
Copyright

by

Yimin Zhong

2017



The Dissertation Committee for Yimin Zhong
certifies that this is the approved version of the following dissertation:

Inverse Problems in Photoacoustic Imaging: Analysis

and Computation

Committee:

Kui Ren, Supervisor

George Biros

Oscar Gonzalez

Richard Yen-Hsi Tsai



Inverse Problems in Photoacoustic Imaging: Analysis

and Computation

by

Yimin Zhong

DISSERTATION

Presented to the Faculty of the Graduate School of

The University of Texas at Austin

in Partial Fulfillment

of the Requirements

for the Degree of

DOCTOR OF PHILOSOPHY

THE UNIVERSITY OF TEXAS AT AUSTIN

August 2017



Acknowledgments

Foremost, I would like to thank my advisor, Professor Kui Ren, for his

continuous support, guidance, patience and inspiring discussions during my

Ph.D. study and research.

I would like to expression my sincere gratitude to my thesis committee

members, Professor George Biros, Professor Oscar Gonzalez, Professor Richard

Yen-Hsi Tsai, for their help during my study and research life in UT Austin.

I thank my friend Rongting Zhang for many discussions on course

projects and collaborations in a few papers.

I also would like to thank my girl friend Wei Du for being supportive

and encouraging all the time. I would not have gone this far without her. My

thanks also goes to my parents, for their spiritual support throughout my life.

iv



Inverse Problems in Photoacoustic Imaging: Analysis

and Computation

Publication No.

Yimin Zhong, Ph.D.

The University of Texas at Austin, 2017

Supervisor: Kui Ren

Inverse problems in photoacoustic imaging (PAT) have been extensively

studied in recent years due to their importance in applications. This thesis

addresses three important aspects of PAT inverse problems mathematically

and computationally. First, we present a detailed mathematical and numer-

ical analysis of quantitative fluorescence PAT, a variant of PAT for applica-

tions in molecular imaging. We develop uniqueness and stability theory on

quantitative reconstructions based on the radiative transport model of light

propagation and present numerical simulations to validate the mathematical

theory. Second, we develop a fast numerical algorithm for solving the radia-

tive transport equation, the model of light propagation in PAT applications

on tissue imaging, in isotropic media. Our method is based on an integral

equation formulation of the radiative transport equation and a fast multipole

method for accelerating matrix-vector multiplications for the discretized sys-

tem. Third, we perform mathematical analysis on PAT reconstruction problem
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with unknown ultrasound speed. We prove local uniqueness and stability re-

sults on the simultaneous reconstruction of the ultrasound speed, the acoustic

attenuation coefficient as well as the optical absorption coefficients.
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Chapter 1

Introduction

Photoacoustic tomography (PAT) is a recent hybrid biomedical imaging

modality which aims at achieving high-resolution imaging of optical contrasts

of heterogeneous media such as biological tissues. In PAT, the medium of

interest is illuminated by near infrared (NIR, wavelength from 700 to 900 nm)

laser pulses. The energy absorbed due to optical absorption in the medium is

converted into heat, leading to thermoelastic expansions of the medium. When

the medium cools down after the photons exit, it contracts. This expansion

and contraction of the medium is sufficient to generate ultrasonic wave (usually

frequency at megahertz) inside the medium. The ultrasound signals are then

collected by ultrasonic transducers at the surface of the medium. We then

attempt to determine the distribution of optical properties such as thermo-

dynamic Grüneisen parameter, the absorption and the scattering coefficients

from the measured ultrasound signals [13, 20,29,68,70,77,87,104,120–122].

Since ultrasonic scattering is much weaker on magnitude than optical

scattering in biological tissues, PAT provides better spatial resolution (at hun-

dred of micrometers) than optical tomography (e.g. DOT) for deep tissue

imaging. On the other hand, tissues such as skin, muscle, bone, fat, brain,
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etc., they have quite different optical absorption and scattering coefficients.

This leads to the high contrast of PAT [77,80,84,89,103].

1.1 Inverse problems in PAT

It is common to assume the optical illumination and ultrasonic emission

are at different time scales, hence image reconstruction in PAT is usually done

using a two-step strategy. The first step is formulated as an inverse source

problem for acoustic wave equation with known ultrasound speed, aiming at

reconstructing the amount of deposited energy from time-varying boundary

measurement of acoustic signals. Under many practical settings, the medium

is modeled as acoustically homogeneous domain and sound speed varies very

little, therefore the reconstruction is quite accurate [68,71] in general.

Since propagation of NIR photons is best described by equation of

radiative transport (ERT) in phase space, the second step is usually formulated

as an inverse transport problem which reconstructs optical properties in the

medium from deposited energy which is inferred from first step. In highly

scattering media, the diffusion approximation of the transport equation is

often considered a sufficiently accurate substitution to the ERT. Therefore, the

second step of PAT can also be formulated as an inverse coefficient problem for

the diffusion equation with internal absorbed energy data. Roughly speaking,

theoretical analysis for inverse problems in the second step of PAT says that if

the Grüneisen coefficient is known, the absorption and scattering coefficients of

the media can be uniquely and sometimes stably reconstructed from multiple

2



internal absorbed energy data sets [12, 18,79,99,130].

Recent clinical studies have found many potential applications of PAT

among various areas. For instance, in breast imaging, PAT is suggested to

diagnose breast cancer at early stages due to discovery of higher absorption

contrast for cancerous tissue. In neuroscience, since brain activity is highly

sensitive to changes in blood flow and oxygen consumption, PAT enables de-

tection of differential optical absorption from these changes which helps to

localize traumatic region. In cancer treatment, new parameters such as blood

glucose concentration can be monitored by PAT to determined aerobic and

anaerobic metabolism rate of glucose, which is extremely useful for cancer

diagnosis and evaluation [105,116,130,133,134].

1.2 Fluorescence PAT

Fluorescence photoacoustic tomography (fPAT) is a molecular imaging

modality based on PAT which improves penetration depth by injecting fluo-

rescent biochemical contrast agents (fluorophores) into biological medium, the

fluorophores will accumulate on targeted tissues such as breast tumor. When

the medium is illuminated with photons of specific wavelength, fluorophores

will absorb the light energy, and be excited to emit photons of longer wave-

length. Both the illumination and emission light energies will contribute to

the optical absorption that generates ultrasonic waves through photoacoustic

effect. The ultrasound signals are measured on boundary of medium and used

to reconstruct optical information of the fluorophores and medium as much as

3



possible [114,124].

Similar to PAT, the image reconstruction of fPAT first solves an inverse

source problem on acoustic wave equation with known ultrasound speed, this

step reconstructs the amount of deposited energy (from fluorescent emission

and exciting illumination) and usually the image is very accurate. The sec-

ond step is slightly different from PAT, instead of inferring optical absorption

and scattering coefficients of the biological object, the image reconstruction is

more focused on determining the spatial concentration, lifetime distribution,

quantum efficiency, etc. of fluorophores inside the medium [95,99,101].

Since fPAT is efficient and provides essential information about patho-

genesis of living organism, such as interaction of a tumor with its surround-

ing environment, clinical researchers have developed and experimented various

strong absorbing dyes, fluorescent proteins for specific cells and explored many

applications including cancer growth detection, infection spread monitoring,

drug responses in living animal [67,90,129,132].

1.3 Outline of the dissertation

There exists a vast amount of literatures on PAT and fPAT. Many

fast data processing methods are proposed to improve the PAT imaging per-

formance and quality in the past decade. However, each of them must work

under specific conditions. In practice, reconstructions in 3D are still very slow,

not realistic for clinical usage, even for optical diffusive regime. In addition,

the ultrasound speed distribution is often heterogeneous and unknown, which

4



will degrade the quality and stability of image reconstruction. The attenuation

effect of ultrasound should not be negligible as well.

For certain biological bodies such as breast and liver, the scattering co-

efficient is not large enough to be accurately approximated by diffusion equa-

tion, while numerical solution to radiative transport is prohibitively expensive

due to its high dimensionality. For most image reconstructions in inverse trans-

port or diffusion, PDE-based optimizations (often regularized) are adopted and

solved iteratively, involving multiple applications of forward solver. Therefore

fast and scalable algorithms are needed in solving transport equations and

diffusion equations. For inverse source problem in ultrasonic wave equation,

explicit reconstruction formula is only applicable to special geometries. For

other cases, time reversal technique is often used. However, time reversal has

very large computational cost in 3D due to requirements on high resolution,

avoidance of dispersion and absorption boundary condition.

This dissertation is organized in three parts.

In the first part, Chapter 2, we review briefly inverse problems in pho-

toacoustic tomography. We discuss both the acoustic inverse problem and

the optical inverse problem involved, from both theoretical and computational

perspectives.

The second part of the dissertation is about inverse transport problems

in PAT where we intend to reconstruct optical information from deposited

energy. In Chapter 3, we establish uniqueness and stability results for quanti-

5



tative fPAT in transport regime and propose efficient numerical algorithms for

reconstruction in various settings. To accelerate computing for inverse trans-

port in isotropic medium, we propose, in Chapter 4, an algorithm based on

fast multipole method (FMM), the first algorithm of this type in solving ERT.

In the third part of the dissertation, Chapter 5, we combine the acoustic

and optical inverse problems into a one-step inverse problem where we intend

to reconstruct simultaneously the ultrasound speed and the optical properties

from acoustic data generated with multiple illuminations. We derive some

uniqueness and stability results on the inverse problem.

6



Chapter 2

Inverse Problems in PAT

Photoacoustic tomography (PAT) is an emerging biomedical imaging

modality that enjoys high optical contrast and high spatial resolution simul-

taneously. PAT has been shown to have potential applications in many areas,

including breast cancer diagnosis, brain probing in small animals, visualize vas-

cular structure and blood flow to name a few. We now briefly review recent

results on inverse problems rising from quantitative PAT.

2.1 Introduction

In a typical PAT experiment, the medium to be probed, for instance a

piece of cancerous tissue, is exposed under short pulses of near-infrared (NIR,

usually 700 to 900 nm) laser. The photons propagate inside the medium.

A portion of photons are absorbed by the medium, for instance by certain

chromophores (e.g. hemoglobin, water, lipid) inside a piece of tissue. The

absorption of optical energy will convert into heat through the photoacoustic

effect, leading to transient thermoelastic expansion that generates ultrasound

waves. The wave signals will be received by transducers array placed on the

boundary of medium [13,20,29,68,70,77,87,104,120–122].
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The propagation of NIR photons inside the medium is best modeled by

the equation of radiative transport (ERT) [1, 14, 99]. Suppose the medium is

Ω ⊂ Rd, Sd−1 is the unit sphere in Rd, denote D = Ω × Rd−1 be the solution

space and Γ± = {(x,v) ∈ ∂Ω×Sd−1| ±n·v > 0} be the incoming and outgoing

boundary sets, u = u(x,v, t) be the density of photon flow at location x, time

t and moving along unit direction v , then

∂u

∂t
+ v · ∇xu+ σt(x)u = σs(x)

ˆ
Sd−1

Θ(v · v′)u(x,v′, t)dv′, in D

u(x,v, 0) = 0, in Ω

u(x,v, t) = g−(x,v), on Γ−

(2.1)

where σt(x) and σs(x) are extinction and scattering coefficients respectively,

and σa(x) = σt(x) − σs(x) be the absorption coefficient. Θ(v · v′) is the

scattering phase function, describing the probability of a photon scattered

from v′ into v, and the probability is only related to the angle between v and

v′.

The total energy absorbed by the medium is H(t,x) = σa(x)KI(u),

where KI is an averaging operator that calculates the fluence flow rate,

KI(u) =

ˆ
Sd−1

u(x,v, t)dv, (2.2)

and the heat energy (rate) H is partly converted into pressure field H(t,x) =

Ξ(x)H(t,x), where Ξ is the thermodynamic Grüneisen parameter, measuring

the efficiency of conversion from light energy to pressure field.

With linear acoustic approximation and under attenuation-free setting,

8



the ultrasound pressure p(t,x) satisfies following acoustic equation [18,38,109],

1

c2(x)

∂2p

∂t2
−∆p =

1

c2(x)

∂H(t,x)

∂t
, (2.3)

Assume H(t,x) is stationary and can be separated as H(t,x) = H(x)δ(t),

then the above equation is reduced as an initial value problem (IVP)

1

c2(x)

∂2p

∂t2
−∆p =0, in (0, T )× Rd

p(0,x) = H(x)χΩ,
∂p

∂t
(0,x) = 0, in {0} × Rd

(2.4)

It is worth to notice that the equation actually lives in the whole space Rd

instead of Ω.

When c(x) is non-trapping, the ultrasound pressure p(t,x) propagates

to boundary ∂Ω, detected by transducer arrays and measurement M(t,x) is

defined as

M(t,x) = p(t,x), on (0, T )× ∂Ω (2.5)

The objective of PAT is to recover optical coefficients (σa, σs,Ξ) from mea-

surement M.

The reconstruction usually takes a two-step strategy when c(x) is known.

The first step is an inverse source problem for acoustic equation, using bound-

ary measurement M to recover source term H(x), this problem has been

explored with various approaches and settings [4]. After retrieval of internal

datum H(x), the second step is to solve the inverse transport problem to infer

the information on optical properties such as (σa, σs,Ξ). For many cases in

biologic tissues, the scattering is stronger than absorption by a couple of orders
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in magnitude, thus diffusion model is often used and studied to approximate

the radiative transport.

The rest of this chapter is organized as two parts. In Section 2.2, we will

review some results on inverse source problem in acoustic wave equation for the

first step of reconstruction in PAT. As for the second step of inverse transport,

we will briefly introduce recent results on both diffusive and transport regimes

in Section 2.3.

2.2 Inverse Source Problem

Here we present the detailed mathematical model and related literature

reviews for the inverse source problem.

Assume H(x) is compactly supported in Ω ⊂ Rd, d ≥ 2, boundary ∂Ω

is closed observatory surface and p(t,x) is measured for each x ∈ ∂Ω and each

moment t ∈ (0, T ). Wave speed c(x) is known and

1

c2(x)

∂2p

∂t2
−∆p =0, in (0, T )× Rd

p(0,x) = H(x),
∂p

∂t
(0,x) = 0, in {0} × Rd

(2.6)

Now one attempts to recover H(x) from measurement p(t,x)|(0,t)×∂Ω.

Definition 2.2.1 (Non-trapping condition). In R2d
x.ξ, consider Hamiltonian

10



H = c2(x)
2
|ξ|2 and system

∂x

∂t
=
∂H

∂ξ
= c2(x)ξ

∂ξ

∂t
= −∂H

∂x
= −1

2
∇(c2(x))|ξ|2

x|t=0 = x0, ξ|t=0 = ξ0

(2.7)

non-trapping condition holds when for each solution (x, ξ) with ξ0 6= 0 that

rays x→∞ when t→∞. As a direct result, since wave front sets propagate

along bi-characteristics (x, ξ), then all rays x will leave Ω within finite time

T , the solution within Ω will be infinitely differentiable after that.

Proposition 2.2.1 (Local energy decay). If H(x) is compactly supported in Ω

and c(x) meets non-trapping condition, then for any bounded domain D ⊂ Rd

and any pair (m,n), there is a sufficiently large T > 0 that for each x ∈ D

and t > T , ∣∣∣∂m+|n|p(t,x)

∂mt ∂
n
x

∣∣∣ ≤ Cm,nβm(t)‖H‖L2 , (2.8)

where βm = t1−d−m for even d and βm(t) = e−νt for odd d and some ν > 0.

Because of the local energy decay, one could consider solving the acous-

tic problem backward (time reversal) from t = ∞ with zero initial pressure

field and measured dataM as imposed boundary condition. Moreover, denote

T (Ω) as the supremum of time that takes the ray to leave Ω. Here we refer

the theorem [109] on uniqueness of reconstruction without proof.

Theorem 2.2.2 (Uniqueness). Suppose c(x) is non-trapping and smooth, if

observation time T > T (Ω), then boundary measurement M uniquely deter-

mines initial value H.
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2.2.1 Constant and Variable Wave Speed

Regarding many biomedical imaging problems, acoustic wave speed

c(x) is often assumed to be constant c(x) ≡ 1. And there are some explicit

reconstruction schemes for special geometries by taking advantage of sphere

mean transform.

Definition 2.2.2. Spherical mean transform S is defined for x ∈ ∂Ω,

Sf(x, t) =

ˆ
|y|=1

f(x + ty)dµ(y), (2.9)

where µ is Lebesgue measure on unit sphere Sd−1.

For special geometry that ∂Ω as sphere of radius R, we have follow-

ing explicit integral reconstruction formulas based on filtered backprojection

(FBP) in odd dimensions [37], let g(y, r) = rd−1S(f)(y, r),

f(x) = − 1

8π2R
∆

ˆ
∂Ω

g(y, |y − x|)
|y − x|

dµ(y),

f(x) = − 1

8π2R

ˆ
∂Ω

(
1

r

∂2

∂r2
g(y, r)

) ∣∣∣
r=|y−x|

dµ(y),

f(x) = − 1

8π2R

ˆ
∂Ω

(
1

r

∂

∂r

(
r
∂

∂r

g(y, r)

r

)) ∣∣∣
r=|y−x|

dµ(y),

(2.10)

where the differentiation (w.r.t r) and Laplace operator are filtrations, and

boundary integral works as backprojection.

For general geometry, if eigenvalues and eigenfunctions of Laplacian –

∆ are known for interior problem with Dirichlet boundary, then eigenfunction

expansion could be used to solve each coefficient in series, for details and

numerical experiments, one could refer [73].
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On the other hand, sometimes (e.g. in breast imaging) constant ultra-

sound speed is not a realistic assumption. For variable non-trapping smooth

wave speed c(x), time reversal technique is usually adopted for reconstruction

by solving p̃(t,x) = p(T − t,x) where

1

c2(x)

∂2p̃

∂t2
−∆p̃ =0, in (0, T )× Ω

p̃(0,x) = 0, in {0} × Ω

p̃(t,x) =M(T − t,x), on (0, T )× ∂Ω

(2.11)

andH(x) = p̃(T,x). However, when decay rate is not fast enough, for example,

2D solution only has O(t−1) decay rate, above formulation may suffer from

non-negligible mismatch ofM on boundary ∂Ω at t = T where a brute cutoff

should not be applied. In [109], a more sophisticated cutoff is proposed which

solves this problem.

In summary, the reconstruction is quite stable whenever c(x) is non-

trapping and the measurement data is provided over full boundary ∂Ω. On

the other hand, if the surface of measurement is not closed or data is partially

measured, in general, the reconstruction is unstable even visibility condition is

satisfied, since some portion of the rays may escape to infinity without inter-

secting the surface. However, the uniqueness of reconstruction under visibility

condition can be proved [109]. For open surface such as planar or infinite

cylindrical, exact reconstruction formulas are available [127,128].
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2.2.2 Time Reversal Reconstruction

In most cases, a straightforward cutoff mentioned in Section 2.2.1 is

sufficient when T is large enough andM(T, ·) is smaller than tolerance, some

numerical results can be found in [57]. To overcome the mismatch issue, in [92,

109], the mismatched error is iteratively propagated back and H is recovered

from a Neumann series. Instead of setting p̃(0,x) to zero, it seeks a match on

∂Ω by solving ∆φ = 0 with Dirichlet boundary condition φ|∂Ω =M(T, ·).

1

c2(x)

∂2p̃

∂t2
−∆p̃ =0, in (0, T )× Ω

p̃(0,x) = φ, in {0} × Ω

p̃(t,x) =M(T − t,x), on (0, T )× ∂Ω

(2.12)

Let A be the time reversal operator AM = p̃(T, ·) from above equation and Λ

be the forward operator that Λp(0, ·) = M, we can define the error operator

be

K = I − AΛ, (2.13)

and prove K is a contraction when T > T (Ω). The Neumann series recon-

struction is based on

H = (I −K)−1AΛH =
∞∑
n=0

KnAM, (2.14)

each iteration will add up correction to the resulting H by solving the acous-

tic equation twice (forward and backward), since the forward problem lives

in the whole space where Sommerfield boundary condition is imposed, one

needs delicate methods such as perfectly matched layer (PML) to compute

the solution.
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Currently there are many numerical methods (e.g. FDM, FEM, k-

space) for solving acoustic wave equation with variable wave speed, however,

for ultrasound with frequency at several megahertz, Nyquist sampling rate is

necessary to obtain the corresponding resolution (one wave length). For FDM

or FEM, to overcome dispersive contribution from local basis, one has to put

ten points or so within one wavelength, leading to very large problem size.

2.2.3 Unknown Wave Speed

It is known that with full knowledge of wave speed c(x), the initial

pressure field H(x) can be reconstructed uniquely under reasonable assump-

tions on non-trapping condition and visibility condition. It has been shown

in [57, 60] that without full knowledge of even slowly varying ave speed c(x),

the reconstructed image will be total distorted when replacing c(x) with its

average. Thus a question rises that whether both unknowns wave speed c(x)

and initial pressure H(x) can be reconstructed simultaneously from boundary

measurement M.

Numerical reconstructions conducted in [135,137] have shown that the

simultaneous recovery is possible. However, there are still very limited litera-

tures that have explored uniqueness and stability under this topic.

When the wave speed is some constant but unknown, it is possible to

recover it in odd dimension according to Huygens’ Principle by recording the

lifetime of acoustic signals.

Theorem 2.2.3 (Uniqueness for unknown constant wave speed [57]). Assume
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Ω as unit ball B(1), let initial pressure field H be supported inside. Denote the

first and last measured acoustic signal time stamp T0 and T1. Then

c(x) =
2

T0 + T1

, (2.15)

where
T0 = inf{t > 0 | ∃y ∈ ∂Ω,M(t,y) 6= 0},

T1 = sup{t > 0 | ∃y ∈ ∂Ω,M(t,y) 6= 0}.
(2.16)

When the wave speed is variable and unknown, then under linearization

setting, it is proved that the reconstruction is unstable in Sobolev norm.

Theorem 2.2.4 (Non-existence of Sobolev stability [110]). Under lineariza-

tion (δH, δc, δM), there is no stability estimate of the type

‖δH‖Hs1 (Ω) + ‖δc‖Hs1 (Ω) ≤ C‖δM‖Hs2 ((0,T )×∂Ω), (2.17)

Recently, we come up with uniqueness and stability result for linearized

problem under certain symmetry assumption using similar technique that ap-

pears in [63,78] by temporal transform to frequency domain.

