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Chapter One: Measuring frame-dragging with

LARES

Successful tests [1, 2, 3] of effects and phenomena predicted by General Relativ-

ity (GR) include the well known perihelion precession of Mercury, the equivalence

principle and the time-dilation of clocks in a gravitational field, the deflection and

time-delay of electromagnetic waves by a mass, the dynamics of the Moon, accurately

measured by Lunar Laser Ranging, and the dynamics of binary pulsars [4, 5, 6], grav-

itational lensing and other relevant astrophysical observations. Recently the LIGO

observatories (two interferometric detectors located in the state of Washington and in

Louisiana) directly detected the gravitational waves from the inspiral and merger of

a pair of black holes [7] marking the beginning of the gravitational-wave astronomy.

Gravitational waves had previously been indirectly observed at the level predicted by

GR from the rate of change of the orbital period of the binary pulsar PSR B1913+16

[4]. We report here on the use of laser-ranged satellites to measure a different GR

effect, frame-dragging. Frame-dragging manifests itself in several ways, but here we

focus on the precession of gyroscopes due to frame-dragging. By gyroscope, we mean

two types: a mechanical gyroscope orbiting the earth, as well as the orbit of satellites
1.

1This chapter is based on the previously published paper Eur. Phys. J. Plus (2015) 130: 206
[8] and a Proceedings of Metrology for Aerospace (MetroAeroSpace), 2016 IEEE [9]. The first
paper was written in collaboration with Richard Matzner, and the second one was in collaboration
with Richard Matzner, Jason Brooks, Ignazio Ciufolini, Antonio Paolozzi, Erricos C. Pavlis, Rolf
Koenig, John Ries, Vahe Gurzadyan, Roger Penrose, Giampiero Sindoni, Claudio Paris, Harutyun
Khachatryan, and Sergey Mirzoyan (these 13 authors will be collectively referred to as the LARES
team). The data analysis in subsection 1.2.4 was done by my collaborators in the LARES team.
The results of subsection 1.4.7 was done by Jason Brooks with my help. The rest of the results,
especially subsection 1.4.6, is my work.
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1.1 Review of frame-dragging of gyroscopes

1.1.1 Precession of an orbiting gyroscope

Consider a gyroscope moving in a weak gravitational field such as that of Earth.

In this section we use the post-Newtonian formalism to derive various relativistic

effects on the orbit of such a test body. The treatment here follows [1] closely. Let

Sα be the angular momentum of the gyroscope. The angular momentum undergoes

Fermi-Walker transport along the trajectory:

Sα;βu
β = uαaβSβ (1.1)

where uα is the 4-velocity of the gyroscope, and aβ is its 4-acceleration (recall that

aβ = uβ;γu
γ). In the special case when the trajectory is a geodesic (aβ = 0), Fermi-

Walker transport reduces to parallel transport (Sα;βu
β = 0).

The post-Newtonian metric takes the form:

ds2 = −(1− 2U + 2U2)dt2 + (1 + 2U)δijdx
idxj + 2goidtdx

i (1.2)

where U is the Newtonian gravitational potential. To motivate the above form of

the metric, we can take the Schwarzschild solution in isotropic coordinates:

ds2 = −
(

1− U/2
1 + U/2

)2

dt2 +

(
1 +

U

2

)4

d~x2 (1.3)

with U = M/|~x|. Upon expanding for small U , we recover (1.2) without the g0i

components.

In order to talk about the precession rate, it is important to be clear about the

direction of reference, with respect to which the precession is measured. Of course,

the reference direction should be defined by the distant stars. To capture this idea, we

will set up a local orthonormal frame λ(µ) = {λ(0), λ(1), λ(2), λ(3)} such that λ(0) = u

is the gyroscope’s 4-velocity, and the λ(i) always point to 3 distant stars. Once we

have set up such a tetrad, we can then study how the components of the angular

momentum evolve in this frame.

Let us describe in more details how to construct the λ(i) at each point along the
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trajectory. We first construct the tetrad of a local frame θ[α] “at rest” (so to say) in

the coordinate system (1.2), i.e. such that the spatial ones θ[i] are proportional to

dxi (so that they point to 3 distant stars). By orthonormality, this tetrad is easily

found to be:

θ[0] =

(
1− U +

1

2
U2

)
dx0 − µg0ldx

l (1.4)

θ[i] = (1 + U)dxi (1.5)

The requirement θ[i] ∝ dxi is precisely to “tie up” the asymptotic frame to the

distant stars. Next, we boost by the test body’s 4-velocity u at that point without

any additional spatial rotation. We then find the local tetrad λ(β):

λσ(β) = θσ[ρ]Λ
[ρ]
(β) (1.6)

Note, in particular, that the tetrad λ(β) is not Fermi-Walker transported along the

trajectory, but is obtained by boosting pointwise. To obtain the matrices Λ
[ρ]
[β], first

we expand the Lorentz boost from the tetrad at rest θ[α] to the moving tetrad λ(β)

at small velocity:

x(0) =

(
1 +

1

2
v2 +

3

8
v4

)
x[0] −

(
1 +

1

2
v2

)
x[k]v[k] +O(v5) (1.7)

x(i) = x[i] −
(

1 +
1

2
v2

)
v[i]x[0] +

1

2
x[k]v[k]v

[i] +O(v4) (1.8)

Or equivalently,

Λ
[0]
(0) ≈ 1 +

1

2
v2 +

3

8
v4 (1.9)

Λ
[0]
(i) = Λ

[i]
(0) ≈ v[i]

(
1 +

1

2
v2

)
(1.10)

Λ
[i]
(k) = Λ

[k]
(i) ≈ δik +

1

2
v[i]v[j] (1.11)

Next, we convert from the velocity v[i] to the coordinate velocity vi (measured with

respect to the coordinate basis dxα). The two quantities are related by a normaliza-

tion factor: v[i] ≈ vi(1 + 2U). The matrix elements of the Lorentz transformation

become, in terms of the coordinate velocity:

Λ
[0]
(0) ≈ 1 +

1

2
v2 +

3

8
v4 (1.12)

3



Λ
[0]
(i) = Λ

[i]
(0) ≈ vi

(
1 +

1

2
v2 + 2U

)
(1.13)

Λ
[i]
(k) = δik +

1

2
vivk (1.14)

The components of the local tetrad are then found to be:

λ0
(0) = u0 = 1 +

1

2
v2 + U (1.15)

λ0
(i) = vi

(
1 +

1

2
v2 + 3U

)
+ g0i (1.16)

λi(0) = vi
(

1 +
1

2
v2 + U

)
(1.17)

λi(j) = (1− U)δij +
1

2
vivj (1.18)

where vi is the velocity of the test body. As mentioned previously, we want to study

how the components S(i) of the angular momentum in the local frame evolve. We

have:
DS(i)

ds
=
D(Sαλ

α
(i))

ds
=
DSα
ds

λα(i) + Sα
Dλα(i)
ds

(1.19)

Here D
ds

is the covariant derivative. We claim that the first term on the right-hand

side above vanishes. To see this, note that

DSα
ds

λα(i) = (aσSσ)uαλ
α
(i) = (aσSσ)gαβλ

β
(0)λ

α
(i) = 0 (1.20)

where, in the first equality, we used Fermi-Walker transport, in the second equality

we used the fact that λ0 = u and in the last equality we used that the tetrad is

orthogonal. Equation (1.19) then simplifies to:

DS(i)

ds
= Sα

Dλα(i)
ds

= S0

(
dλ0

(i)

ds
+ Γ0

βγλ
γ
(i)u

β

)
+ Sj

(
dλj(i)
ds

+ Γjβγλ
γ
(i)u

β

)
(1.21)

In terms of S(α), the components of Sα are given by:

S0 = viS(i) (1.22)
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Si = (1− U)S(i) +
1

2
vivjS(j) (1.23)

where we used the fact that S(0) = 0 since the angular momentum is spacelike.

Substituting the above into (1.21), and also the Christoffel symbols at 1PN order,

we then find:
DS(i)

ds
= εijkΩ̇(j)S(k) (1.24)

with

Ω̇(j) = εjlm

(
−1

2
vlam +

3

2
vlU,m −

1

2
g0m,l

)
(1.25)

Here ~a refers to the non-gravitational acceleration. In vector notation, the above

reads:
d~S

ds
= ~̇Ω× ~S (1.26)

~̇Ω = −1

2
~v × ~a+

3

2
~v × ~∇U − 1

2
~∇× ~h (1.27)

with ~h = (g01, g02, g03) the gravitomagnetic potential. The equation above gives the

total precession rate of the gyroscope due to relativity. Each of the 3 terms has

a different origin, so let us discuss them one after another. The first term on the

right-hand side above is the Thomas precession:

~̇ΩThomas = −1

2
~v × ~a (1.28)

The Thomas precession is a kinematic effect already found in special relativity, and

has nothing to do with gravity. This effect has to do with the structure of the Lorentz

group (in particular, the fact that the composition of two boosts is equivalent to

a boost and a rotation). In quantum mechanics, this effect gives a correction to

the spin-orbit coupling of the hydrogen atom. Note that since ~a only refers to

non-gravitational acceleration (in the Newtonian language), the Thomas precession

vanishes for the case of objects in free fall (such as the gyroscope of Gravity Probe

B or the LAGEOS/LARES satellites discussed later in this chapter).

The second term on the right-hand side of (1.27) is the de Sitter effect, also known

as the geodetic effect:

~̇Ωde Sitter =
3

2
~v × ~∇U (1.29)

5



The geodetic effect is a general relativistic effect. It is due to the presence of the

central body and has nothing to do with its rotation. For a spherically symmetric

mass distribution such as Earth, the de Sitter effect takes the form:

~ΩdS =
3GM

2r3
~r × ~v (1.30)

A remark here is in order regarding the geodetic precession and its relation to the

Thomas precession. According to several authors (for example Steven Weinberg [10]),

the geodetic precession is nothing but the Thomas precession due to gravitation. We

point out that this is not quite the case. If we imagine circular motion in Minkowski

space driven by Newtonian gravity, then we would be tempted to write down a

Thomas precession of the form:

~ΩTh = −GM
2r3

~r × ~v (1.31)

Comparing with (1.30), it is evident that the Thomas effect due to gravitation has

the opposite sign compared with the de Sitter effect, and a magnitude three times

smaller ! Thus, the de Sitter effect should not be thought of as a Thomas effect

due to gravitation alone. Rather, the de Sitter precession is best thought of as the

combined effect of the Thomas precession and the angle deficit caused by the mass

of the central body. Indeed, the gyroscope would lean into this angle deficit, which

contributes to the precession. This geometric contribution to the de Sitter effect is

illustrated in Figure 1.1 below.

Finally, the third term in (1.27) is frame-dragging, or the Lense-Thirring effect

[11, 12, 13]:

~̇ΩLense−Thirring = −1

2
~∇× ~h = −1

2
~H (1.32)

where we define the gravitomagnetic field ~H ≡ ~∇ × ~h. We note the analogy with

classical electromagnetism: ~h plays the role of the vector potential ~A while ~H plays

the role of the magnetic field.

6



Figure 1.1: The precession due to an angle deficit can be illustrated as follows.
Consider parallel transporting the red arrow (the angular momentum) along the
blue circle (the orbit) on a flat sheet of paper. Now identify the two magenta edges
of the sheet, producing an angle deficit at the center. The two red arrows will not
point in the same direction, hence the precession.

If we expand the Kerr metric to 1PN order, then we find the gravitomagnetic

potential to be:

~h(~x) = −2
~J × ~x
|~x|3

(1.33)

This is the analog of the formula:

~A =
µ0

4π

~m× ~r
r3

(1.34)

for the vector potential of a magnetic dipole in classical electromagnetism. One can

take the curl to obtain the gravitomagnetic field:

~H = 2

(
~J − 3( ~J · x̂)x̂

|~x|3

)
(1.35)

which, of course, is the analog of the B-field of a magnetic dipole in classical electro-

7



magnetism:

~B =
µ0

4π

(
−~m+ 3(~m · x̂)x̂

|~x|3

)
(1.36)

1.1.2 Precession of orbits of satellites

The gravitomagnetic field causes a precession on gyroscopes orbiting the central

body, and also on the orbital angular momentum of satellites around the central

body. We will be interested in the second case. Since such a satellite in free fall, its

motion is described by the geodesic equation. To 1PN order, the geodesic equation

takes the form:
d~v

dt
= ~g + ~v × ~H (1.37)

where the first term on the right-hand side is the usual Newtonian gravitational

acceleration. Note the striking similarity again with the Lorentz force law in classical

electromagnetism: the gravitomagnetic term plays the role of the magnetic force.

This term produces a “torque” on the orbit:

~τ = m~x× (~̇x× ~H) (1.38)

For simplicity, let us first consider the simple case of a test body in circular polar

orbit around Earth. Let us orient the axes so that the orbital plane is in the x-z

plane, and the orbital angular momentum points in the y-direction (see Figure 1.2

for an illustration). We then have that ~x · ~̇x = 0, and

~τ = m~̇x(~x · ~H) (1.39)

Substituting for ~H from (1.35), we find:

~τ = −4m~vJ cos θ

|~x|2
(1.40)

where θ is the angle between the z-axis and ~x. Next, let us average the torque over

an orbit. Since ~̇x = v cos θx̂− v sin θẑ, we easily find:

〈~τ〉 = −mvx̂ 2J

|~x|2
(1.41)

8



Figure 1.2: Illustration of the frame-dragging of polar, circular orbits.

Note that the torque is in the x-direction and is orthogonal to the orbital angular

momentum. Therefore, from the basic equation

~τ =
d~L

dt
= ~ω × ~L (1.42)

we find that the orbital plane precesses at a rate of:

ωL−T =
1

L

∣∣∣∣d~Ldt
∣∣∣∣ =

1

mvr
|〈~τ〉| = 2J

r3
(1.43)

Note that the average torque points in the negative-x direction. This means the

precession of the orbital plane is eastward, in the direction of rotation of the Earth

(as one would naively expect from the name “frame-dragging”).

Next, consider the effect of tilting the orbit at some orbital inclination I. We will

write the position vector of the satellite as:

~r = (r cos θ, r sin θ cos I, r sin θ sin I) (1.44)

The local gravitomagnetic field is then:

~H =
2J

r3
(−3 sin θ cos θ sin I,−3 sin2 θ sin I cos I, 1− 3 sin2 θ sin2 I) (1.45)

9



Plugging the two equations above into (1.38) for ~τ , we find:

~τ = −4m~v
J

r2
sin θ sin I (1.46)

Using ~v = v(− sin θ, cos θ cos I, cos θ sin I), and averaging over a period, we find:

〈~τ〉 = mvx̂
2J

r2
sin I (1.47)

It follows that the Lense-Thirring precession is:

ΩLT =
1

|~L| sin I

∣∣∣∣d~Ldt
∣∣∣∣ =

2J

r3
(1.48)

Thus, we find the same formula as for a polar orbit, and the orbital inclination does

not matter.

Finally, let us mention the frame-dragging of an arbitrary Kepler orbit. Here the

situation is more complicated, as frame-dragging affects different orbital elements in

a different way. For the purpose of the LAGEOS-LARES experiment, we care about

the precession of the nodal longitude:

~ΩLT,nodes =
2 ~J

a3(1− e2)3/2
(1.49)

where a is the semi-major axis and e is the eccentricity of the orbit. For e = 0,

clearly we recover the previous result (1.48). Note, in particular, that the node

always precesses in the direction of Earth’s rotation (i.e. eastward), as one might

intuitively expect from the name “frame-dragging”. The direction of precession is

not always so simple, however. The pericenter precesses at the rate given by:

~ΩLT,pericenter =
2J

a3(1− e2)3/2
(Ĵ − 3 cos IL̂) (1.50)

where Ĵ is the unit vector in the direction of Earth’s angular momentum, and L̂ is

the unit vector proportional to the orbital angular momentum. The formula above

implies that, for equatorial orbits (Ĵ = ±L̂ and I = 0), the pericenter could either

precess eastward or westward depending on the direction of travel, which is quite
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counterintuitive !

As for the other orbital elements, the semi-major axis a turns out to be unaffected

by frame-dragging, whereas the orbital inclination I and the eccentricity e are not

affected in a secular way (i.e. their frame-dragging is periodic and cancels out over

a period).

1.2 Experimental efforts

In this section, we will discuss experimental efforts to measure the Lense-Thirring

effect. There have been 3 space experiments to date which have successfully measured

this effect to various degrees of accuracies, and we will discuss them one after another.

The 3 experiments are: Gravity Probe B, LAGEOS and LARES.

1.2.1 Gravity Probe B

The idea of the Gravity Probe B experiment was test frame-dragging on gyroscopes

orbiting Earth. The main challenge of the experiment was to ensure that the gyro-

scopes were free of friction or any other influence. To address this, the gyroscopes

were chosen to be spinning superconductors suspended by an electric field. The

London moment of the superconductor was measured using a SQUID magnetome-

ter. Recall that, for a gyroscope orbiting Earth, the combined precession due to

relativistic effects is given by:

~ωrelativity =
3

2

ME

r2
(r̂ × ~v) +

3r̂( ~J · r̂)− ~J

r3
(1.51)

where the first term is the de Sitter effect and the second term is the Lense-Thirring

one. The GPB gyroscopes were chosen to be in polar (circular) orbit, in which

case the two kinds of precession are perpendicular to each other. The geodetic

precession is southward, with a theoretically predicted magnitude of 6, 606 milliarc-

second/year; and the frame-dragging effect is eastward, with a theoretically predicted

magnitude of 39 milliarc-second/year [14]. GPB observed a Lense-Thirring precession

of −37.2 ± 7.2 milliarc-second/year and a geodetic precession of −6, 601.8 ± 18.3
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milliarc-second/year. GPB confirmed the geodetic effect to better than 0.5% and

the Lense-Thirring effect to within 15%.

1.2.2 LAGEOS

While the much larger margin of error for the Lense-Thirring effect compared to that

of the de Sitter effect is to be expected, the GPB experiment actually fell short of

its initial expectations for the accuracy of the Lense-Thirring measurement. Around

the same time period, another much simpler, lower-cost space experiment to measure

frame-dragging was taking place: the LAGEOS satellites (short for Laser Geodynam-

ics Satellite). The idea is to measure the nodal precession of the orbital motion of

the satellites. There are two satellites involved: LAGEOS was launched in 1976 and

LAGEOS II was launched in 1992. These two satellites belong to a wide class of

passive satellites whose positions in the sky can be tracked with unprecedented pre-

cision thanks to the techniques of laser ranging [15, 16, 17, 18]. The structure of the

LAGEOS satellites is remarkably simple. They are completely passive in that there

are no electronics or any automated parts on board. They consist of a metal ball

with cube-cornered retroreflectors (CCRs) embedded on the surface. The satellite’s

position is tracked by laser ranging, and the function of the CCRs, of course, is to

reflect back the laser from the ranging stations.

Despite the breakthrough in the tracking precision thanks to laser ranging, the mea-

surement of the Lense-Thirring remained an arduous task. This is because the Earth

is not a perfect sphere, and its mass quadrupole moment results in a nodal precession

larger than frame-dragging. Moreover, the Earth’s gravitational field was not known

to sufficient accuracy at the time the LAGEOS satellites were launched to measure

Lense-Thirring. To illustrate this point, let us do a rough estimate. Let us restore

the constants in the Lense-Thirring formula for a circular orbit:

ωL−T =
2G

r3c2
J (1.52)

and estimate the magnitude of this angular frequency for an object in low Earth

orbit. We find ωL−T ≈ 10−2arcsec/year.

12



On the other hand, the Earth’s gravitational field can be expanded in the zonal

spherical harmonics:

U =
GM

r

[
1−

∞∑
n=2

Jn

(
RE

r

)n
Pn(sin θ)

]
(1.53)

where RE is the Earth’s radius, the coefficients Jn are some coefficient to be deter-

mined by observation, and θ is the latitude of the point of interest. In this expansion,

the variation of the gravitational field in longitude is not taken into account. In other

words, we assume the gravitational field has axial symmetry (and is also symmetric

about the equatorial plane of the Earth). The precession due to the first two even

zonal harmonics can be found from classical dynamics to be:

ωNewtonian = −3

2

2π

P

(
RE

a

)2
cos I

(1− e2)2

[
J2 + J4

(
5

8

(
RE

a

)2

× (7 sin2 I − 4)
(1 + 3

2
e2)

(1− e2)2

)
+ · · ·

]
(1.54)

where P is the orbital period. Note that only the even zonal harmonics contribute

to the precession, and not the odd ones. At the time when LAGEOS was launched

into orbit, these coefficients were not known to very high accuracies. Typically, the

error in J2n relative to J2 was of the order:

δJ2n

J2

∼ 10−6 (1.55)

This translates into an uncertainty in the nodal precession of a few hundreds of

milliarcsec per year, which is larger than the Lense-Thirring effect !

To get around this problem, there is a naive solution: arrange for the orbit to be

polar. Since the Newtonian precession is proportional to cos I, and i = 90◦ for a

polar orbit, such an orbit is immune to the quadrupole effect. However the orbits of

the LAGEOS satellites are not polar. More recently, however, the GRACE satellite

(Gravity Recovery and Climate Experiment), launched in 2002, has produced the

most accurate map of the Earth’s gravitational field ever. Studies using Earth gravity

field from the GRACE mission together with the laser ranged satellites LAGEOS and

LAGEOS 2 have observed the node dragging to approximately 10 % [19]. This is an

accuracy of roughly the same magnitude as GPB’s.
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1.2.3 LARES

Another way to deal with the Newtonian precession was also proposed by Ciufolini

(1989): in addition to LAGEOS, a second satellite (LAGEOS III, later renamed

LARES) should be placed in orbit with complementary inclination. Recall that the

Newtonian precession (1.54) is proportional to cos I. Hence, the Newtonian preces-

sions of the two satellites have opposite direction and cancel out, whereas the Lense-

Thirring effect of both satellites has the same direction and add up. Therefore, if we

combine data between the two satellites, we can measure the Lense-Thirring effect

without worrying about the quadrupole moment. This idea was the main motivation

to launch the LARES satellite. However, despite this initial motivation, LARES -

which was launched in 2012 - is not in supplementary orbit to any other laser-ranged

satellite.

LARES is a space mission sponsored by the Italian and European space agencies.

Like LAGEOS, it is a passive satellite tracked by the global network of laser ranging

stations of the International Laser Ranging Service. The satellite is a ball of tung-

sten 18.2 cm in radius and weighing about 400 kg, with 92 fused silica (Suprasil)

Cube Corner Reflectors (CCRs) covering the surface. The orbit is nearly circular,

with a perigee of 1450 km and an orbital inclination of 69.5 degree. It is similar

in structure (but smaller and denser) to LAGEOS. LARES consists of a solid tung-

sten core, whereas the LAGEOS satellites have a cylindrical brass core surrounded by

an aluminum shell consisting of two joined hemispheres, into which the CCRs are set.

There are 92 CCRs on LARES, and they are arranged into 10 rows. We give

below the number of CCRs per row (NI where I labels the row) and the colatitude

θI of the row. The CCRs belonging to a given row are equally spaced.
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Figure 1.3: The shape of the CCR.

Row nI θI Row nI θI

I 1 0 deg -V 16 100 deg

II 5 20 deg -IV 14 120 deg

III 10 40 deg -III 10 140 deg

IV 14 60 deg -II 5 160 deg

V 16 80 deg -I 1 180 deg

The shape of each CCR is depicted in fig. 1.3. The CCR is a right triangular pyramid

intersected by a cylinder of radius R [20]. The CCR fits inside a cylindrical tungsten

cavity with a conical bottom. We will denote by d (≈ 5 mm) the distance between

the tip of the CCR and the bottom of the conical floor of the cavity. For the sake of

visualization, we have labelled a few points on fig. 1.3 and given the coordinates of

those points in the table below. The origin of the coordinate system was chosen to

be at the tip of the CCR.
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Table 1.1: Main characteristics and orbital parameters of the satellites used in the
LARES experiment.

LARES LAGEOS LAGEOS 2 GRACE

Semimajor axis [km] 7821 12270 12163 6856

Eccentricity 0.0008 0.0045 0.0135 0.005

Inclination 69.5◦ 109.84◦ 52.64◦ 89◦

Launch date 13 Feb, 2012 4 May, 1976 22 Oct, 1992 17 Mar, 2002

Mass [kg] 386.8 406.965 405.38 432

Number of CCRs 92 426 426 4

Diametre [cm] 36.4 60 60
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We summarize in Table 1.1 the main orbital and structural characteristics of the 4

satellites (LARES, LAGEOS, LAGEOS 2, and GRACE).

1.2.4 Analysis of LAGEOS-LARES-GRACE data

The basic idea of the LARES space mission is to couple its orbital data with those

of the two LAGEOS satellites in order to have three observable quantities provided

by the nodal rates of the three satellites [21]. The three observables can then be

used to determine three unknowns: frame-dragging and the two uncertainties in

the two lowest degree even zonal harmonics, J2, and J4. The laser-ranging data

of the LARES, LAGEOS and LAGEOS 2 satellites from 26 February 2012 to 6

September 2015 were analyzed by an international consortium [9]. The laser-ranging
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normal points were processed using NASA’s orbital analysis and data reduction

software GEODYN II [22], including the Earth gravity model GGM05S, Earth tides,

solar radiation pressure, Earth albedo, thermal thrust, lunar, solar and planetary

perturbations and Earth rotation from Global Navigation Satellite Systems and Very

Long Baseline Interferometry. GGM05S is a state-of-the-art Earth gravity model

released in 2013, based on approximately 10 years of GRACE data. It describes the

Earth’s spherical harmonics up to degree 180 [23].

The orbital residuals of a satellite are obtained by subtracting the computed orbital

elements of the satellite from the observed ones. The residuals of the satellite’s node

are due to the errors in the Earth’s even zonal harmonics and to the Lense-Thirring

effect which is not included in GEODYN II’s modelling. The frame-dragging nodal

shift, theoretically predicted by General Relativity, is about 30.7 milliarcsec/yr on

LAGEOS, about 31.5 milliarcsec/yr on LAGEOS 2 and about 118.4 milliarcsec/yr

on LARES, the latter corresponding at the altitude of LARES to about 4.5m/yr.

Periodic tidal signals were identified both by a Fourier analysis of the observed resid-

uals and by analytical computations of the main tidal perturbations of the nodes

of the satellites. We fitted for the six largest periodic tidal signals in the satellites’

data, and for a secular trend, which produced:

µ = (0.994± 0.002)± 0.05 (1.56)

Here µ = 1 is the value of frame-dragging normalized to its GR value, 0.002 is

the formal 1-sigma error (the postfit residuals of Figure 1 (right) show a normal–

Gaussian– distribution to good approximation) and 0.05 is the estimated systematic

error due to the uncertainties in GGM05S and to the other error sources. Systematic

errors in our measurement of frame-dragging are mainly due to the errors in the

even zonal harmonics of GGM05S, with degree strictly larger than four. To evaluate

these systematic errors, we tripled the published calibrated errors (including both the

statistical and the systematic errors) of each of those zonal coefficients (to multiply

by a factor two or three is a standard technique in space geodesy to bound the real

error in the Earth’s spherical harmonics) and then propagated these tripled errors

into the nodes of LARES, LAGEOS and LAGEOS 2. We found a systematic error of
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due to the errors in the Earth’s even zonal harmonics and
to the Lense–Thirring effect which we have not included in
GEODYN II’s modeling. The Lense–Thirring nodal shift,
theoretically predicted by general relativity, is about 30.7
milliarcsec/year on LAGEOS, about 31.5 milliarcsec/year
on LAGEOS 2 and about 118.4 milliarcsec/year on LARES,
the latter corresponding at the altitude of LARES to about
4.5 m/year.

