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The transport process in a molecular chain in a nonequilibrium stationary state is theoretically investigated.
The molecule is interacting at both ends with thermal baths of different temperatures, while no dissipation
mechanism is contained inside the molecular chain. We have first obtained the nonequilibrium stationary state
outside the Hilbert space in terms of the complex spectral representation of Liouvillian. The nonequilibrium
stationary state is obtained as an eigenstate of the Liouvillian, which is constructed through the collision invariant
of the kinetic equation. The eigenstate of the Liouvillian contains information on the spatial correlation between
the molecular chain and the thermal baths. While energy flow in the nonequilibrium state which is due to the
first-order correlation can be described by the Landauer formula, the particle current due to the second-order
correlation cannot be described by the Landauer formula. The present method provides a simple way to evaluate
the energy transport in a molecular chain in a nonequilibrium situation.
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I. INTRODUCTION

Recently, much attention has been paid to nonequilibrium
transport processes through molecular wire junctions [1,2].
As the system is shrunk down to a smaller size than the
mean free path of a carrier, such as an electron, a phonon,
or an exciton, the ballistic quantum transport exhibits a
characteristically different feature from the corresponding bulk
properties. For example, it was discovered that the electronic
or thermal conductance of a submicron-size one-dimensional
chain is quantized at low temperature [3–6]. When the system
size is further shrunk down to nanometer size, a discretized
energy level structure of a nanowire plays an important
role in transport processes through the resonance effect.
Recent ultrafast nonlinear optical spectroscopy has revealed
the temporal behavior of relaxation process of the photoexcited
molecular chain [7,8]. Also in biomolecules, such as α-helix
protein and DNA strands, which consist of molecular chain
structures, the transport process in a nonequilibrium state have
been extensively studied in order to clarify the biofunctions of
these molecules from a microscopic viewpoint [9–13].
In order to understand the transport processes in the
nonequilibrium stationary state, we need to know first of
all how to describe the nonequilibrium stationary state with
which a physical quantity can be obtained as an expectation
value of an observable. While it is obvious that a stationary
state is described by a canonical distribution in a thermal
equilibrium, it is not so easy to find the explicit form of the
stationary state for a nonequilibrium situation. Meanwhile,
a phenomenological Landauer formula has been extensively
used as a useful tool to evaluate a transport coefficient in a
nonequilibrium stationary state without explicitly describing
the stationary state. There have been enormous works trying to
make clear its microscopic foundation and its applicability in
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terms of a nonequilibrium Green’s function method, quantum
Langevin method, and so on [1,14–21].
On the other hand, Prigogine and his co-workers have developed a theory of the nonequilibrium statistical mechanics in
terms of the complex spectral representation of the Liouvillevon Neumann superoperator, or simply called the Liouvillian
[22,23]. They have clarified that the eigenvalue problem
of the Liouvillian is classified into independent subspaces
according to the order of correlations based on the concept
of the dynamics of the correlation where the fundamental
object is a correlation. In a classical gas system, for example,
each correlation is characterized by the dependence of the
distribution function on the wave number which characterizes
the spatial correlation: The inhomogeneity is a correlation
component which has a single nonvanishing wave number
of a particle, while interparticle correlation is a component
which has several nonvanishing wave numbers of different
particles [24–26].
This classification in terms of the correlation makes it
possible to transform the eigenvalue problem of the Liouvillian to the eigenvalue problem of the collision operator
of the kinetic equation in a correlation subspace. It is well
known that the collision operator plays a central role in
nonequilibrium statistical mechanics, as seen in a Boltzmann
equation or a Fokker-Planck equation [22,27]. A striking
finding of the theory is that the spectrum of the collision
operator is identical to that of the Liouvillian, which signifies
the direct link between the microscopic dynamics governed
by the Liouvillian and the phenomenological kinetic theory
[24,26,28]. Since the collision operator is a non-Hermitian
operator, the eigenvalues can take complex values which
reflect the dissipation of the system. The eigenstate of the
Liouvillian is obtained from the eigenstate of the collision
operator by operating a creation-of-correlation operator onto
the eigenstate of the collision operator which represents the
transition from a privileged correlation subspace to other
nonprivileged correlation subspaces [24,28]. The eigenstate of
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FIG. 1. One-dimensional molecular chain composed of N molecular units, each of which possesses a bound state. The left and right
end states have the energies of ε1 = εL and εN = εR , respectively,
while the other states have the same energy of εm = ε0 for m =
2, . . . ,N − 1. A particle transfers between these states with the
transfer integral of J . The molecular chain interacts with the two
thermal baths with different temperatures of TL and TR at the both
ends of the molecule.

the Liouvillian is then represented as a series of the correlation
generated by the dynamics of correlation.
There have been a few applications of the theory to real
physical systems [23,25,29], but the transport processes in
nonequilibrium situations have not been fully investigated
yet in the context of dynamics of correlation. Our aim here
is to apply the theory to the real mesoscopic system under
nonequilibrium situation and to systematically derive the
transport quantities in a stationary state.
In the present work, we consider a molecular chain coupled
with different thermal baths at the both ends, where a quantum
particle is confined in the molecule and it ballistically transfers
within the molecule. An exchange of energy occurs between
the molecule and the thermal baths, while there is no particle
exchange between them, as shown in Fig. 1. The nonequilibrium stationary state is obtained as the zero eigenstate
of the Liouvillian, which is represented by superposition
of different orders of correlations. A leading term is the
noncorrelation component, also called the vacuum of correlation, followed by the higher-order correlation components.
As is shown, the inhomogeneity component of a single
particle is created by the second-order interaction from the
vacuum of correlation. This is in contrast to the case of a
well-known gas system where the inhomogeneity component
is disconnected from the vacuum of correlation subspace by
the interaction and thus is not created from the vacuum of
correlation [22].
Once the nonequilibrium stationary state is obtained as a
zero eigenstate of the Liouvillian, a physical quantity is evaluated as an expectation value of a corresponding observable in
the stationary state. Since the nonequilibrium stationary state
is an eigenstate of the Liouvillian, the expression of a physical
quantity is justified from the microscopic dynamics without
any phenomenological assumptions.
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We have derived an expression of the energy flow with
the use of the nonequilibrium stationary state and found
that the first-order correlation is responsible for the energy
flow. We show that the expression of the energy flow is cast
into the Landauer formula with a characteristic transmission
function, because the first-order correlation is directly related
to a collision operator, which gives a transition probability
between the molecular states, represented by Fermi’s golden
rule.
On the other hand, the physical quantity described by the
higher-order correlation cannot be reduced in the Landauer
formula. As an example, we consider the particle current
which is induced by an external thermal force, as in the
mechanical force when a molecule is subjected to an external
electric field. However, it is well-known that the treatment
of the thermal force is, in general, much more complex
than a mechanical force, because the thermal force stems
from a many-body dissipative effect [30]. We reveal that the
particle current is attributed to the second-order correlation
component. Since there is no direct connection between the
second-order correlation and the collision operator, we cannot
cast it into the Landauer formula, unlike the case of the energy
flow in this problem.
In Sec. II we present a model Hamiltonian of the molecular
chain coupled with different thermal baths at both ends. The
eigenvalue problem of the Liouvillian is presented in Sec. III
to obtain the nonequilibrium stationary state as the zero
eigenstate of the Liouvillian. Energy flow is obtained with
use of the nonequilibrium stationary state and the Landauer
formula is derived in Sec. IV where we explain why the energy
flow can be cast into the Landauer formula. In Sec. V, the
induced polarization, or its conjugate current, is evaluated as
an example of the higher-order correlation which cannot be
reduced to a Landauer formula. We illustrate in Sec. VI an
application to the DNA molecular chain. In Sec. VII we give
some concluding remarks.
For readers who are not familiar with the complex spectral
representation of the Liouvillian, in Appendix A we introduce
the Liouville space and show the explicit expression of the interaction in terms of the Liouville basis. The complex spectral
representation of Liouvillian is summarized in Appendix B,
where the eigenstate of the Liouvillian is given as a functional
of the eigenstate of the collision operator. With use of the
explicit expression of the interaction, we derive the collision
operator in Appendix C. In Appendix D we derive a formula
that we use in Sec. III.
II. MODEL

We consider a one-dimensional molecular chain consisting
in N molecular units, each of which contains a single bound
state. This molecular chain is coupled with two thermal baths,
one at each end. The total Hamiltonian is written as
H = HM + HB + gHMB ,

(1)

where HM and HB describe the molecular chain and the
thermal baths, respectively, and the interaction is represented
by HMB with a dimensionless coupling constant g.
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We consider that a quantum particle transfers in the
molecular chain. The molecular Hamiltonian is then described
by a one-dimensional tight-binding Hamiltonian:
HM =

N


εm |mm| −





Jm,m |mm |,

Dph (ω) =

N


cm,j¯ |m.

