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In this thesis I discuss the effects of electron-electron interactions on

the properties of recently created two dimensional conducting layers which

form near the surface or interface of transition-metal oxides, most commonly

SrTiO3. Although these systems typically contain far fewer than one conduc-

tion band electron per unit cell, and are therefore most appropriately described

using two-dimensional electron gas (2DEG) models, they are distinct from

previous 2DEGs in that unique single-particle characteristics (e.g multiple oc-

cupied bands at the Fermi energy, strong band-anisotropy, varying band-edge

energy differences) are inherited from the t2g d-orbitals which form the low-

energy bands. The interplay of the long-range Coulomb interaction with these

unique single-particle characteristics leads to many novel results and is the

central theme of this thesis.
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The contents of this dissertation are separated into two complimentary

parts.. In the first part I propose a model intended to qualitatively capture the

electron-electron interaction physics of two-dimensional electron gases formed

near transition-metal oxide heterojunctions containing t2g electrons with a

density much smaller than one electron per metal atom. Two-dimensional

electron systems of this type can be described perturbatively using a GW

approximation which predicts that Coulomb interactions enhance quasiparticle

effective masses more strongly than in simple two-dimensional electron gases,

and that they reshape the Fermi surface, reducing its anisotropy.

In the second part of this thesis I describe a variational theory of multi-

band two-dimensional electron gases that captures the interplay between elec-

trostatic confining potentials, orbital-dependent interlayer electronic hopping

and electron-electron interactions, and apply it to the d-band two-dimensional

electron gases that form near perovskite oxide surfaces and heterojunctions.

These multi-band two-dimensional electron gases are prone to the formation

of Coulomb-interaction-driven orbitally-ordered nematic ground-states. I find

that as the electron density is lowered and interaction effects strengthen, spon-

taneous orbital order occurs first, followed by spin order. I compare my results

with known properties of single-component two-dimensional electron gas sys-

tems and comment on closely related physics in semiconductor quantum wells

and van der Waals heterostructures.
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Chapter 1

Introduction

In this document I will describe analytic and numerical results which to-

gether form a theory of electron-electron interaction effects in t2g two-dimensional

electron gases. Some of the results presented in Chapters 2, 3, and 4 can be

found in Ref. [1] while Chapter 5 contains an expanded accounting of the

details first published in Ref. [2].

1.1 Structure and outline

In this section I will briefly summarize the structure and contents of

each chapter.

In Chapter 2, I give an introduction to the t2g two-dimensional electron

gas model which serves as the foundation for the many-body calculations we

report in later chapters. This is an example of a continuum-model Hamilto-

nian. Such models are generally only useful for describing electron-electron

interactions in materials where electrons (holes) only occupy states near the

band minima (maxima); this requires the number of conduction-band electrons

(valence-band holes) per unit cell to be much less than one. Although the

continuum-model approach relies on a picture of electron wavepackets being
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much larger than the unit cell, the continuum-model parameters (e.g. effective

masses, band-edge offsets, band anisotropy) which describe the dynamics of

these wavepackets, follow from atomic-scale considerations (e.g. the chemistry

of the atomic orbitals forming the conduction bands). The parameters of this

model are extracted from recent density-functional theory calculations [24–26],

magnetotransport experiments [29], and tight-binding/self-consistent Hartree

calculations [23, 74], and are chosen to capture the most essential qualita-

tive features of all t2g d-orbital based 2DEGs. The interplay of the unique

continuum-model parameters with electron-electron interactions, and the new

physics which they yield, is at the heart of this dissertation.

In Chapters 3 and 4 we describe two unique characteristics of the quasi-

particles in t2g 2DEGs: Fermi-surface shape modification, and quasiparticle

mass renormalization. To do this, we begin Chapter 3 by describing the GW

theory of the electronic self-energy and how to implement this approximation

for the t2g 2DEG. We then detail how the self-energy characterizes the renor-

malization of the shape of anisotropic Fermi surfaces. With these preliminar-

ies in hand, we specialize to the t2g 2DEG and show that while Fermi-surface

shape anisotropy is generically reduced by the presence of long-range Coulomb

interactions, the magnitude of the effect is very small in single-band 2DEGs,

but can be much larger in the t2g 2DEG. We identify the physical mechanism

for this disparity using detailed analytic calculations and then reinforce our

conclusions numerically.

In Chapter 4 we continue to describe the theory of quasiparticles in the
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t2g 2DEG by detailing the interaction-driven renormalization of the quasipar-

ticle effective mass. In this case, it is the derivative of the self-energy with

respect to wavevector or with respect to frequency that plays the central role.

We calculate the first analytic expression for the mass renormalization of a

single-band 2DEG and then generalize it to the case of the t2g 2DEG. Our

result indicates that an enhancement in the screening wavevector, due to the

presence of multiple occupied bands, leads to a large enhancement in the quasi-

particle mass. We confirm this result with extensive numerical results obtained

within the full GW formalism and we obtain quantitative values for the de-

gree of quasiparticle mass renormalization. The large mass enhancement due

to electron interactions may be at play in the (so far) unobservable magneto-

transport (i.e. Shubnikov-de Haas) oscillations of the heavy-mass anisotropic

bands of the t2g 2DEG.

In Chapter 5 we move on from discussing the role of electron interac-

tions on quasiparticle properties in the normal ground-state of the t2g 2DEG,

and consider the prospects for electron-interaction-driven broken-symmetry

ground-states. We begin by developing a variational theory for the ground-

state energy which is capable of self-consistently describing the interplay be-

tween electrostatic confining potentials, orbital-dependent interlayer electronic

hopping and electron-electron interactions. The approach we develop can quite

generally be applied to wide parabolic band covalently bonded semiconductor

quantum wells, or to multilayered transition metal dichalcogenides. We apply

the variational theory to the t2g 2DEG and find that as the density is low-
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ered and interaction effects strengthen, spontaneous orbital order occurs first,

followed by spin order. The t2g 2DEG is particularly prone to these Bloch-

like instabilities which were first conjectured very early in the history of the

quantum theory of solids [57], and since they occur at high enough carrier den-

sities to be unobscured by disorder they may be the first to be unambiguously

identified in experiment.
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Chapter 2

The t2g two-dimensional electron gas model

2.1 Introduction and Overview

Transition-metal oxides in three dimensions display an amazing variety

of novel phenomena, from high-temperature superconductivity and colossal

magnetoresistance to orbital ordering and metal-insulator phase transitions.

Because the metal d-bands present near their Fermi levels tend to be nar-

row and sensitive to oxygen coordination, both electron-electron and electron-

lattice interactions are often strong. When the number of d-electrons per tran-

sition metal site is close to an integer, the most important electron-electron

interactions occur on the atomic length scale and can be captured by Hubbard-

type model interactions [3]. In d-band systems it is also often important to

distinguish the manner in which d-orbitals form bonds with neighboring oxy-

gen ions [4]. These two features provide a framework for analyzing many

strongly interacting bulk transition-metal oxide crystals.

More recently, it has become possible [5–9] to realize two-dimensional

quantum wells based on heterojunctions between transition-metal oxides, and

while the nature of d-electron bonding remains important, Hubbard-like cor-

relations are often not. To date the most common quantum well material is

5



SrTiO3 and the number of d-electrons per metal in the quantum wells is typi-

cally, although not always [10,11], much less than one. Oxide two-dimensional

electron systems have application potential because, as in the case of covalent

semiconductors, large relative changes in the quantum well carrier density

can be achieved by electrical means. The conduction bands of these systems

are formed from t2g electrons that are weakly π-bonded to neighboring oxy-

gens, and consequently form rather narrow and anisotropic bands. When the

electron density per metal atom is much smaller than one, the Fermi surface

occupies a small fraction of the Brillouin zone and the probability of two elec-

trons simultaneously occupying the same transition-metal site is small. In

this limit, including only the Hubbard part of the full electron-electron in-

teraction misses the most important Coulomb interactions. Because of its

long range the typical Coulomb interaction energy of an individual electron

drops to zero only as two-dimensional density n1/2, in contrast to the ∝ n

behavior of the Hubbard model. Indeed, the full long-range of the Coulomb

potential must be recognized in any theory of electron-electron interaction ef-

fects in semimetal or doped semiconductor small-Fermi-surface systems. The

long-range Coulomb potential plays a critical role in the theory of plasmon

oscillations [12–15], quasiparticle effective mass [16–18], angle-resolved pho-

toemission spectra [19,20], and many other observables [21,22].

In this chapter we introduce a generic model for two-dimensional t2g

electron gases which captures both the anisotropic character of the d-orbitals

forming the low-energy conduction bands, and the importance of long-range

6



Coulomb interactions when the number of conduction electrons per transition-

metal site is much less than one. The t2g two-dimensional electron gas model

we introduce is informed by recent self-consistent Hartree/tight-binding [23,74]

and ab initio calculations [24–26] for SrTiO3 quantum wells. In Chapters 3

and 4 we will calculate some observable quasiparticle properties of electrons

in the anisotropic bands.

2.2 The t2g Two-Dimensional Electron Gas Model

The many-body effects of long-range Coulomb interactions in covalent

semiconductors are often studied using continuum electron gas models [21,22].

In order to apply a similar approach to the two-dimensional electron gas re-

siding at heterojunctions between SrTiO3 and a barrier material, it is nec-

essary to account for some key differences. These are captured by the t2g

two-dimensional electron gas (t2g 2DEG) model which we now detail. The

three distinct characteristics of t2g 2DEGs are band-mass anisotropy, a en-

ergy offset between the band edges of subbands with different masses along

the confinement direction, and a band-dependence in the distance between

two-dimensional subband density maxima and the heterojunction or surface.

Figure 2.1 illustrates these three features. The model parameters we choose

for the illustrative calculations we describe later in this thesis are informed

by recent tight-binding [23, 74] and ab initio calculations [24–26] for SrTiO3

2DEGs. The t2g 2DEG model can be adapted to other materials by adjusting

the model parameter choices.
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Figure 2.1: A schematic summary of the t2g two-dimensional electron gas
model. In a) the energy offset ∆ between the anisotropic xz and yz (red)
band edge and the isotropic xy (blue) band edge is emphasized. In b) the
anisotropy of the elliptical xz and yz Fermi surfaces (red) is contrasted with
the xy band’s circular Fermi surface (blue). The lower panel highlights the
difference in ẑ-direction confinement between the xz and yz bands and the xy
band, which can be crudely characterized by a separation distance d.
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The anisotropic nearest-neighbor effective metal-to-metal hopping am-

plitudes of t2g orbitals are ultimately responsible for many of the distinct char-

acteristics of the t2g 2DEG. In three-dimensional SrTiO3, crystal-field splitting

breaks the 5-fold degeneracy amongst the Ti d-orbitals. The xy, yz, and xz or-

bitals (i.e. the t2g orbitals) are lower in energy because they bond less strongly

with neighboring oxygens and form the bulk conduction bands in n-type semi-

conducting SrTiO3. Electronic hopping between t2g d-orbitals on different Ti

sites proceeds in a two-step process via the octahedrally coordinated oxygen

p-orbitals surrounding each Ti atom [4, 23, 24, 28]. Orbital symmetry dictates

that each t2g electron hops mainly between states with the same orbital charac-

ter, with a large hopping amplitude t in two directions, and a smaller hopping

amplitude t′ in the third. This leads to separate t2g bands with xy, yz, and xz

d-orbital character that have a light mass mL in two directions, and a heavy

mass mH in the third direction. The weak hopping directions for xy, xz, and yz

are ẑ, ŷ, and x̂, respectively. The heavy masses are therefore in perpendicular

directions for the three orbital characters. In the presence of a ẑ-direction

confining potential strong enough to produce an effectively two-dimensional

system, the xy band has two light masses in-plane, while the xz and yz bands

have one heavy and one light mass in-plane (see Fig. 2.1). According to re-

cent tight-binding fits [23] to Shubnikov-de Haas measurements [29] of bulk

n-type SrTiO3, mH = ~2/(2t′a2) and mL = ~2/(2ta2) where t = 236 meV,

t′ = 35 meV, and the lattice constant a = 3.9 Å. This implies that

mH

m
=

Ry

t′

(aB

a

)2

∼ 7 (2.1)
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and

mL

m
=

Ry

t

(aB

a

)2

∼ 1 , (2.2)

where m is the bare electron mass in vacuum, aB = ~2/(me2) = 0.529 Å is the

Bohr radius, and Ry = ~2/(2ma2
B) = 13.6 eV is the Rydberg energy. These

values for the heavy and light mass are in good agreement with angle-resolve

photoemission spectrum measurements on bulk SrTiO3 [30].

As a result of these relatively large effective band-mass values and the

non-linear and non-local dielectric screening properties of bulk SrTiO3, sub-

band splitting is relatively small and several subbands of xy, yz, and xz type

are expected to be occupied even at moderate electron densities [23, 25, 74].

However, since even in this case & 75% of the electron density is contained in

the lowest xy, yz and xz subband [23], in the t2g 2DEG model we address the

case in which only one subband of each orbital type is occupied. This model

is sufficiently realistic to account for the most interesting peculiarities of this

type of 2DEG and can be generalized if there is interest in describing the

properties of particular 2DEG systems which have more occupied subbands.

Figure 2.1 illustrates the anisotropy of the xz and yz bands in the three-band

t2g 2DEG model.

In addition to the band-mass anisotropy, two other important char-

acteristics of the t2g electron gas model follow from the anisotropic hopping

amplitudes of the t2g d-orbitals. First, because xz and yz electrons have a much

larger hopping amplitude in the ẑ-direction (which we take to be the confine-

ment direction) than the xy electrons whose heavy mass is in the ẑ-direction,
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the former are less easily confined to the same surface or to an interface of a

heterojunction system [23, 26]. This separation introduces an orbital depen-

dence to the electron-electron interactions which we capture by introducing an

effective distance d between the xy and the xz and yz bands. Realistic values

of d in SrTiO3 can be estimated from previously published studies of the layer

dependent t2g density distribution as a function of confinement field [23, 74].

The effective separation decreases for increasing interfacial confinement field

and total t2g density and lies in the range d = 2a - 10a for t2g electron densi-

ties between 2 × 1013 cm−2 - 3 × 1014 cm−2. Second, mass differences in the

confinement direction leads to a finite energy offset ∆ between the conduction

band edges of the xy and the xz-yz bands, see Fig. 2.1a). The band offset

increases for larger confinement field (total t2g density) and in SrTiO3 theory

has proposed that ∆ = 10 - 200 meV [23], in reasonable agreement with the

range of values found in recent experiments [31–33].

Motivated by these three distinct characteristics of t2g 2DEGs and rec-

ognizing that it is necessary to account for the long-range Coulomb interaction,

we propose the following Hamiltonian for the t2g 2DEG:

Ht2g =
∑
kα

εα(k) ĉ†kαĉkα

+
1

2A

∑
q 6=0

∑
kk′
αα′

Vαα′(q) c
†
k+qαc

†
k′−qα′ck′α′ckα ,

(2.3)

where α represents both spin and band-orbital quantum numbers, A is the 2D

sample area, and the Fourier transform of the 2D Coulomb interaction is

Vαα′ (q) =
2πe2

κq
e−qdαα′ ≡ vqe

−qdαα′ , (2.4)
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with q = |q|. Here, κ is an effective dielectric constant and dαα′ gives the effec-

tive confinement-direction separation distance between an electron with band

index α and an electron with band index α′. For the typical electron-electron

interaction transition energies in t2g electron gases the relevant dielectric con-

stant does not include soft-phonon contributions [34], but depends on the

dielectric environment on both sides of the relevant heterojunction or surface.

The t2g band energies near the band minimum are

εα(k) =



~2k2

2mL

for α = xy, σ

~2k2
x

2mL

+
~2k2

y

2mH

+ ∆ for α = xz, σ

~2k2
x

2mH

+
~2k2

y

2mL

+ ∆ for α = yz, σ

, (2.5)

where mH and mL have been introduced earlier in Eqs. (5.10) and (5.11),

respectively.

The applicability of the proposed t2g 2DEG model (2.3) to describe

SrTiO3-based 2DEGs depends on the total electron density. The continuum

model for the band structure is valid only if the number of conduction band

electrons per Ti site is much smaller than one. Its applicability therefore

depends not-only on the carrier density per cross-sectional area, but also on

quantum well thickness. On the other hand, we have neglected spin-orbit

coupling terms in the band Hamiltonian, which play an essential role at small

carrier densities. The t2g 2DEG model is applicable when the density is large

enough that spin-orbit coupling, which acts to mix the orbital character of

the conduction bands [23], can be neglected, i.e. when the strength of spin-
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orbit coupling (e.g. ∼ 17 meV in Ref. [29]) is small compared to the Fermi

energy [35].
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Chapter 3

Fermi-surface shape modification

3.1 Introduction and Overview

In this chapter we describe the G0W approximation for the quasipar-

ticle self-energy and present explicit expressions for its line-residue decompo-

sition [27]. We use these expressions to calculate the degree of Fermi-surface

shape modification (FSSM) of the anisotropic bands in the t2g 2DEG and

compare the results against an analogous calculation for an anisotropic single-

band 2DEG model. In both cases, we find that Coulomb interactions tend

to decrease the degree of band anisotropy; quasiparticle bands dressed by the

Coulomb interaction are less anisotropic than the underlying (undressed) elec-

tron bands. However, while the magnitude of FSSM in the single-band model

is small and saturates as the electron density is lowered, the magnitude of

FSSM in the anisotropic bands of the t2g 2DEG continues to increase (sub-

linearly) as the electron density in these bands is lowered. We present the

results of an arduous analytical calculation which identifies a non-analyticity

in the G0W -RPA self-energy of the t2g 2DEG as the origin of this qualitative

difference in FSSM magnitude. We conclude by giving full numerical results

for FSSM vs. 2DEG density within the G0W -RPA.
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3.2 The quasiparticle self-energy in G0W -RPA

Coulomb interactions in Fermi liquids, whether doped semiconductors

or weakly correlated metals, give rise to two types of elementary excitations [21,

22]: neutral collective excitations and charged quasiparticles. The latter, with

which we are concerned in this chapter and the next, are excitations with

the same quantum numbers as non-interacting independent-particle electronic

states. Their energies are shifted from the non-interacting values and their

lifetimes are finite, in both cases because of electron-electron interactions.

