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MAKE ALGEBRA TALK 

Introduction 

The material in this bulletin consists mainly of six articles 
written for the Interscholastic Leaguer during the school 
year 1945-46. They were written because it is well known 
that algebra in the high schools has a great percentage of 
failures and is regarded by students-and sometimes by 
teachers-as one of the most difficult and incomprehensible 
subjects in the curriculum. Algebra and its processes are 
so indispensable to satisfactory work in the physical sciences 
that no argument is needed as to its importance as a high 
school and college subject, especially for students of the 
sciences and engineering. 

In view of these facts it seemed worth-while to make an 
effort to render elementary algebra somewhat more intel
ligible and its teaching somewhat more easy and intelli
gent. Consequently, the writer has made an attempt to 
exhibit algebra, not as an abstraction whose understanding 
is possible to only a few especially gifted individuals, but 
as a simple and plain langauge that can be learned and 
spoken or written by any student capable of expressing 
himself in English, and who, on reading a short and simple 
paragraph, can tell himself or another what he read and 
can understand what he read. 

If these brief essays have helped some teacher to make 
· his teaching a little clearer, and hence more effective, and 

have helped some student to free his study of algebra of an 
air of mystery, they have justified the hopes of the author 
and have repaid him for his labor. 

Sincerely 

J. W. Calhoun, 
The University of Texas 

May 15, 1946. 

•Dr. Calhou!l was formerly President of The University of Texas, and has been a 
lifelong teacher of mathematics in rural schools, city high school and in the Uni
versity. His preSent title is Professor of Applied Mathematics and Astronomy. (Ed. } 





CHAPTER I 

Make Algebra Talk 

JN A REPORT recently made 
by a large committee from 

the staff of Harvard Univer
sity and entitled General Edu
cation in a Free Society, it 
appears that Algebra in the 
Ninth Grade constitutes one 
of the highest hurdles for the 
student and causes one of the 
greatest (if not the very 
greatest) percentages of fail
ure. As this report repre
sents some two years of study 
by a highly intelligent com
mittee and the expenditure of 
a large sum of money, it seems 
to be worthy of serious con
sideration on the part of the 
teaching staff of the . high 
schools of the country who 
have a part in the teaching 
of Algebra. The authors of 
the report agree that Algebra 
is an important subject and 
that competence in it is desir
able. 

This article is written in the 
hope of aiding some Algebra teach
ers to make the subject of begin
ning Algebra more intelligible and 
hence more interesting. It is highly 
important at the outset for the 
teacher to be clear in his own mind 
as to the nature and the f1.fnction 
of Algebra as a subject in· the 
scheme of education. The teacher 

must see more in it than a mere 
juggling of x, y, z's and somehow 
getting the answer to a problem 
that would otherwise be difficult or 
impossible. The teacher must know 
'enough about the subject, its mean
ing, its implications and its uses to 
be able to clothe the x, y, z skeleton 
with an attractive body and to 
breathe into it a living spirit. If 
he can do this the rest should follow 
as a natural consequence. 

Algebra As a Language 

Algebra must be looked at and 
understood as a language. The 
ability to use a rich and an exact 
language is one of the highest at
tainments of culture and one of 
the most desirable attributes of an 
educated mind. As a language 
algebra is a highly condensed and 
concentrated language. It is also 
an exact language. It is a lan
guage stripped down to essentials 
where · all extraneous matters are 
absent. For example: The state
ment that if the age of a father 
be added to the age of the son, the 
sum will be sixty years when trans
lated into the language of algebra 
becomes x+y=60. If it be further 
stated that the father is thirty 
years older than the son, this state
ment becomes in the language of 
algebra x-y=30. These two ex
pressions x+y=60 and x-y=30 
cont.ain all the neces§ary informa
tion required to find the age of each 
one. The essential facts are that 
two numbers add up to 60 and dif
fer by 30. Having the streamlined 
statements 



the mind is easily fixed cm the mat
ter of finding the two numbers 
with no outside features to con
fuse and distract the attention. 

Language Is "Streamlined" 

In simple interest the student 
learned that the amount of interest 
on any principal at any rate per 
cent for any number of years is 
found by taking the product of the 
three numbers representing the 
quantities, principal, rate, time. 
This is expressed compactly and 
complet ely in the language of 
algebra by writing I=Pr t when I 
means the interest, P, the principal, 
r, the rate, and t the time. This 
is an example of concentrated or 
compressed or streamlined lan
guage. In physics Boyles Law 
states that if a certain v0lume of 
gas is confined in a compression 
chamber and if the volume of gas 
is measured at any time and the 
amount of pressure is measured at 
the same time, the product of these 
two numbers will remain un
changed even though the pressure 
may be increased or diminished. 
That is an increase or a decrease 
in pressure will result in a decrease 
or an increase in volume so that 
the product of the pressure (meas
ured say in pounds) and the volume 
(measured say in cubic f eet) will 
not be changed. If the product is 
at some moment say 100 then in the 
language of algebra pv= lOO; 
though p may change v will also 
change so as to keep the product 
100. More generally if K be any 
constant reptesenting the product 
of p and v at some time then Boyles 
Law is stated: pv=K. It is clear 
that any increase in p or v must 
result in a decrease of the other 
and vice versa. 

If a body is falling freely start
ing from rest the distance through 
which it falls is about 16 feet multi.
plied by the square of the number 
of seconds it has fallen. If the dis
tance in feet is called "s" and the 
time falling in seconds is called "t" 
then s=l6t2 gives the distance 
fallen in t seconds. Science 
abounds in Jaws and relations that 
can be most usefully, precisely and 
briefly stated in the language of 
algebra. 