(3)



(9)

q

where br,q (r = L,R) are the annihilation operators of the
phonons of the thermal baths with the energy dispersion given
by ωr,q = c|q|. We take the box normalization with a periodic
boundary condition for the thermal bath systems, which gives
the discrete wave vectors for the phonon mode as
(6)

3NB
4π 

1/3
(10)

,

H0 = HM + HB .

(11)

We consider the interaction between the molecule and the
thermal baths represented by
g 
†
vL,q |LL|(bL,q + bL,q )
gHMB = √
 q
g 
†
vR,q |RR|(bR,q + bR,q )
+√
 q
 L

R
≡ g HMB
+ HMB
,

(4)

Hereafter, in order to avoid heavy notation, we simply describe
|Ej¯  as |j¯.
Both the left and the right thermal baths are assumed to
be three-dimensional harmonic crystals described by a Debye
model in a large box of volume L3B . The Hamiltonian of the
thermal bath systems reads
 
†
h̄ωr,q br,q
br,q ,
(5)
HB =

qj = jq,

for 0  ω  ωD ,
otherwise.

where NB is a number of the normal phonon modes. In the
present work, we take ωD to be large enough compared to
the other parameters so that the value of ωD will not affect the
results.
The unperturbed Hamiltonian H0 is then defined as a sum
of HM and HB :

m=1

r=L,R

0

ωD = c

where an eigenstate |Ej¯  is represented by
|Ej¯  =

4πω2
c3

In Eq. (9) Debye frequency ωD is given by

where εm is an energy of the bound state |m at the mth
molecular unit, as shown in Fig. 1. We denote the left end state
as |L ≡ |1 and the right end state as |R ≡ |N . We assume
that εm = ε0 in the middle of the chain for m = 2, . . . ,N − 1,
while the left and the right end states have different energies of
εL and εR , respectively. The second term represents the particle
transfer where we take into account only the nearest-neighbor
transfer; m,m  in the second term denotes taking a sum of the
nearest-neighbor bound states. In the present work, we assume
a constant value for the transfer integrals of Jm,m = J for any
m and m , and we take J = 1 as an energy unit which also
becomes a unit of temperature.
The eigenvalue problem of the molecular Hamiltonian HM
with the N dimension is solved to obtain the N eigenstates as
HM |Ej¯  = Ej¯ |Ej¯  (j¯ = 1, . . . ,N ),



(2)

m,m 

m=1

where Dph (ω) is given by

(12)

where vr,q (r = L,R) are the interaction potentials, and we
assume that vr,q is independent of  and q, that is, vr,q = vr .
We consider that in Eq. (12) the molecular chain is interacting
with a thermal bath only at the both ends of the chain so that
the energies of the end states |L and |R are fluctuated by the
interaction. With use of the eigenstates of HM , the interaction
Hamiltonian HMB is represented by
g  
†
vr cr,j¯ cr,j¯ (br,q + br,q
).
j¯ |gHMB |j¯ = √
 r=L,R q

(13)

In Fig. 2, we draw the molecular eigenstates |j¯ of HM with
the energy Ej¯ . These states are coupled with thermal baths
through the coupling of the end-state components.

where j is a three-dimensional integer vector and q ≡
2π/LB . In the large volume limit for the bath systems
(LB → ∞), we have

1 
· · · −→ dq · · · , δq,0 −→ δ(q),
(7)
 q

Ej̄

j

where  ≡ (1/q)3 .
With use of the density of states of the thermal phonon
system per volume Dph (ω), we can change the integral of q to
the integral of ω as

 ∞
1  →∞
−−−→ dq · · · =
dωDph (ω) · · · ,
(8)
 q
0
j

TL

TR

FIG. 2. Molecular level and the interaction scheme. The molecular eigenstates |j¯ are coupled with the thermal baths.
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III. NONEQUILIBRIUM STATE AS AN EIGENSTATE OF
LIOUVILLIAN

The time evolution of the total system obeys the Liouvillevon Neumann equation
∂
ρ(t) = Lρ(t),
(14)
∂t
where ρ(t) is a density matrix of the total system and L is
the Liouvillian defined by Lρ ≡ [H,ρ]/h̄. We assume that
in the initial state the left and right thermal baths are in
thermal equilibrium with different temperatures TL and TR ,
respectively:
i

ρreq =

†

exp[−

q

h̄ωr,q br,q br,q /kB Tr ]
Zr

(r = L,R),

(15)

where Zr = q (1 − exp[−h̄ωr,q /kB Tr ])−1 with kB the Boltzmann constant. Hereafter, we take kB = 1. The thermal
eq
distribution ρr gives the Planck’s distribution:
nr (ω) =

1
.
exp[−h̄ω/Tr ] − 1

(16)

In the present work, we use the Liouville space representation which is briefly summarized in Appendix A. As a basis set
for the particle system we introduce a Wigner representation
defined by
η
η
≡ Y+
Y− ,
2
2

η
η
|η,Y  ≡ Y + ; Y −
2
2

η,Y |η,Y ,

(18)

with the eigenvalue of
η,Y

≡


1
EY + η2 − EY − η2 .
h̄

(19)

Note the property
−η,Y

=−

(20)

η,Y .

By this definition, η = 0 and η = 0 represent the diagonal
and the off-diagonal components of the density matrix of the
particle, respectively. Note that the representation of |η,Y 
corresponds to the Wigner basis representation of |k,P  of a
Boltzmann gas system where k and P correspond to η and Y ,
respectively.
The Wigner representation is defined similarly for the
phonon systems; we write the usual Wigner representation
for a (r,q) phonon mode as
|νr,q ,Nr,q  ≡ |nr,q ; nr,q ,

(21)

where
νr,q ≡ nr,q − nr,q , Nr,q ≡

nr,q + nr,q
2

.

(22)

The Wigner basis |{ν},{N } satisfies
LB |{ν},{N } = νω|{ν},{N },

where {· · ·} denotes a set of all the phonon normal modes and
νω ≡ r=L,R q νr,q ωr,q .
The eigenstates of the unperturbed Liouvillian is then
represented by the tensor products of |η,Y  and |{ν},{N } as
L0 |η,Y  ⊗ |{ν},{N } = (

η,Y

+ νω)|η,Y  ⊗ |{ν},{N }.
(24)

In terms of the Wigner basis of the eigenstates of L0 , we
can classify the Liouville space according to the order of
correlations. For that purpose, we introduce the projection
operators that specify the correlation components, such as
a one-particle distribution of the particle P̂ (η) , correlation
between the particle and the phonon systems P̂ (η,νr,q ) , and so
on:

|η,Y η,Y | ⊗ |{0},{N }{0},{N }|, (25a)
P̂ (η) ≡
{N}

P̂ (η,νr,q ) =

Y


{N}

|η,Y η,Y |

Y

⊗|νr,q ,{0}q ,Nr,q ,{N }q νr,q ,{0}q ,Nr,q ,{N }q |,
(25b)

(η,νr,q1 ,νr,q2 )
=
|η,Y η,Y |
P̂
{N}

Y

⊗|νr,q1 ,νr,q2 ,{0}q1 ,q2 ,Nr,q1 ,Nr,q2 ,{N }q1 ,q2 
× νr,q1 ,νr,q2 ,{0}q1 ,q2 ,Nr,q1 ,Nr,q2 ,{N }q1 ,q2 |,

(17)

where |Y + η/2 and Y − η/2| are the eigenstates of HM :
|j¯ = |Y + η/2 and |j¯  = |Y − η/2. Then |η,Y  becomes
an eigenstate of LM :
LM |η,Y  =
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(25c)

...,

where {· · ·}q1 ,q2 ,... means a set of all the normal modes
other than q1 ,q2 , . . .. In order to consider the nonequilibrium
stationary state which is obtained in the long time limit, it
is appropriate to consider eigenvalue problem of L, instead
of solving Eq. (14) as an initial value problem. For the
system coupled with the thermal baths with an infinite degree
of freedoms, L may have a complex spectrum. As shown
in Appendix B, the complex eigenvalue problem of the
Liouvillian is classified by the correlations


 
L Fα(μ) = Zα(μ) Fα(μ) , F̃α(μ) L = F̃α(μ) Zα(μ) , (26)
where (μ) is a combined index of (η,{ν}) in Eqs. (25)) and α is
an index of an eigenstate of a (μ) subspace. The eigenstates of
|Fα(μ) )) and ((F̃α(μ) | are the left and right eigenstates of L with
the complex eigenvalues Zα(μ) for the total system composed
of the particle and phonon systems. In Eq. (26), we have used
|·)) notation instead of | ·  for the total system consisting in
the particle and phonon systems. We briefly summarize the
complex spectral representation of Liouvillian in Appendix B,
and the reader could consult Refs. [23,24,26] for the details.
Since the nonequilibrium stationary state is time independent
and is achieved in the long time, we should seek for the zero
eigenstate of L.
As is shown in Appendix B, by using the projection
operators on Eq. (26), we have the eigenvalue problem of
a collision operator given by



