0 =
29.5 mm and to be constructed out of nylon, which has the following material
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properties: Young’s modulus Y = 2 GPa, Poisson’s ratio ν = 0.4, and density
ρ = 1150 kg/m3 . Thermoplastic is the most probable candidate material for
constructing a prototype of the inclusion, e.g. via a fused filament fabrication
method of 3D printing with PLA or ABS thermoplastics. Nylon was chosen
because the properties are well characterized. Note, however, that the inclusion is not a solid nylon sphere and an effective density must be approximated.
The inclusion is designed using the solid-modeling software SOLIDWORKS,
which has a built-in tool to approximate the volume of the solid elements. This
volume does not include the empty space between solid components. From the
SOLIDWORKS approximation and knowing the initial volume of the effective
sphere, the volume of air between solid elements can be obtained. Then, an
effective density can be obtained from
ρI = φS ρsolid + (1 − φS ) ρair ,

(3.3.1)

where φS = Vsolid /VI0 and the density of the inclusion in Fig. 3.3(c) and (d) is
ρI = 408 kg/m3 .
A FEM model for the element shown in Fig. 3.3(c) is developed using
COMSOL Multiphysics. In the model, the displacement is imposed on the
pressure transformers to compress the beam elements. Then, the strain energy
density of the entire element resulting from that deformation is calculated.
The results of that model represent a displacement-controlled loading and are
shown in Fig. 3.4. The strain energy density versus displacement displays two
inflections points that induce the desired mechanical instabilities.
The behavior is more easily understood by considering the pressure
PI as a function of the total strain EI . Because the strain energy density is
obtained via a displacement-controlled analysis, it is possible to obtain the
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Figure 3.5: Inclusion pressure PI versus strain EI with 6 example deformation
states.
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non-monotonic behavior as shown in Fig. 3.5(g). However, in a physical system, a pressure-controlled response is more realistic. Instead, an imposed
pressure on the surface of the inclusion induces the deformation, rather than
displacement. The purple dots denote six different pressure-strain states for
pressure-controlled loading and unloading. Snapshots of the deformation from
the FEM model appear in Fig. 3.5(a)–(f) and matching letters between the deformation figures and the pressure-strain curve correspond to the same state.
The colorbar indicates a minimum displacement in a lighter yellow color and
a maximum displacement as a dark purple. The nonlinear response of this
inclusion is detailed in the following paragraphs.
Assume that the inclusion starts at the zero-displacement and zeropressure state (a), which corresponds to the global equilibrium. In this configuration, the inclusion is undeformed as denoted by the solid yellow color
for the entire structure. The outward, curved shape of the beam elements
mimic the contour of the sphere. Then, following the orange arrow, the inclusion is compressed to the local pressure extremum denoted by state (b). In
Fig. 3.5(b), the center of the inclusion and outer edge of the beams, shown in
yellow, indicate little or no deformation. However, the inclusion-matrix interface and pressure transformer, shown in orange, are displaced relative to the
configuration shown in Fig. 3.5(a). The center of the double beam elements
displaces the most, whereas the outer edge of the beam displaces very little.
The beam elements are still curved outward, but the curvature is reduced
relative to the initial configuration.
If the deformation and deformation rate are unrestricted, then an increase in imposed pressure would result in the inclusion snapping from point
(b) to (c) along the orange arrow. The double beam elements in Fig. 3.5(c)
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are now curved in the opposite direction as in Fig. 3.5(b). The inward curved
shape of the beams in Fig. 3.5(c) represents significant displacement at the
inclusion-matrix interface, pressure transformer, and center of the double beam
elements, as indicated in dark purple. The double beam elements have displaced the most at the center near the pressure transformer and the amount
of displacement decreases along the length of the beams. Thus, there is a
gradient in displacement along the beam elements from dark purple to yellow. Additional imposed pressure deforms the beam from Fig. 3.5(c) to (d),
which appears very similar but results in slightly more deformation due to the
increase in loading. This implies that beyond the snap-through deformation,
more pressure is required to continue displacing the beam, which is indicative
of an increasing positive stiffness.
A similar response is obtained when unloading the inclusion from a
strain state beyond where it snaps through. The unloading path is denoted
by the blue arrows in Fig. 3.5(g). If the inclusion is constrained to the state
denoted by Fig. 3.5(d) and the external pressure is decreased, the inclusion
expands through state (c) until it reaches another local pressure extremum
denoted by (e). The inclusion-matrix interface and pressure transformer in
Fig. 3.5(e) are expanding outward relative Fig. 3.5(d), as shown by the magenta color. The center of the beam elements displace the most, and the
deformation decreases outwardly along the beam. The curvature of the inward curved double beams of Fig. 3.5(e) is decreased relative to Fig. 3.5(f). A
further decrease in pressure with no constraint on the deformation or deformation rate causes the inclusion to snap from state (e) to (f) along the path
indicated by the blue arrow in Fig. 3.5(g). The double beam elements have
snapped back to an outward curved shape. The inclusion-matrix interface and
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Figure 3.6: Inclusion local linear stiffness K̄I in MPa versus strain EI .
pressure transformer in Fig. 3.5(f) are displaced significantly relative to the
configuration shown in (e), as indicated by the yellow color. However, the
deformation in Fig. 3.5(f) relative to (a) is small. A further decrease in pressure would case the inclusion to expand beyond the global equilibrium state
to positive strains.
Note that there exist strain states for which the pressure-strain curve
has a positive slope and strain state for which there is a negative slope. This
corresponds to regimes of locally negative and positive stiffness, respectively,
and are defined by the local linear stiffness. In displacement-controlled loading,
the deformation moves through the negative stiffness regime, but in pressurecontrolled loading, snap-through behavior is observed. Since the inclusion may
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undergoes a “snapping” response, it is referred to as a snapping inclusion (SI).
Next, consider the local linear stiffness K̄I shown in the black curve in
Fig. 3.6 and clearly includes both positive and negative values. The horizontal
gray dashed line corresponds to K̄I = 0 and the two vertical gray dashed lines
represent the strain states where there is zero linear stiffness. The characteristic of zero linear stiffness is sometimes referred to as an essential nonlinearity
[75]. Between the two vertical dashed lines, the linear local stiffness is negative,
which corresponds to unstable strain states. Unless constrained by an external
mechanism, the inclusion cannot remain at strain states where K̄I ≤ 0. Instead, the inclusion will snap-through to a strain state with the same pressure,
but a positive local stiffness. The concept of constraining a linear inclusion
embedded in a surrounding matrix material at deformation states for which
K̄I ≤ 0 has been studied previously, e.g. by Lakes and Drugan [7] and Klatt
and Haberman [11]. The present work focuses on obtaining a stable response
due to constraining a nonlinear inclusion in a nonlinear matrix, as explored in
Chapters 5 and 6.
Next, the local response as a function of strain is shown for the coefficients of acoustic nonlinearity β̄I and γ̄I in Figs. 3.7 and 3.8, respectively.
From the definitions in Eqs. (3.2.9)–(3.2.13), the local coefficients of acoustic
nonlinearity β̄I and γ̄I are both inversely proportional to the local linear stiffness. Therefore, these parameters becomes infinite at the points where K̄I = 0,
which occurs at the strain states denoted by the vertical gray dashed lines for
the inclusion analyzer above.
The black curve in Fig. 3.7 represents the values of β̄I . For strain
states outside the region denoted with the vertical dashed lines, β̄I → 0, which
implies that the constitutive response becomes increasingly linear, which is
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Figure 3.7: Local coefficient of acoustic nonlinearity at quadratic order for the
inclusion β̄I versus strain EI .
consistent with pressure-strain response of Fig. 3.5(g), which has a nearly
linear, negative slope. For the strains within the vertical gray dashed lines β̄I
goes from negative infinity through β̄I = 0 to positive infinity. As β̄I → 0 in the
regime of K̄I < 0, the pressure-strain curve also becomes linear, although with
a positive slope. As the deformation approaches the strain states where K̄I = 0,
β̄I → ±∞, demonstrating that inclusion response is becoming increasingly
nonlinear as K̄I → 0.
The local coefficient of acoustic nonlinearity at cubic order γ̄I shown
in the black curve in Fig. 3.8. The behavior of the local coefficient of cubic
nonlinearity is similar to the quadratic one. For strains where K̄I = 0, as
denoted by the vertical gray dashed lines, γ̄I → −∞ and there is strong acoustic
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Figure 3.8: Local coefficient of acoustic nonlinearity at cubic order for the
inclusion γ̄I versus strain EI .
nonlinearity. Unlike β̄I , which includes both positive and negative values, γ̄I
is purely negative for the example inclusion explored here. Thus, γ̄I → −∞
when K̄I → 0 and γ̄I → 0 otherwise.

3.4

Summary
Throughout the chapter, the deformation of a spherical inclusion with

both material and geometric nonlinearity is rigorously defined in terms of the
total, pre-strain, and incremental deformation fields. By applying incremental
deformations to describe the system, it is then possible to relate the local linear
and nonlinear elastic stiffness moduli to local acoustic coefficients of nonlinear-
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ity. The definitions quantifying the local linear and nonlinear stiffness, as well
as the local coefficients of acoustic nonlinearity, will allow analytic expressions
to be defined for a variety of quasi-static and dynamic effective properties
of a heterogeneous material containing nonlinear inclusions in Chapters 4–6.
For example, the linear and nonlinear local stiffness, coefficients of acoustic
nonlinearity, and dissipation of energy can be explored.
The example inclusion presented in the present chapter will be utilized
throughout the dissertation to highlight two main concepts. The first intent is
to demonstrate the capabilities of the analytic and numerical modeling tools
developed in future chapters. Additionally, it is also of interest to explore the
type of response possible with a nonlinear inclusion with designed mechanical
instabilities. Future chapters will also explore how this specific inclusion will
behave macroscopically with particular interest on how varying the properties
of the matrix material will alter the effective medium response.
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Chapter 4
Frequency Dependence of a Nonlinear
Acoustic Effective Medium

A nonlinear model is developed for acoustic waves propagating through
an effective medium containing a dilute concentration of inclusions embedded
in a surrounding matrix material. In addition to the quasi-static material
properties considered in Chapter 3, the inertia of the inclusions is also taken
into account, which introduces frequency dependence and therefore dispersion
of the acoustic waves. The basic formulation of the model follows from the
analysis of Zabolotskaya for acoustic propagation in bubbly liquid [15]. The
present work not only extends the theory to account for an arbitrary inclusion
with non-negligible mass, but is also applied to the incremental response to
account for finite deformations of the inclusion and viscoelastic matrix material. It is assumed that the only source of nonlinearity is due to the inclusions,
as was assumed by Zabolotskaya for gas bubbles. Thus, an equation of motion
describing the oscillations of an inclusion must first be developed.
Within the field of bubble dynamics, the Rayleigh-Plesset equation, or
variations of this equation, is used to study large radial oscillations of bubbles. A generalization of the Rayleigh-Plesset equation is derived in Section
4.1.1 to study the large, purely radial oscillations of an arbitrary spherical
inclusion with non-negligible mass embedded in a nearly incompressible viscoelastic medium. A cubic approximation of the volume dynamics based on
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Figure 4.1: Schematic of the single scale dynamic behavior of a spherical
inclusion.
the generalized Rayleigh-Plesset equation is obtained in Section 4.1.2. Analysis in Section 4.2 follows from that of Zabolotskaya for bubbly liquids [15] to
describe acoustic wave propagation through an effective medium containing
nonlinear inclusions. To do so, the dynamical equation for the inclusion volume is coupled to an inhomogeneous wave equation with volume sources. The
mathematical models are solved to explore dispersive properties of interest in
Section 4.3.

4.1

Single Scale Dynamics
Of interest is the single scale dynamic oscillations induced by an acous-

tic pressure driving the system as illustrated in Fig. 4.1. A spherical inclusion
with radius RI is embedded within a matrix material. An external forcing pressure Pext infinitely far away from the surface induces variations of the total
pressure acting on the surface of the inclusion and, in turn, the radius of the
inclusion. Previous work has focused on the modeling of gas bubbles in nearly
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incompressible elastic [16] and viscoelastic [150] media, as well as compliant
objects in nearly incompressible elastic materials [17] using Rayleigh-Plessettype equations. The present derivation combines the methodologies of these
three papers to derive an ordinary differential equation that describes the motion of the inclusions of interest.
4.1.1

Generalized Rayleigh-Plesset Equation
One method of deriving the Rayleigh-Plesset equation is through La-

grange’s equation, where
d
dt



∂T
∂ Ṙ


−

∂U
∂Ψ
∂T
=−
−
,
∂R
∂R ∂ Ṙ

(4.1.1)

where T is the kinetic energy, U the potential energy, Ψ a dissipative function,
and R the instantaneous radius. The overdot denotes derivatives with respect
to time. Kinetic energy associated with radial motion is given by
Z

ρu̇2r r2 dr,

T = 2π

(4.1.2)

r

where ur is the radial velocity and r the radial coordinate in the Eulerian
frame of reference. The potential energy is related to the strain energy density
by
Z
U = 4π

Er̃2 dr̃,

(4.1.3)

r̃

where r̃ is the Lagrangian radial coordinate.
The matrix material is assumed to be nearly incompressible; therefore
any change in the overall volume of the matrix is neglected. Thus, the radial
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velocity evaluated at the surface of the inclusion is
u̇Mr =

ṘI RI2
,
r2

(4.1.4)

and the kinetic energy is
TM = 2πρM RI3 ṘI2 ,

(4.1.5)

where ρM is the constant, equilibrium density and RI denotes the instantaneous
radius of the inclusion [16].
For a compressible spherical inclusion, the radial velocity due to purely
radial deformations is
u̇Ir =

ṘI
r,
RI

(4.1.6)

and the kinetic energy is
R3 Ṙ2
TI = 2πρI0 I0 5 I
RI

Z

RI

r4 dr =

0

2π
ρI0 RI30 ṘI2 ,
5

(4.1.7)

where RI0 is the equilibrium radius of the inclusion and ρI1 is the equilibrium
density of the inclusion. The equilibrium density and instantaneous (total)
density are related via the Jacobian ρ0 /ρ = J = det F . From Eqs. (4.1.5) and
(4.1.7), the total kinetic energy of the system comprised of the inclusion and
surrounding matrix
Ttotal



ρI0 RI30
3
= 2π ρM RI +
ṘI2 .
5
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(4.1.8)

Substitution of Eq. (4.1.8) into the left-hand side of Eq. (4.1.1) yields
d
dt



∂Ttotal
∂ ṘI





∂Ttotal
ρI 
3
2
2
−
= 4πRI
ρM +
RI R̈I + ρM ṘI .
∂RI
5
2

(4.1.9)

There are three terms that contribute to the potential energy at the
surface of a single inclusions: (i ) the internal stored energy of the sphere, (ii )
the effective potential energy due to the shear stress of the surrounding matrix,
and (iii ) the work done on the inclusion by an external force. For the internal
energy of the inclusion [16],
−

1 ∂UI
≡ PI .
4πRI2 ∂RI

(4.1.10)

The effective pressure due to the shear stress of the matrix is of the same form:
−

1 ∂UM
= PMI .
4πRI2 ∂RI

(4.1.11)

In the case of a fluid, PMI = 0. Emelianov et al. [16] derived an effective pressure due to the shear stress in a nearly incompressible elastic material. That
derivation is extended to account for cubic nonlinearity, and explicit definitions for the local linear and nonlinear moduli are obtained in Appendix D.
The resulting pressure due to the shear stress of the matrix material evaluated
at the surface of the inclusion is defined here as
PMI = PMI1 − 4µ̄MI ξ¯I + ĀMI ξ¯I2 + D̄MI ξ¯I3 ,

(4.1.12)

where µ̄MI is the local shear modulus and ĀMI and D̄MI are the local elastic
coefficients at quadratic and cubic order, respectively, for a nearly incompressible medium. Recall that the local moduli represent the linear and nonlinear

95

stiffnesses at a varying reference state due to an imposed pre-strain. The matrix moduli are not only evaluated at the the pre-strain state, but also at a
radial coordinate. In this case, the local moduli are evaluated at the inclusionmatrix interface, and are defined in terms of the shear modulus µM , and thirdand fourth-order elastic constants, AM and DM , respectively, of the matrix in
Appendix D as
µM
,
1 + ξI1

(4.1.13)

11µM + AM
(1 + ξI1 )2

(4.1.14)

2 (18µM + 5AM + 8DM )
.
(1 + ξI1 )3

(4.1.15)

µ̄MI =
ĀMI =
and
D̄MI =

The third pressure is the work done by an external forcing function,
such that
Uext = Pext (VI − VI0 )

(4.1.16)

and
−

1 ∂Uext
= −Pext .
4πRI2 ∂RI

(4.1.17)

Therefore, in Lagrange’s equation
−

1 ∂Utotal
= PI + PMI − Pext .
4πR2 ∂R

(4.1.18)

Note that the internal pressure of the sphere and effective pressure due to the
matrix are positive when the inclusion is compressed from equilibrium. Such
a deformation is induced by an external force acting in the opposite direction,
and thus a positive external pressure compresses the sphere.
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The dissipative function Ψ is derived from a dissipative function density
ψ; the two dissipative functions are related through the integral over volume
Z

ψr2 dr.

Ψ = 4π

(4.1.19)

R

In this dissertation, the losses are assumed to be linear. The dissipative function density for an isotropic solid with linear losses can be represented by
[90, 151]


1
ψ = η ε̇ik − ε̇ll δik
3

2

1
+ ζ ε̇2ll ,
2

(4.1.20)

where η and ζ are shear and bulk viscosity coefficients, respectfully and ε̇ij is
the infinitesimal strain rate, which neglects nonlinear dissipation terms. For
the matrix, the only non-zero velocity is the radial component and only shear
viscosity plays a role, where
2

4

Z

∞

r−4 dr = 8πηM RI ṘI2 .

ΨM = 24πηM ṘI RI

(4.1.21)

RI

For the inclusion, only bulk viscosity is present due to the purely radial deformation, where
ΨI = 4π

9ζI ṘI2
2 RI2

!Z

RI

r2 dr = 6πζI RI ṘI2 .

(4.1.22)

0

It is assumed that ηM is constant, but ζI is not yet defined for the sphere
and might be a function of ṘI . Therefore, the dissipation term in Lagrange’s
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equation becomes
1 ∂Ψtotal
ṘI 3ṘI2 ∂ζI
=
(3ζ
+
4η
)
+
.
I
M
4πRI2 ∂ ṘI
RI
2RI ∂ ṘI

(4.1.23)

Combine Eqs. (4.1.9), (4.1.18), and (4.1.23) to derive a RayleighPlesset-type equation of the following form:


ρM +

ρI 
3
ṘI 3ṘI2 ∂ζI
RI R̈I + ρM ṘI2 = PI + PMI − Pext − (3ζI + 4ηM )
−
.
5
2
RI
2RI ∂ ṘI
(4.1.24)

Now assume that ζI is a constant. The second term in Eq. (4.1.23) is equal to
zero and Eq. (4.1.24) reduces to


ρM +

ρI 
3
ṘI
RI R̈I + ρM ṘI2 = PI + PMI − Pext − (3ζI + 4ηM ) .
5
2
RI

(4.1.25)

Equation (4.1.25) is a generalized form of the Rayleigh-Plesset equation for gas
bubbles introduced in Eq. (2.4.1). There are several key differences between
the Eqs. (4.1.25) and (2.4.1). First, it is assumed that the density of gas
bubbles is negligible in comparison to the matrix in the standard RayleighPlesset equation. However, the inclusion density is maintained here via the ρI
in the first term of Eq. (4.1.25). Similarly, the bulk viscosity of the inclusion
is also neglected for air bubbles, but ζI appears in Eq. (4.1.25). The addition
of the effective shear stress of the matrix also appears here, as it does in the
analysis by Emelianov et al. for gas bubbles [16]. Lastly, it is assumed that PI
is not limited to the constitutive relationship of an gas bubble. For a spherical
inclusion undergoing purely radial deformations, the constitutive relationship
based on incremental deformations described in Chapter 3 should be sufficient
to model many nonlinear materials, including bubbles.
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Note that while Eq. (4.1.25) generalizes the Rayleigh-Plesset equation
to an arbitrary inclusion, it still includes several limiting assumptions. First,
the compressibility of the surrounding matrix is not presently accounted for.
In the case of a compressible fluid, extensions to the Rayleigh-Plesset equation
exist, e.g. see Refs. [152, 153]. Similarly, the response for “slightly compressible” elastomers or rubbery media is modeled via a similar ordinary differential
equation [154]. Furthermore, the single equation shown in Eq. (4.1.25) is limited to the regime where the inclusions do not interact, i.e. for spacing d that
satisfies RI /d  1 [155]. Lastly, only viscous damping is accounted for in the
present model. Thus, the losses due to radiation damping and thermal effects
are neglected. At sufficiently low frequencies, such as for the subresonant coupled multiscale model dynamics derived in Section 5.4 and illustrated through
an example snapping inclusion in Section 5.5, the effects due to damping may
be sufficiently neglected [145]. At frequencies at or larger than the undamped
natural frequency, radiation damping may become increasingly significant and
should be explored in future models.
4.1.2

Cubic Approximation in Volume
The radial oscillations of the inclusions described by Eq. (4.1.25) man-

ifest as volume velocity sources (also known as monopole sources) in the inhomogeneous wave equation for the pressure waves in the effective medium.
It is therefore convenient to express the Rayleigh-Plesset-type equation in
Eq. (4.1.25) as a dynamical equation in volume as shown in Appendix E.
The volume perturbation v = VI − VI1 , where VI is the instantaneous (total)
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volume and VI1 is the pre-strain volume, is thus modeled to cubic order as

v̈ + δI1 ωI1 v̇ + ωI21 v = − κp + d0 v̇ 2 + 2vv̈ + B 0 v 2
(4.1.26)

− d00 v v̇ 2 + v 2 v̈ − B 00 v 3 .
Inertial, material, and geometric nonlinearity all contribute at both quadratic
and cubic order. In obtaining this result, the external pressure imposed on the
system is defined as Pext = p+P0 , where p is the time-varying acoustic pressure
wave and P0 is a static offset that represents an external pre-strain imposed
on the system. The present analysis assumes that P0 constrains the inclusion
and matrix to the state defined by PI1 + PMI1 . Therefore, P1 = PI1 + PM1 .
The left-hand side of Eq. (4.1.26) describes a linear oscillator with local
undamped natural frequency given by
s
ωI1 =


(1 + ξI1 ) 3K̄I + 4µ̄MI
,
(ρM + ρI1 /5) RI21

(4.1.27)

and local viscous damping factor
δI 1 =

4ηM + 3ζI
.
ωI1 (ρM + ρI1 /5) RI21

(4.1.28)

Both ωI1 and δI1 are functions of pre-strain states and vary as a function of the
deformation.
The right-hand side of Eq. (4.1.26) contains the time-varying acoustic
pressure p acting on the inclusion and nonlinearity associated with the oscillation of the inclusion. The acoustic pressure is multiplied by the coefficient κ
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in Eq. (4.1.26), which is defined as
κ=

4πRI1
.
ρM + ρI1 /5

(4.1.29)

The other four terms on the right-hand side of Eq. (4.1.26) account for
quadratic and cubic nonlinearity. The coefficients B 0 and B 00 are associated
with the quadratic and cubic nonlinearity in the constitutive relation for the
inclusion, respectively, and are defined as
#
"

2
0
2
(1
+
ξ
K̄
Ā
)
+
ω
1
I1
I
9  MI
B 0 = I1
+
VI1
3
2 K̄I + 43 µ̄MI

(4.1.30)

and
"
#


2
2
2
00
0
2
K̄
K̄
(1
+
ξ
)
+
D̄
2
(1
+
ξ
)
+
Ā
ω
10
I
1
MI
I
1
MI
I
I
9
9
B 00 = I12
+
+
.
6VI1
9
K̄I + 43 µ̄MI
K̄I + 43 µ̄MI
(4.1.31)
The remaining terms are associated with inertia, where the coefficient at
quadratic order is

4
ρ
+
ρ
M
I
1
5 
d0 =
,
6 ρM + 15 ρI1 VI1

(4.1.32)

and the coefficient at cubic order is

7
2
ρ
+
ρ
M
I
1
5 
d00 =
.
9 ρM + 15 ρI1 VI12

(4.1.33)

In Eqs. (4.1.32) and (4.1.33) the appearance of both ρI1 and ρM indicates that
the inertial nonlinearity is associated with the moving mass of both the inclusion and the matrix material surrounding the inclusion, respectively. Equation
(4.1.26) is in a convenient form to study the wave propagation taking into account the nonlinear dynamics of the inclusion.
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Figure 4.2: Schematic of the wave propagation in an effective medium containing a dilute concentration of inclusions embedded in a nearly incompressible
matrix material at the (a) macroscale, (b) mesoscale, and (c) microscale.

4.2

Propagation Model
The system of interest is illustrated in Fig. 4.2. First, let an exter-

nal pressure Pext , which includes a with time-varying acoustic signal p and
initial static pressure P0 , be incident upon an effective medium that is approximated as homogeneous on the scale of the acoustic wavelengths of interest
in Fig. 4.2(a). Upon zooming in to the mesoscale shown in Fig. 4.2(b), it
is apparent that the effective medium is comprised of a dilute concentration
of spherical inclusions embedded in a matrix material. Zooming in again to
the microscale shown Fig. 4.2(c) reveals a single inclusion embedded in the
matrix. Radial oscillations are induced on the microscale by the changing external pressure, which influences the total pressure acting on the surface of the
inclusion. The intent is to identify the frequency dependence of the material
properties that account for the dynamic response of the inclusion that characterize the effective medium as a homogeneous material, such as phase speed,
attenuation, and parameters of acoustic nonlinearity. Implied in modeling
the system as an effective medium is the restriction that wavelengths on the
macrosclae must be much greater than the inclusion dimensions. Additionally,
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it is assumed that inclusions are non-interacting and that the concentration is
dilute. Multiple scattering effects would need to be accounted for to overcome
the restrictions on the inclusion interactions.
To properly account for the geometric and material nonlinearity of
the microscale, incremental deformations are also introduced to study the
macroscale. It is assumed that the only source of nonlinearity is the inclusion response, as was assumed by Zabolotskaya [15] for gas bubbles. Recall
from Section 3.2 that the density of the inclusion is defined as ρI = ρI1 + ρ̄I . The
density corresponding to the effective medium and matrix material may also
be expressed as the summation of a pre-strain state and a small increment,
which now represents an acoustic perturbation. First, assume that the volume
of the entire effective medium is conserved, such that
V∗ = N VI + VM ,

(4.2.1)

where V∗ is the volume of the effective medium, N is the number of inclusions,
and VM is the volume of the matrix material. The total volume of both the
effective medium and matrix can also be defined as the summation of a prestrain and an increment. Dividing Eq. (4.2.1) by V∗1 yields
V∗
=
V∗1



N V I1
V∗1



VI
+
VI1



VM1
V∗1



VM
.
VM1

(4.2.2)

The volume fraction of inclusions in the effective medium at each pre-strain is
defined as
φ1 =

N V I1
,
V∗1

(4.2.3)

such that for a heterogeneous medium with two constituents, 1 − φ1 = VM1 /V∗1 .
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It is assumed that the effective density is independent of frequency
and can be obtained through a quasi-static approximation by substituting the
volume fractions, incremental densities of the effective medium and matrix,
and incremental volume of the inclusion into Eq. (4.2.2):


ρ̄∗
1+
ρ∗1

−1




−1
v
ρ̄M
= φ1 1 +
+ (1 − φ1 ) 1 +
.
VI1
ρM1

(4.2.4)

Assume that the density and pressure perturbations for the matrix be related
at linear order as [127]
p
ρ̄M
≡
,
ρM1
ρM1 c̄M2 l

(4.2.5)

where the longitudinal sound speed of the matrix is defined from ρM c̄2Ml =

(1 + ξI1 ) K̄MI + 43 µ̄MI . The matrix material is nearly incompressible and ρM1 ≈
ρM0 ≡ ρM . Binomially expand (1 + ρ̄M /ρM1 )−1 and (1 + ρ̄∗ /ρ∗1 )−1 up to linear
order only in Eq. (4.2.4) to obtain
ρ̄∗ =

p
v
− ρ∗1 φ1 ,
2
ĉM1
VI1

(4.2.6)

where an effective longitudinal sound speed ĉM1 is defined as
s
ĉM1 =

c̄2

ρM Ml
=
ρ∗1 (1 − φ1 )

s


(1 + ξI1 ) K̄MI + 43 µ̄MI
.
ρ∗1 (1 − φ1 )

(4.2.7)

If the volume fractions is small enough, ρ∗1 = ρM and ĉM1 ≈ c̄Ml . This simplifying assumption appears in the derivation for bubbly liquids by Zabolotskaya
[15], but is not made in the present work.
Since it is assumed that nonlinearity in the effective medium is dominated by the presence of the inclusions as represented by the volume v in
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Eq. (4.2.6), the linearized equations of mass and momentum conservation for
the effective medium may be combined to obtain [127]
∇2 p =

∂ 2 ρ̄∗
.
∂t2

(4.2.8)

Substitution of Eq. (4.2.6) to eliminate the density yields the following inhomogeneous wave equation:
1 ∂ 2p
ρ∗1 φ1 ∂ 2 v
=−
,
∇ p− 2
ĉM1 ∂t2
VI1 ∂t2
2

(4.2.9)

where the change in volume of the inclusion is a nonlinear source function
determined by Eq. (4.1.26).
One way of solving the coupled Eqs. (4.1.26) and (4.2.9) in p and v is
by perturbation methods. Thus, the pressure and volume can be expressed as
[127]
p=


1
p1 eiωt + p2 e2iωt + p3 e3iωt + c.c.
2

(4.2.10)

and

1
(4.2.11)
v1 eiωt + v2 e2iωt + v3 e3iωt + c.c.,
2
respectively. It is assumed that the harmonic amplitudes of pn and vn are both
v=

on the order of ˆ, where ˆ is typically defined as the acoustic Mach number
and is a small parameter, such that ˆ  1. Linear propagation is described
by the wave equation at O (ˆ), whereas second- and third-harmonic generation
are obtained at O (ˆ2 ) and O (ˆ3 ), respectively.
At order ˆ Eqs. (4.2.9) and (4.1.26) yield


ω2
∇ + 2
ĉM1
2


p1 =
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ρ∗1 φ1 ω 2
v1
VI1

(4.2.12)

and
−ω 2 v1 + iδI1 ωI1 ωv1 + ωI21 v1 = −κp1 .

(4.2.13)

Solve for v1 in Eq. (4.2.13) to obtain
v1 = −

ω2

I1

(1 −

κp1
2
ω /ω 2 +
I1

≡−

iδI1 ω/ωI1 )

κp1
,
ωI21 ω̃1

(4.2.14)

where the following expression is introduced with n = 1:

ω̃n = 1 −

nω
ωI1

2
+

inδI1 ω
.
ωI1

(4.2.15)

Substitution of Eq. (4.2.14) into (4.2.12) yields a single equation for the sound
pressure:


ω2
∇ + 2
ĉM1
2



ρ∗1 ĉM2 1 φ1 κ
1+
VI1 ωI21 ω̃1


p1 = 0.

(4.2.16)

The complex phase speed is identified by rewriting Eq. (4.2.16) as



ω2
p1 = 0,
∇ + 2
c̃1 (ω)
2

(4.2.17)

recognized as the Helmholtz equation [25], where

φ1 K̄MI + 34 µ̄MI
ĉM2 1
 .
=1+
c̃2n
(1 − φ1 ) K̄I + 43 µ̄MI ω̃n

(4.2.18)

The quantity c̃1 in Eq. (4.2.18) is obtained by setting n = 1, but more generally
c̃n is the complex phase speed at frequency nω. The real phase speed cn and
attenuation coefficient αn at order nω are given by




cn (ω) = Re
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1
c̃n

−1
,

(4.2.19)

and

αn (ω) = −nωIm

1
c̃n


.

(4.2.20)

In the low-frequency limit c̃n becomes a purely real, frequency-independent
value at each pre-strain. For a fluid matrix, with µM = 0, the sound speed
from Eq. (4.2.18) for the effective is defined by the simple mixture law defined
in Eq. (2.3.11).
Now consider the second-order response, which accounts for secondharmonic generation. At order ˆ2 in Eqs. (4.2.9) and (4.1.26) yield


4ω 2
∇ + 2
ĉM1
2


p2 =

4ω 2 ρ∗1 φ1
v2 ,
VI1

(4.2.21)

and
−4ω 2 v2 + 2iδI1 ωI1 ωv2 + ωI21 v2 = −κp2 +


1
B 0 − d0 ω 2 v12 .
2

(4.2.22)

Solve for v2 in Eq. (4.2.22) to obtain an expression in terms of p2 and v12 , which
is
κp2
(B 0 − 3ω 2 d0 ) v12
v2 = − 2 +
.
ωI1 ω̃2
2ωI21 ω̃2

(4.2.23)

To eliminate v1 , substitute Eq. (4.2.14) into Eq. (4.2.23) to obtain
v2 = −

κp2
κ2 (B 0 − 3ω 2 d0 ) p21
+
.
ωI21 ω̃2
2ωI61 ω̃2 ω̃12

(4.2.24)

Then, from Eq. (4.2.24), Eq. (4.2.21) becomes



4ω 2
ρ∗1 ĉ2M1 φ1 κ
2ω 2 ρ∗1 φ1 κ2 (B 0 − 3ω 2 d0 ) p21
2
∇ + 2
1+
p
=
,
2
ĉM1
VI1 ωI21 ω̃2
VI1 ωI61 ω̃2 ω̃12
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(4.2.25)

which is rewritten in the form of a Westervelt equation [156]



2ω 2 β̃2 (ω) 2
4ω 2
p2 =
p,
∇ + 2
c̃2 (ω)
ρ∗1 c̃42 (ω) 1
2

(4.2.26)

where c̃2 is given by Eq. (4.2.18) with n = 2.
The coefficient of nonlinearity β̃2 is complex, frequency-dependent, and
refers only to effects at quadratic order. By virtue of equating Eq. (4.2.25) and
(4.2.26), the coefficient of acoustic nonlinearity at quadratic order is defined
as
β̃2 (ω) =

ρ2∗1 c̃42 φ1 κ2 (B 0 − 3d0 ω 2 )
,
VI1 ωI61 ω̃2 ω̃12

(4.2.27)

which can also be expressed as
"

 #

ω 2 RI21 ρM + 45 ρI1
K̄I0 + 29 ĀMI
1

+ −
3 30 (1 + ξI1 ) K̄I + 43 µ̄MI
K̄I + 34 µ̄MI
(4.2.28)
#2

"
2
φ1
ρ∗1 c̃2
 .
×
2
ω̃2 ω̃1
(1 + ξI1 ) K̄I + 43 µ̄MI

(1 + ξI1 )
β̃2 (ω) =
2



There are two components of β̃2 , one involving the coefficient of constitutive
nonlinearity B 0 and the other involving the coefficient of inertial nonlinearity
d0 multiplied by ω 2 . As noted by Zabolotskaya [15], these components may
cancel if constitutive nonlinearity offsets inertial nonlinearity.
It is anticipated that the low-frequency and fluid limit of Eq. (4.2.28)
would match the mixture law introduced in Section 2.3.5. Taking this limit
yields

β̄∗ = φ1

K̄∗
K̄I

2 

K̄I0
1
+
2K̄I 3
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= φ1

K̄∗
K̄I

2
β̄I .

(4.2.29)

At every pre-strian, Eq. (4.2.29) differs from the value of β obtained via the
mixture law, given in Eq. (2.3.38). The latter includes a term corresponding to the nonlinearity of the matrix, which is absent in Eq. (4.2.29). Thus,
Eq. (4.2.29) is a reasonable approximation when the inclusion nonlinearity is
much greater than the matrix nonlinearity.
The corresponding wave equation at third order from Eq. (4.2.9) is


9ω 2
9ω 2 ρ∗1 φ1
2
∇ + 2
p3 =
v3 ,
ĉM1
VI1

(4.2.30)

where v3 from Eq. (4.1.26) becomes

1
B 0 − 7ω 2 d0 v1 v2
2

1
B 00 − 2ω 2 d00 v13 .
−
4

−9ω 2 v3 + 3iδI1 ωI1 ωv3 + ωI21 v3 = − κp3 +

(4.2.31)

Substitution of Eqs. (4.2.14) and (4.2.24) in Eq. (4.2.31) yields
κp3
κ2 (B 0 − 7ω 2 d0 ) p1 p2
+
ωI21 ω̃3
2ωI61 ω̃3 ω̃2 ω̃1


κ3 p31
2 (B 0 − 7ω 2 d0 ) (B 0 − 3ω 2 d0 )
00
2 00
+ 8
B − 2ω d −
4ωI1 ω̃3 ω̃13
ωI21 ω̃2

v3 = −

(4.2.32)

and Eq. (4.2.30) becomes




ρ∗1 ĉ2M1 φ1 κ
9ω 2 φ1 ρ∗1 κ2 (B 0 − 7ω 2 d0 ) p1 p2
1+
p
=
3
VI1 ωI21 ω̃3
2VI1 ωI61 ω̃3 ω̃2 ω̃1

 (4.2.33)
0
2 0
0
2 0
9ω 2 φ1 ρ∗1 κ3 p31
2
(B
−
7ω
d
)
(B
−
3ω
d
)
+
B 00 − 2ω 2 d00 −
,
4VI1 ωI81 ω̃3 ω̃13
ωI21 ω̃2

9ω 3
∇ + 2
ĉM1
2
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which can be expressed as



9ω 2 β̃3 (ω)
3ω 2 γ̃3 (ω) 3
9ω 2
p3 =
p
p
+
p.
∇ + 2
1 2
c̃3 (ω)
2ρ∗1 c̃43 (ω)
2ρ2∗1 c̃63 (ω) 1
2

(4.2.34)

The complex phase speed c̃3 is once again given by Eq. (4.2.18) with n = 3.
There are now two complex coefficients of nonlinearity at cubic order β̃3 and γ̃3 , which are obtained by equating Eqs. (4.2.34) and (4.2.33).
The frequency-dependent quadratic coefficient of nonlinearity due to thirdharmonic generation is
φ1 ρ2∗1 c̃34 κ2 (B 0 − 7ω 2 d0 )
VI1 ωI61 ω̃3 ω̃2 ω̃1
   4
ω̃1
c̃3
β̃2 (ω)
=
ω̃3
c̃2

β̃3 (ω) =

6φ1 (ρM + 4ρI1 /5)
−
(ρM + ρI1 /5) ω̃3 ω̃2 ω̃1



(4.2.35)
ω
ωI1

2 "

ρ∗1 c̃23

(1 + ξI1 ) K̄I + 34 µ̄MI

#2
.

In the low frequency limit, β̃3 → β̃2 .
Similarly, the complex, coefficient of acoustic nonlinearity at cubic order
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is defined as

 0

3φ1 ρ3∗1 c̃36 κ3  2
2 0
0
2 0
00
2 00
B
−
3ω
d
−
2
B
−
7ω
d
ω̃
B
−
2ω
d
ω
2
I1
3
2VI1 ωI10
1 ω̃3 ω̃2 ω̃1
#2

"
2
1
φ1
ρ∗1 c̃3

=
3
4 ω̃3 ω̃2 ω̃1
(1 + ξI1 ) K̄I + 34 µ̄MI
"
(

 #2
(1 + ξI1 ) K̄I0 + 29 ĀMI
(1 + ξI1 )2 K̄I00 + 92 D̄MI


ω̃2 − 3
×
K̄I + 43 µ̄MI
K̄I + 43 µ̄MI

2 (1 + ξI1 ) K̄I0 + 29 ĀMI (ω̃2 − 2) 2 (5ω̃2 − 6)

+
+
(4.2.36)
9
K̄I + 43 µ̄MI
"

 #2
(ωRI1 )2 ρM + 45 ρI1
4ω 2 RI21 ρM + 75 ρI1 ω̃2
 +7

−
9 (1 + ξI1 ) K̄I + 34 µ̄MI
(1 + ξI1 ) K̄I + 43 µ̄MI
#)
 "

20ω 2 RI21 ρM + 45 ρI1
(1 + ξI1 ) K̄I0 + 29 ĀMI
1


−
.
+
3
(1 + ξI1 ) K̄I + 43 µ̄MI
2 K̄I + 43 µ̄MI

γ̃3 (ω) =

The component of γ̃3 that depends on material nonlinearity includes both the
cubic material nonlinearity as well as the square of the quadratic material
nonlinearity. Recall from Eq. (2.2.8) that γ depends on C/A and the square of
B/A. Therefore, it is consistent that γ̃3 depends on B 00 and (B 0 )2 . Similarly,
the inertial terms depend on the coefficient of cubic inertial nonlinearity ω 2 d00 ,
the coefficient of quadratic inertial nonlinearity ω 2 d0 , and the square of the
2

coefficient of quadratic inertial nonlinearity (ω 2 d0 ) .
In the low-frequency and fluid limit, β̃3 = β̃2 = β̄∗ from Eq. (4.2.29).
For the cubic nonlinearity in this limit, γ̃3 of Eq. (4.2.36) becomes

γ̄∗ = φ1

K̄∗
K̄I

3 
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1
γ̄I + β̄I .
2

(4.2.37)

This result differs from that of the mixture law given in Eq. (2.3.39) in two
ways; the quantity 21 β̄∗ for the effective medium is not present on the left-hand
side and the acoustic nonlinearity of the matrix material is also absent from
the right-hand side. Therefore, Eq. (4.2.37) is only valid in the limit where
the cubic nonlinearity of the inclusion dominates γ̄∗  12 β̄∗ .
Simple solutions of the above wave equations are now considered. Progressive, plane wave propagation in the +x direction is assumed, with initial
conditions p1 (x = 0) = p0 , p2 (x = 0) = 0, and p3 (x = 0) = 0, where p0 is
the pressure source amplitude. Equation (4.2.17) is a homogeneous ordinary
differential equation of which the solution is well known. After applying the
boundary condition, the solution to Eq. (4.2.17) becomes
p1 = p0 e−ik̃1 x ,

(4.2.38)

where the complex wavenumber is
k̃n =

nω
nω
=
− inαn .
c̃n
cn

(4.2.39)

Substitution of Eq. (4.2.38) into (4.2.26) yields a forced, inhomogeneous
ordinary differential equation, given by



k̃ 2 β̃2 p2
∇2 + k̃22 p2 = 2 20 e−2ik̃1 x .
2ρ∗1 c̃2

(4.2.40)

The expression for p2 in Eq. (4.2.40) is the summation of a homogeneous
solution, which is proportional to e−ik̃2 x , and a particular solution of the form
e−2ik̃1 x . After the solutions are combined and boundary conditions are applied,
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the solution to Eq. (4.2.40) becomes

p2 =

iβ̃2 p20 sin

h


i
k̃2 − 2k̃1 x/2 e−i(k̃2 +2k̃1 )x/2
ρ∗1 c̃22 (1 − c̃22 /c̃21 )

.

(4.2.41)

For third-harmonic generation, the ordinary differential equation is also inhomogeneous:


i
h

k̃ 2 γ̃3 p3
k̃ 2 β̃3 β̃2 p30
−i(k̃2 +k̃1 )x
−3ik̃1 x
.
e
−
e
∇2 + k̃32 p3 = 3 2 40 e−3ik̃1 x + 2 2 32
6ρ∗1 c̃3
2ρ∗1 c̃3 c̃2 (1 − c̃22 /c̃21 )
(4.2.42)

The first term on the right-hand side of Eq. (4.2.42) represents the direct
cubic nonlinearity γ̃3 from the p31 term in Eq. (4.2.34), whereas the remaining
terms represent the influence of quadratic nonlinearity via β̃2 β̃3 from the p1 p2
term. Although Eq. (4.2.42) is convenient for identifying the influence of the
parameters of nonlinearity, it is more convenient for purposing of expressing
the solution as two oscillatory functions to consider the following regrouping
of terms on the right-hand side:


2

∇ +

k̃32



k̃32 β̃3 β̃2 p30
e−i(k̃2 +k̃1 )x
2 2
2 2
2
2ρ∗1 c̃3 c̃2 (1 − c̃2 /c̃1 )
!
k̃32 p30
3β̃3 β̃2 c̃23 /c̃22
e−3ik̃1 x .
+ 2 4 γ̃3 +
6ρ∗1 c̃3
1 − c̃22 /c̃21

p3 = −

(4.2.43)

The solution to Eq. (4.2.43) for propagation in the +x direction now has three
terms: one homogeneous solution proportional to e−ik̃3 x and two particular
solutions, e−3ik̃1 x and e−i(k̃1 +k̃2 )x . After combining the solutions and applying
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the boundary conditions, p3 can be expressed as

p3 =

h

i
i
h
i γ̃3 (1 − c̃22 /c̃21 ) + 3β̃3 β̃2 c̃23 /c̃22 p30 sin k̃3 − 3k̃1 x/2 e−i(k̃3 +3k̃1 )x/2
3ρ2∗1 c̃43 (1 − c̃23 /c̃21 ) (1 − c̃22 /c̃21 )
h

i
3
iβ̃3 β̃2 p0 sin k̃3 − k̃2 − k̃1 x/2 e−i(k̃3 +k2 +k̃1 )x
 .

−
ρ2∗1 c̃23 c̃22 (1 − c̃22 /c̃21 ) 1 − c̃23 (2c̃1 + c̃2 )2 /9c̃22 c̃21
(4.2.44)

It can be seen that both p2 in Eq. (4.2.48) and p3 in Eq. (4.2.44) exhibit
oscillatory behavior. The oscillations are due to beating of the forced waves
(particular solutions) and free waves (homogeneous solutions). The periodicity
of the oscillations is often referred to as a dispersion length. Let the dispersion
length for quadratic effects be defined as
Ld2 =

2π
,
|k2 − 2k1 |

(4.2.45)

where kn is the real part of k̃n . By this definition, the period of the oscillations
of |p2 | is Ld2 . For the third harmonic there are two dispersion lengths,
2π
,
|k3 − 3k1 |

(4.2.46)

2π
.
|k3 − k2 − k1 |

(4.2.47)

Ld31 =
and
Ld32 =

The period of the oscillations of |p3 | now depends on the relative amplitudes
of the two oscillatory functions in Eq. (4.2.44). If the magnitude of the first
term in Eq. (4.2.44) dominates, then the period of oscillation corresponds to
Ld31 . Conversely, if the second term in Eq. (4.2.44) is larger than the first, the
oscillations are characterized by Ld32 . If the contributions from both terms in
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Eq. (4.2.44) are comparable, then the characteristic length scale is dependent
upon the interactions between the two oscillatory functions.
At propagation distances less than the dispersion length Ld2 , the second
harmonic amplitude in Eq. (4.2.41) reduces to
|p2 | =

β̃2 p20 ωx
,
2ρ∗1 c̄2∗

(4.2.48)

where c̄∗ is the sound speed in the low-frequency limit. Equation (4.2.48) is
formally equivalent to the second harmonic obtained for ideal fluids [157]. At
cubic order, for distances less than Ld31 and Ld32 , Eq. (4.2.44) becomes

|p3 | =

4 γ̃3 + β̃2 β̃3
16ρ2∗1 c̄5∗



p30 ωx

.

(4.2.49)

Substitution of Eqs. (4.2.38)–(4.2.44) into Eq. (4.2.10) produces the
time waveform, through the third harmonic, of the pressure wave propagating
through the effective medium. If |p2 |  |p1 |, then p2 represents a small correction to the p1 . There are two ways in which a third harmonic is generated. One
is through quadratic effects, i.e. the term containing β̃2 β̃3 in Eq. (4.2.44). The
other mechanism to generate a third harmonic is through material nonlinearity
at cubic order. If the terms containing γ̃3 dominate over the terms with β̃2 β̃3
terms, then one may obtain a weak or negligible second harmonic in relation to
the third harmonic [158]. To better account for the strong cubic nonlinearity
an alternative to the perturbation expansion assumed in Eq. (4.2.10) may be
necessary. Although the present model for harmonic generation based on the
expansion in Eq. (4.2.10) is simplistic, it is sufficient for preliminary studies
on how the nonlinearity effects the propagation of harmonics and offers insight
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as to whether more complicated modeling techniques are necessary.

