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Nonlocal elliptic equations have long been used by physicists and engi-

neers to model diffusion processes involving jumps. Apart from several works

from a probabilistic view, there had not been much development concerning

their mathematical properties until the fundamental works of Caffarelli and

Silvestre.

Here we establish several results concerning the regularity of viscosity

solutions to nonlocal elliptic equations. In particular, we show the existence of

smooth solutions to two class of nonlocal fully nonlinear elliptic equations, an

integrability estimate for the fractional order Hessian of solutions to nonlocal

equations, as well as a theory of flat solutions.
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Chapter 1

Smooth solutions to a class of fully nonlinear

nonlocal elliptic equations

1

1.1 Introduction

Since the seminal work of Caffarelli and Silvestre [4], the regularity

theory for viscosity solutions to nonlocal fully nonlinear elliptic equations has

received much attention. These equations are of the type

{
I(u, x) = f(x) in Ω,

u = g in Ωc.

The ellipticity condition is characterised by comparison with two ex-

tremal operators

M−
L (u− v)(x) ≤ I(u, x)− I(v, x) ≤M+

L (u− v)(x).

Here

1Part of this chapter has been accepted by Indiana University Mathematics Journal,
preprint available online at https://www.iumj.indiana.edu/IUMJ/Preprints/6218.pdf.

Hui Yu is the author of this material.
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M−
L (u)(x) = inf

K∈L

∫
δu(x, y)K(y)dy,

where L is some family of kernels, and δu(x, y) = u(x+ y) + u(x− y)− 2u(x).

A typical example of L = L0 is the set of kernels comparable to the fractional

Laplacian, namely,

λ(2− σ)

|y|n+σ
≤ K(y) ≤ Λ(2− σ)

|y|n+σ

with 0 < λ < Λ <∞. The upper extremal operator is defined by changing inf

to sup. The notion of viscosity solutions is defined by testing the operator on

touching smooth functions. See [4] for more detail.

In a series of works [4][5], Caffarelli and Silvestre proved fundamental

results about regularity of viscosity solutions to these equations analogous to

those in second order equations, for instance, Hölder continuity of solutions,

C1,α continuity of solutions for translation invariant operators, as well as a

perturbative type argument for non-translation-invariant operators. Then in

[6] the same authors proved the Evans-Krylov theorem for nonlocal equations,

hence established the existence of classical solutions for concave operators with

nice kernels.

One interesting feature of these works is that the estimate recovers the

second order case as the order σ tends to 2, indicating that nonlocal and local

equations form a continuum. Also note that these results were later extended

to more general types of equations by Kriventsov [9] and Serra [11]. T. Jin

and J. Xiong also give a different proof in [8] for the Cσ+α-estimate with a

Schauder-type estimate.

2



In case of second order equations, one can then bootstrap and show

that solutions are smooth at least when the operator is smooth. In fact, for

solutions to F (D2u) = 0, its derivative satisfies a linear equation with Hölder

continuous coefficients

Fij(D
2u(x))Dijue = 0.

From here Schauder theory gives the smoothness of the solution.

For nonlocal equations, however, this issue is more delicate. The main

difficulty is that when coefficients depend on the solution in a global fashion,

say, on δu(x, y), the very wild boundary behaviour [10] for nonlocal equations

appears and pollutes the estimate.

To be concrete, consider an equation of the form

I(u, x) =

∫
F (δu(x, y))

1

|y|n+σ
dy = 0,

which is a nice example of a nonlocal fully nonlinear elliptic equation if F is

increasing. Let’s assume we have Cσ+α estimate and focus on higher regularity

of the solution. The natural strategy is to differentiate and study the equation

for directional derivatives of u, say, in the direction of e, which solves∫
F ′(δu(x, y))δue(x, y)

1

|y|n+σ
dy = 0.

We immediately see that the coefficient F ′(δu(x, y)) depends on global data.

In particular, it is at best Hölder continuous [10] no matter how regular the

solution is in the interior of the domain of concern.
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This equation is recently studied by Yu, where the author showed the

existence of smooth solutions once we pose the problem in the entire Rn, giving

strong evidence that this ‘dependence on global data’ is the only obstruction

toward higher regularity for nonlocal equations.

However, in domains other than Rn, not very many nonlinear nonlocal

equations have been shown to admit smooth solutions. Actually up to the

knowledge of the author, the only general class of nonlinear nonlocal operators

that have smooth solutions are given by Barrios, Figalli and Valdinoci in [1],

where the authors studied a nonlocal version of the minimal surface equation.

After some analysis this reduced to an operator of the form

I(u, x) =

∫
K(x, y)δu(x, y)dy.

Then they developed a Schauder type theory for such linear equations, and

showed the solution to the nonlocal minimal surface equation is smooth once

the right-hand side is smooth and the boundary datum is bounded. One

should note that their operator I is linear with the coefficients independent

of the solution. This is crucial to their Schauder theory. And the question

remains open of whether there is a general class of nonlocal fully nonlinear

equations that admit smooth solutions.

In this paper, we present a general class of nonlocal fully nonlinear

elliptic operators that admit smooth solutions. To be precise, our main result

is the following

Theorem 1.1.1. Let ρ be a nice weight, and F : Sn × B1 → R be a smooth,

4



elliptic operator that is concave in the matrix variable, where Sn is the space

of n× n symmetric matrices. Also assume F (0, x) = 0 for all x ∈ B1.

For σ ≥ σ0 ∈ (0, 2), the Dirichlet problem{
F (Dσ

ρu, x) = f(x) in B1

u = g in Bc
1

(1.1)

admits a unique solution u that is smooth in B1 if f is smooth, and g ∈

L∞(R\B1) has some modulus of continuity.

Remark 1.1.1. Given a nice weight ρ, the operator Dσ
ρ is our substitute for the

Hessian matrix as in second order equations, its definition given in Section 2,

together with certain conditions on possible weights. It is a nonlocal object

that carries information about the σ-order directional derivatives of u.

Remark 1.1.2. We point out that the uniform continuity assumption on g is

only needed for the existence of the solution, and plays no role in regularity

estimates. In particular, if one knows a priori that a solution exists then the

continuity condition on g can be dropped, and still the solution must be unique

and is smooth in the interior of the ball.

The author also wants to point out that in a previous version of the

work g needs to be Hölder. Xavier Ros-Oton gave an insightful suggestion on

how to reduce the dependence on g to be only on the L∞ level.

Remark 1.1.3. With method in this paper, it is not too difficult to address op-

erators involving lower order terms, that is, operators of the form F (Dσ
ρu, u, x)

or F (Dσ
ρu,Du, u, x) if σ > 1. However we leave the details to the reader since

the proof is already rather technical as it is.
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Remark 1.1.4. For the definition of a fully nonlinear elliptic operator, see [2].

Comparing this result to the second order theory, where a concave

operator that depends smoothly on second order derivatives admits smooth

solutions, our theorem says if a concave operator depends smoothly on the

σ-order derivatives, then it has smooth solutions.

However, due to the nonlocal nature of the problem, we can allow a

much wider range of possible ‘σ-order derivatives’, instead of a single Hessian.

This variety lies in the possible weight ρ which specifies how long range in-

teractions influence the derivative in a bounded domain. In that sense, our

operator has two levels of ‘variable coefficients’, the first level is the variable

dependence on Dσ
ρu, which also appears for second order operators as the vari-

able dependence on the Hessian. The second level is how the ‘Hessian’ Dσ
ρu

depends on u via the weight ρ. This second level of ‘variable coefficients’ is a

purely nonlocal phenomenon.

To compare with [1], our operators are fully nonlinear. As a result a

more careful localization argument is required. On the other hand, our result

improves [1], since we do not require the order of the equation σ to be above

1. This is done by a more careful study of the difference quotients, instead of

jumping to first derivatives directly.

Our proof consists of two steps. The first step is to show that the

solution is in Cσ+α. This follows from the concavity of the operator by a deep

result of Serra [11]. The next step is to bootstrap the solution to C∞. Here
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the basic idea is that the principle order coefficients are as regular as ∆σ/2u,

for which we can use the estimate from the previous step, and this regularity

for the coefficients is enough for a bootstrap argument.

This paper is organized as follows: in Section 2 we present some prelim-

inary results on nonlocal operators as well as some definitions that are useful

for the rest of the paper; in Section 3 we present the Cσ+α estimate; in Section

4 we complete the proof of the theorem by giving a bootstrap argument; and

then in Section 5 we present some applications of our general theory.

1.2 Preliminaries

We start by giving two definitions related to the operator Dσ
ρ :

Definition 1.2.1. For σ ∈ (0, 2), we define the | · |σ,Ω seminorm by

|u|σ,Ω = sup
x∈Ω

∫
|δu(x, y)| 2− σ

|y|n+σ
dy.

The scaled version of this seminorm is

|u|∗σ,Ω = sup
x∈Ω

d(x)σ
∫
|δu(x, y)| 2− σ

|y|n+σ
dy,

where d is the distance function to ∂Ω.

This is in some sense a Cσ seminorm suitable for the study of σ order

nonlocal operators. Like the standard Hölder seminorms it obeys an interpo-

lation inequality
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Proposition 1.2.1. Given ε > 0 there is a constant C(ε) <∞ such that

|u|∗σ,B1
≤ ε‖u‖∗Cσ+α(B1) + C(ε)‖u‖L∞(Rn),

here ‖u‖∗Cσ+α(B1) is the scaled Hölder norm.

See [7] for a definition of scaled Hölder norms.

Proof. Suppose, on the contrary, that there is no such C(ε) for some ε. Then

we find a sequence un such that

|un|∗σ,B1
≥ ε‖un‖∗Cσ+α(B1) + n‖un‖L∞(Rn).

After a normalization we assume ‖un‖∗Cσ+α(B1) = 1 for all n, and in particular

|un|∗σ,B1
≤ C . This gives a subsequence uk converging locally uniformly in B1

to some u∞, and we necessarily have ‖u∞‖L∞(Rn) → 0. Hence uk = 0. This

leads to a contradiction since |u∞|∗σ,B1
≥ ε by our assumption.

For functions with finite | · |σ,{x} seminorm, one can define a σ order

replacement for the Hessian matrix.

Definition 1.2.2. Given σ ∈ (0, 2), ρ : B1×Rn → [λρ,Λρ], a smooth function

bounded away from 0 and ∞, we define Dσ
ρu(x) to be the matrix with the

(i, j)-entry

Dσ
ρ,iju(x) =

∫
δu(x, y)

(2− σ)〈y, ei〉〈y, ej〉ρ(x, y)

|y|n+σ+2
dy,

where {ej} is the standard basis of Rn, here u ∈ L∞(Rn) and |u|σ,{x} <∞.
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Remark 1.2.1. We simplify Dσ
ρ to Dσ whenever there is no ambiguity.

Remark 1.2.2. As mentioned in Introduction, this is our substitute for the

Hessian matrix. The very general weight ρ introduces much richer structure

than possible in the Hessian. Basically the only requirement on ρ is that

it stays away from 0 and ∞, this is to balance the influence from different

directions and positions, and hence the constants λρ, and Λρ can also be viewed

as elliptic constants. Together with the elliptic condition on the operator F ,

they give the regularization of the equation.

All constants depending only on the dimension n, the elliptic constants

of F , λρ and Λρ are universal constants.

Remark 1.2.3. The coefficient 2 − σ is for the estimate to be uniform for big

σ.

The map Dσ interacts with regularity classes in the same way as ∆σ/2:

Proposition 1.2.2. If u ∈ L∞(Rn) ∩ Cσ+α(B1), then Dσu ∈ Cα(B1/4) with

estimates.

Proof. Let η be a smooth cut-off that is 1 in B3/4 and vanishes outside B1.

Take u1 = uη and u2 = u(1− η).

Since ‖u1‖Cσ+α(Rn) ≤ C‖u‖Cσ+α(B1), one has

|Dσ
iju

1(x)−Dσ
iju

1(x′)| ≤ |
∫

(δu1(x, y)− δu1(x′, y))
(2− σ)〈y, ei〉〈y, ej〉ρ(x, y)

|y|n+σ+2
dy|

+ |
∫
δu1(x′, y)

(2− σ)〈y, ei〉〈y, ej〉(ρ(x, y)− ρ(x′, y))

|y|n+σ+2
dy|

= I1 + I2.
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Since ρ is bounded by standard estimate for the fractional Laplacian one has

I1 ≤ C‖u‖Cσ+α(B1)|x− x′|α.

As for I2, we use the smoothness of ρ in x

|ρ(x, y)− ρ(x′, y)| ≤ [ρ(·, y)]C0,1
x
|x− x′|α ≤ C|x− x′|α

and

|
∫
δu1(x′, y)

(2− σ)〈y, ei〉〈y, ej〉
|y|n+σ+2

dy| ≤ C‖u‖Cσ+α(B1)

to get

I2 ≤ C‖u‖Cσ+α(B1)|x− x′|α.

On the other hand, for x, x′ = x+h ∈ B1/4, δu2(x, y) = δu2(x+h, y) = 0

unless |y| > 1/2. Also, u2(x) = u2(x+ h) = 0. Hence

|Dσ
iju

2(x′)−Dσ
iju

2(x)| ≤ |
∫
|y|>1/2

(u2(x+ h+ y)− u2(x+ y))
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
dy|

+|
∫
|y|>1/2

u2(x+ h− y)− u2(x− y))
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
dy|

≤
∫
|y|>1/4

|u2(x+ y)||(2− σ)〈y − h, ei〉〈y − h, ej〉
|y − h|n+σ+2

− (2− σ)〈y, ei〉〈y, ej〉
|y|n+σ+2

|dy

+

∫
|y|>1/4

|u2(x− y)||(2− σ)〈y + h, ei〉〈y + h, ej〉
|y + h|n+σ+2

− (2− σ)〈y, ei〉〈y, ej〉
|y|n+σ+2

|dy

≤ C‖u‖L∞(Rn)|h|
∫
|y|>1/4

|∇y
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
|dy

≤ C‖u‖L∞(Rn)|h|.

Then we see ‖Dσ
iju‖Cα(B1/4) is bounded by a combination of ‖u‖L∞ and

‖u‖Cσ+α(B1).
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Now we show that our fully nonlinear operator is elliptic in the sense

of [4]:

Proposition 1.2.3. F (·, x) is uniformly elliptic with respect to L0.

Proof. Take u, v ∈ L∞(Rn)∩C2(x), then both Dσu and Dσv are defined at x.

F (Dσu, x)− F (Dσv, x) ≤M+
2 (Dσu(x)−Dσv(x))

≤ sup
λ≤A≤Λ

Aij(D
σ
iju(x)−Dσ

ijv(x))

= sup
λ≤A≤Λ

Aij

∫
(δu(x, y)− δv(x, y))

(2− σ)〈y, ei〉〈y, ej〉ρ(x, y)

|y|n+σ+2
dy

= sup
λ≤A≤Λ

∫
(δu(x, y)− δv(x, y))

(2− σ)〈Ay, y〉ρ(x, y)

|y|n+σ+2
dy

≤ (2− σ)

∫
(Λ(δu(x, y)− δv(x, y))+ − λ(δu(x, y)− δv(x, y))−)

ρ(x, y)

|y|n+σ
dy

≤ C(λρ,Λρ)M
+
L0(σ)(u− v)(x).

Here M+
2 denote the maximal Pucci operator.

Similarly one shows F (Dσu, x) − F (Dσv, x) ≥ C(λρ,Λρ)M
−
L0(σ)(u −

v)(x).

We now deal with existence and uniqueness of the solution. This im-

portant point is pointed out to the author by Dennis Kriventsov.

Proposition 1.2.4. If f ∈ C(B1) and g ∈ L∞(Rn) has some modulus of

continuity, then (1.1) admits a unique viscosity solution u ∈ C(B1)∩L∞(Rn).

11



Proof. See Section 5 of [9] for a proof of existence via a regularization and

approximation procedure. The uniqueness follows because our solution is

smooth, and we have comparison principle for smooth solutions [4].

These results indicate that Dσ
ρ is a nice replacement for the Hessian

matrix in nonlocal equations. However to bootstrap to smoothness, we need

to impose the following condition on the possible weights we consider.

Definition 1.2.3. A smooth bounded weight ρ : B1 ×Rn → [λρ,Λρ] is nice if

it satisfies the following decay properties in y:

|Dα
y ρ(x, y)||y||α| ≤M|α|,

where M|α| is a constant depending only on |α|, the length of the multi-index

α.

Remark 1.2.4. This decay is needed for condition (3.2) in the next section.

The author thanks the careful referee for pointing this out.

1.3 Cσ+α estimate

We now exploit the concavity of the operator F to show that our so-

lution is Cσ+α in the interior of the domain. This is done in two steps. In

the first step, we show that solutions with finite | · |σ,B1 seminorm are actually

Cσ+α. Then this improvement of regularity is combined with the interpolation

to give the estimate we need.
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For the first step, we use a deep result by Serra [11] concerning variable

coefficient concave equations:

Theorem 1.3.1. For σ ∈ (0, 2) let I be an operator of the form

I(u, x) = inf
a

(

∫
δu(x, y)Ka(x, y)dy + ca(x))

where each ca is Hölder, each Ka(x, ·) ∈ L0(σ) and enjoys a Hölder continuity

in x ∫
B2r\Br

|Ka(x, y)−Ka(x
′, y)|dy ≤ A0|x− x′|α

2− σ
rσ

(1.2)

as well as a decay in y

[Ka(x, ·)]Cα(Bcρ) ≤ Λ(2− σ)ρ−n−σ−α (1.3)

for some A0 and α ∈ (0, 1). Then there is a universal α such that if α < α

the viscosity solution to {
I(u, x) = 0 in B1,

u = g in Bc
1

satisfies the following estimate

‖u‖Cσ+α(B1/2) ≤ C(sup
a
‖ca‖Cα(B1) + ‖g‖L∞(Rn))

where the constant C depends on universal constants, α, as well as A0.

Now we prove the following

Lemma 1.3.2. There is a universal α > 0 such that for any α < α the solution

u to (1.1) with

|u|σ,B1 ≤ 1

13



satisfies

‖u‖Cσ+α(B1/2) ≤ C(1+‖f‖Cα(B1)+‖g‖L∞(Rn)+‖∂xF (·, ·)‖∞+ sup
N∈Sn

[DMF (N, ·)]C0,1
x

),

where the constant C depends on universal constants and supN∈Sn [DMF (N, ·)]Lip.

Here DMF (N, x) is the differential of F with respect to the matrix

variable at (N, x).

Proof. Due to its smoothness and concavity our operator can be written in

the following form

F (M,x) = inf
N∈Sn

{DMF (N, x)M −DMF (N, x)N + F (N, x)}.

As a result, if we define the kernels

KN(x, y) =
(2− σ)〈DMF (N, x)y, y〉ρ(x, y)

|y|n+σ+2

then the solution satisfies the equation

inf
N∈Sn

(

∫
δu(x, y)KN(x, y)dy + cN(x)) = 0

where cN(x) = −DMF (N, x)N + F (N, x)− f(x).

