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Assessing Sample Size and Mobility Limits for a Two-Level Multiple Membership 

Random Effects Model 

 

Meaghann Marie Wheelis, Ph.D. 

The University of Texas at Austin, 2017 

 

Supervisor:  Keenan Pituch 

 

 The purpose of the present study was to examine the minimal sample sizes and 

mobility rates needed for accurate estimation with the multiple-membership random effects 

model (MM-REM), and the conditions in which the MM-REM provided improved 

estimation over a traditional multilevel model (MLM).  The mobility rate, level one and 

level two sample size, and the ICC for the level one predictor were manipulated for both a 

traditional MLM and an MM-REM.  Relative parameter bias, relative standard error bias, 

and credible interval coverage were evaluated across 36 conditions for both methods. 

 Standard error estimates of the intercept were negatively biased and credible 

interval coverage was low for both methods, and estimation improved as the level one 

sample size increased and as the ICC for the level one predictor decreased.  Additionally, 

for MLM estimates, standard error bias decreased and credible interval coverage improved 

as the mobility rate decreased.   

Negative relative parameter bias was found for estimates of the level two 

coefficient, which was found to increase as the mobility rate increased for both methods.  

The level two variance component was overestimated with the MM-REM and 
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underestimated with the MLM, and credible interval coverage was low for both methods.  

Estimation improved for MM-REM estimates as the level two sample size increased, and 

as the mobility rate decreased for MLM estimates. 

The results from the study suggest that, if applied researchers are interested 

primarily in estimates of the regression coefficients associated with predictors, both the 

MLM and the MM-REM provide accurate estimates of the level one coefficient, and 

accurate credible intervals for estimates of the level two coefficient.  When applied 

researchers are interested in the variance components, however, the MM-REM should be 

used over the MLM when mobility exceeds 10% and the level two sample size is 40 or 

greater.  The results of the study for each condition, in addition to study limitations and 

recommendations for applied researchers, are discussed. 
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Chapter 1: Introduction 

Statistical models are used in a variety of disciplines to predict outcomes using a 

set of explanatory variables.  In educational research, single-level regression may be 

employed to predict student outcomes, such as achievement test scores, using student and 

school characteristics.  In cases where observations are members of groups or clusters, as 

in the case of students within schools, the assumptions for these single-level models are 

violated and bias in estimates (under- or over-estimation) can occur (Steele, 2008).  

Multilevel models (MLMs) provide advantages over traditional single-level methods and 

are useful in these situations to properly account for group membership. 

The use of MLMs in educational research is common in situations where the data 

elements are nested within each other, as in the example of students within schools.  In 

some cases, data are “purely” nested, where lower level units (such as students) are 

members of only one upper level unit (such as schools).  However, situations exist where 

lower level units are members of more than one upper-level unit. For example, students 

may move to a new location and change schools within an academic year, resulting in 

membership within more than one school unit. In these cases, the traditional “purely” 

nested model, if applied, would ignore important effects due to membership in more than 

one group and may result in under- or over-estimation of various effects (Chung & 

Beretvas, 2012).  Multiple membership random-effects models (MM-REMs) can be 

employed when mobility is present in the data, and properly model mobility of lower-level 

units. 
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Kreft (1996) proposed the “30:30” rule for determining the minimal sample size at 

each level for MLMs.  Although estimates of fixed effects and variance components have 

been found to be minimally biased in conditions with as few as ten groups with five per 

group, the standard error estimates for variance components were substantially biased in 

these conditions with small samples (Maas & Hox, 2005; McNeish & Stapleton, 2014).  A 

recommendation of a minimum of 50 to 100 groups is cited by authors in order to provide 

accurate standard error estimates (McNeish & Stapleton, 2014).   

 Previous methodological studies with the MM-REM included a minimum of 50 

groups (Chung & Beretvas, 2012; Galindo, 2014; Smith, 2012; Wolff Smith & Beretvas, 

2013) with a minimum of 20 per group (Smith, 2012).  In a methodological study 

comparing a traditional MLM to an MM-REM, bias was found in estimates of the level 

two fixed effects and in the level one and level two variance components when mobility 

was ignored with a traditional MLM (Chung & Beretvas, 2012).  Additionally, model fit 

was improved with the MM-REM versus the traditional MLM that ignored mobility.  The 

authors suggested that correctly modeling mobility with the MM-REM is important in 

providing unbiased parameter estimates in conditions when 10% to 20% of cases are 

mobile.   

In applied research with the MM-REM, Chandola, Clarke, Wiggins, and Bartley 

(2005) found mixed results in parameter estimates and model fit when comparing an MM-

REM and a traditional MLM.  The authors attributed their findings to the low mobility rate 

found in the study sample, as a maximum of six percent of cases were mobile.  These 

results suggest a need for further examination into the minimal degree of mobility required 
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for MM-REMs to produce less biased estimates as compared to traditional MLMs.  If a 

traditional MLM does not produce biased estimates with a low mobility rate as compared 

to an MM-REM, a researcher may opt for the less complex MLM in an applied study with 

a minimal degree of mobility. 

 Although previous studies (Bell, Morgan, Schoenberger, Kromrey, & Ferron, 2014; 

Kreft, 1996; Maas & Hox, 2005; McNeish, 2014; McNeish & Stapleton, 2014) suggested 

a minimum of 30 to 100 groups needed for accurate estimation with traditional multilevel 

models, obtaining these large samples may be impractical in applied research.  Providing 

monetary incentives to encourage participation is costly, and in some settings the sample 

size may be naturally small.  Previous methodological research with the MM-REM has not 

considered various mobility rate or sample size requirements to determine the minimum 

needed for accurate estimation with the MM-REM as compared to a traditional MLM.  The 

purpose of the present study is to evaluate the impact of various sample sizes and mobility 

rates on parameter estimates for a two-level MM-REM as compared to a traditional MLM, 

in order to determine the minimal sample size and mobility rate needed to produce unbiased 

parameter estimates for both methods.  The results from an MM-REM and a traditional 

MLM were compared in order to answer the following research questions:  

1. How do the manipulated conditions (mobility rate, level one sample size, level 

two sample size, and the ICC on the predictor) impact relative parameter bias, 

relative standard error bias, and credible interval coverage for an MM-REM as 

compared to a traditional MLM? 
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2. How does the combination of the sample size at each level and the mobility rate 

impact relative parameter bias, relative standard error bias, and credible interval 

coverage for an MM-REM as compared to a traditional MLM?   

3. What is the minimal sample size needed at each level for accurate estimation of 

fixed effects, variance components, and their standard errors with an MM-

REM, given the conditions included in this study? 

4. Under which conditions, if any, does the incorrectly specified traditional MLM 

provide for accurate estimation of fixed effects, variance components, and their 

standard errors, given the conditions included in this study? 

The mobility rate, level one sample size, level two sample size, and the ICC on the 

predictor were manipulated for two models: an MM-REM that incorporated mobility, and 

a traditional MLM that ignored mobility and included only the last unit of membership.  

Relative parameter bias, relative standard error bias, and credible interval coverage were 

examined for fixed effects, variance components, and standard error estimates produced 

for both MLM and MM-REM estimates. 

 

 

  



 5 

Chapter 2: Literature Review 

INTRODUCTION TO MULTILEVEL MODELING 

Multilevel modeling, also known as hierarchical linear modeling or random-effects 

modeling, is used to model data structures where cases are nested within higher level 

groups (Raudenbush & Bryk, 2002). In primary and secondary education, a multilevel 

model could be used to model students who are members of (or are nested in) classrooms, 

schools, and districts.  Multilevel modeling in postsecondary education may involve 

students or faculty who are members of academic departments within universities. These 

nested models can also be used in cases where multiple assessments are collected for a 

group of individuals over time, resulting in a structure with assessments nested within 

individuals.  In any discipline, multilevel models (MLMs) allow for researchers to examine 

between-group variability as well as the effects of group-level variables on the outcome 

for individuals (Steele, 2008). 

Multilevel modeling provides a number of advantages over other traditional 

techniques.  Consider an example where students (denoted by the subscript i) complete an 

assessment, and a researcher is interested in examining differences in this assessment with 

a single binary (0, 1) predictor.  For this example, a traditional regression model is 

represented as: 

𝑌𝑖 =  𝐵𝑜 +  𝐵1𝑋𝑖 +  𝑒𝑖,                                                                                               (1) 
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where individual i’s expected outcome (𝑌𝑖) is the linear combination of the expected value 

of the outcome measure (𝐵𝑜) when the predictor is equal to zero (𝑋𝑖 = 0), the product of 

the slope for the predictor (𝐵1) and the individual’s value on the predictor (𝑋𝑖), and a 

residual term (𝑒𝑖).  Traditional regression models include assumptions that the residuals 

are normally distributed with a mean of zero such that 𝑒𝑖~𝑁(0, 𝜎𝑒
2), as well as constant 

variance and independence of the residuals.  If the data were nested such that individuals 

were grouped into higher level units such as schools, it would be expected that outcomes 

of individuals within the same school would be more alike than they would be with those 

from another school due to shared features within the school.  Any dependence that exists 

between observations (such as students within schools) would violate the assumption of 

independence, resulting in negatively biased estimates of standard errors (Steele, 2008).  

This may lead to narrow confidence intervals and could ultimately result in falsely rejecting 

the null hypothesis and concluding that effects are present when they are not (e.g., Type I 

error).  

As Krull and MacKinnon (2001) noted, the application of a single-level regression 

model to clustered data results in the “unit of analysis” problem; in other words, the use of 

single-level techniques for clustered data results in ignoring one level of the data.  If upper-

level group membership is ignored, important variability due to group membership would 

not be considered. Additionally, the violation of the assumption of independence may lead 

to biased estimates and incorrect inferences, as described above.  In contrast, if the data 

were modeled such that individual variables were aggregated into group variables, 

statistical power would then be impacted as the number of cases would be reduced from 
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the number of individuals to the number of groups.  Any individual variability that exists 

would also be lost, and any inferences about individuals that are made from the results may 

be invalid. Multilevel modeling offers a solution to this issue as these models can account 

for dependence between observations by including higher level groups in the model.  

Additionally, MLMs allow for estimation of variation within and between groups, resulting 

in more accurate estimates of standard errors (Steele, 2008).  A review of two-level MLMs 

is presented in the next section. 

THE TWO-LEVEL MLM 

One common method for presenting MLMs is to display separate equations at each 

level of the data structure.  The number of levels may vary depending upon the application 

and the type of data collected, although two-level models are often used in applied research.  

The following examples are demonstrated with notation and levels formation presented by 

Raudenbush and Bryk (2002).   

The Early Childhood Longitudinal Study – Kindergarten Class of 1998-99 (ECLS-

K) was a study of students entering kindergarten in Fall 1998.  This study included students 

in private and public schools from a nationally representative sample within the United 

States.  Data related to students and their parents, teachers, and schools were collected from 

kindergarten through eighth grade and compiled into a longitudinal data set available for 

researchers.  The ECLS-K data is used to provide an example for multilevel models in the 

next section, with students at level one nested within schools at level two.  This two-level 

model is presented with one predictor included at each level as a simple example of a two-
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level MLM.  Applied studies may include a number of predictors at each level; Raudenbush 

and Bryk (2002) provide further explanation of models with more predictors. 

It is common in multilevel modeling research to first examine the results of an 

unconditional model, which contains no explanatory variables.  Modeling the data without 

any predictors allows for estimation of the variability in the outcome that is associated 

solely with membership at each level (Raudenbush & Bryk, 2002).  Predictors are then 

added in a conditional model to help explain some of the variability at each level.  The 

unconditional model is presented first in this example, followed by the conditional model. 

The Unconditional Two-Level MLM 

The levels formation (Raudenbush & Bryk, 2002) includes an equation or set of 

equations at each level of the data structure.  The subscript i denotes an individual, and the 

subscript j denotes the unit of which individual i is a member.  For the present example, 

individuals are identified as students at level one, and units are identified as schools at level 

two.  At level one of the unconditional model, the outcome (𝑌𝑖𝑗) for student i in school j is 

represented as: 

𝑌𝑖𝑗 = 𝛽0𝑗 + 𝑟𝑖𝑗,                                                                                                                   (2) 

where the intercept 𝛽0𝑗 is the expected outcome for students in school j, and the term 𝑟𝑖𝑗 

represents the unique effect, or residual, for student i.  This residual represents the deviation 

of the outcome score for student i from the expected outcome for school j, and is assumed 

to be normally distributed with a mean of zero and a variance 𝜎2, such that 𝑟𝑖𝑗~N (0, 𝜎2).  

This variance is also assumed to be constant across level two units.   
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At level two, the intercept for school j (𝛽0𝑗) is now modeled as the outcome, and 

the level two equation is represented as: 

𝛽0𝑗 = 𝛾00 + 𝑢0𝑗.                                                                                                  (3) 

Here, 𝛾00 represents the grand mean across all students and schools and 𝑢0𝑗 is a residual 

term which represents the deviation of school j from the grand mean.  This residual term is 

also assumed to be normally distributed with a mean of zero and variance 𝜏00, such that 

𝑢0𝑗~N (0, 𝜏00). 

 By substituting the right side of Equation 3 for  𝛽0𝑗 in Equation 2, a combined 

equation is expressed as: 

𝑌𝑖𝑗 = 𝛾00 + 𝑢0𝑗 + 𝑟𝑖𝑗.                                                                                           (4) 

In Equation 4, the outcome is represented as the combination of the fixed effect grand mean 

across all schools and students (𝛾00), and the residuals, or random effects, of schools (𝑢0𝑗) 

and students (𝑟𝑖𝑗) (Steele, 2008).  The mean of school j is equal to 𝛾00 + 𝑢0𝑗, where positive 

values of 𝑢0𝑗 represent schools with means greater than the grand mean, and negative 

values of 𝑢0𝑗 represent schools with means lower than the grand mean.  Additionally, the 

outcome (𝑌𝑖𝑗) for student i in school j is equal to the combination of the school mean (𝛾00 +

𝑢0𝑗) and the student residual 𝑟𝑖𝑗.  Higher values of 𝑟𝑖𝑗 represent students with higher scores 

relative to the school j mean, and lower values of 𝑟𝑖𝑗 represent students with scores lower 

than the mean for the school. 
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 In the two-level model, the variance is partitioned into two components: 𝜏00, or the 

between-group variance, and 𝜎2, the within-group variance.  If the between-group variance 

were equal to zero, each group mean would be equal to the grand mean and all variance 

would be assumed to be within groups (Steele, 2008).  Conversely, if the within-group 

variance were equal to zero, each individual’s score would be equal to the group mean and 

all variability would be assumed to be between groups.  In order to examine the relative 

magnitude of the variance components, two measures are often employed: the Variance 

Partition Coefficient and the Intraclass Correlation. 

The Variance Partition Coefficient (VPC) is useful to examine the proportion of 

total variance that is attributed between groups (Goldstein, Browne, & Rasbash, 2002), and 

can be calculated as: 

𝑉𝑃𝐶 =  
𝜏00

𝜏00+𝜎2.                                                                                                  (5) 

The VPC in Equation 5 represents the proportion of the total variance that is 

attributed between groups at level two.  The proportion of total variance attributed to 

within-group membership would then be (1 – VPC) for this two-level model, so that the 

two figures sum to 1 or 100%.  In this example, if the VPC were equal to 0.20, 20% of the 

variation in the outcome would be attributed to level two membership or between level two 

units, and the remaining 80% of the variation in the outcome would be within level two 

units between level one units.  

 The intraclass correlation (ICC) represents the degree of homogeneity that is 

between responses within a group, or the correlation between outcomes of two individuals 
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from the same group.  It is expected that two individuals within the same unit are more 

alike than they are with individuals in other units, and that their responses are more highly 

correlated with each other than with scores from individuals in other units (Steele, 2008). 

The ICC is calculated as: 

𝜌 =
𝜏00

𝜏00+ 𝜎2
.                                                                                                          (6) 

An ICC value of 0.20 in the present example indicates a correlation of 0.20 between 

outcomes of two individuals within the same unit.  In this simple example of a two-level 

model without any explanatory variables, the VPC (Equation 5) and the ICC (Equation 6) 

are equal. With more complex models, including three-level models with random effects, 

the equations are not the same for the VPC and the ICC.  The ICC is often reported for 

both methodological and applied studies involving two-level MLMs, for models that both 

include and exclude mobility (Chung & Beretvas, 2012; Maas & Hox, 2005; McNeish & 

Stapleton, 2014; Smith, 2012; Wolff Smith & Beretvas, 2013). 

Adding Predictors at Level One 

Predictors are added in a conditional model to examine effects of specific variables 

on the outcome of interest. These predictors may be dichotomous or continuous, and may 

also be centered to provide more meaningful interpretation of parameter estimates.  The 

models presented in this section include a predictor at level one with a discussion of 

predictor centering for each type of predictor.  With the addition of a continuous 

predictor, 𝑋𝑖𝑗, the level one equation (Equation 2) is now expressed as: 

𝑌𝑖𝑗 = 𝛽0𝑗 + 𝛽1𝑗𝑋𝑖𝑗 + 𝑟𝑖𝑗.                                                                                       (7) 
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As in Equation 2, 𝑟𝑖𝑗 is the residual for student i in school j, or the difference between the 

observed and expected outcome for the student. Now, the intercept (𝛽0𝑗) represents the 

expected outcome for student i in school j whose value on the predictor (𝑋𝑖𝑗) is equal to 

zero.  The slope term 𝛽1𝑗 represents the expected change in the outcome as the predictor 

𝑋𝑖𝑗 increases by one unit.  In other words, 𝛽1𝑗 represents the difference in the expected 

outcome between two students whose predictor values differ by one point, where one 

student has a value of x on the predictor and the other has a value of (x + 1).  

For this example, the interpretation of the intercept as “the expected outcome for 

student i in school j whose value on the predictor (𝑋𝑖𝑗) is equal to zero” may not be 

meaningful if zero is not a plausible value for the predictor.  In these situations, the 

predictor values can be adjusted, or centered, to provide a more meaningful interpretation 

of the intercept (𝛽0𝑗).  The following includes a brief summary of dummy coding for 

dichotomous predictors and centering continuous predictor variables for interpretation.  

For a more detailed explanation of centering issues, see Enders and Tofighi (2007). 

Dichotomous (Dummy-Coded) Predictors 

When the predictor is dichotomous, the interpretation of both 𝛽0𝑗 and 𝛽1𝑗 change 

slightly, although Equation 7 does not change.  If the predictor 𝑋𝑖𝑗 is a dichotomous 

dummy-coded variable, such as gender, the predictor takes on the values 0 and 1 

representing membership in one of two groups, where 𝑋𝑖𝑗 = 0 represents membership in 

one group (here, females) and 𝑋𝑖𝑗 = 1 represents membership in another group (here, 
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males). Now, the intercept 𝛽0𝑗 represents the expected outcome in school j when 𝑋𝑖𝑗 is 

equal to zero, or the expected outcome in school j for females.  Additionally, the slope 𝛽1𝑗 

represents the difference in the expected outcome within school j between students in the 

two different groups, or the difference in the expected outcome between males and females.   

Group-Mean Centering 

Predictors can also be centered within groups (group-mean centered) or across 

groups (grand-mean centered). If a continuous predictor, such as GPA, is group-mean 

centered across students within group j, the level one equation (Equation 2) is now 

represented as: 

𝑌𝑖𝑗 = 𝛽0𝑗 + 𝛽1𝑗(𝑋𝑖𝑗 − 𝑋.𝑗
̅̅̅̅ ) + 𝑟𝑖𝑗,                                                                                     (8) 

where 𝑋.𝑗
̅̅̅̅  represents the mean for group j, and the term (𝑋𝑖𝑗 − 𝑋.𝑗

̅̅̅̅ ) represents the difference 

between student i’s GPA and the mean GPA for the group.  Now, the intercept 𝛽0𝑗 

represents the expected outcome for students whose predictor value is at the mean for 

school j, where the term (𝑋𝑖𝑗 − 𝑋.𝑗
̅̅̅̅ ) is equal to zero.  With group-mean centering, the slope 

term 𝛽1𝑗 represents the expected change in the outcome for school j as the predictor (𝑋𝑖𝑗) 

changes by one unit, or the difference in the expected outcome between students, for 

example, whose GPA is at the school mean and those whose GPA is one unit higher than 

the school mean.  
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Grand-Mean Centering 

When the predictor 𝑋𝑖𝑗 (here, GPA) is grand-mean centered across all students and 

schools, the level one equation is represented as: 

𝑌𝑖𝑗 = 𝛽0𝑗 + 𝛽1𝑗(𝑋𝑖𝑗 − 𝑋..
̅ ) + 𝑟𝑖𝑗,                                                                                       (9) 

where 𝑋..
̅  represents the grand mean on the predictor for all students, and the term (𝑋𝑖𝑗 −

𝑋..
̅ ) represents the difference between the student’s GPA and the grand mean.  As such, 𝛽0𝑗 

represents the expected outcome of school j for students whose value on the predictor is 

equal to the grand mean, where the term (𝑋𝑖𝑗 − 𝑋..
̅ ) equals zero, and the slope term 𝛽1𝑗 

represents the expected change for the outcome of school j as the predictor 𝑋𝑖𝑗 increases 

by one. 

As Enders and Tofighi (2007) noted, group-mean centering is useful when the level 

one predictor is of interest, whereas grand-mean centering is useful when the level two 

predictor is of interest and when the level one predictor is serving as a control variable.  A 

contextual effect is present when the between-group and within-group associations 

between the predictor and outcome differ at two levels of the hierarchy.  When this occurs, 

using centering methods other than group-mean centering may result in bias in the estimate 

of the slope associated with the level one predictor, as this coefficient becomes a weighted 

average of the between- and within-group associations of the outcome on the predictor.  If 

no contextual effect is present, however, the slope term (𝛽𝑖𝑗) is equal for both group-mean 

and grand-mean centering.  As the focus of the present study does not include contextual 
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effects, any centering method (group-mean, grand-mean, or no centering of predictors) is 

appropriate.   

 These examples provide some context for adding predictors to the level one model.  

Predictors can be added at each level of the model to account for variation in the outcome, 

and it is the responsibility of the researcher to determine how these variable(s) are 

represented (e.g., dummy-coded, group-mean centered, etc.).  As Galindo (2014) noted, 

grand-mean centering may be more appropriate for use with multiple membership models 

than group-mean centering, as the researcher would need to determine which group mean 

to use for individuals who are mobile.  In the next section, continuous predictors are added 

at each level of the model to present an example of a conditional two-level MLM.  