4.3

Example: Frequency-Dependent Effective Medium
with Snapping Inclusions
The same example inclusion shown in Section 3.3 is considered here. It

is assumed that a dilute concentration of inclusions is embedded in the matrix
and thus all interactions between inclusions, such as those due to multiple
scattering effects, are reasonably neglected. For the present work, the initial
volume fraction of inclusion is only φ0 = 0.5% in all examples.
To demonstrate the model derived in Section 4.2, the matrix material
is a nearly incompressible elastic solid with fluid-like properties, where ρM =
1000 kg/m3 and KM = 2.2 GPa. The shear modulus is non-zero, but much
smaller than the bulk modulus, such that µM /KM = 1.5 × 10−4 . To better
understand the effects on the inclusion nonlinearity, it is assumed that the
matrix nonlinearity is zero, such that AM = DM = 0 Pa. Although the material
nonlinearity is zero at quadratic and cubic order, geometric effects are still
accounted for in the matrix.
In addition to neglecting thermal and radiation damping effects, the
bulk viscosity of the inclusion ζI is assumed to be zero. Therefore, damping
is due purely to the viscous matrix material in the present analysis. The
shear viscosity of the matrix is chosen to be ηM = 1 Pa·s, which is comparable
in magnitude to values available in the literature for nearly incompressible
viscoelastic media [147, 148, 159].
It is important to emphasize that the intent of the present work is to
develop models to study the effective medium response of a dilute concentra-
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tion of nonlinear hyperelastic inclusions embedded in a nearly incompressible
matrix material. It is not explicitly meant to solve an optimization problem.
The values of the parameters presented will be altered based on the design of
the inclusion and material properties of both the matrix and inclusion. For example, changing the size of the inclusion would alter the strain energy density
obtained due to an imposed displacement, which in turn would alter the stiffness and undamped natural frequency. However, it is assumed that varying
such parameters does not alter the qualitative constitutive behavior possible
on both the microscale and macroscale. Therefore, the examples presented
throughout the dissertation offers a qualitative understanding of the model
capabilities and the behavior achievable with the class of nonlinear inclusions
of interest. Future work should emphasize how to tailor the inclusion to obtain
a desired response for a specific application.
4.3.1

Microscale Properties
The value of µM used to study the frequency-dependent wave propa-

gation is µM /KM = 1.5 × 10−4 , and was chosen such that 3K̄I + 4µ̄M > 0 for
all strain states. This implies that the effective medium is macroscopically
stable even if the inclusion is constrained in the negative stiffness region [29].
The ability to achieve macroscopic stability and the resulting implications are
further explored for quasi-static deformations in Chapters 5 and 6.
The total pressure acting on the surface of the inclusion, PI + PMI , is
shown as a function of strain for the elastic matrix of interest with the black
solid line in Fig. 4.3. The corresponding internal pressure of the inclusion,
PI , appears in Fig. 4.3 as the dashed line. Five pre-strains of interest are
highlighted. At zero pre-strain, given by the blue circle, the internal pressure-

117

Figure 4.3: Internal pressure of the inclusion, PI , shown in the dashed line,
and total pressure acting on the surface of the inclusion, PI + PMI , shown in
the solid line, for µM /KM = 1.5 × 10−4 with five initial conditions related to the
following pre-strains: the blue circle denotes EI1 , the orange square denotes
EI1 = −0.04, the green triangle denotes EI1 = −0.11, and the red cross denotes
EI1 = −0.15.
strain constitutive curve is nearly linear for surrounding strain states. As
the inclusion is deformed to EI1 = −0.04, the constitutive relation in the
proximity of the pre-strain state becomes more nonlinear, representing a state
where K̄I ≈ 0. For EI1 = −0.08, given by the purple triangle, the inclusion
is now constrained to the negative stiffness regime. The constitutive behavior
is fairly linear for PI versus EI at EI1 = −0.08, but the same is not true for
PI + PMI as a function of strain, which indicates a more nonlinear response.
The next pre-strain of interest, EI1 = −0.11, denoted by the green diamond,
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Figure 4.4: Undamped natural frequency fI1 for µM /KM = 1.3 × 10−4 as a
function of strain EI .
represents the other strain state where K̄I ≈ 0. The final pre-strain considered,
given with the red crosses, corresponds to a pre-strain of EI1 = −0.15. The
pressure-strain constitutive curve is nearly linear in the vicinity of EI1 = −0.15
and it is thus anticipated that the behavior will be similar to EI1 = 0.
Some properties vary not only a function of frequency, but with prestrain as well. For example, the local undamped natural frequency in Hz based
on Eq. (4.1.27) is shown in Fig. 4.4 as a function of strain. If the shear modulus
is not large enough to constrain the inclusion in the negative stiffness regime,
then an imaginary natural frequency would exists at strains states corresponding to macroscopic instabilities. However, for the matrix properties chosen,
fI1 possesses real, positive values at all strain states of interest. As the local
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Figure 4.5: Viscous damping factor δI1 for µM /KM = 1.5 × 10−4 as a function
of strain EI .
stiffness decreases in the inclusion, fI1 also decreases. Since the undamped
natural frequency varies as a function of the applied pre-strain, it is advantageous to define a dimensionless frequency relative to one natural frequency
in an effort to compare the frequency-dependent parameters of interest on the
same scale. Thus, let the undamped natural frequency at the zero pre-strain
state be expressed as f00 and defined as
f00 =

ωI1
2π

.

(4.3.1)

EI1 =0

For all pre-strains considered, the frequency dependence will be analyzed as a
function of the dimensionless frequency f /f00 .
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Additionally, it is anticipated that nonlinearity is affected by viscous
damping. The local viscous damping factor defined in Eq. (4.1.28) also varies
as a function of pre-strain, as indicated in Fig. 4.5. The trend observed with
the local viscous damping factor is inversely proportional to that of the local
undamped natural frequency. As the local stiffness of the inclusion decreases,
the damping factor increases and may become substantially different at each
pre-strain. Increased damping within the negative stiffness regime is consistent
with results previously reported for elements with structural negative stiffness
[11, 160]. It is important to consider the different levels of viscous damping
when comparing the frequency-dependent properties and harmonics generated
at different pre-strains.
4.3.2

Frequency-Dependent Properties of the Effective Medium
In Figs. 4.6–4.10, the response for the five pre-strain states denoted in

Fig. 4.3 are explored. The phase speed is normalized by the longitudinal sound
speed of the matrix, where cMl = 1483 m/s is approximately the sound speed
of fresh water at 20◦ C [25]. The frequency dependence of the phase speed,
or dispersion, is a result of asynchronism between the phase of the inclusion’s
oscillations and the phase of the wave. In Fig. 4.6, the normalized phase speed
for the five pre-strain states of interest is shown on a log scale. Well below
the resonance frequency for all cases, the phase speed c1 approaches its lowfrequency limit that varies as a function of pre-strain. The effective medium
stiffness in the low-frequency limit is lower than that of the matrix material
due to the presence of inclusions oscillating in phase with the pressure wave.
The magnitude of the low-frequency phase speed is largest for EI1 = 0
and EI1 = −0.15, shown in blue and red, respectively, which are similar. The
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Figure 4.6: Normalized phase speed c1 (f )/cMl versus normalized frequency
f /f00 for φ0 = 0.5% inclusions in a elastic matrix with µM /KM = 1.5 × 10−4 at
five pre-strain states.
pre-strain states EI1 = −0.04, denoted by the orange line, and EI1 = −0.11,
shown in green, are comparable in magnitude to one another, but the lowfrequency phase speed at these pre-strains is less than that at EI1 = 0. The
decrease in phase speed is caused by the decrease in local stiffness at EI1 =
−0.04 and EI1 = −0.11 relative to the case where EI1 = 0. Similarly, at the
pre-strain where EI1 = −0.08, shown with the purple line, there is a further
decrease in the local stiffness and thus a smaller low-frequency phase speed
occurs for an inclusion constrained to this state relative to the other four cases
of interest.
As the frequency increases, the phase speed decreases until the fre-
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quency equals the undamped natural frequency at each pre-strain, which corresponds to an antiresonance with minimum phase speed. Due to the definition of f00 in Eq. (4.3.1), the antiresonance for EI1 = 0 is necessarily at
f /f00 = 1. For EI1 = −0.15, the antiresonance occurs near f /f00 = 1, but is
shifted upward a small amount to a higher frequencies. This is because fI1 for
EI1 = −0.15 is larger than f00 . For the pre-strains EI1 = −0.04, EI1 = −0.08,
and EI1 = −0.11, the antiresonances occur at frequencies less than f /f00 = 1.
As indicated in Fig. 4.4, the pre-strain EI1 = −0.08 has the smallest natural
frequency, and thus the minimum phase speed occurs at the lowest frequency.
The phase speed variation becomes large for frequencies beyond the
antiresonance, culminating in a maximum value at a frequency greater than
f /f00 = 1. The strong frequency dependence occurs in the range
f
1<
<
fI 1

s


φ1 K̄MI + 34 µ̄MI
,
1+
(1 − φ1 ) K̄I + 34 µ̄MI

(4.3.2)

which represents the frequencies for which a stop band exists in the absence
of viscous attenuation in both the matrix and the inclusion, i.e. ηM = ζI = 0.
In the high-frequency limit, c1 (f ) → ĉM1 .
As exhibited in Fig. 4.7, the frequency range in Eq. (4.3.2) is characterized by high attenuation. In the frequency range where the phase speed
variation is the largest, the attenuation coefficient α1 (f ) is non-zero and is very
small otherwise. In Fig. 4.7, the peak magnitudes occur at the undamped natural frequency of each respective pre-strain. For EI1 = −0.08, given by the
purple curve, α1 is elevated for the largest bandwidth, indicating that the negative stiffness regime attenuates waves over the largest frequency range. The
attenuation for the approximately zero linear stiffness states, represented by
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Figure 4.7: Attenuation per frequency α1 (f )/f [dB/m] versus normalized
frequency f /f00 for φ0 = 0.5% inclusions in a elastic matrix with µM /KM =
1.5 × 10−4 at five pre-strain states.
pre-strain EI1 = −0.04 in orange, and EI1 = −0.11 in green, have the second
largest widths. Furthermore, the attenuation for EI1 = 0 and EI1 = −0.15,
shown in blue and red, is over the smallest frequency range.
In the absence of loss in the matrix material or inclusion, the phase
speed goes to zero at the local natural frequency, and the frequency range
of large variation in phase speed becomes a stop band for which the waves
are purely evanescent in the frequencies defined by Eq. (4.3.2). When ηM is
small but non-zero for the case ζI = 0, the phase speed is bounded but may
still become large in magnitude, such that ω/c1 → 0 and, from Eq. (4.2.39),
k̃1 = ω/c1 − iα1 ≈ −iα1 . In this case, waves are mainly evanescent and
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thus strongly attenuated. The large magnitudes achieved for sound speed and
attenuation in Figs. 4.6 and 4.7 indicate frequency bands where the waves
are rapidly attenuated and wave propagation through the medium does not
actually occur. Therefore, if c1 is large enough, the frequencies defined in
Eq. (4.3.2) represent an effective stop band.
Second-harmonic generation illustrates the frequency dependence
and potentially enormous magnitude of the acoustic nonlinearity.

From

Eq. (4.2.26) it is observed that the strength of the quadratic nonlinearity,
and in particular its frequency dependence, is not only proportional to β̃2
but inversely proportional to c̃42 . Accordingly, the following ratio is used to
characterize the frequency dependence of the quadratic nonlinearity:
B2 (f ) =

β̃2 (f )
.
ρ∗1 c̃42 (f )

(4.3.3)

To compare B2 in Eq. (4.3.3) to the same reference value for all pre-strain
cases, let
B20 =

β̃2 (0)
ρ∗1 c̃42 (0)

,

(4.3.4)

EI1 =0

such that B20 represents B2 in the zero pre-strain and zero-frequency limit.
Although ρ∗1 is constant with frequency, it does vary as a function of pre-strain
and is thus maintained in Eqs. (4.3.3) and (4.3.4).
Similar ratios can be defined to characterize the third-harmonic generation based on the two coefficients of acoustic nonlinearity that appear on
the right-hand side of Eq. (4.2.34). Let B3 represent a coefficient that quantifies the frequency dependence of quadratic nonlinearity for third-harmonic
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generation, such that
B3 (f ) =

β̃3 (f )
.
ρ∗1 c̃43 (f )

(4.3.5)

The reference B30 represents the zero frequency and zero pre-strain limit of
B3 , where
B30 =

β̃3 (0)
ρ∗1 c̃42 (0)

.

(4.3.6)

EI1 =0

Note that B30 equals B20 at every pre-strain. Likewise, the coefficient that
represents the frequency dependence of the cubic nonlinearity is defined as
G3 (f ) =

γ̃3 (f )
2
ρ∗1 c̃63 (f )

(4.3.7)

and the reference value is
G30 =

γ̃3 (0)
2
ρ∗1 c̃63 (f ) EI1 =0

.

(4.3.8)

The ratio B3 (f )/B30 quantifies the growth of the p1 p2 terms and G3 (f )/G30
characterizes the p31 contributions to the third harmonic. Note that B2 (f ),
B3 (f ), and G3 (f ) all depend on both frequency and applied pre-strain, where
as B20 , B30 , and G30 are independent of frequency and only depend on the
pre-strains.
As previously noted by Zabolotskaya for gas bubbles, it may be possible
for the constitutive nonlinearity to cancel the inertial nonlinearity [15]. At
quadratic order, such a phenomena only occurs if the constitutive nonlinearity,
represented by B 0 , is positive. Although B 0 is always positive for a gas bubble,
that may not be the case of the snapping inclusions of interest. Recall from
Figs. 3.7 and 3.8 that the magnitude and sign of the local quadratic and
cubic parameters of nonlinearity, β̄I and γ̄I , vary as a function of the strain.
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Figure 4.8: Normalized coefficient of quadratic nonlinearity B2 (f )/B20 versus
normalized frequency f /f00 for φ0 = 0.5% inclusions in a elastic matrix with
µM /KM = 1.5 × 10−4 at five pre-strain states.
Therefore, the sign of the real component of β̃2 , β̃3 , and γ̃3 , and subsequently of
B2 (f ), B3 (f ), and G3 (f ), are also of interest, specifically in the low-frequency
limit. To depict a positive or negative value for β̃2 , β̃3 , and γ̃3 at zero-frequency
on a logarithmic scale, let solid lines designate positive magnitude and dotted
lines designate negative values. The qualitative response of the normalized
coefficients of nonlinearity, B2 (f )/B20 , B3 (f )/B30 , and G3 (f )/G30 , are very
similar to one another, as illustrated in Figs. 4.8–4.10. In the following figures,
resonance peaks occur for each respective normalized coefficient at frequencies
where β̃2 (f ), β̃3 (f ), and γ̃3 (f ) are equal to infinity. Conversely, antiresonances
occur at frequencies where the parameters of nonlinearity are equal to zero.
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The normalized coefficient of quadratic nonlinearity B2 (f )/B20 as a
function of frequency is shown in Fig. 4.8. The smallest pre-strains EI1 = 0
and EI1 = −0.04, represented by the blue and orange dotted lines in Fig. 4.8,
respectively, correspond to negative magnitudes of the β̃2 (0). The other three
pre-strains, EI1 = −0.08 shown in the solid purple curve, EI1 = −0.11 given by
the solid green curve, and EI1 = −0.15 represented by the solid red curve, all
correspond to positive values of β̃2 in the quasi-static limit.
For an inclusion constrained to all five pre-strains of interest, two resonance peaks of B2 (f )/B20 exist. These resonances are defined at frequencies
where ω̃1 = 0 and ω̃2 = 0, as defined in Eq. (4.2.15). For the zero pre-strain
case, one resonance peak occurs when the frequency equals the local undamped
natural frequency of the fundamental wave. Another resonance peak occurs
at a lower frequency, where f /f00 = 0.5, corresponding to the second harmonic frequency 2f equaling the local undamped natural frequency. The same
qualitative behavior occurs for EI1 = −0.04, EI1 = −0.08, EI1 = −0.11, and
EI1 = −0.15, but the frequencies are shifted downward due to the decrease in
the local undamped natural frequency at those pre-strains.
Although the same number of resonance peaks occurs at all three prestrains, an antiresonance exists only for EI1 = −0.08, EI1 = −0.11, and EI1 =
0. The antiresonance occurs when the constitutive nonlinearity at quadratic
order offsets the coefficient of inertial nonlinearity, i.e. for frequencies where
B 0 = 3d0 ω 2 in Eq. (4.2.27). When the constitutive nonlinearity is negative in
the low-frequency limit, only an imaginary frequency will satisfy B 0 = 3d0 ω 2 .
Since an imaginary frequency is non-physical, no antiresonance exists when
β̃2 (f = 0) is negative. Although d0 is always positive, no such restrictions
exists for B 0 , which therefore determines the sign of β̃2 (0). This is evident in
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Fig. 4.8, where an antiresonance at f =

p
B 0 /3d0 /2π is visible for EI1 = −0.08,

EI1 = −0.11, and EI1 = 0 due to the positive value of β̃2 (0). However, an
antiresonance is not present for EI1 = 0 and EI1 = −0.04 due to the negative
magnitude of the real component of β̃2 in the low-frequency limit.
Since B20 is defined as the zero-frequency limit of B2 at zero pre-strain
in Eq. (4.3.4), the low-frequency value of B2 (f )/B20 for EI1 = 0 is necessarily
unity. As anticipated, the other pre-strain state corresponding to a nearly
linear segment of the pressure-strain curve has a similar magnitude as indicated by EI1 = −0.15. At the pre-strains EI1 = −0.04 and EI1 = −0.11, the
normalized coefficient of quadratic nonlinearity is comparable and more than
an order of magnitude larger than the at EI1 = 0, while the pre-strain with
EI1 = −0.08 is approximately 3 orders of magnitude larger than at EI1 = 0. Additionally, the peak amplitudes are largest when the inclusion is constrained
to EI1 = −0.08, then EI1 = −0.04, EI1 = −0.11, EI1 = 0, and smallest for
EI1 = −0.15. In the high-frequency limit f → ∞ the quantity β̃2 (f ) vanishes
as ω −4 . Therefore, the acoustic nonlinearity is most significant for frequencies
less than the local undamped natural frequency at each respective pre-strain.
The qualitative response for B3 (f )/B30 in Fig. 4.9 is very similar to
B2 (f )/B20 shown in Fig. 4.8. However, three resonances are now evident at
all five pre-strains, as shown in Fig. 4.9. The resonances occur at frequencies
where ω̃1 = 0, ω̃2 = 0, and ω̃3 = 0, and represent the cases where the undamped
natural frequency of each pre-strain equals the frequency of the fundamental
wave at f /fI1 = 1, that of the second harmonic at f /fI1 = 1/2, and that of the
third harmonic at f /fI1 = 1/3.
If β̃3 (0) > 0, then an antiresonance occurs, but this feature is once again
absent if β̃3 (0) < 0. However, the antiresonance is shifted down in frequency
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Figure 4.9: Normalized coefficient of quadratic nonlinearity B3 (f )/B30 versus
normalized frequency f /f00 for φ0 = 0.5% inclusions in a elastic matrix with
µM /KM = 1.5 × 10−4 at five pre-strain states.
relative to its location in Fig. 4.8 and now occurs when f =

p
B 0 /7d0 /2π.

The smallest pre-strains EI1 = 0, shown with the blue dotted line, and EI1 =
−0.04, denoted by the orange dotted line, are negative at zero frequency,
and thus B3 (f )/B30 does not exhibit an antiresonance at these pre-strains.
On the other hand, B3 (f )/B30 for the larger three pre-strains, EI1 = −0.08,
EI1 = −0.11 and EI1 = −0.15, denoted by the solid purple, green, and red
curves, respectively, displays an antiresonance because it is possible in the
low-frequency limit. Furthermore, the amplitudes display the same trend for
B3 (f )/B30 as for B2 (f )/B20 . The amplitude is larger at the zero linear stiffness
states then for an pre-strains corresponding to linear segments of the pressure-

130

Figure 4.10: Normalized coefficient of quadratic nonlinearity G3 (f )/G30 versus
normalized frequency f /f00 for φ0 = 0.5% inclusions in a elastic matrix with
µM /KM = 1.5 × 10−4 at five pre-strain states with an insert showing lowfrequency behavior.
strain curve, but the largest magnitude occurs for inclusions constrained in
the negative stiffness regime. At sufficiently high frequencies, all curves decay
to zero with frequency dependence ω −4 .
The normalized coefficient for cubic nonlinearity associated with thirdharmonic generation G3 (f )/G30 is shown in Fig. 4.10 for the five pre-strain
states of interest. There are three distinct resonance peaks for the normalized
coefficient of cubic nonlinearity in Fig. 4.10. The resonances occur at identical
frequencies to those indicated in Fig. 4.9 for B3 (f )/B30 , f /fI1 = 1, f /fI1 = 1/2,
and f /fI1 = 1/3. Unlike with the parameters of quadratic nonlinearity, the
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cubic-order nonlinearity coefficient is positive only for EI1 = −0.08, shown in
the solid purple line, but is negative for EI1 = 0, EI1 = −0.04, EI1 = −0.11,
and EI1 = −0.15, as indicated by dotted blue, orange, green, and red curves,
respectively.
Whether an antiresonance exists is more complicated for G3 (f )/G30
than for B2 (f )/B20 and B3 (f )/B30 . Instead of simply depending on the sign
of one parameter, it is determined by
"
2

ωI1 1 −



2ω
ωI1

2

i2δI1 ω
+
ωI1

#



B 00 − 2d00 ω 2 = 2 B 0 − 7d0 ω 2 B 0 − 3d0 ω 2 .
(4.3.9)

Therefore, there are four possible roots for which γ̃3 = 0, as opposed to the two
possible roots for β̃3 = 0 or β̃2 = 0. An antiresonance occurs for positive, real
roots of ω. All five pre-strains possess an antiresonance at a different frequency
above both the global and local undamped natural frequencies. The antiresonance occurs at the largest frequency for EI1 = 0 and decreases as a function
of increasing deformation such that the smallest frequency corresponds to the
largest pre-strain, EI1 = −0.15. A second antiresonance based on Eq. (4.3.9)
occurs only when the inclusion is constrained to EI1 = −0.08 as evident in
Fig. 4.10 and occurs at a frequency below the resonances. This implies that
for positive γ̃3 (0), two real, positive roots of Eq. (4.3.9) exists, whereas only
one exists when γ̃3 (0) is negative.
The antiresonance at each pre-strain that occurs above f /f00 = 1
is much smaller in magnitude than the resonances. To better see the lowfrequency behavior, an insert appears in Fig. 4.10. The trends exhibited in
Fig. 4.10 are consistent with Fig. 4.8 and 4.9. Both the maximum amplitude
and zero-frequency limit of G3 (f )/G30 at pre-strain state EI1 = −0.08 are sev132

eral orders of magnitude larger than the other pre-strain state. The pre-strain
states EI1 = −0.04 and EI1 = −0.11 are comparable in magnitude and are
larger than EI1 = 0 and EI1 = −0.15. In the high frequency limit, G3 (f )/G30
decreases proportional to ω −6 .
The effective properties in Figs. 4.6–4.10 for the example heterogeneous
medium reveal three frequency ranges. For frequencies less than the local undamped natural frequency, the coefficients for quadratic and cubic nonlinearity
are largest, and the phase and attenuation are smallest. The range of frequencies corresponding to large magnitudes of c1 and α1 , as defined in Eq. (4.3.2),
represents an effective stop band where waves are strongly attenuated. Note
that this regime of strong attenuation is specific to the inclusion design and
may be eliminated based on the properties of the constituents. However, the
magnitude of c1 and α1 are always largest in this range. Beyond f = fI1 , including both frequencies within the range in Eq. (4.3.2) and greater than the
upper limit, B2 (f )/B20 , B3 (f )/B30 , and G3 (f )/G30 all decay towards zero.
At frequencies greater than the upper bound defined in Eq. (4.3.2), the phase
speed approaches that of the longitudinal sound speed of the matrix, and the
attenuation and coefficients of acoustic nonlinearity become small.
4.3.3

Harmonic generation
The second- and third-harmonic amplitudes as a function of distance

from a source are now considered. Only three pre-strains are presented in this
section, EI1 = 0 in Fig. 4.11, EI1 = −0.04 in Fig. 4.12, and EI1 = −0.08 in
Fig. 4.13. Since the effective properties obtained in Section 4.3 for the cases of
EI1 = −0.11 and EI1 = −0.15 are quantitatively similar to behavior observed
at pre-strains EI1 = −0.04 and EI1 = 0, respectively, it is anticipated that
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the harmonic amplitudes will also be similar. Thus, the harmonic generation
for EI1 = −0.11 can be inferred from EI1 = −0.04 and EI1 = −0.15 from
EI1 = 0. Furthermore, only subresonant frequencies are analyzed because
higher frequencies are characterized by either strong attenuation or negligible
nonlinearity. Three frequencies are explored for the three pre-strain cases,
and are chosen to be near the three resonances of the normalized coefficients
of quadratic and cubic nonlinearity cubic obtained when considering thirdharmonic generation (f /fI1 = 1/3, f /fI1 = 1/2 and f /fI1 = 1).
Consider first just the response at the zero pre-strain case, presented in
Fig. 4.11, for a source amplitude of p0 = 100 Pa. The variation in magnitude
for |p1 |, shown in blue, |p2 |, shown in orange, and |p3 | shown in purple, as
a function of distance x/λ1 from the source as measured in wavelengths at
the source frequency is considered at three frequencies. In Fig, 4.11(a), the
source frequency is f /f00 = 0.33. The fundamental wave is relatively constant
in magnitude as a function of propagation distance, but both the second and
third harmonic exhibit oscillatory behavior. The periodicity in |p2 | corresponds
the dispersion length defined in Eq. (4.2.45).
The oscillatory behavior of |p3 | is not as clearly delineated in Fig. 4.11(a)
due to the interactions between the two terms in Eq. (4.2.44). These terms
are quantified by two different dispersion lengths in Eqs. (4.2.46) and (4.2.47),
which are approximately the same in this case. At distances less than a wavelength, the small fluctuations observed in |p3 | are at distances corresponding
to Ld31 ∼ Ld32 . Beyond the dispersion length Ld31 (and Ld32 ), these small
oscillations are damped out. At further distances, a large scale oscillatory
behavior is observed. The periodicity corresponds to a distance defined by
the interactions between the terms in Eq. (4.2.44) with different wavenumber
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Figure 4.11: Propagation of the |p1 |, shown in blue, |p2 |, shown in orange, and
|p3 |, shown in purple, over distance x/λ1 from the source with p0 = 100 Pa at
pre-strain EI1 = 0 at (a) f /f00 = 0.33, (b) f /f00 = 0.48, and (c) f /f00 = 0.98.
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dependence, and is comparable to Ld2 , which indicates that third-harmonic
generation in this case is influenced strongly by quadratic rather than cubic
nonlinearity.
In Fig. 4.11(a), the second harmonic is more than two orders of magnitude smaller than the fundamental, indicating that p2 is a very weak correction
to p1 . The periodicities of |p2 | and |p3 | are dissimilar due to the dispersion
lengths, and the differences in magnitude between the second and third harmonic will also vary. On average, the third harmonic is more than an order
of magnitude smaller than the second harmonic, and represents a negligible
correction to |p1 |.
The weak cubic nonlinearity is also exemplified at a source frequency
of f /f00 = 0.5, as presented in Fig. 4.11(b). The oscillatory behavior of |p2 |
and |p3 | are damped as a function of propagation distance. The periodicity of
|p2 | is again defined by Ld2 , and periodicity of |p3 | is now defined by Ld32 in
Eq. (4.2.47). This again indicates that third-harmonic generation is dominated
by quadratic nonlinearity. In order to avoid needing to account for higher order
harmonics, |p3 |  |p2 | must be satisfied.
Beyond one dispersion length, which occurs at a shorter distance in
Fig. 4.11(b) than in (a), dispersion becomes more significant, resulting in suppression of harmonic generation. Additionally, there is an increase in the
magnitudes of |p2 | and |p3 | at f /f00 = 0.5 relative to at f /f00 = 0.33, while
|p1 | remains relatively constant at a value approximately that of the source
amplitude. However, |p2 | is still over two orders of magnitude smaller than
|p1 |, and |p3 | is still an order of magnitude smaller than |p2 |. Second-harmonic
generation is very weak and third-harmonic generation is even weaker. This
behavior is consistent with what was expected based on the material nonlin136

earity of the microscale. The segment of the pressure-strain curve in Fig. 4.3 at
the zero pre-strain state is nearly linear. Therefore, the resulting macroscale is
also anticipated to behave linearly for sufficiently small amplitude oscillations.
At the local undamped natural frequency, G3 (f )/G30 in Fig. 4.10 is
larger in magnitude than B3 (f )/B30 shown in Fig. 4.9. There is also an increase in B2 (f )/B20 in Fig. 4.8, but the magnitude of G3 (f )/G30 is larger than
B2 (f )/B20 . Additionally, recall that the attenuation in Fig. 4.7 becomes very
large. From these features, the increase in nonlinearity and in damping of the
harmonic magnitudes is anticipated in Fig. 4.11(c) for a frequency less than but
near the undamped natural frequency, such as f /f00 = 0.98. The fundamental
is now attenuated for increasing propagation distance. The second harmonic
is approximately an order of magnitude smaller than the fundamental near
the source, but becomes increasingly smaller at further propagation distances.
The oscillatory behavior of the second harmonic is attenuated more relative
to the propagation distance from the source in Fig. 4.11(c) than indicated in
Fig. 4.11(a) and (b), but the converse is true for the third harmonic.
The oscillations in |p3 | are now defined by Ld31 from Eq. (4.2.46), indicating that the first term in Eq. (4.2.44) dominates. There are two sources of
nonlinearity in the amplitude of this term, one includes cubic material nonlinearity via γ̃3 and the other is only dependent upon quadratic effects through
β̃2 β̃3 . By comparing the relative magnitudes of these two amplitude terms,
it is clear that γ̃3 dominates, and the third harmonic is generated by strong
cubic nonlinearity.
Dispersion is significant at this frequency and pre-strain, but influences
the harmonics at different rates. The attenuation of |p2 | is more rapid than
|p3 |. For x/λ1 > 7, |p3 | ∼ |p2 | and at greater distances, |p3 | > |p2 |. Since
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the magnitude of |p2 | and |p3 | is more than two orders of magnitudes smaller
than |p1 |, the effects of the nonlinearity may be a negligible contribution to
the propagation. However, this trend of |p2 | ∼ |p3 | serves as a reminder of the
potential limitations of the perturbation expansion applied in Eq. (4.2.10) and
the validity should be considered carefully.
The harmonic magnitudes for the pre-strain state EI1 = −0.04 are
presented for frequencies f /f00 = 0.16, f /f00 = 0.21, and f /f00 = 0.48 and
source amplitude p0 = 100 Pa in Fig. 4.12(a), (b), and (c), respectively. These
frequencies correspond to values near f /fI1 = 1/3, f /fI1 = 1/2 and f /fI1 = 1
for the local undamped natural frequency at EI1 = −0.04. The observed
trends for EI1 = 0 in Fig. 4.11 are similar to those in Fig. 4.12. The lowest
frequency is presented in Fig. 4.12(a). The fundamental wave, shown in blue,
is relatively constant in magnitude. The second harmonic, shown in orange, is
more than an order of magnitude smaller than the fundamental and exhibits an
oscillatory pattern based on the dispersion length Ld2 . The periodicity of |p3 |
near the source is determined by Ld31 ∼ Ld32 . At distances further from the
source, the width of the oscillations increases due to interference between the
two terms in Eq. (4.2.44) and becomes comparable to Ld2 . Comparison of the
γ̃3 and β̃2 β̃3 magnitudes reveals that the contributions are comparable. This
indicates that the quadratic effects are not dominating the cubic nonlinearity,
but care should be taken in similar cases to ensure that higher-order harmonics
are not necessary.
Similar behavior is observed at the higher frequency of f /f00 = 0.21 in
Fig. 4.12(b). The magnitude of |p2 | is approximately two orders of magnitude
smaller than |p1 | and exhibits a damped oscillatory behavior corresponding to
Ld2 . Similarly, |p3 | is an order of magnitude smaller than |p2 | and three orders
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Figure 4.12: Propagation of the |p1 |, shown in blue, |p2 |, shown in orange,
and |p3 |, shown in purple, over distance x/λ1 from the source with p0 = 100
Pa at pre-strain EI1 = −0.04 at (a) f /f00 = 0.16, (b) f /f00 = 0.21, and (c)
f /f00 = 0.48.
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of magnitude smaller than |p1 |. The damped oscillatory behavior is defined by
the interferences of the two propagating sinusoidal functions from Eq. (4.2.44),
where contributions from the magnitude of γ̃3 are marginally larger than that
of β̃2 β̃3 .
The relative contribution from the third harmonic becomes greater for
an inclusion constrained to EI1 = −0.04 near the local undamped natural
frequency, as demonstrated in Fig. 4.12(c). The attenuation has increased, and
all three harmonics decay as the waves propagate away from the source. For
|p2 |, the magnitude is approximately an order of magnitude smaller than than
|p1 |, and the oscillations are completely attenuated for propagation distances
greater than two wavelengths. A similar trend is observed for |p3 |, where the
γ̃3 component of the amplitude dominates and the periodicity is defined by
the dispersion length Ld31 . At a distance of a few wavelengths away from the
source, |p3 | becomes approximately an order of magnitude smaller than |p2 |,
generating a weak, but non-negligible contribution to the fundamental. Near
the source, however, |p3 | < |p2 |, but the difference in magnitude is only a factor
of ∼ 5. Because |p3 |  |p1 |, the perturbation model may still be valid.
The final pre-strain explored here is EI1 = −0.08, which refers to an
inclusion constrained in the negative stiffness regime. The source amplitude is
once again p0 = 100 Pa. The lowest source frequency of f /f00 = 0.05 appears
in Fig. 4.13(a), where the fundamental, shown in blue, is nearly constant in
magnitude and is approximately equal to that of the source. The second
harmonic, represented by the orange curve, is oscillatory and nearly an order
of magnitude smaller than the fundamental. The third harmonic, denoted by
the purple curve, is approximately two orders of magnitude smaller than |p1 |.
The third harmonic in this case is dominated by the quadratic effects and
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Figure 4.13: Propagation of the |p1 |, shown in blue, |p2 |, shown in orange,
and |p3 |, shown in purple, over distance x/λ1 from the source with p0 = 100
Pa at pre-strain EI1 = −0.08 at (a) f /f00 = 0.05, (b) f /f00 = 0.1, and (c)
f /f00 = 0.175.
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therefore oscillations are present at two different length scales based on the
interactions between the two wavenumbers in Eq. (4.2.44).
An interesting phenomena occurs at f /f00 = 0.1 for inclusions constrained to EI1 = −0.08, as exhibited in Fig. 4.13(b). The third harmonic is
twice the magnitude of the second harmonic, but |p3 |  |p1 | and |p2 |  |p1 |
are both still satisfied. At this source frequency, the component containing the
coefficient γ̃3 dominates |p3 | and the increased amplitude is due to the cubic
material nonlinearity at this pre-strain.
For the inclusion with pre-strain EI1 = −0.08, the nonlinearity is substantial in magnitude. As the frequency approaches the local undamped natural frequency, both |p2 | and |p3 | grow to approximately the magnitude of |p1 |.
Additionally, the component containing γ̃3 in Eq. (4.2.44) dominates the third
harmonic, indicating that the cubic material nonlinearity in conjunction with
the motion of the microscale is significant and must be properly accounted for.
Although this case is clearly not captured by the present perturbation model
because |p3 | is of order |p1 |, it is worth emphasizing that it appears possible
to conceive of an effective medium with both quadratic and cubic nonlinearity
dominated by material nonlinearity rather than geometric effects.
The present analysis highlighted several circumstances where the perturbation method may not be valid. This emphasizes that strong cubic nonlinearity may be present and generate prominent third harmonics, such that
|p3 | ∼ |p1 |. Future work should focus on validating the present model through
time domain finite element method simulations and/or experimental measurements. It may still be of interest to explore other perturbation techniques, but
the specific limitations of the current harmonic generation model with respect
to design and optimization of such a small-scale inclusion should be further
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explored.
4.3.4

Quantifying the Long-Wavelength Limits
In addition to understanding the frequency dependence of the phase

speed, attenuation, and acoustic nonlinearity parameters, the dispersion model
allows the long-wavelength limit to be quantified for the effective medium. This
allows the macroscale to be described as a statistically homogeneous effective
medium [85]. It is also of interest to quantify the wavelength of waves propagating through the matrix material to ensure the complicated microstructure
of the inclusion itself can be described as a statistically homogeneous bulk
material.
Consider first the wavelength corresponding to longitudinal waves propagating through a homogeneous matrix material, where
λM =

cM l
.
f

(4.3.10)

The inequality λM /RI  1 must be satisfied at the frequencies of interest to
constitute the long-wavelength limit. It is often assumed that λM /RI > 10 is
sufficient. The ratio of λM /RI is shown as a function of normalized frequency
f /f00 in Fig. 4.14 for an elastic matrix with µM /KM = 1.5 × 10−4 and shear
viscosity ηM = 1 Pa·s at five pre-strains. A gray box denotes where λM /RI ≤
10. Although λM remains constant at each pre-strain, the radius decreases.
Therefore, the frequency at which λM /RI becomes less than or equal to 10 shifts
upward as a function increasing pre-strain deformation. The first frequencies
for which the propagation is no longer within the long-wavelength limit occurs
between 13 < f /f00 < 17 for all five pre-strains considered.
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Figure 4.14: Wavelength per inclusion radius λM /RI versus normalized frequency f /f00 for φ0 = 0.5% inclusions embedded within an elastic matrix
with µM /KM = 1.5 × 10−4 at five different pre-strains.
The second long-wavelength limit corresponds to dispersive waves propagating through the effective medium, such that
λ∗ =

c1
,
f

(4.3.11)

where c1 is the phase speed defined from Eq. (4.2.19). In the long-wavelength
limit, where λ∗ /RI  1, a medium with inclusions embedded in a matrix can
be described as a homogeneous material. Therefore, the wavelengths of waves
propagating through the effective medium are larger than the microscale and
therefore the wave does not “see” the inclusion. Again, λ∗ /RI ≥ 10 is assumed
to be sufficient, which is denoted with a gray box in Figs. 4.15.
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Figure 4.15: Wavelength per inclusion radius λ∗ /RI versus normalized frequency f /f00 for φ0 = 0.5% inclusions embedded within an elastic matrix
with µM /KM = 1.5 × 10−4 at five different pre-strains.
In Fig. 4.15, λ∗ /RI as a function of frequency f /f00 is shown for an inclusion within an elastic matrix material with µM /KM = 1.5 × 10−4 constrained
to the five pre-strains of interest. At the higher frequencies, the inequality
λ∗ /RI < 0 first occurs within in the range 14 < f /f00 < 17 depending on the
pre-strain and decays towards zero beyond that cutoff frequency. This highfrequency cutoff behavior mimics that of λM /RI shown in Fig. 4.14. Additionally, the wavelengths for an effective medium with snapping inclusions all dip
below the threshold of λ∗ /RI ≤ 10 at the local undamped natural frequency of
each respective pre-strain before increasing again. For a larger shear viscosity,
the magnitude of λ∗ /RI increases above 10 at the pre-strain undamped natural
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frequencies, while decreasing the viscous damping reduces the magnitude of
λ∗ /RI , which would approach zero at fI1 . From Figs. 4.14 and 4.15, f < 13f00
should be satisfied for a viscoelastic matrix with µM /KM = 1.5 × 10−4 and
ηM = 1 Pa· s. Depending on the properties of the inclusion and matrix, it
is possible that the effective medium response at the local undamped natural
frequency does not behave as a homogeneous material.
Note that a more relaxed restriction of k∗ RI > 10 for composite spheres
has been previously proposed, where k∗ is the effective wavenumber [161]. In
that case, λ∗ /RI > 2π ∼ 6.3 would correspond to a homogeneous effective
medium, which offers more flexibility in the maintaining the long-wavelength
limit, particularly at the undamped natural frequency at each pre-strain of
the inclusion. Furthermore, an antiresonance corresponding to c1 → 0 in
Fig. 4.6 occurs at the local undamped natural frequency, which introduces a
null in λ∗ at the same frequency. Conversely, at f = fI1 , the attenuation in
Fig. 4.7 becomes large. Thus, as λ∗ → 0 at f /fI1 = 1, all waves may be so
rapidly attenuated that the propagating waves now resemble evanescent ones.
In that case, λ∗ /RI may not be as important. The validity of the modeling a
viscoelastic heterogeneous medium with snapping inclusions as a homogeneous
material needs to be explored in the context of specific applications, and the
model derived here provides a mechanism to do so.

4.4

Example: Comparison with Effective Medium Containing Air-Filled Cavities in an Elastic Matrix
Bubbly liquids are amongst the most widely studied nonlinear media in

acoustics. Therefore, it is of interest to compare the nonlinearity possible with
the snapping inclusions to that of gas bubbles in an effort to further understand
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the response due to the mechanical instabilities. For direct comparison, it
is assumed that the only difference between the snapping inclusion and the
bubble is the constitutive equation of the inclusion. The same volume fraction
of φ0 = 0.5% of gas bubbles are embedded in the same viscoelastic matrix with
µM /KM = 1.5 × 10−4 . Since gas bubble tends to invoke the image of a liquid
matrix, the comparison inclusions will subsequently be referred to as air-filled
cavities, but are modeled following the constitutive behavior of an air bubble.
It is assumed that the gas bubble is a spherical cavity satisfying the
adiabatic pressure-density relation [16]

P = Patm

RI0
RI

γ
,

(4.4.1)

where Patm is the atmospheric pressure and γ is the ratio of specific heat. For
a diatomic gas such as air, γ = 1.4. The global equilibrium radius RI0 for the
air-filled cavity is identical to that of the inclusion, RI1 ≈ 3 cm. Although this
is fairly large for applications requiring microbubbles, air cavities in rubber
have been studied at comparable dimensions, e.g. in Refs [162] and [163]. Decreasing the radius of the cavity, but keeping all other microscale properties
identical to the snapping inclusion yields a reduced magnitude in the effective properties and a higher resonance frequency. Therefore, comparing the
frequency-dependent behavior of effective medium due to snapping inclusions
to an effective medium containing air-filled cavities of identical size appears
most valid in an effort to quantify the effects of the inclusions.
The pressures PI and PI + PMI for the effective medium containing snapping inclusions, denoted by the black dashed curve and solid black curve in
Fig. 4.16 and labeled as SI, are marked in with the five pre-strains of interest
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Figure 4.16: Internal pressure of the snapping inclusion, PI , shown in the black
dashed line, and total pressure acting on the surface of the inclusion, PI + PMI ,
shown in the solid black line, for µM /KM = 1.5 × 10−4 with initial conditions
related to the five pre-strains of interest. The pressure of the air cavities PI ,
shown in the gray dashed line, and total pressure acting on the surface of the
cavity, PI + PMI , shown in the gray solid line, for µM /KM = 1.5 × 10−4 with
initial condition at zero pre-strain.
in Section 4.3. The behavior for air-filled cavities as a function of strain also
appears in Fig. 4.16 with the delineating AC, which shows the internal pressure of an air-filled cavity, given in the gray dashed line, and the total pressure
on the surface of the inclusion, given in the gray dot-dashed line. Note that
only the zero pre-strain limit is considered for the effective medium containing
air-filled cavities. At increasingly larger pre-strain, there is minimal change in
the frequency-dependent behavior, both in magnitude and frequencies where
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Figure 4.17: Phase speed c1 (f )/cMl versus normalized frequency f /f00 for
φ0 = 0.5% snapping inclusions at five strain states and an air-filled cavity at
one strain state, embedded in an elastic matrix with µM /KM = 1.5 × 10−4 .
resonance and antiresonance occur, and thus those pre-strains are neglected
due to their similarly to the zero pre-strain case.
Although the response for air-filled cavities becomes increasingly nonlinear as a function of deformation, the change in curvature is small in comparison to the inclusion. Thus, when the total pressure on the surface of the
inclusion, including both the internal pressure of the air-filled cavity and the
effective pressure due to the shear stress in the matrix, the response appears
linear, as indicated with the gray dot-dashed line. The nearly linear response
for PI + PMI on the surface of the air-filled cavity, even at large strain states,
indicates that there should be little change in behavior as a function of deformation.
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The frequency dependence for an effective medium containing air-filled
cavities is normalized relative to f00 , which again represents the local undamped natural frequency of the snapping inclusion at zero pre-strain. In
Fig. 4.17, the phase speed is normalized by the global longitudinal sound
speed of a homogeneous matrix material. Recall that cMl ≈ 1483 m/s and
that this value is identical for the snapping inclusions and air-filled cavities.
In Fig. 4.17, the response for air-filled cavities, given in yellow, appears very
similar to that of the snapping inclusions. The zero-frequency behavior for the
air-filled cavities is similar in magnitude to the response of snapping inclusions
with approximately zero linear stiffness, given in green for EI1 = −0.11. Similarly, the undamped natural frequency of air-filled cavities is comparable to
that of snapping inclusions constrained to EI1 = −0.11. Within the frequency
range where large variations in the phase speed occur, the phase speed for the
air-filled cavity diverges from that of a snapping inclusions with EI1 = −0.11
and instead coincides with one constrained to EI1 = 0. At high-frequencies,
an effective medium containing air-filled cavities also approaches that of the
matrix, given by the gray dashed line, such that c1 → cMl when f → ∞.
As expected, the frequency range where the attenuation of an effective
medium with air-filled cavities is non-zero occurs when the phase speed has
the largest variation. However, the peak magnitude of α1 (f ) for the effective
medium containing air-filled cavities is on the order of one containing snapping
inclusions constrained in an approximately zero linear stiffness state. Thus,
the same amount of attenuation can be obtained for an effective medium containing snapping inclusions at some pre-strains as for air-filled cavities. This
is significant for two reasons. First, viscoelastic polymers containing air-filled
cavities are prominently relied upon in damping applications [163, 164]. For
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Figure 4.18: Attenuation α1 (f ) [dB/m] versus frequency f /f00 for φ0 = 0.5%
snapping inclusions at five strain states and an air-filled cavity at one strain
state, embedded in an elastic matrix with µM /KM = 1.5 × 10−4 .
the example properties considered here, the use of snapping inclusions constrained in an approximately zero linear stiffness state offers the same capabilities. Therefore, when the inclusion is constrained in the negative stiffness
regime, the damping for the snapping inclusion exceeds that attained for the
air-filled cavities. Second, the snapping inclusions are more tailorable. Thus,
the snapping inclusions offer a mechanism that can be stabilized and tuned
as a function of loading. Additionally, tailoring the design of the snapping
inclusions offers the ability to optimize the response for specific applications,
such as attenuation in a certain frequency range. Air-filled cavities cannot be
controlled or modified in the same manner.
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Figure 4.19: Normalized coefficient of quadratic nonlinearity B2 (f )/B20 versus
normalized frequency f /f00 for φ0 = 0.5% snapping inclusions at five strain
states and air-filled cavities at one strain state, embedded in an elastic matrix
with µM /KM = 1.5 × 10−4 .
A similar response is obtained for the normalized coefficients representing quadratic nonlinearity B2 (f )/B20 , quadratic nonlinearity associated with
third-harmonic generation B3 (f )/B30 , and cubic nonlinearity associated with
third-harmonic generation G3 (f )/G30 when comparing a dispersive effective
medium containing snapping inclusions to one containing air-filled cavities.
Note that dotted lines represent negative magnitudes on the log scale of the
y-axis of B2 , B3 and G3 , as defined from the sign of β̃2 (0), β̃3 (0), and γ̃2 (0),
respectively, in Figs. 4.19–4.21. As for the snapping inclusion only case, an
insert in Fig. 4.21 more clearly displays the low-frequency behavior. Further-
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Figure 4.20: Normalized coefficient of quadratic nonlinearity B3 (f )/B30 versus
normalized frequency f /f00 for φ0 = 0.5% snapping inclusions at five strain
states and air-filled cavities at one strain state, embedded in an elastic matrix
with µM /KM = 1.3 × 10−4 .
more, B20 , B30 , and G30 are defined as the low-frequency and zero pre-strain
values of the snapping inclusion in all six cases considered. Thus, the coefficients of nonlinearity for the effective medium containing air-filled cavities is
defined relative to the zero-frequency coefficient of nonlinearity for an effective
medium containing snapping inclusions at EI1 = 0.
First, note that for an air-filled cavities, β̃2 (0) and β̃3 (0) are always
positive, which is consistent with the values of β obtained from B/A shown
p
in Table 2.3. Therefore, an antiresonance is present at f = B 0 /3d0 /2π in
p
Fig. 4.19 and at f = B 0 /7d0 /2π in Fig. 4.20. Similarly, γ̃3 (0) is negative for
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Figure 4.21: Normalized coefficient of cubic nonlinearity G3 (f )/G30 versus
normalized frequency f /f00 for φ0 = 0.5% snapping inclusions at five strain
states and air-filled cavities at one strain state, embedded in an elastic matrix
with µM /KM = 1.5 × 10−4 . The insert shows the low-frequency behavior on a
zoomed in scale.
all pre-strains, which is again consistent with the values obtained for γ from
B/A and C/A indicated in Table 2.3. Thus, only one antiresonance exists,
occurring at a frequency greater than the undamped natural frequency of the
air-filled cavity embedded in the elastomer. Furthermore, the two expected
resonances for B2 (f )/B20 are clearly defined for the air-filled cavity. These
resonance peaks, which occur at frequencies where ω̃1 = 0 and ω̃2 = 0, are
shifted downward relative to f /f00 = 1. In Fig. 4.20 and Fig. 4.21, the three
anticipated resonances are present, corresponding to frequencies that satisfy
ω̃1 = 0, ω̃2 = 0, and ω̃3 = 0, respectively.
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In Figs. 4.19–4.21, the magnitudes of B2 , B3 , and G3 of an elastomer
containing air-filled cavities cavities are not very large relative to B20 , B30 ,
and G30 of snapping inclusions. In all three figures, the amplitude for nonlinearity of an effective medium containing air-filled cavities is most similar to
one containing snapping inclusions constrained to EI1 = 0 and EI1 = −0.15,
which denote a nearly linear segment of the pressure-strain curve. Thus, the
amplitudes of the second- and third-order harmonics are much larger for an effective medium containing snapping inclusions constrained to pre-strains with
negative or nearly zero linear stiffness than for an effective medium containing
with air-filled cavities in an elastic media.
Propagation of the fundamental, shown in blue, second harmonic,
shown in orange, and third harmonic, shown in purple, pressure waves from a
source with amplitude p0 = 100 Pa at three source frequencies are considered
in Fig. 4.22. For the effective medium containing air-filled cavities, the three
frequencies, f /f00 = 0.19, f /f00 = 0.29, and f /f00 = 0.58, are near to the
resonances of B2 (f )/B20 in Fig. 4.19, B3 (f )/B30 in Fig. 4.20, and G3 (f )/G30
in Fig. 4.21. It is therefore expected that the nonlinearity is larger at these
values relative to other frequencies.
The magnitude of |p1 | in Fig. 4.22(a) is approximately that of the source
amplitude. The second harmonic is three orders of magnitude smaller |p1 | and
exhibits oscillations with periodicities at integer multiples of Ld2 . The third
harmonic is two orders of magnitude smaller than |p2 |. The response for an
effective medium containing air-filled cavities shown for in Fig. 4.22(a) strongly
resembles that of an effective medium containing snapping inclusions at zero
pre-strain presented Fig. 4.11. The magnitudes and oscillatory behavior for
an effective medium containing air-filled cavities and one containing snapping
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Figure 4.22: Propagation of the |p1 |, shown in blue, |p2 |, shown in orange, and
|p3 |, shown in purple, over distance x/λ1 from the source with p0 = 100 Pa
through an elastomer with air cavities at pre-strain EI1 = 0 at (a) f /f00 = 0.19,
(b) f /f00 = 0.29, and (c) f /f00 = 0.58.
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inclusions at the global equilibrium state are very similar, but differences exist
for short length-scale fluctuations of |p3 | near the source.
The magnitudes of |p1 |, |p2 |, and |p3 | presented in Fig. 4.22(b) for
f /f00 = 0.29 are comparable to f /f00 = 0.19 shown in Fig. 4.22(a). However,
the dispersion length of |p2 | and |p3 | are much smaller and the oscillations are
attenuated for propagation distances greater than a wavelength. In this case,
the γ̃3 component of Eq. (4.2.44) dominates, but |p3 | is an order of magnitude
smaller than |p2 | and four orders of magnitude smaller than |p1 |.
Near the undamped natural frequency, f /f00 = 0.58, as presented in
Fig. 4.22(c), attenuation becomes substantial and the magnitude of |p1 |, |p2 |,
and |p3 | all decrease as a function of propagation distance from the source.
Additionally, the quadratic nonlinearity becomes larger, such that the second harmonic is only two orders of magnitude smaller. The third harmonic,
however, is still two orders of magnitude smaller than |p2 |.
It can be inferred from the present comparison that the attainable nonlinearity for a nearly incompressible viscoelastic matrix material containing
air-filled cavities is smaller than that demonstrated by an otherwise identical effective medium now with snapping inclusions. The nonlinearity for the
effective medium with air-filled cavities is comparable to one with snapping
inclusions at zero pre-strain or at EI1 = −0.15. Larger maximum values of the
frequency-dependent coefficients of nonlinearity and magnitudes of the fundamental, second harmonic, and third harmonic are attained for the snapping
inclusion constrained to EI1 = −0.04, EI1 = −0.08, and EI1 = −0.11. The
attenuation for the air-filled cavities is comparable to the case of snapping
inclusions at EI1 = −0.04 and EI1 = −0.11, but the maximal range of frequencies for which waves are attenuated occurs for a snapping inclusion with
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EI1 = −0.08. These trends indicate that it is worth exploring optimal values
of such snapping inclusions to compare directly to applications where air-filled
cavities or bubbles are utilized to elicit a specific response. Not only do the
snapping inclusions offer the ability to yield a more efficient or enhanced response relative to the air-filled cavities, the stable, tailorable nature of such
metamaterial inclusions is an added benefit.

