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Loss of formation permeability often occurs during drilling, produced wa-

ter re-injection, perforation, and CO2 injection for subsurface storage. Formation

permeability loss might significantly decrease wells’ productivity/injectivity, or af-

fect the stability of the subsurface CO2 storage unit. Permeability damage during

drilling or produced water re-injection is in part due to solid particle entrapment

in the formation. Permeability damage following perforation or CO2 injection is

known to be, in part, due to grain crushing as a result of changes in the local

stress regime. In this dissertation we study both permeability damage mecha-

nisms - particle entrapment and grain crushing - through a micro-scale modeling

approach.

In order to study the first permeability damage mechanism, i.e. solid parti-

cle entrapment, this dissertation provides a novel workflow for micro-scale model-

ing of particle entrapment due to straining in porous media based on first princi-

ples. The novelty of the presented workflow is its flexibility of modeling different

types of porous media using their pore space geometry in the form of microscopic

images. The presented approach is the first method that does not impose pore-

grain surface restrictions on pore and throat bodies, such as being a cylinder,
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plane or a sphere. The procedure includes discrete element method (DEM) sim-

ulation of the interactions between the suspended particles and porous medium.

We further extend the workflow to upscale the micro-scale simulation results thus

enabling the prediction of solid deposition profiles on a core scale. Lastly, we use

the micro-scale modeling procedure to study proppant transport in rough-walled

fractures.

Results of modeling particulate flow through an individual pore show that

suspension velocity is the major parameter controlling particle straining in tight

and wide pores. We also find that vibrating the pore improves particulate flow

by preventing particle bridging across the pore. This phenomenon might be the

microscopic mechanism that has caused earthquakes (larger than magnitude 3)

to enhance the production from asphaltene-damaged reservoirs. Next we study

the particle straining in a microscopic sample of disordered sphere pack. Unlike

individual pores, this sample is more representative and the simulation allows

the computation of upscaling parameters. We find, however, that the suspended

particles have a wide distribution of individual velocities and are not permanently

trapped. Thus for upscaling we explore using classical rate of entrapment as well

as rate of accumulation (the latter not having any assumption on particle velocity

within the volume).

We compare the results derived by the deep bed filtration (DBF) model

with the results obtained by the general material balance formulation for modeling

particle removal by straining and obtain a better match for the latter for a specific

experimental study in monosized sphere pack. Results of the study indicate that

for the DBF model the correlation between the suspension concentration and the

rate of particle entrapment in a clean bed is linear; however for the general material

balance equation the rate of particle accumulation has a power-law correlation
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with the suspension concentration. Finally we conduct a study on proppant flow

in rough walled fractures. Findings of this study show a slight decline in the

fracture conductivity with time. In addition, the obtained proppant accumulation

rates show that the proppant front movement clearly deviates from the piston-

like displacement and the proppant fronts slow over time. Due to the similarity

of proppant transport in rough fractures with a wide distribution of apertures

and particle straining in porous media, we recommend a similar continuum scale

modeling formulation. This approach captures proppant accumulation behind the

front unlike current continuum models.

We then shift focus to the mechanical behavior of weakly consolidated

sandstone during CO2 injection into brine-laden formations. We adopt a bonded

agglomerate approach to simulate the behavior of sandstone and investigate the

extents of grain crushing when sandstone samples are loaded under different con-

ditions. We define two sets of bonds in the system: intra-grain bonds, which bond

together the sub-grain particles to form agglomerates that are proxy models for

crushable sand grains; and inter-grain bonds, which bond those agglomerates to-

gether to form a consolidated sandstone sample with crushable grains. The bonded

DEM models the bonds between pairs of particles as brittle elastic beams. The

mechanical properties of the bonds are obtained by calibrating the model against

experimental studies on uniaxial loading of single sand grains and sandstone sam-

ples. The calibrated model successfully predicts the different breakage patterns

in individual quartz and feldspar grains under compressive loading.

Finally we model the weakening effect of CO2 on sandstone. DEM has been

extensively used for micro-scale modeling of grain crushing in unconsolidated me-

dia by introducing agglomerate grains, alas its extension for sandstones has been

lacking. We evaluate bonded DEM for this purpose and present a preliminary
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study of the effects of numerical chemical alteration due to C02 on grain crushing

and permeability. We implement the weakening effect by reducing bonds’ size

and strength. Reducing intra-grain bond size and strength has a weakening ef-

fect on sand grains and reducing inter-grain bond size and strength weakens the

cement. Next, we load the weakened and unaltered samples under hydrostatic

pressure and record their mechanical response and permeability change due to

compaction. The studied unaltered and cement-weakened samples show minimal

amount of grain crushing. The sample with weakened cement and grain, loses up

to 6% of its intra-grain bonds as a result of hydrostatic loading up to 40 MPa.

The permeability change in this sample is mainly due to porosity loss due to

compaction. Parallelization of the method (currently unavailable) will allow for

more extensive study of grain crushing and damaged zones in sandstones in a wide

variety of scenarios.
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Chapter 1

Introduction

1.1 Problem Description

Formation damage refers to the reduction of the permeability of the for-

mation as a result of drilling, completions, and injection operations. Formation

damage is a common problem in petroleum reservoirs, and happens in different

stages of reservoir development from drilling to production and water re-injection

[21, 65, 136, 220]. In recent years, subsurface CO2 storage sites have also been

experiencing formation damage which is caused by the alteration of the mechan-

ical and flow properties of the host rock at the presence of the injected CO2

[156, 134, 11].

Despite the vast number of theoretical, experimental, and numerical stud-

ies on formation damage, a robust and comprehensive theory that is capable of

predicting the extent of formation damage from system properties and operational

conditions is lacking [53]. The existence of such a model is essential for successful

development and design of damage prevention and mitigation measures. However

it depends on accurate quantification of underlying mechanisms. This disserta-

tion seeks to advance the understanding of formation damage by examining a

number of underlying microscopic mechanisms. In this chapter, I review the lit-

erature on two classes of formation damage mechanisms in production/injection

wells and in underground CO2 storage reservoirs. The objectives and outline of

the dissertation are also listed in this chapter.
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1.1.1 Formation Damage due to Particle Entrapment

Subsurface fluids often contain suspended particles that over time might

affect both flow and mechanical properties of the resident formation. (Please note

that throughout this dissertation the term ”particle” is referred to a body that has

a finite volume and mass. This definition is different from other disciplines that

use the same term to refer to zero-dimensional bodies). Drilling mud infiltration

into the near wellbore region, fines migration, proppant transport in hydraulic

fractures, and flow of underground water contaminants [31, 178] are all examples

of flow of suspensions in porous media.

Common causes of formation damage are solid particles entrapment, for-

mation fines migration, chemical precipitation, and mechanical pore alteration

[122]. Here we focus on formation damage due to particle entrapment. Formation

damage caused by solid particle entrapment adversely affects the production from

hydrocarbon reservoirs by reducing the permeability of the near well-bore region

(Fig. 1.1). A small zone of reduced permeability often greatly reduces the produc-

tivity of a petroleum reservoir. Furthermore, formation damage also affects well

logging results, because most well logging tools can only measure the data within

the rather shallow region that is most likely damaged. Solid particle entrapment

also decreases the efficiency of the hydraulic fracturing operations by inducing

proppant screenout. Furthermore, proppant breakage under earth stresses results

in the blockage the fluid paths inside the propped hydraulic fractures [69]. The

blockage happens because the smaller pieces of the broken proppant particles tend

to migrate and place in between the larger and intact proppant particles, which

decreases the permeability and porosity of the proppant pack inside the fracture.

In addition to the issues in production operations and formation evalua-

tion, formation damage is also a major reason for rapid pressure build up in water
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re-injection operations. This pressure build up is generally the result of blockage

of the inflow area due to solid particles/emulsions in the injection water, or injec-

tion/formation water compatibility problem. The injectivity loss due to plugging

can be reversed by improving the injection water quality [1]. So, a properly pre-

scribed remediation implies a good understanding of the mechanisms involved in

plugging the near wellbore matrix. On the other hand, plugging mechanisms can

be activated in a controlled manner to enhance waterflood sweep efficiency and

reduce production water-cut [227].

Figure 1.1: Schematic of near well-bore damage as a result of particle infiltration
from drilling fluids into the formation (Schematic courtesy of Prof. Gray).

A variety of studies have been done to quantify formation damage and

formulate it in terms of permeability impairment as a function of time and prop-

erties of flow, suspended particles, and porous media. Furthermore, there are

industry standard measures, many of which are only applicable under limited cir-

cumstances. For example, a common rule of thumb is if suspended particles are

larger than about 33% of the median pore throat diameter, they will form stable
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bridges which can reduce permeability. While this rule is valid for turbulent flows,

under laminar flow conditions, particles as small of 7% of the median pore throat

size have the ability to plug the pores [23]. This lack of a global criterion for

particle bridging shows that understanding the formation damage phenomenon

requires a comprehensive study of all of the contributing factors and mechanisms.

Mathematical models combined with laboratory studies have provided in-

sight into the spatial development and causes of formation damage. For example,

if suspended colloidal particles and/or formation grains carry electrostatic charges,

particles might attach to the grains’ surface and get entrapped. This phenomenon

has classically been modeled by the “single collector model” [226]. In this model,

a formation grain is assumed in a stream of fluid that carries suspended parti-

cles (Fig. 1.2). As particles approach the grain, which is the “single collector”,

the electrostatic interaction between their charges causes some of the particle to

attach to the collector surface. The number of particles that attach to the collec-

tor surface compared to the total number of particles that flow past a collector

determines the collector efficiency of the single collector [148].

Figure 1.2: Single collector model is suited to model particle capture due to surface
deposition mechanisms. Such mechanisms activate if surface electrostatic forces
of the collector and the suspended particles significantly interact with each other.
In this schematic suspended particles are shown in yellow.

Upscaling the single collector model to a bed of single collectors (as in a
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porous filter medium) enables the prediction of particle filtration due to surface

electrostatic forces [193]; however, because of its nature, the single collector model

is not capable of predicting the entrapment of particles at narrow flow paths by

size exclusion. Moreover, collector efficiency of a single collector depends on the

flow field around the collector [226], which is usually very difficult to predict for

a formation grain in close vicinity to other grains. In addition, the flow field

is different for every grain due to the randomness in shape, configuration, and

arrangement of formation grains.

Mentioned theoretical drawbacks have motivated experimental studies to

find empirical functions to describe particle entrapment in porous media, such

as the rate of particle entrapment or the correlation between the volume frac-

tion of entrapped particles and permeability reduction. These functions are then

used in mass conservation and porous media transport equations to predict the

amount of particle deposition and permeability damage. Nevertheless, finding the

phenomenological correlations for particle entrapment is a complex job due to

the multiple mechanisms that work simultaneously during the filtration process.

That being said, isolating individual mechanisms for independent study is not

usually possible either. For example, two forces act on attracting/repulsing par-

ticles to/away from the grain surface: hydrodynamic drag force and electrostatic

force. Both of these forces are functions of the area of the suspended particle and

its velocity squared [102]. If both forces act in the same direction, i.e. both are

repulsing the particles away from the surface, studying the relationship between

the velocity or particle area and particle capture should be straightforward. But

if those forces act in opposite directions, it will be a challenge to isolate each force

and study it independently from the other force. The other shortcoming of the

pure experimental approach is that some of the factors that control the filtration
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process are not even easily quantifiable; relative size of grains and particles is

an example of such parameters. These practical issues, in many instances, have

rendered the subsequent modeling unable to match the experimentally observed

deposition profiles [26]. In other cases, different sets of measurements from the

same experiment (e.g. pressure drops, effluent concentration profiles, or deposi-

tion profiles from a coreflood test) have led to different empirical functions [3].

From these observations it appears that the common experimental methods do not

guarantee a unique empirical correlation for modeling the filtration phenomenon.

As discussed above, one of the theoretical difficulties of developing a uni-

fied filtration model is the complexity of the flow field in the porous media. The

flow field around the formation grains is directly governed by the pore space ge-

ometry. Pore space geometry also governs the mechanism of particle removal by

size exclusion. In other words, two mechanisms of deposition due to surface forces

and removal by size exclusion are mainly controlled by the topology of the pore

space of the filter medium. The complexity of the pore space geometry calls for

the direct modeling of the interaction between suspended particles, flow field, and

formation grains. The ideal model represents the porous media not as a collection

of single collectors with well-defined shapes, but instead it provides a realistic rep-

resentation of the pore space and grain geometries of the porous media. Pore-scale

models are argued to be best suited for this purpose (note that we use pore-scale

and micro-scale inter-changeably to indicate scale of individual pores in a porous

medium). Pore-scale models can reveal the dynamics of particle entrapment in

more details. Through pore-scale modeling it is possible to isolate different parti-

cle capture mechanisms and study each individual entrapment mechanism either

independently or in conjunction with other mechanisms [132, 111].
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1.1.2 Formation Damage due to CO2 Injection

Injection of CO2 into saline aquifers is a promising methods to reduce the

greenhouse effects of the CO2 released from various industrial plants into the

atmosphere [24]. Although the storage capacity of most saline aquifers is high

[90, 113], precipitation of the dissolved salt induces rapid permeability decrease

and eventual injectivity decline in CO2 injection wells [113]. Permeability of sand-

stones is found to decrease by up to 86% as a result of salt precipitation during

CO2 injection [137, 11].
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Figure 1.3: Result of stress tests on altered and intact limestone samples. Samples
were altered through Retarded Acid Treatments (RAT) to ensure homogeneous
alteration [232].

Another factor that usually changes the permeability of a formation is

mechanical failure. Mechanical failure might occur as a result of changing the

stress regime during CO2 injection. In addition, chemical interaction between
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CO2, formation brine, and rock grains has proved to soften the rock, decreasing

its stiffness and shear strength [22, 181], which in turn enhances the probability of

mechanical failure. Fig. 1.3 shows the result of stress tests on intact and altered

limestone samples [232]. The altered sample shows a clear sign of weakening.

Pore pressure increase during CO2 injection may cause lateral expansion

in the reservoir/saline aquifer; however, the cap rock is not susceptible to pore

pressure change and its dimensions remain unchanged. This contrast imposes a

shear stress on the interface between the reservoir and the cap rock and might

eventually open faults along this interface. This type of mechanical failure is more

likely to occur in weakly consolidated sandstones under large injection pressures

[90]. Therefore, it is crucial to understand the response of the weakly consolidated

sandstones under high shear stress environments.

Shear displacement as well as compaction are known to create deformation

bands in sandstones. These bands form as a result of the reorganization of sand

grains and/or crushing of sand grains. Reorganization of grains happen when the

confining pressure is low; hence only bonds between the grains break due to the

shear stress, which leads to loose grains that can move and reorganize under the

shear stress. If the confining pressure is high, movement of grains is restricted.

Therefore, grains break under the confining pressure and the released fragments

are set free to move and occupy the pore space [58]. These types of deformation

bands that are formed by grain crushing are called ”cataclastic bands“ [168] (Fig.

1.4). Cataclastic bands in outcrops are observed to have thicknesses between 1

mm to a few cms and lengths between 10 to 20 m [151]. These bands are up to

25% less porous and up to 5 orders of magnitude less permeable than the intact

rock [14, 192]. In some instances the permeability of these bands is so low that

they are assumed to form flow barriers in sandstone reservoirs [158]. On the other
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hand, some researchers believe that cataclastic bands do not automatically create

flow barriers because many of the observed cataclastic bands contain permeable

joints that make the joint-band system even more permeable than the host rock

[192, 158].

Figure 1.4: Shear deformation bands. (a) non-cataclastic (b) cataclastic [9].

Consider the failure at the cap rock–reservoir interface that we discussed

earlier. The shear failure at this interface is very likely to create deformation

bands. Now, depending on whether the banded region has a higher or lower

permeability than the intact system, the shear failure might be deemed a leakage

risk or a seal reinforcement. It is therefore instrumental to have an estimate of

the permeability change as a function of the in situ stresses.

In addition to altering the permeability and porosity of the host rock, grain

crushing also affects the compressional and shear wave velocities of the rock [77].

It also provides a larger surface area for the grains which enhances the rate of any

chemical reaction involving the grains [42].

The onset of grain crushing is quantified through hydrostatic compression

tests. In such tests the hydrostatic pressure on the sample is increased until the

pore space starts to collapse. The effective hydrostatic pressure (total applied
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hydrostatic pressure minus pore pressure) at which pore space collapses, P ∗, has

been shown to be a function of initial porosity and grain radius in sandstones:

logP ∗ = 0.603− 1.09log(φr)

where P ∗ is in MPa, r is grain radius in mm, and φ is porosity (fraction).

This empirical correlation is a result of a least-square fit to the data from hydro-

static compression tests on Berea, Hollington, Penrith, and Tennessee sandstones

[169].

Fig. 1.5 shows the above correlation as a surface plot. It shows that P ∗ is

smaller for sandstones with higher porosities and larger grain sizes. This correla-

tion has been used to predict the formation of deformation bands in sandstones

based on their porosity and mean grain size [169]; however, other parameters such

as grain size distribution may also affect P ∗ and the formation of compaction and

shear bands.
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Figure 1.5: P ∗ is a function of sandstone porosity and grain size.

The other parameter that needs to be quantified is the change of grain size

distribution after the crushing. Numerical continuum models have been developed
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to observe how a single particle breaks under compression [142]. However, under-

standing the response of a sedimentary formation under shear and compressive

stresses calls for the study of large populations of grains that interact with each

other. Isolating and simulating each grain-grain interaction provide a physical

basis for estimating the behavior of larger samples [54], which is useful when reli-

able phenomenological correlations don’t exist. One approach to model a system

of multiple grains is discrete element method (DEM). We employed DEM in this

study to represent each grain as an aggregate of multiple sub-grain particles and

simulate its crushing under compression.

1.2 Research Objectives

The present work aims to test the hypothesis that micro-scale models are

capable of explaining phenomena related to formation damage that macroscopic

models overlook. We hypothesize that because micro-scale models are based on

first principles, their results will eventually reveal some emergent behaviors that

are observed in the macro scale. Examples of these behaviors are particle straining

in complex pore geometries, and the combination of cement/grain failure that

results in rock failure. Testing this hypothesis requires that micro-scale simulation

results be upscaled into core-scale predictions, so that those predictions could be

validated against experiments. This work discusses the upscaling steps as well.

The objective of the first part of this study (Chapters 2 to 4) is to apply

a microscopic approach to simulate particulate flow and capture due to straining

in porous media and rough-walled fractures. A workflow is presented through

which we model particle filtration by size exclusion and pore bridging. In order to

capture the underlying physics of particle-particle and particle-grain interactions,

we apply a coupled computational fluid dynamics and discrete element modeling
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technique. Microscopic images of rock and sphere pack samples are processed

and used as the simulation domain. The presented workflow includes upscaling

filtration parameters from pore-scale simulation to core-scale specimen. The fi-

nal model is capable of predicting the retention profiles along a core that has

been flooded by a suspension. We validate the model predictions against the ex-

perimental measurements of the alteration of the porosity and permeability of a

flooded core.

The proposed model extends the use of macroscopic models by equipping

them with up-scaled parameters like the rate of particle entrapment. In addition,

the established methodology turns out as a useful tool to study proppant trans-

port and screenout in hydraulic fractures and rough-walled natural fractures. We

expect to gain a deeper insight into the interactions between the proppant and

fracture’s rough walls and test if these interactions are likely to cause early prop-

pant screenout. Prediction of early proppant screenout is a lacking part in the

majority of the current proppant transport models which are based on a smooth

wall assumption for hydraulic and natural fractures.

In the second part of this document (Chapter 5) we will study the phe-

nomenon of grain crushing in sandstones. In order to model this phenomenon we

apply DEM on aggregates of bonded sand grains representing sandstone samples.

The study includes the following steps:

1. Study of the breakage of single sand grains under compressive stress and

tune the intra-grain bond properties.

2. Simulate the uniaxial compressive test of a sandstone sample and tune the

inter-grain bond properties by comparing the simulation results with the
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results from experimental uniaxial tests in which no grain crushing has been

reported.

3. Combine the tuned parameters from steps 1 and 2 to simulate the response

of a sandstone sample under hydrostatic stress and re-calibrate as necessary.

Perform sensitivity analysis with respect to the mechanical properties of the

intra- and inter-grain bond properties. Altering the mechanical properties

of the mentioned bonds are used as a proxy to model the effect of weakening

of cement or sand grains under the influence of CO2.

4. Calculate the permeability of the samples before and after the loading and

study the effect of grain crushing on permeability alteration.
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Chapter 2

Modeling of Suspension Flow and Particle

Capture in Porous Media1

2.1 Background

Extensive numerical and experimental work has been dedicated to under-

standing the flow of suspensions in porous media. One objective of these studies

is to characterize how solid phase is removed from the suspension in processes

such as proppant placement in hydraulic fractures [70, 17], flow of suspensions of

bacteria in porous media [74, 99, 97, 98, 130, 100], and produced water re-injection

into deep formations [23].

A common approach for modeling suspension flow is to treat the solid

particles as a component of the flowing phase whose concentration changes as

solid particles are removed from the suspension. Among these models, the deep

bed filtration (DBF) model is vastly used [93]. This approach allows for the

estimation of porosity reduction and depth of particle penetration. Eqs. (2.1)

to (2.3) show the mass balance equations used in DBF modeling [84].

∂(φc)

∂t
+
∂(uc)

∂x
=
∂(φD ∂c

∂x
)

∂x
− T p (2.1)

1The methodology and parts of the results presented in this chapter have been previously
published in the following article. The author provided the numerical simulation results and
wrote the journal article.
M. Mirabolghasemi, M. Prodanović, D. DiCarlo, and H. Ji. Prediction of empirical properties
using direct pore-scale simulation of straining through 3D microtomography images of porous
media. Journal of Hydrology, 529:768-778, 2015.
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T p =
∂σ

∂t
(2.2)

σ = φ0 − φ (2.3)

Here, φ is the porosity of the filter medium, φ0 is the initial porosity of the

filter medium, c is the concentration of solid particles in the suspension phase, D is

the hydrodynamic dispersion coefficient, σ is the deposited solid volume fraction

in the filter phase, and u is the Darcy velocity of the suspension. T p is called

the rate of entrapment and represents the rate at which the medium loses its

porosity. T p is determined by the mechanisms that remove solid particles from

the suspension, such as gravity or surface attractive forces in a filter [198].

There are two main categories of particle capture mechanisms: interception-

based mechanisms such as particle bridging and straining [3, 20, 32, 81, 101, 133,

159, 176], and surface deposition due to surface forces [20, 74, 81, 101, 133, 176]

(Fig. 2.1). We discuss these mechanisms in the following section.

Figure 2.1: Schematic of particle capture mechanisms in a pore-throat geometry.
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2.1.1 Particle Capture Mechanisms

Surface forces are the main removal mechanisms if particles are very small

relative to the grain size (particle size/grain size< 0.001 according to [130]). These

forces are electric double layer and van der Waals forces, which are controlled by

the pH and ionic strengths of system constituents [199]. These forces are negligible

compared to particles’ weight for larger particles. However, when particle size

decreases, surface forces decrease much slower than their weight because surface

forces are proportional to particles’ radius (Eq. (2.4)) [59] but the gravitational

force is proportional to particles’ volume. Fig. 2.2 show the change of surface

forces and gravitational force as particle size changes. Each force is normalized

by the same kind of force for a particle with a diameter of 1 mm.
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Figure 2.2: Gravitational and surface forces normalized by their values for a par-
ticle of 1 mm diameter.

F = εε0(
κT

ve
)2πkr(Ψ2

p + Ψ2
s)[

4ΨpΨs

Ψ2
p + Ψ2

s

× exp(−kh)

1− exp(−2kh)
− 2exp(−2kh)

1− exp(−2kh)
] (2.4)
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In Eq. (2.4), F is the EDL force between a particle and a surface, ε is the dielectric

constant of the electrolyte, ε0 is the dielectric permittivity in a vacuum, κ is the

Boltzmann constant, T is the absolute temperature, v is the valence of the ions, e

is the magnitude of electronic charge, r is particle’s radius, Ψp and Ψs are scaled

potentials of the particle and the surface, h is the distance between the particle

and the wall, and k is the inverse Debye screening length defined as k =
√

2n∞e2v2

εε0κT
,

where n∞ is the bulk number concentration of the ions.

The mechanism of particle removal by surface forces is commonly mod-

elled through colloid filtration theory (CFT) [116]. In CFT, particle removal is

quantified through a parameter called the single collector efficiency (η0). This

parameter is defined as the fraction of particles passing over a single grain (the

collector) that are captured at the surface of the grain due to surface forces. Find-

ing the single collector efficiency as a function of system parameters has been the

subject of intense research efforts. For example, the following is one form of this

functionality proposed in [199]:

η0 = 2.4A
1/3
S N−0.081

R N−0.715
Pe N0.052

vdW + 0.55ASN
1.675
R N0.125

A + 0.22N−0.24
R N1.11

G N0.053
vdW

(2.5)

where NR is a geometric parameter depending on the grain and particle size, NPe is

the Peclet number, NvdW is the van der Waals number, NG is the gravity number,

NA is the attraction number, and AS is a porosity-dependent parameter. NPe and

NG reflect particle transfer by Brownian motion and gravity, respectively, and

NvdW and NA reflect the surface electrokinetic properties of particles and grains.

Single collector efficiency can be upscaled to obtain the particle capture

rate of a bed of single collectors, in other words, a porous filter:

T p = 3(1−φ)v
2dg

η0
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where φ is the porosity of the filter bed, v is the interstitial velocity, and dg is the

grain diameter.

Despite several theoretical and numerical refinements of CFT, many studies

have shown that CFT is not fully capable of predicting the experimental filtration

test results when strong double layer repulsion exists in the system [130, 199].

Fig. 2.3 shows an example of CFT failing to predict the deposition profiles for ex-

periments in which electrokinetic interactions are not exclusively attractive [199].

Such shortcomings of the CFT have led some researchers to consider the straining

as influential of a mechanism of colloidal particle capture as the surface deposition

[34, 116].
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Figure 2.3: Particle deposition profiles measured experimentally (markers) and
predicted by CFT (solid lines). The injected suspension concentrations are (a) 20
mM and (b) 30 mM . Tests consist of 320 and 3000 nm latex beads injected into
a packing of 0.33 mm glass beads. Plots are reproduced from [199].

Straining or size exclusion happens when particles cannot pass through

pore throats due to their size. Particle bridging happens when multiple particles

smaller than a pore throat arrive at that pore throat at the same time and plug

that throat. Straining and particle bridging mechanisms dominate situations when
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certain size criteria are met by the medium and/or suspended particles. According

to [179], particle removal through size exclusion and particle bridging take place

when the particle/grain size ratio is larger than 0.02. Herzig et al. [93] list physical

removal of particles as the main mechanism of removal for particles larger than

30 µm in diameter. For particles with diameters between 3 and 30 µm they

list surface phenomena as well as physical removal as the main particle removal

mechanisms. Meanwhile, others believe that for certain particle/grain size ratio,

particles as small as 1 micron in diameter are likely to be removed from the

suspension due to straining [116].

Straining and pore bridging play a significant role in particle retention

either in tighter porous media or suspensions with larger suspended particles [10,

31, 32].

2.1.2 Empirical Quantification of Particle Capture Mechanisms

Because of the complexity of the involved mechanisms, it is easier to deter-

mine T p empirically [81]. The majority of the proposed correlations for T p assume

that the rate of particle entrapment is a first order function of the solid particle

flux through the porous media [26, 21, 218, 106, 122, 222]:

T p = λ(σ)uc (2.6)

where λ(σ) is called the filtration coefficient. In the most general case, λ(σ) might

be a function of all system parameters, including velocity and concentration. A

number of experimental studies have been developed to find the dependency of the

filtration coefficient on different parameters. For example, Alem et al. [6] examined

the effect of flow velocity on the clean bed filtration coefficient of saturated porous

media and found that it is inversely proportional to flow velocity.
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Article Porous medium
Permeability

(D)
Pore size

(µm)

Medium’s
particle size

(µm)

Porosity
(%)

Particles
Particle size

(µm)

[4]
Bentheim
sandstone

1.6 4 - 300 - 22 - 24
Hematite
(Fe2O3)

0.1 - 5

[32] Ottawa sand - - 360 - 710 -
Carboxyl latex
microspheres

3.2

[132] Glass beads - - 1000 40 Glass beads 100

[26] Clashach rock 0.6
33.5

(median)
- 17

Calcium
carbonate

4 (C1), 29 (C3)

[37] Quartz sand - - 150 (median) - E. coli 0.5

[218]
Bentheimer
sandstone

2.07 - 2.41 - - 21 Hematite 0.1 - 5

[81] Sandstone 0.224 - 3 - - 10.2 - 17.4 Latex particles 0.8 - 7.6

[182] Clashbach rock 0.260 - 0.992 - - 14.6 - 22
Alumina
particles

2 - 12

[199] Glass beads - - 330 -
Polystyrene
latex colloid

0.063 - 3

[35] Ottawa sand 4.7 - 64.5 - 150 - 360 -
Latex

microspheres
1.1 - 3

Table 2.1: Porous medium and particle characteristics in the experimental studies discussed in this section. This list is
not meant to be exhaustive.
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Some authors have assumed that the filtration coefficient is a constant

[4]. In this case Eq. (2.6) assumes a linear form. The underlying implication of

assuming a linear correlation for the rate of entrapment is that the retention of

particles is instantaneous and irreversible. In other words, solid particles either

flow at the same velocity as u or they are permanently captured by the porous

medium. The only way to gauge the validity of these assumptions is to test if the

assumed correlation for T p successfully predicts the experimental findings.

Experimental methods for estimating T p include the injection of a suspen-

sion into a sample of porous media [133, 6, 84, 21]. The porous medium is then

imaged [218] or sliced and weighed [6] to determine the retention profile of the

solids along the core. In addition to the retention profile, effluent solid concen-

tration, pressure drop across the core, and sometimes suspension concentration at

different depths [84] are measured as well. Lab data is then used along with the

analytical solution of the DBF to estimate the rate of particle entrapment.

Al-Abduwani [4] estimated the filtration coefficient, assuming it is constant,

corresponding to core flood experiments from 3 different measurements: effluent

concentration profiles, retention profiles, and 3-point pressure measurements. Ta-

ble 2.1 lists the characteristics of the injected particles and porous medium in

these experiments and the other experiments presented in this section.

The author assumed that the change in porosity, and diffusion are negligi-

ble, and proposed an analytical solution to Eq. (2.1) accordingly. The estimated

filtration coefficients were found to be dependent on the experimental setup. For

example, the location of the pressure tap along the core was shown to affect

the value of the estimated filtration coefficient. Further, the values obtained for

the filtration coefficient from different tests were markedly different (Table 2.2).

This observation encouraged the author to fit a varying filtration coefficient to
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match the experimental measurements and he found that the filtration coefficient

increases with the volume fraction of the entrapped solids.

Experiment
ID

Filtration
coefficient from
effluent profile

Filtration
coefficient from
retention profile

Filtration
coefficient from
3-point pressure

measurement

DEF01 0.63 1.16 5.81
DEF02 0.58 0.84 7.10
DEF03 0.53 0.67 6.63
DEF04 0.60 0.81 6.45
DEF05 0.39 0.54 6.21
DEF06 - 0.54 8.01

Table 2.2: Constant filtration coefficients estimated from different measurements
[4].

In addition to the above–mentioned study, findings from other coreflood ex-

periments have shown that the proposed linear functionality for T p with a constant

filtration coefficient (λ(σ) = λ0) does not predict the hyperexponetial deposition

or porosity profiles observed in the experiments hyperexponential profile refers

to the very sharp decrease in porosity or increase in the deposited solid volume

fraction close to the inlet followed by a slower porosity decline or deposited vol-

ume fraction increase). Fig. 2.4 shows an example of the measured and calculated

deposition profiles assuming a constant filtration coefficient.

A power-law or log-normal distribution of λ based on the size distribution

of suspended particles was shown to successfully predict the hyperexponential

deposition profiles [222, 221] (such hyperexponential profiles have been reported

in [32]). This approach, however, does not solve the problem of hyperexponential

deposition profiles in experiments with single size suspended particles [132].
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Figure 2.4: Measured and calculated deposition profiles [4].

A second class of correlations assumes various empirical correlations be-

tween the filtration coefficient and the entrapped solid volume fraction. Here we

discuss a number of these models and their predictions.

Boek et al. [26, 13] used the correlation proposed in [75] for the filtration

coefficient:

λ(σ) = λ0(1 + bσ) (2.7)

where λ0 and b are empirical parameters. Boek et al. chose an arbitrary value of

1 for the parameter b and varied λ0 to fit the resulting deposition profiles to the

experimentally measured profiles.

Fig. 2.5 shows the results of this study. Two different sizes of suspended

particles, C1 and C3, were tested. C3 particles were larger than C1, hence they

did not penetrate as deep into the porous medium as C1 particles did. The plot

also shows the calculated deposition profiles for 3 values of λ0. It is clear that

while for the larger particles the fitting effort led to a successful match between
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the measurements and the model, for the smaller particles such a match was

impossible to obtain.

0 0.5 1 1.5 2

0

5

10

15

Invation depth (mm))

V
ol

u
m

e
fr

ac
ti

on

Measured profile (C1)
Measured profile (C3)

Calculated profile (λ0 = 103)

Calculated profile (λ0 = 104)

Calculated profile (λ0 = 105)

Figure 2.5: Measured and calculated deposition profiles [26].

Boronin et al. [28] used the same entrapment kinetics correlation as [26]

(Eq. (2.7)) and varied both λ0 and b to obtain the best match between the model

predictions and experimental measurements. They successfully found the best

parameters that resulted in a good match for two experiments. However, they do

not report any further experiments to investigate the possible dependency of the

fitting parameters on suspension concentration or flow velocity. Fig. 2.6 shows

the deposition profile of one of the experiments.

Yeramilli et al. [218] assumed that the filtration coefficient changes expo-

nentially as the entrapped solid volume fraction grows:

λ(σ) = λ0exp(
−σ
σM

)p (2.8)

where λ0 is the clean bed filtration coefficient, σM is the maximum entrapped solid

volume fraction, and p is an exponent. In solving the DBF equations, Yeramilli et
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al. assumed a constant porosity that does not change by particle entrapment. They

varied λ0 to find the deposition profiles of the core during one coreflood experiment

and found a good match between their predicted and measured profiles. There is,

however, no mention of the values of the parameters p and σM that were used in

their model.
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Figure 2.6: Measured and calculated deposition profiles [28].

The balance equations that are used in [37] are slightly different from the

general DBF model (Eq. (2.1)). Nonetheless, a term for quantifying the rate of

particle entrapment appears in their balance equations as well, which is as follows:

λ(σ) = k2s(1−
σ

σmax
) (2.9)

where k2s is the first order colloid immobilization coefficient and σmax is the maxi-

mum entrapped solid volume fraction. The authors of this study presented correla-

tions between these parameters and other system parameters such as the porosity

of a monolayer of colloidal particles on the grain surface and the cross sectional
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area of the colloidal particles. Ultimately they optimized 5 parameters to fit the

calculated breakthrough curves and deposition profiles to those curves measured

for coreflood tests. Fig. 2.7 shows the resulting curves.

