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The melting and subsequent extraction of molten materials from the Earth’s man-

tle is the subject of much scrutiny, yet remains poorly understood. Volcanism and

magmatism observed at the Earth’s surface are due to the partial melting of the

convecting mantle and the segregation of melt from its parent solid. The forma-

tion of iron-rich cores in planetesimals are the result of segregation of dense metal

melts, extracted from the primitive silica rich building blocks early in planetary

evolution. The process of partial melting and melt segregation leads to the contin-

ual generation of the oceanic and continental crust, formation of metal-rich cores,

and therefore dictates the large-scale chemical evolution of the silicate Earth and

vii



terrestrial planets.
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Chapter 1

Introduction

1.1 Melt migration

Both geophysical and geochemical evidence show that partial melting of the Earth’s

mantle generates a well connected melt network that percolates at extremely low

melt-fractions. The relative buoyancy of the melt to the solid mantle drives melt

segregation by porous flow. As the solid mantle convects it is subject to viscous

deformation on geological timescales. Thus, the process of melt segregation and

extraction is essentially a two-phase flow of mixed fluids with vastly different prop-

erties. The transport of the less viscous melt phase occurs via percolation of melt

along solid grain boundaries, while the solid matrix behaves as an extremely vis-

cous non-Newtonian fluid. In the early stages of planetary evolution, it has been

proposed that a similar percolative process allows for the segregation of denser iron

melts from the silicate body. This results in metal melts percolating downwards and

core formation.
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1.1.1 Difficulties with melt migration in the mantle

Although the governing equations that describe the multi-phase flow of the mantle

capture the key physics of mantle convection and melt migration, attempts to link

the physical flow of the mantle with thermodynamic models has generally failed

to reproduce observations provided by geophysical and geochemical constraints. It

is increasingly recognized that the isotopic and compositional diversity of igneous

materials sampled at oceanic basalts requires the melting of a lithologically hetero-

geneous mantle source beneath mid-ocean ridges and hot-spots. To fully utilize the

extensive library of geochemical observations collected from oceanic basalts, they

must be linked back to the heterogeneous source that produced them. The distribu-

tion, composition and dimensions of mantle heterogeneities are poorly understood.

However, the partial melting of fertile heterogeneities (portions of the mantle with

lower melting points) should produce local increases in melting. It is not clear how

geochemical signatures derived from the partial melting of heterogeneity evolve dur-

ing transport to the surface. Widely used geochemical models, based on the theory

of chromatography, incorporate trace element transport. These models predict the

separation geochemical signatures as a function of compatibility with the solid man-

tle throughout the process of melt extraction, thereby destroying the signal from

heterogeneities.

1.1.2 Difficulties with melt migration and core formation

Terrestrial planets inherit the geochemical signatures of metal-silicate differentiation

from planetesimals in the early solar system. These small planetesimals are the

intermediate building blocks for larger terrestrial planets like Earth. Geochemical

evidence suggests that such differentiation occurred only a few million years after the
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formation of calcium-aluminum rich inclusions (CAI’s) (Rubie et al., 2007). These

rapid timescales for core formation in small planetary bodies requires the decay of

the short-lived radionuclides for melting of iron and physical mechanisms for quickly

differentiating iron from silicates. It is also observed that some planetesimals and

asteroids experienced incomplete differentiation as seen in the various degrees of

partial melting and differentiation recorded in primitive achondrites. However, the

minimum physical and compositional requirements for mature core formation during

planetary evolution are still contested. As a result, there is no current consensus on

the relationship between planetesimal radius and the segregation time required for

complete core formation.

1.2 Overview of melt migration case-studies

The aim of this dissertation is to detail three case-studies, targeted projects designed

to explore the physical and chemical consequences of melt migration in the Earth

and terrestrial planetary interiors. Each of these studies operates on different spatial

and temporal scales in an attempt to compare melt migration from the perspective

of discrete heterogeneities to broader processes that shape planetesimal evolution.

1.2.1 Reactive transport of partial melt with binary solid solution

Beneath mid ocean ridges melt is localized and extracted through high-porosity

channels (Kelemen et al., 1995, 1997). The upper portions of these channels are

thought to consist of dunite which allows melt extraction from depth without re-

equilibration (Liang et al., 2010). Lithological heterogeneities in the Earth’s mantle

are a candidate to seed the localization of partial melts beneath the mid ocean ridge.

Therefore, it is necessary to understand the reaction fronts that form as melt flow

3



across the lithological interface between the heterogeneity and the ambient man-

tle. Chapter 2 details a chromatographic analysis of reactive melt transport across

lithological boundaries. This is an extension of linear trace element chromatography

(Henry’s Law) to the coupling of major elements and energy transport.

As melt traverses a lithological contact, solid solution leads to the forma-

tion of a reacted zone between an advancing reaction front and the initial contact.

The analysis also shows that the behavior of a fertile heterogeneity depends on its

absolute concentration, in addition to compositional differences between itself and

the refractory background. Chapter 2 provides a regime diagram that predicts if

melt emanating from a fertile heterogeneity localizes into high porosity channels or

develops a zero porosity shell. The analysis provides a set of tools for analyzing,

more complex models that rely on similar thermodynamic theory such as Hewitt

and Fowler (2008a); Katz (2008). Stark lithological contrasts in models such as

(Spiegelman et al., 2001b; Hewitt and Fowler, 2008a; Katz, 2008) may be the result

of simplifications made to thermodynamic models.

1.2.2 On mass transport in solitary porosity waves and circular

reasoning in mantle chromatography

Partial melting of fertile heterogeneities will produce local increases in porosity con-

taining within them the geochemical signature of their protolith (Liang et al., 2010;

Katz and Rudge, 2011; Weatherley and Katz, 2012). Increased regions of porosity

may evolve into porosity waves that migrate at a velocity greater than the velocity of

the background melt. Recent interest has mostly focused on reactive channelization

during melt migration Kelemen et al. (1995); Aharonov et al. (1995); Spiegelman

et al. (2001a). While reactive channelization and compaction driven porosity waves

4



have often been thought of as separate end-member processes, they likely act to-

gether (Hesse et al., 2011a; Liang et al., 2011a). Interest in porosity waves has

at least partly declined, because it is believed they cannot transport geochemical

signatures. Chapter 3 revisits this transport mechanism and its geochemical conse-

quences.

Numerical studies demonstrating the transport properties of solitary waves

were conducted in one dimension. Using basic chromatographic theory, these stud-

ies demonstrate that one dimensional porosity waves do not transfer trace element

signatures, even in the limit of perfect incompatibility with the solid phase (Watson

and Spiegelman, 1994). Properties divined from the one dimensional models were

taken to be the essential transport behavior of solitary porosity waves. Chapter 3

presents a two dimensional analysis of the transport properties and fluid mechan-

ics of solitary porosity waves. Unlike their one dimensional counterparts, solitary

porosity waves in higher dimensions transfer mass and may retain the signature of

their source heterogeneity.

Contrary to conclusions from one-dimensional, linear mantle chromatogra-

phy, transport in porosity waves does not produce the expected chromatographic

separations between relatively incompatible elements such as the Lanthanides. In-

stead, a porosity wave transports trace element signatures together with the phase

velocity of the porosity wave, and modifies their relative abundances as a function of

their compatibility with the solid. Therefore, porosity waves in the mantle provide a

mechanism for the preservation of trace element signatures derived from the melting

of fertile heterogeneities.
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1.2.3 Timescales for percolative core formation in planetesimals

The tungsten-hafnium isotopic system provides constraints on the accretion time of

terrestrial bodies. Tungsten isotope measurements from the Earth and asteroids, the

remnants of the formation of the inner, terrestrial planets, suggest extremely rapid

core formation (Rubie et al., 2007) Experimental observations show that texturally

equilibrated metallic melt tends to reside in isolated pockets that prevent perco-

lation (Ballhaus and Ellis, 1996; Minarik et al., 1996; Shannon and Agee, 1996).

Previously conducted X-ray microtomography on a primitive achondrite containing

meteoric iron and silicate minerals, meteorite NWA 2993 by Ghanbarzadeh et al.

(2016), finds a connected metallic network in a silicate matrix approaching textural

equilibrium, where the dihedral angle is approximately 86◦. Drainage is generally

possible when dihedral angles are smaller, ∼60◦. Drainage of high-dihedral angle

melts is currently thought to be prevented by a pinch-off at melt fractions slightly

below the percolation threshold. Simulations conducted to calculate the distribu-

tion of melt along grain boundaries reveals much stronger hysteresis in melt network

connectivity than previously reported. Melt only disconnects at melt fractions of

1-2%, not just below the percolation threshold of ∼ 20% as previously thought.

Chapter 4 outlines how melt segregation in porous flow is a natural mecha-

nism for core formation in planetesimals if melt connectivity can be maintained. To

investigate the time scales for core formation, a continuum model for the melting of

metallic phases due to radiogenic heat generation and melt percolation in a compact-

ing planetesimal is presented. The continuum model is based on mass, momentum

and energy conservation. It is then applied to investigate the time scales required for

core formation by porous flow. Melting of a metallic phase occurs due to radiogenic

heat generation (Ghosh and McSween, 1998; Hevey and Sanders, 2006; Qin et al.,

6



2008; Elkins-Tanton et al., 2011) and melt segregation is driven by porous flow cou-

pled to viscous compaction (Scott and Stevenson, 1984; McKenzie, 1985b; Fowler,

1985a; Hewitt and Fowler, 2008a; Katz, 2008) of a non-molten silicate matrix in a

gravitational field that evolves with changes in density distribution. In this attempt,

the model is kept relatively simple, with the hope of the determination of the order-

of-magnitude of the timescales of percolative core formation in planetesimals. As

such, the melting of silicates is neglected in order to avoid a nasty foray into four-

or five phase flow with immiscible fluids and multiple residual solid phases. The

detailed description of the model governing conservation of energy is similar to the

enthalpy method presented by Katz (2008), Jordan and Hesse (2015) and Chapter

2, while the physics of viscous compaction of the solid matrix are akin to McKenzie

(1984b) and Chapter 3. Chapter 4, may be considered a first attempt to combine

the underlying theoretical tools developed in Chapters 2 and 3 in a simplified, yet

physically relevant model scenario.

7



Chapter 2

Reactive transport of partial melt with binary solid

solution

Melt extraction from the Earth’s mantle through high-porosity channels is required

to explain the composition of the oceanic crust. Feedbacks from reactive melt trans-

port are thought to localize melt into a network of high-porosity channels. Recent

studies invoke lithological heterogeneities in the Earth’s mantle to seed the local-

ization of partial melts. Therefore, it is necessary to understand the reaction fronts

that form as melt flows across the lithological interface between the heterogeneity

and the ambient mantle. Here, we present a chromatographic analysis of reactive

melt transport across lithological boundaries, using the theory of hyperbolic con-

servation laws. This is an extension of linear trace element chromatography to the

coupling of major elements and energy transport. Our analysis allows the prediction

of the non-linear feedbacks that arise in reactive melt transport due to changes in

porosity. This study considers the special case of a partially molten porous medium

with binary solid solution. As melt traverses a lithological contact, binary solid

solution leads to the formation of a reacted zone between an advancing reaction

Full citation for publication with JSJ as primary author:
Jacob S. Jordan, and Marc A. Hesse (2015) “Reactive transport in a partially molten system

with binary solid solution.” Geochemistry, Geophysics, Geosystems 16, no. 12: 4153-4177.
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front and the initial contact. The analysis also shows that the behavior of a fertile

heterogeneity depends on its absolute concentration, in addition to compositional

differences between itself and the refractory background. We present a regime dia-

gram that predicts if melt emanating from a fertile heterogeneity localizes into high

porosity channels or develops a zero porosity shell. The theoretical framework pre-

sented here provides a useful tool for understanding non-linear feedbacks in reactive

melt transport, because it can be extended to more complex and realistic phase

behaviors.

2.1 Introduction

Geological and petrological observations require that melt extraction below mid

ocean ridges is localized into high-porosity channels (Kelemen et al., 1995, 1997).

The upper portions of these channels are thought to consist of dunite which allows

melt extraction from depth without re-equilibration (Liang et al., 2010). Aharonov

et al. (1995) recognized that increasing orthopyroxene solubility with decreasing

depth could provide a positive feedback mechanism to localize melt flow. Initial

simulations of reactive melt transport in a compacting matrix show the spontaneous

localization of melt into channels (Spiegelman et al., 2001b). It is now generally

accepted that reactive feedback mechanisms cause the channelization associated

with dunite formation, although other purely mechanical mechanisms may also lead

to melt localization (Stevenson, 1989; Katz et al., 2006; Keller et al., 2013).

Channel formation was not observed in subsequent studies which improved

the model description by accounting for mantle upwelling, variable bulk viscosity,

and melting induced either by the dissolution of orthopyroxene or the coupling of

mass and energy transfer through phase behavior. For the orthopyroxene dissolu-
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tion models, the growth rate of channels decreases with increasing upwelling and is

dramatically lower in models where bulk viscosity decreases with increasing poros-

ity (Hesse et al., 2011b). For typical conditions beneath mid-ocean ridges these

models give rise to compaction-dissolution waves rather than high porosity chan-

nels (Liang et al., 2011b). For models that couple mass and energy transfer, the

melting rate increases with upwelling and increasing thermal diffusivity, but it is

inversely proportional to the latent heat of fusion (Hewitt, 2010; Katz and Rudge,

2011; Weatherley and Katz, 2012). For preferred mantle properties these models

show that the melt flux from a homogeneous mantle is insufficient to trigger spon-

taneous channelization (Hewitt, 2010; Weatherley and Katz, 2012). However, in

both types of models, fusible heterogeneities can supply a melt flux sufficient for

channelization (Liang et al., 2010; Weatherley and Katz, 2012). This highlights the

role of lithological heterogeneities in the Earth’s mantle as potential seeds for the

nucleation of high porosity channels.

During partial melting fusible lithological heterogeneities with a lower solidus

produce local regions of high porosity. Reaction fronts develop as melt advects from

heterogeneities across a lithological boundary into the ambient mantle. An upstream

increase in porosity across a reaction front can cause a reaction infiltration instability

that is characterized by scalloping of the reaction front and the eventual localization

of melt flow into high porosity fingers (Chadam et al., 1986; Hinch and Bhatt, 1990;

Szymczak and C Ladd, 2013; Pec et al., 2015). Therefore, the key to understanding

if a heterogeneity will seed high porosity channels is the change in porosity across

the reaction front. Although the reaction infiltration instability is intrinsically a

multidimensional phenomena, changes in porosity across a reaction front can be

predicted using one-dimensional analysis.
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The reactive transport due to the advection of melt across a lithological

interface can be represented as a one-dimensional problem with an initial discon-

tinuity separating two regions, also known as a Riemann problem. In the limit of

local thermodynamic equilibrium, negligible hydrodynamic dispersion and a rigid

porous medium, the equations governing reactive melt transport reduce to a system

of quasi-linear hyperbolic equations. In this limit, the theory of hyperbolic equa-

tions allows a full analysis of Riemann problems (Lax, 1973; LeVeque, 1992). In the

context of reactive transport in porous media, this approach is commonly referred

to as the theory of chromatography (DeVault, 1943; Glueckauf, 1949; Rhee et al.,

2001a; Mazzotti and Rajendran, 2013). This framework has been used successfully

to describe reactive transport of multiple, interacting components in complex, natu-

ral porous media both in laboratory experiments and field applications (Pope et al.,

1978; Valocchi et al., 1981; Appelo and Postma, 2010; Venkatraman et al., 2014).

In the geological sciences the full chromatographic theory has primarily been

used to describe infiltration metosomatism. Korzhinskii (1965, 1968) was the first

to recognize the importance of chromatographic separations and reaction fronts

during metasomatism. The work of Korzhinskii considered classical dissolution-

precipitation reactions between multiple pure mineral phases and an aqueous so-

lution. Hofmann (1972) applied chromatographic theory to binary ion-exchange

in feldspars and Sedqui and Guy (2001) explored ternary ion-exchange during the

formation of skarn garnets.

While studies of metasomatism considered the non-linear interactions be-

tween major elements, most chromatographic work on melt migration in the mantle,

starting with Navon and Stolper (1987), focuses on the transport of trace elements of

variable compatibility at constant melt fraction (see amongst others De Paolo, 1996;
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Hauri, 1997; Hauri and Kurz, 1997). This leads to a linear and decoupled system

of equations that predicts a reduction of the transport velocity for trace elements

with increasing compatibility in the solid phases. However, to understand non-linear

feedbacks such as the localization of melt flow into high porosity channels, previous

work must be extended to include the coupling between energy and mass transfer

along with the interactions of major elements during reactive melt transport. While

some studies consider porosity changes across reaction fronts, these changes are im-

posed rather than allowed to emerge as a consequence of the reactive melt transport

itself (Godard et al., 1995).

This contribution extends the chromatographic analysis of reactive melt

transport to major elements. In this case, the coupling between energy and mass

transport is described by a phase diagram and porosity evolves dynamically. Mass

transfer between solid and melt may be compositionally or thermally driven during

reactive melt transport. For purpose of illustration, an ideal binary solid solu-

tion liquid solution is considered, which yields a system of two non-linear, coupled,

hyperbolic partial differential equations. The analysis is presented as follows: Sec-

tion 2.2 introduces the non-linear system of algebraic equations that determines

the thermodynamic state of the system; Section 2.3 introduces the partial differ-

ential equations describing the transport of energy and mass during reactive melt

transport; Section 2.4 presents the chromatographic analysis that forms the central

contribution of this study; Section 2.5 shows that the one-dimensional analysis pre-

dicts the stability of reaction fronts in higher dimensions and discusses geological

applications.
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2.2 Thermodynamic state equations

Any reactive transport model requires a set of thermodynamic equations that deter-

mines the intensive state of the system and conservation equations that determine

the extensive state of the system. Together they form a nonlinear system of alge-

braic equations that contains the key nonlinearities, couplings and feedbacks during

reactive melt transport. This section introduces these state equations and the phase

space used to analyze the reactive transport behavior in Section 2.4. The full de-

scription of the state of the system requires phase relations introduced in Section

2.2.1, the equations describing the partitioning of the energy between phases in Sec-

tion 2.2.2, and the conservation equations given in Section 2.2.3. Finally, a simplified

set of state equations, comparable to those used in previous literature, is introduced

and its properties are discussed in Section 2.2.4. This system will subsequently be

used in the analysis of reactive melt transport.

2.2.1 Ideal binary solid solution phase behavior

Following previous work in melt migration an ideal binary solid solution liquid solu-

tion is assumed that may represent the olivine solid solution in the mantle systems

and the plagioclase solid solution in crustal systems (Katz, 2008; Hewitt, 2010;

Rudge et al., 2011; Solano et al., 2014). The component with the lower melting

point, Tf , is referred to as the fusible component and denoted by the subscript f

and the component with the higher melting point, Tr, is termed refractory and in-

dicated by the subscript r. All expressions below are given in terms of the mole

fractions of the refractory component in the melt, Xm,r ≡ Xm, and in the solid,

Xs,r ≡ Xs. The mole-fractions of the fusible components can be obtained from the

mole fraction constraint in each phase, so that Xs,f = 1−Xs and Xm,f = 1−Xm.
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Table 2.1: Simplified model thermodynamic properties based on the olivine solid
solution liquid solution.

Parameter Value Units

Tr 1890 ◦C
Tf 1217 ◦C
∆Hr = ∆Hf = L 100 kJ/mol
h0 250 kJ/mol
ρ 2.33 · 10−2 mol/cc
cp 2 kJ/kg/K

The standard formulation of an ideal solid solution liquid solution phase loop

is chosen here to demonstrate the applicability of the analysis to proper thermody-

namic descriptions of phase behavior. In this case, the dependence of melt and solid

composition on temperature, T , are given by

Xm =
1− e−∆Gr/(2RT )

e−∆Gf/(2RT ) − e−∆Gr/(2RT )
, (2.1)

Xs =

(
1− e−∆Gr/(2RT )

)
e−∆Gf/(2RT )

e−∆Gf/(2RT ) − e−∆Gr/(2RT )
, (2.2)

and referred to as the liquidus and solidus curves that bound the two-phase region.

Here R is the universal gas constant. The Gibbs free energy of fusion of the fusible

and refractory end-members ∆Gf and ∆Gr are described by equations (A.1)-(A.9)

in Appendix A.1. The resulting phase diagram is modeled after the olivine solid so-

lution, shown in Figure 2.1a. The parameter values used are given in Table 2.1. The

stoichiometry of the olivine reaction accounts for the factor of two in the exponents

in (2.1) and (2.2).

In previous work on trace-element transport, the relationship between solid

and melt composition is linear, Xs = KdXm, although Kd may vary with time as
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Figure 2.1: a) Binary phase diagram for an ideal solid solution liquid solution,
showing the two-phase region bound from below by the solidus, Xs(T ) and above
by the liquidus Xl(T ). Porosity, φ, is shown by the color map and the black lines
show the tie-lines of constant temperature, T , in ◦C. Xr is the mole fraction of
the refractory end-member. b) The same phase diagram plotted in the phase space
formed by the conserved quantities, bulk composition, C, and bulk enthalpy, H.
Isothermal tie-lines for Tf and Tr at each end of the phase diagram are vertical.
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a function of pressure and temperature (White, 2013). This relation is non-linear

for major elements and variations in pressure and temperature cannot be separated

from composition. In the case of ideal solid solution liquid solution discussed here

the relationship between Xs and Xm is monotonic and convex, d2Xs/dX
2
m 6= 0, if

Tr > Tf . The treatment of the non-linearity in major element phase behavior in the

chromatographic analysis of the reactive melt transport is one of the main advances

in this contribution.

