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It is very challenging to build precise analog circuits in deep sub-micron

and nanometer VLSI fabrication technology. Advanced calibration methods

are crucial in designing high performance analog and mixed-signal VLSI cir-

cuits. We present a non-binary capacitor array calibration method for a high

performance successive approximation analog-to-digital converter (ADC). We

show that the capacitor weights are successively refinable under the Markov

condition using the rate-distortion theory. Using the analogy to discrete mem-

oryless channel with interference known to the encoder, we show that the inter-

ference will not limit the final calibration accuracy if the calibration algorithm

adapts to the interference. The capacitor array calibration algorithm is based

on a perceptron learning rule, originally developed for Artificial Intelligence

applications. It takes advantage of the redundancy in the non-binary capacitor

array and the noise in the system to generate the learning cases.
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We propose a mixed-signal micro-controller architecture to efficiently

implement the capacitor array calibration algorithm. A non-binary capacitor

array with 20 capacitors is used to design a 16-bit successive approximation

ADC. We discuss the design and trade-off of each circuit block in the ADC.

We model the thermal noise, flicker noise, power supply interference, charge

leakage and harmonic distortion in MATLAB. The calibration is robust un-

der the influence of these nonidealities. The capacitor weights are adaptively

calibrated to match the physical capacitors with up to 22-bit accuracy. Capac-

itor matching is not a limiting factor to the accuracy. The calibration time is

about 50 ms. The calibration algorithm can also be used in other mixed-signal

circuits to relax the requirement on analog circuits.
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Chapter 1

Introduction

1.1 Analog-to-Digital Converter Architectures

Analog-to-digital converters (ADC) provide the interface between the

analog world and digital systems. While digital signal processing (DSP) be-

comes increasingly popular, many traditional analog functional blocks have

been replaced by digital blocks. ADCs are and will be required to convert the

original signals from the real world of analog nature to digital representation.

Due to the extensive use of analog and mixed analog-digital circuitry, ADC of-

ten appears to to be the bottleneck in signal processing operations. ADCs can

be broadly classified as oversampling converters and Nyquist rate converters.

Oversampling converters such as delta-sigma converters use a lot of

digital signal processing while avoiding many difficulties of designing precise

analog circuitry. They take advantage of the fact that DSP processing power

is becoming cheaper and cheaper in deep sub-micron and nanometer era VLSI

fabrication technology. These processes are better suited for making fast and

small digital circuits than for making precise analog circuits. In delta-sigma

converters, the signal is sampled at many times the Nyquist rate and digital

filtering is used to remove the noise outside the signal bandwidth [76, 108].
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Delta-sigma converters are often used in high accuracy and low speed appli-

cations. However, the group delay in the digital filters makes delta-sigma

converters not suitable for high speed input multiplexing. The conversion

bandwidth of delta-sigma converter is reduced by the oversampling ratio. The

conversion bandwidth can be improved by using high order multi-bit modula-

tors [7, 55, 107]. The use of high frequency modulation and subsequent digital

filtering eliminate the need for steep cut-off in the input anti-aliasing ana-

log filter. Oversampling converters trade resolution in time for resolution in

amplitude so that imprecise analog circuits can be tolerated.

Nyquist rate converters samples the input analog signals at the Nyquist

rate. An anti-aliasing filter at the input is usually required to attenuate the

high frequency noise and out-of-band signal components. They often require

high-accuracy analog components in order to achieve high resolution.

The architectures for Nyquist rate converters can be classified as one-

step or multi-step architectures [83]. The one-step architectures include flash,

interpolative and folding architectures. The multi-step architectures include

two-step, pipelined and successive approximation architecture.

High-speed ADC often use flash, pipelined or interleaved architectures.

They can run at very high speed but usually at low accuracy [1, 17, 59, 80, 81].

Parallelism can be explored to achieve high speed and high accuracy. A 4

giga-samples per second 8-bit ADC used extensive parallelism by interleaving

32 pipeline ADCs [81]. Parallel delta-sigma ADCs can also be used to achieve

high speed, high accuracy and high linearity [10]. The increase in area and
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power consumption is traded off for the increase in the conversion bandwidth.

1.2 Successive Approximation Analog-to-Digital Con-
verters

Successive approximation ADC has long been used in communications

and data acquisition [14, 25, 41, 44, 47, 53, 60, 75, 91, 114]. Modern applications

in communications, process control loop and medical devices continue to drive

the development of high-accuracy, high-speed ADCs with greater than 16-bit

accuracy and greater than 1 mega-samples per second (MSPS) sampling rates.

Successive approximation register (SAR) converters offer the combina-

tion of resolution and speed unmatched by delta-sigma, pipeline or flash type

ADCs. SARs have no latency, and can be multiplexed. We can use one SAR

ADC to convert signals from many channels when the inputs are multiplexed.

The cost per channel is low compared to data acquisition systems based on

other ADC architecture. Furthermore, the power consumption is relatively

low. These features make SAR converters suitable for data acquisition and

communications applications.

Successive approximation ADCs [11, 12, 51, 94] use a “binary search”

algorithm in a feedback loop including a 1-bit ADC which is just a comparator.

MOS technology is well suited for capacitor based charge redistribution digital-

to-analog converter (DAC) and ADC [28, 45, 50, 58, 69, 79, 82, 85, 92, 95, 96, 98,

100, 112]. A binary-weighted capacitor array and comparator in a conventional

capacitor based charge redistribution DAC in successive approximation ADC

3



is shown in Figure 1.1 [56].

+
−

· · · · · ·

Vref

S3

S2

SAR

S1

b0

Vx → 0

Vin

2N−1C C C

bN−1 bN−2 b1

2N−2C 2C

Figure 1.1: Binary-weighted charge redistribution successive approximation
ADC

In sampling mode, the top plates of the capacitor array are grounded,

while all the bottom plates are connected to the input analog signal. The

sampling track switch S2 is turned off and all the bottom plates are grounded

when the ADC transitions from the sampling mode to the hold/conversion

mode. The top plate voltage will be equal to the negative of the sampled

signal level. In the conversion process, the bottom plates of the capacitors

are switched to reference voltage Vref step by step starting from the largest

capacitor. If Vx is negative, then the bottom plate of the capacitor that is

switched to Vref is left connected to Vref and the corresponding bit in the SAR

register is set to 1. Otherwise, the bottom plate is reconnected to ground and
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the corresponding bit in the SAR register is set to 0. After all the capacitors

are switched, the voltage at the top plate approaches zero. The result in the

SAR register at the end of the successive approximation conversion process is

the digital conversion result. This result is the digital code that corresponds

to the analog input signal.

1.3 Calibration Methods for Successive Approximation
Analog-to-Digital Converters

The advantage of the binary-weighted DAC is that the back-end dig-

ital complexity is low. An accuracy of 10 bits can easily be reached with

straightforward design techniques using capacitor based charge redistribution

converters because capacitor matching better than 0.1% is common [46, 83].

However, building a binary weighted DAC with greater than 16-bit accuracy

and greater than 1 MSPS speed is not trivial. Every decision in the convert-

ing steps is critical and affects the final accuracy. In order to get better than

10 bits accuracy in charge-redistribution DAC, production based laser trim-

ming or other trimming methods and digital calibration methods are used to

guarantee tighter capacitor matching.

Production based laser trimming is expensive. The accuracy of other

trimming methods is usually limited to the size of the smallest capacitor. It is

difficult to implement small and trimmable capacitors. They must be approxi-

mately 500 to 1000 times smaller than the main capacitor. However, they must

also offer sufficient trimming range. For 1 pF capacitor, the trimmable capac-

5



itors must be adjustable in a few tenth of 1 fF. In deep sub-micron fabrication

technology, such small capacitors are often comparable to the parasitics.

Self calibration methods [22, 52, 66, 67, 105] must be used in the analog

or in the digital domain in order to extend the resolution of the successive

approximation ADC beyond 10 bits. The capacitor DAC calibration methods

[63] can be used in successive approximation ADC. Analog self-calibration

methods used for pipelined ADC [40, 65] require calibration DAC and precise

analog components. These trimming methods are based on the correcting of

the analog quantities.

Calibration can also be performed in the digital domain. Many digital

calibration methods have been proposed [6, 16, 54, 57, 62, 64, 70, 99, 104, 111]

for pipelined converters and successive approximation ADC. For example, one

method uses switched-capacitor interstage digital-to-analog conversion and

subtraction [64]. It puts additional charge to the digital-to-analog converter

to correct the reconstructed analog signal. The corresponding digital value is

stored for that charge.

1.4 Successive Approximation ADC Using Non-Binary
Capacitor Array

Successive approximation ADC using a radix less than two digital-to-

analog converter (DAC) in a feedback loop has been used to solve the binary

non-overlap problem[110]. The ADC produces a digital output for an unknown

analog voltage value. An impedance network such as a capacitor network has

6



sequential capacitor values which are a function of a radix less than two. Costly

and complicated switching circuits precisely represent accurate series weights

in such an impedance network. A first analog cancellation voltage is produced

in the DAC with a selected most significant bit (MSB) capacitance. The first

analog cancellation voltage is input to a comparator to set off a received analog

voltage which is to be converted into digital form by SAR conversion. If the

first analog cancellation voltage from the MSB is insufficient to cancel out

the received analog voltage under conversion, as evidenced by the sign of the

output value from the comparator, then the tested MSB is kept. This is a

complicated and slow procedure without adaptive calibration.

A 10-bit, 20 MSPS, non-binary successive approximation ADC was

reported in 2002 International Solid-State Circuits Conference [61]. A 16-by-

16 capacitor array is used for the upper 8 bits. The redundancy is not in

the DAC, but is calculated in the digital part of the converter. The capacitor

matching in the capacitor array is still the limiting factor for getting higher

accuracy.

Instead of matching the physical capacitors themselves, we take a dif-

ferent approach. We build the capacitor array and adaptively adjust the dig-

ital representation of the capacitors: capacitor weights so that the capacitor

weights correctly reflect the capacitance ratios in the fabricated capacitor array

[31, 33, 71–74]. In our SAR ADC based on non-binary capacitor array, we take

advantage of the redundancy in the non-binary capacitor array and the adap-

tive calibration algorithm to greatly relax the capacitor matching requirement.
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The capacitor calibration algorithm is based on a perceptron learning rule that

was originally developed for artificial intelligence (AI) applications [90]. This

algorithm calibrates the capacitor weights so that the matching requirement

on the physical capacitor array is no longer a limiting factor. Essentially,

the complexity is moved from the analog domain to the digital domain. The

same philosophy is used in delta-sigma converters where the analog circuitry

is simplified and complicated filtering is moved to the digital domain.

Non-binary capacitor array based DAC is more forgiving due to redun-

dancy. The errors made in the early steps of the successive approximation

conversion process can be corrected in later steps. Due to the relaxed require-

ment on capacitor matching, total capacitance of the capacitance array can

be smaller. The DAC can run faster with smaller total capacitance. The ca-

pacitor weights are calibrated with high accuracy. This non-binary capacitor

array calibration algorithm is very important for implementing high speed and

high accuracy analog-to-digital converters.

1.5 Capacitor Array Calibration

1.5.1 Stability of Capacitor Ratio

The capacitor ratio in the integrated circuit is very stable after fabri-

cation. The capacitance of a capacitor shown in Figure 1.2 is

C =
εWL

t
(1.1)

8



where ε, W , L and t are the dielectric constant of silicon dioxide, the width of

the capacitor plate, the length of the capacitor plate and the thickness of the

insulator layer of the capacitor, respectively.

Area : A = W × L

Al

SiO2

εt

Al

Figure 1.2: The structure of a capacitor

The first order temperature coefficient of a capacitor, TCC is given by

TCC =
dC

CdT
=

dε

εdT
+

dW

WdT
+

dL

LdT
− dt

tdT
(1.2)

The metal-insulator-metal capacitor in a typical CMOS process has the

following typical values [68, 101]:

dε

εdT
= −1.24× 10−5 K−1 (1.3)

for silicon dioxide insulator.

dW

WdT
=

dL

LdT
= 2.36× 10−5 K−1 (1.4)

for the width and length of the aluminum plates.

dt

tdT
= 5× 10−7 K−1 (1.5)
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for the thickness of the silicon dioxide insulator. The temperature coefficient

is

TCC =
dC

CdT
= (−1.24+2.36+2.36−0.05)×10−5K−1 ≈ 3.4×10−5 K−1 (1.6)

Similarly, the temperature coefficients for MOS capacitor and poly-poly ca-

pacitor are about 50 ppm/K [5]. The thermal resistance of aluminum is

Rth Al = 0.43 K/W (1.7)

Assume that the power dissipation for the circuitry around the capacitor array

is

P = 0.01 W (1.8)

The temperature gradient [42] on the capacitor array is

∆T = Rth Al × P = 0.43× 0.01 = 4.3× 10−3 K (1.9)

The relative capacitor value variation due to temperature gradient is

∆C

C
= TCC ×∆T = 3.4× 10−5 × 4.3× 10−3 = 1.46× 10−7 (1.10)

This is about −136 dB variation. The capacitor ratio variation due to

temperature variation is also at −136 dB. This variation is negligible even

for high-resolution ADC. We can safely assume that the capacitor ratios are

fixed after fabrication. We can change the capacitor array by connecting some

small capacitors to the main capacitors to make the capacitor array binary-

weighted. We can also calibrate the capacitor weights to make them match

the fabricated capacitors.
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1.5.2 Factory Calibration Versus Power-on Calibration

We can perform the calibration during production. The calibration

parameter can be stored by fuse blowing or writing to non-volatile memory

such as flash memory [13]. The calibration is only done under well-controlled

conditions at factory. This saves calibration time in field uses and avoids the

variations due to external condition changes. The potential disadvantage is

that the error may become large due to operation condition change and aging

in some cases.

We can let the ADC perform calibration every time it powers up. The

calibration will reflect the current operation conditions. There are disadvan-

tages: it takes time to calibrate and we may get different results at different

times if the calibration is not robust.

1.6 Organization of This Dissertation

We discuss the formulation of the successive refinement problem by

considering the description of a sequence of random variable in Chapter 2. We

prove the achievability of successive refinement under the Markov condition

using the result from multiple descriptions problem. Then we extend the result

to the successive refinement of capacitor weights. Using the analogy to discrete

memoryless channel with interference known to the encoder, we will show that

the interference will not affect the channel capacity. We apply this result to

the calibration of capacitor weights. It is possible that the interference will

not affect the final calibration accuracy if the calibration algorithm adapts to
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the interference.

In Chapter 3, we present the algorithm to achieve the successive re-

finement of capacitor weights. We apply the perceptron learning rule to the

calibration of non-binary capacitor array. The algorithm uses the redundancy

in the non-binary capacitor array and the noise in the system to create learning

cases.

In Chapter 4, we describe the system architecture of the successive ap-

proximation ADC. We use a mixed-signal micro-controller to efficiently handle

the control of the analog and digital datapaths. The instruction set for the

mixed-signal micro-controller is defined. The analog datapath, the digital dat-

apath and the program control block are described.

In Chapter 5, we go through the designs of circuit blocks. We derive

the design requirement for each block from the system specification and take

into consideration the design trade-offs.

In Chapter 6, we focus on the modeling and analysis of the whole

system. We analyze and model the nonlinearity, interference, flicker noise,

thermal noise and leakage. We use Volterra series to analyze the harmonic

distortion to gain insights into the nonlinear operation of the system. The

calibration is robust with the presence of the nonidealities. The capacitor

weights are calibrated with up to 22-bit accuracy consistently.

In Chapter 7, we summarize results and discuss possible future research

directions.
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Chapter 2

Successive Refinement of Capacitor Weights

2.1 Formulation of the Successive Refinement Problem

If we know the capacitance ratios in the capacitor array very accurately,

then we can use this information in the successive approximation process to get

conversion results with high accuracy. We use capacitor weights to represent

the relative capacitance ratios. Our goal is to obtain accurate capacitor weights

that reflect the physical capacitance ratios in the capacitor array through

calibration. This is a successive refinement process.

We will use the rate distortion theory [20] to formulate the successive

refinement problem [24, 26, 86]. The general successive refinement scenario of

the capacitor weights is shown in Figure 2.1. We use the notations of rate

and distortion from information theory. The description of the true capacitor

weights W requires infinite precision. We can only approximate the capacitor

weights with a finite number of bits. We define the distortion measure as the

root mean squared error between the true weights W and the estimate Ŵ .

Please note that the distortion defined here is different from the harmonic

distortion for ADC. Our goal is to represent the capacitor weights with very

small distortion so that we can obtain the required system accuracy for the
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ADC. We use rate Rinit (bits) to represent the capacitor weights initially. Then

we use successive refinement to get better and better representation of the

capacitor weights. The successive refinement stage consists of a source decoder

and a re-encoder. It uses the current estimate Ŵ and certain calibration

algorithm to get a better representation of the capacitor weights using Rref

bits. Going through the successive refinement stage multiple times, we will

get capacitor weights Wcal with very small distortion. We will show that

the successive refinement is efficient in terms of the associated distortion-rate

trade-offs. 

calŴ  W  refR  Ŵ  
ˆ  

initR  
Source 
Coder 

Source 
Decoder 

Re- 
encoder 

Source 
Decoder 

Successive Refinement 

Figure 2.1: Successive refinement model for capacitor weights

We will assume that the capacitor weights are a sequence of random

variables following the similar random coding assumption in Shannon’s original

paper [93]. Let the capacitor weights be {Wj}. Assume that Wj is independent

and identically distributed (i.i.d.) and is drawn from a source alphabet ω. We

will repeat some definitions of the rate distortion theory [20] here.

Definition 2.1.1 (Rate distortion function). For a probability mass func-

tion (pmf) p(w), w ∈ ω, and distortion function d(w, ŵ) on ω × ω̂, the rate
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distortion function R(D) is defined as

R(D) = min
p(ŵ|w)

I(W ; Ŵ ) (2.1)

where I(W ; Ŵ ) is the mutual information as defined in information theory:

I(W ; Ŵ ) =
∑
w∈ω

∑
ŵ∈ω̂

p(w, ŵ)log
p(w, ŵ)

p(w)p(ŵ)
(2.2)

The distortion rate function D(R) is the inverse function of R(D), which can

be written as

D(R) = min
p(ŵ|w)

Ed(W, Ŵ ) (2.3)

We start with a set of capacitor weights {W1, W2, · · · , Wn} where

Wi ∈ ω ( i = 1, · · · , n). We get an estimation {Ŵ1, Ŵ2, · · · , Ŵn} through

calibration where Ŵi ∈ ω̂ ( i = 1, · · · , n). Following the notation in infor-

mation theory, we define the distortion measure. (Again, please note that the

distortion here is different from the harmonic distortion in signal processing

and circuit design.)

d : ω × ω̂ → R (2.4)

For the n-sequences in ωn × ω̂n, we define the average distortion measure

d(wn, ŵn) =
1

n

n∑
j=1

d(wj, ŵj) (2.5)

where wn = (w1, w2, · · · , wn), and ŵn = (ŵ1, ŵ2, · · · , ŵn).

