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For the past, nearly 15 years, the Gravity Recovery and Climate Ex-

periment (GRACE) has provided an invaluable view of mass variability in the

Earth system. During its time on orbit it has enabled unprecedented contri-

butions to hydrology, oceanography, and the cryosphere; however, GRACE is

currently approaching the end of its lifetime. As this approaches and future

dedicated satellite gravity missions are poised to continue its legacy, it’s im-

portant to highlight limitations in our current knowledge and explore areas

of improvement for future analysis. This work returns to the first principles

of gravity field estimation and explores some of the basic assumptions and

idiosyncrasies inherent in the estimation of Earth’s gravitational field.

Current gravity field estimation from GRACE attempts to optimally

combine GPS observables, which provide absolute positioning, with high ac-

curacy, relative inter-satellite measurements (KBR). While an optimal data

fusion procedure is utilized, empirical analysis has indicated that artificial

down-weighting of the GPS observable provides significant improvements to
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estimates of the gravitational field. The necessity of this ad-hoc treatment

signals a misunderstanding in the contribution of each observable to grav-

ity field estimates and deficiencies in the modeling of each observable. The

analysis of this misunderstanding begins with an examination of the GPS

observable’s ability to independently recover estimates of the spherical har-

monic coefficients. This not only provides insight into the effect of GPS on

the gravitational field, but examines the efficacy of using a single satellite to

fill a possible gap between GRACE and its follow-on mission. While these

single satellite derived gravitational fields have limited accuracy, their combi-

nation with satellite laser ranging (SLR) allows for the determination of large

spatial scale, long term trends from low degree harmonics (7x7). Additionally,

thorough examination of the combined gravity field solutions indicates that the

GPS observable is vital to stabilization of estimated parameters which perturb

at low frequencies, a significant weakness for the relative inter-satellite rang-

ing observable. These low frequency parameters – which include the satellite

initial conditions, accelerometer dynamicals, low degree harmonics, sectorial

harmonics, and harmonics of resonant order – are also the most susceptible

to contamination by dynamical modeling error. Therefore, it is necessary to

stochastically model the observation error with high fidelity, most notably the

frequency dependence caused by errors in the background dynamical models.

Accurate stochastic modeling of the observables is achieved by reexam-

ining the GRACE estimation problem from the Bayesian perspective. This

viewpoint highlights typical assumptions made in nominal GRACE process-

ing, most importantly that observation errors are independently Gaussian dis-
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tributed. Analysis of this assumption indicates its inaccuracy, necessitating

the utilization of algorithms which enable modeling of the frequency depen-

dence of the observable errors, through the observation covariance. The most

important of these error sources is the manifestation of dynamical modeling

error, which perturbs predominantly at low frequency and the orbital period,

similarly to the main contributions of the GPS observable. Accounting for

the frequency dependence of the observation errors shows the ability to im-

prove optimal data fusion, reduce error in estimates of the gravitational field

by mitigating stripes and, most importantly, drastically improves the formal

characterization of error in the estimated gravitational fields; facilitating scien-

tific interpretation and prognostication of Earth’s climate variability, optimal

combination with independent datasets and a priori constraints, and optimal

assimilation of GRACE data products with Earth system models.
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Chapter 1

Introduction

A deeper understanding of the Earth’s gravitational field has captivated

scientists since the days of Isaac Newton, with the motivation that enhanced

knowledge of the gravity field provides insights into the structure and com-

position of the Earth. As technological advances and the dawn of the space

program unlocked the potential for utilizing measurements of trajectories of

artificial satellites, the global determination of the Earth’s gravitational field,

both static and time varying, has steadily progressed to unprecedented accu-

racy levels; enabling discoveries across a host of scientific disciplines. Cur-

rently, one of the most advanced satellite missions dedicated to the determi-

nation of the Earth’s gravitational field is the Gravity Recovery and Climate

Experiment (GRACE). Jointly implemented by the National Aeronautics and

Space Administration (NASA) and the German Aerospace Center (DLR) un-

der the NASA Earth System Science Pathfinder (ESSP) Program [1], GRACE

has provided invaluable data to a variety of scientific fields: such as oceanog-

raphy, hydrology, glaciology, and solid-Earth sciences. To fully comprehend

the unique contributions of GRACE and the current challenges of gravity field

determination, it is reasonable to begin with an abbreviated background of the

historical developments related to the use of artificial satellites for gravity field
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determination. While this survey is brief and by no means comprehensive, it

provides a context for the remarkable contribution of the GRACE satellites

and foreshadows the evolution and challenges of gravity field determination in

the future.

1.1 Historical Background of Gravity Field Determina-
tion

As the space age launched along with the Soviet satellite Sputnik, a

new era of gravity field determination was poised to begin. Less than a year

later, in the first known use of an artificial satellite to determine the shape

of the Earth, Buchar [2] verified the existence of the Earth’s oblateness by

examining the precession of the nodal line. Shortly thereafter, in early 1959,

O’Keefe et. al. [3] analyzed the large amplitude, long period perturbations in

the eccentricity of the Vanguard (1958β2) satellite to estimate the value of the

J3 harmonic, describing the “pear-shape” of the Earth. Through subsequent

years, satellite tracking and analytical theory [4] was used to estimate higher

degree zonal harmonics, tesseral harmonics [5, 6], and even lead to the devel-

opment of several early, noteworthy gravity field models [7]. However as the

quantity of tracking data increased, the number of artificial satellites grew, the

desire to track smaller amplitude and higher frequency orbital perturbations

(corresponding to higher degree/order gravitational harmonics) escalated, and

computer technology began to become more viable; analytical methods were

eschewed in favor of numerical methods [8].
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While continued improvements in computational methods and satellite

tracking data contributed to increases in the accuracy of gravity field models,

there were three main breakthroughs that greatly increased the understanding

of the Earth’s processes as the turn of the century approached. These included

the combination of satellite altimetry and terrestrial observations with artifi-

cial satellite derived gravitational models, the determination of time variable

gravity, and the utilization of the Global Positioning System (GPS) as a means

of continuously tracking low orbiting satellites. The early combined satellite

models, including the NASA/Goddard GEMT3 [9] and JGM-3 [10], fully ex-

ploited the wide range of available gravity related observations and improved

the resolution of the gravitational fields to much larger degrees than what was

previously possible with satellite tracking data alone. In fact, JGM-3 was the

first gravity field model developed from geodetic quality GPS tracking, making

it the primary model utilized for precise orbit determination until the develop-

ment of GRACE based gravity field models. In addition to the improved mean

gravitational field estimates, time variable gravity determination highlighted

important tidal and seasonal variations in the Earth’s gravitational field, as

shown by Cheng and Tapley [11] and Nerem et. al. [12]. Finally, the GPS

constellation provided the capability of continuously tracking artificial satel-

lites, as demonstrated for the first time with the TOPEX/Poseidon spacecraft

[13], remedying the lack of observational coverage provided by ground based

observations, particularly in polar regions. While these breakthroughs en-

abled immense scientific discovery and advancement in the determination of

the Earth’s gravitational field, there were still limitations in the orbital config-
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uration of the satellites, most notably altitude, and resolution of the resulting

gravity field models; indicating the need for dedicated gravity field recovery

missions.

The design of the first, dedicated gravity field mapping missions were

based around two main concepts: satellite-to-satellite tracking (SST) and

satellite gravity gradiometry (SGG). The concept of SST involves measuring

the relative motion between two, or more, orbiting satellites. Conversely, the

SGG method involves the use of a single satellite measuring the Earth’s gravity

gradients with a gradiometer. Since the turn of the century, three such mis-

sions have been launched: the Challenging Minisatellite Payload (CHAMP),

the Gravity Recovery and Climate Experiment (GRACE), and the Gravity

Field and steady-state Ocean Circulation Explorer (GOCE). While the prin-

ciples of utilizing GPS tracking to determine the Earth’s gravity field origi-

nated with TOPEX/POSEIDON, CHAMP [14] was the first mission designed

with a primary goal of determining the Earth’s gravitational field and was

launched in July of 2000 into a near circular, near polar, 460 km altitude or-

bit. By carrying a space-grade GPS receiver, improved from the version flown

on TOPEX/POSEIDON, CHAMP was able to utilize a variant of SST, termed

high-low satellite-to-satellite tracking (hl-SST), which allowed for continuous

observation of the satellite’s motion. While this improved mean gravitational

field models, drastic increases in the resolution of temporal gravity field varia-

tions went unrealized. Shortly thereafter, GRACE, a more advanced low-low

SST mission utilizing principles first proposed by Milo Wolff [15] in 1969, was

launched in 2002. Further details on GRACE, and its follow-on mission, are
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given in Section 1.2. Finally, the GOCE mission [16], based on the SGG con-

cepts presented by Forward [17] and Rummel [18], was launched in 2009 and

provided invaluable increases in the spatial resolution of satellite based mean

gravitational fields.

1.2 The Gravity Recovery and Climate Experiment
(GRACE)

A part of the National Aeronautics and Space Administration (NASA)

Earth System Science Pathfinder (ESSP) Program [1], GRACE was jointly im-

plemented by NASA and the German Aerospace Center (DLR) and launched

from Plesetsk, Russia on March 17, 2002. The Principal Investigator (PI) is

Dr. Byron Tapley from the University of Texas at Austin/Center for Space Re-

search (UT/CSR) and the original Co-Principal Investigator (Co-PI) was Dr.

Christoph Reigber of GeoForschungsZentrum (GFZ). Project management is

carried out by the NASA Jet Propulsion Laboratory (JPL), with ground op-

erations at the German Space Operations Center (GSOC) [19].

The twin, co-orbiting GRACE satellites orbit the Earth in a near circu-

lar and near polar orbit with an initial altitude of approximately 500 kilometers

(currently the altitude is approximately 350 km), with a nominal separation

of about 220 kilometers [20]. As these satellites orbit the Earth, they experi-

ence accelerations due to the non-uniformity of the gravity field. Due to their

along-track separation, each satellite experiences these effects differently, man-

ifesting as a continuous variability in the inter-satellite range. These effects are

measured using a variety of instruments on each of the GRACE satellites. The
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fundamental measurement of the GRACE mission is the K/Ka-band ranging

system (KBR) [19]. These dual frequency one-way phase measurements are

transmitted and received by both spacecraft and transmitted to the ground

where they are combined during processing to obtain an ionosphere-free “dual

one-way range” measurement that removes most of the effects of oscillator

instability [1]. This provides the inter-satellite range measurement with a pre-

cision of the order of a micron. Since the gravitational forces are not the only

forces acting on the satellites that contribute to the inter-satellite range, there

must be some way to remove the additional forces and attempt to isolate con-

tributions from the Earth’s gravity field. The SuperSTAR Accelerometer is

used on each satellite for this purpose and provides an accurate measure of the

non-gravitational forces acting on each satellite [21]. In addition, each satel-

lite also carries a geodetic quality Blackjack GPS receiver; providing relative

and absolute timing for the data as well as measurements of the satellites’

absolute position and velocity. To ensure the quality of the KBR data, the

GRACE satellites have stringent pointing requirements. In order to satisfy

these requirements, the attitude suite on each spacecraft is composed of dual

star cameras (SCA), magnetic torquers, and cold gas thrusters. Each of these

instruments and each satellite’s configuration is shown in Figure 1.1 [22].

Utilizing this instrument suite, GRACE has been providing invaluable

data to a variety scientific fields such as oceanography, hydrology, glaciology,

and solid-Earth sciences for almost 15 years. Most notably, GRACE grav-

ity field products enable observation of the ice loss/gain in Greenland and

Antarctica, monitoring of underground water resources on a global scale, and
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Figure 1.1: GRACE satellite configuration [22].
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monitoring of global ocean dynamics and sea level rise. As the analysis and

forecasting of the Earth’s processes and climate become increasingly more im-

portant in the future, improvements to the GRACE data products and the

implementation of future global geodetic satellite missions become a necessary

and important part of future Earth science studies.

While the GRACE data has enabled a giant leap forward in the obser-

vation of time variable mass signals and greatly enhanced our knowledge of the

Earth system, the GRACE gravity field estimates are still contaminated by the

presence of systematic errors. This, coupled with the ill-posedness of the non-

linear orbit determination problem results in errors in the estimated gravity

field coefficients. Most notably, these errors manifest as unphysical north-south

stripes in the gravity field variability maps obtained from GRACE. While these

errors are typically removed by implementing regularization [23, 24, 25, 26]

during the solution process or using diverse post-processing steps [27, 28, 29],

the current understanding of the GRACE system and the origin of these er-

rors must be determined to fully utilize the efficacy of the GRACE system. In

addition, the formal quantification of the GRACE error sources through the

statistical estimation process does not reflect the true error in the gravitational

field, determined through empirical realizations of GRACE error; indicating

sub-optimality and deficiencies in the observation modeling and gravity field

recovery process. These inadequacies become increasingly important as more

advanced, future planned missions such as GRACE-FO [30] and GRACE-2

come on line to continue the legacy of GRACE and further enhance our abil-

ity to observe the Earth from space.
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1.3 Objectives and Outline

The main objective of this study is to quantify, mitigate, and most

importantly characterize a host of error sources that contaminate the estimates

of gravity fields from satellite data, in an effort to improve estimates of gravity

field parameters and their uncertainties. Key error sources addressed include:

multi-observation optimal data fusion and systematic effects of commission

error arising due to inadequacies in the dynamical and measurement models.

One important error source arises in the combination of GPS double

difference observations and KBR inter-satellite range-rate data [31]. In or-

der to produce the most accurate gravity field, studies have suggested that

it is necessary to artificially down weight the GPS observations when used

in conjunction with the KBR observations [32, 33], as shown in Figures 1.2

and 1.3. Note that relative to the nominal GRACE solution, GPS weighting

of ≈ 2cm, perturbations in the relative weighting of GPS data cause degra-

dation in the gravity field solution (represented by increased power in the

mid to high degrees - ≥ 15). In addition, if an optimal weighting procedure

[34, 35] is implemented, the GPS weighting corresponds to ≈ 0.5cm. This

means that to acquire an optimal gravity field solution, the GPS observable

must be artificially down-weighted. While necessary, the fundamental reason

behind the need to down weight GPS data is not fully understood; indicat-

ing that there are inadequacies in the observation model used for GPS data

and/or information lacking in the observation formulation. To fully under-

stand the contribution of GPS double difference observations to the gravity

field estimates, single satellite gravity field solutions, which utilize only GPS

9



Figure 1.2: Degree variance of gravity field solutions for August of 2008 with
varying GPS+KBR optimal weighting strategies. The solution was computed
to degree/order 180 and the figure has been truncated to degree 60 for visual-
ization purposes.

(a) (b) (c)

Figure 1.3: Spherical harmonic solution for August of 2008 with varying
GPS+KBR optimal weighting strategies.
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data, are created and analyzed to determine the ability of GPS data to capture

geophysical signals. This analysis of single satellite solutions also provides an

opportunity to examine possible gap filling strategies in the event that the

degradation in the GRACE batteries causes a gap in observational coverage

before the launch of GRACE-FO. This analysis is performed in Chapter 3.

In addition, the relative contribution of the GPS observations to the nominal

GRACE solution, which attempt to optimally combine all relevant observa-

tions, and their effect on estimates of the gravitational field is discussed in

Chapter 4.

Chapter 5 reinterprets the gravity field estimation problem from the

perspective of Bayesian statistics. While nonlinear least squares, such as that

utilized for GRACE, is inherently Bayesian, the reformulation in terms of

Bayesian statistics provides a unique viewpoint which enables new insights

into the GRACE gravity field estimation problem. For example, typical least

squares estimates used for GRACE gravity field estimation, naively assume

independent Gaussian distributed errors. An in depth look at this assumption

and improvements arising from reformulation of the observation covariance,

by incorporating both systematic (which arise from mis-modeled background

forces, the most prominent of which is high frequency mass variations in the at-

mosphere and oceans) and random components, are presented in this Chapter.

In addition, the impact of this reformulation on gravity field estimates, param-

eterization strategies, and representation of the uncertainty in the computed

gravitational field are analyzed in Chapter 6. Of particular note is the quantifi-

cation of uncertainty in the GRACE estimated gravitational field. Empirical
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estimates of spherical harmonic uncertainty associated with GRACE derived

gravity fields indicate that formal error characterization does not capture the

true error distribution, as shown in Figure 1.4. The empirical covariance is

derived by comparison of solutions to the regularized mascon product [25], the

details of which are given in section 6.7. Notice the relative locations of large

(a) Empirical Error Characterization (b) Formal Error Characterization

Figure 1.4: Empirical GRACE error estimates compared to formal estimates
of the GRACE error, over the lifetime of the mission to date.

error for the empirical error estimate (resonant orders, sectorials, and wing-

tips) and the inability of the formal error estimate to replicate these features.

This Chapter will demonstrate how analysis of observation error within the

Bayesian framework enables drastically improved uncertainty quantification

for GRACE gravity field estimation, improving scientific analysis capabilities.
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Finally, the study concludes in Chapter 7 with an overview of the error

sources presented and their impact on estimates of the Earth’s gravity field.

Furthermore, the summary emphasizes the impact on future gravity field de-

termination applications and possibilities for future improvements.
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Chapter 2

Estimation Theory

The foundation of gravity field estimation from artificial satellite data

arises from the principles of estimation theory. There are various methods to

determine the Earth’s gravitational field; however, the following focuses on us-

ing the variational equations to adjust dynamic orbits and gravity parameters

with least squares. While a general overview is given here, a more thorough

treatment of the material is given by Tapley, Schutz, and Born [36]. Note that

this treatment, while presented here in the context of GRACE, is applicable to

a wide range of estimation problems, where inferences are being drawn from

noisy data.

2.1 Fundamentals

The general orbit determination problem includes a series of steps. At

their most fundamental these include the numerical integration of the satel-

lite’s nominal trajectory (or trajectories) using a germinal estimate of the

initial conditions and a complete suite of force models, the computation of

an estimated observation using the previously computed nominal trajectory,

linearization of the satellite dynamics and measurement models about the

nominally computed trajectory, and the computation of a correction to the
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nominal, unknown parameters to minimize the misfit between the raw (“ob-

served”) observations and the computed observations (determined using the

nominal trajectory). Each of these steps will be derived in further detail;

however, it is important to note that the amalgamation of errors, and most

importantly, their stochastic manifestation throughout the estimation process

is of the utmost importance. Therefore, an effort will be made to point out

error sources and their possible effect on the final estimate. In addition, it is

important to note that GRACE orbit determination focuses primarily on the

accurate recovery of the gravitational field; therefore, minimizing error in the

gravity field estimates is the primary concern.

2.1.1 Mathematical Models

Two main mathematical models are required for the orbit determina-

tion process. First, equations describing the satellite dynamics are necessary

to represent the current, best knowledge of the space environment, Earth’s

processes, and the satellite’s behavior. In addition, an observation model is

required to relate the evolution of the satellite’s state to the measured observ-

able(s).

2.1.1.1 Equations of Motion

The first step in the estimation process is the propagation of a nominal

orbit. Since these equations are highly nonlinear and involve a complicated

array of forces, the propagation is typically performed using a numerical in-

tegration method. For typical GRACE processing, the numerical integration
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method used is the Krogh-Shampine-Gordon (KSG) integrator. A more thor-

ough discussion of this method is given by Lundberg [37] and McCullough [38].

The satellite equations of motion are given by Equation 2.1.

r̈ = ageo + ast + aot + an + arel + ang (2.1)

where,

r̈ = acceleration of the satellite,

ageo = accelerations due to the mass distribution of the Earth (grav-

itational field),

ast = accelerations due to solid Earth tides,

aot = accelerations due to ocean tides,

an = accelerations due to third bodies,

arel = accelerations due to general relativity,

ang = accelerations due to non-gravitational forces.

The non-gravitational forces include atmospheric drag, solar radiation pres-

sure, Earth radiation pressure, and thermal radiation; however, since GRACE

measures all nonconservative forces with an accelerometer, they have been

lumped together into the term ang. In addition, it is useful to expand the

term containing the gravitational forces, ageo, which is shown in Equation 2.2,

ageo = ∇U (2.2)
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as,

U =
µ

r
+
µ

r

∞∑
l=2

P̄l,0 (sinφ)

(
RE

r

)l
C̄l,0

+
µ

r

∞∑
l=2

l∑
m=1

P̄l,m (sinφ)

(
RE

r

)l [
C̄l,mcos (mλ) + S̄l,msin (mλ)

] (2.3)

where,

µ = the Earth’s gravitational parameter,

r = the radial position of the satellite,

l = the spherical harmonic degree,

m = the spherical harmonic order,

P̄l,m = the normalized associated Legendre function,

φ = the geocentric latitude of the satellite,

RE = the mean radius of the Earth,

λ = the geocentric longitude of the satellite,

C̄l,m/S̄l,m= the normalized spherical harmonic coefficients.

Additionally, further details on the force models used for actual GRACE pro-

cessing are given by Bettadpur [33].

The computation of the nominal trajectory, given by the result of inte-

grating Equation 2.1, is contaminated by numerous error sources which cause

deviations from the true, unknown satellite trajectory. These include round off

error due to the numerical integration algorithm and numerical computation

of the forcing functions, truncation error in numerical integration algorithm,

omission of background force models (omission error), and incorrect modeling
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of background forces (commission error). If these error sources are not fully

mitigated, they will propagate through the orbit determination process and

contaminate estimates of the gravity field parameters.

2.1.1.2 Observation Models

Another important mathematical model in the estimation process is

the observation model. For the estimation process, the observation model

must be formulated in terms of the satellite’s state. For GRACE, this means

there are 2 main observation models: inter-satellite range-rate (range and/or

range acceleration may also be used but typical processing utilizes range-rate)

and GPS double differences. Note that the following shows the observation

models particular to GRACE; however, in general estimation problems, the

observation model must be derived in a manner specific to the problem at

hand.

First, the inter-satellite variations may be derived by defining the posi-

tion vector of each satellite, r1 and r2, relative to the origin (O) of an “inertial”

coordinate system, the center of mass of the Earth, as defined in Figure 2.1. It

is also important to note that each satellite has a velocity, vi, and an acceler-

ation, ai, vector which is not shown in the Figure. Here, the range vector, ρ,

is defined as the difference of the position vectors, while the measured range,

ρ, is the magnitude of this vector.

ρ = r1 − r2

ρ = ||r1 − r2||
(2.4)
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Figure 2.1: Satellite configuration in calculation of inter-satellite ranging equa-
tions.

It is also possible to define a unit vector along the range vector, êρ, and redefine

the range measurement.

êρ =
ρ

ρ

ρ = ρ · êρ
(2.5)

Differentiating this range measurement yields

ρ̇ = ρ̇ · êρ + ρ · ˙̂eρ (2.6)

Concentrating on the second term, the expression is simplified as

ρ · ˙̂eρ = ρ · ρ̇
ρ
− ρ · ρ̇êρ

ρ
= êρ · ρ̇− ρ̇ (2.7)

Substituting this into Equation 2.6, yields the range-rate measurement equa-

tion.

ρ̇ = êρ · ρ̇ = êρ · [v1 − v2] (2.8)

Differentiating the range-rate measurement yields the range acceleration.

ρ̈ = ρ̈ · êρ + ρ̇ · ˙̂eρ (2.9)
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The second term simplifies as

ρ̇ · ˙̂eρ =
||ρ̇||2

ρ
− ρ̇ ρ̇

ρ
(2.10)

Substituting this into Equation 2.9, yields the range acceleration equation.

ρ̈ = êρ · ρ̈+
1

ρ

[
||ρ̇||2 − ρ̇2

]
= êρ · [a1 − a2] +

1

ρ

[
||ρ̇||2 − ρ̇2

]
(2.11)

Now, the mathematical equations that represent the line-of-sight (LOS) mea-

surements of range, range-rate, and range acceleration can be used to calculate

a computed inter-satellite observable. In summary, these equations are given

in Equation 2.12.

ρ = ||r1 − r2||

êρ =
ρ

ρ

ρ̇ = êρ · [v1 − v2]

ρ̈ = êρ · [a1 − a2] +
1

ρ

[
||v1 − v2||2 − ρ̇2

]
(2.12)

In typical GRACE processing the range-rate observable is utilized; however,

any of the inter-satellite variations may be used.

GPS double differences are formed using two GPS satellites, one ground

station, and one low Earth orbiting satellite. Given this model, the GPS

Double-Differenced High-Low Phase-Converted Range measurement (DDHL)
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is given by Equation 2.13.

DDHLjlik =ρji (ti)− ρjk (tk)− ρli (ti) + ρlk (tk)

−
[
ρ̇ji (ti)− ρ̇li (ti)

]
δtci +

[
ρ̇jk (tk)− ρ̇lk (tk)

]
δtck

+ c

(
∆f j −∆f l

f0

)
dtik

+ δρφji
− δρφjk − δρφli + δρφlk

+ Cjl
ik

(2.13)

where,

j/l = index for an arbitrary GPS satellite,

i = index for an arbitrary GPS ground station,

k = index for an arbitrary low Earth orbiting satellite,

c = speed of light,

ti = nominal signal receive time at the i-th ground station’s

receiver,

tk = nominal signal receive time at the k-th low Earth orbiting

satellite’s receiver,

δtci = clock error of the i-th ground station’s receiver,

δtck = clock error of the k-th low Earth orbiting satellite’s receiver,

dtik = time tag difference between k-th low Earth orbiting satel-

lite’s receiver and the i-th ground station’s receiver (tk − ti),

ρji = geometric line of sight range between the j-th GPS satellite

and the i-th ground station’s receiver,

ρjk = geometric line of sight range between the j-th GPS satellite

and the on board GPS receiver of the k-th low Earth orbit-
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ing satellite (function of the k-th satellite’s state similar to

Equation 2.4),

δρφji
= line of sight range error between the j-th GPS satellite and

the i-th ground station’s receiver due to the cumulative effect

of relativity and atmospheric effects,

δρφjk
= line of sight range error between the j-th GPS satellite

and the k-th low Earth orbiting satellite’s receiver due to the

cumulative effect of relativity and atmospheric effects,

ρ̇ji = line of sight range-rate between the j-th GPS satellite and

the i-th ground station’s receiver,

ρ̇jk = line of sight range-rate between the j-th GPS satellite and

the k-th low Earth orbiting satellite’s receiver (function of the

k-th satellite’s state similar to Equation 2.6),

f0 = nominal value of the transmitted GPS signal frequency,

∆f j = clock frequency offset from the nominal signal frequency

for the j-th GPS satellite,

Cjl
ik = double difference ambiguity.

A more complete treatment of the derivation and full description of the GPS

double difference observable is given by Rim [39].