2.2.2 Enthalpies in an ideal solid-solution

In an ideal binary solid solution the specific enthalpy of the solid is the mechanical

mixture of the specific enthalpies of the two end-members

hs = Xs hsr(T ) + (1−Xs)hsf (T ), (2.3)

which are linear functions of T and given in Appendix A.2. The specific enthalpy

of the melt is that of the solid phase plus the specific latent heat of fusion

hm = hs + ∆H. (2.4)

The latent heat of fusion in an ideal solid solution liquid solution system is the

mechanical mixture of the specific latent heats of fusion of the two end-members

∆H = X∆Hr(T ) + (1−X) ∆Hf (T ), (2.5)
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which are also linear functions of T and given in Appendix A.2. Here X is the total

mole fraction of the refractory component in the partially molten system given by

X = FXm + (1− F )Xs, (2.6)

where F is the mole fraction of the melt.

2.2.3 Conserved quantities

The thermodynamic equations above determine the intensive state of the system and

are sufficient to determine the equilibrium state of the system. However, reactive

melt transport requires knowledge of the proportions of the phases. Due to mass

and energy transfer between phases during reactive melt transport the conserved

quantities are the total moles of the refractory component in the system, C, and the

total enthalpy of the system, H. These quantities are per unit volume. Therefore,

they depend on the molar densities, ρm and ρs, and the volume fraction of the melt,

φ. Thus, conserved quantities are given by

C = ρmφXm + ρs(1− φ)Xs, (2.7)

H = ρmφhm + ρs(1− φ)hs, (2.8)

where the pore space is saturated with melt. The porosity is related to the mole

fraction of the melt as follows

F =
φρm

φρm + (1− φ)ρs
. (2.9)
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The conserved quantities C and H form a phase space that allows a two-dimensional

representation of all model states. At any point within this phase space (2.6-2.9)

form a closed system of four non-linear algebraic equations for the four unknowns

T , X, F , and φ. Once these primary variables are known all other model quantities

can be determined.

2.2.4 Simplified model equations

For clarity of presentation a simplified system, similar to those presented in the

recent literature (Katz, 2008; Hewitt, 2010; Solano et al., 2014), is considered for

the analysis below.

In the limit where all phases have the same constant density, ρ, Equation (2.9)

simplifies to F = φ, so that C = ρX. In Appendix A.2.4 we show that latent heat

of fusion becomes constant, ∆H = L, in the limit where all enthalpic properties are

constant and equal across phases and end-members. After applying these simplifi-

cations, the expressions for conserved quantities are given by,

C = ρ (φXm + (1− φ)Xs) , (2.10)

H = ρ (h0 + cp(T − T0) + φL) . (2.11)

In the simplified expression for enthalpy, (2.11), cp is the specific molar heat capacity

and h0 is specific enthalpy at the reference temperature, T0.

The simplified model equations(2.10) and (2.11) form a closed system for T

and φ given C and H. This allows the reduction of the state equations to a single

non-linear equation for T . Equation (2.10) is rearranged for φ and substituted into
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(2.11) yielding

R(C,H, T ) = (C − ρXs(T ))L+ (hs(T )−H)(Xm(T )−Xs(T )) = 0. (2.12)

Equation (2.12) cannot be inverted for T explicitly, but it can be solved robustly and

efficiently using a one-dimensional root finding method. Once the temperature of

the system is known φ can be obtained from (2.10). Figure 2.1b shows the variation

of T and φ in two-phase region of the CH-phase space.

2.3 Transport model

In a reference frame moving with the solid phase the conservation equations are

given by

Ct +∇ · (qρXm − φρD∇Xm) = 0, (2.13)

Ht +∇ ·
(
qρhm − ρk̄∇T

)
= 0, (2.14)

where q is the volumetric melt flux relative to the solid given by Darcy’s law, and the

subscript, t, denotes the time derivative. Diffusion in the solid has been neglected in

(2.13) and D is the effective hydrodynamic dispersion of the porous medium. The

average thermal conductivity of the medium is given by k̄ = (φ/ϑ)km + (1 − φ)ks,

where ϑ is the tortuosity, and km and ks are the thermal conductivities in the solid

and the melt.

The equations are recast in terms of dimensionless variables

C =
C

ρ
, T =

T − Tf
Tr − Tf

, ζ =
x

`
, and τ =

tq

`
, (2.15)
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Figure 2.2: a) The dimensionless flux of composition, given by fC = Xm, in the CH
phase space. b) The dimensionless flux of enthalpy, given by fH = hm.

where q = |q|, which is given and constant in one dimension. These scales imply

the following expression for dimensionless enthalpy

H =
H − ρhTfs
ρcp∆T

. (2.16)

For the initial condition considered below, the reactive melt transport problem does

not contain an intrinsic length scale. Here the spatial coordinate, x, is normalized

by the dimension of the heterogeneity, `.

The dimensionless conserved quantities simplify to

C = φXm(T ) + (1− φ)Xs(T ), (2.17)

H = T +
φ

Ste
, (2.18)

where the ratio of sensible heat to latent heat is the Stefan number, Ste = cp(Tr −

Tf )/L. Equation 2.18 is rearranged for φ and substituted into (2.17) giving the
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dimensionless equation of state,

R(C,H, T ) = C + Ste (H− T ) [Xs(T )−Xm(T )]−Xs(T ) = 0. (2.19)

The dimensionless conservation laws for composition and enthalpy are

Cτ +∇ · (Xm − Pe−1
C φ∇Xm) =0, (2.20)

Hτ +∇ · (hm − Pe−1
H (φ+ κ(1− φ))∇T ) =0, (2.21)

where κ = ksϑ/kl and the Péclet numbers are given by PeC = qδ/D and PeH =

qϑδ/kl. Note that φ has not been absorbed into the Péclet numbers because it

evolves dynamically and may even vanish. Here the dimensionless enthalpy of the

melt is given by

hm = T + Ste−1. (2.22)

Details of the non-dimensionalization of enthalpy can be found in Appendix A.3.

In reactive melt transport advection dominates diffusion (Aharonov et al.,

1995; Katz, 2008; Hesse et al., 2011b). Therefore, the analysis below considers the

limit of PeC →∞ and PeH →∞. In this limit, the governing equations reduce to a

quasi-linear system of coupled hyperbolic equations

uτ +∇ · f(u) = 0. (2.23)

Here u = [C, H] is the vector of conserved quantities and f(u) = [Xm, hm] is their

non-linear flux vector. These fluxes are shown in Figure 2.2 and represent the

amount of material and energy that can be transported by the melt. It should be
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noted that the solutions to (2.23) are weak solutions that may contain discontinu-

ities, where the derivatives are not defined and require a suitable entropy condition

to guarantee uniqueness (LeVeque, 1992).

2.4 Melt transport across a discontinuity

This section considers the reaction fronts that arise as melt flows across a disconti-

nuity in composition and enthalpy as shown in Figure 2.3a. The essential behavior

of these problems can be understood by a one-dimensional analysis. Section 2.5 will

discuss how higher dimensional phenomena such as the occurence of melt localiza-

tion can be deduced from the one-dimensional analysis.

2.4.1 General structure of reaction fronts

Consider the following one-dimensional initial value problem commonly referred to

as a Riemann problem

uτ + f(u)ζ = 0, ζ ∈ R (2.24)

u =

 ul, ζ < 0,

ur, ζ > 0.
(2.25)

Subscripts l and r refer to left and right states of enthalpy and concentration. This

nomenclature is commonly used in theory of hyperbolic conservation laws (LeVeque,

1992). In the analysis that follows the flow always traverses from left to right such

that q > 0. The initial condition is illustrated in Figure 2.3b.

The solution of the Riemann problem for well-behaved systems of two coupled

quasi-linear equations is characterized by the formation of an intermediate state, ui,
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Figure 2.3: a) Schematic representation of u across a lithological discontinuity. b)
Initial conditions for the Riemann problem for conserved variables C and H plotted
against dimensionless spatial coordinate ζ.

bounded by two waves W1 and W2 (LeVeque, 1992). This solution structure evident

in Figure 2.4 and can be represented as follows

ul
W1−−→ ui

W2−−→ ur. (2.26)

In the context of reactive melt transport the waves are reaction fronts and the

intermediate state corresponds to a reacted zone that forms between the fronts.

The system of non-linear hyperbolic equations can be written in quasi-linear

form,

uτ +∇uf(u)uζ = 0, (2.27)

where gradient of the flux with respect to the conserved quantities is given by

∇uf(u) =

fC,C fC,H

fH,C fH,H

 . (2.28)

Within the two-phase region, the derivatives of the flux gradient above can be
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evaluated through implicitly differentiating the functionR(C,H, T ), see Appendix

A.4.1. Equation (2.27) is a system of advection equations where the propagation

velocity is determined by the flux gradient. The flux gradient itself only depends

on u. Figure 2.4a shows the development of reaction fronts emerging in a typical

Riemann problem. The pattern of reaction fronts remains the same through time,

because each reaction front moves with its own characteristic velocity. Essentially,

solution profiles stretch with time.

2.4.2 Self-similarity of reaction fronts

The recognition of the constant, stretching morphology of the reaction fronts allows

the introduction of the similarity variable

η = ζ/τ. (2.29)

Physically, η describes the dimensionless propagation velocity of the reaction fronts.

Figure 2.4b shows that the solution collapses to a single profile when plotted as

function of η. This suggests that the system of partial differential equations, given

by (2.24), can be reduced to a system of ordinary differential equations given by

(∇uf− λpI)
du

dη
= (A− λpI) rp = 0, p ∈ [1, 2]. (2.30)

This system of two differential equations can be thought of as a non-linear eigenvalue

problem, where the eigenvalues λ1 and λ2 are the characteristic propagation speeds

of W1 and W2 respectively. The associated eigenvectors rp = du/dη give pathways

through CH phase space that satisfy the conservation equations.

Any constant sate, u, satisfies du/dη = 0 and is a trivial solution to (2.30).
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Figure 2.4: a) Evolution of the dimensionless total concentration in ζ and τ . b) The
same solution plotted as function of similarity variable, η = ζ/τ .

Continuous solutions to (2.30) must satisfy the eigenvalue problem,

(A− λpI) rp = 0. (2.31)

The propagation velocity of discontinuities in the solution must satisfy the Rankine-

Hugoniot jump condition

Λp(u+,u−) =
f(u+)− f(u−)

u+ − u−
=

[f(u)]

[u]
, (2.32)

which arises from mass balance around the discontinuity (LeVeque, 1992). This

condition can be thought of as a discrete version of the eigenvalue problem (2.31).

Here u− is the state to the left of the discontinuity and u+ is the state to the right,

so that the notation [·] indicates the jump across the discontinuity. The values for

u− and u+ describe the immediate vicinity of the moving discontinuity and are not
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Figure 2.5: a) The eigenvalue λ2 in the two-phase region. b) The scaled eigenvalue
φλ2, associated with propagation speed of the reaction fronts relative to the average
melt velocity. The author thinks that b looks like a tooth-paste logo.

necessarily the same as ul and ur as they may refer to the intermediate state, ui.

2.4.3 Construction of solution grid in composition-enthalpy space

The self-similar solutions are constructed by identifying directions in CH phase

space that satisfy the conservation laws and the equation of state. One such set

of directions that allows reaction fronts with continuous variations in u is obtained

by integrating the eigenvectors. Another set of directions is determined by the

non-linear algebraic system of equations arising from the jump condition (2.32) and

describes discontinuous reaction fronts (LeVeque, 1992).

The eigenvalues of (2.31) are given by,

λ1 = 0 and λ2 = fC,C + fH,H. (2.33)

Figure 2.5a shows that λ2 is non-negative and increases monotonically in the direc-
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tion of increasing C and has a maximum at the solidus of the refractory end-member.

The eigenvalue, λp, gives the dimensionless propagation speed of the reaction front,

Wp, as a function of C and H. The first reaction front, W1, is stationary because

λ1 = 0. Therefore, all solutions have a single moving reaction front. Due to variable

porosity, the dimensionless system is scaled with respect to the constant volumet-

ric flux, q, rather than the variable melt velocity. Hence the propagation speed of

the second reaction front relative to the melt is φλ2, as shown in Figure 2.5b. As

expected, the propagation velocities relative to the melt are significantly retarded

near the solidus.

The corresponding eigenvectors yield two linearly independent directions in

CH phase space

r1 =

− ∂C
∂H

1

 and r2 =

dXm
dT

1

 (2.34)

that can be integrated

u(u0, η) = u0 +

∫ η

0
rpdη

′, (2.35)

to obtain solution pathways. These paths in CH phase space comprise the set of

states that can be connected to u0 by a reaction front with a continuous variation in

u. Figure 2.6a illustrates solutions to the eigenvalue problem at a particular state,

u0. The discussion below assumes that u0 is a left state, ul, and describes the set

of permissible right states, ur.

Stationary linear reaction front

The integral curves associated with λ1 and r1, known as the first characteristic field

(LeVeque, 1992), are parallel to the isothermal tie-lines of the phase diagram in CH
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Figure 2.6: a) Integral curve (—) and Hugoniot-locus (– –) associated with a left
state given by u0. b) Rarefaction fronts for three states along the integral curve. c)
Shock fronts for three states along the Hugoniot-locus.

phase space. Any right state, ur, along this integral curve, connected to u0 by a

stationary discontinuity is a weak solution of (2.24). Because the λ1 is constant,

the first characteristic field is linearly degenerate and the stationary front is referred

to as a contact discontinuity, C1. This front is stationary, because the composition

and enthalpy of the melt are soley functions of temperature and hence identical on

either side of an isothermal contact. Therefore, fluxes of C and H (Figure 2.2) are

constant so that melt transport does not change C and H and the front does not

evolve.

The importance of tie-lines in the solution construction of multi-component

systems has been observed for multi-phase flow with partitioning in gas-liquid (Welge

et al., 1961) and liquid liquid (Wachmann, 1964) systems. See Orr (2007) for a

comprehensive review. In general, the recovery of the single-component solution

from the multi-component system requires that tie-lines are solution paths.
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Moving non-linear reaction front

The integral curves associated with the second characteristic field mimic the shape

of the liquidus because they are obtained by integrating dXm/dT . Since λ2 varies

smoothly, any u along this integral curve is connected to u0 by a continuously

varying reaction front. The propagation velocity along these continuous reaction

fronts increases monotonically such that the reaction front spreads with time. These

fonts are referred to as rarefactions and denoted R2. Rarefactions are a weak solution

of (2.30) if the resultant profile of u is single valued. This condition is satisfied if

u lies on the branch of the integral curve emanating from u0 in the direction of

increasing λ2 towards the refractory end-member, as shown in Figure 2.6a. Examples

of rarefaction profiles corresponding to a sequence of right states along the integral

curve are shown in Figure 2.6b.

If u lies on the opposite branch of the integral curve, a continuous reaction

front would result in unphysical triple-valued solutions. In this case, u is connected

to u0 by a discontinuous reaction front that propagates with a velocity, Λ2(u0,u),

set by the jump condition. Such fronts are referred to as shocks and are denoted, S2.

The set of permissible u that can be connected to u0 by shocks lie on the segment

of the Hugoniot-locus that satisfies the entropy condition. The Hugoniot-locus is

obtained by solving the two non-linear algebraic equations given by (2.32) for the two

components of u and Λ2. For the system of equations discussed here, the Hugoniot-

locus is visually indistinguishable from the integral curve. The segment that satifies

the entropy condition lies on the branch of the Hugoniot-locus emanating from

u0 in the direction of decreasing λ2 towards the fusible end-member, as shown in

Figure 2.6a. Examples of shock profiles corresponding to a sequence of states along

the Hugoniot-locus are shown in Figure 2.6b.
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Figure 2.7: a and b) The intermediate state, ui, formed by the intersection of the
integral curves (—) and Hugoniot-loci(– –) associated with ul and ur. Solution
paths are shown in black. c and d) Self-similar profiles to corresponding to solution
paths shown in a and b.

The previous analysis searched for connected states, u assuming that the

given a state, u0, is a left state, ul. The same arguments show that the location of

the integral curve and the Hugonoit-locus are switched if the reference point u0 is

a right state.

Intermediate state: formation of a reacted zone

The solution profile contains a single reaction front if ul and ur share the same

integral curve or Hugonoit-locus. In all other cases, a reacted zone forms, which is

represented in CH phase space as an intermediate state, ui. At this intermediate

state, the solution switches from the first characteristic field to the second (Fig-
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ure 2.7a and 2.7b). In other words, at ui the solution changes from the stationary

front along isothermal tie lines to the advancing reaction front along the paths that

mimic the liquidus.

The two possible intermediate states, are given by the intersections of the in-

tegral curves and Hugoniot-loci emanating from ul and ur, as shown in Figure 2.7a.

Only one intersection yields a physically realistic single-valued solution. The cor-

rect intersection is selected by requiring that the propogation speed increases mono-

tonically from ul to ur. Because λ1 ≤ λ2, the integral curves and Hugoniot-loci

associated with the first characteristic field are referred to as slow-paths and those

associated with the second characteristic field are termed fast-paths. A single valued

solution is ensured if and only if ul is connected to ui along the slow-path and ui is

connected to ur along the fast-path. The reactive melt transport system considered

here allows only two fundamental solution structures

ul
C1−→ ui

R2−−→ ur and ul
C1−→ ui

S2−−→ ur, (2.36)

because the first characteristic is linearly degenerate and the reaction front along

the slow-path is always a contact discontinuity.

The reactive melt transport across an initial discontinuity is characterized

by the formation of a reacted zone corresponding to ui that is bounded between a

stationary front, C1, and an advancing front that is either a spreading rarefaction

front, R2, as illustrated in Figures 2.7a and c or a shock, S2, as illustrated in

Figures 2.7b and d. The transient solution in Figure 2.4 is equivalant to the self-

similar solution profiles in Figure 2.7c.
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2.5 Discussion

The analysis of reactive melt transport across an initial discontinuity presented

above leads to multiple important insights and their implications are discussed be-

low. Section 2.5.1 gives the physical interpretation of the different fronts that arise

in reactive melt transport. Section 2.5.2 shows that the entire reactive melt trans-

port behavior can be summarized graphically, which leads to a regime diagram that

identifies unstable reaction fronts that localize the melt flow as well as self-limiting

fronts that cut-off the flow.

2.5.1 Physical interpretation of reaction fronts

This section complements the mathematical analysis presented in Section 2.4 with

physical interpretation of the different behavior of the reaction fronts. The analysis

identified stationary isothermal fronts (contact discontinuities), moving discontinu-

ous fronts (shocks) and moving fronts that widen with time (rarefactions).

Stationary isothermal fronts: Contact discontinuities

The formation of the isothermal stationary front, C1, at the location of the initial

interface may be counterintuitive. This is best understood, through a physical

interpretation of the jump condition (2.32) that determines the velocity of sharp

reaction fronts. Figure 2.8 shows that the jump condition can be thought of as

a mass balance on a control volume around the moving front. The motion of the

reaction front is the manifestation of a change in bulk composition or bulk enthalpy

or both in its vicinity. Such changes are due to a miss-balance in the composition

and enthalpy fluxes across the front.

For example, consider the change in bulk composition across the contact
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Figure 2.8: Mass and energy balances across a moving reaction front considered in
(2.37). Control volume over which balance is considered is shown in gray. Reaction
front moves distance ∆x over time interval ∆t.

discontinuity pictured in Figure 2.8. The change in mass of the refractory component

within the control volume due to the migration of the reaction front by distance ∆x

is given by ∆M = A∆x(CL − CR), where A a unit cross-section perpendicular to

the direction of flow. This change in mass is due to the difference in the mass flux

on the left and right boundaries of the control volume so that

A∆x(Cl − Cr) = qA∆t(fC(ul)− fC(ur)), (2.37)

where ∆t is the time interval over which the change occurs. This mass balance can

be solved for the propagation speed of the front, given by

∆x

∆t
= q

(
fC(ul)− fC(ur)

Cl − Cr

)
. (2.38)
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Together with a similar balance for enthalpy across the front and suitable nondimen-

sionalization, this leads to the jump condition for propagation speed of the reaction

front (2.32).

Within this context, consider two rocks of different bulk composition that

are separated by an isothermal discontinuity. They both lie along the same tie-line

and must have the same melt composition and enthalpy in melt. As energy and

mass are only transported by the melt phase, the fluxes, fC and fH , are constant

across the discontinuity (Figure 2.2), so that frontal velocity is zero according to the

jump condition (2.38).

