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Polar ice sheets are losing mass at a growing rate, and are likely to

make a dominant contribution to 21st century sea-level rise. Thus, modeling

the dynamics of polar ice sheets is critical for projections of future sea level

rise. Yet, this is difficult due to the complexity of accurately modeling ice

sheet dynamics and because of the unobservable boundary conditions at the

base of the ice sheet.

In this work, we address the inverse problem of inferring basal properties—

in particular, the geothermal heat flux—from surface velocity observations and

a forward model in the form of thermomechanically coupled nonlinear Stokes

and energy equations with complementarity conditions representing melting

of basal ice. This inverse problem is made even more challenging due to the

severely nonlinear and non-smooth nature of the forward problem. The inverse

problem is formulated as a nonlinear least squares optimization that minimizes

vii



the misfit between the model prediction and the observation. A Tikhonov reg-

ularization term is added to render the problem well-posed. To solve the

inverse problem for large-scale ice sheets, the use of adjoint-based Newton

methods is critical, which requires a smoothly differentiable forward problem.

Thus, we regularize the complementarity conditions of the forward problem

by a penalty-like method, such that the solution of the regularized problem

approaches that of the original forward problem as the penalty approaches

infinity. As a consequence of the Petrov-Galerkin discretization of the energy

equation, discretization and differentiation do not commute, i.e., the order in

which we discretize the cost functional and differentiate it affects the correct-

ness of the gradient. Here, we employ the discretize-then-optimize approach to

guarantee the consistency between the discrete cost function and its gradient.

Using two- and three-dimensional model problems, we study the prospects for

and limitations of the inference of the geothermal heat flux field from surface

velocity observations. The results show that we can approximately locate the

melting region of the ice sheet and reconstruct the geothermal heat flux in

the cold region. The reconstruction improves as the noise level in the obser-

vations decreases but short-wavelength variations in the geothermal heat flux

are difficult to recover. We analyze the ill-posedness of the inverse problem

as a function of the number of observations by examining the spectrum of the

Hessian of the cost functional. Motivated by the popularity of operator-split or

staggered solvers for forward multiphysics problems—i.e., those that drop two-

way coupling terms to yield a one-way coupled forward Jacobian—we study

viii



the effect on the inversion of a one-way coupling of the adjoint energy and

Stokes equations. We show that taking such a one-way coupled approach for

the adjoint equations leads to an incorrect gradient and premature termination

of optimization iterations. This is due to loss of a descent direction stemming

from inconsistency of the gradient with the contours of the cost functional.

For large-scale simulations, we extend the parallel solver ”ymir” for

the nonlinear Stokes model by incorporating the coupled nonlinear advection-

diffusion energy equation with complementarity conditions. An inexact Newton-

Krylov method with block preconditioning is designed for the thermomechan-

ically coupled ice sheet model. The inexact Newton-Krylov method exhibits

near optimal algorithmic scalability, i.e., the numbers of both Newton and

Krylov iterations depend only weakly on problem size. We use the parallel

solver to simulate the flow of the Antarctic ice sheet and the Pine Island ice

stream, with a geometry and boundary conditions from the ALBMAP dataset.
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Chapter 1

Introduction

1.1 Motivation

Ice sheets are dynamic elements of the Earth system. The mass loss

from the Greenland and Antarctic ice sheets has increased since the early

1990s. It comprises ∼19% of the total observed rise in global mean sea level

(GMSL) between 1993 and 2010 [64], may comprise as much as ∼40% of the

total observed rise in GMSL between 2003 and 2008 [11,29], and is expected to

exceed other contributions in the 21st century [48, 60]. Recent work on inter-

pretting Paleo-sea level records and correlating them with polar ice sheet loss

during past warm periods has concluded that the present climate is warming

to a level associated with significant polar ice sheet loss in the past [16]. An

important question regarding potential future contributions from the Green-

land and Antarctic ice sheets to sea-level rise is: how quickly will the polar ice

sheets respond to present and future warming, and what will be the accompa-

nying rates of sea-level change? To answer this question, we need to develop

predictive models for ice sheets.

A challenge is that ice sheet models are characterized by unknown or

uncertain parameters stemming from the lack of direct observations of the in-
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terior and the base of the ice sheet. Unknown parameters include those that

represent basal friction, basal topography, rheology, geothermal heat flux, and

ice thickness. The geothermal heat flux parameter field, in particular, has a

strong influence on the thermal state of the ice, and hence plays a critical

role in understanding the dynamics of the ice sheet through its effect on basal

and internal ice temperatures [20, 21, 49, 55]. The direct measurement of the

geothermal heat flux is only locally available [21]. Estimates of this parameter

field have been obtained via inference using global seismic tomographic mod-

els [63], satellite magnetic data models [49], or tectonic models [56]. However,

these inferred basal heat flux fields do not agree with one another in large

regions. While sensitivity studies show that the resulting uncertainties in the

geothermal heat flux have an impact on the ice flow, since variations of the

geothermal heat flux may cause changes of basal areas at the pressure melt-

ing point, where sliding can occur [44, 57, 61]. Inversion for the geothermal

heat flux from surface velocity observations is addressed in [70] assuming the

ice is below the pressure melting point. The basal sliding coefficient, which

subsumes several physical phenomena and accounts for the basal friction, has

been inferred for Greenland [45] and Antarctica [37,50]. However, the tempera-

tures for such large models are computed approximately based on an uncertain

geothermal heat flux and then kept constant throughout the inversion, which

may cause inaccuracy of the results. Thus, our goal is to infer the sliding co-

efficient and the geothermal heat flux for the Antarctic ice sheet using surface

velocity observations (Figure 1.1), and to obtain the corresponding velocity
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Figure 1.1: Observed surface flow velocity by Rignot et al [59]).

and temperature fields consistent with present data as initial values for pre-

dictive simulations. In this work, we seek to infer the geothermal heat flux

given the sliding coefficient on model problems, and provide a parallel solver

for the forward large-scale ice sheet problem.

1.2 A Thermomechanically Coupled Ice Sheet Model

1.2.1 The Field Equations

Ice sheets and glaciers can be modeled as viscous, incompressible, non-

Newtonian, heat-conducting fluids. Assuming the mass of ice occupying a

domain Ω is in steady state, and the temperature of the ice is below or at the

melting point θm, the balance of mass, linear momentum, and energy state

3



that [34]

∇ · u = 0 in Ω, (1.1a)

−∇ · σu = ρg in Ω, (1.1b)

ρcu ·∇θ −∇ · (K∇θ) = 2η(u, θ) ε̇u : ε̇u in Ω, (1.1c)

where the state variables are u the velocity, p the pressure, and θ the tempera-

ture, and the physical parameters are ρ the density of the ice, g the acceleration

of gravity, c the heat capacity of ice, K the thermal conductivity. The stress,

σu, can be decomposed as

σu = τu − Ip, (1.2)

where τu is the deviatoric stress tensor, and I the second-order unit tensor.

Here, “:” denotes the scalar product between second-order tensors. A com-

monly employed isotropic constitutive law is Glen’s flow law [24] with a small

positive number ε added to ε̇II to avoid singularities [9, 34,40],

τu = 2η(u, θ)ε̇u, with η(u, θ) :=
1

2
A(θ)−

1
n (ε̇II + ε)

1−n
2n , (1.3)

where η(u, θ) is the effective viscosity, which is temperature-dependent and

shear-thinning, ε̇u := 1
2
(∇u + ∇uT ) the strain rate tensor, ε̇II := 1

2
ε̇u : ε̇u

its second invariant, and n Glen’s flow law exponent. Here, A represents

an Arrhenius-type temperature dependence, A := A0 exp
(
− Q
Rθ

)
, where Q is

activation energy, R Boltzmann’s constant and A0 a pre-exponential constant.

A value of n = 3 is typically used in the glaciology community [52,67].

The energy equation (1.1c) is an advection-diffusion equation for the

temperature field with a strain heating term on the right hand side. Note that

4



the Stokes system (1.1a, 1.1b) and the energy equation (1.1c) are two-way

coupled: the velocity governed by the Stokes equations is the advection velocity

in the energy equation and it additionally enters through the strain heating

term on the right side of (1.1c). In the opposite direction, the temperature

enters in the Stokes equations through the viscosity term given in (1.3) and

thus affects the flow field. This is a severely nonlinear coupled system.

1.2.2 Boundary Conditions

On the top surface, Γt, I impose a traction-free boundary condition for

the momentum equation and an imposed temperature for the energy equation:

σun = 0 on Γt, (1.4a)

θ = θs on Γt. (1.4b)

At the base of the ice sheet, Γb, the boundary conditions for the momentum

equation are given by a Weertman-type nonlinear sliding law with normal and

tangential components given by [25,52]

u · n = ṁi, Tσun+ β|Tu|
1
m
−1Tu = 0 on Γb, (1.5)

where ṁi is the basal melting rate, β the basal sliding coefficient field defined

on Γb, m the basal sliding exponent, σu the stress tensor defined previously,

and T := I−n⊗n the tangential operator. Here, “⊗” represents the tensor (or

outer) product, and n is the outward normal unit vector. Note that β, which

relates tangential velocity to tangential traction, subsumes several physical

5



phenomena and thus does not itself represent a physical parameter. It depends

on the frictional behavior of the ice sheet, on the roughness of the bedrock, and,

if present, on the depth of a plastically deforming layer of till between the ice

sheet and the bedrock. It is very large where the ice is frozen to the bedrock,

and approaches zero where the ice is lubricated by water and sediment. For

the basal sliding exponent m, commonly used values are m = 1 when sliding

on deformable sediment, and m = 1/3 when sliding on hard rock. Here, m = 1

is used.

For the thermal boundary condition, two scenarios are to be distin-

guished [25, 52]. For a cold base, that is, a basal temperature below the

pressure melting point θ < θm, there is no basal melting, i.e., ṁi = 0, and

we obtain the boundary condition

K∇θ · n = G− Tσun · Tu = G+ βTu · Tu on Γb. (1.6)

By contrast, in the case of a temperate base (basal temperature is at the

pressure melting point), the basal temperature itself is known

θ = θm on Γb. (1.7)

In this case, the geothermal heat flux does not enter the boundary condition

for the energy equation, but it determines the basal melting rate ṁi (which

appears in the normal flow boundary condition of (1.5)) by

ρLiṁi = G−K∇θ · n+ βTu · Tu on Γb, (1.8)
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where Li is the latent heat of ice. This provides extra coupling between the

flow and thermal conditions through the basal boundary. Note that the above

thermal boundary conditions indicates the nonsmooth nature of the problem,

i.e., the thermal basal boundary condition switches from Neumann type (1.6)

to Dirichlet type (1.7) when crossing the boundary from cold regions to tem-

perate regions.

A fast and scalable iterative solver has been designed for the solution

of the nonlinear Stokes system (1.1a, 1.1b, 1.4a, 1.5) assuming ṁ is negligible,

with a geometry and temperature field derived from field data [38]. In this

work, we extend the Stokes solver by incorporating the coupled advection-

diffusion thermal model (1.1c). The thermal boundary conditions switch be-

tween the two scenarios (1) (1.6) with ṁi = 0 and (2) (1.7) with (1.8), which

cause a non-smoothness in the forward problem, requiring a special treatment

presented in Section 2.1.

1.3 Inverse Problems

Given (possibly noisy) pointwise observations of the ice surface velocity,

uobs, our altimate goal is to solve an inverse problem to infer the G and β that

best reproduce the observed velocity. This can be formulated as the following

nonlinear least squares optimization problem

min
G,β

J(G, β) :=
1

2
‖Ou(G, β)− uobs‖2 + R(G, β), (1.9)
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where the dependence of the velocity u on G and β is defined through the

solution of the forward problem described in Section 1.2 and O is an observa-

tion operator that maps the velocity field to velocity observations at a set of

measurement points on Γt. The regularization term R(G, β) imposes regular-

ity on the inversion field, which often reflects prior knowledge on the model

parameters such as smoothness. In the absence of regularization, the inverse

problem is ill-posed, that is, its solution is not unique and is highly sensitive

to errors in the observations [19,68].

To solve (1.9) for large-scale ice sheet problems, the use of adjoint-

based Newton-type methods is critical [54]. We proposed adjoint-based New-

ton methods to infer β in model problems with an isothermal assumption [54],

and extended the method to infer G, given β, in a thermomechanically coupled

Stokes model for cold ice [70]. In this work, we further extend the method to

infer G, given β, assuming melting only happens at the base.

1.4 Outline

The remaining chapters are organized as follows. In Chapter 2, the two

scenarios of the thermal basal boundary condition, (1) temperature is at the

melting point and (2) the temperature is below the melting point, are formu-

lated as a complementarity condition and the corresponding inverse problem is

described. In Chapter 3, solution methods to treat the non-smoothness of the

ice sheet model are compared and an adjoint-based inexact Newton method

is presented for the solution of the inverse problem, the employment of which

8



requires a regularization of the forward problem. Then, in Chapter 4, the dis-

cretization of the forward problem is presented, which involves a stabilization

technique applied to prevent oscillatory solutions since the energy equation

is advection-dominated, and the optimize-then-discretize and discretize-then-

optimize approaches for computing the gradient of the cost functional are

described. In Chapter 5, we extend the parallel Stokes solver by incorporat-

ing the coupled advection-diffusion thermal model. Chapter 6 shows inversion

results for model problems and Chapter 7 shows test results of the parallel

solver and the solution of a large-scale forward problem. Chapter 8 provides

concluding remarks and Chapter 9 provides future work.
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Chapter 2

Problem Formulation

In this chapter, we formulate the thermal boundary conditions of the

forward ice sheet model described in 1.2.2 as a complementarity condition and

restrict the inverse problem (1.9) to infer the unknown geothermal heat flux

of a moving mass of ice from pointwise velocity observations at its top surface.

2.1 The Forward Problem

Assuming re-freezing of water can be neglected, the two scenarios of

the thermal boundary conditions (1) (1.6) with θ < θm,Mi = 0 and (2) (1.7)

with (1.8) can be equivalently expressed as the following complementarity

condition with the assumption that all quantities are pointwise defined:

K∇θ · n = G−Mi + βTu · Tu, (2.1a)

θ ≤ θm, Mi ≥ 0, Mi(θ − θm) = 0, (2.1b)

where the variable defined on the basal boundary Γb, Mi = ρLiṁi, is the

heat flux for melting, which is a cooling effect corresponding to the inequality

constraint θ ≤ θm.

With the complementarity boundary condition, the forward problem is
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given by

∇ · u = 0 in Ω, (2.2a)

−∇ · σu = ρg in Ω, (2.2b)

ρcu ·∇θ −∇ · (K∇θ) = 2η(u, θ) tr(ε̇2) in Ω, (2.2c)

σun = 0, θ = θs on Γt, (2.2d)

u · n =
Mi

ρLi
, Tσun+ βTu = 0 on Γb, (2.2e)

K∇θ · n+Mi = G+ βTu · Tu, on Γb, (2.2f)

θ ≤ θm, Mi ≥ 0, Mi(θ − θm) = 0 on Γb, (2.2g)

+ additional lateral B.C.s,

where σu is given by (1.2) and η is given by (1.3).