4.5

Example: Single Scale Dynamics of Snapping Inclusion
For a single degree of freedom mass-spring-damper system, nonlinear-

ity may induce behavior such as bending of the frequency-response curves
termed a jump phenomenon [67]. A jump phenomenon is characterized by a
multivalued frequency-response curve near the undamped natural frequency
of the system. Such a phenomenon is also observed for pulsating gas bubbles,
which behave like softening nonlinear springs. For gas bubbles, bending of
the frequency-response curve is observed at the fundamental drive frequency,
as well as at higher order harmonics [165]. In order to achieve the jump
phenomena, large source amplitudes may be required, especially to induce a
multivalued response for harmonic frequencies.
Analytic solutions that illustrate the multivalued frequency response
curves can be obtained by applying perturbation theory [67]. However, the
present was obtained by solving the Eq. (4.1.25) numerically. Therefore, a
multivalued response cannot be obtained, but the frequency response will still
bend in the presence of nonlinearity. The amplitude of RI was obtained in
steady-state due to a sinusoidal forcing function. If the response becomes
strongly nonlinear, the changing radius as a function of time may not exhibit
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Figure 4.23: Frequency response of the normalized maximum displacement
|RI − RI0 |/RI at five pressure amplitudes of p0 = 10, 100, 500, 1000, and 2000
Pa as a function of normalized frequency f /fI1 at pre-strain EI1 = 0.
perfectly sinusoidal behavior. Thus, the maximum amplitude of the changing
radius is obtained over each period of the driving frequency, then averaged over
multiple periods. For the same source amplitude p0 , the driving frequency f
is varied from f = 0 to f = 2fI1 , where fI1 is the undamped natural frequency
at each pre-strain. Note that the frequency range of interest is therefore different for each pre-strain. The source amplitude p0 is increased, but the same
frequency range is considered to explore whether or not a nonlinear response
is induced.
The frequency response for |RImax − RI0 | /RI0 as a function of normalized
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frequency f /fI1 is shown at five acoustic pressure amplitudes p0 = 10, 100, 500,
1000, and 2000 Pa for a sinusoidal source function. First, consider the response
at zero pre-strain, shown in Fig. 4.23. At the smallest pressure p0 = 10 Pa,
shown in blue, the normalized amplitude is very small, with a maximum value
at f = fI1 . As the source amplitude increases to p0 = 100, 500, 1000, and
2000 Pa, shown in orange, purple, green, and red, respectively, the maximum
change in radius also increases. However, the trend observed for the lowest
source amplitude is unchanged, where the maximum change in radius occurs
at f = fI1 . No jump phenomenon occurs; instead the frequency response curve
resembles that of a linear oscillator. It is thus reasonable to assume that the
response at EI1 = 0 is nearly linear, at least up to a driving pressure of p0 = 2
kPa. Larger drive amplitudes may still induce nonlinearity at the pre-strain
EI1 = 0.
Now consider the frequency response |RImax − RI0 | /RI0 as a function of
normalized frequency f /fI1 at EI1 = −0.04 for the same five pressure amplitudes, presented in Fig. 4.24. There is again an increase in radius amplitude as
a function of increasing source pressure. At the lowest two source amplitudes,
p0 = 10 Pa and 100 Pa, given in blue and orange, respectively, the frequency response is linear, with a maximum amplitude occurring at f = fI1 . For p0 = 500
Pa, given in purple, the maximum change in radius still occurs at f = fI1 , but
there is a noticeable kink in the curve that is indicative of nonlinearity, albeit
a weak contribution to the overall behavior. When the source amplitude is
p0 = 1000 Pa, the maximum change in radius shifts downward from f /fI1 = 1.
The frequency where the radial amplitude is a maximum further shifts to the
left as the amplitude is increased, as indicated by the red curve for p0 = 2000
Pa. The bending of the peak amplitude towards lower frequencies is indicative
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Figure 4.24: Frequency response of the normalized maximum displacement
|RI − RI0 |/RI at five pressure amplitudes of p0 = 10, 100, 500, 1000, and 2000
Pa as a function of normalized frequency f /fI1 at pre-strain EI1 = −0.04.
of a softening spring. Such a phenomena is consistent with the incremental
stiffness behavior explored in Fig. 3.6 of Section 3.3, where the overall stiffness
is decreasing at EI1 = −0.04 for an element in compression.
The behavior EI1 = −0.08 is most nonlinear, as indicated by frequency
response |RImax − RI0 | /RI0 as a function of normalized frequency f /fI1 exhibited
in Fig. 4.25. At p0 = 10 Pa, the behavior resembles that of a linear oscillator,
as given in the blue curve. When the source pressure is increased to p0 = 100
Pa, the peak amplitude now shifts to the right. Note that the nonlinearity
is induced at EI1 = −0.08 at a lower source amplitude that is an order of
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Figure 4.25: Frequency response of the normalized maximum displacement
|RImax − RI0 |/RI at five pressure amplitudes of p0 = 10, 100, 500, 1000, and
2000 Pa as a function of normalized frequency f /fI1 at pre-strain EI1 = −0.08.
magnitude less than at EI1 = −0.04. The dotted line connecting the maximum
value of |RImax − RI0 | /RI0 and the amplitude at the next largest frequency is
near vertical and clearly indicates a jump from one state to another.
The jump phenomena is also apparent for p0 = 500 Pa, and 1000 Pa,
given by the purple and green curve, respectively. There is a significant change
in the resonance frequency that represents the maximum radial amplitude as
the source amplitude increases. This frequency has shifted upward in magnitude and frequency beyond what is considered in Fig. 4.25 for p0 = 5000 Pa.
The overall trend observed now corresponds to a hardening spring. Note that
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Figure 4.26: Frequency response of the normalized maximum displacement
|RImax − RI0 |/RI at five pressure amplitudes of p0 = 10, 100, 500, 1000, and
2000 Pa as a function of normalized frequency f /fI1 at pre-strain EI1 = −0.11.
there are additional peaks for p0 = 500 Pa, 1000 Pa, and 5000 Pa that appear
to correspond to subharmonics. Subharmonics are defined as submultiples of
the drive frequency, such as fd /2, fd /3, and so forth [165]. The peaks of the
subharmonics of f /fI1 = 1/2 and f /fI1 = 1/3 also shift upwards towards higher
frequencies for increasing acoustic source amplitudes. This suggests a hardening effect, although it is somewhat indiscernible due to the small amplitudes
of the subresonances.
The frequency response for |RImax − RI0 | /RI0 as a function of normalized
frequency f /fI1 at EI1 = −0.11 is shown in Fig. 4.26. The behavior for EI1 =
−0.11 resembles that of a softening spring, as demonstrated for EI1 = −0.04
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Figure 4.27: Frequency response of the normalized maximum displacement
|RImax − RI0 |/RI at five pressure amplitudes of p0 = 10, 100, 500, 1000, and
2000 Pa as a function of normalized frequency f /fI1 at pre-strain EI1 = −0.15.
in Fig. 4.24. For p0 = 10 Pa, 100 Pa and 500 Pa, as shown for the blue,
orange, and purple curves, the frequency response is linear, with a maximum
amplitude occurring for f /fI1 = 1. When the source amplitude is increased to
p0 = 1000 Pa, given in green, and p0 = 2000 Pa, given in red, the maximum
amplitude shifts to a frequency lower than the undamped natural frequency
of that pre-strain.
Lastly, the frequency response of the largest pre-strain is given in
Fig. 4.27 for p0 = 10 Pa, 100 Pa, 500 Pa, 1000 Pa, and 5000 Pa. For all
five pressure, |RImax − RI0 |/RI is a maximum at f /fI1 = 1, which is indicative of a nonlinear response. Since it was anticipated that the segment of the
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pressure-strain curve at EI1 = −0.15 is nearly linear, a frequency response that
resembles that of a linear oscillator is anticipated. Note that nonlinearity can
be induced even at EI1 = 0 and EI1 = −0.15, but would require larger pressure
source amplitudes than considered here.

4.6

Summary
Using Lagrange’s equation as a starting point, a generalized Rayleigh-

Plesset equation for an inclusion in a nearly incompressible medium is derived.
The form of the Rayleigh-Plesset equation developed here differs from the
typical Rayleigh-Plesset equation for gas bubbles in several ways. First, the
changing density, or mass, of the inclusion as it oscillates is maintained; for
gas bubbles, the density is negligible relative to a fluid or elastic medium.
Similarly, a bulk viscosity of the oscillating inclusion is introduced. Finally,
the constitutive equation for the matrix material at the surface of the inclusion
is defined in a more general form by applying increment deformations for both
the inclusion and a nearly incompressible elastic matrix material up to cubic
order.
These generalizations offer the ability to model the dynamics of nonlinear inclusions undergoing large radial deformations. When perturbed by an
incident acoustic wave, the radial oscillations of microscale inclusions induce
dispersion on the macroscale. Analytic expressions were then derived for the
frequency-dependent properties the phase speed, attenuation, and parameters
of acoustic nonlinearity at quadratic and cubic order. Solutions were them
obtained for second- and third-harmonic generation. Additionally, it is possible to identify certain frequency ranges, such as the low-frequency limits,
that are important in modeling of the effective medium. The theory describ165

ing the wave propagation thus represents a modeling tool that can be applied
to any nonlinear inclusion described with the incremental theory presented in
Chapter 3.
The qualitative behavior of the frequency-dependent properties and
harmonic magnitudes of the pressure wave were then explored numerically for
the snapping inclusion of interest. One significant feature worth emphasizing is
the tunable nature of the effective medium due to a varying pre-strain imposed
on the microscale. For example, it is possible to optimally attenuate waves at
a certain frequency by deforming the inclusion to a specific pre-strain state.
Then for another frequency, the same effective medium can optimally attenuate
waves by applying a different pre-strain to the system. The ability to easily
tailor the same effective medium offers more versatility over inhomogeneous
material like voided elastomers. Additionally, the behavior explored suggests
that it may be possible to design a nonlinear inclusion with strong cubic order
material nonlinearity that in turn renders the third harmonic important.
Furthermore, it was of interest to explore the frequency response as
a function of pre-strain and source pressure. For the pre-strain states corresponding to approximately K̄I ≈ 0, the system is characterized by a softening
spring. Conversely, for some pre-strains in the negative stiffness regime, the
material behaves like a hardening spring. It is also possible to achieve predominantly linear behavior, which occurs for segments of the pressure-strain
curve that are approximately linear.
In terms of the response explored, the behavior obtained in the present
chapter was as anticipated based on phenomena reported in the literature.
There is most attenuation and peak nonlinearity in the negative stiffness region, but such strain states are only useful when the shear modulus is large
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enough to introduce macroscopic stability. The second most attenuation and
nonlinearity occur for strain states where the microscale is constrained with approximately zero linear stiffness. The least amount of attenuation is achieved
for approximately linear behavior at the smallest and largest strain states,
which resembles a linear system. Although these features have been explored
in the literature, such behavior hasn’t been shown for nonlinear composites. Instead, periodic media or mechanical systems comprised of mass-springdampers have indicated similar behavior. Thus, the theory indicates it is
possible to achieve the expected dynamic response with a nonlinear composite
containing inclusions with local regimes of negative stiffness and zero stiffness
points. Additionally, such a response is achievable with the specific snapping
inclusion of interest.
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Chapter 5
Coupled Multiscale Dynamics

It is also of interest to study the behavior at sufficiently low frequencies
for which the frequency dependence of an effective medium containing snapping inclusions may be ignored. This limit allows a clearer understanding of
how the microscale instabilities influence the macroscale material response as
a function of deformation. In the low-frequency limit, effective material properties, such as stiffness and parameters of acoustic nonlinearity, are obtained
based on the assumed form of a wave equation in Section 5.1, and are then used
to derived an effective pressure-strain response in Section 5.2. The effective
behavior is then explored for the inclusion of interest in Section 5.3.1. In an
effort to further understand the effects of the microscopic instabilities on the
nonlinearity of the medium, the behavior is compared to several conventional
materials in Section 5.3.2. Once the low-frequency constitutive relationship
for the effective medium is understood, a multiscale system can be explored
dynamically through a coupled generalized Rayleigh-Plesset equation in Section 5.4. The dynamic behavior is then numerically explored for the example
inclusion in Section 5.5.

5.1

Evolution Equation in the Low-Frequency Limit
To study the effective medium behavior, it is of interest first to derive

an evolution equation in the low-frequency limit based on Eq. (4.2.9) from the
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previous chapter. The inhomogeneous wave equation of interest is repeated
here:
∇2 p −

ρ∗1 φ1 ∂ 2 v
1 ∂ 2p
=
−
,
ĉ2M1 ∂t2
VI1 ∂t2

(5.1.1)

where p is the pressure, ĉM1 is an effective longitudinal sound speed defined in
Eq. (4.2.7), ρ∗1 is the local density of the effective medium, φ1 is the pre-strain
volume fraction, VI1 is the pre-strain volume of the inclusion, and v is the small
perturbation of the volume inclusion from the pre-strain reference state.
In the low-frequency limit, nonlinear inertial effects are much smaller
than both the constitutive nonlinearity. Therefore, the cubic approximation
of the inclusion dynamics in terms of volume defined in Eq. (4.1.26) can be
expressed as
v=−

κp B 0 v 2 B 00 v 3 δI1 v̇
v̈
+ 2 − 2 −
− 2,
2
ωI1
ωI1
ωI1
ωI1
ωI1

(5.1.2)

where κ, defined in Eq. (4.1.29), is a constant at each pre-strain, B 0 and B 00
are coefficients quantifying the constitutive nonlinearity at quadratic and cubic
order, respectively, δI1 is the local damping factor at each pre-strain, and ωI1
is the undamped natural frequency at each pre-strain.
Since v is a small parameter, the method of recursive substitution is
applied to eliminate v from the right-hand side of Eq. (5.1.2). The expression
for v then becomes

2
κp κ2 B 0 p2 κ3 B 00 − 2 (B 0 ) p3 κδI1 ṗ κp̈
v=− 2 +
+
+ 3 + 4,
ωI1
ωI61
ωI81
ωI1
ωI1

(5.1.3)

where nonlinear terms with time derivatives are neglected, e.g. ṗ2 , pṗ, and so
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forth. Next, Eq. (5.1.3) is substituted into Eq. (5.1.1), which yields
2



∇ p−

1
ρ∗1 φ1 κ
+
2
ĉM1
V I1ωI21



∂ 2p
φ1 ρ∗1 κδ ∂ 3 p φ1 ρ∗1 κ ∂ 4 p
=
−
−
∂t2
VI1 ωI31 ∂t3
VI1 ωI41 ∂t4
ρ∗1 φ1 κ2 B 0 ∂ 2 p2
−
VI1 ωI61 ∂t2


ρ∗1 φ1 κ3 ωI21 B 00 − 2 (B 0 )2 ∂ 2 p3
−
.
VI1 ωI10
∂t2
1

(5.1.4)

The combined effects of nonlinearity, attenuation, and dispersion is most easily
understood for progressive plane wave propagation. Equation (5.1.4) is similar
to the extended Burgers equation derived in Appendix A but with the addition of dispersion effects (and it is valid for compound as well as progressive
waves). Therefore, let Eq. (5.1.4) for the one-dimensional propagation in the
+x direction be expressed as
1 ∂ 2p
2ā∗ ∂ 3 p 2D̄∗ ∂ 4 p
β̄∗ ∂ 2 p2
2γ̄∗ ∂ 2 p3
∂ 2p
−
=
−
−
−
−
,
∂x2 c̄2∗ ∂t2
c̄∗ ∂t3
c̄∗ ∂t4
ρ̄∗ c̄4∗ ∂t2
3ρ̄∗ c̄4∗ ∂t2

(5.1.5)

where c̄∗ is the sound speed through the effective medium, ā∗ corresponds
to attenuation, D̄∗ represents dispersion, and β̄∗ and γ̄∗ are local acoustic
parameters of nonlinearity at quadratic and cubic order.
Through comparison of corresponding terms in Eqs. (5.1.4) and (5.1.5),
the effective parameters in Eq. (5.1.5) may be defined in terms of the properties of the inclusion and matrix. The sound speed through the effective
medium is defined from the second term on the left-hand side of Eq. (5.1.5)
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and Eqs. (4.2.7), (4.1.27), and (4.1.29) as follows:
−1/2
1
ρ∗1 φ1 κ
c̄∗ =
+
ĉM2 1
V I1ωI21


−1/2
1 − φ1
φ1
ρ∗1
+
=
.
(1 + ξI1 ) K̄MI + 43 µ̄MI K̄I + 43 µ̄MI


(5.1.6)

The first term on the right-hand side of (5.1.5) accounts for viscous attenuation. By making use of Eqs. (4.1.27), (4.1.28), and (4.1.29), the coefficient ā∗
can be expressed as

φ1 ρ∗1 c̄∗ ζI + 43 ηM
φ1 ρ∗1 c̄∗ κδI1
= 
ā∗ =
2 .
2VI1 ωI31
2 (1 + ξI1 ) K̄I + 43 µ̄MI

(5.1.7)

The second term in Eq. (5.1.5) accounts for dispersion, and from Eqs. (4.1.27)
and (4.1.29), D̄∗ becomes
D̄∗ =

φ1 ρ∗1 c̄∗ κ
φ1 ρ∗1 c̄∗ (ρM + ρI1 /5) RI21
=

2 .
2VI1 ωI41
3 (1 + ξI1 ) K̄I + 43 µ̄MI

(5.1.8)

The third and fourth terms of Eq. (5.1.15) account for the nonlinearity. From
Eqs. (4.1.27), and (4.1.29)–(4.1.31), the effective parameter of acoustic nonlinearity at quadratic and cubic order order are defined as
ρ2∗1 c4∗ φ1 κ2 B 0
,
VI1 ωI61
#



2 "
(1 + ξI1 ) K̄I0 + 29 ĀMI
K̄∗
1 + ξ∗1
1

= φ1
,
+
1 + ξI1
3
K̄I + 43 µ̄MI
2 K̄I + 43 µ̄MI

β̄∗ =
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(5.1.9)

and


3ρ3∗1 c̄6∗ φ1 κ3 ωI21 B 00 − 2 (B 0 )2
γ̄∗ =
,
2VI1 ωI81



3 (
(1 + ξI1 )2 K̄I00 + 29 D̄MI
φ1
1 + ξ∗1
K̄∗
10

=
+
4
4
4
1 + ξI1
9
K̄I + 3 µ̄MI
K̄I + 3 µ̄MI
"
#2 


2
2
0
0
(1 + ξI1 ) K̄I + 9 ĀMI
2 (1 + ξI1 ) K̄I + 9 ĀMI
1 


−
12
+
+
,
3 
K̄I + 43 µ̄MI
2 K̄I + 34 µ̄MI
(5.1.10)
respectively. Although Eqs. (5.1.6)-(5.1.10) are frequency independent, the
parameters vary as a function of the applied pre-strains and are therefore, not
constant.
To verify the resulting material properties, consider the small-strain and
fluid limits, where the local stiffness coefficient reduce to the global coefficients ,
the pre-strains are defined by the zero pre-strain values, and the shear modulus
of the matrix is zero. The sound speed in Eq. (5.1.6) in this limit becomes



c∗0 =

[φ0 ρI0 + (1 − φ0 ) ρM ]

1 − φ0
φ0
+
KM
KI

−1/2
.

(5.1.11)

Equation (5.1.11) is identical to the so-called Mallock-Wood equation in
Eq. (2.3.11), and small-strain and fluid limit is therefore described by a simple
mixture law. At quadratic order, the parameter of nonlinearity in Eq. (5.1.9)
reduces to

β∗ = φ0

K∗
KI

2
βI ,

(5.1.12)

which is identical in form to Eq. (4.2.29). The cubic order nonlinearity in
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Eq. (5.1.10) becomes

γ∗ = φ0

K∗
KI

3 


1
γI + βI ,
2

(5.1.13)

which is of the same form as Eq. (4.2.37). Equations Eq. (5.1.12) and (5.1.13)
are reduced forms of Eq. (2.2.7) and (2.2.8) for the case of negligibly weak
nonlinearity of the matrix and γ∗  β∗ .
Finally, a one-dimensional evolution equation for progressive plane
waves is developed to capture the slow variations of a pressure wave on
a length scale L characterizing the effects of dispersion, attenuation, and
nonlinearity in a coordinate system that moves with the wave. The moving coordinate system is introduced using the retarded time t̂ = t − x/c̄∗ .
Implementing the coordinate transformation in Eq. (5.1.4) yields
∂ 2p
2 ∂ 2p
β̄∗ ∂ 2 p2
2ā∗ ∂ 3 p 2D̄∗ ∂ 4 p
2γ̄∗ ∂ 2 p3
−
=
−
−
−
−
.
∂x2 c̄∗ ∂x∂ t̂
c̄∗ ∂ t̂3
c̄∗ ∂ t̂4
ρ̄∗ c̄4∗ ∂ t̂2
3ρ̄2∗ c̄6∗ ∂ t̂2

(5.1.14)

The derivative ∂/∂x is of thus order 1/L in the moving coordinate system,
such that the first term in Eq. (5.1.14) is of order 1/L2 . Time derivatives are
proportional to frequency, such that ∂ n /∂tn ∼ ω n and therefore the second
term on the left-hand side of Eq. (5.1.14) is of order 1/λL. Since the ratio of
the first to second term is of order λ/L, the first term can be neglected for
waveform evolution that is gradual on the scale of a wavelength, λ/L  1.
This approximation of the d’Alembertian operator corresponds to the standard
parabolic approximation used in optics and acoustics for progressive waves
[156]. All terms on the right-hand side of Eq. (5.1.14), which contain only
derivatives with respect to t̂, are responsible for the evolution of the waveform
as a function of x in the moving reference frame, and the magnitudes of the
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dispersion length, absorption length, and shock formation distance may differ
from one another depending on the behavior of the metamaterial. The onedimensional wave equation in Eq. (5.1.14) therefore reduces to the following
evolution equation for progressive waves:
∂p
∂ 2p
∂ 3p
= ā∗ 2 + D̄∗ 3 +
∂x
∂ t̂
∂ t̂



β̄∗ p
γ̄∗ p2
+
ρ∗1 c̄3∗ ρ2∗1 c̄5∗



∂p
.
∂ t̂

(5.1.15)

Equation (5.1.15) is a Korteweg-deVries-Burgers (KdV-Burgers) equation augmented to also include cubic nonlinearity. In the absence of cubic nonlinearity
and attenuation (γ̄∗ = ā∗ = 0) it becomes the KdV equation, and in the
absence of cubic nonlinearity and dispersion (γ̄∗ = D̄∗ = 0) it becomes the
Burgers equation.

5.2

Quasi-static Effective Medium Approximation
Although wave propagation is permitted, the sound speed and param-

eters of acoustic nonlinearity defined in Eqs. (5.1.6), (5.1.9), and (5.1.10) are
independent of frequency and vary only as a function of deformation. Assume
that the effective medium is a sphere undergoing purely radial deformation
and possess the same constitutive form as the microscale inclusion, such that
9
9
P∗ = P∗1 − 3K̄∗ ξ¯∗ + K̄∗0 ξ¯∗2 − K̄∗00 ξ¯∗3 .
2
2

(5.2.1)

Recall that the quasi-static pressure P∗ represents the total field, and is the
summation of the pre-strain P∗1 and an increment. Additionally, the quasistatic acoustic nonlinearity is of the same form as the inclusion, and thus
Ā∗ , B̄∗ /Ā∗ , and C̄∗ /Ā∗ are defined in Section 3.2. Therefore, the local linear
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stiffness modulus is defined as
K̄∗ = (1 + ξ∗1 )−1 Ā∗ = (1 + ξ∗1 )−1 ρ∗1 c̄2∗ ,

(5.2.2)

where the local sound speed is defined from Eq. (5.1.6). The local stiffness
moduli at quadratic and cubic order are given as
K̄∗0

= 2 (1 + ξ∗1 )

−1



1
K̄∗ β̄∗ −
,
3

(5.2.3)

and
K̄∗00

−2

= 2 (1 + ξ∗1 )


K̄∗ 2γ̄∗ +

6β̄∗2

1
− β̄∗ +
9


,

(5.2.4)

respectively, where β̄∗ is given in Eq. (5.1.9) and γ̄∗ via Eq. (5.1.10). Note that
the local stiffness moduli depend on ρ∗1 and φ1 , which vary as a function of
the pre-strain and cannot be known a priori. Therefore, the solution must be
developed incrementally, as described below.
First, assume that all inclusion and matrix properties are known. Recall that the local density is defined in Eq. (4.2.6) as a function of known
inclusion and matrix parameters, and the acoustic pressure p. The pressure
perturbation in the quasi-static limit is obtained from Eq. (5.1.2) by setting
the time-dependent variables to zero to obtain
p=−

ωI21 v B 0 v 2 B 00 v 3
+
−
.
κ
κ
κ

(5.2.5)

For simplicity, the local density of Eq. (4.2.6) is defined in terms of volume.
From Eqs. (5.2.5), (4.1.27), and (4.1.29)–(4.1.31), the effective medium volume
is defined as


V∗
= 1 + φ1 + (1 − φ1 ) M̄I
V∗1
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v
VI1


(5.2.6)

where

K̄I + 43 µ̄MI
.
M̄I =
K̄MI + 43 µ̄MI

(5.2.7)

Figure 5.1 provides an illustration of how the total fields are obtained
using an iterative homogenization method. The gray curve represents the total
macroscopic pressure P∗ versus the total macroscopic strain E∗ to be obtained
through the homogenization. Figure 5.1(a) shows the starting point, denoted
by the blue circle, where the pre-strains of the inclusion, matrix, and effective
medium are identically zero, and therefore known. This state corresponds to
the global equilibrium for N inclusions with volume VI0 encompassing a known
volume fraction φ0 . The effective medium equilibrium volume is then defined
as
V∗0 =

N VI0
.
φ0

(5.2.8)

The next step, shown in Fig. 5.1(b), involves calculating the incremental fields
prescribed in the homogenization. This requires calculating the local linear
and nonlinear stiffness moduli defined in Eqs. (5.2.2)–(5.2.4) through use of
Eqs. (5.1.6), (5.1.9), and (5.1.10). The effective pre-strain density is also obtained from
ρ∗1 = φ1 ρI1 + (1 − φ1 ) ρM ,

(5.2.9)

where the equilibrium density is defined at the pre-strain corresponding to ρ∗0 .
The dimensionless radius is then obtained from

ξ∗ =

V∗
V∗0

1/3
− 1,

(5.2.10)

where V∗ is given by Eq. (5.2.6). The incremental dimensionless radius is
subsequently derived from ξ¯∗ = ξ∗ − ξ∗1 . The total pressure is then obtained
from Eq. (5.2.1). The pressure-strain state denoted by the orange circle in
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Figure 5.1: An illustration depicting the algorithm that iteratively obtains
the pre-strain, incremental, and total fields describing the deformation of the
effective medium at 8 example states.
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Fig. 5.1(c) represents the summation of the pre-strain and the incremental
fields.
One macroscopic total field point due to an imposed displacement increment is now known. The total field point becomes the pre-strain for the
next displacement increment in Fig. 5.1(d), where the orange circle now represents the pre-strain state rather than the total one. The volume fraction at
all subsequent pre-strains is obtained from
φ1 =

N V I1
.
V∗1

(5.2.11)

Since the pre-strain is known, the incremental behavior indicated in Fig. 5.1(e)
is arrived at following the same procedure describe for the first increment and
the total field is obtained by summing the increment and the pre-strain, as
with the purple circle in Fig. 5.1(f). This method is repeated, as denoted
by the gray circles in Fig. 5.1(g), until all microscale states of interest are
mapped to the macroscale, as indicated by the red circle. For this example,
the red circle represents the last field for compression of the effective medium.
If expansion were also considered, as in Fig. 5.1(h), the blue circle once again
represents the known pre-strain states, which are equal to zero. The increments
are calculated to obtain the total field, denoted with the green circle. This
method would be repeated for expansion until all microscale states are mapped
to the macroscopic ones.

5.3

Example: Quasi-static Behavior
The effective quasi-static behavior is explored in Section 5.3.1 at dif-

ferent shear moduli in an effort to understand the macroscopic response. The
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matrix is once again assumed to be nearly incompressible, where the density
is ρM = 1000 kg/m3 and the bulk modulus is KM = 2.2 GPa, and the shear
moduli are restricted to values satisfying µM /KM  1. The inclusions are
dispersed in such a way that there are no interactions due to the low concentration of φ0 = 0.5%. Additionally, nearly incompressible elastic media often
possess parameters of acoustic nonlinearity that are close to that of water [166].
Therefore, let AM ≈ 18.4µM , which implies that βM = 3.5 as for water from the
definitions in Appendix D. However, it is assumed that C/A is negligible in
comparison and thus DM = 0.
For a better perspective on the ensuing behavior, Section 5.3.2 compares the quasi-static nonlinearity for an effective medium containing snapping
inclusions to other materials whose properties are available in the literature.
5.3.1

Effective Medium Containing Snapping Inclusions
Four different shear moduli are considered in the following analysis:

µM /KM = 0, 6.4×10−5 , 1.3×10−4 , and 1.9×10−4 , which appear in the following
figures with blue, orange, purple, and green colored curves, respectively. First
consider the effective medium pressure P∗ versus the effective medium strain
E∗ for these four cases, which is shown in Fig. 5.2. Near the zero strain state, all
four curves appear fairly linear, with similar magnitudes and slightly different
slopes. As the deformation increases, the pressure-strain curves diverge for the
four shear moduli. The lowest shear modulus possesses the smallest pressure
magnitude and the largest shear modulus includes the largest. It is therefore
implied that increasing the shear modulus increases the overall stiffness of the
medium.
The fluid case, for which µM /KM = 0, is non-monotonic, as shown in
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Figure 5.2: Effective medium pressure P∗ versus strain E∗ for µM /KM = 0,
6.4 × 10−5 , 1.3 × 10−4 , and 1.9 × 10−4 .
blue. The pressure magnitude appears similar to that of the inclusion shown
in Fig. 3.5, which is expected because a fluid matrix offers no shear resistance
to the macroscopic deformation. For µM /KM = 6.4 × 10−5 , represented by the
orange curve, the behavior is also non-monotonic, but is increased in magnitude and decreased in slope near the local pressure extremum and inflection
point relative to the fluid case. It is thus possible to have an unstable snapping
response on the macroscale even if the matrix material is elastic. As the shear
modulus is further increased to µM /KM = 1.3 × 10−4 , as denoted by the purple
line, the pressure curve becomes monotonic and possesses a larger magnitude
than the smaller shear moduli curves. Further increasing the shear modulus
to µM /KM = 1.9 × 10−4 , as for the green curve, yields a monotonic curve with
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Figure 5.3: Effective medium local linear stiffness K̄∗ versus strain E∗ for
µM /KM = 0, 6.4 × 10−5 , 1.3 × 10−4 , and 1.9 × 10−4 .
an increased magnitude and decreased slope near the inflection point.
For larger strains, E∗ < −6.5 × 10−4 , the segments of the four pressurestrain curves all appear linear with a similar slope. Thus it is anticipated
that the response for infinitesimal deformations near equilibrium and for large
deformations, the incremental macroscopic behavior is approximately linear.
Between these two limits, perturbations about different pressure-strain states
likely possess some level of nonlinearity, which varies relative to the shear modulus of the matrix. The following paragraphs further investigate the effective
material properties due to small-scale instabilities in varying matrix materials.
The local effective linear stiffness K̄∗ versus the strain E∗ is shown
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in Fig. 5.3 and offers insight into how the varying shear modulus alters the
effective medium behavior. The horizontal gray dashed line corresponds to
where K̄∗ = 0 and the vertical gray dashed lines denote the macroscale strain
state for which K̄I = 0 when µM /KM = 0. Recall that K̄∗ is related to the
slope of the pressure-strain curve. Thus, if the pressure-strain curve is nonmonotonic, the local stiffness should become negative. A macroscopic negative
stiffness regime is indeed evident in Fig. 5.3 for the fluid case, as given in the
blue curve. Furthermore, K̄∗ = 0 is obtained at strain states corresponding
strain states to when K̄I = 0. Therefore, there exists strain states for which
K̄∗ ≤ 0 that represent a macroscopically unstable effective medium.
For an elastic material with µM /KM = 6.4×10−5 , as given by the orange
curve, there still exists strain states for which K̄∗ ≤ 0. However, the curve
characterizing an effective medium where µM /KM = 6.4 × 10−5 does not intersect the horizontal dashed line at the vertical dashed lines, implying that the
increased shear stiffness of the matrix decreases the range of strain states for
which the macroscale is unstable. Instead the strain states corresponding to
the two macrocopic essential nonlinearities, defined by K̄∗ = 0, shift towards
one another. Further increasing the shear modulus to µM /KM = 1.3 × 10−4
yields a monotonic pressure-strain curve and therefore a purely positive local
stiffness, as denoted by the purple curve. For this case, the macroscale is stable
even when the inclusion is in the negative stiffness regime. Further increasing the shear modulus to µM /KM = 1.9 × 10−4 also increases the minimum
magnitude of local stiffness, as shown by the green curve.
Next, consider the local coefficients of acoustic nonlinearity as a function of strain for the four different shear moduli. In Figs. 5.4 and 5.5, the
horizontal gray dashed line corresponds to the strain states where the respec-
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Figure 5.4: Effective medium local parameter of acoustic nonlinearity at
quadratic order β̄∗ versus strain E∗ for µM /KM = 0, 6.4 × 10−5 , 1.3 × 10−4 , and
1.9 × 10−4 .
tive local coefficient of acoustic nonlinearity is equal to zero. The vertical gray
dashed lines denote the macroscale strain state for which K̄I = 0. For a fluid
matrix, as given in blue, β̄∗ → ±∞ as the strains approach the states given
by the vertical gray dashed lines. In absence of shear effects of the matrix, β̄∗
behaves very similar to the quantity β̄I shown in Fig. 3.7. The behavior for
the value µM /KM = 6.4 × 10−5 , shown in orange, is very similar to the fluid
case. The difference is that β̄∗ approaches ±∞ at a different strain state for
µM /KM = 6.4×10−5 than when µM /KM = 0 due to the decrease in strains states
where there is macroscopic negative stiffness for the larger shear modulus.
As the shear modulus increases, β̄∗ becomes bounded, as is the case for
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Figure 5.5: Effective medium local parameter of acoustic nonlinearity at cubic
order γ̄∗ versus strain E∗ for µM /KM = 0, 6.4 × 10−5 , 1.3 × 10−4 , and 1.9 × 10−4 .
µM /KM = 1.3 × 10−4 , shown in purple, and for µM /KM = 1.9 × 10−4 , shown
in green. Although the magnitudes are decreased over the unbounded values
of β̄∗ , the maximum value is β̄∗ ∼ 5 × 103 when µM /KM = 1.3 × 10−4 and
β̄∗ ∼ 1.5 × 103 when µM /KM = 1.9 × 10−4 . These values are still much
larger than the common values presented in Section 2.2.2. Therefore, it is
anticipated that the macroscale possess very large acoustic nonlinearity when
the nonlinear metamaterial inclusions are dispersed in a nearly incompressible
elastic matrix material that yields macroscopic stability at deformation state.
The response of the local coefficient of acoustic nonlinearity at cubic
order in Fig. 5.5 is similar to that of the quadratic one shown in Fig. 5.4. For
the case of a fluid matrix, shown in blue in Fig. 5.5, γ̄∗ is purely negative,
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unbounded, and approaches −∞ as the strain approaches the state where
K̄∗ → 0. In the limit of zero shear modulus, the behavior for γ̄∗ is also
qualitatively similar to γ̄I given in Fig. 3.8. When µM /KM = 6.4 × 10−5 , as
shown by the orange curve, γ̄∗ is also unbounded and negative for all pre-strain
values, but the asymptotes again occur at different strains than for µM /KM = 0
due to the increased local macroscopic stiffness.
When the shear modulus is large enough, as for µM /KM = 1.3 × 10−4
shown in purple, and µM /KM = 1.9 × 10−4 given in green, the local parameter
of nonlinearity becomes bounded and can become positive. Thus, there exist
strain states between the vertical gray dashed lines for which γ̄∗ = 0. However,
this occurs at a different strain state than where β̄∗ = 0. In fact, the maximum
magnitude of γ̄∗ occurs at approximately the strain when β̄∗ = 0. Furthermore,
the bounded magnitudes of γ̄∗ for the larger two shear moduli are |γ̄∗ | ∼ 5×107
and |γ̄∗ | ∼ 3×106 , respectively. Thus γ̄∗ can achieve values up to four orders of
magnitude larger than β̄∗ . Although reported values for coefficients of acoustic
nonlinearity at cubic order is limited, the magnitudes of β relative to γ is at
most an order of magnitude larger for the values available. Therefore, the local
cubic nonlinearity that emerges due to microscale instabilities is significant and
is expected to contribute to the observable effective medium response.
Although negative nonlinearity is unusual, it is not impossible [129,
130]. For positive coefficients of nonlinearity, a compression shock is formed,
whereas negative nonlinearity results in a rarefaction shock that steepens in
the opposite direction [80, 130]. The unique feature of an effective medium
containing the example snapping inclusions, however, is that the nonlinearity
for the effective medium varies in sign as a function of pre-strain. It is thus
possible for an external pressure wave to induce a deformation that changes
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the direction of waveform steepening.
5.3.2

Comparisons of Nonlinearity for Quasi-static Media
As a means of understanding the quasi-static limit of the effective

medium, two Ashby-type charts are presented here. An Ashby chart provides
direct comparison of materials for a desired property space, such as stiffness
and density, and is thus valuable for material selection in mechanical design
[167]. Figures 5.6 and 5.7 are scatter plots on a log-log scale for B/A and
C/A versus linear bulk modulus, respectively, for various tabulated materials
highlighted in Tables 2.1–2.3 in Chapter 2 and the effective media behavior
derived in the present work. In Figs. 5.6 and 5.7, the black curves represent
positive magnitudes and orange curve curves correspond to negative magnitudes of B/A and C/A, respectively. Additionally, the example values chosen
represent the expected behavior that can be found in the literature, but they
are obviously not inclusive of all materials.
Several heterogeneous media with values of B/A vary as a function of
stiffness, as indicated in Fig. 5.6. Both the case of an inclusion embedded in a
fluid with µM /KM = 0, given by the dot-dashed lines, and an elastic material
with µM /KM = 1.3 × 10−4 , shown in the dotted lines, appear in Fig. 5.6 with
positive and negative values. Bubbly liquids with volume fraction φ0 varying
between 0.01% and 1% possess values of B/A that are purely positive and are
shown with the dashed line. The buckling microspheres in castor oil, shown as
the orange open circles connected with a solid line, were approximated from
the figure in Ref. [129] and possess negative values. Example values of K and
B/A for bubbly liquids and buckling microspheres castor oil appear in Table
2.3 and are discussed in Section 2.3.5.
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Figure 5.6: Ashby-type chart on a log-log scale for |B/A| versus the linear bulk
modulus for homogeneous and heterogeneous media with positive magnitudes
denoted in black and negative magnitudes in orange.
The other examples in Fig. 5.6 are for media with constant values of
B/A. Glass beads, a type of granular media, are shown with crosses and can
possess both positive and negative values depending on whether the bead is
solid or air-filled. The values shown were also presented in Table 2.3. B/A for
rocks, shown as black squares, glass, represented by orange diamonds, and a
polymer, denoted by a black triangle, are from the references provided in Table
2.2. The organic and biological media, delineated with solid black circles, are
defined in Table 2.1.
There are several main points worth focusing on when considering the
material map for B/A as a function of stiffness shown in Fig. 5.6. First, note
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that the largest magnitudes are achieved for the snapping inclusions. Since
the acoustic nonlinearity for the snapping inclusion in a fluid is unbounded,
as indicated by Fig. 5.4, large values are achieved as the inclusion approaches
the microscale negative stiffness state.
The second notable point is that an effective medium with constrained
snapping inclusions, which is macroscopically stable and includes finite,
bounded values of B/A, behaves qualitatively similar to the one containing
buckling microspheres. Consider just the negative values of the constrained
snapping inclusions, denoted by the orange dotted line. As the stiffness decreases, the nonlinearity increases to a maximum value, then decreases again.
For the buckling microspheres, the curve denoted by the orange circles follows the same trend, but correspond to individual microspheres buckling at
different pressures rather than simultaneously as assumed for the snapping
inclusions that are stably constrained for all deformations states. In both
instances, the response represents a change in stiffness due to the mechanical
instabilities akin to a phase transformation. However, a significant difference
is that the constrained snapping inclusion offers the ability to tailor and control the acoustic nonlinearity as a function of the stiffness, which is difficult
to achieve with the buckling microspheres.
Finally, it is worth emphasizing the value of such a material map for
design purposes. As the material and geometric properties change, the value
of B/A as a function of the linear stiffness will shift around the map. For
example, say the macroscopic effective stiffness is desired to have some value
of another material, but with increased nonlinearity. It is then straightforward
to visualize the threshold required for the effective nonlinearity relative to the
bulk modulus. Thus, Ashby-type charts such as the ones in Figs. 5.6 and 5.7
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are useful when considering the optimization of an effective medium tailored
to a specific application.
Measured values for C/A are less prevalent in the literature than for
B/A, but some examples appear in the Ashby chart in Fig. 5.7. An effective
medium containing snapping inclusions embedded in a fluid material with
µM /KM = 0 is shown with purely negative values in the orange dot-dashed lines,
while snapping inclusions embedded in an elastic matrix with µM /KM = 1.3 ×
10−4 includes both positive and negative values, as shown by the dotted lines.
Unlike with B/A, bubbly liquids with volume fraction φ0 varying between
0.01% and 1%, indicated by the dashed lines, are negative in magnitude. Two
other examples are included: organic media as defined in Table 2.1 are denoted
with solid black circles and glass beads, measured in Ref. [128] and cited in
Table 2.3, are designated by black crosses.
The values of C/A for an effective medium with heterogeneities, i.e.
with the snapping inclusions, bubbly liquids, and glass beads, is much larger
than for organic and biological media. The value of C/A is the largest for
a snapping inclusion embedded in a fluid, though this corresponds to an unbounded parameter. Although C/A can become very large for bubbly liquids,
free gas bubbles are often unstable and the large magnitudes of C/A may
diminish as bubbles collapse. Thus, the snapping inclusion, especially when
constrained such that the effective medium is maroscopically stable, offers a
tunable and tailorable mechanism to generate large acoustic nonlinearity at
both cubic and quadratic order. Consideration of Ashby charts for cubic nonlinearity is also important for design purposes. Furthermore, other material
maps, such as stiffness versus loss, may also be valuable in optimizing the
inclusion properties for specific applications.
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Figure 5.7: Ashby-type chart on a log-log scale for |C/A| versus the linear bulk
modulus for homogeneous and heterogeneous media with positive magnitudes
denoted in black and negative magnitudes in orange.

5.4

Coupled Dynamic Multiscale Model
Now that the macroscale is described in the quasi-static limit, it is pos-

sible to consider the dynamics of a coupled, multiscale system, as illustrated
in Fig. 5.8. The macroscale is shown in Fig. 5.8(a) as an effective medium
sphere with radius R∗ embedded in a viscous matrix material and total pres∗
sure acting on the surface of the effective medium is defined as Ptotal
. The

effective medium sphere is perturbed by external pressure Pext . Zooming in
to the microscale, shown in Fig. 5.8(b), reveals a single inclusion embedded
in a matrix material. The inclusion is described by radius RI and total presI
sure Ptotal
, and is perturbed by an effective external pressure at that scale,
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Figure 5.8: Schematic for the (a) macroscale showing an effective medium
sphere within a matrix being drive by an external pressure Pext and (b) microscale with a single inclusion embedded in a matrix material being driven
I
.
by an external pressure Pext
I
Pext
. The macroscopic external pressure induces radial deformations on the

macroscale. Due to localization of the macroscopic pressures, the microscale
inclusion is also deformed. However, the macroscopic behavior is a function
of the microscale, as defined in Section 5.2, and the local properties of the effective medium due to incremental deformations are determined based on the
instantaneous deformation of the inclusion. Thus, the two scales are coupled.
The coupled, multiscale model is capable of capturing the dynamic
behavior of both the micro- and macroscales for propagating waves in the lowfrequency limit. However, the model is also applicable to the case of dynamic
loading on the macroscale that does not necessarily result in a propagating
wave. The latter is particularly relevant to vibration isolation and damping
applications, which demonstrates the versatility of the present model.
Each scale can be described by a form of the GRP equation derived
in Section 4.1.1. However, two major differences arise when transforming the
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single scale model to one that describes the coupled multiscale dynamics. The
first involves the driving forces, as indicated by Fig. 5.8. It is assumed that an
external forcing pressure induces the dynamics of the system at the macroscale
surface, such that
Pext =

1 ∂Uext
.
4πR∗2 ∂R∗

(5.4.1)

Uext is the work done on the macroscopic system of Fig. 5.8(a) due to an external pressure wave Pext , which may contain a component with some time
dependence, such as an impulse or a sinusoidal wave, as well as a static comI
is an effective forcing
ponent. The driving pressure on the microscale Pext

pressure resulting from the localization of the macroscale response to the microscale. The external pressure on the inclusion scale is defined as
I

Pext

I
1 ∂Uext
=
,
4πRI2 ∂RI

(5.4.2)

I
is the work done on the microscale. Assume that the
where Uext

I
Pext
= Lext Pext ,

(5.4.3)

where Lext is the mapping of the external driving pressure to each individual
inclusion, which is identical for each microscale element. It is now assumed
I
that Pext
varies proportional to Pext ; that is, the drive pressure will vary only

by an amplitude factor. Therefore, Lext varies with pre-strain and therefore
time, but is constant at each total (instantaneous) strain state. The lack of
phase difference between waves propagating on each scale arises due to the
assumption that the external forcing function is identical everywhere in the
medium. Although the present work neglects a phase difference between scales,
it can be introduced through Lext .
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The other difference appears in the loss term. It is assumed that ζI is a
constant, but ζ∗ , which represents the effective dissipation due to the internal
oscillations of the microscale inclusions, is a function of Ṙ∗ . An expression
for the effective bulk viscosity ζ∗ is obtained through the following volume
averaging homogenization technique. The instantaneous rate of energy dissipation in the effective medium is the summation of the instantaneous rate of
energy dissipation in N radially deforming microscale inclusions embedded in
the surrounding matrix material, where
Ψ∗ = N (ΨI + ΨM ) .

(5.4.4)

Since the inclusions are non-interacting, ΨM is defined from Eq. (4.1.21) with
respect to the volume of the matrix and ΨI is defined over the inclusion volume
from Eq. (4.1.22). The resulting definitions are repeated here for convenience:
ΨM = 8πηM RI ṘI2 ,

(5.4.5)

ΨI = 6πζI RI ṘI2 .

(5.4.6)

Similarly, it is assumed that the energy dissipation function of the effective
medium sphere is of the same form as the inclusion, such that
Ψ∗ = 6πζ∗ R∗ Ṙ∗2 .

(5.4.7)

Substitution of Eqs. (5.4.5)–(5.4.7) into Eq. (5.4.4) allows ζ∗ to be defined as
1
RI
ζ∗ = N (3ζI + 4ηM )
3
R∗
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ṘI
Ṙ∗

!2
.

