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Abstract 

 

Algebraic Coupling of 2D and 3D Shallow Water Finite Element Models 

 

Gajanan Krishna Choudhary, M.S.E. 

The University of Texas at Austin, 2017 

 

Supervisor: Clint N. Dawson 

 

Baroclinicity in oceans may necessitate the use of 3D shallow water (SW) models 

for accurate description of physics. Particularly for baroclinic flows near coastal areas 

where frequent wetting and drying occurs due to tides and wind, we need a 3D SW model 

that can handle wetting and drying. Various methods for wetting and drying in 2D SW 

models are available, but for 3D SW models, wetting-drying remains a challenge. We 

propose using non-overlapping coupled 2D-3D models for taking advantage of well-

tested 2D wetting-drying techniques and avoiding the complexities of 3D wetting and 

drying. We develop a theory for algebraic coupling of 2D and 3D SW models in a 

conforming, continuous Galerkin finite element framework, with mass and momentum 

conservation across the 2D-3D interface built into the coupling. This leads to a 

monolithic system of equations to be solved at each time step. The theory reduces to the 

usual finite element method when applied to 2D-2D or 3D-3D coupling. We verify 2D-

3D coupling against two test cases with known analytical solutions. The results of 2D-3D 

coupled models for the test cases are in good agreement with the analytical solution and 

those of equivalent full-2D and full-3D SW models. 
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Chapter 1. Introduction 

Primitive or 3D shallow water equations and 2D shallow water equations are 

governing equations for flows in rivers, lakes, estuaries, and oceans. They typically 

govern flows in domains with horizontal scales much larger than the vertical scale. 

Analytical solutions to these equations are not readily available except in simple 

problems, and therefore, these equations have to be solved numerically. Various finite 

difference models [1-4], finite volume models [5-8], continuous Galerkin finite element 

models [9-14], discontinuous Galerkin finite element models [15-17], and hybrid models 

such as [18] have been used over the years to solve these equations for studying ocean 

and estuarine dynamics. Such models often include additional considerations for wind 

forcing, wetting and drying, baroclinic flows, sedimentation, or other governing physics 

relevant to the problem. 

Shallow water models used in ocean dynamics also need to solve transport 

equations, since flow in oceans is baroclinic, i.e., the density of the water depends on 

factors such as salinity and temperature. Such flows cannot be modeled using 2D shallow 

water models which assume that vertical water columns are well mixed. 3D shallow 

water models are able to handle baroclinic mixing accurately since they allow density 

variations even in the vertical direction. 

Due to effects of tides, winds, and storm surge, shallow water models also need to 

be capable of handling repeated wetting and drying. This can be broadly dealt with either 

by using an arbitrary Lagrangian Eulerian (ALE) based moving mesh approach, or by 

using an Eulerian approach with a fixed mesh that extends into dry regions that are either 

not included in the calculations, or are numerically forced to stay wet with a thin layer of 

fluid [19]. More than 10 methods for wetting and drying for 2D shallow water models 
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exist in literature [20-23]. Most 3D shallow water models use natural 𝑧, transformed 𝜎 

coordinates [24], or transformed 𝑝 (pressure) coordinates [25] in the vertical direction. 

3D models using 𝑧 coordinate have to be treated in an ALE framework [26-28], to keep 

track of mesh movement in the vertical direction, and may or may not allow horizontal 

mesh movement that wetting and drying requires. Only a few 3D shallow water models 

can handle 3D wetting and drying, and these are mainly geared at 𝜎 coordinate based 

models [29, 30]. Although the 𝜎 coordinate used in 3D models is essentially equivalent to 

the ALE method [31], we were not able to find any work dealing with wetting and drying 

for 3D 𝑧 coordinate based models. 

3D models are required for simulating flows in estuaries, where fresh water from 

rivers meeting saline sea water results in salinity fronts and mixing [32]. However, 

wetting and drying in estuaries due to tides and winds poses a challenge for 3D models. 

In such a case, a hybrid 2D-3D model can be a way around implementation of 3D wetting 

and drying, particularly for 𝑧 coordinate based 3D models. The 2D region can take care 

of wetting and drying, and the 3D region handles vertical mixing. Development of such a 

hybrid or coupled 2D-3D model is the focus of this report. We develop the theory for 

hybrid shallow water models based on the continuous Galerkin (CG) finite element 

method (FEM). CG FEM can be used efficiently and in parallel for unstructured domains 

with complex boundaries, with a large variation in element sizes of the order of 

kilometers in the oceans, to a few meters along the coastline. It has been used previously 

to simulate storm surges [33], oil spills [34], and tsunamis [35]. 

We implement the coupled 2D-3D model in Adaptive Hydraulics (AdH), a multi-

physics software suite comprised of 2D and 3D shallow water (SW) models and 

constituent transport. The models are based on a CG FE engine with streamline upwind 

Petrov-Galerkin (SUPG) stabilization [36], and as the name suggests, AdH supports 
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adaptivity in both space and time. The software supports triangular mesh discretization in 

2D, tetrahedral meshes in 3D and implements up to second-order implicit time-stepping. 

2D SW models in AdH are based on an Eulerian treatment of physics on an unstructured 

mesh, including wetting and drying, and can handle horizontal baroclinic flows assuming 

a well-mixed water column, an assumption that may not always be valid. AdH 3D SW 

models can handle baroclinic flows including vertical mixing, but cannot handle wetting 

and drying at this time. These models are 𝑧 coordinate based, using the ALE framework 

to move the mesh only in the vertical direction. The 3D meshes are generated by 

extruding the 2D unstructured meshes in the vertical direction, so that they are semi-

structured with nodes aligned in the vertical direction into what we refer to as ‘node 

columns’ in this report. 

2D-3D coupling can be treated on the lines of a domain decomposition problem. 

We can couple models by having them interact over an overlapping 2D-3D region, or we 

can choose to keep the 2D and 3D models disjoint while interacting only through a 

shared boundary. We have chosen the latter as the focus of this report. We can broadly 

consider this as a non-overlapping domain decomposition problem, with an added 

complexity that the decomposed domains solve different sets of equations. One way to 

approach coupling is by building a monolithic, coupled 2D-3D system of equations. This 

way, the models are ‘algebraically’ or ‘strongly’ coupled in the sense that the solution 

variables are continuous, and mass is conserved across the interface at each instant in 

time. Another type of coupling would be ‘flux’ or ‘weak’ coupling, motivated by the 

additive Schwarz method [37]. For each time step, we solve the 2D and 3D models 

separately, and apply boundary conditions on each model on the basis of the current 

solution of the other model. For each time step, we iterate and exchange boundary 

conditions multiple times until the solutions as well as the fluxes across the interface are 
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continuous to some user defined tolerance. In a practical scenario, however, weak 

coupling is only advantageous if we do not iterate at each time step, since in such a 

situation, solving the strongly coupled monolithic system would be less expensive. The 

truncation error in that case, is a discontinuity in either the solution, or the flux across the 

interface. The focus of this report is to build a strongly coupled 2D-3D system solving a 

single, monolithic system of equations at each time step. 

The remainder of this report is arranged as follows. The next section gives the 

terminology used in this report. The next chapter introduces the shallow water equations, 

and gives an overview of the SUPG FE solution methodology used by AdH. Chapter 3 

explains the theory behind 2D-3D strong coupling with an example. Chapter 4 gives 

verification results for 2D-3D coupling, and Chapter 5 gives a summary. 

1.1 TERMINOLOGY 

(𝑥, 𝑦, 𝑧, 𝑡)  Cartesian co-ordinates and time 

𝑏  Bed co-ordinates, assumed to be a function of space only 

𝜂  Water surface elevation, a function of space and time 

𝒖 = (𝑢, 𝑣, 𝑤)  Velocity vector, a function of space and time 

�̅� = (�̅�, �̅�)  Depth averaged horizontal velocities 

𝜌0  Density of fluid (water), assumed constant everywhere 

𝑺 = {𝑆𝑥, 𝑆𝑦}  Bottom friction in the horizontal directions 

𝑻𝑥, 𝑻𝑦  Viscous stress vectors in the horizontal directions 

𝜇  Dynamic viscosity 

𝜎𝑥𝑥, 𝜎𝑥𝑦, 𝜎𝑦𝑦, 𝜎𝑥𝑧 , 𝜎𝑦𝑧  Eddy viscosities 

𝑔  Acceleration due to gravity (9.81m/s2 ) 

𝑓  Coriolis parameter 
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𝑃, 𝑝  Pressure 

𝑝𝑎  Atmospheric pressure at the water surface, assumed constant 

Ω2𝐷 , Ω3𝐷  2D or 3D domains 

∂Ω2𝐷 , ∂Ω3𝐷  2D or 3D domain boundaries 

𝑅  Global weak form residual, continuous in time 

𝑹∗  Global weak residual vector, continuous in time 

𝑹  Global weak residual vector, discrete in time 

𝒓𝑖  Weak form residual vector at node 𝑖, discrete in time 

𝑟𝑚𝑥,𝑖, 𝑟𝑚𝑦,𝑖  Discrete horizontal momentum residuals at node 𝑖 

𝑟𝑐,𝑖  Discrete continuity residual at node 𝑖 

𝒔  Global solution vector of the model 

𝒔𝑖  Solution vector at node 𝑖 

𝒩2𝐷 Set of all 2D model nodes 

𝒩3𝐷 Set of all 3D model nodes 

ℐ3𝐷 Set of all interface nodes that belong to the 3D model 

ℐ2𝐷 Set of all interface nodes that belong to the 2D model 

Γ2𝐷 2D model interface (1D planar curve) 

Γ3𝐷 3D model interface (2D surface) 

𝑁 Number of nodes in the model (2D or 3D) 
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Chapter 2. 2D and 3D shallow water models 

Shallow water (SW) equations are coupled nonlinear partial differential equations, 

first order in time, and second order in space. Primitive or 3D SW equations can be 

derived directly from conservation principles or from the Navier-Stokes equations under 

certain assumptions. The 2D SW equations can be derived from the 3D SW equations by 

integrating them over the fluid depth. Analytical solutions to these equations exist for 

simple scenarios, but for realistic applications they have to be solved numerically. AdH 

uses the streamline upwind Petrov Galerkin (SUPG) finite element method [36] for 

numerical solution of these equations. The weak formulation and equations used within 

AdH are detailed in [38-42]. Figure 1 gives an overview of the numerical method used to 

solve the SW equations. 