Although they were able to predict a non-monotonic deposition profile

whose behavior is similar to the measured profile, the model overestimated the

amount of colloid entrapment along the core.

Presented examples illustrate that a filtration coefficient model that is ca-

pable of successfully predicting effluent and retention profiles requires multiple

parameters to be optimized and fitted. Table 2.3 lists a number of other articles

using various functions for the filtration coefficient.
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Figure 2.7: Calculated and measured (a) effluent concentration profiles and (b)
particle deposition profiles. Deposition profiles were measured at different injected
pore volumes (PVs). Plots reproduced from [37].

Often times determining these fitting parameters calls for performing ad-

ditional experiments. Furthermore, the functional form of λ is unknown a priori;

thus, a functional form must be assumed before the DBF system can be solved.

Ideally, each particle capture mechanism or their combination may present a solid

function form for λ. However, finding this function for each particle capture mech-

anisms is almost impossible due to the multiple dimensions of the problem, includ-

ing multiple parameters quantifying porous media, particles, and fluids properties.

We argue that the arbitrary assumption for the functional form of λ might be an-

other reason why the retention and effluent concentration profiles predicted by

the DBF model deviate from the experimental measurements for most coreflood

tests.
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Article λ(σ)
[106, 81] λ0

[182] aE(n)
[219] λi
[21] λ0(1− σ

σmax
)

[120] c−s
cr

[222] λiφa
[107] ( ρb

φuc
)krσ − kf

u

Table 2.3: Functional forms of filtration coefficient proposed by various authors.
a is the surface area of the collector, E(n) is the trapping efficiency of the collector
with n particles attached to it, λi is the filtration coefficient of particle type i, λ0

is the clean bed filtration coefficient, c is the volume of the suspended particles in
unit pore volume, r is the particle radius, φa is accessible porosity, ρb is the bulk
density of the porous medium, kr is the rate of particle entrapment coefficient,
and kf is the rate of particle re-entrainment coefficient.

One way to address the uncertainties about T p is to directly observe the

fate of particles in porous media. Direct observation has been done through vari-

ous visual detection techniques. Fluorescence imaging is one of those techniques

used in [118] to detect a wide range of tracer concentrations. In this study the

author indirectly measured the filtration coefficient and dispersivity values for the

colloidal suspension flow through the sand pack; however, she also assumed the

typical first order correlation for T p (Eq. (2.6) with a constant λ). Furthermore,

results of this study were suspected to be negatively affected by fluorescein pho-

todegradation [118]. Photodegradation is the degradation of dye molecules when

exposed to fluorescein light. It is a function of light intensity and duration of

exposure, which makes it difficult to correct for both factors. Another problem

reported in this study is the inability to maintain a steady flow through the sand

pack, which resulted in frequent flooding or desaturation of the pack.

A few other studies used the optical method as well. Bridge et al. [39]

employed the same apprach to measure the colloid removal efficiency of an un-
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saturated 2D sand pack. They found that in unsaturated porous systems, colloid

removal efficiency (which is equivalent to the filtration coefficient) decreases with

increasing pore flow velocity. Auset and Keller [10] designed and fabricated 2D

porous media micromodels with rough and smooth grains via Computer Aided

Design (CAD) and 3D printing. They then flowed suspensions of different colloid

sizes through this micromodel and observed the trajectory and fate of suspended

colloid particles by optical microscopy. They reported that the majority of parti-

cle straining takes place near the micromodel inlet. This study also showed that

the single collector model is unable to predict the particle entrapment by rough

grains.

The limitations mentioned above have inhibited the direct observation to

become an efficient tool to provide insight into the kinetics of particle capture in

porous media. This insight is often missing in the proposed correlations for T p be-

cause those correlations are usually presented without being theoretically derived

from physical principles. To address the problem of visualizing and quantifying

particle capture in true 3D systems, we propose a pore-scale numerical modeling

methodology to model the interactions between the particles, particles and the

carrier fluid, and particles and the porous medium. The results of this model

should enable us to quantify the rate of particle entrapment from first principles.

In addition, the assumptions behind the proposed correlations for T p may be ex-

amined through the outcomes of micro-scale modeling. For instance, the majority

of proposed models assume that particle capture is irreversible and instantaneous.

We will examine this assumption by investigating if particle rolling on the porous

medium grains happens during the suspension flow in porous media. Finally,

we propose a new formulation for particle straining which describes the observed

microscopic behavior better than the DBF.
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The remaining part of this chapter focuses on describing the employed

methodology and how we applied it to study suspension flow in single pores.

A discussion about the importance of various parameters on pore plugging is

also presented later in this chapter. Note that micro-scale simulation in samples

involving representable number of pores, as well as an upscaling methodology for

core-scale are presented in Chapter 3.

2.2 Methodology

2.2.1 Introduction

A numerical modeling approach that is capable of analyzing the dynamics

of solid particles motion along with the fluid, is a desirable tool to provide detailed

understanding of the interactions between the suspension and the filter medium.

Microscopic methods have been shown useful for this purpose because of their

flexibility and strength in simulating the interception-based particle removal in

porous media. Two of the major microscopic models are pore network models

[217] and discrete element method (DEM) [55] combined with computational fluid

dynamics (CFD).

In a pore-throat network model, pore space is represented by a network of

idealized pores inter-connected by throats (tubes of various cross-sections). This

network is then used as the flow domain to simulate fluid flow and transport

in porous media. In order to model filtration, different mechanisms of particle

capture, such as straining and surface deposition, should be provided to the net-

work modeler [45, 160]. In other words, network model by itself is not capable of

modeling particle capture automatically without a priori assumptions or calibra-

tion. On the other hand, discrete element method is capable of modeling most

of particle–particle and particle–wall interactions; therefore it can automatically
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simulate interception-based capture mechanisms, as well as particle capture due

to surface deposition. The ability to automatically model forces on a particle and

integrate them over time is the main advantage of the DEM approach over the

pore-network models when it comes to modeling particle removal by straining and

pore bridging.

DEM is a numerical method for modeling the dynamics of granular systems.

This method calculates the displacements and rotations of each grain according

to the forces exerted on them [152]. Details of this model are presented in Sec-

tion 2.2.3. Remond [162] used DEM to study the gravity-driven granular flow

through a loose disordered packing of spherical grains and investigated the effects

of solid particles volume fraction, particle to grain size ratio, and friction factor

on the clogging of porous media. Shi et al. [180] adopted a similar approach to

model infiltration of spherical particles into a bed of larger spherical grains on a

micro-scale. In their model hydrodynamic drag force on particles is estimated by

the simple Stokes’ drag formula with a constant fluid velocity term, neglecting the

spatial variations in fluid velocity’s magnitude and direction. In order to overcome

this shortcoming, Natsui et al. [140] coupled DEM with a computational fluid dy-

namics (CFD) formulation and simulated the migration and deposition of fines

along with gas flow through a packed bed. Their method, however, is restricted

to spherical granular beds. Qian et al. [157] applied the same method to simulate

gassolid flows within fibrous media. In order to prepare their flow domain they

extracted the locations and diameters of the fibers from the X-ray tomographic

image of the filter and reproduced those as cylindrical objects in the micro-scale

flow domain.

There are two methods for the mentioned coupling between the CFD and

DEM models: fully resolved and unresolved models [64]. In the fully resolved
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model, the flow field is calculated around the moving particle assuming no-slip

boundary condition at the particle surface. The model calculates the hydrody-

namic forces on the particle. Fig. 2.8 shows a schematic of the resolved model and

the CFD grid size compared to the particle size. Details about the fully resolved

model formulation is presented in [86, 115].

Figure 2.8: Schematic of the CFD grid shape and size compared to the particle
size in the fully resolved model.

Figure 2.9: Schematic of the CFD grid shape and size compared to the particle
size in the unresolved model.

In the unresolved model, the fluid-particle interaction is indirectly modeled
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through momentum exchange terms in the CFD formulation. In other words,

the flow field is modeled in a CFD grid which does not see particle boundaries,

however, if a particle exists in a grid cell then a momentum sink term is added to

the CFD formula solved for that cell. This sink model is in fact the hydrodynamic

drag force on the particle. Due to the specific formulation of the unresolved model,

it works best for particles that are smaller than the cell size. Fig. 2.9 shows a

schematic of the unresolved model’s grid and it’s relative size to the particles.

More details on the unresolved model can be found in [115].

The relative size of the grid cells and the suspended particles determines

if the fully resolved or the unresolved model is the most efficient model. If the

particle size is smaller or equal to the CFD grid size, then an unresolved model

should be used to model the particulate flow [64]. This model, however, usually

encounters stability issues when the particle size is close to the grid cell size. On

the other hand, if the particle size is much larger than the grid cell size, then a fully

resolved model is the best tool for modeling the particulate system. The former

model has been used in the present work because the CFD grid cells are quite

large and their size is comparable to the suspending particles’ size (on the order

of tens of microns). We chose coarse CFD mesh size due to high computational

cost associated with smaller grid cells. In addition, the fully resolved simulation

is much more computationally intensive than the unresolved model such that it

makes it almost impossible to simulate a system of more than a few hundreds of

particles in a reasonable time.

In summary, the proposed workflow models the flow of a suspension as a

flow of fluid phase coupled with the flow of solid particles in a geometry extracted

from pore space structure of the porous filter. We employed this methodology

(implementation details are presented in the following subsections) to study sus-
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pension flow in 1) single pores isolated from sphere pack and sandstone samples

2) a sphere pack, and 3) a rough-walled fracture. We discuss the first item in this

chapter and the remaining two items are discussed in the following two chapters.

Simulation results are expected to shed light on how the rate of particle capture

changes with other system parameters such as suspension concentration and flux.

2.2.2 Fluid Flow Modeling and Input Geometry Preparation

Fluid flow is modeled by numerically solving Navier–Stokes equations for

incompressible Newtonian fluids. Simulation domains consist of the pore space

directly extracted from images or granular media models.

The biggest challenge in numerically solving flow equations in the complex

pore space geometry is the proper spatial discretization of the flow domain. In

this work we extract the flow domain from a segmented X-ray computerized mi-

crotomography (micro-CT) image of the sample. For example, Fig. 2.10a shows

a single pore isolated from a micro-CT image of a Berea sandstone sample (it vi-

sualizes the surface between the void and solid space). The segmented image file

is a binarized representation of a 3D image matrix. Voxels of this image matrix

are marked 1 in the void space and 0 in the solid space. Discussion on segmen-

tation algorithms is found in [104]. In order to convert the segmented image into

a tetrahedral spatial discretization of the flow domain we use CGAL 3D Mesh

Generation library [7]. The output file is further processed to extract and label

boundary faces. The resulting mesh file is then converted into an OpenFOAM R©

mesh file via Gmsh software [82], which is also used for visualizing the tetrahe-

dral grid. The discretized flow domain is used along with the fluid properties

and boundary conditions (fixed inlet flow velocity and fixed outlet pressure) as

the input for OpenFOAM R© finite volume CFD modeler to calculate the flow field
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within the pore space. OpenFOAM R© is an open source CFD modeler with differ-

ent modules for modeling steady state, transient, laminar, turbulent, Newtonian,

and non-Newtonian fluid flow. We used the solver for the steady state, laminar,

and Newtonian flow, simpleFoam, to calculate the permeability of the samples

as well as the flow field inside the pore space for one-way coupled simulations

(discussed in Section 2.2.4).

(a) Berea sandstone pore surface
(b) Four equal spheres
forming a single pore

Figure 2.10: Two example pore geometries chosen in this study. Compared to
sphere pack pore, Berea pore has high pore to throat radius aspect ratio.

2.2.3 Particle Flow Modeling

Suspended particles motion is simulated via DEM for granular flow imple-

mented in LIGGGHTS software [115]. Granular flow modeling requires calculating

and summing up all forces acting on each particle. Forces that are included in

this study are gravitational/buoyant forces, contact forces (particle collisions), and

the hydrodynamic drag force. Van der Waals, electric double layer, and Brownian

forces are assumed irrelevant in this study because the particle size exceeds 30 µm

[93]. Short and long range attractive and repulsive forces can be integrated into

the model. Adding a Brownian forcing term would, for instance, effectively result

in averaged diffusive behavior of particles (which is often of interest in colloid
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literature).

Two types of collisions occur when suspended particles flow through a

porous medium: particle–particle and particle–matrix grain collisions. In DEM,

particle–particle interactions are modeled via a soft contact model for two spheres,

which allows a limited overlap of colliding particles at the collision time and the

contact behavior is modeled as a spring—dashpot system [55, 44].

Contact forces have two components:

• Normal force (Fn), which is repulsive and in the direction of the line con-

necting particles’ centers.

• Tangential force (Ft), which acts in the opposite direction of particles’ rela-

tive tangential velocity.

These forces are proportional to particles’ mechanical properties and their relative

displacements and velocities. Fig. 2.11 shows a schematic of two colliding spherical

particles.

 

 

 

 

Fn 

Fn 

Ft 
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vb 

wa 
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Rb 

Figure 2.11: Two colliding spherical particles a and b. wa and wb are the rotational
velocities of particles a and b, va and vb are the linear velocities of particles a and
b, Ra and Rb are the radii of particles a and b, and Fn and Ft are the normal and
tangential contact forces acting on particles a and b.
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Following the nomenclature introduced in Fig. 2.11, the normal and tan-

gential contact forces are calculated via the following formulas:

Fn = knδ
n
ab − ηnvnab

Ft = ktδ
t
ab − ηtvtab

δnab = Ra +Rb − dab

(2.10)

where kn and kt are the normal and tangential spring stiffness of the contact

spring, δnab is the overlap between the particles, δtab is the tangential displacement

of particle a relative to particle b, which is calculated by subtracting the vector

connecting centers of particles at the previous time step from its current value and

projecting it in the tangential direction, ηn and ηt are the normal and tangential

damping coefficients, vnab and vtab are the relative normal and tangential velocities

of particles a and b, and dab is the distance between the centers of particles a and

b. ηn and ηt are functions of particles’ mass, stiffness, and coefficient of restitution.

Similarly, the interactions between a suspended particle and matrix grains

are modeled via the same soft contact model between a spherical particle and a

rigid wall and the displacements are corrected accordingly in Eqs. (2.10). The wall

that represents the porous medium’s grain surface is represented as a tessellated

surface for LIGGGHTS. This surface has to be in stereolitography (.stl) format.

We created the surface geometries in ParaView [92].

2.2.4 Coupling Fluid Flow and Particle Flow

In this modeling approach particles travel independently from the fluid flow

lines. The fluid influences the particle dynamics through the drag force exerted on

each particle. This way, the hydrodynamic retardation is automatically captured

by the model.

In the presented simulations, drag force is the dominant term and the main
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mechanism of particle transport since diffusion is negligible. Drag force on each

particle is calculated by Schiller–Naumann correlation [172] using flow velocity at

the particle’s spatial coordinates:

FD = 0.5CDρfπR
2
p|
−→
Uf −

−→
Up|(
−→
Uf −

−→
Up)

CD = max[0.44,
24

Re
(1 + 0.15Re0.687)]

(2.11)

where CD is the drag coefficient, ρf is fluid density, Rp is particle radius,
−→
Uf and

−→
Up are fluid and particle’s total velocities, and Re = 2ρf |

−→
Uf |Rp/µ.

Passing the flow field information to the DEM solver for drag force cal-

culation is where the coupling takes place. Fig. 2.12 shows a schematic of the

suspension flow modeling used in this study.

The coupling code used in this study is CFDEM [115] open source package,

which couples the DEM solver LIGGGHTS with the CFD solver OpenFOAM R©.

It updates the drag forces on particles using Eq. (2.11) as well as the momentum

transferred to the fluid at each coupling time step. For the simulations presented in

Chapter 2 and Chapter 3 we simplified the code such that it only performs one-way

coupling, which means that only the drag forces on particles get updated at each

coupling time step and the flow field is assumed undisturbed by the particles. The

reason for this simplification is that the fully-coupled solver is unstable and much

more computationally intensive. The one-way coupled solver is only applicable

for running constant rate flow simulations where pressure drop evolution is not as

important.
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(a) Suspended particles in a suspension experience hydrody-
namic drag force from the carrying fluid and contact forces
when they collide with other particles or the wall.[Credit: AP-
S/Alan Stonebraker]

(b) Flow of suspensions is modeled by coupling the flow of
particles with the flow of the carrying fluid.

Figure 2.12: Schematic of the coupling workflow for modeling suspension flow.

2.3 Results: Suspension Flow through a Single Pore

We studied the effect of various flow properties on particle capture in a

single pore. Capture of particles takes place within every single pore in the porous

medium, hence, understanding the mechanisms of capture in a single pore helps
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us to understand particle capture in a large porous sample.

Pore geometries used in this study are a single pore bound by four similar

spherical grains (Fig. 2.10b) and a single pore extracted from a micro-CT image

of a sandstone rock (Fig. 2.10a). For more information about the sandstone pore

please refer to [154]. Fig. 2.13 shows a schematic of particles flowing through the

pore extracted from a monosized disordered sphere pack.

Figure 2.13: Schematic of particles flowing through a single pore bounded by 4
same size spheres. Red meshed surface represents the surface of the bounding
spheres. Suspended particles are 20 times (top) and 10 times (bottom) smaller
than the bounding spheres in radius. Pore is shown from different angles.

Sensitivity analysis parameters are flow velocity, fluid viscosity, and particle

concentration and size. Fig. 2.14 shows the porosity of the single sphere pack pore
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unit vs. time. Porosity of a single pore is defined as the volume of the pore divided

by the volume of the smallest box that encloses the pore.

The black curve shows the base case and other curves represent the effect

of different parameters. According to these results the most influential factor in

particle entrapment in a sphere pack pore is the flow rate. As shown in the graph,

higher rates cause less particle retention in a sphere pack’s individual pores. The

reason might be the larger drag forces at higher flow velocities, which enable the

flow to sweep away the particles. Note that in this case pore is relatively open

compared to consolidated media and particles can be freely carried out of the pore

by the flow without bridging the adjacent pore-throats.
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Figure 2.14: Effects of different parameters on particle retention in a single sphere
pack pore. Parameters used in the base case simulation include particle radius =
0.002 cm, viscosity = 1 cp, flow velocity = 5 cm/s, sphere radius=0.02 cm, and
particle concentration = 5%.

Doubling the concentration of particles does not affect the particle reten-

tion in this pore. Increased concentration is expected to enhance the likelihood of

particle jamming at pore throats. The fact that an increased concentration does
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not cause porosity loss in this pore indicates that jamming is not the controlling

particle capture mechanism in this pore, keeping all other parameters as chosen.

Observing particle flow inside this pore further confirms this speculation.

Similarly, increasing particle radius does not increase particle capture ei-

ther. This observation reveals that the larger particles are still too small to bridge

the throats connected to this pore. In addition, increasing particle size increases

the hydrodynamic drag force on particles and makes it easier for the fluid to re-

move the particles from the pore when particle jamming is not probable. Reducing

particle size by half, on the other hand, completely eliminates particle capture. So

does increasing the fluid viscosity by 10 times. Increase in fluid viscosity enhances

particle mobility by increasing the hydrodynamic drag force.
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Figure 2.15: Effect of flow velocity on particle retention in a single sandstone pore.

We further investigate a pore from a consolidated porous medium (Berea

sandstone). Fig. 2.15 shows the porosity of the single sandstone pore vs. time at

different flow velocities. The analysis shows an increase in pore plugging at higher

flow rates for the single sandstone pore.
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2.4 Discussion

2.4.1 Particle Bridging

Fluid velocity controls particle entrapment by two competing effects: 1)

hydrodynamic drag force sweeps away particles and pushes them further into the

porous medium and 2) simultaneous presence of particles at the pore throats

at higher velocities increases the probability of particle jamming at pore throats.

Both effects are improved by higher velocities, therefore for smaller particle to pore

size ratios, where jamming is less likely to occur, increasing flow rate decreases

particle capture, which happened for the single sphere pack pore (Fig. 2.14). On

the other hand, for larger particle to pore size ratios, jamming effect dominates

and pore clogging is more likely to happen at higher flow rates. This effect is seen

for the case of particulate flow in the single Berea sandstone pore (Fig. 2.15).

The sudden porosity drop seen in Fig. 2.15 is due to sudden particle bridg-

ing at the outlet of the pore. This phenomenon, which is also called jamming,

is a well known occurrence in the flow of granular materials through the outlet

of silos. Several studies have investigated the phenomenon of jamming in rela-

tion to parameters such as suspension concentration. For instance, Mondal et al.

[135] studied particle bridging in a 2D channel with a varying cross section by

the coupled CFD-DEM approach. They observed different bridging probabilities

for different suspension concentrations. In addition to suspension concentration,

they listed flow velocity, particles’ Young’s modulus, outlet size, inlet to outlet

size ratio, and particle density as factors that control particle jamming at a con-

striction. They identified the particle to outlet size ratio as the dominant factor

in controlling the jamming.

In granular material transport practices it is common to introduce mechan-

ical energy to the system through vibration to prevent jamming [233]. An example
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of this application is in food industry, where fouling occurs in microsieves. Studies

show that at some instances fouling is caused by microsieve pore blocking due to

particle straining [103]. Mechanical motion of the microsieve membrane has been

presented in [103] as an effective mechanism for reducing fouling.

Here we tested the idea of whether vibrating the pore opens up the outlet

of the pore and inhibits particle jamming. We vibrated the walls of the Berea pore

at a frequency of 10 Hz and amplitudes of 0.01, 0.1, and 1 µm. We simulated the

particulate flow through the vibrating system. Table 2.4 shows snapshots of the

simulations at different times.

t = 1 s t = 2.5 s t = 4 s

Still

Vibrating
while

flowing

Table 2.4: Effect of vibration on pore-clogging.

We found that under the same flow conditions, unlike a still pore, a vibrat-

ing pore does not get clogged, independent of the vibration amplitude imposed

on the pore.
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The effect of seismic waves on the removal of formation damage has also

been observed in the lab and the field. An experimental study on glass bead

cores flooded by heavy drilling mud with high solid content [202] showed that

exposing the permeability-damaged cores to ultrasonic waves helped recovering

the permeability up to 90% of its original value. Another study [200] reported

an increase in the production from Japanese wells with asphaltene issues after

earthquake events. The wells were known to have only minor wellbore plugging

due to asphaltene precipitation. On the other hand asphaltene precipitation in

the reservoir had caused severe productivity loss in those wells. The analysis of

the pore size distribution of the formation suggested that asphaltene particles as

small as 0.1 µm in radius could get entrapped and cause permeability damage.

The report stated that if the affected wells were producing while they were hit

by an earthquake larger than magnitude 3, then an increase in their production

was observed for the next few days. This production increase was sometimes more

than 50%. After a few days, production would decline again and wellbore pressure

would decrease.

It is likely that the earthquake wave had mobilized some of the asphaltene

particles and unjammed some clogged pores. Asphaltene mobilization is evident

from the unusually large amount of asphaltene sludge gathered at the wellhead

facility at one of the affected wells few days after the earthquake [200]. The

reader might argue that the enhanced production might be due to the reservoir

being seismically stimulated by the earthquakes. Seismic stimulation is referred

to the phenomenon in which the relative permeability of oil is increased due to

the propagation of pressure waves in the reservoir. These waves are believed to

increase the relative oil permeability by decreasing the capillary forces acting on oil

blobs ([231, 8]). However, seismic stimulation does not seem like the main reason
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behind the production boost in the mentioned Japanese wells because those wells

did not show any significant change in the produced gas-oil ratio or water cut

[200].

2.4.2 Representativeness of a Single Pore

We observe large fluctuations in porosity during invasion in individual pores

(shown in Figs. 2.14 and 2.15), while no such fluctuations exist in larger volumes

that contain on the order of thousand pores (data will be presented in Chapter 3).

Individual pores are not representative of larger volumes where porosity variations

average: porosity decrease in one pore often corresponds to a porosity increase in

another.

Furthermore, the larger sample is a collection of pores (and throats), and

the way they connect is crucial in upscaling flow properties. The large variety of

pore and throat shapes, sizes, an coordination numbers prevents a single pore with

specific characteristics from being a representative of porous media. Examples of

the variations of the mentioned properties are presented in Fig. 2.16 and Fig. 2.17.

We can see that in a sandstone, the great majority of the aspect ratios are

below 0.5, that is, throat radius is at least twice smaller than the pore (and still

quite a few < 0.25, which is the aspect ratio exemplified in our Berea pore). On

the other hand, Only 12% of sphere pack pores have radius that is two times less,

and none that is four times less. Therefore, the majority of sandstone pores are

expected to behave as the throat exemplified in this chapter.
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(a) Pore and throat inscribed radii (normalized by sphere ra-
dius) for a subset of the packing of equal spheres (Finney
packing, data available in [73]) with 4109 pores and 7551
throats. The inscribed radius is the radius of the largest
sphere (circle) that can be inscribed within the pore (throat).
The subsample is cubic and with the length of 16 sphere radii
on each side.

(b) Effective pore and throat radius comparison for 1743 pores
and 4584 throats for a cubic subsample of Fontainebleau sand-
stone sample (1.5 mm on a side, for more details see Chap-
ter 3). Grain diameter is likely between 150 and 200 µm, but
it was not measured.

Figure 2.16: Pore/throat size distribution for a sphere pack and a sandstone.
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Figure 2.17: Aspect ratio is the ratio of the effective throat radius and the average
of the effective radii for the two pores this throat connects.

If the capture mechanism in one pore-throat system is quantified as a

function of various geometrical and flow characteristics, the capture model can

be implemented in a more representative pore network model. The pore network

model then allows for upscaling the particulate flow and predicting particle capture

on a larger scale. However, the variability in sandstone aspect ratios (as well as

sandstone pore and throat areas and shapes, coordination numbers which are

not shown here but are available e.g. in [154]) implies that a great number of

simulations would need to be run for each pore before satisfactory statistics and

“rules” applicable to pore network modeling could be found. For instance, each

pore throat could be an entry throat for suspension, and the particle bridging

could differ in each case; not to mention for different suspension properties such
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as concentration, viscosity, etc. . We thus opt for direct simulation in sphere packs

and sandstones as a path to upscaling (see Chapter 3), as opposed to calibrating

network models.

2.5 Conclusions

We presented the methodology of micro-scale modeling of particulate flow

in porous media in this chapter. Further, we applied the presented methodology

to model particulate flow through individual pores isolated from a monosized

sphere pack and a Berea sandstone sample. Here are some findings from these

simulations:

• Suspension velocity has complete opposite effects on particle capture in

Berea and sphere pack pore configurations simulated in this study. An

increase in velocity enhances particle jamming at the tighter throat (Berea

pore) whereas in less tight media (sphere pack) an increase in velocity in-

creases particle mobility and decreases particle capture. These opposing

effects make it impossible to prescribe the right injection flow rate change

to minimize formation damage unless enough information about formation

porosity and pore/throat size is available. However, as a general rule of

thumb, flow rate increase in tight rocks is very likely to increase particle

capture near the injection face and result in a fast plugging and a short

damaged zone. On the other hand, in high porosity formations, increasing

the injection flow rate will probably delay formation plugging and result in

a deeper damaged zone.

• Introducing mechanical energy to the system through vibration can prevent

particle jamming. Hence, when jamming is confirmed as the controlling par-
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ticle capture mechanism, one remedial measure may be seismic stimulation.

An increase in particle plugging by increasing the injection flow rate is a

sign of jamming as the leading particle capture mechanism in the system.

• Fluctuation in the volume of retained particles seen in Figs. 2.14 and 2.15 is

an evidence of particle re-mobilization after being captured. Direct observa-

tion of particulate flow through single pores showed that particles re-entrain

the flow after colliding with higher energy particles. The higher energy par-

ticle loses some of its energy and might either get entrapped or continue

its motion but at a lower velocity. This observation brings up important

questions about the validity of the instantaneous and irreversible particle

capture assumption in the DBF. We will address this topic in more details

in the next chapter.

Given the variability of pore/throat shapes, sizes, and connectivities in porous me-

dia, it would be a considerable effort to do simulations in a representative number

of pore/throat geometries and for enough cases of particle and fluid parameters.

Likewise, it would be a challenge to deduce simple pore/network rules to imple-

ment in network modeling. Hence in Chapter 3 we move to simulations in REVs,

instead of calibration of pore-network models.
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Chapter 3

Particle Removal by Straining in Representative

Porous Media 1

3.1 Background

Straining and particle bridging are particle removal mechanisms where par-

ticle/grain size ratio is large. Straining happens when particles are not able to pass

through pore throats due to their size. Particle bridging happens when multiple

particles smaller than a pore throat arrive at that pore throat at the same time and

plug the throat. Straining and pore throat bridging, which are also referred to as

interception-based mechanisms, play a significant role in particle retention either

in tighter porous media or suspensions with larger suspended particles [10, 31, 32].

Particle removal by straining is commonly modeled through the deep bed

filtration model (Section 2.1). Similar to the general filtration models, the in-

put to the straining model via DBF is the rate of particle entrapment, which is

usually determined through experimental measurements. In a typical coreflood

experiment, a suspension at a certain concentration and flow rate is injected into a

porous core sample. During the course of the experiment the pressure drop along

the core and the effluent concentration are recorded. The evolution of the effluent

concentration over time, which is also called the breakthrough curve, is used along

1The methodology and parts of the results presented in this chapter have been previously
published in the following article. The author provided the numerical simulation results and
upscaling procedure, and wrote the journal article.
M. Mirabolghasemi, M. Prodanović, D. DiCarlo, and H. Ji. Prediction of empirical properties
using direct pore-scale simulation of straining through 3D microtomography images of porous
media. Journal of Hydrology, 529:768-778, 2015
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with an inverse problem solution of the Eqs. (2.1) to (2.3) and (2.6) to calculate

the filtration coefficient (λ(σ)) [20]. Here we present some of the experimental

studies on particle removal by straining. Table 3.1 lists the particle and porous

media properties of the experiments described in this section.

Bradford et al. [31] defined two different particle entrapment rates for par-

ticle entrapment by attachment and straining. They proposed the following cor-

relation for the rate of particle entrapment due to straining:

T pstr =
∂(ρbSstr)

∂t
= θwkstrc(

d50 + z

d50

)−β (3.1)

where T pstr is the rate of particle entrapment due to straining, ρb is the porous

media’s bulk density, Sstr is the volume fraction of strained particles, θw is the

volumetric water content, kstr is the straining coefficient, d50 is the median grain

diameter, z is the distance from the inlet, and β is a fitting parameter.

Eq. (3.1) was proposed based on the observations indicating that particle

straining is a strong function of the distance from the injection face. Fig. 3.1

shows the measured and calculated effluent and retention profiles for two sample

tests in which the authors believed the only particle entrapment mechanism was

straining.

Although the match between the calculated and measured values looks

satisfying, the authors expressed skepticism about whether straining was the only

capture mechanism. They argued that having more than one fitting parameter

(here β and kstr) might be the reason for the low error of the model predictions.

Furthermore, the fitted values of β and kstr for different particle sizes did not show

any consistent trend; i.e. it is not clear if those values increase or decrease with

particle size.
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Article Porous medium
Permeability

(D)

Medium’s
particle size

(µm)
Porosity (%) Particles

Particle size
(µm)

[31] Ottawa sand - 150 - 740 33 - 38
Fluorescent

colloids
0.45 - 3.2

[33] Ottawa sand 4.74 - 413 150 - 710 30.9 - 35.6
Fluorescent

latex
microspheres

1.1 - 3

[203] Glass beads 0.159 400 - 600 38
Aluminum oxide

particles
7

[223] Glass beads - 30 - 125 -

Fluorescent
polystyrene

latex
microspheres

0.89 - 4.54

Table 3.1: Porous medium and particle characteristics in the experimental studies discussed in this section. This list is
not meant to be exhaustive.
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(a) Effluent concentration normalized by the injected suspension con-
centration at different injection times.
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(b) Final retention profiles of two sample tests.

Figure 3.1: Measured and calculated retention and effluent profiles for two sample
tests [31].
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Bradford et al. [33] expanded the entrapment kinetics model (Eq. (3.1)) to

included additional dependencies:

T pstr =
∂(ρbSstr)

∂t
= θwkstrc(1−

Sstr
Smaxstr

)(
d50 + z

d50

)−β (3.2)

where Smaxstr is the maximum strained particles’ concentration.
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(b) Final retention profile.

Figure 3.2: Measured and calculated retention and effluent profiles for a sample
test [33].

This model provides 3 fitting parameters. The authors of this study chose
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to assign a constant value to β and fit Smaxstr and kstr to the experimental mea-

surements. Fig. 3.2 shows the resulting retention and effluent profiles.

Vaz et al. [203] used a simpler function of filtration coefficient to quantify

the kinetics of particle removal by straining:

λ(σ) =

{
λ0(1− σ

σmax
), σ < σmax

0, σ > σmax

where σmax is the maximum volume fraction of entrapped particles. λ0 and σmax

were fitted along with a permeability-porosity model to obtain pressure decline

across flooded cores. The authors reported less than satisfactory matches for tests

on heterogeneous cores and a case where σmax > 1.

Filtration coefficient can also be directly calculated by relating pore size

distribution to the suspended particle size distribution. This approach is called the

population balance model [177, 20] and is based on the particle size distribution of

the suspended phase, and pore size distribution of the filter medium. An improved

version of the same method has been proposed to model the surface attachment

mechanisms as well [20].

The rate of particle entrapment is related to system properties through the

following formulas:

T p =
1

l
(1− f)uc (3.3)

f =

∫∞
0
ν( rs

rp
)k1(rp)H(rp, x, t)drp∫∞

0
k1(rp)H(rp, x, t)drp

(3.4)

where l is the characteristic microscopic length, f is the fraction of the flux flowing

through the accessible pores, and H(rp, x, t) is the pore concentration distribution

of the pores crossing a unit cross section of the porous media perpendicular to

the flow direction. rp and rs are pore and suspended particle radii respectively.

ν( rs
rp

) is the single pore flux reduction factor and it represents the flux in the
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accessible volume of a pore occupied by a solid particle. If pores are assumed

to be cylindrical pipes in which Poiseuille flow profile is valid, the flux reduction

factor will be as follows:

ν(
rs
rp

) =

{
0, rs

rp
> 1

(1− rs
rp

)2(1 + 2( rs
rp

)− ( rs
rp

)2), rs
rp
< 1

k1(rp) in Eq. (3.4) is the permeability of a single pore with radius rp. For a

cylindrical pore we have:

k1(rp) =
πr4

p

8

Finding the rate of particle entrapment through population balance model

is challenging due to multiple reasons:

1. Eq. (3.3) indicates that the rate of particle entrapment is linearly propor-

tional to the suspension flux through inaccessible pores (1 − f). However,

experimental studies have shown that this relationship is nonlinear [223].

2. Distribution function H(rp, x, t) is not generally known for porous media.

In addition, as new particles get entrapped in the medium, this distribution

changes. Shapiro and Yuan [176] proposed a formula for the rate of change of

H(rp, x, t) as a function of flow rate and particle and pore size distributions

but they did not present any experimental validation for the formalism they

proposed.

3. The characteristic length scale l has been described as the single factor that

relates the surface pore concentration (H) to the volumetric pore concen-

tration (Hv): Hv = H
l
. However, this relationship is too simplistic and

parameter l remains to be only a fitting parameter [176] without a signifi-

cant physical meaning.