2.2 The Inverse Problem

Ultimately, we would like to infer G and the sliding coefficient β simul-

taneously. For now, our goal is to infer G that best reproduce the observed

velocity using (possibly noisy) pointwise observations of the ice surface veloc-

ity when β is given. This can be formulated as the following nonlinear least

squares optimization problem

min
G

J(G) :=
1

2
‖Ou(G)− uobs‖2 + R(G), (2.3)

where the dependence of the velocity u on G is given by the solution of the

forward problem (2.2), and O is an observation operator that maps the surface

velocity field to velocity observations at a set of measurement points on Γt.
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The first term in the cost functional J(G) is the data misfit that rep-

resents the misfit between the observed velocity field uobs and that predicted

by the nonlinear Stokes model, u. Assuming the geothermal heat flux field G

is smooth, we apply a gradient-type Tikhonov regularization, which penalizes

oscillatory components of G, thus restricting the solution to smoothly varying

fields:

R(G) =
γG
2

∫
Γb

|T∇G|2 ds, (2.4)

where γG > 0 is the regularization parameter that control the strength of the

imposed smoothness relative to the data misfit.

The above inverse problem (2.3) is particularly challenging since the

forward problem (2.2) is a severely nonlinear and nonsmooth problem.

12



Chapter 3

Solution Methods

3.1 Solution Methods for the Forward Problem

The forward problem (2.2) is a thermomechanically coupled problem

with a complementarity condition, resulting in nonlinearity and nonsmooth-

ness. In this section, we compare the methods for the numerical treatment of

the nonsmoothness.

3.1.1 Treatment of the Complementarity Condition

The complementarity condition (2.2g) can equivalently be expressed as

Mi −max(0,Mi + c(θ − θm)) = 0 on Γb, (3.1)

for any c > 0.

For the solution of the forward problem (2.2), we first consider the

primal-dual active set strategy [31]. Specializing the formulation to the prob-

lem (2.2), we arrive at Algorithm 1. Note that the active set indicates the

temperate region of the ice sheet base where melting can happen.

However, comparable to the optimal control of stationary variational

inequalities, the complementarity condition presents a difficulty for the solu-

tion of the inverse problem (2.3), since the first order optimality conditions
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Algorithm 1 Primal-dual active set algorithm

Choose c > 0, set M
(0)
i = 0, solve for (u(0), p(0), θ(0)) satisfying the prob-

lem (2.2a-2.2f).
Determine the active set A(0) = {x ∈ Γb : θ(k) − θm > 0}.
for k = 0, 1, . . . do

Solve for (u(k+1), p(k+1), θ(k+1)) satisfying the problem (2.2a-2.2f)

with θ = θm on A(k) and M
(k)
i = 0 on Γb \A(k).

Compute M
(k+1)
i = G+ βTu(k+1) · Tu(k+1) −K∇θ(k+1) · n

Determine the active set A(k+1) = {x ∈ Γb : M
(k+1)
i + c(θ(k+1)− θm) > 0}.

if A(k+1) == A(k) then
converged.

end if
end for

are not well-suited for numerical realization [39, 43]. To overcome this dif-

ficulty, the complementarity condition can be regularized by a penalty-type

formulation [39,43], i.e., eliminating the complementarity condition (2.2g) and

replacing Mi in (2.2f) by

M̄i = γθ max(0, θ − θm) on Γb, (3.2)

where γθ > 0 is the penalty parameter, and M̄i approaches the exact solution

Mi as γθ → ∞. We present the penalty view of this method on a simpli-

fied forward model for explanatory purposes in Appendix A. The regularized
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forward problem is then given by

∇ · u = 0 in Ω, (3.3a)

−∇ · σu = ρg in Ω, (3.3b)

ρcu ·∇θ −∇ · (K∇θ) = 2η(u, θ) tr(ε̇2
u) in Ω, (3.3c)

σun = 0, θ = θs on Γt, (3.3d)

u · n = 0, Tσun+ βTu = 0, on Γb, (3.3e)

K∇θ · n+ γθmaxγθ(0, θ − θm) = G+ βTu · Tu on Γb, (3.3f)

+ additional lateral B.C.s.

Here, we assume the basal melting is negligible in the flow boundary condi-

tion (2.2e); there is no apparent difference between the surface velocities solved

from (2.2) with u · n = 0 or u · n = ṁi on Γb in the model problem in Sec-

tion 6.2. Semi-smooth Newton methods can be used for the solution of (3.3).

These methods have been analyzed for a class of variational inequalities in

infinite dimensions, and global and local super-linear convergence have been

proved [39]. To approximate (3.2), in (3.3f) we have used a smoothed max

function as follows [15]:

maxγθ(0, x) =



0 x < − 1

2γθ
γθ
2

(x+
1

2γθ
)2 |x| ≤ 1

2γθ

x x >
1

γθ

. (3.4)
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3.1.2 Variational Formulation and Newton Linearization

The variational or weak form of the forward problem (3.3) that defines

the fields (u, p, θ) as the solution in a vector space U×P× T, given β,G ∈ Q,

is

a(u, p, θ;v, q, λ) + 〈βTu,Tv〉Γb+〈γθmaxγθ(0, θ − θm)− βTu · Tu, λ〉Γb

= 〈ρg,v〉Ω + 〈G, λ〉Γb , (3.5)

for all (v, q, λ) ∈ U× P× T0, where

a(u, p, θ;v, q, λ) :=〈2η(u, θ)ε̇u, ε̇v〉Ω − 〈p,∇ · v〉Ω − 〈∇ · u, q〉Ω

+ 〈ρcu · ∇θ, λ〉Ω + 〈K∇θ,∇λ〉Ω − 〈2η(u, θ)ε̇u : ε̇u, λ〉Ω.
(3.6)

Here, ε̇v is the strain rate tensor in v, and 〈· , ·〉ω denotes the inner product

between two functions on ω. The spaces are

U = {u : Ω→ Rd
∣∣ u|Γb = 0},

P = {p : Ω→ R},
T = {θ : Ω→ R

∣∣ θ|Γt = θs},
T0 = {λ : Ω→ R

∣∣ λ|Γt = 0},
Q = {G : Γb → R},

(3.7)

where all functions are assumed to be sufficiently regular for (3.5) to be well

defined. For the nonlinear Stokes component of this model, the existence and

the uniqueness of a weak solution have been proved in [38]. For the nonlinear

advection-diffusion thermal component, stabilization is required since advec-

tion dominates in vast regions of ice sheets (see Section 4.1 for details). Note

that Q is the control space in which the unknown G, β should be selected for

the solution of the inverse problem.
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The Newton linearization of equation (3.5) at (u, p, θ) are equations

whose solution (ũ, p̃, θ̃) ∈ U× P× T0 satisfies

a′(u, p, θ;v, q, λ) + 〈βT ũ,Tv〉Γb+〈γθHγθ(θ − θm)θ̃ − 2βTu · T ũ, λ〉Γb

= −r(u, p, θ;v, q, λ) (3.8)

for all (v, q, λ) ∈ U× P× T0, where

a′(ũ, p̃, θ̃;v, q, λ) =〈2η̃ε̇ũ, ε̇v〉Ω − 〈p̃,∇ · v〉Ω − 〈∇ · ũ, q〉Ω

− 〈2ηθθ̃ε̇u, ε̇v〉Ω

+ 〈ρcũ · ∇θ, λ〉Ω − 〈
2(1 + n)

n
ηε̇u : ε̇ũ, λ〉Ω

+ 〈ρcu · ∇θ̃, λ〉Ω + 〈K∇θ̃,∇λ〉Ω − 〈sθ̃, λ〉Ω, (3.9)

ηθ(u, θ) = − Q

nRθ2
η(u, θ), (3.10)

s = 2ηθε̇u : ε̇u, (3.11)

Hγθ is the smoothed function of Heaviside step function

H(x) :=

∫ x

−∞
δ(t) dt, (3.12)

which is given by

Hγθ(x) =



0 x < − 1

2γθ

γθ(x+
1

2γθ
) |x| ≤ 1

2γθ

1 x >
1

γθ

(3.13)
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and r(·) is the residual of equation (3.5). The coefficient η̃ is an anisotropic

fourth-order tensor given by

η̃(u, θ) := η(u, θ)

(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
, (3.14)

where I is the fourth-order identity tensor, and “⊗” represents the tensor (or

outer) product between second-order tensors. The operator η̃ is also found in

the adjoint equations used in inverse methods in Section 3.2. Note that the

linearized thermal operator (the last line in (3.9)) is an advection-diffusion-

reaction operator, which requires stabilization (see Section 4.1 for details).

Given a current solution (u, p, θ), we update the new iterate by

(u, p, θ)new = (u, p, θ) + α(ũ, p̃, θ̃) (3.15)

with an appropriate step length α > 0 such that the nonlinear residual de-

creases.

3.2 An Adjoint-based Inexact Newton Method for the
Inverse Problem

Corresponding to the regularized forward problem, the inverse problem

is formulated as follows:

min
G∈Q

J(G) :=
1

2
‖Ou(G)− uobs‖2 +

γG
2

∫
Γb

|T∇G|2 ds. (3.16)

subject to the strong form of the forward problem (3.3), or its weak form (3.5).

Here, γG is the regularization parameter that control the strength of the im-

posed smoothness relative to the data misfit.
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To compute the minimizer for the large-scale optimization problem (3.16),

we propose an inexact Newton-CG method, and thus require the gradient of

the nonlinear least squares optimization problem (3.16) with respect to the

parameters G, and Hessian information (i.e., second derivatives). The idea

of the method is as follows: Starting with an initial guess for the parameter

fields G, Newton’s method iteratively updates the parameter fields based on

successive quadratic approximations of the cost functional, J, using gradient

and Hessian information of J with respect to G. That is, the parameter is

updated by

Gnew = G+ αG̃ (3.17)

where G is the current model parameter, α is the step length, appropriately

chosen so that the cost functional J is sufficiently decreased at each iteration,

and G̃ is the direction which is obtained by solving the linear system

H(G)(G̃) = −G(G). (3.18)

Here, G(G) and H(G) denote the gradient and the Hessian of the least squares

cost functional J, respectively. The computation of these derivatives must

take into account that the evaluation of J requires the solution of the forward

problem (3.3). In this section, we provide expressions for the gradient G(G) and

Hessian application H(G)(G̃). For the efficient computation of the gradient

and the application of the Hessian to vectors, we employ adjoint methods [7,

26, 66]. All expressions in this section are given in infinite-dimensional form,

which provides a natural and clean path to computing the derivatives. The

discretization of these equations is discussed in the next section.
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In what follows, we use the formal Lagrange approach, which computes

the gradient by taking variations of a Lagrangian functional. The Lagrangian

functional L combines the cost functional (3.16) with the weak form of the

forward problem (3.5), where test functions v, q and λ become the adjoint

velocity, adjoint pressure, and adjoint temperature, respectively:

L(u, p, θ; v, q, λ; G) :=J(G) + a(u, p, θ;v, q, λ) + 〈βTu,Tv〉Γb (3.19)

+ 〈γθmaxγθ(0, θ − θm)− βTu · Tu, λ〉Γb (3.20)

− 〈ρg,v〉Ω − 〈G, λ〉Γb . (3.21)

The gradient of J with respect to the unknown heat flux G is found

by requiring that variations of the Lagrangian L (3.19), with respect to the

forward and adjoint variables, vanish. Thus, the gradient, G(G) evaluated at

G is:

G(G) :=

{
−∇ · (γGT∇G)− λ on Γb,

(γGT∇G) · n on ∂Γb.
(3.22)

where n is the outer normal unit vector on ∂Γb, and λ must satisfy the adjoint

equations that are obtained by imposing stationarity of L with respect to u,

p and θ, followed by integration by parts. The resulting adjoint equations are
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given by

∇ · v = 0 in Ω, (3.23a)

−∇ · σv = −ρcλ∇θ in Ω, (3.23b)

−ρcu ·∇λ−∇ · (K∇λ) = Fλ in Ω, (3.23c)

λ = 0, σvn = O∗(uobs − Ou) on Γt, (3.23d)

v · n = 0, Tσvn+ βTv − 2βλTu = 0, on Γb, (3.23e)

K∇λ · n+ γθλHγθ(θ − θm) = 0 on Γb, (3.23f)

+ additional lateral B.C.s.

The adjoint stress σv in (3.23b) depends on the forward velocity u and the

temperature θ, and is given by

σv := 2η(u, θ)
[(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
ε̇v −

1 + n

n
λε̇u

]
− Iq,

where ε̇v is the adjoint strain rate tensor. The right hand side in the adjoint

thermal equation (3.23c) is

Fλ :=
2Qη

nRθ2
(ε̇u : ε̇v − λε̇u : ε̇u).

As can be seen from (3.23), the adjoint problem is driven by the misfit between

observed and predicted surface velocity on the top boundary, i.e., O∗(uobs −

Ou). Since the adjoint equation depends on (u, p, θ), each gradient compu-

tation also requires the solution of the forward problem (3.3), whose weak

form (3.5) is recovered by requiring stationarity of the Lagrangian with re-

spect to v, q and λ.
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Now that the computation of the gradient, which forms the right-hand

side of the Newton system (3.18) has been described, we present the computa-

tion of the Hessian operator, H, on the left-hand side of the Newton system.

We note that explicitly forming and storing the Hessian matrix resulting upon

discretization is not an option, since computing each column would require a

linearized forward solve. Instead, we solve the Newton system (3.18) using the

linear conjugate gradient (CG) method, which does not require the explicit

Hessian, but only the action of the Hessian on a vector at each CG iteration.

We next present expressions for this Hessian action on vectors in terms of the

solution of a pair of linearized forward and adjoint problems. These expres-

sions are simply stated here; a similar derivation, in the case of the nonlinear

Stokes system only, is presented in [54]. The action of the Hessian operator in

a given CG direction G̃, evaluated at the current iterate, G, can be expressed

as

H(G)(G̃) :=

{
−∇ · (γGT∇G̃)− λ̃ on Γb,

(γGT∇G̃) · n on ∂Γb,
(3.24)

Beyond the forward and adjoint equations that must be solved to evaluate the

gradient, the Hessian action requires two additional forward-like equations:

the incremental forward and incremental adjoint equations. These can be

derived using second derivatives of the Lagrangian functional [7]. The resulting

incremental forward problem, which is to be solved for the incremental forward
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velocity, pressure, and temperature variables, (ũ, p̃, θ̃), is given by

∇ · ũ = 0 in Ω, (3.25a)

−∇ · σũ = 0 in Ω, (3.25b)

ρcu ·∇θ̃ −∇ · (K∇θ̃) = Fθ̃ in Ω, (3.25c)

σũn = 0, θ̃ = 0 on Γt, (3.25d)

ũ · n = 0, Tσũn+ βT ũ = 0 on Γb, (3.25e)

K∇θ̃ · n+ γθHγθ(θ − θm)θ̃ − 2βTu · T ũ = G̃ on Γb, (3.25f)

+ additional lateral B.C.s.

with

σũ := 2η(u, θ)

[(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
ε̇ũ −

Q

nRθ2
θ̃ε̇u

]
− I p̃,

Fθ̃ := −ρcũ ·∇θ + 2η(u, θ)

(
1 + n

n
ε̇u : ε̇ũ −

Q

nRθ2
θ̃ε̇u : ε̇u

)
.