 

Figure 1. Overview of solution method used for solving the shallow water equations 
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The strong form of the SW equations are spatially discretized by approximating 

the solution variables as linear combinations of continuous, piecewise linear trial 

functions. Testing the differential equations with test functions reduces them to first 

order, nonlinear ordinary differential equations in time. First or second order implicit 

finite difference is used for temporal discretization to generate a system of nonlinear 

equations denoted in abstract form as 𝑹(𝒔) = 0 in the figure. We then solve these 

nonlinear equations using the Newton-Raphson iterative method. 

The following sections specify the 2D and 3D shallow water equations, and give a 

short, informal mathematical description of the SUPG method used for solving the SW 

equations based on the assumptions below: 

1. Horizontal scales are assumed to be much larger than vertical scales of the 

problem. This is the basic assumption that leads to shallow water equations. 

2. Bathymetry is assumed to vary over space, but is fixed in time; sedimentation is 

not considered. 

3. For this report, the flow is assumed to be barotropic, i.e., density is assumed to be 

a function of pressure alone. The fluid is also assumed to be homogeneous and 

incompressible, which further restricts the density to be constant everywhere. 

Simulating baroclinic shallow water flow by including transport equations for 

salinity and temperature will not be detailed in this report. The theory for coupling 

2D and 3D models can be naturally extended for coupling transport equations. 

4. Wind loads are not considered in the governing physics, and air pressure above 

the water surface is assumed to be constant everywhere. 

5. We specify an eddy viscosity for turbulence closure. 
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2.1 2D SHALLOW WATER EQUATIONS 

The 2D shallow water equations can be derived [43] from the Navier-Stokes 

equations under the Boussinesq approximation for density, statistical averaging of the 

flow (Reynold’s averaging), scaling assumptions, followed by integration of the 

equations in the vertical (depth) direction. The depth-integrated continuity equation 

(hereafter referred to as the water surface equation) is given by (2.1). Depth-integrated 

horizontal momentum equations are given by (2.2) and (2.3). 

 
𝜕ℎ

𝜕𝑡
+
𝜕ℎ�̅�

𝜕𝑥
+
𝜕ℎ�̅�

𝜕𝑦
= 0 (2.1) 

 

𝜕ℎ�̅�

𝜕𝑡
+
𝜕ℎ�̅��̅�

𝜕𝑥
+
𝜕ℎ�̅��̅�

𝜕𝑦
+
𝜕

𝜕𝑥
(
1

2
𝑔ℎ2) − 𝑓ℎ�̅� 

−(
𝜕

𝜕𝑥
(
ℎ

𝜌0
𝜏�̅�𝑥) +

𝜕

𝜕𝑦
(
ℎ

𝜌0
𝜏�̅�𝑦)) + (𝑔ℎ

𝜕𝑏

𝜕𝑥
+ 𝑆𝑥) = 0 

(2.2) 

 

𝜕ℎ�̅�

𝜕𝑡
+
𝜕ℎ�̅��̅�

𝜕𝑥
+
𝜕ℎ�̅��̅�

𝜕𝑦
+
𝜕

𝜕𝑦
(
1

2
𝑔ℎ2) + 𝑓ℎ�̅� 

−(
𝜕

𝜕𝑥
(
ℎ

𝜌0
𝜏�̅�𝑥) +

𝜕

𝜕𝑦
(
ℎ

𝜌0
𝜏�̅�𝑦)) + (𝑔ℎ

𝜕𝑏

𝜕𝑦
+ 𝑆𝑦) = 0 

(2.3) 

In the equations above, 𝜏�̅�𝑗 represents the Reynold’s stress tensor due to 

turbulence and molecular viscosity, and 𝑆𝑥 and 𝑆𝑦 represent the bottom friction. 𝜏�̅�𝑗 and 

𝑆𝑥, 𝑆𝑦 are given by (2.4) and (2.5), respectively, where 𝜇 is the dynamic viscosity, 𝜎𝑖𝑗 are 

eddy viscosity coefficients, and 𝑐𝑓 is the coefficient of bottom friction. 

 𝜏�̅�𝑗 = (𝜎𝑖𝑗 + 𝜇)(
𝜕�̅�𝑖
𝜕𝑥𝑗

+
𝜕�̅�𝑗

𝜕𝑥𝑖
) (2.4) 

 𝑆𝑖 = (𝑐𝑓√�̅�2 + �̅�2) �̅�𝑖 (2.5) 

We have used short-hand notation above; 𝑥𝑖 stands for (𝑥, 𝑦) and 𝑢𝑖 stands for 

(�̅�, �̅�) for 𝑖 = 1, 2. Typical boundary conditions (BCs) for both 2D SW equations are 
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specification of velocity or elevation Dirichlet BCs, and inflow/no flow or pressure BCs. 

Initial conditions on (ℎ, �̅�, �̅�) are also specified. 

In order to solve these equations using the FEM, we have to choose finite 

dimensional trial and test spaces and express the solution variables as linear combinations 

of trial functions. For example, the discrete depth distribution ℎℎ in the domain is given 

by (2.6), where 𝜙𝑖 are basis functions, ℎ𝑖 are nodal values of the depth, and 𝑁 is the total 

number of nodes in the 2D model. Each node has 3 degrees of freedom, viz. water depth, 

ℎ, and horizontal velocities, �̅� and �̅�. 

 ℎℎ =∑𝜙𝑖ℎ𝑖

𝑁

𝑖=1

 (2.6) 

To simplify notation, we will be assuming that all variables are discrete hereafter 

and drop the ℎ-superscript, i.e., ℎℎ will be replaced by ℎ. In conventional CG FEM, the 

problem statement is abstractly specified as follows. Find 𝒔 = ∑ 𝜙𝑖(𝑥, 𝑦)𝒔𝑖(𝑡)𝑖 =

{∑ 𝜙𝑖ℎ𝑖𝑖 , ∑ 𝜙𝑖�̅�𝑖𝑖 , ∑ 𝜙𝑖�̅�𝑖𝑖 }𝑇 , 𝜙𝑖 ∈ 𝑈
ℎ ⊂ 𝐻0

1(Ωℎ)  such that (2.7) holds (assuming zero 

Dirichlet BCs for simplicity in illustration). 

 𝒃𝑪𝑮(𝒔,𝝓𝑖) = 𝟎, ∀𝝓𝑖 = {𝜙𝑖, 𝜙𝑖, 𝜙𝑖}
𝑇 ∈ 𝑼ℎ = (𝑈ℎ)3 (2.7) 

Here, 𝒃𝑪𝑮: 𝑼
ℎ × 𝑼ℎ ∋ (𝒔,𝝓𝑖) → 𝒃(𝒔,𝝓𝑖) ∈ ℝ

3 represents the weak form of the 

differential equations, i.e., multiplying (2.1)-(2.3) by a test function, 𝝓𝑖, integrating over 

the domain, integrating by parts, and applying boundary conditions. It is linear in the 

second argument, but nonlinear in the first argument. 𝑈ℎ is the space of continuous 

piecewise linear functions over the mesh of triangular elements, and 𝜙𝑖 are the usual ‘hat’ 

functions with compact support. In SUPG FEM, we choose a different test space 𝑽ℎ by 

adding terms depending on the gradient of the test function. This appropriately modifies 
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our finite element statement as follows. Find 𝒔 = ∑ 𝜙𝑖(𝑥, 𝑦)𝒔𝑖(𝑡)𝑖 , 𝜙𝑖(𝑥, 𝑦) ∈ 𝑈
ℎ such 

that (2.8) holds. 