57



4. The criteria for distinguishing accessible pores from inaccessible ones is

somewhat arbitrary. Pores that are smaller than particle size ( rs
rp

> 1)

are all inaccessible to that particular particle size group; however, pores

that are larger than the particles are not guaranteed to pass those particles.

For example, in the case of particle bridging, the accessibility of the pore

depends on the particle to pore size ratio as well as particle velocity and

concentration. Thus, the criteria of pore accessibility generally depend on

the particle capture mechanism and have not been theoretically derived in

the framework of the population balance theory.

5. The assumption of perfect mixing used for deriving Eq. (3.4) [224] might

not always hold for particle removal by straining.

6. The porosity is assumed to be the pore area in unit cross section of the

porous medium [176]. This assumption introduces error in calculating other

variables such as concentration and entrapped volume fraction.

The presented discussion about the available straining models brings for-

ward a few major points to be addressed to improve our understanding of particle

removal by straining:

1. Compared to the colloid filtration theory, much less attention has been paid

to straining and particle bridging as particle removal mechanisms, despite

the evidence that hints that these mechanisms might play a non-trivial role

in the capture of colloid sized and larger particles.

2. It is a difficult task to exclusively study the straining and particle bridging

experimentally due to the omnipresence of surface forces. Presence of sur-

face forces makes it nearly impossible to turn off the mechanism of surface
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deposition and isolate the straining and particle bridging as the only particle

capture mechanisms.

3. Because of the above-mentioned limitation, it is not clear how the rate of

particle entrapment changes with other system parameters when the domi-

nant capture mechanisms are straining and particle bridging. The available

DBF models assume an arbitrary correlation for the rate of entrapment. The

tuning parameters associated with those correlations are usually derived em-

pirically. Often it is not well understood how those empirical parameters

are affected by other system parameters and properties. The population

balance theory provides a theoretical derivation for the rate of particle en-

trapment; however, it also includes some non-physical parameters that can

only be estimated from lab tests.

We present, in this chapter, the direct simulation of particle and fluid flow in the

pore space extracted from a disordered sphere pack. We aim to show that this

method, whose details have been presented in Chapter 2, is capable of predicting

the particle retention in lab core samples, despite its microscopic nature. The

microscopic model that is used in this study, which is based on the DEM, is

a logical choice for modeling interception-based capture mechanisms. It further

allows for turning off surface forces and having straining and bridging as the

only particle capture mechanisms. This microscopic approach is based on first

principles and eliminates the need for a priori assuming any arbitrary correlation

for the rate of particle entrapment. Finally, the nature of direct simulation is

such that details on spatial distribution of particles (and other parameters) are

available (at the expense of the size of the studied medium).

We particularly focus on the correlation between the rate of particle en-
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trapment and suspension concentration and aim to extract this correlation from

simulation results. We further examine the assumption of instantaneous particle

capture made in the DBF model by studying the velocity distribution of solid par-

ticles in the system. Based on the velocity distribution of particles we conclude

that the majority of particles get slowed down by the porous medium instead of

being instantaneously captured. This observation allows for proposing an alter-

native model to the DBF for modeling straining in porous media.

3.2 Validation

We validated our approach by (1) calculating the rate of entrapment via

micro-scale modeling, (2) plugging the calculated rate of entrapment in DBF

equations and solving for the porosity profile along a large core, and (3) comparing

the calculated profile to the experimentally measured profile in the same core to

check the validity of the simulations (Fig. 3.3). Each step is described separately

in the following section.

3.2.1 Experimental Study

In order to validate the presented methodology, we ran a number of core-

flood experiments in our research group (details available in [132], Hongyu Ji is

especially acknowledged for executing the experiments). Each experiment started

with filling a cylindrical core (30.5 cm long and 2.54 cm in diameter) with soda-

lime glass beads (0.8–1.2 mm in diameter, manufactured by MO-SCI Specialty

Products L.L.C) and brine solution, and imaging it with a CT scanner (Universal

Systems HD-350E multiple energy modified medical scanner). The scanner quan-

tified in situ density (and thus porosity) as a function of position in the porous

sample [63].
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micro-scale
modeling -

Section 3.2.4

rate of entrapment - Section 3.2.4.2

DBF - Section 3.2.2

porosity profile
coreflood

experiment -
Section 3.2.1

comparison and
validation -
Section 3.3

Figure 3.3: Validation steps. The schematic indicates sections in which all steps
are described in detail.

The core was then flooded by a suspension of smaller soda-lime glass beads

(78–106 µm in diameter) in brine solution. A schematic of the flow system is

shown in Fig. 3.4a. In each case we flushed the same volume of particles through

the core. After injecting 18 cm3 of solid particles, the flow was stopped and the

core was transferred to the CT scanner to be imaged again (in vertical position).

Two-dimensional images of the core cross section were recorded with a spacing

of 1 cm. The average CT number before any damage was around 1520 while

the CT number for brine solution and glass are 20 and 2500, respectively, which

was consistent with the average porosity of the manually packed column that was
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around 0.40. The difference between CT numbers before and after the flooding

allowed for the computation of the retention profile along the core using Eq. (3.5).

σ(i) =
CT0(i)− CT (i)

CTwater − CTglass
(3.5)

where CT0(i) and CT (i) are the CT numbers of voxel i before and after the

flooding and CTwater and CTglass are water and glass CT numbers respectively.

Fig. 3.4b shows a CT-image of a core cross section before and after the flooding.

(a) (b)

Figure 3.4: (a) Schematic of the flow system setup. We monitored the pressure at
6 points along the core. Total pressure drop across the core at the end of the test
ranges from 1370 to 5750 Pa . (b) Example CT-images of the core cross section
before (top) and after (bottom) the coreflood. A cross section is imaged every 1
cm of the core.

We also measured the permeability of the clean core, which was 900 D.

Permeability and porosity values of the clean core were later used to validate the
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microscopic flow model. We repeated the experiment for 3 suspension concentra-

tions of 1%, 3%, and 5% at a rate of 90 cc/min.

3.2.2 DBF Modeling

We applied the classical DBF model (Eqs. (2.1) to (2.3) and (2.6)) to

simulate the particle infiltration during the coreflood experiments and check if

our model is able to independently predict the retention profiles measured in

coreflood experiments. Straining is dominant when particle diameter exceeds 30

microns [93]. These particles are too big to disperse in porous media, hence,

only the advection term is relevant to the straining model (D = 0). Combining

Eqs. (2.1) to (2.3) and (2.6) and if the filtration coefficient (λ) and Darcy velocity

(u) are constant:

∂(φc)

∂t
+ u

∂c

∂x
= −λuc

∂φ

∂t
= −λuc

(3.6)

For a coreflood experiment through an initially clean core, the boundary condi-

tions are as follows:

c(x = 0) = Cs for 0 < t

c(t = 0) = 0 for 0 < x ≤ L

φ(t = 0) = φ0 for 0 ≤ x ≤ L

(3.7)

where Cs is the injected suspension concentration,  L is the core length, and φ0 is

the initial porosity of the core.

Equations 3.6 are discretized through a finite difference upwind implicit

scheme into the following discrete equations:

(φni + λucn+1
i ∆t)cn+1

i − φni cni
∆t

+ u
cn+1
i − cn+1

i−1

∆x
= −λucn+1

i (3.8)
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φn+1
i = λucn+1

i ∆t+ φni (3.9)

where subscript i denotes the number of the computational node, superscript n

and n+ 1 mark the variable at the current and next time steps respectively, and

∆t and ∆x are the length of time step and grid cell respectively. This derivation

is based on a uniform grid with a single cell size along the computational domain.

Starting at t = 0 (n = 0) and the first cell (i = 1) boundary and initial

conditions 3.7 translates to:

φ0
1 = φ0

c0
1 = 0

c0 = Cs for all values of n

Substituting the above for n = 0 and i = 1 in Eqs. (3.8) and (3.9) we get:

(φ0 + λuc1
1∆t)c1

1

∆t
+ u

c1
1 − Cs
∆x

= −λuc1
1 (3.10)

φ1
1 = λuc1

1∆t+ φ0 (3.11)

Eq. (3.10) is a quadratic equation with the unknown c1
1. Once it is solved

for c1
1, c1

1 is substituted into Eq. (3.11) to obtain φ1
1. Now that the porosity

and concentrations are calculated in the first cell for the next time step, the

solution can be marched down stream to obtain those values for the remaining

cells following the same procedure used for the first cell. Once all values of porosity

and concentrations at the next time step are determined, we march one time step

down and those values are now used as values for the current time step and the

procedure repeats for as many time steps as desired. The MATLAB code of the

implicit solver is listed under Appendix C.

The derivations discussed in this section are based on a constant and known

value of λ. The methodology for obtaining the filtration coefficient from the micro-

scale simulation is explained in Section 3.2.4.

64



3.2.3 Permeability Estimation

Once the porosity distribution in the core is calculated from the DBF

model, the permeability is found from two porosity-permeability correlations for

sphere packs. It is worth mentioning that the standard coupled CFD-DEM ap-

proach automatically calculates the pressure drop across the sample. However,

large size of suspended particles compared to grid cell size in our model caused

stability issues for the coupled solver (see details in Section 2.2.1). Therefore we

limited the model to one-way coupling, which only computes the flow field in the

absence of suspended particles and assumes that the flow field does not change

once particles enter the domain. Needless to say, this one-way coupled model is

not capable of automatically calculating the pressure drop across the sample, and

this is an area for future improvement.

3.2.3.1 Correlation by Khan et al. [112]

The first model that is used to estimate the permeability from porosity is

the correlation between permeability and the amount of deposited solids derived

from pore network simulations [112]. Pore network modeling is a semi-upscaled

simulation where pores and throats assume simplified geometries (e.g. cylinders),

but are connected in a network that allows capturing small-scale heterogeneity

(e.g. in radii of cylinders cross-sections).

In a pore network model material balance equation is set up for each pore:

N∑
j=1

gi,j
µ

(Pj − Pi) = 0 (3.12)

The above is the material balance equation for pore i with N throats

connecting to it. gi,j is the hydraulic conductivity of the throat connecting pore i to

the neighboring pore j, µ is fluid viscosity, and Pi and Pj are the pressures in pore
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i and pore j. By solving these conservation equations for all pores simultaneously,

we obtain pressure and flux distribution in the network.

In order to account for the permeability drop due to the presence of de-

posited particles, a correlation has been proposed by [48] that updates the hy-

draulic conductivity of the throat according to the number and size of the de-

posited particles:

1

gij
=

8Lij
πrij04

+
24

πrij04

n∑
k=1

rp,k [1− (1− rp,k
rij0

)2]2 K1,k (3.13)

where rij0 is the initial radius of the cylindrical throat connecting pore i to

pore j, Lij is the length of the throat, n is the total number of particles deposited in

throat ij, rp,k is the radius of the kth deposited particle, and K1,k is the coefficient

that determines how much additional pressure drop the kth deposited particle will

induce. K1,k is a function of the ratio of the deposited particle radius to the throat

radius.

After finding the pressure distribution in the pore network for a certain

flux Q, the permeability, K, of the pore network is calculated by:

K =
Qµ Lsample
∆Psample

(3.14)

where Lsample is the length of the pore network in the flow direction, µ is fluid

viscosity, and ∆Psample is the pressure drop across the pore network.

The benefit of this model is the ability to capture local variations in throat

radii, dynamic flow redistribution in response to the deposited particles and the

resulting cumulative effect on permeability. Khan et al. [112] ran this model for

cases with different total number of deposited particles, for a system with grain di-

ameter of 1 mm, deposited particle diameter of 100 µm, and total porosity of 41%.

They found the permeability of the sample as a function of the deposited solid
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volume fraction. Markers in Fig. 3.5 show the resulting curve of the permeability

ratio vs. volume fraction of deposited particles.

3.2.3.2 Bidisperse Model by Thies-Weesie and Phillipse [191]

The second permeability correlation used in this work is the bidisperse

sphere packing permeability correlation proposed in [191]. In this work, authors

measured the permeabilities of binary sphere packs at different compositions. The

packs were composed of silica spheres and the fluid was cyclohexane. They further

quantified their findings in the framework of Kozeny-Carman relation.

The proposed correlation for the permeability of a bidisperse packing is as

follows. If Rg and Rp are the radii of the sphere pack grains and deposited particles

respectively, the following correlation gives the permeability of the sphere pack

with deposited particles:

K =
φ3

C(1− φ)2
[

(1− φ)RgRp

(φ0 − φ)Rg + (1− φ0)Rp

]2 (3.15)

in which, φ and φ0 refer to the porosity and initial porosity of the sphere pack.

For a clean bead pack Rp = Rg and φ = φ0; therefore permeability corre-

lation becomes equivalent to Kozeny-Carman relationship:

K0 =
φ3

0R
2
b

C(1− φ0)2
(3.16)

Thies-Weesie and Philipse [191] provided analogies that predicted that

the constant C is almost independent from the composition of the bidisperse

packs. Their experimental findings also showed that C is approximately similar

for monodisperse and bidisperse sphere packs. Therefore, knowing that σ = φ0−φ,

the permeability ratio from Eqs. (3.15) and (3.16) reduces to:

K

K0

= (
φ0 − σ
φ0

)3(
1− φ0

1− φ0 + σ
)2[

1− φ0 + σ

1− φ0 + σRg

Rp

]2 (3.17)
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where σ is the volume fraction of deposited particles in Khan et al. [112]. Thus

we can compare the two approaches for permeability calculation.

Solid line curve in Fig. 3.5 shows the above correlation for a sphere pack

whose porosity is 41% and the deposited particles are 10 times smaller than the

grains. The plot indicates that the permeability estimated by the pore network

modeling is significantly larger than the permeability estimations of the bidisperse

sphere pack model. Khan et al. [112] also reported that their model overestimates

permeability values due to ignoring multi-particle effects. The two permeability

models presented here have been developed through different approaches, hence

comparing them is only valid in terms of comparing their predictions of the same

test results with the measured results. We will present this comparison in Sec-

tion 3.3.
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Figure 3.5: Permeability as a function of the deposited solid volume fraction
calculated the pore network modeling [112] and bidisperse sphere pack model
[191].
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3.2.4 Direct Micro-scale Modeling

3.2.4.1 Simulation Setup

In order to obtain the rate of particle entrapment for a single computational

element, we ran our micro-scale particulate flow simulations in the flow domain

extracted from the pore space of the single computational element. The element

is chosen to be a cube with 0.8 cm long edges. Size of the sample was chosen

such that it roughly represents a typical computational cell in the DBF model

[26]. One of the characteristics of the computational cell is that any property

computed in such a cell is assumed to be uniformly distributed over the cell. The

property of interest in filtration simulations are properties such as tortuosity and

porosity, and entrapped solid volume concentration.

Remond [162] showed, through numerical simulations, that a periodic pack-

ing of monosized spheres that has 4 grains along each edge is a representative

volume with respect to tortuosity and pore size distribution. According to this

finding, we chose a packing composed of 8 spherical particles along a side to ensure

that the chosen volume is an appropriate representative of the flow properties of

a larger but similar sphere pack.

The representativeness of the packing with respect to the entrapped solid

volume fraction is determined by examining the volume fraction of entrapped solid

along the packing. Here we present the calculated entrapped solid volume fraction

along the cubical sample in the flow direction at different times. Fig. 3.6 shows

an example of the results of such calculations. Details on how we calculated the

volume fraction of entrapped solids through numerical modeling will be presented

later in this chapter.

The fluctuations seen in Fig. 3.6 are mainly due to the fact that the prop-

erty (entrapped solid volume fraction) has been averaged over a volume that is

69



smaller than the representative volume. Nonetheless, there is noticeable differ-

ence between the volume fraction of the entrapped particles at the two ends of

the sample. It appears from this plot that for having a more uniform distribu-

tion of solid volume fraction over the REV, it should be cut down to 0.5 cm on

each side. Therefore, for calculating the volume fraction of entrapped particles we

cropped out a 0.5× 0.5× 0.5 cm3 cube.
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Figure 3.6: Volume fraction of entrapped particles along the sphere pack.

After choosing the REV size, we reconstructed the disordered bead pack

within this REV using the algorithm developed by Thane [190] for disordered

sphere packs, and then prepared the final binarized image of the generated pack

to be used in simulations (Fig. 3.7b). The resulting image was tested to match

the porosity of the experimental core. Furthermore, the binarized image was

converted into a CFD grid via CGAL library [7] (the routine for converting the

CGAL output to Gmsh mesh file is listed under Appendix A). Flow field inside

this grid was calculated by open source CFD code OpenFOAM R© (described in
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Section 2.2.2). We calculated the permeability of the disordered bead pack based

on the flow field results and compared it to the values calculated by Carman-

Kozeny formula (Eq. (3.18)).

K =
D2φ3

180(1− φ)2
(3.18)

where K is the permeability of the sphere pack, D is sphere diameter, and φ is

the sphere pack porosity.

We applied the same workflow on a micro-CT image of a Fontainebleau

sandstone sample (Fig. 3.7a) and listed the resulting permeability values in Ta-

ble 3.2.

(a) Fontainebleau sandstone (b) Disordered sphere pack

Figure 3.7: Pore-grain surface rendering based on micro-CT images of porous
samples. Fontainebleau sample size is 1.75mm× 1.75mm× 1.75mm and sphere
pack size is 8mm× 8mm× 8mm.

Good agreement between calculated and measured permeability values con-

firms that the mesh quality and the accuracy of OpenFOAM R© calculations are

acceptable. We note that convergence is not straightforward due to poor mesh

quality in many cases, and blind refinement does not necessarily solve the prob-

lem due to omnipresence of small features which cause skewed or high aspect ratio
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elements in any remotely realistic porous medium geometry. OpenFOAM R© has a

feature for checking the mesh quality before starting the simulation.

Sample
Calculated

permeability
(D)

Permeability by
other sources

(D)

Source of permeability
estimate

Fontainebleau sand-
stone

2.6 3.0
Lab measurements by

[119]

Disordered sphere
pack (sphere diameter
= 1 mm, porosity =
34.8%)

597 558
Carman-Kozeny

correlation

Table 3.2: Permeability of imaged samples calculated from direct flow simulation
compared to permeability of similar samples reported by other sources.

Coupled fluid-particle flow simulation starts by introducing particles at a

distance from the inlet and outside the flow domain with a constant velocity (Fig.

3.8). Particles continue to flow towards the porous media and consequently enter

the flow domain (pore space). When the particles enter the porous medium the

buoyant and drag forces are integrated into the granular flow model. Simula-

tions continue by periodically introducing particles near the inlet in accordance

with the overall particle concentration and flow rate defined for the experiment.

Simulations are stopped a few seconds after the beginning of the flow.
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Particle
insertion

region

Flow direction

Figure 3.8: A 2D schematic of the simulation domain. Small particles are intro-
duced in the box shown on the top and flowed toward the filter on the bottom.
A gap is left between the insertion region and the filter medium to accommodate
the formation of the external filter cake. The side boundary conditions for the
flow are symmetry planes.

3.2.4.2 Determination of the Volume Fraction of Entrapped Particles

Approach I: Defining a velocity cutoff to tag entrapped particles

In order to determine which particles are entrapped in the sphere pack

we looked at the velocity distribution of particles. Fig. 3.9 illustrates a sample

velocity distribution at different times.

It is clear that the fraction of particles with lower velocities than the av-

erage fluid velocity grows as filtration proceeds in time; however, the velocity

distributions indicate that most of the particles are only slowed down by the filter

instead of being completely stopped. Therefore defining a velocity cutoff seems
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necessary to distinguish between captured and suspended particles. We pick a

velocity cutoff such that the fraction of particles moving at lower velocities than

the chosen cutoff grows over time. This value corresponds to 0.001 cm/s for the

example distribution shown in Fig. 3.9.
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Figure 3.9: Particle velocity distribution through time (solid lines). Mean flow
velocity is shown by dotted vertical line. The velocity cutoff for entrapped particles
chosen based on this graph is 0.001 cm/s (dashed line).

Approach II: Calculating the rate of particle accumulation

The velocity cutoff approach presented in Approach I is quite subjective;

i.e. there is no analytical way to derive the cutoff velocity other than eyeballing

the velocity distribution plots. Needless to say that in some cases it is not possible

to find a clear cutoff value.

In order to avoid the uncertainty associated with this speculative approach,
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we suggest using the general form of material balance equation for the suspended

phase:

∂ρ

∂t
+
∂q

∂x
= 0 (3.19)

where ρ is the total volume of solid particles in unit bulk volume and q is the flux

of the suspended phase (i.e. volume of the suspended particles passing through a

unit cross sectional area of the core per unit time).

We define the following non-dimensional parameters to convert Eq. (3.19)

to its non-dimensional form:

t′ =
tu

L

c =
q

u

x′ =
x

L

(3.20)

where u is the Darcy velocity of the suspension and L is the length of the core.

Therefore, for constant Darcy velocity, Eq. (3.19) becomes:

∂ρ

∂t′
+
∂c

∂x′
= 0 (3.21)

The first term in the above equation represents the rate of particle accu-

mulation in the porous filter. In other words it quantifies the kinetics of particle

capture and the mechanisms behind it. If this term is known as a function of other

system parameters, then the material balance equation can be solved, which will

yield the retention profile along the core. In order to find the functional form

of this term we used the results of our micro-scale simulations and measured the

total volume fraction of the particles inside the pore space at different times for 3

different suspension concentrations. By plotting the total volume fraction of par-

ticles vs. time for different suspension concentrations (Fig. 3.13), we were able to

estimate the rate of particle accumulation as a function of suspension concentra-

tion. Once we find the correlation between the rate of particle accumulation ( ∂ρ
∂t′

)
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and suspension concentration (c) we can plug this correlation back into Eq. (3.21)

and find the porosity profile along the core.

We calculated the porosity at the end of the filtration by applying both

approaches and compared the results with experimental measurements. Please

note that the only particles we consider in all of our calculations are those within

the porous medium volume; any cake formed on the outside is not taken into

account when calculating the entrapped volume.

3.3 Results

Fig. 3.10 shows a snapshot of the suspension flow simulation, with sus-

pended particles shown in brown and the bead pack in gray. Please note that this

snapshot shows the flow of a highly concentrated suspension (Cs = 0.25) through

densely packed spheres (φ = 0.36). Thus a thick external filter cake has formed on

the injection face and is clearly seen in this picture. We did not observe the for-

mation of a thick external filter cake in the simulations whose results are shown

in Fig. 3.11, as our sphere pack is more porous (φ = 0.40) and the suspension

concentration is kept below 0.13.

As discussed in the previous section, for determining the rate of particle

entrapment there are two different approaches. In the following we will show the

results obtained by choosing each approach.
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Figure 3.10: Sphere pack sample invaded from the top face by particles approxi-
mately 10 times smaller than the spheres in radius. Particle radius is 10 µm. The
snapshot is taken during the simulation of a high concentration (around 25% vol-
umetric concentration) suspension flowing through densely packed beads, hence
the thick external filter cake is formed.

Approach I:

Volume fraction of entrapped particles was calculated by defining a ve-

locity cutoff for entrapped particles. We calculated the entrapped solid volume

fraction at each time step and plotted them against time. Fig. 3.11 shows the evo-

lution of entrapped solid volume fraction during the suspension flow for 3 different

suspension concentrations.

All 3 curves exhibit more or less a linear trend, which indicates that the

slope of the lines, which is the rate of particle entrapment (T p), and eventually

the filtration coefficient (λ in Eq. (2.6)), are independent from the entrapped solid

volume fraction. From the plot it appears that the filtration coefficient does not

change with the entrapped solid volume fraction, however this has been shown
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to be only valid for the initial stages of particle entrapment. We also see this

trend for the initial few seconds of suspension flow in the REV. However, due

to computational cost which limited us from running our simulations for longer

times, we extrapolate this trend to the later times as well.
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Figure 3.11: Entrapped solid volume fraction (σ) vs. time estimated by micro-
scale simulation. Note that 1s is approximately the time when 1 pore volume of
suspension passes through the sample. The points after 1s are fitted with lines,
and for each fit, details are provided on the graph.

From Fig. 3.11 it is also clear that the slopes are a function of suspen-

sion concentration. In order to find out how the rate of entrapment changes

with suspension concentration, we plotted the slope of each curve vs. suspension

concentration (Fig. 3.12).

T p = 1.63uc (3.22)
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Figure 3.12: Rate of particle entrapment normalized by the velocity (T
p

u
) for

different suspension concentrations, estimated by simulation. Solid line shows the
linear fit to the data.

Table 3.3 lists the units of Eq. (3.22):

Parameter Unit
T p 1/s

1.63 1/m
u m/s
c cm3/cm3

Table 3.3: Parameters in Eq. (3.22) and their units.

We already discussed in Section 2.1 that it is common to assume that the

rate of entrapment is a first order function of total solids flux (uc). Here we also

assume the same linear correlation for T p. Because u is same for all 3 cases, we

assumed that the rate of entrapment is a linear function of concentration and

fitted a line to the T p − c dataset (Eq. (3.22)).

Having the only constitutive relationship resolved by micro-scale modeling,

we are now able to solve the DBF Eqs. (2.1), (2.2) and (3.22) with the boundary
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conditions (3.7). The coefficient 1.63 1/m obtained here is specific for system

parameters (and limited times) from this study, but the procedure can be repeated

for a different setup.

Approach II:

This approach uses simulation results to calculate the rate of particle ac-

cumulation in the packing unit ( ∂ρ
∂t′

). Fig. 3.13 shows the growth of the total

volume fraction of particles inside the packing at different suspension concentra-

tions. Here, accumulation curves show that the rate of solid accumulation in the

packing (slopes of the curves) depends on the suspension concentration. Fur-

ther, we plotted the rate of solid accumulation (slopes of the curves) against the

concentration to examine their relationship (Fig. 3.14).
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Figure 3.13: Evolution of total volume fraction of particles inside the packing
(ρ). Slopes of the curves after the initial transient time correspond to the rate of
accumulation.
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From Fig. 3.14 we obtain

∂ρ

∂t′
= acb (3.23)

where a = 19.4 and b = 1.8 and they are dimensionless. Plugging the value of

∂ρ
∂t′

into Eq. (3.21) and solving the differential equation we get the suspension

concentration profile along the core:

∂c

∂x′
= −acb → 1

1− b
c1−b

∣∣∣c
Cs

= −ax′
∣∣∣x′
0
→ c = [C1−b

s + a(b− 1)x′]
1

1−b (3.24)

where Cs is the concentration of suspended particles injected into the core. Now

we can plug the equation found for c back into Eq. (3.23) and find the porosity

profile as a function of time:

∂ρ

∂t′
= a[C1−b

s + a(b− 1)x′]
b

1−b (3.25)

Knowing that the volume fraction of particles is zero at the beginning of

the coreflood: ρ(t′ = 0) = 0, therefore

ρ = at′[C1−b
s + a(b− 1)x′]

b
1−b (3.26)
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Figure 3.14: Dimensionless rate of solid accumulation at different concentrations.
The fitted curve shows that the rate of accumulation has a power law relationship
with the concentration.
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Furthermore, porosity is related to ρ by this equation:

φ = φ0 − ρ (3.27)

where φ is the porosity and φ0 is the initial porosity of the core. Here, the

assumption is that the porosity reduction is computed from the total volume of

the solid particles present in the pore space.

Combining Eqs. (3.26) and (3.27), we obtain the porosity profile along the

core as a function of dimensionless time and distance:

φ = φ0 − at′[C1−b
s + a(b− 1)x′]

b
1−b (3.28)

Once porosity is calculated from the above formula, permeability can be

calculated from this porosity based on the approaches presented in Section 3.2.3.

Figs. 3.15 and 3.16 show the porosity and permeability profiles predicted by ap-

proaches I and II together with the porosity and permeability profiles measured

in the lab (explained in Section 3.2.1). It is clear that the DBF formulation fails

to predicts the porosity near the injection face. Earlier studies [3, 36, 219] had

also shown that the simple DBF model is not capable of predicting the nonexpo-

nential profiles such as those observed in our experiments. On the other hand,

results obtained from approach II are more sensitive to the concentration of the

injected suspension. This approach, which is based on the general form of the

material balance for the suspended phase, predicts a closer trend to the measured

porosity profiles. It slightly overestimates the retention for denser suspensions,

but estimates the porosity of the near injection face zone more accurately.

The predicted permeability values, however, fail to consistently match the

measured permeabilities. Independent from the approach used for porosity estima-

tion, the model by Khan et al. [112] continually overestimates the permeability,
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while the bidisperse permeability model underestimates it. Hence we conclude

that these models can be used to predict the lower and higher bounds of perme-

ability damage from the porosity profile predictions.
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Figure 3.15: Porosity profiles measured after coreflood experiments (markers) and
predicted by the two models explained in Approach I and II (lines). Dashed lines
show the initial porosity of the core.
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Figure 3.16: Ratio of the core permeability to its initial permeability vs. time.
Markers show the values measured during the coreflood tests and lines represent
the values predicted by the two models explained in Approach I and II. The
permeability-porosity correlations that were used to generate these curves are the
correlations proposed by Khan et al. [112] and Thies-Weesie and Phillipse [191].
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3.4 Filtration Coefficient Heterogeneity

We speculate that the minor deviations from the general trend that are

seen in the measured porosity profiles are partly due to the heterogeneity along

the core. The cores that were used were all monosized disordered glass bead packs.

Therefore it is safe to assume that the cores were largely homogeneous in terms

of porosity and hence filtration properties; however, a minor local heterogeneity

might play a role in the measured non-uniform porosity profiles.

In order to incorporate the effect of heterogeneity into the DBF model

we assigned different values of filtration coefficients (λ in Eq. (2.6)) to different

grid cells when numerically solving the DBF equations (Eqs. (2.1) and (2.2)). We

randomly varied the filtration coefficient derived from Approach I once by ±10%

and once by ±50%. Fig. 3.17 shows the distribution of the filtration coefficient

along the core for different standard deviations of 0.1 and 0.5.
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Figure 3.17: Variation of filtration coefficient along the core at two different stan-
dard deviations. The assigned values follow a normal distribution and were gen-
erated using a random function.

Porosity profiles calculated using variable filtration coefficients are shown

in Fig. 3.18. From this figure it appears that introducing heterogeneity in the

filtration coefficient results in minor oscillation in the deposition profiles similar

to those observed in the measured profiles. However, for better models with

measurements, the variation should be physical not random.
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Figure 3.18: Measured and calculated porosity profiles. Porosity profiles were
calculated based on the DBF model and a filtration coefficient of 1.63. Filtration
coefficients were varied along the core to introduce core heterogeneity into the
DBF model.
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3.5 Applicability of the Rate of Accumulation Correlation

Assuming that the power-law correlation between the rate of particle ac-

cumulation and suspension concentration (Eq. (3.23)) is globally applicable to

the phenomenon of filtration by straining, Eqs. (3.28) and (3.29) enable us to

derive correlation parameters a and b from experimental measurements. Different

combinations of measurements could be used to determine these parameters.

1. Effluent concentrations for two corefloods with different injected suspension

concentrations.

Substituting x′ with 1 in Eq. (3.24) gives the effluent concentration:

ce = [C1−b
s + a(b− 1)]

1
1−b (3.29)

where ce is the effluent concentration. Two coreflood tests with two different

injected concentrations of Cs1 and Cs2 lead to a system of two equations that

is solvable for two unknowns a and b:{
ce1 = [C1−b

s1 + a(b− 1)]
1

1−b

ce2 = [C1−b
s2 + a(b− 1)]

1
1−b

where ce1 and ce2 are the measured effluent concentrations for the two tests.

2. Effluent concentration and porosity profile for the same coreflood test.

From Eq. (3.29) we derive: a = C1−b
s −c1−b

e

1−b . Substituting this in Eq. (3.28)

we get:

φ = φ0 − at′[C1−b
s + (C1−b

s − c1−b
e )x′]

b
1−b (3.30)

Parameter b is then changed in a systematic way through an optimization

routine such that the porosity profile curve calculated from Eq. (3.30) coin-

cides with the measured porosity profile with minimum error.
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3. Porosity profiles from multiple corefloods with different injected concentra-

tions.

In this case, parameters a and b are optimized so that the porosity profiles

calculated from Eq. (3.28) closely match the measured profiles. It is also

possible to derive these parameters by only one porosity profile, however,

the resulting parameters might not be unique.

In this study we did not have access to effluent concentration measure-

ments, therefore we used the 3rd method. Here we present 3 sets of coreflood

tests, each set consists of 3 corefloods done at the same suspension flow rates but

3 different concentrations. Table 3.4 shows the parameters of this set of coreflood

experiments.

Test No. Parameter Value
- Porosity 0.40
- Packed glass beads diameter 1 mm
- Suspended particles diameter 100 µm
- Core length 30.5 cm
- Core diameter 2.54 cm
1 Inlet volumetric concentration 1%
2 Inlet volumetric concentration 3%
3 Inlet volumetric concentration 5%

Table 3.4: Summary of the parameters used in the coreflood tests. For each set
the flow rate is held constant and 3 different concentrations were used.

At the end of each test the damaged porosity profile was determined

through a core CT-scan. For each set of experiments, we used the porosity profiles

of the first and third tests to obtain the correlation parameters and predict the

porosity profile of the second test. For each test we calculated the goodness of fit

(G.O.F) according to the following formula:

G.O.F =

√∑n
1 (φmeasured − φcalculated)2

n−m
(3.31)
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where n is the number of data points and m is the number of fitting parameters.

Here m = 2. G.O.F is reported for each curve on the associated plot. Each set of

experiments will be discussed in the following sections.

3.5.1 Test I

We start with the test whose porosity profiles are reported in Fig. 3.15.

In this test the injected suspension flow rate is 90 ml/min. Fig. 3.19 shows the

measured porosities from tests 1 and 3 (markers). We used a simple optimization

routine to change parameters a and b in Eq. (3.28) to minimize the difference

between the predicted and measured porosity profiles for both tests at the same

time. The predicted and measured profiles for test 2 under the same flow rate are

illustrated in Fig. 3.20.
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Figure 3.19: Porosity profiles for the coreflood experiments under 90 ml/min
injection flow rate and inlet concentrations of 1% (test 1) and 5% (test 3). Solid
lines show the matched profiles. Note that the first data point of Test 1 was
considered an anomaly and was not included in the matching procedure.

The parameters matched from tests 1 and 3 are as follows: a = 4.56, b =
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1.37. Using these values we predict the porosity profile of test 2 under the 90

ml/min injection rate.
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Figure 3.20: Measured and predicted porosity profiles for the coreflood experi-
ments under 90 ml/min injection flow rate and inlet concentrations of 3% (test
2).

3.5.2 Test II

In Fig. 3.21 markers show the measured porosities from tests 1 and 3 under

the injection flow rate of 60 ml/min. We used a simple optimization routine to

change parameters a and b in Eq. (3.28) to minimize the difference between the

predicted and measured porosity profiles for both tests at the same time. The

predicted and measured profiles for test 2 under the same flow rate are illustrated

in Fig. 3.22.

