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Robust variance estimation (RVE) was recently introduced as a way to handle 

within-study dependence in effect sizes in a multivariate meta-analysis. Unlike with other 

meta-regression and meta-analytic synthesis procedures for handling effect size 

dependence, it is claimed that the RVE method does not require accurate knowledge of 

the within-study covariance to obtain unbiased and efficient estimates of effect sizes and 

meta-regression model parameters. In addition, the RVE method can also handle different 

types of effect size dependency arising from multiple-outcome (MO), multiple-treatment 

(MT), and multiple-treatment and multiple-outcome (MT-MO) design studies, among 

others. RVE is a relatively new technique and has been used only for synthesis of effect 

sizes from either MO or MT design studies. In this study, this estimation method was 

applied to synthesize effect sizes from MT-MO design studies under 2-outcomes and 3-

outcomes scenarios, and its performance was assessed in terms of relative parameter bias 

(RPB), relative standard error bias (RSEB), root mean squared error (RMSE), and 95% 

confidence interval coverage rates (CR). Results showed that RVE provides unbiased and 

efficient estimates of treatment effects even when the within-study covariances between 
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effect sizes were misspecified. Implications of the simulation results for applied 

researchers and recommendations for future methodological research are discussed. 
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Chapter 1: Introduction 

Meta-analysis involves the quantitative integration of data from several studies 

that examine related research questions (Glass, 1976). The process of integrating results 

typically involves the pooling of effect size estimates across studies in order to obtain an 

accurate overall estimate of treatment’s effect. Applied researchers also conduct meta-

analysis in order to determine whether effects size estimates across studies are consistent 

(Cheung, in press), or whether effect sizes vary across studies to explore potential 

moderators (i.e., study characteristics) that might explain variability in the effect size 

estimates (Borenstein, Hedges, Higgins, & Rothstein, 2009).  

The practice of quantitative synthesis is not new. In fact, even before the word 

“meta-analysis” was coined by Glass in 1976, the process of integrating results from 

several independent studies and making inferences thereafter had existed as early as the 

middle of the 20th century when a group of psychologist published the results of 60 years’ 

research on extrasensory perception (Rhine, Pratt, Stuart, Smith, & Greenwood, 1940). 

However, since 1976 the widespread application of meta-analysis has grown rapidly in 

various fields including psychology, education, labor and management, agriculture, 

policy-making, marketing, economics, psychiatry, medicine, and health sciences (for 

example,  Arthur, Bennett, Edens, & Bell, 2003; Butler, Chapman, Forman, & Beck, 

2006; Cerasoli, Nicklin, & Ford, 2014; Dalal, 2005; Geisseler & Scow, 2014; Glasman & 

Albarracin, 2006; Martins-Melo, Lima, Ramos, Alencar, & Huekelback, 2014; Nataraj, 

Perez-Arce, Kumar, & Srinivasan, 2014; Tan & Glantz, 2012). 
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The widespread use and application of meta-analysis can be attributed to the 

technique’s reliance on quantitative summaries. Unlike traditional research reviews that 

are subject to researchers’ biases, the quantitative aggregation of results from a large 

body of research can offer enhanced objectivity and reliability (Jenson, Clark, Kircher, & 

Kristjansson, 2007; Manolov & Solanas, 2013; Parker & Brossart, 2003). In the era of 

evidenced-based practice, meta-analysis does not only provide for greater statistical 

power, it also provides a more accurate overall estimate of treatment effects, which is an 

integral part of enhancing support for evidence-based research and policy-making.  

In conducting meta-analysis, two fundamental methods have been used: 

univariate and multivariate meta-analysis. In univariate meta-analysis, an applied 

researcher assumes that each study only contributes one effect size estimate. However, 

this assumption is often questioned because applied studies typically investigate complex 

research questions that could produce multiple dependent effects. The consequences of 

applying univariate meta-analysis when studies report multiple dependent effects have 

been well-documented (Becker, 2000; Hedges, 2007; Marín-Martínez & Sánchez-Meca, 

1999; Raudenbush, Becker, & Kalaian, 1988; Rosenthal & Rubin, 1986; Van den 

Noortgate, Lopez-Lopez, Marin-Martinez, Sanchez-Meca, 2013). Thus, methodological 

meta-analysts have recommended multivariate meta-analytic approach for handling 

dependency in effect sizes using the Generalized Least Squares (GLS) estimation method 

(Gleser & Olkin, 1994; Kalaian & Raudenbush, 1996; Ruadenbush, Becker, Kalaian, 

1998). While use of the GLS approach has addressed most of the statistical limitations of 

the univariate meta-analysis, problems in its application among applied researchers and 
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practitioners prevail including the complexity of its implementation, the lack of available 

software to help facilitate its implementation (Becker, Hedges, & Pigott, 2004; Riley et 

al., 2007; Van den Noortgate & Onghena, 2003), and the lack of interest in using the 

GLS-based approach (Mivridis & Salanti, 2012).  

Another challenge in implementing a multivariate meta-analysis using the GLS-

based approach is the problem of unreported correlation between outcomes in most 

applied studies that is necessary to use the GLS approach for multiple-outcome effect 

sizes. More specifically, the correlation is needed to estimate the covariance between 

effect sizes that is necessary to use the method. While the correlation between the 

outcomes of interest can be imputed or approximated from available information such as 

test manuals and previous studies, incorporating this information through the GLS 

approach does not always result in improved parameter recovery and hypothesis testing.  

To address the problem involving the difficulties associated with imputing a 

reasonable value for the correlation (among other reasons), Hedges, Tipton, and Johnson 

(2010) introduced the Robust Variance Estimation (RVE) method for handling 

dependencies among effect sizes in meta-analysis. Unlike the GLS-based approach, the 

RVE does not require precise knowledge about the values for the elements in the 

covariance matrix for each study’s effect sizes. The current study is designed to expand 

on Hedges’ et al.’s (2010) study that assessed RVE’s performance to include some 

additional more realistic conditions, including studies that use complex research designs. 

Use of RVE does require specification of a correlation estimate representing the degree 

of dependence among effect sizes and thus the current study will examine the influence 
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of the choice of the value of  on multivariate meta-analysis results for RVE. 

Specifically, the current study is designed to explore how different values of   might 

impact the performance of the RVE procedure when used for meta-analysis of effect 

sizes obtained from mixtures of complex research designs. In the original study, the 

authors implemented the RVE method for meta-analysis of dependent effects that were 

generated from studies that used only the multiple-outcomes design. Thus, this study 

seeks to extend earlier study by assessing RVE estimation when meta-analyzing effect 

sizes obtained from studies in a meta-analysis that use multiple treatment (MT), multiple-

outcome (MO), and multiple-treatment and multiple-outcome (MT-MO) designs.  

Furthermore, applied meta-analysts typically do not know the true value for the 

correlation between each pair of outcomes for a given study. While this value can be 

reasonably imputed based on relevant information reported in other primary studies and 

test manuals, the imputed value might not exactly match the true correlation value. In 

addition, the true value for the correlation might not be the same between every pair of 

outcomes, and thus, between every pair of effect sizes, particularly when outcomes have 

different sources of dependency due to differences in the studies’ designs. Thus, the 

current study extends Hedges et al.’s research to include an assessment of the influence 

of poorly estimated values for  on multivariate meta-analysis using RVE estimation.  
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Chapter 2: Literature Review 

The following chapter provides the literature review and rationale for the current 

study. The first section of this chapter provides a description of univariate and 

multivariate meta-analysis. The second section presents a detailed discussion of the two 

advanced techniques used in conducting multivariate meta-analysis (Generalized Least 

Squares approach, Multilevel Meta-analysis approach, and Robust Variance Estimation 

method) and findings from applied and methodological studies on the use of these 

approaches. This is followed by a description of the intended contribution of the current 

study to the existing literature. 

Univariate Meta-analysis 

 Meta-analysis involves the process of describing study results in the form of 

numerical indices called effect sizes and then aggregating these results across studies in 

order to obtain a single overall estimate of treatment effects. These effect sizes can be in 

the form of the standardized mean difference, Pearson’s correlation coefficient, risk 

difference, relative risk, and odds ratio and each type represents the magnitude of the 

effect of an intervention on the outcome (Cooper & Hedges, 1994; Kline, 2004). In 

univariate meta-analysis, each study is assumed to be independent and each study 

contributes a single estimate of effect size. For purposes of the current study, the 

standardized mean difference ( ) will be utilized as the effect size of interest. 

Calculation of the Standardized Mean Difference ( ). In a single study that 

compares two independent groups, the population standardized mean difference  for a 

given study is calculated as:  
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CT 
                                                       (2.1) 

T is the population mean outcome of the treatment group, C  is the population mean 

outcome of the control group, and  is the population standard deviation under the 

assumption that both the treatment group’s population standard deviation, T , and 

control groups’ population standard deviation, C , are identical. Glass (1976) suggested 

using the standardized mean difference instead of the raw mean difference because it is 

scale-invariant. By dividing the numerator (i.e., population mean difference) in Equation 

2.1 by the groups’ population standard deviation, the effect sizes become comparable 

across studies. 

Because the true values of the parameters,
T , 

C , and  are seldom known and 

thus, the true population standardized mean difference,  , is also unknown, Glass (1976) 

proposed the use of Hedges’ g as an estimate of the population standardized mean 

difference . By analogy, the Hedges’ g for a given study is thus calculated as: 

                                                            
p

CT

S

YY
g


 ,                   (2.2) 

where TY and CY are the sample means of the outcomes in the treatment and control 

groups for a particular study, and
pS is the estimate of the sample standard deviation, 

which is calculated as: 
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where Tn  and Cn  are the treatment and control sample sizes and 
2

TS  and 2

CS are the 

treatment and control group sample variances, respectively. Hedges (1981) suggested 

using the square root of the pooled sample variance (the standard deviation, pS ) as an 

estimate of the population standard deviation  when it can be assumed that the estimates 

of sample standard deviations are equal for both the treatment and control groups. 

However, Hedges’ g was found to have slight upward bias with small sample sizes. Thus, 

Hedges recommended correcting the bias by a factor of J, which is a function of the 

degrees of freedom used to calculate the sample standard deviation, pS . Hedges and 

Olkin (1985) provided the formula for this correction factor as: 

             
1)(4

3
1)(




df
dfJ ,                  (2.4) 

where 2 CT nndf . Hedges and Olkin further indicated that this correction term is 

most appropriate when the sample sizes in the treatment and control groups are small; 

otherwise, this bias correction term is not necessary when the total sample size is large 

(i.e. Tn and Cn are both greater than 10). When the correction factor is taken into account, 

the unbiased estimator of the population standardized mean difference, ̂ , becomes: 
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Variance of the Unbiased Estimate ofδ . The large-sample sampling distribution 

of ̂  is approximately normal with a population mean of   and a variance of: 
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To calculate the variance,
2

̂
 , in Equation 2.6 the bias-corrected estimator ̂  (in 

Equation 2.5) can be substituted for the parameter  . Borenstein (1994) noted that the 

first term in Equation 2.6 measures the uncertainty in the estimate of the mean difference 

between the two groups, while the second term measures the uncertainty in the estimate 

of the pooled sample standard deviation. This implies that the variance of each effect size 

depends on the sample sizes of the treatment and control groups within a study and the 

population standardized mean difference , which is estimated by the unbiased estimator, 

̂ . There is however a problem involved in calculating the variance 
2

̂
 in Equation 2.6. 

The value of the second term depends on the value of the unknown parameter . This 

problem is mitigated with studies with larger group sample sizes. It can be seen in 

Equation 2.6 that as the denominator of the second term increases (i.e., ][2 cT nn ), the 

value of the second term tends towards a value of zero. This means that as long as the 

sample sizes within each study are large, the uncertainty in estimating the pooled sample 

standard deviation decreases. Each effect size’s variance is assumed known as it can be 

computed using the sample sizes of the treatment and control groups in a study.  

 The known variance estimated for each of the effect size is important because it 

can be used to provide a measure of the effect size estimate’s precision (as the inverse of 

the variance), which is commonly used to weight each of the studies’ effect sizes. 

Because studies included in the meta-analysis often differ in sample sizes, effect sizes 
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then vary in their precision. Specifically, studies with larger within-study sample sizes 

have smaller effect size estimate sampling distribution variances and thus provide more 

precise estimates. Therefore, it is reasonable to give more weight to the more precise 

estimates when pooling effect sizes. 

 Pooling Estimate of δ . After calculating the effect size for each study and its 

associated variance, a meta-analyst can combine these estimates from across studies to 

obtain a single estimate of the population effect size parameter . Two statistical models 

have been developed for synthesizing and making inferences about effect sizes: the fixed 

and random effects meta-analysis (Hedges & Vevea, 1998). While both models can be 

used to pool effect sizes, they however vary in terms of model assumptions. In a fixed-

effects model, the population effect size  is assumed to be a fixed single value (Hedges 

& Vevea, 1998; Hunter & Schmidt, 2000). Thus, under a fixed effects meta-analysis, it is 

assumed that effect sizes are sampled from a population with a common effect size.  

The fixed-effects model assumption implies that each study’s effect size varies 

only as a result of sampling error such that: 

      ii  ˆ ,          (2.7) 

where î is the observed effect size in the ith study ,   is the population effect size, and 

i is the sampling error in the ith study, which represents the deviation of î from  . 

When sample sizes per study can be assumed equal, pooling the effect sizes can be 

achieved by calculating the simple average across the series of k independent studies. 

Unfortunately, studies frequently differ from each other in terms of the sample sizes used. 
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Thus, researchers commonly  weight each effect size proportionally by the precision 

(inverse of the associated variance) (Hedges, 1983): 

        
i

i
v

w
1

 ,         (2.8)    

where iv  is the within-study error variance for a given study i, which is estimated by 
2

̂


in Equation 2.6. The weighted average effect size across studies for fixed effects model is 

then calculated as: 

     









• 
k

i

i

k

i

ii

FE

w

w

1

1

̂

 ,        (2.9) 

where iw  is the weight assigned to the effect size in ith study that is defined in Equation 

2.8, î is the observed effect size in ith study , and k is the total number of studies.  

Frequently, studies being meta-analyzed are not direct replications of each other 

as they often differ not only in the sample sizes used but also in terms of the 

characteristics of the participants included in the study, types of treatment administered, 

the manner by which outcome was measured, and the study designs (Cheung, 2008; Van 

den Noortgate & Onghena, 2003). To test the assumption that studies have a common 

population effect size as assumed under a fixed-effects model and expressed in Equation 

2.7, a Q statistic is calculated: 

         )1(~
)ˆ( 2

1

2














 




• kdf
v
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k
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,                   (2.10) 
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where î is the effect size estimate in the ith study, iv is the fixed-effects variance of the 

effect size in the ith study, and • is the fixed-effects pooled effect size, and k is the 

number of independent effect sizes (typically one from each of k studies). Note that the 

above equation is a test of homogeneity of effect sizes across studies for a single outcome 

measure; thus, it is a univariate test of homogeneity. If Q exceeds the critical value of 

2 at df = k – 1, it can be inferred that the variability of the effect size estimates is more 

than we would expect under the homogeneity assumption. Additionally, in the presence 

of heterogeneity of effect size estimates, a random-effects model can be used to re-

calculate the estimate of the mean of the population effect size   and its standard error. 

Alternatively, if the homogeneity assumption is rejected, then a meta-analyst can 

examine the source of the variability in effect size estimates by incorporating study or 

sample characteristics as predictors in the meta-analytic model. Although there are other 

available test statistics, in the current study only the Q statistic will be used to test for the 

presence of heterogeneity. For an in-depth discussion of other alternative tests of 

homogeneity, readers can refer to Higgins and Thompson (2002). 

 In a random-effects model, it is assumed that not only do estimates, î , of the 

effect size parameter,  , vary around the relevant parameter, but that each study’s 

parameter, , also varies randomly. This conceptualization implies that, in addition to 

sampling error, effect sizes also vary randomly from study to study because studies are 

sampled from a “superpopulation” (Hedges, 1992). Thus, under a random-effects model, 

Equation 2.7 is reformulated as: 
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     iii  ˆ       (2.11) 

where  is the mean of the population effect size, i is the deviation of the true effect 

size in the ith study from the mean of the population of true effect sizes, and i is the 

sampling error in the ith study. Unlike in the fixed-effects model where there is only one 

source of error, in random-effects model there are two sources of error: sampling error 

(i.e., within-study variance) and between-studies variability ( 2 ). Thus, under the 

assumption of a random-effects model, the new variance of effect size estimates is: 

     ii vv  2*  ,                  (2.12) 

and the new weight that minimizes the variance of each effect size in ith study is 

computed as: 

     
i

i
v

w



2

* 1


.       (2.13)    

Before applying the new weights
*

iw  as in Equation 2.7, the between-studies variance 2

needs to be estimated. One common method to estimate the between-studies variance 2

is by way of the estimator suggested by DerSimonian and Laird (1986):  

     
c

kQ )1(2 
 ,                  (2.14) 

where Q is the homogeneity test statistic as estimated in Equation 2.10, k is the number of 

effect sizes, and c is the scaling factor (Borenstein, Hedges, Higgins, & Rothstein, 2009), 

which is calculated using: 
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When the value of the between-studies variance, 2 , calculated in Equation 2.14 is 

negative, the estimate is truncated to zero. The Q statistic in Equation 2.10 is then 

essentially used to test whether the between-studies variance 2 differs significantly from 

zero. The scaling factor c is applied in order to ensure that the between-studies variance 

2 is on the same scale as the within-studies variance, iv . Once the estimate of the 

between-studies variance is obtained, the random-effects model can now be applied to 

estimate the weighted mean of the population effect size, such that: 
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 .      (2.16) 

In addition, it is often the interest of the meta-analyst to explain the systematic variability 

in effect sizes between studies. When the random-effects model involves the addition of 

study-level characteristics, the model is now referred to as a mixed-effects model. The 

mixed-effects model involves a fixed-and random-effects model, and is also commonly 

known as a meta-regression model because it makes use of regression model as a means 

to explain the sources of heterogeneity in effect size estimates by incorporating “potential 

effect modifiers” or covariates in the random-effects model. For a more detailed 

discussion of meta-regression, please refer to the article written by Thompson and 

Higgins (2002) published in Statistics in Medicine. 
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As discussed previously, univariate meta-analytic technique assumes that each of 

the studies’ effect sizes is independent and that each study only contributes one effect 

size estimate. While this approach is very appealing to applied researchers, 

methodological meta-analysts question its application because applied studies frequently 

use complex study designs to investigate complex research questions that could induce 

dependency in effect sizes. In education, psychology, and applied studies, for instance, 

researchers often examine multiple related variables of interest and thus, report more than 

one effect size estimate in a study. In their review of meta-analyses in education, for 

example, Ahn, Ames, and Myers (2012) found that 28 of the 56 meta-analyses published 

between 2000 to 2010 reported dependent effects arising from study designs that used 

multiple outcomes, multiple comparison groups, and multiple time points. D’Agostino 

and Murphy (2004) also reported 1,379 effect sizes they obtained from multiple testing 

occasions, multiple treatment groups, and multiple outcomes in their meta-analysis of 36 

studies on Reading Recovery, while Edmonds, Vaughn, Wexler, Reutebuch, Cable, and 

Tackett (2009) also reported 78 effect sizes calculated from multiple measures and 

multiple comparison groups in their meta-analysis of 21 studies on reading interventions 

for older struggling readers. In scenarios where multiple within-study effect sizes are 

reported, it is inappropriate to use univariate meta-analysis as these effect sizes are not 

statistically independent.  The following section provides a description of the most 

common sources of dependent effects. 

Sources of Dependent Effects 
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 Hedges (2009) noted that one critical consideration in conducting meta-analysis is 

the dependence of effect sizes. Dependent effects could arise as a function of applied 

researchers’ implementing different study features such as designs, samples, treatments, 

and settings as well as their investigation of multiple outcomes (Becker, 1986; 

Raudenbush, 1984). This section of the study provides a discussion of the sources of 

dependent effects in meta-analysis.  

Multiple Endpoints. The first source involves studies that measure the same 

individuals on several related outcomes (Becker, 2000; Berkey, Anderson, & Hoaglin, 

1996), a design which is referred to as multiple endpoints (Hedges & Olkin, 2009).  For 

example, in a study about the effects of an inquiry-based mathematics curriculum on 

gender, the researcher can examine several related measures such mathematics 

achievement, self-efficacy, level of engagement, motivation, among many other related 

student outcomes. For each of these outcomes, an effect size can be calculated. However, 

these effect sizes are dependent in scenarios in which the multiple outcomes that are 

measured for the same individuals in the control and in the treatment groups are 

correlated.  

Multiple Treatments. Another source of non-independence involves studies that 

use multiple treatment groups design (Hedges & Olkin, 2009).  As the name suggests, 

this design is used in studies that employ multiple treatments groups that are 

simultaneously compared against a common control group (Becker, 2000; Gleser & 

Olkin, 2004; 2009). Using the same example as above, it might also be of interest to an 

applied researcher to compare the effectiveness of two types of a reformed-based 
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mathematics curriculum (e.g., inquiry-based and collaborative-based instruction) against 

a traditional lecture-based instruction. In this scenario, two effect sizes can be calculated. 

However, these effect sizes are not independent because each of the two treatments is 

compared against a common control group. For most applied researchers, the 

simultaneous examination of several related outcomes and use of multiple treatment 

groups makes sense because often it is the most practical way to save time, money, and 

resources and to explore more complex research questions.  

Multiple Time Points. Non-independent effects can also arise from studies that 

use multiple time points design (see, for example, Owens & Ferron, 2012; Van den 

Noortgate & Onghena, 2003a; 2003b). Use of this design is commonly applied in 

longitudinal studies and single-subject experimental designs (SSED) studies. In these 

types of studies, a single participant or a group of participants are repeatedly measured at 

several time points on a construct of interest to assess the effects of an intervention. For 

each of the time points assessed, an effect size can be calculated. However, these effect 

sizes are correlated because the same participants for each of the time points are 

measured.  

Traditional Procedures in Handling Dependent Effect Sizes 

Despite the prevalence of dependent effects applied studies (Ahn, Ames, & 

Myers; 2012; D’Agostino & Murphy, 2004; Edmonds, et al., 2009), researchers rarely 

appropriately model this kind of data structure when conducting a meta-analysis. The 

following section describes two of the most commonly used ad-hoc procedures in dealing 

with correlated effects.  
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Ignoring dependency. The first involves a procedure that ignores entirely the 

dependence of effect sizes. Use of this procedure can occur in a scenario where a 

researcher considers the multiple effect sizes from one study as independent and then 

performs a univariate meta-analysis. While theoretically this procedure is not appropriate, 

its effects may not be detrimental if the number of studies with multiple effects is very 

minimal compared to the total number of studies that report a single effect size (Hedges, 

2007). However, as the number of studies containing multiple effect sizes becomes 

larger, ignoring dependence will have negative consequences on the study results.  

Selecting a representative estimate. The second ad hoc procedure for handling 

dependence involves reducing the multiple effect sizes per study into one 

“representative” estimate (Rosenthal & Rubin, 1986). The most common application of 

this procedure involves calculating the average of the effect sizes per study across all 

studies that report multiple effect sizes. While a few procedures have been implemented 

using averaging (see, for example, Marín-Martínez & Sánchez-Meca, 1999; Rosenthal & 

Rubin, 1986) in multivariate meta-analysis, this approach is statistically inappropriate and 

could threaten the validity of meta-analysis results (Matt & Cook, 2009) because it assumes 

that effect sizes are independent.   