Since |u|σ,B1 ≤ 1, and in particular ‖Dσu(x)‖ ≤ Λρ in B1, the equation

can be further reduced to

inf
‖N‖≤Λρ

(

∫
δu(x, y)KN(x, y)dy + cN(x)) = 0.

14



To check condition (3.1) we note that

|KN(x, y)−KN(x′, y)| = 2− σ
|y|n+σ+2

|ρ(x, y)〈DMF (N, x)y, y〉 − ρ(x′, y)〈DMF (N, x′)y, y〉|

≤ 2− σ
|y|n+σ+2

|ρ(x, y)〈(DMF (N, x)−DMF (N, x′))y, y〉|

+
2− σ
|y|n+σ+2

||(ρ(x, y)− ρ(x′, y))〈DMF (N, x′)y, y〉|

≤ 2− σ
|y|n+σ+2

Λρ[DMF (N, ·)]C0,1
x
|x− x′||y|2

+
2− σ
|y|n+σ+2

|[ρ(·, y)]C0,1
x
|x− x′|Λ|y|2

≤ C
2− σ
|y|n+σ

|([ρ(·, y)]C0,1
x

+ [DMF (N, ·)]C0,1
x

)|x− x′|.

Note that we used the ellipticity of ρ and F .

Consequently we can takeA0 to be C(supN∈Sn [DAF (N, ·)]Lip+supy∈Rn [ρ(·, y)]C0,1
x

)

and (3.1) is true for any α ≤ 1.

The other condition (3.2) follows from

|∇yKN(x, y)| = | (2− σ)

|y|n+σ+2
ρ(x, y)∇y(〈DMF (N, x)y, y〉)

+
(2− σ)

|y|n+σ+2
〈DMF (N, x)y, y〉∇yρ(x, y)

+ ρ(x, y)〈DMF (N, x)y, y〉∇y(
(2− σ)

|y|n+σ+2
)|

= | (2− σ)

|y|n+σ+2
ρ(x, y)2〈DMF (N, x)y

+
(2− σ)

|y|n+σ+2
〈DMF (N, x)y, y〉∇yρ(x, y)

+ ρ(x, y)〈DMF (N, x)y, y〉(2− σ)(n+ σ + 2)y

|y|n+σ+4
|

≤ |(2− σ)2ΛΛρ

|y|n+σ+1
|+ |(2− σ)ΛM1

|y|n+σ+1
|+ |(2− σ)(n+ σ + 2)ΛΛρ

|y|n+σ+1
|.
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Here M1 is the constant in Definition 2.10.

Hence to apply Theorem 3.1 we only need to estimate the Hölder norm

of cN . To this end, we have

|cN(x)| ≤ ‖ −DMF (N, x)‖ · ‖N‖+ |F (N, x)|+ |f(x)|

≤ Λ‖N‖+ Λ‖N‖+ ‖f‖L∞(B1)

≤ 2ΛΛρ + ‖f‖L∞(B1).

Here we used the fact that F (0, x) = 0 and that ‖N‖ ≤ Λρ.

Also,

|cN(x)− cN(x′)| ≤ |DMF (N, x)−DMF (N, x′)|‖N‖

+ |F (N, x)− F (N, x′)|+ |f(x)− f(x′)|

≤ Λρ sup
N∈Sn

[DMF (N, ·)]C0,1
x
|x− x′|

+ sup
N∈Sn

‖∂xF (N, ·)‖|x− x′|+ [f ]Cα(B1)|x− x′|α.

In conclusion Theorem 3.1 gives

‖u‖Cσ+α(B1/2) ≤ C(1+‖f‖Cα(B1)+‖∂xF (·, ·)‖∞+ sup
N∈Sn

[DMF (N, ·)]C0,1
x

+‖g‖L∞(Rn)),

where the constant C depends on universal constants, α < α, supN∈Sn [DMF (N, ·)]C0,1
x

and supy∈Rn [ρ(·, y)]C0,1
x

.

16



A scaling and interpolation argument gives the Cσ+α estimate:

Proposition 1.3.3. Let u and F be as in Theorem 1.1. Then there is a

universal α such that

‖u‖Cσ+α(B1/2) ≤ C(‖f‖Cα(B1) + ‖∂xF (·, ·)‖∞ + ‖g‖L∞(Rn))

where the constant C depends on universal constants , α < α, supN∈Sn [DMF (N, ·)]C0,1
x

and supy∈Rn [ρ(·, y)]C0,1
x

.

Proof. After a regularization procedure, see Section 2 in [5], one can always

assume |u|σ,B1 is finite. Define a renormalization of u

w = u/|u|σ,B1 .

Then w solves the same type of equation with right-hand side 1
|u|σ,B1

f , bound-

ary datum 1
|u|σ,B1

g and a new operator G : Sn ×B1 → R defined as

G(A, x) =
1

|u|σ,B1

F (|u|σ,B1A, x).

Note that this is still a smooth, concave, elliptic operator with the same ellip-

ticity constants. Moreover,

∂xG(N, ·) =
1

|u|σ,B1

∂xF (|u|σ,B1N, ·)

and

DMG(N, x) = DMF (|u|σ,B1N, x).

Thus the lemma gives
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‖w‖Cσ+α(B1/2) ≤ C(1 +
1

|u|σ,B1

‖f‖Cα(B1) + ‖∂xG(·, ·)‖∞

+ sup
N∈Sn

[DMG(N, ·)]C0,1
x

+
1

|u|σ,B1

‖g‖L∞(Rn))

≤ C(1 +
1

|u|σ,B1

‖f‖Cα(B1) +
1

|u|σ,B1

‖∂xF (·, ·)‖∞

+ sup
N∈Sn

[DMF (N, ·)]C0,1
x

+
1

|u|σ,B1

‖g‖L∞(Rn)).

Consequently,

‖u‖Cσ+α(B1/2) ≤ C(|u|σ,B1+‖f‖Cα(B1)+‖∂xF (·, ·)‖∞+|u|σ,B1 sup
N∈Sn

[DMF (·, ·)]Lip+‖g‖L∞(Rn)).

Now we can choose ε < 1
2
C(1 + supN∈Sn [DMF (N, ·)]C0,1

x
) in the inter-

polation inequality to get the desired estimate.

1.4 Bootstrap to C∞

According to the previous section, our solution is classical with point-

wisely well-defined Dσu(x) at least in the interior of the domain. In this section

we use a bootstrap strategy to show that this solution is actually smooth in

the interior. We could assume the operator F , the weight ρ and the right-hand

side f to be in a certain class, say, Cm, and show that the solution belongs

to Cm+σ+α. However this would require a careful tracking of all the constants

involved and is rather off the point of this paper. Hence we only present the

proof for the smoothness of the solution when the operator, the weight and

the right-hand side are all assumed to be smooth. A careful reader can adapt

the strategy for less regular operators and/or right-hand sides when necessary.
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As mentioned in the Introduction, our method is closely modelled after

[1], with a more careful localization procedure. The basic idea is: Suppose u

solves an equation in some original domain Ω0. Then by the structure of the

equation we show that u is in some regularity class C1 in Ω1 ⊂ Ω0. To improve

this class we use a cut-off u1 that only sees the part of u inside Ω′′2 ⊂ Ω1, hence

in particular u1 is in C1, and if the coefficient depends on the solution in a

nice way then our u1 would solve a better equation inside some Ω′2 ⊂ Ω′′2. This

would give a better regularity estimate on u1 inside Ω2 ⊂ Ω′2 in a better class

C2. And since our solution u agrees with u1 inside Ω2, this shows that u itself

belongs to C2 in Ω2. Suppose we can have a strict improvement (C2 > C1)

each time without losing too much space (Ω2 is not too small relative to Ω1),

then this can be iterated until we hit the class of smooth functions.

1.4.1 First bootstrap step

By rescaling we have the following estimate

‖u‖Cσ+α1 (BR1
) ≤ C(R1, α1)(‖g‖L∞(Rn) + ‖f‖Cα1 (B1) + ‖∂xF (·, ·)‖∞)

where C also depends on supN∈Sn [DMF (N, ·)]C0,1
x

. Here we fix an R1 > 1/2

and some α1 < α. For the localization procudure we further choose some

0 < R2 < R′2 < R′′2 < R1, and let η be a cut-off function that is 1 on BR′′2
and

vanishes outside BR1 . Note that here BR1 is the domain where we have nice

estimates, BR′′2
is the region where the cut-off agrees with our solution, BR′2

is where we have a new equation for the cut-off, and BR2 is domain where we

want an improvement of regularity on u.
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Fix e ∈ Sn−1, for x ∈ BR′2
, |h| < 1

4
(R′′2 − R′2) and β = min{σ + α1, 1},

we define the difference quotient

wh(x) =
u(x+ he)− u(x)

|h|β
,

and further

w1
h(x) = η(x)wh(x)

and

w2
h(x) = (1− η(x))wh(x).

Note that we are taking the β order difference quotient because we did not

assume σ > σ0 > 1. Otherwise we could just take the usual difference quotient.

The Cσ+α1 estimate gives

Lemma 1.4.1.

‖w1
h‖L∞(Rn) ≤ C(R1, α1)(‖g‖L∞(Rn) + ‖f‖Cα1 (B1) + ‖∂xF (·, ·)‖∞).

Moreover it solves an elliptic equation:

By taking the difference of F (Dσu, x+he) = f(x+he) and F (Dσu, x) =

f(x) one sees that for x ∈ BR′2
,

Ahij(x)(Dσ
iju(x+ he)−Dσ

iju(x)) = f(x+ he)− f(x) + kh(x)h,

where

Ahij(x) =

∫ 1

0

∂F

∂Mij

(tDσu(x+ he) + (1− t)Dσu(x), x+ the)dt,

20



and

kh(x) =

∫ 1

0

∂xF (tDσu(x+ he) + (1− t)Dσu(x), x+ the)dt · e.

Hence if we define the matrix Ah(x) = (Ahij(x)) then one has∫
(δu(x+ he, y)− δu(x, y))

(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy

+

∫
δu(x, y)(ρ(x+ he, y)− ρ(x, y))

(2− σ)〈Ah(x)y, y〉
|y|n+σ+2

dy

= f(x+ he)− f(x) + kh(x)

As a result the difference quotient solves, in BR′2
, the following equation∫

δwh(x, y)
(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy =

f(x+ he)− f(x)

|h|β
+ kh(x)|h|1−β

−
∫
δu(x, y)

ρ(x+ he, y)− ρ(x, y)

|h|β
(2− σ)〈Ah(x)y, y〉

|y|n+σ+2
dy

=
f(x+ he)− f(x)

|h|β
+ kh(x)|h|1−β − I1

h(x).

Thus the cut-off satisfies∫
δw1

h(x, y)
(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy =

f(x+ he)− f(x)

|h|β
+ kh(x)|h|1−β − I1

h(x)

−
∫
δw2

h(x, y)
(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy

=
f(x+ he)− f(x)

|h|β
+ kh(x)|h|1−β

− I1
h(x)− I2

h(x).

To conclude we have
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Lemma 1.4.2. w1
h is a bounded continuous function solving∫

δw1
h(x, y)

(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy =

f(x+ he)− f(x)

|h|β
+kh(x)|h|1−β−I1

h(x)−I2
h(x)

(1.4)

in BR′2
, where

I1
h(x) =

∫
δu(x, y)

ρ(x+ he, y)− ρ(x, y)

|h|β
(2− σ)〈Ah(x)y, y〉

|y|n+σ+2
dy

and

I2
h(x) =

∫
δw2

h(x, y)
(2− σ)〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy.

We want to apply Theorem 3.1 to this equation. For the various esti-

mate the following is useful. It says the regularity of the coefficients improves

because of previous estimate on the solution.

Lemma 1.4.3. Ah ∈ Cα1(BR′2
) with estimate independent of h and β.

Proof. Obviously ‖Ah‖∞ ≤ ‖F‖C1 . For the Hölder semi-norm

|Ahij(x)− Ahij(x′)| ≤
∫ 1

0

| ∂F
∂Mij

(tDσu(x+ he) + (1− t)Dσu(x), x+ the)

− ∂F

∂Mij

(tDσu(x′ + he) + (1− t)Dσu(x′), x′ + the)|dt

≤ ‖F‖C2(|Dσu(x+ he)−Dσu(x′ + he)|+ |Dσu(x)−Dσu(x′)|+ |x− x′|)

≤ C‖F‖C2(‖u‖Cσ+α1 (BR1
)|x− x′|α1 + |x− x′|)

for some C independent of h and β. Note that we used Proposition 2.6 for the

last inequality.

22



Now we check conditions (3.1) and (3.2). For condition (3.1), note that

|〈A
h(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
− 〈A

h(x′)y, y〉ρ(x′ + he, y)

|y|n+σ+2
|

≤ 1

|y|n+σ+2
|ρ(x+ he, y)〈(Ah(x)− Ah(x′))y, y〉|

+
1

|y|n+σ+2
|〈Ah(x′)y, y〉(ρ(x+ he, y)− ρ(x′ + he, y))|

≤ Λρ

|y|n+σ
|Ah(x)− Ah(x′)|

+
|Ah(x)|
|y|n+σ

|(ρ(x+ he, y)− ρ(x′ + he, y)|

≤ Λρ‖F‖C2

|y|n+σ
(|x− x′|+ 2[Dσu]Cα1 (BR′2

)|x− x′|α1) +
Λ

|y|n+σ
[ρ(·, y)]C0,1

x
|x− x′|.

This gives condition (3.1) with Hölder exponent α1 with estimate independent

of h and β.

Condition (3.2) again follows from the decay condition on ρ.

Now we estimate the Hölder norm of the right-hand side. The α1 Hölder

norm of f(·+he)−f(·)
|h|β is clearly bounded by the C1,1 norm of f . The estimate for

the other terms takes more effort.

Lemma 1.4.4. kh ∈ Cα1(BR′2
) with estimate independent of h and β.

Proof. Obviously ‖hk‖∞ ≤ ‖∂xF‖∞. For the Hölder semi-norm one uses the
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smoothness of F and the Cσ+α1-estimates together with Proposition 2.6.

|kh(x)− kh(x′)| = |
∫ 1

0

(∂xF (tDσu(x+ he) + (1− t)Dσu(x), x+ the)−

∂xF (tDσu(x′ + he) + (1− t)Dσu(x′), x′ + the)dt|

≤ ‖F‖C2(|Dσu(x+ he)−Dσu(x′ + he)|+ |Dσu(x)−Dσu(x′)|+ |x− x′|)

≤ C‖F‖C2([u]Cσ+α1 (R1)|x− x′|α1 + |x− x′|).

Here the constants also depends on R1, R
′
2 as well as regularity of ρ, but

nevertheless independent of h and β.

Lemma 1.4.5. I1
h ∈ Cα2(BR′2

) for some α2 > 0 with estimate independent of

h and β.

Proof. For x ∈ BR′2
,

|I1
h(x)| ≤

∫
|y|≤1/8(R1−R′2)

|ρ(x+ he, y)− ρ(x, y)

|h|β
||δu(x, y)|(2− σ)〈Ah(x)y, y〉

|y|n+σ+2
|dy

+

∫
|y|>1/8(R1−R′2)

|ρ(x+ he, y)− ρ(x, y)

|h|β
||δu(x, y)

(2− σ)〈Ah(x)y, y〉
|y|n+σ+2

|dy

≤ C sup
y

[ρ(·, y)]C0,1
x

(‖u‖Cσ+α1 (BR1
) + ‖u‖∞).

Here C is independent of h and β. Also note that

I1
h(x) = Ahij(x)

∫
δu(x, y)

ρ(x+ he, y)− ρ(x, y)

|h|β
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
dy = Ahij(x)·J(x),

where we already has a Cα1-estimate on Ahij. As a result, it suffices to prove a

Hölder estimate on J .

24



To see this note

|J(x)− J(x′)| ≤ |
∫

(δu(x, y)− δu(x′, y))
ρ(x+ he, y)− ρ(x, y)

|h|β
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
dy|

+|
∫
δu(x′, y)(

ρ(x+ he, y)− ρ(x, y)

|h|β
− ρ(x′ + he, y)− ρ(x′, y)

|h|β
)
(2− σ)〈y, ei〉〈y, ej〉

|y|n+σ+2
dy|.

The first term is bounded by supy[ρ(·, y)]C0,1
x
‖u‖Cσ+α1 (BR1

)|x− x′|α1 , while the

second is bounded by supy ‖ρ(·, y)‖C2
x
(‖u‖Cσ+α1 (BR1

)+‖u‖∞)|x−x′|,independent

of h and β. Thus one can take α2 < α2
1.

Finally we estimate the Hölder norm of I2
h. Here the key idea is to

exploit the smoothness of the kernel in y, since we are away from the singularity

due to the cut-off.

Lemma 1.4.6. I2
h ∈ Cα1(BR′2

) with estimate independent of h and β.

Proof. Note that

δw2
h(x, y) =

1

|h|β
[(1− η(x+ y))u(x+ y + he)− (1− η(x+ y))u(x+ y)

+ (1− η(x− y))u(x− y + he)− (1− η(x− y))u(x− y)

+ 2(1− η(x))u(x)− 2(1− η(x))u(x+ he)]

=
1

|h|β
[(1− η(x+ y))u(x+ y + he)− (1− η(x+ y))u(x+ y)

+ (1− η(x− y))u(x− y + he)− (1− η(x− y))u(x− y)].
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Therefore the expansion of Ih consists of two similar terms, one of which is

2− σ
|h|β

∫
|y|>R′′2−R′2

[(1− η(x+ y))u(x+ y + he) (1.5)

− (1− η(x+ y))u(x+ y)]
〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
dy = (1.6)

2− σ
|h|β

∫
|y|>3/4(R′′2−R′2)

u(x+ y)[(1− η(x+ y − he))〈A
h(x)(y − he), y − he〉ρ(x+ he, y − he)

|y − he|n+σ+2

(1.7)

− (1− η(x+ y))
〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
]dy. (1.8)

Since ∂y[(1− η(x+ y)) 〈A
h(x)y,y〉ρ(x+he,y)
|y|n+σ+2 ] is bounded by C

|y|n+σ+1 ,

1

|h|β
[(1−η(x+y−he))〈A

h(x)(y − he), y − he〉
|y − he|n+σ+2

−(1−η(x+y))
〈Ah(x)y, y〉
|y|n+σ+2

] ≤ C|h|1−β

|y|n+σ+1
,

thus |I2
h(x)| ≤ C‖u‖L∞(Rn) independent of h and β.