When we use a two-stage description, the estimation should be optimal

in term of distortion measure at each stage. Then we say that we are succes-

sively refining a sequence of capacitor weights. In the model shown in Figure
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j ∈ {1, . . . , 2n(R2−R1)}

i ∈ {1, . . . , 2nR1}
Ŵ n

1 (i), D1Ŵ n
1 (i), D1

Ŵ n
2 (i, j), D2

W n
i ∈ {1, . . . , 2nR1}

Figure 2.2: Successive refinement problem

2.2, we describe the W sequence at rate R1 bits per weight with distortion D1.

Then we provide addition information at rate R2−R1 bits per weight so that

the resulting weights have distortion D2. We require that we achieve the rate

distortion limit at each stage: R1 = R(D1) and R2 = R(D2) where R(D) is

the rate distortion function as defined in the rate-distortion theory. (R1, D1)

and (R2, D2) lie on the distortion rate curve as shown in Figure 2.3.

Definition 2.1.2 (Successive refinement from distortion D1 to D2).

Successive refinement from distortion D1 to D2 is achievable (D1 ≥ D2) if there

exists a sequence of encoding functions in : ωn → {1, · · · , 2nR1} and jn : ωn →

{1, · · · , 2n(R2−R1)}, and reconstruction functions g1n : {1, · · · , 2nR1} → ω̂n
1 and

g2n : {1, · · · , 2nR1}×{1, · · · , 2n(R2−R1)} → ω̂n
2 , such that for Ŵ n

1 = g1n(in(W n))

and for Ŵ n
2 = g2n(in(W n), jn(W n)),

lim
n→∞

sup Ed(W n, Ŵ n
1 ) ≤ D(R1) (2.6)
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D1

Rate

Distortion

R2R1

D2

Figure 2.3: Distortion rate curve

and

lim
n→∞

sup Ed(W n, Ŵ n
2 ) ≤ D(R2) (2.7)

where D(R) is the distortion rate function.

Definition 2.1.3 (Successive refinement in general). A problem is suc-

cessively refinable in general or simply successively refinable if successive re-

finement from distortion D1 to D2 is achievable for every D1 ≥ D2.

2.2 Achievability of Successive Refinement

We will use the achievable rate region for multiple descriptions to derive

the result for successive refinement. As shown in Figure 2.4 , there are three re-

ceivers 0, 1 and 2. Receivers 0 and 1 receive individual descriptions and receiver
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2 has access to both descriptions. Information about the source is transmitted

to receivers 0 and 1 at rate R0 and R1 respectively, and the two receivers gen-

erate estimates Ŵ0 and Ŵ1 with distortion D0 and D1, respectively. A third

estimate Ŵ2 with distortion D2 is produced with D2 ≤ D0, D2 ≤ D1. The

rate distortion region is the set of achievable quintuples (R0, R1, D0, D1, D2).

R0 Ŵ0, D0

Ŵ2, D2W

Ŵ1, D1

R1

Figure 2.4: Multiple descriptions problem

The successive refinement problem is a special case of the multiple

descriptions problem where we require R1 = R(D1) and R0 + R1 = R(D2).

There is no constraint on Ed(W, Ŵ0). We will need the theorem derived by El

Gamal and Cover [29].

Theorem 2.2.1. A rate-distortion quintuple is achievable if there exists a

probability mass distribution p(w)p(ŵ0, ŵ1, ŵ2|w) with Ed(Ŵ , Ŵm) ≤ Dm,

m = 0, 1, 2 such that

R0 > I(W ; Ŵ0) (2.8)

R1 > I(W ; Ŵ1) (2.9)
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R0 + R1 > I(W ; Ŵ0, Ŵ1, Ŵ2) + I(Ŵ0; Ŵ1) (2.10)

We prove that successive refinement from coarse description Ŵ1 with

distortion D1 to fine description Ŵ2 with distortion D2 is achievable if and only

if the individual rate distortion solutions p(ŵ1|w) and p(ŵ2|w) for D1 ≥ D2

are such that we can write W → Ŵ2 → Ŵ1 as a Markov chain. We treat

this as a special case of the multiple descriptions problem and use the theorem

from [29] and [4]. Assume that the source distribution p(w) and the distortion

d(w, ŵ) be given.

Theorem 2.2.2 (Markovian property of successive refinement). Suc-

cessive refinement with distortions D1 and D2 (D1 ≥ D2) can be achieved if

and only if there exists a conditional distribution p(ŵ1, ŵ2|w) with

Ed(W, Ŵ1) ≤ D1 (2.11)

Ed(W, Ŵ2) ≤ D2 (2.12)

such that

I(W ; Ŵ1) = R(D1) (2.13)

I(W ; Ŵ2) = R(D2) (2.14)

and

p(ŵ1, ŵ2|w) = p(ŵ2|w)p(ŵ1|ŵ2) (2.15)

This last condition means that W, Ŵ1, Ŵ2 form a Markov chain W → Ŵ2 →

Ŵ1 or, equivalently, Ŵ1 → Ŵ2 → W .
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Proof. (Sufficiency) Assume that p(ŵ1|w) and p(ŵ2|w) satisfy (2.11) - (2.14).

Introduce a dummy symbol Ŵ0. Fix the joint pmf p(w)p(ŵ0)p(ŵ2|w)p(ŵ1|ŵ2).

The achievable region of Theorem 2.2.1 is

R0 > I(W ; Ŵ0) = 0 (2.16)

R1 > I(W ; Ŵ1) = R(D1) (2.17)

R0 + R1 > I(W ; Ŵ0, Ŵ1, Ŵ2) + I(Ŵ0; Ŵ1) = I(W ; Ŵ2) = R(D2) (2.18)

where (2.17) and (2.18) follow (2.13) and (2.14), respectively. Since the

total rate R2 = R0 + R1, so (R1, R2) = (R(D1), R(D2)) is achievable.

(Necessity) The conditions for successive refinement are R1 = R(D1)

and R0 + R1 = R(D2). These conditions are the “no excess rate” conditions

of Ahlswede [4]. The region of Theorem 2.2.1 is the whole achievable rate

region under these conditions. Therefore there must be a conditional pmf

p(ŵ0, ŵ1, ŵ2|w) with Ed(W, Ŵ1) ≤ D1, Ed(W, Ŵ2) ≤ D2 such that

R1 = R(D1) ≥ I(W ; Ŵ1) (2.19)

R0 = R(D2)−R(D1) ≥ I(W ; Ŵ0) (2.20)

and

R0 + R1 = R(D2) ≥ I(W ; Ŵ0, Ŵ1, Ŵ2) + I(Ŵ0; Ŵ1) (2.21)

From the definition of the rate distortion function, we know

I(W ; Ŵ1) ≥ R(D1) (2.22)
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so (2.19) is satisfied if and only if I(W ; Ŵ1) = R(D1). Using the chain rule of

mutual information on (2.21), we have

R(D2) ≥ I(W ; Ŵ0, Ŵ1, Ŵ2) + I(Ŵ0; Ŵ1) (2.23)

= I(W ; Ŵ2) + I(W ; Ŵ1|Ŵ2)

+I(W ; Ŵ0|Ŵ1, Ŵ2) + I(Ŵ0; Ŵ1) (2.24)

≥ I(W ; Ŵ2) (2.25)

≥ R(D2) (2.26)

where (2.26) follows from the definition of the rate-distortion function, and

inequality (2.25) follows from the non-negative property of mutual information.

Since the start and the end of the inequality are equal, all the inequalities

become equalities. Therefore we have the following relations.

I(Ŵ0; Ŵ1) = 0 (2.27)

I(W ; Ŵ0|Ŵ1, Ŵ2) = 0 (2.28)

I(W ; Ŵ1|Ŵ2) = 0 (2.29)

I(W ; Ŵ2) = R(D2) (2.30)

Equation (2.29) shows the Markovity of W → Ŵ2 → Ŵ1. Equation (2.28)

means W → (Ŵ1, Ŵ2) → Ŵ0. Therefore we have W → Ŵ2 → Ŵ1 → Ŵ0.

Equation (2.27) means that Ŵ0 is independent of Ŵ1. So the achievability of

(R1, R2) = (R(D1), R(D2)) guarantees the existence of a pmf p(w)p(ŵ1, ŵ2|w)

satisfying equation (2.15). The successive refinement is achievable only by
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joint pmf’s of the form p(w)p(ŵ2|w)p(ŵ1|ŵ2)p(ŵ0), i.e., only if there exists

p(ŵ1|ŵ2) such that W → Ŵ2 → Ŵ1.

2.3 Markov Condition for Successive Refinement

We use the concept of typical set to interpret the Markov condition for

successive refinement. Let’s recall the definition of typical set.

Definition 2.3.1 (Definition of typical set). The typical set A
(n)
ε (W ) with

respect to probability p(w) is the set of sequence (w1, w2, · · · , wn) ∈ ωn with

the following property:

2−n(H(W )+ε) ≤ p(w1, w2, · · · , wn) ≤ 2−n(H(W )−ε) (2.31)

where H(W ) is the entropy as defined in information theory.

H(W ) = −
∑
w∈ω

p(w)log(p(x)) (2.32)

As shown in Figure 2.5, the cardinality of the typical set A
(n)
ε (W )

is approximately 2nH(W ). We can partition the typical set into spheres of

radius D1. The cardinality of these spheres can be as large as 2nH(W |Ŵ1) since

Ed(W, Ŵ1) ≤ D1. We will need approximately 2nH(W )/2nH(W |Ŵ1) of these

spheres to cover the typical set A
(n)
ε (W ). For the ith sphere there is a sequence

ŵ(i) that is at distortion at most D1 to each sequence in the sphere.

Let’s consider the covering of the ith sphere with smaller sphere of

radius D2. Similarly, we can construct spheres of radius D2 and cardinal-

ity of approximately 2nH(W |Ŵ2) since there exists a random variable w2 such
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Sphere of radius D1

The intersection has cardinality = 2nH(W |Ŵ1Ŵ2)

= 2nH(W |Ŵ2)
and cardinality
Sphere of radius D2

Cardinality

= 2nH(W )

set A
(n)
ε (W )

Typical

and cardinality = 2nH(W |Ŵ1)

Figure 2.5: Sphere covering interpretation of the Markov condition for succes-
sive refinement

that Ed(W, Ŵ2) ≤ D2. These spheres can be represented by a w2 that is at

distortion no larger than D2 from all the sequences in that sphere. Approxi-

mately 2nH(W |Ŵ2) of spheres of radius D2 are needed to cover the set of typical

sequences A
(n)
ε (W ). If each small sphere were contained in a large sphere,

2n(H(W |Ŵ1)−H(W |Ŵ2)) small spheres would be needed to cover a large sphere.

However, if a small sphere intersects a large one, the intersection has

cardinality of only about 2nH(W |Ŵ1Ŵ2). Therefore, in general case one loses
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something by choosing to reach distortion D2 in two steps since the spheres

with radius D2 can not be evenly partitioned with the largest possible spheres

of D2 that covers the typical set. If the random variables W, W1, W2 form a

Markov chain and only in that case, H(W |Ŵ1Ŵ2) = H(W |Ŵ2), then the small

spheres do partition the big ones efficiently with nothing left over. Therefore,

successive refinement is achievable if Markov condition is satisfied. We seek an

efficient capacitor weight calibration algorithm that satisfies Markov condition.

We will then use this algorithm to successively refine the capacitor weights.

2.4 Effects of Interference and Noise

Let us consider the effects of the interference and noise during the

calibration process. In the calibration process, we try to get accurate capacitor

weight estimates. The system itself “knows” the true capacitor weights W . We

model the calibration process as a communication process. We can imagine

that an encoder sends the true capacitor weights W through a communication

channel with noise Z and interference S and we create an estimate Ŵ of

the true capacitor weights W from the information we receive. Assume that

the system has the knowledge of the interference S and the decoder has no

information about the interference S. We will show that the interference does

not affect the information sent through the channel: we can get very accurate

estimates independent of the interference S if the interference is known to

the encoder. We can use the result from Costa’s original paper “Writing on

Dirty Paper” [19]. The capacitor array calibration algorithm works under the
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influence of interference and noise. We want to get very accurate capacitor

weights even with interference and noise.

+ + Decoder

Y

S ∼ N(0, QI) Z ∼ N(0, NI)

Ŵ

Encoder

W X

1
n

∑n
i=1 X2

i ≤ P

Figure 2.6: The interference model for capacitor array calibration

We can model this process as shown in Figure 2.6. It is a communi-

cation channel with output Y = X + S + Z. The interference S ∼ N(0, QI)

and the noise Z ∼ N(0, NI) are multivariate Gaussian random variables (I

is the identity matrix.). The input X ∈ Rn satisfies the power constraint

(1/n)
∑n

i=1 X2
i ≤ P .

The state S is known to the encoder but not to the decoder. Based on

the message W ∈ {1, 2, . . . , 2nR} and the random state S the encoder sends

a codeword X which must satisfy the power constraint (1/n)
∑n

i=1 X2
i ≤ P .

The decoder creates an estimate Ŵ of the message W . The information about

S is not made available to the decoder. Writing on dirty paper is analogous to

this situation. The writer knows the location and intensity of the dirt spots on

dirty paper, but the reader cannot distinguish them from the ink marks applied

by the writer. We want to make the capacitor array calibration robust with
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the presence of interference and noise. We model this as a discrete memoryless

channel with interference S known to encoder.

This is the standard Gaussian channel with input power constraint P

if the encoder treats S as the interference and tries to cancel it. If P > Q,

the encoder may use part of his available power to cancel S. It can then

use the remaining power P − Q to send information at rate C((P − Q)/N),

where C(x) = 1/2log(1+x) is the capacity in bits/transmission of a Gaussian

channel with signal-to-noise power ratio x. In general, using a fraction 0 <

a < min(1, Q/P ) of the transmitter power to partially cancel S yields a rate

C((1 − a)P/(N + (
√

Q −
√

aP ))). However, we can do better than this. In

fact the optimal encoding chooses codewords that are orthogonal to S. It uses

codewords that are compatible with the power constraint and far enough apart

to be distinguishable when viewed from the channel output. The decoder may

decode the message as if the interference does not exist since the codewords

are orthogonal to random state S by code generation. The optimal encoder

actually adapts its signal to the state S instead of trying to cancel it.

We will show the capacity of a discrete memoryless channel with ran-

dom state S known to the encoder only. The achievability and the converse

will be proven using the concept of typical set. Then we will show that all

rates R < C∗ = C(P/N) are achievable for our specific case of a discrete

memoryless channel with random state S known to the encoder only.

The capacity of a discrete memoryless channel with random state S

known to the encoder only is given in the following theorem [19, 29, 30, 37, 48].
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Theorem 2.4.1. The capacity of a discrete memoryless channel with random

state S known to the encoder is given by

C = max
p(u,x|s)

{I(U ; Y )− I(U ; S)} (2.33)

U is a finite alphabet auxiliary random variable. where the maximum is over

all joint distributions of the form p(s)p(u, x|s)p(y|x, s).

We will prove this theorem using random coding argument and the

concept of typical set.

2.4.1 Achievability of the Capacity of a Discrete Memoryless Chan-
nel with Interference

We will prove the achievability of the direct coding theorem using ran-

dom coding argument. All rates R < C = maxp(u,x|s){I(U ; Y ) − I(U ; S)}

are achievable. Specifically, for every rate R < C, there exists a sequence of

(2nR, n) codes with the probability of error P
(n)
e → 0.

Codebook generation: Generate 2n(I(U ;Y )−ε) independent and identically

distributed (i.i.d.) random sequences u ∈ Un each with probability

p(u) =

{
1

|A(n)
ε (U)|

, u ∈ A
(n)
ε (U)

0, otherwise
(2.34)

where A
(n)
ε (U) is the ε−typical set of length n sequences u ∈ Un.

|A| denotes the cardinality of the set A. Number these sequences u(k), k ∈

[1, 2n(I(U ;Y )−ε]. Randomly assign these sequences uniformly to one of the 2nR
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bins. Define the bins

Bw = [(w − 1)× 2n(I(U ;Y )−R−ε) + 1, w × 2n(I(U ;Y )−R−ε)], w ∈ [1, 2nR]. (2.35)

The cardinality of Bw is

|Bw| = 2n(I(U ;Y )−R−ε) (2.36)

Encoding : Given state vector s and the message w. Look in bin Bw for

a sequence u such that (u, s) is jointly typical, i.e. (u, s) ∈ A
(n)
ε . Define for

every w ∈ [1, 2nR] the set

Tw = {u(k) : k ∈ Bw, (u(k), s) ∈ A(n)
ε } (2.37)

consisting of the jointly ε−typical sequence u(k) in Bw. Declare an error if no

such u(k) can be found, i.e. Tw is empty. Let Eencoder be this error event.

Eencoder = {|Tw| = 0} (2.38)

Next, choose x such that (x,u(k), s) ∈ A
(n)
ε and send x through the channel.

Decoding : When the decoder receives y, it looks for the unique sequence

u(k) such that (u(k),y) ∈ A
(n)
ε . Set the estimate ŵ equal to the index of the

bin that contains the obtained sequence u(k).

ŵ = w where k ∈ Bw and (u(k),y) ∈ A(n)
ε (2.39)

Declare an error if no such sequence exists:

E
(1)
decoder = {(u(k),y) /∈ A(n)

ε } (2.40)

28



Also declare an error if more than one such sequence exist and they belong to

different bins. (More than one such sequence from the same bin will give us

the correct decoding.)