Using the three observables provided by the three nodal
rates of LAGEOS, LAGEOS 2 and LARES, we were able
to eliminate not only the uncertainties in their nodal rates
due to the errors in the even zonal harmonics J2 and J4 of
the GGM05S model but also the uncertainties in their nodal
rates due to the long and medium period tides contributing
to the harmonics J2 and J4.

We fitted for the six largest tidal signals of LAGEOS,
LAGEOS 2, and LARES, and for a secular trend, which pro-
duced

μ = (0.994 ± 0.002) ± 0.05 (1)

Here μ = 1 is the value of frame-dragging normalized to
its GR value, 0.002 is the formal 1-sigma error (the post-
fit residuals of Fig. 2 show a normal–Gaussian– distribution
to good approximation) and 0.05 is our conservative current
estimate of systematic error due to the uncertainties in the
Earth gravity field model GGM05S and to the other error
sources. We discuss systematic errors below.

In Fig. 3, we display the least squares secular trend fit of
the cumulative combined residuals of LAGEOS, LAGEOS
2 and LARES prior to fitting for the tides. In contrast, in Fig.
4 we show the secular trend obtained when including the
six known periodical terms corresponding to the largest tidal
signals observed on the satellite’s nodes. The fit is obviously
much tighter. These tidal signals were identified both by a
Fourier analysis of the observed residuals and by analytical
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Fig. 2 Combined residuals of LARES, LAGEOS, and LAGEOS 2,
over about 3.5 years of orbital observations, after the removal of six
tidal signals and a constant trend
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Fig. 3 Fit of the cumulative combined nodal residuals of LARES,
LAGEOS, and LAGEOS 2 with a linear regression only
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Fig. 4 Fit of the cumulative combined nodal residuals of LARES,
LAGEOS, and LAGEOS 2 with a linear regression plus six periodi-
cal terms corresponding to six main tidal perturbations observed in the
orbital residuals

computations of the main tidal perturbations of the nodes
of the satellites. Some of the signals observed in the nodal
residuals correspond to the perturbations due to the main
non-gravitational perturbations.

The systematic errors in our measurement of frame-
dragging with LARES, LAGEOS, and LAGEOS 2 are mainly
due to the errors in the even zonal harmonics of GGM05S,
used in our orbital fits with GEODYN II, with degree strictly
larger than four. To evaluate these systematic errors, we
tripled the published calibrated errors (i.e. including both
the statistical and the systematic errors) of each even zonal
coefficient of GGM05S (to multiply by a factor two or three
is a standard technique in space geodesy to place an upper
bound to the real error in the Earth’s spherical harmonics) and
then propagated these tripled errors into the nodes of LARES,
LAGEOS, and LAGEOS 2. We then found a systematic error
of about 4 % in our measurement of frame-dragging due to
the Earth’s even zonals.

Other smaller systematic errors are due to those long
and medium period tides and non-gravitational perturbations

123

Figure 1.4: Top: Fit of the combined orbital residuals of LARES, LAGEOS and
LAGEOS 2 with six periodical terms corresponding to six main tidal perturbations
observed in the orbital residuals removed. The slope is µ = 0.994 where µ = 1 is
the GR result. Bottom: Residuals after the removal of the sixtidal signals and the
constant trend.
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about 4% in frame-dragging due to the Earth’s even zonals. Previous error analyses

[24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] confirmed that the systematic error due

to tides, non-gravitatioanl perturbations and other error sources is at the level of

approximately 3%. Therefore the total Root Sum Squared (RSS) systematic error

is approximately at the level of 5%. 2 Note that our analysis solves for thermally

generated forces from the data, rather than predicting them from a model. The rest

of this chapter describes a model for those forces.

1.3 A subtle error source: thermal drag

The precise positioning of LAGEOS thanks to laser ranging has also revealed a subtle

effect which also causes a nodal precession. It was observed that the semi-major axis

of the LAGEOS orbit decreased at a rate of 1.2 mm per day, or equivalently, its orbital

motion was subject to an along-track anomalous acceleration of −3.3× 10−10 cm/s2.

It is believed that this anomalous acceleration is due to the so-called Yarkovsky

effect, or thermal drag. This effect, first discovered in the context of the dynamics

of small celestial bodies (asteroids etc.), is due to a combination of two factors:

• An anisotropic surface temperature distribution of the satellite results in a

net thermal recoil. Indeed, the Stefan-Boltzmann law then predicts that the

satellite radiates unevenly back into space, and this uneven radiation imparts

a net momentum on the satellite. This thermal acceleration points in the

direction from the warmer part of the satellite toward the cooler part.

• It takes a finite amount of time for some part of the satellite to heat up from

the radiation it receives. This delay is typically quantified by a “lag angle”.

2We have been conservative here in quoting a 5% estimate of our systematic error. Extending
the observation time of LARES and the other satellites will improve our understanding of tidal
contributions and will reduce the systematic error from that source. Different Earth gravity models
lead to slightly different results, as is also the case for different orbital solvers. Completing a
suite of solutions with different (state of the art) Earth gravity models and different solvers will
provide another estimate of the systematics. All these questions will be addressed in a forthcoming
re-analysis of the frame-dragging measurement.
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For example, a lag angle of π/2 means it takes a quarter of the orbital period

(or the spin period, depending on the context) to heat up.

The physical concepts that lead to along-track thermal drag for LAGEOS and

LARES style satellite (passive metal satellites with CCR retroreflectors) were de-

veloped over a number of years by [35, 36, 37, 38, 39, 40, 41, 42] and incorporated

into Slabinski’s definitive study of the along track thermal drag on LAGEOS [43].

In the remainder of this chapter, we will do a detailed modeling of thermal drag on

the LARES satellite, but for now let us do a back-of-the-hand estimate. Since the

temperature difference ∆T across the satellite can be expected to be small compared

to the average temperature T , one can linearize the Stefan-Boltzmann law in ∆T

and find an acceleration:

a∆T ≈
4επr2

LσT
3∆T

cmL

(1.57)

where ε the emissivity of LAGEOS, rL and mL are its radius and mass respectively,

and σ is the Stefan-Boltzmann constant. For LAGEOS and LARES, this typically

yields a deceleration of around a∆T ≈ O(pm/s2), which in turn causes a nodal prece-

sion of around 1-2 percent the Lense-Thirring effect. Thus, in order to measure the

Lense-Thirring to high accuracy, it becomes important to model the Yarkovsky effect

as well as possible. The Yarkovsky effect can be broken down to 3 sub-types: the

diurnal Yarkovsky effect, the seasonal Yarkovsky effect, and the Yarkovsky-Schach

effect. The first two are due to Earth’s IR radiation and the third one due to the

solar radiation. We will now describe the physical mechanisms of each of these 3

types one after another.

1.3.1 Drag due to Earth’s radiation

Let us first consider the contribution from Earth’s radiation. This contribution can

be broken down to two kinds: the diurnal kind due to the spinning of the satellite,

and the seasonal kind due to the orbital motion of the satellite (the seasonal kind is

also known as the Rubincam effect in the literature [38]).

The mechanism of the diurnal Yarkovsky effect is explained in Figure 1.5. Suppose
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Figure 1.5: Illustration of the diurnal Yarkovsky effect.
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Figure 1.6: Illustration of the seasonal Yarkovsky effect.

the spin of the satellite is prograde (i.e. in the direction of motion) as in the figure,

and we take the lag angle is be π/2 for simplicity. Consider a surface element at the

point labelled A. This surface element is at “noon” so it receives the most intense

radiation. But the surface element only heats up a quarter period later, when it has

rotated to position B on the satellite. Put another way, at any instant, the point on

the satellite furthest behind in the direction travel has just had enough time to heat

up from the radiation it received at “noon”. In this way, a temperature gradient

develops in the satellite which produces a thermal force in the same direction as the

direction of travel, speeding up the satellite. If the spin was retrograde, the thermal

force would oppose the direction of travel, and the satellite would spiral inward.

Next, let us describe the seasonal Yarkovsky effect. This is illustrated in Figure

(1.6). For simplicity, take the satellite to be non-spinning first, and the lag angle

to be π/2. Consider a surface element at A when the satellite is at the top of the

figure (“noon”). The radiation it receives at this place is the most intense, but the

surface element only heats up from this radiation a quarter of period later, when

the satellite has travelled to the left of the figure. Now the surface element is the

point on the satellite furthest in the direction of motion, and a temperature gradient
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develops such that the thermal recoil opposes the direction of motion. If the satellite

spins, the spin mitigates the temperature anisotropy in the satellite, and one can

expect the seasonal Yarkovsky effect to be larger with larger axial tilt (the axial tilt

is the angle between the spin axis and the normal direction to the orbit).

Finally, we remark that if the spin is much faster than the thermal inertia (as is the

case for LARES during its first few months in orbit), the diurnal effect can be safely

ignored as the temperature is essentially longitudinal and the force is directed along

the spin axis. On the other hand, for slow spin, both diurnal and seasonal effects

have to be taken into account.

1.3.2 Drag due to solar radiation

For certain configurations of orbital plane and sun position, the satellite will undergo

(solar) eclipses as it passes behind the Earth, i.e. into the shadow of the Earth, and is

temporarily shielded from direct solar radiation. This actually produces a net thrust

on the satellite (Yarkovsky-Schach effect), and the mechanism is explained in Figure

1.7 in 3 steps.

We again take the satellite to be non-spinning for simplicity. First let us suppose the

Earth is transparent to sunlight (illustrated in the top left panel of the figure). The

temperature gradient is constant in time and so is the thermal recoil force. Upon

averaging over an orbit, the net drag/thrust is zero since the thrust on the left of

the figure exactly cancels the drag on the right. Next, let us be more realistic and

suppose the Earth casts a shadow but assume the thermal lag angle to be zero (i.e.

the satellite heats up instantaneously). This is illustrated in the top-right panel of

the figure. The thermal force outside the shadow is identical to the previous situa-

tion, but the force in the shadow is somewhat smaller. Finally turn on a lag angle,

which for simplicity we take to be π/2 (i.e. the satellite heats up from the radiation

it received a quarter period ago). This is illustrated in the bottom panel of the

figure. The force is greater in magnitude on the left part of the orbit than on the

right part. But the force on the left part is in the direction of travel and it is against
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Figure 1.7: Explanation of the Yarkovky-Schach effect in 3 steps.
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the direction of travel on the right. Hence, a net thrust is generated upon averaging

over an orbit (at least in the cases where the thermal lag angle is comparable to

the duration of the eclipse). In his LAGEOS studies, Slabinski [43] found that the

size of the Yarkovsky-Schach effect could be as large as the Earth-IR induced drag,

and because of the possibility of either sign depending on the spin/orbital plane/sun

geometry, could swing the thermal drag to twice the noneclipse thermal drag, or

zero, consistent with LAGEOS observations.

1.4 Estimation of thermal drag on LARES

Like LAGEOS, the satellite LARES is observed to undergo a small anomalous along-

track acceleration likely due to thermal drag. For LARES’s first 126 days in orbit,

its average drag over the last 120-day period was measured as -0.4 pm/s2 [44]. We

will model the temperature of the LARES satellite with the following two assump-

tions (justified below): (1) the temperature variation inside the metal part of the

satellite or within a single CCR is ignorable compared to the temperature variation

between the metal and any CCR or between different CCRs, and (2) the satellite

spin is sufficiently fast that CCRs of the same colatitude (with respect to the spin

axis) have the same temperature.

Our analysis is based on these references, though with technical differences; we do

Fourier analyses while Slabinski did direct time integration, for instance. In this Sec-

tion we discuss the two concepts most crucial to understand the LARES along-track

thermal drag. Our approach will be to linearize the thermal equations and develop

our study in terms of Fourier analysis. This means that the heating due to Earth IR

and that due to solar heating can be treated, at least conceptually, separately. In

our actual computations we sum all contributions.

As we have noted, the tungsten core of LARES has very high conductivity, and

small temperature differences (which we ignore) across its surface, regardless of the

heating source. However the CCRs are glass which is a good heat insulator, has
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a substantial heat capacity, and is an efficient infrared radiator. These properties

mean that the CCRs have substantial thermal inertia. Thus the CCRs heat gradu-

ally when exposed to a heating source, and cool gradually when the source is removed.

1.4.1 A few simple estimations

In this section, we justify the assumption of uniform temperature inside the metal

and each CCR by estimating the temperature variation within the metal and within

a CCR. First suppose the satellite to be a simple tungsten ball in radiative exchange

with empty space, and heated by sunlight (in this section we will ignore Earth IR

radiation). To compute the power absorbed by the ball, notice that the heat absorbed

by each area element dA on the sphere is proportional to the cosine of the angle

between the normal to dA, i.e. the cosine of the colatitude of dA. Integrating over

the illuminated hemisphere then yields:

Q = αW,visΦR
2
sat

∫ 2π

0

∫ π/2

0

cos θ sin θdθdφ (1.58)

where Rsat is the radius of the LARES satellite, αW,vis is the absorptivity of tungsten

in the visible and Φ is the solar constant. The values of all constants appearing in

this paper are tabulated in Appendix 1.7. Evaluating the integral above, we find:

Q = αW,visΦπR
2
sat (1.59)

i.e. the heat absorbed is proportional to the cross-section πR2
sat.

By Fourier’s law of heat conduction, Q is roughly the product of the temperature

gradient, the cross-section area through which heat is conducted, and the thermal

conductivity κW of tungsten:

Q ≈ κW
∆T

Rsat

πR2
sat (1.60)

The two equations above yield

∆T ≈ αW,visΦRsat

κW
≈ 1K (1.61)
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On the other hand, conservation of energy (or the heat equation) reads:

εW,IRσT
4
W4πR2

sat = αW,visΦπR
2
sat, (1.62)

where εW,IR is the emissivity of tungsten in the IR, σ is the Stefan-Boltzmann con-

stant, and TW is the metal’s temperature. From this equation, we find:

TW =

(
αW,visΦ

4εW,IRσ

)1/4

≈ 443.6K (1.63)

Thus, the temperature variation ∆T is only about 0.2 percent of the average tem-

perature. We can therefore take the metal to be at a uniform temperature to an

excellent degree of accuracy.

Next, we turn to the estimation of the temperature variation inside a CCR. For sim-

plicity, we model the CCR as a cone with half-angle π
4

inside a cylindrical cavity of

radius and height R, and such that the base of the cone is flush with the satellite’s

surface (we will use a more realistic geometry later on). The CCR is in radiative

heat exchange with the metal wall of the cavity, which is assumed to be at constant

temperature TW as previously found. We will assume no conduction takes place from

the metal to the CCRs 3.

An exercise in radiative heat exchange (see Appendix 1.6) shows that the net power

transferred from the metal to the CCR is given by:

Pnet = εeffAglσ(T 4
W − T 4

gl) (1.64)

where Agl =
√

2(πR2) is the surface area of the glass wall, Tgl is the average CCR

temperature, and εeff is an effective emissivity which is solely determined by εgl,IR,

εW,IR as well as the geometry of the cavity. To compute εeff , we need the so-called

view factors between isothermal elements lining the cavity Fi→j, which represent the

3The CCRs are not in contact with the metal, but are held in place by Teflon spacers, which
are covered at the surface by a tungsten retainer ring. Teflon is a very good thermal insulator,
so we assume the CCRs have only radiative contact with the metal. Moreover, we will ignore the
effect of the retainer rings; the temperature of a copy of LAGEOS 2’s retainer rings was measured
in a 2006 laboratory test. The retainer rings were found to have closely the same temperature as
the body of the satellite [45]. Hence the retainer rings should not have any noticeable effect on the
thermal drag.
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fraction of radiation leaving isothermal element i which strikes element j. In our

case, we only have 2 isothermal elements: the glass and the metal. Moreover, since

the CCR is a convex surface, two of the view factors are trivial:

Fgl,gl = 0 (1.65)

and

Fgl,W = 1 (1.66)

The other two view factors follow from the surface area of the glass (Agl) and the

metal (AW ) lining the cavity:

Agl =
√

2πR2 (1.67)

AW = 3πR2 (1.68)

Using the identities (1.136) and (1.137) for view factors, we find:

FW,gl =

√
2

3
(1.69)

and

FW,W = 1−
√

2

3
(1.70)

Finally, the effective emissivity is given in terms of the view factors by:

εeff =

(
1

εgl,IR
+

1− εW,IR
εW,IR

FW,gl

)−1

(1.71)

Specifically, in our case:

εeff =

(
1

εgl,IR
+

1− εW,IR
εW,IR

√
2

3

)−1

(1.72)

with εgl,IR the emissivity of glass in the IR. This net heat is then radiated into space

by the base of the cone, which faces into space:

Pnet = εgl,IRσT
4
glπR

2 (1.73)
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We can now solve for the average glass temperature 4:

Tgl =

(
1 +

εgl,IR√
2εeff

)−1/4

TW ≈ 291.8 K (1.74)

Using Fourier’s Law, we can approximate the heat flow in the glass just below the

surface to:

Pnet = κgl
∆T

R
πR2 (1.75)

where κgl is the thermal conductivity of glass. The temperature variation inside the

CCR is then:

∆T =
εeffAglσ(T 4

W − T 4
gl)

κglπR
≈ 3.84K (1.76)

This represents 1.3 percent of the average CCR temperature. This result is con-

sistent with experimental (ground based) measurements of the CCR temperature

distribution [45].

1.4.2 CCR view factors and surface conditions

In this subsection, we write down the view factors for the more realistic CCR shape

given in section 1.2.3. As in the previous subsection, we will assume that only

radiative heat transfer takes place between the CCR and the tungsten, and no heat

is conducted. In order to use the radiosity method, we will need to write down the

view factors and the effective emissivity for the geometry depicted in fig. 1.3. First,

the total metal surface area lining the cavity is:

AW = 2πR(
√

2R− 2d) + πR
√
R2 + 9d2 (1.77)

The total glass surface area lining the cavity is:

Agl = (
√

3π + 2
√

2π − 3
√

6)R2 (1.78)

Notice that, like in Section 1.4.1, the CCR is still a convex surface, implying that

two of the four view factors still vanish:

Fgl,W = 1 (1.79)
4We are assuming that the CCR is not illuminated by the Sun in this simple example.
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Fgl,gl = 0 (1.80)

The other two view factors can be found using the areas AW and Agl, and the

relations (1.136) and (1.137):

FW,W =
(3
√

6−
√

3π)R2 − 4πRd+ πR
√
R2 + 9d2

2πR(
√

2R− 2d) + πR
√
R2 + 9d2

(1.81)

FW,gl =
(
√

3π + 2
√

2π − 3
√

6)R2

2πR(
√

2R− 2d) + πR
√
R2 + 9d2

(1.82)

Let us comment on the surface condition of the CCRs. Appendix 1.7 lists parameters

for our model, including the absorptivity/emissivity of the fused silica CCRs both in

the visible and in the IR. They are quoted both for clean glass - measured in lab, and

for “on-orbit”, or “dirty” glass. Absorptivity and emissivity are surface properties,

and are modified by surface contamination. The on-orbit visual and IR values are

important because they determine the heat balance in the CCRs.

To begin with the values in the visual, clean Suprasil glass has a very small ab-

sorptivity in the visual (a few parts per million [46]), and is quite dark in the IR

(εIR = αIR = 0.82). As Slabinski [43] pointed out, an aside to discuss Optical So-

lar Reflectors (OSRs) is useful at this point. OSRs are silvered glass mirrors which

are placed (silver side in) on spacecraft exteriors to control temperature in satellites

exposed to sunlight. The silver reflects most of the incident visual energy, but the

glass, which has a high emissivity in the IR, efficiently radiates heat away.

In the 1970s it was observed that OSRs became less effective over time. At least two

experiments [47, 48] were flown with a carefully designed and modeled configuration

of heater, thermocouples, and OSRs, to measure the visual absorptivity of the OSRs.

It was found that the visual absorptivity increased from about 10 % after launch to

over 15 % over a period of approximately a year. In his exhautive paper on thermal

effects in the LAGEOS satellite, Slabinski [43] took a value of αvis = 0.15. He quotes

conversations with aerospace designers that “surfaces in the space environment tend

toward gray. Initially white surfaces turn to gray; initially black surfaces turn to

gray” (Slabinski, private communication 2015). We follow Slabinski by taking the

on-orbit αvis = 0.15 for the CCRs.
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However, Slabinski uses a clean glass IR emissivity: 0.82. We show below that

the somewhat smaller value of 0.60 matches the LARES observations more closely.

Physically, any modification to the glass surface should change the IR properties as

well as the visible properties, and moving the IR emissivity 0.82 → 0.60 moves in

the direction of graying the dark IR surface of the clean glass. Thus we regard an

on-orbit value of 0.60 a plausible value of IR emissivity for the CCRs. Reducing

εIR = αIR reduces the thermal response of the satellite to warming by the Earth,

which reduces the thermal drag. We present results for both εIR = αIR = 0.82, and

for εIR = αIR = 0.60, below.

1.4.3 Orbital geometry in celestial coordinates

In this section, we describe the geometry of the orbital motion and the spin axis (see

fig. 1.8 for an illustration of the orbital geometry on the day of launch) in celestial

coordinates. The orbit is nearly polar, highly circular with inclination i = 69.5

degrees, which we take as 70 degrees in our model. Due to the Earth’s quadrupole

moment, the orbital plane precesses westward at a rate of 1.7 degree/day [49]. This

value, and all values for the orbital parameters for the first 126 days are taken from

[49]. The satellite was successfully launched in orbit on February 13, 2012 at 10:00

UTC from the European Space Agency’s spacesport in Kourou, French Guyana [50].

To describe the orbit, we will work in celestial coordinate system 5. The unit vector

r̂Sun pointing from Earth to Sun k days after launch is:

r̂Sun(k) =

 cos (2π(k − 37)/365)

cos β sin (2π(k − 37)/365)

sin β sin (2π(k − 37)/365)

 (1.83)

where β = 23.2 degree is the obliquity of the Sun’s orbital plane (i.e. the angle this

plane makes with the Earth equatorial plane), and 37 is the number of days from

the date of launch of LARES to the vernal equinox. We will assume that for any

given day, the position of the Sun in the sky and Ω stay fixed (i.e. they increment

5i.e. Cartesian coordinate system, with the Earth’s equatorial plane as the x-y plane, and the
x-axis pointing toward the vernal equinox.
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discretely from one day to the next). Also, the unit vector r̂sat from the center of

Earth to the center of the satellite is 6:

r̂sat(t, k) =

− sin Ω cos i sinωot+ cos Ω cosωot

cos Ω cos i sinωot+ sin Ω cosωot

sin i sinωot

 (1.84)

where ω0 is the satellite’s orbital frequency, and

Ω(k) = (220− 1.7k)
π

180
(1.85)

is the longitude of the ascending node on day k 7. The time t will be taken to range

in t ∈ [0, T ], i.e. one orbital period, with the satellite at the longitude of ascending

node at t = 0.

The spin orientation and spin frequency have been measured and the results are

reported in [51]. The spin orientation is at RA = 12h22m48s (RMS = 49m) and

Dec = −70.4 degrees (RMS = 5.2 degrees). For simplicity, we will take the spin

direction to be (in celestial coordinates):

Ŝ =

− cos i

0

− sin i

 (1.86)

where i = 70 degrees is the orbital inclination of LARES. The above choice for Ŝ is

within the margin of error for the RA and Dec. Next, the unit vector r̂CCR pointing

from LARES’s center to a CCR at colatitude θI is:

r̂CCR(t, θI) =

− sin i sin θI cosωt− cos i cos θI

sin θI sinωt

cos i sin θI cosωt− sin i cos θI

 (1.87)

6The direction of motion on the orbit is encoded in the inclination. Since i < 90◦, the motion
is prograde, i.e. in the same direction as Earth’s rotation.

7For a geocentric orbit such as LARES, the longitude of the ascending node (also known as the
right ascension of the ascending node or RAAN) is the angle, measured eastward, from the vernal
equinox to the ascending node. The ascending node is defined to be the intersection of LARES’s
orbit with the Earth’s equatorial plane, where LARES is heading north.
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where ω is the spin frequency. Notice that the time dependence in the vector above

is entirely due to the spinning of the satellite. The spin frequency actually decreases

over time due to interaction with the Earth’s magnetic field, as ([51]):

ω(k) = (0.546rad/s) exp−0.00322509k (1.88)

For k = 0, the spin angular frequency is about 600 times the orbital frequency. For

k ≈ 100, the spin frequency has decreased to about 400 times the orbital frequency.

Thus, we can see that during the first 126 days, we remain safely inside the fast-spin

regime. Also, to handle the eclipse, we will need to compute the time of eclipse

entrance tentrance and eclipse exit texit. To do this, we compute the perpendicular

distance d(t, k) from the satellite to the Earth-Sun axis:

d(t, k) = a|r̂sat(t, k)× r̂Sun(k)| (1.89)

Then tentrance and texit are solutions to the equation (see footnote 8 below):

d(t, k) = RE (1.90)

However, in general there will be 4 solutions. To see this, one can visualize a cylin-

der with the Earth-Sun axis for axis of symmetry, and with the radius of Earth

for radius. The part of the cylinder “behind” the Earth is in shadow. Thus if,

on a particular day, LARES experiences an eclipse, then its orbit will intersect the

cylinder in 4 points, 2 of which are tentrance and texit. To pick out the correct two

solutions, we consider the dot product r̂Sun · r̂sat. When this dot product is negative,

the vector r̂Sun makes an angle larger than π
2

with the vector r̂sat, and there is eclipse.

1.4.4 The radiation intensities

First we will need the radiation intensity incident on each CCR. The contribution

from sunlight is quite straightforward. First we compute the angle between the

normal direction to the CCR and the sunlight direction:

cos (γvis(t, θI , k)) = r̂CCR(t, θI) · r̂Sun(k) (1.91)
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Figure 1.8: The situation at t = 0 and k = 0, as viewed directly above the North Pole
of Earth. The sphere centered at the origin represents the Earth. The coordinate
axes form the celestical coordinate system. The orange sphere is the Sun. The
dashed gray circle is the Sun orbit through 1 year. The gray sphere is LARES, with
the vector representing the spin orientation. The blue ellipse is the projection of
LARESs trajectory for k = 0 (i.e. day zero, launch day) on the x-y plane. The
radial distances from the Earth’s center are not drawn to scale. However all angular
information in the sky is drawn accurately.
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Figure 1.9: The setup used to compute the Earth’s IR radiation on the satellite
IIR(θCCR), with the larger sphere representing Earth and the smaller sphere repre-
senting LARES. Here we have depicted a situation with θCCR > 0 (i.e. the CCR
faces toward Earth). The portion of the celestial sphere subtended by the Earth
from LARES, over which we integrate to obtain IIR, is the spherical cap, which has
an angular radius 54.55 degrees. The separation of LARES and the Earth is not to
scale in the figure.

