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Abstract 

 

Estimation of Reservoir Properties Using an Integration of the 

Capacitance-Resistance Model and Tracer Testing 

 

Nuntha Naudomsup, M.S.E 

The University of Texas at Austin, 2017 

 

Supervisor:  Larry W. Lake 

 

Several tools and techniques exist to understand distributions of reservoir 

properties, which is one of the keys to successful reservoir management. The capacitance-

resistance model (CRM) is an analytical tool to estimate connectivity between producer-

injector pairs from historical rates and (when available) pressure data in waterfloods. 

Tracer testing is another common method to obtain reservoir information from the amount 

of tracer produced.  

Because the CRM is a physically based, simple input-output model, its combination 

with tracer testing can provide a variety of reservoir information. Nonetheless, the current 

CRM is limited to immiscible displacements, which do not have dissipative effects as do 

tracers. The objectives of this study are to extend the CRM to tracer testing and use this 

approach to quantitatively define reservoir characteristics.   

To enable the CRM application to tracer flow, we incorporated a combination of 

two tracer models, based on miscible displacement theory, into the CRM. The tracer 

models allow us to calculate and match produced tracer concentration by using nonlinear 
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regression; as a result, reservoir properties are estimated. This study used three tracer 

models: (1) a dispersion-only model developed from solutions to the convection-diffusion 

equation, (2) a Koval model developed from the Koval theory (1963), which predicts the 

performance of a miscible displacement by using a single factor and (3) combinations of 

the two by using dynamic upscaling technique. To incorporate the tracer models into the 

CRM, two methods, serial fitting and simultaneous fitting, were used. Both methods were 

applied to tracer data from 10 injectors and 10 producers of the Lawrence field.  

According to the results, interwell connectivity obtained from the CRM is in good 

agreement with the observed peak tracer concentrations. Going beyond peak 

concentrations, all tracer models are able to give a good fit in most of the cases. The 

reservoir properties estimated by each tracer model (drainage pore volume, dispersion 

coefficient, and Koval factor) were compared and analyzed.  

Results suggest that the combined model, which provides the best fit, can better 

represent a tracer flow than the other two models alone. We also found that the 

simultaneous fitting method gives the best fit to total producer rate data and tracer data.   

Simultaneous fitting mitigates the non-uniqueness of the fits, leading to an improvement of 

tracer matching. Consequently, the simultaneous fitting is an appropriate method providing 

results that are more accurate. 

An application of CRM to tracer testing serves as an alternative method to analyze 

and interpret tracer data. Furthermore, when both are available the synergy between CRM 

and tracer analysis provides insight into reservoir features. In addition to interwell 

connectivity and drainage volume, integration of the CRM and tracer analysis can estimate 

dispersion and Koval factors, which cannot be obtained from each method alone. 
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Chapter 1: Introduction   

Secondary and tertiary recovery are important techniques for recovering oil and 

have been applied to fields for many decades to increase ultimate hydrocarbon recovery 

beyond primary recovery. These techniques involve injecting fluids into reservoirs. 

Because most reservoirs are heterogeneous and complex, a good knowledge of reservoir 

properties distributions, including communication between wells, is one of the keys to 

successful fluid injection programs.  

Several tools and techniques exist to help geoscientists understand the variations in 

reservoir properties. Numerical reservoir simulation is one method that has been broadly 

used for understanding flow process in the subsurface through the history-matching 

process. This simulation requires geological model construction and several input 

parameters related to reservoir and well properties. Because only a few of the required 

information are known, and they are usually known with high uncertainty, the model 

calibration suffers from non-uniqueness. In addition, the history matching requires much 

effort and it is often time-consuming. Accordingly, numerical simulation sometimes might 

not be a practical application especially for a highly dynamic field, which requires prompt 

decisions for reservoir management. 

The capacitance-resistance model (CRM) is an analytical tool to estimate the 

connectivity between the producer-injector pairs from historical rates and (when available) 

pressure data. The model originates from material balance principles, which requires only 

data gathering at the wellbore (Yousef et al., 2006). Multivariate nonlinear regression is 

used to match production data and determine model parameters. Unlike numerical 

simulation (grid based), CRM requires neither estimation of physical reservoir properties 

nor a geological model, thus it is a fast, simple, and powerful tool. Because of these 
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advantages, there has been a growing interest in the use of CRM for real time reservoir 

management. The ultimate goal of the CRM is to improve oil recovery of existing 

waterfloods by optimizing the operation including redesigning injection rates and patterns 

and targeting infill drilling locations. The CRM has been successfully validated by several 

previous researchers (e.g. Yousef, 2006; Liang et al., 2007; Sayarpour, 2008; Nguyen, 

2012; Chitsiripanich, 2015).  

Tracer testing is another common method for characterizing flow in the subsurface. 

The tracer data contains a variety of information about the reservoir properties including 

the interwell connectivity, flow barriers, reservoir heterogeneity, sweep efficiency, and 

accessible pore volume. However, most of the tracer analyses were qualitative to primarily 

assess the connectivity between wells. Despite its simplicity, qualitative analysis 

sometimes provides ambiguous data and dismisses other valuable information hidden in the 

tracer data. To fully take advantage of other information obtained from the tracer response 

curve, quantitative analysis is required. Reservoir properties can be estimated through 

history matching the tracer data using the numerical simulation. Nonetheless, because 

numerical simulation is time-consuming involving many uncertainty parameters, it is rarely 

used for tracer analysis in the oil field (Du and Guan, 2005). Accordingly, the analytical 

method has become more widespread for quantitatively interpret tracer testing.  

Quantitative tracer analysis was first introduced in hydrocarbon production by 

Brigham and Smith (1965) who proposed a semi-analytical model to predict tracer 

production (breakthrough time and peak concentration) for a homogeneous five-spot 

pattern. Deans (1978) presented mean residence time analysis to petroleum engineering for 

volume swept estimation in a porous media. Shook et al. (2009) extended the method by 

using the distribution of fluid residence times (instead of the mean value) and also 

developed a method for analyzing tracer data at early time (Shook et al., 2016). This thesis 
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presents an alternative analytical method to quantitatively analyze the tracer data based on 

the CRM approach. 

Because the CRM is a physically based, simple input-output model and tracer 

testing can provide a wealth of reservoir information, integration of the CRM and tracer 

analysis definitely provides more insight into reservoir characteristics than either single 

method. Moreover, this approach is analytically based, which is a relatively simple but 

robust method for tracer interpretation. Nonetheless, the current CRM is limited to 

immiscible displacements, which do not have dissipative effects as do tracers. The main 

objective of this study is to extend the CRM to tracer testing in order to quantitatively 

define reservoir characteristics from production and tracer data.  

To enable CRM application to tracer flow, we incorporate a combination of two 

tracer models, based on miscible displacement theory, into the CRM. The tracer models 

allow us to calculate and match produced tracer concentration by using nonlinear 

regression; as a result, reservoir properties are estimated. This study used three tracer 

models: (1) a dispersion-only model developed from solutions to the convection-diffusion 

equation, (2) a Koval model developed from the Koval theory (1963), which predicts the 

performance of a miscible displacement by using a single factor and (3) combinations of 

the two by using dynamic upscaling technique. To incorporate the tracer models into the 

CRM, two methods, serial fitting (CRM then tracers) and simultaneous fitting (CRM and 

tracers), were used. Both methods were applied to tracer data from 10 injectors and 10 

producers of the Lawrence field.  
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1.1 OBJECTIVES 

 The main purpose of this thesis is to extend the CRM to tracer testing and use this 

approach to quantitatively define reservoir characteristics. To achieve this goal, this 

research attempts to 

1. Develop the tracer models and equations based on miscible displacement theory 

to calculate produced tracer concentration 

2. Develop the methods or workflows for incorporating the tracer models into the 

CRM 

3. Apply the developed approach to tracer data from the actual field for 

determining reservoir properties 

4. Compare and analyze the estimated reservoir properties obtained from different 

tracer models and workflows in order to propose the most appropriate model 

and method  

5. Determine field-scale dispersivities and Koval factors for comparison to 

previous measurements. 

1.2 DESCRIPTION OF CHAPTERS 

The first chapter is the introduction of this research describing the motivation and 

objectives of the study. Chapter 2 is a literature review, examining the background and 

development of the CRM. This chapter also briefly discusses a miscible displacement 

process, which is used for describing tracer flow behavior. Dispersion effects on a miscible 

front and the Koval model are also reviewed.  

Chapter 3 describes the development of the tracer models including equations used 

to calculate produced tracer concentration. The scope and assumptions used for the model 

development are first discussed, and then the development of each tracer model 

(dispersion-only model, Koval model, and combined model) is presented in detail. The 
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model comparison and the application to multiple injectors and producers are explained at 

the end of this chapter. 

Chapter 4 discusses the method of combining the CRM with tracer models and its 

application to actual field data. The serial fitting workflow is first introduced. Then, the 

application of the CRM and tracer models to the field data by using the serial fitting 

method is presented. This chapter applies three tracer models explained in Chapter 3 to 

calculate the reservoir characteristics. Finally, the results from each tracer model are 

compared and discussed.  

Chapter 5 focuses on an improvement of the CRM and tracer model fit by 

presenting the new workflow, simultaneous fitting method. This new workflow is applied 

to the same field data as presented in Chapter 4. Then, the results obtained from both 

workflows (serial fitting and simultaneous fitting) are compared followed by the discussion 

on the fitting improvement. Lastly, the estimated reservoir properties obtained in this study 

are further analyzed to gain more insight into flow behavior and reservoir characteristics. 

The field-scale dispersivities and Koval factors are also compared to the previous 

measurements. 

Chapter 6 summarizes the technical contributions and key findings from this work. 

Recommendations for future work are also presented in this chapter.  
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Chapter 2: Literature Review 

This chapter discusses the background of previous research and fundamental 

concept related to the study in this thesis. This study aims to extend the capacitance-

resistance model (CRM) to tracer testing.  

To accurately characterize tracer flow behavior, it is important to engage a 

miscible displacement in the model. Therefore, the literature is divided into two sections. 

The first section reviews the development, equations, and applications of the CRM. The 

second section introduces the principle of miscible displacement including the theory and 

existing model used to explain the physical phenomena of miscible flooding.  

2.1 CAPACITANCE-RESISTANCE MODEL 

2.1.1 Introduction 

The capacitance-resistance model (CRM) is an input-output model focusing on 

describing the relationships between injector and producer rates by modeling the total 

fluid production from the reservoir. The CRM takes rates and (when available) pressure 

data to history match production rates and provides reservoir characteristics as a result. 

Because the CRM is a data-driven approach, it does not require an estimation of physical 

reservoir properties nor a geological model, unlike traditional numerical simulation.  

The interwell connectivity (gain) and the time constant (τ) are the unknown 

parameters in the CRM. The gain provides a quantitative communication between the 

injector-producer pair. The time constant approximates the characteristic time of signal 

response traveling from injectors to producers. These two model parameters can be 

estimated by using multivariate nonlinear regression to minimize the difference between 

the measured production from history and the calculated production from the model. 
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2.1.2 History and Development of CRM 

The CRM concept was initiated by the work of Albertoni and Lake (2003), in 

which the reservoir is viewed as a system that converts an input signal (injection) into an 

output signal (production). Multivariate linear regression models were proposed to 

determine the interwell connectivity using only production and injection rate data. 

Diffusivity filters were applied in the models to account for the time lag and attenuation 

that occurs between injection and production. 

Yousef (2006) developed a nonlinear signal processing model, which includes 

both capacitance (compressibility) and resistive (transmissibility) effects. This model was 

advanced by using a tank material balance concept, considering one injector-producer 

well pair in a drainage volume, assuming incompressible fluid and rock. The governing 

continuity equation is given by 

 𝑐𝑡𝑉𝑝
𝑑�̅�

𝑑𝑡
= 𝑖(𝑡) − 𝑞(𝑡) (2.1) 

where 𝑐𝑡 is the total compressibility, 𝑉𝑝 is the drainage pore volume, �̅� is the average 

reservoir pressure, 𝑖(𝑡) is the injection rate at time 𝑡, 𝑞(𝑡) is the total production rate at 

time 𝑡. Because an average reservoir pressure is often unavailable, it is desired to make 

Equation 2.1 based solely on regular measured data by applying a linear productivity 

model as 

 𝑞 = 𝐽(�̅� − 𝑃𝑤𝑓) (2.2) 

where 𝐽 is the productivity index of the producer and 𝑃𝑤𝑓 is the flowing bottomhole 

pressure (FBHP). Combining Equation 2.1 and 2.2 gives 
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 𝜏
𝑑𝑞

𝑑𝑡
+ 𝑞(𝑡) = 𝑖(𝑡) − 𝜏𝐽

𝑑𝑃𝑤𝑓
𝑑𝑡

 (2.3) 

where 𝜏 is the time constant of the drainage pore volume, which accounts for attenuation 

and time lag between injector and producer pair. It is defined as 

 𝜏 =
𝑐𝑡𝑉𝑝
𝐽

 
(2.4) 

Integrating Equation 2.3 yields the solution: 

 

𝑞(𝑡) = 𝑞(𝑡0)𝑒
−(𝑡−𝑡0)

𝜏 +
𝑒
−𝑡

𝜏⁄

𝜏
∫ 𝑒

𝜉
𝜏⁄  𝑖(𝜉)

𝜉=𝑡

𝜉=𝑡0

𝑑𝜉

+ 𝐽 [𝑃𝑤𝑓(𝑡0)𝑒
−(𝑡−𝑡0)

𝜏 − 𝑃𝑤𝑓(𝑡) +
𝑒
−𝑡

𝜏⁄

𝜏
∫ 𝑒

𝜉
𝜏⁄  𝑃𝑤𝑓(𝜉)

𝜉=𝑡

𝜉=𝑡0

𝑑𝜉] 

 

(2.5) 

where 𝑡0 is the initial time. Equation 2.5 describes that total production rate can be 

decomposed into three components, which are primary depletion, injection input signal, 

and changing in FBHP at the producer. Taking FBHP data into account allows the model 

to handle varying BHP’s leading to more rigorous results (Yousef, 2006). This model 

also can be applied to fields in which wells are shut-in frequently and/or for a long period 

of time.  

In a real field, there are several producers and injectors with obtainable discrete 

rates and pressure data. Yousef further developed the model by discretizing the integrals 

in Equation 2.5 and also extended to multiple producers and injectors by applying 

superposition in space. Weights or 𝜆𝑖𝑗 was introduced to represent the connectivity 

between injector 𝑖 and producer 𝑗, according to the fact that one injector is shared by 
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more than one producer. The generalized capacitance model for producer 𝑗 and injector 𝑖 

in a discrete form is given by 

𝑞𝑗(𝑛) = 𝜆𝑝𝑞(𝑛0)𝑒
−(𝑛−𝑛0)

𝜏𝑝 + ∑ 𝜆𝑖𝑗 [ ∑
Δ𝑛

𝜏𝑖𝑗
𝑒
(𝑚−𝑛)
𝜏𝑖𝑗 𝑖𝑖𝑗(𝑚)

𝑚=𝑛

𝑚=𝑛0

]

𝑖=𝑁𝑖

𝑖=1

+  𝜐𝑗 [𝑃𝑤𝑓𝑗(𝑛0)𝑒
−(𝑛−𝑛0)

𝜏𝑗 − 𝑃𝑤𝑓𝑗(𝑛) + ∑
Δ𝑛

𝜏𝑗
𝑒
(𝑚−𝑛)
𝜏𝑗 𝑃𝑤𝑓𝑗(𝑚)

𝑚=𝑛

𝑚=𝑛0

] 

 

(2.6) 

where 𝑛 is a time like variable, Δn is the selected time interval, 𝜆𝑝 and 𝜏𝑝 are the time 

weighting factor and time constant for the primary production contribution to the rate of 

producer 𝑗. 𝜏𝑖𝑗 is the time constant for the medium between injector 𝑖 and producer 𝑗.  𝜐𝑗 

is a coefficient that determines the effect of changing the FBHP of producer 𝑗. The 𝑁𝑖 

term represents the number of injectors. 

 Sayarpour et al. (2007) and Liang et al. (2007) firstly combined the CRM with an 

oil fractional flow model to history match and optimize oil production. Sayarpour (2008) 

developed analytical CRM solutions by analytical integration with superposition in time 

based on the discreet nature of both injection rate and BHP data. Compared to the 

numerical solutions proposed by Yousef, this analytical approach improves the model 

simplicity, flexibility, and computational speed. Sayarpour proposed analytical solutions 

for three different reservoir-control volumes: the volume of the entire field (CRMT), the 

drainage volume of each producer (CRMP), and the drainage volume between each 

injector-producer pair (CRMIP). Figures 2.1- 2.3 represent the control volume of CRMT, 

CRMP, and CRMIP, respectively. Each control volume models is briefly explained 

below by assuming stepwise changes in injection rate during a time interval (∆𝑡𝑘). For 

CRMP and CRMIP, linear variation of BHP is also assumed.  
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CRMT  

 

 
Figure 2.1:  Schematic representation of control volume for an entire field as a tank, 

CRMT (Sayarpour, 2008) 

For CRMT, an entire field is represented as a tank with one injector and one 

producer. Total field injection rates and production rates are summed up and presented as 

𝑖𝐹 and 𝑞𝐹, respectively. τ is the field time constant. The total field production rate can be 

written as: 

 𝑞𝐹(𝑡𝑛) = 𝑞𝐹(𝑡0)𝑒
−(
𝑡𝑛−𝑡0
𝜏

) +∑[𝑖𝐹
𝑘 𝑒−(

𝑡𝑛−𝑡𝑘
𝜏

) (1 − 𝑒−(
∆𝑡𝑘
𝜏
))]

𝑛

𝑘=1

 (2.7) 

From Equation 2.7, 𝑞𝐹(𝑡0) and τ are fitting parameters (or called as model 

paramenters) that are unknown. These parameters can be estimated by using multivariate 

nonlinear regressions with the objective function: 

 min𝑧 = ∑((𝑞𝑘)𝑜𝑏𝑠 − (𝑞
𝑘)𝑐𝑎𝑙)

2

𝑛

𝑘=1

 (2.8) 

where (𝑞𝑘)𝑜𝑏𝑠 is the observed total production rate data at time step  𝑘 and (𝑞𝑘)𝑐𝑎𝑙 is the 

model-calculated total production rate at time step 𝑘. 
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CRMP 

 

Figure 2.2:  Schematic representation of control volume for producer 𝑗, CRMP 

(Sayarpour, 2008) 

A control volume of CRMP is a drainage volume of a given producer 𝑗 with 

several supporting injectors. The time constant relates to defined control volume, thus 

there is one time constant (𝜏𝑗) for each producer. 𝑓𝑖𝑗  is the interwell connectivity which is 

exactly identical to 𝜆𝑖𝑗 previously defined.  𝑁𝑖 and  𝑁𝑝 term represent the number of 

injectors and producers, respectively. The total production rate of producer 𝑗 can be 

written as: 

 

𝑞𝑗(𝑡𝑛) = 𝑞𝑗(𝑡0)𝑒
−(
𝑡𝑛−𝑡0
𝜏𝑗

)

+∑{𝑒
−(
𝑡𝑛−𝑡𝑘
𝜏𝑗

)
(1 − 𝑒

−(
∆𝑡𝑘
𝜏𝑗
)
)(∑𝑓𝑖𝑗𝑖𝑖

𝑘 − 𝐽𝑗𝜏𝑗
∆𝑃𝑤𝑓𝑗

(𝑘)

∆𝑡𝑘

𝑁𝑖

𝑖=1

)}

𝑛

𝑘=1

 (2.9) 

There are three groups of fitting parameters, 𝑞𝑗(𝑡0), 𝜏𝑗 and 𝑓𝑖𝑗  in Equation 2.9, 

which can be estimated by using multivariate nonlinear regressions with the objective 

function: 
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 min 𝑧 =∑∑((𝑞𝑗
𝑘)𝑜𝑏𝑠 − (𝑞𝑗

𝑘)𝑐𝑎𝑙)
2

𝑁𝑝

𝑗=1

𝑛

𝑘=1

 (2.10) 

where (𝑞𝑗
𝑘)𝑜𝑏𝑠 is the observed production rate data of producer 𝑗 at time step 𝑘 and 

(𝑞𝑗
𝑘)𝑐𝑎𝑙 is the model-calculated production rate of producer 𝑗 at time step 𝑘.  