Typical error sources associated with the observable formulation in-

clude a variety of observation specific sources: instrument noise, atmospheric

effects (tropospheric and ionospheric refraction), clock error, etc. In addition,

since the observable formulations depend on the numerically propagated state,
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computed using Equation 2.1, errors in the state proliferate into the computed

observation, the consequences of which will become more apparent in Section

2.1.2.2.

2.1.2 Linearization

Generally, the mathematical models described in Section 2.1.1 con-

tain highly nonlinear relationships; making it advantageous to linearize these

equations about a nominal, reference trajectory. Since the satellite of inter-

est’s trajectory can be numerically integrated using the equations of motion,

Equation 2.1, this is a suitable reference trajectory. Linearizing in this fash-

ion transforms the nonlinear orbit determination problem into a linear orbit

determination problem, where the unknowns are given as deviations from the

reference solution.

2.1.2.1 Nominal State and the State Transition Matrix

Rewriting Equation 2.1 in a more general form, given by Equation 2.14,

Ẋ = F (X, t) (2.14)

where,

X = n-dimensional set of unknown parameters, including the

satellite’s position and velocity,

F (X, t) = dynamical models describing the motion of the satellite,

defining Equation 2.15

x (t) = X (t)−X∗ (t) (2.15)
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where,

X (t) = n-dimensional set of the true, unknown state parameters,

X∗ (t) = n-dimensional set of the nominal, reference state obtained

by integrating Equation 2.14,

x (t) = n-dimensional set of deviations from the nominal state to

the true state,

and linearizing about the nominal state yields Equation 2.16,

Ẋ (t) = F (X, t) = F (X∗, t) +

[
∂F (t)

∂X (t)

]∗
x (t) +O

{
x2 (t)

}
(2.16)

where,

[ ]∗ = evaluation on the nominal trajectory, X∗.

Rearranging and ignoring the higher order terms yields the linearized equations

of motion, shown in Equation 2.17.

ẋ (t) = A (t)x (t) (2.17)

where,

A (t) =

[
∂F (t)

∂X (t)

]∗
(2.18)

The general solution of Equation 2.17 is given by Equation 2.19,

x (t) = Φ (t, ti)x (ti) (2.19)

where,
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Φ (t, ti) = the state transition matrix.

The properties of the state transition matrix (STM) are given by Tapley,

Schutz, and Born [36]; however, the differential equation describing the STM

is given in Equation 2.20,

Φ̇ (t, ti) = A (t) Φ (t, ti) (2.20)

with initial conditions,

Φ (ti, ti) = I (2.21)

where,

I = the identity matrix.

This is generally solved using numerical integration, yielding a solution for

Equation 2.17.

The most important error sources, in this section, are those which con-

taminate the accurate propagation of the nominal trajectory and the accurate

computation of the state transition matrix. Contributions to inaccuracies in

the nominal trajectory have been mentioned in Section 2.1.1.1 so they will not

be discussed again here; however, it is important to note that these inaccu-

racies will propagate into the STM and contaminate its final solution, most

notably through the evaluation of the partial derivatives on the nominal tra-

jectory, Equation 2.18. In addition, the STM will be corrupted by ignorance of

the higher order terms shown in Equation 2.16, errors of omission and/or com-

mission in the force models which may contaminate the force model partials
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given by Equation 2.18, computational error in the algorithms which compute

the force model partials given by Equation 2.18, and error in the numerical

integration of the state transition matrix (truncation and round off).

2.1.2.2 Observation Deviations and Measurement Partials

Similarly to how the state dynamics were linearized about the reference

trajectory in Section 2.1.2.1, the observation equations are linearized. Rewrit-

ing the observation formulation, such as those given by Equations 2.12 and

2.13, as shown in Equation 2.22,

Y i = G (X (ti) , ti) + εi (2.22)

where,

i = an arbitrary index denoting an observation (or set of

observations) at time, ti,

Y = m-dimensional set of raw observations,

X (ti) = n-dimensioal set of unknown parameters including the

satellite’s position and velocity,

G (X (ti) , ti) = mathematical model of the raw observation which is

a function of the satellite’s position and velocity,

ε = m-dimensional set of observation errors,

defining the observation deviation vector as shown in Equation 2.23,

y (t) = Y (t)− Y ∗ (t) (2.23)

where,
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Y (t) = m-dimensional set of raw observations,

Y ∗ (t) = m-dimensional set of computed observations deter-

mined by evaluating the observation model on the nom-

inal trajectory, G (X∗ (t) , t),

y (t) = m-dimensional set of observation deviations,

and linearizing about the nominal trajectory, yields Equation 2.24,

Y i = G (X (ti) , ti) + εi = G (X∗ (ti) , ti) +

[
∂G

∂X

]∗
i

xi (ti) +O
{
x2 (ti)

}
+ εi

(2.24)

where,

[ ]∗i = evaluation on the nominal trajectory, X∗,

x (t) = n-dimensional set of deviations from the nominal state to

the true state.

Rearranging and ignoring the higher order terms yields the linearized obser-

vation equations, Equation 2.25,

yi = H̃ ix (ti) + εi (2.25)

where,

H̃ i =

[
∂G

∂X

]∗
i

(2.26)

Here, ε represents the amalgamated error in the observation deviations.

This includes the observation specific errors discussed in Section 2.1.1.2, the

ignorance of higher order terms shown in Equation 2.24, and computational er-

ror in the algorithms which compute the partial derivatives given by Equation
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2.26. In addition, the raw observable, indicated by the variable Y (t), must

typically be corrected before it is used in the estimation procedure shown

above. For example, in GRACE processing the raw observations from inter-

satellite range-rate variations are phase measurements. Before these raw phase

measurements are used in the estimation process, they must be converted to

instantaneous ranges through a variety of corrections, as shown by Kim [31].

Any errors in this conversion process also contaminate the linearized obser-

vation equations. Finally, one of the most important error considerations is

easily visualized by rearranging Equation 2.23 as shown in Equation 2.27.

yi = Y i −G (X∗ (ti) , ti) (2.27)

It is apparent that the observation deviations, yi, are the difference of the raw

observations with the computed observations, determined by evaluating the

mathematical model on the nominal trajectory, X∗. It is important to note

that if the nominal trajectory does not provide a sufficient level of accuracy,

the computed observations will contaminate the observation deviations with

computational error, corrupting the final estimate. This is especially impor-

tant for GRACE, where the microwave ranging system provides micron level

precision, and GRACE-FO, where the laser ranging interferometer is expected

to approach nanometer level precision. Therefore, to utilize the full efficacy of

these measurements, the nominal trajectory must be able provide computed

observations to, at least, a comparable level of accuracy.
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2.1.3 Linearized System of Equations

Given the linearized system of equations given in Section 2.1.2, shown

in Equation 2.28,
x (t) = Φ (t, ti)x (ti)

yi = H̃ ix (ti) + εi
(2.28)

where,

x = n-dimensional, unknown deviations from the nominal state,

Φ (t, ti) = state transition matrix which maps the state at time, ti to

the state at time, t,

y = m-dimensional set of observation deviations,

H̃ = partial derivatives of the measurement model with respect

to the unknown state,

ε = m-dimensional set of observation errors,

the observations are mapped to a single, arbitrary epoch and stacked to form

a system of equations, as shown in Equation 2.29.

y =


y1
y2
...
ym

 ; H =


H̃1Φ (t1, t0)

H̃2Φ (t2, t0)
...

H̃mΦ (tm, t0)

 ; ε =


ε1
ε2
...
εm

 (2.29)

This yields the final linear system, given by Equation 2.30,

y = Hx+ ε (2.30)

where,

y = m× 1 vector of observation deviations,

29



H = m× n mapping matrix,

x = n× 1 vector of unknown parameters,

ε = m× 1 vector of errors.

The vector, ε, given in Equation 2.30, is generally referred to as the observa-

tion error. While this vector does contain errors associated with the physical

measurement provided by the observation system (such as measurement noise

or systematic errors associated with the hardware), ε also contains the amal-

gamated error sources discussed throughout the previous sections: such as

numerical error, ignorance of higher order terms, numerical integration error,

imperfections in the modeling of forces acting the satellite(s), etc.

2.1.4 Least Squares Solution

Once the final linear system has been formed, the least squares solution

is computed. The solution may be computed in a variety of ways; however,

two will be presented in this section: the normal equations and orthogonal

transformations. The normal equations provide the most obvious and intuitive

process to arrive at a solution; however, to maximize computational efficiency

for ill-conditioned problems orthogonal transformations are generally used.

2.1.4.1 Normal Equations

To arrive at the normal equations solution, a performance index is

defined to minimize the sum of squares of the observation residual, shown in

Equation 2.31.

J (x) = εTε (2.31)
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Typically, the sum of squares is weighted by the inverse of the observation

covariance, as shown in Equation 2.32,

J (x) = εTR−1ε (2.32)

where,

ε = m× 1 vector of errors,

R = m × m covariance matrix characterizing the observation

errors.

In the most general case, the observation covariance must be non-degenerate

(invertible); however, in most practical cases the observation covariance is

assumed to be comprised of independent Gaussian errors, making R diagonal.

Substituting Equation 2.30 into Equation 2.32, yields Equation 2.33,

J (x) = (y −Hx)T R−1 (y −Hx) (2.33)

where,

y = m× 1 vector of observation deviations,

H = m× n mapping matrix,

x = n× 1 vector of unknown parameters,

R = m × m covariance matrix characterizing the observation

errors.

Optimal values of the unknown parameters are computed by setting the partial

derivative of Equation 2.33 with respect to x to zero and solving for x, as
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shown in Equation 2.34,

∂J

∂x
= 0 = −2 (y −Hx)T R−1H = −2HTR−1 (y −Hx) (2.34)

which yields the optimal estimate,

x̂ =
(
HTR−1H

)−1
HTR−1y (2.35)

In order to verify that the optimal estimate is, in fact, a minimum, the second

derivative of Equation 2.33 must be positive definite. Computing the second

derivative yields Equation 2.36,

∂2J

∂x2
= HTR−1H (2.36)

For this condition to be satisfied, the observation covariance must be non-

degenerate and HTR−1H must be positive definite, implying that H must

be full rank (rank n, assuming that m > n). It is important to note that

optimal solution methods using the normal equations do not compute the

inverse shown in Equation 2.35. Typically, the cholesky decomposition is used

to facilitate the solution of a series of triangular linear systems. Further details

are given by Tapley et. al. [36] and Gunter [40].

Finally, the variance of the estimate is computed by comparing the

estimate, x̂, with the unknown truth, x, as shown in Equation 2.37.

E
[
(x̂− x) (x̂− x)T

]
=

E
[((

HTR−1H
)−1

HTR−1y − x
)

((
HTR−1H

)−1
HTR−1y − x

)T]
(2.37)
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Using,

y = Hx+ ε (2.38)

E
[
εεT
]

= R (2.39)

and simplifying Equation 2.37 yields the covariance of the estimate.

E
[
(x̂− x) (x̂− x)T

]
=
(
HTR−1H

)−1
(2.40)

2.1.4.2 Orthogonal Transformation

Another method to solve the linear, least squares system involves the

use of orthogonal transformations. While solution via orthogonal transforms

requires more floating point operations, greater accuracy is achieved for ill-

conditioned systems due to improved conditioning [40]. Slightly redefining the

linear system as
y = Hx+ ε

E
[
εTε
]

= W−1
(2.41)

with

y = m× 1 vector of observation deviations,

H = m× n mapping matrix,

x = n× 1 vector of unknown parameters,

W =m×m weight matrix (inverse of the observation covariance),

the orthogonal transform is defined as,

W 1/2H = QR (2.42)

where,
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Q = m×m orthogonal matrix,

R = m× n upper triangular matrix.

combining the performance index given in Equation 2.32 with the orthogonal

transform and substituting W = R−1 yields,

J (x) = (y −Hx)T W 1/2QQTW 1/2 (y −Hx) (2.43)

=
(
QTW 1/2 [Hx− y]

)T (
QTW 1/2 [Hx− y]

)
(2.44)

=
∥∥∥QTW 1/2Hx−QTW 1/2y

∥∥∥
2

(2.45)

Using Equation 2.42, this becomes

QTW 1/2H = R =

[
R̃
0

]
(2.46)

and defining,

QTW 1/2y =

[
b
ε

]
(2.47)

yields the final value of the performance index,

J (x) =

∥∥∥∥[R̃0
]
x−

[
b
ε

]∥∥∥∥
2

(2.48)

=
∥∥∥R̃x− b∥∥∥

2
+ ‖ε‖2 (2.49)

Since ε is independent of x, the estimate is given by

R̃x = b (2.50)

which is easily solved due to the fact that R̃ is upper triangular. Further details

concerning the algorithms for computing orthogonal transforms are given by

Tapley et. al. [36] and Gunter [40, 32].
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2.1.5 Application to GRACE

While the previous discussion has provided all of the theoretical back-

ground that enables gravity field estimation with GRACE, there are a few

nuances that are important to the determination of an accurate gravitational

field. A typical GRACE gravity field estimate is made using a combination of 3

data types: GPS double difference observations from GRACE-A, GPS double

difference observations from GRACE-B, and relative range-rate measurements

between the 2 satellites. In addition, to facilitate sufficient global coverage to

compute an accurate gravitational field, a month’s worth of observations are

utilized. Due to the large number of observations, which are on the order

of one million, and the large number of parameters being estimated, which

are on the order of fifty thousand, the computational requirements necessitate

the use of parallel computing. In addition, due to this large amount of data

and combination of different data types, it is important to discuss the types

of parameters that are estimated and how to optimally combine the different

data types. An overview will follow; however, further details on the com-

putational requirements, parallel algorithms, and solution of the large linear

system are given by Gunter [40, 32]. It is also important to note that while the

details presented here are specific to GRACE (in the utilization of microwave

inter-satellite ranging and GPS double differences), other observables may be

utilized and the data fusion problem is prevalent throughout a wide range of

estimation applications.
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2.1.5.1 Parameter Leveling

The GRACE gravity field estimation process requires that the esti-

mated parameters be treated appropriately. For example, over the months

worth of observations, a single set of gravity field coefficients will be esti-

mated; however, other parameters, such as satellite initial conditions, may be

estimated once per day (yielding about 30 sets of initial condition corrections).

This delineation of the estimated parameters is called parameter leveling. In

general, the parameters can be described in terms of three groups:

Local : parameters that are valid for only one data type and one

arc,

Common : parameters that are valid for multiple data types and/or

multiple arcs,

Global : parameters that are valid for all data types and arcs.

In this description the term arc refers to an arbitrary length of time over

which a set of initial conditions are estimated. For example, a fictional H

matrix can be built which has 2 arcs and 3 datasets, shown in Figure 2.2. In

the figure, the local parameters are referred to as Lij where the parameters

belong to the ith arc and jth data type, the common parameters are referred

to as Ci where parameters belong to the ith arc, and the global parameters are

referred to as G. In reality, this matrix is never fully formed, due to it sparsity;

however, Figure 2.2 is useful for illustrative purposes. When computing the

solution to this linear system, orthogonal transformations (via householder

transformations) [40, 32] are used to diagonalize the matrix to the form shown
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Zeros Local Common Global

L11 L12 L13 C1 L21 L22 L23 C2 G

Arc 2 - Data Type 3

Arc 2 - Data Type 2

Arc 2 - Data Type 1

Arc 1 - Data Type 3

Arc 1 - Data Type 2

Arc 1 - Data Type 1

Figure 2.2: An example of parameter leveling for a full H matrix with 2 arcs
and 3 data types.

in Figure 2.3. Once the matrix is diagonalized, the solution is easily computed

via back substitution. In addition, assuming the gravity field coefficients are

located in the global parameters, additional solutions containing only a subset

of gravity field parameters may be estimated using only the R global portion

of the matrix shown in Figure 2.3.
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Zeros Local Common Global

L11 L12 L13 C1 L21 L22 L23 C2 G

R Global

R Common - Arc 2

R Local - Arc 2 - Data Type 3

R Local - Arc 2 - Data Type 2

R Local - Arc 2 - Data Type 1

R Common - Arc 1

R Local - Arc 1 - Data Type 3

R Local - Arc 1 - Data Type 2

R Local - Arc 1 - Data Type 1

Figure 2.3: An example of parameter leveling for a full R matrix with 2 arcs
and 3 data types.

2.1.5.2 Optimal Weighting

Another important aspect of the GRACE gravity field determination

problem is the combination of differing data types: GPS double differences for

each individual GRACE satellite and range-rate observations for the relative

motion between each satellite. Since the GPS double differences typically pro-

vide centimeter level accuracy and the KBR range-rate observations typically

provide micron level accuracy (with future missions approaching nanometer

level accuracy), it is not realistic to weight each data type equally. In ad-

dition, variations within a given observation type (due to instrument errors

or malfunctions) can cause one set of measurements to be less accurate than

another. Therefore, an optimal weighting procedure, originating from Tapley
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[34] and refined by Yuan [35], is utilized to properly weight each set of obser-

vations. This is done by examining the post fit residuals. Returning to the

definition of the performance index,

Ji (x) = (yi −Hix)T Wi (yi −Hix) (2.51)

where i indicates a specific data type or arc, the optimal weight, f , is computed

via Equation 2.52,

fi =
mi

Ji (x̂)
(2.52)

where,

mi = the number of observations for dataset i,

x̂ = estimate of the unknown parameters.

Since the estimate, x̂ and the optimal weights, fi depend on each other, the

solution requires an iterative procedure with some initial guess for the value

of the optimal weights.

2.2 Bayesian Principles

Section 2.1 derived the estimation procedure used for gravity field es-

timation; however, it can be useful to look at the estimation problem from a

different perspective. In this section, the estimation equations will be reformu-

lated in terms of Bayesian statistics. While this reformulation does not change

the fundamental result, it is useful in providing a unique viewpoint to aid in un-

derstanding the implicit assumptions that go into the gravity field estimation

process and to allow for a broader examination of the estimation process. For

39



example, the formulation presented in Section 2.1 does not adequately high-

light some inherent probabilistic assumptions about the observation error, and

correspondingly the quantification of uncertainty in the estimated parameters.

By revisiting the estimation framework from the Bayesian point of view these

probabilistic assumptions become the focal point, enabling stochastic analysis

of the manifestation of observation error, which is the focus of the ensuing

chapters.

2.2.1 Bayes’ Theorem

In Bayesian inference, statistical conclusions about unknown parame-

ters are formulated in terms of probability distributions. The foundation of

Bayesian estimation is Bayes’ rule. Bayes’ rule states that the joint probability

of A and B is equivalent to the probability of A multiplied by the probability

of B given A (or vice versa), and is shown in Equation 2.53 [41],

p (A,B) = p (A) p (B|A) = p (B) p (A|B) (2.53)

where the probability density p is used to represent any arbitrary probability

density function. Rearranging the two rightmost terms of Equation 2.53 yields,

p (A|B) =
p (B|A) p (A)

p (B)
(2.54)

which will be the foundation of the Bayesian formulation of the gravity field

estimation problem.
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2.2.2 Bayesian Estimation

Recalling the estimation variables, x, which represents the unknown

parameters (including the gravity field), and y, which represents the observed

quantities, Equation 2.54 may be rewritten to yield,

p (x|y) =
p (y|x) p (x)

p (y)
(2.55)

where,

p (x|y) = the posterior distribution of the unknown parameters, x

given a set of observations, y,

p (y|x) = the likelihood of the set of observations, y, given an un-

known set of parameters, x,

p (x) = the prior probability of the unknown parameters, x,

p (y) = the marginal probability of the observations, which is a nor-

malization factor and may be rewritten as
∫
p (y|x) p (x) dx.

Notice from Equation 2.55, that the final estimate is no longer a single value as

shown in the previous sections by Equations 2.35 and 2.50, but a probability

distribution. To arrive at a final solution, a cost function must be defined. To

maintain uniformity with the derivations shown throughout Section 2.1, the

cost function is defined as shown in Equation 2.56.

J = E
[
(x− x̂)T (x− x̂)

]
=

∫
(x− x̂)T (x− x̂) p (x|y) dx (2.56)

Note that this is minimizing the sum square of the misfit between the es-

timated parameters, x̂, and the unknown random variables, x, similarly to
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the minimization with respect to the sum square of the observation error in

Equation 2.32. Taking the first variation of Equation 2.56 with respect to x̂

yields,

δJ = −2

∫
(x− x̂)T p (x|y) dx (2.57)

and setting this equal to zero yields the optimal value,∫
x̂p (x|y) dx =

∫
xp (x|y) dx⇒ x̂ = E [x] (2.58)

Taking the second variation yields,

δ2J = 2

∫
2p (x|y) dx = 2 > 0 (2.59)

verifying that the optimal point is, indeed, a minimum.

For typical gravity field estimation, all of the probability distributions

are assumed to be Gaussian, just as shown in Section 2.1. For example, the

likelihood function, following the assumptions made previously, is given by,

p (y|x) =
1

(2π)
m
2

∣∣R̄∣∣ 12 exp
{
−1

2
(y −Hx)T R̄

−1
(y −Hx)

}
(2.60)

where,

y = m× 1 vector of observation deviations,

H = m× n mapping matrix,

x = n× 1 vector of unknown parameters,

R̄ = m×m symmetric covariance matrix.

Similarly the prior distribution is given by,

p (x) =
1

(2π)
n
2

∣∣P̄ ∣∣ 12 exp
{
−1

2
(x− x̄)T P̄

−1
(x− x̄)

}
(2.61)

where,
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x = n× 1 vector of unknown parameters,

x̄ = n× 1 vector of apriori values for the unknown parameters,

P̄ = n × n symmetric covariance matrix indicating the uncer-

tainty associated with the apriori values, x̄.

Combining these together yields the posterior distribution given in Equation

2.62.

p (y|x) p (x) =
1

(2π)
n+m

2

∣∣P̄ ∣∣ 12 ∣∣R̄∣∣ 12
exp

{
−1

2

[
(y −Hx)T R̄

−1
(y −Hx)

+ (x− x̄)T P̄
−1

(x− x̄)
]} (2.62)

Since this combination is obviously a Gaussian distribution it is suitable to

ignore the marginal distribution, or normalization factor p (y). In addition,

an additional property of Gaussian distributions is that the expected value of

x is equivalent to the value of x with maximum probability. Indicating that

the optimal estimate, x̂, may be determined by maximizing the probability

density function given in Equation 2.62. Since maximizing the logarithm of

2.62 is the same as maximizing the function itself, the performance index is

defined as,

J = −1

2

[
(y −Hx)T R̄

−1
(y −Hx) + (x− x̄)T P̄

−1
(x− x̄)

]
(2.63)

Taking the first variation and setting it to zero yields,

∂J

∂x
= (y −Hx)T R−1H − (x− x̄)T P̄

−1
= 0 (2.64)

Rearranging Equation 2.64 yields the following for the Bayesian estimate,

x̂ =
(
HTR−1H + P̄

−1
)−1 (

HTR−1y + P̄
−1
x̄
)

(2.65)
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which is identical to the typical least squares estimate when including apriori

information. It is important to note that to arrive at equations which are

equivalent to the least squares method derived in Section 2.1, the statistics

of the combined error sources are assumed to follow a Gaussian distribution.

Most importantly, typical GRACE processing assumes that these Gaussian

errors are independent, i.e. the matrix R is diagonal. The following chapters

will examine the manifestation of error in the GRACE gravity field estimation

problem to adequately explore this assumption and its impact.

In addition, within the Bayesian framework there is some terminology

not typically associated with the general least squares problem. Recalling the

likelihood function given in Equation 2.60, p (y|x), the Fisher information

matrix [42] is defined as,

I (x)i,j = −E
[

∂2

∂xi∂xj
ln p (y|x)

]
(2.66)

where,

E [ ] = expectation operator,

I = n× n Fisher information matrix,

x = n× 1 vector of unknown parameters,

i, j = indices ranging from 1, . . . , n,

ln = natural logarithm,

y = m× 1 vector of observations.

The Fisher information matrix is a measure of the amount of information that

an observable random variable(s) contains about an unknown parameter(s).
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In the case of the Gaussian likelihood distribution given in Equation 2.60, the

observable random variable is the observation, y, the unknown parameters are

x, and the Fisher information matrix is given by

I (x) = HTR−1H (2.67)

Since the distribution is Gaussian, the regularity conditions are satisfied and

the Cramér-Rao bound, given in Equation 2.68, is valid [42].

E
[
(x− x̂) (x− x̂)T

]
≥ I−1 (x) (2.68)

Substituting 2.67 into Equation gives a lower bound on the variance of the

estimate, x̂.

E
[
(x− x̂) (x− x̂)T

]
≥
(
HTR−1H

)−1
(2.69)

Note that the right hand side of the Cramér-Rao bound is identical to the

covariance derived in Section 2.1.4.

2.2.3 Overview of Statistical Bayesian Methods

Up to this point, all assumptions on the statistical distribution of the

error sources have been Gaussian. This leads directly to the question, what if

the error sources do not tend toward a Gaussian distribution? While the devel-

opment of estimators in the presence of other types of noise, such as Cauchy

[43, 44], is an active area of research, the most general type of estimators

are statistical Bayesian methods. These include Markov chain Monte Carlo

(MCMC) methods [41] such as Metropolis’s algorithm [45]. For example, let’s

assume that the error of a single unknown parameter is given by the arbitrary
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distribution shown in Equation 2.70.

p (x) =
e−x

2
(2 + sin (7x) + sin (2x))∫∞

−∞ e
−x2 (2 + sin (7x) + sin (2x)) dx

(2.70)

As shown in Figure 2.4, this distribution is highly irregular. In this simple

Figure 2.4: An arbitrary probability distribution.

one-dimensional example, the probability density function is easily computed;

however, what if the random variable, x, was multi-dimensional? In that

case, computing the denominator of Equation 2.70 could be extremely difficult

or computationally impractical. However, MCMC methods only require the

functional form of the distribution be known up to a constant, in this case the

unknown denominator.
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Continuing with the example distribution given by Equation 2.70, Metropo-

lis’s algorithm my be implemented as follows.

1. Choose an arbitrary starting point, x0.

2. Choose a proposal density, q (xn+1|xn), which will provide a candidate for

the next sample, xn+1, given the previous sample, xn. This distribution

must be symmetric (i.e. q (xn+1|xn) = q (xn|xn+1)). Typically this is

chosen to be a Gaussian distribution centered on xn, making the sequence

of samples a random walk.

3. Starting at the previous state, xn, choose a new state, xn+1, using the

proposal distribution, q (xn+1|xn).