Ion-exchange at non-linear moving fronts

The moving reaction front, W2, can either be a sharp shock, S2, or a spreading rar-

efaction, R2. This type of behavior is well known for reactive transport with surface

reactions such as adsorption-desorption or ion-exchange (DeVault, 1943; Glueckauf,

1949; Mazzotti and Rajendran, 2013). Rarefactions have not been described for clas-

sical reactions with porosity change (Korzhinskii, 1968; Bryant et al., 1987; Walsh

et al., 1984). A particular challenge in the description of reactive melt transport in

binary systems with solid solution liquid solution is the coupling ion-exchange, heat

transfer and porosity change.

In the absence of porosity change, (2.20) reduces to the retardation equation

typically written as follows,

R(Xm)
∂Xm

∂τ
+
∂Xm

∂ζ
− Pe−1

C
∂2Xm

∂ζ2
= 0, (2.39)
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where the retardation is given by

R(Xm) = φ+ (1− φ)
dXs

dXm
. (2.40)

The relationship between Xs and Xm is determined by the phase behavior. For suffi-

ciently dilute concentrations Henry’s law applies, so that Xs = KdXm. In this limit,

the retardation equation reduces to the linear equation for trace element transport

given by Navon and Stolper (1987). The propagation velocity of a trace element

relative to the melt velocity is controlled solely by its partition coefficient. From

(2.40) it can be seen that retardation increases linearly with Kd so that compatible

trace elements lag behind incompatible trace elements.

Non-linear retardation equations also describe the equilibrium transport of

major cation species in groundwater in the presence of ion-exchange with sorbed

species on the solid surface (Appelo and Postma, 2010). Here, the aqueous concen-

tration is analogous to the melt mole-fraction, caq ∼ Xm, and the sorbed concentra-

tion is analogous to the solid mole-fraction, cs ∼ Xs. During contaminant transport,

concentrations are often high enough that a non-linear relationship between sorbed

and aqueous concentrations must be considered. Since the temperature is often

constant in environmental applications, the relationship between sorbed and aque-

ous concentrations is referred to as an isotherm (Rhee et al., 2001a; Mazzotti and

Rajendran, 2013).

For non-linear isotherms, the retardation is strongly dependent on the con-

centration which gives rise to self-sharpening shocks and spreading reaction fronts.

When a cation species is introduced into the groundwater, ion-exchange with the

solid retards its propagation speed in similar fashion to the retardation of a compat-

ible trace element in melt transport. Adsorption fronts are self-sharpening because
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low concentrations ahead of the shock are retarded more strongly than high concen-

trations behind the shock. In contrast, desorption fronts spread with time because

desorbtion becomes less favorable as concentration decreases.

A similar process occurs in reactive melt transport along the non-linear mov-

ing front. The relation between the liquidus and solidus compositions, shown by the

Roozeboom plot in Figure 2.9, determines whether the reaction front is spreading

or self-sharpening in a similar manner to the ion-exchange isotherm in contaminant

transport applications (Roozeboom, 1899).

For the example of the olivine solid solution liquid solution, the Roozeboom

plot illustrates that magnesium is preferentially incorporated into the solid while iron

is enriched in the melt. Equation (2.40) shows that the retardation of the magne-

sium mole-fraction in melt transport is proportional to the slope in the Roozeboom

plot. Therefore, the transport speed, given by 1/R(Xm), increases with increasing

magnesium mole-fraction, as shown in Figure 2.5a. Furthermore, this dependence

of the propagation speed on composition provides an intuitive explanation for the

formation of shocks along the Hugonoit-locus and rarefactions along the integral

curve as shown in Figure 2.6a.

2.5.2 Graphical representation of full set of solutions

The analysis presented in Section 2.4 allows graphical representation of the complete

set of solutions for reactive melt transport across a discontinuity in enthalpy and

composition. Figure 2.9 shows a net of integral curves across the two-phase region of

CH phase space. This net is composed of the slow-paths that lie along isothermal tie

lines and the fast-paths that mimic the liquidus. For any left and right state, this net

allows the construction of the the solution according to the wave structures given by
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Figure 2.9: Porosity contours with net of solution paths demonstrating the solution
structure. Solutions must first travel along the slow-path (–) and then follow the
fast-path (→). Solutions that move in the direction of the arrows follow the integral
curves and form rarefactions. Solutions that follow the Hugoniot-loci move against
the arrows and form shocks. A hypothetical pathway for a self-limiting reaction
front is shown (red – –). Inlay : Roozeboom diagram for olivine solid solution.
The relationship between liquidus and solidus compositions along the Roozeboom
diagram determine whether the reaction front is spreading or self-sharpening. For
the case Xs = KdXm, the Roozeboom diagram is a straight line with slope Kd.
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(2.36). The intermediate state between the stationary and advancing reaction front

lies at the intersection of the slow-path emanating from the left state and the fast-

path emanating from the right state. The morphology of the advancing reaction

front is determined by the direction of the solution along the fast-path between

the intermediate state and the right state. A spreading wave forms if the solution

follows the arrows along the fast-path in Figure 2.9, otherwise, a shock forms. The

figure also allows for the prediction of porosity changes across reaction fronts by

inspection.

Melting-freezing versus dissolution-precipitation

Porosity changes are induced both by dissolution-precipitation driven by changes in

composition and melting-freezing driven by changes in enthalpy. A porosity change

along a vertical solution path in CH space indicates pure melting, whereas a porosity

change along a horizontal solution path indicates pure dissolution-precipitation. The

slope of solution paths shown in Figures 2.9, demonstrates that porosity changes

across both the stationary and the moving reaction fronts are induced by both

processes. Pure melting and freezing only occurs in pure component systems. In

this limit, the dynamics can be described by enthalpy balance alone, and there is a

single stationary front along the vertical slow-paths corresponding to the Tr and Tf

isotherms of the solution grid in Figure 2.9. Although there are vertical pathways in

CH space at end-members, there are no horizontal pathways. Therefore, there are

no pure dissolution-precipitation reactions possible during reactive melt transport

with binary solid solution.
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Riemann problems without solution: Self-limiting reaction fronts

It is possible to choose left and right states that cannot be connected by solution

paths because the paths terminate at the solidus and the intermediate state lies in

the solid region. For this case, a physically meaningful self-similar solution to the

Riemann problem does not exist because it relies on the fact that a constant melt

flux is maintained. Numerical simulations in Section 2.5.4 show that these cases

correspond to self-limiting reaction fronts where porosity and melt flux decay to

zero. Although a self-similar solution does not exist in such cases, Figure 2.9 allows

the identification of situations where reactive melt transport is self-limiting. An

example of the graphical representation and identification of a self-limiting pathway

is demonstrated in Figure 2.9. Left and right CH states are connected by pathways

that intersect at an intermediate state, that lies below the solidus. Therefore the

Riemann solution connecting the left state, (symbolically denoted with a circle),

and the right state (triangle), cannot reach their intermediate state (square), before

porosity is forced to zero at the interface. Thus, flow is shut off and the reaction

front is self-limiting.

2.5.3 Regime diagram for localization in reactive melt transport

Although the localization of reactive melt transport into high porosity channels is an

intrinsically multidimensional phenomena, its occurrence can be predicted from the

porosity changes in one dimension. An upstream increase in porosity is a necessary

condition for the localization of melt (Chadam et al., 1986; Szymczak and C Ladd,

2013). This implies that the intermediate state must have a higher porosity than

the right state. A strength of the analysis presented in Section 2.4, is that it predicts

the upstream porosity increases needed for localization. Figure 2.9 summarizes this
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Figure 2.10: a) The isotherm Tφ lies along the locus where ∇φ · r2 = 0. This splits
the phase diagram into two distinct regimes. In the regime below Tφ rarefactions
are always stable and shocks are unstable. In the regime above Tφ rarefactions may
be unstable and shocks do not become unstable. b-e) Since there are two distinct
solution structures and two morphological regimes in phase space, four types of
solution structure are possible. Profiles b and c are associated with temperatures
greater than Tφ while profiles d and e are associated with temperatures less than
Tφ.

analysis and allows the determination of porosity changes by inspection.

Previous work on reaction-infiltration instabilities has only considered reac-

tion fronts that are either sharp or of constant width due to the presence of dispersion

and kinetics. Section 2.4 shows that reactive melt transport can lead to either sharp

reaction fronts, shocks, or spreading reaction fronts, rarefactions. Since porosity can

either increase or decrease across both reaction front morphologies, there are four

distinct solution cases illustrated in Figure 2.10.

Inspection of Figure 2.9 shows that porosity initially increases along the fast-

path in the direction of the arrows before beginning to decrease roughly half way

across the phase diagram. This is most pronounced near the solidus where the fast-

paths and porosity contours have opposite curvature. The locus of porosity maxima
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along the integral curves is given by

∇φ · r2 = 0 (2.41)

and separates the phase diagram into two regions along an isotherm Tφ, as shown

in Figure 2.10a. At Tφ < T < Tr, rarefaction fronts are associated with upstream

increases in porosity and may be unstable while shocks are stable, (in Figure 2.10b

and 2.10c). At Tf < T < Tφ, shock reaction fronts induce an upstream increase in

porosity and are unstable while rarefaction fronts induce an upstream decrease in

porosity and are stable (in Figure 2.10d and 2.10e). To our knowledge there is no

detailed study of the reaction infiltration instability for reaction fronts that widen

with time. Physical intuition suggests that instability depends on the relative growth

rates of the instability and the widening of the front. In the problems considered

here, the rarefaction fronts spread relatively slowly, (see Figure 2.6) and numerical

solutions presented below suggest that rarefactions in regions of the phase diagram

near the solidus are unstable as well.

2.5.4 Two-dimensional simulations of melt emanating from fertile

heterogeneities

Fusible lithological heterogeneities that melt at lower temperatures are thought to

play an important role during partial melting of the Earth’s mantle (Sobolev et al.,

2007) and have been proposed to aid in the creation of high porosity channels that

allow the extraction of melt without re-equilibration with the surrounding mantle

(Aharonov et al., 1995; Spiegelman and Kelemen, 2003; Liang et al., 2010; Hesse

et al., 2011b; Weatherley and Katz, 2012). Despite the recognized importance of

heterogeneities, most studies examine the localization of melt driven by a gradient

41



reaction at the tectonic scale. Such models produce high porosity channels with

wavelengths on the order of a compaction length. In contrast, we examine the

stability of a local reaction front emanating from the interface of a lithological

heterogeneity and the ambient mantle on much smaller scales. The one-dimensional

theory presented above predicts when the moving reaction front induces an upstream

increase in porosity, a prerequisite for reaction infiltration instability.

Governing equation for melt flow

Two-dimensional simulations have been preformed to test if the magnitude of the

porosity change is sufficient to induce reaction infiltration instability and localize

melt transport. Similar to the one-dimensional analysis, it is assumed that the flow

in the two-dimensional simulations is driven by a constant melt flux, q, across the

left boundary.

In a viscously compacting medium, the overpressure, p = pf − ps, driving

the melt flow is given by the following dimensionless Helmholtz equation,

−∇ ·
[
φ3∇p

]
+
`2

δ2
φp = 0, (2.42)

where ` is the dimension of the heterogeneity, δ is the compaction length and the

overpressure has been scaled by qµ`/K0, (see Appendix A.5 for derivation). Previous

work has considered heterogeneities with dimensions that are comparable or even

larger than the compaction length (Weatherley and Katz, 2012). Here, we consider

reaction infiltration instabilities occurring at spatial scales much smaller than the

compaction length. To resolve such small length scales, the domain width in the

simulations presented below has been chosen as ` = 0.2δ. In the limit of `2/δ2 � 1,

the Helmholtz equation reduces to the Poisson equation governing fluid flow in
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rigid porous media. At scales of interest here, `2/δ2 = 0.04. Therefore, the porous

medium is approximately rigid and the simplified governing equation for the pressure

is solved.

Fertile heterogeneities that lead to reactive infiltration instability

Instantanous decompression melting of a fusible heterogeneity leads to a Riemann

type initial condition with an initial step in bulk composition and a constant en-

thalpy thoughout the domain. We first consider this problem to test the predictions

of the one-dimensional theory before considering a more realistic initial condition

below.

Figure 2.11a shows the evolution of the porosity due to melt emanating

from a fertile heterogeneity after instantaneous decompression melting. For this

simulation the initial enthalpy is constant and the bulk compositions of both the

heterogeneity and the ambient mantle are such that they plot on the refractory side

of Tφ in the regime diagram shown in Figure 2.10a. This initial condition yields a

reacted zone with a porosity higher than the ambient mantle, similar to the one-

dimensional profile shown in Figure 2.10b, with the structure

ul
C1−→ ui

R2−−→ ur.

Although, the propagating reaction front is a rarefaction and thus slowly spreads

with time, localization of the flow is observed. This suggests that the perturbations

grow faster than the reaction front, R2, widens with time. Figure 2.11ashows the

formation of high porosity channels due to a reaction infiltration instability ema-

nating from the interface between a fertile partially molten heterogeneity and the

low-porosity, ambient mantle. The simulation assumes instantaneous decompres-
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Figure 2.11: The evolution of the porosity field in numerical simulations of melt
emanating from two different fertile heterogeneities with bulk compositions on either
side of Tφ in the regime diagram in Figure 2.10. In both simulations melt flows from
the left to the right. a) The composition of the fertile heterogeneity on left and
the composition of the ambient mantle on the right are given by, Cl = 0.89, and
Cr = 0.91. The initial enthalpy is constant across the domain and given by Hl =
Hr = 0.7125. The resultant initial porosities are φl = 0.066 inside heterogeneity and
φr = 0.003 in the ambient mantle. b) The composition of the fertile heterogeneity on
left and the composition of the ambient mantle on the right are given by, Cl = 0.307,
and Cr = 0.333. The initial enthalpy is constant across the domain and given by
Hl = Hr = 0.125. The resultant initial porosities are φl = 0.035 inside heterogeneity
and φr = 0.009 in the ambient mantle. For both simulations PeC = 106 and PeH =
107, based on parameters given in Table 2.2 Note that the color-scale has been
truncated to emphasize the reacted zone.
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sion melting of the heterogeneity, which leads to an initial condition with constant

enthalpy throughout the domain, but an increased porosity inside the heterogeneity.

This initial condition yields a reacted zone with porosity higher than the ambient

mantle, similar to the one-dimensional profile shown in Figure 2.10b with the struc-

ture ul
C1−→ ui

R2−−→ ur. Although, the propagating reaction front slowly spreads with

time, localization of the flow is observed suggesting that the perturbations grow

faster than the reaction front, R2, spreads.

The porosity of the reacted zone is substantially lower than within the het-

erogeneity because the enthalpy of the fertile melt is not sufficient to further raise

the porosity of the refractory ambient mantle. Nonetheless, the upstream poros-

ity increase in Figure 2.11a is more than eight fold and sufficient to localize melt

into higher porosity channels. For the Péclet numbers chosen here (Table 2.2), the

wavelength of the channels is approximately δ/25.

It is important to note that the speed of the advancing reaction front is

very slow relative to percolating melt as shown by Figure 2.5b. This is expected

because the end-members in an ideal solid solution are highly compatible and at

low porosities there is an abundance of solid available for reaction with the melt.

Reaction fronts may propagate significantly faster in reactive melt transport models

that consider multiple solid phases, if the volume fractions of the reactive solid

phases are small and the solubilities in the melt are high (Liang et al., 2010).

Fertile heterogeneities that lead to self-limiting flow

Figure 2.11b also shows the evolution of the porosity due to melt emanating from

a fertile heterogeneity after instantaneous decompression melting at constant initial

enthalpy. This case was chosen to have the same initial porosity within the fertile
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heterogeneity and ambient mantle as in Figure 2.11a. However, in this case the CH

states of both the heterogeneity and ambient mantle plot on the fusible side of Tφ

in the regime diagram in Figure 2.10a.

This initial condition corresponds to a Riemann problem without a solution,

as discussed in 2.5.2 and illustrated by the unphysical intermediate state below the

solidus plotted as a square in Figure 2.9. To further illustrate the self-limiting nature

of reactive transport, the numerical simulation in Figure 2.11b is initialized with a

continuous transition zone rather than a sharp boundary between the interior of the

fertile heterogeneity and the ambient mantle. This allows the porosity in the reacted

zone to gradually approach zero, at which point melt flux stops. The formation of a

zero porosity shell around the heterogeneity stops the leakage of melt from entering

the mantle.

If partial melting is modeled using a binary solid solution liquid solution,

the behavior of a fertile heterogeneity depends on its absolute concentration, in

addition to compositional differences between itself and the refractory background.

This dependence of the behavior on absolute concentration has not been appreciated

previously. The regime diagram presented in Figure 2.10a can be used to select

compositions for fertile heterogeneities conducive to reactive infiltration instability

and channelization.

Melt emanating from a fertile heterogeneity with a diffusive halo

The examples shown in Figure 2.11 assume that melting is instantaneous and that

melt migration commences immediately. If time elapses between the onset of melting

and the beginning of melt migration, heat conduction acts to bring the heterogeneity

into thermal equilibrium with the surrounding mantle. Given that the latent heat of
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Table 2.2: Dimensional parameters used for two-dimensional model calculations
shown in Figure 2.12.

Symbol Meaning Value

K0 Reference permeability 1× 10−14 m2

µ Viscosity of melt 1 Pa · s
η0 Reference shear viscosity of solid 1× 1019 Pa · s
km Thermal conductivity of melt 1× 10−5 m/s2

ks Thermal conductivity of solid 1× 10−6 m/s2

ϑ Tortuosity
√

2
D Hydrodynamic dispersion 1× 10−7 m2/s
δ Compaction length 100 m
` Dimension of heterogeneity 20 m

fusion has lowered the temperature within the fertile heterogeneity, heat is conducted

from the ambient mantle into the cooler heterogeneity. This leads to the smoothing

of the thermal gradient in the immediate vicinity of the heterogeneity and creates

a halo in the ambient mantle where the temperature, enthalpy and porosity are

reduced (Katz and Rudge, 2011; Weatherley and Katz, 2012).

To test if the reactive infiltration instability still occurs in the presence of such

a thermal halo, a reactive melt transport simulation was conducted that used a one-

dimensional conductive profile as an initial condition. This conductive profile was

created by allowing the initial condition for the Riemann problem in Figure 2.11a to

evolve until porosity in the thermal halo was reduced to 0.0001. Figures 2.12a and b

compare the Riemann and the conductive initial condition. Note that conduction has

slightly shifted the location of the fertile heterogeneity, corresponding to the circle

plotted in CH phase space. As the reactive melt transport proceeds the solution path

in CH phase space evolves back towards the path predicted by the one-dimensional

analysis, as indicated by the arrow in Figure 2.12a.

The evolution of the porosity field due to melt emanating from a fertile het-
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erogeneity with a thermal halo is shown in Figure 2.12c. A reactive infiltration

instability similar to Figure 2.11a is observed. The porosity minimum in the ther-

mal halo accelerates the melt flow and increases the effective Péclet number in the

halo. As expected, this decreases the width of the reaction front and therefore the

wavelength of the instability.

Figure 2.12d illustrates temperature, composition and enthalpy fields cor-

responding to the last porosity field in Figure 2.12c. The temperature has been

re-dimensionalized and shows that melting in the fertile heterogeneity drops the

temperature by approximately 4 degrees. As this cooled melt emanates from the

fertile heterogeneity the mantle is re-fertilized as the fusible component partitions

from the melt into the solid.

As long as thermal conduction does not reduce the porosity to zero, pre-

venting any flow, the long-term behavior of the moving reaction front converges

to the one-dimensional analysis. This is due to the self-similar nature of reactive

transport, where perturbations of the initial condition do not affect the long-term

behavior advancing front.

In previous work on channel formation during melt extraction beneath mid-

ocean ridges the channels often nucleate shallow and grow downward into the mantle.

In this context, the fertile heterogeneity provides the increased melt flux required to

initiate channel formation (Weatherley and Katz, 2012; Hewitt, 2010). In contrast,

here we suggest that the high porosity channels may nucleate at the heterogeneity

itself. While the channels formed by a frontal reaction infiltration instability consid-

ered here are small, they may provide the necessary perturbation required to induce

channeling over larger distance driven by the large scale gradient reaction induced

by orthopyroxene dissolution (Liang et al., 2011b).
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2.6 Conclusions

This manuscript shows that the theory of hyperbolic conservation laws provides a

general framework for reactive melt transport in the limit of local thermodynamic

equilibrium and negligible hydrodynamic dispersion. The framework is illustrated

with a detailed study of a simplified, ideal binary solid solution liquid solution

modeled after the olivine phase diagram. The analysis yields a grid of all possible

solution paths contained within a modified phase diagram in composition-enthalpy

space. These pathways show that dissolution-precipitation and melting-freezing are

tightly coupled in solid solutions and pure melting is only possible at end-members.

For the binary solid solution considered here, reactive melt transport across an

initial lithological boundary leads to the formation of a reacted zone that is bounded

between a stationary and an advancing reaction front. Unlike systems with pure

solid phases which always lead to sharp fronts, the solid solution considered here

can also give rise to spreading fronts. The stability of the advancing reaction front,

depends on the porosity of the reacted zone, which can be determined by inspection

of the modified phase diagram presented in this manuscript.