Notice that we are assuming the Sun to be a point source, so that all the sunlight

comes from the direction along the Earth-Sun axis, since the Sun subtends a very

small solid angle in the sky, as seen from LARES. The visible intensity incident on

the CCR is then:

Ivis(t, θI , k) = Φ cos (γvis(t, θI , k))Θ(cos (γvis(t, θI , k))) (1.92)

where the unit step function Θ ensures that, when the CCR faces away from sun-

light, the intensity vanishes (at any moment only half the satellite is illuminated

by sunlight). Moreover the above is only valid outside the solar eclipse; the visible
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intensity also vanishes when the satellite is in the eclipse.

Next, consider the Earth IR radiation. Here we hit a substantial complication owing

to the fact that the Earth, unlike the Sun, cannot be modelled as a point source.

We have to take into account the finite-size effects of the Earth. Fortunately there

is a remarkable simplification if we assume the Earth to be a Lambertian emitter:

as viewed from a unit surface area of the satellite, the Earth’s intensity per unit

solid angle is a constant, given by NIR = 71W · m−2 · sr−1 ([43]). More explicitly,

this means that for each unit of solid angle of the source (i.e. the IR Earth) as seen

from the satellite, a unit area of the receiver’s surface receives 71 Watts if oriented

perpendicularly to the radiation (if the orientation is not perpendicular, the power

will be reduced by a Lambertian cosine factor, as usual). Thus, the total IR intensity

is obtained by evaluating an integral of the solid angle subtended by Earth as viewed

from LARES, weighted by the Lambertian cosine factor, then multiplying the result

by NIR.

To evaluate the integral described above, we set up spherical coordinate system

(r, θ, φ) centered on the satellite such that the z-axis is along the satellite-Earth axis

(see fig. 1.9). Then the Earth subtends the disk θ ≤ αe = 54.55 degrees, where

αe = arcsin

(
RE

a

)
(1.93)

where RE is the radius of Earth’s IR-emitting atmosphere 8. Moreover, notice that

there is no special direction for the spin axis in these coordinates. Thus we can

without loss of generality rotate coordinates around the z-axis to assume that the

CCR momentarily lies in the x-z plane. Then the unit vector r̂CCR from the satellite’s

center to the CCR can be parametrized by one angle θCCR (see fig. 1.9):

r̂CCR = (cos θCCR, 0, sin θCCR) (1.94)

with θCCR ranging from −π
2

to π
2
. Then we can write down the cosine of the angle

between r̂CCR and the vector from the CCR to some area element on the Earth disk

8 Technically, for the purpose of the eclipse, we should use the actual Earth radius (6378 km)
rather than the radius of the IR-emitting atmosphere, which is slightly larger (6407 km). However
the difference between the two radii introduces a negligible error.
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with coordinate (θ, φ):

cos (γIR(θCCR, θ, φ)) = cos θCCR sin θ cosφ+ sin θCCR cos θ (1.95)

The IR intensity on the CCR is now only a function of θCCR. It can be piecewise

defined as follows. If θCCR < −αe, then by inspection of fig. 1.9, we can easily seen

that the CCR does not intercept any IR radiation. In this case IIR(θCCR) = 0. If

−αe < θCCR < 0, the CCR sees less than half the Earth disk, and

IIR(θCCR) = 2NIR

∫ αe

|θCCR|
sin θdθ

∫ F (θCCR,θ)

0

cos (γIR(θCCR, θ, φ))dφ (1.96)

with F (θCCR, θ) obtained by setting equation (1.95) to zero and solving for φ:

F (θCCR, θ) = arccos

(
−tan θCCR

tan θ

)
(1.97)

Next, if 0 < θCCR < αe, then the CCR sees more than half of the Earth disk, and

IIR(θCCR) = 2NIR

∫ αe

|θCCR|
sin θdθ

∫ F (θCCR,θ)

0

cos (γIR(θCCR, θ, φ))dφ

+ 2NIR

∫ |θCCR|
0

sin θdθ

∫ π

0

cos γIR(θCCR, θ, φ)dφ (1.98)

Finally, when αe < θCCR, then the CCR views the whole Earth disk, and the integral

can be evaluated analytically:

IIR(θCCR) = πNIR sin θCCR sin2 αe (1.99)

The function IIR(θCCR) is plotted in fig. 1.10. Finally, θCCR itself is a function of

the time t elapsed during one orbit, the number of days k since launch, and the

colatitude θI of the CCR:

θCCR(t, k, θI) = − arcsin (r̂CCR(t, θI) · r̂sat(t, k)) (1.100)

We close this subsection by a few remarks on the error that would be introduced if

we were modelling the Earth as a point source. One can multiply NIR by the total
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Figure 1.10: Plot of the function IIR(θCCR) in blue. The two vertical red lines
correspond to θCCR = ±αe. For comparison, we have also included the intensity
profile if the Earth was approximated as a point source (in dashed gray).

solid angle ∆Ω subtended by Earth as viewed from LARES to get an effective power

per unit receiver area WIR (of the dimension W ·m−2). The solid angle ∆Ω is easily

computed:

∆Ω = 2π

∫ αe

0

sin θdθ = 2π (1− cosαe) (1.101)

We then find WIR = 188W ·m−2. We must multiply this flux by the cosine of the

angle between the CCR normal and the direction of the radiation, i.e. cos
(
π
2
− θCCR

)
to obtain the power absorbed by a surface element. In fig. 1.10, we also plot this

resulting intensity profile for comparison to the correct treatment. As can be seen

from the plot, the finite-size effect of the Earth spreads out the intensity more evenly

across the satellite surface, thus significantly reducing the thermal drag.
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1.4.5 The equations of conservation and the temperatures

In this subsection, we write down the equations of conservation of energy for each

CCR and the metal, Fourier transform those equations and solve for their tempera-

tures. For a CCR of colatitude θI , conservation of energy reads:

εeffAglσ(T 4
W (t)−T 4

I (t))+εgl,IRπR
2IIR(θI , t)+αgl,visπR

2Ivis(θI , t)−εgl,IRσπR2T 4
I (t) = mCCRcgl

dTI(t)

dt
(1.102)

where TI is the CCR temperature, which only depends on the row I since we are

in the fast-spin regime. The terms on the left-hand side represent the following

contributions: the first term is the net heat tranferred to the CCR from the cavity,

the second term is the heat absorbed at the exterior surface from Earth IR radiation,

the third term is the heat absorbed at the exterior surface from sunlight, and the

fourth term is the heat lost into space by radiation. On the right hand side is the

rate of change of the temperature with time.

For the metal, conservation of energy reads:

PW,vis(t)+PW,IR−Aglεeffσ

(
92T 4

W (t)−
∑
I

nIT
4
I (t)

)
−εW,IRAW,vacσT 4

W (t) = mW cW
dTW (t)

dt

(1.103)

The first term on the left is the power absorbed by the metal from sunlight. Its time-

dependence is solely due to the eclipse. When the satellite is outside the eclipse, it

is approximately constant and approximately given by:

PW,vis = αW,visπR
2
satΦ− αW,visΦπR2 +

[
1

2
(1− αgl,vis)− αgl,vis

]
πR2Φ

∑
I 6=1

nI cos θI

(1.104)

The power absorbed by the metal from sunlight is in fact a function of the orientation

of the satellite, and hence of time, but we assume that it is approximately constant,

and evaluate for a specific configuration, namely when one pole of the satellite is

directly pointed at the Sun. Then the first term above is the power absorbed as

if the satellite were a simple metal sphere. The second term above is the power

incident on the North Pole CCR which, instead of being absorbed, is reflected back.
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The last term above accounts for the remaining CCRs (other than the North Pole).

We assume that a fraction 1
2
(1− αgl,vis) of sunlight incident on these CCRs make it

into the cavity and ends up absorbed by the metal (see [43]).

The second term in (1.103) represents the power absorbed by the metal from the IR.

It is approximately constant in time:

PW,IR = εW,IRR
2
sat2π

∫ π
2

+αe

0

sin θIIR

(π
2
− θ
)
dθ − εW,IRπR2

∑
I

nIIIR

(π
2
− θI

)
(1.105)

where the first term on the right-hand side represents the power absorbed as if the

satellite were a metal sphere, and the remaining terms account for the CCRs. Coming

back to equation (1.103), the third term on the left-hand side represents the power

transferred to the CCRs from the metal, and the 4th term on the left-hand side is

the power radiated into space.

Since we expect the time variation in the temperature to be small, we linearize the

conservation equations by letting

TW (t) = TW,0 + ∆TW (t) (1.106)

TI(t) = TI,0 + ∆TI(t) (1.107)

with ∆TW << TW,0 and ∆TI << TI,0. Then:

T 4
W (t) ≈ T 4

W,0 + 4T 3
W,0∆TW (t) (1.108)

T 4
I (t) ≈ T 4

I,0 + 4T 3
I,0∆TI(t) (1.109)

Moreover, thanks to the periodicity of the motion, we can expand the time-dependent

pieces of the temperatures into Fourier series 9:

∆TW (t) =
∑

n∈Z,n6=0

TW,ne
iω0nt (1.110)

9Notice that we carry out a Fourier sum, not a Fourier integral. To do this we are implicitly
assuming that the spin frequency ωs is an integer multiple of the orbital frequency ωo, so that all
time-dependent quantities are exactly periodic. In the rapid-spin regime, this does not cause any
difficulty (in particular, no resonances).
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∆TI(t) =
∑

n∈Z,n 6=0

TI,ne
iω0nt (1.111)

Decomposing the conservation equations into modes, we find, for the time-independent

mode:

εeffAglσ(T 4
W,0 − T 4

I,0) + εgl,IRπR
2IIR,0(θI) + εgl,visπR

2Ivis,0(θI)− εgl,IRσπR2T 4
I,0 = 0

(1.112)

PW,vis,0 + PW,IR − Aglεeffσ(92T 4
W,0 −

∑
I

nIT
4
I,0)− εW,IRAW,vacσT 4

W,0 = 0 (1.113)

where PW,vis,0, IIR,0 and Ivis,0 are the time-averaged PW,vis, IIR and Ivis, respectively.

All of these three quantities can be computed by numerical integration. For the

n = 1 mode, we have:

4εeffAglσ(T 3
W,0TW,1 − T 3

I,0TI,1) + εgl,IRπR
2IIR,1(θI) + αgl,visπR

2Ivis,1(θI)

−4εgl,IRσπR
2T 3

I,0TI,1 = mCCRcgliωoTI,1 (1.114)

PW,vis,1−4Aglεeffσ(92T 3
W,0TW,1−

∑
I

nIT
3
I,0TI,1)−4εW,IRAW,vacσT

3
W,0TW,1 = mW cW iωoTW,1

(1.115)

For the n = 2 mode, we have:

4εeffAglσ(T 3
W,0TW,2 − T 3

I,0TI,2) + εgl,IRπR
2IIR,2(θI) + αgl,visπR

2Ivis,2(θI)

−4εgl,IRσπR
2T 3

I,0TI,2 = 2mCCRcgliωoTI,2 (1.116)

PW,vis,2−4Aglεeffσ(92T 3
W,0TW,2−

∑
I

nIT
3
I,0TI,2)−4εW,IRAW,vacσT

3
W,0TW,2 = 2mW cW iωoTW,2

(1.117)

By solving the equations above, we obtain the coefficients TW,0, TW,1, TW,2 and TI,0,

TI,1, TI,2. The temperatures are then:

TW (t) = TW,0+2Re(TW,1) cosω0t−2Im(TW,1) sinω0t+2Re(TW,2) cos 2ω0t−2Im(TW,2) sin 2ω0t

(1.118)

TI(t) = TI,0+2Re(TI,1) cosω0t−2Im(TI,1) sinω0t+2Re(TI,2) cos 2ω0t−2Im(TI,2) sin 2ω0t

(1.119)
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1.4.6 The thermal drag

We assume the surface of the satellite to be Lambertian: the angular dependence

of the intensity emitted by any surface element I(θ) is proportional to the cosine of

the angle between the normal vector to the surface element and the observer’s line

of sight:

I(θ) = I0 cos θ (1.120)

where I0 is the intensity emitted in the normal direction. Integrating over all angles

yields the total radiated intensity by the surface element, given by the blackbody

radiation formula:

εσT 4 =

∫
I0 cos θdΩ = πI0 (1.121)

where ε is the emissivity of the surface element, σ is the Stefan-Boltzmann constant,

and T is the temperature of the surface element. The total momentum emitted in a

unit time by the surface element into an angular ring dΩ is:

dP (θ) =
I(θ)

c
dΩ (1.122)

The force on the surface element is obtained by integrating over the hemisphere:

F = −
∫

cos θdP (θ) = −2

3

εσT 4

c
(1.123)

where, by symmetry, it is enough to integrate over the normal component of dP .

We emphasize that this expression, in particular the temperature T appearing in

equation 1.123, refers to one infinitesimal surface ring of the satellite; the temperature

varies across the satellite. Expression 1.123 must be integrated appropriately across

the surface to determine the net thermal thrust.

In fact, the thermal thrust due to the metal is negligible because the tungsten is

essentially isothermal (see equation (??)) and therefore radiates isotropically. The

axial force is therefore supplied by a sum over CCRs:

Faxial = −2εgl,IRσπR
2

3c

∑
I

nI cos θIT
4
I (1.124)

where the factor cos θI serves to project on the spin axis.
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Figure 1.11: Histogram of the eclipse duration (top panels), the daily average metal temperature
(middle panels), and the thermal drag (bottom panels) as a function of number of days since
launch, for 126 days, assuming the clean-glass IR absorptivity αgl,IR = 0.82 (left column) and
the dirty-glass IR absorptivity α′gl,IR = 0.6. The average thermal drag over the last 120 days is

−0.59 pm/s2 for clean glass and −0.36 pm/s2 for dirty glass.
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Next, to obtain the along-track component, we project the axial force on the

direction of motion. Then we average over one orbit, and divide by the satellite mass

to obtain the along-track acceleration:

aalong−track =
1

msatT

∫ T

0

Faxial(t)Ŝ · v̂sat(t, k)dt (1.125)

where v̂(t, k) is the normalized velocity vector of the satellite. On the left column of

fig. 1.11, we show histograms of the thermal drag, the metal temperature and the

eclipse duration for the first 126 days using the clean-glass absorptivity in the IR

αgl,IR = 0.82. The average thermal drag over the last 120 days of the first 126-day

period is found to be:

〈aalong−track〉120 days = −0.59 pm/s2 (1.126)

This is around 50 % larger than the observed value of −0.4pm/s2. This discrep-

ancy can probably be explained by the fact that the values of all the absorptivi-

ties/emissivities are not known accurately. To illustrate this, if we lower the absorp-

tivity of glass in the IR to the value α′gl,IR = 0.6, a still plausible “dirty glass” value,

then the average along-track acceleration over the 120-day period is now:

〈aalong−track〉120 days = −0.36 pm/s2 (1.127)

This time we obtain a value slightly smaller than the observed one. This suggests

that there are possibly small unmodelled effects contributing to the observed drag

−0.4/pm/s2. The eclipse duration, metal temperature and thermal drag for this

“dirty glass” case are plotted on the right column in fig. 1.11. Also, figures 1.12, 1.13,

1.14 and 1.15 give the tungsten temperature and the temperatures of the various CCR

rows, for days 0, 30, 60, and 90 of predictions, for both the clean glass αgl,IR = 0.82,

and the dirty glass α′gl,IR = 0.60 cases. To facilitate comparison between these

figures, the range of the plots on the left panels (for the metal temperature) is always

2 Kelvins, and the range of the plots on the right panels (for the CCR temperatures)

is always 22 Kelvins.
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Figure 1.12: Top row: Plot of TW (left panel) and TCCR (right panel) (sum of the constant, first
and second harmonics of the orbital frequency) over one period, on day 0, using the clean-glass
absorptivity αgl,IR = 0.82. There is no eclipse on this day, and as a result, the metal temperature
is practically constant. The average along-track acceleration on this day is −1.0 pm/s2. For
comparison, the average thermal drag over the 120-day period is −0.59 pm/s2. This day is not
included in the average. Bottom row: Plot of TW (left panel) and TCCR (right panel) (sum of the
constant, first and second harmonics of the orbital frequency) over one period, on day 0, using
the dirty-glass absorptivity α′gl,IR = 0.6. The average along-track acceleration on this day is

−0.67 pm/s2. For comparison, the average thermal drag over the 120-day period is −0.36 pm/s2.
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Figure 1.13: Top row: Plot of TW (left panel) and TCCR (right panel) (sum of the constant, first
and second harmonics of the orbital frequency) over one period, on day 30, using the clean-glass
absorptivity αgl,IR = 0.82. The region colored gray is when the satellite is in the eclipse. The
average along-track acceleration on this day is −0.63 pm/s2. For comparison, the average thermal
drag over the 120-day period is −0.59 pm/s2. Bottom row: Plot of TW (left panel) and TCCR
(right panel) (sum of the constant, first and second harmonics of the orbital frequency) over
one period, on day 30, using the dirty-glass absorptivity α′gl,IR = 0.6. The average along-track

acceleration on this day is −0.37 pm/s2. For comparison, the average thermal drag over the
120-day period is −0.36 pm/s2.
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Figure 1.14: Top row: Plot of TW (left panel) and TCCR (right panel) (sum of the constant, first
and second harmonics of the orbital frequency) over one period, on day 60, using the clean-glass
absorptivity αgl,IR = 0.82. There is no eclipse on this day, and as a result, the metal temperature
is practically constant. The average along-track acceleration on this day is −0.66 pm/s2. For
comparison, the average thermal drag over the 120-day period is −0.59 pm/s2. Bottom row: Plot
of TW (left panel) and TCCR (right panel) (sum of the constant, first and second harmonics of
the orbital frequency) over one period, on day 60, using the dirty-glass absorptivity α′gl,IR = 0.6.

The average along-track acceleration on this day is −0.43 pm/s2. For comparison, the average
thermal drag over the 120-day period is −0.36 pm/s2.
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Figure 1.15: Top row: Plot of TW (left panel) and TCCR (right panel) (sum of the constant, first
and second harmonics of the orbital frequency) over one period, on day 90, using the clean-glass
absorptivity αgl,IR = 0.82. The region colored gray is when the satellite is in the eclipse. The
average along-track acceleration on this day is −0.5 pm/s2. For comparison, the average thermal
drag over the 120-day period is −0.59 pm/s2. Bottom row: Plot of TW (left panel) and TCCR
(right panel) (sum of the constant, first and second harmonics of the orbital frequency) over
one period, on day 90, using the dirty-glass absorptivity α′gl,IR = 0.6. The average along-track

acceleration on this day is −0.28 pm/s2. For comparison, the average thermal drag over the first
120-day period is −0.36 pm/s2.
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1.4.7 Slow-spin regime

Previously we only considered the fast-spin regime, where the temperatures of CCRs

of the same row may be assumed to be the same. While the fast-spin assumption is

safe for the first 126 days in orbit, the spin rate of the satellite is expected currently

(≈ day 1500 in orbit) to be slow, of order ≈ 5/orbit, so CCR temperature equilibra-

tion rates are comparable to the satellite spin rate, and large individual-CCR effects

may arise. We use direct numerical integration (built in functions in Mathematica

[52]) of the coupled nonlinear heat-transfer equations for the 93 separate pieces of

the satellite (the tungsten core and 92 CCRs). Each piece is considered separately

isothermal. Our analysis close to that of Slabinski [43], who directly integrated the

nonlinear heat balance equations in his study of along track drag on the LAGEOS

satellite. In addition to the along-track drag, this code produces all components of

the thermally induced force on the satellite as a function of time throughout the

orbit. We also use a comparison Fourier code [8], which linearizes the equations and

assumes the spin frequency is an integer multiple (here, exactly 5) of the orbital

frequency. The Fourier code provides initial data for the nonlinear code, which uses

the exact satellite spin rate. The nonlinear set is then run for several orbits (here

8) with fixed orbital parameters to relax out any effect from the Fourier provided

initial conditions. The thermal force on the ith CCR is perpendicular to the face

and with magnitude Fi = 2πR2εgl,IRσT
4
i /(3c). The net force on the satellite is the

vector vector sum of the 92 CCR forces. The along track force is a unit vector along

the orbit dotted into this vector sum.

We find that in the current slow spin regime, although there are substantial excur-

sions from the Fourier results, the Fourier results do provide good average values

for the temperature of the CCRs (constant temperature in rows from the Fourier

method), and for the daily along-track average drag. However, we also find that

the relatively small average along track drag (which swings between −0.7pm/s2 and

−0.25pm/s2 and averages −0.498pm/s2 over days 1460 - 1580) arises from instanta-

neous accelerations that have excursions that are about an order of magnitude larger
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than the resulting orbit-averaged drag.

We rely heavily on ref [8] for the analysis. See that paper for the detailed structure

of the satellite, the view factor treatment of radiative heat transfer between retrore-

flectors and the surrounding tungsten metal, the geometry of the orbital plane, the

spin orientation, and the occurrence and effect of solar eclipses.
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Figure 1.16: Histogram of the daily average thermal drag; negative values indicate drag. Right:
The eclipse duration as a function of number of days since launch for days 1460 - 1580. The
average thermal drag (average of daily averages) over these 120 days is −0.498pm/s2.
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Figure 1.17: For day 1470; there is no eclipse on this day. Left: Net acceleration
(pm/s2) in components (in celestial coordinate frame). Right: Along-track accelera-
tion in numerical simulation (blue curve). Negative values indicate drag. Comparison
fast-spin (assuming all CCRs in a row have the same temperature; see [8]) Fourier
computation (sum of the constant, first and second harmonics of the orbital fre-
quency; smoother, red curve), over one orbital period. Note that amplitudes of the
force components and of the along-track acceleration are much larger (almost an
order of magnitude larger) than the average drag for that day (−0.601pm/s2; see
Figure 1.16). The spin rate is approximately 5/orbit, and this introduces obvious
variations into the forces.

1.5 Appendix I: Gravitomagnetism without the

Kerr solution

In this appendix, we show that the gravitomagnetic potential and field which were

obtained by expanding the Kerr metric can also be found by solving the linearized

Einstein equation alone (i.e. without knowledge of the Kerr solution). The treatment

given in this appendix is closer to the historical development of the subject, since
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Figure 1.18: Day 1490: An eclipse occurred between about −1050 and 700 seconds in
the orbit on this day, and the satellite crossed the ascending node during the eclipse.
We plot one full orbital period, with the node crossing in the center of the plot
to more clearly show eclipse-induced effects. Left: Net acceleration in components.
Right: Along-track acceleration in numerical simulation (blue curve). Comparison
fast-spin Fourier computation (smoother, red curve). Average drag for that day
:−0.405pm/s2; see Figure 1.16. The onset and the end of the eclipse introduce
noticeable features into the drag (and sudden changes in the time derivative of some
of the force components), and there are clearly visible ≈ 5/orbit spin effects.

53



tungsten temperature

CCR 31

CCR 32

CCR 33

CCR 34

CCR 35

CCR 36

CCR 37

CCR 38

CCR 39

CCR 40

CCR 41

CCR 42

CCR 43

CCR 44

CCR 45

CCR 46

Figure 1.19: Day 1490: Left: Tungsten temperature. Right: Individual CCR tem-
peratures for row V. The range of both the plots is 12K. The dotted line is a
Fourier result (constant plus first and second orbital harmonic) assuming fast-spin
averaging over the row. The eclipse introduces noticeable sudden changes in the time
derivatives of the temperature of the metal and of the CCRs.

frame-dragging was found well before the Kerr solution was discovered.

We first write down the linearized Einstein’s equation in the Lorentz gauge:

2hαβ = −16π(Tαβ −
1

2
ηαβT ) (1.128)

We specialize to the case of a localized, stationary source. Stationarity implies that

all partial derivatives of the metric with respect to time vanish. The 0i component

becomes:

∇2h0i ≈ 16πρvi (1.129)

where ρ is the mass density and v is the velocity of the source. Note the similarity

with classical electromagnetism: the metric components h0i morally play the role of

the vector potential in EM (recall that, in the Coulomb gauge, the vector potential
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satisfies ∇2Ai = −4πρev
i.). This is just Poisson equation, and the solution is:

h0i(~x) ≈ −4

∫
ρ(~x′)vi(~x′)

|~x− ~x′|
d3x′ (1.130)

Next, we specialize to a spherical distribution of matter rotating with angular velocity

~̇α. We orient the z-axis so that ~̇α = (0, 0, α̇(r)). The equation (1.130) can then be

written as:

~h(~x) = −4

∫
ρ(r′)~̇α× ~x′

|~x− ~x′|
r′2dΩ′dr′ (1.131)

The angular integral can be done by rotating the axes so that ~x = (0, 0, r) and then

rotating back to the original position:∫
~x′

|~x− ~x′|
dΩ′ =

∫ π

0

sin θ′dθ′
∫ 2π

0

(r′ sin θ′ cosφ′, r′ sin θ′ sinφ′, r′ cos θ′)√
r′2 − 2rr′ cos θ′ + r2

dφ′

=


(

0, 0, 4πr′2

3r2

)
= 4πr′2

3r3
~x, when r > r′(

0, 0, 4πr
3r′

)
= 4π

3r′
~x, when r < r′

(1.132)

For the case r > r′ (i.e. outside the source), equation (1.131) then becomes:

~h(~x) =
16π

3r3

(
~x×

∫
~̇α(r′)ρ(r′)r′4dr′

)
(1.133)

We can recognize in the integral after the cross product above the total angular

momentum of the source:

~J =

∫
~x× (ρ~v)d3x

=
8π

3

∫
~̇α(r)ρ(r)r4dr (1.134)

1.6 Appendix II: Radiative heat exchange

Consider radiation exchange between N surfaces labelled by i (i = 1, 2, · · · , N) inside

an enclosure. The view factor Fij is defined to be the fraction of radiation leaving
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surface i which is intercepted by surface j. The view factor can be computed by

evaluating a double surface integral [53]:

Fij =
1

Ai

∫
Ai

∫
Aj

cos θi cos θj
πR2

dAidAj (1.135)

where Ai is the surface element of surface i, R is the length of the straight line

connecting surface elements dAi with dAj, and θi and θj are the angle formed by

the normals of dAi and dAj with the line connecting the two elements. Fortunately,

view factors can often be deduced without having to evaluate this integral. By

interchanging i and j in the formula above, it follows that:

AiFij = AjFji (1.136)

This is known as the reciprocity relation. Moreover, we have the summation rule

N∑
j=1

Fij = 1 (1.137)

since radiation leaving surface i must be intercepted by some surface lining the

enclosure. Another observation which will prove useful to us is that if surface i is

convex, Fii = 0 since radiation originating from i cannot be intercepted by i. Once

all view factors between pairs of surfaces are computed, we can compute the incident

irradiance on surface i, denoted by Hi, due to radiation by all the surfaces in the

enclosure:

Hi =
1

Ai

N∑
j=1

FjiJjAj (1.138)

where Ji is the radiosity of surface i, that is, the sum of the emitted and reflected

intensities:

Ji = εiσT
4
i + (1− εi)Hi (1.139)

Using the reciprocity relation (1.136), (1.138) becomes:

Hi =
N∑
j=1

FijJj (1.140)
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Substituting into (1.139), we obtain a linear system of equations in the radiosities:

Ji = εiσT
4
i + (1− εi)

N∑
j=1

FijJj (1.141)

Once the radiosities are solved for by the standard methods of linear algebra, we

can form the net heat going into surface i, denoted by Pi, by taking the difference

between the incoming and outgoing intensities:

Pi = Ai(Hi − Ji) (1.142)

or, using (1.139) again,

Pi =
Aiεi

1− εi
(Ji − σT 4

i ) (1.143)

Finally, we specialize to the case where the enclosure has only 2 isothermal elements,

and we will assume moreover that element 1 is a convex surface. This scenario is

useful for the purposes of a lumped-capacitance analysis of the CCR. The system

1.141 in this case becomes:

J1 = ε1σT
4
1 + (1− ε1)J2 (1.144)

J2 = ε2σT
4
2 + (1− ε2)[F21J1 + (1− F21)J2] (1.145)

where we used the fact that F11 = 0, F12 = 1 and equation (1.137). Solving for the

net heat exchange, we find the net heat flux going into element 1 to be:

P1 = A1εeffσ(T 4
2 − T 4

1 ) (1.146)

where we defined an effective emissivity εeff :

εeff =

[
1

ε1
+

1− ε2
ε2

F21

]−1

(1.147)

1.7 Appendix III: Numerical values of the

constants
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Chapter Two: Schwinger effect in de Sitter space:

a holographic toy model

2.1 Introduction

1 Understanding quantum field theory in de Sitter space is of great interest in theo-

retical physics due to its relevance in cosmology while offering many insights about

the quantum nature of spacetime [59, 60, 61]. An intriguing phenomenon that can

be explored in curved spacetimes is the production of pairs of particles in the pres-

ence of an external electric field, the so-called Schwinger mechanism [62, 63]. Even

though this process is relatively well understood, some aspects of it are intriguing

and deserve further investigation. In de Sitter space, in particular, the Schwinger

mechanism can be employed as a framework to study false vacuum decay and is

considered a focus of current research efforts [64, 65, 66, 67, 68, 69, 70, 71, 72].