E
(2)
decoder = {∃k1 6= k : k1 ∈ Bw1, k ∈ Bw, w1 6= w and (u(k1),y) ∈ A(n)

ε }

(2.41)

Analysis of the probability of error : By the symmetry of the random

code generation, the probability of error does not depend on which message is

sent. So without loss of generality, we can assume that w = 1 was sent.

If none of the error events Eencoder, E
(1)
decoder, E

(2)
decoder occurs, the message

w = 1 with the sequence s of states of the channel would be decoded correctly.

We can calculate the probability of error.

P (n)
e = P{Eencoder ∪ E

(1)
decoder ∪ E

(2)
decoder}

≤ P{Eencoder}+ P{E(1)
decoder}+ P{E(2)

decoder} (2.42)

Lemma: For any particular bin Bw, ε > 0, and sufficiently large n:

P{|Tw| = 0} ≤ ε/3 (2.43)

provided that

R < I(U ; Y )− I(U ; S)− ε− δ(ε) (2.44)

where δ(ε)→ 0 as ε→ 0.

Proof. Using Chebychev’s inequality, we can see that

P{|T1| = 0} ≤ P{| |T1| − E|T1| | > εE|T1|} ≤
var(|T1|)
ε2(E|T1|)2 (2.45)

29



Define the indicator function

∆(u(k) ∈ T1) =

{
1, u(k) ∈ T1

0, otherwise
(2.46)

The cardinality of the set T1 is given by

|T1| =
∑
k∈B1

∆(u(k) ∈ T1) (2.47)

Since E{∆(u(k) ∈ T1)} ≥ 2−n(I(U ;S)+δ(ε)), we have

E(|T1|) ≥ |B1| × 2−n(I(U ;S)+δ(ε)) ≥ 2n(I(U ;Y )−R−I(U ;S)−ε−δ(ε)) (2.48)

|T1|2 = (
∑
k∈B1

∆(u(k) ∈ T1))
2

=
∑

k1∈B1

∑
k2∈B1

∆(u(k1) ∈ T1,u(k2) ∈ T1)

=
∑

k1=k2∈B1

∆(u(k1) ∈ T1) +
∑

k1 6=k2∈B1

∆(u(k1) ∈ T1,u(k2) ∈ T1)

(2.49)

Taking expectations, we have

E(|T1|2) = |B1|P{u(k) ∈ T1}+ (|B1|2 − |B1|)P{u(k1) ∈ T1,u(k2) ∈ T1}

≤ |B1|P{u(k) ∈ T1}+ |B1|2P{u(k1) ∈ T1,u(k2) ∈ T1} (2.50)

It is easily seen that

P{u(k) ∈ T1} ≤ P{(u(k), s) ∈ A(n)
ε } ≤ 2−n(I(U ;S)−δ(ε)) (2.51)

For k1 6= k2,

P{u(k1) ∈ T1,u(k2) ∈ T1} ≤ P{(u(k1), s) ∈ A(n)
ε , (u(k2), s) ∈ A(n)

ε }

≤ 2−2n(I(U ;S)−δ(ε)) (2.52)
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Plugging (2.51, 2.52) into (2.50), we get

E(|T1|2) ≤ 2n(I(U ;Y )−R−I(U ;S)−ε+δ(ε)) + 22n(I(U ;Y )−R−I(U ;S)−ε+δ(ε)) (2.53)

The variance follows from (2.48) and (2.53)

var(|T1|) = E(|T1|2)− (E|T1|)2 ≤ 2n(I(U ;Y )−R−I(U ;S)−ε+δ(ε)) (2.54)

Substituting from (2.48) and (2.54), (2.45) becomes

P{|T1|} ≤
2−n(I(U ;Y )−R−I(U ;S)−ε−δ(ε))

ε2
(2.55)

Therefore for sufficiently large n

P{|T1|} ≤ ε/3 (2.56)

provided that

R < I(U ; Y )− I(U ; S)− ε− δ(ε) (2.57)

and the lemma is proved.

From the lemma,

P{Eencoder} = P{|Tw| = 0} ≤ ε/3 if R < I(U ; Y )−I(U ; S)−ε−δ(ε) (2.58)

By the joint Asymptotic Equipartition Property (AEP) [20], P{E(1)
decoder} =

P{(u(k),y) /∈ A
(n)
ε } → 0. Hence we have

P{E(1)
decoder} ≤ ε/3 (2.59)
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Since by the code generation process, u(k) and u(k1) are independent,

so u(k1) and y are independent, k1 6= k. Hence, the probability that u(k1)

and y are jointly typical is ≤ 2−n(I(U ;Y )−ε) by the joint AEP. Consequently,

P{E(2)
decoder} = {∃k1 6= k : k1 ∈ Bw1, k ∈ B1, w1 6= 1, (u(k1),y) ∈ A(n)

ε }

≤
2nR∑
i=2

2−n(I(U ;Y )−ε) (Since there are 2nR bins.)

= (2nR − 1)× 2−n(I(U ;Y )−ε)

≤ 2−n(I(U ;Y )−R−ε)

≤ ε/3 (2.60)

If n is sufficiently large and R < I(U ; Y ) − ε. Since I(U ; S) ≥ 0, R <

I(U ; Y ) − ε is automatically satisfied if R < I(U ; Y ) − I(U ; S) − ε − δ(ε) is

satisfied. So we only need the condition

R < I(U ; Y )− I(U ; S)− ε− δ(ε) (2.61)

Plugging (2.58),(2.59) and (2.60) into (2.42), we have the probability

of error

P (n)
e ≤ P{Eencoder}+ P{E(1)

decoder}+ P{E(2)
decoder} ≤ ε (2.62)

This proves the achievability of any rate R below the channel capacity C =

maxp(u,x|s){I(U ; Y )− I(U ; S)}.

2.4.2 Converse of the Capacity of a Discrete Memoryless Channel
with Interference

We have to show that any sequence of (2nR, n) codes with P
(n)
e → 0

must have R ≤ C = maxp(u,x|s){I(U ; Y ) − I(U ; S)}. The converse theory
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follows from the following proposition [37].

Proposition. A (2nR, n) code for a discrete memoryless channel with

random state S known to the encoder consists of a encoder map,

f : {1, 2, . . . , 2nR} ×Sn → Xn, (2.63)

and a decoder map

g : Yn → {1, 2, . . . , 2nR} (2.64)

The probability of error for this channel is P
(n)
e . There exists a triple of random

variable (U, S, X) such that

I(U ; Y )− I(U ; S) ≥ R− εn (2.65)

where εn → 0 for n→∞.

Proof. Let V = {1, 2, . . . 2nR}. We can define the joint probability distribution

of the three random variables V, Sn, Xn with values in V, Sn, Xn respectively

by the following

Pr(V = m,Sn = s, Xn = x) =

{
2−nR × pSn(s), if x = f(m, s)
0, otherwise

(2.66)

Distributions pV SnXn and pY n|XnSn define the joint distribution of the four

random variables V, Sn, Xn, Y n.

pV SnXnY n = pV SnXn × pY n|XnSn (2.67)

The decoding rule g recovers v from y with average probability of error P
(n)
e .

From Fano’s inequality [20], we have

H(V |Y n) ≤ P (n)
e nR ≡ nεn (2.68)
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Since H(V ) = nR, we have

I(V ; Y n) = H(V )−H(V |Y n) ≥ n(R− εn) (2.69)

Since random variables V and Sn are independent, so

I(V ; Sn) = 0 (2.70)

Therefore

I(V ; Y n)− I(V ; Sn) ≥ n(R− εn) (2.71)

Define n random variables U(1), U(2), . . . , U(n) by

U(i) = (V, Y1, Y2, . . . , Yi−1, Si+1, Si+2, . . . , Sn) (2.72)

We need prove a lemma first.

Lemma:

I(V ; Y n)− I(V ; Sn) ≤
n∑

i=1

[I(U(i); Yi)− I(U(i); Si] (2.73)

Proof. Define n auxiliary random variables V (1), V (2), . . . , V (n) by

V (i) = (V, Si+1, Si+2, . . . , Sn), 1 ≤ i ≤ n (2.74)

Let’s define

Y i = (Y1, Y2, . . . , Yi) (2.75)

Si = (S1, S2, . . . , Si) (2.76)

Using these notations, we have

U(i) = (V (i), Y i−1) (2.77)
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V (i− 1) = (V (i), Si) (2.78)

We have the following relations for 2 ≤ i ≤ n:

I(V (i); Y i) = I(V (i); Y i−1, Yi) = I(V (i); Y i−1) + I(V (i); Yi|Y i−1) (2.79)

I(V (i); Si) = I(V (i); Si−1, Si) = I(V (i); Si) + I(V (i); Si−1|Si) (2.80)

I(V (i− 1); Y i−1) = I(V (i), Si; Y
i−1) = I(Si; Y

i−1) + I(V (i); Y i−1|Si) (2.81)

I(V (i− 1); Si−1) = I(V (i), Si; S
i−1) = I(Si; S

i−1) + I(V (i); Si−1|Si)

= I(V (i); Si−1|Si) (2.82)

I(U(i); Yi) = I(V (i), Y i−1; Yi) = I(Y i−1; Yi) + I(V (i); Yi|Y i−1) (2.83)

I(U(i); Si) = I(V (i), Y i−1; Si) = I(Y i−1; Si) + I(V (i); Si|Y i−1) (2.84)

We also have

I(A; B)− I(A; B|C) = I(A; C)− I(A; C|B) (2.85)

for any random variable A, B and C. Combining (2.79) - (2.84) with proper

signs and noting (2.85) with A = V (i), B = Y i−1, C = Si we get

I(V (i); Y i)− I(V (i); Si) ≤ [I(V (i− 1); Y i−1)− I(V (i− 1); Si− 1)]

+[I(U(i); Yi)− I(U(i); Si)] (2.86)

for any i, 2 ≤ i ≤ n. Summing all n− 1 inequalities (2.86) for 2 ≤ i ≤ n and

noticing V (n) = V and V (1) = U(1), we get

I(V ; Y n)− I(V ; Sn) ≤
n∑

i=1

[I(U(i); Yi)− I(U(i); Si)]

This proves the lemma.
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Let’s define the triples Ai = (U(i), Si, Xi) and

R(A) = I(U ; Y )− I(U ; S) (2.87)

Combining (2.71) and (2.73), we obtain

n∑
i=1

R(Ai) =
n∑

i=1

[I(U(i); Yi)− I(U(i); Si)] ≥ n(R− εn) (2.88)

We can choose the triple Amax with the maximum R(A), then we have

R(Amax) > R− εn (2.89)

This concludes the proof of the proposition. The converse follows directly from

the proposition.

2.4.3 Capacity of Channel with Interference Known to Encoder

The general results can be extended to memoryless channels with dis-

crete time and continuous alphabets if we consider the supremum of I(Ud; Yp)−

I(Ud; Sq) over all finite alphabet variables U , and all partitions Yp and Sq of

the channel output and state alphabets.

We need find an appropriate auxiliary variable U . We consider U = X+

αS, where X and S are independent random variables distributed according

to N(0, P ) and N(0, Q), respectively, and α is a parameter to be determined.

Note that there could be a loss of generality in restricting attention to such

U , but as we shall see, the derived answer is clearly optimal. Recalling that

Y = X + S + Z with Z distributed according to N(0, N), the relevant mutual
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informations can be calculated as follows.

I(U ; Y ) = H(Y )−H(Y |U)

= H(Y ) + H(U)−H(Y, U)

= H(X + S + Z) + H(X + αS)−H(X + S + Z,X + αS)

=
1

2
log(2πe(P + Q + N)) +

1

2
log(2πe(P + α2Q))

− 1

2
log((2πe)2((P + Q + N)(P + α2Q)− (P + αQ)2))

=
1

2
log(

(P + Q + N)(P + α2Q)

PQ(1− α)2 + N(P + α2Q)
) (2.90)

I(U ; S) = H(U)−H(U |S) = H(X + αS)−H(X + αS|S)

= H(X + αS)−H(X|S) = H(X + αS)−H(X)

=
1

2
log(2πe(P + α2Q))− 1

2
log(2πeP )

=
1

2
log(

P + α2Q

P
) (2.91)

Combining (2.90) and (2.91), we get

R(α) = I(U ; Y )− I(U ; S) =
1

2
log(

P (P + Q + N)

PQ(1− α)2 + N(P + α2Q)
) (2.92)

Let

∂

∂α
(R(α)) = 0 (2.93)

and solve for α we get

α∗ =
P

P + N
(2.94)

which maximize R(α). The maximum R is

R(α∗) =
1

2
log(1 +

P

N
) (2.95)
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This is the capacity of the channel with random state S known to the

encoder which is the same as if there does not exist random state variable S.

Following the code generation and the encoding-decoding procedures we use

in the proof of the theorem, we can show that the capacity is achievable with

arbitrarily small probability of error and satisfies the power constraint. We

just need to add the power constraint to the definition of the typical set. This

scheme is also optimal.

Using the concept of typical set and random coding argument, we have

shown that the capacity of a channel with additive Gaussian noise and power

constrained input is not affected if some extra i.i.d. noise sequence S is added

to the output of the channel and the encoder has full knowledge of this extra

noise sequence. Instead of attempting to fight and cancel this extra noise,

the optimal encoder adapts to it and uses it to its advantage, by choosing

codewords in the direction of S.

Notice that the set of signals that the optimal encoder might transmit

is a continuum. Therefore, the optimal decoder will not have a good estimate

of the transmitted signal nor will it have a good estimate of the sequence S.

It will decode a linear combination of the transmitted signal and the sequence

S.

We can apply the result to capacitor array calibration. If the system

somehow gets information about the interference, the interference should not

affect the accuracy of the capacitor weights. The accurate capacitor weight

information can be extracted during calibration even with the interference if
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the calibration algorithm adapts to the interference. This idea may also apply

to other communication situations. A good example is the communication

in the wireless base station. The base station knows the interference to one

channel from other neighboring channels in the same base station. It can adapt

this channel’s transmission so that the interference will not affect the capacity

of this channel.

2.5 Successive Refinement of Capacitor Weights

Now we extend the successive refinement result to the calibration of

capacitor weights. We seek a calibration algorithm so that the capacitor weight

estimates can satisfy the Markov condition during the calibration process. If

the Markov condition is satisfied, then we can achieve the rate distortion limit

at the calibration stages. The capacitor weights are successively refinable.

The calibration process has to be robust under the influence of inter-

ference, noise and other nonidealities. More importantly, the accuracy of the

capacitor weights should be better than the noise level in the system. We have

shown that capacity of a channel with interference known to the encoder can

achieve the capacity as if the interference is not present. We need to design

the calibration algorithm so that it adapts to the interference and the noise in

the system. The interference should not limit the final calibration accuracy if

the calibration adapts to the interference.
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2.6 Summary

In this chapter we use the rate-distortion theory to prove that successive

refinement is achievable if the Markov condition is satisfied. We then extend

this result to the calibration of capacitor weights. If the capacitor weights

form a Markov chain during the calibration process, then the capacitor weights

are successively refinable. This means that the capacitor weight estimates are

conditionally independent of the earlier estimates if the immediately preceding

estimates are known. Indeed, we will see that the calibration of capacitor

weights does not depend on the initial weights and the preceding capacitor

weights. The capacitor weights can reach the rate-distortion limit during the

calibration.

Using the analogy to discrete memoryless channel with interference

known to the encoder, we have shown that the interference will not affect the

channel capacity. We apply this result to the calibration of capacitor weights.

It is possible that the interference will not affect the final calibration accuracy

if the calibration algorithm adapts to the interference.
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Chapter 3

Non-Binary Capacitor Array Calibration

Algorithm

3.1 Introduction

For a successive approximation ADC using non-binary capacitor array,

the successive approximation process is performed using the charge redistri-

bution and voltage comparison step by step. This process is independent of

the digital representation of the capacitors: capacitor weights. We can rep-

resent the conversion result in the non-binary system even if we don’t know

the capacitor weights. Assume that there are N capacitors in the non-binary

capacitor array. After the successive approximation process, we will get a

vector

NB = {nN , nN−1, · · · , ni, · · · , n1} (3.1)

where ni = 1 if the corresponding capacitor i is connected to the reference

voltage Vref . ni = 0 if the corresponding capacitor i is connected to the signal

ground Sgnd.

However, we want to express the conversion result in binary form for

other digital signal processing systems and computers to process. So we need

to know the capacitor weights expressed in binary form. The capacitor weights
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will reflect the ratios of the capacitors accurately. The capacitor weights are

W = {WN , WN−1, · · · , Wi, · · · , W1} (3.2)

We can convert the non-binary representation to binary representation

using the following equation.

BI = round
((

∑N
i=1{ni ×Wi}+ W0)× (2M − 1)∑N

i=0 Wi

)
(3.3)

where W0 is the weight that corresponds to the system offset and M is the

number of bits in the binary representation. We use rounding to convert the

result to M -bit binary number.

For radix less than 2, we require N > M . Since we map 2N non-binary

codes to 2M binary codes. This is many-to-one mapping. Figure 3.1 shows the

histogram of the mapping for N = 8 and M = 6. On the average, 4 non-binary

codes are mapped to 1 binary code in this example.

We need to find the accurate capacitor weights. Intuitively, we could

get the capacitor weights by solving linear equations if we know the binary

representations of N + 1 different conversion results. From linear algebra,

we know that we can solve for N + 1 unknown capacitor weights. However,

a straightforward way of implementing the arithmetic unit in VLSI to solve

linear equations with good precision is not efficient in terms of area and power.

Moreover, it is difficult to get capacitor weights with good accuracy using this

method. It only uses several conversion results. The interference and noise

will greatly affect the accuracy of the capacitor weights obtained with this

method.
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Figure 3.1: The histogram of mapping non-binary codes to binary codes

The calibration algorithm should be efficient to implement with simple

hardware. In order to make the accuracy of the capacitor weights a non-

limiting factor to the overall ADC performance, the accuracy of the capacitor

weights should be better than the noise level with the presence of interfer-

ence and noise. There should be a mechanism of averaging in the calibration

process. The calibration algorithm that we will describe meets all these re-

quirements.
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3.2 Redundancy and Radix in the Non-Binary Capaci-
tor Array

For binary-weighted ADC, the successive approximation process follows

the binary decision tree shown in Figure 3.3. There is no overlap in the tree.