The parameters matched from tests 1 and 3 are as follows: a = 3.16, b =

1.39. Using these values we predict the porosity profile of test 2 under the 60

ml/min injection rate.
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Figure 3.21: Porosity profiles for the coreflood experiments under 60 ml/min
injection flow rate and inlet concentrations of 1% (test 1) and 5% (test 3). Solid
lines show the matched profiles.
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Figure 3.22: Measured and predicted porosity profiles for the coreflood experi-
ments under 60 ml/min injection flow rate and inlet concentrations of 3% (test
2).
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3.5.3 Test III

In Fig. 3.23 markers show the measured porosities from tests 1 and 3 under

the injection flow rate of 40 ml/min. We used a simple optimization routine to

change parameters a and b in Eq. (3.28) to minimize the difference between the

predicted and measured porosity profiles for both tests at the same time. The

predicted and measured profiles for test 2 under the same flow rate are illustrated

in Fig. 3.24.
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Figure 3.23: Porosity profiles for the coreflood experiments under 40 ml/min
injection flow rate and inlet concentrations of 1% (test 1) and 5% (test 3). Solid
lines show the matched profiles.

The parameters matched from tests 1 and 3 are as follows: a = 2.90, b =

1.37. Using these values we predict the porosity profile of test 2 under the 40

ml/min injection rate.
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Figure 3.24: Measured and predicted porosity profiles for the coreflood experi-
ments under 40 ml/min injection flow rate and inlet concentrations of 3% (test
2).

3.5.4 Discussion

In all of the experiments reported above, cores’ porosity and bead size, sus-

pended particles size, and base fluid viscosity were held unchanged. The variable

parameters, on the other hand, were suspension concentration and flow rate. Hav-

ing the measured porosity profiles at different concentrations enabled us to find

the parameters a and b for each flow rate, and thus understand how those param-

eters change as a function of suspension flow rate. Table 3.5 lists the parameters

derived in Sections 3.5.1 to 3.5.3 at each suspension flow rate.

Suspension flow rate (ml/min) a b
40 2.90 1.37
60 3.16 1.39
90 4.56 1.37

Table 3.5: Particle accumulation parameters a and b at different suspension flow
rates.
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Based on the limited data presented in Table 3.5 it appears that the ex-

ponent b does not change with the injection flow rate (or suspension velocity).

In other words, particle deposition is the same function of concentration at all

injection flow rates between 40 and 90 ml/min. On the other hand, coefficient a

appears to be a function of suspension velocity. So, the rate of particle accumu-

lation (Eq. (3.23)) may be written in the following general form:

∂ρ

∂t′
= f(u)cγ (3.32)

where f(u) is an increasing function of suspension’s Darcy velocity, and γ is a

constant.

Particle accumulation increase with suspension velocity might be due to

two reasons. Here we discuss the possible reasons behind this phenomenon:

1. There are a number of capture sites in a unit volume of the porous medium.

Here, a capture site is a constriction smaller than the suspended particles

that particles cannot pass and get entrapped. The faster the particles travel

in the porous media the faster they encounter the capture sites and occupy

them, which explains the growth of particle accumulation rate by increasing

the injection rate. However, it might be argued that the number of avail-

able capture sites are limited in a unit volume of a porous filter. Thus, the

particle accumulation rate might become a function of the volume fraction

of accumulated particles (or porosity) after a certain accumulated particles

volume fraction (or porosity) threshold is passed. In other words, coeffi-

cient a might become a function of accumulated particles volume fraction

(or porosity) at some high accumulated particles volume fractions (or low

porosities), although our micro-scale simulations showed that a does not

change at low accumulated particles volume fractions. On the other hand,

95



another equally credible argument is that as particles accumulate in porous

media, new particle capture sites form between the captured particles and

medium grains. Therefore, the rate of particle accumulation might never be

affected by the volume fraction of accumulated particles.

2. As we discussed in Section 2.3 increase of particle accumulation rate with

flow velocity may be an indication of particle jamming as the dominant en-

trapment mechanism. In this case, particle accumulation might be prevented

by introducing vibrational energy to the system.

3.6 Entrapment in Fontainebleau Sandstone vs. Monosized
Sphere Pack

We ran simulations in the pore space geometry extracted from a Fontainebleau

sandstone sample (Fig. 3.7a). In these sets of simulations we kept the particle flux

(uc) constant and changed the concentration and the velocity. We plotted the vol-

ume fraction of the entrapped particles vs. time for different simulations. Fig. 3.25

shows the resulting curves.

According to Eq. (2.6), the filtration coefficient is independent from the

solid phase flux. We also observe a similar trend in Fig. 3.25. Two datasets

follow the same trend with more or less similar slopes (the entrapped solid volume

fraction appears to be a nonlinear function of time). On the other hand, similar

behavior was not seen when we simulated the particle entrapment under the same

conditions in the sphere pack. Fig. 3.26 shows the entrapped solid volume fraction

vs. time for 2 different velocities and concentrations but the same particle flux, in

the sphere pack sample.
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Figure 3.25: Entrapped solid volume fraction (σ) vs. time estimated by micro-
scale simulation of particulate flow in a Fontainebleau sandstone sample. Solid
phase flux is the same for the two cases shown in this graph.
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Figure 3.26: Entrapped solid volume fraction (σ) vs. time estimated by micro-
scale simulation of particulate flow in a monosized sphere pack. Solid phase flux
is the same for the two cases shown in this graph.
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Particle entrapment rate decreases with increasing flow rate through the

sphere pack. This is the same effect that we saw for suspension flow through a

single sphere pack pore in the previous chapter. Increase in flow velocity increases

the drag force on particles and inhibits their entrapment. It is also clear from

Fig. 3.26 that the filtration coefficient is a function of c or u in the sphere pack;

However, as we also saw in other simulations (Fig. 3.11), filtration coefficient for

the clean sphere pack is independent from the entrapped solid volume fraction.

This comparison shows that the functional form of T p is totally different in

Fontainebleau sandstone and monosized sphere pack (under the conditions tested).

In the sphere pack, filtration coefficient is only a function of flow rate, whereas

in the Fontainebleau sandstone filtration coefficient is probably only a function

of the entrapped solid volume fraction. We did not have access to sandstone

experiments similar to those in the sphere pack, so experimental validation will

be done in future.

3.7 Computational Cost of Micro-scale Modeling

The CFDEM package is a parallel computing code that can be run on

any number of processors, but a load optimization study is necessary to find out

the optimum number of processors required for our simulations. We recorded

the run time and the number of service units (SUs) required for simulating the

suspension flow through the sphere pack for 0.1 s. Fig. 3.27 shows the number of

service units (SUs) and total run times for different number of processors. SU at

Texas Advanced Computing Center (TACC) is defined as the number of processors

multiplied by the run time in hours (Please note that currently TACC uses a

different definition for the SU). The plot shows that running our simulations on

700-800 processors gives us the minimum service unit usage for the fastest results.
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A cheaper approach to model particulate flow in porous media is to replace

the CFD coupling with a constant drag force added to the DEM. In this approach,

which was used in [180], the drag force that is exerted on the suspending particles

is assumed to be constant, proportional to the superficial velocity, and in the di-

rection of the superficial velocity. Here we examine the validity of this assumption

and the error associated with it.
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Figure 3.27: Number of service units and total time required to simulate 0.1 s of
suspension flow through the sphere pack sample on different number of parallel
processors.

In the above-mentioned approach the hydrodynamic drag force on particles

is estimated by the Stokes’ drag formula:

FD = 6πµRp(
−→
U −

−→
Up)

−→
U

|
−→
U |

(3.33)

where
−→
U is Darcy or superficial velocity and

−→
Up is particle velocity. Initially this

simplification was made because of the lack of access to the detailed flow field

within the porous medium. Because the presence of fluid phase is not directly

modeled in this approach we call it the “dry” model.
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In order to check the validity of the assumption of constant drag force we

modeled the above dry case by representing the porous filter (disordered sphere

pack) as a wall in the open source LIGGGHTS [115] DEM software. On the other

hand, to model the exact hydrodynamic drag on particles we directly simulated

the flow through the same sphere pack via OpenFOAM R© CFD modeler and used

the resulting flow field to update the drag forces on particles according to their

locations. The latter was done through the coupled CFD-DEM open source solver

CFDEM [115] and we shall call it the “wet” model.

Figure 3.28 shows the permeability and porosity profiles of the invaded

sphere pack after injecting 30 pore volumes of suspension. The graphs clearly

indicate that as the particle size decreases, depth of penetration increases and

the difference between wet and dry models grows larger. Similar simulations on a

domain extracted form Fontainebleau micro-CT images also confirmed this trend.

Hence, for a more accurate model, especially when particles are much smaller than

the grains, implicit representation of the fluid flow is not adequate.
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Figure 3.28: Porosity and permeability ratio profiles resulting form wet and dry
models with suspensions of particles (a) 5 times smaller and (b) 7 times smaller
than the grains. X is the dimensionless distance from the injection face and
K/K0 is the ratio of the damaged permeability to the initial intact permeability.
Permeability ratio is calculated based on the bidisperse sphere pack model [191]
described in Section 3.2.3.2.

3.8 Conclusions

Particle removal by straining was directly modeled on a microscopic scale

by a coupled CFD-DEM technique, that involved numerical modeling of fluid and
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granular flow in complex pore geometries of porous samples. The main findings

of this study are as follows:

• We presented the results of the coupled fluid and granular flow simulations

in a sphere pack sample; however the methodology can be applied to any

porous medium given its 3D micro-scale image is available as the input.

This method allows an independent investigation of the phenomenon from

the first principles because it deals with minimum number of tunable pa-

rameters. In addition, in this approach pore space dynamically changes

as the particles get entrapped. Furthermore, interception-based capture

mechanisms are automatically modeled in this approach. This feature is

an important advantage of this model over pore-network models because

in pore-network models interception-based mechanisms such as straining or

particle bridging must be defined a priori for each pore/throat. For exam-

ple the phenomenon of multi-particle bridging in a pore-throat depends on

many system parameters such as particle and pore relative size and flow

rates, and there are no well-established criteria that are easy to implement

in a pore-network model to the best of our knowledge. As discussed in

Chapter 2, numerous simulations in different pores and throats in a sphere

pack or sandstone sample are required to come up with such criteria and

they are not likely to be universal for all porous materials.

• We proposed a new methodology to upscale the micro-scale particle straining

results into macro-scale continuum models. We derived a linear correlation

between the rate of particle entrapment and the flux of suspended particles.

The obtained linear correlation (constant filtration coefficient) for the range

of parameters studied agrees well with other studies which state that a con-

stant filtration coefficient is sufficiently good to model clean bed filtration.
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However, for investigating the dependency of the filtration coefficient on the

volume fraction of entrapped particles, longer simulations are required.

• We found that the suspended particles have a wide distribution of individ-

ual velocities and deciding which particles are trapped requires defining a

somewhat arbitrary threshold. This finding is contrary to a common, im-

plicit DBF assumption that particles either flow with the fluid velocity or

are entrapped (have zero velocity).

• The fact that particles slow down by the filter, instead of being instan-

taneously stopped, led us to use the rate of particle accumulation instead

of the rate of particle entrapment for upscaling our results. We proposed

the use of the general material balance equation with the rate of particle

accumulation as an alternative to the DBF model.

• We found that, for the flow system configuration studied here, the rate

of particle accumulation is proportional to the suspension flow rate and

it has a power law relationship with the suspension concentration. The

exponent of this correlation is a constant and not dependent on suspension

flow rate. Additionally, similar to the rate of particle entrapment, rate of

particle accumulation for the clean bed is independent from the volume of

the accumulated particles.

• The proposed general material balance equation gave more accurate predic-

tions of the retention profiles near the injection face, compared to the DBF

model. These profiles are closer to the measured hyperexponential retention

profiles.

• We investigated the effect of medium heterogeneity on the final retention

profiles. The heterogeneity was modeled by using a filtration coefficient
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that varied with the location. The findings showed that the overall trend of

the retention profile is similar for the heterogeneous case and a homogeneous

case with a λ equal to the mean λ of the heterogeneous case. However, the

experimentally observed non-monotonic retention behavior might now be

confirmed to be due to the heterogeneity in the porous medium.

• The clean bed filtration coefficient shows different functional forms for Fontainebleau

sandstone and monosized sphere pack under the simulation conditions pre-

sented in this section. While the filtration coefficient is only a function of

the entrapped solid volume fraction in the Fontainebleau sandstone, it does

not depend on the entrapped solid volume fraction in the case of the sphere

pack. Instead, the filtration coefficient of a clean sphere pack is a function

of flow velocity and/or suspension concentration.

• The implicit representation of fluid in suspension flow modeling that has

been used in other studies [180] was found to markedly deviate from the ex-

plicit fluid model for suspensions with smaller particles. Therefore for these

suspensions the coupled CFD-DEM approach is recommended, although

computationally more expensive.

We finally comment on the representativeness of samples considered in this

study. Both image sizes reported in Section 3.2.4.1 are reasonably representative

(as measured by porosity and permeability), which was confirmed in [174]. We

further consulted Remond [162] in our decision on the size of the sphere pack.

Remond showed that “periodic packing of dimensions as low as 4 grains along a

side can be considered as reasonable representations of the 3D porous medium

composed of a packing of mono-sized spherical particles”. Since our samples

are not periodic, we used roughly 8 grains on a side so the sample is 8 times

104



larger (twice in each dimension) than the minimum size suggested by Remond.

The representative elementary volume depends on the process studied, and the

aforementioned conclusions might not extend to coupled fluid flow and particle

mechanics. However, using larger samples than those shown, is presently com-

putationally prohibitive. Difference between Figs. 3.25 and 3.26 shows that for

sandstone (i.e. the more heterogeneous sample), REV for straining is even larger

than that for permeability.
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Chapter 4

Particulate Flow in a Rough-Walled Fracture

4.1 Background

Particulate flow in fractures is present in many natural and engineering

settings: lost circulation materials such as ground nut shells are injected into

drilling induced fractures to prevent the mud loss during oil and gas well drilling

[5], transport of ground-water contaminants such as bacteria is facilitated by the

presence of fracture networks at the water table depth [94], and proppant place-

ment prevents the closure of hydraulically induced fractures as the stimulated

wells are placed on production under low pressures [29, 175, 114, 201, 129].

Opening of hydraulic fractures in subsurface is and subsequent proppant

placement are complex problems that couple fluid flow, mechanical response of

the reservoir formation, and flow and mechanics of the proppant slurry. Thus it

is difficult to do a thorough review of the literature. We briefly overview fracture

characteriztion in terms of their hydraulic properties (Section 4.1.1), hydrome-

chanical changes of fracture aperture in situ (Section 4.1.2), as well as proppant

transport (Section 4.1.3). This sets the stage for the main idea of researching prop-

pant flow in a rough-walled fracture as a straining problem studied in Chapters 2

and 3 (see objectives in Section 4.2).

4.1.1 Hydraulic Properties of Fractures

Flow characteristics of hydraulic fractures are known to be a function of

fracture aperture and the relationships between these parameters have been stud-
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ied widely [163]. If the fracture is modeled as parallel smooth plates with an

aperture e, its permeability will be defined as k = e2

12
[85]. If the fracture width is

W , then the transmissivity of the fracture ( Q
∆P

) will be T = We3

12
. This correlation

is called the cubic law.

Cubic law has been used for describing the flow field in fractures for a long

time. The available evidence, however, indicates that the cubic law is not valid

under a number of circumstances such as high Reynolds number flows in rough

fractures. Furthermore, a single aperture might not represent the mechanical and

flow properties of the fracture due to fracture roughness even for low Reynolds

number flows [195, 194]. Thus, different apertures are usually defined for charac-

terizing different properties of the rough-walled fractures (a sketch of the aperture

profile of a rough-walled fracture is depicted in Fig. 4.1). For example, “mechan-

ical aperture” is referred to the arithmetic average of the fracture apertures and

“hydraulic aperture” is the aperture of a hydraulically equivalent smooth-walled

slit [163].

Figure 4.1: A sketch of the aperture profile in a rough-walled fracture. Red dots
point to regions with zero aperture, which are referred to as asperities (after Figure
2 in [188]).

The hydraulic and mechanical apertures of fractures are usually approxi-

mated to be equal. However, it has been shown that this approximation is only

good for fractures with large apertures [163]. For rough fractures with high amount

of asperities and roughness size comparable to fracture aperture, the mentioned
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approximation also fails to predict the fracture closure behavior under stress [163].

In addition, assuming that the hydraulic aperture is identical to the mechanical

aperture introduces errors in calculating flow rates through fracture because this

assumption ignores that a large portion of flow takes place through the preferen-

tial paths within a rough-walled fracture [163]. These preferential paths have high

tortousity and multiple stagnation points around which the flow field is signifi-

cantly different from the flow field between parallel plates. All these features cause

additional pressure drop in a rough-walled fracture compared to a smooth-walled

slit [117].

Several researchers proposed corrections for the cubic law to account for

the tortousity, asperities, and roughness of fractures [117, 206, 195, 194]. One

of the proposed corrections is on the hydraulic aperture and how it is corre-

lated to the aperture field of a fracture. For example, hydraulic aperture might

be approximated by the geometric or the arithmetic mean of the aperture field.

Experimental studies on fractured rocks have shown that whether each model rea-

sonably approximates the hydraulic properties of the fracture depends on other

system parameters such as Reynolds number and fracture aperture distribution

[117, 206]. Even for low Reynolds numbers we can get predictions spanning over

several orders of magnitude depending on the correction to the cubic law used

[195, 194].

For multiphase flow in rough-walled fractures it is common to assume sim-

ilar relative permeability correlations for fractures as those assumed for porous

media. However, the quasi-two-dimensional flow field in fractures that have many

asperities is expected to cause notable difference between the multiphase flow

properties of rough-walled fractures and porous media, notably because it is eas-

ier for fluids to block each other’s flow than in a three-dimensional well-connected
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porous medium [121, 195, 194].

4.1.2 Hydromechanical Response of Fractures

Fracture aperture changes by changes in the stresses normal to fracture

walls. An early model related the aperture of the fracture to the fluid pressure

inside the fracture by the following formula:

e− e0

l
= −m(Pc − P ) (4.1)

where e0 is the initial aperture of the fracture, l is the length of the fracture, P is

fluid pressure, Pc is the fracture opening pressure, and m is a constant reflecting

the compressibility of the fracture. This correlation assumes that the fracture

response to fluid pressure is linear-elastic.

For rough-walled fractures, permeability change due to compressive stress

has been analytically modeled by assuming a Hertzian contact model for frac-

ture asperities. The asperities are usually assumed to be elastic and cylindrical

or hemispherical and the deformation of fracture walls outside of asperities are

neglected. On the other hand, empirical models have also been developed for

the stress-stiffness-permeability relationships in fractures. These models report a

nonlinear relationship between fracture permeability and stress [206].

Numerical modeling is another approach for studying the relationship be-

tween closure stress and fracture aperture. Response of a model propped fracture

to closure stress has been numerically modeled in [228]. The fractured shale was

represented by two sphere packs (with bonded spheres) that were put next to each

other at a distance that was equal to the fracture aperture. The study employed

a coupled CFD-bonded DEM approach to calculate the permeability of the prop-

pant pack at different closure stresses. Results of the numerical modeling of the
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aperture closure under stress showed good agreement with experimental results

at a proppant concentration of 1.5 kg/m2 (Fig. 4.2).
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Figure 4.2: Change of fracture aperture under stress [228].

For the other two concentrations, authors suggested 2 possible reasons for

the mismatch between the simulation and experimental results:

1. The simulation does not model proppant breakage. Proppant breakage was

observed in the experiments and was reported to be more significant for lower

proppant concentrations. Proppant breakage causes the fracture to close by

a larger amount when exposed to closure stress compared to a fracture filled

with unbroken proppant.

2. The effect of hydration was not considered in these simulations. Hydration,

which was seen in the experiments, softens the fracture faces and increases

the likelihood of proppant embedment. Proppant embedment in turn leads

to additional aperture loss.

Ignoring proppant breakage and embedment might be the reason of the

overestimation of simulated apertures for the 1 kg/m2 case.
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In order to study the effect of hydration, the authors lowered the bond

strengths of the matrix down to two different values and repeated the compressive

loading numerical experiments. They observed extensive microcracking (breaking

of the bonds between matrix grains) at the fracture face for both hydrated samples.

The microcracks extended deeper into the sample in the softer sample (Fig. 4.3).

Figure 4.3: Microcracks near the fracture faces. Sample (b) is more hydrated and
softer than sample (a) Blue and magenta represent tensile and shear microcracks
respectively [228].

This study further examined the fracture conductivity at different condi-

tions and found that fracture conductivity increases with proppant concentration

and size and decreases with stress and hydration.

4.1.3 Proppant Transport in Fractures

Optimizing the placement of proppant in hydraulic fractures has been the

subject of many studies [143, 175, 212]. A typical range of proppant and fluid

characteristics that are chosen for optimization is listed in Table 4.1. In addition

to these design parameters, fracture characteristics must also be known in order

to model proppant placement.

Several studies have covered the problem of proppant settling in fractures.

These studies have established proppant settling velocities at different flow condi-
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tions. For example at low Reynolds numbers (Re < 2) the following formula best

describes the settling of typical proppant particles in viscous fracing fluids (50 -

100 cp):

Vs =
g(ρp − ρf )d2

18µf
(4.2)

where Vs is the proppant settling velocity, g is gravitational constant, ρp is prop-

pant density, ρf is fluid density, d is proppant diameter, and µf is fluid viscosity.

The above model, however, overestimates the settling velocities of proppants in

less viscous fluids (e.g. 1 cp) by up to 5 times [127].

Fluid viscosity 1 - 2000 cp
Proppant concentration 0.04 - 16 ppg
Proppant specific gravity 2.65 - 3.55
Proppant size 12 - 100 mesh

Table 4.1: Typical proppant and fluid properties collected from a number of ex-
perimental, numerical, and field studies [17, 72, 89, 27, 129, 225, 16, 114]. Fluids
are Newtonian and non-Newtonian, in which case the reported viscosity is the
range of their apparent viscosities.
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Figure 4.4: Settling velocity of particles in suspension. Settling velocity is nor-
malized by the settling velocity of a single particle under the same conditions
[196].
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In addition to the properties listed in Eq. (4.2), proppant settling velocity

depends on proppant concentration as well. Numerous studies have shown that the

settling velocity decreases as the particle concentration increases. Fig. 4.4 shows

various model predictions on the settling velocity dependence on concentration

[196].

The other factor that affects the settling velocity (or horizontal proppant

velocity) is fracture aperture. It has been shown that in slurry flows with vol-

umetric concentrations larger than 10%, proppant particles flow only near the

centerline of the flow cell [123, 201]. This effect is known as shear induced mi-

gration in particulate flow in thin slits. Settling velocity of proppant in different

fluids was measured at different fracture apertures and reported in [123]. Fig. 4.5

shows the results of this study.
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Figure 4.5: Settling velocity of particles between smooth parallel plates for differ-
ent apertures and in different fluids. Settling velocity is normalized by the settling
velocity of the particle in an unconfined space [123].

Fig. 4.5 indicates that the effect of fracture wall is more pronounced for

more viscous fracing fluids. In addition, when proppant size is close to fracture
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aperture, a sharp drop in settling velocity is observed. This marked decrease

in the settling velocity is attributed to the thin layer of the fluid occupying the

space between the proppant and fracture walls, which induces additional lubrica-

tion effects and consequently decreases the settling velocity. This sharp decline,

however, was not seen in the numerical simulation results reported in [25].

Authors of this study proposed the following correlation between the set-

tling velocity, fracture aperture, and fluid viscosity:

Vw
Vs

=

{
1− 0.16µ0.28

f (d
e
), d

e
< 0.9

8.26(0.9939µf )(1− d
e
), d

e
> 0.9

where Vw is the settling velocity of particles between parallel plates and Vs is the

unconfined settling velocity of particles.

Furthermore, a correlation between the proppant velocity and the fluid

velocity was proposed in this work. This correlation summarizes the effect of

hydrodynamic retardation of particles in a moving fluid carrier.

Vp
Vaf

=

{
−0.862(d

e
)2 + 0.0475(d

e
) + 1.2713, d

e
< 0.93

−7.71(d
e
) + 7.71, d

e
> 0.93

where Vp is particle velocity and Vaf is average fluid velocity. This correlation,

however, does not quantify the effect of particle concentration on proppant re-

tardation. Fig. 4.6 shows how increasing particle concentration increases particle

retardation.

Blyton [25] proposed a correlation between the fluid and proppant ve-

locity which covers the effect of concentration and proppant and fracture sizes

(Eq. (4.3)). This correlation, however, does not quantify the effect of fluid viscos-

ity on the relative proppant and fluid velocities.

Vp
Vaf

=


1− c, d

e
≤ 0.4

(1− c)[−1.73(d
e
)3 + 2.45(d

e
)2 − 0.69(d

e
) + 1.00], 0.4 < d

e
≤ 0.95

(1− c)[−21.45(d
e
) + 21.45], d

e
> 0.95

(4.3)
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Figure 4.6: Proppant velocity with respect to the average fluid velocity for different
fluid-proppant combinations and proppant volume fractions. [123]

Further tests reported in [123] showed that horizontal velocity affects the

settling velocity in non-Newtonian fluids. Increasing horizontal velocity affects

the shear rate and changes the effective viscosity of the fluid. The alteration in

the effective viscosity, in turn, affects the settling velocity of proppant particles in

a flowing slurry.

The above study briefly investigated the proppant flow in rough-walled

fractures as well. The authors imprinted the rough surface of the fractures onto

transparent Lucite plates by stamping the fracture surfaces on thin layers of sil-

icone covering the Lucite plates. Next, they studied slurry flow between the

imprinted walls. They reported that the fracture roughness significantly affects

the proppant retardation.

Proppant settling in rough-walled fractures with the possibility of proppant
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particle agglomeration was numerically modeled in [196]. The effects of slurry

density, fracing fluid viscosity, and fracture width on settling and agglomeration

of proppant particles were studied. Results showed that typical correlations for

settling velocity do not apply for slurry volumetric concentrations larger than 0.2

and fluid viscosities larger than 0.005 Pa.s.

4.1.4 Consequences of Assuming Smooth Walls for Fractures

Most of the experimental and numerical studies on the effect of operational

parameters on proppant transport (some of which were briefly presented in the

preceding sections) are conducted in flow cells made of smooth plates. In exper-

imental studies, these smooth plates are made up of glass. This configuration

allows for the observation of proppant settling and displacement. Fig. 4.7 shows

an example of these flow cells.

Figure 4.7: Pictures of flow cells representing a hydraulic fracture in a proppant
placement experiment. The aperture of the flow cell is uniform all over the cell
and is equal to 0.0236 in. Guar and silica flour slurry is injected from an opening
on the middle left side of the cell at different flow rates. (a) 0.5 cc/min (b) 1
cc/min (c) 2 cc/min (after Figure 6 in [70]).
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Smooth glass surface, however, is an over-simplification of the true na-

ture of fracture walls. Inspecting cores that intersect with hydraulic fractures

has shown that although induced fractures in sandstone might not show any sign

of mineralization, they have rough walls [38]. Furthermore, build-up tests per-

formed on hydraulically fractured wells which were completed without proppant

injection showed high fracture conductivity. The reason might be the abundance

of asperities within the induced fractures, that prevent the closure of fractures

after the well is put in production [129]. In addition, natural fractures and planes

of weakness are also likely to fail during a hydraulic fracturing job. When these

features fail mechanically, usually under shear stress, they get dilated and the

opened channels will have highly rough walls [129]. Natural fractures might also

interact with hydraulic fractures and deviate their trajectory [209, 208]. In this

case, a fracture network is formed [211], which allows the proppant particles to

flow into natural fractures, that are usually partially filled with cements [80].

Analyzing proppant flow in fractures with smooth walls might therefore

lead to arguments that may not necessarily hold true in realistic circumstances.

For example, [16] refutes the forming of stable proppant bridges in hydraulic

fractures based on a valid theoretical and experimental argument about the hy-

drodynamics of particle bridging in a wide rectangular slot. Since smooth-walled

fractures rarely exist in real reservoir rocks and natural and hydraulic fractures

are known to be tortuous with non-uniform width, we might thus expect particle

bridging in narrow aperture locations similar to bridging in throats of a porous

medium.

Another aspect of proppant placement modeling that is worth re-evaluating

is the common assumption about the horizontal velocity of the proppant. Numeri-

cal proppant transport models assume that proppant’s vertical velocity is different
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from that of the fracturing fluid [87, 144, 67]. The majority of these models, how-

ever, assume that proppant’s horizontal velocity is the same as that of the fluid

velocity [87, 144] despite the experimental observation that report a difference be-

tween proppant’s horizontal velocity and the velocity of the bulk fluid [15]. This

difference is more pronounced in fractures with variable apertures or with rough

walls than in between parallel or smooth plates.

Horizontal slip velocity depends on the proppant size relative to the frac-

ture aperture. Proppant particles whose sizes are comparable to the fracture

opening are shown to flow at lower velocities than the mean fluid flow velocity

whereas those proppant particles which are much smaller than the fracture open-

ing are believed to move faster than the mean fluid velocity [123]. This behavior

makes it difficult to conduct the proppant through the fracture in such a way that

it distributes uniformly along the fracture, because hydraulically induced fractures

do not have uniform apertures along their lengths due to the stress regime [123]

and heterogeneity of the reservoir [184].

Ignoring the roughness and tortuosity of fractures and horizontal slip veloc-

ity of proppant has rendered the conventional proppant placement models unable

to model phenomena such as early pressure rise in some hydraulic fracturing oper-

ations. Proppant retardation due to the presence of flow restrictions is something

that is not possible to model in a smooth-walled replica of a fracture opening.

Nonetheless, this kind of proppant retardation is believed to be the reason behind

the early pressure rise in some hydraulic fracturing operations. In these operations

a sharp pressure increase is observed as soon as proppant reaches the perforations.

Although the pressure jump is similar to the tip screenout behavior, its early oc-

currence is not consistent with the bridging of proppant at or close to the fracture

tip. In addition, it is almost always seen in carbonate reservoirs, where natural
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fractures are abundant and their rough walls exacerbate proppant accumulation

[17].

Proppant retardation due to the interaction between proppant particles

and also between proppant and fracture walls causes the proppant concentration

to rise above the concentration of the injected slurry near the perforations. Prop-

pant concentration growth brings about a large pressure drop across the formed

proppant pack, which consequently isolates the rest of the fracture from the in-

jection pressure. At this point fracture growth is arrested and the bottom-hole

pressure starts to increase dramatically [17].

4.2 Objectives

In this study we model the flow of water and proppant particles in a re-

alistic fracture geometry, imaged using x-ray microtomography, with minimum

simplification of the fracture geometry. Choosing a realistic rough-walled fracture

geometry and the direct modeling of proppant flow eliminate the need for as-

sumptions about proppant’s slip velocity. We hypothesize that the proppant flow

inside rough fractures is similar to particulate flow in porous media and proppant

capture inside the fracture might be an important part of proppant placement

process. We test this hypothesis by calculating the rate of proppant accumula-

tion, proppant concentration profiles, and proppant concentration front velocities

in time. We further compare our simulation results with the commonly used prop-

pant placement models and attempt to improve the mentioned models by applying

the principles we learned from modeling straining in porous media.
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4.3 Simulation Setup

The flow domain is extracted from a micro-CT image of a fractured Berea

sandstone (Fig. 4.8). The image dimensions are 389 × 116 × 25 voxels. Given

the voxel sizes are 0.26 mm in the longer direction and 0.219 mm in the other

directions, the overall size of the fracture is 101 × 25 × 5.5 mm3 [155]. Flow is

along the longer dimension of the fracture.

(a) Fractured Berea core and fracture geom-
etry extracted from it. Dark regions corre-
spond to asperities (zero aperture). Image
reproduced from [109].

(b) Aperture field of the fracture. Figure adapted
from [155].

Figure 4.8: Micro-CT image of a rough-walled fracture in sandstone.

We assume that fracture walls are not permeable, so a no-flow boundary is

imposed on the walls. We use a voxel-based Cartesian grid for flow discritization
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(the routine for converting a digital image to a voxel-based Gmsh mesh file is listed

under Appendix B). In a voxel-based grid each CFD grid cell is a hexahedron with

dimensions 0.260×0.219×0.219 mm3. This cell size is larger than the particle size

(0.150 mm), so it allows for a stable, fully coupled CFD-DEM simulation (Fig.

2.9). The fully coupled solver allows us to keep track of pressure drop during the

proppant flow and capture within the fracture.

We simulate two different scenarios with the volumetric concentrations of

the injected proppant of 1.4% and 1.7%, which is equivalent to 0.31 and 0.38 ppg

for sand slurries. A typical slickwater treatment slurry concentration is in the

range of 0.25 - 2 ppg [171]. A proppant particle insertion region is made adjacent

to the inlet face by extruding the inlet face outwards by 1 mm and proppant

particles are inserted in this region at the specified concentration and velocity

and then flowed towards the inlet face.

Proppant size is 100 mesh (150 µm). We assume zero gravity in order to

isolate the effect of horizontal slip velocity from the effect of gravity. This situation

is also similar to the flow regime that is experienced by ultra light proppant [164]

due to its negligible floating weight. Slurry enters the fracture at a velocity of 1

mm/s. Note that the walls are considered closed, and no leak-off is simulated. The

simulation is run for 48 s and 25 s of flow for the 1.4% and 1.7% cases respectively.

In order to facilitate the comparison between the two cases, we report the results

at similar values of total injected proppant volumes normalized by fracture volume

(V ′prop.). For instance, V ′prop. = 0.014 when one pore volume of the 1.4% slurry is

injected into the fracture.
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4.4 Results and Discussion

4.4.1 Proppant Distribution

Figs. 4.9 and 4.10 display graphical representations of the simulation re-

sults. Proppant particles (black dots) enter the fracture from right and flow to

the left. Note that this visualization does not depict aperture variation (shown in

Fig. 4.8, just the asperities).
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(a) V ′prop. = 0.00146

(b) V ′prop. = 0.00292

(c) V ′prop. = 0.00438

(d) V ′prop. = 0.00584

(e) V ′prop. = 0.00730

(f) V ′prop. = 0.00876

Figure 4.9: Simulation results at different stages of the injection of the 1.4%
proppant slurry. The fracture is viewed from the top and is shown in a transparent
blue color. Proppant particles are shown two times larger in diameter than their
real size. White areas correspond to fracture asperities (local zero aperture).V ′prop.
is the cumulative injected proppant volume normalized by the fracture volume.
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(a) V ′prop. = 0.00113

(b) V ′prop. = 0.00225

(c) V ′prop. = 0.003380

(d) V ′prop. = 0.00451

(e) V ′prop. = 0.00564

Figure 4.10: Proppant slurry volumetric concentration = 1.7%. See Fig. 4.9 for
other details.

Visual inspection of proppant distribution clearly indicates that proppant

particles do not occupy the fracture opening uniformly. Proppant front is much

thinner than the region close to the inlet.

Proppant concentration seems to increase quickly at the wedge next to the
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asperities, probably due to the low fluid velocity in these wedged regions. We

have quantified the proppant accumulation in a region containing an asperity and

a region free from any asperities (Fig. 4.11). The regions are also shown on the

plot. The curves also depict that the growth rate of proppant volume fraction is

larger at the regions adjacent to the asperities.

(a) Schematic of the simulated fracture and the regions of interest
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(b) Comparison between the rate of proppant accumulation at a region next to asperities
and a region far from them.