The Conditional Two-Level MLM 

With the addition of a continuous predictor, the level one equation (Equation 2) is 

now: 

𝑌𝑖𝑗 = 𝛽0𝑗 + 𝛽1𝑗𝑋𝑖𝑗 + 𝑟𝑖𝑗.                                                                                                       (10) 

In Equation 10, the intercept (𝛽0𝑗) is the expected outcome for students who have a value 

of zero for the predictor (𝑋𝑖𝑗).  The term 𝛽1𝑗 is the slope for the predictor, or the difference 

in the expected outcome between students whose values on the predictor differ by one unit.  

Finally, the term 𝑟𝑖𝑗 represents the residual for student i, and is assumed to be normally 

distributed with a mean of zero and a variance, 𝜎2, such that 𝑟𝑖𝑗 ~ N(0, 𝜎2). 
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With the addition of the predictor at level one, two equations (one for each 

coefficient) are now presented at level two.  These equations, which now include the 

continuous school-level predictor (𝑊𝑗), are expressed as: 

𝛽0𝑗 = 𝛾00 +  𝛾01𝑊𝑗 + 𝑢0𝑗                                                                                (11a) 

𝛽1𝑗 = 𝛾10.                                                                                                         (11b) 

In Equation 11a, 𝛾00 is the expected outcome for students when the predictors at both levels 

are equal to zero. In addition, the slope term 𝛾01 represents the difference in the expected 

outcome when the level two predictor (𝑊𝑗) increases by one unit, holding the level one 

predictor constant.  Finally, 𝛾10 is the within-school predictor’s slope, or the expected 

change in the outcome as the level one predictor changes by one (assuming that no 

contextual effects are present), and the term 𝑢0𝑗 represents the residual for school j that is 

assumed to be normally distributed with a mean of zero and variance 𝜏00. 

  When the right sides of Equations 11a and 11b are substituted for the respective 

parameters in Equation 10, the combined model is: 

𝑌𝑖𝑗 = 𝛾00 +  𝛾01𝑊𝑗 + 𝛾10𝑋𝑖𝑗 + 𝑟𝑖𝑗  + 𝑢0𝑗 .                                                                        (12) 

In this example, the level one slope is modeled as a fixed effect only; that is, this 

effect is not allowed to vary across schools, and the slope is thus assumed to be constant 

for each school. If this slope were modeled as a random effect, where the effect would be 

allowed to vary among schools, the level two equations would be presented as: 

𝛽0𝑗 = 𝛾00 +  𝛾01𝑊𝑗 + 𝑢0𝑗                                     (13a) 

𝛽1𝑗 = 𝛾10 + 𝑢1𝑗 ,                                                                                                             (13b) 
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And the combined model would be represented as: 

𝑌𝑖𝑗 = 𝛾00 +  𝛾01𝑊𝑗 + 𝛾10𝑋𝑖𝑗 + 𝑟𝑖𝑗  + 𝑢0𝑗 +  𝑢1𝑗𝑋𝑖𝑗.                (14) 

For the purposes of the present study, any lower-level predictor was presented as having 

only a fixed effect, which is assumed to be constant across upper levels. Thus, random 

slopes are no longer considered in this study. 

 As Steele (2008) noted, multilevel models consist of two components: a fixed 

component and a random component.  The fixed component, which includes the intercept 

and slope terms (𝛾00, 𝛾01, and 𝛾10 in Equation 12), represents the relationship between the 

dependent variable and the explanatory variables.  The random component, which includes 

the residuals (𝑟𝑖𝑗 and 𝑢0𝑗 in Equation 12), represents the degree to which groups and 

individuals differ on the dependent variable.   

Multilevel models can be extended to higher levels, such as schools, districts, or 

states, depending upon the type of sample and data collection involved in the study.  As 

the present study includes an examination of minimal sample size and mobility 

requirements for accurate estimation with two-level MLMs, higher levels were not 

addressed.  For further examples of three-level models, see Raudenbush and Bryk (2002). 

MOBILITY IN MULTILEVEL MODELING 

The examples presented above follow the assumption that students are “purely” 

nested within only one school.  While this representation is accurate in many cases, it is 

also fairly common for mobility to occur.  For example, within the ECLS-K data, school 

identifiers are collected at various time points to identify the schools of which students are 
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members.  In this example, students may change schools and would therefore have different 

identifiers between the time points in which they moved.  If true mobility is ignored and 

lower-level units are modeled as belonging to only one upper-level unit, the true 

importance (or effect) of upper-level units will be underestimated, which may to lead to 

inferences that are incorrect (Leckie, 2013).  The complexity of these situations can be 

handled using a multiple membership model, which is designed to model mobility.  

In a meta-analysis, Mehana and Reynolds (2004) examined mobility for students 

in elementary schools.  In their review of studies related to mobility, the authors discussed 

three ways in which mobility can impact students’ academic achievement.  First, mobility 

can interrupt the instruction of students as they move between schools with different 

curricula, instructional methods, and teachers.  Additionally, mobility can upset the peer 

connections with students at their schools as mobile students change schools and peer 

groups.  Third, as mobility is more likely to occur in low-income families, it may be an 

indicator of low socioeconomic status and the hardships associated with low income may 

impact student’s achievement. 

The meta-analysis included 26 studies related to reading achievement and 19 

studies related to math achievement.  These studies also examined factors related to 

mobility between kindergarten and sixth grade, with sample sizes ranging from 62 to 

15,000.  The relationships between mobility and both reading and math achievement were 

significant, with effect sizes of -0.25 and -0.22, respectively, indicating that a greater 

mobility rate resulted in lower achievement regardless of any other predictors.    These 
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results, which are consistent with other findings, suggest that mobility is a common and 

complex issue that should be addressed in applied research. 

Beretvas (2010) illustrated the multiple membership model for handling mobility 

using a network graph, as shown in Figure 1 and Figure 2.  Figure 1 represents the 

traditional two-level model, where students at level one are “purely nested” and members 

of only one school at level two.  In this scenario, there is no need to account for individual 

mobility as all students remain within the same school for the time period of the study.  In 

contrast, Figure 2 displays mobility for students 3, 8, and 10, as denoted by the dashed 

lines.  These students are therefore members of multiple schools.  When mobility is present 

in the data, the researcher must choose to either account for the mobility of individuals or 

to ignore their mobility altogether.  Two common methods which account for mobility by 

removing or altering mobile cases are presented in the next section, followed by a 

description of the multiple membership model that is employed in the current study. 

 

Level Two Unit 

(Schools) 

    S1        S2                S3     S4       S5 

Level One Unit       

(Students) 1       2 3        4     5      6 7      8 9      10 11      12 

Figure 1.  A model where students (level one) are purely nested within schools (level 

two). 

Figure 2.  A model where students (level one) are not purely nested within schools (level 

two).  Dashed lines represent students who are members of more than one school. 

Level Two Unit 

(Schools) 

    S1        S2                S3     S4       S5 

Level One Unit       

(Students) 1       2 3        4     5      6 7      8 9      10 11      12 
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The Delete Cases Approach 

In some situations, a researcher may choose to delete cases in which lower-level 

units are mobile, thereby eliminating the need to account for mobility. As Grady and 

Beretvas (2010) noted, this approach reduces statistical power for the analysis and excludes 

a portion of the population from the study (i.e., individuals who transfer units).  While this 

approach provides a “simpler” method to estimate effects, the results are not generalizable 

to all individuals, and it does not account for important effects of mobility that may be 

present. 

The First or Last Unit Approach 

 As an alternative to the “delete cases” approach, a researcher may choose to keep 

only one unit of membership (in this example, one school) for each mobile student.  While 

this approach does not completely exclude cases where mobility is present, it does ignore 

the presence of mobility by only accounting for one unit of membership.  When using this 

approach, the researcher must choose a single unit to which an individual belongs.  Often, 

the first unit or last unit approaches are taken to include only the first or last unit of 

membership for each individual (Chung & Beretvas, 2012).  If data regarding the duration 

of enrollment for each individual in each unit are available, the researcher may also choose 

to include only the unit of which the individual was a member the longest.  Again, any 

effect of mobility that may be present is ignored by this approach, and all effects are 

attributed to the one unit that is included in the model while effects may be better 

distributed among all units attended for each individual. 
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The Cross-Classified Random Effects Model (CC-REM) 

Consider the present example of students nested within schools at level two.  Within 

the ECLS-K data set, students may be members of primary schools between kindergarten 

and fifth grade, and in middle schools between sixth grade and eighth grade.  While some 

primary schools feed directly to middle schools and are purely nested within middle 

schools, it may also be the case that students from the same primary school attend different 

middle schools.  In this second scenario, cross-classification occurs when the set of 

individual units (students) are nested within two classification variables (here, primary and 

middle schools), but neither classification variable is purely nested within the other 

(Beretvas, 2010).  The cross-classified random effects model (CC-REM) handles this 

structure of data by accounting for cross-classification between units in the model.  As the 

present study is focused on data where lower-level units are mobile within units at a higher 

level, and not within multiple classification variables, the CC-REM was not considered.  

For additional information about CC-REMs, see Beretvas (2010). 

The Multiple Membership Random Effects Model (MM-REM)  

 In contrast to the approaches described above, a multiple membership random 

effects model (MM-REM) is useful to handle mobility where lower-level units are mobile 

between upper-level units.  The MM-REM accounts for mobility by assigning a weight for 

each unit of membership, thereby allowing for lower-level units to be members of multiple 

higher-level units.  This approach includes all cases, unlike the delete cases approach, and 

does not exclude membership at any point, as in the first unit or last unit approach.  
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Examples of two-level multilevel models with multiple membership structures are 

presented below. 

When lower-level units are members of more than one upper-level unit, the 

assumption of pure clustering for a traditional MLM is violated.  By employing a multiple 

membership random effects model (MM-REM), however, the effects of mobility are 

accounted for in the model.  With the MM-REM, mobility is modeled by placing weights 

upon the upper-level predictors and residuals to represent membership within each unit.  

Weights are typically assigned in one of two ways.  In Figure 2, suppose student 3 attended 

school 1 for one-third of the year and school 2 for two-thirds of the year.  In this case, the 

researcher could choose to assign equal weight to each school regardless of the duration of 

membership, so the weight would be 50% for each unit.  Another option is to assign weights 

to reflect the duration of membership for each unit, so a weight of 33% would be assigned 

to school 1, and a weight of 66% would be assigned to school 2.  In some cases, the duration 

of attendance may not be known, or some of the unit identifiers may be missing for 

individuals.  Methods for assigning weights and handling missing identifiers are reviewed 

in the summary of relevant research. 

The Two-Level Unconditional MM-REM 

 The MM-REM is first presented for a two-level unconditional model, which 

consists of students at level one (denoted by the subscript i) who may be members of 

multiple schools at level two.  Using multiple subscript notation as presented by Browne, 

Goldstein, and Rasbash (2001), the set of level two schools in the sample are denoted as 
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{j}, and the index h is used to identify the specific set of schools of which a student is a 

member.  The equation at level one is expressed as: 

𝑌𝑖{𝑗} = 𝛽0{𝑗} + 𝑟𝑖{𝑗},                                               (15) 

where the outcome (𝑌𝑖{𝑗}) for student i in the set of schools {j} is modeled as the linear 

combination of the expected outcome for students in the set of schools {j} (𝛽0{𝑗}), and the 

residual for student i (𝑟𝑖{𝑗}).  This residual is assumed to be normally distributed with a 

mean of zero and a variance 𝜎2, such that 𝑟𝑖{𝑗} ~ N (0, 𝜎2).  This equation is similar to 

Equation 2, with the addition of the identifier {j} for the level two units.  The level two 

equation (similar to Equation 3) is now represented as: 

𝛽0{𝑗} = 𝛾00 +  ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} .                                                                           (16) 

Again, the index h identifies the specific set of schools of which student i is a member, 

such that the residual term is weighted for membership within each unit.  The expected 

outcome for schools {j} (𝛽0{𝑗}) is modeled as the combination of the grand mean, 𝛾00, and 

the residuals for the set of schools (𝑢0ℎ) that are each weighted with the term 𝑤𝑖ℎ for the 

membership of students within each level two unit. Finally, the combined unconditional 

model is: 

𝑌𝑖{𝑗} = 𝛾00 + ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} + 𝑟𝑖{𝑗} .                                                               (17) 

In Equation 17, the outcome is represented as the combination of the grand mean (𝛾00), 

the sum of the weighted school residuals (∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} ), and the student residual (𝑟𝑖{𝑗}). 

The ICC can be calculated for the MM-REM to represent the correlation between 

individuals both within the same unit and within two different units, but unlike with the 
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purely nested examples presented in Equations 2, 3, and 4, the residuals now include the 

weighting for individuals.  As Leckie (2013) noted, “unlike in hierarchical and cross-

classified variance components models, […] the total variance is not simply the sum of the 

separate variance components.  This total variance is also not constant, rather it varies 

across students according to their weighting profiles” (p.30).   Therefore, the weight term 

[∑ 𝑤𝑖ℎ
2 ]ℎ∈{𝑗}  is applied to the variance components in order to account for different 

weighting schemes of individuals.  For a two-level MM-REM, the correlation of outcomes 

for individual i and individual i’ is: 

𝐼𝐶𝐶 =  
𝜏00[∑ 𝑤𝑖ℎ 𝑤

𝑖′ℎ
 ]ℎ∈𝑗∪𝑗′

√𝜏00[∑ 𝑤𝑖ℎ
2 ]ℎ∈{𝑗} +𝜎2√𝜏00[∑ 𝑤𝑖′ℎ

2 ]ℎ∈{𝑗′} +𝜎2
.                                                  (18) 

For two individuals who are members of the same one unit, or where j = j’, the ICC reduces 

to the equation represented in Equation 6, as: 

𝐼𝐶𝐶 =  
𝜏00[1]

√𝜏00[1]+𝜎2√𝜏00[1]+𝜎2
=  

𝜏00

𝜏00+𝜎2.                                                              (19) 

In contrast, for two individuals who are mobile and who are members of the same two 

units, the weight terms [∑ 𝑤𝑖ℎ
2 ]ℎ∈{𝑗}  and [∑ 𝑤𝑖′ℎ

2 ]ℎ∈{𝑗′}  are equal to[0.52 + 0.52 = 0.5], 

and the term in the numerator is equal to 0.5.  In this example, the ICC is represented as: 

𝐼𝐶𝐶 =  
𝜏00[0.5]

√𝜏00[0.5]+𝜎2√𝜏00[0.5]+𝜎2
=  

0.5𝜏00

0.5𝜏00+𝜎2.                                                        (20) 

For two mobile individuals who are members of the same first unit and two different 

subsequent units, the weight terms are again equal; however, the term in the numerator 

[∑ 𝑤𝑖ℎ 𝑤𝑖′ℎ ]ℎ∈𝑗∪𝑗′  is now equal to (0.5 x 0.5) = 0.25.  Therefore, the ICC for these 

individuals is represented as: 
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𝐼𝐶𝐶 =  
𝜏00[0.25]

√𝜏00[0.5]+𝜎2√𝜏00[0.5]+𝜎2
=  

0.25𝜏00

0.5𝜏00+𝜎2.                                                       (21) 

As presented above, the ICCs for multiple membership models are functions of the 

weight terms[∑ 𝑤𝑖ℎ
2 ]ℎ∈{𝑗} , where values that approach one represent individuals who are 

less mobile and values that approach zero represent individuals who are more mobile. In 

previous applied and methodological studies, the ICC for two individuals within the same 

unit (Equation 19) was calculated to describe the degree of homogeneity within groups 

(Chung & Beretvas, 2012; Galindo, 2014; Grady & Beretvas, 2010; Smith, 2012; Wolff 

Smith & Beretvas, 2013).  In the present study, the ICC was manipulated for the level one 

predictor term, and the conditional ICC on the outcome was calculated using the 

methodology in Equation 19. 

The Two-Level Conditional MM-REM 

In the present example of the conditional MM-REM, continuous predictors are 

included at both levels and a weight term is added to the model for the predictor at level 

two to account for student mobility among schools.   With the addition of the continuous 

predictor 𝑋𝑖{𝑗}, the level one equation is represented as: 

𝑌𝑖{𝑗} = 𝛽0{𝑗} +  𝛽1{𝑗}𝑋𝑖{𝑗} + 𝑟𝑖{𝑗}.                                                                        (22) 

In Equation 22, 𝛽1{𝑗} represents the slope or expected change in the outcome as the 

predictor increases by one unit, controlling for level two predictors.  The expected outcome 

for the set of schools {j} when the predictor is zero is represented as 𝛽0{𝑗}, and 𝑟𝑖{𝑗} is the 
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residual term which is assumed to be normally distributed with a mean of zero and a 

variance, 𝜎2.   

Then, with the addition of a continuous predictor 𝑊ℎ at level two, the level two 

equations (analogous to Equations 11a and 11b) are represented as: 

𝛽0{𝑗} =  𝛾00 +  𝛾01 ∑ 𝑤𝑖ℎ𝑊ℎ +  ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗}ℎ∈{𝑗}                                         (23a) 

𝛽1{𝑗} =  𝛾10.                                                                                                        (23b) 

In Equation 23a, the 𝑤𝑖ℎ term represents the weight of membership for each student, which 

can be assigned using a variety of methods as previously noted. Additionally, 𝛽0{𝑗} is 

represented as a linear combination of the grand mean (𝛾00), the level two predictor that is 

weighted for school membership and its effect (𝛾01 ∑ 𝑤𝑖ℎ𝑊ℎℎ∈{𝑗} ), and the residual 

∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} that is assumed to be normally distributed with a mean of zero and variance, 

𝜏00.  The level one slope (𝛽1{𝑗}), modeled as a fixed effect, is now represented as the slope 

across level two units, 𝛾10. 

Finally, the combined model is: 

𝑌𝑖{𝑗} = 𝛾00 + 𝛾01 ∑ 𝑤𝑖ℎ𝑊ℎℎ∈{𝑗} +  𝛾10𝑋𝑖{𝑗} + 𝑟𝑖{𝑗} +  ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} .              (24) 

With the MM-REM, the outcome for student i is represented as a combination of the grand 

mean(𝛾00), the weighted effect of the level two predictor (𝛾01 ∑ 𝑤𝑖ℎ𝑊ℎℎ∈{𝑗} ), the level one 

predictor and its effect (𝛾10𝑋𝑖{𝑗}), the student residual(𝑟𝑖{𝑗}), and the weighted school 

residual (∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} ).  As with multilevel models, MM-REMs can be extended to 

additional levels.  For examples of three-level MM-REMs, see Leckie (2013). 
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 The models presented above provide examples of multilevel models that both 

ignore and include mobility.  A review of previous methodological studies that examine 

sample size requirements for two-level MLMs and studies that incorporate mobility with 

the MM-REM is provided in the next section. 

APPLIED AND METHODOLOGICAL RESEARCH IN MULTILEVEL MODELING 

Minimal Sample Sizes in Multilevel Modeling 

While methodological research has been conducted for multiple membership 

models, the sample size limits of the MM-REM have not been examined with low mobility 

rates below 10%. In applied studies with subjects who are naturally or artificially clustered 

(as in controlled experiments), the researcher often does not have control over the size or 

number of groups.  It is also more cost effective to obtain more subjects at level one than 

to sample more units at level two, which may restrict the number of groups in a study.  

Small sample sizes, such as those that occur naturally in applied studies, may result 

in bias in parameter estimates.  The impact of small sample sizes on parameter estimates, 

as well as guidelines for sample sizes in multilevel modeling, is discussed below.  Results 

from previous methodological studies concerning bias are summarized individually for 

estimates of fixed effects, variance components, and standard errors. 

Bias in Fixed Effects 

Maas and Hox (2005) assessed bias in fixed effects estimates for a two-level MLM 

with predictors at both levels of the model.  Restricted Maximum Likelihood estimation 
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(REML) was used to estimate a two-level MLM with 30, 50, and 100 groups consisting of 

5, 30, or 50 members.  Estimates of fixed effects were minimally biased, with the greatest 

bias of 0.3% found for conditions with small sample sizes of 30 groups with five per group.  

The authors conducted a follow-up study that included ten groups with five per group, and 

again found no bias in the fixed effects estimates. 

McNeish (2014) examined bias for a two-level MLM with balanced and unbalanced 

groups consisting of as few as two per group, and a total of 50, 100, and 200 groups.  In 

this study, the author used REML with the Kenward-Rogers correction for degrees of 

freedom.  The fixed effects estimates were not substantially biased, even in conditions with 

100 total cases (50 groups with two per group).  Although this study included a minimum 

of 50 groups, which is larger than the minimum in other studies, the results from this study 

suggest that small and unbalanced group sizes do not have a substantial impact on the bias 

of fixed effects estimates. 

Lai and Kwok (2015) found no bias in fixed effects estimates in conditions with as 

few as 20 groups with 2 per group.  Similarly, Bell, Morgan, Schoenberger, Kromrey, and 

Ferron (2014) found minimal bias in fixed effects estimates with as few as ten groups with 

five per group.  The two-level MLM in the study included multiple predictors at both levels 

of the model, which were allowed to vary randomly.  Additionally, the authors used the 

Kenward-Rogers correction for degrees of freedom. 

McNeish and Stapleton (2014) summarized results from 20 methodological studies 

that examined minimal sample sizes for two-level MLMs.  Estimation methods varied 

among the studies, and included Restricted Maximum Likelihood (REML), Full Maximum 
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Likelihood (FML), and Bayesian Markov Chain Monte Carlo (MCMC) methods.  The 

authors noted that estimates of fixed effects associated with predictors at level one were 

unbiased with as few as 15 groups, but positive bias (over-estimation) was present in fixed 

effect estimates associated with predictors at level two when the number of groups fell 

below 15.  In a follow-up study that included conditions with 5 to 1,000 groups of 20 or 50 

per group, the authors found that fixed effect estimates were unbiased in conditions with 

the smallest sample size of five groups with 20 per group. 

Bias in Variance Components 

In a methodological study with a two-level MLM, Maas and Hox (2005) found 

negligible bias for variance component estimates in conditions with as few as 30 groups 

with five per group.  The authors then conducted a follow-up study with ten groups of five 

per group, and found that, although the level one variance components were unbiased, 

substantial bias was present in group-level variance estimates. 

 McNeish and Stapleton (2014) noted that level one variance component estimates 

were minimally impacted by small sample sizes at either level, with minimal bias found in 

a study with only six groups.  The level two variance components, however, were biased 

in conditions with a smaller number of groups and small group sizes.  The authors then 

conducted a simulation varying the number of groups from 5 to 1,000, and the group size 

between 20 and 50.  The findings were similar to previous studies, as estimates of the level 

one variance showed no bias but the level two variance estimates were biased in conditions 

with fewer than 30 groups.  The authors also noted that the use of FML in the simulation 
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study may have influenced the degree of bias found for the level two variance component 

estimates, and that researchers should consider using REML if the variance component 

estimates are of interest in a study with a small sample. 

