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Three Essays on Pricing Strategies

Fan Liu, Ph.D.

The University of Texas at Austin, 2017

Supervisor: David S. Sibley

Pricing is one of the most vital topic within the theory of Microeco-

nomics. A firm can use a variety of pricing strategies to maximize its profit,

gain market share, enter a new market or prevent potential entrants. This

dissertation contains three essays exploring the equilibrium effect of various

pricing strategies.

The first chapter, co-authored with David S. Sibley and Wei Zhao,

examines the effects of two types of vertical restrictions that are found in

the cigarette and soft drink industries. In one case, a manufacturer gives

discounts to the retailer in return for a commitment that the manufacturers

product be priced no higher than a specified competing product. We refer

to this as a vertical MFN (VMFN). The second is an agreement where the

retailer commits to price in such a way that its margin on the product is

no higher than the equivalent margin on a specified competing product. We

refer to this as a vertical margin constraint (VMC). We show that the VMFN
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results in equilibrium prices that are higher than in a benchmark case without

the constraint. In contrast, the VMC constraint leads to uniformly lower

prices. The distributional effects are different, too. The VMFN tends to raise

manufacturer profits, if different manufacturers produce very similar products.

The retailer is worse off. The opposite effects arise in the VMC case.

The second chapter analyzes firms giving switching discounts to con-

sumers who purchased from their rivals rather than own past customers. By

analyzing a two-period duopoly model with horizontal differentiation, we find

that when the intrinsic value of the product is not high enough to make sure

that the consumers will buy at least one of the product, the dynamic price

path featured in the previous literature involving a raised second period price

for customers with relatively high valuation will be reversed. Moreover, of-

fering switching discounts results in a profit lower than the benchmark case,

where such a pricing strategy is unavailable.

The third chapter discusses how bundled discounts affect firm’s decision

of extending the product line by versioning the product through horizontal dif-

ferentiation or vertical quality degrading. We propose a framework showing

that inter-firm mixed bundling schemes may incentivize the introduction of a

differentiated product, while in the absence of bundling it may not be prof-

itable to do so. However, the consumer’s surplus gain as a result of intensified

competition and increased variety of goods from versioning will be dominated

by the negative welfare impacts of bundling.
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Chapter 1

Vertical Contracts That Reference Rivals

1.1 Introduction

In this paper we study the equilibrium effects of two types of vertical

restraints on retail pricing which have not received much systematic study to

date, but which are used in at least two major industries, cigarettes and soft

drinks.

One such constraint has been part of a marketing program offered by

R.J. Reynolds (“RJR”) to retailers for a number of years. This program is

called the “Every Day Low Price”, or “EDLP” program. It is offered by RJR

as an option to its standard marketing agreement with retailers. The EDLP

program gives a retailer certain discounts and marketing benefits in return for

the retailer agreeing not to price certain RJR brands higher than designated

competing brands which are named in each EDLP agreement. In addition,

the EDLP agreement requires the retailer to devote a certain amount of shelf

and display space to RJR brands, which may minimize the space devoted to

competing discount brands.

Similar requirements often exist in the agreements that Coke and Pepsi

have with their bottlers. These agreements are commonly called Calendar
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Marketing Agreements, or CMAs. As with the EDLP, these trade programs

give bottlers certain benefits in return for agreeing that Coke or Pepsi prices are

not to be set above the prices of specified competing brands. For example, in

Coca Cola Company Vs. Harmar Bottling Company1, Coca Cola required the

plaintiff bottling companies to price Coke no higher than Royal Crown Cola.

Bowers et al. [2012] also note that CMAs typically last for only 26 weeks, with

Coke and Pepsi alternating at a given retailer as the CMA manufacturer.

This type of vertical restriction has been litigated in both the soft drink

industry2 and the cigarette industry3. To our knowledge, it has not yet been

found to have violated antitrust laws. Indeed, to require a retailer to price

ones product no higher than a particular competing product appears, on its

face, to be pro-competitive.

To our knowledge, there is little published economic literature that

examines the pricing implications of this type of vertical restriction. Salop

and Scott Morton [2013] discuss the harms and benefits of MFN, and the

law enforcement issues associated with it. They provide an overview of DOJ

actions against MFN, and evaluate the conditions in which MFNs are more or

less likely to raise competitive concerns.

1For a good discussion, see Supreme Court of Texas, THE COCA-COLA BOTTLING
COMPANY et al, petitioners, v. HARMAR BOTTLING COMPANY et al, respondents,.
No. 03-0737. Decided October 30, 2006.

2See Louisa Coca-Cola Bottling Co., Plaintiffs, v. Pepsi-Cola Metropolitan Bottling co,
Inc., Defendants, United States District Court, E.D. Kentucky, No. Civ. 99-114, 94 F.
Supp. 2nd 804 (1999).

3Liggett Group Inc. v. R.J. Reynolds Tobacco Co. No. Civ.A.00-994(AJL) 102 F. Supp.
2nd 518 (2000). United States District Court, D. New Jersey.
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Shaffer [2012] has discussed some of the implications of this restriction

in unpublished work. He refers to it as parity pricing. In an unpublished

paper, Carlton and Winter [2016] consider the same type of restriction in the

context of credit cards. Specifically, they imagine the no-surcharge rule as an

application of a constraint that says that a merchant cannot charge more to a

customer paying with one credit card than if the customer were paying another

designated card. They arrive independently at results similar to some of ours.

They note that because this requirement constrains relative retail prices, it is

akin to a MFN. The difference between parity pricing and a standard MFN is

that parity pricing is imposed upstream on downstream price. Therefore, they

refer to it as a vertical MFN, or VMFN. Our paper differentiates from theirs

by setting up a general model and providing a more thorough examination

on the equilibrium impacts of the VMFN constraint, and the reason why the

VFMN would be chosen by the firms and the retailers.

Boik and Corts [2016] is the most related work to our paper, and they

arrive at equilibrium price impacts conclusions similar to ours. Referring to

the parity agreement in two-sided markets as platform MFN (PMFN), they

set up a benchmark platform competition model with two platforms and one

seller, and show that platform MFNs will raise platform fees and retail prices.

However, their model features a PMFN clause imposed by the platform that

is mandatory for the retailers. In the case of the tobacco and soft drinks

industry, the VMFN clause is optional to the retailers. Our results suggest

that if self-selection should be allowed by the retailer, the VMFN contract
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would not be chosen at all. Hence, VMFN only makes sense with at least two

retailers and asymmetric demand structure. We provide a numerical analysis

with two retailers and show that the larger firm will be better-off by offering

VMFN compared to the third degree price discrimination benchmark.

What further differentiates our work from Boik and Corts [2016] is our

assumption on firms’ beliefs in binding VMFN constraint as an equilibrium

outcome. We have shown that even if the other firm has no VMFN itself,

there is no profitable deviation from the VMFN equilibrium. In that sense,

firm’s adoption of the VMFN serves as the selection device of the multiple

equilibria in Boik and Corts [2016].

There is a second type of vertical price constraint found in contracts

between cigarette manufacturers and retailers. As noted, the EDLP program

is optional for retail customers of RJR. The standard contract between RJR

and retailers requires that the retailer price particular brands of cigarettes so

that the margins earned by the retailer on RJR brands do not exceed those

earned on other specific competing brands of cigarette. Other major tobacco

companies, such as Phillip Morris, also have margin constraints like this. We

refer to this constraint as the vertical margin constraint, or VMC. At first

sight, it, too, seems to have an intuitively pro-competitive effect.

Both constraints are examples of contracts that reference rivals (“CRR”),

a term that has arisen in discussions of loyalty discounts4. Because of their

4See Scott Morton and Abrahamson [2016].
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vertical nature, we might refer to them both as vertical contracts that reference

rivals, or VCRR contracts.

In this paper, we focus only on the price effects of these two VCRR

constraints, and not on the shelf space and other requirement that often ac-

company them. We analyze the effects in a model with two manufacturers

selling to one or more downstream retailers. We refer to the two manufac-

turers as Firm 1 and Firm 2. They sell to retailers at wholesale prices w1

and w2. The retailers sell the products of the two manufacturers (products

1 and 2) to final consumers at prices P1 and P2. Final consumers regard the

manufacturers products as substitutable, but differentiated products. For the

most part, we assume that Firm 1 is larger than Firm 2, in the sense that it

has more demand than Firm 2.

Equilibrium prices are determined at the manufacturer level and retail

level. With some abuse of terminology, we refer to the prices set by manufac-

turers as wholesale prices, to distinguish them from the prices set by retailers.

We first calculate equilibrium wholesale and retail prices in the bench-

mark case in which there is no VCRR. We then calculate equilibrium prices

under the VMFN and VMC constraints.

Despite their apparent similarity, we show that the VMFN and VMC

constraints actually have quite different economic effects. The VMFN con-

straint turns out to be unambiguously price-increasing. Compared to the

benchmark case, both wholesale and retail prices are higher in the presence
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of a binding VMFN. In contrast, the VMC has the opposite effect. Com-

pared with the benchmark case, both manufacturer and retailer prices under

a binding VMC constraint are lower.

The reason for these strikingly opposite effects is that these vertical

constraints have opposite effects on the price elasticities of demand facing the

two manufacturers. Compared to the benchmark case, the VMFN lowers the

manufacturers price elasticity of demand and the VMC increases it.

To see why, consider the effect of an increase in the manufacturer price

of product 1 on the demand for product 1 in the benchmark case. An increase

in the wholesale price causes the retailer to increase the price of product 1.

Normally, this causes some consumers to switch to buying product 2, and some

to opt out of buying either. Under VMFN pricing, if the increased wholesale

price of product 1 causes the retailer to raise the retail price of product 1, then

the retailer must increase the retail price of product 2 by the same amount.

Therefore, there is no longer an incentive for buyers of product 1 to switch to

product 2. This reduces the upstream price elasticity of demand faced by Firm

1. Not surprisingly, the effect is to increase both manufacturers equilibrium

prices, with a corresponding effect on retail prices.

The VMFN need not be profitable to Firm 1, but is profitable if prod-

ucts 1 and 2 are close enough substitutes to each other. It will be proposed

only by the large firm, Firm 1. Even if Firm 2 does not propose the VMFN, it

can still profit passively from Firm 1s use of it. If the two products are close

enough substitutes, then Firm 2 gains from Firm 1s use of the VMFN, just as
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Firm 1 gains. However, it is also possible that Firm 1 will gain and Firm 2

will lose from the VMFN, compared to the benchmark case.

The VMFN reduces the retailers profits, raising the question whether

or not the retailer can be induced to accept the VMFN by a lump-sum transfer

from Firm 1. This turns out to be a complicated issue. If the two manufac-

turers are selling to only one retailer, then under reasonable conditions, it is

not possible for such a transfer to take place without leaving Firm 1 worse off

than in the benchmark case. With multiple retailers, this is also the result

if the manufacturers price discriminate among retailers. However, if Firm 1

does not price discriminate in the benchmark case, then the profit generated

by the VMFN are sufficiently higher than in the benchmark case that Firm 1

can compensate participating retailers and still remain more profitable than

in the benchmark case.

In addition, with two retailers, we find that if only one of them adopts

the VMFN, its prices will look lower than those of the non-participating re-

tailer. This gives the appearance of a price-reducing effect due to the VMFN.

However, the apparent discount is actually a sham. All prices would be lower

in the benchmark case without the VMFN.

The effects of the VMC are quite different. As with the VMFN, the key

factor turns out to be the effect of the VMC on the upstream price elasticity

of demand. As a general matter, the price elasticity faced by the manufac-

turer depends on the size of the impact of changes in upstream prices on retail

prices. In the benchmark case, an increase in the wholesale price of product 1
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raises its retail price, but by less than the full amount on the increase in the

wholesale price, due to the price elasticity of downstream demand. Under a

binding retailer margin constraint, the effect of an increase in the manufac-

turers price of product 1 on its retail price is one-for-one, so that an increase

in the wholesale price of Firm 1 increases the retail price of product 1 by the

same amount. This raises the price elasticity of the manufacturers demand

curve compared to the benchmark case. As one might expect, all prices are

lower with a binding VMC in effect than in the benchmark case.

Furthermore, the distributional effects of the VMC are the opposite of

those in the VMFN case. Compared to the benchmark case, in limiting cases,

the retailer weakly gains from pricing according to the VMC, whereas both

manufacturers lose. Indeed, it is easier to imagine the margin constraint being

imposed by the retailer, than by either of the manufacturers.

In Section 1.2 below we describe the framework and present equilibrium

quantities for a benchmark case in which there are no vertical constraints.

Section 1.3 analyzes the equilibrium effects of the VMFN. Section 1.4 covers

the VMC and Section 1.5 discusses conclusions.

1.2 Model Setup and Benchmark Equilibrium

There are two manufacturers, Firm 1 and Firm 2. Each manufacturer

produces only one product. Initially, there will be only one retailer. The re-

tailer is a monopolist over its geographic territory. Each manufacturer chooses

a manufacturers price (w1 and w2) to maximize profits. The retailer chooses

8



retail prices P1 and P2 to maximize its profits. If the retailer is subject to a

VMFN clause as part of its contract with Firm 1, then it must observe the

constraint P1 ≤ P2. If the retailer is subject to a VMC constraint involving

product 1, then the retailer must choose P1 and P2 so that P1−w1 ≤ P2−w2.

The two products made by the two manufacturers, when sold at retail,

are substitutes for each other, but not perfect substitutes. We assume that

the demand curves for product 1 and product 2 are as follows5:

Qi(Pi, Pj) = αi − βPi + λPj, (i, j) ∈ {(1, 2), (2, 1)} (1.1)

Throughout this paper, we assume that β > λ and that α1 > α2 unless

otherwise specified. The retailer buys Q1 and Q2 from Firms 1 and 2 at

manufacturer prices w1 and w2. It maximizes profits, where its profit function

is given by:

ΠR = (P1 − w1)Q1(P1, P2) + (P2 − w2)Q2(P2, P1) (1.2)

With no vertical constraints, the retailer can choose retail prices P1

and P2 in an unconstrained way to maximize profits. The retailers marginal

costs are w1n and w2n. The subscript “n” refers to the benchmark case. The

retailers profit maximization conditions are:

(Pin − win)
∂Qi

∂Pi
+Qin + (Pjn − wjn)

∂Qj

∂Pi
= 0, (i, j) ∈ {(1, 2), (2, 1)} (1.3)

5For simplicity, we assume that the own-price term, β, and the cross-price term, λ, are the
same for both manufacturers. Based on many numerical calculations, this has no important
effect on the results.
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These conditions allow us to write retail prices in terms of the two

wholesale prices, P1n(w1n, w2n) and P2n(w1n, w2n):

Pin(w1n, w2n) =
βαi + λαj
2(β2 − λ2)

+
win
2

, for (i, j) ∈ {(1, 2), (2, 1)} (1.4)

Substituting these prices into the retail demand functions, we obtain

the wholesale demand functions, fin(w1n, w2n):

fin(w1n, w2n) =
1

2
(αi − βwin + λwjn) (1.5)

Given the wholesale demand functions fin(w1n, w2n), each manufacturer

chooses its wholesale price win to maximize profits. The manufacturers profit

function is given by:

Πin =
1

2
(win − ci)(αi − βwin + λwjn) (1.6)

The manufacturers profit maximization conditions are:

−(win − ci)
β

2
+

1

2
(αi − βwin + λwjn) = 0 (1.7)

Note from (3) that w1n and w2n are strategic complements. Solving

these two equations we obtain:

win =
2β(αi + βci) + λ(αj + βcj)

4β2 − λ2
(1.8)

In the rest of the paper, we assume c1 = c2 = 0 unless otherwise

specified. It can be shown from (1.4) and (1.8) that if α1 > α2, then

P1n > P2n (1.9)

The other equilibrium quantities are easily defined in terms of Equation

(1.8). The equilibrium profits are shown in Table 1.1.
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Table 1.1: Equilibrium Benchmark Profits for c1 = c2 = 0

Firm/Retailer Equilibrium Profit

Firm 1 Π1n = β(2βα1+λα2)2

2(4β2−λ2)2

Firm 2 Π2n = β(2βα2+λα1)2

2(4β2−λ2)2

Retailer ΠRn =
β(4β2+5λ2)(α2

1+α2
2)+2λ(8β2+λ2)α1α2

4(β2−λ2)(4β2−λ2)2
β2

1.3 The Vertical MFN Constraint

The game is played out as follows: we start from the benchmark equilib-

rium. First, one or both manufacturers decide whether to propose the VMFN

to the retailer. Since α1 > α2 , from Equation (1.9) above, this implies that

P1n > P2n. We will then focus on the scenario where Firm 1 proposes the

VMFN. Note that if Firm 1’s VMFN constraint is binding, the equilibrium

result is no different from the scenario where Firm 2 also proposes a VMFN,

even though it has the choice not to. Thus, Firm 2’s potential deviation from

the VMFN equilibrium becomes relevant. However, as we show in Section A.7

of the appendix, assuming Firm 2’s belief in binding VMFN constraint as an

equilibrium outcome, even if Firm 2 has no VMFN itself, there is no profitable

deviation from the VMFN equilibrium.

Second, the retailer determines whether to accept the VMFN or not.

Third, Firms 1 and 2 determine their wholesale prices simultaneously. Lastly,

the retailer determines its retail prices for both products 1 and 2. In the rest

of the discussion in this section, we assume that Firm 1 chooses to offer the

VMFN in the first step and the retailer chooses to accept the VMFN in the
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second step6. If either Firm 1 chooses to not offer the VMFN, or the retailer

chooses to reject the VMFN, then we will result in the benchmark equilibrium

described in Section 1.2.

If the constraint P1 ≤ P2 is binding, then any increase in P1 must

increase P2 by the same amount. If it is slack, then the retailer can raise P2

above P1 without violating the VMFN constraint. For the moment, we will

assume that P1 = P2 ≡ Pv for all w1v and w2v. As with the benchmark case,

we begin with the retailer. With P1 = P2 = Pv, the retailer’s profit function

is given by:

ΠRv = (Pv − w1)(α1 − θPv) + (Pv − w2)(α2 − θPv) (1.10)

where θ ≡ β − λ. The parameter θ represents the net effect of a change in

retail prices. When P1 increases, the quantity demanded of Q1 falls by β, but

rises by λ because P2 must increase by the same amount.

The profit-maximization condition for Pv is:

∂ΠRv

∂Pv
= α1 − θPv − θ(Pv − w1) + α2 − θPv − θ(Pv − w2) = 0 (1.11)

At this point we note that the retailer can raise P2 strictly above P1

without violating the VMFN. The test condition for whether the retailer will

6To induce the retailer to accept the VMFN, Firm 1 may offer a lump-sum incentive
to the retailer. When Firm 1 cannot offer a large enough incentive to induce the retailer
to accept the VMFN while obtaining positive profit, other mechanisms outside the model
framework described here may explain the agreement of a VMFN. For example, Firm 1 may
be able to use its market power to credibly threat to refuse to deal with the retailer if it
rejects the VMFN. This is possible when Firm 1 is a global or regional manufacturer of
several major products while the retailer is one of many local monopolists.
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find this profitable is:

∂ΠRv

∂P2

|P1=P2=Pv = λ(Pv − w1) + α2 − θPv − β(Pv − w2) (1.12)

For P1 = P2 = Pv to be correct, this test condition must be negative.

In Section A.2 of the appendix, we show that the test condition is negative if

c1 = c2 = 0. Therefore, we do not have to worry about upward deviations.

Downward deviations violate the VMFN constraint, so we assume that P1 =

P2 = Pv for all equilibrium values of w1v and w2v.