(5.4.8)

Assume that ∂RI /∂R∗ = ∂ ṘI /∂ Ṙ∗ , such that the derivative of ζ∗ with respect
to Ṙ∗ becomes
∂ζ∗
RI ṘI ∂RI
RI ṘI2
2
2
= N (3ζI + 4ηM )
− N (3ζI + 4ηM )
,
3
R∗ Ṙ∗2 ∂R∗ 3
∂ Ṙ∗
R∗ Ṙ∗3

(5.4.9)

Let the localization per inclusion L characterizes the change in volume of the
entire effective medium due to the change in volume of N microscale inclusions,
where

 2
1 ∂V∗
1 VI0 ∂V∗
1 R∗
∂R∗
=
=
.
(5.4.10)
L≡
N RI
∂RI
N ∂VI
φ0 V∗0 ∂VI
An analytic expression for Eq. (5.4.10) can be derived based on effective
medium volume defined in Eq. (5.2.6), such that
L=1+

(1 − φ1 ) M̄I
.
φ1

(5.4.11)

From Eqs. (5.4.8) and (5.4.10), Eq. (5.4.9) can then be expressed as
∂ζ∗
2
R∗ ṘI 3ζ∗
−
= (3ζI + 4ηM ) L−1
.
3
∂ Ṙ∗
Ṙ∗2 RI
Ṙ∗

(5.4.12)

Using the above expressions, the GRP equation from Eq. (4.1.24) that
describes the microscale and macroscale become


ρI 
3
ṘI
ρM +
RI R̈I + ρM ṘI2 = PI + PMI − Lext Pext − (3ζI + 4ηM ) ,
5
2
RI

(5.4.13)

and


ρM +

ρ∗ 
3
Ṙ∗
R∗ R̈∗ + ρM Ṙ∗2 =P∗ + PM∗ − Pext − 4ηM
5
2
R∗
ṘI
− (3ζI + 4ηM ) L−1 ,
RI
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(5.4.14)

respectively. The two equations are coupled through L, P∗ , PM∗ , and ρ∗ in the
effective medium equation and through Lext in the inclusion equation.
Although Lext is currently unknown, it can be defined as a function of
the initial conditions. At t = 0, both scales of the dynamic system are at rest,
which means that Eqs. (5.4.13) and (5.4.14) reduce to
PI + PMI = Lext Pext ,
(5.4.15)
P∗ + PM∗ = Pext .
Thus, the localization of the external pressure relies heavily of the deformation
of the macroscale and microscale and is defined as
Lext =

PI + PMI
.
P∗ + PM∗

(5.4.16)

For a fluid matrix material, PMI = PM∗ = 0 and PI ≈ P∗ , such that the
external localization is Lext ≈ 1. If the geometric effects on the micro- and
macroscale are either identical or negligible, then PI = P∗ and Lext = 1. For
an elastic matrix material, it is anticipated that P∗ > PI due to the increase
in macroscopic stiffness introduced by the matrix material. Thus, Lext < 1
and the magnitude of the external pressure waves is decreased in amplitude
on the microscale relative to the macroscale. In the limit of µM /KM  1, it is
assumed that Lext is in the vicinity of unity.
The derived coupled ordinary differential equations are very stiff and
difficult to solve numerically. In an effort to solve the coupled ordinary differential equations defined in Eqs. (5.4.13) and (5.4.14), non-dimensional forms are
derived. First let the instantaneous micro- and macroscale non-dimensional
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radius be defined as

RI
,
RI0

RI =

R∗
R∗ =
,
R∗0

(5.4.17)

where RI0 and R∗0 are global (constant) equilibrium radii of the inclusion and
effective medium, respectively. The following non-dimensional time scale is
defined as
τ=

ω00 t
,
2π

(5.4.18)

where the square of the undamped natural frequency of the oscillating inclusion
ω00 is defined in terms of two undamped natural frequencies as
ω002 =

ωI20 + ωM2 0
.
1 + ρI0 / (5ρM )

(5.4.19)

The first undamped natural frequency (squared) in Eq. (5.4.19) is that of an
inclusion at zero pre-strain with negligible mass in an infinite incompressible
fluid, where [16]
ωI20 =

3KI
.
ρM RI20

(5.4.20)

Note that for an air bubble with stiffness defined in terms of the ratio of specific
heats γ and atmospheric pressure Patm , such that KI = γPatm , Eq. (5.4.20)
is referred to as the Minnaert frequency for a gas bubble [145]. The other
undamped natural frequency (squared),
ωM2 0 =

4µM
ρM RI20

(5.4.21)

is for a spherical cavity in an infinite nearly incompressible elastic solid (with
shear modulus µM ) [16]. Now, assume that over dots denote time derivatives

196

with respect to τ , rather than dimensional time t, such that
ṘI =

ω0 dRI
,
2πRI0 dt

ω0 dR∗
Ṙ∗ =
.
2πR∗0 dt

(5.4.22)

Furthermore, let the viscous damping terms be quantified in terms of the
quality factors
QI0 =

ω00 (ρM + ρI0 /5) RI20
,
3ζI + 4ηM

(5.4.23)

QM0 =

ω00 (ρM + ρI0 /5) RI20
.
4ηM

(5.4.24)

and

The quality factor in Eq. (5.4.23) accounts for losses due to both the bulk
viscosity of the inclusion and shear modulus of the matrix at zero pre-strain,
whereas the quality factor Eq. (5.4.24) represents the lossy behavior due only
to the shear viscosity of the matrix for an inclusion at equilibrium.
A non-dimensional form of Eq. (5.4.13) can be expressed as
R̈I ≡

PI + PMI − Lext Pext
P̂I RI
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−

1 ṘI
Ṙ2I
−
ρ̂
,
MI
RI
Q̂I0 RI2

(5.4.25)

where the following are introduced to simplify the expression:
(ρM + ρI /5) RI20 ω02
,
4π 2


ρM + ρI /5 QI0
,
Q̂I0 =
ρM + ρI0 /5 2π
P̂I =

ρ̂MI =

(5.4.26)

3ρM
.
2 (ρM + ρI /5)

Similarly, a non-dimensionless equation for an oscillating effective medium
based on Eq. (5.4.14) is
R̈∗ =
where

P∗ + PM∗ − Pext
P̂∗ R∗

−

1 Ṙ∗
1 ṘI
Ṙ2∗
,
−
−
ρ̂
M
∗
R∗
Q̂M0 R2∗ Q̂∗0 R2I

(ρM + ρ∗ /5) ω002 R∗20
4π 2


2
ρM + ρ∗ /5
R∗0
QM0
,
Q̂M0 =
ρM + ρI0 /5
RI0
2π

 
2
ρM + ρ∗ /5
R∗
R∗0
Q̂∗0 =
LQ̂I0 ,
ρM + ρI /5
RI
RI0

(5.4.27)

P̂∗ =

ρ̂M∗ =

(5.4.28)

3ρM
.
2 (ρM + ρ∗ /5)

Equations (5.4.25) and (5.4.27) can now be used to numerically solve the
coupled dynamic multiscale system.

5.5

Example: Coupled Dynamic Behavior
A dilute concentration, φ0 = 0.5%, of the same example inclusion is

again embedded in either a fluid with µM /KM = 0 or an elastic material with
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µM /KM = 1.3 × 10−4 , with AM = DM = 0 Pa. It is assumed that the bulk
viscosity of the inclusion is zero, such that ζI = 0, but the shear viscosity of
the matrix is non-zero, at ηM = 5 Pa·s. This shear viscosity is larger than
for the example explored in Section 4.3, but is still in the vicinity of the
values discussed in the literature for nearly incompressible viscoelastic media
[147, 148, 159] and provides an illustrative example of achievable behavior.
The following examples are all subjected to a sinusoidal forcing pres
sure, p = p0 sin f¯τ , where p0 is the amplitude of the acoustic pressure wave
and f¯ = fd /f00 is the dimensionless drive frequency. As previously used, f00
is the natural frequency of the snapping inclusion embedded in a matrix material at zero pre-strain, and let fd represent the dimensional drive frequency
in Hz. The value of f¯ is chosen to be 0.1 in all cases to ensure the behavior is subresonant at all pre-strains of interest. The amplitude p0 , however,
will vary in the following subsections. Since the elastic matrix material with
µM /KM = 1.3 × 10−4 represents a case where the effective medium is stable,
the behavior is well-behaved. The dynamic response for snapping inclusions
in an elastic matrix material is considered first in Section 5.5.1, and the fluid
case is explored in Section 5.5.2. It is also of interest to compare the effective
medium response containing snapping inclusions to one containing air bubbles
in an elastic matrix as presented in in Section 5.5.3.
One parameter of interest when studying the dynamic behavior is effective damping of the heterogeneous medium. For linear viscoelastic systems,
effective damping is quantified as a phase lag between the stress and strain
and is often represented with a loss factor or damping ratio defined analytically as the ratio of the loss to storage moduli [168]. However, the definitions
from linear viscoelasticity are not applicable here due to the presence of non-
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linearity, where characterization of damping for nonlinear systems is not as
well defined. In the present analysis, the effective damping of the nonlinear
medium is quantified through energy dissipation as a function of time.
Let the specific damping capacity D be defined as the ratio of energy
in a system dissipated to energy stored per cycle. The total energy dissipated
at the surface of the effective medium is defined as −2Ψ∗total [90]. Recall that
Ψ∗total is the summation of Eq. (5.4.4) and (5.4.7). The energy dissipated per
cycle is then defined as
T

Z

2Ψ∗total dt,

Wdiss = −

(5.5.1)

0

where t is dimensional time and T = 1/fd is the period based on the drive
frequency fd .
The instantaneous stored energy is also defined at the surface of the
effective medium and is a function of the internal pressure and the effective
pressure imposed by the shear stress of the matrix. The instantaneous potential energy represents the work done on the system for time-varying radius R∗ ,
and is obtained based on Eqs. (4.1.10), (4.1.11),
Z

R∗2 (P∗ + PM∗ ) dR∗ .

Utotal =

(5.5.2)

R∗ (t)

The average stored energy per cycle can then be defined as [168]
Wstrd

1
=
T

Z

T

Utotal dt.

(5.5.3)

0

Utotal represents the time-varying stored energy in the heterogeneous medium
for the dynamic radius and pressure states obtained for each initial condition.
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Therefore, Wstrd is an average value over each period that varies as a function
of an applied pre-strain.
The damping capacity is now defined by the ratio of Eq. (5.5.1) to
(5.5.3), such that
D=

Wdiss
.
Wstrd

(5.5.4)

The damping capacity defined in Eq. (5.5.4) is one of five parameters of interest
for the different examples cases considered below. In addition to damping, it
is also of interest to study the change in pressure, radius, and radial velocity,
as well as the frequency content of the radial oscillations.
5.5.1

Effective Medium with Snapping Inclusions in an Elastic Matrix
Two different driving amplitudes are explored for an elastic matrix with

µM /KM = 1.3 × 10−4 containing a dilute concentration of snapping inclusions.
The first case is p0 = 100 Pa, for which the model results are presented in
Figs. 5.9–5.12. The pressure-strain behavior is shown in Fig. 5.9(a)–(e) for five
pre-strains of interest. The inclusion pressure, denoted by the black dashed
lines, and the total pressure on the surface of the inclusion, given in the solid
black line, are shown for a large range of strains. To compress the inclusion to
different pre-strains, a constant, external pre-strain pressure P0 is introduced.
The values of P0 are denoted in Figs. 5.9(a)–(e) with a vertical gray dotted line.
The change in pressure and strain due to the time-harmonic forcing function
is then considered at the five pre-strains of interest.
For the pre-strain EI1 = 0, shown in Fig. 5.9(a), the response represents
a nearly linear segment of the constitutive behavior. Since the drive amplitude
is small, the oscillations about the initial condition, denoted by the blue cir201

Figure 5.9: Pressure PI versus strain EI is shown in the dashed line and PI +PMI
versus strain EI is shown in the solid line for µM /KM = 1.3×10−4 and p0 = 100
Pa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08, (d) EI1 = −0.11, and (e)
EI1 = −0.15.
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cles, are also small (the insert presents the pressure-strain behavior on a more
favorable scale). In Fig. 5.9(b), the initial condition is shifted to EI1 = −0.04,
which represents the first zero linear stiffness state for the inclusion. The oscillations about the pre-strain, shown by orange squares, are also small. On
the expanded scale shown in the insert, it is obvious the pre-strain state is not
exactly EI1 = −0.04. The pre-strain states were rounded to two significant
figures to be concise, but the qualitative response would not be very different
for an inclusion initially constrained to EI1 = −0.0392.
It is anticipated that the dynamic response is larger in Fig. 5.9(b) than
in (a) because an inclusion constrained to EI1 = −0.04 oscillates about a
segment of the pressure-strain curve with a decreased local linear stiffness,
resulting in increased nonlinearity, relative to EI1 = 0. The oscillations at
this pressure amplitude are still small, and the insert shows the response on a
zoomed in scale. The dynamic behavior at EI1 = −0.11, shown in Fig. 5.9(d)
with green diamonds, represents the second state where K̄I ≈ 0 and appears
qualitatively similar to that shown in (b). Furthermore, the small oscillations
about the largest pre-strain considered, shown with red crosses in Fig. 5.9(e),
appears similar to the zero pre-strain case shown in (a) and represents a nearly
linear constitutive behavior for oscillations about this large pre-strain.
The largest amplitude of oscillations about the initial conditions occurs
for EI1 = −0.08, shown in Fig. 5.9(c). Since the matrix is an elastic material
with a large enough shear modulus to yield macroscopic stability, EI1 = −0.08
represents a case where the microscale inclusions are constrained to its negative
stiffness regime. The dynamic change in pressure is noticeably larger in the
microscale negative stiffness regime than at the other states. The increased
magnitude of oscillations are obtained because the total pressure acting on the
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surface of the inclusion has a significantly reduced macroscopic stiffness due
to the negative stiffness of the inclusions that allows a larger change in strain
for the same change in pressure when compared to the response at EI1 = 0,
EI1 = −0.04, EI1 = −0.11, and EI1 = −0.15.
It is now of interest to visualize the change in deformation at the inclusion scale as a function of time. First, assume that the external static pressure
constrains the inclusion to initial radius RIint . At time τ = 0, RI /RIint = 1
for all pre-strains. Then, the radial oscillations for different pre-compression
will vary as a function of time relative to RI /RIint = 1 for a sinusoidally varying external pressure. The instantaneous radius ratio RI /RIint is presented in
Fig. 5.10 to more easily compare the dynamic response at each pre-strain on
the amplitude same scale. In Fig. 5.10(a), the time history for all five prestrains appear on a zoomed-out time scale of the dimensionless time τ . It is
observed that there are transient effects for time less than τ ≈ 150 in all five
cases. However, in Fig. 5.10(a), the amplitude of RI /RIint for the EI1 = −0.08
case, shown in purple, is much larger than for the other four pre-strain cases.
To better visualize the steady state changing radius as a function of time,
zoomed-in scales appear in Fig. 5.10(b)–(d).
For all five pre-strains, the sinusoidal forcing pressure induces seemingly
linear, sinusoidal radial oscillations. In Fig. 5.10(b), the radial oscillations for
EI1 = 0 and EI1 = −0.15 are shown in blue and red, respectively and appear
similar in shape and maximum amplitude. Similarly, the response for the
pre-strains EI1 = −0.04 and EI1 = −0.11, shown in orange and green, respectively, in Fig. 5.10(c), have comparable amplitudes. However, the maximum
amplitudes for the pre-strains EI1 = −0.04 and EI1 = −0.11 are an order of
magnitude larger than for EI1 = 0 and EI1 = −0.11. Lastly, Fig. 5.10(d) shows
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Figure 5.10: Instantaneous radius normalized by initial radius RI /RIint versus
dimensionless time τ with µM /KM = 1.3 × 10−4 and p0 = 100 Pa for all five
pre-strains on a zoomed out time scale in (a), and zoomed in time scales show
only EI1 = 0 and EI1 = −0.15 in (b), EI1 = −0.04 and EI1 = −0.11 in (c) and
EI1 = −0.08 in (d).
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the normalized radius versus time for oscillations about EI1 = −0.08. The
maximum amplitude when constrained to the negative stiffness regime, shown
in Fig. 5.10(d) is an order of magnitude larger than in (c) and two orders of
magnitude larger than in (b).
It is also of interest to consider the phase space at each pre-strain,
which captures the radial velocity as a function of position. In Fig. 5.11, the
dimensionless radial velocity ṘI is shown as a function of normalized radius
RI /RIint for the same five pre-strains: EI1 = 0, −0.04, −0.08, −0.11, and −0.15,
shown in blue, orange, purple, green, and red, respectively. The response
at all five pre-strains are compared on the same scale in Fig. 5.11(a), where
more favorable magnitude scales appear in (b) for the cases of EI1 = 0 and
EI1 = −0.15, (c) for the pre-strains EI1 = −0.04 and EI1 = −0.11, and (d) for
the EI1 = −0.08 case. Note that the transient components have been removed
to more clearly observe the steady-state behavior. The phase portraits in
steady-state trace out the same pattern over oscillation cycles, indicating the
response is periodic over the time scale of the driving frequency.
As indicated in Fig. 5.10, the change in radius is largest for EI1 = −0.08,
smallest for EI1 = 0 and EI1 = −0.15, and in between for EI1 = −0.04 and
EI1 = −0.11. The same is true for the radial velocity. The maximum velocity
magnitudes are similar for all pre-strains except the negative stiffness regime.
In Fig. 5.11(b), ṘI ≈ 1 × 10−5 for the pre-strains EI1 = 0 and EI1 = −0.15,
whereas in (c), ṘI ≈ 5 × 10−5 for both EI1 = −0.04 and EI1 = −0.11. However,
in Fig. 5.11(d), ṘI ≈ 2 × 10−3 for EI1 = −0.08. The correlation of radial
displacement and velocity is anticipated. Since the deformation on the same
time scale is largest for the negative stiffness regime the inclusion must deform
more quickly than at the other pre-strains to complete the oscillatory motion
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Figure 5.11: Phase portrait showing ṘI versus RI /RIint with µM /KM = 1.3 ×
10−4 and p0 = 100 Pa for all five pre-strains on a zoomed out time scale in
(a), and zoomed in time scales show only EI1 = 0 and EI1 = −0.15 in (b),
EI1 = −0.04 and EI1 = −0.11 in (c) and EI1 = −0.08 in (d).
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on the same time scale.
The shape of the phase portraits also offers insight into the response.
An ellipse represents a linear response and any deviations indicate nonlinearity [69]. In all five cases shown in Figs. 5.11(b)-(d), the phase portraits
maintain an elliptic shape that appears symmetric about the initial condition
RI /RIint = 1 and ṘI = 0. Negative radial velocity represents an expansion
relative to the initial, pre-strain radius, whereas positive velocity corresponds
to compression.
To further understand the resulting nonlinearity, the frequency content
of the radial oscillations are considered at each pre-strain. This is obtained
by taking the Fourier transform of the non-dimensional radius F (RI ). Figure
5.12(a)-(e) shows the normalized F (RI ) in dB as a function of normalized frequency f /fd . Note that the amplitude of the spectrum is normalized respective
to each pre-strain, because the location of the spectral peaks is of most interest, rather than the relative magnitude between each pre-strain. Thus, the
spectral content is normalized to F (RI ) = 0 dB at f = fd . This peak appears
for all five pre-strains in Figs. 5.12(a)-(e) and represents the fundamental of
the driving frequency.
Other peaks, which are narrowband, occur at harmonics of the drive
frequency depending on the degree of nonlinearity. In Figs. 5.12(a) and (e),
a very weak second harmonic is visible at f /fd = 2 for the pre-strain cases
EI1 = 0 and EI1 = −0.15, but is more than 70 dB down relative to the fundamental. This relative differences indicates that the behavior is reasonably
approximated as linear as evident in the radial oscillations in Fig. 5.10(b) and
phase portrait in Fig. 5.11(b). Similarly, for the pre-strain cases EI1 = −0.04
and EI1 = −0.11 in Figs. 5.12(b) and (d), the second harmonic is more than
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Figure 5.12: Fourier transform F {RI } in dB normalized by the amplitude at
f = fd as a function of normalized frequency f /fd with µM /KM = 1.3 × 10−4
and p0 = 100 Pa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08, (d)
EI1 = −0.11, and (e) EI1 = −0.15.
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55 dB down, such that the dynamic behavior appears linear. The nonlinearity
is more prevalent for the case of EI1 = −0.08 shown in Figs. 5.12(c). The second harmonic is now approximately 30 dB down from the fundamental, with
higher-order at lower relative magnitudes.
Wider peaks that encompass larger frequency ranges also appear in
Figs. 5.12(a)-(e), and refer to resonances at the local undamped natural frequencies. Recall from Eq. (4.1.27) that the undamped natural frequency is
proportional to the local stiffness K̄I , and decreases as a function of deformation before increasing again, as demonstrated in Fig. 4.4 for the example
effective medium shown in Section 4.3. Therefore, the undamped natural frequency is smallest for the case of EI1 = −0.08 and largest for EI1 = −0.15,
which is comparable to EI1 = 0. At a source amplitude of p0 = 100 Pa, resonances at the local undamped natural frequency are 40 dB down or more. Note
that the resonances at the undamped natural frequencies represent transient
effects.
The damping factor defined in Eq. (5.5.4) is shown per cycle in Fig. 5.13
on a log scale. The transient effects are clearly observed over the first ten cycles
for all five pre-strain cases considered. Beyond the first ten cycles, the damping
capacity approaches a steady state value for all pre-strains except EI1 = −0.08.
The magnitude of D at each pre-strain in Fig. 5.13 relative to the others is
of most interest. The damping capacity is smallest for EI1 = −0.15, shown
in red, EI1 = −0.15, shown in red. The magnitude for D is larger at prestrains EI1 = −0.04 and EI1 = −0.11 than at EI1 = 0 and EI1 = −0.15, shown
in orange and green in Fig. 5.13. The largest damping capacity is evident
for EI1 = −0.08, shown in purple, which fluctuates about a mean value. This
trend of achieving the largest damping when the linear stiffness is negative and
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Figure 5.13: Damping capacity over each cycle with µM /KM = 1.3 × 10−4 and
p0 = 100 Pa for five pre-strains.
the second largest at a state characterize by zero linear stiffness is consistent
with phenomena reported in the literature [13].
Even though a small amount of nonlinearity is present in the negative stiffness regime for p0 = 100 Pa, the change in radius as a function of
time behaves like a sine wave, and the phase portrait is approximately linear,
indicating that any apparent harmonics are sufficiently weak contributions
that the overall behavior still appears linear. When constrained to the other
pre-strains, the inclusion behaves like a forced linear oscillator. At a lower amplitude forcing pressure, the coupled GRP models recovers a linear dynamic
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response, which serves an indicator that the model is behaving as expected
thus far. It is now of interest to observe the nonlinear effects that can be induced by considering a larger forcing amplitude. The dynamic response when
driven by a subresonant sinusoidal function with a larger amplitude, p0 = 6
kPa, is explored in Figs. 5.14–5.18.
First, consider the constitutive behavior for pressure as a function of
microscale strain. The inclusion pressure, total pressure due to the inclusion
and matrix material, and external pre-strain pressure appear in Figs. 5.14(a)(e), as delineated with the black dashed curve, solid black curve, and vertical
gray dotted line. The initial conditions correspond to the five previously considered pre-strains and inserts are include when applicable to more favorably
observe the perturbations about the pre-strain state. The smallest microscale
oscillations are observed for EI1 = 0 and EI1 = −0.15, as shown in Fig. 5.14(a)
and (e), respectively. The inclusions still appear to oscillate about a linear
segment of the pressure-strain curve at these pre-strains.
The amplitude of oscillations is increased for the pre-strains EI1 =
−0.04 and EI1 = −0.11 relative to EI1 = 0 and EI1 = −0.15, and the slope
appears to be changing along the pressure-strain curves shown in Fig. 5.14(b)
and (d), implying the behavior will be nonlinear. The largest oscillations in
inclusion pressure and strain occur for the pre-strain EI1 = −0.08, as shown in
Fig. Fig. 5.14(c). The oscillations are about a large segment of the pressurestrain curve that possesses substantial variations in slope, implying that the
response will be more nonlinear than the other pre-strain cases. Note that the
actual extent of nonlinearity at the five pre-strains of interest will be explored
in Figs. 5.15–5.17. Furthermore, the dynamic oscillations at each pre-strain
shown in Fig. 5.14 are larger for p0 = 6 kPa than at the corresponding pre-
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Figure 5.14: Pressure PI versus strain EI is shown in the dashed line and
PI + PMI versus strain EI is shown in the solid line for µM /KM = 1.3 × 10−4 and
p0 = 6 kPa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08, (d) EI1 = −0.11,
and (e) EI1 = −0.15.
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strain presented in Fig. 5.9 for p0 = 100 Pa, as is expected given the increase
in drive amplitude.
Next consider the normalized radius as a function of dimensionless time
τ , as given in Fig. 5.15(a) for all five pre-strains, where RIP int is the initial
radius. In Fig. 5.15(b), RI /RIint behaves as a sine wave in τ for both EI1 = 0,
in blue, and EI1 = −0.15, in red. However, for Fig. 5.15(c), which shows
the change in radius for EI1 = −0.04, in orange, and EI1 = −0.11 in green,
some distortion in the sinusoidal shape exists. For both EI1 = −0.04 and
EI1 = −0.11, the dynamic behavior is not symmetric about the initial radius;
the former undergoes more compression whereas the latter results in more
expansion. Furthermore, when the inclusion is constrained to EI1 = −0.04,
some distortion exists such that the peaks and troughs are no longer perfectly
rounded.
The nonlinearity is most perceptible for the negative stiffness regime,
as shown in Fig. 5.15(d). The sinusoidal forcing function induces peaks and
troughs at the same τ as for the pre-strain cases presented in Fig. 5.15(b)
and (c). However, there now exists additional, smaller perturbations within
each period. The nonlinear response exhibits period doubling, defined as a
repetition of motion over a time scale of two periods of the drive frequency [69].
Although the magnitude of the peak appears constant, the magnitude of the
trough is different for consecutive periods. Lastly, although the amplitude is
larger for EI1 = −0.04 and EI1 = −0.11 relative to EI1 = 0 and EI1 = −0.08, all
four pre-strains result in a changing radius of comparable magnitude. However,
the maximum amplitude obtained when EI1 = −0.08 is an order of magnitude
larger than at the other four pre-strains.
Nonlinearity is also apparent when studying the phase space for the di214

Figure 5.15: Instantaneous radius normalized by initial radius RI /RIint versus
dimensionless time τ with µM /KM = 1.3 × 10−4 and p0 = 6 kPa for all five
pre-strains on a zoomed out time scale in (a), and zoomed in time scales show
only EI1 = 0 and EI1 = −0.15 in (b), EI1 = −0.04 and EI1 = −0.11 in (c) and
EI1 = −0.08 in (d).
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mensionless radial velocity ṘI as a function of normalized radius RI /RIint ,
as presented Fig. 5.16.

Only the steady-state behavior is included.

In

Fig. 5.16(a), when all five pre-strains are shown on the same scale, it is
apparent that the change in radius and radial velocity is largest for an inclusion constrained in the negative stiffness regime, shown in purple. The zero
linear stiffness states represent the next largest, shown in orange and green,
and appear elliptic in shape on the scale shown. The smallest phase portraits
are for the dynamic behavior in the approximately linear deformation regions,
shown in blue and red, which are barely discernible on the scale of Fig. 5.16(a).
In Fig. 5.16(b), two phase portraits are presented, representing the prestrains EI1 = 0 in blue and EI1 = −0.15 in red. The paths traced out in phase
space are nearly perfect ellipses that include a slight lack of symmetry, which
indicates the resulting nonlinearity is very small. The phase portraits of the
other three pre-strains, shown in Fig. 5.16(c) and (d), are clearly not perfect
ellipses. In Fig. 5.16(c) for an inclusion constrained to either EI1 = −0.04,
as shown by the orange curve, or EI1 = −0.11, given by the green curve,
the radial velocity as a function of radius is not symmetric about the initial
conditions. Additionally, for EI1 = −0.04, there is additional distortion in
the shape resulting in the maximum velocity magnitude at a radius smaller
than imposed initially by the pre-strain pressure. The resulting phase spaces
for EI1 = 0, EI1 = −0.04, EI1 = −0.11, and EI1 = −0.15 trace out the same
path for every period of the forcing function, indicating that the response is
perfectly periodic.
For the inclusion constrained in the negative stiffness regime, as shown
in Fig. 5.16(d), the trajectory traced out by ṘI as a function of RI /RIint no
longer resembles an ellipse. Instead, the path resembles a figure eight with
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Figure 5.16: Phase portrait showing ṘI versus RI /RIint with µM /KM = 1.3 ×
10−4 and p0 = 6 kPa for all five pre-strains on a zoomed out time scale in
(a), and zoomed in time scales show only EI1 = 0 and EI1 = −0.15 in (b),
EI1 = −0.04 and EI1 = −0.11 in (c) and EI1 = −0.08 in (d).
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an inner and an outer path. Recall that the response in Fig. 5.15(d) repeats
every two periods of the sinusoidal forcing function. Thus, the phase portrait
traces out two separate paths over two periods of the driving frequency. When
starting at the ṘI = 0 and RI /RIint = 1, the trajectory follows the outer loop
during the first period of the drive frequency. Then, for the next period of
the drive frequency, the inner path is followed. Since the same trajectories are
followed over multiple cycles of the driving frequency, the steady-state behavior
is repeated exactly due to the period doubling. The internal enclosed loops
represent small perturbations within the larger oscillations.
The frequency content revealed by taking the Fourier transform of the
RI is displayed in Fig. 5.17. The amplitude is once again normalized to F (RI ) =
0 dB at f /fd = 1. For the EI1 = 0 and EI1 = −0.15 cases, the radial oscillations
as a function of time in Fig. 5.15(b) are sinusoidal, and the phase portraits in
Fig. 5.16(b) are elliptic. Therefore, it is anticipated that the spectral content
shown in Fig. 5.17(a) and (e) for EI1 = 0 and EI1 = −0.15, respectively, will
correspond to a linear system. In addition to the narrowband peak at f /fd = 1,
a weak second harmonic exists that is approximately 40 dB down from the
fundamental, and higher-order harmonics are more than 70 dB. There also
exists a resonance at the local undamped natural frequency, which is more than
50 dB down, which once again represents a transient effect. The magnitudes of
the harmonics relative to the fundamental reveal that nonlinearity is present
in the system when the inclusion is constrained to EI1 = 0 and EI1 = −0.04,
but is barely observable even at a drive amplitude of p0 = 6 kPa. Further
increasing the source amplitude would induce nonlinearity even at these prestrains and cause the generated harmonics to become meaningful contributions
to the overall behavior.
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Figure 5.17: Fourier transform F {RI } in dB normalized by the amplitude at
f = fd as a function of normalized frequency f /fd with µM /KM = 1.3×10−4 and
p0 = 6 kPa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08, (d) EI1 = −0.11,
and (e) EI1 = −0.15.
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The spectral content of the other three pre-strains indicates varying
levels of nonlinearity. The weakest nonlinearity occurs for EI1 = −0.11, shown
in Fig. 5.17(d), which exhibits a second harmonic that is nearly 20 dB down
from the fundamental. High-order harmonic, as well as the resonances due
to the undamped natural frequency at this pre-strain, are much smaller in
magnitude. At the other zero linear stiffness state, shown in Fig. 5.17(b), the
amplitude at the second harmonic is about 20 dB down from the fundamental, but is larger than the valued observed in (d). The magnitudes of the
higher-order nonlinearity for EI1 = −0.04 are also noticeably larger than those
attained for the case EI1 = −0.11. The third and fifth harmonics, which are
approximately 30 dB down from the fundamental, are weaker contributions to
the overall response. The relative influence of each harmonic in Fig. 5.17(b)
and (d) is consistent with the behavior in Figs. 5.15(c) and 5.16(c), where distortion existed in both the sinusoidal response of the radius versus time and
elliptic shape of the phase portrait, but the overall trends resembled that of a
linear oscillator.
The case corresponding to the example negative stiffness state reveals
the most nonlinearity. Distinct peaks of F (RI ) in addition to the fundamental
drive frequency are observed Fig. 5.17(c). A strong third harmonic of the drive
frequency exists, and is within 6 dB down from the fundamental. The second
harmonic achieves the next largest magnitude, but is 20 dB down relative to
the fundamental. Other higher-order harmonics of the drive frequency also
appear at varying amplitudes, but are all more than 20 dB down relative to
the fundamental.
Peaks also manifest at non-integer multiples of fd .

Subharmonics

occur at frequencies less than the driving frequency and are defined by

220

f /fd

= 1/(n + 1) for n = 1, 2, 3, . . . [165]. Only the first subharmonic,

f /fd = 1/2, is present in Fig. 5.17(c), which is almost 20 dB down relative to the fundamental. Additionally, there are integer half-multiples that
occur at frequencies greater than the driving frequency and are defined as
f /fd = (2n + 1)/2 for n = 1, 2, 3, . . .. Within the field of bubbly liquids and
bubble dynamics, these frequencies are sometimes referred to as a ultraharmonics [145, 165]. In Fig. 5.17(c), ultraharmonics occur at several frequencies
(e.g. f /f2 = 3/2, 5/2, 7/2 . . .) with varying amplitudes. For example, at
f /fd = 5/2, the amplitude is approximately 15 dB down relative to the fundamental, but the ultraharmonics at higher frequencies are more than 20 dB
down.
Generation of subharmonics and ultraharmonics stems from sufficiently
large magnitudes of the driving pressure incident upon a system with strong
nonlinearity. By increasing the amplitude from p0 = 100 Pa to p0 = 6 kPa, it
is possible to induce oscillations at frequencies other than integer multiples of
the driving frequency. However, this behavior is only observed for inclusions
constrained in the negative stiffness regime. Thus, the threshold pressure
to induce subharmonic or ultraharmonic generation is characterized by the
amount of nonlinearity present at each pre-strain. In the negative stiffness
regime, the threshold is the smallest, whereas for pre-strains given by EI1 = 0
or EI1 = −0.15, it is anticipated that the required source pressure is much
larger than at EI1 = −0.08. Thus, there is an inverse relationship between
the minimum external forcing pressure and maximum macroscopic stiffness
necessary to observe subharmonic and ultraharmonic generation. The ability
to generate subharmonic and ultraharmonics only when constrained to the
negative stiffness regime further signifies that a strongly nonlinear response is
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Figure 5.18: Damping capacity over each cycle with µM /KM = 1.3 × 10−4 and
p0 = 6 kPa for five pre-strains.
obtained relative to the other cases. The coupled GRP model thus exhibits
the ability to generate larger radial oscillations and thus, a more nonlinear
dynamic behavior when constrained to the negative stiffness regime relative
to other pre-strains, which can then be exploited for specific applications such
as a energy dissipation.
Consider next the damping capacity displayed in Fig. 5.18. Increasing
the amplitude of the acoustic source pressure from p0 = 100 Pa, as shown
in Fig. 5.13, to p0 = 6 kPa, as given in Fig. 5.18, results in a damping capacity that is two to three orders of magnitude larger. This implies that the
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change in energy dissipated is much greater than the change in energy stored
relative to the same increase in external pressure amplitude. The pre-strains
where oscillations are about an approximately linear segment of the inclusion pressure-strain curve yield the smallest damping capacity, as indicated in
Fig. 5.18 for EI1 = 0 in blue and EI1 = −0.15 in red. The damping capacity in
steady-state for both EI1 = −0.04 shown in orange and EI1 = −0.11 shown in
green, is increased relative to EI1 = 0 and EI1 = −0.04, but is still nearly two
orders of magnitude smaller than EI1 = −0.08. For the inclusion constrained
within the negative stiffness state, the amount of energy dissipated is approximately half the stored energy, where fluctuations about a mean value exists
due to the nonlinearity.
The present example illustrates the capabilities of the coupled GRP
model. At sufficiently low forcing amplitudes, the resulting behavior resembles
that of a linear oscillator, as expected. At larger drive amplitudes, nonlinear
oscillations are induced via the material nonlinearity of the system and short
time scale fluctuations exists in the resulting time-varying deformation. Thus,
the coupled GRP model offers a mechanism to explore the nonlinearity in
the low-frequency limit due to both propagating acoustic waves and dynamic
loading. Furthermore, the damping capacity becomes more prominent in magnitude at instances of large radial oscillations. The present models are offers
the ability to tailor the inclusion design and matrix properties to optimize the
amount of energy dissipated.
5.5.2

Effective Medium with Snapping Inclusions in a Fluid Matrix
The case of snapping inclusions constrained within the negative stiff-

ness regime by a nearly incompressible viscoelastic matrix with a sufficiently
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large shear modulus allows the study of small (and large) perturbations about
some constrained reference state for all strains. However, it is also of interest
to study the response of a heterogeneous material consisting φ0 = 0.5% inclusions embedded in a fluid matrix material. Although the inclusion cannot be
constrained in the negative stiffness regime, the pre-strain case of EI1 = −0.08
is still considered to explore how the coupled model behaves for instances
where macroscopic instabilities are present. To exemplify the behavior of interest, only one pressure amplitude of the driving pressure, p0 = 500 Pa, is
considered.
For a fluid matrix material, the total pressure acting on the surface of
the inclusion is simply PI . Thus, Fig. 5.19(a)-(e) presents the internal inclusion
pressure as a function of strain, shown in the solid black line, the strain state
corresponding to the external pressure P0 required to constrain the inclusion
to the initial condition, given by the vertical gray dotted line, and the perturbations due to the time-harmonic external signal, indicated by the colored
markers. For the case of zero pre-strain shown in Fig. 5.19(a), the constitutive behavior in the vicinity of the initial condition appears linear. Thus, the
change in pressure as a function of strain are small oscillations about the initial condition. A similar response is indicated in Fig. 5.19(e) for EI1 = −0.15,
which also corresponds to a nearly linear segment of the pressure-strain curve,
but at a larger initial deformation.
The responses for inclusions constrained to the other three pre-strains
are considerably more complicated. Consider first the case for inclusions constrained to EI1 = −0.04 given in Fig. 5.19(b). The inclusion is initially constrained to EI1 = −0.04, as given by the vertical dotted gray line. Recall
from Fig. 3.5 that when the inclusion reaches the local pressure extremum, an
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Figure 5.19: Pressure PI versus inclusion EI is shown in the solid line for
µM /KM = 0 and p0 = 500 Pa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08,
(d) EI1 = −0.11, and (e) EI1 = −0.15.
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increase in external pressure would cause the element to snap to a higher deformation state. The pressure magnitude of P0 for all strains in Fig. 5.19(b) is denoted by the horizontal gray dashed line. Note that this horizontal gray dashed
line crosses the inclusion pressure-strain curve at two different strain states.
Because the magnitude of p0 is sufficiently large, the inclusion will deform past
the local pressure extremum. Instead of oscillating about EI1 = −0.04 within
the negative stiffness regime, the inclusion snaps to the state delineated by the
intersection of the vertical and horizontal gray dashed lines.
The inclusion moves through the radial states corresponding to the
negative stiffness regime, as indicated by the orange markers. However, the
inclusion is not constrained between the vertical gray dashed and dotted lines
and will deform rapidly. After the inclusion undergoes the snap-through response, the external pressure P0 constrains the inclusion to a new strain state,
given by the intersection of the horizontal and vertical gray dashed line. If
P0 were to change in magnitude, the new static pressure would determine the
constrained state. For example, if P0 = 0 for some τ > 0, then the inclusion
would return to equilibrium and any perturbations induced by a time-varying
pressure p would be about EI1 = 0. The same behavior is observed for the second strain state where K̄I ≈ 0 as indicated by Fig. 5.19(d). Now the inclusion
is snapping outward, rapidly expanding from EI1 = −0.11 to a new strain state
for which PI = P0 , as given by the intersection of the horizontal and vertical
gray dashed lines.
Qualitatively, a similar snap-through is also observed for an inclusion
initially constrained to EI1 = −0.08, as shown in Fig. 5.19(c). However, there
are a few differences to note. First, the inclusion cannot stay constrained in
the negative stiffness regime due to an external pressure P0 when the shear
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modulus of the matrix is zero. Thus, it is assumed that an additional external
force must hold the inclusion in this state for all time t < 0. For example, an
external mechanism may be placed under the beam elements to prevent snap
through when subjected to P0 . The additional force or mechanism is then
removed at t = 0. While physically achieving such an initial condition may be
difficult for a passive element, it is still of theoretical interest. Furthermore,
the inclusion of interest will still undergo a snap-through deformation even if
there is no time-harmonic forcing function, e.g. p0 = 0, but P0 is non-zero, in
an effort to reach a stable strain state.
For the case of p0 = 500 Pa shown in Fig. 5.19(c), the inclusion with
pre-strain EI1 = −0.08, as denoted by the vertical gray dotted line, snaps
to a higher pressure-strain state, denoted with the vertical gray dashed line.
The perturbations due to the sinusoidal forcing function are now about the
pressure-strain state occurring at the intersection of the vertical and horizontal
gray dashed lines. The inclusion deforms to a higher pressure state because the
sinusoidal forcing function is initially positive. The increasing acoustic pressure
requires that the inclusion reach a higher pressure state in compression, and
the element must snap-through to achieve this. If instead the time-harmonic
pressure began negative, such as due to a phase shift in a sinusoidal forcing
function, then the inclusion pressure would decrease as the element expands.
To achieve this, the inclusion would snap-through to a lower pressure state at
a smaller strain magnitude.
The snapping behavior is more readily apparent when considering the
changing radius as a function of time. In Fig. 5.20(a), the normalized radius
RI /RIint is shown as a function of dimensionless time τ for the five pre-strains of
interest. For the pre-strain states EI1 = 0 and EI1 = −0.15, given in blue and
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Figure 5.20: Instantaneous radius normalized by initial radius RI /RIint versus
dimensionless time τ with µM /KM = 0 and p0 = 500 Pa for all five pre-strains
on a zoomed out time scale in (a), and zoomed in time scales show only EI1 = 0
and EI1 = −0.15 in (b), EI1 = −0.04 and EI1 = −0.11 in (c) and EI1 = −0.08
in (d).
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Figure 5.21: Steady-state behavior for the instantaneous radius normalized
by initial radius RI /RIint versus dimensionless time τ with µM /KM = 0 and
p0 = 500 Pa for the pre-strains (a) EI1 = −0.04, (b) EI1 = −0.11, and (c)
EI1 = −0.08.
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red, the inclusion stably oscillates about the initial condition. In Fig. 5.20(a),
these radial perturbations appear as a straight line, but in Fig. 5.20(b), the
sinusoidal nature is revealed on a more favorable amplitude scale. Note that a
transient response is apparent initially, but steady-state is reached after several
cycles.
The unstable response is evident for the other three pre-strains in
Fig. 5.20(a). The inclusions are perturbed from the initial condition and
the oscillations are about a state other than RI /RIint = 1. In Fig. 5.20(c),
a zoomed-in time scale shows the response for EI1 = −0.04 in orange, and
EI1 = −0.11 in green. The inclusion constrained to EI1 = −0.04 may oscillate
a few times about the initial condition before snapping through to a state
given by RI /RIint ≈ 0.8796. The initially large oscillations decay with each
cycle until a steady-state response is reached. The steady-state response for
the pre-strain EI1 = −0.04 appears in Fig. 5.21(a), where small, sinusoidal
oscillations occur about RI /RIint ≈ 0.8796.
For the second zero linear stiffness state at EI1 = −0.11, given by orange
in Fig. 5.20(c), the inclusion oscillates about RI /RIint = 1 until τ ≈ 10, which is
a longer time frame than for EI1 = −0.04. The inclusion, initially constrained
to EI1 = −0.11, then snaps through to a new state given by RI /RIint ≈ 1.1331.
The large radial oscillations eventually decay and a steady-state behavior is
reached, as indicated by the sinusoidal behavior shown in Fig. 5.21(b). The
same qualitative behavior occurs for EI1 = −0.08, shown in Fig. 5.20(d). When
starting in the negative stiffness regime, the inclusion immediately snaps from
the initial condition RI /RIint = 1 to a smaller radius RI /RIint = 0.9303. The
large amplitude oscillations then decay to sinusoidal behavior in steady-state,
as exhibited in Fig. 5.21(c). The inclusion, initially deformed to the negative
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stiffness regime, now oscillates about a stable strain state.
Next, consider the phase space shown for radial oscillations, as given
in Fig. 5.22. For the cases of EI1 = 0 and EI1 = −0.15, shown in blue and
red, respectively, in Fig. 5.22(b), the behavior is linear, and thus the phase
portrait is an ellipse with symmetry about the initial condition RI /RIint = 1
and ṘI = 0. The magnitude for the radial radial velocity as a function of
normalized radius for pre-strains EI1 = −0.04, EI1 = −0.08, and EI1 = −0.11
are similar, but much larger than those observed for the nearly linear case for
EI1 = 0 and EI1 = −0.15, as indicated in Fig. 5.22(a).
The qualitative behavior of EI1 = −0.04, EI1 = −0.08, and EI1 = −0.11
are the same. Consider first the behavior for the pre-strain EI1 = −0.04, given
by the orange curve in Fig. 5.22(c). The inclusion begins at the initial condition
of RI /RIint = 1 and ṘI = 0, but then snaps to a state with RI /RIint = 0.8796
when excited by an external pressure. As the large oscillations decay, the
phase portrait spirals inward about a new stable configuration. The same
qualitative behavior is observed for EI1 = −0.11, shown with the green curve in
Fig. 5.22(c), and EI1 = −0.08, given by the purple curve in Fig. 5.22(d). Note
that only the steady-state behavior is presented for EI1 = 0 and EI1 = −0.15.
However, the transient behavior dominates for the other three pre-strains and
the steady-state response is obscured on the scale shown.
For improved clarity of the phase space, a zoomed-in version of the
phase portrait for EI1 = −0.11 is shown in Fig. 5.23. In Fig. 5.23(a), the entire
phase portrait is shown. The small loop near RI /RIint = 1 represents the perturbations about the initial pre-strain before snapping over to a new pressure
state RI /RIint ≈ 1.1331. As the large oscillations decay, the maximum magnitude for radius and radial velocity about the new constrained state decreases
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Figure 5.22: Phase portrait showing ṘI versus RI /RIint with µM /KM = 0 and
p0 = 500 Pa for all five pre-strains on a zoomed out scale in (a), and zoomed
in time scales show only EI1 = 0 and EI1 = −0.15 in (b), EI1 = −0.04 and
EI1 = −0.11 in (c) and EI1 = −0.08 in (d).
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Figure 5.23: Phase portrait showing ṘI versus RI /RIint with µM /KM = 0 and
p0 = 500 Pa when constrained to EI1 = −0.11 on a (a) zoomed out and (b)
zoomed in scale with the steady-state behavior in black.
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over each cycle. The zoomed-in scale shown in Fig. 5.23(b) is delineated by
the box in (a). The damped oscillations now occur about the new constrained
state of RI /RIint = 1.1331 and ṘI = 0. Initially, the phase portrait traces out
non-symmetric paths that differ at every cycle. As the amplitude of the radial
oscillations decays, the trajectory becomes an ellipse that is symmetric about
the new constrained state, as illustrated by the black ellipse centered about
RI /RIint = 1.1331 in Fig. 5.23(b) . The elliptic path indicates linear, sinusoidal
oscillations.
To further study the nonlinearity, the frequency content is explored
by taking the Fourier transform of the non-dimensional radius. The amplitude of the frequency spectra is once again normalized to F (RI ) = 0 dB at
f = fd . For the case of EI1 = 0 and EI1 = −0.15, as shown in Fig. 5.24(a)
and (e), respectively, the one peak occurs at the drive frequency, indicating
linear oscillations. However, the snapping response, given in Fig. 5.24(b)-(d)
for EI1 = −0.04, EI1 = −0.08, and EI1 = −0.11, respectively, are more complicated. Instead of distinct peaks at specific integer or half-integer multiples
of the drive frequency, the spectral content is more broadband. Additionally,
the maximum amplitude is not at f /fd for all three initial pre-strains where
an unstable response occurs.
For a forced, damped linear oscillator driven by a sinusoidal function and decaying amplitude, the frequency spectrum is still a maximum at
f /fd , but the peak is widened to include other frequencies based on the input
damping. The frequency spectra shown in Fig. 5.24(b)-(d) for EI1 = −0.04,
EI1 = −0.08, and EI1 = −0.11, respectively, do not follow the trend of a decaying sinusoid, indicating the presence of nonlinearity as the inclusion undergoes
a snap-through deformation.
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Figure 5.24: Fourier transform F {RI } dB normalized by the amplitude at
f = fd as a function of normalized frequency f /fd with µM /KM = 0 and
p0 = 500 Pa at (a) EI1 = 0, (b) EI1 = −0.04, (c) EI1 = −0.08, (d) EI1 = −0.11,
and (e) EI1 = −0.15.
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Instead, there is a large zero-frequency component, which decays towards zero as f /fd → 4 for EI1 = −0.04 and EI1 = −0.11 and f /fd → 6 for
EI1 = −0.08. For EI1 = −0.04, shown in Fig. 5.24(b), there is a sharp dip
at f /fd = 1, whereas a narrow peak appears for EI1 = −0.08 in Fig. 5.24(c)
and EI1 = −0.11 in Fig. 5.24(d). The magnitude of F (RI ) then increases,
culminating at f /fd ≈ 10 for EI1 = −0.04 and EI1 = −0.11 in Fig. 5.24(b) and
(d), respectively, and at f /fd ≈ 8 for EI1 = −0.08 in Fig. 5.24(c). Beyond this
peak, there are small fluctuations in the amplitude, which eventually decay to
zero for increasing f /fd .
To further explore the present spectral behavior, the power spectrum
obtained using a short-time Fourier transform appear in Fig. 5.25. The amplitude in dB is shown as a function of time τ and normalized frequency f /fd .
The amplitude is normalized by the mean magnitude at f /fd = 1. For all
cases there is a significant amount of power at zero frequency. The approximately linear behavior obtained at pre-strains EI1 = 0 and EI1 = −0.15, is
illustrated in the spectrograms presented in Fig. 5.25(a) and (e), respectively.
In steady state, i.e. for τ > 150, the amplitude is significantly smaller at all
frequencies other that the fundamental drive frequency of f /fd = 1. The transient response indicates some power at the local undamped natural frequency
of f /fd ≈ 10, but this behavior is attenuated after so many cycles.
The stable dynamic behavior for an inclusion in a fluid matrix constrained to EI1 = 0 or EI1 = −0.15 is similar to that for an elastic matrix at all
pre-strains in Section 5.5.1. Therefore, since the resonance at the undamped
natural frequency is clearly a transient effect in Fig. 5.25(a) and (e), the same
is true for the stably constrained inclusion within an elastic matrix.
The relatively broadband frequency dependence of the transient re236