To estimate its Hölder seminorm, we note that

2− σ
|h|β

∫
|y|>3/4(R′′2−R′2)

u(x+ y)[(1− η(x+ y − he))〈A
h(x)(y − he), y − he〉ρ(x+ he, y − he)

|y − he|n+σ+2

− (1− η(x+ y))
〈Ah(x)y, y〉ρ(x+ he, y)

|y|n+σ+2
]dy

=
2− σ
|h|β

∫
y∈Bc

3/4(R′′2−R
′
2)

(x)

u(y)[(1− η(y − he))

〈Ah(x)(y − x− he), y − x− he〉ρ(x+ he, y − x− he)
|y − x− he|n+σ+2

− (1− η(y))
〈Ah(x)(y − x), (y − x)〉ρ(x+ he, y − x)

|y − x|n+σ+2
]dy.

And if x, x′ ∈ BR′2
,
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|[(1− η(y − he))〈A
h(x)(y − x− he), y − x− he〉ρ(x+ he, y − x− he)

|y − x− he|n+σ+2

− (1− η(y))
〈Ah(x)(y − x), (y − x)〉ρ(x+ he, y − x)

|y − x|n+σ+2
]

−[(1− η(y − he))〈A
h(x′)(y − x′ − he), y − x′ − he〉ρ(x′ + he, y − x′ − he)

|y − x′ − he|n+σ+2

− (1− η(y))
〈Ah(x′)(y − x′), (y − x′)〉ρ(x′ + he, y − x′)

|y − x′|n+σ+2
]|

≤ Cη,ρ
|y|n+σ

|h|(|Ah(x)− Ah(x′)|) +
C

|y|n+σ
|h|‖ρ‖C1 |x− x′|+ Cη,ρ|h|(|

1

|y − x|n+σ
− 1

|y − x′|n+σ
|)

≤ Cη,ρ
|y|n+σ

|h|‖Ah‖Cα1 (BR′2
)|x− x′|α1 +

C

|y|n+σ
|h|‖ρ‖C1 |x− x′|+ Cη,ρ

|y|n+σ+1
|h||x− x′|.

Note that ifR′2 <
7
15
R′′2, thenBc

3/4(R′′2−R′2)(x)∪Bc
3/4(R′′2−R′2)(x

′) ⊃ Bc
1/8(R′′2−R′2)

hence we can avoid the singularity of the integral at x and x′ at the same time,

and hence

|I2
h(x)− I2

h(x′)| ≤ (2− σ)|h|1−β(‖Ah‖Cα1 (BR′2
) + ‖ρ‖C1 + 1)|x− x′|α1

·
∫
|y|>1/8(R′′2−R′2)

Cη,ρ
|y|n+σ

+
Cη,ρ
|y|n+σ+1

dy

≤ C|x− x′|α1 ,

with C independent of h and β.

Now all the conditions in Theorem 3.1 are satisfied, hence we have the

following estimate

‖w1
h‖Cσ+α2 (BR2

) ≤ Cρ(‖f‖C1,1(B1)+‖D2F‖∞+‖∂xF‖∞+‖u‖L∞(Rn)+‖u‖Cσ+α1 (BR1
)+1).
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This being true for all h and β = min{σ + α1, 1} we see we can iterate

to get the following, by taking a smaller R2 and α3 even smaller if necessary,

‖u‖C1+σ+α3 (BR2
) ≤C(‖f‖C1,1(B1) + ‖D2F‖∞(1 + ‖Dσu‖Cα1 (BR′2

))

+ ‖u‖L∞(Rn) + ‖Dσu‖Cα1 (BR′2
) + ‖u‖Cσ+α1 (BR1

) + 1)

Using the estimate from the previous section, this reduces to

Proposition 1.4.7. There is α3 ∈ (0, 1) such that for R2 small,

‖u‖C1+σ+α3 (BR2
) ≤ C(‖g‖L∞(Rn) + ‖f‖C1,1(B1) + ‖∂xF (·, ·)‖∞ + 1)

where the constant C depends on universal constants, α3, R2, ‖F‖C2 and reg-

ularity of ρ.

Note that then by a standard covering argument we have

Corollary 1.4.8. There is α3 ∈ (0, 1) such that for any R2 < 1,

‖u‖C1+σ+α3 (BR2
) ≤ C(‖g‖L∞(Rn) + ‖f‖C1,1(B1) + ‖∂xF (·, ·)‖∞ + 1) (1.9)

where the constant C depends on universal constants, α3, R2, ‖F‖C2 and reg-

ularity of ρ.

1.4.2 Further regularity

Take now 0 < R3 < R′3 < R′′3 < R2, then in BR′3
the estimates in the

previous subsection gives enough regularity to take β = 1 and h → 0 in the
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left-hand side of equation (4.1), which converges to∫
δu1

e(x, y)
(2− σ)〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
dy.

Here u1
e is a cut-off in BR2 of the directional derivative of u in the direction e.

And

Aij(x) =
∂F

∂Mij

(Dσu(x), x).

The first term on the right-hand side converges nicely to fe(x). The second

term converges to k(x) = ∂xF (Dσu(x), x) · e. The third converges to

I1(x) =

∫
δu(x, y)

(2− σ)〈A(x)y, y〉∂x,eρ(x, y)

|y|n+σ+2
dy.

Using (4.2) we see that the third term on the right-hand side converges to

I2(x) = I2,1(x) + I2,2(x)

= (2− σ)

∫
|y|>3/4(R′′2−R′2)

u(x+ y)∂y,e[(1− η(x+ y))
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
]dy

+ (2− σ)

∫
|y|>3/4(R′′2−R′2)

u(x− y)∂y,e[(1− η(x− y))
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
]dy.

As a result,

Lemma 1.4.9. u1
e is a bounded function that solves, in BR′3

, the following

equation∫
δu1

e(x, y)
(2− σ)〈A(x)y, y〉
|y|n+σ+2

dy = fe(x) + k(x)− I1(x)− I2,1(x)− I2,2(x).

(1.10)

We point out that both the coefficient and the right-hand side enjoy

nice regularity in BR′3
. For instance
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Lemma 1.4.10.

‖A‖C1+α3 (BR′3
) ≤ C(‖u‖C1+α3+σ(BR2

) + ‖u‖∞),

‖fe‖C1+α3 (BR′3
) ≤ ‖f‖C2,1(B1),

‖k‖C1+α3 (BR′3
) ≤ C‖F‖C2(‖u‖C1+α3+σ(BR2

) + 1).

Proof. Use the smoothness of F , f and the estimate from Section 4.1.

The only term that requires extra care is I2, since the terms u(x + y)

and u(x− y) see the global behaviour of the solution and hence does not have

regularity higher than Hölder. But again we exploit the fact that our kernel

is very smooth in y to give the following

Lemma 1.4.11. I2 ∈ C1+α4 for some α4 > 0 with estimate.
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Proof. Fix a direction ẽ, and let |h| < 1
4
(R′′2 −R′2)

I2,1(x+ hẽ)− I2,1(x)

|h|

=
2− σ
|h|

∫
|y|>3/4(R′′2−R′2)

u(x+ hẽ+ y)∂y,e[(1− η(x+ hẽ+ y))
〈A(x+ hẽ)y, y〉ρ(x+ hẽ, y)

|y|n+σ+2
]

− u(x+ y)∂y,e[(1− η(x+ y))
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
]dy

=
2− σ
|h|

∫
|y|>1/2(R′′2−R′2)

u(x+ y)∂y,e[(1− η(x+ y))

〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)
|y − hẽ|n+σ+2

]

− u(x+ y)∂y,e[(1− η(x+ y))
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
]dy

=
2− σ
|h|

∫
|y|>1/2(R′′2−R′2)

u(x+ y)∂y,e[(1− η(x+ y))

〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)
|y − hẽ|n+σ+2

− (1− η(x+ y))
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
]dy.

Now the product rule gives

∂y,e[(1− η(x+ y))(
〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)

|y − hẽ|n+σ+2
− 〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)]

= ∂y,e(1− η(x+ y))(
〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)

|y − hẽ|n+σ+2
− 〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)

+ (1− η(x+ y))∂y,e(
〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)

|y − hẽ|n+σ+2
− 〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)

= ∂y,e(1− η(x+ y))(
〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)

|y − hẽ|n+σ+2
− 〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)

+ (1− η(x+ y))∂y,e(
〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)

|y − hẽ|n+σ+2
)

− (1− η(x+ y))∂y,e(
〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
).
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Dividing this by |h| and letting |h| → 0, it follows by another applica-

tion of the product rule that

1

|h|
∂y,e[(1− η(x+ y))(

〈A(x+ hẽ)(y − hẽ), y − hẽ〉ρ(x+ hẽ, y − hẽ)
|y − hẽ|n+σ+2

− 〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)]

→ ∂y,e(1− η(x+ y))
〈∂x,ẽ(A(x)ρ(x, y))y, y〉

|y|n+σ+2
+ ∂y,e(1− η(x+ y))∂y,ẽ(

〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
)

+(1−η(x+ y))z∂y,e(
〈∂x,ẽ(A(x)ρ(x, y))y, y〉

|y|n+σ+2
) + (1− η(x+ y))∂y,ẽ∂y,e(

〈A(x)y, y〉ρ(x, y)

|y|n+σ+2
).

Like in the proof for Lemma 4.3, we can use the C1+α3 estimate on A,

the smoothness of ρ, and the smoothness of the kernel in y, to get ‖I2,1‖C1+α4 (BR′3
) ≤

C.

Similar argument applies to I2,2.

All this regularity allows us to again apply the strategy in Section 4.1

to our new equation (4.6), and to show that u ∈ C2+σ+α4(BR3). Iterating this

localization-bootstrap argument, we see u is smooth in the interior of B1, and

we have proved the theorem

Theorem 1.4.12. u is smooth in the interior of B1.

Proof. Directional derivatives of the equation are equations of the same type

to which the theory above can be applied to iteratively.

1.5 Applications

In this section we give some applications of this general theory.
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1.5.1 Linear operators on Dσ
ρ

Theorem 1.5.1. Let A : B1 → Sn be smooth and 0 < λ ≤ A(·) ≤ Λ < ∞.

Then the problem{∫
δu(x, y) 〈A(x)y,y〉ρ(x,y)

|y|n+σ+2 = f(x) in B1

u = g outside B1

has a unique smooth solution if ρ is as in Definition 2.10, f is smooth, g is

bounded and enjoys some uniform continuity.

Remark 1.5.1. This is a direct application of our theory when F is a linear op-

erator. Note the uniform continuity assumption on g is only for the existence,

while the smoothness of the solution only requires the boundedness of g.

1.5.2 Functions of the eigenvalues of Dσ
ρu

Theorem 1.5.2. Let f : Rn → R be a smooth concave function satisfying for

all j

λ <
∂f

∂λj
< Λ.

Then the equation{
F (Dσu) = φ(x) in B1

u = β outside
,

where F (M) = f(λ1, . . . , λn) with {λj} being the eigenvalues of M , has a

unique solution that is smooth in B1 if φ is smooth and β bounded and uniform

continuous.

Remark 1.5.2. This is a direct application of our main theorem. See [3] for

the second order theory.
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1.5.3 Improvement of regularity

As mentioned before, our strategy also applies to less regular operators

and right-hand side. The careful reader could verify the following

Theorem 1.5.3. Let F : Sn×B1 → R be concave in the matrix variable, and

elliptic. Also assume it is in Ck with estimates. Then the equation{
F (Dσu, x) = f(x) in B1

u = g outside

has a unique Ck−1+σ+α solution for some α > 0 if f is Ck and g is bounded.

This can be also applied to quasilinear elliptic equations if one has some

a priori estimate on the solution:

Theorem 1.5.4. Let F : Sn×R×B1 → R be concave in the matrix variable,

and elliptic. Also assume it is in Ck with estimates. Assume a solution to{
F (Dσu, u, x) = f(x) in B1

u = g outside

is Ck in B1, then u is actually Ck−1+σ+α solution for some α > 0 if f is Ck

and g is bounded.

Proof. We use the regularity of u to reduce the operator to F̃ (M,x) = F (M,u(x), x).

Then apply the previous theorem.

Note that this applies to operators of the form∫
δu(x, y)

a(u, x)

|y|n+σ
dy

once we have some a priori estimate on u, and some regularity of λ ≤ a ≤ Λ.
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Chapter 2

A Dirichlet problem for nonlocal degenerate

elliptic operators with internal nonlinearity

1

2.1 Introduction

Nonlocal elliptic operators model diffusion processes with long-term

interactions. Since Caffarelli and Silvestre introduced the notion of viscosity

solutions for these operators [14], one is able to deal with very general classes

of nonlocal fully nonlinear elliptic operators, and a theory analogue to the case

of second order elliptic equations is established. See for instance the works of

Caffarelli-Silvestre [14][15][16], Kriventsov [19], Jin-Xiong [18], Serra [21] and

Yu.

In these works a nonlocal elliptic operator is of the form

I[u, x] = inf
α

sup
β
Lαβu(x), (2.1)

1Part of this chapter has appeared in A Dirichlet problem for nonlocal degenerate elliptic
operators with interior nonlinearity, Journal of Mathematical Analysis and Applications,
Volume 488, Issue 1, 2017.

Hui Yu is the author of this material.
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where each Lαβ is a linear operator of the form

Lαβu(x) = cn,σ

∫
δu(x, y)Kαβ(x, y)dy.

Here cn,σ is a constant depending on the dimension of the space n, as well as

the order of the operator σ, which is always assumed to be in (1, 2) in this

work. δu(x, y) = u(x+y)+u(x−y)−2u(x) is the symmetric difference centered

at the point x. Kαβ(x, y) are some kernels comparable to 1
|y|n+σ , which is the

kernel for the classical fractional Laplacian ∆σ/2.

In a sense, these kernels assign weights to information coming from

different locations and directions in the media. Taking the place of coeffi-

cient matrices in second order equations, they encode the ‘inhomogeneity’ and

‘anisotropy’ of the underlying media.

Since an integral kernel enjoys more ‘degrees of freedom’ than a matrix,

the theory of nonlocal operators allows much richer ‘spatial inhomogeneity and

anisotropy’ in the media. However, for operators as in (1.1), the dependence

on δu(x, y) is still trivial. To cover possibly different dependence on δu(x, y),

we propose to study operators of the following form

I[u, x] =

∫
F (δu(x, y))

|y|n+σ
dy, (2.2)

where F is an increasing function with F (0) = 0.

Here the underlying medium is homogeneous and isotropic as the ker-

nel is simply the kernel for fractional Laplacian. But the dependence on δu

can take various forms. For instance, F (t) = 105tχ|t|<0.01 + tχ0.01<|t|<100 +
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10−5tχ|t|>100 models a diffusion process where one sees strong diffusive effect

at ‘near equilibrium’ points but very weak diffusive effect at ‘far from equi-

librium’ points. For another example, F (t) = 105tχt>0 + 10−5tχt<0 models a

process where the diffusion is strong at ‘convex’ points but is weak at ‘concave’

points.

It is interesting to note that in the limit as σ → 2, an operator of this

form converges, at least formally, to a constant multiple of the Laplacian, the

constant being F ′(0). This may explain why operators of this form have not

received much attention. However, in the case when σ < 2, they do exhibit

nontrivial behaviour.

In this paper we study the following Dirichlet problem for this type of

operators with ‘internal nonlinearity’2 F :

{∫ F (δu(x,y))
|y|n+σ dy = g(x, u− φ) in Rn

u− φ→ 0 at ∞.
We impose the following conditions throughout the paper on the nonlinearity

F , the forcing term g and the boundary datum φ:

• F : R→ R is a C1 function which satisfies

F (0) = 0, (2.3)

Lip(F ) < L1, (2.4)

2This term was suggested by Dennis Kriventsov.
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and

F ′ > 0. (2.5)

• g : Rn × R→ R is Lipschitz in the first variable

|g(x, t)− g(x′, t)| < L2|x− x′|, (2.6)

and uniformly increasing in the second variable

g(x, t)− g(x.s) ≥ µ(t− s) if t > s for some µ > 0, (2.7)

and

g(x, 0) = 0 for all x ∈ Rn. (2.8)

• φ : Rn → R is a convex Lipchitz C1,1-function with finite L1( 1
(1+|y|)n+σ dy)

norm

0 ≤ D2(φ) ≤ L3, (2.9)

Lip(φ) ≤ L4, (2.10)

and ∫
|φ(y)| 1

(1 + |y|)n+σ
dy ≤ L5. (2.11)

Let’s make a few remarks.

We are solving the Dirichlet problem in the entire space Rn, which seems

a natural first step before moving to domains with more interesting geometry.

Condition (1.5) makes this operator elliptic. However no lower bound on F ′

is assumed, and thus allows the possibility of degeneracy. To account for this
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lack of uniform ellipticity, we impose (1.7) on the forcing term, which will

be crucial for the comparison principle and the well-posedness of the problem.

Conditions (1.8) and (1.10) make sure the operator can be computed classically

at φ. The convexity of φ says that it is a natural subsolution.

Under these assumptions we first prove a comparison principle between

viscosity subsolutions and supersolutions:

Theorem 2.1.1. Let u, v be two continuos functions satisfying the following

in the viscosity sense{∫ F (δu(x,y))
|y|n+σ dy ≥ g(x, u− φ) in Rn

u− φ→ 0 at ∞,

and {∫ F (δv(x,y))
|y|n+σ dy ≤ g(x, v − φ) in Rn

v − φ→ 0 at ∞.
Then

u ≤ v in Rn.

This comparison principle together with the translation-invariant char-

acter of the operator also yield the following regularity estimate, which do not

depend on uniform ellipticity.

Theorem 2.1.2. Let u solve the Dirichlet problem in the viscosity sense. Then

u is C
2−σ

2 with estimate

[u]
C

2−σ
2
≤ C(‖u− φ‖∞ + 1), (2.12)

where the constant C depends on the constants in (1.4)-(1.11).
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The comparison principle implies the uniqueness of the solution. And

the above regularity provides enough compactness for an approximation argu-

ment that gives the existence result.

Theorem 2.1.3. Suppose φ is ‘close to a cone’ at ∞. Then under either of

these assumptions

• F is concave

or

• g grows superlinearly in the second variable,

there exists a unique viscosity solution to the Dirichlet problem.

The extra assumptions are mainly used to construct an appropriate

supersolutions. The ‘close to a cone’ property was used already in Caffarelli-

Charro [13], its precise definition given in section 4.

After showing the existence and uniqueness of solution to the possibly

degenerate operator, we study the regularity of the solution. For this we

impose the uniform ellipticity condition on F . This and some conditions on g

and φ guarantees the solution is classical

Theorem 2.1.4. If

• F is C2 with 0 < λ < F ′ < Λ and |F ′′| ≤ L6,

• g is locally Lipschitz in the second variable, and

40



• Lip(D2(φ)) < L7,

then the viscosity solution u is in the class C1+σ+α for some universal 0 < α <

1, and in particular is classical.

Once the solution is shown to be classical, a bootstrap argument gives

the smoothness of the solution if we assume that F , g, and φ are smooth:

Theorem 2.1.5. Let F , g and φ be as in the previous theorem. If one further

assumes that they are smooth functions, then the solution u is also smooth.