Theorem 2.2.5 (Stability of reconstruction). Consider Ω = B(1) as unit ball

in three dimension. Under linearization (δH, δc, δM), assume that background

wave speed c0 ≡ 1 and

1. in spherical coordinate, H(r, θ, φ) satisfies following condition that for

∀k ∈ R+,

A00 =

ˆ
Ω

j0(kr)H(r, θ, φ)r2 sin θdrdθdφ 6= 0, (2.18)
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2. δc is radially dependent, and

ˆ 1

0

δc(r)dr = 0. (2.19)

then (δH, δc) is uniquely determined by δM. Moreover, the stability estimate

gives ˆ ∞
0

S2(k)dk ≥ C‖δc‖L2(Ω), (2.20)

where

S(k) = −
√

2c2
0

4A00(k)π
<

(
1

kh
(1)
l (k)

ˆ
S2
p(k, θ, φ) sin θdθdφ

)
, (2.21)

In theory, more complicated perturbation δc is possible to be uniquely

determined by infinite many measurements with worse stability, but it is highly

unrealistic in practice.

2.3 Inverse Transport Problem

In this section, we assume the internal datum H is fully recovered from

the inverse source problem and we will focus on reconstruction of optical co-

efficients set (σa, σs,Ξ). Numerically speaking, radiative transport equation is

extremely difficult to solve, thus many literatures approximate the model with

diffusion equation assuming scattering is several orders higher in magnitude

than absorption, i.e. σs � σa.

By integrating the equation (2.1) over time, we obtain the steady state
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equation of radiative transport,

v · ∇u(x,v) + εσa(x)u(x,v) =
1

ε
σs(x) (Ku− u(x,v)) , in Ω× Sd−1

u(x,v) = g−(x,v), on Γ−
(2.22)

where ε is the ratio of mean-free path and domain size, K is scattering operator

that

Ku =

ˆ
Sd−1

Θ(v,v′)u(x,v′)dv′, (2.23)

Let ε → 0, (2.22) will degenerate into diffusion equation, by considering the

solution u(x,v) as

u(x,v) = u0(x,v) + εu1(x,v) + ε2u2(x,v) + · · · (2.24)

We obtain equations for coefficients of εk, k = 0, 1, 2 . . . , that

Ku0 = u0,

v · ∇u0(x,v) = σs (Ku1 − u1) ,

v · ∇u1(x,v) + σau0(x,v) = σs(Ku2 − u2),

(2.25)

which gives approximated diffusion equation [31],

−∇(D∇u0) + σau0 = 0, (2.26)

with some (Robin) boundary condition.

2.3.1 Diffusive Regime

When the reduced scattering coefficient σ′s is large, then the diffusion

coefficient D is sufficiently small and sometimes we can use Dirichlet boundary

condition to substitute the diffusion model,
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−∇ · (D∇u) + σau = 0, in Ω

u = g, on ∂Ω
(2.27)

The internal datum is H = Ξσau. The uniqueness and stability estimate of

inversion for coefficient pair (D, σa) with prior knowledge of Grüneisen param-

eter Ξ has been shown in [18] and references therein. Since diffusion equation

is closely related to Schrödinger equation by Liouville transform of variable

v =
√
Du,

∆v + qv = 0, (2.28)

with q satisfies

q = −∆
√
D√
D
− σa
D
, (2.29)

and D|∂Ω is assumed to be known in order to impose Dirichlet boundary

condition on v. The internal datum changes to H = Ξ σa√
D
v = µv. With

complex geometrical optics (CGO) technique, we are able to show uniqueness

and stability result for Schrödinger equation (2.28) provided d ≥ 3 and convert

back to the diffusion equation.

Theorem 2.3.1 (Uniqueness [18]). Assume D|∂Ω is known, let H, H̃ be the

internal data for coefficient pairs (D, σa), (D̃, σ̃a) respectively and with appro-

priate boundary conditions (gj)j=1,2, if H = H̃, then (D, σa) = (D̃, σ̃a).

Theorem 2.3.2 (Stability with multiple measurements [18]). Assume D|∂Ω is

known and k ≥ 2, let H = (H1, . . . , H2d) and H̃ = (H̃1, . . . , H̃2d) be the internal

data for coefficient pairs (D, σa) and (D̃, σ̃a) respectively and with appropriate
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boundary conditions (gj)
2d
j=1. Then there exists constant C > 0 that

‖D − D̃‖Ck(Ω) + ‖σa − σ̃a‖Ck(Ω ≤ C‖H − H̃‖(Ck+1(Ω))2d (2.30)

A more general result in [16] on reconstruction of coefficients set (D, σa,Ξ)

proves simultaneously recovery of all the coefficients is impossible. There exists

a Gauge transform that only certain equivalent class could be recovered.

Theorem 2.3.3. If one coefficient in (D, σa,Ξ) is known, then the other two

coefficients can be uniquely determined by multiple measurements.

Robin boundary condition is considered in [98], the inverse diffusion

problem shares similar uniqueness result, stability estimate with Dirichlet

boundary condition. For detailed proofs and numerical validations, one can

refer [98].

2.3.2 Transport Regime

The inverse transport problem rises from PAT is to reconstruct coeffi-

cients set (σs, σa,Ξ) from internal deposited energy datum H = ΞσaΦ.

Inverse theory of transport has been studied extensively in [12, 14, 15,

18, 26, 58, 59, 75, 79, 99, 100, 106] and references therein. Especially, we have

following uniqueness and stability estimates results upon PAT setting.

Theorem 2.3.4 (Uniqueness and stability [79]). For non-scattering setting

σs = 0, then (Ξ, σa) can be uniquely determined from internal datum (H1, H2)

generated by two source functions g1, g2 in forms of g(v)δ(x−x′) or g(x)δ(v−

v′).
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Theorem 2.3.5 (Uniqueness and stability [14, 79]). For general setting, sup-

pose we have full albedo operator A : L1(Γ−,n · v)→ L1(Ω) that

Ag = H (2.31)

then if one of coefficients (σa, σs,Ξ) is known, then the other two coefficients

can be uniquely determined and denote

E(x,x + tv) = exp(−
ˆ t

0

σt(x + sv)ds) (2.32)

then stability estimate regarding coefficient sets (Ξ, σa, σs) and (Ξ̃, σ̃a, σ̃s) w.r.t

corresponding Albedo operators gives

ˆ τ+(x,v)

0

∣∣∣Ξ(x + tv)σa(x + tv)|E(x,x + tv)− Ξ̃(x + tv)σ̃a(x + tv)|Ẽ(x,x + tv)
∣∣∣dt

≤ ‖A− Ã‖L1(Γ−,n·v)→L1(Ω

(2.33)

for any point (x,v) ∈ Γ−.

Since radiative transport equation accurately models absorption, scat-

tering and emission of particles, the corresponding efficient and accurate solvers

are very imperative for numerical reconstruction, for details on computational

schemes of RTE, one could refer [15,41–44,48,100].
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Chapter 3

Inverse Transport Problem in Quantitative

fPAT

This chapter focuses on the second step of image reconstruction in fPAT

under transport regime. The objective of this work is to study the inverse prob-

lems quantitatively and reconstruct physical parameters in a coupled system

of radiative transport equations using internal data inferred from boundary

ultrasonic signals. In this work, we not only derive uniqueness results and

stability estimates but developing efficient algorithms for image reconstruc-

tion. Numerical simulations with synthetic data are presented for validation

of theoretical analysis. Part of this work is published in [99]1.

3.1 Introduction

Fluorescence photoacoustic tomography (fPAT) is a molecular level

PAT-based imaging technique which uses light-absorbing fluorescent biochem-

ical markers as contrast agents to enhance light penetration depth and spatial

resolution for deep tissue imaging. The markers are injected into biological

1See K.Ren, R.Zhang, Y.Zhong, Inverse transport problems in quantitative PAT for
molecular imaging, Inverse Problems, 31(2015), 125012. Personal contributions include
partial analysis of stability and framework of numerical implementation.
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bodies and accumulate on targeted tissues (e.g. breast tumor), when illumi-

nated by external near infrared (NIR) laser pulse at a specific wavelength λx,

upon excitation, the markers will emit NIR light pulse at another wavelength

λm (usually λm > λx). Assuming the time separation between illumination

and excitation is negligible, both of the light energies from external light and

fluorescent biochemical markers will generate ultrasonic waves by photoacous-

tic effect just as in regular PAT process. Measurements are then taken over

the boundary of the fPAT region and one attempts to infer information such

as spatial concentration and quantum efficiency of the biochemical markers.

In fPAT, the propagations of external and fluorescent NIR light inside

biological body are accurately described by radiative transport equation. Let

Ω ⊂ Rd(d ≥ 2) be the domain of interest (e.g. biological tissue) with smooth

boundary ∂Ω and Sd−1 be unit sphere in Rd. Let X = Ω × Sd−1 be the

phase space and Γ± = {(x,v) ∈ ∂Ω × Sd−1| ± n(x) · v > 0} are incoming

and outgoing boundary sets. Under steady-state setting, we denote ux(x,v)

and um(x,v) as the density of radiation energy at excitation and emission

wavelengths respectively, at location x, moving in unit direction v. Then

ux(x,v) and um(x,v) satisfy following coupled system of radiative transport

equations

v · ∇ux + (σa,x + σs,x)ux = σs,xKΘ(ux), in X

v · ∇um + (σa,m + σs,m)um = σs,mKΘ(um) + ησa,xfKI(ux), in X

ux(x,v) = gx(x,v), um(x,v) = 0, on Γ−

(3.1)

where subscripts x and m denote the quantities at excitation and emission
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wavelengths respectively. The spatial coefficients σa,x and σs,x (resp. σa,m and

σs,m) are respectively the absorption and scattering coefficients at wavelength

λx (resp. λm). The scattering operator KΘ and averaging operator (radiation

fluence) KI are defined respectively as

KΘ(ux)(x,v) =

ˆ
Sd−1

Θ(v,v′)ux(x,v
′)dv′,

KI(ux)(x,v) =

ˆ
Sd−1

ux(x,v)dv,

(3.2)

the scattering phase function Θ(v,v′) is the probability that a photon moving

in direction v′ is scattered into v. The total absorption coefficient at excita-

tion wavelength σa,x consists of two parts σa,x = σa,xi + σa,xf where σa,xi from

the intrinsic tissue chromophores and σa,xf from fluorophores of biochemi-

cal markers. The absorption coefficient σa,xf is proportional to the spatial

concentrat ion ρ(x) and the extinction coefficient ε(x) of the fluorophores,

i.e. σa,xf = ε(x)ρ(x). The coefficient η(x) is the quantum efficiency of flu-

orophores. Both coefficients σa,xf and η are important quantities associated

with the biochemical markers.

The radiation energy absorbed by the biological body and the biochem-

ical markers consists of two components. The first part is from the excitation

photons, which is represented as σa,xKI(ux). The second part is from emission

photons, which can be written as σa,mKI(um). Therefore, the initial pressure

field generated by photoacoustic effect is

H(x) = Ξ(x)
[(
σa,x(x)− η(x)σa,xf (x)

)
KI(ux)(x) + σa,m(x)KI(um)(x)

]
,

= Ξ(x)
(
σηa,x(x)KI(ux)(x) + σa,m(x)KI(um)(x)

)
,

(3.3)
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where Ξ is the dimensionless Grüneisen coefficient which measures the effi-

ciency of photoacoustic effect, σηa,x is the short notation for σa,xi+(1−η)σa,xf .

Since a portion of energy, i.e. ησa,xfKI(ux) is used to excite biochemical

markers to generate fluorescences, we have to subtract this part from the total

energy.

The initial pressure field H evolves in space and time, satisfying follow-

ing acoustic wave equation [18,38,109],

1

c2(x)

∂2p

∂t2
−∆p = 0, in R+ × Rd

p(0,x) = H,
∂p

∂t
(0,x) = 0, in Rd

(3.4)

where c(x) is the ultrasound speed. Notice that the wave equation actually

sits in the whole space, but we are measuring the ultrasonic signals to wave

equation (3.4) on the surface of domain, p|(0,T )×∂Ω, where T is some large

enough time elapse.

Here we refer interested readers to [101] for more discussions on math-

ematical modeling for fPAT, some computational and experimental results are

found in [22, 93, 94, 119, 123], and for recent progress, one can refer [6, 10, 46,

72,88,107] and references therein.

Image reconstruction in fPAT usually consists of two steps as in regular

PAT. First step recovers internal deposited energy H from boundary acoustic

data. We assume this step has been done with methods introduced in [4,9,23,

27,38,51,52,56,63,69,92,109] and we are given full internal datum H in (3.3).
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Moreover, we also assume that

(A-i) Grüneisen coefficient Ξ as well as absorption and scattering coef-

ficients of medium at excitation wavelength, (σa,xi, σs,x) have been

known from other imaging techniques such as multi-spectral method [17,

79] before fPAT.

(A-ii) the absorption and scattering coefficients at emission wavelength,

(σa,m, σs,m), are also recovered by other imaging methods [7, 14, 16–

18,28,40,79,91].

therefore, our main objective is to reconstruct the quantum efficiency η and

the fluorescence absorption coefficient σa,xf in (3.1).

Under diffusive regime, some quantitative results such as uniqueness

and stability estimates are proved for continuous-wave (CW) measurements,

where fluorescence lifetime distribution information is lost [101]. However, for

transport regime, the uniqueness and stability are less studied, in this work,

we will present the theoretical results as well as numerical validation based on

synthetic data.

Also let us remark on a couple of issues regarding the practical relevance

of the current work. First of all, in many practical applications, it is preferable

to use contrast agents that do not emit photons after absorbing incoming

excitation photons. In other words, the biochemical markers have quantum

efficiency η = 0. In this case, the second equation in (3.1) drops out of
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the transport system, and the terms involve η and um all drop out from the

datum (3.3). We are therefore back to the same mathematical problem as

in a regular quantitative PAT process. The theory of the reconstruction in

this case is covered in Theorem 3.3.2 of our results. Our results in this paper

are in fact more general in the sense that we can deal with the general case

of non-negligible quantum efficiency, that is η � 0. When η � 0, we have

to take into account the impact of the emitted fluorescence photons in the

reconstruction process. Neglecting this impact in the model would certainly

introduce errors in the images reconstructed. The second issue we need to

address is the difference between the work we have here and the theory on

the same problem that have been developed in the diffusive regime [101]. It

is generally believed that the radiative transport equation is a more accurate

model than the diffusion equation to describe the propagation of NIR photons

in biological tissues [11,97], even though it is more complicated to theoretically

analyze and numerically solve. Our analysis in this paper is useful when the

diffusion approximation to the radiative transport equation breaks down, for

instance in media of small volumes but large mean free paths. Optical imaging

of small animals [54], for instance, is one of such biomedical applications for

our work here.

The rest of this chapter is organized as follows. In Section 3.2, we will

present some general properties of the inverse transport. Then in Section 3.3,

we mainly analyze the uniqueness and stability issues for fPAT under trans-

port equation setting for single coefficient recovery and derive corresponding
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uniqueness and stability estimate results. In Section 3.4, we study the prob-

lem of simultaneous reconstruction of two coefficients, mainly in linearized

setting. In Section 3.5 we present numerical simulation to validate our theory

and algorithm. Finally, conclusions and future works are provide in Section

3.6.

3.2 General Properties of Inverse Transport

In this section, we will review some general properties of the inverse

transport problem of reconstructing η(x) and (or) σa,xf (x) in (3.1) from datum

(3.3).

Definition 3.2.1. For space X = Ω×Sd−1, denote Lp(X),Hp
1(X) be Lebesgue

spaces of real-valued functions that

Lp(X) = {f |
ˆ
X

fp(x)dx <∞},

H1
p(X) = {f ∈ Lp(X) |v · ∇f ∈ Lp(X)},

(3.5)

and let Lp(Γ−) be

Lp(Γ−) = {f ∈ H1
p(X) | ‖f‖Lp(Γ−) <∞}, (3.6)

where ‖ · ‖Lp(Γ−) is defined

‖f‖Lp(Γ−) =

(ˆ
Γ−

|f |p|n(x) · v|dµ(x,v)

)1/p

. (3.7)

To avoid possible confusion between Sobolev space W 1,p = H1
p and

H1
p(X) from above, we use W 1,p to represent Sobolev space H1

p . It is well-

known that H1
p(X) and Lp(X) are well-defined. Besides assumptions in (A-i),

(A-ii), we also assume that
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(A-iii) The domain Ω is simply-connected with C2 boundary ∂Ω. The op-

tical coefficients satisfy

0 < ζ1 ≤ σa,xi, σs,x, σa,m, σs,m ≤ ζ2 <∞, (3.8)

for some positive constants ζ1, ζ2. The unknown coefficients (η, σa,xf )

belongs to some admissible class

A = {(η, σa,xf ) | 0 < ζ3 ≤ η < ζ4 ≤ 1, 0 < ζ5 ≤ σa,xf ≤ ζ6 <∞}

(3.9)

for some positive constants ζ3, ζ4, ζ5, ζ6. The scattering phase func-

tion Θ is symmetric, bounded and normalized that

Θ(v,v′) = Θ(v′,v), 0 < ζ7 ≤ Θ(v,v′) ≤ ζ8 <∞, ∀v,v′ ∈ Sd−1

ˆ
Sd−1

Θ(v,v′)dv′ =

ˆ
Sd−1

Θ(v′,v)dv′ = 1, ∀v ∈ Sd−1,

(3.10)

for some positive constants ζ7, ζ8. The illumination source gx(x,v)

satisfies 0 ≤ ζ9 ≤ gx(x,v) for some ζ9.

Definition 3.2.2. As for simplicity, we define � in following context. Denote

f � g, if there is a constant c(Ω, ζj), 1 ≤ j ≤ 9 such that

f ≤ cg (3.11)

it is obvious that � is translative.

With above assumptions, it is straightforward to see, following standard

results in [2, 31], that (3.1) admits unique solution.
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Lemma 3.2.1. Let p ≥ 1 and assume (A-iii) holds. Then for any given

function gx(x,v) ∈ Lp(Γ−), there exists a unique solution (ux, um) ∈ H1
p(X)×

H1
p(X) to the coupled system (3.1). Moreover, the following bound holds,

‖ux‖Lp(X) + ‖um‖Lp(X) � ‖gx‖Lp(Γ−), (3.12)

Proof. When the assumptions are satisfied, it follows directly from standard

transport theory [2,31] that the first transport equation admits a unique solu-

tion ux ∈ H1
p(X) that ‖ux‖Lp(X) � ‖gx‖Lp(Γ−). By the same argument, the sec-

ond equation admits a unique solution that ‖um‖Lp(X) � ‖ησa,xfKI(ux)‖Lp(Ω) �

‖ux‖Lp(X) � ‖gx‖Lp(Γ−).

Proposition 3.2.2. Let p ≥ 1 and assume (A-iii) holds. Then for any given

function gx(x,v) ∈ Lp(Γ−), the datum H defined in (3.3) as a mapping that

H : L∞(Ω)× L∞(Ω)→ Lp(Ω).

H(η, σa,xf ) = Ξ
(
σηa,xKI(ux) + σa,mKI(um)

)
, (3.13)

is Fréchet differentiable at any (η, σa,xf ) ∈ A in the direction (δη, δσa,xf ) ∈

L∞(Ω)×L∞(Ω) and (η+δη, σa,xf+δσa,xf ) ∈ A. The derivative ∂H at (η, σa,xf )

is given by

∂H[η, σa,xf ](δη, δσa,xf ) =

Ξ
(
(−δησa,xf + (1− η)δσa,xf )KI(ux) + σηa,xKI(vx) + σa,mKI(vm)

)
(3.14)
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where (vx, vm) ∈ H1
p(X)×H1

p(X) is the unique solution to

v · ∇vx + σt,xvx = σs,xKΘ(vx)− δσa,xfux, in X

v · ∇vm + σt,mvm = σs,mKΘ(vm) + ησa,xfKI(vx) + δ(ησa,xf )KI(ux), in X

vx(x,v) = 0, um(x,v) = 0, on Γ−
(3.15)

where σt,x = σa,x + σs,x, σt,m = σa,m + σs,m and δ(ησa,xf ) = ηδσa,xf + δησa,xf .

Proof. Let η̃ = η+ δη, σ̃a,xf = σa,xf + δσa,xf , and define difference ∆(ησa,xf ) =

η̃σ̃a,xf−ησa,xf . We denote by (ũx, ũm) the solution to (3.1) with the coefficients

(η̃, σ̃a,xf ) and H̃ the corresponding datum. It is straightforward to verify that

(u′x, u
′
m) ≡ (ũx−ux, ũm−um) solves the following system of transport equations

that

v · ∇u′x + σt,xu
′
x = σs,xKΘ(u′x)− δσa,xf ũx, in X

v · ∇u′m + σt,mu
′
m = σs,mKΘ(u′m) + ησa,xfKI(u

′
x) + F (x), in X

u′x(x,v) = 0, u′m(x,v) = 0, on Γ−

(3.16)

with F (x) = ∆(ησa,x)KI(ũx). And (u′′x, u
′′
m) ≡ (u′x − vx, u′m − vm) solves the

following system,

v · ∇u′′x + σt,xu
′′
x = σs,xKΘ(u′′x)− δσa,xfu′x, in X

v · ∇u′′m + σt,mu
′′
m = σs,mKΘ(u′′m) + ησa,xfKI(u

′′
x) +G(x), in X

u′′x(x,v) = 0, u′′m(x,v) = 0, on Γ−

(3.17)

with G(x) = ∆(ησa,xf )KI(u
′
x) + δηδσa,xfKI(ux).