Figure 5.25: Power spectral density in dB normalized by the maximum amplitude at f = fd as a function of normalized frequency f /fd and dimensionless
time τ with µM /KM = 0 and p0 = 500 Pa at (a) EI1 = 0, (b) EI1 = −0.04, (c)
EI1 = −0.08, (d) EI1 = −0.11, and (e) EI1 = −0.15.
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sponse is evident by the amplitude in Fig. 5.25(b) for τ < 100, where the power
is dispersed over the frequency band shown. The power then becomes focused
at f /fd = 10, which corresponds to the local undamped natural frequency
of the new references state. There is approximately 50 dB of more power at
f /fd = 10 than at f /fd = 1 for τ < 100. As the transient behavior decays towards a steady-state solution, the power at f /fd = 10 decreases, but remains
constant at f /fd . The radial oscillations due to snap-through deformation are
so large that steady-state is not reached until τ > 300. The steady state solution corresponds to a linear sinusoidal response for τ > 300. A similar trend is
observed for the pre-strain EI1 = −0.08, shown in Fig. 5.25(c). The local undamped natural frequency of the new constrained state is f /fd = 8. There is a
significant amount of power concentrated at the undamped natural frequency,
with a small amount also visible at the second harmonic, f /fd = 16. For increasing time, the amplitudes here become attenuated, and linear, steady-state
response with frequency f /fd = 1 is exhibited.
The behavior shown in Fig. 5.25(d) is most complicated. Power is initially concentrated at f /fd = 9.5, which refers to local undamped natural
frequency at EI1 = −0.11, and illustrates that the inclusion does not snapthrough immediately. At τ ≈ 100, the inclusion has snapped to a lower pressure state, and the behavior is relatively broadband. Power is concentrated at
not only f /fd = 11, which represents the undamped natural frequency at the
new constrained reference state, but at nearby frequencies as well. Steadystate behavior is achieved for f /fd > 400, and the power is predominately at
f /fd = 1, which is indicative of linear sinusoidal oscillations.
Since large radial oscillations and velocity were obtained when the inclusion snaps from an initial state to a new constrained state, it is also anticipated
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Figure 5.26: Damping capacity over each cycle with µM /KM = 0 and p0 = 500
Pa for all five pre-strains.
that a large amount of energy will be dissipated relative to the energy stored.
The damping capacity per cycle, shown in Fig. 5.26, exhibits this trend. In
Fig. 5.26, the snap-through deformation results in a large damping capacity on
the order of 100. After several cycles, the damping capacity approaches a much
smaller value. The damping capacity achieved for pre-strains EI1 = −0.04,
EI1 = −0.08, and EI1 = −0.11, shown in Fig. 5.26 with the orange, purple, and
green curves, respectively are similar in magnitude and trend. Fluctuations
about a mean value occur for all three unstable deformations, where the average value for the damping capacity is largest for pre-strain EI1 = −0.11, then
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EI1 = −0.04, and then EI1 = −0.08. These values are more than four orders
of magnitude larger than the damping capacity achieved by the the linear,
sinusoidal oscillations occurring at pre-strains EI1 = 0 and EI1 = −0.15, shown
in blue and red in Fig. 5.26.
In Figs. 5.13 and 5.18, the negative stiffness regime was shown to offer the largest damping capacity, and the zero linear stiffness pre-strains were
shown to be second largest. The opposite trend is observed here, where the
damping capacity is the largest for the pre-strain states EI1 = −0.11 and
EI1 = −0.04, but only slightly smaller for EI1 = −0.08. The snap-through
deformation induces a larger change in strain between the initial and new constrained states for EI1 = −0.04 and EI1 = −0.11, which are comparable, than
for the case of EI1 = −0.08. This results in slightly more energy dissipated
by EI1 = −0.04 and EI1 = −0.08 than for EI1 = −0.08. Similarly, the large,
snap-through deformations result in a larger change in stored energy. However, since the inclusion initially constrained to EI1 = −0.11 snaps to a lower
pressure state that EI1 = −0.04, the magnitude of the work done on the system
is smaller after the snap-through occurs. These two features in conjunction
yield the trend that appears in Fig. 5.26. However, the differences are small,
implying that large displacements due to snap-through will induce a favorable
damping capacity.
The dynamic behavior obtained via the coupled GRP model for an
effective medium containing macroscopic instabilities is consistent with the
anticipated behavior. The large snap-through dissipates a substantial amount
of energy upon snapping to a new strain state and is therefore of interest
in applications where energy dissipation is important. If the static pressure
were continually changed such that the inclusion repeatedly undergoes snap-
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through deformations, then the instabilities of the inclusion can be exploited
for energy dissipated purposes. The continuously varying external pressure
may be difficult to achieve with passive elements, but should be easier to
implement with active elements. If an external voltage controlled the prestrain of the inclusion, then the inclusion can be programed to repeatedly
deform to the approximately zero linear stiffness states, such that an acoustic
signal can induce a snap-through deformation. Thus, the present model should
be relevant when studying active inclusions and extensions to capture this
should be explored in future work.
5.5.3

Comparison with Effective Medium Containing Air-Filled
Cavities in an Elastic Material
It is once again of interest to compare the response for an effective

medium comprised of viscoelastic matrix with snapping inclusion to one containing air-filled cavities in the same matrix. Specific interest is with respect
to damping capacity, where elastomers with air-filled cavities represent wellknown absorbing materials. The constitutive relationship of the air-filled cavity was given by Eq. (4.4.1). It is assumed that the matrix is elastic, with
µM /KM = 1.3 × 10−4 and shear viscosity ηM = 5 Pa·s. The sinusoidally varying forcing pressure has amplitude p0 = 6 kPa and frequency f¯ = 0.1. The
behavior for this matrix material and driving pressure was explored for the
snapping inclusion at different pre-strains in Section 5.5.1 and is repeated
here to compare to the response for a elastic matrix containing air cavities at
zero pre-strain.
The constitutive behavior shown in Fig. 5.27(a)-(e) correspond to a
snapping inclusion at the five pre-strains of interest and Fig. 5.27(f) denotes
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Figure 5.27: Pressure PI versus strain EI is shown in the dashed line and
PI + PMI versus strain EI is shown in the solid line for µM /KM = 1.3 × 10−4
and p0 = 6 kPa for snapping inclusions at (a) EI1 = 0, (b) EI1 = −0.04, (c)
EI1 = −0.08, (d) EI1 = −0.11, and (e) EI1 = −0.15 and for air-filled cavities at
(f) EI1 = 0.
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the case of air-filled cavities at the global equilibrium. Each subfigure in
Fig. 5.27 shows the internal pressure of the inclusion, either the snapping inclusion or air-filled cavity with the dotted black line, the total pressure acting
on the surface of the inclusion in a solid black line, and the pressure-strain
state defined by the initial condition in the vertical gray dotted line. In Section 5.5.1, it was concluded that the inclusion undergoes the most deformation
when constrained to the negative stiffness regime, as indicated in Fig. 5.27(c).
The second largest oscillations occur for an inclusion constrained to either of
the zero linear stiffness states, as shown in Fig. 5.27(b) and (d). The smallest
oscillations occurs about a segment of the pressure-strain curve that is approximately linear, such as in Fig. 5.27(a) and (e). For the case of air-filled
cavities, as given in Fig. 5.27(e), the perturbations about the initial condition,
shown in yellow, appears comparable in magnitude to those in Fig. 5.27(b)
and (d).
To better visualize the deformation, the normalized radius as a function of dimensionless time is considered. For snapping inclusions constrained
to EI1 = 0 and EI1 = −0.15, the radial oscillations are linear and sinusoidal in
nature, as given by the blue and red curves in Fig. 5.28(b). The pre-strains of
EI1 = −0.04 and EI1 = −0.11 are sinusoidal in shape, but some nonlinearity
introduces distortion of the radial oscillations, as shown by the orange and
green curves in Fig. 5.28(b). The amplitude of radial oscillations is larger for
pre-strains EI1 = −0.04 and EI1 = −0.11 than for EI1 = 0 and EI1 = −0.15.
Lastly, the inclusion initially constrained in the negative stiffness regime includes prominent nonlinearity and reaches a larger maximum amplitude than
the other four pre-strains.
For case with air-filled cavities, shown in yellow in Fig. 5.28(d), the
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Figure 5.28: Instantaneous radius normalized by initial radius RI /RIint versus
dimensionless time τ with µM /KM = 1.3×10−4 and p0 = 6 kPa for the snapping
inclusion at five pre-strains and the air-filled cavities at one pre-strain on a
zoomed out time scale in (a), and zoomed in time scales show the snapping
inclusion in (b) for EI1 = 0, EI1 = −0.04, EI1 = −0.11, and EI1 = −0.15, and
in (c) EI1 = −0.08 in (d), and the air-filled cavities at EI = 0.
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radial oscillations follows an approximately sinusoidal pattern, but some nonlinearity manifests itself through perturbations on a shorter time scale than
the period of the driving frequency. Additionally, the radial oscillations about
RI /RIint are not symmetric. Note that at the drive amplitude of p0 = 6 kPa,
a more nonlinear behavior similar to that obtained for a snapping inclusion
constrained in the negative stiffness regime might be expected for the air-filled
cavities. However, strongly nonlinear radial oscillations for free gas bubbles
in a fluid matrix tend to occur at or near the Minneart resonance of the bubble. Because the drive frequency is subresonant at f = 0.1f00 , only a weakly
nonlinear response is induced at the large pressure amplitude for an effective
medium containing air-filled cavities, [131]. When comparing the radial oscillations at the five pre-strains of a snapping inclusion to air-filled cavities with
zero pre-strain in Fig. 5.28(a), or from the magnitudes in Fig. 5.28(b)-(d), it
is apparent that the inclusion in the negative stiffness regime undergoes the
largest deformation. The radial oscillations for air-filled cavities is comparable
to snapping inclusions constrained to a zero linear stiffness state.
The steady-state phase space for all cases considered is shown in
Fig. 5.29. From Fig. 5.29(a), it is apparent that the maximum radial velocity
attained for air-filled cavities at EI1 = 0 is larger than for a snapping inclusion
constrained to EI1 = 0, EI1 = −0.04, EI1 = −0.11, and EI1 = −0.15, but smaller
than EI1 = −0.08. The linear phase portraits for snapping inclusions with
pre-strains EI1 = 0 and EI1 = −0.15, shown in red and blue in Fig. 5.29(b), and
nonlinear phase portraits for EI1 = −0.04 and EI1 = −0.11, given in orange
and green in Fig. 5.29(b), and EI1 = −0.08, shown in purple in Fig. 5.29(c), are
reproductions of the response described in Section 5.5.1. The phase portrait
shown in Fig. 5.29(d) is for an effective medium with air-filled cavities, given in
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Figure 5.29: Phase portrait showing ṘI versus RI /RIint with µM /KM = 1.3 ×
10−4 and p0 = 6 kPa for the snapping inclusion at five pre-strains and airfilled cavities at one pre-strain on a zoomed out time scale in (a), and zoomed
in time scales show the snapping inclusion in (b) for EI1 = 0, EI1 = −0.04,
EI1 = −0.11, and EI1 = −0.15, and in (c) EI1 = −0.08 and (d) air-filled cavities
at EI = 0.
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yellow. The internal loops indicate an increase or decrease in radial velocity at
small changes in radius and represent the shorter time scale perturbations in
the radial oscillations. Additionally, the asymmetry of the radial deformations
from the pre-strain RI /RIint = 1 is apparent in Fig. 5.29(d).
To conclude the analysis dynamic nonlinearity, the normalized frequency spectra as a function of frequency relative to the drive frequency for
the effective medium containing snapping inclusions at five pre-strains and
air-filled cavities at the global equilibrium are compared in Fig. 5.30. For an
effective medium containing snapping inclusions constrained to EI1 = 0 and
EI1 = −0.15, weak harmonics are visible in Fig. 5.30(a) and (e), respectively at
frequencies other than f /fd , but the relative magnitude of the harmonics of the
drive frequency and the resonance at the local undamped natural frequency
are more than 40 dB down, rendering the dynamic response nearly linear. The
weakly nonlinear response of snapping inclusions contained to EI1 = −0.04 and
EI1 = −0.11, given in Fig. 5.30(b) and (d), respectively, include small amplitude harmonics in addition to the peak at the fundamental drive frequency
that are, at most, 20 dB down from the fundamental. The strongly nonlinear
response for the snapping inclusion in the negative stiffness regime, which includes prominent harmonics, subharmonics, and ultraharmonics of fd , appears
in Fig. 5.30(c).
The spectral content for the case of air-filled cavities in an elastic matrix, given in Fig. 5.30(f), include an abundance of harmonics with varying
magnitudes, that are as large as 5 dB down relative to the fundamental. These
harmonics correspond to the short time scale radial perturbations during one
period of the driving frequency. There are no subharmonics or ultraharmonics present for the case studied. For gas bubbles in water, submultiples and
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Figure 5.30: Fourier transform F {RI } normalized by the amplitude at f = fd
as a function of normalized frequency f /fd with µM /KM = 1.3 × 10−4 and
p0 = 6 kPa for the snapping inclusion at (a) EI1 = 0, (b) EI1 = −0.04, (c)
EI1 = −0.08, (d) EI1 = −0.11, and (e) EI1 = −0.15, and (f) air-filled cavities
with EI1 = 0.
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Figure 5.31: Damping capacity over each cycle with µM /KM = 1.3 × 10−4 and
p0 = 6 kPa for the snapping inclusion at (a) EI1 = 0, (b) EI1 = −0.04, (c)
EI1 = −0.08, (d) EI1 = −0.11, and (e) EI1 = −0.15, and (f) the air bubbles
with EI1 = 0.
integer half-multiples of the driving frequency have been observed [145]. However, subharmonics and ultraharmonics may require a larger driving pressure
and/or frequency than considered here.
Comparison of the damping capacity for snapping inclusions versus
air-filled cavities, as shown in Fig. 5.31, is of significant interest because air
cavities in an elastic material are frequently utilized in applications requiring
energy dissipation [162, 164]. In Fig. 4.18, an effective medium containing
oscillating air-filled cavities in an elastic matrix exhibited attenuation on the
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order of a heterogeneous medium with snapping inclusions constrained to the
approximately zero linear stiffness states, but is smaller than the case of snapping inclusion constrained in the negative stiffness regime. The same trends
are apparent for the damping capacity when excited by low-frequency forcing
functions, as indicated in Fig. 5.31.
In Fig. 5.31, it is clear that the damping capacity for a snapping inclusion with EI1 = −0.08 is the largest. The damping capacity for a snapping
inclusion with EI1 = 0 and EI1 = −0.15, given blue and red, respectively, in
Fig. 5.31 are smallest in magnitude. Comparable damping capacities appear
in Fig. 5.31 for snapping inclusions with EI1 = −0.04 and EI1 = −0.11, shown
in orange and green, and for air-filled cavities with EI1 = 0, shown in yellow.
Note that the damping capacity is still increasing over every cycle for an effective medium containing air-filled cavities. This trend is observed because the
rate of energy dissipation is nonlinear. However, the value is approximately
two orders of magnitude less than for snapping inclusions constrained in the
negative stiffness regime, which is shown in purple in Fig. 5.31. Therefore, a
larger damping capacity can be achieved for a heterogeneous medium containing inclusions with designed instabilities relative to air-filled cavities.

5.6

Summary
In Chapter 4, a single scale generalized Rayleigh-Plesset equation was

derived to model an inclusion with a cubic pressure-strain relationship and
non-negligible inertia of the inclusion. The single scale GRP equation was
then used in conjunction with a linear wave equation to model an effective
medium manifesting dispersion as well as attenuation produced by a dilute
concentration of non-interacting snapping inclusions. The present chapter
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considered the low-frequency limit of the frequency-dependent propagation
model to obtain a low-frequency wave equation in the form of a Kortewegde Vries-Burgers equation, but with the addition of cubic nonlinearity. The
constitutive behavior of the effective medium for quasi-static deformations is
obtained based on the low-frequency wave equation. A coupled, multiscale
model capturing the subresonant dynamics of N inclusions within a heterogeneous medium was then developed by combining the single-scale dynamic and
quasi-static effective medium models.
The quasi-static effective medium constitutive behavior and material
properties were explored for different shear moduli to understand how the microscopic instabilities of a nonlinear inclusion affect the macroscopic response.
If the shear modulus of the matrix is sufficiently small, then there exists a strain
region where no propagation occurs, and strain states where the coefficients
of acoustic nonlinearity are unbounded. These features represent instabilities
on the macroscale, which are induced by unconstrained microscale negative
stiffness. However, if the shear modulus is large enough, the inclusion can be
constrained to the negative stiffness regime to yield a macroscopically stable
effective medium. The coefficients of nonlinearity then become bounded. It is
thus observed that elastic stability is obtained at the expense of macroscopic
nonlinearity. However, the achievable acoustic nonlinearity for a nearly incompressible elastic matrix material containing snapping inclusions is still larger
than for the reported magnitudes of conventional materials. There is also the
advantage that the snapping inclusion can be optimized and tuned for specific
applications.
The dynamic behavior of the coupled multiscale model was then explored for both fluid and elastic matrix material cases. When the macroscale
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is stable, a more nonlinear response is achieved in the negative stiffness regime,
which results in a larger damping capacity. For the states corresponding to
zero linear stiffness, the radial oscillations are smaller than for pre-strains
corresponding to negative stiffness, resulting in less damping capacity. Additionally, a larger time-harmonic pressure amplitude is required to induce
nonlinearity for states with zero linear stiffness than for the negative stiffness
case.
There are strain states, such as at the global equilibrium, that correspond to linear oscillations about the constitutive curve. The radial oscillations, and thus damping capacity, is smallest for these states. A much larger
pressure amplitude than considered here is required to induce nonlinear deformations. In comparing the subresonant behavior of a snapping inclusion to
air-filled cavities in an elastic matrix, the nonlinear response and damping capacity are larger for a snapping inclusion in the negative stiffness regime than
for gas bubbles. Thus, the snapping inclusions offer the ability to dissipate
more energy than a viscoelastic material containing air cavities.
Furthermore, the coupled multiscale model properly captures the
macroscopic instabilities for snapping inclusions embedded in a fluid. Large
deformations occur when the inclusion is initially within the negative stiffness
regime, where it cannot be stably constrained. Similarly, snap-through occurs
for an inclusion initially constrained near the zero linear stiffness states when
the acoustic pressure amplitude forces oscillations past the local pressure
extrema. As the inclusion snaps to new pressure-strain states, the inclusion
undergoes large deformation, the response becomes highly nonlinear, and the
damping capacity becomes increased.
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Chapter 6
Quasi-static Homogenization via a Nonlinear
Hashin-Shtrikman method

Within the field of elasticity and micromechanics, the Hashin-Shtrikman
(HS) bounds on the bulk and shear moduli provide limits for the expected
effective moduli of a linear heterogeneous media. As detailed in Section 2.3.2,
the HS bounds can be defined most simply through continuity of normal
displacement and stress [102]. A more rigorous derivation that does not require closed-form analytic solutions for the constitutive behavior is achieved
through variational principles, as originally realized by Hashin and Shtrikman
[14]. A reproduction of the latter derivation appears in Appendix C. Secondorder theories, such as those derived by Ponte Castaneda [111, 113, 116], were
also briefly discussed in Section 2.3.4. However, it is unclear whether the
second-order theories will sufficiently model cubic order nonlinearity, which
is of interest in the current work. Thus, the method of applying continuity
of normal displacement and stress at the boundaries of the nonlinear media
is applied in the present chapter rather than the more complicated approach
using variational principles. The current approach is also interest because the
present work focuses on the special case of purely radial deformation.
In order to apply continuity of normal displacement and stress at the
interfaces, a closed-form analytic solution is required for both the inclusion
and matrix material. The former is derived in Chapter 3, while the latter is
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addressed in Section 6.1. In Section 6.2, the nonlinear effective material parameters are derived by augmenting the linear HS approach to account for an
isotropic nonlinear constitutive hyperelastic response with small but finite deformations. Both the matrix and effective medium are derived within the context of incremental deformation theory. Lastly, the effective medium response
based on the developed theoretical model is explored in Section 6.3. Different
parameters describing the microscale are explored in Section 6.3.1. Then, the
effective medium behavior for the nonlinear Hashin-Shtrikman (NLHS) model
is compared to the constitutive relationship derived in Section 5.2 from the
low-frequency limit of the acoustic wave propagation model. Since the latter
model is derived from a cubic approximation of a Rayleigh-Plesset-type equation formulated in terms of volume, it is referred to in this chapter as the RPV
model for ease of clarifying the behavior between the two models.

6.1

Closed Form Analytic Solutions for an Elastic Matrix Material Finite Deformations
The expansion for strain energy density as a function of strain, such

as the one derived by Landau and Lifshitz [90], is often a convenient way of
describing a medium with both material and geometric nonlinearity [86]. However, an analytic definition describing the displacement does not exist for that
specific strain energy density expansion. Recall that for the analysis in Chapter 4, a reduced form of the Landau-type strain energy density was chosen and
approximations were made to relate the Eulerian and Lagrangian radial coordinates, as shown in Appendix D. Often, models describing large deformations
are phenomenological in nature, such as the Neo-Hookean or Mooney-Rivlin
constitutive relations for rubbery materials [169] and strain-hardening mod-
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els for plastic deformation [66]. Closed from, analytical solutions for finite
deformations of elastic materials are uncommon but exist.
There are six classes of closed form solutions that have received significant attenuation in the literature [170]. The constitutive relationships vary in
functional form, which in turn alters the relationship between radial coordinates in Eulerian and Lagrangian frames of reference. The simplest example is
termed a “harmonic” material [7, 18]. The augmented, NLHS homogenization
approach of Section 6.2 will follow with the work of Lakes and Drugan [7],
where the matrix surrounding a linear inclusion with negative stiffness was a
harmonic material. Since the present work considers the addition of nonlinearity within the inclusion, the constitutive relationships for a harmonic material
are formulated in the context of incremental deformations.
Once again, assume that the deformation for the current configuration
is radially symmetric and the only non-zero displacement field is in the radial
direction, where

and aM and bM



bM
(6.1.1)
uM = aM r̃ + 2 err ,
r̃
describe the deformation in Eulerian coordinates from the

reference field. The deformation gradient in radial coordinates is then given
as
∂r
r
err + (eθθ + eφφ )
∂r̃
r̃




2bM
bM
= 1 + aM − 3 err + 1 + aM + 3 (eθθ + eφφ ) .
r̃
r̃

FM =

(6.1.2)

As with the inclusion, the only non-zero components are on the diagonal,
however, the azimuthal and polar components, which are identical, differ from
the radial component
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The strain energy for a harmonic material E is defined generally as [18]
E = G (I1 ) − B1 I2 + B2 I3 ,

(6.1.3)

where G (I1 ) is a controllable function and the Bj are yet to be defined constants. The invariants I1 , I2 , and I3 are defined in terms of the components of
the deformation gradient, such that
I1 = Frr + Fθθ + Fφφ ,
I2 = Frr Fθθ + Frr Fφφ + Fθθ Fφφ ,

(6.1.4)

I3 = Frr Fθθ Fφφ .
For the present work, the function G (I1 ) is chosen to be an expansion to cubic
order in I1 , [7]
G (I1 ) = A1 I13 + A2 I12 + A3 I1 + A4 ,

(6.1.5)

where the coefficients Ai are yet to be defined. The Cauchy stress for finite deformations can be expressed in terms of strain energy density and deformation
gradient as [66]
F ∂E
(6.1.6)
.
det F ∂F
For a harmonic material subjected to an imposed radial displacement, the
σ=

radial component of the Cauchy stress is obtained from Eqs. (6.1.3)–(6.1.6) as
"

M −1

M
M
σrr
= Fθθ
Fφφ

27A1 + 6A2 + A3 − 2B1 + B2

+ 2 (27A1 + 3A2 − B1 + B2 ) aM + (27A1 + B2 ) a2M

 
bM
bM bM
−2 (B1 − B2 ) 3 + B2 2aM + 3
.
r̃
r̃
r̃3
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(6.1.7)

When there is no displacement, the deformation gradient is equal to the
identity tensor, requiring that aM = bM = 0. It is further assumed that both the
strain energy density and stress are equal to 0 when there is no displacement.
Therefore,
27A1 + 9A2 + 3A3 + A4 − 3B1 + B2 = 0

(6.1.8)

27A1 + 6A2 + A3 − 2B1 + B2 = 0

(6.1.9)

must both be satisfied to prevent deformation at the global equilibrium in the
strain energy density and stress, respectively. Lakes and Drugan [7] related
coefficients Ai and Bi to the linear bulk and shear moduli by comparing the
linear limit of Eq. (6.1.7) to the linear Cauchy stress for an isotropic, homogeneous, linear elastic material, which is [66]
lin
σrr
= 3KM aM − 4µM

bM
.
r̃3

(6.1.10)

Therefore, the bulk and shear moduli are defined as
2
(27A1 + 3A2 − B1 + B2 ) ,
3
1
µM = (B1 − B2 ) .
2

KM =

(6.1.11)
(6.1.12)

Additionally, let
KM0 = 27A1 + B2 ,

(6.1.13)

µM0 = B2 ,

(6.1.14)
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represent the nonlinearity of the matrix. The four elastic moduli defined
in Eqs. (6.1.11)–(6.1.14) are global properties that characterize the inclusion
and are independent of the incremental deformations. The expressions in
Eqs. (6.1.8)–(6.1.14) can be combined to obtain the following relations:
1
A1 =
(K 0 − µM0 ) ,
27 M
A3 = KM0 − 3KM ,






1
4
1
4
µM A 2 =
KM + µM − (KM0 − µ0M ) ,
3
2
3
3

9
2

9
A4 = KM − KM0 ,
2

B1 = 2µM + µM0 ,

(6.1.15)

B2 = µ0M .

The coefficients KM0 and µ0M account for nonlinearity in the matrix and can
assume different values based on the functional form of Eq. (6.1.3) [7, 18].
Both B1 ≥ 0 and B2 ≤ 0 are required for positive-definiteness, but
B1 and B2 cannot simultaneously be equal to zero [18]. Physically, these
limitations result in a stable, positive-definite material, i.e. one that does not
exhibit negative stiffness. Previous to the advent of metamaterials, obtaining
a non positive-definite material was impossible and such restrictions are still
required for conventional materials. To satisfy those conditions, the linear
and nonlinear shear moduli are defined assuming µ0M ≤ 0 and µM ≥ 0, where
µ0M = µM = 0 is not permitted.
Similarly, there are some restrictions made on the constants Ai . It is assumed that as the matrix material is compressed from equilibrium, aM < 0 and
that as the matrix material expands from equilibrium, aM > 0. For positivedefiniteness, G0 must increase monotonically for a medium in compression [18],
which indicates positive linear stiffness with
∂ 2 G (I1 )
> 0,
∂I12
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aM < 0,

(6.1.16)

whereas the reverse is true for expansion. From Eqs. (6.1.2) and (6.1.4),
the first invariant becomes I1 = 3 (1 + aM ). From Eqs. (6.1.5), (6.1.15), and
(6.1.16), the following must also be true:
2
−
3



KM0 − µ0M
KM + 34 µM


aM < 1,

aM < 0.

(6.1.17)

Since KM + 43 µM is always positive for a stable material, the left-hand side of
Eq. (6.1.17) becomes negative if KM0 ≤ 0 or if KM0 < (KM + 2µM ) / |aM | − |µ0M |.
KM0 = µM0 = 0 is an admissible case only if µM is non-zero. Additionally,
a relationship defining B/A and β as a function of the linear and nonlinear
stiffnesses of the harmonic material was derived in Appendix F.1, where
1
βM = −
9



KM0 − µ0M
KM + 43 µM


.

(6.1.18)

Now, the radial component of the Cauchy stress in terms of the elastic
stiffness moduli KM , µM , KM0 , and µM0 is
M
=
σrr

3KM aM − 4µM bM /r̃3 + KM0 a2M + µM0 b2M /r̃6 + 2µM0 aM bM /r̃3
.
(1 + aM + bM /r̃3 )2

(6.1.19)

For completeness, the azimuthal and polar stress components are provided
here:
M
M
σθθ
= σφφ
=

3KM aM + 2µM bM /r̃3 + KM0 a2M − 2µ0M b2M /r̃6 − µM0 aM bM /r̃3
.
(1 + aM + bM /r̃3 ) (1 + aM − 2bM /r̃3 )
(6.1.20)

In linear elasticity, the case where µM = 0 corresponds to constitutive equations
that could describe a fluid. However, in nonlinear elasticity, the stress-strain
response for µM = 0 still defines a nonlinear elastic medium due to the nonlinear shear deformation terms. Additionally, in the limit of µM0 = KM0 = 0, the
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harmonic material describes a linear elastic solid subjected to finite deformations. Lakes and Drugan claimed that neglecting the nonlinear constitutive
terms yields a stress-strain relationship as defined for infinitesimal deformations [7]. This conclusion arises by considering the Biot stress, rather than
the Cauchy stress. Thus, the Biot stress tensor does reduce down to the equations of linear elasticity in the absence of material nonlinearity. However, the
different measures of stress, e.g. Cauchy, first Piola-Kirchhoff, etc., are only
identical for small strains, and geometric effects are present in the Cauchy
stress when finite deformations are accounted for.
The pre-strain states are once again subsets of the total deformed fields,
and will assume the same functional form. Therefore, the displacement, deformation gradient, and radial stress are defined as
uM1


F M1 =

2bM1
1 + aM1 − 3
r̃





bM 1
= aM1 r̃ + 2 err ,
r̃



bM1
err + 1 + aM1 + 3
r̃

(6.1.21)


(eθθ + eφφ ) ,

(6.1.22)

3KM aM1 − 4µM bM1 /r̃3 + KM0 aM2 1 + µM0 b2M1 /r̃6 + χM aM1 bM1 /r̃3
,
(1 + aM1 + bM1 /r̃3 )2

(6.1.23)

and
M1
σrr
=

respectively. As with the inclusion, the elastic moduli are invariant between
the total and pre-strain fields.
The incremental fields are once again necessarily small and are obtained
by taking the differences between the total and the pre-strain fields. The
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incremental displacement and deformation gradient are

ūM =

bM 1
aM1 r̃ + 2
r̃





bM
err − aM r̃ + 2
r̃




err ≡

b̄M
āM r̃ + 2
r̃


err

(6.1.24)

and


2bM
2bM1
F̄ M = 1 + aM − 3 − 1 − aM1 + 3 err
r̃
r̃


bM
2bM
+ 1 + aM + 3 − 1 − aM1 − 3 (eθθ + eφφ ) ,
r̃
r̃




2b̄M
b̄M
= āM − 3 err + āM + 3 (eθθ + eφφ ) ,
r̃
r̃

(6.1.25)

respectively. The coefficients for the incremental displacement between the
pre-strain and total fields in Eulerian coordinates are therefore
āM ≡ aM − aM1 ,

(6.1.26)

b̄M ≡ bM − bM1 .

(6.1.27)

The incremental Cauchy stress is defined as the following expansion up
to quadratic order,
σ̄M = σ M − σ M1 =

∂σ M
∂F M

F̄ M +
F M1

1 ∂ 2σM
2 ∂F 2M

2

F̄ M .

(6.1.28)

F M1

Only the radial component of the incremental Cauchy stress is relevant in the
M
homogenization method considered here and the derivation of σ̄rr
appears in

Appendix F.2. The radial component of the incremental Cauchy stress up to
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quadratic order is defined as
M
σ̄rr
≡ 3K̄M (r̃) āM − 4µ̄M (r̃)

b̄M
+ K̄M0 (r̃) ā2M
r̃3

b̄2
āM b̄M
+ µ̄0M (r̃) M6 − χ̄M (r̃) 3 .
r̃
r̃

(6.1.29)

Note that the five local moduli depend on r̃ and will therefore vary
based on the distance from the inclusion. The local bulk modulus is given by
K̄M (r̃) =

M1
3KM + 2KM0 aM1 + 2µM0 bM1 /r̃3
2σrr
−
,
3 (1 + aM1 + bM1 /r̃3 )
3 (1 + aM1 + bM1 /r̃3 )2

(6.1.30)

and the local shear modulus is
µ̄M (r̃) =

M1
2µM + µ0M
µM0 − σrr
−
.
2 (1 + aM1 + bM1 /r̃3 )2 2 (1 + aM1 + bM1 /r̃3 )

(6.1.31)

There are three quadratic order local moduli. K̄M0 represents the second-order
radial deformation terms, where
K̄M0 (r̃) =

M1
6K̄M (r̃)
KM0 − σrr
−
,
2
(1 + aM1 + bM1 /r̃3 )
(1 + aM1 + bM1 /r̃3 )

(6.1.32)

while µ̄M0 corresponds to second-order shear deformation terms, such that
µ̄M0 (r̃) =

M1
(µ0M − σrr
)
8µ̄M (r̃)
.
2 +
3
(1 + aM1 + bM1 /r̃3 )
(1 + aM1 + bM1 /r̃ )

(6.1.33)

The final local moduli is the second-order cross term of shear and radial deformation terms, which is denoted by χ̄M and expressed as
χ̄M (r̃) =

6K̄M (r̃) + 8µ̄M (r̃)
− 2µ̄M0 .
3
(1 + aM1 + bM1 /r̃ )
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(6.1.34)

As an aside, the spatially varying local moduli describing the matrix material
may be useful in studying scattering from a pre-strain inclusion. Future work
should consider how varying the pre-strain alters the scattered field at different
distances from the surface.

6.2

Augmented Nonlinear Hashin-Shtrikman Homogenization
The material properties and constitutive relationships for both the in-

clusion and matrix are now fully defined. It is thus possible to develop an
analytic model to describe the constitutive behavior and material properties
of the effective medium in the quasi-static limit. The present section develops
an incremental homogenization method that not only extends the linear HS
bounds outlined in Section 2.3.2 to consider nonlinear material properties of
the constituents, but accounts for geometric nonlinearity due to the large deformations through incremental deformation theory. Consider the representative
volume elements illustrated in Fig. 6.1. A nonlinear, spherical inclusion of radius RI embedded in a nonlinear elastic matrix material is shown in Fig. 6.1(a).
It is assumed that all elastic parameters of the constituents are known. In the
same figure, the dashed circle of radius R∗ encompassing the inclusion and
some of the matrix can represent a homogeneous effective medium with unknown linear and nonlinear elastic moduli. The effective medium sphere of
radius R∗ , also surrounded by the same nonlinear elastic matrix, is shown in
Fig. 6.1(b).
The macroscale is modeled as a sphere undergoing purely radial deformations using the same modeling formulation as defined for the inclusion in
Chapter 3. For the total, pre-strain, and incremental fields, the dimensionless
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Figure 6.1: Schematic of homogenization using a Hashin-Shtrikman scheme for
(a) a single nonlinear inclusion within a matrix and (b) an effective medium
within a matrix.
radii are defined as
ξ∗ =

R∗ − R∗0
,
R∗0

(6.2.1)

ξ∗1 =

R∗1 − R∗0
,
R∗0

(6.2.2)

R∗ − R∗1
ξ¯∗ =
,
R∗0

(6.2.3)

respectively. The displacements, which are only non-zero in the radial direction, are
u∗ = ξ∗ r̃err ,

(6.2.4)

u∗1 = ξ∗1 r̃err ,

(6.2.5)

ū∗ = ξ¯∗ r̃err ,

(6.2.6)
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for the three fields of interest. Lastly, the three finite strain tensors, which are
all only non-zero on the diagonal, are given as


1 2
E ∗ = ξ∗ + ξ∗ I,
2


1 2
E ∗1 = ξ∗1 + ξ∗1 I,
2


1 ¯2
¯
Ē ∗ = (1 + ξI1 ) ξ∗ + ξ∗ I.
2

(6.2.7)
(6.2.8)
(6.2.9)

The Cauchy stress, however, is simply defined as the summation of the prestress σ∗1 and the incremental stress, such that


9 0 ¯2 9 00 ¯3
¯
σ ∗ = σ ∗1 + 3K̄∗ ξ∗ − K̄∗ ξ∗ + K̄∗ ξ∗ I.
2
2

(6.2.10)

Subsequently, the hydrostatic pressure is defined as
9
9
P∗ = P∗1 − 3K̄∗ ξ¯∗ + K̄∗0 ξ¯∗2 − K̄∗00 ξ¯∗3 .
2
2

(6.2.11)

The local stiffness moduli are defined solely from the homogenization
and, unlike the microscale inclusion, are not functions of global moduli as
given in Eqs. (3.1.29)–(3.1.31). Since it is unknown a priori whether or not the
effective medium satisfies a perfect quartic strain energy density with respect
to strain, it is instead assumed that the total Cauchy stress (and subsequently
hydrostatic pressure) can be described incrementally with the local linear and
nonlinear stiffness moduli. Thus, K̄∗ , K̄∗0 , and K̄∗00 are simply the derivatives
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of stress with respect, to strain, where
K̄∗ =

1 ∂σ∗
3 ∂ξ∗

K̄∗0 = −
and
K̄∗00 =

,

(6.2.12)

E∗1

1 ∂ 2 σ∗
9 ∂ξ∗2

1 ∂ 3 σ∗
27 ∂ξ∗3

,

(6.2.13)

E∗1

.

(6.2.14)

E∗1

The pre-strain and total fields are then defined iteratively from the global
equilibrium defined by E∗1 = 0 and P∗1 = 0. For the macroscale, the smallstrain limit refers to the value of the local moduli at zero pre-strain.
For the NLHS approach, the total radial displacement and total radial
stress are continuous at the interfaces between both the inclusion and matrix,
as shown in Fig. 6.1(a), and the matrix and the effective medium sphere given
in Fig. 6.1(b). Recall that the total fields are defined as the summation of a
pre-strain state and an increment, such that the pre-strain fields are subsets
of the total fields. Since the total fields are assumed to be continuous at the
interfaces, the radial displacement and stress for the pre-strain states must
also be continuous. Additionally, if both the total and pre-strain fields are
continuous, then the increment must also be continuous. The homogenization
approach applied in the present chapter utilizes the incremental fields. Furthermore, it is assumed that the inclusion is fully defined – the stress, strain,
and global and local moduli are all known. For the matrix, the global and local moduli are known, but the coefficients aM and bM and subsequently āM and
b̄M are still unknowns that must be eliminated through the homogenization,
which is described in the following section.
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The incremental radial displacements provided in Eqs. (3.1.21), (6.1.24),
(6.2.6) are repeated here for convenience:
ūIr (r̃) = ξ¯I r̃,

(6.2.15)

ūMr (r̃) = āM r̃ +

b̄M
,
r̃2

ū∗r (r̃) = ξ¯∗ r̃.

(6.2.16)
(6.2.17)

At the inclusion-matrix interface, ūIr (RI ) = ūMr (RI ), while at the effective
medium-matrix interface, ū∗r (R∗ ) = ūMr (R∗ ). Continuity of radial displacement at each interface with Eqs. (6.2.15)–(6.2.17) yields
bM = RI3 (ξI − aM ) ,

(6.2.18)

bM = R∗3 (ξ∗ − aM ) .

(6.2.19)

Equate Eqs. (6.2.18) and (6.2.19) to obtain the following expression for ξ∗ ,
ξ¯∗ = φξ¯I + (1 − φ) āM ,

(6.2.20)

where the volume fraction of inclusions in the heterogeneous medium is

φ=N

RI
R∗

3
.

(6.2.21)

The case of N = 1 inclusions corresponds to the representative volume element
(RVE) utilized for the present system, as shown in Fig. 6.1(a). This implies
that the volume fraction is sufficiently small in order to prevent interactions
between inclusions. Thus for a dilute concentration of inclusions, the RVE
with N = 1 can be applied to reasonably approximate the full system with an
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arbitrary number of non-interacting inclusions. The volume fraction φ ξ¯I , ξ¯∗
will vary with the deformation and thus ξ¯∗ in Eq. (6.2.20) is an implicit expression for ξ¯∗ .
To eliminate ξ¯∗ from φ, expand Eq. (6.2.21) in powers of ξ¯I and ξ¯∗ . To
achieve this, first replace ξI and ξ∗ with ξI1 + ξ¯I and ξ∗1 + ξ¯∗ , respectively, in
Eq. (6.2.21). This yields

φ = φ1

3 
−3
ξ¯∗
ξ¯I
1+
1+
,
(1 + ξI1 )
(1 + ξ∗1 )

where

φ1 = N

RI1
R∗1

3


= φ0

1 + ξI1
1 + ξ∗1

(6.2.22)

3
.

(6.2.23)

Then, binomially expand each term within the square brackets in Eq. (6.2.22)
to quadratic order in ξ¯I and ξ¯∗ , such that


3ξ¯∗
3ξ¯I2
3ξ¯I
−
+
(1 + ξI1 ) (1 + ξI1 )2 (1 + ξ∗1 )

9ξ¯I ξ¯∗
6ξ¯∗2
−
+
.
(1 + ξ∗1 )2 (1 + ξI1 ) (1 + ξ∗1 )

φ = φ1 1 +

(6.2.24)

Now, combine Eqs. (6.2.24) and (6.2.20) to obtain
ξ¯∗ = φ1 ξ¯I + (1 − φ1 ) āM + 3φ1 ξ¯I − āM
+ 3φ1 ξ¯I − āM










ξ¯I
ξ¯∗
−
(1 + ξI1 ) (1 + ξ∗1 )


ξ¯I2
2ξ¯∗2
3ξ¯I ξ¯∗
+
−
.
(1 + ξI1 )2 (1 + ξ∗1 )2 (1 + ξI1 ) (1 + ξ∗1 )

(6.2.25)

Since ξ¯I is small, the method of recursive substitution detailed in Appendix A
can be applied, where the expression for Eq. (6.2.25) is substituted into the ξ¯∗
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on the left-hand side until it is only a function of ξ¯I and āM . This yields the
following relation for ξ¯∗ :
ξ¯I
(1 + ξI1 )
)




φ1 ξ¯I + (1 − φ1 ) āM
ξ¯I2
−
+ 3φ1 ξ¯I − āM
(1 + ξ∗1 )
(1 + ξI1 )2


6ξ¯I φ1 ξ¯I + (1 − φ1 ) āM
3ξ¯I āM
−
−
(1 + ξI1 ) (1 + ξ∗1 )
(1 + ξI1 ) (1 + ξ∗1 )



2 )
3 φ1 ξ¯I + (1 − φ1 ) āM āM 5 φ1 ξ¯I + (1 − φ1 ) āM
+
+
,
(1 + ξ∗1 )2
(1 + ξ∗1 )2

ξ¯∗ = φ1 ξ¯I + (1 − φ1 ) āM + 3φ1 ξ¯I − āM





(6.2.26)

where terms greater than cubic order in ξ¯I and āM are neglected.
The unknown āM is still present in Eq. (6.2.26), which can be eliminated
by considering the continuity of radial stress. The incremental radial Cauchy
stresses for the inclusion, matrix, and effective medium are given by
9
9
I
σ̄rr
(r̃) = 3K̄I ξ¯I − K̄I0 ξ¯I2 + K̄I00 ξ¯I3 ,
2
2
M
σ̄rr
(r̃) = 3K̄M (r̃) āM − 4µ̄M (r̃)

b̄M
+ K̄M0 (r̃) ā2M
r̃3

b̄2
āM b̄M
+ µ̄0M (r̃) M6 − χ̄M (r̃) 3 ,
r̃
r̃
9
9
∗
σ̄rr
(r̃) = 3K̄∗ ξ¯∗ − K̄∗0 ξ¯∗2 + K̄∗00 ξ¯∗3 ,
2
2

(6.2.27)

(6.2.28)

(6.2.29)

respectively. Recall that the local stiffness moduli for the matrix vary spatially.
Thus, the values will be different when evaluated at the inclusion-matrix interface than at the effective medium-matrix interface. For brevity, let the moduli
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when r̃ = RI be denoted with a subscript ‘MI’, e.g. K̄MI , and moduli for r̃ = R∗
correspond to ‘M*’, e.g. K̄M∗ .
I
At the matrix-inclusion interface, continuity of radial stress σ̄rr
(RI ) =
M
σ̄rr
(R∗ ) from Eqs. (6.2.27) and (6.2.28) yields


9
9
3K̄I ξ¯I − K̄I0 ξ¯I2 + K̄I00 ξ¯I3 = 3K̄MI + 4µ̄MI āM − 4µ̄MI ξ¯I + µ̄0MI ξ¯I2
2
2
 2
0
0
+ K̄MI
+ χ̄MI + µ̄MI
āM − (χ̄MI + 2µ̄0MI ) āM ξ¯I .

(6.2.30)

Solve for āM in Eq. (6.2.30) to obtain





K̄I + 43 µ̄MI ¯ 3 K̄I0 + 29 µ̄0MI ¯2 3
K̄I00
ξI −
ξI +
ξ¯I3
āM =
4
4
4
2 K̄MI + 3 µ̄MI
2 K̄MI + 3 µ̄MI
K̄MI + 3 µ̄MI
(6.2.31)




0
0
1 χ̄MI + 2µ̄0MI
1
K̄
+
χ̄
+
µ̄
MI
MI
MI
+
āM ξ¯I −
ā2M .
4
3 K̄MI + 43 µ̄MI
3
K̄MI + 3 µ̄MI


The local moduli of the matrix defined in Eqs. (6.1.32)–(6.1.34) are substituted
into Eq. (6.2.31) to simplify the expression, where

āM =

K̄I + 43 µ̄MI
K̄MI + 43 µ̄MI



3
ξ¯I −
2



K̄I0 + 29 µ̄0MI
K̄MI + 34 µ̄MI



3
ξ¯I2 +
2



2
(KM0 − µ0M )
 ā2M .
āM ξ¯I −
+
2
4
(1 + ξI1 )
3 (1 + ξI ) K̄MI + 3 µ̄MI

K̄I00
K̄MI + 43 µ̄MI



ξ¯I3
(6.2.32)

Since all terms in Eq. (6.2.32) are small, the method of recursive substitution
can be applied to eliminate āM from the right-hand side. The expression for
āM can be substituted into the right-hand side of (6.2.32) and terms greater
than cubic order are neglected. This process is repeated until āM is only a
function of ξ¯I . Note that this method of recursive substitution is equivalent
to binomially expanding the quadratic formula up to cubic order in ξ¯I . The
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resulting expression for āM is
āM ≡ M̄I ξ¯I − M̄I0 ξ¯I2 + M̄I00 ξ¯I3 ,

(6.2.33)

where new local constants M̄I , M̄I0 , and M̄I00 are defined for simplicity as
K̄I + 43 µ̄MI
,
K̄MI + 43 µ̄MI

 0

0 
3 K̄I0 + 29 µ̄MI
2M̄I
M̄I2
KM − µ0M
0
−
+
,
M̄I =
2 K̄MI + 43 µ̄MI
(1 + ξI1 ) 3 (1 + ξI1 )2 K̄MI + 43 µ̄MI
M̄I =

(6.2.34)
(6.2.35)

and
3
M̄I =
2
00



K̄I00
K̄MI + 34 µ̄MI



2MI0
2M̄I M̄I0
−
+
(1 + ξI1 ) 3 (1 + ξI1 )2



KM0 − µ0M
K̄MI + 43 µ̄MI


.