 𝑹𝑖
∗(𝒔) ≝ 𝒃𝑺𝑼𝑷𝑮(𝒔,𝝍𝑖) = 𝟎,   ∀𝝍𝑖 = (𝝓𝑖 + 𝝉 ∙ (�̅� ∙ ∇𝝓𝑖)) ∈ 𝑽

ℎ, 𝝓𝑖 ∈ 𝑼
ℎ (2.8) 

How to choose the stabilizing terms, and in particular, 𝝉, which varies over the 

domain, is out of scope of the current report; the reader is directed to [36], [38], and [39] 

for further details. As far as 2D-3D coupling is concerned, it is only important to note that 

𝒃𝑺𝑼𝑷𝑮: 𝑼
ℎ × 𝑽ℎ → ℝ3 still remains linear in the second argument and nonlinear in the 

first. The nodal unknowns 𝒔𝑖 = {ℎ𝑖, �̅�𝑖 , �̅�𝑖}
𝑇 are functions of time, and (2.8) or 𝑹∗(𝒔) ≝

{𝑹𝑖
∗(𝒔)}𝑖

𝑁 = 𝟎 is a system of nonlinear ODEs, where 𝑹∗ is the continuous (in time) 

residual vector. We use first/second order finite difference in time, leading to a system of 

discrete nonlinear equations, 𝑹(𝒔𝑘+𝟏) = 𝟎, which we solve by the Newton method for 

each time step. Here 𝒔𝑘+1 ≝ 𝒔2𝐷(𝑡
𝑘+1) = {ℎ1, �̅�1, �̅�1, … , ℎ𝑁 , �̅�𝑁 , �̅�𝑁}

𝑇 is the discrete 

solution vector for the next time step, and 𝑹 is the discrete residual vector. We return to 

the Newton method in section 2.3 after introducing the 3D SW equations. 

2.2 PRIMITIVE OR 3D SHALLOW WATER EQUATIONS 

Primitive or 3D shallow water equations can be derived [43] from the Navier-

Stokes equations under the Boussinesq approximation for density, Reynold’s averaging, 

and scaling assumptions. These equations are given by (2.9)-(2.12). Conservation of 

mass, or the incompressible continuity equation, is given by (2.9). Conservation of 

momentum in horizontal directions, are given by (2.10) and (2.11), respectively, and 

conservation of momentum in the vertical direction, is given by (2.12), which is a 

consequence of the scaling assumption. 

 ∇ ∙ 𝒖 = 0 (2.9) 
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𝐷𝑢

𝐷𝑡
+
1

𝜌0
(
𝜕𝑝

𝜕𝑥
) − 𝑓𝑣 −

1

𝜌0
(∇ ∙ 𝑻𝑥) = 0 (2.10) 

 
𝐷𝑣

𝐷𝑡
+
1

𝜌0
(
𝜕𝑝

𝜕𝑦
) + 𝑓𝑢 −

1

𝜌0
(∇ ∙ 𝑻𝑦) = 0 (2.11) 

 𝑝 = 𝑝𝑎 +∫ 𝑔𝜌0𝑑𝑧
𝜂

𝑧

 (2.12) 

Here, ∇ represents the 3D gradient operator, and 𝐷/𝐷𝑡 = (𝜕/𝜕𝑡 + 𝒖 ∙ ∇) 

represents the total derivative operator. Stress vectors 𝑻𝑥 and 𝑻𝑦, given by (2.13) and 

(2.14), include viscosity and turbulence effects, 𝜎𝑥𝑖 and 𝜎𝑦𝑖 are eddy viscosity 

coefficients for 𝑖 = 1, 2, 3, and 𝜇 is the dynamic viscosity. We have used a short-hand 

notation; 𝑥𝑖 stands for (𝑥, 𝑦, 𝑧) and 𝑢𝑖 stands for (𝑢, 𝑣, 𝑤), for 𝑖 = 1, 2, 3, respectively. 

Also note that 𝑢, 𝑥 and 𝑣, 𝑦 in (2.13) and (2.14) are intentionally written without a 

subscript. 

 {𝑇𝑥}𝑖 = {(𝜎𝑥𝑖 + 𝜇) (
𝜕𝑢

𝜕𝑥𝑖
+
𝜕𝑢𝑖
𝜕𝑥
)} (2.13) 

 {𝑇𝑦}𝑖 = {(𝜎𝑦𝑖 + 𝜇) (
𝜕𝑣

𝜕𝑥𝑖
+
𝜕𝑢𝑖
𝜕𝑦
)} (2.14) 

The kinematic boundary conditions for the free surface and the bed are given by 

(2.15) and (2.16), respectively. Since 3D models we use are generated by extrusion of 2D 

meshes, they necessarily have vertical sidewall boundaries. These sidewalls have 

natural/Dirichlet inflow/no flow BC’s, or water elevation BC’s applied. Bottom friction is 

also be specified as a boundary condition, and enters the numerical scheme in the weak 

form. Initial conditions on the solution variables (ℎ, 𝑢, 𝑣) are specified. 

 
𝜕𝜂

𝜕𝑡
+ 𝑢(𝜂)

𝜕𝜂

𝜕𝑥
+ 𝑣(𝜂)

𝜕𝜂

𝜕𝑦
− 𝑤(𝜂) = 0 (2.15) 
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𝜕𝑏

𝜕𝑡
+ 𝑢(𝑏)

𝜕𝑏

𝜕𝑥
+ 𝑣(𝑏)

𝜕𝑏

𝜕𝑦
− 𝑤(𝑏) = 0 (2.16) 

Note that (2.10) and (2.11) are prognostic equations, i.e., these allow us to predict 

the horizontal velocities. Vertical velocity is calculated using (2.9) as a diagnostic 

equation, after the horizontal velocities and water surface elevation are calculated. 

We use the arbitrary Lagrangian-Eulerian (ALE) method to restrict the movement 

of the mesh nodes only in the vertical direction. The surface and bottom nodes are 

Lagrangian, with the surface node following the physical water surface, and the bottom 

node being fixed (since we have assumed the bathymetry to be fixed in time). Using the 

ALE method, sub-surface nodes in a node column are forced to move proportionately in 

an accordion-like manner with the surface node. However, since we do not know in 

advance how the surface moves, we need an additional equation to track the water 

surface movement. We can use the water surface equation (2.1) from the previous section 

for this. However, we use a different approach in tracking the water surface, because 

even though the strong forms (2.1) and (2.9) are consistent with each other (i.e., depth-

integrating (2.9) leads to (2.1)), we have to ensure that the weak forms arising from the 

numerical method are also consistent with each other (i.e., depth-summing the weak form 

of (2.9) leads to the weak form of (2.1)). This is done as follows. 

The weak continuous residual of the 3D continuity equation, 𝑅3𝐷
𝑐,𝑖

, is given by 

(2.17), in case of CG FEM. Since (2.9) is a first order equation, we can only use one of 

the kinematic BC’s in deriving the weak form, and expect the solution to satisfy the 

remaining BC if we our solution method is correct. We have chosen to use the surface 

kinematic BC here. Also, 𝑛𝑧 is the direction cosine of the surface normal in the 𝑧 

direction. 
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 𝑅3𝐷
𝑐,𝑖 = − ∫ 𝒗 ∙ ∇𝜙𝑖𝑑Ω

 

Ω3𝐷

+ ∫  

 

𝜕Ω𝑏𝑜𝑡
3𝐷 ∪𝜕Ω𝑠𝑖𝑑𝑒

3𝐷

𝜙𝑖𝒗 ∙ 𝒏𝑑𝜕Ω + ∫ 𝜙𝑖

 

𝜕Ω𝑠𝑢𝑟
3𝐷

𝜕𝜂

𝜕𝑡
𝑛𝑧𝑑𝜕Ω (2.17) 

For a given column of nodes 𝒞, the water elevation is an unknown. Accordingly, 

we can come up with one equation for the column of nodes 𝒞, defined as (2.18), which is 

analogous to depth integration. We refer to this equation as the numerical water surface 

equation for the purpose of this report. It can be shown that the continuous depth-

summed continuity residual, �̅�3𝐷
𝑐,𝑖

, does not contain any dependence on vertical velocities, 

and that this equation is equivalent to the weak form of the water surface equation (2.1) 

in case of CG FEM. The proof for CG FEM is given in the Appendix. For SUPG FEM, 

(2.17) and (2.18) both have additional PG terms, as noted in (2.8). 

 �̅�3𝐷
𝑐,𝑖 ≝∑𝑅3𝐷

𝑐,𝑖

𝑖∈𝒞

= 0 (2.18) 

Also, since we are using ALE method for tracking mesh movement, we change 

the unknown from the water surface elevation, 𝜂, to the displacement, 𝑑, of the mesh 

nodes with respect to the initial condition 𝜂(𝑥, 𝑦, 𝑧, 0) = 𝜂0(𝑥, 𝑦, 𝑧) with a linear 

transformation, 𝜂 = 𝜂0 + 𝑑. We use mesh displacement, 𝑑, as an unknown in our final 

formulation. Also, since we force the sub-surface nodes to move in an accordion like 

manner with the surface node, the subsurface node displacements are known once the 

water surface displacement is known. Therefore, we choose to associate the depth-

summed residual, �̅�3𝐷
𝑐,𝑖

, with the surface node since the unknown involved is the surface 

node displacement. For the subsurface nodes 𝑗, the continuous-in-time continuity residual 

is set to a dummy function of the form �̅�3𝐷
𝑐,𝑗
(𝒔(𝑡)) = 𝑑𝑗(𝑡); it does not affect the solution, 

and the values of 𝑑𝑗 so obtained are discarded. We do this to maintain data storage 

uniformity in the implemented code. The numerical water surface equation is solved 
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along with the horizontal momentum equations to obtain horizontal velocities, actual 

water surface displacements, and dummy subsurface node displacements. We then 

enforce the displacements of the sub-surface nodes in accordance to surface nodes. For 

this report, we refer to the aforementioned steps of solution as the HVEL stage. The 

HVEL solution vector including the dummy variables is 𝒔3𝐷
𝐻𝑉𝐸𝐿(𝑡) =

{𝑑1, 𝑢1, 𝑣1, … , 𝑑𝑁 , 𝑢𝑁 , 𝑣𝑁}
𝑇. 