(μ) (μ) 
ˆ (μ) Zj(μ) u(μ)
= Zj uj
,
(27)
j
where

(23)
051118-4
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 (μ) −1/2 (μ) (μ) 
= Nj
P̂ Fj

(28)
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(μ)

is a privileged component of |Fj )) and Nj is a normalization
constant which is given by Eq. (B17).
Here ˆ (μ) is the collision operator familiar to nonequilibrium statistical mechanics [22,27,30,31]. This operator
is associated to diagonal transitions between two states
corresponding to the same projection operator P̂ (μ) :
ˆ (μ) (z) = P̂ (μ) L0 P̂ (μ) + P̂ (μ) gLMB Q̂(μ) Cˆ(μ) (z)P̂ (μ) , (29)
where Q̂(μ) ≡ 1 − P̂ (μ) . In Eq. (29),
1

Cˆ(μ) (z) =

(30)
Q̂(μ) gLMB P̂ (μ)
z−
is called the creation-of-correlation operator, or simply the
creation operator [24]. Equations (26) and (27) show that
the spectra of L and ˆ are identical. This directly links the
microscopic dynamics to macroscopic kinetic processes.
We can expand the creation operator in a series expansion
of g as
Cˆ(μ) (z) =

Q̂(μ) LQ̂(μ)

1
z
×

− Q̂(μ) L0 Q̂(μ)

∞

ξ
(μ)

Q̂ LMB Q̂(μ)

g

ξ =0

1

ξ

z − Q̂(μ) L0 Q̂(μ)

×g(Q̂(μ) LMB P̂ (μ) )
∞

(μ)
g ξ +1 Cξ +1 (z).
≡

(31)

ξ =0

The lower-order expansion of the creation operator reads
(μ)
Cˆ1 (z) =
(μ)
Cˆ2 (z) =

1
z−
z−

×

Q̂(μ) L0 Q̂(μ)
1

Q̂(μ) L0 Q̂(μ)

Q̂(μ) LMB P̂ (μ) ,

Q̂(μ) LMB Q̂(μ)

1
z−

(32a)

Q̂(μ) L0 Q̂(μ)

Q̂(μ) LMB P̂ (μ) .

(32b)

(33)

where
(μ)

(μ)

ψ̂2 (z) = P̂ (μ) LMB Q̂(μ) Cˆ1 (z).

(37)
Cˆ1(0)

(34)

On the other hand, the nonprivileged component (Q̂(μ)
component) is obtained as a functional of the privileged
component by using the creation operator as shown in Eq. (B7).
(μ)
The eigenstate |Fj )) is then written as
 




Fj(μ) = Nj(μ) P̂ (μ) + Cˆ(μ) Zj(μ) u(μ)
.
(35)
j
Since the nonequilibrium stationary state |F0(0) )) is a zero
eigenstate of L, it is represented by the zero eigenstate of
(μ)
the collision operator |u0 )) as
 
(μ) 
F0(0) = N0(0) [P̂ (0) + Cˆ(0) (+i0)] u0 ,
(36)

Cˆ2(0)

where
and
are given in Eqs. (32).
As shown in Appendix B, the left eigenstate is similarly
determined by the expansion of the interaction up to the second
order as


 (0)


F̃0 = N0(0) ṽ0(0) 1 + g D̂1(0) (+i0) + g 2 D̂2(0) (+i0) ,
(38)
D̂1(0) (z)

D̂2(0) (z)

and
are, respectively, the first- and
where
second-order destruction-of-correlation operators which are
determined by the series expansion of g from D̂(0) (z) in
Eq. (B15). Moreover, ((ṽ0(0) | is the left eigenstate of the
collision operator shown in Eq. (B18), and the normalization
constant N0(0) is given by Eq. (B17).
(μ)
In order to determine |u0 )), we now solve the eigenvalue
problem of the collision operator Eq. (27). Since the number
of degrees of freedom of the thermal phonon system is
infinitely larger than the number of molecular system N , it
can be shown that the P̂ (0) component of the phonon systems
does not change in time and stay in their initial canonical
distributions characterized by the initial temperatures TL and
TR . Therefore, we search for the eigenstate in the form of the
tensor product of the density matrices of the molecular system
and the phonon systems as

 eq eq 
u(0)
= ϕj(0) ρL ρR ,
(39)
j
eq

Substituting Eq. (31) into Eq. (29) we have the expansion
of ˆ (μ) (z) as
ˆ (μ) (z) = P̂ (μ) L0 P̂ (μ) + g 2 ψ̂2(μ) (z) + O(g 4 ),

the approach to equilibrium is achieved in our future. In the
weak coupling case considered here, the eigenstate |F0(0) )) is
represented by the expansion of the interaction up to the second
order as
 

 (μ) 
F0(0) = N0(0) 1 + g Cˆ1(0) (+i0) + g 2 Cˆ2(0) (+i0) u0 ,

eq

where |ρL ρR  is a tensor product of the Liouville space
vector of the left and right thermal phonon equilibrium
distributions represented by Eq. (15). In Eq. (39), |ϕj(0)  is an
eigenstate of the reduced collision operator for the molecular
system defined by


¯ (0) (z) ≡ TrL⊗R ˆ (0) (z) ρLeq ρReq ,
(40)
where TrL⊗R stands for taking a partial trace of the thermal
phonon systems, and therefore ¯ (0) (z) is still a superoperator
working on the molecular system.
Up to the second order of the interaction, the reduced
collision operator is represented by

1
¯ 2(0) = g 2 TrL⊗R P̂ (0) LMB Q̂(0)
i0+ − L0


(0)
(0) eq eq
(41)
× Q̂ LMB P̂ ρL ρR .
There are eight diagrams for ¯ 2(0) in our model, as shown in
Appendix C.
In the present model, the matrix element of ¯ 2(0) is explicitly
represented in terms of the transition probabilities as
 

krY −η,Y + krY +η,Y ,
0,Y | ¯ 2(0) |0,Y  = −i

where the direction of the analytic continuation of Cˆ(0) is
indicated by z = +i0, which is consistent with the fact that
051118-5
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0,Y | ¯ 2(0) |0,Y + η = ikrY,Y +η ,


0,Y ¯ 2(0) 0,Y − η = ikrY,Y −η ,

(42b)
(42c)
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nonequilibrium stationary populations φY (Y = 1,2) are obtained by

Y,Y ±η

where kr
is a transition probability from |0,Y ± η (η >
0) to the |0,Y  given by Eqs. (C12) and (C14).
When we define the reduced density operator as
f (t) ≡ Tr L⊗R [|ρ(t)],

where we have defined
(45)

It has been known that this type of the master equation has a
unique zero eigenstate and the other eigenstates have negative
imaginary values of their eigenvalues [32–35]. The zero-value
right eigenstate of ¯ 2(0) is called collision invariant, which is
represented by
 
ϕ0(0) =
φY |0,Y .
(46)
Y

Here we take the normalization condition for φY as

φY = 1,

vL2 [nL ( ) + 1] + vR2 [nR ( ) + 1]
,
vL2 [2nL ( ) + 1] + vR2 [2nR ( ) + 1]

(52a)

φ2 =

vL2 nL ( ) + vR2 nR ( )
,
vL2 [2nL ( ) + 1] + vR2 [2nR ( ) + 1]

(52b)

(43)

it is found that for the weakly coupled system the f (t) obeys
the following Pauli master equation of
  
d (0)
fY (t) = −
krY +η,Y fY(0) (t)
dt
η=0 r=L,R

− krY,Y +η fY(0)+η (t) ,
(44)
fY(0) (t) ≡ 0,Y |f (t).

φ1 =

where
is given as an energy difference between the two
molecular states of |E2̄  and |E1̄  [see Eq. (19)]:
≡

1, 32

E2̄ − E1̄
1
(εL − εR )2 + 4J 2 .
=
h̄
h̄

=

For a longer molecular chain, it is difficult to analytically
obtain the nonequilibrium stationary state. Instead, we have
numerically solved the eigenvalue problem of the collision
operator and obtained the collision invariant. As an example,
we show in Fig. 3 the results for a molecule with N = 10: the
molecular level structure and the eigenstates of the molecular
Hamiltonian in panel (a), the spectrum of the collision operator
in (b), and the population of the collision invariant in (c). In
Figs. 3(b) and 3(c) we have fixed at TL = 2.0 and changed TR
and have taken vL = vR = 1 and g = 0.1. Since there are ten
basis states belonging to P (0) subspace (|0,Y  with Y = 1 to
10), we have ten eigenstates of the collision operator. For any
TR , there always exists an eigenstate with Z0(0) = 0, that is, a
(a)

(b)

(47)

TL = 2.0

0.012

Y

0.01

Tr[|u(0)
0 ))]

−ImZ(0)
α

0.008

Ej̄

= 1. Correspondwhich gives from Eq. (39) that
ingly, the collision invariant for the left eigenstate is given
by

 (0)
ṽ0 =
0,Y |{0},{N}|,
(48)
Y

(53)

0

which satisfies ((ṽ0(0) |u(0)
0 )) = 1.
Substituting Eq. (46) into Eqs. (39) and (37), the nonequilibrium stationary state is obtained up to the second order of
the interaction as
 


F0(0) = N0(0) 1 + g Cˆ1(0) (+i0) + g 2 Cˆ2(0) (+i0)



×
(49)
φY |0,Y 
|ρreq .