The analysis predicts the instability of the reaction front that forms in nu-

merical simulations of melt emanating from a fusible heterogeneity into the ambient

mantle. Furthermore, the numerical simulation highlights the ability of hetero-

geneities to seed high porosity channels at wavelengths much smaller than a com-

paction length. The analysis also shows that the behavior of a fertile heterogeneity

depends on its absolute concentration, in addition to compositional differences be-

tween itself and the refractory background. The analysis allows the construction of

a regime diagram that predicts if melt emanating from a fertile heterogeneity local-

izes into high porosity channels or develops a zero porosity shell. This illustrates
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the complexities of reactive melt transport, despite the simplicity of the underlying

phase behavior.

51



Chapter 3

On mass transport in solitary porosity waves and

circular reasoning in mantle chromatography

Several lines of geochemical evidence recorded in oceanic basalts indicate partial

melting of a lithologically heterogeneous mantle source and that geochemical signa-

tures of mantle heterogeneities are preserved during melt transport. Here we show

that porosity waves, which arise naturally in models of melt migration, transport

mass and preserve geochemical signatures, at least partially. Melt focusing into these

high porosity regions leads to melt recirculation in the center of the wave. This re-

circulating melt is separated from the background flow field by a circular dividing

streamline and transported with the phase velocity of the porosity wave. Unlike

one-dimensional mantle chromatography, transport in higher-dimensional porosity

waves does not produce chromatographic separations between relatively incompati-

ble elements due to the circular flow pattern. This may allow melts that originated

from the partial melting of fertile heterogeneities to retain their distinct geochemical

signatures as they rise through the mantle. Porosity waves also provide a physical

mechanism for mixing melts derived from fertile heterogeneities with ambient melts

derived from different depths in the mantle.
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3.1 Introduction

The geochemistry of oceanic basalts provides one of the richest data sets that con-

strains the dynamics of the Earth’s mantle (Hofmann, 1997). The compositional

diversity of these basalts requires partial melting of a lithologically heterogeneous

mantle source beneath mid-ocean ridges (Hirschmann and Stolper, 1996; Korenaga

and Kelemen, 2000; Liang, 2008; Rubin et al., 2009; Shorttle et al., 2014; Winpenny

and Maclennan, 2014; Iwamori and Nakamura, 2015) and hot-spots (Sobolev et al.,

2005; Hofmann, 2003). Such a heterogeneous mantle is due to incomplete chemi-

cal mixing of subducted material during mantle convection (Allègre and Turcotte,

1986; Phipps Morgan and Morgan, 1999). The importance of these heterogeneities

for modulating melt supply and composition is increasingly recognized.

It has been argued that geochemical evidence for the melting of a hetero-

geneous mantle is best preserved at ultra-slow spreading mid-ocean ridges where

the partial melting of fertile heterogeneities makes a dominant contribution to the

overall melt composition, but not the melt flux (Michael et al., 2003; Standish et al.,

2008; Rubin et al., 2009). To take full advantage of these geochemical observations

from oceanic basalts, they have to be linked to the composition and distribution of

the heterogeneities that produced them. The aim of this contribution is to clarify

the melt transport processes in the mantle that link erupted compositions to their

mantle source.

Partial melting of the mantle leads to a percolating melt network that allows

for the segregation of melt by porous flow at very low porosities (von Bargen and

Waff, 1986a; Cheadle, 1989; Johnson et al., 1990; Ghanbarzadeh et al., 2014). Melt

segregation is driven by the buoyancy of the melt and resisted by viscous compaction

of the solid matrix (McKenzie, 1984a; Scott and Stevenson, 1984). Melt flow is
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predominantly vertical, because the segregation velocity of the melt is significantly

faster than the solid state creep velocity of the mantle (Phipps Morgan, 1987; Sparks

and Parmentier, 1991; Katz, 2008).

Partial melting of fertile heterogeneities will produce local increases in poros-

ity containing within them distinct geochemical signatures (Liang et al., 2010; Katz

and Rudge, 2011; Weatherley and Katz, 2012). Any such region of increased poros-

ity may evolve into porosity waves that migrate upwards at a velocity greater than

segregation velocity of melt in the ambient mantle. Porosity waves are an ubiquitous

feature of the equations governing melt migration by porous flow (Spiegelman, 1993),

although recent interest has mostly focused on reactive channelization during melt

migration Kelemen et al. (1995); Aharonov et al. (1995); Spiegelman et al. (2001a).

While reactive channelization and compaction driven porosity waves have often been

thought of as separate end-member processes, they likely act together (Hesse et al.,

2011a; Liang et al., 2011a). Interest in porosity waves has at least partly declined,

because it is believed they cannot transport geochemical signatures. Here we revisit

this transport mechanism and its geochemical consequences.

An ideal limit of compaction-driven porosity waves are solitary porosity

waves which propagate at constant phase velocity, λ, without change in shape (Fig-

ure 3.1a). In solitary waves the decompaction due to melt overpressure at the front

is perfectly balanced by compaction due to melt underpressure in the back (McKen-

zie, 1984a; Scott and Stevenson, 1984, 1986; Barcilon and Richter, 1986; Wiggins

and Spiegelman, 1995; Simpson and Spiegelman, 2011). In one dimension, the melt

velocity within the solitary wave is increased relative to the background, but always

remains lower than the phase speed of the solitary porosity wave (Figure 3.1b).

Therefore, no sustained mass transport occurs in one dimensional solitary porosity
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Figure 3.1: One dimensional solitary porosity wave with phase speed, λ = 4. a)
A high accuracy numerical solution for a dimensionless, one dimensional solitary
porosity wave from Simpson and Spiegelman (2011): Porosity, φ, is scaled to the
background porosity, φ0 = 0.001. Melt pressure, P is scaled by the pressure due to
buoyancy over the characteristic length scale, ∆ρgδ0. In the ambient background
P is the lithostatic pressure, Pl. The upward volumetric flux of the melt, qm, and
its vertical velocity wm are scaled to the background separation flux, q0. Both
qm and wm = qm/φ are elevated within the solitary porosity wave. b) Phase and
vertical melt velocities as functions of amplitude, A, of the porosity increase at the
center of the solitary porosity wave. All calculations use the constitutive exponents
(n,m) = (2, 1), see Section 3.2.1 for definition.
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waves (Richter and Daly, 1989; Watson and Spiegelman, 1994; Spiegelman, 1994;

Liang, 2008; Solano et al., 2014) This analysis of the one-dimensional case has led

to the assumption that porosity waves in general cannot transport mass.

In addition, melt transport by porous flow in local chemical equilibrium leads

to chromatographic separation of chemical elements according to their compatibility

within the solid matrix (McKenzie, 1984a; Navon and Stolper, 1987; Richter and

Daly, 1989). A perfectly incompatible element travels at the velocity of the melt,

whereas the effective transport velocity of a trace element decreases relative to the

melt velocity with increasing compatibility. In the limit of perfect compatibility,

the trace element travels with the solid. In one dimension, this chromatographic

separation destroys any geochemical signature associated with the melting of an

individual fertile heterogeneity, yet no corresponding fractionations are observed

in ocean-island and mid-ocean ridge basalts (Hofmann, 1986; Stracke et al., 2003;

Liang, 2008).

Melt transport with porosity waves and chromatographic separations appear

to make it impossible to preserve the distinct geochemical signature of individual

fertile heterogeneities (Hauri, 1997). This is illustrated by the numerical simulation

shown in Figure 3.2. Here, the melting of a fertile heterogeneity has locally increased

the porosity and the concentration of two associated trace elements. The region of

elevated porosity and trace element concentration are initially co-located, but be-

come separated during melt migration. As the trace element signatures abandoned

by the porosity wave slowly migrate upwards, the continuous exchange between

the melt and solid separates tracers according to their compatibility. This implies

that the increase in melt supply due to the melting of a heterogeneity carries with

it no distinct geochemical signature. However, observations of basalts from slow-
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Figure 3.2: Tracer transport in a one dimensional solitary porosity wave. Two
chemical tracers of different compatibility are initially co-located with the porosity
anomaly due to melting of a heterogeneity. The green tracer is perfectly incompat-
ible (D = 0) with the solid phase and travels at the velocity of the melt. The blue
tracer is slightly compatible (D = 2×10−3) with the solid and travels with a reduced
velocity. For definition of distribution coefficient, D, see Section 3.3. Time is scaled
to the amount of time required for the background melt to travel one characteristic
compaction length, δ0. Characteristic scales are introduced in Appendix B.1.3. The
distance melt travels at the characteristic velocity is demonstrated by the dotted
black line and four times slower than the solitary porosity wave traveling at the
phase speed λ = 4. All calculations use the constitutive exponents (n,m) = (2, 1),
see Section 3.2.1 for definition.

spreading ridges clearly sample signals derived from the partial melting of mantle

heterogeneities (Korenaga and Kelemen, 2000; Rubin et al., 2009; Winpenny and

Maclennan, 2014; Iwamori and Nakamura, 2015).

The conclusion that solitary porosity waves do not transport mass is based

upon one dimensional studies of melt transport. It is well known that one-dimensional

porosity waves are unstable in two and three dimensions and break up into sets of

cylindrical or spherical porosity waves (Scott and Stevenson, 1986; Wiggins and
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Spiegelman, 1995). Here we show that tracer transport in such higher dimensional

porosity waves is dramatically different than in one dimension.

3.2 Melt flow in two dimensional porosity waves

The canonical model for melt migration assumes a two phase mixture comprised of

incompressible solid and melt phases. The flow of the melt is described by Darcy’s

law and the solid matrix undergoes viscous deformation, often assumed to be New-

tonian (McKenzie, 1984a; Scott and Stevenson, 1984). Due to high pressures and

temperatures and weak partially molten materials, porosities are very small. This

allows significant simplifications to the governing equations. These simplified equa-

tions admit solutions in the form of solitary waves as shown in Figures 3.1 and

3.2. The substantial literature on solitary wave solutions provides the necessary

framework for discussing mass transport in porosity waves.

3.2.1 Governing equations in the small porosity limit

The dimensionless governing equations for the evolution of a porosity anomaly in

an uniform background, in the limit of small porosities, are

∂φ

∂t
=
P
ξφ
, (3.1a)

−∇ ·Kφ∇P +
P
ξφ

= −∇ ·Kφẑ, (3.1b)

where P and φ are the dimensionless melt pressure and porosity respectively and

ẑ is the upward pointing unit vector. Here we write (3.1a) in terms of the partial

derivative rather than the material derivative and assume no net translation of

the solid. For the full dimensional governing equations see Appendix B.1.1. The
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dimensionless permeability, Kφ, and effective viscosity, ξφ, are functions of porosity

based on phenomenological laws,

Kφ = φn and ξφ = φ−m, (3.2a,b)

where experimentally determined values of the exponents are typically n ∈ (2, 3)

and m ∈ (0, 1), (Wark and Watson, 1998; Simpson and Spiegelman, 2011).

The porosity has been scaled to the characteristic porosity, φ0, of the ambient

mantle background outside the porosity anomaly. The natural length scale that

arises from the governing equations is the compaction length of the background,

δ0 =
√
K0ξ0/µ, where K0 and ξ0 are permeability and effective viscosity of the

background and µ is the melt viscosity.

The melt pressure, P, is scaled by the pressure due to buoyancy over a com-

paction length, ∆ρgδ0, where ∆ρ = ρs − ρm and g is the gravitational acceleration.

The sign of P therefore indicates over and underpressure. Time is scaled by the seg-

regation time δ0/w0, where the segregation velocity w0 = Kφ∆ρg/φ0µ, is induced

by the buoyancy of the melt. The characteristic time scale is the time required for

a percolating melt to traverse a compaction length in the background.

The governing equations (3.1) admit solitary wave solutions in one, two and

three dimensions. Figure 3.3a shows porosity contours and the melt pressure for

a two-dimensional solitary porosity wave. Due to buoyancy, the melt in the upper

half of the solitary porosity wave is above lithostatic pressure and dilates the ma-

trix, while the pressure of the melt in the lower half is below lithostatic, allowing the

matrix to compact. This balance between dilation and compaction leads to steady

upward migration of the solitary porosity wave with fixed phase speed, with solu-

tions when λ ≥ 3. Figure 3.3a also shows a cross-section of the two dimensional plot
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to help draw comparison to Figure 3.1. Below we utilize two dimensional solutions

for solitary porosity waves with (n,m) = (2, 1) provided by Simpson and Spiegel-

man (2011), to highlight previously unrecognized implications for mass transport in

porosity waves.

3.2.2 Mass transport mechanism in solitary porosity waves

To understand mass transport within solitary porosity waves, the melt and solid flow

fields must be computed. Although the governing equations in the small porosity

limit are independent of the solid flow field, knowledge of the solid flow field is

required to understand the transport of compatible trace elements. The movement

of the solid can be recovered by solving the following equation for the scalar solid

velocity potential,

−∇2U =
P
ξφ
. (3.3)

The potential U captures the perturbation to the solid velocity field from compaction

and decompaction induced by the solitary porosity wave. Once U and P are known,

the flux of melt relative to solid, qr, is described by Darcy’s law and the solid velocity

field, vs, is found from the gradient of the solid velocity potential,

qr = φvm = −Kφ [∇P − ẑ] and vs = −∇U . (3.4 a,b)

In the small porosity limit, the motion of the solid can be neglected in the formula-

tion of Darcy’s law, so that the melt flux is equal to the relative melt flux, qm = qr

(see Appendix B.1.3). Throughout this study, u represents the horizontal compo-

nent of the velocity field and w denotes the vertical vp = [up wp], where subscript,
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Figure 3.3: a) Two-dimensional solitary porosity wave with phase speed, λ = 4,
and constitutive exponents, (n,m) = (2, 1). Dimensionless pressure of the melt
phase, P, with porosity contours, φ in gold from Simpson and Spiegelman (2011).
The black line down the center of the contour plot shows the spatial location of the
“one-dimensional” profile. This profile is analogous to Figure 3.1a. Notably, wm > λ
suggesting that sustained mass transport is possible within two-dimensional solitary
porosity waves. b) Vertical melt velocity at the center of the solitary porosity wave
and phase speed as a function of amplitude, A. Constitutive exponents, (n,m) =
(2, 1) as in a.

p ∈ [m, s] for the melt and solid phases.

The melt flux, qm, in both one and two dimensional solitary porosity waves

is enhanced relative to the background, q0 = φ0w0. Similar to the one dimensional

case, the phase velocity of the porosity wave is larger than the background melt

velocity (Figures 3.1 a and 3.3 a). In one dimension, melt speed never exceeds the

phase speed of the porosity wave. Therefore, an incompatible tracer experiences no

sustained transport (Figure 3.1 and Figure 3.2). In contrast, Figure 3.3 b, shows

that the melt velocity at the center of two dimensional velocity waves exceeds the

phase velocity, wm > λ for all λ > 3.
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Figures 4.5a and 4.5b show the streamlines of the solid and melt velocity

fields, vs and vm in a fixed Eulerian reference frame at an instant in time. In

the Eulerian reference frame the solid in the far-field is stationary. Solid streamlines

show a dipole-like pattern. They emanate from the dilating region at the front of the

porosity wave, and converge in the compacting region at the back. Melt streamlines

are sub-vertical and deflected towards the interior of the solitary porosity wave,

indicating a focusing of the melt flux into the high porosity wave. Focusing of

the flow allows the speed of the melt at center of the wave to exceed the phase

speed (Figure 3.3b). This suggests that sustained tracer transport may be possible,

because tracers at the center of the wave move faster than the solitary porosity wave

and are not left behind as in Figure 3.2.

However, in the Eulerian reference frame it is not possible to infer the physical

path of melt from the streamlines, because the porosity field and its associated

velocity fields evolve in time. In a Lagrangian reference frame, moving with the

constant phase speed of the solitary porosity wave,

w̃p = wp − λ, p ∈ [m, s], (3.5)

the porosity field and the streamlines become stationary (Figure 4.5c and 4.5d).

Here, the solid streamlines are sub-vertical and deflected outward from the center

of the porosity wave. In the far-field, the solid moves downward with speed λ.

After shifting into the Lagrangian reference frame, the movement of the

melt becomes apparent. Melt streamlines show distinct behaviors in the interior

and exterior of the porosity wave (Figure 4.5d). These regions are separated by

two semi-circular dividing streamlines that meet at two stagnation points along the

vertical symmetry axis of the porosity wave, where (um, w̃m) = 0. In the interior,
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Figure 3.4: Streamlines of a solitary porosity wave with λ = 4 and constitutive
exponents (n,m) = (2, 1). The porosity contours in gold are identical to those
shown in Figure 3.3a. a) Solid flow streamlines in Eulerian reference frame. b)
Melt streamlines in Eulerian reference frame. c) Solid streamlines in Lagrangian
reference frame. d) Melt streamlines in Lagrangian reference frame, w̃p = wp − λ,
where p = (m, s). Dividing streamlines are depicted in red. Within the dividing
streamline there are symmetrical counter-rotating cells. Each panel is 20δ0 × 20δ0

63



there are two symmetric cells of closed streamlines where melt circulates outwards

around two additional stagnation points along the horizontal axis of symmetry.

Outside the circular dividing streamline, the melt streamlines are sub-vertical and

deflected away from the wave moving downward at a speed bounded between 0

and λ, relative to the background velocity of the solid. Melt on the interior of the

circular dividing streamline is transported by the solitary porosity wave while melt

outside is stripped away and experiences no sustained transport. Unlike their one

dimensional counterparts, two dimensional porosity waves transfer mass.

3.3 Tracer transport in porosity waves

Starting with McKenzie (1984a) and Navon and Stolper (1987), it has been rec-

ognized that trace elements may undergo chromatographic separation during melt

percolation. For a one-dimensional flow at constant porosity, this results in the

linear separation of tracers based on their compatibility with the solid phase. The

chromatographic separation is determined by the distribution coefficient,

D =
cs

cm
=

ρsxs

ρmxm
, (3.6)

where cs is the total concentration of the tracer in all solid phases and cm is its

concentration in the melt. Similarly, xs is the total mass fraction of tracer parti-

tioned into the solid phases while xm is the mass fraction of tracer in the melt. For

a perfectly incompatible tracer D = 0, there is no incorporation of the trace ele-

ment into the solid phase and the velocity of the tracer is that of the melt flow field

(Figures 4.5b and 4.5d). Conversely, as D →∞, the tracer prefers the solid and the

effective velocity of the tracer is that of the solid flow field (Figures 4.5a and 4.5c).
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For all intermediate cases, the dimensionless effective velocity in the small porosity

limit is given by

ve =
φvm + vsD

φ+D/φ0
, (3.7)

where a term containing the characteristic porosity, D/φ0, has been retained, be-

cause the distribution coefficient itself may be small. Here the dimensionless effective

tracer velocity is scaled by w0. When D � φ0 � 1, ve → vm and when D � φ0,

ve → φ0vs ≈ 0. Figure 3.2 illustrates the reduction in the effective velocity of a

moderately compatible tracer relative to a perfectly incompatible tracer.

Assuming chemical equilibrium and purely advective transport, the dimen-

sionless conservation equation for bulk tracer evolution in absence of hydrodynamic

dispersion is given by

∂C
∂t

+∇ · [veC] = 0, (3.8)

where the dimensionless bulk concentration of tracer in the small porosity limit is

given by

C = (φ+D/φ0)xm. (3.9)

For the derivation and scaling of equations (3.7) to (3.9) see appendices B.1.2 to

B.1.4. Below, we first investigate the evolution of a perfectly incompatible tracer in

the melt, before illustrating the effect of partitioning on tracer transport by porosity

waves.
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Figure 3.5: Demonstration of transport of bulk composition, C, for a perfectly in-
compatible tracer, D = 0, initially co-located with a solitary porosity wave (λ = 5,
(n,m) = (2, 1)). This simulation uses the same governing equations and constitu-
tive relationships as in Figure 3.2. Red lines with arrowed tips show the dividing
streamlines and their direction of flow. Maroon dots show the location of stagnation
points where um = w̃m = 0. Lastly, the gold circle is five percent of the maximum
porosity anomaly. Within this gold circle the tracer field is initialized to xm = 1.
For an incompatible tracer the dimensionless bulk composition is simply, C = φxm,
so the variation of C within the wave is largely a reflection of φ.

3.3.1 Perfectly incompatible tracer

Consider a local increase in porosity generated by the melting of a fertile hetero-

geneity, characterized by a distinctive geochemical tracer, C, as shown in the t = 0

panel of Figure 3.5. According to conventional wisdom, the tracer should become

decoupled from the porosity wave, similar to the one-dimensional case shown in

Figure 3.2. However, the results in Figure 3.5 illustrate that only the outer portion

of the tracer is stripped away, while the tracer in the center migrates upward with

the porosity wave. This central region corresponds to the area within the circular

dividing streamline. Once the porosity wave migrates a distance proportional to the

radius of the circular dividing streamline, it will contain two distinct melts: one de-

rived from the heterogeneity that generated the solitary porosity wave and another

from the ambient, background mantle.
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To more effectively illustrate the motion of the tracer that is transported by

the solitary porosity wave, consider the initial tracer distribution shown in the first

panel of Figure 3.6. Here, the initial distribution of the tracer is confined to a disc

that is smaller than the circular dividing streamline. In this case, the porosity wave

transports two melts of distinct composition within the circular dividing streamline,

distinguished by the concentration of the tracer, C. The circulation of the melt

within the dividing streamline is much faster than the phase speed of the porosity

wave. This stretches the tracer into symmetrical filaments that spiral inwards to

the central stagnation points in a swirling motion reminiscent of Cinnamon rolls or

Princess Leia’s hair, similar to tracer patterns observed solitary waves that arise in

in Stokes flows in fluid conduits (Whitehead and Helfrich, 1988).