Once the horizontal velocities and mesh displacements are known, we go back 

and solve the weak form of the continuity equation (2.17), which is consistent with 

(2.18), to determine the vertical velocities. The horizontal velocities and water surface 

elevation in (2.17) are those obtained from the HVEL step, and vertical velocities are 

unknown. We call this part of the solution stage as the WVEL step. The solution vector in 

this stage is 𝒔3𝐷
𝑊𝑉𝐸𝐿(𝑡) = {𝑤1, … , 𝑤𝑁}

𝑇. 

To summarize, we solve the 3D SW equations in two stages, viz. HVEL and 

WVEL. In the HVEL stage, we solve for water surface displacement and horizontal 

velocities, and in the WVEL stage, we solve for the vertical velocities. We ensure 

consistency between the HVEL and WVEL stages by using the numerical water surface 

equation (2.18), which is derived from the weak continuity residuals (2.17). Note that 2D 

models only have an HVEL stage, and no WVEL stage. 

2.3 NONLINEAR EQUATIONS AND NEWTON’S METHOD 

On using implicit finite difference for time discretization of (2.8), we get a triplet 

of discrete residuals for each node, 𝑖, which may be written abstractly in vector form as 

𝒓𝑛𝐷
𝑖 = {𝑟𝑛𝐷

𝑚𝑥,𝑖, 𝑟𝑛𝐷
𝑚𝑦,𝑖

, 𝑟𝑛𝐷
𝑐,𝑖}

𝑇
, where 𝑛 = {2, 3} represents either the 2D or the 3D model, 

and superscripts 𝑚𝑥, 𝑚𝑦, and 𝑐 represent horizontal momentum and continuity residuals 
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in the HVEL stage. We can write the nonlinear HVEL system of equations compactly in 

abstract vector form as (2.19). The WVEL system can be written in a similar manner. 

 𝑹𝑛𝐷(𝒔𝑛𝐷
𝑘+1) = {𝒓𝑛𝐷

1 , 𝒓𝑛𝐷
2 , … , 𝒓𝑛𝐷

𝑁 }𝑇 = 𝟎 (2.19) 

Here, 𝑹𝑛𝐷 is the global vector function of all the discrete residuals, subscript 𝑛𝐷 

represents 2D or 3D models, and 𝑁 is the number of nodes. For the 3D models, the nodal 

continuity residuals are defined in the previous section. The solution vector at time 𝑡 =

𝑡𝑘+1 for 2D models, is 𝒔2𝐷
𝑘+1 ≝ 𝒔2𝐷(𝑡

𝑘+1) = {ℎ1, �̅�1, �̅�1, … , ℎ𝑁 , �̅�𝑁 , �̅�𝑁}
𝑇(𝑡𝑘+1), and that 

for 3D models, 𝒔3𝐷
𝑘+1 ≝ 𝒔3𝐷

𝐻𝑉𝐸𝐿(𝑡𝑘+1) = {𝑑1, 𝑢1, 𝑣1, … , 𝑑𝑁 , 𝑢𝑁 , 𝑣𝑁}
𝑇(𝑡𝑘+1). 

The Newton-Raphson method used for solving the nonlinear equations gives rise 

to (2.20) being solved repeatedly (over the index, 𝑖, with an initial guess, say, 𝒔𝑘+1
(0) = 𝒔𝑘), 

until (2.19) is satisfied to some user defined tolerance. The entire process is repeated for 

each time step. 

 
(
𝜕𝑹

𝜕𝒔𝑘+1
)

(𝑖)

Δ𝒔 = −𝑹(𝒔𝑘+1
(𝑖) ) 

𝒔𝑘+1
(𝑖+1)

= 𝒔𝑘+1
(𝑖)

+ Δ𝒔 

(2.20) 

The Jacobian on the left hand side in (2.20) is a sparse matrix due to the compact 

local support of the trial functions. This allows for efficient storage of the system of 

equations in the code. 

In terms of the theoretical treatment of 2D-3D hybrid models given in the next 

chapter, the coupling occurs by a particular choice of finite dimensional trial and test 

spaces in (2.8). For the coding implementation of 2D-3D hybrid models, the coupling 

occurs at the level of the nonlinear equations (2.19) and Newton iterations (2.20). That is 

why, we refer to such hybrid models as ‘strongly’ or ‘algebraically’ coupled. 
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Chapter 3. Coupled 2D-3D shallow water models 

There are situations when neither 2D, nor 3D models alone are adequate for a 

simulation. For example, at a river estuary where fresh water from the river meets the sea, 

the resulting salinity fronts and vertical mixing necessitate the use of 3D models to 

accurately model the baroclinicity. However, most 3D SW models cannot handle wetting 

and drying since 3D elements along the coastline become degenerate, particularly for 𝑧 

coordinate based models. On the other hand, numerous wetting and drying methods are 

available for 2D models. Therefore, the use of part-2D, part-3D interacting models, i.e., 

coupled 2D-3D models could be a possible way to model the physics accurately. In the 

river delta scenario, for example, we can have a 2D mesh covering the river and the 

coastline to handle wetting and drying, coupled to a 3D model for the ocean that handles 

the salinity fronts and baroclinic mixing. 

For the purpose of this report, we choose to focus on strong/algebraic coupling of 

non-overlapping 2D and 3D models, wherein continuity of the solution, mass flux and 

momentum fluxes across the 2D-3D interface is enforced at all times in a conforming CG 

FE setting. This avoids truncation errors that result in other ways of 2D-3D coupling, 

such as weak/flux coupling which results in a discontinuity in either the solution, or the 

fluxes across the interface. This, however, comes at the cost of solving a larger, combined 

system of equations instead of two weakly coupled smaller systems. Following are some 

assumptions for building a strongly coupled system. 

3.1 MODEL REQUIREMENTS FOR 2D-3D COUPLING 

Assuming that we have satisfactorily determined that a 2D-3D coupled model is 

applicable for accurate simulation of a scenario, following are some requirements we 

impose on the models. 
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1. Location of the 2D-3D interface: The primary requirement is that the 2D-3D 

interface has to lie in a region where the governing physics can be accurately 

modeled by the 2D SW equations throughout the duration of the simulation. 

Placing the interface in a location which requires 3D SW equations for accurate 

modeling may lead to an inaccurate solution. The applicability of 2D SW 

equations should extend well into the 3D model. 

2. Conformity: Since 2D and 3D SW models are conforming across element edges 

or faces, we would like to preserve conformity across the interface, i.e., we 

require our trial functions and hence, the solution to be at least 𝐶0 continuous 

across the interface. Therefore, we will at least require that the interface nodes on 

the 2D and 3D models be aligned in vertical columns, with each 2D model 

interface node coupled to a corresponding column of 3D model interface nodes at 

the same horizontal location. We will need additional constraints to enforce 

conformity, explained later. We cannot have gaps between the 2D and 3D 

interface, in the horizontal direction. 

As noted in the previous chapter, AdH 2D SW models solve for water depth, 

whereas AdH 3D SW models solve for mesh displacement with respect to the initial 

condition. For simplicity in theoretical treatment, we will temporarily not consider 

differences in the solution variables between the 2D and the 3D models. For this chapter, 

we will assume that both the 2D and 3D models solve for water depth, and derive a 

monolithic system of equations. We will later revisit this system in section 3.6 and show 

that no further modifications are required to take into account the different solution 

variables used by the 2D and 3D models. We are now set to build a strongly coupled 2D-

3D mass and momentum conservative system. 
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3.2 BACKGROUND DEFINITIONS 

Let us denote 𝒩2𝐷 and 𝒩3𝐷 as the set of all nodes of the 2D and 3D domains 

that we intend to couple, respectively. The 2D and 3D model grids are stored separately; 

in particular, we consider the interface nodes on the 2D side to be distinct from those on 

the 3D side. We define the set of 2D model interface nodes as ℐ2𝐷, and that of 3D surface 

and sub-surface interface nodes as ℐ3𝐷. The set of non-interface nodes of the models is 

therefore the set difference, 𝒩𝑛𝐷 − ℐ𝑛𝐷 , 𝑛 = {2, 3}. Figure 2 shows an example of a 

coupled 2D-3D model, sharing a 2D-3D interface, Γ = Γ3𝐷 ∪ Γ2𝐷. 

  

Figure 2. Example of a coupled 2D-3D model 

In the example, the set of 3D interface nodes is ℐ3𝐷 = {13𝐷 , 23𝐷 , 33𝐷 , 4, … , 9}, 

whereas the set of 2D interface nodes is ℐ2𝐷 = {12𝐷 , 22𝐷 , 32𝐷}. For maintaining 

conformity in strong coupling, we require the interface nodes to be aligned with each 

other as shown, into node columns. The idea is to couple 2D nodes with corresponding 
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3D node columns by enforcing equality of solution variables amongst the coupled nodes. 

In the example, we plan to couple node 12𝐷 to node column {13𝐷 , 23𝐷 , 33𝐷}, node 22𝐷 to 

node column {4, 5, 6}, and node 32𝐷 to node column {7, 8, 9}. 

