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Computational modeling of electromagnetic waves and

their interactions with microplasmas

Prem Kumar Panneer Chelvam, Ph.D.

The University of Texas at Austin, 2017

Supervisor: Laxminarayan L. Raja

Development of a computational model to study the interaction of high

frequency electromagnetic (EM) waves with plasmas is presented. The plasma

is described using a fluid model which is a multi-species, multi-temperature

continuum representation with finite rate chemistry. The governing equations

in the plasma module comprise the conservation laws for species number den-

sities, electron energy and heavy species energy. The EM waves are described

using the classical Maxwell’s equations. The plasma governing equations are

discretized in space using the finite volume method and the backward Euler

method is used for temporal discretization. Maxwell’s equation are repre-

sented as a second order curl-curl equation for the electric field which is dis-

cretized in space using the Nédélec finite elements of first type and discretized

in time using the backward Euler method. Linear system of equations arising

out of the discretization is solved using Krylov subspace methods, typically

the GMRES algorithm. A preconditioner based on nodal auxiliary subspaces
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of H(curl) space and Multigrid algorithms is used for the curl-curl equation.

This preconditioner accelerates the convergence of the Krylov method and pro-

vides a mesh and time-step independent convergence rate. Preconditioners for

time-harmonic Maxwell’s equations is also studied. A two-level preconditioner

comprising the shifted Laplacian preconditioner and deflation preconditioner

is developed and its performance for different problem sizes and frequencies is

reported. The developed wave-plasma model is used to simulate the follow-

ing physical problems. First is the simulation of gas breakdown and transient

evolution of plasma in a direct current microdischarge. The study also simu-

lates the effect of active external electron injection into the discharge from the

electrode surfaces. The time scales of switching the plasma between the pre-

injection and the post-injection steady state is found to be ∼ 1 µs. The second

problem is the simulation of a microdischarge and its interaction with a high

frequency EM wave propagating in a wave guide. This study is focused on un-

derstanding different regimes in wave-plasma interactions. The nature of wave

propagation in an under-dense and over-dense plasma medium is reported. The

over-dense plasma medium interacts strongly with the propagating wave and

the epsilon-zero resonance is observed. The final problem considered is the

simulation of plasma breakdown and evolution in a two cylindrical Dielectric

Resonator (DR) structure. The spatial structure of the plasma at different in-

stants of discharge evolution is examined. The evolving plasma medium acts

as a lossy medium to the propagating wave and damps the resonance in the

DR structure thereby providing a pathway for stable steady state operation.
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3.2.1 Nédélec elements of the first kind . . . . . . . . . . . . . 38

3.3 Solution to linear system . . . . . . . . . . . . . . . . . . . . . 44

3.4 Verification and Validation of wave module . . . . . . . . . . . 44

3.4.1 Validation test case for wave plasma simulations . . . . 46

Chapter 4. Preconditioners study 52

4.1 Preconditioner for curl-curl equation . . . . . . . . . . . . . . . 54

4.1.1 Nodal Auxiliary Space Preconditioner . . . . . . . . . . 55

4.1.2 Numerical Tests . . . . . . . . . . . . . . . . . . . . . . 59

4.2 Preconditioners for time-harmonic Maxwell’s equations . . . . 61

4.2.1 Complex Shifted Laplacian Preconditioner . . . . . . . . 65

4.2.2 Deflation . . . . . . . . . . . . . . . . . . . . . . . . . . 67

4.2.3 Two level Preconditioning . . . . . . . . . . . . . . . . . 69

Chapter 5. Modeling of microdischarge transient physics 73

5.1 Problem Description . . . . . . . . . . . . . . . . . . . . . . . 74

5.2 Simulation Procedure . . . . . . . . . . . . . . . . . . . . . . . 75

5.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . 77

5.3.1 Structure of microdischarge without active electron injec-
tion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.3.2 Modifications to discharge features in the presence of ex-
ternal electron injection . . . . . . . . . . . . . . . . . . 83

5.3.3 Transient features of electron injection . . . . . . . . . . 85

5.3.4 Non-linear effects in discharge . . . . . . . . . . . . . . . 88

5.3.5 Switching time of the microdischarge . . . . . . . . . . . 90

5.3.6 Validity of fluid model . . . . . . . . . . . . . . . . . . . 94

5.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

viii



Chapter 6. Simulations of microwaves interacting with microplas-
mas 99

6.1 Nature of wave-plasma interactions . . . . . . . . . . . . . . . 99

6.2 Problem description . . . . . . . . . . . . . . . . . . . . . . . . 101

6.2.1 Microdischarge simulations . . . . . . . . . . . . . . . . 104

6.2.2 Wave plasma interactions . . . . . . . . . . . . . . . . . 108

6.2.3 Effect of wave polarization . . . . . . . . . . . . . . . . 114

6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

Chapter 7. Modeling of plasma evolution in all-dielectric res-
onators 119

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.2 Computational mesh and simulation domain details . . . . . . 121

7.3 Resonance in unloaded DR structure . . . . . . . . . . . . . . 123

7.4 Early transient of plasma evolution . . . . . . . . . . . . . . . 127

7.5 Modification of DR resonance structure by plasma . . . . . . . 139

7.6 Role of electrostatic fields in plasma evolution . . . . . . . . . 142

7.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Chapter 8. Conclusions 145

8.1 Recommendations for future research . . . . . . . . . . . . . . 148

Appendices 152

Appendix A. Derivation of fluid plasma equations 153

Appendix B. Calculation of transmission spectrum 160

Bibliography 163

Vita 183

ix



List of Tables

2.1 Pure Argon plasma gas-phase chemical mechanisms . . . . . . 32

4.1 Number of iterations taken by GMRES with different precon-
ditioners for varying β. (No. of unknowns in the problem =
125500) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.2 Number of iterations taken by GMRES with Nodal Auxiliary
Preconditioner for varying problem size (value of β is set to 1) 59

4.3 Number of iterations taken by GMRES with Nodal Auxiliary
Preconditioner for wave plasm-slab simulation (Maximum iter-
ation count over the entire simulation is reported) . . . . . . . 61

4.4 Number of iterations taken by GMRES with complex shifted
Laplacian preconditioner . . . . . . . . . . . . . . . . . . . . . 67

4.5 Number of iterations taken by GMRES with two level precon-
ditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

5.1 Error estimate for the rate of direct ionization reaction . . . . 97

x



List of Figures

2.1 Schematic of computational domain for implementation of TFSF
formulation and placement of PML region . . . . . . . . . . . 25
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Chapter 1

Introduction

Control of electromagnetic properties of materials has been a subject of

interest for the past few decades. An enormous range of technological devel-

opments would become possible if one could engineer materials that respond

to electromagnetic (EM) waves over a desired range of frequencies by perfectly

reflecting them, or allowing them to propagate only in certain directions, or

confining them in a specified volume. What kind of materials can afford us

complete control over EM wave propagation? To answer this question, we

can take the analogy of the successful electronic materials viz. semiconductor

devices. A lattice arrangement of atoms or molecules presents a periodic po-

tential to an electron wave propagating through it, and both the constituents

of the crystals and the geometry of the lattice dictate the conduction properties

of the crystal. Similarly, one can arrange elements with different dielectric con-

stants (i.e., metals and/or dielectrics), and the periodic potential is replaced

by the periodic dielectric function. If the dielectric constants of the constituent

elements are sufficiently different and if the absorption of EM waves by materi-

als are minimal, then reflections and diffractions of the wave and the secondary

emissions from the constituents can interfere with each other and the overall

electromagnetic response of the medium can be very different from that of
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conventional (homogeneous) materials available in earth. These class of mate-

rials which enable control of electromagnetic wave propagation are called the

Photonic Crystals (PhC) and the Metamaterials (MM).

The arrangement of dissimilar dielectric medium in a PhC is such that

the lattice constant of the crystal is of the same order of the EM wave length.

The chief mechanisms that are at play in a PhC are the Bragg reflections

of the propagating electromagnetic wave from the constituent elements and

their interferences. A common behavior often observed in PhC is that of a

photonic band gap material wherein EM waves are not allowed to propagate

in certain directions with specified frequencies. Once this behavior is realized,

one can now introduce defects in the PhC lattice structure to realize several

applications like optical cavities [1] and waveguide modes [2].

Metamaterials, on the other hand, are similar to PhC in construction

except, the lattice constant is significant smaller than the length of the propa-

gating wave. MMs are usually functional due to resonances in the constituent

elements of the lattice structure and the net response is due to the interfer-

ences of secondary waves radiated due to the electric and magnetic response of

the constituents with the incident wave. MMs are known for their unusual re-

sponse to the propagating wave such as realization of negative permittivity and

negative permeability. For instance, a periodic arrangement of thin metallic

wires in a simple cubic lattice was shown to produce an electric response with

negative permittivity in a specified frequency range [3]. An example of a MM

with a strong magnetic response is the split ring resonator (SRR) which was
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shown to exhibit negative permeability in certain frequencies [4]. By overlap-

ping two metamaterials with negative permittivity and negative permeability,

one can create a material with a negative refractive index, which was first

experimentally demonstrated by Smith et al. [5]. These materials are called

the left-handed metamaterials (LHM) or the negative index materials. There

are a plethora of applications are available for LHMs ranging from magnetic

resonance imaging [6], novel microwave circuits [7] and antennas [8], perfect

lenses with imaging resolution beyond the diffraction limit [9, 10], etc

1.1 Plasma based reconfigurable photonic crystals and
metamaterials

Classical PhC and MMs, given their wide range of applications, still

have a major drawback owing to the fact that they are not actively tunable or

reconfigurable, i.e. once the material is fabricated, its electromagnetic response

is fixed in time except for changes due to material degradation. PhCs and

MMs that have the ability to dynamically change their response are highly

desirable as it can potentially expand their applications. There have been

several attempts made towards this end in the last two decades. In the case of

photonic crystals, strategies like mechanical [11], thermal [12] and opto-fluidic

[13] based systems were tried to achieve bandgap tunability. Similarly, for

MMs, embedding photo conductive semiconductor devices [14], liquid crystals

[15], phase change materials [16] into the lattice arrangement were attempted.

In this dissertation, the focus is on reconfiguring PhC and MM response
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in microwave regime using gas phase plasma discharges. There are three main

advantages a plasma discharge offers in this context :

1. The dielectric constant of the plasma medium, which is a function of

plasma frequency, wave frequency, and the collision frequency, spans a

wide range from positive to negative values. The plasma frequency is

the fundamental time-scale in a plasma medium which corresponds to

electrostatic oscillations of electrons in response to the space charge sep-

aration. The collision frequency is a metric for the collisional losses in

the plasma medium and is directly proportional to the operating pres-

sure. Higher the operating pressure, higher the collision frequency. The

wide range of plasma’s dielectric constant suggests that an all-plasma

system is by itself a potential candidate for the construction of a MM

just purely based on its dielectric response. Also, one has a luxury of

high bandwidth control in plasma based reconfigurable systems.

2. There are classes of stable plasma discharges with plasma frequencies in

the range 0.3 GHz to 300 GHz, which suggests plasma based systems are

good candidates for active control in the millimeter wave regimes. One

also has moderate control over the collisional losses in the plasma which

is primarily a function of operating pressure. Plasmas are also known to

suffer lower losses in high frequency regime than conventional metals.

3. Plasmas are known for their fast time scale operation. A plasma dis-

charge can be rapidly switched between different stable states in the

4



order of nanosecond to microsecond time scales. This means the tun-

ability of plasma’s dielectric constant can be achieved rapidly in fast

time scales.

The past few years have witnessed the development of plasma based re-

configurable Photonic Crystals devices. For instance, Wang and Cappelli [17]

integrated gaseous plasma elements into a microwave photonic crystal and

demonstrated the active tuning capability of the device. They were able to

show fine tunability on the order of tens of MHz for the device which was func-

tional in 10 - 15 GHz frequency range. Wang and Cappelli also created an all

plasma PhC band gap device [18] which was constructed only using an array of

plasma elements and showed complete control of the device’s electromagnetic

response. This device showed two bandgaps in the frequency range 2 - 10 GHz

based on the positive and negative permittivity of the plasma. Waveguiding

and bending modes in the same device were also demonstrated [19]. An earlier

work by Sakai et al. [20] also provided an experimental demonstration of an

all plasma PhC.

Plasma based reconfigurable metamaterials have also been studied in

the last few years. In a numerical study by Kourtzanidis et al. [21], arrays of

SRR were embedded with plasma discharges to demonstrate a MM with an

actively reconfigurable electromagnetic response. This system’s electromag-

netic properties depend on the coupling of the magnetic response of the SRR

with the electric response of the plasmas. Since the plasmas’ electric response
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can be actively tuned based on its density and collision frequency, one can

now actively control the EM response of this metamaterial. In an earlier work

by Sakai et al. [22], a negative refractive index metamaterial was designed

using a spatially periodic composite of microplasmas and micro-resonators.

These micro-resonators were made of double-helix metal wires which perform

the dual role of the negative permeability material as well as the powered

electrodes for the microplasma generation. Even though the tunability of the

device was not studied in this work, the device can be made tunable because of

the plasma’s dynamic electric response. In an other work by the same group, a

controllable negative index metamaterial composed of double-helix wires was

reported with preliminary experiments [23]. In all these systems a common

feature that is exploited is the potential of plasmas to possess negative permit-

tivities in the microwave to terahertz regime that cannot be achieved by other

materials. Additionally, an another advantage of plasma discharges is the flex-

ibility of controlling the shape of the discharge which in turn contributes to

the tunability property of the system.

1.2 Microplasmas

In the context of plasma based PhC and MM, there are two key param-

eters that need to be considered in determining the kind of plasmas relevant

here - plasma’s characteristic dimension and the plasma frequency. For con-

trol in mm wave regime, the dimensions of the plasma should be in the sub-

millimeter range and the plasma frequency should fall in microwave regime (0.3
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- 300 GHz). In the parameter space of plasma discharges, these conditions cor-

respond to a class of plasmas called “microplasmas”. These plasmas discharges

are often weakly ionized (degree of ionization ≈ 10−5) and are non-thermal in

nature where the electron temperatures are typically a few electron volts and

the gas temperatures are not larger than 1000 - 2000 K. Because of the pres-

sure distance (pd) scaling, they are often operational in high pressures (100

Torr - 1000 Torr). Despite being operational in such high pressures, these

plasmas are known for their stable glow mode operation due to their large

surface-to-volume ratio which suppresses propensity towards arcing. Apart

from the electromagnetic applications relevant to this dissertation, there are

several other applications of microplasmas. For example, the high pressure op-

eration causes specific reaction chemistries like the three body reactions to be

activated in a reactive working gas that can be exploited in material synthesis

[24, 25], gas chemical processing [26, 27], etc.

Microplasmas are generated using a variety of sources with potential use

in different applications. Conventional methods of microplasma generation in-

clude Direct Current (DC) [28, 29], microhollow cathode [30, 31, 32], dielectric

barriers [33], coronas [34], capacitively [35, 36] and inductively coupled [37] ra-

dio frequency (RF) sources. The life time of all the above microplasma sources

is limited by electrode erosion due to energetic ion bombardment. Given the

small dimensions of the devices, sputtering losses can result in catastrophic

failures in a short time. Recently, microwave induced plasma (MIP) sources

have become popular due to their low power requirements and negligible ma-
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terial erosion. Microwave plasmas require additional care compared to the low

frequency sources because the effects of the voltage signal become important.

Hopwood et al. [38] considered microwave driven plasmas with topologies such

as a simple transmission line, a microwave resonator and a surface wave device.

These devices were functional at very low powers of less than 1 W and their

lifetimes were about 2000 hrs. The energy of ions impacting the electrodes

in microwave driven microplasmas is very low due to low sheath potentials

resulting from the low sustaining electron temperatures.

For plasma based PhCs and MMs, two important feature of plasmas

that are of relevance is the ability to actively control the plasma’s permittiv-

ity and the fast switching time scales of plasma. One obvious way to change

plasma parameters is to change the operating power of the source. In DC mi-

crodischarges functioning in “gamma mode”, the secondary electron emissions

(SEE) from the cathode surface is an important parameter which determines

the overall properties of the discharges [39]. The SEE is a material property

of the electrode over which one seldom has active control. Almost a decade

ago, Chen and Eden [40] devised a microplasma transistor operational using a

base electrode, which was the primary source of plasma break down, and low

voltage controllable electron emitter which was made of metal-insulator-metal

and metal-oxide-semiconductor structures. In their work, they were able to

control the electrical properties of the plasma by biasing the emitter to low

values. The main take away from their work is that one can use external elec-

tron injection mechanisms to actively control the overall plasma properties.
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A by product of this work are insights on the plasma’s switching time scales

which is important in the context of plasma based reconfigurability of PhC

and MM.

1.3 Computational Modeling

Computational models of plasmas interacting with waves can provide

detailed insights that are not possible experimentally. Computational electro-

magnetics has matured to a point where extremely accurate predictions for

wave propagation and scattering phenomena in complex geometries is possi-

ble. Computational plasma physics is also at a stage where models have been

successfully used to predict discharge physics operating over a wide of range

of pressures (few Torr to atmospheric pressure) and different dimensions rang-

ing from micron-scale plasmas to large cm scale plasmas. This dissertation

is a numerical study relevant to microplasmas, electromagnetic waves in mi-

crowave regime, and their interactions. A review of computational models for

electromagnetics and plasmas is given below.

1.3.1 Review of computational methods for electromagnetics

Several computational models exist for solving Maxwell’s equations.

Typically the equations are solved either in differential form or integral form

using either time domain formulation or the time harmonic (frequency domain)

formulation. In time-domain methods, solution variables are determined in a

time accurate manner by evolving an initial condition in time whereas in time
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harmonic methods, the solutions are computed assuming a harmonic exp(jωt)

time dependence with a single characteristic frequency ω.

The most widely used method in computational electromagnetics is the

finite difference time domain (FDTD) method [41] which solves the Maxwell’s

equation in differential form by discretizing the spatial domain using the finite

difference method on a special staggered Cartesian grid where the vector com-

ponents of the electric and magnetic field lie on the primary and dual mesh of

the triangulation respectively. The method typically uses the leapfrog scheme

for temporal discretization wherein the electric field and magnetic field up-

dates are staggered in time, i.e the electric fields are updated midway during

each time-step update for magnetic fields and vice versa. This method is well

known for its flexibility and efficiency in modeling inhomogeneous and complex

materials. This method can be also very efficient for large scale simulations

because of its excellent parallel performance. Communication penalties in a

FDTD code are minimal because of the explicit time-stepping scheme and one

can realize very good scalability. In the Photonics and Metamaterials com-

munity, most of the modeling studies use the FDTD method. One drawback

of the FDTD method is the use of the structured Cartesian grid, which is

not suitable for complicated geometries. The use of staircase approximation

for modeling curved geometries may lead to significant numerical errors. Also

the use of explicit time stepping schemes which are constrained by the CFL

restrictions usually lead to long computation times in applications requiring

integration over long time periods.
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Another commonly used method in computational electromagnetics is

the boundary element method (also called the method of moments) which

solves Maxwell’s equations in the integral form and the unknowns are sources

such as currents or charges on surfaces of conductors and dielectrics [42].

Another important technology which is gaining a lot of attention in the

computational electromagnetics literature in the past few decades is the Finite

Element Method (FEM). Here, one discretizes the spatial domain using a suit-

able finite element method, and Maxwell’s equations are solved either in the

time-domain or the time-harmonic formulation. For time-domain methods,

one usually employs an unconditionally stable temporal discretization scheme

like the backward Euler method or the Newmark scheme [43] to overcome

the CFL restrictions. Finite element discretization on unstructured meshes is

naturally suited for tackling irregular geometries. There are classes of finite

element methods where the continuity property of the solution variables are

taken into consideration in the construction of the finite element space which

makes these methods all the more suitable for Maxwell’s equations [44]. De-

velopment of a good parallel code for these models is challenging owing to

linear solvers involved and the need for sophisticated high performance com-

puting techniques to achieve good scalability. Another aspect of FEM method

which is gaining traction recently is the use of adaptive methods. Although

adaptivity can be achieved for any spatial discretization method, the formu-

lation (specifically the hp adaptive formulation) is naturally suitable for FEM

methods.
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1.3.2 Review of computational methods for plasmas

Several classes of computational models exist for the description of

plasma discharges. Lagrangian or particle-based models include the Molecular

Dynamics (MD) method [45] and the Particle-In-Cell/Monte- Carlo method

(PIC/MCC) [46]. These models directly solve the equation of motion for

the constituent particles in the plasma under the influence of all long range

and short range forces. Such models are accurate in describing the kinetic

effects in a plasma and are suitable for simulating breakdown physics, fast

transient discharges, discharge with high electric fields, etc. The downside of

such accurate models is the need for large computational resources and a long

computational time which limits the use of PIC/MCC methods to reduced

dimensional modeling (e.g. 1D) and simple gases.

Models based on continuum Eulerian description include the Vlasov-

Maxwell model and the fluid model. The Vlasov-Maxwell model [47] solves the

Boltzmann’s equation to obtain the distribution functions for each constituent

species in the plasma as a function of space and time. Although numerical

methods for solving the Boltzmann’s equation in a given field distribution is

now available, the coupling between the Maxwell’s and Boltzmann’s equations

in simulations of direct current (DC) or radio frequency (RF) discharge is

still a difficult numerical problem. To alleviate these numerical challenges a

fluid model [48] can be used. These models are based on the moments of

Boltzmann’s equation with a suitable closure for higher order terms. This

model has been successfully used in simulating plasma discharges operating
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in a wide range of pressures (∼ mTorr to > atmospheric pressure) driven by

both DC and RF sources [49, 50]. Qualitative and quantitative comparisons

of the fluid model results with experimental data were performed by several

researchers [51, 52].

1.4 Objectives

For discharges that are only driven by electrostatic fields, only a sin-

gle equation from the set of Maxwell’s equations, namely the Gauss’s Law

for electric field is solved to predict the self consistent electric field that drives

the discharge power deposition and particle transport. Such an approximation

provides accurate predictions of plasma profile in discharges that are driven by

direct current sources [53] and low frequency RF sources in large plasma cham-

bers [54]. In RF discharges, the wave length associated with the driving RF

field can be much larger than the discharge dimension, therefore, precluding

the need for representing the full wave effect.