CRMIP 

 

 

Figure 2.3:  Schematic representation of control volume for each injector-producer pair, 

CRMIP (Sayarpour, 2008) 

CRMIP defines a control volume as an effective pore volume of any pair of 

injector-producer (𝑖𝑗). 𝜏𝑖𝑗 is the time constant of each injector-producer pair. 𝑞𝑖𝑗 is the 

production rate of producer 𝑗 associated with injector 𝑖. The total production rate of 

producer 𝑗 can be written as:   

 

𝑞𝑗(𝑡𝑛) =∑𝑞𝑖𝑗(𝑡0)𝑒
−(
𝑡𝑛−𝑡0
𝜏𝑖𝑗

)

𝑁𝑖

𝑖=1

 

+∑{∑[(1 − 𝑒
−(
∆𝑡𝑘
𝜏𝑖𝑗

)
)(𝑓𝑖𝑗𝑖𝑖

𝑘 − 𝐽𝑖𝑗𝜏𝑖𝑗
∆𝑃𝑤𝑓

(𝑘)

∆𝑡𝑘
) 𝑒

−(
𝑡𝑛−𝑡𝑘
𝜏𝑖𝑗

)
]

𝑛

𝑘=1

}

𝑁𝑖

𝑖=1

 
(2.11) 
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Similar to CRMP, the fitting parameters can be estimated with the objective 

function: 

 min 𝑧 =∑∑((𝑞𝑗
𝑘)𝑜𝑏𝑠 −∑(𝑞𝑖𝑗

𝑘)𝑐𝑎𝑙

𝑁𝑖

𝑖=1

)

2𝑁𝑝

𝑗=1

𝑛

𝑘=1

 (2.12) 

where (𝑞𝑖𝑗
𝑘)𝑐𝑎𝑙  is the model-calculated production rate of producer 𝑗 contributed from 

injector 𝑖 at time step 𝑘. 

Because CRMT is based on the control volume of an entire field, it provides a 

general understanding of the reservoir level, while CRMP and CRMIP can increase the 

understanding at the well level. Meanwhile, the number of parameters increases from 

CRMT to CRMP and from CRMP to CRMIP as the model increases detail. Therefore, 

the criteria to choose the control volume for the CRM not only depends on the desired 

level of detailed evaluation but also on the number of production data. Sufficient data 

points ensure proper estimation of model parameters. CRMP is shown to be the most 

popular control volume applying to the field data because the number of parameters 

required can obtain great global matches with an adequate detailed evaluation 

(Sayarpour, 2008).  

Weber et al. (2009) developed the techniques to improve the application of CRM 

in a large-scale reservoir. Because the number of parameter required in the CRM 

increases as the number of producers and injectors increases, the number of model 

parameters of a large field can be extremely large, which might affect fitting quality, 

uniqueness of model parameters estimation, and computational time. In addition, shut-in 

periods (zero production data) and outliers, which are commonly the consequences of 

well intervention, can strongly influence the model fits results. According to these 

problems, Weber proposed three techniques for data cleaning and problem size reduction:  
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1. Reducing the number of gains (or interwell connectivity) by excluding very 

small gain values, inactive wells, and well pairs with large distance  

2. Applying shut-in logic to the model to ensure that zero production data are 

skipped and do not influence the calculation results and model fitting 

3. Removing outliers from the objective function    

CRM has been continuously developed and extended to many field applications. 

Izgec and Kabir (2009) extended the use of CRM to immature waterfloods and showed 

that CRM is applicable in transient-flow situations. He validated the model on a 

streamline simulation, which provided equivalent results. Nguyen et al. (2011) proposed 

the integrated capacitance resistance model (ICRM) for both primary and secondary 

recovery. The ICRM was derived from material balance equation and developed to obtain 

unique estimates of model parameters from linear regression approach. Nguyen also 

extended CRMP to use in simultaneous water and gas (SWAG) flood by converting the 

gas injection rate at the surface condition to reservoir conditions. 

Laochamroonvorapongse (2013) developed the CRM to account for producer-producer 

interactions, in addition to the CRMP and named it the CRMP-P. The CRMP-P was 

validated on both synthetic models and real field and provided slightly better fit than the 

CRM. She also integrated the CRM with other analytical tools such as the water-oil ratio 

(WOR) plot and the reciprocal productivity index (RPI) to improve assessment of tertiary 

flood performance in a West Texas field. 

Cao (2014) developed the coupled CRM based on the two-phase flow by 

incorporating an oil material balance and fraction flow theories. Pressure and saturation 

equations are updated at each time step to account for changes in total mobility. Thus, the 

new coupled model allows estimation of the interwell connectivity as well as the oil 

saturation. The model was applied to several synthetic fields and showed an improvement 
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of oil prediction quality. Chitsiripanich (2015) applied both the original CRM and the 

coupled CRM to identify potential infill location. Oil saturation at the last time step, 

which is an additional output parameter obtained from the coupled CRM, can be used as 

one of the key parameters for infill location analyzing. 

2.2 MISCIBLE DISPLACEMENT 

 Ideal miscible displacement is when displacing fluid and displaced fluid mix in all 

proportion without an interface forming between them. The dissipation of miscible 

displacement is mainly a result of two outstanding effects, dispersion and viscous 

fingering (Lake et al., 2014). In addition, in a heterogeneous system, channeling leads to 

increased spreading and mixing. In this section, we review the effect of dispersion on a 

miscible front and the Koval model, which is one of the most well-known models using 

analytical technique to represent the physical phenomena of the miscible flood. 

2.2.1 Dispersion 

 For a miscible displacement process in a porous media, the displacing fluid mixes 

with the displaced fluid. The result is that a mixing or transition zone develops at the 

front in which the concentration of the injected fluid changes from injected concentration 

(displacing fluid) to initial concentration (displaced fluid). This mixing mechanism is 

called dispersion, which is a combination of molecular diffusion and several forms of 

mechanical mixing. Molecular diffusion is caused by chemical concentration gradient 

while mechanical dispersion is caused by velocity distribution within and between pores 

(Peters, 2012).  

Figure 2.4 displays the effect of dispersion by comparing concentration history 

graph (concentration versus time) at the inlet and at the outlet of the medium. At  𝑡𝐷 =  𝑡0, 

the displacing fluid is being injected into the medium. When two miscible fluids are first 
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in contact ( 𝑥𝐷 = 0 and  𝑡𝐷 =  𝑡0), two fluids are totally separated with the sharp 

interface. The concentration measured at the inlet, therefore, suddenly changes from 

initial to injected concentration (left). After flowing through a porous media, dispersion 

causes a mixing of two fluids leading to a smearing of the interface between them. 

Consequently, the concentration measured at the outlet gradually changes from initial to 

injected concentration when displacing fluid coming out of the medium (right). 

 

 

Figure 2.4:  Schematic comparing the concentration history at the inlet, 𝑥𝐷 = 0 (left) and 

at the outlet, 𝑥𝐷 = 1 (right)  

   The convection-diffusion equation (CDE) in one-dimension, assuming 

homogeneous permeable medium, isothermal conditions, incompressible fluid and rock, 

ideal mixing and single phase flow can be expressed in dimensionless form as (Lake et 

al., 2014): 

 
𝜕𝑐𝐷
𝜕𝑡𝐷

+
𝜕𝑐𝐷
𝜕𝑥𝐷

−
1

𝑁𝑃𝑒

𝜕2𝑐𝐷
𝜕𝑥𝐷2

= 0 (2.13) 

where 𝑐𝐷 is a dimensionless concentration, which is defined in term of the initial 

concentration (𝑐𝐼) and injected concentration (𝑐𝑜) as: 

 𝑐𝐷 =
𝑐 − 𝑐𝐼
𝑐𝑜 − 𝑐𝐼

 (2.14) 



 17 

 The dimensionless distance (𝑥𝐷) and the dimensionless time (𝑡𝐷)  are defined as: 

 𝑥𝐷 =
𝑥

𝐿
 (2.15) 

 
𝑡𝐷 =

𝑞𝑡

𝐴∅𝐿
=
𝑣𝑡

𝐿
 (2.16) 

where 𝐿 is the length of the medium in x-direction. 𝐴 is the cross-sectional area of the 

medium. 𝑞 is the volumetric flow rate. 𝑣 is the interstitial velocity. The Peclet number 

(𝑁𝑃𝑒) is the ratio of convective and dispersive transport, which is expressed as: 

 
𝑁𝑃𝑒 =

𝑣𝐿

𝑘𝑙
 (2.17) 

where 𝑘𝑙 is the longitudinal dispersion coefficient. Typical initial and boundary 

conditions for the CDE are  

 𝑐𝐷(𝑥𝐷, 0) = 0 (2.18a) 

 𝑐𝐷(0, 𝑡𝐷) = 1 (2.18b) 

 𝑐𝐷(∞, 𝑡𝐷) = 0 (2.18c) 

 The analytical solution for the CDE as derived by Laplace Transform is (Ogata 

and Banks 1961) 

 𝑐𝐷(𝑥𝐷, 𝑡𝐷) =
1

2

[
 
 
 

𝑒𝑟𝑓𝑐

(

 
𝑥𝐷 − 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒 )

 + 𝑒𝑥𝐷𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
𝑥𝐷 + 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒 )

 

]
 
 
 

 
(2.19) 

where 𝑒𝑟𝑓𝑐 is the complementary error function. 

Equation 2.19 expresses the concentration as a function of the location of the 1D 

medium (𝑥) and time (𝑡). The concentration at the outlet end of the porous media or the 

effluent concentration (where 𝑥𝐷 = 1) can be stated as: 
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 𝑐𝐷(1, 𝑡𝐷) =
1

2

[
 
 
 

𝑒𝑟𝑓𝑐

(

 
1 − 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 + 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
1 + 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 

]
 
 
 

 (2.20) 

Figure 2.5 shows the effluent concentration history for different Peclet numbers. 

When the Peclet number is very large (𝑁𝑃𝑒 → ∞), the concentration jumps from zero to 

one which indicates an absent dispersion. On the other hand, a small Peclet number 

means a large dispersion effect and shows as high spreading of the concentration. 

 

Figure 2.5:  Dimensionless concentration at the outlet (𝑥𝐷 = 1) vs. Dimensionless time 

(Breakthrough curve) 

2.2.2 Koval Theory 

The Koval model (1963) was developed to predict the performance of unstable 

miscible displacements caused by fingering of a miscible solvent into the oil. The effects 

that cause fingering, which are viscosity difference, channeling, and longitudinal 

dispersion, are combined into one single parameter, the Koval factor (𝐾𝑣). Koval theory 
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is also based on the assumption that both dispersion and channeling are influenced by 

heterogeneity and it is difficult to separate them from each other. In his experimental 

study, to reduce the complexity, he combined both dispersion and channeling into the 

effect of heterogeneity.  

When the solvent (displacing fluid) fingers into the oil (displaced fluid), the 

mixing zone or transition zone is developed. In this region, the solvent saturation changes 

from zero at the front of the farthest finger to one at the solvent phase.  The Koval model 

replaces the complicated picture of unstable displacement (Figure 2.6-a) with the 

simplified picture (Figure 2.6-b). This can be treated as a segregated flow in horizontal 

plane flow, only displaced fluid presented in front of the front and only displacing fluid 

presented behind the front.  

 
Figure 2.6:  a) Observed miscible displacement front. b) Displacement front as pictured 

by the K-factor method theory (Koval, 1963) 

The Koval model is analoguous to the Buckley-Leverett theory (1942) by 

applying straight line permeability into fractional flow equation. Using the Koval factor 

(𝐾𝑣), which modifies the viscosity ratio to account for local heterogeneity and transverse 

mixing, the final form of the solvent fractional flow is  

 𝐹𝑆 =
1

1 +
1
𝐾𝑣
(
1 − 𝑆
𝑆 )

 (2.21) 
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and 

 
𝐾𝑣 = 𝐻𝑘𝐸 (2.22) 

 𝐸 = (0.78 + 0.22 (
𝜇𝑜
𝜇𝑠
)

1
4⁄

)

4

 (2.23) 

where 𝐹𝑆 is the solvent fractional flow. 𝑆 is the solvent saturation. 𝐻𝑘  is the heterogeneity 

factor, which includes the effect of channeling and dispersion. 𝐸 is the effective viscosity 

ratio, which can be estimated by Equation 2.23. 𝜇𝑜 and 𝜇𝑠 are the oil and solvent 

viscosities.  However, in this study, the Koval model is used for tracer flow where the 

viscosity of displacing fluid and displaced fluid are considerably equivalent  (𝐸 = 1), so 

the Koval factor is equal to the heterogeneity factor (𝐾𝑣 = 𝐻𝐾). 

In the same manner with Buckley-Leverett equation for water fractional flow, 

applying the frontal advance formula, which is derived from a material balance yield the 

following equation (Lake et al., 2014):  

 𝐹𝑆|𝑥𝐷=1 =

{
  
 

  
 

0
0

𝐾𝑣 − (
𝐾𝑣
𝑡𝐷
)

1
2⁄

𝐾𝑣 − 1
0
1

 

;  𝑡𝐷 <
1

𝐾𝑣
  

;  
1

𝐾𝑣
 <  𝑡𝐷 < 𝐾𝑣 

;  𝑡𝐷 > 𝐾𝑣 

(2.24) 

where 𝑡𝐷 is the dimensionless time. 𝐹𝑆|𝑥𝐷=1 is the solvent fractional flow at an outlet of 

the medium or the solvent cut. 

 The Koval model represents the sweep efficiency, which reflects the 

heterogeneity, without mixing in the core scale. The Koval factor and the pore volume 

can be estimated by history matching the solvent cut calculated from Equation 2.24. 

Figure 2.7 shows the effects of the Koval factor to the solvent cut. When the Koval factor 
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is one, the solvent cut sharply increases from zero to one after one pore volume is 

injected. This sharp front indicates a piston-like displacement behavior in a homogeneous 

medium. The greater the Koval factor value, the earlier solvent breakthrough and the 

poorer sweep indicating the higher degree of reservoir heterogeneity.  

 

 

Figure 2.7:  Solvent cut calculated from Koval model vs. dimensionless time 

(Breakthrough curve)  
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Chapter 3: Development of Tracer Models 

The first objective of this study is to enable CRM application to tracer flow. The 

current CRM provides an estimation of total liquid production and is limited to 

immiscible displacements, which do not have dissipative effects as do tracers. Therefore, 

an additional procedure is required for calculating tracer concentration to incorporate into 

the CRM. In this regard, tracer models are then developed based on miscible 

displacement theory. 

This chapter describes the development of the tracer models including equations 

used to calculate produced tracer concentration. The first section provides an overview of 

tracer testing and discusses the scope and assumptions used for tracer models 

development in this study. Then, detailed development of each tracer model is explained 

in sections two through four. The model comparison and the application to the multiple 

injectors and producers are discussed in the last two sections. 

3.1 INTRODUCTION AND ASSUMPTIONS 

Tracer testing is one of the most common methods for characterizing flow in the 

subsurface. Tracers can be used in either interwell tests or single well tests. Interwell 

testing involves one or more injection wells and multiple producing wells. Tracer is 

injected at an injection well along with the carrier fluid and detected at a producing well 

after some period of time. In contrast, single well testing requires tracer to be injected 

into the reservoir from a well, allowed to react with formation fluid and then produced 

back from the same well. This test is usually used for measuring fluid saturations in the 

reservoirs (Brigham and Abbaszadeh-Dehghani, 1987 and Shook et al., 2004). In this 

study, the reservoir characteristics and the interwell properties are the main focus, thus 

the study is limited to the interwell tracer test.  
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For interwell tracer testing, a small slug of tracer(s) is injected into an injection 

well(s) and followed by tracer-free injection fluid (water in waterflood, gas in gas flood). 

The presence of tracer is monitored at nearby producing wells. If more than one injection 

well is tested, unique tracers will normally be used to avoid confusing results. The tracers 

commonly used in the oil field are chemical or radioactive those follow the phase being 

injected without altering the transport properties of the phase. Tracers must have 

negligible interaction with the reservoir rock and fluids (no adsorption) and have very 

low detection limit.  

Produced tracer concentrations at a given well are usually plotted versus time for 

data analyzing. This plot is referred to as a tracer effluent history, also known as a tracer 

breakthrough curve. It provides the understanding of flow characteristics and infers flow 

properties between wells. Subsurface properties including direct communication, pore 

volume swept, and formation heterogeneity across injection and production wells can be 

interpreted from this flow behavior. 

The scope and assumptions that are used to develop equations for tracer 

concentration calculation in this study are discussed and summarized below. 

1. The equations are developed for interwell tracer testing. A small slug tracer is 

injected at an injection well into the reservoir and move toward producers. 

2. For waterflood reservoir, the water-soluble tracer is used. After slug tracer 

injection, it is followed by the tracer-free injection fluid which is water in this 

case.  

3. Tracer testing is most frequently conducted under single phase conditions. It is 

usually conducted when waterflood reaches a mature stage or before EOR flood. 

Tracer is preceded by the long duration of water injection, so it can be assumed 
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that most of the flowing fluid in the reservoir is water during the tracer test and 

flow is single phase.  

4. Before tracer injection, the initial tracer concentration in the reservoir is zero. 

5. Tracer flow in the reservoir is assumed to be ideal miscible displacement. Tracer 

and fluid already existed in the reservoir mix in all proportion.  

6. The equation development is limited to conservative tracers, which stay entirely 

in the phase in which it is injected. It is assumed that there is no adsorption, 

desorption effect and no reaction of tracers as they flow from well to well. 

Tracer flow in a reservoir is a miscible displacement with negligible viscosity 

difference between tracer and fluid presented in the reservoir. Accordingly, two 

characteristics affect tracer flow, also tracer breakthrough curve; the mixing because of 

small-scale dispersion and the channeling because of large-scale heterogeneity. We first 

developed the tracer models by treating these two effects separately. The dispersion-only 

model was from solutions to convection-diffusion equation, which describes mixing 

phenomena in a core scale. The Koval model was developed from the Koval theory 

which predicts the performance of miscible displacement by using a single factor to 

represent heterogeneity. Despite several approaches for estimating the behavior of a 

fingering displacement (e.g. Koval, 1963; Dougherty, 1963; Todd and Longstaff, 1972; 

Fayers, 1988), in this study, we focus only on the Koval approach. This is because the 

Koval model parameterizes the flow through a reservoir, representing the reservoir 

properties distributions with one parameter. This simplicity makes the Koval model 

suitable for this study. Then, both the dispersion effect (dispersion-only model) and 

channeling effect (Koval model) are mathematically combined and presented as a 

combined model. 
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In this study, in brief, three tracer models were developed and proposed based on 

miscible displacement theories: 

1. Dispersion-only Model  

2. Koval Model 

3. Combined Model  

3.2 DISPERSION-ONLY MODEL 

As discussed in the literature review section, dispersion effect occurs in a miscible 

displacement and causes a local mixing between two miscible fluids. The effluent 

concentration can be calculated from solutions to convection-diffusion equation, CDE 

(Ogata and Banks 1961) as shown in Equation 2.20. Rewriting Equation 2.20 by using 

the term of injected tracer concentration (𝑐𝑜), produced tracer concentration (𝑐) and 

assuming zero initial concentration (𝑐𝐼 = 0) yields 

 
𝑐(𝑡𝐷) =

𝑐𝑜
2

[
 
 
 

𝑒𝑟𝑓𝑐

(

 
1 − 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 + 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
1 + 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 

]
 
 
 

 (3.1) 

For a tracer slug injection, we inject a small volume of tracer followed by the 

tracer-free fluid; hence we need to include both the front and back edges of the tracer. 