Solving for Pv we obtain:

Pv =
α1 + α2

4θ
+
w1v + w2v

4
(1.13)

This expression allows us to calculate manufacturing demand for each

Product i:

Qiv = mi −
θwiv + θwjv

4
(1.14)

where

mi =
3αi − αj

4
(1.15)

Given these manufacturer demand functions, we have the following

profit functions for the two manufacturers:

Πiv = (wiv − ci)(mi −
θwiv + θwjv

4
) (1.16)

With each firm choosing to maximize wiv, we obtain the following profit-

maximization conditions as:

2θ2wiv + θ2wjv = 4miθ + θ2ci, for i = 1, 2 (1.17)
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Equilibrium wholesale prices w1v and w2v can be solved using Equation

(1.17). From the equilibrium manufacturer prices, it is simple to calculate the

other equilibrium quantities in the model. Note also from Equation (1.17) that

w1v and w2v are strategic substitutes, whereas they are strategic complements

in the benchmark case. This has testable implications. In the benchmark case,

if manufacturing costs rise, so do both wholesale prices. In the VMFN case,

they move in opposite directions.

Comparing the equilibrium manufacturer prices under VMFN (Equa-

tion (1.17)) to those without VMFN in the benchmark case (Equation (1.8))

seems difficult at first glance. However, it is possible to show that imposing

VMFN puts upward pressure on the manufacturer prices starting from the

benchmark level.

The first step in doing so is to calculate the effects of changes in up-

stream prices on downstream prices. In the benchmark case, this is straight-

forward from Equation (1.4):

∂Pin
∂win

=
1

2
(1.18)

Now consider the VMFN equilibrium. If manufacturer 1 raises w1, the

effect on P1 and P2 is more complicated. In the VMFN case, P1 ≤ P2. We

show above that if α1 > α2, then in equilibrium P1v = P2v = Pv. From Equa-

tion (1.13) we have

∂Pv
∂w1

=
1

4
(1.19)
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The impact of a change in w2 on retail prices is less clear. If w2 rises,

the retailer could raise P2 above P1 without violating the VMFN. If so, this

might suggest that we cannot use (1.13) to calculate the downstream price

effect of changing w2, since (1.13) assumes that P1 = P2.

However, the fact that the retailer could raise P2 above P1 does not

mean that it will do so in the new downstream equilibrium. In determining

the demands that they face, both manufacturers will expect the retailer to

re-optimize, given the increase in w2. This will lead to new equilibrium prices

(P1v, P2v). As shown in the test condition (1.12), P1 = P2 = Pv holds for a

marginal increase in w2. Hence, the effect of an increase in w2 on P1 = P2 = Pv

is 1
4
, as just calculated.

The next step is to compare price-responsiveness of upstream demand

between a VMFN regime and the benchmark case. In the benchmark case

−∂Qin

∂win
=
β

2
(1.20)

using Equations (1.1) and (1.4). In the VMFN case, Equation (1.14) gives

−∂Qiv

∂wiv
=
β − λ

4
<
β

2
= −∂Qin

∂win
(1.21)

Thus, in a VMFN equilibrium, upstream demand is less responsive to

the upstream price than in the benchmark equilibrium. At the benchmark

prices and quantities, the manufacturers face lower price elasticities than they

do in the benchmark case.
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From this, it is straightforward that adopting a VMFN puts upward

pressure on upstream prices. In the benchmark case upstream profits for

manufacturer i is given by:

Πin = (win − ci)Qin(w1n, w2n), for i = 1, 2

The profit-maximization conditions are:

∂Πin

∂win
= −1

2
(win − ci)β +Qin = 0 (1.22)

Suppose that a VMFN is imposed at the benchmark prices and quan-

tities, the manufacturers incentives are now:

∂Πin

∂wi
|wi=win

= −1

4
(win − ci)(β − λ) +Qin > 0 (1.23)

Hence, the VMFN creates upward pressure on upstream prices relative

to their benchmark levels. We summarize this in the following proposition7.

Proposition 1.3.1. With linear demand curves and costs, the VMFN places

upward pressure on manufacturer prices, relative to the benchmark case.

To compare the equilibrium payoffs of VMFN and the benchmark mod-

els outside of numerical examples is difficult. However, in the special case

where c1 = c2 = 0, we can get closed form solutions for equilibrium quantities

and can compare them. The equilibrium profits are shown in Table 1.2.

7Carlton and Winter [2016] use a somewhat different, but very intuitive, technique to
derive this result.
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Table 1.2: VMFN Equilibrium Profits for c1 = c2 = 0

Firm/Retailer Equilibrium Profit

Firm 1 Π1v = (7α1−5α2)2

36(β−λ)

Firm 2 Π2v = (7α2−5α1)2

36(β−λ)

Retailer ΠRv = (13α1−11α2)(13α2−11α1)
72(β−λ)

1.3.1 Is VMFN Always Profitable for Firm 1?

The effects of the VMFN on Firm 1 are mixed. First, w1v > w1n, and

Firm 1 faces a lower price elasticity of demand under the VMFN than without

it. All else equal, this would tend to benefit Firm 1. Second, the VMFN

requires the retailer to distort both firms retail prices, which can injure either

manufacturer indirectly. Third, the VMFN can cause the retailer to raise

P2 in order to meet the price constraint. This makes Firm 2 a less effective

competitor than otherwise and benefits Firm 1. From Tables 1.1 and 1.2, we

have the following closed form solution for Π1v − Π1n:

Π1v − Π1n =
(7α1 − 5α2)2

36(β − λ)
− β(2βα1 + λα2)2

2(4β2 − λ2)2
(1.24)

The profit difference Π1v−Π1n can be either positive or negative. Note

that when λ → β, the first term on the right-hand side of Equation (1.24)

goes to infinity, whereas the second term does not. Thus, we have Π1v > Π1n,

where λ is close to β. This result is intuitive, because it is when λ is close to

β that the elasticity-reducing effect of the VMFN is most pronounced.

By the same token, the profitability of the VMFN is doubtful if λ→ 0.

With a low value of λ, the VMFN has little or no elasticity-reducing impact
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on the demand curves facing manufacturers. The main effect of the VMFN,

then, is to force the retailer to distort retail prices, which could harm either

or both firms. Taking the limit as λ→ 0, we have

lim
λ→0

(Π1v − Π1n) =
(7α1 − 5α2)2

36β
− α2

1

8β
(1.25)

If α2 is close to α1, then

lim
α2→α1

[
(7α1 − 5α2)2

36β
− α2

1

8β
] =

α2
1

9β
− α2

1

8β
< 0 (1.26)

Hence, the VMFN may or may not be profitable for Firm 1.

1.3.2 Is VMFN Profitable for Firm 2?

We have assumed that Firm 2 plays a passive role in determining

whether a VMFN is in effect. However, it is not indifferent to the use of

a VMFN by Firm 1. Again, the effect of a VMFN on profits is ambiguous. As

with Firm 1, the results depend on λ. From Tables 1.1 and 1.2:

lim
λ→β

(Π2v − Π2n) > 0 (1.27)

Thus, if products 1 and 2 are good enough substitutes, both manufac-

turers gain relative to the benchmark case. Firm 2 is able to free ride on the

reduction in the upstream price elasticity of demand by Firm 1s use of the

VMFN.

However, it is not guaranteed that Firm 2 will benefit from a VMFN.

Suppose that λ is small, so that products 1 and 2 are not good substitutes.
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Then

lim
λ→0

(Π2v − Π2n) < 0, if α2 ∈ (
11

13
α1, α1) (1.28)

The fact that Firm 2 can either gain or lose from VMFN stems from

the fact that a VMFN has two offsetting effects on Firm 2’s profit. First, it

eliminates price competition with Firm 1. Second, it causes Firm 2 to set its

wholesale price higher than it would in the absence of a VMFN. If β − λ is

small, this means that the manufacturers’ products are very close substitutes.

Therefore, Firms 1 and 2 would engage in tough price competition in the

benchmark case. Thus, eliminating price competition benefits both firms most

when β − λ is small. If β − λ is not small, then the fact that α2 < α1 means

that the retail price of product 2 is forced up due the VMFN. This reduces

Firm 2’s profit. Equations (1.27) and (1.28) illustrate these points.

To sum up, it is possible (if λ is close to β) that both firms prefer

VMFN. With low λ, Firm 2 is harmed by the VMFN.

1.3.3 Other Equilibrium Results

To get a clean result on retailer profitability, we need to assume that

α2 ∈ (11
13
α1, α1). This may seem very restrictive, but, in fact, it is a natural

assumption, given that the demand curves for Products 1 and 2 differ only

in their intercepts. Table 1.2 implies that we require this condition to get a

reasonable equilibrium with ΠRv > 0. If it is not met, then the retailer makes

negative profits, which is unreasonable. As long as this condition on α2 holds,

19



it can be shown that8

• Piv > Pin

• ΠRv < ΠRn

The retailer prices both products higher under the VMFN. This is not

surprising, given the result in Proposition 1.3.1 presented above. For ΠRv <

ΠRn, intuitively, the retailer has to pay higher prices to manufacturers under

a VMFN. Also, the retailer is bound by the VMFN-induced price constraint.

It is not surprising that the retailer is injured by the VMFN.

This raises an important question. Why does the retailer agree to the

VMFN since its profits are lowered by doing so? One possibility is that Firm

1 can give a lump-sum payment to the retailer in order to induce it to agree

to a VMFN. For Firm 1 to do this and still be more profitable than in the

benchmark case requires that

Π1v + ΠRv ≥ Π1n + ΠRn

Recall that if the two retail demand curves differ only in their intercepts,

then α2 ∈ (11
13
α1, α1) is necessary for the retailer to have positive profits at all

without a lump-sum transfer. We show in Section A.3 of the appendix that

for α2 ∈ (11
13
α1, α1), Π1v + ΠRv < Π1n + ΠRn. In other words, given α2 in

8Proof for ΠRv < ΠRn is presented in Section A.1 in the appendix. Proof for Piv > Pin

is available upon request.
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this range, gains to Firm 1 from VMFN are less than the resulting losses to

the retailer. Even in numerical examples that violate this condition, we find

the same thing: Firm 1 cannot compensate the retailer for losses due to the

VMFN without incurring losses itself (relative to the benchmark case). To

some extent, this result comes from our assumption of a single retailer. As

we will see below, with two retailers, it is sometimes possible for Firm 1 to

compensate a retailer choosing the VMFN and still be more profitable than in

the benchmark case.

Thus, under the model with a single retailer, Firm 1 needs to rely on

mechanisms other than a lump-sum payment to induce the single retailer to

accept the VMFN. One possibility is that Firm 1 can credibly commit to refuse

to deal with the retailer, unless the retailer accepts the VMFN. Such threat

would be stronger if Firm 1 also has market power in other products that

it sells to the retailer. Less drastically, Firm 1 could threaten to charge the

retailer a very high default price if the retailer does not adopt the VMFN.

1.3.4 Numerical Examples

In this section, we present two numerical examples that display the var-

ious features of VMFN equilibrium compared to the benchmark equilibrium.

Example 1: α1 = 30, α2 = 28, β = 4, λ = 1, c1 = c2 = 0

Table 1.3 compares the VMFN and the benchmark outcomes for this exam-

ple.In this example, the VMFN raises all prices and is profitable for Firm 1.

Firm 2s profits are reduced, as is the retailers profit. The reduction in Firm
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Table 1.3: Equilibrium Results of Numerical Example 1

Variable VMFN Benchmark VMC
w1 7.78 4.25 3.17
w2 5.11 4.03 2.93
P1 8.06 7.06 6.48
P2 8.06 6.75 6.24
Q1 5.83 8.51 10.31
Q2 3.83 8.06 9.53
Π1 45.37 36.19 32.74
Π2 19.59 32.51 27.93
ΠR 12.91 45.79 65.62

2s profits could ultimately cause exit if Firm 2 has fixed costs that are not

covered by the 19.59 that it makes over variable cost.

However, Equation (1.27) tells us that if λ → β, Firm 2 will be more

profitable in a VMFN regime than in the benchmark case. In the next example,

we increase λ from 1 to 3.99.

Example 2: α1 = 30, α2 = 28, β = 4, λ = 3.99, c1 = c2 = 0

This example compares with our theoretical results above for λ → β. The

results, as shown in Table 1.4 are (of course) consistent with the theory. This

example confirms Equation (1.27) and Firm 2 actually gains from the VMFN

proposed by Firm 1. The extreme prices occur because with λ so close to β,

the price elasticities of demand facing Firms 1 and 2 are very small. In neither

example does Π1v + ΠRv exceed Π1n + ΠRn, meaning that the gains to Firm 1

from the VMFN do not allow it to compensate the retailer for its losses and

still be better itself under the VMFN.
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Table 1.4: Equilibrium Results of Numerical Example 2

Variable VMFN Benchmark
w1 2,333.33 7.32
w2 1,533.33 7.15
P1 2,416.7 1,453.7
P2 2,416.7 1,453.5
Q1 5.83 14.63
Q2 3.83 14.30
Π1 13,611.11 107.73
Π2 5,877.78 102.20
ΠR 3,872.2 41,841

1.3.5 Two Retailers

At first sight, adding a retailer looks uninteresting. If both manufactur-

ers can price discriminate across retailers, then the two retailers are priced in

isolation from each other, and the single-retailer results apply to each retailer

separately. This includes the result that Firm 1 cannot induce the retailer to

adopt the VMFN without making itself worse off than in the benchmark case.

However, suppose that manufacturers have standard price lists that are

constant across retailers, with VMFN as an option. In this setting, the VMFN

can be profitable for Firm 1 and incentive-compatible for the retailers.

Assume that there are two retailers. One retailer (“Retailer A”) sells

both products. The other retailer (“Retailer B”) sells only Firm 1s product.

For simplicity, we assume that the two retailers are two separate local monop-

olists. We show that allowing the two retailers to compete with each other

does not change the qualitative results.
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Under the VMFN, Firm 1 sets a price w∗1 that is available to either

retailer. As an alternative, Retailer A is offered a discount price w1v to accept

VMFN. To further induce Retailer A to accept the VMFN, Firm 1 may include

a lump-sum incentive to Retailer A in its VMFN offer9. We denote Retailer

A’s prices by (PA
1v, P

A
2v). If Retailer A accepts the VMFN, then it receives the

discounted wholesale price w1v, and must set PA
1v ≤ PA

2v. As shown above, this

constraint is binding in the equilibrium so that Retailer A sets PA
1v = PA

2v ≡ PA
v

if it accepts the VMFN.

The game is played out as follows: First, Firm 1 decides on whether

to offer the VMFN to Retailer A. Second, Retailer A determines whether to

accept the VMFN or not. Third, Firms 1 and 2 determine their wholesale

prices simultaneously. Lastly, the two retailers determine their retail prices for

both products 1 and 2 simultaneously.

We note that the timing of the game determines that if Retailer A

rejects the VMFN, Firm 1 can re-optimize over w1 to maximize its profit. If

Retailer A rejects the VMFN, the incentive compatible pricing decision of Firm

1 is to set wholesale prices that are the same as in (a two-retailer version of)

the benchmark case. Therefore, the re-optimized wholesale price is wn which

does not differ by retailer, and the only credible “threat” wholesale price w∗1

is w∗1 = wn.

In the rest of the discussion in this section, we assume that Firm 1

9We omit the lump-sum money transfer in the profit functions below since it only affects
the decision of accepting the VMFN, but has no effect on wholesale or retail prices.
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chooses to offer the VMFN in the first step and the retailer chooses to accept

the VMFN in the second step10. If either Firm 1 chooses to not offer the

VMFN, or Retailer A chooses to reject the VMFN, then we will result in (a

two-retailer version of) the benchmark equilibrium described in Section 1.2.

We assume that the retailers face the following linear demand system:

QA
1 = αA1 − βAPA

1 + λAPA
2

QA
2 = αA2 − βAPA

2 + λAPA
1

QB
1 = αB1 − βBPB

1

(1.29)

If Retailer A accepts the VMFN, it sets retail prices PA
1v = PA

2v = PA
v

to maximize the following profit function:

ΠA
v = (PA

v − w1v)Q
A
1v + (PA

v − w2v)Q
A
2v (1.30)

Retailer B maximizes

ΠB
v = (PB

1v − w∗1)QB
1v (1.31)

Firms 1 and 2 compete in wholesale prices to maximize their profits:

Π1v = (w1v − c1)QA
1v + (w∗1 − c1)QB

1v

Π2v = (w2v − c2)QA
2v

(1.32)

where Qk
jv, k = A,B, j = 1, 2 are quantities of product j sold by retailer k

that correspond to the optimal retail prices given (w1v, w
∗
1, w2v).

10We show in Example 3 below that it is possible for Firm 1 to offer a large enough
incentive to induce the retailer to accept the VMFN while obtaining positive profit.
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If Retailer A rejects VMFN, it sets retail prices (PA
1n, P

A
2n) to maximize

the following profit function:

ΠA
n = (PA

1n − w1n)QA
1n + (PA

2n − w2n)QA
2n (1.33)

Retailer B maximizes:

ΠB
n = (PB

1n − w1n)QB
1n (1.34)

Firms 1 and 2 compete in wholesale prices to maximize their profits:

Π1n = (w1n − c1)(QA
1n +QB

1n)

Π2n = (w2n − c2)QA
2n

(1.35)

where Qk
jn, k = A,B, j = 1, 2 are quantities of Product j sold by Retailer

k that correspond to the optimal retail prices given (w1n, w2n). For incentive

compatibility, we require that in the equilibrium:

Π1v > Π1n
11

Π1v + ΠA
v > Π1n + ΠA

n .

The equilibrium properties of this model are illustrated in the next

example.

Example 3: αA1 = 30, αA2 = 28, βA = 4, λ = 1, αB1 = 65, βB = 4, c1 =

c2 = 0

The parameter inputs to the example can be found in Table 1.5. The results

are shown more fully in Table 1.6.

11This condition is not needed if a transfer from Retailer A to Firm 1 is allowed.
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Table 1.5: Parameter Inputs to Example 3 and 4

Example 3 Example 4
Retailer A Retailer B Retailer A Retailer B

α1 30 65 30 30
α2 28 0 28 28
β 4 4 4 4
λ 1 0 1 0.1
γ 0 0 0.1 0.1
δ 0 0 0.05 0.05

Table 1.6: Equilibrium Results of Numerical Example 3

Variable
VMFN Benchmark 3rd Degree Price Discrimination

A B A B A B
w1 7.78 8.13 6.20 6.20 4.25 8.13
w2 5.11 - 4.28 - 4.03 -
P1 8.06 12.19 8.04 11.23 7.06 12.19
P2 8.06 - 6.87 - 6.75 -
Q1 5.83 16.25 4.73 20.09 8.51 16.25
Q2 3.83 - 8.55 - 8.06 -
Π1 177.40 153.99 168.22
Π2 19.59 36.56 32.51
ΠR 12.91 66.02 30.85 100.91 45.79 66.02

Π1 + ΠA 190.31 184.85 214.01
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As in the previous example, the VMFN causes prices to rise, at both

wholesale and retail levels.

The VMFN increases Firm 1s profit by 23.41 (from 153.99 to 177.40),

whereas Retailer As profit with VMFN is only 17.94 lower than it would be if

it rejected the VMFN. This means that Firm 1 can give Retailer A a lump-

sum discount and still be better off by 5.47 by offering the VMFN than by

not offering it. There are two sources of increased profit for Firm 1. First,

Firm 2 charges more under VMFN, providing less competition and selling less.

Second, the “threat” price w∗1 = 8.13 is the price that would maximize Firm 1s

profit on sales to Retailer B. Hence, the fact that w∗1 is only paid by Retailer

B in equilibrium allows it to be set at the level that maximizes Firm 1s profit

from Retailer B.