With the assumptions on the coefficients and the illumination source

gx, we conclude that (ux, um) ∈ H1
p(X) × H1

p(X) and (ũx, ũm) ∈ H1
p(X) ×
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H1
p(X) [2, 31]. This implies that F ∈ Lp(Ω) and

‖F‖Lp(Ω) = ‖(ηδσa,x + δησa,xf + δηδσa,xf )KI(ũx)‖Lp(Ω)

� (‖̃δη‖L∞(Ω) + ‖δσa,xf‖L∞(Ω) + ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω))‖ũx‖Lp(X)

� (‖δη‖L∞(Ω) + ‖δσa,xf‖L∞(Ω) + ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω))‖gx‖Lp(Γ−),
(3.18)

Following the same argument as in Lemma 3.2.1 we conclude that (3.16) admits

a unique solution (u′x, u
′
m) ∈ H1

p(X)×H1
p(X) that satisfies

‖u′x‖Lp(X) � ‖δσa,xf ũx‖Lp(X) � ‖δσa,xf‖L∞(Ω)‖ũx‖Lp(X) � ‖δσa,xf‖L∞(Ω)‖gx‖Lp(Γ−),

(3.19)

and

‖u′m‖Lp(X) �
(
‖ησa,xfKI(u

′
x)‖Lp(Ω) + ‖F‖Lp(Ω)

)
�
(
‖u′x‖Lp(X) + ‖F‖Lp(Ω)

)
� (‖δη‖L∞(Ω) + ‖δσa,xf‖L∞(Ω) + ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω))‖gx‖Lp(Γ−).

(3.20)

Therefore we have G ∈ Lp(Ω) and the bound

‖G‖Lp(Ω) ≤ ‖(ηδσa,x + δησa,xf + δηδσa,xf )KI(u
′
x)‖Lp(Ω) + ‖δηδσa,xfKI(ux)‖Lp(Ω)

� (‖δη‖L∞(Ω) + ‖δσa,xf‖L∞(Ω) + ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω))‖δσa,xf‖L∞(Ω)‖gx‖Lp(Γ−),

because of

‖δηδσa,xfKI(ux)‖Lp(Ω) � ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω)‖ux‖Lp(X). (3.21)

We then deduce, in the same manner as above, that (3.17) admits a unique

solution (u′′x, u
′′
m) that satisfies

‖u′′x‖Lp(X) � ‖δσa,xfu′x‖Lp(Ω) � ‖δσa,xf‖L∞(Ω)‖u′x‖Lp(X) � ‖δσa,xf‖2
L∞(Ω)‖gx‖Lp(Γ−),

(3.22)
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and

‖u′′m‖Lp(X) ≤ ‖ησa,xfKI(u
′′
x)‖Lp(Ω) + ‖G‖Lp(Ω) � ‖u′′x‖Lp(X) + ‖G‖Lp(Ω)

� (‖δη‖L∞(Ω) + ‖δσa,xf‖L∞(Ω) + ‖δη‖L∞(Ω)‖δσa,xf‖L∞(Ω))‖δσa,xf‖L∞(Ω)‖gx‖Lp(Γ−).
(3.23)

The estimates (3.22) and (3.23) show that (ux, um) is Fréchet differentiable

with respect to η and σa,xf as a map: L∞(Ω) × L∞(Ω) 7→ Lp(Ω) × Lp(Ω)

(p ∈ [1,∞]). Note that ux is independent of η, so its derivative with respect

to η is zero, as can be seen from (3.22).

The differentiability of H with respect to (η, σa,xf ) then follows from

the chain rule and the fact that σηa,x is differentiable with respect to (η, σa,xf ).

Alternatively, it can also be seen easily from the bounds (3.19), (3.22), (3.23)

and the following algebraic calculation:

H[η̃, σ̃a,xf ]−H[η, σa,xf ]− ∂H[η, σa,xf ](δη, δσa,xf )

= Ξ
[
σηa,xKI(u

′′
x)+σa,mKI(u

′′
m)+(δσa,xf−∆(ησa,x)KI(u

′
x)−δηδσa,xfKI(ux)

]
.

(3.24)

This completes the proof.

We will study the Born approximation, i.e. linearization, of the inverse

transport problem of fPAT in Section 3.4. The above result justifies the lin-

earization process. To compute the partial derivative w.r.t η (resp. σa,xf ),

denoted by ∂Hη[η, σa,xf ] (resp. ∂Hσ[η, σa,xf ]), we simply set δσa,xf = 0 (resp.

δη = 0) in (3.14). It is straightforward to check that

∂Hη[η, σa,xf ](δη)

Ξσa,xfKI(ux)
= −δη +

σa,m
σa,xfKI(ux)

KI(vm), (3.25)
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with vm ∈ H1
p(X) the unique solution to

v · vm + σt,mvm = σs,mKΘ(vm) + δησa,xfKI(ux), in X

vm(x,v) = 0, on Γ−
(3.26)

and

∂Hσ[η, σa,xf ](δσa,xf )

Ξ(1− η)KI(ux)
= δσa,xf +

σηa,x
(1− η)KI(ux)

KI(vx) +
σa,m

(1− η)KI(ux)
KI(vm)

(3.27)

with (vx, vm) ∈ H1
p(X)×H1

p(X) be the unique solution to

v · ∇vx + σt,xvx = σs,xKΘ(vx)− δσa,xfux, in X

v · ∇vm + σt,mvm = σs,mKΘ(vm) + ησa,xfKI(vx) + ηδσa,xfKI(ux), in X

vx(x,v) = 0, um(x,v) = 0, on Γ−.
(3.28)

The following result is a standard application of the averaging lemma [31, 47,

82]. It will be useful in Section 3.4.

Lemma 3.2.3. Assume that (A-iii) holds. Let gx(x,v) ∈ L∞(Γ−) be such

that KI(ux) ≥ c > 0 for some constant c. Then the rescaled linearized data

∂Hσ [η,σa,xf ](δσa,xf )

ΞKI(ux)
: L2(Ω) → L2(Ω), viewed as the linear operator is Fredholm.

The same is true for
∂Hη [η,σa,xf ](δη)

Ξσa,xfKI(ux)
if the background coefficient σa,xf ≥ c̃ > 0

for some constant c̃.

Proof. Let us denote by Sz(z ∈ {x,m}) be the solution operator of the trans-

port equation with coefficients σa,z, σss, z and vacuum boundary condition, i.e.

wz = Sz(f) with wz the solution to

v · ∇wz + σt,zwz − σs,zKΘ(wz) = f, in X

wz = 0, on Γ−.
(3.29)
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We can then write KI(vx) and KI(vm) in (3.29) respectively as

KI(vx) = −Λx(δσa,xf ) and KI(vm) = −Λmx(δa,xf ) + Λm(ηδσa,xf ), (3.30)

where the operators Λx,Λm and Λmx are defined as

Λx(δσa,xf ) = KI (Sx(uxδσa,xf )) ,

Λm(δσa,xf ) = KI (Sm(KI(ux)δσa,xf )) ,

Λmx(δσa,xf ) = KI (Sm(ησa,xf )KI(Sx(uxδσa,xf )) .

(3.31)

Following the averaging lemma [31, 47, 82] and the compact embedding of

W 1/2,2(Ω) to L2(Ω), we conclude that KI : L2(X) → L2(Ω) is compact. Due

to the boundedness of ux (and therefore KI(ux)), η and σa,xf , both Sx and Sm

are compact as operators from L2(Ω) to L2(X) with previous assumptions in

(A-iii). Hence, Λx,Λm and Λmx are all compact operators on L2(Ω). Therefore

we obtain
∂Hσ [η,σa,xf ](δσa,xf )

ΞKI(ux)
as an operator can be represented as (1− η)I +K

with K compact. Therefore it is Fredholm. The same argument works for

∂Hη [η,σa,xf ](δη)

Ξσa,xfKI(ux)
.

3.3 Reconstruction of Single Coefficient

In this section, we consider the reconstruction of one of the two coef-

ficients of interests, assuming the other is known. We start with the recon-

struction of quantum efficiency η.
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3.3.1 The Reconstruction of η

Assume now that the fluorescence absorption coefficient σa,xf is known

and we are interested in reconstructing only η. This is a linear inverse source

problem. We can derive the following stability result on the reconstruction.

Theorem 3.3.1. Let p ≥ 1 and the source gx ∈ Lp(Γ−) be such that the

transport solution ux to (3.1) satisfies KI(ux) ≥ c > 0 for any η, σa,xf ∈ A.

Let H and H̃ be two data sets generated with coefficients (η, σa,xf ) and (η̃, σa,xf )

respectively. Then H = H̃ a.e. implies η = η̃ a.e.. Moreover, the following

stability estimate holds,

c‖H − H̃‖Lp(Ω) ≤ ‖(η − η̃)σa,xfKI(ux)‖Lp(Ω) ≤ C‖H − H̃‖Lp(Ω), (3.32)

where the constants c and C depend on Ω and the coefficients σa,xi, σa,m, σs,x, σs,m

and Ξ.

Proof. Let (ux, um) and (ũx, ũm) be solutions to the coupled transport sys-

tem (3.1) with coefficients (η, σa,xf ) and (η̃, σa,xf ) respectively. We notice im-

mediately that ux = ũx. Define wm = um − ũm. We then verify that

(H − H̃)/Ξ = −(η − η̃)σa,xfKI(ux) + σa,mKI(wm) (3.33)

This leads to the bound

‖H−H̃‖Lp(Ω) ≤ c1‖(η− η̃)σa,xfKI(ux)‖Lp(Ω) +c2(σa,m)‖KI(wm)‖Lp(Ω). (3.34)

and the bound

‖(η − η̃)σa,xfKI(ux)‖Lp(Ω) ≤ c̃1(Ξ)‖H − H̃‖Lp(Ω) + c̃2(σa,m)‖KI(wm)‖Lp(Ω),

(3.35)
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We check also that wm solves the transport equation

v · ∇wm + (σa,m + σs,m)wm = σs,mKΘ(wm) + (η − η̃)σa,xfKI(ux), in X

wm(x,v) = 0, on Γ−.
(3.36)

It then follows from classical results in transport theory [2,31] that this equa-

tion admits a unique solution wm ∈ H1
p(X) that satisfies the following stability

estimate

‖wm‖Lp(X) ≤ c3(Ω, σa,m, σs,m,Ξ)‖(η − η̃)σa,xfKI(ux)‖Lp(Ω). (3.37)

The left bound in (3.32) then follows from (3.34) and (3.37).

To derive the right bound in (3.32), we replace the last term in the

transport equation (3.36) with σa,mKI(wm)− (H − H̃)/Ξ to get

v · ∇wm + (σa,m + σs,m)wm = σa,mKI(wm) + σs,mKΘ(wm)− H − H̃
Ξ

, in X

wm(x,v) = 0, on Γ−.
(3.38)

We define Θ̃(x,v,v′) = σa,m
σa,m+σs,m

+ σs,m
σa,m+σs,m

Θ. It is straightforward to verify

that Θ̃ is symmetric and normalized in the sense of (3.10). We can then rewrite

the above transport equation as

v · ∇wm + (σa,m + σs,m)wm = (σa,m + σs,m)KΘ̃(wm)− H − H̃
Ξ

, in X

wm(x,v) = 0, on Γ−.
(3.39)

This is a transport equation for a conservative medium. Due to the fact that Ω

is bounded, classical results in transport theory (see for instance [31, Theorem
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1 on page 337]) then concludes that the equation admits a unique solution

wm ∈ H1
p(X). Moreover, we have the stability estimate

‖wm‖Lp(X) ≤ c4(Ω, σa,m, σs,m,Ξ)‖H − H̃‖Lp(Ω) (3.40)

The right bound in (3.32) then follows from (3.35) and (3.40). The uniqueness

of the reconstruction then follows from the fact that H = H̃ implies wm = 0

from (3.39), which then implies η = η̃ from (3.33).

Note that the bound in (3.32) is weighted in the sense that it is on

(η− η̃)KI(ux) not directly on (η− η̃). This means that if KI(ux) is too small,

it is very hard to reconstruct accurately η.

The proof of the above stability result is constructive in the sense that

it provides an explicit reconstruction procedure for the recovery of η. We now

summarize the procedure in the following algorithm.

Reconstruction Algorithm I.

S1. Given σa,xf , solve the first transport equation in (3.1) with the boundary

condition gx for ux;

S2. Evaluate the function q(x) = σa,xKI(ux)− H
Ξ

;

S3. Solve the following transport equation for um:

v · ∇um + (σa,m + σs,m)um = (σa,m + σs,m)KΘ̃(um) + q(x), in X

um(x,v) = 0, on Γ−.
(3.41)
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S4. Reconstruct η as −
(H

Ξ
− σa,xKI(ux)− σa,mKI(um)

)
/(σa,xfKI(ux)).

This is a direct reconstruction algorithm in the sense that it does not involve

any iteration on the the unknown coefficient. The algorithm is very efficient

since it requires solving the transport equation (3.41) only once.

Remark 3.3.1. Thanks to the fact that the problem of reconstructing η given

σa,xf is linear, we can easily verify that the same type of uniqueness and sta-

bility results in Theorem 3.3.1 hold for the linearized problem of reconstructing

η defined in (3.25) and (3.26). Moreover, the above reconstruction algorithm

works in exactly the same manner in the linearized setting.

3.3.2 The Reconstruction of σa,xf

We now assume that we know η and aim at reconstructing σa,xf . In

this case, we can show the following result.

Theorem 3.3.2. Let gx ∈ Lp(Γ−) (p ∈ [1,∞]) be such that the solution ux to

the transport system (3.1) satisfies ux = KI(ux) ≥ c̃ > 0 for any coefficient

pair (η, σa,xf ) ∈ A. Let H and H̃ be data sets generated with coefficient pairs

(η, σa,xf ) and (η, σ̃a,xf ) respectively. Then H = H̃ a.e. implies σa,xf = σ̃a,xf

a.e.. Moreover, the following bound holds,

c‖H − H̃‖Lp(Ω) ≤ ‖(σa,xf − σ̃a,xf )KI(ux)‖Lp(Ω) ≤ C‖H − H̃‖Lp(Ω), (3.42)

with c and C depending on Ω, σa,xi, σa,m, σs,x, σs,m, η and Ξ.
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Proof. Let (ux, um) and ũx, ũm be solutions to the coupled transport system

(3.1) with coefficients (η, σa,xf ) and (η, σ̃a,xf ) respectively. Define wx = ux− ũx

and wm = um − ũm. Then we have

H − H̃
Ξ

= σ̃ηa,xKI(wx) + σa,mKI(wm) + (1− η)(σa,xf − σ̃a,xf )KI(ux). (3.43)

This gives the bound of

‖H−H̃‖Lp(Ω) � ‖KI(wx)‖Lp(Ω) +‖KI(wm)‖Lp(Ω) +‖(σa,xf−σ̃a,xf )KI(ux)‖Lp(Ω),

(3.44)

and the bound of

‖(σa,xf−σ̃a,xf )KI(ux)‖Lp(Ω) � ‖H−H̃‖Lp(Ω) +‖KI(wx)‖Lp(Ω) +‖KI(wm)‖Lp(Ω).

(3.45)

We now verify that perturbation (wx, wm) solves the following transport sys-

tem:

v · ∇wx + σ̃t,xwx = σs,xKΘ(wx)− (σa.xf − σ̃a,xf )ux, in X

v · ∇wm + σt,mwm = σs,mKΘ(wm) + ησ̃a,xfKI(wx) + η(σa,xf − σ̃a,xf )KI(ux), in X

wx(x,v) = 0, wm(x,v) = 0, on Γ−
(3.46)

where σ̃t,x = σa,xi + σ̃a,xf + σs,m. We then deduce, following similar procedure

as in the proof of Proposition 3.2.2,

‖wx‖Lp(X) + ‖wm‖Lp(X) � ‖(σa,xf − σ̃a,xf )KI(ux)‖Lp(Ω), (3.47)

then the left bound in the theorem comes from (3.47) and (3.44).
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To derive the right bound, we use (3.43) to eliminate dependence on

(σa,xf − σ̃a,xf ) in the transport system (3.46),

v · ∇wx + σ̃t,xwx = σs,xKΘ(wx) + σ′s,xKI(wx) + σ′s,xmKI(wm)− (H − H̃)ux
Ξ(1− η)KI(ux)

, in X

v · ∇wm + σt,mwm = σs,mKΘ(wm)− σ′s,mKI(wm)− σ′s,mxKI(wx) +
(H − H̃)η

Ξ(1− η)
, in X

wx(x,v) = 0, wm(x,v) = 0, on Γ−
(3.48)

where σ′s,x =
σ̃ηa,xux

(1−η)KI(ux)
, σs,xm = σa,mux

(1−η)KI(ux)
, σ′s,m = ησa,m

1−η and σ′s,mx =
ησa,xi
1−η .

To rewrite the system in standard form, we perform the change of variable

wx → −wx, then we have

v · ∇wx + σ̃t,xwx + σ′s,xmKI(wm) = σs,xKΘ(wx) + σ′s,xKI(wx) +
(H − H̃)ux

Ξ(1− η)KI(ux)
, in X

v · ∇wm + σt,mwm + σ′s,mKI(wm) = σs,mKΘ(wm) + σ′s,mxKI(wx) +
(H − H̃)η

Ξ(1− η)
, in X

wx(x,v) = 0, wm(x,v) = 0, on Γ−
(3.49)

With the assumption on gx, the coefficients σ′s,x, σ
′
s,xm, σs,m and σ′s,mx are

all positive. We check also, after using the assumption ux = KI(ux), that

∆1 = σ̃t,x+σ′s,xm−σs,x−σ′s,x = σ̃a,x+(σa,m−σ̃ηa,x)/(1−η) and ∆2 = σt,m+σ′s,m−

σs,m−σ′s,mx = (σa,m− ησa,xi)/(1− η). The conditions in Theorem 3.3.2 ensure

that ∆1,∆2 ≥ c′ > 0 for some c′. We can therefore combine the techniques

in [49, 112, 113, 126], to show that the system (3.49) admits a unique solution

(wx, wm) that satisfies

‖wx‖Lp(X) + ‖wm‖Lp(X) � ‖H − H̃‖Lp(Ω). (3.50)
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We can now combine the results from above to obtain the right bound in (3.42).

The uniqueness results follows from the fact that (3.49) only admits trivial

solution (wx, wm) = (0, 0) when H = H̃.

Linearized Case. Unlike in the case of reconstructing η, the above proof is

not constructive since the unknown coefficient σa,xf shows up in the transport

system (3.49). Therefore, the proof does not provide directly a reconstruction

algorithm. For numerical reconstructions in this nonlinear setting, we use

the optimization-based algorithm in Section 3.4.4. If we consider the same

problem in linearized setting, we can indeed derive an explicit reconstruction

procedure. To do that, we replace the δσa,xf in (3.28) with its expression given

in the linearized datum (3.27) to get the following system:

v · ∇vx + σt,xvx + σ′s,xmKI(vm) = σs,xKΘ(vx) + σ′s,xKI(vx)−
uxH

′
σ

(1− η)ΞKI(ux)
, in X

v · ∇vm + σt,mvm + σ′s,mKI(vm) = σs,mKΘ(vm) + σ′s,mxKI(vx) +
ηH ′σ

(1− η)Ξ
, in X

vx(x,v) = 0, vm(x,v) = 0, on Γ−
(3.51)

where we have performed the change of variable vx → −vx, and the coefficient

σ′s,x =
σηa,xux

(1−η)KI(ux)
, while the coefficients σ′s,xm, σ′s,m, and σ′s,mx are defined as

in (3.48). This system does not contain the unknown coefficient δσa,xf . It can

be solved for (vx, vm). We can then reconstruct δσa,xf following (3.27). The

reconstruction procedure can be summarized into the following reconstruction

algorithm.

Reconstruction Algorithm II.
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S1. Given the background coefficient σa,xf , solve the first transport equation

in (3.1) with the boundary condition gx for ux (and therefore KI(ux));

S2. Evaluate the coefficients σ′s,x, σ
′
s,xm, σ′s,m and σ′s,mx;

S3. Solve the transport system (3.51) for (vx, vm) and perform the transform

(−vx, vm)→ (vx, vm);

S4. Reconstruct δσa,xf as
[H ′σ

Ξ
−σηa,xKI(vx)−σa,mKI(vm)

]
/
[
(1− η)KI(ux)

]
.

Following the control theory for transport equations developed in [1,3,64], we

can show, under reasonable assumptions, the existence of sources gx such that

ux = KI(ux) holds for each pair (η, σa,xf ) ∈ A. Such sources, however, might

be complicated, for instance we might need to solve a control problem, to con-

struct in practical applications. The usefulness of Reconstruction Algorithm II

is therefore limited by this fact. Note that in applications where the medium is

scattering-free, see for instance discussions in [34,79], this algorithm is indeed

very useful since there are many ways to construct illuminations sources to

have ux = KI(ux).

3.4 Simultaneous Reconstruction of Two Coefficients

We now consider the problem of simultaneous reconstruction of the

quantum efficiency and the fluorescence absorption coefficient. We start with

the linearized case.
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3.4.1 Linearization around (η, σa,xf ) = (0, 0)

We first consider the special case where both coefficients are small. In

this case the product of the coefficient is small so that generation of fluo-

rescence is very small and can be neglected. Therefore, the system involves

only the light at the excitation wavelength. The QfPAT problem reduces to

the usual quantitative PAT problem. To be precise, we linearize the problem

around the background (η, σa,xf ) = (0, 0). Then the second transport equation

in (3.15) has the solution vm = 0. Therefore, the datum (3.14) simplifies to

1

Ξ
H ′[0, 0](δη, δσa,xf ) = δσa,xfKI(ux) + σa,xiKI(vx), (3.52)

and the first transport equation in system (3.15) simplifies to

v · ∇vx + (σa,xi + σs,x)vx = σs,xKΘ(vx)− δσa,xfux, in X

vx(x,v) = 0, on Γ−.
(3.53)

We observe that δη does not appear in the datum (3.52) or the equation (3.53).

Therefore, it can not be reconstructed in this setting. We can show the fol-

lowing result.

Proposition 3.4.1. Let ux be the solution to the first transport equation

in (3.1) with σa,xf = 0. Let gx ∈ Lp(Γ−) (p ∈ [1,∞]) be such that ux =

KI(ux) ≥ c̃ > 0. Denote by H ′[0, 0] and H̃ ′[0, 0] the perturbed data sets in

the form of (3.52), generated with perturbed coefficients (δη, δσa,xf) and (δ̃η,

δ̃σa,xf) respectively. Then H ′[0, 0] = H̃ ′[0, 0] a.e. implies δσa,xf = δ̃σa,xf a.e..
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In addition, we have,

c‖H ′[0, 0]−H̃ ′[0, 0]‖Lp(Ω) ≤ ‖(δσa,xf−δ̃σx,f )KI(ux)‖Lp(Ω) ≤ C‖H ′[0, 0]−H̃ ′[0, 0]‖Lp(Ω),

(3.54)

with c and C constants that depend on Ω, Ξ, σa,xi and σs,x.