Note that the incremental forward problem (3.25) resembles the forward prob-

lem, and in fact corresponds to a linearized (with respect to all variables) ver-

sion of it. Both the operator and the right hand side depend on the forward

variables (u, p, θ), and the right hand side also depends on the CG direction

G̃.

The resulting incremental adjoint problem, to be solved for the incre-

mental adjoint velocity, pressure, and temperature (ṽ, q̃, λ̃), is then given by
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∇ · ṽ = 0 in Ω, (3.26a)

−∇ · σṽ + ρcλ̃∇θ = ∇ · τ v − ρcλ∇θ̃ in Ω, (3.26b)

−ρcu ·∇λ̃−∇ · (K∇λ̃) = Fλ̃+F̂ in Ω, (3.26c)

λ̃ = 0, σṽn = −O∗Oũ−τ vn on Γt, (3.26d)

ṽ · n = 0, Tσṽn+ βT ṽ − 2βλ̃Tu = −Tτ vn+ 2βλT ũ on Γb, (3.26e)

K∇λ̃ · n+ λ̃γθHγθ(θ − θm) = −λγθδγθ(θ − θm)θ̃ on Γb, (3.26f)

+ additional lateral B.C.s.

where

δγθ(x) =


0 |x| > 1

2γθ

γθ |x| ≤
1

2γθ

(3.27)

and

σṽ := 2η(u, θ)

[(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
ε̇ṽ −

1 + n

n
λ̃ε̇u

]
− I q̃,

τ v := 2η(u, θ)

[
1− n

2n

(
ε̇u : ε̇v
ε̇II + ε

(I +
1− 3n

2n

ε̇u ⊗ ε̇u
ε̇II + ε

) +
ε̇u ⊗ ε̇v + ε̇v ⊗ ε̇u

ε̇II + ε

)
ε̇ũ

−1 + n

n
λ

(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
ε̇ũ

+
Q

nRθ2
θ̃

(
1 + n

n
λε̇u −

(
I +

1− n
2n

ε̇u ⊗ ε̇u
ε̇II + ε

)
ε̇v

)]
,

Fλ̃ :=
Q

nRθ2
η(u, θ)

(
ε̇u : ε̇ṽ − λ̃ε̇u : ε̇u

)
,

F̂ := ρcũ ·∇λ+
Qη(u, θ)

nRθ2

(
ε̇ũ : ε̇v +

1− n
2n

ε̇u : ε̇ũ
ε̇II + ε

ε̇u : ε̇v −
1 + n

n
λε̇u : ε̇ũ

)
−2Qθ̃η(u, θ)

nRθ3

(
Q

nRθ
+ 2

)
(ε̇u : ε̇v − λε̇u : ε̇u) .
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Note that the incremental adjoint problem (3.26) resembles the adjoint

problem and is in fact its linearization with respect to the forward and adjoint

variables and the unknown geothermal heat flux. Its operator depends on the

forward variables only (as does the incremental forward operator), while its

right hand side source terms depend on not just the forward variables (as does

the incremental forward problem), but on the adjoint and incremental forward

variables as well.

It is well known that the Newton update direction computed by solv-

ing (3.18) is a descent direction only if the Hessian is positive definite, which is

only guaranteed close to a minimizer [51]. The remedy we apply here (for more

details, see [3,54,70]) is to neglect terms in the Hessian expression that involve

the adjoint variable, that is, the terms highlighted in blue in (3.26b)–(3.26d).

This leads to the so-called Gauss-Newton approximation of the Hessian [51],

which (with appropriate regularization) is guaranteed to be positive definite.

Moreover, since accurate solution of the Newton system (3.18) is needed only

close to the minimum of the regularized data misfit functional J, we terminate

the CG iterations early for iterates that are far from the converged solution.

This so-called inexact Newton method terminates the CG iterations when the

norm of the residual of the linear system (3.18) drops below a tolerance that

is proportional to the norm of the gradient, i.e., we terminate at CG iteration

i when

‖H(G)(G̃i) + G(G)‖ ≤ ζ‖G(G)‖,

where the so-called forcing term ζ itself can depend on ‖G(G)‖. Far from the
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minimum—when the relative gradient is large—the tolerance is also large, and

the CG iterations are terminated early to prevent oversolving. As the minimum

is approached, the norm of the gradient decreases, thereby enforcing an increas-

ingly more accurate solution of the Newton system (3.18). The criterion above

is often able to significantly reduce the overall number of CG iterations—and

thus the required number of incremental forward/adjoint solves—while still

maintaining fast local convergence. When ζ is taken as the order of square

root of the gradient, the inexact Newton method retains superlinear conver-

gence [17].

It is critical that the total number of CG iterations be as small as possi-

ble, since as mentioned above, each iteration requires a pair of forward/adjoint

incremental problem solves. Despite the reduction in overall number of CG

iterations provided by inexact solution of the Newton step, the number can

still be large if a good preconditioner is not used. An effective preconditioner is

simply the inverse of the regularization operator, which amounts to a Laplacian

solve on the basal surface. This is because the Hessian of the data misfit opera-

tor, like many ill-posed infinite-dimensional inverse operators, has eigenvalues

that decay to zero; preconditioning by an inverse Laplacian simply increases

the rate of decay. Thus the resulting preconditioned Hessian behaves like a

compact perturbation of the identity with smooth dominant eigenfunctions,

for which CG converges rapidly and in a number of iterations that is indepen-

dent of the mesh size; see, for example, [37,54]. This is the preconditioner we

use in the numerical examples.
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Once a descent direction is computed by inexact solution of the Newton

step equation (3.18), we must guarantee that sufficient decrease in J is obtained

in that direction so that convergence of the iterations can be assured. This is

achieved by a line search that finds a step size α satisfying the so-called Armijo

condition [51], which has the attractive property that it requires only cost

functional evaluations, and not gradient information. The Newton iterations

are repeated until the norm of the gradient of J is sufficiently small. The

inexact Newton method is summarized in Algorithm 2, in which we use µ = 0.5

and ν = 10−4 for the line search.
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Algorithm 2 Adjoint-based inexact Newton

Initialize/define variables G1, α, µ, ν, εtol

for k = 1, . . . do
(uk, pk, θk) ← solve the forward equation with Gk

(vk, qk, λk) ← solve the adjoint equation with (uk, θk)
Gk ← compute the discrete gradient
if ||Gk|| < εtol then

converged
end if
Perform preconditioned inexact CG iterations for solving HkG̃k = −Gk
to compute G̃k (each iteration requires solution of a pair of incremental
forward/adjoint problems)
α← 1, descent = 0
while descent = 0 do
Gk+1 ← Gk + αG̃k

Solve the forward equation with Gk+1

if J(Gk+1) ≤ J(Gk) + να〈Gk, G̃k〉Γb then
descent = 1

else
α← µα

end if
end while

end for
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Chapter 4

Discretization

Our goal is to obtain discrete solutions that approximate the continuous

solutions of the forward problem (3.3) and the inverse problem (3.16).

4.1 Discretization of the Forward Problem and SUPG
Stabilization

For advection-dominated problems, the standard Galerkin finite ele-

ment method applied to the energy equation (3.3c) can result in strongly os-

cillatory solutions, unless the mesh size is less than 2K/(ρc|u|), which results

in a smaller critical mesh size as the Peclet number increases. To avoid this

onerous mesh size restriction for high Peclet flows, we discretize (3.3c) with

a consistent stabilization method, the Streamline Upwind Petrov-Galerkin

(SUPG) method [8], which suppresses oscillations on coarser meshes. The

SUPG method adds a stabilization term to the standard Galerkin weak form.

This term involves the element residual and thus vanishes at the exact solu-

tion, so preserving the correct solution of the energy equation in the limit of

infinitesimal mesh size.

The SUPG-stabilized discretization of (3.5) is thus as follows: Find

29



(uh, ph, θh) ∈ Uh × Ph × Th such that

as(u
h, ph, θh;vh, qh, λh) + 〈βTuh,Tvh〉Γb+〈γθ max(0, θh − θm)− βTuh · Tuh, λ〉Γb

= 〈ρg,vh〉Ω + 〈Gh, λh〉Γb , (4.1)

for all (vh, qh, λh) ∈ Uh × Ph × Th0 , where

as(u
h, ph, θh;vh, qh, λh) = a(uh, ph, θh;vh, qh, λh)+

∑
e

〈Rh
θ (uh, θh), τeρcu

h·∇λh〉Ωe ,

(4.2)

with the residual Rh
θ of the thermal equation in (3.3c) given by

Rh
θ (uh, θh) := ρcuh · ∇θh −K∆θh − 2η(uh, θh)ε̇uh : ε̇uh . (4.3)

The stabilization factor τe ≥ 0 which controls the weight of the stabilization

term and influences the quality of the discrete solution.

Linearization of the SUPG-stabilized discretization (4.1) is given by:

a′s(ũ
h, p̃h, θ̃h;vh, qh, λh)+〈βT ũh,Tvh〉Γb + 〈γθH(θh − θm)θ̃ − 2βTuh · T ũh, λh〉Γb

= −rs(uh, ph, θh;vh, qh, λh), (4.4)

where

a′s(ũ
h, p̃h, θ̃h;vh, qh, λh) =a′(ũh, p̃h, θ̃h;vh, qh, λh) +

∑
e

〈R̃h
θ (ũh, θ̃h), τeρcu

h · ∇λh〉Ωe

+
∑
e

〈Rh
θ (uh, θh), τeρcũ

h · ∇λh〉Ωe , (4.5)

R̃h
θ (ũh, θ̃h) =ρcuh · ∇θ̃h −K∆θ̃h − sθ̃

+ ρcũh · ∇θh − 2(1 + n)

n
ηε̇uh : ε̇ũh (4.6)
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rs(u
h, ph, θh;vh, qh, λh) =as(u

h, ph, θh;vh, qh, λh) + 〈βTuh,Tvh〉Γb

+ 〈γθ max(0, θh − θm)− βTuh · Tuh, λ〉Γb

− 〈ρg,vh〉Ω − 〈Gh, λh〉Γb . (4.7)

The linearized thermal operator (the first line of (4.6)) is an advection-diffusion-

reaction operator, whose physical behavior is rich. Basically, there exsits two

distinct regimes of the solution, the exponential regime and the propagating

regime [28]. In the exponenetial regime, solutions are characterized by real

exponential functions. In the propagating regime, solutions are exponentially

modulated sinusoidal functions. In general, numerical schemes find difficulties

in the neighborhood of boundary layers due to high Peclet and/or Damköhler

number. In the propagating regime, typical problems are those of phase, am-

plitude and pollution errors. The local Peclet number is given by

Pe =
ρc|u|h

2K
, (4.8)

which characterizes whether the problem is locally advection-dominated or

diffusion-dominated. Here, h is the element size, usually taken in the direction

of the advective velocity u. The local Damköhler number is given by

Da =
sh

ρc|u|
, (4.9)

which characterizes whether the problem is locally production-dominated or

advection-dominated.

Here, we do not differentiate the stabilization parameter τe. The param-

eter τe is precomputed from an approximated velocity field and kept unchanged
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for the nonlinear solve for the coupled problem. For the model inverse prob-

lems in Chapter 6, by analogy with the optimal one-dimensional choice [8], we

use

τe =
h

2ρc|u|

(
coth(Pe)− 1

Pe

)
, (4.10)

where Pe is defined in (4.8).

For the parallel solver, the stabilization parameter τe is chosen similar

to [4] (replacing the time dependent term by the source term)

τe =
(
s̃2 + ρcuh ·Gρcuh + CIK

2G : G
)−1/2

, (4.11)

where

s̃ = sup
θ

2ηθ(u, θ)ε̇uh : ε̇uh (4.12)

is the supremum of the source term and

G =
∂ξT

∂x

∂ξ

∂x
(4.13)

is the element metric tensor (ξ denotes the coordinates of element in parametric

space) and CI is the constant of the element-wise inverse estimate, which

depends on the element topology and polynomial order, but not the mesh

size. Using G unifies the definition of τe for different element topology and is

especially helpful in the case of higher-order elements with curved edges and

faces. In the convection limit the definition “selects” h to be the mesh size in

the direction of the convective velocity uh, while in the diffusive limit the size

of the smallest element dimension is favored [5].
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Other stabilized methods are presented in [12, 27, 28]. From the max-

imum principle, Codina [12] proposed an expression for the stabilization pa-

rameter, which can be written as

τe =
1

ρc
√
uh ·Guh +K

√
G : G + |s|

(4.14)

for our model.

4.2 Discretization of the Inverse Problem

4.2.1 Discretize-Then-Optimize (DTO) versus Optimize-Then-Discretize
(OTD)

The numerical solution of the inverse problem requires the computation

of gradients of J with respect to G. These gradients are computed using an

adjoint system of equations, and there are two approaches: the optimize-then-

discretize (OTD) and the discretize-then-optimize (DTO) approach. In OTD,

one derives the adjoint equations at the infinite-dimensional (i.e., the PDE)

level, and then discretizes both the forward system (3.3) and the adjoint sys-

tem (3.23) independently. Note that the adjoint energy equation (3.23c) is also

an advection-diffusion equation, but with advection velocity −u. As a conse-

quence, one would then use SUPG stabilization for the forward and adjoint

energy equations. In DTO, the forward problem and the cost functional J(·)

are discretized first, resulting in a finite-dimensional optimization problem.

Then, for this discretized optimization problem, gradients are computed us-

ing a finite-dimensional Lagrangian function, resulting in a finite-dimensional
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system of adjoint equations. For more details, we refer the reader to [26]

and [32].