Another application of this procedure also involves a scenario where applied 

meta-analysts either randomly select one effect size from multiple effects within a study 

or select the effect size that “best” represents the construct that is relevant to the 

researcher. While generally not advisable to use these procedures, there are, however, 

scenarios where the use of a single, representative estimate may be acceptable. These 
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include scenarios where researchers might assume that multiple outcomes are 

conceptually identical or where multiple effect sizes are homogeneous (Marascuillo, 

Busk, & Serlin, 1988; Marin-Martinez & Sanchez-Meca, 1999). 

While these ad-hoc procedures are popular and easy to use, they are not without 

problems and limitations. In general, research has shown that use of any statistical 

method that treats dependent effect sizes as independent are statistically inappropriate 

(Raudenbush, Becker, & Kalaian, 1988) and could threaten the validity of the results of 

meta-analysis (Matt & Cook, 2009). In addition, treating the correlated outcomes like 

they are independent is not only redundant, but it also less informative (Van den 

Noortgate, Lopez-Lopez, Marin-Martinez, Sanchez-Meca, 2013). When two perfectly or 

highly correlated outcomes are included in meta-analysis and treated as if they are 

independent, then no additional information from the overlap between the outcomes can 

be gained. Statistically, ignoring dependence can result in underestimated standard errors 

and narrower confidence intervals for parameter estimates, which in turn can result in 

higher Type I error rates (Becker, 2000; Hedges, 2007).   

 Also, in studies where treatment effectiveness is of primary interest, a treatment 

can have differential effects on different outcomes. For example, in the study involving 

the inquiry-based mathematics curriculum, the treatment might result in stronger effects 

for self-efficacy than for student engagement. If the meta-analyst then simply averages 

the effects across outcomes, then it is not possible to compare the effects for the different 

outcomes or constructs. In a more complicated scenario, it might be the case that the 

intervention has a stronger impact on self-efficacy for girls than boys with the reverse 
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pattern for student engagement. Averaging the multiple effects per study in a meta-

analysis prohibits testing this kind of research question. Results from the ad hoc 

procedures used to handle the various sources of dependency in effect sizes could be 

difficult to interpret and less meaningful to applied researchers (Hartung, Knapp, Sinha, 

2008).  In addition, a significant loss of valuable information (Cheung & Chan, 2008; 

Marin-Martinez & Sanchez-Meca, 1999), as well as reduced statistical power (Gleser & 

Olkin, 2009) can also occur as a result of inappropriately reducing multiple effect sizes 

per study into a single estimate. 

Multivariate Meta-analysis 

In multivariate meta-analysis, researchers jointly pool treatment effects across 

multiple outcomes and quantify the covariance or correlation between pairs of treatment 

effects within each study. Methodological research examining use of multivariate meta-

analysis has pointed out several advantages of this procedure, such as better statistical 

properties of the pooled effect size estimates (Riley, Abrams, Lambert, Sutton and 

Thompson, 2007), as well as more opportunities to explore relevant questions including, 

for example, description and prediction of the multivariate relationship between end 

points (Daniels & Hughes, 1997; Van Houwelingen et al., 2002) and estimation of the 

pooled end points (Thompson et al., 2005; Reitsma et al., 2005; Riley, Abrams, Lambert, 

Sutton and Thompson, 2007). In addition, multivariate meta-analysis also allows for 

testing the equivalence of a moderator’s influence on treatment effects across different 

outcomes (Borenstein, et al., 2009; Hedges & Olkin, 1985). Researchers have also 

indicated that multivariate meta-analysis allows ‘borrowing of strength’ from the reported 
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outcomes to estimate those that are not reported, and therefore, may produce more 

precise effect size estimates (Riley et al., 2007). There are three approaches to conducting 

a multivariate meta-analysis: the first uses the Generalized Least Squares Estimation 

(GLS) method, the second uses the Multilevel Model method, and the third uses the 

Robust Variance Estimation (RVE) method. The following section provides a detailed 

discussion of the three estimation methods. 

Generalized Least Squares (GLS) Estimation Approach. Methodological 

researchers have recommended use of the multivariate (MV) meta-analytic approach for 

handling dependence in within-study effect sizes using Generalized Linear Squares 

(GLS) estimation (Gleser & Olkin, 1994; Kalaian & Raudenbush, 1996; Ruadenbush, 

Becker, Kalaian, 1998). The following section describes the procedure by which the GLS 

approach models dependency arising from study designs that employ multiple treatment 

groups and multiple-endpoints. Although there are other study designs that could induce 

effect sizes to be dependent (e.g., multiple time points and multiple clusters), the current 

study is focused on dependent effects obtained in studies that use multiple endpoints and 

multiple treatment designs.  

Calculation of Standardized Mean Difference for Multiple-Endpoint Studies. 

As discussed earlier, one scenario that can induce dependency in effect sizes involves a 

design that involves a treatment group T and an independent control group C where for 

each participant in that study, p variables, 1Y , 2Y , …, pY  are measured. Because a given 

study now involves more than one outcome, the formula for the estimate of the 

population effect size ( ) presented in Equation 2.2 becomes:  



 

21 

 

                                                 











 


*

ˆ

jj

C

j

T

j

j
S

YY
 , j =1, …, p,                            (2.17) 

where 
T

jY  and 
C

jY  are the treatment and control group sample means on the jth outcome 

from a given study, respectively and *jjS  is the pooled sample standard deviation (i.e., 

square root of the pooled sample variance) for the jth outcome (see Equation 2.3). 

Applying the bias-correction factor expressed in Equation 2.4, the estimate of the 

population effect size in Equation 2.17 is reformulated as: 
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Note that in this design, the multiple outcomes measured to assess treatment’s 

effect tend to be correlated and so are the differences between the two groups’ sample 

means. Thus, the estimates of the multiple effect sizes for a given study are correlated 

and their correlations depend on the correlations between outcomes j and j* for the 

control and treatment groups (
C

jj*  and 
T

jj* , respectively). Assuming that the control 

and treatment groups have homogeneous covariance matrices, the large-sample variance 

for the effect size estimated in Equation 2.18 can also be used to estimate the variance of 

the effect size estimates for multiple-endpoint studies: 
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As before (see Equation 2.6), the values of )ˆvar( j are estimated by substituting the bias-

corrected effect size, ĵ  (see Equation 2.18) for the population effect size  in Equation 

2.19. The large-sample covariance between the effect size estimates for outcome j and j* 

( ĵ and *
ˆ

j ) in a given study is calculated as (Gleser & Olkin, 1994): 
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   (2.20) 

where *jj  is the population correlation between the outcomes j and j* in a given study. 

The sample covariance formula in Equation 2.20 shows that *jj  is necessary for 

calculating the covariance between the effect size estimates for outcomes j and j*. The 

problem, however, is that the correlation between the two outcomes, *jj , or the estimate 

thereof, is often not reported in primary studies. Methodological researchers have 

recommended using available information in published studies as interpolated estimates 

of the true correlation. Alternatively, when these outcomes of interest are measured in 

normed-referenced standardized tests, this information can also be obtained from test 

manuals (Raudenbush, Becker, & Kalaian, 1988) and used as a proxy value for the true 

correlation. 

Once the effect size estimates for each study have been calculated, each study will 

then have its own vector di = ( )'ˆ,...,ˆ
1 p of effect size estimates and its corresponding 

large-sample covariance matrix. These vectors from the k studies are then combined into 

one large column vector of kp X 1 dimension containing all the calculated effect size 



 

23 

 

estimates assuming that every study reports results for each of p outcomes. In the same 

manner, the within-study covariance matrices from k studies can also be combined into 

one large block-diagonal matrix of kp X kp dimension.  

However, because not all studies report the same number of outcomes, the 

dimensions of each study’s column vector of effect size estimates as well as the 

dimensions of the associated covariance matrix may not be equal to the dimensions of 

other studies’ matrices as it will depend on which outcomes are reported in each study. 

Then, the column vector containing all effect size estimates across studies: d* = 

[d1,…,dk]’ will have dimensions p* X 1, with the corresponding block-diagonal 

covariance matrix of p* X p* dimension: 
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Using a regression model, the model for homogeneous effect sizes can be expressed as: 

                                       d* = Xδ+ ε ,                  (2.22) 

where δ is the vector of population effect sizes for the p outcomes, X is the design matrix 

that has elements ijx  with all elements equal to 1 if outcome j is measured in a particular 

study and 0 if it is not, and ε  is the column vector of errors with a p* X 1 dimension that 

has a multivariate normal distribution with mean vector 0 and variance-covariance 

matrix,Ψ . Fitting the regression equation in Equation 2.22 using weighted least squares 

(WLS) estimation, the vector of population effect sizes,δ  is estimated as: 

             
1T11T

ΨXX)ΨXδ


• 
ˆˆ(ˆ d*,             (2.23) 
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where T
X is the transpose of the design matrix, 1

Ψ
ˆ is the inverse of the covariance 

matrix, which consists of each study’s covariance matrix shown in Equation 2.21 and d* 

is the stacked vector of effect size estimates. The large-sample covariance associated with 

the vector of common effect sizes, •δ̂ is calculated using: 

                               
11T X)Ψ(X)δcov( 

•  ˆˆ .               (2.24) 

Once the elements in the covariance matrix in Equation 2.24 are calculated, tests of 

hypotheses involving the parameters can be conducted. If there are two pooled effect 

sizes estimates calculated using Equation 2.23, then the covariance matrix associated 

with the two effect sizes can be used to test whether the difference between 
1  and 

2

differs from zero. In addition, a meta-analyst can also conduct an hypothesis test for each 

of the two effect sizes. Any set of linear functions of the pooled effects size estimates for 

the p outcomes can be tested (Kalaian & Raudenbush, 1996; Gleser & Olkin, 1994). In 

conducting multiple follow-up tests, it is suggested that the experiment-wise Type I error 

rate be controlled by dividing the nominal rate by the number of contrasts being 

performed. The information provided by Equation 2.24 can also be used to calculate the 

correlation between two effect size estimates, which is obtained by dividing the 

covariance between the two effect sizes by the product of the standard errors of the two 

effect sizes.  

As with univariate meta-analysis, a meta-analyst might also be interested in 

testing the homogeneity of effect sizes as expressed in Equation 2.10. The null hypothesis 

being tested involves the assumption that effect sizes for the set of p outcomes are 

homogeneous across studies and can be tested using the Q statistic:  
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1TT*1T ˆˆˆˆQ .                (2.25) 

Under the null hypothesis of homogeneous effect sizes, it is assumed that the Q-statistic 

has a chi-squared distribution with degrees of freedom (df) = the column dimension p* of 

d* minus the column dimension of •δ̂ . In the case where all studies report the same 

number of p outcomes, the df of Q under the assumption of homogeneity is equal to p(k – 

1). Unlike Equation 2.10, the above equation (i.e., Equation 2.25) is a multivariate test of 

homogeneity of effect sizes across studies for a set of outcomes.  If Q exceeds the upper-

tail critical value of  2 at df = d* – •δ̂ , it indicates that there is some systematic and/or 

random variability in the set of p effect sizes over and above what would be expected 

given sampling error. In presence of heterogeneity of effect sizes, a random-effects model 

can be used to model the additional variability (i.e., between-studies variance) due to 

study-level characteristics. In some scenarios, dependent effect sizes can also arise when 

researcher uses a multiple-treatment design. The next section describes the procedure by 

which GLS models the kind of dependency arising from this type of design. 

Calculation of the Standardized Mean Difference for Multiple-Treatment 

Studies. As described in Equation 2.1, the population standardized mean difference is 

calculated by dividing the mean difference in an outcome between groups by the 

common population standard deviation (Glass, 1976). However, in a study that uses a 

multiple-treatment design, several treatment groups 
jT ,  j = 1, 2, …, J, are now compared 

with a common control group C. Thus, the unbiased estimate, ̂ , of the population effect 

size, , for a given study is calculated as: 
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where 
CY and 

TY are the sample means of the control and treatment groups and 
pS is 

the pooled sample standard deviation. This pS  is different from the one in Equation 2.17 

because it is now based on the estimates of the standard deviation from across all the 

groups. It is important to note here that for a given study, an effect size estimate 
jT̂  is 

calculated for each treatment group j. This means that in a study that involves two 

treatment groups that are compared relative to a common control group, two effect sizes 

estimates
1

ˆ
T  and 

2

ˆ
T are then calculated, one for each intervention. When homogeneity of 

variances across all groups can be assumed, the pooled sample standard deviation 
pS (i.e., 

the square root of the pooled sample variance) for a given study is now calculated as: 
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where J represents the number of treatment groups in a study, Cn is the sample size in the 

control group, and Tjn is the sample size for the treatment jT . The effect size estimates

Tĵ , calculated using Equation 2.26, are dependent because each of the estimates used a 

common control group sample mean,
CY .  
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For scenarios with large sample sizes for the treatment groups and the common 

control groups, the large-sample variance of Tĵ  is calculated as: 

     Tĵ =
Nnn CTj

Tj
2

11
)ˆvar(

2
  , j = 1,…, J,    (2.28) 

where N = Cn  + 


J

j

jn
1

, which is the total sample size across all the treatment groups and 

the control groups in the study.  As before, the population effect size is unknown, but 

can be estimated using the bias-corrected effect size estimate
jT̂ . The large-sample 

covariance between the effect size estimates for treatment group 1, and treatment 

group 2,  is computed as: 
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Once the effect size estimates for each study have been calculated, each study will 

then have its own vector di = ( )'ˆ,...,ˆ
1 PT  of effect size estimates and its corresponding 

large-sample covariance matrix. These vectors from k studies are then combined into one 

large kJ X 1 column vector of containing all the calculated effect size estimates. In the 

same manner, the within-study covariance matrices from k studies can also be combined 

into one large block-diagonal matrix of kJ X kJ dimension. In some instances, studies 

included in the meta-analysis may not report the same number of treatment groups. Thus, 

the dimensions of the within-study column vector of effect size estimates and its 

covariance matrix may not be equal across studies as it depends on the number of 

Tĵ
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treatment groups (and associated effect size estimates) reported in each study. Then, the 

column vector containing the combined effect size estimates d* = [d1,…,dk]’ will have a 

dimension J* X 1, with the corresponding block-diagonal covariance matrix of J* X J* 

dimension: 
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Assuming that effect sizes are homogeneous across studies, the regression model for d* is 

formulated similarly to Equation 2.21 for multiple-endpoint design data. Using WLS 

estimation, the vector of population effect sizes,δ , and its associated large-sample 

covariance can also be estimated using the formulae presented in Equation 2.24. After 

obtaining the elements in the covariance matrix in Equation 2.24, the applied meta-

analyst can conduct tests of hypotheses for the parameters, which could involve tests of 

equality for the multiple effect size estimates, or individual tests of significance for each 

of the multiple effect size estimates, or comparisons of certain sets of treatments’ effects 

(Gleser & Olkin, 1994). As previously suggested, when multiple tests are conducted 

Bonferroni’s correction can be applied to avoid Type I error rate inflation. Similarly, a 

test of homogeneity of effect sizes for the set of p outcomes can be conducted using the Q 

statistic presented in Equation 2.25. Although the dependency in effect sizes are induced 

by the use of either the multiple-treatment design or multiple-endpoint design, most 

methodological research on multivariate meta-analysis have been largely focused on the 

latter design. The following section describes the modifications in the formulas of the 

large-sample covariance between pairs of effect sizes obtained from multiple-treatment 
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(MT) and multiple-outcome (MO). In addition, it also describes the formula for 

calculating the large-sample variance and covariance between effect sizes obtained from 

multiple-treatment and multiple-outcome (MT-MO) design studies. 

 Formula of the Large-Sample Covariance Between Effect Sizes for Multiple-

Outcome and Multiple-Treatment Design. As described above, the covariance between 

effect sizes are needed in order to apply the GLS approach. For both MO design and MT 

design, the formulae are provided in Equation 2.20 and Equation 2.29, respectively.  

However, in scenarios where a study has a control group that includes a on units and T 

treatment groups that include 1n ,…, Tn , respectively and that each group has J outcome 

measures, Pustojovsky (2015) provided some minor modifications to the formulas 

presented in Equation 2.20 and Equation 2.29 for the covariance between effect sizes 

obtained from MO and MT design studies, respectively. For studies that follows the 

structure of MO design, the large-sample covariance between the effect size estimates for 

outcome j and j* ( ĵ and *
ˆ

j ) is calculated as (Pustejovsky, 2015):  
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This formula differed slightly from Equation 2.20 (Glesser & Olkin, 1994) because it 

uses the degrees of freedom, (N – T – 1), for the denominator of the second term, instead 

of the total sample size. Pustejovsky noted that when the degrees of freedom are large 

relative to the j  and *j , then the correlation between the effect sizes will be 

approximately equal to )ˆˆ( *Jjcor  *jj . On the other hand, when the studies follow 
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the structure of MT design, then the large-sample covariance between the effect size 

estimates for treatment group 1,  and treatment group 2, , is calculated as: 
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Again, this formula differed slightly from Equation 2.29 (Glesser & Olkin, 1994) because 

the denominator uses the degrees of freedom, (N – T – 1), for the denominator of the 

second term in Equation 2.32, instead of the total sample size. However, the difference 

between Equation 2.29 and Equation 2.32 is negligible when the total sample size is large 

relative to the number of treatment groups. 

 Lastly, when effect sizes are based on an MT-MO design, then the large-sampling 

covariance between the effect size estimates between different outcomes and different 

treatment groups is calculated as follows:  
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Pustejovsky explained that the formula in Equation 2.33 is similar to that in Equation 

2.31 except that it does not include the term corresponding to the covariance between 

different outcome measures in a common treatment group. For the large-sample variance 

between effect sizes in an MT-MO design, the formula is described as: 

                                     Tĵ =
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Similarly, this formula is slightly different to that in Equation 2.28 because it uses the 

degrees of freedom, (N – T – 1), rather than the total sample size. The following section 
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presents a review of the most commonly cited methodological studies on multivariate 

meta-analysis using the Generalized Least Squares (GLS) estimation method. 

Performance of Generalized Least Squares (GLS) Estimation Approach. Due to 

the problems associated with the use of traditional procedures (e.g., univariate approach), 

methodological researchers have recommended use of a multivariate (MV) meta-analytic 

approach for handling dependence in within-study effect sizes using GLS estimation 

(Glesser & Olkin, 1994; Kalaian & Raudenbush, 1996; Raudenbush, Becker, Kalaian, 

1988).  Compared to using a standard multivariate linear model, use of GLS provides 

several advantages when used to model dependent effects. For example, using data from 

studies that examined the effectiveness of coaching on the performance of students on the 

Scholastic Aptitude Test, Raudenbush et al. (1988) demonstrated how the within-study 

dependence in multiple-outcome effect sizes can be modeled using the GLS approach. 

The authors also illustrated how use of GLS allows for a flexible examination of a wide 

variety of research questions including, for example, the comparison of treatment effects 

across multiple outcomes. Specifically, with GLS a meta-analyst could examine whether 

the intervention (i.e., hours of coaching) is more effective at improving SAT-Verbal 

scores than SAT-Mathematics scores. Furthermore, as mentioned earlier, conventional 

moderator effects can also be examined as well as tests of the equivalence of a 

moderator’s influence on treatment effects across different outcomes. Using their 

example, a meta-analytic researcher could also explicitly test whether gender differences 

in a treatment’s effect on SAT-Verbal scores might differ from gender differences in the 

intervention’s effect on SAT-Mathematic scores.  
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Raudenbush et al.’s demonstration of using GLS for handling dependence in 

effect sizes was applied assuming a fixed-effects model (1988). Meta-analysis using a 

fixed effects model is problematic because there is an assumption of no systematic 

variability between studies’ effect sizes. This means that studies are assumed to have a 

common true effect size and that variability in the effect size estimates are only due to 

sampling error. Unfortunately, this assumption is unrealistic because research has shown 

that the heterogeneity in effect sizes often exceeds that resulting from sampling error 

alone (Field, 2003; Hafdahl, 2007). For this reason, methodological researchers have 

recommended use of a random-effects model or mixed-effects model in meta-analysis of 

multiple outcomes (Berkey, Hoaglin, Antczak-Bouckoms, Mosteller, & Colditz, 1998; 

Berkey, Hoaglin, Mosteller, & Colditz; 1995; Hedges, 1983; Ishak et al., 2008; Riley, 

Abrams, Lambert, Sutton, & Thompson, 2006). 

In a random-effects model, variability in effect size estimates is modeled as a 

function of sampling error (i.e., within-study error) and of the variability in the 

population of effect sizes (i.e., between-study error) (Raudenbush, 1994). This means that 

studies are not assumed to share a common true effect size. When the between-study 

variance is incorporated in the analysis, study results can be assumed to generalize to 

other studies not included in the meta-analysis (Lipsey & Wilson, 2001). Thus, Kalaian 

and Raudenbush (1996) extended the application of GLS for multivariate meta-analysis 

for use assuming a random-effects model. Using the same meta-analytic data on 

coaching’s effect on students’ SAT scores, the authors demonstrated how a meta-analyst 

can use GLS to jointly synthesize multiple effect sizes while partitioning variability 
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between and within studies. Because the within-study correlation value is rarely available 

that is necessary for using the GLS approach to handling dependent effects sizes (see 

Equation 2.20), the authors also suggested that applied researchers can use the 

correlations between outcomes reported in test manuals as proxy values when conducting 

multivariate meta-analysis. The approach is quite reasonable. However, it can also be 

problematic and less efficient particularly when studies included in the meta-analysis 

have used different types of samples or have measured somewhat different types of 

outcomes. 

Kalaian and Raudenbush (1996) further indicated that GLS can also be used to 

model features of study designs that a traditional linear model cannot handle. As is often 

the case in applied multivariate meta-analyses, not all studies report the same number of 

outcomes or the same subsets of outcomes, or not all studies would necessarily compare 

the same number of treatments (Gleser & Olkin, 2009). In scenarios such as these, a 

traditional linear model cannot be applied because it requires that each individual study 

have the same number and set of outcomes, and the same number of treatment groups, 

which in turn, requires the same number of effect sizes. To avoid this complication, most 

applied researchers would often delete studies that report incomplete data or impute the 

missing data. Unfortunately, both procedures (i.e., listwise deletion and missing data 

imputation) have been found to be not as efficient as when all available information is 

included in the analysis using GLS. 

In their study on random effects meta-analysis for two correlated outcomes, Riley 

et al. (2007) argued that use of GLS allows meta-analysisto “borrow strength” across 
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outcomes, particularly in cases when missing data are present. Missing data could occur 

when some studies included in the meta-analysis do not report a complete set of 

outcomes.  Using two different sets of data, one from Berkey et al.’s (1998) study 

involving five studies that assessed the effectiveness of surgical and non-surgical 

procedures in the treatment of periodontal disease, and another from Riley’s (2005) 

systematic review of molecular and biological tumor markers in neuroblastoma , the 

authors compared the performance of GLS with two outcomes and two independent 

univariate random-effects meta-analyses (URMA). The performance of the two meta-

analytic procedures was compared under two different scenarios: one involving complete 

data (i.e., each study had complete set of outcomes), and another involving incomplete 

data (i.e., some studies had one of the outcomes missing). The second scenario was 

investigated to demonstrate the “borrowing of strength” feature of random effects meta-

analysis using GLS.  