If one decision is made wrong due to noise, there is no way to recover from

that error.
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1

Figure 3.2: The decision tree for a binary weighted ADC with 8 capacitors

For a capacitor array with N capacitors and radix R, the ideal capacitor
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weight of capacitor j is

Cj = C1 ×Rj−1 (3.4)

where j = 1, 2, · · · , N and C1 is the capacitance for the smallest capacitor in

the array.

The decision tree for a non-binary capacitor array ADC with 8 capac-

itors is shown in Figure 3.3. We can clearly see the overlap in the system.

If we use this 8 capacitors to build a 6-bit ADC, there are multiple ways to

approximate to a certain value.

The redundancy for capacitor j is defined as

redundancy(j) =
(∑j−1

k=1 Ck

Cj

− 1
)
× 100% (3.5)

The redundancy in a capacitor array with 20 capacitor and radix 1.8

is shown in Figure 3.4. There is no redundancy for capacitor 1, 2 and 3

since the corresponding redundancy values for them are less than zero. The

redundancy approaches 25% for larger capacitors in the array. Larger error

will be tolerated for early decisions in the successive approximation process

since the redundancy is larger.

3.3 Perceptron Learning Rule

Perceptron [90] refers to single-layer feed-forward neural network in the

field of artificial intelligence (AI). A perceptron is composed of a number of

nodes, or units, connected by links. Each link has a numeric weight associ-

ated with it. Weights are the primary means of long term storage in neural
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Figure 3.3: The decision tree for a non-binary capacitor array ADC with 8
capacitors

networks. Learning usually takes place by updating the weights. Some of the

units interact with the external environment and can be designated as input

or output units. The weights are updated so as to try to bring the network’s

input/output behavior more in line with that of the environment providing

the inputs.

Each output unit is independent of the others in a perceptron network.

We can use several single output perceptrons to build a multi-output percep-

tron. We will focus on the perceptron with a single output O. A single output
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Figure 3.4: The redundancy in a capacitor array with radix 1.8

perceptron is shown in Figure 3.5. The weight from input unit j to O is de-

noted as Wj. The activation of input unit is given by Ij. The activation of

the output unit O is therefore

O = Step0

(∑
j

WjIj

)
= Step0(WI) (3.6)

where step function is defined as

Stept(x) =

{
1, if x ≥ t
0, if x < t

(3.7)

W and I are the weights and inputs in vector form, respectively. We have
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Figure 3.5: A single output perceptron model

assumed an additional weight W0 to provide a threshold for the step function,

with I0 = −1. We can consider W0 as the system offset.

The weight update rule is very simple for perceptrons. If the predicted

output for the single output unit is O and the correct output should be T ,

then the error is given by

Err = T −O (3.8)

We need to increase O if the error is positive. We need to decrease O if the

error is negative. Since each input unit contributes WjIj to the output, so if

Ij is positive, an increase in Wj will tend to increase O, and if Ij is negative,

an increase in Wj will tend to decrease O. Therefore, we can get the effect
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with the following rule:

Wj ← Wj + α× Ij × Err (3.9)

where α is the learning rate. This rule is called the perceptron learning rule

in artificial intelligence.

Definition 3.3.1 (Linearly separable by a hyperplane). Two sets P and

Q in a locally convex space are linearly separated by a hyperplane if there is

a continuous real-valued linear function l and a c ∈ R with l(x) ≤ c for c ∈ P

and l(x) ≥ c for x ∈ Q. If l(x) < c for c ∈ P and l(x) > c for x ∈ Q, then P

and Q are strictly separated by a hyperplane.

The linearly separable function [49, 88, 89] is shown in Figure 3.6. The

two sets are separated by a hyperplane l(x) = c.
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Figure 3.6: The vector space is linearly separable by a hyperplane l(x) = c
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A learning system using the perceptron learning rule will converge to a

set of weights that correctly represents the examples, as long as the examples

represent a linearly separable function.

3.4 Non-Binary Capacitor Array Calibration Using Per-
ceptron Learning Rule

Our objective is to calibrate the capacitor weights to reflect the physical

capacitor values. Then we can use this set of capacitor weights in the succes-

sive approximation conversion process by adding the corresponding capacitor

weight when the comparator output is 1. We use the perceptron learning rule

[90] to calibrate the capacitor weights. In order to create learning cases, we

have to create redundancy in the system. A radix less than 2 capacitor ar-

ray in the charge-redistribution SAR converter creates redundancy. Based on

simulation results, radix 1.8 is a good choice. The exact radix is immaterial

and will be calibrated out [34].

The non-binary capacitor array is shown in Figure 3.7 [31]. The ratio

between adjacent capacitors is approximately 1.8 which means that R = 1.8.

In order to get 16-bit resolution, the largest capacitor in the array should be

great than C×216. We need 20 capacitors in the capacitor array. The top plates

of all the capacitors are connected to the input of the comparator. The bottom

plate of each capacitor can be switched to the analog input Vin, the reference

voltage Vref or the signal ground Sgnd. The comparator output SARout is the

decision of each successive approximation step during conversion.
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Figure 3.7: A non-binary capacitor array

The total capacitance is CT . In the normal sampling mode, the bottom

plates of all the capacitors are connected to the analog input Vin as shown in

Figure 3.8. The charge sampled at the inverting input node of comparator is

Qnorm samp.

Qnorm samp = (Vcm − Vin)× CT + Qth + Qinj (3.10)

where Qth is the thermal charge and Qinj is the charge due to charge injection.

Motivated by the random coding argument in the proof of the achiev-

ability of the capacity of a discrete memoryless channel with interference, we

can also use a set of randomly selected capacitors to sample the reference volt-

age for calibration purpose. During calibration, the bottom plates of a set

of capacitors A = {Aj} are connected to the reference voltage Vref and the
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Voff
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+

Vcm

Vcm

Vin

CT

Sgnd

Figure 3.8: Sampling phase during normal conversion in successive approxi-
mation ADC

bottom plates of other capacitors are connected to the signal ground Sgnd as

shown in Figure 3.9. The charge sampled at the inverting input node of the

comparator is Qcal samp.

Qcal samp = (Vcm − Vref )× CA + Vcm × (CT − CA) + Qth + Qinj

= −VrefCA + VcmCT + Qth + Qinj (3.11)

where we set Sgnd = 0.

Then we perform the normal successive approximation. At the end of

conversion, the bottom plates of a set of capacitors B = {Bj} are connected

to the reference voltage Vref and the bottom plates of other capacitors are

connected to the signal ground Sgnd as shown in Figure 3.10. The voltage
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CA CT − CA

SgndVref

Figure 3.9: Sampling phase during calibration in successive approximation
ADC

at the inverting input node of the comparator is −Vx + Vcm + Voff . Please

note that we put a minus sign in front of Vx to take into consideration of the

inversion in the comparator. The charge at the end of the conversion is

Qcal conv = (−Vx + Vcm + Voff − Vref )CB + (−Vx + Vcm + Voff )(CT − CB)

= −VrefCB − VxCT + VcmCT + VoffCT (3.12)

The leakage at the non-inverting input node of the comparator is neg-

ligible during the conversion process. The charge should be equal before and

after the conversion (charge conservation).

Qcal samp = Qcal conv (3.13)

−VrefCA + VcmCT + Qth + Qinj = −VrefCB − VxCT + (Vcm + Voff )CT (3.14)
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Figure 3.10: End of conversion during calibration in successive approximation
ADC

Vx =
Vref (CA − CB) + VoffCT −Qth −Qinj

CT

(3.15)

= Vref
CA − CB

CT

+ Voff + Vth + Vinj (3.16)

where

Vth = −Qth

CT

(3.17)

Vinj = −Qinj

CT

(3.18)

Vx represents the correct residue of using the capacitor set {Bj} to

approximate capacitor set {Aj}. The capacitor weight corresponding to ca-

pacitor j is denoted as Wj where j = N, · · · , 1, 0. W0 represents the system

offset. The capacitor weights are set to initially guessed values. The calibra-
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tion is not sensitive to these initial weights. The calibration algorithm works

as follows [31].

(1) Sample the reference voltage Vref using a random vector {Aj} where

j = N, · · · , 2, 1. The bottom plate of capacitor j is switched to the reference

voltage Vref if Aj = 1. The bottom plate of capacitor j is switched to the

signal ground Sgnd if Aj = 0. We can use a linear feedback register (LFSR)

to generate this random vector. This will create a charge on the top plate of

the array. Add the corresponding capacitor weights to get a digital result DA.

Effectively, we introduce the bit A0 = 0 for the corresponding weight W0 since

we don’t add the offset W0.

DA =
N∑

j=0

(Aj ×Wj) (3.19)

(2) Perform successive approximation starting from MSB capacitor.

After N cycles, we can get a result in the SAR register {Bj} where j =

N, · · · , 2, 1. We introduce B0 = 1 for offset W0. Add the corresponding

capacitor weights and offset W0 to get a digital result DB. DA and DB may

be different because of the redundancy and the noise in the system.

DB =
N∑

j=0

(Bj ×Wj) (3.20)

(3) After the SAR conversion process, we get the sign of the residual

analog voltage on the top plate of the array: Sa by checking the comparator

output Vx at the end of SAR process. We can also get the sign of DA minus
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DB which is the digital sign: Sd.

Sa = Step0(Vx) (3.21)

Sd = Step0(DA −DB) (3.22)

Note that we use “1” to represent positive sign and “0” to represent negative

sign. Sd is also the output O in the perceptron model. Sa is the correct output

T .

T = Sa (3.23)

Err = T −O = Sa − Sd (3.24)

(4) Now we have a learning case, then we correct the capacitor weights

according to the perceptron learning rule:

Wj ← Wj + α× (Aj −Bj)× (Sa − Sd) (3.25)

where α is called the learning rate and j = N, · · · , 1, 0.

(5) Loop through step 1 to 4 until there is no significant improvement

or for a predetermined Nα times for each α, then change α to a smaller value.

(6) Loop through step 1 to 5 until α is smaller than the accuracy level

we want.

The perceptron model for the capacitor array calibration is shown in

Figure 3.11. We have the following relations:

Ij = Aj −Bj, where j = N, · · · , 1, 0 (3.26)
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O = Sd = Step0(DA−DB) = Step0

( N∑
j=0

Wj×(Aj−Bj)
)

= Step0

( N∑
j=0

Wj×Ij

)
(3.27)

...
...

...
...

...
.

Sd = Step0(DA −DB)

Input Units Weights
Ij

W0

Wj

WN

WN−1
AN−1 −BN−1

AN −BN

A0 −B0

Output Unit
O

Figure 3.11: The capacitor array calibration perceptron model

It has been proven that the weight space has no local minimum [90].

Provided the learning rate is not so large to cause overshooting and the learning

cases represent linearly separable function, the algorithm will converge to the

correct weights. We define a function l.

l(I) = l(A−B) =
N∑

j=0

Wj × (Aj −Bj) (3.28)

The vector space I = {A − B} is linearly separable by function l(I) = l(A −

B) = 0 since we have l(I) = l(A− B) > 0 or l(I) = l(A− B) < 0 for certain

vector I = {A−B}. The comparator output is either 0 or 1 after the successive
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approximation process. This is the correct output. We can use this fact to

say that the vector space for the capacitor weights is linearly separable and

the calibration will converge. The simulation result will further show that the

calibration does converge.

If we calibrate long enough, we will calibrate the capacitance weights

to an accuracy level better than the noise level in the system because of the

averaging effect in the calibration process. The calibration algorithm can also

adapt to the interference to a certain level. As we show in the discrete memory-

less channel with interference, the interference will not affect the final capacitor

weight accuracy as long as the calibration can adapt to the interference.

3.5 Companion Bits

The capacitor weights are calibrated using the perceptron learning rule.

At each conversion step during calibration, an analog signal corresponding to

the value in the SAR register is compared with an analog reference input using

randomly selected sampling capacitors determined by random vector {Aj}.

From the analysis of redundancy, we know that

Wj <

j−1∑
k=1

Wk (3.29)

for most of the capacitor weights in the radix less than 2 capacitor array. As

shown in Figure 3.12, the redundancy range for the MSB capacitor is between

the two dashed lines. In the successive approximation process, we first test

whether we need keep the MSB capacitor. Assume that the expected final
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Figure 3.12: The redundancy is not symmetric without companion bits in a
non-binary capacitor array ADC

result is greater than the capacitor weight of the MSB capacitor and it is

within the redundancy range. If the MSB bit is not kept due to noise, we

can still use a group of smaller capacitors to represent the final result because

of the redundancy as shown in equation (3.29). Now let us assume that the

expected final result is smaller than the capacitor weight of the MSB capacitor

This is shown as the dotted line in Figure 3.12. If the MSB bit is kept due

to noise, the final result will be wrong even we don’t keep any of the bits

corresponding to smaller capacitors. This is because the expected final result
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is not in the redundancy range. Similar analysis applies to other capacitors

except the three smallest capacitors. The problem is that the redundancy

can only be used to correct the early wrong decisions if the result from early

decisions is smaller than it should be. The redundancy can not correct over-

approximation if the result from early decisions is larger than it should be.

The redundancy is not symmetric in the non-binary capacitor array ADC.

1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 3.13: The redundancy is symmetric with companion bits in a non-
binary capacitor array ADC

One solution to this problem is to use companion bits to move the test

to the middle of the redundancy range as shown in Figure 3.13. For successive
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approximation of unknown values, we use the capacitor corresponding to the

current successive approximation step plus a group of “companion” smaller

capacitors to test whether we need keep the current bit. We call the bits cor-

responding to this group of “companion” smaller capacitors companion bits.

The analog signal corresponding to the sum of the previously kept bits and

current bit plus a combination of predetermined companion bit values is com-

pared with an analog input using randomly selected sampling capacitors. If the

sampled charge or voltage value is greater than the sum of selected balancing

capacitor values plus predetermined companion bit values having a gross value

of on the order of 50% of the specific redundancy corresponding to the particu-

lar significant bit value, the current most significant capacitor of the balancing

capacitor set is kept as part of the final successive approximation group to rep-

resent the sampled input voltage. If the selected balancing and companion bit

set produces an approximation value in excess of the tested or sampled volt-

age value, the most significant capacitor of the attempted balancing set is not

kept for further successive approximation relating to the particular sampled

voltage value. The companion bits thus provide a bias against keep decisions.

The companion bits thus provide a margin which prevents noise-induced over

approximation of sampled values. The use of the companion bits accordingly

promotes monotonicity and convergence to the approximated value without

discontinuance or gaps in conversion results.

In particular, an n-shift invariant capacitor testing sequence divides

a search space into first and second regions, enabling redundancy of radix-
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less-than-two capacitor scaling and permitting recovery across search-space

boundaries in case of noise-induced incorrect successive approximation search

decisions. A companion bit group includes a predetermined set of bits, each

bit being separated from the next most significant bit in the companion bit

group by at least two bits, e.g., an n-shift invariant amount. The number of

companion bits can be three, four, or five bits. The most significant of the

companion bits is separated from the reference bit to which it is a companion

by a separation space of at least two-bit positions. One bit sequence can

be represented as {x, x, 1, 0, 0, 1, 0, 0, 1} with the first “1” being a reference

bit which is separated from the first companion bit by two “zero” bits which

represent a separation of two-bit positions. Similarly, the separation between

the second and third “1” bits is again two-bit positions, according to the

indicated example.

For example, we have determined the values for n20, n19 and n18 in the

successive approximation process. We use “x” to represent their values. Next

we set n17 = 1 as shown in the following vector with non-binary radix.

{x, x, x, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}

The companion bits with 3-shift invariant for the above vector are

{0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0}

After including the companion bits, we will use the following vector

{x, x, x, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0}
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to test whether we need keep the capacitor corresponding to n17 connected to

the reference voltage Vref and keep n17 = 1.

In a radix 1.8 system, the sum of the weights of the bits below a given

bit can be as much as 1.25 times the weight of the bit itself. In order to move

the test to the middle of the redundancy range, we design the companion

bit sequence to add up to 0.125, which is one half of the margin between the

normalized value of the given bit (i.e., “1”) and the sum of the lesser bits (1.25).

When added to the value of the given bit, i.e., 1.0, the test bit accordingly

falls approximately half-way within the range between the value of the given

bit and the sum of the weights of the bits below the given bit. The indicated

system overlap diminishes as fewer and fewer bits remain below the selected

test bit. The overlap is moreover lost when there are less than 3 bits below

the test bit in a radix 1.8 system. The redundancy for a given bit is more

comprehensively

redundancy(j) =
2−R− 1/Rj−1

R− 1
(3.30)

The redundancy is in general approximately

redundancy ≈ 2−R

R− 1
(3.31)

for a sufficiently large number of capacitors, e.g., more than eight capacitors.

The ratio of the cumulative companion bit weight to the current weight j is

ratio companion =
Rj−1−n + Rj−1−2n · · ·+ Rj−1−nm

Rj−1
=

1− 1/Rmn

Rn − 1
(3.32)

where n is a selected shift value and m is a predetermined number of companion

bits. To reach 1/2 of redundancy, the above cumulative companion bit weight
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ratio, is set equal to 2−R
2(R−1)

. We have

1− 1/Rmn

Rn − 1
=

2−R

2(R− 1)
(3.33)

Neglecting 1/Rmn for sufficiently large m and n, we have

n = 1− log(2−R)

logR
(3.34)

We round the value of n to the closest integer for the n-shift invariant com-

panion bits. For R = 1.8, n is approximately 4.

The value of n changes with R, so that another integer value n is ap-

plicable for radix 1.7 and 1.9. Such a system remains monotonic and symmet-

rically noise tolerant during decision making in the successive approximation

process.

3.6 Summary

We discuss the redundancy in the non-binary capacitor array. The

redundancy in the radix 1.8 capacitor array is about 25%. If we find a robust

algorithm to calibrate the capacitor weights, then we can use the non-binary

capacitor array in the SAR ADC.

We introduce the perceptron learning rule originally developed in the

artificial intelligence. The output of the perceptron is either 0 or 1. The

perceptron learns from the examples. The weights will converge to the cor-

rect values. We then analyze the operation of the SAR ADC based on the

non-binary capacitor array. The comparator output at the end of successive
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approximation is also either 0 or 1. It is natural to use the perceptron learning

rule to calibrate the capacitor weights.

We apply the perceptron learning rule to the calibration of the non-

binary capacitor array. The perceptron models the capacitor weight calibration

very well. The learning cases are generated using the redundancy and the noise

in the non-binary capacitor array.