Figure 4.11: Rate of proppant accumulation might depend on the distance from
the closest asperity.
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The above example shows behavior close to one asperity, and we have

presently not quantified all of them. However, low fluid velocity and stagnation

points are more likely to occur next to asperities because of the predominant no-

slip boundary condition in these regions. The resulting effect is a reduction of

drag force on proppant particles, which causes proppant accumulation in these

regions. To compensate for the reduced velocity, one might use a shear-thickening

fracing fluid. This way, near walls and stagnation points, an increase in fluid

viscosity compensates for the reduced velocity and prevents losing the required

hydrodynamic drag force for mobilizing the proppant particles.

Proppant accumulation adjacent to asperities is expected to be more sig-

nificant when strong attractive surface forces exist between proppant particles and

formation grains; because in a wedge, proppant particles have a longer residence

time and smaller distance from the formation grains, hence larger surface attrac-

tive forces. Such strong forces have been reported between proppant particles and

coal, in coal bed methane reservoirs. These attractive forces are believed to be

the cause of the external filter cake at the injection face in these reservoirs [110].

Another implication of proppant accumulation adjacent to asperities is the

reduction of the overall hydraulic fracturing efficiency. The poor efficiency is a

result of proppant not covering the areas most prone to closure; these are the areas

farther from the asperities. This effect may be understood by a simple analysis

based on the deformation of an elastic beam under uniform stress.

When the distance between two individual asperities is much larger than

the average fracture aperture, fracture face at the vicinity of the asperities may

be simplified as an elastic beam fixed at one point, i.e. a cantilevered beam (Fig.

4.12). When the fracture is exposed to in-situ stress, it is safe to model its closure

via the model of the cantilevered beam under a uniform load. Of course this
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analysis is only valid as long as we assume that the asperities do not fail under

the in-situ compression.

y

X

w

L

Figure 4.12: Schematic of a rough-walled fracture viewed from the side (top).
The region neighboring the asperity may be simplified as a cantilever beam under
uniform loading. y represents the deflection and X is the dimensionless distance
from the asperity.

According to the linear-elastic model of a cantilever beam under uniform

loading, the deflection of the beam is related to the distance from the fixed end
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by the following formula [145]:

y =
wL4X2

24EI
[X3 − 4X + 6] (4.4)

where y is the deflection of the beam, w is the total uniform load, X is the

dimensionless distance from the fixed end, E is the modulus of elasticity, and I is

the moment of inertial of the beam.

According to Eq. (4.4), the maximum deflection occurs at the free end of

the beam and its value is: ymax = wL4X
8EI

. Fig. 4.13 shows the normalized deflection

(y/ymax) vs. the dimensionless distance from the fixed end (X).
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Figure 4.13: Dimensionless deflection of the beam as a function of the dimension-
less distance from the fixed end.

Deflection of the beam increases as we move away from the fixed end. In

other words, the aperture loss is larger at points farther from the asperity. This

analysis and its conclusion are valid even if the distance between the asperities

is comparable to the average fracture aperture, in which case the behavior of the

fracture face may be approximated by a beam fixed at two ends.
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The elastic beam analogy shows that the regions farther from the asperity

undergo more aperture loss due to the in-situ compressive stress. Hence, these

regions need to be properly propped to prevent their closure; however, as we saw

in our numerical proppant placement model, regions farther from asperities are

also less likely to be fully propped.

4.4.2 Propped Fracture Conductivity

Conductivity of propped fractures is often determined in the lab. In these

tests, proppant particles at various volume fractions are manually put on the

fracture faces of sample rocks. Next, they are exposed to compressive stress and

a fluid is flown through them. This procedure provides the propped fracture

conductivity as a function of normal stress and proppant concentration [166, 187].

However, the uniform manual distribution of proppant particles over the fracture

face creates an artificial arrangement that according to our results is far from

the real proppant distribution in rough-walled fractures. A consequence of this

deviation might be an error in the predicted fracture’s propped length when these

permeability models are used in hydraulic fracturing design workflows.

We define the conductivity of the fracture as: F = Q
∆P

, where Q is the

total volumetric flow rate of the injected slurry and ∆P is the total pressure drop

along the fracture. The initial conductivity of the fracture is: F0 = Q
(∆P )0

, where

(∆P )0 is the initial pressure drop in the fracture when only water flows in it. Fig.

4.14 shows the fracture conductivity normalized by its initial value.

The conductivity of the fracture is seen to gradually decrease while prop-

pant accumulates in the fracture. Nonetheless, the conductivity fluctuates as it

decreases. The fluctuations may be caused by local accumulation of proppant par-

ticles in the form of unstable bridges followed by the collapse of those bridges and
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opening of the flow paths. Due to the microscopic nature of these fluctuations, we

do not expect to see those in the field because in a large fracture, local formation

and collapse of proppant bridges cancel out throughout the fracture resulting in

a more monotonic conductivity decline.

0.000 0.004 0.008
0.85

0.9

0.95

1

V ′prop.

F F
0

c = 1.4%
c = 1.7%

Figure 4.14: Change of fracture conductivity as the proppant slurry is injected
into the fracture. The conductivity is normalized by its initial value, when only
water was injected into the fracture.

4.4.3 Proppant Concentration Profile

We calculated the volume fraction of proppant (Cp=proppant volume/frac-

ture volume) in slices 1 cm long along the length of the fracture. A length of 1 cm

was chosen by visual inspection of the final proppant distribution in the fracture

(Figs. 4.9 and 4.10). Ideally the slice should be an REV for the specific purpose

of particulate flow in rough-walled fractures; however, quantitatively defining an

REV for rough-walled fractures for flow and transport related phenomena is a chal-

lenging task [66]. Qualitatively, an ideal slice should be only so long to contain a

uniform proppant distribution, and a minimum slice length almost guarantees the

130



uniform distribution requirement. However, a short slice might not represent the

rough fracture geometry well. It might not contain enough asperities to ensure a

proper fracture REV. Considering these points, a visual inspection of the prop-

pant distribution in the fracture geometry led us to decide that 1 cm is a suitable

length for the propped fracture REV.
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Figure 4.15: Volume fraction of proppant along the fracture calculated at different
times. The volumetric concentration of the injected slurry is 1.4%. Each data
point is calculated for a 1-cm-long slice along the fracture. The dashed line shows
the fracture aperture (scale provided on the right).

Fig. 4.15 shows the volume fraction profiles at different times. It is clear

from this plot that piston-like displacement of proppant slurries should not be

expected in rough-walled fractures. Moreover, proppant concentration near the

injection face is markedly higher than the concentrations further downstream.

This result suggests that proppant screenout might be expected to occur closer

to the wellbore. In order to prevent proppant screenout, a wider fracture opening
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near the wellbore is a well known practice in the field [128]. Nonetheless, proppant

screenout is mostly believed to happen at the tip of the fracture due to the narrow

opening at the fracture tip when fluid leak-off is negligible.

Next, we use the proppant velocity correlation proposed in [25] to model

this system according to the continuum scale proppant placement models. Based

on the proppant velocity correlation Eq. (4.3) the relative velocity of the proppant

is proportional to proppant’s volumetric concentration, proppant size, and fracture

aperture. Since for our fracture geometry the aperture is not constant, we choose

to use an effective aperture as the input to Blyton’s model. Table 4.2 lists the

effective apertures derived by different averaging methods.

Effective aperture model Aperture (mm)
Equivalent hydraulic aperture [230] 0.405
Mean aperture [155] 0.584
Equivalent volumetric aperture 0.533
Maximum aperture 1.6

Table 4.2: Various effective apertures calculated for the fracture sample used in
this study.

Equivalent hydraulic aperture is the aperture of an equivalent slit that

passes the same flow rate as the rough-walled fracture when exposed to the same

pressure drop. This equivalent aperture is calculated for Newtonian fluids flow-

ing in a laminar regime. Equivalent volumetric aperture is the aperture of an

equivalent slit that has the same width, length, and volume as the rough-walled

fracture.

Please note that Blyton’s correlation (Eq. (4.3)) was proposed based on

the simulations of slurry flow under constant pressure drop. He did not, however,

clarify how this correlation might change under a constant flow rate boundary
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condition. We, on the other hand, imposed a constant flow rate boundary con-

dition in our simulation. Nonetheless, we used Blyton’s correlation to calculate

concentration profiles along our model fracture.

Proppant and fracing fluid material balance equations for 1D slurry flow

in a fracture with constant aperture and no leak-off are as follows [25]:{
∂c
∂t

+ ∂(cVp)

∂x
= 0

∂(1−c)
∂t

+
∂((1−c)Vaf )

∂x
= 0

(4.5)

For all of the equivalent apertures presented in Table 4.2 the proppant to aperture

size ratio is smaller than 0.4. Therefore, according to Eq. (4.3) we have: Vp =

Vaf (1− c).

Combining equations 4.5 and substituting Vp from the above equation we

get:

∂(Vaf (1−c)(1+c))

∂x
= 0→ Vaf (1− c2) = f(t)

We can find the value of f(t) from the boundary conditions. For all times t we

have {
Vaf = V i

af = 1 mm/s

c = cin = 0.014.

Hence we get the following relationship between fluid velocity and slurry concen-

tration:

Vaf =
V i
af (1− c2

in)

1− c2
(4.6)

Substituting Eq. (4.6) into the fluid material balance equation in Eq. (4.5) we find

the equation to be solved for obtaining proppant concentration profiles over time.

V i
af (1− c2

in)
∂1/(1 + c)

∂x
− ∂c

∂t
= 0 (4.7)

Eq. (4.7) can be numerically solved for the initial condition of c = 0 along the

fracture and the boundary condition of cin = 0.014. Fig. 4.16 shows the resulting
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proppant concentration profiles at different times. It also contains concentration

profiles from micro-scale simulations shown in Fig. 4.15, for comparison.

The continuum model fails to predict the proppant accumulation and pre-

dicts a piston-like front for the proppant phase. This prediction is an optimistic

prediction because it states that the proppant distribution behind the front is

uniform. However, proppant accumulation, especially near the inlet, might cause

additional pressure drop that the continuum model is not able to predict. We

speculate that overlooking proppant accumulation behind the front is one of the

reasons why the standard models overestimate the propped fracture length.
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Figure 4.16: Volume fraction of proppant along the fracture calculated by the
micro-scale and continuum approach.
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4.4.4 Proppant Accumulation

We further quantified the proppant accumulation. Fig. 4.17 shows the

proppant volume fraction at different locations and times. Proppant volume frac-

tion in each segment keeps growing over time, which is an indication of proppant

accumulation at different locations in the fracture. This behavior is very simi-

lar to the particle accumulation in porous media that we saw in Fig. 3.13. The

rate of accumulation changes slightly with the change in the slurry concentra-

tion. Although here the difference in the concentrations of the slurries is small, it

might be an indication of the dependency of the rate of proppant accumulation

on the slurry concentration. This dependency is also similar to the rate of particle

accumulation in the porous media that we discussed in Chapter 3.
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Figure 4.17: Proppant volume fraction in each segment growing in time.

Due to proppant accumulation, proppant volume fraction increases at lo-

cations that have already been swept by the slurry. This effect is not considered

in the conventional proppant placement models (Eq. (4.5).
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We saw in the previous section that even incorporating the horizontal slip

velocity as a function of proppant volume fraction does not advance the contin-

uum model to predict proppant accumulation behind the front. The similarity of

proppant accumulation behavior to the particle filtration calls for correcting the

proppant transport model by treating it as a filtration model, instead of pure ad-

vection. In other words, replacing Eq. (4.5) with a DBF formulation helps model

proppant capture in the fracture.
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Figure 4.18: Location of front c = 0.0046 at different times. The volumetric
concentration of the injected slurry is 1.4%.

Blyton’s model for proppant velocity implies that constant concentration

proppant fronts travel at a constant velocity along the fracture for a d
e
< 0.4. We

tested this proposal by tracking the location of the c = 0.0046 front. Fig. 4.18

shows the resulting plot for c = 0.0046 front. The nonlinear curve indicates that

in a rough-walled fracture the proppant front velocity does not remain constant

and the front tends to slow down over time.

Finally, it is worth mentioning that proppant particle capture might also
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take place while they are settling. Similar to the DBF model, the rate of proppant

capture in the fracture may be quantified as a fraction of the total proppant flux.

Treating proppant transport (vertically and horizontally) as a filtration process

should enable the models to predict the non-uniform distribution of proppant in-

side the fractures in all directions, especially when the fracture spans over many

different layers with different petrophysical properties that affect their roughness

relative to other layers. Here we present the DBF formulation for modeling prop-

pant transport:

∂((1− c)φfe)
∂t

+∇ · ((1− c)φfe ~vf ) = −ql (4.8)

∂((1− c)φfe)
∂t

+∇ · (cφfe~vp) = 0 (4.9)

∂φf
∂t

= −T p (4.10)

where ql is the fluid leak-off rate, φf is fracture porosity, and T p is the rate of

proppant capture, which may be a function of total proppant flux.

4.5 Conclusions

Proppant placement has traditionally been studied by flowing proppant

slurries between glass plates, which is a simplification of fracture walls in porous

rocks. However, it is a well known fact that real fracture walls are rough. We

modeled the flow of proppant slurries inside a rough-walled fracture. The flow do-

main geometry has been extracted from a micro-CT image of an induced fracture

in a Berea sandstone core. Direct modeling of proppant interaction with fluid, the

other proppant particles, as well as irregular fracture walls (in the presence of as-

perities) is to our knowledge novel situation. The novelty of this approach is that

it is capable of updating the permeability of the fracture as proppant placement

occurs. We already saw in some of the presented studies that the permeability of
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the proppant pack is usually measured under static conditions, i.e. the fracture

opening is first packed with proppant particles and then the permeability of the

fracture is measured or calculated [228].

• Visual inspection of proppant particle locations and calculated proppant

concentration profiles show that proppant particles do not distribute uni-

formly over the fracture. We exemplify the case where proppant particles

tend to accumulate in the areas adjacent to the asperities. The accumula-

tion rate was found to be larger adjacent to the asperities compared to a

fully open neighboring region. That said, a fracture with a large variation

of asperities acts as a porous medium, in that spatial distribution and ac-

cessibility of openings of different sizes play a major role. In other words, a

large opening that is surrounded by small apertures might act contrary to

the example shown. It is best to analyze representative segments of fracture,

as was done in Section 4.4.3.

• Proppant slurry fronts that we saw in the presented simulations are not

piston-like. We found that the front velocities are not constant and decrease

over time. This is in contrast to the standard model predictions of a piston-

like slurry front sweeping the fracture without any particle accumulation

above the injected slurry concentration. Although the horizontal velocity

can be corrected for the retardation effects in the standard model, it will

still not be able to predict the proppant accumulation behind the front,

especially when leak-off is negligible.

• Due to the similarity between the proppant transport in rough-walled frac-

tures and particle straining in porous media we recommend the DBF for-

mulation as an improved alternative to the standard proppant placement
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model. The recommended model is more likely to capture phenomena such

as early screenout and give more realistic approximations for the propped

fracture length.

4.6 Future Work

This is a preliminary study that applies ideas from the previous straining

studies to proppant transport in rough-walled fractures. As such it simply opens

the doors for the future more extensive studies on the influence of fluid viscosity

and different rheology, proppant concentration, proppant to aperture size ratio in

the full range of typical slurry properties (see Table 4.1), and leak-off rate. Finally,

with some image processing it is possible to separate two different fracture faces

from the micro-CT image (note that asperities cause ambiguity in fracture face

definition), and also add the ability to move the fracture face in response to in situ

stresses. That way we will be able to understand the coupling of geomechanics and

proppant transport similar to the study in [228], but in a geometry more amenable

to experimental validation due to the use of micro-CT images. In addition, and

to extend the study in [228], proppant crushing could be modeled as well (see

Chapter 5).
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Chapter 5

Modeling of Sandstone Mechanical Failure with

Grain Crushing1

5.1 Background

Sedimentary basins often provide suitable sites for subsurface CO2 storage

due to their high porosity and large thickness; however, sedimentary formations

are usually saturated with brine, which together with supercritical CO2 creates a

reactive environment for the minerals present in the sedimentary rock. Consequent

geochemical reactions between the brine-supercritical CO2 and formation grains

alter the mechanical and flow properties of the formation rock and eventually

affect the storage capacity and leakage safety of the reservoir [149]. Permeability

alteration of sedimentary rocks while exposed to CO2 have been associated to

various phenomena.

For instance, injection of gaseous CO2 into Warwick sandstone cores were

found to decrease the permeability of the core [61]. Warwick sandstone is a clay-

rich sandstone which has a high content of loosely bonded fine particles. Thus, the

permeability decrease was initially assumed to be due to fine migration. However,

coreflood with gaseous N2 did not result in permeability reduction, therefore, the

authors concluded that the presence of CO2 induced clay swelling and loosening

1Permeability calculation method has been previously published in the following article. The
author provided the permeability calculations for the samples based on the FVM in this article.
R. A. Victor, M. Mirabolghasemi, S. L. Bryant, and M. Prodanović. Minimum divergence
viscous flow simulation through finite difference and regularization techniques. Advances in
Water Resources, 95:29-45, 2016.
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of clay particles and the released clay particles migrated farther downstream and

clogged the available flow paths .

Rinehart et al. [165] on the other hand, hypothesized that the geochemical

interactions induced by CO2 improve the injectivity of the CO2 injection wells.

They conducted mechanical loading tests on sandstone samples from the Lower

Tuscaloosa Formation. Those samples included intact samples as well as sam-

ples exposed to supercritical CO2 and brine. Following the examination of thin

sections, they reported that the CO2-altered samples underwent significant grain

fracturing and cement degradation. It may be argued that CO2 might weaken the

cement and facilitate macroscopic fracture opening and thus increase the perme-

ability (especially in the case of calcite, chlorite or hematite cements in a quartzitic

sandstone). Nonetheless, a weak cement might also exacerbate the grain crushing

and cause porosity and permeability reduction. These two competing effects de-

termine if a CO2 storage site will remain leakage-free or otherwise prevention and

mitigation measures for possible future CO2 leakage should be planned.

In this chapter we investigate the effect of cement and grain weakening on

the ultimate permeability change of sandstone samples under hydrostatic and uni-

axial compression. We use a discrete element method for this purpose. (Bonded)

DEM represents a granular or weakly consolidated grain packing as a network of

(possibly bonded) spherical grains with Hertz contact model applied at their con-

tacts. The particle network is then calibrated to the mechanical properties of the

porous material [140, 108, 54, 51]. Recent extensions have modeled each individual

grain in a granular material as an agglomerate, thus allowing grain crushing [141].

We here extend this agglomerate model to a weakly consolidated sandstone and

evaluate it in the context of CO2 injection. We attempt to determine whether

grain crushing or fracturing and dilation controls the ultimate permeability of
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altered sandstone samples. In their micro-scale study of chemical alteration of

sandstones, Sun et al. [186] hypothesize that CO2 attacks cements. Their model,

however, cannot accommodate grain crushing and permeability change. We here

extend the micro-scale model to test the hypothesis further. The micro-scale mod-

eling allows us to assess the extents of cement and grain damage and compare it

across different weakening conditions.

5.1.1 Grain Crushing: Experimental Studies and Field Observations

Grain crushing happens as a result of local stress change in the forma-

tion and usually creates a reduced permeability and porosity region in the area

where crushing has happened. Local stress regime changes due to various reasons,

from sediment deposition through time [49], to industrial exploration and extrac-

tion operations. Examples of industrial interventions that induce grain crushing

through changing the local stress regime are wellbore perforation [216] and hy-

draulic fracturing [161]. For instance, the interaction between the proppant in

hydraulic fractures and sand grains in the host formation has been reported to

cause grain crushing near the fracture face region [161].

5.1.1.1 Field Observations

Fractured grains (as well as related mechanisms of grain sliding, bond

breaking and pore collapse) are widely found in the field [185, 173]. Formation

grains crush as a result of compressive or shear stress (Fig. 5.1) and the crushed

grains form bands of lower porosity (Fig. 5.2) and permeability, and finer grains

compared to the host rock [125]. These bands are called “cataclastic deformation

bands” [214, 43]. Cataclastic deformation bands are more likely to form in high

porosity sandstones, sandstones with larger grain size, and sandstones with silica
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cement. On the other hand, cataclastic deformation bands are less likely to form

in sandstones whose grains are coated with hematite, because the hematite coat-

ing causes the grains to slide over each other. The sliding dissipates the energy

introduced to the system via the external stresses into frictional losses instead of

grain breakage [79].

Figure 5.1: Different types of cataclastic deformation bands forming as a result of
compressive and shear stress. Figure replicated from [68].

Figure 5.2: Porosity profile across a single deformation band. Porosity in the
deformation band is much smaller than the neighboring regions [167].

5.1.1.2 Experimental Study of Grain Crushing in Rock Samples

Experimental loading of sedimentary rock or unconsolidated granular sam-

ples has been commonly used to investigate grain crushing and induce deformation

bands under controlled conditions. These loading tests consist of uniaxial com-

paction tests [88, 96, 51], triaxial [78, 165, 207, 18, 76], and hydrostatic tests

[165, 60]. Samples are studied before and after loading to determine the evolution
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of their properties as a result of mechanical failure [77, 88, 165, 60]. Sometimes

these measurements are accompanied by microscopic imaging of the sample in or-

der to study the structural changes in the grains and pore bodies. Rock samples

are usually imaged via methods such as scanning electron microscopy (SEM) [77],

thin sections [165], or X-ray microtomography [170, 51]. Observation of changes in

the microstructure of the failed samples provides information on the mode of fail-

ure in the grain scale. For example, wet feldspar grains were observed to fail due

to microcracking (Fig. 5.3b) as opposed to pressure dissolution or crushing at the

grain contacts [88]. Similar phenomenon has been observed in sandstones. On the

other hand, carbonates experience a different form of plastic mechanical failure.

In carbonates, failure happens as a result of stress concentration at the pore-grain

interface. Eventually a zone of damaged and crushed material forms around the

pores, which results in pore collapse. Fig. 5.3 shows SEM and thin section images

of samples of sandstone and carbonate rocks that have failed mechanically [215].

A common parameter that is used to quantify grain crushing is the “critical

effective pressure” or P ∗ [215, 185, 60]. This value is extracted from hydrostatic

loading test results. Fig. 5.4 shows the results of hydrostatic loading tests on

carbonate and sandstone rock samples. Grain crushing happens in these loading

experiments. The hydrostatic loading curves indicate that although the micro-

scopic mode of grain breakage differs in sandstone and carbonate rocks (Fig. 5.3)

the macroscopic behavior in terms of loading curves look similar for carbonates

and sandstones.
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(a) Grain microcracking and pore
collapse in Darley dale sandstone
[215].

(b) Wet granular feldspar sample
with distilled water as pore fluid
under uniaxial compression [88].

(c) SEM image of a slightly tilted
Tavel limestone sample which
has failed under hydrostatic com-
paction. The damage zone radiates
outwards from the pore edge [215].

(d) Pore collapse occurring in a
macro pore in an Indiana limestone
sample [215].

Figure 5.3: SEM (a,c, and d) and thin section (b) images of granular samples and
porous rocks under stress. Grain microcracking, crushing, and pore collapse is
evident in these images.

As the hydrostatic loading starts, the sample shows linear elastic behavior.

At a certain pressure, an inflection point appears in the pressure-volumetric strain

curve. This inflection point corresponds to the onset of grain crushing and the

corresponding pressure is the critical effective pressure (P ∗). The onset of grain

crushing at P ∗ has been corroborated by crack density measurements. Monitor-

ing the evolution of crack density in the sample as the pressure increases (Fig.

5.5) shows that when the effective pressure reaches P ∗, the crack density in the

sample starts to increase, which may be an indication of the beginning of the

grain crushing [77]. Compaction of the sample accelerates drastically at pressures
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higher than P ∗ [215] and the permeability of the sample drops to as low as 1/10th

of its original value [185]. In the experiments where acoustic emission events are

recorded during the hydrostatic test, a sharp rise in acoustic emission activity has

been reported at the onset of grain crushing [60]. Further experimental studies

on sandstone have shown that P ∗ is inversely proportional to sandstone’s porosity

and grain size (Fig. 1.5) [214].

Similar to the hydrostatic test, an inflection point appears in the loading

curve of triaxial tests at the onset of grain crushing [146]. Fig. 5.6 shows a typical

loading curve of a triaxial test. The inflection point in this plot indicates that the

sample undergoes grain crushing before failing under shear at the peak stress.
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Figure 5.4: Hydrostatic loading test results for (a) a sample carbonate rock [19]
and (b) a sample sandstone [131].
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Figure 5.5: The evolution of porosity and crack density in a hydrostatic test on a
sandstone sample [77]. The dotted vertical line corresponds to P ∗.
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Figure 5.6: Grain crushing causes an inflection point in the triaxial loading curve.
In this plot σ3 is axial stress, σ1 is confining stress, and ε3 is axial strain [146].

As mentioned earlier, grain crushing is speculated to form regions of re-

duced permeability near the faces of hydraulic fractures. This permeability loss

has motivated compression tests in which a layer of proppant is compressed be-

tween sandstone substrates. For example, Reinicke et al. [161] reported acoustic

emission from the face of hydraulic fractures in tight sandstone samples under

compressive loading. The authors speculated that the proppant-formation inter-

action had led to the destruction of sandstone grains. Grain breakage was seen to

start at relatively low overall stresses in the system, which is due to the fact that

local stresses at grain-proppant contact might be much higher than the total stress

exerted on the proppant-sandstone system. In the same experiment, permeability

reduction at the fracture face region was another evidence of grain crushing at the

near-fracture area. Broken grains generated large amounts of fines, which clogged

the fracture face flow paths and induced fracture face skin. The experiment tested

different proppant types and high strength proppant was reported to cause more

permeability damage compared to the intermediate strength proppant.
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5.1.1.3 Experimental Study of Single Sand Grain Crushing

Mechanical loading experiments are not limited to core-size samples. Re-

cently, multiple researchers studied single grains under mechanical loading. Cil

and Alshibli [50] studied the onset of crack development in single grains by imag-

ing the single grain under compressive stress. They concluded that the crack

formation starts at the grain contact points because those points act as stress

concentration regions. The crack then continues to grow along the plane that

connects the two contact points. Fig. 5.7 shows the images of the studies done on

the loading of single and 3 grains.

Figure 5.7: Synchrotron microcomputed tomography of single sand grains under
compression [50].

Other researchers have studied the relationship between the critical force at
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failure and the grain’s size and shape [41, 210]. Fig. 5.8 shows a single slag particle

before and after being subjected to compression between two parallel plates (after

[210] - plates are not shown in this picture).

Figure 5.8: A single slag particle before (left) and after crushing between two
parallel plates (right) [210].

Researchers [41, 229] derived equations determining failure criteria for sin-

gle sand grains based on fracture mechanics theory. If the Griffith criterion for

crack extension is satisfied for a preexisting surface flaw at the grains contact,

then the grain will fail under the applied force [88]. This critical force at failure

(Fc) is inversely proportional to the flaw dimension at failure (cf ). For a spherical

grain, the critical force at failure is calculated through the following formula (in

consistent units) [41]:

Fc =
9π
√
πK3

c,eqR
2
g

2cf
√
cfY 3(1− 2νg)3(E∗)2

(5.1)

where Kc,eq is fracture toughness, Rg is the grain radius, Y is a dimensionless

factor depending on the crack-end configuration (e.g. Y ≈ 1.12 for a single-ended

crack), νg is the Poisson’s ratio of the grain, E∗ = 1−νg
Eg

+ 1−νs
Es

is the equivalent

Young’s modulus of the grain and substrate, and νs and Es are the Poisson’s ratio

and Young’s modulus of the substrate platen.

Brzesowsky et al. [41] tested the validity of the above model by measuring

the critical force at failure for randomly chosen grains with various sizes. Based on
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these measurements and their theoretical model they estimated a lower boundary

for critical flaw dimensions for spherical and ellipsoidal grains 378 ± 22 µm in

diameter. These values are 0.115 and 0.057 µm respectively. The failure criteria

for single sand grains can be upscaled to derive a correlation between the critical

effective pressure (P ∗) and system parameters such as porosity, grain size, and

sand grains mechanical properties [229].

5.1.2 Numerical Modeling of Grain Crushing Phenomenon

Besides experimental and field studies, numerical models have been de-

veloped to simulate grain crushing. The advantage of numerical modeling over

experimental studies is that it provides information about the details of the fail-

ure of each grain in a non-destructive way. The mentioned information could also

be obtained during the numerical loading experiment as opposed to experimental

studies, where measurements such as grain size distribution is only possible after

the loading is complete [51].

Nguyen et al. [142] performed simulations using contact dynamics method

on assemblies of non-spherical grains and studied the evolution of particle size

distribution during mechanical loading. In the contact dynamic method, contacts

between bodies are assumed to be cohesive until the force exerted on the contact

exceeds the cohesive strength of the contact. At this point, the contact changes

into a frictional contact. This approach is capable of modeling the dynamics

and breakage of non-spherical grains; however the elastic response of the granular

systems does not automatically emerge from the contact dynamics method and it

requires additional calibration.

A more robust model that allows for modeling the elastic behavior of rocks

and granular media, as well as their inelastic deformation, is discrete element
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method (DEM). In the standard DEM, each particle is unbreakable [51, 186] and

only slightly deformable [138, 40, 71], which inhibits the model from predicting the

grain breakage [189]; however, it is possible to modify DEM such that it handles

particle breakage to some extent. One way to model particle breakage in DEM

is to represent each grain as an agglomerate of bonded particles. The particle

that form the agglomerates are allowed to be uniform in size (Fig. 5.11) or have

a size distribution (Fig. 5.9). The bonds that keep each agglomerate as a load-

bearing unit will break if the load on the agglomerate exceeds bonds’ strength.

The agglomerate will eventually break into smaller pieces [50, 52, 51, 189, 141].

This approach has been shown to work for assemblies of aggregates [51] as well as

for single aggregates [50].

Figure 5.9: 2D model of a packing of angular ballast particles modeled as agglom-
erates of multiple smaller circular particles bonded together [189].
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Cil and Alshibli [50, 51] numerically modeled the mechanical loading of

single sand grains using the bonded agglomerate approach. They placed the single

agglomerate between parallel plates and compressed it till it broke. They repeated

the numerical experiment for agglomerates with the same size but different number

of sub-grain bonded particles. They found that increasing the number of sub-grain

particles decreases grain roughness and the grain will eventually experience less

asperity damage under compressive loading [50]. They also concluded that the

mechanical response of the agglomerates is not sensitive to the number of sub-

grain particles when it varies between 69 and 281 particles [51]. Fig. 5.10 shows

an example of their compressive loading test results.
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Figure 5.10: A sample result of numerical modeling of compression of a single
sand grain. Diameter of the tested agglomerates in this study varied between 0.6
and 0.8 mm [50].

Furthermore, Cil and Alshibli [51] simulated the uniaxial compression of

a silica sand assembly consisting of 239 grains (agglomerates) and compared the

results with the synchrotron microtomography images of the same experiment.

The model successfully predicted the location of the grains which crushed during

the test. Fig. 5.11 shows the DEM simulation at different strains.
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Figure 5.11: DEM simulation of a sand pack under uniaxial compression. On the
right side of each sand pack schematic the force chain (lines) and broken bonds
(green and brown hexagons) are displayed. The strain value at each snapshot is
as follows: (a) 0%, (b) 2.36%,(c) 3.0%, (d) 5.14%, (e) 6.86%, (f) 9.43% [51].

Findings of this study indicate that in a 1D loading test, grains that are

closer to the top platen crush first. Furthermore, comparison of simulation and

experimental results revealed that the granular specimen starts to yield when

particles start to crack.

A similar approach to the aforementioned particle agglomerate model is to

replace a single DEM grain with a set of smaller particles only after the forces on
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the grain exceed its breakage criteria [189, 124]. For example, the following failure

criteria were introduced in [124]:

• Grains with a coordination number of 3 or less are allowed to break.

• Tensile stress in each grain is calculated by assuming that the force on each

grain compresses the grain similar to a Brazilian test.

• Tensile strength of the grains decreases proportional to their radii.

• If the tensile stress in each grain exceeds its tensile strength, the grain is

replaced by 8 smaller grains with a certain size distribution.

In an attempt to enhance the accuracy of the particle breakage criteria,

Bagherzadeh et al. [12] incorporated a finite element model (FEM) within DEM.

In this approach, at each DEM time step a FEM is run on each particle separately,

taking into account all forces acting on that particle. If the FEM results show that

the maximum stress in the particle exceeds its strength, the particle is replaced

with two smaller particles and the DEM simulation continues. Results of this

study were in qualitative agreement with experimental results in terms of (1) the

relationship between the confining stress and shear strength in granular assemblies

and (2) the increase in breakage as a function of the ratio between the maximum

and minimum principle stresses. This model is capable of modeling non-spherical

and sharp-edged grains, but is currently limited to 2D systems.

The majority of the studies involving particle breakage focus on the sim-

ulation of unconsolidated granular media [189, 51, 52, 141, 46]. Deformation of

unconsolidated granular systems has been successfully modeled by the bonded

DEM technique and matched with experimental results [189]. One major disad-

vantage of the DEM technique is its high computational time, which has made
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many researchers to run 2D simulations on crushable granular systems instead of

3D models [189]. The other drawback of the bonded DEM technique is the mul-

tiplicity of tuning parameters [189]. Thus there is typically no unique calibrated

model. Finally, crushable grains are porous in this method. Therefore, the model

has a higher porosity than the modeled physical sample.

As mentioned above, little attention has been paid to the modeling of

grain crushing in consolidated rocks. In this study we evaluated the bonded

agglomerate approach to simulate the behavior of weakly consolidated sandstones

and investigate the extents of grain crushing when sandstone samples are loaded

under different conditions. Highly porous, weakly consolidated sandstones are

better candidates for modeling by the bonded DEM approach. Limitations of

the mentioned approach (porous grains, high computational costs, etc.), make it

an unreliable tool for modeling fully consolidated, tight sandstones . We further

perform sensitivity analysis by varying the inter-grain bond properties as proxy

models for weakening effect of CO2 on sandstone cement. This study aims to shed

light on the effect of grain crushing on the permeability and mechanical properties

of altered and unaltered weakly cemented sandstones.

5.1.2.1 Numerical Modeling of Chemical Alteration

Sun et al. [186] recently used bonded DEM for investigation of chemical

alteration of Entrada sandstone, and have compared the results to indentation

experiments. They found that the bonded DEM model can model indentation

of cemented sandstones, and numerical results support the hypothesis that CO2-

related mechanical rock degradation in Entrada sandstone samples can be ascribed

to the degradation of interparticle cements. They model the degradation by vary-

ing parameter λ (see Section 5.2.2 below) and find that for unaltered sandstone λ
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ranges from 0.37 to 0.88, and for the altered sandstone it ranges between 0.14 and

0.54. λ (relating to cement size) was found to be a dominant parameter affecting

mechanical properties during numerical chemical alteration.

5.2 Method: Bonded Discrete Element Model

Discrete element modeling of a granular system consists of solving the

equations of motion for each particle in the system, to determine the velocity of

the particle and thus predict the location of that particle at the next time step

[12]. All the contact forces between the grain and other neighboring grains or

walls as well as body forces (e.g. hydrodynamic and gravitational) are integrated

into the equations of motion.