"Word Problems" 

One of the bug-a-boos of algebra 
teachers and students is the so
called "word problems." These 
problems require for their solution 
merely the translation of what is 
stated in the English Language 
into the language of algebra. If 
the teacher will persist in training 
the student to read his problem 
carefully and to try sorting out the 
bits of information contained in 
the wording and then translating 
these statements into the language 
of algebra most of the trouble with 
"word problems" will disappear. 
Let us take a few simple examples. 
In making some concrete two-thirds 
as much gravel as sand is used and 
one-half as much cement as gravel. 
How much of each was used if 120 
pounds is used in all? 

1. Now how much concrete is to 
be mixed? Answer: 120 pounds. 

2. How many things are to be 
used? Answer 3. 

3. Of which material- is most to 
be used? Answer: sand. 

4. Do we know how many 
pounds of sand are used Answer: 
No. 

5. If we did know how could we 
find the amount of gravel? Answer: 
By taking % as mu.ch as the sand. 
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6. How then could we find the 
amount of _ cement? Answer: By 
taking half as much as the gravel. 

7. Which amount then seems 
most important in finding the 
others? Answlilr: sand. 
Then since we do not know what 
number of pounds is sand we shall 
say 

x=number pounds of sand. 
Since two-thirds as much gravel 
as sand is used the gravel is % of 
x or 2x. Since one half as much 

3 
cement as gravel is used it is 1h 
of 2x or x. Now since sand added 

3 3 
to gravel added to cement gives 120 
pounds we must have the equation 
of x (sand) + 2x (gravel) + x 

3 3 
(cement) = 120 

or 
x + 2x + x = 120. 

- -
3 3 

This equation is an exact transla
tion of the English statement of 
the problem. The problem, there
fore, contains its own solution. 

Take a second example: 
Two boys together pick 250 

pounds of cotton in a day. If twice 
what one picked is three times what 
the other picked, how much did 
each pick? · 

What facts are stated? 
1. Two boys together picked 250 

pounds. 
2. Twice the number one boy 

picks is three times what the other 
one picked. 

3. Do we know how much each 
picked? No. 

4. Did they pick equal amounts? 
No. 

5. What do we wish to find out? 
What each boy picked. Since we 

do not know what either one picked, 
let us say one picked x pounds and 
the other y pounds. 
Then x+y=250 (why?) 
If x is bigger than y then 2x=3y 

(why?) 
If 2x=3y then x=3y (why?) 

2 
Then 2y+y=250 (why?) 

3 
2y+3y=750 

5y=750 
Y=150 . 

2y=100 

3 
Therefore one boy picked 150 
pounds and the other 100 pounds. 

Check 100+150=250 
2(100)=3(100) 

300=300. 
As a final example: 

A stock raiser feeds a mixture 
of two grades of corn, the first 
worth 80 cents a bushel, the second 
worth 88 cents a bushel. How. 
many bushels of each must he take 
to make a mixture of 200 bushels 
worth 82 cents a bushel? 

What are the facts told the stu
dent? 

1. Price per bushel of two 
grades of corn. 

2. Mixture of 200 bushels to be 
made. 

3. Cost of mixture per bushel 
to be 82 cents. 

Required: to find amount of each 
grade used. 

Since we do not know how much 
of each was used we may let x be 
amount of 88c corn and y the 
amount of 80c corn. 
Then x+y=200 (why?) 
Since we are to have 200 bushels 
worth 82 cents a bushel the mixture 
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must be worth 200 times 82c= 
$164.00. 
Since we use x bushels at 88 cents 
a bushel the value of that part of 
the mixture is 88x cents, similarly 
the cheaper part is worth 80y 
cents. What then is the value of 
both together? Clearly, it is the 
sum of 88x and 80y and so the 
new information becomes 
88x+80y=16400 (why not 164 ?) 

Now, we already have x+y=200 
and hence the two statements in the 
language of algebra that we have 
translated from the English of the 
"Word Problem" are 

x+y=200 
88x+80y=l6400 

The rest of the. problem is routine. 

-----0,---~-

CHAPTER II 

Negative Numbers 
Is There Something Less 

Than Nothing? 

THIS paper is an e'ffort to 
remove some of the mys

tery from negative numbers. 
These numbers make their . 
first appearance rather early 
in algebra. They sometimes 
seem to the student to be 
something unreal and mys
terious. 

In arithmetic all numbers. are of 
the same kind. They are neither 
positive nor negative numbers. 
They are just numbers. In arith
metic if numbers are added, sub
tracted, multiplied or divided the 
result is always a number. The 
only exception to this statement 

is that in subtraction in arith
metic a number cannot be sub
tracted from a number smaller 
than itself, i.e., 5-8 is an impos
sible operation in arithmetic. This 
means that arithmetically speak
ing 8 cannot be subtracted from 5. 
The operation is impossible. 

A New Kind of Number 

In algebra we invent a new sort 
of number called the negative num
ber. We take our old friends, the 
numbers of arithmetic, and tell 
them that hereafter they shall be 
called positive numbers and we call 
the new numbers that we now in
vent negativ<J numbers. We use 
the same digits to indicate negative 
numbers that we µse to repre
sent positive numbers. But we 
precede each by the minus sign, 
thus. -3 is read "minus three;' 
with the same notation for all 
negative numbers. We may if we 
choose write the positive numbers 
+3, +9, +13 but when no sign 
appears before a number it is 
positive; but if a number is nega
tive it must be preceded by the 
minus sign. Zero is neither posi
tive nor negative and separates 
the positive from the negative num
bers. 