Let us briefly review what happens in flat space. In quantum electrodynamics

(QED), the probability of production per volume V of a particle-antiparticle pair

with mass m and spin j, in a constant electric field ~E, is

P = 1− exp[ΓV ] , (2.1)

where Γ is the nucleation rate [62]:

Γ =
(2j + 1)E2

8π3

∞∑
n=1

(−1)(n+1)(2j+1)

n2
e−

πm2n
E . (2.2)

A qualitative understanding of this phenomenon can be obtained by looking at the

1This chapter is based on the paper Phys. Rev. D 91, 086015 (2015) [58], written in collabo-
ration with Willy Fischler, Juan F. Pedraza and Walter Tangarife. The general idea of the paper
was from Juan F. Pedraza. The results in subsection 2.3 is mostly the work of Walter Tangarife.
Appendices 1 and 2 are mostly the work of Juan Pedraza. The rest of the calculation is mostly my
work.
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potential energy of the pair in the presence of an electric field,

V (r) = 2m− Er − αs
r
, (2.3)

where αs ' 1/137 is the fine-structure constant. The electric field term generates a

potential barrier and the tunneling effect creates a pair of particle-antiparticle. For

small values of E, this effect is largely suppressed. However, as E becomes larger, the

barrier is lowered and the tunneling process becomes more effective. For a critical

value of the electric field, Ec, the barrier vanishes and the vacuum becomes unstable.

The critical field for the barrier above is easily found to be

Ec =
m2

αs
. (2.4)

Notice that Ec � m2, so the critical field does not satisfy the weak-field condition, an

implicit assumption for the validity of the Schwinger formula (2.2). This suggests that

the pair creation process might receive important non-perturbative contributions.

As mentioned before, the Schwinger effect has received attention given its close

analogy with the process of bubble nucleation, or false vacuum decay. If we consider

bubble nucleation in flat space, the bubble is momentarily at rest at the moment of

nucleation and expands afterwards. However, the false vacuum has Lorentz symme-

try, so it is a priori unclear in which Lorentz frame the bubble is initially at rest. A

beautiful answer was given a while ago by Coleman and De Luccia [73]. They argued

that the Euclidean version of the bubble must be O(d) symmetric so the full solu-

tion, which arises by analytically continuing the Euclidean instanton through t = 0,

automatically respects the Minkowskian O(d − 1, 1) invariance. A similar situation

appears for the Schwinger effect: the Euclidean trajectory of the nucleated pair has

rotational symmetry given that the electric field acts as a magnetic field in Euclidean

signature and, hence, the instanton follows a usual cyclotron orbit. Moreover, the

Lorentzian trajectory is automatically Lorentz invariant since it becomes a hyperbola

after the analytic continuation. This implies that the Schwinger formula (2.2) can

be recovered by considering a sum over instanton amplitudes for tunneling through

the potential barrier of pair creation [74]. Finally, if we consider the same problem
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in de Sitter space, the same machinery can be adapted in a straightforward way by

replacing Lorentz invariance de Sitter invariance since O(d, 1) ⊃ O(d− 1, 1) [64].2

Another motivation to study pair creation via the Schwinger mechanism is that it

provides us with the perfect laboratory to explore some ideas around the recently

proposed ER=EPR conjecture [75]. Indeed, since the nucleated pair is created from

the vacuum, the pair is necessarily in a singlet state and therefore is maximally

entangled. Let us illustrate this point with a simple example. Suppose that each

particle can only exist in a two-level system, with spin up | ↑〉 or spin down | ↓〉,
respectively. Conservation of angular momentum dictates that the pair is always

created in the singlet state:

|0, 0〉 =
1√
2

(|↑↓〉 − |↓↑〉) . (2.5)

If we denote by Sz1 and Sz2 the z-component of the spin of particle 1 and 2, respec-

tively, then:

〈Sz1〉 = 〈Sz2〉 = 0 , (2.6)

and

〈Sz1Sz2〉 = −1

4
, (2.7)

where the expectation values are taken in the state (2.5). In particular, notice that

〈Sz1Sz2〉 6= 〈Sz1〉〈Sz2〉 . (2.8)

The fact that the expectation value of the product Sz1Sz2 does not factorize into

a product of expectation values is a measurement of quantum entanglement, and

follows from the fact that the singlet state is not a product state. Another quantita-

tive measure of the quantum correlations is the position-space entanglement entropy,

or von Neumann entropy, obtained by tracing over the degrees of freedom in a re-

gion containing one of the particles. One of the advantages that the Schwinger pair

production setting offers in this context is the permanent causal disconnection: it

2We must bear in mind that in more than (1+1)-dimensions a constant electric field is not a
solution of the homogeneous Maxwell’s equations in de Sitter [65]. The charge distribution that
sources a constant electric field must be tuned and is classically unstable.
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implies that no local interaction can ever spoil the correlation (2.7).3 The two par-

ticles can only interact with each other by exchanging space-like photons or other

quanta of the field theory. In fact, for the special case of N = 4 SU(Nc) super-

Yang-Mills (SYM) theory, direct computation shows that summing up over all these

contributions yields a value of s =
√
λ, with λ ≡ g2

YMNc, for the entanglement en-

tropy of the nucleated pair [77] (see also [78, 79]). Thus, the fact that the nucleated

pair is necessarily entangled means that our setting is suitable to test some aspects

of the ER=EPR equality. Some previous work along this line of research includes

[80, 81, 76, 82, 83, 84, 85]

There is an extensive literature discussing different aspects of the Schwinger ef-

fect in de Sitter space [65, 66, 67, 68, 69, 70, 71, 72]. Naturally, most of these

studies were carried out using conventional field theoretical methods, which apply to

the perturbative regime of weakly coupled theories. While it is expected that such

process receives important non-perturbative contributions, going beyond the weakly

coupled regime is technically and conceptually challenging. Some progress in this

direction was recently initiated in [86, 87], and expanded in various directions in

[88, 89, 90, 91, 92, 93, 94, 95, 96], by studying the problem in the context of the

AdS/CFT correspondence [97, 98, 99]. Despite the qualitative differences between

the strongly and weakly coupled regimes, certain physical quantities are remarkably

similar. For instance, in the prototypical case of N = 4 SYM, in flat space, con-

formal symmetry dictates that the interaction potential of two charged particles has

the Coulombic form (2.3), where the fine-structure constant is replaced by

αs =
4π2
√
λ

Γ4(1/4)
. (2.9)

If we trust the heuristic argument presented previously based on the effective po-

tential, this implies that the existence of a critical field could also be derived in the

strong coupling regime for SYM theory. Indeed, this expectation was confirmed in

[87] by explicit construction of the dual of a tunneling instanton describing Schwinger

3Notice that, although permanent causal disconnection is not needed for the members of an
EPR pair to be entangled, the fact that the two particles could eventually exchange signals would
make the ER=EPR equality more subtle [76].
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pair creation and, thus, constitutes an actual prediction of holography. Our primary

goal in this paper is to generalize these results for theories in de Sitter space.

The organization of the paper is as follows. In Section 2.2 we describe the holo-

graphic setting we use for the description of the Schwinger effect in de Sitter space.

We emphasize the role of the UV cutoff from the bulk point of view and its signif-

icance in the dual theory. In Section 2.3, we perform a potential analysis for pair

creation in de Sitter space and we extract from it the critical value of the electric

field. Subsequently, in Section 2.4, we construct the dual of the tunneling instan-

ton and we estimate the strong-coupling corrections to the nucleation rate Γ. In

addition, we verify the critical field obtained by the effective potential method is

recovered in this framework. In Section 2.5, we analyze the physical properties of

the Lorentzian version of the instanton and we show that our results fit in nicely

within the EPR=ER interpretation. In Section 2.6 we close with a brief summary of

our findings and conclusions.

2.2 Holographic setup

In the present work, we focus on the description of the Schwinger effect in the strongly

coupling regime, using the AdSd+1/CFTd correspondence. Known examples of this

duality from string theory constructions include the d = 2, 3, 4 and 6 cases, which

involve the near-horizon geometries and low-energy worldvolume theories of multiple

D1/D5, M2, D3 and M5 branes, respectively [100]. In these setups, the bulk metric

generally contains a compact manifold that encodes the internal degrees of freedom

of the dual theory. The prototype example is the d = 4 system, which equates

Type IIB string theory on AdS5×S5 with Nc units of Ramond-Ramond five-form

flux through the five-sphere to N = 4 SU(Nc) SYM theory. Replacing the sphere

with other compact geometry gives rise to holographic duals of CFTs with fewer

supersymmetries. However, this compact space will play no role in our computations.

For any d, the non-compact part of the bulk is naturally AdSd+1, which has the same

isometry group as the conformal group SO(d, 2).

AdS/CFT has also been used to study quantum field theory in curved space
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[101]. To obtain the holographic dual of theories in de Sitter, we will use the specific

construction based on the hyperbolic (or topological) AdS black hole [102, 103, 104,

105]. In this picture, the bulk geometry is foliated with dS slices and the metric

takes the form:4

ds2
d+1 = Gµνdx

µdxν =
L2

z2

[
f(z)2ds2

dS + dz2
]
, (2.10)

where

f(z) ≡
(

1− H2z2

4

)
, (2.11)

and ds2
dS is the de Sitter metric in d dimensions. In the above, L denotes the AdS

radius and H the Hubble constant of the boundary theory. Note also that (2.10) is

given in Fefferman-Graham form. On the other hand, the de Sitter metric can be

given in any set of coordinates. We will mainly focus on the region of spacetime

accessible to a single geodesic observer, i.e. the static patch of de Sitter. For such

an observer, the metric is given by:

ds2
dS = −(1−H2r2)dt2 +

dr2

1−H2r2
+ r2dΩ2

d−2 , (2.12)

and is characterized by a cosmological horizon located at r = 1/H. One property

of the static patch is that there is a killing vector ξ = ∂t associated with the invari-

ance under time translations, hence the name “static”. Therefore, thermodynamic

quantities such as energy, temperature and entropy are well defined, a fact that will

be useful later in this work. Indeed, an observer equipped with a particle detector

will detect a background of Hawking quanta at a temperature of TdS = H/2π. Fi-

nally, it is worth emphasizing that the foliation used in (2.10) covers only a portion

of the entire manifold, which is known as the hyperbolic patch of AdS. The Killing

horizon, located at zH = 2/H, is analogous to a Rindler horizon, with an associated

temperature and non-vanishing area. As a result, a state that is pure from the point

of view of global AdS will generally be mixed because the degrees of freedom in the

4More specifically, the metric (2.10) is related to the massless limit of the hyperbolic AdS black
hole and is dual to the Bunch-Davies vacuum of the boundary theory. The cases with m 6= 0 modify
the falloff behavior of the bulk metric near the boundary (normalizable mode) and correspond to
different states of the theory.
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hyperbolic patch will be entangled with the degrees of freedom beyond the horizon,

which are traced over. This is the bulk origin of the “thermality” in the dual theory.5

The addition of fundamental matter in the boundary theory is realized by the

introduction of a stack of Nf flavor branes in the bulk geometry, whose excitations are

described by open strings.6 We will refer to these new degrees of freedom collectively

as “quarks”, even though they generically include scalars and fermions. If Nf/Nc

is small we can treat these flavors as probes and in this limit the backreaction on

the geometry can be neglected. More specifically, we need the energy density of the

flavor fields εf to be small in comparison to the energy density of the color degrees

of freedom εc. For the class of theories we have at hand, we find that [104, 105]:

εc ∼ N2
c T

d
dS ∼ N2

cH
d . (2.13)

This result also follows from the Stefan-Boltzmann law. On the other hand, if we

turn on a constant electric field in the flavor sector we get:

εf ∼ N2
fE

2 . (2.14)

Therefore, the condition for treating the flavor branes in the probe limit is:

Nf

Nc

� Hd

E2
. (2.15)

In the boundary theory, this corresponds to work in a quenched approximation which

disregards quark loops. The flavor branes will generally span all directions of the dual

theory (unless we consider a defect theory), and extend along the radial direction

from the boundary at z = 0 to a position z = zm where they end.7 Some remarks

on the physical implications of zm are in order. First notice that zm 6= 0 introduces

finite mass (and hence dynamical) quarks into the theory [107]. One of the crucial

consequences of having finite mass is that the quarks develop a gluonic cloud of finite

5See [106] for a discussion on the role of foliations in AdS/CFT.
6Another way to achieve this is to start with a stack of Nc + 1 color branes and separate one

from the rest. Excitations in this case transform in the fundamental of the unbroken U(Nc) [87].
7This means that the part of the embedding that wraps the compact manifold degenerate to a

point at z = zm. This can be concretely illustrated in the D3/D7 system, where the stack of D7’s
wrap an S3 ⊂ S5 that shrink to a point at z = zm [107].
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Compton wavelength [108, 109] which implies that the q-q̄ potential would no longer

be Coulombic as in (2.3). Second, notice that zm can be used as a UV regulator.

According to the UV/IR connection [109, 110, 111], the bulk coordinate z maps into

a length scale L ∼ z in the boundary theory, so defining the theory at the surface

z = zm is equivalent to cutting off degrees of freedom of length L . zm. Finally, and

perhaps most importantly, the non-normalizable modes of bulk fields (including the

metric) are allowed to fluctuate at the surface z = zm and this means that we are

coupling the field theory degrees of freedom to dynamical gravity. As advocated in

[84], this would be in some sense reminiscent of a Randall-Sundrum scenario.

Before proceeding further, let us mention a subtlety of the Schwinger mechanism

that arises in de Sitter space. It is well known that, due to the expansion of the

Universe, a constant electric field is not a solution of the homogeneous Maxwell’s

equations in more than (1+1)-dimensions [65] (see Appendix 2.7). In our setup,

however, such an electric field is sourced by a fundamental string density which

in the probe limit can be neglected, i.e., it does not backreact on the background

geometry. We will not be worried about the stability of the charge configuration.

Instead, will continue with our analysis in arbitrary number of dimensions, bearing

in mind the physical implications and possible limitations.

2.3 Potential analysis for pair creation

As discussed in the introduction, the idea here is to perform a potential analysis

of the Schwinger mechanism in de Sitter space using the tools of the AdS/CFT

correspondence. In order to do so, we need to compute the potential energy of a

pair of particles (analogous to equation (2.3)) in de Sitter. We will carry out the

computation in two steps. In section 2.3.1 we start by considering a pair of infinitely

massive particles in the absence of any electric field. In this case, the holographic

computation of the potential energy is a rather simple exercise but will, nevertheless,

set the grounds of our computations. In section 2.3.2 we generalize our result in two

ways: first, we upgrade to the case of finite mass by cutting off the bulk geometry a

distance away from the boundary and, then, we turn on a background electric field.
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With this result at hand, we compute the critical value of the electric field, Ec, and

we compare our findings with the flat space result.

2.3.1 Quark-antiquark potential

Consider a gauge theory in the static patch of de Sitter and take an infinitely heavy

pair of particle-antiparticle moving along one of the orbits of the Killing vector ξ.

We can obtain the binding energy of the pair by computing the expectation value of

a rectangular Wilson loop operator [112]. In gauge theories, a Wilson loop is defined

as the path ordered contour integral of the gauge field,

W (C) =
1

Nc

tr
(
Pe

∮
C A
)
, (2.16)

where Nc denotes the number of colors, the trace runs over the fundamental repre-

sentation of the gauge group and C is a closed loop in spacetime. Intuitively, the

expectation value of this operator can be thought of as the phase factor associated

to the propagation of a fundamental particle around the given loop.

Let us now focus on the rectangular loop defined by t ∈ [−T
2
, T

2
], x1 ≡ x ∈ [− `

2
, `

2
]

and xi = 0 for i = 2, ..., d − 2. In the limit T → ∞ the expectation value of the

Wilson loop evaluates to

〈W (C)〉 = e−TE(`) , (2.17)

where E(`) is the energy of the pair separated by a (coordinate) distance of `.8 In a

curved space, we expect E(`) to have three contributions:

E(`) = 2m+ 2Vgrav(`/2) + Vqq̄(`) . (2.18)

where m is the mass of the particles, Vgrav(`/2) is the gravitational potential energy

of a particle at x = ±`/2, and Vqq̄(`) is the binding energy of the two particles. Thus,

by computing the expectation value of such a loop we can, in principle, obtain the

desired potential.

8For simplicity we are considering the symmetric configuration where one of the particles is
located at x1 = −`/2 and the other one at x1 = `/2. Any other configuration can be casted as this
one by transforming to the reference frame of an observer that is at equal proper length of each of
the particles.
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According to the holographic dictionary, the expectation value of a Wilson loop

is given by the open string partition function,

〈W (C)〉 =

∫
DΣ e−SNG(Σ) , (2.19)

where the integral runs over all worldsheets Σ with boundary condition ∂Σ = C (at

the position of the flavor branes, where the open strings end). Here, SNG is the usual

Nambu-Goto action,

SNG ≡
∫
dτdσLNG =

1

2πα′

∫
dτdσ

√
− det gab , (2.20)

and gab = ∂ax
µ(τ, σ)∂bx

ν(τ, σ)Gµν the induced metric on the worldsheet. In the limit

of large ’t Hooft coupling,9

L2

α′
≡
√
λ � 1 , (2.21)

we can make use of the saddle point approximation and (2.19) reduces to

〈W (C)〉 = e−SNG(Σ0) , (2.22)

where Σ0 is the worldsheet of minimal area subject to the boundary condition ∂Σ = C
. In figure 2.1, we plot schematically the minimal area surface for the rectangular

loop we are considering.

In the static gauge, (τ, σ) = (t, x), the string embedding can be parameterized

by a single function z(x). In this case, the action (2.20) takes the form

SNG =
TL2

2πα′

∫
dx

z2
f(z)

√
f(z)2 + z′(x)2h(x) , (2.23)

where we defined the function

h(x) ≡ 1−H2x2 , (2.24)

and f(z) is given in (2.11). The equation of motion that follows from (2.23) is:

z′′ +
h′(x)

h(x)
z′ +

2f(z)(f(z)− zfz(z))

zh(x)

+
2f(z)− 3zfz(z)

zf(z)
z′2 +

h′(x)

2f(z)2
z′3 = 0 , (2.25)

9This definition is precise in AdS5, but we will also use it for other number of dimensions.
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Figure 2.1: Illustration of the holographic setup for the computation of the quark-
antiquark potential. The red rectangle represents the Wilson loop on the probe D-brane.
In the limit of infinite mass, we take the position of the brane close to the boundary,
zm → 0.

where ′ ≡ ∂x and fz(x) ≡ ∂zf(z) = −zH2/2. This equation is highly non-linear and,

unfortunately, the general solution cannot be obtained in a closed form. For now

we will proceed numerically, but later in this section we will present a parametric

solution that will allow us to obtain analytic results in certain region of the parameter

space.

In the numerical approach to solve equation (2.25), our goal is to find z(x) subject

to the boundary condition z(±`/2) = 0. In practice, however, it is easier to start

from the IR and then implement the boundary condition through a shooting method.

Due to the symmetry of the geometry, when x = 0, z reaches its maximum value

z = z∗. Thus, we impose that

z(0) = z∗, z′(0) = 0 , (2.26)

and then integrate numerically towards the boundary. From this solution we extract

the value of ` for each z∗ by solving z(`/2) = 0.

Before presenting the results, let us first discuss a subtlety of the numerical

method. For large values of z∗ there is a point x = xc for which the integration

breaks down before the solution reach the boundary. This is related to the fact

that for such cases z(x) turns out to be multivalued. Numerically, this issue can

be treated as follows: first, we integrate the solution up to xc where z = zc and
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Figure 2.2: The rectangular Wilson loops, for different separations, with z and x
measured in units of 1/H. The blue lines correspond to connected surfaces while the
red and purple lines represent disconnected surfaces.

z′(xc) = z′c → −∞ (this is why the numerical method breaks down). Next, we invert

(2.25) in order to obtain an equation for x(z). This equation is used to solve for x(z)

starting from zc and xc (where x′(zc) = 1/z′c → 0) up to the boundary. In figure 2.2,

we show different profiles of z(x) (depicted in blue) corresponding to different values

of z∗.

Some comments about the solutions are in order. First, for each value of ` we find

that there are two solutions that satisfy the conditions (2.26) with different values

of z∗ (see the largest two loops in figure 2.2 for a particular example). We then

choose the solution that yields a smaller surface area (which turns out to be the one

with smaller z∗). Tied to this observation is the fact that ` is non-monotonic with

respect to z∗. To be more specific, ` first increases as we increase z∗ from zero to

critical value z∗ = zmax ≈ 1.21 (in units of 1/H), and then it decreases. This gives

us a maximum length H`max ≈ 0.92 beyond which there is no solution satisfying the

conditions (2.26). Finally, for each value of ` there is also a solution to the equations

of motion that corresponds to two disconnected strings with end points at x = ±`/2.

In this case the profile can be obtained analytically (see Appendix 2.8 for details)
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and the solution takes the form

z(x) =
2

H

√
x∓ `/2
x± `/2

. (2.27)

Some of these profiles are shown in figure 2.2 (depicted in red and purple). In cases

where a connected solution exists, i.e. for ` ≤ `max, the relevant embedding is the

one with minimal area.

The numerical solution for z(x) is used to evaluate the action (2.23) on-shell,

which gives us the energy of the pair E(`) through (2.17). This action is naturally

divergent because it includes the intrinsic energy of the two particles, which are taken

to be infinitely massive. We can easily take care of this divergence by subtracting

the contribution of the disconnected solution, which includes both the mass term

and the gravitational potential energy that appear in (2.18) (see Appendix 2.8). The

resulting potential Vqq̄(`) is shown in figure 2.3. Similar to the finite temperature

case in flat space [113, 114, 115], we find that there is a sharp transition at some

` = `scr for which the disconnected solution becomes energetically more favorable.

More specifically, for H` ≥ H`scr ≈ 0.75 we observe that the potential flattens

abruptly to a value of Vqq̄(`) = 0.10 Such a transition is interpreted as the screening

of the color flux tube between the two particles (which is holographically realized by

the string extending between them) by the gluonic sector of the theory, in complete

analogy to the phenomenon of Debye screening in classical electromagnetism.

The parametric solution for the connected worldsheet can be obtained by analyt-

ically continuing to Euclidean space (see Appendix 2.9 for details). The final result

for the embedding can be written as

Z(P ) = ±γP0

[
F (β, γ)− δP 2

0 Π (β, δ, γ)
]
, (2.28)

where F (β, γ) and Π(β, δ, γ) are the elliptic integral of the first kind and the complete

elliptic integral of the third kind, respectively, and

β = arccos

(
P0

P

)
, γ =

√
1 + P 2

0

1 + 2P 2
0

, δ =
1

1 + P 2
0

.

10This “first order” transition is an artifact of the Nc →∞ limit and is expected to smooth out
by considering 1/Nc corrections.
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Figure 2.3: Quark-antiquark potential obtained by evaluating the action (2.23) using
the numerical solution to the equation of motion (2.25)

The coordinates (Z, P ) are related to (x, z) through

Z = arccosh

(
2− f(z)√

H2z2 + h(x)f(z)2

)
, (2.29)

P =
f(z)

Hz
h(x)1/2 , (2.30)

and P0 is a constant of integration given by

P0 =
f(z∗)

Hz∗
. (2.31)

Near the boundary P →∞ and Z → ±Z∞, where

Z∞ = arccosh

(
1√

1−H2l2/4

)
. (2.32)

By evaluating (2.28) at P → ∞, it follows that for a given value of ` there are

two minimal surfaces with different P0, as expected from our numerical calculations.

Among these two, the solution with larger P0 is the one with minimal area (see

Appendix 2.9.2 for explicit expressions).

In general, it is not possible to invert P0 analytically as a function of `, so we

cannot write down an expression for the quark-antiquark potential in a closed form.
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However, for small loops we can expand in H` � 1 and perform a perturbative

analysis. In this regime, we find that

P0 =
A

H`

(
1−BH2`2 +O(H4`4)

)
, (2.33)

where

A =
2
√

2π3/2

Γ
(

1
4

)2 , B =
1

12
+

Γ
(

1
4

)4

32π3
+

Γ
(

1
4

)8

768π5
.

In Lorentzian signature, the regularized on-shell action SNG is related to the Eu-

clidean action SENG through

SNG(`) =
HT

2π
SENG(`) . (2.34)

This follows from a simple analytic continuation.11 A brief computation yields

Vqq̄(`) = −4π2
√
λ

Γ
(

1
4

)4
`

(
1− CH`−DH2`2 +O(H4`4)

)
, (2.35)

where

C =
Γ
(

1
4

)4

4π3
, D =

1

12
−

Γ
(

1
4

)8

384π5
.

The leading term gives the expected Coulombic quark-antiquark potential for N = 4

SYM in flat space. In de Sitter space, however, we introduce a lengthscale H−1

into the theory, and hence the potential receives some corrections. As a consistency

check, we verified that the analytic form of (2.35) matches our numerical results in

the regime H`� 1.

2.3.2 Effective potential in an external electric field

Let us now discuss the finite mass case. From the bulk perspective, the inclusion

of finite mass quarks amounts to imposing a radial cutoff zm > 0, and defining the

gauge theory at this hypersurface. The value of zm is fixed by the location of the

11Recall that the Euclidean time is periodic, tE ∼ tE + β, with β = 2π/H.
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flavor branes probing the geometry and is related to the mass through (see Appendix

2.8)

m =

√
λ

2πzm

(
1− Hzm

2

)2

. (2.36)

In the context of holography, the Schwinger effect can be understood as follows. If

we turn on a background electric field Ftx = E, the DBI action for a probe brane in

the geometry (2.10) is given by

SDBI = −TDL2

∫
dp+1ξ

f(z)2

z2

√
1− 4π2z4E2

λf(z)4
. (2.37)

Evaluating (2.37) at z = zm we find that the action is real as long as the electric

field is below the critical value:

Ec =

√
λ

2πz2
m

(
1− H2z2

m

4

)2

. (2.38)

For E > Ec, the creation of open strings is energetically favored and the system

becomes unstable. Notice that the critical field in de Sitter space is smaller than the

flat space value (which can be obtained by setting H = 0 in the equation above).