5.2.1 Contact Model

Contact forces are computed by the Hertz contact model. In this model

each particle is assumed to be a rigid body that undergoes a small deformation

at each collision with other particles or walls and this deformation is proportional

to the contact force between the colliding bodies [147, 47]. Fig. 5.12 shows a

schematic of two colliding particles with radii R1 and R2. They have deformed at

the contact plane such that the distance between their centers has become equal

to d, which is smaller than R1 +R2 by a small amount we call δn. Particles have

Young’s moduli and Poisson’s ratios of E1 and E2, and ν1 and ν2, respectively.

Normal contact force (N) is perpendicular to the contact plane, and thus

acts in the direction of the line connecting particle centers for spherical parti-

cles. The following formulas are used to calculate the contact force based on the
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deformation and mechanical and geometrical properties of the colliding particles:

N = knδn − γnv1,2
n

δn = R1 +R2 − d

kn =
4E
√
Rδn

3
1

R
=

1

R1

+
1

R2

1

E
=

1− ν2
1

E1

+
1− ν2

2

E2

(5.2)

v1,2
n and v1,2

t are normal and tangential components of the relative velocity of

particles 1 and 2, kn is the normal stiffness of the contact, and γn is normal

damping coefficient.

d

R2R1
N N

T

T

(a) Two spherical particles of radii R1 and R2 with a center to center
distance of d colliding with each other and undergoing slight deforma-
tion. Normal contact force (N) is in the direction of the line connect-
ing the centers of the two spheres. Tangential forces (T ) are in the
direction of the relative tangential velocity of the particles.

(b) Contact forces are modeled as spring-dashpot systems working
normal and tangential to the contact plane.

Figure 5.12: Schematic of contact forces in the DEM model.
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If particle 1 is colliding with a wall, δn, R, and E in equations 5.2 should

be modified as follows:

R = R1

δn = R1 − d′

1

E
=

1− ν2
1

E1

+
1− ν2

w

Ew

(5.3)

where d′ is the distance between the center of particle 1 and the wall and Ew and

νw are the Young’s modulus and Poisson’s ratio of the wall respectively.

Similarly for the tangential force (T ) we have [62]:

{
T = ktδt − γtv1,2

t if T ≤ µN

T = µN if T > µN

kt = 8G
√
Rδn

1

G
=

2(2 + ν1)(1− ν1)

E1

+
2(2 + ν2)(1− ν2)

E2

(5.4)

where δt is the relative tangential displacement between the two colliding bodies,

µ is the friction coefficient, kt is the shear stiffness of the contact, and γt is the

tangential damping coefficient.

Damping coefficients γn and γt are associated with the damping normal

and tangential forces on every colliding pair.

Parameters for normal damping force:

γn = −2

√
5

6
β
√
Snm

1

m
=

1

m1

+
1

m2

β =
ln(e)√

ln2(e) + π2

Sn = 2E
√
Rδn

(5.5)
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Parameters for tangential damping force:

γt = −2

√
5

6
β
√
Stm

St = 2G
√
Rδn

(5.6)

where m1 and m2 are the masses of particles 1 and 2, and e is the coefficient of

restitution between particles 1 and 2.

In summary, for the contact model we need to define each particle by its

mass, radius, Young modulus and Poisson’s ratio. Note that the coefficient of

restitution is typically set to a small value for quasi-static systems and is not

considered an adjustable parameter in these simulations.

5.2.2 Bond Model

The bonded DEM is an extension of the DEM to model consolidated gran-

ular systems. Adding a bond force between bonded particles restricts their move-

ment with respect to each other when the applied force on the system is lower

than the bond breakage threshold. A bond between two particles is assumed to

behave as a brittle elastic beam [152]. Based on this assumption a set of forces

and moments is added to the system of contact and body forces of the classical

DEM formulation. The forces and moments associated to the bonds are propor-

tional to the relative linear and angular displacements between the two bonded

particles. Note that it is possible to define a bond between two particles that do

not overlap.

When there is no load on the bonds (usually at the beginning of a simu-

lation when there is no force or displacement in the system), forces and moments

corresponding to each bond are zero. As soon as the bonded particles start to

move relative to each other, the relative linear and angular displacements create
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a force and an angular moment in the bond. At every incremental linear and

angular displacement, bond forces change by the following values:

∆F̄ n = k̄nA∆Un

∆F̄ s = −k̄sA∆U s

∆M̄n = k̄sJ∆θn

∆M̄ s = k̄nI∆θs

(5.7)

where ∆F̄ n and ∆F̄ s are the bond’s incremental normal and shear forces, k̄n and

k̄s are the normal and shear stiffness of the bond, A is the cross-sectional area

of the bond, ∆Un and ∆U s are the normal and tangential incremental relative

displacements, ∆M̄n and ∆M̄ s are incremental twisting and bending moments, J

and I are moment of inertia and polar moment of inertia of the bond, and ∆θn

and ∆θs are the incremental relative rotational displacements.

A = πR̄2

I =
1

4
πR̄4

J =
1

2
πR̄4

(5.8)

Here, R̄ is called the bond radius and is defined as R̄ = λ min(R1, R2).

where λ is the bond-radius multiplier and is a model input. This value can be

used as a microproperty of the cement that bonds the particles together. We will

later use this property to perform a sensitivity analysis with respect to the cement

strength.

Normal stiffness of the bond is a function of bond’s Young’s modulus and

sizes of the bonded particles:

k̄n =
Ē

R1 +R2

(5.9)
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where Ē is the Young’s modulus of the bond.

Shear stiffness of the bond (k̄s) is assumed to be a fraction of its normal

stiffness.

Mentioned forces and moments induce shear and tensile stresses within the

bond. According to the elastic beam model, maximum shear and tensile stresses

in the beam are:

σ̄max =
−F̄ n

A
+
|M̄ s|R̄
I

τ̄max =
−F̄ s

A
+
|M̄n|R̄
J

(5.10)

At each incremental displacement, maximum shear and tensile stresses

are computed for each bond and compared against the bond’s shear and tensile

strength. If the maximum shear or maximum tensile stress exceeds the strength

of the bond, the bond breaks and bond forces are removed from the set of forces

acting on the pair of particles to which the bond belonged.

In summary, for bonded model we need to define bond Young modulus, λ

as well as bond shear and tensile strengths. Bonds’ shear and tensile strengths

are model inputs, but since bonds are only proxy models, their properties do not

directly correspond to any of the materials in the system. Thus, the best way

to obtain reasonable values for bond properties is to calibrate those such that

the emergent behavior of the granular assembly matches that of the target rock

[91, 30].

5.2.3 Implementation

Bonded DEM has been implemented in LIGGGHTS as a development ver-

sion released in 2015 and can be downloaded from https://github.com/richti83/LIGGGHTS-

WITH-BONDS. The bonded DEM modeler in LIGGGHTS only runs on one pro-
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cessor, which limits the size of the samples we were able to investigate.

Loading of an assembly of particle in LIGGGHTS is done through moving

a loading platen at a constant velocity in the normal or tangential directions with

respect to the assembly. A constant stress loading is also possible in which the

velocity of the loading platen is controlled in such a way that a constant stress is

maintained. This feature is useful in modeling triaxial loading with constant stress

lateral boundary conditions; However, the fluctuation of stress can sometimes be

too high to be able to consider it a constant stress. In such cases, a higher number

of particles might reduce the fluctuations at the expense of high computational

costs.

LIGGGHTS has been extensively used for granular flows, and thus the

implementation of the bonded DEM is still undergoing development and improve-

ment. The majority of papers covering bonded DEM applications has used PFC

[56] software, however the ability of LIGGHTS to both run in parallel and also

couple with CFD makes it desirable to evaluate its capability to model rocks.

5.3 Model Calibration

5.3.1 Number of Sub-grain Particles

As mentioned in Section 5.1.2 we adopt a bonded agglomerate approach to

model grain crushing. In this approach, sand grains are modeled by agglomerates

of bonded sub-grain particles (Fig. 5.13a). The first step in model setup is to

determine the optimum number of sub-grain particles. A higher number of sub-

grain particles means a higher resolution for better representing each grain as

an agglomerate and thus a more accurate prediction of mechanical properties of

single grains as continuum media. However, a higher number of sub-grain particles

also means more expensive computations. So, an optimum number of sub-grain
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particles should provide an acceptable resolution for predicting grains’ mechanical

response to loading in a reasonable simulation time.

(a)

(b)

(c)

Figure 5.13: Schematic of the bonded particles model of the sandstone with crush-
able sand grains. (a) Each sand grain is represented by an agglomerate of bonded
sub-grain particles. (b) Three agglomerates bonded together. Orange lines indi-
cate the inter-grain bonds. (c) Agglomerates are bonded together to represent a
cemented sandstone sample. Image reproduced from [108].

Cil and Alshibli [51] performed a sensitivity analysis on the number of sub-

grain particles. They generated individual agglomerates with different numbers

of sub-grain particles (69, 129, 198, and 281 particles). Each agglomerate was
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then tested under a compressive loading between parallel plates. The resulting

stress-strain curves showed that the number of sub-grain particles did not affect

the mechanical response of the agglomerate. Therefore, the minimum number of

sub-grain particles (69 in this case) may safely be used to generate agglomerates

representing sand grains. We retested this idea by generating two agglomerates

consisting of 67 and 523 sub-grain particles and exposing them to uniaxial com-

pression. The properties of sub-grain particles are listed in Table 5.1. Fig. 5.14

shows the resulting loading curves.

Grain radius 0.85 mm
Number of sub-grain particles in a grain 67, 523
Radius of sub-grain particles 0.14378, 0.073441 mm
Particle’s Young’s modulus (E) 70 GPa
Particle’s shear modulus (G) 28 GPa
Particle density 2.65 gr

cm3

Coefficient of restitution (e) 0.01
Bond-radius multiplier (λ̄) 1
Bonds’ shear and tensile strength 250 MPa
Bond’s Young’s modulus (Ē) 70 GPa
k̄s

k̄n
G
E

= 0.40
Top plate’s velocity 0.1 (mm

min
)

Table 5.1: Properties used as the input to the DEM simulations for determining
the optimum number of sub-grain particles. Two separate agglomerates were
generated by using 67 and 523 sub-grain particles.

These curves show the same ultimate strength for both agglomerates and

a slight difference between the displacements at the failure. The additional accu-

racy gained by using 523 sub-grain particles costs almost 5 times more in terms

of simulation time. Hence, we decided to choose the agglomerate with 67 sub-

particles as our sand grains in all of the following simulations. The simulation

time increases significantly when we later model sandstone samples with few hun-

dred sand grains (agglomerates). Keeping the number of sub-grain particles low
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helps us to obtain the results of those simulations faster.
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Figure 5.14: Sensitivity analysis with respect to the number of sub-grain particles.

5.3.2 Bond Properties

We saw in Section 5.2 that for modeling a bonded granular system we

should specify mechanical properties of the particles as well as those of the bonds.

For modeling a consolidated sandstone we need to specify the mechanical proper-

ties of sand minerals and two bond types. The first bond type corresponds to the

bonds between the sub-grain particles that form agglomerates that represent each

sand grain (Fig. 5.13a). We call these bonds “intra-grain” bonds. The second

bond type is the bond between the agglomerates and represent the cement that

bonds together the sand grains in a sandstone (Fig. 5.13b). We call these bonds

“inter-grain” bonds.

While the elastic properties of sand mineral constituents are fairly well-

studied and can be found in the literature, bond properties are not well defined

because they do not exactly correspond to any physical entity. Bonds are only

proxy models that quantitatively describe the response of cemented granular sam-

ples to the external stress. Therefore, it is not possible to directly assign a value to
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bonds’ mechanical properties based on experimental measurements. However, it

is possible to calibrate their properties in the model to obtain the desired behavior

that agrees well with the experimental evaluations. For this purpose we try to

calibrate the intra- and inter-grain bonds against uniaxial compression tests on

single sand grains as well as sandstone cores. Details of the calibration procedure

are presented in the following sections.

5.3.2.1 Intra-grain Bonds in Single Sand Grains

Nakata et al. [139] ran extensive grain crushing tests on single Aio sand

grains. This sand sample consisted of 68.7% quartz and 31.3% feldspar. Sand

grain size varied between 0.85 and 2.00 mm. The authors of this study pre-

sented typical force-displacement curves for Aio sand grains made up of quartz

and feldspar. We use this information to calibrate the intra-grain bond properties.

Feldspar sand grains in Nakata et al.’s study are composed of orthoclase

and plagioclase feldspar. Because the elastic properties of plagioclase feldspar

are fairly well known, we chose the elastic properties of the plagioclase feldspar

to assign as sub-grain particles properties of the feldspar grains. Similarly we

assign the mechanical properties of quartz to to the sub-grain particles of quartz

sand grains. We also assume that the elastic properties of the intra-grain bonds

are similar to those of the sub-grain particles. Each agglomerate is made of 67

monosized sub-grain particles and the bond-radius multiplier is 1. Table 5.2 lists

the properties used in the single grain compression simulations.

Parameters that we use for calibrating the model are the tensile and shear

strengths of the intra-grain bonds. We assume that the tensile and shear strengths

of the intra-grain bonds are equal. For each simulation, we assign a value to

the strength of the bonds and compress the agglomerate between two plates.
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We record the magnitude of the force exerted on the agglomerate as well as the

displacement of the plates at each time step. At the end of the study we have a

different force-displacement curve for each value of bond’s strength. We compare

the curves with the ones presented in [139]. Figs. 5.15 and 5.16 show the results

of DEM simulations for different values of bond strength as well as typical curves

presented in [139].

Grain diameter 1.7 mm
Bond-radius multiplier (λ̄) 1
Particle density 2.65 gr

cm3

Number of sub-grain particles in a grain 67
Radius of sub-grain particles 0.14378 mm

Feldspar grains
Particle’s Young’s modulus (E) 70 GPa
Bond’s Young’s modulus (Ē) 70 GPa
Particle’s shear modulus (G) 28 GPa
k̄s

k̄n
G
E

= 0.40
Quartz grains

Particle’s Young’s modulus (E) 90 GPa
Bond’s Young’s modulus (Ē) 90 GPa
Particle’s shear modulus (G) 44 GPa
k̄s

k̄n
G
E

= 0.49

Table 5.2: Properties used as input for the DEM simulation of single sand grain
crushing.

By comparing the 3 curves from simulations with the ones from Nakata et

al.’s measurements, we conclude that the case with a shear and tensile strength

of 250 MPa has a similar force-displacement response to that of the Aio sand

(orthoclase), both in terms of the initial crushing force and the peak force, as well

as the final failure at a displacement of around 0.20 mm.

The behavior of the modeled sand grain when the tensile and shear strengths

of sub-grain particles and bonds are equal to 1000 MPa is similar to a typical
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sand grain under compression. The curves show that the model is able to pre-

dict the initial elastic behavior and the peak force, and closely approximate the

displacement at the final failure.
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Figure 5.15: Results of compression tests on single feldspar sand grains. Lines
show the results from DEM and markers correspond to the experimental mea-
surements presented in [139].

Nakata et al. [139] related the sawtooth shape of the force-displacement

curve to the breaking of the asperities (rough edges) of the feldspar sand grains.

They reported that multiple minor crushing events happen before the grain splits

into several large pieces at the final catastrophic crushing event. On the other

hand, Nakata et al. [139] mostly observed major catastrophic failure events for

quartz grains. These failure events occurred fewer times than those minor crushing

events observed in feldspar grains and caused the sand grains to break into only

2 or 3 large pieces. This observation is consistent with the stress-strain curves

of quartz sand compression, which are smoother than those of feldspar grains.
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We also looked at the evolution of crushing in our model. Fig. 5.17a and 5.18a

show the plan views of modeled feldspar and quartz grains at different stages of

compression.
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Figure 5.16: Results of compression tests on single quartz sand grains. Lines show
the results from DEM and markers correspond to the experimental measurements
presented in [139].

Tracking the loading and failure of the modeled feldspar grain reveals that

several smaller pieces break off from the grain during the loading. These are

the smallest possible pieces, i.e. single sub-grain particles, and are shown in navy

blue. At the last stage and after the final catastrophic crushing event, the modeled

feldspar grain is crushed into multiple sub-grain particles and 3 larger clusters.

Quartz grain, on the other hand, shows one major crushing event and breaks into

fewer number of pieces than the feldspar grain.

Overall agreement between simulations and experiments is satisfactory con-

sidering we are modeling spherical grains and do not model heterogeneity (for

instance of intra-grain bonds). The grains we tested here are almost spherical in

shape. We also tested a feldspar cylindrical grain under the same conditions and
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presented the results in Appendix F. The loading curve for the cylindrical grain is

different from that of the spherical grain, which implies that the parameters used

for the cylindrical grain model should be re-calibrated separately if cylindrical

grains are to be used in the study. We presently do not use cylindrical grains in

our model.

Displacement = 0.03 mm Displacement = 0.13 mm Displacement = 0.22 mm

(a) Plan view of a crushing feldspar grain. Navy blue indicates the sub-grain particles
that are not bonded to any other particles. Other colors indicate bonded clusters. The
routine to tag bonded cluster of particles is listed under Appendix D.

(b) Feldspar sand grain before (left) and after (right) crushing
[139].

Figure 5.17: A feldspar sand grain being crushed in the model (a) and the exper-
iment (b).
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Displacement = 0.03 mm Displacement = 0.06 mm Displacement = 0.10 mm

(a) Plan view of a crushing quartz grain. Navy blue indicates the sub-grain particles
that are not bonded to any other particles. Other colors indicate bonded clusters.

(b) Quartz sand grain before (left) and after (right) crushing
[139].

Figure 5.18: A quartz sand grain being crushed in the model (a) and the experi-
ment (b).

5.3.3 Intra-grain Bonds

Chapter G shows one way how to calibrate inter-grain bonds in a consoli-

dated model using the previous study of a single grain. Inter-grain bonds from the

non-agglomerate model are replaced with a number of smaller inter-grain bonds.

Thus we cannot use the results from Chapter G for agglomerate model and the

agglomerate inter-grain bonds have to be calibrated separately. This calibration

was the first step in the simulations presented in the following sections.

5.4 Chemical Alteration Simulation and Permeability Cal-
culation

At this stage we expose the bonded specimen to mechanical loading. Through-

out the loading simulation we record the stress, strain, and the number of intra-

grain bonds. The latter is an indication of grain crushing in the specimen. We
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also calculate the permeability of the specimen before loading as well as after the

specimen yields. The following, lists the steps for calculating the permeability:

1. At the timestep of interest export the list of particle locations and their

sizes from LIGGGHTS outputs. We chose the particles in a box smaller

than the sample (between 0.5 and 0.8 of the sample volume) to prepare a

more homogeneous sample with minimized boundary effects.

2. Via LSMPQS [153] “initialize geometry” module, create a digital image of

the particles using spheres sizes and locations. In the binary image, pore

voxels have a value of zero and voxels that fall within the particles have a

value of 255. We chose a voxel size of 0.0005 cm× 0.0005 cm× 0.0005 cm

for this conversion.

3. Convert the binary image into a Gmsh [82] mesh file. The same routine

for conversion had been utilized for converting micro-CT images of sand-

stones into CFD simulation domains and calculating their permeability in

[204]. Results showed good agreement with experimental core permeability

measurements as well as permeability calculated by another computational

method.

4. Once the discretized flow domain is ready, it is used in OpenFOAM R© to

calculate the permeability of the sampled pack in different directions.

We simulate the loading process under uniaxial compression and hydrostatic com-

paction. We made cylindrical and cubic packing of agglomerates for the mentioned

tests. The choice of the size of the specimen and the number of agglomerates in-

cluded in those has been guided by similar studies [46, 50] on isotropic and uniaxial

loading of assemblies of particle agglomerates.
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Simulation for each loading test is done on the unaltered sample and then

repeated for the same sample with a weakened cement, and weakened cement and

grains. In order to study the effect of cement weakening we change the bond-radius

multiplier of the inter-grain bonds from 1 to 0.5. We chose this parameter based

on a similar work in which the properties of CO2-altered samples were successfully

modeled by reducing the bond-radius multiplier in the unaltered model [186]. We

also halve the bond strengths, so that together with the reduced bond size, they

act as proxy models for a cement that has lost its stiffness and strength due to

softening. Similarly, the grain-weakening is done by reducing the bond-radius

multiplier and tensile and shear strengths of the intra-grain bonds.

5.4.1 Uniaxial Compression Test

In order to generate the core for this test, we initially packed 126 grains

218 µm in diameter and 6613 grains 58 µm in diameter in a cylinder 1.3 mm

in diameter and 1.57 mm in height. The larger grains act as sandstone grains

and the smaller grains are cement particles that are placed between the sandstone

grains to reduce porosity and enhance the cementation. We then replaced each

sandstone grain with a spherical agglomerate of 24 sub-grain particles. We reduced

the number of sub-grain particles in uniaxial loading simulations (compared to the

single grain study in Section 5.3.2.1) to decrease the computational cost. Note

that the bonded DEM model in LIGGGHTS currently does not run in parallel

greatly affecting our ability to study representative samples. Table 5.3 lists the

parameters that were used in this model.

The sample was then exposed to unconfined uniaxial compressive force

between two platens. Bonds’ strengths and intra-grain bonds’ stiffness were cal-

ibrated to obtain a UCS and stress-strain response that are typical to weakly
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consolidated sandstones. The solid curve in Fig. 5.19 shows the mechanical re-

sponse of the specimen to the compressive loading.

Sub-grain particle properties
Diameter 0.005751 cm
Density 2.65 gr

cm3

Young’s modulus 90 GPa
Intra-grain bond properties

Tensile and shear strengths 40 MPa
Young’s modulus 360 GPa
Shear modulus 176 GPa
Bond-radius multiplier 1

Inter-grain bond properties
Tensile and shear strengths 5 MPa
Young’s modulus 90 GPa
Shear modulus 44 GPa
Bond-radius multiplier 1

Table 5.3: Properties of the unaltered sample used for uniaxial compression test.
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Figure 5.19: Results of the compressive loading of the cylindrical core made of
crushable grains (blue) and cement particles (red). Insets show the core at strain
values of 0.025 and 0.047.

According to this response, sample’s elastic deformation is nonlinear and
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its plastic deformation is not of a brittle failure type (with a distinct failure plane).

Sample’s strength is 2.7 MPa, which is slightly above the range of the UCS of

synthetic and natural weakly consolidated sandstone (0.5 - 2.0 MPa [150, 105]).

The nonlinear deformation and plastic failure of the sample are similar to the

mechanical response of unconsolidated and weakly consolidated rocks [83].

There are 3 main criticisms to the above-mentioned comparison between

the microscopic sample’s strength and failure mode and the UCS from the experi-

mentally measured UCS of weakly consolidated sandstones. Here we discuss these

issues:

1. Strain rate (loading speed): The strain rate in unconfined compression

tests varies largely for different samples: from 10−8 s−1 for Oshima granite to

105 s−1 for granite, with sandstone and shale in between [213]. On the other

hand, it has been reported that rocks’ strength and elastic moduli increase

with increasing the strain rate, while the failure mode is not affected by the

strain rate. The reason behind this dependency lies primarily in the plastic

deformation of the rock because the elastic deformation is independent from the

loading speed. If the loading is slow enough, the introduced energy has enough

time to dissipate throughout the sample in the form of plastic deformation.

However, if the loading is too fast, the plastic strain does not get to fully

develop before the sample experiences a higher amount of stress; Therefore

the sample stiffens up. So it is important to prevent this dynamic effect while

measuring static properties such as strength or elastic moduli. Low strain rates

eliminate the dynamic effects [213].

The strain rate in the presented uniaxial compression test is 0.64 s−1, which is

significantly higher than the strain rates in the experimental setups (10−6 s−1

to 10−3 s−1 for uniaxial compression of sandstone cores [213]). This difference
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makes it inaccurate to directly compare the numerical results with the experi-

mentally measured values for the UCS. Decreasing the loading speed to match

the experimental setup is currently impossible due to the resulting 100-fold

increase in the computational cost.

2. Sample’s height to diameter ratio: The standard height to diameter ra-

tio of the cylindrical cores tested under the unconfined compression test is

2 [213, 2]. Although a variety of size ratios (between 1 and 3) has been re-

ported [2], the majority of the UCS reported in the literature are measured

for standard samples with a height to diameter ratio of 2. When the height to

diameter ratio increases, the measured maximum stress and the correspond-

ing strain decrease. More importantly, samples with height to diameter ratios

greater than 2 fail under shear with one or more distinct angled shear failure

planes, but core samples with a height to diameter ratio between 1 and 1.5 fail

by splitting along the planes parallel to the loading direction [2]. It is there-

fore incorrect to compare the mechanical responses of samples with different

height to diameter ratios. This issue also prevents us to test the validity of

the numerical simulation results by comparing the calculated strength of the

numerical sample with the reported UCS for weakly consolidated sandstones.

3. Sample size: The most restricting issue with the current modeling is sample

size. Computational cost prevents us from using a representative sample in our

numerical simulation that has the same dimensions as an experimental core.

It has been shown that sample strength decreases as its size grows [197, 95],

and the suggested reason is that more grains provide more failure sites along

the grain boundaries and through the grains. When there are enough number

of grains in the sample, then the strength of the sample reaches a plateau. Fig.

5.20 shows the normalized strength of the sample at different sample diameters
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for various rock types [95]. Comparing our sample diameter (1.3 mm) with

the data presented in this figure reveals that the strength of the sample used

in this numerical study is strongly affected by its size because it is significantly

smaller than the sample size with sufficient number of grains.

Furthermore, failure mode and measurement reliability have also been shown

to be dependent on the sample size. Larger samples fail in a brittle way while

smaller samples tend to deform in a ductile manner [197]. In addition, strength

measurements of samples with diameters smaller than 19 mm were considered

anomalous in [197] and dismissed.

;

Figure 5.20: Normalized strength of various rocks as a function of core diameter
[95].
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Mentioned concerns prohibit us from deducing conclusive results by comparing

our numerical simulations outcomes with the experimentally measured mechanical

response to uniaxial loading. Nonetheless, the hydrostatic loading test, which

is widely used for assessing grain crushing, is a better candidate for numerical

modeling because of the following reasons:

1. The isotropic loading eliminates the effect of sample’s aspect ratio on its

mechanical response. Samples used in hydrostatic loading can be cubical,

which minimizes the aspect ratio effect on the mechanical response to the

isotropic compression.

2. The maximum volumetric strain in hydrostatic loading tests is often so low (¡

10%) that a slow rate of loading will yield the desired strain in a reasonable

time. Hence, it is possible to apply a smaller loading rate without imposing

significant computational cost.

In the following section we will discuss the numerical simulation of hydrostatic

loading of a cubic sample.

5.4.2 Hydrostatic Compression

The sample used for the hydrostatic compaction test was a cubic sample

compressed at the same pressure on all sides. This configuration was chosen to

resemble the hydrostatic compression test. The specimen consisted of 384 sand

grains (approximately 8 × 8 × 6 grains), each grain 200 µm in diameter. Next,

we replaced each grain with an aggregate of 65 sub-grain particles (Appendix E

contains the MATLAB routine developed for this purpose). Fig. 5.21 shows a

schematic of the specimen under hydrostatic compaction. Other properties of the

specimen are listed in Table 5.4. Bonds’ elastic moduli and strengths were changed
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to match the calculated hydrostatic loading curve with the measured response of

a coarse sandstone sample, which will be discussed below.

;

Figure 5.21: Schematic of the cubic sample under hydrostatic compressive loading.

Sub-grain particle properties
Diameter 0.004487 cm
Density 2.65 gr

cm3

Young’s modulus 90 GPa
Intra-grain bond properties

Tensile and shear strengths 1000 MPa
Young’s modulus 10 GPa
Bond-radius multiplier 1

Inter-grain bond properties
Tensile and shear strengths 250 MPa
Young’s modulus 10 GPa
Bond-radius multiplier 1

Table 5.4: Properties of the sample used for the hydrostatic compaction test.

The solid curve in Fig. 5.22 shows the hydrostatic loading test result for

the cubic sample. The test was continued up to a pressure about 40 MPa. Fig.

5.22 also shows the measured hydrostatic compaction response of a poorly ce-

mented coarse natural sandstone [183] (dotted line). No inflection point or yield

behavior is observed in the measured hydrostatic loading response, which might

mean negligible grain crushing. The authors claimed that yielding of the specimen
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was more gradual and a result of grain rearrangement rather than grain crushing.

They reported some grain crushing observed through CT images of the loaded

specimen (Fig. 5.23).
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Figure 5.22: Calculated hydrostatic compression test results for unaltered and
weakened samples along with the measured hydrostatic compaction response for
a poorly cemented sandstone sample with coarse grains. The kink in the measured
curve is due to a loading pause at 15 MPa pressure [183].

Figure 5.23: CT image of a coarse sandstone sample under hydrostatic com-
paction. Some grain crushing has been spotted in this sample by the authors (cr)
[183].

Overall, the measured and calculated responses of the sandstone samples

agree well, which means that the calibrated model behaves similar to poorly con-
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solidated sandstone. This gives us the confidence to perform further sensitivity

studies on the effects of weakening the cement and grains. We weakened the

sample by changing the properties of inter- and intra-grain bond properties.

Two weakened samples were created:

I. Cement-weakened sample: In this sample inter-grain bond properties

were changed to model a sample in which the cement has been softened

as a result of being exposed to CO2. In order to replicate the effect of

cement softening we reduced the bond-radius multiplier and tensile and

shear strengths of the inter-grain bonds. The bond-radius multiplier was

chosen as a controlling parameter based on a similar work in which the

properties of CO2-altered samples were successfully modeled by reducing

the bond-radius multiplier in the unaltered model [186]. The new bond-

radius multiplier and shear and tensile strengths of the inter-grain bonds

are 0.5 and 2.5 MPa respectively.

II. Cement- and grain-weakened sample: In this sample, in addition to

changing the inter-grain bond properties to reflect cement weakening, we

changed the intra-grain bond properties to model grain softening. These

grains are assumed to have lost their stiffness due to CO2 exposure. In this

case the inter-grain bond properties is similar to the item (I) above and

the bond-radius multiplier and shear and tensile strengths of the intra-grain

bonds are reduced to 0.5 and 20 MPa respectively.

The responses of the weakened samples to the hydrostatic compression are

also plotted in Fig. 5.22. It shows that the sample with weakened cement and

grain undergoes a larger deformation compared to the unaltered sample and the

sample with only cement weakening. This observation suggests that grain crush-

ing contributes to the extra deformation that the cement- and grain-weakened
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sample experiences. Nonetheless, it will be important to evaluate/quantify how

compressible the individual grains are and how much that compressibility con-

tributes to the loss of porosity and permeability, especially in the light of the fact

that the grains are unrealistically porous. On the other hand, no inflection point

is seen in these curves, which might indicate that no grain crushing occurs during

hydrostatic loading. In order to examine the relative extent of grain crushing

in the tested samples we examine the evolution of the number of the intra-grain

bonds during loading.

Fig. 5.24 shows the fraction of surviving intra-grain bonds at different

hydrostatic pressure values. These curves indicate that grain crushing is minimal

in both unaltered and cement-weakened samples and weakening the cement has

not led to more grain breakage. However, the sample with weakened cement and

grain experiences noticeable grain crushing during compaction. Nonetheless, the

majority of the grains are intact (more than 90%) which might explain why there

is no inflection point in the corresponding loading curve.

Finally, Fig. 5.25 shows the permeability of the samples at a hydrostatic

pressure of 40 MPa normalized by the permeability of the unaltered sample before

loading. The permeability reduction in all 3 samples is mainly due to porosity

loss due to compaction. The permeability of the unaltered and cement-weakened

samples are similar at 40 MPa hydrostatic pressure. In the third sample, where

grain crushing is noticeable compared to the first 2 samples, a small additional

permeability decrease is observed, which is likely due to grain crushing and the

resulting additional pore collapse.
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Figure 5.24: Number of surviving intra-grain bonds normalized by the initial total
number of intra-grain bonds, at different strain values.
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Figure 5.25: Normalized permeability of the loaded samples at 40 MPa hydro-
static pressure. Figure shows the permeability of the unaltered, cement-weakened,
and cement- and grain-weakened samples in different directions.
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5.5 Conclusions

Bonded discrete element model was employed to evaluate the response of

weakly consolidated sandstone with crushable grains to mechanical loading. In

this approach each grain is made up of bonded sub-grain particles. These grains

are then bonded together with another set of bonds with properties that should

reflect the mechanical properties of sandstone cement materials. Properties of the

intra-grain bonds were calibrated to the measured response of single sand grains

to compressive loading. Likewise, mechanical properties of the inter-grain bonds

were calibrated such that the simulated uniaxial compressive strengths (UCS) and

Young’s moduli of the samples fall within the range of those values for sandstone.

The model showed some limitations in modeling the uniaxial loading of the small

sandstone core sample. These limitations are mainly due to the small sample size,

high loading rate, and sample’s aspect ratio. In order to meet the standard values

of the above-mentioned parameters, the core sample has to be much larger than

the one simulated in this study, which significantly increases the computational

cost of the simulations. Currently the bonded DEM simulator in LIGGGHTS

does not run in parallel, which limits the current study.

An alternative to the uniaxial loading is the hydrostatic loading. Hydro-

static loading does not impose aspect ratio requirements on the modeled sample,

hence its results might be more reliable compared to the uniaxial loading test. We

calibrated the crushable sample through the experimental hydrostatic loading test

available in literature. Once calibrated, we investigated the effect of weakening

the cement and grains on the mechanical and flow properties of the sample. The

weakening effect was implemented by reducing the bond-radius multipliers and

strengths of the intra- an inter-grain bonds. We presently do not have experimen-

tal results of chemical alteration for comparison.
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No macroscopic indication of grain crushing was observed in the hydro-

static loading curves for the conditions we studied. Negligible grain crushing was

also evident from the amount of broken intra-grain bonds for the unaltered and

cement-weakened samples. Less than 10% of grains broke in the cement- and

grain-weakened sample during compaction. All samples lost permeability during

hydrostatic test mainly due to reduced porosity due to compaction and the lim-

ited grain crushing was not perceived as the key factor in permeability loss in the

unaltered and weakened samples.

This study shows that the effect of grain crushing on permeability reduction

competes with the effect of macrocracking, which increases the permeability in the

samples exposed to non-isotropic loading. Macrocracking and dilation offsets the

effect of grain crushing if both phenomena happens in a poorly consolidated sam-

ple under stress. Weakening the cement increases the likelihood of macrocracking

and dilation, however, it can also increase grain crushing under the same stress

compared to an unaltered sample. Due to these competing effects, and the prob-

ability of grain-weakening, it is not possible to comment on the general effect of

CO2 on the permeability of poorly consolidated sandstone samples under stress.

Rather, a detailed study of each case under the specific in-situ stresses, initial

rock properties, and CO2-rock chemical interaction is required to understand the

behavior of the samples in the short and long term.

The bonded agglomerates model can be a useful tool for predicting grain

crushing after careful calibration. Nonetheless, it is not capable to accurately

match the experimental porosity of the tested samples due to the porous nature

of the crushable grains in the model. Filler particles might be used to decrease

the porosity of the sample to some extents. We used filler particles only for the

cylindrical sample that we generated for the uniaxial test.
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Parallelization of the bonded DEM method in LIGGGHTS would improve

a lot of limitations we have seen in our study (sample size and aspect ratio, loading

rate). While LIGGGHTS has mostly been used in granular flows and has been

applied to model consolidated rocks more limited compared to PFC software, its

ability to couple with parallel CFD simulator openFOAM is appealing. We here

demonstrated the ability to compute permeability before and after crushing (to

our knowledge the first in the literature), and with larger samples we will in future

be able to be more conclusive in the effect of crushing on permeability in damaged

zones.