It is instructive to picture the 
numbers, positive and negative as 
points on a straight line. Some 
point is chosen to represent zero 
then all positive numbers will lie 
on one side of zero and all negative 
numbers on the opposite side, no 
positive number is on the negative 
side and no negative number is on 
the positive side. The Jim Crow 
Law operates one-hundred per 
cent. It is customary to call num
bers on the right-hand side of Zf:!ro 
positive and on the left negative. 
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-4 -3 -2 -1 0 1 2 3 4 -.-.-.-.-.-.-.-.--:-. 
In the above diagram any conven· 
ient unit of length may b~ taken as 
1 and thus locate the points repre
senting the positive and the nega
tive integers. Of course, all proper 
fractions lie between 0 and 1, 21/a 
lies between 2 and 3, -41/s between 
-4 and -5 and sci on. 

Adding Negative Numbers 

We must now make a new defini
tion of addition and subtraction, as 
follows: 

1. To add a positive number to 
. any number begin with the 
number to which something 
is to be added and count to 
the right as many numbers 
as are being added. To add 
a negative number count to 
the left. 

2. To subtract a positive num
ber count to the left, to sub· 
tract a negative number count 
to the right. 

Example: Add 4 to 1. Begin on 
1 on . the diagram and count 4 to 
the right, this brings us to 5. This 
is our familiar arithmetic result. 

Now subtract 4 from 1. Begin 
on 1 and count 4 to the left , thi~ 
brings us to -3. We then haw 
the algebraic result 1-4=-3. 

To add a negative number to " 
given number begin on the given 
number and count as many to th e 
left as there are units in the nega
tive numbers. To add -5 to 2 
begin at 2 and count 5 to the left. 
This brings us to -3 : Then - f• 
added to +2=-3. Conversely 
subtracting a negative numbe1 
means counting to the right. 

Hence: To add a positive num
ber or to subtract a negative num· 
her, count to the right. To suh· 

, 

tract a positive number or add a 
negative number count to the left. 

What Does "Zero" Mean? 
Does zero mean "nothing?" In 

arithmetic the difference between 
2 and 2 or 5 and 5 or any two equal 
numbers is zero. Since there is no 
difference between 2 and 2 or 5 and 
5 it is not unreasonable to say that 
zero means nothing. But in alge
bra where we have positive num
bers and negative numbers zero is 
the number that separates them. 
It is neither positive nor negative 
but does not mean "nothing." Its 
meaning is as real as the meaning 
of any other number. 

We may add zero to any number, 
subtract zero from any number or 
any number from zero, multiply 
any number by zero or zero by any 
number. Zero has the following 
peculiarities: 

1. Any number multiplied by 
zero gives zero for a product. 

2. Zero cannot be used for a 
divisor. 
5x 7x Ox 86x31=0 
5/ 0, 1/ 0, -3/ 0 are all mean
ingless expressions. 
If 5/ 0 could equal some num
ber, say, k then 5/0=k. 
Clear of fractions by tht 
usual method and we have 
5=0xk, but zero times k 
equals zero for all values of 
k. Hence we have 5=0. This 
is an absurd contradiction. 
Algebra will not tolerate con
tradictions and so will not 
tolerate division by zero. 
Apply to Thermometer 

On an ordinary Fahrenheit 
thermometer the freezing point is 
marked 32, befow that point is the 
mark zero. This does not mean 
that at that · point there is no 
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temperature. The temperature at 
zero is as definite a quantity as at 
any other point. When the tem
perature is ten degrees above zero 
we say the thermometer reads 10. 
When it is ten below zero the read
ing is 10 but not the same 10 as 
above. We distinguish by calling 
ten below minus ten, that is -10. 
In speaking then of temperature 
if it is warmer than zero it is called 
plus, if colder, minus. That is a 
number indicating a temperature 
warmer than zero is a positive 
number, one indicating a tempera
ture colder than zero is a negative 
number. There is nothing more 
unreal or mysterious about tem
peratures lower than zero than 
temperatures that are higher. 

Apply to Bank Account 

If a man has $100.00 in a bank 
that is called his balance and the 
amount is written in black ink. 
If he cashes a check for $200.00 he 
now has an overdraft of $100.00 
and his balance is now written in 
red ink. Black ink balances are 
what the bank owes to depositG'rs, 
red ink balances are what deposi
tors owe the bank. Zero is the 
division point between black and 
red balances. When- a balance is 
zero the bank does not owe the 
depositor and the depositor does 
not owe the bank. 

If time since the birth of Christ 
is called positive then time B.C. 
would be called negative. Time at 
the birth of Christ would be zero 
time. A.D. 100=+100. B.C. 500= 
-500. Columbus discovered Amer
ica +1492, Julius Caesar was 
assassinated in -31. If a gain of 
$500.00 is plus, a loss of $50©.00 is 
minus. This idea can be carried to 
East vs. West, North vs. South, up 

vs. down, fever vs. chills and so an 
ad lib. 