We’d like to point out so far very few nonlocal fully nonlinear operators

have been shown to admit smooth solutions, one of the major obstructions

being the very rough behaviour of solutions near the boundary [20]. On the

other hand, the previous theorem seems to suggest that smoothness should

be expected in the absence of boundaries. A certain class of nonlocal fully

nonlinear elliptic operators with smooth solutions in bounded domains was

identified by the author.

This paper is organized in the following way: In the second section we

recall several useful definitions and propositions about viscosity solutions to

nonlocal operators. In the third section we prove the comparison principle us-

ing a regularization technique by Jensen [17]. We also prove a Hölder estimate

that does not depend on uniform ellipticity but follow rather easily from the

translation-invariance. In the fourth section the existence result is established
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via Perron’s method and a compactness argument. Then in the last section

the regularity of the solution is studied.

Let us remark that this work leaves some interesting questions open.

Firstly one might want to study the same problem in a general domain Ω where

interesting geometry can happen. A good start might be to construct super-

and sub-solutions. Secondly the superlinearity condition on g can possibly be

removed by some more careful estimates. Lastly, the conditions on F , g and

φ for regularity, especially the Lipschitz constraint of D2φ, could be excessive.

They might be weaken substantially using some scaling argument similar to

the one in [19].

2.2 Preliminaries

The following notion of viscosity solutions to nonlocal operators, first

used in [14], is by now standard:

Definition 2.2.1. Let I be a σ-order nonlocal operator and f be continuous.

An upper semicontinuous function v ∈ L1( 1
(1+|y|)n+σ dy) is a subsolution

to

I[u, x] = f(x) in Ω

if for any x ∈ Ω, and any η that is C1,1 in some open set U 3 x with η(x) = u(x)

and η ≥ u in U , the following function

η̃ =

{
η in U

v outside U
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satisfies in the classical pointwise sense

I[η̃, x] ≥ f(x).

If v is a viscosity subsolution, we write

I[v, x] ≥ f(x) in Ω.

The notion of supersolutions is defined in the obvious manner. And a

solution is at the same time a subsolution and a supersolution.

As an important technical tool, the following notion of sup- and inf-

envelopes was first introduced by Jensen [17].

Definition 2.2.2. Let u be a bounded continuous function in Ω. For each

ε > 0, the ε-sup-envelope of u is

uε(x) = sup
y∈Ω

(u(y)− |y − x|
2

ε
).

The ε-inf-envelope of u is

uε(x) = inf
y∈Ω

(u(y) +
|y − x|2

ε
).

The following properties of sup-envelopes are elementary:

Proposition 2.2.1. For ε > 0, let uε be the ε-sup-envelope of a continuous

bounded function u. Then for each x there is xε,∗ such that

uε(x) = u(xε,∗)− |y − x
ε,∗|2

ε
.
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Moreover |xε,∗ − x| → 0 as ε→ 0.

Also, at each point x there is a parabola with opening 1
2ε

touching uε

from below at x.

Proof. Let x be a point in space.

If |y − x|2 > 2ε‖u‖L∞ , then

u(y)− |y − x|
2

ε
≤ u(y)− 2‖u‖L∞ ≤ −‖u‖L∞ .

Consequently

sup
y∈Ω

(u(y)− |y − x|
2

ε
) = sup

|y−x|2≤2ε‖u‖L∞
(u(y)− |y − x|

2

ε
).

The continuity of u and the compactness of {|y − x|2 ≤ 2ε‖u‖L∞}

guarantee the existence of a maximizer xε,∗. It also gives the convergence of

xε,∗ → x since

|xε,∗ − x| ≤ 2‖u‖L∞ε.

For each x, we define a parabola of opening 1
2ε

P (z) = u(xε,∗)− |z − x
ε,∗|2

ε
.

Then P (x) = uε(x) by definition of xε,∗. Also

uε(z) = sup
y

(u(y)− |y − z|
2

ε
)

≥ u(xε,∗)− |x
ε,∗ − z|2

ε

= P (z).

Consequently P touches uε from below at x.

44



Similar properties hold for the inf-envelopes.

Throughout this paper, xε,∗ is a point where the value uε(x) is realized

in the sup. xε,∗ is a point where the value uε(x) is realized in the inf.

The following proposition states a general phenomenon that at points

of contact the equation is satisfied classically. We prove a version for our

operator.

Proposition 2.2.2. Suppose u satisfies in the viscosity sense{∫ F (δu(x,y))
|y|n+σ dy ≥ f(x) in Rn

u− φ→ 0 at ∞,

and η is a C1,1 function that touches u from above at x0 in U . Then the

integral is well-defined at x0 with∫
F (δu(x0, y))

|y|n+σ
dy ≥ f(x0)

classically.

Proof. Take r0 > 0 small so that Br0(x0) ⊂ U . Define for each 0 < r ≤ r0

ηr =

{
η in Br(x0)

u outside Br(x0).

Then for y ∈ Br0/2 the C1,1 regularity of η gives

|F (δηr0(x, y))| ≤ C|y|2

and hence ∫
Br0/2

|F (δηr0(x, y))|
|y|n+σ

dy <∞.
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Meanwhile for R sufficiently large (depending on x0), |u(x0+y)−φ(x0+y)| < 1

and |u(x0 − y)− φ(x0 − y)| < 1.

Hence ∫
BcR

|F (δηr0(x, y))|
|y|n+σ

dy ≤ C(‖φ‖L1( 1
(1+|y|)n+σ )dy + 1).

Consequently ∫
|F (δηr0(x, y))|
|y|n+σ

dy <∞.

Also by the subsolution property∫
F (δηr(x0, y))

|y|n+σ
dy ≥ f(x0) for all r.

Now note that for 0 < r2 < r1 ≤ r0, one has ηr2 ≤ ηr1 and ηr2(x0) =

ηr1(x0). As a result δηr2(x0, ·) ≤ δηr1(x0, ·), and F (δηr2(x0, ·)) ≤ F (δηr1(x0, ·)).

With η̃r → u pointwisely, monotone convergence theorem gives the finiteness

of the integral for u and the inequality in the classical sense.

Again similar property holds for supersolutions.

2.3 Comparison principle and Hölder regularity

We prove the following comparison principle for viscosity sub- and su-

persolutions to our operator. Although we are dealing with a nonlocal operator

with degeneracy, the idea is essentially the same as in [12]. For a very similar

argument in the nonlocal setting, see Caffarelli-Charro [13].
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Theorem 2.3.1. Let u, v be two continuos functions satisfying the following

in the viscosity sense{∫ F (δu(x,y))
|y|n+σ dy ≥ g(x, u− φ) in Rn

u− φ→ 0 at ∞,
and {∫ F (δv(x,y))

|y|n+σ dy ≤ g(x, v − φ) in Rn

v − φ→ 0 at ∞.
Then

u ≤ v in Rn.

As a simple corollary, we have the following:

Corollary 2.3.2. The viscosity solution to the Dirichlet problem, if exists, is

unique.

Now we prove the theorem.

Proof. Suppose, on the contrary, that u > v at some point in Rn.

Define U = u − φ, V = v − φ, and U ε the ε-sup-envelope of U , Vε the

ε-inf-envelope of V .

The trivial inequalities U ε ≥ u − φ and Vε ≤ v − φ give some point x

where U ε(x)− Vε(x) > δ for some small δ > 0.

Note this δ is independent of ε.

Now for y ∈ Rn

U ε(y)− Vε(y) = (U(yε,∗)− |y
ε,∗ − y|2

ε
)− (V (yε,∗) +

|yε,∗ − y|2

ε
)

≤ U(yε,∗)− V (yε,∗).
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When y →∞, both yε,∗ and yε,∗ also go to infinity since they stay close to y.

Hence the last term converges to 0. As a result the maximum of U ε − Vε is

realized in some bounded region. By continuity there exists some x̄ such that

U ε(x̄)− Vε(x̄) = max(U ε − Vε) > δ.

Now we show that at the point x̄, U ε and Vε are C1,1. To see this , note

that for any x

Vε(x) + (U ε(x̄)− Vε(x̄)) ≥ U ε(x)

with equality at x̄. Meanwhile, Proposition 2.3 gives a parabola with opening

1
2ε

touching Vε from above at x̄. The same parabola, shifted by (U ε(x̄)−Vε(x̄)),

touches U ε from above at x̄. Proposition 2.3 also gives a parabola touching U ε

from above at x̄. Therefore U ε is C1,1 at x̄ with constant 1
2ε

.

Similar argument applies to Vε.

This regularity is inherited, from one side, by u and v at x̄ε,∗ and x̄ε,∗

respectively. For any P touching U ε from above at x̄, the shifted

P̃ (x) = P (x− (x̄ε,∗ − x̄)) +
|x̄ε,∗ − x̄|2

ε

satisfies

P̃ (x) ≥ U ε(x− (x̄ε,∗ − x̄)) +
|x̄ε,∗ − x̄|2

ε

≥ U(x)− |x− x+ (x̄ε,∗ − x̄)|2

ε
+
|x̄ε,∗ − x̄|2

ε

= U(x).
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Also

P̃ (x̄ε,∗) = P (x̄) +
|x̄ε,∗ − x̄|2

ε

= U ε(x̄) +
|x̄ε,∗ − x̄|2

ε

= U(x̄ε,∗)− |x̄
ε,∗ − x̄|2

ε
+
|x̄ε,∗ − x̄|2

ε

= U(x̄ε,∗).

Thus P̃ touches U from above at x̄ε,∗. Therefore P̃ + φ touches u from above

at the same point.

Similarly a C1,1 function with the same structure touches v from below

at x̄ε,∗. This is enough, by Proposition 2.4, for the subsolution and supersolu-

tion properties to be satisfied in the classical pointwise sense.

Now note that

δU ε(x̄, y) = U ε(x̄+ y) + U ε(x̄− y)− 2U ε(x̄)

≥ (U(x̄ε,∗ + y)− |x̄
ε,∗ + y − (x̄+ y)|2

ε
) + (U(x̄ε,∗ − y)− |x̄

ε,∗ − y − (x̄− y)|2

ε
)

− 2(U(x̄ε,∗)− |x̄
ε,∗ − x̄|2

ε
)

≥ (u(x̄ε,∗ + y)− φ(x̄ε,∗ + y)− |x̄
ε,∗ − x̄|2

ε
)

+ (u(x̄ε,∗ − y)− φ(x̄ε,∗ − y)− |x̄
ε,∗ − x̄|2

ε
)

− 2(u(x̄ε,∗)− φ(x̄ε,∗)− |x̄
ε,∗ − x̄|2

ε
)

= δu(x̄ε,∗, y)− δφ(x̄ε,∗, y).

Similarly

δVε(x̄, y) ≤ δv(x̄ε,∗, y)− δφ(x̄ε,∗, y).
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Now x̄ being a maximum point for U ε − Vε, one has

δ(U ε − Vε)(x̄, y) ≤ 0,

which yields

δU ε(x̄, y) ≤ δVε(x̄, y).

Combining these three inequalities one obtains

δu(x̄ε,∗, y) ≤ δv(x̄ε,∗, y)− δφ(x̄ε,∗, y) + δφ(x̄ε,∗, y). (2.13)

By monotonicity of F and the fact that we have inequalities in the

classical sense, one has∫
F (δu(x̄ε,∗, y))

|y|n+σ
dy ≤

∫
F (δv(x̄ε,∗, y)− δφ(x̄ε,∗, y) + δφ(x̄ε,∗, y))

|y|n+σ
dy

≤
∫
F (δv(x̄ε,∗, y))

|y|n+σ
dy + L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy.

As a result,

L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy ≥

∫
F (δu(x̄ε,∗, y))

|y|n+σ
dy −

∫
F (δv(x̄ε,∗, y))

|y|n+σ
dy

≥ g(x̄ε,∗, u(x̄ε,∗)− φ(x̄ε,∗))− g(x̄ε,∗, v(x̄ε,∗)− φ(x̄ε,∗))

= g(x̄ε,∗, U(x̄ε,∗))− g(x̄ε,∗, V (x̄ε,∗))

= g(x̄ε,∗, U ε(x̄) +
|x̄− x̄ε,∗|2

ε
)− g(x̄ε,∗, Vε(x̄)− |x̄− x̄ε,∗|

2

ε
)

≥ g(x̄ε,∗, U ε(x̄))− g(x̄ε,∗, Vε(x̄))

≥ g(x̄ε,∗, U
ε(x̄))− g(x̄ε,∗, Vε(x̄))− L2|x̄ε,∗ − x̄ε,∗|

≥ µδ − L2|x̄ε,∗ − x̄ε,∗|.
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Now note that when ε → 0, the left hand side is of order o(1). To see this,

note that

|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|
|y|n+σ

≤ |δφ(x̄ε,∗, y)|+ |δφ(x̄ε,∗, y)|
|y|n+σ

≤ 2L3
|y|2

|y|n+σ
χB10(y) + 8

|φ(y)|
|y|n+σ

χBc10
(y)

due to the C1,1 regularity of φ and its L1( 1
(1+|y|)n+σ dy) integrability, the last

term in an integrable function.. Thus x̄ε,∗ → x̄ and x̄ε,∗ → x̄ together with the

dominated convergence theorem gives∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy = o(1).

Also, L2|x̄ε,∗ − x̄ε,∗| = o(1). Therefore the previous inequality leads to

µδ ≤ o(1),

a contradiction.

Once a comparison principle is established, the solution naturally in-

herits some first regularity from the boundary datum. We show here that the

Hölder seminorm of a solution is controlled.

Theorem 2.3.3. Let u solve the Dirichlet problem in the viscosity sense. Then

u is C
2−σ

2 with estimate

[u]
C

2−σ
2
≤ C(‖u− φ‖∞ + 1), (2.14)

where the constant C depends on the constants in (1.4)-(1.11).
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This theorem clearly follows from the following estimate at small-scales.

Lemma 2.3.4. Let u be as in Theorem 3.3, e ∈ Sn−1 and |h| ≤ 1, then

|u(x+ he)− u(x)| ≤ C|h|
2−σ

2 , (2.15)

where the constant C depends on L2, L3, L4 and µ.

Proof. Suppose, on the contrary, that for some x0 ∈ Rn, e ∈ Sn−1 and 0 < h <

1 one has

u(x0 + he)− u(x0) > (C + 1)L4h
2−σ

2 ,

where C is a large constant to be chosen. Then

(u(x0 +he)−φ(x0 +he))− (u(x0)−φ(x0)) > (C+1)L4h
2−σ

2 −L4h > CL4h
2−σ

2 .

Define U(·) = (u − φ)(· + he) and V (·) = (u − φ)(·), and U ε, Vε the

ε-sup- and ε-inf-envelope of U and V respectively. Then U ε ≥ U and Vε ≤ V

gives

sup(U ε − Vε) > CL4h
2−σ

2 .

Note that both U ε and Vε vanish at infinity, and hence we can find

x̄ ∈ Rn such that

(U ε − Vε)(x̄) = sup(U ε − Vε).

Due to maximality, at this point

δ(U ε − Vε)(x̄, ·) ≤ 0.
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As a result δU ε(x̄, ·) ≤ δVε(x̄, ·), and with similar arguments as for the proof

of (3.1) one obtains

δu(x̄ε,∗, y)− δφ(x̄ε,∗, y) = δV (x̄ε,∗, y)

≥ δVε(x̄, y)

≥ δU ε(x̄, y)

≥ δU(x̄ε,∗, y)

= δu(x̄ε,∗ + he, y)− δφ(x̄ε,∗ + he, y).

That is,

δu(x̄ε,∗, y)− δφ(x̄ε,∗, y) + δφ(x̄ε,∗ + he, y) ≥ δu(x̄ε,∗ + he, y).

Again using similar arguments as in the previous theorem, we can show

the sub- and super-solution properties are satisfied in the classical sense at

points x̄ε,∗ + he and x̄ε,∗ respectively. As a result,

g(x̄ε,∗ + he, (u− φ)(x̄ε,∗ + he)) ≤
∫
F (δu(x̄ε,∗ + he, y))

|y|n+σ
dy

≤
∫
F (δu(x̄ε,∗, y)− δφ(x̄ε,∗, y) + δφ(x̄ε,∗ + he, y))

|y|n+σ
dy

≤
∫
F (δu(x̄ε,∗, y))

|y|n+σ
dy + L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy

≤
∫
F (δu(x̄ε,∗, y))

|y|n+σ
dy + L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy

+L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy

≤ g(x̄ε,∗, (u− φ)(x̄ε,∗)) + L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy

+ L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy.
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Using the definition for the points x̄ε,∗ and x̄ε,∗, one further obtains

g(x̄ε,∗ + he, U ε(x̄)) ≤ g(x̄ε,∗ + he, U ε(x̄) +
|x̄− x̄ε,∗|2

ε
)

= g(x̄ε,∗ + he, U(x̄ε,∗))

= g(x̄ε,∗ + he, (u− φ)(x̄ε,∗ + he)).

And

g(x̄ε,∗, (u− φ)(x̄ε,∗)) ≥ g(x̄ε,∗, Vε(x̄)).

Combining these inequalities with the Lipschitz continuity and mono-

tonicity of g, one has

−L2h+ µCL4h
2−σ

2 ≤ g(x̄ε,∗ + he, U ε(x̄))− g(x̄ε,∗, Vε(x̄)) + L2|x̄ε,∗ − x̄ε,∗|

≤ L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy

+ L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗, y)|

|y|n+σ
dy + L2|x̄ε,∗ − x̄ε,∗|

= L1

∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy + o(1)

as ε→ 0.

We now estimate the remaining term on the right-hand side.

For R > 0, we can split the integral into∫
BR

|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|
|y|n+σ

dy +

∫
BcR

|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|
|y|n+σ

dy.
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For the first term,∫
BR

|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|
|y|n+σ

dy ≤
∫
BR

|δφ(x̄ε,∗, y)|
|y|n+σ

dy +

∫
BR

|δφ(x̄ε,∗ + he, y)|
|y|n+σ

dy

≤ 2L3

∫
BR

|y|2

|y|n+σ
dy

= 2L3R
2−σ.

For the second,∫
BcR

|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|
|y|n+σ

dy ≤
∫
BcR

|φ(x̄ε,∗ + y)− φ(x̄ε,∗ + he+ y)|
|y|n+σ

dy

+

∫
BcR

|φ(x̄ε,∗ − y)− φ(x̄ε,∗ + he− y)|
|y|n+σ

dy

+ 2

∫
BcR

|φ(x̄ε,∗)− φ(x̄ε,∗ + he)|
|y|n+σ

dy

≤ 4L4h

∫
BcR

1

|y|n+σ
dy

≤ 4L4hR
−σ.

By choosing R2 = (L4h/L3), one obtains∫
|δφ(x̄ε,∗, y)− δφ(x̄ε,∗ + he, y)|

|y|n+σ
dy ≤ Cn,σL

2−σ
2

4 L
σ
2
3 h

2−σ
2 .