4. Compute the acceptance ratio, α = f(xn+1)
f(xn)

5. If α > 1, accept the new value, xn+1, as a sample; otherwise, accept the

new value with probability α

6. If the desired number of samples have been accumulated, terminate,

otherwise, goto 3

After implementing the algorithm, a set of sample values will have been ac-

cumulated. For the example case, these are shown in Figure 2.5. During the

implementation of the algorithm, all samples may be saved to acquire a full

probability distribution, such as the one shown in Figure 2.5 for the example

distribution, or statistics, such as the mean, max, etc., may be determined as

the algorithm progresses. While these methods are able to sample from arbi-
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Figure 2.5: Samples taken from implementing Metropolis’s algorithm vs. the
true probability distribution.
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trary distributions, proper implementation of the algorithm requires tuning of

various parameters, such as burn-in time, jumping width, etc., which can add

to the complexity of the MCMC methods. In addition, as the dimension of

the system increases the curse of dimensionality can increase computational

load and make these methods prohibitive. A full treatment of these practical

considerations is given by [41] and will not be discussed here. Finally, some

modern developments that will not be addressed here are given by [46, 47, 48].
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Chapter 3

Low Degree/Order Gravity Field Solutions

The first step to understanding the contribution from GPS double dif-

ference observations is to examine their ability to independently recover grav-

ity field signal, by computing gravity field solutions which only utilize GPS

double difference observations from a single GRACE satellite (GPS-only so-

lutions). As an ancillary benefit, this also allows for the examination of a

possible contingency plan in the event that one of the GRACE satellites is no

longer able to function. GRACE was launched in 2002, with an initial primary

mission life of 5 years. Currently, GRACE is still functioning; however, mal-

functioning batteries due to the extended on orbit lifetime and natural orbit

decay are currently threatening the life of the GRACE satellites. In an effort

to continue the invaluable measurements from GRACE, a follow-on mission –

GRACE-FO [30] – is currently planned to launch as early as the end of 2017.

Therefore, in the event that one of the GRACE satellites is no longer able

to function due to battery malfunctions, it may be possible to bridge a gap

between GRACE and GRACE-FO, further extending their scientific value,

by using a single GRACE satellite to determine a reduced resolution global

gravity field. Similar analysis has been performed using kinematic positions

of GRACE [49] and, more recently, SWARM satellite data [50]; however, the
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following computes time variable gravity directly from GRACE observations

using a dynamic approach. This enables the analysis of a long record of time

variable gravity recovery and the incorporation of accelerometer data to more

adequately remove the effect of nonconservative forces on the satellite. More

importantly, the following will perform detailed analysis of the gravitational

field acquired from individual satellite tracking, compared to nominal GRACE

solutions, and determine its usability and value to Earth science applications.

3.1 Methodology

Data processing methods for the computation of GPS-only gravity field

solutions conform to the background force modeling and parameterization used

in nominal CSR RL05 GRACE processing. Full model details are given by

Bettadpur [33] and a summary of the parameterization is given in table 3.1.

In addition, since KBR inter-satellite measurements are no longer being uti-

lized as the prime measurement, the GPS ground station network has been

expanded to ensure sufficient global coverage when utilizing only GPS double

difference observations, as shown in Figure 3.1.
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(a) Reduced Network

(b) Expanded Network

Figure 3.1: Comparison of GPS ground networks used in the nominal GRACE
gravity field solution, reduced network, and in the GPS-only gravity field so-
lution, expanded network.
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3.2 GPS-Only Solution

An important factor in creating low degree/order gravity solutions is

the size of the gravitational field. The solution size is a trade between two

factors: the ability of GPS data to adequately capture gravity field signal at

the specified resolution and the gravity field resolution required to accurately

represent geophysical signals. Utilizing only GPS data, it is expected that

the resolution of the gravity field will be greatly degraded. However, it is

desirable to, at the very least, represent continental scale variations in the

gravity field. In addition, to adequately capture time variable gravity signal,

these fields should be able to capture long term trends and annual variations

in the gravity field spectrum of interest. To determine this threshold, the

annual variations and long term trends of the nominal GRACE gravity field

solutions, RL05 (computed using the full suite of GRACE instruments), can

be truncated at various spherical harmonic degrees. This is shown in Figures

3.2, 3.3, and 3.4. From the figures, it is apparent that to capture continental

scale variations, at least a 7×7 gravity field is required. At smaller degrees, the

recovery of time variable signal, most notably the trend and cosine component

of the annual variations, are quite limited.

Now that the lower limit on the gravitational field size has been visually

established, it is important to analyze the ability of the GPS double difference

observable to recover time variable gravity signal. This is done by computing

monthly GPS-only solutions, using the methods and parameterization strategy

outlined in Section 3.1, over the course of the GRACE mission. Then, the time

series for each spherical harmonic coefficient can be analyzed. The correlation
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(a) Truncated to Degree 5

(b) Truncated to Degree 6

(c) Truncated to Degree 7

Figure 3.2: Nominal GRACE derived trends in the gravity field truncated to
degrees 5, 6, and 7.

55



(a) Truncated to Degree 5

(b) Truncated to Degree 6

(c) Truncated to Degree 7

Figure 3.3: Nominal GRACE derived sine component of the annual gravity
field variations truncated to degrees 5, 6, and 7.
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(a) Truncated to Degree 5

(b) Truncated to Degree 6

(c) Truncated to Degree 7

Figure 3.4: Nominal GRACE derived cosine component of the annual gravity
field variations truncated to degrees 5, 6, and 7.
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coefficients between the nominal GRACE solutions, RL05, which use the full

GRACE instrument suite and the GPS-only solutions are shown in Figure 3.5.

In addition, the degree average correlation coefficients are shown in Figure

Figure 3.5: Correlation coefficients between nominal monthly GRACE gravity
field solutions and monthly GPS-only gravity field solutions.

3.6. Overall, the correlations between spherical harmonic time series are quite

low, especially at high degrees. Note that the sectorial harmonics are generally

very well correlated; however, as the spherical harmonic coefficient moves away

from the sectorials, the correlations become quite low. This indicates that size

of the solvable gravity field, using GPS double difference observations, is quite

limited. Therefore, the ensuing analysis will attempt to capture continental
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Figure 3.6: Degree averaged correlation coefficients between nominal monthly
GRACE gravity field solutions and monthly GPS-only gravity field solutions.

scale variations in a 7 × 7 gravity field. In addition, the high correlations

indicate that estimates of the sectorial harmonics agree well with the nominal

GRACE solutions, which use a combination of GPS and KBR data.

Continuing with the analysis of GPS-only gravity field solutions, annual

variations and long term trends may be derived and compared to the nominal

GRACE RL05 solutions. These comparisons are shown in Figures 3.7, 3.8, and

3.9. From the figures, it is apparent that there are some major deficiencies

with the recovery of time variable gravity from the GPS-only solutions. These

include: deficiencies in the zonal harmonics, apparent through the zonal band-

ing in Figure 3.9, and the presence of spurious signals, most notably in the

long term trends, Figure 3.7, arising from omission error. The manifestation

of omission error is easily explained through an application Kaula’s linear per-

turbation theory [4] and is described in detail in the following section. These

errors (deficiency in the zonal harmonics and the presence of omission error)

make it impractical to compute unconstrained GRACE GPS-only solutions.
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(a) RL05

(b) GPS-Only

Figure 3.7: Comparison of long term trends derived from monthly RL05 (a)
and GPS-only (b) gravity fields.
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(a) RL05

(b) GPS-Only

Figure 3.8: Comparison of sine component of the annual trend derived from
monthly RL05 (a) and GPS-only (b) gravity fields.
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(a) RL05

(b) GPS-Only

Figure 3.9: Comparison of cosine component of the annual trend derived from
monthly RL05 (a) and GPS-only (b) gravity fields.
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However, the errors can be alleviated by utilizing more sophisticated estima-

tion techniques: combining GRACE GPS with independent information from

SLR observations and accounting for the omission error by estimating con-

strained higher degree solutions.

3.3 GPS+SLR Solution

Since GRACE GPS-only solutions show a significant weakness in ob-

servation of the zonal coefficients, Figure 3.9, it is advantageous to include

independent information in the form of satellite laser ranging (SLR), provided

by Dr. Minkang Cheng [51, 11]. The SLR satellites utilized include LAGEOS-

1, LAGEOS-2, Starlette, Stella, and Ajisai; identical to those used in the

computation of the operational GRACE replacement value for harmonic C2,0

[51, 11]. This inclusion of SLR satellites, at the information equation level,

improves the zonal harmonic deficiencies associated with GRACE GPS-only

observations, as shown in Figure 3.10. However, it is important to note that

improvements in the recovery of trends go largely unrealized, Figure 3.11.

While these spurious trends are not alleviated by the inclusion of SLR data,

they are easily explainable through the application of Kaula’s analytic theory

[4]. Kaula’s theory defines the frequncy of a spherical harmonic perturbation

to the satellite orbital elements as

Ψl,m,p,q = (l − 2p) ω̇ + (l − 2p+ q) Ṁ +m
(

Ω̇− θ̇
)

(3.1)

where,

l = spherical harmonic degree,
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(a) GPS-Only

(b) GPS+SLR

Figure 3.10: Comparison of cosine component of the annual trend derived from
monthly GPS-only (a) and GPS+SLR (b) gravity fields.
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(a) GPS-Only

(b) GPS+SLR

Figure 3.11: Comparison of cosine component of the annual trend derived from
monthly GPS-only (a) and GPS+SLR (b) gravity fields.
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m = spherical harmonic order,

p = argument to the inclination function, p ≤ l,

q = argument to the eccentricity function, scales perturbations by

order e|q| (e = orbit eccentricity),

ω̇ = mean secular rate of the argument of perigee,

Ṁ = mean secular rate of the mean anomaly,

Ω̇ = mean secular rate of the ascending node,

θ̇ = Earth rotation rate.

Note that while Kaula’s theory applies to perturbations in the satellite or-

bital elements, this theory has been generalized to perturbations in the ra-

dial, transverse, and normal satellite directions by Rosborough [52, 53] and

Casotto [54, 55]. Note that the perturbations in the radial and transverse

direction have identical frequencies to that shown in Equation 3.1. Plotting

each of these frequencies as a function of degree/order yields Figure 3.12 and

highlights some important features of orbital perturbations due to spherical

harmonics. The most important characteristic is that harmonics of identical

order (m) and parity (l−m) perturb the orbit at exactly the same frequency

(this was used by Swenson and Wahr [28] to identify correlated errors in the

nominal GRACE solutions). The effect of this spherical harmonic property

is easily demonstrated by examining a spherical harmonic coefficient time se-

ries as the maximum estimated degree is adjusted, as shown in Figure 3.13.

The figure shows a time series of the harmonic C6,3 computed using a com-

bination of GPS and SLR observations with different maximum degrees (the

nominal combined GRACE solution, RL05, is also shown for reference). When
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Figure 3.12: Orbit perturbation frequencies due to indicated spherical har-
monic degree and order.

Figure 3.13: Time series of harmonic coefficient C6,3 estimated from the nomi-
nal GRACE solution, RL05, a combination of GPS and SLR with a maximum
estimated degree of 7, GPS+SLR 7x7, and a combination of GPS and SLR
with a maximum estimated degree of 9, GPS+SLR 9x9.
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the maximum degree is 7, the cumulative slope from even degrees of order 3

contaminate estimates of C6,3, as shown by the large slope. Once the maxi-

mum degree is increased to 9, the effect of omission error moves into degrees

8 and 9, alleviating the spurious slope seen in the 7 × 7 solution. Therefore,

the ensuing GPS+SLR solution strategy will estimate a sightly larger gravity

field, 9× 9, but only utilize the 7× 7. This essentially allows degrees 8 and 9

to absorb the effects of omission error, leaving the desired 7 × 7 gravity field

unaffected. However, estimating the larger 9 × 9 causes an increase in noise,

caused by the increased number of estimated parameters in the ill-conditioned

system, also apparent in Figure 3.13. Therefore, some light a priori constraints

are applied to degrees 2-7 (degrees 8-9 are left unconstrained to allow for ab-

sorption of omission errors) in an effort to mitigate the increased noise in the

spherical harmonic coefficients. The constraints are derived as the root mean

square (RMS) of the difference between the GPS+SLR 9x9 unconstrained so-

lution and the nominal combined GRACE solution (RL05) and empirically

scaled to provide an optimal gravity field solution. This yields estimates of

time variable gravity given by Figures 3.14, 3.15, and 3.16. It is apparent

that the constrained/truncated GPS+SLR solutions show reasonable qualita-

tive agreement to the time variable signal acquired from truncated nominal

GRACE solutions. Additionally, note the drastic improvement when compar-

ing Figures 3.14, 3.15, and 3.16 to Figures 3.7, 3.8, and 3.9. However, there is

still noticeable noise and signal delocalization, note the slight shift eastward

in the Greenland trend in Figure 3.14(b) when compared to Figure 3.14(a), in

the recovered time variable gravity signal. This points to a weakness in utiliz-
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(a) RL05

(b) Constrained/Truncated GPS+SLR

Figure 3.14: Comparison of long term trends derived from monthly RL05 (a)
and constrained/truncated GPS+SLR (b) gravity fields.
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(a) RL05

(b) Constrained/Truncated GPS+SLR

Figure 3.15: Comparison of sine component of the annual trend derived from
monthly RL05 (a) and constrained/truncated GPS+SLR (b) gravity fields.
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(a) RL05

(b) Constrained/Truncated GPS+SLR

Figure 3.16: Comparison of cosine component of the annual trend derived from
monthly RL05 (a) and constrained/truncated GPS+SLR (b) gravity fields.
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ing high-low only (GPS observations) tracking for gravity field determination,

indicating that the accuracy of GPS observables is not sufficient to adequately

characterize high degree orbit perturbations.

Global quantitative analysis between the time variable signal recovered

from the constrained/truncated GPS+SLR solutions and the nominal RL05

solutions (equivalently truncated) is facilitated by the use of empirical orthog-

onal functions (EOFs), which are commonly used to analyze the dominant

spatial/temporal modes in sea level data from altimetry [56]. EOFs provide

dominant (in terms of contribution to the overall signal+noise variance) spa-

tial and temporal modes for each dataset: constrained/truncated GPS+SLR

solutions and truncated RL05 solutions. Given a time series with N time

points and M spatial locations, an M ×N matrix Z is formed. This matrix,

Z, may be decomposed using a singular value decomposition as

Z = UΣV T (3.2)

where

U = M ×M orthogonal matrix of left singular vectors,

Σ = M ×N diagonal matrix of singular values,

V = N ×N orthogonal matrix of right singular vectors.

The spatial modes are given by the columns of U and the temporal modes are

given by the columns of ZTU . In addition, the percentage contribution to the

overall variance from each spatial mode is given by

Σ2
i,i∑
Σ2
i,i

(3.3)
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Finally, it is readily apparent that if we have 2 datasets, given by Zi and

Zj, that it is possible to project the spatial mode of dataset i onto dataset j

as ZT
j U i. This yields the temporal mode for each dataset projected onto a

common spatial mode. A common practical application of these projections

is in the analysis and combination of datasets with vastly differing spatial

and temporal resolutions, such as sea level altimetry and tide gauges [57]. In

our case, we can project the GPS+SLR solutions onto the spatial modes of

RL05, enabling the visualization of how well the GPS+SLR solutions recover

the RL05 time variability in each particular global spatial mode. Note that

the following analysis uses the spatial modes from RL05, which is taken to be

representation of the truth, truncated to a maximum degree of 7; therefore,

there is already significant signal loss from the truncation (all degrees > 7 are

omitted). Since the goal of these low degree gravity field solutions is continuity,

it is of the utmost importance that the information content in GPS+SLR

solutions match that of RL05. If the information content between each data

type, GPS+SLR and RL05, is not consistent, the maintenance of continuity

is unrealizable and the value of GPS+SLR combination solutions is greatly

diminished. Plots of the first three spatial modes, and the corresponding

temporal projections, are shown in Figures 3.17, 3.18, and 3.19. Note that

these 3 temporal modes are made up of linear combinations of long term

trends, the cosine component of the annual cycle, and the sine component of

the annual cycle; all of the time variable signals of interest. The agreement

between RL05, which can be taken as a measure of the “truth,” and GPS+SLR

is quite good, despite the presence of considerable noise. Quantitative statistics
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(a) RL05 Spatial Mode 1

(b) Temporal Mode 1 Projections

Figure 3.17: RL05 spatial and temporal mode 1 compared to the projection
of GPS+SLR solutions onto RL05’s spatial mode.
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(a) RL05 Spatial Mode 2

(b) Temporal Mode 2 Projections

Figure 3.18: RL05 spatial and temporal mode 2 compared to the projection
of GPS+SLR solutions onto RL05’s spatial mode.
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(a) RL05 Spatial Mode 3

(b) Temporal Mode 3 Projections

Figure 3.19: RL05 spatial and temporal mode 3 compared to the projection
of GPS+SLR solutions onto RL05’s spatial mode.
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of the correlations between the 2 time series, for each temporal mode, are

shown in table 3.2. From table 3.2 it is apparent that the global temporal

Table 3.2: Correlation of temporal mode time series for projection of RL05
and GPS+SLR onto the RL05 spatial modes.

Mode Correlation Coefficient P Value Percentage of RL05 Variance
1 0.85 < 0.00005% 52.81%
2 0.64 < 0.00005% 29.31%
3 0.57 < 0.00005% 5.83%
4 0.23 0.8847% 1.63%
5 0.38 0.0005% 1.60%
6 0.09 31.3279% 1.24%

modes correlate above 0.5 for approximately 88% of the total RL05 spatial

variance. This indicates that the GPS+SLR solutions are capturing some

important large scale geophysical signal, which, at the very least, could be

used to monitor large scale mass changes within the Earth and to constrain

geophysical models. While this result is promising for global gravity recovery

from single satellite tracking, this EOF analysis fails to capture smaller scale

error in the recovered spherical harmonic coefficients, including delocalization

of signal and its effect on regional science results. These must be examined in

the context of regional basin analysis.

For the regional analysis, a variety of basin averages for the nomi-

nal GRACE solutions, RL05, may be compared to the constrained/truncated

GPS+SLR solutions. The basin averages are given in the average equivalent

water height over the basin; however, note that these basin averages are not

fully representative of total mass change and have not been corrected for GIA,

geocenter motion, etc. They are used merely as a comparison of GRACE-
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derived gravity field solutions. The basins shown incude: Amazon, Congo,

Ganges, Greenland, and Mississippi. For each basin the time series, over the

GRACE record, is computed using a 400 kilometer smoothed version of the

indicated GRACE solution (RL05), a truncated (to the specified degree) ver-

sion of RL05, and GPS+SLR, as well as an appropriate averaging kernel. Note

that the harmonic C2,0 has been replaced with the SLR value [51] for all of

the RL05 time series shown due to its contamination by thermal variations

[58], facilitating comparisons with the GPS+SLR time series. In the following

figures, the geographic location of the basin as well as the basin time series

of average equivalent water height is shown. In addition, realistic 1− σ error

bars, computed using RL05 as a truth value, have been included in a dupli-

cate plot of average equivalent water height, highlighting the uncertainty in

the GPS+SLR estimates.

The regional analysis of gravity signal paints a slightly bleaker picture

than the global analysis. There are 2 main points to consider. First, the

gravity field recovery of a 7 × 7 field is not fully representative of the full

time variable signal. This is most notable in the attenuation of the annual

amplitudes in the Amazon, Figure 3.20, and the attenuation of the long term

trends in Greenland, Figure 3.23; however, this is expected since it is not rea-

sonable to assume that the full time variable signal can be captured at the

coarse spatial resolution provided by a 7× 7 gravity field. More importantly,

the basin time series from GPS+SLR fields are dominated by large amounts

of noise. Additionally, not only are the times series noisy, but when the un-

certainty in the estimates are properly transformed into the basin time series,
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(a) Amazon Basin

(b) Amazon Basin Time Series

(c) Amazon Basin Time Series with Error Bars

Figure 3.20: Map of the Amazon basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions (RL05), RL05 truncated at
degree/order 7 and GPS+SLR solutions computed out to degree/order 7; each
are Gaussian smoothed to 400 km. The time series of average equivalent water
height is also shown including empirically derived error bars for the GPS+SLR
solution (c).
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(a) Congo Basin

(b) Congo Basin Time Series

(c) Congo Basin Time Series with Error Bars

Figure 3.21: Map of the Congo basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions (RL05), RL05 truncated
at degree/order 7 and GPS+SLR solutions computed out to degree/order 7;
each are Gaussian smoothed to 400 km. The time series of average equivalent
water height is also shown including empirically derived error bars for the
GPS+SLR solution (c).
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(a) Ganges Basin

(b) Ganges Basin Time Series

(c) Ganges Basin Time Series with Error Bars

Figure 3.22: Map of the Ganges basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions (RL05), RL05 truncated at
degree/order 7 and GPS+SLR solutions computed out to degree/order 7; each
are Gaussian smoothed to 400 km. The time series of average equivalent water
height is also shown including empirically derived error bars for the GPS+SLR
solution (c).
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(a) Greenland

(b) Greenland Time Series

(c) Greenland Time Series with Error Bars

Figure 3.23: Map of Greenland (a) and the average equivalent water height (b)
for the nominal GRACE solutions (RL05), RL05 truncated at degree/order 7
and GPS+SLR solutions computed out to degree/order 7; each are Gaussian
smoothed to 400 km. The time series of average equivalent water height is also
shown including empirically derived error bars for the GPS+SLR solution (c).
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(a) Mississippi Basin

(b) Mississippi Basin Time Series

(c) Mississippi Basin Time Series with Error Bars

Figure 3.24: Map of the Mississippi basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions (RL05), RL05 truncated at
degree/order 7 and GPS+SLR solutions computed out to degree/order 7; each
are Gaussian smoothed to 400 km. The time series of average equivalent water
height is also shown including empirically derived error bars for the GPS+SLR
solution (c).
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as shown in Figures 3.20(c) - 3.24(c), the 1 − σ error bars are quite large,

at best 4 centimeters of equivalent water height. This makes the full 3 − σ

uncertainty approximately the same order of magnitude as the time variable

signal for large basins (note the ±20cm annual variations in the Amazon with

a 3 − σ uncertainty of ±13cm), and much larger than the time variable sig-

nal in smaller basins. These large uncertainties make it increasingly difficult

to confidently assess variations in the time variable gravity signal; such as

year-to-year variations in the annual cycle and transient events. However, the

resolution of large trends, such as those present in the Greenland time series,

may be possible to discern, in a band limited sense. This would provide some

idea of the mass loss/gain trends in the intermittence between GRACE and

GRACE-FO, and allow for continuity comparisons of large spatial scale, long

term temporal signals.

3.4 Summary

This section computed monthly, low degree/order (7× 7) gravitational

fields derived from a single GRACE satellite and 5 SLR satellites: LAGEOS-

1, LAGEOS-2, Starlette, Stella, and Ajisai. While GRACE is the dominant

contributor the monthly gravity field estimates, it shows significant weakness

in accurately estimating the zonal coefficients, necessitating the addition of

the SLR satellites. In general, the resulting gravity fields are noisy and do not

provide the necessary spatial resolution to perform fine scale regional scientific

analysis; however, they show promise in providing band limited information

on large long term trends, i.e. Greenland. Additionally, the global analysis
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indicates that there is significant signal in the low degree GPS+SLR solutions.

This means that they may be useful in determining the large scale movement

of mass, and perhaps more importantly, provide a constraint for the large

spatial scale mass transport in geophysical models.
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Chapter 4

GPS Contribution to the Gravity Field

Solution

GRACE gravity field estimation relies on the fusion of 2 very differ-

ent observation types: inter-satellite range-rate (KBR or alternatively KRR),

which is the primary measurement, and GPS double differences, which are vital

to stabilizing estimates of the gravitational field. While an optimal weighting

procedure is utilized to properly combine the data types [34, 35], GPS double

differences require artificial down weighting to ensure that they do not over

influence the gravity field solution [32, 33]. This highlights a profound mis-

understanding of the contribution of GPS double differences to the combined

gravity field solution and suboptimal modeling of the GPS observations. A

detailed analysis of the relative contribution of GPS and KBR observables

follows, including the strengths and weaknesses of each data type and their

contribution to the gravity field solution.

4.1 Optimal Weighting Effects

Optimal weights, as discussed in Section 2.1.5.2, are used to optimally

combine the GPS and KBR data types involved in GRACE gravity field de-

termination, and are scale factors applied to the input observation covariance.
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The final sigma values after optimal scaling, for each data type, over the life-

time of GRACE are shown in Figure 4.1. Note that these sigma values are

typically thought of as a measure of the noise in the observable. Notice that

Figure 4.1: Nominal GRACE solution optimal sigmas over the lifetime of the
mission.

the values for the GPS sigmas are constant at a value of approximately 2

centimeters, while the KBR sigma values are approximately 0.25 microns per

second (note that the data weight is the inverse of sigma squared). The GPS

sigma values are constant at 2 centimeters due to decisions made in RL05 pro-

cessing which prevent the GPS sigmas from decreasing below this value [33].

Without this lower bound, the GPS sigmas would typically equate to values

less than 1 centimeter (which translate to more than an order of magnitude

larger weight). This processing decision was based on empirical observations

of degradation in the gravity field when varying the GPS sigma values. For

example, Figures 4.2 and 4.3 show 180×180 gravity field solutions, for August

of 2008, with various GPS weighting strategies, discussed in the following.

When interpreting these figures it is important to note that at the lower de-

87



Figure 4.2: Degree variance of gravity field solutions for August of 2008 with
varying GPS+KBR optimal weighting strategies. The solution was computed
to degree/order 180 and the figure has been truncated to degree 60 for visual-
ization purposes.

(a) (b) (c)

Figure 4.3: Spherical harmonic solution for August of 2008 with varying
GPS+KBR optimal weighting strategies.
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grees (2-15), the gravity field estimate is dominated by real signal. However,

at higher degrees (> 25), where the degree variance plots show increases in

power, the gravity field estimate is dominated by noise. With this in mind,

it is apparent that Figure 4.2 shows a noticeable degradation in gravity field

quality, between degrees 20 and 45, when down weighting GPS, by approx-

imately an order of magnitude (weight of ≈ 10 centimeters), relative to the

RL05 solutions (weight of ≈ 2 centimeters). Similarly, letting the optimal

weights adjust naturally, or up weighting GPS data by approximately an or-

der of magnitude (weight of ≈ 0.5 centimeters) relative to RL05 (weight of

≈ 2 centimeters), results in a noticeable degradation from degrees 30 to 90;

this is most apparent by noting the decrease in the amount of red from Figure

4.3(b) to Figure 4.3(a) (signifying an increase in noise).

These results indicate that the gravity field solution is somewhat opti-

mal if the GPS sigmas are capped at a value of approximately 2 centimeters.