However, in this work, we study discharges where the wave effect is the

most important and is, in fact, the key physics that generates and sustains the

plasma. This requires solving the full set of Maxwell’s equations in tandem

with the conservation laws for the discharge phenomena. The disparate length

and time scale involved in this coupled system lead to significant numerical

challenges. To alleviate some of these issues, a self-consistent model based on a

quasi-neutral description of the plasma in the FDTD framework was developed

by Boeuf et al [55] and validated with experiments in plasma formation in a
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microwave field [56]. In this work, however, the plasma is described without the

quasi-neutrality assumption and the wave effects are coupled to the dynamics

of plasma evolution. The model also predicts the effect of the plasma on

the propagation of the electromagnetic wave, i.e. a two-way coupling of the

plasma-wave system is predicted.

The developed plasma-wave model is used to study the following prob-

lems.

1. Simulation of the effect of external electron injection into a direct-current

microdischarge. This work is intended at studying active reconfigura-

bility of plasma discharges using external electron injection. It also

provides insights into the characteristic timescales involved in switch-

ing the plasma discharge between the pre-injection steady state and

post-injection injection steady state which is important in the context

of plasma based reconfigurable PhC and MM. This work is described in

detail in Chapter 5.

2. Simulation of a 100 GHz EM wave propagating in a rectangular waveg-

uide and its interaction with a microdischarge present inside the waveg-

uide. This simulation is aimed at understanding the nature of the elec-

tromagnetic wave and plasma interactions and is described in detail in

Chapter 6.

3. Simulation of plasma generation and evolution in an all dielectric res-

onator structure. This study aims at characterizing gas breakdown,
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plasma evolution and its interaction with the wave in the resonator struc-

ture. This simulation will also provide insights into interaction of the

plasma impedance with electromagnetic energy flow which enables the

stable operation of the resonator structure. This work is described in

detail in Chapter 7.

1.5 Contributions

The principle contributions and findings of the present work are

1. A FEM based electromagnetics model is developed and fully coupled

to a finite volume based plasma computational model within a single

unstructured mesh framework.

2. The effect of external electron injection into a direct-current microdis-

charge is studied. The non-linearities in the plasma sheath and the

chemical reactions lead to a large rise in the discharge current after ac-

tive electron injection. The relaxation timescale for the discharge current

post injection was found to be of the order of 100 s of nanoseconds, while

the plasma parameters relax to the post-injection steady state in ∼ 1 µs.

3. The interactions of 100 GHz microwave with a single microdischarge ele-

ment is studied. The nature of plasma-wave interaction for both under-

dense and over-dense plasma discharges is reported. The over-dense

plasma interacts strongly with the propagating wave and the epsilon-

zero resonance is observed at the location of critical density contours.
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The presence/ absence of resonance is also found to be dependent on the

polarization of the wave.

4. Gas breakdown and evolution of plasma in a two cylindrical dielectric

resonator (DR) system is studied. Constructive interferences of individ-

ual resonance in each DR leads to large electric field amplification in the

gap region which breaks down the gas. The evolving plasma structure

in the gap damps the resonance due to collisional losses and therefore a

stable steady state operation of the discharge is feasible.

5. Preconditioner for time domain Maxwell’s equations in an unstructured

mesh framework is investigated. Preconditioning the curl-curl equation

using the Nodal Auxiliary Space preconditioning technique provides a

mesh and time-step independent convergence for the GMRES algorithm.

6. Preconditioner for the frequency domain Maxwell’s equation is investi-

gated. A two-level preconditioning technique based on the Shifted Lapla-

cian preconditioner and the deflation preconditioner is proposed. This

preconditioner provides a mesh and frequency independent convergence

for the GMRES algorithm. However, the cost of constructing this precon-

ditioner is dependent on the efficiency of solving a generalized eigenvalue

problem.
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Chapter 2

Computational Model

In this chapter, the computational model for microplasmas and elec-

tromagnetic waves is discussed in detail. The plasma model is been under

development as a group effort since 2003 [57, 58, 59, 60, 61, 62] while the wave

model is primarily developed by the author which adds significant new capa-

bility to the computational tool set that our group possesses. Both models

use the same underlying mesh infrastructure and the codes can be used in a

standalone fashion or can be solved in a coupled manner for relevant problems.

2.1 Salient features of the model

1. A continuum fluid approach is used to model microplasmas. This as-

sumption is reasonable if the mean free path of the species is smaller than

the characteristic dimensions of the discharge which is usually valid for

operating pressures greater than 10 Torr for microplasma dimensions.

For example, for an argon plasma operating at a pressure of 10 Torr,

the mean free path for electron neutral collisions is ∼30 µm and for the

ion-neutral collisions is ∼ 3 µm. The continuum assumption is question-

able near the cathode sheath region where the electric fields are strong
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and the electron kinetic effects are important. Nevertheless, past studies

have shown that the fluid model predicts the plasma properties fairly

accurately for micron-scale plasmas [63, 64].

2. The heavy species in the plasma, i.e, the ions and neutrals are assumed

to be non-responsive to the high frequency EM waves due to their large

mass and low mobility. Consequently, all the wave energy is assumed to

be deposited only on the electron pool.

3. The plasma is assumed to be non-magnetized, i.e. the wave magnetic

fields are inconsequential to plasma generation and sustainment. Hence,

the Lorentz force due to the magnetic field is neglected in the descrip-

tion of electron motion. This assumption is valid if electron cyclotron

frequency (defined as ωce = eB/m) is significantly smaller than the elec-

tron neutral collision frequency (ν̄e). For instance, for a plane wave with

magnetic field strength 1 mT traveling in an argon plasma at 10 Torr,

ωce is ∼ 30 MHz and ν̄e is ∼ 90 GHz. In all the simulations considered in

this work, the magnetic field strength never exceeds a few mT, therefore

justifying the assumption.

4. Species constituting the microplasma are typically not in thermal equi-

librium with the electron temperatures being significantly larger than

heavy species temperature. A two-temperature model is used in this

work with a common temperature for all heavy species and a different

temperature for electrons. Thermal equilibrium amongst heavy species
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is valid if the energy transfer mean free path between ions and neutrals

is smaller than the characteristic dimensions of the plasma which is true

for pressures greater than 10 Torr. For instance, in argon plasma at 10

Torr, the energy transfer mean free path between the heavy species is ∼

10 µm which means the heavy species energies are redistributed equally

among all species, justifying the use of a common temperature.

5. An important characterization of the model is the decomposition of elec-

tric field in plasma regions into the electrostatic ~Es and electromagnetic

~Em field components. The physical basis of this decomposition is based

on the different origins of these fields, the different roles they in play dy-

namics, and the disparate time scales that characterize their evolution.

~Em fields are typically produced by wave sources like antennas which are

present external to the plasma. They are mainly responsible for electron

Joule heating and consequent ionization of the gas [65]. ~Es fields, on the

other hand, are produced by charge separation in the plasma medium

and charge deposition on the surfaces confining the plasma. These fields

are chiefly responsible for the transport of charged species in the plasma.

The temporal evolution of ~Es and ~Em occur at disparate time scales. For

microwave frequencies, the ~Em fields evolves in sub nanosecond scale

while ~Es fields, which responds only to plasma charge generation and

transport, evolves in substantially larger time scale (∼ ns). This ap-

proach of decomposing the electric fields has been previously used in

simulation of microwave driven plasmas [66] and high radio frequency
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(∼ 100 MHz) capacitively coupled centimeter scale plasma discharges

[67].

Other simplifying assumptions made in the model are described in the

context of presenting the governing equations.

2.2 Field governing equations

Classical Maxwell’s equations of electromagnetism is used to calculate

the electric fields that interact with plasma. The full set of Maxwell’s equations

are given below.

∂ ~B

∂t
+ ~∇× ~E = 0. (2.1)

ε
∂ ~E

∂t
− 1

µ
~∇× ~B + j = 0. (2.2)

ε~∇ · ~E = ρs (2.3)

~∇ · ~B = 0. (2.4)

Equations 2.1 - 2.4 are the Faraday’s law of induction, Ampere’s cir-

cuital law, Gauss’s law for Electric field and Magnetic field respectively. In

the above equations, ~B is Magnetic induction, ρs is space charge in the plasma
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medium, ε is dielectric permittivity, µ is permeability and j is the net conduc-

tion current in the plasma. The values of ε and µ are equal to their intrinsic

value ε0 and µ0 in the plasma domain. In our formulation, the Ampere’s law

(Eq. 2.2) and Faraday’s law (Eq. 2.1) are cast as the following second order

curl-curl equation for electric field.

ε
∂2

∂t2
( ~E) +

1

µ
~∇× ~∇× ~E = − ∂

∂t
~j. (2.5)

The electric field decomposition discussed earlier is made mathematically pre-

cise using the Helmholtz decomposition. The electromagnetic component ~Em

is characterized as the solenoidal (divergence-free) part of the electric field and

the electrostatic component ~Es is characterized as the conservative (curl-free)

part of the electric field. This ensures that ~Es fields depend only on the plasma

charge. Using this decomposition, the curl-curl equation (Eq. 2.5) can now be

written as

ε
∂2

∂t2
( ~Em) +

1

µ
~∇× ~∇× ~Em = − ∂

∂t
~j − ε

∂2

∂t2
( ~Es). (2.6)

In the above equation, the right hand side consists of two source terms. The

first term is the net conduction current carried by all charged species in the

plasma medium. This term is approximated as the current carried by electrons

since the heavy ions are non-responsive to the high frequency microwaves, i.e
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j ≈ je. The second term is the displacement current due to the slowly vary-

ing ~Es fields. Since the time scale of these fields are much slower than the

microwave time scale, their contribution to the overall current in the plasma

domain is neglected. After these approximations, the curl-curl equation sim-

plifies to

ε
∂2

∂t2
( ~Em) +

1

µ
~∇× ~∇× ~Em = − ∂

∂t
~je. (2.7)

Here~je is the conduction current due to electrons. The electron current density

induced by the wave ~je is obtained using the Drude model for electron motion

which is given by

∂

∂t
(~je) =

e2ne

me

~Em − ν̄e~je (2.8)

where ne is the electron number density, ν̄e is the electron neutral collision

frequency, me is the electron mass and e is the electron charge. The above

equation serves as a coupling between the electron motion in the microwave

timescale and the propagating electromagnetic wave. The Drude model (Eq.

2.8) considers only the forces acting on electron due to the wave field and

the collisional loses. It neglects the transport of electrons due to the wave

field over any macroscopic length scale of the plasma medium. To achieve

more computational implicitness to the description of wave dynamics in the
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presence of electron motion, the Drude model (Eq. 2.8) is directly embedded

into Eq. 2.7 to obtain the final form of the curl-curl equation given by

ε
∂2

∂t2
( ~Em) +

e2ne

me

~Em +
1

µ
~∇× ~∇× ~Em = ν̄e~je (2.9)

By integrating the Drude model directly into the curl-curl equation, we also

achieve more diagonal dominance to the system matrix corresponding to the

discrete version of Eq. 2.9. As pointed out earlier, the Helmholtz decompo-

sition of electric field requires that ~Em is divergence free. This condition is

ensured as follows. By taking the divergence of Ampere’s law (Eq. 2.2) and

using the charge continuity equation, we see that the components of electric

field satisfy the following condition

∂

∂t

(
ε~∇ · ~Es + ε~∇ · ~Em − ρs

)
= 0 (2.10)

where ρs is the net space charge in the plasma medium which is obtained by

summing the charge density of all charge carriers in the plasma. We also know

from Gauss’s law (Eq. 2.3) and the fact that ~Em is divergence free, ~Es satisfies

ε~∇ · ~Es = ρs (2.11)

From equations 2.10 and 2.11, we find that ~Em satisfies the following condition
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∂

∂t
(~∇ · ~Em) = 0. (2.12)

From the above equation, we conclude that if the initial condition for ~Em

satisfies the divergence free condition (which is always true since the initial

value of ~Em is usually zero everywhere in the simulation domain), we can

automatically ensure this condition at all times. The electrostatic field ~Es is

obtained by expressing it as a gradient of an electrostatic potential (since it

is curl-free) and solving Gauss’s law (Eq. 2.11) in the form of a Poisson’s

equation given below

ε~∇ · (−~∇φ) =
N∑
k=1

enkzk (2.13)

where φ is the electrostatic potential and the net space charge in the RHS of

Eq. 2.13 is represented as the summation of charges due to all charged species

in the plasma.

2.2.1 Boundary conditions

Curl-curl equation

The curl-curl equation (Eq. 2.9) is solved using the total-field-scattered-

field (TFSF) formulation [68]. This is a technique used to accurately impress

plane waves into the simulation domain which is the common mode of exci-

tation for most problems studied in this work. Figure 2.1 shows a schematic
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Figure 2.1: Schematic of computational domain for implementation of TFSF
formulation and placement of PML region

of the computational domain for the curl-curl equation. The computational

domain is decomposed into two sub domains : Scattered field region (Ωs) and

total field region (Ωt). In the total field region, the total values of electric field

(“scattered” plus “incident”) is stored and solved, whereas in the scattered

field region only the scattered field values are computed. In general, the total

field domain can comprise the plasma, dielectric and conductor sub domains.

The incident fields are impressed into the total field region from the boundary

of the total and scattered field domains (∂Ωt,s). The outer fringes of scattered

field domain consists of a perfectly matched layer (ΩPML) [69] terminated by

a perfectly electric conductor (PEC) boundary to absorb the outgoing waves.
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Poisson’s equation

At electrode surfaces, the electrostatic potential is usually specified as

a constant or evaluated based on an external circuit if present. In either case,

equation 2.13 is given a Dirichlet boundary condition. At dielectric surfaces,

the charged species impact result in deposition of surface charge which in turn

alters the potential on these surfaces. To model the surface charge deposition,

the following equation is solved

∂ρs
∂t

=
∑
k

ezk~Γk · n̂s (2.14)

where ρs is the surface charge density, zk and ~Γk are the charge number and

number flux of species k respectively, and n̂s is the unit vector normal to the

surface. After the evalution of ρs, the surface potential is found analytically

using Gauss’s law given by ( ~Ddielectric − ~Dinterior = ρs) where ~D = ε ~Es is the

electrostatic electric flux density.

2.3 Plasma governing equations

The governing equations in a fluid plasma model are derived from the

appropriate moments of the species Boltzmann equations (see Appendix 1).

The number of moments taken depends on the kind of information being sought

from the fluid model and the accuracy of the model depends on the the closure

approximations to the higher order terms. In this work, we take the first three
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moments which yield the continuity, momentum and energy conservation laws

for the constituent species respectively. These laws are described below.

Species Continuity

The densities of constituent species in plasma is determined by the

continuity equation,

∂

∂t
(nk) + ~∇ · (~Γk) = ṡk. (2.15)

Here nk is the number density, ~Γk is the particle flux and ṡk is the gas phase

chemical production rate of species k. The above equation is solved for all

constituent species in the plasma except the dominant background gas. The

density of the background gas is calculated based on the specification of dis-

charge pressure which is given by

p = nekBTe + kBTg
∑
k 6=ke

nk (2.16)

where p is the total gas pressure in plasma domain, ne is density of electrons,

Te is electron temperature, Tg is heavy species or gas temperature and kB is

the Boltzmann constant.

Species Flux

The particle flux (~Γk) which contributes to the transport of the species

over the macroscopic length scales of the plasma domain is obtained using the
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drift-diffusion approximation given by

~Γk = zkµknk
~Es −Dk

~∇nk (2.17)

where zk is the charge number, µk is the mobility and Dk is the diffusion

coefficient of species k. In Eq. 2.17, the flux of species ~Γk is assumed to rely

only on the electrostatic field ~Es highlighting the role played by these fields in

the transport of charged species. As pointed out earlier, the electron motion

induced by ~Em within a period of the electromagnetic wave is neglected in its

overall transport. The transport properties of species (µk, Dk) are obtained as

follows. An independent solution of the zero-dimensional Boltzmann equation

by “BOLSIG+”[70] provides the electron transport properties while the heavy

species transport data are obtained using experimental data [71].

Species Energy

The electron temperature is obtained by solving the electron energy

equation given below

∂

∂t

(
3

2
kBneTe

)
+ ~∇·

(
5

2
kBTene

~Γe−κe~∇Te
)

= −e~Γe · ~Es+Pwave−Λe,coll (2.18)

where κe is the thermal conductivity of electrons. The source terms of Eq.

2.18 consists of the electrostatic Joule heating term (−e~Γe · ~Es), the electro-

magnetic Joule heating term which is essentially the wave power deposited on
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the electrons (Pwave) and the collisional loses term (Λe,coll). The wave power

absorbed by the electrons is obtained using the electron current density in-

duced by the wave (~je) and the electromagnetic field as Pwave = ~je · ~Em. The

collisional loses term consists of the elastic and inelastic loses which is given

by

Λe,coll =
3

2
kBne

2me

mkb

(Te − Tg)ν̄e,kb + e

Ig∑
j=1

∆Eg
j rj (2.19)

where me and mkb are the molecular weights of electron and dominant back-

ground gas species respectively, ν̄e,kb is the electron momentum transfer colli-

sion frequency with the background gas, ∆Ee
j is the energy lost per electron

(in eV) in an inelastic collision event represented by the gas phase reaction

j, rj is the rate of progress of reaction j, and Ig is the total number of gas-

phase reactions. The gas temperature in plasma is determined using the heavy

species energy equation given by

∂

∂t

(∑
k 6=ke

nkCvkTg

)
+ ~∇ ·

(∑
k 6=ke

CpkTg
~Γk −

∑
k 6=ke

κk ~∇Tg

)

=
∑
k 6=ke

ezk~Γk · ~Es +
3

2
kBne

2me

mkb

(Te − Tg)νe,kb − e

Ig∑
j=1

∆Eg
j rj

(2.20)

In Eq. 2.20, the summation in each term is over all the species in the plasma

except electron. Cvk , Cpk and κk are the specific heat capacities and the ther-

mal diffusivities of the heavy species k. The source term of this equation
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comprises the Joule heating term and the collisional heating terms. The Joule

heating is constituted only by the electrostatic fields since the heavy species

are assumed to be passive to the wave fields.

2.3.1 Boundary Conditions

Species Continuity

For electrons, the kinetic Maxwellian flux conditions are imposed at

solid walls along with the secondary electrons emissions.

~Γe · n̂s =
1

4
ne

(8kBTe
πme

)1/2
−
∑
k

γk(~Γk · n̂s) (2.21)

where n̂s is the unit vector normal to surface of wall. The first term is Eq. 2.21

is the Maxwellian flux of electrons to the surface and the second term is the net

secondary electron emission flux from the surface. Secondary electron emission

(SEE) is typically a function of the work function of metal or dielectric surface

and its value also changes dynamically due of the exposure of energetic plasma

species impacting on the wall. In this work, a model proposed by Phelps et

al. [71, 72] which relates the total secondary electron emission flux to the flux

of all heavy species in plasma with the specification of SEE coefficient (γk) for

each species is used. For ions, the mobility limited flux condition is imposed

at solid surfaces,
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~Γi · n̂s =
1

4
ni

(8kBTg
πmi

)1/2
+ nimax(0, µi

~Es · n̂s) (2.22)

and the Maxwellian flux condition is imposed for all the neutral species,

~Γn · n̂s =
1

4
nn

(8kBTg
πmi

)1/2
(2.23)

Species Energy

For electron energy equation (Eq. 2.18), the following boundary con-

dition is applied at all solid walls

~Qe · n̂s =
5

2
kBTe~Γe · n̂s (2.24)

where ~Qe is the electron energy flux at the surface. Gas temperature is fixed

at 300 K at all solid walls.

2.3.2 Plasma Chemistry

Pure argon is the working gas in all the simulations considered in this

work. Species included in the description of argon plasma are electrons (e−),

monomer ions (Ar+), dimer ions (Ar+2 ) and metastable species (Ar∗, Ar∗2). The

chemical reactions included in the model consist of direct and step wise ion-

ization reactions, Penning ionization, three body recombination, de-excitation

reactions. The list of chemical reactions, their rate-coefficients, the electron
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Table 2.1: Pure Argon plasma gas-phase chemical mechanisms

# Reactions Reaction rate ∆Ee ∆Eg Ref.

G1 e− + Ar → e + Ar∗ BOLSIG+ 11.56 [70]
G2 e− + Ar → 2e + Ar+ BOLSIG+ 15.8 [70]
G3 e− + Ar∗ → 2e + Ar+ BOLSIG+ 4.43 [70]
G4 e− + Ar∗ → e + Ar BOLSIG+ -11.5 [70]
G5 2Ar∗ → Ar + Ar+ + e− 5.6× 10−16 -7.2 [73]

G6 e− + Ar∗2 → 2e + Ar+2 1.29× 10−16exp(−4.25×105

Te
) 3.66 [73]

G7 e− + Ar∗2 → 2Ar + e 1.0× 10−13 -10.9 [73]
G8 Ar∗ + 2Ar → Ar∗2 + Ar 1.114× 10−44 m6s−1 -0.6 [73]
G9 Ar+ + 2Ar → Ar+2 + Ar 2.5× 10−43 m6s−1 -1.3 [73]
G10 Ar∗2 → 2Ar 6× 107 -10.9 [73]
G11 2Ar∗2 → Ar+2 + 2Ar + e 5× 10−16 -7.3 [73]
G12 e− + Ar+ → Ar∗ 4.3× 10−17T−0.5

e -4.3 [73]
G13 2e− + Ar+ → Ar∗ + e 9.75× 10−15T−4.5

e -4.3 [73]
G14 e− + Ar+2 → Ar∗ + Ar 2.59× 10−11T 0.66

e -3.0 [73]
aRate coefficients have units of m3 s−1, unless mentioned otherwise. Te is in Kelvin
bRate coefficients obtained using BOLSIG+
cActivation energy has units of eV.

and heavy species activation energies (∆Ee,∆Eg) are given in Table 2.1. The

rate coefficients for electron impact ionization and excitation reactions are ob-

tained using BOLSIG+ with cross section data collected from LXCAT [?].