Companion bits are used to move the decision point to the middle of

the redundancy range. The companion bits provide a symmetrical margin

within which the ADC can correct the wrong decisions made in the early steps

of successive approximation. The companion bits promotes symmetry and

monotonicity.
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Chapter 4

System Architecture

4.1 Mixed-Signal Micro-Controller

4.1.1 Background

Traditional SAR algorithms are usually implemented with hard-coded

state machines. In addition, traditional implementations treat analog and dig-

ital blocks independently as shown in Figure 4.1. Usually there are separate

finite state machines (FSM) for the analog and digital circuitry. They gen-

erate control signals to control the analog and digital datapaths respectively.

Different units communicate with each other [97]. The communication may

be complicated because there is no centralized control.

Control FSM

DatapathDatapath

Digital

Communication

Digital Analog

Analog
Control FSM

Figure 4.1: Traditional control architecture in mixed signal system
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4.1.2 Mixed-Signal Micro-Controller Architecture

We propose a mixed-signal micro-controller architecture [32] to pro-

vide centralized control for analog and digital circuitry as shown conceptually

in Figure 4.2. The same control unit generates the control signals for both

the analog and digital datapaths. This greatly simplifies the communication

between different units. This architecture provides synchronized and tight

control.

Datapath

DigitalAnalog

Unified Program Control

Analog
Datapath

Digital

Figure 4.2: Mixed signal micro-controller architecture

The block diagram of a successive approximation analog-to-digital con-

verter using a mixed-signal micro-controller is shown in Figure 4.3.

The address unit generates the program address to the program mem-

ory that stores the micro-code program. To make it easy to change the pro-

gram, we can use flash memory as the program memory. If we want to change

the algorithm, we can simply re-program the flash memory. The address is 9-

bit. The program memory contains the program to be executed. The memory

size is 512×32 bits. The instructions from the program memory are fed to the
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Digital Decode
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(Flash)

Path

Figure 4.3: The block diagram of the ADC using a mixed signal micro-
controller architecture

instruction decode block. There are separate decoding blocks for the analog

and digital datapaths to generate the control signals for the respective blocks.

The analog blocks in the SAR converter include a 20-bit linear feedback

register (LFSR), a non-binary capacitor array, a comparator and SAR return

path logic. There are 20 capacitors in the capacitor array. The ratio between

adjacent capacitors is approximately 1.8, which means that the radix is about

1.8.

The digital blocks include a 64-word by 32-bit register file, 32-bit arith-

metic and logic unit (ALU) and accumulator, and serial/parallel port inter-

faces. Part of the address space in the 6-bit address for the register file is
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mapped to registers in the analog datapath. Other peripheral or arithmetic

blocks can be added if needed.

4.2 Instruction Set

We use the instruction set architecture [77]. The instruction fields and

definitions are shown in Table 4.1. Each instruction contains two parts: a

digital instruction word and an analog instruction word. A digital instruction

consists of a 6-bit opcode, and three 6-bit operands: source 1, source 2 and

destination. Digital instructions include general arithmetic instructions and

flow control instructions.

Table 4.1: The instruction field

Field Digital Source Source Destination Analog Source
Name Opcode 1 2 Opcode A

Symbol OpcodeD Src1 Src2 Dest OpcodeA SrcA
Bits 31:26 25:20 19:14 13:8 7:5 4:0

The analog instruction consists of a 3-bit opcode and 5-bit operand.

The analog instruction definition is shown in Table 4.2. We use the analog op-

code “SAMPLE START” for the start of sampling. We use the analog opcode

“SAMPLING” for the continuation of sampling. We use the analog opcode

“SAR START” for the start of successive approximation process. We use the

analog opcode “SARING” for the continuation of successive approximation

process. We use the analog opcode “NOP A” for no operation in the analog

datapath.
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Table 4.2: The analog instruction definition

Instruction Meaning
SAMPLE SATRT Sample analog input or reference

SAMPLING Continue to sample
SAR START Start the SAR conversion

SARING Continue the SAR process
NOP A Analog no operation

The digital instructions are defined in Table 4.3. We define the ALU

and flow control instructions. We use these instructions to implement the

calibration algorithm and the normal successive approximation operation. We

only need change the program if we want to change the calibration algorithm.

This versatile instruction set allows simultaneous control of both the

analog and digital blocks. Flow control instructions include branch instruc-

tions, jump instructions and subroutine call instructions. General instructions

consist of a combined analog and digital instruction.

With this kind of instruction set architecture, it is easy to maintain

and to add design-for-test (DFT) features that use the micro-controller. This

instruction-set architecture is portable and scalable. We can reuse the design in

other mixed-signal integrated circuits by making small changes to the decoding

logic blocks.

4.3 Mixed-Signal Micro-Controller Organization

To implement the instruction set, we partition the mixed-signal micro-

controller into memory, program control, digital datapath and analog datap-
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ath.

4.3.1 Program Control and Memory

We use flash memory or ROM as the program memory. The size of the

program memory is 512× 32 bits. The advantage of flash memory is that we

can change the program easily in the development of the calibration algorithm.

The program control unit is shown in Figure 4.4. The program counter

(PC) generates the 9-bit address to read the program memory. The PC is

reset to “0x010”. The addresses from “0x000” to “0x00F” are reserved for

interrupt vectors. The instruction from the program memory is sent to the

instruction decoding blocks. There are separate decoding blocks for the analog

and digital datapaths. We can load “PC + 1” to the program counter to

implement the serial execution of the program. We can load “immediate”

value to the program counter to implement the absolute jump instructions. We

can load “PC + immediate” to the program counter to implement the relative

jump instructions. We can load “0x000” to the program counter to implement

interrupt. We can also load shadow PC to the program counter. We use a

repeat counter to implement the “REPEAT” and “REPEATR” instructions.

4.3.2 Digital Datapath

The digital datapath is shown in Figure 4.5. The arithmetic and logic

unit (ALU) can perform addition, subtraction and shift operations. We know

from the capacitor array calibration algorithm that we only need simple 1×32
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multiplication. The “MAC” instruction only performs 1 × 32 multiplication.

We use the adder to perform this operation. There are two 32-bit accumula-

tors. The sources can be [Src1], [Src2] or immediate value.

The registers and the register-mapped interface are shown in Figure 4.6.

The register file has 2 read ports and 1 write port. Its size is 40× 32 bits. We

can read two operands from the register file and write back the result to the

register file in one clock cycle. The other addresses of the 6-bit address space

are mapped to other registers. The addresses for reading are Src1 and Src2.

The address for writing is Dest. The two signals from the analog datapath

“qdSAR” and “dqLFSR” are mapped to the register address space. The data

read from registers are [Src1] and [Src2]. The result is written back to register

through data bus “DBUS”.

4.3.3 Analog Datapath

The analog datapath is shown in Figure 4.7. It takes the control sig-

nals from the decoding block. The major blocks in the analog datapath are

the capacitor array, the comparator, the analog switches, the linear feedback

shift register (LFSR), the sampling switches and the successive approximation

return path. The signal qdSAR is the result of the conversion result at each

successive approximation step. It corresponds to the bit in the SAR register

Bj. The signal “qdLFSR” corresponds to the bit of Aj. These two signals

“qdSAR” and “qdLFSR” are sent to the digital datapath for use in the ca-

pacitor array calibration. The analog control signals and their functions are
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listed in Table 4.4.

4.4 Summary

We develop a mixed-signal micro-controller architecture for the suc-

cessive approximation ADC. This architecture is more flexible and easier to

maintain than the traditional scheme with separate finite state machines for

the analog and digital circuits.

We use the instruction set architecture for the mixed-signal micro-

controller. We define digital sub-instructions and analog sub-instructions. The

instruction set tailored to the capacitor array calibration algorithm is defined.

We describe the program control, the digital datapath and the analog

datapath for the ADC. This architecture handles the control of the analog

datapath and the digital datapath elegantly. This makes it easy to implement

the calibration algorithm. It is also easy to change the calibration parame-

ters if we use flash memory for the program memory. This flexibility is very

important in the development phase.
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Table 4.3: The digital instruction definition

Instruction Meaning
NOP No operation
ADD [Dest]=[Src1]+[Src2]
ADDI [Dest]=[Src1]+Src2(Immediate)

SUBXY [Dest]=[Src1]-[Src2]
SUBYX [Dest]=[Src2]-[Src1]
SUBIXY [Dest]=[Src1]-Src2
SUBIYX [Dest]=[Src2]-Src1

MAC [Dest]=[Src1]*[Src2]+Acc
SHIFT [Dest]=[Src1] arithmetic/logical shift based on Src2
LOAD [Dest]=Src1, Src2 (12-bit constant)

LOADW [Dest]=next ROM word (32-bit constant)
REPEAT Repeat next instruction Src2 times

REPEATR Repeat next instruction [Src1] times
RETURN Return from subroutine call
RETURNI Return from interrupt

JMP ProgramCounter=Src2,Dest
BNZ Branch if non-zero
BEZ Branch if zero

BGTZ Branch if > zero
BLTZ Branch if < zero
BGEZ Branch if ≥ zero
BLEZ Branch if ≤ zero
CALL ProgramCounter=Src2,Dest

JMPOFF ProgramCounter=ProgramCounter + Src2,Dest
BNZOFF Branch offset if non-zero
BEZOFF Branch offset if zero

BGTZOFF Branch offset if > zero
BLTZOFF Branch offset if < zero
BGEZOFF Branch offset if ≥ zero
BLEZOFF Branch offset if ≤ zero
CALLOFF ProgramCounter=ProgramCounter + Src2,Dest
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immediate
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Decode
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Repeat
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Flash
Memory
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Program
shadow

0x000(interrupt)

Figure 4.4: The block diagram of the program control block in the mixed
signal micro-controller
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data bus DBUS

[Src1]

Imm

0

Addsub/Shift

Acch Accl

[Src2]

Figure 4.5: The block diagram of the digital datapath in the mixed signal
micro-controller

Table 4.4: The analog control signals from the analog decoding block

Control Signal Function
Sample start Start sampling
Sample Vin Sample the analog input
Sample fine Sample the fine reference
Sample Vref Sample the buffered reference

Latch en Enable the latch
Dreg en Enable the SAR register write

Shift rough reg Shift the register for rough reference
Clr shift reg Clear the SAR shift register

Update LFSR Generate a new value in LFSR
CNVST bar en Enable the conversion start signal
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signal micro-controller
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Figure 4.7: The block diagram of the analog datapath in the mixed signal
micro-controller
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Chapter 5

Circuit Design

5.1 System Clock

We design a 16-bit, 1.5 mega samples per second (MSPS) successive

approximation A/D converter using the non-binary capacitor array [33]. We

allocate 12 clock cycles for sampling. The successive approximation conversion

takes 20 cycles because there are 20 capacitors in the array. The total number

of clock cycles for one complete conversion is 32. The system clock frequency

should be fclk = 48 MHz.

5.2 Non-Binary Capacitor Array

The analog power supply voltage is 3.3 V for the 0.25 µm process. The

reference voltage is 2.5 V. The target signal-to-noise ratio (SNR) is 92 dB.

The peak to peak input voltage Vin(p−p) is 2.5 V. The total root-mean-square

(RMS) noise voltage Vn can be calculated as

Vn =
Vin(p−p)

2
√

2× 292/20
= 22.2 µV (5.1)

Two main noise sources: the kT/C noise Vn cap and the comparator

noise Vn comp. We allocate the noise budget so that the kT/C noise voltage is
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twice the comparator noise. Then the kT/C noise voltage is

Vn cap = 19.86 µV (5.2)

The comparator noise is

Vn comp = 9.93 µV (5.3)

We know that the kT/C noise is approximately 64 µV for a capacitor of

1 pF at room temperature. So the total effective capacitance of the capacitor

array should be

Ctotal =
( 64

Vn cap

)2

= 10.4 pF (5.4)

The smallest capacitance is

CLSB =
64∑19

j=0 1.8j
= 0.065 fF (5.5)

The largest capacitance is

CMSB = CLSB × 1.819 = 4.6 pF (5.6)

The smallest capacitor is too small to fabricate in a well-controlled way

directly, we divide the array into 3 segments and use two bridge capacitors

between adjacent segments to implement this capacitor array as shown in

Figure 5.1.

There are 8, 6, and 6 capacitors in the most significant bit (MSB)

segment, middle segment (MID) and the least significant bit (LSB) segment,

respectively. The total effective capacitance at the input node of comparator
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Cb1

Cb2

Comparator
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MSB Segment

Figure 5.1: A 3-segment non-binary capacitor array with two bridge capacitors

is about 10.4 pF. The capacitance for each capacitor in the capacitor array

with ideal radix 1.8 is shown in Table 5.1. Both bridge capacitors CB1 and CB2

are 96 fF. The system can tolerate a lot of capacitance variation. The actual

capacitance ratio between two adjacent capacitors can deviate from 1.8. The

calibration algorithm will make the capacitor weights match the fabricated

capacitors.

Assume that the root mean square (RMS) error of a capacitor weight

equals σ after calibration. The worst case RMS error in the conversion result

due to capacitor weight errors is
√

20σ for 20 capacitors. If we choose 3-sigma

error to be smaller than LSB of a 16-bit ADC, then

3×
√

20× σ ≤ 2−16 (5.7)
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Table 5.1: The capacitance in the 3-segment capacitor array with radix 1.8.

MSB MID LSB
8 4.60 pF
7 2.56 pF
6 1.42 pF 1.42 pF 1.42 pF
5 789 fF 789 fF 789 fF
4 438 fF 438 fF 438 fF
3 243 fF 243 fF 243 fF
2 135 fF 135 fF 135 fF
1 75 fF 75 fF 75 fF

So we have

σ ≤ 2−16

3×
√

20
≈ 2−19.7 (5.8)

The calibration needs to calibrate the capacitor weights to about 20-bit accu-

racy in order to get 16-bit accuracy for the ADC in this case.

If we choose 6-sigma error to be smaller than LSB of a 16-bit ADC,

then

6×
√

20× σ ≤ 2−16 (5.9)

So we have

σ ≤ 2−16

6×
√

20
≈ 2−20.7 (5.10)

The calibration needs to calibrate the capacitor weights to about 21-bit accu-

racy in order to get 16-bit accuracy for the ADC.
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5.3 Linear Feedback Shift Register

A simple pseudo-random bit sequence (PRBS) generator [106] is the

linear feedback shift register (LFSR) as shown in Figure 5.2. A m-bit shift

register is clocked at some frequency f0. An exclusive-OR gate generate the

serial input signal from the exclusive-OR combination of the nth bit and the

last (mth bit of the shift register. The shift register goes through a series of

states with period K. The maximum number of states of an m-bit register is

K = 2m. However, the state of all 0’s should be excluded since the register

would be stuck in this state forever. The maximum-length sequence is 2m− 1.

If m and n are chosen correctly, we can make such maximum-length pseudo-

random sequences. The criterion for maximum length is that polynomial 1 +

xn+xm be irreducible and prime over the Galois field. In some cases, more that

two taps are necessary in order to get the maximum length pseudo-random

sequences. Table 5.2 shows some commonly used tap positions for getting

maximum length pseudo random sequences.

Table 5.2: Tap positions for maximum length pseudo random sequences.

m taps length
4 3, 4 15
8 4, 5, 6 255
16 4, 13, 15 65535
20 17, 20 1048575
24 17, 22, 23 16777215
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m− 12 · · · n · · · m

XOR

Clock f0

1

Figure 5.2: A linear feedback shift register

5.4 Sampling Network

The sampling network is shown in Figure 5.3. The top plates of all

the capacitors are connected to one input terminal of the comparator. The

other input of the comparator is connected to Vcm. Vcm can be set to half of

the power supply voltage. A tracking switch connects the top plate to Vcm

during tracking phase. The tracking switch is open at the sampling instant.

The bottom plate of each capacitor can be switched to the analog input Vin,

the reference voltage Vref or the signal ground Sgnd.

PMOS transistor can be used as the switch connected to the reference

voltage Vref . NMOS can be used as the switch connected to the signal ground

Sgnd. Transmission gate consisting of both NMOS and PMOS can be used as
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Vcm
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Comparator
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Vcm

Track switch

Top

Figure 5.3: The sampling network connected to each capacitor

the switch connected to the input voltage Vin. The size of the switch can be

determined from the settling requirement and the corresponding capacitance

that the switch connects to. In general, the switch of large size is required for

larger capacitor.

The clock period is

Tclk =
1

fclk

= 20.83 ns (5.11)

Assume that the clock to output delay of the flip-flop or the latch for previous

decision is

τc2q = 0.5 ns (5.12)

The delay from the output of flip-flop to the switch is assumed to be

τsw = 1.0 ns (5.13)
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We allocate 4 ns for quasi-autozero operation.

TQAZ = 4 ns (5.14)

The time for the capacitor to charge up is

Tcap = TQAZ − τc2q − τsw = 2.5 ns (5.15)

The time for the comparator to make a decision is

Tcomp = Tclk − TQAZ = 16.83 ns (5.16)

Consider a capacitor and the switch connected to it as shown in Figure

5.4. The effective capacitance that is in series with the switch is

Ccap eff = Cp cap +
Ccap × Cother

Ccap + Cother

(5.17)

where Cp cap is the parasitic capacitance at the bottom plate of the capacitor

Ccap and Cother is the sum of other capacitors that are connected to the top

plate of the capacitor Ccap.

Using the following relation we can solve for the “ON” resistance RSW

of the switch:

RSW =
Tcap

n× Ccap eff

(5.18)

where n is the multiple of “RC” time constant we want to charge the capacitor

before we enable the comparator. We can determine the width of the switch

WSW .

WSW =
LSW

µCox ×RSW × VON

(5.19)
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Figure 5.4: The capacitor and the corresponding switch size

where LSW , VON and Cox are the length, the “ON” voltage and the gate

capacitance per unit area of the MOS switch, respectively. We can determine

the size of the MOS switch for each capacitor in the capacitor array using this

equation.

The noise and interference sources at a typical switch node are shown in

Figure 5.5. The typical noise sources are thermal noise Vnth, interference Vint

and flicker noise (1/f noise) Vnflick. They all affect the system performance to

some extent. The major noise sources in the system include the kT/C noise
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Figure 5.5: The noise and interference sources at a typical switching node

in the capacitor array, the charge injection noise [84] from the tracking switch,

the noise from the reference voltage and the noise in the comparator. They will

affect the dynamic range in the ADC. They may also affect the calibration,

but the noise effect is averaged in the calibration process. The calibration

accuracy does not improve indefinitely by simply averaging longer because the

contribution of low frequency noise component in flicker noise becomes more

significant. Flicker noise imposes a limit on the calibration accuracy.