However, the need to manually adjust the GPS weights highlights an ad-hoc

treatment of GPS data and/or a lack of understanding of the GPS contribution

to the gravity field solution. Note that this deficiency is due to the fact that

the estimator has no knowledge of any dynamical modeling error. In depth

analysis and justification for this statement follow, culminating in Chapter 6.

4.2 Contribution Analysis of Resolution Matrices

Now that Chapter 3 has established that the GRACE GPS double

difference observations are limited in their ability to independently observe the

Earth’s gravitational field, the contribution of GPS to the combined, nominal
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GRACE solutions (RL05), may be examined. It will be examined through

a “contribution” analysis which utilizes the resolution matrix, described by

Jackson [59]. Returning to the linear system defined as

yi = H ix+ εi (4.1)

where the index i indicates the observation type (in the case of GRACE, GPS

and KBR), the resolution matrix is defined as

Ri =

(∑
i

HT
i W iH i

)−1
HT

i W iH i (4.2)

where the “resolution” of observation type i to the total solution of param-

eter k is the kth diagonal entry of the resolution matrix, Ri. The degree to

which Ri approximates the identity matrix indicates the relative contribution

of observation type i. Plotting, for each data type, the percentage contribu-

tion to each spherical harmonic coefficient yields Figure 4.4. There are three

main features of note: GPS contributes, even at higher degrees, to the spher-

ical harmonics of resonant order (approximately orders 15, 30, etc.), there is

a significant contribution from GPS in the sectorials, and GPS contributes

essentially no information to the computation of the zonal harmonics. Note

that these results are specific to the KBR/GPS combination when GPS double

difference observations are utilized. The reasons behind GPS’s contribution

to the resonances and sectorial harmonics are easily explained via linearized

orbit perturbation theory and will be discussed further in the following Sec-

tion (4.3); however, it is worth noting that there seems to be a contradiction

between the GPS-only solutions, which showed that GPS was unable to deter-

mine higher degree harmonics, and this contribution analysis. Again, this will
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(a) (b)

Figure 4.4: Percent contribution to estimates of the spherical harmonic coef-
ficients from GPS (a) and KBR (b).
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be explored in the following section. Additionally, the large GPS contribution

to the sectorials corresponds with the observation, in Section 3.2, that the

GPS-only solutions correlate significantly with the RL05 solutions. It is now

apparent, from figure 3.5, that the sectorials are primarily determined from

GPS observations, causing the large correlations. Finally, the lack of GPS

information in the zonal coefficients directly relates to the weakness seen in

the determination of the zonal coefficients in the GPS-only solutions, Figure

3.9; highlighting a lack of observability of zonal coefficients from GRACE GPS

observations alone.

4.3 Linearized Orbit Perturbations

While Chapter 3 showed that the GPS observable is not capable of

determining high degree harmonic solutions, the GPS resolution matrix shows

significant contributions from GPS double differences at the resonant orders.

The cause of this is easily visualized by determining the analytical amplitude

spectrum, derived using the GRACE monthly estimates from August 2008 and

Kaula’s analytical theory [4], which was later adapted by Rosborough [52, 53]

and Casotto [54, 55]. This analytical perturbation spectrum for GRACE is

shown in Figure 4.5. The figure shows the amplitude and frequency of per-

turbations due to all spherical harmonic coefficients; with the perturbations

arising from harmonics of resonant and near-resonant orders (14, 15, 16, 30,

31, 32, 45, 46, 47, and 60) highlighted in red. Note that nearly all of the

largest amplitude and lowest frequency orbit perturbations are due to these

resonant orders. While most higher degree/order harmonics perturb at ampli-
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Figure 4.5: Analytical perturbation spectrum with perturbations due to har-
monics at resonant order highlighted.

tudes below the observability of the GPS system, the resonant orders perturb

at much larger amplitudes, improving their observability and increasing the

GPS contribution to the overall solution.

Similarly, the analytical perturbations due to sectorial harmonics may

be visualized; however, in addition to the analytical theory adapted by Rosobor-

ough and Casotto, a further extension to inter-satellite ranging, given by Cheng

[60], will be utilized. Although the typical GRACE observable is inter-satellite

range-rate, inter-satellite range will be shown in the following figures, in or-

der to facilitate the analysis. Perturbations in inter-satellite range-rate have

similar qualitative spectral characteristics and are shown later on in the anal-

ysis. The perturbation spectrum, highlighting harmonics of order 4 and 9 are

shown in Figures 4.6 and 4.7 respectively. There are few things to note from

the figures. First, for absolute positioning, the lowest frequency and largest
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(a) Satellite Position Perturbation Spectrum

(b) Inter-Satellite Range Perturbation Spectrum

Figure 4.6: Analytical perturbation spectrum of satellite position (a) and inter-
satellite range (b), with perturbations due harmonics of order 4 highlighted.
Special attention is also drawn to the perturbations from sectorial harmonics
of order 4.
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(a) Satellite Position Perturbation Spectrum

(b) Inter-Satellite Range Perturbation Spectrum

Figure 4.7: Analytical perturbation spectrum of satellite position (a) and inter-
satellite range (b), with perturbations due harmonics of order 9 highlighted.
Special attention is also drawn to the perturbations from sectorial harmonics
of order 9.
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amplitude perturbation of a given order, arises due to the sectorial harmonic

(typically due to the m-daily perturbation). When transformed into inter-

satellite range this perturbation is attenuated, causing the sectorial harmonic

to no longer perturb at the largest amplitude, when compared to harmonics

of the same order. Therefore, it is expected that the GPS observable, which is

used to measure absolute satellite position, should be most sensitive to these

perturbations in the sectorial harmonics. This is contrasted by perturbations

in inter-satellite range, which attenuate low frequency signals from the secto-

rials, while simultaneously amplifying higher frequency perturbations which

are not dominated by the sectorial harmonics.

This may be verified by examining the linearized equations of motion

for the actual GRACE satellites. In this case the reference orbit for the lin-

earized dynamics is no longer the secularly precessing ellipse, as used in Kaula’s

analytical theory [4], but is the numerically integrated orbit including the full

suite of GRACE force models [33]. The state parameters and inter-satellite

measurement equations are defined as,

ρ = r2 − r1

ρ =

√
(r2 − r1)T (r2 − r1)

êρ =
ρ

ρ

ρ̇ = êρ
T (v2 − v1)

(4.3)

where,

ri = 3× 1 inertial position vector of satellite i,

vi = 3× 1 inertial velocity vector of satellite i,
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ρ = 3× 1 inter-satellite range vector,

ρ = scalar instantaneous inter-satellite range (corresponds to the

range observable),

êρ = 3× 1 unit vector directed along the line of sight between the

2 satellites,

ρ̇ = scalar instantaneous inter-satellite range-rate (corresponds to

the range-rate observable),

Using Equation 4.3 on the nominal GRACE orbits, the variation in the range-

rate observable corresponding to a perturbation in an arbitrary harmonic, Yl,m,

is given as,

δρ̇ =

{
(v2 − v1)

ρ

[
∂r2
∂Yl,m

− ∂r1
∂Yl,m

+ êρêρ
T

(
∂r1
∂Yl,m

− ∂r2
∂Yl,m

)]
+ êρ

T ∂v2
∂Yl,m

− êρT
∂v1
∂Yl,m

}
δYl,m

(4.4)

where the partial derivatives are components of the state transition matrix.

In lieu of fully computing the GPS double differences variations the inertial

position may be used; therefore, the inertial position of each satellite is written

as

ρi =
√
rTi ri (4.5)

and the variation with harmonic, Yl,m is given as,

δρi =
1

ρi
rTi

∂ri
∂Yl,m

δYl,m (4.6)

Using the harmonic variations, δYl,m, computed from the GRACE gravity

field solution for August 2008, the perturbations to the observables due to
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harmonics C4,4 and C9,9 may be computed. The amplitude spectrum of these

time series are shown in Figures 4.8 and 4.9. Note that these time series have

Figure 4.8: Amplitude spectrum of normalized observable perturbations due
to spherical harmonic coefficient C4,4.

Figure 4.9: Amplitude spectrum of normalized observable perturbations due
to spherical harmonic coefficient C9,9.

been scaled by each data type’s respective least squares weight to accurately
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reflect their contributions to the least squares solution. Another feature of note

is the fact that the low frequency signal (1 cycle per revolution and lower)

for inter-satellite range-rate may be completely absorbed by the kinematic

empirical parameters employed in GRACE gravity field estimation. Therefore,

when analyzing the figures it is important to disregard the low frequency (≤

1cpr) signal in the inter-satellite range-rate variations. With these facts in

mind it is readily apparent why GPS is driving estimates of the sectorial

harmonics; the low frequency perturbations in absolute satellite positions are

the most sensitive to variations in the sectorial harmonics. More specifically,

Figure 4.8 shows that low frequency position perturbations (approximately

0.25 cpr and 1 cpr) are driving the estimate (recall that the ≤ 1cpr range-rate

signals may be absorbed by the empirical parameters but they are still present

in the GPS signals). Similarly, Figure 4.9 shows that the low frequency (0.4

cpr, 1 cpr, and 1.5 cpr) position perturbations are the largest amplitude and

drive the least squares estimate. Conversely, Figure 4.10 shows the variations

due to a perturbation in harmonic C9,8. Note that the higher frequency (>

4cpr) range-rate perturbations are now the largest amplitude signal, causing

inter-satellite range-rate to dominate the least squares estimate. While only a

few sample harmonics have been shown, these observations are valid for other

sets of spherical harmonic coefficients, adequately explaining the increased

contribution from GPS, for the sectorial harmonics.
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Figure 4.10: Amplitude spectrum of normalized observable perturbations due
to spherical harmonic coefficient C9,8.

4.4 Singular Value Decomposition (SVD)

While the previous section analyzed the effect of solely gravitational

perturbations on the orbit trajectory, it is also useful to examine the properties

of linear estimation system itself. This involves the utilization of the singular

value decomposition (SVD). Starting with the linear system describing the

GRACE estimation problem,

y = Hx+ ε (4.7)

where H is the matrix mapping variations in the unknown parameters, x, to

the observations, y. The matrix, H may be decomposed as

H = UΣV T (4.8)

The singular values are contained in the diagonal matrix, Σ, and the ratio

of the largest and smallest singular values yields the condition number of the
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linear system. The singular values (and condition numbers) for the nominal

GRACE system, which combines GPS and KBR measurements, as well as

systems solely utilizing one type of measurement are shown in Figure 4.11. As

Figure 4.11: Singular values of linear system for the nominal, combined
GRACE solution, GPS-only, and KRR-only.

expected, GPS-only is the best conditioned system. This is due to the fact that

the linear system has no knowledge of the observation error, it is only modeling

sensitivities of perfect observations to variations in the unknown parameters.

Therefore, it is expected that the GPS system, if GPS measurements were able

to provide perfect accuracy, would be the best conditioned due to improved

measurement geometry. However, as seen in Chapter 3, observation noise

limits the gravity recovery. More importantly, the KRR-only (k-band range-

rate) system exhibits the worst condition number. This demonstrates that the

KRR observable has some significant weaknesses. The parameters causing this

weakness are easily examined by looking at the singular vectors corresponding

to the lowest singular values.
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For example, if a matrix is rank deficient, it will have singular values

that are identically zero. In this case the null space of the matrix is spanned by

the columns of V (singular vectors) which correspond to the 0 singular values.

In the case shown in Figure 4.11, the system is not rank deficient (the system is

ill-posed); therefore, there are no singular values that are identically, or near,

0. However, it is possible to take the smallest singular values and determine

which parameters are least observable by utilizing the orthonormality of the

matrix, V . More specifically, as shown in Figure 4.12, the KRR-only linear

system exhibits a sharp drop in singular values. Selecting these singular values,

Figure 4.12: Singular values of the KRR-only linear system, highlighting in
red the smallest singular values.

the ones highlighted red in Figure 4.12, and computing the root mean square

sum of each row of V , where V has been truncated to only contain singular

vectors corresponding to the selected singular values, yields the contribution

of each parameter to these small singular values. Since V is orthonormal the

closer a parameter’s value is to a value of 1, the more that parameter con-
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tributes to the ill-conditioning of the system (its primary contribution comes

from small singular values). In the case shown in Figure 4.12, the contribution

of each set of parameters is shown in table 4.1. Note that the ACC parameters

listed in the table are the bias and scale factors given in the GRACE Level-2

processing standards [33], where the bias is modeled as a quadratic polyno-

mial. In addition, the accelerometer parameters are referenced to the science

reference frame (SRF). While this is fully defined in the GRACE Level 1B

User Handbook [61], these coordinates very roughly approximate the satellite

radial (SRF X), along track (SRF Z), and cross track directions (SRF Y), or

their antipode. The parameters which contribute almost exclusively to the

smallest singular values are the initial satellite positions and the ACC scale

factors. After these parameters, the initial satellite velocities owe a significant

portion of their total contribution to the smallest singular values. Finally, the

accelerometer bias parameters and spherical harmonics begin to contribute

to the small singular values. In general, the spherical harmonic coefficients

do not have a significant contribution to the smallest singular values; with

C2,0 and some degree 2 and resonant order harmonics contributing the most.

The common thread tying each of the parameters which contribute signifi-

cantly to the smallest singular values is a correspondence to the long term

evolution of the orbit, i.e. low frequency variations. This is not surprising

because the inter-satellite measurement system acts approximately as a high-

pass filter, attenuating low frequency signals and amplifying high frequency

signals, contributing to the lack of observability of these parameters. In ad-

dition, the accelerometer parameters and satellite initial conditions are highly
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correlated between satellites, when exclusively using inter-satellite range-rate

measurements. A variation in one satellite’s initial conditions could easily be

compensated by adjusting the other satellite’s initial conditions. Likewise for

the accelerometer parameters.

As a quick validation of the instability of the satellite initial conditions

and the accelerometer parameters, it is possible to compute a KRR-only so-

lution with the satellite initial conditions and accelerometer parameters con-

strained to the values computed from the nominal GRACE solution, RL05.

The resulting gravity field is shown in Figure 4.13, along with the nominal,

RL05 GRACE gravity field solution and the unconstrained KRR-only solution.

Note how poor the unconstrained KRR-only gravity field solution is, mostly

Figure 4.13: KRR-only gravity field solution, with the initial conditions and
accelerometer parameters constrained to values computed from the nominal
GRACE gravity field solution (RL05), compared with the unconstrained KRR-
only solution and RL05.

due to the inability to determine accurate satellite initial conditions; however,
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as soon as the poorly observed parameters which describe the long term evolu-

tion of the orbit (satellite initial conditions and accelerometer parameters) are

constrained to their “optimal” values, given by estimates from the combined

(GPS and KRR) RL05 solution, the estimates stabilize. While this might seem

to hint at the ability to determine accurate gravity fields from KRR data only,

the accuracy of these estimates is dependent upon a sufficient solution for the

satellite initial conditions and accelerometer parameters. In this case, shown

in Figure 4.13, the constrained values for the satellite initial conditions and

accelerometer parameters are determined from the nominal GRACE solution,

RL05, which computes gravity field solutions with a combination of GPS and

KRR data. In addition, it is not feasible to include GPS data, but only al-

low for it to influence the determination of the satellite initial conditions and

accelerometer parameters, i.e. do not include partials of the GPS observable

with respect to the gravitational field. As seen previously, the GPS observable

still contains viable information about the gravity field, which if not properly

accounted for corrupts the overall quality of the gravitational field estimates.

Just as the smallest singular values revealed information about the least

squares system, the largest singular values may also provide valuable informa-

tion on the conditioning of the linear system. Referring back to Equation

4.8, the columns of U corresponding to the nonzero singular values define the

range space of the linear system. Again, the KRR-only linear system is ill-

posed, instead of rank deficient, so there are no zero singular values; however,

there is a natural break between some of the largest singular values, and the

remaining singular values. These are highlighted in Figure 4.14. Computing
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Figure 4.14: Singular values of the KRR-only linear system, highlighting in
red the largest singular values.

the contribution of each parameter to the range space of these large singular

values yields the contribution values shown in table 4.2. Note that the closer a

parameter’s contribution to a value of 1, the more that parameter contributes

to the range space of the large singular values (most well determined param-

eters). The values shown in table 4.2 differ significantly from those in table

4.1. First, there are no parameters whose contribution is fully described by

these large singular values, the largest contribution from any parameter is still

below 0.5. In addition, the parameters with the largest contribution to the

range space of the large singular values are the accelerometer parameters along

the line of sight between the 2 satellites. This is somewhat expected as the

inter-satellite observable provides information solely directed along the line of

sight and the accelerometer biases have the potential to absorb any manner

of un-modeled accelerations. While on a superficial level this seems to contra-

dict the findings shown in Figure 4.13, where constraining the accelerometer
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parameters vastly improved the determination of the gravitational field, this

is not the case. Recall that the linear system merely represents sensitivities of

the observable with respect to the unknown parameters (satellite initial con-

ditions, accelerometer parameters, and the gravitational field). With this in

mind, it is entirely reasonable that adjusting an acceleration bias would have

a profound effect on the inter-satellite range-rate. However, it is important

to keep in mind that the main goal of GRACE gravity field estimation is to

determine, as accurately as possible, the Earth’s gravitational field and the

aim of including the accelerometer biases is to merely absorb long period error

within accelerometer measurements, mostly due to thermal variations, while

leaving the accelerations due to the gravitational field uncorrupted. This al-

lows for the gravity field signal to be accommodated by adjusting the spherical

harmonic coefficients.

Finally, the preceding analysis has made it apparent that the GPS ob-

servable is an integral part of the optimal, combined gravity field estimate

because of its ability to stabilize estimates of parameters which are primar-

ily driven by the low frequency portion of the frequency spectrum, where the

inter-satellite range-rate measurements show weakness. However, since the

GPS observations contain information (signal) about spherical harmonic co-

efficients which manifest at low frequency, mainly the sectorial and resonant

order harmonics, in addition to the satellite initial conditions and accelerome-

ter dynamical parameters, it is not possible to solely allow the GPS observable

to contribute to the initial conditions and accelerometer parameters. In this

case, the omission of gravity field parameters whose signal is present in the
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observation dramatically corrupts the final combined estimate. Conversely,

the inclusion of partial derivatives of the gravity field parameters for the GPS

observable also creates the potential for idiosyncrasies in the GPS observa-

tions to contaminate estimates of the gravitational field. Therefore, it would

be advantageous to down weight contributions in the observable from low fre-

quency variations while simultaneously up weighting contributions at higher

frequency. This idea is the basis for Chapter 5 and will be fully developed

there.

4.5 Sensitivity of the Gravitational Field to Initial Con-
ditions

While Section 4.4 highlighted the importance of the GPS observable to

stabilizing the low frequency parameters of the gravity field, it is still unknown

just how sensitive estimates of the gravitational field are to variations in these

low frequency parameters, most notably the initial conditions. Therefore, to

get a feel for this sensitivity, a variation of the nominal GRACE combined

(GPS and KBR) solution may be computed. This solution, with offset initial

conditions, fixes values for the initial conditions to values offset by 1 centimeter

in position and 10 microns per second in velocity, from their RL05 estimated

values. The resulting degree variances are shown in Figure 4.15 and triangle

plots in Figure 4.16. Note the increase in power starting near degree 15 and

permeating the high degrees in Figure 4.15. This is a hallmark of an increase

in noise in the gravity field estimate. Additionally, note the increase in power

in the sectorials and resonant orders in the triangle plots, particularly Figure
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Figure 4.15: Degree variance of the nominal August 2008 GRACE solution,
RL05, and a solution with the initial conditions offset by 1 centimeter in
position and 10 microns per second in velocity, from their RL05 values.

(a) RL05 (b) Difference (c) Offset Initial Conditions

Figure 4.16: Triangle plots of the nominal August 2008 GRACE solution, RL05
(a), a solution with the initial conditions offset by 1 centimeter in position
and 10 microns per second in velocity (c), from their RL05 values, and their
difference (b).
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4.16(b). This indicates that accurate estimates of the satellite initial condi-

tions are necessary to produce an accurate gravity field estimate. Additionally,

recalling previous analysis indicating that the GPS observable primarily con-

tributes to sectorial and resonant order harmonics, Section 4.2, and that the

GPS observable is vital to the stabilization of the low frequency parameters

(initial conditions and accelerometer dynamical paramters), Section 4.4, it is

now apparent why the GPS observable must be down weighted. The empiri-

cally determined optimal GPS weight of 2 centimeters strikes a delicate balance

between allowing the GPS observable to stabilize the low frequency parame-

ters, while limiting its harm to the gravitational field. This ad-hoc optimal

combination is necessary due to the inability of the estimator, as currently for-

mulated for nominal GRACE processing, to distinguish between signal/noise

contributions at different frequencies. This limitation, and improved methods

to alleviate it, are addressed in the following chapters.

4.6 Summary

This chapter has examined the impact of the GPS observable on the

recovered gravity field from GRACE. First, it was noted that the optimal

contribution from GPS occurs when the GPS sigma value is capped at 2 cen-

timeters. Deviations of approximately an order of magnitude in weighting

(corresponding to a change in sigma of approximately 3) significantly degrade

the combined gravity field solutions, highlighting a sub-optimality in the mod-

eling of GPS data. Further analysis of resolution matrices and examination of

analytical and linear orbit perturbation theory demonstrated that the contri-

112



bution from GPS, to the gravitational field, is limited to spherical harmonics of

low degree, resonant order, and sectorial coefficients. However, further analysis

of the singular value decomposition of the nominal GRACE estimation system

indicated that the GPS observable does provide valuable information at low

frequencies, most notably for the satellite initial conditions and accelerometer

biases/scales. This indicates that while the GPS observable has minimal di-

rect impact on the overall gravitational field, it is still a vital component in

the combined estimation problem because it allows for stabilization of the low

frequency parameters (satellite initial conditions and accelerometer parame-

ters), which are not well observed by the inter-satellite range-rate observable,

and contains significant information on sectorial harmonics and harmonics of

resonant order, which also predominantly perturb at low frequencies. Without

this stabilization of the low frequency contribution, estimates of the gravita-

tional field are dramatically degraded. This point will be further developed

in Chapter 5. Additionally, the sigma value of 2 centimeters (which is empir-

ically the optimal GPS double difference sigma value) may not be completely

indicative of the observation noise. The preceding analysis has shown that the

GPS observable primarily contributes to estimates of low frequency parame-

ters, most notably the satellite initial conditions, which are highly susceptible

to dynamical modeling error. This point will also be developed further in

Chapter 5, most importantly Section 5.2.1.
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Chapter 5

Gravity Field Estimation from the Bayesian

Perspective

Nonlinear least squares estimation for gravity field determination can

be formulated in a variety of ways. In order to isolate probabilistic assump-

tions and statistical characteristics of the GRACE gravity field determination

problem, it is most useful to view estimation theory from the Bayesian per-

spective. While other formulations are equally valid, this viewpoint provides

a unique view of implicit assumptions and facilitates statistical analysis of

the resulting gravitational fields. Most importantly, Bayesian analysis en-

ables a complete analysis of uncertainty quantification (UQ), in the context

of GRACE. This addresses a long standing deficiency in the GRACE gravity

field analysis: the absence of complete uncertainty quantification (UQ). Al-

though formal error estimates are available, their inaccuracy has necessitated

the use of empirical analysis and post-facto error corrections. In addition, the

dominant manifestation of error in the GRACE gravitational fields are the

so-called “stripes.” While these errors have been dealt with through post-

processing [29, 28, 27] and/or the utilization of more sophisticated estimation

techniques [25, 24, 23, 26], an accurate statistical characterization of their

manifestation has been elusive. This lack of accurate, formal UQ highlights
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deficiencies in the underlying force and observation models. Before beginning

with the analysis, it is useful to examine what UQ means and its importance,

in the general context and specific to GRACE.

Uncertainty quantification (UQ) is not only the process of quantifying

uncertainty, but also the statistical characterization and management of those

uncertainties. UQ began mainly as solely statistical modeling for insurance

decision making purposes (i.e. property, car, etc. insurance); however, cur-

rent UQ methods, such as that used for GRACE, incorporate physics based

modeling into the statistical framework [62]. Therefore, the fidelity and ac-

curacy of these mathematical models is of the utmost importance. A funda-

mental limitation of UQ is that it cannot provide indications on the validity

of the underlying mathematical models; it only provides information on the

statistical uncertainty under the assumption that the background models are

accurate [62]. This points to the need for detailed understanding and analysis

of the underlying physical processes and modeling. Once a sufficient level of

confidence in the background models is achieved, UQ provides a number of

benefits: it yields insight into the uncertainties of parameters in modeled/esti-

mated process(es), it quantifies confidence in predictions and prognostication

from the underlying data, and it informs decision making in a wide range of

applications (ranging from continued data processing decisions to development

of public and international policy [63]). In this context, the following explores

the underlying models and assumptions utilized in GRACE data processing,

with a focus on stochastically characterizing the background modeling error

(in conjunction with the observation error), in an effort to determine where
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improvements should be made and how this affects not only the estimated

gravitational fields, but also the accuracy of GRACE UQ.

5.1 Probabilistic Assumptions

As discussed in Chapter 2, least squares estimation methods employed

for gravity field recovery make 2 main assumptions about the statistical dis-

tribution of the observation error. First, the use of nonlinear least squares

requires that the distribution is Gaussian. This is an implicit assumption in

nonlinear least squares and is further highlighted by formulating the estimation

problem from the Bayesian viewpoint. Secondly, typical operational GRACE

gravity field estimation assumes that the observation errors are independent

and uncorrelated. Detailed analysis of the validity of these assumptions fol-

lows.

5.1.1 Gaussian Distribution

Utilization of the least squares process inherently assumes that the un-

derlying statistical distribution of the observation error is Gaussian. While this

assumption simplifies the estimation process, detailed analysis of its validity

has not been performed for GRACE. To quantitatively analyze the underlying

statistical distributions, reasonable empirical estimates of the GRACE gravi-

tational field error over the GRACE time span are required. For example, the

linear system is given by Equation 5.1.

y = Hx+ ε (5.1)
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While the aim of this analysis is to determine the probability density function

of the observation deviations, y, whose error is given by ε, the linearity of

Equation 5.1 enables analysis of the gravity field estimates, x. Assuming a

reasonable estimate of true gravity field signal can be determined, quantifica-

tion of error in the gravity field estimates is possible. Using the long history of

GRACE measurements, almost 15 years to date, the error estimates are used

to compute statistical properties for each individual harmonic, which approx-

imate the marginal distribution. The marginal densities may be used because

the marginal density functions of a multivariate Gaussian distribution are also

Gaussian. This leads to two important questions: what can be used as a rea-

sonable estimate of the “true” gravity signal from GRACE and how can the

empirical error estimates be used to test for statistical normality?