A self-consistent equation for the quasiparticle excitation energy, i.e.

the quasiparticle energy measured from the chemical potential, is obtained

from the Dyson equation by locating the energies at which the spectral weight

of the one-particle retarded Green’s function [22] is peaked:

Eα(k) = ξα(k) + ReΣ̄α(k, ω)|ω=Eα(k)/~ , (3.1)

where ξα (k) = εα(k) − εα(kFα) is the band energy measured relative to the

Fermi energy, and in the self-energy Σ̄α (k, ω) = Σα (k, ω) − Σα (kFα, 0) we

subtract the term Σα (kFα, 0) to account for the interaction correction to the

chemical potential µ given by

µ = εα(kFα) + Σα (kFα, 0) . (3.2)

The real part of the self-energy in Eq. (3.1) yields the many-body contribution

to the energy of the quasiparticle state. The quasiparticle energy can be

measured by taking angle-resolved photoemission spectra [19, 20], and more

indirectly by performing magneto-transport measurements [36–38].
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e-qdvqe-qdvq vqvq
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Figure 3.1: Feynman diagrams representing the G0W -RPA approximation
for the self-energy of a quasiparticle in one of the elliptical bands of the t2g
2DEG. In RPA the bare (i.e. unscreened) Coulomb interaction is dressed (i.e.
screened) by a infinite series of bubble diagrams representing the density fluc-
tuations of each component (e.g. each band) of the system. When applied
to the three-band t2g 2DEG, each bubble represents a density fluctuation in

either the circular xy band, χC ≡ χ
(0)
xy , or the elliptical yz and xz bands,

χE ≡ χ
(0)
yz +χ

(0)
xz . The circular xy band and the elliptical xz and yz bands have

different ẑ-direction confinement, which we have crudely accounted for with
the separation distance d. As a result, thin wavy lines representing the bare
Coulomb interaction are equal to either vq or vqe

−qd depending on whether
the denity fluctuations attached to each thin wavy line’s endpoints are in the
same layer or different layers, respectively. Directed lines represent the non-
interaction Green’s function of the elliptical-band quasiparticle in question, as
in Eq. (3.11) with α = yz or xz. The thick wavy line represents the fully
screened RPA interaction given by Eq. (3.8).

The G0W approach, which we apply below, provides a successful [17,19,

27,39–41] approximation for the quasiparticle self-energy in electronic systems

in which long-range Coulomb interactions play an essential role. In the G0W
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approximation, we employ the random-phase approximation (RPA) for the

screened electron-electron interaction. The screened interaction W (which

is a 3 × 3 matrix in the band indices α, α′) is most simply derived by the

following algebraic approach [22]. A generalized Dyson equation relates W to

the density-response matrix χ,

W = V + V · χ · V , (3.3)

where the matrix of unscreened Coulomb interactions is given by

V (q) ≡

 vq vqe
−qd vqe

−qd

vqe
−qd vq vq

vqe
−qd vq vq

 . (3.4)

The first, second, and third rows (columns) of each matrix in Eq. (3.3) corre-

spond to the xy, yz, and xz bands, respectively. In RPA the density-response

matrix is related to the diagonal matrix of non-interacting density-response

functions χ(0)(q, ω) ≡ diag(χ
(0)
xy (q, ω), χ

(0)
yz (q, ω), χ

(0)
xz (q, ω)) via

[
χ(q, ω)

]−1
=
[
χ(0)(q, ω)

]−1 − V (q) . (3.5)

Analytic expressions for Reχ
(0)
xy (q, ω) and Imχ

(0)
xy (q, ω) can be found, for ex-

ample, in Ref. [22]. Expressions for the elliptical-band functions χ
(0)
xz (q, ω)

[χ
(0)
yz (q, ω)] can be easily found by applying the rescaling kx → kx

√
mL/mDOS

and ky → ky
√
mH/mDOS [kx → kx

√
mH/mDOS and ky → ky

√
mL/mDOS] in

Eq. (2.5), where mDOS =
√
mLmH is the density-of-states mass. Since this

rescaling maps the elliptical band onto a circular band, the elliptical band

density-response functions χ
(0)
xz (q, ω) and χ

(0)
yz (q, ω) can be written in terms of
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χ
(0)
xy (q, ω):

χ(0)
xz (q, ω) = χ(0)

xy (q′, ω;mDOS)
∣∣
q′→
√
q2xζ

1/2+q2yζ
−1/2 (3.6)

and

χ(0)
yz (q, ω) = χ(0)

xy (q′, ω;mDOS)
∣∣
q′→
√
q2xζ
−1/2+q2yζ

1/2 (3.7)

where we have defined ζ = mH/mL. Eqs. (3.3)-(5.39) can be combined to yield

analytic expressions for each element of W .

Later we will specifically be interested in the screened interaction be-

tween two electrons in the anisotropic xz or yz bands while in the presence of

a circular xy-band Fermi sea. This particular interaction corresponds to the

matrix element Wxz,xz (or equally Wyz,yz) which we write as

Wxz(q, ω) ≡Wxz,xz =
vq + (e−2qd − 1)v2

q χ
(0)
xy (q, ω)

ε(q, ω)
, (3.8)

where the RPA dielectric function is given by

ε(q, ω) = [1− vqχ(0)
xy ][1− vq(χ(0)

xz + χ(0)
yz )]

− v2
qe
−2qdχ(0)

xy (χ(0)
xz + χ(0)

yz ) , (3.9)

and for brevity we have suppressed the (q, ω) dependence of the three non-

interacting density-response functions appearing in Eq. (3.9).

In Figure 3.1 we present the Feynman diagrams which contribute to the

G0W -RPA self-energy of a quasiparticle in one of the elliptical bands of the

t2g 2DEG. Summing this infinite series of bubble diagrams (with all of the di-

rected lines representing the non-interacting Green’s functions omitted) offers
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a second route to deriving the RPA interaction Wxz(q, ω). From Figure 3.1 we

see that density fluctuations in both the circular xy band and the elliptical yz

and xz bands contribute to screening, and that density fluctuations in bands

with different (the same) ẑ-direction confinement, interact with each other via

vqe
−qd (vq). When the Green’s functions are included in Figure 3.1, the series

sums to the full G0W -RPA self-energy. The diagrammatic representation em-

phasizes that G0W can be viewed [42] as an expansion of the self-energy to

lowest order in the screened electron-electron interaction Wxz(q, ω).

The finite-temperature [43] G0W -RPA self-energy of a quasiparticle in

band α is given by

Σα(k, iωn) = − 1

β~A
∑
q,iΩm

Wα(q, iΩm)

× G(0)
α (k − q, iωn − iΩm) , (3.10)

where β = (kBT )−1 and the fermionic ωn and bosonic Ωm Matsubara frequen-

cies are given by ωn = (2n + 1)π/~β and Ωm = 2mπ/~β, respectively. The

non-interacting Green’s function is given by

G(0)
α (k, iωn) =

1

iωn − ξα(k)/~
. (3.11)

The physical properties of the interacting system depend on the retarded

self-energy, which can be obtained from Eq. (3.10) via analytic continuation,

iωn → ω + iη, only after carrying out the Matsubara frequency summation

over Ωm. The so-called line-residue decomposition [27] proceeds in the re-

verse order. By carrying out the analytic continuation of Eq. (3.10) before
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the frequency summation we obtain the (purely real) line contribution to the

retarded self-energy

Σline
α (k, ω) = − 1

(2π)3

∫ ∞
−∞

dΩ

∫
d2q Wα(q, iΩ)

× G(0)
α (k − q, ω − iΩ) . (3.12)

The residue contribution corrects for performing the analytic continuation be-

fore evaluating the frequency sum, and is given by

Σres
α (k, ω) = − 1

(2π)2

∫
d2q Wα(q, ω − ξα(k − q)/~)

× [Θ {−ξα(k − q)} −Θ {~ω − ξα(k − q)}] ,

(3.13)

where Θ {x} is the Heaviside step function. In the next two sections we cal-

culate two important properties of t2g 2DEG quasiparticles based on this for-

mulation of the G0W -RPA retarded self-energy.

3.3 Fermi Surface Shape Modification (FSSM)

Consider an ordinary single-band isotropic 2DEG [22]. When inter-

actions are adiabatically turned on, all quasiparticles on the non-interacting

Fermi surface have infinite lifetime and experience identical energy shifts given

by Eq. (3.1) and equal to the interaction contribution to the chemical potential.

Because of rotational invariance, the self-energy contribution is a function of

the magnitude of k only. All isoenergy surfaces, including the Fermi surface,

continue to be circular in the interacting system. Furthermore, Luttinger’s
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theorem [44] constrains the Fermi surface area of interacting quasiparticles to

equal the Fermi surface area of non-interacting electrons, leading to the conclu-

sion that interactions do not yield a Fermi surface shape modification (FSSM).

This simplification is artificial however, since interacting electron systems in

solids are never perfectly isotropic. In the presence of anisotropy, the self-

energy contribution to the quasiparticle energy spectrum is dependent on the

orientation of k, and the Fermi surface shape can therefore be renormalized

by interactions.

We expect this phenomena to be relevant for the anisotropic xz and

yz bands of the t2g electron gas. Each band has an elliptical non-interacting

Fermi surface. In the following calculations we assume that the renormalized

Fermi surface is sufficiently close in shape to an ellipse, that it can still be

characterized by two wavevectors, k∗Fx and k∗Fy, whose values are renormalized

by interactions from their non-interacting values kFx and kFy. Below we ex-

plicitly discuss FSSM for the xz band, which has its semimajor axis in the

ŷ-direction and semiminor axis in the x̂-direction. Results for the yz band

can be found by interchanging k∗Fx and k∗Fy.

Our main finding is that Fermi surface anisotropy is reduced by inter-

actions (see Figs. 3.2 and 3.3). This result can be understood qualitatively at

the Hartree-Fock level. The exchange (X) self-energy of the xz-band is given

by

ΣX
xz(k) = − 1

(2π)2

∫
d2q

2πe2

κ|k − q|
Θ {εFxz − εxz(q)} , (3.14)

where εFxz is the Fermi energy. Eq. (3.14) can be easily obtained from Eq. (3.10)
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by replacing the dynamically-screened interaction Wxz(q, iΩm) with the bare

Coulomb interaction vq. From Eq. (3.14) we see that a quasiparticle with

quantum number k will have a self-energy correction that is larger in magni-

tude when there are more occupied states nearby in momentum space; because

of the Coulomb interaction factor, the integrand is large for q near k, but only

if the state q is occupied. Since the xz band’s non-interacting Fermi surface

is elliptical, with its semimajor axis parallel to the ŷ-axis, an electron at the

Fermi surface in the ŷ-direction will have fewer occupied states in its neigh-

borhood than an electron at the Fermi surface in the x̂-direction. It follows

that

ΣX
xz(kFx) < ΣX

xz(kFy) , (3.15)

where we note that the exchange self-energy is always negative. Since all states

k sitting on the Fermi surface must, by definition, have the same quasiparticle

energy, the Fermi surface will change shape when interactions are taken into

account and the degree of Fermi surface anisotropy will be reduced. Below

we report numerical calculations which include beyond Hartree-Fock contri-

butions to the quasiparticle self-energy that confirm this expectation.

3.3.1 Linearized self-energy estimate of FSSM

We begin with a numerical approach valid for weak interactions that

is rather simple to implement. In Section 3.3.3 we solve the problem self-

consistently. We will find the two methods give nearly identical results.

When the change in Fermi surface is small relative to its original di-
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mensions, we are well justified in expanding Eq. (3.2) to linear-order in δkF ≡

k∗F − kF. In the limit δkFx/kFx � 1 we have

µ = εxz(kFx) + Σxz(kFx, 0)

+ δkFx∂kx [εxz(k) + Σxz(k, 0)]k=kFx
.

(3.16)

Similarly for δkFy/kFy � 1 we have

µ = εxz(kFy) + Σxz(kFy, 0)

+ δkFy ∂ky [εxz(k) + Σxz(k, 0)]k=kFy
.

(3.17)

For fixed total elliptical band density

kFyδkFx + kFxδkFy = 0 . (3.18)

The three previous equations can be solved for µ, δkFx, and δkFy given self-

energy values and wavevector derivatives on the non-interacting Fermi surface.

To examine FSSM in detail for the most experimentally relavent choices of ∆

and d, we plot k∗Fx/kFx and k∗Fy/kFy in the top and bottom panels of Fig. 3.2,

respectively, using parameters appropriate for the highest t2g electron densi-

ties (∆ = 200 meV and d = 2a where a = 3.9 Å) as well as for the lowest t2g

electron densities (∆ = 35 meV and d = 10a) at which we might practically ne-

glect the presence of spin-orbit coupling in SrTiO3 and thus reliably apply the

t2g 2DEG model introduced in Sect. 2.2. We plot k∗Fx/kFx and k∗Fy/kFy versus

an effective interaction strength parameter rs defined following the convention

commonly used in the single-band 2DEG literature [22]:

nxz =
1

π(a∗Brs)2
(3.19)
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where a∗B = κ aB/m̄DOS defines the effective (i.e. material) Bohr radius, aB is

the atomic Bohr radius, and m̄DOS =
√
mHmL/m. As expected, we find that

interactions tend to reduce the anisotropy of the elliptical bands in the t2g

2DEG. For comparison, we also plot in Fig. 3.2 renormalized Fermi wavevectors

calculated for a single-band anisotropic 2DEG with energy dispersion given by

ε(k) =
~2k2

x

2mL

+
~2k2

y

2mH

(3.20)

and density n = nxz.

When rs is small, the amount of FSSM is similar in both the xz

band of the t2g 2DEG and in the single-band anisotropic 2DEG. This oc-

curs for two reasons. First, ∂kx εxz(k)|k=kFx
and ∂ky εxz(k)|k=kFy

are dominant

over ∂kx Σxz(k, 0)|k=kFx
and ∂ky Σxz(k, 0)|k=kFy

, respectively, in Eq. (3.16) and

Eq. (3.17) when rs � 1. And second, because the leading-order contribution

to the self-energy when rs � 1 is the exchange self-energy of Eq. (3.14), which

is equal for both the xz band of the t2g 2DEG and the single-band anisotropic

2DEG. The small rs limit allows for simple explanation because both systems

are weakly interacting and well described at leading-order by Hartree-Fock.

The situation is more interesting at large values of rs where correlation

effects are important. Specifically, Figure 3.2 suggests that while FSSM in

the single-band 2DEG saturates at large rs, FSSM in the anisotropic bands of

the t2g 2DEG increases with increasing rs. As we discuss in detail in the next

section, the difference in FSSM occurring in t2g system and in the ordinary

2DEG depends sensitively on the influence of the additional screening due to
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Figure 3.2: Fractional change in the xz band’s Fermi wavevectors, k∗Fx/kFx

(top) and k∗Fy/kFy (bottom) as a function of interaction strength parameter
rs. The red curve is for band offset ∆ = 35 meV and layer separation d = 10a
where a = 3.9 Åis the SrTiO3 lattice constant. The blue curve is for band
offset ∆ = 200 meV and layer separation d = 2a. The dashed green curve
is for a single-band anisotropic 2DEG whose x̂-direction and ŷ-direction non-
interacting masses are the same as those of the xz band in the t2g 2DEG model.
For this curve rs is defined from the total density in the single anisotropic band.

the presence of several occupied bands.

3.3.2 FSSM at low electron density

Given the G0W -RPA description of quasiparticles, the principle differ-

ence between the anisotropic 2DEG and the xz band of the t2g 2DEG, is that

the latter also has electrons occupying the yz and xy bands. To understand
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how these other occupied conduction bands produce additional screening, and

how this screening then qualitatively changes FSSM when density is low, in

this section we derive analytic expressions for the self-energy and the wavevec-

tor derivative of the self-energy evaluated on the Fermi surface, to leading-

order in the small-parameter 1/rs. These expressions reveal the basic physical

mechanisms which govern FSSM at large rs within G0W -RPA theory.

Many of the formulas in this section are written out explicitly for the

xz band of the t2g 2DEG, however, analogous expressions for the single-band

anisotropic 2DEG can be found by replacing the self-energy of the xz band

with the self-energy of the single-band 2DEG. In our numerical calculations,

this is carried out simply by setting to zero the density in the xy and yz bands.

We begin by approximating Eq. (3.16) and Eq. (3.17) as

δkFx

kFx

=
1

2

Σxz(kFy, 0)− Σxz(kFx, 0)

kF ∂kΣxz(k, 0)|k=kF

(3.21)

and

δkFy

kFy

=
1

2

Σxz(kFx, 0)− Σxz(kFy, 0)

kF ∂kΣxz(k, 0)|k=kF

. (3.22)

In obtaining Eq. (3.21) we made the approximations

µ− εxz(kFx)− Σxz(kFx, 0)→ Σxz(kFy, 0)− Σxz(kFx, 0)

2
(3.23)

and

∂kx [εxz(k) + Σxz(k, 0)]k=kFx
→ ∂kΣxz(k, 0)|k=kF

(3.24)

where ∂kΣxz(k, 0) is calculated using an alternative version of the t2g 2DEG

model without anisotropy. Specifically, for this particular quantity we use the
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isotropic version of Eq. (2.5):

εα(k) =



~2k2

2mL

for α = xy, σ

~2k2

2mDOS

+ ∆ for α = xz, σ

~2k2

2mDOS

+ ∆ for α = yz, σ

(3.25)

The xz bands Fermi wavevector in this isotropic version is kF ≡
√
kFxkFy.