These coefficients and the electron mean energies are determined as a function

of reduced electric field by the Boltzmann solver. The results are then used

to tabulate the rate coefficients as a function of electron mean energy which is

used in the simulations. The following expressions approximate the tabulated

rate coefficients for reactions G1 to G4
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G1 : exp
(
− 26.4− 3.05× 106

Te
+

6.72× 1011

T 2
e

− 7.31× 1016

T 3
e

+
3.80× 1021

T 4
e

−

9.81× 1025

T 5
e

+
5.0× 1029

T 6
e

)
G2 : exp

(
− 29.8 +

1.67× 105

Te
− 1.97× 1011

T 2
e

+
3.66× 1016

T 3
e

− 3.23× 1021

T 4
e

+

1.34× 1026

T 5
e

− 2.15× 1030

T 6
e

)
G3 : exp

(
− 29.7 +

1.39× 105

Te
− 3.34× 1010

T 2
e

+
3.38× 1015

T 3
e

− 1.85× 1020

T 4
e

+

5.08× 1024

T 5
e

− 5.50× 1028

T 6
e

)
G4 : exp

(
− 32.5− 4.82× 1024

Te

)

2.4 Overall solution procedure to plasma wave coupled
problem

Solution to the plasma wave coupled problem requires solving the plasma

equations and the Maxwell’s equations in a consistent way. Unknowns in-

volved in this coupled system are the species densities (ni), electron wave

current density (je), electron temperature (Te), gas temperature (Tg) and the

self-consistent electric fields ( ~Es, ~Em). The equations are solved one after

other in a sequential manner instead of solving them together which requires

a completely implicit formulation that is computationally intractable.

The numerical algorithm to solve the system of equations is given in
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Algorithm 1 Algorithm for wave-plasma coupled problem

1: Initialize all solution variables (φ, ~Em,~je, ni, Te, Tg)
2: while t < tend do
3: Solve Poisson’s equation (Eq. 2.13) and update φ

4: Solve curl-curl equation (Eq. 2.9) and update ~Em

5: Solve Drude model for electron current (Eq. 2.8) and update ~je
6: Update transport coefficients for all species (Eq. 2.17)
7: Solve electron continuity (Eq. 2.15 for k = ke) and update ne

8: Solve electron energy (Eq. 2.18) and update Te
9: Solve heavy species continuity (Eq. 2.15 for k 6= ke) and update ni

10: Solve gas energy (Eq. 2.20) and update Tg

11: end while
12: exit

algorithm 1. Each update step advances a certain variable by the time-step.

The field variables (electrostatic potential and electromagnetic field) are first

updated by solving the Poisson’s equation and the curl-curl equation. The

Drude model for electron motion is solved next to obtain~je followed by electron

continuity and electron energy equations. Next, the continuity of all ions and

neutral species are solved and their number densities are updated. Finally, the

gas temperature is solved.
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Chapter 3

Numerical Methodology

The plasma governing equations (Eq. 2.15, 2.18, 2.20), the electro-

static potential equation (Eq. 2.13) and the Drude model for electron wave

motion (Eq. 2.8) can be cast in integral form by integrating them over the

computational domain Ω as

∫
Ω

∂

∂t
(cαα) dΩ +

∫
∂Ω

~Γα · ~dS =

∫
Ω

Sα dΩ. (3.1)

Here, α is the solution variable (e.g. species density nk), Cα are the time-

derivatie multipliers, ~Γα are the fluxes and Sα are the source terms. These

equations are discretized in space using the finite volume method to obtain

the following system of ordinary differential equations in time.

∂

∂t
(cαccαcc)Vcell +

∑
f

~Γα,fc · ~Af = Sα,ccVcell (3.2)

where Vcell is the cell volume, the subscript cc and fc indicate the cell-centered

and face-centered value of the corresponding variable respectively, index f in-

dicates the summation over all the faces enclosing the cell, and ~Af is the area
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vector of the face. The convective component of the flux ~Γα,fc is calculated

using the Scharfetter-Gummel exponential scheme [74] or the upwind scheme,

while the diffusive flux is discretized using central difference scheme. A detailed

explanation on numerical methodology for solving the plasma governing equa-

tions can be found in PhD dissertation of previous students from our group

[61, 60]. The rest of this chapter is devoted to the discussion of discretizing

the curl-curl equation (Eq. 2.9).

3.1 Temporal discretization of curl-curl equation

The curl-curl equation is first discretized in time using the first order

backward Euler scheme to obtain the following

ε

∆t2
(
~Ek+1
m − 2 ~Ek

m + ~Ek−1
m

)
+
e2nk

e

me

~Ek+1
m +

1

µ
~∇ × ~∇ × ~Ek+1

m = ν̄e~j
k
e (3.3)

where ~Ek+1
m , ~Ek

m and ~Ek−1
m are the electromagnetic electric fields at time step

k+1, k and k−1 respectively, nk
e , νke and ~jke are the electron density, collision

frequency and electron current density at kth time step respectively and ∆t is

the discrete time step. For the sake of simplicity, a PEC boundary condition

is assumed for the above equation in the rest of this chapter. However, the

following description of spatial discretization carries over for the total field

scattered formulation in the presence of PML regions. The weak form of Eq.

3.3 is derived by multiplying with a suitable test function and integrating over

the computational domain (Ω). Subscript m in ~Em is dropped for ease of
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presentation and we get the following variational form.

1

∆t2

∫
Ω

ε( ~Ek+1 · ~v) dΩ +

∫
Ω

e2nk
e

me

( ~Ek+1 · ~v) dΩ
∫
Ω

1

µ
(~∇× ~Ek+1) · (~∇× ~v) dΩ

=
2

∆t2

∫
Ω

ε( ~Ek · ~v) dΩ− 1

∆t2

∫
Ω

ε( ~Ek−1 · ~v) dΩ +

∫
Ω

eν̄ke~j
k
e · ~v dΩ

(3.4)

The boundary integrals which arise due to integration by parts vanish out

because of the assumed boundary conditions for the electric field (PEC). A

suitable Hilbert space for the above variational problem is the H0(curl) space

which is defined below

H0(curl; Ω) := {~u : ~u ∈ 2(Ω), ~∇× ~u ∈ 2(Ω), ~u× n̂ = 0 on ∂Ω} (3.5)

The details of plasma densities, time discretization and the data in right hand

side are abstracted out from equation 3.4 for sake of simplicity in subsequent

discussion and the following generalized variational problem is obtained

find ~E ∈ H0(curl; Ω) :

∫
Ω

α( ~E · ~v) dΩ +

∫
Ω

β(~∇× ~E) · (~∇× ~v) dΩ =∫
Ω

(~g · ~v) dΩ ∀~v ∈ 0(curl; Ω).

(3.6)

where constants α, β and data ~g depend on timestep, material proper-

ties (ε, µ) and plasma properties (ne, ν̄e).
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3.2 Spatial Discretization

The solution to variational problem 3.6 in discrete spatial domain is ob-

tained using curl conforming Nédélec elements of first type [75]. In this work,

the lowest order elements are used (N1
h). The degrees of freedom for these fi-

nite elements lie on the edges of the triangulation and for this reason the lowest

order Nédélec elements are commonly referred as “Edge elements” in compu-

tational electromagnetics literature [43]. The vector basis functions of Nédélec

elements only have tangential continuity thereby ensuring curl-conformity and

satisfying the continuity properties of electric fields. Another advantage of

these finite elements is that tangential boundary conditions, which are natu-

ral in many electromagnetic problems, can be easily implemented. The edge

elements are also equivalent to the widely used Yee Scheme in a structured

Cartesian grid [76].

3.2.1 Nédélec elements of the first kind

In this section, the basis functions for the lowest order Nédélec elements

of first kind are described. In order to define a finite element method, one needs

to introduce the following

1. A bounded computational domain Ω with an associated triangulation Th

of the mesh to create the discrete elements.

2. The element transformation maps FK from a master element to the phys-

ical elements present in the triangulation.
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3. The finite element shape functions ψ̂j defined on the master elements.

4. The shape function transformation maps which transforms the shape

functions defined on the master element to the physical element.

5. The degrees of freedom defined on the space of shape functions which

enforces the unisolvence condition.

Triangular elements

Figure 3.1: Lowest order triangular Nédélec elements

Figure 3.1 shows an arbitrary triangular physical element and the corre-

sponding reference element. The affine element map from the reference element

to the physical element is defined using the standard Lagrange polynomials

given below

FK(ξ, η) =

[
x
y

]
=

[
(1− ξ − η)x1 + ξx2 + ηx3
(1− ξ − η)y1 + ξy2 + ηy3

]
(3.7)
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In Eq. 3.7, (xi, yi) are Cartesian coordinates of nodes of the physical element

k. The lowest order Nédélec elements have three degrees of freedom for a

triangular element each along its edge. With element transformations defined,

the shape functions (ψ̂j) for each edge degree of freedom on the reference

element are defined as follows

ψ̂1 :=

[
1− η
ξ

]
ψ̂2 :=

[
−η
ξ

]
ψ̂3 :=

[
−η
ξ − 1

]
(3.8)

where ψ̂j is the shape function corresponding to edge j in the master element.

Since the shape functions are vector functions, the local orientation of the

edges relative to the element becomes important and it plays a crucial role

while constructing the global basis functions as we will see later. By taking a

closer look at the expressions in 3.8, one can see that the shape functions have

a constant tangential component along its edge while the normal component

varies linearly along the edge.

Quadrilateral elements

Figure 3.2 shows an arbitrary quadrilateral element and the correspond-

ing reference element. In the case of quadrilateral elements, the element trans-

formation maps are bilinear with respect to coordinates in the master elements

and are defined as follows
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Figure 3.2: Lowest order quadrilateral Nédélec elements

FK(ξ, η) =

[
x
y

]
=

[
0.25×

(
(1− ξ)(1− η)x1 + ξ(1− η)x2 + ξηx3 + (1− ξ)ηx4

)
0.25×

(
(1− ξ)(1− η)y1 + ξ(1− η)y2 + ξηy3 + (1− ξ)ηy4

) ]
(3.9)

The degrees of freedom are again on the edges of the element and the shape

functions for each edge on the master element is given below

ψ̂1 :=

[
1− η
0

]
ψ̂2 :=

[
0
ξ

]
ψ̂3 :=

[
−η
0

]
ψ̂4 :=

[
0

ξ − 1

]
(3.10)

Piola Mappings

The shape functions defined on the master elements are transformed

to the physical elements using a special transformation called Piola Mappings
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[77]. In the case of standard H1 conforming finite elements (hat functions), the

shape functions from master elements are transformed to physical elements by

using the inverse of the element transformation maps (F−1
K ). This process is

called the pull-back. This resulting function in the physical element space is

guaranteed to be H1 conforming. In the case of H(curl), the same approach

cannot be used because there is no assurance that the pull-back will generate a

curl conforming element in the physical element space. The use of Piola map-

ping however makes sure that curl-conforming property is preserved. These

mappings are defined below.

ψi(x, y) = (D̂FK)
−T · ψ̂i

(
F−1
K (x, y)

)
~∇×ψi(x, y) =

1

det(D̂FK)
~∇× ψ̂i

(
F−1
K (x, y)

) (3.11)

where (D̂FK) is the Jacobian of element transformation maps (Eq. 3.7, Eq.

3.9), and det(D̂FK) is the determinant of Jacobian.

Global basis functions

Global basis functions are related to more than one physical element.

To construct the global basis functions, the piecewise local shape functions

defined on each element need to be patched together over the entire domain

in accordance to the degrees of freedom corresponding to the global edges of

the mesh. Since the local edge orientation can be different from the global

edge direction one needs to account for the direction of an edge in a physical
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element with respect to its global direction. Consequently, the shape functions

need to be multiplied by the appropriate sign and then can be patched element

wise to obtain the global basis function. This procedure is represented below

ψglobal
j (x, y) =

∑
k

skjψ
k
j (x, y) (3.12)

where (ψglobal
j ) is the global basis function along edge j of the triangulation,

(ψK
j ) is the local shape function defined on element K and sKj is the sign data

which takes into account the local edge orientation with respect to the global

orientation. The summation is over all elements which share edge j. With the

global basis functions defined, the discrete solution to the variational problem

(Eq. 3.6) can be posed as follows

find ~uh ∈ span{ψglobal
j } :

∫
Ωh

α(~uh · ~vh) dΩh+∫
Ωh

β(~∇× ~uh) · (~∇× ~vh) dΩ
h =

∫
Ωh

(~g · ~vh) dΩh ∀~vh ∈ {ψglobal
i }

(3.13)

Local element matrices

Solution to the discrete variational problem 3.13 requires assembly of

local element matrices and load vectors. Element matrices comprise the mass

term and the stiffness term which are stored as two different data structures

in the code. The local entries of mass matrix, stiffness matrix and the load

vector are given by
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Mk
i,j =

∫
k

α ψk
j ·ψk

i dk

Sk
i,j =

∫
k

β (~∇×ψk
j ) · (~∇×ψk

i ) dk

bki =

∫
k

~g ·ψk
i dk

(3.14)

where M is the local mass matrix, S is the local stiffness matrix and b is

the local load vector. With the local element matrices and load vector calcu-

lated, the global matrices are built element wise and a global linear system of

equation is formed.

3.3 Solution to linear system

The global linear system of equation arising out Eq. 3.13 is solved using

the GMRES algorithm [78]. Performance of GMRES depends strongly on the

proper choice of preconditioner. Standard preconditioner like the incomplete

LU factorization method or the block Jacobi method fail to perform well for

the curl-curl equation because of certain properties of the global matrix. The

preconditioner used in this work along with the niche properties of the global

matrix which motivates the choice of preconditioner is discussed in detail in

chapter 4.

3.4 Verification and Validation of wave module

In this section numerical results for the convergence of the finite element

method is shown. The convergence of the interpolation errors is first reported
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which is important for the problems considered in this work. In a typical wave

simulation, the common way of impressing a plane wave into the simulation

domain is through the technique of total field and scattered field decomposition

discussed in chapter 2. This requires interpolating the infinite dimensional

incident wave onto the Nédélec edge element space in every timestep and

hence the accuracy of the interpolation is important. For the verification test,

a square domain is considered and a sufficiently smooth was projected on to

the edge space. Theoretical estimates for the interpolation errors are given

several authors [79, 77] . The main result is stated in equation 3.15

‖u− Πhu‖L2(Ω) ≤ Chk|u|Hk(Ω) (3.15)

where u is the infinite dimensional function to be interpolated, Πh is the in-

terpolation operator and C is a positive constant. The interpolation operator

Πh is defined as a linear operator which equates the tangential component of

the function u and its interpolant Πhu on each edge of the triangulation. The

numerical results (see fig. 3.3) match the predictions for both triangular and

quadrilateral elements. Triangular elements were found to have slightly higher

error when compared to quadrilaterals however their order of convergence is

also slightly higher.

The convergence results for solution of the model problem (Eq. 3.13

with α = β = 1) is shown next. Figures 3.4 and 3.5 show the variation of

L2 norm and (curl) seminorm of numerical error with mesh size for triangular

45



Figure 3.3: L2 norm of interpolation error for triangular and quadrilateral
elements

and rectangular elements. It can be seen that optimal convergence is achieved

in (curl) seminorm as expected from theory. In L2 norm a suboptimal O(h)

convergence is achieved which matches the theoretical predictions [79].

3.4.1 Validation test case for wave plasma simulations

To validate the model for coupled wave plasma simulations the simu-

lation of a high frequency wave interacting with a plasma slab of non-uniform

electron density is considered. Before the details of the simulation setup is

described some salient features of wave plasma interactions is first elucidated

to justify the choice of this problem as validation case. The nature of wave

plasma interactions can be explained using the Drude model for plasmas com-
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Figure 3.4: L2 and H(curl) error vs mesh size for triangular elements

Figure 3.5: L2 and H(curl) error vs mesh size for quadrilateral elements
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plex dielectric constant.

εp(ω) =

(
1−

ω2
p

ω2 + ν̄2e

)
− j

νe
ω

(
ω2
p

ω2 + ν̄2e

)
(3.16)

where εp is the plasma’s complex dielectric permittivity, ωp is the plasma fre-

quency defined as ωp =
√

(e2ne)/(meε0), νe is the electron neutral collision

frequency in the plasma domain and ω is the frequency of the wave. The

imaginary part of εp determines the damping of the wave, namely, the dissi-

pation of wave energy as it propagates through the medium. The greater the

collisionality of the plasma the greater the damping of the wave. The real

part of εp determines the propagation characteristics of the wave, namely, the

effective refractive index of the medium.

The effect of Re(εp) is best illustrated by setting νe = 0 in equation

3.16. A significant contrast of the plasma’s dielectric constraint from vacuum

occurs only if the plasma frequency approaches the wave frequency, i.e. plasma

density approaches the critical density (ne,crit), where ne,crit = ω2 ε0me

e2
is defined

as the density for which ωp = ω. For ne < ne,crit, the plasma is considered

“under-dense” so Re(ε) > 0 but < 1. For ne = ne,crit, Re(ε) = 0. As the

density increases further (ne > ne,crit) we get an “over-dense” plasma with

Re(ε) < 0.

The analytical work of Yasaka and Hojo [80] provides an interesting

description of the interaction of a wave with over-dense and under-dense plas-
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mas. In their work they show evidence for “epsilon-zero resonance”. This phe-

nomenon is understood by observing that the Gausss law for the electric field in

the direction n perpendicular to the critical density contour (d(εEn)/dn = 0),

encounters ε → 0, resulting in En → ∞ to satisfy the divergence constraint.

Correspondingly, wave polarizations that have a non-zero electric field com-

ponent perpendicular to the critical density contour are subjected to a sharp

increase in the electric field around the critical density location with a corre-

sponding sharp increase in power deposition at these locations.

Simulation setup

The interaction of under-dense and over dense plasma with the elec-

tromagnetic wave and the resolution of epsilon-zero resonance is chosen as

the validation test case for the plasma wave coupled model. A TM polarized

(non-zero Ex, Ey and Bz) of frequency 100 GHz is allowed to propagate in a

rectangular wave guide as shown in figure 3.6. A plasma slab is assumed to

be present in the middle of the wave guide and the wave is allowed to interact

with the propagating wave. The critical density for 100 GHz wave is 1.25 ×

1020 m−3. The under dense and over dense plasma slab have an imposed elec-

tron density profile as shown in figure 3.7. The dotted lines in the electron over

dense case indicates the critical density contour. The pressure in the plasma

domain is assumed to be 5 Torr which corresponds to a collision frequency of

15 GHz and hence the plasma media is nominally in the collision-less regime.

Figure 3.8 shows the cycle averaged power density profile in the plasma

medium at quasi steady state. For the under-dense plasma, the wave power
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Figure 3.6: Computational mesh for validation test simulation.

Figure 3.7: Imposed electron densities for the under dense. a) Under dense
plasma b) Over dense plasma. Units in m−3

deposition is found to nominally follow the electron density profiles indicating

that the wave energy is redistributed over the plasma structure. For the over-

dense plasma, a sharp rise in the power density profiles is observed near the
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contours of the critical density region indicating the presence of epsilon-zero

resonance. The cycle averaged electric field profile (not shown here) for the

over dense case also has sharp rise in magnitude near the critical density region.

These predictions qualitatively match the results of Yasaka and Hojo [80].

Figure 3.8: Cycle averaged wave power density absorbed by electrons. a)
Under dense plasma b) Over dense plasma. Units in m−3
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Chapter 4

Preconditioners study

The sparse linear system of equations arising out of each discretized

equation in the plasma-wave computational model is solved using Krylov sub-

space methods. These methods are implemented using the PETSc library [81].

The commonly used algorithms in our model are the Generalized Minimum

Residual (GMRES) method [78] and the Conjugate Gradient (CG) method

[82]. GMRES is used for all the equations in the plasma module (equations

2.15, 2.18, 2.20) and the curl-curl equation (eq. 2.9) while CG is used for the

Poisson’s equation for electrostatic potential (eq. 2.13). The convergence of

GMRES and CG algorithms crucially depend on the condition number of the

system matrix. Higher the condition number of the matrix, slower the conver-

gence of the method. In order to accelerate the convergence of ill-conditioned

matrices, the choice of preconditioner used along with the Krylov method

becomes very important.

Standard preconditioners commonly used in practice are the Incom-

plete LU (ILU) decomposition method [83], the Jacobi method and its block

variants [83], and the Multigrid V cycle method [84]. The ILU preconditioner

is constructed using incomplete factorization of A where the lower triangular
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matrix L and the upper triangular matrix U has the same sparsity structure

of A. This preconditioner is often called the ILU(0) in literature and is rather

easy and inexpensive to compute. The downside of this preconditioner is that

it does not significantly accelerate the convergence of the Krylov method for

ill-conditioned matrices. To remedy this, one can allow for more fill-in in L

and U thereby making the factors more accurate but this also requires more

memory.

The Jacobi preconditioner is constructed by taking the inverse of the

diagonal part of the system matrix A and is often very inexpensive to com-

pute. The block variant of this method is obtained using the inverse of the

block-diagonal of the matrix. Similar to the Jacobi method, other fixed point

iterative methods like the Gauss-Seidel method [82], Successive Over Relax-

ation (SOR) method [82] can be used as a preconditioner by applying step of

the fixed point iteration. These preconditioners are often very easy to compute

but are not suitable for all class of matrices.

The Multigrid V cycle preconditioner is obtained by applying one V

cycle of the Multigrid algorithm. Multigrid methods are known for mesh

independent convergence for elliptic problems due to the following property.

In a simplistic sense, ellipticity of an operator implies the eigen value of an

eigen function associated with the operator only depends on the oscillatory

nature (frequency) of the eigen function, and the magnitude of the eigen value

becomes larger as the frequency of oscillation increases. This property can be

harnessed efficiently in the Multigrid algorithm with appropriate smoothers to

53



achieve an optimal convergence rate. In our model, the default preconditioner

used for all the conservation laws which has a non-zero convective term (Eq.

2.15 for charged species, Eq. 2.18, Eq. 2.20) is the ILU preconditioner, while

the Multigrid preconditioner is used for the electrostatic potential equation

(Eq. 2.13) and neutral continuity equation (Eq. 2.15 for neutrals).

4.1 Preconditioner for curl-curl equation

Standard preconditioners perform poorly for the curl-curl equation (Eq.

3.13) because of the lack of ellipticity for the bilinear form. The absence of

outright ellipticity is due to the contrasting nature of the bilinear form’s be-

havior in two subspaces of the Nédélec edge element space (N1
h) - kernel of the

curl operator (κ(curl)) and its orthogonal complement (κ(curl)⊥). In κ(curl),

the bilinear form reduces to the standard L2 inner product (α(~u,~v)) where the

eigen value of any eigen function associated with the operator is independent

of the oscillatory nature of the eigen function. This suggests that the bilinear

form posses a ‘weak’ elliptic behavior in this subspace. In κ(curl)⊥, the bilin-

ear form is spectrally equivalent to (α(~u,~v) + β(~∇~u, ~∇~v) which has a strong

elliptic behavior, where the eigen values of highly oscillatory eigenfunctions are

higher in amplitude. This contrasting behavior of the bilinear form renders

the Multigrid V cycle preconditioner useless which requires an uniform elliptic

behavior in the entire solution space for its effectiveness.