First, estimates of the “true” signal are acquired via a GRACE reg-

ularized mascon gravity field solution, computed by Save [25]. The mascon

estimates are converted into spherical harmonics and then used as a metric

for comparison. These provide accurate estimates of GRACE signal capture,

without the dominant error characteristics present in the nominal GRACE so-

lutions, RL05. Therefore, differences of the GRACE RL05 solutions with the

regularized mascon solutions provide an adequate characterization of the error

inherent in the RL05 solutions. This yields, for each spherical harmonic coeffi-

cient, a statistical sample of the marginal probability distribution of the error,

containing approximately 150 members. Statistics of these samples, mean and

variance, are computed and a histogram is formulated. Using the empirically

derived mean and variance, a univariate Gaussian distribution is fully defined,
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which can be compared to the histogram values. In addition, some other well

known distributions are shown for reference, such as a uniform distribution and

a Laplace distribution, as shown in Figure 5.1. When examining the empirical

(a) C2,0 (b) C31,31

(c) S23,10 (d) S49,30

Figure 5.1: Empirically derived error samples vs. common analytical distribu-
tions, derived from the sample statistics, for selected harmonics.

estimates of the marginal densities, there is one important fact to consider; the

“truth” values are derived from the same data as the RL05 solutions, albeit

constrained. This means that the estimates of the truth are not completely

independent from the RL05 gravity solutions.
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Qualitatively, the samples appear to be well represented by a Gaussian

distribution; however, a more quantitative statistic is desired. Therefore, the

discrete, 2 sample versions of the Kolmogorov-Smirnov [64] and Anderson-

Darling [65] tests are utilized. The implementation of each of these tests com-

pares the empirical cumulative distribution function of two sets of samples,

using various metrics. For the current purpose, determining the probabilistic

distribution of the GRACE observation error, the 2 samples for each spherical

harmonic coefficient are: empirical estimates of error derived from comparison

of the RL05 solutions with the regularized mascon solutions (the samples used

to create the histograms shown in Figure 5.1); and samples from the analyti-

cal Gaussian distribution, also shown in Figure 5.1, generated using a pseudo

random number generator. For the Kolmogorov-Smirnov test, the metric is

the supremum of the difference between each samples’ empirical cumulative

distribution function [64], while the metric for the Anderson-Darling test is a

weighted sum of the difference between the empirical cumulative distribution

functions. In addition, each of these tests are designed to test the similarity

of the empirical distribution functions under the null hypothesis that each set

of samples are drawn from the same distribution. Therefore, rejection of the

null hypothesis, with probability p, states that the samples are statistically

different at a confidence level of p. Therefore, the inability to reject the null

hypothesis does not necessarily guarantee that the samples are drawn from

the same distribution. The results of each test, for each harmonic, are shown

in Figure 5.2, where a rejection of the null hypothesis with 95% confidence

is represented by a value of 0 and an inability to reject the null hypothesis
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with 95% confidence is represented by a value of 1. For each test, approx-

(a) Kolmogorov-Smirnov (b) Anderson-Darling

Figure 5.2: Results of the Kolmogorov-Smirnov and Anderson-Darling 2 sam-
ple tests, for each harmonic, with respect to a Gaussian distribution. A value
of 0 indicates that the distributions are statistically different with a confidence
level of 95%, while a value of 1 indicates that the distributions do not show
statistically significant deviations from each other.

imately 95% of the spherical harmonic coefficients are unable to reject the

null hypothesis, with 95% confidence, that the statistical samples are drawn

from the same distribution. As a measure of robustness, the same tests are

performed for the empirical error estimates with a couple of different distri-

butions, uniform and Laplace. These are shown in Figure 5.3. From Figure

5.3 it is apparent that the error in the spherical harmonic coefficients does

not follow a uniform distribution; however, the Laplace distribution shows a
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(a) Uniform Kolmogorov-
Smirnov

(b) Uniform Anderson-Darling

(c) Laplace Kolmogorov-
Smirnov

(d) Laplace Anderson-Darling

Figure 5.3: Results of the Kolmogorov-Smirnov and Anderson-Darling 2 sam-
ple tests, for each harmonic, with respect to a uniform distribution (a),(b) and
a Laplace distribution (c),(d). A value of 0 indicates that the distributions
are statistically different with a confidence level of 95%, while a value of 1
indicates that the distributions do not show statistically significant deviations
from each other.
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similar level of statistical similarity as the Gaussian distribution. Therefore,

the Kolmogorov-Smirnov and Anderson-Darling tests are inconclusive. It is

possible that the marginal distribution is Gaussian, Laplacian (note that the

Laplacian marginals are just shown for reference; true marginals have not been

derived), or some other untested distribution. This is mainly due to the lack

of sample values, approximately 150. However, the continued use of Gaus-

sian distributions will be justified in future sections by demonstrating that

a Gaussian distribution may be utilized ot model arbitrary frequency spec-

tra. Therefore, all ensuing analysis will assume that the observation errors are

Gaussian, enabling the continued use of least squares as the primary means of

gravity field estimation.

5.1.2 Independence

Another common assumption made in typical gravity field estimation

is that the error is independent. These means that correlations in the obser-

vation error are ignored, making the observation covariance matrix diagonal.

While white noise is not always assumed, most notably in the processing of

GOCE gravity gradiometer data [66, 67] and in some more recent GRACE

solutions [68], current operational GRACE gravity field estimation assumes

independent, uncorrelated error. The validity of this assumption is easily ex-

amined by comparing the spectrum of an independent, white noise signal with

GRACE orbit residuals. This is shown in Figure 5.4. In the figure, the blue

curve shows the spectrum of independent white noise, a visualization of the

common assumptions made during operational GRACE gravity field process-
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Figure 5.4: Comparison of frequency spectrum for independent white noise,
GRACE post fit residuals, and GRACE editing orbit residuals.

ing. The green curve displays GRACE range-rate post fit residuals for a single

arc, which is given by ε = y −Hx̂, after computing a full least squares solu-

tion. In addition, the red curve illustrates editing orbit range-rate residuals,

which are a slight variation on the GRACE post fit residuals. They are com-

puted without adjusting the global gravity field parameters. In this case the

gravity field is fixed to best estimates of the true gravity field values and not

allowed to adjust during the estimation process with the other parameters.

Best estimates of the true gravity field signal are derived by fitting trends

and annual/periodic variations to previous estimates of the gravitational field.

While the background gravity field is not perfect, the editing orbit allows for

a slight reexamination of the residuals in the case where the gravity field is

not contaminated by the significant errors (stripes) present in the nominal
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GRACE unconstrained gravity field solutions, noticeable from the increased

power in the 1− 10 mHz frequency band.

From inspection of the residuals in Figure 5.4 it is apparent that there

are significant deviations from independent, white noise, represented by a

constant/flat spectrum, in three different manners. First, the low frequency

(0.01−1 mHz), most notably signals near 1 cycle per revolution (≈ 0.18 mHz)

exhibit significant losses in power. This is due to the adjustment of satel-

lite initial conditions and the use of empirical parameters, which is discussed

fully in Section 5.2.1. Secondly, the mid frequency band, 1 − 10 mHz (which

corresponds to ≈ 6− 60 cycles per revolution-cpr), exhibits characteristics of

red noise, a 1/f 2 variation with frequency, f . This is most likely due to the

integration of white noise in the accelerometer. Finally, the high frequency

band, 10 − 100 mHz (corresponding to ≈ 60 − 600 cpr) exhibits characteris-

tics of blue noise, a f 2 variation with frequency, f . These variations highlight

the inadequacy of the white noise assumption, indicating the need for more

sophisticated error modeling techniques.

5.2 Optimal Characterization of Measurement Noise

While the statistical characterization of GRACE estimates of the grav-

itational field, and through linearity the statistical characterization of the ob-

servation error, cannot be conclusively shown to follow a Gaussian distribution,

the previous section highlights that approximating the probabilistic distribu-

tions as Gaussian is reasonable. In addition, the assumption of multivariate

Gaussian distributions facilitates further analysis by enabling the continued
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application of nonlinear least squares. Therefore, all of the following analysis

continues under the assumption of Gaussian distributed observation errors.

However, Section 5.1 also highlighted the glaring inadequacy of modeling ob-

servation error as statistically independent. In order to accommodate statisti-

cal dependence, an adequate model of the observation error must be derived.

The beginnings of such a model are evident in the empirical analysis of GRACE

post fit residuals in the preceding section; however, it also important to high-

light the manifestation of dynamical modeling error through the propagation

of the orbital equations of motion. Historically, modeling inadequacies of this

type are accounted for by estimating empirical parameters in conjunction with

more physically meaningful dynamical parameters, such as satellite initial con-

ditions and gravity field coefficients. The following will revisit the rationale

behind the utilization of empirical parameters in an effort to derive an accurate

stochastic model which accurately reflects the evolution of the satellite orbit in

the presence of mis-modeled forces. Using this stochastic model in conjunction

with empirically derived stochastic models of instrumentation noise, a more

representative error model of the dynamical system may be derived for use in

the gravity field estimation problem.

5.2.1 Empirical Parameters

It is well established that low frequency and 1 cpr orbit perturbations

play a special role in the evolution of satellite orbits [31, 69]. This is examined

by recalling the Clohessy-Wiltshire equations for the motion of one satellite
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relative to another [70],
r̈ − 2nτ̇ − 3n2r = fr

τ̈ + 2nṙ = fτ

ν̈ + n2ν = fν

(5.2)

where,

t = independent variable time,

r = radial relative orbit position,

τ = tangential relative orbit position,

ν = normal relative orbit position,

n = mean motion of the satellite orbit,

fi = perturbative force in direction i = r, τ, ν,

ȧ = 1st time derivative of quantity a,

ä = 2nd time derivative of quantity a.

If the perturbing functions, fi, i = r, τ, ν, are set to identically zero, the

homogeneous solution is given by

r (t) =

(
−3r0 −

2

n
τ̇0

)
cosnt+

ṙ0
n
sinnt+

(
4r0 +

2

n
τ̇0

)
τ (t) =

2

n
ṙ0cosnt+

(
6r0 +

4

n
τ̇0

)
sinnt− (6nr0 + 3τ̇0) t+

(
τ0 −

2

n
ṙ0

)
ν (t) = ν0cosnt+

ν̇0
n
sinnt

(5.3)

where r0, τ0, and ν0 are the satellite initial conditions. Likewise, if the per-

turbing functions are given as a sinusoid of general frequency, ω

fi = Picosωt+Qisinωt, ω 6= n, i = r, τ, ν (5.4)
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the particular solution of Hill’s equations is given by Equation 5.5.

r (t) =− 1

nω (n2 − ω2)

{
−2
(
n2 − ω2

)
Qτ

+
[
nωPr − 2ω2Qτ

]
cosnt+

[
2nωPτ + ω2Qr

]
sinnt

+
[
2n2Qτ − nωPr

]
cosωt−

[
2n2Pτ + nωQr

]
sinωt

}
τ (t) =

1

nω2 (n2 − ω2)

{(
n2 − ω2

)
(−2ωQr − 3nPτ − 3nωQτ t)

+
[
−4nω2Pτ − 2Qrω

3
]
cosnt+

[
2nω2Pr − 4ω3Qτ

]
sinnt

+
[
n
(
3n2 + ω2

)
Pτ + 2n2ωQr

]
cosωt

−
[
2n2ωPr − n

(
3n2 + ω2

)
Qτ

]
sinωt

}
ν (t) =

1

n (n2 − ω2)
[−nPνcosnt− ωQνsinnt

+ nPνcosωt+ nQνsinωt]

(5.5)

By grouping common terms, the combination of the homogeneous and partic-

ular solution may be expressed more generally as,

r (t) =Ar +Drcosnt+ Frsinnt+Hrcosωt+ Jrsinωt

τ (t) =Aτ +Bτ t+Dτcosnt+ Fτsinnt+Hτcosωt+ Jτsinωt

ν (t) =Dνcosnt+ Fνsinnt+Hνcosωt+ Jνsinωt

(5.6)

Equation 5.6 highlights an important characteristic of satellite orbits arising

from perturbative forces. Perturbations which manifest as biases, linear drifts,

and sinusoids at 1 cycle per orbit revolution may be due to variations in the

satellite initial conditions, the presence of modeled perturbative forces, or the

presence of omission error in the form of un-modeled forces at any arbitrary

frequency. This is due to perturbations in the satellite initial conditions caus-

ing long term variations and oscillations at the orbital period. Likewise, a
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perturbation at any arbitrary frequency (as long as it is not the resonant fre-

quency, n), also gives rise to long term variations (bias and secular terms) and

oscillations at the orbital period, in addition to oscillations at the perturbing

frequency. As an extension of Hill’s equations to the special case of GRACE,

Kim [31] has reformulated this result for inter-satellite range-rate measure-

ments under the influence of N distinct perturbative forces, which is given in

Equation 5.7.

δρ̇ (t) =A+Bt+ (D + Et) cosnt+ (F +Gt) sinnt

+
N∑
j=1

[(Hj + Ijt) cosωjt+ (Jj +Kjt) sinωjt]
(5.7)

From this formulation, the importance of empirical parameters is read-

ily apparent. Perturbations at any frequency, including un-modeled/incorrectly

modeled forces and force model parameters of interest (signal), give rise to low

frequency and 1 cpr orbit variations. Due to their commonality between all

perturbative forces and high sensitivity to incorrect/un-modeled forces, em-

pirical parameters are typically estimated (values for A, B, D, E, F , and G

or some subset) to reduce the effect of systematic error on the estimated pa-

rameters. However, the adjustment of empirical parameters, and the presence

of un-modeled (or mis-modeled) forces, is intricately linked to the adjustment

of the satellite initial conditions and modeled force model parameters (the

gravity field). Stated another way, the empirical parameters, force model pa-

rameters (signal), and errors all contribute at common frequencies in the orbit

perturbation spectra. For GRACE, the empirical parameters are estimated to

account for force modeling errors, primarily due to high frequency variations in
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the Earth’s gravitational field; however, the inability of the estimator to sep-

arate contributions from the satellite initial conditions, modeled perturbative

forces, and mis-modeled perturbative forces (recall that they will all cause low

frequency variations – bias and drift – and variations at the orbital frequency)

causes the manifestation of errors in the gravitational field, commonly referred

to as “stripes.” Since the extent of this mis-modeling is unknown, the values of

parameters A,B, . . . are also unknown; meaning that they should be modeled

stochastically. Most importantly, recall from the discussion in Chapter 2 that

the estimator has no knowledge of these dynamical errors. The linear system

is governed by,

y = Hx+ ε (5.8)

E
[
εεT
]

= R (5.9)

which is only informed by the dynamical model (part of H), mapping from

the parameter space to the observation space (part of H), and the observables

(y). In general, the estimator has no knowledge of deficiencies in the dynam-

ical model, observation mapping, or instrumentation noise, unless explicitly

informed through ε (or its covarianceR). While empirical parameters attempt

to mitigate the effect of these errors through the introduction of deterministic

values to the parameter vector, x, an alternative is to adequately characterize

the error sources by properly modeling the observation error covariance, R, in

a stochastic sense.

Additionally, recalling Chapter 4, recollect that the GPS double differ-

ences are the primary drivers for estimates of low frequency parameters, in the
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specific case of GRACE. These low frequency parameters are most suscepti-

ble to contamination by dynamical modeling errors, note Equation 5.6 which

is primarily composed of low frequency drifts and oscillitory behavior at the

orbital frequency.

5.2.2 Mathematical Formulation of the Covariance

As shown previously, one of the main problems associated with charac-

terizing the error is accounting for deviations from independent, white noise.

There are various ways to account for such errors in the context of gravity field

estimation. Most commonly, auto-regressive moving average (ARMA) filters

are applied to reduce the correlations; as shown by Klees et. al. [71] and most

notably utilized for processing of GOCE mission data [66, 67]. The following

will account for correlations in a different manner by deriving a full observation

covariance, similarly to the work of Ditmar et. al. [72] which is utilized in the

ITSG-2016 GRACE solutions [68]; however, in this case the covariance will

be fully populated, maintaining the full spectral characteristics of the observa-

tion error; the error statistics are assumed to be stationary, enabling consistent

weighting of each observation type; and the derivation of the observation co-

variance is shown in both the frequency and time domains and in the circulant

and non-circulant forms. More importantly, this work is distinguishable from

Ditmar et. al. [72] and Mayer-Gürr [68] due to the incorporation of systematic,

dynamical modeling error into the stochastic model, via the orbit perturbation

analysis presented in Section 5.2.1. Additionally, the method presented here

is similar to the application of an ARMA filter to the observation deviations

130



and the partial derivatives contained in the mapping matrix; however, there

are some additional benefits that will be discussed throughout the explanation

of the mathematical formulation. These include an insensitivity to transients,

reduced sensitivity to data gaps, and greater flexibility due to the ability to

manually adjust frequency components to account for large spectral peaks. In

addition, to facilitate computational efficiency, the following formulations are

implemented in a parallel computing environment.

In general, an n× n covariance matrix is given by
σ2
1 ρ12σ1σ2 . . . ρ1nσ1σn

ρ12σ1σ2 σ2
2 . . . ρ2nσ2σn

...
...

. . .
...

ρ1nσ1σn ρ2nσ2σn . . . σ2
n

 (5.10)

where,

σi = standard deviation of ith value,

ρij = correlation between the ith and jth values.

If the covariance matrix describes a discrete, equally spaced stationary process,

simply meaning that the statistics of the process do not change with time, this

simplifies to a Toeplitz matrix,
σ2 ρ1σ

2 . . . ρn−1σ
2

ρ1σ
2 σ2 . . . ρn−2σ

2

...
...

. . .
...

ρn−1σ
2 ρn−2σ

2 . . . σ2

 (5.11)

where σ now indicates the standard deviation of the process and ρi indicates

the correlation of the process with lag i. Notice that the covariance of a dis-

crete, stationary process is fully defined by n parameters, a single σ value and
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n− 1 correlations. Given a discrete Fourier transform (DFT), these unknown

parameters may be determined. Recall that the inverse DFT is given by,

xn =
1

N

N−1∑
k=0

Xke
2πjkn
N (5.12)

In addition, the variance is given, assuming the time series has zero mean, as

σ2 =
1

N − 1

N−1∑
n=0

xnx̄n (5.13)

Combining Equations 5.12 and 5.13 yields

σ2 =
1

N − 1

N−1∑
n=0

1

N2

N−1∑
k=0

N−1∑
l=0

XkX̄le
2πjkn
N e−

2πjln
N (5.14)

Using orthogonality of the discrete sinusoids and simplifying yields the variance

in terms of the discrete Fourier coefficients.

σ2 =
1

N − 1

1

N

N−1∑
k=0

XkX̄k (5.15)

Similarly, the off diagonal terms of the covariance matrix given in Equation

5.11 are determined by introducing a lag into the time series, τ , equivalent to

a phase offset in the frequency domain.

xn =
1

N

N−1∑
k=0

Xke
2πjkn
N e

2πjkτ
N (5.16)

Performing similar simplifications and using orthogonality this simplifies to

ρτσ
2 =

1

N − 1

1

N

N−1∑
k=0

XkX̄ke
2πjkτ
N (5.17)

Theoretically, this should fully define the observation covariance, given the

discrete Fourier coefficients (equivalently an amplitude or power spectrum).
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However, due to some implicit assumptions in the application of the DFT,

this leads to covariance matrix becoming circulant. For example, if the spec-

trum/time series has N = 6, the covariance computed from Equations 5.15

and 5.17 have the following form.

σ2


1 ρ1 ρ2 ρ3 ρ2 ρ1
ρ1 1 ρ1 ρ2 ρ3 ρ2
ρ2 ρ1 1 ρ1 ρ2 ρ3
ρ3 ρ2 ρ1 1 ρ1 ρ2
ρ2 ρ3 ρ2 ρ1 1 ρ1
ρ1 ρ2 ρ3 ρ2 ρ1 1

 (5.18)

Notice that this implies that the correlation at lag i is equivalent to the cor-

relation at lag N − i (circulant form). For example, if it is assumed that the

time series is 86400 seconds long, the correlation between observations 5 sec-

onds apart would be identical to the correlation between observations 86395

seconds apart. This is highly impractical, and arises due to the application of

the DFT, which assumes that the time series repeats periodically for all time.

In reality, it is more reasonable to assume that the correlations decay as the

lag time increases. All of the analysis presented in the ensuing sections and

chapters will assume that the correlations decay as the lag time lag increases;

however, initial tests indicate that the solution quality is consistent when using

either method.

To account for decay of the correlations at longer lag times, the cir-

cular convolution implicitly used in the DFT must be dispatched in favor of

discrete convolution. However, a complication arises due to the fact that with-

out circular convolution, the orthogonality of discrete sinusoids is no longer

guaranteed. Therefore it becomes advantageous to work in the time domain.
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This shift in domain does not cause a loss of generality because any discrete

Fourier transform can be easily inverted to yield the corresponding time series.

It is worth noting; however, that Equations 5.15 and 5.17 may be computed

without using any knowledge of the phase spectrum. This is no longer possible,

as conversion from the spectral domain to the time domain requires knowledge

of the amplitude/power and phase (or knowledge of the complex valued dis-

crete Fourier coefficients). In this case, the diagonal terms of the covariance

matrix are simply computed using Equation 5.13. The off diagonal terms are

now computed using the convolution of the time series as shown in Equation

5.19

ρτσ
2 =

1

N − 1

N−1−τ∑
n=0

xnx̄n+τ (5.19)

Another important property of this formulation is that the covariance matrix is

guaranteed to be positive definite. For example, assuming that the zero mean

time series is given by the series, xn, where n = 1, . . . , N , computation of the

covariance can be reformulated as a linear algebra problem. After forming an

N × 2N − 1 matrix given by

M =


x1 x2 x3 . . . xN−1 xN 0 0 . . . 0

0 x1 x2 x3 . . . xN−1 xN 0 . . .
...

... 0
. . . . . . . . . . . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . . . . . . . . . . 0
0 . . . 0 0 x1 x2 x3 . . . xN−1 xN

 (5.20)

the covariance matrix may be built according to Equation 5.21.

C =
1

N − 1
MMT (5.21)

The matrix, C, is guaranteed to be positive definite because it is formed

from a matrix of full rank, the upper triangular matrix M . Note that the
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actual computation of the covariance matrix does not utilize Equation 5.21,

but computationally efficient versions of Equations 5.13 and 5.19.

All of the preceding analysis assumes that the input data is equally

spaced. In reality this is rarely the case. However, the observation covariance

can be built using a model, in either the spectral or time domain, with equally

spaced data and then modified to account for data gaps present in the true

observations. Qualitatively, this is done by removing the rows and columns

of the covariance corresponding to missing data points. Quantitatively, this

can be represented by a transformation matrix, T . T is formed from an

identity matrix by removing the rows corresponding to missing data points.

For example, if it is assumed that the covariance matrix, C, is 5 × 5 and is

modeling observations at times, ti, i = 1, . . . , 5 as shown in Equation 5.22.

C =


σ ρ1 ρ2 ρ3 ρ4
ρ1 σ ρ1 ρ2 ρ3
ρ2 ρ1 σ ρ1 ρ2
ρ3 ρ2 ρ1 σ ρ1
ρ4 ρ3 ρ2 ρ1 σ

 (5.22)

Assuming that the observation corresponding to t3 is a missing data point, the

matrix T would be designed as follows,

T =


1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1

 (5.23)

The corresponding covariance, C ′, would then be given as shown in Equation

5.24.

C ′ = TCT T =


σ ρ1 ρ3 ρ4
ρ1 σ ρ2 ρ3
ρ3 ρ2 σ ρ1
ρ4 ρ3 ρ1 σ

 (5.24)
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Note that the covariance matrix, C ′, is no longer Toeplitz.

Finally, to facilitate the usage of the full observation covariance, C ′, a

prewhitening process is performed [36]. Recalling the original linear system,

given in Equation 5.25,

y = Hx+ ε

E
[
εεT
]

= C ′ = σ2C ′′
(5.25)

the observation covariance may be factored using Cholesky decomposition, as

shown in Equation 5.26,

σ2C ′′ = σ2LLT (5.26)

where L is lower triangular. Using the factorization, the linear system, Equa-

tion 5.25, may be prewhitened, or redefined as,

ỹ = L−1y

H̃ = L−1H

ε̃ = L−1ε

(5.27)

With this new system the observation covariance is now defined as,

E
[
ε̃ε̃T
]

= E
[
L−1εεTL−T

]
= L−1E

[
εεT
]
L−T

= σ2L−1C ′′L−T

(5.28)

Substituting Equation 5.26, yields a diagonal observation covariance, as shown

in Equation 5.29, for the new system.

E
[
ε̃ε̃T
]

= σ2I (5.29)

Note that the prewhitening process, shown in Equation 5.27, is mathematically

equivalent to the application of a linear filter, assuming that the observations
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are equally spaced and contain no missing data points. For example, if a linear

filter is defined as shown in Equation 5.30,

yn = a1yn−1 + a2yn−2 + . . .+ akyn−k + b0xn + b1xn−1 + . . .+ blxn−l (5.30)

where xi is the input time series, yi is the output time series, and ai/bi are

the filter coefficients. Note that this filter is causal; however, non-causal filters

may be equivalently implemented by shifting the output time series. The

application of such a filter may also be written as a linear transform, matrix

T ,

Ti,j =


b0 i = j
min(i,k)∑
m=1

Ti−m,jam + bi i > j

0 otherwise

, i, j = 0, 1, . . . (5.31)

where i and j are the row and column respectively (starting with index 0) and

a and b are the filter coefficients. The transform may then be applied as

y = Tx (5.32)

For a simple case with filter coefficients b0, b1, and b2 (all other filter coefficients

are identically 0) and a time series of length N = 6 the linear transform is,

T =


b0 0 0 0 0 0
b1 b0 0 0 0 0
b2 b1 b0 0 0 0
0 b2 b1 b0 0 0
0 0 b2 b1 b0 0
0 0 0 b2 b1 b0

 (5.33)

Note that the matrix, T , is lower triangular; similarly to the matrix L−1 used

in Equation 5.27. If the filter is utilized on each column of the mapping matrix,
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H , and the observations, y, the application of a linear filter and the utilization

of a full observation covariance are mathematically equivalent.