For Galerkin discretizations, OTD and DTO usually coincide, i.e., they

result in exactly the same finite-dimensional gradient. However, the operations

of optimization and discretization do not commute when the forward problem

is discretized by SUPG. As SUPG is used to stabilize the adjoint equation, the

discrete gradient becomes inconsistent with the discrete cost functional. This

is because the discrete adjoint of SUPG stabilization for the forward equation

is not equivalent to SUPG stabilization of the adjoint equation. The implica-

tion of an inconsistent gradient is that the computed gradient may not actually

lead to a direction of descent with respect to the discretized cost functional,

which can result in a failure in the line search and lack of convergence. In the

DTO approach, the SUPG stabilization term in (4.1) produces a contribution

in the adjoint equation that has a stabilizing effect. However, this contribution

is not a weighted residual of the continuous adjoint energy equation, which can

degrade the convergence of the discrete adjoint temperature to the continuous

adjoint temperature [13]. On the other hand, the resulting gradient is consis-

tent with the discrete cost functional, and therefore convergence is guaranteed

with a Gauss-Newton method and an appropriate line search.

Both DTO and OTD approaches have advantages and disadvantages,

and the preference for one over the other depends on the circumstances of the

problem at hand [26]. For sufficiently smooth problems, the differences be-

tween OTD and DTO diminish as the mesh size is reduced, and the approaches
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are equivalent in the limit. In the numerical results of the next section, we

choose DTO so that we can be assured a direction of descent without having

to refine the mesh beyond what is necessary for accurate approximation of

the forward, adjoint, and parameter fields. The resulting expressions for the

discrete gradient and Hessian constructed via the DTO approach are specific

approximations of the expressions for the continuous gradient and Hessian pre-

sented in the previous section, and will converge to those expressions as the

mesh is refined. The infinite-dimensional expressions provided in the previ-

ous section provide useful intuition on the nature of the gradient and Hessian

action (for example the resemblance of the incremental forward and adjoint

operators to the forward and adjoint operators, the 4th order anisotropy of

the effective viscosity in the adjoint and incremental operators, the role of the

boundary conditions, etc.).

4.2.2 Gradient and Hessian via the DTO Approach

For simplicity, let us denote by w, z, and m the vectors of discrete un-

knowns corresponding to forward variables (u, p, θ), adjoint variables (v, q, λ),

and control variables G, respectively. The discretized inverse problem can be

then written as

min
m

J(m) :=
1

2
(Ow(m)− uobs)T (Ow(m)− uobs) +

1

2
mTRm, (4.15)

where O is the observation projector in the discrete space, and R is the sym-

metric regularization operator. Note that w depends on m through the solu-
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tion of the discretized nonlinear thermomechanical Stokes problem

a(m,w) = 0, (4.16)

which is the descritization of the forward problem (3.3).

To obtain the gradient and Hessian of the discrete misfit functional, J ,

we use the discrete Lagrangian L by combining (4.15) and (4.16)

L = J(m) + zTa(m,w) (4.17)

to obtain the discrete gradient and Hessian. The discrete gradient with respect

to the unknown m is given by

gm = Lm = Rm+ KTz (4.18)

where w satisfies Lz = 0, i.e., (4.16) and z satisfies Lw = 0, i.e.,

KTz = −OT (Ow − uobs) (4.19)

where A = ∂a/∂w (the same as A in Sec. 4.1) and K = ∂a/∂m are the

Jacobian of forward operator and the derivative of the forward operator with

respect to the control variable m.

The discretized Newton step is given by the following linear system Lww Lwm AT

Lmw Lmm KT

A K 0

 w̃
m̃
z̃

 = −

 0
gm
0

 , (4.20)

where Note that 0s at the right hand side are due to the fact that Lz = 0 and

Lw = 0, i.e., the forward and the adjoint equations are satisfied.
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The discretized Newton system for the inverse problem is given by

Hm̃k = −gm, (4.21)

with

H := Lmm − LmwA−1K−KTA−TLwm + KTA−TLwwA−1K.

Since the solution of the adjoint is driven by the data misfit in (4.19), which

converges to zero, the terms proportional to the adjoint variable z are ne-

glected in (4.20), which gives the symmetric positive-definite Gauss-Newton

approximation of the Hessian

Ĥ m̃k = −gm, with Ĥ := R + KTA−TOTOA−1K. (4.22)

Newton’s method updates the vector by

mnew = m+ αm̃ (4.23)

where α is the step length in the search direction m̃ such that the cost func-

tional is sufficiently decreased (Algorithm 2). The discretized Gauss-Newton

system is solved iteratively using an inexact preconditioned CG method with

preconditioning by the inverse of the regularization operator R.
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Chapter 5

A Parallel Solver

5.1 Review of the Scalable Solver of the Nonlinear Stokes
Equations

A fast and scalable iterative solver, implemented in the “ymir” library,

has been designed for the solution of the nonlinear Stokes system with a ge-

ometry and temperature field derived from field data [38]. This solver is sum-

marized as below.

Meshing. The “p4est” library for parallel adaptive mesh refinement

(AMR) [10,36] is used to address different spacial resolution requirements for

the simulation of ice flow on a complex geometry such as Antarctica and to

conduct large-scale simulations which require distributed-memory parallelism.

Finite element spaces. We denote Qk continuous tensor-product poly-

nomials of order k, and Pdisc
k discontinous polynomials of order k. The velocity-

pressure pairings Qk × Pdisc
k−1 and Qk × Qdisc

k−2 are inf-sup stable and satisfy

element-wise conservation which is particularly important for ice sheet simu-

lations, where the change of the mass of the ice sheet is an important quantity

of interest in climate projections. The paring Qk × Pdisc
k−1 has an optimal order

of convergence and has an inf-sup constant that is independent of k and of
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the type of hierarchical local mesh refinement [30], but its inf-sup stability

degrades with increasing element aspect ratio φ [1]. The pairing Qk × Qdisc
k−2

has a suboptimal order of convergence, but its inf-sup stability is uniform with

respect to boundary layer refinement, making it appropriate for large values of

φ [46]. For this pairing, the inf-sup constant decreases as O(k−1); however, for

the moderate values of k (k = 2 is used for the thermomechanically coupled

problem), this dependence is not problematic.

Newton-Krylov method. An inexact Newton-Krylov method with block

preconditioners is designed for the nonlinear Stokes equations. Each New-

ton update is computed inexactly via a Krylov space iterative method with

a tolerance that decreases in subsequent steps so as to guarantee quadratic

convergence of the Newton iterations close to the solution [17]. The linearized

Stokes system with the operator(
F(u) BT

B 0

)
(5.1)

is solved using preconditioned Krylov space methods, e.g., generalized mini-

mal residual method (GMRES) or flexible GMRES (FGMRES), with an up-

per triangular block preconditioner built from preconditioners for the (1,1)-

block F and for the Schur complement with respect to the (1,1)-block, SF :=

−BF−1BT given by(
F̃ BT

0 S̃F

)−1

=

(
F̃−1 0
0 I

)(
I −BT

0 I

)(
I 0

0 S̃−1
F

)
(5.2)

where the inverse of F is approximated by a smoothed aggregation algebraic

multigrid (SA-AMG) V-cycle (in particular, GAMG from PETSc [2]), and
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S̃F denotes a Schur complement approximation given by the inverse viscosity-

weighted lumped mass matrix [18]. The assembled matrix F̃ for the con-

struction of the multigrid hierarchy is a low-order approximation of F on the

high-order nodes. The smoother used within a multigrid V-cycle can be con-

sidered a multiplicative preconditioner with three components. The outermost

component, which is necessary for robustness, tries to keep all components of

error from growing. This takes the form of a Chebyshev polynomial precon-

ditioner, which is stationary but requires a relatively accurate estimate of the

largest eigenvalue of the preconditioned system. The middle component, which

is necessary for efficient distributed memory parallelism, is a decomposition

of the matrix into the subsets that will be preconditioned by each process.

Some problems require overlap in this decomposition for robustness, such as

an Additive Schwarz Method (ASM) with j-levels of algebraic overlap, but for

the Stokes system a block-Jacobi (i.e., ASM(0)) decomposition is sufficient.

The innermost component is the smoother each processor applies to its own

portion of the matrix. For anisotropic ice sheet problems, an inexact Cholesky

factorization with zero fill-in (IC(1)) is used.
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5.2 Block Preconditioning of the Thermomecanically
Coupled Problem

Discretization of the thermomecanically coupled model results in a lin-

ear system with the matrix

A(u, θ) =

 F(u, θ) BT C1(u, θ)
B 0 0

C2(u, θ) 0 Θ(u, θ)

 , (5.3)

where [F,BT; B,0] is the Stokes operator, which we will denote by N, C1 and

C2 are the coupling between velocity and temperature, and Θ is the thermal

operator. We can rewrite

A =

(
N C̃1

C̃2 Θ

)
(5.4)

where C̃1 = [C1; 0], C̃2 = [C2,0]. Block LU factorization of the coupled linear

system results in

A =

(
I 0

C̃2N
−1 I

)(
N C̃1

0 SN

)
, (5.5)

where SN = Θ− C̃2N
−1C̃1 is the Schur complement with respect to N.

The Stokes block N is corresponding to

aN(ũh, p̃h;vh, qh) = 〈2η̃ε̇ũh , ε̇vh〉Ω−〈p̃h,∇·vh〉Ω−〈∇·ũh, qh〉Ω+〈βT ũh,Tvh〉Γb ,

for which we can use the preconditioner described in Section 5.1. The block

C̃1 is corresponding to

aC1(θ̃
h,vh) = −〈2ηθθ̃hε̇uh , ε̇vh〉Ω,
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while the block C̃2 is corresponding to

aC2(ũ
h, λh) =〈ρcũh · ∇θh, λh〉Ω − 〈

2(1 + n)

n
ηε̇uh : ε̇ũh , λ

h〉Ω

− 〈2βTuh · T ũh, λh〉Γb

+
∑
e

〈τeρcuh · ∇λh, ρcũh · ∇θh −
2(1 + n)

n
ηε̇uh : ε̇ũh〉Ωe

+
∑
e

〈τeρcũh · ∇λh, Rh
θ (uh, θh)〉Ωe .

The block Θ is corresponding to

aΘ(θ̃h, λh) =〈ρcuh · ∇θ̃h, λh〉Ω + 〈K∇θ̃h,∇λh〉Ω − 〈sθ̃h, λh〉Ω

+ 〈γθH(θh − θm)θ̃h, λh〉Γb

+
∑
e

〈ρcuh · ∇θ̃h −K∆θ̃h − sθ̃h, τeρcuh · ∇λh〉Ωe , (5.6)

which is positive-definite due to the SUPG stabilization described in Sec-

tion 4.1.

For the model inverse problems solved in this dissertation, the linear

system (5.4) is solved by a direct method. For the parallel implementation, we

have to use iterative methods whose performance highly depend on precon-

ditioners. The development of our preconditioner is analogous to a recently

proposed preconditioner for a linearized Navier-Stokes and scalar convection-

diffusion system [33]. We first consider the upper triangular preconditioner

PU =

(
N C̃1

0 SN

)
,P−1 =

(
N−1 0

0 I

)(
I −C̃1

0 I

)(
I 0
0 S−1

N

)
(5.7)

If N−1 and S−1
N are exact, the generalized minimal residual method (GMRES)

for the preconditioned system AP−1
U will converge in two iterations [6]. How-

ever, it is impractical to solve the linear system with the dense operator SN .
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Here, we propose to approximate the Schur complement SN by Θ

P̃U =

(
N C̃1

0 Θ

)
, P̃−1

U =

(
N−1 0

0 I

)(
I −C̃1

0 I

)(
I 0
0 Θ−1

)
, (5.8)

and the preconditioned system

AP̃−1
U =

(
I 0

C̃2N
−1 I− C̃2N

−1C̃1Θ
−1

)
. (5.9)

Note that

I− C̃2N
−1C̃1Θ

−1 = (Θ− C̃2N
−1C̃1)Θ−1 (5.10)

is the Schur complement of the coupled system preconditioned by the thermal

operator. Similarly, we can also use a lower triangular preconditioner given by

P̃L =

(
N 0

C̃2 Θ

)
, P̃−1

L =

(
I 0
0 Θ−1

)(
I 0

−C̃2 I

)(
N−1 0

0 I

)
, (5.11)

and the preconditioned system

AP̃−1
L =

(
I−N−1C̃1Θ

−1C̃2 C̃1Θ
−1

0 I

)
. (5.12)

We will present numerical evidence in Section 7.1 to justify the choice of re-

placing S in the preconditioner by θ. An informal mathematical argument is

presented in [33]. To approximately invert the Stokes operator N, we use the

preconditioner for the nonlinear Stokes solver [38] as described in Section 5.1.

To approximately invert the thermal operator Θ, we use smoothed aggrega-

tion algebraic multigrid (SA-AMG) for nonsymmetric linear systems [62]. We

choose the default PETSc implementation in its ML preconditioner [23]. Sim-

ilar to the SA-AMG for the (1,1)-block of the Stokes system, for the smoother
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within the multigrid V-cycle, specific choices are made for the multiplicative

preconditioner with three components. For the outermost component, we take

the same Chebyshev polynomial preconditioner to keep all components of er-

ror from growing. For the middle component for efficient distributed memory

parallelism, we use restricted Additive Schwarz Method with 1-level overlap

(ASM(1)) which is effective when advection is present. For the innermost com-

ponent, an inexact LU factorization with 1-level fill-in (ILU(1)) is used as the

smoother within each processor. In our applications, the preconditioner P̃L

performs better than P̃U . The computation cost we report in Chapter 7 are

based on the results with the preconditioner P̃L.
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Chapter 6

Inversion of the Geothermal Heat Flux

In this chapter, we study the prospects for and limitations of the in-

ference of the geothermal heat flux field from surface velocity observations on

model problems.

6.1 First Exploration – No Melting or Sliding at the
Base

In this section, we study properties of the inverse problem to infer the

unknown geothermal heat flux field from surface velocity observations assum-

ing the temperature of the ice is below the melting point [70] 1. We will present

the model problem setup, the limits of our ability to invert for the geothermal

heat flux as a function of the length scales of the heat flux and of the noise

level in the velocity observations, and the discussion on the treatment of the

coupling between the Stokes system and the thermal model in [70].

1 [70] was co-authored by the author, Noemi Petra, Georg Stadler, Tobin Isaac, Thomas
J.R. Hughes and Omar Ghattas. The author derived the formulations and implemented the
numerical methods presented in that work. The presentation of the methods and the design
of the numerical experiments was a collaborative effort among the author, Dr. Stadler, Dr.
Petra and Dr. Isaac. Dr. Hughes provided guidance and advice on the stabilization method
for the forward problem. Dr. Ghattas provided guidance and advice on the inverse problem,
and aided in the editing of the work.
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Figure 6.1: Coordinate system and cross section through a three-dimensional
slab of ice, as used in the computational experiments (exaggerated in height
for visualization).

We consider a two- and a three-dimensional ice slab, Ω, of length L = 80

km and the surface elevation s given by

s(x) = (H −H0) cos
(πx

2L

)
+H0, (6.1)

where x ∈ [0, L], H = 2 km is the maximum ice thickness, and H0 = 0.1 km is

the ice thickness at the outflow boundary Γo. The coordinate system and the

ice slab domain for the two-dimensional problem are shown in Figure 6.1; the

three-dimensional geometry is an extrusion in the y-direction of this geometry.