The tracer pattern in Figure 3.6 remains relatively sharp, because molecu-

lar diffusion, Dmol and mechanical dispersion, Ddis, are neglected in the simulation.

The presence of any significant hydrodynamic dispersion Dhyd = Dmol + Ddis, will

tend to homogenize the composition of the melt transported within the porosity

wave. The importance of hydrodynamic dispersion is given by the Péclet number,

Pe = wmr/Dhyd, where a suitable length scale is the radius, r, of the circular divid-

ing streamline. Dispersion could result in the homogenization of the tracer within

smaller porosity waves during migration. Furthermore, small amounts of tracer may

be lost to the background across the dividing streamline when hydrodynamic dis-

persion is considered. The importance of dispersion is difficult to asses, because the

physical size of solitary porosity waves changes dramatically with the choice of the

constitutive exponents, n and m. For discussion of this issue see Section 3.4.1.
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Figure 3.6: Transport of bulk composition, C, using initial tracer distribution con-
fined to disc smaller than the circular dividing streamline of a solitary porosity wave
(λ = 5, (n,m) = (2, 1)). The initial condition is, xm = 1 for φ > 0.7 max(φ) and
zero elsewhere. Circular dividing streamline is shown in red, stagnation points are
in maroon and the gold halo representing the five percent porosity contour is left
for comparison to Figure 3.5.
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3.3.2 Tracers of varying compatibility

Tracers with nonzero distribution coefficients are transported by an effective velocity

field that is a weighted average of the solid and melt flow fields, given by equation

(3.7). The Lagrangian melt streamlines for tracers with increasing distribution

coefficients are shown in Figure 3.7. The overall circulation pattern remains the

same, except the radius of the circular dividing streamline shrinks with increasing

D as the effective velocity decreases. At the critical distribution coefficient, D∗, the

circular dividing streamline has collapsed to a point and the solitary porosity wave

stops transporting the tracer.

This implies that the effect of partitioning on tracer transport in higher

dimensional solitary porosity waves is drastically different from transport in one-

dimensional columns typically considered. In one dimension the distribution coef-

ficient determines velocity of transport. In contrast, in higher dimensional solitary

porosity waves the distribution coefficient determines the amount of tracer trans-

ported but not its overall velocity. Of course, the migration of compatible trace

elements along the circular streamlines is retarded, but the overall vertical migra-

tion velocity is λ for all trace elements with D < D∗. Trace elements with D ≥ D∗,

are not transported by solitary porosity waves.

The exact value of D∗ depends on the phase speed of the solitary porosity

wave, as shown in Figure 3.8, and on the constitutive exponents, n and m. As the

distribution coefficient increases aboveD/φ0 = 10−1 the volume of melt transporting

tracer, Ve, begins to decrease and vanishes at D∗. For transport to occur the vertical

effective velocity of the tracer, we, must exceed the phase speed, λ, of the solitary

porosity wave. Since the melt velocity is largest in the center of the wave, D∗ can

be obtained from (3.7) by setting we = λ at the center of the solitary porosity wave.
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Figure 3.7: Demonstration of increasing distribution coefficient D on melt stream-
lines within a solitary porosity wave (λ = 5, (n,m) = (2, 1)). Melt streamlines
are shown in black with the dividing streamline in blue. The red circle indicates
the dividing streamline for the perfectly incompatible incompatible case, D = 0,
for reference. As D increases the semi-circular dividing streamline of the effective
velocity shrinks until it vanishes at the critical distribution coefficient D∗. At D∗

the vertical melt velocity of the wave in the Lagrangian reference frame w̃e = 0.
The blue dot in the D∗ panel indicates the point that the vertical velocity profile
becomes zero a the porosity maximum for a tracer with compatibility D∗. As in
Figures 3.3 and 4.5, the wave speed, λ = 4. The critical distribution coefficient,
D∗(λ = 4) = 1.61 × 10−3, suggesting that solitary waves transport Rare Earth
and other incompatible elements of interest. The size of the domain in all cases is
20δ0 × 20δ0.
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Figure 3.8: Normalized volume of tracer melt retained by two dimensional solitary
porosity wave as a function of partitioning behavior. Closed circles for λ = 4,
correspond to results shown in Figure 3.7. The intercept at the x-axis where Ve = 0
corresponds with D∗.

Therefore, the critical distribution coefficient is given by

D∗/φ0 = φ (wm/λ− 1) at x̃ = 0, (3.10)

where the values of the variables at the center are obtained from the semi-analytical

solution for the solitary porosity wave (Simpson and Spiegelman, 2011). Figure 3.8

shows that D∗ ∼ φ0 for the parameters considered here. The distribution coefficients

for the Lanthanides range from 10−6 to 10−3 for mineral assemblages typical of

lherzolites (White, 2013). This suggests that solitary porosity waves considered

here could transport the entire Lanthanide series together but modify their relative

abundances.

The distribution coefficients of commonly used trace elements decrease with

the transition from garnet to spinel lherzolite at shallower depth (White, 2013). This

implies that D decreases in the direction of melt migration, resulting in an expansion

of the circular dividing streamline at shallower depths. While the solitary poros-

ity wave itself is not affected by this change in D, the expanding circular dividing

streamline results in mixing of melts transported by the porosity wave from depth

with shallower melts. Figure 3.9 illustrates the resultant mixing behavior assuming

71



a sharp decrease in D. Below the transition, the dynamics of tracer transport are

analogous to the behavior shown in Figure 3.5. However, due to the nonzero distribu-

tion coefficient, the radius of the circular dividing streamline is smaller (Figure 3.7),

resulting in a reduced volume within which tracer is transported (Figure 3.8). As

the solitary porosity wave crosses the transition in the distribution coefficient, the

expansion of the dividing streamline incorporates background melt into the trans-

ported volume of melt. This newly incorporated melt, is primarily derived from

above the transition and becomes mixed with the tracer carried from below in a

swirling pattern analogous to the dynamics in Figure 3.6. The migration of soli-

tary porosity waves across such transitions in mineral assemblage therefore provides

a natural mixing mechanism for melts with different trace element signatures and

different depth of origin (Tepley et al., 2004).

3.4 Discussion

For clarity the analysis presented in this manuscript is based upon highly idealized

solutions for solitary porosity waves. These waves have been studied extensively and

their properties are well constrained (Scott and Stevenson, 1984, 1986; Barcilon and

Richter, 1986; Barcilon and Lovera, 1989; Richter and McKenzie, 1984; Richter and

Daly, 1989; Wiggins and Spiegelman, 1995; Simpson and Spiegelman, 2011). For the

Lagrangian reference frame used in this study, knowledge of the exact phase velocity

of the porosity waves is essential. The results above show that solitary porosity

waves in two dimensions transport mass. Below we use numerical simulations to

demonstrate that this conclusions also applies to a broader set of porosity waves.

In particular, we discuss an example problem aimed at illustrating the preservation

of geochemical signatures arising from the melting of fertile heterogeneities. These
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Figure 3.9: Finite volume simulation initialized with solitary wave solution used in
Figures 3.5 and 3.6. The gray-scale filled contours show the evolution of tracer
composition. As in Figure 3.5 the gold circle is five percent of the maximum
porosity anomaly. Half way through the domain, at sixty four characteristic com-
paction lengths, the compatibility of the tracer with the solid matrix transitions
from D/φ0 = 2.25 to perfectly incompatible, D = 0, as indicated at the left hand
side of the figure.
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heterogeneities begin melting at greater depth and experience a larger degree of

melting than the ambient mantle background, which may be very low melt fraction.

3.4.1 Physical interpretation of porosity waves and tracer trans-

port

Tracer incorporation during formation of porosity waves

The examples discussed in Section 3.3.1 demonstrate that an incompatible tracer

can be transported by a fully formed, two-dimensional solitary porosity wave. In

all examples shown above the tracer is initially located in the recirculating region

within the circular dividing streamline. In these simulations melt at the center of the

solitary porosity wave is isolated from the background for the duration of transport.

Therefore, it is not yet clear if a tracer can be incorporated into the porosity wave

during its formation.

To demonstrate that this is possible, we study the break-up of a perturbed

one-dimensional solution representing a laterally extensive heterogeneity. Several

authors have shown that one-dimensional solitary porosity waves are unstable in

higher dimensions and lead to the formation of stable, higher-dimensional porosity

waves (Scott and Stevenson, 1986; Wiggins and Spiegelman, 1995). Figure 3.10

shows the evolution of a perturbed one-dimensional solitary porosity wave from

Simpson and Spiegelman (2011) in two-dimensions. The true one-dimensional evo-

lution of this initial condition is shown in Figure 3.2, which demonstrates that tracers

are not transported. If the two-dimensional simulation is not perturbed, the solution

remains one-dimensional and reproduces the behavior seen in Figure 3.2. However,

a slight perturbation in porosity leads to the break-up of this one-dimensional wave

and the formation of a two-dimensional porosity wave.
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Figure 3.10: Finite volume simulation initialized with a transversely perturbed one-
dimensional solution for a solitary porosity wave. The initial condition corresponds
to the one-dimensional solitary porosity wave (λ = 4, (n,m) = (2, 1)) from Simpson
and Spiegelman (2011), also shown in Figure 3.2. Tracer is initialized so that xm = 1
where φ is greater than 50% of the maximum porosity anomaly. Contours for 20%
and 80% of the maximum initial porosity anomaly are shown in gold.

Figure 3.10 shows that some tracer is beginning to be left behind initially,

while the wave remains quasi-one-dimensional. Eventually the wave-front scallops

and forms a porosity maximum in the center of the domain due to the perturbation.

This central porosity maximum begins to collect melt laterally, increasing the melt

velocity and propelling the tracer upwards. The local increase in vertical melt ve-

locity leads to the incorporation of a fraction of the tracer originally co-located with

the one-dimensional solitary porosity wave. Meanwhile, the porosity field coalesces

into a radially symmetric porosity wave that travels with constant velocity and

asymptotes towards solitary wave behavior as described in Section 3.2. Within this

porosity wave a swirling tracer mixing pattern develops similar to Figure 3.6. This

suggests that the formation of porosity waves leads to the incorporation and mixing

of geochemical signatures initially located within the one-dimensional porosity wave

with that of the ambient mantle background near the initial location.
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Figure 3.10 is a simplified picture of the dynamics that might arise from

a partially molten, laterally extensive heterogeneity in a low porosity background.

This model omits complications introduced by the energetics of phase change in the

system and is a purely mechanical model. The energetics of melting require thermal

conduction into the heterogeneity to off-set the latent heat of melting and lead to

the formation of a low porosity rim around the margin of the heterogeneity (Katz

and Rudge, 2011; Weatherley and Katz, 2012).

The porosity wave forming in Figure 3.10 is not a true solitary wave in the

mathematical sense, but the dynamics of tracer transport are similar to the limit-

ing case of a true solitary porosity wave. This demonstrates that a broader set of

porosity waves recirculate melt in the interior and therefore allow mass and tracer

transport. Given that wave-like behavior is ubiquitous in simulations of fluid flow

in ductile porous media, this transport mechanism may also apply to fluid release

during regional metamorphism (Tian and Ague, 2014; Connolly and Podladchikov,

2015; Skarbek and Rempel, 2016) and brine migration during compaction of sedi-

mentary basins (Appold and Nunn, 2002; Joshi and Appold, 2016). These waves are

a consequence of the dispersive nature of the governing equations for fluid flow in a

viscously compacting medium (Spiegelman, 1993; Spiegelman and Elliott, 1993).

Physical size and velocity of porosity waves

All results given above are dimensionless and the size of the solitary porosity waves

discussed here are on the order of 10 compaction lengths. Here the size of a poros-

ity wave refers to the diameter of the circular dividing streamline for and incom-

patible tracer. The compaction length is defined in Section 3.2.1 and given by

δ0 =
√
K0ξ0/µ. The relevant physical dimensions therefore depend on the ex-
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perimentally determined material properties and constitutive laws for Kφ and ξφ.

Below we illustrate physical dimensions arising from commonly used expressions

for the constitutive laws. All calculations assume a background very low porosity,

φ0 = 10−3, appropriate for the scenario for the melting of a fertile heterogeneity in

a low melt fraction background.

Expressions for the permeability of a texturally equilibrated medium have

been given theoretically and determined experimentally. Permeability is typically

given by a power-law of the form Kφ = d2φn/τ , where d is the grain diameter and

τ is a dimensionless number. The exponent n ranges between 2 and 3, but for the

small melt fractions considered here, melt flows through tubes along the grain edges

so that n = 2 is expected. Appropriate values of τ for n = 2 are between 1600 and

3000 (von Bargen and Waff, 1986a; Cheadle, 1989; Wark and Watson, 1998; Miller

et al., 2014; Ghanbarzadeh et al., 2014). Assuming a grain size, d = 1 mm, and

τ = 1600 the background permeability, K0 is approximately 6× 10−16 m2.

To determine the effective viscosity, ξφ, the bulk viscosity, ζ, must be deter-

mined. Bercovici and Ricard (2003) and Simpson et al. (2010) have shown that the

bulk viscosity of the matrix should have the following form; ζ = ζ∗Rηφ
∗/φ, where

ζ∗R is the ratio of the bulk to shear viscosity and φ∗ is a reference porosity that is

not necessarily the background porosity φ0. Katz (2008) chooses ζ∗Rφ
∗ = 1, based

on arguments of Cooper (1990), so that ζ = ηφ−1. Assuming η0 = 1019 Pa s, the

effective viscosity of the low porosity background, ξ0 = ξφ(φ0), is approximately

1022 Pa s.

Given a melt viscosity, µ, of approximately 1 Pa s, the compaction length

of the low porosity background, δ0 = δ(φ0), is approximately 2.5 km, which is

significantly larger than the compaction length in media with constant effective
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viscosity (Kelemen et al., 1997). The porosity waves used here, with n = 2, have

dimensions of approximately 25 km. Using the value for the density difference,

∆ρ = 500 kg m−3, and the characteristic background porosity with the same τ

and n discussed above, the vertical background melt velocity, w0 = (K0∆ρg)/φ0µ,

is approximately 0.1 m yr−1. Therefore, the velocities for solitary porosity waves

with phase speeds λ between 4 and 5 are on the order of 0.5 m yr−1, and waves

are tens of kilometers in diameter. Estimates from 230Th secular disequilibrium

require melt velocities of 1 m yr−1, but even higher velocities of approximately 50

m yr−1 are suggested by 226Ra secular disequilibrium and decompression melting

due to deglaciation (Kelemen et al., 1997). Melt transport in porosity waves is

therefore slower then the speeds required by U-series disequilibria. However, it has

to be kept in mind that the permeabilities and effective viscosities of the partially

molten mantle are poorly constrained and that there is debate about the appropriate

interpretation of the 226Ra disequilibria that require the highest speeds (Kelemen

et al., 1997; McKenzie, 2000; Weatherley and Katz, 2015).

3.4.2 Implications for trace element transport in the mantle

This manuscript shows that two-dimensional solitary porosity waves may transport

mass and that trace element transport is always possible when the distribution coef-

ficient is smaller than the background porosity, D < φ0. Tracer transport in poros-

ity waves differs from one-dimensional mantle chromatography in several important

ways. Classical mantle chromatography in a linear flow field has the following char-

acteristics:

1. Each element travels at a different velocity, determined by its distribution

coefficient.
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2. The absolute abundance of elements is not affected by chromatographic sepa-

ration.

3. Linear chromatography provides no natural mechanism for mixing of distinct

melts in the mantle.

In contrast, transport in two dimensional porosity waves has the following charac-

teristics:

1. Elements with D < D∗ are transported together with the velocity of the

porosity wave, λw0.

2. The absolute abundance of elements transported with wave is determined by

compatibility.

3. Provides a natural mechanism for mixing of distinct melts in the mantle.

These differences arise because the transported melt migrates along closed stream-

lines inside the porosity wave (Figure 4.5d). Along these closed streamlines chro-

matographic separation affects the angular velocity which only leads to a phase

shift. This negates the chromatographic separations that are otherwise inevitable

during melt percolation. Instead of reducing the net-transport speed, increasing

compatibility of a tracer reduces the diameter of the circular dividing streamline

(Figure 3.7), thereby reducing the mass of tracer transported (Figure 3.8). There-

fore, mass transport in porosity waves may alter the relative abundances of trace

elements with different compatibilities. The dynamics observed in Figures 3.9 and

3.10 demonstrate that melt transport in porosity waves provides natural mechanisms

to mix melts of different origin and depth.

While there are several commonly invoked crustal mixing mechanisms, the

only currently known mixing mechanism in the mantle is channelized melt flow
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(Spiegelman et al., 2001b). Melt transport in porosity waves provides an additional

mechanism for producing the geochemical signatures that are commonly interpreted

as mixing of mantle melts. Porosity waves also provide a natural mechanism for the

preservation of geochemical signatures associated with melting of discrete, fertile

heterogeneities, which provides a link between mantle heterogeneity and composi-

tional observations of oceanic basalts (Korenaga and Kelemen, 2000; Winpenny and

Maclennan, 2014; Iwamori and Nakamura, 2015).

3.5 Conclusions

Here we show that higher-dimensional porosity waves transport mass, because they

focus melt into the high porosity region. This allows the melt velocity to exceed

the phase velocity in the center of the porosity wave. Streamlines in a Lagrangian

reference frame, moving with the phase velocity of the solitary porosity wave, show

that the melt recirculates in the core of the porosity wave. Mass within the recircu-

lating region is transported by the porosity wave, because it is separated from the

outer flow field by a circular dividing streamline. Incompatible trace elements are

transported in the volume of the porosity wave enclosed by the dividing streamline

of the melt flow field. For compatible trace elements, the radius of this circular

dividing streamline, and hence the volume transported, decreases as the trace ele-

ment becomes more compatible until the transport ceases as the partition coefficient

exceeds a critical value. Unlike one-dimensional mantle chromatography, transport

in porosity waves does not produce chromatographic separations between relatively

incompatible elements. Instead, it transports them together with the phase velocity

of the porosity wave, and modifies their relative abundances. Therefore, porosity

waves in the mantle provide a mechanism for the preservation of trace element sig-
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natures derived from the melting of fertile heterogeneities, particularly in low melt

flux environments. Trace elements such as the lanthanides and elements in the ura-

nium decay series, commonly used to constrain partial melting processes and melt

transport timescales, travel together in an isolated batch of churning melt. Poros-

ity waves also provide a natural mechanism for mixing melts derived from fertile

heterogeneities with ambient melts derived from different depths in the mantle.
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Chapter 4

Timescales for percolative core formation in

planetesimals

4.1 Introduction

Terrestrial planets inherit the geochemical signatures of metal-silicate differentia-

tion of planetesimals in the early solar system (Jones and Drake, 1986; Murthy,

1991; Rubie et al., 2007). Geochemical and paleomagnetic evidence suggests that

such differentiation occurred within a few million years of the formation of calcium-

aluminum rich inclusions (C.A.I.’s) (Baker et al., 2005; Scherstén et al., 2006; Weiss

et al., 2008; Qin et al., 2008). The recognition of these rapid timescales suggests

that the decay of the short-lived radionuclides 26Al and 60Fe are the heat source for

melting required for differentiation (Hevey and Sanders, 2006; Dauphas and Chaus-

sidon, 2011). It is also increasingly recognized that some planetesimals and asteroids

experienced only incomplete differentiation (Elkins-Tanton et al., 2011; Weiss and

Elkins-Tanton, 2013; Sierks et al., 2011). This is supported by the various degrees of

partial melting and differentiation recorded in primitive achondrites (McCoy et al.,

1997; Grady et al., 2014).

Metal-silicate differentiation in such partially molten bodies requires grain-
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scale melt percolation and segregation by porous flow. The percolation in a textu-

rally equilibrated partial melt under hydrostatic stress is determined by the dihedral

angle between the metallic melt and the silicate grains,

θ = 2 cos−1

(
γss
2γsl

)
, (4.1)

where γsl and γss are the solid-liquid and solid-solid surface energies, respectively.

For θ ≤ 60◦, the pore network percolates at any melt fraction, but a percolation

threshold exists for larger dihedral angles (von Bargen and Waff, 1986b; Ghan-

barzadeh et al., 2014).

Experimentally determined dihedral angles for iron-rich metallic liquids in

olivine are between 70◦ and 110◦ (Ballhaus and Ellis, 1996; Minarik et al., 1996;

Shannon and Agee, 1996). The dihedral angle only drops below 60◦ under oxidizing

conditions (Gaetani and Grove, 1999; Terasaki et al., 2008) or at pressures of the

Earth’s lower mantle (Shannon and Agee, 1998). Given that primitive achondrites

formed on under reducing conditions (Benedix et al., 2005) and low pressures on

small parent bodies, the relevant metal-silicate dihedral angle is likely substantially

larger than 60◦. It is also unlikely that small bodies experienced solid-state mantle

convection that may induce fluid percolation (Bruhn et al., 2000; Ghanbarzadeh

et al., 2015). Thus, the physical mechanism that allows rapid metal-silicate differ-

entiation in such partially molten planetesimals is currently not clear.