This is indeed expected since the expansion of the universe is a source of particle

creation, making the vacuum less stable than in flat space.

A remark on the maximum value of the critical field is in order. Recall that if the

electric field is large enough the backreaction of the flavor branes on the geometry

becomes relevant. This might be a problem if we let zm approach to zero too fast in

comparison to the other parameters of the system. According to (2.38) in this limit

Ec ∼
√
λ

z2
m

, (2.39)

so the condition (2.15) becomes

N2
f

N2
c

� z4
mH

d

λ
. (2.40)

Therefore, we can still treat the flavor branes as probes for any zm provided that we

take the ratio Nf/Nc small enough so that (2.40) is satisfied.
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To compute the effective potential, Veff(`), we need to recalculate the area of

the connected surface but now up to the cutoff surface at zm (see Figure 2.1 for a

schematic plot). For large enough mass m�
√
λH, i.e., for zm � zH , there are still

two connected surfaces for a given value of `, which is now given by

z(±`/2) = zm . (2.41)

As before, the surface reaching deeper into the bulk has larger area and can be

ignored.12 Also, notice that zm can be used as a UV regulator, so there is no need to

subtract the area of the disconnected surface. In this case, then, the potential V m
qq̄ (`)

computed from the minimal area includes the mass of the quarks. In addition, we

add the term corresponding to the contribution from the electric field VE(`) coupled

to the end points of the string on the probe brane. The final result can be written

as

Veff(`) = V m
qq̄ (`) + VE(`) . (2.42)

In Figure 2.4 we show the numerical results for the effective potential corresponding

to different values of E and fixed mass m. In general, the potential barrier drops as

we increase the value of E, as expected. For E = Ec we find that V ′eff(`)|`=0 = 0 and

the barrier disappears completely. It is noteworthy that the numerical value of Ec

found numerically agrees with the expected value from the DBI computation (2.38).

In fact, we can prove this equivalence analytically by exploring the behavior of the

effective potential for small Wilson loops (following similar steps as in the previous

section). This will serve as a consistency check of our numerical results. First, notice

that from (2.30) it follows that

Pm =
4−H2z2

m

4Hzm

√
1−H2`2/4 , (2.43)

where Pm denotes the position of the cutoff in coordinates (P,Z). Next, we expand

the area of the connected surface (given in the Appendix 2.9.2) around Pm = P0. A

12For zm & zmax ≈ 1.21/H there is only one connected surface satisfying (2.41). Although, it is
tempting to study the physical implications of such a transition, we must keep in mind that in this
regime m ∼ O(

√
λH) and, therefore, quantum corrections to the string partition function become

relevant.
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Figure 2.4: Effective potential Veff(x) for different values of E. At the critical value of
2πα′E ≈ 15.5 (brown line), the barrier vanishes. This agrees with the expected value from
the analysis of the DBI action.

brief computation yields

SENG =
2
√

2
√
λP

3/2
0

√
Pm − P0√

1 + 2P 2
0

+O(Pm − P0) . (2.44)

Substituting the expressions for P0 and Pm given in (2.31) and (2.43) we can rewrite

(2.44) in terms of `, zm and z∗. We can get rid of the z∗ dependence by expanding

the solution for the embedding (2.28) around P = P0 and evaluating at Pm. In terms

of the original variables, we get

z∗ = zm −
`2

4zm

(
1− H4z4

m

16

)2

+O
(
`4

z2
m

)
. (2.45)

Plugging (2.45) into (2.44) we obtain

SENG =

√
λ`

Hz2
m

(
1− H2z2

m

4

)2 [
1 +O

(
`

zm

)]
. (2.46)

Finally, analytically continuing to Lorentzian signature and adding the contribution

from the electric field, VE ' −E` , we arrive to:

Veff(`) ' (Ec − E) `+ · · · , (2.47)

where Ec is given by (2.38). This result matches our previous expectation and serves

as a non-trivial check of our numerical results.
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2.4 The Euclidean instanton and the nucleation

rate

The nucleation rate of a particle-antiparticle pair (2.2) was originally obtained by

considering the contribution of the appropriate Feynman diagrams [62]. Later, it

was realized that the same could alternatively be derived from the imaginary part

of the Euclidean world-line path integral [74]. For j = 0, this method amounts to

compute

Γ = − 2

V
=
∫
dT

T

∫
Dxµe−SE [T,xµ] , (2.48)

where

SE[T, xµ] =

∫ 1

0

dτ

(
ẋ2

4T
+m2T − iAµẋµ

)
, (2.49)

and T is a Lagrange multiplier. Recall that in Euclidean signature the time coordi-

nate is periodic so in (2.48) it is understood that the integral runs over world-lines

satisfying periodic boundary conditions xµ(τ + 1) = xµ(τ).

The fact that the Schwinger formula (2.2) is a sum of exponentials suggests that

the production rate can be obtained in Euclidean signature as a sum over instanton

amplitudes for tunneling through the potential barrier of pair creation. The explicit

computation was carried out in [74], but it is easy to see that it indeed yields the

correct answer for the exponential factor in the Schwinger formula; in Euclidean

space, the electric field acts as a magnetic field and an instanton of the world-line

path integral is a cyclotron orbit that wraps n times the time direction. A brief

calculation shows that the contribution of each of these is given by

Sn =
πm2n

E
, (2.50)

which correctly reproduces the factor in (2.2). The rest of computation is technically

more involved, as it requires to perform the full path integral over fluctuations of

the classical solutions. Needless to say, the final result agrees with the Schwinger

formula, including the prefactor of the exponential.

In the large-Nc and large-λ regime, we expect (2.49) to be modified due to several

factors. For example, interaction with the adjoint degrees of freedom of the gauge
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theory, which are usually ignorable at weak coupling, must be now taken into con-

sideration. These corrections can be accounted for by the inclusion of a Wilson loop

amplitude W (x) in the path integral [87],

S[T, xµ]→ S[T, xµ]− logW (xµ) , (2.51)

where W (xµ) is defined as in (2.16).13 Our goal is to compute the contribution of

the Wilson loop using the tools of the gauge/gravity correspondence [112]. Here, we

will only deal with the exponential factor of the nucleation rate Γ ∼ e−SE for which

a classical bulk computation is valid, but we leave the study of quantum fluctuations

for future studies. We will compare with the weak coupling results (see e.g. [64])

which we revisit in Appendix 2.10.

We will parametrize the Euclidean AdS in coordinates of the Poincaré ball,

(r, θ, φ), where r denotes the bulk radial direction and θ and φ are arbitrary po-

lar and azimuthal angles (see Appendix 2.9 for details). As usual, we consider a

Wilson loop ending on some probe brane at r = rm rather than on the boundary in

order to avoid infinite mass. According to (2.36) and (2.117), this cutoff is related

to the mass through

rm =
2−Hzm
2 +Hzm

=

(
1 +

√
λH

mπ

)−1/2

. (2.52)

In this case, the relevant surface representing the Euclidean instanton is a spherical

cap that intersects the boundary of the ball at right angle (2.125). In Figure 2.5

we show schematically the setup for this configuration. The Nambu-Goto action is

proportional to the area of this surface truncated at rm, and can be easily obtained

from (2.126). The result is:

SENG = n
√
λ

(√
1 +

4r2
m

(1− r2
m)2

sin2 αm − 1

)
, (2.53)

where n is the winding number and αm is the polar angle subtended by the loop

from the axis of symmetry. This angle αm is related to the angle α at the boundary
13Depending on the specific theory, the Wilson loop operator has to be modified (e.g. including

couplings to other fields) in order to preserve gauge invariance.
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Figure 2.5: Holographic dual of the Euclidean instanton describing Schwinger pair
creation in de Sitter space. The outer sphere is the boundary of the Poincaré ball.
The inner sphere denotes the location of the probe brane, which is placed at r = rm.
The circular loop describing the instanton is at θ = αm (depicted in black), and the
minimal surface is the inner portion of a spherical cap that intersects the loop and
reaches the boundary at a right angle.

through

cosαm =
1 + r2

m

2rm
cosα =

(
4 +H2z2

m

4−H2z2
m

)
cosα . (2.54)

Following [87], we add to the action the interaction with the EM field,

SE = SENG + SEEM , (2.55)

where

SEEM = −2πEn

H2
(1− cosαm) . (2.56)

The derivation of this expression is presented in Appendix 2.10. Extremizing the

total action with respect to αm yields

sin2 αm =
4λH4r4

m − E2π2 (1− r2
m)

4

4λH4r4
m + 4E2π2rm (1− r2

m)2 , (2.57)

which implies the existence of a critical electric field,

Ec =
2
√
λH2r2

m

π(1− r2
m)2

. (2.58)
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In terms of zm, this expression is equivalent to the critical field found from the DBI

result (2.38) and thus, serves as an consistency check of our computations. We can

now rewrite the most probable separation between the quark and anti-quark and the

Nambu-Goto action in terms of the critical field and boundary parameters:

sin2 αm =

√
λH2(E2

c − E2)

Ec(
√
λH2Ec + 2πE2)

, (2.59)

and

SENG = n
√
λ


√√√√1 +

4m2π2

λH2

(
1 +

√
λH

mπ

)
sin2 αm − 1

 . (2.60)

Notice that as E → Ec, both αm and SENG approach to zero, indicating the disappear-

ance of the tunneling barrier. Also, in the same limit, the total action SE vanishes

and the summation over n is unsuppressed.

It is instructive to consider the following two limits. First, consider the flat space

limit: in this case, we have to convert to the variable y = H−1 sinαm, and then take

the limit H → 0. The result is:

S
E(flat)
NG = n

√
λ+ 4m2π2y2 − n

√
λ , (2.61)

in agreement with [87]. Second, consider the case H 6= 0 and m �
√
λH. In this

regime, we obtain

SENG '
2πmn

H
sinαm − n

√
λ(1− sinαm) + · · · , (2.62)

where the dots are terms suppressed by extra factors of
√
λH/m. Notice that the

first term above correctly reproduces the weak coupling result (2.135). The second

term, on the other hand, corresponds to contribution coming from the Wilson loop

in (2.51) and can be thought of as a large-Nc, large-λ correction to the action.

Finally, in order to obtain the production rate we substitute the extremal value

of sinαm into the total action SE. The general result is a cumbersome expression,

but we will explicitly write down the result in the limit m � H
√
λ, for which our

classical calculation is valid:

SE =

(
2πnm

H
− 2πnE

H2

)(
1 +

E2

2H2m2
+ · · ·

)
. (2.63)

81



If we turn off the large-Nc corrections, then we can recognize in this expression two

contributions to the nucleation rate Γ ∼ e−SE . The first term is the usual Boltzmann

factor with the de Sitter temperature, TdS = H/2π, and therefore is the production

rate due to the expansion of space. The second term is due to the proper Schwinger

effect and is linear in E. Finally, if we compare with the equivalent at weak coupling

(2.139), we find exact agreement in the regime m � H. This implies that the

terms in (2.63) containing higher powers in the electric field (which come from the

Wilson loop contribution) can be interpreted as the non-perturbative correction to

the nucleation rate. We also point out that our result agrees with the semi-classical

analysis presented in [69]. The production rate computed in that paper is

SE = 2πn

(
1

H

√
m2 − H2

4
− E

H2

)
, (2.64)

which reduces to (2.63) in the regime m� H.

2.5 Remarks on the ER=EPR conjecture

In a recent paper [75], Maldacena and Susskind made the observation that configu-

rations of black holes connected by a (non-traversable) wormhole, or Einstein-Rosen

bridge, should be interpreted as states where the black holes are maximally entangled.

They conjectured that this relation might hold in more general entangled systems

so that even a single EPR pair would be connected by a Planck-scale wormhole en-

coding their entanglement. Jensen and Karch [80] gave further evidence in support

of this conjecture by taking the EPR pair to be a color-singlet quark-antiquark pair

(in N = 4 SYM) undergoing constant acceleration and showing that its holographic

dual has a wormhole.

Later in [81], it was argued that the configuration studied in [80] is nothing but

the Lorentzian continuation of the instanton associated with Schwinger pair creation,

thus making contact with the black hole pair production scenario discussed in [75].

Accordingly, in this section we will study the Lorentzian worldsheet associated to the

nucleated quark-antiquark pair in de Sitter space. We argue that the fact that its
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causal structure resembles a two-sided black hole connected by a (non-traversable)

wormhole provides supporting evidence in favor of the ER=EPR conjecture.

In global coordinates, the Lorentzian worldsheet can be obtained by analytically

continuing the solution we used in the previous section (2.125) (see Figure 2.5). We

will define a coordinate w = 1
H

sinφ so that

ds2
dS = −dτ 2 +

cosh2 (Hτ)

1−H2w2
dw2 . (2.65)

Moreover, we will transform back to the Fefferman-Graham coordinate z defined in

(2.10). The advantage of the coordinate w over the angle φ is that we can easily take

the limit H → 0 and recover the Poincaré patch of AdS foliated with Minkowski

slices.

In the coordinate system described above, the worldsheet embedding takes the

following form:

z =
2
√

1−H2w2 cosh (Hτ)− 2
√

1−H2w2
0

H
√

(1−H2w2) cosh2 (Hτ)− (1−H2w2
0)
, (2.66)

where w0 = 1
H

sinα. As a consistency check, notice that taking the flat space limit

yields

z =
√
τ 2 − w2 + w2

0 . (2.67)

This is exactly the string profile for an accelerated quark-antiquark pair in Minkowski

space found by Xiao [116] and considered by Jensen and Karch in [80]. The worldline

of the nucleated pair wq(τ) can be found by setting z = zm in (2.66):14

wq(τ) = ± 1

H

√
1− cos2 αmsech2(Hτ) , (2.68)

where αm is given in (2.54). By evaluating (2.68) at τ = 0, we can see that the

parameter αm (which indicates the size of the circle in the Euclidean signature at

r = rm) sets the initial separation in φ between the two particles. At late times, on

the other hand, wq → ±H−1. This means that the two particles approach opposite

14Notice that our solutions differ from the ones studied by Jensen, Karch and Robinson in [84].
In their case, the worldlines of the quark-antiquark pair follow contant-φ trajectories.
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sides of the de Sitter hyperboloid. Finally, we point out the fact that the worldsheet

never penetrates deeper than Hz = 2, i.e. it stays within the hyperbolic patch of

AdS.

As pointed out by Jensen and Karch in [80], the flat-space worldsheet (2.67)

has a two-sided horizon at zwsH = w0 and is therefore a wormhole. We will now

show that worldsheet (2.66) also possesses the causal structure of a wormhole for

H 6= 0. Taking (φ, τ) as the coordinates on the worldsheet, the induced metric has

the following components:

hττ =
L2

z2

(
ż2 − f(z)2) , hτφ =

L2

z2
z′ż ,

hφφ =
L2

z2

(
z′2 +

f(z)2

H2
cosh2 (Hτ)

)
,

(2.69)

where ˙ ≡ ∂τ and ′ ≡ ∂φ. The geodesic equation for a null geodesic in this geometry

reads

hττ + 2hτφ

(
dφ

dτ

)
+ hφφ

(
dφ

dτ

)2

= 0 . (2.70)

We will solve this equation numerically. If the geodesic intersects the worldline of

the quark at time τ0, then we have the boundary condition

φ(τ0) = arccos

[(
4−H2z2

m

4 +H2z2
m

)
cosαm sech(Hτ0)

]
. (2.71)

The two edges of the worldsheet play a role analogous to the boundary of an

asymptotically AdS space: the null geodesics can reach the edges and bounce back

to the interior of the worldsheet (with appropriate boundary conditions). However,

a single null geodesic cannot connect the two AdS boundaries at finite τ . This can

be seen from Figure 2.6, in which we plot the null geodesics emitted from the two

boundaries for different choices of τ0. By inspection, we can see that the world-

sheet is divided into four causally distinct regions, separated one from another by

a worldsheet horizon (depicted in red). This means that the conformal structure

of the worldsheet is exactly the same as that of a 2-sided black hole in AdS, as we

previously advertised.
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Figure 2.6: The causal structure of the worldsheet geometry. The vertical axis is the
global time τ , and the horizontal axis is the angle φ. The thick blue lines correspond
to the worldlines of the nucleated pair. The dashed blue lines are outgoing null
geodesics emitted from the two boundaries. The red lines represent the worldsheet
horizons. Both τ and φ are measured in units of H which we set to unity. For this
example we have chosen αm = π/4 and zm = 1/10.

We can obtain an explicit expression for the worldsheet horizon: it consists of the

null geodesics passing through φ = 0 at τ = 0, and reaching φ = ±π
2

at τ → ±∞.

After some algebra, we find that the horizon lies at a fixed radial depth:

zwsH =
2

H

√
4 +H2z2

m − (4−H2z2
m) cosαm

4 +H2z2
m + (4−H2z2

m) cosαm
,

=
2

H

(
1− cosα

sinα

)
.

(2.72)

A few comments are in order. First, notice that in the flat-space limit we recover

the known result zwsH → w0, as expected. More importantly, if we take zm ≥ zwsH
one would naively think that the wormhole disappears. If this were true, it would

be in contradiction with the ER=EPR interpretation given that, although the EPR

pair would still be entangled (regardless the value of zm), the wormhole would no

longer be present. However, notice that zm ≥ zwsH is not allowed! In such case

αm would be imaginary regardless the value of α and the trajectory of the quark-
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antiquark pair (2.68) would be space-like.15 Of course, such an embedding would not

be physically relevant in the context we are considering. On the other hand, notice

that even for zm < zwsH the portion of the string above the horizon moves locally

faster than the speed of light. This should not be surprising since from the gravity

point of view the coordinates (τ, φ) become space-like/time-like in that region of the

worldsheet. From the field theory perspective, this is related to the fact that the

quark and the antiquark are causally disconnected, so (at least part of) the flux tube

that connects them must stretch faster than the speed of light. In this sense, the

wormhole subtended by the worldsheet of the EPR pair is interpreted as a ‘gluonic’

wormhole.16

2.5.1 The viewpoint of static observers

Since no observer in de Sitter space has access to the entire manifold, it is instruc-

tive to transform the worldsheet into static coordinates adapted to different geodesic

observers and study how their causal structure affect the observations of the quark-

antiquark pair. First, we will consider an observer at a fixed φ, equidistant from the

two particles. From the point of view of this observer the two particles are interpreted

as an usual EPR pair nucleated from the Bunch-Davies vacuum of de Sitter. Im-

portantly, in global coordinates the two particles actually stay a finite time τ inside

the causal diamond of this “EPR observer”. The second observer we will consider

is also at a fixed φ but is in causal contact with only one of the two particles, while

the other always lies behind its horizon. We will refer to the second observer as the

“Hawking observer” since, with respect to this observer, the particles can be inter-

preted as a Hawking pair nucleated from the cosmological horizon. The worldlines

of these observers and their associated causal diamonds are better visualized with

the help of a Penrose diagram, as shown in Figure 2.7.

The coordinate transformation to the static patch of the EPR observer is given

15This does not imply that there is a bound on the quark mass for a given acceleration (or electric
field). In other words, if we first fix zm, then we can always find an α such that αm ∈ (0, π/2).

16We thank Alberto Güijosa for a discussion on this point.
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Figure 2.7: Penrose diagram of de Sitter space. The global coordinates (τ, φ) cover
the whole manifold, with τ being the vertical axis and φ the horizontal. The co-
ordinate φ has period of 2π, so the two vertical dashed lines must be periodically
identified. The brown lines represent the worldlines of the quark-antiquark pair. The
blue and red vertical lines correspond to the worldlines of the EPR observer and the
Hawking observer, respectively, and the shaded regions are the causal diamonds of
these observers. From the point of view of the EPR observer, the two particles enter
the diamond at static time t→ −∞ and then exit at t→∞. The Hawking observer
only has access to one of the particles while the other always lies behind its horizon.

by

τ =
1

H
arcsinh(−

√
1−H2x2 sinh (Ht)) , (2.73)

φ = arctan

(
− Hx√

1−H2x2
sech(Ht)

)
, (2.74)

and the worldsheet translates to

z =
2

H

√√
1−H2x2 cosh (Ht)−

√
1−H2x̃2

0√
1−H2x2 cosh (Ht) +

√
1−H2x̃2

0

. (2.75)

The parameter x̃0 is related to α through

x̃0 =
sinα

H
, (2.76)

and is related to the initial separation of the pair for the infinite massive case. For

finite mass, the the trajectory of the pair can be obtained by evaluating (2.75) at

z = zm:

x(t) = ±sech(Ht)

H

√
H2x2

0 + sinh2Ht , (2.77)
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where we defined

x0 =

√
x̃2

0(4 +H2z2
m)2 − 16z2

m

4−H2z2
m

. (2.78)

The embedding (2.75) is plotted in Figure 2.8. From the point of view of this observer,

two particles come out of the horizon at t→ −∞ reach a minimal value of |x| at t = 0

and finally fall back into the horizon at t→∞. This means that the EPR observer is

in causal contact with the pair for all (static) time t. Therefore, it inherits the causal

structure of the super-observer (global coordinates) given that it has access to (part

of) all four regions of the wormhole. The constant-t profiles evolve from a semicircle

(as in the flat space case) at t = 0, and become u-shaped at t→ ±∞. In this limit,

the worldsheet is delimited in the x direction by the cosmological horizon of the EPR

observer, located at x = ±1/H, and in the z direction by the bulk horizon, z = 2/H.

In terms of x̃0 the worldsheet horizon (2.72) is given by

zwsH =
2

H2x̃0

(
1−

√
1−H2x̃2

0

)
, (2.79)

and is shown in green in Figure 2.8. Also, from this plot it becomes clear the point

we made at the end of the previous section regarding the possible range of zm: if we

truncate the worldsheet at zm > zwsH the trajectory of the pair would be space-like

and, therefore, would not correspond to a situation of physical relevance.

Similarly, we can transform the Lorentzian worldsheet into the static patch coor-

dinates of the Hawking observer. This can be easily achieved if we keep in mind that

φ-coordinate of the Hawking observer differs from that of the EPR observer only by

a shift of π
2
. After the transformation, the worldsheet embedding becomes:

z =
2

H

√
x− x̃0

x+ x̃0

, (2.80)

where, in this case

x̃0 =
cosα

H
. (2.81)

We have actually recovered the disconnected solution (2.27) for an isolated static

quark! At first glance this may seem surprising, since the calculation in this section

is set up for an accelerating pair of particles, rather than the “static” situation
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Figure 2.8: The Lorentzian worldsheet as viewed by the EPR observer (left panel)
and by the Hawking observer (right panel). In both plots we have set x̃0 = 0.7. The
worldsheet horizons are depicted in green, while constant time slices appear in gray.
All quantities are measured in units of H which we have set to unity. The quark
trajectories can be obtained by truncating the embeddings at z = zm. In both cases
it is clear that we must impose zm < zwsH in order to have time-like trajectories.
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described in Section 2.3. However, it is important to bear in mind that, any particle

who remains at constant coordinate x is actually undergoing constant acceleration

toward the geodesic observer at the center (see equation (2.122)). Notice that, from

the point of view of this observer, the electric field needed to sustain the quark’s

worldline actually compensates for the gravitational repulsion due to the de Sitter

space. The position of the quark is obtained from the embedding (2.80):

x(t) = x0 = x̃0

(
4 +H2z2

m

4−H2z2
m

)
, (2.82)

and the worldsheet horizon is now at

zwsH =
2

H

√
1−Hx̃0

1 +Hx̃0

. (2.83)

It is clear that, although the Hawking observer does not have access to all four

regions of the wormhole, the “maximally extended” version of the worlsheet (2.80)

is the same as in the global case, since we are dealing with a simple coordinate

transformation. This provides supporting evidence for the ER=EPR conjecture,

now applied to Hawking pairs. The embedding (2.80) is plotted in Figure 2.8. As

we can see, the worldsheet horizon is located exactly where the worldsheet intersects

the cosmological horizon, x = 1/H. This implies that zm is also constrained to be

zm < zwsH since, from the point of view of this observer, the worldsheet actually

terminates at z = zwsH .

2.6 Summary and conclusions

In this paper, we have analyzed the Schwinger mechanism in de Sitter space from the

holographic viewpoint. Even though this effect has been previously studied in the

literature, most of the existing results were derived using standard field theoretical

methods which are valid for the weak coupling and weak electric field regimes. The

general consensus suggests the existence of an upper critical value for the electric field

for which the potential barrier for pair creation disappears, rendering the vacuum

catastrophically unstable. However, such value is parametrically so large that it lies
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outside the regime of validity of the perturbative approximation. One of the main

goals of this work was to investigate the existence of such a critical electric field from

a non-perturbative point of view and, in order to achieve this, we have used various

tools of the AdS/CFT correspondence. In the following, we will briefly summarize

the most important lessons of our work.

In the first part of this paper, in Section 2.3, we performed a potential analysis

of the Schwinger mechanism in de Sitter space. The computation was carried out in

two steps. In Section 2.3.1 we first considered a pair of infinitely massive particles

in the absence of any electric field. In order to obtain the binding energy of the pair

we computed the expectation value of certain Wilson loop operator. We focussed

on the static patch of de Sitter since, in this case, the energy of the pair is well

defined. The final result is shown in Figure 2.3. As expected, the short distance

behavior of the potential (2.35) reduces to the standard Coulombic profile. However,

the full potential receives a series of corrections that become important at large

distances. This should not be surprising since, in de Sitter space, we introduce a

lengthscale H−1 into the theory and, therefore, the potential is expected to contain

additional terms that can be expressed in powers of the dimensionless quantity H`.

In addition, we found that the system undergoes a first order phase transition at

H`scr ≈ 0.75. For larger distances the two particles are screened by the bath of

Hawking quanta, in complete analogy to the phenomenon of Debye screening in

classical electromagnetism. Notice that a similar effect has also been found in other

cosmological setups [117]. In section 2.3.2 we generalized the previous result in two

ways: we included finite mass quarks and we turned on a background electric field.

The effective potential in this case is plotted in Figure 2.4, for various values of the

electric field. From this computation, we were able to obtain the critical value of

the electric field, by studying the short distance behavior of the potential (2.47) and

demanding that the tunneling barrier disappears at E = Ec. Our result shows that

the value of the critical field is smaller than its flat space counterpart, implying that

the vacuum is less stable in de Sitter space than in Minkowski space. This can be

intuitively understood since the expansion of the universe is itself a source of particle

creation, thus, lowering the destabilizing threshold for the electric field.

91



In Section 2.4, the Schwinger effect was reanalyzed by explicitly constructing

the Euclidean instanton for tunneling through the potential barrier of pair creation.