Applying the principle of superposition to Equation 3.1 allows us to compute the 

produced concentration of tracer slug.  

Superposition states that for a linear differential equation, the sum of individual 

solutions is also a solution. Figure 3.1 displays a concept of superposition for the slug 

injection of a tracer in this study. Figure 3.1-a is a plot of an inlet concentration versus 

time where 𝑡 = 0 is the time when start injecting tracer and 𝑡𝑠 is the time when we stop 

injecting tracer (start injecting tracer-free fluid). Thus, Figure 3.1-a shows a slug injection 
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of concentration 𝑐𝑜 from 𝑡 = 0 to 𝑡 = 𝑡𝑠 , which simply a combination of a continuous 

injection of concentration 𝑐𝑜 at 𝑡 = 0 (Figure 3.1-b) and a continuous injection of 

concentration −𝑐𝑜  at 𝑡 = 𝑡𝑠 (Figure 3.1-c). 

 

Figure 3.1: Schematic represents superposition concept for tracer slug injection 

 Therefore, the produced concentration  𝑐(𝑡𝐷) of the tracer slug injection condition 

as shown in Figure 3.1-a is the sum of the solutions to the conditions shown in Figure 

3.1-b and 3.1-c, which is  
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(3.2) 

and  

 𝑡𝐷 =
∑ 𝑖(𝑡)𝑡
𝑡=0

𝑉𝑝
 (3.3) 

 𝑡𝐷𝑠 =
∑ 𝑖(𝑡)𝑡
𝑡=𝑡𝑠

𝑉𝑝
 (3.4) 

where 𝑖(𝑡) is the injection rate as a function of time. 𝑉𝑝 is the pore volume. 
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3.3 KOVAL MODEL 

 Koval (1963) developed a model to predict the performance of a miscible 

displacement at the large scale. This model represents the sweep efficiency without core 

scale mixing. The solvent cut can be calculated from Equation 2.24 

 𝐹𝑆|𝑥𝐷=1 =

{
  
 

  
 

0
0

𝐾𝑣 − (
𝐾𝑣
𝑡𝐷
)

1
2⁄

𝐾𝑣 − 1
0
1

 

;  𝑡𝐷 <
1

𝐾𝑣
  

;  
1

𝐾𝑣
 <  𝑡𝐷 < 𝐾𝑣 

;  𝑡𝐷 > 𝐾𝑣 

(2.24) 

The Koval factor (𝐾𝑣) is a product of a heterogeneity factor (𝐻𝐾) and an effective 

viscosity ratio (𝐸). However, in this study, the Koval model is used for tracer flow where 

the viscosity of displacing fluid and displaced fluid are considerably equivalent  (𝐸 = 1), 

so the Koval factor is equal to the heterogeneity factor (𝐾𝑣 = 𝐻𝐾) representing the 

channeling effect or can be viewed as sweep effect in a reservoir. 

Applying Equation 2.24 to the soluble tracer injection, 𝐹𝑆 in this context simply 

means the fraction of tracer solution to total liquid at a producer;  

 𝐹𝑆 =
𝑇𝑟𝑎𝑐𝑒𝑟 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑣𝑜𝑙𝑢𝑚𝑒

𝑇𝑜𝑡𝑎𝑙 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑣𝑜𝑙𝑢𝑚𝑒
 (3.5) 

Tracer is typically added to injected fluid, which is water for a water-soluble tracer, and 

injected together into the well. We call this combined fluid as the tracer solution. Because 

tracer solution is not 100% v/v tracer, we must normalize 𝐹𝑆 by an injected tracer 

concentration (𝑐𝑜) in order to get the produced tracer concentration: 
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 𝑐 =
𝑇𝑟𝑎𝑐𝑒𝑟 𝑉𝑜𝑙𝑢𝑚𝑒 

𝑇𝑜𝑡𝑎𝑙 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑣𝑜𝑙𝑢𝑚𝑒
= 𝑐𝑜 × 𝐹𝑆 (3.6) 

where 0 ≤ 𝑐𝑜 , 𝐹𝑠 ≤ 1  and 0 ≤ 𝑐 ≤ 𝑐𝑜   

Fractional flow developed by Koval (Equation 2.24) is assumed because of 

segregation between the two miscible components and no local mixing. Let us assume 

that most of the flowing fluid in the reservoir before tracer injection is water. We first 

consider that tracer is continuously injected into a reservoir at a constant concentration. 

After tracer injection starts, there are two regions in the reservoir, water and tracer, with 

one single front separating those two regions as shown in Figure 3.2. According to the 

Koval theory, Equations 2.24 and 3.6 can be used to calculate produced tracer 

concentration and construct a tracer breakthrough curve. Thus, this breakthrough 

characteristic is defined by the Koval factor (Figure 3.3).  

 

 

Figure 3.2:  Schematic flow regions in the reservoir with single front when tracer is 

injected continuously 
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Figure 3.3:  Breakthrough curve for a continuous tracer injection based on the Koval 

theory 

Now consider that only a small slug of tracer is injected and then followed by 

water. In this case, the reservoir is divided into three regions: two regions of water 

separated by tracer in the middle as shown in Figure 3.4. Thus, there are two 

breakthrough curves. One is a tracer breakthrough curve which can be indicated by the 

Koval factor similar to that caused by continuous tracer injection. The other is a 

breakthrough curve where water displacing tracer reaches the producer. This second 

breakthrough has the same characteristic as the first one but delayed on the dimensionless 

time scale by an amount equal to the pore volume of tracer injected (𝑠), Figure 3.5.  
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Figure 3.4:  Schematic flow regions in the reservoir with two fronts when a tracer slug is 

injected 

 

Figure 3.5: Breakthrough curves for a slug tracer injection based on the Koval theory 

The produced tracer concentration for slug injection is the vertical difference 

between two breakthrough curves which shown as the shaded area in Figure 3.5. 

Applying this calculation to Equations 2.24 and 3.6, the produced tracer concentration 

can be expressed as: 

 
𝑐 =  𝑐𝑜[𝐹𝑠(𝑡𝐷) − 𝐹𝑠(𝑡𝐷 − 𝑠)] (3.7) 
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where 𝑠 is the pore volume injected of the tracer. 

Equation 3.7 involves the graphical derivative between two fractional flow 

curves; hence the equation accuracy might seem ambiguous. Nevertheless, the method 

and logic behind the derivation are sound when the delay of two curves by 𝑠 is very 

small, the accuracy of solution should be acceptable. It will be shown in section 3.5 that 

this equation provides valid results when compare this equation with other model 

equations. We will leave further discussion to section 3.5.. 

3.4 COMBINED MODEL 

 We previously discussed and presented the model equations developed from 

solutions to the convection-diffusion equation and Koval models. These two models were 

developed by directing to different aspects that contribute to the overall spreading of a 

miscible displacement, thus the models were built based on different theories and 

assumptions. The dispersion-only model describes the influence of the pore-scale 

dispersion on miscible displacement by assuming one-dimensional flow in a 

homogeneous medium; while the Koval model represents the effect of channeling 

because of heterogeneity in two-dimensional with no dispersion at the core scales. 

Although the Koval theory intends to treat dispersion effect caused by permeability 

variation as a result of heterogeneity and combined into the Heterogeneity factor, this 

theory omits core scale mixing. In the other word, the Koval model characterizes the 

spreading in a large scale, whereas the dispersion-only model characterizes the spreading 

in a small scale. 

This section presents a new model, called the “Combined model”, which aims to 

combine the dispersion-only model with the Koval theory. With this combination, the 

combined model can take both dispersion (small scale) and channeling effect (large scale) 
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into account leading to representing the attributes of the tracer flow spreading in the 

reservoir more rigorously than either one alone. The concept of the combined model is to 

integrate the local scale information, which is assumed to be a homogeneous medium, 

along with the heterogeneity factor from the global scale. The dispersion-only model is 

applied to the local scale to calculate produced tracer concentration from any local scale, 

so the mixing here purely results from dispersion. Then flow and storage capacity (F-C) 

curve, parameterized with the Koval factor, is used to scale up the local scale to the 

global scale (sometimes called reservoir scale or interwell scale in this context). 

Consequently, the channeling effect is added into the tracer flow to intensify the 

spreading through the upscaling process. Flow and storage capacity and the model 

derivation are discussed below in detail.  

3.4.1 Flow and Storage Capacity (F-C) 

Flow and storage capacity is one of the most common measures of heterogeneity 

(Lake, et al., 2014). Consider a layered reservoir with 𝑁𝑙 layers, each having different 

permeability (𝑘𝑖), thickness (ℎ𝑖), and porosity (∅𝑖), but those properties are constant 

within the layer (homogeneous continuous layers). F-C curves are constructed based on 

the assumptions that flow is proportional to permeability/ porosity and there no crossflow 

between layers. The layers are arranged in order of decreasing interstitial velocities (𝑟𝑖), 

so the layer with the largest interstitial velocity is at the bottom (the earliest fluid 

breakthrough) and that with the least interstitial velocity is at the top (the latest fluid 

breakthrough). The interstitial velocity is defined as 

 𝑟𝑖 =  
𝑘𝑖
∅𝑖

 (3.8) 
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When 𝑁𝑙 layers are arranged, a cumulative flow capacity (𝐹𝑛.) and a cumulative storage 

capacity (𝐶𝑛) up to any layer (𝑛) are defined as: 

 𝐹𝑛 = 
∑  𝑘𝑖ℎ𝑖
𝑖=𝑛
𝑖=1

�̅�𝐻
 (3.9) 

 𝐶𝑛 = 
∑  ∅𝑖ℎ𝑖
𝑖=𝑛
𝑖=1

∅̅𝐻
 (3.10) 

where 𝐻 is the total thickness. �̅� and ∅̅ are the average permeability and porosity. 𝐹𝑛 is 

the fraction of total flow that is moving with velocity 𝑟𝑛 or faster. 𝐶𝑛 is the volume 

fraction corresponding to 𝐹𝑛. If  𝑁𝑙 is very large (𝑁𝑙 → ∞), the reservoir approaches a 

continuous distribution. Equation 3.9 and 3.10 then can be rewritten to account for 

continuous characteristic as:  

 𝐹 = 
∫ 𝑘 𝑑ℎ
ℎ

0

∫ 𝑘 𝑑ℎ
𝐻

0

 (3.11) 

 𝐶 =  
∫ ∅ 𝑑ℎ
ℎ

0

∫ ∅ 𝑑ℎ
𝐻

0

 (3.12) 

where ℎ is the arbitrary height in the reservoir.  

 The plot of cumulative flow capacity versus cumulative storage capacity (F-C 

curve) represents a relationship between how fluids flow through a reservoir and how 

they are stored, which are fundamental manifestation of heterogeneity. This also can be 

viewed as a fractional flow theory but on a reservoir scale instead of core scale. 

Therefore, we can define the relationship between cumulative flow capacity (𝐹) and 

cumulative storage capacity (𝐶) based on the Koval theory as:   

 𝐹 =
1

1 +
1
𝐾𝑣
(
1 − 𝐶
𝐶 )

 (3.13) 
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where 𝐾𝑣 is the Koval factor, which represents the channeling effect in the tracer flow in 

this study. The 𝐾𝑣 can also imply to how effective tracer sweep in the reservoir is. A 

great benefit of applying the Koval factor into F-C relationship is to reduce the number of 

parameters from 3 × 𝑁𝑙 (for discrete problem) or uncountable parameters (for continuous 

problem) to one. In addition, in a general case, this F-C curve is not limited to only 

heterogeneity effect (𝑘, ∅) but also including other effects that cause spreading in a 

miscible displacement such as viscosity difference or flow to wells. Those parameters are 

combined into the Koval factor and expressed as an F-C relationship. Nevertheless, the 

Koval factor in this study will merely reflect the effect of heterogeneity because viscosity 

ratio is one.  

Figure 3.6 presents the F-C curves for different Koval factors. As can be seen 

from these curves, the greater the Koval factor value, the more flow capacity in a small 

fraction of the pore volume, which imply a larger channeling effect (poorer sweep). On 

the other hand, when the Koval factor is unity, the plot yields a 45-degree straight line 

indicating a piston-like displacement (homogeneous medium).   
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Figure 3.6: Flow-storage capacity plots 

3.4.2 Model Derivation 

For model development, let us consider a 2-D linear reservoir. The reservoir can 

be viewed as the global scale and local scale. In any local scale, which is assumed to be a   

1-D homogeneous medium, produced tracer concentrations can be calculated by using 

dispersion-only model. Then, the local concentrations are scaled up to the global scale by 

applying flow and storage capacity with the Koval factor to yield the tracer concentration 

of the reservoir scale. 

Firstly, we start from a discrete layer reservoir with an injector at 𝑥 =  0 and a 

producer at 𝑥 =  𝐿 (see Figure 3.7). A reservoir (global scale) is composed of many 

layers (local scale). When fluid is injected into the reservoir, it is distributed into each 

layer based on layer properties ( 𝑘𝑖,  ∅𝑖 and ℎ𝑖).   
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Figure 3.7:  Schematic representation of a layered reservoir arranged in order of 

decreasing interstitial velocity (from bottom to top) with different two scales; 

global and local 

By applying the F-C theory as previously discussed, rearranging the layers in 

order of decreasing interstitial velocity, a discrete distribution of flow and storage can be 

analogous to a continuous one and expressed as 

 𝑑𝐹 =
 𝑘𝑖ℎ𝑖

�̅�𝐻
 (3.14) 

 
𝑑𝐶 =

 ∅𝑖ℎ𝑖

∅̅𝐻
 (3.15) 

 The dimensionless time is defined as the ratio of cumulative injection volume to 

pore volume. Since the total flow is distributed into each layer based on layer properties, 

each layer has its own dimensionless time and is not equal to the total dimensionless 

time. The global scale dimensionless time (𝑡𝐷) and the local scale dimensionless time 

(𝑡𝐷𝑖) can be expressed as  

 𝑡𝐷 =
𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝐼𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑉𝑜𝑙𝑢𝑚𝑒

𝑃𝑜𝑟𝑒 𝑉𝑜𝑙𝑢𝑚𝑒
   =

𝑞𝑡𝑜𝑡𝑎𝑙 × 𝑡

𝐻𝐿𝑊∅̅
 (3.16) 

 
𝑡𝐷𝑖 =

𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝐼𝑛𝑗𝑒𝑐𝑡𝑖𝑜𝑛 𝑉𝑜𝑙𝑢𝑚𝑒 𝑔𝑜 𝑡𝑜 𝑙𝑎𝑦𝑒𝑟 𝑖

𝑃𝑜𝑟𝑒 𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑙𝑎𝑦𝑒𝑟 𝑖
   =

𝑞𝑖 × 𝑡

ℎ𝑖𝐿𝑊∅𝑖
 (3.17) 

where  𝑞𝑡𝑜𝑡𝑎𝑙  is the total flow goes into the reservoir and 𝑞𝑖 is the flow goes into layer 𝑖: 
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 𝑞𝑡𝑜𝑡𝑎𝑙 =∑𝑞𝑖

𝑁𝑙

𝑖=1

  (3.18) 

 Dividing Equation 3.17 by Equation 3.16 gives 

 
𝑡𝐷𝑖
𝑡𝐷
=

𝑞𝑖
𝑞𝑡𝑜𝑡𝑎𝑙

×
𝐻∅̅

ℎ𝑖∅𝑖
   (3.19) 

where 
𝑞𝑖

𝑞𝑡𝑜𝑡𝑎𝑙
 is the ratio of flow in layer 𝑖 to total flow, which is a definition of 𝑑𝐹𝑖. We 

can rewrite 𝑡𝐷𝑖  as a relationship with 𝑡𝐷 as 

 𝑡𝐷𝑖 = (
𝑑𝐹𝑖
𝑑𝐶𝑖

) 𝑡𝐷  (3.20) 

Now consider the flow behavior when a tracer slug is injected into the reservoir 

and distributed to each layer. At any time, the location of tracer front is different in each 

layer because of the dissimilar layer properties; hence the breakthrough time of each 

layer is different. This dissimilarity of tracer travel time, which reflects the heterogeneity 

effect, can be indicated by an F-C relationship with the Koval factor as previously 

presented. However, apart from the heterogeneity effect, dispersion is the other important 

effect in a miscible displacement of the tracer. Dispersion occurs on the local scale and 

causes a mixing at a tracer front in each layer. 

Figure 3.8 represents the movement of tracer slug in a 2-D reservoir, which 

consists of many small layers on the y-axis (h=0 to h=H). The difference of front location 

in each layer solely results from the heterogeneity effect. Considering at any layer (any 

cross section on the y-axis), if there is no mixing because of dispersion, the tracer front 

will be sharp. This sharp front shows a jump of tracer concentration from zero to 

maximum (should be equal to an injected concentration) at the front edge and sharp drop 

to zero at the back (see Figure 3.8-a). However, with dispersion, it causes a spreading 
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front and back edge of the tracer. Accordingly, the tracer concentration gradually 

increases until it reaches the peak, and then gradually decreases (see Figure 3.8-b). 

  

Figure 3.8:  Schematic representation of front locations in a reservoir with layer arranged 

in order of decreasing interstitial velocity from the bottom to top (top figures) 

with the corresponding tracer concentration profile at any cross-section 

(bottom figures) 

 To avoid confusion of nomenclature between the cumulative storage capacity (𝐶) 

and the tracer concentration, let 𝑛𝑖 be the produced tracer concentration of any layer i and 

𝑁 be the produced tracer concentration of the reservoir. 

 Taking dispersion into consideration, the produced tracer concentration from any 

local scale can be calculated by using Equation 3.2. The local scale dimensionless time 

(𝑡𝐷𝑖) must be applied into the equation to represent the reference scale. Therefore, the 

produced tracer concentration of any layer is a function of injected tracer concentration, 

Peclet number, and local scale dimensionless time:   

 𝑛𝑖 = 𝑓(𝑐𝑜 , 𝑁𝑃𝑒, 𝑡𝐷𝑖) 
(3.21) 
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where 𝑓 = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. Applying a relationship of the dimensionless time of two scales as 

shown in Equation 3.20 into Equation 3.21, 𝑛𝑖 can be expressed as 

 𝑛𝑖 = 𝑓(𝑐𝑜 , 𝑁𝑃𝑒, (
𝑑𝐹

𝑑𝐶
)
𝑖
𝑡𝐷) (3.22) 

The tracer flux coming out of each layer and the whole reservoir can be calculated by  

 𝑇𝑟𝑎𝑐𝑒𝑟 𝑓𝑙𝑢𝑥 𝑐𝑜𝑚𝑖𝑛𝑔 𝑜𝑢𝑡 𝑜𝑓 𝑎 𝑙𝑎𝑦𝑒𝑟 𝑖 = 𝑛𝑖 × 𝑞𝑖 (3.23) 

 𝑇𝑟𝑎𝑐𝑒𝑟 𝑓𝑙𝑢𝑥 𝑐𝑜𝑚𝑖𝑛𝑔 𝑜𝑢𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 =∑𝑛𝑖 × 𝑞𝑖

𝑁𝑙

𝑖=1

 (3.24) 

Then, the produced tracer concentration of the reservoir is  

 𝑁 =
𝑇𝑜𝑡𝑎𝑙 𝑡𝑟𝑎𝑐𝑒𝑟 𝑓𝑙𝑢𝑥

𝑇𝑜𝑡𝑎𝑙 𝑓𝑙𝑜𝑤 𝑟𝑎𝑡𝑒
   =

∑ 𝑛𝑖 × 𝑞𝑖
𝑁𝑙
𝑖=1

𝑞𝑡𝑜𝑡𝑎𝑙
 (3.25) 

Regarding the definition of 𝑑𝐹𝑖, we know that 

 𝑞𝑖 = 𝑑𝐹𝑖 × 𝑞𝑡𝑜𝑡𝑎𝑙  
(3.26) 

Substituting Equation 3.26 into Equation 3.25 yields 

 𝑁 =∑𝑛𝑖𝑑𝐹𝑖

𝑁𝑙

𝑖=1

 (3.27) 

For a continuous distribution with an infinity layer, a summation is changed to an 

integral. Then, the produced tracer concentration of the reservoir is  

 𝑁 = ∫ 𝑛
𝐹=1

𝐹=0

 𝑑𝐹 (3.28) 

Converting an integral of 𝑓(𝐹) to an integral of 𝑓(𝐶) yields 

 𝑁 = ∫ 𝑛
𝐶=1

𝐶=0

 
𝑑𝐹

𝑑𝐶
 𝑑𝐶 (3.29) 
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Equation 3.29 is valid for any F-C curve. According to the relationship of cumulative 

flow and storage capacity based on Koval theory as shown in Equation 3.13, taking 

derivative of 𝐹 with respect to 𝐶 gives 

 
𝑑𝐹

𝑑𝐶
=

 𝐾𝑣
(1 + 𝐶( 𝐾𝑣 − 1))2

 (3.30) 

Applying Equation 3.22 to Equation 3.2, concentration of local scale (𝑛) can be 

expressed as 

 

 

 

 

 

 

 

𝑛 =
𝑐𝑜
2

[
 
 
 
 
 

𝑒𝑟𝑓𝑐

(

 
 
 1 − (

𝑑𝐹
𝑑𝐶) 𝑡𝐷

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷
𝑁𝑃𝑒 )

 
 
 

+ 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
 
 1 + (

𝑑𝐹
𝑑𝐶)𝑡𝐷

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷
𝑁𝑃𝑒 )

 
 
 

]
 
 
 
 
 

−
𝑐𝑜
2

[
 
 
 
 
 

𝑒𝑟𝑓𝑐

(

 
 
 1− (

𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠
𝑁𝑃𝑒 )

 
 
 

+ 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
 
 1 + (

𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠
𝑁𝑃𝑒 )

 
 
 

]
 
 
 
 
 

 

 

 

(3.31) 

 In summary, Equations 3.29, 3.30 and 3.31 are three main equations for the 

combined model. By substituting Equations 3.30 and 3.31 into Equation 3.29 and 

numerically integrating over the very small value of 𝐶, the produced tracer concentration 

of the reservoir can be calculated. 