Bias in Standard Errors 

Although negligible bias was found for fixed effects and variance components 

estimates, Maas and Hox (2005) found substantial bias for the standard error estimates of 

variance components, particularly at level two.  Confidence interval coverage was as low 

as 91.1% in conditions with 30 groups and in conditions with five per group, and exceeded 

92.5% only in conditions with 50 groups.  The authors conducted a follow-up study with 

ten groups of five per group, and found that although confidence interval coverage was 

acceptable for fixed effects and variance components effects estimates, coverage for the 

level two variance component was as low as 69.6% (approximately 22.4% lower than the 

minimum of 92.5% as specified by Bradley (1978)) in conditions with only 10 groups.  

Although some bias was found for the standard errors of the fixed effects in conditions 

with a smaller number of groups and group sizes, this was considered minimal in 

comparison to the bias found for the variance components.   

McNeish (2014) found minimal bias in standard error estimates of fixed effects in 

conditions with 50 groups that included a minimum of two cases per group.  Based upon 

these findings, the author suggested that a minimum of 30 to 50 groups may be necessary 

for accurate estimation of standard errors of fixed effects and variance components for 

MLMs.   
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Lai and Kwok (2015) examined small group sizes and minimal numbers of groups 

for a two-level model with a group-mean centered predictor at level one and a continuous 

predictor at level two.  Standard error estimates of the fixed effects were unbiased in 

conditions with at least 30 groups, but were found to be biased more than 10% in conditions 

with 20 or fewer groups, and in conditions with group sizes of five or less.  The authors 

concluded that bias in the standard error of the fixed effects was acceptable only in 

conditions with at least 30 groups. 

In a review of 20 methodological studies examining minimal sample sizes with 

MLMs, McNeish and Stapleton (2014) noted mixed results for the minimal number of 

groups needed to obtain unbiased standard error estimates.  The authors cited studies in 

which 30 groups were considered minimal for accurate estimation of standard errors of 

fixed effects, and others that found no bias in fixed effects standard error estimates with 

fewer than 30 groups.  The estimation method varied between the two groups of studies, 

and the studies that recommended fewer than 30 groups as sufficient also employed the 

Kenward-Rogers correction for degrees of freedom.  This method is useful in reducing the 

bias in standard errors with small sample sizes, whereas other studies employed REML 

methods for model estimation.     

The authors also noted that the standard error of the level two variance component 

appears to be more impacted by the sample size than other standard error estimates.  Non-

coverage rates (the proportion of conditions in which the confidence interval did not 

include the population parameter) for the cited studies generally increased as the number 

of groups fell below 50, and substantial bias was present in estimates when the number of 
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groups was as low as 10.  If a small number of groups are present, the authors suggested 

that researchers use caution when making inferences based upon standard error estimates 

of variance components. 

The authors then conducted a simulation study and found that confidence interval 

coverage was lower than 92.5% for fixed effects estimates in conditions with fewer than 

20 groups, and for the standard error estimates of the level two variance components in 

conditions with fewer than 100 groups.  The authors used FML methods for estimation, 

and recommended REML or the Kenward-Rogers correction for degrees of freedom in 

order to achieve more accurate standard error estimates. 

Summary of Findings for Minimal Sample Sizes with Multilevel Models 

 Results from previous methodological studies addressing minimal sample sizes for 

traditional MLMs indicate that fixed effects estimates at level one were not impacted by 

the number of groups, and that a minimum of 10 groups were acceptable to provide 

unbiased estimates of fixed effects at level two (Lai & Kwok, 2015; Maas & Hox, 2005; 

McNeish & Stapleton, 2014).  Similarly, although the variance components at level one 

were unbiased with small samples at both levels, the level two variance component 

estimates were biased in conditions with small samples of ten groups with five per group 

(Maas & Hox, 2005; McNeish & Stapleton, 2014).  Bias was reduced to an acceptable 

degree when the number of groups reached 30 for both studies.   The “30:30” rule suggested 

by Kreft (1996) appears to be adequate for producing accurate estimates of both fixed 

effects and variance components (as cited in Hox, 2010). 
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Overall, bias was found to be impacted more so by the number of groups than by 

the group size.  While minimal bias was found in fixed effect and variance component 

estimates with a small number of groups, bias in standard error estimates appears to be the 

greatest concern with small samples, particularly as the group size decreases.  Maas and 

Hox (2005) suggested that 50 groups would be needed for accurate estimation of the 

standard errors of level two variance components.  Similarly, McNeish (2014) found little 

to no bias in conditions with 50 groups with group sizes as small as two.  In their review 

of methodological research, McNeish and Stapleton (2014) recommended a minimum of 

50 to 100 groups in order to produce accurate estimates of standard errors, particularly for 

the variance components at level two.  Additionally, Hox (2010) suggested a ratio of 

100:10 for the number of groups to the number of cases per group when estimates of the 

variance components and their standard errors are of interest in the study.   

Applied Research with the MM-REM 

The methodological studies discussed in the previous section examined minimal 

sample sizes in multilevel modeling, although none incorporated mobility with the multiple 

membership model.  While a number of methodological studies that incorporate the 

multiple membership model manipulated the sample size at both level one and level two, 

the smallest group size considered was 20 at level one (Wolff Smith & Beretvas, 2013) and 

30 at level two (Chung & Beretvas, 2012).  Additionally, these studies considered moderate 

mobility rates, from 10% to 20% of cases who were mobile between two and three units.  

While these values are appropriate in certain cases, lower mobility rates are present in 
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scenarios with real data and should be considered in a study when true values are known 

in order to determine the impact of low mobility rates on the bias of parameter estimates.  

A review of applied studies that incorporated the MM-REM with small sample sizes and 

low mobility rates is presented in the next section. 

In an application of a three-level MM-REM, Chandola, Clarke, Wiggins, and 

Bartley (2005) applied two- and three-level models to health data where individuals were 

nested within households and areas.  The sample included 10,264 adults in 5,511 

households who completed annual surveys across eight waves.  The researchers compared 

model fit and parameter estimates for two-level MLMs and MM-REMs with individuals 

nested within households, and three-level MLMs and MM-REMs with individuals nested 

within households within areas. For the multiple membership models, mobility was 

modeled at level two for the 1-2% of individuals who were mobile between households 

and 5-6% of individuals who were mobile between areas.  Household sizes included a 

minimum of one member, and areas ranged from one to ten households. Individual 

characteristics such as age, gender, and education were then added as predictors at level 

one for the conditional models. 

When comparing model fit and parameter estimates between the MM-REMs and 

traditional MLMs, the MM-REMs did not produce improved fit over the traditional MLMs 

in some conditions, and differences between parameter estimates were slight between the 

two models.  The authors suggested that the mixed results between the models ignoring 

and incorporating mobility may have been due to the small proportion of respondents who 

were mobile.   
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Goldstein, Burgess, and McConnell (2007) examined mobility with a multiple 

membership model for students nested within primary schools in three areas of interest.  

The sample included 16,555 students and 1,360 schools, and the mobility rate varied from 

9% to 39% among the three areas of interest.  Results were compared between a traditional 

MLM, an MM-REM, and a cross-classified multiple membership model. The results 

suggested that the school effects were underestimated with the MLM as compared to the 

models that incorporated mobility, and that the variance component estimates varied 

among the models.  When comparing the school residuals, some variation was found 

among the models although the correlation between residuals ranks was high.   

Leckie (2013) presented an example of a three-level MM-REM with mobility at 

both level two and level three.  Data were collected from England’s National Pupil 

Database (NPD), which included 63,660 students nested within 1,027 schools and 32 local 

authorities (LAs).  Neighborhoods were also included as a cross-classification at level two, 

with a total of 5,319 neighborhoods in the study.  Approximately 13 percent of students 

were mobile, with ten percent who changed their school and not their LA, and three percent 

who changed both their LA and their school. The mobility patterns were added as fixed 

effects in the model, but no additional predictors were added for the example.   

Wolff Smith and Beretvas (2013) presented two studies in which they examined 

the effect of various weight schemes on parameter estimation using both a real dataset and 

a generated dataset. In the first study using real data from the Early Childhood Longitudinal 

Study – Kindergarten Cohort (ECLS-K) 1998-99, two weight schemes were applied.  With 

the equal weights scheme, school membership was assigned equally for mobile students 
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regardless of the actual time that students spent at each school, and was represented as (1/2, 

1/2) for students who were members of two schools and (1/3, 1/3, 1/3) for students who 

were members of three schools.  With the unequal weights scheme, time was separated into 

six intervals and weights were assigned unequally to more accurately reflect the duration 

of time the student spent at each school.  Weights in these conditions were assigned as (1/6, 

5/6) for students who were members of two schools and (1/6, 1/6, 2/3) for students who 

were members of three schools.  

The fixed effect for the mobility predictor at level two and the level two variance 

component estimates differed substantially between the equal and unequal weighting 

schemes.  In addition, the schools were ranked according to their residuals for each of the 

weight schemes, and the residual ranks were then compared. In practice, ranks are often 

calculated from the “value added” estimates in order to make decisions about schools.  As 

such, the accuracy of the residuals and their ranks is important in applied research when 

decisions are based upon these values. Although the correlation of these residual ranks 

between the two weight schemes was high, differences in individual school ranks between 

the two weighting schemes ranged from -120 to 108.   

Timmermans, Snijders, and Bosker (2013) examined results from a national exam 

for a seventh-grade cohort and accounted for mobility from the students’ primary school 

to the school in which the exam was taken.  The aim of the study was to compare a 

traditional MLM, a cross-classified (CC) model, an MM-REM, and a cross-classified 

multiple membership (CCMM) model to determine the impact of modeling mobility in 

estimating the “value added” from secondary schools. A total of 3,658 students in 185 
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schools were included in the study, six percent of which had relocated and therefore were 

mobile within the time period.   

The level one variance component estimate differed among the models, and was 

slightly lower for both cross-classified models than for the traditional MLM and the MM-

REM.  The model fit was also improved for the two cross-classified models over the other 

models.  The correlation between school residuals was 0.88 for the traditional MLM and 

the MM-REM, and over half of the schools’ residual ranks changed by 10 places or more.  

Although the schools ranked highest and lowest were fairly stable between the two models, 

the schools in the middle range changed ranks between the two models.    

Galindo (2014) also examined weight schemes for a two-level MM-REM.  First, a 

study was conducted with a real data set from the ECLS-K 1998-99 cohort to examine the 

effect of mobility patterns on fixed effects and variance components estimates.  In the equal 

weights condition, weights were assigned equally for each school attended.  In the unequal 

weights condition, weights were assigned to reflect the amount of time that the student 

attended the school. The coefficients for the grand-mean centered predictors at both levels, 

the intercept, and the level one variance component were very similar between the two 

weight conditions.  The fixed effects estimates for the grand-mean centered mobility 

predictors at both levels and the variance component at level two, however, were 

substantially different.  The author then conducted a simulation study to further examine 

the impact of weight patterns when true parameter values were known. 

The results from the applied studies mentioned above suggest a need for multiple 

membership models when cases are mobile (Chung & Beretvas, 2012; Timmermans, 
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Snijders, & Bosker, 2013).  These studies also provided examples of real scenarios with 

small sample sizes (Chandola et al., 2015), and with low mobility rates (Chandola et al., 

2005; Goldstein, Burgess, & McConnell, 2007; Leckie, 2013; Timmermans, Snijders, & 

Bosker, 2013).  Further examination into the minimal sample sizes and mobility rate 

required for accurate estimation for an MM-REM as compared to a traditional MLM is 

needed in order to inform applied researchers who encounter small samples and low 

mobility rates in real data. 

Methodological Research with the MM-REM 

The studies discussed in the previous section provide examples of applications of 

the MM-REM with low mobility rates, although they did not include generated data where 

true values were known.  By conducting a simulation study, a researcher can determine 

which manipulated conditions (such as the sample size or mobility rate) impact bias in 

parameter estimates by examining differences between the true and estimated values.  A 

review of previous methodological studies incorporating the MM-REM is provided below, 

summarized by findings for fixed effects, variance components, and standard error 

estimates. 

Bias in Fixed Effects 

In their 2012 simulation study, Chung and Beretvas assessed parameter recovery 

between an MM-REM that appropriately represented membership within multiple units, 

and a traditional MLM that ignored mobility and recognized only the most recent group or 

school attended (the last unit approach).  The conditional ICC (5%, 15%, and 25%), group 
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size (30 and 60), and the number of groups (50 and 100) were all manipulated in the study.  

Additionally, student mobility was modeled for 10% or 20% of students who were mobile 

between two or three schools.  Overall, modeling mobility incorrectly by only including 

the last school attended led to negative bias (under-estimation) in the fixed effect associated 

with the level two predictor.  The mobility rate and the number of schools attended 

impacted this bias, as greater bias was found in conditions with a greater mobility rate of 

20% or mobility among three schools.  

In a study examining methods for handling missing identifiers, Smith (2012) 

manipulated the mobility rate (10%, 20%), residual ICC (15%, 25%), number of groups 

(50, 100), and the percent of students with missing identifiers (25%, 50%) for three models: 

a traditional MLM (HLM-Delete), a MM-REM that removed any students with missing 

identifiers (MMREM-Delete), and an MM-REM that included all students and assigned 

those with missing identifiers to a school (MMREM-Unique).  Positive bias was found for 

the fixed effects associated with the pre-test predictor and the mobility predictor at level 

one across all conditions.  The bias found in the coefficient for the pre-test predictor was 

fairly constant across the three models and was slightly lower in conditions with a greater 

mobility rate.  The author noted that that average difference in bias between the two 

conditions (10% and 20% mobility) was only 1.6%, and considered this effect to be small. 

The mobility predictor was included only in the two MM-REM models, and was found to 

be more biased with the MMREM-Unique method than with the MMREM-Delete method. 

Wolff Smith and Beretvas (2013) examined the impact of weight schemes on 

relative parameter bias for an MM-REM.  In addition to four weight schemes, the mobility 
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rate (10%, 20%), the number of schools attended (2, 3), the conditional ICC (15%, 25%), 

the number of schools (50, 100), and the number of students per school (20, 40) were 

manipulated.  Bias was found in the fixed effect associated with the mobility predictor at 

level one, and in the fixed effects for both the mobility predictor and school descriptor at 

level two.  None of the manipulated conditions appeared to impact the bias found, and the 

authors concluded that the choice of weight scheme does not impact fixed effects estimates 

for MM-REMs.   

Galindo (2014) also examined different weight schemes with the MM-REM, and 

manipulated the mobility rate (15%, 25%), the residual ICC (15%, 25%), and the generated 

value for the mobility predictor coefficients at both levels (-0.5, -5.0).  A total of 100 

schools at level two were modeled with 30 students per school.  In the generating model, 

weights were assigned randomly, and were assigned either randomly or at fixed values in 

the estimating model in order to identify bias as a result of the misspecification of the 

weight scheme from the generated (true) model to the estimated model.   

The fixed effects associated with the level one and level two mobility predictors 

were biased in conditions where the coefficient was smaller, and the level two achievement 

coefficient was found to be more biased in conditions with a larger ICC value.  The 

misspecification of the weight scheme impacted the bias in the school mobility coefficient, 

as less bias was found in conditions where the generating method more closely resembled 

the estimating method. 
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Bias in Variance Components 

In their 2012 study, Chung and Beretvas found stronger negative bias in level two 

variance component estimates and positive bias in the level one variance component 

estimates when mobility was ignored with a traditional MLM, particularly in conditions 

with a mobility rate of 20% and mobility among three schools.  No bias was found related 

to the sample size, as the number of level two units was manipulated between 50 and 100 

units.  In a follow-up study with 30 level two units, the level two variance component 

estimates were substantially biased with the MM-REM, which suggests that a minimum of 

30 units may be needed for accurate estimation of variance components with the use of the 

MM-REM.  

In a 2012 study comparing methods for handling missing identifiers, Smith reported 

positive bias for the level one variance component across all three methods.  None of the 

manipulated conditions, including the mobility rate and sample size, had a significant 

impact on the bias.  The level two variance component was found to be negatively biased 

across all conditions for the MMREM-Delete and HLM-Delete methods, and across 75% 

of the conditions for the MMREM-Unique method.  Greater bias was found in conditions 

with a lower ICC value (15% versus 25%), and in conditions with a larger sample size at 

level two (100 versus 50 units). 

Although Wolff Smith and Beretvas (2013) did not find that any manipulated 

conditions were related to the degree of bias in fixed effects estimates, the level two 

variance component was found to be slightly more biased in conditions with a greater 
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mobility rate.  This study included a large sample size, varying between 50 to 100 units at 

level two and 20 to 40 units at level one.   

Galindo (2014) also found bias in the level two variance component in a simulation 

study examining the misspecification of weight schemes with an MM-REM.  The level two 

variance component was found to be more biased in conditions with greater mobility, and 

in conditions where the weight scheme in the generating model did not match the weight 

scheme in the estimating model. 

Bias in Standard Errors 

  When comparing methods for handling missing identifiers, Smith (2012) found 

substantial bias in standard error estimates of the intercept and the level two variance 

component.  The bias in the standard error estimate of the intercept was lower with the 

HLM-Delete method than with the two MM-REM methods, and decreased as the mobility 

rate and the percent of students missing an identifier increased, and as the ICC decreased.  

Bias in the standard error estimate of the level two variance component was found across 

all methods, but was lower with the HLM-Delete method.  All manipulated conditions 

impacted the degree of bias in the level two variance standard error estimate; specifically, 

bias increased as the ICC increased and decreased as the mobility rate, percent of students 

with a missing identifier, and the number of units decreased.  

 Galindo (2014) found substantial bias in standard error estimates of the intercept 

and the fixed effect associated with the school mobility predictor.  Bias in standard error 

estimates of the intercept was found to increase as the ICC decreased, and in conditions 
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when the generating method for assigning weight did not match that in the estimating 

model.  The misspecification of the weight scheme also impacted the standard error 

estimate of the school mobility predictor.  These results suggest that the proper 

specification of the weight scheme may have a substantial impact on standard error 

estimates for MM-REMs. 

Summary of Findings for Methodological Research with the MM-REM 

 The results from the studies discussed in the previous sections suggest a need for a 

multiple membership model when mobility is present in the data.  When mobility is 

ignored, bias may result in fixed effects estimates and variance component estimates at 

both levels of the model (Chung & Beretvas, 2012).  Specifically, fixed effects estimates 

associated with coefficients at level two were under-estimated when mobility was not 

appropriately modeled with a traditional MLM, and variance components were found to be 

over-estimated at level one and under-estimated at level two in conditions with traditional 

MLMs.   

Additionally, the mobility rate, conditional ICC, and weight patterns may impact 

parameter and standard error bias (Chung & Beretvas, 2012; Galindo, 2014; Smith, 2012; 

Wolff Smith & Beretvas, 2013).  Fixed effects estimates were found to be biased in 

conditions with a greater mobility rate, a greater ICC, and when the weight scheme was 

misspecified between the generating and estimating models (Chung & Beretvas, 2012; 

Galindo, 2014; Wolff Smith & Beretvas, 2013).  Bias in variance components estimates 
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also increased as the mobility rate increased, and when the weight scheme was misspecified 

(Chung & Beretvas, 2012; Galindo, 2014; Wolff Smith & Beretvas, 2013).   

Chung and Beretvas (2012) found that the level two variance component was 

substantially biased in conditions with 30 groups, which suggests that the minimum of 50 

groups recommended in MLM research may be an accurate guideline for the minimum 

number of groups needed for accurate estimation of variance components with an MM-

REM. Both Smith (2012) and Galindo (2014) found bias in the standard error estimates of 

the intercept, although Smith (2012) found greater bias as mobility decreased and as the 

ICC increased, and Galindo (2014) found greater bias as the ICC decreased.   Additionally, 

Galindo (2014) found that standard error estimates were less biased when the weight 

scheme in the estimating model more closely resembled that in the generating model.   

Although many applied and methodological studies have utilized the multiple 

membership model to handle mobility, none examined the impact of minimal sample sizes 

and low mobility rates.  The methodological studies mentioned in the previous section 

included a minimum of 30 groups (Chung & Beretvas, 2012), although most included a 

minimum of 50 groups (Smith, 2012; Wolff Smith & Beretvas, 2013), with as few as 20 

per group (Wolff Smith & Beretvas, 2013).  While Chung and Beretvas found bias in 

variance component estimates in conditions with 30 groups, the mobility rate was not 

varied to examine the interaction between the mobility rate and the group size. As such, a 

smaller number of groups and smaller group sizes were examined in the present study to 

determine the minimum sample size needed for accurate estimation of fixed effects, 
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variance components, and standard errors with the MM-REM with small degrees of 

mobility. 

Additionally, previous methodological research with the MM-REM found a greater 

degree of bias in fixed effects and variance components as the mobility rate increased 

(Chung & Beretvas, 2012), and that bias was greater when estimating with a traditional 

MLM as opposed to the MM-REM.    Applied studies with the MM-REM found mobility 

for less than ten percent of the cohort (Chandola et al., 2005; Goldstein, Burgess, & 

McConnell, 2007; Timmermans, Snijders, & Bosker, 2013), and naturally small sample 

sizes with a maximum group size of 10 (Chandola et al., 2005). In methodological research, 

the combination of small samples and low to moderate mobility rates have not been 

considered for the MM-REM. When the mobility rate is low, as in these applied examples, 

the difference in bias between a traditional MLM and an MM-REM may be negligible 

(Chandola et al., 2005).  Further study is necessary to examine the impact of the mobility 

rate and sample size on parameter bias between models that both incorporate and ignore 

mobility. 

STATEMENT OF PURPOSE 

As previously described, substantial bias in standard error estimates of variance 

components occurs for traditional MLMs when small sample sizes are present.  

Additionally, ignoring mobility with an MLM generally produces bias in fixed effects and 

variance components estimates as compared to estimates produced using MM-REMs. 

While a number of studies, both applied and those using generated data, have examined 
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various aspects of multilevel models incorporating mobility, the effect of small sample 

sizes and low mobility rates have not been examined.    The MM-REM is a complex model 

that requires more advanced statistical estimation methods and expertise than a traditional 

MLM.  If the MM-REM and the traditional MLM provide similarly unbiased estimates 

with low mobility rates, it may be reasoned that the complexity of the MM-REM is not 

essential for studies in which very few cases are mobile.   

The purpose of the present study was to extend previous research with two-level 

MM-REMs to evaluate the impact of low mobility rates and sample sizes at each level on 

fixed effect estimates, variance components, and standard error estimates.  The results from 

an MM-REM and a traditional MLM were compared to examine bias and credible interval 

coverage when mobility is appropriately modeled (with the MM-REM) versus when it is 

ignored (with the MLM), in order to answer the following research questions:  

1. How do the manipulated conditions (mobility rate, level one sample size, level 

two sample size, and the ICC on the predictor) impact relative parameter bias, 

relative standard error bias, and credible interval coverage for an MM-REM as 

compared to a traditional MLM? 