Given the symmetries of the problem, the instanton is given by a circular loop that

wraps n times a sphere (the Euclidean continuation of de Sitter) at a constant polar

angle θ0. The holographic dual of the instanton is found to be a spherical cap living

in the Poincaré ball (the Euclidean continuation of the bulk geometry) subtended

by a polar angle θ0 and, thus, intersecting the boundary at the same loop describing

the instanton. The nucleation rate, Γ ∼ e−SE , is computed from the area of the

spherical cap and extremizing with respect of the angle θ0. The final result is a

little cumbersome but in the regime m� H
√
λ the expression reduces significantly

(2.63). From this expression we can easily identify three contributions: the first

term is the usual Boltzmann factor with the de Sitter temperature, TdS = H/2π,

and therefore is the production rate due to the expansion of space. The second

term is linear in the electric field and agrees with the expected result from weakly

coupled computations [64]. In addition, there are terms containing higher powers

of the electric field. From (2.62), it is clear that those terms arise from the Wilson

loop insertion and, therefore, can be interpreted as non-perturbative contributions

to the nucleation rate. Our result in this regime also agrees with the semi-classical

analysis presented in [69]. Finally, it is worth pointing out that the computation

of the nucleation rate confirms the value for the critical electric field obtained in

Section 2.3. It is easy to check that in the limit E → Ec the Euclidean action SE

of the instanton vanishes. This implies that when this critical value is reached, the

instanton sum is no longer exponentially suppressed, therefore, rendering the vacuum

unstable.

In the last part of this work, in Section 2.5, we analytically continued the Eu-

clidean worldsheet of the tunneling instanton and studied its causal structure. We

showed that the induced geometry on the worldsheet resembles the dynamical cre-

ation of a wormhole which, as explained, provides further evidence in support of the

ER=EPR conjecture. We emphasize that this is a feature of the worldsheet geometry

(which represents the flux tube connecting the members of the EPR pair), rather

than the bulk geometry itself, so the ER bridge should be thought of as a ‘gluonic’
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wormhole subtended by the pair, as opposed to a ‘spacetime’ or ‘gravitational’ worm-

hole. On the other hand, since no observer in de Sitter space has access to the entire

manifold, we specialized to the case of different static observers. We focused on two

special cases, an “EPR observer” and a “Hawking observer”, both depicted in Figure

2.8. From the point of view of the EPR observer the two particles always lie inside

its horizon. Therefore, the two particles in this case are interpreted as an usual

EPR pair nucleated from the de Sitter vacuum. The Hawking observer, on the other

hand, only has causal contact with one of the particles, while the other always lies

behind its horizon. For this observer, the particles are interpreted as a Hawking pair

nucleated from the cosmological horizon. We conclude that, regardless the observer

point of view, the ER=EPR interpretation holds in a similar way since in all cases

the causal structure of the worlsheet is inherited from that of the super-observer.

2.7 Appendix 1: Maxwell’s equations

Let us take a closer look at Maxwell’s equations in de Sitter space, focusing for now

on the static patch of de Sitter (2.12). For a constant electric field in 1+1 dimensions

we have

Fµν =

(
0 E

−E 0

)
, (2.84)

where xµ = (t, x) are the coordinates of a static observer. There are many worldlines

in the patch that have constant proper acceleration. For concreteness let us consider

a particle sitting at a constant-x orbit, with 4-velocity given by

uµ =

(
1√

1−H2x2
0

, 0

)
. (2.85)

For a test particle with unit charge, the geodesic equation is satisfied as long as the

Lorentz force cancels exactly with the repulsion due to de Sitter space, i.e.

aµ ≡ duµ

dτ
+ Γµαβu

αuβ = F µ
ν u

ν . (2.86)
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In particular, this implies the following relation between the position x0 and the

electric field E:

Hx0 =
E√

E2 +H2
. (2.87)

The magnitude of the acceleration is constant, as it should be, and it is determined

by the particle’s position x0 through:

a2 ≡ aµa
µ =

H4x2
0

1−H2x2
0

= E2 . (2.88)

A charged particle located at x > x0 will accelerate towards the horizon. On the

other hand, if we place it at x < x0 the particle will accelerate away from the horizon.

It is easy to check that Maxwell’s equations are trivially satisfied without sources,

∇µF
µν = 0 . (2.89)

To understand the origin of this electric field we can define a global coordinate θ

through Hx = sin θ. The spatial part of the metric becomes that of a circle of radius

H−1. However, it is clear that the static patch only covers half of it, from θ = −π/2
to θ = π/2. To achieve a constant electric field in the static patch we can place

a “capacitor” consisting of two charges +Q and −Q, located at θ = −θ0 and θ0,

respectively. See figure 2.9 for a schematic representation. If the separation is such

that ∆θ ≡ 2θ0 > π, the static observer will see the charges “smeared” at the horizon

and still detect the presence of the electric field. Finally, if we let ∆θ → 2π, the two

charges overlap and effectively cancel out. This implies that a constant electric field

can be achieved in global de Sitter without the addition of any source.

Unfortunately, the above analysis does not hold in higher dimensional de Sitter

space. In the following we will illustrate the similarities and differences for the specific

case of 3 + 1 dimensions. Let us start by considering a constant electric field along

one of the space directions, say Ftx = −Fxt = E, and all other components turned

off. In spherical coordinates (r, θ, φ) the non-zero components of the field strength
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Figure 2.9: Setup for a constant electric field in de Sitter space in 1 + 1 dimensions.
Two charges +Q and −Q separated by an angle ∆θ are placed in the de Sitter
manifold. If ∆θ < π the two charges are visible to a static observer equidistant to
the two particles. The portion of de Sitter accessible to such an observer consists of
the lower half of the circle and is delimited by a horizon located at θ = {−π/2, π/2}.
If ∆θ > π the static observer will detect a constant electric field due to smeared
charges at the horizon. Finally, if we let ∆θ → 2π the two charges effectively cancel
out, leaving us with a constant electric field in the entire manifold with no charges.

are given by:

Ftr = Frt = E sin θ cosφ ,

Ftθ = Fθt = E r cos θ cosφ , (2.90)

Ftφ = Fφt = −E r sin θ sinφ .

There are many trajectories in the static patch that have constant proper accelera-

tion. For concreteness, however, we will focus on worldlines that are simple general-

izations of the 1 + 1 dimensional case. We will assume that the particle lies on the

y = z = 0 plane and follows a constant-x orbit. Therefore, its 4-velocity is given by

uµ =

(
1√

1−H2x2
0

, 0, 0, 0

)
. (2.91)

It is straightforward to show that both (2.87) and (2.88) hold in this case, so by tuning

the value of E we can achieve the desired trajectory with constant acceleration.

However, Maxwell’s equations implies now that

∇µF
µν = Jν , (2.92)
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Figure 2.10: Density plot for Jt/EH
2 in the equatorial plane θ = π/2, assuming a

constant electric field along the x-direction, Ftx = E. The total charge in the static
patch evaluates to zero, but the distribution breaks the SO(3) symmetry.

with

Jµ =

(
−2EH2r sin θ cosφ

1−H2r2
, 0, 0, 0

)
. (2.93)

This implies that in order to source the desired electric field, we must have a charge

density:

Jt ≡ ρ(r, θ, φ) = 2EH2r sin θ cosφ = 2EH2x . (2.94)

The total charge in the static patch evaluates to zero, but the distribution explicitly

breaks the SO(3) symmetry (see figure 2.10). Moreover, it is clear that although

the electric and gravitational interactions are in balance, the charge configuration is

classically unstable.

2.8 Appendix II: The energy of an isolated quark

In this appendix we obtain the string embedding corresponding to an isolated static

quark in de Sitter space. Then, we employ the solution in order to compute its
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energy. The final result can be expressed as the sum of two contributions, the rest

mass of the quark plus the effective gravitational potential energy which is a function

of the position.

For a single quark located at x = 0 the solution for the embedding corresponds

to a vertical string that stretches between the boundary and the bulk horizon [105].

However, if we place the quark at some finite distance from the center x = x0

the string is no longer vertical but bends towards the de Sitter horizon (located at

x = 1/H). This is just a reflection of the fact that a purely vertical embedding would

not have minimal area: just like in the boundary theory trajectories at fixed x0 > 0

are non-geodesic, objects in the bulk experience a gravitational force that pushes

away from the origin.

The situation is very similar to the case in Rindler space, in which the solution for

the string embedding is bent and follows a path of minimal proper length towards the

acceleration horizon [118]. With this intuition in mind, let us first consider space-like

geodesics in the bulk geometry. If we choose the affine parameter to be λ = x, the

proper length of a curve z(x) is given by

S =

∫
ds = L

∫
dx

z

√
f(z)2

h(x)
+ z′2 , (2.95)

where f(z) and h(x) are the functions defined in (2.11) and (2.24), respectively. From

(2.95) we can derive the equation of motion for the geodesics:

z′′ +
h′(x)

2h(x)
z′ +

f(z)− 2zfz(z)

zf(z)
z′2

+
f(z)(f(z)− zfz(z))

zh(x)
= 0 , (2.96)

with fz(z) ≡ ∂zf(z). Albeit non-linear, equation (2.96) can be solved analytically.

The general solution can be written in terms of two integration constants A and B:

z(x) =
2

H

√
A sin (B + arccos(Hx))− 1

A sin (B + arccos(Hx)) + 1
. (2.97)

Imposing that z(x0) = 0 fixes one of the constants in terms of the other, e.g.,

A = csc (B + arccos(Hx0)) . (2.98)
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Thus, at this point we have a solution depending on a single parameter B. Depending

on its value, the geodesic might go back to the boundary at some other x = xf or

end up hitting the de Sitter horizon at x = 1/H and some z = zf .

We claim that the solution for the string embedding representing an isolated

quark at x = x0 > 0 follows a path of minimal length towards the de Sitter horizon.

Indeed, we can explicitly check this by plugging (2.97) into the equation of motion

of the string (2.25). This picks up a unique physical solution with

B =
π

2
(mod π) , (2.99)

and profile

z(x) =
2

H

√
x− x0

x+ x0

. (2.100)

This result should not be surprising. The role of spacetime geodesics for reconstruct-

ing string and brane embeddings was recently pointed out in [119]. We expect a

similar construction to be possible even for dynamical configurations.

With this solution at hand, we can now compute the energy of the quark as

a function of x0. To do this, we need to compute the conjugate momentum of

the Nambu-Goto action.17 Before gauge-fixing, the worldsheet is parametrized by

functions of τ and σ, and the momentum densities are given by

Πµ =
∂LNG

∂Ẋµ
=

1

2πα′
ẊµX

′2 −X ′µ(Ẋ ·X ′)√
Ẋ2X ′2 − (Ẋ ·X ′)2

, (2.101)

where ˙≡ ∂τ ,
′ ≡ ∂σ and Ẋ ·X ′ = GµνẊ

µX ′ν . In particular, the energy density is the

time component of (2.101). To compute the energy we choose to work in the gauge

(τ, σ) = (t, z), so that Xµ = (t, x(z), z). In this gauge the energy density takes the

form

E =

√
λ

2π

f(z)

z2

√
h(x) + f(z)2x′2 , (2.102)

which is, indeed, equivalent to the Nambu-Goto Lagrangian LNG. The function x(z)

can be obtained by inverting equation (2.100), and takes the following form:

x(z) = x̃0

(
4 +H2z2

4−H2z2

)
. (2.103)

17For a review on quark dynamics in AdS/CFT see [120].
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Notice that we have relabeled the parameter x0 → x̃0. The reason for this is that, for

the case of finite mass, the string actually ends at a fixed bulk depth zm (where the

flavor branes are located) and the embedding of interest is just the z ≥ zm portion

of the solution (2.100). The parameter x̃0 (now an auxiliary variable) is related to

the physical x0 through

x0 = x̃0

(
4 +H2z2

m

4−H2z2
m

)
, (2.104)

and substituting in (2.102) the latter becomes

x(z) = x0

(
1 +

8H2(z2 − z2
m)

(4−H2z2)(4 +H2z2
m)

)
. (2.105)

Notice that (2.105), in fact, satisfies the expected relation x(zm) = x0. For this

solution, the energy density (2.102) evaluates to

E =

√
λ

2π

f(z)

z2

√
1−H2x̃2

0 . (2.106)

Integrating from zm up to the maximum value of z,

zwsH ≡ z(1/H) =
2

H

√
1−Hx̃0

1 +Hx̃0

, (2.107)

we find the total energy to be

E =

√
λ

2πzm

[(
1 +

H2z2
m

4

)√
1−H2x̃2

0 −Hzm
]
. (2.108)

This can be expressed as a sum of two contributions,

E ≡ m+ Vgrav(x0) , (2.109)

where m is the mass of the quark and Vgrav(x0) is the effective gravitational potential

energy. In particular, for x0 = 0, we obtain

E = m =

√
λ

2πzm

(
1− Hzm

2

)2

. (2.110)
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Notice that (2.110) blows up as zm → 0, as anticipated, and can be inverted to obtain

zm =

√
λ

π

(
m+m

√
1 +

√
λH
πm

+
√
λH
2π

) ,

=

√
λ

2πm

[
1−
√
λH

2πm
+O

(
λH2

m2

)]
.

(2.111)

We stress, however, that we are only allowed to treat the string semiclassically as

long as it is sufficiently heavy. This means that we are restricted to work in the

regime zm � zH or, equivalently, m�
√
λH. For a neater interpretation, we could

alternatively split (2.110) in two pieces, by noticing that the H-dependent terms

should be regarded as the thermal correction to the mass [105]

m = m0 − δmH , (2.112)

where

m0 =

√
λ

2πzm
, δmH =

√
λH

2π

(
1− Hzm

4

)
,

and
δmH

m0

=

√
λH

2πm
+O

(
λH2

m2

)
� 1 . (2.113)

The effective gravitational potential can be obtained by subtracting (2.110) from

(2.108) and is found to be

Vgrav(x0) =

√
λ

2πzm

(
1 +

H2z2
m

4

)(√
1−H2x̃2

0 − 1

)
. (2.114)

We emphasize the word “effective” in the above definition. Physically, (2.114) in-

cludes both, the “bare” gravitational energy V bare
grav (x0) plus the self-energy Σ(x0)

which also depends on the position and is due to due to interactions between the

quark and the quantum fields in de Sitter.18,19 Using (2.104) and (2.111) we could

18The term δmH is also part of Σ(x0), but we choose to write it as a separate contribution so
that Vgrav(0) = 0.

19The self-energy contribution is responsible for the peculiar behavior of the rms displacement
of a quark which, at late times, is found saturate to a finite distance inside the horizon [105].
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also write (2.114) in terms of the physical data, m and x0, but the result is not

particularly illuminating. For small distances Hx0 � 1, however, the result takes

the following form:

Vgrav(x0) ≈ −1

2
m0H

2x2
0

[
1 +O

(
δmH

m0

)]
. (2.115)

The inverted harmonic potential is expected for a test particle in de Sitter space

[105]. The O(δmH/m0) correction, on the other hand, appears from the self-energy

itself and should be thought of as a quantum effect.

2.9 Appendix III: Analytic continuation

2.9.1 Euclidean de Sitter and Anti de Sitter

Consider the AdS metric foliated with dS slices (2.10), and let us write the dS part

in global coordinates,

ds2
dS = −dτ 2 +

1

H2
cosh2(Hτ)dφ2 . (2.116)

We will also redefine the bulk coordinate according to

z =
2

H
e−2 arctanh r . (2.117)

so that r ranges from 0 (for z = 2/H) to 1 (for z = 0). To obtain the Euclidean

counterpart of such geometry, we analytically continue the time coordinate τ = i τE
H

both in the boundary and in the bulk. The resulting geometry is that of the Poincaré

ball,

ds2 =
4L2

(1− r2)2

[
dr2 + r2

(
dτ 2

E + cos2 τEdφ
2
)]
, (2.118)

where the Euclidean time is now identified as an angle. This form of Euclidean AdS

can be understood as follows: one starts with a 3-dimensional Euclidean space R3

with spherical coordinates (r, τE, φ), and puts the above metric on the ball r < 1.

The Poincaré ball is the unique Euclidean metric whose boundary is S2. This shows

that the requirement of de Sitter invariance uniquely determines the bulk geometry.
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Alternatively, we could have started with the static patch of dS instead of global

dS. In this case, the de Sitter metric is given by

ds2
dS = −(1−H2x2)dt2 +

dx2

1−H2x2
. (2.119)

Redefining the x coordinate according to

Hx = sin θ , (2.120)

and analytically continuing the bulk metric, we arrive to

ds2 =
4L2

(1− r2)2

[
dr2 + r2

(
cos2 θdt2E + dθ2

)]
, (2.121)

i.e., the boundary metric is also that of a sphere. We have to be careful about

the global topology of the Euclidean space, however. Since the spacetime accessible

to any single geodesic observer is only a fraction of de Sitter space this should be

reflected in the analytic continuation. In fact, the correct topology of the Euclidean

static patch is a hemisphere rather than the whole sphere. This means that for each

static observer there is a different analytic continuation (in Euclidean signature, this

corresponds to rotating the hemisphere around the sphere). Finally, we point out

the fact that, in the line element (2.121), the Euclidean time tE plays the role of an

azimuthal angle rather than a polar angle (as in the global de Sitter case).

Let us focus now on the Wilson loops we want to consider. It is easy to see that

the worldlines needed for the computation of the quark-antiquark potential consist

of two parallel circles with constant polar angles ±θ0. In Lorentzian signature, these

trajectories can be obtained by intersecting an hyperboloid embedded in Minkowski

space (this is de Sitter space by definition) with planes parallel to the time axis (see

Figure 2.11). A short calculation shows that, for these worldlines, the magnitude

squared of the acceleration is given by

A2 =
H4x2

1−H2x2
. (2.122)

Thus, constant-x trajectories are also trajectories with constant proper acceleration,

with a magnitude that can vary from 0 for x = 0 (that is, for a geodesic observer)
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Figure 2.11: The de Sitter manifold (as an hyperboloid embedded in Minkowski
space) and its Euclidean counterpart (the sphere). Trajectories of constant proper
acceleration (shown in blue) are obtained by intersecting the hyperboloid with ver-
tical planes, and they become circular loops on the sphere. If the vertical plane also
contains the origin of the ambient Minkowski space, then the trajectory is a geodesic
(shown in black), and its Euclidean counterpart is a great circle.

to ∞ for Hx → 1. Finally, notice that the Wilson loop needed for the nucleation

rate corresponds also to one of such circles in Euclidean signature (given that these

are precisely the worldlines with constant acceleration). To achieve this, we have to

rotate the circle around the sphere, so that the static observer in consideration covers

the portion of de Sitter that has access to the whole loop. After this transformation

the circle is found to lie at a constant-tE surface. In Lorentzian signature, this means

that the worldline will no longer be at constant-x but, instead, will correspond to

that of a pair of particles undergoing back-to-back uniform acceleration, as desired.

2.9.2 Minimal surfaces

In this section we describe the minimal surfaces necessary for the computation of

the quark-antiquark potential and the nucleation rate. The results presented here
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are adapted from [121]. The embedding functions are fully analytical, but are given

in terms of a particular set of coordinates of Euclidean AdS.

Euclidean AdS can be understood as a metric on a solid ball (the Poincaré ball),

on a solid cylinder, or on a semi-infinite space (the Poincaré half-space), depending

on the particular symmetry of the space that is emphasized. Of the three realiza-

tions, the Poincaré ball is the natural choice for our problem, because the Euclidean

continuation of de Sitter space is a sphere. Now, as discussed in the previous section,

we are interested in minimal surfaces that intersect the boundary at two parallel

circles of the same size. There are in general three minimal surfaces satisfying the

desired boundary condition: a disconnected one, and two connected ones. In Figure

2.12 we plot one example of each for a given separation.

Notice that the problem also has axial symmetry. As a matter of fact, it is

simpler work in terms of the cylindrical parametrization first, and then transform

the solutions back to the Poincaré ball [121]. Euclidean AdS on the cylinder has a

metric of the form

ds2 = L2

[
dP 2

1 + P 2
+ (1 + P 2)dZ2 + P 2dϕ2

]
. (2.123)

In this case, the boundary is defined as the cylinder at P → ∞ and the two loops

are just circles of constant Z = ±Z∞. The coordinate transformation that relates

(2.123) to the Poincaré ball (2.118) in the coordinate system (r, τE, φ) is given by

P =
2r

1− r2

√
1− cos2 τE cos2 φ ,

Z = arccosh

(
1 + r2√

(1 + r2)2 − 4r2 cos2 τE cos2 φ

)
,

ϕ = arccos

(
cos τE sinφ√

1− cos2 τE cos2 φ

)
.

Let us now discuss the solutions. The disconnected surface simply consists of two

planes at constant Z containing the loops:

Z = ±Z∞ . (2.124)
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Figure 2.12: The disconnected and the two connected extremal surfaces for a given
separation, from the point of view of the Poincaré ball.

In the Poincaré ball, this solution can be written as:

r =
cosφ cos τE −

√
cos2 φ cos2 τE − cos2 α

cosα
, (2.125)

with α = π
2
±θ0, and can be described as two spherical caps intersecting the boundary

of the ball orthogonally. It is easy to see that (2.125) indeed leads to the solution

reported in (2.27) for the Lorentzian signature (see Appendix 2.8 for an alternative

derivation). The area of this surface (including both spherical caps) up to some

cutoff value Pm is given by:

Ad = 4πL2(
√

1 + P 2
m − 1) . (2.126)
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The connected surfaces are a little more complicated. In this case the solution is

given by

Z(P ) = ±γP0

[
F (β, γ)− δP 2

0 Π (β, δ, γ)
]
, (2.127)

where

β = arccos

(
P0

P

)
, γ =

√
1 + P 2

0

1 + 2P 2
0

, δ =
1

1 + P 2
0

.

In the above, F denotes the elliptic integral of the first kind and Π denotes the

complete elliptic integral of the third kind [122]. The parameter P0 is an integration

constant and corresponds to the smallest value of P on the surface. The area of this

surface up to some cutoff value Pm is given by:

Ac =
4πL2P 2

0√
1 + 2P 2

0

Π (βm, 1, γ) , (2.128)

where βm = β(Pm). The constant Pm determines the value of Zm = Z(Pm) which,

in the limit Pm →∞, reduces to Z∞. A brief calculation leads to

Z∞ = γP0

[
K(γ)− δP 2

0 Π (δ, γ)
]
, (2.129)

where K is the complete elliptic integral of the first kind and Π is the incomplete

elliptic integral of the third kind. Equation (2.129) is non-monotonic with respect

to P0. This implies that for a given boundary separation there are two minimal

surfaces with different P0, one reaching deeper into the bulk than the other (see

Figure 2.12 for an example). Among these two, the solution with larger P0 is the

one with minimal area.

Finally, we will also need the renormalized area of the connected surface, Ar =

Ac−Ad, which can be easily obtained from (2.126) and (2.128). In the limit Pm →∞,

in particular, this quantity simplifies to:

A∞r = 4πL2

[
1 +

P 2
0K(γ)√
1 + 2P 2

0

−
√

1 + 2P 2
0E(γ)

]
, (2.130)

where E is the complete elliptic integral of the second kind.

106



2.10 Appendix IV: The nucleation rate in de

Sitter space at weak coupling

In this appendix, we revisit the instanton computation of the QED production rate

in de Sitter using the instanton method, that is, by solving the Euclidean equation

of motion [64]. Let us start with the action for a charged particle in the presence of

an electromagnetic field,

S = −m
∫
γ

√
−gµν żµżνdτ + q

∫
γ

A , (2.131)

where m and q are the mass and charge of the particle, respectively, and zµ = zµ(τ).

In Euclidean signature, the action becomes:

SE = m

∫
γ

√
gµν żµżνdτ + q

∫
γ

A . (2.132)

The contribution of an instanton to the path integral has the form Ae−SE , where A

is a prefactor, and SE is the on-shell Euclidean action. Thus, by computing SE we

will recover the exponent in the Schwinger formula (2.2).

Now, consider the case of a constant electric field where Fµν = −E√gεµν . A brief

computation shows that the trajectory that extremizes the action is a circle (see for

example Figure 2.11). Furthermore, since the worldline is a closed curve, we can

make use of Stokes theorem to recast the second term in (2.132) as

SE = m

∫
γ

√
gµν żµżνdτ − qEA , (2.133)

where A denotes the proper area enclosed by the worldline, and zµ(τ) = (θ(τ), φ(τ)).

By rotational symmetry, we choose spherical coordinates so that the worldline has

constant polar angle θ. Furthermore, if the loop is traversed n times, we can choose

φ(τ) = 2πnτ , τ ∈ (0, 1) . (2.134)

In the Lorentzian signature, n is interpreted as the number of pairs being created.

The total action in this case evaluates to

SE =
2πmn

H
sin θ − 2πqEn

H2
(1− cos θ). (2.135)

107



Extremizing with respect to θ yields the value

tan θ =
mH

qE
. (2.136)

For this angle, the radius of the circle y ≡ H−1 sin θ is given by

y =
m√

q2E2 +m2H2
, (2.137)

in agreement with the result obtained by [64]. It is illuminating to consider the flat

space limit, H → 0. In this case, we find the radius to be

y(flat) =
m

qE
. (2.138)

This is exactly the distance between the two particles at which their electric potential

energy balances their rest mass, allowing the particles to tunnel through the potential

barrier to become real. Finally, substituting the extremal value of y back into the

action we obtain

SE =
2π

H2

(√
m2H2 + q2E2 − qE

)
. (2.139)

A remark is in order regarding the sign of q. When q > 0, the electric field

inside the Wilson loop is smaller than the external field E. This corresponds to

the screening orientation of the pair, which accelerates away from each other. In

the other case (q < 0), the two charges actually accelerates toward each other,

corresponding to the anti-screening orientation. Notice that, in the flat space limit,

the action above remains finite for the screening orientation but diverges for the

anti-screening orientation. This can be understood as follows: the anti-screening

orientation violates conservation of energy, and therefore is forbidden in flat space.

In de Sitter space, however, energy needs not be conserved on superhorizon scales,

and the anti-screening orientation is allowed. It may seem that for the anti-screening

orientation, the two charges will eventually meet each other and annihilate, but this is

not the case owing to the expansion of space. Notice also that, due to the compactness

of Euclidean dS, which region should be the inside or outside of the circular Wilson

loop is ambiguous; in the anti-screening orientation, the outside region is actually
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smaller than the inside. From here on, we will set q = 1 and specialize to the

screening orientation. In the flat space limit, then, the action becomes

S
(flat)
E =

πm2n

E
. (2.140)

This is exactly the exponent appearing in Schwinger’s formula (2.2) for the produc-

tion rate.
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Chapter Three: Black hole volume and quantum

complexity

1

3.1 Introduction

The laws of black hole thermodynamics, at least in their traditional formulation [124,

125, 126, 127], do not include a pressure-volume conjugate pair. This conspicuous

absence is perhaps related to the difficulty of defining the volume of a black hole

in a coordinate-invariant way: unlike the area of the horizon, a näıve integration

over the interior of a black hole depends on the foliation of spacetime. A number of

relativists [128, 129, 130, 131, 132], and more recently high energy physicists [133],

have suggested that the pressure should be identified as the cosmological constant.

In this framework, dubbed the extended black hole thermodynamics or “black hole

chemistry”, the ADM mass of the black hole is reinterpreted as the enthalpy H of

the system rather than its internal energy U . The volume, then, can be defined in

the usual thermodynamical way to be:

V =

(
∂H

∂P

)
S

. (3.1)

Fascinatingly enough, in simple cases such as the AdS-Schwarzschild or AdS-Reissner-

Nordstrom (AdS-RN) black hole, the thermodynamic volume coincides with a näıve

integration over the “black hole interior”:

V =
4

3
πr3

+ =

∫ r+

0

√
−gdrdΩ2

2. (3.2)

1This chapter is based on the paper JHEP 1703 (2017) 119 [123], written in collaboration with
Josiah Couch and Willy Fischler. The general idea as well as most calculation is my work. However,
the general idea of identifying the complexity with the spacetime volume of the Wheeler-DeWitt
patch came from discussion with Josiah Couch.