3.5 MODEL COMPARISON 

 In sections 3.2- 3.4, we described and derived the tracer model equations based on 

a combination of two major tracer flow characteristics. Small-scale heterogeneity 

(dispersion) is represented by a Peclet number while large-scale heterogeneity 

(channeling) is represented a Koval factor. The model parameters required for each 



 41 

model depend on their principles as summarized in Table 3.1. Because the injected 

concentration (𝑐𝑜) and injected pore volume (𝑡𝐷, 𝑡𝐷𝑠) are the general parameters, not 

relating to the flow characteristics, they are required for all models.  

Table 3.1: Model parameters for tracer model equations 

Model Specific Parameter General Parameter 

Dispersion-only model 𝑁𝑃𝑒 𝑐𝑜, 𝑡𝐷, 𝑡𝐷𝑠 

Koval model  𝐾𝑣 𝑐𝑜, 𝑡𝐷, 𝑡𝐷𝑠 

Combined model 𝑁𝑃𝑒,  𝐾𝑣 𝑐𝑜, 𝑡𝐷, 𝑡𝐷𝑠 

The shape of a generic tracer breakthrough curve, Figure 3.9, is unique depending 

on how much of each individual effect contributes to the overall spreading. Because 

dispersion causes a mixing at the tracer front, it has a great impact on the early stage of 

the breakthrough curve. Large-scale heterogeneity causes a variance of breakthrough 

times, thus affecting more on the tail. As Figure 3.9 suggests, there is information in the 

shape of the breakthrough curve. 

 

Figure 3.9: Generic tracer breakthrough characteristic 

In this section, we calculate the produced tracer dimensionless concentration by 

using tracer model equations previously described, and plot versus dimensionless time. 
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Tracer breakthrough curves are plotted and compared among three tracer models. A 

tracer slug is injected during 0 < 𝑡𝐷 < 𝑡𝐷𝑠  where 𝑡𝐷𝑠 is small. The Koval factor and 

Peclet number are the variable parameters to observe the tracer behavior from each 

model.  𝐾𝑣 =1, 3 and 10 are used to represent a case of no channeling (Homogeneous), 

moderate channeling and high channeling effect, respectively. 𝑁𝑃𝑒 is varied from 1 for a 

case of high dispersion effect to approach infinity for a case of no dispersion. Pore 

volume, used for 𝑡𝐷 calculation, is the same and constant value for all three models. 

For the case of 𝐾𝑣 = 1 (Figure 3.10), homogeneous medium, the tracer flow 

behavior depends solely on dispersion, which is indicated by 𝑁𝑃𝑒.  Because the Koval 

model has only  𝐾𝑣 as a model parameter, it produces a sharp front of concentration 

(piston-like displacement). This characteristic is the same for all four graphs because it is 

independent of 𝑁𝑃𝑒. On the other hand, the dispersion-only model behaves differently in 

each graph depends on the value of 𝑁𝑃𝑒. The higher dispersion (low 𝑁𝑃𝑒), the more 

deviation from the piston-like displacement and the faster breakthrough of the tracer. 

When it is assumed to be no dispersion (𝑁𝑃𝑒 ≈ ∞), displacement of the dispersion-only 

model becomes piston-like. The combined model in the case of 𝐾𝑣 = 1 behaves exactly 

the same as the dispersion-only model because it is influenced purely by 𝑁𝑃𝑒. 
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Figure 3.10: Tracer breakthrough curves when  𝐾𝑣 = 1 

For the case of 𝐾𝑣 = 3 (Figure 3.11), which represents some degree of 

heterogeneity, both channeling and dispersion effect occur in the system and contribute to 

a tracer flow behavior. The Koval model shows a spreading on the breakthrough curve, 

unlike the previous case, to reflect the heterogeneity. The combined model now 

represents a combination effect of  𝐾𝑣 and 𝑁𝑃𝑒. When  𝑁𝑃𝑒 = 1 (large dispersion), the 

combined model gets close to the dispersion-only model. For this case it can be implied 

that the dispersion has stronger influence on a tracer flow than channeling. The less 

dispersion, the more combined model approaches the Koval model. When no dispersion 
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occurs in the system ( 𝑁𝑃𝑒 ≈ ∞), the combined model coincides with the Koval model 

indicating that only channeling effect contributes to a spreading of the tracer. 

 

Figure 3.11: Tracer breakthrough curves when  𝐾𝑣 = 3 

The case of 𝐾𝑣 = 10 (Figure 3.12) represents a highly heterogeneous medium, 

consequently high channeling effect. This case is similar to the previous case because 

both channeling and dispersion contribute to the flow behavior. However, the channeling 

effect in this case has a much stronger influence on the spreading of the tracer than the 

previous case because of the higher 𝐾𝑣. When 𝑁𝑃𝑒 = 1, both channeling and dispersion 
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have a strong impact on a tracer flow; thus breakthrough curves of each model behave 

differently. As 𝑁𝑃𝑒 increases, the combined model nearly coincides with the Koval model 

indicating that channeling is the more dominant effect on tracer flow. 

 

Figure 3.12: Tracer breakthrough curves when  𝐾𝑣 = 10 

As can be seen from all the plots (Figures 3.9 to 3.11), when there is no 

dispersion, the combined model coincides with the Koval model. On the other hand, 

absent the channeling, the combined model coincides with the dispersion-only model. 

This can be a good cross checking of an accuracy of the equations among three tracer 
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models. Because the combined model provides the same results as the Koval model and 

the dispersion-only model when considering only one effect at a time, it is a proof that 

the model equations are valid.  

In summary, the tracer history plots above display the breakthrough 

characteristics of a miscible displacement affected by only dispersion (dispersion-only 

model), channeling only (Koval model) and combined effects (combined model). 

Although both dispersion and channeling cause a spreading to a miscible displacement, 

the spreading behaviors influenced by each effect are different. In other words, the shape 

of the tracer breakthrough curve is unique depending on how much of each individual 

effect contribute to the overall spreading, so the curves contains a lot of information. 

When both effects are equally strong, they will distinctively influence the shape of the 

breakthrough curves, thus the breakthrough characteristics are various among three tracer 

models. On the other hand, when one effect is so strong that it overshadows the other, the 

combined model tends to behave similarly to the model representing the dominant effect. 

3.6 APPLICATION TO MULTIPLE INJECTORS AND PRODUCERS 

The produced tracer concentration equations developed so far are based on the 

case of one injector and one producer. In a real field, however, there are several injectors 

and producers. Injection into one injector is distributed to many producers; in the 

meantime, total production rate from one producer is a contribution from many injectors. 

Figure 3.13 displays a producer drainage volume with several supporting injectors. 𝑓𝑖𝑗  is 

the well connectivity between injector 𝑖 and producer 𝑗. 𝑞𝑖𝑗 is the interwell flow rate (or 

well-pair flow rate), which is the production rate that flow from  injector 𝑖 to producer 𝑗.  



 47 

 

Figure 3.13: Schematic represents producer drainage volume with multiple supporting 

injectors 

First, consider the consequence of sharing an injector. Because one injector is 

shared by many producers, fluid injected into one well is distributed to many production 

wells based on the interwell connectivity (𝑓𝑖𝑗). Therefore, the dimensionless time, which 

is based on the pore volume injected, has to account for the effect of partial injection 

volume. Multiplying an injection rate by interwell connectivity provides a portion of 

injection that corresponding to a particular producer. The dimensionless time that used in 

the produced tracer concentration equations then can be written as 

 𝑡𝐷 =
𝑓𝑖𝑗 ∑ 𝑖(𝑡)𝑡

𝑡=0

𝑉𝑝
 

(3.32) 

Now consider the producer side. Only the flow from one injector has been 

included so far in the concentration equations. In reality, each producer receives fluid 



 48 

from many injectors. Thus, the concentration of tracer flowing in the reservoir, calculated 

from the equations (based on fluid from one injector) is not the same as the concentration 

flowing out of the wellbore (based on total fluid produced). The tracer will be diluted at 

the wellbore because of fluid from other injectors.   

The tracer concentration calculated from the equations developed in section 3.2 to 

3.4 is a parameter of each injector-producer pair, which is defined as 

 𝑐𝑖𝑗 =
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑡𝑟𝑎𝑐𝑒𝑟 𝑖 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑎𝑡 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑟 𝑗

𝑇𝑜𝑡𝑎𝑙 𝑓𝑙𝑢𝑖𝑑 𝑓𝑟𝑜𝑚 𝑖𝑛𝑗𝑒𝑐𝑡𝑜𝑟 𝑖 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑑 𝑎𝑡 𝑝𝑟𝑜𝑑𝑢𝑐𝑒𝑟 𝑗
 

(3.33) 

where tracer 𝑖 is the tracer that is used to inject at injector 𝑖. The produced tracer 

concentration calculated from the equation has to be corrected by accounting for the total 

produced fluid volume; hence we get 

 𝑐𝑜𝑢𝑡𝑖𝑗 =
𝑐𝑖𝑗 × 𝑞𝑖𝑗
𝑞𝑗

 
(3.34) 

where 𝑐𝑜𝑢𝑡𝑖𝑗  is the tracer concentration of tracer 𝑖 at producer 𝑗 accounting for total 

produced volume. 𝑐𝑖𝑗 is the tracer concentration calculated from the equations which is 

based on fluid from injector 𝑖 only. 𝑞𝑖𝑗 is the fluid from injector 𝑖 to producer 𝑗. 𝑞𝑗 is the 

total produced fluid at producer 𝑗. 

 The next chapter will discuss a method to combine the tracer models described in 

this chapter with the Capacitance-Resistance Model (CRM). The application of these 

models to the actual field data will also be presented. 
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Chapter 4: Application of the CRM and Tracer Model to Field Data 

This chapter discusses the method of combining the CRM with tracer models and 

its application to field data. To incorporate the tracer models into the CRM, two methods, 

serial fitting and simultaneous fitting, were used in this study. However, this chapter 

introduces and focuses only on the serial fitting method because this method is 

straightforward and can apply to all tracer models by using the same CRM results for a 

comparison purpose. The other method, simultaneous fitting, will be presented in the next 

chapter.  

The first section of this chapter presents the serial fitting workflow, the general 

approach for the model matching and summary of the essential working equations. The 

second section provides general information of the field whose data are used in this 

study. Then, the model settings are discussed in the third section. This section includes 

the specific assumptions needed for applying the models to the data used in this study. 

The results and discussion for both CRM and tracer model fits by using serial fitting 

method are presented in the last section. 

4.1 SERIAL FITTING METHOD 

To enable CRM application to tracer flow, the tracer model is to be incorporated 

into the CRM as described in Chapter 3. While the CRM provides an estimation of total 

liquid production (oil and water), the tracer model provides an estimation of produced 

tracer concentration. A straightforward method to incorporate the tracer model into the 

CRM is to allow each model to work independently, one model at a time. In this method 

first, the CRM is used to estimate the interwell connectivity (gain) and time constant by 

matching production data. After finishing the total production rate match by CRM, the 

estimated gains from the CRM are input into the tracer model, which is then used to 
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calculate and match produced tracer concentration. As a result, the tracer model 

parameters are estimated. Figure 4.1 shows a workflow to be applied in this regard.  

 

 

Figure 4.1: Workflow for the combining CRM and tracer model (Serial fitting method) 

As can be seen from Figure 4.1, the workflow can be divided into two parts, total 

production matching by the CRM (shaded in orange) and produced tracer matching by 

the tracer model (shaded in blue). Because the CRM and tracer model work in series, 

CRM then tracer, this workflow is called a serial fitting method. Before applying this 

workflow to the field data in the next section, the general approach that will be applied to 

the rest of this chapter including the working equations are discussed and briefly 

summarized again in this section. 
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4.1.1 CRM 

Three different reservoir-control volumes can be applied in the CRM as proposed 

by Sayarpour (2008). In this study, the CRM with a producer control volume (CRMP) 

was selected. This is because the CRMP can estimate connectivity of each injector-

producer pair, which is required for the tracer model input while the CRMT cannot 

provide by-well information. In addition, the CRMP requires much fewer model 

parameters than does CRMIP Therefore, to obtain a good global match with a finite 

number of data points, the CRMP is the most appropriate form for this study, which still 

provides the satisfactory detailed evaluation. Analytical solution for the CRMP is shown 

in Equation 2.9. In many cases including the case in this study, flowing bottomhole 

pressure (FBHP) data during the selected time window were unavailable. The assumption 

here is the field was operated with an intention to maintain a constant FBHP. We can 

then rewrite the final form of the CRMP solution as 

 

𝑞𝑗
𝑘 = 𝑞𝑗

𝑘−1𝑒
−(
∆𝑡
𝜏𝑗
)
+ (1 − 𝑒

−(
∆𝑡
𝜏𝑗
)
)∑𝑓𝑖𝑗𝑖𝑖

𝑘

𝑁𝑖

𝑖=1

 
(4.1) 

where 𝑘 is the time step index and ∆𝑡 is the time interval between 𝑘 − 1 and 𝑘. 

In a balanced system, we try to match the production history simultaneously for 

all producers. This means an absolute error of the production calculation is minimized 

over the entire field production. The CRMP is set up in a Microsoft Excel Worksheet and 

the “GRG Nonlinear” solver is used to minimize the objective function. 

 min 𝑧 =∑∑((𝑞𝑗
𝑘)𝑜𝑏𝑠 − (𝑞𝑗

𝑘)𝑐𝑎𝑙)
2

𝑁𝑝

𝑗=1

𝑛

𝑘=1

 (4.2) 
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This objective function is constrained by 

 𝜏𝑗 > 0 𝑎𝑛𝑑 𝑓𝑖𝑗  ≥ 0     (4.3) 

 
 ∑𝑓𝑖𝑗

𝑁𝑝

𝑗=1

 ≤ 1  𝑓𝑜𝑟 𝑎𝑛𝑦 𝑖    (4.4) 

Equation 4.3 indicates that the time constant and well connectivity must be positive. 

Equation 4.4 represents a steady-state material balance allowing for a loss of water 

injected. 

Injection and production rates are required as the input into Equations 4.1 and 4.2. 

In a nonlinear regression process, 𝜏𝑗  and 𝑓𝑖𝑗  are adjusted to minimize an objective 

function (Equation 4.2). Once an objective function is minimized, the best estimation of 

𝜏𝑗  and 𝑓𝑖𝑗  are obtained. In this study, 𝑓𝑖𝑗  is an important output from the CRMP, using for 

the tracer model input. 

4.1.2 Tracer Model 

After obtaining the estimated interwell connectivity from the CRMP, the tracer 

model is then used to match produced tracer concentration, thus estimating reservoir 

properties. Three tracer models (dispersion-only model, Koval model, and combined 

model) were developed as presented in Chapter 3. Each tracer model works 

independently and is complete by themselves. In this chapter, all three tracer models were 

applied to match the tracer data and estimate the reservoir characteristics. The results 

from each tracer model are compared and discussed accordingly.   

Similar to the CRM, produced tracer matching in the tracer model is essentially a 

nonlinear regression procedure to obtain best-fit model parameters. The working 

equations to calculate produced tracer concentration for each model are summarized and 
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presented in Table 4.1. The model parameters, which represent reservoir characteristics, 

are different in each model depending on the model’s principle. The dimensionless times 

(𝑡𝐷 and 𝑡𝐷𝑠) in Table 4.1 can be calculated by 

 𝑡𝐷 =
𝑓𝑖𝑗 ∑ 𝑖(𝑡)𝑡

𝑡=0

𝑉𝑝
 

(4.5) 

 𝑡𝐷𝑠 =
𝑓𝑖𝑗 ∑ 𝑖(𝑡)𝑡

𝑡=𝑡𝑠

𝑉𝑝
 

(4.6) 

where 𝑡 = 0 is the time when tracer injection begins and 𝑡𝑠 is the time when we start 

injecting tracer-free fluid. Form Table 4.1, 𝑐 is the tracer concentration based on fluid 

from one injector, which has to be corrected to account for the total produced fluid 

volume by using Equation 3.34.  

 𝑐𝑜𝑢𝑡𝑖𝑗 =
𝑐𝑖𝑗 × 𝑞𝑖𝑗
𝑞𝑗

 
(3.34) 

where 𝑐𝑜𝑢𝑡𝑖𝑗  is the produced tracer concentration of tracer 𝑖 at producer 𝑗. Because tracer 

𝑖 is the tracer that is injected into an injector 𝑖, “injector” and “tracer” will be used 

interchangeably when we talk about tracer concentration in this thesis.  