3.3 TRIAL AND TEST SPACES FOR COUPLED MODEL 

We noted in section 3.1 that we wish to preserve conformity in our approach 

toward 2D-3D coupling. To this end, we need to enforce constraints on (ℎ, �̅�, �̅�) on the 

2D side and (ℎ, 𝑢, 𝑣) on the 3D side, such that the discrete mass and momentum fluxes 

are continuous across the interface elements. However, since the interface is made up of 

edges and faces for 2D-3D coupling, the best we can do is to have the depth integrated 

discrete nodal flux across the 3D interface node columns to be equal to the discrete nodal 

flux at the corresponding coupled 2D interface node. Since depth integration removes the 

𝑧-dependence on the 3D side of the interface, we also need to choose an appropriate 

distribution of (𝑢, 𝑣) along the vertical direction which complies with mass and 

momentum flux continuity. The condition for mass conservation across the interface is 

given by (3.1) and those for momentum conservation across the interface is given by 

(3.2) and (3.3). Here, 𝒏2𝐷 and 𝒏3𝐷 represent the outward normal to the 2D and 3D 

domain boundaries, respectively. 

    ∫ 𝜙𝒦ℎ�̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∑ ∫𝜙𝑖𝒖 ∙ 𝒏3𝐷𝑑Γ
3𝐷

 

Γ3𝐷𝑖∈𝒞(𝒦)

,                ∀𝒦 ∈ ℐ2𝐷  (3.1) 

 ∫𝜙𝒦ℎ�̅��̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∑ ∫𝜙𝑖(𝑢𝒖) ∙ 𝒏3𝐷𝑑Γ
3𝐷

 

Γ3𝐷𝑖∈𝒞(𝒦)

, ∀𝒦 ∈ ℐ2𝐷 (3.2) 

 ∫𝜙𝒦ℎ�̅��̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∑ ∫𝜙𝑖(𝑣𝒖) ∙ 𝒏3𝐷𝑑Γ
3𝐷

 

Γ3𝐷𝑖∈𝒞(𝒦)

, ∀𝒦 ∈ ℐ2𝐷 (3.3) 
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We can prove that these conditions are equivalent to (3.4)-(3.6) when 2D nodes 

are aligned with 3D node columns and 2D interface edges are aligned with 3D interface 

vertical faces without any gaps. We also make use of the fact that the 3D models 

considered in this report necessarily have vertical boundaries, resulting in 𝒏2𝐷(𝑥, 𝑦) =

−𝒏3𝐷(𝑥, 𝑦, 𝑧), ∀(𝑥, 𝑦, 𝑧) ∈ Γ. For more details, see the Appendix. 

    ∫ 𝜙𝒦ℎ�̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∫ ℎ𝒖 ∙ 𝒏3𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ ∑ 𝜙𝑖
𝑖∈𝒞(𝒦)

𝑑Γ2𝐷
 

Γ2𝐷

,            ∀𝒦 ∈ ℐ2𝐷 (3.4) 

 ∫𝜙𝒦ℎ�̅��̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∫ ℎ𝑢𝒖 ∙ 𝒏3𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ ∑ 𝜙𝑖
𝑖∈𝒞(𝒦)

𝑑Γ2𝐷
 

Γ2𝐷

, ∀𝒦 ∈ ℐ2𝐷 (3.5) 

 ∫𝜙𝒦ℎ�̅��̅� ∙ 𝒏2𝐷𝑑Γ
2𝐷

 

Γ2𝐷

= − ∫ ℎ𝑣𝒖 ∙ 𝒏3𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ ∑ 𝜙𝑖
𝑖∈𝒞(𝒦)

𝑑Γ2𝐷
 

Γ2𝐷

, ∀𝒦 ∈ ℐ2𝐷 (3.6) 

Note the change in domain of integration on the right hand side above from the 

3D interface to the 2D interface, which is possible due to alignment of the edges and 

faces. Also in the equations above, (∑ 𝜙𝑖𝑖∈𝒞(𝒦) )|
Γ3𝐷

= 𝜙𝒦|Γ2𝐷 is a function of (𝑥, 𝑦) 

alone, with no dependence on 𝑧, and 𝒖 ∙ 𝒏3𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅ is defined by (3.7). 

 𝒖 ∙ 𝒏3𝐷̅̅ ̅̅ ̅̅ ̅̅ ̅(𝑥, 𝑦) ≝
1

ℎ
∫ 𝒖 ∙ 𝒏3𝐷𝑑Γ

3𝐷

𝑧=𝜂

𝑧=𝑏

, ∀(𝑥, 𝑦) ∈ Γ3𝐷 (3.7) 

Since we only have depth integrated conditions (3.4)-(3.6), we need to choose the 

relation between the depths on the 2D and 3D sides, as well as the variation of horizontal 

velocities along the depth such that (3.4)-(3.6) are satisfied. It is easy to see that the 

conservation relations are satisfied by default when (3.8)-(3.10) hold true. 

    ℎ|Γ2𝐷(𝑥, 𝑦) = ℎ|Γ3𝐷(𝑥, 𝑦),             (𝑥, 𝑦) ∈ Γ = Γ
2𝐷 ∪ Γ3𝐷 (3.8) 

 �̅�|Γ2𝐷(𝑥, 𝑦) = 𝑢|Γ3𝐷(𝑥, 𝑦, 𝑧), (𝑥, 𝑦) ∈ Γ, ∀𝑧 ∈ [𝑏, 𝜂] (3.9) 

 �̅�|Γ2𝐷(𝑥, 𝑦) = 𝑣|Γ3𝐷(𝑥, 𝑦, 𝑧), (𝑥, 𝑦) ∈ Γ, ∀𝑧 ∈ [𝑏, 𝜂] (3.10) 
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Note that the choice of the velocity profile is not unique; we could also use a 

boundary layer profile instead (with a multiplying factor in front taken into account for 

conservation), for example. However, for the purpose of this report, we have chosen the 

velocity profile at the interface to be constant along the depth. This is because the more 

restrictive assumptions of the 2D shallow water equations need to be satisfied by the 3D 

model at the interface – otherwise, the interface location needs to be moved to where the 

2D SW assumptions are satisfied. One of the assumptions of the 2D shallow water 

equations is that the variation of horizontal velocities in the vertical direction is 

negligible. Therefore, at the 2D-3D interface, we set the horizontal velocities of coupled 

node columns to be equal to each other. Equations (3.8)-(3.10) are equivalent to stating 

that we only have a solution vector per coupled node column at the interface, comprising 

of 3 degrees of freedom: water depth and horizontal velocities. This is equivalent to 

choosing a new trial space of a net reduced dimension, so we also need to modify our test 

space in order to get a square system of equations. The new trial and test spaces are 

defined as follows. The trial and test functions of the non-interface nodes of the 2D and 

3D models are trivially extended trivially into the 3D and 2D domains, respectively. For 

each 2D interface node, 𝒦, that is coupled to a column of 3D nodes, 𝒞(𝒦), we have only 

one trial function, 𝜙𝐼, and one test function, 𝜓𝐼, corresponding to the coupled column 𝐼 =

{𝒦, 𝒞(𝒦)}, given by (3.11) and (3.12), respectively. 

 𝜙𝐼 = {

𝜙𝒦 ,                (𝑥, 𝑦) ∈ Ω
2𝐷    

∑ 𝜙𝑖
𝑖∈𝒞(𝒦)

,     (𝑥, 𝑦, 𝑧) ∈ Ω3𝐷  (3.11) 

 𝜓𝐼 = {

𝜓𝒦 ,                (𝑥, 𝑦) ∈ Ω
2𝐷    

∑ 𝜓𝑖
𝑖∈𝒞(𝒦)

,     (𝑥, 𝑦, 𝑧) ∈ Ω3𝐷  (3.12) 
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Since the number of basis functions at the interface is |ℐ2𝐷|, we choose to 

interpret the trial function 𝜙𝐼 in (3.11) and test function 𝜓𝐼 in (3.12) to correspond to the 

2D interface nodes 𝒦; hence we will rename 𝜙𝐼 and 𝜓𝐼  as 𝜙𝒦 and 𝜓𝒦, respectively, and 

likewise the nodal unknowns, residuals vectors, etc. 

3.4 MODIFIED HVEL RESIDUALS 

With trial and test spaces defined, the remaining procedure for solution remains 

similar to that described in the previous chapter. We define the velocity and depths using 

the new trial functions, arrive at the modified residuals by testing the differential 

equations with the new test functions, discretize in time, and solve the system of 

equations. The new discrete residual vector, 𝑹, is given by (3.13). This form is written in 

a manner that allows existing code reuse; each model is allowed to calculate its own 

residual contributions element by element, and add those to the residual vector through a 

mapping that naturally couples the models. Here, 𝑗 is the local node number within a 

model whereas 𝑚𝑎𝑝(𝑗) is the global equation number that node 𝑗 is mapped to. The 3D 

interface nodes are mapped to the 2D interface nodes that they are coupled to; this is 

because we chose to interpret the interface unknowns to correspond to the 2D interface 

nodes in the previous section. Hence, the residuals in (3.13) are functions of 𝒔 =

{𝒔2𝐷
𝒩2𝐷−ℐ2𝐷 , 𝒔3𝐷

𝒩3𝐷−ℐ3𝐷 , 𝒔2𝐷
ℐ2𝐷}. 