Proof. The datum (3.52) implies directly that

‖H ′[0, 0]− H̃ ′[0, 0]‖Lp(Ω) ≤ c1‖(δσa,xf − δ̃σa,xf )KI(ux)‖Lp(Ω) + c2‖vx− ṽx‖Lp(X),

(3.55)

and

‖(δσa,xf − δ̃σa,xf )KI(ux)‖Lp(Ω) ≤ c′1‖H ′[0, 0]− H̃ ′[0, 0]‖Lp(Ω) + c′2‖vx− ṽx‖Lp(X),

(3.56)

with the constants depend on Ω, σa,xi and Ξ.

With the assumptions in the theorem, we deduce from the transport

equation (3.53) that

‖vx − ṽx‖Lp(Ω) ≤ c3‖(δσa,xf − δ̃σa,xf )KI(ux)‖Lp(Ω). (3.57)

The left bound in (3.54) then follows from (3.55) and (3.57). To get the

right bound in (3.54), we use the datum (3.52), and the assumption that

ux = KI(ux), to rewrite (3.53) as

v · ∇vx + (σa,xi + σs,x)vx = σs,xKΘ(vx) + σa,xiKI(vx)− H′[0,0]
Ξ

, in X
vx(x,v) = 0, on Γ−.

(3.58)
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This is a conservative transport equation that admits a unique solution with

the stability result:

‖vx − ṽx‖Lp(Ω) ≤ c′3‖H ′[0, 0]− H̃ ′[0, 0]‖Lp(Ω), (3.59)

where c′3 depends on Ω, σa,xi, σs,x and Ξ. The right bound in (3.54) then

follows from (3.56) and (3.59).

The above proof is again constructive when a gx that satisfies the as-

sumption in the theorem is available to us, in the sense that we only need to

solve (3.58) for vx and then compute δσa,xf = (H ′[0, 0]/Ξ−σa,xiKI(vx))/KI(ux).

3.4.2 Linearization around a general background

We now consider the linearization around a general background (η 6≡

0, σa,xf 6≡ 0). We study the case where we have J ≥ 2 data sets, 1 ≤ j ≤ J :

H ′j[η, σa,xf ](δη, δσa,xf )

ΞKI(u
j
x)

= (−δησa,xf+(1−η)δσa,xf )+
σηa,x

KI(u
j
x)
KI(v

j
x)+

σa,m

KI(u
j
x)
KI(v

j
m)

(3.60)

where ujx is the solution to the first transport equation in (3.1) with background

coefficient σa,xf and illumination source gjx, while (vjx, v
j
m) is the solution to the

coupled system (3.17).

To study the linear inverse problem defined in (3.60), we introduce two

new variables ζ = δησa,xf + ηδσa,xf and ξ = δσa,xf . It is straightforward to

verify that (ζ, ξ) uniquely determines (δη, δσa,xf ) when η 6≡ 0 and σa,xf 6≡ 0.
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We can then collect the J data sets to have the following linear system for the

unknown coefficient pair (ζ, ξ):

Π

(
ζ
ξ

)
= z, with, Π =

 −I + Π1
ζ I − Π1

ξ
...

...
−I + ΠJ

ζ I − ΠJ
ξ

 and z =


H′1[η,σa,xf ]

ΞKI(u1x)
...

H′J [η,σa,xf ]

ΞKI(uJx)


(3.61)

with Πj
ζ = σa,m

KI(ujx)
Λj
m and Πj

ξ =
σηa,x

KI(ujx)
Λj
x + σa,m

KI(ujx)
Λj
mx. Here Λj

x, Λj
mx and Λj

m

are defined as in (3.31) with ux replaced by ujx. From Lemma 3.2.3 we know

that Πj
ζ and Πj

ξ (1 ≤ j ≤ J) are compact operators on L2(Ω).

From the discussion in the previous sections, we know that I −Πj
ζ and

I − Πj
ξ are all invertible for well-selected illumination sources gjx, 1 ≤ j ≤ J .

However, that does not guarantee the invertibility of the linear system (3.61).

For the case of J = 2, the invertibility of the system (3.61) is equivalent to

the invertibility of (I − Π2
ζ)
−1(I − Π2

ξ) − (I − Π1
ζ)
−1(I − Π1

ξ). Therefore, we

need to choose illumination sources g1
x and g2

x such that (I −Π2
ζ)
−1(I −Π2

ξ)−

(I − Π1
ζ)
−1(I − Π1

ξ) is invertible; see next section for some discussions on the

regularized version of this problem.

3.4.3 A partially linearized model

We now briefly discuss a very popular simplification of the mathemati-

cal model in the fluorescence optical tomography literature. This simplification

assumes that the fluorescence absorption coefficient σa,xf is small compared to

the background tissue absorption coefficient σa,xi. Therefore, it can be dropped

from the first equation in the model (3.1); see for instance [86]. In other words,
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the model, for source gjx (1 ≤ j ≤ J), now reads,

v · ∇ujx + (σa,xi + σs,x)u
j
x = σs,xKΘ(ujx), in X

v · ∇ujm + (σa,m + σs,m)ujm = σs,mKΘ(ujm) + ησa,xfKI(u
j
x), in X

ujx(x,v) = gjx, ujm(x,v) = 0 on Γ−.
(3.62)

The data, for source gjx (1 ≤ j ≤ J), now simplify to,

H̃j ≡
Hj

ΞKI(u
j
x)
− σa,xi = (1− η)σa,xf +

σa,m

KI(u
j
x)
KI(u

j
m). (3.63)

The inverse problem of reconstructing η and σa,xf from datum (3.63)

is a nonlinear problem despite the fact that a partial linearization has been

performed on the transport model. However, if we define ζ = (1− η)σa,xf and

ξ = σa,xf , then the inverse problem is bilinear with respect to (ζ, ξ). Precisely,

we can write the datum as,

H̃j = ζ − Πj
ζ(ζ) + Πj

ζ(ξ), 1 ≤ j ≤ J (3.64)

with Πj
ζ = σa,m

KI(ujx)
Λj
m defined the same way as before and being compact on

L2(Ω). This can again be written into the form of linear system (3.61) with

the coefficient matrix and source vector respectively

Π =

 I − Π1
ζ Π1

ζ
...

...
I − ΠJ

ζ ΠJ
ζ

 , and, z =

 H̃1
...

H̃J

 . (3.65)

Regularized Inversion with J = 2. In the case that two data sets are

available, we can solve the inverse problems in this section and Section. 3.4.2

in regularized form. To do that, we observe that if we define

Πα = Π +

(
0 0
0 αI

)
, α > 0 (3.66)
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then Πα is a Fredholm operator on L2(Ω) × L2(Ω) for the Π defined in

both (3.61) and (3.65). To be precise, Πα are respectively,

Πα =

(
−I + Π1

ζ I − Π1
ξ

−I + Π2
ζ αI + I − Π2

ξ

)
∼
(
−I + Π1

ζ I − Π1
ξ

Π2
ζ − Π1

ζ αI + Π1
ξ − Π2

ξ

)
=

(
−I + Π1

ζ I
0 αI + Π1

ξ

)
+

(
0 −Π1

ξ

Π2
ζ − Π1

ζ −Π2
ξ

)
, (3.67)

and

Πα =

(
I − Π1

ζ Π1
ζ

I − Π2
ζ αI + Π2

ζ

)
=

(
I − Π1

ζ 0
I αI

)
+

(
0 Π1

ζ

−Π2
ζ Π2

ζ

)
(3.68)

where ∼ is used to denote the elementary operation of subtracting the first

row from the second row. For any fixed α > 0, let us denote by N (Πα) the

null space of matrix operator Πα, then the following result follows immediately

from classical stability theory of Fredholm operators [61].

Proposition 3.4.2. Let z and z̃ be two perturbed data sets defined as in

(3.61) or (3.65). Let (ζ, ξ)t and (ζ̃ , ξ̃)t be the solution to Πα

(
ζ
ξ

)
= z and

Πα

(
ζ̃

ξ̃

)
= z̃ respectively for some α > 0. Then we have

c̃‖z− z̃‖(L2(Ω))2 ≤ ‖(ζ, ξ)− (ζ̃ , ξ̃)‖(L2(Ω))2/N (Πα) ≤ C̃‖z− z̃‖(L2(Ω))2 . (3.69)

for some constants c̃ and C̃.

In the numerical computation, to solve (3.61) or (3.65) directly, we

have to construct the operator Π explicitly. This is hard to do in practice

since it essentially requires the analytical form of the Green’s function for the
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transport equation at the emission wavelength. We do not have access to this

Green’s function. Instead, solve the linear problem with a classical method of

Landweber iteration [62] that we summarize in the following algorithm.

Reconstruction Algorithm III.

S1. Take initial guess (ζ0, ξ0);

S2. Iteratively update the unknown through the iteration:(
ζk+1

ξk+1

)
= (I− τΠ∗Π)

(
ζk
ξk

)
+ τΠ∗z, k ≥ 0. (3.70)

Stop the iteration when desired convergence criteria are satisfied.

Here τ is a positive algorithmic parameter that we select by trial and error.

The adjoint operator Π∗ is formed by transposing Π and replacing Πj
ζ and Πj

ξ

with Πj∗
ζ = KI(u

j
x)S

∗
m ◦KI ◦ σa,m

KI(ujx)
and Πj∗

ξ = ujxS
∗
x ◦KI ◦ σηa,x

KI(ujx)
+ ujxS

∗
x ◦KI ◦

ησa,xfS
∗
m ◦KI ◦ σa,m

KI(ujx)
respectively. Here S∗z is the adjoint of Sz (z ∈ {x,m})

that is defined as the solution operator of the adjoint transport equation with

coefficients σa,z, σs,z and vacuum boundary condition, i.e. wz = S∗z (f) with

wz the solution to:

−v · ∇wz + (σa,z + σs,z)wx − σs,zKΘ(wz) = f, in X, wz = 0 on Γ+.

Therefore, at iteration k of the Landweber algorithm, we solve J forward

transport systems and then J adjoint transport systems to apply the operator

Π∗Π to the vector (ζk, ξk)
t.
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3.4.4 Iterative reconstruction for the nonlinear case

For the simultaneous reconstruction of η and σa,xf in the general non-

linear case, we do not have any theoretical results on uniqueness and stability

currently. Nor do we have more explicit reconstruction methods. We rely

mostly on general computational optimization techniques to solve the inverse

problem. More precisely, we search for solutions to the inverse problem by

minimizing the objective functional:

Φ(η, σa,xf ) ≡
1

2

J∑
j=1

ˆ
Ω

{
Ξ
[
σηa,xKI(u

j
x) + σa,mKI(u

j
m)
]
−Hj

}2

dx + βR(η, σa,xf )

(3.71)

where the regularization functional is taken as R(η, σa,xf ) = 1
2
(‖∇η‖2

[L2(Ω)]d
+

‖∇σa,xf‖2
[L2(Ω)]d

).

Following the result in Proposition 3.2.2 and the chain rule, we can

obtain the following result straightforwardly.

Corollary 3.4.3. The functional Φ(η, σa,xf ), viewed as the map: Φ : W 1
2 (Ω)×

W 1
2 (Ω) 7→ R+ is Fréchet differentiable at any (η, σa,xf ) ∈ W 1

2 (Ω)×W 1
2 (Ω)∩A.

The partial derivatives in the direction δη (such that (η + δη, σa,xf ) ∈ A) and

the direction δσa,xf (such that (η, σa,xf + δσa,xf ) ∈ A) are given respectively as

Φ′η[η, σa,xf ](δη) =

ˆ
Ω

{ J∑
j=1

zjΞ
[
− δησa,xfKI(u

j
x) + σa,mKI(w

j
m)
]

+ β∇δη · ∇η
}
dx,(3.72)

Φ′σ[η, σa,xf ](δσa,xf ) =

ˆ
Ω

J∑
j=1

zjΞ
[
δσa,xf (1− η)KI(u

j
x) + σηa,xKI(vx) + σa,mKI(vm)

]
dx(3.73)

+ β

ˆ
Ω

∇δσa,xf · ∇σa,xfdx, (3.74)
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where the residual zj = Ξ
[
σηa,xKI(u

j
x) + σa,mKI(u

j
m)
]
− Hj, wm is the unique

solution to (3.26), and (vx, vm) is the unique solution to (3.28).

We can therefore employ gradient-based minimization techniques to

minimize the functional (3.71). Here we use the limited memory version of

the BFGS quasi-Newton method that we implemented in [96]. This method

requires only the gradients of the objective functional which we derived in

Corollary 3.4.3. To simplify the computation of these gradients numerically,

we apply the adjoint state technique. We denote by (qjx, q
j
m) the unique solution

to the following adjoint transport system:

−v · ∇qjx + σt,xq
j
x = σs,xKΘ(qjx) + Ξσηa,xzj + ησa,xfKI(q

j
m), in X

−v · ∇qjm + σt,mq
j
m = σs,mKΘ(qjm) + Ξσa,mzj, in X

qjx(x,v) = 0, qjm(x,v) = 0 on Γ+.
(3.75)

It is then straightforward to show that

Φ′η[η, σa,xf ](δη) =

ˆ
Ω

{ J∑
j=1

δησa,xfKI(u
j
x)
[
− Ξzj +KI(q

j
m)
]

+ β∇δη · ∇η
}
dx,(3.76)

Φ′σ[η, σa,xf ](δσa,xf ) =

ˆ
Ω

J∑
j=1

δσa,xfKI(u
j
x)
[
Ξ(1− η)zj + ηKI(qm)−KI(qx)

]
dx

+ β

ˆ
Ω

∇δσa,xf · ∇σa,xfdx. (3.77)

Therefore, to compute gradients of the Φ at (η, σa,xf ), we only need to solve

a set of J forward transport systems (3.1) and a set of J adjoint transport

systems (3.75). We can then evaluate the gradients in any given direction

(δη, δσa,xf ) according to (3.76) and (3.77).
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It is obvious that this optimization-based nonlinear reconstruction method

can be used also to reconstruct a single coefficient. To only reconstruct η, we

only need to set the gradient with respect to σa,xf to zero and vice versa.

3.5 Numerical Experiments

We now present some numerical reconstructions using synthetic interior

data. We restrict ourselves to two-dimensional settings only to simplify the

computation.

The spatial domain of the reconstruction is the square Ω = (−1, 1) ×

(−1, 1). All the transport equations in Ω×S1 are discretized angularly with the

discrete ordinate method and spatially with a first-order finite element method

on triangular meshes. In all the simulations in this section, reconstructions

are performed on a finite element mesh consisting of about 2000 triangles and

a discrete ordinate set with 64 directions. For the absorption and scattering

coefficients that are known, we take

σa,xi = σa,m = σba (2− (b2xc+ b2yc mod 2)) , (3.78)

σs,x = σs,m = σbs (1 + (b2xc+ b2yc mod 2)) , (3.79)

where b·c represents the floor operation, σba and σbs are respectively the base

level absorption and scattering coefficients. In all the cases below, we set

σba = 0.1. The value of σbs varies from case to case and will be given below; see

Fig. 3.1 (i) and (ii) for plots of the two coefficients. The scattering kernel Θ

is set to be the Henyey-Greenstein phase function [11, 53, 125] which depends
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only on the product v · v′.

To generate synthetic data for the nonlinear inversions, we solve the

transport system (3.1) with true quantum efficiency η and fluorescent absorp-

tion coefficient σa,xf and compute H according to (3.3). To generate synthetic

data for linearized inversions, for instance in Experiment 3 below, we use di-

rectly the linearized data models, for instance (3.60), with the true coefficient

perturbations. This way, we can exclude the linearization error from the data

used in the inversion. We do this since our main aim is to test the performance

of the reconstruction algorithms, not to check the accuracy of the lineariza-

tions. To mimic noisy measurements, we add additive random noise to the

synthetic data by multiplying each datum point by (1+γ×10−2normrnd) with

normrnd a standard Gaussian random variable and γ a number representing

the noise level in percentage. When γ = 0, we say the data are noise-free.

To measure the quality of the reconstruction, we use the relative L2

error. This error is defined as the L2 norm of the difference between the

reconstructed coefficient and the true coefficient, divided by the L2 norm of

the true coefficient and then multiplied by 100.

We performed numerical simulations on the reconstructions of many

different coefficients pairs (η, σa,xf ). The qualities of the the reconstructions

are very similar. To avoid repetition, we will present only reconstructions for

a typical coefficient pair we show in (iii)-(iv) of Fig. 3.1.
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Figure 3.1: From left to right are: (i) the absorption coefficient σa,xi = σa,m
defined in (3.78) with σba = 0.1, (ii) the scattering coefficient σs,x = σs,m
defined in (3.79) with σbs = 2.0, (iii) the true quantum efficiency η to be
reconstructed in the numerical experiments, and (iv) the true fluorescence
absorption coefficient σa,xf to be reconstructed.

Experiment 1. In the first set of numerical studies, we consider the recon-

struction of the quantum efficiency η assuming that the fluorescent absorption

coefficient σa,xf is known. We use the Reconstruction Algorithm I presented

in Section 3.3.1. We first perform numerical experiments in isotropic medium

with two different strengths of scattering coefficients. We show in Fig. 3.2 the

reconstructions of η under base scattering σbs = 1.0. Shown from left to right

are respectively the η reconstructed using data with noise level γ = 0, 2, 5 and

10 respectively. The relative L2 errors in the reconstructions are respectively

0.01%, 14.24%, 35.59% and 71.18%. We repeat the simulations for a medium

with stronger (but still isotropic) scattering (σbs = 9.0). The results are shown

in Fig. 3.3. The relative L2 errors in this case are 1.04%, 14.84%, 37.02% and

74.02% respectively. If we compare the results in Fig. 3.2 and those in Fig. 3.3,

we see that the quality of the reconstructions are almost independent of the

scattering strength. This is what we observed in our numerical experiments

in other cases as well.

55



Figure 3.2: The quantum efficiency η reconstructed with different types of
data. The noise levels in the data used for the reconstructions, from left to
right are γ = 0, 2, 5 and 10 respectively. The base scattering strength is
σbs = 1.0.

Figure 3.3: Same as in Fig. 3.2 but with base scattering strength σbs = 9.0.

56



Experiment 2. In the second set of numerical studies, we consider the re-

construction of the fluorescent absorption coefficient σa,xf assuming that the

quantum efficiency η is known. Currently, we do not have a well-established

method to construct illuminations sources such that the condition ux = KI(ux)

is satisfied for the transport solution, besides in non-scattering media. We

therefore can not use directly the Reconstruction Algorithm II as we com-

mented before. Instead, we use the nonlinear reconstruction algorithm in

Section 3.4.4. We show in Fig. 3.4 the reconstructions of σa,xf in an isotropic

medium with base scattering strength σbs = 1.0. Shown from left to right are

respectively the reconstructions using data with noise levels γ = 0, 2, 5 and

10. The relative L2 errors in the four reconstructions are 0.01%, 6.42%,16.06%

and 32.12% respectively. In Fig. 3.5, we show the same reconstructions in an

anisotropic scattering medium with base scattering strength σbs = 9.0 and

anisotropic factor 0.9. The relative L2 errors are 0.02%,6.70%,16.74% and

33.42%, respectively. We again observed that the reconstructions are of good

quality with data contains reasonably low level of random noise.

Figure 3.4: The fluorescence absorption coefficient σa,xf reconstructed with
different types of data. The noise level in the data used for the reconstructions,
from left to right are: γ = 0 (noise-free), γ = 2, γ = 5, and γ = 10. The base
scattering strength is σbs = 1.0.
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Figure 3.5: Same as in Fig. 3.4 but in a medium of anisotropic scattering with
base scattering strength σbs = 9.0 and anisotropic factor 0.9.

Experiment 3. In the third set of numerical simulations, we study the simul-

taneous reconstruction of the coefficients η and σa,xf in the linearized setting

described in Section 3.4.3 using the Reconstruction Algorithm III. The syn-

thetic perturbed data are generated using directly the linearized model (3.60),

not the original nonlinear model. Our aim here is to test the stability of

the reconstruction, not the accuracy of the linearization. We use data sets

collected from four angularly-resolved illuminations supported respectively on

the four sides of the boundaries of the domain, pointing toward the interior of

the domain. The background scattering strength is σbs = 1.0. We linearize the

problem around the background coefficients:

η0 =
1

|Ω|

ˆ
Ω

η(x)dx and σ0
a,xf =

1

|Ω|

ˆ
Ω

σa,xf (x)dx.

The reconstructions, after adding back the background, are shown in Fig. 3.6.

The relative L2 error in the reconstructions using data with noise level γ = 0,

γ = 2, γ = 5 and γ = 10 are respectively (0.00%, 0.00%), (14.65%, 7.45%),

(37.28%, 18.77%) and (75.80%, 39.04%) respectively. In all reconstructions, we

applied the Tikhonov regularization with a small regularization strength that
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we select by trial and errors. We hope to develop more systematical strategy

on regularization in the future.

Figure 3.6: Simultaneous reconstructions of the coefficient pair (η, σa,xf ) in the
linearized setting with different types of data. The noise level in the data used
for the reconstructions are (from left to right): γ = 0, 2, 5 and 10 respectively.
The base scattering strength is σbs = 1.0.

Experiment 4. The last set of numerical simulations are devoted to the

simultaneous reconstructions of the coefficient pair (η, σa,xf ) in the fully non-

linear setting. We use the optimization-based reconstruction algorithm de-

veloped in Section 3.4.4. The setup is the same as in Experiment 3. We

performed reconstructions with data containing various noise levels. When

the noise level is too high, we have difficulties to find reasonable initial guesses

to make the algorithm converge. We show in Fig. 3.7 reconstructions with data

containing a small amount of noise, γ = 0, 1 and 2 respectively, with the initial

guess (η0, σ0
a,xf ) being the average of the true coefficients inside the domain.
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The relative L2 error in the reconstructions are respectively (16.40%, 8.32%),

(18.26%, 9.17%) and (23.26%, 19.30%) respectively. We again impose weak

Tikhonov regularizations in all the reconstructions with the regularization

strengths selected by trial and error. Tuning various parameters in the al-

gorithm could potentially improve the reconstructions results, but we did not

pursue in that direction.