The results of study showed that pooled estimates for the two outcomes were 

generally identical for both the GLS and URMA methods under the scenario involving 

complete data. Although the overall conclusions remained the same, the pooled estimates 

obtained using GLS were slightly closer to zero compared to URMA’s. Similarly, the 

standard errors of the pooled estimates using GLS were also slightly smaller compared to 

URMA’s. On the basis of these findings, the authors suggested that if individual pooled 

estimates are of interest, separate URMAs is sufficient as long as each study reports a 

complete set of outcomes. Under the second scenario where one of the outcomes was 

missing, the results showed that both URMA and GLS produced similar pooled effect 
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size estimates. However, unlike in the first scenario the standard errors of the pooled 

effect size estimates in GLS were substantially smaller by about 9% to 11% compared to 

the standard errors in URMA. These findings indicate that when some studies do not 

report complete data as is usually the case in applied settings, it is more appropriate to 

use GLS than URMA not only because the former provides greater statistical power for 

the tests of pooled effects and moderator effects, but also because GLS provides greater 

precision in the estimation of the pooled effect sizes estimates for the outcomes, as well 

as their standard errors. 

Although the GLS produces more accurate estimates of parameters and standard 

errors, meta-analysts are often faced with the problem of applying this meta-analytic 

approach because the within-study correlation between outcomes are difficult to obtain 

from published studies. As previously explained, the within-study correlation is necessary 

in calculating the covariance between two effect-size estimates within a study, which is a 

component of the variance-covariance matrix that is used to weight each study’s multiple 

effects. In the same manner, when the GLS is applied, it is likewise necessary to estimate 

the between-study correlation. The between-study correlation measures the extent in 

which two outcomes are related across studies. To address the problem associated with 

the within-study and the between-study correlations, Riley, Thompson, and Abrams 

(2008) proposed an alternative model for the GLS – one that assumes a single overall 

correlation parameter  , which they claimed eliminates the need to estimate both of the 

unknown correlations. Using simulation and application to real data sets (i.e., Daniel & 
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Hughes, 1997; Nam, Mengersen, & Garthwaite, 2003; Riley et al., 2004a), the 

performance of the alternative model was assessed and was compared to URMA.  

The results of the simulation showed that in scenarios where data were complete 

and the within-study variance was smaller relative to the between-study variance, the 

alternative GLS model did not provide any advantage over the URMA as the individual 

pooled estimates and their standard errors and mean-square errors were similar under 

both models. On the other hand, when the within-study variance was substantially 

different across studies, the alternative GLS model provided more accurate estimates of 

the pooled effects and their associated standard errors and mean-square errors compared 

URMA. The same results were observed for the scenario where the within-study variance 

and the between-study variance were the same: the alternative model produced better 

statistical properties than URMA. More importantly, the results showed that the 

alternative GLS model produced more accurate parameter estimates than URMA when 

some studies had missing data. Because of the “borrowing of strength” feature of the 

GLS, the bias in the pooled effect estimate and mean-squares error for the missing 

outcome was substantially lower compared to URMA’s.  

The results from the real data analyses also showed similar results as those in the 

simulation study, with the exception of the data set from Nam et al.’s (2003) study. Using 

the other two data sets (i.e., Daniel & Hughes, 1997; Riley et al., 2004a), the standard 

errors of pooled effects for the bivariate GLS were found to be substantially greater than 

the standard errors produced by URMA. Riley et al. (2008) cited the large within-study 

variance relative to the between-study variance as the reason why the Nam et al.’s results 
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were different from the two other real data analyses. When the within-study variance 

becomes increasingly large relative to the between-study variance, the within-study 

correlation becomes more important than the between-study correlation, in which case 

the use of GLS fixed-effects meta-analysis is more appropriate than a GLS random-

effects meta-analysis.   

While the GLS random-effects meta-analytic approach produced better statistical 

properties compared to URMA, one limitation of the Riley et al.’s (2008) simulation 

study involved the use of a single overall between-study and within-study correlation, 

(i.e., 0.8) across studies. The authors referred to this overall correlation as a hybrid 

measure of the within-study and between-study correlations. By assuming a common 

correlation, the authors argued that this will alleviate the problem of having to estimate 

the correlation between two outcomes within a study and across studies. While the 

approach was reasonable, this assumption can be problematic in scenarios where the 

within-study correlations vary substantially from study to study due to differences in 

study designs, including differences in sample characteristics and constructs being 

measured.  

 In a subsequent study, Riley (2009) examined in more detail the role of within-

study correlation in multivariate meta-analysis. Using real data analysis and simulation, 

he examined four scenarios, involving scenarios with: (1) between-study variation that 

was equal to within-study variation, (2) within-study variances that varied substantially 

across studies, (3) incomplete data in which the second outcome was missing in some 

studies, and (4) within-study and between-study correlations of 0.8. The number of 
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studies was manipulated (n = 10 and 50) for each of the four scenarios. For each of the 

scenarios, the following models were fitted: (1) two separate URMAs that assumed zero 

within-study and between-study correlation, (2) a GLS model with the correct within-

study correlation, and (3) a GLS model with a zero within-study correlation.  

 The simulation results for scenarios 1 and 2 showed that all the three models 

produced unbiased pooled effect size estimates for both outcomes. However, the GLS 

model with the correct within-study correlation performed better than both the incorrect 

GLS model and the URMA model as the pooled estimates had smaller mean standard 

errors and mean-square errors. Under scenario 2 (i.e., where the within-study correlations 

varied substantially across studies), both correct and incorrect GLS models provided 

more accurate estimates of the pooled effects when compared with the URMA model’s 

estimates. For scenario 3, which involved incomplete data, the URMA model produced 

the largest parameter and standard error bias, followed by the incorrect GLS model.  As 

expected, the correct GLS model had the best statistical properties among the three 

models. Results for scenario 4, which involved a common within-study and between-

study correlation of 0.8, were similar to those reported in scenario 3.  

 For the real data analysis, the results using the first data set (i.e., Berkey et al., 

1995, 1998) showed that the standard errors and the pooled effects estimates of the three 

models were generally the same. On the other hand, analysis results using a second data 

set (i.e, Gleser & Olkin, 1994) were somewhat different. For instance, the pooled effect 

estimate of one of the outcomes using the correct GLS model was 0.185 with a standard 

error of 0.223, while results using the incorrect GLS model resulted in a larger value 
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(0.252) for the same outcome’s pooled effect and a smaller standard error estimate value 

of 0.208. Like the incorrect GLS model, the URMA model also produced a larger pooled 

effect (0.246) and a smaller standard error of 0.210. Note that for both data sets, the 

author was able to fit a correct GLS model because in both studies the authors provided 

the values of the within-study correlations. Also, Riley (2009) explained that the disparity 

in the results between the two data analyses was due to much larger within-study 

variances than the between-variances observed in the second data set. The author further 

added that fitting separate URMAs or incorrect model in a data set that has larger-study 

variances than between-study variances could lead to more estimation problems 

compared to a scenario where the within-study variances are small relative to the 

between-study variances.  

For the third data set (i.e., Riley et al., 2003) the within-study correlation was not 

provided. For this reason, the author had to conduct a sensitivity analysis by running two 

analyses: one that assumed a within-study correlation of 0.4 and another 0.8. Results 

indicated that the incorrect GLS model overestimated the pooled effect estimate for 

outcome 2 at 1.442, with a standard error of 0.181. The GLS model with an assumed 

within-study correlation of 0.8 produced a pooled effect estimate of 1.322, with a 

standard error of 0.273, while the GLS with an assumed within-study correlation of 0.4 

produced a pooled estimate of 1.368, with a standard error of 0.238. Surprisingly, the 

results for the URMA model were similar to those found in both GLS models with the 

different within-study correlation values.  
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In general, Riley (2009) pointed out that when within-study correlations are 

unknown, it is not appropriate to use an URMA model or an incorrect GLS model (i.e., 

one that assumes a zero within-study correlation) as both techniques produce inaccurate 

estimates of pooled effects and standard errors. Likewise, he added that unless the true 

within-study correlation was zero and that data were complete for each of the studies 

included in the meta-analysis, it is generally not recommended to use either the URMA 

model or the incorrect GLS model. 

In a simulation study on random effect meta-analysis of two correlated continuous 

outcomes, Ishak, Platt, and Hanley (2008) examined the effects of incorrectly 

approximating or ignoring within-study covariances when using GLS with two outcomes 

on the treatment effects estimates and heterogeneity parameters. Several conditions were 

manipulated in the simulation study, including (1) relative magnitude between the within- 

and between-study correlations, (2) sample sizes in both the treatment and control arms, 

and (3) between-study variances for outcome 1 and outcome 2. For the first condition, the 

authors examined a scenario where both the within- and between-study correlations were 

equal (0.25) and another scenario where the within-study correlation (0.50) was twice as 

strong as the between-study correlation (0.25). In addition, the authors manipulated the 

within-study correlations S  to have the following values: (1) S = 0, which was a 

multivariate meta-analysis where within-study correlations were ignored, (2) 375.0
*
S , 

which overestimated the true S  by 1.5 times, (3) 125.0
*
S , which underestimated the 

true S  by 1.5 times, and (4) 25.0
*

S , which incorrectly reported the direction and 
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size of the within-study correlation. The asterisked S all represent the incorrect value of 

the within-study correlation. The author hypothesized that the relationship between the 

two outcomes was positive, but in the fourth scenario the within-study correlation was 

incorrectly specified as negative. To assess the performance of the model, the authors 

compared the results (i.e., bias, standard errors, and coverage rates) of the GLS estimates 

that used approximated within-study covariances to the GLS that used the true within-

study covariance values.  

The authors reported that under the scenarios in which the within-study 

correlations were known, the treatment effects’ estimates were unbiased and the coverage 

rates were very close to nominal. However, when the relative magnitude between the 

within- and between-study correlations was increased and the sample sizes were reduced, 

the bias in point estimates substantially increased, but coverage rates slightly decreased, 

while standard errors slightly increased. When the between-study variances were 

reduced, point estimates remained generally the same, but the standard errors decreased 

substantially and the coverage rates decreased slightly. Surprisingly, when each of the 

scenarios was crossed with varying values of within-study correlations including the 

condition where the correlation had an incorrect sign, the bias and precision of the 

treatment effects’ estimates and their coverage rates were generally similar regardless 

whether the GLS model used a correct within-study correlation or not. Even the URMA 

model also produced somewhat identical results as the correct and incorrect GLS models. 

On the basis of the study findings, the author concluded that the GLS was fairly robust to 

incorrect approximation of the within-study correlations, as well as to violation of 
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independence assumption of effect sizes, insofar as estimates of the treatment effects are 

concerned.  

Challenges in Implementing Generalized Linear Squares (GLS). Despite the 

strengths of GLS and its sound statistical properties, many applied researchers have not 

taken full advantage of its use for meta-analysis. In fact, in a policy brief for Campbell 

Collaboration, Becker, Hedges, and Pigott (2004) had urged meta-analysts not to ignore 

the interdependence among multiple outcomes and had suggested to use appropriate 

procedures to deal with dependent effects. Unfortunately, applied researchers still 

continue to rely on traditional univariate approaches when conducting meta-analysis.  

Several reasons have been suggested for researchers not using the appropriate 

multivariate approach including the complexity of the implementation of the multivariate 

approach and the lack of knowledge of the reasonable values for elements of the 

covariance structure for the multivariate data (Becker, Hedges, & Pigott, 2004; Riley et 

al., 2007). Another reason also includes the unavailability of statistical software and 

instructional manuals that facilitate implementation of this approach (Van den Noortgate 

& Onghena, 2003). Although recently a lot of headway has been made in educating and 

providing practitioners the access to available software and instructional materials, 

Mivridis and Salanti (2012) reported that the univariate approach still remains the 

preferred procedure for conducting meta-analysis by applied researchers. 

 Another hurdle to conducting multivariate meta-analysis is that use of GLS with 

multiple-endpoint studies to conduct multivariate meta-analysis requires information 

about the correlation between outcomes, in order to estimate the covariance between 
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effect sizes that is necessary to formulate the covariance matrix used in Equation 2.20. In 

many settings the true correlation can be nonzero (Ishak et al., 2007; Riley et al., 2007), 

but unfortunately, primary studies included in the meta-analysis frequently do not report 

this information (Riley et al., 2008). Thus, it becomes a challenge for applied researchers 

to use the GLS procedure as it requires applied meta-analysts to either approximate or 

impute this correlation, which can be very tedious to undertake especially with large 

datasets. And even when estimates of the covariance structure are available, which allows 

applied researchers to calculate the correlation, Hedges (2010) noted that these estimates 

are often subject to as large a degree of sampling error as are the effect sizes themselves.  

Although the correlation between the outcomes of interest can be imputed or 

approximated from available information such as test manuals and previous studies, 

incorporating this information through GLS approach does not always result in improved 

parameter estimation. For example, Ishak et al. (2008) showed in their simulation study 

that using the true value of the within-study correlation did not produce more accurate 

estimates of treatment effects and homogeneity when compared to analyses that ignored 

and incorrectly approximated the within-study correlations. Results of the simulated 

meta-analyses showed that estimates of treatment effects and homogeneity were 

generally similar despite the choice of covariance values. For this reason, the authors 

concluded that accounting for the within-study covariances between outcomes (or the 

within-study correlations) was not necessarily useful if and when the treatment effect 

parameters are of interest. Other researchers have also suggested the same conclusion 

asserting that as long as the individual pooled estimates are the main focus of research, an 



 

44 

 

URMA model is sufficient (Berkey et al., 1995; Riley et al., 2007; Riley et al., 2008; 

Riley, 2009).   

However, these conclusions may not necessarily apply to more realistic settings 

including incomplete data scenarios. As is usually the case in applied meta-analysis, 

primary studies vary in terms of their reporting of the number of outcomes and treatment 

groups, and ultimately, in the number of effect sizes reported. In cases like this, it is more 

appropriate to use the correct BRMA model than URMA model or incorrect BRMA 

model not only because it provides more statistical power for the tests of pooled effects 

and moderator effects, but because it also provides greater precision in the estimation of 

the pooled effects and their associated standard errors (Riley et al., 2007; Riley, 2009). 

With substantially more precise estimates of standard errors using the correct BRMA 

model, researchers can have accurate tests of statistical significance of the parameter 

estimates and hence, more valid statistical inferences.  

Another scenario that may compound the problem of implementing GLS 

procedure is the fact that applied meta-analysis may also involve a more complex kind of 

dependence. As discussed previously, a typical multivariate meta-analysis may include a 

group of studies that use either a multiple-treatment design or a multiple-outcome design. 

However, it is also possible that study may use a combination of multiple-treatment and 

multiple-outcome (MT-MO) designs, thereby, creating a complex kind of dependency. 

Although the MT-MO design is not as commonly used as the other designs, it has been 

employed in applied research, particularly in special education, counseling and behavior 

therapy, language and literacy intervention, and medicine (see for example, Barrett-
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Connor et al.; 2002; Chow, & McBride-Chang, 2003; Corkum, McKinnon, & Mullane, 

2005; DeBaryshe & Gorecki, 2007; Drouin, 2009; Goudey, 2009; Ialongo, Poduska, 

Werthamer, & Kellam, 2001; Kagitcibasi, Sunar, & Bekman, 2001; Kumpfer, Alvarado, 

Tait, & Turner, 2002; Malti, Ribeaud, & Eisner, 2011; Nnanchetam, 2010; Sofronoff, 

Leslie, & Brown, 2004; Spoth, Trudeau, Guyll, Shin, & Redmond, 2009). Evidently, this 

kind of multivariate data structure exists, but not a single methodological study has 

examined this type of dependency in the context of multivariate meta-analysis nor 

explicitly addressed how to handle this kind of complex dependency. 

The complexity of the data dependency observed in a MT-MO design can be 

illustrated using a hypothetical study exploring the effects of an inquiry-based (Treatment 

1) and a collaborative-based mathematics curriculum (Treatment 2) on two related 

outcome such as mathematics achievement (Outcome 1) and mathematics self-efficacy 

(Outcome 2). Using the covariance formula for a multiple-endpoint design presented in 

Equation 2.31 (Pustejovsky, 2015), an applied meta-analyst can estimate the covariance 

between the effect size estimates for Outcome 1 and Outcome 2 for each treatment 

separately. Specifically, one can estimate the covariance between the effect size estimates 

for mathematics achievement (Outcome 1) and mathematics self-efficacy (Outcome 2) 

for Treatment 1, as well as the covariance between the same pair of outcomes (i.e., 

mathematics achievement and mathematics self-efficacy) for Treatment 2. In the same 

manner, using the covariance formula for a multiple-treatment design shown in Equation 

2.32, an applied researcher can also calculate the covariance between the effect size 

estimates for mathematics achievement (Outcome 1) when an inquiry-based curriculum 
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(Treatment 1) and collaborative-based curriculum (Treatment 2) are implemented. 

Similarly, the covariance between the effect size estimates for mathematics self-efficacy 

(Outcome 2) can also be estimated when an inquiry-based curriculum (Treatment 1) and 

collaborative-based curriculum (Treatment 2) are used.  

In summary, using the covariance formula for multiple-outcome (see Equation 

2.31), multiple-treatment (see Equation 2.32) and multiple-outcome and multiple-

treatment designs (see Equation 2.33), the covariances between the following pairs of 

effect size estimates can be calculated: 

a) Effect size estimates for Outcome 1 and Outcome 2 for Treatment 1 (MO 

covariance), 

b) Effect size estimates for Outcome 1 and Outcome 2 for Treatment 2 (MO 

covariance), 

c) Effect size estimates for Outcome 1 when Treatment 1 and Treatment 2 are 

used (MT covariance),  

d) Effect size estimates for Outcome 2 when Treatment 1 and Treatment 2 are 

used (MT covariance), 

e) Effect size estimates for Outcome 1 for Treatment 1 and Outcome 2 for 

Treatment 2 are used (MT-MO covariance), and  

f) Effect size estimates for Outcome 2 for Treatment 1 and Outcome 1 for 

Treatment 2 are used (MT-MO covariance). 

In summary, one of the biggest hurdles that applied meta-analysts face in 

implementing the GLS procedure for multivariate meta-analysis involves the process of 
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estimating the within-study covariances because of the unreported correlations between 

outcomes in empirical studies.  

The dependent effects described in GLS typically arise from one of two scenarios: 

1) multiple outcomes/endpoints measured using the same sample of individuals and 2) 

multiple treatment groups compared simultaneously with the same control group. 

However, there are also instances where dependent effects arise outside of these three 

scenarios described above such as the case of multiple sub-studies within studies using 

independent samples or multiple studies being conducted by the same research groups. In 

these scenarios the multilevel meta-analysis approach is appropriate (Hox, 2002; 

Moeyart, Ugille, Beretvas, Ferron, Bunuan, & Van den Noortgate, 2016; Raudenbush, 

2002; Van den Noortgate & Onghena, 2003; Van den Noortagate, Lopez-Lopez, Marin-

Martinez, & Sanchez-Meca, 2013).  

Multilevel Approach. In general, multilevel analysis is applied when data are 

nested, in which case the assumption of independence is violated. In meta-analysis, the 

independence assumption cannot also be assumed when multiple effects from sub-studies 

are nested within studies or when multiple effects from multiple publications are obtained 

from the same research groups or the same country. In these scenarios, the resulting sets 

of effect sizes are more likely to be more similar to each other than they are with effect 

sizes obtained from independent groups of studies, research groups, or countries (Van 

den Noortgate et al., 2013). Because of this complication, researchers have suggested to 

use a multilevel model for meta-analysis to appropriately account for the dependency in 

effect sizes. For example, a three-level meta-analytic model can be applied that handles 
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random effects and the clustering of multiple outcomes’ effect sizes within studies (see 

Cheung, 2014; Van den Noortgate et al., 2012; 2013).  

In addition to its ability to decompose the variance in the observed effect sizes, 

use of multilevel meta-analysis has few other advantages, including a particularly flexible 

model for handling moderator analyses through which researchers can explore several 

research questions including how study characteristics affect outcomes differently or how 

treatment effects vary depending on the types of outcomes. More importantly, when 

using this approach researchers do not need to “know” the sampling covariance between 

pairs of effect sizes as is needed when using GLS (see Equation 2.20) because the 

covariance is directly modeled (Moeyaert et al, 2016; Van den Noortgate et al., 2012). As 

noted earlier, calculation of the covariances between pairs of multiple-outcome effect 

sizes for use in GLS requires knowledge of the correlations between pairs of outcomes 

which is often not reported in published studies.  

Performance of Multilevel Meta-analysis Approach. Van den Noortgate et al. 

(2012) tested use of the multilevel model for meta-analysis in a simulation study and 

compared its performance to the use of different versions of the model. Their findings 

showed that all the models produced similar estimates of the fixed effects particularly in 

scenarios where the outcomes and thus effect sizes are highly correlated. However, the 

resulting precision in the parameter estimates differed, with the univariate three-level 

model producing the most accurate standard errors for estimates of the pooled effect. The 

multivariate method produced standard errors for the parameter estimates that were too 

small while the univariate two-level model produced standard errors that were 
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negatively-biased particularly in scenarios in which the covariance was substantial. 

Furthermore, in scenarios where treatment effects varied for outcomes, the multivariate 

method produced standard errors that were severely negatively biased while the 

univariate two-level method produced standard errors that were substantial in cases 

where the sampling covariance was either zero or large. In summary, the authors 

indicated that the univariate three-level model performed the best as it provided the most 

accurate standard errors and interval estimates of the treatment effects, both in scenarios 

where the sampling covariance were zero and large. 

The performance of the three-level model for meta-analysis of effect sizes for 

multiple outcomes was further investigated in the recently published study conducted by 

Moeyaert et. al (2016). Specifically, the authors evaluated use of the multilevel model for 

meta-analysis and compared it with use of an average across the multiple effect sizes 

reported in each study and against use of the robust variance estimation (RVE) method. 

Their findings showed that all the methods produced unbiased estimates of the fixed 

effects and that no differences were found in the mean squared error (MSE) values. In 

terms of their standard error bias, the authors found that both the RVE and the three-level 

model produced acceptable relative standard error bias of magnitude less than 5%, while 

the averaging method produced a substantial relative standard error bias of 36%. The 

large bias for the averaging method occurred in scenarios where there were four 

outcomes and the covariance between outcomes within studies was 0. Consequently, the 

coverage rates for both RVE method and three-level model were all within the acceptable 

range, while for the averaging method the coverage rates was unacceptably low at 35%.  
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Another procedure that has been recently proposed and that was assessed by 

Moeyaert et al. (2016) that could work well as a way to address the complex data 

structure encountered in MT-MO design studies is RVE method. The following section 

describes the features of this method and subsequently reviews the studies that have been 

conducted to test its performance.  