187



Chapter 6

Conclusions

In this chapter we present a summary of each topic presented in previous

chapters and a brief conclusion for each study. Further, we present recommenda-

tions for improving the methodologies that were used in this study.

Two mechanisms of formation damage were investigated in this research:

solid particle entrapment and grain crushing. Both of these mechanisms are known

to induce permeability loss in the affected regions of the reservoir rock.

6.1 Suspension Flow in a Single Pore

6.1.1 Summary

The rate of particle entrapment is a term in the deep bed filtration equa-

tions that quantifies the effect of multiple particle capture mechanisms. Knowing

this parameter enables us to find the dynamics of particle removal in the filtration

and straining processes. However, there is no universal theory that is capable of

taking all particle capture mechanisms into account and providing a correlation

between the rate of particle entrapment and other system parameters such as sus-

pension flow rate and concentration. For example, colloid filtration theory, while

useful when modeling particle capture due to strong attractive surface forces, has

been vastly unable to explain particle capture when surface forces are predom-

inantly repulsive, or when size exclusion or straining are the dominant removal

mechanisms.
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Straining is believed to be a function of the relative size of the suspended

particles to the filter grains; however, to predict particle straining, a certain size

ratio criterion does not exist. This lack of a well-established size criterion is in

part due to the heterogeneity of porous filters. We further hypothesized that size

ratio might not be the only factor that governs the particle removal by straining.

To test this hypothesis we simulated suspension flow in realistic pore geometries

extracted from a mono-sized disordered pack and a Berea sandstone. A numerical

model allows us to test the effect of one parameter at a time. In addition, it is

much easier to study the flow in a single pore with realistic geometry through a

numerical model than through experimental means.

We used a one-way coupled unresolved CFD-DEM solver to model partic-

ulate flow in single pore geometries. In the one-way coupled simulation, only the

hydrodynamic drag force on particles are calculated and integrated in particles’

equations of motion. The momentum transfer from the fluid to the solid was as-

sumed to have negligible effect on the flow field. The studied suspended particles

were chosen to be larger than 30 µm in diameter to ensure that physical straining

was the main capturing mechanism [93]. Plus, Brownian motion can be safely

ignored for particles of this size.

6.1.2 Conclusions

Particulate flow simulations in single pores showed that the combination

of flow velocity and pore-to-particle size ratio is the main factor controlling the

particle capture in a pore. In a pore isolated from a sphere pack, reducing flow

velocity induced a marked increase in particle capture; whereas in the same pore,

particle deposition did not seem to be noticeably affected by increasing suspension

concentration or particle size. Increasing fluid viscosity and decreasing particle
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size completely eliminated particle capture in this pore geometry, which is quite

wide compared to the pore geometry of a tighter media such as a Berea sandstone.

In the Berea pore, increasing flow velocity had a completely different effect on

particle capture: it increased particle capture. Observing particulate flow in the

geometry showed that the rise in particle capture at higher velocities is due to

particle jamming at the pore throat. This observation brought up the question

of whether anti-jamming workarounds such as vibrating the pore might decrease

particle capture due to jamming. In order to test this idea we simulated particulate

flow inside a vibrating pore.

Simulation of the particulate flow inside a vibrating pore indicated that the

mechanism of pore bridging can be tackled by releasing seismic waves in the near

wellbore region. This interaction might explain the increased flow rate observed

after earthquakes in some wells damaged due to asphaltene precipitation in Japan

[200].

Fluctuation of the volume of entrapped particles indicates that particles

re-mobilize after being captured. They gain energy from higher energy particles

upon an impact. The higher energy particle might stop or continue to flow at a

lower velocity after losing its energy to a lower energy particle.

6.2 Suspension Flow in Porous Media

6.2.1 Summary

Modeling particle straining in porous media was the objective of this part

of the study. Traditionally, particle straining in porous media has been modeled

via the population balance model; however, this model assumes that the pore

size distribution of the medium does not change as particles get captured in the

pore space. In addition, it ignores particle bridging and assumes perfect mixing
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at pore bodies. In order to avoid such simplifying assumptions, we used the one-

way coupled CFD-DEM method to model the particulate flow through pore space

geometries extracted from disordered sphere pack and Fontainebleau sandstone.

To validate the simulation results we devised a novel methodology to upscale

the results of the direct micro-scale simulations. We found the rate of particle

entrapment as a function of particles’ volumetric flux. Plugging the derived rate

of entrapment into the macroscopic deep bed filtration model, we predicted the

solid deposition profile along a core during a coreflood experiment. Knowing

the porosity along the core, we calculated core’s permeability using two different

permeability-porosity correlations. The calculated final porosity profile and the

permeability change over time were compared with those values measured during

the coreflood experiments.

We also used the pore-scale particulate flow simulation results in a general

material balance framework and calculated the final porosity profile and perme-

ability alteration during the coreflood. Unlike DBF, the general material balance

approach does not enforce any assumption regarding the velocity of the suspended

phase.

6.2.2 Conclusions

We concluded that for the DBF formulation, the rate of particle entrap-

ment is a linear function of the particle flux, at least for the clean bed filtration.

DBF formulation assumes that particles are either flowing at the same velocity

as the bulk fluid, or they are entrapped. However, the general material balance

equation does not limit the particulate flow to these two statuses. Based on this

formulation, our simulations showed that the rate of particle accumulation has a

power law relationship with the suspension concentration.
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We also found that the porosity profiles predicted by the general material

balance formulation are closer to those measured in coreflood tests, especially at

the region near the injection face. In addition, permeability values calculated

from the two permeability-porosity models (Khan et al. [112] and Thies-Weesie

and Phillipse [191]) were found to provide upper and lower bounds for the core

permeability.

Finally we discussed the applicability of the general material balance for-

mulation in the prediction of correct particle filtration parameters from experi-

mental measurements. Based on the analytical solution of the general material

balance model, we stated that a minimum number of measurements are required

to determine filtration parameters: effluent concentrations of two coreflood tests

with two different injected suspension concentration, or effluent concentration and

porosity profile of the same coreflood test, or two porosity profiles from two core-

flood tests with different injected suspension concentrations.

6.3 Suspension Flow in Rough-walled Fractures

6.3.1 Summary

Ample evidence is available that confirms that natural and hydraulically

induced fractures have rough walls. Thus, assuming that the proppant slurry

behavior is similar to the slurry flow between smooth and flat glass plates in

the lab might introduce significant error in the calculations pertaining to the

hydraulic fracture design. In order to study the effect of fracture roughness and

aperture heterogeneity we applied the same micro-scale modeling technique used

in previous chapters to simulate the flow of proppant in a realistic geometry of

a rough-walled fracture. The flow domain was extracted from a micro-CT image

of a fractured Berea sandstone core and the injected slurries contained 1.4% and
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1.7% (volumetric) sand particles with a diameter of 150 µm.

6.3.2 Conclusions

The results revealed that proppant particles get entrapped and/or form

bridges across the fracture opening depending on their relative size to the local

fracture aperture. Proppant started to accumulate near the asperities as soon as

they reach them. Results also showed that the proppant front is markedly thinner

that the region closer to the injection face. These effects are usually overlooked

in the available proppant placement models, most of which assume fractures as

smooth parallel plates. This assumption limits the capability of the models from

predicting early proppant screenout and/or poor fracture efficiency. In order to

alleviate this shortcoming, we recommended a proppant placement model that

model proppant accumulation similar to the DBF model.

6.4 Sandstone Grain Crushing

6.4.1 Summary

In Chapter 5 our focus turned into the study of grain crushing phenomenon

through micro-scale simulation of mechanical loading. Grain crushing is believed

to be the reason behind the permeability loss in parts of the rock that have

undergone shear failure. Shear failure might occur in the CO2 subsurface storage

sites due to the expansion of the reservoir layer.

We used a bonded discrete element method to model the mechanical failure

of single sand grains as well as microscopic rock samples. Each sand grain was

modeled as an agglomerate of sub-grain particles bonded together. The bonds

between a pair of spherical particles behave like an elastic beam and break when

the maximum shear or tensile stress in them exceed their shear or tensile strength.
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The bonded discrete element method allowed for modeling grain crushing/break-

age by introducing more than one bond type in the granular system. The first

bond type defined the properties of the bonds between sub-grain particles that

form an agglomerate to represent a single breakable grain. Pairs of agglomerates

were then bonded together through a second bond type to form a cemented sand-

stone sample. We calibrated the bond properties against the mechanical loading

test results in the literature. These tests included uniaxial loading of single sand

grains between two parallel plates and hydrostatic loading of sandstone samples.

Once all model parameters, such as bonds stiffness and strengths, were

set through calibration further hydrostatic loading tests were run on the same

sample but with weakened cement and grains to study the effect of CO2 altering

the cement and grain properties of sandstones. After the completion of each test,

each sample was further processed to extract its pore space by converting the

sample as a sphere pack into a binarized image. From the extracted pore space

we calculated the permeability of the samples before and after the mechanical

failure.

6.4.2 Conclusions

The bonded DEM successfully modeled the failure of single quartz and

feldspar sand grains. The calibrated model predicted a single major breaking

event for the quartz grain and multiple failure events for the feldspar grain, similar

to the experimental observations of the tests on Aio sand.

Results of uniaxial loading of the consolidated sandstone sample were not

conclusive because of sample size being too small, loading rate too high, and

sample aspect ratio less than 2. Hydrostatic loading of consolidated sandstone

specimen with breakable grains showed that weakening the cement and grains
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decreases the stiffness of the sample, which is expected. Analysis of the number

of broken intra-grain bonds revealed that the weakened cement sample does not

experience more grain crushing than the unaltered sample under the same load.

However, in the grain and cement weakened sample the amount of grain crushing

is noticeable. Finally, permeability calculations showed that the permeability

response in the sample is affected by grain crushing as well as sample shrinkage.

Both of these effects decrease sample’s permeability. Nonetheless, in the presented

hydrostatic test, the main factor that reduced sample’s permeability was sample

compression because the amount of grain crushing was not significant in this case.

6.5 Recommendations for Future Work

Computational limitations and stability problems in the applied techniques

were managed by a series of simplifying assumptions. It will be beneficial to ad-

dress each assumption so as to improve the predictability of the applied method-

ologies. We recommend the investigation of the following topics in the future

research:

• Improvement of the deep bed filtration model.

Current model for predicting the particle entrapment in porous media, deep

bed filtration, assumes a simple and usually linear correlation between the

rate of particle entrapment and particle volumetric flux. This assumption

is too simplistic to allow for the integration of all particle capture mecha-

nisms. A comprehensive experimental study is needed to further formulate

the dependence of the rate of entrapment to parameters such as flow ve-

locity, particle size distribution, porosity, and pore size distribution of the

porous filter.
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• Integration of surface forces in the particulate flow solver.

The rough assumption of straining as the only capture mechanisms for par-

ticles larger than 30 µm is easily challenged when the particles have signifi-

cant electrochemical interactions with the surrounding fluid and/or porous

filter. In such cases, a comprehensive model should include electrochemical

forces integrated in the DEM solver, which, in turn, calls for a significant

improvement in the computational efficiency of the CFD-DEM solver.

• Fully coupled CFD-DEM for particulate flow in porous media.

Stability problems in the coupled CFD-DEM solver made us limit our par-

ticle entrapment model to one-way coupled simulations; i.e. it was assumed

that the entrapment of particles does not affect the flow field inside the

porous media. However, this assumption renders the model useless if the

studied phenomenon is the entrapment of particles under constant flow rate

and the increase in pressure drop with particle clogging is the parameter of

interest. Under such flow conditions, only a fully coupled CFD-DEM model

can accurately predict the effects of particle entrapment on the hydraulic

properties of the filter medium. A fully coupled CFD-DEM solver is also

a beneficial tool for predicting the proppant screenout and loss circulation

material sealing the drilling-induced fracture.

• Implementation of non-Newtonian fluid in the coupled CFD-DEM solver.

Current CFD-DEM solver takes advantage of a drag force model that is

only valid for Newtonian fluids interacting with spherical particles. A more

realistic model should be able to simulate the behavior of non-Newtonian

fluids that are used as drilling muds or fracturing fluids.

• Laboratory controlled grain crushing tests on consolidated sandstones.
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Although there are extensive experimental studies on loose sand to inves-

tigate sand grain crushing, the number of studies in which grain crushing

in consolidated sandstones are investigated is very limited. This limitation

hinders our understanding of the effect of cement on the breakage of single

sand grains in a consolidated sample.

• Parallelization of the bonded DEM solver in LIGGGHTS. A parallel solver

would alleviate the current limitation of our study in sample size and aspect

ratio as well as loading rate.
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Appendix A

Converting CGAL 3D mesh output to Gmsh

mesh file and labeling the lateral boundaries

1 %
∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

2 % func t i on to convert . mesh f i l e ( output o f CGAL) to gmsh
input ( . msh) and

3 % s e t up the boundar ies
4 % ! Note : t h i s f i l e must be accompanied by meshread .m f i l e
5 % the gmsh f i l e i s named out . msh and w i l l be found in the

” output ” d i r e c t o r y
6 %
7 % Type mesh2msh( path−to− f i l e / f i l ename . mesh )
8 %

∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

9

10 f unc t i on [ ]= mesh2msh( fname )
11 [ node element s u r f a c e ] = meshread ( fname ) ; % read ing the .

mesh f i l e by us ing meshread func t i on
12 f i l e I D = fopen ( ’ output /out . msh ’ , ’w ’ ) ; % wr i t i ng the . msh

f i l e in out . msh
13 f p r i n t f ( f i l e I D , ’%s\n ’ , ’$NOD’ ) ;
14 node count=s i z e ( node , 1 ) ; % e x t r a c t i n g number o f nodes
15 f p r i n t f ( f i l e I D , ’%d\n ’ , node count ) ;
16 coo rd ina t e s ( : , [ 2 : 4 ] )=node ( : , [ 1 : 3 ] ) ;
17 coo rd ina t e s ( : , 1 ) = [ 1 : 1 : node count ] ;
18 f p r i n t f ( f i l e I D , ’%d %f %f %f \n ’ , c oo rd ina t e s ( : , [ 1 : 4 ] ) ’ ) ;
19

20 %%%%%%%%%%%%%%%%%%%%%%%%%%%%
21 % f i n d i n g and l a b e l i n g boundary nodes
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 x max=max( node ( : , 1 ) ) ;
24 x min=min ( node ( : , 1 ) ) ;
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25 y max=max( node ( : , 2 ) ) ;
26 y min=min ( node ( : , 2 ) ) ;
27 z max=max( node ( : , 3 ) ) ;
28 z min=min ( node ( : , 3 ) ) ;
29 boundary to l =1;
30 f o r i =1: node count
31 i f ( ( ( node ( i , 3 )<(z max+boundary to l ) ) & ( node ( i , 3 )>(

z max−boundary to l ) ) ) | ( ( node ( i , 3 )<(z min+
boundary to l ) ) & ( node ( i , 3 )>(z min−boundary to l ) ) ) )

32 node ( i , 5 ) =4; % z−l a t e r a l
33 e l s e i f ( ( ( node ( i , 2 )<(y max+boundary to l ) ) & (

node ( i , 2 )>(y max−boundary to l ) ) ) | ( ( node ( i , 2 )<(
y min+boundary to l ) ) & ( node ( i , 2 )>(y min−
boundary to l ) ) ) )

34 node ( i , 5 ) =3; % y−l a t e r a l
35 e l s e i f ( ( node ( i , 1 )<(x max+boundary to l ) ) & (

node ( i , 1 )>(x max−boundary to l ) ) )
36 node ( i , 5 ) =1; % l a b e l f o r output boundary
37 e l s e i f ( ( node ( i , 1 )<(x min+boundary to l ) ) & ( node ( i , 1 )

>(x min−boundary to l ) ) )
38 node ( i , 5 ) =2; % l a b e l f o r input boundary
39 e l s e
40 node ( i , 5 ) =5; %l a b e l f o r g r a i n s
41 end
42 end
43 %%%%%%%%%%%%%%%%%%%%%%%%%%%
44

45 f p r i n t f ( f i l e I D , ’%s\n ’ , ’$ENDNOD’ ) ;
46 f p r i n t f ( f i l e I D , ’%s\n ’ , ’$ELM ’ ) ;
47 e lement count=s i z e ( element , 1 ) ; % e x t r a c t i n g number o f

t e t rahedra
48 s u r f a c e c o u n t=s i z e ( sur face , 1 ) ; % e x t r a c t i n g number o f

t r i a n g l e s
49 elm count=element count+s u r f a c e c o u n t ;
50 f p r i n t f ( f i l e I D , ’%d\n ’ , e lm count ) ;
51

52 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%
53 % Calcu l a t ing normals
54 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%
55 f o r i =1: s u r f a c e c o u n t
56 A=(node ( s u r f a c e ( i , 2 ) , [ 1 : 3 ] )−node ( s u r f a c e ( i , 1 ) , [ 1 : 3 ] ) ) ;
57 B=(node ( s u r f a c e ( i , 3 ) , [ 1 : 3 ] )−node ( s u r f a c e ( i , 1 ) , [ 1 : 3 ] ) ) ;
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58 normal ( i , : )=c r o s s (A,B) . / norm( c r o s s (A,B) ,2 ) ;
59 end
60

61 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
62 % l a b e l i n g boundary f a c e s ( based on one po int o f the

t r i a n g l e and the
63 % normal d i r e c t i o n f o r that t r i a n g l e
64 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
65 norma l to l =0.90; % minimum s i z e o f the normal component

in the d i r e c t i o n o f normal to the boundary
66 f o r i =1: s u r f a c e c o u n t
67 i f ( ( ( node ( s u r f a c e ( i , 1 ) , 5 )==2) | ( node ( s u r f a c e ( i , 2 ) , 5 )

==2) | ( node ( s u r f a c e ( i , 3 ) , 5 )==2)) & ( abs ( normal ( i , 1 )
)>=norma l to l ) )

68 s u r f a c e ( i , 4 ) =2; % i n l e t
69 e l s e i f ( ( ( node ( s u r f a c e ( i , 1 ) , 5 )==1) | ( node ( s u r f a c e ( i

, 2 ) , 5 )==1) | ( node ( s u r f a c e ( i , 3 ) , 5 )==1)) & ( abs (
normal ( i , 1 ) )>=norma l to l ) )

70 s u r f a c e ( i , 4 ) =1; % o u t l e t
71 e l s e i f ( ( ( node ( s u r f a c e ( i , 1 ) , 5 )==3) | ( node ( s u r f a c e ( i

, 2 ) , 5 )==3) | ( node ( s u r f a c e ( i , 3 ) , 5 )==3)) & ( abs (
normal ( i , 2 ) )>=norma l to l ) )

72 s u r f a c e ( i , 4 ) =3; % y−l a t e r a l
73 e l s e i f ( ( ( node ( s u r f a c e ( i , 1 ) , 5 )==4) | ( node (

s u r f a c e ( i , 2 ) , 5 )==4) | ( node ( s u r f a c e ( i , 3 ) , 5 )==4)
) & ( abs ( normal ( i , 3 ) )>=norma l to l ) )

74 s u r f a c e ( i , 4 ) =4; % z−l a t e r a l
75 e l s e
76 s u r f a c e ( i , 4 ) =5; % g r a i n s
77 end
78 end
79

80 boundary ( : , 1 ) = [ 1 : 1 : s u r f a c e c o u n t ] ;
81 boundary ( : , 2 ) =2; % element type : t r i a n g l e
82 boundary ( : , 3 )=s u r f a c e ( : , 4 ) ; % the tags
83 boundary ( : , 4 )=s u r f a c e ( : , 4 ) ; % the tags − repeated
84 boundary ( : , 5 ) =3;
85 boundary ( : , [ 6 : 8 ] )=s u r f a c e ( : , [ 1 : 3 ] ) ;
86 f p r i n t f ( f i l e I D , ’%d %d %d %d %d %d %d %d\n ’ , boundary ’ ) ;
87 volume ( : , 1 ) =[ s u r f a c e c o u n t +1:1 : e lement count+s u r f a c e c o u n t

] ;
88 volume ( : , 2 ) =4; % element type : t e t rahedron
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89 volume ( : , 3 )=element ( : , 5 ) ; % the tags
90 volume ( : , 4 )=element ( : , 5 ) ; % the tags − repeated
91 volume ( : , 5 ) =4;
92 volume ( : , [ 6 : 9 ] )=element ( : , [ 1 : 4 ] ) ;
93 f p r i n t f ( f i l e I D , ’%d %d %d %d %d %d %d %d %d\n ’ , volume ’ ) ;
94 f p r i n t f ( f i l e I D , ’%s\n ’ , ’$ENDELM’ ) ;
95 f c l o s e ( f i l e I D ) ;
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Appendix B

Routine to generate voxel-based mesh from a

binary image file

This routine converts each voxel to a hexahedron and writes its information

in a Gmsh mesh file. It also labels the lateral boundaries.

1 // pore voxe l s should have been marked zero
2

3 #inc lude <s t d i o . h>
4 #inc lude <s t d l i b . h>
5 #inc lude <s t r i n g . h>
6 #inc lude <a s s e r t . h>
7 #inc lude <tgmath . h>
8 #inc lude <time . h>
9 #inc lude <math . h>

10

11 i n t main ( i n t argc , char ∗argv [ ] ) {
12

13 i n t nx , ny , nz , i , j , k , ind , counter , i i , j j , kk , Nface
, r , nxyz , K;

14 char i n p u t f i l e [ 1 0 0 0 ] , o u t p u t f i l e [ 1 0 0 0 ] , ∗ segmented=NULL;
15 unsigned long z e ro s ;
16 FILE ∗ f i d ;
17 c l o c k t s ta r t , end ;
18 double cpu t ime used ;
19

20 s t a r t = c lo ck ( ) ;
21

22 // Enter the s i z e o f the image here
23 nx=250;
24 ny=250;
25 nz =177;
26

27 nxyz=nx ∗ ny ∗ nz ;
28
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29 /∗ Al l o ca t e memory f o r the segmentat ion data . The way i t
i s wr i t t en i t only

30 works f o r one byte va lue s . ∗/
31 segmented = mal loc ( nxyz∗ s i z e o f ( char ) ) ;
32

33 i f ( segmented==NULL) {
34 p r i n t f ( ”ERROR: I can ’ t a l l o c a t e enough memory ! Ex i t ing

” ) ;
35 e x i t (EXIT FAILURE) ;
36 }
37

38 /∗ Now read the segmentat ion f i l e i n to the array ”
segmented” ∗/

39 f i d = fopen ( ” 1000 . raw” , ” rb” ) ; //open as ” read binary ”
40 i f ( f i d == NULL) {
41 p r i n t f ( ” Error opening %s . Ex i t ing .\n” , i n p u t f i l e ) ;
42 e x i t (EXIT FAILURE) ;
43 }
44 K=fread ( segmented , s i z e o f ( char ) , nxyz , f i d ) ;
45 f c l o s e ( f i d ) ;
46

47 i f (K != nxyz ) {
48 p r i n t f ( ” Error read ing %s . Ex i t ing .\n” , i n p u t f i l e ) ;
49 e x i t (EXIT FAILURE) ;
50 }
51

52 /∗
==========================================================
∗/

53

54 counter =0;
55 r =1;
56

57 i n t ∗∗ v e r t i c e = ( i n t ∗∗) mal loc ( ( nx+1)∗(1+ny )∗(1+nz ) ∗
s i z e o f ( i n t ∗) ) ;

58 f o r ( i = 0 ; i < ( nx+1)∗(1+ny )∗(1+nz ) ; i++) v e r t i c e [ i ] = (
i n t ∗) mal loc (4 ∗ s i z e o f ( i n t ) ) ;

59

60 i n t ∗∗ f a c e = ( i n t ∗∗) mal loc ( ( nx∗ny+nz∗ny+nz∗nx ) ∗2 ∗ s i z e o f
( i n t ∗) ) ;

61 f o r ( i = 0 ; i < ( nx∗ny+nz∗ny+nz∗nx ) ∗2 ; i++) f a c e [ i ] = ( i n t
∗) mal loc (6 ∗ s i z e o f ( i n t ) ) ;
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62

63 i n t ∗∗ e lements = ( i n t ∗∗) mal loc ( nxyz ∗ s i z e o f ( i n t ∗) ) ;
64 f o r ( i = 0 ; i < nxyz ; i++) elements [ i ] = ( i n t ∗) mal loc (9 ∗

s i z e o f ( i n t ) ) ;
65

66 i i =0;
67

68 f o r ( ind =0; ind<nxyz ; ind++) {
69

70 // conver t ing f l a t index ing to 3D index ing
71 i f ( fmod ( ind +1,nx∗ny )==0){
72 i=nx ;
73 j=ny ;
74 }
75 e l s e {
76 i=fmod ( fmod ( ind +1,nx∗ny ) , nx ) ;
77 i f ( i ==0)
78 i=nx ;
79 j =(fmod ( ind +1,ny∗nx )− i ) /nx+1;
80 }
81 k=(ind+1−i−(j−1)∗nx ) /( nx∗ny ) +1;
82

83 i f ( segmented [ ind ]==0){
84 e lements [ counter ] [ 1 ] = i +(j

−1)∗(1+nx )+(k−1)∗(1+ny )
∗(1+nx ) ;

85 e lements [ counter ] [ 2 ] = i +1+(j−1)∗(1+nx )+(k
−1)∗(1+ny )∗(1+nx ) ;

86 e lements [ counter ] [ 4 ] = i+j ∗(1+nx )+(k−1)∗(1+
ny )∗(1+nx ) ;

87 e lements [ counter ] [ 3 ] = i+1+j ∗(1+nx )+(k−1)
∗(1+ny )∗(1+nx ) ;

88 e lements [ counter ] [ 5 ] = i +(j−1)∗(1+nx )+k∗(1+
ny )∗(1+nx ) ;

89 e lements [ counter ] [ 6 ] = i +1+(j−1)∗(1+nx )+k
∗(1+ny )∗(1+nx ) ;

90 e lements [ counter ] [ 8 ] = i+j ∗(1+nx )+k∗(1+ny )
∗(1+nx ) ;

91 e lements [ counter ] [ 7 ] = i+1+j ∗(1+nx )+k∗(1+ny )
∗(1+nx ) ;

92 e lements [ counter ] [ 0 ] = ind +1;
93
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94 counter++;
95

96 // e x t r a c t i n g boundar ies
97 i f ( i ==1) {
98 f a c e [ i i ] [ 0 ] = i i ;
99 f a c e [ i i ] [1 ]=1+( j−1)∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;

100 f a c e [ i i ] [2 ]=1+ j ∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;
101 f a c e [ i i ] [3 ]=1+ j ∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
102 f a c e [ i i ] [4 ]=1+( j−1)∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
103 f a c e [ i i ] [ 5 ] = 2 ;
104 i i ++;
105 }
106 i f ( i==nx ) {
107 f a c e [ i i ] [ 0 ] = i i ;
108 f a c e [ i i ] [1 ]=1+ nx+(j−1)∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;
109 f a c e [ i i ] [2 ]=1+ nx+j ∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;
110 f a c e [ i i ] [3 ]=1+ nx+j ∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
111 f a c e [ i i ] [4 ]=1+ nx+(j−1)∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
112 f a c e [ i i ] [ 5 ] = 3 ;
113 i i ++;
114 }
115 i f ( j==1) {
116 f a c e [ i i ] [ 0 ] = i i ;
117 f a c e [ i i ] [ 1 ] = i +(k−1)∗(1+nx )∗(1+ny ) ;
118 f a c e [ i i ] [ 2 ] = i +1+(k−1)∗(1+nx )∗(1+ny ) ;
119 f a c e [ i i ] [ 3 ] = i+1+k∗(1+nx )∗(1+ny ) ;
120 f a c e [ i i ] [ 4 ] = i+k∗(1+nx )∗(1+ny ) ;
121 f a c e [ i i ] [ 5 ] = 4 ;
122 i i ++;
123 }
124 i f ( j==ny ) {
125 f a c e [ i i ] [ 0 ] = i i ;
126 f a c e [ i i ] [ 1 ] = i+ny∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;
127 f a c e [ i i ] [ 2 ] = i+1+ny∗(1+nx )+(k−1)∗(1+nx )∗(1+ny ) ;
128 f a c e [ i i ] [ 3 ] = i+1+ny∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
129 f a c e [ i i ] [ 4 ] = i+ny∗(1+nx )+k∗(1+nx )∗(1+ny ) ;
130 f a c e [ i i ] [ 5 ] = 5 ;
131 i i ++;
132 }
133 i f ( k==1) {
134 f a c e [ i i ] [ 0 ] = i i ;
135 f a c e [ i i ] [ 1 ] = i +(j−1)∗(1+nx ) ;
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136 f a c e [ i i ] [ 2 ] = i +1+(j−1)∗(1+nx ) ;
137 f a c e [ i i ] [ 3 ] = i+1+j ∗(1+nx ) ;
138 f a c e [ i i ] [ 4 ] = i+j ∗(1+nx ) ;
139 f a c e [ i i ] [ 5 ] = 6 ;
140 i i ++;
141 }
142 i f ( k==nz ) {
143 f a c e [ i i ] [ 0 ] = i i ;
144 f a c e [ i i ] [ 1 ] = i +(j−1)∗(1+nx )+nz∗(1+nx )∗(1+ny ) ;
145 f a c e [ i i ] [ 2 ] = i +1+(j−1)∗(1+nx )+nz∗(1+nx )∗(1+ny ) ;
146 f a c e [ i i ] [ 3 ] = i+1+j ∗(1+nx )+nz∗(1+nx )∗(1+ny ) ;
147 f a c e [ i i ] [ 4 ] = i+j ∗(1+nx )+nz∗(1+nx )∗(1+ny ) ;
148 f a c e [ i i ] [ 5 ] = 7 ;
149 i i ++;
150 }
151 }
152 }
153 Nface=i i ;
154 f o r ( i =0; i<counter ; i++){
155 f o r ( j =1; j <9; j++){
156 ind=elements [ i ] [ j ]−1;
157 v e r t i c e [ ind ] [ 0 ] = elements [ i ] [ j ] ;
158

159 i f ( fmod ( e lements [ i ] [ j ] , ( nx+1)∗(ny+1) )==0) {
160 i i=nx+1;
161 j j=ny+1;
162 }
163 e l s e {
164 i i=fmod ( fmod ( e lements [ i ] [ j ] , ( nx+1)∗(ny+1) ) , nx+1) ;
165 i f ( i i ==0)
166 i i=nx+1;
167 j j =(fmod ( e lements [ i ] [ j ] , ( nx+1)∗(ny+1) )− i i ) /(

nx+1)+1;
168 }
169 kk=(elements [ i ] [ j ]− i i −( j j −1)∗(nx+1) ) / ( ( nx+1)∗(ny+1)

) +1;
170

171 v e r t i c e [ ind ] [ 1 ] = ( i i −1)∗ r ;
172 v e r t i c e [ ind ] [ 2 ] = ( j j −1)∗ r ;
173 v e r t i c e [ ind ] [ 3 ] = ( kk−1)∗ r ;
174 }
175 }
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176

177 k=0;
178 f o r ( i =0; i<(nx+1)∗(1+ny )∗(1+nz ) ; i++) {
179 i f ( ( v e r t i c e [ i ] [ 0 ] ) !=0) {
180 k++;
181 }
182 }
183

184 // wr i t i ng the Gmsh mesh f i l e
185 f i d = fopen ( ”hex . msh” , ”w” ) ; // wr i t i ng the . msh f i l e
186 f p r i n t f ( f i d , ”$MeshFormat \n” ) ;
187 f p r i n t f ( f i d , ” 2 . 1 0 8 \n” ) ;
188 f p r i n t f ( f i d , ”$EndMeshFormat \n” ) ;
189 f p r i n t f ( f i d , ”$Nodes \n” ) ;
190 f p r i n t f ( f i d , ”%d\n” , k ) ;
191

192 f o r ( i =0; i<(nx+1)∗(1+ny )∗(1+nz ) ; i++)
193 i f ( ( v e r t i c e [ i ] [ 0 ] ) !=0) {
194 f o r ( j =0; j <4; j++)
195 f p r i n t f ( f i d , ”%d ” , v e r t i c e [ i ] [ j ] ) ;
196 f p r i n t f ( f i d , ”\n” ) ;
197 }
198

199 f p r i n t f ( f i d , ”%s\n” , ”$EndNodes” ) ;
200 f p r i n t f ( f i d , ”%s\n” , ”$Elements” ) ;
201 f p r i n t f ( f i d , ”%d\n” , counter+Nface ) ;
202

203 f o r ( i =0; i<Nface ; i++)
204 f p r i n t f ( f i d , ”%d 3 2 %d %d %d %d %d %d\n” ,1+ f a c e [ i ] [ 0 ] , f a c e

[ i ] [ 5 ] , f a c e [ i ] [ 5 ] , f a c e [ i ] [ 1 ] , f a c e [ i ] [ 2 ] , f a c e [ i ] [ 3 ] , f a c e [
i ] [ 4 ] ) ;

205

206 f o r ( i =0; i<counter ; i++)
207 f p r i n t f ( f i d , ”%d 5 2 1 1 %d %d %d %d %d %d %d %d\n” , Nface+

elements [ i ] [ 0 ] , e lements [ i ] [ 1 ] , e lements [ i ] [ 2 ] , e lements [ i
] [ 3 ] , e lements [ i ] [ 4 ] , e lements [ i ] [ 5 ] , e lements [ i ] [ 6 ] ,
e lements [ i ] [ 7 ] , e lements [ i ] [ 8 ] ) ;

208

209 f p r i n t f ( f i d , ”%s\n” , ”$EndElements” ) ;
210 /∗==================================================∗/
211

212 /∗ Free memory and e x i t ∗/
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213 f r e e ( segmented ) ; segmented=NULL;
214 end = c lock ( ) ;
215 cpu t ime used = ( ( double ) ( end−s t a r t ) ) / CLOCKS PER SEC;
216 p r i n t f ( ”%f \n” , cpu t ime used ) ;
217 r e turn (EXIT SUCCESS) ;
218

219 }

In order to use this code:

1. Enter image dimensions in lines 23-25.

2. Enter image file name in line 39.

3. Compile by this command: gcc preprocess.c -o hexGen -lm

4. Execute ./hexGen once compiled.

The output file is named “hex.msh” and is placed in the same folder as the this

code.
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Appendix C

Implicit DBF Solver

The information about the coreflood setup, measured deposition profiles,

and DBF parameters are hard-coded in this routine. Change the concentration

(Cin), flow rate (Q), and time (time) according to the test you intend to model.