0

(c)

φY

Similarly, the left eigenstate for the stationary state can be
obtained as



 (0)
F̃0 = N0(0)
0,Y
{0},{N}
Y

which satisfies ((F̃0(0) |F0(0) )) = 1 and

 
Tr F0(0) = N0(0) .

(51)

First we shall consider the case for N = 2 where the
nonequilibrium stationary state is analytically obtained. The

2

TR

3

4

0.2

0.1

0
0

{N}

(50)

1

TL = 2.0

0.3

r=L,R



× 1 + g D̂1(0) (+i0) + g 2 D̂2(0) (+i0) ,

0.004
0.002

{N}

Y

0.006

1

2

TR

3

4

FIG. 3. (a) The molecular level structure for the chain with N =
10, where the parameters are εL = εR = 0,J = 1.0,vR = vL = v =
1.0, and g = 0.1. (b) The spectrum of the collision operator Zα(0)
as a function of TR changing from 0 to 4.0 with TL = 2.0 fixed,
where the vertical axis denotes −ImZα(0) . (c) The state population
of the nonequilibrium stationary state φY as a function of TR . The
dotted lines are the population for the average temperature of TM =
(TL + TR )/2.
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collision invariant, while other eigenstates are decaying states
(0)
with ImZα(
=0) < 0, as mentioned above.
In Fig. 3(c), we have also shown by the dotted lines
the canonical distribution for the average temperature TM ≡
(TL + TR )/2. At the low temperature, the nonequilibrium state
population is different from the canonical distribution for
the average temperature, while both agree well at the higher
temperature. Furthermore, at the low-temperature case where
the discrete molecular level structure plays a key role, the
nonequilibrium state population cannot be represented by
the canonical distribution for any unique temperature. This
suggests that due to the quantum effect the local temperature
of the molecule cannot be identified at the low-temperature
case, in contrast to the classical system [6].

It should be noted that the first-order correlation created from
the collision invariant contributes to the energy flow in the
nonequilibrium stationary state [22,27,31]. Furthermore, by
comparison with Eq. (34), it is found that the energy flow
is related to the collision operator which is expressed by the
transition probability given in Eq. (42).
Inserting Eqs. (46) and (32a) into Eq. (60) and using the
matrix representation of LLMB given in Eqs. (A12), we can
explicitly represent U st ≡ U(∞) as a sum of any pair of the
states of |0,Y  and |0,Y + η:

U st ≡
UY +η,Y
η>0

IV. ENERGY FLOW

In this section, we consider the energy flow in the
nonequilibrium stationary state in terms of the zero eigenstate
of L obtained in Sec. III. The energy flow through the
molecule is evaluated by considering the energy change of
the molecule. The energy change of the molecule in the
nonequilibrium stationary state is obtained by
d
d
w(t) ≡ HM t = Tr [HM ρ(t)] .
(54)
dt
dt
Using Eq. (14), w(t) is represented by
w(t) = −iHM |TrL⊗R [Lρ(t)]

(55a)

= −igHM |TrL⊗R [LMB ρ(t)],

(55b)
†

where we have used the fact that (LM HM ) = 0 and
TrL⊗R [LB ρ(t)] = 0 in the second equality. Taking into account
L
R
LMB = LLMB + LRMB corresponding to HMB = HMB
+ HMB
in Eq. (12), we can divide w(t) into two contributions due to
the interactions with the left and the right thermal baths:
w(t) = wL (t) + w R (t),

(56)

where



 
w r (t) ≡ −ig HM |TrL⊗R LrMB ρ(t)
(r = L,R).

(57)

The sign of w r (t) is positive when energy flow comes into the
molecule from the thermal bath r = L or R.
Since LF0(0) = 0 in the nonequilibrium stationary state, we
find that w(∞) = −iHM |TrL⊗R [LF0(0) ] = 0, resulting in
w L (∞) = −w R (∞), which guarantees that influx and outflow
of molecular energy are balanced in the stationary state. We
then define the energy flow from the left to the right thermal
baths going through the molecule as
U(t) ≡ 12 [w L (t) − w R (t)].

(58)

Since in the long time Eq. (51) indicates that
1
t→∞
|ρ(t))) −−−→ 
|F0 )),
N0(0)

(59)

it is found from Eq. (49) that U(∞) can be represented up to
the second order of LMB as


eq eq 
.
U(∞) = −ig 2 HM |TrL⊗R LL Cˆ(0) (+i0)ϕ (0) ρ ρ
MB 1

0

L

Y

4πg 2 vL2   ph
=
D (
h̄
η>0 Y

∗
2
η,Y + η2 )|cL,Y +η cL,Y |

η,Y + η2

×{φY nL ( η,Y + η2 ) − φY +η [nL ( η,Y + η2 ) + 1]} (61a)

 Y +η,Y

Y,Y +η
h̄ η,Y + η2 kL
φY − k L
φY +η , (61b)
=2
η>0

Y

where 2 η>0 in Eq. (61b) can be replaced with η=0 . Here
we would like to make a comment that the same formula can
be derived by evaluating energy change of the thermal bath as
shown in Appendix D.
We note that there is a striking correspondence between
Eqs. (61b) and (44): The right-hand sides of the two equations
Y +η,Y
Y,Y +η
involve a common factor of (kL
φY − kL
φY +η ), which
is the transition rate per time between the states of |0,Y 
and |0,Y + η due to the coupling with the left thermal
bath. The energy flow coming in from the left thermal bath
is obtained by multiplying it with the energy difference
between the states of |0,Y  and |0,Y + η, h̄ η,Y +η/2 .
This correspondence originates in the fact that the collision
operator ψ̂2(0) (z) can be represented by the first-order creation
operator Cˆ1(0) (z), as shown in Eq. (34). Therefore, in the weak
coupling case the energy flow can be derived by using the
solution of the eigenvalue problem of the collision operator:
Simply multiplying the energy difference of the states and the
transition rate between them.
This correspondence naturally leads it to a Landauer
formula which has been widely used to interpret the carrier
flow of the mesoscopic system in a nonequilibrium situation
[4–6,14]. The Landauer formula reads
 ∞
st
U =
h̄ωT (ω)[nL (ω) − nR (ω)]dω,
(62)
0

where T (ω) is a transmission function determined by using
Fermi’s golden rule. In the simplest approximation, T (ω) =
1 is assumed, which results in a quantization of thermal
conductance [6]. In more elaborate works, they have estimated
the ω dependence of T (ω) reflecting a resonance effect due to
the discretized molecular level structure [17,18].
In the present model, Eq. (61) can be cast into the form of
Eq. (62) in terms of the transmission function defined by

T (ω) = 2
δ(ω − η,Y + η2 )

R

(60)
051118-7

η>0

Y

 Y,Y +η
 Y +η,Y
Y +η,Y 
Y,Y +η 
φY − k L
φY +η
− kR
− kR
kL
. (63)
×
nL ( η,Y +η ) − nR ( η,Y +η )
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2πg 2
4J 2
Dph ( )
h̄2 (εL − εR )2 + 4J 2
vL2 vR2
,
(64)
×
[2nL ( ) + 1]vL2 + [2nR ( ) + 1]vR2

(b)

1

0.5

0

0.002

U st

U st

0.01
TL = TR

0

TL = TR

0

− 0.01
− 0.002

− 0.02
0 2

4

TR

6

8

0 0.2
0.4 0.6
08 1
0.8
TR

10

(c)

(d)
TL=1.0

U st

TL=10

TL=0.2
TL=2

)

J2
2πg 2
Dph ( )
h̄ (εL − εR )2 + 4J 2
2vL2 vR2 [nL ( ) − nR ( )]
,
×
[2nL ( ) + 1]vL2 + [2nR ( ) + 1]vR2

(65)

where is given by Eq. (53).
For a longer molecule we have numerically calculated the
energy flow. As an example, we have shown in Fig. 4 the energy
flow through the same molecule as studied in Sec. III. We show
the energy flow U st in the bird’s-eye view in the TL -TR plane
in Figs. 4(a) and 4(b). The wide temperature region of U st
is shown in panel (a), and the low-temperature region in an
expanded scale in (b). We also show the energy flow U st as a
function of TR for various values of TL in (c) and (d). It should
be noted that while the energy flow is linearly proportional to
the temperature difference near thermal equilibrium TL TR ,
this linear relation breaks down far from equilibrium.
The energy flow U st also depends on εL and εR . We show
in Fig. 5 the energy flow U st as a function of εL and εR
for TL = 2.0 and TR = 0.01, where the other parameters are
the same as in Fig. 4. The bird’s-eye view and the contour
plot are shown in panels (a) and (b), respectively. The U st is
maximized at εL − εR = 0 as a function of εL − εR , because
a transfer between the end states |L and |R through the
molecule occurs most effectively. For different values of εL
and εR , the energy transfer is allowed to occur due to the
energetically spread molecular states as shown in Fig. 2. As
temperature increases, the energy flow increases.