Analogous approximations were carried out to obtain Eq. (3.22), and we have

confirmed numerically that the large rs asympotic behavior appearing in Fig-

ure 3.2 is qualitatively unaltered by these approximations. Further discussion

of these approximations can be found in Appendix A.1.

In a moment we will explain the differences in FSSM between the

single-band anisotropic 2DEG and the xz band of the t2g 2DEG by sepa-

rately calculating the numerator and denominator of Eqs. (3.21) and (3.22) to

leading-order in powers of 1/rs. First let us consider a simple scaling argument

which highlights the critical role played by non-analyticity in the G0W -RPA

self-energy of the t2g 2DEG. Consider the following series representation for

the self-energy at zero frequency:

Σxz(k, 0) =
f(k)

rαs
+
g(k)

rβs
+ O

(
1

rγs

)
+ . . . (3.26)

where α < β < γ. We expect that the leading-order contribution to the

numerator of Eqs. (3.21) and (3.22) comes from the leading-order term in

Eq. (3.26) with a coefficient (e.g. f(k) or g(k)) that actually depends on k,

as opposed to being a constant. Our calculations reveal that ∂kf(k) = 0 for
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both the xz band of the t2g 2DEG and the single-band anisotropic 2DEG,

and therefore the leading-order contribution to the numerator of Eqs. (3.21)

and (3.22) comes from the sub-leading term in Eq. (3.26):

Σxz(kFy, 0)− Σxz(kFx, 0) ∼ g(kFy)− g(kFx)

rβs
. (3.27)

If the G0W -RPA self-energy (i.e. g(k)) is analytic for k on the non-interacting

Fermi surface, then we can obtain the leading-order term in the 1/rs series ex-

pansion for the denominators of Eqs. (3.21) and (3.22) directly from Eq. (3.26).

This gives

kF ∂kΣxz(k, 0)|k=kF
∼ g(kF)

rβs
, (3.28)

where we have approximated the wavevector derivative of the self-energy by

dividing through by the Fermi wavevector kF. When Eqs. (3.27) and (3.28)

are substituted into Eqs. (3.21) and (3.22) we obtain a constant,

δkFx

kFx

= −δkFy

kFy

=
g(kFy)− g(kFx)

2g(kF)
, (3.29)

which while describing perfectly the saturation of FSSM in the single-band

anisotropic 2DEG at large rs, fails to describe the t2g 2DEG. As we show

explicitly below, the leading-order contribution to the wavevector dependent

part of theG0W -RPA self-energy of the xz band of the t2g 2DEG is not analytic

at the Fermi surface, and therefore the simple arguments leading to Eq. (3.29)

do not apply in this case. The origin of this divergence is the long-range of

the Coulomb interaction, and is similar to the divergence of the quasiparticle

effective mass within Hartree-Fock theory [22].
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We begin by calculating the denominator of Eqs. (3.21) and (3.22) for

the single-band 2DEG. Putting wavevectors and frequencies in units of kF and

~ k2
F/mDOS, respectively, we obtain

∂kΣ(k, 0)|k=kF
=

(
2aBRy

π2κ

)∫ ∞
0

qdq

∫ π

−π
dθ

∫ ∞
0

dΩ

× 1/q

1 + 21/2rs
q
χ(0)(q, iΩ)

(
2q cos [θ]− 2

{q2 − 2q cos [θ] + 2iΩ}2

)
, (3.30)

where we have removed the xz subscript from the self-energy to explicitly

indicate we are here considering the single-band 2DEG. The dimensionless

Lindhard function χ(0)(q, iΩ) is obtained from the dimensionful form [22] by

dividing out the negative density-of-states. We must now consider how to

extract the leading-order in powers of 1/rs term in Eq. (3.30). Physically

speaking, a quasiparticle at momentum ~k and energy ~ω acquires its self-

energy by making virtual transitions to intermediate states of momentum ~k−

~q and energy ~ω− ~Ω, and back. This picture is motivated by the Feynman

diagram for the G0W -RPA self-energy and its mathematical representation,

Eq. (3.10). The available phase-space for virtual transitions in which the

momentum and energy transferred is on the order of the Fermi momentum

and Fermi energy, respectively, scales like k4
F ∝ 1/r4

s , and vanishes swiftly in

the limit of low density. Therefore the leading-order in powers of 1/rs term

from Eq. (3.30) instead comes from |q| � 1 and Ω � 1. In this limit the

dimensionless Lindhard function has a particularly simple form [22]

χ(0)(q, iΩ)→ 2q2

q4 + 4Ω2
. (3.31)
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After expanding Eq. (3.30) to leading-order in the small parameter cos (θ)/q

we obtain an expression which can be evaluated analytically. We then find

∂kΣ(k, 0)|k=kF
=

(√
2

π

Γ
[

1
3

]
Γ
[

7
6

]
aBRy

κ

)
1

r
1/3
s

(3.32)

where Γ [x] is the Euler gamma function. Next we evaluate the numerator of

Eqs. (3.21) and (3.22) for the single-band anisotropic 2DEG. Following similar

steps, and expanding the self-energy to leading-order in ζ ≡ mH/mL about

ζ = 1 we obtain

Σ(kFy, 0)− Σ(kFx, 0) = −

(
8 Γ
[

7
6

]
Γ
[
−8

3

]
m̄DOSRy

81
√
πκ2

)
× ζ − 1

r
4/3
s

, (3.33)

where m̄DOS = mDOS/m and m is the bare electron mass in vacuum. We

have successfully compared both Eqs. (3.32) and (3.33) against the full G0W -

RPA numerical calculations, and when these expressions are substituted into

Eqs. (3.21) and (3.22) we confirm that FSSM in the single-band anisotropic

2DEG saturates at large rs.

Let us now move on to considering the leading-order in 1/rs expressions

for the numerator and denominator of Eqs. (3.21) and (3.22) for the xz band

of the t2g 2DEG. Once again, phase-space considerations for virtual transitions

suggest that the most important ~q and ~Ω are large on the scale of the xz

band’s Fermi momentum and Fermi energy, respectively. As a result, the

RPA screened Coulomb interaction is accurately approximated by a simplified

version of the dielectric function given in Eq. (3.9) which neglects χ
(0)
xz (q, iΩ)
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and χ
(0)
yz (q, iΩ) compared to χ

(0)
xy (q, iΩ). It is useful to define the dimensionless

interaction parameter Rs, which is analogous to Eq. (3.19) but describes the

density in the xy band

nxy =
1

π(a∗BxyRs)2
. (3.34)

Here a∗Bxy = κ aB/m̄L defines the effective Bohr radius appropriate for the xy

band, and m̄L = mL/m. In the limit of a large energy offset, ∆, between the

bottom of the xz and yz bands and the bottom of the xy band (i.e. Rs � 1),

we are justified in approximating χ
(0)
xy (q, iΩ) by its long wavelength limit. As

detailed in Appendix A.2, we then find

∂kΣxz(k, 0)|k=kF
= −

(
aBmLRy

2π κmDOS

)
× Rs

rs

ln

[
κ2

2m̄L

∆ +
mDOS

mL

1

r2
s

]
(3.35)

where ∆ is in units of Rydbergs and m̄L = mL/m. Similar approximations

allow us to evaluate the numerator of Eqs. (3.21) and (3.22):

Σxz(kFy, 0)− Σxz(kFx, 0) =

(
23/2m̄DOSRy

π2κ2

)
F(ζ)

Rs

r2
s

(3.36)

where the function F(ζ) can be written in terms of complete elliptic inte-

grals and is given explicitly in Appendix A.2. After substituting Eqs. (3.35)

and (3.36) into Eqs. (3.21) and (3.22) we find that FSSM in the elliptical bands

of the t2g 2DEG grows (sublinearly) with increasing rs until the density in these

bands is so low that mDOS/(mLr
2
s ) � κ2∆/(2m̄L), at which point FSSM in

the elliptic bands of the t2g 2DEG also saturates. Numerical calculations show

that FSSM of the elliptic bands does indeed saturate for values of rs much
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greater than those shown in Figure 3.2. The presence of the logarithmic factor

in Eq. (3.35) is a signature of the non-analyticity of the xz band’s G0W -RPA

self-energy when Rs � 1, and gives a simple explanation for FSSM in the

elliptical bands of the t2g 2DEG when rs is large.

Before concluding this section we again mention that angle-resolved

photoemission spectra of SrTiO3 two-dimensional electron gases [26,31] reveal

that several xy subbands are often occupied, and tight-binding/self-consistent

Hartree calculations [23,74] indicate that their contribution to the total density

is small. We thus expect that their influence on FSSM of the anisotropic xz

and yz bands will be weak. Further insight can be obtained by considering

the impact on Eq. (3.35) and Eq. (3.36). Revisiting the derivation details

presented in Appendix A.2, we find that a second occupied xy subband will

not significantly impact FSSM in the small 1/rs limit unless the density it

contains is comparable to the density in the first occupied xy subband [45].

This criteria is not generally met in SrTiO3 2DEGs [23]. In the event that a

quantitative understanding of the effect of multiple occupied xy subbands is

desired, the t2g 2DEG model we describe in this thesis is easily modified to

describe this case.

3.3.3 Self-consistent calculation of FSSM

Finally, to confirm the FSSM results in Section 3.3.1, and also to check

the validity of assuming that FSSM is small, we solve for the xz band’s renor-
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malized Fermi surface by self-consistently solving the two equations

µ = εxz(k
∗
Fx) + ReΣxz(k

∗
Fx, 0) (3.37)

and

µ = εxz(k
∗
Fy) + ReΣxz(k

∗
Fy, 0) . (3.38)

The numerical solution follows simply by iteratively solving the above two

equations while forcing the k-space area of the xz band to remain constant.

In the top and bottom panels of Fig. 3.3 we plot k∗Fx/kFx and k∗Fy/kFy versus

rs. Clearly the conclusions of Section 3.3.1 are confirmed.

Figure 3.3: Same as Fig. 3.2, but calculated by the self-consistent solution of
Eqs. (3.37) and (3.38), rather than using the linearized Eqs. (3.21)-(3.22).

We now turn our attention to understanding how interactions effect the
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quasiparticle effective mass.
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Chapter 4

Quasiparticle mass renormalization

4.1 Introduction and Overview

In this chapter we apply the G0W -RPA to evaluate how the Coulomb

interaction renormalizes the masses of the anisotropic bands of the t2g 2DEG.

We derive the first analytic expression for the renormalized quasiparticle mass

of a single-band 2DEG in the high-density limit, and then generalize this

calculation to the case of the t2g 2DEG. We find that the presence of multi-

ple bands leads to a decreased screening length, which gives rise to a much

larger quasiparticle mass enhancement in the t2g 2DEG compared to the single-

band 2DEG. We conclude this chapter by giving full numerical results for the

renormalized quasiparticle masses of the t2g 2DEG within the G0W -RPA, and

describe the effect of band-anisotropy on quasiparticle mass enhancement.

4.2 Quasiparticle Effective Mass

Just as the free-space electron mass is renormalized by the periodic

crystal potential of a solid, it can further be renormalized by the presence of

electron-electron interactions [21,22]. In both cases, the renormalized mass is

defined so that the single-particle excitation energies are well approximated
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by the non-interacting kinetic energy formula with the bare mass replaced by

the renormalized mass. In the t2g 2DEG, the effect of the crystal potential is

already captured by Eq. (2.5). To evaluate the effect of electron-electron inter-

actions on the t2g 2DEG quasiparticle mass values, we expand the quasiparticle

excitation energy about the renormalized Fermi surface:

Eα(k) = (k − k∗Fα) · ∇kEα(k)|k=k∗Fα
+ O(δk2) . (4.1)

We focus on the quasiparticle mass of the xz band for which the x̂-direction

bare mass is mL (including the effect of the periodic crystal potential but not

yet including electron-electron interactions) and the ŷ-direction bare mass is

mH.

The renormalized light and heavy masses can be calculated using

m∗L =
~2k∗Fx

[dExz(k)/dkx]k=k∗Fx

(4.2)

and

m∗H =
~2k∗Fy

[dExz(k)/dky]k=k∗Fy

. (4.3)

Using Eq. (3.1) relating the quasiparticle energy to the self-energy, we find the

following relationship between the self-energy and the quasiparticle masses,

m∗L
mL

=
1− ~−1∂ωReΣxz(k

∗
Fx, ω)|ω=0

1 + (mL/~2k∗Fx) ∂kxReΣxz(k, 0)|k=k∗Fx

(4.4)

and

m∗H
mH

=
1− ~−1∂ωReΣxz(k

∗
Fy, ω)|ω=0

1 +
(
mH/~2k∗Fy

)
∂kyReΣxz(k, 0)|k=k∗Fy

. (4.5)

The right-hand-sides of these equations can be evaluated using the G0W -RPA

approximation for the self-energy.
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4.2.1 Quasiparticle effective mass at high densities

Before presenting our numerical results, we briefly consider the high-

density (small rs) limit where analytic results for the quasiparticle mass can

be obtained. These results will offer insight into the physical processes which

renormalize the electron mass.

We start by simplifying the t2g model slightly to make the derivation

tractable. We take the xz and yz bands to be isotropic with mass mDOS =

√
mHmL as in Eq. (3.25). The influence of anisotropy on the quasiparticle mass

is isolated and studied in Section 4.2.2, but we neglect it here. In this section

it is advantageous to work with the zero-temperature formalism of many-body

perturbation theory [43]. In units of effective Rydbergs, Ry∗ = (mDOS/κ
2)Ry,

the G0W -RPA self-energy of the xz band is

Σxz(k, ω) = −
√

2

πrs

∫
d2q

∫ ∞
−∞

dΩ

2πi
Wxz(q,Ω)

× G(0)
xz (k + q, ω + Ω) , (4.6)

where we are now using dimensionless frequencies (ω,Ω) and wavevectors (q,k)

by expressing them in units of 2εFxz/~ and kFxz, respectively. We define rs

here as in Eq. (3.34). The dimensionless Green’s function is

G(0)
xz (k + q, ω + Ω) =

1

ω + Ω−
(
|k+q|2

2
+ ∆̄

)
+ iη

(4.7)

where the limit η → 0+ is implied for |k + q| > kFxz and η → 0− for |k +

q| < kFxz. Here ∆̄ is the band offset between the xz and yz bands and the

xy band in units of 2εFxz. Recent tight-binding calculations [23] of SrTiO3
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heterostructures suggest that the spatial separation d becomes small at large

electron densities. In the limit kFxzd � 1, the dimensionless RPA screened

interaction of Eq. 3.8 reduces to

1

q +
√

2rs

[
ζ−1/2χ

(0)
xy (λq, λ2Ω) + χ

(0)
yz (q,Ω) + χ

(0)
xz (q,Ω)

] (4.8)

where we have defined λ = kFxz/kFxy and ζ = mH/mL has been introduced

earlier. The density-response functions, χ
(0)
α , are dimensionless here and are

obtained from the dimensionful functions [22] by dividing by the negative

density-of-states of the α’th band.

Since the kinetic energy scales as 1/r2
s and the Coulomb interaction

energy scales as 1/rs, electron gases are weakly interacting in the high density

(small rs) limit. We are then justified in ignoring the self-consistent nature

of Eq. (3.1) for the quasiparticle excitation energy and we can apply the “on-

shell” approximation

Exz(k) ' εxz(k) + ReΣxz(k, εxz(k)/~)− µ . (4.9)

The inverse of the xz band’s quasiparticle mass enhancement factor is then

given by

mxz

m∗xz
= 1 +

r2
s

4

[
∂

∂k
ReΣxz(k, εxz(k))

]
k=1

. (4.10)

To evaluate the wavevector derivative of the self-energy we need the derivative
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of the Green’s function. Evaluating this on the Fermi surface we find

∂

∂k
G(0)
xz (k + q, ε(k) + Ω)

∣∣∣∣
k=1

= −2πi δ(1− |k̂ + q|) δ(Ω)
[
(k̂ + q) · k̂

]
+ (k̂ · q)

[
G(0)
xz (k̂ + q, ε(1) + Ω)

]2

,

(4.11)

where k̂ = k/k is a unit vector. The first term on the right-hand side of

Eq. (4.11) gives the leading order in rs contribution to the quasiparticle mass.

The remaining integrations in Eq. (4.6) can be performed analytically. After

substituting the result into Eq. (4.10), we obtain the inverse quasiparticle mass

to O(rs):

mxz

m∗xz
= 1− rs

π
√

2
ln

(
rsδ

2
√

2

)
−
√

2 rs

π
(4.12)

where δ ≡ (ζ−1/2 + 2). The expression appropriate to a single-band 2DEG

is found by taking the limit δ → 1, which we have confirmed by comparing

with full G0W -RPA numerical calculations. The effective mass enhancement

factor, which is given by the inverse of Eq. (4.12), is shown in Fig. 4.1.