More importantly, this numerical analysis helps us to understand why

VMFN only makes sense with at least two retailers, and the reason that VMFN

is preferred by the larger firm as a contract device. If we compare the profit

of the firms with the third degree price discrimination benchmark, we can see

that Firm 1 does better while Firm 2 has incurred a higher loss. By only

price-discriminate the retailers, Firm 1 earns ΠPD
1 = 168.22 which is less than

the VMFN equilibrium profit ΠVMFN
1 = 177.40, while Firm 2 earns ΠPD

2 =

32.51, which is more than ΠVMFN
2 = 19.59. Retailer A earns ΠA,PD

R = 45.79,

compared to ΠA,VMFN
R = 12.91. Hence, VMFN will be preferred by the larger

firm as it will sharpen its advantage over the smaller firm.

Note also that the pattern of pricing from Retailer A to Retailer B
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seems to show that the VMFN leads to a discount on product 1 for retailer

As customers: at Retailer B, they pay 12.19 and at Retailer A, they pay 8.06.

However, this “discount” is illusory. Without a VMFN, all prices are lower,

and the price of product 1 at Retailer A is still lower than at Retailer B.

Next, we expand the analysis in two ways. First, we allow Retailer B

to sell both products. Second, we allow the two retailers to compete with each

other. Thus, if Retailer A cuts its price of product 1, this causes some con-

sumers to buy product 1 at A instead of B. In fact, because products 1 and 2

are substitutes, some buyers of product 2 will also switch from buying product

2 at B to buying product 1 at A. The demand system for Retailer k ∈ {A,B} is

Qk
1 = αk1 − βkP k

1 + λkP k
2 + γkP l

1 + δkP l
2

Qk
2 = αk2 − βkP k

2 + λkP k
1 + γkP l

2 + δkP l
1

where

(k, l) ∈ {(A,B), (B,A)}

The new demand coefficients in this example are γk and δk, k ∈ {A,B}.

In this expanded setting, incentive compatibility is more complex than

in Example 3. When Firm 1 proposes the VMFN, Retailer A might select it,

Retailer B might select it, or both might select it. In Example 4, only Retailer

A selects the VMFN in the equilibrium. In other words,

Π1,vn + ΠA
vn > Π1,nn + ΠA

nn
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Π1,nv + ΠB
nv < Π1,nn + ΠB

nn

Π1,vv + ΠA
vv + ΠB

vv < Π1,vn + ΠA
vn + ΠB

vn

Π1,vn > Π1,nn
12

where the subscript “vn” denotes for the scenario where Retailer A accepts

while Retailer B rejects. The subscripts “nv”, “vv” and “nn” are similarly

defined.

Example 4: αA1 = αB1 = 30, αA2 = αB2 = 28, βA = βB = 4, λA =

1, λB = 0.1, γA = γB = 0.1, δA = δB = 0.05, c1 = c2 = 0

Table 1.5 compares the demand coefficients between Examples 3 and 4.

The results in Example 4 are shown in Table 1.7. As before, the VMFN agreed

to by Retailer A causes all prices to be higher than in the benchmark case,

so all consumers are worse off under the VMFN than in the benchmark. We

also have the interesting feature that in the VMFN equilibrium, both retail

prices at the participating retailer (PA
1 = PA

2 = 8.74) are less than prices

at the non-participating retailer, B (PB
1 = 12.09, PB

2 = 10.66). These results

appear to show that the VMFN is pro-consumer, offering substantial discounts.

However, all four prices are in fact higher than in the benchmark case. The

apparent VMFN “discounts” are illusory.

12This condition is not needed if a transfer from Retailer A to Firm 1 is allowed.
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Table 1.7: Equilibrium Results of Numerical Example 4

Variable
VMFN Benchmark

A B A B
w1 7.65 8.43 6.56 6.56
w2 6.82 6.82 5.85 5.85
P1 8.74 12.69 8.49 11.74
P2 8.74 10.66 7.93 10.16
Q1 5.57 16.63 5.64 20.29
Q2 3.47 14.94 6.38 16.73
Π1 182.88 170.18
Π2 125.57 135.26
ΠR 12.78 128.07 24.13 177.23

Π1 + ΠA 195.06 194.31

1.4 The Vertical Margin Constraint

The second type of vertical price constraint we consider is the vertical

margin constraint, or VMC, which requires the retailer price particular brands

of a product so that the margins earned by the retailer on one manufacturers

product do not exceed those earned on certain specific competing brands.

We still analyze the impact of having a VMC under the setup with two

manufacturers and a monopolist retailer, where each manufacturer chooses a

manufacturers price (w1 and w2) to maximize profits, while the retailer chooses

retail prices (P1 and P2) to maximize its profit.

The timing of the game we consider remains the same: beginning from

the benchmark equilibrium, either the retailer or Firm 1 decides whether to

propose the VMC to the retailer, and the offer may contain a lump-sum incen-

tive. We will still focus on the scenario where Firm 1 proposes the VMC. As
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we show in Section A.8 of the appendix, assuming Firm 2’s belief in binding

VMC constraint as an equilibrium outcome, even if Firm 2 has no VMC itself,

there is no profitable deviation from the VMC equilibrium.

Second, once either Firm 1 or the retailer has proposed the VMC, the

non-proposer determines whether to accept it or not. Then, Firms 1 and 2

determine their wholesale prices simultaneously. Lastly, the retailer determines

its retail prices for each product13. In the rest of the discussion in this section,

we assume that Firm 1 chooses to offer the VMC in the first step and the

retailer chooses to accept in the second step. If either Firm 1 chooses to

not offer the VMC, or the retailer chooses to reject, the result will be the

benchmark equilibrium as discussed in Section 1.2.

When the VMC constraint, P1 − w1 ≤ P2 − w2, is binding, the two

products must have the same margin. If it is slack, then the retailer can raise

P2 such that P2 − w2 is strictly greater than P1 − w1 without violating the

constraint.

We use the superscript “m” to denote the scenario where the VMC is

in effect. The profit function each manufacturer maximizes still has the form

Πim = (wim − ci)Qi(P1m, P2m), for (i, j) ∈ {(1, 2), (2, 1)} (1.36)

13We will also consider the scenario in which the retailer moves first and proposes a
contract to Firm 1. Then Firm 1 determines whether to accept or reject it.
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where the retailer maximizes

ΠRm = (P1m − w1m)Q1(P1m, P2M) + (P2m − w2m)Q2(P1m, P2M) (1.37)

If the vertical restriction P1−w1 ≤ P2−w2 is binding, then any increase

in the margin of Firm 1’s product must increase the margin of Firm 2’s by the

same amount. We have ∂P2

∂P1
= 1. In contrast to Equation (3) in the baseline

specification, when the VMC is in effect, the first order condition with respect

to the retail price becomes

(P1m − w1m)
∂Q1

∂P1

+Q1 + (P1m − w1m)
∂Q2

∂P1

+

(P1m − w1m)
∂Q1

∂P2

+Q2 + (P1m − w1m)
∂Q2

∂P2

= 0

(1.38)

Since the retailer can raise P2 such that P2−w2 is strictly greater than

P1−w1 without violating the VMC, we need to determine whether the retailer

will actually do so. The test condition to make sure the retailer will not raise

P2 above P1 − w1 + w2 is

∂ΠRm

∂P2

|P2=P1−w1+w2 = α2 − 2(β − λ)P1 − βw2 − λw1 + 2βw1 (1.39)

We can show that if c1 = c2 = 0, then the test condition is negative,

by comparing the test condition (Equation (1.39)) with the profit maximiza-

tion condition (Equation (1.38)). Therefore, the margin constraint will always

be binding under our assumption on demand system parameters. Solving for

retail prices under the linear demand system described in Equation (1.1), the
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Table 1.8: VMC Equilibrium Profits for c1 = c2 = 0

Firm/Retailer Equilibrium Profit

Firm 1 Π1m = (3β+λ)(17α1β−3α2β+3α1λ+7α2λ)2

4(35β2+18βλ−5λ2)2

Firm 2 Π2m = (3β+λ)(17α2β−3α1β+3α2λ+7α1λ)2

4(35β2+18βλ−5λ2)2

Retailer ΠRm = (α1+α2)2(3β+λ)2

8(β−λ)(5β−λ)2

profit maximizing prices are

P1m =
α1 + α2 + 2θw1m + θ(w1m − w2m)

4θ

P2m = P1m − w1m + w2m

(1.40)

where θ is still defined as above.

The expression for retail prices allows us to calculate the manufacturing

demand for each product. The best response functions for Firm 1 and Firm 2

are as follows:

w1m =
3α1 − α2 + (β + 3λ)w2m

2(3β + λ)
+
c1

2

w2m =
3α2 − α1 + (β + 3λ)w1m

2(3β + λ)
+
c2

2

(1.41)

Equation (1.41) indicates that, unlike the VMFN case, w1m and w2m

are strategic complements. The other equilibrium quantities are easily defined

in terms of Equation (1.41). The equilibrium profits are shown in Table 1.8.

We are interested in the profitability and pricing outcomes of the VMC.

By setting an upper bound on the highest possible margin a product could

achieve, the VMC intuitively seems to have a pro-competitive effect. Proposi-

tion 1.4.1 confirms that unlike the price-increasing effects associated with the
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VMFN, the adoption of the VMC leads to lower wholesale prices and retail

prices comparing to the benchmark case.

Proposition 1.4.1. When the VMC is adopted, the retailer charges lower

retail prices, Pim < Pin, i = 1, 2, and the manufacturers will charge lower

wholesale prices, wim < win, i = 1, 2.

Although comparing the equilibrium manufacturer profits under the

VMC (Table 1.8) to those under the VMFN (Table 1.2) or the benchmark

case (Table 1.1) is difficult, we can get closed form solutions for equilibrium

quantities and compare the profits under two particular cases: (1) symmetric

manufacturers, i.e. α2 approaches α1 from below; (2) λ approaches β from

below. We find profitability implications that are opposite of those in the

VMFN case. Compared to the benchmark case, the retailer (weakly) gains

from pricing according to the VMC, whereas both manufacturers lose, as is

stated in the following propositions:

Proposition 1.4.2. When α2 → α1, the manufacturers will receive lower

profits when the VMC is adopted comparing to the benchmark case when there

is no VMC, i.e. Πim < Πin, i = 1, 2. However, the profit received by the

retailer will increase, i.e. ΠRm > ΠRn.

Proposition 1.4.3. When λ→ β, the manufacturers will receive lower profits

when the VMC is adopted comparing to the benchmark case when there is no

VMC, i.e. Πim < Πin, i = 1, 2. However, the retailer’s profit is the same in

both cases as λ→ β, i.e. ΠRm = ΠRn.
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Both special cases ( α2 → α1 and λ→ β), involve distributional effects

of the VMC that are the opposite of those in the VMFN case. Compared to

the benchmark, the VMC retailer (weakly) gains despite setting lower retail

prices, whereas both manufacturers lose. The key factor that determines such

a difference in pricing outcomes of the VMC and the VMFN turns out to be

the upstream price elasticity of demand. In the benchmark case, an increase

in the wholesale price of product 1 raises its retail price, but by less than the

full amount on the increase in the wholesale price. Under a binding VMC, the

effect of an increase in the manufacturers price of product 1 on its retail price

is one-for-one. Therefore, manufacturer 1s demand curve is more price-elastic

under the margin constraint than in the benchmark case.

Specifically, if we plug in the equilibrium quantities, and compare the

difference between the absolute value of the partial derivatives of the wholesale

price on quantity,

|∂Qim

∂wim
| − |∂Qiv

∂wiv
| = λ+ β

2
> 0 (1.42)

|∂Qim

∂wim
| − |∂Qin

∂win
| = λ+ β

4
> 0 (1.43)

Consider upstream price elasticity of demand defined as εi = |
∂Qi
Qi
∂wi
wi

|.

Evaluated at the same wi and Qi, the above inequality suggests a higher

wholesale price elasticity of demand under a binding VMC, compared to the

benchmark case where there is no constraint, i.e. εim > εin, and the case with

a binding VMN, i.e. εim > εiv, i = 1, 2.
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Up to this point, the VMC constraint is in some ways more interest-

ing than the VMFN constraint by exhibiting opposite effects on prices: in

the VMC equilibrium, all prices are lower compared to the benchmark. The

retailer gains from this constraint relative to the benchmark, and both man-

ufacturers appear to be worse off. This leads to an incentive compatibility

question: why do the manufacturers ever propose the VMC, or agree to it if

the retailer proposes it?

We first note that if the increase in the retailers profit is greater than

the reduction in Firm 1s profit, the VMC might be implemented by using a

lump-sum payment, the amount of which is smaller than the increase in the

retailers profit relative to the benchmark case, but greater than what would

otherwise be the loss incurred by the manufacturer.

Another possibility is that the retailer credibly pre-commits to setting

retailer prices according to the VMC constraint, whatever wholesale prices are

set by the two manufacturers. We could assume, instead, that the retailer

moves first and proposes a contract to Firm 1. Recall that Firm 2 will not

propose the VMC, since P2n − w2n < P1n − w1n. Then Firm 1 determines

whether to accept or reject it. The remaining stages of the timing is exactly

the same as the previously described. As with many cases where a player

pre-commits to an act, that act is not profit-maximizing for a given value of

w1m. If w1m rises, the profit-maximizing response of the retailer is to raise

P1m by less than the increase in w1m due to lost retail demand. However, by

pre-committing to the VMC mechanism, the retailer lowers the absolute level

37



of wholesale prices.

Clearly, these two avenues to the VMC are not equally profitable to the

retailer. If the VMC is proposed by Firm 1 and accepted by the retailer, then

both parties share the increase in the total surplus resulting from lower prices

(compared to the benchmark case). If the retailer can credibly commit to the

VMC mechanism, then it retains the full increase in the total surplus. There-

fore, Firm 1 will offer the VMC successfully only if credible pre-commitment

by the retailer is impossible.

To illustrate the pricing and profit patterns of the VMC, we calculate

the equilibrium outcomes for Example 1 under VMC and compare it with the

benchmark case. The equilibrium outcomes are shown in Table 1.3. Under

VMC, the increase in the retailers profit (relative to the benchmark case),

19.83, exceeds the total profit reduction to Firm 1, 8.03. Therefore, the VMC

might be implemented using a lump-sum payment.

Lastly, we introduce a game where the manufacturers simultaneously

decide whether to adopt the vertical constraint, in order to compare the essen-

tial features of both pricing regimes with the benchmark case. This game only

makes sense if α1 = α2, so that the manufacturers are identical. The timing

of the game is as follows: the manufacturers decide simultaneously whether to

adopt a VMFN (VMC). Then these manufacturers set wholesale prices. The

retailers, subject to the vertical constraint, if adopted by the manufacturer,

simultaneously set a pair of retail prices for the products.
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Figure 1.1: Best Response Curves for the Benchmark, VMFN and VMC Case
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Figure 1.1 compares the subgame wholesale pricing equilibria of the (Do

not Adopt, Do not Adopt) subgame and the (Adopt, Adopt) VMFN and VMC

subgame for the case of symmetric manufacturers, where α1 = α2. The best

response curves of Firm 1 and 2 for the benchmark case, the VMFN and the

VMC are plotted in the figure. Clearly, equilibrium wholesale prices increase

as we go from the VMC to the benchmark case to VMFN, with the wholesale
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prices as strategic substitutes for the VMFN, but strategic complements for

the VMC.

We should also note that in Figure 1.1, the best response curves un-

der the VMC always lie inside the corresponding best response curves in the

benchmark case. Therefore, the manufacturers each have the incentive to uni-

laterally move to the benchmark case, if they start with a scenario where both

are adopting the VMC, but does not have the incentive to unilaterally adopt

a VMC, if it starts from the benchmark case. They are worse off by jointly

adopting the VMC.

1.5 Conclusion

The VMFN and VMC constraints are vertical contracting mechanisms

which have received little attention from economists. The VMFN is used in

the cigarette industry and in the pricing of soft drinks. The VMFN has been

independently analyzed by Carlton and Winter [2016], who argue that it also

applies to the no-surcharge rule in credit cards. The VMC is used in the

cigarette industry, too, perhaps more widely than is the VMFN. Therefore, it

appears that analysis of these rules is overdue.

The VMFN has an unambiguous price-increasing effect, at both the

wholesale and retail levels. In practice, VMFN agreements also go along with

shelf-space and other requirements, which we do not analyze here. If one man-

ufacturer is large than the other, the VMFN will be proposed by the larger

firm, since the VMFN constraint is already met in the benchmark equilibrium
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for the smaller firm. One effect is to reduce sales by the smaller firm, but this

need not result in lower profits by the smaller firm. Indeed, if the products of

the two manufacturers are close enough substitutes, the smaller manufacturer

is guaranteed to do better under VMFN than in the benchmark case. This

result might be described as passive collusion, in which the smaller manufac-

turer free rides on the price-increasing effect of the VMFN. For this reason,

claims that the use of VMFN forecloses competition should be nuanced.

An interesting question, not fully answered in this paper, concerns the

incentive compatibility of VMFN. When the manufacturers two products are

close substitutes, the increased profit of the VMFN does not compensate for

the decreased profit of the retailer, relative to the benchmark case. Since

the VMFN is optional in cigarettes and soft drinks, it is hard to see why the

retailer would ever agree to it.

One possible reason is that the larger manufacturer can pre-commit to

an extremely high default price, to be charged the retailer in the event that

the retailer does not choose the VMFN option. We present an example of

this in the two retailer case in which price discrimination across retailers does

not exist, for whatever reason. In this example, the larger manufacturer gains

because of reduced competition from the other manufacturer and because the

high default price is actually more profitable at the retailer that did not select

the VMFN.

The explanation may lie in aspects of the VMFN that we have ignored.

For example, the VMFN may require the retailer to devote prime shelf and
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display space to Firm 1s product, at the expense of Firm 2. This might raise

Firm 1s profit by crippling Firm 2, to the point where Firm 1 can profitably

induce the retailer to accept the VMFN.

The VMC constraint is in some ways more interesting than the VMFN

constraint. It has the opposite effect on prices: in the VMC equilibrium, all

prices are lower than in the benchmark equilibrium. The retailer gains from

this constraint relative to the benchmark case, and both manufacturers appear

to be worse off. This leads to an incentive compatibility question: why do the

manufacturers ever propose the VMC, or agree to it if the retailer proposes it?

One answer comes from noting that in our examples, the VMC gain to

the retailer, relative to the benchmark case, exceeds the losses to either of the

manufacturers. Therefore, the VMC might be implemented using a lump-sum

payment. Another answer is that if the retailer can credibly pre-commit to

using a binding VMC constraint in its pricing, it can retain all of the extra

profit for itself.

The VMC constraint is interesting quite apart from its actual use in the

cigarette industry. If the retailer can pre-commit to its use, the VMC could

raise retailer profits in a number of settings. One might refer to Proposition

1.4.2 as a “smart retailer” result.

The underlying reasons for our pricing results lie in the impacts of these

constraints on the upstream price elasticities of demand. When manufacturers

sell under the VMFN, they face price elasticities of demand that are lower
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than in the benchmark case. When they sell under the VMC, they face price

elasticities of demand that are higher than in the benchmark case. The pricing

results follow at once from these facts.
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Chapter 2

Competition Through Switching Discounts

2.1 Introduction

When a firm has information on which customers have bought its own

product and which have bought its rivals, it may engage in price discrimination

by charging one price to consumers who prefer its own product, and another

price to consumers who, all else equal, prefer its rivals product. Intuitively,

the price that firm charges to its rivals customers should be lower in order to

incentivize them to change their purchasing behavior. Markets with observable

purchase history of the customers and non-trivial switching costs, such as

telecommunication, provide a natural setting for firms to price-discriminate

own versus rival’s customers: the leading mobile carriers in the U.S. have

all been consistently offering deals and promotions to attract customers from

other networks. We refer to these as switching discounts.