TR

TR

FIG. 4. The energy flow U st of a molecule with the length of
N = 10 in the TL -TR plane. The parameters for the calculation are
the same as used in Fig. 3. The temperature range is taken from 0
to 10 in (a) and from 0 to 1 in (b). The energy flow as a function
of TR for several fixed values of TL are shown in (c) and (d): In (c)
and (d), from the top to bottom, TL is fixed at TL = 10,8,6,4,2 and
TL = 1.0,0.8,0.6,0.4,0.2, respectively.

an induced polarization within the molecular states is attributed
to the second-order correlation so that the quantity cannot be
reduced in a Landauer formula unlike the energy flow.
Polarization operator is represented by
ex̂ =

exm |mm|,

(66)

m=1

when xm = md with a lattice constant d and the electric
charge e. In the present work, we take e = 1. The conjugate
current to the polarization is defined as a time derivative of the
polarization:
I(t) ≡

d
d
x̂t = Tr[x̂ρ(t)].
dt
dt

(a)

(67)

(b)
3
2
1

0.01
0.005

2
0

0
−2

V. INDUCED POLARIZATION, PARTICLE CURRENT

In spite of the fact that the thermal force stems from complicated many-body dissipative effect, when the polarizable
molecule is subject to an external thermal force under nonequilibrium condition, a polarization is induced, just like a simple
mechanical force with an external electric field. We show that

N


εL

yielding
U st =

TL

10

5

0
0.02

U st

T (ω) = δ(ω −

TL

(a)

U st

The transmission function has a strong resonance characteristic for the molecular level structure, which is reflected in the
δ function of Eq. (63): ω = (EY +η − EY )/h̄.
While the energy flow due to the first-order correlation can
be represented by the Landauer formula as shown above, we
show in the next section a physical quantity due to the higherorder correlation, such as an induced polarization, cannot be
represented by the Landauer formula. It is worthwhile to note
that the Landauer formula is derived in our approach through
the resonance effects between the molecular chain and the
thermal baths; that is, the dissipation occurs at the edges of the
system contacting to the baths.
Before going to the next section, we show some examples
of the energy flow in the nonequilibrium stationary state of
the molecule. The energy flow is analytically obtained for a
molecule with the length of N = 2 by using Eq. (52). In this
case, we have
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0

εR

−2
2

εL

0
−1
−2
−3
−3 −2 −1

0

εR

1

2

3

FIG. 5. The dependence of the energy flow U st on εL and εR with
TL = 2.0 and TR = 0.01 fixed, where the other parameters are the
same as used in Fig. 4. The bird’s-eye view and the contour plot are
shown in (a) and (b), respectively.
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Using Eq. (14), I(t) is then represented as
I(t) ≡

×(η,Y | −  − η,Y |)|f (t)

Iη,Y (t),
≡

d
x̂t = −ix̂|TrL⊗R [Lρ(t)]
dt
= −ix̂|LM |f (t),

Y

(68)

where we have used the fact that x̂|TrL⊗R [LB + gLMB ] =
0, and f (t) is a reduced density operator of the particle
given by Eq. (43). When we define the current operator
as
Î ≡

i
[HM ,x̂],
h̄

(69)

then the current I(t) is given by I(t) = Tr[Îf (t)]. Note that
the current operator Î may be represented by using the site
basis {|m} as

which agrees with the ordinary definition of the particle current
in a one-dimensional discrete lattice [36].
Considering that ρ(t) in the long time limit is given by F0(0)
[Eq. (59)], we then have



I st ≡ −i x̂|TrL⊗R LF0(0) = 0;
(71)
that is, the total particle current in the nonequilibrium stationary state vanishes because LF0(0) = 0.
Substituting the spectral representation of LM given by
Eq. (18) into Eq. (68), we have

I(t) = −i
x̂|η,Y  η,Y η,Y |f (t) (72a)
η(=0),Y

= −i


Y

x̂|η,Y 

η,Y

(72c)

η>0

where we have defined a particle current component Iη,Y (t).
The current component Iη,Y (t) is a product of the three
factors: (i) transition dipole moment between |Y + η and
|Y − η molecular states, x̂|η,Y  = Y − η/2|x̂|Y + η/2,
(ii) transition frequency between these two states, η,Y , and
(iii) off-diagonal matrix element of the reduced density matrix,
(η,Y | −  − η,Y |)|f (t). The product of the factors (i) and
(ii) represents that the particle current is attributed to the
transition of the particle between |Y − η/2 and |Y + η/2
molecular states. Furthermore, since the factor (iii) is written
as
(η,Y | −  − η,Y |)|f (t)
η
η
η
η
− Y − f (t) Y + , (73)
= Y + f (t) Y −
2
2
2
2

N
i 
xm [HM ,|mm|]
Î =
h̄ m=1
N−1
id 
=−
Jm,m+1 (|m + 1m| − |mm + 1|) , (70)
h̄ m=1

(72b)

the reduced density matrix f (t) should be non-Hermitian in
order to obtain a nonvanishing Iη,Y (t). This is quite a contrast
to a thermal equilibrium at β = 1/T , where the density matrix
is given by a Hermitian matrix ρeq = exp[−βH ], which leads
st
takes
to a vanishing particle current component, while Iη,Y
finite values in the nonequilibrium stationary state.
Substituting F0(0) into Eqs. (72), the current component is
expressed by


st
= −ix̂|η,Y  η,Y η,Y | −  − η,Y |
Iη,Y

eq 
×g 2 TrL⊗R Cˆ2(0) (+i0)ϕ0(0) ρph , for η > 0. (74)

It should be noted that the contribution to the current
st
component Iη,Y
is attributed to the second order creation
operator.
Inserting Eqs. (46) and (32) into Eq. (74), the explicit
st
expression of Iη,Y
is obtained as

η>0

st
Iη,Y
=


2π
∗
η
x̂|η,Y 
g 2 vr2 cr,Y
+ η2 cr,Y − 2
2
h̄
r=L,R

×
{Dph ( ξ,Y −η−ξ )|cr,Y − η2 −ξ |2 {φY − η2 [nr (

ξ,Y −η−ξ )

+ 1] − φY − η2 −ξ nr (

ξ,Y −η−ξ )}

ξ >0

+Dph (

ξ,Y −η+ξ )|cr,Y − η2 +ξ |

2

{φY − η2 nr (

+Dph (

ξ,Y +η−ξ )|cr,Y + η2 −ξ |

2

{φY + η2 [nr (

+Dph (

ξ,Y +η+ξ )|cr,Y + η2 +ξ |

2

{φY + η2 nr (

ξ,Y −η+ξ )

− φY − η2 +ξ [nr (

ξ,Y +η−ξ )
ξ,Y +η+ξ )

ξ,Y −η+ξ )

+ 1] − φY + η2 −ξ nr (

− φY + η2 +ξ [nr (

+ 1]}

ξ,Y +η−ξ )}

ξ,Y +η+ξ )

+ 1]},

(75)

Y,Y +η

st
given by Eqs. (C12), Iη,Y
can be written as


η   cr,Y + η2  Y + η2 +ξ,Y − η2
η
Y − η ,Y + η2 +ξ
kr
= Y − x̂ Y +
φY − η2 − kr 2
φY + η2 +ξ
2
2 r=L,R ξ =0 cr,Y − η2

cr,Y − η2  Y + η2 +ξ,Y + η2

Y + η2 ,Y + η2 +ξ
η
η
+
kr
φY + 2 − kr
φY + 2 +ξ .
cr,Y + η2

or by using the transition probabilities of kr
st
Iη,Y
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(a)

TL = 2.0 , TR = 0.01

η=1

(b)

η=3

0

st
Iη,Y

st
Iη,Y

st
Iη,Y

0.05

− 0.05
2

4

6

Y + η/2

10

(c)

η=1

TR

Y

TR

FIG. 7. The temperature dependence of some current components shown in Fig. 6. The current components as a function of TR for a fixed value of TL = 2.0 are shown. The
Iη,Y for (η,Y ) = (1,5/2),(1,9/2),(1,13/2),(1,17/2) and (η,Y ) =
(3,7/2),(3,9/2),(3,13/2),(3,17/2) are shown in (a) and (b), respectively.

η=3

st
Iη,Y

st
Iη,Y

(b)

8

Y

st
FIG. 6. The particle current components Iη(>0),Y
for N = 10,
vL = vR = 1.0, g = 0.1, TL = 2.0, and TR = 0.01. In (a), all the
st
are drawn, and in (b) and (c) the components of
components of Iη,Y
η = 1 and η = 3 are shown, respectively.