As the inset to Fig. 4.1 shows, the small rs expression (4.12) is only

quantitatively useful for rs . 0.1. It does, however, offer useful qualitative

insight into the role of screening on the quasiparticle mass. Physically, the

renormalization of the electron mass derives from screened exchange scatter-

ing processes (see Fig. 3.1) between the quasiparticle whose mass is under

investigation, and other quasiparticles in the Fermi sea. Because of the Dirac

delta functions in Eq. (4.11), the leading order contribution comes from scat-

tering amongst quasiparticles restricted to the Fermi surface, just as in the
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Figure 4.1: The leading-order-in-rs quasiparticle mass enhancement factor
(i.e. the inverse of Eq. (4.12)) is plotted for rs ≤ 1. The dashed red line
shows the result for a isotropic single-band 2DEG, and the solid blue line
shows the result for the xz-band of the t2g 2DEG, which also includes the
effect of screening by electrons in the yz and xy bands. The Thomas-Fermi
screened electron-electron interaction gives the leading-order contribution to
quasiparticle mass enhancement at small rs (high density). The presence of
multiple filled bands in the t2g 2DEG yields a larger Thomas-Fermi screening
wavevector, and therefore a larger quasiparticle mass enhancement than in a
single-band 2DEG. Inset: Same as the main figure but plotted over rs ≤ 0.1.
Orange circles and green triangles label data points from the numerical eval-
uation of the full G0W -RPA equations for the effective mass, demonstrating
that expression (4.12) is correct, but is only quantitatively useful for small rs.

three-dimensional electron gas [46, 47]. For this reason, the presence of elec-

trons in the xy and yz bands enters Eq. (4.12) only through their band-resolved

density-of-states evaluated at the Fermi surface. The xy band’s finite density-

of-states contributes the factor ζ−1/2 in the definition of δ, while the yz band’s
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density-of-states contributes half of the factor of 2 in the definition of δ (the

other half comes from screening by the xz band’s own electrons).

If we identify the above derivation as a simple application of first-order

perturbation theory, but with the unscreened Coulomb interaction replaced

with a Thomas-Fermi (TF) screened interaction [22] (to which it is indeed

equivalent), then we can understand in simple terms how increased screen-

ing acts to increase the quasiparticle mass. First consider that we know the

exchange contribution to the self-energy tends to reduce the effective mass

(in fact, the exchange level self-energy yields quasiparticles with zero effec-

tive mass), so if a increase in the screening wavevector acts to reduce the

exchange energy, then it will also have the effect of enhancing the quasipar-

ticle mass. The unscreened exchange self-energy in Eq. (3.14) for an elec-

tron of wavevector k is a sum over occupied states q of the bare amplitude

v|k−q| = 2πe2/(κ|k − q|). When we include a TF screening wavevector κTF

(which is proportional to the total density-of-states at the Fermi surface), the

bare amplitude is replaced by v|k−q| → 2πe2/(κ|k−q|+κκTF), which is smaller

for all values of q to be summed over. Indeed, the larger κTF is (more specif-

ically, the more electrons present at the Fermi surface), the smaller the TF

self-energy. It is in this way that the xy and yz band’s electrons act to increase

the xz band’s quasiparticle masses.

We close this section by briefly considering the effect of multiple oc-

cupied xy subbands on mass renormalization. As mentioned before, tight-

binding/self-consistent Hartree calculations [23, 74] of SrTiO3 2DEGs reveal
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that the density in higher xy subbands is much smaller than in the lowest xy

subband, and we therefore expect that the impact on screening and on mass

renormalization will be weak. We can obtain a qualitative understanding by

employing Eq. (4.12), which can be altered to estimate the influence of a sec-

ond occupied xy subband. The only modification to Eq. (4.12) is to redefine

δ ≡ (2 ζ−1/2 + 2), which results in a weak enhancement of the xz band’s ef-

fective mass. As in the case of FSSM, if a more complete understanding of

the effect of multiple occupied xy subbands is desired, the t2g 2DEG model is

easily modified to describe this case.

4.2.2 The role of anisotropy

Before presenting our numerical results for the t2g 2DEG, let us il-

lustrate the general effect of band anisotropy on the quasiparticle mass in a

simpler case. To separate out this effect, we consider a single-band anisotropic

2DEG with the following non-interacting band structure

ε(k) =
~2k2

x

2mL

+
~2k2

y

2mH

. (4.13)

We define the heavy and light quasiparticle mass factors m∗H/mH and m∗L/mL

as above, and plot them in Fig. 4.2 against rs. Here rs is defined as in Eq. (3.34)

but with nxz replaced by the total density of the single band. We also plot

the quasiparticle mass factor m∗/m for an isotropic two-dimensional electron

gas for comparison. We find that m∗L/mL (m∗H/mH) is enhanced (reduced)

compared to the isotropic 2DEG mass enhancement factor m∗/m at all values

of rs, or equivalently, total 2DEG density.
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Figure 4.2: The quasiparticle mass enhancement factor of a isotropic single-
band 2DEG (brown dashed line) compared against the light (purple) and heavy
(green) quasiparticle mass enhancement factors of an anisotropic single-band
2DEG.

To understand these results it is again helpful to consider the small rs

regime where the effective mass enhancement is governed by the TF screened

self-energy. Consider first a single isotropic band with dispersion ε(k) =

~2k2/(2mDOS) where as defined above mDOS =
√
mHmL. The isotropic 2DEG

mass enhancement factor in the TF approximation can be written as

m∗DOS

mDOS

=
1

1 + δv∗F/vF

, (4.14)

where vF = ~kF/mDOS is the non-interacting band velocity at the Fermi energy,

and the interaction contribution to the renormalized quasiparticle velocity at
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the Fermi energy is given by

δv∗F = v∗F − vF = ~−1
[
∂kΣ

TF(k)
]
k=kF

. (4.15)

The TF self-energy of a single-band isotropic 2DEG is given by

ΣTF(k) = − 1

(2π)2

∫
d2q

2πe2

κ (|k − q|+ κTF)

× Θ {εF − ε(q)} (4.16)

where the TF screening wavevector is defined

κTF =
2πe2

κ
N(0) . (4.17)

Here N(0) is the total density-of-states at the Fermi surface. The quasipar-

ticle mass enhancement factor calculated in this way is shown in Fig. 4.1.

Next consider keeping the density (rs) constant while introducing anisotropy

in this single-band 2DEG by slowly deforming the shape of the Fermi sur-

face from a circle to an ellipse with semimajor (semiminor) axes kFy (kFx).

The non-interacting dispersion of the anisotropic band is given by ε(k) =

~2k2
x/(2mL) + ~2k2

y/(2mH) and the TF approximation for the light quasi-

particle mass enhancement factor m∗L/mL can be found from Eq. (4.14) by

replacing vF = ~kF/mDOS with vFx = ~kFx/mL, and also replacing δv∗F =

~−1
[
∂kΣ

TF(k)
]
k=kF

with δv∗Fx = ~−1
[
∂kxΣ

TF(k)
]
k=kFx

:

m∗L
mL

=
1

1 + δv∗Fx/vFx

. (4.18)

By examining separately how the introduction of band anisotropy changes δv∗Fx

relative to δv∗F, and vFx relative to vF, we can identify the most important fac-

tor leading to m∗L/mL > m∗DOS/mDOS for a given rs. Because the quasiparticle
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state at the Fermi surface in the light mass direction (kx = kFx, ky = 0) has

more occupied states near it in momentum space when anisotropy is present,

the TF self-energy of this state is increased in magnitude. Furthermore, since

the TF self-energy acts to increase the quasiparticle velocity (i.e. decrease

the quasiparticle mass, as shown in the previous section), it follows that

δv∗Fx > δv∗F. Thus electron-electron interactions tend to reduce m∗L/mL below

m∗DOS/mDOS for a given value of rs. Despite this, the opposite occurs in Fig. 4.2.

The reason is that the band velocity vFx = ~kFx/mL also enters the expression

for the quasiparticle mass enhancement factor m∗L/mL, and for a fixed density

we find vFx > vF, which tends to enhance m∗L/mL above m∗DOS/mDOS. This

latter effect is larger, and so while the change in quasiparticle velocity in the

light mass direction is increased by anisotropy, the accompanying increase in

band velocity is larger and results in m∗L/mL > m∗DOS/mDOS for a given rs.

Analogous reasoning leads to the conclusion that m∗H/mH < m∗DOS/mDOS for

a given rs. Although analysis based on the TF self-energy can only be gau-

ranteed to hold at small rs, the conclusions it gives clearly persist within the

full G0W -RPA results of Fig. 4.2 to large rs.

4.2.3 The t2g Quasiparticle Mass

In this section we present the results of our numerical calculation of the

G0W -RPA effective masses m∗H and m∗L of the xz anisotropic band in the t2g

2DEG model. The results for the yz band are identical because of symmetry.

In Fig. 4.3 we compare the quasiparticle masses in the t2g 2DEG against those
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in a single-band anisotropic 2DEG with a non-interacting energy dispersion

as in Eq. (4.13). Tight-binding studies of the t2g 2DEG created at SrTiO3

surfaces or heterojunctions reveal that as the confining potential increases,

so does the energy offset parameter ∆, while the distance separating the xy

band from the xz and yz bands d decreases [23]. In general we find that the

renormalized mass values tend to increase with increasing ∆ or decreasing d,

for the values of rs investigated in Fig. 4.3. To examine in detail the most

experimentally relavent choices of ∆ and d we have plotted in Fig. 4.3 results

for the t2g quasiparticle masses in the case of the very highest t2g electron

densities (∆ = 200 meV and d = 2a where a = 3.9 Å) as well as for the lowest

t2g electron densities (∆ = 35 meV and d = 10a) at which we might practically

neglect the presence of spin-orbit coupling in SrTiO3 and thus reliably apply

the t2g 2DEG model. In agreement with our analytic results in Section 4.2.1,

the quasiparticle masses in the t2g 2DEG are appreciably larger than their

counterparts in the single-band anisotropic 2DEG.

We were able to show in Sect. 4.2.1 that at small rs the increased

quasiparticle mass in the anisotropic bands of the t2g 2DEG followed from a

suppression of the wavevector derivative of the quasiparticle self-energy, which

itself followed from an increase in the electronic screening of interactions due

to the presence of electrons in the other bands (i.e. the xy and yz bands).

In that calculation we discovered that, at leading order in rs, the quasipar-

ticle mass comes from exchange scattering via a reduced interaction in the

form of the TF screened Coulomb interaction. Thus at small rs, because we
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knew that the additional electrons in the xy and yz bands would increase the

TF screening wavevector, we knew the quasiparticle mass would be enhanced

in the t2g 2DEG. In confirmation of this derivation, our numerical calcula-

tions reveal a substantial reduction in the wavevector derivative of the xz

bands self-energy when other bands are occupied. This reduction increases

for increasing rs. At larger values of rs, however, correlation effects become

important. Indeed, Eqs. (4.4) and (4.5), which define the quasiparticle masses,

depend on the frequency derivative of the self-energy as well. Note that the

self-energy is frequency independent in Hartree-Fock, and thus frequency de-

pendence manifestly represents a correlation effect. Furthermore, we note that

the frequency dependence of the self-energy does not enter the lowest order in

rs expressions for the quasiparticle mass derived in Sect. 4.2.1, as in this limit

interactions are weak compared to the kinetic energy, and first-order perturba-

tion theory is here equivalent to Hartree-Fock. Numerically, we find that the

frequency derivative of the xz bands quasiparticle self-energy is also suppressed

by the presence of electrons in the xy and yz bands. Since the frequency and

wavevector derivatives both are suppressed, some degree of cancellation occurs

in Eqs. (4.4) and (4.5) for the t2g quasiparticle masses. Despite this, we find

that the quasiparticle masses of the t2g anisotropic bands are enhanced from 25

to 75 percent above the quasiparticle mass values in a single-band anisotropic

2DEG.
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4.3 Summary And Discussion of Part 1

It is now appropriate to summarize the first part of this thesis, which

we have presented in chapters 2,3 and 4. Motivated by the recent synthe-

sis of transition-metal oxide two dimensional electron gases, we introduced

a model in chapter 2 for studying the effects of many-body interactions in

these systems. Using information from recent tight-binding [23, 74] and ab

initio calculations [24–26] we have chosen model parameters to specifically de-

scribe the electron gas formed in SrTiO3. Our model captures the presence

of band anisotropy, energy offsets between bands, and variable band confine-

ment at the interface, all of which are characteristics likely to be shared by

any two-dimensional electron gases formed from d-orbitals with anisotropic

nearest-neighbor hopping amplitudes. Because the average conduction elec-

tron occupation number per transition-metal site is much less than one, the full

long-range Coulomb interaction must be retained in any realistic interacting-

electron model. Our approach satisfies this criterion.

In chapter 3 we used the G0W -RPA approximation to calculate the self-

energy contribution to the quasiparticle energy of the xz and yz anisotropic

bands of the t2g two-dimensional electron gas. Because these bands’ con-

stituent d-orbitals have a large hopping amplitude in one direction in-plane

and a small hopping amplitude in the other, the two-dimensional Fermi sur-

faces of these bands are approximately elliptical. Because rotational symmetry

is broken, the self-energy depends on the quasiparticle wavevector’s orienta-

tion in momentum space, and the Fermi surface shape can be renormalized
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by interactions. By comparing the degree of Fermi surface renormalization

in the anisotropic bands of the t2g model to the single-band anisotropic two-

dimensional electron gas, we identified the reduction in band anisotropy as

a rather universal effect, likely to occur in any anisotropic electron gas with

long-range Coulomb interactions.

In chapter 4 we studied the impact of Coulomb interactions on the

quasiparticle masses of the anisotropic bands in the t2g 2DEG model. We

derived an analytic expression for the high-density (small rs) effective mass in

both the t2g electron gas and the ordinary single-band isotropic two-dimensional

electron gas. This leading order in rs contribution to the two-dimensional

quasiparticle mass was found to arise from exchange scattering via a reduced

electron-electron interaction in the form of a Thomas-Fermi (TF) screened

Coulomb potential. The presence of multiple bands in the t2g case increased

the TF screening wavevector, which substantially increased the quasiparticle

masses m∗H and m∗L. Numerical calculations at larger values of rs confirm that

the additional screening present in the t2g system from the multiple occupied

bands increases the quasiparticle mass by reducing the wavevector dependence

of the self-energy.

We found that while the degree of Fermi-surface shape renormaliza-

tion is small and perhaps difficult to observe experimentally, the quasipar-

ticle mass of the t2g anisotropic bands shows a large enhancement over the

values expected in single-component 2DEGs. Shubnikov-de Haas oscillations

are sensitive to the quasiparticle mass [22, 36–38], but to our knowledge no
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clear signatures of the anisotropic bands Fermi surfaces have been reported in

SrTiO3 two-dimensional electron gases [48]. When the mass is large, Landau-

level spacing is small. It may be so small that disorder in current samples

make oscillations attributable to the anisotropic bands undetectable. Perhaps

the large quasiparticle mass we have found here helps to explain the lack of

detection.
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a)

b)

Figure 4.3: Panel (a) shows the light quasiparticle mass of the t2g 2DEG’s xz
band plotted against rs for several values of the band offset ∆ and separation
d. For the red curve ∆ = 35 meV and d = 10a where a = 3.9 Åis the SrTiO3

lattice constant. For the blue curve ∆ = 200 meV and d = 2a. The dashed
green curve is for a single-band anisotropic 2DEG whose x̂-direction and ŷ-
direction non-interacting masses are the same as the xz band in the t2g model.
For this curve rs is defined from the total density in the single anisotropic
band. Panel (b) is the same, but for the heavy effective mass.
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Chapter 5

Orbital and Spin order in the t2g
two-dimensional electron gas model

5.1 Introduction and Overview

Orbital and spin order are relatively ubiquitous in strongly interacting

systems, and have long been studied in ABO3 bulk crystals with the perovskite

crystal structure [49, 50]. In perovskites B is typically a transition metal and

A is either an alkaline or rare earth metal. Among these materials, those with

partially filled transition metal t2g d-orbitals are particularly interesting be-

cause orbital and spin order appear almost simultaneously near the magnetic

transition temperature [51–53]. As we first discussed in chapter 2, as a conse-

quence of relatively recent advances [5–9] it is now possible to add electrons to

quantum wells formed by d0 perovskites, most commonly SrTiO3. The result-

ing systems are two-dimensional metals with far fewer than one conduction

electron per transition metal site. In this chapter we address orbital and spin

order, and their interplay in these new low carrier-density perovskite quantum

well systems.

This chapter describes a theoretical approach that is intended to be

useful for t2g two-dimensional gases formed at interfaces or in quantum wells.
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It is motivated by the desirability of capturing the essentially two-dimensional

character of electronic correlations in these systems, while accounting at the

same time for the influence of those correlations on confinement properties and

subband energy alignment. Because the number of d electrons per unit cell is

small in the systems of interest, it is essential to account for the long-range

of the Coulomb interactions between electrons. This feature of the problem

is shared between t2g electron gases and the familiar electron gases formed

in covalent semiconductor quantum wells, and contrasts with the case of d-

electron two-dimensional electron gases with densities comparable to or larger

than one conduction electron per unit cell. In the latter case, the number

of t2g electrons per transition-metal is close to one, the probability of two

electrons occupying the same site is substantial, and short-range Hubbard-

type interaction models normally capture the most important parts of the

interaction physics [54, 55]; generalizations of the Hubbard model apply for

larger integer values of the number of electrons per metal atom.

As mentioned in chapter 2, the typical Coulomb interaction energy of

an individual electron in these systems drops to zero only as two-dimensional

density n1/2, in contrast to the ∼ n behavior which would be obtained by

applying an artificial Hubbard model [56]. Indeed, the probability that a pair

of electrons will occupy the same unit cell is reduced below statistical values by

electronic correlations that have little kinetic energy competition at such low

densities. It follows that the interaction physics in these systems is controlled

by the full long-range Coulomb interaction, which must be retained in order to
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achieve a realistic description of electron-electron interaction effects [1]. The

same reasoning applies to theories of correlations among low-energy electrons

in other systems with far less than one electron per unit cell, e.g semimetals

and doped semiconductors.