Figure 3.7: Simultaneous reconstruction of the coefficient pair (η, σa,xf ) in the
nonlinear setting with different types of data. The noise level in the data used
for the reconstructions, from left to right, are respectively γ = 0, 1 and 2.

3.6 Concluding Remarks

We studied in this work a few inverse problems in quantitative fluores-

cence photoacoustic tomography in the radiative transport regime. We derived

some uniqueness and stability results on the reconstruction of the fluorescence

absorption coefficient and the quantum efficiency of the medium. In some
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cases, we were also able to develop efficient numerical reconstruction algo-

rithms. These results complement the results in [101] for the QfPAT problem

in the diffusive regime. We showed numerical simulations based on synthetic

data to support the mathematical analysis and demonstrate the performance

of some of the reconstruction algorithms.

One important application of the results in this paper is in X-ray modu-

lated fluorescence tomography (or X-ray luminescence tomography (XLT)) [108].

In XLT, X-rays, instead of NIR photons, are used to excite the molecular mark-

ers. The X-ray density ux and the generated NIR photon densities um solve

the coupled transport system (3.1) with the scattering term KΘ(ux) = 0 since

X-rays travel in straight lines without being scattered. The theory and re-

construction methods we developed in this work remain valid in that case.

In other words, we can recover stably the fluorescence absorption coefficient

using data collected from one X-ray illumination. This would provide a useful

alternative to the reconstruction method for XLT in [108].

Even though the QfPAT problem has been analyzed in detail in [101]

in the diffusive regime, the developments in this work are still useful in many

settings. One well-known example is the application in optical imaging of small

animals [54] where the diffusion model is not sufficiently accurate to describe

the propagation of NIR photons inside the animals.

Our main research focus in near future is to analyze the uniqueness

and stability properties of the simultaneous reconstruction problem, i.e. the

problem of reconstructing the pair (η, σa,xf ), in the fully nonlinear setting. This
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is an unsolved problem even in the diffusive regime [101], although numerical

simulations we have so far suggested that uniqueness and stability both hold,

at least in the regime where both coefficients are sufficiently large.
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Chapter 4

A Fast Algorithm for Radiative Transport

Equation

In this chapter, we are introducing a fast algorithm for solving equa-

tion of radiative transport (ERT) in isotropic media. The algorithm consists

of two steps. In the first step, we derive an integral equation for the angularly

averaged ERT solution (fluence) by taking advantage of the isotropy of the

scattering kernel, and solve the integral equation with fast multipole method

(FMM). In the second step, we solve a scattering-free transport equation to

recover the original ERT solution. Numerical simulations are presented to

demonstrate the performance of the algorithm for both homogeneous and in-

homogeneous media. Part of this work is published in [100].

4.1 Introduction

This work is concerned with the numerical solution of the steady-state

equation if radiative transport (ERT) with isotropic coefficients and scattering

kernel.

v · Φ(x,v) + µ(x)Φ(x,v)− µs(x)

ˆ
Sd−1

Φ(x,v′)dv′ = f(x), in Ω× Sd−1

Φ(x,v) = 0, on Γ−
(4.1)
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where Ω ⊂ Rd is a bounded domain with smooth boundary ∂Ω, Sd−1 is the unit

sphere in Rd and Γ− = {(x,v) ∈ ∂Ω×Sd−1 |n(x) ·v < 0}, n(x) is the exterior

normal vector and dv′ has been normalized such that
´
Sd−1 dv

′ = 1. For the

only reason of simplifying the presentation, we have assumed that there is no

incoming source on boundary. Moreover, we have assumed that the internal

source f is only a function of spatial variable (isotropic). In fact, this is not

needed either for our algorithm to work. See more discussions in Section 4.6.

The equation of radiative transport is a popular model for describing

the propagation of particles in complex media. It appears in many fields of sci-

ence and technology, ranging from classical fields such as nuclear engineering,

astrophysics, and remote sensing, to modern applications such as biomedi-

cal optics, radiation therapy and treatment planning, and imaging in random

media.

4.2 Integral Formulation

Our algorithm is based on the integral formulation of ERT (4.1). This

is a well-developed subject. We refer to [31] for more details. To present the

formulation, let us first introduce a function q(x) defined as

q(x) = µs(x)

ˆ
Sd−1

Φ(x,v′)dv′ + f(x), (4.2)

we can then rewrite the equation of radiative transport, using the method of

characteristics, into the following integral form [31]:

Φ(x,v) =

ˆ τ−(x,v)

0

exp

(
−
ˆ l

0

µ(x− l′v)dl′
)
q(x− lv)dl, (4.3)
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where τ−(x,v) is the distance it takes for a particle to go from x to reach the

boundary ∂Ω in −v direction,

τ−(x,v) = sup{l |x− l′v ∈ Ω for 0 ≤ l′ ≤ l}. (4.4)

The integral formulation in (4.3) is classical and has been used to derived

many theoretical results and numerical methods on the ERT [31, 82]. The

most crucial step of algorithm is to integrate the integral formulation (4.3)

again over Sd−1 to obtain an integral equation for the local density U(x):

U(x) =

ˆ
Sd−1

Φ(x,v)dv. (4.5)

The result is a Fredholm integral equation of second type,

U(x) = KU(x) +K(µ−1
s f)(x), (4.6)

where the linear integral operator K is defined as

Kg(x) =

ˆ
Sd−1

ˆ τ−(x,v)

0

µs(x− lv) exp

(
−
ˆ l

0

µ(x− l′v)dl′
)
g(x− lv)dldv.

(4.7)

To simplify the expression of K, let y = x−lv, and define the function E(x,y)

that

E(x,y) = exp

(
−
ˆ |y−x|

0

µ(x− l′ x− y

|x− y|
)dl′

)
, (4.8)

which is the total absorption along the line segment between x and y. We can

then express the integral operator K as

Kg(x) =

ˆ
Ω

K(x,y)g(y)dy, (4.9)
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where the integral kernel K is defined as

K(x,y) =
1

|Sd−1|
µs(y)E(x,y)

|x− y|d−1
. (4.10)

The |Sd−1| is the surface area of unit sphere Sd−1, i.e. |S1| = 2π and |S2| = 4π.

In the case where µ and µs are both independent of spatial variable, the integral

kernel K simplifies to

K(x,y) =
1

|Sd−1|
µse
−µ|x−y|

|x− y|d−1
. (4.11)

The algorithm we propose here is based on the integral formulation of the ERT

for variable U that we derived in (4.6). We need following property on the

operator K, the proof is standard.

Theorem 4.2.1. Let µ and µs be bounded such that µa(x) = µ(x)− µs(x) >

0,∀x ∈ Ω. Then the linear operator K : L2(Ω) → L2(Ω), defined in (4.9), is

compact.

Proof. For any ε > 0, we define

Kε(x,y) =
1

|Sd−1|
µs(y)E(x,y)

|x− y|d−1 + ε
, (4.12)

since µ and µs are bounded, we conclude that E is bounded and by bound-

edness of Ω, ‖Kε‖L2(Ω×Ω) < ∞. Therefore, the operator Kε : L2(Ω) → L2(Ω)

defined as

Kεg =

ˆ
Ω

Kε(x,y)g(y) (4.13)

is a Hilbert-Schmidt integral operator and hence a compact operator.
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Let B ⊂ Rd be sufficiently large ball that Ω − Ω ⊂ B. For any g ∈

L2(Ω), we have that

‖(K −Kε)g‖L2(Ω) ≤ C‖|( 1

|x|d−1
− 1

|x|d−1 + ε
)χB(x)| ∗ χΩg‖L2(Rd)

≤ C‖( 1

|x|d−1
− 1

|x|d−1 + ε
)χB(x)‖L1(Rd)‖g‖L2(Ω),

(4.14)

which implies that when ε→ 0,

‖K −Kε‖L2(Ω)→L2(Ω) ≤ C‖( 1

|x|d−1
− 1

|x|d−1 + ε
)χB(x)‖L1(Rd)

= C

ˆ
B

| 1

|x|d−1
− 1

|x|d−1 + ε
|dx→ 0.

(4.15)

Therefore Kε → K as ε→ 0. Since Kε is compact for each ε > 0, we conclude

that K is compact.

From (4.6), we can obtain that

(I −K)U = K(µ−1
s f), (4.16)

The operator (I − K) is Fredholm, and by Fredholm alternative theorem

and the fact that ERT admits only the zero solution when f ≡ 0 (see ap-

pendix 1.0.1), we conclude that there is a unique solution to (4.16).

Let us finish this section with the following important observation. The

kernel (4.9) for the volume integral equation that we derived here takes the

same form in the cases of homogeneous and inhomogeneous media. This means

that the algorithm we present in the next sections work for both homogeneous

and inhomogeneous media, even though in the case of homogeneous media
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some simplifications can be made to reduce the computational costs of the algo-

rithm. This is quite different for integral formulations of many other problems

such as Helmholtz or Laplace equation where only homogeneous cases can be

done with explicit kernels (mostly with knowledge of Green functions) [21,25].

4.3 A Fast Multipole Based Algorithm

Our strategy of solving the ERT (4.1) is to first solve for U and then

solve for Φ from U .

Algorithm I: General Solution Procedure

S.1 Evaluate the source function φ(x) = K(µ−1
s f) analytically, or by:

(i) solving the following scattering-free transport equation for u:

v · ∇u(x,v) + µ(x)u(x,v) = f(x), in Ω× Sd−1

u(x,v) = 0, on Γ−

(4.17)

(ii) evaluating φ(x) =
´
Sd−1 u(x,v)dv.

S.2 Use a Krylov subspace method, such as the GMRES algorithm or the

MINRES algorithm, to solve the integral equation (4.16) for U .

S.3 Recover the ERT solution Φ by

(i) evaluating the source term Q(x) = µs(x)U(x) + f(x),

(ii) solving the following scattering free transport equation for Φ,

v · ∇Φ(x,v) + µ(x)Φ(x,v) = Q(x), in Ω× Sd−1

Φ(x,v) = 0, on Γ−

(4.18)
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The solution of the scattering-free transport equation can be solved efficiently

with a fast sweeping method or even analytically in special cases. Therefore

our focus will be on the solution of integral equation in the second step.

Let us remark that one important feature of the above method for solv-

ing the ERT (4.1) is that it does not explicitly depend on angular variables. It

is clear that the main computational cost of the algorithm is on the solution

of the integral equation (4.16) which involves only spatial variable. Therefore,

besides the solution of scattering-free transport equation, the computational

complexity of the algorithm does not scale with the size of angular discretiza-

tion. In many applications, the main quantities of interests is the fluence U(x),

not exact solution Φ(x,v). In these cases, the S.3 step of Algorithm I is not

necessary and the computational complexity is then completely independent

of angular discretization. For the same reason, the storage requirement of the

algorithm also depends only on the spatial discretization.

There are many existing methods for the discretization of integral equa-

tion (4.16) with weakly singular kernel K(x,y), for instance [55, 66, 118] and

references therein. Here we assume that spatial discretization consists of N

nodes in the equation (4.16), by the product integral method, we separate

weakly singular and continuous parts from the kernel function K(x,y) and

expand (collocation) the continuous part with nodal basis ψj(y) at xj that

E(x,y)µs(y)U(y) ≈
N∑
j=1

E(x,xj)µs(xj)U(xj)ψj(y) (4.19)
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then

ˆ
Ω

K(xi,y)U(y)dy ≈
N∑
j=1

E(xi,xj)µs(xj)U(xj)

ˆ
Ω

ψj(y)

|xi − y|d−1
dy. (4.20)

For the integral appears in above equation (4.20), we analytically evaluate it if

the support of nodal basis is regular, for simplicity, we assume ψj are piecewise

constant, here we simply apply first order scheme [118] with

ˆ
Ω

ψj(y)

|xi − y|d−1
dy ≈ ωj

|xi − xj|d−1
, when i 6= j

ˆ
Ω

ψj(y)

|xi − y|d−1
dy ≈ ciωi, when i = j

(4.21)

where ci is the local average of |xi − y|1−d on the suppψi, which can be eval-

uated accurately and ωi is the measure of suppψi. Then the equation (4.16)

at collocation points xi satisfies

U(xi)−
N∑
j=1

ωjK(xi,yj)U(xj) = φ(xi), (4.22)

with diagonal entries K(xi,xi) = ci.

To solve the integral equation (4.16) with GMRES or MINRES algo-

rithm, we need to evaluate matrix-vector product of the form (I − K)U for

different vectors U . Therefore, the main computational cost will be determined

by the evaluation of KU in (4.22). Direct summation of such formulation takes

O(N2) operations in general. In this work, we use the fast multipole method

(FMM), originally developed by Greengard and Rokhlin [50], to accelerate the

evaluation of such matrix-vector product. For simplicity of implementation,

we use an interpolative FMM that was proposed by Fong and Darve in [39].
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Other efficient implementations of FMM, for instance [24,25,50,81,131], may

also be applied to our problem here. This will be future work.

The FMM method in [39], based on Chebyshev interpolation, works as

follows. Let Tk(x) be the first kind Chebyshev polynomial of degree k defined

on [−1, 1]. Define the function

Sn(x,y) =
d∏
i=1

(
1

n
+

2

n

n−1∑
k=1

Tk(xi)Tk(yi)

)
, (4.23)

with the conventions x = (x1, · · · , xd) and y = (y1, · · · , yd). Then a two-

variable kernel K(x,y), assuming to be non-oscillatory and smooth enough,

[−1, 1]d × [−1, 1]d can be approximated by the following interpolation for-

mula [33,39]

K(x,y) ≈
nd∑
m=1

nd∑
m′=1

K(x̃m, ỹm′)Sn(x̃m,x)Sn(ỹm′ ,y), (4.24)

where x̃m, ỹm ∈ Z ≡ {zk}n
d

k=1, Z being the set of Chebyshev interpolation

nodes which are simply taken as the set of d-dimensional tensor product of

the Chebyshev nodes of Tn(x). The same approximation can be constructed

when the kernel K is defined on any regular domains by a linear transform.

If we now plug the approximation (4.24) into the summation (4.22), we

have, after a slight re-arrangement, the following formula

KU(xi) ≈ ψ(xi) ≡
nd∑
m=1

Sn(x̃m,xi)
nd∑

m′=1

K(x̃m, ỹm′)
N∑
j=1

ωjU(xj)Sn(ỹm′ ,yj).

(4.25)

This formula allows use to evaluate KU efficiently in three steps by simply fol-

lowing the order of above summations: (i) evaluateWm′ =
∑N

j=1 ωjU(xj)Sn(ỹm′ ,yj), 1 ≤
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m′ ≤ nd; then (ii) evaluate φm =
∑nd

m′=1K(x̃m, ỹm′)Wm′ , 1 ≤ m ≤ nd; and

finally (iii) evaluate ψi =
∑N

m=1 Sn(x̃m,xi)φm, 1 ≤ i ≤ N . If the compu-

tational cost of the evaluations of the interpolation polynomial Sn and the

kernel K do not scale with nd and N , then the costs of above three steps scale

as O(ndN),O(n2d),O(ndN) respectively. Therefore the total cost scales as

O(2ndN), which is sufficient small when nd � N .

In our implementation of the Fong-Darve FMM algorithm [39], we fol-

low the standard multilevel approach with tree structures. The only specialty

for implementation is the related to the evaluation of kernel K(xi,xj) for node

pair (xi,xj) which we shall describe in the next section.

4.4 Implementation Issues

We now briefly comment on some important issues on the algorithmic

implementation from previous section.

Validity of Low Rank Approximation (4.24). Due to boundedness of the

exponential factor E(x,y) for x,y ∈ Ω and the fact that E(x,y) decays as

|x−y| increases, our kernel K(x,y) in (4.9) should admit the same if not better

low-rank approximation as the kernel |x − y|1−d which has been well-studied

in the fast multipole method community [21, 24, 25, 50, 81, 131]. This justifies

the Chebyshev interpolation in (4.24).

The Computational Cost. The mostly computationally expensive step of

FMM algorithm is the step (ii) of evaluating (4.25) where we have to evaluate
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the integral kernel K for different (x,y) pairs. Each evaluation of the kernel

requires the evaluation of a line integral of the extinction coefficient µ along

the line that connects x and y. If the integral can be analytically computed,

for instance when µ is constant in which case the integral is simply µ|x− y|,

this evaluation is relatively cheap. Otherwise, these evaluations have to be

done numerically with selected quadrature rules.

In many practical applications, the extinction coefficient µ consists of a

constant background with localized perturbations. In this case, we can think of

µ as a function with periodic boundary condition. We can therefore accelerate

the evaluation of the line integral with the technique of fast Fourier transform

(FFT). Assume that µ is sufficiently smooth to allow for the Q-term Fourier

representation:

µ(x) =

Q−1∑
n=−(Q−1)

µ̂n exp(i2πkn · x), (4.26)

where µ̂n = µ̂n is assumed to ensure µ is real-valued. It is often straightforward

to verify that the line integral of µ from x to y is given by

ˆ t

0

µ(x− lv)dl =

ˆ t

0

Q−1∑
n=−(Q−1)

µ̂n exp(i2πkn · (x− lv))dl

=

Q−1∑
n=−(Q−1)

cn(t)µ̂n exp(i2πkn · x)

(4.27)

where t = |y − x|, v = y−x
|y−x| , and

cn(t) =


1− exp(−i2πtkn · v)

i2πtkn · v
, when kn · v 6= 0

t, when kn · v = 0

(4.28)
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For a given set of Chebyshev interpolation points, we have a fixed number of

pairs of (x,y) for which we need to evaluate K(x,y). In our implementation,

we cache all these kernel evaluations. These kernel evaluations will be reused

without any extra calculations during the GMRES (or MINRES) iterations;

see for instance the numerical results in Section 4.5.

FMM Approximation Accuracy. The accuracy of solution to ERT (4.1)

with out numerical procedure depends mainly on two factors: the resolution of

the spatial discretization, and the accuracy of the fast multipole approximation

of the summation (4.22), the latter relying on the order of the Chebyshev

polynomial used. Increasing the order of the polynomial will increase the

accuracy of the approximation in general. However, that will also increase the

computational cost of the algorithm, due to the increase of cost in evaluating

Sn for instance. We have to therefore balance between accuracy and cost.

Compared to existing kernels that have been studied by the FMM community,

our kernel here decays faster when the extinction coefficient µ is large. We

therefore have to use more Chebyshev interpolation points in general to ensure

accuracy of the approximation.

Let Udir be the numerical solution with a direct evaluation of the sum-

mation in (4.22) and UFMM the FMM-accelerated numerical solution. When

Udir and UFMM solutions are computed on the same mesh, the finer mesh will

produce larger error |Udir − UFMM | when the same number of interpolation

points is used. This is because finer mesh provides structures that are harder

to capture with the same interpolation polynomial. Moreover, the accuracy of
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approximating Udir by UFMM depends on the coefficient µ since the larger µ

is, the faster the exponential decay is in the integral kernel. Therefore, fore the

same order of interpolation, the larger µ is, the worse the approximation is.

We observe these phenomenon in our numerical experiments; see for instance,

the simulations in Section 4.5.

4.5 Numerical Experiments

We now present some numerical simulations to demonstrate the perfor-

mance of our algorithm. We focus on the comparison between the algorithm

for solving (4.16) with a regular GMRES solver and with our algorithm, i.e., a

GMRES solver with FMM accelerations on the evaluation of (4.22). Our main

purpose is to demonstrate that the computational complexity of the FMM-

accelerated GMRES algorithm indeed scales linearly with respect to the size

of spatial discretization, while maintains desired accuracy. This means that

the main cost of our algorithm for solving the ERT (4.1) is independent of the

angular discretization.

In all the simulations, we nodimensionalize the transport equation. All

the simulations are done in the fixed square domain Ω = (0, 1)2 with physical

absorption coefficient µa ≡ µ − µs ≈ 0.2. We vary the scattering coefficient

to test the performance of the algorithm in different regimes. The larger the

scattering coefficient µs is, the more diffusive the solution of ERT behaves,
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Figure 4.1: The two source functions used in the numerical experiments.

since the size of the domain and the physical absorption coefficient are fixed.

However, as we will see, the performance of our algorithm does not change

dramatically from low scattering transport regime to the highly scattering

diffusive regime.

We introduce four time measures: (i) T dir denotes the time cost of direct

summation for (4.22); (ii) T FMM denotes the time cost of FMM evaluation

of (4.22); (iii) T dirGMRES denotes the time cost of the GMRES algorithm with

direct summation for solving (4.16); and (iv) T FMM
GMRES denotes the time cost of

the GMRES algorithm with FMM-acceleration for solving (4.16). Note that

in our computations, we have cached all the line integrals needed when setting

up the algorithm. Therefore, the T FMM
GMRES (resp. T dirGMRES) does not include

T FMM (reps. T dir). All the computational times shown below are based on a

Dell OptiPlex 745 Pentium D 3.4GHz desktop with 16GB RAM.

To measure the accuracy of the FMM-accelerated calculation, with re-

spect to the solution of the regular discretization, we use the relative l2 error
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‖Udir−UFMM‖l2/‖Udir‖l2 where Udir and UFMM are respectively the solutions

with direct GMRES algorithm and the FMM-accelerated algorithm.