The ill-conditioning of the curl-curl equation can also be explained from

an matrix point of view. Without loss of generality, if α is assumed to be one
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in Eq. 3.13, then the matrix to be inverted takes the form

A = Amass + βAstiff (4.1)

Here Amass is the global mass matrix arising out of first term in Eq. 3.13

and Astiff is the global matrix arising out of the second term. Amass is a

symmetric positive definite matrix which can be inverted easily. Astiff on

the other hand, is a symmetric semi-definite matrix, meaning its null space is

non-empty and consequently has a large number of eigenvalues which are zero.

The spectrum of the overall A matrix is spoiled by Astiff and consequently

inverting this system becomes harder. As the timestep used in the simulations

increases (consequently higher β) the overall A matrix begins to resemble

Astiff and its condition number deteriorates, leading to an increased number

of GMRES iterations for convergence. We observe this to be the computational

bottleneck in many simulations, and in order to circumvent this problem an

efficient preconditioner that can condition the matrix well irrespective of the

problem parameters is required.

4.1.1 Nodal Auxiliary Space Preconditioner

The Nodal Auxiliary space preconditioner was first conceived and im-

plemented by Hiptmair and Xu [85] . The main idea of this preconditioner is

to treat the bilinear form in κ(curl) and κ(curl)⊥ separately. Knowing that

κ(curl) is characterized by any function that is expressed as a gradient of a
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scalar (~∇H1
0 (Ω) to be mathematically precise), the bilinear form is converted

into a standard Poisson like elliptic problem in κ(curl). In κ(curl)⊥, the bi-

linear form is represented by its spectrally equivalent second order elliptic

operator. These statements are mathematically represented as

a(~u,~v) = α(~u,~v) + β(~∇~u, ~∇~v) ∀~u,~v ∈ κ(curl)⊥

a(~u,~v) = α(~u,~v) = α(~∇φ, ~∇ψ) ∀φ, ψ ∈ H1
0 (Ω)

(4.2)

The success of these ideas however hinge on the availability of proper decom-

positions of the Nédélec edge element space into κ(curl) and κ(curl)⊥. This

is precisely what Hiptmair and Xu were able to achieve. They show the avail-

ability of stable splittings of N1
h into components in some auxiliary subspaces.

These auxiliary subspaces are the standard nodal H1 conforming finite ele-

ment spaces on the same mesh. Without going into the mathematical details,

the chief result of Hiptmair-Xu decomposition is given below. Any uh ∈ N1
h

admits the decomposition

uh = vh +Πhzh +∇ph (4.3)

where vh ∈ N1
h, zh ∈ Sh and ph ∈ Sh. Here Sh is a space of vector functions

containing the lowest order H1 conforming elements (vector hat functions) and

Sh is the space of scalar functions containing the lowest order H1 conforming

elements (scalar hat functions) on the same computational mesh. Since Sh
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and Sh contain the vector and scalar nodal elements, they are named “Nodal

Auxiliary Spaces.” When this decomposition is devised, one needs to be careful

about the stability of the projection/interpolation operators defined between

the auxiliary spaces and the Nédélec space. These stability estimates are given

in the original paper [85] .

The interpolation operator Πh takes a function from the vector hat

function space Sh and projects it to N1
h. The component of the elements in

N1
h that are projected to Sh represents the complement of the kernel of the

curl operator. To characterize the kernel of the curl operator, one needs the

discrete gradient matrix (Gh : ~∇Sh → N1
h) which projects a function from

the gradient of the scalar hat function space (~∇Sh) to N1
h. The function in

~∇Sh represents the kernel of the curl operator. Πh and Gh are represented

in matrix form using the basis functions for Sh and Sh respectively. If {Φj}

and Φj denote the sets of nodal basis functions for Sh and Sh, the matrix

representation of the projection operators are given by

(Πh)i,j =

∫
ei

Πj · tei ds

(Gh)i,j =

∫
ei

~∇Φj · tei ds
(4.4)

where ei is edge i in the mesh and tei is the unit tangent vector along the edge.

As pointed out earlier, once the stable decompositions are available one needs

to solve Poisson like elliptic variational problems (discrete version of eq. 4.2)

in these auxiliary spaces to complete the action of the preconditioner. The

57



action of the preconditioner is mathematically expressed as

Bh = Rh +ΦhBv,hΠ
T
h +Gh (4.5)

where Rh denotes a point-smoother which is typically the weighted point-

Jacobi method or the Gauss-Seidel method, Bv,h and Bv,h correspond to Multi-

grid V cycles for problems (α∇φ,∇ψ) and (β∇~u,∇~v) +α(~u,~v) discretized on

Sh and Sh respectively on the same mesh. Intuitively the preconditioner’s ac-

tion means, one first smoothens out high frequency errors in N1
h, then projects

the solution to the auxiliary spaces and solves the appropriate elliptic problems

in those spaces. The solution is then projected back toN1
h. The preconditioner

in the above form (Eq. 4.5) is proved to be optimal for the variational prob-

lem (Eq. 3.13) in the sense that the condition number of the preconditioned

system is independent of the mesh and problem parameters [85].

This preconditioner is implemented in the code using the open source

high performance parallel preconditioner library HYPRE [86]. The overall effi-

ciency of the preconditioner depends on the efficiency of the Multigrid method

which lies at its core. Since the focus here is on unstructured meshes the

natural choice for implementing Multigrid V cycles is the algebraic Multigrid

method (AMG). Although geometric Multigrid methods (GMG) are superior

in terms of efficiency and parallel scalability they lack the robustness of AMG

which preferred in this work.
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4.1.2 Numerical Tests

The performance of the Auxiliary space preconditioner is tested on the

following problem

~u+ β(~∇× ~∇× ~u) = (2π2 + β)
(
cos(πx)sin(πy)êx − sin(πx)cos(πy)êy

)
(4.6)

β ILU
Algebraic
Multigrid

Auxiliary
Space

10−4 15 8 5
10−2 469 50 6
1 > 20000 555 7
102 > 20000 8128 7
104 > 20000 > 20000 6

Table 4.1: Number of iterations taken by GMRES with different precondition-
ers for varying β. (No. of unknowns in the problem = 125500)

# of
unknowns

# of
iterations

840 6
5100 6
20200 7
125500 7
978600 8

Table 4.2: Number of iterations taken by GMRES with Nodal Auxiliary Pre-
conditioner for varying problem size (value of β is set to 1)

where β is a positive parameter which is constant over the simulation

domain. The equation is solved on a square domain ((-1,1) × (-1,1)) with
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structured square elements. In a typical wave plasma simulation this positive

constant β can be a representation of the material properties of the propagat-

ing medium, plasma density profiles and the time step used in the simulation.

Higher values of β correspond to higher timestep and this implies severe the

effect of curl matrix on the overall global matrix. The linear system is solved

using the GMRES algorithm with ILU, AMG and Nodal Auxiliary Space as

the three preconditioners. The relative tolerance for convergence is set to 10−12

and the maximum allowable iterations for the algorithm is set as 20000. The

number of iterations taken by the GMRES algorithm using various precondi-

tioners are summarized in table 4.1. It can be seen that ILU and Algebraic

Multigrid preconditioners perform well when β is low (analogously smaller

time steps for wave propagation). However, as β increases (analogously larger

time steps), both preconditioners perform poorly and in some cases the num-

ber of iterations for convergence is more than the maximum allowable limit.

The Auxiliary space preconditioner on the other hand performs well and the

number of iterations is almost independent of β. Performance of the precon-

ditioner is next tested with the size of the problem. Keeping the value of β a

constant, the computational mesh was refined uniformly to increase the num-

ber of unknowns from O(103) to O(106) . Table 4.2 summarizes the iteration

count for GMRES. It can be seen that the number of iterations taken by the

algorithm is almost independent of mesh size. This independence is a sign of

a robust preconditioner.

To illustrate the performance of the preconditioner in a practical phys-
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ical simulation, the validation test case of EM wave interacting with plasma is

considered (see section 3.4.1). The parameters for convergence are the same

as the previous test. Simulations are run using several timesteps from 10−14 s

to 10−12 s. Table 4.3 shows the maximum iterations taken by the linear solver

during the entire simulation for both the under dense and over dense case.

The iteration count is found to be almost independent of the plasma profile

and also independent of the timestep used in the simulation. This suggests

the optimality of the preconditioner. Results showing the actual time taken by

the simulations are not reported here, but typically the lower iteration count

for the GMRES is manifested in lower solve times.

# of
unknowns

# of
iterations

840 6
5100 6
20200 7
125500 7
978600 8

Table 4.3: Number of iterations taken by GMRES with Nodal Auxiliary Pre-
conditioner for wave plasm-slab simulation (Maximum iteration count over the
entire simulation is reported)

4.2 Preconditioners for time-harmonic Maxwell’s equa-
tions

Research in metamaterial community has been rapidly growing with

many novel and interesting structures being invented. For instance, Basharin

61



et al. report that toroidal planar metamaterials have very high quality res-

onance with quality factors (Q) measured up to 105 [87]. To effectively sim-

ulate and capture such high quality resonances in geometrically complicated

domains, the frequency domain Maxwell’s equation is often more appropriate

than the time domain equations. This is because when a device resonates, the

electric fields build up in the resonating structure and the magnitude reaches

the peak values approximately over Q time periods of the resonant frequency.

Since Q is very large in these structures, one needs very accurate time integra-

tion methods that can capture the build up of electric fields which is hard to

achieve using a first order time discretization scheme used in this model. On

the other hand, a frequency domain solver does not have temporal discretiza-

tion error accumulation problem, and as long as the mesh is fine enough or if

higher order spatial discretization methods are used, high Q factors resonances

can be accurately captured by the time-harmonic Maxwell’s equation.

The frequency domain Maxwell’s equations can be derived from the

curl-curl equation for electric field (Eq. 2.5) with the assumption that the

electric fields and the current densities have only one component of frequency

present in them. That is, electric field and current densities can be represented

as

~E(x, t) = ~̃Eeiωt & ~j(x, t) = ~̃jeiωt (4.7)

where ~̃E and ~̃j are the phasor for electric field and current density and ω is
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the frequency of excitation. Using the above definition, the time harmonic

Maxwell’s equation can be derived from the curl-curl equation (Eq. 2.5) and

is given by

~∇× ~∇× ~̃E − εµω2 ~̃E = iω~̃j. (4.8)

Here ε and µ are the complex dielectric permittivity and permeability. The

boundary condition for the above equation is a PML region terminated by per-

fectly electric conductor wall. The weak form of the above equation is derived

by the standard procedure of multiplying by a test function and integrating

over the domain of the problem. The trial and test spaces for the discrete

problem is the lowest order Nédélec element of the first kind (N1
h).

Efficient solution to discrete form of equation 4.8 depend on the effi-

ciency of the linear solver used in solving the equation. In our model, we use

the GMRES algorithm to solve this system. The global matrix generated by

the discretization of equation 4.8 has all the properties as that of the time

domain curl-curl equation global matrix, i.e. it has a large near null space and

it is Hermitian in nature. Additionally, the global matrix here is also indefinite

which causes more problems for the convergence of Krylov methods.

Test Problem

To investigate the properties of global matrix of equation 4.8 and to
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study the performance of different preconditioners for the problem, the follow-

ing test simulation is considered. A plane wave of frequency f is assumed to

be propagating in a square domain of dimension (1m × 1m). The computa-

tional domain is discretized with a uniform spacing of at least 10 nodal points

per wavelength using triangular Nédélec elements. The simulation domain is

assumed to have uniform properties (ε = 1.0, µ = 1.0).

Figure 4.1: Eigen-spectrum of the global matrix

The eigen spectrum of the global matrix for a frequency of 480 MHz is

plotted in figure 4.1. The indefinite nature of the global matrix can be seen

clearly from the figure with many eigen values below zero present. These eigen

values significantly hamper the convergence of the GMRES algorithm. Also,

as frequency of the wave increases, the indefiniteness of the matrix increases

further. Standard preconditioners like the ILU, Jacobi method and Multigrid
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V cycle fail to perform well, and development of an effective preconditioner for

the time-harmonic Maxwell’s equation in the high frequency regime has been

active area of research for almost a decade now [88, 89, 90, 91, 92, 93].

4.2.1 Complex Shifted Laplacian Preconditioner

A breakthrough in preconditioning the Helmholtz equation occurred

with the invention of Complex Shifted Laplacian Preconditioner (CSLP) which

is based on a Helmholtz-type differential operator with a complex shift term.

A preconditioner of this type with a real shift parameter was first introduced

by Laird [94] and it was later generalized to complex shifts by Erlangga et al.

[95, 96, 97]. The preconditioner is obtained by inverting the system matrix

generated by discretizing the following equation using the same N1
h space.

~∇× ~∇× ~̃E + εµω2(βreal + iβimag)
~̃E = iω~̃j (4.9)

Erlangga et al. [97] study the influence of the choice of several values

of βreal and βimag. The optimal choice is a negative real shift (βreal < 0) and

positive imaginary shift (βimag > 0). This preconditioner can be effectively

inverted using AMG V cycles because of the introduction of the imaginary

constant [98, 99]. The eigen spectrum of the preconditioned system for the

test problem is plotted below.

Figure 4.2 shows that the eigen spectrum of the Complex Shifted Lapla-

cian preconditioned system has improved significantly with a large number of
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Figure 4.2: Eigen-spectrum of the SLP preconditioned matrix

eigen values close to 1 and fewer eigen value close to 0. Theoretical esti-

mates show the boundedness of the eigen-spectrum of the CSLP precondi-

tioned within the unit circle in the complex plane [95]. However, as frequency

increases the spectrum of the preconditioned system contains many eigenvalues

close to zero which hampers the convergence of GMRES or any other suitable

Krylov method. The performance of CSLP with increasing frequency is tested

for the example problem. The table below summarizes the result which clearly

shows that the effectiveness of CSLP reduces as the frequency becomes higher.

To circumvent this problem an additional preconditioner based on the defla-

tion techniques was successfully used by Sheikh et al. [100] on the top of

CSLP.
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Wave
number
(m−1)

Frequency
(GHz)

Number of
unknowns

Number of
GMRES
iterations

10 0.5 1600 36
20 1.0 6272 80
30 1.4 24832 117
40 1.9 24832 223
50 2.4 98816 322
60 2.9 98816 486
70 3.3 98816 677
80 3.8 98816 755
90 4.3 392420 1008
100 4.9 394240 1042

Table 4.4: Number of iterations taken by GMRES with complex shifted Lapla-
cian preconditioner

4.2.2 Deflation

Deflation is a technique used to deal with the undesired part of the

eigen spectrum with regards to the convergence of a Krylov method. It was

first introduced by Erhel et al. [101] for the restarted GMRES algorithm. The

key idea of deflation is to use a projection operator to deflate the unwanted

eigenvalues and make their influence void on the Krylov subspaces. The main

result of [101] is stated below.

Let S be an invariant subspace of dimension r corresponding to eigen-

values of the system matrix A(λ1, λ2, ...λr). Let the columns of U form an

orthonormal basis for S. If T = U∗AU then
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P = In + U(|λn|−1T − Ir)U
∗ (4.10)

and its inverse is given by

P−1 = In + U(|λn|T−1 − Ir)U
∗ (4.11)

The eigen values of AP−1 are λr+1, λr+2, ...λn, |λn| (the last with multiplicity

of r). This means the undesired part of the spectrum (eigen values close to

zero) are now pushed towards the maximum eigen value (1 in the case of CSLP

preconditioned system). The spectrum of the two-level preconditioned matrix

is expected to be favorable for the convergence of the GMRES algorithm. The

two level preconditioning based on CSLP and deflation has been successfully

used for Helmholtz equation discretized using finite difference methods [100].

In this work, we extend those techniques to discretization based on the lowest

order Nédélec edge element space. The deflation matrix can be constructed as

follows

1. Calculate r smallest eigenvalues and eigenvectors of A, the matrix for

which the deflation vectors are calculated. This requires solving the

following generalized eigenvalue problem

Axk = λkSLPxk (4.12)
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The effective solution of the above equation is crucial to constructing

the preconditioner effectively. One way of efficiently solving the above

problem is to consider the coarse grid approximation of equation 4.12

and projecting the eigen values effectively on to the fine mesh. But this

technique is not tested in this work and is proposed as future work.

2. Construct S = [λ1, λ2, ...λr] and the orthonormal basis U of S using

Gram-Schmidt orthogonalization.

3. Calculate T = U∗AU

4. Calculate P−1 using equation 4.11. T−1 in equation 4.11 can be easily

calculated using a direct method since it is only of dimension r × r.

4.2.3 Two level Preconditioning

Let A be the global matrix corresponding to the discrete form of the

time-harmonic Maxwell’s (Eq. 4.8), SLP be the system matrix corresponding

to the complex shifted Laplacian preconditioner (Eq. 4.9) and P be the defla-

tion matrix defined in Eq. 4.10. Then the two level preconditioned system is

given by

P−1(SLP−1A)x = P−1(SLP−1b) (4.13)

We study the performance of the two-level preconditioner for the test

problem. The number eigen-values to be deflated is set to 100. Table 4.5
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compiles the number of GMRES iterations taken for convergence with and

without deflation with increasing wave frequency. It is observed that the pre-

conditioner performes well in terms of the iterations for high wave numbers

up to 90 m−1.

Wave
number
(m−1)

Frequency
(GHz)

Number of
unknowns

GMRES
iterations
(without
deflation)

GMRES
iterations
(with

deflation)

10 0.5 1600 36 18
20 1.0 6272 80 19
30 1.4 24832 117 19
40 1.9 24832 223 22
50 2.4 98816 322 26
60 2.9 98816 486 33
70 3.3 98816 677 39
80 3.8 98816 755 48
90 4.3 394240 1008 56

Table 4.5: Number of iterations taken by GMRES with two level precondi-
tioning

The spectrum of P−1(SLP−1A) for frequency of 0.5 GHz is shown in

figure 4.3. It can be seen that all the eigen-values of the matrix lie close to 1

with the notorious eigen-values of SLP−1A (the ones close to zero, see figure

4.2) being pushed towards 1. This means the condition number (ratio of am-

plitude of maximum to minimum eigen value) of the two-level preconditioned

matrix is close to 1, which explains the reduced number of iterations taken for

the convergence of the GMRES algorithm.

Even though the convergence of the GMRES algorithm is accelerated
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Figure 4.3: Eigen-spectrum of the two-level preconditioned system

with the construction of the two level preconditioner, the actual efficiency of

the overall solution relies on the total computational cost which includes the

cost of constructing the preconditioner. We observe that cost of constructing

the preconditioner depends almost entirely on the cost of the solving the gener-

alized eigen-value problem which is required to construct the deflation matrix.

If one wants the optimal performance for the outer GMRES iterations, then

the number of deflation eigen-values must be increased which increases the cost

of the eigen-value problem. In practical situations, there is a trade-off between

the cost of the eigen-value problem and the convergence of GMRES algorithm.

The cost of constructing the deflation matrix can also be minimized by con-

sidering a coarse-grid approximation for the eigen value problem. The idea

is to obtain the lower eigen spectrum by solving the eigen value problem dis-
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cretized in a coarser grid and interpolating the eigen vectors to the fine mesh.

This however will lead to approximations in the lower-eigen spectrum which

could result in an approximate deflation matrix. This technique is one of the

future directions one could take towards constructing cost-effective two-level

preconditioner for the time-harmonic Maxwell’s equations.
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Chapter 5

Modeling of microdischarge transient physics

We begin our studies by establishing a baseline model for microdis-

charges in the context of transient phenomena in these discharges1. In mi-

crodischarges, the surface interactions play an important role due to the large

surface to volume ratio of the discharge geometry. For example, in a direct-

current (DC) microdischarge operating in the gamma mode, the secondary

emission from the cathode surface is a key process in the sustenance of the

discharge and determines the overall structure of the discharge. Secondary

emission is however a surface property that depends on the surface material

and the nature of plasma species incident on that surface. No direct control

of the electron emission by this mechanism is possible.

In recent work, Eden and co-workers [40, 102] studied low-voltage con-

trollable electron emitter devices embedded on the surface of a microdischarge

cavity. The device was essentially a metal-oxide-semiconductor (MOS) struc-

ture with a thin (10 nm) silicon oxide film sandwiched between an n-type

1Portions of this chapter were previously published as ‘Computational modeling of the
effect of external electron injection into a direct-current microdischarge’ [64] in the Journal
of Applied Physics. All writing and figures included in this chapter are the original work of
the author, with editing by Dr. Laxminarayan L. Raja
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silicon layer and the plasma. Electron injection into the plasma is controlled

by the low bias voltage applied at the n-type silicon layer. The independent

control of the electron injection into the microdischarge volume thereby al-

lows for precise control of the microdischarge properties. In their work, Eden

and coworkers have demonstrated the ability to actively modulate light emis-

sion from microdischarges through the control of electron injection in these

discharges.

The computational model described in Chapter 2 is used in the study

of microdischarge phenomena subject to active and independently controllable

electron injection as per the work of Eden and co-workers. The effect of con-

trollable electron injection on the discharge structure, specifically the role of

discharge non-linearities and the dynamics of discharge structure modification

in response to electron injection are discussed. Since the microplasma is ig-

nited using a direct-current source the wave effects are absent in the simulation

and hence the wave equations are not solved. The electrostatic electric field

interacting with the plasma is obtained by solving the Gauss’s law (Eq. 2.11).