Unlike most semiconductor based two-dimensional electron gases, how-

ever, transition-metal oxide based 2DEGs have conduction bands formed from

spatially localized atomic d-orbitals which have small inter-atom hopping am-

plitudes and subsequently large electron effective masses. As a result, nearly

all experimentally accessible densities are in a regime where the Coulomb inter-

action energy per electron is large compared to the kinetic energy per electron.

In addition, while some semiconductor based 2DEGs occupy several valleys in

momentum space, which is in some ways a reasonable analogue of the multi-

ple low-energy bands present in oxide based 2DEGs (see below), the latter are

formed from d-orbitals with highly anisotropic hopping amplitudes which leads

to features which are qualitatively new to the field of electron gas physics, e.g.

anisotropic Fermi surfaces, significant band-edge energy differences, and large

variations in the spatial confinement of different bands to interfaces and het-

erojunctions. At this time it is not known whether these features will give rise

to qualitatively new phenomena, but opportunities for exploring the impact

of strong Coulomb interactions in this landscape are clearly abundant.

As already mentioned, in this chapter we focus on understanding the

possibility of orbital and spin order, and their interplay in SrTiO3 based

2DEGs. The possibility of spin order in electron gases with a single parabolic
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Figure 5.1: A schematic summary of the t2g 2DEG model for SrTiO3. a)
At left is a top-gated SrTiO3 heterojunction which hosts t2g electrons dis-
tributed across two-dimensional TiO2 layers highlighted in orange. At right is
a sketch of the squared amplitude of the subband wavefunctions, |η|2, for the
t2g 2DEG model described in Section 5.2. The xz and yz subband wavefunc-
tions are shown in red and the xy subband wavefunction in blue, illustrating
the difference between their interfacial confinements. The energy offset, equal
to 2(t − t′) in the single-layer limit, between the anisotropic xz and yz (red)
band edges and the isotropic xy (blue) band edge is illustrated in b) and the
anisotropy of the elliptical xz and yz Fermi surfaces (red) is contrasted with
the xy band’s circular Fermi surface (blue) in c). t and t’ are respectively the
large and small hopping amplitudes for t2g orbitals discussed in the main text.
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band was raised very early in the history of the quantum theory of solids [57].

Although many experiments have hinted at ferromagnetic instabilities in these

single-band electron gas systems [58–63], unambiguous evidence for magnetism

has so far been lacking. Theoretically, order is expected only at extremely low

carrier densities, at least in the absence of disorder [64–66], In this chapter

we describe a theory which captures the peculiarities of perovskite multi-band

two-dimensional electron gas systems in the hopes of opening up a richer range

of experimental possibilities for observing these broken symmetry states. We

predict that strong Coulomb interactions, large band-edge offsets, and band-

dependent interfacial confinement combine to endow the SrTiO3 2DEG with

a strong instability toward the formation of orbital and spin ordered states at

experimentally accessible densities.

In the following sections of this chapter we will detail how the study

of spin and orbital instabilities requires a new theoretical approach. In multi-

band two-dimensional electron gas heterojunctions and quantum wells, the

ground-state energy depends sensitively on the density in each spin-resolved

band. We propose a modified variational theory which captures the inter-

play between orbital-dependent interlayer electronic hopping, the electrostatic

confining potential, and electron-electron interactions. Our theory attempts

to capture physics that is missing in most density-functional theory [67, 68]

calculations which typically employ extended version of the local-density ap-

proximation (LDA) for the exchange-correlation (XC) energy functional,
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ELDA
XC

[
n (r)

]
=

∫
dr n(r) ξXC

(
n(r)

)
, (5.1)

where ξXC

(
n(r)

)
is the XC energy-per-electron of the single-band isotropic

electron gas model with homogeneously distributed electron density n(r). De-

spite its great success, it is generally known that the LDA and its generaliza-

tions (e.g. the generalized gradient approximation [69,70]) do not in all cases

adequately describe the XC energy. In covalent semiconductors, this short-

coming is highlighted by a significant underestimation of the band-gap energy.

This limitation can be traced back to Eq. (5.1), where we see that the LDA XC

energy functional is sensitive to the local electron density but not to the orbital

symmetries of the occupied electronic states [22,71]. Hybrid density-functional

theory (see for example Ref. [72] and Ref. [73]) tries to overcome this by using

linear combinations of the Hartree-Fock exchange energy with a traditional

XC energy functional, but is both computationally expensive and often works

best when the relative weights in the linear combination of energy functionals

are determined by experiment. Here we take a different approach. Motivated

by an interest in orbital and spin order in t2g two-dimensional electron gases,

we have developed a broadly applicable variational theory for the ground-state

energy which is sensitive to the electron density in each band, and therefore

is sensitive to electron orbital symmetry in systems in which each band has

a dominant orbital character. Although we here use the variational theory to

study perovskite oxide 2DEGs, we further discuss in the final section of this

chapter that the method is generally applicable to calculate the ground-state
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energy and related quantities (e.g. thermodynamic observables, spin and val-

ley susceptibilities, etc.) in semiconducting parabolic-band quantum wells and

multilayered van der Waals heterostructures.

We begin the next section by briefly summarize the t2g 2DEG model

we have introduced in Ref. [1], and extend it to account explicitly for the con-

certed action of orbital-dependent electronic hopping along the confinement

direction and electron-electron interactions. The model is similar to the one

introduced in chapter 2 and applied to the calculation of quasiparticle proper-

ties in chapters 3 and 4, except that the parameters d and ∆ no longer appear

as model parameters. Instead, the physics contained in these parameters is

going to be calculated explicitly within a variational approximation for the

ground-state that accounts self-consistently for interfacial confinement forces

and their influence on XC energies. We then calculate the phase diagram for

the t2g 2DEG as a function of total density and quantum well thickness in Sec-

tion 5.4. We show that Coulomb interactions give rise to a novel sequence of

orbital- and spin-ordered ground-states, with correlations favoring the former.

Compared to the single-component isotropic 2DEG case, the t2g 2DEG is dra-

matically more susceptible to these Bloch-like [57] instabilities. We comment

on the experimental signatures of these states and suggest possible extensions

of the calculations presented here. Finally, in Section 5.5 we summarize our

results and comment on the applicability of our variational approximation

to semiconductor quantum wells, van der Waals heterostructures, and other

multi-component 2D electron systems.
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5.2 The extended t2g electron gas model

We begin by summarizing the simple model for the low-energy con-

duction bands in SrTiO3 quantum wells and heterojunctions that we study.

We first separate the non-interacting part of the Hamiltonian into two sets of

terms: those which describe electronic motion parallel (‖) to the confinement

direction, and those which describe electronic motion perpendicular (⊥) to the

confinement direction, which we take to be the ẑ direction. The purpose of

this separation will become clear in Section 5.3.

The band structure of SrTiO3 electron gases has been thoroughly dis-

cussed in the literature [23, 25, 74] and in chapter 2. Here we briefly describe

some details required for the present analysis. The low-energy conduction

bands of SrTiO3 quantum wells and heterojunctions are formed from the xy,

yz, and xz d-orbitals (the t2g orbitals) of Ti. SrTiO3 has a perovskite crystal

structure, but the sublattice formed by the Ti atoms is simple cubic and de-

scribed by the lattice vector R = a (nxx̂+ nyŷ + nzẑ) where a = 3.9 Å is the

lattice constant of SrTiO3. Orbital symmetry dictates that each t2g electron

hops mainly between states with the same orbital character, with a large hop-

ping amplitude t in the two directions in the plane of the orbital, and a smaller

hopping amplitude t′ in the third direction [23]. The weak hopping directions

for xy, xz, and yz orbitals are ẑ, ŷ, and x̂, respectively. Nearest neighbor

hopping on the simple-cubic Ti sublattice is described by the non-interacting
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Hamiltonian

H0 =
∑
ασ

∑
RR′

c†Rασ hα(R−R′) cR′ασ , (5.2)

where

hα(R−R′) =


−t δ∆R,±ax̂ − t δ∆R,±aŷ − t′ δ∆R,±aẑ for α = xy

−t δ∆R,±ax̂ − t′ δ∆R,±aŷ − t δ∆R,±aẑ for α = xz

−t′ δ∆R,±ax̂ − t δ∆R,±aŷ − t δ∆R,±aẑ for α = yz ,
(5.3)

where the electron spin is labeled by σ and we have defined ∆R = R−R′.

2DEGs have been realized in δ-doped SrTiO3 [6], in ionic-liquid gated

SrTiO3 [75], at heterojunctions between SrTiO3 and polar perovskites [32,76,

77], and in electrostatically gated SrTiO3 [78]. For definiteness, we consider a

SrTiO3 heterojunction extending from z = 0 to z = a(Nl+1) with an electrical

gate placed at z < 0. Here, Nl is the number of TiO2 layers (see Figure 5.1)

with appreciable occupation. Electron motion in the plane perpendicular to

the ẑ-direction is unbounded and Bloch bands are formed from t2g-orbital

hopping on the square Ti 2D sublattices. Electron creation operators in real

and 2D momentum space are related by

c†Rασ =
1√
N

∑
k

e−ik·R⊥c†kRzασ, (5.4)

where R⊥ ranges over the 2D square lattice projection of the Ti simple-cubic

lattice, and k is a crystal momentum in the corresponding 2D Brillouin-zone.

With this notation, the non-interacting Hamiltonian can then be writ-
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ten as H0 = T‖ + T⊥, where the inter -layer hopping term is

T‖ =
∑
ασ

∑
kRzR′z

c†kRzασ h
‖
α(Rz −R′z) ckR′zασ, (5.5)

with

h‖α(Rz −R′z) =


−t′ δRz−R′z ,±aẑ for α = xy

−t δRz−R′z ,±aẑ for α = xz

−t δRz−R′z ,±aẑ for α = yz,

(5.6)

and the intra-layer hopping term is

T⊥ =
∑
ασ

∑
kRz

c†kRzασ h
⊥
α (k) ckRzασ (5.7)

with

h⊥α (k) =



~2k2

2mL

− 4t for α = xy

~2k2
x

2mL

+
~2k2

y

2mH

− 2(t+ t′) for α = xz

~2k2
x

2mH

+
~2k2

y

2mL

− 2(t+ t′) for α = yz

. (5.8)

In using Eq. (5.8) we are assuming that the number of electrons per Ti

atom is much less than one, a condition that is violated only in very narrow

quantum well systems [10, 11], so that only states near the Γ point of the 2D

Brillouin zone are occupied. The energy dispersion of the conduction bands

can be described using effective masses, which we obtain by expanding about

Γ to leading order in k. Eq. (5.8) shows that the xz and yz bands have one

heavy mass, mH, and one light mass, mL, while the xy band is isotropic and

has a light mass mL in both the x and y directions. In terms of the original

hopping amplitudes, mH = ~2/(2t′a2) and mL = ~2/(2ta2).

61



In heterojunction systems, several xy, yz, and xz type subbands are

expected to be occupied even at moderate electron densities [23,25,74]. How-

ever, since & 75% of the electron density is contained in the lowest xy, yz

and xz subbands [23], we address the case in which only one subband of each

orbital type is retained. This truncation is sufficiently realistic to account

for the most interesting properties of heterojunction 2DEGs. The assumption

can easily be relaxed when there is an interest in quantitatively describing the

properties of particular 2DEG systems that have more occupied subbands.

With this assumption Eq. (5.7) can be written as

T⊥ =
∑
kασ

c†kασ h
⊥
α (k) ckασ , (5.9)

where α is an orbital label. Eq. (5.8) gives the bare band dispersions for the

three bands retained in our model, which are plotted in Figure 5.1. According

to recent tight-binding fits [23] to Shubnikov-de Haas measurements [29] of

bulk n-type SrTiO3, t = 236 meV, and t′ = 35 meV so that

mH

m
=

Ry

t′

(aB

a

)2

∼ 7 (5.10)

and

mL

m
=

Ry

t

(aB

a

)2

∼ 1 , (5.11)

where m is the bare electron mass, aB is the Bohr radius, and Ry is the

Rydberg energy unit.

The isolated-layer bare-electron Hamiltonian in Eq. (5.7) has several

important qualitative features that are schematically depicted in Fig. 5.1.

62



First, the xz and yz bands have elliptical Fermi surfaces, while the xy band

is isotropic. Second, the xz and yz band edge is higher in energy than the xy

band edge by 2(t−t′) ∼ 402 meV when carriers are confined to a single atomic

layer. This offset will decrease as the electrons spread out in the confinement

direction, but the quantum confinement energy will always be lower for xy

orbitals. Because the xy band electrons have a much weaker hopping ampli-

tude in the ẑ-direction (t′) than the xz and yz electrons (t), they are more

strongly confined to interfaces in heterojunction systems. We note that it is

possible [1, 79] to crudely account for the difference in interfacial confinement

by introducing a parameter d, which is defined as the difference between xz,

yz subbands and the xy subband average ẑ-direction positions (see Fig. 5.1),

however in the current article we do not make this simplifying approximation.

Next we add electron-electron interactions to our Hamiltonian. When

the electron density per Ti atom is much smaller than one, the Fermi surface

occupies a small fraction of the Brillouin zone and the probability of two elec-

trons simultaneously occupying the same Ti site is very small. As discussed

previously, in this limit including only the Hubbard part of the full electron-

electron interaction misses the most important Coulomb interactions [1]. Be-

cause of its long range, the typical Coulomb interaction energy of an individual

electron vanishes only as two-dimensional density n1/2, in contrast to the ∼ n

scaling of the Hubbard model. We therefore include in our model calculations

63



the full Coulomb interaction

V =
1

2

∑
i 6=j

e2/κ√
(r⊥,i − r⊥,j)2 + (zi − zj)2

. (5.12)

Here, κ is an effective dielectric constant. For the typical electron-electron in-

teraction transition energies, the relevant dielectric constant does not include

the difficult-to-model soft-phonon contribution [23], but depends on the di-

electric environment on both sides of the relevant heterojunction or surface.

For further details on this point see Ref. [34]. In order to take advantage of

translational symmetry in the x-y plane, it will be convenient to Fourier trans-

form the Coulomb interaction with respect to the in-plane electron position

operators r⊥,i:

V =
1

2A

∑
i 6=j

∑
q

vq(zi − zj) eiq·(r⊥,i−r⊥,j) (5.13)

where vq(x) = 2πe2 exp(−q|x|)/ (κq). We then separate the q = 0 term in

Eq. (5.13), which can be regularized [22,23,74] by combining it with a remote

neutralizing background. This procedure leads, up to an irrelevant constant,

to the following Hamiltonian contribution:

V‖ = − 1

2A

∑
i 6=j

2πe2

κ
|zi − zj| , (5.14)

which we refer to below as the Hartree contribution. Because this term in

the Hamiltonian depends only on a small number of macroscopic observables,

namely the number of electrons in each layer, its contribution to the ground-

state energy is given exactly by the corresponding classical mean-field energy,
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as discussed in Section 5.3.2. The remaining portion of the electron-electron

interaction,

V⊥ =
1

2A

∑
i 6=j

∑
q 6=0

vq(zi − zj) eiq·(r⊥,i−r⊥,j) , (5.15)

gives an energy contribution that is dependent on electronic exchange and

correlation effects.

5.3 Variational Theory for the ground-state energy

In this Section we develop a variational approximation for the ground-

state energy that aims to treat interfacial confinement on an equal footing

with electrostatic and XC interaction energies. Our strategy is to first assign

confinement wavefunctions to each t2g subband, to then use a two-dimensional

random-phase (GW) approximation to account for exchange and correlation

with a fixed confinement-wavefunction constraint, and finally to optimize the

confinement wavefunctions by minimizing the total energy including electro-

static energies and confinement-direction hopping. The orbital-dependent sub-

band wavefunctions can be expanded in the form

|ψασ〉 =

Nl∑
Rz=1

ηασRz |Rz ασ〉 , (5.16)

where |Rz ασ〉 is a single-particle confinement direction lattice state. The

single-particle Hilbert space is constructed as a direct product of the |Rz ασ〉

space and two-dimensional momentum space, |ψkασ〉 = |k〉⊗|ψασ〉. In Sect. 5.3.1

we derive an expression for the contribution to the ground-state energy from

the single-particle and interaction terms that are sensitive to planar spatial
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correlations: H⊥ = T⊥ + V⊥ (see below.) Because the number of electrons

in each orbital is a good quantum number, the energy can be expressed as

a function of the subband wavefunction spinors, ηασ, and the electron den-

sity associated with each spin-resolved orbital, nασ. In Sect. 5.3.2 we derive

an equation for the wavefunctions attached to each spin-resolved band that

is based on a total-energy minimization principle. Finally, in Sect 5.3.3 we

describe the self-consistent solution of this equation. Using this procedure we

can determine the distribution of density amongst the spin-resolved bands,

allowing for the possibility of spontaneous orbital and spin order.

5.3.1 Two-Dimensional Electron Gas Exchange and Correlation

In this Section we will apply the random phase approximation (RPA) [22]

to a 2DEG Hamiltonian constructed by fixing confinement-direction subband

wavefunctions:

H⊥ =
∑
ασ

c†kασh
⊥
α (k)ckασ

+
1

2A

∑
q 6=0

∑
kk′
αα′
σσ′

Vασ,α′σ′ (q) c
†
k+qασc

†
k′−qα′σ′ck′α′σ′ckασ .