As seen in Eq. (76), in the calculation of the current component
st
due to the pair of the molecular states between |Y + η/2
Iη,Y
and |Y − η/2 we have to consider the transitions between the
Y +η ,Y
other molecular states |Y + η  and |Y  expressed by kr

Y,Y +η
or kr
, and between |Y + η  and |Y + η expressed by
Y +η ,Y +η
Y +η,Y +η
kr
or kr
. As a result, the particle current cannot
be cast into the Landauer formula contrary to the energy
flow, where there are no other molecular states involved in
the calculation of the energy flow UYst+η,Y .
As an example of the particle current we show in Fig. 6
st
the particle current components Iη,Y
of the same molecule
which has been investigated in Sec. IV, where we have taken
N = 10, vL = vR = 1.0, g = 0.1, TL = 2.0, and TR = 0.01.
st
In (a), all the components of Iη,Y
are drawn, and in (b) and (c)
the components for fixed values of η = 1 and η = 3 are shown,
respectively, where the horizontal axis is Y . When εL = εR ,
st
Iη,Y
= 0 for an even integer of η, because η,Y |x̂ = 0 due
st
to the symmetry. It is found that Iη,Y
takes a large value when
η = 1 which suggests that the particle current is large for a pair
st
of adjacent molecular states in energy and the Iη,Y
becomes
st
small as η increases. It is also found that Iη,Y is positive for
a large Y while it is negative for a small Y : The induced
polarization due to the molecular states with a higher energy is
directed from the high-temperature side to the low-temperature
side.
st
We also show the temperature dependence of Iη,Y
of Fig. 7 as a function of TR with a fixed value
st
for (η,Y ) =
of TL = 2.0. In panel (a) are shown Iη,Y
(1,5/2),(1,9/2),(1,13/2),(1,17/2) and in (b) that for (η,Y ) =
(3,7/2),(3,9/2),(3,13/2),(3,17/2). The particle current vanishes at TR = TL , and they linearly depend on the temperature
difference around TR = TL , while they change nonlinearly in
the low-temperature region reflecting the discrete molecular

level structures. This behavior corresponds to that of the energy
flow shown in Fig. 4, because both the energy flow and the
particle current are born out from the unique collision invariant
by the actions of Cˆ1(0) and Cˆ2(0) on |u(0)
0 )).
So far we have investigated the particle current components
attributed to a quantum correlation between a pair of molecular
states. With use of the representation in terms of the site basis
given in Eq. (4), we may reveal the quantum correlation in
space which is generated in the nonequilibrium stationary
state. Similarly to Eq. (73), we investigate the nonsymmetricality of the off-diagonal elements of f (t) in terms of the site
basis as
fm,M ≡ (m,M| −  − m,M|)|f (t),

(77)

where |m,M is the Wigner basis in terms of the site basis
defined similarly to Eq.(17) by
m
m
m
m
,
;M ∓
≡ M±
M∓
2
2
2
2
(double sign in same order)
(78)

| ± m,M ≡ M ±

with use of site basis |M ± m/2. We show in Fig. 8 the
imaginary part of fm,M for the same case of Fig. 6: In panel (a)
we show all the components of fm,M and in (b) the dependence
on the relative distance m for M = 5 and M = 5.5. As seen
from the figures, the values of fm,M does not depend on
the central position of M but on the relative distance of m,
suggesting that the quantum correlation in space decreases,
as m increases. We also found that fm,M = 0 at TL = TR :
The quantum correlation in space comes to appear only in a
nonequilibrium situation.
VI. APPLICATION TO ONE-DIMENSIONAL DNA CHAIN

As an application of our result, let us give an example of a
real physical system, a hole transfer in a one-dimensional chain
of DNA base pairs [9]. In this case, a hole (or an electron) is
an energy carrier and the molecular system has been described
by the tight binding Hamiltonian given by Eq. (2). It has been
known that in a chain of DNA bases, the site energy of a
guanine (G) and cytosine (C) base pair is higher than that of
a thymine (T) and adenine (A) pair: εGC − εT A 0.5 eV, and
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the transfer between the base pairs has been estimated to be
J 0.4 eV. We show in Fig. 9(a) a typical result of the energy
flow when we put two GC pairs at the both ends of a molecular
chain with its length of N = 10, where we have taken g = 0.5.
It is found that the energy flow increases nonlinearly with
temperature; Note that TL,R = 300 K corresponds to TL,R =
0.06 in our unit. The hole current in the molecular states is
also shown in Fig. 9(b) and the schematic picture of the energy
flow and the particle current is shown in Fig. 9(c), where we
fix TL = 0.07 and TR = 0.06 corresponding to 350 K and
300 K, respectively. It is found that the energy is transported
by a particle current in the lower molecular states.

represented in the expansion of the order of correlation following the principle of the dynamics of correlation. The physical
quantity in the nonequilibrium stationary state is derived by
taking an expectation value of an observable with respect to
the stationary state. The energy flow and the particle current
are attributed to the first-order and second-order correlations
created from the vacuum of correlation, respectively. Since
the first-order correlation is directly related to the collision
operator in kinetic theory, the energy flow can be cast into the
form of Landauer equation with a transmission function with a
strong resonance which reflects a discrete level structure of the
molecular states. It is also found that the thermal force induces
a polarization, or its conjugate particle current, which cannot
be cast into a Landauer-type formula, because the particle
current is attributed to the second-order correlation. Even so,
there is a correspondence between them in their temperature
dependences.
Here we have dealt with the nonequilibrium transport
process of a molecule coupling with a thermal phonon bath
with very broad spectral width. It is interesting to investigate
how the energy flow will be changed if we modify the phonon
density of states in such a way that a particular molecular
states be resonantly excited. By replacing a phonon field with
a radiation field in the present work, we can investigate how the
energy flow behaves under a monochromatic light excitation
in a nonequilibrium stationary state. These further extensions
of the present model will be shown elsewhere.

VII. CONCLUDING REMARKS
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APPENDIX A: REPRESENTATION IN LIOUVILLE SPACE
AND THE EXPRESSION OF L M B

0.00002
st
Iη,Y

0.00001

U st

4

0

− 0.00001

In this section, we briefly review the Liouville space
representation of a Hilbert space operator. The Liouville space
is spanned by linear operators in A,B, . . . in the ordinary
wave function space [24]. As usual, the inner product of the
Liouville space is defined by

0
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A|B = Tr(A† B),

(A1)

where A and B are linear operators acting on wave functions,
and A† is a Hermitian conjugate of A. For the case where the
wave function space is spanned by a complete orthonormal
basis,

|αα| = 1,α|β = δα,β ,
(A2)

TR

α

FIG. 9. The energy flow (a) and the particle current (b) of onedimensional base pairs of DNA molecule with 10 bases. In (b) TL =
0.07 (350 K) and TR = 0.06 (300 K) are used. The schematic picture
of the energy flow and the particle current component is shown in (c)
on the molecular level structure.

the Liouville space is spanned by a complete orthonormal basis
of the dyads |α; β ≡ |αβ|, that is,

|α; βα; β| = 1, α; β|α  ; β   = δα,α δβ,β  . (A3)
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The matrix element of the usual operator A in the wave
function space is given by
α; β|A = α|A|β.

(A4)

The Liouville basis is constructed of the tensor product
of the eigenstates of the unperturbed Hamiltonian. For the
molecular system and the thermal bath systems, the Liouville
basis is written by
|j¯1 ; j¯2  ≡ |j¯1 j¯2 |,

(A5)

where |j¯ denotes the eigenstate of HM given by Eq. (4), and
|nr,q ; nr,q  ≡ |nr,q nr,q |,
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where

|η,Y  ≡ |j¯1 ; j¯2 ,

(A7)

(A8)

|νr,q ,Nr,q  ≡ |nr,q ; nr,q ,

(A9)

and
where νr,q and Nr,q are defined in Eq. (21). The Wigner basis
is the eigenstate of L0 as shown in Eq. (24). The Wigner basis
then forms the complete orthonormal basis satisfying
η,Y |η ,Y   ⊗ {ν},{N }|{ν  },{N  } = δη,η δY,Y 
× δ{ν},{ν  } δ{N},{N  } ,


(A6)

where |nr,q  is the number state for a thermal bath normal
mode (r,q) of HB . In order to clarify the order of correlation,
we prefer to use the Wigner basis defined by Eqs. (17)
and (21):

j¯1 + j¯2
,
η ≡ j¯1 − j¯2 , Y ≡
2

η,Y

|η,Y η,Y |



(A10)
|{ν},{N }{ν}; {N }| = 1, (A11)

{ν},{N}

where |{ν},{N } ≡ r,q |νr,q ,Nr,q .
Now we consider the matrix element of the interaction
Liouvillian LMB ≡ HMB × 1 − 1 × HMB in terms of these
Wigner bases. The calculation of the matrix elements of LMB
can be done in a straightforward manner, yielding