2. How does the combination of the sample size at each level and the mobility rate 

impact relative parameter bias, relative standard error bias, and credible interval 

coverage for an MM-REM as compared to a traditional MLM?   

3. What is the minimal sample size needed at each level for accurate estimation of 

fixed effects, variance components, and their standard errors with an MM-

REM, given the conditions included in this study? 
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4. Under which conditions, if any, does the incorrectly specified traditional MLM 

provide for accurate estimation of fixed effects, variance components, and their 

standard errors, given the conditions included in this study? 
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Chapter 3: Method 

 A study was first conducted with a real data set in order to inform the methodology 

for the simulation study.  The methodology and results from the real data study are 

presented first, followed by the methodology for the simulation study. 

REAL DATA STUDY 

 A real data study was conducted to identify reasonable patterns in which students 

are mobile, which was then used to inform the methodology for the simulation study.  A 

data set was obtained from the Early Childhood Longitudinal Data Study, Kindergarten 

Class of 1998-99 (ECLS-K).  The ECLS-K data includes information about students as 

well as their teachers and classrooms across a period from kindergarten to eighth grade.  A 

number of variables were recorded at each time point, including the student’s school 

identification numbers and math assessment scores.   

The data set includes measurements at seven time points: fall of kindergarten, 

spring of kindergarten, fall of first grade, spring of first grade, spring of third grade, spring 

of fifth grade, and spring of eighth grade.  In their applied study, Grady and Beretvas (2010) 

examined data from the ECLS-K cohort and identified students who were mobile from the 

fall of kindergarten through the spring of first grade.  Galindo (2014) also used the ECLS-

K data set in a real data study with the MM-REM, and identified mobility across three time 

points between the spring of first grade, third grade, and fifth grade.  In the present study, 

mobility patterns were considered between each of the seven time points, from the fall of 

kindergarten to the spring of eighth grade. 
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 A total of 21,409 students were included in the data set.  For students who had 

school identifiers at each time point, mobility was identified if the school identification 

number for the second time point did not match the school identification number from the 

first time point.   School means were calculated from student math assessment scores at 

each time point, and the schools were assigned a percentile rank according to their means.  

The proportion of students who were mobile between each time point is presented in Table 

1 below.  Mobility was defined only for students who had school identifiers and math 

assessment scores at both time points. 

Table 1  

Mobility between Time Points in ECLS-K Data 

Time Points 

Mobile Students Non-Mobile 

Students 

Total 

Students 

N % N %  

Fall of K – Spring of K 513 2.68% 18,600 97.32% 19,113 

Spring of K – Fall of 1st 441 8.35% 4,841 91.65% 5,282 

Fall of 1st – Spring of 1st   188 3.64% 4,978 96.36% 5,166 

Spring of 1st – Spring of 3rd  2,507 17.70% 11,655 82.30% 14,162 

Spring of 3rd – Spring of 5th  2,081 18.54% 9,142 81.46% 11,223 

Spring of 5th – Spring of 8th  7,086 78.29% 1,965 21.71% 9,051 

 

 Less than five percent (2.68% and 3.64%, respectively) of students were mobile 

within an academic year, between the fall and spring of kindergarten and between the fall 

and spring of first grade.  Between the spring of kindergarten and fall of first grade, 8.35% 

of students were found to be mobile.  The mobility rate was higher when the time periods 

spanned two academic years, as 17.70% of students were mobile between the spring of 

first and third grades and 18.54% of students were mobile between the spring of third and 

fifth grades.  Over three-quarters of students were mobile between the spring of fifth grade 
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and the spring of eighth grade; however, this mobility may be somewhat inflated as this 

may represent students who moved from primary school to middle or high school.  Overall, 

approximately three percent of students were mobile within one academic year, eight 

percent of students were mobile across one academic year (from kindergarten to first 

grade), and an average of approximately 18 percent of students were mobile between two 

academic years (from first to third grades and third to fifth grades).  

 In order to identify mobility patterns between time points, schools were classified 

into four groups based upon their percentile rank on the math assessment score: schools in 

the bottom quartile (below the 25th percentile) were classified as “Low”, schools in the 25th 

to 50th percentile were classified as “Low-Moderate”, schools in the 50th to 75th percentile 

were classified as “Moderate-High”, and schools above the 75th percentile were classified 

as “High”.  The various mobility patterns between each time point are presented in Table 

2 below.  Mobility patterns were not identified for students who had missing school 

identifiers or math assessment scores at either of the time points. 

Table 2   

Mobility Patterns between Time Points in ECLS-K Data 

 

Moved to School 

with Higher 

Classification 

No Change Moved to School 

with Lower 

Classification 

N % N % N % 

Fall of K – Spring of K 161 31.38% 193 37.62% 159 30.99% 

Spring of K – Fall of 1st 148 33.56% 177 40.14% 116 26.30% 

Fall of 1st – Spring of 1st   56 29.79% 78 41.49% 54 28.72% 

Spring of 1st – Spring of 3rd  765 30.51% 951 37.93% 791 31.55% 

Spring of 3rd – Spring of 5th  421 20.23% 1153 55.41% 507 24.36% 

Spring of 5th – Spring of 8th  1356 19.14% 3673 51.83% 2057 29.03% 
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Mobility patterns were similar between the spring of kindergarten and the spring of 

third grade.  Within this time frame, approximately 38% to 41% of students moved to a 

school within the same classification, 30% to 34% of students moved to a school with a 

higher classification, and 26% to 32% of students moved to a school with a lower 

classification.  Mobility patterns were also similar between the spring of third grade and 

the spring of eighth grade, as 52% to 55% of students moved to a school within the same 

classification, 19% to 20% of students moved to a school with a higher classification, and 

24% to 29% of students moved to a school with a lower classification.  These results were 

used to inform the methodology in the simulation study to identify subsequent schools for 

students who were mobile. 

The ECLS-K data were analyzed in order to provide an additional example of the 

differences in estimates between MLM and MM-REM methods.  Students who had school 

identifiers and math scores at both the Fall and Spring of 1st grade were included in both a 

traditional MLM ignoring mobility and a MM-REM modeling mobility between the two 

time points.  Any students who had missing data for one of the time points were removed 

from the analysis.  A total of 5,024 students met these criteria, 173 of which were mobile 

for an overall mobility rate of 3.44%.   

For both models, the student’s pre-test math score in the fall of first grade was used 

as a predictor of the student’s math score in the spring of first grade, at both the student 

(level one) and school (level two) levels.  Both predictors were grand-mean centered, and 

the association between the student fall and spring math scores was modeled as constant 
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across schools (i.e., a fixed effect).  Therefore, the model included one variance component 

at each level.   

Galindo (2014) noted that grand-mean centered predictors are preferred over group-

mean centered predictors with multiple membership models.  With group-mean centered 

predictors, the researcher would be required to identify which mean to select for mobile 

students, whereas this is not an issue with grand-mean centered predictors.  Therefore, 

grand-mean centered predictors were included at both levels for both the MLM and the 

MM-REM.  Because only one unit is included as an identifier with the MLM, the last 

school attended was modeled for students who were mobile (see Equation 29).  The MM-

REM included both schools attended for each mobile student (see Equation 30), and 

weights were assigned equally (1/2 and 1/2) for both schools. Wolff Smith and Beretvas 

(2013) noted that estimation was not impacted by the value of weights selected for students 

with the MM-REM, thus equal weighting was selected in the real data study to mimic the 

weight scheme in the simulation study.  These models are similar to those used in previous 

applied and methodological research with the MM-REM (Galindo, 2014; Wolff Smith & 

Beretvas, 2013).  

The results for the real data study are presented in Table 3.   Overall, estimates were 

similar between the two models, and as such, the results are interpreted for the MM-REM.   

The estimate of the intercept (𝛾00) for the MM-REM suggests that the expected math score 

in the spring of first grade is 61.38 for students whose mean pre-test score is at the grand 

mean and whose school is at the grand mean.  The level one coefficient estimate (𝛾10) 

indicates that, as the student’s pre-test score increases by one point, the student’s math 
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score in the spring of first grade is also expected to increase by 1.00.  At level two, the 

estimate of the coefficient (𝛾01) suggests that, holding the student’s math pre-test score 

constant, the math score in the spring of first grade is expected to increase by 0.04 as the 

school pre-test score increases by one point.  The level one variance component (𝜎2), or 

the residual between-students variance, was estimated at 107.55 for the MM-REM, and the 

level two variance component (𝜏00), or the residual between-schools variance, was 

estimated at 13.25.  All parameter estimates, with the exception of the level two coefficient 

for the MM-REM, were statistically significant (p < 0.05). 

Table 3 

Fixed and Random Effects Parameter and Standard Error Estimates from the ECLS-K Data 

 MLM  MM-REM 

 Coefficient (SE)  Coefficient (SE) 

Fixed Effects      

        Intercept (𝛾00) 61.39 (0.24)  61.38 (0.24) 

        𝑋𝑖𝑗 − �̅�.. (𝛾10) 1.00 (0.01)  1.00 (0.01) 

        �̅�.ℎ − �̅�.. (𝛾01) 0.05 (0.03)  0.04 (0.03) 

Variance Components      

        Between students (𝜎2) 107.46 (2.23)  107.55 (2.25) 

        Between schools (𝜏00) 13.16 (1.76)  13.25 (1.81) 

SIMULATION STUDY METHOD 

In the present study, bias in fixed effects, variance components, and standard error 

estimates were evaluated for two-level models that either ignored or incorporated mobility.  

Previous methodological studies have not examined the minimal sample size needed for 

accurate estimation with a two-level MM-REM with minimal mobility rates (Chung & 

Beretvas, 2012; Galindo, 2014; Smith, 2012; Wolff Smith & Beretvas, 2013).  The sample 
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sizes at each level ranged from small to moderate to determine minimal sample sizes 

needed for accurate estimation using a two-level MM-REM.  Additionally, although 

previous studies examined bias in estimates with mobility ranging from 10% to 25%, none 

considered mobility rates below 10%.  As such, the mobility rate was varied from small to 

moderate to evaluate bias in estimates with a low mobility rate, and to identify the minimal 

mobility rate needed for the MM-REM to provide improved estimates over a traditional 

MLM. The generating and estimating conditions for the simulation study are presented in 

the next section. 

GENERATING CONDITIONS 

In the present study, the mobility rate, the level one sample size, the level two 

sample size, and the ICC for the level one predictor were manipulated.  Fixed effects, 

variance components, and their associated standard error estimates were evaluated for an 

MM-REM and a traditional MLM that ignored mobility in order to determine the impact 

of the conditions on parameter recovery for both models.   

Mobility Rate 

 Chung and Beretvas (2012) reviewed large scale data sets of primary and secondary 

students and found that 8% to 17% percent of students changed schools in a three-year 

period.  In this and subsequent methodological studies, mobility values ranged between 

10% and 25% to represent small and moderate levels of mobility, and mobile students were 

modeled to be members of a total of two or three units (Chung & Beretvas, 2012; Galindo, 

2014; Smith, 2012; Wolff Smith & Beretvas, 2013).  Bias in estimates of fixed effects and 
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variance components increased in conditions where the mobility rate was higher (e.g., 20% 

vs. 10%, 25% vs. 15%), and in conditions where students were members of three versus 

two units. 

As noted in Chandola et al. (2005), low mobility rates may impact inferences made 

about the differences between MM-REMs and traditional MLMs.  In their applied study, 

the authors found very slight differences in parameter estimates and model fit between an 

MM-REM and a traditional MLM.   The authors suggested that the mixed results between 

the models ignoring and incorporating mobility could be due to the small proportion of 

respondents who were mobile.  Because this study included real data, the true parameter 

values were unknown and it is therefore unclear if any bias was present between the models 

with low mobility rates.   A number of applied studies also included low mobility rates 

found in real data ranging from 1%-2% (Chandola et al., 2005) to 13% (Leckie, 2013), 

which suggests a need for further examination into the mobility rate needed for an MM-

REM to provide improved results over a traditional MLM. 

In the present study, a small proportion of students were identified as mobile to 

mimic realistic conditions found in a number of applied studies (Chandola et al., 2005; 

Goldstein, Burgess, & McConnell, 2007; Leckie, 2013; Timmermans, Snijders, & Bosker, 

2013), and to examine the mobility rate needed to justify the use of the MM-REM as 

opposed to an MLM ignoring mobility.  The mobility rate was manipulated between 5%, 

10%, and 15% to represent small to moderate mobility, and to mimic values found in 

applied studies using real data (Chandola et al., 2005; Goldstein, Burgess, & McConnell, 

2007; Leckie, 2013; Timmermans, Snijders, & Bosker, 2013).  
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Level One Sample Size 

 As previously noted, Maas and Hox (2005) found little to no bias in fixed effects 

and variance component estimates for MLMs in conditions where the level one sample size 

was 5, 30, or 50.  Lai and Kwok (2015) also found no bias in fixed effect estimates with 

small sample sizes, although the standard error estimates were biased in conditions with 

group sizes of five or fewer.  The results from these studies suggest that the size of groups 

does not appear to impact parameter estimates as much as the number of groups; however, 

none of these studies incorporated mobility.  In a review of applied research with MM-

REMs incorporating mobility, the level one sample size ranged from 20 (Wolff Smith & 

Beretvas, 2013) to 60 (Chung & Beretvas, 2012), but none included samples below 20 

cases per unit.  No substantial bias was found in estimates of fixed effects, variance 

components, or standard errors in conditions with smaller sample sizes at level one with 

the MM-REM. 

 In applied research, situations may arise where small groups naturally exist, which 

may lead to bias in variance components and in standard error estimates (McNeish & 

Stapleton, 2014). Although Kreft (1996) recommended a minimum of 30 per unit, this may 

not be attainable in real studies when participants do not naturally group into clusters of 30 

or more. The present study examined the impact of the sample size at level one and level 

two to determine the minimal sample size needed for accurate estimation with a two-level 

MM-REM. The size of the level one units was manipulated between 10 and 15 per unit to 

represent small to moderately sized groups.  These values also approach the minimum level 
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one unit size in previous methodological studies with the MM-REM (Wolff Smith & 

Beretvas, 2013).   

Level Two Sample Size 

 In their study of purely nested multilevel models, Maas and Hox (2005) found slight 

bias in variance component estimates when the number of groups was 30 or 50, and 

recommended a minimum of 30 groups for multilevel modeling.  Additionally, Lai and 

Kwok (2015) found bias in standard error estimates of fixed effects in conditions with 20 

or fewer groups.  McNeish and Stapleton (2014) suggested that a minimum of 50 groups 

were necessary to obtain unbiased standard error estimates of variance components, 

although fixed effects and variance components estimates did not require as many groups 

for accurate estimation.  In previous methodological research with two-level MM-REMs, 

the level two sample size was manipulated between 30 and 100 groups (Chung & Beretvas, 

2012; Galindo, 2014; Smith, 2012; Wolff Smith & Beretvas, 2013), but did not extend 

below 30 groups.  With the MM-REM, bias was found for level two variance component 

estimates in conditions with 30 groups (Chung & Beretvas, 2012), but not in conditions 

with 50 groups, which can be expected as this value does not fall below the minimum 

number of groups recommended for traditional MLMs. 

Although a minimum of 30 groups are recommended for accurate estimation of 

variance components (Maas & Hox, 2005; Lai & Kwok, 2015) and a minimum of 50 

groups are recommended for accurate estimation of the standard error estimates of variance 

components (McNeish & Stapleton, 2014), small numbers of groups exist naturally in 
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applied settings. In order to examine bias among a small to moderate number of groups, 

the level two sample size was varied among 20, 30, and 40 groups to represent small to 

moderate sample sizes.  These values also approach the minima specified by Maas and Hox 

(2005), Lai and Kwok (2015), and McNeish and Stapleton (2014).   

Intraclass Correlation for the Level One Predictor 

 Previous methodological studies manipulated the conditional ICC for the outcome 

between 0.15 and 0.25 (Galindo, 2014; Smith, 2012; Wolff Smith & Beretvas, 2013). In 

these studies, the ICC was found to impact bias in the coefficient for the fixed effect at 

level two and the level two variance component, as well as the standard error estimates for 

the level two variance component and the intercept.  

Because the MM-REM assigns weights on the school-level predictor to 

accommodate membership within multiple units, it can be presumed that greater variability 

among schools (with a greater ICC for the predictor variable) may impact the degree of 

bias found for estimates of the fixed effect at level two.  However, these studies did not 

manipulate the ICC for the level one predictor.  In the present study, the ICC values for the 

predictor 𝑋𝑖𝑗 were varied between 0.00 and 0.20, where the ICC of 0.00 condition provides 

comparison to previous methodological studies in which the ICC for the level one predictor 

was not manipulated, and the ICC of 0.20 represents a moderate ICC value.  These values 

represent reasonable values found in applied research and those used in previous 

methodological studies with the MM-REM (Galindo, 2014; Smith, 2012; Wolff Smith & 

Beretvas, 2013).   
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Summary of Conditions 

A total of 36 conditions [mobility rate (5%, 10%, 15%) x level one sample size (10, 

15) x level two sample size (20, 30, 40) x ICC for the level one predictor (0.00, 0.20)] were 

manipulated in the present study.  One thousand data sets were generated for each condition 

in the study for a total of 36,000 generated data sets.  Table 4 displays each of the generating 

conditions. 
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Table 4 

Generating Conditions 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

5% 10 20 0.00 

5% 10 20 0.20 

5% 10 30 0.00 

5% 10 30 0.20 

5% 10 40 0.00 

5% 10 40 0.20 

5% 15 20 0.00 

5% 15 20 0.20 

5% 15 30 0.00 

5% 15 30 0.20 

5% 15 40 0.00 

5% 15 40 0.20 

10% 10 20 0.00 

10% 10 20 0.20 

10% 10 30 0.00 

10% 10 30 0.20 

10% 10 40 0.00 

10% 10 40 0.20 

10% 15 20 0.00 

10% 15 20 0.20 

10% 15 30 0.00 

10% 15 30 0.20 

10% 15 40 0.00 

10% 15 40 0.20 

15% 10 20 0.00 

15% 10 20 0.20 

15% 10 30 0.00 

15% 10 30 0.20 

15% 10 40 0.00 

15% 10 40 0.20 

15% 15 20 0.00 

15% 15 20 0.20 

15% 15 30 0.00 

15% 15 30 0.20 

15% 15 40 0.00 

15% 15 40 0.20 
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DATA GENERATION AND MODEL ESTIMATION 

 A total of 1,000 data sets were generated for each combination of conditions using 

SAS Software (9.4).  The methodology for the data generation and model estimation are 

described in the next section. 

Generating Model 

 The generating model included one predictor representing a pre-test score at both 

level one and level two, similar to models presented by Galindo (2014), Smith (2012), and 

Wolff Smith and Beretvas (2013).  Both predictors were grand-mean centered in order to 

follow previous methodology (Galindo, 2014; Wolf Smith & Beretvas, 2013) and based 

upon recommendations by Enders and Tofighi (2007).  The generating model was: 

𝑌𝑖{𝑗} = 𝛾00 + 𝛾10(𝑋𝑖{𝑗} − �̅�..) + 𝛾01 ∑ 𝑤𝑖ℎ(�̅�.ℎ − �̅�..)ℎ∈{𝑗} + ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} + 𝑒𝑖{𝑗}. (25) 

In Equation 25, the outcome (𝑌𝑖{𝑗}) for student i in the set of schools {j} is represented as 

the combination of intercept (𝛾00), the grand-mean centered student predictor (𝑋𝑖{𝑗} − �̅�..) 

and its effect, the grand-mean centered school predictor weighted for group membership 

(�̅�.ℎ− �̅�..) and its effect, and the residuals at the school and student level (𝑢0ℎ and 𝑒𝑖{𝑗}, 

respectively). 

In both of their generating and estimating models, Galindo (2014) and Smith (2012) 

included a dichotomous predictor of mobility (𝑀𝑖{𝑗}) which indicated if a student was 

mobile; however, as both authors noted, this mobility was generated as a function of the 

student’s pre-test score, and therefore the two variables were highly correlated.  This 

introduced multicollinearity into the model, which may have resulted in the substantial bias 
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found in the standard error estimates for the intercept.  As such, the student and school-

level indicators of mobility (𝑀𝑖{𝑗}) were excluded from the generating and estimating 

models in the present study, so that only the pre-test predictor was included at both level 

one and level two. 

Fixed Effects 

In previous research with the MM-REM (Galindo, 2014; Smith, 2012; Wolff Smith 

& Beretvas, 2013), the values for the fixed effects were generated as 100, 1, and 0.5 for 

𝛾00, 𝛾10, and 𝛾01.  In the present study, the fixed effects were generated at the same values 

in order to maintain consistency with previous methodological studies with the MM-REM 

(Chung & Beretvas, 2012; Galindo, 2014; Wolff Smith & Beretvas, 2013).  The values for 

fixed effects were fixed at 100 for the intercept (𝛾00), at 1 for the level one fixed effect 

representing the student-level predictor (𝛾10), and at 0.5 for the level two fixed effect 

representing the school-level predictor (𝛾01).  In an applied study with ECLS-K data, Wolff 

Smith and Beretvas (2013) found that the intercept was estimated between 93.6 and 94.2, 

and the level one coefficient was estimated at 1.0.  As such, the generating values for the 

fixed effects in the present study represent reasonable values found in applied research with 

real data. 

By varying the ICC for the level one predictor, the level two coefficient (𝛾01) 

represented small to moderate effects depending upon the ICC condition.  The effect size 

for the level two coefficient is calculated as: 𝛾01(
𝑆𝐷𝑥

𝑆𝐷𝑦
), where 𝑆𝐷𝑥 is the standard deviation 

of the observed pre-test school means (in Equation 27). Note that the variance of the 
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observed pre-test means is equal to parameter variance (i.e., 𝜏00) plus the sampling variance 

(i.e., 
𝜎2

𝑛
). 𝑆𝐷𝑦 is the residual standard deviation of the outcome at the school level  (i.e., the 

standard deviation of 𝑢0ℎ in Equation 25).  The value of the coefficient (𝛾01) and the 

school-level residual standard deviation of the outcome (𝑆𝐷𝑦) remained constant at 0.5 and 

7.07, respectively.  The value of 𝑆𝐷𝑥, then, varied by the level one sample size and ICC 

for the level one predictor conditions. In conditions with an ICC of 0.00 for the level one 

predictor, the effect size was small and varied between 0.20 and 0.16 for conditions with a 

level one sample size of either 10 or 15. When the ICC for the level one predictor was 0.20, 

the effect size was moderate at 0.37 and 0.36 in conditions with a level one sample size of 

10 and 15, respectively. 