Such customer poaching and brand switching behavior has been dis-

cussed in Fudenberg and Tirole [2000], who show that in equilibrium, firms do

have the incentive to offer discounts to their rival firm’s customers who have

revealed, through their prior purchase, the preference for their rival firm’s

product. The increase in the profit of the manufacturers is achieved at the
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cost of the “loyal” customers: the second period prices facing those customers

who have relatively high valuation for the product is higher compared to the

first period prices, also higher compared to prices in a world without such

pricing schemes. To avoid solutions at the boundaries and cut down on the

number of cases, Fudenberg and Tirole [2000] assumes that all customers will

use the product in both periods, which will be an equilibrium outcome if the

value of the products is sufficiently high. In other words, the market elasticity

of demand1 is always zero in their work.

However, in the real world, the existence of potential customers in many

markets that are not active buyers of any existing brands suggests a scenario

where a non-zero market elasticity of demand is more relevant. Firms may not

find it costly to keep track of the purchase history of all customers and tell

the group of potential customers apart from their own and rival’s customers,

as is the case with the telecommunication industry. This paper therefore sets

out to answer the question that when the assumption on market elasticity of

demand is relaxed, whether it is inevitable for the “loyal” consumers having a

high preference for the firm’s own product to be charged a higher price after

their purchase histories are observed.

We answer this question by analyzing a two-period Hotelling model

with horizontal differentiation, where two price-setting firms sell different brands

of the product and offer switching discounts in the second period. We find that

1Market elasticity of demand is the price elasticity of demand if there is only a monop-
olistic producer in the economy.
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when the market elasticity of demand is not zero, and given the option of set-

ting a separate price for those consumers who didn’t make the purchase in the

first period, the equilibrium featured in previous third-degree price discrimina-

tion literature involving raised second period prices for those customers who

have relatively high valuation for the product will break down. Moreover,

firm’s profit will decrease compared to the benchmark without introducing

switching discounts.

What lead to this drastic difference in pricing patterns are the two

implications associated with the zero market elasticity of demand assumption.

Firstly, firm will have less incentive to unilaterally offer a discount. The reason

behind is that, apart from the business stealing effect of offering a discount,

which means attracting customers from its rivals turf, it also induces a fraction

of the customers with high valuation to switch from the other product to it in

order to qualify this discount, making first period purchases that are against

their true valuations. The trade-off between lost sales from loyal customers

and attracting switching customers from the rival determines the equilibrium

level of switching discounts, given the prices charged by firms. However, with

non-trivial outside option, not every customer who could theoretically switch

between sellers can afford the first period price of the other product. This gives

the firm a higher incentive to unilaterally provide a switching discount. As a

result, both firms will have a unilateral incentive to undercut their discounted

prices, even though they receive lower equilibrium profits in equilibrium.

Another effect of the zero market elasticity of demand assumption is

46



the narrower difference between first and second period price for loyal cus-

tomers. If no consumer takes the outside option, it is always trivial to assign

different prices to potential customers who did not make the purchase previ-

ously. With a non-trivial outside option and tailored price for those taking it,

the loyal customers have the alternative to purchase the product only once,

should the firm set a higher second period price. That is why we can have a

price protection outcome, in the sense that the second period price for loyal

customers does not increase as the main result of this paper.

The intuition can be summarized as follows. With non-zero market

elasticity of demand, each firm faces three separate groups of customers in the

second period: (i) its own past customers, (ii) its competitors past customers

and (iii) those customers who didn’t buy anything in the first period. On

one hand, the possibility to set a separate price to attract those customers

without purchase history enables the firms to set a relatively higher first period

price without the concern of a complete loss of customers with relatively low

valuation, reducing the gap between prices in both periods; on the other hand,

giving consumers the option to purchase the product only once limits the

extent to which firms’ engaging in price discrimination and extracting surplus

from the consumers in the second period. That is, the consumers may forgo a

purchase today to avoid being recognized as a previous customer to purchase

the product at a lower price targeted at new buyers. Combined, these two

effects lead to a smaller difference between the firm’s first and second period

prices.
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By assuming that the intrinsic value of the product is not large enough

to make sure that the consumers will buy at least one of the products in equi-

librium in both periods, and giving the firms the ability to price-discriminate

those taking the outside option, our work departs from Fudenberg and Ti-

role [2000] that predicts an increased second period price for consumers with

relatively high valuation. In other words, we find that the range of pricing

outcomes extends beyond the usual case of third-degree price discrimination,

since the prices will not increase for the consumers in the strong market, where

buyers prefer the product from this manufacturer.

In terms of welfare impacts, even though this equilibrium gives a profit

that is lower than the benchmark case where the option of offering switch-

ing discounts is unavailable, the firms still have the incentive to offer them,

since they will find it profitable to unilaterally deviate from the benchmark by

incentivizing their rival’s customers. Hence, there is a Prisoner’s Dilemma fla-

vor to the results. The equilibrium outcome is also detrimental to consumer’s

and social surplus, confirming the intuition that any equilibrium outcome in-

volving switching between firms will harm the consumers by preventing them

purchasing the product that most fits to their tastes. To check the robustness

of our conclusions, we examine various levels of outside options to show that

the results are not driven by the choice of any particular level of attractiveness

of the outside option.

Our model is related to several strands of the literature. One is the

huge body of literature on static price discrimination. This paper falls into the
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category of analyzing the welfare impacts of promotions based on customer at-

tributes, but differs from those assuming individually tailored discounts where

each firm knows the exact location of each consumer along a Hotelling line,

thus can customize prices one to one (Lederer and Hurter Jr. [1986], Thisse

and Vives [1988], and Shaffer and Zhang [1995].

The strand of literature on intertemporal price discrimination where

firms cannot commit to future prices uses the term “ratchet effect” to describe

situations in which consumers who have signaled higher willingness to pay tend

to receive higher prices (Freixas et al. [1985], Hart and Tirole [1988]). However,

in constrast to our work, Hart and Tirole [1988] focuses on the relationship

between one buyer and one monopoly seller.

Among the literature on intertemporal price discrimination, our work

echoes Villas-Boas [2004] in terms of the intuition that once a consumer starts

to anticipate future prices, he or she may choose to forgo a purchase today

to avoid being recognized as a previous customer to purchase the product

at a lower price targeted at new customers. Such strategic waiting on the

part of consumers will hurt a firm both through reducing the benefit of price

discrimination and through forgone sales. While Villas-Boas [2004] develops

a model for a monopolistic seller, our model examines a duopoly setup with

differentiated products.

The idea of looking for a pricing pattern of non-increasing second pe-

riod prices is not novel in the literature. Corts [1998] discusses the scenario

where all-out competition occurs, where prices fall to all consumers, giving
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the manufacturer incentive to unilaterally commit not to price-discriminate.

In other words, Corts [1998] describes a prisoners dilemma scenario where

firms have a dominating strategy of reducing prices. Although our work ar-

rives an analogous conclusion that the manufacturers profit falls, our result is

free of all-out competition in the sense that loyal buyers, although having a

“price protection” outcome in the sense that second period price is lower, are

charged with higher prices compared to the benchmark.

The empirical evidence to support our finding can be found in many

industries, where firms may charge a lower price to the customers from their

rival’s base, while maintaining a relatively stable price for their loyal customers.

In telecommunications, for example, Verizon once employed one of the most

typical pricing strategy that features switching discounts. By launching the

“Switch to Verizon” program, it gave any new customer to Verizon a 300

dollars discount regardless of the mobile service network this new customer

used to belong; if the customer was switching from one of the other three

major mobile carriers in the U.S., up to 350 dollars will be offered to cover the

early termination fee incurred by the switching. Therefore, in effect, Verizon

has assigned two discounts: one is available to all the new customers, including

a brand new customer having no purchase history with either that firm or its

rivals; in addition to that, there is another discount that is only available for

those new customers switching from its rivals.

In what follows, Section 2.2 describes the basic model and defines the

game. Section 2.3 solves the benchmark game where firms cannot offer any
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switching discounts, then considers games where firms can price-discriminate

and discusses the models implications for prices and welfare. Section 2.4 offers

a robustness check to the results by considering various levels of the outside

option. Section 2.5 concludes. All proofs can be found in the Appendix.

2.2 Model

2.2.1 Preliminaries

2.2.1.1 Firms

There are two firms, A and B, producing non-durable products A and

B, respectively, at constant marginal cost of c per unit, which is simplified

to be 0. There are two periods, 1 and 2. Firms A and B each maximizes

the expected discounted value of its profit, using a common discount factor

δ = 1, competing through prices that they set for period 1 and 2, P i
1 and

P i
2 respectively, and the price they set in the second period for any potential

customer who didnt buy anything in the first period, P i
N , i ∈ {A,B}.

A switching discount is defined as an amount δi > 0 offered by firm

i such that it will charge second period price P i
2 − δi for any consumer who

purchased from its rival in period 1. Those who have purchased nothing do

not qualify this discount, but they are still allowed to make the purchase in

the second period with price P i
N .

Conditional on price discrimination being feasible, we assume that there

is no cost in specifying different prices for different groups of customers based

on their purchase history.
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2.2.1.2 Consumers

There is a continuum of consumers who may choose to buy the prod-

ucts, indexed by their preferences for product A. The consumers also discount

future payoffs at δ = 1. Individual consumers have unit demands: in each

period, a consumer can use either a unit of good A or a unit of good B or

neither. They are not allowed to buy from both firms within the same period.

However, it is possible for them to buy twice from a given firm across two

periods.

All consumers within the group with the same purchase history are

assumed to pay the same price. Depending on the prices and their preferences,

consumer may choose to buy one unit of the product that gives them the

highest expected utility, and they would drop out of the market if the price

level is too high to make the product not affordable, that is, when the utility

is lower than the zero-utility outside option. In that way, we assume that

the market elasticity of demand is not zero. We will check the robustness of

our results against various levels of outside options in Section 2.4 and show

that this non-zero market elasticity of demand assumption differentiates our

work from the previous literature, where the intrinsic value of the product

is modeled to be sufficiently high, such that all customers will purchase the

product in both periods.

We will also show that it is giving the consumers the option to forgo a

purchase today to avoid being recognized as a previous customer to purchase

the product at a lower price targeted at new customers tomorrow, that leads
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to a “price protection” outcome, a scenario where a firm, using short-term

contracts, sets a second period price that is no higher than its first period

price.

We use a Hotelling linear city model to capture the consumers prefer-

ences for each product. Consumers are located along a Hotelling unit interval

that captures their valuation for the products. Specifically, valuations are as-

sumed to have a constant sum, viA + viB = 1 for each consumer i along the

unit interval, while viA is uniformly distributed on [0, 1]. If there is only one

period, consumer i ’s decision rule will be to purchase product from firm A if

and only if {viA − PA > 0, viA − PA > viB − PB}.

The way this model has been set up also admits the interpretation of

relative brand loyalty. If we assume consumer’s loyalty to brand A, denoted by

l, is uniformly distributed on [−1, 1], with willingness to pay for the product

to be vl = 1
2
, if there is only one period, a consumer will buy product from A

if {vl + 1
2
l−PA > 0, vl +

1
2
l−PA > vl− 1

2
l−PB}, which yields the same set as

the constant sum of valuation setup. It also encompasses a classic Hotelling

model of disutility of being away from consumer’s preferred location with linear

transportation cost. If we denote consumer’s distance to firm A as x, assuming

it is uniformly distributed on [0, 1], with willingness to pay for the product to

be vt = 1, if there is only one period, a consumer will buy product from A if

and only if {vt − (1 − x) − PA > 0, vt − (1 − x) − PA > vt − x − PB}, which

again leads to the same set as the constant sum of valuation setup.
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2.2.2 Game

To complete the model, we now describe the types of contracts that

firms may enforce. In particular, we consider both contracts with pre-commitment

and contracts without, where “pre-commitment” refers to the type of contract

where firms commit themselves in period 1 to their price-setting behavior in

period 2 such that P i
2 = P i

1. Note that using only short-term contracts, firms

are unable to make such commitment.

The timing of the game is as follows. At the beginning of the first

period, firms simultaneously set prices PA
1 , PB

1 , having no information about

the preferences of each individual consumer. Consumers make their purchasing

decisions seeing those prices.

In the second period, firms again simultaneously offer PA
2 and PB

2 to

own past customers, with discounts δA, δB to those who purchased from their

rival. Firms charge the potential customers who bought nothing in the previ-

ous period PA
N , PB

N . Consumers make their purchasing decisions given those

prices.

The extensive form can be found in Figure 2.1. In the following section,

we solve the game backwards from period 2 to period 1 to calculate the cut-

off for firm A and firm B’s customers, then calculate their associated profits

and welfare. Since consumers have private information, the relevant solution

concept will be perfect Bayesian Nash equilibrium.
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Figure 2.1: Extensive Form of the Game

2.3 Results

2.3.1 Benchmark

Given the key assumption that differentiates our work from the previous

literature, the non-zero market elasticity of demand assumption, all the results

presented in this section are derived under the scenario where the consumer

would drop out of the market, if the price level is too high to make the product

affordable, that is, when the utility is lower than the zero-utility outside option.

We begin with the benchmark game in which neither firm can price-

discriminate by either assigning a switching discount or specifying a price for

those who didn’t buy anything in the first period, either because it is too

costly for the firms to observe and track down the first period decisions of

individual consumers, or because price discrimination is illegal (thus banned)

in the economy.

Proposition 2.3.1. In any subgame perfect Nash equilibrium to the game in
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which neither firm can price-discriminate, firms will charge prices and receive

profits of 0.5. The benchmark consumer surplus is 0.5, and the total surplus

is 1.5.

It can be verified that neither firm can profitably deviate from price

0.5. The proof can be found in Appendix B.1.

We are particularly interested in the scenario where firms are able to

assign a different price for those who purchased nothing in the first period and

took the outside option instead. However, it is not always profitable for the

firm to specify such a price. The following subsection provides an example.

2.3.2 Prisoner’s Dilemma under Pre-commitment

Suppose firms can price-discriminate based on customer’s purchase his-

tory by offering switching discounts if profitable, but have to pre-commit to

P i
1 = P i

2, ∀i ∈ {A,B}. Further assume that firms are unable to detect con-

sumers who did not buy anything in the first period, we have the following

Prisoner’s Dilemma outcome:

Both firms will find it unilaterally profitable to pre-commit to a second

period price equal to the first period price, when price-discrimination is enabled

for them, in order to attract customers from their rival’s base. Specifically,

firms have the incentive to unilaterally deviate to the price schedule ( 7
13
, 7

13
, 4

13
),

receiving a profit of 0.528, which is greater than the baseline, 0.5.

However, given such price schedule, the second firm also has the incen-
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tive to set a price of ( 7
13
, 7

13
, 4

13
). Bilateral deviation thus leads to a profit that

is lower than the baseline. Firms become worse-off by offering any amount of

switching discounts under pre-commitment to a stable price compared to not

introducing such a pricing strategy. Note that this pair of prices will consist

of an equilibrium only when pre-commitment is assumed, since firms have the

incentive to further unilaterally deviate from it by using short-term contracts.

Proposition 2.3.2. The unique equilibrium to the game in which firms can

offer switching discounts while pre-committing to P1 = P2 involves firms charg-

ing equilibrium prices (PA
1 , P

A
2 , δA) = ( 7

13
, 7

13
, 4

13
), (PB

1 , P
B
2 , δB) = ( 7

13
, 7

13
, 4

13
),

receiving profits ΠA = 0.46, ΠB = 0.46. The consumers’ surplus is CS = 0.45,

and the total surplus is TS = 1.37.

The proof of this Proposition can be found in Appendix B.2.

2.3.3 Equilibrium with Switching Discounts

2.3.3.1 No Price-discrimination on Customers Without Purchase
History

When we relax the assumption of pre-commitment, we first consider the

situation where firms are not able to detect the customers taking the outside

option, but still able to price-discriminate by offering switching discounts to

rival’s customers if profitable.

Given the price schedule (PA
1 , P

A
2 , δA) = ( 7

13
, 7

13
, 4

13
), (PB

1 , P
B
2 , δB) =

( 7
13
, 7

13
, 4

13
), either firm will be better off if it unilaterally deviates by using

short-term contracts instead and charging (1
2
, 2

3
, 1

3
).
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We would expect each firm to have the higher Bertrand price in its home

market. This intuition is confirmed in the following result. It is an extension

to Fudenberg and Tirole [2000] with non-trivial outside option, characterizing

the equilibrium pricing strategy without assuming pre-commitment and ruling

out the possibility of setting discriminatory second period prices for first period

non-buyers.

Proposition 2.3.3. The unique symmetric subgame perfect Nash equilibrium

to the game in which both firms can price-discriminate by offering switching

discounts, but cannot set separate second period prices for those who didn’t

buy in the first period, involves firms charging equilibrium prices and discounts

(PA
1 , P

A
2 , δA) = (1

2
, 2

3
, 1

3
), (PB

1 , P
B
2 , δB) = (1

2
, 2

3
, 1

3
), receiving profits ΠA = ΠB =

19
36
> 1

2
. The consumers’ surplus becomes CS = 7

18
< 1

2
, while the total surplus

becomes TS = 52
36
< 3

2
.

Intuitively, by using the switching discounts, firms make themselves

better-off than the benchmark scenario by charging a much higher price for

those who purchase in the first period and much lower for those who purchase

in the second period, and they are able to do that because the taste structure

implies that whenever a consumer values one product more, he/she values the

other product less. Although firms have no problem with that when facing a

consumer with high valuation, it restricts its ability to charge higher prices for

the mid-range valuation customers. Price discrimination helps the firm not

only to target their higher prices to their loyal customers, but also to grab
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more consumer surplus for mid-range valuation customers by averaging out

their valuations.

2.3.3.2 Price-discriminate Customers Without Purchase History

Still consider the game where both firms can price-discriminate by of-

fering switching discounts if profitable. The only difference between the setup

in this subsection and Subsection 2.3.4.1 is that we assume instead that firms

can price-discriminate the customers taking the outside option. We will see in

equilibrium, firms will set their prices to take account of consumers who buy

nothing in period 1, implying that the Fudenberg and Tirole [2000] equilibrium

is not robust to the market elasticity of demand.

Particularly, consider firm A’s unilateral deviation from the previous

price schedule (PA
1 , P

A
2 , δA) = (1

2
, 2

3
, 1

3
) to the new price schedule (PA

1 , P
A
2 , δA, P

A
N ) =

(5
9
, 5

9
, 2

9
, 1

2
), charging a price of 5

9
that does not change over two periods, the

deviating firm A could earn a profit of 0.546 instead of 0.527.

However, the non-deviating firm B also has the incentive to deviate to

this price schedule (5
9
, 5

9
, 2

9
, 1

2
), dragging down the profit received by the first

deviating firm to be 0.509, but still profitable for itself, comparing to sticking

to (PB
1 , P

B
2 , δB) = (1

2
, 2

3
, 1

3
) and receiving a profit of 0.491.

Such deviation eventually gives us a “price protection” result as is

stated by the following proposition2.

2The codes for this numerical result are available upon request.
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Proposition 2.3.4. There exists a unique symmetric subgame perfect Nash

equilibrium to the game in which both firms can offer switching discounts and

are able to price-discriminate the customers taking the outside option, and are

able to set separate second period prices for those who didn’t buy in the first

period. Firms will charge equilibrium prices and discounts (PA
1 , P

A
2 , δA, P

A
N ) =

(0.62, 0.58, 0.40, 0.50), (PB
1 , P

B
2 , δB, P

B
N ) = (0.62, 0.58, 0.40, 0.50) receiving prof-

its ΠA = ΠB = 0.49. The consumers’ surplus becomes CS = 0.35, while the

total surplus becomes TS = 1.33.