 𝑹 ∋ 𝒓𝑚𝑎𝑝(𝑗) =

{
 
 

 
 𝒓2𝐷

𝑗
                              ∀𝑗 ∈ 𝒩2𝐷 − ℐ2𝐷

𝒓3𝐷
𝑗
                              ∀𝑗 ∈ 𝒩3𝐷 − ℐ3𝐷

𝒓2𝐷
𝑗
+ ∑ 𝒓3𝐷

𝑖

𝑖∈𝒞(𝑗)

      ∀𝑗 ∈ ℐ2𝐷               
 (3.13) 

The dimension of the trial and test space in the coupled HVEL system is 

dim(𝑈ℎ) = (|𝒩2𝐷 − ℐ2𝐷| + |𝒩3𝐷 − ℐ3𝐷| + |ℐ2𝐷|), ignoring the boundary conditions. 
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3.5 MODIFIED WVEL RESIDUALS 

After solving the coupled HVEL system for horizontal velocities and depth, the 

3D AdH model solves for vertical velocities; 2D models do not have a WVEL stage. 

However, we do need to make some modifications to the WVEL system in order to 

maintain consistency. In case of standalone 3D models, in the HVEL step, we depth-sum 

the 3D continuity residuals to get a single residual per node column 𝒞, i.e., the numerical 

water surface equation (2.18) explained in section 2.2. In abstract form, the HVEL 

numerical water surface equation (2.18) after discretization in time can be written as 

(3.14), 

 ∑𝑟3𝐷
𝑐,𝑖

𝑖∈𝒞

= 0. (3.14) 

In the WVEL step, to maintain consistency, we make use of the HVEL solution to 

go back and solve (3.15), 

 𝑟3𝐷
𝑐,𝑖 = 0, ∀𝑖 ∈ 𝒞. (3.15) 

In the case of 2D-3D coupled models, the HVEL continuity residual as per (3.13) 

for a 2D interface node 𝒦 coupled to a column of 3D interface nodes 𝒞(𝒦) is given by 

(3.16) 

 𝑟2𝐷
𝑐,𝒦 + ∑ 𝑟3𝐷

𝑐,𝑖

𝑖∈𝒞(𝒦)

= 0. (3.16) 

If in the WVEL step, we use (3.15) as residuals, then we lose consistency with the 

HVEL residual (3.16) since the partial 2D residual contribution, 𝑟2𝐷
𝑐,𝒦

, may not be zero in 

general. For a given time step and WVEL stage, the 2D continuity residual is just a 

constant, say 𝑔𝒦 ≝ 𝑟2𝐷
𝑐,𝒦

, which remains unaffected by the vertical velocities obtained 

during the Newton iterations. We are required to distribute 𝑔𝒦 over 3D interface nodes 

𝑖 ∈ 𝒞(𝒦) for the WVEL step, in a manner consistent with (3.16). In other words, we 
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have to define modified 2D-3D interface WVEL continuity residuals 𝑟3𝐷,𝑛𝑒𝑤
𝑐,𝑖

 to use in 

place of 𝑟3𝐷
𝑐,𝑖

 in (3.15). The new interface WVEL residuals are given by (3.17), where 

(𝑔𝑖)’s satisfy (3.18). This allows the WVEL stage to remain consistent with the HVEL 

stage when we use 𝑟3𝐷,𝑛𝑒𝑤
𝑐,𝑖

 in place of 𝑟3𝐷
𝑐,𝑖

 in (3.15). 

 𝑟3𝐷,𝑛𝑒𝑤
𝑐,𝑖 ≝ 𝑟3𝐷

𝑐,𝑖 + 𝑔𝑖 (3.17) 

 ∑ 𝑔𝑖

𝑖∈𝒞(𝒦)

= 𝑔𝒦 (3.18) 

The problem here is that of uniqueness, since we just have one equation (3.18) 

with |𝒞(𝒦)| number of unknowns (𝑔𝑖)’s; we cannot find a unique way to distribute 𝑔𝒦 

into (𝑔𝑖)’s. Also note that since 𝑔𝒦 = 𝑟2𝐷
𝑐,𝒦

 does not contain any term for vertical velocity 

and is a number for the WVEL stage, its partial derivative with respect to vertical 

velocity is zero, and it therefore does not make any contributions to the WVEL Jacobian 

in the Newton iterations. 

We may choose to equally divide 𝑔𝒦 over the column of 3D nodes. However, we 

choose to divide (𝑔𝑖)’s in proportion to the 3D continuity residuals 𝑟3𝐷
𝑐,𝑖

, as given by 

(3.19). Here we used (3.16), known a priori, to arrive at the final value of 𝑔𝑖, 

 𝑔𝑖 ≝ (
𝑟3𝐷
𝑐,𝑖

∑ 𝑟3𝐷
𝑐,𝑖

𝑖∈𝒞(𝒦)

)𝑔𝒦 = (
𝑟3𝐷
𝑐,𝑖

−𝑟2𝐷
𝑐,𝒦
)𝑟2𝐷

𝑐,𝒦 = −𝑟3𝐷
𝑐,𝑖, ∀𝑖 ∈ 𝒞(𝒦). (3.19) 

This is same as setting the interface WVEL residuals to zero (3.20) after assembly 

of all the WVEL residuals, 

 𝑟3𝐷,𝑛𝑒𝑤
𝑐,𝑖 ≝ 𝑟3𝐷

𝑐,𝑖 + 𝑔𝑖 ≡ 0, ∀𝑖 ∈ 𝒞(𝒦). (3.20) 

It is important to note that even though we replace the 3D interface WVEL 

residuals with 𝑟3𝐷,𝑛𝑒𝑤
𝑐,𝑖

, which is identically zero in this case for all the interface nodes, the 

Jacobian is still calculated as the partial derivative of 𝑟3𝐷
𝑐,𝑖

. This is because we are not 
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setting 𝑟3𝐷
𝑐,𝑖

 to zero in (3.15); instead, we are setting the constant 2D continuity 

contribution 𝑔𝑖 to(−𝑟3𝐷
𝑐,𝑖) in (3.17) and using 𝑟3𝐷,𝑛𝑒𝑤

𝑐,𝑖
 in place of 𝑟3𝐷

𝑐,𝑖
 in (3.15). 

3.6 MODIFICATIONS FOR USING DIFFERENT 2D AND 3D SOLUTION VARIABLES 

In the previous sections, we formulated 2D-3D coupling assuming that 2D and 3D 

solution variables are the same. Here, we consider the modifications for using depth on 

the 2D side and surface displacement on the 3D side of the interface. If a 3D model 

interface surface node 𝐼 is coupled to a 2D model interface node 𝒦, and ℎ𝒦
0  is the initial 

water depth at the interface at time 𝑡 = 0, then the relation between the surface 

displacement 𝑑𝐼 at node 𝐼 and the water depth ℎ𝒦 at any subsequent time is given by 

(3.21), 

 𝑑𝐼 = ℎ𝒦 − ℎ𝒦
0  . (3.21) 

Thus, instead of incorrectly using 𝑑𝐼 = ℎ𝒦 as is implied by use of a single trial 

function per node column, we additionally use (3.21) to change the interface surface 

displacement unknowns 𝑑𝐼 back to water depth ℎ𝒦. For the Newton iterations, this does 

not lead to any change in the coupled system and algorithm, because the relations (3.22) 

and (3.23), which are used to calculate the Jacobian and the solution, still hold true. This 

allows us to use depth as the solution variable in the Newton iterations, and separately 

update the surface displacements using (3.23) after each Newton iteration. 

 
𝜕

𝜕𝑑𝐼
=

𝜕

𝜕ℎ𝒦
 , (3.22) 

 Δ𝑑𝐼 = Δℎ𝒦  . (3.23) 

Thus, although theoretically we need a separate treatment for relating depth and 

displacement, the final form of the coupled system does not change, and no additional 

modifications are required to deal with this difference in the solution variables. 
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Chapter 4. Verification of 2D-3D coupling 

We verified 2D-3D coupling in a number of ways. We created a variety of small 

test cases, containing less than 20 nodes and elements to check that the coupled models 

were progressing as expected. In particular, we created a test case in which there were 

two 2D triangles, and six 3D tetrahedra (obtained by extruding two 2D elements) to 

check if the models were correctly coupled. We printed out the system of equations being 

built with and without coupling to confirm that the coupled system was built correctly. 

A necessary (but not sufficient) condition to confirm the correctness of the 

coupling theory and its implementation was to couple two 2D models and compare them 

with the 2D model obtained by their union, hereafter referred to as a ‘full 2D model’. 

Likewise, we can also couple two 3D models and compare them with a full 3D model, 

i.e., the 3D model obtained by their union. Due to the mathematical concept of modifying 

interface trial and test functions for coupling models, the 2D-2D and 3D-3D strongly 

coupled models are exactly the same as their full 2D and full 3D counterparts, 

respectively. Therefore, if the node numbering is done in a certain manner keeping all 

else remaining the same, then for serial program runs and even for large problems, the 

system of equations generated by the 2D-2D and 3D-3D coupled systems must match the 

full 2D and full 3D systems, respectively, to near machine precision. In such a case the 

solutions must also match for all time steps to machine precision. This manner of 

verification also helps in code debugging. We satisfactorily verified the code in this 

manner. 

The next form of verification that we chose was to compare the results of 2D-3D 

coupled models with the full 2D and full 3D counterparts (or equivalently, 2D-2D and 

3D-3D coupled counterparts), keeping all model parameters the same. In this form of 
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verification, we expect the solution of 2D-3D coupled models to be similar to that of full 

2D and full 3D models for simple test cases wherein a full 2D model would generally 

suffice. We chose two such test cases for verification. For the first test case, the steady 

state solution is known, whereas for the second test case, the 2D SW analytical solution 

for linearized shallow water equations is known. The test cases and results are described 

in the following sections. 