CHAPTER III 

The Equation 
Be Sure To Keep Your 

Balance 

IF A HAT and a pair of 
shoes each costs five dollars, 

we say their prices are equal. 
If two men were born on the 
same day, we say their ages 
are equal. If two baseball 
teams have won and lost the 
same number of games, we 
say their standings are equal. 
Two quantities are equal 
when they. are represented by 
the same number. An equa
tion is the statement tliat two 
numbers are equai: 5+3=8, 
12-3~9, 7 x 5=105+3 ··are 
all examples of numerical or 
arithmetic equations. 

In algebra where we represent 
numbers by letters as well as by 
the ten digits of arithmetic the 
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equation assumes an important 
role. It is necessary in the solu~ 
tion of most algebra problems. If 
we write x+5=23, this is a state
ment that x must be such a num
ber that when 5 is added the result 
is 23, or that x and 5 have their 
sum equal to 23, or that x is a num
ber lacking 5 of being 23. The ex
pressions on either side of the 
equality sign are called the mem
bers of_ the equation. 

Like a True Balance 
An equation is like a true bal

ance. ln the figure, ·if weights 
of 6 pounds and 4 pounds are 
placed in the left hand pan and 
two 5-pound weights are placed 
in the right hand pan, the system 
will be in perfect balance because 
the weight on each side is ten 
pounds. If now 2 pounds be added 
to one .side of the scale, what must 
be done if the balance is to re
main? Two pounds must be added 
to the other. If the weight in 
one side is doubled, it is clear that 
the weight on the other s-ide must 
be doubled if the balance is to be 
preserved. As a matter of fact, 
unless the balance is to be de
stroyed whatever is done to one 
side must be done to the other. It 
is the same way with an equation. 
5+5=10. If 2 is added on the left, 
then 5+5+2=10 is an untrue state
_ment and can only be made true 
by adding 2 on the right so as to 
have 5+5+2=10+2. 

Value of One x 
If we are given the equation 

5x=15, it is usually required to 
find the value of one x. This is 
accomplished by dividing each 
member of the equation lty 5. 
5x+5=x and 15+5=3. Hence, we 
write x=3. This is called "solving 

the equation . for x." Usually 
equations do not occur in so sim
ple a form as 5x=l5, but are more 
likely to appear in such form as 
3x+l=x+13. It is then necessary 
to collect all terms in x on one 
side of the equation and all the 
ordinary arithmetic numbers on 
the other. Recalling tha. an equa
tion is a balance with each side 
equal to the other, let us look at 
the equation 3x+l=x+13. If we 
subtract x from each member, the 
equation will then become 3x-x+ 
l=x-x+13, or 2x+1=13. If we 
now subtract 1 from each member 
we shall have 2x+l-1=13-1, or 
2x=12. We now see at once that 
x=6 and the equation is solved. 
Note that what was done to one 
side of the equation was dene te 
the other and so the balance was 
preserved from beginning to end. 

Transposition 

The process carried out above is 
usually called transposition and is 
performed as follows: 

3x+l=x+13 
Transpose x to the left when it 

becomes -x and transpose 1 to 
the right when it becomes -1 and 
we have 

3x-x=13-l 
2x=12 
x= 6 

This operation gives the correct 
solution but the words give an 
erroneous idea. Carrying x to 
some other place cannot change x 
to -x. It is impossible to carry 
+1 to some place and have it be
come -1. Carrying a number 
across an equation sign can no 
more change its value than carry
ing a profit across the street can 
change it into a loss or ferrying a 
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white man across a river can 
change him into a black man. 

Subtract Same from Each Side 
' Looking again at the equation 

3x+l=x+13, and thinking about 
what is really done we see that if 
x is subtracted from each mem
ber 2x will be left in the first 
member and no x at all in the 
second. We then have 2x+1=13. 
If we now subtract 1 from each 
member we shall have only 2x on 
the left and 12 on the right, or 
2x=12. But note carefully that 
+1 does not cross the · equality 
sign and become -1 and x does 
not cross and ·become -x. We 
only subtract the same things 
from each side. 

Take 4x-5=7x-l 7 

Subtract 7x from each side and 
4x-7x-5=7x-7x-17 

Now add 5 to each side. 
The 4x-7x-5+5=7x-7x-17 

+5 
or 

-3x=-12 
x=4 

Of course, after the student has 
come to see and realize that trans
position is only adding the same 
thing to each side or subtracting 
the same thing from each side he 
will omit a good deal of what was 
done above. 

Given: 4x-5=7x-17, he will 
see that to remove 7x from the 
right and -5 from the left it will 
be necessary to subtract 7x from 
each side and to add 5 to each side. 
He will then, as a matter of course, 
write -3x=-12 

x=4 
Similarly: 

5x+3-3x=l8-x 

Now adding x and subtracting 
3 on each side gives 

5x+x-3x=15 
3x=15 
x= 5 

The importance of understand· 
ing that transposition (so called) 
is merely adding or subtracting the 
same number on each side of the 
equation, is either increasing or 
decreasing the weights on each 
side of the scale by the same 
amount and thus preserving the 
balance cannot be too strongly 
emphasized. 

Algebra is a rational subject 
and its operations are devoid of 
mystery or nonsense. 

o-----
CHAPTER IV 

Irrational Numbers 
lVhen Is a !I/umber 

!Vot a !I/umber? 

WE SAW in the second 
chapter that Algebra 

used two kinds of numbers, 
positive numbers and nega
tive numbers. It also used 
zero that is neither posit,ve 
nor negative but separates the 
two kinds of numbers from 
each other. 