5.1 Problem Description

Several electrode configurations have been studied in the past for sta-

ble microdischarge operation. In this work we consider a metal-insulator-metal

(MIM) configuration with both the anode and cathode being planar. The cath-

ode surface is assumed to be the source of active electron injection into the

plasma. The insulator (dielectric) layer sandwiched between the electrodes
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consists of a hole of diameter 500 µm and its thickness, which is also equal to

the inter electrode distance, is 120 µm. The relative permittivity of the dielec-

tric is assumed to be 9 which is similar to that of the glass. The schematic of

the discharge configuration and the computational mesh used for this work is

shown in Fig. 5.1. The cathode is connected to an external circuit which has

a ballast resistor of resistance 5000 Ω and the source has a constant voltage

of 250 V. The mesh consists of about 20000 cells of which about 14000 are

in the plasma and about 6000 are in the dielectric region. The electrodes are

treated only as boundaries and therefore not meshed. The dielectric sub do-

main contains only rectangular cells. A combination of rectangle and triangle

cells is used in the plasma sub domain to refine the mesh towards the cath-

ode region where the gradients in the solution variables are high. Two probe

points are considered in the plasma sub-domain to investigate the transient

behavior of the discharge. Point A is near the edge of the cathode sheath at

(r = 230µm, z = 20µm) with respect to the origin located at the intersection of

the axis and the cathode surface. Point B is located at (r = 50µm, z = 100µm)

in the bulk of the plasma.

5.2 Simulation Procedure

Simulations are performed in two steps. The first is the simulation of

steady microdischarge without active electron injection. Here, the discharge is

sustained by the intrinsic secondary emission from the cathode surface. The

secondary emission yield is assumed to be a constant value of 0.03 from both
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Figure 5.1: Schematic of microdischarge geometry and computational domain
(all dimensions are in µm). Probe points A, B are located at (r = 230 µm, z =
20 µm) and (r = 50 µm, z = 100 µm), respectively.

the cathode and anode. In the second step, electron injection from the cath-

ode surface is activated in the pre-established steady discharge. The simulation

is run in a time-accurate manner to fully resolve the dynamics of discharge

transitions from a steady discharge sustained by the secondary emission mech-

anism to the discharge state with actively controlled electron injection. The

exact detail of electron injection is not relevant to this study, but one could

readily envision an approach such as the MOS device proposed by Eden and

co-workers.
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5.3 Results and Discussion

The simulation is first run to a steady state in the absence of active

electron injection. From initial conditions corresponding to a weak uniform

plasma state (initial electron density of 1014 m−3 and 1000 K electron temper-

ature), the electrons and charged species reach a steady state in about 2.8 µs

of physical time. At this steady state the DC current drawn through the dis-

charge is 1.33 mA, as measured at the anode. The simulation is then restarted

with a uniform and constant external flux of electrons injected into the dis-

charge from the cathode. The total injected electron current is 0.028 mA and

corresponds to an injected electron flux of 1022#/m2s across the given cathode

area. After active electron injection, the discharge reaches a steady state at

approximately 3.9 µs physical time from the initial time, i.e., the relaxation

time for the microdischarge is about 1 µs. The total current through the dis-

charge with external electron injection was found to be 3.66 mA (measured at

anode) suggesting a significant change in the operating state of the microdis-

charge in the presence of active electron injection. Eden and co-workers[40]

reported a similar effect, where they saw a large rise in the conduction current

when the microdischarge was coupled with an active electron emitter.

5.3.1 Structure of microdischarge without active electron injection

First, discuss important features of the discharge at steady state before

the active electron injection is initiated. Figure 5.2(A) shows the electrostatic

potential contours in the discharge. The plasma floating potential is about
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9 V as measured by the difference between peak potential in the plasma and

the grounded electrode. The thickness of the cathode sheath is about 40 µm

which is around 40 times the Debye length as determined by the bulk plasma

state. Number density profiles of electrons, monomer ion (Ar+), and the dimer

ion (Ar+2 ) at steady state before active injection are shown in Figs. 5.3(A),

5.4(A), and 5.5(A), respectively. The peak electron density in the bulk of

the plasma is about 1020 m−3. The principal contribution to the volumetric

production of electrons is from the direct ionization reaction and the main

mechanism for the electron loss is through wall loss. The peak magnitudes

of monomer ion (Ar+) is 1020 m−3 and dimer ions (Ar+2 ) is 1019 m−3, which

are within an order of magnitude of each other indicating that both ions are

important constituents of the plasma. Ar+ ions are primarily produced by

the direct ionization reaction and are lost mainly by drift to the walls. High

pressure in the discharge favors the formation of dimer ion through a three-

body reaction and its loss mechanism is again primarily by drift to the wall.

The number densities of metastable species are shown in Fig. 5.6. The peak

density of monomer metastable species (Ar∗) is about 1021 m−3 and that of

dimer metastable species (Ar∗2) is about 1018 m−3 indicating the monomer

metastables are the predominant long-lived excited species in the discharge.

The area-integrated secondary electron current from the cathode is about 0.036

mA. The plasma features for the discharge sustained by secondary emission

are similar to typical results reported in literature [103, 104, 105, 106]
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Figure 5.2: Steady state electrostatic potential(V) in the microdischarge before
injection (A) and after injection (B). The region to the right of the plasma-
dielectric boundary is the dielectric.

Figure 5.3: Steady state density of electrons in the microdischarge before
injection (A) and after injection (B). Units are in #/m3
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Figure 5.4: Steady state density of the dominant ion Ar+ in the microdischarge
before injection (A) and after injection (B). Units are in #/m3

Figure 5.5: Steady state density of dimer ion Ar+2 in the microdischarge before
injection (A) and after injection (B). Units are in #/m3
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Figure 5.6: Density of metastable species in the discharge at steady state
before active injection. (A) Ar∗ number density; (B) Ar∗2 number density. All
units are in #/m3

Figure 5.7: Gas-phase chemical production rate of electron in the microdis-
charge before injection (A) and after injection (B). Units are in #/m3s
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Figure 5.8: Steady state electron temperature in the microdischarge before
injection (A) and after injection (B). Units are in eV

Figure 5.9: Steady state gas temperature in microdischarge before injection
(A) and after injection (B). Units are in K
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5.3.2 Modifications to discharge features in the presence of exter-
nal electron injection

Figures 5.2 - 5.5 and 5.7 - 5.9 compare important microdischarge plasma

parameters at the steady-states before external electron injection, i.e., dis-

charge sustained by secondary emissions only, and after active electron injec-

tion. Fig. 5.2 shows the variation of electrostatic potential in the plasma and

dielectric sub domains. The sheath thickness decreases after electron injec-

tion owing to the increase in plasma density. Consequently the magnitude of

electric field in the sheath after injection increases to almost twice the value

before injection.

Figures 3 and 4 show the electron and monomer (dominant) ion (Ar+)

number density in the plasma. The number densities of both e− and Ar+

increases significantly by a factor of almost 5 after injection compared to before

injection. The injected electrons from the cathode surface get energized in the

sheath, where electric fields are high (of the order of 107 V/m), and in turn

increase the rate of the electron impact ionization reaction resulting in a rise

in the volumetric production of electrons. Figure 5.7 shows the volumetric

production rate of electrons at steady state before and after injection. It can

be seen that the production rates indeed increase significantly after electron

injection with peak rates occurring in the vicinity of the cathode sheath-edge

region.

Figure 5.5 shows the dimer ions (Ar+2 ) density profiles. A similar trend

as that of electrons and Ar+ ions is observed here. The peak density of dimer

83



ions after injection is about 5 times the value before injection. The primary

source for production of Ar+2 ions is the three-body reaction whose rate coef-

ficient is a constant. However the Ar+ density increase after injection causes

a proportional increase in the rate of production of dimers from this reaction.

Figure 5.8 shows electron temperature in the plasma. The electron

temperatures is a few eV in the bulk plasma and increases sharply to about 18

eV in the cathode sheath edge region for the case without electron injection.

However, for the case with active electron injection, the electron temperature

increases to over 25 eV in the cathode sheath edge, but remains unchanged

in the bulk plasma. Within the scope of the fluid approximation used in the

computational model, the electron Joule heating is the main mechanism by

which the temperature in the sheath rises to large values. Note that the inter-

pretation of the electron temperature in the sheath is subject to limitations of

the fluid model, since kinetic aspects of the electron motion in the sheath (e.g.,

beam electrons) are not accounted for in these models. The validity of using

a fluid model to describe this discharge is discussed in Sec. 5.3.6. However,

as has been shown in previous studies the structure of DC microdischarges

simulated using higher fidelity hybrid models [106] is similar to the structure

predicted by fluid models

Figure 5.9 shows the gas temperature plasma domain. Significant gas

(thermal) heating is observed in the microdischarge. The gas temperature rise

is principally owing to the ion Joule heating in the high electric field regions of

the discharge. Consequently the gas temperature is found to be the highest in
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the cathode sheath regions where the electric fields are highest. For the case

without electron injection, the peak gas temperature is about 450 K. In the

presence of electron injection, the peak gas temperature increases to over 550

K, with the wall temperature kept constant at 300 K.

5.3.3 Transient features of electron injection

The transient behavior of the microdischarge when switching from with-

out electron injection (i.e., low-current) to with active electron injection (i.e.,

high-current) state was studied. Two probe points in the discharge volume,

A and B (see Fig. 5.1), are chosen to quantify transient effects within the

discharge. As can be seen in Fig. 5.1, point A is located in the cathode sheath

and point B is located in the bulk plasma.

The transient behavior of the discharge at point A is shown in Fig.

5.10. Figures 5.10(a) and 5.10(e) show the variation of the electron temper-

ature with time. The electron injection begins at 2.81 µs in the transient.

In the first few nanoseconds after electron injection, the electron temperature

increases because of the energetic electrons sweeping through the sheath from

the injection surface. The rise in temperature is followed by a rapid drop in

the temperature to about 10 eV, due to a non-linear relaxation of the electron

energy in the sheath. This decrease in temperature is then followed by a grad-

ual approach of the electron temperature to a post injection steady-state value

of about 15 eV over a relaxation time period of about 1.2 µs. Figures 5.10(b)

and 5.10(f) show the electrostatic potential profile with time. The sheath
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Figure 5.10: Transient profiles at point A location in the cathode sheath (see
Fig.5.1). (a) and (e) electron temperature; (b) and (f) electrostatic potential;
(c) and (g) electron number density; (d) and (h) Ar+ density.

Figure 5.11: Transient profiles at point B location in plasma bulk (see Fig.5.1).
(a) and (e) electron temperature; (b) and (f) electrostatic potential; (c) and
(g) electron number density; (d) and (h) Ar+ density.
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thickness reduces post injection (Fig. 5.2) and point A, which was initially

inside the cathode sheath, is now at the sheath edge location, which is seen

as an increase in the potential in the first few nanoseconds. This increase is

followed by a gradual decrease to steady state value. Figures 5.10(c), 5.10(g)

and 5.10(d), 5.10(h) show the transient behavior of electron and Ar+ number

densities, respectively. The number density of electrons and Ar+ increases

sharply immediately after electron injection. The sharp rise is mainly because

of the contribution from direct ionization reaction to the volumetric produc-

tion rate, whose rate increases due to the increase in electron temperature. As

time progresses electrons and Ar+ ions begin to diffuse through the discharge

which results in a slow decrease in the densities until steady state is achieved.

Figures 5.11(a) and 5.11(e) show time variation of electron temperature

at point B within the bulk plasma. The temperature increase is seen to occur

almost instantaneously with the injection of electrons in the sheath. This is due

to the instantaneous perturbation of the plasma potential that causes a spike

in the local Joule heating of the electrons in the bulk plasma. The electron

temperature then relaxes to a steady state value because of the increased

collisional loses. Figures 5.11(b) and 5.11(e) show the profile of electrostatic

potential with time. Perturbations immediately after the injection can be seen

in the first few nanoseconds. The potential then increases to reach a steady

state value which is higher than the pre-injection steady state value. Figures

5.11(c), 5.11(g) and 5.11(d), 5.11(h) show a variation of electron and Ar+

number densities at point B, respectively. The transient variation of electron
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and Ar+ number densities are much slower within the bulk plasma.

5.3.4 Non-linear effects in discharge

Figure 5.12 shows the change in conduction current at the anode (∆Ic)

(i.e., increase in the conduction current from steady state value before injection

to a new steady state value after injection) as a function of increasing injected

electron current at the cathode. Recall that for the baseline case without in-

jection the steady state current measured at the anode 1.33 mA. As seen in

the figure, ∆Ic is 2.33 mA for the injected current of 0.028 mA and increases

to about 22 mA for an injected electron current of 2 mA. Over the range of in-

jected electron currents studied, the anode current increases by nearly a factor

of 10 indicating the strong non-linear coupling within the discharge. The non-

linear amplification of the injected electron current is principally attributable

to the non-linear mechanisms associated with the cathode sheath and plasma

chemical reactions.

The key process leading to the amplification of current after active elec-

tron injection is the acceleration of injected electrons in the cathode sheath

region. The extent to which the injected electrons get energized in the sheath

depends on the magnitude of electric field in the sheath. We have also per-

formed simulations with electron injection from other surfaces (e.g., the dielec-

tric surface) and found that active electron injection from any other surface

where the electric fields are not high are found not to result in large ∆Ic as

in the cathode injection cases. A clear illustration of this effect is seen by
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Figure 5.12: Variation of ∆Ic with injected electron current

Figure 5.13: Variation of ∆Ic with anote bias voltage
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studying the impact of applying a positive bias on the anode to increase the

overall cathode sheath electric field strength. Figure 5.13 summarizes the ef-

fect of anode biasing on ∆Ic for cases without active electron injection and

with 0.028 mA active electron injection. For both cases, ∆Ic increases with

increasing bias, with a rate of ∆Ic increase being higher for the active injec-

tion case. Eden and co-workers [40] show a similar effect in their experiments

where they bias the electron emitter to realize a large increase in conduction

current.

5.3.5 Switching time of the microdischarge

Figure 5.14 shows the variation of discharge conduction current at the

cathode as a function of time. As mentioned earlier, active injection starts

at 2.81 µs and the conduction drawn from the discharge saturates at around

3 ls, meaning the discharge takes approximately 200 ns to switch from the

low-current to high-current state, although as indicated in Figs. 5.10 and

5.11, the plasma parameters themselves take longer, about µs, to relax to a

post-injection steady-state condition. Figure 5.14 also includes the conduc-

tion current due to each charge carrier present in the plasma. The major

contribution to the conduction current comes from the flux of Ar+ ions. The

electron and Ar+2 currents are approximately 10% of the total current. The

much larger Ar+ current is simply owing to the large density of the monomer

ion(1019 m−3) compared to the dimer ion (1018 m−3) in the bulk plasma near

the sheath edge. The electron conduction current at the cathode is mainly
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Figure 5.14: Conduction current measured at cathode as a function of time
(electron current injection at cathode occurs at 2.81 µs)

owing to the injected electrons, which as described earlier is about an order of

magnitude lower than the discharge current.

The switching time scale can be estimated analytically as follows. The

peak production rate of Ar+ ions occurs near the edge of the sheath (Fig. 5.7).

Thus the increase in the current is due to the drift of the Ar+ ions from the

sheath edge to the cathode surface. From continuity of Ar+ flux, we have

enpsVpsSc = IAr+ ≈ Ic. (5.1)

Here nps and Vps are the number density and velocity of Ar in the pre-

sheath region, respectively, Sc is the surface area of the cathode, IAr+ is the

conduction current due to Ar+ ions, and Ic is the net current measured at the
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cathode. From the Bohm sheath criterion we know that

Vps ≥
√
KBTe
mAr+

. (5.2)

From equations (5.1) and (5.2), conduction current density at the cath-

ode can be written as

Ic ≥
(
eSc

√
KB

mAr+
n
√
Te

)
(5.3)

where n and Te are the number density and electron temperature in

the pre-sheath region. Point A was chosen in such a way that it is in the

vicinity of the edge of the sheath and hence using the transient behavior of

density of Ar+ ions and electron temperature at this point, the transient be-

havior of conduction current can be explained. From Fig. 5.15, we see that

the number density of Ar+ and electron temperature increase sharply imme-

diately following electron injection. This is the trend which is observed even

in the discharge current. As time increases, the number density of Ar+ de-

creases while the electron temperature increases which results in saturation of

conduction current.

The time scale for the change in conduction current can be estimated

by taking the derivative of Equation (5.3) with time. It can be written as

dIc
dt

≥

(
eSc

√
KB

mAr+

)(√
Te
dn

dt
+

n

2
√
Te

dTe
dt

)
. (5.4)
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For a finite value of ∆Ic and ∆t, Equation (5.4) can be approximated

as

∆Ic
∆t

=

(
eSc

√
KB

mAr+

)(√
Te

∆n

∆t
+

n

2
√
Te

∆Te
∆t

)
. (5.5)

Here ∆t1, ∆t2 are the time scales associated with changes in the number

density of Ar+ and electron temperature, respectively. From Fig. 5.15 , we

can see that the time scale for the initial change in the number density of

Ar+ and electron temperature is of the order of 1 ns. Taking ∆Ic = 2.7 mA,

∆Te = 1.4 ×105K, Te ≈ 1.75 ×105K, ∆n = 3.2 × 1019m−3, n ≈ 3 ×1019m−3

, ∆t1 = ∆t2 = 1 ×10−8 s and for Sc = 1.44 ×108m2 , we get ∆t = 7.5 ×10−8

s, which is approximately the time taken for the initial increase in the current

as shown in Fig. 5.15.

After the initial increase in density, Ar+ ions begin to diffuse through

the discharge which causes their density to go down, meanwhile the electron

temperature increases and saturates to a steady state value. From Fig. 5.15,

it can be seen that the time scale associated with both these processes is

around 1 µs. Taking ∆Ic = 0.2 mA, ∆Te = 6.5 ×104 K, Te ≈ 1.4 ×105 K,

∆n = 1.8 × 1019m−3, n ≈ 3.6 × 1019m−3, ∆t1 = ∆t2 = 10−6 s, the time

taken for the current saturation can be estimated as 6 × 10−7 s, which from

Fig 5.15 (c) is approximately the time the discharge current takes to reach the

post-injection steady state.
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Figure 5.15: (a) Number density of Ar+ vs time, (b) electron temperature
profile with time (c) Conduction current at cathode with time.

5.3.6 Validity of fluid model

The external electrons injected at the cathode are accelerated in the

sheath and can enter the bulk plasma with high energies. In the absence of

collisions in the sheath, e.g., at low pressures, these electrons can be beam-like

with a peak in the energy distribution that increases as the electrons move

through the sheath. These beam-like electrons have a strong kinetic character

that cannot be described by a pure fluid description. At higher pressures where

the sheath is strongly collisional, these electrons equilibrate rapidly allowing

for a fluid description. In the case of microdischarges, the situation is not

always clear. The pressures are high, but sheaths are also thin, such that

injected electron kinetics in the discharge can range from the collision-less

limit to the highly collisional limit.
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In order to assess the nature of electron interactions in the cathode

sheath for our problem, we have performed one-dimensional (1D) Particle-In-

Cell Monte Carlo Collision (PIC-MCC) simulations of electron kinetics in an

electrostatic field that mimics the sheath in the microdischarge. The details of

the PIC-MCC approach are given in Ref. [107]. We prescribe a 1D electrostatic

potential profile as shown in Fig. 5.16(a) in a background argon gas maintained

at 100 Torr pressure. The potential profile corresponds to the profile obtained

from our fluid simulations (Fig. 5.2). The inter electrode gap for the 1D

geometry is 120 µm with a linear ramp in potential over a 20 µm length

corresponding to the cathode sheath thickness followed by a uniform potential

to mimic the bulk plasma (see Fig. 5.16(a)). At each time step we inject a

fixed number of beam macro-particles from the cathode based on the external

injection flux used in the fluid simulations. For each of these particles we solve

the equations of motion and include collisions with the background Ar neutrals.

We consider elastic and inelastic (excitation and ionization) collisions. The

inelastic collisions result only in the electron energy losses. The generation

of new particles is not taken into account. We calculate the electron energy

distribution function (eedf) at four different points in the inter electrode gap

which are at distances of 20 µm, 30 µm, 60 µm, and 90 µm from the cathode

and the results are given in Fig. 5.16(c). The nature of eedf shows that beam

electrons equilibrate and have a well-defined temperature, i.e., eedf shows no

evidence that the bulk of the injected electron transits the discharge in a

collision-less fashion. Clearly, the sheath is highly collisional for the conditions
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Figure 5.16: (a) Assumed profile for electrostatic profile in PIC model; (b)
number density of beam electrons in the discharge; (c) eedf’s at various loca-
tions

of the discharge. However the injected electrons and the plasma electrons are

not in equilibrium, meaning they cannot be described by a single temperature.

While the increase on plasma electron density and the overall electron

energy in the discharge due to the injected electrons is accounted for in the

fluid model, we must assess errors in the model as a consequence of kinetic as-

pects of the injected electrons transport. As a metric for assessing error in the

model we estimate the error in the rate of production of electrons due to the
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Table 5.1: Error estimate for the rate of direct ionization reaction

Location
(µm)

Beam electron density
from PIC-MCC
model (m−3)

Rate of production
due to beam electrons

(m−3s−1)

Rate of production
used in fluid model

(m−3s−1)

20 9.3× 1015 2.37× 1027 6.5× 1027

30 1.06× 1016 4.4× 1026 3.3× 1027

60 1.36× 1016 4.25× 1025 2.7× 1027

90 1.43× 1016 3.13× 109 2.4× 1027

direct ionization reaction. This reaction is chosen because it is the principle

contributor to the production of plasma electrons in the discharge. The rate

of production due to injected electrons at different locations in the discharge

can be estimated by using the eedf and the number density of beam electrons

(Fig. 5.16(b)) obtained from PIC results. This rate is compared to the value

computed in the fluid model and the results are tabulated (Table 5.1). If the

production rate due to the beam electrons is much less than the corresponding

fluid value, then results from the one-temperature approximation can be con-

sidered valid. It can be seen from table 5.1 that the rate of electron production

due to beam electrons is negligible when compared to the fluid model values

in all discharge locations except in the cathode sheath where is it comparable,

albeit still lower, for the PIC case. This validates the applicability of the fluid

model for our studies.
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5.4 Conclusions

The effect of electron injection in a DC microdischarge was investigated.