Up to now, we have shown that taking into consideration a non-zero

market elasticity of demand can give us a “price protection” result in the sense

that it does not involve raising second period prices for those customers. In

other words, we find that the range of pricing outcomes extends beyond the

usual case of third-degree price discrimination, since prices will remain the

same for the customers in the strong market.

In comparison with the equilibrium result in Subsection 2.3.4.1, firms

have more incentive to unilaterally offer a discount. The reason behind is that,

apart from the business stealing effect of offering a discount, which means at-

tracting customers from its rivals turf, it also makes a fraction of the customers

with high valuation to switch from the other product to it in order to qualify

this discount, making first period purchases that are against their true valu-

ations. The trade-off between lost sales from loyal customers and attracting

switching customers from the rival determines the equilibrium level of switch-

ing discounts, given the prices charged by firms. However, with non-trivial
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outside option, not every customer who would like to switch can afford the

first period price of the other product. This gives the firm higher incentive to

unilaterally provide a switching discount. As a result, both firms will undercut

their discounted prices and receive lower equilibrium profits.

Another feature of this equilibrium is the smaller difference between

first and second period price for loyal customers. If none of the consumers takes

the outside option, it is always trivial to assign different prices to potential

customers who did not make the purchase previously. With non-trivial outside

option and tailored price for those taking it, the loyal customers have the

alternative to purchase the product only once, should the firm set a higher

second period price, leading us to a price protection outcome in the sense that

the second period price for loyal customers does not increase, which is the

main result of this paper.

The intuition for this result is clear: with non-zero market elasticity of

demand, in the second period, each firm faces three separate markets, that of

its own past customers, its competitors and those customers who didn’t buy

anything in the first period. On one hand, the possibility to set a separate

price to attract those customers without purchase history enables the firms to

set a relatively higher first period price without the concern of a complete loss

of customers with relatively low valuation, reducing the gap between prices in

both periods; on the other hand, giving the consumers the option to purchase

the product only once when they do not have high enough valuation limits

the extent of firms’ engaging in price discrimination and extracting surplus
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from the consumers in the second period, since the consumers may forgo a

purchase today to avoid being recognized as a previous customer to purchase

the product at a lower price targeted at new buyers. Combined, these two

effects lead to a smaller difference between the firm’s first and second period

prices.

To conclude, when the market elasticity of demand is not zero, and

given the option of setting a separate price for those consumers who didn’t

make the purchase in the first period, the equilibrium that involves raised

second period prices for those customers who have relatively high valuation

for the product will break down.

In terms of welfare impacts, even though this equilibrium gives a profit

that is lower than the benchmark case where the option of offering switching

discounts is unavailable, the firms still have the incentive to offer them, since

they will find it profitable to unilaterally deviate from the benchmark by incen-

tivizing their rival’s customers. The equilibrium outcome is also detrimental

to consumer’s and social surplus, confirming the intuition that any equilib-

rium outcome involving switching between firms will harm the consumers by

preventing them purchasing the product that most fits to their tastes.

2.4 Robustness Check

To ensure the robustness of the result is irrelevant to the choice of some

particular level of outside option, I consider outside option o that is not too

small to be non-binding but also not too large to make the consumers unable
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to afford the product. Specifically, we consider outside option o ∈ (−1
2
, 1

2
).

The following proposition gives us the new set of benchmark equilibrium

prices.

Proposition 2.4.1. In any subgame perfect Nash equilibrium to the game in

which neither firm can price-discriminate, firms will charge prices (P i
1, P

i
2) =

(1−o
2
, 1−o

2
), i = A,B.

The equilibrium prices where firms can offer switching discounts while

pre-committing to P1 = P2 also change, but the prisoner’s dilemma outcome

sustains.

Proposition 2.4.2. The unique equilibrium to the game in which firms can

offer switching discounts while pre-committing to P1 = P2 involves firms charg-

ing equilibrium prices (P i
1, P

i
2, δi) = ( 7

13
− 6

13
o, 7

13
− 6

13
o, 4

13
+ 4

13
o), i = A,B.

The proof is similar to the proof of Proposition 2.3.2, and can be found

in Appendix B.3.

The equilibrium where firms can offer switching discounts but are un-

able to detect the customers taking the outside option, still have the feature

of a raised second period price.

Proposition 2.4.3. The unique symmetric subgame perfect Nash equilibrium

to the game in which both firms can price-discriminate by offering switching

discounts involves firms charging equilibrium prices and discounts (P i
1, P

i
2, δi) =

(1
2
− o, 2

3
+ 1.04o, 1

3
+ 0.08o), i = A,B.
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Since we derive Proposition 2.3.4 through numerical method, we cannot

write out the expression for the optimal price explicitly as a function of o.

However, by plugging in various levels of o, the difference between first- and

second period equilibrium prices where both firms offer switching discounts

and are able to price-discriminate the customers taking the outside option, is

always smaller than the difference where firms cannot detect the customers

taking the outside option.

To sum up, the robustness of previous results does not depend on any

particular level of outside option.

2.5 Conclusion

Our review of literature tells us that most of the previous analyses on

third-degree price discrimination, including the path-breaking work by Fuden-

berg and Tirole [2000], consider firms’ brand switching behavior under the

assumption of zero market elasticity of demand. However, in the real world,

the existence of potential customers in many markets that are not active buy-

ers of any existing brands suggests a scenario where a non-zero elasticity is

more relevant. This paper therefore sets out to answer the question that when

this assumption on elasticity is relaxed, whether it is inevitable for the “loyal”

consumers having a high preference for the firm’s own product to be charged

a higher price after their purchase histories are observed.

We analyze a two-period Hotelling model with horizontal differentia-

tion, where two price-setting firms sell different brands of the product and offer
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switching discounts in the second period. We find when the market elasticity

of demand is not zero, and given the option of setting a separate price for

those consumers who didn’t make the purchase in the first period, the equilib-

rium that involves raised second period prices for those customers who have

relatively high valuation for the product will break down.

This equilibrium outcome results in a lower profit for the firms com-

pared to the benchmark case where switching discounts are turned off. It is

also detrimental to consumers and the society as a whole, since any equilib-

rium involving switching between firms will lower the consumer surplus and

the social surplus by preventing the consumers to purchase the product that

most fits to their tastes. To check the robustness of our conclusions, we ex-

amine various levels of outside options to show that the results are not driven

by the choice of any particular level of outside option.

Apart from complementing the previous literature and extending itself

beyond the usual case of third-degree price discrimination, this paper features

an equilibrium outcome with large switching discounts and large proportion

of consumers switching between products/brands. These predictions will shed

light upon analyzing the pricing strategies of the leading mobile carriers in the

U.S. by consistently offering deals and promotions to attract customers from

their rivals’ networks.
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Chapter 3

Inter-firm Bundling Incentives under Product

Versioning

3.1 Introduction

Product bundling and versioning are both examples of price discrim-

ination. The term “versioning” describes situations in which the producer

provides different versions of the same product that sell at different prices.

Both pricing strategies have been widely used in the telecommunication mar-

ket, where cellphones are bundled with calling plans when sold to the cus-

tomers, with the latest models of cellphone being added as new versions into

the existing bundles by the cellphone manufacturers.

Versioning usually happens when the firm is planning to introduce a

range of products that are based on a top quality, core product with more

substantial R&D costs. By introducing a product, the producers are using

prices to induce the consumers to self-select different versions that are differ-

entiated from the core product according to willingness to pay. Such practices

are becoming an important component in the pricing strategy of information

goods, since it usually costs less to produce a series of differentiated infor-

mation goods after having incurred the cost to develop a top quality one. A
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typical versioned product in the telecommunication market is Apple Inc.’s in-

troduction of iPhone 5C as a low-end model along with its original version,

iPhone 5.

One important economic question associated with versioning is: what

are the potential competitive effects? If the economy has only a monopo-

list producer, introducing a versioned product may help it to capture more

consumer surplus. However, if there are already two competing firms on the

market, consumers may actually benefit from the introduction of versioned

product, as to the extent that it lowers prices due to intensified competition.

Although they are two different types of marketing strategies, version-

ing and bundling are sometimes associated with each other in practice. This

paper aims to analyze the introduction of versioned product in the context of

bundling. With bundled discounts, consumers can pay less for a package than

for a la carte items, and this leads to welfare impacts for different buyers and

sellers. This paper restricts its focus to inter-firm bundling, where producers

create bundles of products for which consumers have independent preferences.

Bundling in the motiving example may appear to involve the bundling

of complementary products, in the sense that consumers with large cellphone

purchase may tend to consume more mobile service, we should note that the

bundling by cellphone manufacturers and mobile carriers involves exclusive

brand specific relationships, and cannot be validated for any cellphone pur-

chases other than the specified brand. The consumers’ preferences for the

products are therefore independent, since there is no particular reason to ex-
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pect that a customer that purchases a specific phone will prefer joining any

particular mobile carrier.

Furthermore, there is a versioning incentive in the motivating example

on the cellphone manufacturer’s side. Consider a major cell phone manufac-

turer that produces mainly high-end smartphones. It may want to enrich its

low-end smartphone product line in order to gain market share. However, by

introducing low-end models, the producer would face higher competition from

other brands and its own pre-existing models. By offering a bundled discount

along with a mobile service provider, the cell phone manufacturer may find it

more profitable than selling the phone by itself.

Such a price strategy can be found in the U.S. telecommunication mar-

ket. For example, Amazon exclusively bundles its smartphone, Firephone,

with the carrier AT&T, while Google exclusively bundles its smartphone,

Pixel, with Verizon. A versioned product that has larger screen and longer

battery life, Pixel XL, is also introduced by Google, and exclusively bundled

with Verizon. The bundling decision and the availability of different versions

of the model was announced at the same time when the firms launched their

phones; the consumers also have the choice to purchase the cellphone and join

a non-partner mobile service network at a higher cost, if he or she prefers.

In this paper, we propose a framework in which independent firms first

decide on whether to offer a bundled discount for the joint purchase of their

products and whether to create a new version of the product. Then they decide
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on the amounts of bundled discounts, the way to share the bundled discounts,

and the product prices. The model is an extension to the standard Hotelling

differentiated products framework used in Matutes and Regibeau [1992], Gans

and King [2006], and Brito and Vasconcelos [2015]. The results suggest that

the practice of inter-firm bundled discounts may incentivize the introduction

of versioned products, when in the absence of bundling, firms may not find it

profitable to do so.

The intuition behind such practice is clear: the initial number of con-

sumers entitled to the discount is larger when a firm decides to introduce a new

version of the product and gain larger market share. As a result, the effects

of the bundled discounts on the purchased quantities are larger for those firms

that create a bundle with a versioned product. Although the introduction of

a differentiated product will lead to a counteracting effect of intensifying the

competition with product from competitors and from its own, the overall effect

makes the firms that create a bundle with versioned products better off, due

to the larger magnitude of bundling benefits as just described.

The impact of “bundled versioning” on social welfare is ambiguous.

There are, again, two competing effects. On one hand, bundled discounts may

lead to welfare losses, as is described in previous literature (Gans and King

[2006], etc.). On the other hand, the introduction of new versions of prod-

ucts may increase social welfare, owing to the increase in consumer’s surplus,

as the consumers are able to purchase the product that is tailored to their

taste at a more competitive price. However, based on the numerical analysis,
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this paper finds that the social welfare increasing effect by versioning is large

enough to balance out the social welfare reducing effect of bundling. In other

words, social welfare will decrease compared to the benchmark case without

the presence of bundling and versioning.

This paper differentiates itself from the previous literature by taking

into consideration versioning as a potential strategic complement to product

bundling. It has long been understood that bundling can be a profitable

device for price discrimination, since it averages out the extremely high and low

valuations of the population of consumers (Schmalensee [19]; Fang and Norman

[2006]). This paper yet provides another explanation to the profitability of the

practice of inter-firm bundling by incorporating product versioning into the

analysis.

The rest of this paper is structured as follows. Section 3.2 summarizes

pertinent aspects of the bundling literature and discusses how my strategy

differs from those of previous authors. Section 3.3 presents the basic mod-

eling framework. Section 3.4 examines a broad range of numerical examples

that show optimal bundled discounts and the welfare consequences of different

pricing strategies. Section 3.5 checks for robustness. Section 3.6 summarizes

the general results and discusses the possible extensions.

3.2 Literature Review

Many previous papers have tried to explain the prevalence of the prac-

tice of bundling among producers. Stigler [1963] first recognized that selling
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two products in a bundle can yield higher profits than selling them separately,

when consumers vary in their willingness to pay. Adams and Yellen [1976]

provides the first clear theoretical setup for analyzing such kind of benefits of

bundling. Their paper examines pricing strategies include component pricing,

pure bundling and mixed bundling under the assumptions of one multi-product

monopolist, two products, independent and additive valuations, linear unit de-

mand and no resale market. These assumptions have become standard in the

literature, see, for example, Schmalensee [19], McAfee et al. [1989] and Geng

et al. [2005].

The previous literature has investigated the case in which the bundled

discount is offered by a multi-product firm packaging two or more goods or

services for a lower price than the aggregate price of its constituent parts.

Peitz [2008], Greenlee et al. [2008] and Nalebuff [2004] Nalebuff [2005] have

shown that the use of bundled discounts can lead to the exclusion of a rival

offering no such equally diverse group of products, under the setup where a

monopoly seller in one market faces competition in a second market.

Another strand of literature analyzes the implications of bundled dis-

counts, per se, on consumer surplus and social welfare. Carbajo et al. [1990]

show that bundling works as a product differentiation device resulting in less

aggressive pricing by rivals and lower consumer surplus. Matutes and Reg-

ibeau [1992] analyze the behavior of duopolistic firms, both supplying the two

necessary components to make up a system. Their result suggests that firms

will find it profitable to produce compatible goods and offer discounts to those
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consumers who purchase both components from them. However, firms would

have a higher payoff with a higher social welfare if they could pre-commit not

to offer discounts.

This paper is closely related to the strand of literature that studies the

equilibrium effect of inter-firm bundling. Gans and King [2006] were the first

to study the inter-firm bundling scheme. They show that unilateral bundling is

a profitable deviation from the benchmark case with no bundling. The profits

of the single pair of firms that bundled their products will increase, at the cost

of the remaining non-bundling firms. However, if both pairs of independent

firms offer bundled discounts, each firm’s profit and output end up being the

same as in the benchmark case with no bundled discounts. Moreover, bilateral

bundling leads to a reduction in the social welfare compared to the benchmark.

Although Gans and King [2006] examine horizontally differentiated

products, Brito and Vasconcelos [2015] provide a vertical differentiation ex-

tensions. Similar to Gans and King [2006], they stick to the gasoline-grocery

bundle, but with emphasis on the vertically differentiated features of the gro-

cery products. They show that in equilibrium, all pairs of firms producing

products of the same quality level offer bundled discounts. Compared to the

non-bundling benchmark case, the headline prices for those consumers who do

not purchase a bundle have increased, leading to decreased consumer welfare.

Moreover, the decrease in consumer surplus cannot be compensated by the in-

creased profits for the high quality bundling pair, which results in a decreased

social welfare.
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This paper falls into the inter-firm bundling literature, by analyzing

its welfare consequences after incorporating versioning as a second pricing

strategy. It uses a similar product and demand structure as in Gans and

King [2006], but echoes Brito and Vasconcelos [2015] by providing yet another

example where the prohibition of inter-firm bundling could make the society

better off. However, unlike previous studies, this paper makes a first step to

model bundling in the presence of product versioning, which has a smaller

body of literature compared to the former. To my knowledge, none of the

previous literature on versioning assumes bundling.

Taking versioning into consideration, the game in our model has a differ-

ent timing compared to previous work. Instead of making a bundling decision

simultaneously in the first stage of the game as is assumed by the previous

papers, the firms need to make a bundling and versioning decision simultane-

ously in the first stage of the game, and decide the location of the versioned

product if introduced. In the second stage, in addition to setting the prices of

the existing products, the firms need to set the price of the versioned product

as well.

In terms of literature examining firm’s introduction of new products,

Mussa and Rosen [1978] starts a strand of price-discrimination literature by

showing that multi-product monopolists have the incentive to introduce quality

degradation. These monopolists will offer qualities that are below the efficient

level for all consumers except those with the highest preference for quality.

Varian [1997] first analyzes the welfare implications of quality discrimination
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for a monopolistic producer of information goods. His work shows that the

profitability of versioning stems from the fact that the model has only one

producer in the economy. In comparison, our work focus on the profitability of

versioning when there are competing firms in the market. Weber [2008] creates

a two-stage model for versioning products with respect to both vertical and

horizontal attributes. However, his model also features a single firm setup,

and the two-period game assumption does not fit into our motivating example

of cellphone and mobile service, in which we observe the versioning decision

and bundling decision are made simultaneously.

Among the versioning literature that models two or more competing

firms, Hausman [1997], Hausman and Leonard [2002] examine the competi-

tive effect of new product introduction and break the overall effect into two

parts - the effect on prices of own product due to increased competition, and

the effect of having additional product variety. The empirical results confirm

the prediction that new product introduction has mixed competitive effects.

Building on the intuition in Hausman [1997], Hausman and Leonard [2002],

our work differentiates itself by being the first one to investigate the role that

bundling plays in the profitability of firms’ versioning decisions using a theo-

retical approach.

To sum up, this paper departs from previous literature by considering

bundling strategies in the presence of versioning as a complement marketing

strategy, being the first to cover the gap in literature by showing that inter-firm

bundling can incentive the introduction of new products.
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3.3 Model

Consider a two dimensional Hotelling framework characterized by the

following assumptions and conditions: there are two markets, j = X, Y , where

two firms, AX and BX, produce X, and two other firms, CY and DY , produce

Y . Firms are assumed to be independent and otherwise unrelated.

Each X producer, A or B, has three strategic choices. First, it makes

a bundling decision. They will decide whether to bundle with one of the Y

producer, C and D, and which Y producer to bundle with. Second, it makes a

versioning decision. They will decide whether to introduce a versioned product,

and the location of the versioned product along the Hotelling line. Third, it

chooses prices for its core product piX , i = A,B, prices for its versioned product

pin, i = A,B, if any. The Y producers are assumed to only make the bundling

decisions in the first step, and the pricing decisions in the third step, in order

to reduce the dimensionality of the problem.

The asymmetry of the action space between the X and Y producers is

motivated by the example of the bundling of mobile service and cellphones.

While we observe the introduction of new products in the cellphone market

as is illustrated by the example of Google smartphone, the available mobile

service plan provided by the telecommunication firms remained the same over

the period right before and after the bundling.

Moreover, the assumption that only the X producers may provide ver-

sioning will not have consequence on the results of the model. If we allow
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all the firms to make the bundling and versioning decision, the intuition on

the profitability of bilateral bundling also holds true. As the initial number

of consumers entitled to the discount becomes larger when a firm decides to

introduce a new version of the product, the effects of the bundled discounts on

the purchased quantities will be more pronounced for those firms that create

a bundle with a versioned product.

There are two characteristics that differentiate the bundling of a multi-

product firm and inter-firm bundling. First, they have different objective

functions. Unlike the objective function for the bundling by a multi-product

firm, inter-firm bundling does not need to take into account how changing the

price of a given product affects the demand for the other products as a bundled

pair.

Second, the bundled discounts will be financed by different parties. Un-

like bundling by a multi-product firm, inter-firm bundling involves the bundled

discounts to be shared by independent firms. Hence, there is the need to con-

tract upon the magnitude of the sum of bundled discount, and the rule of

sharing it.

In terms of notations, the sum of bundled discounts are denoted by

βA and βB, where the subscripts refer to the X producer that is involved

in the bundling coalition. This paper considers a proportional sharing rule.