N n TFMM (s) TFMM
GMRES(s) T dir(s) T dirGMRES(s) Relative Error

1,024 4 1.20E − 01 3.51E − 02 1.18E + 00 3.71E + 00 2.17E − 04
4,096 4 6.65E − 01 1.25E − 01 4.02E + 01 6.23E + 01 3.39E − 04
16,384 4 3.25E + 00 4.98E − 01 1.09E + 03 9.93E + 02 3.90E − 04
65,536 4 1.50E + 01 2.04E + 00 – – –
262,144 4 6.29E + 01 1.00E + 01 – – –

1,024 6 2.38E − 01 4.95E − 02 1.18E + 00 3.71E + 00 2.06E − 06
4,096 6 1.38E + 00 1.61E − 01 4.02E + 01 6.23E + 01 3.02E − 06
16,384 6 8.23E + 00 8.83E − 01 1.09E + 03 9.93E + 02 3.18E − 06
65,536 6 3.59E + 01 2.89E + 00 – – –
262,144 6 1.59E + 02 1.23E + 01 – – –

1,024 9 5.43E − 01 1.32E − 01 1.18E + 00 3.71E + 00 9.90E − 16
4,096 9 3.64E + 00 5.29E − 01 4.02E + 01 6.23E + 01 4.24E − 09
16,384 9 2.17E + 01 2.80E + 00 1.09E + 03 9.93E + 02 4.47E − 09
65,536 9 1.10E + 02 1.09E + 01 – – –
262,144 9 5.76E + 02 4.87E + 01 – – –

Table 4.1: Computational costs and relative accuracy for a homogeneous me-
dia with µs = 2.0 and µa = 0.2 under various spatial discretizations N and
numbers of Chebyshev interpolation points n.

Experiment I. In the first set of numerical experiments, we perform simu-

lations with a fixed scattering coefficient µs = 2.0 and extinction coefficient

µ = 2.2 (which means the physical absorption is µa = 0.2). The source func-

tion we used is a ring source illustrated in the left plot of Fig. 4.1. In Tab. 4.1,

we show comparisons in three groups with increasing number of Chebyshev in-

terpolation points: n = 4, n = 6 and n = 9. We first note that, with reasonable
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relative approximation accurarcy (on the order of 10−4 with n = 4), the FMM-

GMRES algorithm outperforms the regular GMRES algorithm dramatically.

This trend is kept when we increase the accuracy of the FMM approximation

by increasing n, the number of Chebyshev interpolation points. When the

spatial discretization is too fine, it takes the regular GMRES algorithm too

much time to finish the calculations. However, the FMM-accelerated GMRES

can still solve the system in relatively short time.

N n TFMM (s) TFMM
GMRES(s) T dir(s) T dirGMRES(s) Relative Error

1,024 4 2.01E − 01 3.07E − 02 8.46E − 01 1.94E + 00 2.16E − 04
4,096 4 1.12E + 00 9.55E − 02 2.88E + 01 3.26E + 01 3.23E − 04
16,384 4 5.26E + 00 3.52E − 01 7.78E + 02 5.20E + 02 3.69E − 04
65,536 4 2.35E + 01 1.62E + 00 – – –
262,144 4 1.01E + 02 6.64E + 00 – – –

1,024 6 3.19E − 01 2.15E − 02 8.46E + 00 1.94E + 00 1.73E − 05
4,096 6 2.37E + 00 1.27E − 01 2.88E + 01 3.26E + 01 1.36E − 05
16,384 6 1.30E + 01 5.23E − 01 7.78E + 02 5.20E + 02 6.83E − 06
65,536 6 6.24E + 01 2.22E + 00 – – –
262,144 6 2.89E + 02 9.79E + 00 – – –

1,024 9 7.40E − 01 8.72E − 02 8.46E − 01 1.94E + 00 2.71E − 15
4,096 9 7.01E + 00 4.44E − 01 2.88E + 01 3.26E + 01 4.84E − 06
16,384 9 4.18E + 01 2.32E + 00 7.78E + 02 5.20E + 02 3.09E − 06
65,536 9 2.10E + 02 1.05E + 01 – – –
262,144 9 1.02E + 03 4.85E + 01 – – –

Table 4.2: Computational costs and relative accuracy for the inhomogeneous
medium in (4.29) under different spatial discretizations N and numbers of
Chebyshev interpolation points n.

Experiment II. In the second set of numerical experiments, we repeat the
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simulations in Experiment I for an inhomogeneous medium. The coefficients

are given as

µa(x) = 0.2, µs(x) = 3.0 + 2.0 exp

(
−(x1 − 0.5)2 + (x2 − 0.5)2

4

)
. (4.29)

We again use the ring source illustrated in the left plot of Fig. 4.1. In Tab. 4.2

we show comparison in three groups with increasing number of Chebyshev

interpolations points. The first noticeable difference between Tab. 4.2 and

Tab. 4.1 is that the time takes to evaluate the matrix-vector multiplication

is now considerably more expensive. This is mainly due to the fact that for

variable coefficient, we need to evaluate the integrals by numerical quadrature

rules, while in the constant coefficient case, the kernels are given analytically

for any pair (x,y). In our implementation, we cached all the line integrals

so that they can be used repeatedly during GMRES iterations. This is the

reason why the solution costs T FMM
GMRES for variable coefficient cases in Tab. 4.2

is very similar to the corresponding constant coefficient case in Tab. 4.1. The

overall computational costs again scale linearly with respect to the spatial

discretization.

Experiment III. In the third set of numerical experiments, we study the

dependence of the computational cost of the algorithm on the scattering coef-

ficient of the ERT. We perform simulations using the source function that is

illustrated in the right plot of Fig. 4.1. The results are summarized in Tab. 4.3,

Tab. 4.4 and Tab. 4.5 for different scattering coefficients, µs = 2.0, µs = 5.0

and µs = 10.0, with different levels of spatial discretizations. The solution
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Np n µt µs Relative Error

1,024 16 2.2 2.0 8.39E − 05
1,024 16 5.2 5.0 1.93E − 04
1,024 16 10.2 10.0 4.13E − 04

1,024 36 2.2 2.0 8.85E −07
1,024 36 5.2 5.0 1.82E −06
1,024 36 10.2 10.0 5.15E −06

1,024 64 2.2 2.0 5.02E −16
1,024 64 5.2 5.0 7.91E −16
1,024 64 10.2 10.0 1.17E −15

Table 4.3: Error in FMM-
accelerated solution for different
scattering strength for a discretiza-
tion with N = 1, 024 using the
source function in right plot of
Fig. 4.1.

Np n µt µs Relative Error

4,096 16 2.2 2.0 1.15E − 04
4,096 16 5.2 5.0 3.07E − 04
4,096 16 10.2 10.0 9.08E − 04

4,096 36 2.2 2.0 1.27E − 06
4,096 36 5.2 5.0 2.79E − 06
4,096 36 10.2 10.0 9.62E − 06

4,096 64 2.2 2.0 1.39E − 08
4,096 64 5.2 5.0 2.46E − 08
4,096 64 10.2 10.0 6.86E − 08

Table 4.4: Same as Tab. 4.3 but
with N = 4, 096.

Np n µt µs Relative Error

16,384 16 2.2 2.0 1.26E − 04
16,384 16 5.2 5.0 3.60E − 04
16,384 16 10.2 10.0 1.20E − 03

16,384 36 2.2 2.0 1.30E − 06
16,384 36 5.2 5.0 2.92E − 06
16,384 36 10.2 10.0 1.04E − 05

16,384 64 2.2 2.0 1.82E − 08
16,384 64 5.2 5.0 3.20E − 08
16,384 64 10.2 10.0 9.71E − 08

Table 4.5: Same as Tab 4.3 but with N = 16, 384.
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by GMRES algorithm with direct summation (4.22) Udir as well as the error

Udir−UFMM (with UFMM being the solution with FMM-accelerated GMRES

algorithm) are shown in Fig. 4.2, Fig. 4.3, Fig. 4.4 respectively for domain

with N = 1, 024, N = 4, 096, N = 16, 384 cells, using different numbers of

Chebyshev interpolation points. The results show that the error of the FMM

approximation does not change dramatically with respect to the change of

the scattering coefficient. That is, the algorithm we developed works in both

diffusive regimes and transport regimes, as long as the medium is isotropic.

Figure 4.2: The error in the FMM-accelerated solution for spatial discretiza-
tion N = 1, 024. From top to bottom: µs = 2.0, µs = 5.0 and µs = 10.0.
Shown are (from left to right): the solution Udir and the error Udir − UFMM

with n = 4, n = 6, n = 9.

Experiment IV. We repeat here the numerical simulations in Experiment

III with the source function in the left plot of Fig. 4.1.The relative error of the
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Figure 4.3: Same as Fig. 4.2 except N = 4, 096.

Figure 4.4: Same as Fig. 4.2 except N = 16, 384.

FMM-accelerated solutions are summarized in Tab. 4.6, Tab. 4.7, and Tab. 4.8.

The results are very similar respectively to those showed in Tab. 4.3, Tab. 4.4,
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Np n µt µs Relative Error

1,024 16 2.2 2.0 9.53E − 05
1,024 16 5.2 5.0 2.13E − 04
1,024 16 10.2 10.0 4.50E − 04

1,024 36 2.2 2.0 1.19E −06
1,024 36 5.2 5.0 2.09E −06
1,024 36 10.2 10.0 5.53E −06

1,024 64 2.2 2.0 7.71E −16
1,024 64 5.2 5.0 8.47E −16
1,024 64 10.2 10.0 1.10E −15

Table 4.6: Error in FMM-
accelerated solution for different
scattering strength for a discretiza-
tion with N = 1, 024 using the
source function in left plot of
Fig. 4.1.

Np n µt µs Relative Error

4,096 16 2.2 2.0 1.24E − 04
4,096 16 5.2 5.0 3.28E − 04
4,096 16 10.2 10.0 9.58E − 04

4,096 36 2.2 2.0 1.48E − 06
4,096 36 5.2 5.0 2.99E − 06
4,096 36 10.2 10.0 1.01E − 05

4,096 64 2.2 2.0 1.85E − 08
4,096 64 5.2 5.0 2.94E − 08
4,096 64 10.2 10.0 7.68E − 08

Table 4.7: Same as Tab. 4.6 but
with N = 4, 096.

Np n µt µs Relative Error

16,384 16 2.2 2.0 1.35E −04
16,384 16 5.2 5.0 3.82E −04
16,384 16 10.2 10.0 1.20E −03

16,384 36 2.2 2.0 1.51E −06
16,384 36 5.2 5.0 3.14E −06
16,384 36 10.2 10.0 1.09E −05

16,384 64 2.2 2.0 2.19E −08
16,384 64 5.2 5.0 3.60E −08
16,384 64 10.2 10.0 1.05E −07

Table 4.8: Same as Tab 4.6 but with N = 16, 384.
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1

Figure 4.5: The error in the FMM-accelerated solution for a domain with
spatial discretization N = 1, 024 with the source in the left plot of Fig. 4.1.
From top to bottom: µs = 2.0, µs = 5.0 and µs = 10.0. Shown are (from left
to right): the solution Udir and the error Udir −UFMM with n = 4, n = 6 and
n = 9.

Tab. 4.5. Overall, in either diffusive or transport regime, we can achieve

very good accuracy with only a few Chebyshev interpolation points in each

direction. The solution by the GMRES algorithm with the direct summation,

Udir and the error Udir − UFMM are shown in Fig. 4.5 and Fig. 4.6.

4.6 Conclusion

To summarize, we presented in this work a fast numerical algorithm

for solving the equation of radiative transport in isotropic media. The main

idea of this method is to reformulate the ERT into an integral equation of

second kind and then use the fast multipole method to accelerate the solution
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Figure 4.6: Same as Fig. 4.5 except N = 4, 096.

of such an integral equation. Our numerical tests show that the algorithm cost

indeed scales linearly with respect to the size of the spatial discretization of

the problem.

There are a few features of this method here. First, with the integral

formulation, we avoid angular discretization of the ERT in the most expensive

part of solution process. This in principle allows us to handle large problems

that would be hard to solve with, for instance, the discrete ordinate formula-

tion and limited RAM. Second, the kernel in our integral formulation of the

ERT takes the same form for homogeneous and inhomogeneous media. There-

fore, the algorithm we developed does not have to be modified when dealing

with homogeneous media problems or inhomogeneous media problems. This is

quite different from existing fast multipole based methods. However, in homo-

geneous media, the setup of our algorithm is relatively inexpensive since the
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kernel in the corresponding integral equation is explicitly given. In inhomo-

geneous media, the setup requires evaluations of the kernel for different (x,y)

pairs that involves line integrals of the extinction coefficient between x and y.

This evaluation is more expensive than the homogeneous media case, but it is

still relatively low. In many practically relevant problems, we have coefficients

that can be treated as periodic functions. FFT can be used to accelerate the

setup process of the algorithm. In our implementation of the FMM algorithm,

we cached all the calculations that involve the evaluations of line integrals.

This does not cause major storage problem since the number of Chebyshev

interpolation nodes used in the implementation is always relatively small.

Let us also emphasis that, even though our formulation requires that

underlying medium to be isotropic, the internal and boundary source functions

need not to be isotropic at all. In fact, the only thing that would have changed

for the algorithm with an anisotropic source is the evaluation of K(µ−1
s f).

In addition, as we have seen from our numerical tests, the FMM ap-

proximation with a very small number of Chebyshev interpolation nodes al-

ready give relatively accurate approximations to the true numerical solutions.

This suggests that we can probably use the algorithm with small numbers

of Chebyshev interpolation points as a preconditioning strategy for general

transport solver for more complicated problems. We are currently exploring

in this direction.

To the best of our knowledge, the method we proposed is the first al-

gorithm for solving the ERT within the framework of fast multipole method.

86



Our contribution is mainly on the introduction of the idea, not on the imple-

mentation of fast multipole methods. Indeed, our implementation is rather

primitive which we believe can be greatly improved, either by refining the cur-

rent strategy or be exploring other approaches [131]. The study we have in this

short paper is by no means enough to draw any conclusions on every aspect

of the algorithm, for instance, how the algorithm benchmarks with existing

methods. However numerical simulations we have performed show that this is

a promising method that is worth careful further investigated.
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Chapter 5

One Step Reconstruction of Acoustic Wave

Speed and Optical Properties in PAT

In this chapter, we study a one-step method for quantitative image re-

constructions in PAT. We intend to reconstruct both the optical properties of

the medium and the ultrasound speed of the medium. We will present unique-

ness and stability estimate on the simultaneous recovery under linearized set-

ting. We will also partly validate our result through numerical experiments

with synthetic data.

5.1 Introduction

Photoacoustic tomography (PAT) is a hybrid imaging modality based

on photoacoustic effect [13, 20, 29, 68, 70, 77, 87, 104, 120–122]. In a PAT ex-

periment, we deliver near-infra-red (NIR) laser pulse into an optical absorbing

and scattering medium Ω ⊂ Rd. The density of NIR photons, denoted by u(x)

satisfies the diffusion equation as [11,12]

−∇ ·D(x)∇u(x) + σ(x)u(x) = 0, in Ω

u(x) = g(x), on ∂Ω
(5.1)

where D(x) and σ(x) are diffusion and absorption coefficients of the medium,

g(x) is NIR incoming source. Some of energy will be absorbed and con-
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verted into heat, leading to the thermoelastic expansion of the medium. The

medium cools down when the photons exit. The colling cause the contraction

of medium produces an initial pressure field which then propagates follow-

ing the acoustic wave equation. The initial pressure field generated is given

as [12,18,45]

H(x) = Γ(x)σ(x)u(x), (5.2)

where Γ is Grüneisen coefficient. The acoustic wave equation for the pressure

field p(t,x) is written as [18,38,109]

1

c2(x)

∂2p

∂t2
−∆p− (L ∗ p)(t,x) =

1

c2(x)
δ′(t)H(x)χΩ, in R+ × Rd

p(t,x) = 0,
∂p

∂t
(t,x) = 0, in {0} × Rd

(5.3)

where c(x) is the speed of ultrasound wave. The term L ∗ p denotes the

convolution of L(t,x) with p(t,x) over the t variable, with L(t,x) defined as

L(t,x) =
1√
2π

ˆ
R

(
K(ω,x)− ω2

c2

)
eiωtdω, (5.4)

where K is the complex wave number. There exists many different models [65].

In general, this model used to include the attenuation effect of the medium.

In this work, we consider power law model [8, 9, 65, 116,117]:

K(ω,x) =
ω

c
+ iβ|ω|ζ , 1 ≤ ζ ≤ 2 (5.5)

where the function β(x) is the spatially varying attenuation coefficient. The

wave signals are finally received by ultrasonic transducers on surface of medium

∂Ω for a sufficiently long time T � 1 and one could reconstruct optical and

acoustic properties from collected information.
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Usually the reconstruction in PAT consists of two steps. In the first

step, one will recover the initial pressure field H in (5.2) by solving an inverse

source problem for (5.3) [4, 5, 8, 23, 27, 35, 52, 56, 63, 69, 74, 85, 87, 92, 109, 115],

most results assume prior knowledge of sound speed c(x) and non-attenuation

medium, when c(x) is constant (e.g. c(x) ≡ 1), there exists explicit analytic

reconstruction for some geometries, for the case that c(x) is variable, analytic

inversion formula does not exists anymore, but there are some iterative re-

construction methods with fair stability. In the second step, one recovers the

diffusion coefficient D(x), the absorption coefficient σ(x) (and Grüneisen co-

efficient Γ if possible) using internal datum H(x) reconstructed from the first

step, see [7, 12,18,19,28,30,40,76,79,91,98,99,102,105,136].

However, in practice we do not always have the knowledge of c(x),

then the reconstruction of H in the first step would not be stable anymore,

there are quite a few results on the uniqueness of recovering c(x) and H(x)

simultaneously, see [32, 36, 57, 78, 111], it is known that there is no stability

estimate with any Sobolev norm Hs, s ≥ 0, see [110], to sustain stability of

reconstruction, one must acquire more information about either c(x) or H(x).

The idea of one-step reconstruction [32] is based on elimination of unim-

portant variable H(x), since each time changing incoming source g(x) will

introduce a new unknown corresponding H(x) waiting to be reconstructed

within first step. Under one-step reconstruction framework, we use multiple

data sets to direct reconstruct the coefficients (c,D, σ,Γ) without intermediate

variable introduced. In this work, for simplicity, we assume D(x) and Γ(x)
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are known, and we going to show some uniqueness and stability results of

recovering c(x), σ(x) and β(x).

We organize the structure of this paper as follows, we first linearize

the equations and use temporal Fourier transform to simplify the problem in

Section 5.2, then assuming β = 0, we show some uniqueness and stability

results of recovering c and σ when c(x) is radial in Section 5.4, and then

assume c(x) is known, we prove uniqueness of recovering β and σ in Section 5.5,

then we show the uniqueness of recovering (c, β, σ) with multiple data sets in

Section 5.6. We show some numerical experiments for recovering β and σ in

Section 5.7 to validate our result. Conclusions are remarks are in Section 5.8.

5.2 The Linearized Model

Since the energy will decay exponentially when attenuation is present

or d is odd, we define the Fourier transform [78] on p, ∀ω ∈ R,

p̂(ω,x) =
1√
2π

ˆ
R+

p(t,x)e−iωtdt (5.6)

where p̂(ω, ·) is analytic in strip containing R+. Note that the factor 1/
√

2π

is chosen to be consistent with the same factor in (5.5). Applying the Fourier

transform to the wave equation (5.3), we have

∆p̂+ K2(c, β)p̂ = i
ω√
2πc2

H(x)χΩ. (5.7)

We impose Sommerfield radiation condition on p̂ that

lim
|x|→∞

|x|(d−1)/2

(
p̂(ω,x)

∂|x|
− iKp̂

)
= 0. (5.8)
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We consider linearized model with assumption that the coefficients are

in forms of
c(x) = c0(x) + c̃(x),

σ(x) = σ0(x) + σ̃(x),

β(x) = β0(x) + β̃(x),

(5.9)

where c0, σ0, β0 are known background ultrasound speed, absorption coeffi-

cient and attenuation coefficient respectively and the perturbation c̃, σ̃, β̃ ∈

C1(Rd) and supported in Ω, moreover, we also assume ‖c̃/c0‖L∞+‖σ̃/σ0‖L∞+

‖β̃/β0‖L∞ � 1. And the solutions to (5.1) and (5.3) can be separated with

backgrounds and perturbations as follows:

u = u0 + ũ,

p̂ = p̂0 + p̃,
(5.10)

where u0 is the background NIR photon density satisfying

−∇ ·D(x)∇u0(x) + σ0(x)u0(x) = 0, in Ω

u0 = g, on ∂Ω
(5.11)

and background acoustic pressure field p̂0 satisfying

∆p̂0 + K2(c0, β0)p̂0 = i
ω√
2πc2

0

H0χΩ. (5.12)

The perturbation ũ and p̃ satisfies respectively the diffusion equation by ne-

glecting high ordered terms,

−∇ ·D∇ũ+ σ0ũ = −σ̃u0, in Ω

ũ = 0, on ∂Ω
(5.13)

and wave equation

∆p̃+ K2(c0, β0)p̃ = i
ω√
2πc2

0

H̃χΩ − i
2ω√
2πc3

0

H0χΩc̃− 2K(c0, β0)(Kcc̃+ Kββ̃)p̂0,

(5.14)
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where we have used the notations K(c, β) to denote the dependence of K on c

and β. The functions Kc(c, β) and Kβ(c, β) denote respectively the derivative

of K(c, β) with respect to c and β:

Kc(c, β) = − ω
c2
, Kβ = i|ω|ζ . (5.15)

The perturbed initial pressure field is

H̃ = Γ(σ0ũ+ σ̃u0). (5.16)

The detailed linearization process as well as its mathematical justifica-

tion can be found in [32].

In the rest of this paper, we denote by G(K; x,y) the Green function of

the Helmholtz operator ∆ + K2 with constant (complex) wave number K and

the Sommerfield radiation condition. That is, G(K,x,y) solves the following

equation

∆G+ K2G = −δ(x− y). (5.17)

It is known that G(K; x,y) takes the following form in dimension one, two and

three respectively

G =
i

2K
eiK|x−y|, G =

i

4
H(1)

0 (K|x− y|), and G =
1

4π

eiK|x−y|

|x− y|
(5.18)

where H(1)
0 is the Hankel function of first kind.

With the help of the Green function, we can write the solution to the

wave equation (5.14) as

p̃(ω,x) = −i ω√
2πc2

0

ˆ
Rd
G(K; x,y)Q(ω,y)dy, (5.19)

93



where the function Q is defined as

Q(ω,y) = H̃χΩ(y)− 2

c0

H0χΩc̃(y)+2K(c0, β0)(Kcc̃+Kββ̃)

ˆ
Rd
G(K; y, z)H0(z)χΩdz,

(5.20)

with both Kc and Kβ evaluated at (c0, β0).