It was observed that the plasma response to the injection depends on the

chemical reactions and especially the electron impact ionization reactions. The

nonlinearities in the plasma sheath and chemical reactions and the consequent

effect on the charged species densities in the plasma lead to a large increase

in the discharge current after active electron injection. The injected electron

current of 1 mA leads to an increase in the discharge current of 10 mA, i.e.,

a significant amplification of the input current. After injection, the discharge

current was found to relax to a steady-state much earlier (100 of ns) than

the number density and temperature profile (1 µs). It was observed that

the discharge relaxation time was limited by the diffusion time scales for the

number density of the major charge carrier. Hence in order to control the

relaxation time one needs to have control on the transport properties of the

dominant charge carrier (Ar+ ions in the present work). For example, use of

a lighter working gas, say, hydrogen or helium, is expected to realize faster

switching times.
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Chapter 6

Simulations of microwaves interacting with

microplasmas

In this chapter the interactions of high frequency electromagnetic waves

with a single microplasma element is studied1. The plasma is assumed to be

generated by a separate lower-frequency microwave source driven by a parallel

electrode configuration. In this work, we focus only on the effect of the plasma

on the incident high-frequency wave, i.e. a one-way coupling of the wave-

plasma interaction phenomena. The two-way coupling where the wave power

deposited into the plasma modifies the plasma properties, are ignored assuming

the incident wave intensity is low. A detailed description of the model can be

seen here [108].

6.1 Nature of wave-plasma interactions

Before the simulation details are described some salient features of wave

plasma interactions are explained. Equation 3.16 provides us with an under-

1Portions of this chapter were previously published as ‘Computational modeling of a
single microdischarge and its interactions with high frequency electromagnetic waves’ in the
Journal of Applied Physics D: Applied Physics [108]. All writings and figures included in
the chapter are the original work of the author, with editing by Dr. Laxminarayan L. Raja
and Dr. Rochan R. Upadhyay
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standing of the nature of the wave-plasma interactions. The imaginary part of

a complex dielectric constant (Im(ε)) defines the damping of the wave, namely,

the dissipation of wave energy as it propagates through the medium [109]. The

greater the collisionality of the plasma the greater the damping of the wave

as characterized by a collisional skin depth δcoll =
√(

2
µ0ωσdc

)
in the limit of a

highly collisional plasma, i.e. νe >> ω. Here µ0 is vacuum permittivity and

σdc = e2ne

meνe
is the direct-current electrical conductivity of the plasma. The

wave energy is almost entirely absorbed in the medium within this character-

istic thickness δcoll. The real part of the dielectric constant (Re(ε)) defines

the propagation characteristics of the wave, namely, the effective refractive

index of the medium. The propagation speed of the wave in the medium, the

wave path bending and the resulting pathway of wave power flow through the

medium are defined by Re(ε) . The effect of Re(ε) is best illustrated by setting

νe = 0 in Eq. 3.16.

A significant dielectric contrast of the plasma from vacuum occurs only

if the plasma frequency approaches the wave frequency, i.e. plasma density

approaches the critical density (ne,crit). For ne < ne,crit the plasma is ‘under-

dense’ so Re(ε) > 0 but < 1. For ne = ne,crit the Re(ε) = 0. As the density

increases further (ne > ne,crit) we get an ‘over-dense’ plasma with Re(ε) < 0.

For a wave incident normally on a uniform Re(ε) < 0 medium, e.g. an over-

dense plasma slab, the wave is fully reflected backwards and one can define

an inertial skin depth δiner = c0/ωp that characterizes the depth of the wave

penetration into the Re(ε) < 0 medium before it is completely reflected back.
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The refractive index of the plasma is defined in terms of the plasma dielectric

constant as nref =
√
Re(ε)/

√
εµ0, where ε0 is vacuum dielectric constant [110].

For an under-dense plasma, the refractive index is real ranging from 1 to 0 as

the density increases. The refractive index is zero at the critical density and

then becomes imaginary for an over-dense plasma.

The analytical work of Yasaka and Hojo [80] provides description of

another interesting interaction of a wave with over-dense plasmas. When the

wave electric-field is oriented such that it is perpendicular to the critical den-

sity contour, an ‘epsilon-zero resonance’ is observed. This is understood by

observing that the Gausss law for the electric field in the direction n perpen-

dicular to the critical density contour (d(εEn)/dn = 0), encounters ε → 0,

resulting in En → 0 to satisfy the divergence constraint. Correspondingly,

wave polarizations that have a non-zero electric field component perpendicu-

lar to the critical density line are subject to a sharp increase in the electric

field around the critical density contour with a corresponding sharp increase

in power deposition at these locations.

6.2 Problem description

We perform 2D (planar) simulations of a uniform plane 100 GHz mi-

crowave interacting with a single microplasma. For the 100 GHz incident

wave the critical density ne,crit is 1.24×1020 m−3. We consider a relatively low

pressure argon plasma of 5 Torr for this study. For this pressure the plasma

collision frequency νe ≈ 15 GHz. We perform simulations for an under-dense
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plasma case and an over-dense plasma case. For an under-dense plasma of

say 1019 m3, the plasma frequency ωp ≈ 28 GHz, i.e. νe � ω, resulting in a

marginally collision-less plasma. For an over-dense plasma of say ≈ 1021 m−3,

the plasma frequency ωp ≈ 284 GHz, i.e., νe � ω < ωp, resulting in a nearly

collision-less plasma. Therefore, in all cases studied here the wave interaction

with the plasma is dominated by inertial effects and wave energy dissipation

is small.

Hopwood and co-workers have shown that cold, relatively dense plasmas

with densities of 1020 m−3 can be produced in geometric dimensions of ∼ 100's

of microns by microwave excitation through transmission lines, linear and split-

ring resonator geometries, as well as remote excitation of resonator geometries

[111, 112]. We simulate a single microplasma in a 1 mm × 1 mm cavity. The

plasma is generated through capacitive excitation of a parallel-plate electrode

using a 1 GHz source. The single microplasma is placed in a rectangular

waveguide of 20 mm × 10 mm dimension. Figure 6.1 shows a schematic and

the computational mesh of the waveguide with the square microplasma cavity

in the middle. The faint pink lines in the mesh are mesh construction artifacts

that can be ignored. The lower inset in the figure shows the microplasma

cavity in detail.

The lower boundary of the microdischarge locates the powered elec-

trode at which a sinusoidal 1 GHz excitation potential is applied to generate

the plasma. The upper boundary is the grounded electrode. The left and

right boundaries of the microdischarge are assumed to be confining dielectric
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Figure 6.1: Schematic and computational mesh for microplasma cavity inset
within a rectangular waveguide. A vertical probe line (dotted line) is located
2mm downstream of the plasma.

surfaces. The 100 GHz uniform plane wave enters the waveguide from the left

boundary. Both the top and the bottom boundaries are assumed to be perfect

conductors and the right boundary is an outflow boundary for the wave. In or-

der to clearly characterize the wave interactions with the plasma we make two

assumptions. One, the relative dielectric constant of the waveguide material is

assumed to be unity, i.e. same as the intrinsic value of the plasma. This means
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a zero dielectric contrast between the waveguide and the plasma cavity, i.e.

the wave experiences no spurious scattering effects at the discharge boundaries

in the absence of the plasma. Second, we assume the parallel electrodes at the

top and bottom of the discharge as specified equipotential surfaces that drive

the electrostatic field in the discharge, but have no effect on the wave propa-

gation itself. This assumption is made to highlight the primary wave-plasma

interactions more clearly and preclude our understanding of these interaction

from being obfuscated by the presence of scattering from finite electrode thick-

nesses. We also note that the wavelength of the 100 GHz wave is about 3 mm.

Hence, the plasma dimension is smaller than the wavelength, i.e. d/λ < 1 (λ

is the wavelength and d is the characteristic plasma dimension).

6.2.1 Microdischarge simulations

The finite-rate chemical reaction mechanism used in this work is the

same described in Chapter 2. Since we limit our studies to a one-way coupling

between the wave and the plasma, a real plasma discharge structure can be

precomputed and specified as input to the wave simulation. We perform two

separate simulations of the microdischarge within the 1 mm × 1 mm cavity

to generate an under-dense plasma and an over-dense plasma. A sinusoidal

oscillatory voltage is specified at the bottom electrode of the microdischarge

and the peak voltage is adjusted to achieve a specified set-point cycle-averaged

power deposited into the plasma. For the under-dense case a set-point power

of about 0.09W (per mm depth of the discharge, i.e. for a 1mm × 1mm ×
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1mm cube) is obtained with a peak sinusoidal voltage of 75V. For the over-

dense case a set-point power of about 2.6W (per mm depth) is achieved with

a 300V applied voltage on the powered electrode. Figures 6.2 - 6.6 show the

pre-computed cycle-averaged plasma quantities in the discharge cavity (1 mm

× 1 mm) for the under-dense and the over-dense cases.

Figure 6.2 shows the plasma density contours. The peak electron den-

sity achieved in the under-dense case is 3.14 ×1019 m−3 and 1.88 × 1020 m−3

in the over-dense case. The inertial skin depth (δiner) corresponding to the

peak density for the over dense case is 0.39 mm. The production of electrons

occurs mainly through the direct ionization reaction and step-wise ionization

through formation of metastable species. The wall loss mechanism dominates

the destruction of electrons.

Figures 6.3 and 6.4 show the number density of monomer ions and

dimer ions in the microdischarge. The density profiles of monomer ions are

nearly identical to the density profiles of the electrons. The number densities

of dimers are several orders of magnitude of lower than monomers and do not

contribute significantly to the charge balance in the discharge. In the under-

dense case the peak dimer ion density is about 6.04 × 1016 m−3 and in the

over-dense case the peak density is 1.81 × 1017 m−3. We note that at higher

pressures the three-body reactions become more important until at 100 's Torr

the dimer ions can dominate charge balance in the discharge [64, 105]

Figures 6.5 and 6.6 show the cycle-averaged electron temperature and

electrostatic potential profiles in the discharge. In the bulk of the plasma the
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Figure 6.2: Electron density in microplasma for under-dense (left panel) and
over-dense (right panel) cases

Figure 6.3: Density of monomer (Ar+) in microplasma for under-dense (left
panel) and over-dense (right panel) cases
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Figure 6.4: Density of dimer (Ar+2 ) ions in microplasma for under-dense (left
panel) and over-dense (right panel) cases

Figure 6.5: Electron temperature in under-dense (left panel) and over-dense
(right panel) cases
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Figure 6.6: Electrostatic-Potential in under-dense (left panel) and over-dense
(right panel) cases

electron temperature for the under-dense case is around 1.5 eV and the peak

temperatures observed in the sheath is 5.5 eV. In the case of over-dense plasma,

the bulk temperature is around 4eV and rises to around 27eV in the sheath.

The plasma floating potential measured with respect to the grounded electrode

is about 55V for the under-dense case and 180V for the over-dense case. The

cycle averaged sheath thickness for the under-dense plasma is about 100 µm

which is about 50 times the Debye length as determined by the bulk plasma

state. In the over-dense plasma, the average sheath thickness is about 50 µm

(also about 50 times the Debye length based on bulk plasma conditions).

6.2.2 Wave plasma interactions

With the above plasma solutions established in the 1mm × 1mm mi-

crodischarge volume a uniform 100 GHz EM wave with a transverse magnetic
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(TM) polarization enters the waveguide from the left boundary. Here TM po-

larization refers to non-zero wave electric fields ( ~Em) only in the x-y resolved

plane and the magnetic field is non-zero only in the transverse (i.e. z) direction

(see figure 6.1). At the entry the wave has only a non-zero y-component with

a peak intensity of about 6000 V/m. The wave propagates to the right where

it encounters the plasma at the center of the domain. We also recall that we

consider only a one-way coupling between the wave and the plasma in this

work where the plasma properties do not change due to EM wave power depo-

sition. This assumption is valid if the power deposition by the wave is small

compared to the power requirement to sustain the plasma. A simple scaling

analysis shows the maximum amplitude of the incident wave for which our ap-

proximation is true to be around 105 V/m. Clearly the wave amplitudes in our

simulations are significantly below this value justifying the one-way coupling.

Figure 6.7 shows snapshots of the wave electric fields ~Em,y and ~Em,x

at 66 ps after the wave enters the left boundary, i.e. the time it takes the

head of the wave train to transit the 20mm length of the waveguide domain.

The under-dense plasma shows a relatively small perturbation of the incident

~Em,y field and the wave passes the microdischarge without encountering any

significant effect from the presence of the plasma. This small perturbation is

reflected in the relatively small ~Em,x, field that can arise only due to wave

scattering from the plasma. On the other hand, the over-dense plasma shows

a very significant perturbation of the incident incident ~Em,y, field with a cor-

responding large ~Em,x, resulting from the wave scattering. Another significant
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Figure 6.7: Snapshots of the y-component and x-component of the wave elec-
tric field as it transits through the waveguide with under-dense(left panel) and
over-dense (right panel) microplasma

effect is the weakening of the ~Em,y, downstream from the location of the mi-

crodischarge, indicating a significant back scattering of the wave in addition

of wave power absorption by the plasma. The back scattered wave is seen to

perturb the ~Em,y field even upstream of the location ofthe microdischarge.

Figure 6.8 shows the time-averaged wave power absorption by the

plasma electrons as given by Pe = ~je · ~Em . The time averaging is performed

over the last EM wave time-period for the snapshots shown in figure 6.7. Re-

call that we only consider one-way coupling, meaning that the plasma itself

is considered frozen and the above wave absorbed power is assumed negligible

compared to the power that sustains the plasma. For the under-dense case,
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Figure 6.8: Time-averaged wave power absorbed by the electrons for the under-
dense (left panel) and over-dense (right panel) cases

the wave power is positive, i.e. wave power is absorbed by the electrons, in

the outer fringes of the plasma volume, but becomes negative, i.e. energy is

gained from the electrons by the wave, closer to the center. The positive wave

power results in electron heating, while the negative power results in electron

cooling. Consequently, the incident wave energy gets redistributed as it passes

through the under-dense plasma. The volume and time-averaged wave power

is however always positive owing to the plasma collisional damping, meaning

that overall the wave can only heat the plasma. For the over-dense plasma

case, the wave power is sharply positive in the outer fringes of the plasma

volume, precisely at the location of the critical density contour of the plasma

and specifically where there is a strong component of incident electric field

parallel to the electron density gradient. The peak power absorption is about

two orders of magnitude higher than in the under-dense case. This sharp peak
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power absorption is essentially the effect of the ‘epsilon-zero resonance’ at the

critical density location. A smaller negative power absorption is seen within

the over-dense plasma.

While we are unaware of any experimental measurements of the reso-

nant epsilon-zero (critical density) power deposition into a microplasma, how-

ever this effect has been reported in large dimension discharges. For example,

Yasaka and coworkers [113] have directly measured the resonant electric field

enhancement in the vicinity of the critical density contour in a microwave

driven large (meter-scale) discharge and find this resonant effect to be respon-

sible for strongly localized power deposition within the plasma.

Figure 6.9: Time-averaged EM power flow through the microdischarge for the
under-dense (left panel) and over-dense (right panel) cases

The wave power flow through the plasma is best understood through

Poynting vector defined as ~S = ~Em × ~H, where ~H = ~B/µ0 and the units of

~S is Wm−2. Figure 6.9 shows the wave Poynting vector within the microdis-
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charge volume for the under-dense and the over-dense cases. The contours

show the magnitude of the Poynting vector and the lines with arrows indicate

path lines for the Poynting vector contours starting from the left boundary

where the wave is incident. For the under-dense case the Poynting vector

path lines are nominally propagating to the right without encountering any

significant perturbation from the presence of the plasma. However, artifacts of

the presence of the under-dense plasma are observed. For example, the path

lines are seen to bunch slightly toward the center of the plasma followed by a

divergence of the path lines (defocussing) as the waves emerges away from the

microplasma. Recent experimental results by Lin and Jiting [114] have shown

this effect of wave defocussing by a much larger (cm scale diameter) plasma

column in the under-dense regime, with d/λ � 1.

In the over-dense case the Poynting vector contours show a very signif-

icant effect of the presence of the plasma. The wave power flow is seen to be

strongly concentrated at the epsilon-zero resonance/critical density locations.

The peak magnitude of the Poynting vector is more than 2 times the peak

value seen in the under-dense case. The concentration of the wave power flow

at the resonance location also results in an overall bunching of the outer path

lines toward the dense plasma location. Another important effect is observed

in the over-dense regions of the plasma where the electron density is higher

than the critical density. Here the wave power flux is diminished towards the

densest parts of the plasma, except in the close vicinity of the critical density

line within the inertial skin depth of the over-dense region. The sharp gra-
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dients of plasma density near the critical density region results a very sharp

transition in the dielectric constant from nearly 1.0 to about − 0.52 within a

few 100 microns path length of the wave. The corresponding sharp gradients in

the refractive index of the plasma ranging from 1 to 0 in the under-dense part

and imaginary values in the over-dense part are responsible for a continuous

bending of the wave path lines until the Poynting vector is oriented opposite

to the direction of the incident wave.

6.2.3 Effect of wave polarization

Finally, we explore the effect of wave polarization. We now consider

a 100 GHz transverse electric (TE) polarized wave propagating through the

waveguide with the over-dense plasma at the center. The TE polarization has

non-zero magnetic fields in the x-y plane and non-zero electric field in the

z-directions (see figure 6.1). To accommodate the propagating TE wave the

upper and lower boundaries of the waveguide are specified as zero-gradient

boundary conditions for the wave field. For this 2D, the wave electric field is

oriented in the direction parallel to the critical density line and hence is not

subject to the epsilon-zero resonance as in the TM polarization case.

Figure 6.10 shows a snapshot of the wave electric field at 66ps after it

enters the waveguide. The wave electric field at the entry has a peak value of

6000 V/m; the same as in the TM case. Note that in the absence of any plasma

gradients in the z-direction the wave exhibits no scattering into the other (x or

y) components. As in the TM case, we see a back scattering of the wave from
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Figure 6.10: Snapshots of the z-component of TE polarized wave electric field
as it transits through the waveguide an over-dense (right panel) microplasma

the plasma and a significant decrease in the wave intensity downstream of the

plasma. However, a qualitative comparison of the wave intensity downstream

of the over-dense plasma for the TM and TE cases (comparing figures 6.7

and 6.10) indicate that the wave interaction with the plasma is much stronger

for the TM case compared to the TE case principally due to a higher back

scattering and damping of the TM wave.

Figure 6.11 shows the time-averaged wave power absorption by the

plasma and the time-averaged Poynting vectors for the wave power flow through

the microdischarge volume in the TE polarization case. The time-averaging

is again performed over the last EM wave time-period for the snapshot shown

in figure 6.10. The wave power absorption by the plasma is seen to occur

throughout the plasma volume. The peak power deposition is about two or-

ders lower than in the TM case with the resonance. The relatively large
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Figure 6.11: Time-averaged wave power absorption by plasma electrons (left
panel). Time-averaged EM power flow through the microdischarge (right
panel). The lines with arrows indicate the path lines of the wave power flow

inertial skin depth of about 0.39 mm and the absence of resonance means

that an evanescent wave can propagate throughout the over-dense discharge

volume depositing power into the plasma. Another interesting aspect of the

TE polarized wave is the purely positive time-averaged power deposition into

the plasma in the entire microdischarge volume. The Poynting vector profiles

indicate the over-dense plasma acts mainly as a conductive barrier to the wave

power flow and the wave power simply navigates around the plasma as seen in

the diverging path lines (i.e. defocussing of the wave path lines) and the lower

magnitudes of the Poynting vector within and in the wake of the plasma.

Figure 6.12 shows the magnitude of the averaged Poynting vector for

the TM and TE modes downstream of the micro cavity. The measurement is

made along a vertical line 2 mm (x = 12.5 mm) downstream of the plasma
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Figure 6.12: Magnitude of averaged Poynting vectors for TE and TM modes
along a line downstream of the micro cavity.

(see dotted line in figure 6.1). It can be seen that the average power flux in the

TM mode is lower than the TE mode immediately behind the microplasma

indicating that the plasma power absorption for the TM mode is higher than

in the TE mode. These observations for the polarization dependence of the

wave energy absorption is consistent with previously reported computational

studies of waves interacting with an idealized plasma slab, albeit with plasma

slab thickness such that d/λ � 1 [115].

6.3 Conclusions

We have used computational modeling to study the interaction of high-

frequency (100 GHz) EM waves with a single microplasma. The microplasma

is sustained by independent excitation with a 1 GHz microwave source in a
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parallel plate electrode geometry with pure argon as the working gas. The

nature of the wave-plasma interactions is found to be strongly dependent on

the plasma density, in particular whether the plasma is under- or over-dense,

and the polarization of the wave, specifically the orientation of the wave electric

field with respect to gradients in plasma properties. For ωp < ω (under-dense

plasma), a TM polarized wave is slightly defocused as is evident from the

bending of the wave path lines as they pass through the discharge. When

ωp > ω (over-dense plasma), the wave experiences significant scattering and

the power deposition in the plasma was found to be two orders of magnitude

greater than the under-dense. This is owing to the epsilon-zero critical density

resonance seen when the wave electric field is perpendicular to plasma density

gradients along the critical density line. For a TE polarized wave, where the

wave electric field is parallel to the plasma density gradients and no resonance

is observed. Consequently, the scattering by the microplasma and wave power

deposition into the plasma was much lower than the TM polarized case.
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Chapter 7

Modeling of plasma evolution in all-dielectric

resonators

7.1 Introduction

With the availability of low cost microwave sources, microwave driven

microplasmas have gained considerable interest in the plasma community. The

generation and sustainment of microwave plasmas result from a confluence

of a variety of wave-plasma interactions that can be difficult to understand

and often counterintuitive. A few topologies have been successfully used for

coupling microwave power into the gas, e.g. the micro-strip split ring resonator

[116, 117], and the micro-strip resonator configurations [38].

There are several advantages a microwave source offers in the context

of plasma ignition and steady state operation. First, microwave generated

plasmas do not suffer from significant sputtering loses since the heavy ions are

effectively confined in the plasma bulk regions. This increases the operational

life time of these devices. Second, the sustaining voltages in microwave sources

are significantly lower than their direct-current (dc) counterparts [118, 111]

which reduces the ion bombardment energies on electrode surfaces. Finally,

the rapidly growing plasma density, and consequently the plasma impedance,
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quenches further coupling of the wave energy into the plasma and self stabilizes

the system [119, 120].

The remote powered microplasmas by microwaves in either waveguide

or in free wave fields requires resonant structures for field intensification. Res-

onant structures that involve metallic components are however not desirable

owing to skin effect losses and consequent low quality (Q)- factors [121, 122].