While the application of a filter and the prewhitening process are math-

ematically equivalent, there are some important characteristics to distinguish

each method. First, the handling of data gaps and non-uniformly spaced

data is greatly simplified. In this case, the rows and columns of the covari-

ance matrix corresponding to the missing data points are simply deleted. In

the application of an ARMA filter, data gaps and/or non-uniformity in the

input dataset require a restart of the filter, introducing transients, or necessi-

tate special handling. In addition, the transient behavior inherent in filtering

applications is eliminated. More importantly, working directly with the spec-

trum/phase affords the opportunity to adjust the spectral characteristics of

the observation covariance as desired. For example, the discussion of empiri-

cal parameters highlighted the manifestation of error at a specific frequency,

1 cycle per revolution (cpr). In subsequent sections this is included in the

observation covariance by simply prescribing the amplitude spectrum at the

desired frequency. In the filter domain, this would require the derivation of

a notch filter, in addition to the filter(s) describing the remaining portions of

the frequency spectrum.

5.3 Implementation of the Observation Covariance for
GRACE Observables

Utilizing the mathematical formulations described in the previous sec-

tion, the observation covariance matrices for each GRACE data-type: inter-
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satellite range-rate and GPS double differences will be derived in more detail.

It is important to note that the derivation of each observation covariance is

driven by the goal of correctly modeling the systematic dynamical model error,

discussed in great detail in Section 5.2.1. This ensures that the observation

covariance models are accurately capturing the dominant error sources in the

GRACE estimates of the gravitational field, spatio-temporal aliasing and un-

certainties in the background Earth models. Additionally, while the following

is specific to GRACE, it is important to realize that the principles utilized

here are applicable to a host of other observation types and inverse problems.

5.3.1 Inter-Satellite Range-Rate

As shown previously, once a spectral model has been determined, a full

observation covariance may be derived. Therefore, it is important to derive

a spectral model which adequately describes the GRACE observations errors.

Recalling the orbit fits shown in Section 5.1.2 and the discussion on empirical

parameters, a coherent spectral model is determined. This model is shown in

Figure 5.5. The model is primarily composed of a red noise component at low

frequencies, spectral variations with 1
f2

, and a blue noise component at high

frequencies, spectral variations with f 2 (note that the figure shows amplitude

spectra instead of power spectra, altering the slopes). Note that for frequencies

greater than 1mHz, the spectrum matches the residuals (Figure 5.5) well,

indicating that this portion of the model is driven by the characteristics of the

observation noise. In contrast, the deviations from the orbit residuals at lower

frequencies, as well as the peak included at 1 cpr, are included to account for
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Figure 5.5: Spectral model for GRACE inter-satellite range-rate observations
compared with various GRACE orbit residuals.

orbit errors which are typically modeled by estimates of empirical parameters

and are thus not in the residuals (see Section 5.2.1). Note that the optimal

size of the peak at 1 cpr is unknown a priori. Therefore, its value is tunable

and has been chosen via empirical experimentation to most accurately reflect

a stochastic harmonic process at the orbital frequency. The corresponding

phase spectra is developed by synthesizing red and blue noise processes and

adding them together. Recall from the discussion on empirical parameters

that mis-modeled forces manifest as shown in Equation 5.34,

δρ̇ (t) =A+Bt+ (D + Et) cosnt+ (F +Gt) sinnt

+
N∑
j=1

[(Hj + Ij) cosωjt+ (Jj +Kjt) sinωjt]
(5.34)

where the values of A,B, . . . are unknown and must be modeled stochastically.

Using the techniques outlined above, this model is converted into a set of cor-

relations, note that the sigma value only has the effect of scaling the model,
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shown in Figure 5.5, along the y-axis. The correlation values are shown in Fig-

ure 5.6. Note that the correlations exhibit qualities distinguishing 3 important

Figure 5.6: Auto-covariance function (correlation values) for the GRACE
inter-satellite range-rate observation model.

features. First, there is a significant drop in correlations after lag 0. This is

due to the high frequency noise (blue) in the spectral model. Next, there is a

predominant 1 cpr signal that arises due to the prescribed spectral peak at 1

cpr. Finally, the long term behavior of the correlation values reflects the low

frequency noise (red).

Using these correlations and real observation deviations from a day’s

worth of GRACE KBR data, a full observation covariance is created. To test

the ability of the covariance to recreate the prescribed spectral characteristics,

a statistical sample is drawn from the covariance matrix. This is done as

follows. An N×N covariance, C, can be factored using Cholesky factorization
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as

C = LLT (5.35)

whereL is a lower triangular matrix. Also, assuming anN×1 vector of pseudo-

random numbers, x, with covariance, I (identity matrix) can be created, the

N × 1 vector,

x′ = Lx (5.36)

is a statistical sample from covariance, C. This is shown explicitly in Equation

5.37,

E
[
LxxTLT

]
= LE

[
xxT

]
LT = LLT = C (5.37)

where E [ ] is the expectation operator. One such sample, and it’s amplitude

spectrum, are shown in Figure 5.7. As expected, the sample exhibits the

desired characteristics: large power at low frequencies to model low frequency

drift, a harmonic process at 1 cycle per revolution (cpr), and the spectral

characteristics inherent in analysis of the post fit residuals. The gravity field

analysis to follow will utilize this observation covariance in the computation

of a gravitational field estimate.

5.3.2 GRACE Double Difference Observations

While the GRACE inter-satellite range-rate model could be developed

with a simple spectral model, GPS double difference observations are more

complicated. Due to the GPS observable’s limited influence on the gravita-

tional field, see Chapter 4 and ensuing analysis in Section 5.4, the primary

goal of modeling its observation covariance will be to capture the low fre-

quency systematic error associated with dynamical mis-modeling. Since these
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(a) Sample Time Series

(b) Sample Amplitude Spectrum

Figure 5.7: Time series and amplitude spectrum of a statistical sample from
the KBR modeled observation covariance.
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errors occur at low frequencies, as demonstrated in Section 5.2.1, and Chapter

4 identified that the primary contribution of the GPS observable is the de-

termination of the low frequency parameters (initial conditions, accelerometer

dynamicals, and low degree/sectorial/resonant harmonics) it is most impor-

tant that they are modeled correctly. Therefore, exact modeling of the GPS

phase measurements and their stochastic behavior will not be thoroughly ex-

amined. With these points in mind, we will begin by examining the geometry

of GPS double differences.

As shown in Figure 5.8, they are made up of 4 legs of undifferenced

phase measurements. Two of these legs involve phase measurements of the

Figure 5.8: Graphical depiction of GPS double difference observations.

relative position between a GPS satellite and a GRACE satellite, while the

other 2 legs involve phase measurements of the relative position between a GPS

satellite and a GPS ground station. In addition, observations from various

GPS satellites and various GPS ground stations are combined together as a

set of observations. This makes developing an all encompassing spectral model,

144



as was done for the KBR data, impossible. However, a model for each leg of

undifferenced phase may be developed and transformed to double differences.

The first step in this process, is the development of a model for the

undifferenced phase measurements. As shown in Figure 5.8, there are 2 dis-

tinct types of undifferenced phase measurements: GPS satellite to GPS ground

station and GPS satellite to GRACE satellite. Therefore, we must develop 2

undifferenced phase models. For the GPS satellite to GPS ground station legs,

it is assumed that the error is adequately modeled as white noise. While this

assumption is naive, it simplifies the computation of the observation covari-

ance, which will be shown shortly. The GPS satellite to GRACE satellite legs

are treated slightly differently. Recalling the discussion on empirical param-

eters for the determination of satellite orbits, (Section 5.2.1), it is reasonable

to assume a model that follows spectral characteristics consistent with a red

noise process (with an additional peak at 1 cpr, similar to the low frequency

behavior of the KBR model). The auto-correlation function for the model is

shown in Figure 5.9. In addition, additive white noise is included to provide

a noise floor to the undifferenced phase model. This is done by simply adding

a diagonal white noise covariance matrix to the the covariance matrix given

by the model, derived through the correlations shown in Figure 5.9. While

this process ignores correlations between white noise and the spectral model;

white noise and red noise are sufficiently uncorrelated to ensure the validity

of this choice. In addition, the contribution of the white noise, relative to the

spectral model, is controlled by varying the value of the white noise variance

relative to the variance of the model. The effect on the amplitude spectrum
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Figure 5.9: Auto-covariance function (correlation values) for the GPS satellite
to GRACE legs of the GPS double difference observations.

from adding white noise is shown in Figure 5.10. Note that the relative con-

Figure 5.10: The effect of adding white noise to the spectral model. The
contribution of the white noise has variance equal to a factor of 1000 less than
the spectral model.

tribution of the spectral model, shown in Figure 5.9, and the additive white
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noise was determined empirically to be 1000:1, in terms of contribution to the

overall variance. In addition, the variance of the GPS satellite to GPS ground

station legs, relative to the GPS satellite to GRACE satellite legs, was also

empirically determined to be 1000:1. These ratios ensure that the GPS double

difference model for GRACE is dominated by systematic error from inaccurate

force modeling, etc.

Now that the undifferenced phase models are determined, they must be

combined to form the double difference observation covariance. This is best

shown through an example. Assuming that values of undifferenced phase are

given by Φi
A (t), where i refers to the GPS satellite, A refers to a GRACE

satellite or a GPS ground station, and t is an arbitrary epoch. Stacking a set

of these undifferenced phase measurements into a vector yields Equation 5.38,

Φ =



Φi
A (t0)

Φi
A (t1)

Φi
B (t0)

Φi
B (t1)

Φi
C (t0)

Φi
C (t1)

Φj
A (t0)

Φj
A (t1)

Φj
B (t0)

Φj
B (t1)

Φj
C (t0)

Φj
C (t1)



(5.38)
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with an associated observation covariance, C,

C =



Ci
A 0 0 0 0 0

0 Ci
B 0 0 0 0

0 0 Ci
C 0 0 0

0 0 0 Cj
A 0 0

0 0 0 0 Cj
B 0

0 0 0 0 0 Cj
C

 (5.39)

where each Ck
D is a fully populated, in this case 2 × 2, covariance matrix for

each undifferenced leg. Note that the spatial correlations between different

satellite legs are ignored. Only time correlations between common legs are

modeled; a naive but simplifying assumption. Double difference observations

are formed via a simple linear transform [73], given by the matrix M .

M =


1 0 1 0 0 0 −1 0 −1 0 0 0
0 1 0 1 0 0 0 −1 0 −1 0 0
1 0 0 0 1 0 −1 0 0 0 −1 0
0 1 0 0 0 1 0 −1 0 0 0 −1

 (5.40)

Using this transformation, the model of undifferenced phase observations,

and observation covariance, are transformed into double difference observa-

tion space as shown in Equation 5.41.

ΦDD = MΦ

CDD = MCMT
(5.41)

While Equation 5.41 is good for illustrative purposes, the large number of ze-

ros in the matrix M , and its large size, make actually computing the matrix

multiplication computationally inefficient. Therefore, it is useful to rewrite

these equations using Einstein notation. The transformation matrix, parallel-

ing Equation 5.40, is then defined as

M ij =


−1

0

1

,
∑
j

M ij = 0,
∑
j

|M ij| = 4 (5.42)
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Notating Equation 5.39 as Cij, the double difference covariance matrix may

be rewritten as

C ′ij = M ikCklM jl (5.43)

Observing Equations 5.42 and 5.43, it is apparent that the double difference

covariance matrix can be formed from the linear combination of all permu-

tations of the undifferenced legs between 2 different sets of double difference

observations. In addition, the ignorance of spatial correlations simplifies this

further. Computing the double difference covariance in this fashion and eval-

uating a statistical sample, using Equations 5.35 and 5.36, is shown in Figure

5.11. The gravity field analysis to follow will utilize observation covariance

Figure 5.11: Time series of a statistical sample from the GPS double difference
modeled observation covariance.

matrices formed in this fashion.
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5.4 Tuning of the Observation Covariance

The observation covariances derived in the preceding sections, describ-

ing the observation errors in the inter-satellite range-rate and GPS double

differences, are all based on nominal GRACE performance and derived from

analysis of the August 2008 solution. Ideally, similar analysis would be per-

formed for each gravity solution and tailored to optimally represent the ob-

servation error for that particular solution. However, to facilitate analysis of

the entire GRACE mission and allow the focus this work to be shifted toward

the impact of utilizing a full observation covariance on the gravitational field

estimates and the quantification of their uncertainty, the derived observation

covariances (from August 2008) were applied to all months of data. The follow-

ing provides some insight into the sensitivity of the gravity field to variations

in the observation covariance and the steps that should be taken to optimize

the observation covariance for any arbitrary gravity field solution. Through-

out the analysis, it is important to keep in mind that the main driver in the

effectiveness of the observation covariance at improving the solution quality

is the relative amplitude of the low frequency (f ≤ 0.185 mHz) with the fre-

quency bandwidth of interest for gravity field recovery (0.37 mHz ≤ f ≤ 10

mHz), in the modeled frequency spectrum. Also, recall from Section 5.2.2

that we have chosen to utilize the mathematical formulation that accounts for

decreases in correlation at longer lag times. Correlations computed using the

circulant forms will not be utilized in this analysis; however, they show similar

results to those presented here.
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5.4.1 Inter-Satellite Range-Rate

As the inter-satellite range-rate (KBR) observable is the primary obser-

vation, the formulation of its observation covariance is the main driver in the

quality of the gravity field estimate. As shown in Section 5.3.1, the amplitude

spectrum denoted ‘1cpr7’ is based on analysis of statistics derived from August

2008 and used to derive the observation covariance. This, and other spectral

models which will be used in a sensitivity analysis, are shown in Figure 5.12.

Each spectral model is defined as follows:

Figure 5.12: Amplitude spectra describing various KBR observation errors
which will be used to build observation covariances.

1cpr5 Error with power which decays as 1/f 4 for frequencies, f , less

than 1 orbital period; a spectral peak at 1 orbital period; and

a combination of red, 1/f 2, and blue noise, f 2, at frequencies

greater than 1 orbital period.
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1cpr6 Error with power which decays as 1/f 4; a spectral peak at 1

orbital period; and blue noise, f 2, at high frequencies.

1cpr7 Error with power which decays as 1/f 2; a spectral peak at 1

orbital period; and blue noise, f 2, at high frequencies. This is

the model derived in Section 5.3.1 and will be utilized in most

the of the gravity field solutions in the following sections.

1cpr8 Identical to ‘1cpr7’ except for a larger spectral peak at 1 or-

bital period.

Converting these amplitude spectra to covariances yields the correlation values

shown in Figure 5.13. Finally, the gravity field solution, for August 2008, may

Figure 5.13: Correlation values, derived from KBR observation covariances,
for a variety of cases.

be computed for each of these observation covariance models, with a fixed GPS

observation covariance. The results are shown in Figure 5.14. The nominal

GRACE solution, RL05, is also shown for reference. Note that the solutions
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Figure 5.14: Gravity field solutions for August 2008 computed using varying
KBR observation covariances.

computed from covariances derived from low frequency slopes which do not

match the model derived in Section 5.3.1 are of increasingly poor quality.

These include ‘1cpr5’ and ‘1cpr6.’ This is evident from the high power at higher

degrees, whose harmonic estimates are dominated by noise, and indicates a

gravitational field estimate that is significantly contaminated by stripes. The

remaining models agree rather well; however, it is apparent that the best

gravity field solution arises from the model denoted ‘1cpr7.’

In addition to August 2008, similar analysis may be performed for May

2016. The gravity field estimates, with varying KBR observation covariances,

are shown in Figure 5.15. In this case, the gravity field solution exhibits much

larger amounts of noise, stripes. Therefore, the relative contribution to the

observation error at low frequencies (1 cpr and lower) must be inflated. This

is evident by the improved solution quality when increasing the spectral peak
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Figure 5.15: Gravity field solutions for May 2016 computed using varying KBR
observation covariances.

at 1 orbital period, ‘1cpr8,’ and increasing the slope in the low frequency

bandwidth, ‘1cpr5’ (which is dominated by force modeling error). The im-

provement is most apparent when looking at maps of the gravity variability,

shown in Figure 5.16. Note the significant reduction in striping errors for the

solutions denoted ‘1cpr5’ and ‘1cpr8,’ relative to the RL05 solution. Addition-

ally, the ‘1cpr5’ and ‘1cpr8’ solutions indicate that there may still be room

for improvement in the formulation of the KBR observation covariance. Since

‘1cpr5’ appears to be a better solution at low degrees (note near degrees 7 and

15 in Figure 5.15) and ‘1cpr8’ shows improved solution quality near degrees 30

and 40 in Figure 5.15, it is reasonable to assume that there is an observation

covariance which optimally blends the low frequency slope of ‘1cpr5’ with the

large orbital peak in ‘1cpr8’ to yield an even more optimal solution.
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(a) 1cpr5

(b) RL05

(c) 1cpr8

Figure 5.16: Maps (with 300km Gaussian smoothing applied) of gravity field
solutions for May 2016 utilizing various observation covariances.
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5.4.2 GPS Double Differences

Since the GPS double differences do not heavily influence the solution,

they are not the primary concern when formulating the observation covari-

ance. However, it has been shown in Chapter 4 that the GPS observable does

contribute significantly to parameters which are driven by low frequency per-

turbations; therefore, it is still important to understand the role of the GPS

observation covariance and its impact on the gravity field solution. The GPS

observation covariance, formulated in Section 5.3.2, was developed by design-

ing a frequency spectrum based on analysis of the gravity field for August

2008 and is shown in Figure 5.17, denoted ‘gps3,’ along with some other mod-

els which will be used in a sensitivity analysis. Each model is described as

Figure 5.17: Amplitude spectra describing various GPS observation errors
which will be used to build observation covariances.

follows:
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gps3 Error with power which decays as 1/f 2 with frequency, f ,

and a peak at the orbital period. This is the model derived in

Section 5.3.2 and will be utilized in most of the gravity field

solutions in the following sections.

gps5 Error with power which decays as 1/f 4 with frequency, f , and

a peak at the orbital period.

gps7 Error with power which decays as 1/f 2 with frequency, f , and

a peak at the orbital period. This model is identical to ‘gps3’

except for the size of the peak at the orbital period, where

‘gps7’ has a larger spectral peak.

Note that additive white noise is also included in the power spectrum and the

displayed amplitude spectra is only applied to undifferenced phase legs between

GRACE and a GPS satellite (legs between a ground station and a GPS satel-

lite are modeled as white noise), as fully described in Section 5.3.2. Converting

these amplitude spectra into a covariance yields the correlation values shown

in Figure 5.18. Using each of these GPS observation covariances, and a fixed

KBR observation covariance, the variation in the gravity solution due to the

GPS observation covariance may be examined. This is shown in Figure 5.19

in the form of degree variances, where the nominal GRACE solution, RL05,

is shown for reference. From the figure, it is apparent that the GPS observa-

tion covariance has only a small effect on the resulting gravity field estimates,

indicating that the formulation of the GPS observation covariance has only a

small effect on the overall quality of the gravity field solution. However, it is

also important to note that formulation of the GPS observation covariances
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Figure 5.18: Correlation values, derived from GPS observation covariances,
for a variety of cases.

Figure 5.19: Gravity field solutions for August 2008 computed using varying
GPS observation covariances.
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now improves optimal data fusion. Recall Chapter 4, where it was noted that

the GPS observable requires artificial down weighting. By reformulating the

GPS observation covariances, this down weighting is no longer necessary. This

will be discussed further in Section 6.2. In addition to the improvements in

optimal data fusion, it is also possible to denote small changes in the gravity

field, most notably at the resonant degrees, when changing the slope of the pre-

scribed amplitude spectrum (note that the gps5–1/f 4 shows more power/error

than gps3/gps7–1/f 2). In addition, it is apparent that ‘gps3,‘ the spectrum

that decays as 1/f 2 with frequency and has the smallest spectral peak at the

orbital period, is slightly better than ‘gps7.’

Likewise, a similar comparison may be done for May of 2016, a month

that is anomalous in that it displays increased error in the gravitational field,

or more stripes. The gravity field solutions are shown in Figure 5.20. In this

Figure 5.20: Gravity field solutions for May 2016 computed using varying GPS
observation covariances.
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gravity field comparison, the “best” solution appears to be ‘gps5’ (1/f 4 errors),

as it has reduced power at higher degrees, which are dominated by noise. This

is in stark contrast to the August 2008 solution, which showed improved fields

for GPS observation covariances formulated using a spectrum that decays as

1/f 2. This change highlights the need, in future iterations, to formulate a

unique observation covariance for each month. In addition, the variations in

the observation covariance show that the gravity field is not overly sensitive

to the formulation of the GPS observation covariance, at least not as much

as the KBR observation covariance, and that variations in the observation

covariance should focus on varying the low frequency slope and spectral peak

at the orbital frequency when attempting to determine the optimal observation

covariance for any gravity field solution.

5.4.3 General Tuning Sensitivities

The previous sections (5.4.1 and 5.4.2) have shown the effect of the

observation covariance on estimates of the gravitational field; however, it is also

necessary to examine how the observation covariance affects formal uncertainty

quantification. This will also provide insight into which spherical harmonic

coefficients are affected most by particular frequency bands.

First, the red noise case (1/f 2 frequency dependence) will be examined.

For August 2008, a gravity field solution was computed using a white noise

observation covariance (diagonal) and a red noise observation covariance. Note

that the observation covariance is purely red noise (1/f 2) and has been im-

plemented or both KBR and GPS observations. The formal uncertainties for
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each harmonic coefficient, as well as a cross section of uncertainties at degrees

61 and 168, are shown in Figure 5.21. The figure indicates that red noise, or

increased uncertainty at low frequencies, tends to inflate uncertainty in the

sectorial harmonics. In other words, for a particular degree, the harmonics

of larger order tend to have larger uncertainty. Additionally, uncertainty is

slightly inflated at near resonant orders (approximately multiples of 15), most

noticeable in Figure 5.21(d). This is directly in agreement with conclusions

drawn throughout previous chapters, which indicate that low frequency error

has the potential to unduly influence estimates of the sectorial and resonant

harmonics, which are a driving force for the manifestation of stripes in the

gravitational field.

Conversely, blue noise (f 2 frequency dependence) has the opposite ef-

fect. For the August 2008 solution, computed using a white noise observation

covariance (diagonal) and a blue noise observation covariance, the formal un-

certainties are shown in Figure 5.22. In this case, the observation covariance

has been composed completely of white or blue noise (as indicated in each

figure). The formal uncertainties, in the presence of blue noise, tend to in-

crease uncertainty near the zonal coefficients; this is most noticeable at higher

degrees (Figure 5.22(d)). This indicates that estimates of the near zonal coef-

ficients are primarily driven by higher frequency perturbations, in the case of

GRACE.

Finally, it useful to mention some deficiencies in the ability of current

observation covariance formulations to adequately capture error at the reso-

nant orders. This is demonstrated by comparing formal uncertainties derived
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(a) White Noise Formal Er-
ror

(b) Red Noise Formal Error

(c) Degree 61 Cross-Section

(d) Degree 168 Cross-Section

Figure 5.21: Comparison of formal uncertainty quantification for August 2008
when implementing a white noise observation covariance (a) and a red noise
(1/f 2) observation covariance (b) with degree 61 (c) and degree 168 (d) cross-
sections.
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(a) White Noise Formal Er-
ror

(b) Blue Noise Formal Error

(c) Degree 61 Cross-Section

(d) Degree 168 Cross-Section

Figure 5.22: Comparison of formal uncertainty quantification for August 2008
when implementing a white noise observation covariance (a) and a blue noise
(f 2) observation covariance (b) with degree 61 (c) and degree 168 (d) cross-
sections.
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from the August 2008 solution by implementing the ‘1cpr7’ and ‘gps3’ models,

discussed in detail in Sections 5.4.1 and 5.4.2 respectively, with empirical esti-

mates of the error. These empirical estimates are computed by comparing the

unconstrained harmonic solutions to mascon solutions [25] which have been

converted into the spherical harmonic domain. These comparisons are shown

in Figure 5.23. Note that while the formal uncertainties do capture the overall

shape of the empirical error there are noticeable deficiencies at the resonant

orders. While the formal uncertainties do have some inflation in uncertainty at

the resonant orders, it is nowhere near as significant as shown in the empirical

error estimates. This indicates that there may still be some sub-optimality

in the formulation of the observation covariance models; however, this effect

is only noticeable for high degree harmonic solutions (180x180). The ensuing

analysis will focus primarily on lower degree (60x60) gravity field solutions,

which, as will be shown, are not as affected by this issue.

5.4.4 Tuning Summary

The preceding analysis provided some insight into perturbations of

gravity field estimates with variations in the observation covariance. As ex-

pected, inter-satellite range-rate was found to be most sensitive, especially

to variations in noise modeling within the gravity field bandwidth (0.2 − 10

mHz) and at low frequencies (≤ 0.2 mHz, where dynamical modeling error

is the dominant error source). While variations in the GPS double difference

observation covariance had a more limited effect, they still had the potential

to improve gravity field estimates at the resonant degrees/orders, where the
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(a) Formal Error (b) Empirical Error

(c) Degree 122 Cross-Section

Figure 5.23: Comparison, for August 2008, between the formal uncertainty
quantification when implementing an optimized observation covariance (a) and
an empirical estimate of error (b) with a degree 122 cross-section (c).
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gravitational field is especially susceptible to noise in the form of stripes. More

importantly, reformulating the GPS observation covariances improves optimal

data fusion by obviating the need for artificial down weighting of the GPS

observable.

Most importantly, optimal tuning of the observation covariance shows

the potential to dramatically improve estimates of the gravity field by mitigat-

ing the effect of striping errors. This can be seen by examining the global RMS

error in the nominal GRACE solution, RL05, and a solution computed using

an optimally tuned observation covariance, “gps3 1cpr7” for August 2008 and

“gps3 1cpr5” for May 2016. The error is computed by comparing 300 kilometer

smoothed maps of each solution with a regularized mascon solution, computed

by Save [25]. Since the regularized mascon is designed to capture all geophys-

ical signal, while eliminating striping error, the global RMS of this difference

is a representation of the striping error in each solution. Figure 5.24 shows

this comparison. Note that in a month with much lower noise, August 2008,

optimal tuning of the observation covariance only decreases striping error by

2 millimeters, global RMS; however, optimal tuning of the observation covari-

ance for May 2016 decreases striping errors by 2 centimeters. This highlights

not only the power of the utilizing the observation covariance, but the neces-

sity of optimally characterizing the stochastic measurement noise in obtaining

accurate gravity fields. Additionally, note that the ensuing analysis, shown in

Chapter 6, does not individually tune each monthly matrix. Therefore, the

resulting gravity fields are most likely suboptimal.
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Figure 5.24: Estimates of striping error for August 2008 and May 2016 com-
puted by comparing nominal GRACE solutions, RL05, and solutions computed
using an optimally tuned observation covariance, FCOV, with regularized mas-
cons.
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5.5 Summary

Before proceeding into the analysis of the gravity estimates derived

from utilizing a full observation covariance, it is useful to pause and look back

at the development of the observation covariance and its implications. The

preceding sections examined fundamental assumptions about the probability

distribution of the observation errors, developed a model to accurately rep-

resent the observation errors (after dispatching with invalid assumptions and

stochastically modeling force model errors), and examined the sensitivity of

the gravity solution to variations in the derived observation covariances.