(5.17)

H⊥ accounts fully for lateral hopping and for the component of Coulomb inter-

actions sensitive to the electron coordinates perpendicular to the confinement

direction. It is simply the second-quantization version of Eq. (5.15) combined

with Eq. (5.9). The dispersion of the bands retained in our model is given in

Eq. (5.8) and plotted in Fig. 5.1. The orbital- and spin-dependent effective

interaction in Eq. (5.17) is constructed by attaching the appropriate subband
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wavefunction to each orbital and averaging over the confinement direction

Vασ,α′σ′ (q) =
∑

Rz1,Rz2

|ηασRz1|
2 2πe2e−q|Rz1−Rz2|

κq
|ηα′σ′Rz2

|2 . (5.18)

The subband and spin indices in Eq. (5.18) account for the fact that the

Coulomb interaction between an electron in the spin-resolved subband labeled

by (α, σ) and an electron in (α′, σ′) depends on the spatial profile of the re-

spective confinement wavefunctions. This should not be confused with the

more general feature that the bare Coulomb interaction does not allow for

any particular electron to scatter between different spin-resolved bands; in the

language of Feynman diagrams this is often described by saying that the bare

Coulomb interaction vertices are diagonal in the spin and band indices. In the

numerical calculations for the t2g 2DEG presented in Sect. 5.4 we limit our

consideration to wavefunctions that depend only on orbital, i.e. ηασ → ηα,

allowing the spin indices (σ, σ′) in Eq. (5.18) can be dropped. The ground-

state energy of the 2DEG Hamiltonian in Eq. (5.17) has kinetic energy E⊥K ,

exchange energy E⊥X , and correlation energy E⊥C contributions that depend

on a set of densities that specify the occupation of each spin-resolved band,

{nασ}. The exchange and correlation energies also depend on the set of trans-

verse subband wavefunctions through the expansion coefficients, {ηασ} defined

in Eq. (5.16). Here and throughout the remainder of this chapter we use the

convention

{xασ} ≡ {xxy ↑, xxy ↓, xyz ↑, xyz ↓, xxz ↑, xxz ↓} (5.19)

to express sets of variables that depend on band α and spin σ quantum num-

bers.
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The kinetic energy contribution to the ground-state energy of Eq. (5.17)

is simply the sum of contributions from each occupied spin-resolved band, i.e.

E⊥K =
∑
ασ

Eασ
K . (5.20)

For each spin-resolved isotropic xy band

Eασ
K =

π~2An2
ασ

mL

, (5.21)

and for each spin-resolved elliptical xz and yz band

Eασ
K =

π~2An2
ασ

mDOS

, (5.22)

where A is the 2D sample area and we have defined the density-of-states mass

mDOS =
√
mLmH. The offset between the xz and yz band-edge energy and

the xy band-edge energy is accounted for in the analysis of H‖ presented in

Sect. 5.3.2.

The exchange energy is given by first-order perturbation theory [22].

Since the Coulomb interaction vertices are diagonal in band index, the total

exchange energy is given by the sum of independent contributions from each

occupied band

E⊥X =
∑
ασ

Eασ
X . (5.23)

The exchange energy of electrons in band α and with spin σ is given by

Eασ
X = − 1

2A

∑
k

n(F)
ασ (k)

∑
q 6=0

Vασ,ασ (q)n(F)
ασ (k + q) (5.24)
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where n
(F)
ασ (k) is the usual Fermi-Dirac distribution function. At zero tem-

perature the integral over k can be performed analytically and the remaining

two-dimensional integral over q can be evaluated numerically:

Eασ
X = − A

8π2

∫ ∞
0

q dq

∫ 2π

0

dφ

[ ∑
Rz1,Rz2

|ηασRz1|
2 2πe2e−qF (ζ,φ)|Rz1−Rz2|

κqF (ζ, φ)
|ηασRz2 |

2

]

× Θ
(√

4πnασ −
q

2

)
×

[
nασ −

q

4π2

√
4πnασ −

(q
2

)2

− 2

π
arcsin

(
q

4
√
πnασ

)]
,

(5.25)

where Θ (x) is the Heaviside step-function and we have defined

F (ζ, φ) =
√
ζ−1/2 cos2 (φ) + ζ1/2 sin2 (φ) . (5.26)

The parameter ζ = mH/mL in Eq. (5.25) describes the degree of band-anisotropy

present in the xz and yz bands. Eq. (5.25) applies to the isotropic xy bands

after setting ζ to one, in which case the integral over φ becomes trivial.

In the numerical calculations presented in Sect. 5.4 we specifically con-

sider thin-films of SrTiO3. Throughout this chapter we define the “thin-film

limit” quantitatively via the condition Nla
√
n/g � 1, where

√
n/g is an ap-

proximation for the 2D Fermi wavevector of each of the g = 6 spin-resolved

bands in our t2g 2DEG model and Nla is the quantum well thickness (i.e. the

maximum distance separating any two electrons in the z-direction). Quali-

tatively this limit describes the case when the typical inter-electron distance

which is perpendicular to the confinement direction, |r⊥,i − r⊥,j|, is much

greater than the inter-electron distance parallel to the confinement direction,
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|zi − zj|, and the latter can be neglected. In this limit the Coulomb inter-

action loses its orbital dependence, and we therefore replace Vασ,ασ (q) with

vq ≡ 2πe2/ (κq). Subsequently, Eq. (5.25) for the exchange energy of a single

spin-resolved band can be evaluated analytically

Eασ
X = −16e2n

3/2
ασ A

3π3/2κ
ζ1/4 K(1− ζ) , (5.27)

where K (x) is the complete elliptic integral of the first kind. Eq. (5.27) applies

to both the elliptical xz and yz bands and, by setting ζ → 1, also to the circular

xy band.

We note that the exchange energy is always negative, that the exchange

interaction acts only between electrons in the same spin and orbitally resolved

band, and that the dependence of exchange energy on density in a single

band is superlinear. It follows that exchange favors states in which electrons

occupy fewer bands. This is the physical mechanism for the type of ferro-

magnetism envisioned by Bloch [57]. In 2DEGs where different bands have

different orbital content (e.g. xy, yz or xz), the exchange interaction can lead

to orbitally-ordered states, as well as spin-ordered states. We discuss these

types of instabilities in detail in Section 5.4. It follows from Eq. (5.27) that the

exchange energy is weakly reduced by band anisotropy. This property works

against exchange-driven spontaneous symmetry breaking in SrTiO3 2DEGs.

To evaluate the correlation energy we follow the familiar procedure [22]

of combining coupling-constant-integration with the fluctuation-dissipation

theorem. This method begins by considering the coupling-constant of our
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Hamiltonian (i .e. the electron’s charge) as a tunable parameter: we replace

−e with −e
√
λ and allow λ to vary between zero and one. The ground-state

wavefunction Ψ (λ) and total ground-state energy E (λ) both evolve as λ is

varied. At any particular value of λ, the contribution to the total ground-

state energy from the coupling-constant-rescaled Hamiltonian in Eq. (5.17) is

found by taking the expectation value

E⊥ (λ) = 〈Ψ (λ) |H⊥ (λ) |Ψ (λ)〉

= 〈T⊥〉λ + 〈V⊥ (λ)〉λ .
(5.28)

After taking the derivative with respect to λ and using the Hellman-Feynman

theorem this becomes

dE⊥ (λ)

dλ
=

1

λ
〈V⊥ (λ) 〉λ . (5.29)

The XC energy is then obtained by integrating over the coupling-constant

E⊥XC ≡ E⊥ (1)− E⊥ (0) =

∫ 1

0

dλ

λ
〈V⊥ (λ)〉λ . (5.30)

The instantaneous structure factor [22] describes correlations between

density-fluctuations at wavevector −q in band (α, σ), and density-fluctuations

at wavevector +q in band (α′, σ′), and is defined by

S
(λ)
ασ,α′σ′ (q) = 〈nασ−q nα

′σ′

q 〉λ/N , (5.31)

where nασ−q =
∑
k c
†
k+qασckασ and N is the total number of electrons. Eq. (5.30)

can then be written

E⊥XC =
1

2A

∫ 1

0

dλ

λ

∑
q 6=0

∑
αα′
σσ′

V
(λ)
ασ,α′σ′ (q)

×
[
NS

(λ)
ασ,α′σ′ (q)− δαα′δσσ′Nασ

]
,

(5.32)
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where Nασ is the number of electrons in the spin-resolved band labeled by

(α, σ), and V
(λ)
ασ,α′σ′ is given by Eq. (5.18) after replacing −e with −e

√
λ. Next

we make use of the fluctuation-dissipation theorem [22] relating the instanta-

neous structure factor to the density-response function

S
(λ)
ασ,α′σ′ (q) = − 2~

nπ

∫ ∞
0

χ
(λ)
ασ,α′σ′(q, iω) dω . (5.33)

The density-response function, χ
(λ)
ασ,α′σ′(q, iω), is the proportionality factor be-

tween the change in electron density at −q in the band labeled by (α, σ),

when an arbitrarily weak perturbation couples to the density at q in the band

labeled by (α′, σ′) [22]. We have analytically continued the integration path

to the complex frequency axis in Eq. (5.33) to avoid plasmon poles. We can

now write the XC energy as

E⊥XC =
1

2A

∫ 1

0

dλ

λ

∑
q 6=0

∑
αα′
σσ′

V
(λ)
ασ,α′σ′ (q)

×
[
−2~A

π

∫ ∞
0

χ
(λ)
ασ,α′σ′(q, iω) dω − δαα′δσσ′Nασ

]
.

(5.34)

Since the exchange energy is equivalent to first-order perturbation the-

ory in homogeneous electron gases, it is clear that we can obtain an al-

ternative expression for the exchange energy by replacing the full density-

response function, χ
(λ)
ασ,α′σ′(q, iω), with the non-interacting density-response

function, χ
(0)
ασ,α′σ′(q, iω). Note that the non-interacting density-response func-

tion is diagonal in the combined spin-band index (α, σ), i.e. χ
(0)
ασ,α′σ′(q, iω) =

δαα′δσσ′χ
(0)
ασ(q, iω). We can subtract the coupling-constant-integration expres-
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sion for the exchange energy from Eq. (5.34) to obtain the correlation energy

E⊥C =
−~
π

∫ ∞
0

dω

∫ 1

0

dλ

λ

∑
q 6=0

∑
αα′
σσ′

V
(λ)
ασ,α′σ′ (q)

×
[
χ

(λ)
ασ,α′σ′(q, iω)− χ(0)

ασ,α′σ′(q, iω)
]
.

(5.35)

It is, in fact, necessary to remove the exchange-energy contribution from the

coupling-constant formulation of the XC energy in order to obtain a convergent

frequency integral.

The density-response functions appearing in Eq. (5.35) form a matrix,

χ(λ)(q, ω), with rows labeled by (α, σ) and columns labeled by (α′, σ′). In

the RPA, the density-response matrix is related to the diagonal matrix of

non-interacting density-response functions

χ(0)(q, ω) ≡ diag(χ
(0)
α1↑(q, ω), χ

(0)
α1↓(q, ω), χ

(0)
α2↑(q, ω), χ

(0)
α2↓(q, ω), . . .) , (5.36)

via [
χ(λ)(q, iω)

]−1
=
[
χ(0)(q, iω)

]−1 − V (λ)(q) , (5.37)

where the elements of the matrix V (λ)(q) are given by Eq. (5.18) after replac-

ing −e with −e
√
λ. Analytic expressions for Reχ

(0)
xyσ(q, iω) and Imχ

(0)
xyσ(q, iω)

for the isotropic 2D band case can be found, for example, in Ref. [22]. The

subband wavefunctions, ηασ, do not change these functions from the formu-

las for a perfectly two-dimensional system. The analytic expressions for the

elliptical-band response functions χ
(0)
xzσ(q, iω) [χ

(0)
yzσ(q, iω)] can be easily iden-

tified by rescaling momenta, kx → kx
√
mL/mDOS and ky → ky

√
mH/mDOS

[kx → kx
√
mH/mDOS and ky → ky

√
mL/mDOS] in Eq. (5.8). Since this
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rescaling maps the elliptical band onto a circular band, the elliptical band

density-response functions χ
(0)
xzσ(q, iω) and χ

(0)
yzσ(q, iω) can be written in terms

of χ
(0)
xyσ(q, iω):

χ(0)
xzσ(q, iω) = χ(0)

xyσ(q′, iω;mDOS)
∣∣
q′→
√
q2xζ

1/2+q2yζ
−1/2 (5.38)

and

χ(0)
yzσ(q, iω) = χ(0)

xyσ(q′, iω;mDOS)
∣∣
q′→
√
q2xζ
−1/2+q2yζ

1/2 (5.39)

where we have again defined ζ = mH/mL. Eq. (5.35) and Eq. (5.37) combine to

give a general expression for the RPA correlation energy which can be applied

to 2DEGs with an arbitrary number of subbands. When the number of bands

is sufficiently small, Eq. (5.37) can be inverted analytically and the integral

over the coupling-constant λ can be performed by hand. Furthermore, if each

band is isotropic then the non-interacting density-response functions depend

only on |q| and the integral over wavevector orientation angle is trivial.

In applying the coupling-constant integration algorithm to the t2g model

for SrTiO3, we assume that all electrons in the elliptical xz and yz bands can

be described by a single transverse wavefunction, ηE, while all electrons in

the circular xy band can be described by a second transverse wavefunction,

ηC. This approximation is motivated by Eq. (5.6), which says that electrons

in the elliptical bands hop between layers in the ẑ-direction with amplitude

t, while electrons in the circular band hop with amplitude t′. There are then

only three distinct interactions contained in Eq. (5.18), i.e. VC,C = Vxyσ,xyσ′ ,

VE,E = Vxzσ,xzσ′ = Vyzσ,yzσ′ = Vxzσ,yzσ′ = Vyzσ,xzσ′ , and VC,E = VE,C =
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Vxyσ,xzσ′ = Vxyσ,yzσ′ = Vxzσ,xyσ′ = Vyzσ,xyσ′ where we have omitted the q de-

pendence of the interactions for brevity. Since there are only two independent

components, Eq. (5.37) becomes[
χ(λ)(q, iω)

]−1
=

(
(χ

(0)
C )−1 0

0 (χ
(0)
E )−1

)
−

(
V

(λ)
C,C V

(λ)
C,E

V
(λ)

E,C V
(λ)

E,E

)
. (5.40)

Here, χ
(0)
C (q, iω) is the density response function of the circular bands,

χ
(0)
C (q, iω) =

∑
σ

χ(0)
xyσ(q, iω) , (5.41)

and χ
(0)
E (q, iω) is the density response function of the elliptical bands,

χ
(0)
E (q, iω) =

∑
σ

∑
α=xz,yz

χ(0)
ασ(q, iω) . (5.42)

Finally, as in the calculation of the exchange energy presented above, we

consider the thin-film limit in which the Coulomb-interaction entering the RPA

correlation energy loses its orbital dependence, and we can replace Vασ,α′σ′ (q)

with vq. Eq. (5.40) simplifies to a single-component expression

1

χ(λ)(q, ω)
=

1

χ(0)(q, ω)
− v(λ)

q (5.43)

where we define χ(0)(q, ω) =
∑

ασ χ
(0)
ασ(q, ω). In this same limit Eq. (5.35)

reduces to

E⊥C =
−~
π

∫ ∞
0

dω

∫ 1

0

dλ

λ

∑
q 6=0

vq

×
[
χ(λ)(q, iω)− χ(0)(q, iω)

]
,

(5.44)

which after carrying out the integration over the coupling constant gives

E⊥C =
−~
π

∫ ∞
0

dω
∑
q 6=0

×
[
vq χ

(0)(q, iω) + ln
(
1− vq χ(0)(q, iω)

)]
.

(5.45)
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As explained in more detail in Appendix B.1, we find that the (always

negative) correlation energy per electron is decreased in magnitude by in-

creasing the band anisotropy. Furthermore, the correlation energy is largest in

magnitude when the electron density is distributed equally amongst all of the

spin-resolved bands. This property implies that the correlation energy works

against the type of spontaneous symmetry breaking favored by exchange. We

discuss this competition in Section 5.4, but first must account for the contri-

bution to the ground-state energy from the q = 0 electron-electron interaction

term (i.e. the Hartree potential), the electrostatic external potential, and from

hopping between layers.

In this section we have obtained expressions for the contribution to the

total ground-state energy from terms in the t2g 2DEG Hamiltonian which are

sensitive to electron positions perpendicular to the confinement direction

E⊥ = E⊥K + E⊥X + E⊥C . (5.46)

In the next section we will give expressions for the total ground-state energy

of the t2g 2DEG Hamiltonian by combining Eq. (5.46) with the expectation

value of the terms which are sensitive to electron positions parallel to the

confinement direction. Before we do this, we pause to note that neither our

thin-film approximation, Nla
√
n/g � 1, nor our restriction to only two dis-

tinct transverse wavefunctions, (ηC,ηE), are critical to the applicability of the

variational theory.
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5.3.2 Total Energy

Next we calculate the contribution to the total ground-state energy

from terms in the t2g 2DEG Hamiltonian that are sensitive to the electron

position in the direction parallel to the confinement direction, H‖ = T‖+V‖+

V
‖
ext. This is obtained by taking the expectation value of H‖ in the many-body

state defined by

〈Ψ{nασ ,ηασ}|H⊥|Ψ{nασ ,ηασ}〉 = E⊥ . (5.47)

Although E⊥ was not calculated in the previous section by appealing to an

explicit many-body wavefunction, the appropriate N-electron wavefunction can

always be written as a linear combination of Slater determinants of single-

particle states |ψkασ〉:

|Ψ{nασ ,ηασ}〉 =
∑
i

ci

{∑
P

(−1)P P̂
[ N∏
j=1

|ψkjαjσj〉
]}

, (5.48)

where P̂ is the permutation operator, P is the number of permutations in

each term, and we are summing over all permutations of the single-particle

state labels amongst the N electrons. Here, ci is a complex coefficient and

the index i runs over all Slater determinants with a fixed number of electrons

in each spin-resolved band and fixed transverse wavefuctions; we choose the

sets {nασ} and {ηασ} as good quantum numbers of our many-body variational

wavefunction |Ψ{nασ ,ηασ}〉.