η
g  
η
δ  η
η,Y |{ν}; {N }|gLMB |η ,Y |{ν },{N } = √
vr Y + r r Y  +
η
2
2 Y − 2 ,Y − 2
h̄  r=L,R q

d
1
νr,q

 ,ν +1 δ
+ 1 e 2 dNr,q δνr,q
× Nr,q +
r,q
{ν},{ν  } δ{N},{N  }
2

νr,q − 12 dNdr,q
η
η


 ,ν +1 δ
r r Y − δY  + η ,Y + η Nr,q −
e
δνr,q
− Y −
r,q
{ν},{ν  } δ{N},{N  }
2
2
2
2
2

νr,q − 12 dNdr,q
η
η


 ,ν −1 δ
r r Y + δY  − η ,Y − η Nr,q +
e
+ Y +
δνr,q
r,q
{ν},{ν  } δ{N},{N  }
2
2
2
2
2


d
1
νr,q
η
η


 ,ν −1 δ

− Y− r r Y −
δY  + η ,Y + η Nr,q −
+ 1 e 2 dNr,q δνr,q
δ

r,q
{ν},{ν } {N},{N } ,
2
2
2
2
2








where δ  stands for the product of the Kronecker δ except for
the interaction normal mode of (r,q). We draw the diagram of
the correlation corresponding to these four terms in Fig. 10.
In the figures, the dotted line denote the correlation, νr,q ,
of the phonon mode involved in the interaction, and the
solid and double solid lines denote the correlation, η or η ,
respectively, of the molecular state. The solid circle stands
for the vertex of the interaction whose matrix element is
written at the vertex. The diagrams of panels (a) and (c)
correspond to Eqs. (A12a) and (A12c), each of which is
†
attributed to the br,q (phonon absorption) and br,q (phonon
emission) terms in HMB × 1 term of LMB , where the phonon
line appearing on the left side of the vertex implies that the
transition of the particle ket state of |Y  + η /2 to |Y + η/2
occurs by the interaction. On the other hand, the diagrams
of (b) and (d) correspond to Eqs. (A12b) and (A12d), each
†
of which is attributed to the br,q (phonon emission) and br,q
(phonon absorption) terms in 1 × HMB term of LMB , where
the phonon line appearing on the right side of the vertex
implies that the transition of the particle bra state of Y  − η /2|
to Y − η/2| occurs by the interaction. The reader may be

(A12a)
(A12b)
(A12c)
(A12d)

referred to the textbook about the way of writing the correlation
lines [22].
APPENDIX B: THE COMPLEX SPECTRAL
REPRESENTATION OF LIOUVILLIAN AND
SUBDYNAMICS

In this section, we summarize the complex spectral representation of Liouvillian [24]. The useful formulas for this
paper are listed without proof. The reader may refer to some
references for detail [24–26].
In the complex spectral representation of Liouvillian, we
consider the eigenvalue problem for each correlation subspace
(μ) = (η,ν), where η and ν represent the order of the
correlation of the particle and phonon, respectively.
The complex eigenvalue problem is written as


 
L Fj(μ) = Zj(μ) Fj(μ) , F̃j(μ) L = F̃j(μ) Zj(μ) , (B1)
(μ)

where the Liouvillian can have complex eigenvalues ImZj =
0. It has been shown that the time evolution splits into two
semigroups; one is oriented toward our future t > 0 with
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FIG. 10. The diagram of the interaction Liouvillian LMB , where the lines represent the correlation [22,24]. The dotted line denotes the
correlation, νr,q , of the phonon mode involved in the interaction, and the solid and double solid lines denote the correlation, η or η , respectively,
of the molecular state. The solid circle stands for the vertex of the interaction whose matrix element is written at the vertex.
(μ)

ImZj < 0 (equilibrium is approached for t → ∞), while
(μ)
the other is oriented toward our past t < 0 with ImZj > 0.
All irreversible processes have the same time orientation. To
be self-consistent we choose the semigroup oriented toward
our future, which determines the direction of the analytic
continuation of the eigenfunction of L [24,28].
Now we introduce the projection operators defined in (25)
which satisfy
L0 P̂ (μ) = P̂ (μ) L0 ,
P̂

(μ)

(μ )

= P̂ δμ,μ ,
P̂

P̂ (μ) = 1.
(μ)

(B2a)
(B2b)
(B2c)

μ

(μ)

μ,j

Applying the projection operators P̂ (μ) and Q̂(μ) in (25)
and (B3) to the (B1), we derive the following set of
equations:

(μ) 
(μ) 
(μ)
(μ) 
+ Q̂(μ) Fj
= Zj P̂ (μ) Fj ,
P̂ (μ) L P̂ (μ) Fj
(B6a)
 (μ) (μ) 
(μ) 
(μ) (μ)
(μ) 
(μ)
(μ)
+ Q̂ Fj
= Zj Q̂ Fj
.
Q̂ L P̂ Fj
(B6b)
Equation (36b) leads to
(μ) 
(μ)
(μ) 
= Cˆ(μ) (Zj )P̂ (μ) Fj
,
Q̂(μ) Fj

We also introduce the projection operators
Q̂(μ) = 1 − P̂ (μ) ,

(B3)

which are orthogonal to P̂ (μ) .
We solve the eigenvalue problem (B1) for the perturbed
system with g = 0 under the boundary conditions for the
unperturbed case:
(μ) 
(μ) 
Fj
= P̂ (μ) Fj
,
 (μ) (μ)
 (μ)
F̃j = F̃j P̂
for g = 0.
(B4)
(μ)

Hence, Q̂(μ) |Fj )) = 0 for g = 0. The Q̂(μ) components are
created through the interaction for g = 0. The right and left

(μ)

eigenstates, |Fj )) and ((F̃j |, respectively, are biorthonormal
sets satisfying
 (μ)  (μ)
 (μ) (μ ) 
Fj
F̃j Fj 
= δj,j  δμ,μ ,
F̃j = 1. (B5)

(B7)

where
Cˆ(μ) (z) =

1

(B8)
Q̂(μ) gLMB P̂ (μ)
z−
is called the creation-of-correlation operator, or simply the
creation operator [24]. Substituting (B7) into (B6), we
obtain



(μ) (μ) 
ˆ (μ) Zj(μ) u(μ)
= Zj uj
,
(B9)
j
where
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uj

Q̂(μ) LQ̂(μ)

 (μ) −1/2 (μ) (μ) 
= Nj
P̂ Fj

(B10)
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(μ)
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(μ)

and Nj is a normalization constant which will be determined later. Here ˆ (μ) is the collision operator familiar
to nonequilibrium statistical mechanics [22,27,30,31]. This
operator is associated with diagonal transitions between two
states corresponding to the same projection operator P̂ (μ) :

where the operator D̂(μ) (Zj ) is called the destruction-ofcorrelation operator, or the destruction operator for short, and
is defined by [cf. (30)]

ˆ (μ) (z) = P̂ (μ) L0 P̂ (μ) + P̂ (μ) gLMB P̂ (μ)
+ P̂ (μ) gLMB Q̂(μ) Cˆ(μ) (z)P̂ (μ) .

Again D̂(μ) (z) corresponds to the off-diagonal transitions;
D̂(μ) (z) = P̂ (μ) D̂(μ) (z)Q̂(μ) . Using D̂(μ) (z), the collision operator ˆ (μ) (z) is also written as

(B11)

Note that (B9) is a nonlinear equation in the same sense of the
Brillouin-Wigner perturbation method; that is, the eigenvalue
(μ)
Zj appears in the collision operator.
Assuming completeness in the space P̂ (μ) , we may always
(μ)
construct a set of states {((ũ(μ)
j |} biorthogonal to {|uj ))}, that
is,
 (μ)  (μ)
 (μ) (μ ) 
uj
ũj uj 
= δj,j  δμ,μ ,
ũj = 1. (B12)

D̂(μ) (z) = P̂ (μ) gLMB Q̂(μ)

1
z − Q̂(μ) LQ̂(μ)

Q̂(μ) . (B15)

ˆ (μ) (z) = P̂ (μ) L0 P̂ (μ) + P̂ (μ) gLMB P̂ (μ)
+ P̂ (μ) D̂(μ) (z)Q̂(μ) gLMB P̂ (μ) .