Real Numbers 

Positive numbers, negative num
bers and zero are also called real 
numbers in contrast to some num
bers that we have not yet heard of 
called imaginary numbers. Of 
these more later. Real numbers in
clud~ all positive integers, negative 
integers, positive fractions, nega
tive fractions and zero. Real num-
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hers also include such numbers as 

y2, y3, ~. y7, " and all such 
numbers as cannot . be exactly ex
pressed either as fractions or whole 
numbers, but can be approximately 
expressed as whole numbers or 
fractions. If we attempt to find 
the square root of 2 by the regular 
arithmetic method we get 1.4141 
and find that however many figures 
we may find there are always more. 
" wh'ich is the length of the circum
ference of a circle whose diameter 
is 1 is written 3 1/ 7, 3.14, 3.1416, 
3.14159 depending on what degree 
of accuracy is required. 

Only Approximation 
But none of these numbers is 

exactly equal to Tr. They are only 
approximations. rr has been cal
culated and checked to two hun
dred and fifty decimal places but 
there are millions more that have 
never been calculated and that 
never will be. But it is well known 
that the number is between 3 1 / 7 
and 3 1/ 8. To fifteen decimal 
places ... =3.141592653589793. All 

numbers such as y'2, -o/5, 7r and 
the like that cannot be expressed 
exactly as whole numbers, frac
tions or mixed numbers are called 
irrational numbers. 

Rational and Irrational Numbers 
All numbers that can be ex

pressed as whole numbers, frac
tions or mixed numbers are called 
rational numbers. Irrational num
bers probably arose from the at· 
tempt to solve quadratic equations. 
If we have x2=4, x2 =9, x2 =49. 
x2 =16 / 81, x2 =169/ 25, we find at 
oncP x=2. x=3, x=7, x=4/ 9. x= 
13 / 5 as the solutions of om equa
tions. But if x2=l 7 or x2=3 or 
x2=41, we cannot find x exactly. 
If x2=17, it is plain that x is a 

little more than 4, but it is im
possible to find any number like 
4.1, 4.2, 4.09, 4.12, 4.113 which 
when squared will give 1 7. The 
square of all such numbers is less 
than 17 or more than 17. Hence 
the square root of 17 cannot be ex
pressed as a rational number we 
therefore say that if x2=17, then 

x=yl 7 and that by definition 

(y'l7) 2 =17. Since these numbers 
cannot be exactly expressed either 
as whole numbers or as fractions, 
they get the name of irrational 
numbers. That is crazy numbers. 
We sometimes say that a person 
who is not rational is crazy. 

Irrational But Real 

But these irrational numbers are 

also real numbers. y2 is as real 
as 1. If ·a right triangle has its 
legs each equal to 1, the hypotenuse 

is y'2. The line wnose length is 

v2 can be as accurately construct
ed as one whose length is 1, 2, or 3. 

We learned in multiplication 
that when two factors are multi
plied together the product is a posi
tive number if both factors are 
positive or both negative. The 
product of two factors is negative 
if one factor is positive and the 
other negative. Thus ( +2) ( +3) 
=+6, (-2) (-3)=+6, (+2) (-3) 
=-6, and (-2)(+3)=-6. It 
follows that any number such as 
we have been using squared, that 
is multiplied by itself, gives a posi
tive number as its product. 

(4) (4)=16 
(-4) (-4) =16 
(-3/ 2) (-3/ 2)=9/4 

(y2) (y'2)=2 

<v7> <v7>=7 
<-vii> (-yii)=ll. 
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Definition: Any number whose 
square is positive is a real number. 

"Imaginary" Numbers 

Suppose we have an equation 
x2= -1. What is x? x can be 
neither a positive number nor a 
negative number. If we take x= 
-1 then ( ~1) 2=1 and not -1. 
Therefore if x2= ..;._1, x is neither 
+1 nor -1. What then can x be? 
We shall have to say there is no 
such number as x when x2= -1 or 
we shall have to invent a new sort 
of number--one whose square is 
negative. This new unit we invent 
and call it i, and we define it thus 
i2= -1 and also (-i) 2= -1. 
Then if x2= -1 we say x=±i. 
Since we have just seen that the 
square of any real number is posi
tive, i cannot be a real number 
since its square is negative. The 
simplest wor? opposed to real is 
imaginary. So we say i is an 
imaginary number. We, therefore, 
get this definition : An imaginary 
number is a number whose square 
is negative. 

If now we have x2= -4 we can 
say x2=4(-1), x=±2 y'-1. But 
y-1 is i and so x=±2i. It fol
lows that y-25=y25 (-1) = 
5y-1=5i, v'-7 = y7(-1) = 
y'iy'-1 = y7i or better hfl. 
So any imaginary number can be 
expressed in a form where the only 
imaginary part is i. i is called the 
imaginary unit and plays the same 
role in imaginary numbers that 1 
plays in real numbers. e.g. 5 means 
5(1), 13% means 13%(1), 195 
means 195(1). So y-16= 

v'16 c-1 > = 4v'-1 = 4i, v-=--36 
=6i, y-5=y5 (i), v'-19= 
yl9 (i), y-47 = y'47 (i). Of 

course i y5 is the same as y5 i 
and so for any other number 

±y'-a2 = ±a·i = ±i a. 
"Imaginary" Numbers Are Real 

It should be understood that the 
term imaginary does not mean that 
such _numbers as i, 3i, -7i, yIT i, 
-y5 i have no existence. These 
numbers are not imaginary in the 
sense that fairies, unicorns . and 
goblins are imaginary. They have 
as real an existence as any other 
numbers and have numerous uses 
in science and engineering. A num
ber is not lacking in existence be
cause it cannot be used to count 
dollars. Even ordinary fractions 
are limited in their applications 
but their existence is never ques
tioned. One can eat two and one 
half apples but one cannot look out 
of a window two and one half 
times. One cannot fire a gun two 
thirds of a time, he cannot sit down 
minus two times, he cannot vote 
the square root of five times. 
These are uses that can be per
formed only by positive whole num
bers, others that can be performed 
by fractions and mixed numbers, 
still others that can b~ indicated by 
irrational numbers. Just as there 
are operations requiring the use 
and application of the so-called 
imaginary numbers. But that is 
beyond the scope of this article. 