4.1 FLUME TEST CASE 

In this test case, we simulate flow in a rectangular channel of size 20km x 4km x 

40m. The length of the domain is aligned with the X-axis. The initial condition is water at 

rest with a constant water depth of 40m. The north and south boundaries of the models 

have a no-flow Neumann boundary condition. The west boundary has an inflow 

Neumann boundary condition, with water entering the domain at a rate of 20,000m3/s. 

The east boundary has a tail water Neumann boundary condition, in which a constant 

water surface elevation is specified for pressure calculation. Bottom friction coefficient 

and eddy viscosity are also specified. A time step of 100s is used for the simulation. 

Let us first qualitatively determine what results to expect. The steady state 

solution is a constant water depth of 40m (due to the tail water BC at the east boundary), 

and a uniform horizontal velocity of 0.125m/s in the X direction (due to the inflow BC at 

the west boundary). However, since the water in the domain is initially at rest and water 

enters the domain at a non-zero speed we expect a velocity wave traveling toward east. 

At the same time, there is also a build-up of water in the west, resulting in a gravity wave 

traveling east. However, due to the tail water boundary condition in the east, the wave 

gets reflected at the west boundary. This in turn results in the reflection of the velocity 

wave at the east boundary. The overall effects are seen as transient oscillations in the 
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model, which die down due to energy dissipation from bottom friction and eddy 

viscosity. Figure 3 shows comparison of depth, Figure 4 shows the 𝑥-velocity, and Figure 

5 shows the 𝑧-velocity results obtained at time interval of 1000s. As seen in the figures, 

the solutions behave in the aforementioned manner. The results of the 2D-3D coupled 

model agree with the full 2D and full 3D models. 
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(a) t = 0s 

 

(b) t = 1000s 

 

(c) t = 2000s 

 

(d) t = 3000s 

 

(e) t = 4000s 

 

(f) t = 5000s 

 

(g) t = 6000s 

 

(h) t = 7000s 

 

(i) t = 8000s 

Figure 3 (a)-(i). Flume test case depth comparison: Full 3D (top), 2D-3D (center), and 

Full 2D (bottom)  
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(a) t = 0s 

 

(b) t = 1000s 

 

(c) t = 2000s 

 

(d) t = 3000s 

 

(e) t = 4000s 

 

(f) t = 5000s 

 

(g) t = 6000s 

 

(h) t = 7000s 

 

(i) t = 8000s 

Figure 4 (a)-(i). Flume test case 𝑥-velocity comparison: Full 3D (top), 2D-3D (center), 

and Full 2D (bottom) 

  



 31 

 

 

 

(a) t = 0s 

 

(b) t = 1000s 

 

(c) t = 2000s 

 

(d) t = 3000s 

 

(e) t = 4000s 

 

(f) t = 5000s 

 

(g) t = 6000s 

 

(h) t = 7000s 

 

(i) t = 8000s 

Figure 5 (a)-(i). Flume test case 𝑧-velocity comparison: Full 3D (top), 2D-3D (center), 

and Full 2D (bottom) 
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4.2 SLOSH TEST CASE 

In this test case, we have a rectangular basin of length 𝐿, width 𝑊, and at-rest 

water height 𝐻, of 40km, 8km, and 12m, respectively, with no-flow boundary conditions 

on the vertical boundaries. The domain is Ω3𝐷 = (0, 𝐿) × (0,𝑊) × (−𝐻, 0). The initial 

condition given on the depth (4.1) is an east-west varying perturbation in the form of a 

cosine wave with amplitude 𝑎 of 0.1m, and wavelength twice the domain length. The 

initial condition for velocity is water at rest. There is no viscosity or bottom friction. We 

use second order time stepping with a time step of 180s, and simulation time of 4 hours. 

For this test case as well, we compared the results of the 2D-3D coupled model with full 

2D and full 3D models. For the 2D-3D coupled model, the eastern model is the 3D 

model, and the western model is a 2D model. 

 ℎ(𝑥, 𝑦, 𝑡 = 0) = 𝐻 + 𝑎 cos (
𝜋

𝐿
𝑥) (4.1) 

The analytical solution for 2D SWE for this test case is known [44]. However, 

there are additional assumptions for finding the analytical solution. The horizontal 

velocities are assumed constant in the 𝑧 direction, the equations are linearized assuming 

small perturbations, and the advection terms are neglected to find the analytical solution. 

The analytical solution is then given by (4.2)-(4.5). 

 ℎ(𝑥, 𝑦, 𝑡) = 𝐻 + 𝑎 cos (
𝜋

𝐿
𝑥) cos (

𝜋√𝑔𝐻

𝐿
𝑡) (4.2) 

 𝑢(𝑥, 𝑦, 𝑧, 𝑡) =
𝑎√𝑔𝐻

𝐻
sin (

𝜋

𝐿
𝑥) sin (

𝜋√𝑔𝐻

𝐿
𝑡) (4.3) 

 𝑣(𝑥, 𝑦, 𝑧, 𝑡) = 0 (4.4) 

 𝑤(𝑥, 𝑦, 𝑧, 𝑡) = −(
𝑎𝜋√𝑔𝐻

𝐿
) (
𝑧 + 𝐻

𝐻
) cos (

𝜋

𝐿
𝑥) sin (

𝜋√𝑔𝐻

𝐿
𝑡) (4.5) 
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The comparisons of depth, 𝑥-velocity and 𝑧-velocity are shown in Figure 6, 

Figure 7, and Figure 8, respectively, at time intervals of 30 minutes, for a time step of 

180s. The 𝑦-velocity results are not shown since it is nearly zero. The models are 

arranged from top to bottom as full 3D, 2D-3D, and full 2D. From the figures, we see that 

the results of the 2D-3D coupled model qualitatively lie between those of the full 3D and 

the full 2D models. The depth and 𝑥-velocity amplitude loss of the 2D-3D coupled model 

is between the full 3D and full 2D models, for example, in Figure 6 (c) and Figure 7 (f). 

The amplitudes of 𝑥-velocity and the 𝑧-velocity as per the analytical solution are 

𝑎√𝑔 𝐻⁄ = 0.9042m/s, and 𝑎𝜋√𝑔𝐻/𝐿 = 8.5E-05m/s, respectively. As seen in Figure 7 

and Figure 8, the velocity amplitudes in the coupled model agree with the analytical 

solution. 
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(a) t = 0.0h 

 

(b) t = 0.5h 

 

(c) t = 1.0h 

 

(d) t = 1.5h 

 

(e) t = 2.0h 

 

(f) t = 2.5h 

 

(g) t = 3h 

 

(h) t = 3.5h 

 

(i) t = 4.0h 

Figure 6 (a)-(i). Slosh test case depth comparison: Full 3D (top), 2D-3D (center), and Full 

2D (bottom) 
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(a) t = 0.0h 

 

(b) t = 0.5h 

 

(c) t = 1.0h 

 

(d) t = 1.5h 

 

(e) t = 2.0h 

 

(f) t = 2.5h 

 

(g) t = 3h 

 

(h) t = 3.5h 

 

(i) t = 4.0h 

Figure 7 (a)-(i). Slosh test case 𝑥-velocity comparison: Full 3D (top), 2D-3D (center), and 

Full 2D (bottom) 
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(a) t = 0.0h 

 

(b) t = 0.5h 

 

(c) t = 1.0h 

 

(d) t = 1.5h 

 

(e) t = 2.0h 

 

(f) t = 2.5h 

 

(g) t = 3h 

 

(h) t = 3.5h 

 

(i) t = 4.0h 

Figure 8 (a)-(i). Slosh test case 𝑧-velocity comparison: Full 3D (top), 2D-3D (center), and 

Full 2D (bottom) 
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We further compare how the solution behaves at a particular location. We choose 

the surface node at the horizontal location (30km, 4km) for tracking the solution. The 

node is located at the center of the 3D model in the case of the 2D-3D coupled model. 

Figure 9 shows the comparison of water depth for the 3 models against the analytical 

solution. We see that the 2D-3D coupled model results lie between the full 2D and full 

3D solutions. The full 3D model is able to follow the analytical solution closely in the 

case of depth. 

 

Figure 9. Comparison of depth in full 2D, full 3D, and 2D-3D coupled models against 

analytical solution 

From the 𝑥-velocity and 𝑧-velocity results shown in Figure 10 and Figure 11, we 

again find that the full 3D shallow water model shows better agreement with the 

analytical solution, and that the 2D-3D results lie roughly between the full 2D and full 3D 

counterparts. Note that the 2D models cannot predict 𝑧-velocities. The 𝑧-velocity results 

for the coupled model are good agreement with the full 3D results and the analytical 

solution. 
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Figure 10. Comparison of 𝑥-velocity in full 2D, full 3D, and 2D-3D coupled models 

against analytical solution 

 

Figure 11. Comparison of 𝑧-velocity in full 2D, full 3D, and 2D-3D coupled models 

against analytical solution 

We verify conservation of mass across the interface in the 2D-3D coupled case. A 

straightforward way to verify global mass conservation in this test case is to calculate the 
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mass of water in each of the two models and check if the sum stays constant in time. 