4.2 Percolation threshold

To allow percolative core formation at high dihedral angles, melt must accumulate

until the percolation threshold is overcome. Given the wide range of estimates for
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Figure 4.1: Percolation of texturally equilibrated melt networks. Figure from Ghan-
barzadeh et al. (2016). (a) Grain boundaries in a three-dimensional polycrystalline
material obtained by X-ray diffraction contrast tomography (Ludwig et al., 2009).
Simulated texturally equilibrated melt network at φ = 3% and θ = 60◦; (b) around
few grains and (c) in the entire domain using results from Ghanbarzadeh (2016).
(d-o) Portions of simulated melt networks showing the distribution of melt at differ-
ent porosities and dihedral angle, see Fig. 1p for parameter values. (p) Percolation
threshold for the irregular medium shown in Fig. 1a, compared with theoretical
estimates and simulation results for regular medium. (q) Iron volume fraction in
meteorites and terrestrial planets (Rubie et al., 2007; Grady et al., 2014). Data
compiled by Sohiel Ghanbarzadeh in Ghanbarzadeh (2016)
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the percolation threshold (5% - 50%) (von Bargen and Waff, 1986b; Taylor, 1992;

Yoshino et al., 2003; Hevey and Sanders, 2006), it is unclear if planetesimals contain

enough metal to allow percolation. Therefore, Ghanbarzadeh et al. (2016) deter-

mined the percolation threshold in a real polycrystalline material (Ludwig et al.,

2009) with pore-scale computations of texturally equilibrated pore networks (Ghan-

barzadeh et al., 2015) (Fig. 4.1a). The computational results confirm percolating

melt networks along grain edges for any melt fraction, φ, when θ ≤ 60◦ (Fig. 4.1b

and 4.1c). For larger dihedral angles, the percolation threshold is computed by

systematically varying the melt fraction and dihedral angle (Fig. 4.1d-4.1o). The

results show that percolation threshold in an irregular material is much higher than

estimates assuming idealized grains (Fig. 4.1p). Additionally, permeability in ir-

regular media is higher in idealized regular media. Permeabilities of regular and

irregular porous media are compared in Appendix C.1. Given the range of dihedral

angles for core forming melts in a silicate matrix, 70◦ to 110◦, the melt fraction must

exceed 10% to 19% to create an interconnected network (Fig. 4.1p).

Ghanbarzadeh et al. (2016) demonstrated that the percolation threshold can

be overcome in a natural system, using a detailed study focused on scans of the

microstructure of meteorite NWA 2993. The mean curvature of the metal-silicate

interface in NWA 2993 has a narrow distribution, suggesting the melt network ap-

proached textural equilibrium. The distribution of the apparent dihedral angles

between metal and silicate grains has a median of 86◦ ± 17◦. The metal volume

fraction of chondrites, achondrites and terrestrial planets (Fig. 4.1q) suggest that

the percolation threshold is exceeded in most planetesimals. Once melt connectiv-

ity is established, the denser metallic melt begins to drain towards the center of

planetesimal. As the melt fraction drops during drainage, the network eventually
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disconnects and the remainder becomes trapped. Previous studies assume trapping

occurs just below the percolation threshold (Fig. 4.1p), stranding large fractions of

metal in the mantle (von Bargen and Waff, 1986b; Bruhn et al., 2000; Rubie et al.,

2007), thereby preventing efficient core formation. The small discrepancy between

the percolation and trapping thresholds is due to hysteresis in melt network connec-

tivity. However, simulations in Ghanbarzadeh et al. (2016) show that hysteresis is

much stronger than previously presented (von Bargen and Waff, 1986b; Rubie et al.,

2007), drastically reducing the trapping threshold (Figs. 4.2).

Pore-scale simulations were used to track the evolution of melt connectivity

during partial melting and subsequent drainage (Fig. 4.2a). With increasing melt

fraction, neighboring melt pockets begin to merge and form a connected network

at the percolation threshold. As the melt begins to segregate, compaction reduces

melt fraction, but the melt network remains connected, even as the melt fraction

drops below the percolation threshold. As drainage and compaction continue, melt

networks eventually disconnect, leaving only 1-2% trapped (Fig. 4.2b). It is generally

assumed that an interconnected melt network with a large dihedral angle has a low

permeability (Minarik et al., 1996). However, Lattice Boltzmann simulations on

the computed pore networks show that the permeability has a weak dependence on

dihedral angle once the percolation threshold is passed. Furthermore, permeability

remains considerable in the region between the trapping and percolation thresholds

(Fig. 4.2b). Therefore, hysteresis allows both efficient core formation by porous

flow and provides a mechanism for incomplete metal-silicate segregation, required

by geochemical observations (Jones and Drake, 1986; Murthy, 1991).
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Figure 4.2: Hysteresis in melt network topology (Ghanbarzadeh et al., 2016). (a)
Hysteresis in mean curvature of metal-silicate interface as function of melt fraction
with θ = 90◦ for material shown in Fig. 1a. The relationship is unique below
the trapping threshold and above the percolation threshold, at 1% and 13% melt
fraction, respectively. The lower branch corresponds to disconnected melt pockets
during progressive melting and the upper branch corresponds to the connected melt
network during subsequent drainage. Inserts illustrate the hysteresis in melt network
topology. (b) Percolation and trapping thresholds as a function of dihedral angle.
Permeability of simulated melt networks were computed using Lattice Boltzmann
method (color map). The permeability is scaled for a medium with average grain
size of 1 mm.
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4.3 Planetesimal differentiation model

To investigate the time scales for core formation, a continuum model for the melt-

ing of metallic phases due to radiogenic heat generation and melt percolation in a

compacting planetesimal is presented. The continuum model is based on mass, mo-

mentum and energy conservation and is used to investigate the time scales required

for core formation by porous flow. Detailed description of the model is similar to

the enthalpy method presented by Katz (2008) and Jordan and Hesse (2015). This

simplified model considers melting of the metallic phase due to radiogenic heat gen-

eration (Ghosh and McSween, 1998; Hevey and Sanders, 2006; Qin et al., 2008;

Elkins-Tanton et al., 2011) and melt segregation by porous flow coupled to viscous

compaction (Scott and Stevenson, 1984; McKenzie, 1985b; Fowler, 1985a; Hewitt

and Fowler, 2008a; Katz, 2008) of the silicate matrix in an evolving gravitational

field. The model is kept relatively simple, because the aim is only the determi-

nation of the order-of-magnitude of the timescales of percolative core formation in

planetesimals.

The planetesimal has radius R and is assumed be spherically symmetric, so

that the the model is one-dimensional in the radial direction, r. In this geometry,

the divergence of a vector field, v, and the gradient of a scalar potential, f , are

given by

∇ · v =
1

r2

d

dr

(
r2vr

)
and ∇f =

df

dr
r̂,

where vr is the radial component of v and r̂ = ∇r is the unit vector in the radial

direction, pointing outward. The dyadic notation is used for compactness below.
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4.3.1 Gravitational potential

The gravitational potential, Φ, and the gravitational field, g of a planetesimal with

density ρ̄ are given by

∇ · g = 4πGρ̄,

g = −∇Φ,

where G is the gravitational constant. Here g points down towards the center of the

planetesimal. If the ρ̄ is constant |g| decreases linearly to zero at the center.

Mass balance

To model the differentiation of the initially homogeneous planetesimal into a metallic

core and a silicate mantle we assume that only the metallic phase melts while the

silicates remain solid. The simplest model therefore has three phases: olivine (o) ,

solid iron (i) and iron melt (m). The term olivine is used to refer to all solid silicate

minerals and the metallic phases are simply referred to as iron, this allows simple

and distinctive phase subscripts. The volume fraction of phase p is denoted by φp,

and the volume fraction constraint requires that

φo + φi + φm = φs + φm = 1. (4.2)

Olivine and solid iron comprise the solid (s) and move together. The solid volume

fraction is given by φs = φo + φi.
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The mass balance equations for the three phases are

(ρmφm)t +∇ · (ρmφmvm) = Λ, (4.3a)

(ρiφi)t +∇ · (ρiφivs) = −Λ, (4.3b)

(ρoφo)t +∇ · (ρoφovs) = 0, (4.3c)

where ρp is the density of phase p, Λ is the mass melt production rate and vm

and vs are the melt and solid velocities, respectively. Directly after accretion, the

planetesimal is assumed to be homogeneous, so that the initial conditions for the

mass balance equations are

φo(0, r) = φ0
o, φi(0, r) = φ0

i , and φm(0, r) = 0 (4.3d)

The mass of the planetesimal is conserved, so that both the solid and melt

velocities are zero at the surface. Together with the symmetry at the center, the

boundary condtions for the mass balance equations are

vm · r̂ = vs · r̂ = 0 at r = 0, R. (4.3e)

The average density of the partially molten material is given by

ρ̄ = φoρo + φiρi + φmρm, (4.4)

and used in (4.2) to compute the gravitational field. The solid density used in the

buoyancy terms below is given by

ρs = (φoρo + φiρi)/(1− φm). (4.5)
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Mechanical constitutive laws.

The volumetric melt flux relative to the solid is given by Darcy’s law

q = φm(vm − vs) = − k

µm
(∇pm − ρmg), (4.6a)

where k is the permeability of the partially molten material, µm is the melt viscosity

and g is given by (4.2). Assuming the pressure gradient in the solid is lithostatic,

∇ps = ρsg, Darcy’s law can be rewritten as

q = − k

µm
(∇p+ ∆ρg), (4.6b)

where p = pm − ps is the overpressure in the fluid and ∆ρ = ρs − ρm is the density

difference driving the flow. Note that the order of the phases in the definitions of

p and ∆ρ is reversed. Also both g and ∆ρ are evolving in space and hence the

buoyancy force driving metal-silicate differentiation.

The permeability is determined by the LBM computations in realistic pore

networks computed with the Level-set method outlined in Ghanbarzadeh (2016).

Due to hysteresis the permeability is a function of

k = k(φm, θ, φ
∗
m), where φ∗m = max

t,r
(φm) (4.7)

where φ∗m is the maximum melt fraction in the history of the material. This allows

melt percolation at high dihedral angles after the appropriate percolation threshold

has been overcome and subsequent trapping once the melt fraction drops below the

trapping threshold.
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The overpressure in the melt is given by the compaction equation

p = pm − ps =
ξ0

φm
∇ · vs, (4.8)

where ξ0 is the reference bulk viscosity of the solid (McKenzie, 1984a, 1985a; Hewitt

and Fowler, 2008b). The porosity dependence of the bulk viscosity weakens high

porosity regions in the center of the planetesimal and stiffens the low porosity mantle.

The motion in the solid phase can be simplified after applying a Helmholtz

decomposition to the solid velocity field, vs = −∇U +∇×Ψ. Here U is the scalar

potential and Ψ is the vector potential of the velocity field. There is no shear

deformation in the one-dimensional radial geometry assumed here, thus vs has no

rotational component, and the curl of the vector potential is zero. Therefore, there

is only a scalar solid velocity potential, U , such that

vs = ∇U. (4.9)

Governing equations for melt and solid flow

Under the Boussinesq approximation we neglect the density difference everywhere,

except where density difference multiplies gravity. This the summation of (4.3a)

and (4.3c) to obtain a continuity equation of the form

∇ · [φmvm + (1− φm)vs] = ∇ · [q + vs] = 0. (4.10)
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Substituting (4.6b) and (4.8) into (4.10) a modified Helmholtz equation governing

the overpressure in the fluid is obtained

−∇ ·
[
k

µm
∇p
]

+
φm
ξ0
p = ∇ ·

[
k∆ρ

µm
g

]
. (4.11a)

The boundary conditions for (4.11a) derive from (4.3e), which imply that q · r̂|0,R =

0. Together with (4.6b) this requires that

∇p · r̂|0,R = ∆ρg · r̂|0,R ,

on the boundary. The boundary condition in terms of the pressure are therefore

dp

dr

∣∣∣∣
0

= 0 and
dp

dr

∣∣∣∣
R

= ∆ρg. (4.11b)

The governing equation for the solid velocity potential is obtained substituting (4.9)

into (4.8), to obtain the following Poisson equation

∇2U =
φmp

ξ0
. (4.12a)

The boundary conditions for (4.12a) come from (4.3e) and require

dU

dr

∣∣∣∣
0,R

= 0. (4.12b)

These are pure homogeneous Neuman boundary conditions, so that a solution only

exists if the compatability condition

∫ R

0

φmp

ξ0
r2dr = 0 (4.12c)
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is satisfied.

4.3.2 Energy conservation

The total enthalpy of the system is given by

H = φoρoho + φiρihi + φmρmhm, (4.13)

where hp is the specific enthalpy of phase p. This total enthalpy, H, evolves due

to phase averaged advective, ρhv, and conductive, k∇T , heat transport as well as

radiogenic heat production, Q. The total enthalpy balance equation is therefore

∂H

∂t
+∇ · [ρhv − k∇T ] = Q, (4.14a)

where the boundary conditions come from (4.3e) and the initial condition assumes

that the planetesimal is solid and has a constant initial temperature, Tini, after

accretion, so that

H(0, r) = φoρoho(Tini) + φiρihi(Tini). (4.14b)

The advective heat transport is given by

ρhv = Hvs + ρmhmq, (4.15)

The problem of compatibility in continuum mechanics involves the determination of allowable
single-valued continuous fields on simply connected bodies. A compatible deformation tensor field
in a body is that unique tensor field that is obtained when the body is subjected to a continuous,
single-valued, displacement field. Essentially, the compatibility condition is the set of conditions
under which such a displacement field can be guaranteed.
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and the conductive heat transport is given by

k∇T = k̄∇T (4.16)

where the average thermal conductivity of the partially molten system is given by

k̄ = φiki + φmkm + φoko. The enthalpy generation due to radioactive decay of 26Al

in the planetesimal is given by

Q = φoρoQ0XAl

[
26Al
27Al

]i
e−λt, (4.17)

where Q0 is heat production of 26Al decay, XAl is initial aluminum content of the

silicate phase in weight percent,
[
26Al/27Al

]i
is initial 26Al to 27Al ratio, and γ is

the decay constant.

4.3.3 Constitutive equations

To close the system the total enthalpy, H, has to be related to the temperature T

and melt fraction φm. The specific enthalpy of a solid phase is given by

hp = h0
p +

∫ T

T 0

cp,p dT, (4.18)

where cp,p is the specific heat capacity of phase p at constant pressure and h0
p is the

reference enthalpy at T0. Assumig constant heat capacities the specific enthalpies

of the solid are given by

ho = h0
o + cp,o(T − T 0), for all T , (4.19a)

hi = h0
i + cp,i(T − T 0), for T ≤ Te, (4.19b)

95



where Te is the eutectic melting temperature of the iron phase. The enthalpy of the

melt is given in reference to solid iron as

hm = hi(Te) + ∆h+ cp,m(T − Te) for T ≥ Te. (4.19c)

where ∆h is the latent heat of fusion.

The total enthalpy of the system is obtained by substituting (4.19) into (4.13)

and therefore the following piecewise defined function

H =



ρh0 + ρcp(T − T0), T < Te,

ρh0 + ρcp(Te − T0) + φmρm∆h, T = Te,

ρh0 + ρcp(Te − T0) + ρcp(T − Te) T > Te,

+φmρm∆h.

(4.20)

The phase averaged enthalpy at the reference state is

ρh0 = φoρoh
0
o + (φiρi + φmρm)h0

i , (4.21)

the phase averaged heat capacities above and below the melting point are defined

as

ρcp = φoρocp,o + (φiρi + φmρm)ρicp,i, (4.22)

ρcp = φoρocp,o + φmρmcp,m, (4.23)

respectively. These averages are defined explicity, because they deviate from the

standard pattern due to the definition of melt enthalpy in terms of the iron enthalpy

in (4.19c).
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Equation (4.20) shows that H is a function of T below and above the melting

point and a function of φm at the melting point. If H is known, the melt fraction is

given by

φm =


0, T < Te,

H−ρihi−φo(ρoho+ρihi)
ρmhm−ρihi , T = Te,

1− φo, T > Te.

(4.24)

It is therefore sufficient to evolve (4.14a) and recover φm from (4.24) instead of

solving (4.3a).

4.3.4 Dimensionless governing equations

The dimensionless governing equations for the model of planetesimal evolution com-

prise three elliptic partial differential equations for the potentials that determine the

phase velocities and two parabolic partial differential equations for the evolution of

the mass and energy in the system. All equations below have been made dimension-

less using (4.30a-4.30g).

The elliptic equations for the gravitational potential, Φ, the fluid overpres-

sure, p, and the solid velocity potential, U are

−∇2Φ = ρ̄, (4.25a)

−∇ · [k∇p] + φmp = ∇ · [k∆ρg], (4.25b)

∇2U = φmp, (4.25c)

where ρ̄ is the mean density, k is the permeability, φm is the melt fraction, ∆ρ is

the density difference between solid and melt. The gradient fields of these potentials
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are the gravitational field, g, the volumetric melt flux relative to the solid, q, and

the solid velocity, v, and given by

g = −∇Φ, q = −k(∇p+ ∆ρg), and v = ∇U. (4.26)

The mass and energy in the system evolve according to the balance laws for the

total enthalpy, H, and the olivine volume fraction, φo, which are given by

∂H

∂t
+∇ ·

[
Pe

(
Hvs +

ρm
ρi
hmq

)
− κ̄∇T

]
= DaIIQ (4.27a)

∂φo
∂t

+∇ · [Peφovs] = 0, (4.27b)

where Pe and Da are Péclet and Damkoehler numbers, respectively. Here ρp is the

density of p-th phase, hm is the specific enthaly of the melt, κ̄ is the mean thermal

conductivity and Q is the heat production by radioactive decay. The melt fraction

is implicitly determined by (4.27a) and given by

φm =



0, T < 1,

H−hi−φo
(
ρo
ρi
ho+hi

)
ρm
ρi
hm−hi , T = 1,

1− φo, T > 1,

(4.28)

where T has been scaled to unity at the eutectic melting point of iron. The volume

fraction of iron is given by

φi = 1− φm − φo. (4.29)

The dimensionless governing equations have been scaled using the following charac-
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teristic variables

kc = k0, rc =

√
kcξ0

µm
, (4.30a)

Φc = 4πGρir
2
c , gc = Φc/rc, (4.30b)

pc = ρigcrc, qc =
kcρigc
µm

, (4.30c)

Uc =
pcr

2
c

ξ0
, vc = qc =

Uc
rc
, (4.30d)

hc = cp,i∆T, Hc = ρihc, (4.30e)

tc =
Hcr

2
c

κc∆T
, κc = κi, (4.30f)

Qc = ρoQ0XAl

[
26Al
27Al

]i
, (4.30g)

where ∆T = Te − T0 is the difference between eutectic melting point and the ref-

erence temperature, Q0 is heat production of 26Al decay, XAl is initial aluminum

content of the silicate phase in weight percent,
[
26Al/27Al

]i
is the initial 26Al to

27Al ratio. In this study, the dihedral angle for all simulations is assumed to be

90◦. Therefore, kc = k(θ = 90◦) in Table C.1 In terms of these scales the two

dimensionless parameters are given by

Pe =
vctc
rc

and DaII =
Qctc
Hc

. (4.31)

4.3.5 Dimensionless constitutive equations

To close the system of equations given by (4.25) and (4.27) the following constitutive

equations are required. The total enthalpy is given by

H =
ρo
ρi
φoho + φihi +

ρm
ρi
φmhm, (4.32a)

99



where the phase enthalpies are given by

hi =
h0
i

cp,i∆T
+ T, (4.32b)

ho =
h0
o

cp,i∆T
+
cp,o
cp,i

T, (4.32c)

hm =
h0
i

cp,i∆T
+ T +

∆h

cp,i∆T
+
cp,m
cp,i

(
T − Te

∆T

)
(4.32d)

Here the specific heat capacity of phase p is given by cp,p and the specific enthalpy

of a phase at T0 is given by h0
p. If the planetesimal is at or below the eutectic, the

third term in hm is zero. The average density of the partialy molten material and

the density difference between melt and solid are given by

ρ̄ =
ρo
ρi
φo + φi +

ρm
ρi
φm, (4.32e)

∆ρ =

ρo
ρi
φo + φi

1− φm
− ρm

ρi
. (4.32f)

The mean conductivity of the partially molten material is

κ̄ =
κo
κi
φo + φi +

κm
κi
φm, (4.32g)

where κp is the thermap conductivity of phase p. The radiogenic heat production

due to the decay of 26Al is

Q = φo exp [λtct] , (4.32h)

where λ is the decay constant of 26Al.
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Figure 4.3: Time scales for percolative core formation in rigid matrix (dashed line)
and aided by compaction (solid line). Percolative flow enhanced by compaction of
the solid matrix reduces timescales for core formation by more than an order of
magnitude.

4.4 Discussion

4.4.1 Mechanical models for estimating percolative timescales

After Young et al., 1997, it is common practice to calculate the timescales for per-

colative core formation simply via the segregation velocity wc = k∆ρgcrc/φcµ. As a

point of comparison, a purely mechanical model including compaction is presented.