In all model problems, we assume that the surface temperature in-

creases as the elevation decreases as follows:

θs(x) = θ0 + a(H − s(x)), (6.2)

where θ0 = −50 oC is the temperature at x = 0, and a is the lapse rate, taken

to be a = 6.5 oCkm−1.

46



We assume that Γi is an ice divide, i.e., there is no inflow, no shear stress

and no heat flux and we impose the same boundary condition on the outflow

boundary Γo as on the top surface Γt, i.e., we ignore the atmospheric stress

(i.e., the atmospheric pressure and wind stress), which is small compared to

the typical stresses in an ice sheet, and thus impose a traction-free condition;

the surface temperature θs is as defined in (6.2). Then, the inverse problem

to solve is (2.3) subject to

∇ · u = 0 in Ω, (6.3a)

−∇ · σu = ρg in Ω, (6.3b)

ρcu ·∇θ −∇ · (K∇θ) = 2η(u, θ) tr(ε̇2) in Ω, (6.3c)

u · n = 0, Tσun = 0, K∇θ · n = 0; on Γi, (6.3d)

σn = 0, θ = θs on Γt ∪ Γo, (6.3e)

u = 0, K∇θ · n = G on Γb, (6.3f)

In addition, for the three-dimensional problem, we impose periodic boundary

conditions on the fore and aft boundaries, i.e.,

u|Γfore
= u|Γaft

, σun|Γfore
= σun|Γaft

,

θ|Γfore
= θ|Γaft

, K∇θ · n|Γfore
= K∇θ · n|Γaft

.

The values for the physical constants used in the numerical experiments are

taken from [25] and are shown in Table 6.1.

For all numerical experiments, we extract surface velocities at points

from forward solution fields with specified “truth” geothermal heat flux field
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Symbol Parameter Value SI Unit
n Glen’s flow law exponent 3 -
A0 pre-exponential constant 3.985×10−13 Pa−3s−1

Q activation energy 6×104 J(mol)−1

R universal gas constant 8.314 J(molK)−1

g gravitational acceleration 9.81 ms−2

c heat capacity of ice 2009 J(kgK)−1

K thermal conductivity 2.10 W(mK)−1

ρ density 910 kgm−3

Table 6.1: Parameters and constants. Note that we choose A0 and Q for the
case that the temperature of the ice is below -10oC, as the solutions are mostly
within this range.

as synthetic observations, and add random Gaussian noise to lessen the “in-

verse crime”, which occurs when the same numerical method is used to both

synthesize the observations and drive the inverse solution [41]. We specify the

noise level through the signal-to-noise ratio (SNR), which is defined as the

ratio between the average surface velocity 〈u〉 of Nobs observation points and

the standard deviation of the added noise, σnoise, i.e.,

SNR =
〈u〉
σnoise

, with 〈u〉 =

√√√√ 1

Nobs

Nobs∑
k=1

‖uk‖2. (6.4)

We choose a regularization parameter that approximately satisfies Morozov’s

discrepancy principle [68], i.e., we find a regularization parameter such that

〈uγ − uobs〉 ≈ δ, where δ is the noise level and uγ is the surface velocity at

the observations points corresponding to the inferred geothermal heat flux for

a regularization parameter γ.
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Figure 6.2: Two-dimensional mesh (exaggerated in height for visualization).

6.1.1 A Two-Dimensional Model Problem

First, we consider inversion for a geothermal heat flux in a two-dimensional

problem. We discretize the domain, Ω, into quadrilaterals (Figure 6.2), and

employ biquadratic elements for the velocity components, bilinear elements

for pressure, and biquadratic elements for temperature. Linear elements are

used for the unknown geothermal heat flux G defined on Γb, unless otherwise

specified. For the 40× 4-element discretization shown in Figure 6.2, the com-

bined number of unknowns for the velocity, pressure, and temperature fields

is 2,392, and for the geothermal heat flux it is 41. We have experimented

with finer uniform and non-uniform meshes and obtained similar result, hence

unless otherwise specified the results presented in this section are based on

the mesh shown in Figure 6.2. Unless specified otherwise, we use 50 uniformly

distributed observation points on the top surface.

Inversion for heat flux containing long- and short-wavelength varia-
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tions. We first study inversion with a “truth” geothermal heat flux defined

by

G(x) =
1

20
+

1

20
exp

(
−(x− L/2)2

2(L/10)2

)
+

1

100
sin

(
20πx

L

)
. (6.5)

Here, the second and third term contribute a long-wavelength and a short-

wavelength variation to the geothermal heat flux, respectively; the resulting

“truth” heat flux is visualized in Figure 6.4b. The Gauss-Newton algorithm

terminates after 8 Gauss-Newton iterations (requiring a total of 105 CG iter-

ations), when a decrease in the norm of the gradient by a factor of 105 was

achieved.

In Figure 6.3, we show the forward solution (temperature and velocity

fields) obtained by solving (6.3) with the geothermal heat flux given by (6.5).

This figure shows that the ice is in a cold state, i.e., the temperature is below

the pressure melting point. We note that a temperature boundary layer is

formed at the base of the ice corresponding to the accumulation zone due to

the flow of cold ice from the surface and due to the advection dominating the

diffusion. As the warmer ice close to the base flows toward the surface in the

ablation zone, another temperature boundary layer forms at the surface at the

right part of the ablation zone.

Figure 6.4a shows the synthetic pointwise velocity observations, ob-

tained by extracting the surface velocities shown in Figure 6.3 at the observa-

tion points, followed by adding independent noise corresponding to SNR = 20

to each observation. The reconstruction of the geothermal heat flux and the
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Figure 6.3: Temperature and velocity found by solving the forward problem
with geothermal heat flux given in (6.5). The color visualizes the temperature
(in oC) and the arrows show the corresponding velocity field.

corresponding recovered velocity fields are shown in Figures 6.4b and 6.4a, re-

spectively. Figure 6.4a illustrates that inversion is able to fit the data to within

the noise. However, while the long-wavelength component of the geothermal

heat flux is well recovered, the short-wavelength variations cannot be recon-

structed. This can be explained by the fact that the sensitivity of the surface

velocity to the short-wavelength variations in G is low, due to the smooth-

ing property of the Stokes operator. These low sensitivities are overwhelmed

by the noise in the data, making the reconstruction of the short-wavelength

component of G impossible. Taken together, these results reinforce the ill-

posedness of the inverse problem.

Inversion for different SNR and different wavelength variation in the

geothermal heat flux. We continue with a systematic study of the consequence

of the wavelength variation of the geothermal heat flux and of the SNR on the

reconstruction. For this study, we consider different wavelengths of variations
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Figure 2. Two-dimensional mesh (exaggerated in height for visualization).

Figure 3. Temperature and velocity found by solving the forward problem with geothermal heat flux given in (42). The color visualizes the

temperature (in o

C) and the arrows show the corresponding velocity field.
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heat flux defined in (42); the solid line shows the reconstructed geothermal heat flux).
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Figure 4. Reconstruction of geothermal heat flux G in two-dimensional model problem with SNR = 20. (a) surface velocity observations (red
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Figure 6.4: Reconstruction of geothermal heat fluxG in two-dimensional model
problem with SNR = 20. (a) surface velocity observations (red dots show
horizontal component; red squares vertical component) and reconstructed ve-
locities (black solid line shows horizontal component; black dashed line shows
vertical component); (b) “truth” and reconstructed geothermal heat flux (the
dashed line shows the “truth” geothermal heat flux defined in (6.5); the solid
line shows the reconstructed geothermal heat flux).

in the “truth” geothermal heat flux

G(x) =
3

50
− 2

50
sin

(
2πx

Lw

)
, (6.6)

where Lw is taken as 80, 40 or 20 km. As before, we solve the forward problem

with the true geothermal heat flux field (6.6) for the different wavelengths.

Then we add noise with a given SNR to the resulting point velocity observa-

tions and use these synthetic observations to reconstruct the geothermal heat

flux field.

In Figure 6.5, we show inversion results for different wavelength varia-

tions and for different noise levels. To assess the reconstruction quantitatively,

in Table 6.2 we report on the relative error between the “truth” and recon-

structed geothermal flux fields for various wavelengths variations and noise

52



levels. This relative error is computed as follows:

e(G) =
‖G−Gtrue‖L2

‖G0 −Gtrue‖L2

, (6.7)

where G0 = 0.06 Wm−2 is the mean of the “truth” geothermal heat flux Gtrue.

Based on the results summarized in Figure 6.5 and Table 6.2, we make the

following observations:

1. For fixed wavelength, the reconstructed geothermal heat flux G ap-

proaches Gtrue as the noise level decreases.

2. For fixed noise level, shorter-wavelength variations of the geothermal

heat flux are more difficult to reconstruct.

3. For short wavelength (e.g., Lw = 20 km, see Figure 6.5f) and small noise

(e.g., SNR = 100), the wave crests and valleys of the truth heat flux are

recovered, but the magnitude of the reconstruction is smaller than of the

“truth” geothermal heat flux. For the case with larger noise (e.g, SNR =

20), the reconstruction does not detect the crests and valleys, although

the corresponding surface velocity still matches the observations within

the noise (see the black curve in Figure 6.5f). The results in Table 6.2

confirm these findings, in particular we note that the relative errors for

the short wavelength and large noise (i.e., Lw = 20 km with SNR = 20

or SNR = 10) is roughly 100%, i.e., the reconstruction fails to capture

the variations of the “truth” geothermal heat flux.
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Figure 5. Reconstructions of geothermal heat flux with different noise levels and different wavelength variations for the two-dimensional

model problem. In (a), (b) and (c) we display synthetic observations (red circles for horizontal component and red squares for vertical

component; the data correspond to SNR = 20) computed from the “truth” heat fluxes Gtrue with L
w

= 80, L
w

= 40, and L
w

= 20 shown

as red dashed lines in (d), (e) and (f), respectively. Also shown in (a), (b) and (c) are the velocity components (solid and dashed black lines)

corresponding to the reconstructed heat fluxes shown as black solid lines in (d), (e) and (f). In (d), (e) and (f) we additionally show the

reconstruction of the geothermal heat fluxes from surface velocity data with SNR = 100 (blue solid lines).
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Figure 6.5: Reconstructions of geothermal heat flux with different noise levels
and different wavelength variations for the two-dimensional model problem.
In (a), (b) and (c) we display synthetic observations (red circles for horizontal
component and red squares for vertical component; the data correspond to
SNR = 20) computed from the “truth” heat fluxes Gtrue with Lw = 80, Lw =
40, and Lw = 20 shown as red dashed lines in (d), (e) and (f), respectively.
Also shown in (a), (b) and (c) are the velocity components (solid and dashed
black lines) corresponding to the reconstructed heat fluxes shown as black
solid lines in (d), (e) and (f). In (d), (e) and (f) we additionally show the
reconstruction of the geothermal heat fluxes from surface velocity data with
SNR = 100 (blue solid lines).

Influence of the number of observations and the mesh resolution. We

consider 10, 25, 50, and 100 uniformly distributed observation points and two

different meshes, namely a mesh consisting of 40× 4 elements with linear ele-

ments for the geothermal heat flux, and a mesh consisting of 80× 4 elements,

which uses quadratic finite elements for the unknown heat flux. The “truth”

geothermal heat flux field is given by (6.6) and the noise level in the observa-
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Lw SNR
100 20 10

80 0.038 0.136 0.266
40 0.136 0.570 0.938
20 0.528 0.999 1.002

Table 6.2: The relative error e(G), computed using (6.7), between the
“truth” (6.6) and the reconstructed geothermal flux for wavelength variations
Lw = 80, 40 and 20 km and for signal-to-noise ratios SNR = 100, 20 and 10.

tions is SNR = 20. In Figure 6.6a, we show the “truth” and the reconstructed

geothermal heat flux fields for 10, 25, 50 and 100 observation points. This

figure shows that the reconstruction improves significantly as the number of

observation points increases.

To study the influence of the number of observations and of the mesh

resolution on the ill-posedness of the inversion, we study the properties of the

Hessian matrix of the data misfit component of J (i.e., the Hessian of the first

term in the cost function defined by (3.16)). To explain why the Hessian of

the data misfit provides insight into the ill-posedness of an inverse problem,

consider a Taylor expansion of the data misfit term in J about the solution

of the inverse problem (3.16). When the inverse solution is able to fit the

data to within the noise and the noise is small, the gradient of the data misfit

component of J is negligible, and the local behavior of J is governed by the

Hessian term. Perturbations of the geothermal heat flux in directions associ-

ated with large eigenvalues of the data misfit Hessian result in a large change

of the cost functional and are thus well constrained by the data misfit term.

On the other hand, the cost functional is not sensitive to perturbations in pa-
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Figure 6. Shown in (a) are the “truth” (red dashed line) and the reconstructed geothermal heat flux fields for 10 (magenta), 25 (blue), 50

(black), and 100 (cyan) uniformly distributed observation points. The corresponding relative error computed using (44) are 0.425, 0.374,

0.243, and 0.195. These reconstructions are computed using the finer discretization, which uses 80 quadratic elements for the heat flux; the

reconstructions obtained with the coarser discretization are similar. In (b), the corresponding (normalized) spectrum of the data misfit Hessian

for the two different discretizations (solid lines correspond to the 40⇥ 4 element mesh with a linear basis for the heat flux, and dashed lines

correspond to the 80⇥ 4 element mesh with a quadratic basis for the heat flux) and different numbers of observation points are shown. We

note that the cyan solid line covers the black solid line as the recoverable information is limited by the mesh resolution.
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Figure 6.6: Shown in (a) are the “truth” (red dashed line) and the recon-
structed geothermal heat flux fields for 10 (magenta), 25 (blue), 50 (black),
and 100 (cyan) uniformly distributed observation points. The correspond-
ing relative error computed using (6.7) are 0.425, 0.374, 0.243, and 0.195.
These reconstructions are computed using the finer discretization, which uses
80 quadratic elements for the heat flux; the reconstructions obtained with
the coarser discretization are similar. In (b), the corresponding (normalized)
spectrum of the data misfit Hessian for the two different discretizations (solid
lines correspond to the 40 × 4 element mesh with a linear basis for the heat
flux, and dashed lines correspond to the 80×4 element mesh with a quadratic
basis for the heat flux) and different numbers of observation points are shown.
We note that the cyan solid line covers the black solid line as the recoverable
information is limited by the mesh resolution.

rameter directions associated with small eigenvalues of the Hessian and, as a

consequence, these directions are only weakly (or not at all) constrained. The

more such directions exist, the more ill-posed the inverse problem is. Thus,

the spectrum of the Hessian provides information on which directions in the

parameter space can be reliably recovered (namely, those corresponding to

large eigenvalues) and which directions are poorly or not at all recoverable

(those corresponding to small or zero eigenvalues). The Hessian also plays an

analogous role in quantifying uncertainty in the inversion in the framework of
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Bayesian inference [65]. Here, the inverse of the Hessian provides an approxi-

mation to the covariance matrix of the posterior probability density function,

which is regarded as the solution of an appropriately formulated Bayesian in-

verse problem. An approximation of the inverse Hessian can be computed

even for large-scale inverse problems by exploiting low-rank properties that

are typical for many ill-posed inverse problems [22,42,53].