CHAPTER V 

The Quadratic Equation 
This is "on the square" 

A PRECEDING chapter 
dealt with the nature of 

the equation and the rules of 
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operating with it. In that 
article all equations consid
ered were those containing the 
simple Vli\riable or unknown 
x. Of course, the discussion 
would apply equally well if 
the variable or unknown were 
y, z, t, or any other symbol 
representing a number. But
there are certain problems 
arising in Algebra that in
volve not only x but x2 as well 
in the same equation. 

e.g. If the product of two 
consecutive whole numbers is 
equal to 156, what are the 
numbers? 

Let x = the smaller number 
then x + 1 = the larger 
and x(x+1)=156 

or 
x•+x=156 

This equation contains both x and 
x• and its solution cannot be found 
in the same way as the solution of 

2x+7x=81 Jr 
3x-x=l2 

Again: A man undertook to build 
a wall for $35. It took him two 
days longer than he ~pected and 
so he made $2 a day less than he 
expected. How long did he think 
it would take him to build the wall? 

Let x = number of days he ex
pected to work. 

Then x + 2 = number of days 
he actually worked. 

$35 
and - = daily pay he expected 

x 
$35 
-- = daily pay he got 
x+2 

35 35 
Then - - - = $2 (Why?) 

x x+2 
Now multiply every term of the 
equation by x(x+2) and we have 

35 (x+2)-35x=2x (x+ 2) 
=2x'+4x 

25x+70-35x=2x2+4x 
2x2+4x=70 
x2+2x=35 

This is again an equation contain
ing x2 and x. 

Solving the Equation 

How then are we to solve an 
equation of this kind? Of course 
if ·we had x2=4, x2=l6, x' =25, 
x'=2, x•=-4, we should merely 
t ake the square root of each mem
ber of the equation and recalling 
that any number has two square 
roots differing only in sign we 
could write at once : 

x=±2, x=±4, x=±5, x=±y2, 
x=±2i as the solutions of the 
above equations. Or instead of 
writing x' =4, x'=25, x'=2, we 
might write x2-4=0, x2-25=0, 
x2-2=0 and since (x2-4) = (x-2) 
(x+2) and x2-25= (x+5) (x-5) 

and x2-2= (x-yZ) (x+y2) ea:ch 
of these products is equal to zero 
and hence (x-2) (x+2) =0, (x- 5) 

(x+5) =0, (x-y'2) (x+y2) =0, 
etc. 
Now if a product is equal to zero 
one (at least) of its factors must 
equal zero. 
We then have 

x-2=6 or x+2=0 
x-5=0 or x+5=0 

x-yibo or x+y'2=0 

The possible solutions are then 

x=2 
x=-2 

x=y2 
x=-y2 
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This is the method of factoring. 
If then we have x2-3x+2=0 we 
see that we can factor this expres
sion into (x-2) (x-1) =0, then 
x-2=0 or x-1=0, hence x=2 or 
x=l. The solutions to this equa
tion are 2 and 1. Putting 2 for x 
in x2-3x+2=0 we have (2) 2-3 
(2)+2=0 or 4-6+2=0 which is 
true. Then we see that x=2 is a 
correct solution. Now take x=l 
then (1) 2-3(1)+2=0 or 1-3+ 
2=0. Again this is true and we 
see that· the equation x2-3x+2=0 
has two solutions x=l and x=2. 

Suppose we have x2+6x+l=O. 
We cannot factor x2+6x+l as we 
did x' -3x+2 and so we must re
sort to some other method of find
ing a value of x that will satisfy 
the equation x'+6x+1=0, consider 
the following: (x+l) 2=x' +2x+l, 
(x + 2) 2 =x2+4x+4, (x+3)2 =x2 
+ 6x+9, (x+a) 2=x2+ 2ax+a2, 
(x-b) 2=x2-2bx+b2. 

Notice that the third term in 
each of the above examples can be 
found by taking one-half the co
efficient of the first power of x and 
squaring it. e.g., x2+4x+4, take 
one-half the coefficient of x (e.g., 
half of 4) or 2 and square 2 and 
this gives the last term or 4. x2+6x 
+9, one-half the coefficient of x is 
3 and 3 square is 9, the last term. 
x'+2ax+a', one-half the coefficient 
of x is a and the square of a is a', 
the last term. If then we have 
x2+6x and wish to complete the 
square we take one-half of 6 or 
3 and square 3 and get 9. Then 
x' +6x+9 is a perfect square, the 
square of x+3. In the same way, 
to complete x'+IOx to a perfect 
square take one-half of 10 or 5 and 
square it and add to x2+IOx and 
we then have x2+1ox+25 or the 

exact square of x+5. Now take 
x2-7x and complete the square. 
One-half of -7 is -7/ 2, (-7/ 2)' 
=49/42. Hence x2-7x+49/ 4?= 
(x-7/ 2) 2

• 

Now to return to our equation 
x2+6x+l=O. Subtract 1 from each 
number of the equation and we 
have x2+6x=-l. 