An important interference source in most ADCs is the 60Hz or 50Hz

interference from power supplies. On the one hand, we need to reduce the

interference source by careful design. On the other hand, the periodical inter-

ference may be averaged out if the calibration time is a multiple of the period

of the interference.

The nonlinearity sources include input-dependent sampling switch re-
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sistance and parasitic capacitance, charge injection from the tracking switch,

charge sharing between the anti-aliasing filter capacitor and the non-linear

parasitic capacitor of the sampling switch. The comparator first stage also

contributes to the nonlinearity.

C

SW

Vin

Cp

Figure 5.6: The input dependent sampling switch resistance and parasitic
capacitance

As shown in Figure 5.6, the parasitic capacitance of the sampling switch

CSW and the bottom plate parasitic capacitance Cp depend on the input signal

level. The “ON” resistance RON of the sampling switch also depends on the

input signal. The delay time RON(C + Cp + CSW ) is input-dependent. This

creates distortion. Other distortion sources can be analyzed in a similar way.

We need to show whether the calibration algorithm still converges with all

the nonlinearities. Linearized sampling network can be used to minimize the

distortion [43].
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5.5 High Speed Comparator Design

We need a high speed and high precision comparator [3] for our SAR

ADC. In order to design a high speed comparator [5, 21, 23, 27, 103], we use a

preamplifier to amplify the input voltage to a sufficiently large value Vx and

then apply it to the latch. The time domain responses of the preamplifier

and latch are shown in Figure 5.7. If we combine the large slope section

of the preamplifier during time interval t1 and the large slope section of the

latch during time interval t2, we can achieve higher speed for the comparator.

We can choose optimum Vx to minimize t1 + t2. Furthermore, a preamplifier

consisting of a number of cascaded low-gain and wide-bandwidth amplifiers

will minimize t1 . This optimization is very broad though.
 

Latch 

Preamp 

Voh 

Vol 
Vx 

t1 t2 
Figure 5.7: The step responses of preamplifiers and a latch

A comparator consists of 5 preamplifiers and a latch L is shown in

Figure 5.8. It has two modes of operation: tracking and latching. Preamplifiers
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are enabled to amplify the input difference while the latch is disabled in the

tracking mode. In the latching mode, preamplifiers are isolated from the latch

and the latch is enabled so that the voltage at the latch input is re-generatively

amplified. A logic level will be generated at the latch output.

 

Output Input 5 

Latch Preamp 

Clkb 

1 

Clk 

2 3 4 

Figure 5.8: The comparator with multi-stage preamplifiers and a latch

The comparator offset is part of the system offset. There is an offset

register corresponding to the system offset. The system offset can be calibrated

automatically during the capacitor array calibration. Auto-zeroing techniques

[36, 102] may be used to minimize the offset of the comparator and flicker

noise.

We design the comparator for low noise and high speed operation. The

comparator should be able to resolve voltage difference at 21-bit level which

is the target calibration accuracy level.

Vres =
2.5

221
= 1.19 µV (5.20)

If we choose Vx = 10 mV , the gain of the preamplifiers should be at least

Gpreamp =
Vx

Vres

= 8389 (5.21)
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We use 4 low gain high bandwidth stages and 1 high gain low bandwidth stage

for the preamplifiers. The preamplifiers stage 1 to stage 4 use the architecture

as shown in Figure 5.9. They are low gain and high bandwidth stages. PMOS

transistors M1 and M2 are the input differential pair. Diode connected transis-

tors M3 and M4 are the loads. A quasi-autozero (QAZ) technique can remove

signal hysteresis by shorting the output momentarily before comparison. The

gate of M5 is controlled by quasi-autozero signal QAZ.

 

Vb2 

Vb1 

GND 

Vout+ 

Vin- Vin+ 

M7 

M6 

M5 

M4 M3 

M2 M1 

Vout- 

QAZ 

Vdd 

Figure 5.9: Preamplifiers stage 1 to 4 in the comparator

The fifth stage of the preamplifier is a high gain and relatively low

bandwidth stage. The preamplifier bandwidth is mainly set by this stage.

As shown in Figure 5.10, it is a folded cascode amplifier [5] followed by a

source follower as the output stage. PMOS transistors M1 and M2 and NMOS

transistors M3 and M4 form the core of the folded cascode amplifier. M5 and
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M6 make up the output stage. M7 is used as the quasi-autozero switch.
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Figure 5.10: Preamplifier stage 5 in the comparator

The latch is shown in Figure 5.11. Transistors M1, M2, M3 and M4

form the cross-coupled latch [15]. M6 and M7 are used to isolate the latch

from the preamplifiers when the comparator goes into latching state. They

are controlled by clock signal Clk. M5, controlled by QAZ and M8 and M9,

controlled by QAZB, are used as quasi-autozero switches. Transistors M10

and M11 are controlled by Clk and Clkb, respectively. The latch is disabled

when Clk is high and Clkb is low. When Clk is low, the latch is enabled and

it is isolated from the preamplifiers by M6 and M7.
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Figure 5.11: Latch in the comparator

5.6 Design and Synthesis of the Mixed-Signal Micro-
Controller

We design the digital portion of the mixed-signal micro-controller using

Verilog. We synthesize it using 0.25 µm library. The area is about 0.45 mm2

excluding the area for interconnection. The synthesis area report is shown in

Table 5.3.

5.7 Summary

From the system design specification, we derive the specification for

each circuit block. We design the system clock, non-binary capacitor array,
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Table 5.3: Synthesis area report.
Number of ports: 142

Number of nets: 1496

Number of cells: 1086

Number of references: 83

Combinational area: 238403.000000

Noncombinational area: 214764.000000

Net Interconnect area: undefined (No wire load specified)

Total cell area: 453167.000000

Total area: undefined

the linear feedback shift register, the sampling network, the high speed com-

parator. The design tradeoffs are considered.

We use two bridge capacitors in the non-binary capacitor array in order

to make the physical capacitors have larger values and easy to implement. The

total effective capacitance of the non-binary capacitor array is about 10.4 pF.

The sampling network to each capacitor is scaled according to the size of the

capacitor. The noise and interference sources are discussed. The high speed

comparator consists of multiple-stage preamplifiers and a latch. The digital

portion of the mixed-signal micro-controller is synthesized from Verilog.
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Chapter 6

Modeling and Simulation

6.1 Simulation Method

Some special simulation tools and methods [2, 18, 87] have been devel-

oped for mixed-signal designs. We will use MATLAB to model and simulate

the SAR ADC. We build a model for a 16-bit successive approximation A/D

converter using the non-binary capacitor array. The ADC is expected to run

at 1.5 MSPS. The power consumption is expected to be 25 mW. We simu-

late the analog circuitry such as the sampling network and comparator using

SPICE. The simulation shows that they meet the speed requirement and noise

specification. Our focus here is the calibration algorithm. We just use the

noise design target in the simulation for the calibration. The thermal noise

voltage is 19.9 µV. The comparator noise voltage is 9.9 µV. We implement the

capacitor array calibration algorithm based on the perceptron learning rule.

We also build a model in Verilog. The analog quantities are represented using

floating point numbers in Verilog. The reference voltage is 2.5 V. The offset

is assumed to be 10 mV. The calibration algorithm is implemented as the

microcode running on the mixed signal micro-controller.
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6.2 The Modeling of Circuit Blocks

6.2.1 Non-Binary Capacitor Array

We use a non-binary capacitor array with 3 segments. The three seg-

ments are MSB segment, MID segment and LSB segment. The two bridge

capacitors are Cb1 and Cb2. We need to calculate the voltages VMSB, VMID

and VLSB in the capacitor array as shown in Figure 6.1.

+

−

VLSB
LSB

Vref r Sgnd

VMID
MID

Vref r

CMSB r

Vcm

VMSB
MSB

Cb1

CMID g

Cb2

CLSB g

SgndVref r

Vref f

Vref f

CLSB f

CMSB f CMSB g

Vref f Sgnd

CMID r

CLSB r

CMID f

Figure 6.1: The calculation of node voltages using charge conservation

The reference voltage source usually has limited driving capability. We

use a buffer to provide a rough reference voltage Vref r to provide the needed

driving strength. After the node is charged close to Vref r, we can switch to

the fine reference voltage Vref f . For each configuration of the capacitor array

connections, the total capacitance connected to the buffered reference voltage
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Vref r and the fine reference voltage Vref f and Sgnd can be calculated. We

have the following three equations.

(CMSB r + CMSB f + CMSB g + Cb1)VMSB − Cb1VMID

= Vref rCMSB r + Vref fCMSB f + SgndCMSB g (6.1)

−Cb1VMSB + (CMID r + CMID f + CMID g + Cb1 + Cb2)VMID − Cb2VLSB

= Vref rCMID r + Vref fCMID f + SgndCMID g (6.2)

−Cb2VMID + (CLSB r + CLSB f + CLSB g + Cb2)VLSB

= Vref rCLSB r + Vref fCLSB f + SgndCLSB g (6.3)

We can solve these equations to get the voltages VMSB, VMID and VLSB

for each configuration.

6.2.2 Sampling Track Switch

Consider the charge stored at the top plate of the capacitor array shown

in Figure 6.2. The only leakage path on this node is through the parasitic

p+/n-well diode of the MOSFET sampling track switch. The parasitic p+/n-

well diode is shown in Figure 6.3.

The leakage current through the parasitic diode is given by

Ileakage = Is(exp(
−VB

nVT

)− 1) (6.4)
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Figure 6.2: The charge leakage through parasitic p+/n-well diode

where Is is called the scale current in BSIM model, VB is the reverse bias

voltage on the parasitic diode, and VT is the thermal voltage which is about

26 mV at room temperature.

Is = AD × JS (6.5)

where AD is the area of the drain and JS is the current density in BSIM

model. From the BSIM model parameters, we have

JS = 10−8A/m2 (6.6)

For a drain area of AD = 10um2, the scale current is

Is = AD × JS = 10× 10−12 × 10−8 = 10−19A (6.7)

This is a very small current. To estimate the leakage current, we assume that

the reverse voltage VB is relative large compared to thermal voltage VT . Then
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Figure 6.3: The layout to show the parasitic p+/n-well diode at the drain

we have

Ileakage ≈ Is (6.8)

Note that we drop the minus sign here since we only consider the magnitude

of the leakage current. The effective total capacitance of the capacitor array

is about 10pF . The leakage rate can be calculated as

dV

dt
=

Ileakage

Ctotal

≈ −AD × JS

Ctotal

= 10−8V/s (6.9)

This is a very slow leakage rate. We only need to consider the leakage during a

complete sampling and conversion cycle. The clock frequency is f = 48MHz.

It takes 12 cycles to sample and 20 cycles to convert. The maximum voltage

change due to leakage in the 20-cycle conversion process is

∆V =
dV

dt
× 20

48× 106
= 4.2× 10−15V (6.10)

This is way below the voltage level corresponding to LSB. We model this

leakage in the system. The leakage does not affect the calibration accuracy.
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The leakage current doubles for temperature increase of approximately

every 7 degree centigrade. It is better to calibrate the capacitor array at room

temperature since the leakage is smaller than the leakage at higher tempera-

ture. To avoid the potential capacitor weight accuracy variation caused by the

variation of calibration temperature, we can perform factory calibration under

very stable environment and store the capacitor weights in flash memory.

To further minimize the leakage, we need minimize the area of the drain

of the track switch. For certain width of the track switch, the layout shown

in Figure 6.4 minimize the area of the drain. This layout also minimizes the

parasitic capacitance due to the drain of the track switch.

n−well

Gate

Drain

Source

Figure 6.4: The layout to minimize the parasitic p+/n-well diode for track
switch
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6.3 Convergence of Capacitor Weights

We use the initial capacitor weights and let the SAR ADC convert a

150 kHz sine wave. The output spectrum of the ADC is shown in Figure

6.5. Since the capacitor weights are not accurate, we can see large harmonic

distortions in the spectrum.
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Figure 6.5: The ADC output spectrum for 150 kHz sine input before calibra-
tion

We then perform the capacitor array calibration using the perceptron

learning rule. The initial capacitor weights are represented using 28-bit num-

bers. The sum of the initial capacitor weights is scaled to 228 − 1. The initial
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learning rate α = 219. We perform Nα = 256 calibration cycles for each α,

then divide α by 2 until α = 1. The 20 capacitor weights and one offset

converge to the correct values as shown in Figure 6.6. The capacitor weights

are scrambled to a large extent in the early stage. The calibration corrects

the capacitor weights based on the learning cases. This adaptive correction

mechanism makes the capacitor weights converge nicely to the correct values.
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Figure 6.6: The convergence of capacitor weights during calibration

After the calibration, we let the SAR ADC convert the same 150 kHz

sine wave. The output spectrum of the ADC is shown in Figure 6.7. Qualita-
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tively, we can see the large harmonic distortions due to inaccurate capacitor

weights disappear.
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Figure 6.7: The ADC output spectrum for 150 kHz sine input after calibration

Since we do not have accurate information of the actual capacitor ratios

in the real circuit, we can only statistically determine the “correct” capacitor

weights. The accuracy of the capacitor weights is calculated from the statistics

of the end results of calibrations. We represent the calibration accuracy in

terms of the equivalent accuracy level in bits. It is calculated as in the following

equation.

accuracy(j) = log2
Wtotal

σ(j)
(6.11)
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where σ(j) is the standard deviation of capacitor weight j, Wtotal is the sum of

total capacitor weights. The accuracy of the capacitor weights after calibration

(Nα = 1024) is shown in Table 6.1. We can see that the capacitor weights are

calibrated with up to 22-bit accuracy. Note that we mean the worst case

accuracy when we only report one number for accuracy. The calibration time

for this case is about 50 ms which includes the time to update the capacitor

weights.

Table 6.1: Accuracy of capacitor weights after calibration.

j Accuracy
20 22.0
19 26.0
18 23.7
17 24.0
16 23.4
15 23.7
14 22.3
13 23.8
12 23.2
11 23.6
10 23.4
9 22.7
8 24.4
7 23.4
6 22.7
5 22.8
4 23.8
3 22.4
2 23.3
1 23.1
0 23.8
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In simulation, we know the capacitor values for the capacitor array.

The capacitor weights should be proportional to the capacitor values. Assume

that the ideal capacitor weights are W
(ideal)
j . In order to compare the capacitor

weights, we need scale them so that the sum of the two groups of capacitor

weights are the same. The scaled capacitor weights after the calibration are

W
(cal)
j . We can define the root mean square (RMS) error of the capacitor

weights.

WEIGHT ERRrms =

√√√√ N∑
j=0

(W
(ideal)
j −W

(cal)
j )

2

N + 1
(6.12)

We can express the RMS error of capacitor weights in bits.

WEIGHT ERRbit = log2(

∑
W

(ideal)
j

WEIGHT ERRrms

) (6.13)

We will use this to evaluate the effects of the nonidealities on the calibration.

6.4 Radix Selection for the Non-Binary Capacitor Ar-
ray

In a non-binary system, the errors made in the early steps of the succes-

sive approximation conversion process can be corrected in later steps because

of the many-to-one correspondence between the combinations of capacitors

and the final digital result. Smaller radix will give us more redundancy and

will be more forgiving for initial incorrect decisions but it will require more

capacitors in the array and longer time for conversion. There is not enough

redundancy if the radix is very close to 2.
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Table 6.2: Calibration results for different radices (Nα = 256).

Radix Number of capacitors Accuracy (bits) WEIGHT ERRbit(bits)
1.7 21 23.0 19.9
1.8 20 22.8 19.7
1.9 18 22.5 19.3

The calibration accuracy and the number of capacitors needed are

shown in Table 6.2. We can get very good calibration accuracy for radices

between 1.7 and 1.9. The redundancy becomes small if the radix is close to

2. We have to use more capacitors and more conversion cycles if the radix is

too small. Radix 1.8 is a good trade-off. The actual ratio between adjacent

capacitors can deviate from this radix and we can get the actual ratio through

calibration.

6.5 Effect of Averaging

It is important to consider the effect of noise in high accuracy ADC

[113]. There is intrinsic averaging effect in the calibration process. We effec-

tively do more averaging when we perform more calibration cycles with each

α. Table 6.3 shows the effect of longer calibration. The kT/C and comparator

noise are kept at the same level in this simulation. The calibration accuracy

becomes higher when we perform more calibration cycles for each α. The

improvement stops after Nα reaches certain level.

Additional averaging can improve the convergence speed and the cal-

ibration accuracy. There are two basic averaging methods. Comparator av-
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Table 6.3: Calibration results with different Nα.

Nα Accuracy (bits) WEIGHT ERRbit(bits)
512 22.0 20.0
1024 23.0 21.2
2048 22.8 21.6
4096 22.7 21.6

eraging refers to the averaging of the sign check at the comparator output in

the end of the conversion cycle during calibration. Thermal noise averaging or

kT/C averaging is done by using the same random vector Aj to sample and

forcing the conversion result Bj to be the same from prior cycle, then checking

the sign of the new comparator output. The sign is averaged with other sign

checks corresponding to the same pair of Aj and Bj. The calibration accuracy

with different averaging schemes is shown in Figure 6.8. It shows 4 cases: (1)

no dedicated averaging, (2)16 comparator averages, (3)16 comparator averages

and 4 kT/C averages, and (4)16 comparator averages and 16 kT/C averages.

We set Nα = 1024 for all for cases. The kT/C and comparator noise are

kept at the same level in this simulation. Comparing the case of no averaging,

we see about 1-bit accuracy improvement for the cases with averaging. The

intrinsic averaging is already very good in the first case.

6.6 Effect of Interference

The calibration should be robust even with interference. The random

interference can be treated the same as noise. We know from the previous

section that the calibration algorithm can average out this kind of random
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Figure 6.8: Calibration accuracy with different averages

interference.

One typical periodical interference source is the power supply interfer-

ence. We need to model this kind of periodical interference. Assume that we

have 10 mV of 60 Hz interference on the power supply and we have power

supply rejection ratio of 60 dB. We should expect 10 µV of periodical inter-

ference in the system during the calibration and normal conversion process of

the SAR ADC.