Variance Components 

 During data generation, the variance of the level one residuals (𝜎2) on the pre-test 

predictor was fixed at 80 across conditions, and the variance of the level two residuals (𝜏00) 

was selected depending upon the condition for the ICC.  This value was calculated as: 

𝜏00 =
80 (𝐼𝐶𝐶)

1−𝐼𝐶𝐶
.                                                                              (26) 

The residuals for each student were randomly selected from a normal distribution with a 

mean of zero and a standard deviation of 8.94, and the residuals for each school were 

randomly selected from a normal distribution with a mean of zero and a standard deviation 

meeting the ICC condition.  In conditions where the ICC was 0.00, the residuals for each 

school were also set at 0.  When the ICC was 0.20, the residuals for each school were 
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randomly selected from a normal distribution with a mean of 0 and a standard deviation of 

4.47. 

 The ICC on the outcome was fixed at 0.20.  As such, the variance of the level one 

residuals was fixed at 200 and the variance of the level two residuals was fixed at 50, so 

that the level one and level two residuals were randomly selected from distributions with 

means of zero and standard deviations of 14.14 and 7.07, respectively.  This ICC value 

represents a moderate value and is within the conditions presented in Galindo (2014) and 

Smith (2012). 

Weights 

 As Wolff Smith and Beretvas (2013) noted, the value of weight incorporated for 

the MM-REM does not have a significant impact on accuracy of estimation, although 

Galindo (2014) found that the misspecification of weights from the true values was found 

to impact parameter estimates.  As the method for weighting is not the focus of the present 

study, weights were assigned equally across each unit of membership. Students who were 

identified as mobile were members of two schools with a weight of 0.50 applied for each 

school.  Further replications may incorporate different weight schemes or criteria for 

assigning mobility to students, but these conditions were outside of the scope of the present 

study. 

Predictors 

 Smith (2012) generated the student-level pre-test predictor (Xi) with a mean of 50 

and a standard deviation of 10, which followed previous methodological research with the 
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MM-REM (Chung & Beretvas, 2012).  Galindo (2014) generated the student-level 

predictor with a grand mean of 50 and a standard deviation of 10, and calculated the school-

level predictors separately for high- and low-performing schools by generating the pre-test 

predictor for high-performing schools with a mean of 55 and a standard deviation of 10, 

and generating the pre-test predictor for low-performing schools with a mean of 45 and a 

standard deviation of 10.  As Galindo noted, this method may have introduced 

multicollinearity in the model as the mobility predictor and the pre-test score predictor 

were highly correlated, and therefore an alternate method was employed in the present 

study. 

 In order to generate pre-test scores (𝑋𝑖𝑗) that varied across schools, values were 

generated for a two-level unconditional model with the pre-test score as the outcome in the 

following equation: 

𝑋𝑖𝑗 = 𝛾00𝑥 + 𝑢0𝑗𝑥 + 𝑟𝑖𝑗𝑥.                                                                                   (27) 

In Equation 27, student i’s pre-test score (𝑋𝑖𝑗) is represented as the combination of the 

grand-mean of the predictor across schools, 𝛾00𝑥, the school residual, 𝑢0𝑗𝑥, and the student 

residual, 𝑟𝑖𝑗𝑥.  As in previous methodological studies, the grand mean pre-test score, 𝛾00𝑥, 

was generated with a value of 50.  The student and school residuals and the number of 

students and schools generated were selected depending upon the generating condition as 

described above. 
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Generation of Mobility 

In a previous methodological study with the MM-REM (Chung & Beretvas, 2012), 

mobility was randomly assigned to units and was not based upon any other characteristics 

of the individual.  Smith (2012) suggested that randomly assigning mobility may exclude 

an underlying variable, as some individuals are more likely to be mobile than others, and 

therefore concluded that mobility should be generated as a function of other related 

variables.  Both Galindo (2014) and Smith (2012) calculated a student’s likelihood of being 

mobile as a function of their pre-test score (𝑋𝑖𝑗).  The authors suggested that the substantial 

bias found in fixed effect and standard error estimates may have been inflated due to the 

fact that the pre-test score, which was used to identify mobile students, was highly 

correlated with the mobility predictors included in the model.   

Enders (2001) described a method for determining the probability of missingness 

as related to an individual predictor, which was considered to mimic data missing at 

random (MAR).  In this model, an individual’s likelihood of having missing data is related 

to their percentile on the predictor, as displayed in Equation 28.   

𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝑀𝑜𝑏𝑖𝑙𝑖𝑡𝑦 = 1 −  𝑃𝑒𝑟𝑐𝑒𝑛𝑡𝑖𝑙𝑒(𝑋𝑖𝑗)  (28) 

For example, a student who is at the 10th percentile on the predictor has a 90% 

probability of being mobile (i.e., 1- 0.10 = 0.90), whereas a student who is at the 90th 

percentile on the predictor has a 10% probability of being mobile (i.e., 1 – 0.90 = 0.10).  

This method was employed in the present study to assign mobility to students based upon 

the pre-test score, 𝑋𝑖𝑗. After school and student values for the pre-test predictor were 
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generated, all students were ranked according to their pre-test score (regardless of school 

membership) and a percentile rank was calculated for each student.  Then, a random 

number was generated from a uniform distribution from 0 to 1 for each student.  If this 

generated value was less than or equal to the probability of mobility (as calculated in 

Equation 28), the student was selected as mobile.  Otherwise, the student was considered 

non-mobile.  This process was repeated until the mobility rate met the study condition, for 

5%, 10%, and 15% of students who were mobile. 

 Smith (2012) noted that mobile students tend to move to another school with similar 

characteristics.  In order to mimic this pattern in a simulated data set, previous 

methodological studies (Galindo, 2014; Smith, 2012) ordered schools by their performance 

on a predictor and applied an identifier for each school ranging from 1 to the maximum 

number of groups in the condition.  If a student was identified as mobile, the student was 

then assigned to the school identified as the next highest in order for the second unit of 

membership.  In this example, a mobile student whose first school was identified as 30 

would then be assigned to the school identified as 31 for the second unit of membership.  

If a mobile student was a member of the last school, the student was then assigned to the 

school identified as 1 for the second unit of membership.   

 As discussed in the real data study, students do not necessarily move to a school 

with similar characteristics as their previous school.  In order to generate a realistic pattern, 

the mobility patterns mimicked those found in the real data study for mobility between the 

spring of kindergarten and the fall of first grade, the spring of first and third grades, and 

the spring of third and fifth grades.  These time periods represent points when the mobility 
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rate was small to moderate, from 8.35% to 18.54%.  Across the three periods, an average 

of 44 percent of students moved to a school within the same quartile classification, 28 

percent of students moved to a school with a higher classification, and 27 percent of 

students moved to a school with a lower classification. 

 Based upon these values, half (50 percent) of mobile students moved to a school 

within the same quartile classification as their previous school, 25 percent of students 

moved to a school with a higher classification, and 25 percent of students moved to a school 

with a lower classification.  The mobility pattern for each set of conditions is displayed in 

Table 5 below.  
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Table 5   

Summary of Mobility Patterns 

Condition  Mobility Pattern 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

Total 

N 

Total 

Mobile 

 

Higher  

No 

Change Lower  

5% 10 20 200 10  3 5 2 

10% 10 20 200 20  5 10 5 

15% 10 20 200 30  8 15 7 

5% 10 30 300 15  4 7 4 

10% 10 30 300 30  8 15 7 

15% 10 30 300 45  11 23 11 

5% 10 40 400 20  5 10 5 

10% 10 40 400 40  10 20 10 

15% 10 40 400 60  15 30 15 

5% 15 20 300 15  4 7 4 

10% 15 20 300 30  8 15 7 

15% 15 20 300 45  11 23 11 

5% 15 30 450 23  6 11 6 

10% 15 30 450 45  11 23 11 

15% 15 30 450 68  17 34 17 

5% 15 40 600 30  8 15 7 

10% 15 40 600 60  15 30 15 

15% 15 40 600 90  23 45 22 

Estimating Models 

 Two models were estimated for each set of conditions: one that ignored mobility 

with a traditional MLM (Equation 29) and one that incorporated mobility with the MM-

REM (Equation 30).  The two-level MLM estimating model was: 

𝑌𝑖𝑗 = 𝛾00 +  𝛾10(𝑋𝑖𝑗 − �̅�..) +  𝛾01(�̅�.ℎ − �̅�..) + 𝑢0ℎ +  𝑒𝑖𝑗,                                 (29) 

And the estimating model that incorporated mobility (MM-REM) was:  

𝑌𝑖{𝑗} = 𝛾00 + 𝛾10(𝑋𝑖{𝑗} − �̅�..) +  𝛾01 ∑ 𝑤𝑖ℎ(�̅�.ℎ − �̅�..)ℎ∈{𝑗} +  ∑ 𝑤𝑖ℎ𝑢0ℎ ℎ∈{𝑗} +

 𝑒𝑖{𝑗}.                  (30) 
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In Equation 29, any students who were identified as mobile were assigned to the 

last school of membership.  This method, also known as the last unit method, includes all 

mobile cases (unlike the HLM-delete method) but does not handle mobility for membership 

within multiple units.  The last unit method has been employed in methodological and 

applied studies when comparing results from an MM-REM to a traditional MLM (Chung 

& Beretvas, 2012; Timmermans, Snijders, & Bosker, 2013).  

Estimation Procedure 

Although the Kenward-Rogers correction for degrees of freedom provided 

unbiased estimates of standard errors of fixed effects estimates in conditions with small 

sample sizes (Bell et al., 2014; McNeish & Stapleton, 2014), this method is not available 

in a statistical program that can incorporate the multiple membership model, and therefore 

was not used in the present study.  Instead, a Markov Chain Monte Carlo (MCMC) 

estimation procedure was employed in MLwiN (version 2.34, 2015), which incorporates 

Gibbs and Metropolis-Hastings sampling. These methods combine information from a 

prior distribution with the data in order to create a conditional posterior distribution over a 

number of iterations.  Between each iteration, estimates from the previous posterior 

distribution are used in the prior distribution for the next iteration. Each parameter estimate 

is then obtained from the mean of the posterior distribution.  For additional information 

about this procedure, see Browne (2015).  

As in prior studies incorporating the MM-REM (Chung & Beretvas, 2012; Galindo, 

2014; Grady & Beretvas, 2010; Smith, 2012; Wolff Smith & Beretvas, 2013) one chain 
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was run with 50,000 iterations and a burn-in of 5,000.  As Chung and Beretvas (2012) 

noted, these values were considered sufficient for parameter estimation. The default priors 

provided by MLwiN were used, which included a uniform distribution for regression 

coefficients and an inverse gamma distribution for variance components (Browne, 2015).  

These priors are considered ‘flat’ or ‘diffuse’ and are essentially non-informative or 

'weakly informative'.  Additionally, the inverse gamma distribution for variance 

components includes very small parameter values, which results in a distribution similar to 

a uniform distribution.  Gelman (2006) recommended the use of uniform prior distributions 

when the number of groups is small but greater than five total groups, and noted that inverse 

gamma distributions may be sensitive to conditions when the group-level variance 

approaches zero.  As the minimum number of groups in the present study was 20 and the 

group-level variance was above zero, this method was considered acceptable for use in 

MCMC estimation. 

ANALYSES 

 The fixed effects and variance components estimates were compared between the 

MM-REM and traditional MLM for relative parameter bias and relative standard error bias.  

Additionally, coverage for credible intervals was assessed for each condition, and factorial 

ANOVAs were conducted to identify which conditions substantially impacted bias.  

Further description of each analysis is provided in the next section. 
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Relative Parameter Bias 

 The relative parameter bias (RPB; Hoogland & Boomsma, 1998) provides an 

assessment of the degree to which a parameter is biased with respect to the parameter’s 

true value.  Because the true values for fixed effects and variance components vary within 

the present study, reporting raw parameter bias does not provide context for comparing 

bias between parameter estimates.  For example, raw bias of -1.00 for the intercept (𝛾00) 

may be considered reasonable because the true value is fixed at 100.  Raw bias of -1.00 for 

the level one fixed effect (𝛾10), however, may be considered more severe with the true 

value fixed at 1.  Relative parameter bias is therefore useful when comparing across 

conditions as the values are represented as percentages.  In this example, an RPB of 1% for 

both the intercept and the level one fixed effect would represent the same degree of bias 

for both parameters.    

In the present study, the RPB was compared across conditions for the estimates of 

fixed effects, 𝛾00, 𝛾01,  and 𝛾10 and variance components, 𝜎2 and 𝜏00.  The RPB was 

calculated as: 

𝜃 =  
�̅�− 𝜃

𝜃
.                                                                                                            (31) 

Here, 𝜃 represents the true (generated) value and �̅� represents the estimated value of the 

parameter, averaged across all replications.  Hoogland and Boomsma noted that substantial 

bias is identified by values of the RPB greater than 0.05, which represents estimates that 

differ from the true value by more than 5%.  As such, conditions with an RPB of 5% were 

considered substantially biased in the present study. 
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Relative Standard Error Bias 

 The relative standard error bias (RSEB; Hoogland & Boomsma, 1998) is similar to 

the relative parameter bias, and was calculated as: 

𝑠�̂�𝑗 =  
�̅̂��̂�𝑗− 𝜎�̂�𝑗

𝜎�̂�𝑗

,                                                                                                  (32) 

where �̅̂��̂�𝑗 represents the estimate of the standard error averaged across replications, and 

𝜎�̂�𝑗 represents the true standard error of the parameter (𝜃) in the jth iteration. The true 

standard error was calculated as the standard deviation of the distribution of the parameter 

(𝜃) estimates across all replications.  The RSEB was calculated for the standard error 

estimate of each fixed effect, 𝛾00, 𝛾01 and 𝛾10, and for the variance components, 𝜎2 and 𝜏00.  

As Hoogland and Boomsma (1998) noted, values of 0.10 or greater generally suggest 

substantial bias in standard error estimates, as the estimated and true values differ by 10% 

or more.  This guideline was followed in the present study, and conditions with a relative 

standard error bias greater than 10% were considered substantially biased. 

Credible Interval Coverage 

 Credible interval coverage, or the proportion of replications in which the 95% 

credible interval includes the true parameter value, was assessed for each condition.  Maas 

and Hox (2005) noted that while the 95% coverage rate was not impacted by the value of 

the ICC, the coverage rate was generally higher with larger group sizes than with smaller 

group sizes, and was impacted even more so by the number of groups.  In the present study, 

coverage rates were assessed for estimates of fixed effects and variance components.  With 
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MCMC estimation, the 95% credible interval estimates are calculated from the quantiles 

of the posterior distributions at the 2.5th and 97.5th values (Browne, 2015).   

Bradley (1978) suggested an acceptable coverage rate by adding and subtracting 

half of the expected error rate from the expected coverage rate.  In the present study, 

coverage rates between 92.5% (95% - 2.5%) and 97.5% (95% + 2.5%) were considered 

acceptable.  The proportion of the 1,000 replications in which coverage rates fell within 

92.5% to 97.5% were assessed for each study condition. 

Analyses of Variance (ANOVAs) 

 As noted in prior studies (Chung & Beretvas, 2012; Smith, 2012), factorial analyses 

of variance (ANOVAs) can be employed to identify conditions which impact parameter 

and standard error bias.  Two separate ANOVAs were conducted for both the MLM 

ignoring mobility and the MM-REM incorporating mobility, with the parameter and 

standard error bias as the dependent variables and main effects and interactions between 

conditions as independent variables.  Due to the large sample size in the present study 

(1,000 iterations for each generating condition), the conditions with predictors identified 

as statistically significant at the 1% (p < 0.01) level and those in which the partial eta 

squared effect size measure (𝜂2
𝑝
) was greater than the threshold of 0.01 were discussed 

further.  Cohen (1977) identified partial eta squared values of 0.01 to represent small effect 

sizes, values of 0.06 to represent moderate effect sizes, and values of 0.14 to represent large 

effect sizes.  These values were employed in the present study to identify small, moderate, 

and large effects. 



 75 

Chapter 4: Results 

Results from the simulation study are presented for each of the dependent measures 

and the parameters of interest for both the MLM and the MM-REM.  Findings for relative 

parameter bias, relative standard error bias, and credible interval coverage are summarized 

for estimates of the intercept, the coefficients associated with the predictors at level one 

and level two, and the variance components at level one and level two. Results from the 

factorial ANOVAs are also presented for relative parameter bias and relative standard error 

bias.   The tables display the average bias and credible interval coverage for each condition 

and method, and the overall average for each method is provided in the last row of each 

table.  ANOVA results are not discussed when no substantial bias was found.   

RELATIVE PARAMETER BIAS 

Results related to relative parameter bias are presented for each parameter, followed 

by tabular output displaying the results for each condition and method.  Values with a 

magnitude of 0.05 (5% bias) or greater are denoted in italics. 

Intercept, 𝜸𝟎𝟎 

Relative parameter bias of estimates of the intercept is presented in Table 6 for each 

condition and method.   Across all conditions, no substantial relative parameter bias was 

found for estimates of the intercept (MMLM = -0.006, MMM-REM = -0.006).   
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Table 6 

Relative Parameter Bias of Estimates of the Intercept,  𝛾00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  -0.004 -0.004 

5% 10 20 0.20  -0.003 -0.002 

5% 10 30 0.00  -0.004 -0.004 

5% 10 30 0.20  -0.004 -0.004 

5% 10 40 0.00  -0.004 -0.004 

5% 10 40 0.20  -0.004 -0.003 

5% 15 20 0.00  -0.003 -0.003 

5% 15 20 0.20  -0.003 -0.003 

5% 15 30 0.00  -0.004 -0.004 

5% 15 30 0.20  -0.004 -0.004 

5% 15 40 0.00  -0.005 -0.004 

5% 15 40 0.20  -0.004 -0.004 

10% 10 20 0.00  -0.008 -0.008 

10% 10 20 0.20  -0.006 -0.005 

10% 10 30 0.00  -0.006 -0.006 

10% 10 30 0.20  -0.006 -0.006 

10% 10 40 0.00  -0.007 -0.007 

10% 10 40 0.20  -0.006 -0.006 

10% 15 20 0.00  -0.006 -0.006 

10% 15 20 0.20  -0.006 -0.005 

10% 15 30 0.00  -0.006 -0.006 

10% 15 30 0.20  -0.006 -0.006 

10% 15 40 0.00  -0.007 -0.007 

10% 15 40 0.20  -0.007 -0.006 

15% 10 20 0.00  -0.007 -0.006 

15% 10 20 0.20  -0.007 -0.006 

15% 10 30 0.00  -0.007 -0.007 

15% 10 30 0.20  -0.007 -0.007 

15% 10 40 0.00  -0.008 -0.008 

15% 10 40 0.20  -0.008 -0.007 

15% 15 20 0.00  -0.007 -0.007 

15% 15 20 0.20  -0.007 -0.006 

15% 15 30 0.00  -0.008 -0.008 

15% 15 30 0.20  -0.008 -0.007 

15% 15 40 0.00  -0.009 -0.008 

15% 15 40 0.20  -0.008 -0.008 

Overall  -0.006 -0.006 
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Level One Coefficient,𝜸𝟏𝟎   

Relative parameter bias of estimates of the level one coefficient is presented in 

Table 7 for each condition and method.  Across all conditions, no substantial relative 

parameter bias was found for either method (MMLM = 0.001, MMM-REM = 0.003). 
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Table 7 

Relative Parameter Bias of Estimates of the Level One Coefficient,  𝛾10 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  -0.007 0.001 

5% 10 20 0.20  0.003 0.004 

5% 10 30 0.00  -0.002 0.004 

5% 10 30 0.20  0.009 0.005 

5% 10 40 0.00  -0.006 -0.000 

5% 10 40 0.20  0.007 0.006 

5% 15 20 0.00  -0.003 -0.000 

5% 15 20 0.20  0.006 0.003 

5% 15 30 0.00  -0.005 -0.001 

5% 15 30 0.20  -0.001 -0.005 

5% 15 40 0.00  -0.005 0.000 

5% 15 40 0.20  0.005 0.004 

10% 10 20 0.00  -0.004 0.002 

10% 10 20 0.20  0.005 0.003 

10% 10 30 0.00  -0.004 0.005 

10% 10 30 0.20  0.008 0.006 

10% 10 40 0.00  -0.004 0.005 

10% 10 40 0.20  0.001 0.000 

10% 15 20 0.00  -0.003 0.004 

10% 15 20 0.20  0.007 0.005 

10% 15 30 0.00  0.000 0.005 

10% 15 30 0.20  0.004 -0.000 

10% 15 40 0.00  -0.004 0.001 

10% 15 40 0.20  0.008 0.003 

15% 10 20 0.00  -0.004 0.007 

15% 10 20 0.20  0.008 0.008 

15% 10 30 0.00  -0.006 0.003 

15% 10 30 0.20  0.011 0.006 

15% 10 40 0.00  0.000 0.008 

15% 10 40 0.20  0.004 0.001 

15% 15 20 0.00  -0.003 0.003 

15% 15 20 0.20  0.007 0.003 

15% 15 30 0.00  0.002 0.007 

15% 15 30 0.20  0.010 0.006 

15% 15 40 0.00  -0.001 0.005 

15% 15 40 0.20  0.011 0.005 

Overall  0.001 0.003 
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Level Two Coefficient, 𝜸𝟎𝟏 

Relative parameter bias of estimates of the level two coefficient is presented in 

Table 8 for each condition and method.   For MLM estimates, negative bias was found in 

19 of the 36 conditions, primarily in conditions with an ICC for the level one predictor of 

0.00 (M0.00 = -0.113, M0.20 = 0.016).  Additionally, for MLM estimates, bias increased as 

the mobility rate increased (M5% = -0.012, M10% = -0.048, M15% = -0.086).  Negative bias 

greater than 5% in magnitude was found in 33 of the 36 conditions for MM-REM estimates. 

The degree of bias increased for MM-REM estimates as mobility increased (M5% = -0.077, 

M10% = -0.130, M15% = -0.169), and as the level one sample size increased (M10 = -0.103, 

M15 = -0.148).  