Now complete the square on the 
left by adding the square of 3 or 
9 to each side and we have 

x'+6x+9=-1+9=8 
The left-hand member is now the 
square of x+ 3 and we may write: 

(x+3) 2=8 
Now take the square root of each 
side and we have 

x+3=±y8 
or x=-3±yS 

We now have the two values that 
x can have if x2 +6x+1:::::0. 

Check Results 
Let us check our result. Take 

-3+y8 and substitute it for x in 
the original equation. This gives 

(-3+y/S) ' +6(-3+y8)+1. Let 

us see if this is zero. (-3+y/S) '= 

9-6y8+8=17-6yS and (6(-3+ 

yS)=-18+6yl8. Now add 

x2=17-6y8 

6x =-18+6v8 
1 =1 

Sum =0+0=0. 

We see that x=-3+y8 is then a 
solution of the equation. The reader 

can check for x=-3-y/S in the 
same way. 

Given 3x2-9x-2=0. First di
vide by the coefficient of x' ( =3 in 
this case) and we have 

x2-3x=2/ 3 
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Now add the square of -3/ 2 to 
each side and get 

x'-3x+9/ 4=2/ 3+9/ 4= 
8/ 12+27/ 12=35/12 

Thus (x-3/2) 2=35/ 12 

x-3/ 2=±\/35/ 12 

x=3/2±\/35/ 12. 
Notice that 35/ 12 is almost 3 and 

that \/35 / 12 is almost =yS=l.73 
-Hence x=3 / 2±1.73=1.5±1.73= 
3.23 or -.23 are very close approx· 
imations to the values of x. 

Take x2+5x+8=0 
Then x2+5x=-8 

and x2+5x+(5/2) 2= 
-8+ (5/ 2) 2 =-8+25/4= 
-7/4 

Thus (x+5/2) '=-7/ 4 

and x+5/ 2=±\/-7/ 4 

=±~ 7 =± \/ 7=±i\/7 
4 2 2 

i\/7 
Therefore x+5/ 2=±--

2 

5 i\/7 -5±i\/7 
x=---+-

2 2 2 
This introduces i which we have 

seen = \/-1 and is the imaginary 
unit. Our solution of x2+5x+8=0 
then contains both real and imagi
nary numbers. Such numbers are 
called complex numbers. You will 
have a good deal to do with com-

- plex numbers if you go to college 
and -study engineering or the phys
ical sciences or mathematics. 

Let us return · now to the two 
problems with which this article 
began. The proplem of the product 
of two consecutive whole numbers 
whose product is 156 gave rise to 
the equation x2+x=156. The prob
lem of the wall and its builder gave 
us x2+2x=35. 

In x2+x=156 completing the 
square we have 

x•+x+l/ 4=15614=625/4 

x+ % =±\/625/4=±25/ 2 
Then x=-%±12%=12 or -13 
Then x+1=13 or -12 
Now 12 X13= -12(-13)= 156 

and our problem is solved and the 
solutions checked. Now take 

x'+2x=35 

Then x' +2x+1=35+1=36 

x+1=±6 
x=-1±6=5 or -7 

But as working -7 days would 
make no sense we take x=5. 

The contractor expected to work 
5 days for $35 and so earn $7 a 
day. He actually worked x+2 or 
7 days for $35 and "so earned $5 
a day which was $2 a day less · 
than he expected . 

In solving problems of this sort 
you should test the correctness of 
your answers by checking them 
against the problems instead of 
looking to see if you have the 
answer in the book. 

CHAPTER VI 

Make Algebra Translate 
English 

A story is told of an illiterate 
mother who was proud of her son 
who was studying algebra. One 
day when a visitor was present she 
said: "Willie, say something to the 
lady in algebra." This was sup
posed to be a joke .but Willie might 
have said: x + y = 13. He would 
then have been "saying something 
in algebra." He would have been 
putting into algebra the statement 
that "I have in mind two numbers 
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whose sum is thirteen." Or he 
might have said x(x+3)=28. In 
that case he would have been trans
lating into algebra the English 
statement that if a certain num
ber is multiplied by a number 
three bigger than it is the product 
will be twenty-eight. Willie might 
have said (x+y) (x-y) =x2-y2. 
He would then have been saying 
that if the sum of two numbers is 
multiplied by the difference of the 
same two numbers the product will 
be the same number that would 
result if each number were multi
plied by itself and the smaller 
product subtracted from the larger. 
As an example of the fact that 
(x+y) (x-y) =xz-yz take 
(7+5) (7-5)=49-25=24. 
Check: 7+5=12 and 7-5=2 

so (7+5) (7-5)=12(2)=24. 
See how much clearer and more 
concise is the statement 

(x+y) (x-y) =x2-y2 than the 
long English statement a few lines 
above. It may be well to note that 
the above equation can make cer
tain problems in multiplication 
quite simple. E.g. ( 31) (29) = 
(30 + 1) (30 - 1) = (30)2 - F= 
900-1=899 Similarly (73) (67) = 
(70+3) ( 70-3) =4,900-9=4,891. 

Word Problems Made Easy 
One important use of the trans

lation of English into algebra 
arises in the solution of what are 
commonly called "word problems." 
These almost uniformly seem to he 
hard for the teacher to teach and 
for the pupil to learn. This should 
not be the case for the task of find
ing the proper equations for the 
solution of a given "word problem" 
is almost wholly a matter of trans
lation. When this is understood it 
will be found that the solution of 

a given problem is to he found in 
the statement written in the hook. 
Let us take a few simple examples. 