Robust Variance Estimation. Hedges et al. (2010) recently introduced an 

alternative to use of the GLS-based approach for conducting multivariate synthesis of 

related within-study effect sizes. Their robust variance estimation (RVE) procedure 

differs from the GLS approach as it does not require precise knowledge about the values 

for the elements in the covariance matrix, ̂ , for each study’s effect size. Instead, RVE 

uses a sandwich estimator that is calculated using the matrix of the cross-products of 

effect sizes’ within-study residuals to provide the values for the frequently unreported 

covariance matrix elements.  

The RVE procedure is an extension to previous work on the general linear model 

that involves adjusting the standard errors of the regression estimates in the presence of 

heteroscedasticity (Huber, 1967; White, 1980; MacKinnon & White, 1984) and 

nonnormality (Hox, 2002). As studies have indicated, when residuals’ variances are 

heteroscedastic and non-normal the standard errors produced by the Ordinary Least 

Squares (OLS) are biased; thus, statistical inferences are not accurate. One method to 

alleviate this problem is the use of Huber-White sandwich estimator, which corrects the 

standard errors of the regression coefficients. When applied in the context of multivariate 

analysis, the RVE procedure works in a similar fashion by adjusting the standard errors. 
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In addition, the RVE procedure also requires fewer distributional assumptions in 

comparison to the full multivariate meta-analytic approach (Tanner-Smith &Tipton, 

2013).  

The RVE procedure has several desirable features. First, the RVE can be applied 

using any type of weights for the effect size estimates. If, for instance, a meta-analyst has 

incorrectly and unknowingly assumed that the between-studies variance is zero (i.e., 2 = 

0) and thereby used fixed-effects weights instead of random-effect weights, Hedges et al. 

indicated that tests of hypotheses and confidence interval coverages for the parameter 

estimates remain accurate (2010). Additionally, even when the sample sizes and the 

magnitude of effect sizes are correlated, meaning that larger studies have larger effect 

sizes, the authors noted that statistical inferences remain generally valid. Although 

theoretically the inverse variance provides the most efficient weights for any effect size 

estimator, use of less efficient weights that arises from incorrect choice of meta-analytic 

models will not compromise the results of a meta-analysis as RVE still provides accurate 

estimates of standard errors.  

Second, because RVE adjusts the standard errors and does not require accurate 

knowledge of the within-study covariances, the approach can be applied to any types of 

dependence and any types of effect sizes. This means that dependence arising from 

multiple sources simultaneously, including multiple measures, multiple treatment groups, 

and multiple time points can be accommodated simultaneously with the use of RVE 

(Tanner-Smith & Tipton, 2013).  
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Last, the RVE approach does not require any distributional assumptions for the 

effect sizes. Even when meta-analysts suspect that the distributions of effect sizes are 

skewed, and even when the distribution of outcomes is incorrectly assumed as continuous 

instead of binary, the RVE procedure still provides accurate estimates of the parameters 

(Hedges et al., 2010) as coverage rates were found to be close to the nominal rate 

including scenarios that involved small number of studies being meta-analyzed (Tanner-

Smith & Tipton, 2014; Tipton, 2013).  

Although use of the RVE approach is still relatively new, researchers in various 

applied fields have already adopted its use for multivariate meta-analysis. For example, 

de Vibe, Bjorndal, Tipton, Hammerstrom, and Kowalski (2012) examined the effects of 

the mindfulness-based stress reduction (MBSR) program on adults with different kinds of 

health (e.g., HIV, cardiovascular, cancer, and other chronic illnesses) and psychological 

(stress, distress, anxiety, depression, mood disorder, and stuttering) problems. In this 

meta-analysis, 26 relevant studies that used randomized controlled trials (RCTs) with a 

total of 1,456 adults were synthesized. Using the standardized mean difference as the 

effect size measure, the study’s findings indicated that programs had moderate and 

consistent effects on the mental health outcomes of individuals included in the study.  

In another applied meta-analysis, Uttal et al. (2013) also used the RVE procedure 

in examining the effects of training programs on spatial skills. Results from the meta-

analysis of 1,038 effect sizes obtained from 217 studies showed that the training 

programs were effective in improving spatial skills as indicated by the overall average 

effect size of 0.47. In a meta-analysis of the effects of intervention programs aimed at 
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reducing school dropouts and increasing completion rates among primary and secondary 

students, Wilson, Tanner-Smith, Lipsey, Steinka-Fry, and Morrison (2011) also 

implemented the RVE procedure in the synthesis of 504 odds ratio effect sizes obtained 

from 167 studies consisting of 152 studies involving general dropout programs and 15 

studies involving teen parent programs. Their findings indicated that most programs, 

regardless of types, were successful in reducing dropouts and increasing graduation rates 

among students in the treatment groups compared to those in the control groups. 

RVE Specifications. One of the problems with the application of the GLS 

procedure arises from the difficulty of estimating the within-study covariances of effect 

size estimates (see Equation 2.20) because the correlations *jj  are often unreported or 

because the formula for the effect size estimates for the heterogeneous outcomes and 

treatments’ covariance term in the MT-MO scenario is unknown.  

To understand how the RVE method works with dependent effects, it is necessary 

to review the regression equation presented in Equation 2.22. This simple model specifies 

the relationship between effect size and its covariates. Fitting this regression equation 

using WLS, the vector of population effect sizes δ  can be calculated as:  

     )W(XWX)(Xδ
*T1T

d


• 
ˆ ,                                        (2.35)           

where W is the matrix of weights for RVE, which is the inverse of variance-covariance 

matrix of the effect size estimates,Ψ . As discussed before, the variance-covariance 

matrix,Ψ , consists of the diagonal elements (i.e., the variances of the effect sizes) and 

the off-diagonal elements (i.e., the covariances of the effect sizes) of the matrix. In 

univariate meta-analysis where each study contributes only one effect size, the 



 

54 

 

covariances between pairs of effect sizes are assumed to be zero. However, Tanner-Smith 

and Tipton (2013) indicated that when studies report more than one effect size estimate, it 

is not advisable to assume that the covariances between pairs of effect sizes are zero. 

Thus, the weight matrix should incorporate these covariances and the variance of the 

estimate is then calculated as: 
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where for ith study, iX  is the design matrix, iW is the weight matrix, and iΨ is the 

covariance matrix. The problem with using GLS estimation in meta-analysis is that the 

covariances between effect sizes in each study i are often not reported. Although the 

covariance values can be imputed based on the correlations reported in test manuals and 

other published reports, this can be problematic because studies included in the meta-

analysis rarely use the same types of samples or the same types of outcomes. 

To address this problem Hedges et al. (2010) suggested using the cross products 

of study’s residuals, 
'
εε ii as an estimate of this unknown covariance matrixΨ . Thus, 

Equation 2.36 is reformulated to:  
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where iε  is a vector of residual (i.e., Xδε  *d ) for study i obtained from estimating 

Equation 2.22.  

 RVE Weights for Correlated Effects. As stated previously, the RVE procedure 

does not require information about the covariance structure of the effect size estimates in 
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order to estimate the optimal weights. Hedges et al. (2010), in fact, have asserted that this 

procedure works well with any types of weights. Unlike in traditional meta-analysis 

where it is a requirement to use the inverse-variance weights, in RVE procedure any less 

optimal weights or user-specified weights (e.g., weights based on sample size) can be 

applied and still the procedure produces accurate effect size estimates. However, Hedges 

et al. (2010) recommended using the inverse-variance weights W because they provide 

the most statistically efficient estimates of effect sizes. 

 When dependent effects arise due to multiple outcomes being measured or 

multiple treatments being compared to a common control group, the weights can be 

estimated by assuming a simplified correlation structure (Hedges et al., 2010).  In 

multivariate meta-analysis using GLS procedure, the within-study covariance of effect 

sizes needs to be estimated for each study. In RVE procedure, estimating the elements of 

the covariance matrix is not necessary because (1) the correlation between all pairs of 

effect sizes is assumed constant p across all studies, and (2) the sampling variances 

within each study are approximately equal.  These assumptions are based on the premise 

that correlated effects obtained from multiple-endpoint and multiple-treatment design 

studies tend to have similar sample sizes and therefore, there is less variation in effect 

sizes within studies than between studies. Thus, for correlated effects, the random-effects 

weights for each effect size e within a study i is computed as: 
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where iv• is the average of the within-study variances for each study i, 2 is the estimate 

of the between-study variance, ik is the number of effect sizes within each study i, and 

 is the common correlation between all pairs of observed effect sizes within each study 

i.  

 In order to apply the random-effects weights, the between-studies variance 2

needs to be estimated first. Because in RVE procedure, the weight matrix does not 

involve the correlations between the effect size estimates, the equation for estimating the 

between-studies variance 2 must differ from that for GLS (see Equation 2.14) and is 

modified to: 
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where the term 1F  is defined as follows: 
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while 2F  is calculated as: 
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where ii WX , are the subset of X, W that contain elements from study i, tr is the trace of 

a matrix, and as before the  is the single estimate of the average correlation between 

pairs of dependent effect sizes within each study across all of the outcomes and studies in 
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the meta-analysis, J is a matrix of ones, and     ijijii dd ΨS  ,,   (Hedges et al., 

2010).  

In the recently released robumeta package developed by Fisher and Tipton 

(2014), the authors specified a default value of 0.80 for the  , but which can be modified 

to any plausible value between 0 to 1 based on the researchers’ hypothesis. Although the 

value of  is user-specified, the choice of the  value is not problematic because studies 

have shown that results of multivariate meta-analysis are generally robust to incorrect 

values of the within-study correlations (Hedges et al., 2010; Ishak et al., 2008). Once the 

between-studies variance 2̂ has been calculated, its value can then be substituted in 

Equation 2.38 in order to estimate the weights for the random-effects model. Thereafter, 

these weights can now be applied to each observed effect size to calculate both the 

covariance of effect size estimates in Equation 2.37 and the pooled effect sizes estimates 

in Equation 2.35. 

Review of RVE’s Performance in Simulation Studies. In summary, Hedges et al. 

(2010) noted several advantages of the RVE procedure over the full multivariate meta-

analytic approach including: (1) its applicability to different forms of dependency within 

a single meta-analysis even with unreported correlation, (2) its flexibility to 

accommodate different types of effect sizes and different numbers of dependent effects 

per study, and (3) its robustness to model misspecifications that may arise from the 

improper choice of weights and the violations of distributional assumptions. In addition, 

while the procedure is asymptotic in theory, the authors also suggested that it produces 

accurate results even with small sample sizes. 
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To lend credence to these theorems, Hedges et al. (2010) conducted a simulation 

study to assess coverage rates for confidence interval estimates of standardized mean 

difference   under a variety of conditions (2010). Two sets of conditions were examined 

in the simulation study: one set involved data that were generated to fit a random effects 

model and the other set was generated from fixed effects model with 2 set to zero. 

Estimates of  were sampled from the relevant (fixed or random) effects intercept-only 

model with estimates assumed normally distributed with a mean of 0.5. In addition, the 

authors also manipulated the following conditions: the number of studies in a meta-

analysis (m = 10, 20, and 40), the sample size within a study (n = 10, 20, and 40), the 

number of effect sizes (k = 1, 2, 5 and 10), and the true value of the correlation between 

outcomes ( = 0, 0.5 and 0.8). Note that the true value of  was generated between each 

pair of outcomes within each study. Furthermore, in each simulated meta-analyses, the 

author varied the number of effect sizes reported within each study and then synthesized 

the effect sizes using RVE estimation to provide an estimate of a single standardized 

mean difference. Although it is not of interest in the current study, the authors also 

examined in their simulation the coverage interval estimates for the coefficients of meta-

regression. 

Results of the simulation study showed that the coverage rates for the synthesized 

estimates of  were close to nominal across conditions. This trend was similarly observed 

for scenarios in which RVE might be less necessary where the majority of studies only 

reported a single  estimate as. In addition to the simulation study, Hedges et al. (2010) 

also used RVE with a real meta-analytic dataset that consisted of 66 studies that had 
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reported 179 standardized mean difference effect sizes. In their applied RVE synthesis, 

the authors used a value of 0.8 for, which they selected as a plausible value for the 

estimate of the correlation between pairs of reading outcomes. Importantly, the authors 

also re-ran the RVE analysis with different values of   to compare results as a function 

of this correlation and found few substantial differences. In addition, the authors also ran 

three meta-analyses using applied data: a univariate fixed effects, a univariate random 

effects and a multivariate random effects RVE. For each of these analyses, the authors 

reported no substantial differences in the pooled effect size estimates. As expected the 

univariate fixed effects meta-analysis produced the smallest standard errors (0.045) 

among the three models. However, between the two random effects models, the 

multivariate random effects RVE produced smaller standard errors (0.057) than the 

univariate random effects model (0.071). The authors explained that the smaller standard 

errors for the multivariate RVE model were due to the high correlation between the 

dependent effects. 

Extending the previous study by Hedges et al. (2010), Tipton (2013) conducted a 

simulation study that assessed the 95% confidence interval coverage rates of the RVE 

procedure for binary dependent effect sizes (e.g., risk difference, log risk ratio, and log 

odds ratio) with small sample sizes. Although not explicitly stated, the study assessed the 

robustness of the procedure to non-normality as the distributions of the three effect sizes 

were only approximately normal due to small sample sizes. In all sets of conditions, data 

were generated to fit a fixed-effects model for each of the three types of binary effect 

sizes. Also, in all sets of conditions, every effect size within each study was weighted 
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equally. Additional conditions manipulated in the study included the number of studies 

per meta-analysis (m = 10, 20, and 40), the values of within-study correlation (  = 0, 

0.5, and 0.8), the values of between-study variability (I2 = 0, 1/3, and 1/2) and the four 

sets of population probabilities for the baseline risk ( TC  , ) = (0.10 and 0.10), (0.50 and 

0.50), (0.30 and 0.40), and a mixture of three different population baseline risk   ( C = 

0.10, 0.30, 0.50). In one set of conditions, the within-sample sizes (n = 20, 50, and 100) 

were held constant and varied. For the set that they varied, one condition had 50% of the 

studies with a sample size of 20 and the remaining 50% with100, while the other 

condition involved 20% of the studies with 20, 40, 60, 80, and 100 sample sizes. 

Similarly, the number of within-study correlated outcomes (k = 1, 2, 5, and 10) were 

constant in one set of conditions and varied. Also, for the set of correlated outcomes that 

Tipton varied, one condition had 40% of the studies with one effect size and 60% of the 

studies had 2, 5, and 10 effect sizes, while the other condition had 80% of the studies 

with one effect size and 20% had 10 effect sizes. The population values for the intercept 

were T = 0.20, 0.40, and 0.55 and were also varied in another set of conditions 

Results of the simulation showed the coverage rates for the confidence intervals 

of the three synthesized binary effects were slightly lower compared to those reported by 

Hedges et al. (2010) in the previous RVE study on standardized mean difference. 

However, improvements in the coverage rates were reported for the mean effect (i.e., 

intercept) when the within-study sample sizes were moderate and large as its coverage 

rates were close to nominal across conditions. When estimating the slope, the coverage 
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rates were lower than nominal, but increased with larger number of effect sizes in each 

study. Among the three binary effects that were meta-analyzed, the RVE procedure was 

most efficient in estimating the log odds ratio compared to either the risk difference or 

log risk ratio. Overall, the findings of the study suggested that RVE procedure performed 

well when estimating the pooled effect size estimates.  

Furthermore, Tipton (2013) also conducted a reanalysis of real meta-analytic 

dataset in which three different meta-regression analyses were compared. The three 

models included Model 1 which applied a simple univariate random effects meta-

regression with 58 independent effect sizes, Model 2 which was the same as Model 1 

except using RVE as the estimating procedure, and Model 3 which applied the RVE 

procedure with the full 103 dependent effect size estimates. Contrary to what was 

expected, the results of the analyses using the three models were generally similar as the 

point estimates for the two outcomes and their associated standard errors varied only 

minimally.  

Summary 

As noted earlier, one of the claimed benefits of RVE is that choice of the value of 

the correlation estimate between pairs of effect size estimates does not impact the 

estimation accuracy. Results from the study by Hedges et al. (2010) showed that the 

coverage rates for the synthesized effect sizes were close to nominal rates even with a 

relatively small number of studies. As noted, under the GLS approach, the researcher 

must provide estimates of the correlation between each pair of outcomes for a given study 

for all outcomes and studies. However, under the RVE approach, a meta-analyst can 
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simply use a single plausible estimate of the correlation   between all pairs of outcomes 

for every study, which is then used to calculate the between-studies variance component, 

2 in Equation 2.36. While the results of real data analyses conducted by Hedges et al. 

using the RVE approach did not show any difference given the choice of the single 

estimate of the correlation  , to date no empirical research has been conducted that 

explores how the choice of  values impact results from using the RVE method.  

Furthermore, in the  real data analysis component of the study that Hedges et al. 

(2010) conducted, the authors found surprising results: all the three models (univariate 

fixed effects, univariate random effects, and multivariate random effects RVE) produced 

generally similar pooled effect size estimates. More importantly, contrary to expectations 

the multivariate random effects RVE model produced smaller standard errors than the 

univariate random effects model.  

In a follow-up study by Tipton (2013) in which she also performed a meta-

analysis of applied data in addition to simulated data, all the three models that were fitted 

(i.e., univariate random effects, univariate random effects RVE, and multivariate random 

effects RVE) produced similar pooled effect size estimates.  However, unlike the results 

reported in Hedges et al.’s study, Tipton found that the multivariate RVE method had the 

largest standard errors among the three methods. Note that in this study, Tipton explored 

synthesis of binary outcome effect sizes. 

Given these findings and the novelty of this estimation method, it is worth 

investigating how the RVE method performs when used to synthesize complex 

multivariate data. Also in both studies, the authors only generated experimental data that 
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reflected a simple type of dependency (i.e., multiple-outcome design data). However, as 

previously argued, applied research is often more complex and a study might also use a 

combination of multiple-treatment and multiple-outcome (MT-MO) design. Despite the 

existence of both MT and MO designs in applied research, no empirical research has 

examined handling data with both of these types of dependency using RVE.  

Statement of Purpose 

 The purpose of the present study is to expand on the first simulation study that 

assessed RVE meta-analysis of standardized mean difference effect sizes to include some 

additional more realistic conditions.  In the original simulation study (Hedges et al., 

2010), choice of  was not thoroughly tested as the true value was used in both 

generating and estimating models and the value for  was generated to be the same value 

for each pair of outcomes. In an applied meta-analysis, the meta-analyst will typically not 

know the true value for the correlation between each pair of outcomes for study i,  , and 

instead will impute a reasonable value based on relevant estimates reported in other 

primary studies. The imputed value might not exactly match the true value. In addition, 

the true value for the correlation might not be the same between every pair of outcomes, 

and thus, between every pair of effect sizes, particularly when effect sizes when different 

sources of dependency due to differences in studies’ designs. Thus, the current study 

extended Hedges et al.’s research to include an assessment of the influence of poorly 

estimated values for  on multivariate meta-analysis using RVE estimation.  

Additionally, in the original study, Hedges et al. (2010) implemented the RVE 

method for meta-analysis of dependent effects that were generated from studies that used 
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only the multiple-outcomes design. However, the authors noted that the RVE procedure 

can also handle different structures of dependency. Thus, this study was designed to 

extend earlier study by assessing RVE estimation when meta-analyzing effect sizes 

obtained from studies in a meta-analysis that use both MT and MO, and MT-MO designs.  

Although it is not as prevalent as the other designs, use of both MT and MO 

designs has been noted in applied primary research. In education, for example, 

Nnanchetam (2010) examined the effects of providing parents with training feedbacks on 

the vocabulary development and pre-literacy skills of pre-school aged children. In this 

study, the author randomly assigned 51 parent-child dyads into one of the three treatment 

groups. The first group, which served as the treatment group, received two components of 

the intervention: school readiness workshops for parents and feedback on their children’s 

progress. The second group, which served as an inert-treatment comparison group, 

received only the school readiness workshop and no progress monitoring, while the last 

group, which served as the waitlist control group, did not receive any of the two 

components. Since all of the 51 dyads in the three treatment conditions were measured on 

several outcomes, the data from this study creates a multivariate data structure that 

incorporates both multiple treatments and multiple endpoints. 

In another MT-MO design study, Barrett-Connor et al. (2002) examined the 

effects of raloxifene, a medication for osteoporosis, among osteoporotic postmenopausal 

women with cardiovascular and cerebrovascular conditions. A total of 7,705 women were 

randomly assigned to one of the three treatment groups. The first treatment group 

comprised of patients who received 60 milligrams per day (mg/d), the second treatment 
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group received 120 mg/d, and the third group, which served as the control group, 

received a placebo. The authors measured the patients on several health outcomes 

including cardiovascular and cerebrovascular events. Like the previous study 

(Nnanchetam, 2010), the data from this study reflect a multivariate MT-MO structure 

because several outcomes were measured for multiple treatment groups. In addition to the 

aforementioned studies, the MT-MO design has also been applied in special education 

(Corkum, McKinnon, & Mullane, 2005; Sofronoff, Leslie, & Brown, 2004), as well as in 

studies that assessed the effectiveness of behavioral disorder intervention (Ialongo, 

Poduska, Werthamer, & Kellam, 2001; Malti, Ribeaud, & Eisner, 2011), language and 

literacy programs (Chow, & McBride-Chang, 2003; DeBaryshe & Gorecki, 2007; 

Drouin, 2009; Goudey, 2009; Kagitcibasi, Sunar, & Bekman, 2001), and substance abuse 

prevention programs (Kumpfer, Alvarado, Tait, & Turner, 2002; Spoth, Trudeau, Guyll, 

Shin, & Redmond, 2009). 

Lastly, although use of RVE procedure does not require accurate specification of 

a correlation estimate representing the degree of dependence among effect sizes, the 

current study also examined the influence of the choice of the value of  on the 

multivariate meta-analysis results for RVE. Thus, as an extension to the previous work, 

the current study was designed to explore how different values of   might impact the 

performance of the RVE procedure when used for meta-analysis of effect sizes obtained 

from mixtures of complex research designs.  
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Chapter 3: Methods 

This section presents the simulation study. In particular, it describes the process 

with respect to: (a) the data generation procedure, (b) the study conditions, and (c) the 

analysis procedure. As described earlier, the current study is designed to assess the 

performance of the robust variance estimation approach for handling dependence in the 

meta-analysis of effect sizes encountered in studies that use an MT-MO experimental 

design. To help support the external validity and relevance of the study’s design, the 

values of parameters and factors that were manipulated in the simulation are based on the 

information obtained from applied and methodological studies. 

Data Generation  

 To generate data that mimic an MT-MO design, each study included in the meta-

analysis involved two treatment groups and one comparison group. For each of the two 

treatment groups and for each of the two outcomes, four effect size estimates were 

sampled for each study. These effect sizes were sampled from a multivariate normal 

distribution to obtain study-specific effect size means. For the two-outcome scenarios, a 4 

X 1 vector of correlated study-specific effect size estimates were generated. Thus, for the 

two-outcome scenario, the four correlated effect sizes were generated as follows: 
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where 
Tj

i,1   and 
Tj

i,2  represent the study mean effect size for outcome 1 and study mean 

effect size for outcome 2 in Treatment Group j for the ith study, respectively. The 2
τ

represents the true between-study covariance matrix and the s' represent each of the true 

effect sizes (one for each of the two outcomes and for each of the two groups). Note that 

the between-study covariance between each pair of effect sizes was calculated as a 

function of the correlation between the relevant pair of effect sizes and the product of the 

effect sizes’ between-studies’ standard deviations. For example, ))()(( 211212  TjTjTjTj  , 

where 12Tj is the true between-study correlation between outcome 1 and outcome 2 

effect sizes for the Treatment group j. 