The first contribution to E‖ is from interlayer hopping described by
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Eq. (5.6). Taking the expectation value of T‖ we find that

E
‖
K = A

∑
ασ

nασ
(
ηασ† · tα · ηασ

)
, (5.49)

where txz = tyz = −t δRz ,Rz±a + 2(t − t′) δRz ,R′z and txy = −t′ δRz ,Rz±a are

Nl × Nl matrices in layer index. The diagonal contribution 2(t − t′) to txz

and tyz accounts for the energy offset between the band edge of the elliptical

xz and yz bands and the circular xy band when confined to a single TiO2

layer (see Fig. 5.1). This expression is independent of the correlations among

transverse degrees of freedom, approximated above using the RPA. Similarly,

the Hartree energy can be obtained by taking the expectation value of the

portion of the Coulomb interaction sensitive to electron positions along the

confinement direction, V‖:

E
‖
H = A

∑
ασ

nασ
(
ηασ† · VH · ηασ

)
= −Aπe

2

κ

∑
Rz ,R′z

nRz |Rz −R′z|nR′z ,
(5.50)

where nRz is the total electron density in layer Rz. The matrix VH entering

Eq. (5.50) is diagonal in TiO2 layer index, with elements given by

[
VH

]
Rz ,R′z

= −δRz ,R′z

(
πe2

κ

)
×
∑
R′′z

|Rz −R′′z |
∑
ασ

nασ|ηασR′′z |
2 .

(5.51)

For definiteness, we will assume in this article the common case in which there

is only one electrostatic gate (which we place at z = 0) with total charge

78



+e n = +e
∑

ασ nασ (see Figure 5.1). The electronic energy from the external

gate’s confinement potential is then

E
‖
ext = A

∑
ασ

nασ
(
ηασ† · Vext · ηασ

)
, (5.52)

where Vext is also a diagonal matrix in TiO2 layer index, with matrix elements

given by [
Vext

]
Rz ,R′z

=

(
2πe2nRz

κ

)
δRz ,R′z . (5.53)

Combining terms, we write the contribution from the parallel part of

the Hamiltonian to the total ground-state energy as

E‖ = E
‖
K + E

‖
H + E

‖
ext . (5.54)

Notice that since each term in H⊥ depends only on a small number of macro-

scopic observables (e.g. the density in each layer and/or the density in each

spin-resolved band), which are completely determined from the good quantum

numbers of our variational wavefunction Eq. (5.48), each terms contribution to

the ground-state energy is given exactly by the corresponding classical mean-

field energy.

When E‖ is combined with the contributions to the ground-state energy

from the perpendicular part of the Hamiltonian, we obtain the total ground-

state energy as a functional of the density in each spin-resolved band and the

transverse subband wavefunction spinors:

E
[
{nασ,ηασ}

]
= E‖ + E⊥ . (5.55)
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5.3.3 Minimizing the total energy

To solve for the ground-state values of {nασ} and {ηασ}, we minimize

the energy functional in Eq. (5.55) subject to the constraint equations
∑
ασ

nασ = n∑
Rz

|ηασRz |
2 = 1

. (5.56)

The second equation is applied for each α and σ. For these constraints we

introduce Lagrange multipliers, µ and {νασ}, respectively. Minimization of the

total energy functional with respect to each particular nασ yields an equation

µ⊥ασ + ηασ† ·
(
tα + VH + Vext

)
· ηασ = µ , (5.57)

where we have defined µ⊥ασ = A−1 dE⊥/dnασ. In obtaining the results pre-

sented in Sect. 5.4, we have evaluated µ⊥ασ numerically by combining the above

expressions for E⊥ with finite difference formulas. Minimization of the total

energy functional with respect to each component of the spinor ηασ† yields an

eigenvalue equation

(
X + Y ασ + tασ + VH + Vext

)
· ηασ =

(
νασ
Anασ

)
ηασ (5.58)

for each value of α and σ. Here, the diagonal matrices X and Y ασ are found

from differentiating the correlation energy and exchange energy, respectively,
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and their matrix elements are given by

[
X
]
Rz ,R′z

= δRz ,R′z

(
−~
π

)∫ ∞
0

dω

∫ 1

0

dλ

λ

∑
q 6=0

∑
αα′
σσ′

×
(
Mασ,α′σ′ (Rz, q)

{
χ

(λ)
ασ,α′σ′ − χ

(0)
ασ,α′σ′

})
+ δRz ,R′z

(
−~
π

)∫ ∞
0

dω

∫ 1

0

dλ

λ

∑
q 6=0

∑
αα′
σσ′

×

V (λ)
ασ,α′σ′ (q)

∑
ββ′

ττ ′

χ
(λ)
ασ,βτ Mβτ,β′τ ′ (Rz, q) χ

(λ)
β′τ ′,α′σ′


(5.59)

and[
Y ασ

]
Rz ,R′z

= δRz ,R′z

(
−A
8π2

)∫ ∞
0

q dq

∫ 2π

0

dφ Mασ,ασ (Rz, q F [ζ, φ])

× Θ
(√

4πnασ −
q

2

)
×

[
nασ −

q

4π2

√
4πnασ −

(q
2

)2

− 2

π
arcsin

(
q

4
√
πnασ

)]
,

(5.60)

where we have defined

Mασ,α′σ′ (Rz, q) =
∑
R′′z

2πe2e−q|Rz−R
′′
z |

κq

(
|ηασR′′z |

2 + |ηα′σ′R′′z
|2
)
. (5.61)

In Eq. (5.59) we have omitted the (q, iω) dependence of the density response

functions for brevity. Eqs. (5.56)-(5.58) provide enough independent linear

relationships to solve solve self-consistently for the various densities, {nασ},

and transverse wavefunction spinors {ηασ}, introduced in our model.

81



As already mentioned above, the numerical results we present in Sect. 5.4

have been obtained for thin films of SrTiO3, which we identify by the condition

Nla
√
n/g � 1. While this approximation is not essential to our variational

approach, by making it we simplify the numerical problem to be solved in

this first application of our method in which we study orbital and spin order-

ing instabilities. Specifically, in the thin-film limit the Coulomb interaction,

Eq. (5.18), loses its orbital dependence and the exchange and correlation en-

ergies are no longer directly dependent on the transverse wavefunction spinors

(see Eq. (5.27) and Eq. (5.45)). As a result the matrices X and Y ασ vanish.

After also making the approximation that only two distinct transverse wave-

function spinors exist, ηC and ηE, the constraints in Eq. (5.56) can be written

as 

∑
β=E,C

nβ = n∑
Rz

|ηC
Rz |

2 = 1∑
Rz

|ηE
Rz |

2 = 1

(5.62)

and Eq. (5.57) and Eq. (5.58) become

µ⊥β + ηβ ·
(
tβ + VH + Vext

)
· ηβ = µ (5.63)

and (
tβ + VH + Vext

)
· ηβ =

(
νβ
Anβ

)
ηβ , (5.64)

where β = E or C. Eq. (5.63) guarantees that all occupied subbands have the

same chemical potential, while Eq. (5.64) chooses the subband wavefunction

as the eigenvalue of the mean-field Hamiltonian. Appropriate expressions for
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matrices tβ and VH, as well as for µ⊥β follow in an obvious manner from the

more general definitions in Sect. 5.3.2. We note in passing that although the

exchange and correlation energies in this approximation are no longer directly

dependent on the transverse wavefunction spinors, they are still sensitive to

confinement effects. For example, the spinors, ηC and ηE are determined by

solving Eq. (5.64) and are therefore sensitive to the band-offset between the

xz and yz bands and the xy bands. The band-offset obviously influences the

equilibrium values of nβ, which in turn affects the values of the exchange and

correlation energies defined in Eq. (5.27) and Eq. (5.45).

We now outline one method for obtaining the self-consistent solution.

The first step in the determination of the densities (nE, nC), and wavefunctions(
ηE,ηC

)
, is to make an initial choice for them which satisfies the equations

of constraint. In step two, use these to calculate VH, µ⊥E and µ⊥C. Eq. (5.63)

with β = C can be combined with Eq. (5.63) with β = E to eliminate µ, and

root-finding numerical algorithms can be applied to solve for new values of

nE and nC. These values are then used to re-evaluate the Hartree potential

VH. Eq. (5.64) is an eigenvalue problem with a real, symmetric, and tridiag-

onal matrix. It follows that the eigenvalues are real and the eigenvectors can

be chosen to have only real components, i.e.
(
ηβ
)†

=
(
ηβ
)T

. We solve this

eigenvalue problem numerically and select the eigenvectors, ηE and ηC, which

correspond to the smallest eigenvalues. These eigenvalues corresponds to the

band-edge energies of the subbands in our model. We keep the wavefunctions

corresponding to the smallest energy eigenvalues because we are only inter-
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ested in keeping the lowest subband of each orbital type xy, xz and yz. We

next return to the aforementioned “step two”, and repeat until convergence

is obtained. Adaptable numerical algorithms exist in the literature [81, 82] to

assist in solving the eigenvalue problem, finding spline interpolations for the

correlation energy, finding roots, and evaluating multi-dimensional integrals.

After a self-consistent solution has been obtained, the eigenvalues of

Eq. (5.64) give an approximation for the band-edge energies of the bands

retained in the t2g 2DEG model. Since our variational theory (just like the

Hohenberg-Kohn-Sham formulation of density functional theory) is a ground-

state theory, we cannot expect that single-particle energies arising therein

will give a perfect description of experimental energies. However, we suspect

that they will be an improvement over the LDA because, as discussed in the

introduction, our method is sensitive to the electron’s orbital symmetry. In

Sect. 5.4 we present numerical calculations using the RPA for the matrix of

density-response functions χ(λ)(q, iω). While being exact at high electron

density, the RPA neglects vertex corrections which become more important at

very low density [83]. Various methods exist for including vertex-correction

physics in the matrix of density-response functions (see Ref. [22] and references

therein), and we propose that in future calculations the relative success of these

approximations [84] can be gauged by comparing the predicted band-edge

energy offsets against those measured directly in angle-resolved photoemission

experiments.

84



5.4 Spin and Orbital Order

In this Section we present the results of our variational calculation

for the ground-state energy as a function of nE, nC, ηE, and ηC. Specifi-

cally, we consider three types of fully broken symmetry states characterized

by the distribution of electrons in the four spin-resolved elliptical bands: spin-

ordered (e.g. nxz↑ = nyz↑ = nE/2 and nxz↓ = nyz↓ = 0), orbital-ordered

(nxz↑ = nxz↓ = nE/2 and nyz↑ = nyz↓ = 0), and orbital- and spin-ordered

(nxz↑ = nE and nxz↓ = nyz↑ = nyz↓ = 0). The fully spin-polarized state of a

single-band isotropic 2DEG with Coulomb interactions is known to be energet-

ically favorable compared to a partially spin-polarized state [22,64], which has

motivated us to consider only the aforementioned fully spin and/or orbitally

polarized states in the oxide 2DEG. In all of these states we keep the den-

sity in the isotropic xy band equally distributed amongst the two spin-species,

nxy↑ = nxy↓ = nC/2. The distribution of electrons in these spontaneously

broken symmetry states contrasts with the distribution in the normal phase,

where all four spin-resolved elliptical bands are either equally occupied (above

some critical density which depends on the thickness of SrTiO3), or all empty.

Each broken symmetry state has is own set of nE, nC, ηE, and ηC, which we

vary to find the ground-state energy of that phase. By selecting the state with

the lowest energy at each value of total 2DEG density, n, and number of TiO2

layers, Nl, we have have constructed the phase diagrams shown in Fig. 5.2.

Examining Fig. 5.2a), we find that spontaneous orbital-order occurs

first, and is joined by an accompanying spin-order as the density is decreased.
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Several striking features appear here. First, the lower critical density for sym-

metry breaking decreases as the thickness of SrTiO3 increases. Rather than

being an interaction effect, this is caused by a reduction in the intrinsic band-

edge offset 2(t−t′), see e.g. Fig. 5.1. Specifically, the elliptical xz and yz bands

have a large hopping amplitude parallel to confinement, t, and the isotropic

xy band has a small hopping amplitude, t′. Therefore the xy band is more

tightly localized to the interface than the xz and yz bands (a result that is

quantitatively contained in the differences between ηC and ηE, respectively),

and the difference in band-edge energies decreases relative to the single-layer

value. This mechanism becomes more pronounced as the sample thickness

is increased, leading to a smaller effective band-edge offset at each given to-

tal density. Accurately capturing the change in band-edge offset as the total

density is varied, and perhaps more importantly as density is allowed to shift

between the elliptic bands to the circular bands near an instability, is key to

finding the correct phase diagram. In the next Section we elaborate on the role

of correlations in selecting the most energetically favorable broken symmetry

state.

5.4.1 Plasmon-pole approximation: Correlations prefer orbital or-
der

In the isotropic single-band 2DEG, the competition between kinetic and

exchange energies qualitatively captures the transition from the normal to the

ferromagnetic state. The role of correlations is to lower the critical density

for symmetry breaking [22]. Surprisingly, in our model for thin-film SrTiO3
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heterojunctions, we find that the correlation energy plays a more qualitatave

role. More specifically, at the exchange-only level the spin-ordered state is

energetically degenerate with the orbital-ordered state, as shown by the pres-

ence of the diagonally-hatched blue and yellow region in Figure 5.2b). The

effective exchange-interaction only acts between electrons in the same spin-

resolved band and therefore the ground-state energy is insensitive to whether

the xz, ↑ and xz, ↓ bands are occupied, as in a orbital-ordered state, or whether

the xz, ↑ and yz, ↑ bands are occupied, as in a spin-ordered state; the total

exchange energy is given in Eq. (5.23), and is simply the sum of the exchange

energy from each separate spin-resolved band. Once correlations are included,

however, our calculations reveal that the system prefers orbital-order to spin-

order. Indeed, the orbitally ordered phase (blue) remains in Fig. 5.2a), while

the spin ordered phase (yellow) is absent.

This result can be understood by applying the plasmon-pole approxi-

mation (PPA) to the RPA correlation energy. For simplicity we consider a

model without the xy band, and only consider the four remaining bands (i.e.

α = xz, yz and σ =↑, ↓) of our model. The plasmon frequency of the spin

polarized (SP) and orbitally polarized (OP) states is given by the zeroes of

their respective dielectric functions

ε(q,Ωi) = 1− vqχ̃i(q,Ωi) = 0 , (5.65)

where i = OP or SP, and χ̃i(q, ω) is the proper density response function

of the i’th broken symmetry state. In the RPA the proper density response
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function is given by summing the non-interacting density response function of

each occupied spin-resolved band. For the orbital-ordered state

χ̃OP(q, ω) = χ
(0)
xz,↑(q, ω) + χ

(0)
xz,↓(q, ω) , (5.66)

and for the spin-polarized state

χ̃SP(q, ω) = χ
(0)
xz,↑(q, ω) + χ

(0)
yz,↑(q, ω) . (5.67)

To make analytic progress we will consider plasmons in the long-wavelength

limit (i.e. q → 0 and ω > vFq). The non-interacting density response function

of an isotropic band (e.g the xy band we are currently neglecting) in this limit

is [22]

lim
q→0

χ(0)
xyσ(q, ω) =

nxyσq
2

mL ω2
. (5.68)

Expressions for the long-wavelength non-interacting density response functions

of the elliptical xz and yz bands can be found from Eq. (5.38) and Eq. (5.39).

After inserting the relevant proper density response function into Eq. (5.65),

we find the plasmon frequency of the spin-ordered and orbital-ordered state is

ΩSP =

√
vqn

2m̄
q (5.69)

and

ΩOP =

√
vqn

mDOS

√
ζ

1
2 q2
x + ζ−

1
2 q2
y , (5.70)

respectively. Here, n is the total density of the xz and yz bands only since

we are not considering the xy band. The density-of-states mass is mDOS =

√
mLmH, the reduced mass is m̄ = mLmH/(mL + mH). Interestingly, the SP

plasmon becomes isotropic in the long-wavelength limit.
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In the PPA, the imaginary part of the density response function is ex-

panded about the plasmon-pole of the system [22]. Using the long-wavelength

form of the density response function we obtain

ImχPPA
i (q, ω) = −πΩi

2vq
δ (ω − Ωi(q)) . (5.71)

The fluctuation-dissipation theorem [22] allows us to then find the instanta-

neous structure factor

SPPA
i (q) = − ~

πn

∫ ∞
0

ImχPPA
i (q, ω)dω (5.72)

and then the interaction energy per electron in the i’th broken symmetry state

is given by

Ei
C

N
=

1

8π2

∫
d2q vq

[
SPPA
i (q)− 1

]
. (5.73)

Although the long-wavelength PPA static structure factor gives a formally

divergent interaction energy, the contribution to the interaction energy at each

wavevector |q| has meaning in the long-wavelength limit |q| � kF [21]. We

define the correlation energy per electron from transitions at wavevector |q|,

Ei
C (q), by the relationship

Ei
C

N
=

∫ ∞
0

Ei
C(q)

N
dq. (5.74)

We find that the contribution to the interaction energy per electron at each

wavevector |q| is

EOP
C (q)

N
=

~q2

4π2n

√
vqn

mDOS

[
ζ1/4Ξ

(
ζ − 1

ζ

)]
− qvq

4π
(5.75)
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in the orbital-ordered state, and in the spin-ordered state is given by

ESP
C (q)

N
=

~q2

8πn

√
vqn

2m̄
− qvq

4π
, (5.76)

where Ξ(x) is the complete elliptic integral of the second kind. The last term on

the right hand side in both Eq. (5.75) and (5.76) is proportional to the classical

self-interaction energy of the plasmon density fluctuation at wavelength 2π/q.