Since we are using a Newton method to solve the inverse problem, the

Hessian is available (or more correctly, its action in a particular direction, as

presented in Section 3.2, is available, and this is all that is required to ex-

tract the spectrum using a Lanczos method). In the following, we use the

spectrum of the data misfit component of the Hessian to characterize how

the ill-posedness of the inverse problem varies with the number of observa-

tions and the mesh resolution. In Figure 6.6b, the spectra of the data misfit

Hessians for different numbers of observations and the two different mesh res-

olutions are shown. If we were to include the regularization in the Hessians

(i.e., consider the full Hessian of the cost functional J, not only the data misfit

term), these spectra would not collapse to zero but remained bounded from

below. Figure 6.6b shows that the spectra of the data misfit Hessians decay

rapidly, in particular for the cases with a small number of observation points.

This illustrates the severe ill-posedness of the geothermal heat flux inversion

problem considered here. Note that since the observed data are the horizontal

and vertical components of the velocity fields at points on the top surface, the

rank of the data misfit Hessian cannot be larger than twice the number of the
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observations points; this can be seen, for instance, in the spectrum for the case

with 10 observation points. As the number of observation points increases, the

number of nonzero eigenvalues of the data misfit Hessian increases. However,

the largest eigenvalues, which correspond to the parameter directions most

strongly constrained by the data, do not change as the number of observations

increases. Thus, these parameter directions are already well constrained by

a small number of observations. Also, note that the finer discretization of

the model and the heat flux becomes more important as more observations

are available. This is because the additional information obtained from more

observations can be used to better inform the geothermal heat flux only if the

finite element discretization of that heat flux and of the model equations has

sufficiently many degrees of freedom to capture that information.

6.1.2 A Three-Dimensional Model Problem

Next, we consider a three-dimensional model problem with domain Ω

of length and width L= 80 km and height given by (6.1). A cross section of the

geometry is shown in Figure 6.1. We discretize the domain, Ω, using 20×10×4

hexahedra. The combined number of degrees of freedom for velocity, pressure

and temperature is 32,151 and for the geothermal heat flux it is 231. In this

numerical experiment, we aim to reconstruct the spatially varying geothermal

heat flux

G(x, y) =
1

20
+

1

20
exp

(
−(y − L/2)2

2(L/10)2

)
, (6.8)
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where (x, y) ∈ [0, L] × [0, L]. We use 20×20 uniformly distributed pointwise

velocity observations at the top surface, and add noise to the synthetic obser-

vations such that SNR = 20. The algorithm converged after 6 Gauss-Newton

iterations (involving a total of 42 CG iterations), where we again terminated

the iterations as soon as the norm of the gradient was decreased by a factor

of 105.

The top row in Figure 6.7 shows the velocity observations on the top

surface and the surface velocities obtained with the reconstructed geothermal

heat flux. The bottom row shows the “truth” and the reconstructed geother-

mal heat flux fields. We note that the higher geothermal heat flux in the center

warms up the ice, results in lower viscosity and, thus, faster ice flow. Also note

that the inverse solution is able to fit the reconstructed velocity to the obser-

vations to within the noise. The geothermal heat flux in the upstream part is

well recovered, but the reconstruction deteriorates downstream. We attribute

this phenomenon to the fact that the heating effect mostly affects the down-

stream surface flow and, hence, the larger heat flux near the outflow boundary

has little effect on the ice flow velocity on the surface above.

In Figure 6.8, we show the temperature field based on the reconstructed

geothermal heat flux. We note that the ice is cold, with a temperature field

comparable to the two-dimensional model problem on each slice (Fig. 6.8a).

In Figure 6.8b, we show the temperature at the base Γb of the ice. Note that

the temperature is higher in the center due to the non-uniform geothermal

heat flux, but it is below the melting point everywhere in Γb.
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Figure 7. Reconstruction of geothermal heat flux G for the three-dimensional model problem. Shown in (a) are observations of the surface

velocity (arrows and contour lines) with SNR = 20, and (b) shows the surface velocity corresponding to the reconstructed geothermal heat

flux. In (c), we show the “truth” geothermal heat flux defined in (45), and (d) shows the reconstructed heat flux.

31

Figure 6.7: Reconstruction of geothermal heat flux G for the three-dimensional
model problem. Shown in (a) are observations of the surface velocity (arrows
and contour lines) with SNR = 20, and (b) shows the surface velocity cor-
responding to the reconstructed geothermal heat flux. In (c), we show the
“truth” geothermal heat flux defined in (6.8), and (d) shows the reconstructed
heat flux.

6.1.3 Fully-Coupled versus One-Way Coupled Approaches in Mul-
tiphysics inversion

Multiphysics forward problems are commonly solved using so-called

“one-way coupled” or “operator-split” approaches. For example, for a coupled

problem with two physics components, the first physics subproblem would be

solved assuming the state variables of the second physics subproblem remain

fixed, after which the second physics subproblem is solved using the just-
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Figure 9. Reconstructions of the geothermal heat flux based on the one-way coupled gradient obtained when the coupling matrix BT

✓u

is

neglected in the adjoint system for observations with SNR = 20. Shown in (a) is the “truth” geothermal heat flux Gtrue (red dashed line),

the reconstructions G based on the exact gradient (blue dash-dot line), and based on the one-way coupled gradient (black solid line). In (b),

the evolution of the norm of the exact gradient is shown for two different solutions of the minimization problem, one using the exact (blue

dashed) and one using the one-way coupled (black solid) gradient. We show in (c) the cosine of the angle between the one-way coupled

gradient and the exact gradient in each iteration (black solid line; see (47)) and the cosine of the angle between the search direction and the

steepest descent direction (black dashed line: based on the one-way coupled gradient; blue dashed line: based on the exact gradient; see (48)).

When the latter value becomes negative, the search direction is not a descent direction and the algorithm terminates as the line search fails.
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Figure 9. Reconstructions of the geothermal heat flux based on the one-way coupled gradient obtained when the coupling matrix BT
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is

neglected in the adjoint system for observations with SNR = 20. Shown in (a) is the “truth” geothermal heat flux Gtrue (red dashed line),

the reconstructions G based on the exact gradient (blue dash-dot line), and based on the one-way coupled gradient (black solid line). In (b),

the evolution of the norm of the exact gradient is shown for two different solutions of the minimization problem, one using the exact (blue

dashed) and one using the one-way coupled (black solid) gradient. We show in (c) the cosine of the angle between the one-way coupled

gradient and the exact gradient in each iteration (black solid line; see (47)) and the cosine of the angle between the search direction and the

steepest descent direction (black dashed line: based on the one-way coupled gradient; blue dashed line: based on the exact gradient; see (48)).

When the latter value becomes negative, the search direction is not a descent direction and the algorithm terminates as the line search fails.
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Figure 6.8: The temperature field (in oC) corresponding to the reconstructed
geothermal heat flux G for the three-dimensional model problem. Shown in
(a) are slices through the domain, and (b) shows the temperature at the base
Γb.

computed first physics state variables. One then iterates until convergence,

which is guaranteed only if the spectral radius of a certain iteration matrix is

less than unity. If the iteration converges, it converges to the correct solution.

Such one-way coupled solvers have been used successfully for ice flow forward

problems [14, 35, 58, 69, 71], in which case the solver iterates back-and-forth

between Stokes and energy equation solves, passing velocities from the former

to the latter, and temperatures from the latter to the former. The convergence

rate is only linear, as opposed to quadratic for a fully-coupled Newton forward

solver, but one might still prefer the one-way coupled approach due to its

ability to capitalize on existing single-physics solvers and codes, its avoidance

of computing Jacobians of coupling terms, and the difficulties of designing

preconditioners for the fully-coupled Jacobian. Therefore, it is tempting to

use the same operator from a one-way coupled forward solver to also solve

the adjoint problem during inversion. However, this also leads to an incor-
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rect adjoint operator, since it discards some of the coupling blocks within the

operator. This in turn leads to an incorrect gradient, which can lead to inac-

curate or incorrect solutions of the inverse problem, depending on how strong

the coupling terms in the Jacobian of the fully coupled problem are. In this

section we illustrate this issue using the multiphysics inverse problem given by

the coupled system consisting of the Stokes equations (2.2a) and (2.2b), and

the energy equation (2.2c). In the rest of this section, to simplify the notation,

we drop the h superscripts on discrete variables.

In the following discussion, we express the forward problem (2.2a)–

(2.2c) in terms of the residuals of the discretized equations, as follows:

ru(u,p,θ) = 0, rp(u) = 0, rθ(u,θ) = 0,

where u, p, and θ denote the discretized velocity, pressure, and temperature,

respectively, and ru, rp, and rθ are the discrete residuals of the momentum,

mass, and energy equations, respectively. The discrete adjoint system corre-

sponding to (3.23a)–(3.23e) can be written as BT
uu Bup BT

θu

BT
up 0 0

BT
uθ 0 BT

θθ

 vq
λ

 =

 f v0
0

 , (6.9)

where v, q, and λ denote the discretized adjoint velocity, pressure, and tem-

perature, respectively, and f v is the right hand side of the discrete adjoint

momentum equation corresponding to the misfit term in (3.23d). Here, Buu =

∂ru/∂u, Bup = ∂ru/∂p, Buθ = ∂ru/∂θ, Bθu = ∂rθ/∂u, Bθθ = ∂rθ/∂θ. We

note that the submatrix [BT
uu,Bup; B

T
up, 0] is the transpose of the linearized

62



discrete Stokes operator (which is in fact symmetric), and Buθ and Bθu are

Jacobians of the coupling terms between the Stokes and the energy equations.

In particular, Buθ is the term corresponding to the derivative of the momentum

residual ru with respect to the temperature, and Bθu is the term correspond-

ing to the derivative of the energy residual rθ with respect to the velocity. We

call the gradients obtained when neglecting either of these coupling matrices

in the adjoint systems “one-way coupled gradients” and denote these by Gowc.

Next, we study the consequences of the use of one-way coupled gradients on

the inversion.

As an illustration of neglecting Jacobians of coupling terms in the ad-

joint equation, we neglect BT
θu in (6.9). Note that we retain BT

uθ in the adjoint

operator. This allows us to uncouple the adjoint Stokes equation from the

adjoint energy equation, leading to a block triangular system. This can be

solved by first solving for the adjoint velocity and pressure, and then comput-

ing the adjoint temperature using the just-computed adjoint velocity. Because

we have neglected a block within the adjoint operator, we obtain an incorrect

adjoint solution, which then leads to an incorrect gradient. How incorrect the

gradient is depends on the “magnitude” of Bθu. To study the implications of

using the resulting one-way coupled gradient Gowc in an inverse problem, we

compare the inverse solution based on the one-way coupled gradient with the

solution obtained with the exact gradient Gexact. We summarize our findings

in Figure 6.9. Since the one-way coupled gradient is not the correct gradient of

the cost functional J, a descent direction is not guaranteed, and as a result the
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Gauss-Newton method for solving the inverse problem (2.3) terminates when

the search direction based on the one-way coupled gradient is not a descent

direction for J. Thus the solution of the inverse problem based on the one-

way coupled gradient can differ from the correct solution not only because the

incorrect optimality condition is being satisfied, but also because the search

direction can terminate prematurely due to inconsistency of the gradient and

cost functional. However, despite the fact that we attempt to solve the wrong

optimality conditions (i.e., vanishing of the one-way coupled gradient rather

than the exact gradient), and despite the premature termination, one can still

obtain a reasonable approximation of the inverse solution. This is depicted in

Figure 6.9a, which shows the inferred geothermal heat flux based both on the

exact gradient and on the one-way coupled gradient. As can be seen, they are

close to each other. In Figure 6.9b we show the convergence of the norm of the

gradient for two iterations, one corresponding to the correct gradient, and one

corresponding to the one-way coupled gradient. Note that the one-way cou-

pled gradient iteration terminates prematurely after 11 iterations. Figure 6.9c

explores why the one-way coupled iteration terminated early. First, we plot

the angle between the exact gradient Gexact and the one-way coupled gradient

Gowc, i.e,

cosφ1 =
〈Gexact,Gowc〉Γb
‖Gexact‖L2‖Gowc‖L2

. (6.10)

As can be seen, initially the one-way coupled gradient direction coincides with

the exact gradient direction, but the angle between them increases substan-

tially in the later iterations. Beyond this incorrectness, the Gauss-Newton
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search direction based on the one-way coupled gradient is not even a descent

direction for the cost function J, leading to the premature termination of the

Gauss-Newton iterations. This is because the one-way coupled gradient is not

consistent with the contours of J (which are computed using the correct for-

ward model). Note that a search direction G̃ is a descent direction only if its

angle φ2 with respect to the negative gradient direction −Gexact is less than

π/2, i.e., cos(φ2) > 0 [51]. The cosine of φ2 is thus given by

cosφ2 =
〈−Gexact, G̃〉Γb
‖Gexact‖L2‖G̃‖L2

, (6.11)

where G̃ is the Newton search direction. Figure 6.9c plots the values of cosφ2.

As can be seen, the line search with the search direction based on the one-way

coupled approach fails at iteration 11, when cos(φ2) < 0. In other words, not

only is the computed search direction incorrect (relative to that of a correct

Gauss-Newton step), but it does not even point downhill!

These results illustrate several important characteristics of approxi-

mations made in inverse problems governed by multiphysics forward models.

First, discarding the Jacobians of coupling terms within the adjoint operator

can result in substantially incorrect gradients. This could lead to incorrect

solution of the inverse problem, due to the fact that the vanishing of the gra-

dient constitutes the first order necessary condition for solution of the inverse

problem. It could also lead to premature termination of the iterations, due

to the loss of a descent direction stemming from inconsistency of the gradient

with the contours of the cost function. Second, despite the incorrect gradient,
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Figure 9. Reconstructions of the geothermal heat flux based on the one-way coupled gradient obtained when the coupling matrix BT

✓u

is

neglected in the adjoint system for observations with SNR = 20. Shown in (a) is the “truth” geothermal heat flux Gtrue (red dashed line),

the reconstructions G based on the exact gradient (blue dash-dot line), and based on the one-way coupled gradient (black solid line). In (b),

the evolution of the norm of the exact gradient is shown for two different solutions of the minimization problem, one using the exact (blue

dashed) and one using the one-way coupled (black solid) gradient. We show in (c) the cosine of the angle between the one-way coupled

gradient and the exact gradient in each iteration (black solid line; see (47)) and the cosine of the angle between the search direction and the

steepest descent direction (black dashed line: based on the one-way coupled gradient; blue dashed line: based on the exact gradient; see (48)).