(6.2.36)

Equation (6.2.34) depends only on the linear local moduli for the matrix and
inclusion. On the other hand, Eq. (6.2.35) and (6.2.36) quantify the local
quadratic and cubic effects, respectively, and depend on the local moduli of
the matrix and inclusion at the same and preceding orders. Equation (6.2.26)
can now be expressed purely as a function of ξ¯I by substituting Eq. (6.2.33) in
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for āM , such that
(


1
−
M̄
3φ
1
I
(1 − φ1 ) M̄I0 −
(1 + ξI1 )

)
3φ1 1 − M̄I φ1 + (1 − φ1 ) M̄I
+
ξ¯I2
(1 + ξ∗1 )
(


3φ1 M̄I0 φ1 + (1 − φ1 ) M̄I
3φ1 M̄I0
00
+ (1 − φ1 ) M̄I +
−
(1 + ξI1 )
(1 + ξ∗1 )


3φ1 1 − M̄I (1 − φ1 ) M̄I0 3φ1 1 − M̄I
+
+
(1 + ξ∗1 )
(1 + ξI1 )2



18φ1 1 − M̄I φ1 + (1 − φ1 ) M̄I
9φ1 1 − M̄I M̄I
−
−
(1 + ξI1 ) (1 + ξ∗1 )
(1 + ξI1 ) (1 + ξ∗1 )


9φ1 1 − M̄I φ1 + (1 − φ1 ) M̄I M̄I
+
(1 + ξ∗1 )2

2 )
15φ1 1 − M̄I φ1 + (1 − φ1 ) M̄I
+
ξ¯I3 .
2
(1 + ξ∗1 )



ξ¯∗ = φ1 + (1 − φ1 ) M̄I ξ¯I −

(6.2.37)

Since the incremental constitutive behavior for the effective medium
is of the same functional form as the inclusion, continuity of the incremental
radial Cauchy stress at the interface between the effective medium and matrix
is of the same form as Eq. (6.2.33). Thus, āM at the matrix-effective medium
interface is given by
āM ≡ M̄∗ ξ¯∗ − M̄∗0 ξ¯∗2 + M̄∗00 ξ¯∗3 ,
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(6.2.38)

where

K̄∗ + 43 µ̄M∗
,
M̄∗ =
(6.2.39)
K̄M∗ + 43 µ̄M∗




2M̄∗
3 K̄∗0 + 29 µ̄0M∗
M̄∗2
KM0 − µM0
0
−
, (6.2.40)
+
M̄∗ =
2 K̄M∗ + 34 µ̄M∗
(1 + ξ∗1 ) 3 (1 + ξ∗1 )2 K̄M∗ + 43 µ̄M∗
and
M̄∗00

3
=
2



K̄∗00
K̄M∗ + 43 µ̄M∗



2M∗0
2M̄∗ M̄∗0
+
−
(1 + ξ∗1 ) 3 (1 + ξ∗1 )2



KM0 − µ0M
K̄M∗ + 34 µ̄M∗


, (6.2.41)

which is of the same functional form as for the microscale. Thus, the linear,
quadratic, and cubic local moduli defined in Eqs. (6.2.39)–(6.2.41) for the
macroscale also depend on the same respective order for the local inclusion
and matrix moduli, and any preceding orders, if applicable.
Note that ξ¯∗ is defined in Eq. (6.2.37) as a function of ξ¯I and the material properties and the pre-strain values. Equation (6.2.38) can therefore be
expressed as powers of ξ¯I , where the square and cube of ξ¯∗ are retained only
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up to cubic order in ξ¯I . This yields the following expression for āM :
(


āM = M̄∗ φ1 + (1 − φ1 ) M̄I ξ¯I −

2

M̄∗0 φ1 + (1 − φ1 ) M̄I



3φ1 M̄∗ 1 − M̄I φ1 + (1 − φ1 ) M̄I
+ (1 − φ1 ) M̄∗ M̄I +
(1 + ξ∗1 )
)
n
3
3φ1 M̄∗ 1 − M̄I
00 
2
¯
−
ξI + M̄∗ φ1 + (1 − φ1 ) M̄I
(1 + ξI1 )


+ 2 (1 − φ1 ) M̄∗0 φ1 + (1 − φ1 ) M̄I M̄I



6φ1 M̄∗0 φ1 + (1 − φ1 ) M̄I 1 − M̄I
−
(1 + ξI1 )


3φ1 M̄∗ M̄I0 3φ1 M̄∗ M̄I0 φ1 + (1 − φ1 ) M̄I (6.2.42)
00
−
+ (1 − φ1 ) M̄∗ M̄I +
(1 + ξI1 )
(1 + ξ∗1 )


3φ1 M̄∗ 1 − M̄I (1 − φ1 ) M̄I0 3φ1 M̄∗ 1 − M̄I
+
+
(1 + ξ∗1 )
(1 + ξI1 )2



9φ1 M̄∗ 1 − M̄I M̄I
18φ1 M̄∗ 1 − M̄I φ1 + (1 − φ1 ) M̄I
−
−
(1 + ξI1 ) (1 + ξ∗1 )
(1 + ξI1 ) (1 + ξ∗1 )


9φ1 M̄∗ 1 − M̄I φ1 + (1 − φ1 ) M̄I M̄I
+
(1 + ξ∗1 )2

2 )
15φ1 M̄∗ 1 − M̄I φ1 + (1 − φ1 ) M̄I
ξ¯I3 ,
+
2
(1 + ξ∗1 )

which is equal to Eq. (6.2.32) up to O ξ¯I3 . The linear and nonlinear local
stiffness for the effective medium are obtained by solving the equation defined
by Eq. (6.2.32) equal to (6.2.42). One solution for this is ξ¯I = 0, which is the
trivial solution of no deformation. The other solution corresponds to equating
orders of ξ¯I in Eq. (6.2.32) and (6.2.42) and setting the resulting coefficients
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equal to zero, rather than assuming ξ¯I = 0. The effective moduli are obtained
from the coefficients at ξ¯I , ξ¯2 , and ξ¯3 in the expression for Eq. (6.2.32) equal
I

I

to (6.2.42).
At linear order of ξ¯I , the local modulus is obtained from
M̄I
,
M̄∗ = 
φ1 + (1 − φ1 ) M̄I

(6.2.43)

such that


K̄M∗ K̄I + 34 µ̄MI + 43 φ1 µ̄M∗ K̄I − K̄MI

 .
K̄∗ =
K̄MI + 43 µ̄MI + (1 − φ1 ) K̄I − K̄MI

(6.2.44)

Thus, the local stiffness quantifying the macroscale depends on the local linear
stiffness of the inclusion, pre-strain volume fraction, and the local matrix bulk
and shear moduli evaluated at both the micro and macroscale. Recall that
the local bulk and shear moduli of the matrix differ when evaluated at the
inclusion-matrix and effective medium-matrix interfaces due to differing geometric effects on each scale. In the limit of infinitesimal strains, the pre-strain
states approach that of the global reference. Therefore, the strain and stress
(or pressure) that correspond to the pre-strain approach zero. The linear local elastic moduli K̄I , K̄∗ , K̄MI , K̄M∗ , µ̄MI , and µ̄M∗ become the global values
of the bulk and shear moduli for each respective material, where the global
matrix moduli are identical regardless of whether they are evaluated at the
inclusion-matrix interface or the effective medium-matrix interface. In this
limit, Eq. (6.2.44) reduces to the effective bulk modulus obtained from the
Hashin-Shtrikman method [14].
The nonlinear local modulus at quadratic order is obtained by equating
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terms of order ξ¯I2 in Eq. (6.2.32) equal to (6.2.42), where solving for M̄∗0 yields
M̄∗0




M̄I0 1 − (1 − φ1 ) M̄∗
3φ1 M̄∗ 1 − M̄I
= 

2 +
2
(1 + ξI1 ) φ1 + (1 − φ1 ) M̄I
φ1 + (1 − φ1 ) M̄I

3φ1 M̄∗ 1 − M̄I

,
−
(1 + ξ∗1 ) φ1 + (1 − φ1 ) M̄I

(6.2.45)

which simplifies to the following through use of Eq. (6.2.43):
M̄∗0 = φ1



M̄∗
M̄I

3 "

 #


2
M̄I 1 − M̄I
3
1
−
M̄
M̄I
M̄∗
I
0
M̄I +
.
− 3φ1
(1 + ξI1 )
(1 + ξ∗1 )
M̄I
(6.2.46)

The local quadratic nonlinear stiffness is then found from Eq. (6.2.40) and
(6.2.46) to be
K̄∗0

2
=
3




4 K̄∗ + 34 µ̄M∗
4
0
K̄M∗ + µ̄M∗ M̄∗ +
3
3 (1 + ξ∗1 )
2

2
M̄∗
2
(KM0 − µ0M ) − µ̄M0 ∗ .
−
9 1 + ξ∗1
9

(6.2.47)

There is an explicit dependence on the global and local moduli of the matrix
and effective medium, and the effective medium pre-strain ξ∗1 in Eq. (6.2.47).
Additionally, K̄∗0 is a function of the volume fraction of each pre-strain state
and the linear and nonlinear stiffnesses describing the matrix and inclusion
through Eqs. (6.2.34), (6.2.35), and (6.2.43) in Eq. (6.2.46).
The nonlinear local stiffness modulus at cubic order is obtained by
equating terms of order ξ¯3 in Eq. (6.2.32) equal to (6.2.42). From Eqs. (6.2.43)
I

276

and (6.2.46), the expression for M̄∗00 is expressed as

4 (
0
1
−
M̄
3
M̄
3
M̄
M̄
I
I
I
I
−
M̄∗00 = φ1
M̄I00 −
(1 + ξI1 )
(1 + ξI1 )2

"
 #)
9M̄I2 1 − M̄I
9φ1 M̄I 1 − M̄I
2 1 − M̄I
−
+
M̄I +
(1 + ξ∗1 )
(1 + ξ∗1 )
(1 + ξI1 )


3 (
M̄∗
9φ1 M̄I M̄I0 6φ1 M̄∗0 1 − M̄I
0
(6.2.48)
−
2 (1 − φ1 ) M̄∗ M̄I +
+
(1 + ξ∗1 )
(1 + ξI1 )
M̄I
"
 #)

3 2
9φ
M̄
1
−
M̄
2
1
−
M̄
M̄∗
1
I
I
I
1
+
−
(1 + ξ∗1 )
(1 + ξI1 )
(1 + ξ∗1 )
M̄I



2


M̄I 1 − M̄I
M̄∗
M̄∗ M̄∗0 1 − M̄I
− 6φ1
− 6φ1
.
(1 + ξ∗1 )
M̄I
M̄I
(1 + ξ∗1 )2


M̄∗
M̄I

The nonlinear local stiffness at cubic order, as defined in Eq. (6.2.41), is then
expressed as
2
K̄∗00 =
3



 0

4
µ̄
K̄
+
M̄∗
4
4
M
M
∗
∗
3
K̄M∗ + µ̄M∗ M̄∗00 +
3
3 (1 + ξ∗1 )

4M̄∗ M̄∗0 (KM0 − µ0M )
−
.
9 (1 + ξ∗1 )2

(6.2.49)

Linear and quadratically nonlinear moduli manifest in K̄∗00 both explicitly and
through M̄∗0 and M̄∗00 . Cubic nonlinearity is introduced in Eq. (6.2.49) through
M̄∗00 , which depends on M̄I00 , defined in Eq. (6.2.36). Additionally, the local
stiffness at cubic order depends on the volume fraction in the pre-strain configurations and pre-strain dimensionless radius.
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The pressure increment, defined as
9
9
P̄∗ = −3K̄∗ ξ¯∗ + K̄∗0 ξ¯∗2 − K̄∗00 ξ¯∗3 ,
2
2

(6.2.50)

is now fully defined from Eqs. (6.2.37), (6.2.44), (6.2.47), and (6.2.49). All
fields of the inclusion are known a priori. However, the local matrix moduli
evaluated at the inclusion-matrix interface depend on the unknown aM1 and
the matrix local moduli evaluated at the effective medium-matrix interface are
functions of unknown aM1 , ξ∗1 , and P∗1 . Therefore, the solution must be built
incrementally starting from zero pre-strain and is obtained following the same
iterative method in Section 5.2. Note that if both compression and expansion
are considered, the solutions must be obtained separately, starting from zero
pre-strain in both cases.

6.3

Example: Quasi-Static Effective Medium
The effective medium behavior obtained from the NLHS model is now

explored. The surrounding elastic matrix is assumed to be a harmonic material with density ρM = 1000 kg/m3 and bulk modulus is KM = 2.2 GPa. Values
of the shear modulus will vary but are restricted to the nearly incompressible
limit (µM /KM  1). Only a dilute concentration of φ0 = 0.5% of the same
snapping inclusion introduced in Section 3.3 are present in the heterogeneous
medium. Section 6.3.1 explores different moduli for harmonic matrix material.
In an effort to further understand the response, Section 6.3.2 compares the effective behavior for the two homogenization methods developed in the present
dissertation, the NLHS model obtained here and the RPV model developed
in the previous chapter. Since these two models are derived from completely
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different methods, this comparison offers some valuable insight on the validity
on both solutions obtained.
6.3.1

NLHS Model
Two parameters are varied in the following analysis, the linear shear

modulus µM and the nonlinear shear modulus µ0M . The same four ratios of
µM /KM considered in Section 5.3.1 are used here to investigate the effective
medium behavior. This limits the matrix to a nearly incompressible elastic
material, where µM /KM  1. Recall that µM = 0 is allowed only when µM0 6= 0
and that µM0 must be a negative number, although there are no restrictions
on the value other than being non-zero. This restriction is required for the
strain energy to be positive definite [18]. Two different values of µ0M /KM0 are
considered: µ0M /KM0 = 1.4 × 10−6 and µ0M /KM0 = 2.8 × 10−5 . In Appendix F.1,
a way of relating KM0 and µ0M to βM was shown. Assume that βM of the matrix
is similar to that of water. Therefore, the value of µ0M was chosen as a free
parameter and KM0 is defined assuming βM = 3.5 based Eq. (6.1.18) and the
desired ratio of µ0M /KM0 . Since µ0M /KM0 represent the ratio of quadratic shear to
bulk effects, the behavior explored here is also limited to µ0M /KM0  1.
It is anticipated that even a weak variation in the global nonlinear
shear modulus will influence the behavior of the system. Both geometric and
material nonlinearity manifest in the local linear stiffness moduli describing
M1
,
the matrix. Therefore, µ̄M in Eq. (6.1.31) is a function of both µ0M and σrr

the latter of which also varies as a function of µ0M . The influence of µ0M is only
perceived at large pre-strains and thus the resulting behavior should be similar
at small deformations for both values of µ0M /KM0 . However, as the pre-strain
increases, µ0M begins to alter µ̄M and the variations become relevant even for
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the local linear stiffness of the effective medium. The question then becomes,
how strongly do the geometric effects of the matrix material with µM /KM  1
and µ0M /KM0  1 alter the effective medium response?
Figures 6.2–6.5 compare the macroscopic behavior for µ0M /KM0 = 1.4 ×
10−6 , indicated by the solid lines, and µM0 /KM0 = 2.8 × 10−5 , represented with
the dot-dashed lines. Additionally, the behavior is considered at four shear
moduli of interest, µM /KM = 0, µM /KM = 6.4 × 10−5 , µM /KM = 1.3 × 10−4 , and
µM /KM = 1.9 × 10−4 , respectively, which appear in the blue, orange, purple,
and green curves for both nonlinear shear moduli cases. Note that the cases
for which µM /KM = 0 do not refer to a fluid, because µM0 /KM0 is non-zero and
nonlinear shear effects are accounted for.
In Fig. 6.2, the effective medium pressure in MPa is shown as a function
of the macroscopic strain E∗ for the eight cases of interest. First consider
only the case of µ0M /KM0 = 1.4 × 10−6 , given in the solid lines. The cases
µM /KM = 0 and µM /KM = 6.4 × 10−5 , shown in the blue and orange solid
lines, are non-monotonic, indicating that the shear modulus of the matrix is
not sufficiently large to constrain the unstable inclusions, and macroscopic
instabilities are observed. There is an increase in magnitude and decrease in
slope near the first local pressure extremum and inflection point as the shear
modulus increases from µM /KM = 0 to µM /KM = 6.4 × 10−5 . As the shear
modulus is further increased to µM /KM = 1.3 × 10−4 and µM /KM = 1.9 × 10−4 ,
as given by the purple and green solid curves, the pressure becomes monotonic,
which further indicates a decrease in slope near the inflection point and an
increase in amplitude as a function of shear modulus. When µM /KM = 1.3 ×
10−4 , and µM /KM = 1.9 × 10−4 , the inclusion is constrained for all pre-strains,
including the negative stiffness regime, and the macroscale always exists a
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Figure 6.2: Effective medium pressure P∗ versus strain E∗ for µM /KM = 0
in blue, µM /KM = 6.4 × 10−5 in orange, µM /KM = 1.3 × 10−4 in purple, and
µM /KM = 1.9 × 10−4 in green, and µ0M /KM0 = 1.4 × 10−6 in solid lines and
µ0M /KM0 = 2.8 × 10−5 in dot-dashed lines.
stable configuration in these cases. For all four solid curves, the macroscopic
response near E∗ = 0 is approximately linear, as does the behavior for strains
E∗ < −6 × 10−4 .
Now consider the case of µ0M /KM0 = 2.8 × 10−5 , as indicated by the
dot-dashed lines. Since µM0 /KM0 was increased by an order of magnitude, it
is anticipated that the effective behavior will be very similar to the case of
µM0 /KM0 = 1.4 × 10−6 . As expected, the small-strain behavior for all values of
the ratio µM /KM considered is nearly identical for both cases of µ0M /KM0 . As the
strain approaches the first local extremum, the response for µ0M /KM0 = 2.8 ×
10−5 begins to diverge from µM0 /KM0 = 1.4×10−6 for all four shear moduli. The
281

differences between the cases of µM0 /KM0 = 1.4 × 10−6 and µ0M /KM0 = 2.8 × 10−5
are comparable at larger deformations respectively for each shear modulus
value.
Furthermore, increasing µM0 /KM0 by only a factor of 10 can significantly
alter the pressure-strain behavior at corresponding shear moduli. For example,
when µM /KM = 1.3 × 10−4 and µ0M /KM0 = 2.8 × 10−5 , the pressure-strain curve
is monotonic, as shown by the purple curve. However, if µM0 /KM0 = 2.8 × 10−5 ,
then for the same shear modulus, the pressure-strain curve is slightly nonmonotonic, as shown by the purple dot-dashed curve. This implies that there
is macroscopic negative stiffness for a harmonic matrix material described by
µM /KM = 1.3 × 10−4 and µ0M /KM0 = 2.8 × 10−5 , which is more clearly visualized
in Fig. 6.3. Additionally, for an inclusion in compression, the pressure P∗ can
become negative at certain strains states for the case of µ0M /KM0 = 2.8×10−5 and
µM /KM = 0, represented with the blue dot-dashed line, which corresponds to a
bistable effective medium with two stable equilibria. However, at sufficiently
large deformations, all eight curves appear parallel, indicating that the slopes,
and subsequently the local linear stiffness, approach the same value.
Figure 6.3 shows the local linear macroscopic stiffness versus effective
medium strain for the eight cases of interest. The vertical gray dashed lines
represent the strain state where K̄I ≈ 0 for µM /KM = 0 and µ0M /KM0 = 1.4 ×
10−6 . Again, first consider the case of µ0M /KM0 = 1.4 × 10−6 , indicated with
the solid curves. In the case of the smaller two shear moduli, shown with the
blue and orange solid lines, the local linear stiffness on the macroscale becomes
negative at certain strain states. The curve for µM /KM = 6.4 × 10−5 is shifted
upwards relative to µM /KM = 0 and the strain states where K̄∗ ≈ 0 have shifted
towards one another. As the shear modulus is increased to µM /KM = 1.3×10−4
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Figure 6.3: Effective medium local linear stiffness K̄∗ versus strain E∗ for
µM /KM = 0 in blue, µM /KM = 6.4 × 10−5 in orange, µM /KM = 1.3 × 10−4 in
purple, and µM /KM = 1.9 × 10−4 in green, and µ0M /KM0 = 1.4 × 10−6 in solid
lines and µ0M /KM0 = 2.8 × 10−5 in dot-dashed lines.
and µM /KM = 1.9 × 10−4 , as shown by the purple and green solid curves, K̄∗
is always positive.
The effective local linear stiffness for µM0 /KM0 = 2.8 × 10−5 at all four
shear moduli, shown with the dotted lines, is qualitatively similar, especially
at the smaller strain states. As the strains increase, the behavior for µ0M /KM0 =
2.8 × 10−5 diverges from the case of µ0M /KM0 = 1.4 × 10−6 for all four shear
moduli. For the case where µM /KM = 0 and µ0M /KM0 = 2.8 × 10−5 , shown by
the blue dot-dashed curve, the strain states where K̄∗ ≈ 0 have shifted away
from one another, broadening the negative stiffness regime. The same trend
is apparent for the µM /KM = 6.4 × 10−5 at the two values of µM0 /KM0 shown by
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the orange dotted curve.
For µM /KM = 1.3 × 10−4 , the widening K̄∗ induces negative stiffness
regime states for µM0 /KM0 = 2.8 × 10−5 , shown with the dot-dashed purple lines,
that are absent for µM0 /KM0 = 1.4 × 10−6 , shown with the solid purple curve.
Although for µM /KM = 1.9 × 10−4 , both values of µ0M /KM0 yield positive macroscopic stiffness, there are still differences between the corresponding stiffness
curves. This variation at all four shear moduli implies that the strains vary
as a function of µ0M /KM0 . Additionally, there is a decrease in magnitude for
µ0M /KM0 = 2.8 × 10−5 relative to µM0 /KM0 = 1.4 × 10−6 for all four strain states.
When comparing the local linear stiffness for the same shear moduli,
there are more strains corresponding to the negative stiffness regime for the
larger value of µM0 /KM0 . Thus, there is increased macroscopic instability for
increased shear nonlinearity of the matrix material. It is non-intuitive that
varying nonlinear effects of the matrix will alter the linear macroscopic response. Recall that geometric and material nonlinearity manifest in the linear local stiffness parameters of the matrix for K̄M in Eq. (6.1.30) and µ̄M in
Eq. (6.1.31). For small deformations, these effects are negligible and the solid
and dot-dashed curves are identical. At larger strains, the values of K̄M and
µ̄M vary based on the influence of the geometric and material nonlinearity and
the behavior of the local linear stiffness diverges for the two chosen values of
µM0 /KM0 .
The local coefficient of acoustic nonlinearity at quadratic order is shown
in Fig. 6.4 for the different combinations of linear and nonlinear shear moduli.
As in Figs. 6.2 and 6.3, the differences between β̄∗ provided in Fig. 6.4 for
µ0M /KM0 = 1.4 × 10−6 and µ0M /KM0 = 2.8 × 10−5 become more prominent with
increasing deformation. As anticipated, the effective medium which includes
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Figure 6.4: Effective medium local coefficient of acoustic nonlinearity at
quadratic order β̄∗ versus strain E∗ for µM /KM = 0 in blue, µM /KM = 6.4×10−5
in orange, µM /KM = 1.3 × 10−4 in purple, and µM /KM = 1.9 × 10−4 in green,
and µM0 /KM0 = 1.4 × 10−6 in solid lines and µ0M /KM0 = 2.8 × 10−5 in dot-dashed
lines.
macroscopic negative stiffness gives rise to unbounded β̄∗ that asymptote to
infinity as K̄∗ → 0. An unbounded coefficient of quadratic nonlinearity occurs
for µ0M /KM0 = 1.4 × 10−6 at shear moduli µM /KM = 0, shown by the solid
blue line, and µM /KM = 6.4 × 10−5 , shown by the solid orange line, as well as
for µM0 /KM0 = 2.8 × 10−5 at µM /KM = 0, shown by the dot-dashed blue line,
µM /KM = 6.4 × 10−5 , shown by the dot-dashed orange line, and µM /KM =
1.3 × 10−4 , shown by the dot-dashed green line.
Since the case of µ0M /KM0 = 1.4 × 10−6 and µM /KM = 1.3 × 10−4
shown with the purple solid curve represents a macroscopically stable effec-
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tive medium at all strains, β̄∗ is finite for all values of E∗ . For the case of
µM /KM = 1.3 × 10−4 , the differences between the unbounded and bounded
local coefficient of quadratic nonlinearity attained with the different values of
µM0 /KM0 become significant beyond the small-strain limit. At the largest strains
for µM /KM = 1.3 × 10−4 , both µM0 /KM0 = 1.4 × 10−6 and µ0M /KM0 = 2.8 × 10−5
approach the same value. The behavior for µM /KM = 1.9 × 10−4 for both values of µ0M /KM0 appear the most similar; both curves are bounded and approach
similar magnitudes. Furthermore, the magnitudes are fairly large, such that
the bounded maximume magnitude for the largest shear modulus and both
values of µM0 /KM0 is on the order of 103 .
The local coefficient of cubic nonlinearity is shown in Fig. 6.5(a) for
the eight cases of interest. Although it is important to compare all the curves
relative to one another, it is difficult to discern all of the curves on that scale.
Therefore, Fig. 6.5(b) shows just the lower shear moduli for which µM /KM = 0
and µM /KM = 6.4 × 10−5 for both values of µ0M /KM0 , shown with blue and
orange, and Fig. 6.5(c) shows both values of µ0M /KM0 for the larger shear moduli,
µM /KM = 1.3×10−4 and µM /KM = 1.9×10−4 , in purple and green, respectively.
Note that the axis limits differ slightly in all three figures for clarity.
Consider first the response in Fig. 6.5(b). All four curves are very
similar and behave as follows. In the small-strain limit, γ̄∗ is positive. Then,
at the strains for which K̄∗ → 0, γ̄∗ asymptotically approaches negative infinity.
The strain states where γ̄∗ → ∞ shift towards one another for increasing linear
and nonlinear shear moduli as in Fig. 6.4. At the largest strains, the magnitude
of the local coefficient of cubic nonlinearity decreases and the behavior of
µM0 /KM0 = 2.8 × 10−5 approaches that of µ0M /KM0 = 1.4 × 10−6 . Although
γ∗ → 0 as E∗ → −∞, it does so at such a slow rate that significantly more
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Figure 6.5: Effective medium local coefficient of acoustic nonlinearity at cubic
order γ̄∗ versus strain E∗ for µM /KM = 0 in blue, µM /KM = 6.4 × 10−5 in
orange, µM /KM = 1.3 × 10−4 in purple, and µM /KM = 1.9 × 10−4 in green,
and µ0M /KM0 = 1.4 × 10−6 in solid lines and µ0M /KM0 = 2.8 × 10−5 in dot-dashed
lines. In (a) all eight cases are shown, while (b) represents the two lowest µM
for both µ0M and (c) represents the two larger µM for both µ0M .
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deformation is required. Between the vertical dashed lines, which represents
the microscopic negative stiffness regime, γ̄∗ becomes positive. Thus, there are
strain states for which γ̄∗ = 0.
Now consider the two curves for µM /KM = 1.3 × 10−4 in Fig. 6.5(c).
There are significant differences between the behavior of γ̄∗ corresponding to
µM0 /KM0 = 1.4 × 10−6 , shown with the solid purple curve, and to µM0 /KM0 =
2.8 × 10−5 , denoted by the dot-dashed purple curve. The former is bounded,
whereas the latter asymptotes to negative infinity. However, in the small-strain
limit, for larger strains such as E∗ > 6×10−4 , and for some strains between the
vertical dashed lines, the response for both values of µ0M /KM0 when µM /KM =
1.3 × 10−4 becomes similar. Finally, the behavior for µ0M /KM0 = 1.4 × 10−6 and
µ0M /KM0 = 2.8 × 10−5 with µM /KM = 1.9 × 10−4 , as shown by the solid and
dot-dashed green curves, respectively are most similar to one another due to
the overall decrease in nonlinearity.
Overall, the behavior for an effective medium comprised of snapping
inclusions embedded within a harmonic matrix of differing material nonlinearity is qualitatively similar. However, there are certain instances where the
differences are substantial. Specifically, it is worth emphasizing that for the
same value of µM /KM , variations in µM0 /KM0 result in macroscopic instabilities or
bistabilities. Therefore, the application of such a model should be considered
carefully.
6.3.2

Comparison of Methods
It is also of interest to see how the response of the NLHS models com-

pare to the RPV model of Chapter 5. For both the RPV and NLHS models,
it is assumed that βM = 3.5 in the quasi-static limit. For the NLHS model,
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Figure 6.6: Effective medium strain E∗ versus inclusion strain EI for µM /KM =
0 in blue, µM /KM = 6.4 × 10−5 in orange, µM /KM = 1.3 × 10−4 in purple, and
µM /KM = 1.9×10−4 in green. The RPV model is denoted with solid curves and
the NLHS model is shown with (a) dot-dashed lines for µ0M /KM0 = 1.4 × 10−6
and (b) dotted lines with µM0 /KM0 = 2.8 × 10−5 .
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the two cases of µ0M /KM0 = 1.4 × 10−6 and µM0 /KM0 = 2.8 × 10−5 are again considered here. However, for the RPV model, there is only one elastic coefficient
that characterizes nonlinearity at quadratic order nonlinearity in matrix and is
based on the values of the shear modulus and acoustic parameter of nonlinearity in matrix, as described in Section 4.3. The same four shear moduli explored
in Section 6.3.1 are again considered in the present section. In Figs. 6.6–6.10,
(a) compares the results of the RPV model, in solid lines, to the NLHS model
with µM0 /KM0 = 1.4 × 10−6 , in the dot-dashed lines, and (b) shows the RPV
model, again in solid lines, to NLHS model with µM0 /KM0 = 2.8 × 10−5 , in the
dotted lines. Note that the RPV model shown in both (a) and (b) is identical.
The first parameter considered is strain. Figure 6.6 shows the macroscopic strain E∗ versus the microscopic strain EI . For the RPV model, increasing the shear modulus results in more deformation on the macroscale relative
to the same microscale response. Thus the magnitude of E∗ relative to the
EI is smallest for the fluid case and largest when µM /KM = 1.9 × 10−4 . The
same trend is apparent in Fig. 6.6(a) for the NLHS model in the dot-dashed
lines and in (b) for the NLHS model in the dotted lines. At small strain, all
values of E∗ are approximately the same, regardless of µM , AM , or µ0M . Then,
as the inclusion undergoes larger deformations, the effective medium described
by the NLHS model at both values of µM0 deforms less than the RPV model, as
indicated in both Figs. 6.6(a) and (b). Additionally, increasing µM0 decreases
the strain magnitude, as indicated in Section 6.3.1, and thus the dotted lines in
Fig. 6.6(b) indicates a larger magnitude relative to the same EI than the dotdashed line in Fig. 6.6(b) for corresponding shear moduli. The differences in
strain magnitude will manifest in Figs. 6.7–6.10 for the macroscopic pressure,
local linear stiffness, and local quadratic and cubic coefficients of nonlinear-
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ity. Physically, the RPV model corresponds to an effective medium that is
accumulating more strain, and subsequently employing more energy, relative
to an effective medium described by the NLHS model with either parameters
considered.
The macroscopic pressure-strain curves are next compared for the two
models in Fig. 6.7. As anticipated, the behavior is qualitatively similar in all
cases relative to the same shear moduli. In Fig. 6.7(a), the trends for the
increasing shear modulus are the same for the RPV model and NLHS model
with µ0M /KM0 = 1.4 × 10−6 . The pressure-strain response at both µM /KM = 0,
shown in blue, and µM /KM = 6.4 × 10−5 , shown in orange, is non-monotonic,
whereas for µM /KM = 1.3 × 10−4 and µM /KM = 1.9 × 10−4 , shown in purple
and green, respectively, the behavior is monotonic. The small-strain behavior is very similar for an effective medium containing an elastic matrix with
µ0M /KM0 = 1.4 × 10−6 and µ0M /KM0 = 2.8 × 10−5 , but the curves diverge beyond
the strain state E∗ ≈ −1.5 × 10−4 . The divergence is corresponds to where
the macroscopic strains diverge relative to the same microscale deformation
in Fig. 6.6(a). For all four shear moduli shown in Fig. 6.7(a), the NLHS
model yields a smaller pressure magnitude then the RPV model for increasing
compression. At the larger strains, the slope of the curves are also dissimilar.
In Fig. 6.7(b), the solid curves representing the RPV model and dotted
lines denoting the NLHS model with µ0M /KM0 = 2.8 × 10−5 behave similarly at
small strains for all four shear moduli considered. Beyond the strain state E∗ ≈
−1.5×10−4 , the pressure curves for the RPV and NLHS models diverge. This is
the same strain state where the NLHS model with µ0M /KM0 = 1.4×10−6 diverges
from the RPV model, as shown in Fig. 6.7(a). Beyond that strain state, the
NLHS model with µ0M /KM0 = 2.8 × 10−5 possesses a lower magnitude than the
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Figure 6.7: Effective medium pressure P∗ versus strain E∗ for µM /KM = 0
in blue, µM /KM = 6.4 × 10−5 in orange, µM /KM = 1.3 × 10−4 in purple, and
µM /KM = 1.9×10−4 in green,. The RPV model is denoted with solid curves and
the NLHS model is shown with (a) dot-dashed lines for µ0M /KM0 = 1.4 × 10−6
and (b) dotted lines with µM0 /KM0 = 2.8 × 10−5 .
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RPV model in Fig. 6.7(b). The differences between the two models shown
in Fig. 6.7(b) are more pronounced than in (a). The maximum difference
in magnitude between the solid and dotted lines in Fig. 6.7(b) is larger than
between the solid and dot-dashed lines in Fig. 6.7(a). Additionally, bistabilities
may be induced for the NLHS model that are absent for the RPV model at
µM /KM = 0. For µM /KM = 1.3 × 10−4 , the RPV model yields a monotonic
pressure-strain response, whereas the NLHS model with µM0 /KM0 = 2.8 × 10−5
yields a non-monotonic curve.
In Figs. 6.6 and 6.7, the trends are similar for the RPV model, NLHS
model with µM0 /KM0 = 1.4 × 10−6 and NLHS model with µ0M /KM0 = 2.8 × 10−5 .
Therefore, it is anticipated that the local linear and nonlinear stiffness moduli,
and in turn, the local coefficients of acoustic nonlinearity, are also similar in
behavior, which is observed in Figs. 6.8–6.10. Since the microscale strains map
to the macroscale strains differently between the cases being compared in this
section, the macroscopic regime of microscale negative stiffness is also different.
Thus, the vertical dashed lines that denote the microscale negative stiffness
regime in similar figures of previous sections are absent from Figs. 6.8–6.10.
Each figure still includes the horizontal gray dashed lines that delineate where
the local material properties are equal to zero.
Figure 6.8(a) compares the local linear stiffness versus macroscopic
strain for the RPV results with solid lines to the NLHS model with µM0 /KM0 =
1.4 × 10−6 in dot-dashed lines and (b) compares the RPV model to the NLHS
model with µM0 /KM0 = 2.8×10−5 in dotted lines. The overall trends with respect
to increasing shear modulus are as anticipated. In both Fig. 6.8(a) and (b), the
local minimum of K̄∗ increases for increasing shear modulus. At µM /KM = 0
and µM /KM = 6.4 × 10−5 for all cases, there exists a macroscopic negative stiff-
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Figure 6.8: Effective medium linear stiffness K̄∗ versus strain E∗ for µM /KM = 0
in blue, µM /KM = 6.4 × 10−5 in orange, µM /KM = 1.3 × 10−4 in purple, and
µM /KM = 1.9×10−4 in green,. The RPV model is denoted with solid curves and
the NLHS model is shown with (a) dot-dashed lines for µ0M /KM0 = 1.4 × 10−6
and (b) dotted lines with µM0 /KM0 = 2.8 × 10−5 .
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ness regime, but at different strain values. Note that for the NLHS model with
the combination of µ0M /KM0 = 2.8 × 10−5 and µM /KM = 1.3 × 10−4 , K̄∗ also becomes negative for a small range of strains. Conversely, at µM /KM = 1.3×10−4 ,
the NLHS model with µ0M /KM0 = 1.4 × 10−6 and the RPV model are both positive for all strains. Furthermore, the local linear stiffness for the effective
medium is always positive for all models when µM /KM = 1.9 × 10−4 , which
indicates macroscopic stability at all strains. Near the zero strain state, all
models indicate similar behavior, but diverge for increasing deformation.
The behavior of β̄∗ between the different models shown in Fig. 6.9 is
very similar. This implies that the characteristics of K̄∗0 relative to K̄∗ are
both qualitatively and quantitatively very similar for the RPV model and
both NLHS models when µM0 /KM0 = 1.4 × 10−6 and µM0 /KM0 = 2.8 × 10−5 . In
Fig. 6.9(a) the response of the RPV and NLHS models are comparable. At the
smaller shear moduli of µM /KM = 0 and µM /KM = 6.4 × 10−5 , shown in blue
and orange, there exist strain states corresponding to macroscopic negative
stiffness and thus β̄∗ → ±∞ at the strain states where K̄∗ ≈ 0. The behavior
for the RPV and NLHS models at µM /KM = 1.3×10−4 and µM /KM = 1.9×10−4 ,
denoted by the purple and green curves, are bounded, and similar in shape
and magnitude at corresponding shear moduli.
One major difference in behavior between the RPV model and NLHS
model for µ0M /KM0 = 1.4 × 10−6 is the strain states where these features occur.
For example, the strain state where β̄∗ ≈ 0 for the NLHS model is shifted
to the right of the strain state where β̄∗ ≈ 0 for the RPV model. This discrepancy is most likely due to the differences in how the microscale strains
map to the macroscale. Another differing feature is that the NLHS model appears symmetric about β̄= 0, but the RPV lacks this symmetry. The dissimilar
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Figure 6.9: Effective medium local coefficient of acoustic nonlinearity at
quadratic order β̄∗ versus strain E∗ for µM /KM = 0 in blue, µM /KM = 6.4×10−5
in orange, µM /KM = 1.3 × 10−4 in purple, and µM /KM = 1.9 × 10−4 in green.
The RPV model is denoted with solid curves and the NLHS model is shown
0
with (a) dot-dashed lines for µ0M /KM
= 1.4 × 10−6 and (b) dotted lines with
0
−5
0
µM /KM = 2.8 × 10 .
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shapes are most likely due to how the nonlinearity of the matrix influences the
macroscale. The coefficient AM in the RPV corresponds closest to µ0M in the
NLHS model, but the values of these two parameters are different. Thus, their
magnitudes manifest in the overall macroscopic behavior in varying ways.
The same correlations between the RPV and NLHS models described
for Fig. 6.9(a) are applicable to (b) with one major exception. The NLHS
model with µ0M /KM0 = 2.8 × 10−5 and µM /KM = 1.3 × 10−4 possess a local
negative stiffness regime, whereas the RPV model with the same shear modulus is macroscopically stable for all strains. Thus, β̄∗ for the RPV model is
bounded, but asymptotes to positive or negative infinity when K̄∗ ≈ 0 for the
NLHS model with µM0 /KM0 = 2.8 × 10−5 . Otherwise, the trends for the two
models for µM /KM = 0, µM /KM = 6.4 × 10−5 , and µM /KM = 1.9 × 10−4 are very
similar with the major difference stemming from the variance in the influence
of the matrix material nonlinearity.
The last parameter of interest to compare is the local coefficient of
acoustic nonlinearity at cubic order, which is shown in Fig. 6.10. There are
a few significant differences between the NLHS and RPV models that are
apparent for both µM0 /KM0 = 1.4 × 10−6 in Fig. 6.10(a) and µM0 /KM0 = 2.8 × 10−5
in (b). The RPV model yields a local coefficient of cubic nonlinearity that
is purely negative for the smallest two shear moduli, as denoted in the solid
blue and orange lines, but γ̄∗ becomes positive at some strains for the larger
shear moduli, as represented by the solid purple and green curves. However,
both NLHS models begin positive in the small-strain limit before becoming
negative. Although all eight NLHS curves are primarily negative, some values
of µM and µ0M may induce positive values of γ̄∗ for limited strain values.
The asymptotic behavior is similar for the µM /KM = 0 and µM /KM =
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Figure 6.10: Effective medium local coefficient of acoustic nonlinearity at cubic
order γ̄∗ versus strain E∗ for four different linear shear moduli µM . The RPV
model is denoted with solid curves and the NLHS model is shown with (a)
0
dot-dashed lines for µ0M /KM
= 1.4 × 10−6 and (b) dotted lines with µM0 /KM0 =
2.8 × 10−5 .
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6.4 × 10−5 for all models in Fig. 6.6(a) and (b). Additionally, the local parameters of cubic nonlinearity when µM /KM = 1.9 × 10−4 for the two models
of interest is similar in shape, but differ in magnitude and sometimes in sign.
There is once again a lack of symmetry in the RPV model as compared to both
NLHS models due to the values of the matrix nonlinearity chosen. Another
major difference arises for µM /KM = 1.9 × 10−4 , where γ̄∗ is unbounded for the
NLHS model with µM0 /KM0 = 2.8 × 10−5 , indicated by the dotted purple line
in Fig. 6.10(b), which asymptotically approaches negative infinity. Both the
RPV model and the NLHS model with µM0 /KM0 = 1.4 × 10−6 yield bounded
behavior for γ̄∗ .
There is one last comparison of interest. The mixture law re-derived
in Section 2.3.5 from Refs. [124, 125] provides analytic expressions to obtain
the effective stiffness and coefficients of acoustic nonlinearity for a multiphase,
heterogeneous fluid. In the small-strain and zero-shear modulus limit, how do
the RPV and NLHS models compare to the values of the mixture law theory?
For the RPV model, this is necessarily the fluid limit, but the NLHS models
maintain a nonlinear shear term that does not exist for a truly fluid medium.
The small-strain values for the RPV and NLHS models are defined as when
the pre-strain is equal to zero. Table 6.1 shows the bulk modulus in GPa
and coefficients of quadratic and cubic acoustic nonlinearity for the mixture
law based on Eq. (2.3.37)–(2.3.39), the RPV model, and NLHS models with
µM0 /KM0 = 1.4 × 10−6 , µ0M /KM0 = 2.8 × 10−5 , and µM0 /KM0 = 8.1 × 10−4 . Although
incremental deformation was not considered for the last NLHS model presented
in Table 6.1, it yields an interesting response that is worth highlighting.
The bulk modulus is identical in all cases in Table 6.1 with a value
of K∗ = 0.23 GPa.

Likewise, the coefficients of acoustic nonlinearity at
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Model
Mixture law
RPV
NLHS: µM0 /KM0 = 1.4 × 10−6
NLHS: µM0 /KM0 = 2.8 × 10−5
NLHS: µM0 /KM0 = 8.1 × 10−4

K ∗ [GPa]
0.23
0.23
0.23
0.23
0.23

β∗
-861
-861
-862
-887
-1631

γ∗
-2.3 ×106
-2.3 ×106
7.3 ×105
6.8×105
-2.3×106

Table 6.1: Comparison of values for bulk modulus in GPa, β, and γ for the
mixture law, and the small-strain limit with µM = 0 for RPV model, and
NLHS models where µ0M /KM0 = 1.4 × 10−6 , µ0M /KM0 = 2.8 × 10−5 , and µM0 /KM0 =
8.1 × 10−4 .
quadratic and cubic order obtained by the mixture law and RPV results are
also the same. This agreement of the RPV model in the small-strain and fluid
limit with the mixture law indicates that the effective medium nonlinearity
is dominated by that of the inclusion. However, differences exist for the parameters of acoustic nonlinearity described from the NLHS models. When
µ0M /KM0 = 1.4 × 10−6 , the value of β∗ is very close to those of the mixture
law and RPV model. When the nonlinear shear modulus is increased to
µ0M /KM0 = 2.8 × 10−5 , the magnitude of β∗ is larger than that obtained for
the mixture law by an increase of approximately 25. Although the difference
does not seem very large, it is indicative of the trend that even at small strains,
quadratic shear stiffness can influence and alter the resulting behavior. This is
further exemplified by the NLHS model for which µM0 /KM0 = 8.1 × 10−4 , where
the value of β∗ is nearly double that of the RPV model and the mixture law.
As the nonlinear shear stiffness of the NLHS model increases, the parameter
of quadratic nonlinearity diverges from that of an effective fluid because the
nonlinear shear terms become much larger.
There is less agreement for the value of γ∗ obtained with all cases.
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For the mixture law and RPV model, γ∗ = −2.3 × 10−6 . For the NLHS
models with µ0M /KM0 = 1.4 × 10−6 , γ∗ = 7.3 × 105 and for µM0 /KM0 = 2.8 ×
10−5 , γ∗ = 7.1 × 105 , which are similar in value to one another, but differ
in both sign and magnitude from the value of γ∗ attained by mixture law
and RPV model. Such a response is anticipated based on the differences in
the local coefficients of cubic nonlinearity shown in Fig. 6.10. However, if
the nonlinear shear stiffness of the NLHS model is increased to µM0 /KM0 =
8.1 × 10−4 , then γ∗ = −2.3 × 106 , which is identical to the result obtained
with the mixture law and RPV model. The similarity comes at the expense of
β∗ . Thus, there is a trade-off in the way the material nonlinearity influences
the effective medium. For a smaller magnitude of the global nonlinear shear
modulus µ0M , the quadratic nonlinearity describing the effective medium may
coincide with the fluid behavior, whereas the converse is true for a larger global
nonlinear shear modulus.
There are a few reasons that may contribute to the significant differences in β∗ and γ∗ as a function of µ0M /KM0 . Apfel’s initial derivation of the
mixture law did not account for the changing volumes as a function of pressure [126]. Later work by Everbach et al. corrected this shortcoming [124] to
obtain the expressions re-derived in Section 2.3.5. The volume fraction expansion included in Eq. (6.2.25) is intended to account for the changing volume
of the effective medium at every increment. It is possible that a different
implementation of this concept may further improve the agreement.
Additionally, the local coefficients of acoustic nonlinearity for the harmonic matrix material were only obtained up to quadratic order. The incremental response was truncated at quadratic order to match the material
nonlinearity present. Cubic terms would thus include purely geometric non-
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linearity. Deriving the four local parameters at cubic order would be cumbersome, but may introduce the necessary geometric effects to properly capture
the behavior. Another reason might be the equations describing the system,
including the volume fraction expansion, may not represent the same iso-stress
environment, and thus both the quadratic and cubic nonlinearity may not be
described adequately by simple averaging.
The comparison of the behavior in the small-strain and fluid limit to
the mixture further attempts to quantify the differences in the RPV and NLHS
model, but does not offer insight into whether one or the other is more valid.
Based on the derivation, the RPV model should reduce to a fluid for small
perturbations about the global equilibrium state. However, that is not the
case for the NLHS model, and the differences between the fluid and elastic
assumptions are evident in Table 6.1, as well as Figs. 6.6–6.10.