The first term on the right hand side is the zero-point-energy of each plasmon

mode [21].

In Fig. 5.3 we plot Eq. (5.76) and Eq. (5.75) against |q| in units of

an effective density-of-states Fermi wavevector defined by kFDOS =
√

4πn/g,

where g = 2 is the number of occupied spin-resolved bands in either the spin-

or orbital-ordered states. The orbitally polarized phase is of lower energy as a

result of the smaller zero-point plasmon energy at wavevector |q|.

5.5 Summary And Discussion of Part 2

Orbital order is an interesting possibility in t2g electron systems, even

in the itinerant limit of doped d0 materials with a small value for the number

of electrons per metal site. We refer to the low-density t2g systems as t2g elec-

tron gases. The orbitally ordered t2g electron gas is an electron nematic [85], a

translationally invariant metallic phase with a spontaneously generated spatial

anisotropy. In this chapter we have developed and applied a theory of two-

dimensional t2g electron gases confined at a surface or interface by an external

electric field, which accounts for transverse correlations induced by Coulombic
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electron-electron interactions using a random phase approximation, and opti-

mizes the subband wavefunctions of the three t2g two-dimensional bands by

minimizing the total energy. In the present calculation we have assumed that

the t2g 2DEG has only one subband per flavor, but the formalism allows this

approximation to be relaxed.

It is interesting to consider advantages and disadvantages of the ap-

proach described in this chapter with other approaches that are also valuable

in addressing the physics of t2g electron gases. A density-functional theory

(DFT) approach, for example, has the advantage of being able to account

flexibly for structural rearrangements near interfaces which might play a role

in some cases. On the other hand DFT has the disadvantage that it is tech-

nically difficult to accurately treat cases with a small number of electrons per

unit cell where the most important physics occurs in a small part of a su-

percell Brillouin-zone. In addition, DFT normally uses a generic approximate

functional to describe exchange and correlation. In the case of t2g systems

it is clear that these approximations do not capture specific features in the

exchange-correlation physics that are special to t2g electron gases, for example

the difference between the exchange and correlation energies of electrons in el-

liptical vs. circular bands that we have discussed. We view the work described

in this chapter as complementary to efforts to unlock t2g electron gas physics

using DFT.

For definiteness, in our calculations we consider the case when the t2g

electrons are confined to an interface and also confined in a quantum well with
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a finite number of metal layers, Nl. Below a critical density that decreases with

increasing Nl, only xy bands are occupied because they have smaller confine-

ment energies. We find that orbital order occurs when the yz, xz elliptical

band density is below a critical value, and that it occurs over a broader range

of total density for wider quantum wells. At very low elliptical band density

spin order occurs in additional to orbital order.

Anisotropic magnetoresistance measurements of LaAlO3/SrTiO3 het-

erojunctions [86–88] indicate uniaxial anisotropy which spontaneously appears

above a critical density at which the xz and yz bands start to be occupied, and

disappears when the xz and yz bands’ density becomes large. The magnetic

properties of these systems is not perfectly understood to date, but some the-

oretical analysis based on Hubbard-like model interactions [89–91] and Kondo

models [92] has recently appeared. We point out that both the orbitally or-

dered as well as the orbitally and spin ordered phases we have found would

introduce a uniaxial anisotropy in the system, and may explain these measure-

ments.

Several other systems have shown indications of the Bloch-like [57] in-

stability which drives the transition to orbital and spin order in the t2g electron

gas. Experimentally, some evidence for a ferromagnetic instability has been

observed in transport studies of very clean low-density Si 2DEGs [59,60]. Spin-

ordering in these itinerant electron 2DEGs is supported by a large enhance-

ment in the spin-susceptibility as the density is lowered [37]. Meanwhile, in the

multivalley semiconductor AlAs, where the valley degree-of-freedom is closely
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analogous to our t2g 2DEG’s band/orbital degree-of-freedom, large Coulomb-

interaction enhancements of the valley susceptibility have been measured [93].

In addition, exchange-correlation energies are understood to play an impor-

tant quantitative role in valley occupancy symmetry breaking in Si inversion

layers [94, 95]. Lastly, numerical studies of single-band 2DEG systems which

include both disorder and the Coulomb interaction have found a magnetic or-

dered ground-state [63,96]. Despite these studies, Bloch-like broken symmetry

states have not been unambiguously observed to date. Our calculations sug-

gest that Bloch-like instability to an orbital-ordered state may be present in

thin-film SrTiO3 heterojunctions.

The variational approach described in this chapter can be applied to

wide semiconductor quantum wells in which there is also a subtle interplay

between correlations and subband wavefunctions, and to Van der Waals het-

erostructures [97]. Although multiple orbitals are not often present near the

Fermi energy, these layered materials have a weak electronic hopping ampli-

tude in the confinement direction, and as a result many subbands are occupied

even in relatively thin multilayers. Additionally, many van der Waals mate-

rials have been observed to be strongly interacting, often exhibiting diverse

phenomena like charge-density wave instabilities [98], superconductivity [99],

and negative compressibility. [100]
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Figure 5.2: Phase diagram for the t2g 2DEG model of SrTiO3 plotted for
varying total density, n, and number of TiO2 layers, Nl. In all phases shown
there is a finite electron density in the isotropic xy band which is equally
distributed between spins. The colors distinguish phases with different dis-
tributions of electrons amongst the four spin-resolved elliptical bands (xz, ↑,
xz, ↓, yz, ↑, and yz, ↓). Purple identifies the normal low-density state in which
no electrons occupy the elliptical bands. Green identifies a orbital- and spin-
ordered state in which only one of the spin-resolved elliptical bands contains
electrons (e.g. xz, ↑). Light blue identifies an orbital-ordered state in which
only one elliptical band is occupied (e.g. xz, ↑ and xz, ↓). Yellow identifies a
spin-ordered state in which both elliptical bands have electrons but only of
one spin species (e.g. xz, ↑ and yz, ↑). Red identifies the normal high-density
state in which the density in all four spin-resolved elliptical bands is equal.
In panel a) correlations are included within the RPA. In panel b) correlations
are neglected and only the exchange energy is included. Although the orbital-
ordered state is degenerate with the spin-ordered state in b), correlations prefer
an orbital-ordered state and the spin-ordered state is absent in a).94
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Figure 5.3: The contribution to the correlation energy per electron from tran-
sitions with wavevector q is plotted for the orbital-ordered (solid brown) and
spin-ordered (dashed green) broken symmetry states. (Compare to Eqs. (5.75)
and Eq. (5.76) respectively.) The correlation energy is calculated within the
plasmon-pole approximation and in a simplified model in which the circular
xy band is absent. We have taken the total density to be 5× 1012cm−2.
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Appendix A

More details of Fermi-surface shape

modification

A.1 Two approximations used in understanding FSSM

In this appendix we briefly discuss the approximations contained in

Eq. (3.23) and Eq. (3.24) from the main text. Let us start with the former. As

discussed in Section 3.3.1, when FSSM is small we can linearize the expressions

for the interacting chemical potential as well as the expression for conservation

of the xz bands Fermi-surface area. This approximation yields Eqs. (3.16)-

(3.18) in the main text. These expressions can be written as

δkFx

kFx

=
µ− Ξxz(kFx)

kFx ∂kxΞxz(k, 0)|k=kFx

, (A.1)

δkFy

kFy

=
µ− Ξxz(kFy)

kFy ∂kyΞxz(k, 0)
∣∣
k=kFy

(A.2)

and

µ =
Ξxz(kFx) + Ξxz(kFy)

2
+

Σxz(kFx, 0)− Σxz(kFy, 0)

2

×
kFy∂ky [Ξxz(k)]k=kFy

− kFx∂kx [Ξxz(k)]k=kFx

kFy∂ky [Ξxz(k)]k=kFy
+ kFx∂kx [Ξxz(k)]k=kFx

(A.3)

where we have defined Ξxz(k) = εxz(k) + Σxz(k, 0). In the limit of small band

anisotropy the first term in Eq. (A.3) dominates and the interacting chemical
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potential can be approximated by

µ =
Ξxz(kFx) + Ξxz(kFy)

2
. (A.4)

Inserting this into Eq. (A.1) and then approximating the denominator of

Eq. (A.1) by the factor appropriate to an isotropic t2g system (as described by

Eq. (3.25)) we recover Eq. (3.23).

Next we briefly comment on Eq. (3.24), and specifically the fact that

it becomes an effective approximation for understanding FSSM in the limit

of large rs. Consider that the wavevector derivative of the xz bands kinetic

energy is proportional to 1/rs which in the large rs limit is much smaller than

the wavevector derivative of the self-energy of the single-band 2DEG given

by Eq. (3.32). Eq. (3.24) is thus an accurate approximation for studying

the single-band 2DEG at large rs. The applicability of Eq. (3.24) to the t2g

2DEG at large rs requires an additional comment. Specifically, although the

wavevector derivative of the self-energy of the xz band of the t2g 2DEG given

in Eq. (3.35) is much larger than the wavevector derivative of the xz bands

kinetic energy at the values of rs plotted in Figure 3.2, at extremely large rs

such that mDOS/(mLr
2
s )� κ2∆/(2m̄L), both derivatives go like 1/rs. Thus the

approximation given in Eq. (3.24) is not accurate for quantitatively evaluating

FSSM of the anisotropic band of the t2g 2DEG at asymptotically large rs, and

the wavevector derivative of the anistropic bands kinetic energy must not be

neglected. Despite this, when we are only interested in counting powers of

1/rs as in Section 3.3.2, Eq. (3.24) is valid for large rs.
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A.2 Details of the Analytical calculation of FSSM in
the t2g 2DEG

In this appendix we outline the derivation of Eq. (3.35) and Eq. (3.36)

from the main text. Let us begin with the former. We start using kF to define

dimensionless wavevectors and ~k2
F/mDOS to define dimensionless frequencies.

After expanding the wavevector derivative of the Green’s function appearing

in the G0W -RPA expression for ∂kΣ(k, 0)|k=kF
to leading-order in the small-

parameter cos (θ)/q we obtain

∂kΣ(k, 0)|k=kF
=
−2aBRy

π2κ

∫ ∞
0

qdq

∫ π

−π
dθ

∫ ∞
0

dΩ

×
(

q4 − 4Ω2

{q4 + 4Ω2}2

) 1/q

1 +
√

2rs
q

{
mL

mDOS
χ

(0)
xy (q, iΩ)

}
 (A.5)

where we have only written terms which will contribute at leading-order in

powers of 1/rs in the final expression. The factor of mL/mDOS appears in

front of χ
(0)
xy (q, iΩ) because the xy band has a smaller band-mass and therefore

a smaller density-of-states compared to the xz and yz bands. For simplic-

ity we have set the confinement separation distance to zero, d = 0, in the

RPA screened interaction. We now rewrite the wavevector derivative of the

self-energy using kFxy and ~k2
Fxy/mDOS to define dimensionless wavevectors

and frequencies, respectively. After this transformation it becomes clear that

Eq. (A.5) appears to scale like 1/rs. After introducing Rs and changing vari-

ables to v = Ω/q we find
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∂kΣ(k, 0)|k=kF
=
−4mDOS aB Ry

πκmL

Rs

rs

∫ ∞
0

dq

∫ ∞
0

dv

(
1/q

1 +
√

2Rs

q
χ

(0)
xy (q, iqv)

)

×

 q2 − 4
(
mDOS

mL

)2

v2{
q2 + 4

(
mDOS

mL

)2

v2

}2


(A.6)

In the limit of Rs � 1 we can approximate the Lindhard function along the

imaginary frequency axis by its long-wavelength limit

lim
q→0

χ(0)
xy (q, iqv) = 1− v√

v2 + 1
. (A.7)

When Eq. (A.7) is inserted into Eq. (A.6), we find that the integral diverges like

1/v in the long-wavelength limit. This is not surprising considering we have

taken the large Ω and q limit in obtaining Eq. (A.6). The analytic properties

of the Lindhard function provide us with a convenient small v (i.e. low energy)

cutoff, vc. Specifically, the Lindhard function is non-analytic [22] in the sense

that the long-wavelength limit is different depending on whether v > 1 or

v < 1. Careful examination of the Lindhard functions for each band of the t2g

2DEG indicates that for v < 1, screening from the elliptical xz and yz bands

is important for convergence. Inclusion of these functions, however, leads to

higher-order expressions in powers of 1/rs. For v > 1 meanwhile, screening

from the elliptic bands can be completely neglected. Applying the low-energy

cutoff vc = 1, the remaining integrals can be completed to yield Eq. (3.35) in

the main text.
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The derivation of Eq. (3.36) from the main text proceeds along very

similar steps, which we briefly outline now. Again we start by using kF to define

dimensionless wavevectors and ~k2
F/mDOS to define dimensionless frequencies.

After applying the coordinate transformation kx → ζ−1/4kx, qx → ζ−1/4qx ,

ky → ζ1/4ky and ky → ζ1/4ky, we find

Σxz(kFy, 0)− Σxz(kFx, 0) =
−23/2m̄DOSRy

π2κ2rs

∫ ∞
0

dq

∫ π

−π
dθ

×

(
1

γyz +
√

2rsmL

qmDOS
χ

(0)
xy (γyzq, iΩ)

)

×
(

2q sin (θ)− q2

4Ω2 + {2q sin (θ)− q2}2 −
2q cos (θ)− q2

4Ω2 + {2q cos (θ)− q2}2

)
,

(A.8)

where we define

γxz =
√
ζ1/2 cos2 (θ) + ζ−1/2 sin2 (θ) , (A.9)

and

γyz =
√
ζ−1/2 cos2 (θ) + ζ1/2 sin2 (θ) . (A.10)

After some simple algebraic manipulations, and expanding to order x2 in the

small parameter x = cos (θ)/q (which is the first non-vanishing term in the
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expansion) we obtain

Σxz(kFy, 0)− Σxz(kFx, 0) =
8
√

2m̄3
DOSRy

π2κ2m̄2
L

Rs

r2
s

∫ ∞
0

dq

∫ π

−π
dθ

∫ ∞
0

dΩ

×
q8 − 12q4

(
mDOS

mL

)2

Ω2(
q4 + 4

(
mDOS

mL

)2

Ω2

)3 cos2 (θ)

×

(
1

γxz +
√

2Rs

q
χ

(0)
xy (γxzq, iΩ)

− 1

γyz +
√

2Rs

q
χ

(0)
xy (γyzq, iΩ)

)
,

(A.11)

where we are now using kFxy and ~k2
Fxy/mDOS to define dimensionless wavevec-

tors and frequencies, respectively. For Rs � 1 the leading-order term comes

from v > 1 again. With this low-energy cutoff, Eq. (A.11) remains convergent

even when Rs = 0 in the denominator of the integrand. This allows us to

evaluate the remaining integrals analytically and we finally obtain Eq. (3.36)

from the main text. The function F(ζ) in Eq. (3.36) is given by

F(ζ) =
(1 + ζ)

(√
ζK [1− ζ] +K

[
ζ−1
ζ

])
(ζ − 1) ζ1/4

−
(1 + ζ)

(
2
√
ζE [1− ζ] + 2ζE

[
ζ−1
ζ

])
(ζ − 1) ζ1/4

,

(A.12)

where K [x] and E [x] are complete elliptic integrals of the first and second

kind, respectively.
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Appendix B

More details on the RPA correlation energy

B.1 The RPA correlation energy dependence on num-
ber of bands and band anisotropy

In this Appendix we explore the dependence of the RPA correlation

energy on the number of bands with distinct orbital character, and on the

degree of band anisotropy. In Figure B.1 we examine how the correlation

energy changes by the addition of a second identical isotropic band of effective

mass meff . We plot the correlation energy in units of effective Rydberg Ry. =

meffry./κ2 where ry. = 13.6 meV is the bare Rydberg. The parameter rs in

this figure is defined in terms of the total 2DEG density, n, which is distributed

equally amongst either one or two bands,

rs =
meff

aBκ
√
πn

. (B.1)

Since the dielectric constant κ and the effective mass meff enter into the def-

inition of both Ry. and rs, the curves in Figure B.1 are independent of the

exact numerical value of both κ and meff . We find that the RPA correlation

energy per electron is larger for the system with two bands.

In Figure B.2 we examine how the correlation energy of a single 2D

band changes as the degree of anisotropy varies. We take the band to have an
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elliptical Fermi surface and a heavy mass, mH, in the x-direction and a light

mass, mL, in the y-direction (exactly like the yz band of our model for SrTiO3

in the main text). We plot the correlation energy in units of effective Rydberg

Ry. =
√
mHmLry./κ2. The parameter rs in this figure is defined in terms of

the total 2DEG density n,

rs =

√
mHmL

aBκ
√
πn

. (B.2)

We find that the correlation energy per electron is reduced as the degree of

band anisotropy increases.
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Figure B.1: A plot of the the RPA correlation energy per electron (in units of
effective Rydbergs) as the parameter rs is varied from one to forty. Eq. (B.1)
defines rs in terms of the total electron density. The blue curve is for a single
band isotropic 2DEG with equal populations of both spin species. The red
curve is for a 2DEG with two identical isotropic bands with equal spin pop-
ulations in both bands. Note that the bands are of different orbital content,
and therefore interband scattering is negligible. The correlation energy per
electron increases in magnitude with the number of occupied bands.
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Figure B.2: A plot of the RPA correlation energy per electron (in units of
effective Rydberg) for single band 2DEGs of varying band anisotropy defined
by the ratio of the mass in the x-direction, mH, and the mass in the y-direction,
mL. The correlation energy per electron is reduced in magnitude for increasing
band anisotropy.
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