We add the periodical interference in the model. The kT/C and com-
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parator noise are kept at the same level in this simulation. The calibration

results are shown in Table 6.4. We can see that the accuracy of capacitor

weights after calibration is very good when we have 10 µV of 60 Hz periodical

interference in the system. However, the accuracy of capacitor weights after

calibration becomes unacceptable when we have 1 mV of 60 Hz periodical

interference in the system. From this result, we need to make sure that the

power supply rejection ratio is good enough so that the 60 Hz interference is

well below 1 mV.

Table 6.4: Calibration results with 60 Hz interference (Nα = 256).

Interference amplitude Accuracy (bits) WEIGHT ERRbit(bits)
10 µV 22.8 19.3
1 mV 20.8 16.4

6.7 Effects of Nonlinearities

6.7.1 Analysis of Harmonic Distortion Using Volterra Series

Volterra series can be used to gain insight in the nonlinear operation

of the analog circuits [109]. It is possible to get closed-form expressions for

weakly nonlinear behavior using Volterra series. These closed-form expressions

take the dominant nonlinearities into consideration. Data obtained either with

simulation tools or with accurate measurements usually do not indicate what

physical effects are behind those data. Volterra series approach can be used

to get interpretable data. The approximate closed-form expressions reveal the

valuable information about the physical effects. We can use this information

to improve the design.
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Volterra series describe nonlinear system in a way similar to the ap-

proximation of an analytical function with a Taylor series: small excursion

around an operating point can be described with several terms of a Volterra

series.

The nonlinear relationship between an input signal x(t) of a circuit and

the output y(t) can be described by the following relationship.

y(t) = K1x(t) + K2(x(t))2 + K3(x(t))3 + · · · (6.14)

where the coefficient K1 is called the first order coefficient. K2 and K3 are

called the second order and third order coefficients of the circuit, respectively.

The system will have higher order harmonics output when the input

is a single frequency input. We define the second order harmonic distortion

HD2 as the ratio of the second harmonic y2 to the fundamental response y1.

HD2 =
|y2|
|y1|

(6.15)

We define the third order harmonic distortion HD3 as the ratio of the third

harmonic y3 to the fundamental response y1.

HD3 =
|y3|
|y1|

(6.16)

Higher order harmonic distortion can be defined similarly.

A nonlinear system is a combination of different operators of different

order using the Volterra series representation.
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y(t) =

∫ +∞

−∞
h1(τ1)x(t− τ1)dτ1

+

∫ +∞

−∞

∫ +∞

−∞
h2(τ1, τ2)x(t− τ1)x(t− τ2)dτ1dτ2

+ · · ·

+

∫ +∞

−∞
· · ·

∫ +∞

−∞
hn(τ1, τ2, · · · , τn)x(t− τ1)x(t− τ2) · · ·

· · ·x(t− τn)dτ1dτ2 · · · dτn

+ · · · (6.17)

where

hn(τ1, τ2, · · · , τn) = 0 for any τj < 0, j = 1, 2, · · ·n (6.18)

The functions hn(τ1, τ2, · · · , τn) are called the Volterra kernels of the system.

We can also use Volterra operator to represent the nonlinear system.

y(t) = H1[x(t)] + H2[x(t)] + · · ·+ Hn[x(t)] + · · · (6.19)

where

Hn[x(t)] =

∫ +∞

−∞
· · ·

∫ +∞

−∞
hn(τ1, τ2, · · · , τn)x(t− τ1)x(t− τ2) · · ·

· · ·x(t− τn)dτ1dτ2 · · · dτn (6.20)

Hn is an integral called n-th order Volterra operator. Figure 6.9 shows a

nonlinear system modeled by Volterra operators.

The closed-form expressions for harmonic distortion can be derived

using Volterra series approach. Hand calculations become tedious if the circuit

is complex. Symbolic network analysis programs such as ISAAC [38, 39] can

be used to get close-form expressions or approximate symbolic expressions.
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Figure 6.9: A nonlinear system modeled by Volterra operators

6.7.2 Calibration with the Presence of Nonidealities

We need make sure that the calibration is robust under different con-

ditions [35] . So we consider the effects of the nonidealities in the system such

as noise, interference and nonlinearity. We analyze them and model them. We

also simulate them to evaluate their effects. We introduce nonlinearity in the

model. The kT/C and comparator noise are kept at the same level in this

simulation. Figure 6.10 shows the calibration result when the nonlinearity of

-88 dB is included in the system model. The accuracy of capacitor weights is

still better than 22-bit. The capacitor weights are calibrated with better than

22-bit accuracy consistently after the capacitor array calibration process.
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Figure 6.10: Calibration accuracy with -88 dB nonlinearity in the system

6.8 Effect of Flicker Noise

In CMOS technology, there are many “dangling” bonds at the interface

of the silicon crystal and gate oxide, giving rise to extra energy states [84]. As

charge carries move at the interface, some are randomly trapped and later

released by these energy states. This is one origin of so called flicker noise.

The power spectral density of flicker noise (1/f noise) in MOSFET can

be described as

N2
nflick =

K2
v

f
(6.21)
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where Kv is the flicker noise coefficient. For CMOS technology

K2
v =

K

CoxWL
(6.22)

where K is a process-dependent constant on the order of 10−25 V 2F , Cox is

gate oxide capacitance per unit area, W is the width of the MOS transistor

and L is the length of the MOS transistor. To determine the mean square

output noise in the frequency band of [fL, fH ], we can integrate the flicker

noise spectral density

V 2
nflick =

∫ fH

fL

K2
v

f
df = K2

v × ln
fH

fL

(6.23)

This shows that the mean square noise depends on the logarithm of the fre-

quency ratio, rather than on the frequency difference as in the thermal noise

case. The mean square value of flicker noise is the same for equal frequency

ratios. The mean square noise per decade of frequency is K2
v . The RMS noise

per root decade of frequency is Kv. For Kv = 3µV , the total RMS noise for

frequency interval between 10−16 Hz and 1 Hz is 12µV . Notice that 10−16 Hz

is 1 cycle in about 320 million years. Consider that the clock frequency of the

system frequency is 48 MHz and the calibration time is about 50 ms. The

frequency interval of interest to the calibration is from 20 Hz to 48 MHz which

is about 6.4 decade of frequency. The total RMS noise from flicker noise is

about 2.53×Kv.

Unlike thermal noise, flicker noise’s contribution to the RMS noise volt-

age can not be effectively reduced by averaging. We need to model the flicker
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noise in our system so that we can evaluate the effect of the flicker noise on

the calibration accuracy.

A flicker noise model is a stochastic process that has a spectral density

that is asymptotically equal to K2
v/f as f → 0. Simulations of systems con-

taining MOSFET need to include flicker noise generators. Following are two

classes of flicker noise generation algorithms. They all have running time of

order NlogN , where N is the number of points to be generated.

(1) Filter cascade generators: White noise is applied to a set of first-

order digital filters in series; the filters are so designed that the output is

a stationary process with approximate spectrum f−1 over a frequency range

whose low end depends on the number of filter stages. We can also obtain

f−3 noise by a cumulative sum operation on the f−1 noise. Because these

algorithms generate the output sequentially, they take little memory.

(2) Discrete spectral shaping: Complex-valued white noise (the Fourier

transform of real white noise) is generated in the discrete frequency domain,

multiplied by Kv/f
−1/2, and transformed back to the time domain. This is a

special case of a general method for generating colored noise.

We use the second method to generate the time domain flicker noise in

our model. Figure 6.11 shows the time domain samples of the flicker noise.

We can see the low frequency components from the plot.

We add the flicker noise in the model. The kT/C and comparator noise

are kept at the same level in this simulation. The calibration results are shown
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Figure 6.11: The time domain flicker noise generated by spectral shaping

in Table 6.5. The calibration results vary a lot depending on the actual time

domain flicker noise during the calibration even with the same RMS flicker

noise. We need to minimize the flicker noise by careful design. We can use

auto-zeroing or quasi auto-zeroing techniques to minimize flicker noise.

6.9 Capacitor Weights Are Successively Refinable

We calculate the distortion of the capacitor weights at the end for each

learning rate α during the calibration process. We plot the distortion and
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Table 6.5: Calibration results with flicker noise (Nα = 256).

Flicker noise coefficient Kv Accuracy (bits) WEIGHT ERRbit(bits)
3.2 µV 23.0 19.1
32 µV 22.8 18.1

the number of effective bits of the capacitor weights (rate of the capacitor

weights) in Figure 6.12. It shows the distortion-rate pairs lie approximately

on the distortion-rate curve. So we can see that the capacitor weights are

successively refinable.

6.10 Summary

We model the circuit blocks in the SAR ADC in MATLAB. The simula-

tion shows that the non-binary capacitor array calibration algorithm converges

nicely. The capacitor weights are calibrated with better than 22-bit accuracy.

We can improve the accuracy of the capacitor weights through averaging.

We consider the charge leakage through the sampling track switch.

It is shown that the leakage is very small and does not affect the calibration

accuracy. The radices between 1.7 and 1.9 work well for the calibration. Radix

1.8 is a good trade-off in terms of the number of capacitor and the redundancy

level.

We analyze the effects of thermal noise, flicker noise, the periodical in-

terference from the power supply and the harmonic distortion. We use Volterra

series in the analysis of the harmonic distortion. We put these nonidealities in
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Figure 6.12: The distortion and rate of the capacitor weights during calibration

the model and evaluate their effects. The simulation shows that the non-binary

capacitor array calibration is robust with the presence of these nonidealities.

The distortion and rate of the capacitor weights during the calibration

process lie approximately on the distortion-rate curve. The capacitor weights

are successively refinable.
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Chapter 7

Conclusions and Future Directions

The architecture and calibration technique of a high performance suc-

cessive approximation ADC using non-binary capacitor array are presented.

We show that the capacitor weights are successively refinable under the Markov

condition using the rate-distortion theory. Using the analogy to discrete mem-

oryless channel with interference known to the encoder, we show that the inter-

ference will not limit the final calibration accuracy if the calibration algorithm

adapts to the interference. The capacitor array calibration algorithm is based

on a perceptron learning rule, originally developed for Artificial Intelligence

applications. It takes advantage of the redundancy in the non-binary capacitor

array and the noise in the system to generate the learning cases.

A mixed-signal micro-controller architecture is used to implement the

relatively complex capacitor array calibration algorithm for the SAR ADC. We

discuss the design and trade-off of each circuit block in the ADC. We model

the thermal noise, flicker noise, power supply interference, charge leakage and

harmonic distortion in MATLAB. The calibration is robust under the influence

of these nonidealities. The capacitor weights are calibrated with up to 22-bit

accuracy after the capacitor array calibration process.
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We demonstrate the robustness of the calibration algorithm and the

flexibility of the mixed-signal micro-controller. This calibration method is

essential to the design of high speed and high resolution A/D converters.

The calibration method has even more advantages for mixed signal VLSI in

system-on-chip applications in deeper sub-micron technology since it relaxes

the matching requirement on analog circuitry.

With 22-bit accuracy for the calibrated capacitor weights, we can po-

tentially get even higher resolution with the same architecture. The limiting

factor is the noise in the circuit. Capacitor matching is no longer a limiting

factor. There is a trade-off between speed and noise level. We can use larger

capacitance in the array if we want to lower the noise level. However, larger

capacitance will slow down the conversion speed. We can gain more insights

with the silicon implementation of this SAR ADC. We can also use this algo-

rithm to calibrate other analog circuits such as pipelined ADC and to relax

the matching requirement.
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Appendix A

MATLAB Models

A.1 MATLAB Model for the Successive Approximation
ADC

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% This Matlab program models the successive approximation

% analog-to-digital converter (ADC) based on non-binary

% capacitor array.

% It uses the perceptron learning rule get accurate capacitor

% weights.

% Parameters such noise, offset, nonlinearity are included.

% Different rough and fine charging topology for reference

% voltage can be used.

% Parameter ROUGH_CYCLES determines the number of rough

% charging cycles.

% R-R-R-F, ROUGH_CYCLES = 3

% R-R-F, ROUGH_CYCLES = 2

%

% by Jianhua Gan
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%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Data file names.

filename_for_weights = ’cal_weights.dat’;

out_filename1 = ’digital_out.dat’;

fid_conv = fopen(out_filename1, ’w’);

out_filename2 = ’digital_out_16.dat’;

fid_conv_16 = fopen(out_filename2, ’w’);

out_filename3 = ’analog_in.dat’;

fid_input = fopen(out_filename3, ’w’);

% Define some constants

VMAX = 2.5; % Reference voltage level.

in_volt_start = -0.1;

in_volt_end = VMAX + 0.1;

in_volt_incr = 10e-3;

ROUGH_CYCLES = 0;

V_ref_f = VMAX; % Rough reference voltage (buffered).

V_ref_r = VMAX; % Fine reference voltage

V_sgnd = 0.0; % Signal ground voltage level

% Total effective capacitance in pF.
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cap_total = 10;

% Mismatch in the cap array.

cap_mismatch = 0.01;

% Parasitics in the cap array.

parasitics_percentage = 0.05;

num_samples = 1200; % Number of samples.

win_length = 1000; % Length of the window for FFT.

% kT/C noise amplitude.

noise_amp_ktc = 19.86e-6;

% Comparator noise amplitude.

noise_amp_comp = 9.93e-6/2;

% Comparator offset.

offset_comp = 10e-3;

% Harmonic distortion coefficients.

hd2_coef = 2e-07; % 2nd order

hd3_coef = 5e-06; % 3rd order

% The amplitude of 60 Hz interference

int_60hz_amp = 0; % 10 uV, 60 Hz inteference from supply.

% The leakage current through parasitic diode.

current_leakage = 0; % Leakage current. 1e-19 A typical.

% Flicker noise (1/f noise) coefficient.

noise_flick_coeff = 0;
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f_in = 150000; % Input signal frequency

f_s = 1.5e6; % Sampling frequency

f_int = 60; % Interference frequency

% initialization

% Initialize alpha. The learning rate.

alpha = 2^19;

% Initialize the loop counter for each alpha.

alpha_counter = 256;

% Initialize the loop counter for the number of different alpha.

step_counter = 20;

% The number of comparator averages.

num_average_comp = 16;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Generate the time-domain flick noise.

num_flick_samples = 2 ^ ceil(log2(num_samples));

noise_flick = real(ifft(fft(randn(1, num_flick_samples)) ...

.* noise_flick_coeff ./sqrt((1:num_flick_samples))));

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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% Load the capacitor values and parasitics for the cap array

% C_main -- Main capacitors in the capacitor array

% C_pup -- Parasitic capacitors to upper metal

% C_pgnd -- Parasitic capacitor to ground

[C_main, C_pgnd, C_pup] = ...

load_cap_array_values(cap_total, cap_mismatch, ...

parasitics_percentage);

% Number of main capacitors in the array excluding dummy.

num_caps = length(C_main) - 1

% The initial capacitor weights before calibration.

% The number of weights excluding the offset should match

% the number of main capacitors.

init_weights = load_cap_weights(2^28 - 1);

weights = init_weights

% Normalize weights.

weights_norm = round(weights/sum(weights)*(2^28-1));

weights_norm(num_caps+1) = weights_norm(num_caps+1) ...

-(sum(weights_norm)-2^28+1);

% Test sine wave input with un-calibrated weights.
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[’Doing conversion with uncalibarted weights, please wait ...’]

for NN = 1 : num_samples

analog_in = V_ref_f/2 + ...

V_ref_f/2/sqrt(2)*sin(2*pi*f_in/f_s*(NN-1));

% Test ramp input.

%for NN = 1 : ceil((max(in_volt_start, in_volt_end) - ...

% min(in_volt_start, in_volt_end))/in_volt_incr) + 1

% analog_in = in_volt_start + (NN-1) * in_volt_incr;

% fprintf(fid_input, ’%20.12e\n’, analog_in);

% Sampling.

SAR_register(1:num_caps) = 1;

[C_ain_r, C_ain_f, C_sgnd] ...

= calculate_cap (SAR_register, C_main, C_pup);

V_sampled = calculate_voltage (C_ain_r, C_ain_f, C_sgnd, ...

analog_in, analog_in, V_sgnd);

% kT/C noise.

noise_ktc = noise_amp_ktc * randn;

% Distortion.

distortion_2nd = hd2_coef * analog_in ^ 2;

distortion_3rd = hd3_coef * analog_in ^ 3;

% 60 Hz interference.
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interference = int_60hz_amp*sin(2*pi*f_int/f_s*(NN-1));

% Add distortion, noise, interference and flicker noise.

V_sampled = V_sampled + ...

distortion_2nd + distortion_3rd + noise_ktc +...

interference + noise_flick(NN);

% Successive approximation conversion.

[SAR_register, comparator_out] = sar_engine_out(...

ROUGH_CYCLES, V_sampled, C_main, C_pgnd, C_pup, ...

V_ref_f, V_ref_r, V_sgnd, ...

current_leakage, f_s, ...

noise_amp_comp, offset_comp, 1);

% Conversion result in non-binary weights.

sar_non_binary = [sign(SAR_register(1:num_caps)), 1];

% Conversion result in binary format.

digital_out = sar_non_binary * weights_norm’;

fprintf(fid_conv, ’%d\n’, digital_out);

% Convert the result to 16-bit output.

digital_out_16 = round(digital_out / 2^12);

if digital_out_16 >= 2^16 - 1

digital_out_16 = 2^16 - 1;

elseif digital_out_16 <= 0

digital_out_16 = 0;

end
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% fprintf(fid_conv_16, ’%d\n’, digital_out_16);

output_before_cal(NN) = digital_out_16;

% [num2str(analog_in), ’ V --> 0x’, dec2hex(digital_out_16)]

end

windowed = output_before_cal(1:win_length)...

.*hodie_win(win_length)’;

fft_db = 20*log10(abs(fft(windowed)/win_length/2^16));

plot([0:round(win_length/2)]/win_length*2*f_s/2/1000, ...

fft_db(1:round(win_length/2)+1));

xlabel(’kHz’);

ylabel(’dB’);

axis([0 f_s/2/1000 -160 0]);

%title(’Output spectrum for sine input before calibration’);

grid on;

print -depsc2 spectrum_before_cal.eps

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calibration

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% The number of weights excluding the offset should match

% the number of main capacitors.