 To introduce sampling error (i.e., within-study variance) into the four correlated 

effect size estimates, the within-study effects were generated as follows:  
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where 
Tj

id ,1  and 
Tj

id ,2  represent the effect size estimate for outcome 1 and effect size 

estimate for outcome 2 in Treatment group j for the ith study. The 2
σ represents the true 

within-study covariance matrix. As for the between-study covariance matrix elements, 

the within-study covariance between each pair of effect sizes was calculated as a function 

of the correlation between the relevant pair of effect sizes and the product of the effect 

sizes’ standard deviations. For example, ))()(( 211212  TjTjTjTj  , where the 12Tj is the 

true within-study correlation between outcome 1 and outcome 2 effect sizes for the 
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Treatment group j. Similar to previous simulation studies on multivariate meta-analysis 

(Riley, 2009; Riley et al., 2008; Riley et al., 2007), the same values for the between-study 

and within-study correlations were used to calculate the covariances in both the 2 and 2 

covariance matrices. Future research could manipulate these correlations to examine their 

impact on RVE.  

For the three-outcome scenario, the same procedure was implemented to generate 

the correlated effect sizes. Specifically, for each of the two treatment groups and for each 

of the three outcomes, six effect size estimates were sampled from a multivariate normal 

distribution to obtain the study-specific effect size means (like in Equation 3.1). Then 

these study-specific effect size means are used to generate the 6 X 1 vector of within-

study effect size estimates (as was done in Equation 3.2 for the two-outcome scenario).  

Study Conditions 

Number of related outcomes per group. For each study included in the meta-

analysis simulation, two number-of-outcome scenarios were examined, including: two 

effect sizes per treatment group and three effect sizes per treatment group for studies 

involving two treatment groups being compared against one control group. These 

conditions correspond to those typically investigated in empirical and simulation studies 

conducted for multivariate meta-analysis (Glesser & Olkin, 1994; Ishak et al., 2008; 

Kalaian & Raudenbush, 1996; Raudenbush, Becker, Kalaian, 1988; Riley, 2009; Riley et 

al., 2007; Riley et al., 2008). These values also closely correspond to the number of effect 

sizes reported in the empirical study conducted by Scammacca, Roberts, and Stuebing 
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(2014) in which they meta-analyzed dependent effects arising from experimental designs 

that used multiple dependent group comparisons.  

Generating values for the true effect sizes. Each of the two treatment groups 

have their own two sets of group-specific generating values for the effect sizes. 

Specifically, different effect sizes for the two groups were generated to reflect differential 

treatment effects on members of different groups. For the set involving a small effect 

size, T1 had generating values of 0.2 and 0.3 for the two outcomes, while T2 had 

generating values of 0.25 and 0.35. For the set involving a medium effect size, T1 had 

generating values of 0.4 and 0.5 for the two outcomes, while T2 had 0.45 and 0.55 for the 

two outcomes. For the condition that involved three-outcomes per study, for the small 

effect size, T1 had generating values of 0.2, 0.25, and 0.3, while T2 had 0.25, 0.3, and 

0.35. For the set involving a medium effect size, T1 had generating values of 0.4, 0.45, 

and 0.5, while T2 had 0.45, 0.5, and 0.55. The generating values for the true effect sizes 

were selected because these values are often found in educational research (for example, 

Lipsey, et al., 2012).  

Generating values for the correlation within each study. Because the study 

was designed to examine the impact of the choice of the correlations on the performance 

of the RVE procedure for meta-analysis of effect sizes arising from different types of 

dependency, different conditions were explored for the two number-of-outcomes-per-

group scenarios.  For the 2-outcome-per- group scenario, different true correlations for 

different types of dependent effect sizes within each study were used to generate the 

effect size estimates. The true values are presented in Table 1. In the notation used in 
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Table 1, OiTj represents outcome i for treatment j. Because there are four dependent 

effect sizes per study, values for each of six within-study correlations are needed. Note 

that in the Table 3.1, klij,  represents the correlation between an effect size for outcome 

i and treatment k with the effect size for outcome j and treatment l. For the two-

outcomes-per-group conditions, these correlations included: (1) two correlations for 

multiple outcome (MO) effects as represented by 11,12 and 22,12 , (2) two correlations 

for effect sizes for which the dependence results from multiple treatments (MT) as 

represented by 12,11 and 12,22 , (3) and two correlations for which the source of the 

dependency in effect sizes originates from multiple treatments and multiple outcomes 

(MT-MO) as represented by 12,12  and 22,21 .  
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Table 3.1 

Generating Values for the Matrix of Correlations between Effect Sizes for the 2-

Outcome-Per-Group Conditions 

 Effect Size for 

Effect Size for 11TO  12TO  21TO  22TO  

11TO  1    

12TO  70.011,12   1   

21TO  55.012,11   40.012,21   1  

22TO  45.012,12   50.012,22   65.022,12   1 

Note:  jiTO refers to the outcome i and the treatment j, while jjii, is the within-study 

correlation with the subscripts representing the outcome #, outcome #, treatment #, 

and treatment #. 

 

In order to have a starting value for the correlation of effect sizes for pairs of 

outcomes, published studies that examined the relationship between measures of reading 

fluency, reading comprehension, and word reading, involving a diverse sample of 

students ranging from elementary through high school were examined (Fuchs, Fuchs, & 

Maxwell, 1988; Jenkins, Fuchs, van den Broek, Espin, & Deno, 2003; Klauda & Guthrie, 

2008; McConnaughhay, 2008; Wexler et al., 2010; Yovanoff, Duesbery, Alonzo, & 

Tindal, 2005). These studies were purposely chosen because the authors used a multiple-

outcomes and multiple treatment (MT-MO) design, and more importantly, the 

correlations between outcomes within the same treatment group were reported. 

Specifically, the authors reported that correlation of outcomes within the same treatment 
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group ranged from 0.60 to 0.70. These reported values were then used for the MO design 

and for imputing the correlation values used for other designs (MT and MT-MO). 

Because the correlation between the effect sizes for two similar outcomes in the same 

treatment group (MO) was assumed to be greater than the correlation of the effect sizes 

for two similar outcomes from different groups (MT), in this study the correlation values 

for the effect sizes for MT design was then assumed to be smaller. In the same manner, 

since the correlation between the effect sizes for two similar outcomes from different 

groups (MT) was assumed greater than the correlation of effect sizes for two different 

outcomes from different groups (MT-MO), in this study the correlation values for the 

effect sizes for the MT-MO design were likewise assumed to be smaller. Using these 

assumptions, the study’s correlation values between effect sizes for pairs of outcomes 

from different study designs are presented in Table 3.1.  

For the 3-outcome-per-treatment group scenario, the same two conditions were 

also be examined, involving different true correlations between every pair of effects for 

different types of dependency. Because there are six dependent effect sizes per study, a 

total of 15 within-study correlations were manipulated in the heterogeneous s 

conditions. These correlations included: (1) six MO correlations, (2) three MT 

correlations, and (3) six MT-MO correlations. Table 3.2 lists the correlation values of 

effect sizes for the said pairs of outcomes.  

Similarly, the true values for the correlation of effect sizes for the pairs of 

outcomes described above were chosen based on the information reported in empirical 

studies (Fuchs, Fuchs, & Maxwell, 1988; Gleser & Olkin, 2007; Wexler et al., 2010). Of 
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the three dependent effects, the MO correlations were selected to be the largest because 

the dependency between effects within the same group is expected to be the strongest. On 

the other hand, the MT-MO correlations were selected to be smallest because the 

dependency between effects for different outcomes and different groups is expected to be 

the weakest. Lastly, the values for the MT correlations were selected to be between the 

values of MO and MT-MO correlations. 

Generating values for between-studies variance, 2. For the between-study 

variance, generating values were used to reflect the range of values typically used in 

methodological studies on multivariate meta-analysis (Hedges et al., 2013; Marin-

Martinez & Sanchez-Meca, 1999; Van den Noortgate et al., 2013). Because the 

dependency of effect sizes are typically stronger within studies, the values of between-

studies variance,
2

j , were selected to be less than the value of the within-studies variance, 

2 (Lipsey & Wilson, 2001). Thus, two conditions were examined in this study, 

including:
22 *5.0   and 

22 *8.0   . 
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Table 3.2 

Generating Values for the Matrix of Correlations between Effect Sizes for the  3-

Outcome-Per-Group Conditions 

 Effect Size for 

Effect 

Size 

for 
11TO  12TO  13TO  21TO  22TO  23TO  

11TO  1      

12TO  
70.011,12   1     

13TO  
68.011,13   66.011,23   1    

21TO  
55.012,11   42.012,21   40.012,31   1   

22TO  
48.012,12   53.012,22   38.012,32   64.022,12   1  

23TO  
46.012,13   44.012,23   50.012,33   62.022,13   60.022,23   1 

Note:  jiTO refers to the outcome i and the treatment j, while jjii, is the within-study 

correlation with the subscripts representing the outcome #, outcome #, treatment #, and 

treatment #. 

 

 

Per group sample size. To provide a more realistic match with what is 

encountered in real meta-analyses, sample sizes from actual studies that used an MT-MO 

design were surveyed (Block, Parris, Reed, Whiteley, & Cleveland, 2009; Calhoon, 
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Sandow, & Hunter, 2010; Clarke, Snowling, Truelove, & Hulme, 2010; Corkum, 

McKinnon, & Mullane, 2005; DeBaryshe & Gorecki, 2007; Drouin, 2009; Given, 

Wasserman, Chari, Beattie, & Eden, 2007; Goudey, 2009; Harris, Schumaker, & 

Deschler, 2011; Lang, Torgesen, Vogel, Chanter, Lefsky, & Petscher, 2009; Ialongo, 

Poduska, Werthamer, & Kellam, 2001; Kagitcibasi, Sunar, & Bekman, 2001; Kumpfer, 

Alvarado, Tait, & Turner, 2002; Malti, Ribeaud, & Eisner, 2011; Spoth, Trudeau, Guyll, 

Shin, & Redmond, 2009; Vaughn et al., 2010; Wexler, Vaughn, Roberts, & Denton, 

2010). On the basis of the information reported in each of these studies, two conditions 

were used: 50 participants for small-sized groups and 100 participants for large-sized 

groups. More importantly, these values also closely correspond to the within-study 

sample sizes reported in the studies included in the applied meta-analysis conducted by 

Scammacca, Roberts, Vaughn, and Stuebing (2013). In their meta-analysis of the effects 

of reading interventions for struggling readers in Grades 4 to 12, about 90% of the studies 

published between the years of 1980 to 2011 reported sample sizes of 100 participants or 

fewer.  

In Hedges et al.’s (2013) first assessment of RVE multivariate meta-analysis, the 

sample sizes for each study in each meta-analysis was simulated to be the same. 

Similarly, balanced sample sizes across the control, T1 and T2 groups was also used in 

this study. This decision was based on the review of applied studies that used an MT-MO 

design. Of the 15 MT-MO design studies reviewed, no evident trend was observed as to 

which group (control or treatment group) was consistently larger or smaller, which thus 

justified the use of balanced sample sizes in this simulation.  
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Number of studies per meta-analysis. Two values were examined for the 

number of studies condition, including k = 20 and 40.These values are within the range of 

the number of studies that have been used in methodological studies on multivariate 

meta-analysis (Hedges et al., 2010; Kalaian & Raudenbush, 1996; Tipton, 2013; Van den 

Noortgate et al., 2013). More importantly, these values reflect the number of studies used 

in applied meta-analysis that examined dependent effects obtained from complex 

research designs including multiple-endpoint and multiple treatment groups designs 

(Scammacca et al., 2014; Scammacca et al., 2013). 

Data Analysis  

For each of the 2-outcome-per group and 3-outcome-per- group scenarios, a 

multivariate RVE meta-analysis were conducted. For each of the sets of number-of-

outcomes -per-study scenarios, the following conditions were crossed including: the two 

sets of effect sizes (small and medium), the two values of the number of studies per 

simulated meta-analysis (20 and 40), the two values of the between-studies variance (

22 *5.0   and 
22 *8.0   ), the two values of per-group sample sizes (50 and 100), 

and four RVE methods. A total of 64 combinations of conditions for each of the 2-

outcomes and 3-outcomes scenarios were examined with 5,000 replication datasets 

generated per condition. All analyses were completed using R software (R Development 

Core Team, 2008). 

After the effect sizes were generated, four kinds of multivariate RVE meta-

analyses were conducted to synthesize the four effect sizes (for the 2-outcome-per-group 

scenario) and the six (for 3-outcome-per-group scenario) effect sizes: (1) an RVE 
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procedure using –true correlation values )(
t

RVE ,  (2) an RVE procedure using 

underestimated correlation values )(
u

RVE  , (3) an RVE procedure using overestimated 

correlation values )(
o

RVE  , and (4) and RVE procedure using averaged correlation value 

)(
a

RVE  . As previously discussed, one of the purposes of using the RVE procedure was 

to reduce the impact of using incorrect values for the correlation  . Because one of the 

objectives of the study was to empirically test how the selection of an  incorrectly 

estimated  value impacts RVE estimation, the last three procedures  were included in 

the simulation with the intention to mimic the scenario in which an incorrect value for  

is used in Equation 2.38.  

Remember that the RVE procedure uses only one correlation  when used to 

conduct multivariate meta-analysis and the average value of this correlation was used in 

this study as this common correlation (Hedges et al., 2010; Beretvas, Schaefer, Bunuan, 

Van den Noortgate, Ferron, 2015). For the three RVE methods that used the incorrect 

correlation values, each of the true values for  (see Tables 3.1 and 3.2) were changed by 

0.199. More specifically, for the RVE procedure that used underestimated correlation 

values, the  values were reduced by 0.199, while for the RVE procedure that used the 

overestimated correlation values, the  values were increased by 0.199 The performance 

of the four RVE methods were then assessed in terms of relative parameter bias (RPB), 

relative standard error bias (RSEB), root mean-squared error (RMSE), and confidence 

interval coverage rates to assess the impact of the value for  used in Equation 2.38.   
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The RPB of the pooled effect size estimates will be calculated across replications 

using the formula: 

     


 


ˆ
RPB               (3.3) 

where ̂ represents the average parameter estimate across the 5,000 replications and   

represents the population’s true parameter value. Using Hoogland and Boomsma’s (1998) 

cutoff criterion, an absolute value of less than .05 for RPB will be considered an 

acceptable degree of bias. 

In addition to relative parameter bias, the standard error estimation bias for the 

pooled effect size estimates will also be calculated across replications using the formula:  

)ˆ(

)ˆ(ˆ






SD

SDs
RSEB


                              (3.4) 

where 
̂

s  represents the mean of the standard error estimates for the parameter estimates 

(the ̂ ) and )ˆ(SD represents the empirical standard deviation of the ̂ across the 5,000 

replications. Hoogland and Boomsma (1998) suggested that an acceptable maximum 

cutoff value for RSEB is 0.10.  

Another indicator that is commonly used to measure estimation precision is the 

root mean squared error (RMSE). The RMSE is calculated by getting the square root of 

the average squared deviation of an estimate from the true value, and is a function of both 

the relative efficiency and bias of an estimation method (Wackerly, Mendenhall, 

Scheaffer, 2002). The RMSE were calculated across the 5,000 replications.  
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Lastly, another option for assessing standard error performance is through the 

calculation of the confidence interval coverage rate (CR). Specifically, the coverage 

proportion provides an indicator of the appropriateness of the width of the confidence 

intervals and is also a function of both the bias of the estimates and of the standard errors. 

The CR is calculated as the proportion of times in which the 95% confidence interval 

contains the true parameter values. Because the study simulated 5,000 replications for 

each combination of conditions Burton, Altman, Royston, and Holder (2006) 

recommended calculating the confidence interval coverage rate as: 

          ),)(2(95.0 pseCR                                        (3.5) 

where pse is the standard error defined as:  

                                                        
B

pp
se p

)1(( 
 ,                                                 (3.6)   

and where B is the number of replications in the simulation. Thus, the appropriate 

coverage rate should not fall outside of an interval reaching approximately two SEs either 

side of the nominal coverage rate of 95%.  
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Chapter 4: Results 

 This chapter presents the results of the simulation for the two-outcome and three-

outcome scenarios. For each of the two scenarios, the performance of the RVE method 

using true correlation values )(
t

RVE  , underestimated correlation values )(
u

RVE  , 

overestimated correlation values )(
o

RVE  , and averaged correlation value )(
a

RVE   is 

compared in terms of the resulting relative parameter bias (RPB), relative standard error 

bias (RSEB), root mean squared error (RMSE), and confidence interval (CI) coverage 

rates. The criteria used for acceptable results are as follows:  RPB with an absolute value 

of less than 0.05 (Hoogland & Boomsma, 1998), RSEB with an absolute value of less 

than 0.10 (Hoogland & Boomsma, 1998), and 95% CI coverage rates between 94.38% 

and 95.62% (Burton, A., Altman, D. G., Royston, P., & Holder, R. L., 2006). Because 

there is no recommended cut-off for MSE, the resulting values serve as an indicator of 

the relative performance of the four different RVEs with smaller values representing 

more efficient estimates. 

Two-Outcomes Scenario 

Relative Parameter Bias (RPB)  

 The relative parameter bias represents the relative deviation of the estimated 

effect size from its true population value divided by the true population value. An RPB 

value of | RPB| > .05 was used as an indicator of substantial parameter bias. Averaging 

across all conditions, the relative parameter bias of the estimates of the four treatment 
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effects ranged from -0.0006 to 0.0008. The magnitudes of these RPB values were 

considerably less than 0.05, indicating that the estimates were not substantially biased.  

Of the four RVE methods used to estimate the treatment effects, the RVE method 

using averaged correlation, )(
a

RVE   reported the highest value for the relative parameter 

bias of 0.0008, while the RVE method using underestimated correlations )(
u

RVE 

reported the lowest bias of -0.0001. No difference in the RPB values up to three decimal 

places were found among the four RVE methods. Table 4.1 lists the RPB values of 

treatment effects’ estimates for the four RVE methods averaged across all conditions. 

The subsequent paragraph briefly describes the resulting RPB values for each of the four 

factors examined in the study: number of studies, between-studies variance, magnitudes 

of effect sizes, and sample sizes.  
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Table 4.1 

Relative Parameter Bias (RPB) of the Effect Sizes Estimates Using the Four RVE 

Methods 

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  -0.00088 0.00318 -0.00004 0.00050 

   100  -0.00056 0.00032 -0.00114 -0.00094 

  40 50  0.00081 0.00249 0.00081 -0.00032 

   100  0.00032 0.00030 -0.00007 0.00044 

 *8.0  20 50  0.00171 0.00215 0.00032 -0.00397 

   100  0.00046 0.00053 -0.00086 0.00172 

  40 50  -0.00070 -0.00015 0.00018 -0.00106 

   100  0.00034 0.00062 -0.00116 -0.00151 

medium *5.0  20 50  0.00040 0.00124 0.00097 -0.00052 

   100  0.00014 0.00016 -0.00015 -0.00065 

  40 50  0.00062 0.00049 0.00106 -0.00008 

   100  -0.00085 -0.00011 0.00009 -0.00009 

 *8.0  20 50  0.00032 -0.00075 -0.00057 -0.00228 

   100  -0.00003 0.00045 -0.00110 0.00062 

  40 50  0.00089 0.00146 0.00012 -0.00056 

   100  -0.00036 0.00015 -0.00010 -0.00009 

   Mean  0.00016 0.00078 -0.00010 -0.00055 

Note: RSEB = relative standard error bias;  = effect size; 2 = between-studies 

variance; k = number of studies; n = sample size; 
t

RVE  = RVE with true correlation; 

a
RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated 

correlation; 
o

RVE  = RVE with overestimated correlation. 
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RPB by Number of Studies (k). The resulting RPB values of the treatment 

effects’ estimates for the four RVE methods showed no bias up to three decimal places 

when averaged across the two conditions of number of studies. For conditions with 

smaller number of studies (i.e., k = 20), the RPB values ranged from -0.0007 to 0.0009, 

while for conditions with larger number of studies (i.e., k = 40) the bias the RBP values 

ranged from -0.0004 to 0.0007. Table 4.2 lists the RPB values for the four methods by 

number of studies in a meta-analysis. 

 

Table 4.2 

Relative Parameter Bias (RPB) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  0.00019 0.00091 -0.00032 -0.00069 

40  0.00013 0.00065 0.00012 -0.00041 

Mean  0.00016 0.00078 -0.00010 -0.00055 

Note: RPB = relative parameter bias; k = number of studies; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

 

RPB by Between-Studies Variance ( 2 ). There is no substantial bias found in 

the estimates of treatment effects using all the four RVE methods averaged across the two 

values of between-studies variance as RPB values ranged from -0.0006 to 0.0001. For 
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conditions with smaller between-studies variance (i.e., *5.0 ), the RPB values ranged 

from 0.0000 to 0.0010, while for conditions with larger number of studies (i.e., *8.0 ) 

the RBP values ranged from -0.0009 to 0.0006. Table 4.3 contains the RPB values of the 

four RVE methods averaged across the values of between-studies variance. 

 

Table 4.3 

Relative Parameter Bias (RPB) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   0.00000 0.00101 0.00019 -0.00021 

*8.0   0.00033 0.00056 -0.00040 -0.00089 

Mean  0.00016 0.00078 -0.00010 -0.00055 

Note: RPB = relative parameter bias; 2 = between-studies variance; k = number of 

studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated 

correlation. 

 

 

RPB by Magnitudes of Effect Sizes ( ).  Regardless of the magnitudes of the 

effect size values (small versus medium), all the estimates using the four RVE methods 

were unbiased as the resulting RPB values were less than 0.05. Across the four RVE 

methods the RPB values ranged from -0.0006 to 0.0008. For conditions with small effect 

sizes, the RPB values ranged from -0.0006 to 0.0012, while for conditions with medium 
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effect sizes the RBP values ranged from -0.0005 to 0.0004. Table 4.4 lists the RPB values 

of the four RVE methods by magnitudes of effect sizes. 

Table 4.4 

Relative Parameter Bias (RPB) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  0.00019 0.00118 -0.00024 -0.00064 

Medium  0.00014 0.00038 0.00004 -0.00045 

Mean  0.00016 0.00078 -0.00010 -0.00055 

Note: RPB = relative parameter bias;  = effect size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

 

RPB by Sample Size (n). Similar to the other factors, the RPB values of the 

effect size estimates for the four RVE methods averaged across two sample size 

conditions were less than the 0.05 cutoff, ranging from -0.0010 to 0.0013. For conditions 

with small sample size (n = 50), the RPB values ranged from -0.0010 to 0.0013, while 

for conditions with large sample size the RBP values ranged from -0.0006 to 

0.0008.Table 4.5 lists the RPB values of the four RVE methods averaged across sample 

size conditions.  
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Table 4.5 

Relative Parameter Bias (RPB) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  0.00039 0.00126 0.00035 -0.00104 

100  -0.00007 0.00030 -0.00056 -0.00006 

Mean  0.00016 0.00078 -0.00010 -0.00055 

Note: RPB = relative parameter bias; n = sample size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

 

Relative Standard Error Bias (RSEB) 

 An RSEB value of | RSEB| > .10 served as an indicator of relative standard error 

bias. Averaging across all conditions, the relative standard error bias of the treatment 

effects’ estimates using the four RVE methods ranged from -0.0105 to -0.0191. These 

values were considerably less than the 0.10 cutoff, indicating that the standard errors 

were not substantially biased. Most notably, the RSEB values were consistently negative 

across all the four RVE methods although again this bias was not substantial. 