6.4

Conclusion
The goal of the present chapter was to define the linear, quadratic,

and cubic order local stiffness moduli for the effective medium in terms of
the inclusion and matrix material based on an augmented, nonlinear HashinShtrikman scheme. Choosing the simpler method that applies continuity of
radial displacement and stress to obtain the effective moduli requires closedform analytic solutions, which limits the possible definitions of the matrix
material. Thus, a so-called harmonic material was chosen. Analytic expressions were then derived for the local linear and nonlinear stiffness moduli,
pressure, and strain. Parameters of nonlinearity common in acoustics were
then defined based on these effective moduli.
When considering the effective response obtained with the NLHS
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model, several key conclusions were drawn. In describing a nearly incompressible elastic material with bulk modulus, density, and coefficient of acoustic
nonlinearity approximately equal to that of water, the values of µM and µ0M
were unrestricted parameters. However, both parameters cannot simultaneously be equal to zero. Therefore, purely radial deformations are unattainable
with a harmonic material and the fluid limit is an invalid limiting case. In
exploring the effects of varying µM , the qualitative behavior observed is the
same as for the RPV model in Chapter 5, though small differences in magnitudes exist. Furthermore, the qualitative response is also similar for different
values of µ0M , but altering the nonlinear shear stiffness changes the magnitude
of the linear shear modulus necessary to obtain macroscopic stability even in
the microscopic negative stiffness regime.
As K̄∗ changes due to µ0M , the unbounded versus bounded nature of β̄∗
and γ̄∗ also changes. Good agreement is observed for β̄∗ between the RPV
and NLHS models at the same shear modulus only if both are macroscopically
stable for all strains or both yield a macroscopic negative stiffness regime.
Discrepancies at cubic order are more pronounced. Since no cubic material
nonlinearity is present in the strain energy density of the matrix, the resulting
local cubic nonlinearity for the matrix would be due only to geometric effects.
It is also possible to augment the strain energy density by include an I14 term
in G (I1 ) and introduce cubic material nonlinearity into the model. Despite
some minor differences, relatively good agreement is obtained between the
RPV model that assumes a nearly incompressible form of the Landau strain
energy and a nearly incompressible approximation of a harmonic material.
The harmonic material provides a mechanism to explore the macroscopic effects of microscale negative stiffness and strong nonlinearity, which is
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valuable in understanding the influence of the microscale instabilities on the
macroscale. However, it is unclear how accurately it describes a physical material, even when accounting for aforementioned improvements to the model,
particularly because it cannot reduce to a fluid approximation. The requirement of an analytic relationship between displacement and strain significantly
limits the versatility of the NLHS model. Future work that instead focuses on
the rigorous and more difficult variational principles method is recommended,
though there exist difficulties in following that path as well.
However, it is unclear whether or not the “second-order theories”, such
as those by Ponte Casteñda [113, 117], will capture the cubic order constitutive
nonlinearities of the inclusions of interest. Initial attempts should apply such
a method using a more general strain energy density, such as in the form
of the Landau expansion, following the linear comparison composite briefly
mentioned in Section 2.3.4, and results may need to be obtained numerically,
rather than analytically. Another option of understanding the validity of the
current homogenization approach may be to compare it to a nonlinear Eshelby
scheme, such as detailed Ref. [121]. In Ref. [121], effective properties are
obtained assuming the matrix is linear and the overall problem is reduced to
specific, limiting cases. A similar method could be applied, but entirely new
parameters would need to be considered to assume a nonlinear matrix before
applying a problem to a coated sphere type model assumed here.
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Chapter 7
Conclusion

7.1

Summary
The study of acoustic and elastic metamaterials has emerged in recent

years as a field of high interest due to the possibility of generating effective material properties that are beyond what is possible to attain with conventional
materials. The resulting properties offer the ability to manipulate or tailor the
response of acoustic waves, and may lead to improved acoustic technologies,
such as superlenses, acoustic cloaks, phononic switches, and so forth. However, before the elements can be optimized for use in specific applications, a
fundamental understanding of the acoustic behavior must be well understood
and models that capture the complex underlying physics must be developed.
The present dissertation improves the understanding of a class of acoustic and elastic metamaterials containing a random distribution of subwavelength inclusions with designed elastic instabilities by developing analytic
models to predict the nonlinear macroscopic response of the heterogeneous
medium. Of specific interest was the macroscopic acoustic behavior of an
effective medium containing a dilute concentration of non-interacting inclusions embedded in a nearly incompressible viscoelastic matrix material, where
geometric and material nonlinearity are important at both the micro- and
macroscales. In order to study the quasi-static and dynamic behavior of interest for this problem, models were developed to properly capture the inherent
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nonlinearity and multiscale nature of the system in both dynamic and quasistatic frequency regimes.
The interest in predicting the nonlinear behavior of a class of metamaterial inclusions with designed mechanical instabilities and the modeling techniques necessary to do so are the motivating subjects that led to the present
work. These topics are inherently coupled. In order to clearly highlight the
contributions of this dissertation, the models will be discussed first in Section 7.1.1 before discussing the physical behavior attainable with the example
inclusions of interest, which is presented in Section 7.1.2.
7.1.1

Modeling Techniques
One of the questions introduced in Chapter 1 as motivation for the

present dissertation was
What modeling techniques are necessary to capture both the quasistatic and dynamic behavior for the problem of interest, which is
inherently nonlinear and coupled across length scales?
To begin answering this question, existing modeling methods describing similar phenomena were explored in Chapter 2. Common ways to describe
nonlinearity in mechanical systems, and materials with acoustic or elastic nonlinearity were introduced in Chapter 2, which is of fundamental importance to
the micro- and macroscale behavior modeled in the present dissertation. For
small perturbations about a reference state, Taylor series expansions are often
used to capture the effective behavior. The use of a Taylor series leads directly
to the small-on-large theory, where small acoustic perturbations about a larger
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finite deformation (pre-strain) state are of interest, and prompts the use of incremental deformation theory which was introduced in Chapter 3. Linear and
nonlinear stiffnesses are derived to describe the local behavior relative to each
pre-strain reference state. These local stiffnesses may then be used to define
parameters of acoustic nonlinearity as typically used to quantify a nonlinear
fluid.
The use of incremental deformation theory and the local stiffnesses or
parameters of acoustic nonlinearity are valuable in accounting for the material
and geometric nonlinearity of the system. The nearly incompressible matrix
material and effective medium are therefore described in the same manner.
Two separate material models are used to describe the matrix, which have
been reformulated here in terms of incremental deformations. One model is
of the form of an extended Landau-Lifshitz strain energy density expansion
reduced to the nearly incompressible limit in Appendix D, which is utilized
in Chapters 4 and 5. The other is termed a harmonic material, for which
1a closed form analytic solution for finite deformations exists, as shown in
Chapter 6 and Appendix F.
A widely studied nonlinear effective medium in acoustics is that of free
gas bubbles entrained in water, which was introduced in Chapter 2 in the
context of scattering models and dynamic homogenization of heterogeneous
acoustic media. One important model is the Rayleigh-Plesset equation, which
is an ordinary differential equation typically used to study the large radial
oscillations of gas bubbles in water. In addition to studying the radial oscillations, a Rayleigh-Plesset-type equation coupled to a linear acoustic wave
equation allows for the exploration of the frequency-dependent properties, including second-harmonic generation, of a nonlinear effective medium [15]. The
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present dissertation extends both the Rayleigh-Plesset equation and frequencydependent wave propagation model of Zabolotsakya to study the inclusions of
interest, as described in Chapter 4.
The generalized Rayleigh-Plesset equation derived in Chapter 4 differs
from those used in bubble dynamics by accounting for inertial effects of the
inclusion, bulk viscosity of the inclusion, and constitutive equations based on
incremental deformations for the inclusion and nearly incompressible viscoelastic matrix material. The single scale dynamics of the nonlinear inclusions are
easily explored based on the generalized Rayleigh-Plesset equations. By expressing the generalized Rayleigh-Plesset equation as a function of volume,
rather than radius, it can be coupled to a linear wave equation to study acoustic wave propagation through the effective medium. Analytic expressions were
then derived for the frequency-dependent properties of the effective medium,
such as the phase speed, attenuation, and coefficients of acoustic nonlinearity
at quadratic and cubic order, and solutions for second- and third-harmonic
generation were obtained.
The low-frequency limit is then obtained in Chapter 5, where an evolution equation similar to the Korteweg-de Vries-Burgers equation is obtained,
but with the addition of cubic nonlinearity. Based on the low-frequency wave
equation, an effective pressure-strain behavior for the effective medium is obtained, which represents the constitutive relationship for quasi-static deformations. The resulting local linear and nonlinear stiffnesses and coefficients
of acoustic nonlinearity are independent of frequency for sufficiently subresonant frequencies, and are analogous to those discussed in Chapter 3 for the
inclusion.
The low-frequency constitutive behavior for the effective medium is
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then used in Chapter 5 to develop a coupled, multiscale model for the subresonant dynamics of the inclusion and effective medium. Each scale is modeled
using a form of the generalized Rayleigh-Plesset equation, where the scales
are coupled in three ways. First, energy is dissipated as the inclusion oscillates within the viscoelastic matrix, which introduces internal loss on the
macroscale. Second, the scales are coupled in such a way that an imposed
external pressure on the surface of the effective medium induces a different
pressure at the inclusion scale due to stress localization. Third, the internal pressure of the effective medium sphere is determined based on the lowfrequency homogenization, and thus depends on the material properties of
both the inclusion and the matrix material. As the local material properties
vary on the microscale due to an external forcing pressure, the corresponding
effective properties describing the macroscale will also change. This allows the
dynamic behavior of the coupled micro- and macro-scales to be explored.
Quasi-static homogenization methods are also introduced in Chapter
2, with specific emphasis on the Hashin-Shtrikman bounds for the effective
bulk and shear moduli [14] and the mixture law for parameters of acoustic
nonlinearity [124]. Some nonlinear homogenization methods exist within the
field of micromechanics, such as “second-order” theories that make use of
linear comparison composites [113, 114, 116] or extended Eshelby theory that
includes quadratic and cubic nonlinearity [120–122]. However, these methods
often require specific limiting assumptions and may becomes difficult to apply
to problems of interest.
Therefore, an augmented homogenization method that follows from the
concentric sphere model of Hashin [101] is applied to the problem in Chapter 6. This extension accounts for quadratic and cubic material nonlinearity
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of the inclusion and effective medium, quadratic material nonlinearity of the
matrix, which is a harmonic material, and finite deformations. The analytic
homogenization method is formulated in the context of incremental deformation theory and is limited to purely radial displacement fields. The resulting
analytic expressions quantify the local linear and nonlinear moduli and are
related to the macroscopic parameters of acoustic nonlinearity. This allows
a direct comparison between the constitutive relationships obtained via the
low-frequency wave propagation model and the augmented Hashin-Shtrikman
method. Agreement between the two different modeling approaches provides
confidence that the models are accurately predicting the nonlinear response
for the class of acoustic metamaterials studied here.
7.1.2

Physical Behavior of the Nonlinear Inclusions
By developing different modeling tools, the physical behavior of the

nonlinear inclusions of interest can be explored. Investigation of the resulting
phenomena associated with the following motivating question introduced in
Chapter 1 is therefore of interest:
What are the effects of designed mechanical instabilities on the
microscale and in turn, how does this alter the macroscopic properties?
The effective medium of interest consists of a dilute concentration of
non-interacting, nonlinear inclusions embedded in a nearly incompressible elastic matrix material, where both geometric and material nonlinearity influences
the response of both the inclusion and matrix materials. As discussed in Chapter 2, most metamaterials derive their behavior from subwavelength dynamic
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phenomena. Metamaterial properties of interest, such as negative dynamic
mass density or negative stiffness, are often limited to frequencies near a resonance and may disappear when losses are present. The reliance on designed instabilities in the subwavelength structure to generate local regimes of negative
stiffness, rather than on resonant phenomena, offers a mechanism to overcome
such limitations with respect to designing, modeling, and building metamaterial elements. The field of metamaterials is still predominately focused on
linear metamaterials. Although there is an increasing interest in nonlinear
metamaterials, most rely on the periodicity of a nonlinear unit cell [5].
The metamaterials studied in this dissertation differ from those available in the literature because they are nonlinear composite structures that
derive the unique response from microscale instabilities. This dissertation focuses on one specific inclusion design. The quantitative values for the macroscopic properties explored based on the models outlined in Section 7.1.1 will
vary based on the chosen microscale properties and inclusion design parameters. However, the qualitative understanding of the influences of subwavelength elastic instabilities on the macroscale properties and trends observed
as a function of the imposed pre-strain deformations will apply to a large
class of heterogeneous media with subwavelength structures displaying elastic
instabilities.
Chapter 3 introduced the example inclusion with designed elastic instabilities, with special attention being paid to the local material properties of
the inclusion. For certain strain states, the inclusion exhibits local regimes of
positive and negative stiffness, and the local parameters of acoustic nonlinearity can become very large. Acoustic nonlinearity at cubic order is negligible in
comparison to quadratic nonlinearity for many man-made and naturally oc-

311

curring materials. Thus, the large magnitudes of cubic nonlinearity displayed
by the example microscale inclusions explored here justifies maintaining and
exploring cubic nonlinear effects on the macroscale. Once the behavior of
the nonlinear microscale inclusion is understood, effective medium models can
then be developed. It is assumed that the heterogeneous medium contains
a dilute concentration of non-interacting unstable inclusions embedded in a
nearly incompressible viscoelastic matrix material. The macroscopic behavior
is therefore limited to the regime of µM /KM  1, where µM and KM are the
shear and bulk moduli of the matrix, respectively.
The quasi-static constitutive behavior was modeled following two methods, the low-frequency wave propagation model coupled to the generalized
Rayleigh-Plesset equation and the augmented Hashin-Shtrikman model. The
Rayleigh-Plesset-type model was initially explored in Chapter 5, where it
was indicated that for sufficiently low values of the matrix shear modulus,
macroscale instabilities will exist due to the unstable response of the inclusion. This results in large, unbounded values of acoustic nonlinearity. As the
shear modulus increases, the effective medium becomes macroscopically stable
for all strain states and the inclusion is constrained within the negative stiffness regime. The bounded values of acoustic nonlinearity are still larger than
those reported for conventional materials. There is good qualitative agreement
between the low-frequency Rayleigh-Plesset model and the nonlinear HashinShtrikman method, as compared in Chapter 6, although the latter is sensitive
to the chosen value of the global coefficients of material nonlinearity, and differences are observed. The applicability and versatility of modeling the matrix
as a so-called harmonic material may be limited and more sophisticated homogenization techniques may be required. However, the relative agreement
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between the two models in the quasi-static limit suggests that, for a nearly
incompressible matrix material, the observed macroscopic behavior is properly
describing the heterogeneous medium.
The subresonant coupled multiscale model, presented in Chapter 5, offers insight into the dynamic response. For a fluid matrix, the micro- and
macroscale both possess a local negative stiffness regime due to the elastic
instabilities. The dynamic model properly captures the snap-through deformation, where a small pressure perturbation induces a large change in strain.
The snap-through behavior forces the inclusions to be constrained to a new,
stable reference state. As the inclusion undergoes these large snap-through
deformations, a significant amount of energy is dissipated due to the large
transient radial oscillations.
For a matrix with sufficiently large shear modulus to produce a stabilized macroscale, the highest value of macroscopic acoustic nonlinearity is
achieved in the negative stiffness regime, which is accompanied by an elevated
damping capacity. For the states corresponding to zero local linear stiffness,
the radial oscillations are smaller than for pre-strains corresponding to negative stiffness, resulting in less damping capacity. To induce nonlinearity for
states with zero linear stiffness, a larger time-harmonic pressure amplitude is
required than for the negative stiffness case. The smallest radial oscillations,
nonlinearity, and damping capacity occurs for segments of the pressure-strain
curve that are approximately linear, and a much larger pressure amplitude
than considered here is required to induce nonlinear deformations. The trend
of achieving the largest damping for a negative linear stiffness state and second
largest damping for a state characterize by zero linear stiffness is consistent
with phenomena reported in the literature [10, 13]. The results obtained here
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therefore confirm the same behavior as those reported in the literature, but for
metamaterial structures comprised of random small-scale inclusions at subresonant frequencies.
Similar trends are observed at higher frequencies. Chapter 4 presented
frequency-dependent effective medium properties for a macroscopically stable
heterogeneous medium. The most attenuation and largest nonlinearity are
both attained in the negative stiffness region. The second most attenuation
and nonlinearity corresponds strain states with zero local linear stiffness on
the microscale. The smallest attenuation and nonlinearity are attained for perturbations about a nearly linear segment of the pressure-strain curve. These
trends imply that the contributions of the second and third harmonic depend
on the pre-strain, frequency, and source amplitude. For example, pre-strains
corresponding to linear segments of pressure-strain relationship exhibit generation of third harmonics that are typically small compared with the second harmonic for the amplitudes considered in Chapter 4, but strong third-harmonic
generation occurs for an inclusion within the negative stiffness regime. In fact,
the third harmonic was larger than the second harmonic, implying that cubic
material nonlinearity dominates at that pre-strain. Further work is still necessary in studying the resulting harmonic generation. However, the dominant
third harmonic obtained from the subresonant dynamics for an inclusion constrained within the negative stiffness regime in Chapter 5 suggests that the
harmonic generation model is, at the very least, qualitatively valid.
The frequency-dependent wave propagation model also allows identification of three frequency regimes. At frequencies less than the undamped
natural frequency of each pre-strain, the system is characterized by high nonlinearity. The high-frequency range is where the inclusion motion is consid-
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ered “frozen” and the effective properties are dominated by those of the matrix. An intermediate range between the low- and high-frequency regimes is
where waves are strongly attenuated. Somewhere within the high-frequency
limit, the metamaterial requirement that the microstructure be much smaller
than the wavelengths of interest will be violated. Additionally, depending on
the material properties of the inclusion and matrix, the wavelengths may become too short at the local undamped natural frequency of each pre-strain,
making the effective medium models invalid for those frequencies. Thus, the
frequency-dependent wave propagation model also provides a means of bounding and verifying the long-wavelength limit, which is paramount to the study
of metamaterials.
The frequency response of the inclusion constrained to different prestrain states is also explored. At some pre-strain states, such as those corresponding to zero local linear stiffness, the inclusion corresponds to a softening
spring. It is also possible for the inclusion to behave as a hardening spring, as
evident for the chosen pre-strain constrained to the negative stiffness regime.
Meanwhile, other pre-strain states exhibited a predominately linear response
for the same source amplitudes, such as the global equilibrium state. Such
trends further illustrate that the variations in nonlinearity is inherent with the
microscale inclusions of interest, which can be tuned as a function of deformation to achieve a desired response.
The dissertation emphasized one last physical concept; how do the
behaviors described above compare with a nonlinear medium containing gas
bubbles? Gas bubbles in liquid represent a widely studied nonlinear acoustic
effective medium, whereas elastomers with air-filled cavities are prominently
featured in applications requiring a significant amount of damping. The most
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valid study was a direct comparison of an identical effective medium where the
only differences are in the constitutive behavior of the inclusion. The air-filled
cavities, which are larger in radius than typical microbubbles, are explored
dynamically within a viscoelastic matrix, rather than water.
Both the frequency-dependent material properties shown in Chapter 4
and subresonant dynamic response in Chapter 5 correspond most closely to the
snapping inclusion constrained to an approximately zero linear stiffness state
of the microscale. Therefore, the nonlinearity, attenuation, and damping of
the effective medium with air-cavities are less than that of a snapping inclusion
constrained to the negative stiffness regime. For applications where efficient
energy dissipation is desired, it is therefore anticipated that the snapping inclusion constrained to the negative stiffness regime can be more efficient than
currently used methods. In terms of snapping inclusions with unconstrained
negative stiffness, the large snap-through deformations can also be exploited
to further enhance the damping capacity.
7.1.3

Advantages and Disadvantages
There are several benefits of the snapping inclusions with designed me-

chanical instabilities. These structural instabilities induce local negative stiffness in an effort to avoid the limited behavior near resonance of dynamic
metamaterials. Similarly, the behavior is independent of the macroscopic configuration; the inclusions are randomly dispersed and periodicity is irrelevant
to the effective medium response. With respect to the induced macroscopic
behavior, the current example inclusion illustrates strong quasi-static and dynamic nonlinearity that results in increased harmonic generation, as well as enhanced dynamic attenuation and energy dissipation capabilities. The foremost
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advantage is the tailorable and tunable nature of the heterogeneous medium.
As the microstructure design and material properties vary, the inclusion response may be further tailored, which can be optimized and tuned for specific
applications. Thus, the type of microscale inclusion with designed instabilities
may be designed to produce a specific behavior that is more favorable than
those attained by conventional materials.
In terms of disadvantages, the most significant difficulties revolve
around fabrication of the metamaterial elements and experimental verification
of the response discussed in this work. Because of the small-scale features,
the inclusions themselves are difficult to build. However, as additive manufacturing techniques continue to advance, fabrication of such elements should
become more realizable. The fabrication may also be facilitated by variations in design. The current inclusions illustrated in in Fig. 3.5 of Chapter 3
are open structures that must be sealed from the surrounding matrix. New
closed-cell designs may not only aid in building such elements with currently
available additive manufacturing methods, but also address another difficulty
of constraining an inclusion within a matrix to achieve macroscopic stability.
Another difficulty may arise in activating the elements. Achieving sufficiently high pressure to constrain an inclusion near the zero linear stiffness
state or within the negative stiffness regime may be difficult. However, for underwater acoustic applications, the ocean is a natural pressure vessel and the
inclusions could be tailored for pressures corresponding to specific pre-strains
as a function of depth. Conversely, active elements, such as piezoelectric materials, could be used in place of passive pressure activations. Instead of a
pre-pressurization deforming the inclusion to specific pre-strains, an imposed
external voltage would be responsible for deforming the element to the ap-
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propriate pre-strain states. Acoustic perturbations would then yield similar
results to those presented in the present dissertation.

7.2

Future Work
The analytical models developed in this dissertation provide a theoreti-

cal foundation for understanding the macroscopic response of a heterogeneous
medium consisting of a nearly incompressible elastic material containing subwavelength nonlinear inclusions with designed elastic instabilities. However,
there are many avenues still left to explore, some of which were described
within the preceding chapters or within Section 7.1.3. Overall, future work
can be grouped into three categories: experimental verification, optimization
of the desired behavior including exploration of new microscale inclusion designs, and refinement and extensions of the current analytic models.
One of the most important steps to consider next is experimental measurements. This aspect has been impeded by difficulties in fabricating a closedcell microscale inclusion. Thus, new designs should be explored that are simpler to build and are already sealed from the surrounding matrix material.
Continuing advances in additive manufacturing technologies should facilitate
fabrication of the inclusions in the future.
Additionally, the models outlined here lay out a clear forward problem,
and inversion methods can assist in optimizing the inclusion properties and
design parameters to achieve most ideal macroscopic response. For example,
optimizing the macroscopic response in a certain frequency range may assist
with experimental verification. Optimization of the macroscopic behavior can
also be tailored to yield the most enhanced response based on the specifications
of a given application.
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With respect to modeling techniques, refinements and extensions are
always available. One specific model that warrants further investigation is the
perturbation expansion for the frequency-dependent effective medium properties and the subsequent harmonic generation. The current model is restricted
by how large the magnitudes of the generated harmonics can become relative
to the fundamental. To better account for the strong quadratic and cubic
nonlinearity, alternative modeling techniques are necessary. One possibility,
but restricted to low frequencies, is numerical solution of the KdV-Burgers
evolution equation developed in Section 5.1.
Some limiting assumptions occur when developing the Rayleigh-Plesset
type model. In the present work, the compressibility of the matrix, coupling
between inclusions, and radiation damping, for example, are all neglected, as
highlighted at the end of Section 4.1.1, but could be accounted for in future
models. Additionally, there are numerous alternatives to the augmented concentric sphere model developed here for a nonlinear inclusion within a matrix
described as a harmonic material. Such alternative nonlinear homogenization
methods may become highly complicated, as highlighted in Section 2.3.4 and
Section 6.4.
Furthermore, the current dissertation focuses only on a dilute concentration of non-interacting inclusions subjected to purely radial displacement
fields. Interactions between inclusions are therefore neglected and multiple
scattering methods may need to be introduced to properly capture the desired
behavior. Additionally, macroscopic shear deformations are ignored by imposing only radial displacements fields. Future work may also shear deformation
to quantify the effective shear stiffness of the heterogeneous medium.
Another aspect worth exploring is what happens when similar inclu319

sions are active rather than passive. For example, the large oscillations, and
in turn, damping capacity, demonstrated for an inclusion in a fluid may be exploited by continuously varying the pre-strain to repeatedly induce an unstable
snap-through behavior. Active elements may offer a simple way of achieving
repeated snap-through deformations. Therefore, the current dynamic models
are relevant to inclusions activated through both passive and active methods.
Extensions to piezoelectric elements where the pre-strains are induced by an
external voltage are interesting and should be considered in future work.
Although the current models lend themselves to several extensions,
it is most beneficial to validate the current behavior through experimental
measurements and/or finite element modeling, such that potential limitations
or shortcomings of the models developed in this dissertation may be addressed
specifically. Overall, the models developed here serve as tools to understand
the influence of the nonlinear microscale material behavior in an effort to
design and physically create composites with enhanced macroscopic properties
in terms of nonlinearity, stiffness, and damping capacity in the future.
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Appendix A
Lossy Wave Equation with Quadratic and
Cubic Nonlinearity

The three-dimensional, lossy wave equation up to third order with respect to nonlinearity is derived from conservation of mass, conservation of
momentum, and an equation of state. First let the conservation of mass be
[156]
∂ρ
+ ∇ · (ρu) = 0,
∂t

(A.1)

where ρ is the density, and u now refers to the velocity vector. Conservation
of momentum, including losses due to bulk viscosity ζ and shear viscosity η is
defined as


∂u
1
2
∇p + ρ
+ ρu · ∇u = η∇ u + ζ + η ∇ (∇ · u) .
∂t
3

(A.2)

The equation of states as defined in Eq. (2.2.5) corresponds to pressure p as
function of excess density ρ0 . Loss can be accounted for in the equation of
state by including a Taylor expansion with respect to entropy, such that
p=

c20 ρ0
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+
ρ + 2
ρ +
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ρ0 6A
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∂s



s0 ,

(A.3)

ρ,0

where s0 = s − s0 is the entropy perturbation and ∂P/∂s is evaluated at the
constant density and the equilibrium state.
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Then assume the following relationships with respect to entropy [156]
κ
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(A.6)

where κ is the thermal conductivity, cp is the isobaric specific heat, cv is the
isochoric specific heat, and the temperature T = T0 + T 0 is the summation
of the equilibrium temperature and excess temperature. From Eqs. (A.4) –
(A.6), the last term in Eq. (A.3) becomes
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Next, apply the method of recursive substitution to convert Eq. (A.3)
to an equation of state for excess density as a function of pressure. First,
express the equation of state as
p
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κ
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∂ρ0
.
∂t

(A.8)

Then substitute the expression for ρ0 into terms on the right-hand side of
Eq. (A.8), such that
p
B 1
ρ0 = 2 −
c0 2A ρ0
−

1 C
ρ20 6A

"



p
c20

p
c20

2

3
−
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B p
2
−
(ρ0 )
A ρ0 c20
κ
ρ0 c40



#

1
1
−
cv cp

(A.9)


∂p
.
∂t

Loss terms are only retained to linear order in p but constitutive nonlinearity
terms will be retained to cubic order. Note that one term of (ρ0 )2 still appears
on the right-hand side of Eq. (A.9). To eliminate that term, substitute the
expression of ρ0 into the right-hand side of Eq. (A.9) again. This process is
repeated until the right-hand side is only a function of p, such that
"
 
 2 #
C
p
1
B
1
1
B
ρ0 = 2 −
p2 − 2 6
−
p3
4
c0 ρ0 c0 2A
ρ0 c0 6A 2 A


κ
1 ∂p
1
−
−
.
ρ0 c40 cv cp ∂t

(A.10)

Recall that excess density is defined as ρ0 = ρ − ρ0 . Then, Eq. (A.1)
can be expressed in terms of excess density as
∂ρ0
+ ρ0 ∇ · u = −ρ0 ∇ · u − u · ∇ρ0 .
∂t

(A.11)

The medium contains material nonlinearity up to cubic order, but losses are
assumed to be linear. Substitution of Eq. (A.10) into (A.11) allows ρ0 to be
eliminated from the conservation of mass, which yields
"
  2
 2 # 3
1 ∂p
1
B ∂p
1
C
1 B
∂p
−
− 2 6
−
2
4
c0 ∂t ρ0 c0 2A ∂t
ρ0 c0 6A 2 A
∂t


κ
1
1 ∂ 2p
p
−
−
+ ρ0 ∇ · u = − 2 ∇ · u
4
2
ρ0 c0 cv cp ∂t
c0
 
 
1
1
B
1
B
2
+
p
∇
·
u
−
u
·
∇p
+
u · ∇p2 .
4
2
4
ρ0 c0 2A
c0
ρ0 c0 2A
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(A.12)

Through the use of the following two vector identities,
1
u · ∇u = ∇u2 − u × ∇ × u
2

(A.13)

2

∇ (∇ · u) = ∇u − ∇ × ∇ × u,
where u2 = u · u, Eq. (A.2) can be re-expressed as


∂u
ρ0
ρ0
4
0 ∂u
2
2
∇p + ρ0
= −ρ
− ∇u − · ∇u + ζ + η ∇2 u
∂t
∂t
2
2
3


1
+ρ0 u × ∇ × u + ρ0 u × ∇ × u − ζ + η ∇ × ∇ × u.
3

(A.14)

If the velocity u is small, then it can be expressed as the superposition of the
acoustic, vorticity and entropy modes [156]. Within a thermoviscous boundary
layer that is much thinner than the wavelength of the acoustic propagating
wave, then the last three terms in Eq. (A.14), which represent vorticity field
in linear theory, are negligible. In that limit, Eq. (A.14) becomes
ρ0
∂u ρ0
∂u
= −ρ0
− ∇u2 − · ∇u2 +
∇p + ρ0
∂t
∂t
2
2




4
η + ζ ∇2 u.
3

(A.15)

For more details, see Ref. [156].
Next, substitute Eq. (A.10) into Eq. (A.15) to eliminate ρ0 , such that

  
∂u
p
1
B
∂u ρ0
∇p + ρ0
= − 2+
p2
− ∇u2
4
∂t
c0 ρ0 c0 2A
∂t
2


p
4
2
− 2 ∇u +
η + ζ ∇2 u.
2c0
3

(A.16)

The wave equation is derived by combing conservation of mass and momentum are combined by subtracting the time derivative of Eq. (A.12) from the
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divergence of Eq. (A.16) to obtain the following:
"
  2 2
 2 # 2 3
2
C
∂
p
B
1
∂
p
1
B
∂ p
1
1
∇2 p − 2 2 +
−
+ 2 6
4
2
c0 ∂t
ρ0 c0 2A ∂t
ρ0 c0 6A 2 A
∂t2




1
1 ∂ 3p
κ
4
−
η + ζ ∇2 (∇ · u)
+
−
ρ0 c40 cv cp ∂t3
3
  

B
∂u ρ0 2 2
1
p
p
p2
− ∇ u − ∇ · 2 ∇u2
=∇· − 2 +
4
c0 ρ0 c0 2A
∂t
2
2c0


 

∂ p
1
B
∂ 2
+
∇·u −
p ∇·u
2
4
∂t c0
ρ0 c0 2A ∂t
 

1 ∂
1
B
∂
2
+ 2 (u · ∇p) −
u
·
∇p
.
c0 ∂t
ρ0 c40 2A ∂t

(A.17)

The wave equation given in Eq. (A.17) can be rewritten as




1 ∂ 2p
κ
1
1 ∂ 3p
4
∇ p− 2 2 +
−
−
η + ζ ∇2 (∇ · u)
c0 ∂t
ρ0 c40 cv cp ∂t3
3
"
  2 2
 2 # 2 3
1
B ∂ p
1
C
1 B
∂ p
=− 4
− 2 6
−
2
ρ0 c0 2A ∂t
ρ0 c0 6A 2 A
∂t2

  2 
pu
B pu
∂
p
ρ0
+ ∇· 2 −
− ∇2 u2 − ∇ · 2 ∇u2
2
∂t
c0
2A ρ0 c0
2
2c0
  

1
B
∂u
p
+∇· − 2 +
p2
.
4
c0 ρ0 c0 2A
∂t
2

(A.18)

The method of recursive substitution is applied to solve for ∂u/∂t in
Eq. (A.16) for lossless terms up to second order in pressure, which gives
∂u
p
1
1
= − ∇p + 2 2 ∇p − ∇u2 .
∂t
ρ0
ρ0 c0
2
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(A.19)

Substitution of Eq. (A.19) into Eq. (A.18) allows the wave equation to be
expressed as




1
1 ∂ 2p
1 ∂ 3p
κ
4
∇ p− 2 2 +
−
η + ζ ∇2 (∇ · u)
−
c0 ∂t
ρ0 c40 cv cp ∂t3
3
"
  2 2
 2 # 2 3
C
B ∂ p
1
1 B
∂ p
1
=− 4
−
−
6
2
ρ0 c0 2A ∂t2
ρ0 c0 6A 2 A
∂t2

  2 
pu
B pu
∂
+ ∇· 2 −
∂t
c0
2A ρ0 c20
 2

 3 
p
ρ20 u2
B
p
2
+∇
−
+ 1+
.
2
2ρ0 c0
2
2A 3ρ0 c40
2

(A.20)

If the absence of loss, Eq. (A.20) is identical to that presented in Ref. [171].
For plane progressive waves in one direction, Eq. (A.20) can be reduced
to a function of pressure alone. The impedance relationship between pressure
and velocity up to quadratic order is defined as [157]
1
p = ρ 0 c0 u +
2



B
1+
2A



ρ0 u2 .

(A.21)

Through the method of recursive substitution, Eq. (A.21) can be transformed
from p = p (u) to u = u (p). The quadratic order impedance relationship for
velocity as a function of pressure then becomes
p
1
−
u=
ρ0 c0 2


 2
B
p
1+
.
2A ρ20 c30

(A.22)

The one-dimensional wave equation with respect to the x-coordinate then
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becomes


 3

∂ 2p
1
1 ∂ 3p
∂ u
1 ∂ 2p
κ
4
−
η
+
ζ
−
+
−
2
4
∂x2 c0 ∂t2
ρ0 c0 cv cp ∂t3
3
∂x3
"
  2 2
 2 # 2 3
C
B ∂ p
1 B
∂ p
1
1
−
− 2 6
=− 4
2
ρ0 c0 2A ∂t
ρ0 c0 6A 2 A
∂t2
 2

 3  
 2
5
∂2
p
1 3B
p
5B
p ∂ 2p
+
+
−
+
+
.
∂t∂x ρ0 c30
2 4A ρ20 c50
6 12A 3ρ0 c40 ∂x2

(A.23)

Lastly, it is of interest to express derivatives with respect to x as derivatives with respect to time in all terms except the first one on the left-hand side
of Eq. (A.23). First, combine Eqs. (A.19) and (A.21) to obtain the following
relationship
1 ∂p
1
∂p
=−
+
∂x
c0 ∂t ρ0 c30



B ∂p
.
1+
2A ∂t

(A.24)

This allows the third term on the right-hand side to be expressed purely with
respect to time derivatives of pressure. From the lossless linear wave equation,
∂ 2p
1 ∂ 2p
=
,
∂x2
c20 ∂t2

(A.25)

the fourth term on the right-hand side in Eq. (A.23) is now only a function of
time derivatives of pressure. Then, combine the spatial derivative of Eq. (A.25)
with Eqs. (A.24) and (A.22) to obtain the following relationship to linear order
1 ∂ 3p
∂ 3u
=
−
,
∂x3
ρ0 c40 ∂t3

(A.26)

which transforms the fourth term on the right-hand side of Eq. (A.23) from
a third order spatial derivative of velocity to a third order time derivative of
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pressure. From Eqs. (A.24)–(A.26), the one-dimensional wave equation, only
as a function of pressure, becomes
 


 3
∂ 2p
κ 1
1
∂ p
1 ∂ 2p
1 1 4
η+ζ +
−
− 2 2 + 4
2
∂x
c0 ∂t
c0 ρ 0 3
ρ0 cv cp
∂t3
"
#


 2
C
B ∂ 2 p2
1
1 B
7B 4 ∂ 2 p3
1
=− 4 1+
−
−
−
− 2 6
ρ 0 c0
2A ∂t2
ρ0 c0 6A 2 A
6A 3 ∂t2
(A.27)
The wave equation in Eq. (A.27) may be express ed as
1 ∂ 2p
δ ∂ 3p
β ∂ 2 p2
2γ ∂ 2 p3
∂ 2p
−
+
=
−
−
,
∂x2 c20 ∂t2
c40 ∂t3
ρ0 c40 ∂t2
3ρ20 c60 ∂t2

(A.28)

where the diffusivity of sound, δ, is defined as
1
δ=
ρ0



4
η+ζ
3



κ
+
ρ0



1
1
−
cv cp


,

(A.29)

the parameter of nonlinearity at quadratic order, β, is defined as
β =1+

B
,
2A

(A.30)

and the parameter of nonlinearity at cubic order, γ, is defined as
"
#
 2
3 C
1 B
7B 4
γ=
−
−
−
.
2 6A 2 A
6A 3

(A.31)

Note that the 2/3 that appears in Eq. (A.28) so that the coefficient multiplying
the cubic nonlinearity in an evolution equation on the slow scale is 1, but that
2/3 cancels with the 3/2 that appears in Eq. (A.31).
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Appendix B
Acoustic Nonlinearity

The following appendix provides details for derivations of B/A and
C/A available in the literature. Section B.1 extends the derivations of Norris
[89] to cubic order, which is found to match previous derivations by Thurston
and Shapiro [87]. Then, the fluid limit of an elastic solid is considered in
Section B.2, which is an extension of work by Kostek et al. [88]. Hamilton
et al. previously derived the fluid limit for an elastic strain energy density
up to cubic order, but did so using a different strain energy expansion [86].
The method employed here is shown with a correction for a typographical
error that appears in Ref. [86], and applied to the expression of strain energy
density provided in Eq. (B.1).
The following arbitrary strain energy density is used to characterize the
elastic material:
1
1
E = Cijkl Ekl Eij + Dijklmn Emn Ekl Eij
2
6
1
+ Mijklmnpq Epq Emn Ekl Eij .
24
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(B.1)

The three stiffness tensors are assumed to have the following symmetries [89]:
Cijkl = Cjikl = Cklij ,
Dijklmn = Djiklmn = Dklijmn = Dijklnm = Dijmnkl ,
(B.2)
Mijklmnpq = Mjiklmnpq = Mklijmnpq = Mijklnmpq = Mijmnklpq
= Mijklmnqp = Mijklpqmn = Mijpqmnkl .
Due to those symmetries, it is possible to employ Voigt notation where 11 → 1,
22 → 2, 33 → 3, 23 → 4, 31 → 5, and 21 → 6.

B.1

One-Dimensional Propagation through an Elastic
Solid
For simplicity of the derivation, the case of purely longitudinal wave

propagation is considered, where the displacement in the material is only in the
direction of wave propagation. This assumption is often made after deriving a
three-dimensional wave equation, e.g. in Ref. [89], however, the resulting model
is the same regardless of where the one-dimensional propagation assumption
is introduced. The displacement vector is then u = uê1 and the strain is only
non-zero in the x1 direction, such that
∂u 1
+
E = E1 ê1 =
∂ x̃ 2



∂u
∂ x̃

2
(B.1.1)

where x̃ is the Lagrangian coordinate in the x1 direction. The strain energy
density then reduces to
1
1
1
E = C11 E12 + D111 E13 + M1111 E14 ,
2
6
24
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(B.1.2)

where Voigt notation of Cijkl = CIJ is introduced. Let the deformation gradient be defined as
F = F1 ê1 = 1 +

∂u
.
∂ x̃

(B.1.3)

The first Piola-Kirchhoff stress is defined as


1
∂E
1
2
3
T = T1 ê1 = F1
ê1 = F1 C11 E1 + D111 E1 + M1111 E1 ê1 .
∂E1
2
6

(B.1.4)

Now let Eq. (B.1.4) be defined in terms of the displacement u from Eqs. (B.1.1)
and (B.1.3), such that
 2
1
∂u
T1 = C11
+ (D111 + 3C11 )
2
∂ x̃
 3
∂u
1
+ (M1111 + 6D111 + 3C11 )
.
6
∂ x̃


∂u
∂ x̃



(B.1.5)

The wave motion is obtained from the momentum balance in one-dimension
for deformation only along the x1 direction [89],
ρ0

∂ 2u
∂T1
=
,
2
∂t
∂ x̃

(B.1.6)

which becomes from Eq. (B.1.5)
∂ 2u
ρ0 2 =
∂t




 
∂ 2u
D111 + 3C11
∂u
C11 1 +
2
∂ x̃
C11
∂ x̃

  2 #
1 M1111 + 6D111 + 3C11
∂u
+
.
2
C11
∂ x̃
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(B.1.7)

Equation (B.1.7) can be rearranged as
  
1 ∂ 2u
∂u
∂ 2u
g
,
=
2
2
2
cl ∂t
∂ x̃
∂ x̃

(B.1.8)

where

g

∂u
∂ x̃




 

  2
D111
∂u
1
M1111 + 6D111
∂u
=1+ 3+
+
3+
,
C11
∂ x̃
2
C11
∂ x̃
(B.1.9)

and
c2l =

K + 34 µ
ρ0

(B.1.10)

is the small-signal, longitudinal sound speed in the elastic solid.
The finite-amplitude sound speed c is given by [89]
c
=
cl



∂u
1+
∂ x̃


g

1/2



∂u
∂ x̃


.

(B.1.11)

To relate the component of the stiffness tensors to coefficients typically used
to describe nonlinearity in acoustics, first assume that the second and third
terms in Eq. (B.1.9) are small. In that case, g 1/2 can be binomially expanded
up to quadratic order in ∂u/∂ x̃, such that
g

1/2



∂u
∂ x̃




 
1
D111
∂u
=1+
3+
2
C11
∂ x̃
"

2 #  2 (B.1.12)
M1111 + 6D111 1
D111
∂u
1
3+
−
3+
.
+
4
C11
2
C11
∂ x̃

Assume that a progressive wave traveling in the +x̃ direction, such that the
Riemann invariant is equal to zero [89]. This allows u to be related to ∂u/∂ x̃
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through the following relationship:
u
− =
cl

Z

∂u/∂ x̃

g

1/2


(X) dX =

0

∂u
∂ x̃



1
+
4


  2
D111
∂u
3+
,
C11
∂ x̃

(B.1.13)

where the terms are only retained to cubic order in u. Now solve for ∂u/∂ x̃ by
moving the second term on the right-hand side in Eq. (B.1.13) to the left-hand
side, and apply the method of recursive substitution to eliminate ∂u/∂ x̃ from
the right-hand side to obtain, up to quadratic order,


∂u
∂ x̃



 

  2
u
1
D111
u
=−
−
3+
.
cl
4
C11
cl

(B.1.14)

Substitution of Eqs. (B.1.12) and (B.1.14) into (B.1.11) yields

 
1
D111
u
c
=1−
5+
cl
2
C11
cl
"

2 #  2
1
M1111 7D111
D111
u
.
+
6+
+
− 3+
4
C11
C11
C11
cl

(B.1.15)

For a nonlinear fluid, the sound speed can be related to parameters of
nonlinearity as follows [79],
B
c
=1+
cl
2A



ρ0
ρ0



"
 2 #  0 2
1 C 1 B
ρ
−
+
,
4 A 2 A
ρ0

(B.1.16)

where ρ0 = ρ − ρ0 is the excess density. To define the acoustic parameters of
nonlinearity B/A and C/A in terms of C11 , D111 , and M1111 , excess density ρ0
in Eq. (B.1.15) must be related to particle velocity u. First, let the acoustic
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pressure p be related to the u through [157]
p
=
ρ0 c02

 

  2
u
1
B
u
+
1+
.
c0
8
2A
c0

(B.1.17)

Equation (B.1.17) is a nonlinear impedance relationship, which reduces to the
well-known expression of p = ρ0 c0 u for a traveling wave at linear order. From
Eq. (2.2.5) and (2.2.6), the acoustic pressure and density can be related up to
quadratic order as
p
=
ρ0 c20



ρ0
ρ0



B
+
2A



ρ0
ρ0

2
.

(B.1.18)

From the method of recursive substitution, the excess density can be expressed
as a function of p/ρ0 c02 up to quadratic order, such that
ρ0
p
B
=
−
2
ρ0
ρ 0 c0
2A



p
ρ0 c20

2
.

(B.1.19)

It is then possible to relate ρ0 to u by substituting Eq. (B.1.17) into (B.1.19)
to obtain

ρ0
u 1
= +
ρ0
c0 4


  2
B
u
2−
.
A
c0

(B.1.20)

Equation (B.1.16) can now be expressed as a function of particle velocity from
Eq. (B.1.20), such that
"
 
 2 #  2
c
B u
1 C B
B
u
=1+
+
+ −
,
cl
2A cl
4 A A
A
cl

(B.1.21)

where cl = c0 . B/A and C/A for the elastic solid are then defined by equating
Eq. (B.1.11) and (B.1.21) and matching terms to find


B
D111
=− 5+
,
A
C11

335

(B.1.22)

and
C
M1111 12D111
=
+
+ 27.
A
C11
C11

(B.1.23)

Thurston and Shapiro also derive Eq. (B.1.7), but compare it to an equivalent
wave equation for a fluid rather than an through sound speed as shown above
[87]. The fluid wave equation is a derived from the isentropic equation of state
relating pressure and density, as shown in Eq. (2.2.5). The resulting definitions
for B/A and C/A are identical to Eqs. (B.1.22) and (B.1.23), respectively.

B.2

Fluid Limit of an Elastic Solid
Kostek et al. related components of the sixth-order elastic stiffness ten-

sor Dijklmn , which accounts for quadratic elastic nonlinearity, to β [88]. Hamilton et al. extends the derivation of Kostek et al. to account for cubic acoustic
and elastic nonlinearity, but does so for the third- and fourth-order elastic constants that appear in the extended form of the Landau-Lifshitz strain energy
density function, rather than the elastic stiffness tensors [86]. In Hamilton et
al., an expression is derived for strain energy density as a function of acoustic
nonlinearity parameters A, B, and C. However, a typographical error appears
in Eq. (16) of Ref. [86] that is corrected here.
First let the strain energy density E be defined as a function of pressure
P and specific volume w, such that
E=−

Z

w

P dw,

(B.2.1)

1

where
w=

ρ0
.
ρ
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(B.2.2)

Then, let the pressure be defined as a Taylor series expansion in terms of w
about state w = 1, such that
∂P
∂w

P = P (w = 1) +
1 ∂ 3P
+
6 ∂w3

(w − 1) +
w=1

1 ∂ 2P
2 ∂w2

(w − 1)2
w=1

(B.2.3)

3

(w − 1) .
w=1

The usual expansion for pressure as a function of density in terms of acoustic
parameters of nonlinearity are

P = P0 + A

ρ − ρ0
ρ0



B
+
2



ρ − ρ0
ρ0

2

C
+
6



ρ − ρ0
ρ0

3
.

(B.2.4)

In terms of w, Eq. (B.2.4) becomes
 B

w−2 − 2w−1 + 1
P = P0 + A w−1 − 1 +
2

C
+
w−3 − 3w−2 + 3w−1 + 1 .
6

(B.2.5)

Comparison of Eqs. (B.2.3) and (B.2.5) yields the following
P (w = 1) = P0 ,
∂P
∂w

w=1

∂ 2P
∂w2

w=1

∂ 3P
∂w3

w=1

(B.2.6)

= −A,

(B.2.7)

= 2A + B,

(B.2.8)

= − (C − 6B − 6A) .

(B.2.9)

Equations (B.2.6)–(B.2.9) are consistent with [86], Equation (B.2.3) can thus
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be expressed as
P = P0 − A (w − 1) +

(2A + B)
(w − 1)2
2

(6A + 6B + C)
−
(w − 1)3 .
6

(B.2.10)

Substitution of Eq. (B.2.10) in to Eq. (B.2.1) yields the following strain energy
density:
E = −P0 (w − 1) +

A
(2A + B)
(w − 1)2 −
(w − 1)3
2
6

(6A + 6B + C)
(w − 1)4 .
+
24

(B.2.11)

It is now of interest to express the strain energy density in terms of
invariants of the strain tensor [86]
I1 = Ekk ,
I2 = Eij Eij ,

(B.2.12)

I3 = Eij Ejk Eki .
One means of relating the specific volume w to strain is through a different
set of invariants, where
w = (1 + 2IE + 4IIE + 8IIIE )1/2
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(B.2.13)

and the invariants IE , IIE , and IIIE are related to I1 , I2 , and I3 as
IE = Ejj = I1

1 2
1
(Ejj Ekk − Ejk Ekj ) =
I1 − I2 ,
2
2
1
IIIE = (Ejj Ekk Emm − 3Ejj Ekm Ekm + 2Ejk Ekm Emj )
6
1
1
1
= I13 − I1 I2 + I3 .
6
2
3
IIE =

(B.2.14)

Then, from Eqs. (B.2.14), Eq. (B.2.13) becomes

w=

1 + 2I1 +

2I12

4
8
− 2I2 + I13 − 4I1 I2 + I3
3
3

1/2
.

(B.2.15)

Now expand Eq. (B.2.15) up to fourth order with respect to the invariants,
noting that I1 is of order 1, I2 is of order 2, and I3 is of order 3, such that


2 3
4
2
w − 1 = I1 + I1 − I2 + I1 − 2I1 I2 + I3
3
3


1
7 4 8
2
3
2
2
I − 2I1 I2 + 2I1 − 6I1 I2 + I1 + I1 I3 + I2
−
2 1
3
3
 5
1
3I14 + I13 − 3I12 I2 − I14
2
8
1
1
4
3
7
1
= I1 + I12 − I2 + I13 − I1 I2 + I3 + I12 I2 − I14 − I22 . (B.2.16)
2
6
3
2
24
2
+
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Then, the powers of w − 1 are
8
7 4
I1 + I13 − 3I12 I2 + I12 − 2I1 I2 + I1 I3 + I22 ,
12
3
3
(w − 1)3 = I14 + I13 − 3I12 I2 ,
2
(w − 1)2 =

(w − 1)4 = I14 .

(B.2.17)
(B.2.18)
(B.2.19)

Substitution of Eqs. (B.2.17)–(B.2.19) into (B.2.11) yields the following strain
energy density in terms of the invariants I1 , I2 , and I3 :
1
1
1
(C + A) I14
E = AI12 − (B − A) I13 − AI1 I2 +
2
6
24
1
4
1
+ (B − A) I12 I2 + AI22 + AI1 I3 .
2
2
3

(B.2.20)

Note that P0 is assumed to be equal to zero in the above expression. In
Eq. (16) of Ref. [86], the first square bracket multiplied by Al /2 is defined in
Eq. (B.2.17), where the term multiplying I12 I2 is −1 in the paper and −3 in
Eq. (B.2.17). This error is clearly only a typographical one, as the expressions
obtained in Eqs. (17)–(19) in Ref. [86] are consistent with Eq. (B.2.20) here.
A strain energy density for an elastic solid must now be derived in
terms of the same invariants that appear in Eq. (B.2.20). For the present
analysis, it is assumed that an elastic material is undergoing a purely volumetric deformation. It is thus assumed that the only non-zero components
of the strain tensor are are E1 , E2 and E3 , which are on the diagonal. Note
that the additional off-diagonal strain terms are zero for this analysis and have
thus been neglected. In the limit of purely volumetric deformation, there are
only two unique components at linear order, C11 and C12 , three at quadratic
order, D111 , D112 , and D123 and four at cubic order, M1111 , M1112 , M1122 , and
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M1123 . Expand Eq. (B.2.1) in terms of the only non-zero strain components
and group terms based on the stiffness components to obtain
E=



1
C11 E12 + E22 + E32 + 2C12 (E1 E2 + E1 E3 + E2 E3 )
2


1
+
D111 E13 + E23 + E33 + 3D112 E12 (E2 + E3 )
6

+E22 (E1 + E3 ) + E32 (E1 + E2 ) + 6D123 E1 E2 E3

(B.2.21)



1 
+
M1111 E14 + E24 + E34 + 4M1112 E13 (E2 + E3 )
24

+E23 (E1 + E3 ) + E33 (E1 + E2 ) + 6M1122 E12 E22 + E22 E32


+E12 E32 + 12M1123 E12 E2 E3 + E22 E1 E3 + E32 E1 E2 .
The intent is to first redefine Eq. (B.2.21) in terms of the following invariants,
I1 = Ekk = E1 + E2 + E3 ,
I2 = Eij Eij = E12 + E22 + E32 ,
(B.2.22)
I3 = Eij Ejk Eki =

E13

+

E23

+

E33 ,

I4 = Eij Ejk Ekl Eli = E14 + E24 + E34 .
However, it may be difficult to convert Eq. (B.2.21) to a form that is only a
function of the invariants in Eq. (B.2.22). Thus, the following set of invariants
may be useful:
IE = Ejj = E1 + E2 + E3 ,
1
(Ejj Ekk − Ejk Ekj ) = E1 E2 + E2 E3 + E1 E3 ,
(B.2.23)
2
1
IIIE = (Ejj Ekk Emm − 3Ejj Ekm Ekm + 2Ejk Ekm Emj ) = E1 E2 E3 .
6
IIE =
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Now, the strain energy density in Eq. (B.2.21) can be expressed as a function
of the invariants in Eq. (B.2.22) and (B.2.23),
E=

1
1
[C11 I2 + 2C12 IIE ] + [D111 I3 + 3D112 (I1 IIE − 3IIIE )
2
6

1 
+6D123 IIIE ] +
M1111 I4 + 6M1122 IIE2 − 2I1 IIIE
24


+4M1112 I12 IIE − 2IIE2 − I1 IIIE + 12M1123 I1 IIIE .

(B.2.24)

In order to express Eq. (B.2.24) in terms of only I1 , I2 , and I3 , the following
relationships are used [86]:
1
4
1
I4 = I14 − I12 I2 + I1 I3 + I22 ,
6
3
2
IE = I1 ,

1 2
I1 − I2 ,
2
1
1
1
IIIE = I13 − I1 I2 + I3 .
6
2
3

(B.2.25)

IIE =

From Eq. (B.2.25), the strain energy density in Eq. (B.2.24) becomes
E=

 1
1
(C11 − C12 ) I2 + C12 I12 + [(D111 − 3D112 + 2D123 ) I3
2
6

+3 (D112 − D123 ) I1 I2 + D123 I13

1 1
+
(M1111 − 4M1112 − 3M1122 + 12M1123 ) I14
24 6
+ (−M1111 + 4M1112 + 3M1122 − 6M1123 ) I12 I2
+

1
(M1111 − 4M1112 + 3M1122 ) I22
2


1
+ (4M1111 − 4M1112 − 12M1122 + 12M1123 ) I1 I3 .
3
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(B.2.26)

By equating powers of the invariants, the relationship between the stiffness coefficients can be related to the acoustic nonlinearity parameters. At
linear order, this yields
A = C12 = C11 .

(B.2.27)

From linear elasticity, the linear elastic stiffness tensor is defined as [66]
Cijkl



2
= Kδij δkl + µ δik δjl + δil δjk − δij δkl ,
3

(B.2.28)

which requires A = K and µ = 0. Thus, relating acoustic parameters of
nonlinearity to components of the elastic stiffness tensor is only valid in the
fluid limit (where µ = 0) or in a nearly incompressible elastic limit, where
µ/K  1.
At quadratic order, the three elastic coefficients can be related to A
and B, through the following three equations:
D112 = − (A + B) ,
D123 = A − B,

(B.2.29)

D111 = − (5A + B) ,
as derived by Kostek et al. [88], where B/A is then given by


B
D111
=− 5+
.
A
C11

(B.2.30)

Lastly, at cubic order, the four elastic moduli are related to A, B, and
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C, such that
M1111 = 33A + 12B + C,
M1112 = 3A + 6B + C,
(B.2.31)
M1122 = A + 4B + C,
M1123 = −A + 2B + C.
Then, C/A can be expressed as
M1111
C
D111
=
+ 12
+ 27.
A
C11
C11

(B.2.32)

Note that Eq. (B.1.22) and (B.2.30) are identical, as are Eq. (B.1.23) and
(B.2.32). Therefore, the value of B/A and C/A can be defined in the same
functional form for a solid and fluid with respect to the Taylor series coefficients
for an expansion of strain energy with respect to strain. The difference between
the parameters of nonlinearity for a fluid, given in Eqs. (B.1.22) and (B.1.23),
and for a solid, given in Eqs. (B.2.30) and (B.2.32), are identical, but the
definitions of C11 , D111 , and M1111 may differ.
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Appendix C
Hashin-Shtrikman Bounds via a Variational
Principles Approach

For completeness, the more rigorous derivation based on variational
principles for the Hashin-Shtrikman bounds are reproduced here. The results
obtained are the same effective bulk moduli presented in Section 6.2. Furthermore, the present derivation aids in visualizing a path forward to obtain a
more rigorous and general nonlinear augmentation of the linear homogenization scheme, which may or may not result in an analytic solution.
Let a homogeneous, isotropic linear elastic body of volume V and surface S is defined by displacement u0i , small strain ε0ij , and stress σij0 and subjected to body force per unit volume Fi . This is the known as C 0 body, where
the elastic fields are known. The relationship between stress and strain for a
linear elastic solid is typically defined as
F σij0 = λ0 ε0kk δij + 2µ0 ε0ij ≡ C 0 ε0kl ,

(C.1)

where λ0 and µ0 are the Lamé constants and µ0 is more commonly known as
the shear modulus.
Now assume that an inhomogeneous, linear elastic solid of the same
geometry is subjected to the same body force and is defined by unknown
displacement ui , small strain εij , and stress σij . The boundary conditions are
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the same as for the homogeneous body, such that the displacement boundary
condition prescribed on the surface Su is
ui (S) = u0i (S) on Su

(C.2)

and the tractions prescribed on the boundary ST are defined as
Ti (S) = Ti0 (S) on ST .