Recent studies by Dennison et al. [123] and Cohick et al. [124] have shown that

high-Q resonant structures made entirely of dielectrics with high permittivity

and low loss tangents can effectively ignite and sustain a plasma at microwave

frequencies. In particular, the work of Dennison et al. [123] used an array of

cylindrical dielectric resonators (DRs) arranged in a periodic structure with

a small inter-cylinder gap ( 1 mm) where the electric field intensification is

realized for gas breakdown and plasma generation. They reported unloaded

(without plasma) Q-factors > 1000 and plasma generation over a wide range

of operating pressure (0.5 Torr 1 atm).

Low-loss, high-Q, dielectric resonators are also attractive as unit cell

elements (meta-atoms) in the construction of microwave active metamateri-

als. Metamaterials with embedded plasma discharges can leverage the plasma

impedance to provide reconfigurability of the effective metamaterial properties

[112, 125].

Motivated by the reported experiments [123], we study the process

of plasma production and evolution in a two-cylindrical dielectric resonator

structure placed in pure argon gas using a high fidelity computational model.
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We first report on the primary resonance in the unloaded DR structure which

is caused by constructive interference of resonance in each dielectric cylinder,

and present the wave field structure as the resonance builds up to quasi steady

state. Next, we report the plasma break down ignition process and early stage

evolution of the plasma. The plasma development is accompanied by modifi-

cations to the wave resulting in changes to the resonance of the DR structure.

Our group recently reported [126] results for bulk plasma evolution in a square

dielectric resonator array using a quasi-neutral plasma model. In this work we

study the cylindrical resonator with the self-consistent plasma model described

in Chapter 2 which resolves all relevant features of the discharge including the

sheaths and the accompanying fine-grained wave interactions.

7.2 Computational mesh and simulation domain details

The schematic and the computational mesh used for the simulations

considered in this paper are shown in figure 7.1. We use the total field scat-

tered field (TFSF) decomposition technique where the computational domain

is divided into total field and scattered field regions. The total field region

encloses the cylinders and gas regions adjacent to it. The gas sub domain is

filled with pure argon gas at a pressure of 10 Torr. The two cylindrical dielec-

tric resonator system is made of CaTiO3 with a dielectric constant of 172.5

and diameter of 25 mm. The minimum gap (d) between the dielectrics is 1

mm. These values are similar to the experiments by Dennison et al. [123].

The material is assumed lossless in our simulations. The scattered field re-
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Figure 7.1: Computational mesh and schematic of the two cylindrical dielectric
resonators configuration. (The pink lines are mesh construction artifacts that
can be ignored)
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gion surrounds the total field regions. A perfectly matched layer surrounds

the scattered field region which ensures that scattered waves are not reflected

back into the domain. In all the simulations considered in this work, the wave

is TM polarized (nonzero ~Em,x, ~Em,y, ~Bz). The incident wave has wave vector

k in x direction and is impressed into the total field region from the interface

of total field and scattered field regions as shown in the Fig. 7.1. A transmis-

sion port is placed near the right boundary of the total field region to measure

transmitted wave power. We use an unstructured mesh framework consisting

of a mix of triangular and quadrilateral elements to resolve the small scale

features in the plasmas like the sheaths and also the large scale wave features.

The size of the smallest mesh element near the walls of the dielectrics where

plasma sheaths are expected to be formed is around 2 µm while the largest

mesh elements have a size of 1 mm. The entire mesh has a total of approxi-

mately 100,000 elements. The Poisson’s equation (Eq. 2.11) for electrostatic

potential is solved in both gas and dielectric sub domains while the plasma

governing equations are solved only in the gas sub domain. We assume a zero

(Dirichlet) boundary value for electrostatic potential at the interface of total

field and scattered field region and calculate the potential at the dielectric

surfaces based on the net charge deposition on the walls.

7.3 Resonance in unloaded DR structure

We are interested in plasma breakdown in the gap between the DRs

where the constructive interference of resonance in each DR produces a large
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electric field in the gap. To study the resonant modes in the unloaded DRs (i.e.

without plasma) we first perform a broadband simulation with frequencies in

the range of 1-2 GHz based on the experimental results [123]. A Neumann

pulse [43] with frequency content in the desired range is incident into sim-

ulation domain for the broadband simulation. Figure 7.2 shows the Fourier

spectrum of the transmission coefficient of the DR structure. The transmis-

sion coefficient is defined as the normalized wave power flux transmitted by

the DR structure at the location of the transmission port. The power fluxes

are normalized by the incident wave flux in free space in the absence of DR

structure. The peaks in spectrum correspond to the constructive interference

modes (CIM) and the dips correspond to destructive interference modes (DIM)

of the individual resonances. We observe dominant CIMs at frequencies 1.24

GHz, 1.47 GHz and 1.68 GHz. The wave structure inside the resonator corre-

sponding to these modes were primarily differentiated by the number of nodes

and anti-nodes present in the electric field profile. The frequency at which

CIMs occur is determined by the resonant frequency of the individual DR

which in turn depends on their diameters and dielectric permittivity. The Q-

factor of CIMs were found to be strongly dependent on the gap size (d) which

determines the extent to which resonances in the individual DRs is coupled to

each other.

For the plasma studies, we pick the CIM at frequency of 1.47 GHz.

Figure 7.3 shows the structure of this CIM inside the resonators and the gap

region for an input wave magnitude of 1 V/m (the field is low enough that no

124



Figure 7.2: Transmission spectrum of the DR system

plasma is formed). In this figure, we plot the amplitude of the cycle averaged

electric fields at the quasi steady state which occurs after about 0.5 µs. The

contour levels of the figure are chosen to emphasize the electric field inside the

dielectrics which lies in the range 0 - 3 V/m. The electric fields in the inter-

cylinder gap region is however much higher with a saturated value of about 30

V/m. Field profile in the gap region is also slightly asymmetrical about the

line joining the centers of the DRs which will affect the location of the plasma

production.
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Figure 7.3: Wave structure corresponding to CIM at 1.47 GHz with incident
wave amplitude of 1 V/m. Figure plots the magnitude of cycle averaged elec-
tromagnetic electric field at 0.5 µs. (Units are in V/m)
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7.4 Early transient of plasma evolution

We now focus on the breakdown and evolution of pure argon plasma

as the wave propagates through the DR structure. As mentioned earlier, the

pressure in the gas domain is 10 Torr and the species included in the descrip-

tion of pure argon plasma are electrons (e−), monomer ions (Ar+), dimer ions

(Ar+2 ), metastable species (Arm, Arm2 ) and the ground state Ar atom. The

chemical reactions included are the direct and stepwise ionization, excitation,

Penning ionization and three-body recombination reactions. A detailed de-

scription of the chemical reactions along with their rate coefficients are given

in Chapter 2. The initial condition for the simulation assumes a seed electron

density of 1012 m−3 in the domain. The minimum amplitude of the incident

wave required to breakdown the gas was found to be in the range of 0.5 − 1

kV/m, i.e. a gap breakdown field in the range 15 30 kV/m which is similar to

the predicted breakdown fields in the experiments [123]. Even though we have

not performed an exhaustive analysis to study the gas breakdown character-

istics, the break down fields were observed to be larger for gap sizes greater

than 1 mm. This is because the coupling between the resonances of individual

DRs decreases with increasing inter-cylinder gap which consequently reduces

the strength of the CIM. We note that the breakdown voltage for argon gas at

10 Torr, in parallel-plate configuration, with 1 mm gap, excited by a direct-

current source is 200 V [127] which corresponds to a breakdown field of 200

kV/m which is higher than the breakdown field in the cylindrical DR system.

The evolution rate of the plasma density is a strong function of the incident
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wave field strength. We choose a significantly overvolted incident wave of field

strength 25 kV/m; the choice being primarily dictated by need to shorten the

time-scale of the simulated plasma transient.

Figure 7.4 shows the transient evolution of plasma properties and the

wave field in the mid-gap location on the line joining the DR centers. Dur-

ing the initial transient, as the CIM develops, the wave field at this point

builds up, which increases the electron temperature through wave Joule heat-

ing. During this period, the densities of electrons, monomer ions and monomer

meta-stables also increase linearly from their initial seed density. The growth

of dimer species (meta-stables and ions) is found to be negligibly small when

compared to the monomer species during the entire simulated transient (see

figure 7.4d). At about 15 ns, the wave field magnitude is sufficiently large

to breakdown the gas as characterized by an exponential rise in species den-

sities (see figure 7.4c). The induction time for gas breakdown can therefore

be considered about 15 ns for this case. This rapid rise in densities is also

accompanied by an increasing electron temperature as the wave continues to

deposit its power into the electrons. Within a period of the wave, the electron

temperature oscillates with an amplitude of about 2 eV as can be seen in the

inset of figure 4b. As the electron densities become large (at around 27 ns), the

amplitude of the wave field decreases due to the shielding by the plasma. The

wave field attenuation results in a decrease in the wave Joule heating and the

electron temperature saturates to about 5 eV. At about 30 ns, the evolution

of dominant species also responds to the decreasing electron temperature and
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Figure 7.4: Transient evolution of plasma properties and wave electric field in
the center of the inter-cylinder gap. a) y-component of the wave electric field.
b) electron temperature. c) density of electrons and monomer argon ions. d)
density of monomer meta-stables and dimer species.
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Figure 7.5: Cycle averaged plasma parameters at 10ns. a) Density of electrons
in m−3. b) Density of monomer argon ions in m−3. c) Density of monomer
meta-stables in m−3. d) Electron temperature in eV. e) Wave power density
absorbed by electron in W/m3. f) Collisional skin depth in m.

their densities saturate to ∼ 1019 m−3.

We now present the spatial distribution of the plasma parameters at

different instants of time. Figure 7.5 shows the cycle averaged plasma pa-

rameters at 10 ns. The cycle averaged parameters at time t are obtained by

averaging a variable over the one time period (T ) of the incident wave starting

at physical time t (i.e. the averaging is done over the interval [t, t + T ] ).

We restrict our focus to a small region in the gap where the plasma remains

confined. All the plasma parameters exhibit a small asymmetry along the line
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joining the centers of the DRs which is a direct consequence of the asymmetry

of the CIM (see figure 7.3). At this time, the electron density has a peak value

of 1.3 × 1013 m−3 at the center of the gap and decreases near the surface of

the DRs (figure 7.5a). The principle chemical reactions that contribute to the

production of electrons are the direct ionization and the step-wise ionization

reactions. Figure 7.5b shows the density of the monomer argon ions which

is the dominant positively charged species in the plasma. The profile of the

monomer ions is similar to electrons with a higher peak value of 2.0×1013 m−3

indicating the plasma is not quasi-neutral. Figure 7.5c shows density of the

monomer metastable species (Arm) that has a slightly higher density than the

ions. As illustrated by Hoskinson et al. [128], the metastable density has a di-

rect effect on the plasma density through step-wise ionization reactions which

effectively lower the ionization threshold of the plasma in a high-pressure dis-

charge. Figure 7.5d shows the electron temperature profile which has a value

of approximately 7.5 eV in the center of the gap and increases to around 8.5 eV

near the surface of the DRs. The slight increase in the electron temperatures

near the surfaces are likely the result of a small but increasing contribution

of electrostatic Joule heating as the sheath electrostatic fields intensify. The

amplitude of ~Es is largest near the surface of the DRs and their values are

negligible in the bulk of the plasma. Consequently, the overall electron Joule

heating is contributed primarily by ~Em in the bulk regions of plasma while the

electrostatic Joule heating is non-negligible near the surface of the DRs. In

section 7.6, we discuss the importance of electrostatic fields in the evolution
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of plasma in a more detailed manner. The density of wave power absorbed by

electrons (wave Joule heating) is presented in figure 7.5e which shows a profile

similar to the electron density profile. The positive value of the power implies

the wave is heating the electrons and the non-homogeneity of the profile sug-

gests that the wave energy is distributed over the evolving plasma structure

with the majority of heating happening in the bulk of the plasma. Magnitude

of wave Joule heating is typically large in regions where ~Em is strong and cor-

respondingly we see low Joule heating and hence low electron temperatures at

locations away from the center of the gap along x axis. Gas temperature (not

shown here) was found to be nearly equal to the initial ambient temperature

of 300 K.

The plasma state at 10 ns is very weak for the plasma to have a dis-

cernible effect on the waves propagation characteristics and damping. The

effect of plasma on the wave can be explained using the Drude model (3.16)

that treats the plasma as a dispersive medium. The equation is repeated for

ease of reading. The dielectric constant (εp) of the plasma is given by

εp =
(
1−

ω2
pe

ω2 + ν̄e2
)
− j

ν̄e
ω

( ω2
pe

ω2 + ν̄e2
)

(7.1)

where ωpe =
√
nee2/meε0 is the plasma frequency, ω is the wave frequency and

ν̄e is the electron neutral collision frequency. The real part of εp determines

the propagation characteristics of the wave such as the wave power flux, the

wave path bending, and the resulting collision-less damping of the wave in the
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plasma. Corresponding to our simulations, for a discharge pressure of 10 Torr,

the electron neutral collision frequency in pure argon plasma is approximately

90 GHz which suggest the plasma is highly collisional (ν̄e � ω). Also, the

plasma frequency in the bulk regions is no greater than 20 GHz (ωpe = 20 GHz

corresponding to electron density at center gap location at 40 ns; see figure.

7.4), and hence the real part of εp is less than but close to 1.0 during the initial

evolution of plasma. The wave therefore propagates unhindered through the

plasma [108]. The imaginary part of εp , on the other hand, determines the

damping of the wave amplitude as it propagates through the plasma. In a

collisional regime, the wave undergoes damping and the associated collisional

skin depth (δcoll) is
√

(2meν̄e)/(µ0ω2ne). However, when the characteristics

length scale of plasma medium is significantly smaller than δcoll, the wave

passes through the medium without experiencing any substantial damping.

This condition is indeed true for the plasma state at 10 ns. It can be seen

from figure 7.5 that δcoll is of the order of meters while the characteristic

length of the plasma medium is much smaller. However, as we will see, as

the plasma densities increase, δcoll becomes comparable to the characteristic

length scale of the plasma region and the wave is increasingly damped in the

plasma.

Figure 7.6 shows the cycle averaged plasma parameters at 27.6 ns. We

show this time instant because the plasma now begins to appreciably damp

the wave. At this time, all the qualitative features of the plasma except the

wave power absorbed by electrons look similar to the plasma state at 10 ns
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Figure 7.6: Cycle averaged plasma parameters at 27.6 ns. a) Density of elec-
trons in m−3. b) Density of monomer argon ions in m−3. c) Density of
monomer meta-stables in m−3. d) Electron temperature in eV. e) Wave power
density absorbed by electron in W/m3. f) Collisional skin depth in m.
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(see figure 7.6a 7.6d). Quantitatively, the plasma has a significantly higher

peak density of about 6× 1017 m−3 and the electron temperatures are slightly

higher in the bulk region at about 8 eV. Also the electron temperature is higher

near the DR surfaces at about 11.5 eV suggesting an increasing importance

of electrostatic fields in the heating of the plasma in the sheath region (see

section 7.6). Gas temperature increase (not shown here) was again found to

negligible, increasing by about 2 K above the initial ambient value of 300 K.

The metastable species densities are now lower than the electron density due

to increased rates of the ionization from the excited states at higher electron

temperature. The wave power density profile however shows a distinct change

from its earlier state (see figure 7.6e). The peaks in the absorbed power are now

shifted towards the surface of DRs instead of the center of the gap because

of the non-homogeneity in the collisional skin depth which has a minimum

at the center of the gap. In figure 7.6f, we show the collisional skin depth

corresponding to this plasma state. The minima in skin depth (∼ 3.6 cm) is

seen at the center of the gap where the plasma density is the highest. As a

result, the wave undergoes significantly larger damping in the middle of the

gap when compared to other regions of the plasma which in turn is manifested

in the observed power deposition profile.

Figure 7.7 shows the cycle averaged plasma parameters at a later time

of 30 ns. At this time, we observe the effect of the wave damping on the species

density profiles as well. The peaks in the number density profile of electrons,

monomer ions and monomer metastable species are all shifted away from the
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Figure 7.7: Cycle averaged plasma parameters at 30 ns. a) Density of electrons
in m−3. b) Density of monomer argon ions in m−3. c) Density of monomer
meta-stables in m−3. d) Electron temperature in eV. e) Wave power density
absorbed by electron in W/m3. f) Collisional skin depth in m.
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center of the gap to the DR surface (see figs. 7.7a - 7.7c). The plasma is also

significantly denser compared to the state at 27.6 ns with the peak electron

density of approximately 3 × 1018 m−3 indicating a rapid rise in the overall

plasma density at this time. The density of electrons in the sheath regions

are found to be larger than the critical density for the wave (see the inset

in figure 7.7 which shows a line plot along y axis in the sheath region), and

hence the plasma sheath effectively has a negative permittivity. The critical

density ne,crit for ω = 1.47 GHz is 2.6×1016m−3. Even though the plasma bulk

acts as a lossy material, the collisional effects are not important in the sheath

region because the mean free path of the electrons in the sheath is about 5

m which is only half the thickness of the sheath. The electron temperature

profiles (see fig. 7.7d) show a slight decrease in the bulk of the plasma to

compensate for the increasing plasma density, indicating gross shielding of

the wave from the densest part of the plasma. However, the outer edge of the

plasma, specifically the sheath regions at the DR surface continue to experience

a temperature increase to about 14 eV. At this time, a non-negligible rise in

gas temperature to about 317 K is seen at the center of the plasma (not

shown here). The collisional skin depth (see fig. 7.7f) is also found to decrease

slightly in the bulk of the plasma commensurate with the increasing plasma

density. The wave power deposition profile is now localized in regions close to

the surface of the DRs (see fig. 7.7e) due to the collisional damping of the wave

in the bulk regions of the plasma and the development of an incipient surface

wave mode at the interface of the DR walls and the plasma sheath region.
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Figure 7.8: Transmission spectrum of the DR system in the presence of evolv-
ing plasma structure at different instants of time.

These surface waves are created due to the coupling of the EM wave energy

in the dielectrics and the free electron motion in the plasma sheath region,

and are commonly referred to as the Surface Plasma Polariton waves [129].

SPP mode typically exist at the interface of metals/plasmas and dielectrics if

the metal/plasma region has a negative permittivity, which is true in plasma

sheath region adjacent to the DR surface at 30 ns. The evolution of the plasma

at later times and the sustainability of the dense plasma is governed by the

propagation of these SPP waves in the plasma sheath region, and the damped

CIM in the bulk of plasma.
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7.5 Modification of DR resonance structure by plasma

We now present results to quantify the changes in the CIM of DRs as

the plasma develops. Figure 7.8 shows the transmission spectrum for the DR

system with the presence of plasmas at different instants of time. The trans-

mission spectrum was obtained by freezing the different plasma solutions in

time and performing a broadband simulation with frequencies in the desired

range. At 10 ns, the transmission spectrum is indistinguishable from the vac-

uum DR spectrum corresponding to CIM of the DRs. At 27.6 ns, we see a

slight dip in the transmittance at the 1.472 GHz resonance peak, suggesting a

decrease in the quality of resonance with the plasma. At 30 ns, a significant

change to the resonance structure is observed. First, the resonant frequency

shifts to smaller value of about 1.465 GHz. Second, there is substantial re-

duction in the quality of resonance evident from the decrease in the peak

transmission coefficient and the broadening of the peak. The shift in the res-

onant frequency is possibly due to the SPP waves that are propagating at the

interface of plasma sheath regions and the DR surfaces and their interaction

with the resonances in the individual DRs. The change in the transmission co-

efficient with the evolving plasma hints at the ability of the plasma to actively

reconfigure the fundamental behavior of the resonator structure. This serves

as a key feature of reconfigurability of the DR in a metamaterial application.

The damping of the resonance also shows that the plasma acts as a ballast

for this device and we expect a stable steady state operation as the system

evolves in time. The evolution of the plasma after the transients simulated in
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Figure 7.9: Comparison of cycle averaged electrostatic (left) and electromag-
netic fields (right) at different instants of time. a) Magnitude of cycle averaged
fields at 10 ns. b) 20 ns. c) 27.6 ns. d) 30 ns. (Units are in V/m)

this work (t > 40 ns) is dominated by the slow timescale diffusion of the heavy

species (Arm, Ar+) and the plasma can fill the entire gap between the DRs as

seen in the experiments [123]. Prediction of long time scale evolution of the

plasma to a steady state is computationally expensive and will be the subject

of future studies.
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Figure 7.10: Comparison of cycle averaged electrostatic(left), electromag-
netic(center) and total Joule heating in the plasma region (right) at different
instants of time. a) Magnitude of cycle averaged Joule heating power density
at 10 ns. b) 20 ns. c) 30 ns.(Units are in W/m3)
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7.6 Role of electrostatic fields in plasma evolution

Finally, we present results to discuss the importance of electrostatic

fields in evolution of the plasma. It must be noted that the electrostatic field

at time t = 0 is identically zero in the entire simulation domain. These fields

build up only as a consequence of net space charge imbalance in plasma. Ad-

ditionally, the deposition of charge at surface of DRs can also alter the distri-

bution of electrostatic potential which effects these fields. Figure 9 shows the

profiles of ~Es and ~Es at various instants of time. We observe the electrostatic

fields to be stronger near the surface of the DRs than in the bulk at all times

which is directly related to the amount of sheath charge imbalance. During

the initial transients of plasma evolution up to 20 ns, the electrostatic fields

are negligibly smaller when compared to the wave fields everywhere in the do-

main as can be seen in figure 7.9a and 7.9b. However, as the plasma becomes

denser, their magnitudes become comparable to the microwave fields in the

sheath regions. For instance, at 27.6 ns and 30 ns (see figures 7.9c, 7.9d) the

magnitude of electrostatic fields in the sheath regions are of the same order of

the magnitude as that of wave fields near the surface of the DRs. The surface

charge deposition by charged species on the dielectric walls also contribute to

the increasing values of electrostatic fields in the sheath region. We observe

the electrostatic potential at the surface of DRs to be around -10 V at 30 ns. In

the bulk regions, the wave electric fields are significantly stronger at all times.

The evolution of electromagnetic fields also shows the gradual damping of the

CIM as the plasma forms and the development of SPP mode as described in
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section 7.5 (compare the right column in figure 7.9 at different times). Figure

7.10 compares the electrostatic Joule heating, wave Joule heating and total

electron Joule heating in the plasma region. The contribution of electrostatic

Joule heating to the total heating is insignificant up until 20 ns (see figure

7.10a, 7.10b) which is consistent with the relative magnitude of electrostatic

and electromagnetic electric fields in the plasma region. At later times (see

figure 7.10c, 7.10d), the electrostatic Joule heating contribution is observed to

be important in the sheath regions while its contribution is negligible in the

bulk plasma regions.