The ANOVA results indicated that none of the conditions influenced the degree of 

bias for either method.  Overall, MLM and MM-REM estimates differed by as much as 

20%, and greater negative bias was found for MM-REM estimates than for MLM estimates 

(MMLM = -0.049, MMM-REM = -0.126). 
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Table 8 

Relative Parameter Bias of Estimates of the Level Two Coefficient,  𝛾01 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  -0.020 -0.027 

5% 10 20 0.20  0.074 -0.022 

5% 10 30 0.00  -0.055 -0.070 

5% 10 30 0.20  0.027 -0.066 
5% 10 40 0.00  -0.036 -0.026 

5% 10 40 0.20  0.042 -0.061 
5% 15 20 0.00  -0.130 -0.118 
5% 15 20 0.20  0.048 -0.084 
5% 15 30 0.00  -0.103 -0.145 
5% 15 30 0.20  0.020 -0.108 
5% 15 40 0.00  -0.067 -0.109 

5% 15 40 0.20  0.050 -0.094 

10% 10 20 0.00  -0.166 -0.158 
10% 10 20 0.20  -0.018 -0.141 
10% 10 30 0.00  -0.081 -0.105 

10% 10 30 0.20  0.017 -0.107 
10% 10 40 0.00  -0.069 -0.086 

10% 10 40 0.20  0.046 -0.100 
10% 15 20 0.00  -0.068 -0.123 

10% 15 20 0.20  0.018 -0.149 
10% 15 30 0.00  -0.206 -0.215 
10% 15 30 0.20  0.023 -0.153 
10% 15 40 0.00  -0.103 -0.092 
10% 15 40 0.20  0.031 -0.130 
15% 10 20 0.00  -0.125 -0.147 
15% 10 20 0.20  -0.060 -0.185 

15% 10 30 0.00  -0.126 -0.144 
15% 10 30 0.20  -0.047 -0.155 
15% 10 40 0.00  -0.164 -0.142 
15% 10 40 0.20  0.026 -0.117 
15% 15 20 0.00  -0.111 -0.081 
15% 15 20 0.20  0.023 -0.168 
15% 15 30 0.00  -0.241 -0.272 
15% 15 30 0.20  -0.025 -0.225 
15% 15 40 0.00  -0.163 -0.210 
15% 15 40 0.20  -0.013 -0.188 

Overall  -0.049 -0.126 
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Level One Variance Component, 𝝈𝟐 

Relative parameter bias of estimates of the level one variance component is 

presented in Table 9 for each condition and method.   Across all conditions, no substantial 

relative parameter bias was found for either method (MMLM = 0.024, MMM-REM = 0.012).   
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Table 9 

Relative Parameter Bias of Estimates of the Level One Variance Component,  𝜎2 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  0.030 0.023 

5% 10 20 0.20  0.029 0.021 

5% 10 30 0.00  0.025 0.018 

5% 10 30 0.20  0.019 0.012 

5% 10 40 0.00  0.017 0.011 

5% 10 40 0.20  0.011 0.005 

5% 15 20 0.00  0.019 0.013 

5% 15 20 0.20  0.011 0.006 

5% 15 30 0.00  0.016 0.009 

5% 15 30 0.20  0.013 0.006 

5% 15 40 0.00  0.011 0.004 

5% 15 40 0.20  0.010 0.004 

10% 10 20 0.00  0.038 0.025 

10% 10 20 0.20  0.038 0.025 

10% 10 30 0.00  0.028 0.016 

10% 10 30 0.20  0.021 0.009 

10% 10 40 0.00  0.021 0.008 

10% 10 40 0.20  0.024 0.012 

10% 15 20 0.00  0.020 0.009 

10% 15 20 0.20  0.023 0.012 

10% 15 30 0.00  0.019 0.006 

10% 15 30 0.20  0.018 0.005 

10% 15 40 0.00  0.018 0.005 

10% 15 40 0.20  0.020 0.008 

15% 10 20 0.00  0.040 0.021 

15% 10 20 0.20  0.041 0.023 

15% 10 30 0.00  0.034 0.015 

15% 10 30 0.20  0.039 0.021 

15% 10 40 0.00  0.026 0.008 

15% 10 40 0.20  0.030 0.012 

15% 15 20 0.00  0.031 0.013 

15% 15 20 0.20  0.031 0.013 

15% 15 30 0.00  0.021 0.003 

15% 15 30 0.20  0.026 0.009 

15% 15 40 0.00  0.022 0.004 

15% 15 40 0.20  0.023 0.006 

Overall  0.024 0.012 
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Level Two Variance Component, 𝝉𝟎𝟎 

Relative parameter bias of estimates of the variance component at level two is 

presented in Table 10 for each condition and method.  MLM estimates were negatively 

biased in 13 of the 36 conditions.  Negative bias for MLM estimates tended to increase as 

the mobility rate increased (M5% = 0.016, M10% = -0.034, M15% = -0.090).  In addition, 

MLM estimates were slightly more negatively biased as the level one sample size 

decreased (M10 = -0.049, M15 = -0.024), and as the level two sample size increased (M20 = 

-0.024, M30 = -0.035, M40 = -0.049).    In contrast, MM-REM estimates were positively 

biased in 24 of the 36 conditions, and this bias tended to increase for MM-REM estimates 

as the level one sample size increased (M10 = 0.049, M15 = 0.077), and as the level two 

sample size decreased (M20 = 0.079, M30 = 0.064, M40 = 0.047).   

The ANOVA results indicated that the mobility rate significantly impacted bias for 

MLM estimates [F(2, 35,980) = 208.76, p < 0.001, 𝜂𝑝
2 = 0.011], while none of the 

conditions impacted bias for the MM-REM. Overall, bias of MLM and MM-REM 

estimates differed by as much as 16% across conditions.  Greater bias in magnitude was 

found for MM-REM estimates in conditions with 5% and 10% mobility, and for MLM 

estimates in conditions with 15% mobility.  Overall, bias was generally greater for MM-

REM estimates than for MLM estimates (MMLM = -0.036, MMM-REM = 0.063).  
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Table 10 

Relative Parameter Bias of Estimates of the Level Two Variance Component,  𝜏00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  0.015 0.062 
5% 10 20 0.20  0.022 0.075 
5% 10 30 0.00  0.020 0.064 
5% 10 30 0.20  0.012 0.059 
5% 10 40 0.00  -0.006 0.039 

5% 10 40 0.20  -0.007 0.042 

5% 15 20 0.00  0.041 0.095 
5% 15 20 0.20  0.048 0.095 
5% 15 30 0.00  0.034 0.087 
5% 15 30 0.20  0.021 0.073 
5% 15 40 0.00  -0.018 0.030 

5% 15 40 0.20  0.006 0.051 
10% 10 20 0.00  -0.049 0.053 
10% 10 20 0.20  -0.041 0.061 
10% 10 30 0.00  -0.051 0.042 

10% 10 30 0.20  -0.036 0.060 
10% 10 40 0.00  -0.051 0.047 

10% 10 40 0.20  -0.059 0.036 

10% 15 20 0.00  0.010 0.107 
10% 15 20 0.20  -0.029 0.071 
10% 15 30 0.00  -0.022 0.077 
10% 15 30 0.20  -0.015 0.092 
10% 15 40 0.00  -0.032 0.064 
10% 15 40 0.20  -0.034 0.065 
15% 10 20 0.00  -0.115 0.038 

15% 10 20 0.20  -0.098 0.059 

15% 10 30 0.00  -0.121 0.031 

15% 10 30 0.20  -0.103 0.041 

15% 10 40 0.00  -0.110 0.033 

15% 10 40 0.20  -0.098 0.049 

15% 15 20 0.00  -0.044 0.112 
15% 15 20 0.20  -0.047 0.118 
15% 15 30 0.00  -0.076 0.078 

15% 15 30 0.20  -0.085 0.069 

15% 15 40 0.00  -0.085 0.067 

15% 15 40 0.20  -0.097 0.045 

Overall  -0.036 0.063 
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RELATIVE STANDARD ERROR BIAS 

Results for relative standard error bias of each parameter are discussed followed by 

tabular output displaying the results for each condition and method. Values of 0.10 in 

magnitude (10% bias) or greater are denoted in italics. 

Intercept, 𝜸𝟎𝟎 

 Relative standard error bias of estimates of the intercept is displayed in Table 11 

for each condition and method.  For MLM estimates, negative bias of 10% or greater was 

found in 28 of the 36 conditions, and this bias increased as the level one sample size 

decreased (M10 = -0.201, M15 = -0.179) and as the ICC for the level one predictor increased 

(M0.00 = -0.102, M0.20 = -0.279).  Additionally, the degree of bias for MLM estimates 

increased as the mobility rate increased (M5% = -0.176, M10% = -0.192, M15% = -0.202).    

Negative bias of 10% or greater was found in 22 of the 36 conditions for MM-REM 

estimates, and this bias increased as the level one sample size decreased (M10 = -0.170, M15 

= -0.139), and as the ICC for the level one predictor increased (M0.00 = -0.072, M0.20 = -

0.238).   

The ANOVA results revealed that revealed that the predictor ICC significantly 

impacted the bias found for MLM estimates [F(1, 35,980) = 16,567.43, p < 0.001, 𝜂𝑝
2 = 

0.315].  For MM-REM estimates, the level one sample size [F(1, 35,980) = 472.53,  p < 

0.001, 𝜂𝑝
2 = 0.013] and the ICC for the level one predictor [F(1, 35,980) = 13,619.11, p < 

0.001, 𝜂𝑝
2 = 0.275] significantly impacted the negative bias found.  Overall, bias of MLM 
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and MM-REM estimates differed by as much as 6.4% across conditions, and greater 

negative bias was found for MLM estimates (MMLM = -0.190, MMM-REM = -0.155). 
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Table 11 

Relative Standard Error Bias of Estimates of the Intercept,  𝛾00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  -0.111 -0.102 

5% 10 20 0.20  -0.279 -0.255 

5% 10 30 0.00  -0.095 -0.086 

5% 10 30 0.20  -0.279 -0.261 

5% 10 40 0.00  -0.110 -0.096 

5% 10 40 0.20  -0.266 -0.245 

5% 15 20 0.00  -0.045 -0.030 

5% 15 20 0.20  -0.241 -0.214 

5% 15 30 0.00  -0.105 -0.085 

5% 15 30 0.20  -0.269 -0.243 

5% 15 40 0.00  -0.037 -0.016 

5% 15 40 0.20  -0.276 -0.248 

10% 10 20 0.00  -0.111 -0.087 

10% 10 20 0.20  -0.305 -0.270 

10% 10 30 0.00  -0.132 -0.104 

10% 10 30 0.20  -0.239 -0.201 

10% 10 40 0.00  -0.137 -0.108 

10% 10 40 0.20  -0.299 -0.261 

10% 15 20 0.00  -0.095 -0.068 

10% 15 20 0.20  -0.289 -0.243 

10% 15 30 0.00  -0.105 -0.074 

10% 15 30 0.20  -0.251 -0.199 

10% 15 40 0.00  -0.090 -0.059 

10% 15 40 0.20  -0.250 -0.202 

15% 10 20 0.00  -0.118 -0.080 

15% 10 20 0.20  -0.263 -0.215 

15% 10 30 0.00  -0.149 -0.107 

15% 10 30 0.20  -0.297 -0.248 

15% 10 40 0.00  -0.129 -0.087 

15% 10 40 0.20  -0.302 -0.248 

15% 15 20 0.00  -0.088 -0.035 

15% 15 20 0.20  -0.325 -0.261 

15% 15 30 0.00  -0.088 -0.035 

15% 15 30 0.20  -0.291 -0.228 

15% 15 40 0.00  -0.087 -0.032 

15% 15 40 0.20  -0.294 -0.233 

Overall  -0.190 -0.155 
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Level One Coefficient, 𝜸𝟏𝟎 

Relative standard error bias of estimates of the level one coefficient is displayed in 

Table 12 for each condition and method. Substantial bias was not found in any conditions 

for either method (MMLM = -0.003, MMM-REM = 0.006). 
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Table 12 

Relative Standard Error Bias of Estimates of the Level One Coefficient,  𝛾10 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  0.032 0.039 

5% 10 20 0.20  -0.022 -0.009 

5% 10 30 0.00  0.017 0.022 

5% 10 30 0.20  -0.021 0.001 

5% 10 40 0.00  -0.024 -0.008 

5% 10 40 0.20  0.027 0.032 

5% 15 20 0.00  -0.013 0.006 

5% 15 20 0.20  -0.027 -0.031 

5% 15 30 0.00  0.003 -0.001 

5% 15 30 0.20  0.018 0.029 

5% 15 40 0.00  -0.046 -0.043 

5% 15 40 0.20  0.005 0.010 

10% 10 20 0.00  0.041 0.045 

10% 10 20 0.20  -0.025 -0.029 

10% 10 30 0.00  -0.007 0.001 

10% 10 30 0.20  0.030 0.042 

10% 10 40 0.00  -0.000 0.013 

10% 10 40 0.20  0.000 0.003 

10% 15 20 0.00  0.001 0.011 

10% 15 20 0.20  0.000 0.021 

10% 15 30 0.00  0.011 0.018 

10% 15 30 0.20  -0.027 -0.015 

10% 15 40 0.00  -0.004 0.011 

10% 15 40 0.20  -0.009 0.023 

15% 10 20 0.00  -0.030 -0.032 

15% 10 20 0.20  0.007 0.006 

15% 10 30 0.00  0.011 0.017 

15% 10 30 0.20  0.017 0.037 

15% 10 40 0.00  -0.004 0.010 

15% 10 40 0.20  0.007 0.033 

15% 15 20 0.00  -0.025 -0.020 

15% 15 20 0.20  -0.021 -0.006 

15% 15 30 0.00  -0.008 0.003 

15% 15 30 0.20  -0.012 -0.005 

15% 15 40 0.00  -0.014 -0.003 

15% 15 40 0.20  -0.007 0.002 

Overall  -0.003 0.006 



 90 

Level Two Coefficient, 𝜸𝟎𝟏 

Relative standard error bias of estimates of the level two coefficient is displayed in 

Table 13 for each condition and method.  Substantial bias was not found in any condition 

for either method (MMLM = 0.006, MMM-REM = -0.003). 
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Table 13 

Relative Standard Error Bias of Estimates of the Level Two Coefficient,  𝛾01 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  0.019 -0.005 

5% 10 20 0.20  0.047 0.034 

5% 10 30 0.00  0.030 -0.005 

5% 10 30 0.20  -0.016 -0.005 

5% 10 40 0.00  -0.015 0.009 

5% 10 40 0.20  0.039 0.039 

5% 15 20 0.00  -0.009 -0.001 

5% 15 20 0.20  -0.009 -0.016 

5% 15 30 0.00  0.001 0.027 

5% 15 30 0.20  -0.015 -0.024 

5% 15 40 0.00  -0.022 -0.008 

5% 15 40 0.20  -0.014 -0.007 

10% 10 20 0.00  0.018 -0.018 

10% 10 20 0.20  -0.004 -0.016 

10% 10 30 0.00  0.003 -0.006 

10% 10 30 0.20  -0.026 -0.017 

10% 10 40 0.00  -0.032 -0.014 

10% 10 40 0.20  0.022 -0.008 

10% 15 20 0.00  0.047 0.023 

10% 15 20 0.20  -0.030 -0.018 

10% 15 30 0.00  -0.002 -0.047 

10% 15 30 0.20  0.007 -0.019 

10% 15 40 0.00  0.010 0.011 

10% 15 40 0.20  0.048 0.028 

15% 10 20 0.00  0.015 -0.012 

15% 10 20 0.20  0.011 0.027 

15% 10 30 0.00  -0.008 -0.021 

15% 10 30 0.20  -0.026 -0.026 

15% 10 40 0.00  -0.019 -0.004 

15% 10 40 0.20  0.035 0.026 

15% 15 20 0.00  0.024 -0.020 

15% 15 20 0.20  0.015 -0.019 

15% 15 30 0.00  0.006 0.007 

15% 15 30 0.20  0.020 -0.015 

15% 15 40 0.00  0.023 0.006 

15% 15 40 0.20  0.020 0.007 

Overall  0.006 -0.003 
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Variance Component at Level One, 𝝈𝟐 

Relative standard error bias of the level one variance component is displayed in 

Table 14 for each condition and method.  Substantial bias was not found in any condition 

for either method (MMLM = -0.003, MMM-REM = -0.001).   
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Table 14 

Relative Standard Error Bias of Estimates of the Level One Variance Component,  𝜎2 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  -0.003 0.002 

5% 10 20 0.20  -0.012 -0.012 

5% 10 30 0.00  0.007 0.009 

5% 10 30 0.20  -0.005 -0.003 

5% 10 40 0.00  0.016 0.024 

5% 10 40 0.20  0.032 0.036 

5% 15 20 0.00  -0.011 -0.010 

5% 15 20 0.20  0.012 0.004 

5% 15 30 0.00  0.050 0.049 

5% 15 30 0.20  -0.012 -0.008 

5% 15 40 0.00  -0.035 -0.035 

5% 15 40 0.20  -0.001 -0.008 

10% 10 20 0.00  -0.033 -0.037 

10% 10 20 0.20  -0.019 -0.016 

10% 10 30 0.00  -0.004 -0.011 

10% 10 30 0.20  -0.010 -0.002 

10% 10 40 0.00  0.016 0.024 

10% 10 40 0.20  0.017 0.023 

10% 15 20 0.00  -0.049 -0.051 

10% 15 20 0.20  -0.018 -0.015 

10% 15 30 0.00  0.017 0.024 

10% 15 30 0.20  0.004 0.007 

10% 15 40 0.00  -0.026 -0.027 

10% 15 40 0.20  0.021 0.020 

15% 10 20 0.00  -0.029 -0.028 

15% 10 20 0.20  -0.002 -0.004 

15% 10 30 0.00  0.003 -0.001 

15% 10 30 0.20  -0.015 -0.014 

15% 10 40 0.00  -0.032 -0.029 

15% 10 40 0.20  0.008 0.017 

15% 15 20 0.00  -0.021 -0.011 

15% 15 20 0.20  -0.017 -0.008 

15% 15 30 0.00  0.015 0.014 

15% 15 30 0.20  0.032 0.030 

15% 15 40 0.00  -0.001 -0.006 

15% 15 40 0.20  0.010 0.003 

Overall  -0.003 -0.001 
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Variance Component at Level Two, 𝝉𝟎𝟎 

Relative standard error bias of the level two variance component is displayed in 

Table 15 for all conditions and methods.  For both methods, estimates were positively 

biased above 10% in only 1 of the 36 conditions.  The ANOVA results revealed that none 

of the conditions significantly impacted bias for either method.  Across all conditions, bias 

for MLM and MM-REM estimates differed by as much as 4%.  Bias for MM-REM 

estimates was slightly higher than for MLM estimates, although this bias was generally 

less than 10% (MMLM = 0.038, MMM-REM = 0.043). 
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Table 15 

Relative Standard Error Bias of Estimates of the Level Two Variance Component,  𝜏00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  0.001 0.014 

5% 10 20 0.20  0.031 0.038 

5% 10 30 0.00  0.017 0.018 

5% 10 30 0.20  0.007 -0.001 

5% 10 40 0.00  0.029 0.023 

5% 10 40 0.20  0.040 0.043 

5% 15 20 0.00  0.060 0.058 

5% 15 20 0.20  0.111 0.097 

5% 15 30 0.00  0.079 0.076 

5% 15 30 0.20  0.066 0.071 

5% 15 40 0.00  0.077 0.079 

5% 15 40 0.20  0.049 0.049 

10% 10 20 0.00  0.010 0.007 

10% 10 20 0.20  0.020 0.032 

10% 10 30 0.00  0.023 0.018 

10% 10 30 0.20  0.032 0.023 

10% 10 40 0.00  0.056 0.069 

10% 10 40 0.20  0.018 0.018 

10% 15 20 0.00  0.043 0.043 

10% 15 20 0.20  0.068 0.077 

10% 15 30 0.00  0.054 0.044 

10% 15 30 0.20  0.024 0.036 

10% 15 40 0.00  0.039 0.035 

10% 15 40 0.20  0.062 0.053 

15% 10 20 0.00  0.006 0.047 

15% 10 20 0.20  0.023 0.036 

15% 10 30 0.00  -0.004 0.005 

15% 10 30 0.20  0.023 0.049 

15% 10 40 0.00  -0.030 -0.016 

15% 10 40 0.20  0.008 0.024 

15% 15 20 0.00  0.090 0.118 
15% 15 20 0.20  0.070 0.064 

15% 15 30 0.00  0.037 0.049 

15% 15 30 0.20  0.025 0.030 

15% 15 40 0.00  0.059 0.071 

15% 15 40 0.20  0.047 0.047 

Overall  0.038 0.043 
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CREDIBLE INTERVAL COVERAGE 

Credible interval coverage is defined as the proportion of replications (out of 1,000) 

in which the 95% credible interval included the true parameter value. Results for each 

parameter are discussed followed by tabular output displaying the results for each condition 

and method.  Values that fell outside of the range of 92.5% to 97.5% (Bradley, 1978) are 

denoted in italics. 

Intercept, 𝜸𝟎𝟎 

Credible interval coverage for estimates of the intercept is displayed in Table 16 for 

all conditions and methods.  Overall, credible interval coverage fell below 92.5% in 35 of 

the 36 conditions.    Coverage for MLM estimates was found to increase as the ICC for the 

level one predictor decreased (M0.00 = 89.3%, M0.20 = 82.4%).  Additionally, coverage 

decreased as the mobility rate increased for MLM estimates (M5% = 87.7%, M10% = 85.8%, 

M15% = 84.0%).  For MM-REM estimates, coverage fell below 92.5% in 33 of the 36 

conditions for MM-REM estimates, and coverage increased as the ICC for the level one 

predictor decreased (M0.00 = 90.2%, M0.20 = 84.7%). 