The sum of a father's age and 
his son's age is 55, the difference 
between the ages is 25. How old is 
each'? What are we told? Answer: 
The sum of two numbers and the 
difference between the same two 
numbers. What are we asked to 
find? Answer: The two numbers. 
If x stands for the father's age and 
y for the son's age, the first state
ment in the problem when trans
lated into algebra says x+y=55 
and the second says x-y=25. The 
obvious solution of these two equa
tions is x=40, y=l5. 

Again: A father is twice as old 
as his son, twenty years ago he 
was six times as old. How old is 
each now? What are we told? 

Answer: A father is now twice 
as old as his son. If then we let 
x = son's age, what will be the 
father's age? Answer: 2x. Why? 
If xis the son's age now, what was 
his age twenty years ago? Answer: 
x-20. What was the father's age 
twenty years ago? Answer: 
2x-20. How did their ages com
pare then? The problem says the 
father was six times as old as his 
son. How can you say that in 
algebra? Answer: 2x-20=6 (x-
20). Why? 
Solution: 

2x-20=6x-120 
4x=100 
x=25= son's age 

2x=50= father's age 
Check: 50-20=30= father's age 
twenty years ago. 

25-20=5= son's age twenty 
years ago. 30=6X5=30. 

Another: A can do a piece of 
work in ten days, B can do it in 
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15 days. How long will it take both 
working together? What are we 
told? Answer: If A can do the 
job in 10 days he can do 1/ 10 in 
one day and likewise B can do 1/15 
in one day. Since we do not kno; 
how long it will take both together 
we call that time x days. If they 
take x days to do it the part they 
can do in one day together is l/x. 
But A can do 1/ 10 and· B can do 
1/15 and so l/x=l/ 10+1115. Mul
tiplying each term of the equation 
by 30x (the lowest common de
nominator), we have 

30=3x+2x 
5x=30 
x=6 

Check: 1/10 + 1/ 15 = 3/ 30 + 2/ 30 = 
5/ 30= 1/ 6. Now if they can do 1/6 

· of the work in one day they can do 
it all in 6 days. 

Time ani:I Distance Problem 
Solved 

. Take a slightly more difficult 
problem. An auto took five hours to 
go from Austin to Dallas. If it 
had traveled ten miles an hour 
faster; the time would have been 
one hour less. How long was the 
trip and what was the speed? 

The time of the trip was five 
hours. We do not know either the 
distance or the speed but we do 
know that if the distance were di
vided by the speed the quotient 
would be 5. Why? Then let x = 
distance from Austin to Dallas and 
Y= miles per hour traveled; 

Then x/ y=5. 
If the speed had been 10 miles 

x 
faster, or Y+lO, then --- = 4. 

Y+lO 
We now have the words of the 

problem translated into algebra in 
the two statements x / y=5 and 

x 
--=4. 
y+lO 
From the first statement x=5y. 
From the second statement x= 
4y+40. Hence 5y=4y+40. Why? 

y=40 
x=5 ( 40) =200. 

We now know the speed was forty 
miles an hour and the distance 
traveled was two hundred miles. 
But take notice this was all told 
in the statement of the problem in 
the book. 

As a final example. On a small 
loan a man received $24 interest 
for one year. If his loan had been 
one hundred !follars more and his 
rate of interest one per cent less 
he would have received one dollar 
more in interest. How much was 
the loan and at what rate of in
terest? 

Discussion : Interest for one 
year is the product of principal 
(loan) and rate. E.g., $200 at 6% 
gives 200 X.06=$12 interest. Hence, 
if x is the principal and y the rate 
(expressed as hundredths, i.e., 
6%=.06), then xy=24. If his loan 
were $100 more and his rate 1 per 
cent less we should then have 
(x+lOO) (y-.01)=25. 

The statement of the problem in 
English now becomes stated in 
algebra: 

xy=24 
(x+lOO) (y-.01) =25 
or 
xy=24 
xy+lOOy-.Olx-1=25 

Our two conditions are now 
(1) xy=24 
(2) xy+100y-.Olx=26 

Now xy=24 or y=24/x. Putting 
this value of y in equation (2) we 
have: 
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24+100 (24/ x)-.Olx=26 
Multiply each term by x and get 

24x+2400-.0lx2=26x 
or .01x2+2x=2400 

Multiply by 100 and get 
x2 +200x=240,000 

Completing the square as shown in 
the preceding article of this series 
we have 

x2 +2oox+ 10,000= 250,000 
Take the square root of each mem
ber of the equation 

x+l00=±500 
x=-100±500 
=400 or -600 

Since a loan of -$600 could not be 
made we take x=$400. 

0

Now Y= 

24/ 4000::6/100=.06. Hence the loan 
was $400 and the rate of interest 
.06 or 6%. Check : 6% of $400 is , 
$24. $100 more or $500 at 5%=$25, 
which is one dollar more than $24. 

The above examples illustrate 
most of the cases that occur in 
high-school algebra. A careful and 
persistent insistence on the fact 
that if. you read the problem un
derstandingly you read out the so
lution at the same time, will help 
to dispel the idea that an algebra 
problem is some sort of puzzle that 
only the extra smart or especially 
gifted can unravel. Learn to Make 
Algebra : Talk. 
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