%weights = load_cap_weights(2^28);
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%weights = [2505 3582 4776 9507 17551 32149 57534 101689 ...

% 188299 335890 599420 1083186 1950337 3447744 ...

% 6412126 11435385 20358817 36791152 ...

% 66329108 119240449 -1129879]

% Use the weights from calibration.

[weights] = calibration(V_ref_r, V_ref_f, V_sgnd, ...

C_main, C_pgnd, C_pup, init_weights, ...

noise_amp_ktc, noise_amp_comp, offset_comp, ...

num_average_comp, hd2_coef, hd3_coef, ...

int_60hz_amp, current_leakage, ...

noise_flick_coeff, f_int, f_s, ...

alpha, alpha_counter, step_counter, ...

ROUGH_CYCLES, filename_for_weights)

% Normalize weights

weights_norm = round(weights/sum(weights)*(2^28-1));

weights_norm(num_caps+1) = weights_norm(num_caps+1) ...

-(sum(weights_norm)-2^28+1);

% Test sine wave input.

for NN = 1 : num_samples

analog_in = V_ref_f/2 + ...
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V_ref_f/2/sqrt(2)*sin(2*pi*f_in/f_s*(NN-1));

% Test ramp input.

%for NN = 1 : ceil((max(in_volt_start, in_volt_end) - ...

% min(in_volt_start, in_volt_end))/in_volt_incr) + 1

% analog_in = in_volt_start + (NN-1) * in_volt_incr;

fprintf(fid_input, ’%20.12e\n’, analog_in);

% Sampling.

SAR_register(1:num_caps) = 1;

[C_ain_r, C_ain_f, C_sgnd] ...

= calculate_cap (SAR_register, C_main, C_pup);

V_sampled = calculate_voltage (C_ain_r, C_ain_f, C_sgnd, ...

analog_in, analog_in, V_sgnd);

% kT/C noise.

noise_ktc = noise_amp_ktc * randn;

% Distortion.

distortion_2nd = hd2_coef * analog_in ^ 2;

distortion_3rd = hd3_coef * analog_in ^ 3;

% 60 Hz interference.

interference = int_60hz_amp*sin(2*pi*f_int/f_s*(NN-1));
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% Add distortion, noise and interference.

V_sampled = V_sampled + ...

distortion_2nd + distortion_3rd + noise_ktc + ...

interference + noise_flick(NN);

% Successive approximation conversion.

[SAR_register, comparator_out] = sar_engine_out(...

ROUGH_CYCLES, V_sampled, C_main, C_pgnd, C_pup, ...

V_ref_f, V_ref_r, V_sgnd, ...

current_leakage, f_s, ...

noise_amp_comp, offset_comp, 1);

% Conversion result in non-binary weights.

sar_non_binary = [sign(SAR_register(1:num_caps)), 1];

% Conversion result in binary format.

digital_out = sar_non_binary * weights_norm’;

fprintf(fid_conv, ’%d\n’, digital_out);

% Convert the result to 16-bit output.

digital_out_16 = round(digital_out / 2^12);

if digital_out_16 >= 2^16 - 1

digital_out_16 = 2^16 - 1;

elseif digital_out_16 <= 0

digital_out_16 = 0;

end

fprintf(fid_conv_16, ’%d\n’, digital_out_16);
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output_after_cal(NN) = digital_out_16;

[num2str(analog_in), ’ V --> 0x’, dec2hex(digital_out_16)]

end

figure;

windowed = output_after_cal(1:win_length) ...

.*hodie_win(win_length)’;

fft_db = 20*log10(abs(fft(windowed)/win_length/2^16));

plot([0:round(win_length/2)]/win_length*2*f_s/2/1000, ...

fft_db(1:round(win_length/2)+1));

xlabel(’kHz’);

ylabel(’dB’);

axis([0 f_s/2/1000 -160 0]);

grid on;

%title(’Output spectrum for sine input after calibration’);

print -depsc2 spectrum_after_cal.eps

fclose(’all’);

A.2 MATLAB Model for Non-Binary Capacitor Array
Calibration

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% This Matlab program implement the calibration algorithm
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% for successive approximation analog-to-digital converter

% (ADC) based on non-binary capacitor array.

% It uses the perceptron learning rule get accurate capacitor

% weights.

% It is robust for simulations.

% Parameters such noise, offset, nonlinearity are included.

% Different rough and fine charging topology for reference

% voltage can be used.

% Parameter ROUGH_CYCLES determines the number of rough

% charging cycles.

% R-R-R-F, ROUGH_CYCLES = 3

% R-R-F, ROUGH_CYCLES = 2

%

% by Jianhua Gan

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [weights] = calibration(V_ref_r, V_ref_f, V_sgnd, ...

C_main, C_pgnd, C_pup, weights, ...

noise_amp_ktc, noise_amp_comp, offset_comp, ...

num_average_comp, hd2_coef, hd3_coef, ...

int_60hz_amp, current_leakage, ...

noise_flick_coeff, f_int, f_s, ...

alpha, alpha_counter, step_counter, ...

ROUGH_CYCLES, filename_for_weights)
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% Data file to store capacitor weights.

fid_cal = fopen(filename_for_weights, ’w’);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

num_caps = length(C_main) - 1;

% Generate a random vector a_vector using

% Linear Feedback Shift Register (LFSR).

% Initialize the LFSR.

initial_lfsr = ones(1, num_caps);

%a_vector = lfsr(initial_lfsr, 17, 20);

a_vector = lfsr(initial_lfsr, 17, num_caps);

% Generate the time-domain flicker noise by spectral shaping.

noise_flick = real(ifft(fft(randn(1, 32*alpha_counter)) ...

.* noise_flick_coeff ./sqrt((1:32*alpha_counter))));

% The calibration loops

for count_step = 1 : step_counter

alpha

for count_alpha = 1 : alpha_counter

% Start the calibration sampling process

a_vector = lfsr(a_vector, 17, num_caps);

% Calculate the total capacitance toward the rough
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% reference, fine reference and signal ground.

[C_ref_r, C_ref_f, C_sgnd] ...

= calculate_cap (a_vector, C_main, C_pup);

% Calculate the sampled voltage due to vector A.

voltage_cal_sample = calculate_voltage ...

(C_ref_r, C_ref_f, C_sgnd, V_ref_r, V_ref_f, V_sgnd);

% Add kT/C noise.

noise_ktc = noise_amp_ktc * randn;

% Distortion.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

distortion_2nd = hd2_coef * voltage_cal_sample ^ 2;

distortion_3rd = hd3_coef * voltage_cal_sample ^ 3;

% 60 Hz interference from power supply.

interference = int_60hz_amp*sin(2*pi*f_int/f_s* ...

((count_step-1)*alpha_counter+count_alpha-1));

% Flick noise.

noise_flick_to_add = noise_flick( ...

(count_step-1)*alpha_counter+count_alpha);

% Add the distortion, thermal noise, interference

% and flicker noise.

voltage_cal_sample = voltage_cal_sample + ...

distortion_2nd + distortion_3rd + noise_ktc + ...

interference + noise_flick_to_add;
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% Start the successive approximation conversion process.

[SAR_register, comparator_out] = sar_engine_out ...

(ROUGH_CYCLES, voltage_cal_sample, C_main, C_pgnd, ...

C_pup, V_ref_f, V_ref_r, V_sgnd, ...

current_leakage, f_s, ...

noise_amp_comp, offset_comp, num_average_comp);

% Successive approximation conversion result in vector B

b_vector = sign(SAR_register(1:num_caps));

% Write out the offset and cap weights at

% each calibration step to a file.

fprintf(fid_cal, ’%d\n’, weights(num_caps + 1));

for k = num_caps : -1 : 1

fprintf(fid_cal, ’%d\n’, weights(k));

end

% Call the perceptron to adjust the weights

weights = perceptron(a_vector, b_vector, weights, ...

comparator_out, alpha);

end % End of loop for alpha

% Reduce alpha.

alpha = alpha / 2;

end % End of calibration.

fclose(fid_cal);
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A.3 MATLAB Model for the Successive Approximation
Engine

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% This function calculates succesive approximation conversion

% result.

% It returns the SAR conversion result and the comparator output

% at the end of the conversion.

%

% by Jianhua Gan

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [SAR_register, comparator_out] = sar_engine_out ...

(ROUGH_CYCLES, input_voltage, ...

C_main, C_pgnd, C_pup, ...

V_ref_f, V_ref_r, V_sgnd, ...

current_leakage, f_s, ...

noise_amp_comp, offset_comp, num_average_comp)

% Number of capacitors excluding 1 dummy

num_caps = length(C_main) - 1;

last_keep = 1;

% SAR_register contains the final representation of
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% sampled voltage. SAR_register(1) is the LSB.

% This is still in non-binary representation.

SAR_register(1:num_caps+1) = 0;

% There are companion bits, DIST = 4. e.g. at MSB bit 20,

% the companion bit is bit 16, 12, 8 etc.

DIST = 4;

% At the beginning of each cycle, change V_ref_r to V_ref_f

% for decisions made ROUGH_CYCLES cycles beforehand.

% SAR_register:

% 0 : connects to V_sgnd

% 1 : connects to V_ref_r

% 2 : connects to V_ref_f

% The time for each conversion for step.

% We use 32 cycles to convert once.

delta_t = 1/(32*f_s);

% Total capacitance.

C_total = sum(C_main);

for test_bit = num_caps: -1 : 1

% Change V_ref_r to V_ref_f.

if ((num_caps >= test_bit + ROUGH_CYCLES) & ...
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(1 == SAR_register(test_bit+ROUGH_CYCLES)))

SAR_register(test_bit+ROUGH_CYCLES) = 2;

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

SAR_register(test_bit) = 1 + (0 == ROUGH_CYCLES);

SAR_register = set_companion_bit (SAR_register, test_bit, ...

1 + (0 == ROUGH_CYCLES), DIST);

V_x = calculate_vx (SAR_register, ...

C_main, C_pgnd, C_pup, ...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

if (0 == last_keep)

SAR_register(test_bit+1) = 0;

V_x = calculate_vx (SAR_register, ...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

else

V_x = calculate_vx (SAR_register, ...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

end

% Calculate the voltage change due to leakage.

voltage_change_due_to_leakage = current_leakage / C_total ...
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* (num_caps-test_bit +1) * delta_t;

V_x = V_x + voltage_change_due_to_leakage;

comparator_out = comparator(V_x, input_voltage, ...

noise_amp_comp, offset_comp, 1);

if (comparator_out)

last_keep = 0;

SAR_register = set_companion_bit ...

(SAR_register, test_bit, 0, DIST);

V_x = calculate_vx (SAR_register,...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

else

last_keep = 1;

SAR_register = set_companion_bit ...

(SAR_register, test_bit, 0, DIST);

V_x = calculate_vx (SAR_register,...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

end

end

if (0 == last_keep)
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SAR_register(1) = 0;

V_x = calculate_vx (SAR_register,...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

else

V_x = calculate_vx (SAR_register,...

C_main, C_pgnd, C_pup,...

V_ref_f, V_ref_r, V_sgnd, input_voltage);

end

% Calculate the voltage change due to leakage.

voltage_change_due_to_leakage = current_leakage / C_total ...

* num_caps * delta_t;

V_x = V_x + voltage_change_due_to_leakage;

comparator_out = comparator(V_x, input_voltage, ...

noise_amp_comp, offset_comp, num_average_comp);

A.4 MATLAB Function to Calculate the Capacitance

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Calculate the total capacitance towards V_ref_r,

% V_ref_f, V_sgnd.

%
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% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [C_ref_r, C_ref_f, C_sgnd] ...

= calculate_cap (SAR_register, C_main, C_pup)

num_caps = length(C_main) - 1;

C_ref_r = 0;

C_ref_f = 0;

C_sgnd = 0;

for counter = num_caps : -1 : 1

if (2 == SAR_register(counter))

C_ref_f = C_ref_f + C_main(counter);

elseif (1 == SAR_register(counter))

C_ref_r = C_ref_r + C_main(counter);

elseif (0 == SAR_register(counter))

C_sgnd = C_sgnd + C_main(counter);

else

’Error in calculate_cap, SAR_register error’

end

end
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C_sgnd = C_sgnd + C_pup + C_main(num_caps + 1);

A.5 MATLAB Function to Calculate the Voltage

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% This function calculates the voltage V_x:

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [V_x] = calculate_voltage(C_ref_r, C_ref_f, C_sgnd,...

V_ref_r, V_ref_f, V_sgnd)

V_x = (V_ref_r * C_ref_r + V_ref_f * C_ref_f + ...

V_sgnd * C_sgnd) / (C_ref_r + C_ref_f + C_sgnd);

A.6 MATLAB Function to Calculate the Voltage at the
Capacitor Array Top Plate

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% This function calculates the voltage at the capacitor

% array top plates.
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% SAR_register: 0 ties to ground V_sgnd

% 1 ties to V_ref_r

% 2 ties to V_ref_f

% C_main stands for Capacitor (Main)

% C_sgnd stands for Capacitor (Parasitics to Sgnd)

% C_pup stands for Capacitor (Parasitics to upper metal)

%

% by Jianhua Gan

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [V_x] = calculate_vx (SAR_register, ...

C_main, C_pgnd, C_pup, ...

V_ref_f, V_ref_r, V_sgnd, Vin)

% calculate capacitance toward V_ref_r, V_ref_f, V_sgnd

[C_ref_r, C_ref_f, C_sgnd] ...

= calculate_cap (SAR_register, C_main, C_pup);

% calculate voltage V_x

[V_x] = calculate_voltage (C_ref_r, C_ref_f, C_sgnd, ...

V_ref_r, V_ref_f, V_sgnd);

A.7 MATLAB Function to Model the Comparator

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% This function models the comparator.
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%

% Compare in_plus and in_minus. Noise is included in the model.

% Noise amplitude noise_amp is passed in as parameter.

% If in_plus > in_minus + noise_amp * randn + offset

% then comparator outputs 1,

% otherwise, it outputs 0.

% The averaging of comparator output is set by num_average.

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [comparator_out] = comparator(in_plus, in_minus, ...

noise_amp, offset, num_average)

comparator_average = 0;

if (num_average <= 1) % No averaging.

noise = noise_amp * randn;

comparator_out = (in_plus > in_minus + noise + offset);

else

for i = 1 : num_average % Do averaging num_average times.

noise = noise_amp * randn;

comparator_output = ...

(in_plus > in_minus + noise + offset);

comparator_average = ...
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comparator_average + comparator_output;

end

comparator_out = (comparator_average > num_average/2);

end

A.8 MATLAB Function to Model the Linear Feedback
Shift Register

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Linear feedback shift register

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [lfsr_out] = lfsr(lfsr_in, tap1, tap2)

num_bits = length(lfsr_in);

cond = ((tap1 > num_bits) | (tap1 <= 0) | ...

(tap2 > num_bits) | (tap2 <= 0));

if cond

[’tap1 and tap2 are not integers in [1, ’,num2str(num_bits),’]’]

else
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lfsr_out = [xor(lfsr_in(tap1), lfsr_in(tap2)), ...

lfsr_in(1:num_bits-1)];

end

A.9 MATLAB Function to Load the Capacitor Values

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Initializes the non-binary capacitor array.

% Parasitics can be included as the percentage of

% the main capacitors.

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [C_main, C_pgnd, C_pup] = ...

load_cap_array_values(cap_total, cap_mismatch, parasitics)

filename_cap_values_gen = ’cap_values_gen’;

fid_cap_values_gen = fopen(filename_cap_values_gen, ’w’);

% Load cap array values from file

% The unit is atto (1e-18) Farad.

%load cap_values;
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% Changed to derive the cap_values form initial cap weights.

cap_values = generate_cap_values(cap_total, cap_mismatch)

% Write out the generated cap values for evaluation.

for i = 1 : length(cap_values)

fprintf(fid_cap_values_gen, ’%20.12e\n’, cap_values(i));

end

% Multiply by 1e-18. The unit becomes Farad

cap_values = cap_values * 1.0e-18;

num_caps = length(cap_values) - 1;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% The array holds all the main capacitors

% plus 1 for dummy cap.

%

% C_main stands for Capacitor (Main)

% C_pup stands for Capacitor (Parasitics to UPper metal)

% C_pgnd stands for Capacitor (Parasitics to Gnd)

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

C_main(1:num_caps) = cap_values(num_caps:-1:1)’;

% dummy cap

C_main(num_caps + 1) = cap_values(num_caps + 1);
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% Parasitics to ground

C_pgnd = parasitics * C_main;

% C_pup contains all the parasitics caps to the upper metal

% of the main caps including dummy

C_pup = parasitics * C_main(num_caps+1) + ...

parasitics * sum(C_main(1:num_caps));

fclose(fid_cap_values_gen);

A.10 MATLAB Function to Load the Capacitor Weights

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Initializes the cap weights for non-binary capacitor array.

% These weights are the guessed values.

% The sum of the weights is scaled to sum_scale.

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [weights] = load_cap_weights(sum_scale)

% Load cap weights from file

load initial_weights;
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num_caps = length(initial_weights);

% Scale the sum the weights

scaled_weights = ...

round(initial_weights/sum(initial_weights)*sum_scale);

weights(1:num_caps) = scaled_weights(num_caps:-1:1)’;

% The weight for offset is set to 0 initially.

weights(num_caps+1) = 0;

A.11 MATLAB Function to Implement the Perceptron
Learning Rule

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% This function implement the perceptron learning algorithm.

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [weights] = perceptron(a_vector, b_vector, ...

weights, comparator_out, alpha);

num_caps = length(a_vector);

a_vector(num_caps + 1) = 0;

b_vector(num_caps + 1) = 1;

% Calculate digital sign.
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d_sign = ((a_vector - b_vector) * weights’ > 0);

% The analog sign.

a_sign = comparator_out;

% The perceptron learning rule.

weights = weights + alpha .* (a_vector - b_vector) ...

.* (a_sign - d_sign);

A.12 MATLAB Function to Set the Companion Bits

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% This will sets the companion bits to "set_value".

% Note this does not set the original bit.

% DIST : distance of companion bit

% e.g. 10001 has a DIST of 4.

% e.g. 100001 has a DIST of 5.

%

% by Jianhua Gan

%

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [bit_stream] = set_companion_bit(bit_stream, ...

count, set_value, DIST)

if count > DIST

bit_stream(count - DIST : -DIST : 1) = set_value;
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end
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