Credible interval coverage differed by as much as 4% between the two methods, 

and was generally higher for MM-REM estimates than for MLM estimates (MMLM = 

85.8%, MMM-REM = 87.5%). 
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Table 16 

Credible Interval Coverage for Estimates of the Intercept,  𝛾00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  90.20 90.80 

5% 10 20 0.20  82.80 84.50 

5% 10 30 0.00  92.10 92.50 

5% 10 30 0.20  82.60 83.90 

5% 10 40 0.00  90.90 91.20 

5% 10 40 0.20  83.80 84.90 

5% 15 20 0.00  92.50 92.50 

5% 15 20 0.20  86.20 87.00 

5% 15 30 0.00  90.80 91.10 

5% 15 30 0.20  84.80 85.90 

5% 15 40 0.00  92.40 92.90 

5% 15 40 0.20  83.30 84.70 

10% 10 20 0.00  89.20 89.60 

10% 10 20 0.20  82.00 84.00 

10% 10 30 0.00  88.40 89.50 

10% 10 30 0.20  84.20 86.30 

10% 10 40 0.00  87.90 88.60 

10% 10 40 0.20  80.70 83.40 

10% 15 20 0.00  89.40 90.20 

10% 15 20 0.20  82.40 85.30 

10% 15 30 0.00  89.50 90.30 

10% 15 30 0.20  83.70 86.00 

10% 15 40 0.00  89.20 90.20 

10% 15 40 0.20  82.60 85.50 

15% 10 20 0.00  88.80 90.00 

15% 10 20 0.20  83.60 86.50 

15% 10 30 0.00  87.70 89.10 

15% 10 30 0.20  80.30 84.80 

15% 10 40 0.00  85.70 88.00 

15% 10 40 0.20  79.30 82.50 

15% 15 20 0.00  88.70 91.30 

15% 15 20 0.20  80.60 83.50 

15% 15 30 0.00  87.60 88.70 

15% 15 30 0.20  80.50 83.40 

15% 15 40 0.00  86.00 87.70 

15% 15 40 0.20  79.70 82.90 

Overall  85.80 87.50 
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Level One Coefficient, 𝜸𝟏𝟎 

Credible interval coverage for estimates of the level one coefficient is displayed in 

Table 17.  Across all conditions and both methods, coverage fell within the range of 92.5% 

to 97.5% (MMLM = 94.8%, MMM-REM = 95.1%). 
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Table 17 

Credible Interval Coverage for Estimates of the Level One Coefficient,  𝛾10 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  96.20 95.70 

5% 10 20 0.20  94.50 94.80 

5% 10 30 0.00  96.20 95.80 

5% 10 30 0.20  94.00 93.90 

5% 10 40 0.00  94.40 94.70 

5% 10 40 0.20  95.40 96.20 

5% 15 20 0.00  94.90 95.20 

5% 15 20 0.20  94.30 94.60 

5% 15 30 0.00  94.90 94.50 

5% 15 30 0.20  95.70 95.60 

5% 15 40 0.00  93.60 93.80 

5% 15 40 0.20  95.30 95.40 

10% 10 20 0.00  96.10 95.30 

10% 10 20 0.20  94.60 94.40 

10% 10 30 0.00  94.80 94.50 

10% 10 30 0.20  96.20 95.50 

10% 10 40 0.00  94.50 94.70 

10% 10 40 0.20  94.00 95.30 

10% 15 20 0.00  95.80 95.50 

10% 15 20 0.20  95.80 96.50 

10% 15 30 0.00  93.90 94.70 

10% 15 30 0.20  93.50 94.40 

10% 15 40 0.00  94.60 96.30 

10% 15 40 0.20  93.50 95.00 

15% 10 20 0.00  94.60 93.90 

15% 10 20 0.20  95.30 94.80 

15% 10 30 0.00  95.60 96.00 

15% 10 30 0.20  95.40 95.30 

15% 10 40 0.00  94.50 94.70 

15% 10 40 0.20  96.60 96.60 

15% 15 20 0.00  93.10 93.70 

15% 15 20 0.20  93.90 94.80 

15% 15 30 0.00  95.00 95.00 

15% 15 30 0.20  93.60 94.70 

15% 15 40 0.00  94.40 95.10 

15% 15 40 0.20  95.30 95.20 

Overall  94.80 95.10 
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Level Two Coefficient, 𝜸𝟎𝟏 

Credible interval coverage for estimates of the level two coefficient is displayed in 

Table 18.  Across all conditions and both methods, coverage fell within the range of 92.5% 

to 97.5% (MMLM = 94.4%, MMM-REM = 94.1%). 
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Table 18 

Credible Interval Coverage for Estimates of the Level Two Coefficient,  𝛾01 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  94.30 95.00 

5% 10 20 0.20  95.20 94.20 

5% 10 30 0.00  94.60 94.30 

5% 10 30 0.20  94.30 94.60 

5% 10 40 0.00  94.60 94.90 

5% 10 40 0.20  95.20 95.00 

5% 15 20 0.00  93.50 94.10 

5% 15 20 0.20  93.40 93.20 

5% 15 30 0.00  93.80 94.20 

5% 15 30 0.20  94.60 94.10 

5% 15 40 0.00  94.50 94.40 

5% 15 40 0.20  94.70 94.90 

10% 10 20 0.00  94.30 93.60 

10% 10 20 0.20  94.30 93.10 

10% 10 30 0.00  94.50 94.60 

10% 10 30 0.20  93.10 94.00 

10% 10 40 0.00  93.80 94.40 

10% 10 40 0.20  95.00 94.40 

10% 15 20 0.00  95.00 94.20 

10% 15 20 0.20  93.70 93.60 

10% 15 30 0.00  93.90 93.20 

10% 15 30 0.20  95.40 93.30 

10% 15 40 0.00  94.70 95.20 

10% 15 40 0.20  95.90 95.40 

15% 10 20 0.00  93.40 93.30 

15% 10 20 0.20  93.40 93.90 

15% 10 30 0.00  95.20 94.10 

15% 10 30 0.20  93.90 93.60 

15% 10 40 0.00  92.60 93.80 

15% 10 40 0.20  94.30 95.10 

15% 15 20 0.00  94.60 93.90 

15% 15 20 0.20  94.10 93.70 

15% 15 30 0.00  94.70 94.50 

15% 15 30 0.20  94.90 92.80 

15% 15 40 0.00  94.90 94.80 

15% 15 40 0.20  95.30 93.00 

Overall  94.40 94.10 
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Level One Variance Component, 𝝈𝟐 

Credible interval coverage for estimates of the level one variance component is 

displayed in Table 19.  Credible interval coverage and fell below 92.5% in 3 of the 36 

conditions with the MLM, and was within the range of 92.5% to 97.5% for all conditions 

with the MM-REM.  None of the study conditions appeared to impact the credible interval 

coverage for the MLM. 

Overall, coverage differed by as much as 2% between each method.  Coverage was 

slightly lower for MLM estimates than for MM-REM estimates, although this fell below 

92.5% in only three conditions (MMLM = 93.9%, MMM-REM = 94.6%).  
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Table 19 

Credible Interval Coverage for Estimates of the Level One Variance Component, 𝜎2 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  93.60 93.80 

5% 10 20 0.20  94.10 94.20 

5% 10 30 0.00  94.30 94.30 

5% 10 30 0.20  94.50 95.00 

5% 10 40 0.00  95.00 95.80 

5% 10 40 0.20  96.00 96.40 

5% 15 20 0.00  93.60 94.40 

5% 15 20 0.20  94.40 94.70 

5% 15 30 0.00  95.00 95.50 

5% 15 30 0.20  95.10 95.30 

5% 15 40 0.00  93.40 93.70 

5% 15 40 0.20  94.30 94.50 

10% 10 20 0.00  92.90 93.50 

10% 10 20 0.20  92.10 93.20 

10% 10 30 0.00  94.30 94.50 

10% 10 30 0.20  94.20 94.10 

10% 10 40 0.00  95.70 95.70 

10% 10 40 0.20  95.30 95.40 

10% 15 20 0.00  92.90 94.00 

10% 15 20 0.20  93.60 93.90 

10% 15 30 0.00  95.10 96.10 

10% 15 30 0.20  94.70 95.00 

10% 15 40 0.00  93.10 93.70 

10% 15 40 0.20  93.90 94.80 

15% 10 20 0.00  92.00 93.30 

15% 10 20 0.20  94.10 94.80 

15% 10 30 0.00  94.30 95.20 

15% 10 30 0.20  93.30 93.50 

15% 10 40 0.00  92.40 94.50 

15% 10 40 0.20  92.90 94.70 

15% 15 20 0.00  94.10 94.30 

15% 15 20 0.20  92.60 93.60 

15% 15 30 0.00  93.90 94.80 

15% 15 30 0.20  93.90 95.90 

15% 15 40 0.00  93.90 95.50 

15% 15 40 0.20  93.60 95.20 

Overall  93.90 94.60 
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Level Two Variance Component,𝝉𝟎𝟎 

Credible interval coverage for estimates of the level two variance component is 

displayed in Table 20.   Coverage fell below 92.5% in 15 of the 36 conditions for MLM 

estimates, and was also found to increase as the level two sample size increased (M20 = 

91.1%, M30 = 92.6%, M40 = 93.3%).  Additionally, for MLM estimates, credible interval 

coverage decreased as the mobility rate increased (M5% = 93.2%, M10% = 92.8%, M15% = 

91.0%), and as the sample size at level one decreased (M10 = 91.5%, M15 = 93.2%).  For 

MM-REM estimates, coverage fell below 92.5% in 7 of the 36 conditions, and coverage 

increased as the level two sample size increased (M20 = 92.3%, M30 = 93.7%, M40 = 94.7%) 

and as the level one sample size increased (M10 = 93.0%, M15 = 94.2%). 

When comparing MLM and MM-REM estimates, coverage differed by as much as 

4.8% between the two methods.  Credible interval coverage was generally lower for MLM 

estimates in most conditions, (MMLM = 92.3%, MMM-REM = 93.6%).  
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Table 20 

Credible Interval Coverage for Estimates of the Level Two Variance Component, 𝜏00 

Condition  Method 

Mobility 

Rate 

Level One 

Sample Size 

Level Two 

Sample Size 

ICC for 

Predictor 

 
MLM MM-REM 

5% 10 20 0.00  88.90 90.00 

5% 10 20 0.20  91.20 92.40 

5% 10 30 0.00  93.40 93.60 

5% 10 30 0.20  92.50 92.20 
5% 10 40 0.00  93.60 94.70 

5% 10 40 0.20  94.40 94.60 

5% 15 20 0.00  93.00 92.90 

5% 15 20 0.20  94.40 94.20 

5% 15 30 0.00  94.20 94.00 

5% 15 30 0.20  94.00 93.80 

5% 15 40 0.00  94.40 95.30 

5% 15 40 0.20  94.30 94.50 

10% 10 20 0.00  89.00 89.20 

10% 10 20 0.20  90.80 92.00 

10% 10 30 0.00  92.50 93.20 

10% 10 30 0.20  93.10 93.90 

10% 10 40 0.00  94.50 94.80 

10% 10 40 0.20  93.30 94.40 

10% 15 20 0.00  92.40 92.70 

10% 15 20 0.20  92.80 93.70 

10% 15 30 0.00  93.40 94.10 

10% 15 30 0.20  93.70 94.00 

10% 15 40 0.00  93.80 95.00 

10% 15 40 0.20  94.30 94.60 

15% 10 20 0.00  87.00 91.80 

15% 10 20 0.20  88.70 92.10 

15% 10 30 0.00  90.10 92.90 

15% 10 30 0.20  90.50 94.10 

15% 10 40 0.00  90.60 93.90 

15% 10 40 0.20  92.10 94.00 

15% 15 20 0.00  92.70 94.20 

15% 15 20 0.20  91.70 92.60 

15% 15 30 0.00  91.90 94.60 

15% 15 30 0.20  91.50 94.50 

15% 15 40 0.00  92.50 95.60 

15% 15 40 0.20  92.30 94.90 

Overall  92.30 93.60 
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Chapter 5: Discussion 

The purpose of the present study was to compare the results from an MM-REM and 

a traditional MLM to examine the impact of minimal sample sizes and mobility rates on 

parameter estimates.  In applied research, small sample sizes and minimal degrees of 

mobility may be present in the data (Chandola et al., 2005; Goldstein, Burgess, & 

McConnell, 2007; Leckie, 2013; Timmermans, Snijders, & Bosker, 2013).  Based upon 

previous methodological research, it is unclear what mobility rate, or what combination of 

mobility rate and sample size, is required to necessitate the use of the MM-REM over a 

traditional MLM.  As such, the results of this study may direct applied researchers when 

determining the method necessary given the sample size and mobility rate found in the 

study sample.  In the present study, relative parameter bias, relative standard error bias, 

and credible interval coverage were evaluated for an MM-REM and a traditional MLM 

across 36 conditions in which the mobility rate, sample size at levels one and two, and the 

ICC for the level one predictor were manipulated to address these issues.   

The data were generated with a two-level MM-REM that included one grand-mean 

centered predictor at each level of the model.  During the data generation, the ICC for the 

level one predictor was manipulated to be either 0.00 or 0.20.  The fixed effects were held 

constant at 100 for the intercept (𝛾00), at 1 for the level one fixed effect representing the 

student-level predictor (𝛾10), and at 0.5 for the level two fixed effect representing the 

school-level predictor (𝛾01).  Additionally, the ICC for the outcome was fixed at 0.20 in 

the generating model. 
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Mobility was modeled mimicking the mobility pattern found in ECLS-K data for 

the 1998-99 cohort, and mobile students were identified using Enders’ (2001) method for 

assigning missingness.  Mobile students were allowed to be members of two schools, and 

weights were assigned equally so that 50% of the weight was assigned for each school. 

Both an MM-REM and a traditional MLM were estimated across 1,000 replications each 

for 36 conditions.   

The performance of the two multilevel models were evaluated in terms of relative 

parameter bias, relative standard error bias, and credible interval coverage for estimates of 

the intercept (𝛾00), the level one coefficient (𝛾10), the level two coefficient (𝛾01), the level 

one variance component (𝜎2), and the level two variance component (𝜏00).      Substantial 

relative parameter bias above the acceptable rate of 5% in magnitude, as defined by 

Hoogland and Boomsma (1998), was found for estimates of level two regression 

coefficient and the level two variance component, and substantial relative standard error 

bias above 10% in magnitude was found for estimates of the intercept and the level two 

variance component.  Confidence interval coverage fell below the acceptable rate of 92.5% 

as defined by Bradley (1978) for estimates of the intercept and the variance components at 

both levels.  Summarized results for each parameter are provided in Table 21 for both 

methods.  A discussion of each of these findings, followed by limitations of the study and 

conclusions, are then presented for each parameter. 
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Table 21 

Summary of Findings across 36 Conditions by Parameter and Method 

Parameter Method RPB RSEB CI Coverage 

Intercept (𝛾00) MLM Acceptable  

(M = -0.6%) 

Negative bias in 

28 conditions  

(M = -19.0%) 

Under-coverage 

in 35 conditions 

(M = 85.8%) 

MM-REM Acceptable  

(M = -0.6%) 

Negative bias in 

22 conditions  

(M = -15.5%) 

Under-coverage 

in 33 conditions 

(M = 87.5%) 

Level One 

Coefficient 

(𝛾10) 

MLM Acceptable  

(M = 0.1%) 

 

Acceptable  

(M = -0.3%) 

 

Acceptable  

(M = 94.8%) 

 

MM-REM Acceptable  

(M = 0.3%) 

 

Acceptable  

(M = 0.6%) 

Acceptable  

(M = 95.1%) 

Level Two 

Coefficient 

(𝛾01) 

MLM Negative bias in 

19 conditions  

(M = -4.9%) 

Acceptable  

(M = 0.6%) 

Acceptable  

(M = 94.4%) 

 

MM-REM Negative bias in 

33 conditions  

(M = -12.6%) 

Acceptable  

(M = -0.3%) 

Acceptable  

(M = 94.1%) 

Level One 

Variance 

Component 

(𝜎2) 

MLM Acceptable  

(M = 2.4%) 

 

Acceptable  

(M = -0.3%) 

 

Under-coverage 

in 3 conditions 

(M = 93.9%) 

MM-REM Acceptable  

(M = 1.2%) 

 

Acceptable  

(M = -0.1%) 

Acceptable  

(M = 94.6%) 

Level Two 

Variance 

Component 

(𝜏00) 

MLM Negative bias in 

13 conditions  

(M = -3.6%) 

Positive bias in 1 

condition  

(M = 3.8%) 

Under-coverage 

in 15 conditions 

(M = 92.3%) 

MM-REM Positive bias in 

24 conditions  

(M = 6.3%) 

Positive bias in 1 

condition  

(M = 4.3%) 

Under-coverage 

in 7 conditions 

(M = 93.6%) 

RPB = Relative parameter bias; RSEB = Relative standard error bias; CI Coverage = 

Credible interval coverage 

INTERCEPT, 𝜸𝟎𝟎 

No relative parameter bias was found for estimates of the intercept with either 

method.  Negative relative standard error bias exceeding a magnitude of 10% was found in 



 109 

28 conditions with the MLM, and in 22 conditions with the MM-REM.  Additionally, 

credible interval coverage fell below 92.5% in 35 conditions with the MLM, and in 33 

conditions with the MM-REM.   

For both methods, the degree of negative relative standard error bias increased as 

the level one sample size decreased.  Specifically, standard error bias for MLM estimates 

increased from –17.9% to -20.1% as the level one sample size decreased from 15 to 10, 

and increased from -13.9% to -17.0% as the level one sample size decreased for MM-REM 

estimates.  For MLM estimates, the mobility rate also impacted the degree of relative 

standard error bias and credible interval coverage found for estimates of the intercept, as 

relative standard error bias decreased from -17.6% to -20.2% and credible interval 

coverage decreased from 87.7% to 84.0% as the mobility rate increased from 5% to 15%. 

 Additionally, the degree of relative standard error bias and credible interval 

coverage both improved as the ICC for the level one predictor decreased for both methods.  

Relative standard error bias for MLM estimates decreased from -27.9% to -10.2% and 

credible interval coverage improved from 82.4% to 89.3% as the predictor ICC decreased 

from 0.20 to 0.00.  Similarly, relative standard error bias decreased from -23.8% to -7.2% 

and credible interval coverage improved from 84.7% to 90.2% for MM-REM estimates as 

the ICC for the level one predictor decreased from 0.20 to 0.00.  The partial eta squared 

effect size measure indicated that the ICC for the level one predictor had a large impact on 

the bias found for estimates of the intercept standard error for both the MLM and the MM-

REM (𝜂𝑝
2

MLM = 0.315, 𝜂𝑝
2

MM-REM = 0.275).  Overall, the degree of relative standard error 
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bias was generally greater and credible interval coverage was lower for MLM estimates 

than for MM-REM estimates. 

Maas and Hox (2005) evaluated coverage of the 95% confidence interval with an 

MLM, and found that estimates of the intercept reached a minimum coverage of 93.6% in 

conditions with 30 groups. In a follow-up study with only 10 groups at level two, however, 

coverage fell to 91.3%, which is below the 92.5% minimum specified by Bradley (1978).    

Previous methodological research with the MLM noted in the present study did not 

report relative standard error bias of estimates of the intercept.  In MM-REM research, 

however, bias was found for standard error estimates of the intercept for a traditional MLM 

when mobility was ignored (Smith, 2012).  Smith (2012) found substantial positive bias up 

to 68.6% for standard error estimates of the intercept with both the MM-REM and the 

MLM, although the degree of bias was lower for MLM estimates.  The mobility rate, ICC, 

and the proportion of students who had a missing identifier were found to impact the degree 

of bias.  Additionally, although the level two sample size was found to have a practically 

significant impact on the degree of bias found, estimates differed by only 3% between 

conditions with either 50 or 100 units at level two. 

Galindo (2014) found substantial positive standard error bias up to 955% for 

estimates of the intercept with the MM-REM, which was impacted by the ICC and the 

misspecification of the weights used between the generating and estimating models.  The 

author noted that the substantial degree of bias found was likely due to the way the data 

were generated.  In both Galindo (2014) and Smith (2012), mobility was generated as a 

function of the student pre-test predictor, which introduced multicollinearity into the model 
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as the mobility and pre-test achievement predictors were correlated.  Although bias above 

10% was found in the present study for estimates of the intercept, the degree of bias was 

substantially lower as compared to previous research, and estimates were found to be 

underestimated rather than overestimated.   

The differences found among the previous studies and the current study may be 

attributed to the study conditions and the generating method used.  While student mobility 

was modeled as a function of the student’s pre-test score in both Smith (2012) and Galindo 

(2014), Enders’ (2001) method for determining the probability of missingness was 

employed in the present study to identify mobile students.  Additionally, school 

membership for mobile students was assigned using a pattern represented in the ECLS-K 

data, rather than assigning students to schools within one unit identifier of their previous 

school.   

As Galindo (2014) and Smith (2012) noted, the intercept is not typically interpreted 

in applied research.  Instead, applied studies are typically focused on estimates of the fixed 

effects and various components, and therefore bias in estimates of the intercept may not be 

imperative for applied researchers.   

LEVEL ONE COEFFICIENT, 𝜸𝟏𝟎 

 No substantial relative parameter bias or relative standard error bias was found for 

estimates of the level one coefficient for either method.  In addition, credible interval 

coverage fell within the range of 92.5% to 97.5% in all conditions with both methods. 
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LEVEL TWO COEFFICIENT, 𝜸𝟎𝟏 

Negative relative parameter bias above 5% was found for estimates of the level two 

coefficient in 19 conditions with the MLM, and in 33 conditions with the MM-REM.  

Relative standard error bias and credible interval coverage met acceptable values for both 

methods. 

The degree of negative relative parameter bias increased as the mobility rate 

increased for both methods.  Bias increased from -1.2% to -8.6% for MLM estimates, and 

from -7.7% to -16.9% for MM-REM estimates as the mobility rate increased from 5% to 

15%.  For MM-REM estimates, relative parameter bias also increased from an average of 

-10.3% to -14.8% as the sample size at level one increased from 10 to 15.  The level one 

sample size did not appear to impact bias for MLM estimates; however, bias increased 

from 1.6% to -11.3% for MLM estimates as the ICC for the level one predictor decreased 

from 0.20 to 0.00.  The ANOVA results indicated that none of the study conditions 

substantially influenced bias for either method. Overall, relative parameter bias was greater 

for MM-REM estimates than for MLM estimates of the level two coefficient. 

These results for the MLM are consistent with previous methodological research 

for traditional multilevel models.  Research suggests that a minimum of 10 groups are 

needed for accurate estimation of fixed effects with the MLM, and that the level one sample 

size does not substantially impact estimates of fixed effects for these traditional models 

(Lai & Kwok, 2015; Maas & Hox, 2005; McNeish & Stapleton, 2014).  Although some 

bias was found for MLM estimates in the present study, this bias was not impacted by the 

sample size at either level.  In fact, the ICC for the predictor and the mobility rate appeared 
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to have a greater impact on the degree of bias found for MLM estimates, although the 

ANOVA results indicated that these effects were not statistically significant. 

Chung and Beretvas (2012) also found negative relative parameter bias for MLM 

estimates of the level two coefficient when mobility was present, and noted that this was 

strongly related to the mobility rate.  Bias for MLM estimates ranged from -5.9% with 10% 

mobility to -11.8% with 20% mobility, which is comparable to the bias found in the present 

study. As the present study included lower mobility rates than those included in previous 

methodological studies, it may be expected that the impact of the mobility rate on relative 

parameter bias was not as substantial for MLM estimates in the present study as compared 

to estimates in previous research.  The ICC for the level one predictor also appeared to 

have an impact on the degree of bias found for MLM estimates in the present study, as bias 

tended to increase as the ICC decreased.  This condition has not been considered in 

previous studies with the MM-REM, and as such the exploring the effects of values of the 

ICC for the predictor is an area for further study. 