Consequently,

µCL4h
2−σ

2 ≤ L2h+ Cn,σL
2−σ

2
4 L

σ
2
3 h

2−σ
2 .

This leads to a contradiction once we choose C to be sufficiently large, de-

pending on L2, L3, L4 and µ.
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2.4 Existence of viscosity solutions

In this section we prove the existence of viscosity solutions to the Dirich-

let problem under some extra assumptions. These assumptions are needed for

the construction of a supersolution to our problem. Then we use Perron’s

method to solve the Dirichlet problem if the operator is uniformly elliptic.

The Hölder regularity estimate in the previous section gives enough compact-

ness for us to approximate our degenerate operator with a sequence of uniform

elliptic operators.

As already commented in Introduction, we have a natural subsolution

to the problem:

Lemma 2.4.1. φ is a classical subsolution to the Dirichlet problem.

We also assume that φ is ‘close to a cone’ at ∞. This notion was used

in Caffarelli-Charro [13] to give decay of ∆σ/2φ, which is crucial for an upper

bound on the operator.

Definition 2.4.1. We say φ is close to a cone at ∞ if φ = Γ + η near infinity,

where Γ is a cone, and for some C and 0 < ε < n, one has

|η(x)| ≤ C|x|−ε, |∇η(x)| ≤ C|x|−1−ε, |D2η(x)| ≤ C|x|−2−ε.

Lemma 2.4.2. If φ is close to a cone at ∞, then

∆σ/2φ(x) ≤ C min{1, 1

|x|σ−1
}.

Proof. See Lemma 6.1 in [13].
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In the following two lemmas, we show the construction of supersolutions

under certain extra conditions on F or g. We point out that in both cases

the supersolution is ‘universal’ in the sense that it does not depend on the

derivative of F .

Lemma 2.4.3. If φ is close to a cone at ∞ and g(x, t)/t→ +∞ as t→ +∞

locally uniformly in x, then there is a ū continuous and{∫ F (δū(x,y))
|y|n+σ dy ≤ g(x, ū(x)− φ(x)) in Rn

ū− φ→ 0 at ∞.

Proof. Take u0(x) = 1/|x|p outside B1, and positive, smooth and bounded by

1 throughout Rn, where p > 0 is to be chosen. Then in particular we would

have
∫ |δu0(x,y)|

|y|n+σ dy locally bounded.

Furthermore for large x,∫
|δu0(x, y)|
|y|n+σ

dy =

∫
|y|<|x|/2

|δu0(x, y)|
|y|n+σ

dy +

∫
|y|>|x|/2

|δu0(x, y)|
|y|n+σ

dy

≤ C
1

|x|p+2

∫
|y|<|x|/2

|y|2

|y|n+σ
dy +

∫
|y|>|x|/2

4

|y|n+σ
dy

≤ C
1

|x|p+2
|x|2−σ + C|x|−σ

≤ C/|x|σ

≤ C/|x|σ−1.

Now define ū = φ + Mu0, where M is to be chosen. Then obviously
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ū− φ→ 0 at infinity. Also∫
F (δū(x, y))

|y|n+σ
dy ≤

∫
F (δφ(x, y) +Mδu0(x, y))

|y|n+σ
dy

≤
∫
F (δφ(x, y))

|y|n+σ
dy + L1

∫
|Mδu0(x, y)|
|y|n+σ

dy

≤ L1

∫
δφ(x, y)

|y|n+σ
dy +ML1

∫
|δu0(x, y)|
|y|n+σ

dy,

which decays like 1/|x|σ−1 for large x and remains bounded on compact sets.

Therefore if we choose p < σ− 1, then g(x, ū− φ) = g(x,Mu0) ≥ µMu0(x) =

µM/|x|p dominates it for large x.

For small x, simply note
∫ F (δū(x,y))

|y|n+σ dy ≤ C+CM, this will be dominated

by g if we choose very large M and use the superlinearity condition.

Here is another condition that gives the existence of supersolutions.

Lemma 2.4.4. If φ is close to a cone at ∞ and F is concave, then there is ū

continuous and {∫ F (δū(x,y))
|y|n+σ dy ≤ g(x, ū(x)− φ(x)) in Rn

ū− φ→ 0 at ∞.

Proof. We define u0 to be the convolution of min{1, |x|−σ−τ} and the funda-

mental solution to −∆σ/2, where τ < min{σ−1, n−σ}. It is shown in Lemma

6.1 in [13] that

u0(x) ≥ C min{1, |x|−τ}.

Also it’s clear ∆σ/2u0 ≤ 0 and u0 vanishes at infinity.
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Now if we define ū = φ+Mu0, then ū− φ→ 0 at infinity. Moreover,∫
F (δū(x, y))

|y|n+σ
dy =

∫
F (δφ(x, y) +Mδu0(x, y))

|y|n+σ
dy

≤
∫
F (Mδu0(x, y))

|y|n+σ
dy + L1

∫
δφ(x, y)

|y|n+σ
dy

≤MF ′(0)

∫
δu0(x, y)

|y|n+σ
dy + L1

∫
δφ(x, y)

|y|n+σ
dy

≤ L1

∫
δφ(x, y)

|y|n+σ
dy

≤ C min{1, |x|1−σ}.

Note that we used both the concavity of F and the convexity of φ in this

estimate.

Meanwhile, g(x, ū−φ) ≥ µMu0(x) = CµM min{1, |x|−τ}. Thus a large

M gives the desired inequality.

Once we have appropriate sub- and super-solutions, the existence of

solution follows from the standard Perron’s method, at least for uniformly

elliptic operators.

Proposition 2.4.5. Suppose φ is close to a cone at ∞, and 0 < λ < F ′ <

Λ < +∞. Then under either of these assumptions

• F is concave

or

• g grows superlinearly in the second variable,
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there exists a unique viscosity solution to the Dirichlet problem.

Proof. Uniqueness follows from Theorem 3.1.

Let ū denote the supersolution in either case. Define

u = sup{w subsolution|φ ≤ w ≤ ū}.

It is clear that u is well-defined and satisfies the boundary condition.

Also standard elliptic theory guarantees u is a viscosity subsolution.

Suppose, on the contrary, that u fails to be a supersolution, then one

finds a locally C1,1 function η touching u from below at x0 but∫
F (δη̃(x0, y))

|y|n+σ
dy > g(x0, u0(x0)− φ(x0)) + δ,

where η̃ is the function agreeing with η in a neighborhood of x0 and agrees

with u outside, and δ is some positive number. Note that by adding a higher

order perturbation we might assume η is strictly above u in that neighborhood

other than at x0. By doing this we can still make sure η stays below ū since ū

is a classical supersolution while η is a strict subsolution in that neighborhood.

But being in the uniform elliptic regime the operator is continuous

near x0. We can thus replace u with η̃ in a small neighborhood and obtain a

subsolution greater than u, a contradiction.

Now we prove the following theorem by the previous result and an

approximating procedure.
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Theorem 2.4.6. Suppose φ is close to a cone at ∞. Then under either of

these assumptions

• F is concave

or

• g grows superlinearly in the second variable,

there exists a unique viscosity solution to the Dirichlet problem.

Proof. Again uniqueness is due to the comparison.

For each ε > 0 we define an approximating nonlinearity

Fε(t) =

∫ t

0

max{ε, F ′(s)}ds.

These are uniformly elliptic operators, and the previous proposition gives a

unique solution uε to the Dirichlet problem associated with Fε.

Since our sub- and super- solutions are independent of ε,

φ ≤ uε ≤ ū

for all ε. And in particular ‖uε − φ‖L∞ ≤ ‖φ− ū‖L∞ uniformly in ε. Theorem

3.3 then gives the equicontinuity of this family {uε}. Thus we can extract a

subsequence ε→ 0 so that uε → u locally uniformly in Rn.

We now verify that u is the desired solution to the degenerate Dirichlet

problem.
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Suppose, on the contrary, that u fails to be a subsolution. Then we can

find η, a smooth function touching u from above at x0 in some open set U ,

but∫
F (δη̃(x0, y))

|y|n+σ
dy < g(x0, η̃(x0)− φ(x0))− γ = g(x0, u(x0)− φ(x0))− γ,

where γ > 0 and

η̃ =

{
η in U

u outside U.

Without loss of generality we assume x0 = 0.

Define ψ = η + δ|x|4 for some δ > 0. Then ψ touches u from above at

0 in U .

For each m ∈ N let εm be small so that

u+ δ(1/m)4/16 > uεm

in B1. Then with ψ ≥ u + δ(1/m)4/16 outside B 1
2m

, we can find bm such

that ψ + bm touches uεm from above at some point xm ∈ B 1
2m

. In particular

bm = o(1) and xm → 0 as m→∞.

To use the equation we define

ψ̃ =

{
ψ in U

u outside U.

and

ψ̃m =

{
ψ + bm in U

uεm outside U.
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Then one has∫
Fεm(δψ̃m(xm, y))

|y|n+σ
dy ≥ g(xm, (uεm − φ)(xm))

= g(xm, ψ(xm) + bm − φ(xm))

= g(0, ψ(0)− φ(0)) + o(1)

= g(0, u(0)− φ(0)) + o(1)

>

∫
F (δη̃(0, y))

|y|n+σ
dy + γ + o(1).

On the other hand, by definition of the approximating operators,

|Fε(t)− F (t)| ≤ ε|t|.

As a result,∫
Fεm(δψ̃m(xm, y))

|y|n+σ
dy ≤

∫
F (δψ̃m(xm, y))

|y|n+σ
dy + εm

∫
|δψ̃m(xm, y)

|y|n+σ
dy

≤
∫
F (δψ̃(0, y))

|y|n+σ
dy + o(1) + εmO(1).

The last inequality can be justified by dominated convergence theorem, and

noting that all the test functions are uniformly bounded in L1( 1
(1+|y|)n+σ dy),

and they all inherit the same C1,1 constant from η.

Now by sending m→∞ and δ → 0, we have γ < o(1), a contradiction.

As a result u is a subsolution.

Similar argument shows u is also a supersolution.
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2.5 Regularity of the solution

In this section we study the regularity of the solution we obtained in

the previous section. In particular we will assume φ ≤ u ≤ ū, where ū is

some proper supersolution. By Theorem 3.3 we know that u is also Hölder

continuous. To get higher regularity, we first identify some conditions under

which our solution is classical. Then we show we can bootstrap to smoothness

once the operator, the forcing term as well as the boundary datum are all

smooth.

To fit into existing theory, we further impose the following uniform

ellipticity condition on F throughout this section

0 < λ < F ′ < Λ <∞. (2.16)

The starting point is to find the equation satisfied by w = u− φ.

Lemma 2.5.1. w satisfies, in the viscosity sense,{∫ F (δw(x,y))
|y|n+σ dy = g(x,w(x))−

∫
δφ(x, y) a(x,y)

|y|n+σ dy in Rn

w = 0 at ∞,
(2.17)

where

a(x, y) =

∫ 1

0

F ′(δu(x, y)− tδφ(x, y))dt.

Proof. w clearly vanishes at infinity.

Let η be a smooth function touching w from above at x0 in some open

set U .
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Define

η̃ =

{
η in U

w outside U
.

Then η̃ + φ is a test function for u touching u from above at x0.

Since u is a viscosity solution one has∫
F (δ(η̃ + φ)(x0, y))

|y|n+σ
dy ≥ g(x0, (η̃ + φ)(x0)− φ(x0)) = g(x0, w(x0)).

Meawhile, Fundamental Theorem of Calculus gives

F (δ(η̃ + φ)(x0, y)) = F (δη̃(x0, y)) +

∫ 1

0

d

dt
F (δ(η̃ + tφ)(x0, y))dt

= F (δη̃(x0, y)) +

∫ 1

0

F ′(δ(η̃ + tφ)(x0, y))dt · δφ(x0, y)

= F (δη̃(x0, y)) + a(x0, y)δφ(x0, y).

Consequently,∫
F (δη̃(x0, y))

|y|n+σ
dy = g(x0, w(x0))−

∫
δφ(x0, y)

a(x0, y)

|y|n+σ
dy

and w is a subsolution. Similarly w is also a supersolution.

The following theorem identifies some conditions to guarantee that the

solution is classical:

Theorem 2.5.2. If

• F is C2 with 0 < λ < F ′ < Λ and |F ′′| ≤ L6,

• g is locally Lipschitz in the second variable, and
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• Lip(D2(φ)) < L7,

then the viscosity solution u is in the class C1+σ+α for some universal 0 < α <

1, and in particular is classical.

Proof. Let’s first assume w ∈ Cβ for some β. For instance, we know this is

true for β = (2 − σ)/2. Denote the right-hand side of (5.2) by G, then for

h ∈ R and e ∈ Sn−1, G satisfies

|G(x+ he)−G(x)| ≤ C|h|β. (2.18)

To see this, note that

|g(x+ he, w(x+ he))− g(x,w(x))| ≤ L2|h|+ C|w(x+ he)− w(x)|

≤ L2|h|+ C|h|β

≤ C|h|β.

Here we used the fact that w is uniformly bounded, and hence g being locally

Lipchitz is as good as being globally Lipschitz in the second variable.

|a(x+ he, y)− a(x, y)|

= |
∫ 1

0

(F ′(δu(x+ he, y)− tδφ(x+ he, y))− F ′(δu(x, y)− tδφ(x, y)))dt|

≤ ‖F ′′‖(|δu(x+ he, y)− δu(x, y)|+ |δφ(x+ he, y)− δφ(x, y)|)

≤ C|h|β.

Here we used the Lipchitz regularity of φ.
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Thus

|
∫

(a(x+ he, y)− a(x, y))
δφ(x, y)

|y|n+σ
dy| ≤ C|h|β

∫
δφ(x, y)

|y|n+σ
dy

≤ C|h|β.

This is due to the C1,1 and L1( 1
(1+|y|)n+σ dy) bound of φ.

Moreover,

|
∫
Bc1

a(x, y)

|y|n+σ
(δφ(x+ he, y)− δφ(x, y))dy| ≤ 4

∫
Bc1

1

|y|n+σ
dy|h|

≤ C|h|

≤ C|h|β.

Again the Lipschitz continuity of φ is needed here.

And finally

|
∫
B1

a(x, y)

|y|n+σ
(δφ(x+ he, y)− δφ(x, y))dy| ≤ C

∫
B1

|y|2

|y|n+σ
dy · L7|h|

≤ C|h|β.

(5.3) follows from these four inequalities.

Once (5.3) is established, we can define the difference quotient

v(x) =
w(x+ he)− w(x)

|h|β
.

It satisfies M+
0 v(x) ≥ 1

|h|β (G(x+ he)−G(x)) and M−
0 v(x) ≤ 1

|h|β (G(x+ he)−

G(x)). Here we are using notations from [14].
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Based on (5.3) the right-hand side of these inequalities are bounded

functions, and the Hölder estimate in [14] gives v ∈ Cα for some universal

α > 0, and hence w ∈ Cβ+α.

This argument can be applied finitely many times to show w ∈ C1+α.

But once we know w ∈ C1+α, we know G is actually Lipschitz. Then

Theorem 7.2 in [19] gives w ∈ C1+σ+α. Note that Theorem 7.2 is formulated

for smooth right-hand side, but it is clear from the proof that the estimates

only depend on the Lipschitz semi-norm of the right-hand side.

Once the solution is classical, we can bootstrap to smooth solutions.

We’d like to point out that this bootstrap argument fails for equations in a

bounded domain due to very rough boundary behaviour of nonlocal equations.

See [20]. However this is not a problem for us since we are dealing with

an entire solution. Therefore the following theorem actually indicates that

the rough boundary behaviour might be the only obstruction to a bootstrap

argument for nonlocal equations.

Theorem 2.5.3. If we further assume F , g and φ are smooth, then u is

smooth.

Proof. Now we have a classical solution we can differentiate the equation for

u in e (actually even the derivatives of u have enough regularity for a σ-order

operator, since they are in Cσ+α) to get∫
δue(x, y)

F ′(δu(x, y))

|y|n+σ
dy = ∇xg(x, u(x)−φ(x))·e+∂tg(x, u(x)−φ(x))(ue(x)−φe(x)).
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Note that the right-hand side is Cσ+α. Differentiate once more to get∫
δuee(x, y)

F ′(δu(x, y))

|y|n+σ
dy =∂e(∇xg(x, u(x)− φ(x)) · e

+ ∂tg(x, u(x)− φ(x))(ue(x)− φe(x)))

−
∫

(δue(x, y))2F
′′(δu(x, y))

|y|n+σ
dy.

This is a linear elliptic equation with Hölder coefficient and Hölder right-hand

side, thus Schauder theory [18][21] gives u ∈ C2+σ+α.

From here it is clear how this argument can be iterated.
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Chapter 3

W σ,ε-estimate for nonlocal elliptic equations

1

3.1 Introduction

Let M+
2 and M−

2 be the second order extremal Pucci operators [24],

then a classical result by Lin [30] states that for some universal ε, one has an

Lε-estimate on the Hessian of a function satisfying two differential inequalities:

Theorem 3.1.1. [Lin’s W 2,ε-estimate]

There exists universal constants ε > 0 and C such that if

M+
2 u ≥ f ≥M−

2 u

in B1, then

‖u‖W 2,ε(B1/2) ≤ C(‖u‖L∞(B1) + ‖f‖Ln(B1)). (3.1)

Since the two inequalities impose very mild restrictions on u, this esti-

mate is among the fundamental tools in the regularity theory of second order

1Part of this chapter is to appear in Wσ,ε-estimate for nonlocal elliptic equations, Annales
de l’Institut Henri Poincaré.

Hui Yu is the author of the material.
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elliptic equations. For instance, it is the starting point of Caffarelli’s W 2,p-

estimate for solutions to fully nonlinear elliptic equations [23] . Recently it

was also used by Armstrong, Silvestre and Smart [22] for their partial regular-

ity result for fully nonlinear second order elliptic equations.

The idea of the proof for Theorem 1.1, as presented in [24], is a very

clever use of the ABP-type estimate, which basically says that a function

satisfying M−
2 u ≤ f must touches its convex envelope in a contact set Γ with

large measure. Also note that on Γ we have one-sided control on the Hessian

of u since it is touching a convex function that has nonnegative Hessians. The

other inequality M+
2 u ≥ f gives control from the other side, and together

they imply that on a large set the Hessian of u is small. And an induction

argument gives the smallness of |{|D2u| > t}| for all t > 0, which is enough for

an Lε-estimate of |D2u|. Note that in this argument we used a very delicate

structure of the envelope, namely, its Hessian has a sign at every point.

If one wishes to extend this argument to nonlocal equations, one diffi-

culty is the lack of a good ABP-type estimate. The first nonlocal version of

ABP-type estimate is given by Caffarelli and Silvestre [25], which says that if

a function satisfies a differential inequality with a small right-hand side, then

its enlarged contact set with its convex envelope is big in measure. This is in

itself a fundamental estimate for nonlocal equations, and is the starting point

of regularity theory of fully nonlinear nonlocal elliptic equations. However, it

only gives estimate on an enlarged version of Γ, on which one does not have a

smallness of D2u. Another disadvantage of this version of ABP-type estimate
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is that it only sees the L∞-norm of the right-hand side. For instance, this

does not tell the difference between χE and χF , even when |E| is much larger

than |F |. As a result, it is not accurate enough to estimate the measure of

superlevel sets of D2u.