Specifically, αA denotes the percentage of bundled discounts shared by the

A producer of product X with its bundling partner of the Y producer (C

or D). Similarly, αB denotes the percentage of bundled discounts shared by
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the B producer of product X with its bundling partner of the Y producer.

The remaining percentage, therefore, will be shared by the corresponding Y

producer in the bundling pair.

Before proceeding to the timing of the game, an important assumption

to be made is the Gans and King [2006] assumption that the firms will find

it less costly to change the price than to renegotiate bundled discounts with

a partner firm. In terms of timing, this assumption implies that the bundled

discount being set before individual product prices. More specifically, the

timing of the game is as follows:

1. In the first stage, nature randomly selects a producer k, k ∈ {AX,BX,CY,DY }.

If one of the Y producing firms, C or D is selected, it will propose to

offer a bundled discount to one of the X producers, A or B. The X

producing firm can accept or reject its proposition. If one of the X pro-

ducing firms, A or B is selected, it will make bundling and versioning

decision simultaneously. Specifically, they will decide whether to intro-

duce a versioned product and its location along the Hotelling line, and

propose to offer a bundled discount to one of the Y producers, C or D.

The Y producing firm can accept or reject its proposition.

In the event of no proposition being made or accepted, another firm will

be randomly selected, until nature exhausts all four. Whenever a pair is

made, the remaining pair will be treated as the other coalition. 1

1The remaining pair can assign a zero bundled discount level in the second stage, if it is
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2. In the second stage, competition takes place. The second stage can be

further divided into two sub-stages:

2.1. In the first sub-stage, firms simultaneously agree to some bundled

discount, βA and βB, and a rule of sharing it, αA and αB;

2.2. In the second sub-stage, firms simultaneously set prices, pk, k ∈

{AX,BX,CY,DY }, for the flagship product, and pin, i = AX,BX

for the versioned product (if any).

3. In the third stage, seeing prices, consumers make purchasing decisions.

Firms receive their profits.

The choice set of alternative strategies for firms AX and BX consists

of the components as follows:

• NV̄ : not to bundle and not to offer a versioned product;

• CV̄ : bundle with C producer of Y without offering a versioned product;

• DV̄ : bundle with D producer of Y without offering a versioned product;

• NV : not to bundle but offer a versioned product;

• CV : bundle with C producer of Y and offer versioned products;

• DV : bundle with D producer of Y and offer versioned products.

in their interest not to offer any bundled discounts.
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Hence, the choice set of alternative strategies for firm AX and BX can

be noted as SAX = SBX = {NV̄ , CV̄ ,DV̄ ,NV,CV,DV }. Similarly, firm CY

and DY ’s choices sets can be denoted as SCY = SDY = {N,A,B} where

• N : not to bundle;

• A: bundle with A producer of X;

• B: bundle with B producer of X.

If we denote S = (sAX ; sCY ; sBX ; sDY ) as the strategy profile, there

are altogether 62 ∗ 32 possible cases by calculating the number of distinct

combinations of strategies by each player. However, since the firms producing

different types of products must have the same matching intension to create

a bundle, many of the unmatched strategies will only lead to the benchmark

non-bundled scenario. For example, if

Firm AX has the intention to bundle with Firm CY;

Firm CY has the intention to bundle with Firm BX;

Firm BX has the intention to bundle with Firm DY;

Firm DY has the intention to bundle with Firm AX.

The unmatched strategies will only give us the benchmark scenario.

Table 1 lists all the possible scenarios based on firms’ bundling and versioning

outcomes, so that the strategy profiles that lead to the same bundling and

versioning outcome will be collapsed into one cell.
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Table 3.1: Possible Scenarios

Bundling/Versioning 0 Versioned Product 1 Versioned 2 Versioned
Non-Bundled Benchmark

Bundled
Unilateral
Bilateral

There is a population of customers who may choose to buy the products

based on the prices and their preferences. Consumers are assumed to be all

interested in buying both products and choosing which firm to buy from. Fol-

lowing the classic location paradigm to reflect generic product characteristics,

the consumers’ preferences are captured by the Hotelling linear city model.

The lengths of the Hotelling segments in both X and Y dimensions, LX and

LY , are normalized to 1 unless otherwise specified. The products are assumed

to be independent, in the sense that consumers’ preferences for them are inde-

pendent. Hence, there is no reason why a consumer who tends to prefer firm

AX for product X would prefer either CY or DY for product Y . In other

words, X and Y axis are perpendicular.

The independent preference assumption are validated by the motiving

example. Although the bundling of cellphone and mobile service may appear to

involve the bundling of complementary products, in the sense that consumers

with large cellphone purchase may tend to consume more mobile service, we

should note that the bundling by cellphone manufacturers and mobile carriers

involves exclusive brand specific relationships, and cannot be validated for any
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Figure 3.1: Firm Location
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cellphone purchases other than the specified brand. The consumers’ prefer-

ences for the products are therefore independent, since there is no particular

reason to expect that a customer that purchases a specific phone will prefer

joining any particular mobile carrier.

A consumer’s location is denoted by (x, y), with firms BX,DY located

at the origin, (x, y) = (0, 0), firms AX located at (x, y) = (1, 0), and firm CY

located at (x, y) = (0, 1), as is shown in Figure 3.1.

This paper restricts its focus on the case where either horizontal or

vertical versioning, but not both, is available. Using the horizontal differenti-

ation specification, the functional form of consumer θj’s utility from purchas-

ing product j from firm k, which is located at qk, (j, k) = {(X, {AX,BX}),

(Y, {CY,DY })}, is assumed to be:

uHk = UH
0,X − t(|θX − qk|)− pk, k ∈ {AX,BX} (3.1)

uHk = UH
0,Y − t(|θY − qk|)− pk, k ∈ {CY,DY } (3.2)

In Equation (1), uHk denotes the utility consumer θj derives from con-

suming product j from firm k. UH
0,j denotes the intrinsic utility of consuming

product j, and t(|θ· − qk|) denotes the transportation cost reflecting the disu-

tility associated with the difference between the purchased product and the

consumer’s most desired product. The intrinsic utility, UH
0,j, is assumed to be
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sufficiently large, so that every consumer purchases exactly one unit of each

product.

Specifically, this paper will just focus on the horizontal differentiation

model with quadratic transportation cost for the products, where

uHk = UH
0,X −

1

2
(θX − qk)2 − pk, k ∈ {AX,BX} (3.3)

uHk = UH
0,Y −

1

2
(θY − qk)2 − pk, k ∈ {CY,DY } (3.4)

A robustness check will be provided in Section 3.5, to show that the

results are not sensitive to various utility specifications. We show that using a

similar proof method as in Cremer and Thisse [1991], under mild assumptions

on marginal costs, a vertical differentiation model can be identified with a

linear quality term and quadratic marginal quality cost, such that it gives the

same equilibrium results as the horizontal differentiation model.

In order to write out the profit function of the firm, which depends not

only on the taste structure of the consumers, but also on the production cost

of the firms, we need to examine the technology features on the firm’s side.

In the motivating example, firms that offer the telecommunication service will

incur marginal costs as a function of location (technology). Specifically, they

are assumed to incur quadratic marginal costs, MC(qk) = 1
2
q2
k, k ∈ {CY,DY }.

The reason behind the modeling of such a production technology is the

competition between the GSM (Global System for Mobile Communications)
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technology used by AT&T and T-Mobile, and the CDMA (Code Division Mul-

tiple Access) technology used by Verizon, Sprint and U.S. Cellular. As two

major competing standards in the provision of cellular service, the GSM and

CDMA standards differ in the technologies turning voice data into radio waves

and the way the carrier connects to the phone. Since CDMA technology is

owned by chipmaker Qualcomm, while GSM comes from an industry consor-

tium, the costs associated with these technologies are different. Specifically,

GSM networks are less expensive for third parties to build up, which rational-

izes our assumption on the marginal technology cost on the mobile service.

Therefore, given the bundled discount βl2 financed by firm l, located

at ql, l ∈ {AX,BX,CY,DY }, firm l chooses prices pl such that:

max
pl

ΠH
l (pl, ql, βl) = (pl∗Ql−MC(ql))(pl, ql, βl)−βl∗Ql

inbundle(p
l, ql, βl) (3.5)

In Equation (5), Ql(pl, ql, βl) denotes the number of consumers buying

from Firm l, including both the bundled and non-bundled product purchase,

as a function of price, firm location and discount offered by the firms. In the

motivating example, Ql(pl, ql, βl) corresponds to the total number of cellphone

purchase from Firm l, with or without a bundled package, l ∈ {AX,BX} or

the total amount of Firm l’s mobile service subscription, l ∈ {CY,DY }.

2As in the previous literature, we only focus on the profitability of relatively small dis-
counts, which means a discount smaller than the lowest price of the products in the bundle
evaluated at the non-bundled equilibrium. If the firm decides to introduce a differentiated
product to the market and that product is bundled, it will be the only case that leads to a
non-negative demand for the versioned product and is empirically relevant.
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Ql
inbundle(p

l, ql, βl) denotes the number of consumers buying the bundle

that involves the product from l firm. In the motivating example, Ql
inbundle(p

l, ql, βl)

corresponds to the amount of cellphone-mobile service bundle that contains

product l purchased by the consumers, l ∈ {AX,BX,CY,DY }.

The quantities demanded for each firm depend on the cutoff between

which consumers are indifferent between buying the bundle and buying two

separate goods. The expression for quantities are given explicitly in Section

3.4 based on the bundling scheme scenarios of interest.

The bundled discount financed by producer AX can be written as βAX =

αAβA, where the optimal bundled discount βA maximizes the sum of the profits

of the bundling pair. Similarly, denote βBX = αBβB to be the bundled discount

financed by producer BX.

In order to analyze the welfare consequences of bundled discounts and

versioning, we first consider the benchmark case in the absence of bundling or

versioned product, and the results are shown in Proposition 3.3.1:

Proposition 3.3.1. (Benchmark Equilibrium) In the horizontal differentia-

tion model specified above, if no pair of firms offers a bundled discount, and

there is no introduction of versioned product, then, in equilibrium: (i) the

prices that firm AX,CY,BX,DY charge will be pAX = pBX = 1
2
, pCY = 5

6
, pDY = 2

3
;

(ii) the individual profits of firm AX,CY,BX,DY will be ΠA
X = ΠB

X = 1
4
,ΠC

Y =

1
9
,ΠD

Y = 4
9
; (iii) consumer’s surplus will be U0,X + U0,Y − 1.5917; (iv) social

welfare will be U0,X + U0,Y − 0.5362.
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Figure 3.2: Benchmark Case
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As is suggested by Varian [1997] and other literature, firms may intro-

duce a versioned product to obtain higher profit. However, the profitability of

versioning becomes questionable when there are competing firms in the mar-

ket. The following lemma shows the redundancy of versioned product in the

absence of bundled discount. The proof can be found in Appendix C.2.

Lemma 3.3.2. In the horizontal differentiation model specified above, if no

pair of firms offers a bundled discount, then no X producing firm has the

incentive to unilaterally introduce a versioned product at any location c ∈ (0, L)

along the Hotelling segment of length L.

Lemma 3.3.2 echoes the intuition first discussed in Hausman [1997] and

Hausman and Leonard [2002]: the equilibrium effects of the introduction of

differentiated products include the effect of having additional product variety

and the effect on own products to increased competition. With two competing

firms located on the end points of a Hotelling segment, our model finds that the

overall effect to be profit reducing for any firm making a unilateral deviation

to introduce a versioned product, even though versioning alone would increase

the consumer’s surplus due to the reduction in the transportation cost and the

decreased price as a result of intensified competition.

Given that unilateral versioning without bundling can not be an equi-

librium outcome, we can investigate the role that bundling plays in the prof-

itability of introducing a differentiated product.
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The following lemma is analogous to the prisoner’s dilemma result in

Gans and King [2006].

Lemma 3.3.3. (Extension of Gans and King [2006]) In the horizontal dif-

ferentiation model specified above: (1) If both pairs of firms offer a bundled

discount, without the introduction of versioned product, the equilibrium result

leads to the same profits and market shares as in the case without bundled dis-

count. (2) If both pairs of firms offer a bundled discount with the introduction

of versioned product, the equilibrium profit is strictly lower than the case where

the products are bundled and no versioned product has been introduced.

Gans and King [2006] states that if both pairs of firms offer a bundled

discount, without the introduction of versioned product, the equilibrium result

involves each firm offering a single bundle, with its profit and market share

being the same as the case without bundled discounts. The first part of Lemma

3.3.3 is a direct application of this result.

In the presence of the versioned products, in contrast, if both pair of

firms offer a bundled discount, the equilibrium profit is strictly lower than the

case where the products are bundled but no versioned product has been intro-

duced. Based on the same intuition behind Lemma 3.3.2, bilateral versioning

will only intensify competition and decrease the current prices on the market.

As a result, compared to the no-versioning case, bilateral versioning competes

away profits, which gives us the second part of Lemma 3.3.3.

Hence, from Lemma 3.3.2 and 3.3.3, bilateral bundling with bilateral
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versioning or without will never be as profitable as the benchmark case. There-

fore, we consider the case with unilateral versioning of one of the X producers,

and bilateral bundling, where bundled discounts are offered between the firm

that decides to launch versioned products and the high market share Y pro-

ducer, and between the remaining pair.

This profit maximization problem becomes too complicated to solve

analytically even under the most trivial valuation distribution, because a new

complexity arises from modeling versioning. In the following section, we will

take a numerical approach to analyze the profitability and welfare impacts of

bundling and versioning in different scenarios, solving the profit maximization

problem along with an optimal location model.

3.4 Numerical Analysis

In this section, a large number of numerical analyses are performed, in

order to cover a broad range of optimization results. In each specification, the

optimal bundled discounts as well as the associated seller’s profits, consumers’

surplus are numerically solved and compared.

A first step is to solve for the optimal quantities that each firm produces

where there is unilateral versioning and bilateral bundling. The expressions for

prices are relegated to Appendix C.4. In particular, the bundling takes place

between the X producer that introduces versioned products and the high Y

producer, and between the remaining pair. The profit functions can be written
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as:

ΠA
X = pAXQ

A
X − αAβAQinbundle

AX,CY (3.6)

ΠB
X = pBXQ

B
X + pNXQ

N
X − αBβB(Qinbundle

BX,DY +Qinbundle
NX,DY ) (3.7)

ΠC
Y = pCYQ

C
Y − (1− αA)βAQinbundle

AX,CY (3.8)

ΠD
Y = pDYQ

D
Y − (1− αB)βB(Qinbundle

BX,DY +Qinbundle
NX,DY ) (3.9)

where αA, αB are the percentages of the discount financed by the producers

of product X, βA, βB are the negotiated sum of bundled discount involving

the producers of product X. Hence, the product of the sharing percentage

and sum of bundled discount corresponds to the bundled discount financed by

each firm, i.e. βk, k ∈ {AX,BX,CY,DY }.

The quantities can be found in Appendix C.3.

As a following step, it can be shown that the optimal bundled discount

sharing rule involves the bundled discount being financed by the firm with

larger market share for any admissable discounts. Recall that we use notation

βAX = αAβA to represent the bundled discount financed by producer AX,

where the optimal bundled discount βA maximizes the sum of the profits of

the bundling pair, and αA denotes the percentage of bundled discounts shared

by the A producer of product X with its bundling partner of the Y producer

(C or D). βBX = αBβB and αB are defined in a similar fashion.

In order to determine the optimal bundled discount sharing rule, we

need to calculate the effect of an increase in the percentage of bundled dis-

counts shared by the A producer of product X on the joint profits of Firms
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AX and CY . We find that the bundled discount will be entirely financed by

the A producer of the X product. The proof idea is that
∂(ΠA

X+ΠC
Y )

∂αA > 0. In-

tuitively, this inequality holds because the bundled quantity, Qinbundle
AX,CY consists

of a larger fraction of the sales of Firm CY than Firm AX. As a result, the

impact of changing αA on the profit of Firm CY is substantially larger than

the impact of the same change in αA on the profits of Firm AX. By setting

a higher αA, the price that Firm CY charges for its product becomes more

competitive compared to Firm DY , resulting in higher profit of Firm CY , and

higher profit sum of the bundling pair.

Similarly,
∂(ΠB

X+ΠD
Y )

∂αB < 0, the B producer of product X with lower

market share compared to its bundling partner should finance all the bundled

discount. The result is summarized in Lemma 3.4.1.

Lemma 3.4.1. The optimal bundled discount sharing rule is αA = 1, αB = 0

for any admissible βA, βB.

However, there are too many Nash Equilibria that can arise in this

game, even after simplifying using Lemma 3.4.1. For example, bilateral bundling

with bilateral versioning consists of an Nash Equilibrium, although we know

from Lemma 3.3.3, that both firms will receiver lower profits in this Prisoner’s

Dilemma outcome. In view of this, as in Brito and Vasconcelos [2015], this

paper will instead focus on the equilibrium concept of Strong Nash Equilib-

rium, where no coalition of producers, taking the actions of its complements

as given, can cooperatively deviate in a way that benefits all of its members, in
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contrast to the concept of Nash Equilibrium, where no firm can move away by

unilaterally deviating to another strategy. More specifically, under the concept

of Strong Nash Equilibrium, no pair of producers can cooperatively introduce

a discount benefiting both of them. The agents would not want to quit the

coalition, since the equilibrium is immune to deviation by every conceivable

coalition.

Proposition 3.4.2 tells us that the unique Strong Nash Equilibrium of

the game is unilateral versioning, and bilateral bundled discounts offered be-

tween the X producing firm making the versioning decision and the Y produc-

ing firm with a higher quality. The individual profits for the pair that involves

the firm that didn’t introduce a differentiated product are lower, while the

individual profits for the other pair is higher.

Proposition 3.4.2. In the horizontal differentiation model described above,

unilateral versioning, bilateral bundling between the X producer that introduces

versioned product and the high market share Y producer, and between the re-

maining pair consists of the unique Strong Nash Equilibrium of the game, with

(i) the location of the versioned product c = 0.13; (ii) the bundled discounts

βA = 0.09, βB = 0.38; (iii) the individual profit of firm AX,BX,CY,DY will

be ΠA
X = 0.2116,ΠB

X = 0.2738,ΠC
Y = 0.1029,ΠD

Y = 0.4453.

However, this equilibrium will be welfare reducing. The consumer’s

surplus gain due to the introduction of versioned products will not be able to

cover the inefficiency caused by the introduction of bundled discounts, as is

shown in the following proposition.
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Figure 3.3: Bundling Case
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Proposition 3.4.3. The equilibrium in Proposition 3.4.2 is welfare reducing

compared to the benchmark scenario: (iv) consumer’s surplus will be U0,X +

U0,Y − 1.7822;

(v) social welfare will be U0,X + U0,Y − 0.7486.

Comparing Lemma 3.3.3 with Proposition 3.4.2, although they are nu-

merical results, we find a scenario in which in the absence of versioned product,

firms do not find it profitable to propose inter-firm bundling. The intuition

behind it is that the initial number of consumers entitled to the discount is

larger when a firm decides to introduce a new version of the product and gain

larger market share, resulting in a magnitude of bundling benefit that is larger

for firms introducing versioned products, even though the introduction of a dif-

ferentiated product intensifies the competition with product from competitors

and from its own.

The impact on social welfare is driven by opposite effects. While bun-

dled discount might lead to welfare losses, the introduction of new versions of

products might increase consumer’s surplus. But on the whole, we find the

social welfare decreases compared to the benchmark case without the presence

of bundling and versioning.

3.5 Robustness Check

Since this paper restricts its focus on the case where either horizontal

or vertical versioning, but not both, is available, the following theorem shows
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that under very mild assumptions on the transportation costs, a pure strategy

equilibrium exists in a Hotelling-type horizontal differentiation model H if

and only if its vertical differentiation model V counterpart has a pure strategy

equilibrium.