Tracer models were developed to characterize the tracer flow behavior from an 

injector to a producer. Therefore, the model parameters represent the reservoir 

characteristics that are specific to the flow path of the tracer. Pore volume (𝑉𝑃) presented in 

the tracer model is an accessible interwell pore volume. The Peclet number (𝑁𝑃𝑒) and 

Koval factor (𝐾𝑣) are also the parameters of each injector – producer pair.     
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Table 4.1: Working equations for each tracer model 
 

Model Equations Model Parameters 

Dispersion-only 

 

 

 

 

 

 

 

𝑐 =
𝑐𝑜
2

[
 
 
 

𝑒𝑟𝑓𝑐

(

 
1 − 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 + 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
1 + 𝑡𝐷

2√
𝑡𝐷
𝑁𝑃𝑒)

 

]
 
 
 

−
𝑐𝑜
2

[
 
 
 

𝑒𝑟𝑓𝑐

(

 
1 − 𝑡𝐷𝑠

2√
𝑡𝐷𝑠
𝑁𝑃𝑒)

 + 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
1 + 𝑡𝐷𝑠

2√
𝑡𝐷𝑠
𝑁𝑃𝑒)

 

]
 
 
 

 

 

 

 

  

𝑉𝑃, 𝑁𝑃𝑒  

Koval 

  

 𝑐 =  𝑐𝑜[𝐹𝑠(𝑡𝐷) − 𝐹𝑠(𝑡𝐷𝑠)]  

 

 𝐹𝑠(𝑡𝐷) =

{
  
 

  
 

0
0

𝐾𝑣 − (
𝐾𝑣
𝑡𝐷
)

1
2⁄

𝐾𝑣 − 1
0
1

 

;  𝑡𝐷 <
1

𝐾𝑣
  

;  
1

𝐾𝑣
 <  𝑡𝐷 < 𝐾𝑣 

;  𝑡𝐷 > 𝐾𝑣 

 

 

uati 

𝑉𝑃, 𝐾𝑣 
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Table 4.1 (continued): Working equations for each tracer model 

 

Model Equations Model Parameters 

Combined 

            𝑐 = ∫ 𝑛
𝐶=1

𝐶=0

 
𝑑𝐹

𝑑𝐶
 𝑑𝐶 

  

 

𝑑𝐹

𝑑𝐶
=

 𝐾𝑣
(1 + 𝐶( 𝐾𝑣 − 1))2

  

 

 

 

 

 

 

 

 

𝑛 =
𝑐𝑜
2

[
 
 
 
 
 

𝑒𝑟𝑓𝑐

(

 
 
 1− (

𝑑𝐹
𝑑𝐶) 𝑡𝐷

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷
𝑁𝑃𝑒 )

 
 
 

+ 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
 
 1 + (

𝑑𝐹
𝑑𝐶) 𝑡𝐷

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷
𝑁𝑃𝑒 )

 
 
 

]
 
 
 
 
 

−
𝑐𝑜
2

[
 
 
 
 
 

𝑒𝑟𝑓𝑐

(

 
 
 1 − (

𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠
𝑁𝑃𝑒 )

 
 
 

+ 𝑒𝑁𝑃𝑒𝑒𝑟𝑓𝑐

(

 
 
 1+ (

𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠

2√
(
𝑑𝐹
𝑑𝐶) 𝑡𝐷𝑠
𝑁𝑃𝑒 )

 
 
 

]
 
 
 
 
 

 

 

 

 

 

 

 
 

𝑉𝑃, 𝑁𝑃𝑒, 𝐾𝑣  



 56 

Injection and production rates recording from the field and interwell connectivity 

obtaining from the CRMP result are required for the input in the tracer model. Produced 

tracer concentration for each injector-producer pair (𝑐𝑜𝑢𝑡𝑖𝑗) is then calculated. This 

parameter is used to match the produced tracer concentration measuring from the field by 

adjusting the model parameters. 𝑐𝑜𝑢𝑡𝑖𝑗 will be zero if  𝑓𝑖𝑗 is zero, which means no 

communication between well pair based on the CRMP result. Because the tracer models 

are applied to an individual injector – producer pair, tracer concentration calculation error 

is minimized for each well pair independently. Unlike the CRM, it is not necessary to 

match tracer simultaneously for all producers because tracer recovery usually less than 

100%. Therefore, the sum of the produced tracer that is injected from any injector 

(∑ 𝐶𝑜𝑢𝑡𝑖𝑗
𝑁𝑝
𝑗=1

) is not constrained. The objective function for tracer history matching is   

For any injector – producer pair, 𝑖𝑗                         

 min𝑧 = ∑((𝑐𝑜𝑢𝑡𝑖𝑗
𝑘 )𝑜𝑏𝑠 − (𝑐𝑜𝑢𝑡𝑖𝑗

𝑘 )𝑐𝑎𝑙)
2

𝑛

𝑘=1

 (4.7) 

where 𝑐𝑜𝑢𝑡𝑖𝑗
𝑘  is the produced tracer concentration from injector 𝑖 at producer 𝑗 at time step 

𝑘. The objective function is constraint by 

 𝑉𝑝𝑖𝑗 ,  𝑁𝑃𝑒𝑖𝑗   > 0     (4.8) 

 𝐾𝑣𝑖𝑗  ≥ 1     (4.9) 

After the objective function in Equation 4.7 is minimized, the best estimation 

of 𝑉𝑝𝑖𝑗 , 𝑁𝑃𝑒𝑖𝑗 and/ or 𝐾𝑣𝑖𝑗  are obtained. We then repeat the nonlinear regression process 

for every injector – producer pair in the field (𝑖 = 1, 2,… , 𝑁𝑖 and 𝑗 = 1, 2,… , 𝑁𝑝). 
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4.2 GENERAL INFORMATION OF THE FIELD 

The Lawrence field in the Illinois Basin of the United States, first discovered in 

1901, had been under waterflood for more than 50 years. Because of extensive 

waterflood and infill drilling, the reservoir was approaching residual oil saturation to 

waterflood. The field was therefore selected for an alkali-surfactant polymer pilot flood 

in 2009. Interwell tracer test programs were done as part of the pilot program to prepare 

for and support a full interpretation of the pilot results (Sharma et al., 2012). 

The data used in this study is a part of the Lawrence field comprising 10 

producers and 10 injectors as shown in Figure 4.2. P1 to P10 represent ten producers 

while I1 to I10 represent ten injectors. Production and injection rates of each well from 

June 2011 to June 2013 were recorded as shown in Figure 4.3 and 4.4. The average water 

cut was more than 97% throughout the presented time window.  

 

 

Figure 4.2: Schematic of the vertical well locations in the study area 
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Figure 4.3: Production rates of each producer 

 

 

Figure 4.4: Injection rates of each injector 



 59 

An interwell tracer program was initiated in this area in 2011 to understand the 

connectivity between wells. Ten unique water-soluble chemical tracers were injected into 

ten injectors in August and September 2011. These conservative tracers are considered to 

have negligible reservoir adsorption. Table 4.2 presents a summary of date and amount of 

tracer injected into each well.  

Table 4.2: Tracer injection information 

Injection Date 8/30/2011 

Injection Well Total Mass Injected (g) 

Inj 5 7500 

Inj 8 7500 

Inj 9 10000 

Injection Date 8/31/2011 

Injection Well Total Mass Injected (g) 

Inj 2 11000 

Inj 3 7500 

Inj 7 7500 

Injection Date 9/26/2011 

Injection Well Total Mass Injected (g) 

Inj 1 6000 

Inj 4 17000 

Inj 6 7500 

Inj 10 7500 

Soon after tracer injection, samples were taken from all ten producers to detect 

tracer breakthrough and measure produced tracer concentration. The sample collection 

program continued until the end of 2012. Table 4.3 summarizes the breakthrough times 



 60 

and peak produced tracer concentration obtained from the tracer response analysis. Tracer 

response curve for each tracer as observed at each producer is in Appendix A. 

Figure 4.5 displays the connectivity between producer-injector pairs based on the 

tracer response observed at each producer. The dashed line represents a small peak 

produced tracer concentration, whereas the thick solid line represents a large peak 

produced tracer concentration. An absence of the line between the producer- injector pair 

means no tracer response observed from that particular pair. 

Note that in this thesis, “Px – Iy”, where x and y are any numbers from 1 to 10, 

represents the relationship between Producer x (Px) and Injector y (Iy). In the context of 

connectivity, it denotes the interwell connectivity between Px and Iy. For the context of 

tracer production, it signifies the tracer from Iy that observed or produced at Px. 

 

Figure 4.5:  Producer-injector connectivity map based on peak produced tracer 

measurement 
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Table 4.3: Summary of the tracer response 

Tracer from 

Injector 

Distance  

(m) 

Breakthrough 

Time (days) 

Peak Produced Tracer 

Concentration (mg/bbl) 

Producer 1 

Inj 4 154 8 0.56 

Inj 7 119 131 130.1 

Inj 10 169 8 0.54 

Producer  2 

Inj 4 145 63 90.70 

Inj 5 95 28 98.94 

Inj 6 124 119 37.28 

Inj7 97 187 21.09 

Producer  3 

Inj 2 128 131 26.58 

Inj 3 97 131 5.21 

Inj 9 85 9 108.37 

Inj 10 92 22 67.47 

Producer  4 

Inj 1 137 77 59.44 

Inj 2 160 111 64.71 

Inj 4 137 161 24.85 

Inj 9 115 35 108.66 

Inj 10 142 196 1.28 

Producer  5 

Inj 10 128 77 146.10 

Producer  6 

Inj 4 183 252 62.71 

Producer  7 

Inj 8 151 237 141.60 

Producer  8 

Inj 8 122 146 114.06 

Producer  9 

Inj 6 160 252 17.41 

Producer  10 

Inj 8 735 146 48.73 
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4.3 MODEL SETTINGS 

Applying the CRMP and tracer model to an actual field containing many wells 

has several challenges because of failure to meet model assumptions, imperfect data, and 

data availability. In addition, the number of model parameters, which is governed by the 

number of injector and producer, has a direct impact on the complication of a nonlinear 

optimization algorithm. This section will provide discussions on analyzing the field data 

and how the issues were addressed. 

For the CRMP, the required input parameters are production rates, injection rates 

and flowing bottomhole pressure (FBHP). However, during the time window used for 

this study, the FBHP data were unavailable in this area. This field was in a mature stage 

since it had been under waterflood for more than 50 years, so the voidage replacement 

ratio was unity with relatively constant reservoir pressure. Additionally, there was no 

well activity during the selected time window. Therefore, a constant FBHP at each 

producer was assumed in this study.  

Data cleaning and problem size reduction techniques presented by Weber et al. 

(2009) were also applied in this study. Because the CRM assumes that all production 

rates are the effect of the injection rates, zero production during the shut-in period should 

be skipped to prevent the erroneous fitting. Thus, the periods with zero data were 

excluded in the sum of the objective function and the production rate was not calculated 

from the model equation in these periods. The first nonzero data following each zero data 

period was used to re-initialize the model.   

 Another technique for problem size reduction is the radial limit, which is defined 

as the maximum distance that any producer-injector can communicate to each other. If 

the well pair distance exceeds the cut-off, the gain between them will be set to zero. This 

radial limit leads to the reduction of the number of model parameters, thus increasing in 
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fitting quality. However, the radial cut-off is a field dependent, which is challenging to 

calculate. In this study, a reasonable radial cut-off was analyzed by using the tracer 

results. According to the tracer response (Table 4.3), most of the well pairs that were 

proved to connect to each other by showing the tracer response have a distance less than 

200 meters except the pair of P10 and I8. With this information, the radial limit of this 

study area was set at 200 meters. Therefore, the gain of any well pair that located exceeds 

200 meters apart was set to zero with the exception of P10 – I8. Table 4.4 presents the 

distance of each well pair (in meters). The well pairs whose gains were set to zero are 

shown in the white cells while the ones whose gains were not set to zero are shaded in 

red. 

Table 4.4: Summary of the well pair distance in meters 

  P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

I1 427 315 302 137 391 195 621 658 524 193 

I2 329 339 128 160 234 290 595 662 612 269 

I3 314 377 97 228 191 355 598 675 659 339 

I4 154 145 154 137 169 183 383 448 429 432 

I5 207 95 355 295 327 228 213 251 252 597 

I6 310 124 423 312 416 205 278 275 160 593 

I7 119 97 246 225 219 210 277 341 355 530 

I8 329 236 503 439 463 351 151 122 181 735 

I9 249 260 85 115 177 235 509 576 539 332 

I10 169 207 92 142 128 226 430 502 491 408 

By comparing the well pair distance to the well production, it can be observed 

that the high to moderate production wells (P1, P2, P3, P4, and P5) are located in the high 

dense injector area. On the other hand, the low production wells (P6, P7, P8, P9, and P10) 

are located in the relatively low dense injector area. This may because the producer 
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mainly got support from the adjacent injectors. According to this observation, setting the 

given radial cut-off sound reasonable and would help to improve CRMP fitting quality.  

In a balanced waterflood, the sum of the fraction of injection rate of any injector 

that is going toward the producers (𝑓𝑖𝑗) should be equal or less than one (Equation 4.4). 

The sum of 𝑓𝑖𝑗  is allowed to be less than one for a case of losing water injected into an 

aquifer or out of the pattern. However, the issue of unbalanced system can be triggered 

by the control-volume selection, which is unable to capture all injection signals for the 

entire field (Sayarpour et al., 2009). Figure 4.6 presents the total injection and production 

rate in the study area, from 10 producers and 10 injectors. The total production rate was 

greater than the total injection rate in some period (red circled). Because the area applied 

in this study is a part of the large field and surrounded by many producers and injectors in 

the neighborhood area, it is likely that the producers were receiving fluid from the 

external injectors nearby. By restricting the sum of 𝑓𝑖𝑗  to be less than or equal to one, the 

calculated production from the model during the period of under injection could not 

match with the field data. Therefore, the issue of unbalanced system in this study was 

mitigated by allowing the sum of 𝑓𝑖𝑗  to be greater than one. After many trials with 

different values of the sum of 𝑓𝑖𝑗  and comparing with the corresponding system R2, 1.25 

was selected as a compromise. The objective function of the CRMP was then constrained 

by Equation 4.10. 

 
 ∑𝑓𝑖𝑗

𝑁𝑝

𝑗=1

 ≤ 1.25  𝑓𝑜𝑟 𝑎𝑛𝑦 𝑖    (4.10) 
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Figure 4.6:  Total production and injection rate in the study area with the under injection 

period (in red circle) 

For the tracer model, the produced tracer data of each producer-injector pair is 

used to match with the calculated value from the tracer model, and then the reservoir 

characteristics are estimated as a result. Therefore, the concentration of produced tracer 

must be sufficient for this quantitative analysis. For a very small produced tracer 

concentration, it is a challenge to obtain reliable results because of the suspicion of tracer 

matching quality. Moreover, the accuracy of the measurement with low tracer 

concentration is questionable. Each tracer has a certain detection limit, which means the 

lower the concentration, the more difficult to detect the tracer leading to the less accuracy 

of the measurement. As shown in Table 4.3, the tracer response at P1 from I4, P1 from 

I10, P3 from I3 and P4 from I10 have very small concentration compared to the others. 



 66 

The peaks of tracer concentration are around or less than 5 mg/bbl. Therefore, the tracer 

data from these four well pairs were excluded from the tracer analysis in this study. 

4.4 RESULTS AND DISCUSSION 

 The techniques and assumptions discussed in the previous section were applied to 

the CRMP and tracer models. CRMP was first used to estimate the gains and time 

constants by matching the total production rate. After finishing the CRMP fit, the gains 

were then inputted into the tracer models to match produced tracer concentration. All 

three tracer models were used to match the tracer data independently. As a result, the 

reservoir characteristics were estimated for each tracer model. Both CRMP and tracer 

models were set up in a Microsoft Excel Worksheet and the GRG Nonlinear solver was 

used to minimize the objective functions. The results obtained from the CRMP and each 

tracer model are presented and discussed in this section.  

4.4.1 CRMP 

The final CRMP fit of an individual producer was summed up into a field level 

and plotted to compare with the measured total field production rate as shown in Figure 

4.7. The system-wide R2 of the production matching is 0.76. The CRMP fit for each 

producer is available in Appendix B. 



 67 

 

Figure 4.7: CRMP fit for the entire field (the sum of the individual well rates) 

Table 4.5: R2 values of the CRMP fit by producer 

Producer P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

R2 0.84 0.79 0.68 0.81 0.41 0.38 0.75 0.10 0.13 0.82 

Table 4.5 presents the R2 values for each producer’s CRMP fit. The R2 values are 

in the range of 0.10 to 0.84 with an average of 0.57. The average R2 value (calculated by 

producer) is relatively low comparing to the system-wide R2 (calculated over the entire 

data), which is 0.76. This is because the wells with high production have the good R2 

values while the poor R2 values come from the small producing wells. The poor fittings 

from small production have little effect on the R2 of the entire field production; however, 

they have a greater impact on an average R2 because each well now has the same weight 

contribute to an average value. Figure 4.8 shows that P2 and P4 are the big producing 
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wells; the sum of production from these two wells are more than half of the total field 

production and the matching quality of these two big wells is good, showing the R2 value 

of 0.77 for P2 and 0.81 for P4. On the other hand, P8 and P9, which have small R2 values 

(0.10 and 0.13) are the small-rate producing wells. Their average production rate was less 

than 100 bbl/day and the well production contribution to the field was only 3% for P8 and 

6% for P9. Therefore, by considering the field level, the overall CRMP fit quality in this 

area is satisfied. 

 

Figure 4.8: R2 values of each producer versus its production contribution to the field 

 The most important parameter for this research obtained from the CRMP fits is 

the gain or interwell connectivity. It defines the quantitative communication between 

each producer-injector pair. Table 4.6 presents the estimated gain of each well pair 

obtaining from the CRMP fitting. The blank cells denote non-communication between 

those well pairs (the gains are zero).   
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Table 4.6: The interwell connectivity results from the CRMP fit 

  P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

I1       0.79   

 

      0.11 

I2     0.20 0.72             

I3     0.49   0.63           

I4 0.05 0.30   0.32   0.50         

I5   1.00                 

I6   0.70             0.31   

I7 0.57 0.30                 

I8             0.28 0.23 

 

0.11 

I9     0.23 1.02             

I10 0.59   0.18 

 

0.28           

 

 

Figure 4.9:  Interwell connectivity map comparison between peak tracer concentration 

data (left) and CRMP results (right) 

A comparison of connectivity maps obtained from the observed peak tracer 

concentrations and the CRMP results is in Figure 4.9. Overall, the connectivity is in good 

agreement between these two approaches. For the differences, the CRMP tends to give 

more connected well pairs and/or show a stronger communication than does the tracer 

data. For instance, the CRMP provided moderate to strong interwell connectivity (gain ≥ 

0.2) while peak tracer concentration of that well pair was very low. The main 
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discrepancies between the tracer data and the CRMP results are the connectivity of P1 – 

I10, P3 – I3, P5 – I3, and P10 – I1.  

For the well pairs P1 – I10 and P3 – I3, the measured tracer concentration were 

small while the gains obtained from the CRMP fit indicate a considerable degree of 

communication. Although the connectivity of these two well pairs is qualitatively 

confirmed by the observed tracer response, the tracer concentrations were too low to 

accurately match with the model values as discussed in the previous section. Thus, P1 – 

I10, and P3 – I3 were excluded from the tracer matching.  

For the well pairs P5 – I3 and P10 – I1, there was no tracer response observed 

from these two well pairs while the CRMP provided some degree of connectivity. This 

error can be from either the tracer measurement or the CRMP results accuracy. However, 

because of the absent of tracer data to match with the model value, these two well pairs 

were also excluded from the tracer matching. 

The last parameter obtained from the CRMP fit is the time constant (𝜏) as 

summarized in Table 4.7. Time constant indicates time lag and attenuation between 

wells. A higher value of time constant means larger rate dissipation and more delay of the 

injectors’ effect. According to the CRMP results, most of the time constant values are in 

a range of 5 to 100 days except P9, which shows an abnormally high value compared to 

the others. The fitting period of this study is about two years but the time constant of P9 

is 1,256 days, which is more than the fitting window. This expresses a poor CRMP fit on 

P9 and it is consistent with the low R2 value, which is 0.13 for this well. By excluding P9, 

the average time constant for the wells in this area is 44 days. This is a reasonable value 

for a slightly compressible fluid behavior, one of the main assumptions in the CRM.   
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Table 4.7: Time constant obtained from the CRMP fit 

  P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

τ (days) 7 139 44 33 64 28 18 44 1256 68 

4.4.2 Tracer Models 

According to the CRMP results presented previously, there are a total of 18 well 

pairs proceeding to the tracer-matching step. These well pairs have a proof of interwell 

connectivity as indicated by both the tracer data and the CRMP results and their 

measured tracer concentrations were large enough for a good model fit. All tracer models 

(dispersion-only model, Koval model, and combined model) were used to calculate the 

tracer concentration at producers and match the field measurement data.  

Fitting quality 

Figures 4.10 to 4.27 show the tracer model fittings. Each figure represents the 

tracer data fit of each well pair. The tracer matching from the dispersion-only model 

(Green), Koval model (Purple), and combined model (Red) are shown on the same graph 

with their corresponding R2 on the top right corner. An orange text box on the top left 

corner in each figure indicates the gain of that particular well pair obtained from the 

CRMP results. As can be seen from these figures, all tracer models are able to provide a 

good fit for most of the well pairs. Although in some well pairs, not all models can match 

the data, at least one of the models can fit the data very well. For example, the Koval 

model cannot fit the tracer data of P6 – I4, showing negative R2 value, whereas the 

dispersion-only model and the combined model have a comparatively good fit with R2 of 

almost 0.9 (Figure 4.23).   