Current GRACE RL05 processing assumes that observation errors are

independently Gaussian distributed. The assumption of Gaussian distribu-

tions is difficult to validate; however, there are two potential saving graces:

the central limit theorem and the ability of a multivariate Gaussian covariance

matrix to represent a variety of spectral properties. Due to the dense nature

of GRACE tracking data, required to ensure global coverage, the central limit

theorem should qualitatively enable the observation error, which could be of

any arbitrary probability density, to converge to a Gaussian distribution. The

extent to which this valid, depends on a variety of factors (solution time span,

ground track coverage, etc.) and is difficult to accurately quantify. However,

the preceding development has shown that it is possible to formulate observa-

tion covariances which accurately represent arbitrary spectral behavior. This

quality inherently allows the Gaussian distribution to approximate any man-

ner of time series behavior and is more than adequate in the case of current

GRACE estimation and gravity field estimation in the near future.
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The development of the GRACE measurement error model, in the form

of observation covariances, centered around the accurate modeling of the fre-

quency dependence of the observation errors. This was done in 2 main parts:

modeling of the actual measurement noise and formulation of the effect of

force modeling errors in a stochastic sense. For the GRACE inter-satellite

range-rate measurements, the measurement noise characteristics are generally

observable in the post-fit residuals. They manifest as a combination of red

(1/f 2) and blue (f 2) noise, in the frequency bandwidth of interest (> 0.2

mHz). The low frequency portion (< 0.2mHz) is adjusted to account for the

effects of dynamic modeling error. The measurement characteristics of GPS

double difference observations are derived with the primary goal of capturing

this dynamic modeling error, ignoring precise modeling of the measurement

noise. This is due to the fact that the stochastic formulation of the omission/-

commission error in the dynamical modeling is much more profound. This

was determined by examining the reasoning behind the application of empiri-

cal parameters, making it apparent that the low frequency drift and harmonic

process at the orbital period must be adequately modeled to ensure a quality

gravity field solution. However, due to the unknown nature of the force model-

ing deficiencies, the manifestation of these low frequency drifts and harmonic

variations at the orbital period are best thought of as stochastic variables, not

their deterministic counterparts utilized in the estimation of empirical param-

eters. This not only simplifies the parameterization of the estimation problem

and provides a more complete characterization of observation errors in the
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system, but as will be shown in the following chapter, more fully defines the

deficiencies of estimates of the unknown parameters.

Finally, the formulation of a full observation covariance, while more

physically correct, adds another layer of complexity to the estimation process.

Therefore, it is important to understand how the evolution of the modeled

spectral characteristics, which are used to compute the observation covari-

ance, affect the gravity field solution. The estimates of the gravitational field

are mainly driven by the interplay between the spectral characteristics defined

in the frequency bandwidth of interest for gravity field recovery, > 0.2 mHz,

which are mainly driven by noise in the measurement system, and the spectral

characteristics at low frequencies and the orbital period, which are driven by

the stochastic model representing the force model errors. For GRACE, the

spectrum in the main measurement system bandwidth is essentially constant,

although GRACE-FO and other missions will have different variations which

will need to be re-derived. Therefore, the main cause of month to month

variability in the observation covariance formulation is the stochastic repre-

sentation of omission error. This is expected since the extent of force mis-

modeling, which is primarily driven by the ability to model high frequency

variations in the atmosphere and oceans, is not expected to be constant from

month to month. Therefore, tuning of the observation covariance should focus

on varying the low frequency, < 1 cycle per revolution, slope and the peak

representing the harmonic process at the orbital period.
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Chapter 6

Outcomes/Analysis

Utilizing the observation covariances described, new gravity field so-

lutions for the GRACE mission lifetime are computed. Identical observation

models are utilized for every day of GRACE data, ignoring correlations be-

tween data types and across arc length (typically 1 day) boundaries. Ideally,

independent models would be developed daily; however, to facilitate analysis

of the entire GRACE mission the observation models are applied wholesale

to every day of GRACE data. The following is a detailed analysis of the re-

sulting gravity field solutions, compared to the nominal GRACE gravity field

solutions, RL05.

6.1 Parameterization

Due to the changes in error modeling, through the use of a full obser-

vation covariance, some changes in parameterization are necessary. Nominal

GRACE gravity field solution methods typically estimate empirical param-

eters in inter-satellite range-rate to account for low frequency error caused

by inaccuracies in the background force models. Recalling the discussion in

Section 5.2.1, these kinematic empirical parameters are of the form

˙δρp (t) = A+Bt+ C cosnt+D sinnt (6.1)
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where values for A, B, C, and D are solved for 15 times per day. However,

in the development of the observation covariance, these low frequency terms

are accounted for in the error modeling, apparent in the high uncertainty at

low frequencies shown in Figure 5.5. Therefore, when computing gravity field

solutions using the full observation covariance, the empirical parameters, given

in Equation 6.1, are no longer estimated in conjunction with the gravitational

field. This highlights a shift in thinking from the perspective of least squares,

where the estimated parameters (including the empiricals) are thought of as

deterministic. In the Bayesian formulation, the contribution to errors in the

estimated parameters from mis-modeled forces; previously accounted for by

estimating deterministic values for A, B, C, and D; are now modeled stochas-

tically in the observation covariance, since they manifest as an error in the

deviation between the observed and computed observations (not as a signal

the estimator is trying to accommodate in the estimated parameters). This

helps to reduce the cause of stripes in the GRACE solution, by limiting the

manifestation of dynamical error in estimates of the satellite initial conditions,

which trickle down into estimates of the gravitational field.

6.2 Optimal Data Combination and Contribution Anal-
ysis

As shown in Chapter 4, the optimal GPS sigma values must be capped

at a minimum of 2 centimeters. While this empirically yields improved grav-

ity field estimates, the need to adjust the optimal sigma values in an ad-hoc

manner hints at poor modeling of the GPS observable. After reformulating

172



the observation covariance to more accurately reflect error in the observables,

including both systematic and random error, this empirical adjustment of the

optimal sigma values is rendered unnecessary. Figure 6.1 shows the optimal

sigma values, over the GRACE lifetime, in the combined solutions for the

nominal GRACE solution, denoted RL05, and the solution computed using a

full observation covariance, denoted FCOV. Note that the RL05 solutions cap

the GPS sigmas at 2 centimeters, while the FCOV solutions allow the sigma

values to adjust according to the optimal weighting formulas [34, 35]. While

the RL05 optimal sigma values were approximately 2 centimeters for GPS and

0.2 microns per second for KBR, the utilization of the full observation covari-

ance has changed the optimal sigma values to approximately 10 centimeters

for GPS and 0.8 microns per second for KBR. In the case of RL05, the weight-

ing scheme, which necessitated an artificial down-weighting of GPS data to 2

centimeters, had no knowledge of dynamical modeling error and was unable

to account for its effects on estimates of the gravity field. Alternatively, the

full observation covariance has caused the optimal absolute sigma values to

increase by approximately a factor 5, indicating that there is more error in

the post-fit residual. This is due to the inclusion of the full observation co-

variance, to most notably account for the low frequency effects from imperfect

force modeling, which increases the total uncertainty in each data type and

corrects the optimal combination of the two data types. This is due to the

large low frequency contribution from GPS, as shown in Chapter 4. However,

as demonstrated in the discussion on empirical parameters in Section 5.2.1,

the low frequency part of the perturbation spectrum is simultaneously con-
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(a) RL05

(b) FCOV

Figure 6.1: Optimal sigma values over the GRACE lifetime for the nominal
GRACE solution, RL05 (a), and solutions computed using a full observation
covariance, FCOV (b).
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taminated with orbit error. Therefore, the down weighting of contributions

from low frequency signals has more accurately captured errors induced from

inaccurate force modeling and rectified the optimal data fusion. In addition

to examining the data weights, the contribution of GPS and KBR may be ex-

amined in an identical manner to that shown in Section 4.2. The percentage

contribution from each data type is shown in Figure 6.2. Note the decrease in

GPS contribution in the FCOV solutions for the harmonics of resonant order,

and most notably the sectorial harmonics. Recall that the GPS influence on

the sectorial harmonics was due to large, low frequency perturbations driving

the harmonic estimates, Section 4.3. With the FCOV solutions, these low

frequency perturbations, which are intimately coupled with the force model

errors, have been down weighted through the implementation of the full ob-

servation covariance, reducing the contribution of GPS observations.

Finally, the conditioning of the linear system may be examined, just as

shown in Section 4.4. The singular values, computed using the singular value

decomposition (SVD) on the monthly linear system from August 2008, for

RL05 and FCOV are shown in Figure 6.3. From the figure, it is apparent that

the conditioning of the linear system, utilizing a full observation covariance, is

improved by more than an order of magnitude when compared to the nominal

GRACE system. As before, this is due to the down weighting of low frequency

perturbations, which are non-unique (they arise from any harmonic acceler-

ation perturbation) and contaminated by force model error. This frequency

dependent weighting, enabled by the implementation of the full observation

covariance, has allowed the estimator to focus on the more unique high fre-
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(a) RL05 GPS Contribution (b) RL05 KBR Contribution

(c) FCOV GPS Contribution (d) FCOV KBR Contribution

Figure 6.2: Percent contribution to estimates of the spherical harmonic coef-
ficients from GPS and KBR for the nominal GRACE solutions, RL05, and a
solution computed using a full observation covariance, FCOV.

176



Figure 6.3: Singular values, in descending order, from August 2008 for the
nominal GRACE linear system, RL05, and a linear system computed using a
full observation covariance, FCOV.

quency perturbations, while down weighting (or effectively ignoring) the low

frequency contributions which are easily contaminated by error.
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6.3 Post Fit Residuals

The postfit residuals are given by Equation 6.2.

ε = y −Hx̂ (6.2)

These are a measure of the misfit between the observation deviations, y, and

the estimated parameters, x̂, arising due to errors in both the observation de-

viations and the estimated parameters. Ideally, the postfit residuals, ε, should

contain the errors inherent in the observations. Typically, this is assumed to be

solely the effect of instrument noise; however, if the estimate, x̂, is perfect this

should also contain the effects of omission and commission in the dynamical

model, numerical error in the formulation of the estimator, etc. With this in

mind, the postfit residuals for a nominal GRACE solution, denoted RL05, and

a solution computed utilizing the full observation covariance, denoted FCOV,

are shown in Figure 6.4. It is apparent that the FCOV solutions allow much

more low frequency noise to pass through the estimates and into the postfit

residual. This is even more apparent if the spectrum of these postfit residuals

are examined. This is shown in Figure 6.5. The much larger amplitudes in the

low frequency bandwidth of the FCOV solution are readily apparent. Later

analysis will verify that this low frequency signal that is now present in the

postfits has improved, and not damaged, the gravity field estimates.

In addition to the postfit residual, it is also advantageous to look at the

signal fit by the gravity field. In this case, assume the estimates, x̂, have been

partitioned according to the parameter leveling discussed in Section 2.1.5.1.

Then, the fit to the observations due solely to the gravity field parameters
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(a) RL05

(b) FCOV

Figure 6.4: Time series of postfit residuals for 2008-08-01 of a nominal GRACE
solution, RL05 (a), and a solution computed using a full observation covari-
ance, FCOV (b).
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Figure 6.5: Amplitude spectra of postfit residuals for 2008-08-01 of a nominal
GRACE solution, RL05, and a solution computed using a full observation
covariance, FCOV.

may be examined. Mathematically this is given by Hx̂i, where i represents

the desired subset of the estimated values, in this case the gravitational field.

The time series of this fit for the gravity field parameters, referred to as geofit,

is shown in Figure 6.6. From the figure, it is apparent that the low frequency

signal, 1 cpr, fit by the gravity field parameters is reduced by at least a factor

of 2 for the FCOV case. In addition, it appears that much of the higher

frequency gravity signal is retained. This is exemplified by viewing plots of

the amplitude spectrum, for each case, in Figure 6.7.

Finally, the postfit values may also be plotted geographically, to exam-

ine whether any geographically correlated gravity signal has not been fit in

the spherical harmonic coefficients. This is done by removing 1 cpr variations

and CRN filtering [74] with a 10 mHz bandwidth to yield differentiated postfit

residuals in units of nanometers per second squared (nm/s2). The residuals
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Figure 6.6: Time series of geofit for 2008-08-01 of a nominal GRACE solution,
RL05, and a solution computed using a full observation covariance, FCOV.

(a) RL05

Figure 6.7: Amplitude spectra of geofit for 2008-08-01 of a nominal GRACE
solution, RL05, and a solution computed using a full observation covariance,
FCOV.
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are then geographically mapped using state information from the GRACE

satellites. If all of the gravity field signal has been captured by the spherical

harmonic coefficient estimates, these maps will show no geographic correlation.

These postfit maps for the month of August 2008 are shown in Figure 6.8. As

expected, the postfit maps show only randomly distributed noise, indicating

the gravity signal has been sufficiently fit by the estimated parameters. Ensu-

ing analysis will focus on the spherical harmonic coefficients and the effect of

the full observation covariance on estimates of the gravitational field.
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(a) RL05

(b) FCOV

Figure 6.8: Map of postfit residual for August 2008 with the nominal GRACE
gravity field solution (a) and a solution computed using a full observation
covariance (b).
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6.4 Spherical Harmonic Coefficients

Analysis of the gravitational field focuses on the monthly gravity field

estimates, which are corrections to the mean background field. The least

squares process allows for the adjustment of force model parameters, in this

case gravity field coefficients, to account for the effects of poorly modeled

forces. Therefore, the monthly gravity field estimates contain information

about unknown, or un-modeled, deviations in Earth mass caused by hydrolog-

ical variability, ice melt, glacial-isostatic adjustment (GIA) and oceanographic

variability. Over the GRACE record, there are approximately 150 monthly

gravity field estimates, the statistics and analysis of which follow.

6.4.1 Harmonic Time Series

The first check of the gravity field quality is done by examining the

harmonic time series, for some selected harmonics. These comparisons will

help evaluate the effect of the observation covariance on the resulting spherical

harmonic solutions. This analysis will be performed for a few select regimes:

degree 2 harmonics, resonant order harmonics, sectorials, and other harmonics.

6.4.1.1 Degree 2 Harmonics

Figures 6.9 - 6.13 show a comparison of estimates of the degree 2 spheri-

cal harmonic coefficients from the nominal GRACE solutions, RL05, solutions

computed using the full observation covariance, FCOV, and solutions com-

puted from 5 satellite laser ranging satellites, SLR: LAGEOS-1, LAGEOS-2,

Starlette, Stella, and Ajisai [75], [11]. From the time series, it is appar-
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Figure 6.9: Time series of estimates of spherical harmonic C2,0 from the nom-
inal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV, and solutions computed using 5 SLR satellites, SLR.

Figure 6.10: Time series of estimates of spherical harmonic C2,1 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV, and solutions computed using 5 SLR satellites, SLR.
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Figure 6.11: Time series of estimates of spherical harmonic S2,1 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV, and solutions computed using 5 SLR satellites, SLR.

Figure 6.12: Time series of estimates of spherical harmonic C2,2 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV, and solutions computed using 5 SLR satellites, SLR.
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Figure 6.13: Time series of estimates of spherical harmonic S2,2 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV, and solutions computed using 5 SLR satellites, SLR.

ent that the solutions computed using the full observation covariance, FCOV,

agree quite well with the nominal GRACE solution, RL05, and show reason-

able agreement with the SLR estimates. Note that the problems associated

with spherical harmonic C2,0 are still present, necessitating its replacement in

the final solution with the SLR value [51].

6.4.1.2 Resonant Order Harmonics

In addition to the degree 2 harmonics, it is important to examine some

of the resonant order harmonic time series. Comparisons of RL05 with FCOV

for spherical harmonics S60,46 and S31,15 are shown in Figures 6.14 and 6.15

respectively. Note that for high degrees, such as 60, the harmonic estimate is

dominated by noise. Therefore, it is apparent in Figure 6.14 that the FCOV
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Figure 6.14: Time series of estimates of spherical harmonic S60,46 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.

Figure 6.15: Time series of estimates of spherical harmonic S31,15 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.
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solutions have dramatically decreased the presence of noise. In general, har-

monic S31,15 (Figure 6.15) agrees more with RL05.
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6.4.1.3 Sectorial Harmonics

Time series of the sectorial harmonics C19,19 and S22,22 are shown in

Figures 6.16 and 6.17 respectively. Generally, these time series agree with

Figure 6.16: Time series of estimates of spherical harmonic C19,19 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.

RL05, with the notable exception of a large outlier in January of 2003. In

both FCOV cases, this outlier is reduced relative to RL05.
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Figure 6.17: Time series of estimates of spherical harmonic S22,22 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.

6.4.1.4 Other Harmonics

Some other harmonics are shown in Figures 6.18 (C19,9) and 6.19 (C25,11).

These harmonics show good agreement with RL05, indicating that there is

Figure 6.18: Time series of estimates of spherical harmonic C19,9 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.
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Figure 6.19: Time series of estimates of spherical harmonic C25,11 from the
nominal GRACE solutions, RL05, solutions computed using a full observation
covariance, FCOV.

no significant improvement or degradation in the FCOV solutions.

6.4.2 Solution Scatter

Typically, monthly GRACE gravity field estimates are computed out

to degree/order 60. In addition, these estimates can typically be divided into 3

error regimes [58]: 2002 through 2003, the early part of the mission where the

data quality was generally poor (regime 1); 2004 through late 2010, nominal

mission operations with good data (regime 2); late 2010 and beyond, later

part of the mission where thermal control of the spacecraft has been turned off

(regime 3). Therefore, Figures 6.20 and 6.21 show the root mean square (RMS)

by degree and spherical harmonic coefficient, respectively, for each regime. The

typical GRACE monthly gravity field solutions are denoted RL05 while the

solutions computed using the full observation covariance are denoted FCOV.

Examining the degree RMS, Figure 6.20, there are 2 important features. At the
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(a) Regime 1

(b) Regime 2

(c) Regime 3

Figure 6.20: 60×60 degree RMS of the nominal GRACE gravity field solutions,
RL05, and solutions computed with a full observation covariance, FCOV.
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(a) Regime 1 - RL05 (b) Regime 2 - RL05 (c) Regime 3 - RL05

(d) Regime 1 - FCOV (e) Regime 2 - FCOV (f) Regime 3 - FCOV

Figure 6.21: 60× 60 spherical harmonic RMS of the nominal GRACE gravity
field solutions, RL05, and solutions computed with a full observation covari-
ance, FCOV.
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low degrees, up to degrees 20-30 depending on the regime, the power steadily

drops. These harmonic degrees are reasonably assumed to be dominated by

signal; therefore, it is expected that the 2 solutions agree with each other.

At higher degrees, it is reasonable to assume that natural processes should

decay as the wavelength decreases; however, due to downward continuation

and noise amplification these higher degrees begin to be dominated by noise.

Therefore, a reduction in the RMS at high degrees is representative of an

overall reduction in noise. Therefore, Figure 6.20 indicates that FCOV has

lower noise. In addition, the reduction in noise is also noticeable in Figure 6.21;

however, in addition to the reduction in power at the high frequencies, there is

also significant reduction in power at the near resonant orders (approximately

15, 30, 45, etc.). These resonant orders, which perturb at low frequency, are

key to the manifestation of stripes in the gravitational field. These results

indicate that the implementation of a full observation covariance not only

retains the recovery of gravity field signal at low degrees, but simultaneously

reduces the contamination of high degree and resonant order harmonics by

noise, reducing the striping errors in the gravity field. This noise reduction

is very slight; however, recall that the observation covariance has only been

tuned for August 2008 and applied to the whole mission. Therefore, optimal

month-to-month tuning of the observation covariance will improve estiamtes

of the graviational field further.

In addition to the monthly degree/order 60 solutions, it is also advan-

tageous to examine higher degree/order solutions. Long term, mean gravity

fields computed from solely GRACE data are typically computed out to de-
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gree/order 180 [76]. Therefore, during typical GRACE processing degree/order

180 solutions are created and their information arrays are stored for later com-

bination into a mean field. Similar to the degree/order 60 solutions, the degree

RMS, for each error regime, is shown in Figure 6.22 and the harmonic RMS,

for each error regime, is shown in Figure 6.23. Similarly to Figure 6.20, Figure

6.22 shows a noticeable decrease in the noise at high degrees, while simulta-

neously maintaining agreement at the lower degrees. In addition, Figure 6.23

shows significant decreases in noise at high degrees and, most notably, at the

resonant orders. This indicates the full observation covariance is most bene-

ficial for wide-band estimation problems where deviations from independent

Gaussian noise (flat spectrum) become more pronounced.
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(a) Regime 1

(b) Regime 2

(c) Regime 3

Figure 6.22: 180 × 180 degree RMS of the nominal GRACE gravity field
solutions, RL05, and solutions computed with a full observation covariance,
FCOV.
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(a) Regime 1 - RL05 (b) Regime 2 - RL05 (c) Regime 3 - RL05

(d) Regime 1 - FCOV (e) Regime 2 - FCOV (f) Regime 3 - FCOV

Figure 6.23: 180×180 spherical harmonic RMS of the nominal GRACE gravity
field solutions, RL05, and solutions computed with a full observation covari-
ance, FCOV.
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6.5 Global Error

While analysis in the spherical harmonic domain is necessary, it is also

important to analyze the impact of utilizing the full observation covariance on

global grids, where GRACE provides its invaluable contribution to the scien-

tific community. A case study of monthly tuning of the observation covariance

has been addressed in Section 5.4; however, the following will look at global

error over most of the GRACE mission duration (2002-2016) using a constant

observation covariance matrix (tuned for August 2008 and consistent with the

preceding/following analysis).

The global error, at a given spatial scale, is computed by comparing

the unconstrained GRACE solution (RL05 or FCOV) with the regularized

mascon solution, computed by Save [25]. Each monthly field is smoothed to

the designated radius and the root mean square of the global difference is

used to quantify the error, under the assumption that the mascon solution is

a measure of truth. This is an accurate metric because the mascon solution

has been shown to be absent of the dominant error in GRACE unconstrained

maps, stripes. Therefore, a reduction in error coincides with a reduction in

stripes. A comparison of RL05 and FCOV global error with no smoothing

and Gaussian smoothing with a radius of 300 kilometers are shown in Fig-

ures 6.24 and 6.25, respectively. Note the difference in scale between the

2 figures, highlighting the effect of stripes in the unconstrained gravitational

field. In general, there is small, consistent improvement in the errors/stripes

in the FCOV solutions, in relation to the RL05 solutions. This improvement

is most noticeable during months of repeat orbits (months where the global
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Figure 6.24: Comparison of global RMS error between RL05 and FCOV with
no smoothing.

Figure 6.25: Comparison of global RMS error between RL05 and FCOV with
300 kilometer Gaussian smoothing.
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error is large). Also, note that there are a few months in which the FCOV

solution shows a small degradation in relation to RL05. In these cases, the

degradation could most likely be fixed by specifically tuning the observation

covariance for that particular month. Additionally, the improvement shown

here is sub-optimal and could also be improved further by monthly tuning of

the observation covariance. Finally, it is also important note that with smooth-

ing radii of 400 kilometers or larger, a difference between FCOV and RL05 is

no longer distinguishable, indicating that the FCOV and RL05 solutions have

a similar level of noise over large spatial scales.

Additionally, the global RMS for the entire mission may be plotted

versus different Gaussian smoothing radii. Instead of using the mascon solu-

tions to represent the “truth,” a 13 parameter fit to the spherical harmonic

coefficients is used. The 13 parameter fit is computed for each harmonic as

A1 + A2t+
1

2
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+ A4 cos
2π
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t+ A5 sin

2π
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+ A6 cos
2π

182.6213
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2π
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+ A12 cos
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2800.0
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2π

2800.0
t

(6.3)

where t is given in days and each Ai is estimated using least squares. This

fit is then taken as the “truth” value, and is differenced with respect to the

harmonic solution, yielding an estimate of error. The RMS of each global,

monthly solution at different smoothing radii is shown in Figure 6.26. From
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Figure 6.26: Comparison of global RMS error, computed relative to a signal
fit, for RL05 and FCOV with various Gaussian smoothing radii.

the figure, it is apparent that the FCOV solutions show a global error reduction

at spatial scales of 300 kilometers and smaller. The largest error reduction, ap-

proximately 3 centimeters of equivalent water height, occurs on spatial scales

of 100 kilometers and decreases to negligible values at 400 kilometer spatial

scales. Therefore, the implementation of the full observation covariance en-

ables slight improvements in the spatial resolution of the geopotential estimates

derived from GRACE.

6.6 Basin Averages

In addition to the harmonic and global statistics, it is useful to examine

the potential impact of utilizing the full observation covariance on regional

science results. In order to perform this analysis, a variety of basin averages

for the nominal GRACE solutions, RL05, may be compared to the FCOV
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results. The basin averages are given in the average equivalent water height

over the basin. Note that these basin averages are not fully representative of

total mass change and have not been corrected for GIA, geocenter motion, etc.

but are used as a qualitative comparison of 2 GRACE solutions.

The basins shown include: Amazon, Congo, Ganges, Greenland, and

Mississippi. For each basin the time series, over the GRACE record, is com-

puted using a 400 kilometer smoothed version of the indicated GRACE solu-

tion (nominal-RL05 or using a full observation covariance-FCOV) as well as an

appropriate averaging kernel. In the following figures, the geographic location

of the basin as well as the basin time series of average equivalent water height

is shown. It is apparent from Figures 6.27-6.31 that the 2 solutions agree

very well with each other. This coincides with the conclusions in previous

chapters that the low degree harmonic recovery from GRACE is not harmed

by the implementation of the full observation covariance; signal recovery, at

low degrees, is nearly identical between each solution. However, since these

solutions are smoothed, the benefit of decreased noise at higher degrees is not

as readily apparent.
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(a) Amazon Basin

(b) Amazon Basin Time Series

Figure 6.27: Map of the Amazon basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions, RL05, and solutions com-
puted using a full observation covariance, FCOV; each are Gaussian smoothed
to 400 km.