More specifically, if the horizontal differentiation model has an increas-

ing and continuously differentiable transportation cost function with t(0) = 0,

then there exists a specification of vertical differentiation model, such that the

profit under the horizontal setup equals the profit under the vertical setup

with a change of variable. Price, location and bundled discount consists an

equilibrium of the horizontal differentiation model if and only if the trans-

formed price, location and bundled discount consists an equilibrium of the

corresponding specification of the vertical differentiation model.

Theorem 3.5.1. (Extension to Cremer and Thisse) If the horizontal differ-

entiation model has transportation cost function t(·) increasing, continuously

differentiable with t(0) = 0, then there exists a specification of vertical differ-

entiation model such that ΠH(p, q, β) = ΠV (p̃, q, β), where p̃k = pk + MC(qk)

holds for all k ∈ {AX,BX,CY,DY }. (p∗, q∗, β∗) is an equilibrium of the hor-

izontal differentiation model if and only if (p̃∗, q∗, β∗) is an equilibrium of the

corresponding specification of the vertical differentiation model.

The proof can be found in Appendix C.1. Theorem 3.5.1 shows that

a horizontal differentiation model can give identical equilibrium results to its

corresponding vertical differentiation model. In particular, this implies that

95



the equilibrium profits are the same in both models. Specifically, the horizontal

differentiation model with zero transportation cost, where

uHk = UH
0 −

1

2
(θj − qk)2 − pk (Horizontal differentiation) (3.10)

is equivalent to the vertical differentiation model with a linear quality

term and quadratic marginal quality cost, MC(q̃k) = 1
2
q̃2
k, in the sense that

the two models give the same equilibrium result:

uVk = UV
0 + θj q̃

k − p̃k (Vertical differentiation) (3.11)

where q̃k denotes the quality of the product, uVk , UV
0,j are the vertical differenti-

ation utility and intrinsic utility counterparts, and p̃k is the price counterpart,

j ∈ {X, Y }, k ∈ {AX,BX,CY,DY }.

Therefore, our baseline model admits various taste structures of the

consumers, and is robust to transformations between Hotelling-type horizontal

differentiation model and its vertical differentiation counterpart.

The profits functions are, therefore,

max
p̃m

ΠV (p̃m, q̃m, β̃m) = [p̃m−MC(q̃m)]∗Q̃m(p̃m, q̃m, β̃m)−β̃m∗Q̃m
inbundle(p̃

m, q̃m, β̃m)

(3.12)

where Q̃m(p̃m, q̃m, β̃m) denotes the number of consumers buying prod-

uct Y from m firm, including both bundled and non-bundled purchase, as a
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function of price, quality and discount, m ∈ {AX,BX,CY,DY }. Q̃m
inbundle(p̃

m, q̃m, β̃m)

denotes the number of consumers buying the bundle that involves the product

from m firm.

3.6 Implication and Conclusion

This paper sets out to fill a gap in bundling literature by answering the

question why bundling has been such a prevalent pricing strategy by analyzing

the welfare consequences of it.

We propose a framework showing the practice of inter-firm bundled

discounts may incentivize the introduction of versioned product, when in the

absence of bundling, firms may not find it profitable to do so. The intuition

behind such practice is that the initial number of consumers entitled to the

discount is larger when a firm decides to introduce a new version of the prod-

uct and gain larger market share, resulting in a magnitude of bundling benefit

that is larger for firms introducing versioned products, even though the intro-

duction of a differentiated product intensifies the competition with product

from competitors and from its own.

The impact on social welfare is ambiguous. While bundled discount

might lead to welfare losses, the introduction of new versions of products

might increase consumer’s surplus. But on the whole, as a result, we find the

social welfare decreases compared to the benchmark case without the pres-

ence of bundling and versioning, and that means that a social planner should

scrutinize the use of bundled discounts along with versioning in industries
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where independent suppliers provide horizontally or vertically differentiated

products.

The result in this paper echoes classical bundling and versioning litera-

ture in the sense that it confirms Brito and Vasconcelos [2015] that prohibition

of inter-firm bundling in some cases could make the society better off. It also

confirms the results suggested by Hausman [1997], Hausman and Leonard

[2002] that new product introduction has mixed competitive effects. However,

it departs from existing literatures, by examining the effect of bundling on

firms’ incentives of the introduction of versioned products.

The analysis in this paper can be extended in many ways. One short-

coming of this paper is that it does not derive any general condition under

which bundling increases the seller’s profits or social welfare, although all

the specific numerical examples provide intuition about the profitability of

bundling under the introduction of new products. If we allow all the firms to

make the bundling and versioning decision, the intuition on the profitability of

bilateral bundling also holds true. That is to say, the Strong Nash equilibrium

will be the one that involves bilateral bundling and one firm’s introducing the

differentiated product in each pair.

This paper only allows for consumers who care for only one product,

which can be further extended to considering a group of consumers who care

for either one unit of the product or none. Another possible extension to the

model is to establish its analog in the Salop circular model.

98



Appendices

99



Appendix A

Appendix - Chapter 1

All proofs in Appendix 1 assume c1 = c2 = 0.

A.1 Proof of ΠRn ≥ ΠRv

Proof.

ΠRn =
β(4β2 + 5λ2)(α2

1 + α2
2) + 2λ(8β2 + λ2)α1α2

4(β2 − λ2)(4β2 − λ2)2
β2

>
2β(4β2)(α2

2)

4(β + λ)(β − λ)(4β2)2
β2

>
2β(4β2)(α2

2)

4(2β)(β − λ)(4β2)2
β2

=
α2

2

16(β − λ)

>
8α2

2

143(β − λ)

=
24α2

13
24α2

11

72(β − λ)

=
(145α2

11
− 11α2)(13α2 − 145α2

13
)

72(β − λ)

=
(13290α2

286
− 11α2)(13α2 − 11290α2

286
)

72(β − λ)

>
(13α1 − 11α2)(13α2 − 11α1)

72(β − λ)
= ΠRv
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For comparison between the VMFN and non-VMFN profits, we have

Π1v − Π1n =
(7α1 − 5α2)2

36(β − λ)
− β(2βα1 + λα2)2

2(4β2 − λ2)2

Π2v − Π2n =
(7α2 − 5α1)2

36(β − λ)
− β(2βα2 + λα1)2

2(4β2 − λ2)2

Note that when λ→ β, Π1v →∞ and Π2v →∞; but Π1n and Π2n are finite.

Thus, when λ→ β, we have Π1v > Π1n and Π2v > Π2n. When λ→ 0, we have

Π1v − Π1n →
(7α1 − 5α2)2

36β
− 4α2

1

32β

When α2 → 11
13
α1,

(7α1 − 5α2)2

36β
− α2

1

8β
→

(7α1 − 511
13
α1)2

36β
− α2

1

8β
> 0

But when α2 → α1,

(7α1 − 5α2)2

36β
− α2

1

8β
→ (7α1 − 5α1)2

36β
− α2

1

8β
=
α2

1

9β
− α2

1

8β
< 0

Thus, Π1v − Π1n can be positive or negative. Firm 1s profit is higher in the

VMFN world if λ is large enough. When λ is sufficiently small, and α2 is close

enough to α1, we will instead have Π1v < Π1n
1. For Firm 2, we show above

that Π2v > Π2n when λ→ β. When λ→ 0, we have

Π2v − Π2n →
(7α2 − 5α1)2

36β
− 4α2

2

32β

1Note that the profit functions and their difference can be viewed as quadratic functions of
α1 ∈ (α2,

13
11α2) or α2 ∈ ( 11

13α1, α1). So technically we can find the threshold for Π1v = Π1n.
It is just the formula seems to be too complicated to draw interesting intuition.
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<
(7α2 − 5α2)2

36β
− 4α2

2

32β
< 0

Thus, when λ is sufficiently small, we always have Π2v < Π2n for all α2 ∈

(11
13
α1, α1).
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A.2 Proof of ∂ΠRv

∂P2
|P1=P2=Pv

< 0 when c1 = c2 = 0

Proof. Recall that α1 > α2, it can be easily shown that the optimal wholesale

prices (w1v, w2v) satisfies:

w1v − w2v =
7α1 − 5α2

3(β − λ)
− 7α2 − 5α1

3(β − λ)
> 0

which implies that Pv − w1v < Pv − w2v.

Note that

α1 − θPv − θ(Pv − w1v) > α2 − θPv − θ(Pv − w2v)

and from Equation (1.11) we have

∂ΠRv

∂P2

= α1 − θPv − θ(Pv − w1v) + α2 − θPv − θ(Pv − w2v) = 0

Thus,

α2 − θPv − θ(Pv − w2v) < 0

Lastly,

∂ΠRv

∂P2

|P1=P2=Pv = λ(Pv − w1v) + α2 − θPv − β(Pv − w2v)

< λ(Pv − w2v) + α2 − θPv − β(Pv − w2v)

= α2 − θPv − θ(Pv − w2v) < 0
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A.3 Proof of Π1n + ΠRn > Π1v + ΠRv when c1 = c2 = 0

Proof. Recall that

β > λ > 0, 0 <
11

13
α1 < α2 < α1

From Table 1.2, we have:

Π1v + ΠRv =
(7α1 − 5α2)2

36(β − λ)
+

(13α1 − 11α2)(13α2 − 11α1)

72(β − λ)

Π1n + ΠRn =
β(2βα1 + λα2)2

2(4β2 − λ2)2
+
β(4β2 + 5λ2)(α2

1 + α2
2) + 2λ(8β2 + λ2)α1α2

4(β2 − λ2)(4β2 − λ2)2
β2

First consider the case where λ → β. In this case, Π1v, ΠRv, and ΠRn

all goes to infinity while Π1n is finite. Thus,

Π1n + ΠRn > Π1v + ΠRv

⇐⇒ β(9β2)(α2
1 + α2

2) + 2β(9β2)α1α2

4(2β)(3β2)2
β2 >

2(7α1 − 5α2)2 + (13α1 − 11α2)(13α2 − 11α1)

72

⇐⇒ 9α2
1 + 9α2

2 + 18α1α2

72
>

150α1α2 − 45α2
1 − 93α2

2

72

⇐⇒ 54α2
1 + 102α2

2 − 132α1α2

72
> 0

The last inequality is true because (−132)2−4∗54∗102 < 0 and 54 > 0.

Now consider the case where λ� β. As shown above,

Π1v + ΠRv =
150α1α2 − 45α2

1 − 93α2
2

72
(A.1)
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For Π1n + ΠRn, we have

Π1n+ΠRn =
2(β2 − λ2)β(2βα1 + λα2)2 + β2[β(4β2 + 5λ2)(α2

1 + α2
2) + 2λ(8β2 + λ2)α1α2]

4(β2 − λ2)(4β2 − λ2)2

(A.2)

Numerator of Equation (A.2) divided by β equals:

Numerator of (A.2)

β

= 8α2
1β

4 + 8α1α2β
3λ+ (2α2

2 − 8α2
1)β2λ2 − 8α1α2βλ

3 − 2α2
2λ

4

+4(α2
1 + α2

2)β4 + 16α1α2β
3λ+ 5(α2

1 + α2
2)β2λ2 + 2α1α2βλ

3

= 4(3α2
1 + α2

2)β4 + 24α1α2β
3λ+ (7α2

2 − 3α2
1)β2λ2 − 6α1α2βλ

3 − 2α2
2λ

4

= 4(3α2
1+α2

2)β4+18α1α2β
3λ+[6α1α2βλ

3+(7α2
2−3α2

1)β2λ2−6α1α2βλ
3−2α2

2λ
4]

> 4(3α2
1 + α2

2)β4 + 18α1α2β
3λ

> 4(3α2
1 + α2

2)β4 + 4(3α2
1 + α2

2)β3λ

= 4(3α2
1 + α2

2)(β + λ)β3

The first inequality holds for 11
13
α1 < α2 < α1 because:

6α1α2βλ
3 + (7α2

2 − 3α2
1)β2λ2 − 6α1α2βλ

3 − 2α2
2λ

4

> (7α2
2 − 3α2

1)β2λ2 − 2α2
2λ

4

> (5α2
2 − 3α2

1)β2λ2

> (5 ∗ (
11

13
)2 − 3)α2

1β
2λ2

> 0
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The second inequality holds for 11
13
α1 < α2 < α1 because:

18α1α2β
3λ > 4(3α2

1 + α2
2)β3λ

⇐⇒ 18α1α2 − 12α2
1 − 4α2

2 > 0

which is true for 11
13
α1 < α2 < α1 because

18α1α1 − 12α2
1 − 4α2

1 = 2α2
1 > 0

18α1 ∗ (
11

13
α1)− 12α2

1 − 4 ∗ (
11

13
α1)2 > 0

Now apply the inequality derived above for Numerator of (45)
β

, we have

Π1n + ΠRn >
4(3α2

1 + α2
2)(β + λ)β4

4(β2 − λ2)(4β2 − λ2)2

>
4(3α2

1 + α2
2)(β + λ)β4

4(β − λ)(β + λ)(4β2)2

=
3α2

1 + α2
2

16(β − λ)

Hence, Π1n + ΠRn > Π1v + ΠRv if

3α2
1 + α2

2

16(β − λ)
>

150α1α2 − 45α2
1 − 93α2

2

72

⇐⇒ 27α2
1 + 9α2

2 > 300α1α2 − 90α2
1 − 186α2

2

⇐⇒ 117α2
1 − 300α1α2 + 195α2

2 > 0

The last inequality holds (−300)2 − 4 ∗ 117 ∗ 195 < 0 and 117 > 0.
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A.4 Proof of Proposition 1.4.1

Proof. The retail and wholesale prices in the absence of VMC or VMFN are

given by Equations (4) and (8).

With a binding VMC, solving the set of equations with respect to whole-

sale prices by assuming away marginal costs, we have

{
w1m = 3α1−α2+(β+3λ)w2m

2(3β+λ)

w2m = 3α2−α1+(β+3λ)w1m

2(3β+λ)

which gives

{
w1m = 2(3β+λ)(3α1−α2)+(β+3λ)(3α2−α1)

(7β+5λ)(5β−λ)

w2m = 2(3β+λ)(3α2−α1)+(β+3λ)(3α1−α2)
(7β+5λ)(5β−λ)

At α2 = α1,

w1m − w1n =
−7β2 − 12βλ− 5λ2

(7β + 5λ)(5β − λ)(4β2 − λ2)
< 0

We also have the monotonicity of w1m − w1n with respect to α2:

∂(w1m − w1n)

∂α2

=
3β − 7λ

(7β + 5λ)(5β − λ)
− λ

4β2 − λ2
< 0

Hence, comparing wholesale prices charged by Firm 1 under VMC and

the bechmark case, we have

w1m − w1n =
2(3β + λ)(3α1 − α2) + (β + 3λ)(3α2 − α1)

(7β + 5λ)(5β − λ)
− 2α1β + α2λ

4β2 − λ2
< 0
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for α2 ∈ (0, α1).

Similar comparison between w2m and w2n gives

w2m − w2n =
2(3β + λ)(3α2 − α1) + (β + 3λ)(3α1 − α2)

(7β + 5λ)(5β − λ)
− 2α2β + α1λ

4β2 − λ2
< 0

for α2 ∈ (0, α1).

The monotonicity of P1m−P1n with respect to α2 helps to compare the

retail prices in two cases,

∂(P1m − P1n)

∂α2

= − 3(−12β4 + 10β3λ+ 21β2λ2 + 12βλ3 + λ4)

4(140β5 + 212β4λ+ 17β3λ2 − 73β2λ3 − 13βλ4 + 5λ5)

the sign of which depends on the relative size of β and λ. However, for any

given (β, λ), ∂(P1m−P1n)
∂α2

is either positive or negative regardless the value of α2.

Thus, P1m − P1n is monotonic in α2.

Hence, to prove P1m − P1n < 0 for α2 ∈ (0, α1), we only need to show

that P1m − P1n < 0 at α2 = 0 and α2 = α1.

At α2 = 0,

P1m − P1n = − 64α1β
4 + 60α1β

3λ+ 43α1β
2λ2 + 18α1βλ

3 + 7α1λ
4

560β5 + 848β4λ+ 68β3λ2 − 292β2λ3 − 52βλ4 + 20λ5
< 0

At α2 = α1,

P1m − P1n = −28α1β
4 + 90α1β

3λ+ 106α1β
2λ2 + 54α1βλ

3 + 10α1λ
4

560β5 + 848β4λ+ 68β3λ2 − 292β2λ3 − 52βλ4 + 20λ5
< 0

Thus, P1m − P1n < 0 for α2 ∈ (0, α1).
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Similar comparison between P2m and P2n gives P2m − P2n < 0 for

α2 ∈ (0, α1).

Therefore, the VMC results in lower wholesale and retail prices com-

pared to the benchmark case where there is no constraint, i.e. wim < win and

Pim < Pin, i = 1, 2.
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A.5 Proof of Proposition 1.4.2

Proof. Note that as α2 → α1, Firms 1 and 2 becomes symmetric. Using the

expressions for firm profits in Tables 1.1 and 1.8, it can be shown that:

Πim − Πin → −
α2
i (β

3 + 6β2λ+ 3βλ2 − 2λ3)

2(10β2 − 7βλ+ λ2)2
< 0

where the denominator and the numerator are both positive since β >

λ.

Similarly, comparing profit received by the retailer, ΠRm to ΠRn, when

α2 → α1, we have

ΠRm − ΠRn →
α2

1(11β3 + 9β2λ− 3βλ2 − λ3)

2(10β2 − 7βλ+ λ2)2
> 0

Therefore, under the assumption that α2 → α1, the VMC results in

lower manufacturer’s profits compared to the benchmark case where there is

no constraint, i.e. Πim < Πin, i = 1, 2. However, the VMC does lead to higher

profit for the retailer, ΠRm > ΠRn.
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A.6 Proof of Proposition 1.4.3

Proof. Using the expressions for firm profits in Tables 1.1 and 1.8, it can be

shown that:

Π1n − Π1m =
β(2α1β + α2λ)2

2(4β2 − λ2)2
− (3β + λ)(17α1β − 3α2β + 3α1λ+ 7α2λ)2

4(35β2 + 18βλ− 5λ2)2

When λ→ β, Π1n−Π1m → 7α2
1+22α1α2+7α2

2

144β
> 0. Thus, the profit Firm 1

receives will decrease compared to the benchmark case, if the VMC is binding.

Similarly, the difference between Firm 2’s profits in the two cases is

Π2n − Π2m =
β(2α2β + α1λ)2

2(4β2 − λ2)2
− (3β + λ)(17α2β − 3α1β + 7α1λ+ 3α2λ)2

4(35β2 + 18βλ− 5λ2)2

When λ→ β, Π2n − Π2m → 7α2
1+22α1α2+7α2

2

144β
> 0. Thus, the profit Firm

2 receives will also decrease compared to the benchmark case, if the VMC is

binding.