In the mechanical model iron is initially molten and distributed evenly throughout

the planetesimal. Melting and freezing are not considered. Any molten, connected

region of the model where φm > 0.9 is considered to be a distinct iron core. Both

two- and three-phase mechanical models give nearly identical results for drainage

time and core formation. The three phase model results in slightly longer timescales

for drainage, due to a reduced density contrast between the molten iron and the con-
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glomerated (iron plus silicate) solid phase. Results from only the two phase model

are reported in Figure 4.3 as the two and three phase models are visually indistin-

guishable in the log scale plot. The relationship between planetesimal radius and

time required to form a distinct iron core follows a power law where the exponent

relation is m = −2.

4.4.2 Model results: Enthalpy method

Initially, metal has a uniform distributed and its volume fraction is 20%, which can

exceed the percolation threshold if enough melt is generated by radiogenic heating.

The results are generated by systematically changing the radius of the planetesimal,

R, and its accretion time, t0 after C.A.I., all other properties are kept constant

and given in Table 4.3.5. Figure 4.4 shows more detailed results for a represntative

simulation with R = 50 km and t0 = 1 Myrs.

Radiogenic heating increases the temperature until the eutectic melting point

of iron is reached at the center 360 kyrs after accretion. A melting front rapidly

propagates outward, converting soild iron to melt and reaches its maximum extent

390 kyrs after the onset of melting. As soon as the percolation threshold is over-

come buoyant melt segregation begins to concentrate the melt at the center of the

planetesimal (Figure 4.4). A distinct iron core, comprising more than 90% iron,

forms 850 kyrs after the onset of melting and grows very rapidly for 500 kyrs before

growth slows down due to decreasing permeability in the compacting mantle. Core

formation is completed 3.34 Myrs after the onset of melting corresponding to 4.7

Myrs after C.A.I. Rapid segregation after the formation of a distinct core is due to

the increasing concentration of mass at the center of the planetesimal. Model results

demonstrate that the gravitational field changes significantly during metal-silicate
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Figure 4.4: Percolative core formation in planetesimals. The evolution of metal
silicate differentiation in a 100 km diameter planetesimal accreted at 1 Myrs after
C.A.I. containing 20% iron and a dihedral angle of 90◦. All other simulation pa-
rameters for this model are given in Table 4.3.5. The radial profiles of gravity, solid
iron volume fraction and temperature inside the planetesimal are shown in panels
(a) to (c). The growth of the metallic core and the position of the melting front as
function of time are shown in panel (d).

differentiation. Due to the cold thermal boundary layer at the surface of the plan-

etesimal an undifferentiated shell retaining the initial iron volume fraction remains

near the surface of the planetesimal (Figure 4.4) (Elkins-Tanton et al., 2011).

Larger planetesimal bodies experience larger source terms in the compaction

equation. Once a connected melt network forms, compaction driven percolative flow

helps segregation move with even greater efficiency. Another interesting feature of

larger planetesimals is that their mantle section may be several to several tens of

compaction lengths. This results in more complex planetary evolution, particularly

near the core mantle boundary. The generation of porosity waves near the early

core-mantle boundary enhances the upward extraction of lighter silicate materials

thereby rearranging sources of radiogenic heating. In later, more realistic models,

larger planetesimals will also undoubtedly result in higher core-mantle boundary

temperatures that will completely melt a portion of the lower mantle. Whether or
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not this melting results in a global magma-ocean or Rayleigh-Taylor instabilities is

beyond the scope of this manuscript. I suspect that models of increased complex-

ity will result in planetesimals who’s evolution is characterized by multiple melting

events due to the rafting and localization of aluminum bearing silicates. In a fu-

ture model where silicate melting occurs, the enhanced transport of buoyant melts

upwards by solitary porosity waves could serve as a mechanism for bringing radio-

genic heat sources near the surface. This process could effectively destroy the cold

boundary layer at the surface.

4.5 Conclusions

For a planetesimal of 50 km radius, the efficiency of differentiation decreases with

increasing accretion time due to the rapid decay of 26Al (Fig. 4.5a). Only plan-

etesimals accreted before 1.5 Myrs after C.A.I., form a distinct core ( ∼ 90% metal

by volume) surrounded by a silicate mantle containing 1-2% of trapped metal, Fur-

thermore, the cold thermal boundary layer retains the undifferentiated material

that thickens as a function of accretion time. Figure 4.5a and d show that late

forming planetesimals may experience significant metal migration without allow-

ing the formation an explicit core before metal freezes. This allows the formation

of achondrites near the center of the planetesimal that experience accumulation of

metal during diffferentiation. The high metal contents in meteorite NWA 2993 may

provide evidence for such accumulation.

For a full, generic planetary/planetesimal evolution model additional physics

should be considered. A model for sedimentation, is included in Appendix C.2. In-

cluding a sedimentation model would result sharper core-mantle boundaries during

core growth and allow for formation of an inner core after iron begins to freeze. An-
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other extension to this model that is needed is the coincidental melting of silicates

with the iron in the planetesimal. In the natural system, silicate melting co-evolves

with development of Fe-Ni-S melt, generating a basaltic melt that wets the unmelted

silicates. This could serve as a mechanism for the trapping sub-spherical droplets

of metallic liquid in pore spaces. The models presented here do not consider sil-

icate melting. Therefore, this model is a more accurate representation of a small

planetary body where silicate melt has migrated out of the rock and metallic melt

has somewhat accumulated within a drainage network. Although this is the case,

the models presented here seem to be a valid first order approximation for core

formation given observations via the hafnium-tungsten isotope system.

Figure 4.4c shows that the drainage of metal and formation of the mantle cre-

ates a temperature maximum in the lower mantle above the core-mantle boundary.

This suggests that magma-oceans may be a consequential feature of any planetesimal

that accreted within 1.5 Mya of C.A.I. and sufficient mass to drive melt segregation.

Lastly, the model for conservation of energy for the evolving planetesimal does not

account for the surface energies of the texturally equilibrated melt-grain system.

Formulation of such a model presents difficulties as the theory for compaction and

generation of partially molten rock is mesoscale and formulated in a continuum

framework, not on the scale of grains. For a fully realistic model, one would need

to describe how grain boundaries move and how diffusion in the fluid permits grain

surfaces to wax and wane as melt migrates and be able to scale grain growth back

up to the continuum model for planetary evolution.

This problem with the model raises another more subtle question: when the

pressure differs between coexisting liquid and solid phases, what is the thermody-

namic pressure of the system? What pressure should be used to compute the melting
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50 km as function of accretion time: (a) Final partitioning of metal between core,
mantle and shell. (b-d) Radial distribution of metal volume fraction. (e) Timing
of melting and core formation. Growth of core radius with time is shown with
colormap. The percentage of total iron in core is illustrated with black contour
lines. (f) Core formation in planetesimals as function of radius and accretion time.
Final core radius is shown with colormap and the time required to complete core
formation (since C.A.I.) is shown with black contours.
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point? How is textural equilibrium reached and is it maintained during melt trans-

port? Fowler (1984) states that each phase has its own melting temperature and

that there exists a porosity-weighted average melting temperature of the mixture.

This is similar to the relatively straightforward handling of thermal conductivities,

etc. in continuum models. In McKenzie (1984a), the thermodynamic pressure is

defined only when the system is in static equilibrium. This implies zero compaction

rate. In this case, an interphase pressure difference can only exist due to forces

on the interface between phases (e.g. drag or surface tension). This then implies

that the pressure in the melt is the same as that in the matrix, or that the surface

energy of the matrix grains has no influence on the dynamical behavior (which is

total a head-scratcher in the limit of zero compaction rate). The current state of the

formulation can only be justified in averaged sense on the continuum or mesoscopic

scale.

One third of the trace of the solid stress tensor gives the mean, isotropic

stress, which is identified as the solid pressure or compaction rate based on volu-

metric strains (See Appendix B.1 for chapter three for an exhaustive handling of

this lovely subject) McKenzie (1984a); Katz (2008). Compaction and melting in

no possible way independent, since melt extraction will occur at the same time as

melt is being generated (McKenzie, 1984a). Careful consideration of visco-elastic

deviatoric stresses by Jull and McKenzie (1996) showed that the magma pressure is,

in fact, an excellent approximation of the thermodynamic pressure. By extension,

the enthalpy method considered here is an appropriate first order approximation

for the transport of heat energy in the three phase, compacting model (by virtue of

using magma pressure as the thermodynamic pressure, that is). As noted earlier,

the mean curvature of the metal-silicate interface in NWA 2993 has a narrow dis-
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tribution, suggesting the melt network approached textural equilibrium. It remains

unclear when this textural equilibrium was achieved. However, Jull and McKen-

zie (1996) demonstrate that although contributions of surface energy at the grain

scale may control the percolation threshold in the static sense, the evolution of the

matrix texture is of second order importance to melt transport once a connected

porous network is established. NWA 2993 simply demonstrates that the percolation

threshold was almost certainly broken and rapid porous flow and compaction were

plausible, if not highly likely.
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Parameters used in continuum model.
Variable & reference Symbol Value Units

Radius R 50 km
Accretion time tf 1 Myrs
Gravitational constant G 6.674× 10−11 m3 kg−1 s−2

Permeability k Table S1. m2

Iron density (Boehler (2000); Elkins-Tanton
et al. (2011))

ρi 8000 kg m−3

Molten iron density (Beutl et al. (1994);
Boehler (2000))

ρm 7000 kg m−3

Olivine (Peridotite) density (Turcotte and
Schubert (2002))

ρo 3300 kg m−3

Reference shear viscosity of solid (Turcotte
and Schubert (2002))

ξ0 1019 Pa.s

Molten iron viscosity (Poirier (1988)) µ 6 · 10−3 Pa.s
Average olivine grain size (McCoy et al.
(1997); Bunch et al. (2007))

d 1 mm

Thermal conductivity of iron (Yomogida and
Matsui (1983); Neumann et al. (2013))

κi
∗ 15 W m−1 K−1

Thermal conductivity of molten iron (Mon-
aghan and Quested (2001))

κm 35 W m−1 K−1

Thermal conductivity of olivine (Xu et al.
(2004))

κo 2.5 W m−1 K−1

Heat capacity of iron at constant pressure
(Douce (2011))

cp,i 400 J kg−1 K−1

Heat capacity of molten iron at constant pres-
sure (Beutl et al. (1994))

cp,m 825 J kg−1 K−1

Heat capacity of olivine at constant pressure
(Hewitt and Fowler (2008b); Douce (2011))

cp,o 1000 J kg−1 K−1

Latent heat of melting of iron (Beutl et al.
(1994); Ghosh and McSween (1998))

∆h 2.72 · 105 J kg−1

Initial 26Al/27Al ratio (Elkins-Tanton et al.
(2011))

[
26Al/27Al

]i
5·10−5 –

Decay constant (Elkins-Tanton et al. (2011)) λ 3.012·10−14 s−1

Aluminum content of planetesimal (Elkins-
Tanton et al. (2011))

XAl 1.5 wt%

Heat production of 26Al decay (Elkins-Tanton
et al. (2011))

Q0 0.355 W kg−1

Initial temperature of the planetesimal (Hevey
and Sanders (2006); Qin et al. (2008); Elkins-
Tanton et al. (2011))

Tini 250 ◦K

Surface temperature of planetesimal (Hevey
and Sanders (2006); Qin et al. (2008); Elkins-
Tanton et al. (2011))

Tsurf Tini
◦K

Fe-FeS eutectic melting temperature
(Kullerud (1963); Fei (1997))

Te 1261 ◦K
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Chapter 5

Conclusions

The partial melting and transport of melts within planetary bodies provides a par-

ticularly difficult, yet essential suite of problems for developing a more complete

understanding of Earth and planetary science questions. On Earth, plate tectonics

and by extension, life as we know it, is intimately related to the accretion, chemical

differentiation and continued melting of the planet itself. This dissertation seeks

to aide in the development of a broader community of models designed to further

elucidate the complex and intermingled physics and chemistry of planetary evolu-

tion. Generally, the manuscripts are included in this dissertation err on the side of

simplicity. This is an attempt to understand the underlying essential physics and

chemical processes that shape far more complex, realistic systems.

In Chapter 2 reactive transport in binary solid solution with liquid melt is

presented in detail. This model was motivated by a need to understand how reac-

tive feed-backs seeded by lithological heterogeneities could localize melt and create

refractory, high permeable channels in the mantle (reaction-infiltration instabilities)

(Kelemen et al., 1997). Although it may be absurd to model melting in the mantle

as a binary solid solution containing only a single “refractory” and “fertile” com-

ponent, the model yields insight into the types of lithological contacts created by
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reaction-infiltration instabilities. Furthermore, this model sets a regime of crite-

ria needed for seeding reaction-infiltration instabilities on a mesoscopic scale. This

model points to the importance of both melting and dissolution to form upstream

porosity increases which are conducive to instability and channelization. Analysis

of this model also leads to the conclusion that binary solid solution is not an ap-

propriate thermodynamic model for ridge scale mantle melting. Channelization in

general requires an upstream melt flux (Weatherley and Katz, 2012). By definition,

this model results in channels that re-fertilize the mantle which is inconsistent with

observations (Kelemen et al., 1997; Spiegelman et al., 2001b; Katz, 2008; Hewitt and

Fowler, 2008a; Hesse et al., 2011a). Features observed in such models such as the

sharp chemical gradients near channels are an accidental consequence of simplified

thermodynamics. Models such as Liang et al. (2010) which induce channelization

over larger distance driven by the large scale gradient reaction induced by orthopy-

roxene dissolution may be more appropriate for ridge-scale models. However, the

frontal reactions similar to those detailed by 2 could provide sufficient perturbations

in melt flux to induce larger scale channelization.

Chapter 3 provides a complementary study in which the transport proper-

ties of solitary porosity waves are reexamined. While Chapter 2 examines major

element chemistry in a rigid matrix at a lithological contact, Chapter 3 provides a

detailed examination of trace element chemistry in a deformable matrix. Solitary

waves are a ubiquitous feature in models where compaction of a viciously deformable

matrix with interstitial fluid is considered. Following the one-dimensional numerical

experiments of Watson and Spiegelman (1994), it was believed that solitary poros-

ity waves had no long term transport properties. This chapter shows that solitary

porosity waves in higher dimensions do transport mass. This eliminates the need
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for chromatographic separations expected in the Lanthanides, which is expected

from models after McKenzie (1984a); Navon and Stolper (1987), but generally not

observed in Mid-ocean ridge basalts. Although this chapter provides significant ad-

vances in detailing porosity waves as a mechanism for transporting mass, uncertainty

of material properties as a function of depth, (including, but not limited to grainsize

of the matrix and viscosity) make predicting the size and speed of solitary porosity

waves in the mantle quite difficult. Future analysis should focus on detailing the

size and speed of porosity waves in conjunction with changing matrix permeability

and melt fraction.

Chapter 4 outlines how melt segregation in porous flow is a natural mecha-

nism for core formation in planetesimals if is melt connectivity can be maintained.

This project is motivated by the fact that terrestrial planets inherit the geochemical

signatures of metal-silicate differentiation of planetesimals in the early solar system,

(Jones and Drake, 1986; Murthy, 1991; Rubie et al., 2007), and the recognition that

such planetesimals must have differentiated over relatively short timescales early in

the solar system. Building on collaborative work with Ghanbarzadeh et al. (2016),

Chapter 4 details a the simplest conceivable model required for differentiation of

small planetary bodies. Chapter 4 employs a new model for melt-connectivity and

permeability based on experimental results. From this starting point, a continuum

model is developed based on the conservation of mass, momentum and energy as

outlined in Chapters 2 and 3 respectively. Though the model is vastly simplified

from a thermodynamic perspective and neglects the melting of silicates during early

planetary differentiation, the time-scales predicted for drainage of a fully formed

core are consistent with observations from the hafnium-tungsten isotopic system.

This study seeks to provide a first-order model for core formation. Future studies
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should include an extension of the thermodynamic model to include the melting of

silicate material. The melting of silicates will induce the exchange flow of two im-

miscible fluids which would allow for the segregation of denser metal melt from the

silicate melt without compaction of the residual, mostly silicate matrix. Therefore,

the model presented here should be considered a sensible upper-bound estimate for

core formation.
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Appendix A

Reactive transport of partial melt with binary solid

solution

A.1 Gibbs free energy for binary solid solution with

liquid solution

The description of Gibbs free energy begins with equilibrium expressions for end-

members of a solid solution in terms of the Gibbs energies of fusion. If the solid

solution is ideal, ∆H = 0 and end-member activities are equal to their respective

mole fractions. The change in Gibbs free energy is given as,

∆G0
i = RT ln

(
Xi,s

Xi,m

)
. (A.1)

The full temperature dependence of ∆G0
i is,

∆G0
i = ∆H0

i − T∆S0
i , (A.2)
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where the enthalpy and entropy for end-member i at the end member melting tem-

perature (Tm, i) are,

∆H0
i = ∆HTmelt

i +

∫ T

Tmelt

(cp m,i − cp s,i)dT = ∆HTmelt
i + ∆cp i(T − Tmelt), (A.3)

∆S0
i = ∆STmelti +

∫ T

Tmelt

∆cp i
T

dT = ∆STmelti + ∆cp i ln

(
T

Tmelt

)
, (A.4)

∆G0
i = ∆HTmelt

i +

∫ Tmelt

T
∆cp idT − T

(
∆STmelti + T

∫ Tmelt

T

∆cp i
T

dT

)
, (A.5)

where subscript m denotes the temperature of melting/freezing point and ∆cp i =

(cp s,i − cp m,i), is the difference melt-solid specific heat over the temperature range

spanned by the liquidus curve for each end member respectively.

Assuming local thermodynamic equilibrium, at the melting point of either

end-member the Gibbs equation becomes,

∆G0
i = ∆HTmelt

i − Tmelt∆STmelti = 0, (A.6)

which implies that,

∆STmelti =
∆HTmelt

i

Tmelt
. (A.7)

Substitution of expressions for enthalpy and entropy into the Gibbs energy of fusion

equation for both end-members, yields

∆G0
i = ∆HTmelt

i

(
Tmelt − T
Tmelt

)
+ ∆cp i


[(

1− ln
(

T
Tmelt

))
T − Tmelt

]
Tmelt

 . (A.8)
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For a binary solid solution with a fusible and refractory end-member i = f or i = r.

Given known melting temperatures for each end-member, Tm = Tf or Tm = Tr and

known ∆cp i at both end-members the Gibbs free energy of both end-members can

be calculated.

The final term multiplied by ∆cp i can be neglected because the enthalpy

and entropy of fusion at the melting point are very large relative to the corrections

introduced by the specific heat terms. Thus, a simplified version of the Gibbs energy

of fusion for derivation of the phase diagram can be written as,

∆G0
i = ∆HTmelt

i

(
Tmelt − T
Tmelt

)
. (A.9)

Throughout the main body of the text, the superscript for the change in Gibbs free

energy is dropped. The change in free energy for the refractory end-member is given

by ∆Gr and the fusible end-member as ∆Gf .

A.2 Enthalpy in binary solid-solution liquid-solution

A.2.1 Full system

Assuming negligible pressure changes, the specific enthalpies of end-members of the

solid-solution are given by

hsf = h0
sf + cp,sf (T − T0), (A.10)

hsr = h0
sr + cp,sr(T − T0), (A.11)

where the parameters cp,sf and cp,sr are the specific heat capacities at constant

pressure for the fusible and refractory end-members. Their reference enthalpies,
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h0
sf and h0

sr, are given at 298 ◦K, T0. Finally, the specific latent heats of the two

end-members are given by

∆Hr = ∆HTr
r −∆cp r(T − Tr), (A.12)

∆Hf = ∆H
Tf
f −∆cp f (T − Tf ), (A.13)

where ∆cp,r = cp,mr−cp,sr and ∆cp,f = cp,mf−cp,sf are the differences in specific heat

capacity between the liquid and solid phases of the end-members. Their reference

enthalpies of fusion, ∆HTr
r and ∆H

Tf
f , are given at their respective melting points.