Of the four RVE methods used to estimate the treatment effects, the RVE method 

using averaged correlation, )(
a

RVE   reported the smallest RSEB value of -0.0105, 

followed by the RVE method using the true correlation values (
t

RVE ) with an RSEB 
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value of -0.0117. Both RVE methods using underestimated (
u

RVE ) and overestimated 

correlation values (
o

RVE ) had -0.0191 and -0.0191, respectively. Table 4.6 contains the 

RSEB values of treatment effects for the four RVE methods averaged across all 

conditions. The subsequent paragraph briefly describes the resulting RSEB values for 

each of the four factors examined in the study: number of studies, between-studies 

variance, magnitudes of effect sizes, and sample sizes.  
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Table 4.6 

Relative Standard Error Bias (RSEB) of the Effect Size Estimates Using the Four RVE 

Methods  

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  -0.00981 -0.00642 -0.02008 -0.02172 

   100  -0.02009 -0.00915 -0.00778 -0.02950 

  40 50  0.01012 -0.00245 -0.01396 -0.05839 

   100  -0.01325 0.00284 -0.01218 -0.01394 

 *8.0  20 50  -0.02199 -0.01469 -0.02406 -0.00811 

   100  -0.01674 -0.02494 -0.00879 -0.01799 

  40 50  -0.00579 -0.00994 -0.01967 -0.01739 

   100  -0.01471 -0.01859 -0.01734 -0.01902 

medium *5.0  20 50  -0.01831 -0.01477 -0.01621 -0.01587 

   100  -0.02742 -0.01809 -0.02139 -0.01900 

  40 50  -0.00936 -0.00597 -0.00847 -0.01126 

   100  -0.00839 -0.00501 -0.01736 -0.01245 

 *8.0  20 50  -0.02180 -0.01590 -0.02382 -0.01572 

   100  -0.01702 -0.00419 -0.08418 -0.01875 

  40 50  0.00172 -0.00526 -0.00549 -0.01567 

   100  0.00632 -0.01480 -0.00460 -0.01138 

   Mean  -0.01166 -0.01046 -0.01909 -0.01913 

Note: RSEB = relative standard error bias;  = effect size; 2 = between-studies 

variance; k = number of studies; n = sample size; 
t

RVE  = RVE with true correlation; 

a
RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated 

correlation; 
o

RVE  = RVE with overestimated correlation. 
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RSEB by Number of Studies (k). The resulting RSEB values of the treatment 

effects’ estimates for the four RVE methods averaged across two conditions of number of 

studies (k = 20 and k = 40) ranged from -0.0105 to -0.0191. These values were 

considerably less than the cutoff value of 0.10, indicating no substantial bias was found in 

the standard errors of the estimates when using any of the four RVE methods. For 

conditions with smaller number of studies (i.e., k = 20), the RSEB values ranged from -

0.0135 to 0.0258, while for conditions with larger number of studies (i.e., k = 40) the bias 

the RSEP values ranged from -0.0042to 0.0199. Table 4.7 lists the RSEB values for the 

four methods by number of studies in a meta-analysis. 

 

Table 4.7 

Relative Standard Error Bias (RSEB) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  -0.01915 -0.01352 -0.02579 -0.01833 

40  -0.00417 -0.00740 -0.01238 -0.01993 

Mean  -0.01166 -0.01046 -0.01909 -0.01913 

Note: RSEB = relative standard error bias; k = number of studies; 
t

RVE  = RVE with 

true correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RSEB by Between-Studies Variance ( 2 ).  There is no substantial bias found in 

the standard errors of the estimates of treatment effects using all the four RVE methods 
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averaged across the two values of between-studies variance as RSEB values ranged from 

-0.0105 to 0.0191. These values were considerably less than the cutoff value of 0.10, 

indicating no substantial bias was found in the standard errors of the estimates for the 

four RVE methods. For conditions with smaller between-studies variance (i.e., *5.0 ), 

the RSEB values ranged from     -0.0074 to -0.0228, while for conditions with larger 

number of studies (i.e., *8.0 ) the RSEB values ranged from -0.0113 to -0.0235. Table 

4.8 lists the RSEB values of the four RVE methods averaged across two values of 

between-studies variance. 

 

Table 4.8 

Relative Standard Error Bias (RSEB) of RVE Methods Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE   
u

RVE  
o

RVE  

*5.0   -0.01206 -0.00738 -0.01468 -0.02277 

*8.0   -0.01125 -0.01354 -0.02349 -0.01550 

Mean  -0.01166 -0.01046 -0.01909 -0.01913 

Note: RSEB = relative standard error bias; 2 = between-studies variance; 
t

RVE  = 

RVE with true correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE 

with underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RSEB by Magnitudes of Effect Sizes ( ). Regardless of the magnitudes of the 

effect size values (small versus medium), all the standard errors of the effect size 

estimates using the four RVE methods were unbiased as the resulting RSEB values were 
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less than 0.10. Across the four RVE methods the RSEB values ranged from -0.0105 to -

0.0191. For conditions with small effect sizes, the RSEB values ranged from -0.0104 to -

0.0233, while for conditions with medium effect sizes the RSEB values ranged from -

0.0105 to -0.0227. Table 4.9 lists the RSEB values of the four RVE methods by 

magnitudes of effect sizes. 

 

Table 4.9 

Relative Standard Error Bias (RSEB) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  -0.01153 -0.01042 -0.01548 -0.02326 

Medium  -0.01178 -0.01050 -0.02269 -0.01501 

Mean  -0.01166 -0.01046 -0.01909 -0.01913 

Note: RSEB = relative standard error bias;  = effect size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RSEB by Sample Size (n). Similar to the other factors, the RSEB values of the 

effect size estimates for the four RVE methods averaged across two sample size 

conditions were less than the 0.10 cutoff, ranging from -0.0105 to -0.0191. For conditions 

with small sample size (n = 50), the RSEB values ranged from -0.0094 to 0.0205, while 

for conditions with large sample size the RSEB values ranged from -0.0115 to 0.0217. 

Table 4.10 lists the RPB values of the four RVE methods averaged across two sample 

size conditions. 



 

92 

 

Table 4.10 

Relative Standard Error Bias (RSEB) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  -0.00940 -0.00943 -0.01647 -0.02052 

100  -0.01391 -0.01149 -0.02170 -0.01775 

Mean  -0.01166 -0.01046 -0.01909 -0.01913 

Note: RSEB = relative standard error bias; n = sample size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

Root Mean Squared Error (RMSE) 

 The RMSE is useful for comparing the relative efficiency of two or more methods 

for the estimating the true values of the treatment effects (Carsey & Harden, 2014). 

Although there is no recommended cut-off for the RMSE, the resulting values are then 

used as an indicator of the relative efficiency of the four RVE methods used to estimate 

the parameters. Averaging across all conditions, no substantial difference in relative 

efficiency was found among the four RVE methods regardless of the values of correlation 

used to estimate the true treatment effects. However, the RVE method that used the true 

correlation (
t

RVE ) provided the smallest RMSE values when averaged across all 

conditions. On the other hand, the RVE method that used overestimated correlation 

values (
o

RVE ) provided the largest RMSE values. Table 4.11 contains the RMSE values 

of the four RVE methods averaged across all conditions. Note that the smallest RMSE 
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value for each row was highlighted in order to see if there was a pattern evident in the 

results. Based on the results, no evident trend was observed for the four RVE methods 

across all the conditions. The subsequent paragraph describes the resulting RMSE values 

in terms of the four factors examined in the study: magnitudes of effect sizes, number of 

studies, between-studies variance, and sample sizes.  
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Table 4.11 

Root Mean Squared Error (RMSE) of the Effect Size Estimates Using the Four RVE 

Methods  

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  0.03283 0.04093 0.03305 0.03399 

   100  0.02297 0.02269 0.02280 0.02387 

  40 50  0.02297 0.02324 0.02351 0.02414 

   100  0.01628 0.01597 0.01620 0.01681 

 *8.0  20 50  0.04156 0.04117 0.04183 0.04192 

   100  0.02877 0.02903 0.02868 0.02975 

  40 50  0.02924 0.02933 0.02966 0.03025 

   100  0.01628 0.01597 0.01620 0.01681 

medium *5.0  20 50  0.02297 0.02324 0.02351 0.02414 

   100  0.01628 0.01597 0.01620 0.01681 

  40 50  0.04156 0.04117 0.04183 0.04192 

   100  0.02877 0.02903 0.02868 0.02975 

 *8.0  20 50  0.02924 0.02933 0.02966 0.03025 

   100  0.02049 0.02049 0.02068 0.02121 

  40 50  0.03313 0.03298 0.03305 0.03417 

   100  0.02308 0.02291 0.02308 0.02366 

   Mean  0.02775 0.02835 0.02791 0.02854 

Note: Boldfaced values indicate the lowest RMSE value for each row; RMSE = root 

mean squared error;  = effect size; 2 = between-studies variance; k = number of 

studies; n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with 

averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE 

with overestimated correlation. 
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RMSE by Number of Studies. Averaging across two conditions of number of 

studies, no substantial difference in relative efficiency was found among the four RVE 

methods regardless of the values of correlation used to estimate the true treatment effects. 

However, the results indicated that conditions with large number of studies (i.e., k = 40) 

consistently produced more efficient estimates of the true treatment effects as shown by 

the lower RMSE values (with values ranging from 0.0227 to 0.0237) compared to 

conditions with small number of studies (i.e., k = 20) as their RMSE values were higher 

(with values ranging from 0.0332 to 0.0340). Table 4.12 lists the RMSE values for the 

four methods averaged across the number of studies in a meta-analysis. 

 

Table 4.12 

Root Mean Square Error (RMSE) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  0.03397 0.03329 0.03238 0.03318 

40  0.02268 0.02278 0.02295 0.02365 

Mean  0.02832 0.02803 0.02766 0.02842 

Note: Boldfaced values indicate the lowest RMSE value for each row; RMSE = root 

mean squared error; k = number of studies; 
t

RVE  = RVE with true correlation; 

a
RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated 

correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RMSE by Between-Studies Variance. The resulting RMSE values for the 

treatment effects’ estimates for the four RVE methods averaged across the two values of 
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between-studies variance ranged from 0.02788 to 0.02864. However, the results showed 

that estimates of treatment effects were consistently more efficient in conditions with 

smaller between-studies variance, *5.0  (with values ranging from 0.0246 to 0.0260) 

than in conditions with larger between-studies variance, *8.0 (with values ranging 

from 0.0309 to 0.0326).  Table 4.13 lists the RMSE values for the four RVE methods 

averaged across the two values of between-studies variances.  

 

Table 4.13 

Root Mean Squared Error (RMSE) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   0.02457 0.02599 0.02467 0.02546 

*8.0   0.03262 0.03085 0.03109 0.03181 

Mean  0.02860 0.02842 0.02788 0.02864 

Note: Boldfaced values indicate the lowest RMSE value for each row; RMSE = root 

mean squared error; 2 = between-studies variance; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

  

RMSE by Magnitudes of Effect Sizes. The resulting RMSE values for the 

treatment effects’ estimates for the four RVE methods averaged across the two values of 

between-studies variance ranged from 0.0279 to 0.0287. But unlike the two previous 

factors, no substantial difference in the RMSE values were found between the two 

magnitudes of effect sizes. For conditions with small effect sizes, the resulting RMSE 
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values of the treatment effects ranged from 0.0276 to 0.0288, while for conditions with 

medium effect sizes the resulting RMSE values ranged from 0.0279 to 0.0298. Table 4.14 

contains the RMSE values of the four RVE methods averaged across the two magnitudes 

of effect sizes. 

 

Table 4.14 

Root Mean Squared Error (RMSE) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  0.02755 0.02880 0.02771 0.02835 

Medium  0.02983 0.02787 0.02805 0.02891 

Mean  0.02869 0.02834 0.02788 0.02863 

Note: Boldfaced values indicate the lowest RMSE value for each row; RMSE = root 

mean squared error;  = effect size; 
t

RVE  = RVE with true correlation; 
a

RVE  = 

RVE with averaged correlation; 
u

RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated correlation. 

 

RMSE by Sample Size. The resulting RMSE values for the treatment effects’ 

estimates averaged across the two sample size conditions (n = 50 and n = 100) ranged 

from 0.0276 to 0.0286. Notably, the results indicated that estimates of treatment effects 

were consistently more efficient in conditions with larger sample size (with values 

ranging from 0.0225 to 0.0249) in comparison to conditions with smaller sample size 

(with values ranging from 0.0311 to 0.0335).  Table 4.15 lists the RMSE values for the 

four RVE methods averaged across the two sample size conditions. 



 

98 

 

Table 4.15 

Root Mean Squared Error (RMSE) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  0.03240 0.03348 0.03261 0.03339 

100  0.02486 0.02249 0.02262 0.02335 

Mean  0.02863 0.02799 0.02761 0.02837 

Note: Boldfaced values indicate the lowest RMSE value for each row; RMSE = root 

mean squared error; n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = 

RVE with averaged correlation; 
u

RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated correlation. 

 

Coverage Rates (CR) 

 Averaging across all conditions, the confidence interval coverage rates of the four 

RVE methods ranged from 93.69% to 93.81%. The CR values were all below the 

appropriate coverage rate suggested by Burton et. al (2006) which is between 94.38% to 

95.62%. Although no substantial difference was found in the coverage rates of the four 

RVE methods, the method that used the underestimated correlation values (
u

RVE ) had 

the most unacceptable CR value of 93.69%, while the method that used the averaged 

correlation values (
a

RVE ) had the least unacceptable CR value of 93.81%. Table 4.16 

contains the CR values of the four RVE methods averaged across all conditions. In each 

of the subsequent tables that show the coverage rates, the highlighted CR values represent 

those confidence interval coverage rates that fell below Burton’s cutoff criteria. The 
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subsequent paragraph describes in detail the resulting CR values for each of the four 

factors examined in the study: number of studies, between-studies variance, magnitudes 

of effect sizes, and sample sizes.  
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Table 4.16 

95 % Coverage Rates (CR) of the Effect Size Estimates Using the Four RVE Methods  

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  0.9342 0.9337 0.9337 0.9335 

   100  0.9302 0.9342 0.9373 0.9316 

  40 50  0.9433 0.9438 0.9402 0.9375 

   100  0.9415 0.9435 0.9424 0.9391 

 *8.0  20 50  0.9306 0.9325 0.9297 0.9359 

   100  0.9331 0.9330 0.9355 0.9345 

  40 50  0.9434 0.9415 0.9398 0.9414 

   100  0.9417 0.9406 0.9385 0.9394 

medium *5.0  20 50  0.9337 0.9349 0.9330 0.9357 

   100  0.9291 0.9315 0.9324 0.9370 

  40 50  0.9410 0.9422 0.9419 0.9422 

   100  0.9426 0.9438 0.9393 0.9402 

 *8.0  20 50  0.9329 0.9340 0.9313 0.9371 

   100  0.9354 0.9343 0.9301 0.9364 

  40 50  0.9447 0.9429 0.9425 0.9412 

      100  0.9453 0.9432 0.9428 0.9425 

   Mean  0.9376 0.9381 0.9369 0.9378 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates;  = effect size; 2 = between-studies variance; k = number of studies; 

n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged 

correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE with 

overestimated correlation. 
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CR by Number of Studies. Averaging across the two conditions of number of 

studies (k = 20 and k = 40), the resulting CR values ranged from 93.24% to 94.29%. 

Using Burton’s (2006) criterion, all the values were not acceptable. However, the results 

indicated that when conditions have larger number of studies the CR rates were closer to 

the appropriate range, although the values were still below the said range. Across all four 

RVE methods, the conditions with large number of studies (k = 40) consistently produced 

better coverage rates with values ranging from 94.04% to 94.29% compared to the 

conditions with smaller number of studies (k = 20) with coverage rates ranging from 

93.24% to 93.52%. Table 4.17 lists the CR values for the four RVE methods averaged 

across the two conditions of number of studies. 

 

Table 4.17 

95% Coverage Rates (CR) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies (k)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  0.9324 0.9335 0.9329 0.9352 

40  0.9429 0.9427 0.9409 0.9404 

Mean  0.9376 0.9381 0.9369 0.9378 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; k = number of studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = 

RVE with averaged correlation; 
u

RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated correlation. 
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CR by Between-Studies Variance. Averaging across the two conditions of 

between-studies variance, the resulting CR values ranged from 93.63% to 93.85%%. 

Using Burton’s (2006) criterion, all the coverage rate values were below the appropriate 

range. The results also indicated that the coverage rates did not vary across the two 

magnitudes of the between-studies variance. Specifically, for conditions with a between-

studies variance of *5.0 , the CR values ranged from 93.69%to 93.84%, while for 

conditions with a larger between-studies variance of *8.0 , the CR values ranged from 

93.63% to 93.85%. Table 4.18 lists the CR values for the four RVE methods averaged 

across the two values of between-studies variances.  

 

Table 4.18 

95% Coverage Rates (CR) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   0.9369 0.9384 0.9375 0.9371 

*8.0   0.9383 0.9377 0.9363 0.9385 

Mean  0.9376 0.9381 0.9369 0.9378 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; 2 = between-studies variance; 
t

RVE  = RVE with true correlation; 

a
RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated 

correlation; 
o

RVE  = RVE with overestimated correlation. 

  

CR by Magnitudes of Effect Sizes. No substantial difference was found in the 

resulting CR values of the treatment effects’ estimates for the four RVE methods when 
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averaged across the two magnitudes of effect sizes. However, the coverage rates were all 

below the lower value for Burton’s (2006) acceptable range. For the conditions with 

small effect sizes, the resulting CR values ranged from 93.66% to 93.78%, while for 

condition with medium effect sizes the resulting CR values ranged from 93.66% to 

93.90%. Table 4.19 contains the CR values of the four RVE methods averaged across the 

two magnitudes of effect sizes. 

 

Table 4.19 

95% Coverage Rates (CR) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  0.9372 0.9378 0.9371 0.9366 

Medium  0.9381 0.9383 0.9366 0.9390 

Mean  0.9376 0.9381 0.9369 0.9378 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates;  = effect size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE 

with averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = 

RVE with overestimated correlation. 

 

 

CR by Sample Size. When averaged across the two sample size conditions, the 

results showed no remarkable difference in the CR values of the treatment effects’ 

estimates for the four RVE methods. However, all the CR values were below the 

appropriate coverage rates using Burton’s (2006) criterion. For conditions with smaller 

sample size (i.e., n = 50), the CR ranged from 93.65% to 93.82%, while for conditions 
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with larger sample size (i.e., n = 100), the CR ranged from 93.73% to 93.80%. Table 4.20 

lists the CR values for the four RVE methods averaged across the two sample size 

conditions. 

 

Table 4.20 

95% Coverage Rates (CR) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  0.9379 0.9382 0.9365 0.9380 

100  0.9373 0.9380 0.9373 0.9376 

Mean  0.9376 0.9381 0.9369 0.9378 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE 

with averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = 

RVE with overestimated correlation. 

 

Three-Outcomes Scenarios 

In addition to the two-outcome scenarios, the study also examined the 

performance of RVE method when used to synthesize effects sizes in a study where three 

outcomes are measured within a treatment group.  Since this simulation study also 

involved two treatment groups with three outcomes each, a total of six dependent effect 

were then obtained for each study included in the meta-analysis. Thus, this section 

describes the results of the simulation for the three-outcome scenarios. Again, the 

performance of the RVE method using the using true correlation values )(
t

RVE  , 
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underestimated correlation values )(
u

RVE  , overestimated correlation values )(
o

RVE  , 

and averaged correlation value )(
a

RVE   is compared in terms of the resulting relative 

parameter bias (RPB), relative standard error bias (RSEB), root mean squared error 

(RMSE), and confidence interval (CI) coverage rates. In assessing each of the four RVE 

methods, the same criteria were applied as those in the two-outcome scenarios.  

Relative Parameter Bias (RPB)  

 An RPB value of | RPB| > .05 was used as an indicator of substantial parameter 

bias. Averaging across all conditions, the magnitudes of the RPB values were 

considerably less than 0.05 as the relative parameter bias of the estimates of the four 

treatment effects ranged from -0.00002 to -0.0004. No difference in the RPB values up to 

three decimal places were found among the four RVE methods. However, of the four 

RVE methods used to estimate the treatment effects, the RVE method using averaged 

correlation, )(
a

RVE   reported the highest bias of -0.00041, while the RVE method using 

true correlation values, (
t

RVE ) and underestimated correlations )(
u

RVE   both 

produced the lowest bias of -0.00002. Table 4.21 lists the RPB values of treatment 

effects’ estimates for the four RVE methods averaged across all conditions. The 

subsequent paragraph briefly describes the resulting RPB values for each of the four 

factors examined in the study: number of studies, between-studies variance, magnitudes 

of effect sizes, and sample sizes.  
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Table 4.21 

Relative Parameter Bias (RPB) of the Effect Sizes Estimates Using the Four RVE 

Methods 

Study Conditions RVE Methods 

  2  k n 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50 -0.00561 -0.00352 -0.00195 -0.00091 

   100 0.00045 0.00066 -0.00032 0.00097 

  40 50 0.00163 0.00238 0.00063 0.00211 

   100 0.00053 -0.00012 0.00189 0.00052 

 *8.0  20 50 -0.00110 -0.00192 0.00188 -0.00177 

   100 -0.00191 0.00117 0.00031 0.00259 

  40 50 0.00129 -0.00222 0.00100 0.00086 

   100 0.00114 -0.00280 0.00089 -0.00228 

medium *5.0  20 50 0.00040 0.00124 0.00097 -0.00052 

   100 0.00014 0.00016 -0.00015 -0.00065 

  40 50 0.00062 0.00049 0.00106 -0.00008 

   100 -0.00085 -0.00011 0.00009 -0.00009 

 *8.0  20 50 0.00032 -0.00075 -0.00057 -0.00228 

   100 -0.00003 0.00045 -0.00110 0.00062 

  40 50 0.00089 0.00146 0.00012 -0.00056 

   100 -0.00036 0.00015 -0.00010 -0.00009 

   Mean -0.00002 -0.00041 -0.00008 -0.00002 

Note: RPB = relative parameter bias;  = effect size; 2 = between-studies variance; k = 

number of studies; n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE 

with averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE 

with overestimated correlation. 
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RPB by Number of Studies (k). When averaged across the two conditions of 

number of studies, the resulting RPB values of the treatment effects’ estimates for the 

four RVE methods showed no bias up to three decimal places. Across the four RVE 

methods the RPB values ranged from -0.00002 to 0.0002. Specifically, for conditions 

with smaller number of studies (i.e., k = 20), the RPB values ranged from -0.0001to 

0.0004, while for conditions with larger number of studies (i.e., k = 40) the bias the RBP 

values ranged from -0.0005 to 0. Table 4.22 lists the RPB values for the four methods by 

number of studies in a meta-analysis. 