On the other hand, one does not expect a nice control on D2u, since a

nonlocal equation is a much softer than second order equations. Instead, one

expects to have estimate of σ-order. To this end, we have another replacement

for ABP-type estimate, which is discovered by Guillen and Schwab in [28].

There, instead of the convex envelope, they used a σ-order envelope, given as

a solution to a fractional order obstacle problem with u as the obstacle. By

doing this they have estimate on the true contact set Γσ. Another advantage

of this estimate is that they used the Ln-norm of the right-hand side, which

is suitable for estimating measure of superlevel sets. This is the main reason

why we shall be using this version of ABP-type estimate.

However, there are some disadvantages too. For one thing, their class of

operators is in a sense more restrictive than the most natural class considered

by [25]. It remains open as for now whether a nice ABP-type estimate remains

true in that generality. Nevertheless, the class considered by Guillen and

Schwab is rich enough to recover second order theory in the limit when σ → 2.

The other disadvantage is more fundamental. Since the new envelope is

given by an obstacle problem that is yet to be fully understood, it is not easy

to pass estimates from this envelope to our u. As a result, Guillen and Schwab

listed the W σ,ε-estimates as one of the open problems in their paper, which
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remains open for any kind of fully nonlinear equations of fractional order.

In this work, we present a proof of a W σ,ε-estimate for a class of nonlocal

elliptic operators. To be precise, the main result is

Theorem 3.1.2. Suppose u ∈ L∞(Rn) ∩ C(B1) satisfies in B1 the following

inequalities

M−
σ u ≤ f ≤M+

σ u,

then there exist universal constants ε > 0 and C such that

‖Dσu‖Lε(B1/2) ≤ C(‖u‖L∞(Rn) + ‖f‖
2−σ

2

L∞(B1)‖f‖
σ
2

Ln(B1)). (3.2)

See Section 2 for the definition of the σ-order Hessian Dσ as well as the

σ-order extremal operators M−
σ and M+

σ .

As corollaries we have the following, which are different forms of W σ,ε-

estimate that might be more applicable to certain situations. They are sug-

gested to the author by Dennis Kriventsov.

Corollary 3.1.3. Suppose u ∈ L∞(Rn) ∩ C(B1) satisfies in B1 the following

inequalities {
M+

σ u(x) ≥ −f−(x)

M−
σ u(x) ≤ f+(x)

then for the same universal constant ε and another universal constant C one

has

‖Dσu‖Lε(B1/2) ≤ C(‖u‖L∞(Rn) + ‖f‖
2−σ

2

L∞(B1)‖f‖
σ
2

Ln(B1)).

and
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Corollary 3.1.4. Suppose u ∈ L∞(Rn) ∩ C(B1) satisfies in B1 the following

inequalities {
M+

σ u(x) ≥ −K
M−

σ u(x) ≤ K

then for the same universal constant ε and another universal constant C one

has

‖Dσu‖Lε(B1/2) ≤ C(‖u‖L∞(Rn) +K).

As mentioned before, we use the ABP-type estimate discovered by

Guillen and Schwab. The main difficulty is then how to pass estimates on

their fractional order envelope to the function u. We avoid this by following

Lin’s original strategy [30] , instead of the one in [24]. This strategy consists

of two steps. The first step is a potential estimate, where one shows that for

G, the Green’s function to a linear operator, one has∫
E

G(x, y)dy ≥ C|E|m, (3.3)

for any x ∈ B1/2. This estimate for second order equations was discovered

independently by Evans [26], and Fabes and Stroock [27].

The second step is to apply this, and the ABP estimate, to the set

E = {|D2u| > t}, which gives a bound on the distribution of |D2u|. A very

nice feature of this argument is that one avoids using any delicate structure of

the envelope, and hence suits very well for our purpose.

This paper is organized as follows: In Section 2, we give some basic

definitions and review some known results that will be needed in our work; In
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Section 3, we prove a nonlocal analogue of the potential estimate, following

the strategy of Evans [26] ; In Section 4, we finish the proof by completing the

second step argument as in Lin’s strategy. It should also be noted that we do

not deal with existence issues in this work, and only focus on the estimates.

Thus the result can either be viewed as an a priori estimate, or be made

rigorous by an regularization and approximation procedure.

3.2 Preliminaries

We first define our σ-order replacement for the Hessian matrix:

Definition 3.2.1. For u satisfying∫
|δu(x, y)| 1

|y|n+σ
dy <∞,

Dσu(x) is the matrix with (i, j)-entry

Dσ
iju(x) = (2− σ)

∫
δu(x, y)

〈y, ei〉〈y, ej〉
|y|n+σ+2

dy.

Here δu(x, y) = u(x + y) + u(x− y)− 2u(x), and {ei} is the standard

basis for Rn.

Remark 3.2.1. For a nice function u, δu(x, y) = 〈D2u(x)y, y〉 + O(|y|3), thus

we can split the integral into two parts, one for y ∈ Br and the other y ∈ Bc
r.

Then it follows from direct computation that the integral outside Br goes to

0 as σ → 2. As for the integral inside Br, contribution from O(|y|3) can be

made as small as desirable once we pick r to be small. Consequently the only
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integral of substance is

(2−σ)

∫
Br

〈D2u(x)y, y〉〈y, ei〉〈y, ej〉
|y|n+σ+2

dy = r2−σ
∫
Sn−1

〈D2u(x)θ, θ〉〈θ, ei〉〈θ, ej〉dθ,

which converges to
∫
Sn−1〈D2u(x)θ, θ〉〈θ, ei〉〈θ, ej〉dθ as σ → 2.

From here we see Dσ
iju, in the limit σ → 2, is an average of second

derivatives of u, with mass concentrating along the (ei, ej)-direction.

Moreover, for a positive matrix A, it is clear

|A| ∼
∫
Sn−1

〈Aθ, θ〉dθ ∼ Σi,j

∫
Sn−1

〈Aθ, θ〉〈θ, ej〉〈θ, ei〉dθ.

Thus one recovers Lin’s result as σ → 2 by showing that both (Dσu)+ and

(Dσu)− are in Lε.

These operators have the following nice localization property:

Proposition 3.2.1. Let η be a smooth cut-off function that is 1 in B3/4 and

vanishes outside B1, then for p ≥ 1 one has

‖Dσu‖Lp(B1/2) ≤ ‖Dσ(ηu)‖Lp(B1/2) + C‖u‖L∞(Rn);

for 0 < p < 1 one has similarly

‖Dσu‖Lp(B1/2) ≤ C(p)‖Dσ(ηu)‖Lp(B1/2) + C(p)‖u‖L∞(Rn).

Proof. Denote u1 = ηu and u2 = (1− η)u. Then u2 = 0 inside B3/4. Thus for

x ∈ B1/2 one has

|Dσu2|(x) ≤ (2− σ)

∫
|y|>1/4

|δu2(x, y)| 1

|y|n+σ
dy

≤ C‖u‖L∞(Rn).
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Thus for p ≥ 1,

‖Dσu‖Lp(B1/2) ≤ ‖Dσu1‖Lp(B1/2) + ‖Dσu2‖Lp(B1/2)

≤ ‖Dσu1‖Lp(B1/2) + |B1/2|‖Dσu2‖L∞(B1/2)

≤ ‖Dσu1‖Lp(B1/2) + C|B1/2|‖u‖L∞(Rn).

For 0 < p < 1, one uses instead

‖Dσu‖Lp(B1/2) ≤ C(p)‖Dσu1‖Lp(B1/2) + C(p)‖Dσu2‖Lp(B1/2).

Now we define the extremal operators we use.

Definition 3.2.2. Let L be the collection of kernels of the form

K(y) = (2− σ)
〈Ay, y〉
|y|n+σ+2

,

where 0 < λ ≤ A ≤ Λ <∞.

Then the extremal operators are defined by

M−
σ u(x) = inf

K∈L

∫
δu(x, y)K(y)dy,

and

M+
σ u(x) = sup

K∈L

∫
δu(x, y)K(y)dy.

Also, for 0 < λ ≤ A(x) ≤ Λ <∞ we denote LA the operator

LAu(x) =

∫
δu(x, y)

(2− σ)〈A(x)y, y〉
|y|n+σ+2

dy.
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Note that this class of kernels is essentially the class considered by

Guillen and Schwab in their ABP-type estimate, although they do allow some

degeneracy by only assuming λ ≤ Trace(A). Also note that a class of operators

elliptic with respect to L has been recently shown to admit smooth solution.

This hints that this class is nice in the sense that results from second order

theory pass relatively directly to this class, while it is still rich enough to

recover the second order theory in the limit as σ → 2.

These extremal operators also localize well:

Proposition 3.2.2. Let η be as in the previous proposition. If

M−
σ u(x) ≤ f(x)

in B1, then in B1/2 one has

M−
σ (ηu)(x) ≤ f(x) + C‖u‖L∞(Rn).

Proof. Let u1 and u2 be as in the last proof. Then for x ∈ B1/2

M−
σ u

2(x) = inf
K∈L

∫
δu2(x, y)K(y)dy

≥ −(2− σ)Λ

∫
|y|>1/4

|δu2(x, y)| 1

|y|n+σ
dy

≥ −C‖u‖L∞(Rn).

Thus

M−
σ u

1(x) ≤M−
σ u(x)−M−

σ u
2(x)

≤ f(x) + C‖u‖L∞(Rn).
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We will also need the following version of the Carlderón-Zygmund de-

composition as an inductive tool. Throughout this paper we denote by Q(x; r)

the cube centred at x ∈ Rn, with sides parallel to coordinate axis and of length

2r.

Proposition 3.2.3. Suppose E ⊂ Q(0; 1) satisfies |E| < α|Q(0; 1)| for some

α ∈ (0, 1). Then there are cubes {Q̃j} with mutually disjoint interior covering

E almost everywhere, and

| ∪ Q̃j| > 1/α|E|.

Moreover, each Q̃j contains at least a dyadic subcube Qj such that

|E ∩Qj| ≥ α|Qj|.

Proof. Begin with Q(0; 1), we divide a cube dyadically if |Q∩E| < α|Q|. And

we keep a cube if this inequality fails. In particular our hypothesis says Q(0; 1)

is divided.

Let {Qj} denote the collection of cubes that we keep. Then ∪Qj covers

E up to a null set, since any point outside ∪Qj is contained in a sequence of

nested cubes with |Q ∩ E|/|Q| < α < 1.

Now let Q̃j be the dyadic predecessor of Qj. If several Qj’s share the

same predecessor then we just pick one. Then obviously Q̃j’s have mutually

disjoint interior. Also they cover E up to a null set.
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Moreover since each Q̃j is further divided, one has |Q̃j ∩ E| < α|Q̃j|,

then

| ∪ Q̃j| = Σ|Q̃j| > 1/α|ΣQ̃j ∩ E| ≥ 1/α|E|.

Finally we recall the nonlocal ABP-type estimate we shall be using

in this work. It is a deep result by Guillen and Schwab [28]. We will need

a scaled version of their original theorem. Note that their theorem is more

general than the following version in the sense that they allow more degenerate

kernels. Also their estimate is more accurate than the following because they

only need information of f on a σ-order contact set. However, we shall not

need that in this work.

Theorem 3.2.4. Assume u ∈ L∞(Rn) ∩ LSC(Rn) satisfies{
M−

σ u ≤ f in BR

u ≥ 0 in Bc
R,

then there is a constant C(n) such that

− inf
BR

u ≤ C(n)

λ

1

Rσ/2
‖f‖

2−σ
2

L∞(BR)‖f‖
σ
2

Ln(BR).

Remark 3.2.2. It is pointed out by T. Jin to the author that N. Guillen has

an improved version of this result, where the right-hand side depends only on

‖f‖2n/σ. As a result, we have corresponding improvement of all results in this

paper.
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This clearly implies the following corollary concerning solutions with

non-vanishing boundary data:

Corollary 3.2.5. Assume u ∈ L∞(Rn) ∩ LSC(Rn) satisfies{
M−

σ u ≤ f in BR

u ≥ −B in Bc
R,

then there is a constant C(n) such that

− inf
BR

u ≤ C(n)

λ

1

Rσ/2
‖f‖

2−σ
2

L∞(BR)‖f‖
σ
2

Ln(BR) +B.

Proof. Apply the theorem to u+B.

3.3 The potential estimate

The goal of this section is to prove the following theorem:

Theorem 3.3.1. There are universal constants δ > 0 and C, such that for u

solving {
LAu(x) =

∫
δu(x, y) (2−σ)〈A(x)y,y〉

|y|n+σ+2 dy = −χE in B1

u = g outside B1

(3.4)

for some E ⊂ B1/2 and λ ≤ A(·) ≤ Λ , one has

inf
B1/2

u ≥ C|E|δ − ‖g‖L∞(Rn).

For the theory of this estimate for second order equations, see [26].

As remarked before, we do not deal with the existence issues, and hence

our estimates are a priori in nature. They can also be made rigorous for

viscosity solutions by a regularization and approximation procedure.
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Moreover, since we are dealing with a linear operator, superposition

implies that it suffices to deal with solutions with 0 boundary data, and to

prove

inf
B1/2

u ≥ C|E|δ

for such solutions.

We begin with the following:

Lemma 3.3.2. There are universal constants γ, β ∈ (0, 1) such that if Q,E ⊂

B1/8 satisfies

|Q ∩ E| ≥ β|Q|,

then the solutions to {
LAu = −χE∩Q in B1

u = 0 in Bc
1,

and to {
LAv = −χ3Q in B1

v = 0 in Bc
1

satisfy the following estimate in B1

u ≥ γv.

Proof. Suppose Q = Q(x0; l). Recall that this is a cube centred at x0, with

sides parallel to coordinate axis and with length 2l. We first rescale the prob-

lem by defining

ũ(x) = l−σu(x0 + lx)

and

ṽ(x) = l−σv(x0 + lx).
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They solve the following equations, respectively,{
LÃũ = −χE∩Q−x0

l
in B1−x0

l

ũ = 0 outside,

and {
LÃṽ = −χ 3Q−x0

l
in B1−x0

l

ṽ = 0 outside.

Here Ã(x) = A(x0 + lx) satisfies the same ellipticity condition. Also note that

the original cube Q(x0; l) is rescaled to Q(0; 1).

Now let w be the solution to{
LÃw = −χQ(0;1) in B1−x0

l

w = 0 in outside.

We compare w to a barrier Φ ∈ C(Rn) such that
Φ(x) ≥ CΦ > 0 in Q(0; 6)

Φ = 0 outside B8
√
n

M−
σ Φ ≥ −Ψ in Rn,

where 0 ≤ Ψ ≤ 1 and Ψ = 0 outside B1.

For the existence of such a barrier, see [25].

Since l < 1
8
√
n
, one has B8

√
n ⊂ B1−x0

l
. In particular w ≥ Φ outside

B8
√
n. Also since B1 ⊂ Q(0; 1), inside B8

√
n one has

LÃw ≤M−
σ Φ ≤ LÃΦ.

Thus comparison principle for linear equations gives

w ≥ Φ
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in B8
√
n. In particular in Q(0; 6) one has

w ≥ CΦ. (3.5)

Now ũ− w satisfies{
LÃ(ũ− w) = χQ(0;1)\(E−x0/l) in B1−x0

l

ũ− w = 0 outside.

In particular the equation implies

M−
σ (ũ− w) ≤ χQ(0;1)\(E−x0/l),

hence Theorem 2.6 implies

− inf
B1−x0

l

(ũ− w) ≤ C(n)

λ
lσ/2‖χQ(0;1)\(E−x0/l)‖

σ/2

Ln(
B1−x0

l
)

≤ C(n)

λ
lσ/2|Q(0; 1)\(E − x0/l)|σ/2n

≤ C(n)

λ
lσ/2(1− β)σ/2n

≤ C(n)

λ
(1− β)σ/2n.

For the last inequality we used l < 1.

In particular this implies that in Q(0; 6) one has

ũ ≥ w − C(n)

λ
(1− β)σ/2n ≥ 1

2
CΦ (3.6)

once we choose β universally close to 1.
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Now we apply Theorem 2.6 to −ṽ, which satisfies

M−
σ (−ṽ) ≤ LÃ(−ṽ) = χ 3Q−x0

l

in B1−x0

l
, to get

sup
B1−x0

l

ṽ ≤ C(n)

λ
lσ/2|3Q− x0

l
|σ/2n ≤ C(n)

λ
lσ/2|Q(0; 3)|σ/2n ≤ C(n)

λ
. (3.7)

Combining the previous two estimates one has

ũ ≥ Cṽ

in Q(0; 6). And hence ũ ≥ Cṽ outside (B1−x0

l
\Q(0; 6)).

On the other hand, since Q(0; 6) ⊃ Q(0; 3) = 3Q−x0

l
, we have

LA(ũ− Cṽ) = 0

in B1−x0

l
\Q(0; 6). Consequently the comparison principle for linear equation

gives us

ũ ≥ Cṽ (3.8)

in B1−x0

l
\Q(0; 6), and hence in B1−x0

l
since we already have the estimate in

Q(0; 6).

Now rescale back to u and v to get the desired estimate.

We now combine the previous lemma and the Carlderón-Zygmund de-

composition to prove the potential estimate. This is the same strategy Evans

used in [26].
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Proof. The proof is by an induction on the size of E. Also we prove the theorem

when E ⊂ Q(0; 1/2) instead of B1/2. This has no effect on the estimate after

a covering argument.

If |E| ≥ β|Q(0; 1/2)|, then a similar argument as in the proof for the

lemma (when we show w ≥ C in Q(0; 6)) gives u ≥ C.

Suppose we have proved the following for all k ≤ k0:

If |E| ≥ βk|Q(0; 1/2)| then u ≥ Cγk. (*)

We proceed to prove the statement when |E| ≥ βk0+1|Q(0; 1/2)|. The

Carlderón-Zygmund decomposition gives a covering of E by essentially disjoint

cubes {Q̃j}, each containing a dyadic subcube Qj with |E ∩Qj| ≥ β|Qj|, and

also | ∪ Q̃j| ≥ 1
β
|E|.

In particular, | ∪ Q̃j| ≥ βk0|Q(0; 1/2)| and thus we apply the induction

hypothesis to conclude

inf
Q(0;1/2)

v ≥ Cγk0 , (3.9)

where v is the solution to{
LAv = −χ∪Q̃j in B1

v = 0 outside.

Also by the previous lemma one has

uj ≥ γvj,

where uj and vj solve {
LAuj = −χQj∩E in B1

uj = 0 outside,
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and {
LAvj = −χ3Qj in B1

vj = 0 outside.