Previous methodological research with the MM-REM also found substantial 

relative parameter bias for estimates of the level two coefficient (Galindo, 2014; Wolff 

Smith & Beretvas, 2013).  Wolff Smith and Beretvas (2013) found both positive and 

negative bias in level two coefficient estimates with the MM-REM, although none of the 

manipulated conditions appeared to impact the degree of bias found.  The focus of the study 

was to examine the impact of the weight scheme on bias for MM-REM estimates, and 

based upon these findings the authors concluded that the weight scheme did not impact the 

bias found for these estimates.   
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Galindo (2014) also found relative parameter bias of the level two coefficient above 

100%, and noted that the substantial bias found for these estimates was likely due to the 

generating value of the coefficient and the potential for omitted variable bias.  The 

difference in the degree of bias found between the present study and Galindo’s research 

could be attributed to the difference in generating methodology for pre-test scores and 

assignment to schools, as well as the omission of the mobility predictor.  Galindo generated 

pre-test scores from a normal distribution, and then assigned students to high-performing 

or low-performing schools based upon their pre-test scores.  In the present study, however, 

student and school pre-test scores were generated from a two-level unconditional model 

where the ICC varied between 0.00 and 0.20 (see Equation 27 above).  Additionally, the 

mobility predictor found in Smith (2012) and Galindo (2014) was not included in the 

generating or estimating models in the present study.  Galindo (2014) noted that the degree 

of bias found for the level two coefficient may have been partially attributed to the 

relationship between the pre-test and mobility predictors. Therefore, the omission of the 

mobility predictor in the present study may explain why the degree of bias found was lower 

than in previous research.  

The results for relative parameter bias, relative standard error bias, and credible 

interval coverage of the level two coefficient are somewhat inconsistent.  Relative 

parameter bias up to -27.2% was found for estimates of the level two coefficient; however, 

relative standard error bias and credible interval coverage fell within an acceptable range 

in all conditions for both methods.    Although credible interval coverage was above 92.5% 

in all conditions, the trends for credible interval coverage across conditions mimicked the 
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trends found for relative parameter bias of estimates of the level two coefficient.  Coverage 

for both methods was lowest in conditions with 15% mobility; similarly, relative parameter 

bias was lowest for both MLM and MM-REM estimates as mobility reached 15%. 

Specifically, coverage reached a minimum of 92.6% with relative parameter bias of -16.4% 

for MLM estimates, and a minimum of 92.8% in a condition with a great degree of bias (-

22.5%) for the MM-REM. Additionally, coverage was generally lower in conditions with 

a sample size of 20 at level two.    

 As previous methodological research with the MM-REM did not evaluate credible 

interval coverage, it is unclear if these results are consistent with previous research, or if 

this is a result of the study methodology.  Galindo (2014) found that relative parameter bias 

of the level two coefficient was impacted by the magnitude of the coefficient, as bias 

decreased when the generating value of the coefficient varied between -0.5 and -5.0.  

Therefore, the degree of bias found in the present study may be partially attributed to the 

generating value of the level two coefficient, in addition to the study conditions.   

Overall, MM-REM estimates were found to be biased in more conditions with a 

greater degree of bias than MLM estimates, and as much as 20% difference in the degree 

of bias was found between the two methods.   Upon further examination, it appears that 

while the mobility rate and the ICC for the predictor had an impact on the degree of bias 

found for MLM estimates, the mobility rate in addition to the level one sample size had an 

impact on the degree of bias found for MM-REM estimates. These results suggest that 

small sample sizes at level one may result in underestimation of the level two coefficient 

for MM-REM estimates as the mobility rate increases.  Additionally, the level two 
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coefficient may be underestimated with the MLM as the ICC for the level one predictor 

approaches 0.00, and as the mobility rate increases over 10%. 

The results from the present study indicate that, in an applied study with similar 

conditions, coefficients associated with level two predictors may be underestimated.  As 

the level two coefficient represents the expected change in the outcome as the predictor 

increases by one unit, underestimation of this value could result in making conclusions that 

the effect of the predictor, or the change in the outcome, is lower than the true effect.  

Therefore, applied researchers should use caution when interpreting point estimates of the 

level two regression coefficient with the MLM when mobility exceeds 10%, and as the 

ICC for the level one predictor approaches 0.00.  Additionally, the level two regression 

coefficient may be underestimated with the MM-REM when both the mobility rate and the 

level one sample size increase.  When credible intervals are used for inferences, however, 

both the MLM and the MM-REM can be expected to provide fairly accurate estimates of 

the level two coefficient under similar study conditions.  Although credible interval 

coverage was generally lower in conditions with 15% mobility, and in conditions with a 

sample size of 20 at level two, it exceeded the 92.5% minimum as specified by Bradley 

(1978) in all conditions for both methods.   

LEVEL ONE VARIANCE COMPONENT, 𝝈𝟐 

No relative parameter bias or relative standard error bias was found for estimates 

of the level one variance component with either method.  Credible interval coverage for 

estimates of the level one variance component was within the range of 92.5% to 97.5% in 
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all conditions with the MM-REM, and fell below 92.5% in three conditions with the MLM.  

None of the study conditions appeared to impact credible interval coverage for MLM 

estimates.  

Although coverage fell below 92.5% for MLM estimates, the minimal coverage 

rate found was 92.0%, which is only slightly below the criteria specified by Bradley (1978).  

Maas and Hox (2005) reported confidence interval coverage within an acceptable range 

when the level two sample size was as small as 30, but coverage fell to 90.5% in conditions 

with 10 groups.  Credible interval coverage found in the present study was slightly higher 

than that in Maas and Hox (2005) for estimates with both the MM-REM and the MLM.  

These results suggest that coverage of the level one variance component was not 

substantially impacted by the study conditions, including the level one and level two 

sample size, for either method. 

Previous methodological research with the MM-REM found substantial relative 

parameter bias in the level one variance component when the MLM was used and mobility 

was present in the data (Chung & Beretvas, 2012; Smith, 2012).  This overestimation was 

found to be related to the mobility rate and the number of schools attended, and was 

attributed to the fact that, with the last-unit approach, only the last unit of membership was 

modeled with the MLM.  In the present study, however, no bias was found for estimates of 

the level one variance component with either method.  This may be explained by the 

differences in the data generation, as the assignment of mobility and the mobility patterns 

differed in the present study as compared to previous studies.  Overall, estimates of the 

level one variance component were not substantially affected by the study conditions.  
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Given these results, applied researchers may expect that the level one variance component 

will be accurately estimated under similar study conditions.  

LEVEL TWO VARIANCE COMPONENT, 𝝉𝟎𝟎 

Relative parameter bias of estimates of the level two variance component was found 

in 13 conditions with the MLM, and in 24 conditions with the MM-REM. Additionally, 

relative standard error bias was found in one condition for each method, and credible 

interval coverage for estimates of the level two variance component fell below 92.5% in 

15 conditions with the MLM and in 7 conditions with the MM-REM. 

Negative relative parameter bias was found for MLM estimates, which increased 

from -2.4% to -4.9% as the level one sample size decreased from 15 to 10.  In contrast, 

positive relative parameter bias for estimates of the level two variance component 

increased from 4.9% to 7.7% for MM-REM estimates as the level one sample size 

increased from 10 to 15.  For both methods, both relative parameter bias and credible 

interval coverage were impacted by the level two sample size.  Relative parameter bias 

decreased from 7.9% to 4.7% and credible interval coverage improved from 92.3% to 

94.7% as the level two sample size increased from 20 to 40 for MM-REM estimates.  For 

MLM estimates, however, relative parameter bias increased from -2.4% to -4.9% as the 

level two sample size increased from 20 to 40, while credible interval coverage improved 

from 91.1% to 93.3% as the level two sample size increased.  Additionally, for MLM 

estimates, relative parameter bias increased from 1.6% to -9.0% and credible interval 

coverage decreased from 93.2% to 91.0% as the mobility rate increased from 5% to 15%.  
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When mobility was 10% or lower, credible interval coverage fell below 92.5% in 

conditions with a level two sample size of 20.  Although the relative standard error bias 

exceeded the 10% threshold as defined by Hoogland and Boomsma (1998) in one condition 

for each method, the degree of bias found was only 1% higher than this threshold and was 

therefore considered minor.  

The ANOVA results indicated that the mobility rate significantly impacted relative 

parameter bias for MLM estimates [F(2, 35,980) = 208.76, p < 0.001, 𝜂𝑝
2 = 0.011].  This is 

considered a statistically significant difference; however, the effect is relatively small given 

Cohen’s (1977) criteria.  Overall, relative parameter bias for MM-REM estimates was 

greater than MLM estimates by as much as 16% across conditions, although credible 

interval coverage was slightly more accurate for MM-REM estimates than for MLM 

estimates.  MM-REM estimates tended to be more positively biased in conditions with 5% 

and 10% mobility, whereas MLM estimates were more negatively biased when the 

mobility rate reached 15%. 

The results for the MLM are inconsistent with previous methodological research 

with traditional MLMs.  Maas and Hox (2005) reported substantial positive relative 

parameter bias up to 30% when the level two sample size fell below 30, and McNeish and 

Stapleton (2014) discussed similar results in additional studies when the level two sample 

size was low.  In the present study, negative parameter bias up to -12.1% was found, and 

this bias was found to increase as the level one sample size decreased and as the level two 

sample size increased.  Additionally, Maas and Hox (2005) found coverage of the level 

two variance component as low as 91.1% in conditions with 30 groups at level two and as 
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low as 69.6% in conditions with 10 individuals at level one, which is considerably lower 

than the acceptable minimum of 92.5%.  While the coverage rates in the present study were 

better than those found in Mass and Hox (2005), coverage was below the criteria defined 

by Bradley (1978) in conditions with small sample sizes at level two and with greater 

mobility rates for MLM estimates.   

The differences among the present study and previous methodological studies with 

traditional MLMs may be explained, in part, by the presence of mobility in the generating 

model.  In the present study, negative parameter bias increased as the mobility rate 

increased, and was found primarily in conditions with 15% mobility.  In previous 

methodological research with the MM-REM, Chung and Beretvas (2012) found that the 

level two variance component was negatively biased up to -22.6% for MLMs that did not 

incorporate mobility.  This bias was found to increase as the mobility rate increased, which 

is consistent with the findings in the present study.  Additionally, in both Chung and 

Beretvas (2012) and the present study, MCMC estimation was used for both the MM-REM 

and the MLM, whereas the previously mentioned methodological research discussed in 

both Maas and Hox (2005) and McNeish and Stapleton (2014) predominantly used REML 

or FML estimation methods.  The addition of mobility and differences in estimation 

methods may explain some of the differences between MLM and MM-REM research. 

Wolff Smith and Beretvas (2013) found relative parameter bias for MM-REM 

estimates of the level two variance component up to -7.7%; however, their study included 

minimum sample sizes of 20 at level one and 50 at level two, which are larger than the 

sample sizes in the present study.  Although Chung and Beretvas (2012) initially reported 
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similar results of little to no bias in MM-REM estimates of the level two variance 

component, the authors conducted a follow-up study and found that level two variance 

component estimates were substantially biased in conditions with as few as 30 groups.  

These findings are consistent with the findings in the present study, as greater bias was 

found in conditions with sample sizes below 40 at level two.    

In contrast to the present study, Smith (2012) and Galindo (2014) found negative 

parameter bias for level two variance component estimates with the MM-REM.  Smith 

(2012) noted that these findings were likely due to the methodology in the study, including 

misspecification of the estimating model, the missing identifiers at level two, and the non-

random assignment of mobility.  Galindo (2014) also found negative bias in variance 

component estimates at level two with the MM-REM, although this was isolated to 

conditions in which the MM-REM weights were misspecified, and when the mobility rate 

was 25%.  While these findings are inconsistent with the findings for the present study, the 

study conditions and data generation methodology differed between the present study and 

previous research, which may account for the differences in findings.  Both Smith (2012) 

and Galindo (2014) included a large sample size at each level with a minimum of 30 at 

level one and 50 at level two, and both authors noted a possible issue with multicollinearity 

in the generating model. The differences in the generating methodology, in addition to the 

small sample sizes at each level and the low mobility rates in the present study, may explain 

some of the differences in the results found between the present study and previous 

research with the MM-REM. 
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In addition to the relative parameter bias described above, Smith (2012) found 

substantial positive relative standard error bias of estimates of the level two variance 

component for both the MLM and the MM-REM.  The level two sample size and the 

mobility rate both appeared to impact the degree of bias found, as bias decreased when the 

level two sample size increased from 50 to 100, and as the mobility rate increased from 

10% to 20%.  Additionally, MLM estimates were found to be less biased than MM-REM 

estimates by up to 14%.  No substantial standard error bias was found in the present study, 

and these differences in findings may be attributed to the differences in study methodology 

as described above.  

The results from the present study suggest that both the level two sample size and 

the mobility rate have an impact on relative parameter bias and credible interval coverage 

for estimates of the level two variance component with the MLM, while the level two 

sample size appears to impact bias of the level two variance component for MM-REM 

estimates.  The level two variance component was underestimated and credible interval 

coverage fell below 92.5% for MLM estimates in conditions with mobility over 10% and 

lower sample sizes at level two.  For MM-REM estimates, however, the level two variance 

component was overestimated when the level two sample size decreased below 40, and 

credible interval coverage fell below 92.5% in conditions with fewer than 30 groups.   

Because the level two variance component is found in both the numerator and 

denominator of the equation to calculate the ICC, overestimation may result in an inflated 

ICC, leading to conclusions that more variability is present than truly exists in the data, 

whereas a reduced ICC could result in concluding that little or no variability exists in the 
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data, or that the multilevel structure is not necessary when the data are truly nested.  When 

the credible interval coverage rate is too low, as in the present study, the proportion of 

replications in which the true parameter falls within the 95% credible interval is below the 

acceptable rate.  As such, the confidence intervals for the parameter may not include the 

true value, resulting in conclusions that are incorrect and potentially inflating the Type I 

error rate.   

In the present study, relative parameter bias for MM-REM estimates exceeded 5% 

in conditions with a level two sample size below 40, and credible interval coverage fell 

below 92.5% in conditions with fewer than 30 groups.  These results suggest that, when 

using the MM-REM, a minimum of 40 groups is necessary to provide accurate estimates 

of the level two variance component.  For MLM estimates, negative parameter bias above 

5% and credible interval coverage below 92.5% was found in conditions with mobility of 

10% or greater, and in conditions with a sample size of 20 at level two.  Therefore, the 

MM-REM is recommended over the MLM when the mobility rate exceeds 10% in order 

to produce accurate estimates of the level two variance component.  When the level two 

sample size falls below 40, however, both the MM-REM and the MLM may produce biased 

estimates. 

LIMITATIONS AND FUTURE RESEARCH 

 The purpose of the present study was to examine the minimal sample size and 

mobility rates needed for accurate estimation with the MM-REM, and the minimal values 
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necessary to require the use of the MM-REM over a traditional MLM.  As such, the study 

conditions were focused on sample sizes and mobility rates, resulting in certain limitations. 

 The sample sizes used in the present study represented small to moderate values, 

but did not exceed a total sample size less than 200 or greater than 600.  Additionally, all 

groups were balanced with the same number of students at level one within each school at 

level two.  Future extensions of the present study may examine the impact of a wider range 

of sample sizes or unbalanced groups for parameter estimates with the MM-REM and the 

MLM. 

 The estimating model in the present study included one predictor at each level, both 

of which were grand-mean centered.  Both effects were modeled as fixed and were not 

allowed to vary. This represents a basic multiple membership model, and future extensions 

of the present study may incorporate more complex structures including more predictors at 

each level, binary predictors, and randomly varying effects.  Additionally, the model may 

be extended to a third level to examine the influence of sample sizes at all three levels of 

the data. 

 In previous methodological research with the MM-REM, Galindo (2014) found that 

the true magnitude of the regression coefficients may impact the degree of bias for these 

estimates.  The values for the coefficients in the present study were constant across 

conditions and were selected to match those in previous methodological research with the 

MM-REM, and as such, the impact of the magnitude of the coefficients was not considered.  

Additionally, mobile students were allowed to be members of only two schools in the 

present study. In applied research, students may be members of more than two units, and 
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therefore the impact of the number of units of which mobile students are members in 

addition to small sample sizes is an area for future research with the MM-REM. 

 The MCMC estimation method used in the present study mimicked methods found 

in previous methodological research with MM-REMs.  Default priors provided by MLwiN 

were used, which were non-informative, and one chain was run with 50,000 iterations and 

a burn-in of 5,000.  While these values were found to be sufficient for estimation with the 

MM-REM (Chung & Beretvas, 2012), future research could explore the effect of varying 

values.   

Additionally, different prior distributions may be employed, particularly when 

sample sizes are small.  As McNeish (2016) noted, “MCMC methods have no issue with 

small samples, provided that strong priors are provided.”  McNeish showed that non-

informative priors, including those with an inverse gamma distribution, may lead to 

estimation issues when sample sizes are low. Gelman (2006) also noted that priors with an 

inverse gamma distribution are sensitive to low group-level variance.  The use of a non-

informative prior distribution may have influenced some of the bias found in the present 

study given the low sample sizes included in the study conditions.  As such, different prior 

distributions, including informative priors, should be further explored with MM-REMs, 

particularly when the sample size is low. 

 Finally, the ICC for the level one predictor was varied in the present study between 

0.00 and 0.20, and was found to impact the relative standard error bias and credible interval 

coverage for estimates of the intercept with both methods.  Specifically, the magnitude of 

relative standard error bias decreased and credible interval coverage improved as the ICC 
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for the level one predictor decreased from 0.20 to 0.00.  When the ICC for the level one 

predictor was 0.00, no variation on the predictor was present between schools, and all 

variation was between students.  In conditions when the ICC increased to 0.20, however, 

more variation on the predictor was present between schools, resulting in greater standard 

error bias and poorer credible interval coverage.  As this is the first study with the MM-

REM that incorporated this condition, the results cannot be directly compared to other 

studies in which the ICC for the level one predictor was manipulated.  Extensions of the 

present study may examine additional values for the ICC, both for the MM-REM and the 

MLM, to determine the extent to which the predictor ICC influences bias in estimates of 

the intercept or other parameters.  Applied researchers may wish to seek study samples in 

which the pre-test scores (or other level one predictors) can be assumed to be more 

homogenous between schools (or other level two units), and are less varied among units in 

order to avoid this estimation problem.  

CONCLUSIONS AND IMPORTANCE OF RESEARCH 

  The MM-REM has been used in both applied and methodological research to 

account for mobility among units; however, it was unclear what mobility rate was needed 

for the MM-REM to provide more accurate estimates than the less complex MLM.  

Additionally, the minimal sample sizes needed for accurate estimation with the MM-REM 

had not been explored.  The purpose of the present study was to determine the minimal 

sample size and mobility rate needed to require the use of the MM-REM over a traditional 

MLM.  As the mobility rate and the sample sizes at each level were manipulated between 
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small to moderate values, these results provide guidelines for researchers, particularly 

when sample sizes and mobility rates are low.   

The ICC for the level one predictor was found to impact bias in estimates of the 

intercept with both models, and the level two coefficient for MLM estimates. For estimates 

of the intercept, negative relative standard error bias increased substantially as the ICC for 

the level one predictor increased from 0.00 to 0.20.  Relative parameter bias of the level 

two coefficient, however, decreased as the ICC increased from 0.00 to 0.20. As described 

above, the value of the ICC for the level one predictor impacted the effect size for the level 

two predictor.  Small effects ranging from 0.16 to 0.20 were found when the ICC was 0.00, 

and moderate effects ranging from 0.36 to 0.37 were found when the ICC was 0.20.  Given 

that the greater bias was found in conditions with a lower ICC value and therefore a smaller 

effect, these results are similar to those found in previous methodological research with the 

MM-REM.  Galindo (2014) noted that greater bias was found for fixed effects at both levels 

when the magnitude of the effect was low.  As the ICC for the level one predictor has not 

been manipulated in previous methodological research, this is recommended as an area of 

further study with both the MLM and the MM-REM. 

The incorrectly specified MLM provided accurate estimation under some study 

conditions.  Estimates of the level one coefficient and the level one variance component 

were not substantially biased in any of the study conditions for the MLM.  When the 

mobility rate was 10% or lower, estimates of the level two variance component were 

minimally biased; however, when mobility exceeded 10%, the level two variance 

component was underestimated and credible interval coverage was low, particularly in 
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conditions with a level two sample size of 20.  Additionally, the intercept standard error 

was underestimated and credible interval coverage was poorer as the mobility rate 

increased to 15%.  While the level two coefficient was underestimated for the MLM, 

relative standard error bias and credible interval coverage were acceptable for MLM 

estimates of the level two regression coefficient. 

Across all mobility conditions, relative parameter bias was generally greater for 

MM-REM estimates than for MLM estimates of the level two regression coefficient, while 

relative standard error bias was greater and credible interval coverage of the intercept was 

poorer for the MLM than the MM-REM.  For the level two variance component, relative 

parameter bias was greater for MM-REM estimates than for MLM estimates when mobility 

was 10% or lower.  When mobility reached 15%, however, both relative standard error bias 

and credible interval coverage were poorer for MLM estimates than for MM-REM 

estimates of the level two variance component. 

Additionally, greater bias was found for MM-REM estimates of the level two 

coefficient and the level two variance component in conditions with a level one sample 

size of 15 than in conditions with a sample size of 10.  Estimates of the level two variance 

component were also more accurate in conditions with 30 or 40 groups at level two than 

with 20 groups for the MM-REM.  

These results suggest that, when applied researchers are interested in the regression 

coefficients associated with predictors, both the MLM and the MM-REM provide accurate 

estimates of the level one coefficient. Point estimates of the level two regression 

coefficient, however, may be underestimated more so with the MM-REM than with the 
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MLM, particularly as the level one sample size increases.  If credible intervals are used in 

place of point estimates, then both the MLM and the MM-REM may provide accurate 

inferences of the level two regression coefficient under similar study conditions.  While 

applied researchers are generally not interested in estimates of the intercept, they should 

be aware that while both MLM and MM-REM provide accurate point estimates of the 

intercept, the standard errors are often underestimated and the associated credible intervals 

generally will not include the population intercept value as often as desired given similar 

study conditions. 

When applied researchers are interested in estimates of the variance components at 

each level, they should consider the use of the MM-REM over the MLM when mobility 

greater than 10% is present in the data in order to avoid the substantial negative bias found 

in the level two variance component.  When the MM-REM is used, a minimum of 40 

groups at level two is recommended in order to produce accurate estimates of the level two 

variance component.  Therefore, when applied researchers aim to account for mobility and 

model the true membership for students, the MM-REM is recommended over the MLM 

under similar study conditions when mobility exceeds 10% and 40 groups are present.  If 

the mobility rate is lower than 10%, however, applied researchers may choose the less 

complex MLM over the MM-REM with similar results. 

The results from the present study provide direction to applied researchers when 

mobility is present in the data, and when the sample size at either level is low.  Additional 

research into the MM-REM, including the topics described above, may provide further 

insight into the optimal conditions for an MM-REM under various study conditions.   
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