 

Table 4.22 

Relative Parameter Bias (RPB) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  -0.00053 -0.00006 -0.00005 0.00035 

40  0.00049 -0.00049 0.00028 0.00000 

Mean  -0.00002 -0.00028 0.00011 0.00017 

Note: RPB = relative parameter bias; k = number of studies; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RPB by Between-Studies Variance ( 2 ). The relative parameter bias across the 

two values of between-studies variance were all less than 0.05 for all the four RVE 

methods as they ranged from -0.00002 to 0.0002. For conditions with smaller between-
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studies variance (i.e., *5.0 ), the RPB values ranged from -0.0001 to 0.0006, while for 

conditions with larger number of studies (i.e., *8.0 ), the RBP values ranged from -

0.0003 to 0.0002. Table 4.23 contains the RPB values of the four RVE methods averaged 

across the values of between-studies variance. 

 

Table 4.23 

Relative Parameter Bias (RPB) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   -0.00025 0.00015 -0.00011 0.00064 

*8.0   0.00021 -0.00070 0.00033 -0.00029 

Mean  -0.00002 -0.00028 0.00011 0.00017 

Note: RPB = relative parameter bias; 2 = between-studies variance; k = number of 

studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated 

correlation. 

 

RPB by Magnitudes of Effect Sizes ( ).  All the estimates using the four RVE 

methods were unbiased as the resulting RPB values were less than 0.05 regardless 

whether the effect size values were small or medium. Across the four RVE methods the 

RPB values ranged from -0.00002 to 0.0002. Specifically, the RPB values for conditions 

with small effect sizes ranged from -0.0005 to 0.0009, while the RPB values for 

conditions with medium effect sizes ranged from -0.00002 to 0.0004. Table 4.24 lists the 

RPBs of the four RVE methods by magnitudes of effect sizes. 
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Table 4.24 

Relative Parameter Bias (RPB) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  -0.00045 -0.00053 0.00094 0.00065 

Medium  0.00041 -0.00002 -0.00071 -0.00031 

Mean  -0.00002 -0.00028 0.00011 0.00017 

Note: RPB = relative parameter bias;  = effect size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RPB by Sample Size (n). Averaged across two sample size conditions, the RPB 

values of the effect size estimates for the four RVE methods fell below the 0.05 cutoff. In 

particular, for conditions with small sample size (n = 50), the RPB values ranged from -

0.0001 to 0.0005, while for conditions with large sample size (n = 100), the RBP values 

ranged from -0.0006to 0.0008. Table 4.25 lists the RPB values of the four RVE methods 

averaged across sample size conditions.  
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Table 4.25 

Relative Parameter Bias (RPB) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  -0.00011 -0.00020 -0.00025 0.00017 

100  0.00007 -0.00035 0.00048 0.00018 

Mean  -0.00002 -0.00028 0.00011 0.00017 

Note: RPB = relative parameter bias; n = sample size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

Relative Standard Error Bias (RSEB)  

Using the cutoff criteria of RSEB value of | RSEB| > .10, no relative standard 

error bias was found using the four RVE methods when averaged across all conditions. 

The RPB values for each of the methods ranged from -0.0246 to -0.0301. These values 

were considerably less than the 0.10 cutoff. Although the bias was not substantial, it is 

worth noting that the bias in the standard errors were consistently negative across all the 

four RVE methods.  

In estimating the treatment effects, the RVE method using overestimated 

correlation, (
o

RVE ) produced the smallest RSEB value of -0.0246, while the RVE 

method using the averaged correlation, )(
a

RVE   reported the largest RSEB value of -

0.0301. Table 4.26 contains the RSEB values of treatment effects for the four RVE 

methods averaged across all conditions. The subsequent paragraph briefly describes the 



 

111 

 

resulting RSEB values for each of the four factors examined in the study: number of 

studies, between-studies variance, magnitudes of effect sizes, and sample sizes.  
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Table 4.26 

Relative Standard Error Bias (RSEB) of the Effect Size Estimates Using the Four RVE  

 

Methods  

 

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  -0.03023 -0.02109 -0.02309 -0.02715 

   100  -0.01721 -0.01862 -0.02147 -0.02711 

  40 50  -0.03709 -0.01499 -0.02939 -0.01116 

   100  -0.07634 -0.03022 -0.02008 -0.02383 

 *8.0  20 50  -0.01798 -0.02770 -0.04965 -0.06600 

   100  -0.02604 -0.02818 -0.02304 -0.02723 

  40 50  -0.02525 -0.02135 -0.02903 -0.02438 

   100  -0.02139 -0.02267 -0.02478 -0.01889 

medium *5.0  20 50  -0.02709 -0.02344 -0.02771 -0.00989 

   100  -0.03180 -0.03266 -0.02187 -0.01820 

  40 50  -0.02318 -0.01843 -0.02694 -0.03607 

   100  -0.01606 -0.02052 -0.02693 -0.01322 

 *8.0  20 50  -0.02387 -0.01754 -0.02470 -0.02203 

   100  -0.02758 -0.03342 -0.02337 -0.01976 

  40 50  -0.02943 -0.07789 -0.01793 -0.02050 

   100  -0.02870 -0.07236 -0.04797 -0.02750 

   Mean  -0.02870 -0.03007 -0.02737 -0.02456 

Note: RSEB = relative standard error bias;  = effect size; 2 = between-studies 

variance; k = number of studies; n = sample size; 
t

RVE  = RVE with true correlation; 

a
RVE  = RVE with averaged correlation; 

u
RVE = RVE with underestimated 

correlation; 
o

RVE  = RVE with overestimated correlation. 
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RSEB by Number of Studies (k). Across the four RVE methods the RSEB 

values ranged from -0.0253 to -0.0295. These resulting RSEB values of the treatment 

effects’ estimates were substantially less the cutoff criteria of 0.10. For conditions with 

smaller number of studies (i.e., k = 20), the RSEB values ranged from -0.0242 to -

0.0287, while for conditions with larger number of studies (i.e., k = 40) the RSEB values 

ranged from -0.0219 to -0.0348. Table 4.27 lists the RSEB values for the four methods by 

number of studies in a meta-analysis. 

 

Table 4.27 

Relative Standard Error Bias (RSEB) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  -0.02522 -0.02419 -0.02736 -0.02869 

40  -0.03218 -0.03480 -0.02788 -0.02194 

Mean  -0.02870 -0.02950 -0.02762 -0.02532 

Note: RSEB = relative standard error bias; k = number of studies; 
t

RVE  = RVE with 

true correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RSEB by Between-Studies Variance ( 2 ). Averaged across the two values of 

between-studies variance, no substantial bias was found in the standard errors of the 

estimates of treatment effects using all the four RVE as the RSEB values were all less 

than 0.10. Specifically, across the four RVE methods the RSEB values ranged from -



 

114 

 

0.0253 to 00.0295. For conditions with smaller between-studies variance (i.e., *5.0 ), 

the RSEB values ranged from -0.0214 to -0.0324, while for conditions with larger 

number of studies (i.e., *8.0 ), the RSEB values ranged from -0.0250 to -0.0377. Table 

4.28 contains the RSEB values of the four RVE methods averaged across the values of 

between-studies variance.  

 

Table 4.28 

Relative Standard Error Bias (RPB) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   -0.03237 -0.02135 -0.02518 -0.02235 

*8.0   -0.02503 -0.03764 -0.03006 -0.02829 

Mean  -0.02870 -0.02950 -0.02762 -0.02532 

Note: RSEB = relative standard error bias; 2 = between-studies variance; k = number 

of studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged 

correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE with 

overestimated correlation. 

 

 

RSEB by Magnitudes of Effect Sizes ( ). All the standard errors of the effect 

size estimates using the four RVE methods were unbiased as the resulting RSEB values 

were less than 0.10 regardless of the magnitudes of the effect size values (small versus 

medium). In particular, the RSEB values ranged from -0.0253 to -0.0295 across all four 

RVE methods. 
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For conditions with small effect sizes, the RSEB values ranged from -0.0220 to -0.0314, 

while for conditions with medium effect sizes the RSEB values ranged from -0.0209 to -

0.0295. Table 4.29 lists the RSEB values of the four RVE methods by magnitudes of 

effect sizes. 

 

Table 4.29 

Relative Standard Error Bias (RPB) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  -0.03144 -0.02196 -0.02807 -0.02974 

Medium  -0.02596 -0.03703 -0.02718 -0.02090 

Mean  -0.02870 -0.02950 -0.02762 -0.02532 

Note: RSEB = relative standard error bias;  = effect size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RSEB by Sample Size (n). For the two sample conditions, the RSEB values of 

the effect size estimates for the four RVE methods were less than the 0.10 cutoff. 

Specifically, the RSEB values for conditions with small sample size (n = 50) ranged from 

-0.0267 to -0.0291, while for conditions with large sample size the RSEB values ranged 

from -0.02200 to -0.0323. Table 4.30 lists the RPB values of the four RVE methods 

averaged across two sample size conditions. 
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Table 4.30 

Relative Standard Error Bias (RPB) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  -0.02676 -0.02666 -0.02906 -0.02867 

100  -0.03064 -0.03233 -0.02619 -0.02197 

Mean  -0.02870 -0.02950 -0.02762 -0.02532 

Note: RSEB = relative standard error bias; n = sample size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

Root Mean Squared Error (RMSE)  

Because there is no recommended cut-off for the RMSE, the resulting values were 

then used to compare the relative efficiency of the four RVE methods used to estimate 

the parameters. Averaging across all conditions, no substantial difference in relative 

efficiency was found among the four RVE methods regardless of the values of correlation 

used to estimate the true treatment effects. However, the RVE method that used the true 

correlation values (
t

RVE )   provided the most efficient estimates of the six effect sizes 

as the RMSE values were the smallest. On the other hand, the RVE method that used the 

overestimated correlations (
o

RVE ) provided the least efficient as the RMSE values were 

the largest. Table 4.31 contains the RMSE values of the four RVE methods averaged 

across all conditions. Note that the smallest RMSE value for each row was highlighted in 

order to see if there was a pattern evident in the results. The subsequent paragraph 
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describes the resulting RMSE values in terms of the four factors examined in the study: 

magnitudes of effect sizes, number of studies, between-studies variance, and sample size.  
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Table 4.31 

Root Mean Squared Error (RMSE) of the Effect Size Estimates Using the Four RVE 

Methods  

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  0.03920 0.03849 0.03899 0.04019 

   100  0.02705 0.02708 0.02720 0.02787 

  40 50  0.03941 0.03851 0.03918 0.03922 

   100  0.02733 0.03469 0.02717 0.02784 

 *8.0  20 50  0.04894 0.04945 0.04897 0.05048 

   100  0.03450 0.03467 0.03442 0.03528 

  40 50  0.04923 0.04911 0.04935 0.05033 

   100  0.03442 0.03445 0.03615 0.03510 

medium *5.0  20 50  0.03948 0.03924 0.03948 0.03969 

   100  0.02769 0.02775 0.02742 0.02805 

  40 50  0.03929 0.03907 0.03939 0.04082 

   100  0.02726 0.02745 0.02760 0.02778 

 *8.0  20 50  0.04967 0.04923 0.04973 0.05081 

   100  0.03495 0.03514 0.03483 0.03552 

  40 50  0.04987 0.05023 0.04938 0.05058 

   100  0.03481 0.03471 0.03435 0.03575 

   Mean  0.03769 0.03808 0.03773 0.03846 

Note: Boldfaced values indicate the lowest RMSE per row RMSE = root mean squared 

error;  = effect size; 2 = between-studies variance; k = number of studies; n = 

sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged 

correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE with 

overestimated correlation. 
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RMSE by Number of Studies. Regardless of the values of correlation used to 

estimate the true treatment effects, no substantial difference in relative efficiency was 

found among the four RVE methods when averaged across two conditions of number of 

studies. Of the four RVE methods, the RVE that used the true correlation values (
t

RVE ) 

provided the most efficient estimates of the treatment effects with an RMSE value of 

0.0385. On the contrary, the RVE method that used overestimated correlations (
o

RVE ) 

produced the least efficient estimates with an RMSE value of 0.0393. In terms of the two 

conditions of number of studies, no substantial difference in relative efficiency was found 

among the four methods for k = 20 as RMSE values ranged from 0.0385 to 0.0394, while 

for conditions with k = 40 the RMSE values ranged from 0.0386 to 0.0393. Table 4.32 

lists the RMSE values for the four methods averaged across the number of studies in a 

meta-analysis. 
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Table 4.32 

Root Mean Squared Error (RMSE) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies 

(k) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  0.03851 0.03845 0.03847 0.03935 

40  0.03856 0.03920 0.03864 0.03930 

Mean  0.03854 0.03883 0.03856 0.03933 

Note: Boldfaced values indicate the lowest RMSE per row; RMSE = root mean squared 

error; k = number of studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with 

averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE 

with overestimated correlation. 

 

RMSE by Between-Studies Variance. The resulting RMSE values for the 

treatment effects’ estimates for the four RVE methods ranged from 0.0383 to 0.0391 

averaged across the two values of between-studies variance. Among the four RVE 

methods, the RVE that used the true correlation values (
t

RVE ) provided the most 

efficient estimates with an RMSE value of 0.03828, while the RVE method that used 

overestimated correlations (
o

RVE ) produced the least efficient estimates with an RMSE 

value of 0.03906. Between the two conditions of number of studies, the results showed 

that estimates of treatment effects were consistently more efficient in conditions with 

smaller between-studies variance, *5.0  (with values ranging from 0.0338 to 0.0345) 

than in conditions with larger between-studies variance, *8.0 (with values ranging 



 

121 

 

from 0.0427 to 0.0436).  Table 4.33 lists the RMSE values for the four RVE methods 

averaged across the two values of between-studies variances.  

 

Table 4.33 

Root Mean Squared Error (RMSE) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   0.03387 0.03445 0.03383 0.03447 

*8.0   0.04269 0.04277 0.04276 0.04364 

Mean  0.03828 0.03861 0.03830 0.03906 

Note: Boldfaced values indicate the lowest RMSE per row; RMSE = root mean squared 

error; 2 = between-studies variance; k = number of studies; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

RMSE by Magnitudes of Effect Sizes. Averaged across the two values of 

between-studies variance, the resulting RMSE values for the treatment effects’ estimates 

for the four RVE methods ranged from 0.0385 to 0.0393. Among the four RVE methods, 

the RVE that used the true correlation values (
t

RVE ) provided the most efficient 

estimates with an RMSE value of 0.0385, while the RVE method that used overestimated 

correlations (
o

RVE ) produced the least efficient estimates with an RMSE value of 

0.0393. In addition, no substantial difference in the RMSE values were found when 

comparing the resulting RMSE values between the two magnitudes of effect sizes (small 
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and medium effects). Specifically, for conditions with small effect sizes, the resulting 

RMSE values of the treatment effects ranged from 0.0383 to 0.0392, while for conditions 

with medium effect sizes the resulting RMSE values ranged from 0.0386 to 0.0395. Table 

4.34 contains the RMSE values of the four RVE methods averaged across the two 

magnitudes of effect sizes. 

 

Table 4.34 

Root Mean Squared Error (RMSE) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  0.03834 0.03897 0.03850 0.03915 

Medium  0.03873 0.03869 0.03861 0.03950 

Mean  0.03854 0.03883 0.03856 0.03932 

Note: Boldfaced values indicate the lowest RMSE per row; RMSE = root mean squared 

error;  = effect size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with 

averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE 

with overestimated correlation. 

 

RMSE by Sample Size. Averaging across the two sample size conditions (n = 50 

and n = 100), the resulting RMSE values for the treatment effects’ estimates ranged from 

0.0380 to 0.0387. Among the four RVE methods, the RVE that used the true correlation 

values (
t

RVE ) provided the most efficient estimates with an RMSE value of 0.0379, 

while the RVE method that used overestimated correlations (
o

RVE ) produced the least 

efficient estimates with an RMSE value of 0.0387. Notably, the results indicated that 
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estimates of treatment effects were consistently more efficient in conditions with larger 

sample size (with values ranging from 0.0445 to 0.0456) in comparison to conditions 

with smaller sample size (with values ranging from 0.0312 to 0.0322). Table 4.35 lists the 

RMSE values for the four RVE methods averaged across the two sample size conditions. 

 

Table 4.35 

Root Mean Squared Error (RMSE) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  0.04467 0.04449 0.04460 0.04558 

100  0.03122 0.03219 0.03138 0.03187 

Mean  0.03794 0.03834 0.03799 0.03872 

Note: RMSE = root mean squared error; n = sample size; 
t

RVE  = RVE with true 

correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

Coverage Rates (CR) 

The CR values were all below the appropriate coverage rate suggested by Burton 

et. al (2006) which is between 94.38% to 95.62%. When averaged across all conditions, 

the confidence interval coverage rates of the four RVE methods ranged from 92.58% to 

92.72%, Although no substantial difference was found in the coverage rates among the 

four RVE methods, the method that used the averaged correlation values (
a

RVE ) 

provided the most unacceptable CR value of 92.71%, while the method that used the 
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averaged correlation values     (
o

RVE ) provided the least unacceptable CR value of 

92.58%. Table 4.36 contains the CR values of the four RVE methods averaged across all 

conditions. In each of the subsequent tables that show the coverage rates, the highlighted 

CR values represent those confidence interval coverage rates that fell below Burton’s 

cutoff criteria. The subsequent paragraph describes in detail the resulting CR values for 

each of the four factors examined in the study: number of studies, between-studies 

variance, magnitudes of effect sizes, and sample sizes.  
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Table 4.36 

95% Coverage Rates (CR) of the Effect Size Estimates Using the Four RVE Methods  

Study Conditions  RVE Methods 

  2  k n  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

small *5.0  20 50  0.9254 0.9258 0.8805 0.8920 

   100  0.9293 0.9268 0.9288 0.9274 

  40 50  0.9218 0.9306 0.9309 0.9302 

   100  0.9273 0.9269 0.9306 0.9266 

 *8.0  20 50  0.9257 0.9224 0.9295 0.9263 

   100  0.9256 0.9268 0.9304 0.9247 

  40 50  0.9255 0.9279 0.9258 0.9269 

   100  0.9371 0.9262 0.9291 0.9295 

medium *5.0  20 50  0.9227 0.9275 0.9280 0.9310 

   100  0.9233 0.9239 0.9286 0.9292 

  40 50  0.9259 0.9288 0.9264 0.9285 

   100  0.9298 0.9296 0.9293 0.9295 

 *8.0  20 50  0.9272 0.9296 0.9278 0.9252 

   100  0.9243 0.9270 0.9277 0.9304 

  40 50  0.9238 0.9247 0.9304 0.9285 

      100  0.9245 0.9292 0.9306 0.9275 

   Mean  0.9262 0.9271 0.9259 0.9258 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates;  = effect size; 2 = between-studies variance; k = number of studies; 

n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE with averaged 

correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = RVE with 

overestimated correlation. 
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CR by Number of Studies. Using Burton et al.’s (2006) criterion, all the 

coverage rate values fell below the lower limit, the resulting CR values for the four RVE 

methods ranged from 92.02% to 92.80% across the two conditions of number of studies 

(k = 20 and k = 40). Although the CR values were still below the said range, the results 

indicated that when conditions have larger number of studies the CR rates were closer to 

the appropriate range. Specifically, across all four RVE methods, the conditions with 

large number of studies (k = 40) consistently produced better coverage rates with values 

ranging from 92.70% to 92.91% compared to the conditions with smaller number of 

studies (k = 20) with coverage rates ranging from 91.14% to 92.76%. Table 4.37 lists the 

CR values for the four RVE methods averaged across the two conditions of number of 

studies. 

 

Table 4.37 

95% Coverage Rates (CR) of RVE Methods by Number of Studies 

Study Condition  RVE Methods 

Number of Studies (k)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

20  0.9254 0.9262 0.9114 0.9276 

40  0.9270 0.9280 0.9291 0.9284 

Mean  0.9262 0.9271 0.9202 0.9280 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; k = number of studies; 
t

RVE  = RVE with true correlation; 
a

RVE  = 

RVE with averaged correlation; 
u

RVE = RVE with underestimated correlation; 

o
RVE  = RVE with overestimated correlation. 
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CR by Between-Studies Variance. Using Burton et al’s (2006) criterion, all the 

values were below the acceptable rate as the resulting CR values ranged from 92.02% to 

92.80% averaging across the two conditions of between-studies variance. Likewise, the 

results also indicated that the coverage rates did not vary across the two magnitudes of 

the between-studies variance. For conditions with a between-studies variance of *5.0 , 

the CR values ranged from 91.16% to 92.86%, while for conditions with a larger 

between-studies variance of *8.0 , the CR values ranged from 92.67% to 92.89%. 

Table 4.38 lists the CR values for the four RVE methods averaged across the two values 

of between-studies variances.  

 

Table 4.38 

95% Coverage Rates (CR) of RVE Methods by Between-Studies Variance 

Study Condition  RVE Methods 

Between-Studies 

Variance ( 2 ) 

 
t

RVE  
a

RVE  
u

RVE  
o

RVE  

*5.0   0.9257 0.9275 0.9116 0.9286 

*8.0   0.9267 0.9267 0.9289 0.9274 

Mean  0.9262 0.9271 0.9202 0.9280 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; 2 = between-studies variance; k = number of studies; 
t

RVE  = RVE 

with true correlation; 
a

RVE  = RVE with averaged correlation; 
u

RVE = RVE with 

underestimated correlation; 
o

RVE  = RVE with overestimated correlation. 

 

CR by Magnitudes of Effect Sizes. When averaged across the two magnitudes of 

effect sizes, no substantial difference was found in the resulting coverage rates of the 
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treatment effects’ estimates for the four RVE methods as the CR values ranged from 

92.02% to 92.80%. However, the coverage rates were all below Burton et al’s (2006) 

acceptable range. For the conditions with small effect sizes, the resulting CR values 

ranged from 91.19% to 92.73%, while for condition with medium effect sizes the 

resulting CR values ranged from 92.52% to 92.87%. Table 4.39 contains the CR values 

of the four RVE methods averaged across the two magnitudes of effect sizes. 

 

Table 4.39 

95% Coverage Rates (CR) of RVE Methods by Magnitudes of Effect Sizes 

Study Condition  RVE Methods 

Effect Size ( )  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

Small  0.9272 0.9267 0.9119 0.9273 

Medium  0.9252 0.9275 0.9286 0.9287 

Mean  0.9262 0.9271 0.9202 0.9280 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates;  = effect size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE 

with averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = 

RVE with overestimated correlation. 

 

CR by Sample Size. No substantial difference in the CR values of the treatment 

effects’ estimates for the four RVE methods when averaged across the two sample size 

conditions as the resulting CR values ranged from 93.69% to 93.81%. Again, these 

values were below the appropriate coverage rates using Burton et al’s (2006) criterion. 

Specifically, for conditions with smaller sample size (i.e., n = 50), the CR ranged from 
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91.11% to 92.79%, while for conditions with larger sample size (i.e., n = 100), the CR 

ranged from 92.70% to 92.81%. Table 4.40 lists the CR values for the four RVE methods 

averaged across the two sample size conditions. 