Since the density is constant in this test case, we can alternatively also use the volume of 

the mesh. Figure 12 shows the volume of water in individual 2D and 3D submodels 

within the coupled 2D-3D model, and the combined total volume of water in the coupled 

model over a period of 6 hours. We see from the figure that the individual volumes 

change with time as expected, but the total volume of water remains constant at 

3.84E+09m3, verifying global mass conservation, and in turn, conservation of mass as 

water moves repeatedly to and fro across the interface. 

 

Figure 12. Verification of conservation of mass across 2D-3D interface for the 2D-3D 

coupled slosh test case 
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Chapter 5. Summary 

 We gave a mathematical derivation for strong/algebraic coupling of 2D and 3D 

shallow water finite element models. The key idea in the coupling methodology was to 

choose appropriate trial and test spaces during spatial discretization, with mass and 

momentum conservation built into the choice of the trial space. This naturally led to a 

single, strongly coupled 2D-3D system of nonlinear equations. In the case of 

algebraically coupled 2D-2D and 3D-3D coupled models, the method is identical to the 

corresponding full 2D and full 3D models, respectively. We verified 2D-3D coupling 

against two test cases with known analytical solutions, viz., the flume test case with a 

known steady state solution, and the slosh test case with a known solution for the 

linearized 2D shallow water equations. We saw that the 2D-3D coupled model results are 

similar to the corresponding full 2D and full 3D models in the case where a full 2D 

model alone would suffice. We verified that mass was conserved across the 2D-3D 

interface at all times. Future work in this direction involves parallelizing the code for 

running 2D-3D coupled models and running a validation test case on the basis of real 

world data. We will need to demonstrate the wetting and drying capability of coupled 

2D-3D models. We will also work on theory, verification and validation of weak/flux 

coupled 2D and 3D SW models. 
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Appendix 

A short derivation of the numerical water surface equation under the continuous 

Galerkin method is given in this appendix. A key element in the solution of 3D SW 

models in AdH is vertical alignment of the nodes, a consequence of extrusion of a 2D 

mesh to create a 3D mesh. An important feature of such a mesh is depth-summability of 

the basis functions. Consider a node 𝐼 on a 2D mesh, Ω2𝐷, which on extrusion generates a 

corresponding column of nodes 𝒞(𝐼) in the 3D mesh Ω3𝐷. Then, for the usual continuous, 

piecewise linear basis functions and its derivatives that we use in the FEM, (2.17) holds, 

where the ℒ3𝐷 = {1, 𝜕/𝜕𝑥, 𝜕/𝜕𝑦, 𝜕/𝜕𝑧, ∇3𝐷}𝑇 and ℒ2𝐷 = {1, 𝜕/𝜕𝑥, 𝜕/𝜕𝑦, 0, ∇2𝐷}𝑇, and 

𝜙𝑖 and 𝜙𝐼 are nodal basis functions on the 3D and 2D meshes at nodes 𝑖 and 𝐼, 

respectively. Note that 𝑧-dependence vanishes on depth-summing 𝜙𝑖. This is only valid 

when node columns are vertically aligned. 

 ∑ ℒ3𝐷𝜙𝑖(𝑥, 𝑦, 𝑧)

𝑖∈𝒞(𝐼)

= ℒ2𝐷𝜙𝐼(𝑥, 𝑦) (A.1) 

This leads to a particular simplification (A.2) that we exploit when deriving the 

numerical water surface equation. Here, 𝑓 is any function, and 𝑓 ̅ is its depth averaged 

value at a given location. A similar expression can be derived for integration over the 

vertical sidewall boundary of the 3D model 𝜕Ω𝑠𝑖𝑑𝑒
3𝐷 , which is an extrusion of the 2D 

model boundary 𝜕Ω2𝐷. 

 

∑ ∫ 𝑓(𝑥, 𝑦, 𝑧)ℒ3𝐷𝜙𝑖𝑑Ω
3𝐷

 

Ω3𝐷𝑖∈𝒞(𝐼)

= ∫ ∫ 𝑓 ∑ ℒ3𝐷𝜙𝑖
𝑖∈𝒞(𝐼)

𝑑𝑧
𝑧=𝜂

𝑧=𝑏

𝑑Ω2𝐷
 

Ω2𝐷

 

= ∫(ℒ2𝐷𝜙𝐼) (∫ 𝑓𝑑𝑧
𝑧=𝜂

𝑧=𝑏

)𝑑Ω2𝐷
 

Ω2𝐷

 

= ∫ ℎ𝑓ℒ̅2𝐷𝜙𝐼𝑑Ω
2𝐷

 

Ω2𝐷

 

(A.2) 
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We can now derive the numerical water surface equation as follows. On 

multiplying the 3D continuity equation by a test function, 𝜙𝑖, integrating over the 

domain, and integrating by parts, we get (A.3). 

 ∫ 𝜙𝑖∇ ∙ 𝒖𝑑Ω
3𝐷

 

Ω3𝐷

= − ∫ 𝒖 ∙ ∇𝜙𝑖𝑑Ω
3𝐷

 

Ω3𝐷

+ ∫  

 

𝜕Ω3𝐷

𝜙𝑖𝒖 ∙ 𝒏𝑑𝜕Ω
3𝐷 (A.3) 

The normal, 𝒏 = (𝑛𝑥, 𝑛𝑦, 𝑛𝑧), above is positive pointing out of the 3D domain. 

Next, it is helpful to rewrite the surface and bottom kinematic BCs as (A.4) and (A.5). 

 
𝜕𝜂

𝜕𝑡
𝑛𝑧 + 𝒖 ∙ 𝒏 = 0, ∀(𝑥, 𝑦, 𝑧) ∈ 𝜕Ω𝑠𝑢𝑟

3𝐷  (A.4) 

 
𝜕𝑏

𝜕𝑡
𝑛𝑧 + 𝒖 ∙ 𝒏 = 0, ∀(𝑥, 𝑦, 𝑧) ∈ 𝜕Ω𝑏𝑜𝑡

3𝐷  (A.5) 

Depth summing the weak form of (A.3) over the column of nodes 𝒞(𝐼), 

integrating by parts, using the kinematic BCs (A.4) and (A.5), and depth-summability 

(A.2), we get the numerical water surface equation (A.6). 

 

∑ ∫ 𝜙𝑖∇
3𝐷 ∙ 𝒖𝑑Ω3𝐷

 

Ω3𝐷𝑖∈𝒞(𝐼)

= ∑ ∫ 𝜙𝑖𝒖 ∙ 𝒏𝑑𝜕Ω
3𝐷

 

𝜕Ω3𝐷𝑖∈𝒞(𝐼)

 

− ∑ ∫ 𝒖 ∙ ∇3𝐷𝜙𝑖𝑑Ω
3𝐷

 

Ω3𝐷𝑖∈𝒞(𝐼)

 

= ∫ 𝜙𝐼ℎ𝒖 ∙ 𝒏̅̅ ̅̅ ̅̅ 𝑑𝜕Ω2𝐷
 

𝜕Ω2𝐷

− ∫(ℎ�̅�) ∙ ∇2𝐷𝜙𝐼𝑑Ω
2𝐷

 

Ω2𝐷

 

+ ∫ 𝜙𝐼
𝜕𝜂

𝜕𝑡
𝑛𝑧
𝑠𝑑𝜕Ω𝑠

3𝐷

 

𝜕Ω𝑠𝑢𝑟
3𝐷

+ ∫ 𝜙𝐼
𝜕𝑏

𝜕𝑡
𝑛𝑧
𝑏𝑑𝜕Ω𝑏

3𝐷

 

𝜕Ω𝑏𝑜𝑡
3𝐷

 

= ∫ (𝜙𝐼
𝜕ℎ

𝜕𝑡
− (ℎ�̅�) ∙ ∇2𝐷𝜙𝐼)𝑑Ω

2𝐷

 

Ω2𝐷

 

+ ∫ 𝜙𝐼ℎ𝒖 ∙ 𝒏̅̅ ̅̅ ̅̅ 𝑑𝜕Ω2𝐷
 

𝜕Ω2𝐷

 

= 0 

(A.6) 
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Here, 𝜕Ω𝑠𝑢𝑟
3𝐷  and 𝜕Ω𝑏𝑜𝑡

3𝐷  are the surface and bottom boundaries of the 3D model, 

respectively. We used the fact that locally, 𝑛𝑧
𝑠𝑑𝜕Ω𝑠

3𝐷 = −𝑛𝑧
𝑏𝑑𝜕Ω𝑏

3𝐷 = 𝑑Ω2𝐷, and that the 

sidewall boundaries 𝜕Ω𝑠𝑖𝑑𝑒
3𝐷  of the 3D model are vertically extruded from the 2D model 

boundary 𝜕Ω2𝐷. 

On the other hand, for the 2D mesh, if we multiply the water surface equation by 

a test function 𝜙𝐼 and integrate by parts, we get (A.7), which is the same as (A.6). 

 ∫ (𝜙𝐼
𝜕ℎ

𝜕𝑡
+ ℎ�̅� ∙ ∇2𝐷𝜙𝐼) 𝑑Ω

2𝐷

 

Ω2𝐷

+ ∫ 𝜙𝐼ℎ𝒖 ∙ 𝒏̅̅ ̅̅ ̅̅ 𝑑𝜕Ω2𝐷
 

𝜕Ω2𝐷

= 0 (A.7) 

This proves that the depth summed weak form of the 3D continuity equation is the 

equivalent to the weak form of the water surface equation. It allows us to use the 

numerical water surface equation using the individual node WVEL residuals for 

consistency. 
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