110



In more complicated cases, such as rotating holes or solutions with hair, the

thermodynamical volume is less intuitive, and it is an interesting question to ask

how the volume arises as an integral of some local quantity over some region of

spacetime, in a way similar to (3.2). For a selection of work on or related to this

topic, we refer to [134, 135, 136, 137, 138, 139, 140].

Our main goal in this paper is two-fold: on one hand, we attempt to shed light

on the meaning of the thermodynamic volume as a geometrical quantity, which, a

priori, is an abstract notion of volume associated to the black hole and does not

correspond to the actual volume of any spatial region. On the other hand, we will

relate the thermodynamic volume to holography, and in particular to the quantum

complexity of the boundary state. Why should we believe that the thermodynamic

volume has a role to play in the holographic context ? To this question, we will offer

4 answers, which we list one after another below.

The first reason to believe that the thermodynamic volume has a place in holog-

raphy is that, as we will demonstrate below, this quantity is derivable from the

Noether charge (or Iyer-Wald) formalism [141, 142], or a slight twist thereof. This is

the main finding of section 3.2. A powerful way to derive the first law of black hole

thermodynamics, the Iyer-Wald formalism has yielded deep insights into the nature

of black hole entropy, so it is a natural step to extend the formalism to derive the

thermodynamic volume. In recent years, the Iyer-Wald formalism has proved useful

to holographers as a means to translate between the geometry in the bulk to quan-

tum information theoretic quantities on the boundary, starting with [143] where the

formalism was used to derive the linearized equation of motion in the bulk from the

first law of entanglement on the boundary in pure AdS. To give a few more examples,

the formalism was used in [144] to relate matter in the bulk to the relative entropy on

the boundary, in [145] to relate canonical energy in the bulk to the quantum Fisher

information on the boundary, in [146] to relate quantum information inequalities to

gravitational positive energy theorems, and finally in [147] in conjunction with the

kinematic space program to clarify the emergence of gravity from entanglement.

The second reason to suspect that the thermodynamic volume is relevant to holog-

raphy is that various notions of volume in the bulk have been identified with quantum
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information theoretic quantities. In particular, the size of the Einstein-Rosen bridge

of a 2-sided eternal AdS black hole is believed to capture the complexity of the ther-

mofield double state [148, 149]. Furthermore, the complexity of subregions of the

boundary CFT [150, 151, 152, 153] and the fidelity [154] have been related to the

volume of a constant time slice in the bulk enclosed between the Ryu-Takayanagi

surface and the boundary. In the light of these ideas, it is suggestive that the ther-

modynamical volume also admits a quantum information theoretic interpretation,

and we will find in this paper that it indeed seems so. In the second part of the

paper (sections 3.3 and 3.4), we will relate the thermodynamic volume (and also the

Smarr relation) to the complexity as per the proposals in [148, 149].

The third motivation to study the thermodynamic volume in holography is the

question of to what extent holography knows about the black hole interior. In [155],

the black hole interior was probed with minimal surfaces which cross the horizon, and

the notion of “vertical entanglement” as well as a tensor network picture of black hole

interiors were formulated. Like the quantum complexity, the vertical entanglement

could serve as a useful way to keep track of time in the dual CFT. In the case of

the complexity, the key observation is that the size of the ERB grows linearly with

the boundary time at late time, a behaviour conjectured to be true of the quantum

complexity at exponentially late time.

However this linear growth can be observed for various geometrical entities cross-

ing the wormhole, and to correctly pick out one among them is a non-trivial problem.

This leads us to the fourth and last motivation of this paper: how to correctly quan-

tify the size of an ERB and capture the complexity ? Two ways to achieve this have

been considered in the literature [156, 157, 148, 149]. The first way, first proposed

in [157] and dubbed “complexity=volume” or CV-duality, postulates that the com-

plexity is dual to the volume of the maximal spatial slice crossing the ERB. This

proposal, while capturing the linear growth at late time, has the minor problem

that a lengthscale has to be introduced “by hand”, for which there seems to be no

unique, natural choice. The second way, first proposed in [148] and dubbed “com-

plexity=action” or CA-duality, postulates that the complexity is dual to the bulk

action evaluated on the Wheeler-DeWitt (WDW) patch. This proposal solves the

112



lengthscale problem of CV-duality, and has in addition the practical advantage that

the WDW patch is easier to work with than the maximal volume. We will see in

this paper that the thermodynamic volume is intimately related to the linear growth

of the WDW patch at late time. We will also point out a third possibillity, dubbed

“Complexity = Volume 2.0” in which complexity is identified with the spacetime

volume of the WDW patch rather than the action. This is potentially even easier to

work with and will be discussed in more detail further in the paper.

The paper is organized as follows: In Section 3.2, we briefly review the Iyer-Wald

formalism (with varying cosmological constant) and apply it to derive the thermody-

namic volume of two solutions: the charged BTZ black hole and the R-charged black

hole. In Section 3.3, we move on to discuss the connection between the extended

thermodynamics and the complexity in the simple case of the AdS-Schwarzschild

black hole. In Section 3.4, we extend this connection with the complexity to a black

hole with conserved charges (i.e. electrically charged and rotating holes). In Section

3.5, we contrast our proposal for the complexity against CA-duality, and show that,

in certain cases, our proposal can help fix problems which ail CA-duality. In Section

3.6, we conclude and discuss future work.

3.2 Volume and Iyer-Wald Formalism

In this section we will present a slight generalization of the Iyer-Wald formalism

[141, 142, 158] which will allow us to derive the volume. The formalism requires a

diffeomorphism invariant action S =
∫

L =
∫
Lε, together with a solution with a

bifurcate timelike Killing vector field ξ. We will follow the notation used in [143]
2. Consider some general variation of the Lagrangian. For an action including a

cosmological constant which is allowed to vary, one writes:

δL = dΘ +
∑
φ

Eφδφ+
∂L

∂Λ
δΛ, (3.4)

2In particular, ε denotes the usual volume form in d dimensions:

ε =
1

d!

√
−g εa1..addxa1 ∧ ... ∧ dxad (3.3)
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where

Θ(δφ) =
∑
φ

∂L

∂ (∇µφ)
δφ (3.5)

is the symplectic potential current,

Eφ =
∂L

∂φ
−∇µ

∂L

∂ (∇µφ)
(3.6)

is the equation of motion form for the field φ, and where the sum over φ runs over the

entire field content of the theory. In the case where this variation is due to applying

a diffeomorphism generated by a vector field ζ, this becomes

δζL = dΘ(δζφ) +
∑
φ

Eφδζφ. (3.7)

In this case, since our action is diffeomorphism invariant, we may apply Noether’s

theorem to derive the conserved current

J(ζ) = Θ(δζφ)− ζ · L (3.8)

and a Noether charge form Q(ζ) such that on-shell

J(ζ) = dQ(ζ). (3.9)

Replacing our general vector field ζ by the killing vector field ξ, and considering some

general other variation δφ, we now define

χ = δφQ(ξ)− ξ ·Θ(δφ). (3.10)

By an algebraic computation we may see that on-shell

dχ = −ξ · ∂L

∂Λ
δΛ. (3.11)

We will find it useful to define the additional forms:

εµ =
1

(d− 1)!

√
−g εµa1...ad−1

dxa1 ∧ ... ∧ dxad−1

εµν =
1

(d− 2)!

√
−g εµνa1...ad−2

dxa1 ∧ ... ∧ dxad−2
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Applying Stokes’ theorem to this form on a region Σ of a constant time slice bounded

by the bifurcate killing horizon and the conformal boundary at infinity then yields∫
Σ

dχ = −δΛ
∫

Σ

ξ · ∂L

∂Λ
=

∫
∞
χ−

∫
H
χ. (3.12)

In the case of a black hole spacetime, this reduces to the extended first law of black

hole thermodynamics upon evaluation of the integrals, where roughly speaking, the

second term from the left above gives rise to the V dP .

3.2.1 Application to Einstein-Maxwell: charged BTZ black

hole

Next, we apply the above formalism to the Einstein-Maxwell theory:

S =

∫
ddx
√
−g
[
(R− 2Λ)− 1

4
F 2

]
. (3.13)

After some algebra, we find the symplectic potential current, Noether current and

Noether charge to be:

Θ = Θµεµ

J = Jµεµ

Q = Qµνεµν

with

Θµ =
[
2
(
∇ν∇[νξµ] + gµνRνλξ

λ
)
− F µν

(
∇ν(ξ

λAλ) + ξλFλν
)]

Jµ = ∇ν

[
2∇[νξµ] − F µνξλAλ

]
Qµν =

[
∇[νξµ] − 1

2
F µνξλAλ

]
.
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Let us now specialize to a solution of the Einstein-Maxwell system: the charged BTZ

black hole in 3 dimensions. The metric together with the gauge field are given by:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dφ2

f(r) = −2m+
r2

L2
− 1

2
q2 log

( r
L

)
A = −q log

( r
L

)
dt.

Here we use units where 4G = 1. This solution has two horizons, an outer horizon

at r = r+ and an inner horizon at r = r−. Both outside the outer horizon (r > r+)

and inside the inner horizon (r < r−), ∂t is a bifurcate time-like Killing vector field,

whose killing horizons are given by r = r+ and r = r− respectively. For this choice of

Killing vector field, we find that the Noether charge only has one nonzero component:

Qtr =
4r2 − 2L2q2 log

(
r
L

)
− L2q2

16πL2r
(3.14)

and all other independent components of Qµν vanish. For a perturbation defined by

perturbing the AdS length L of the solution above and leaving the other parameters

fixed, we find that

Θr =
3 (4r2 − L2q2)

8πL3r
δL (3.15)

with the other two components zero. From these we find the only nonzero component

of χ to be:

χtr =
4r2 − L2q2

16πL3r
δL. (3.16)

Integrating this form over any surface of constant t and r yields∫
r=const

χ =

∫ 2π

0

√
−gχµνεµνφdφ =

δL

L

[
r2

L2
− 1

4
q2

]
. (3.17)

Evaluating this on the outer horizon r+ we can recongnize this as TδS after some

algebra. On the other hand, the integral of χ diverges as r → ∞, but putting in a

large r cutoff R and adding

δΛ

∫
ξ · δL

δΛ
=
δL

4π

∫ 2π

0

dφ

∫ R

r+

dr
√
−g−4

L3
=
r2

+ −R2

L3
δL (3.18)
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we get a cutoff independent result also equal to TδS. Rewriting this in terms of δP

instead of δL, the first law with m and q fixed then becomes

TδS + π

(
r2

+ −
1

4
L2q2

)
δP = 0 (3.19)

and so we have the volume

V+ = π

(
r2

+ −
1

4
L2q2

)
(3.20)

We could equally well have done this in region inside the inner horizon. Evaluating

equation 3.17 at r = r− once again yields TδS for this horizon, and evaluating at

the singularity gives − q2

4L
δL. On the other hand,

δΛ

∫
ξ · δL

δΛ
=
δL

4π

∫ 2π

0

dφ

∫ 0

r−

dr
√
−g−4

L3
=
r2
−

L3
δL (3.21)

All in all, we obtain the first law:

(TδS)− +
δL

L

(
r2
−

L2
− 1

4
q2

)
= 0 (3.22)

where the (. . . )− is to emphasize that the quantity enclosed pertains to the inner

horizon. Once again trading δL for δP we read off the volume for the inner horizon:

V− = π

(
r2
− −

1

4
q2L2

)
(3.23)

3.2.2 Application to Einstein-Maxwell-dilaton: the

R-charged Black Hole

In this subsection, we consider a more complicated example, and derive the volume

of the R-charged black hole in 4 dimensions. The thermodynamics of R-charged

black holes has been studied in [159]. In (3+1) dimension, the action is given by:

L =

(
R

16π
− 1

8π

4∑
I=1

e~aI ·
~φF 2

(I) −
1

32π

3∑
i=1

((∂φi)
2 − V(φi))

)
ε (3.24)
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with

a1 = (1, 1, 1), a2 = (1,−1,−1), a3 = (−1, 1,−1), a4 = (−1,−1, 1)

and

V(φi) = − g
2

4π

∑
i

coshφi (3.25)

The metric together with the matter fields are given by:

ds2 = −
4∏
I=1

H
−1/2
I fdt2 +

4∏
I=1

H
1/2
I

(
dr2

f
+ r2dΩ2

)
(3.26)

AI =

√
qI(qI + 2m)

r + qI
dt (3.27)

e−
1
2
~aI ·~φ =

∏4
J=1H

1/4
J

HI

(3.28)

f = 1− 2m

r
+ g2r2

∏
J

HJ (3.29)

HJ = 1 +
qJ
r

(3.30)

The thermodynamical quantities are:

M = m+
1

4

4∑
I=1

qI (3.31)

QI =
1

2

√
qI(qI + 2m) (3.32)

S = π
4∏
I=1

√
r+ + qI (3.33)

T =
f ′(r+)

4π

4∏
I=1

H
−1/2
I (r+) (3.34)

ΦI =

√
qI(qI + 2m)

2(r+ + qI)
(3.35)
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In the extended phase space, the pressure is the cosmological constant, which is also

the bottom of the scalar potential:

P =
3

8π
g2 (3.36)

As mentioned in the introduction, the ADM mass is now reinterpreted as the enthalpy

and the black hole’s volume can be computed using the familiar thermodynamic

formula:

V :=

(
∂M

∂P

)
QI ,S

=
π

3
r3

+

4∏
J=1

HJ(r+)
4∑

K=1

HK(r+)−1 (3.37)

In particular, the AdS-RN black hole is a special case when all 4 charges coincide

q1 = q2 = q3 ≡ q. In this case, the above reduces to:

V =
4

3
π(q + r+)3 (3.38)

Also, the radial coordinate has to be redefined by r → r − q in order to recover the

usual Schwarzschild-like form of the AdS-RN metric. We then recognize the volume

of the AdS-RN black hole in the form of equation (3.2). A note here is in order about

coordinate dependence. While the thermodynamic volume can take different forms

depending on the radial coordinate used (as illustrated in the example above), we

stress that the volume is coordinate-invariant quantity. The fact that it is not the

actual volume of some spatial region, combined with the fact that spatial volumes in

General Relativity depend on the foliation, can make this coordinate invariance not

so obvious. The cleanest way to see this coordinate invariance is to go back to the

definition of V as a partial derivative (3.1). The function M(S, P ), which represents

an equation of state so to say, is a relation between coordinate invariant quantities

(M , S and P ), and so is the partial derivative (3.1).

The paper [159] asks the interesting question of what integral over the black hole

interior would give rise to the volume (3.37). To answer this question, one can recast

the above in the form:

V =

∫
S2

∫ r+

r0

V ′(r)drdΩ2
2 (3.39)

where V (r) is the function defined in equation (3.37) (with r+ relabeled to r), and

r0 is taken to be the largest root of the equation V (r) = 0. We then find that r0 is
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the largest root of a cubic polynomial:

4r3
0 + 3r2

0

∑
I

qI + 2r0

∑
i<j

qIqJ +
∑

I<J<K

qIqJqK = 0 (3.40)

As for the integral V ′(r), it was pointed out in [159] that it is essentially the scalar

potential:

V = − 8π

3g2

∫
S2

∫ r+

r0

V
√
−gdrdΩ2

2 (3.41)

Two aspects of this formula are remarkable: first, the fact that the integrand admits

a clean interpretation in terms of the scalar potential; and secondly, the integral

does not run over the whole of the black hole’s interior. As one can generally expect

the volume to have something to do with the scalar potential, the second aspect

is perhaps a bit more mysterious than the first one. We now proceed to apply

the extended Iyer-Wald formalism to compute the volume, and we will see how

the formalism sheds light on the two mysterious aspects as described above. The

symplectic potential current and Noether charge for this theory are given by:

Θa = ∇b(g
adgbcδgcd− gabgcdδgcd)−

3∑
i=1

∇aφiδφi−8
∑
I

e~aI ·
~φF ab

(I)(∂b(ξ
cA(I)c) + ξcF(I)cb)

(3.42)

Qab = − 1

16π
∇[bξa] +

1

4π

∑
I

e~aI ·
~φF ab

(I)ξ
cA(I)c (3.43)

Here we only give the on-shell form of these expressions. Next, let us perturb the

coupling g2. By noting that equations (3.27) and (3.28) are g-independent, it is clear

that the profiles of the matter fields are unaffected, and only the gravity part con-

tributes to δQ and Θ. Moreover, equations (3.31) and (3.32) are also g-independent,

so neither the ADM mass M nor the charges Qi are affected by the g-variation. This

implies that the (extended) first law of thermodynamics:

δM = TδS + ΦIdQI + V dP (3.44)

simplifies to

TδS + V δP = 0 (3.45)

120



If we now compare with equation (3.12), we can identify the TδS term with the

integral of χ over the horizon, and the V δP term as arising from a combination

of the two other terms. The fact that TδS corresponds to the integral of χ over

the horizon is to be expected from the Iyer-Wald formalism: roughly speaking, it

is because the form χ evaluated on the bifurcation surface reduces to the surface

binormal, and hence its integral over the bifurcation surface gives the area (or the

entropy).

Let us next compute the form χ. After some algebra, we find that the only nonzero

component of χ is:

χrt = − 1

16π

(r
2

)(
2
√
H1H2H3H4 + r∂r

√
H1H2H3H4

)
δg2 (3.46)

The integral of χ over infinity diverges. If we regularize by a radial cutoff rc >> r+,

we find:∫
∞
χ =

[
−r

3
c

2
− 3r2

c

8

∑
I

qI −
rc
4

∑
I<J

qIqJ −
1

8

∑
I<J<K

qIqJqK

]
δg2 (3.47)

Next, let us focus on the δΛ term in the extended first law. By differentiating the

Lagrangian with respect to the coupling g2, we have:

δg2

∫
∂L
∂g2

ξ · ε = −δg
2

g2

∫
S2

∫ ∞
r+

V
√
−gdrdΩ2

2 (3.48)

Notice that we have an integral of the scalar potential on the right-hand side! We

emphasize here that the extended Iyer-Wald formalism makes this fact manifest, in

contrast with the approach described in equation (3.39). As usual, the upper limit

of integration above will diverge and we have to regularize by a radial cutoff rc.

Evaluating the integral, we then find:

δg2

∫
∂L
∂g2

ξ · ε = δg2

[
r3

2
+

3

8
r2
∑
I

qI +
1

4
r
∑
I<J

qIqJ

]rc
r+

(3.49)

If we now compare the divergent terms in (3.47) and (3.49), we then find that they

cancel pairwise, and we are left with a finite answer which consists of two parts:
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(1) the finite term in (3.47) and the horizon term (the lower limit of integration) in

(3.49). We then obtain:

V dP =

∫
∞
χ+ δg2

∫
∂L
∂g2

ξ · ε

= δg2

(
r3

+

2
+

3

8
r2

+

∑
I

qI +
r+

4

∑
I<J

qIqJ −
1

8

∑
I<J<K

qIqJqK

)
(3.50)

and we recover equation (3.37). Notice in particular, that, from the viewpoint of the

extended Iyer-Wald formalism, the lower limit of integration r0 in (3.41) arises from

the finite term in the integral of χ at infinity. Moreover, the Iyer-Wald formalism

has taught us that the volume of the black hole is perhaps best thought of as arising

from an integral over the exterior of the black hole rather than its interior 3. To

summarize, the volume arises as the integral of the scalar potential over the whole

black hole exterior, but it is regularized by the Iyer-Wald form χ at infinity in a

nontrivial way.

3.3 Thermodynamic volume and Complexity:

Schwarzschild-AdS

From the viewpoint of the Iyer-Wald formalism, as we have seen above, the black hole

volume arises as an integral over the exterior of the black hole. This observation

naturally begs the question of whether the thermodynamic volume has something

to do with the black hole interior. Moreover, it remains unclear as to what the in-

formation contained in the volume can teach us about the dual CFT. It is generally

pointed out in the literature [128, 136, 138, 139, 133, 134, 160, 132] that varying the

cosmological constant in the bulk corresponds to varying the rank of SU(N) or the

3We also note here that there exists an alternative approach in the literature to derive the
volume, which is based on the Komar formula, see e.g. [131, 159, 128]. As with our approach, the
volume also arises from the Komar formula as a integral over the exterior of the black hole, and
the integrand is basically the Killing potential.
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central charge on the field theory side, and that the volume can be thought of as a

chemical potential-like quantity corresponding to the degrees of freedom counted by

the central charge.

In this section, we bring the two questions above together (the black hole interior

and the CFT interpretation) and attempt to answer them through the notion of

complexity of quantum states. In a series of elegant papers [148, 149], Brown et al.

proposed that the complexity of the CFT state is dual to the integral of the bulk

action over the so-called Wheeler-DeWitt (WdW) patch. In particular, this quantity

grows linearly with time at late time, and we will see in the first half of this section

that the thermodynamical volume is a contribution to this growth. In the section

half of this section, we switch gear and consider the possibility that it is the spacetime

volume, rather than the action, of the WDW patch which is dual to the complexity.

We will show that the spacetime volume of the WDW patch is intimately related to

the thermodynamic volume, and that, in the Schwarzschild-AdS case, the spacetime

volume and action behave in very similar fashions and both proposals should work

equally well.

3.3.1 Review of Brown et al.

Let us start by reviewing the proposal by Brown et al. in some level of details. The

Wheeler-DeWitt patch is a region in the maximally extended black hole spacetime

defined with respect to two choices of time, one on each boundary. For simplicity let

us first consider the AdS-Schwarzschild black hole in 4 dimensions. We will denote

the time on the left boundary as tL and the time on the right boundary as tR. From

these two points on the boundary (see Figure 3.1 for a depiction), we draw four

null rays, and the WdW patch is the region in the bulk enclosed between rays (and

possibly the past and future singularities) 4.

4The WdW patch as described here extends all the way to the boundary, and therefore the action
evaluated on the WdW is divergent. To extract a finite answer, we have to choose a regularization.
One could simply cut off the patch at some large radius rcutoff >> r+. Alternatively, one could move
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On the CFT side, picking out two times tL and tR is equivalent to choosing a

tL

tL+δtL tR

B

B'

Figure 3.1: The Wheeler-DeWitt patch of the AdS-Schwarzschild black hole (de-
picted in orange). When tL is shifted to tL + δtL, the patch loses a sliver and
gains another one (depicted in darker orange). The contributions from the Gibbons-
Hawking term are in blue.

quantum state:

|ψ(tL, tR)〉 = e−i(HLtL+HRtR)|TFD〉 (3.51)

where HL and HR are the Hamiltonian on the left and right boundaries, respectively,

and |TFD〉 is the thermofield double state:

|TFD〉 = Z−1/2
∑
n

e−βEn/2|En〉L ⊗ |En〉R (3.52)

The thermofield double state has the properties that it is close to being maximally

entangled, and that the reduced density matrix on either side is the usual thermal

state.

The complexity of a quantum state is, roughly speaking, the minimal number

of quantum gates needed to produce the state from some universally agreed-upon

the two corners of the WdW patch on the boundary to rcutoff , as done in [161]. The regularization
introduces terms which drop out when we take the time derivative of the complexity, and for this
reason we leave the regularization unspecified.
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starting point. The statement of CA-duality is that:

C(|ψ(tL, tR)〉) =
A
π~

(3.53)

where A is the bulk action evaluated on the WDW patch. At late tL, it follows from

CA-duality that the rate of growth of the complexity approaches the mass of the

black hole:

lim
tL→∞

dC
dtL

=
2M

π~
(3.54)

Equation (3.54) is a convincing piece of evidence for CA-duality. This is because it

is reminiscent of a conjectured upper bound on the rate of computation by Lloyd

([162]), according to which the rate of computation is bounded above by the energy.

Let us briefly review the motivation for the Lloyd bound.

The Lloyd bound takes inspiration from another bound known as the Margolus-

Levitin theorem [163]. This latter states that the time τ⊥ it takes for a quantum

state to evolve into a state orthogonal to it is bounded below by:

τ⊥ ≥
h

4E
(3.55)

where E is the average energy of the state. If we take the reciprocal of both sides,

and re-interpret the left-hand side (which has unit of frequency) as the rate of change

of the complexity, we then arrive at the statement that this rate is bounded above

by the energy of the system:

Ċ ≤ 2E

π~
(3.56)

which is the Lloyd bound. We point out that, while the Margolus-Levitin theorem

can be proved using elementary techniques, the Lloyd bound is a conjecture. If

we now compare the Lloyd bound with the prediction of CA-duality ( 3.54) for the

late-time complexification rate, we see that the ADM mass of the black hole plays

the role of energy in the Lloyd bound, and that the bound is saturated at late time.

That the bound is saturated is another conjecture but is appealing: black holes

seem to excel at information-related tasks, since they saturate the Bekenstein bound

[164, 165] and are believed to be the fastest scramblers in nature [166].
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3.3.2 CA-duality, through the lens of black hole chemistry

In this subsection, we take a closer look at the gravity calculation of CA-duality to

derive equation (3.54). This computation itself, of course, can be found in [148, 149]
5. Our contribution in this subsection is to show that the thermodynamic volume

(together with the pressure) arises naturally from the calculation.

First, since the WdW patch is a region with boundary, the action is the sum of

the Einstein-Hilbert action and the Gibbons-Hawking(-York) term:

A =
1

16πG

∫
M

√
−g(R− 2Λ) +

1

8πG

∫
∂M

√
|h|K (3.57)

When we shift tL to tL+δtL, the WdW patch loses a thin rectangle and gains another

thin rectangle as described in dark orange in Figure 3.1. Thus, to compute the rate

of change of the action we have to evaluate the action above on the two orange

rectangles. Observe that all the sides of these two rectangles are null except at the

singularity, and the paper [161] gives a detailed argument that the null boundaries

do not contribute to the Gibbons-Hawking term. Also, since the boundary is not

smooth at the corners of the rectangles, we have to take into account the contributions

localized at these corners (named B and B’ in Figure 3.1). Thus, we see that the

Gibbons-Hawking term contributes at the singularity, at B and at B′ (all of which

are depicted in blue in Figure 3.1):

δA = SV1 − SV2 −
1

8πG

∫
S

KdΣ +
1

8πG

∮
B′
adS − 1

8πG

∮
B

adS (3.58)

Note that V1 and V2 denote the upper and lower dark orange slivers from figure

3.1 respectively, and that a = ln |k·k̄| where k and k̄ are the null normals to the corner

pieces. Let us consider first the difference between the two rectangles SV1−SV1 . Note

that the Ricci scalar of the AdS-Schwarzschild solution is a constant:

R =
2d

d− 2
Λ (3.59)

5A technical remark is in order here. The method of computation in [148, 149] was questioned
by [161], where the calculation was redone with a more careful treatment of the boundary of the
WDW patch. However the conclusion 3.54 remains unchanged. In this section we will follow the
more rigorous treatment of the boundary term as presented in [161].
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This readily follows from the fact that AdS-Schwarzschild is a vacuum solution of

Einstein-Hilbert theory. Thus, if we evaluate the Einstein-Hilbert action on the AdS-

Schwarzschild background, we immediately see that we have something proportional

to the spacetime volume:

SV1 − SV2 ∝
∫
V1

√
−gd4x−

∫
V2

√
−gd4x (3.60)

Thus, after one evaluates the integrals above, we expect to see something which is

schematically the product of a spatial volume and the infinitesimal time interval δt:

SV1 − SV2 = (some spatial volume)δt (3.61)

Let now us do the integral for SV1−SV2 explicitly. When we do this, two remarkable

things happen. The is that the part of the upper rectangle which is outside the future

horizon always cancels with the part of the lower rectangle which is outside the past

horizon, and this happens for any tL thanks to boost symmetry of the black hole 6.