(C.3)

This state is referred to as the C body and is characterized by the following
stress and strain:
σij = λεkk δij + 2µεij ≡ Cεij .

(C.4)

Note that based on the displacement and traction boundary conditions prescribed in Eqs. (C.2) and (C.3), the response of the homogeneous and heterogeneous media are equivalent at the outer boundary.
The stress and strain the C body to the C 0 body are related through
σij = C 0 εij + pij ,

(C.5)

where pij is defined as the stress polarization such that

pij = C − C 0 εij .

(C.6)

Then, the strain is related to the stress polarization tensor through the operator H, defined as
H=

−1
εij
= C − C0
.
p
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(C.7)

Now let the deviation of fields between the C and C 0 body be defined for the
displacement, strain, and stress as
u0i = ui − u0i ,

(C.8)

ε0ij = εij − ε0ij = Hpij − ε0ij ,

(C.9)

σij0 = C 0 ε0ij + pij = σij − σij0 ,

(C.10)

and

respectively.
It is assumed that both the homogeneous and inhomogeneous body are
subjected to the same body force. Thus, the equilibrium equations become
0
σij,j
+ Fi = 0,

(C.11)
σij,j + Fi = 0.
The equilibrium equation for the deviating stress field, σij0 , is thus
0
σij,j
= C 0 ε0ij,j + pij,j = 0.

(C.12)

The displacement and traction boundary conditions can then be expressed as
u0i (S) = 0 on Su ,
(C.13)
C 0 ε0ij



+ pij · nj = 0 on ST ,

where nj denotes the normal vector and must also be continuous at any interfaces.
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The potential energy U0 and U for the C 0 and C bodies, respectively
are
1
U=
2

Z

Z

1
U0 =
2

Z

Ti0 ui ds

σij εij dv −
V

Z
−

ST

Fi ui dv,

(C.14)

Fi u0i dv,

(C.15)

V

and
σij0 ε0ij dv

Z

Z

Ti0 u0i ds

−

−
V

ST

V

such that
1
U − U0 =
2

Z
σij εij −

σij0 ε0ij



Z

Ti0 u0i ds

dv −

V

Z
−

Fi u0i dv.

(C.16)

V

ST

From the principle of virtual work,
Z

Ti0 u0i ds

Z
+

Fi u0i dv

=

σij ε0ij dv.

(C.17)

V

V

ST

Z

Substitution of Eqs. (C.9) and (C.17) into (C.16) yield
1
U − U0 =
2

Z


σij0 ε0ij − σij ε0ij dv.

(C.18)

V

Next, substitute Eq. (C.10) into (C.18) to obtain
1
U − U0 =
2

Z


ε0ij C 0 ε0ij + pij ε0ij − σij ε0ij dv.

(C.19)

V

From Eq. (C.1), ε0ij C 0 is replaced with σij0 , such that Eq. (C.19) becomes
1
U − U0 =
2

Z

pij ε0ij dv.

(C.20)

V

Then, rearrange Eq. (C.20) using Eqs. (C.6)–(C.9) to obtain
1
U − U0 = −
2

Z


pij Hpij − pij ε0ij − 2pij ε0ij dv.

V
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(C.21)

It is useful to define pij Hpij in terms of the linear elastic moduli. Combining Eqs. (C.1), (C.4), and (C.6), yields the following expression:
pij Hpij = pij εij = (λ − λ0 ) εkk εij δij + 2 (µ − µ0 ) εij εij
(C.22)
= (λ − λ0 ) ε2kk + 2 (µ − µ0 ) εij εij /
The strain can also be expressed in terms of components of the stress polarization tensor. First, let the components of the polarization tensors be related
to the strain tensor via

pij = C − C 0 εij = (λ − λ0 ) εkk δij + 2 (µ − µ0 ) εij ,

(C.23)

pkk = 3 (λ − λ0 ) εkk + 4 (µ − µ0 ) εkk = 3 (K − K0 ) εkk .

(C.24)

and

Then, take the square of Eq. (C.24) and solve for ε2kk , such that
ε2kk =

p2kk
,
9 (K − K0 )2 ε2kk

(C.25)

where K = λ − 32 µ is the bulk modulus. Next, take the square of Eq. (C.23),
such that
pij pij = (λ − λ0 ) [3 (λ − λ0 ) + 4 (µ − µ0 )] ε2kk + 4 (µ − µ0 )2 εij εij .

(C.26)

Finally, substitute Eq. (C.25) into (C.26) and solve for εij εij to obtain
εij εij =

pij pij
(λ − λ0 )
(λ − λ0 ) 2
−
p2kk −
pkk .
2 (µ − µ0 ) 6 (K − K0 ) (µ − µ0 )
9 (K − K0 )2
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(C.27)

Finally, substitution of Eqs. (C.25) and (C.27) into (C.22) yields
pij Hpij = −

(λ − λ0 )
pij pij
p2kk +
.
6 (K − K0 ) (µ − µ0 )
2 (µ − µ0 )

(C.28)

The potential energy in Eq. (C.21) is now defined as
1
U − U0 =
2

Z 
V

pij pij
(λ − λ0 )
p2kk +
6 (K − K0 ) (µ − µ0 )
2 (µ − µ0 )

+ pij ε0ij + 2pij ε0ij dv.

(C.29)

An absolute maximum is obtained for
λ > λ0 ,

µ > µ0 ,

(C.30)

µ < µ0 .

(C.31)

and an absolute minimum for
λ < λ0 ,

For an effective medium with N different elastic phases that are quasihomogeneous and quasi-isotropic, the surface displacements are
u0i = ε0ij xj

on S,

(C.32)

where xj is the coordinate of the phase and ε0ij is the mean strain in the
heterogeneous medium. Recall from the average-strain theorem discussed in
Section 6.2 that for an imposed displacement boundary condition, the strain
on the surface is identical to the average strain in the body. Next, let all the
mean field variables be defined as the summation of a isotropic component,
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denoted with a subscript 0 and a deviatoric component marked with a prime.
Let the effective strain energy of the RVE be defined as
1
U=
2




2
0
0
K∗ − µ∗ εkk + 2µ∗ εij εij
3

(C.33)


1
=
9K∗ ε20 + 2µ∗ e0ij e0ij ,
2
where the mean strain ε0ij is defined in terms of an isotropic ε0 and deviatoric
e0ij components, such that
ε0ij = ε0 δij + e0ij ,
(C.34)
1
ε0 = ε0kk .
3
Note that both the trace of a deviatoric component and the average value of
the stress are zero.
Assume there is a homogeneous matrix material described with properties K0 and µ0 . Let Vr refer to the volume of the rth material phase and V
be the total volume. The volume fraction of the rth is then defined as
φr =

Vr
.
V

(C.35)

(r)

The polarization pij in each phase is constant in the volume Vr . Also, let pij
and ε0ij be defined using an isotropic component plus a deviatoric component,
such that
pij = pδij + fij ,
(C.36)
ε0ij = ε0 δij + e0ij .
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Then from Eqs. (C.29), (C.34), and (C.36), U can be expressed as
1
U − U0 =
2

Z

1
2

Z

+

1
−
2


pδij ε0 δij + pδij e0ij + fij ε0 δij + fij e0ij dv

V


2 pδij ε0 δij + pδij e0ij + fij ε0 δij + fij e0ij dv

V

Z 

(λ − λ0 )
(3p + fkk )2
−
6
(K
−
K
)
(µ
−
µ
)
0
0
V

2
p δij δij + 2pδij fij + fij fij
+
dv.
2 (µ − µ0 )

Then let


1
9K0 ε20 + 2µ0 e0ij e0ij ,
2
Z

1
0
U =
3pε0 + fij e0ij dv,
2 V

(C.37)

U0 =

(C.38)

and rearrange Eq. (C.37) to obtain
1
U = U0 + U −
2
0

Z 
V


fij fij
p2
0
+
− 6pε0 − 2fij eij dv.
(K − K0 ) 2 (µ − µ0 )

(C.39)

Now define p and fij in terms of each phase.

r=n 
fijr fijr
p2r
1X
+
φr
U = U0 + U −
2 r=1 (Kr − K0 ) 2 (µr − µ0 )
0

(C.40)

+ 3p̄ε0 + f¯ij e0ij ,
where
p̄ =

r=n
X

pr φr ,

r=1

f¯ij =

r=n
X
r=1
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(C.41)
fijr φr .

Then,
α0
U0 =
2

r=n
X

!
p2r φr − p̄2

+ β0

r=n
X

!
fijr fijr φ − f¯ij f¯ij

,

(C.42)

r=1

r=1

and
α0 = −

1
,
K0 + 43 µ0

K0 + 2µ0
.
β0 = −
5µ0 K0 + 43 µ0

(C.43)

From Eqs. (C.39)–(C.43) the potential energy becomes
r=n

1X
U = U0 −
2 r=1







1
1
1
2
r r
− α 0 pr +
− 2β0 fij fij φr
Kr − K 0
2 µr − µ0

β0
α0
+ 3p̄ε0 + f¯ij e0ij − p̄2 − f¯ij f¯ij .
2
2

(C.44)

Let the effective potential energy U∗ characterize the heterogeneous media as a
homogeneous one. The condition U < U∗ denotes a maximum, which requires
Kr > K0 ,

µr > µ0 ,

(C.45)

and U > U∗ corresponds to a minimum, such that
Kr < K0 ,
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µr < µ0 .

(C.46)

Let the admissible variation of Eq. (C.44) is
δU = −

r=n 
X
r=1

−



1
− α0 pr − 3ε0 + α0 p̄ φr δpr
Kr − K0

r=n 
X
r=1

(C.47)


1
r
0
− β0 fij − eij + β0 f¯ij φr δfijr .
2 (µr − µ0 )

Since δpr and δfijr are non-zero,

r=n
X
1
0
− α0 pr − 3ε + α0
pr φr = 0,
Kr − K0
r=1

(C.48)


r=n
X
1
r
0
fijr φr = 0,
− β0 , fij − e + β0
2 (µr − µ0 )
r=1

(C.49)





define the maximum and minimum conditions, respectively. Let p̃ be the
solution to Eq. (C.48) and f˜ij be the solution to Eq. (C.49). An over bar
denotes the mean value of the solutions. Then by multiplying each term in
Eq. (C.48) and (C.49) by φr and summing from r = 1 to r = n
r=n
X


p̃r φr + 

r=1



r=n 
X


r=1

f˜ijr φr + h



¯ r
α0 p̃φ
1
Kr −K0

− α0

 =

1
2(µr −µ0 )

i




3ε0 φr


r=1




β0 f¯˜ij φr

r=n
X



=

− β0 
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r=n 
X

− α0





e0ij φr
h


r=1

1
Kr −K0

1
2(µr −µ0 )

i

− β0 

(C.50)
.

The following are defined for convenience,
3ε0 A
,
1 + α0 A

p̃¯ =

e0ij B
,
f¯˜ij =
1 + β0 B
where
A=

r=n
X


φr

r=1

B=

r=n
X

(C.51)


1
− α0 ,
Kr − K 0
(C.52)


φr

r=1


1
− β0 .
2 (µr − µ0 )

Based on assumed solutions defined in Eq. (C.50)–(C.52), the strain
energy in Eq. (C.44) becomes
r=n

i
1 Xh 0 r
¯ + e0ij f˜ij − β0 f¯˜ij f˜ij φr
3ε p̃ − α0 p̃p̃
U = U0 −
2 r=1

(C.53)

¯ 0 + f¯˜ij e0ij − α0 p̃¯2 − β0 f˜¯ij f¯˜ij .
+ 3p̃ε
2
2
After some simplification, Eq. (C.53) can be expressed as
1
U = U0 + p̃¯ij εij .
2

(C.54)

Note that the second term on the RHS of Eq. (C.54) is the solution to the
integral on the RHS of Eq. (C.20).
In order to obtain the bulk modulus, let the mean strain be purely
isotropic, ε0ij = ε0 δij , while the effective shear modulus is derived for a purely
deviatotoric strain, such that ε0ij = e0ij and ε0kk = 0. The inequalities, based
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on whether whether Eq. (2.24) or Eq. (2.25) is satisfied, that determine the
bounds for the linear effective moduli are
9
9A
9
2
U = K0 ε20 +
ε0 ≶ K∗ ε20 = U∗ ,
2
2 (1 + α0 A)
2
U=

µ0 e0ij e0ij

B
+
e0 e0 ≶ µ∗ e0ij e0ij = U∗ .
1 + β0 B ij ij

(C.55)

The upper inequality in Eq. (C.55) represents the condition in Eq. (C.45),
whereas the lower inequality in Eq. (C.55) corresponds to the condition in
Eq. (C.46). Then, the bounds of the moduli are then defined as
K∗ ≶ K0 +

A
,
1 + α0 A

B
µ∗ ≶ µ0 +
.
1 + β0 B

(C.56)

For a heterogeneous material with r material phases, the bounds are
obtained assuming the lowest upper and highest lower bounds. In this case,
let the smallest moduli be denoted with K1 and µ1 , and the largest by Kn and
µn . Then let the lower bound of the effective medium K∗− correspond to the
case when K0 → K1 and µ0 → µ1 in Eqs. (C.43), (C.52), and (C.56), such
that
A1
,
1 + α1 A 1


r=n
X
1
− α1 ,
A1 =
φr
Kr − K1
r=2

K∗− = K1 +

α1 = −

1
.
K1 + 43 µ1
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(C.57)
(C.58)
(C.59)

Similarly, the upper bound is defined as when K0 → Kn and µ0 → µn , such
that
An
,
1 + αn An


r=n−1
X
1
An =
φr
− αn .
Kr − Kn
r=1

K∗+ = Kn +

αn = −

1
.
Kn + 43 µn

(C.60)
(C.61)
(C.62)

The effective bulk moduli is now bounded by K∗− < K∗ < K∗+ .
The same method is applied in defining the highest lower and lowest
upper bound of the shear modulus, such that
B1
,
1 + β1 B1


r=n
X
1
B1 =
φr
− β1 ,
2 (µr − µ1 )
r=2

µ−
∗ = µ1 +

β1 = −

K1 + 2µ1
,
5µ1 K1 + 43 µ1

(C.63)
(C.64)
(C.65)

and
Bn
,
1 + βn Bn


r=n−1
X
1
Bn =
φr
− βn ,
2 (µr − µn )
r=1
µ+
∗ = µn +

βn = −

Kn + 2µn
.
5µn Kn + 43 µn
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(C.66)

(C.67)
(C.68)

+
The effective shear moduli is now bounded by µ−
∗ < µ∗ < µ∗ .

As shown in Chapter 2, the upper and lower bounds are for the effective
bulk modulus of a two phase materials is
K∗+ = KM +

K∗−

= KI +

φ
1
1−φ
+
KI − KM KM + 34 µM
1−φ
1
φ
+
KM − KI KI + 43 µI

,
(C.69)

,

while the effective shear modulus of a two phase material is
µ+
∗ = µM +

µ−
∗

φ
,
2 (1 − φ) (KM + 2µM )
1

+
µI − µM
5µM KM + 43 µM

1−φ
.
= µI +
1
2φ (KI + 2µI )

+
µM − µI 5µI KI + 43 µI
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(C.70)

Appendix D
Nearly Incompressible Elastic Matrix Material

The dynamical model for the radial oscillation of the inclusion,
Eq. 5.4.13 requires an expression for the effective pressure acting on the
surface of the inclusion. Emelianov et al. [16] developed such an expression for
a pre-stressed gas bubble in an incompressible elastic medium and evaluated
this expression exactly for a Mooney-Rivlin material, and through quadratic
order in the perturbation of the radial displacement for a matrix described
using the Landau-Lifshitz expansion of the strain energy density. Here, their
analysis is augmented based on the extended Landau-Lifshitz strain energy
density that accounts for cubic order nonlinearity. Explicit definitions for the
local moduli based on the global elastic constants at linear, quadratic and
cubic order are obtained.
For a nearly incompressible elastic material, the strain energy density
up to cubic order can be expressed as
1
E = µM I2 + AM I3 + DM I22 ,
3

(D.1)

where µM is the shear modulus, AM is termed a third-order elastic constant,
and DM is a fourth-order elastic coefficient [86]. Equation (D.1) is exact for a
perfectly incompressible medium. The invariants I2 and I3 can be expressed
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as [16]
" 
#2

2
4
1  r 2
r̃
1
I2 =
−1 +
−1 ,
2 r̃
4
r

(D.2)

" 
#3

3
4
1
r̃
1  r 2
−1 +
−1 .
I3 =
4 r̃
8
r

(D.3)

The relationship between Eulerian and Lagrangian radial coordinates, r and
r̃, respectively, is
r3 = r̃3 + R3 − R03 ,

(D.4)

where R and R0 refer to the instantaneous and equilibrium radii of the inclusion. Emelianov et al. assume that ξ = (R − R0 )/R0 is a small quantity,
which allows Eq. (D.4) to be expanded with respect to ξ [16]. An expression
for the pressure due to the shear stress at an arbitrary reference is then obtained through a Taylor series in the limit where ξ is not necessarily small. In
extending the present work to cubic order the assumption that ξ is not small
is made a priori, and a slightly alternative definition for the pressure is presented below. However, the pressure obtained here matches that of Emelianov
et al. up to quadratic order.
Assume that the Lagrangian radial coordinate r is now relative to the
pre-strain (Eulerian) radial coordinate r1 and pre-strain radius R1 , given as
r3 = r13 + R3 − R13 ,

(D.5)

The deformation is no longer relative to the global equilibrium or the Lagrangian coordinate. Instead, r1 is now the reference coordinate. Let x =
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R1 /r1 , y = R1 /r̃, 1 + ξ1 = R1 /R0 such that I2 can be expressed as
"
#2
"
#2
 2
 −4
1 2 −2 r
1 −4 4 r
I2 =
y x
−1 +
y x
−1 .
2
r1
4
r1

(D.6)

Next, expand Eq. (D.6) to obtain
 2
 4
r
3 1 4 −4 r
2 −2
−y x
I2 = + y x
4 2
r1
r1
 −8
 −4
1
r
1
r
+ y −8 x8
− y −4 x4
.
4
r1
2
r1

(D.7)

If I21 denotes the I2 invariant for the pre-strain state, such that

I21

" 
#2

2
4
r̃
1  r1 2
1
−1 ,
=
−1 +
2
r̃
4
r1
2 1 
2
1  2 −2
y x − 1 + y −4 x4 − 1 ,
2
4
1
1
3 1
= + y 4 x−4 − y 2 x−2 + y −8 x8 − y −4 x4 ,
4 2
4
2
=

(D.8)

and I¯2 corresponds to the incremental invariant, then the total invariant is
defined as I2 = I21 + I¯2 . The incremental invariant is then
" 
#
" 
#
4
2
r
r
− 1 − y 2 x−2
−1
r1
r1
#
#
" 
" 
−8
−4
1
1
r
r
− 1 − y −4 x4
−1 .
+ y −8 x8
4
r1
2
r1

1
I¯2 = y 4 x−4
2

(D.9)

The invariant I3 can be expressed in the same way, such that the pre-strain is
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given as
3
3
3 1
I31 = − + y 6 x−6 − y 4 x−4 + y 2 x−2
8 4
4
4
1
3
3
+ y −12 x12 − y −8 x8 + y −4 y 4 ,
8
8
8
and the increment as
" 
#
" 
#
6
4
1
r
3
r
I¯3 = y 6 x−6
− 1 − y 4 x−4
−1
4
r1
4
r1
" 
#
" 
#
2
−12
3 2 −2
r
1 −12 12
r
+ y x
−1 + y x
−1
4
r1
8
r1
" 
#
" 
#
−8
−4
3 −8 8
r
3 −4 4
r
− y x
−1 + y y
−1 .
8
r1
8
r1

(D.10)

(D.11)

The ratio of r/r1 from Eq. (D.5) raised to any n power is defined as
 n 

n/3
r
1 ¯3
−3
2 ¯
2
3
¯
(1 + ξ1 ) ξ + (1 + ξ1 ) ξ + ξ
. (D.12)
= 1 + 3x (1 + ξ1 )
r1
3
Binomial expansion of Eq. (D.12) to quartic order in ξ¯ and x3 (or to order x12 )
yields


 n
1 ¯3
r
−3
2 ¯
2
3
¯
(1 + ξ1 ) ξ + (1 + ξ1 ) ξ + ξ
= 1 + nx (1 + ξ1 )
r1
3


1
5
−4
2 ¯2
3
6
4
+ n (n − 3) x (1 + ξ1 )
(1 + ξ1 ) ξ + 2 (1 + ξ1 ) ξ¯ + ξ¯
2
3


1
+ n (n − 3) (n − 6) x9 (1 + ξ1 )−4 (1 + ξ1 ) ξ¯3 + 3ξ¯4
6
n
+
(n − 3) (n − 6) (n − 9) x12 (1 + ξ1 )−4 ξ¯4 .
24
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(D.13)

Then, the invariant I¯2 from Eq. (D.9) becomes


I¯2 = 2x6 (1 + ξ1 )−4 3 (1 + ξ1 )2 ξ¯2 + 6 (1 + ξ1 ) ξ¯3 + 5ξ¯4
9

− 30x (1 + ξ1 )

−4

 291 12

(1 + ξ1 ) ξ¯3 + 3ξ¯4 +
x (1 + ξ1 )−4 ξ¯4 ,
2

(D.14)

and I¯3 from Eq. (D.11) becomes


I¯3 = −6x9 (1 + ξ1 )−4 (1 + ξ1 ) ξ¯3 + 3ξ¯4 + 81x12 (1 + ξ1 )−4 ξ¯4 .

(D.15)

Lastly, the square of I¯2 is
I¯22 = 36x12 (1 + ξ1 )−4 ξ¯4 .

(D.16)

Substituting the relations I2 = I21 + I¯2 and I3 = I31 + I¯3 into Eq. (D.1)
yields, for the incremental strain energy density Ē,
1
ĒM = µM I¯2 + AM I¯3 + DM I¯22 .
3

(D.17)

Then from Eqs. (D.14)–(D.17)


ĒM = 2µM x6 (1 + ξ1 )−4 3 (1 + ξ1 )2 ξ¯2 + 6 (1 + ξ1 ) ξ¯3 + 5ξ¯4


− 2 (15µM + AM ) x9 (1 + ξ1 )−4 (1 + ξ1 ) ξ¯3 + 3ξ¯4
+

(D.18)

1
(291µM + 54AM + 72DM ) x12 (1 + ξ1 )−4 ξ¯4 .
2

The incremental strain energy density is related to the incremental potential
energy by integrating over the radial coordinate. Since x = R1 /r1 , dr1 =
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−R1 x−2 dx and
4πR03
ŪM =
(1 + ξ1 )

Z

1





2µM x2 3 (1 + ξ1 )2 ξ¯2 + 6 (1 + ξ1 ) ξ¯3 + 5ξ¯4

0



− 2 (15µM + AM ) x5 (1 + ξ1 ) ξ¯3 + 3ξ¯4

1
8 ¯4
+ (291µM + 54AM + 72DM ) x ξ dx.
2

(D.19)

Integration of Eq. (D.19) yields

3µM + AM ¯3 (9µM + 4AM + 8DM ) ¯4
2
¯
ŪM = 4πR0 (1 + ξ1 ) 2µM ξ −
ξ +
ξ .
3 (1 + ξ1 )
2 (1 + ξ1 )2
(D.20)


3

The incremental effective shear pressure is defined as
P̄M ≡ −

1
∂ ŪM
1 ∂ ŪM
=−
.
2
2
4πR ∂R
4πR R0 ∂ ξ¯

(D.21)

From Eqs. (D.20) and (D.21), the incremental pressure becomes
2


3µ
+
A
2
(9µ
+
4A
+
8D
)
M
M
M
M
M
2
3
P̄M = −
ξ¯ +
(1 + ξ1 ) 4µM ξ¯ −
ξ¯ .
(1 + ξ1 )
(1 + ξ1 )2
(D.22)
It is desired to express P̄M in Eq. (D.22) purely as a function of ξ¯ and ξ1 . The


R0
R



ratios of radii can be then expressed as


R0
R

2
= (1 + ξ)

−2

= (1 + ξ1 )

−2


1+

−2
ξ¯
.
1 + ξ1

(D.23)

¯ (1 + ξ1 ) is a small quantity, Eq. (D.23) can be binomially expanded
Since ξ/
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to obtain


R0
R

2

"
(1 + ξ1 ) = (1 + ξ1 )−1 1 − 2




 ¯ 2
ξ¯
ξ
+3
1 + ξ1
1 + ξ1

#
(D.24)

and Eq. (D.22) becomes
P̄M = −

4µM ¯ 11µM + AM ¯2 2 (18µM + 5AM + 8DM ) ¯3
ξ −
ξ .
ξ+
1 + ξ1
(1 + ξ1 )2
(1 + ξ1 )3

(D.25)

Then, let the incremental pressure be defined in terms of local moduli, such
that
P̄M ≡ −4µ̄M ξ¯ + ĀM ξ¯2 − D̄M ξ¯3 ,
where
µ̄M =

µM
,
1 + ξ1

ĀM =

11µM + AM
,
(1 + ξ1 )2

D̄M =

2 (18µM + 5AM + 8DM )
.
(1 + ξ1 )3

(D.26)

(D.27)

In Section 3.2, parameters of acoustic nonlinearity were related to the
local stiffness parameters. This was achieved by expressing ξ¯ as a function of
¯ such that
density ρ/ρ1 . Instead, let ρ/ρ1 be defined in terms of ξ,


9
B̄ 4 ¯2
−2
¯
+
ξ
P̄ = −3Ā (1 + ξ1 ) ξ + (1 + ξ1 ) Ā
2
Ā 3


9
C̄
B̄ 20 ¯3
−3
− (1 + ξ1 ) Ā
+4 +
ξ
2
9
Ā
Ā
−1

(D.28)

Then, at linear order,
Ā = (1 + ξ1 ) µ̄M = µM .
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(D.29)

The local parameter of acoustic nonlinearity at quadratic order is defined as
ĀM 4
2 (AM + 5µM )
B̄
2
− =
= (1 + ξ1 )
9
µ̄M
3
9µM
Ā

(D.30)

and at cubic order as
D̄M 2
ĀM 20
4 (8DM + 3AM + 3µM )
C̄
2
=
− (1 + ξ1 )
−
= (1 + ξ1 )2
9
µ̄M
9
µ̄M
9
9µM
Ā

(D.31)

Thus, the local coefficients of acoustic nonlinearity are constant as a function of
deformation and equal in magnitude to the respective global material property
because µ̄M , ĀM , and D̄M as vary the same relative to one another a function
of deformation. Therefore, it is also assumed that both the longitudinal and
transverse sound speed are invariant as a function of deformation, where


4
4
ρM c̄Ml = (1 + ξI1 ) K̄MI + µ̄MI = KM + µM ≡ ρM c2Ml .
3
3
2

(D.32)

and
ρM c̄M2 t = (1 + ξI1 ) µ̄MI = µM ≡ ρM cM2 t .
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(D.33)

Appendix E
Cubic Approximation for the Dynamical
Equation in Volume

In the present section, the Rayleigh-Plesset equation is expressed as a
function of volume, rather than radius. The Rayleigh-Plesset equation given
in Eq. 5.4.13 is


ρM +

ρI 
3
ṘI
RI R̈I + ρM Ṙ2 = PI1 + PM1 − P0 − p − (3ζI + 4ηM )
5
2
RI




4
9
2
0
− 3 K̄I + µ̄MI ξ¯I +
K̄I + ĀMI ξ¯I2 (E.1)
3
2
9


9
2
00
−
K̄I + D̄MI ξ¯I3 .
2
9

Let VI = VI1 + v, where v is a small perturbation of the inclusion volume. Since
v is small, the radius of the inclusion can be binomially expanded in powers
of v. Up to cubic order, the radius becomes

RI = RI1

v
1+
VI1

1/3



1 v
1 v2
5 v3
−
+
= RI1 1 +
.
3 VI1 9 VI12 81 VI13

(E.2)

All terms order O (v 4 ) and larger are neglected in the present derivation.
Time derivatives of v are assumed to be of the same order as v. Thus,
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the first and second order time derivatives of Eq. (E.2) become
RI1
ṘI =
3VI1



2 v̇v 5 v 2 v̇
v̇ −
,
+
3 VI1 9 VI12

(E.3)

and


RI1
2 (vv̈ + v̇ 2 ) 5 (2v v̇ 2 + v 2 v̈)
+
R̈I =
v̈ −
,
3VI1
3
VI1
9
VI12

(E.4)

respectively, when retaining terms up to cubic order. Since the inclusion is
compressible, the density ρI varies with deformation, and must be expanded
with respect to volume v, such that
ρI
ρI1
ρM + = ρM +
5
5



−1

v
ρI1 ρI1 v
v2
−
1+
−
= ρM +
.
VI1
5
5 VI1 VI12

(E.5)

Since Eq. (E.5) is multiplied by an expression that is at least linear with
respect to v, the density expansion is only required up to O (v 2 ) to maintain
the desired terms.
Consider first the left-hand side of Eq. (E.1). From Eqs. (E.2) and
(E.4), an expression for RI R̈I is obtained. Then, multiple RI R̈I by Eq. (E.5) to
obtain the first term on the left-hand side of Eq. (E.1), given as



ρI 
RI21 
ρI1 
ρM (2v̇ 2 + vv̈)
RI ṘI =
v̈ −
ρM +
ρM +
5
3VI1
5
3
VI1
2ρM (4v v̇ 2 + v 2 v̈) 2ρI (v̇ 2 + 2vv̈)
−
9
VI12
15
VI1

14ρI (v v̇ 2 + v 2 v̈)
+
.
45
VI12

+
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(E.6)

The second term on the left-hand side of Eq. (E.1) can be expressed as
3
R2
ρM ṘI2 = I1
2
3VI1



ρM v̇ 2
2ρM v v̇ 2
−
2 VI1
3 VI12


.

(E.7)

The right-hand side of Eq. (E.1) includes three types of parameters:
the constitutive relationship accounted for by the pressure contributions of the
inclusion and matrix, an external pressure, and terms accounting for losses.
The loss term is only retained to linear order, which in terms of volume becomes
(4ηM + 3ζI )

ṘI
(4ηM + 3ζI )
=
v̇.
RI
3VI1

(E.8)

For the pressure terms, ξ¯I must be expanded with respect to v, such that
RI1
ξ¯I =
RI0






RI
(1 + ξI1 ) v
1 v2
5 v3
.
−1 =
−
+
RI1
3
VI1 3 VI12 27 VI13

(E.9)

From Eq. (E.9), the combined internal pressure of the inclusion and effective
shear pressure due to the matrix becomes
PI + PMI



(1 + ξI1 )
4
K̄I + µ̄MI v
= PI1 + PM1 −
VI1
3





(1 + ξI1 )
2
4
2
0
+
(1 + ξI1 ) K̄I + ĀMI +
K̄I + µ̄MI v 2
2
2VI1
9
3
3
(E.10)



(1 + ξI1 )
2
2
(1 + ξI1 ) K̄I00 + D̄MI
−
6VI13
9




2
10
4
0
+2 (1 + ξI1 ) K̄I + ĀMI +
K̄I + µ̄MI v 3 .
9
9
3

The cubic approximation of the Rayleigh-Plesset equation expressed in
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volume is obtained by substituting Eqs. (E.6)–(E.10) into Eq. (E.1), such that

(1 + ξI1 ) 3K̄I + 4µ̄MI
(4ηM + 3ζI )


v̈ +
v̇ +
v
ρM + 15 ρI1 RI21
ρM + 15 ρI1 RI21


ρM + 45 ρI1
4πRI1
2


v̇
+
2vv̈
=
+
P
−
P
−
p)
+
(P
I
M
1
1
0
6 ρM + 15 ρI1 VI1
ρM + 51 ρI1
#
"

(1 + ξI1 ) 3K̄I + 4µ̄MI (1 + ξI1 ) K̄I0 + 29 ĀMI
1 2


+
v
+
(E.11)
3
VI1 ρM + 15 ρI1 RI21
2 K̄I + 43 µ̄M I
"

#

2 ρM + 75 ρI1
(1 + ξI1 ) 3K̄I + 4µ̄MI
2
2


−
v v̇ + v v̈ −
9 ρM + 15 ρI1 VI12
6VI12 ρM + 15 ρI1 RI21
"
#


(1 + ξI1 )2 K̄I00 + D̄MI
2 (1 + ξI1 ) K̄I0 + 29 ĀMI
10 3


×
+
+
v .
9
K̄I + 43 µ̄MI
K̄I + 43 µ̄MI
Equation (E.11) is expressed more compactly as

v̈ + δωI1 v̇ + ωI21 v = κP1 − κp + d0 v̇ 2 + 2vv̈ + B 0 v 2
(E.12)
00

−d

2

2



00 3

v v̇ + v v̈ − B v ,
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where
κ=
2

ωI1 =
QI1 =
B0 =

B 00 =
d0 =
d00 =

4πRI1
,
ρM + 15 ρI1

(1 + ξI1 ) 3K̄I + 4µ̄MI

,
ρM + 15 ρI1 RI21

ρM + 15 ρI1 RI21 ωI1
,
(4ηM + 3ζI )
"
#

ωI21 (1 + ξI1 ) K̄I0 + 29 ĀMI
1

,
+
VI1
3
2 K̄I + 34 µ̄M I
(E.13)
"
#


2
2 (1 + ξI1 ) K̄I0 + 29 ĀMI
ωI21 (1 + ξI1 ) K̄I00 + D̄MI
10


+
+
,
4
4
2
6VI1
9
K̄I + 3 µ̄MI
K̄I + 3 µ̄MI

ρM + 45 ρI1
 ,
6 ρM + 15 ρI1 VI1

2 ρM + 75 ρI1
 ,
9 ρM + 15 ρI1 VI12

P1 = PI1 + PMI 1 − P0 .
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Appendix F
Harmonic Material

F.1

Acoustic Nonlinearity
From the definitions of the moduli in Eq. (6.1.15) obtained in Section

6.1, the strain energy density can be expressed
1
(K 0 − µ0M ) (F11 + F22 + F33 )3
27 M
 


1
4
1
0
0
+
KM + µM − (KM − µM ) (F11 + F22 + F33 )2
2
3
3

EM =

(F.1.1)

9
+ (KM0 − 3KM ) (F11 + F22 + F33 ) + KM − KM0
2
− (2µM + µ0M ) (F11 F22 + F22 F33 + F11 F33 ) + µ0M F11 F22 F33 ,
where KM is the bulk modulus, µM is the shear modulus, KM0 is the nonlinear
bulk modulus, µM0 is the nonlinear shear modulus, and Fij are the components
of the deformation gradient. The first Piola-Kirchhoff stress be defined from
the strain energy density as [66]
T̄ =

∂E
.
∂ F̄
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(F.1.2)

Thus, from Eqs. (F.1.1) and (F.1.2), the T11 component of the first PiolaKichhoff stress is
T11 =

1
(K 0 − µ0M ) (F11 + F22 + F33 )2
9 M


4
2
0
0
+ KM + µM − (KM − µM ) (F11 + F22 + F33 )
3
3

(F.1.3)

+ (KM0 − 3KM ) − (2µM + µ0M ) (F22 + F33 ) + µM0 F22 F33 ,
For 1D propagation, let F11 = 1 + ∂u/∂ x̃ and F22 = F33 = 1, such that
Eq. (F.1.3) becomes
T11

 2


∂u
4
∂u 1
0
0
+ (KM − µM )
.
= K M + µM
3
∂ x̃ 9
∂ x̃

(F.1.4)

The derivative of T11 with respect to x̃ is then
∂T11
=
∂ x̃


 2 

  
4
∂ u
2 KM0 − µ0M
∂u
K M + µM
1+
.
4
2
3
∂ x̃
9 K M + 3 µM
∂ x̃

(F.1.5)

Matching terms in Eq. (B.1.7) and Eq. (F.1.5) yields the following expressions
for the components of the linear and nonlinear elastic tensors that represent
propagating in the x1 direction:
4
C11 = KM + µM ,
3
2
D111 = (KM0 − µ0M ) + 3KM + 4µM .
9

(F.1.6)

Recall that C11 and D111 are the components in Voigt notation as introduced
in Appendix B.
The linear elastic stiffness component C11 is defined as would be
expected for an isotropic, linear elastic solid.
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Given the relationships in

Eq. (F.1.6), B/A and β can then be defined as from Eqs. (2.2.10) and (2.2.11)
as




B
1 KM0 − µ0M
= −2 1 +
A
9 KM + 43 µM

and
1
β=−
9



KM0 − µ0M
KM + 43 µM

(F.1.7)


,

(F.1.8)

respectively.

F.2

Harmonic Material
Let the Cauchy stress of the matrix in component form be defined as
1
σijM = σijM1 + Lijkl F̄kl + Lijklmn F̄kl F̄mn ,
2

(F.2.1)

where σijM1 is the pre-strain reference Cauchy stress, F̄kl denotes components
of the incremental deformation gradient, and the local stiffness constants are
given by
Lijkl =
Lijklmn =

∂σij
,
∂ F̄kl

(F.2.2)

∂ 2 σij
,
∂ F̄kl ∂ F̄mn

(F.2.3)

Only the radial component of the Cauchy stress is necessary for the homogenization technique considered in Chapter 6. Thus,
1
M
M1
σrr
= σrr
+ Lrrkl F̄kl + Lrrklmn F̄kl F̄mn .
2
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(F.2.4)

It is assumed that the matrix material is an isotropic elastic material with the
following symmetries:
Lrrθθ = Lrrφφ ,
Lrrrθθ = Lrrrrφφ ,

(F.2.5)

Lrrθθθθ = Lrrφφφφ .
From the symmetries noted in Eq. (F.2.5), Eq. (F.2.4) simplifies to
1
M
M1
2
σrr
= σrr
+ Lrrrr F̄rr + 2Lrrθθ F̄θθ + Lrrrrrr F̄rr
2
+ 2Lrrrrθθ F̄rr F̄θθ + (Lrrθθθθ +

(F.2.6)

2
Lrrθθφφ ) F̄θθ
.

The preferred form of the incremental Cauchy stress is obtained by substituting
F̄rr = āM − 2b̄M /r̃3 and F̄θθ = F̄φφ = āM + b̄M /r̃3 and grouping terms as powers
of āM and b̄M , such that


M
M1
σ̄rr
= σrr
+ Lrrrr āM − 2b̄M /r̃3 + 2Lrrθθ āM + b̄M /r̃3

1
+ Lrrrrrr ā2M − 4aM bM /r̃3 + 4b̄M2 /r̃6
2
2

3

(F.2.7)
2

+ (Lrrθθθθ + Lrrθθφφ ) āM + 2aM bM /r̃ + b̄M /r̃

+ 2Lrrrrθθ āM2 − aM bM /r̃3 − 2b̄2M /r̃6 ,
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6



which can be written in the following form:
M
M1
σ̄rr
= σrr
+ (Lrrrr + 2Lrrθθ ) āM + 2 (Lrrθθ − Lrrrr )

+

b̄M
r̃3

1
(Lrrrrrr + 2Lrrθθθθ + 2Lrrθθφφ + 4Lrrrrθθ ) āM2
2

(F.2.8)

b̄2
+ (2Lrrrrrr + Lrrθθθθ + Lrrθθφφ − 4Lrrrrθθ ) M6
r̃
− 2 (Lrrrrrr − Lrrθθθθ − Lrrθθφφ + Lrrrrθθ )

āM b̄M
.
r̃3

This allows the five local moduli to be defined such that the radial component
of the incremental Cauchy stress is given by
M
≡ 3K̄M (r̃) āM − 4µ̄M (r̃)
σ̄rr

b̄M
b̄2M
āM b̄M
0
2
0
+
K̄
− χ̄M (r̃) 3 .
(r̃)
ā
+
µ̄
(r̃)
M
M
M
3
6
r̃
r̃
r̃
(F.2.9)

The incremental Cauchy stress in Eq. (F.2.9) is defined in terms of
unknown local moduli K̄M , µ̄M , K̄M0 , µ̄0M , and χ̄M . These moduli are defined as
the derivatives of the Cauchy stress with respect to the deformation gradient.
The following form of the total radial Cauchy stress is most convenient to
achieved this,
M

M−1

M−1

σrr = Fθθ Fφφ

h

M
M
M
3A1 Frr
+ Fθθ
+ Fφφ
M

M



2

M

M
M
M
+ 2A2 Frr
+ Fθθ
+ Fφφ
M


(F.2.10)



+A3 − B1 Fθθ + Fφφ + B2 Fθθ Fφφ ,
where the coefficients Ai and Bi are defined in Eq. (6.1.15). There are three
first-order derivatives of the radial component of the Cauchy stress with respect to the components of the deformation gradient. The radial component,
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evaluated at the pre-strain, is defined as
Lrrrr =

M
∂σrr
M
∂Frr

−1

−1

M1
M1
Fφφ
= Fθθ




M1
M1
M1
6A1 Frr
+ Fθθ
+ Fφφ
+ 2A2

(F.2.11)

F M1

and the polar component is
Lrrθθ =

M
∂σrr
M
∂Fθθ
M1−1

F M1
−1




M1
M1
M1
M1
6A1 Frr
+ Fθθ
+ Fφφ
+ 2A2 − B1 + B2 Fφφ
(F.2.12)
h


M1−2
M1−1
M1
M1
M1 2
M1
M1
− Fθθ Fφφ
3A1 Frr + Fθθ + Fφφ − B1 Fθθ + Fφφ
i

M1
M1
M1
M1 M1
+ 2A2 Frr
+ Fθθ
+ Fφφ
Fφφ .
+ A3 + B2 Fθθ

= Fθθ

M1
Fφφ

There are 4 derivatives required to account for the second-order effects through
incremental deformation theory. The Lrrrrrr term is defined as
Lrrrrr

M
∂ 2 σrr
=
M2
∂Frr

−1

−1

M1
M1
= 6Fθθ
Fφφ
A1 .

(F.2.13)

F M1

The Lrrθθθθ term is given as
Lrrθθθθ =

M
∂ 2 σrr
M2
∂Fθθ

F M1

M1−2

−1



M1
M1
M1
+ Fθθ
+ Fφφ
+ 2A2 − B1
6A1 Frr
h


M1
M1−3
M1−1
M1
M1
M1 2
+B2 Fφφ
+ 2Fθθ
Fφφ
3A1 Frr
+ Fθθ
+ Fφφ

= −2Fθθ

M1
Fφφ



M1
M1
M1
M1
M1
+ 2A2 Frr
+ Fθθ
+ Fφφ
+ A3 − B1 Fθθ
+ Fφφ
i
M1 M1
M1−1
M1−1
+ B2 Fθθ
Fφφ + 6Fθθ
Fφφ
A1 .
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The Lrrrrθθ term is expressed as
Lrrrrθθ =

M
∂ 2 σrr
M
M
∂Frr
∂Fθθ

F M1

−1

−1

−2

M1
M1
M1
M1
Fφφ
A1 − Fθθ
Fφφ
= 6Fθθ

−1




M1
M1
M1
6A1 Frr
+ Fθθ
+ Fφφ
+ 2A2 .
(F.2.15)

The last term, Lrrθθφφ , is
Lrrθθφφ

M
∂ 2 σrr
=
M
M
∂Fθθ
∂Fφφ

F M1

−1

−2

−2

−1

M1
M1
= −Fθθ
Fφφ




M1
M1
M1
M1
+ Fθθ
+ Fφφ
+ 2A2 − B1 + B2 Fφφ
6A1 Frr




M1
M1
M1
M1
6A1 Frr
+ Fθθ
+ Fφφ
+ 2A2 − B1 + B2 Fθθ
h


M1−2
M1−2
M1
M1
M1 2
M1
M1
M1
+ Fθθ
3A1 Frr
Fφφ
+ Fθθ
+ Fφφ
+ 2A2 Frr
+ Fθθ
+ Fφφ
i

M1
M1
M1 M1
M1−1
M1−1
+ A3 − B1 Fθθ + Fφφ + B2 Fθθ Fφφ + Fθθ
Fφφ
(6A1 + B2 ) .
(F.2.16)
M1
M1
− Fθθ
Fφφ

It is now of interest to express the moduli as a function of the moduli KM , µM , KM0 , and µ0M . From the definitions of coefficients Ai and Bi in
Eq. (6.1.15) and components of the deformation gradients in Eq. (6.1.22),
Eq. (F.2.11) and (F.2.12) become
Lrrrr =

3KM + 4µM + 2 (KM0 − µ0M ) aM1
,
3 (1 + aM1 + bM1 /r̃3 )2

Lrrθθ = Lrrrr −

M1
2µM + µ0M
µM0 − σrr
+
.
(1 + aM1 + bM1 /r̃3 )2 (1 + aM1 + bM1 /r̃3 )
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(F.2.17a)
(F.2.17b)

Similarly, the second-order derivatives in Eqs. (F.2.13)–(F.2.16) reduce to
Lrrrrr =

2 (KM0 − µ0M )
,
9 (1 + aM1 + bM1 /r̃3 )2

Lrrθθθθ = Lrrrrrr −
−

(F.2.18a)

M1
)
2 (µM0 − σrr
(1 + aM1 + bM1 /r̃3 )2

6KM − 4µM − 6µ0M + 4 (KM0 − µ0M ) aM1
,
3 (1 + aM1 + bM1 /r̃3 )3

(F.2.18b)

Lrrθθφφ = Lrrθθθθ +

M1
µM0 − σrr
,
(1 + aM1 + bM1 /r̃3 )2

(F.2.18c)

Lrrrrθθ = Lrrrrrr −

3KM + 4µM + 2 (KM0 − µ0M ) aM1
.
3 (1 + aM1 + bM1 /r̃3 )3

(F.2.18d)

The local linear bulk and shear moduli are
K̄M (r̃) =
=

1
(Lrrrr + 2Lrrθθ ) ,
3
M1
3KM + 2KM0 aM1 + 2µ0M bM1 /r̃3
2σrr
−
3 (1 + aM1 + bM1 /r̃3 )
3 (1 + aM1 + bM1 /r̃3 )2

(F.2.19)

and
µ̄M (r̃) =
=

1
(Lrrrr − Lrrθθ ) ,
2
M1
2µM − µM0 (aM1 + bM1 /r̃3 )
σrr
+
,
2 (1 + aM1 + bM1 /r̃3 )
2 (1 + aM1 + bM1 /r̃3 )2

(F.2.20)

respectively. The three quadratic-order moduli correspond to nonlinear volu-
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metric deformation,
K̄M0 (r̃) =

1
(Lrrrrrr + 2Lrrθθθθ + 4Lrrrrθθ + 2Lrrθθφφ ) ,
2

M1
KM0 + 3σrr
2 (3KM + 2KM0 aM1 + 2µ0M bM1 /r̃3 )
=
−
,
(1 + aM1 + bM1 /r̃3 )2
(1 + aM1 + bM1 /r̃3 )3

=

M1
KM0 − σrr
6K̄M (r̃)
−
,
2
(1 + aM1 + bM1 /r̃3 )
(1 + aM1 + bM1 /r̃3 )

(F.2.21)

nonlinear shear deformation,
µ̄M0 (r̃) = 2Lrrrrrr + Lrrθθθθ + Lrrθθφφ − 4Lrrrrθθ ,
M1
4 (2µM + µM0 )
)
3 (µM0 − σrr
=
−
,
3
(1 + aM1 + bM1 /r̃3 )
(1 + aM1 + bM1 /r̃3 )2

=

M1
8µ̄M (r̃)
)
(µM0 − σrr
+
,
2
(1 + aM1 + bM1 /r̃3 )
(1 + aM1 + bM1 /r̃3 )

(F.2.22)

and a cross term representing both volumetric and shear deformation,
χ̄M (r̃) = 2 (Lrrrrrr − Lrrθθθθ − Lrrθθφφ + Lrrrrθθ ) ,
=

M1
6 (µ0M − σrr
2 [3KM − 4µM − 4µ0M + 2 (KM0 − µ0M ) aM1 ]
)
+
,
(1 + aM1 + bM1 /r̃3 )2
(1 + aM1 + bM1 /r̃3 )3

=

6K̄M (r̃) + 8µ̄M (r̃)
− 2µ̄0M .
(1 + aM1 + bM1 /r̃3 )
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[128] C. Trarieux, S. Callé, H. Moreschi, G. Renaud, and M. Defontaine,
“Modelling nonlinear viscoelasticity in dynamic acoustoelasticity,” Appl.
Phys. Lett., vol. 105, p. 264103, 2014.

396

[129] D. H. Trivett, H. Pincon, and P. H. Rogers, “Investigation of a threephase medium with a negative parameter of nonlinearity,” J. Acoust.
Soc. Am., vol. 119, no. 6, pp. 3610–3617, 2006.
[130] P. A. Thompson and K. C. Lambrakis, “Negative shock waves,” J. Fluid
Mech., vol. 60, no. 1, pp. 187–208, 1973.
[131] T. Faez, M. Emmer, K. Kooiman, M. Versluis, A. F. W. van der Steen,
and N. de Jong, “20 years of ultrasound constrast agent modeling,” IEEE
T. Ultraon. Ferr., vol. 60, no. 1, pp. 7–20, 2013.
[132] M. R. Haberman, Y. H. Berthelot, J. Jarzynski, and M. Cherkaoui,
“Micromechanical modeling of viscoelastic voided composites in the low
frequency approximation,” J. Acoust. Soc. Am., vol. 112, no. 5, pp. 1937–
1943, 2002.
[133] A. M. Baird, F. H. Kerr, and D. J. Townend, “Wave propagtion in
a viscoelastic medium containing fluid-filled microspheres,” J. Acoust.
Soc. Am., vol. 105, no. 3, pp. 1527–1538, 1998.
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