The normalization constant
is determined by Eq. (B5)
with Eqs. (B13) and (B14) as
 (μ) −1  (μ)  (μ)
 (μ)  (μ) 
(μ)
uj
Nj
.
= ṽj P̂ + D̂(μ) (Zj )Cˆ(μ) Zj
(B17)

μ,j

Equation (B9) combined with (B10) shows that the P̂ (μ)
(μ)
component of |Fj )) [which is called the “privileged com(μ)
ponent” of |Fj ))] is an eigenstate of the collision operator,
(μ)
which has the same eigenvalue Zj as the Liouvillian. The
solution of the eigenvalue problem of the Liouvillian for our
class of singular functions has unique features. The privileged
components satisfy closed equations and the Q̂(μ) components
are “driven” by the privileged components [see (B7)].
Combining (B7) with (28), we obtain the right eigenstates
of the Liouvillian given by

 (μ)  (μ) 
(μ)
(μ) 
uj
. (B13)
|Fj )) = Nj P̂ (μ) + Cˆ(μ) Zj
Similarly, we obtain for the left eigenstates given by
 (μ)
 (μ) 
 (μ)  (μ)
F̃j = ṽj P̂ (μ) + D̂(μ) Zj
Nj ,

(B14)

(B16)

(μ)
Nj

(μ)
((ṽj |

The states
are the left eigenstates of the collision
(μ)
ˆ
,
operator
 (μ) (μ)  (μ)   (μ) (μ)
ṽj ˆ
Zj = ṽj Zj .
(B18)
We have revealed the correspondence between the eigenvalue problems of the Liouvillian L and the collision
operator ˆ (μ) .
APPENDIX C: COLLISION OPERATOR IN THE VACUUM
OF CORRELATION SUBSPACE

In this section, we shall give the explicit expression of the
collision operator of ¯ 2(0) by applying Eqs. (A12) into Eq. (41).
We show the diagrams of ¯ 2(0) (+i0) in Fig. 11. The diagrams
(a), (b), (c), and (d) represent the loss of the state |0,Y  which
are written by



g2 1   
∗
(a) : 0,Y ¯ 2(0) |0,Y (a) = 2
|vr |2 |cr,Y
cr,Y −η |2 +
i0 − (
h̄  q r=L,R η

1
−η,Y −η/2



g2 1   
∗
|vr |2 |cr,Y
cr,Y +η |2 +
(a  ) : 0,Y ¯ 2(0) |0,Y (a  ) = 2
i0 − (
h̄  q r=L,R η


g2 1   
∗
|vr |2 |cr,Y
cr,Y +η |2 +
(b) : 0,Y ¯ 2(0) |0,Y (b) = 2
i0 − (
h̄  q r=L,R η


g2 1   
∗
(b ) : 0,Y ¯ 2(0) |0,Y (b ) = 2
|vr |2 |cr,Y
cr,Y −η |2 +
i0 − (
h̄  q r=L,R η

[nr (ωr,q ) + 1],

(C1)

− ωr,q )

nr (ωr,q ),

(C2)

+ ωr,q )

nr (ωr,q ),

(C3)

[nr (ωr,q ) + 1],

(C4)

+ ωr,q )

1
η,Y +η/2

1
−η,Y +η/2

1
η,Y −η/2

− ωr,q )

where nr (ω) is Planck’s distribution function given by Eq. (16).
On the other hand, the diagrams (c), (c ), (d), and (d ) represent the gain of the |0,Y  state from the |0,Y ± η states which
are written as

g2 1  
∗
|vr |2 |cr,Y
cr,Y +η |2 +
(c) : 0,Y ¯ 2(0) |0,Y + η(c) = − 2
i0 − (
h̄  q r=L,R

1
−η,Y +η/2



g2 1  
∗
|vr |2 |cr,Y
cr,Y −η |2 +
(c ) : 0,Y ¯ 2(0) |0,Y − η (c ) = − 2
i0 − (
h̄  q r=L,R
051118-14
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−1r,q
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FIG. 11. Diagram of the collision operator



g2 1  
∗
(d) : 0,Y ¯ 2(0) |0,Y − η (d) = − 2
|vr |2 |cr,Y
cr,Y −η |2 +
i0 − (
h̄  q r=L,R


g2 1  
∗
|vr |2 |cr,Y
cr,Y +η |2 +
(d  ) : 0,Y ¯ 2(0) |0,Y + η (d  ) = − 2
i0 − (
h̄  q r=L,R

1
−η,Y −η/2

1
− ωr,q )

η,Y +η/2

nr (ωr,q ) ,

(C7)

[nr (ωr,q ) + 1],

(C8)

+ ωr,q )

where nr (ω) is the Planck’s distribution given by Eq. (16). The summation for the thermal phonon modes q is replaced by the
integral with use of the density of states given by Eq. (9).
When we sum up the contributions of these diagrams, we have for η > 0
g2  
∗
|vr |2 {|cr,Y
cr,Y −η |2 Dph ( η,Y −η/2 )[nr ( η,Y −η/2 ) + 1]
0,Y | ¯ 2(0) |0,Y  = −2π i 2
h̄ r=L,R η>0
∗
cr,Y +η |2 Dph (
+ |cr,Y


g
0,Y ¯ 2(0) 0,Y + η = 2π i 2
h̄



2



η,Y +η/2 )nr (

η,Y +η/2 )},

∗
|vr |2 |cr,Y
cr,Y +η |2 Dph (

(C9)

η,Y +η/2 )



nr (

η,Y +η/2 )


+1 ,

(C10)

r=L,R


g2 
∗
0,Y ¯ 2(0) 0,Y − η = 2π i 2
|vr |2 |cr,Y
cr,Y −η |2 Dph (
h̄ r=L,R



where we have used Eqs. (8) and (20). When we define the
transition probabilities as
g2
∗
krY,Y +η ≡ 2π 2 |vr |2 |cr,Y
cr,Y +η |2 Dph ( η,Y +η/2 )
h̄
(C12)
× [nr ( η,Y +η/2 ) + 1],
2
g
∗
krY,Y −η ≡ 2π 2 |vr |2 |cr,Y
cr,Y −η |2 Dph ( η,Y −η/2 )nr ( η,Y −η/2 ),
h̄
(C13)

η,Y −η/2 )nr (

η,Y −η/2 ),

(C11)

where η > 0, we can write
 



0,Y ¯ 2(0) 0,Y = −i
krY −η,Y + krY +η,Y , (C14a)

051118-15

r=L,R η>0




0,Y ¯ 2(0) 0,Y + η = i
krY,Y +η ,


krY,Y −η .
0,Y ¯ 2(0) 0,Y − η = i



(C14b)

r=L,R

r=L,R

(C14c)
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For a N = 2 molecule, the eigenstates of HM are obtained
as
|1̄ = cL,1̄ |L + cR,1̄ |R,
|2̄ = cL,2̄ |L + cR,2̄ |R,

(C15a)
(C15b)

cL,1̄ = cos θ, cR,1̄ = sin θ,
cL,2̄ = − sin θ, cR,2̄ = cos θ,

(C16a)
(C16b)
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the thermal bath systems. We can denote the energy flow from
the left thermal bath as an energy change of the left thermal
bath:
w L (t) =

with

where tan 2θ = 2J /(ER − EL ). The eigenvalues of these
eigenstates are given by

εL + εR − (εL − εR )2 + 4J 2
,
(C17a)
E1̄ =
2

εL + εR + (εL − εR )2 + 4J 2
E2̄ =
.
(C17b)
2
The transition probabilities are then given by
πg 2 vL2
kL1,2 =
sin2 2θ Dph ( )[nL ( ) + 1], (C18)
2h̄2
πg 2 vR2
kR1,2 =
sin2 2θ Dph ( )[nR ( ) + 1], (C19)
2h̄2
πg 2 vL2
kL2,1 =
sin2 2θ Dph ( )nL ( ),
(C20)
2h̄2
πg 2 vR2
kR2,1 =
sin2 2θ Dph ( )nR ( ).
(C21)
2h̄2


d
HBL t =
ωL,q Tr[N̂L,q LMB ρ(t)], (D1)
dt
q
†

where N̂L,q ≡ bL,q bL,q . This definition coincides with the
ordinary definition of the particle current from a particle
bath to a mesoscopic system [37]. Using Eqs. (A12) and
replacing ρ(t) with F0(0) , we have the expression of the
energy flow from the left bath in the nonequilibrium stationary
state as
 †

gvL  
cL,Y +η cL,Y Tr (bL,q − bL,q )F(0)
(D2)
wLst = √
0 .
 q η,Y
Substituting Eq. (49) into Eq. (D2) and after some calculation,
we obtain
wLst =

2πg 2 vL2  ph
D (
h̄
η>0

∗
2
η,Y +η/2 )|cL,Y +η cL,Y |

×{φY nL (

− φY +η [nL (

η,Y +η/2 )

η,Y +η/2 )

η,Y +η/2

+ 1]} . (D3)

In this section, we show that the formula of the energy flow
Eq. (61) is also obtained by investigating the energy change of

The energy flow going out to the right thermal bath has been
calculated similarly. By summing up the two contributions we
obtain the same results as given in Eq. (61). These derivations
mentioned here are to clarify that the energy flow is carried by
a phonon particle flowing from the left bath to the right one.
This is the reason why the energy flow in the present case is
described by the Landauer formula, which is mostly used to
represent the electronic current in which an electron flows in
from an electron reservoir at one end and going out to the other
end through a one-dimensional mesescopic system.
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