Now note that 3Qj ⊃ Q̃j, hence vj ≥ ṽj, where ṽj solves{
LAṽj = −χQ̃j in B1

ṽj = 0 outside.

To conclude,

inf
Q(0;1/2)

u = inf
Q(0;1/2)

Σuj

≥ inf
Q(0;1/2)

Σγvj

≥ inf
Q(0;1/2)

Σγṽj

= γ inf
Q(0;1/2)

Σṽj

= γ inf
Q(0;1/2)

v.

Combining this with (3.6) one completes the inductive step, and hence (*) is

true for any k.

This implies

inf
Q(0;1/2)

u ≥ C|E|logβ γ.

3.4 W σ,ε-estimate

In this section be begin our proof for the W σ,ε-estimate. As in the clas-

sical strategy, the key point is to control the size of {|Dσu| > t}. This is done
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by using two competing estimates: while an ABP-type estimate bounds the

solution from above with the right-hand side, the previous potential estimate

gives a bound from below. These two must balance for a function satisfying

two differential inequalities.

We first prove several preparatory lemmas concerning solutions to linear

equations. Our estimates will be independent of any regularity of the kernels,

and hence they imply an estimate for solutions to the differential inequalities.

The first lemma is a technical device to realize the σ-order Hessian as

the right-hand side of an equation. This is essentially how we avoid using any

delicate structure of the envelope and still get an estimate on {|Dσu| > t}.

Lemma 3.4.1. Suppose u solves{
LAu = −f in B1

u = g outside

for some λ ≤ A(·) ≤ Λ, then there is Ã(·) with λ
2
≤ Ã(·) ≤ 2Λ such that

LÃu(x) = −f(x)− ν|Dσu|(x)

where ν ≥ C(λ,Λ).

Proof. For each x one finds λ
2
≤ Ã(x) ≤ 2Λ such that

Ãij(x)Dσ
iju(x) = 2ΛΣe<0e+

λ

2
Σe>0e,

where {e} are the eigenvalues of Dσu(x).
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Then

LÃu(x) =

∫
δu(x, y)

(2− σ)〈Ã(x)y, y〉
|y|n+σ+2

dy = 2ΛΣe<0e+
λ

2
Σe>0e.

By ellipticity of LA, one has

LAu(x) ≥ λΣe>0e+ ΛΣe<0e.

Combining these two gives

LÃu(x)− LAu(x) ≤ ΛΣe<0e−
λ

2
Σe>0e ≤ −min{Λ, λ

2
}|Dσu|(x).

Consequently,

LÃu(x) = LAu(x)− (−LÃu(x) + LAu(x)) = −f(x)− (−LÃu(x) + LAu(x))

where the term in the parenthesis is of the form ν|Dσu|(x) with ν ≥ min{Λ, λ
2
}.

The second lemma gives a bound on |{|Dσu| > t}| for a solution with

negative right-hand side:

Lemma 3.4.2. Suppose u solves{
LAu = −f ≤ 0 in B1

u = g outside
,

then

|{|Dσu| > t} ∩B1/2|δ ≤
C

t
(‖f‖

2−σ
2

L∞(B1)‖f‖
σ
2

Ln(B1) + ‖g‖L∞(Rn)), (3.10)

where δ is as in the potential estimate and C is a universal constant.
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Proof. Let Ã(·) and ν be as in the previous lemma. Let v be the solution to{
LÃv = −ν|Dσu| in B1

v = g outside
.

Then comparison principle for linear equations gives

u ≥ v.

For t > 0, let vt be the solution to{
LÃvt = − inf ν · tχ{|Dσu|>t} in B1

vt = g outside
.

Then tχ{|Dσu|>t} ≤ |Dσu| implies vt ≤ v. Thus

u ≥ vt. (3.11)

Now let w be the solution to{
LÃw = −χ{|Dσu|>t} in B1

w = g
inf ν·t outside

.

Then the potential estimate on w gives

inf
B1/2

vt = inf ν · t inf
B1/2

w

≥ inf ν · t(C|{|Dσu| > t}|δ − ‖ g

inf ν · t
‖L∞(Rn))

≥ Ct|{|Dσu| > t}|δ − C‖g‖L∞(Rn).

For the last inequality we used ν ≥ C(λ,Λ).
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Combining this with (4.2), and the ABP-type estimate for u to obtain

C(n)

λ
‖f‖

2−σ
2

L∞(B1)‖f‖
σ
2

Ln(B1) + ‖g‖L∞(Rn) ≥ sup
B1

u

≥ inf
B1/2

vt

≥ Ct|{|Dσu| > t}|δ − C‖g‖L∞(Rn).

This gives the desired estiamte.

As remarked at the beginning of this section, since our estimate for

linear equations depends only on universal properties, it is as good as one for

the two differential inequalities. Hence we can finish the proof for the main

result:

Proof. We again let g denote the boundary datum.

The two inequalities give A+(·) and A−(·) between λ and Λ such that∫
δu(x, y)

(2− σ)〈A+(x)y, y〉
|y|n+σ+2

dy ≥ f(x) ≥
∫
δu(x, y)

(2− σ)〈A−(x)y, y〉
|y|n+σ+2

dy.

In particular one finds t : B1 → [0, 1] such that∫
δu(x, y)

(2− σ)〈(t(x)A+(x) + (1− t(x))A−(x))y, y〉
|y|n+σ+2

dy = f(x).

Take A(x) = t(x)A+(x) + (1− t(x))A−(x), then λ ≤ A(·) ≤ Λ and u solves{
LAu = f in B1

u = g outside.

By linearity, u is the sum of two functions, solving the equation with data

(f+, 0) and (−f−, g) respectively. By applying the previous lemma to each
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piece, we have

|{|Dσu| > t} ∩B1/2|δ ≤
C

t
(‖f‖

2−σ
2

L∞(B1)‖f‖
σ
2

Ln(B1) + ‖g‖L∞(Rn)).

This implies∫
B1/2

|Dσu|εdx ≤ C +

∫ ∞
1

tε−1|{|Dσu| > t} ∩B1/2|dt

≤ C +

∫ ∞
1

tε−1t−1/δdt · (‖f‖
2−σ

2

L∞(B1)‖f‖
σ
2

Ln(B1) + ‖g‖L∞(Rn))
1/δ.

The integral converges once we choose ε < 1/δ, and this implies

‖Dσu‖Lε(B1/2) ≤ C(1 + (‖f‖
2−σ

2

L∞(B1)‖f‖
σ
2

Ln(B1))
1/δ + ‖g‖L∞(Rn))

1/ε.

Then note that such an estimate must be scalable in u, f and g, hence one

has the desired estimate.

We now prove Corollary 1.3 by reducing it to our main theorem by

taking certain convex combinations of extremal operators. As mentioned in

Introduction, this corollary is suggested to the author by Dennis Kriventsov.

Proof. Since M+
σ u(x) ≥ −f−(x) in B1, one finds A+

1 : B1 → [λ,Λ] such that

for all x ∈ B1

LA+
1
u(x) ≥ −f−(x).

Define Ω1 = {x ∈ B1 : M−
σ u(x) ≤ −2f−(x)}, then there is A+

2 : Ω1 →

[λ.Λ] such that for all x ∈ Ω1

LA+
2
u(x) ≤ −2f−(x).
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Consequently we can find t+1 : Ω1 → [0, 1] such that for all x ∈ Ω1

t+1 (x)LA+
1
u(x) + (1− t+1 (x))LA+

2
u(x) = −3

2
f−(x).

Define t+ : B1 → [0, 1] by{
t+ = 1 outside Ω1

t+ = t+1 inside Ω1,

and A+ = t+A+
1 + (1− t+)A+

2 . Then

LA+u(x) =

{
LA+

1
u(x) ≥ −f−(x) outside Ω1

−3
2
f−(x) inside Ω1.

Similarly one finds A− : B1 → [λ,Λ] such that

LA−u(x) =

{
≤ f+(x) outside Ω2

3
2
f+(x) inside Ω2,

where Ω2 = {x ∈ B1 : LA+u(x) ≥ 2f+(x)}. In particular we can assume

Ω1 ∩ Ω2 = ∅.

As a result we can define t : B1 → [0, 1] such that t = 1 in Ω1 and t = 0 in Ω2.

By taking A = tA+ + (1− t)A− one has inside Ω1

LAu(x) = t(x)LA+u(x) + (1− t(x))LA−u(x)

= LA+u(x)

≥ −f−(x),

and outside Ω1

LAu(x) = t(x)LA+u(x) + (1− t(x))LA−u(x)

≥ −f−(x)t(x) + (−2f−(x))(1− t(x))

≥ −2f−(x).
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To conclude LAu(x) ≥ −2f−(x) in B1. Similarly LAu(x) ≤ 2f+(x) in B1. As

a result u solves in B1

LAu(x) = g(x)

where −2f− ≤ g ≤ 2f+.

Applying the main result to this equation clearly gives the desired es-

timate.

Similar proof applies to Corollary 1.4.
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Chapter 4

Small perturbation solutions for nonlocal

elliptic equations

4.1 Introduction

In this work, we present a nonlocal generalization of a celebrated result

by Savin concerning small perturbation solutions for elliptic equations [45],

which, in its simplest form, states the following:

Theorem 4.1.1. Suppose F is a ‘nice’ uniformly elliptic operator. For any

α ∈ (0, 1) there is a constant κ > 0 such that if u solves in the viscosity sense

F (D2u) = 0 in B1,

then

‖u‖C2,α(B1/2) ≤ C(α)‖u‖L∞(B1)

whenever ‖u‖L∞(B1) ≤ κ.

Here a ‘nice’ operator enjoys certain regularity properties near 0. To be

precise, F is required to be C2 with bounded Hessian in [45]. This condition

can be relaxed, see for example [32].

Compare with the classical result by Evans [38] and Krylov [42], which

gives a C2,α-estimate for concave operators, Savin’s replaces a structural con-
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cavity condition on the operator by a regularity condition together with a

smallness condition on the solution. Its significance lies in the fact that actual

solutions often reduce to small perturbation solutions once one subtracts some

standard objects, e.g. Taylor polynomials, supporting parabola, etc. As a

result, there have been numerous applications of this result. To name a few,

Armstrong-Silvestre-Smart on partial regularity [32], Armstrong-Silvestre on

unique continuation [31], Collins on C2,α estimates of equations of twisted type

[33].

We’d like to point out that for nonlocal equations, partial regularity

and unique continuation remain open, and are actually the main motivation

for this work. If one follows the strategy of Armstrong-Silvestre-Smart and

Armstrong-Silvestre, the main ingredients needed are a small perturbation

result, a unique continuation result for linear operators [39] [44][46] and a

W σ,ε-estimate.

For second order equations, the small perturbation result follows from

a simple compactness argument. Suppose the result is false, then one finds a

sequence of operators Fk and a sequence of solutions uk such that

Fk(D
2uk) = 0 in B1

and

‖uk‖L∞(B1) = κk → 0,

but

‖uk‖C2,α(B1/2) ≥ kκk.
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In particular ũk := uk/κk satisfies

1

κk
Fk(κkD

σũk) = 0,

‖ũk‖L∞(B1) = 1

and

‖ũk‖C2,α(B1/2) ≥ k.

Now with the regularity assumptions on the operators, 1
κk
Fk(κk·) con-

verges to a constant coefficient linear operator, the ‘derivative’ at 0. Mean-

while, uniform Hölder estimate gives a locally uniform limit u∗ of {ũk}. Sta-

bility says u∗ solves the constant coefficient linear elliptic equation and hence

enjoys extremely nice regularity properties, contradicting the large C2.α-norm

of ũk. For details on uniform Hölder estimate as well as the stability for elliptic

equations, one can consult [34].

This gives the desired result for second order equations, which says

that ‘nice’ dependence on the Hessian matrix and smallness of the solution

imply regularity of the solution. For a nonlocal version of this proof, however,

one faces several difficulties. Firstly, one needs a fractional order replacement

for the Hessian matrix. This should be some object that records directional

fractional order curvatures. Although there is no canonical way to define such

objects at this stage, the operator Dσ, as studied in, seems natural for this

task, its definition given in the next section.

Another major difficulty for nonlocal operators comes from the failure of

the compactness argument. For second order equations, a uniform L∞ control
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over the solutions gives compactness of the sequence in the entire domain via

the Hölder estimate. For instance, solutions to equations in B1 will converge

locally uniformly in the entire B1. For fractional order equations, however,

the best one can hope for is convergence in the domain of the equation, while

there is no hope for convergence on complement of that domain if one only

assumes L∞ control. Solutions to equations in B1 will converge in B1, but

these solutions are defined in the entire Rn and there is no convergence in

Rn\B1. The reason for this contrast is that the boundary data for second

order equations live in lower dimensional sets while the boundary data for

fractional order equations live in sets of full dimensions.

Fortunately for us, in a series of papers [47][48] Serra showed one pos-

sible way to deal with this problem. The new ingredient is a blow-up type

argument. By zooming in at certain points along the sequence, the scaled

sequence solve equations in larger and larger domains that converge to the en-

tire space. Furthermore, if one zooms in at the right rate, the scaled sequence

enjoy certain growth condition. This gives a limit that is a global solution. For

such solutions the contrast between local and nonlocal equations become less

problematic since effectively there is no ‘boundary’. Then one uses a Liouville

type theorem to characterize all possible global profiles, and closeness to these

global profiles gives regularity for the solution to the original problem.

We very much follow this type of argument with certain modifications

to prove the following main result of this work:

Theorem 4.1.2. Let F : Sn → R be a uniformly elliptic operator with ellip-
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ticity constants λ and Λ. Assume it is continuously differentiable, and DF

has modulus of continuity ω. F (0) = 0.

Given α ∈ (0, 1) and σ ∈ (0, 2) such that σ + α is not an integer, there

exist constants κ = κ(n, λ,Λ, ω, α, σ) > 0 and C = C(n, λ,Λ, ω, α, σ) < ∞

such that every viscosity solution to

F (Dσu) = 0 in B1

satisfies the estimate

‖u‖Cσ+α(B1/2) ≤ C(‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy))

whenever

‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy) ≤ κ.

Here Sn is the space of n × n symmetric matrices. ‖ · ‖Cσ+α is to be

understood as ‖ · ‖Cν,β where ν is the integer part of σ+α and β = σ+α− ν.

For definition of viscosity solutions to nonlocal operators, see [35].

We’d also like to point out that with the method in this paper, it is not

too difficult to cover operators that involve lower order terms or more general

σ-order Hessian matrices with weights as considered in . It is also possible

to prove uniform estimates as σ → 2 and hence recover the result of Savin in

the limit. However the proof is already rather involved, and we decide not to

pursuit these interesting points.

This paper is organized as follows: In the next section we recall some

definitions and preliminary results that will be useful for later sections. We also

99



prove a Liouville type theorem. It is used in the third section to study blow-up

limits of solutions, and to give an improvement of regularity. In the last section

of this paper this improvement of regularity is combined with previously known

regularity estimates to complete the proof for the main result.

4.2 Preliminaries and the Liouville theorem

We first define our replacement of the Hessian matrix. For each (i, j)

it records the σ-order curvature in the direction (ei, ej). The reader should

consult for a more general version that involves weights.

Definition 4.2.1. For u : Rn → R with∫
|δu(x, y)| 1

|y|n+σ
dy <∞,

its σ-order Hessian at x, Dσu(x), is a matrix with (i, j)-entry∫
δu(x, y)

〈ei, y〉〈ej, y〉
|y|n+σ+2

dy.

Here {ei}1≤i≤n is the standard basis for Rn. δu(x, y) = u(x+y)+u(x−

y)− 2u(x) is the symmetric difference.

The following is a compactness result for sequence of operators.

Proposition 4.2.1. Let Fk : Sn → R be a sequence of uniformly elliptic

operators with the same elliptic constants λ and Λ. Fk(0) = 0. Suppose Fk

are C1 with DFk satisfying modulus of continuity ω.
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For any δk → 0, define Ek : Sn → R by

Ek(M) =
1

δk
Fk(δkM).

Then up to a subsequence Ek converges locally uniformly to a constant

coefficient linear operator.

Proof. Since λ ≤ DFk(0) ≤ Λ, up to a subsequence one has DFk(0) → A ∈

Sn. We prove that up to a subsequence, Ek converges to the linear operator

M ∈ Sn 7→ ΣAijMij ∈ R.

|Ek(M)− ΣAijMij| = |
1

δk
Fk(δkM)− ΣAijMij|

= | 1
δk

(Fk(δkM)− Fk(0))−DFk(0)M +DFk(0)M − ΣAijMij|

≤ | 1
δk

(Fk(δkM)− Fk(0))−DFk(0)M |+ |DFk(0)− A||M |.

Note that

Fk(δkM)− Fk(0) =

∫ 1

0

d

dt
Fk(tδkM)dt =

∫ 1

0

DFk(tδkM)dt · δkM,

regularity of DFk leads to the following estimate

| 1
δk

(Fk(δkM)− Fk(0))−DFk(0)M | = |
∫ 1

0

DFk(tδkM)dt ·M −DFk(0)M |

≤ |
∫ 1

0

DFk(tδkM)−DFk(0)dt ·M |

≤ ω(δk|M |)|M |.
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Consequently

|Ek(M)− ΣAijMij| ≤ ω(δk|M |)|M |+ |DFk(0)− A||M |.

We will also need the following stability result for our operators. For

some related stability result for nonlocal operators, see [36].

Proposition 4.2.2. Let Fk : Sn → R be a sequence of uniformly elliptic oper-

ators with the same ellipticity constants. uk ∈ L∞(Rn) ∩ C(B̄1) are viscosity

solutions to

Fk(D
σuk) = 0 in B1.

If Fk → F locally uniformly over Sn, and uk → u locally uniformly over Rn,

then

F (Dσu) = 0 in B1.

Proof. Let φ be a smooth function strictly touching u from above at some

x0 ∈ B1.

For some small r > 0 define

φ̃(x) =

{
φ(x), x ∈ Br(x0)

u(x), x 6∈ Br(x0)
,

and

φ̃k(x) =

{
φ(x), x ∈ Br(x0)

uk(x), x 6∈ Br(x0)
.
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By continuity, there exists xk ∈ Br(x0) such that uk(xk) − φ(xk) ≥

uk(x)−φ(x) for all x ∈ Br(x0). Since φ is strictly touching u at x0 and uk are

converging to u uniformly in Br, we have xk → x0. Thus for large k we might

assume |xk − x0| ≤ 1
2
r.

Since uk are solutions, one has

Fk(D
σφ̃k(xk)) ≥ 0.