7.7 Conclusions

We used a computational model to study the gas breakdown and evo-

lution of plasma in a two- cylinder dielectric resonator system with dielectric

constant 172.5, separated by 1 mm inter- cylinder gap in pure argon at 10 Torr.

This resonator system can be an efficient source for microwave plasma break-

down because of the coupling of individual resonances in each DRs. Several

constructive interference modes were observed for the two DR system and the

CIM corresponding to frequency of 1.47 GHz produces intense wave electric

field in the gap with an amplification factor of about 30. This mode with an

input amplitude of 25 kV/m was used in the study of the gas breakdown and

plasma evolution. During the initial transients, as the resonance develops, the

species densities increases linearly in the gap region due to the wave power

deposition into the electrons. When the wave field strength reaches a certain
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threshold, gas breakdown is initiated and the plasma densities grow exponen-

tially. The plasma ignition time was found to be 15 ns. As the plasma densities

reached significant values (∼ 1017 m−3), the wave undergoes significant damp-

ing due the shielding effect of the plasma. For a gas pressure of 10 Torr, the

plasma acts as highly lossy material with the real part of plasma permittivity

nearly equal to 1 in the bulk regions of the plasma, which means the CIM is

damped only through collisional damping mechanisms. At a later transient

stage around 30 ns, a surface plasma polariton (SPP) mode starts developing

at the interface of DR surface and plasma sheath. The plasma sheath region

acts as loss-less medium with effective negative permittivity since the electron

densities are larger than the critical density for the wave. The quasi-steady

state evolution of the wave is expected to be dominated by the damped CIM in

the bulk of the plasma and the surface wave mode in the sheath region, which

can be attributed to the sustainability of the dense plasma (∼ 1019 m−3). We

also report the role of electrostatic fields in the evolution of the plasma. The

electrostatic fields are initially not important but at later times as the plasma

becomes dense, their magnitudes are comparable to microwave fields in the

sheath region.
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Chapter 8

Conclusions

A computational model for simulations of micron scale plasmas and

electromagnetic waves is presented in this work. The plasma model is based

on a multi-species, multi-temperature continuum description with finite-rate

chemistry. The self consistent electric fields interacting with the plasma are

separated into the electrostatic component and the electromagnetic component

based on the Helmholtz decomposition. The electrostatic component of the

electric field is generated due to space charge effects in the plasma and is

obtained using Gauss’s law. The electromagnetic fields are obtained using the

curl-curl equation which is derived from Faraday’s law and Ampere’s law.

The plasma governing equations are discretized in space using the finite

volume method and discretized in time using the backward Euler method. The

curl-curl equation is discretized in space using the curl conforming Nédélec

finite elements of the first type and discretized in time using the backward

Euler method. The linear system of equations arising out of discretization is

solved using Krylov subspace methods with a suitable preconditioner.

The default algorithm for solving the conservation laws in the plasma

model is the GMRES algorithm with incomplete LU decomposition precon-
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ditioner. Gauss’s law for the electrostatic field is solved using the conjugate

gradient method with algebraic Multigrid preconditioner. The curl-curl equa-

tion is solved using the GMRES algorithm using the nodal auxiliary space

preconditioning technique. This preconditioner is observed to provide a mesh

and time-step independent convergence for the Krylov method.

Preconditioners for the time-harmonic Maxwell’s equations are also in-

vestigated. A two-level preconditioner based on the shifted Laplacian precon-

ditioner and the deflation preconditioner is implemented and its performance

is studied. The two level preconditioner is observed to accelerate the conver-

gence of the Krylov method for a wide range of frequencies in the microwave

regime. The cost of constructing this preconditioner however is determined by

the time taken to solve a generalized eigen-value problem which is required in

constructing the deflation preconditioner.

In chapter 5, simulations of a direct current microdischarge and the

effect of injecting external electron current into the discharge from the cath-

ode surface is investigated. The non-linearities in the plasma sheath and the

chemical reactions lead to a large rise in the discharge current after electron in-

jection. The discharge current was found to relax to steady state much earlier

(100 ns) than the number density and temperature profiles (1 µs). The capa-

bility of the microplasma to switch between the high and low current states

at fast time scales can be effectively used for active control of photonic crystal

and metamaterials.

In chapter 6, the interaction between a microplasma element and an

146



electromagnetic wave of frequency 100 GHz propagating in a waveguide is

studied. The microplasma element is generated using a capacitively coupled

microwave source and is present inside the wave guide. The nature of wave-

plasma interactions broadly falls under two regimes: collisional and collision-

less regime. When the plasma-neutral collision frequency is significantly larger

than plasma and wave frequency, the interactions fall under the collisional

regime. In this regime the plasma acts as a lossy medium and the wave under-

goes significant damping as it propagates through the plasma. In the collision-

less regime, the nature of the interactions depends on the state of the plasma

which can be either under-dense or over-dense. For a under-dense plasma, the

plasma frequency is less than the wave frequency and the propagating wave’s

energy gets defocused in the plasma medium as was evident from the bending

of the wave path lines. In the case of over-dense plasma, the wave undergoes

significant scattering and the epsilon-zero resonance was observed in the re-

gions where plasma frequency matches the wave frequency. The interactions

of the plasma and wave also depend on the polarization of the wave. For the

same configuration of plasma, the TM polarized wave was observed to interact

more strongly with the plasma than the TE polarized wave and epsilon-zero

resonance was absent in the TE polarized wave.

In chapter 7, the breakdown of argon gas and evolution of plasma in two

cylindrical dielectric resonator (DR) configuration was studied. Two dielectric

resonators of diameter 25 mm are separated in argon gas at 10 Torr by a gap

of 1 mm. The unloaded resonance (without plasma) in the DR system was
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first studied. A strong constructive interference mode (CIM) was observed

at frequency of 1.47 GHz where the electric field in the gap regions were

amplified by a factor of 30. This mode with an input amplitude of 25 KV/m

was used in the study of the gas breakdown and plasma evolution. The species

densities were observed to increase linearly during the initial few cycles of the

wave as the wave deposits its power on the plasma. As the CIM develops

to a certain threshold, the species densities were observed to exponentially

rise marking the breakdown of the gas. The induction period for the plasma

was observed to be 15 ns. As the plasma densities densities reach significant

values the CIM is damped due to the collisional loses in the plasma. When

the densities rise to higher values, a surface plasma polariton mode starts

developing at the interface of the DR surface and plasma sheath region which

has negative permittivity. The quasi steady state of the discharge depends

on the interaction of the damped CIM, the SPP mode and the slow scale

ambipolar diffusion in the plasma.

8.1 Recommendations for future research

1. A natural extension to this work is to parallelize the wave module. The

MPI parallel paradigm is an appropriate choice because both the plasma

and wave modules use the same underlying mesh infrastructure and the

plasma module uses this paradigm. In terms of development, the mesh

data structures (elements, nodes) are already parallelized by the pre-

processing routines in plasma module. The additional data structures
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constituting the wave module - the edge degrees of freedom associated

with the triangulation, the local mass and stiffness matrices, the global

matrix for curl-curl equation (Eq. 2.9), the nodal auxiliary space pre-

conditioner and the Krylov method (GMRES and Conjugate Gradient)

needs to be parallelized. Since the preconditioner and the Krylov method

are implemented using HYPRE which is a parallelized library, one needs

to focus only on parallelizing the edge DOFs and the local mass and

stiffness matrices. The Drude model for electron motion (Eq. 2.8) is a

simple ordinary differential equation which can be easily parallelized.

2. In the current model, the electron motion in the microwave time scale

is assumed to be decoupled from the transport of electrons over the

macroscopic dimension of the plasma domain. The electron motion

in the microwave time scale is described using the Drude model (Eq.

2.8) while the macroscopic transport is modeled using the drift-diffusion

approximation with the drift velocity determined only by electrostatic

fields (Eq. 2.17 for e−). This assumption means the electron momen-

tum (~ue) is decomposed into two independent components - the elec-

trostatic component (~ue,s) and the electromagnetic component (~ue,m).

The electrostatic component determines the transport of electrons in

the macroscopic length scale of the plasma domain while the electro-

magnetic component determines the electron motion in the microwave

time scale. Such decomposition of electron momentum is commonly used

in coupled models for description of plasma and electromagnetic waves
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[67, 66]. However, the decomposition of the electron momentum into

two decoupled components is questionable when plasma frequency in

the discharge is comparable to the wave frequency. In this regime, the

time scale of the microwave field and the electrostatic oscillations are

of the same order and the effect of microwave fields in electron trans-

port cannot be neglected. In order to validate the assumption made in

our model, one can compare the solution obtained from our model with

electron motion described with out any decomposition by solving the

electron momentum equation given below

∂

∂t
(ne~ue) = −ene

me

( ~Es + ~Em)−
1

me

~∇(nekBTe)− ν̄ene~ue. (8.1)

The above equation assumes that the inertial terms are not important

because of low electron mass. By solving the above equation, an unique

value of electron momentum is obtained which can then be used to cal-

culate the electron flux and the Joule heating term in electron continuity

(Eq. 2.15 for e−) and electron energy equation (Eq. 2.18).

3. In the long term higher order discretization methods can be used to im-

prove the accuracy of numerical solution to plasma and wave equations.

For spatial discretization of plasma governing equations, discontinuous

Galerkin [130] or stabilized continuous Galerkin [131, 132, 133, 134] can

be used and for Maxwell’s equations, one can consider the higher or-

der extension of curl conforming Nédélec elements [44, 77]. The family
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of Runge-Kutta methods can be considered for higher order temporal

discretization.

4. Use of adaptive mesh refinement techniques can be useful for modeling

microdischarge phenomena. In microdischarge simulations one often re-

quires fine mesh elements of the order of Debye length close to sheath

regions while the bulk regions of the discharge can have larger mesh

elements with out sacrificing accuracy. Also, the Debye length varies in-

versely with the density of plasma and hence during the initial transients

of the microdischarge simulation, the number of mesh points required to

accurately capture the sheath and bulk features can be substantially

lower. Therefore the use of local and uniform refinement strategies can

be useful in significantly reducing the computational cost.
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Appendix A

Derivation of fluid plasma equations

The governing equations in a fluid plasma model are dervied by tak-

ing the moments of Boltzmann’s equation for each species. The Boltzmann’s

equation for species k in the presence of an electric field ~E is given by

∂

∂t
fk + ~c · ~∇fk +

q ~E

m
· ~∇cfk = ḟcoll (A.1)

where fk is the velocity distribution function and q is charge of species k, ~c is

the velocity, ~∇ is the spatial gradient opertor and ~∇c is the gradient operator in

velocity space. The quantity fk(x, c ; t) dx dc represents the number of particles

in the six-dimensional volume element dx dc. The right hand side of Eq. A.1 is

the collision term which is a measure of the change in the distribution function

of species k per unit time due to collisions with all other species.

A fluid model describes the plasma using macroscopic quantities like

density, momentum, pressure, temperature, etc. These macroscopic quantities

can be derived from the distribution function by taking the average of different

quantities over the entire velocity space. For instance the number density of

153



species k is given by

nk (~x , t) =

∫
fk(~x, ~c ; t) d

3c . (A.2)

The mean velocity of the species k is given by

~uk (~x , t) =
1

nk

∫
~cfk(x, c ; t) d

3c (A.3)

and the mean temperature of species k is given by

Tk (~x , t) =
1

nk

∫
mk

3
(~cr · ~cr) fk(x, c ; t) d3c (A.4)

In the above equation, ~cr = ~c − ~u is the random (thermal) component of the

velocity. By definition, its average over the entire velocity space is zero. Other

macroscopic quantities are defined as we derive the fluid equations.

The fluid model described in Chapter 2 contains the conservation laws

for density, momentum and energy. These equations are derived from the

Boltzmann’s equation by taking the moments with 1, mk ~c and mk ~c · ~c /2

respectively. The conservation law for density thus takes the following form∫
∂fk
∂t

d3c+

∫
~c · (~∇fk) d3c+

∫
q ~E

m
· (~∇cfk) d

3c =

∫
ḟcoll d

3c

Since the velocity space is independent of time, the time derivative can be

interchanged with the integral over the velocity. The first term hence reduces

to ∫
∂fk
∂t

d3c =
∂

∂t

∫
fk d

3c
A.2
=

∂

∂t
nk

154



Consider the second term. Since the spatial gradient operator and the integral

over velocity space commute, the integral reduces to∫
~c · (~∇fk) d3c = ~∇ ·

∫
(f~c) d3c

A.3
= ~∇ · (nk~uk)

The third term is treated as follows∫
q ~E

m
· (~∇cfk) d

3c =
q

m

∫
∇c · ( ~Ef) d3c =

q

m
( ~Ef)

∣∣∣∣∣
∞

−∞

= 0.

The limits of the integration vanish to zero because the distribution function

vanishes rapdily as ~c→ ±∞. Finally the collision term is given by∫
ḟcoll d

3c = Ṡk

where Ṡk is the net rate of production of species k due to collisions, which

occurs only in the event of an inelastic collision (eg. ionization, dissociation)

event. The gas phase chemical reaction production rates are modeled using a

finite rate chemical reaction model and the rate constants are modeled using

either Arrhenius fits or by solving the zeroth dimensional Boltzmann’s equation

using BOLSIG+ as described in Chapter 2. Gathering all these terms together,

the continuity equation takes the following form

∂

∂t
nk + ~∇ · (nk~uk) = Ṡk. (A.5)

The momentum equation is derived by taking the moment with mk ~c∫
∂fk
∂t

mk ~c d
3c+

∫
~c·(~∇fk)mk ~c d

3c+

∫
q ~E

m
·(~∇cfk)mk ~c d

3c =

∫
ḟcollmk ~c d

3c
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Using the same arguments as before, the first term reduces to∫
∂fk
∂t

mk ~c d
3c =

∂

∂t

∫
fkmk ~c d

3c =
∂

∂t
(mknk~uk)

Now consider the second term. Using the commuting property of velocity

integral and the spatial gradient operator and decomposing the velocity ~c into

average velocity (~uk) and the thermal velocity (~cr), we get the following∫
~c · (~∇fk)mk ~c d

3c = ~∇ ·
∫
fkmk (~uk − ~cr)(~uk − ~cr) d

3c

= ~∇ ·
∫
fkmk (~uk~uk − 2~cr~u+ ~cr~cr) d

3c

= ~∇ · (mknk~uk~uk) + ~∇ ·¯̄k

where¯̄k is the pressure tensor term defined as

¯̄k =

∫
mk~cr~crfk(x, c; t) d

3c (A.6)

The pressure tensor term is decomposed into the symmetric and anti-symmetric

parts as ¯̄k = pk + πk where is the identity tensor, and pk and ¯̄πk are the

scalar pressure and the anisotropic stress tensor which are defined below

pk (~x , t) =

∫
mk

3
~cr · ~crfk(x, c; t) d3c = nkTk (A.7)

¯̄πk = ¯̄k − p (A.8)

For weakly ionized plasmas, the anistropic stress tensor is negligible [39] and

only the isotropic part is considered. Now consider the third term. Using
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chain rule for the integrand we get∫
qk ~E

mk

· (~∇cfk)~c d
3c =

qk
mk

∫
~∇c · ( ~E~cf) d3c−

qk
mk

∫
(~∇c · ~E)~cfk d3c

− qk
mk

∫
(~∇c · ~c) ~Efk d3c

=
qk
mk

~E~cf

∣∣∣∣∣
∞

−∞

− 0 − qk
mk

~E

∫
~∇c · ~cf d3c

= − qk
mk

nk
~E

Finally the collision term is treated as∫
ḟcoll~c d

3c = Λ̇k

where Λ̇k is the net momentum change due to collisions with other species.

This term requires closure which is modeled using the Krook collision operator

[39] as Λ̇k = nkν̄k~uk, where ν̄k is the collision frequency of the species k with

the background species. Gathering all these terms together, the momentum

equation reads as

∂

∂t
(mknk~uk) + ~∇ · (mknk~uk~uk) = qknk

~E − ~∇pk −mknkν̄k~uk. (A.9)

The drift diffusion approximation (Eq. 2.17) which is used to model the species

flux in our model is derived from the momentum equation by neglecting the

time derivative term and the non-linear terms. The energy equation is derived

next by taking the moment with mk ~c · ~c / 2∫
∂fk
∂t

1

2
mk~c · ~c d3c +

∫
~c · (~∇fk)

1

2
mk~c · ~c d3c +

∫
q ~E

m
· (~∇cfk)

1

2
mk~c · ~c d3c

=

∫
ḟcoll

1

2
mk~c · ~c d3c
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The first term is simplified as∫
∂fk
∂t

1

2
mk~c · ~c d3c =

∂

∂t

∫
fk

1

2
mk(~uk + ~cr) · (~uk + ~cr) d

3c

=
∂

∂t

∫
fk

1

2
mk(~uk · ~uk) + fkmk(~uk · ~cr) + fk

1

2
mk(~cr · ~cr) d3c

=
∂

∂t

∫
fk

1

2
mk(~uk · ~uk) + fk

1

2
mk(~cr · ~cr) d3c

=
∂

∂t
(
1

2
mknku

2
k +

3

2
nkTk)

The second term is simplified as∫
~c · (~∇fk)

mk

2
(~c · ~c) d3c = ~∇ ·

∫
~cfk

mk

2
(~c · ~c) d3c

= ~∇ ·
∫
~cfk

mk

2
(~u · ~u + 2~u · cr + ~cr · ~cr) d3c

= ~∇ ·
∫
~cfk

mk

2
(~u · ~u) d3c +

∫
~cfkmk~u · cr d3c +

∫
~cfk

mk

2
(~cr · ~cr) d3c

= ~∇ ·
[
(
mk

2
nku

2
k~uk) +

∫
~cfk

mk

2
(~cr · ~cr) d3c + ~u ·

∫
~crfkmk~cr d

3c
]

= ~∇ · (mk

2
nku

2
k~uk) + ~∇ · ~q + ~∇ ·

[
~uk ·¯̄k

]
= ~∇ · (mk

2
nku

2
k~uk) + ~∇ · ~q + ~∇ · (pk~uk) + ~∇ ·

[
~uk · ¯̄πk

]
where ~q is the flux density of heat carried by species k. It represents the flux

of energy associated with random motion of the species and is defined as

~q =

∫
mk

2
(~cr · ~cr)~cfk d3c (A.10)

The above term requires closure and is treated using the Fourier law as ~q =
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−κe~∇Tk where κe is the thermal diffusivity. The third term is simplified as∫
q ~E

m
· (~∇cfk)

1

2
mk~c · ~c d3c = q

∫
~∇c( ~Efk~c · ~c) d3c− q

∫
~∇c( ~E~c · ~c)fk d3c

= ~E~c · ~cfk

∣∣∣∣∣
∞

−∞

− q ~E ·
∫
~∇c · (~c · ~c)fk d3c

= 0 − q ~E

∫
fk~c d

3c

= −qnk
~E · ~uk

Finally the collision term is treated as∫
ḟcoll

1

2
mk~c · ~c d3c = ė

where ė is the net energy lost/gained by species k during a collisional event. In

our model the elastic collision loses are modeled using a hard sphere model and

the inelastic collisional loses are modeled using the chemical reaction model as

described in Chapter 2. Putting all these terms together, the energy equation

reads as

∂

∂t

(1
2
mknku

2
k +

3

2
nkTk

)
+ ~∇ ·

[(1
2
mknku

2
k +

5

2
nkTk

)
~uk − κk ~∇Te

]
=

−~∇ · (~uk · ¯̄π) + qnk
~E · ~uk + ė

For partially ionized gases usually the work done by the anisotropic stress ten-

sor is neglected [39]. Also in the absence of external mean velocities, the kinetic

energy components are negligible when compared to the internal energies and

hence the energy equation simplifies to

∂

∂t

(3
2
nkTk

)
+ ~∇ ·

(5
2
nkTk ~uk − κk ~∇Tk

)
= qnk

~E · ~uk + ė (A.11)
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Appendix B

Calculation of transmission spectrum

In most simulations relevant to photonic crystals and metmaterials,

calculation of transmission spectrum in reponse to the propagating electro-

magnetic wave is important. Instead of carrying out many simulations with

a single frequency and thereby calculating the transmission flux as a func-

tion of frequency, it is efficient to calculate the transmission spectrum using a

broadband simulation. In a broadband simulation, a wave pulse with appro-

priate frequency content is incident to the simulation domain and the fourier

transform of the corresponding transmission flux gives the spectrum.

One of the commonly used pulses for this purpose is the Neumann pulse

[43] whose temporal signature is given by

f(t) = − t

τ
exp
[
− 1

2
(t/τ)2

]
(B.1)

where τ is the parameter which is determined by the frequency content in the

pulse. The fourier transform of the above pulse is given by

f(ω) = jω
√
2πτ 2exp

[
− 1

2
(ωτ)2

]
(B.2)
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The value of τ can be adjusted so that the pulse has frequency content in the

desired range. The transmission spectrum for a finite structure is calculated

as follows. First a transmission port is defined at distance far away from the

structure. The integral of the Poynting vector fluxes normal to the plane

of the transmission port gives the net transmitted power flux through the

structure. A Fourier transform of the normalized power flux gives the resulting

transmission spectrum. For instance, the Fourier component of the power flux

corresponding to a given frequency ω is given by

P (ω) = Re n̂s ·
∫

~̃E∗
ω × ~̃Hw dS (B.3)

where ~̃E∗
ω is the complex conjugate of the Fourier spectrum of electric field, ~̃Hω

denotes the fourier transform of the magnetic field and n̂s is the unit vector

normal to the plane of the transmission port. The Fourier transforms ~̃Eω and

~̃Hω are not calculated by storing the the field values at the transmission port

at all time steps since it is memory intensive. Instead, the transforms are

directly calculated by an accumulation process wherein the Fourier transforms

are updated using the discrete field values at every time step as follows

f̃(ω) =
1√
2π

∫
eiωtf(t) dt ≈ 1√

2π

∑
n

eiωn∆tf(n∆t)∆t (B.4)
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After the simulation is over, P (ω) is calculated using the fluxes of the Fourier

transformed variables. In order to obtain the transmission spectrum, the power

flux must be normalized using the incident wave flux. This is usually done by

carrying out another simulation using the same pulse with out the presence of

the scattering structure.
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