According to the tracer model fittings, the Koval model displays a sharp increase 

of tracer concentration at the breakthrough; the concentration of tracer jumped up to its 
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peak value at or soon after tracer reached a producer. This behavior contradicts to what 

was normally observed in the field. When the tracer breakthrough was detected from the 

sample measurement, its concentration was low at the beginning and then gradually 

increased until reached the peak concentration. Thus, the Koval model is usually not able 

to provide a good fit at the early stage on the tracer breakthrough curve. On the other 

hand, the dispersion-only model and combined model show gradual increasing of the 

tracer concentration from zero to its peak, so these two models provide a better fit in the 

beginning period. The good examples for this issue are the tracer model fit of P1 – I7 

(Figure 4.10), P2 – I6 (Figure 4.13), P3 – I2 (Figure 4.15), and P9 – I6 (Figure 4.26). For 

all of these well pairs, R2 values of the Koval model fit are less than the other two 

models. 

However, in few cases, the tracer measurement from the field showed a steep 

increase in the concentration at the breakthrough such as the tracer of P3 – I10 (Figure 

4.17) and P4 – I1 (Figure 4.18).  In these cases, the Koval model can fit the early stage 

very well, thus showing the high R2 value. 
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Figure 4.10: Tracer model fit of tracer from I7 to P1  

 

 

Figure 4.12: Tracer model fit of tracer from I5 to P2 

 

Figure 4.11: Tracer model fit of tracer from I4 to P2 

 

 

Figure 4.13: Tracer model fit of tracer from I6 to P2 
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Figure 4.14: Tracer model fit of tracer from I7 to P2 

 

 

Figure 4.16: Tracer model fit of tracer from I9 to P3 

 

Figure 4.15: Tracer model fit of tracer from I2 to P3 

 

 

Figure 4.17: Tracer model fit of tracer from I10 to P3 
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Figure 4.18: Tracer model fit of tracer from I1 to P4 

 

 

Figure 4.20: Tracer model fit of tracer from I4 to P4 

 

Figure 4.19: Tracer model fit of tracer from I2 to P4 

 

 

Figure 4.21: Tracer model fit of tracer from I9 to P4 
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Figure 4.22: Tracer model fit of tracer from I10 to P5 

 

 

Figure 4.24: Tracer model fit of tracer from I8 to P7 

 

Figure 4.23: Tracer model fit of tracer from I4 to P6 

 

 

Figure 4.25: Tracer model fit of tracer from I8 to P8 
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Figure 4.26: Tracer model fit of tracer from I6 to P9 

 

 

 

 

 

 

 

 

 

 

Figure 4.27: Tracer model fit of tracer from I8 to P10 
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Figure 4.28: R2 value of the tracer model fits 

The R2 values of the tracer model fit for each well pair are displayed in Figure 4.28. The 

R2 values of the Koval model fit for P3 – I9 and P6 – I4 are not shown in the chart because of the 

negative values. By excluding these negative values, an average R2 value is 0.76 for the 

dispersion-only model, 0.68 for the Koval model and 0.84 for the combined model. In addition to 

the highest average R2 value, the combined model provides the largest R2 value for every 

individual well pair. It can be concluded that the combined model provides the best tracer fit 

comparing between three models. Because the combined model accounts for both dispersion 

(small scale) and channeling effect (large scale), it can better represent the attributes of the tracer 

flow spreading in the reservoir leading to a better data fit than the other two models alone. 

The R2 values of the dispersion-only model are usually greater than those of the Koval 

model. This is because the dispersion-only model tends to provide a better fit at the early stage of 

the tracer breakthrough curve than the Koval model does as previously discussed.  
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Although the R2 values of the combined model are generally large according to the 

results shown in this study (R2 > 0.7), there are two wells showing comparatively small R2 

values, P3 – I9 (R2 = 0.60) and P2 – I4 (R2 = 0.48). Additionally, some well pairs show 

comparatively poor tracer fitting quality, which is worth discussing in more detail here. 

In addition to the low R2 value of the combined model fit, P3 – I9 is one of two well pairs 

that have the negative R2 value for the Koval model fit. As can be seen from Figure 4.16, the 

tracer breakthrough curve plotted from the tracer measurement data has two peaks. This might 

because of the highly dynamic conditions in the real field; for instance, injection rates were 

varied all the time and the operation was constrained in some period. Thus, the tracer 

breakthrough characteristic in the real field sometimes is far from ideal. In this case, none of the 

tracer models can match the second peak and the tail of the breakthrough curve.  

P2 – I4 is the only well pair that has the R2 value of the tracer fit less than 0.5 for every 

tracer models. Figure 4.11 shows that the produced tracer concentrations from the measurement 

are larger than those from the model calculation. In this case, all three models failed to give the 

calculated concentrations as high as the measured ones. One possible reason for this issue is that 

the estimated gain of this well pair is too low leading to obtaining lower calculated tracer 

concentration than it should be. 

P8 – I8 is another well pair that shows comparatively poor tracer fitting quality as can be 

observed from Figure 4.25. Similar to the well pair P2 – I4, the measured tracer concentrations 

are higher than the calculated tracer concentrations. However, P8 has a poor CRMP fit with the 

R2 of 0.10. Because the estimated gain, which is the product of the CRMP fit, is used for the 

tracer calculation, the quality of CRMP fit inevitably affects the fitting quality of the tracer 

models. Accordingly, a poor tracer match can be expected when R2 of the CRMP fit is low or the 

estimated gain is inaccurate. 
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Table 4.8: Summary of the model parameters obtained from tracer matching (dispersion-only, Koval and combined models)   

 

Pore Volume, Vp (bbl) Peclet Number, NPe Koval Factor, Kv 

Pro – Inj 
Dispersion 

Model 

Koval 

Model 

Combined 

Model 

Dispersion 

Model 

Koval 

Model 

Combined 

Model 

Dispersion 

Model 

Koval 

Model 

Combined 

Model 

P1 – I7 21.49 24.86 22.19 10.340   61.10   1.98 1.91 

P2 – I4 13.47 13.59 12.92 14.48   83,259   1.73 1.65 

P2 – I5 32.41 49.25 29.80 2.22   6.87   6.12 3.08 

P2 – I6 55.13 66.44 59.44 4.58   20.57   3.83 2.83 

P2 – I7 31.16 72.77 87.82 2.51   702.20   10.79 12.60 

P3 – I3 17.81 31.60 32.83 3.75   57.69   6.14 5.95 

P3 – I9 6.84 11.00 3.13 0.76   1.39   8.24 1.25 

P3 – I10 4.85 5.88 5.42 6.67   30.39   2.32 2.30 

P4 – I1 30.35 43.04 42.45 7.95   200.53   2.88 2.75 

P4 – I2 36.70 58.27 36.22 6.02   22.84   4.52 2.20 

P4 – I4 29.91 33.83 29.00 30.89   33.52   2.05 1.11 

P4 – I9 41.88 62.75 46.46 5.19   31.77   3.90 2.66 

P5 – I10 9.70 12.51 12.51 25.33   77,437   1.73 1.73 

P6 – I4 103.35 420.54 299.75 8.25   25.94   12.09 6.62 

P7 – I8 26.89 36.42 30.25 14.61   138.71   2.36 1.93 

P8 – I8 27.38 48.64 45.65 5.25   173.57   4.60 4.36 

P9 – I6 28.34 49.00 38.29 13.83   83.34   3.59 2.55 

P10 – I8 11.25 89.73 180.08 8.00   197.52   12.77 52.44 



 81 

The model parameters (pore volume, Peclet number and Koval factor) obtained 

from the tracer model fits by using the dispersion-only model, the Koval model and the 

combined model are summarized in Table 4.8. While the pore volume is a parameter of 

all three models, the Koval factor is not present in the dispersion-only model and the 

Peclet number is not present in the Koval model. The unavailable parameters of each 

model are shaded gray in the table. Bar charts presenting the comparison of the pore 

volume, Peclet number, and Koval factor between three tracer models are shown in 

Figures 4.29 to 4.31. For visual comparison, the Peclet number and the Koval factor were 

plotted on a logarithmic scale while the drainage pore volume was plotted on a linear 

scale with a fixed maximum value on the y-axis at 100 Mbbl. The values that are greater 

than this maximum setting are out of scale in the chart but can be referred to the Table 

4.8 for the actual values. 

 

Figure 4.29: Comparison of the drainage pore volume estimated by the dispersion-only, 

Koval and combined models 
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Figure 4.30: Comparison of the Peclet number estimated by the dispersion-only and 

combined models 

 

 

Figure 4.31:  Comparison of the Koval factor estimated by the Koval and combined models 



 83 

Pore volume 

The pore volume (𝑉𝑝) obtained from the tracer models represents an ultimately 

accessible interwell pore volume. The comparisons of 𝑉𝑝 values estimation between three 

tracer models for each well pair are presented in Figure 4.29. According to these results, 

the estimated 𝑉𝑝 in this study area, 18 well pairs, are in the range of 3 to 420 Mbbls, 

regardless of the model used. There are two well pairs that have estimated 𝑉𝑝  smaller than 

10 Mbbls and two well pairs that have estimated 𝑉𝑝  greater than 100 Mbbls. Therefore, 

about 80% of the estimated 𝑉𝑝 fall in the range of 10 to 100 Mbbls with the average and the 

median of 49.5 and 32.0 Mbbls, respectively. In most of the cases (15 out of 18 well pairs), 

the Koval model gives the highest 𝑉𝑝 value estimation.  

As shown in Figure 4.29, in some well pairs, the 𝑉𝑝 estimated from each tracer 

model are very similar. For these cases, it can be observed that the tracer fitting qualities 

are consistent between three models. In other word, the R2 values of the tracer matching 

obtained from each tracer model are not much different. For example, the estimated 𝑉𝑝 of 

P1 – I7 are in the range of 21.5 - 24.9 Mbbls with the R2 of 0.72 - 0.87 and the estimated 𝑉𝑝 

of P3 – I10 are in the range of 4.8 - 5.9 Mbbls with the R2 of 0.89 - 0.91.  

However, the 𝑉𝑝 estimated from each tracer model can be very different in some 

well pairs such as P2 – I7 and P6 – I4. For these cases, the range of the R2 value of the 

tracer model fits is large indicating an inconsistency of tracer fitting quality between three 

models. The estimated 𝑉𝑝 of P2 – I7 are in the range of 31.2 - 87.9 Mbbls with the R2 of 

0.43 - 0.87 and the estimated 𝑉𝑝 of P6 – I4 are in the range of 103.4 – 420.5 Mbbls with the 

R2 of -2.33 - 0.88. 

There are also some cases that one model provided a result that greatly deviates 

from the other two models results. For example, P2 – I5, the 𝑉𝑝 estimated from the 

dispersion-only model and combined model are close to each other, only 8% different, and 
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their fitting R2 values are 0.90 for both models. However, the R2 of the Koval model fit is 

0.30, which is much smaller than the other two models, and the estimated 𝑉𝑝 is 52% 

different.  

According to the observations above, the variances of the estimated 𝑉𝑝 and obtained 

R2 of each well pair were calculated to measure how much the values of 𝑉𝑝 and R2 are 

spread out in each well. Then, both variances were plotted against each other as shown in 

Figure 4.32. Each data point represents one well pair. As can be seen from this plot, when 

all fitting models yield about the same R2 (low variance of R2), the estimated 𝑉𝑝 from each 

model tend to close to each other (low variance of 𝑉𝑝). It might be concluded that when the 

R2 values of the tracer model fits are all high, we should be able to get a narrow range, high 

reliability of the estimated  𝑉𝑝 from the models. 

 

 

Figure 4.32: A relationship between the variance of 𝑉𝑝 and the variance of R2  
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 From Figure 4.32, P10 – I8 (red circled) does not follow the trend and contradicts 

the conclusion made above. The R2 values from the tracer fits of this well pair are high for 

all models, which are in the range of 0.85 - 0.98, but there is a big discrepancy on the 𝑉𝑝 

estimated from different tracer models. According to the tracer model fits of this well pair 

(Figure 4.27), there were only eight data points of measured tracer concentration available 

for the model fit. As a rule, the number of data points should be at least four times the 

number of parameters to obtain a good fit (Sayarpour, 2008). Therefore, at least 12 data 

points is required to fit the combined model. Because of an insufficient number of data 

points, the model might not be able to obtain good and reliable results. In addition, P10 was 

shut-in most of the time at the beginning of the tracer test program. The well was re-opened 

and sampled after breakthrough had occurred. This might violate the models’ assumptions 

leading to the results inaccuracy. 

Peclet Number and Koval Factor 

As previously discussed, the dispersion-only model characterizes the spreading of a 

tracer flow based solely on the core scale dispersion, which is represented by the Peclet 

number (𝑁𝑃𝑒) in the model equation. The smaller the Peclet number, the more dispersion 

occurs in a displacement. Conversely, the Koval model describes the tracer flow spreading 

based solely on the channeling effect (large-scale heterogeneity) by using the Koval factor 

(𝐾𝑣) to represent this flow behavior. The larger the Koval factor, the more channeling in a 

tracer flow; in other words, the poorer sweep would be in a displacement.  

Generally, however, the spreading of a tracer concentration is caused by both 

dispersion (small scale) and channeling (large scale). To fit the tracer data with the model 

containing the single effect (dispersion-only model and Koval model), the model would try 

to combine both dispersion and channeling effect together, and then present as a single 
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parameter. In contrast, the combined model, which accounts for both dispersion and 

channeling, treats each effect separately as the model equation contains both 𝑁𝑃𝑒 and 𝐾𝑣. 

Figure 4.30 shows that the dispersion-only model always gives the smaller value of 

𝑁𝑃𝑒 than the combined model. This is because the 𝑁𝑃𝑒 estimated from the dispersion-only 

model is a combination of both dispersion and channeling while the 𝑁𝑃𝑒 estimated by the 

combined model purely reflects the dispersion. Similarly, the 𝐾𝑣 estimated by the Koval 

model is a combination of both effects while the 𝐾𝑣 estimated by the combined model 

reflects only the channeling. This causes the 𝐾𝑣 estimated by the Koval model to be greater 

than the values estimated by the combined model as shown in Figure 4.31.  

Although the dispersion-only model and the Koval model attempted to fit the tracer 

breakthrough curve by combining all dissipative effects into one single parameter, it might 

not be able to accurately characterize the spreading of a tracer flow as can be seen from the 

tracer matching results. This is because dispersion and channeling cause the tracer flow to 

spread at different scales leading to the different spreading characteristics. The shape of 

tracer breakthrough curve depends specifically on how much of each individual effect 

influence the overall spreading as discussed in section 3.5. Therefore, the combined model, 

which allows both dispersion and channeling to independently affect the breakthrough 

curve, provides the best tracer fit with the highest R2. 

In addition, the combined model can provide insight into the dominant effect on the 

spreading of a tracer flow by analyzing the 𝑁𝑃𝑒 and 𝐾𝑣 obtained from the model. The 

medium generally contains both 𝑁𝑃𝑒 and 𝐾𝑣 representing the presence of both dispersion 

and channeling effects. However, when one effect is very strong while the other is weak, 

the stronger effect becomes the dominant effect. For example, P2 – I7 and P4 – I1 have 

very high values of 𝐾𝑣 and 𝑁𝑃𝑒 suggesting that the flows had a strong channeling effect but 

weak dispersion effect, so the channeling was the dominant effect. This is consistent with 
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the R2 of the model fit, which shows that the dispersion-only model could not fit the data 

very well (low R2) while the Koval model provides a better fit with a higher R2 than the 

dispersion-only model.  

On the other hand, P4 – I4 and P2 – I5 are the examples of the dispersion being a 

dominant effect on the tracer flow. Both  𝑁𝑃𝑒 and 𝐾𝑣 of these well pairs are comparatively 

low suggesting a strong dispersion but weak channeling effect. For this case, the results 

show that the dispersion-only model fit the tracer data as good as the combined model did 

with the similar parameters estimated from both models. On the contrary, the Koval model 

provided a poorer fit and the lower R2 than the other two models.   

The important finding here is that when one effect is so strong that overshadows the 

other, the dominant effect largely influences the spreading of a tracer flow, also the shape 

of the tracer breakthrough curve. The combined model is now mainly controlled by either 

 𝑁𝑃𝑒 or 𝐾𝑣 depending on the dominant effect, thus the combined model tends to behave 

similarly to the model representing the dominant effect. This suggests that both combined 

model and the model representing the dominant effect should be able to give an 

equivalently good tracer fit with the similar estimated parameters.  
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Chapter 5: Improving the Model Fittings 

In Chapter 4 we discussed the method of combining the CRMP with the tracer 

models by using the serial fitting workflow. In this method, we first used production and 

injection rates to fit the CMRP independent of the tracer data. Then, the tracer data 

together with the gains, which are the results from CRMP, were used for tracer model 

fitting. Apart from the use of the CRMP’s results for the tracer model input, the CRMP 

and tracer model worked independently.  

According to the results of the previous chapter, there are some discrepancies 

between the CRMP results and the peak produced tracer concentration (Figure 4.9). 

These disagreements occur when the CRMP results indicate a considerable degree of 

connectivity between the well pairs, but there was no tracer response observed (P5 – I3 

and P10 – I1) or very small peak produced tracer concentration was observed (P1 – I10 

and P3 – I3). In addition, we could not achieve a good tracer match for some well pairs 

(P2 – I4 and P8 – I8). It is suspected that a poor tracer model fit might be a consequence 

(or partially a consequence) of the gain inaccuracy from the serial CRMP fit.  

Because the CRMP and the tracer model work in a sequence, it produces a 

cumulative error. The error of the gains estimation inevitably has an impact on the tracer 

model fit and its results’ accuracy. Accordingly, the simultaneous fitting method is 

proposed to improve the CRMP results and the tracer model fit. This method essentially 

introduces a new workflow, which allows the CMRP to match production rate and the 

tracer model to match produced tracer concentration at the same time.  

This chapter focuses on an improvement of the CRMP and tracer model fit by 

using a simultaneous fitting method. Firstly, the concept of the simultaneous fitting 

method, including a new workflow, assumptions, and constraints, are discussed. An 
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integration of the CRMP and the tracer model by using the simultaneous fitting method 

was applied to the same field data as previously used in Chapter 4. The results and 

discussion are presented in the second section. This topic includes the model fitting 

improvement, results comparison, and data analysis.   

5.1 SIMULTANEOUS FITTING METHOD 

Simultaneous fitting allows both the CRMP and tracer models to fit data at the 

same time. A workflow for the simultaneous fitting method is in Figure 5.1. The orange 

shaded and blue shaded parts represent the process related to total production matching 

and produced tracer matching, respectively, while the grey shaded parts involve in both 

processes. 

 

Figure 5.1: Workflow for the combined CRM and tracer model (simultaneous fitting 

method) 
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Unlike serial fitting, in which the gains inputting into the tracer model are fixed, 

simultaneous fitting treats the gains as fitting parameters in both the CRMP and the tracer 

model. Therefore, the gains are adjusted to obtain good fits not only for the CRMP but 

also for the tracer model. By coupling the CRMP and the tracer model, tracer data is 

involved in the production-matching step. Consequently, the simultaneous fitting method 

should be able to minimize the discrepancy between the tracer measurement data and the 

CRMP’s results. 

For serial fitting, the CRMP and tracer models are used to fit the data 

independently. We matched production data for all producers at the same time and 

constrained the objective function of the CRMP (Equation 4.10) to avoid aggressively 

overbalancing the system. However, it might be problematic to do the same with the 

simultaneous fitting method by using a solver function in a Microsoft Excel Worksheet. 

This is because simultaneous fitting produces significantly more fitting parameters than 

serial fitting does to satisfy an objective function. Matching all producers together and 

simultaneous fitting the models would overcomplicate the problem and require excessive 

computational time. Therefore, production and tracer concentration-calculation errors are 

minimized for one producer at a time in the simultaneous fitting method.  