For a comparison of the retailer’s profit in both cases when λ → β,

note that the retailer’s profit goes to infinity in both cases. Thus, we compare

limλ→β(β − λ)ΠRn with limλ→β(β − λ)ΠRm. It can be easily shown that

lim
λ→β

(β − λ)ΠRn = lim
λ→β

(β − λ)ΠRm =
(α1 + α2)2

8

Thus, the retailer is indifferent between the VMC case and the bench-

mark case as λ→ β.
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A.7 Proof of No Profitable Deviation by Firm 2 Under
VMFN

Proof. The VMFN FOC implies

∂Π2

∂w2

= q2(pv, pv) + w2
∂q2

∂p2

∂pv
∂w2

+ w2
∂q2

∂p1

∂pv
∂w2

= 0

⇒ q∗2(pv, pv) + w∗2
−β + λ

4
= 0

And we are interested in the sign of

∂Π2

∂w2

|w=w∗,p=pv = q∗2(pv, pv)−
β

2
w∗2

Since

−β < −β + λ < 0

⇒ −β
2

<
−β
4

<
−β + λ

4

0 = q∗2(pv, pv) + w∗2
−β + λ

4
> q∗2(pv, pv) + w∗2

−β
2

Therefore, evaluated at the VMFN equilibrium

∂Π2

∂w2

|w=w∗,p=pv = q∗2(pv, pv)−
β

2
w∗2 < 0
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A.8 Proof of No Profitable Deviation by Firm 2 Under
VMC

Proof. Note that Firm 2 will only lower its wholesale price w2, rather than

increasing it, since an ε increase in w2 will lead to an ε increase in p2 and ε
4

decrease in p1. Combined, the margin constraint p2 −w2 ≤ p1 −w1 still holds

if there is an increase in w2. Consider an decrease in w2. The FOC implies

∂Π2

∂w2

= q2(pm1 , p
m
2 ) + w2

∂q2

∂p2

∂pm2
∂w2

+ w2
∂q2

∂p1

∂pm1
∂w2

= 0

⇒ q∗2(pm1 , p
m
2 ) + w∗2(−β − λ

4
) = 0

And we are interested in the sign of

∂Π2

∂w2

|w=w∗,p=pm = q∗2(pm1 , p
m
2 )− β

2
w∗2

Since

−β
2

> −β − λ

4

0 = q∗2(pm1 , p
m
2 ) + w∗2(−β − λ

4
) < q∗2(pm1 , p

m
2 ) + w∗2

−β
2

Therefore, evaluated at the VMC equilibrium

∂Π2

∂w2

|w=w∗,p=pm = q∗2(pm1 , p
m
2 )− β

2
w∗2 > 0
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A.9 Proof of Elasticity Comparisons

Proof. The wholesale price elasticity of demand is defined as

εi = |∂Qi

∂wi

wi
Qi

|

When evaluated at the same wi and Qi, εim − εiv has the same sign as

|∂Qim

∂wim
| − |∂Qiv

∂wiv
| and εim − εin has the same sign as |∂Qim

∂wim
| − |∂Qin

∂win
|.

From Equation (1.5), it can be easily shown that |∂Qin

∂win
| = β

2
.

From Equation (1.14), it can be easily shown that |∂Qiv

∂wiv
| = β−λ

4
.

It can also be derived from Equation (1.38), that

Qi = αi −
α1 + α2 + 3θwi − θwj

4
− λ(wi − wj)

Thus, we have |∂Qim

∂wim
| = 2θ

4
+ λ = 3β+λ

4
.

Hence,

|∂Qim

∂wim
| − |∂Qiv

∂wiv
| = 3β + λ

4
− β − λ

4
=
β + λ

2

|∂Qim

∂wim
| − |∂Qin

∂win
| = 3β + λ

4
− β

2
=
β + λ

4

Evaluated at the same wi and Qi, the above inequalities suggest that (1)

a higher wholesale price elasticity of demand under a binding VMC, εim > εiv,

i = 1, 2, compared to the case with a binding VMFN constraint; and (2) a
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higher wholesale price elasticity of demand under a binding VMC, εim > εin,

i = 1, 2, compared to the benchmark case where there is no constraint.

We should note that the retailers ability to raise P2 when w2 increases,

such that the VMC is not binding does not mean the retailer will do so in

equilibrium, since the test condition (1.39) holds for a marginal increase in

w2.
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Appendix B

Appendix - Chapter 2

B.1 Proof of Benchmark

Proof. Consider the payoffs when firms charge (P 1
A, P

1
B) = (1

2
, 1

2
), (P 2

A, P
2
B) =

(1
2
, 1

2
). The consumers (with vA ∈ [1

2
, 1]) who prefer A to B (B to A) will

purchase A (B) in both periods. The profit of the firms are ΠA = 1
2
· 1

2
+ 1

2
· 1

2
=

1
2
(= ΠB). The consumers’ surplus is CS = 2 · (1

2
· 1

2
· 1

2
+ 1

2
· 1

2
· 1

2
) = 1

2
.

Therefore, the total surplus is TS = PS · 2 + CS = 3
2
. No firm has the

incentive to unilaterally charge a lower price α ∈ (0, 1
2
) in either period: If it

does, w.l.o.g., assume it to be firm A. Consumers with valuation vA ∈ [α, 1]

will buy A in the first period. The profit of firm A in that particular period

becomes ΠA = α · (1 − α) < 1
4

when α ∈ (0, 1
2
). Similar analysis can be

applied to α ∈ (1
2
, 1). Note that any (PA, PB) = (α̃, α̃) with α̃ < 1

2
cannot be

equilibrium, since in both periods it gives a profit lower than 1
4
. Firms have

the incentive to unilaterally raise their prices to 1
2
. Any (PA, PB) = (α̂, α̂) with

α̂ > 1
2

cannot be equilibrium, since in both periods it leaves some consumers

unable to afford any product, giving a profit lower than 1
4
. Firms have the

incentive to unilaterally lower their prices to 1
2
.
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B.2 Proof of Proposition 2.3.2

Proof. When (P i
1, P

i
2, δi) = (x, x, y) is the equilibrium, i = A,B, neither firm A

or firm B has the incentive to deviate to (P i
1, P

i
2, δi) = (a, a, b), (a, b) 6= (x, y).

Without loss of generality, assume firm B makes this unilateral deviation.

At equilibrium, the cutoff between buying A and choosing the outside

option

vA − x = 0

⇒ vB = 1− x

The cutoff between buying B and choosing the outside option:

vB − x = 0

⇒ vB = x

Now firm B offers price a instead of x, vB = a.

The cutoff between switching to B and buying A twice:

vA − x = vB − a+ b

⇒ vB =
1

2
(1− x+ a− b)

The cutoff between switching to A and buying B twice:

vA − x+ y = vB − a

⇒ vB =
1

2
(1− x+ a+ y)
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Therefore, the profit function can be written as:

ΠB = (a−b)[1−x−1

2
(1−x+a−b)]+[

1

2
(1−x+a+y)−a]x+2x[1−1

2
(1−x+a+y)]

First order conditions on (a, b) are

b− 4a− y

2
+ 2 = 0

a− b+
x

2
− 1

2
= 0

When (a, b) = (x, y) maximizes the above expression, solving the system of

equations, we have

(P i
1, P

i
2, δi) = (x, x, y) = (

7

13
,

7

13
,

4

13
)

for i = A,B. Neither firm can profitably deviate from this equilibrium.
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B.3 Proof of Proposition 2.4.2

Proof. Consider a general level of outside option o ∈ (−1
2
, 1

2
). The proof is

similar to the proof of Proposition 2.3.2.

When (P i
1, P

i
2, δi) = (x, x, y) is the equilibrium, i = A,B, neither firm A

or firm B has the incentive to deviate to (P i
1, P

i
2, δi) = (a, a, b), (a, b) 6= (x, y).

Without loss of generality, assume firm B makes this unilateral deviation.

At equilibrium, the cutoff between buying A and choosing the outside

option is vA − x = o. The cutoff between buying B and choosing the outside

option is vB − x = o. Now firm B offers price a instead of x, vB = a+ o.

The cutoff between switching to B and buying A twice, and the cutoff

between switching to A and buying B twice are no different from those in the

proof of Proposition 2.3.2.

Therefore, the profit function can be written as:

ΠB = (a−b)[1−o−x−1

2
(1−x+a−b)]+[

1

2
(1−x+a+y)−(a+o)]x+2x[1−1

2
(1−x+a+y)]

First order conditions on (a, b) are

b− 4a− y

2
+ 2− 2o = 0

a− b+
x

2
− 1

2
+ o = 0

When (a, b) = (x, y) maximizes the above expression, solving the system of

equations, we have

(P i
1, P

i
2, δi) = (x, x, y) = (

7

13
− 6

13
o,

7

13
− 6

13
o,

4

13
+

4

13
o)
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for i = A,B. Neither firm can profitably deviate from this equilibrium.
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Appendix C

Appendix - Chapter 3

C.1 Proof of Theorem 3.5.1

Proof. Consider the following vertical differentiation specification:

uVij = −t(|θj − qij|) + uθ(θj) + uq(qij)− p̃ij (C.1)

where uq(·) is strictly increasing in q. The existence of uq(·) is guaranteed by

the continuously increasing assumption of t(·). Let marginal cost of providing

qualities mc(qij) = uq(qij),

Then in the price setting stage of the game, when consumers are making pur-

chasing decisions seeing prices, given (q, β),

uHi,j Q uHi′,j if and only if (C.2)

uVi,j Q uVi′,j (C.3)

where uHij = UH
0,j − t(|θj − qij|)− pij

This implies that the demand that firm ij faces at p in the horizontal differ-

entiation model equals to the demand that firm ij faces at p̃ in the vertical

differentiation model, given that p̃ij = pij +mc(qij). Knowing that the demand

of the products will be the same when consumers are making purchasing de-

cisions, given q, the firms’ payoffs in the bundled discount setting stage of the
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game, will be the same in the two models for every β. Going back to the

location setting stage of the game, the horizontal and vertical differentiation

specification will give identical profits for every q. Therefore, (p∗, q∗, β∗) is an

equilibrium of the horizontal differentiation model if and only if (p̃∗, q∗, β∗) is

an equilibrium of the corresponding specification of the vertical differentiation

model.
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C.2 Proof of Lemma 3.3.2

Proof. With the existence of a versioned product N along the (0, 1) segment,

a consumer located at θ is choosing between:

UA = U0− pA− τ(θ− 0)2, UB = U0− pB− τ(θ− 1)2, UN = U0− pN − τ(θ− c)2

(C.4)

The cutoffs are:

θA,N =
pN − pA

2τc
+
c

2
(C.5)

θN,B =
pB − pN

2τ(1− c)
+

1 + c

2
(C.6)

Without loss of generality, suppose firm B is introducing the versioned product.

The expressions for profits are:

ΠA = pA(
pN − pA

2τc
+
c

2
) (C.7)

ΠB = pB(
pN − pB

2τ(1− c)
+

1− c
2

) + pN(
pB − pN

2τ(1− c)
− pN − pA

2τc
+

1

2
) (C.8)

FOCs: 
pN−2pA

2τc
+ c

2
= 0

pN−2pB

2τ(1−c) + 1−c
2

+ pN

2τ(1−c) = 0
pB

2τ(1−c) + pB−pN
2τ(1−c) −

pN−pA
2τc

+ 1
2
− pN

2τc
− pN

2τ(1−c) = 0

Solving for the prices: 
pA = 1

3
cτ(2 + c)

pN = 1
3
cτ(4− c)

pB = τ(1
6
c2 + 1

3
c+ 1

2
)

Plugging in the profit functions and taking derivatives w.r.t. location:
∂ΠA

∂c
= τ

9
[(1− c)(c+ 2)− c(c−2)

2
] > 0, ∀c ∈ (0, 1)

∂ΠB

∂c
= 2τ [ c[(−c

2/3+c/3)/c+(c2/4−c/2+1/4)/(c−1)−1/2]
6

+ (c−4)[(−c2/3+c/3)/c+(c2/4−c/2+1/4)/(c−1)−1/2]
6

− c(c−4)[((2c)/3−1/3)/c+(−c2/3+c/3)/c2−(c/2−1/2)/(c−1)+(c2/4−c/2+1/4)/(c−1)2]
6

− (c/6+1/6)(c2/4−c/2+1/4)
c−1

− (c/2−1/2)(c2/12+c/6+1/4)
c−1

+ (c2/4−c/2+1/4)(c2/12+c/6+1/4)
(c−1)2

] > 0,∀c ∈ (0, 1)
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Therefore, introduing a versioned product along the segment gives a profit

strictly less than the profit in the absence of versioning.
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C.3 Expression for Quantities

QA
X = Qinbundle

AX,CY +QAX,DY = [L− (pDY − pCY + βA)] ∗ [
pNX − pAX − βB

2 ∗ d ∗ c
+
c

2
]

+[
pNX − pAX + βA

2 ∗ d ∗ c
+
c

2
] ∗ (pDY − pCY + βA)− (βA + βB)2

2 ∗ (2 ∗ d ∗ c)
(C.9)

QB
X = QBX,CY +Qinbundle

BX,DY = [L− (
pBX − pNX

2 ∗ d ∗ (1− c)
+

1 + c

2
)] ∗ L (C.10)

QC
Y = Qinbundle

AX,CY +QBX,CY = [L− (
pNX − pAX + βA

2 ∗ d ∗ c
+
c

2
)] ∗ (pDY − pCY − βB)

+[
pNX − pAX + βA

2 ∗ d ∗ c
+
c

2
] ∗ (pDY − pCY + βA)− (βA + βB)2

2 ∗ (2 ∗ d ∗ c)
(C.11)

QD
Y = QAX,DY +Qinbundle

BX,DY = [L− (pDY − pCY + βA)] ∗ [
pNX − pAX − βB

2 ∗ d ∗ c
+
c

2
]

+[L− (
pNX − pAX − βB

2 ∗ d ∗ c
+
c

2
)] ∗ [L− (pDY − pCY − βB)]− (βA + βB)2

2 ∗ (2 ∗ d ∗ c)
(C.12)

QN
X = [(

pBX − pNX
2 ∗ d ∗ (1− c)

+
1 + c

2
)− (

pNX − pAX + βA

2 ∗ d ∗ c
+ c/2)] ∗ (pDY − pCY − βB)

+[(
pBX − pNX

2 ∗ d ∗ (1− c)
+

1 + c

2
)− (

pNX − pAX − βB

2 ∗ d ∗ c
+
c

2
)] ∗ [L− (pDY − pCY − βB)]− (βA + βB)2

2 ∗ (2 ∗ d ∗ c)
(C.13)
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C.4 Expression for Prices

pAX = −(3200β4
Aα

2
B + 3200β4

AαB − 6400β4
A − 6400β3

AβBαAα
2
B + 16000β3

AβBαA

+12800β3
AβBα

2
B + 16000β3

AβBαB − 38400β3
AβB + 4064β3

Aα
2
B

+4064β3
AαB − 6400β2

Aβ
2
Bα

2
AαB + 9600β2

Aβ
2
Bα

2
A − 6400β2

Aβ
2
BαAα

2
B + 28800β2

Aβ
2
BαA

+9600β2
Aβ

2
Bα

2
B + 28800β2

Aβ
2
BαB − 64000β2

Aβ
2
B

−4064β2
AβBαAα

2
B − 8128β2

AβBαAαB + 8128β2
AβBαA

+8128β2
AβBα

2
B + 16256β2

AβBαB − 12192β2
AβB + 2581β2

Aα
2
B − 5981β2

AαB − 2929β2
A

−6400βAβ
3
Bα

2
AαB + 12800βAβ

3
Bα

2
A + 16000βAβ

3
BαA + 16000βAβ

3
BαB

−38400βAβ
3
B − 4064βAβ

2
Bα

2
AαB + 8128βAβ

2
Bα

2
A − 4064βAβ

2
BαAαB

+4064βAβ
2
BαA + 12192βAβ

2
BαB − 24384βAβ

2
B

−1761βAβBαAαB − 6923βAβBαA + 942βAβBαB − 4916βAβB − 2757βAαB

+3200β4
Bα

2
A + 3200β4

BαA − 6400β4
B + 8128β3

Bα
2
A − 4064β3

BαA − 12192β3
B

+3400β2
Bα

2
A − 15484β2

BαA + 5755β2
B − 4318βBαA + 6477βB + 4113)

/(1016(4β2
AαB − 4β2

Aα
2
B + 24β2

A − 8βAβBαAαB

+4βAβBαA + 4βAβBαB + 48βAβB

−4β2
Bα

2
A + 4β2

BαA + 24β2
B − 15))
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pBX = −(6400β4
Aα

2
B + 6400β4

AαB − 12800β4
A − 12800β3

AβBαAα
2
B

+32000β3
AβBαA + 25600β3

AβBα
2
B + 32000β3

AβBαB − 76800β3
AβB + 16256β3

Aα
2
B

−8128β3
AαB − 24384β3

A − 12800β2
Aβ

2
Bα

2
AαB + 19200β2

Aβ
2
Bα

2
A

−12800β2
Aβ

2
BαAα

2
B + 57600β2

Aβ
2
BαA + 19200β2

Aβ
2
Bα

2
B

+57600β2
Aβ

2
BαB − 128000β2

Aβ
2
B − 8128β2

AβBαAα
2
B

−8128β2
AβBαAαB + 24384β2

AβBαA + 16256β2
AβBα

2
B + 8128β2

AβBαB

−48768β2
AβB + 8955β2

Aα
2
B − 31238β2

AαB

+2350β2
A − 12800βAβ

3
Bα

2
AαB + 25600βAβ

3
Bα

2
A + 32000βAβ

3
BαA

+32000βAβ
3
BαB − 76800βAβ

3
B − 8128βAβ

2
Bα

2
AαB + 16256βAβ

2
Bα

2
A

−16256βAβ
2
BαAαB + 32512βAβ

2
BαA + 16256βAβ

2
BαB − 24384βAβ

2
B − 1097βAβBαAαB

−2155βAβBαA − 12232βAβBαB − 24384βAβB

−11028βAαB + 16543βA + 6400β4
Bα

2
A + 6400β4

BαA

−12800β4
B + 8128β3

Bα
2
A + 8128β3

BαA + 5432β2
Bα

2
A − 14116β2

BαA

−11250β2
B − 4318βBαA + 11487)/(2032(4β2

AαB − 4β2
Aα

2
B + 24β2

A

−8βAβBαAαB + 4βAβBαA + 4βAβBαB + 48βAβB − 4β2
Bα

2
A + 4β2

BαA + 24β2
B − 15))
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pNX = −(3200β4
Aα

2
B + 3200β4

AαB − 6400β4
A − 6400β3

AβBαAα
2
B

+16000β3
AβBαA + 12800β3

AβBα
2
B + 16000β3

AβBαB − 38400β3
AβB + 8128β3

Aα
2
B

−4064β3
AαB − 12192β3

A − 6400β2
Aβ

2
Bα

2
AαB + 9600β2

Aβ
2
Bα

2
A − 6400β2

Aβ
2
BαAα

2
B

+28800β2
Aβ

2
BαA + 9600β2

Aβ
2
Bα

2
B + 28800β2

Aβ
2
BαB − 64000β2

Aβ
2
B

−4064β2
AβBαAα

2
B − 4064β2

AβBαAαB + 12192β2
AβBαA + 8128β2

AβBα
2
B

+4064β2
AβBαB − 24384β2

AβB + 4342β2
Aα

2
B − 15484β2

AαB + 1987β2
A

−6400βAβ
3
Bα

2
AαB + 12800βAβ

3
Bα

2
A + 16000βAβ

3
BαA

+16000βAβ
3
BαB − 38400βAβ

3
B − 4064βAβ

2
Bα

2
AαB + 8128βAβ

2
Bα

2
A − 8128βAβ

2
BαAαB

+16256βAβ
2
BαA + 8128βAβ

2
BαB − 12192βAβ

2
B − 819βAβBαAαB

−942βAβBαA − 5981βAβBαB − 10568βAβB

−5514βAαB + 8271βA + 3200β4
Bα

2
A + 3200β4

BαA − 6400β4
B + 4064β3

Bα
2
A

+4064β3
BαA + 2581β2

Bα
2
A − 6923β2

BαA − 4813β2
B − 2159βBαA + 5252)/

(1016(4β2
AαB − 4β2

Aα
2
B + 24β2

A − 8βAβBαAαB

+4βAβBαA + 4βAβBαB + 48βAβB − 4β2
Bα

2
A

+4β2
BαA + 24β2

B − 15))
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