 

Table 4.40 

95% Coverage Rates (CR) of RVE Methods by Sample Sizes 

Study Condition  RVE Methods 

Sample Size (n)  
t

RVE  
a

RVE  
u

RVE  
o

RVE  

50  0.9248 0.9272 0.9286 0.9279 

100  0.9277 0.9270 0.9294 0.9281 

Mean  0.9263 0.9271 0.9290 0.9280 

Note: Boldfaced values indicate CR falling below the appropriate range; CR = 

coverage rates; n = sample size; 
t

RVE  = RVE with true correlation; 
a

RVE  = RVE 

with averaged correlation; 
u

RVE = RVE with underestimated correlation; 
o

RVE  = 

RVE with overestimated correlation. 
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Chapter 5: Discussion 

 Unlike traditional research reviews that are often subject to researchers’ biases, 

the quantitative integration of results from a large number of studies is often preferred 

because of its reliability and enhanced objectivity (Jenson et al., 2017; Manolov & 

Solanas, 2013; Parker & Brossart, 2003). A well-established technique that has long been 

used for synthesizing effect sizes particularly those that involved correlated or dependent 

effects involves use of GLS (Becker, 1992; Hedges & Olkin,1985; Kalaian & 

Raudenbush, 1996; Olkin & Gleser, 2009; Raudenbush, Becker & Kalaian,1988) because 

it provides unbiased and efficient estimates of effect sizes (Hedges et al., 2010). 

From a statistical standpoint, the GLS method offers several advantages. 

However, there are challenges in its implementation particularly for applied researchers. 

Specifically, the use of this technique requires a reasonable estimate of the within-study 

covariance between pairs of effect sizes. Unfortunately, this information is often not 

reported in published studies. In addition, researchers and practitioners often find GLS 

very complicated to implement because of the complexity of the multivariate approach as 

compared with the univariate approach (Becker, Hedges, Pigott, 2004; Riley et al., 2007; 

Van den Noortgate & Onghena, 2003).  

Van den Noortgate et al. (2013) addressed the challenge of unreported within-

study covariance estimates between pairs of effect sizes by introducing the univariate 

three-level meta-analytic technique and provided evidence that use of this technique 

yields unbiased estimates of treatment effects, as well as accurate standard errors of 

treatment effects. But similar to multivariate meta-analysis, this sophisticated technique is 
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not yet frequently implemented by applied researchers (Moeyaert et al., 2016). Mivridis 

and Salanti (2012), in fact, noted that one of the biggest drawbacks in implementing these 

techniques is the lack of interest among practitioners and applied researchers in applying 

these statistically sound techniques.  

 The RVE procedure was also recently introduced as a method for addressing the 

complexity of the above meta-analytic techniques by offering the same statistical 

advantages including unbiased and efficient parameter estimation while also handling the 

dependence while not requiring exact knowledge of the within-study covariance between 

pairs of effect sizes (Beretvas et al., 2017). Thus, this study has two important goals. 

First, the study was designed to expand on the simulation study conducted by Hedges et 

al. (2010) on the use of RVE to synthesize dependent effects resulting from multiple-

outcomes (MO) being reported per study. Although the MO design is prevalent in applied 

studies, researchers have also noted that many studies involve both multiple-treatment 

and multiple-outcome (MT-MO) designs (see, for example, Barrett-Connor et al., 2002; 

Nnanchetam, 2010). Unlike the MO design or multiple-treatment (MT) design, the 

structure of dependency of effect sizes in MT-MO designs is more complex and to date 

no study has been conducted to examine how the RVE method handles this kind of 

dependency.  

Second, this study also extends the original simulation study (Hedges et al., 2010) 

by exploring the choice of correlation,  , used in Equation 2.39 on the multivariate 

meta-analysis results for RVE. Although the researchers have emphasized that RVE is 

less sensitive to the value of effect sizes’ correlations, the method still requires that the 
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researcher use a value for the covariance between pairs of effect sizes. More importantly, 

in the original study the authors used the same correlation value for each pair of 

outcomes. But given the fact that the structure of the dependency among effect sizes is 

different for MT-MO design, this study was also intended to incorporate more realistic, 

varying correlation values for different study designs (i.e., MT, MO, and MT-MO 

designs). Hence, different sets of correlation values were generated for pairs of effect 

sizes depending on the studies’ designs (see Methods section).  

Lastly, this study was also conceptualized to provide an empirical assessment of 

the robustness of RVE to misspecification of the correlation values. As previously noted 

the correlation values are often imputed because the actual within-study covariances 

between pairs of effect sizes are unknown. For this reason, it is possible that the imputed 

value might not match the true value. Thus, in addition to the true correlation values, the 

study also included three conditions that reflect poorly estimated values, including 

overestimated, underestimated, and averaged correlation values.  

 When the RVE method was used to estimate the treatment effects for both 2-

outcomes (i.e., four effect sizes per study) and 3-outcomes scenarios (six effect sizes per 

study), the results were practically indistinguishable for the four values of the correlation 

used with the RVE method. This means that regardless of whether the correct correlation 

(
t

RVE ) or incorrect correlation values (
a

RVE ,
u

RVE , and
o

RVE ) were used with 

RVE, both the relative parameter and SE bias results were similar across all conditions. 

When estimating the treatment effects using the true correlation value for the RVE 
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method (
t

RVE ), the correlation between pairs of effect sizes averaged to 0.682 for MO 

designs, 0.505 for MT designs, and 0.212 for MT-MO designs. For the RVE method 

using overestimated correlation values (
o

RVE ), the average correlation for MO designs 

was 0.882, and 0.705 for MT designs, while the average correlation for MT-MO designs 

was for 0.412. For the RVE method using underestimated correlation values (
u

RVE ), 

the average correlation for MO designs was 0.407, and 0.230 for MT designs, and 0.015 

for MT-MO designs. For the RVE method that used the averaged correlation value (

a
RVE ), the average for all three designs was 0.466. The different correlation values that 

were generated for different pairs of effect sizes reflect the varying types of effect sizes’ 

dependency (see the Method section for a more detailed explanation).  

The indistinguishable results found in terms of the point and standard error 

estimates for the four RVE methods provide empirical evidence supporting what Hedges 

et al. (2010) and Beretvas et al. (2017) found in their RVE meta-analysis of simulated 

datasets, both involving MO type of dependency. And what was more noteworthy in this 

study is that despite the heterogeneity in the correlation values used across RVE methods 

and across designs within each RVE methods, the parameter and standard error estimates 

of treatment effects remained unbiased both in scenarios where studies have four effect 

sizes per study (i.e., 2-outcomes scenario) and six effect sizes per study (3-outcomes 

scenarios).  

  Similar to the two previous indicators, no difference in the efficiency of 

parameter estimates was also found across the four RVE methods when estimating 
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treatment effects using both correct (
t

RVE ) and incorrect (
a

RVE ,
u

RVE , and
o

RVE ) 

correlation values of the effect sizes. These results match previous studies findings 

(Hedges et al., 2010; Tipton, 2013) and the RVE procedure’s intention of improving the 

estimates of treatment effects’ standard errors particularly in scenarios where the true 

within-study covariance between effect sizes is not known.  

Because there are no known cutoff criteria for RMSE, the performance of the four 

RVE methods were then examined separately across each of the four study conditions 

(number of studies, between-studies variance, sample size, and effect size magnitudes). 

With the exception of the effect size magnitudes, all the study factors substantially 

influenced the efficiency of the four estimation methods. Although all four RVE methods 

produced indistinguishable results, their efficiency is, however, impacted by the number 

of studies in a meta-analysis. In all sets of combinations for the 2-outcomes scenarios, 

conditions with larger number of studies (k = 40) consistently produced more efficient 

estimates of standard errors compared to conditions with smaller number of studies (k = 

20). Specifically, the RMSE values for conditions with k = 40 were about 50% less than 

the RMSE values for conditions with k = 20 (see Figure 5.1). Again, these results confirm 

previous studies’ findings which indicated that larger number of studies in a meta-

analysis produce more efficient estimates of effect sizes’ standard errors (Beretvas et al., 

2017; Hedges et al., 2010, Tipton, 2013; Moeyaert, et al., 2016).  
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Figure 5.1: Root Mean Squared Error (RMSE) of RVE Methods for 2-Outcomes 

Scenarios by Number of Studies 

 

 

In the 3-outcomes scenarios (i.e., six effect sizes per study), the RMSE values for 

each of the four RVE methods were close to identical regardless of whether the number 

of studies is small or large (see Figure 5.2). This indicates that despite having larger 

number of effect sizes per study under a complex MT-MO design, the efficiency of the 

RVE methods remained unaffected even in conditions in which incorrect correlation 

values were used to estimate the within-study covariances.  
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Figure 5.2: Root Mean Squared Error (RMSE) of RVE Methods for 3-Outcomes 

Scenarios by Number of Studies 

 

 

The influence of the between-studies variance on RMSE was also investigated in 

this study. All four choices of the covariance led to the same performance in both 2-

outcomes and 3-outcomes scenarios. Across all conditions, the RMSE values were 

consistently smaller for conditions with smaller between-studies variance than for 

conditions with larger between-studies variance both in 2-outcomes (see Figure 5.3) and 

3-outcomes scenarios (see Figure 5.4). In fact, the improvement in estimation efficiency 

was about 20% on average in both scenarios when between-studies variance was lower (

*5.0 versus *8.0 ).  
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These findings matched what other researchers (Moeyaert et al., 2016; Van den 

Noortgate et al., 2013) have found regarding the relationship between between-studies’ 

variance and the efficiency of parameter estimation. For example, in their simulation 

study comparing the performance of three meta-analytic techniques (multivariate model, 

univariate two-level model, and univariate three-level model) when synthesizing 

dependent effects arising from MO design studies, Van den Noortgate et al. found that 

across all conditions parameter estimates were more efficient in scenarios where the 

between-studies variance was smaller than in scenarios where it was larger. In another 

simulation study that compared three meta-analytic techniques (averaging method, RVE 

method, and multilevel meta-analysis) for synthesizing effect sizes from MO design 

studies, Moeyaert et al. (2016) likewise found results that support these findings: smaller 

between-studies variance led to more efficient estimates of effect sizes’ standard errors.  
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Figure 5.3: Root Mean Squared Error (RMSE) of RVE Methods for 2-Outcomes 

Scenarios by Magnitudes of Between-Studies Variance 
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Figure 5.4: Root Mean Squared Error (RMSE) of RVE Methods for 3-Outcomes 

Scenarios by Magnitudes of Between-Studies Variance 

 

 

The RMSE values for conditions with different sample sizes also matched 

expectations. All four RVE methods produced essentially identical results. However, 

their performance was also dependent on the magnitude of the study’s sample size. As 

shown in Figures 5.5 and 5.6, the RMSE values were consistently smaller for conditions 

with larger sample size (n = 100) compared to smaller sample size (n = 50) across all the 

four RVE methods for both 2-outcomes and 3-outcomes scenarios. These results were 

also in agreement with previous studies’ findings (Beretvas et al., 2017; Hedges et al., 

2010; Moeyaert, et al., 2016; Tipton, 2013; Van den Noortgate et al., 2013) and are not 

surprising given the link between sample size and efficiency. 
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Figure 5.5: Root Mean Squared Error (RMSE) of RVE Methods for 2-Outcomes 

Scenarios by Sample Size 

 

Unlike the three indicators previously discussed (RPB, RSEB, and RMSE), a few 

problems were found with the RVE method when synthesizing effect sizes obtained from 

MT-MO design studies. In almost all sets of combinations for the 2-outcomes scenario, 

the confidence interval coverage rates fell below the appropriate range of 94.38% to 

95.62% using Burton et al.’s (2006) criteria. Worse, in all sets of combination for the 3-

outcomes scenarios, not a single set of combinations reported a coverage rate that fell 

within the aforementioned range. 
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Figure 5.6: Root Mean Squared Error (RMSE) of RVE Methods for 3-Outcomes 

Scenarios by Sample Size 

.  

In Hedges et al.’s (2010) original work on RVE, the coverage rate problem was 

noted in conditions where fewer than 40 studies were being synthesized. Similarly, 

Tipton (2013) also reported very narrow confidence intervals ranging from 90% to 93% 

when synthesizing one effect size per study when number of studies equal or fewer than 

40. More importantly, Tipton (2015) further acknowledged that when the number of 

studies is between 10 to 20 these coverage rates can even fall lower than 90%.  

It should be noted that the under-coverage problem observed in both simulation 

studies (Hedges et al., 2010; Tipton, 2013) occurred in meta-analysis of dependent effects 

using MO design studies without looking at varying values of covariances. The 

conditions investigated in this study was slightly different considering that the RVE 

0.000

0.010

0.020

0.030

0.040

0.050

RVE_t RVE_a RVE_u RVE_o

R
o

o
t 

M
e

an
 S

q
u

ar
e

d
 E

rr
o

r 

k = 50 k = 100

Note: RVE_t = RVE with true rho; RVE_a = RVE with averaged rho; RVE_u = RVE with 
underestimated rho; and RVE_o = RVE with overestimated rho.



 

142 

 

procedure was used to estimate treatment effects  using data generated with different 

within-study covariances (correct and incorrect) instead of a single covariance value for 

all pairs of effect sizes. Thus, it is not unreasonable to expect this under-coverage 

problem to occur given the complexity of the covariance matrices for an MT-MO design, 

coupled by the use of some less ideal study conditions such as small number of studies 

(with k less than 40), large between-study variance (with 2 = *8.0 ), and small within-

study sample size (with n = 50).  

Ideally, the empirical coverage rates should approximate the nominal rate of 95% 

in order to avoid inflating the Type I error rate. However, Burton et al. (2005) noted that 

having coverage rates below 95% is tolerable as long as it does not drop below 90%. 

Collins, Schafer, and Kam (2005) (as cited in Burton, et al., 2005), likewise, asserted that 

under-coverage is regarded a problem only when it falls below 90%. In scenarios where 

there is under-coverage (with CR < 90%), Tang, Song, Belin, and Unutzer (2005) (as 

cited in Burton, et al., 2005) also suggested examining other indicators such as the 

relative parameter bias (RPB). In fact, Colin et al. emphasized that when evaluating 

different estimation methods, researchers should also examine the relative bias and mean 

squared error (MSE), in combination with the coverage and the width of the confidence 

intervals.  

Among the four conditions examined in the study, only the number of studies in a 

meta-analysis had a substantial impact on coverage rates. Although the CR values were 

below Burton et al.’s (2005) range, results indicated, however, that under-coverage  
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problem can be improved by increasing the number of studies from 20 to 40 (see Figures 

5.7 and 5.8), which, thus, provide support to what was found in related studies (Beretvas 

et al., 2017; Hedges et al., 2010; Moeyaert, et al., 2016; Tipton, 2013; Tipton, 2015; Van 

den Noortgate et al., 2013). 

 

 
Figure 5.7: 95% Coverage Rates of RVE Methods for 2-Outcomes Scenarios by Number 

of Studies 
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Figure 5.8: 95% Coverage Rates of RVE Methods for 3-Outcomes Scenarios by Number 

of Studies 

 

It should be noted that in their original work (Hedges et al., 2010), the authors 

acknowledged that the theorem underlying RVE is asymptotic. This implies that the 

estimation method performs well in scenarios where the number of studies is large. This 

is one shortcoming of RVE because often meta-analyses include fewer than 40 studies 

(Ahn, Ames, & Myers, 2012) or even less than 32 studies (Polanin, 2013). For this 

simulation study, the number of studies used (k = 20 and k = 40) reflected those found in 

applied meta-analysis and the results of the simulation showed that across the four RVE 

methods, coverages rates ranged from 93.69% to 93.81%. Tanner-Smith and Tipton 

(2014) and Tipton (2015) suggested addressing this problem by adjusting the degrees of 

freedom when using this method. This adjustment involved implementing the small-
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sample adjustment feature of RVE, which was not used in the original work by Hedges’ 

et al (2010) and by Tipton (2013) in her study on meta-analysis of binary effects. As 

shown in the results of the current study which did use the small-sample correction 

suggested by (Fisher & Tipton, 2014), when the number of studies is increased from 20 

to 40, the coverage rates are closer to the 95% nominal coverage for the confidence 

interval estimates (see Figures 5.7 and 5.8). While implementing this correction in the 

study improved the actual coverage rates across the RVE methods, future methodological 

research on RVE could extend what was found here by including a wider range of values 

for the number of studies in order to find cutoff for scenarios involving MT-MO designs.  

Another option that Tanner-Smith and Tipton (2014) and Tipton (2015) 

recommended doing to circumvent under-coverage problems even with the small sample 

correction is to reduce the alpha-level from 0.05 to 0.01 used for hypothesis testing with a 

small number of studies. According to them, this adjustment will help avoid inflated 

Type I error rates as the empirical alpha-level can often be larger than the nominal alpha 

particularly in cases where the degrees of freedom is small. Therefore, future research 

could also extend what was found here by manipulating the alpha levels used in order to 

examine how this adjustment affects RVE’s performance.  

Conclusions and Limitations 

 

This final section summarizes the concluding observations about the performance 

of the four RVE methods for handling within-study dependency in a meta-analysis of 

effect sizes obtained from complex study designs under two different scenarios (2-

outcomes and 3-outcomes scenarios). First, the study conducted here showed that RVE 
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method can be used to synthesize effect sizes not only from studies with simple within-

study covariance matrices (MO and MT designs), but from studies using MT-MO design 

as well. However, due to the under-coverage problems found in this study, it is 

recommended that applied researchers implement the small-sample adjustments that 

Tipton (2015) developed in order to minimize under-coverage problems. In fact, the 

author strongly suggested using this small-sample adjustment even when the number of 

studies being synthesized is greater than 40. Second, the study also showed that 

misspecifying the within-study covariances between pairs of effect sizes (including 

overestimating, underestimating, or assuming incorrect homogeneous covariance values) 

did not negatively impact the accuracy and efficiency of RVE method because all four 

values yielded similar results across all condition in terms of RPB, RSEB, RMSE, and CR. 

These findings all point to the robustness of the RVE method for handling within-study 

dependency particularly in the multivariate meta-analysis of effect sizes from complex 

MT-MO design. 

 As with any empirical research, this simulation study is not without its limitations. 

As noted, the RVE method is a relatively new method for meta-analyzing dependent 

effects. As such, applied researchers and practitioners may not be as familiar as those 

traditional techniques that are commonly used. Other sophisticated techniques that are 

statistically sound such as GLS and multilevel models have been around for a while, but 

often these have been used to synthesize effect sizes generated either from an MO design 

or an MT design, and not an MT-MO design.  Although three simulation studies have 

been done in which the performance of RVE method was compared with other models 
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such as GLS and multilevel models (MLM) (e.g., Beretvas et al., 2017; Moeyaert, et al., 

2016; Van den Noortgate et al., 2013), all these studies were conducted in the context of 

MO design. Therefore, future research could extend this simulation study by comparing 

RVE method with GLS and MLM, particularly with the univariate three-level model that 

was recently introduced by Van den Noortgate, et al. 

 Second, in this study we found under-coverage regardless of whether the correct 

value for the correlation between pairs of effect sizes was used both in 2-outcomes and 3-

outcomes scenarios. While the under-coverage found in this study might not be 

considered serious as asserted by Collins, Schafer, and Kam (2005), and Tang, Song, 

Belin, and Unutzer (2005) and while this problem can be somewhat avoided by adjusting 

the study’s alpha-level, future research on RVE could also examine its performance when 

used with various alpha levels. 

 Third, the study implemented a balanced design both in the number of effect sizes 

per study and within-study sample sizes. In reality, practitioners and applied researchers 

conducting meta-analysis often find relevant studies using different number of related 

outcome measures (thus, different number of effect sizes) and different sample sizes due 

to study designs, as well as logistic and financial considerations. Hence, it is 

recommended that future methodological studies incorporate unbalanced designs with 

mixed number of effect sizes per study and sample sizes per study to reflect more 

realistic conditions. 

 Fourth, in this study the same generating values were used for the within-study 

and between-study correlations used to derive the elements of the between-study 
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covariance matrix, 2 (for the two-outcome scenario, see Equation 3.1) and the within-

study covariance matrix, 2 (for the two-outcome scenario, see Equation 3.2). In Ishak et 

al.’s study (2008), the authors found that varying the relative magnitude of the within-

study and between-study correlations negatively impacted the accuracy and coverage 

rates when using GLS to handle within-study dependence.  Hence, future research on 

RVE could extend what was done here by examining how changes in the relative 

magnitude of the within- and between-study correlations could impact RVE’s estimation 

accuracy and efficiency. 

 Lastly, the study only looked at synthesis of effect sizes and did not incorporate 

moderator and assess estimation of meta-regression model parameters. Considering that 

relevant studies included in a meta-analysis are often different in study designs and 

sample characteristics, future research on RVE should extend this study by including 

study characteristics in order to assess recovery of moderator effects under authentic, real 

meta-analysis conditions with a focus on use of RVE for handling MT-MO design 

studies’ results. 

 In sum, the findings of this study have a couple of important implications for 

applied researchers and practitioners. First, implementing GLS for meta-analysis of 

dependent effects is a challenge because it is complicated by the need for creating the 

covariance matrix (see Equation 2.20), which includes knowledge of all relevant values 

needed to calculate the covariance for effect sizes from MO designs (see Equation 2.31) 

and also for the components of the covariance for each pair of dependent effects from 

MT designs (see Equation 2.32). Furthermore, for MT-MO design studies, additional 
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formulae are needed to calculate the elements in the relevant covariance matrices (see 

Equation 2.33). Only once all of the relevant covariance matrices have been calculated, 

can the relevant ̂  matrix be calculated and inserted into Equation 2.23. On the other 

hand, use of RVE does not require calculation of the elements of the covariance matrix,

̂ , as for GLS. While a single value for  is needed for use of RVE, methodological 

research (including the results from this study), have validated that the choice of the 

value used has minimal impact on the RVE results (Beretvas, et al., 2017; Hedges et al., 

2010; Tipton, 2013). Although under-coverage problems were found in this study 

matching those found in related, previous research, applied researchers conducting 

multivariate meta-analysis are strongly encouraged to use the small-sample bias 

correction for RVE (Tipton, 2015) to alleviate the under-coverage problems. However, 

while the bias-correction was implemented in this study, coverage rates were still 

problematic particularly in scenarios involving a larger number of effect sizes per study 

(i.e., in the 3- over the 2-outcome scenarios). While increasing the number of studies in a 

meta-analysis can help to improve the coverage rates, this option could be a challenge for 

applied researchers considering that most meta-analyses include fewer than 40 studies 

(Ahn, Ames, & Myers, 2012). Thus, it is recommended that meta-analysts adjust the 

alpha-level from 0.05 to 0.01 as an ad hoc procedure to address the under-coverage 

problem.  

In sum, the simulation study presented here provides evidence for the use of RVE 

method in synthesizing effect sizes obtained from various study designs (MT, MO, and 

MT-MO designs). Not only is the RVE method less complex to implement as compared 
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with other meta-analytic procedures for handling within-study dependence, its robustness 

to misspecification of the correlation values provide an added advantage.  These findings 

are important to meta-analysts inasmuch as knowledge of the true correlation of effect 

sizes is not necessary for use of RVE in order to obtain unbiased and accurate parameter 

and standard error estimates.  
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