A.2.2 Enthalpy of solid solution

The enthalpy solid solution is the composition-weighted average of the temperature

adjusted solid end-member enthalpies:

hs(Xr,s(T ), T ) = hs,r(Xs,r(T )) + hs,f (1−Xs,r(T )). (A.14)

We assume that specific heats (at dP ≈ 0) are constant but not necessarily equal

across end-members and phases. The parameters cp,sf and cp,sr are the solid specific

heat constants for the fusible and refractory end-members. Solid enthalpy expres-

sions become,

hs,f = h0
s,f + cp,sf (T − T0), (A.15)

hs,r = h0
s,r + cp,sr(T − T0), (A.16)

and can be substituted into (A.14) to obtain the hs(T ) for the enthalpy of solid-

solution.
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A.2.3 Enthalpy of molten solution

At equilibrium when both the solid and melt phases present, the enthalpy of the

liquid phase is that of the solid phase plus the contribution of latent heat from the

phase change. The molar enthalpy of the liquid can be described as,

hm(Xr, T ) = hs(T ) + ∆H(Xr, T ). (A.17)

Where ∆H the latent heat of fusion adjusted for a linear mixture of end-members

across the phase diagram and Xr is the bulk mole fraction of the binary system in

terms of the refractory end-member. The enthalpy of fusion is a function of the

overall composition of the system due to differences in the latent heats and heat

capacities of the end-members. The terms ∆HTr
r and ∆H

Tf
f in (A.15) and (A.16)

represent the molar latent heat of fusion at each end-member at their respective

melting temperatures. The latent heat of fusion in (A.17) is presented as the mole

fraction weighted average of ∆H for the refractory and fusible end members across

the solid-solution:

∆H = Xr∆Hr(T ) + (1−Xr)∆Hf (T ). (A.18)

The full dimensional expression for enthalpy for a specific porosity, φ, can now be

written as a function of Xr and T given the phase densities, ρi, the specific heats

for liquid and solids at both end-members, and their reference enthalpies of fusion:

H = ρlφ (hs,r(Xs,r) + hs,f (1−Xs,r) + ∆H) (A.19)

+ ρs(1− φ) (hs,r(Xs,r) + hs,f (1−Xs,r)) .
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The densities of both phases, ρm and ρs are written as a function of Xr and the

molar volumes, Vp,i of both phases at end-members,

ρm =
1

Vl,rXm,r + Vl,f (1−Xm,r)
, (A.20)

ρs =
1

Vs,rXs,r + Vs,f (1−Xs,r)
. (A.21)

A.2.4 Simplified system

In the simplified system h0
sf = h0

sr = h0 and cp,sf = cp,sr = cp so that the specific

enthalpy of the two end members are the same the specific enthalpy of the solid is

given by

hs = h0 + cp(T − T0). (A.22)

If the system is simplified further such that ρm = ρs the latent heat of fusion can

be described by the constant ∆H = L. The thermodynamic properties needed to

solve the simplified system are given in the main text by Table 2.1.

A.3 Dimensionless equations for simplified one dimen-

sional model equations

The dimensionless variables described in section (2.3),

C =
C

ρ
, T =

T − Tf
Tr − Tf

, ζ =
x

`
, and τ =

tq

`
, (A.23)
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are inserted into the nonlinear algebraic system of equations governing the transport

of conservation and enthalpy:

C = φXm,r + (1− φ)Xs,r, (A.24)

H =
φ

Ste
+ T , (A.25)

Xm,r(T ) =

[
1− e(Θ1(1−T )/(Θ3+T ))

e(−Θ2T /(Θ3+T ) − e(Θ1(1−T )/(Θ3+T ))

]
, (A.26)

Xs,r(T ) =

[[
1− e(Θ1(1−T )/(Θ3+T ))

]
e(−Θ2T /(Θ3+T )

e(−Θ2T /(Θ3+T ) − e(Θ1(1−T )/(Θ3+T ))

]
. (A.27)

The dimensionless parameters set by end-member melting temperatures and the

constant latent heat of fusion are,

Θ1 =
L

RTr
, Θ2 =

L

RTf
, Θ3 =

Tf
∆T

. (A.28)

The parameters Θ1 and Θ2 are ratios of molar energy released in terms of the

end-member melting temperatures. Adjustment of these parameters controls the

curvature of the phase diagram. The ratio Θ3 weighs the melting temperature of

the first incremental bit of melt possible in the two phase region of phase space

against the entire temperature range where the end-members can coexist in two

phase equilibrium.

The dimensionless expression for enthalpy is set by substituting T into the

dimensional expressions for the enthalpy liquidus and solidus hm and hs. The ex-
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pressions for dimensionless enthalpy follow as,

hs =
hs − h

Tf
s

cp∆T
= T , (A.29)

hm =
hm − h

Tf
s

cp∆T
= T +

L

cp∆T
. (A.30)

Using equations (A.29) and (A.30) the full dimensionless enthalpy budget (A.25) is

constructed.

A.4 Flux gradient for melt transport across a disconti-

nuity: simplified model equations

A.4.1 Flux derivatives

The entries for the flux gradient are,

fC,C =
dXm

dT
∂T
∂C

, (A.31)

fC,H =
dXm

dT
∂T
∂H

, (A.32)

fH,C =
dhm
dT

∂T
∂C

, (A.33)

fH,H =
dhm
dT

∂T
∂H

. (A.34)

Within the two phase region, these derivatives must be evaluated through implicitly

differentiating the functionR(C,H, T ) along with differentiating equations (A.26)

and (A.30) with respect to dimensionless temperature.

The derivative with respect to dimensionless temperature needed from the
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Figure A.1: Surfaces representing each entry of the flux gradient throughout the
two phase region of CH-phase space.

function Xm,r is as follows:

dXm

dT
=
♣♥
♠−♣

+
((1−♣)♠♦−♣♥)

(♠−♣)2 (A.35)
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where,

♣ = eΘ1(1−T )/(Θ3+T )), (A.36)

♠ = e−Θ2T /(Θ3+T ), (A.37)

♥ = − Θ1

(Θ3 + T )
− Θ1(1− T ))

(Θ3 + T )2
, (A.38)

♦ =
Θ2T

(Θ3 + T )2
− Θ2

(Θ3 + T )
, (A.39)

4 = eΘ1(1−T )/(Θ3+T ))−Θ2T /(Θ3+T ). (A.40)

The derivative with respect to dimensionless temperature needed from the function

Xs is,

dXs

dT
=
♥4− (1−♣)♠♦

♠−♣
+

(1−♣)♠(♦♠−♣♥)

(♠−♣)2
(A.41)

Mercifully, the derivative with respect to dimensionless temperature needed from

the function hm is

dhm
dT

= 1. (A.42)

For the partial derivatives in the flux function ∂T
∂C and ∂T

∂H are found via

implicit differentiation:

∂T
∂C

=
−∂R

∂C
D (A.43)

∂T
∂H

=
−∂R

∂H
D (A.44)

Where the denominator, which is denoted after the Egyptian hieroglyph for “D”

D =
∂R
∂T

+
∂R
∂Xm

dXm

dT
+
∂R
∂Xs

dXs

dT
. (A.45)
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The partial derivatives needed to construct the flux function from the implicit

function are,

∂R
∂C

= 1, (A.46)

∂R
∂H

= Ste(Xs −Xm), (A.47)

∂R
∂T

= Ste(Xm −Xs), (A.48)

∂R
∂Xs

= Ste(H− T )− 1, (A.49)

∂R
∂Xm

= −Ste(H− T ). (A.50)

A.5 Compaction

The governing equations for melt transport are obtained from the continuity equa-

tion of the two-phase mixture,

∇ · (φvm + (1− φ)vs) = 0, (A.51)

where vm and vs are the velocities of melt and solid phases. The volumetric flux of

the melt, in the reference frame of the solid is given by,

q = φ(vm − vs) = −
Kφ

µ
(∇P −∆ρgẑ), (A.52)

where g is gravitational acceleration, ẑ denotes upward unit vector, Kφ = K0φ
3 is

the permeability of the porous medium, µ is the melt viscosity and ∆ρ is the density

difference between the liquid and solid phases. In a viscously compacting medium
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the melt flow is driven by overpressure, defined as

P = Pm − Ps = ξ∇ · vs, (A.53)

where Pm and Ps are the pressure of the melt and solid phases and ξ = η0/φ +

4/3 η0 ≈ η0/φ, where η0 is the reference shear viscosity. Substituting (A.52-A.53)

into (A.51) we obtain a governing equation for the evolution of the fluid overpressure,

−∇ ·
[
Kφ

µ
∇P

]
+
P
ξ

= −∆ρg

µ

(
dKφ

dz

)
. (A.54)

Scaling distance by the dimension, `, of the heterogeneity and scaling the pressure

with qµ`/K0 the dimensionless Helmholtz equation is given by,

−∇ ·
[
φ3∇P

]
+
`2

δ2
φP = −∆ρgµ

qK0

(
dφ3

dz

)
, (A.55)

where the compaction length, δ =
√
K0η0/µ. In the simulations presented here,

the domain is horizontal and flows are driven by a flux, q, across the left boundary

rather than density differences. Therefore, the right hand side of (A.55) is zero.
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Appendix B

On mass transport in solitary porosity waves and

circular reasoning in mantle chromatography

B.1 Model equations

B.1.1 Dimensional model equations

The equations governing the percolative flow of a melt through a viscously de-

formable, permeable matrix were originally presented by McKenzie (1984a), Scott

and Stevenson (1984) and Fowler (1985b) and are given by

∂ρmφ

∂t
+∇ · [ρmφvm] = Γ, (B.1a)

∂ρs(1− φ)

∂t
+∇ · [ρs(1− φ)vs] = −Γ, (B.1b)

φ(vm − vs) = −
Kφ

µ
[∇P + ρmgẑ] , (B.1c)

∇P = ∇ ·
(
η
[
∇vs +∇vTs − 2

3 (∇ · vs) I
])

+∇ (ζ∇ · vs)− ρgẑ, (B.1d)

where φ is the porosity or melt fraction, ρm is the density of melt, µ is the viscosity

of the melt, vm is the melt velocity and Γ is the melting rate. The density of the

solid matrix is ρs, its velocity is vs and its permeability is Kφ. The densities of the
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melt and solid are assumed to be constant, but not necessarily equal, so ρ̄ = ρmφ+

ρs(1−φ). Here P is the pressure of the melt, η and ζ are the effective shear and bulk

viscosities of the two phase mixture, g is acceleration due to gravity, z is the vertical

coordinate and ẑ = ∇z the upward pointing unit vector. For closure, constitutive

relationships are needed for permeability and effective viscosity and a mass transfer

rate, Γ, is required. For a full thermodynamic description of melting-freezing or

dissolution-precipitation, additional conservation energy, material compositions and

equations of state for reactions and phase equilibria are required (e.g. Rudge et al.

(2011)).

If the shear viscosity η is constant the momentum balance of the solid can

be written as

∇P = η∇×∇× vs +∇
[
(ζ + 4

3η) (∇ · vs)
]
− ρgẑ, (B.2)

which allows the identification of three different contributions to the fluid pressure

gradient,

∇P = ∇P ∗ +∇P +∇Pl. (B.3)

where P ∗ is dynamic pressure, Pl is lithostatic pressure in the absence of melt

(Pl ≡ −ρsgz), and P is an effective compaction pressure defined by

P ≡ ξ∇ · vs, (B.4)
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where ξ ≡ ζ + 4
3η. Substituting (B.3) into the system (B.1) yields

∂φ

∂t
+ vs · ∇φ = (1− φ)

P
ξ

+
Γ

ρs
, (B.5a)

−∇ ·
Kφ

µ
∇P +

P
ξ

= ∇ ·
Kφ

µ
(∇P ∗ −∆ρgẑ) + Γ

∆ρ

ρmρs
, (B.5b)

∇ · vs =
P
ξ
, (B.5c)

∇P ∗ = η∇×∇× vs + φ∆ρgẑ, (B.5d)

where ∆ρ = ρs − ρm. Equation (B.5b) is a modified Helmholtz equation for com-

paction pressure P that reduces to the familiar Darcy’s law in the limit of large

ξ. Equation (B.5c) relates the divergence of the solid flow field to the compaction

pressure and the resistance of the media to volumetric expansion and contraction.

Finally, Equation (B.5d) is a Stokes-like equation for solid velocity and dynamic pres-

sure driven by deviatoric stresses with buoyancy driven by porosity. Equation (B.5c)

can be decoupled from Equation (B.5d) by applying a Helmholtz decomposition to

the solid velocity field, vs = −∇U+∇×Ψ, where U is the scalar potential and Ψ is

the vector potential (Spiegelman, 1993). Lastly, using (B.3), the melt flux relative

to the movement of the solid matrix is given by

qr = φ(vm − vs) = −
Kφ

µ
(∇ [P ∗ + P −∆ρgz]) . (B.6)

B.1.2 Tracer conservation equation

For a tracer that partitions into both phases the bulk concentration in the system

is conserved and given by,

C = φρmxm + (1− φ)ρsxs, (B.7)
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where ρp and xp are the densities and mass fractions of tracer partitioned across the

solid phases and melt phase respectively. At local chemical equilibrium the partition

coefficient, D defined in (3.6), can be used to eliminate xs from (B.7), so that

C = (φ+ (1− φ)D) ρmxm. (B.8)

Tracer is transported by advection of the two phases, molecular diffusion and me-

chanical dispersion. The latter two are usually negligible on transport distances

considered in melt migration. Therefore, we focus on advective transport here, so

that the total mass conservation equation is given by

∂C

∂t
+∇ · [(φvm + (1− φ)vsD) ρmxm] = 0, (B.9)

where vm and vs are the melt and solid velocities. Using (B.8) to eliminate ρmxm

the evolution equation for the bulk composition is simply

∂C

∂t
+∇ · [veC] = 0, (B.10)

where the effective velocity of the tracer is given by

ve =
φvm + (1− φ)vsD

φ+ (1− φ)D
. (B.11)

B.1.3 Scaling

The compaction length is the intrinsic length scale for the system of governing equa-

tions given by (B.5). The compaction length is the solid phase relaxation distance

for a piezometric overpressure dilating the porosity, or the length scale over which

P responds to variations in the relative melt flux qr. Using a reference porosity,
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0 < φ0 < 1, the characteristic compaction length, is given by,

δ0 =

√
K0ξ0

µ
, (B.12)

where K0 = Kφ(φ0) and ξ0 = ξ(φ0) in equation (3.2). The buoyancy-driven separa-

tion flux of the melt relative to the solid is given by

φ0w0 =
K0∆ρg

µ
, (B.13)

where w0 is the characteristic melt segregation velocity. Using (B.12) and (B.13)

along with material properties, the suite of model equations can be scaled by the

following,

x = δ0x
′ ∇ = ∇′/δ0

φ = φ0φ
′ t = (δ0/w0)t′

vm = w0v
′
m vs = φ0w0v

′
s

P = ∆ρgδ0P ′ P ∗ = φ0∆ρgδ0P
∗′ (B.14)

Kφ = K0K
′
φ U = φ0w0δ0U

ξ = ξ0ξ
′ η = (η0/φ0 + 4

3η0)η′,

C = φ0ρmC Γ =
ρsφ0w0

δ0
Γ′

Ψ = φ0w0δ0Ψ
′

where primes denote dimensionless variables. Substituting these scales into the sys-

tem of equations given by (B.1) and dropping the primes we obtain the dimensionless
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system of governing equations

∂φ

∂t
+ φ0vs · ∇φ = (1− φ0φ)

P
ξ

+ Γ, (B.15a)

−∇ · [Kφ∇P] +
P
ξ

= ∇ · [Kφ (φ0∇P ∗ − ẑ)] + Γ
∆ρ

ρm
, (B.15b)

−∇2U =
P
ξ
, (B.15c)

∇P ∗ = η∇×∇×∇×Ψ + φẑ. (B.15d)

The volumetric flux of the fluid is given by

qr = φ (vm − φ0vs) = −K (∇P + φ0∇P ∗ − ẑ) . (B.16)

Substituting (B.14) into (B.8-B.11), the scaled dimensionless tracer evolution equa-

tions is

∂C
∂t

+∇ · [veC] = 0, (B.17)

where the dimensionless bulk composition and effective velocity are given by

C = (φ+ (1− φ0φ)D/φ0)xm (B.18)

and

ve =
φvm + (1− φ0φ)vsD

φ+ (1− φ0φ)D/φ0
. (B.19)

Here we have dropped the primes indicating dimensionless variables.
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B.1.4 Small porosity approximation and the reduced model for

magma migration

Throughout this manuscript we apply the small porosity approximation, assuming

that the ambient mantle has a porosity φ0 � 1. Application of the small porosity

limit to the dimensionless system of governing equations (B.15) results in the fol-

lowing simplifications: The solid volume fraction is unity, (1− φ0φ) ≈ 1. Equation

(B.15d) decouples, because terms containing P ∗ in other equations are negligible.

Terms containing vs are negligible, except the term containing D in (B.19). Af-

ter the application of these simplifications to the dimensionless system (B.15), the

system reduces to

∂φ

∂t
=
P
ξ
, (B.20a)

−∇ ·Kφ∇P +
P
ξ

= −∇ ·Kφẑ, (B.20b)

−∇2U =
P
ξ
. (B.20c)

Using the scaled relationship for permeability, K = φn, the phase velocities are

given by

vm = −φ(n−1) (∇P − ẑ) and vs = −∇U . (B.21)

The evolution of the dimensionless bulk composition is given by

∂C
∂t

+∇ ·
[
φvm + vsD

φ+D/φ0
C
]

= 0. (B.22)
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Appendix C

Timescales for percolative core formation in

planetesimals

C.1 Permeability

Ghanbarzadeh et al. (2014) calculated permeability on regular grains whereas Ghan-

barzadeh et al. (2016) extended the method to irregular grains in texturally equili-

brated materials. In this study, regular media is considered. However, it is worth

noting that irregular materials are slightly more permeable than regular porous

media, as demonstrated in C.1.

C.2 Stokes settling, the “rafting” of silicates and set-

tling of iron grains

The models presented in this manuscript demonstrate the formation of distinct cores.

These model results show a diffuse region between the mantle and core that does

not match seismic observations of the relatively sharp contact at the core mantle

boundary on Earth and meteorite samples.

Above φc, finding the pressure between the melt and solid phases is not
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Permeability-melt fraction relationships for different dihedral angles and grain
textures.

θ Truncated octahedron grains irregular grains

10◦ k =
d2φ2.6

595.66
k =

d2φ2.99

53.46

30◦ k =
d2φ2.54

642.69
k =

d2φ2.89

54.83

60◦ k =
d2φ2.57

555.94
k =

d2φ2.85

48.2

70◦ k =
d2φ2.56

474.24
k =

d2φ2.79

45.87

90◦ k =
d2φ2.65

407.38
k =

d2φ2.53

168.35

105◦ k =
d2φ2.57

448.74
k =

d2φ2.36

694.44

120◦ k =
d2φ2.87

274.79
k =

d2φ2.04

3176.85

necessary. The velocity of a single falling crystal is approximated using Stokes’

Law,

vst =

(
2

9

)
∆ρg

µ
d2 (C.1)

where d is the diameter of crystal (which is assumed to be a sphere). When a

large number of particles fall together in a suspension, their motions interact and

the velocity of any one particle depends on the concentration of particles in the

immediate vicinity. The downward flux of setting particles can be described

qn(n) = nv(n), (C.2)

where q is the flux of particles crossing a horizontal face of a unit control volume per

unit time, n is the concentration or number of particles per unit volume and v(n) is

134



10−14 10−13 10−12 10−11 10−10 10−910−14

10−13

10−12

10−11

10−10

10−9

 

 

θ = 10°

θ = 30°

θ = 60°

0

5

10

15

20

25

30

Figure C.1: Demonstration of irregularity on grain size on permeability with vari-
able, low dihedral angles, θ.

135



the mean velocity of particles when the concentration is n (Rhee et al., 2001b). The

mean velocity of particles is simply a modification of the velocity given by Stokes’

law,

v(n) = vst

(
1− n

n0

)
, (C.3)

where n0 is the maximum number of particles per control volume before the medium

becomes grain supported thereby ending the sedimentation process. This equation

states that as a particle sinks in low particle-concentration environment, it settles

at the velocity given by Stokes law. As more particles are added they interfere with

each other and their velocity goes down linearly until the downward velocity is zero

and a grain supported matrix is achieved.

Recognizing that the suspended particles represent the solid phase in the

continuum sense, n = (1 − φ) in the region where φ ≥ φc and n0 = (1 − φc).

Equation (C.2) is rewritten in terms of melt fractions, φ replacing the subscript for

s, which yields

qs = vst(1− φ)(φc − φ)ẑ, (C.4)

noting that qs = vs(1− φ).

C.2.1 Timescales of compaction and sedimentation

From the scaling arguments presented above, the characteristic length-scale, or so-

called compaction length δc = rc =
√
K(φc)ξ(φc)/µ, emerges. The characteristic

permeability and secondary viscosity, K(φc) and ξ(φc) depend on the characteristic

porosity, which is 20% in this study. The characteristic timescale for percolative
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Figure C.2: Dimensionless flux of conglomerated solid material, ψp as a function
of density. The flux of silicate grains is positively buoyant while the solidified iron
grains are negatively buoyant. Therefore, two sedimentation fronts, one top-down
and another bottom-up are expected when cooling
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flow within the compacting pile depends on the separation velocity, or the natural

segregation of melt from solid due to gravity and density differences,

wc =
K(φc)∆ρg

φcµ
. (C.5)

Thus, the timescale for compaction is,

tc =
δc
wc
. (C.6)

In the sedimenting region, above the compaction threshold the relevant characteris-

tic velocity is the Stokes settling velocity, vst. Using the characteristic length scale

that emerges from the scaling of the compacting column, the settling timescale is,

tst =
δc
vst
. (C.7)

To compare the characteristic sedimentation rate with the characteristic compaction

rate we take

tc
tst

=
vst
wc
. (C.8)

Of course, vst and wc are highly affected by grain size d and wc ultimately depends

strongly on tortuousity of the porous medium. However, for the range of parameters

we consider, tc/tst ∼ 103–106, suggesting that sedimentation happens a thousand

to a million times faster than compaction for grains of equal density. This suggests

that the upward segregation of olivine should be rapid when compared with the

compaction of the silicate mantle or the iron rich core once sufficient freezing occurs.
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