204



(a) Congo Basin

(b) Congo Basin Time Series

Figure 6.28: Map of the Congo basin (a) and the basin average equivalent water
height (b) for the nominal GRACE solutions, RL05, and solutions computed
using a full observation covariance, FCOV; each are Gaussian smoothed to 400
km.
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(a) Ganges Basin

(b) Ganges Basin Time Series

Figure 6.29: Map of the Ganges basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions, RL05, and solutions com-
puted using a full observation covariance, FCOV; each are Gaussian smoothed
to 400 km.
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(a) Greenland

(b) Greenland Time Series

Figure 6.30: Map of Greenland (a) and the average equivalent water height
(b) for the nominal GRACE solutions, RL05, and solutions computed using a
full observation covariance, FCOV; each are Gaussian smoothed to 400 km.
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(a) Mississippi Basin

(b) Mississippi Basin Time Series

Figure 6.31: Map of the Mississippi basin (a) and the basin average equivalent
water height (b) for the nominal GRACE solutions, RL05, and solutions com-
puted using a full observation covariance, FCOV; each are Gaussian smoothed
to 400 km.
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6.7 Uncertainty Quantification in the Gravitational Field

Previous sections have shown that the implementation of a full obser-

vation covariance reduces noise at the high degrees and resonant orders, while

having little impact on the lower degrees which drive the science outcomes

from GRACE. While this is important, the main benefit from utilization of a

full observation covariance is the improved representation of the Cramér-Rao

Bound (CRB), or formal covariance. Therefore it is useful to begin with a

discussion of the representation of GRACE errors.

It is well acknowledged that the dominate error source in GRACE is

due to north-south features, referred to as stripes, caused by a high degree

of spatial correlation [28]. Typically these errors have been dealt with by

destriping [28] and/or smoothing GRACE solutions [27, 29]. More recently,

advanced estimation methods have implemented a priori constraints to limit

these correlated errors [23, 24, 25, 26]. Therefore, the following analysis will

realize various empirical error estimates by assuming that smooth versions of

the gravity field coefficients or gravity fields computed using constraints are

representative of the “true” signal GRACE is attempting to recover. More

specifically, empirical estimates of GRACE error are computed using “truth”

values defined by

1. Denoted ‘FIT’. A 13 parameter fit to smoothed versions of the

spherical harmonic coefficients. The 13 parameter fit is computed
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for each harmonic as
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(6.4)

where t is given in days and each Ai is estimated using least squares.

This fit is then taken as the “truth” value.

2. Denoted ‘SPHER’. Regularized estimates of spherical harmonic co-

efficients. These estimate values are taken as the “truth.” [23, 24]

3. Denoted ‘MASCON’. Regularized estimates of mass on a geodesic

grid converted into spherical harmonic coefficients. These con-

verted estimates are taken as the “truth.” [25]

Over the GRACE record, the RL05 solutions may be compared with the

“truth” representations described above, epoch by epoch. This yields a time

series of GRACE errors, which may be used to compute statistics, such as the

standard deviation. This empirically computed standard deviation is shown

for each “truth” case in Figure 6.32. In addition, the average formal stan-

dard deviation of the nominal GRACE solutions is shown, denoted RL05.

Recall that the formal variance is given by the diagonal entries of the matrix(
HTR−1H

)−1
, where the matrix R is diagonal. While their overall appear-
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(a) FIT (b) SPHER

(c) MASCON (d) RL05

Figure 6.32: Empirical realizations of GRACE spherical error using various
truth representations; signal fits (a), regularized harmonic solutions (b), and
regularized mascon solutions (c); compared to formal error statistics from the
nominal GRACE solutions (d).
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ances show some differences, the general character of each of the empirical

estimates is the same, Figures 6.32(a), 6.32(b), and 6.32(c). Each shows lower

error in the near zonal coefficients with increased error near the wings (high

degree/order). In addition, there are significant errors in the resonant orders,

most notably at order 30. Contrasting this behavior with that shown in the

RL05 estimate’s CRB, Figure 6.32(d), it is apparent that there are notable de-

ficiencies in the error modeling of the RL05 solutions. The character/shape of

the error estimates in Figure 6.32(d) are drastically different than that shown

in the empirical estimates. In addition, some deficiencies in the representation

of the “truth” gravity fields are apparent. First, the use of constant amplitude

sinusoids to fit signal, which neglects seasonal variability from year to year

(in the FIT representation) causes a large amount of true gravity signal to be

treated as error. This is apparent by the unnaturally large “errors” in the low

degree harmonics of Figure 6.32(a). Also, the limited a priori constraint uti-

lized for the near zonals in the regularized spherical harmonic solutions causes

overly optimistic error estimates for harmonics of low order. This is apparent

in the low error estimates in the near zonals shown in Figure 6.32(b). There-

fore, GRACE error comparisons made hereafter will utilize the regularized

mascon solutions [25], shown in Figure 6.32(c).

The CRB of the RL05 may be compared to the CRB of the solutions

utilizing the full observation covariance, denoted FCOV. Note that FCOV

has informed the estimator, through the observation covariance, that low fre-

quency errors are the dominant error source, due to deficiencies in dynamical

modeling. The comparison between the empirical error estimates and the for-
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mal error estimates (CRB) are shown in Figure 6.33. As shown previously, the

RL05 formal error estimates are not representative of the true GRACE error,

represented by the empirical formulation; however, the FCOV formal error

estimates show similar characteristics to their empirical values. This indicates

that low frequency error is the dominant error source and appropriate mod-

eling, through the observation covariance, greatly improves the formal error

bounds. While not perfectly equivalent, the general shapes are identical and

the FCOV formal error even shows increases in error near the resonant orders.

Since the FCOV formal covariances are representative of the real GRACE er-

ror characteristics, it is advantageous to calibrate the error estimates, by a

scale factor, for each of the error regimes mentioned previously [58]. Recall

that the GRACE mission can generally be divided into 3 main error regimes:

2002 through 2003, the early part of the mission where the data quality was

generally poor (regime 1); 2004 through late 2010, nominal mission operations

with good data (regime 2); late 2010 and beyond, later part of the mission

where thermal control of the spacecraft has been turned off (regime 3). Cal-

ibration factors for each regime are shown in table 6.1. Note that the RL05

formal errors have the wrong distribution so their calibration factors are only

shown for reference. In addition, the calibrated errors are shown along with the

Table 6.1: Calibration factors for each GRACE error regime.

Regime FCOV Calibration Factor RL05 Calibration Factor
1 1.260 1.687
2 0.956 1.186
3 1.498 1.878
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(a) RL05 Empirical (b) RL05 Formal

(c) FCOV Empirical (d) FCOV Formal

Figure 6.33: Empirical GRACE error estimates, computed using regularized
mascon solutions as a truth reference value, compared to formal estimates of
the GRACE error for 2 different solution strategies, over the lifetime of the
mission to date.
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corresponding empirical estimates, for each regime, in Figures 6.34, 6.35, and

6.36. Again, note that the calibrated RL05 formal errors, and corresponding

empirical estimates, are only shown for the sake of comparison.

There are 2 notable macroscopic features in Figures 6.34, 6.35, and

6.36: the deficiency of the RL05 formal error estimates, when compared to the

corresponding empirical error estimate, and the similarity of the FCOV formal

error estimates to their corresponding empirical error estimates (including the

advent of larger errors near the resonant orders - most notable in error regime

3). This verifies that there is a modeling deficiency in the nominal RL05 so-

lutions. In the nominal case, the RL05 solutions, the estimator assumes the

dynamics and observations are perfect, except for independent white noise,

presumably caused by the instrument. Conversely, the FCOV solutions in-

form the estimator, through the full observation covariance, of low frequency

errors, caused by errors of omission and commission in the satellite dynamics;

enabling these dominant error sources to be accounted for in the CRB, or for-

mal covariance. More importantly, improvement in the GRACE formal error

statistics will enable 4 main improvements:

1. Improved characterization of science results. One of the major ar-

eas of uncertainty in the analysis of global climate change is the

difficulty/inability to accurately provide error bounds on scientific

outcomes. This difficulty is lessened, for science outcomes enabled

by GRACE, by providing accurate error estimates for the GRACE
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(a) RL05 Empirical (b) RL05 Formal

(c) FCOV Empirical (d) FCOV Formal

Figure 6.34: Calibrated formal error estimates compared to empirical error
estimates, for FCOV and RL05, in GRACE error regime 1 - 2002 through
2003.

216



(a) RL05 Empirical (b) RL05 Formal

(c) FCOV Empirical (d) FCOV Formal

Figure 6.35: Calibrated formal error estimates compared to empirical error
estimates, for FCOV and RL05, in GRACE error regime 2 - 2004 through late
2010.
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(a) RL05 Empirical (b) RL05 Formal

(c) FCOV Empirical (d) FCOV Formal

Figure 6.36: Calibrated formal error estimates compared to empirical error
estimates, for FCOV and RL05, in GRACE error regime 3 - late 2010 and
beyond.
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spherical harmonic coefficients; enabling improved uncertainty cal-

culation for scientific observation and prognostication.

2. Improved combination with independent datasets. Combination

with independent datasets; such as mean fields computed using

GRACE, GOCE, and terrestrial gravity data [76]; use the infor-

mation equations to optimally blend data types. Essentially, the

formal covariance matrices are utilized to determine uncertainties in

each unknown parameter and the sensitivities of each data type to

the unknown parameters. If the formal error statistics are incorrect,

this blending and optimal combination process may be corrupted,

in turn corrupting gravity field estimates. This issue is alleviated

with proper formal error statistics.

3. Improved combination with apriori constraints. Current state of

the art solution methods utilize apriori information to stabilize

poorly conditioned gravity field estimation problems [23, 24, 25, 26].

However, the heart of these estimation processes is mixing of the

data driven information arrays with the apriori constraints. There-

fore, improvements in the formal error uncertainty should also im-

prove constrained estimates, as well as their formal error predic-

tions.

4. Improved data assimilation of GRACE into Earth system models.

The assimilation of mass variability estimates into models is depen-

dent upon the accurate quantification of uncertainty in GRACE

mass estimates. This enables the model to optimally combine and
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disaggregate GRACE mass estimates. The improved characteriza-

tion of GRACE uncertainties provided through the implementation

of a full observation covariance, will enable optimal assimilation of

GRACE into Earth system models.

6.8 Summary

This chapter focused on an analysis of the probabilistic assumptions in

the GRACE gravity field determination problem from the Bayesian perspec-

tive. This viewpoint allows for a shift in ideology from the idea of estimating

deterministic parameters, to estimating stochastic variables in the presence

of correlated stochastic errors, and highlights the deficiency of some inher-

ent assumptions, most notably the assumption of independent Gaussian noise.

Reformulating the observation covariance to account for systematic correlated

errors, which manifest as low frequency drift and a stochastic harmonic process

at the orbital frequency, provides the estimator with previously non-utilized

information; that the low frequency portion of the perturbation spectrum is

systematically contaminated by force model error, which corrupts estimates

of the satellite initial conditions and spherical harmonic coefficients. This has

many effects: it obviates the necessity of estimating range-rate empirical pa-

rameters as these are already accounted for in the observation covariance, it

significantly improves the optimal combination of GPS and KBR data types, it

yields marginal improvements in the gravity estimates themselves, and most

importantly, it enables drastic improvements in the formal error estimates

provided by the estimator.
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The improved UQ was enabled by accurately accounting for long term

variations that arise predominantly due to inadequacies in the background

force modeling (most notably due to high frequency variations in the atmo-

sphere and oceans). Therefore, the resulting formal covariance contains the

full spectrum of errors inherent in the estimated gravitational fields. This

more accurately models the deficiencies in the GRACE estimates and enables

drastically improved UQ on scientific results obtained from GRACE: facilitat-

ing scientific interpretation and prognostication of Earth’s climate variability,

optimal combination with independent datasets and apriori constraints, and

optimal assimilation of GRACE data products with Earth system models,

aiding in the further advancement of high fidelity gravity field modeling.
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Chapter 7

Conclusions

This work has illuminated aspects of the data combination between

lower accuracy GPS tracking and high accuracy inter-satellite range-rate ob-

servables and reformulated the estimation problem to better inform estimates

and quantification of uncertainty in global gravitational field recovery. This

was performed in an effort to improve future gravity field estimates from satel-

lite data and to inform future satellite mission analysis and design. The follow-

ing will summarize the main contributions and highlight some future avenues

of investigation and analysis as the new wave of dedicated gravity field missions

lie on the horizon.

7.1 Summary

An important step in improving next generation gravity field recovery

missions was developing a full understanding of the data fusion problem and

the contributions from each GRACE data type (GPS double difference obser-

vations and KBR inter-satellite range-rate). This began by noting that current

GRACE gravity field estimation methods apply a floor on the GPS data sig-

mas of 2 centimeters, preventing the uncertainties from dropping any lower

than this value. While practical, the need for this floor indicates suboptimal
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observable modeling. With this in mind, gravity solutions were estimated,

over the GRACE lifetime, using only GPS double difference observations out

to degree/order 7 in an effort to recover time variable gravity signal. This not

only provides some insight into the ability of GPS observations to infer pertur-

bations in the gravitational field, but allows for the analysis of a gap bridging

technique in the event that there is a lack of continuity between GRACE

and GRACE-FO. It was discovered that GRACE GPS-only gravity solutions

show numerous signs of deficiencies, most notably in the recovery of the zonal

harmonic coefficients. Therefore, it was necessary to combine GRACE GPS

observations with SLR observations from LAGEOS-1, LAGEOS-2, Starlette,

Stella, and Ajisai. This stabilizes the zonal coefficients and, with the inclusion

of slight a priori constraints and the inclusion of higher degree terms (8 and

9) as “nuisance” parameters to absorb the effects of omission error, provides

a reasonable global estimate of the gravitational field. While these estimates

of time variable gravity appear reasonable globally, through comparisons of

global time variable signals and analysis of empirical orthogonal functions

with full GRACE solutions, regional and basin scale science is severely limited

by a lack of spatial resolution, and more importantly, significant amounts of

noise. While the regional applications of these low degree/order solutions is

confined to discerning band limited large scale trends (such as those in Green-

land), some large scale features would be useful to monitor large scale mass

variations and in constraining geophysical models.

In addition to independent estimates of the gravity field, the contribu-

tion of GPS double difference observations to the combined GRACE gravity
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field solution was examined through resolution matrices and singular value

decompositions. The resolution matrices revealed that GPS observations con-

tribute significantly to the sectorial harmonics and harmonics of resonant or-

der. This is due to the high amplitude, low frequency perturbations induced

by these spherical harmonic coefficients, which are not prevalent in the inter-

satellite range-rate observations due to observation geometry and parameteri-

zation choices. In addition, it was found through analysis of the singular value

decomposition that the inter-satellite range-rate observable shows particular

weakness in recovering parameters which drive the long period evolution of

the satellite orbits, most notably the satellite initial conditions and accelerom-

eter biases/scales. These parameters, whose accurate determination is vital

to obtaining an accurate estimate of the gravitational field, are strengthened

through the inclusion of GPS observables, stabilizing the estimation problem.

Finally, nominal probabilistic assumptions of independent Gaussian

white noise were examined in detail. While the tendency of observation error

to follow a Gaussian distribution was largely inconclusive it was found that

multivariate Gaussian probability density functions are an adequate approx-

imation due to their ability to model desired spectral characteristics. This

finding, in conjunction with knowledge of satellite orbit error in the presence

of un-modeled and/or mis-modeled forces, forced typical probabilistic models

to be eschewed in favor of a more comprehensive error model which takes into

account the spectral behavior of random and systematic error in the evolution

of satellite observables. This formulates a full observation covariance, as op-

posed to the previously used diagonal observation covariance, which is utilized
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in the estimation process. There are numerous benefits in the utilization of

the full observation covariance. First, the estimation of kinematic empirical

parameters in inter-satellite range-rate is completely eliminated. This is due

to the fact that the orbit error typically absorbed through the estimation of

these parameters is now accounted for in the observation covariance. In ad-

dition, reformulating the observation covariance optimizes the combination of

GPS and inter-satellite ranging data. Without the full observation covariance,

optimal GPS sigma values had to be floored at 2 centimeters, to prevent them

from becoming too small; however, once the observation covariance is imple-

mented this is no longer necessary. The optimal weighting adjusts naturally to

the desired sigma values. Another benefit is improved estimates of the Earth’s

gravitational field, most notably a decrease in noise at high degrees and at

the near resonant orders. This improvement is slight and largely unnotice-

able when extensive post-processing (de-striping, smoothing, etc.) is applied

to the harmonic coefficients; however, improvements may be most noticeable

in estimates of the mean gravitational field. Finally, the incorporation of the

full observation covariance drastically improves the uncertainty quantification

associated with the spherical harmonic estimates. Previous formal error es-

timates, derived using a diagonal observation covariance, do not accurately

reflect the true error characteristics. In this case, even utilizing scale factor

calibration or degree calibration was not sufficient to adequately characterize

the uncertainties. In contrast, implementation of the full observation covari-

ance enables the estimator to fully account for all error sources, including the
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low frequency manifestation of force model errors, providing accurate estimates

of uncertainty.

7.2 Contributions

• Examination of the capability of GRACE GPS-only observations and

GPS+SLR observations to adequately recover time variable low degree/order

(7×7) spherical harmonic coefficients. While global characterizations of

the these low resolution gravity fields show promise, the effectiveness

of GPS+SLR gravity solutions for regional applications is somewhat

limited. The low resolution, and most importantly, noise inherent in

the estimates of time variable gravity make inferring variations in water

storage difficult; however, large long term trends (although band limited)

and broad scale mass variations are measurable.

• Highlighted the main contribution of the GPS observable to the com-

bined GRACE gravity field solution and identified prime weaknesses in

the inter-satellite observations which require the inclusion of GPS obser-

vation for stabilization. GPS observations provide valuable information

in the low frequency bandwidth which stabilizes estimates of the satel-

lite initial conditions and accelerometer biases/scales. More importantly,

the highlighted weaknesses and susceptibility to error at low frequencies

provides the basis for development of an observation weighting strategy

that accounts for this frequency dependence.
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• Development of an algorithm which computes a full observation covari-

ance from a time series or power spectral densities of errors which does

not rely on the cyclic convolution inherent in the application of the

discrete Fourier transform (DFT). The formulation of the observation

covariance is described in detail and implemented in a parallel comput-

ing environment. More importantly, this formulation eschews previously

used methods based on the DFT and accounts for decays in observation

correlation over long time periods.

• Development of a covariance which accurately reflects force modeling er-

rors through long term drifts and a stochastic harmonic process. The

developed observation covariance not only reflects the general character

of the GRACE measurement system, but systematic error arising from

the presence of mis-modeled forces. For GRACE, this is primarily due to

the inability to model high frequency variations in the atmosphere and

ocean (the atmosphere and ocean de-aliasing product-AOD). In orbital

mechanics these effects manifest primarily as low frequency drift and

perturbations at or near 1 cycle per orbit revolution (cpr). Since the

extent of the mis-modeled forces is unknown, the evolution of the error,

at low frequencies and at 1 cpr, is unknown and must be treated stochas-

tically. The covariance developed here accurately reflects this unknown,

stochastic evolution.

• Highlighted the ability of a full observation covariance to model both

random and systematic error. The observation covariance is defined
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such that both the random components of the observation error, and the

systematic components arising primarily due to mis-modeled forces are

accurately characterized. This provides the estimator with previously

unknown information, most notably about weaknesses in the low fre-

quency portion of the observation spectrum, which eliminates the need

to estimate empirical parameters, improves gravity field estimates, and

enables significantly more accurate uncertainty quantification of the es-

timated gravity field. The improved uncertainty quantification is vital

to characterizing scientific analysis and results which utilize GRACE

estimates, combining GRACE with other satellite and terrestrial data,

combining GRACE with a priori constraints to improve the spatial reso-

lution of the resulting gravitational fields, and assimilating GRACE into

Earth system models.

7.3 Future Investigation

This study examined optimal data fusion of GPS observations and

inter-satellite ranging and the formation and utilization of a full observation

covariance in the GRACE gravity field estimation process. It was determined

that the inter-satellite range-rate measurements display weaknesses and sus-

ceptibility to error at low frequencies, necessitating the optimal inclusion of

GPS data and reformulation of the observation covariance to more optimally

account for these error sources. With the impending launch of GRACE-FO

and the potential for further innovation with GRACE-2, the quantification
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and mitigation of errors, such as these, will enable improvements in the over-

all scientific accuracy of gravitational fields determined from satellites.

The implementation of the full observation covariance provides numer-

ous avenues of future exploration. First, the spectral model used to form

the observation covariance was developed and applied indiscriminately to each

arc of data. This leads to the need to provide calibration factors for differ-

ent GRACE error regimes; however, it may possible to tailor an observation

covariance depending on the daily error statistics, removing the need for cal-

ibration. In addition, analysis of the gravity field solution for other months,

which contain much different error profiles, indicates that this is a poor as-

sumption and should be individually tailored in the future. An automated,

computational algorithm which determines the optimum observation covari-

ance for each month (or day) is desired in the future. Finally, the improved

uncertainty estimates, enabled through the full observation covariance, can

be utilized to more optimally combine multiple data types (such as gravity

fields using combinations of GRACE, GOCE, and terrestrial gravity), opti-

mally combine a priori constraints (regularization), and optimally assimilate

GRACE into independent Earth system models.

In closing, the methods outlined to compute the full observation co-

variance are applicable to any estimation problem. However, they are most

effectively implemented in wide-band estimation problems where the unknown

parameters encompass a correlated, wide frequency band of perturbations. In

other words, the observation covariance allows for spectral weighting of various

frequency components, enabling much greater flexibility in the estimation of
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unknown parameters from observational data. One area of particular interest

to the aerospace community is that of space situational awareness (SSA). While

the current work focused on estimates of the gravitational field, future investi-

gation could examine the benefits of reformulating the observation covariance

to include the effects of un-modeled forces on uncertainty quantification of

satellite positions and the prediction of their evolution.
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Appendix A

RL05 and FCOV Processing Flow

While the previous chapters have described the motivation, details in

the formulation, and the outcomes of computing gravity field solutions which

utilize a full observation covariance, it useful to describe the top level algo-

rithmic and computational steps which distinguish FCOV from RL05. First,

a brief, high level schematic of the RL05 processing steps is shown in Figure

A.1. The figure may also be described by the following:

Figure A.1: Processing schematic briefly describing the steps in the computa-
tion of an RL05 solution.

1. Initial Orbit Convergence – An initial orbit is converged for each

arc in the solution. An arc is defined as a unit of time (typically
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one day) over which the satellite initial conditions are adjusted.

Each initial orbit is computed by adjusting the local and common

parameters only (this includes the satellite initial conditions, ac-

celerometer dynamicals, etc.).

2. Computation of Observation Partials – Using the converged orbit

from step 1, the observation partials are written for all estimable

parameters, including the gravitational field. These are the y and

H matrices in the linear system, y = Hx, see Chapter 2 for a full

description.

3. Computation of the Gravity Field Estimate – The observation par-

tials from each arc are combined (typically over a month) and an

estimate for the unknown parameters is computed.

4. Final Solution – The gravity field solution is analyzed and evaluated

to determine its accuracy/suitability. If it is found that data needs

to edited, etc. return to step 1.

In contrast, the schematic for the FCOV processing is shown in Figure

A.2. Note that the left column of Figure A.2 is identical to Figure A.1. The

extra steps necessary in the FCOV processing are displayed in the right column

of Figure A.2. In addition, a fuller description of the FCOV processing is given

in the following:

1. Initial Orbit Convergence (Identical to RL05 Processing) – An ini-

tial orbit is converged for each arc in the solution. An arc is defined

as a unit of time (typically one day) over which the satellite initial
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Figure A.2: Processing schematic briefly describing the steps in the computa-
tion of an FCOV solution.

conditions are adjusted. Each initial orbit is computed by adjusting

the local and common parameters only (this includes the satellite

initial conditions, accelerometer dynamicals, etc.).

1a. Formulation of Spectral/Temporal Observation Covariance Model(s)

– The spectral/temporal models (it is the author’s preference to

work in the spectral domain) for the observation covariance are de-

rived and converted into a variance and autocorrelation function, as

shown in Section 5.2.2. For inter-satellite range-rate, the high (10

mHz-100 mHz) and mid (1 mHz-10 mHz) frequency bandwidths

may be derived from post-fit residuals, as detailed in Section 5.3.1,

as these bandwidths are primarily dominated by measurement noise

(over the GRACE lifetime these characteristics are reasonably sta-

ble). The low frequency portion (≤ 1 mHz) and the peak at 1 cycle
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per revolution (cpr) is driven by modeling deficiencies (aliasing) and

generally requires the most tuning. A good initial starting point,

given no other knowledge, is to model this frequency regime with a

1/f 2 dependence and to allow the 1 cpr peak to be approximately

equal to the largest value at any other frequency, note Figure 5.5.

The GPS observation covariance spectral model should generally

follow similar behavior as the KBR low frequency model.

2. Computation of Observation Partials (Identical to RL05 Process-

ing) – Using the converged orbit from step 1, the observation par-

tials are written for all estimable parameters, including the gravita-

tional field. These are the y and H matrices in the linear system,

y = Hx, see Chapter 2 for a full description.

2a. Computation of Observation Covariance and System Pre-Whitening

– Using the model developed in 1a and the observation partials

computed in 2, the observation covariance is computed and used

to pre-whiten the linear system, for each arc. Section 5.2.2 details

the on mathematical background of this process.

3. Computation of the Gravity Field Estimate (Identical to RL05 Pro-

cessing) – The observation partials from each arc are combined

(typically over a month) and an estimate for the unknown param-

eters is computed. This step is distinguished from the RL05 step

3 only by which observation partials are used; the pre-whitened

observations partials (computed in step 2a) are used instead of the

original observation partials (computed in step 2 ).
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3a. Analyze the Solution to Determine Whether Further Tuning is Re-

quired – After the solution has been computed, it must be analyzed

to determine its accuracy. Generally, this can be done by compar-

ing the solution to previous months/years and/or comparison to

the white noise solution (computed using the RL05 formulation –

diagonal observation covariance). If the solution is deemed to be

noisy or contains excessive stripes, tuning may be performed by re-

peating step 1a and redoing the process. Some indications of noisy

solutions are solutions which exhibit large errors near the resonant

orders/degrees or high power at higher degrees (relative to some

comparable gravitational field). See Section 5.4 for a more com-

plete description of the tuning process; however, it is important to

note that the tuning process generally involves adjusting the low

frequency (≤ 1 mHz) and/or the 1 cpr peak, note the tuning de-

scribed in Section 5.4 for May 2016. Finally, when performing the

tuning, steps 1 and 2 generally do not have to be repeated and

may be reused from the previous iteration(s).

4. Final Solution (Identical to RL05 Processing)– The gravity field

solution is analyzed and evaluated to determine its accuracy/suit-

ability.
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