Let G(x; y) be the Green function of the diffusion operator −∇·D∇+σ0

with homogeneous Dirichlet boundary condition, that is, G solves

−∇ ·D∇G + σ0G = −δ(x− y), in Ω, G = 0, on ∂Ω. (5.21)

We can then write

H̃(x) = u0σ̃ + σ0

ˆ
Ω

G(x; y)u0(y)σ̃(y)dy ≡ Kσ̃. (5.22)

It has been shown that K is invertible for an appropriate illumination source

g [].

5.3 Assumptions on Regularities

Here are a few assumptions for proceeding arguments.

A.1 The domain Ω is simple connected and boundary ∂Ω is smooth.

A.2 g ∈ H1/2(∂Ω) and there exists positive constants C1, C2 > 0 that C1 ≤

D(x) ≤ C2 almost everywhere.

A.3 There exists positive constant C3, C4, C5, C6 > 0 that C3 ≤ Γ(x) ≤ C4

and C5 ≤ c0, σ0, β0 ≤ C6 almost everywhere.
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A.4 D, c0, β0, σ0, c̃, β̃, σ̃ ∈ C∞(Ω) and supp c̃ ⊆ Ω, supp β̃ ⊆ Ω, supp σ̃ ⊆ Ω.

Then we can conclude that u0, ũ ∈ H1(Ω), H0, H̃ ∈ L2(Ω), p̂0(ω, ·), p̃(ω, ·) ∈

L2(Ω).

5.4 Determination of (c, σ)

In this section, we study the problem of determining the perturbation

pair (c̃, σ̃) assuming that the medium is not acoustically attenuating, this is,

β ≡ 0. This is the model that is mostly used in research in photoacoustic

imaging [11, 12]. In this case, classical results show that the wave energy will

decay exponentially when dimension is odd [83]. The Fourier transform that

we introduced is therefore only valid in odd dimensions.

When β ≡ 0, we have K(c0, β0) = ω/c0 = k. By changing variable

ω = c0k, the linearized acoustic wave equation (5.14) now simplifies to:

∆p̃+ k2p̃ = i
k√
2πc0

H̃χΩ − i
2k√
2πc2

0

H0χΩc̃+ 2k2 c̃

c0

p̂0. (5.23)

And the solution to this wave equation can be written as in (5.19) with new

function Q(k,y) defined as

Q(k,y) = H̃χΩ(y)− 2

c0

H0χΩc̃(y)− 2
k2

c0

c̃(y)

ˆ
Rd
G(k; y, z)H0(z)χΩdz. (5.24)

The solution p̃(k,x) can be written with

p̃(k,x) = −i k√
2πc0

ˆ
Rd
G(k; x,y)Q(k,y)dy. (5.25)
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5.4.1 The One-dimensional Case

In dimension one, we can use the structure of the Green’s function

to derive inspiring explicit relations between Fourier transforms of various

quantities. Therefore, we still consider this case even though it has not much

practical relevance. For any k, we define

ĉ(k) =
1√
2π

ˆ 1

−1

e−ikxc̃(x)dx, Ĥ0(k) =
1√
2π

ˆ 1

−1

e−ikxH0(x)dx. (5.26)

We have following uniqueness result on reconstruction.

Theorem 5.4.1. Let Ω = (−1, 1), c̃ ∈ C∞(R) and supp c̃ ⊆ Ω. Assume that

the background datum H0 is such that Ĥ0(k) 6= 0, ∀k ∈ R. Then p̃(k,x)|∂Ω ≡

0,∀k ∈ R implies that c̃ ≡ 0 and σ̃ ≡ 0.

Proof. We first observe from (5.25) that

ˆ
Rd
G(k; x,y)Q(k,y) = 0, when x ∈ ∂Ω. (5.27)

Taking into account that Q(k,y) is supported only on Ω, then the above

equality (5.27) implies

ˆ 1

−1

G(k; 1,y)Q(k,y)dy = 0, and

ˆ 1

−1

G(k;−1,y)Q(k,y)dy = 0. (5.28)

Using the one-dimension Green function in (5.18), and the Q(k,y) in (5.24),

we write the equations in (5.28) explicitly as

ˆ 1

−1

e−iky(H̃− 2

c0

H0c̃)dy−
ik

c0

ˆ 1

−1

e−ikyc̃(y)

ˆ 1

−1

eik|y−z|H0(z)dzdy = 0, (5.29)
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and
ˆ 1

−1

eiky(H̃ − 2

c0

H0c̃)dy −
ik

c0

ˆ 1

−1

eikyc̃(y)

ˆ 1

−1

eik|y−z|H0(z)dzdy = 0, (5.30)

respectively.

We take the conjugate of equation (5.29) and subtract it from (5.30)

to get ˆ 1

−1

eikyc̃(y)

ˆ 1

−1

(
e−ik|y−z| + eik|y−z|)H0(z)dzdy = 0, (5.31)

and then ˆ 1

−1

ˆ 1

−1

(
eikz + eik(2y−z)

)
c̃(y)H0(z)dzdy = 0, (5.32)

which is equivalent to

ĉ(0)Ĥ0(−k) + ĉ(−2k)Ĥ0(k) = 0. (5.33)

With the assumption on that Ĥ0(k) 6= 0,∀k ∈ R, we conclude, by eliminate

Ĥ0(k) from above equation that

|ĉ(2k)|2 = |ĉ(0)|2. (5.34)

Since c̃ is compactly supported, then its Fourier transform ĉ(k) should decay

to 0 as k →∞, that is ĉ(k) = 0, ∀k ∈ R, therefore c̃ ≡ 0.This in turn implies

H̃ ≡ 0 and thus σ̃ ≡ 0 [16].

Remark 5.4.1. It is important to observe that the relation between the Fourier

coefficients, equation (5.33), implies that if the k-th Fourier mode of H0 is

missing, then we cannot get anything definite about the 2k-th Fourier mode

of c̃. Therefore, to reconstruct c̃, we need the background initial pressure field

H0(x) to have rich spectrum information.
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The spatial spectrum content of H0 depends on the illumination source

g besides the optical coefficients D and σ0 which we have assumed to be very

smooth. Using the data from multiple sources is therefore advantageous in

this case. Assume that we have J illumination sources. Let Hj
0(1 ≤ j ≤ J)

be the background initial pressure field generated from source gj. Then the

relation (5.33) becomes

ĉ(0)Ĥj
0(−k) + ĉ(−2k)Ĥj

0(k) = 0. (5.35)

This means we can use data from source gj to determine ĉ(2k) for one set of k

values and source gj′ to determine ĉ(2k) for another set of k values. Therefore,

we can potential cover a lot of k values with multiple illuminations.

We now study the stability of reconstruction on c̃. We can prove the

following stability result.

Theorem 5.4.2. Let p̃1(k,x)|∂Ω and p̃2(k,x)|∂Ω be the measured perturbation

data sets associated with coefficient pairs (σ̃1, c̃1) and (σ̃2, c̃2) respectively. As-

sume that (c̃1 − c̃2) has zero mean, that is, ĉ1(0)− ĉ2(0) = 0. Then we have

ˆ ∞
0

k2|Ĥ0(k)|2|ĉ1(2k)− ĉ2(2k)|2dk ≤ C‖p̂1 − p̂2‖2
L2(R+×∂Ω). (5.36)

Proof. We start with the representation of the solution (5.25). Following sim-

ilar calculations as in proof of previous theorem on uniqueness, we obtain for

1 ≤ j ≤ 2,

p̃j(k,±1) =
e±ik

2
√

2πc0

ˆ 1

−1

e∓iky
(

(H̃j −
2

c0

H0c̃j)−
ik

c0

c̃j(y)

ˆ 1

−1

eik|y−z|H0(z)dz

)
dy.

(5.37)
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We then verify that

2
√

2πc2
0e
ik
(
p̃j(k,+1)− p̃j(k,−1)

)
= ik

ˆ 1

−1

eikyc̃j(y)

ˆ 1

−1

(
e−ik|y−z| + eik|y−z|)H0(z)dzdy,

(5.38)

which immediately implies

2
√

2πc2
0e
ik
(
p̃j(k,+1)− p̃j(k,−1)

)
= ik

(
ĉj(0)Ĥ0(−k) + ĉj(−2k)Ĥ0(k)

)
.

(5.39)

Let ĉ = ĉ1 − ĉ2, and p = p̃1 − p̃2, then we have

k2 |̂c(0)Ĥ0(−k) + ĉ(−2k)Ĥ0(k)|2 ≤ 16πc4
0(|p(k,+1)|2 + |p(k,−1)|2) (5.40)

The estimate (5.36) then follows from an integration over k after taking into

account the assumption that ĉ(0) ≡ 0.

5.4.2 The Three-dimensional Case

In three-dimension, the Green’s function is

G(k; x,y) =
1

4π

eik|x−y|

|x− y|
. (5.41)

In spherical coordinate, if we denote x = (r, θ, φ) and y = (r′, θ′, φ′), assume

r ≥ r′, then we can represent the Green’s function G(k; x,y) as []

G(k; x,y) = ik

∞∑
l=0

l∑
m=−l

h
(1)
l (kr)jl(kr

′)Y m
l (θ, φ)Y m∗

l (θ′, φ′), (5.42)

where h
(1)
l is the spherical Hankel function of first kind, Y m

l is the spherical

harmonic function defined as

Y m
l (θ, φ) =

√
(2l + 1)

4π

(l −m)!

(l +m)!
Pm
l (cos θ)eimφ. (5.43)
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We have following uniqueness theorem on reconstruction.

Theorem 5.4.3. Let Ω = B1(0) be the unit ball in R3. Assume that

1. c̃(x) is radially dependent only, that is, c̃(x) = c̃(r),

2. ∀k ∈ R,
´

Ω
j0(kr)H0(r, θ, φ)r2dr sin θdφ 6= 0.

Then p̃(k,x)|∂Ω ≡ 0,∀k ∈ R implies that c̃(x) ≡ 0 and σ̃(x) ≡ 0.

Proof. We recall again the relation (5.27) that

ˆ
Ω

G(k; x,y)Q(k,y)dy = 0, ∀x ∈ ∂Ω. (5.44)

We use the expansion in (5.42), and let x = (1, θ, φ) and y = (r′, θ′, φ′), then

we have

ˆ
Ω

∞∑
l=0

l∑
m=−l

h
(1)
l (k)jl(kr

′)Y m
l (θ, φ)Y m∗

l (θ′, φ′)Q(k, r′, θ′, φ′)r′2dr′ sin θ′dθ′dφ′ = 0.

(5.45)

Take above equation as a spherical expansion in terms of Y m
l (θ, φ) and noticing

Y m∗
l = (−1)mY −ml , we conclude that ∀l ∈ N and m = −l, . . . , l,

ˆ
Ω

Q(k, r′, θ′, φ′)jl(kr
′)Y m

l (θ′, φ′)r′2dr′ sin θ′dθ′dφ′ = 0. (5.46)

By changing m → −m, similar to the proof in one-dimension, we can obtain

∀l ∈ N and m = −l, . . . , l,
ˆ

Ω

jl(kr
′)Y m

l (θ′, φ′)c̃(r′, θ′, φ′)R(r′, θ′, φ′)r′2dr′ sin θ′dφ′ = 0, (5.47)
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where

R(r′, θ′, φ′) =

ˆ
Ω

=G(k; r′, θ′, φ′, r′′, θ′′, φ′′)H0(r′′, θ′′, φ′′)r′′2dr′′ sin θ′′dθ′′dφ′′.

(5.48)

The = denotes imaginary part of complex number. According to (5.42), we

know that

=G(k; r′, θ′, φ′, r′′, θ′′, φ′′) = k

∞∑
p=0

p∑
q=−p

jp(kr
′)jp(kr

′′)Y q
p (θ′, φ′)Y q∗

p (θ′′, φ′′),

(5.49)

and bring (5.49) back to (5.47),
∞∑
p=0

p∑
q=−p

Apq

ˆ
Ω

jl(kr
′)jp(kr

′)Y m
l (θ′, φ′)Y q

p (θ′, φ′)c̃(r′, θ′, φ′)r′2dr′ sin θ′dθ′dφ′ = 0,

(5.50)

where

Apq =

ˆ
Ω

jp(kr)Y
q∗
p (θ, φ)H0(r, θ, φ)r2dr sin θdθdφ. (5.51)

Now let us consider the case that c̃ is radially dependent, then we can conclude

that

Bpqlm =

ˆ
Ω

jl(kr
′)jp(kr

′)Y m
l (θ′, φ′)Y q

p (θ′, φ′)c̃(r′)r′2dr′ sin θ′dθ′dφ′ (5.52)

will be zero unless l = p and m+ q = 0, i.e. Y m
l = Y q∗

p from the orthogonality

of spherical harmonic functions []. Due to the assumption in our theorem,

A00 =

ˆ
Ω

j0(kr)H0(r, θ, φ)r2dr sin θdθdφ (5.53)

is nonzero almost everywhere, therefore we take l = m = 0 in (5.50), the

equation becomes
∞∑
p=0

p∑
q=−p

ApqBpq00 = A00B0000, (5.54)
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then B0000 = 0 and leads to

ˆ 1

0

j2
0(kr′)c̃(r′)r′2dr′ = 0. (5.55)

Using j0(kr′) = sin(kr′)/kr′, above equation is equivalent to

ˆ 1

0

sin2(kr′)c̃(r′)dr′ = 0, ∀k ∈ R (5.56)

which can further conclude that

ˆ 1

0

c̃(r′)dr′ =

ˆ 1

0

cos(2kr′)c̃(r′)dr′, (5.57)

It is exactly the same as we have in one-dimension if we choose even expansion

of c̃(r′) to (−1, 1).

And similarly we have following stability estimate in three-dimension.

Theorem 5.4.4. Let p̃1(k, θ, φ) and p̃2(k, θ, φ) be the measured perturbation

data sets associated with coefficient pairs (σ̃1, c̃1) and (σ̃2, c̃2) respectively. As-

sume that

1. H0(r, θ, φ) satisfies following condition ∀k ∈ R,

A00 =

ˆ
Ω

j0(kr)H0(r, θ, φ)r2dr sin θdθdφ 6= 0, (5.58)

2. c̃1 and c̃2 are radially dependent, and

ˆ 1

0

(c̃1(r)− c̃2(r))dr = 0. (5.59)
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Then we have following estimate that

ˆ ∞
0

S2(k)dk ≥ C‖c̃1 − c̃2‖2
L2(Ω) (5.60)

where S is defined

S(k) = −
√

2πc2
0

4kA00(k)π
<

(
1

kh
(1)
l (k)

ˆ
S2
p(k, θ, φ) sin θdθdφ

)
(5.61)

Proof. We have that for x ∈ ∂Ω, which is r = 1, by (5.42),

p̃j(k, θ, φ)

−ikh(1)
l (k)

=
1√

2πc0

∞∑
l=0

l∑
m=−l

ˆ
Ω

jl(kr
′)Y m

l (θ, φ)Y m∗
l (θ′, φ′)Qj(k, r

′, θ′, φ′)dV ′

(5.62)

where dV ′ = r′2dr′ sin θ′dθ′dφ′. Take account of spherical Fourier transform

on above equation, define that ∀l ∈ N and m = −l . . . , l,

W j
l,m(k) =

1

−ikh(1)
l (k)

ˆ
S2
p̃j(k, θ, φ)Y m∗

l (θ, φ) sin θdθdφ. (5.63)

then it is obvious from right hand side of (5.62) that

W j
l,m(k) =

1√
2πc0

ˆ
Ω

jl(kr
′)Y m∗

l (θ′, φ′)Qj(k, r
′, θ′, φ′)dV ′, (5.64)

then we obtain that

W j
l,m(k)− (−1)mW j

l,−m(k) =
4ik2

√
2πc2

0

ˆ
Ω

jl(kr
′)Y m

l (θ′, φ′)c̃j(r
′)R(k, r′, θ′, φ′)dV ′.

(5.65)

where

R(k, r′, θ′, φ′) =

ˆ
Ω

=G(k; r′, θ′, φ′, r′′, θ′′, φ′′)H0(r′′, θ′′, φ′′)dV ′′ (5.66)
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Reuse the same argument and denotation in previous theorem on uniqueness,

we have

∞∑
p=0

p∑
q=−p

ApqB
j
pqlm =

√
2πc2

0

4ik3
(W j

l,m(k)− (−1)mW j
l,−m(k)) (5.67)

For this theorem, we simply need to let l = m = 0 and take account that

A00(k) 6= 0 a.e., let c = c̃1 − c̃2 and p = p̃1 − p̃2, and denote S(k) by

S(k) = k2

ˆ 1

0

j2
0(kr)c(r)r2dr =

ˆ 1

0

sin2(kr)c(r)dr, (5.68)

then from (5.67) we conclude that S(k) also satisfies

S(k) = −
√

2c2
0

4kA00(k)
<

(
1

kh
(1)
l (k)

ˆ
S2
p(k, θ, φ) sin θdθdφ

)
. (5.69)

On the other hand, since average of c is zero,

S(k) =
1

2

ˆ 1

0

(1− cos(2kr))c(r)dr = −1

2

ˆ 1

0

cos(2kr)c(r)dr, (5.70)

therefore ˆ ∞
0

S2(k)dk ≥ C‖c‖2
L2(Ω) (5.71)

5.5 Determination of (β, σ)

We now consider the case where the ultrasound speed c is known, but

the acoustic attenuation and optical absorption coefficients are to be recon-

structed. In this case, due to the presence of acoustic attenuation, the expo-

nential decay in wave energy is guaranteed for any dimension. Therefore, the

temporal Fourier transform of wave field is defined on any dimension.
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In this section, we assume that the acoustic attenuation is small, that

is, β0 ≡ 0 and only perturbation β̃ to be sought. In this case, the wave

equation (5.14) can be simplified to

∆p̃+ k2p̃ = i
k√
2πc0

H̃χΩ − i2cζ0k|k|ζ β̃p̂0. (5.72)

Let us define

Q(k,y) = H̃χΩ(y) + i2cζ0k|k|ζ β̃
ˆ
Rd
G(k; y, z)H0χΩ(z)dz, (5.73)

then the solution to equation (5.72) can be written in the same form as (5.25).

5.5.1 The One-dimensional case

In one-dimensional case, we can easily establish following theorem on

uniqueness.

Theorem 5.5.1. Let Ω = (−1, 1) and β̃ satisfies the assumptions in Sec-

tion 5.3. Assume that there exists sources gj such that the background data

H0,j, j = 1, . . . , J , satisfy that for k 6= 0,2T1 cζ0|k|ζĤ0,1χΩ(−k) cζ0|k|ζĤ0,1χΩ(k)
...

...
...

2TJ cζ0|k|ζĤ0,JχΩ(−k) cζ0|k|ζĤ0,JχΩ(k)

 (5.74)

is of full rank, where operator Tj is defined as

Tjσ̃ = K̂jσ̃(k). (5.75)

Then perturbed measurements p̃j(k,x) ≡ 0, j = 1, . . . , J implies β̃ ≡ 0 and

σ̃ ≡ 0.
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Proof. The proof of this result follows the same procedure as in Theorem 5.4.1.

We use again the relation (5.27). Using the analytical form of the Green

function in (5.18), and taking into account the fact that Q defined in (5.73) is

supported only on Ω, we can simplify (5.27) into

ˆ 1

−1

eikyH̃dy + cζ0|k|ζ
ˆ 1

−1

eikyβ̃(y)

ˆ 1

−1

e−ik|x−z|H0(z)dzdy = 0, (5.76)

for x = +1 and

ˆ 1

−1

e−ikyH̃dy + cζ0|k|ζ
ˆ 1

−1

e−ikyβ̃(y)

ˆ 1

−1

e−ik|x−z|H0(z)dzdy = 0, (5.77)

for x = −1. We now plus the conjugate of (5.76) to (5.77), and obtain

2 ̂̃H(k) + cζ0|k|ζ
(
Ĥ0χΩ(−k)β̂(0) + Ĥ0χΩ(k)β̂(2k)

)
= 0. (5.78)

With multiple sources gj and background data H0,j respectively, for each j =

1, . . . , J , we have equations on (σ̃, β̃),

2K̂jσ̃(k) + cζ0|k|ζ
(
Ĥ0,jχΩ(−k)β̂(0) + Ĥ0,jχΩ(k)β̂(2k)

)
= 0. (5.79)

which is equivalent to following system for each fixed k 6= 0,2T1 cζ0|k|ζĤ0,1χΩ(−k) cζ0|k|ζĤ0,1χΩ(k)
...

...
...

2TJ cζ0|k|ζĤ0,JχΩ(−k) cζ0|k|ζĤ0,JχΩ(k)


 σ̃

β̂(0)

β̂(2k)

 = 0 (5.80)

By the assumption that above operator matrix is of full rank, we conclude

that σ̃ ≡ 0 and β̃ ≡ 0.
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5.5.2 The High-dimensional cases

In 2D and 3D, when β̃ is radially distributed, we just need to apply

the same technique by expanding Green function in Fourier modes in 2D and

spherical harmonic functions in 3D.

5.6 Determination of (c, β, σ)

Let us now consider the case of determining coefficients tuple (c̃, β̃, σ̃).

Again we assume that background data β0 ≡ 0 and c0 as constant. In this

case, (5.14) simplifies to

∆p̃+ k2p̃ = i
k√
2πc0

H̃χΩ − i
2k√
2πc2

0

H0χΩc̃+ (2k2 c̃

c0

− i2cζ0k|k|ζ β̃)p̂0 (5.81)

And define

Q(k,y) = H̃χΩ(y)− 2

c0

H0χΩ − (
2

c0

k2c̃− i2cζ0k|k|ζ β̃)

ˆ
Rd
G(k; y, z)H0χΩ(z)dz

(5.82)

The solution to (5.81) can be written into the form of (5.19).

Theorem 5.6.1. Let Ω = (−1, 1) and c̃, β̃, σ̃ satisfies the assumptions in

Section 5.3 and Theorem 5.5.1. We also assume that ĉ(0) = 0 and there exists

gj such that the background data H0,j, j = 1, 2 satisfies that for almost every

k ∈ R that,

T (β̃, H0,1)Ĥ0,2χΩ(k)− T (β̃, H0,2)Ĥ0,1χΩ(k) 6= 0, (5.83)

where bilinear operator T is defined as

T (β̃, H0)(k) =

ˆ 1

−1

eikyβ̃(y)F−1

(
kĤ0χΩ(ω)

k2 − ω2

)
dy. (5.84)
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Then perturbed measurements (p̃1(k,x), p̃2(k,x)) ≡ 0 implies c̃ ≡ 0, β̃ ≡ 0

and σ̃ ≡ 0.