The production calculation errors must be combined with the tracer concentration-

calculation errors to obtain a single objective function for simultaneous fitting. Because 

the unit of production rate and concentration differ by factors of ten, one method to 

simultaneous minimize the errors of these two parameters is to multiply the two errors 

together. By modifying and combining the objective function of the CRMP (Equation 

4.2) and the objective function of the tracer model (Equation 4.7), a single objective 

function for the simultaneous fitting method is expressed as 
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For any producer, 𝑗                         

 min 𝑧 =∑((𝑞𝑗
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𝑘 )𝑐𝑎𝑙)
2

𝑁𝑖

𝑖=1

𝑛

𝑘=1

 (5.1) 

Similar to individual model fitting, the objective function is constrained by 

 𝜏𝑗 > 0 𝑎𝑛𝑑 𝑓𝑖𝑗  ≥ 0      (4.3) 

 𝑉𝑝𝑖𝑗 , 𝑁𝑃𝑒𝑖𝑗   > 0    (4.8) 

 𝐾𝑣𝑖𝑗  ≥ 1    (4.9) 

However, the constraint to control water injection balance in the system (Equation 4.10) 

is not applicable for the simultaneous fitting method. This is because, in this method, we 

minimize a combination error of the production and tracer concentration calculation for 

each producer rather than over the entire field. 

According to Chapter 4, after comparing between three tracer models, the 

combined model provides the best fit and can better represent the tracer flow than the 

other two models used individually. Therefore, the combined model is the only tracer 

model that was applied to the simultaneous fitting method in this study to improve the 

model fittings.  

5.2 RESULTS AND DISCUSSION  

The simultaneous fitting method was applied to the same field data as used and 

presented in Chapter 4 for the serial fitting method. The CRMP and the combined model 

(for tracer) were set up in a Microsoft Excel Worksheet. Both models worked at the same 

time to match the data by minimizing the objective function in Equation 5.1. The results 
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obtained from the simultaneous fitting method are presented and discussed in this section. 

In addition, some results from the serial fitting method, which was previously presented 

are repeated in this section to compare with those from the simultaneous fitting method. 

All the results presented in this chapter (both serial and simultaneous fitting) were from 

the application of the CRMP incorporating with the combined model. The other two 

tracer models (the dispersion-only model and the Koval model) are neither used nor 

discussed in this chapter. 

5.2.1 CRMP 

After finishing the model fittings, an individual well production calculation from 

the CRMP was summed up into a field level and plotted together with the measured total 

field production rate as shown in Figure 5.2. A comparison of total field production 

estimation from the CRMP by using the serial fitting method (red) and the simultaneous 

fitting method (yellow) are also presented in the graph. At a field level, total productions 

estimated from both methods are almost identical and fitted the field data satisfactorily as 

both methods yielded a system-wide R2 (calculated over the entire data) of 0.76. 

Table 5.1 presents R2 values of the CRMP fit by producer from both methods. 

There is little difference in R2 values with the serial fitting method. P3 and P8 shows a 

slight increase of R2 from the simultaneous fitting method while the R2 of P5 slightly 

decreased. The average R2 values from 10 producers of both methods, however, are the 

same, which is 0.57. 
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Figure 5.2:  CRMP fits for the entire field (the sum of the individual well rates) using the 

serial and simultaneous methods 

 

Table 5.1: R2 values of the CRMP fits using the serial and simultaneous methods 

Producer P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 

Serial fitting 0.84 0.79 0.68 0.81 0.41 0.38 0.75 0.10 0.13 0.82 

Simultaneous fitting 0.84 0.79 0.71 0.81 0.38 0.38 0.75 0.11 0.13 0.82 

The parameters obtained from the CRMP fit by using serial and simultaneous 

fitting are in Tables 5.2 and 5.3, respectively. While both methods yielded little or no 

difference in terms of fitting quality, parameters obtained from the model are different. 

The main difference in the results between these two methods are the gains of P3, P4, and 
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P5. The new results from simultaneous fitting change the quantitative interpretation of 

communication between wells associating to these three producers.  

One of the key changes in interpretation from the different estimated gains is the 

communication of P3 – I3 and P5 – I3. By using the serial fitting method, the results 

indicate a substantial degree of communication between these two well pairs. These 

results contradict the tracer data as previously discussed. The simultaneous fitting 

method, however, provided zero (or close to zero) gain estimation of P3 – I3 and P5 – I3. 

These new results indicate no (or very weak) communications between the wells, which 

is now consistent with the tracer data.   

For P1 and P2, the gains are almost the same between the two methods, but time 

constants are different. For P6, P7, P8, P9, and P10, there is no difference in any of the 

results, neither gains nor time constants. 

The sums of 𝑓𝑖𝑗  for each injector are in the last column of Tables 5.2 and 5.3. 

Although simultaneous fitting did not apply a constraint of balance waterflood as did 

serial fitting, the sums of 𝑓𝑖𝑗  are not abnormally high. The maximum sum of   𝑓𝑖𝑗  for the 

simultaneous fitting method is 1.54. This is slightly larger than the constraint of serial 

fitting, which is 1.25.  

The key finding here is that there is more than one set of CMRP’s model 

parameters that can match the production data with satisfactory R2. This issue can happen 

especially when many injectors support one producer. Incorporating tracer data into the 

CRMP fitting process can reduce the non-uniqueness of the CRMP fits leading to an 

increasing of results’ accuracy. As can be seen from the results, simultaneous fitting can 

reduce some discrepancies between the CRMP results and the peak produced tracer 

concentration. Therefore, the simultaneous fitting method provides a better agreement 

with tracer data than does serial fitting.  
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Table 5.2: Parameters obtained from the CRMP by using serial fitting 

  P1 P2 P3 P4 P5 P6 P7 P8 P9 P10   Sum fi 

I1       0.79           0.11   0.89 

I2     0.20 0.72               0.92 

I3     0.49   0.63             1.12 

I4 0.05 0.30   0.32   0.50           1.17 

I5   1.00                   1.00 

I6   0.70             0.31     1.01 

I7 0.57 0.30                   0.87 

I8             0.28 0.23   0.11   0.62 

I9     0.23 1.02               1.25 

I10 0.59   0.18   0.28             1.04 

                          

τ (days) 7 139 44 33 64 28 18 44 1256 68     

 

Table 5.3: Parameters obtained from the CRMP by using simultaneous fitting 

  P1 P2 P3 P4 P5 P6 P7 P8 P9 P10   Sum fi 

I1       0.57           0.11   0.68 

I2     0.20 0.84               1.04 

I3     0.00   0.10             0.10 

I4 0.09 0.30   0.43   0.50           1.33 

I5   1.00                   1.00 

I6   0.70             0.31     1.01 

I7 0.57 0.30                   0.87 

I8             0.28 0.23   0.11   0.62 

I9     0.52 1.02               1.54 

I10 0.55   0.28 
 

0.69             1.52 

                          

τ (days) 5 92 37 42 65 28 18 38 1256 68     
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5.2.2 Tracer Model (Combined Model) 

The R2 values of the combined model fit by using simultaneous fitting are in 

Figure 5.3. They are plotted together with the values obtained from serial fitting 

presented in the previous chapter. By excluding the ones with no or little produced tracer 

concentration, similar to serial fitting, a total of 18 well pairs are presented in the graphs. 

From the results, simultaneous fitting provided larger R2 values (if not the same) than 

serial fitting with an average R2 value of 0.87 for simultaneous fitting and 0.84 for serial 

fitting. The well pairs that have comparatively significant improvement of the combined 

model fit according to the R2 values are P2 – I4, P3 – I9, P4 – I4, and P5 – I10. Figures 

5.4 to 5.7 show the results of the combined model fit for these four well pairs.  

 

Figure 5.3:  R2 value of the combined model fit using serial and simultaneous fitting 
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Figure 5.4: Comparison of the combined model fits for P2 – I4 

 

 

Figure 5.6: Comparison of the combined model fits for P4 – I4 

 

Figure 5.5: Comparison of the combined model fits for P3 – I9 

 

 

Figure 5.7: Comparison of the combined model fits for P5 – I10
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Table 5.4: Comparison of the estimated tracer model parameters using serial fitting and simultaneous fitting 

 
Pore Volume, Vp (Mbbl) Peclet Number, NPe Koval Factor, Kv 

Pro-Inj Serial  Simultaneous  
% 

Change 
Serial  Simultaneous  

% 

Change 
Serial  Simultaneous  

% 

Change 

P1 – I7 22.19 22.19 0% 61.10 61.10 0% 1.91 1.91 0% 

P2 – I 4 12.92 12.87 0% 83,259 78,085 -6% 1.65 1.65 0% 

P2 – I 5 29.80 30.76 3% 6.87 6.83 -1% 3.08 3.17 3% 

P2 – I 6 59.44 61.18 3% 20.57 21.70 5% 2.83 2.93 3% 

P2 – I 7 87.82 89.12 1% 702.20 670.80 -4% 12.60 12.92 3% 

P3 – I 2 32.83 49.68 51% 57.69 68.24 18% 5.95 8.71 46% 

P3 – I 9 3.13 40.82 1202% 1.39 0.61 -56% 1.25 4.60 268% 

P3 – I 10 5.42 19.15 253% 30.39 41.19 36% 2.30 5.64 145% 

P4 – I 1 42.45 20.06 -53% 200.53 162.32 -19% 2.75 1.78 -35% 

P4 – I 2 36.22 51.72 43% 22.84 22.58 -1% 2.20 2.70 23% 

P4 – I 4 29.00 41.97 45% 33.52 24.19 -28% 1.11 1.15 4% 

P4 – I 9 46.46 45.74 -2% 31.77 32.00 1% 2.66 2.63 -1% 

P5 – I 10 12.51 84.77 578% 77,437 1,460 -98% 1.73 5.12 196% 

P6 – I 4 299.75 299.75 0% 25.94 25.94 0% 6.62 6.62 0% 

P7 – I 8 30.25 30.22 0% 138.71 138.71 0% 1.93 1.93 0% 

P8 – I 8 45.65 45.41 -1% 173.57 173.57 0% 4.36 4.36 0% 

P9 – I 6 38.29 38.29 0% 83.34 83.34 0% 2.55 2.55 0% 

P10 – I 8 180.08 180.08 0% 197.52 197.52 0% 52.44 52.44 0% 
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Table 5.4 summarizes and compares the model parameters obtained from the 

combined model fits by using the serial fitting and simultaneous fitting methods. 

Percentage changes of each parameter were shown in the same table. Percentage change 

in this study is defined by Equation 5.2: a comparison of the parameters estimated by 

serial fitting (the method presented in chapter 4) to those estimated by simultaneous 

fitting (the new method introduced in this chapter). The changes that are greater than 

20% are highlighted in green for percentage increase (positive change) and red for 

percentage decrease (negative change).  

 𝑃𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑐ℎ𝑎𝑛𝑔𝑒 =
(𝑆𝑖𝑚𝑢𝑙𝑡𝑎𝑛𝑒𝑜𝑢𝑠 𝑓𝑖𝑡𝑡𝑖𝑛𝑔 − 𝑆𝑒𝑟𝑖𝑎𝑙 𝑓𝑖𝑡𝑡𝑖𝑛𝑔 )

𝑆𝑒𝑟𝑖𝑎𝑙 𝑓𝑖𝑡𝑡𝑖𝑛𝑔
× 100 (5.2) 

The results show big differences of estimated model parameters between the two 

fitting methods are the parameters of well pairs that associated with P3, P4, and P5. On 

the other hand, the differences are very small for the well pairs that associated with P2 

and no difference for the rest of the well pairs. These differences are consistent with the 

CRMP results where P3, P4, P5 have significant changes in estimated gains when using 

two different fitting methods while the rest of producers do not. As expected the changes 

of estimated tracer model parameters relate to the changes of the CRMP results. 

Bar charts presenting the comparisons of model parameters between two fitting 

methods are in Figures 5.8 to 5.10. For visual comparison, the Peclet number and the 

Koval factor were plotted on a logarithmic scale while the drainage pore volume was 

plotted on a linear scale with a fixed maximum value on the y-axis at 100 Mbbl. The 

values that are greater than this maximum setting are out of scale in the chart but can be 

referred to the Table 5.4 for the actual values. 
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Figure 5.8: Comparison of the drainage pore volume estimated by using serial and 

simultaneous fitting  

 

 

Figure 5.9:  Comparison of the Peclet number estimated by using serial and simultaneous 

fitting  
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Figure 5.10:  Comparison of the Koval factor estimated by using serial and simultaneous 

fitting  

Considering well pairs associated with P3, P4, and P5, the drainage pore volumes 

(𝑉𝑝) estimated by the simultaneous fitting method are generally larger than those from 

serial fitting except P4 – I1 (Figure 5.8). After comparing these 𝑉𝑝 results to the gain 

estimation results, the 𝑉𝑝 changes are in the same direction as the gains changes. Most of 

the well pairs that have the positive change in gain (P3 – I2, P3 – I9, P3 – I10, P4 – I2, P4 

– I4, and P5 – I10) also show the positive change in 𝑉𝑝. In contrast, P4 – I1, which has the 

negative change in gain, shows the negative change in 𝑉𝑝. According to the observations 

above, the percentage changes of gain are plotted against the percentage changes of 𝑉𝑝 in 

Figure 5.11 (percentage changes were calculated by using Equation 5.2). This plot shows 

a good correlation between the changes of gains and 𝑉𝑝 with the R2 of 0.78.  

In addition, focusing on the same group of well pairs mentioned above, 

simultaneous fitting provided a larger Koval factor (𝐾𝑣) than did the serial fitting (Figure 
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5.10). Similar to the 𝑉𝑝 results, only the well pair P4 – I1 has a negative change in 𝐾𝑣 

when using simultaneous fitting. The percentage changes of 𝐾𝑣 are plotted against the 

percentage changes of 𝑉𝑝 in Figure 5.12. This plot indicates a good correlation between 

these two parameters with R2 of 0.90. These results are as expected because when 

considering at a particular well pair, an increase of the estimated gain value (more water 

from an injector to a producer) requires a larger drainage pore volume to match the same 

tracer production. In addition, a larger drainage pore volume tends to have a larger 

permeability variation, leading to a greater Koval factor.  

 

 

Figure 5.11: A correlation of the percentage changes in gain and drainage pore volume 

(Percentage change is defined as a comparison of the parameters estimated 

by the simultaneous fitting method to those estimated by the simultaneous 

fitting method) 
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Figure 5.12: A correlation of the percentage changes in the Koval factor and drainage 

pore volume 

However, the result of the changes in the Peclet number (𝑁𝑃𝑒) is inconclusive. 

There is no clear correlation between the changes of 𝑁𝑃𝑒 and other parameters. In 

addition, the differences of the 𝑁𝑃𝑒 between two fitting methods are relatively small 

compared to the differences of the 𝑉𝑝 and  𝐾𝑣. 

5.2.3 Data Analysis  

In the previous two subsections, 5.2.1 and 5.2.2, the discussions were focused on 

a comparison of results between serial and simultaneous fitting. These comparisons 

displayed the reduction of discrepancy issues (between CRMP results and tracer 

measurement data) and the improvement of tracer matching by using the simultaneous 

fitting method. Because the simultaneous fitting is shown to be a better method for the 

CRMP and tracer model fit, in this subsection, we will further analyze the results 
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obtained from simultaneous fitting. These results are plotted and examined with an 

attempt to gain more insight into flow behavior and reservoir characteristics. 

Tracer Recovery 

A percentage of tracer recovery is defined as the ratio of the amount of tracer 

produced to the amount of tracer injected multiplied by a hundred. In this study, we 

calculated total tracer recovery for each tracer by summing up the mass of the produced 

tracer of each particular tracer type that was detected from all producers. Estimation of 

the percentage of total tracer recovery for any tracer 𝑖 is given by Equation 5.3. 

 𝑇𝑜𝑡𝑎𝑙 𝑡𝑟𝑎𝑐𝑒𝑟 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦𝑖(%) =
∑ ∫ 𝑐𝑜𝑢𝑡𝑖𝑗(𝑡)𝑞𝑗(𝑡)𝑑𝑡

∞

0

𝑁𝑝
𝑗=1

𝑀𝑖
× 100 (5.3) 

where 𝑐𝑜𝑢𝑡𝑖𝑗  is the produced tracer concentration of tracer 𝑖 at producer 𝑗. 𝑞𝑗 is the total 

produced fluid at producer 𝑗. 𝑀𝑖 is the total amount of tracer injected into injector 𝑖. 𝑁𝑝 is 

the number of producers. Both measured tracer production from field data and calculated 

tracer production from the models were used to calculate for total tracer recovery and 

plotted in Figure 5.13. This plot presents a comparison of tracer recovery between the 

field data and the models. Each data point represents a single type of tracer. A 45-degree 

line depicts each point in the graph in which tracer recovery measured from the field is 

equal to tracer recovery using the models calculation. 
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Figure 5.13: Total tracer recovery, percent injected 

As can be seen from Figure 5.13, the tracer recoveries calculated from the models 

are in good agreement with that from the field data as most of the data points fall very 

close to the 45-degree line. There are two tracers showing unusual high and low tracer 

recovery in this area. The first is tracer injected from I3, which shows 2% of tracer 

recovery from field data and 0% from the models. This tracer was detected at only one 

producer (P3) with very small concentration; peak concentration was 5 mg/bbl. Because 

the model could not accurately match very small tracer concentration, tracer recovery 

from the models appears to be zero for this well. The other is the tracer injected from I9, 

which showed 115% of tracer recovery from the field data and 117% from the models. 

This abnormally high value probably can be explained as the tracer not being measured 

often enough for calculation over the whole time period and/or its measurement was not 

precise. Another possible reason why tracer recovery exceeded 100% is an inaccuracy of 
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production rate measurement. According to the CRMP results, the sum of estimated gain 

from I9 (𝑓9,𝑗) is 1.54. Normally, for any injector, the sum of 𝑓𝑖𝑗  should be equal or less 

than one in a balanced waterflood. For this field, however, the production rate could not 

be matched by applying this constraint as the production rate was higher than the 

injection rate in some periods. Because tracer recovery is calculated from the tracer 

concentration multiplied by the production rate, excessive production rate 

measurement/estimation can cause excessive tracer recovery calculation. Despite the 

unusual tracer recovery values, field data and the models provided the same trend 

showing that the models can fit the data well. 

By excluding outliers (I3 and I9), the average tracer recovery is 54% from the 

field data and 56% from the models. These values are relatively large based on the tracer 

recovery reported from other cases (e.g. Zaberi et al., 2013; Viig et al., 2013; Cheng et 

al., 2012). This large tracer recovery from this area might be because of the small well 

spacing distance. An average well spacing between the well pairs that have a proof of 

interwell connectivity by tracer testing is 163 meters. Because the wells are very close to 

each other, the chance of the tracer getting lost in the reservoir is small leading to high 

tracer recovery. 

Model Parameters 

The estimated Koval factors and Peclet numbers were plotted against the drainage 

pore volumes in Figures 5.14 and 5.15, respectively. From Figure 5.14 there appears to 

be a positive correlation between the  𝐾𝑣 and the size of drainage pore volume. This 

correlation is as expected because fluid flowing in a large volume has a higher tendency 

to flow through a large permeability variation leading to low sweep efficiency than that 

flowing in a small volume. Therefore, the 𝐾𝑣 , which represents large-scale heterogeneity, 
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is likely to increase with increasing 𝑉𝑝. However, there is no correlation between the 

𝑁𝑃𝑒 and the 𝑉𝑝 (Figure 5.15). The majority of the 𝑁𝑃𝑒 estimated from the models fall in 

the range of 10 to 1,000 regardless of the drainage pore volume size.  