When the latter value becomes negative, the search direction is not a descent direction and the algorithm terminates as the line search fails.

32

Figure 6.9: Reconstructions of the geothermal heat flux based on the one-way
coupled gradient obtained when the coupling matrix BT

θu is neglected in the
adjoint system for observations with SNR = 20. Shown in (a) is the “truth”
geothermal heat flux Gtrue (red dashed line), the reconstructions G based on
the exact gradient (blue dash-dot line), and based on the one-way coupled
gradient (black solid line). In (b), the evolution of the norm of the exact
gradient is shown for two different solutions of the minimization problem, one
using the exact (blue dashed) and one using the one-way coupled (black solid)
gradient. We show in (c) the cosine of the angle between the one-way coupled
gradient and the exact gradient in each iteration (black solid line; see (6.10))
and the cosine of the angle between the search direction and the steepest
descent direction (black dashed line: based on the one-way coupled gradient;
blue dashed line: based on the exact gradient; see (6.11)). When the latter
value becomes negative, the search direction is not a descent direction and the
algorithm terminates as the line search fails.

it may still be possible to obtain a reasonable solution to the inverse problem,

particularly if the discrepancy between exact and approximate gradients re-

mains small for a sufficient number of iterations to provide a good approximate

inverse solution.

6.1.4 Discussions

Using two and three-dimensional model problems, we studied the iden-

tifiability of the geothermal heat flux field on the basal boundary. We found
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that the quality of the reconstruction deteriorates with smaller wavelength

variations of this heat flux and with increasing noise in the observations. In

particular, a geothermal heat flux with a mean value of 0.06 Wm−2 can be

reconstructed accurately from observations that contain 1% noise when the

wavelength-to-ice-thickness ratio is ∼20, and when the observations contain

5% noise, for a wavelength-to-ice-thickness ratio of ∼40. In addition, we stud-

ied the influence of the number of observations and the mesh resolution on

the reconstruction and found that the reconstruction improves significantly as

the number of observation points increases, provided the discretization is fine

enough.

We discussed problems that can occur when the gradient is approxi-

mated by a so-called one-way coupled approach, in which the two-way coupling

of Stokes and the energy equations is replaced by one-way coupling, as is fre-

quently done within forward solvers. The results show that the inversion based

on a one-way coupled approach can fail to converge due to the inconsistency of

the gradient and the cost functional, leading to the loss of a descent direction.

Nevertheless, one might still obtain a reasonable approximate inverse solution,

particularly if important features of the reconstructed solution emerge early

in optimization iterations, before the iterations terminate prematurely.

6.2 Second Exploration – Partly Melting at the Base

In this section, we consider the same problem setup for the two-dimensional

problem in Section 6.1, but impose the basal boundary condition (3.3e) and (3.3f)
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instead of (6.3f).

We aim at reconstructing the geothermal heat flux

G(x) =
1

20
− 3

100
sin

(
2πx

L

)
, (6.12)

given

β(x) = 2× 106
(

1− x

L

)
. (6.13)

For the solution of the forward problem, we employ biquadratic el-

ements for the velocity components, bilinear elements for pressure, and bi-

quadratic elements for temperature. Linear or quadratic elements are used for

the unknown geothermal heat flux G defined on Γb. First, we use the primal-

dual active set method (Algorithm 1). In Fig. 6.10, We show the forward

solution (temperature and velocity fields) obtained by solving (2.2) with the

geothermal heat flux given by (6.12). We note that a temperature layer is

formed at the base due to the advection dominating the diffusion, and the

temperature reaches the melting point at downstream. Fig 6.11 shows that

the basal temperature is well constraint, i.e., below or equal to the pressure

melting point, but the solution of the heat for melting (cooling term) Mi is

wiggling at the transition points with linear elements for G, and is not smooth

in the melting region with quadratic elements for G. Linear elements are used

for G with the semi-smooth Newton method. Note that Mi can be computed

either by (3.2) or from (2.2f) (Fig 6.12(a)). The former gives a solution of Mi

with oscillations (cyan), and the latter requires to solve an over constrained

system with a rectangular mass matrix by which the solution shows wiggling at
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Figure 6.10: Temperature and velocity found by solving the forward problem
using the primal-dual active set algorithm with geothermal heat flux given
in (6.12). The color visualizes the temperature (in oC) and the arrows show
the corresponding velocity field.

the transition points (magenta). Thus, we restrict the residual from quadratic

temperature to the linear nodal points of the geothermal heat flux and use

the corresponding restricted mass matrix for the solution of Mi. This gives

a smooth solution of Mi (blue). The same restriction is used for the solution

of Mi in all the model problems. We show in Fig 6.12(b) and (c) the basal

temperature and the corresponding Mi with γθ = 2 × 107 and γθ = 2 × 105.

With greater γθ, the temperature is better constrained and the solution is close

to the result using the primal-dual active set (PDAS) method.

The numerical results of the inverse problem (3.16) with the target

geothermal heat flux (6.12) are shown in Fig. 6.13 with SNR = 20, and Fig. 6.14

with SNR = 100. We generate the synthetic observations using PDAS mehtod,

and solve the inverse problem using the semi-smooth Newton method with the
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Figure 6.11: The basal temperature and the melting rate corresponding to the
solution shown in Fig. 6.10: (a) the basal temperature θ, (b) the melting rate
mi computed from (1.8) with linear elements for G, (c) the melting rate mi

with quadratic elements for G.

penalty parameter γθ = 2 × 107. The reconstructed geothermal heat flux G

approaches Gtrue only outside of the melting region as the noise level decreases

(Fig 6.13(a) and Fig 6.14(a)), although the corresponding surface velocities

still match the observations within the noise (Fig 6.13(b) and Fig 6.14(b)).

In the region where ice is melting, reconstruction of the geothermal heat flux

is impossible since the effective thermal boundary condition is θ = θm, and

the surface velocity observations do not provide information about the extra

geothermal heat flux which melts the ice. Fig 6.13(c) and Fig 6.14(c) shows

that the melting region is better estimated as the noise decreases.
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Figure 6.12: The solution of the regularized forward problem (2.2) with the
semi-smooth Newton (SSN) method. (a) The basal temperature θ and (b) the
corresponding melting rate mi computed from (1.8), using SSN with γ = 2e7
(blue line) and with γ = 2e5 (black dashdotted line), compared with the
solution using the primal-dual active set (PDAS) method (red dashed line).
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Figure 6.13: The inversion of geothermal heat flux with linear elements for
geothermal heat flux and SNR = 20. (a) “truth” and reconstructed geother-
mal heat flux (the dashed line shows the “truth” geothermal heat flux defined
in (6.12); the solid line shows the reconstructed geothermal heat flux); (b) sur-
face velocity observations (red dots show horizontal component; red squares
vertical component) and reconstructed velocities (black solid line shows hori-
zontal component; black dashed line shows vertical component); (c) the basal
temperature θ (the red dashed line shows the “truth” temperature, the black
line shows the reconstructed result.
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Figure 6.14: The inversion of geothermal heat flux with linear elements for
geothermal heat flux and SNR = 100. (a) “truth” and reconstructed geother-
mal heat flux (the dashed line shows the “truth” geothermal heat flux defined
in (6.12); the solid line shows the reconstructed geothermal heat flux); (b) sur-
face velocity observations (red dots show horizontal component; red squares
vertical component) and reconstructed velocities (black solid line shows hori-
zontal component; black dashed line shows vertical component); (c) the basal
temperature θ (the red dashed line shows the “truth” temperature, the black
line shows the reconstructed result.
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Chapter 7

Results of the Parallel Solver for the

Thermomechanically Coupled Ice Sheet Model

In this chapter, the parallel solver for the thermomechanically coupled

ice sheet model is tested and the results of large-scale problems are presented.

7.1 Tests on a Manufactured Solution

For the test of the implementation of the thermomechanically coupled

ice sheet model (3.3) in the “ymir” library, we manufacture a solution on a

periodic box domain Ω = [0, L] × [0, L] × [−H, 0] that satisfies the governing

equation

∇ · u = 0 in Ω, (7.1a)

−∇ · σu = fm in Ω, (7.1b)

ρcu ·∇θ −∇ · (K∇θ)− 2η(u, θ) tr(ε̇2
u) = fθ in Ω, (7.1c)
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where the right hand side fm and ft are computed by substituting the manu-

factured velocity û, pressure p̂ and temperature θ̂ given by

û1 := C sin(ωx) sin(ωy) cos(
πz

2H
), (7.2a)

û2 := C cos(ωx) cos(ωy) cos(
πz

2H
), (7.2b)

û3 := −C 4H

L
cos(ωx) sin(ωy) sin(

πz

2H
), (7.2c)

p̂ := −4Cηω cos(ωx) sin(ωy) cos(
πz

2H
), (7.2d)

θ̂ := θm − 30 cos(
πz

2H
)(1 +

1

2
sin(ωx)), (7.2e)

where ω = 2π/L and θm is the melting point. The parameter C is used to

scale the magnitude of the velocity and thus the Peclet number. In this test, I

take C = 1 and the local Peclet number has a maximum value around 20. The

velocity field is divergence free. The manufactured solution satisfies periodic

boundary conditions in the lateral directions. On the top surface (z = 0), the

traction-free condition is satisfied and the temperature θs is provided. At the

base (z = −H), the velocity ub is provided.

The geothermal heat flux at the base is computed by

G = K∇θ̂ · n. (7.3)

To test the complementarity conditions, we add extra heat to the above

geothermal heat flux, e.g.,

G̃ = K∇θ̂ · n−K sin(ωx)(x >
L

2
). (7.4)
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Since the temperature of the manufactured solution at the base (z = −H)

is at the melting point, melting happens at the base to satisfy the constraint

θ ≤ θm.

For the numerical solution of (7.1), we use Q2 × Q2 × Pdisc1 combi-

nation for temperature, velocity and pressure. We start with a coarse mesh

of 2×2×2, which is uniformly refined for the convergence test. We use the

stabilization parameter defined in (4.11), neglecting the source term s, which

is less than 0.001 in these tests. First, we solve the thermal equation given

the velocity field. Figure 7.1 shows convergence with respect to the mesh size

and the penalty parameter γθ. If the penalty parameter γθ is not big enough,

it would impede the error from further decreasing as the mesh is refined (Fig-

ure 7.1a), and if the mesh is not fine enough, it would impede the error from

further decreasing as the penalty parameter γθ increases (Figure 7.1b). Thus,

the penalty parameter γθ needs to be increased consistently as the mesh is

refined for better accuracy. However, it takes more iterations for the nonlinear

solver to converge when the penalty parameter γθ increases as demonstrated

in Figure 7.1c. One can apply a path-following technique, i.e., take the so-

lution at small γθ as the initial value to solve for the problem with large γθ.

Thus, as γθ is increased, we solve the thermomechanically coupled problem on

a sequences of finer meshes. For the thermomechanically coupled problem, an

optimal convergence rate can be obtained when γθ is large enough (Figure 7.2).

Table 7.1 compares the number of iterations required for convergence of the

Newton-Krylov method on 16 cores (with a residual norm decreases of a factor
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Figure 7.1: Convergence of the numerical solution to the manufactured solu-
tion for the thermal equation 7.1c. (a) Convergence with respect to the mesh
size. (b) Convergence with respect to the penalty parameter. (c) Relative
residual versus number of Newton iterations with different penalty.

of 1010). Within each Newton iteration, we use a fixed relative tolerance to

reduce the residual norm by a factor of 103. The number of Newton iterations

is roughly independent of the mesh size. The number of total Krylov iterations

increases as the mesh is refined, but the increase in average Krylov iterations

per Newton iteration is not significant.

7.2 Simulation of Antarctic Ice Sheet Flow

The mesh, parameters, boundary data and initial velocities based on

the nonlinear Stokes solve are provided by the “ymir” library [38] with the de-

tails as follows. We define the ice density to be ρ = 917 kg/m3, and the regular-

izing constant that prevents infinite effective viscosity to be ε = 9.95×10−6a−2.

The pressure melting point is given by

Tm = T0 − β′P, (7.5)
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Figure 7.2: Convergence of the numerical solution to the manufactured solu-
tion for the thermomechanically coupled problem 7.1 with the penalty param-
eter γθ = 109.

where T0 = 273.16 K is the triple-point temperature, and β′ = 9.7456×10−8

K/Pa, is the rate of change of melting point with pressure. The body force due

to gravity is adjusted by a hydrostatic-like pressure to avoid oscillations in ve-

locity. We use the same geometric description of the Antarctic ice sheet, which

is constructed from the ALBMAP dataset [47] and limited to the grounded ice

sheet. The Antarctic ice sheet contains some very thin regions which, because

we constrain the aspect ratio of our elements, would require a large number

of elements if we modeled the true thickness of the ice sheet. To control the

mesh size, we employ an artificial minimum thickness of 400 m, enforced by

modifying the bedrock topography.

A challenge to solve the energy equation (3.3c) and the thermomechan-

ically coupled problem (3.3) is that the temperature can be low during the

nonlinear solve, which leads to blow up of the viscosity due to Arrhenius thin-
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#dof γθ = 1e8 γθ = 1e9
#N #K #N #K

19,456 20(11) 210 49(12) 574
151,552 18(12) 217 58(12) 668

1,196,032 21(15) 320 56(15) 844

Table 7.1: The number of Newton iterations (#N) and the number of Krylov
iterations (#K) required for convergence of the Newton-Krylov method with
different penalty parameter γθ. The first column shows the total number of
velocity, pressure and temperature variables, the second and forth columns
show the number of Newton iterations and in parentheses the average Krylov
iterations per Newton iteration, the third and fifth columns show the number
of total Krylov iterations.

ning. To overcome this, we bound the Arrhenius-type temperature dependence

in (1.3) by A := A0 exp
(
− Q
Rmax(θ,θmin)

)
. Here, θmin = 203.15 K is the lower

bound of the temperature. We take the penalty parameter γθ = 109 J/(K a

m2) in (3.3f). The SUPG parameters defined in (4.11) or (4.14) do not provide

enough stabilization for our applications. Here, we use

τe =
(
s̃2 + ρcuh ·Gρcuh/ζ +K2G : G

)−1/2
, (7.6)

where ζ = max(1, P e/CI). To make the local Damköhler number valid at

|u| = 0, we take

Da =
s

ρc
√
uh ·Guh +K

√
G : G

. (7.7)

We first use the parallel solver to simulate the flow of the Antarctic

ice sheet. The mesh is extruded in the vertical direction from Figure 7.3

with 64,367×1 elements. The maximum element aspect ratio is 100. The

temperature, velocity and pressure are chosen to be Q2×Q2×Qdisc
0 , resulting
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in 3,262,643 degrees of freedom. The geothermal heat flux (Figure 7.4a) is from

the ALBMAP dataset [47]. Figure 7.4b shows an estimated basal friction. The

surface temperature is shown in Figure 7.5a, and the pressure melting point

is shown in Figure 7.5b. For the outflow boundary, we impose traction free

condition and assume heat flux is zero. The initial temperature is given by

the analytical one-dimensional solution in the vertical direction and the initial

velocity is computed with this temperature field [38] (Figure 7.6).