Proof. As we proved in previous section, we can simplify the equation by

ˆ 1

−1

eiky
(
H̃ − 2

c0

H0c̃

)
dy+

ˆ 1

−1

eiky
(
cζ0|k|ζ β̃(y)− ik c̃(y)

c0

) ˆ 1

−1

e−ik|y−z|H0(z)dzdy = 0

(5.85)

and

ˆ 1

−1

e−iky
(
H̃ − 2

c0

H0c̃

)
dy+

ˆ 1

−1

e−iky
(
cζ0|k|ζ β̃(y)− ik c̃(y)

c0

) ˆ 1

−1

e−ik|y−z|H0(z)dzdy = 0

(5.86)

for the cases of x = +1 and x = −1 respectively. We now subtract the

conjugate of (5.85) from (5.86) and obtain

ˆ 1

−1

eikycζ0|k|ζ β̃(y)

ˆ 1

−1

sin(k|y−z|)H0(z)dzdy+

ˆ 1

−1

eikyk
c̃(y)

c0

ˆ 1

−1

cos(k(y−z))H0(z)dzdy = 0

(5.87)

Take Fourier transform on the convolution products,

cζ0|k|ζ
ˆ 1

−1

eikyβ̃(y)F−1

(
kĤ0χΩ(ω)

k2 − ω2

)
dy+

k

c0

(
Ĥ0χΩ(k)ĉ(−2k) + Ĥ0χΩ(−k)ĉ(0)

)
= 0

(5.88)

let bilinear operator T (β̃, H0) be the transform that

T (β̃, H0)(k) =

ˆ 1

−1

eikyβ̃(y)F−1

(
kĤ0χΩ(ω)

k2 − ω2

)
dy (5.89)

with multiple sources gj and background data H0,j respectively (j = 1, 2), we

can formulate following system that

T (β̃, H0,j)(k) +
k

cζ+1
0 |k|ζ

(
Ĥ0,jχΩ(k)ĉ(−2k) + Ĥ0,jχΩ(−k)ĉ(0)

)
= 0. (5.90)
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Since ĉ(0) = 0, we can simplify above equation as

T (β̃, H0,j)(k) +
k

cζ+1
0 |k|ζ

(
Ĥ0,jχΩ(k)ĉ(−2k)

)
= 0. (5.91)

And we have assumption that when β̃ 6= 0, a.e.,

T (β̃, H0,1)(k)Ĥ0,2χΩ(k)− T (β̃, H0,2)Ĥ0,1χΩ(k) 6= 0. (5.92)

Therefore if β̃ 6= 0, then c̃ ≡ 0, hence β̃ ≡ 0 and σ̃ ≡ 0 from previous

section.

5.7 Numerical Reconstruction

We perform numerical experiment for reconstruction of wave speed in

1D domain (−1, 1). In the following experiments, the background wave speed

c0 ≡ 1 and background pressure field is taken as

H0(x) = 1+0.2 sin(πx)+0.4 sin(4πx)+0.6 sin(6πx)+0.8 sin(8πx)+1.0 sin(10πx).

(5.93)

The perturbation in wave speed c̃ is

c̃(x) = 1 + κ (sin(4πx) + sin(8πx)− sin(12πx) + 2 cos(16πx)) , (5.94)

where κ is the parameter to control the smallness of perturbation, given that

average of c̃ is zero. The perturbed initial pressure field is

H̃(x) = γ sin(3πx), (5.95)

where γ is the parameter to control the smallness of H̃.
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5.7.1 Wave Equation Solution

The wave equation is solved on Ω× (0, T ) as time evolves, using finite

difference method. The size of uniformly discretization is 2048 for spatial grid.

For time axis, the time step is set to be dt = dx/8 conservatively as long as κ

stays small. In our implementation, we select ending time as T = 8.0, where

the wave field p(x, T ) is negligible (10−10 level). The data we stored is the

perturbed wave field on the boundary, i,e., p̃(−1, t) and p̃(+1, t), t ∈ (0, T ).

5.7.2 Reconstruction

According to section 5.4 and assumption on perturbation c̃, we know

that ĉ(0) = 0 and

2
√

2πc2
0e
ik
(
p̃(k,+1)− p̃(k,−1)

)
= ik

(
ĉ(0)Ĥ0(−k) + ĉ(−2k)Ĥ0(k)

)
. (5.96)

Therefore, we have explicit reconstruction for c̃ that,

ĉ(−2k) = 2
√

2πc2
0e
ik
(
p̃(k,+1)− p̃(k,−1)

)
/(ikĤ0(k)). (5.97)

We measure the quality of reconstruction by calculating the relative error,

L =
‖ctrue − crecovered‖L2(Ω)

‖c̃true‖L2(Ω)

. (5.98)

We can observe that perturbation in H̃ does not affect our result on recov-

ering c̃. This can be noticed from the formulations, H̃ will be canceled in

reconstruction.
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5.8 Concluding Remarks

In this work, we mainly proved the uniqueness and related stability

estimates under linearized setting on the reconstruction of radially dependent

wave speed, attenuation coefficient and optical absorption coefficient from PAT

measurements. Our method is based on some specific assumption on back-

ground information that the Green function can be explicitly represented, and

on the other hand, we can compute the spectral decomposition of the Green

function of the Helmholtz equation in terms of spherical harmonic functions in

3D (Hankel functions in 2D), the orthogonality of basis function provides the

opportunity to extract information on each mode. However, the information

on each mode still involves integral on all perturbations, we observe that the

real part and imaginary part can be separated and be used to cancel some of

the unknowns, which leads to uniqueness and stability estimate. Our result

on stability for wave speed is Lipschitz in frequency space, which indicates the

exponential stability in time space, therefore in practice, the high frequency

wave speed perturbation c̃ is difficult to recover. For the attenuation coeffi-

cient, the formulation is a bit different since the coefficient is not real, which

cannot be computed explicitly. Our method can be extended to more com-

plicated cases such that c̃ is not only radially dependent but also angularly

dependent. The future work will be on exploring the stability and numerical

reconstruction under sparsity assumption.
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Figure 5.1: Plot of true and recovered wave speed with
κ = 0.01, γ = 0.01, L = 10.11%

Figure 5.2: Plot of true and recovered wave speed with
κ = 0.01, γ = 0.02, L = 10.11%
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Figure 5.3: Plot of true and recovered wave speed with
κ = 0.02, γ = 0.01, L = 25.97%

Figure 5.4: Plot of true and recovered wave speed with
κ = 0.02, γ = 0.02, L = 25.97%
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Figure 5.5: Plot of true and recovered wave speed with
δ = 0.05, γ = 0.01, L = 69.36%

Figure 5.6: Plot of true and recovered wave speed with
δ = 0.05, γ = 0.02, L = 69.33%
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Chapter 6

Conclusions

In this dissertation, we studied, mathematically and computationally,

inverse problems in different versions of photoacoustic tomography. More pre-

cisely, we focused on three aspects of inverse problems in PAT.

We analyzed in Chapter 3 inverse problems in quantitative fluorescence

PAT where the objective is to recover optical coefficients in a system of radia-

tive transport equations from internal data on the absorbed energy density.

We derived uniqueness as well as stability results on the reconstruction and

proposed numerical algorithms to perform image reconstruction in different

settings. Our analysis is an extension of the results in [101] where analysis on

the same problem with the diffusion model is performed.

We present in Chapter 4 a fast computational algorithm for solving

the radiative transport equation in isotropic media. The algorithm consists of

two steps. In the first step, we derive an integral equation for the angularly

averaged ERT solution (fluence) by taking advantage of the isotropy of the

scattering kernel, and solve the integral equation with fast multipole method

(FMM). In the second step, we solve a scattering-free transport equation to

recover the original ERT solution. Numerical simulations we performed show
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that the algorithm is efficient in both homogeneous and inhomogeneous media.

We studied in Chapter 5 a one-step approach to quantitative image

reconstruction in PAT. we combined the acoustic and optical inverse problems

into a one-step inverse problem where we intended to reconstruct simulta-

neously the ultrasound speed and the optical properties from acoustic data

generated with multiple illuminations. We derived some uniqueness and sta-

bility results on the inverse problem and performed numerical validations in

simplified settings.

There are many interesting issues related to the study of PAT in this

dissertation that we plan to investigate in near future.

On the modeling side, it is clear that the radiative transport model for

light propagation in PAT is a better model than its diffusion approximation.

However, as we have seen in the dissertation, the computational cost of solving

the transport equation is significantly higher than that of solving the diffusion

equation. Intermediate models, such as the PN equations [11], can be good

candidates in between that gives good accuracy but is computationally less

expensive than the transport equation. We plan to study PAT inverse problems

under the PN model.

On the computational side, we plan to develop efficient one-step al-

gorithms for PAT inverse problems based on the transport model or the PN

model, following the lines of work in [32]. Besides the possibilities to reduce

computational cost of such algorithms, we plan to develop methods to stabi-
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lize the simultaneous reconstruction of acoustic and optical parameters, using,

for instance, sparsity constraints on the unknowns. As we have seen from the

analysis in Chapter 5, it is possible to reconstruct the ultrasound speed if it

only has few special Fourier modes.

On the theoretical side, a complete mathematical analysis of inverse

transport problems in PAT is still missing despite of the progress in this dis-

sertation. We plan to address this issue more carefully. In the linearized case,

we plan to investigate the problem in the framework of over-determined el-

liptic systems following the work in [13]. In the nonlinear case, it might be

possible to generalize the techniques in [14] to deal with the situation where

finite number of internal data are available.
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Appendix 1

Auxiliary Theorems

Theorem 1.0.1. The equation of radiative transport

v · Φ(x,v) + µt(x)Φ(x,v)− µs(x)

ˆ
Sd−1

Φ(x,v′)dv′ = f(x), in Ω× Sd−1

Φ(x,v) = 0, on Γ−
(1.1)

has only zero solution when f ≡ 0.

Proof. Prove by contradiction, if there is a nontrivial solution φ, without loss

of generality, we assume it achieves positive maximum at (x0,v) ∈ Ω × Sd−1.

then

v · ∇φ(x,v) + µtφ(x,v) = µs

ˆ
Sd−1

φ(x, ŝ′)dŝ′ ≤ µsφ(x0,v) (1.2)

hence take ψ(x) = φ(x0,v)− φ(x,v),

v · ∇ψ + µtψ ≥ µaφ(x0,v) > 0 (1.3)

then

d

dξ
exp

(ˆ ξ

0

µt(x0 + tv)dt

)
ψ(x0 + ξv) > 0 (1.4)

we obtain that on boundary ψ(x0 − τv) ≥ 0,

0 ≤ exp

(
−
ˆ τ

0

µt(x0 − tv)dt

)
ψ(x0 − τv) < ψ(x0) = 0 (1.5)

hence φ(x) ≡ 0.
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R. W. Köster, and V. Ntziachristos, Multispectral opto-acoustic

tomography of deep-seated fluorescent proteins in vivo, Nature Photonics,

3 (2009), pp. 412–417.

[94] D. Razansky and V. Ntziachristos, Hybrid photoacoustic fluores-

cence molecular tomography using finite-element-based inversion, Med.

Phys., 34 (2007), pp. 4293–4301.

[95] K. Ren, On ultrasound-modulated fluorescence optical tomography, arXiv,

(2015).

[96] K. Ren, G. Bal, and A. H. Hielscher, Frequency domain optical

tomography based on the equation of radiative transfer, SIAM J. Sci.

Comput., 28 (2006), pp. 1463–1489.

132



[97] , Transport- and diffusion-based optical tomography in small do-

mains: A comparative study, Applied Optics, 46 (2007), pp. 6669–6679.

[98] K. Ren, H. Gao, and H. Zhao, A hybrid reconstruction method for

quantitative photoacoustic imaging, SIAM J. Imag. Sci., 6 (2013), pp. 32–

55.

[99] K. Ren, R. Zhang, and Y. Zhong, Inverse transport problems in

quantitative PAT for molecular imaging, Inverse Problems, 31 (2015).

125012.

[100] , A fast algorithm for radiative transport in isotropic media, arXiv:1610.00835,

(2016).

[101] K. Ren and H. Zhao, Quantitative fluorescence photoacoustic tomog-

raphy, SIAM J. Imag. Sci., 6 (2013), pp. 2024–2049.

[102] T. Saratoon, T. Tarvainen, B. T. Cox, and S. R. Arridge, A

gradient-based method for quantitative photoacoustic tomography using

the radiative transfer equation, Inverse Problems, 29 (2013). 075006.

[103] A. K. Scheel, M. Backhaus, A. D. Klose, B. Moa-Anderson,

U. Netz, K. G. Hermann, J. M. Beuthan, G. A. Müller, G. R.

Burmester, and A. H. Hielscher, First clinical evaluation of sagit-

tal laser optical tomography for detection of synovitis in arthritic finger

joints, Annals of the Rheumatic Diseases, (2004), pp. 239–245.

133



[104] O. Scherzer, Handbook of Mathematical Methods in Imaging, Springer-

Verlag, 2010.

[105] P. Shao, B. Cox, and R. J. Zemp, Estimating optical absorption,

scattering, and Grueneisen distributions with multiple-illumination pho-

toacoustic tomography, Appl. Opt., 50 (2011), pp. 3145–3154.

[106] C. E. Siewert, An inverse source problem in radiative transfer, J.

Quant. Spectrosc. Radiat. Transfer, 50 (1993), pp. 603–609.

[107] V. Y. Soloviev, K. B. Tahir, J. McGinty, D. S. Elson, M. A. A.

Neil, P. M. W. French, and S. R. Arridge, Fluorescence lifetime

imaging by using time gated data acquisition, Applied Optics, 46 (2007),

pp. 7384–7391.

[108] P. Stefanov, W. Cong, and G. Wang, Modulated luminescence

tomography, Inverse Problems and Imaging, 9 (2015), pp. 551–578.

[109] P. Stefanov and G. Uhlmann, Thermoacoustic tomography with

variable sound speed, Inverse Problems, 25 (2009). 075011.

[110] , Instability of the linearized problem in multiwave tomography of

recovery both the source and the speed, Inverse Problems and Imaging, 7

(2013), pp. 1367–1377.

[111] , Recovery of a source term or a speed with one measurement and

applications, Trans. AMS, 365 (2013), pp. 5737–5758.

134



[112] J. Tervo, On coupled Boltzmann transport equation related to radiation

therapy, J. Math. Anal. Appl., 335 (2007), pp. 819–840.

[113] J. Tervo and P. Kokkonen, On existence of L1-solutions for coupled

Boltzmann transport equation and radiation therapy treatment optimiza-

tion, arXiv, (2014). 1406.3228v1.

[114] A. B. Thompson and E. M. Sevick-Muraca, Near-infrared fluores-

cence contrast-enhanced imaging with intensified charge-coupled device

homodyne detection: measurement precision and accuracy, J. Biomedi-

cal Optics, 8 (2003), pp. 111–120.

[115] J. Tittelfitz, Thermoacoustic tomography in elastic media, Inverse

Problems, 28 (2012). 055004.

[116] B. E. Treeby, J. G. Laufer, E. Z. Zhang, F. C. Norris, M. F.

Lythgoe, P. C. Beard, and B. T. Cox, Acoustic attenuation com-

pensation in photoacoustic tomography: Application to high-resolution

3d imaging of vascular networks in mice, in Photons Plus Ultrasound:

Imaging and Sensing, A. A. Oraevsky and L. V. Wang, eds., 2011,

p. Y178992Y978992.

[117] B. E. Treeby, E. Z. Zhang, and B. T. Cox, Photoacoustic tomog-

raphy in absorbing acoustic media using time reversal, Inverse Problems,

26 (2010). 115003.

135



[118] G. Vainikko, Multidimensional Weakly Singular Integral Equations,

Springer-Verlag, 1993.

[119] B. Wang, Q. Zhao, N. M. Barkey, D. L. Morse, and H. Jiang,

Photoacoustic tomography and fluorescence molecular tomography: A

comparative study based on indocyanine green, Med. Phys., 39 (2012),

pp. 2512–2517.

[120] L. V. Wang, ed., Photoacoustic Imaging and Spectroscopy, Taylor &

Francis, 2009.

[121] , Photoacoustic tomography, Scholarpedia, 9 (2014). 10278.

[122] , Photoacoustic tomography: Principles and advances, Progress in

Electromagnetics Research, 147 (2014), pp. 1–22.

[123] Y. Wang, K. Maslov, C. Kim, S. Hu, and L. V. Wang, Inte-

grated photoacoustic and fluorescence confocal microscopy, IEEE Trans.

Biomed. Eng., 57 (2010), pp. 2576–2578.

[124] R. Weissleder, C.-H. Tung, U. Mahmood, and A. Bogdanov,

In vivo imaging of tumors with protease-activated near-infrared fluores-

cent probes, Nature Biotechnology, 17 (1999), pp. 375–378.

[125] A. J. Welch and M. J. C. Van-Gemert, Optical-thermal Response

of Laser Irradiated Tissue, Plenum Press, New York, 1995.

136



[126] K. E. Wilson, T. Y. Wang, and J. K. Willmann, Acoustic and

photoacoustic molecular imaging of cancer, J. Nuclear Medicine, 54 (2013),

pp. 1851–1854.

[127] Y. Xu, D. Feng, and L. V. Wang, Exact frequency-domain recon-

struction for thermoacoustic tomography. i. planar geometry, Medical

Imaging, IEEE Transactions, 21 (2002), pp. 823–828.

[128] Y. Xu, M. Xu, and L. V. Wang, Exact frequency-domain reconstruc-

tion for thermoacoustic tomography. ii. cylindrical geometry, Medical

Imaging, IEEE Transactions, 21 (2002), pp. 829–833.

[129] Y. Yamaoka and T. Takamatsu, Enhancement of multiphoton excitation-

induced photoacoustic signals by using gold nanoparticles surrounded by

fluorescent dyes, in Photons Plus Ultrasound: Imaging and Sensing,

A. A. Oraevsky and L. V. Wang, eds., SPIE, 2009. 71772A.

[130] L. Yao, Y. Sun, and H. Jiang, Transport-based quantitative photoa-

coustic tomography: simulations and experiments, Phys. Med. Biol., 55

(2010), pp. 1917–1934.

[131] L. Ying, G. Biros, and D. Zorin, A kernel-independent adaptive

fast multipole method in two and three dimensions, J. Comput. Phys.,

196 (2003), pp. 591–626.

[132] B. Yuan, Y. Liu, P. M. Mehl, and J. Vignola, Microbubble-

enhanced ultrasound-modulated fluorescence in a turbid medium, Appl.

137



Phys. Lett, 95 (2009). 181113.

[133] Z. Yuan and H. Jiang, Simultaneous recovery of tissue physiological

and acoustic properties and the criteria for wavelength selection in mul-

tispectral photoacoustic tomography, Optics Letters, 34 (2009), pp. 1714–

1716.

[134] Z. Yuan, Q. Wang, and H. Jiang, Reconstruction of optical absorp-

tion coefficient maps of heterogeneous media by photoacoustic tomogra-

phy coupled with diffusion equation based regularized Newton method,

Optics Express, 15 (2007), pp. 18076–18081.

[135] Z. Yuan, Q. Zhang, and H. Jiang, Simultaneous reconstruction of

acoustic and optical properties of heterogeneous media by quantitative

photoacoustic tomography, Optics express, 14 (2006), pp. 6749–6754.

[136] R. J. Zemp, Quantitative photoacoustic tomography with multiple optical

sources, Applied Optics, 49 (2010), pp. 3566–3572.

[137] J. Zhang and M. A. Anastasio, Reconstruction of speed-of-sound

and electromagnetic absorption distributions in photoacoustic tomogra-

phy, Proc. SPIE, 6086 (2006). 608619-608619-7.

138



Vita

Yimin Zhong was born in Wuhan, China, on March 24, 1989. After

finishing high school in 2007, he began studying at University of Science and

Technology of China. He received his Bachelor Science degree in mathematics

from University of Science and Technology of China in 2011 and began his

graduate studies in University of Texas at Austin in 2011, and received his

M.A. in mathematics in 2014.

Permanent address: 7121 Hart Ln, Apt 2112
Austin, Texas 78731

This dissertation was typeset with LATEX† by the author.

†LATEX is a document preparation system developed by Leslie Lamport as a special
version of Donald Knuth’s TEX Program.

139


	Acknowledgments
	Abstract
	List of Tables
	List of Figures
	Chapter 1. Introduction
	Inverse problems in PAT
	Fluorescence PAT
	Outline of the dissertation

	Chapter 2. Inverse Problems in PAT
	Introduction
	Inverse Source Problem
	Constant and Variable Wave Speed
	Time Reversal Reconstruction
	Unknown Wave Speed

	Inverse Transport Problem
	Diffusive Regime
	Transport Regime


	Chapter 3. Inverse Transport Problem in Quantitative fPAT
	Introduction
	General Properties of Inverse Transport
	Reconstruction of Single Coefficient
	The Reconstruction of 
	The Reconstruction of a,xf

	Simultaneous Reconstruction of Two Coefficients
	Linearization around (,a,xf)=(0,0)
	Linearization around a general background
	A partially linearized model
	Iterative reconstruction for the nonlinear case

	Numerical Experiments
	Concluding Remarks

	Chapter 4. A Fast Algorithm for Radiative Transport Equation
	Introduction
	Integral Formulation
	A Fast Multipole Based Algorithm
	Implementation Issues
	Numerical Experiments
	Conclusion

	Chapter 5. One Step Reconstruction of Acoustic Wave Speed and Optical Properties in PAT
	Introduction
	The Linearized Model
	Assumptions on Regularities
	Determination of (c,)
	The One-dimensional Case
	The Three-dimensional Case

	Determination of (,)
	The One-dimensional case
	The High-dimensional cases

	Determination of (c,, )
	Numerical Reconstruction
	Wave Equation Solution
	Reconstruction

	Concluding Remarks

	Chapter 6. Conclusions
	Appendix
	Appendix 1. Auxiliary Theorems
	Bibliography
	Vita