Thus, whatever quantity comes out to be the spatial volume in equation (3.61) only

receives contribution from the black hole interior. The second is that the integral

evaluates to:

SV1 − SV2 = − r3
B

2GL2
δt (3.62)

where rB is the r coordinate of the 2-sphere sitting at B. In the late time limit, we

can easily see by inspection of Figure (3.1) that rB tends to r+. Thus, in the late

time limit, the integral above can be interpreted in the language of the extended

thermodynamics as:

SV1 − SV2 = −
r3

+

2GL2
δt = −PV δt (3.63)

where, in the last equality, we used P = − Λ
8πG

, Λ = − 3
L2 and V = 4

3
πr3

+. Thus,

we have seen how the thermodynamic volume arises from the action evaluated on

the WDW patch. Put differently, the WDW patch provides an interpretation of hte

thermodynamic volume as a measure of the black hole interior, and in the same time,

relates it to the late-time rate of growth of the complexity.

6Indeed the Schwarzschild-AdS metric in Kruskal coordinates only depends on the coordinates
U and V through their product UV , and is therefore invariant under U → eβU and V → e−βV .
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Let us now evaluate the remaining contributions in (3.58) (The algebraic details

are found again in [161]). The contribution of the Gibbons-Hawking term at the

singularity is essentially the ADM mass:

− 1

8πG

∫
S

KdΣ =
3

2
Mδt (3.64)

As for the contribution at the two corners B and B′, one finds:

1

8πG

[∮
B′
adS −

∮
B

adS

]
=

1

4G

[
r2 df

dr
+ 2rf log

(
−f
K

)]
r=rB

δt (3.65)

where K is a constant. In the late time limit, where rB → r+, the second term above

vanishes and:
1

8πG

[∮
B′
adS −

∮
B

adS

]
= TSδt (3.66)

Putting everything together, we find the time derivative of the action at late time to

be:
dA
dt

=
3

2
M + TS − PV (3.67)

Next, recall the Smarr relation for AdS-Schwarzschild in 4 dimensions:

M = 2TS − 2PV (3.68)

Using the Smarr relation above, the time derivative of the action simplifies to:

dA
dt

= 2M (3.69)

If we now turn the logics around, we can reinterpret the following slight rewriting of

the Smarr relation:

2M =
3

2
M + TS − PV (3.70)

as a way to keep track of the different contributions to the complexity growth: the

left-hand side corresponds to the total growth, the term with M on the right-hand

side is the contribution from the singularity of the WdW patch, the term with TS

is the corner contributions which end up on the horizon at late time, and finally

the term with PV is the contribution from the black hole interior away from the

singularity.
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3.3.3 Complexity = Volume 2.0

As we have learned from (3.63), in the case of AdS-Schwarzschild, the late-time rate

of change of the bulk action evaluated on the WDW patch gives the product PV , or

equivalently the late-time rate of change of the spacetime volume of the WDW patch

is the thermodynamic volume V . These observations beg the question of whether

P and V can serve as the basis for a new, alternative proposal for the complexity

alongside with CA-duality. In this subsection, we will make the case that a possible

holographic dual to the complexity is the spacetime volume of the WDW patch.

As previously noted, what we are looking for in proposing a holographic dual

to the complexity is a linear growth at late time, together with consistency with

the Lloyd bound. On the information-theoretical side, the linear growth of the

complexity at late time is generally believed to be true but is surprisingly hard to

prove 7. It is straightforward to see that the complexity of the thermofield double

state is bounded above by a linear function of time:

C(|ψ(t)〉) < t · poly(K) (3.71)

almost by definition of the complexity. To see this, recall that the complexity is the

smallest number of quantum gates needed build a state, hence any way to build the

state automatically establishes an upper bound on the complexity. In particular,

time-evolving the thermofield double state the usual way in quantum mechanics es-

tablishes the upper bound (3.71). To establish that the complexity grows linearly at

late time, one needs to also bound the complexity from below by a linear function of

time. This is a highly non-trivial task, but there are two promising directions. One

of them is a recently proved theorem by Aaronson and Susskind [167] which estab-

lishes a lower bound for the complexity (modulo the possibility that an improbable

statement in complexity theory is true). The other direction is Nielsen’s idea of the

complexity geometry [168] where finding the complexity reduces to the problem of

finding geodesics on a curved manifold.

7“Late time” in this statement refers to timescales exponential in the entropy. For much later
times (doubly exponential in the entropy), quantum recurrence kicks in and the complexity peri-
odically returns to zero.
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On the gravity side, as noted in the introduction already, one can associate various

geometrical quantities to the ERB which all grow linearly in size at late time, so

this property of the complexity alone allows for quite some freedom in proposing a

holographic dual. A simple illustration of this non-uniqueness phenomenon (given

in [157]) is a geodesics in the BTZ black hole anchored at boundary times tL and tR.

The length of such a geodesic is given by (for the case r+ = L):

d(tL, tR) = 2 log

(
cosh

1

2
(tL + tR)

)
(3.72)

If we keep tR fixed and send tL →∞, we find that indeed the leading term is linear in

tL. Another geometrical entity whose size grows linearly at late time is the maximal

surface spanning the wormhole. As previously noted, this quantity served as the

basis for an earlier proposal by Brown et al known as CV-duality [157].

Taking inspiration from CV-duality and CA-duality, we would like to propose

now that the complexity is dual to the spacetime volume of the WDW patch (more

precisely the spacetime volume multiplied by the pressure):

C ∼ 1

~
P (Spacetime Volume) (3.73)

In the late time regime, by design we will have:

Ċ ∼ PV

~
(3.74)

We will refer to this proposal as “complexity=volume 2.0”.

Next, we ask the question of whether “complexity=volume 2.0” satisfies the Lloyd

bound. Naively, it might seem that the Lloyd bound favors CA-duality over our

proposal, because we have the mass M coming out of CA-duality calculation as

opposed to PV , and the Lloyd bound refers to the energy of the system.

However, we can form 3 quantities with the dimension of energy out of the stan-

dard thermodynamical variables, by multiplying each variable by its conjugate. Thus

we have: M , TS and PV . While M seems to be the “correct” energy from the view-

point of the Lloyd bound, it is TS which should be identified as the complexification
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rate from the viewpoint of quantum circuits [157]. To see this, [157] argues that if we

think about the CFT as a quantum circuit of K qubits, then the complexity grows

linearly in time with slope K:

C(tL, tR) = K|tL + tR| (3.75)

To convert between the quantum circuit picture and the field theory picture, we iden-

tify K with the entropy S of the CFT, and use the temperature T to convert between

the CFT time and the quantum circuit time. Thus, we find after the translation:

C(tL, tR) ∼ TS|tL + tR| (3.76)

and

Ċ ∼ TS (3.77)

On the other hand, one could make similar arguments to make the case that the

complexification rate should be PV . The complexity should again be proportional

to the number of degrees of freedom, which for a discretized CFT is roughly the

central charge times the number of lattice sites. Now by the holographic dictionary

we know that the central charge is dual to what we have been calling the pressure.

For example in 3 bulk dimensions we have the Brown-Henneaux formula [169]

c =
3L

2G
∝ P−

1
2 (3.78)

It furthermore seems reasonable that the volume would roughly encode the number

of sites. Thus, one can schematically write down:

C = PV (tL + tR) (3.79)

and the complexification rate at late time is PV .

We end this section by noting that for most black holes all 3 quantities M , TS

and PV have the same order of magnitude. To see this, we express these quantities

as functions of r+ and L:

M =
r+

2

(
1 +

r2
+

L2

)
(3.80)
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TS =
r+

4

(
1 +

3r2
+

L2

)
(3.81)

PV =
r3

+

2L2
(3.82)

For r+ >> L (i.e. large black holes), we then find

M ≈
r3

+

2L2
(3.83)

TS ≈
3r3

+

4L2
(3.84)

Interestingly, the two quantities M and TS differ by an O(1) numerical factor, while

M and PV become the same quantity ! Thus, for high temperatures at least, it

does not make much of a difference whether the rate of growth of the complexity

is thought of as M , as TS or as PV . Given that there are ambiguities associated

with defining the complexity (such as overall numerical factors), the discrepancies

between M , TS and PV seem relatively easy to accomodate.

3.4 Thermodynamic Volume and Complexity:

Conserved Charges

Given the clean connection between the Schwarzschild-AdS WDW patch with the

thermodynamic volume and the complexity, it is natural to ask whether we can

also establish similar connections for charged and rotating solutions. Unfortunately,

within the framework of CA-duality, the situation for charged and rotating black

holes is not as clean, and the gravity calculation does not respect the Lloyd bound.

In this section, however, we will simply present the computation of the complexity

according to “complexity=volume 2.0” for a variety of charged black holes, and

demonstrate that - like in the uncharged case - the thermodynamic volume and the

pressure emerge naturally from the late-time rate of growth. We will relegate the

interesting question of consistency with the Lloyd bound to the next section.

On the gravity side, for both charged and rotating black holes, the Penrose di-

agram is qualitatively the same. In Figure 3.2, we depict their Penrose diagram
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together with the WDW patch. Note that the WDW patch is qualitatively different

from that of the Schwarzschild-AdS solution: the upper part of the patch no longer

runs into a singularity, but approaches the inner horizon at late time.

tL

tL+δtL

tR

r+ r+

r+r+

r- r-

r-r-

Figure 3.2: The Penrose diagram of a charged and/or rotating black hole and a
Wheeler-DeWitt patch (depicted in orange). When tL is shifted to tL+δtL, the patch
loses a sliver and gains another one (depicted in darker orange). The singularity is
in red, and the horizons are dashed.
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3.4.1 Electrically charged black holes

Let us start with the Reissner-Nordström black hole in n+2 dimensions. The metric

together with the gauge field are given by:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

n (3.85)

f(r)) = 1− ωn−1

rn−1
+

q2

r2(n−1)
+
r2

L2
(3.86)

A =

√
n

2(n− 1)

(
q

rn−1
+

− q

rn−1

)
dt (3.87)

As mentioned in the introduction, the thermodynamic volume is well-known and

looks like the geometric volume of a ball in flat space:

V± =
Vol(Sn)

n+ 1
rn+1
± (3.88)

where the subscript ± of course refers to either horizon. The spacetime volume of

the WDW patch takes the form:

Spacetime volume =
Vol(Sn)

n
(rn+ − rn−)(tL + tR) + . . . (3.89)

where the ellipsis stand for terms which are time-independent (and therefore drop out

from the time derivative of the complexity) or are exponentially suppressed at late

time. We recognize the difference between thermodynamic volumes in the equation

above. At late time, then, we have as advertised:

lim
tL→∞

Ċ =
P (V+ − V−)

~
(3.90)

Note the slight difference compared with the Schwarzschild-AdS case: the late-time

complexification rate is now proportional to the difference between the two thermo-

dynamic volumes. Let us end this subsection by mentioning the 3-dimensional case

of the charged BTZ black hole. Here there is potential for some surprise, since the

volume takes the somewhat different form:

V± = πr2
± −

π

4
Q2L2 (3.91)
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But in the end, the second term on the right-hand side above drops out of the

difference V+− V−, and the late-time rate of change of the complexity still takes the

form (3.90).

3.4.2 Rotating Black Hole

Next, we move on to discuss rotating holes. Like the Schwarzschild-AdS case, rotating

holes are vacuum solutions of the Einstein-Hilbert action, and this again implies that

the on-shell Einstein-Hilbert action (ignoring boundary contributions) is proportional

to the pressure multiplied by the spacetime volume of the WDW patch:

SEinstein−Hilbert ∝
1

L2

∫
dnx
√
−g ∝ P (Spacetime volume) (3.92)

Thus, like for the Schwarzschild-AdS case, the distinction between the bulk action

(i.e. without the boundary term) and spacetime volume is not very important here.

In the simple case of the rotating BTZ black hole, the metric reads:

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2

(
dφ− J

2r2
dt

)2

(3.93)

The thermodynamic volume can be found to be (see for example [131] for the outer

horizon volume):

V± = πr2
± (3.94)

After some calculation, the late time rate of complexification is again found to be

proportional to the difference between the two thermodynamic volumes:

Ċ = P (V+ − V−) (3.95)

Next, we move on to discuss the case of rotating black hole in higher dimensions (the

Kerr-AdS). This case is substantially richer and more interesting, as the analysis

of the thermodynamics is somewhat different depending on whether the spacetime

dimension is odd or even (see [159]), and there are two possible notions of volume one

can identify. For simplicitly, we will focus on the 4-dimensional case. The solution

135



is given by:

ds2 = −(1 + g2r2)∆θ

1− a2g2
dt2 +

(r2 + a2) sin2 θ

1− a2g2
dφ2 +

ρ2dr2

∆r

+
ρ2dθ2

∆θ

+
2mr

ρ2(1− a2g2)2
(∆θdt− a sin2 θdφ)2 (3.96)

∆r = (r2 + a2)(1 + g2r2)− 2mr (3.97)

∆θ = 1− a2g2 cos2 θ (3.98)

ρ2 = r2 + a2 cos2 θ (3.99)

Here a = J/M is the ratio of the angular momentum to the mass. The late-time

growth of the bulk Einstein-Hilbert action was computed in [170]:

dA
dtL

= − 1

2G(L2 − a2)

(
r3

+ + a2r+ − r3
− − a2r−

)
(3.100)

which again is proportional to the spacetime volume by virtue of the solution being

a vacuum solution. As for the thermodynamic volume, we have two different notions

of volume depending on whether the analysis is done in a non-rotating or rotating

frame at infinity. Following [159], we refer to the volume in the non-rotating frame

as the thermodynamic volume and the one in the rotating frame as the geometric

volume. The latter admits a geometrical interpretation 8:

V+ =
1

3
r+A+ (3.101)

where A is the area of the horizon:

A+ = 4π

(
r2

+ + a2

1− a2/L2

)
(3.102)

Putting the two equations above together, we have:

V+ =
4

3
πr+

(
r2

+ + a2

1− a2/L2

)
(3.103)

8We also note here that the thermodynamic quantities derived in the rotating frame obey the
Smarr relation [159] but not the first law. On the other hand, the thermodynamic quantities derived
in the non-rotating frame at infinity do obey a first law (in addition to a Smarr relation) and can
be derived from the Iyer-Wald formalism.
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As in the previous cases, we can define define a second volume V− associated to the

inner horizon by the replacement r+ → r− in V+:

V− =
4

3
πr−

(
r2
− + a2

1− a2/L2

)
(3.104)

Comparing equations (3.100) and (3.103), and converting from the bulk action to

the spacetime volume, we finally find:

Ċ = P (V+ − V−) (3.105)

To help gain intution, in Figure 3.3, we plot the angular momentum-to-mass ratio a

versus V+ − V− for fixed M and L.

10 20 30 40 50 60
V+-V-

0.2

0.4

0.6

0.8

1.0

1.2

a

Figure 3.3: Given M and L, we vary the angular momentum to mass ratio a and for
each value solve numerically for V = V+ − V−. Notice that a = 0, which reduces to
the Schwarzschild case, has the maximal V . As we approach extremality, which here
occurs as the plots flatten out on the left (In flat space exremality occurs for a = 1,
but this is modified by the AdS length dependence of the metric), V tends towards
zero. In the plot green is for M = 5, L = 1, blue is for M = 2, L = 3, and red is for
M = 1, L = 2.
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3.5 Action or Volume?

In this paper we have discussed two different possible holographic identifications of

the complexity of the boundary thermofield double state. On could identify this

complexity on the one hand with the action of the Wheeler-DeWitt patch, and on

the other hand with the spacetime volume of the same. These two quantities behave

in a rather similar fashion, and one is naturally led to ask whether any advantage

can be identified for one or the other. One advantage is that there are no boundary

terms, which in higher curvature theories could have problems near a singularity.9.

In this section we seek to answer this question as regards the Lloyd bound [162].

3.5.1 The Lloyd Bound with conserved charge

In this subsection, let us derive the Lloyd bound in the presence of a conserved

charge. As argued in [149], the existence of conserved charges puts constraints on

the system and implies that the rate of growth of the complexity at late time is

slower than in the case without charges. Let us start by generalizing the thermofield

double state to include a chemical potential µ:

|TFDµ〉 =
1√
Z

∑
n

e−β(En+µQn)/2|EnQn〉L|En −Qn〉R (3.106)

This state time-evolves by the Hamiltonian HL +µQL on the left, and HR−µQR on

the right: 10

|ψ(tL, tR)〉 = e−i(HL+µQL)tLe−i(HR−µQR)tR |TFDµ〉 (3.107)

Based on this, one would guess that the appropriate generalization of the Lloyd

bound is:

Ċ ≤ 2

π~
(M − µQ) (3.108)

This however violates our intuition that as zero temperature system, the complex-

ification rate of an extremal black hole should be zero, and that the bound should

reflect this. It thus seems appropriate to modify the above to
9We thank Adam Brown for pointing this out to us.

10Note the difference in the sign of µ between HL and HR. This is because the electrostatic
potential is positive on one side and negative on the other.

138



Ċ ≤ 2

π~

[
(M − µQ)− (M − µQ)gs

]
(3.109)

where (M − µQ)gs is nothing but M − µQ evaluated in the appropriate ground

state, which will be either empty AdS or an extremal black hole depending on the

case under consideration. If we think of our system as being in the grand canonical

ensemble, it is most natural to take the ground state to correspond to the geometry

whose chemical potential is the same as the black hole under consideration. As it

happens, this is nothing but pure AdS for black holes with µ ≤ 1, but for µ > 1 it

corresponds to some extremal black hole (In units where G = 1).

3.5.2 Bound Violation: Near the Ground State

Now we will check to see whether the Lloyd bound is obeyed by the two proposals

at hand. For simplicity we restrict our attention to 4-dimension, and work in units

where G = 1. First we consider the case where µ > 1. Expanding the outer horizon

radius near extremality, we find that

r+ ≈ re

(
1 +

√
3

µ2
√
µ2 − 1L

δM +O(δM2)

)
(3.110)

Where δM := M −Me, M is the total mass of the black hole, and re and Me are

the radius and mass respectively of an extremal black hole with the same chemical

potential as the one we are considering. We likewise may expand the inner horizon

as

r− ≈ re

(
1−

√
3

µ2
√
µ2 − 1 (2µ2 − 1)L

δM +O(δM2)

)
(3.111)

From these we can expand Ċ under both proposals as

ĊV = P
(
r3

+ − r3
−
)
≈ r3

e

[
9
√

3
√
µ2 − 1

4πµ2 (2µ2 − 1)L3
δM +O(δM2)

]
(3.112)
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ĊA =
Q2

r−
− µQ ≈ 2 (µ2 − 1)

2µ2 − 1
δM +O(δM2) (3.113)

On the otherhand the bound is given by

(M − µQ)− (M − µQ)e ≈
√

3
√
µ2 − 1

2µ4L
δM2 +O(δM3) (3.114)

We thus see that both proposals must violate the Lloyd bound near extremality.

This is in agreement with [149].

Next we consider µ ≤ 1, in which case we expand around empty AdS. Here the

bound becomes to lowest order

2 (M − µQ) ≈
(

1− 2µ2

µ2 + 1

)
M = 2

(
1− µ2

1 + µ2

)
M (3.115)

But Ċ becomes under each proposal

ĊV ≈
3 (1− µ6)

π (µ2 + 1)3 L2
M3 +O(M5) (3.116)

ĊA ≈ 2

(
1− µ2

1 + µ2

)
M +O(M3) (3.117)

We see immediately that the bound is satified in CV-duality sufficiently near

extremality, but the bound is far from saturated.The situation with CA-duality is a

bit more complex: ĊA exactly saturates the bound to lowest order in M , and so the

lower order behavior becomes important. Expanding the bound violation (i.e. the

difference between ĊA and the bound) directly we find to lowest order

ĊA − 2 (M − µQ) ≈ 8µ2

(µ2 + 1)2 L2
M3 + ... (3.118)

As this term is positive definite, we see that the bound is violated as we approach

empty AdS. This would seem to put CV-duality in a slightly better position than

CA-duality, though the expectation that the bound should be saturated, or nearly

so is not met in this case.
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3.5.3 Bound Violation: Exact Results

In the µ ≤ 1 case, one can in fact do better. We can find the bound violations

as an exact function of the inner and outer horizon. Note of course that these are

only valid over the region in r+, r− space where µ ≤ 1. The exact expressions in 4

dimensions are

ĊV − 2(M − µQ) =
2L2(r− − r+) + r3

− + 2r2
−r+ + 2r−r

2
+ − r3

+

2L2
(3.119)

= −(r+ − r−)3 + 2L2(r+ − r−) + r+r−(r+ − 5r−)

2L2

and

ĊA − 2(M − µQ) =
r+r−(r+ + r−)

L2
(3.120)

The second expression is clearly positive definite, and so the under CA-duality

the bound is always violated for µ ≤ 1. Now the exact expression for the chemical

potential is

µ =

√
r−(L2 + r2

− + r−r+ + r2
+)

r+L2
(3.121)

From this we may conclude that

µ2 ≤ 1⇒ r−(r2
+ + r+r− + r2

−) ≤ L2(r+ − r−) (3.122)

and so

ĊV − 2(M −µQ) ≤
−(r+ − r−)3 − 2r−(r2

+ + r+r− + r2
−)− r+r−(r+ − 5r−)

2L2
(3.123)

= −
r3

+ + r3
−

2L2
≤ 0

and so we may conclude that CV respects the bound everywhenever µ ≤ 1.
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Generalizing further to arbitrary dimension d > 3, we find that

ĊA − 2(M − µQ) =
(d− 2)Ωdr

d
+r

d
−(r2

+ − r2
−)

8πL2(rd+r
3
− − r3

+r
d
−)

(3.124)

Which is a positive definite quantity. This in fact recovers a result already derived

by [170]. Being, for now, a bit less ambitions with the CV quantity, we find in 5

dimensions

ĊV − 2(M − µQ) = −
3π
(
2L2

(
r2

+ − r2
−
)

+ r4
+ − 2r2

−r
2
+ − r4

−
)

8L2
(3.125)

and

µ2 =
3πr2

−
(
L2 + r2

− + r2
+

)
4L2r2

+

≤ 1⇒ r2
+ ≥

3πr2
−
(
L2 + r2

− + r2
+

)
4L2

(3.126)

from which we get

ĊV −2(M−µQ) ≤ −
3π

(
2L2

(
3πr2−(L2+r2−+r2+)

4L2 − r2
−

)
+ r4

+ − 2r2
−r

2
+ − r4

−

)
8L2

(3.127)

= −
3π
(
(3π − 4)L2r2

− + (3π − 2)r4
− + (3π − 4)r2

−r
2
+ + 2r4

+

)
16L2

≤ 0

And so CV duality in 5 dimensions respects the bound whenever µ2 < 1. We

conjecture without proof that CV-duality repects the Lloyd bound whenever µ2 ≤ 1

for all AdS-RN spacetimes.

3.5.4 Altering the Bound by a Pre-Factor

We have considered the Lloyd bound in it’s usual form,

Ċ ≤ 2E

π~
. (3.128)

It would seem, however, due to the arguments leading to this bound, that the

bound should only be trusted up to an overall factor. It would be interesesting,
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therefore, to see how robust the above discussion is under the insertion of some

pre-factor. For example, under which proposals and sets of circumstances does

Ċ ≤ αE

π~
. (3.129)

hold for various values of α. For example, for α = 1 for the AdS-RN case we find:

ĊV − (M − µQ) =
r+r−(r+ + r−)− L2(r+ − r−)

2L2
(3.130)

and, using the inequality (3.122) again, we find:

ĊV − (M − µQ) ≤ −
r3
−

2L2
< 0 (3.131)

Hence the value α = 1 is also consistent with the bound. We leave further explo-

rations of other values of α to future research.

3.6 Conclusion

Let us summarize the main findings in this paper and sketch out some future di-

rections. In the first part of the paper, we analyzed the notion of thermodynamic

volume from the viewpoint of the Iyer-Wald formalism. Using a slight generalization

this formalism, we present a systematic way to derive the volume and illustrate it in

two cases: the charged BTZ black hole and the R-charged black hole. In the latter

case, our method explains several interesting and intriguing features of the thermo-

dynamic volume, and we believe that it will prove useful to compute the volume of

many more complicated black hole solutions in the future. Of particular interest are

Lifschitz black holes [171, 172]. Even though the computation of the volume for the

R-charged black hole was a bit involved, it is still relatively simple since we saw that

perturbing the coupling g leaves all the matter fields unchanged. In comparison,

we do not have this luxury in the case of Lifschitz solutions: a generic feature of

these spacetimes is the fact that the profiles of the matter fields depend explicitly on

the cosmological constant (this property is somehow related to the fact that these
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spacetimes are not asymptotically AdS), so varying the cosmological constant will

affect the matter fields.

In the second part of the paper, we related the thermodynamic volume to the

holographic proposals for the complexity. In particular, we showed that the thermo-

dynamic volume (together with its conjugate the pressure) is intimately related to

the WDW patch of an eternal AdS black hole, and this holds for a large class of AdS

black holes. This intimate relationship can be stated cleanly in two different ways:

On one hand, the rate of change of the WDW spacetime volume in the late time limit

is precisely the thermodynamic volume (if there is only one horizon) or the difference

of thermodynamic volumes (if there are two horizons). On the other hand, the bulk

action evaluated on the WDW patch (ignoring boundary contributions) is the sum

of “work terms” involving pressure-volume and charge-potential. The several differ-

ent ways to arrive at the thermodynamic volume presented in this paper may be a

little confusing to the reader, so let us state again the relationship between them:

The thermodynamic volume may be defined in the usual thermodynamic fashion as

the partial derivative of the ADM mass with respect to the pressure. The volume

computed by the Iyer-Wald formalism is by construction the same quantity. We

conjecture that this should further correspond to the late-time value of the time

derivative of the spacetime volume of the Wheeler-DeWitt patch, and have checked

several examples, but have no proof that this holds generally.

How to take this story further? As mentioned in the introduction, a tensor

network picture of the black hole interior was introduced by Hartman and Maldacena

in [155]. Tensor network is a topic of much recent interest for holographers [173, 174,

175, 176] with an eye on the emergence of spacetime. Thus one can ask the question:

can the pressure-volume variables be understood in the language of tensor networks

or quantum circuits ? Also, according to black hole complementarity [177, 178], the

black hole interior is an example of emergent space par excellence. Thus, one can

hope that the pressure and volume variables can prove helpful to our understanding

of quantum gravity in the future.
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[11] H. Thirring, Über die Wirkung rotierender ferner Massen in der

Einsteinschen Gravitationstheorie., Physikalische Zeitschrift 19 (1918) . 6

[12] H. Thirring, Berichtigung zu meiner Arbeit: “Über die Wirkung rotierender
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