1 f unc t i on phi=DeepBedFi l t ra t ion fu l ly Imp
2 mesh=40;
3 XX=l i n s p a c e (0 , 1 , mesh ) ;
4 phi0 =0.40; %rock i n i t i a l p o r o s i t y
5 L=0.3045; % m
6 dt =1; % s
7

8 Rp=50; % p a r t i c l e radius , micron
9 Rb=500; % gra in radius , micron

10

11 % permeab i l i t y t ab l e
12 r e t e n t i o n =[0.2 0 .192 0 .184 0 .176 0 .168 0 .16

0 .152 0 .144 0 .136 0 .128 0 .12 0 .112 0 .104
0 .096 0 .088 0 .08 0 .072 0 .064 0 .056 0 .048
0 .04 0 .032 0 .024 0 .016 0 .008 0 ] ;

13 permRatio =[0.2533 0 .2610 0 .2692 0 .2779 0 .2873
0 .2972 0 .3079 0 .3194 0 .3318 0 .3451 0 .3597 0 .3754
0 .3927 0 .4116 0 .4325 0 .4556 0 .4813 0 .5101 0 .5427
0 .5798 0 .6225 0 .6721 0 .7305 0 .8006 0 .8866 1 ] ;

14

15 %% t o t a l l ength o f the experiment , s
16 % time=2780+dt ; % 1% and 40 cc /min
17 time=1236+dt ; % 1% and 90 cc /min
18 % time=1853+dt ; % 1% and 60 cc /min
19 % time=927+dt ; % 3% and 40 cc /min
20 % time=618+dt ; % 3% and 60 cc /min
21 %time=412+dt ; % 3% and 90 cc /min
22 % time=556+dt ; % 5% and 40 cc /min
23 % time=371+dt ; % 5% and 60 cc /min

210



24 %time=247+dt ; % 5% and 90 cc /min
25

26 Q=90e−6/60; % m3/s , f low ra t e
27 Cin =0.01;
28

29 A=0.000506707; % m2, core c r o s s s e c t i o n
30 V=Q/A; % m/ s
31 dx=L/mesh ;
32 t t o t =0;
33 dt0=dx∗phi0 /V; % time requ i r ed to sweep one c e l l
34

35 f o r i =1:mesh % breakthrough time f o r each c e l l
36 t b t ( i )=i ∗dt0 ;
37 end
38

39 % i n i t i a l c o n d i t i o n s
40 TempVect=phi0∗ones ( mesh ) ;
41 phi=TempVect ( 1 , : ) ;
42 TempVect=ze ro s ( mesh ) ;
43 c=TempVect ( 1 , : ) ;
44 c (1 )=Cin ;
45 j =0;
46 constantLambda =1.63; % 1/m
47 dev i a t i on =0.1 ;
48 randomLambda=(1−dev i a t i on )∗constantLambda+rand (mesh , 1 ) ∗2∗

dev i a t i on ∗constantLambda ; %Cons ider ing he t e rogen i ty in
a l t e r i n g lambda randomly f o r d i f f e r e n t c e l l s with the
s p e c i f i e d standard dev i a t i on

49

50 whi le t t o t<time
51 j=j +1;
52

53 % Tp = V∗ lambda∗cˆexpon
54 f o r i =1:mesh
55 i f t t o t<t b t ( i )
56 lambda ( i ) =0;
57 e l s e
58 lambda ( i )=randomLambda( i ) ; % f o r heterogenous co r e s
59 %lambda ( i )=constantLambda ; % f o r homogenuious co r e s
60 expon ( i ) =1;
61 end
62 i f i>1
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63 % Ful ly i m p l i c i t
64 x0 = [ 0 ; Cin ] ; % Make a s t a r t i n g guess at the s o l u t i o n
65 myfun= @( x ) ((− lambda ( i )∗V∗(xˆexpon ( i ) ) )∗dt+phi ( i ) ) ∗(x−c ( i )

) /dt+V∗(x−c ( i −1) ) /dx−(−lambda ( i )∗V∗(xˆexpon ( i ) ) )∗(1−x ) ;
66 x = f z e r o (myfun , x0 ) ; % Cal l s o l v e r
67 c ( i )=x ;
68 end
69

70 T( i )=−lambda ( i )∗V∗( c ( i ) ˆexpon ( i ) ) ;
71 p h i i n t e r ( i )=T( i )∗dt+phi ( i ) ;
72 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
73 end
74

75 t t o t=t t o t+dt ;
76 phi=p h i i n t e r ;
77

78 % b i d i s p e r s e model
79 k i n t e r =(( phi0 . / phi ) . ˆ 3 ) . ∗ ( ( ( ( phi0−phi )∗Rb+(1−phi0 )∗Rp)

/((1−phi0 )∗Rp) ) . ˆ 2 ) ;
80 rho=phi0−phi ;
81

82 % Khan et a l . model
83 %k i n t e r =1./ in t e rp1 ( r e t en t i on , permRatio , rho ) ;
84 K( j )=mesh/sum( k i n t e r ) ;
85 end
86

87 % matching with the experiment
88 % f i r s t column i s the d i s t ance from the top in cm.
89 % comment out the exper imenta l data f o r the r e s p e c t i v e

t e s t
90

91 %1% and 90 cc /min
92 % p o r o s i t y r e d u c t i o n =[0.5 0.036246353
93 % 1.5 0.134463792
94 % 2.5 0.102073664
95 % 3.5 0.088252903
96 % 4.5 0.067121919
97 % 5.5 0.048578866
98 % 6.5 0.042305795
99 % 7.5 0.04262963

100 % 8.5 0.040480233
101 % 9.5 0.035720258
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102 % 10.5 0.034908653
103 % 11.5 0.025719507
104 % 12.5 0.036692864
105 % 13.5 0.03187366
106 % 14.5 0.031700465
107 % 15.5 0.032285056
108 % 16.5 0.029118127
109 % 17.5 0.031289253
110 % 18.5 0.031418439
111 % 19.5 0.030484066
112 % 20.5 0.027380859
113 % 21.5 0.02116555
114 % 22.5 0.025846859
115 % 23.5 0.024298372
116 % 24.5 0.024124444
117 % 25.5 0.021167201
118 % 26.5 0.011847768
119 % 27.5 0.02199861
120 % 28.5 0.022562755
121 % 29.5 0.020601406
122 % ] ;
123

124 % 1% and 40 cc /min
125 % p o r o s i t y r e d u c t i o n =[0.5 0.148468315
126 % 1.5 0.109864649
127 % 2.5 0.095020989
128 % 3.5 0.089718449
129 % 4.5 0.089264833
130 % 5.5 0.069158688
131 % 6.5 0.067848920
132 % 7.5 0.048634641
133 % 8.5 0.044112192
134 % 9.5 0.040823013
135 % 10.5 0.028982170
136 % 11.5 0.028553103
137 % 12.5 0.027785212
138 % 13.5 0.032849233
139 % 14.5 0.034592710
140 % 15.5 0.036039467
141 % 16.5 0.033426809
142 % 17.5 0.033413847
143 % 18.5 0.031745590
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144 % 19.5 0.031623710
145 % 20.5 0.028257548
146 % 21.5 0.023594114
147 % 22.5 0.026511965
148 % 23.5 0.022358322
149 % 24.5 0.027738677
150 % 25.5 0.022397247
151 % 26.5 0.022722148
152 % 27.5 0.013584492
153 % 28.5 0.023045576
154 % 29.5 0.015056213
155 % ] ;
156

157 % 1% and 60 cc /min
158 % p o r o s i t y r e d u c t i o n =[0.5 0.107744816
159 % 1.5 0.089351303
160 % 2.5 0.090524609
161 % 3.5 0.085081206
162 % 4.5 0.077759339
163 % 5.5 0.080868872
164 % 6.5 0.071044066
165 % 7.5 0.067267424
166 % 8.5 0.060523087
167 % 9.5 0.050667383
168 % 10.5 0.040528735
169 % 11.5 0.040409085
170 % 12.5 0.042186145
171 % 13.5 0.041807298
172 % 14.5 0.041360878
173 % 15.5 0.035922701
174 % 16.5 0.031651138
175 % 17.5 0.030604633
176 % 18.5 0.032193186
177 % 19.5 0.032294408
178 % 20.5 0.027762548
179 % 21.5 0.025280789
180 % 22.5 0.024427741
181 % 23.5 0.022655908
182 % 24.5 0.021655887
183 % 25.5 0.019923479
184 % 26.5 0.013209857
185 % 27.5 0.017938933
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186 % 28.5 0.014652079
187 % 29.5 0.013140450
188 % ] ;
189

190 % % 3% and 40 cc /min
191 % p o r o s i t y r e d u c t i o n =[0.5 0.124158358
192 % 1.5 0.110308047
193 % 2.5 0.110765121
194 % 3.5 0.105633173
195 % 4.5 0.105839882
196 % 5.5 0.098102652
197 % 6.5 0.089291586
198 % 7.5 0.084075179
199 % 8.5 0.070796608
200 % 9.5 0.063306094
201 % 10.5 0.060739952
202 % 11.5 0.053663615
203 % 12.5 0.066116709
204 % 13.5 0.070474351
205 % 14.5 0.059093423
206 % 15.5 0.049824162
207 % 16.5 0.034083166
208 % 17.5 0.037676599
209 % 18.5 0.030451716
210 % 19.5 0.028294870
211 % 20.5 0.023700632
212 % 21.5 0.016932202
213 % 22.5 0.021974954
214 % 23.5 0.019536844
215 % 24.5 0.014349534
216 % 25.5 0.014600781
217 % 26.5 0.010409881
218 % 27.5 0.011075242
219 % 28.5 0.007792974
220 % 29.5 0.002856241
221 % ] ;
222

223 % 3% and 60 cc /min
224 % p o r o s i t y r e d u c t i o n =[0.5 0.126984244
225 % 1.5 0.101801039
226 % 2.5 0.108977008
227 % 3.5 0.095840778
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228 % 4.5 0.098633107
229 % 5.5 0.094104810
230 % 6.5 0.084529511
231 % 7.5 0.079698297
232 % 8.5 0.063044243
233 % 9.5 0.060515879
234 % 10.5 0.057491167
235 % 11.5 0.050664865
236 % 12.5 0.064017891
237 % 13.5 0.059964977
238 % 14.5 0.056208333
239 % 15.5 0.045193303
240 % 16.5 0.036533805
241 % 17.5 0.045836130
242 % 18.5 0.039639745
243 % 19.5 0.037366878
244 % 20.5 0.029272098
245 % 21.5 0.021073110
246 % 22.5 0.026399996
247 % 23.5 0.023684268
248 % 24.5 0.021473590
249 % 25.5 0.014585736
250 % 26.5 0.007554429
251 % 27.5 0.011025156
252 % 28.5 0.011848353
253 % 29.5 0.006111222
254 % ] ;
255

256 % 3% and 90 cc /min
257 % p o r o s i t y r e d u c t i o n =[0.5 0.105148912
258 % 1.5 0.115073318
259 % 2.5 0.102623453
260 % 3.5 0.086972330
261 % 4.5 0.060257007
262 % 5.5 0.055650377
263 % 6.5 0.061918377
264 % 7.5 0.057761583
265 % 8.5 0.039562698
266 % 9.5 0.040289337
267 % 10.5 0.040286648
268 % 11.5 0.032687734
269 % 12.5 0.051398694
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270 % 13.5 0.052946974
271 % 14.5 0.050119836
272 % 15.5 0.037422186
273 % 16.5 0.035999751
274 % 17.5 0.052593674
275 % 18.5 0.048736648
276 % 19.5 0.045767588
277 % 20.5 0.039664085
278 % 21.5 0.027727284
279 % 22.5 0.037057536
280 % 23.5 0.035735248
281 % 24.5 0.029478163
282 % 25.5 0.024863645
283 % 26.5 0.021750311
284 % 27.5 0.021766628
285 % 28.5 0.019075244
286 % 29.5 0.015474628
287 % ] ;
288

289 % % 5% and 40 cc /min
290 % p o r o s i t y r e d u c t i o n =[0.5 0.116512830
291 % 1.5 0.097480523
292 % 2.5 0.108310403
293 % 3.5 0.111936342
294 % 4.5 0.105940419
295 % 5.5 0.106493533
296 % 6.5 0.086400344
297 % 7.5 0.070354258
298 % 8.5 0.061534018
299 % 9.5 0.054062261
300 % 10.5 0.055150239
301 % 11.5 0.053346108
302 % 12.5 0.064819375
303 % 13.5 0.065480663
304 % 14.5 0.056662017
305 % 15.5 0.053709102
306 % 16.5 0.038179911
307 % 17.5 0.040195387
308 % 18.5 0.037361516
309 % 19.5 0.028886945
310 % 20.5 0.021222650
311 % 21.5 0.015865526
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312 % 22.5 0.020054476
313 % 23.5 0.017216083
314 % 24.5 0.012820401
315 % 25.5 0.010999388
316 % 26.5 0.005332828
317 % 27.5 0.009672001
318 % 28.5 0.011329801
319 % 29.5 0.007103470
320 % ] ;
321

322 % 5% and 60 cc /min
323 % p o r o s i t y r e d u c t i o n =[0.5 0.104798796
324 % 1.5 0.100620988
325 % 2.5 0.108974601
326 % 3.5 0.105585580
327 % 4.5 0.113427166
328 % 5.5 0.106872214
329 % 6.5 0.099767703
330 % 7.5 0.085334575
331 % 8.5 0.083183014
332 % 9.5 0.069460234
333 % 10.5 0.057914951
334 % 11.5 0.056213603
335 % 12.5 0.052891656
336 % 13.5 0.049972410
337 % 14.5 0.043754967
338 % 15.5 0.034835931
339 % 16.5 0.032588512
340 % 17.5 0.030033801
341 % 18.5 0.029828655
342 % 19.5 0.022423944
343 % 20.5 0.024614509
344 % 21.5 0.018384282
345 % 22.5 0.016889794
346 % 23.5 0.016559501
347 % 24.5 0.015607793
348 % 25.5 0.010899901
349 % 26.5 0.003495411
350 % 27.5 0.007797818
351 % 28.5 0.007406450
352 % 29.5 0.005530035
353 % ] ;
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354

355 % 5% and 90 cc /min
356 % p o r o s i t y r e d u c t i o n =[0.5 0.146196175
357 %1.5 0.112189763
358 %2.5 0.086363745
359 %3.5 0.083664522
360 %4.5 0.066082805
361 %5.5 0.059075207
362 %6.5 0.062780647
363 %7.5 0.064474943
364 %8.5 0.053101473
365 %9.5 0.052692947
366 %10.5 0.047186575
367 %11.5 0.041660093
368 %12.5 0.047012397
369 %13.5 0.043534746
370 %14.5 0.039753169
371 %15.5 0.036228722
372 %16.5 0.037955975
373 %17.5 0.031228811
374 %18.5 0.020483777
375 %19.5 0.027368740
376 %20.5 0.028914381
377 %21.5 0.022579966
378 %22.5 0.024096312
379 %23.5 0.018562810
380 %24.5 0.019070065
381 %25.5 0.014004033
382 %26.5 0.013920467
383 %27.5 0.015232046
384 %28.5 0.008954497
385 %29.5 0.014960071
386 ] ;
387

388 phi exp ( : , 1 )=p o r o s i t y r e d u c t i o n ( : , 1 ) /(L∗100) ;
389 phi exp ( : , 2 )=phi0−p o r o s i t y r e d u c t i o n ( : , 2 ) ;
390 sampled phi=in t e rp1 (XX, phi , phi exp ( : , 1 ) ) ;
391 e r r=sum ( ( phi exp ( : , 2 )−sampled phi ) . ˆ 2 ) ;
392 s e t ( gcf , ’ DefaultAxesColorOrder ’ , [ 1 0 0 ;0 1 0 ;0 0 1 ] ) ;
393 s e t ( gca , ’ FontSize ’ ,24 , ’ fontWeight ’ , ’ bold ’ )
394 p lo t (XX, phi , ’b ’ , phi exp ( : , 1 ) , phi exp ( : , 2 ) , ’ r∗ ’ , ’ LineWidth

’ , 2 ) ;
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395 x l a b e l ( ’ Normalized Distance ’ )
396 y l a b e l ( ’ Poros i ty − f r a c t i o n ’ )
397 s t r=s p r i n t f ( ’Q = %.0 f cc /min , Cin = %.2 f%’ ,Q∗1 e6 ∗60 , Cin ) ;
398 t i t l e ( s t r ) ;
399 a x i s ( [ 0 1 0 .0 0 . 4 5 ] ) ;
400 f i g u r e ;
401 p lo t (K) ;
402 phi=phi ’ ;
403 end

220



Appendix D

Tagging Bonded Clusters

This function detects and tags bonded clusters of particles. The output is

a series of .csv files in which each file corresponds to one timestep. The .csv file

contains the coordinates of particles as well as a tag column for each particles.

All particles with the same tag belong to the same cluster. Tag 0 means that the

particle is not bonded to any other particles.

1 f unc t i on tagger ( bondFile , g r a i n F i l e )
2 % bondFi le and g r a i n F i l e are dump f i l e s conta in ing the

bond and gra in in fo rmat ion f o r a l l t imes teps
3

4 % bond f i l e s t r u c t u r e i s l i k e t h i s :
5 % ITEM: TIMESTEP
6 % 1000000
7 % ITEM: NUMBER OF ENTRIES
8 % 138
9 % ITEM: BOX BOUNDS f f f f f f

10 % −0.2 0 .4
11 % −0.2 0 .4
12 % −0.2 0 .4
13 % ITEM: ENTRIES index c 2 [ 1 ] c 2 [ 2 ] c 2 [ 3 ] ( index , atom−1,

atom−2, bond type )
14 % 1 61 270 1
15 % 2 61 311 1
16 % . . . .
17

18 f b i d = fopen ( bondFi le ) ;
19 f g i d = fopen ( g r a i n F i l e ) ;
20 s t a t u s = 0 ;
21

22 whi le ( s t a tu s ˜=1)
23
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24 f o r k=1:2 % sk ipp ing the header l i n e s
25 t s t ep = f g e t s ( f b i d ) ;
26 end
27 t s t ep = st r2doub l e ( t s t ep ) ;
28 t s t ep=t s t ep ∗1e−8;
29

30 f o r k=1:2 % sk ipp ing the header l i n e s
31 nb = f g e t s ( f b i d ) ;
32 end
33 nb = st r2doub l e (nb) ;
34

35 f o r k=1:5 % sk ipp ing the l i n e s in between
36 t l i n e = f g e t s ( f b i d ) ;
37 end
38

39 sizeM = [ 4 nb ]
40 M = f s c a n f ( fb id , ’%d %d %d %d ’ , sizeM ) ;
41 M=M’ ;
42 [ np dummy]= s i z e ( union (M( : , 2 ) ,M( : , 3 ) ) ) ;
43 c l=ze ro s (np+1) ;
44 rows =1;
45 c l ( 1 , 1 : 2 )=M( 1 , 2 : 3 ) ;
46

47 f o r i =2:nb
48 j =1;
49 i
50 loopChecker =1;
51 whi le ( loopChecker==1)
52 i f ( any ( c l ( 1 , : )==M( i , 2 ) ) | | any ( c l ( 1 , : )==M( i , 3 ) ) )
53 midMat=union ( c l ( j , : ) , M( i , 2 : 3 ) ) ;
54 midMat(np+1)=0;
55 c l ( j , : )=midMat ;
56 loopChecker =0;
57 e l s e
58 j=j +1;
59 end
60 i f ( j==rows+1)
61 rows=rows +1;
62 loopChecker =0;
63 c l ( rows , 1 : 2 )=M( i , 2 : 3 ) ;
64 end
65 end
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66 end
67

68 % removing zero rows
69 c l ( ˜any ( c l , 2 ) , : ) = [ ] ; %rows
70

71 [ clRows dummy]= s i z e ( c l ) ;
72

73 % merge the c l u s t e r s
74 f o r i=clRows :−1:2
75 f o r j=i −1:−1:1
76 i f any ( i n t e r s e c t ( c l ( i , : ) , c l ( j , : ) ) )
77 B=union ( c l ( i , : ) , c l ( j , : ) ) ;
78 [dummy sB]= s i z e (B) ;
79 B = padarray (B, [ 0 np+1−sB ] , ’ post

’ ) ;
80 c l ( j , : )=B;
81 c l ( i , : ) = [ ] ;
82 break ;
83 end
84 end
85 [ clRows dummy]= s i z e ( c l )
86 end
87 t i kk e=clRows ;
88 c l=c l ’ ;
89

90 % gra in f i l e s t r u c t u r e i s l i k e t h i s :
91 % ITEM: TIMESTEP
92 % 1000000
93 % ITEM: NUMBER OF ATOMS
94 % 67
95 % ITEM: BOX BOUNDS f f f f f f
96 % −0.2 0 .4
97 % −0.2 0 .4
98 % −0.2 0 .4
99 % ITEM: ATOMS id type x y z rad iu s fx fy f z vx vy vz

100 % 61 1 0.0972505 0.050151 0.0307946 0.014378 10.6789
2.56336 9.42784 0.390172 0.691839 0.15112

101

102 f o r k=1:4 % sk ipp ing the header l i n e s
103 np tot = f g e t s ( f g i d ) ;
104 end
105 np tot = st r2doub l e ( np tot ) ;
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106

107 f o r k=1:5 % sk ipp ing the l i n e s in between
108 t l i n e = f g e t s ( f g i d ) ;
109 end
110 s izeN = [12 np tot ] ;
111 N = f s c a n f ( fg id , ’%d %d %f %f %f %f %f %f %f %f %f %f ’ ,

s izeN ) ;
112 N=N’ ;
113 [ np tot dummy]= s i z e (N) ;
114

115 p l i s t=ze ro s ( np tot , 6 ) ;
116 p l i s t ( : , 1 : 4 )=N( : , 3 : 6 ) ; % X, Y, Z , and rad iu s columns
117 p l i s t ( : , 5 )=N( : , 1 ) ; % id column
118

119 TempVect=ze ro s ( np tot ) ;
120 c l u s t e r=TempVect ( 1 , : ) ;
121

122 f o r i =1: np tot
123 Locb = f i n d ( c l==p l i s t ( i , 5 ) ) ;
124 i f ( Locb˜=0)
125 [dummy c l u s t e r ( i ) ] = ind2sub ( s i z e ( c l ) , Locb ) ;
126 e l s e
127 c l u s t e r ( i ) =0;
128 end
129 end
130

131 p l i s t ( : , 6 )=c l u s t e r ; % c l u s t e r column
132

133 f i leName=s p r i n t f ( ’ c sv s / gra in %.4 f . csv ’ , t s t ep ) ;
134

135 dlmwrite ( f i leName , ’ XYZric ’ ) ;
136 dlmwrite ( f i leName , p l i s t , ’−append ’ ) ;
137 t l i n e = f g e t s ( f b i d ) ;
138 t l i n e = f g e t s ( f g i d ) ;
139 s t a t u s=f e o f ( f b i d ) ;
140 end
141

142 f c l o s e ( f b i d ) ;
143 f c l o s e ( f g i d ) ;
144 end
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Appendix E

Replacing solid grains with bonded agglomerates

of sub-grain particles

This routine replaces each sphere in a sphere pack with an agglomerate

of bonded sub-grain particles. The output file is a data file that is readable in

LIGGGHTS.

1 f unc t i on gra inRep lace r ( g r a i n f i l e , b o n d f i l e , c o r e f i l e )
2

3 % g r a i n f i l e conta in s the p a r t i c l e in fo rmat ion f o r the
s i n g l e base g ra in

4 % b o n d f i l e conta in s the bond in fo rmat ion f o r the s i n g l e
base g ra in

5 % c o r e f i l e conta in s the gra in in fo rmat ion f o r the core
sample with

6 % noncrushable g r a i n s
7

8 % g r a i n f i l e s t r u c t u r e i s l i k e t h i s :
9 % % id x y z r number−of−bonds

10

11 % b o n d f i l e s t r u c t u r e i s l i k e t h i s :
12 % % id gra in#1 gra in#2 bondType
13

14 % c o r e f i l e s t r u c t u r e i s l i k e t h i s :
15 % % id x y z r
16

17 gra in = csvread ( g r a i n f i l e ) ;
18 core = csvread ( c o r e f i l e ) ;
19 bond = csvread ( b o n d f i l e ) ;
20 [ np dummy]= s i z e ( g ra in ) ;
21 [ ng dummy]= s i z e ( core ) ;
22 [ nb dummy]= s i z e ( bond ) ;
23 p a r t i c l e s ( : , 1 )=gra in ( : , 1 ) ;
24 p a r t i c l e s ( : , 2 ) =1;
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25 p a r t i c l e s ( : , 3 : 5 )=gra in ( : , 2 : 4 ) ;
26 p a r t i c l e s ( : , 6 ) =2∗gra in ( : , 5 ) ;
27 p a r t i c l e s ( : , 7 ) =2.65;
28 p a r t i c l e s ( : , 8 )=gra in ( : , 6 ) ;
29

30 IDincrement=max( p a r t i c l e s ( : , 1 ) ) ;
31

32 f i l e I D = fopen ( ’ crushableCore . data ’ , ’w ’ ) ;
33 f p r i n t f ( f i l e I D , ’ Sandstone\n \n ’ ) ;
34 f p r i n t f ( f i l e I D , ’%d atoms\n ’ , ng∗np) ;
35 f p r i n t f ( f i l e I D , ’%d bonds\n \n ’ , nb∗ng ) ;
36 f p r i n t f ( f i l e I D , ’ 1 atom types \n 1 bond types \n 20 extra

bond per atom\n \n −0.2 0 .4 x lo xhi \n −0.2 0 .4 y lo yhi \n
−0.1 0 .4 z l o zh i \n \n ’ ) ;

37 f p r i n t f ( f i l e I D , ’Atoms #ITEM: ATOMS id type x y z diameter
dens i ty number of bonds ?\n \n ’ ) ;

38 f p r i n t f ( f i l e I D , ’%d %d %f %f %f %f %f %d\n ’ , p a r t i c l e s ’ ) ;
39

40 f o r i =2:ng
41 dx=core ( i , 2 )−core (1 , 2 ) ;
42 dy=core ( i , 3 )−core (1 , 3 ) ;
43 dz=core ( i , 4 )−core (1 , 4 ) ;
44 p a r t i c l e s ( : , 1 )=gra in ( : , 1 ) +( i −1)∗ IDincrement ;
45 p a r t i c l e s ( : , 3 )=gra in ( : , 2 )+dx ;
46 p a r t i c l e s ( : , 4 )=gra in ( : , 3 )+dy ;
47 p a r t i c l e s ( : , 5 )=gra in ( : , 4 )+dz ;
48 f p r i n t f ( f i l e I D , ’%d %d %f %f %f %f %f %d\n ’ , p a r t i c l e s ’ ) ;
49 end
50

51 f p r i n t f ( f i l e I D , ’\n ’ ) ;
52 f p r i n t f ( f i l e I D , ’ Bonds\n \n ’ ) ;
53 bondInfo ( : , 1 )=bond ( : , 1 ) ;
54 bondInfo ( : , 2 ) =1;
55 bondInfo ( : , 3 : 4 )=bond ( : , 2 : 3 ) ;
56 f p r i n t f ( f i l e I D , ’%d %d %d %d\n ’ , bondInfo ’ ) ; % bond−ID bond−

type p a r t i c l e −1
57

58 f o r i =2:ng
59 bondInfo ( : , 1 ) =( i −1)∗nb+bond ( : , 1 ) ;
60 bondInfo ( : , 3 : 4 ) =( i −1)∗ IDincrement+bond ( : , 2 : 3 ) ;
61 f p r i n t f ( f i l e I D , ’%d %d %d %d\n ’ , bondInfo ’ ) ;
62 end
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63 f c l o s e ( f i l e I D ) ;
64

65 end
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Appendix F

Cylindrical Grain under Compression

We tested a cylindrical feldspar grain under uniaxial compressive load.

Table F.1 lists the properties of the grain used as model inputs. Mechanical

properties of the grain and sub-grain particle size are identical to the properties

of the feldspar grain listed in Table 5.2. Tensile and shear strength of the grain

is 250 MPa.

Grain dimensions 1.15× 1.2× 2.25 mm
Bond-radius multiplier (λ̄) 1
Particle density 2.65 gr

cm3

Number of sub-grain particles in a grain 71
Radius of sub-grain particles 0.14378 mm
Particle’s Young’s modulus (E) 70 GPa
Bond’s Young’s modulus (Ē) 70 GPa
Particle’s shear modulus (G) 28 GPa
k̄s

k̄n
G
E

= 0.40

Table F.1: Properties of the cylindrical feldspar grain.

The force-displacement curve and visual illustrations of uniaxial loading of

a single cylindrical grain are shown below.
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Figure F.1: Loading of a cylindrical feldspar grain compared to a spherical grain.
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Figure F.2: Plan view of a cylindrical feldspar sand grain under compressive stress.
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Appendix G

Calibrating Inter-grain Bond Properties

In order to calibrate the inter-grain bond properties we modeled a sand-

stone core under uniaxial compression. Bond strength in the model is calibrated

so that the typical uniaxial compressive strength (UCS) of the modeled sandstone

core is equal to the sandstone UCS reported in the literature. The same litera-

ture does not report any sand grain crushing, therefore we do not incorporate the

crushable grains and utilize the standard DEM for modeling the uniaxial test.

Fig. G.1 shows the sandstone core used in the model, that consists of

5135 sand grains. All sand grains have the same diameter of 0.13 mm. The

height and diameter of the core are 3.4 mm and 2.1 mm respectively. For a

representative sample for granular dynamics modeling, different authors choose

different sample sizes, often based on computational cost limitations. For example,

[152] used cubical samples containing approximately 20,000 grains (20 × 20 × 40)

for numerical modeling of biaxial, triaxial, and Brazilian tests with the bonded

DEM approach; while [46] and [50] used cubical samples of 389 and 239 grains for

isotropic and uniaxial compressive loading, respectively.
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Figure G.1: Model of sandstone core used for uniaxial testing simulation.

Before we model the sandstone core loading we have to specify the me-

chanical properties of sand grains. Because we used Aio sand to calibrate the

sand grain strength, we choose to use the Young’s modulus of the same sand for

our uniaxial loading simulation input. However, Nakata et al. do not report the

elastic properties of single sand grains they tested, therefore we use Hertz con-

tact model (Eqs. (5.2), (5.3) and (5.5)) to find the Young’s modulus of Aio sand

based on the loading curves reported in [139]. The procedure is summarized in

the following section.

G.0.0.1 Calibrating Single Sand Grain’s Young’s Modulus

We assume that the sand grain is spherical and it is compressed between

steel plates. The quartz sand grain shows a linear elastic behavior before it breaks

(Fig. 5.16), so the Hertz contact model can be applied to reproduce its elastic
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response. Table G.1 lists the values of the Hertz model parameters for the single

quartz Aio sand grain.

Combining Eqs. (5.2), (5.3) and (5.5), we find the following correlation

between normal force (N) and displacement (δn):

N =
4

3
.

√
Rδn

1−ν21
E1

+ 1−ν2w
Ew

+ 2

√
5

6
.
ln(e).vn(12)√
ln2(e) + π2

√√√√ 2
√
Rδn

1−ν21
E1

+ 1−ν2w
Ew

(G.1)

R 0.85 mm
v1,2
n 0.1 mm/min
ν1 0.32
νw 0.26
Ew 200 GPa
m = m1 0.00682 gr
e 0.01

Table G.1: Hertz model parameters (see Section 5.2.1). Hertz contact model is
used to reproduce the linear elastic behavior of Aio quartz sand grains and find
their Young’s modulus.

All the parameters in the above equation are known except E1, which is the

Young’s modulus of the sand grain. Please note that the coefficient of restitution

(e) controls the amount of damping of the contact forces (Eq. (5.2)). The lower

the coefficient of restitution, the higher the damping, and the closer the system to

quasi-static. In addition, it is expected that when the loading is slow enough, the

relative velocity of particles is small and the value of the coefficient of restitution

has minimum effect on contact forces. In determining the mechanical properties

of a system of packed particles the loading should be slow enough to eliminate

the dynamic effects. Low loading rates eliminate the influence of the coefficient of

restitution, which is a dynamic parameter, on the resulting stiffness of the sample,

which is a static property of the packing. We plot N vs. δn for different values of

E1 and compare it to the force-displacement curve reported in [139] (Fig. 5.16).
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This matching attempt results in a value of 6.6 GPa for E1 that brings

about a good match between the Hertz model prediction and the actual force-

displacement curve for a single quartz sand (Fig. G.2). This value falls outside

of the range of sand grains’ Young’s moduli measured via nanoindentation test.

The nanoindentation test performed on a sand sample collected at Stillwater,

OK revealed that the Young modulus of this sand varies between 41.4 and 115.8

GPa [57]. This difference is likely due to the difference in the mineralogies of

Aio and Stillwater sands. It has also been suggested that the shape of the grain

(and the contact) affects the measured mechanical behavior of single grains [54].

Taking into account these considerations, we will proceed to use a grain’s Young’s

modulus of 6.6 MPa in the uniaxial compression simulation of the sandstone.
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Figure G.2: Hertz model prediction of compressive loading of a single sand grain
(solid line) compared with the experimental measurements presented in [139].
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G.0.0.2 Uniaxial Compressive Loading Test

In the uniaxial loading simulation we put the core shown in Fig. G.1 be-

tween two steel plates and move the upper plate downward at a constant velocity.

In the mean time, the force on the upper plate and its displacement are recorded.

The objective is to calibrate the bond properties such that the Young’s modu-

lus and UCS of the sandstone sample agree with the typical values reported for

sandstones in the literature.

We start by assuming that the cement that bonds the quartz grains are

mainly composed of quartz too. Quartz cementation has been observed in some

deep sandstone reservoirs [205]. We assign quartz elastic moduli to the bonds

and change the bond’s tensile and shear strengths to match the UCS from the

simulations to the sandstone UCS reported in the literature. Table G.2 lists the

parameters used in the uniaxial loading simulations.

Bond-radius multiplier (λ̄) 0.68
Particle density 2.65 gr

cm3

Particle’s Young’s modulus (E) 6.6 GPa
Bond’s Young’s modulus (Ē) 90 GPa
k̄s

k̄n
1

Particle’s Poisson’s ratio (ν) 0.1
Top plate’s velocity 3 mm

s

Table G.2: Properties used as input for the DEM simulation of uniaxial loading
of a sandstone core.

Fig. G.3 shows the resulting stress-strain curves of the core under com-

pression. It also contains insets illustrating the loaded core at two different axial

strains. Grains that are bonded together into one connected piece are depicted

with the same color. Grains that are not bonded to any other grains are shown

in black.
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From the part of the curves when the stress has not reached the maxi-

mum stress we calculated the Young’s moduli of the samples. Young’s moduli

and UCS values are listed in Table G.3 and compared to similar values form lab

measurements of Bentheim and Coconino sandstones. These two sandstones are

more than 95% quartz [126].

Simulated, bond
strength = 200
MPa

Simulated, bond
strength = 250
MPa

Coconino
sandstone

Bentheim
sandstone

UCS
(MPa)

35 43 56.1 ± 5.1 30.0 ± 3.4

Young’s
modulus
(GPa)

1.6 2.8 28 ± 4.6 10.5 ± 0.8

Table G.3: Mechanical properties of the simulated sandstone samples compared
with the measured properties of Coconino and Bentheim sandstones reported in
[126].
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Figure G.3: Results of the compressive loading of the cylindrical core depicted in
Fig. G.1. Two curves correspond to different values of bonds’ tensile and shear
strengths. Insets show the core with the bond strength = 200 MPa responding
to compressive loading.
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