 

 

Figure 5.14: Estimated Koval factor versus estimated drainage pore volume 
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Figure 5.15: Estimated Peclet number versus estimated drainage pore volume 

 

 

Figure 5.16: Estimated Koval factor versus estimated Peclet number 
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Figure 5.16 displays a plot of the estimated Koval factor versus the estimated 

Peclet number of each well pairs. These two parameters represent the spreading 

characteristics of a tracer flow between the producer and the injector. A large value of 

the 𝐾𝑣 indicates poorer sweep while a small value of the 𝑁𝑃𝑒 suggests larger dispersion. 

Plotting these two parameters against each other can provide a general idea of an 

interwell flow behavior, such as how much mixing occurs in a heterogeneity medium, 

how much influence the permeability variation has on the flow, and what the dominant 

effect on the spreading of a flow.  

According to the results of these 18 well pairs in this study, most of them show 

that a substantial effect of both channeling and core scale mixing contribute to their 

overall flow spreading. How the strength of each effects influence on the flow depends 

on the values of 𝑁𝑃𝑒 and 𝐾𝑣 on the graph. In few cases, there appeared to be one effect 

highly influencing the spreading of the flow while the other has a significant smaller 

impact as previously discussed in Chapter 4. This behavior can be seen from Figure 5.16, 

either both 𝑁𝑃𝑒 and 𝐾𝑣 are high (the flow spreading was dominated by the channeling) or 

both 𝑁𝑃𝑒 and 𝐾𝑣 are low (the flow spreading was dominated by the core scale mixing). 

There is no correlation between the CRMP gains and the drainage pore volume as 

shown in Figure 5.17. This is because the estimated gains were calculated based on 

injection rates, so they are relative to each injector and the gains from the different well 

pair are not comparable. This should not be confused with Figure 5.11 where the changes 

in gains were compared to the changes in drainage pore volumes. These changes were 

calculated within the same well pair and compared to see the direction of the changes 

between two factors. 
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Figure 5.17: Estimated interwell connectivity versus estimated drainage pore volume 

In addition to the approaches developed in this study, the mean residence time 

method (shook et al., 2009, 2016) was also applied to the same field data to calculate the 

swept volume. Appendix C presents a brief introduction of the residence time analysis 

method and a comparison of results obtained from the residence time method and our 

method (an integration of CRMP and combined model). 

Comparison of Field Scale Dispersivities and Koval Factor to the Previous Measurement 

The Peclet numbers and Koval factors obtained from this study were further 

analyzed by comparing to the values obtained from the literature. Longitudinal 

dispersivity (𝛼𝑙) is one of the fundamental properties of the medium to indicate a degree 

of the small-scale heterogeneity effect of the permeable medium (Lake et al., 2014). 

Dispersivity is directly related to the Peclet number and highly scale dependent, which 

can be calculated by  
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 𝛼𝑙 =
𝐿

𝑁𝑃𝑒
 (5.4) 

where L is the system length.  

The field-scale dispersivities of the field in this study were determined by 

applying Equation 5.4, a well pair distance divided by its corresponding estimated Peclet 

number. Figure 5.18 shows a comparison of the estimated dispersivities obtained from 

this study (red dots) and the dispersivity data from results of interwell tracer tests 

previously performed over many formations (blue squares), which were collected by 

Schulze-Makuch as shown in his literature (Schulze-Makuch, 2005 and references 

therein). The dispersivities from this study are similar in value to those from previous 

studies. However, because the range of well pair distances in this study is narrow (80-200 

meters), we do not observe the full range of the positive correlation between dispersivity 

and system length as seen in previous studies. The average dispersivity from this study is 

smaller than dispersivity values from previous studies averaged over a similar range (80-

200 meters)—11 meters and 24 meters, respectively. This might be because the 

dispersivities from Schulze-Makuch obtained by treating the medium as if homogeneous, 

so the large dispersivity values could be a result of combining the channeling (large-scale 

heterogeneity) into the dispersion (small-scale mixing). In contrast, the dispersivity 

values from this study purely reflect the small-scale mixing, resulting in smaller inferred 

dispersivities. 
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Figure 5.18: Comparison of the estimated dispersivity in this study to data from previous  

studies  

Figure 5.19 displays the Koval factor values obtained in this study, using the 

CRMP and the tracer model (red squared) compared to the Koval factor values collected 

from several previous studies (John, 2008; Shook, 2009; Mollaei, 2011; Jain, 2014; 

Chitsiripanich, 2015). The vertical axis represents the sources of the Koval factor 

presented on the chart and the numbers shown next to the axis are the total number of 

data for each study. Horizontal bar charts indicate the range of the values of each study as 

the 25th /50th/ 75th percentiles while the dashed lines extend to the minimum and 

maximum values, excluding the outliers (small circles). The symbol “+” represents an 

average value of each data set. From the graph, the values of the Koval factor obtained 

from this study stay within the range of the total values from the previous studies. 

However, similar to the arguments for dispersivity, the Koval factor values from some 
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studies appear to be greater than the values obtained in this study. This might be because 

their methods did not account for the small-scale heterogeneity, so both dispersion and 

channeling effects were combined into the Koval factor, leading to the large value. The 

Koval factor obtained from this study solely reflect the effect of large-scale 

heterogeneity, thus our Koval factors tend to be smaller. The Koval factors from the 

previous studies also have mobility ratio effects. 

 

Figure 5.19: Comparison of the estimated Koval factor in this study to data from previous 

studies  

The results in Figures 5.18 and 5.19 illustrate a trade-off between dispersion 

(mixing) and channeling (sweep), between small- and large-scale heterogeneity. Figure 

5.18 suggests that mixing becomes more important as scale (interwell spacing) increases. 

Because of the hypothesized trade-off between dispersion and sweep, it follows that 

sweep would become less important with increasing scale though it is not possible to see 

this from the tracer data in in Figure 5.19 since the values reported there are at essentially 
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one scale. There is, of course, enormous complexity in representations of reservoir 

heterogeneity and it is certainly true that not two reservoirs (or two well pairs) are alike. 

However, the results suggest a “minimal” generic model for representing heterogeneity in 

reservoirs; two scales of heterogeneity are needed:  one much smaller than the well 

spacing and another much larger. 
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Chapter 6: Conclusions and Recommendations 

The main objectives of this study are to extend the CRM to tracer testing and use 

this approach to quantitatively define reservoir characteristics. Because the current CRM 

provides an estimation of total liquid production and is limited to immiscible 

displacements, we incorporated the tracer models, based on miscible displacement 

theory, into the CRM. An integration of the CRM and tracer models allows us to 

calculate and match the production and tracer concentration data by using nonlinear 

regression; as a result, reservoir properties are estimated. This chapter presents a 

summary of this work, conclusions of key findings and recommendations for future work. 

6.1 SUMMARY 

Tracer flow in a reservoir is a miscible displacement with negligible viscosity 

difference between tracer and fluid presented in the reservoir. Accordingly, two 

characteristics affect tracer flow, the mixing because of small-scale heterogeneity 

(dispersion) and the channeling because of large-scale heterogeneity. In this study, three 

tracer models (the dispersion-only model, the channeling-only or Koval model, and 

combined model) were developed for characterizing tracer flow behavior by using a 

combination of two parameters to represent spreading (an overlapping) of the miscible 

fronts. Small-scale heterogeneity (dispersion) is represented by a Peclet number while 

large-scale heterogeneity (channeling) is represented by a Koval factor. 

The dispersion-only model was from solutions to convection-diffusion equation, 

describing mixing phenomena in a core scale by assuming one-dimensional flow in a 

homogeneous medium. The Koval model was developed from the Koval theory, 

representing the effect of channeling because of large-scale heterogeneity in two-

dimensional with no dispersion at the core scales. The combined model is a combination 
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of the dispersion-only model and the Koval theory by using a dynamic upscaling 

technique to account for both dispersion in small scale and channeling in large scale. 

To integrate the CRM and tracer models, two methods, serial fitting and 

simultaneous fitting, were tested in this study. The serial fitting method was first applied 

to tracer data from the Lawrence field. This method allows the CRM and tracer model to 

work independently by first matching the total production rate (CRM) and then produced 

tracer concentration (tracer model). Therefore, the gains, which are the CRM’s results, 

are fixed before putting into the tracer model.  

According to the results from serial fitting, overall, the CRM yield a good fit and 

interwell connectivity obtained from the CRM is in good agreement with the observed 

peak tracer concentrations. In addition, all tracer models are able to give a good fit in 

most of the cases. The results suggest that the combined model provides the best tracer 

fit. Because the combined model accounts for both dispersion and channeling effects also 

result in more fitting parameters, it can represent the attributes of the tracer flow 

spreading in the reservoir more rigorously than the either model alone. The results also 

show that the R2 values of the dispersion-only model are usually greater than those of the 

Koval model because the dispersion-only model tends to provide a better fit at the early 

stage of the tracer breakthrough curve. 

Despite the overall satisfaction of production and tracer concentration matching, 

there are few discrepancies between the CRM results and the peak tracer concentrations. 

In addition, tracer models could not fit the data satisfactorily on some of the well pairs, 

which is suspected to be a consequence (or partially consequence) of the gain inaccuracy 

from the serial CRM fit. Accordingly, the simultaneous fitting method was applied to the 

same field data to improve the CRM results and the tracer model fit. Simultaneous fitting 
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allows both the CRM and tracer models to fit data at the same time, thus the gains are 

adjusted to obtain good fits not only for the CRM but also for the tracer model.  

The results indicate that the simultaneous fitting method provides the best fit to 

total producer rate data and tracer data. By coupling the CRM and the tracer model, tracer 

data is involved in the production matching step, thus minimizing the discrepancy issues. 

Simultaneous fitting mitigates the non-uniqueness of the fits, leading to better tracer 

matching. Consequently, the simultaneous fitting is an appropriate method providing 

results that are more accurate.  

6.2 KEY FINDINGS 

1. An application of CRM to tracer testing serves as an alternative method to 

analyze and interpret tracer data. When both are available, the synergy between CRM and 

tracer analysis provides insight into reservoir features. In addition to interwell 

connectivity and drainage volume, integration of the CRM and tracer analysis can 

estimate dispersion and Koval factors, which cannot be obtained from each method alone. 

2. Matching tracer production using the field data is very challenging. In some cases, 

the actual breakthrough curves are far from the ideal because of highly dynamic 

operations. These conditions might violate the assumptions behind the model 

development leading to an inaccuracy of the model matching. Moreover, matching tracer 

data requires the gains obtained from the CRM fit. If the CRM fitting quality is poor or 

the CRM result is not accurate, it would be almost impossible to get reliable results from 

the tracer matching. 

3. Both serial and simultaneous fittings can match the total production data (CRM) 

satisfactorily with the similar R2 values. However, the gains, which are the results from 

the CRM fits, are different between these two fitting methods, indicating the presence of 
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non-uniqueness of the CRM fit. The results suggest that the simultaneous fitting 

estimates the gains that are more consistent with the tracer data than does the serial fitting 

and improves the tracer model fitting quality. This is because the simultaneous fitting 

involves the tracer data in the production-matching step, thus mitigating the non-

uniqueness issue and increasing the results accuracy. 

4. The spreading of a tracer flow is a combination result from both dispersion and 

channeling. The shape of a breakthrough curve is unique, depending on how much of 

each individual effect contributes to the overall spreading, To fit the tracer data with the 

model containing the single effect (dispersion-only model and Koval model), the models 

attempted to fit the tracer breakthrough curve by combining all dissipative effects into 

one single parameter. However, they might not be able to accurately characterize the flow 

spreading because dispersion and channeling cause the flow to spread in different 

characteristics. Therefore, the combined model, which takes account for both dispersion 

and channeling and allows both effects to independently influence the breakthrough 

curve, provides the best tracer fit. 

5. The dispersion-only model always gives a smaller Peclet number (𝑁
𝑃𝑒
) than the 

combined model because the 𝑁𝑃𝑒  estimated from the dispersion-only model is a 

combination of both dispersion and channeling while the 𝑁𝑃𝑒 estimated by the combined 

model has only the dispersion. Similarly, the Koval factor (𝐾𝑣) estimated by the Koval 

model is a combination of both effects while the 𝐾𝑣 estimated by the combined model 

reflects only the channeling. This causes the 𝐾𝑣 estimated by the Koval model to be 

greater than the values estimated by the combined model. 

6. The combined model can provide insight into an interwell flow behavior by 

analyzing the 𝑁𝑃𝑒  and 𝐾𝑣 values obtained from the model. The results in this study 

suggest that, most of the well pairs, a substantial effect of both channeling and dispersion 
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contribute to the overall flow spreading. Therefore, to accurately model the tracer flow 

characteristics, neither dispersion nor channeling can be neglected.  

7. Although a tracer flow in a reservoir generally contains both dispersion and 

channeling, in few cases, there appeared to be one effect highly influencing the spreading 

of the flow while the other has a significant smaller impact. When one effect is so strong 

that overshadows the other, the dominant effect largely influences the spreading of the 

flow. The combined model is now mainly controlled by either  𝑁𝑃𝑒 or 𝐾𝑣 depending on 

the dominant effect, thus the combined model tends to behave similarly to the model 

representing the dominant effect. In this case, the results suggest that both combined 

model and the model representing the dominant effect are able to give an equivalently 

good tracer fit with the similar estimated parameters. 

8. The dispersivities obtained from simultaneous combined model fit in this study 

are similar in range as those from previous studies. However, the average dispersivity 

from this study is smaller. This is likely because the dispersivities from other studies 

were combining the channeling (large-scale heterogeneity) with the dispersion (small-

scale mixing). In contrast, the dispersivity values from this study purely reflect the small-

scale mixing, resulting in smaller inferred dispersivities. The same is true for the Koval 

factor. Therefore, a “minimal” generic model for representing heterogeneity in reservoirs; 

two scales of heterogeneity are needed: one much smaller than the well spacing and 

another much larger. 

6.3 RECOMMENDATIONS FOR FUTURE WORK 

1. The non-uniqueness issue of the model fits should be further investigated. 

Because of highly non-linear characteristics of both CRM and tracer model, it is possible 

that more than one set of solution can satisfy the objective functions. To handle this 
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uncertainty, multiple outputs from all possible sets of the solution should be generated to 

obtain a range of reservoir properties estimation. 

2.  The sensitivity analysis on the assumptions and the model setting’s parameter 

including the radial limit of well connectivity, the constraint to control water injection 

balance in the system should be performed to evaluate the potential changes and errors of 

the results obtained from the models. 

3. An objective function of the nonlinear regression for the simultaneous fitting can 

be further studied to improve the optimization algorithm when fitting two models at the 

same times. 

4. An integration of CRM and tracer testing could be expanded to gas tracer in a gas 

flooding reservoir.   
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Appendices 

APPENDIX A: TRACER RESPONSE CURVE MEASURED AT THE PRODUCERS  

This section shows the tracer response curve for each tracer that observed at each 

producer in the study area. 

 

 

Figure A.1: Tracer response at P1  
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Figure A.2: Tracer response at P2 

 

 

Figure A.3: Tracer response at P3 
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Figure A.4: Tracer response at P4 

 

 

Figure A.5: Tracer response at P5 
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Figure A.6: Tracer response at P6 

 

 

Figure A.7: Tracer response at P7 



 125 

 

Figure A.8: Tracer response at P8 

 

 

Figure A.9: Tracer response at P9 
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Figure A.10: Tracer response at P10 
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APPENDIX B: RESULTS OF CRMP FIT FOR EACH PRODUCER  

This section presents the results of CRMP fit (serial fitting method) for each 

producer. 

 

Figure B.1: CRMP fit of P1 liquid production rate 

 

Figure B.2: CRMP fit of P2 liquid production rate 
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Figure B.3: CRMP fit of P3 liquid production rate 

 

 

Figure B.4: CRMP fit of P4 liquid production rate 
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Figure B.5: CRMP fit of P5 liquid production rate 

 

 

Figure B.6: CRMP fit of P6 liquid production rate 
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Figure B.7: CRMP fit of P7 liquid production rate 

 

 

Figure B.8: CRMP fit of P8 liquid production rate 
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Figure B.9: CRMP fit of P9 liquid production rate 

 

 

Figure B.10: CRMP fit of P10 liquid production rate 
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APPENDIX C: MEAN RESIDENCE TIME METHOD AND RESULTS COMPARISON 

This section presents a brief introduction of the mean residence time method, 

which is a commonly used method to calculate swept pore volume from tracer data. The 

results obtained from the residence time method are compared with our results previously 

presented in this study. This comparison is also presented in this section.  

Residence time analysis was originally developed by Danckwerts (1953) to 

estimate volume swept in reactor vessels, and it was first introduced to petroleum 

engineering by Deans (1978) for volume swept estimation in porous media (as cited in 

Shook et al., 2009). Mean residence time of tracer (or first temporal moment of the 

tracer) is the time-weighted average of a tracer history. The total volume swept for any 

given well pair (𝑉𝑆𝑖𝑗) can be calculated by using this mean residence time (method of 

moment) as shown in Equation C.1 (Shook et al, 2009, 2016) 

 𝑉𝑆𝑖𝑗 = 𝑞𝑖
𝑚𝑖𝑗

𝑀𝑖

[
∫ 𝑞𝑗𝑐𝑖𝑗𝑡 𝑑𝑡
∞

0

∫ 𝑞𝑗𝑐𝑖𝑗  𝑑𝑡
∞

0

−
𝑡𝑠𝑙𝑢𝑔
2
] (C.1) 

 
𝑚𝑖𝑗 = ∫ 𝑞𝑗𝑐𝑖𝑗  𝑑𝑡

∞

0

 
(C.2) 

where 𝑉𝑆𝑖𝑗 is the total swept pore volume between injector 𝑖 and producer 𝑗, 𝑚𝑖𝑗 is the 

total mass of tracer from injector 𝑖 produced at producer 𝑗, 𝑀𝑖 is the total mass of tracer 

injected into injector 𝑖, 𝑐𝑖𝑗 is the tracer concentration injected into injector 𝑖 and observed 

at producer 𝑗, 𝑞𝑖 is the average injection rate of injector 𝑖, 𝑞𝑗 is the production rate of 

producer 𝑗. 

The fraction volumetric injection rate from well 𝑖 that flow toward producer 𝑗 

used in the method of moment is determined from the mass fraction of tracer 𝑖 produced 
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at producer 𝑗  divided by the total mass of tracer injected into injector 𝑖 (
𝑚𝑖𝑗

𝑀𝑖
). Therefore, 

𝑚𝑖𝑗

𝑀𝑖
 in the method of moment is conceptually equivalent to 𝑓𝑖𝑗  in the CRM. For a 

comparison purpose, we also adjusted the method of moment by replacing 
𝑚𝑖𝑗

𝑀𝑖
 in 

Equation C.1 with 𝑓𝑖𝑗  to obtain a new method to calculate the total swept pore volume as 

shown in Equation C.3.  

 𝑉𝑆𝑖𝑗 = 𝑞𝑖𝑓𝑖𝑗 [
∫ 𝑞𝑗𝑐𝑖𝑗𝑡 𝑑𝑡
∞

0

∫ 𝑞𝑗𝑐𝑖𝑗  𝑑𝑡
∞

0

−
𝑡𝑠𝑙𝑢𝑔
2
] (C.3) 

In this section, we applied Equation C.1 and C.3 to the same field data used in this 

study to calculate swept pore volume. The gains (𝑓𝑖𝑗) in Equation C.3 are the results from 

the simultaneous CRMP fit (Table 5.3). Then, the estimated swept pore volume obtained 

from the method of moment (Equation C.1) and the adjusted method of moment 

(Equation C.3) are compared with the drainage pore volume obtained from simultaneous 

fitting the CRMP and combined models (Table 5.4) and shown in Figure C.1 

Figure C.1 shows that the drainage pore volume estimated by the simultaneous 

fitting the CRMP and combined models are usually much higher than those estimated by 

the method of moment. The adjusted method of moment generally provides the values 

that are in between the values from the other two methods. However, the differences of 

the estimated pore volumes between these three methods are inconclusive. 
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Figure C.1: Comparison of the drainage pore volumes estimated by the method proposed 

in this study (an integration of the CRMP and combined models) with those 

estimated by the method of moment and adjusted method of moment  
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