To reduce the computation cost, we first solve the energy equation

(3.3c) with the velocity given by the Stokes solve, and then use it as the ini-

tial temperature for the thermomechanically coupled problem (3.3). Running

on 64 cores, it takes 40 Newton iterations and 480 Krylov iterations for the

energy equation to converge, and then 21 Newton iterations and 212 Krylov

iterations for the coupled problem to converge. For both cases, the residual

norm is reduced by a factor of 106. The results are shown in Figure 7.7 and

Figure 7.8. A section view cut from Thwaites glacier to Mellor glacier is shown

in Figure (7.9). The maximum velocity is smaller than the initial Stokes so-

lution by about 10% in magnitude according to the temperature difference in

large regions. The local Peclet number and Damköhler number at the solu-

tion are shown in Figure 7.10. For the vast region of the Antarctic ice sheet,

advection dominates over diffusion and production. Figure 7.11a shows that

the viscosity (plot on the top surface) varies by three orders of magnitude.

It is high in the vast interior where ice is cold and flow is slow, and low at

the coast where ice is warmer and flow is faster. Figure 7.11b shows that the
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Figure 7.3: Mesh for the Antarctic ice sheet.

strain heating (plot on the basal boundary) is low in the vast interior and high

at the coast.

80



a)

b)

Figure 7.4: The basal boundary conditions for the Antarctic ice sheet: (a)
geothermal heat flux G and (b) basal sliding coefficient β.
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a)

b)

Figure 7.5: The boundary conditions for the Antarctic ice sheet: (a) surface
temperature θs and (b) pressure melting point at the base θm.
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a)

b)

Figure 7.6: (a) The basal temperature given by the analytical solution of
the one-dimensional energy equation in vertical direction and (b) the corre-
sponding surface velocity found by solving the nonlinear Stokes model for the
Antarctic ice sheet with the basal boundary conditions shown in Figure 7.4
(the residual norm decreased by a factor of 106).
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a)

b)

Figure 7.7: The numerical solution of the thermomechanically coupled model
for the Antarctic ice sheet: (a) the basal temperature and (b) the surface
velocity (the residual norm decreased by a factor of 106).
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a)

b)

Figure 7.8: The simulation results for the Antarctic ice sheet (exaggerated in
the vertical direction by 100): (a) temperature and (b) velocity.
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a)

b)

Thwaites glacier

Mellor glacier

Thwaites glacier

Mellor glacier

Figure 7.9: A section view of the simulation results for the Antarctic ice sheet
(exaggerated in the vertical direction by 100): (a) temperature and (b) veloc-
ity.
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a)

b)

Figure 7.10: (a) The local Peclet number defined by (4.8) on the surface and
(b) the local Damköhler number defined by (7.7) at the base corresponding to
the solution shown in Figure 7.8 for the Antarctic ice sheet.
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a)

b)

Figure 7.11: (a) The viscosity on the top surface and (b) the strain heating at
the base corresponding to the solution shown in Figure 7.8 for the Antarctic
ice sheet.
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We then use the parallel solver to simulate the Pine Island ice stream,

which accounts for 25% of the ice loss from the Antarctica. The mesh is ex-

truded in the vertical direction from Figure 7.12 with 24,716×2 elements. The

temperature, velocity and pressure are chosen to be Q2×Q2×Qdisc
0 , resulting in

2,049,852 degrees of freedom. The geothermal heat flux (Figure 7.13a) is from

the ALBMAP dataset [47]. Figure 7.13b shows an estimated basal friction

(courtesy of Tobin Isaac). The surface temperature is shown in Figure 7.14a,

and the pressure melting point is shown in Figure 7.14b. We approximately

cut out the geometry at the ice divide, and on this boundary and on the out-

flow boundary, we impose a traction free condition and assume the heat flux is

zero. The initial temperature is computed by the analytical one-dimensional

solution [38] and the initial velocity is computed with this temperature field

(Figure 7.15).

Again to reduce the computation cost, we first solve the energy equa-

tion (3.3c) with the velocity given by the Stokes solve, and then use it as the

initial temperature for the thermomechanically coupled problem (3.3). Run-

ning on 64 cores, it takes 21 Newton iterations and 308 Krylov iterations

for the energy equation to converge, and then 17 Newton iterations and 266

Krylov iterations for the coupled problem to converge. For both cases, the

residual norm is reduced by a factor of 106. Figure 7.16 shows the basal

temperature and the surface velocity. The temperature is different from the

one-dimensional approximation in large regions (Figure 7.19a). This is due

to the three-dimensional advection. The three-dimensional solution is shown
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in Figure 7.17 and a section view is shown in Figure 7.18. The cold ice from

the surface of the ice divide flows downward to the interior and then moves

towards coast which lower the temperature, and a thermal boundary layer is

formed due to the geothermal heat. The maximum velocity is smaller than the

initial Stokes-based solution according to the temperature field changes, and

the difference is shown in Figure 7.19. Figure 7.18 shows the section view of

the solution. The local Peclet number defined by (4.8) and Damköhler number

defined by (7.7) at the solution are shown in Figure 7.20. The velocity is small

close to the ice divide, where diffusion dominates over advection. For the vast

region of the Pine Island, advection dominates over diffusion and production.

Current numerical solutions give a velocity field different from the ob-

servations shown in Figure 1.1. To obtain a velocity field that matches the

observations within the data noise is the subject of our future work, which

requires solving an inverse problem for the Antarctic ice sheet.

The computation cost of the thermomechanically coupled problem is

shown in Table 7.2. The number of Newton iterations and that of Krylov

iterations are roughly independent of the mesh size.
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Figure 7.12: Mesh for the Pine Island ice stream.
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a)

b)

Figure 7.13: The basal boundary conditions for the Pine Island ice stream:
(a) geothermal heat flux G and (b) basal sliding coefficient β.
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a)

b)

Figure 7.14: The boundary conditions for the Pine Island ice stream: (a)
surface temperature θs and (b) pressure melting point at the base θm.
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a)

b)

Figure 7.15: (a) The basal temperature given by the analytical solution of the
one-dimensional energy equation in vertical direction and (b) the correspond-
ing surface velocity found by solving the nonlinear Stokes model for the Pine
Island ice stream with the basal boundary conditions shown in Figure 7.13
(the residual norm decreased by a factor of 106).
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a)

b)

Figure 7.16: The numerical solution of the thermomechanically coupled model
for the Pine Island ice stream with the basal boundary conditions shown in
Figure 7.13: (a) the basal temperature and (b) the surface velocity (the resid-
ual norm decreased by a factor of 106).
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a)

b)

Figure 7.17: The three-dimensional view of the numerical solution (exagger-
ated in the vertical direction by 80): (a) temperature and (b) velocity.
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a)

b)

ice divide

ice divide

Figure 7.18: A section view of the numerical solution (exaggerated in the
vertical direction by 80): (a) temperature and (b) velocity.
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a)

b)

Figure 7.19: The difference in velocity between the nonlinear Stokes solution
shown in Figure 7.15 and the numerical solution of the thermomechanically
coupled model shown in Figure 7.16.
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a)

b)

Figure 7.20: (a) The local Peclet number defined by (4.8) on the surface and
(b) the local Damköhler number defined by (7.7) at the base corresponding to
the solution shown in Figure 7.16 for the Pine Island ice stream.
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Antarctic Ice Sheet Flow
#dof #cores time(s) #N #K

3,262,643 64 1227 21 212
Pine Island Ice Stream

#dof #cores time(s) #N #K
2,049,852 64 900 17 266

Table 7.2: The computation cost for the convergence of the thermomechani-
cally coupled problem. The first column shows the total number of velocity,
pressure and temperature variables, the second and third columns show the
number of cores and the time in seconds, the forth and fifth columns show the
number of Newton iterations (#N) and Krylov iterations (#K).
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Chapter 8

Concluding remarks

This work has contributed to three areas, as summarized below:

Area A: Applicable Mathematics. We formulate the thermal basal

boundary conditions that account for both temperate and cold ice through

a complementarity condition. These are regularized by a penalty-like method,

such that a semi-smooth Newton method can be applied for the solution and

thus an efficient adjoint-based Newton method can be applied to the corre-

sponding inverse problem, which requires a smoothly differentiable forward

model.

Area B: Numerical analysis and scientific computation. We use the

Streamline Upwind Petrov-Galerkin (SUPG) method for stabilization of the

advection-dominated energy equation, and choose the discretize-then-optimize

(DTO) approach for the solution of the inverse problem, which guarantees the

consistency between discrete cost function and its gradient. Motivated by

the popularity of operator-split or staggered solvers for forward multiphysics

problems—i.e., those that drop two-way coupling terms to yield a one-way

coupled forward Jacobian—we study the effect on the inversion of a one-way

coupling of the adjoint energy and Stokes equations. We show that taking such
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a one-way coupled approach for the adjoint equations leads to an incorrect

gradient and premature termination of optimization iterations. This is due

to loss of a descent direction stemming from inconsistency of the gradient

with the contours of the cost functional. We extend a parallel Stokes solver by

incorporating the coupled energy equation, and solve the coupled system using

a Newton-Krylov method with block preconditioners. The Newton-Krylov

method exhibits near optimal algorithmic scalability, i.e., the number of both

Newton and Krylov iterations depend only weakly on problem size, if at all.

Moreover, optimal convergence rates are observed for velocity and temperature

approximations.

Area C: Mathematical modeling and applications. We study the prospects

for and limitations of the inference of the geothermal heat flux field from sur-

face velocity observations using two- and three-dimensional model problems.

The results show that we can approximately locate the melting region of the

ice sheet, and reconstruct the geothermal heat flux in the cold region. We

apply the parallel forward solver to simulate the flow of the Pine Island ice

stream, as well as the full Antarctic ice sheet, for demonstrating that the solver

is capable of converging the coupled system with regularized complementarity

conditions. The results indicate that solving the fully coupled thermomechan-

ical system with complementarity conditions results in lower ice velocity com-

pared to solving the nonlinear Stokes system with temperature approximated

by one-dimensional solution.
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Chapter 9

Ongoing and Future Work

• Our next step is to simulate the Antarctic ice sheet flow with better

resolution. The mesh need to be refined adaptively according to the

temperature gradient and the velocity gradient.

• With the forward solver completed, we plan to infer the geothermal heat

flux beneath the Antarctica ice sheet assuming the sliding coefficient

is given by the Stokes-based inversion, building on the work in [37].

However, the linearized forward operator of the coupled problem is non-

symmetric since the thermal operator is nonsymmetric. To avoid matrix

assembly, we need to implement the adjoint operator separately to use

the adjoint-based Newton method for the inversion.

• Once the inversion with the thermomechanically coupled ice sheet model

is implemented, we can infer both the geothermal heat flux G and the

sliding coefficient β. Two approaches to achieve this goal are:

– Stagger between inferring β with given G and inferring G with given

β.
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– Infer both parameter fields simultaneously. This requires a regular-

ization accounting for the relation between β and G to make the

problem better-posed.

• The ice sheet model can be coupled with ice shelf models by accounting

for the interaction between the ice sheet and ice shelves at the interface,

which is currently simplified by a no-heat-flux and traction-free condi-

tion. In this work, we assume the melting only happens at the base, and

use a temperature equation for the thermal model. This is mostly true

for the Antarctic ice sheet. In Greenland, surface melting is significant

and water gets into the interior, for which an enthalphy equation would

be a better choice to account for water components within the ice sheet.

• Other data, e.g., age from ice cores, can be incorporated into the inver-

sion. A pure advection equation

∂a

∂t
+∇ · (au) = 1 (9.1)

will be added to the current ice sheet model, where a is the ice age. With

a steady state assumption, this can be reduced to

u · ∇a = 1. (9.2)

Then, ‖a−aobs‖2 can be included in the cost functioncal for the inversion.
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• The finite element method we use only guarantees element-wise mass

conservation. We can use isogeometric analysis to achieve point-wise

mass conservation. The challenge would be the design of an adaptive

control mesh on the irregular ice sheet geometry.

• The final step would be prediction and uncertainty quantification. We

will need to solve a time-dependent model for the prediction, for which

the inversion result will serve as an initial condition, which is consis-

tent with the present-day data. It is critical to quantify the uncertainty

in the inferred parameters through a Bayesian inference problem, and

propagate the resulting uncertain parameters through the model to is-

sue predictions with quantified uncertainties [37].
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Appendix A

A Penalty Method to Regularize the Forward

Problem

The complementarity condition can be regularized by a penalty-type

formulation 3.2. For explanatory purposes, we assume velocity to be zero, and

the ice sheet model is reduced to a pure diffusion problem as follows:

∇ · (K∇θ) = f in Ω, (A.1)

K∇θ · n = G−Mi, θ ≤ θm, Mi ≥ 0, Mi(θ − θm) = 0 on Γb, (A.2)

θ = θ0 on Γd, (A.3)

where ∂Ω = Γb ∪ Γd. This problem is equivalent to an optimization problem

with an inequality constraint

min
θ∈Q

1

2

∫
Ω

K∇θ ·∇θdx−
∫

Ω

fθdx−
∫

Γb

Gθds, subject to θ ≤ θm a.e. on Γb,

(A.4)

where Q = {θ ∈ H1(Ω) : θ|Γd = θ0}. A penalty method can be applied

to (A.4), which gives

min
θ∈Q

1

2

∫
Ω

K∇θ·∇θdx−
∫

Ω

fθdx−
∫

Γb

Gθds+
γθ
2

∫
Γb

(max(0, θ−θm))2ds, (A.5)

where γθ is the penalty parameter. Note that the solution of (A.5) approaches

the solution of (A.4) as γθ approaches ∞. The optimality condition of (A.5)
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is given by∫
Ω

K∇θ ·∇λdx−
∫

Ω

fθdx−
∫

Γb

Gλds+γθ

∫
Γb

max(0, θ− θm)λds = 0, (A.6)

for all λ ∈ Q0 = {θ ∈ H1(Ω) : θ|Γd = 0}. Integrate by part, this is equivalent

to

−∇ · (K∇θ) = f in Ω, (A.7)

K∇θ · n = G− γθ max(0, θ − θm) on Γb, (A.8)

θ = θ0 on Γd, (A.9)

Compared with the model (A.1-A.3), this is to replace Mi in A.2 by

M̄i = γθ max(0, θ − θm) on Γb, (A.10)

and the inequalities are eliminated.
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