Now for each (i, j),

|Dσφ̃k(xk)−Dσφ̃(x0)| = |
∫

(δφ̃k(xk, y)− δφ̃(x0, y))
〈ei, y〉〈ej, y〉
|y|n+σ+2

dy|

= |
∫
|y|≤ 1

2
r

+

∫
|y|> 1

2
r

(δφ̃k(xk, y)− δφ̃(x0, y))
〈ei, y〉〈ej, y〉
|y|n+σ+2

dy|

≤ |
∫
|y|≤ 1

2
r

(δφ(xk, y)− δφ(x0, y))
〈ei, y〉〈ej, y〉
|y|n+σ+2

dy|

+ |
∫
|y|> 1

2
r

(δφ̃k(xk, y)− δφ̃(x0, y))
〈ei, y〉〈ej, y〉
|y|n+σ+2

dy|.

Now for the first term we can use the smoothness of φ, and for the

second we can use the integrability of 1
|y|n+σ to see both are converging to 0.

As a result, uniform convergence of Fk to F gives

F (Dσφ̃(x)) ≥ 0.

Therefore, u is a subsolution. By similar argument one shows that u is

also a supersolution.
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The following Liouville-type theorem is the key to study blow-up limit

of solutions. Similar results were first shown by Serra in [47][48] to deal with

the lack of control for boundary data of nonlocal equations.

Theorem 4.2.3. Let 0 < α′ < α < 1 be such that α′ + σ and α + σ have the

same integer part ν. Also α′ + σ − ν and α + σ − ν are both non-zero.

Suppose for each 0 ≤ β ≤ σ + α′ one has the growth condition

[u]Cβ(BR) ≤ Rσ+α−β for R ≥ 1, (4.1)

and ∫
δ(u(·+ h)− u)(x, y)

1

|y|n+σ
dy = 0 for h ∈ Rn. (4.2)

Then u is a polynomial of degree ν.

Remark 4.2.1. Throughout this paper, [·]Cβ is to be understood as [·]
C
νβ,β−νβ ,

where νβ is the integer part of β.

Remark 4.2.2. We will need to study functions of the form u = ũ− p, where ũ

is the solution to some equation and p is a polynomial. In particular, u may

not have the correct decay at infinity for the fractional order operator to be

well-defined.

If p is affine, this does not pose any serious problem. Since the sym-

metric difference does not see affine perturbations, one has δu(x, y) = δũ(x, y)

and thus u and ũ solve the same equation.

However, if p is a paraboloid, then we need to study u(· + h) − u(·)

instead. Here we take advantage of the identity δ(p(·+h))(x, y)−δp(x, y) = 0.
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Remark 4.2.3. Similar results in [48] can only handle α < ᾱ, where ᾱ is some

universal constant. We have a stronger result that holds for all α ∈ (0, 1) since

our equation for u(·+ h)− u(·) is the fractional Laplacian.

Proof. We leave the case ν = 0 to the reader.

When ν = 1.

Since σ + α′ > 1, we can take β = 1 in the growth estimate to obtain

‖ue‖L∞(BR) ≤ Rσ+α−1 for R ≥ 1 and e ∈ Sn−1.

In particular ‖ue‖L∞(B1) ≤ 1 and∫
Bc1

|ue|/|y|n+σdy ≤ C(n)

∫ ∞
1

rσ+α−1rn−1/rn+σdr ≤ C(n).

By the equation one has∫
δ(
u(·+ εe)− u

|ε|
)(x, y)

1

|y|n+σ
dy = 0.

Taking ε→ 0 one has ∫
δue(x, y)

1

|y|n+σ
dy = 0.

Consequently the C1,α-estimate [35] gives

‖∇ue‖L∞(B1/2) ≤ C(n).

For ρ ≥ 1 define v(x) = ρ−(σ+α−1)ue(ρx).

Then v satisfies the same growth estimate as ue:

‖v‖L∞(BR) = ρ−(σ+α−1)‖ue‖L∞(BρR) ≤ ρ−(σ+α−1)(ρR)σ+α−1 = Rσ+α−1.
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Obviously v also solves the same equation. As a result the same C1,α-

estimate gives

‖∇v‖L∞(B1/2) ≤ C(n).

Now note that

‖∇v‖L∞(B1/2) = ρ−(σ+α−1) · ρ‖∇ue‖L∞(B1/2ρ).

One has

‖∇ue‖L∞(B1/2ρ) ≤ C(n)ρσ+α−2.

Since ν = 1, σ + α − 2 < 0. Thus ρ→∞ shows that ue is a constant.

This being true for all e ∈ Sn−1, we see that u is affine.

When ν = 2.

Now we take instead β = 2 and obtain

‖D2u‖L∞(BR) ≤ Rσ+α−2 if R ≥ 1.

Meanwhile the equation gives∫
δ(
u(·+ εe) + u(· − εe)− 2u

|ε|2
)(x, y)

1

|y|n+σ
dy = 0.

When ε→ 0 one has∫
δDeeu(x, y)

1

|y|n+σ
dy = 0.

From here one uses the same argument as before to obtain Deeu is

constant for all e ∈ Sn−1 and as a result u is a paraboloid.
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We need to use some previously known regularity result in [35]. Hence

it is important that our operator falls into their category of nonlocal elliptic

operators:

Proposition 4.2.4. The operator u 7→ F (Dσu) is elliptic with respect to L1

as in Caffarelli-Silvestre [35].

Proof. For smooth bounded functions φ and ψ, the ellipticity of F leads to

F (Dσφ(x))− F (Dσψ(x)) ≤ sup
λ≤A≤Λ

ΣAij(D
σ
ijφ(x)−Dσ

ijψ(x))

= sup
λ≤A≤Λ

ΣAij(

∫
δφ(x, y)

〈ei, y〉〈ej, y〉
|y|n+σ+2

dy −
∫
δψ(x, y)

〈ei, y〉〈ej, y〉
|y|n+σ+2

dy)

= sup
λ≤A≤Λ

∫
(δφ(x, y)− δψ(x, y))

ΣAij〈ei, y〉〈ej, y〉
|y|n+σ+2

dy

= sup
λ≤A≤Λ

∫
(δφ(x, y)− δψ(x, y))

〈Ay, y〉
|y|n+σ+2

dy.

Now note that the kernel 〈Ay,y〉
|y|n+σ+2 is in the class L1 as in [35], we have

F (Dσφ(x))− F (Dσψ(x)) ≤M+
L1

(φ− ψ)(x).

The symmetric inequality follows from symmetric argument.

4.3 Improvement of regularity

The following improvement of regularity result is a key stepping stone

for the main result. It says that given α ∈ (0, 1), any sub-optimal regularity

can be improved to the optimal Cσ+α-regularity if the solution is small enough.
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Theorem 4.3.1. Let F be as in Theorem 1.2.

Given α ∈ (0, 1) and 0 < α′ < α < 1 such that σ + α and σ + α′

are not integers and have the same integer part ν. Then there exist constants

κ = κ(n, λ,Λ, σ, α, α′, ω) > 0 and C = C(n, λ,Λ, σ, α, α′, ω) <∞ such that if

F (Dσu) = 0 in B1

and

[u]Cσ+α′ (B1) + ‖u‖L∞(B1) + ‖u‖L1( 1
|y|n+σ dy) ≤ κ,

then we have the following

[u]Cσ+α(B1/2) ≤ C([u]Cσ+α′ (B1) + ‖u‖L∞(B1) + ‖u‖L1( 1
|y|n+σ dy)).

The following simple lemma plays an important role in these improve-

ment of regularity arguments. Compare to the one in [48], we have truncated

the length scale here. This frees us from excessive assumption on the regularity

of u outside B1.

Lemma 4.3.2. 0 < α′ < α < 1. Suppose u ∈ Cα′(B1) and

sup
0<r<1/2

sup
z∈B1/2

rα
′−α[u]Cα′ (Br(z)) ≤ A,

then

[u]Cα(B1/2) ≤ 2A.

Proof. For z ∈ B1/2 and h ∈ B1/2,

|u(z + h)− u(z)|
|h|α

≤
[u]Cα′ (B|h|(z))|h|

α′

|h|α
= |h|α′−α[u]Cα′ (B|h|(z)) ≤ A.
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Now for z, z′ ∈ B1/2 but |z − z′| > 1/2, let m = 1
2
(z + z′). Then

the previous estimate gives |u(z) − u(m)| ≤ A|z −m|α and |u(z′) − u(m)| ≤

A|z′ −m|α. Thus

|u(z)− u(z′)| ≤ A(|z −m|α + |z′ −m|α) = A21−α|z − z′|α.

We now begin the proof of Theorem 3.1.

Suppose the result is false, then we can find a sequence of operators Fk

with ellipticity constant λ and Λ, Fk(0) = 0, and DFk enjoy the same modulus

of continuity ω.

There is also a sequence of functions uk such that

[uk]Cσ+α′ (B1) + ‖uk‖L∞(B1) + ‖uk‖L1( 1
|y|n+σ dy) = κk → 0,

Fk(D
σuk) = 0 in B1

but

[uk]Cσ+α(B1/2) ≥ kκk.

With an unforgivable abuse of notation, we would denote 1
κk
uk by the

same function uk. Then one has the following

1

κk
Fk(κkD

σuk) = 0 in B1, (4.3)

[uk]Cσ+α′ (B1) + ‖uk‖L∞(B1) + ‖uk‖L1( 1
|y|n+σ dy) = 1, (4.4)
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and

[uk]Cσ+α(B1/2) ≥ k. (4.5)

Define, for each k, the following quantity

θk(r
′) := sup

r′<r<1/2

sup
z∈B1/2

rα
′−α[uk]Cσ+α′ (Br(z))

.

We’d like to point out that a similar quantity was studied in [48] to get the

‘correct rate’ of blow-up.

Then Lemma 3.1 gives

lim
r′→0

θk(r
′) = sup

r′>0
θk(r

′) ≥ k/2.

By definition, one finds rk > 1/k and zk ∈ B1/2 such that

rα
′−α

k [uk]Cσ+α′ (Brk (zk)) >
1

2
θk(

1

k
) ≥ 1

2
θk(rk)→∞. (4.6)

Note that [uk]Cσ+α′ (Brk (zk)) ≤ 1, the above estimate forces rk → 0.

Define the blow-up sequence

vk(x) :=
1

θk(rk)

1

rσ+α
k

uk(rkx+ zk).

Now we divide the proof into two cases depending on the value of ν. The

key difference is that for ν ≤ 1, we would subtract from vk an affine function.

Here the new function would solve the same equation since the symmetric

difference does not see affine functions. For ν = 2 we would subtract instead

a paraboloid. This case takes more effort since the function obtained will not

solve the same equation.
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Proof. The Case ν ≤ 1.

Actually we only give the proof for ν = 1, leaving the case ν = 0 to the

reader.

For 1 ≤ R ≤ 1
2rk

one has

[vk]Cσ+α′ (BR) =
1

θk(rk)

1

rσ+α
k

[uk]Cσ+α′ (BrkR(zk))r
σ+α′

k

=
1

θk(rk)
rα
′−α

k [uk]Cσ+α′ (BrkR(zk))

=
1

θk(rk)

(rkR)α
′−α

Rα′−α [uk]Cσ+α′ (BrkR(zk))

≤ 1

θk(rk)
θk(rkR)Rα−α′

≤ Rα−α′ .

Here we used the monotonicity of θ.

Define `k(x) = vk(0) +∇vk(0) · x and ṽk = vk − `k.

Since [`k]Cσ+α′ = 0 the previous estimate passes to ṽk:

[ṽk]Cσ+α′ (BR) ≤ Rα−α′ for 1 ≤ R ≤ 1

2rk
. (4.7)

In particular by picking R = 1, one has

[∇ṽk]Cσ+α′−1(B1) ≤ 1.

With |∇ṽk(0)| = 0, this implies |∇ṽk(x)| ≤ |x|σ+α′−1 for x ∈ B1, and

as a result,
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|ṽk(x)| = |ṽk(x)− ṽk(0)|

≤ ‖∇ṽk‖L∞(B|x|)|x|

≤ |x|σ+α′

for all x ∈ B1.

Note that this estimate is independent of k, and this is the reason why

one needs to subtract the affine function `k from vk.

Now let η be some cut-off function that is 1 in B1/2 but vanishes outside

B1. For each e ∈ Sn−1,

|
∫
B1

Deṽkη| = |
∫
B1

ṽkDeη| ≤ C(n).

Thus one can find x̄ ∈ B1 such that |Deṽk(x̄)| ≤ C(n).

By the growth estimate [Deṽk]Cσ+α′−1(BR) ≤ Rα−α′ , one has for x ∈ BR,

1 ≤ R ≤ 1
2rk

|Deṽk(x)| ≤ |Deṽk(x̄)|+Rα−α′|x− x̄|σ+α′−1

≤ C(n) +Rα−α′(R + 1)σ+α′−1

≤ CRσ+α−1.

Now an interpolation argument gives

[ṽk]Cβ(BR) ≤ CRσ+α−β

for β ≤ σ + α′ and 1 ≤ R ≤ 1
2rk

.
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To see this, note that for 1 ≤ |x| ≤ R,

|ṽk(x)| = |ṽk(x)− ṽk(0)|

≤ ‖∇ṽk‖L∞(B|x|)|x|

≤ C|x|σ+α−1|x|

≤ C|x|σ+α

≤ CRσ+α.

This, together with the estimate in B1, gives the growth estimate when β = 0.

For β ∈ (0, 1), the estimate follows from

|ṽk(x′)− ṽk(x)| ≤ |x′ − x|‖∇ṽk‖L∞(BR)

≤ |x′ − x|β|x′ − x|1−β‖∇ṽk‖L∞(BR)

≤ |x′ − x|βR1−βCRσ+α−1

= CRσ+α−β|x′ − x|β.

We have already established the case β = 1, and the case β ∈ (1, σ+α′]

follows from similar argument.

This growth estimate implies that, up to a subsequence, ṽk converges

locally uniformly in Cβ to some ṽ for any β < σ + α′. The previous growth

estimate passes to ṽ for any R ≥ 1:

[ṽ]Cβ(BR) ≤ CRσ+α−β. (4.8)
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Meanwhile,

[ṽk]Cσ+α′ (B1) =
1

θk(rk)

1

rσ+α
k

rσ+α′

k [uk]Cσ+α′ (Brk (zk))

=
1

θk(rk)
rα
′−α

k [uk]Cσ+α′ (Brk (zk))

≥ 1/2.

This also passes to ṽ:

[ṽ]Cσ+α′ (B1) ≥ 1/2. (4.9)

Now note that

Dσvk(x) =
1

θk(rk)

1

rαk
Dσuk(rkx+ zk),

thus vk solves

1

θk(rk)rαkκk
Fk(θk(rk)r

α
kκkD

σvk(x)) = 0 in B 1
2rk

.

Since

θk(rk)r
α
k = rαk sup

rk<r<1/2

sup
z∈B1/2

rα
′−α[uk]Cσ+α′ (Br(z))

≤ rαk r
α′−α
k [uk]Cσ+α′ (B1)

≤ 1,

we have

θk(rk)r
α
kκk → 0.

Thus Proposition 2.2 and 2.3 apply and give an A ∈ Sn such that

ΣAijD
σ
ij ṽ = 0 in Rn. Up to an affine change of variables,
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∫
δṽ(x, y)

1

|y|n+σ
dy = 0 in Rn.

Combining this with (3.6), we apply Theorem 2.4 to conclude ṽ is affine,

contradicting (3.7).

Now we proceed to the case when ν = 2.

Proof. The Case ν = 2.

With similar arguments one establishes for 1 ≤ R ≤ 1
2rk

[vk]Cσ+α′ (BR) ≤ Rα−α′ .

Now define pk(x) = vk(0) +∇vk(0) + 1
2
〈D2v(0)x, x〉 and ṽk = vk − pk.

Again one has the same growth estimate on ṽk:

[ṽk]Cβ(BR) ≤ CRσ+α−β

for β ≤ σ + α′ and 1 ≤ R ≤ 1
2rk

.

And up to a subsequence ṽk converges locally uniformly to ṽ in Cβ for

any β < σ + α′. The limit satisfies

[ṽ]Cβ(BR) ≤ CRσ+α−β (4.10)

for 0 ≤ β ≤ σ + α′ and R ≥ 1.

As before one has

[ṽ]Cσ+α′ (B1) ≥ 1/2. (4.11)
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Now comes the major difference from the previous case, namely, we do

not have δṽk(x, y) = δvk(x, y) anymore.

However, note that for a paraboloid p(x) = p(0)+ 〈b, x〉+ 1
2
〈Ax, x〉, one

has

δp(x, y) = (p(0) + 〈b, x+ y〉+
1

2
〈A(x+ y), x+ y〉) + (p(0) + 〈b, x− y〉+

1

2
〈A(x− y), x− y〉)

− 2(p(0) + 〈b, x〉+
1

2
〈Ax, x〉)

=
1

2
〈A(x+ y), x+ y〉+

1

2
〈A(x− y), x− y〉 − 〈Ax, x〉

=
1

2
〈Ax, x〉+

1

2
〈Ay, y〉+ 〈Ax, y〉+

1

2
〈Ax, x〉+

1

2
〈Ay, y〉 − 〈Ax, y〉 − 〈Ax, x〉

= 〈Ay, y〉.

Therefore, if we define

ph(x) := p(x+ h) = p(0) + 〈b, h〉+
1

2
〈Ah, h〉+ 〈b, x〉+ 〈Ah, x〉+

1

2
〈Ax, x〉,

then

δph(x, y) = 〈Ay, y〉 = δp(x, y).

Apply this to our functions, we have

δṽhk (x, y)− δṽk(x, y) = δvhk (x, y)− δvk(x, y)− (δphk(x, y)− δpk(x, y))

= δvhk (x, y)− δvk(x, y).

In particular, although ṽk and ṽhk grow too fast at infinity for the σ-order

Hessian to be defined, due to the above cancelation, Dσ(ṽhk − ṽk)(x) is well-

defined and

Dσ(ṽhk − ṽk)(x) = Dσvhk (x)−Dσvk(x).
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We now study the equation satisfied by ṽhk − ṽk.

Since

1

θk(rk)rαkκk
Fk(θk(rk)r

α
kκkD

σvhk (x)) = 0,

we have

1

θk(rk)rαkκk
Fk(θk(rk)r

α
kκk(D

σ(ṽhk − ṽk)(x) +Dσvk(x))) = 0.

Let εk := θk(rk)r
α
kκk, then as in the previous case,

εk = O(κk),

and

1

εk
Fk(εk(D

σ(ṽhk − ṽk)(x) +Dσvk(x))) = 0. (4.12)

We claim

Lemma 4.3.3. Up to an affine change of variables,∫
δ(ṽh − ṽ)(x, y)

1

|y|n+σ
dy = 0.

Proof. Again let A ∈ Sn be the limit of DFk(0).

(3.10) implies

0 =
1

εk
Fk(εk(D

σ(ṽhk − ṽk)(x) +Dσvk(x)))− 1

εk
Fk(εkD

σvk(x))

=
1

εk

∫ 1

0

d

dt
Fk(tεk(D

σ(ṽhk − ṽk)(x) +Dσvk(x)) + (1− t)εkDσvk(x))dt

=
1

εk

∫ 1

0

DFk(tεk(D
σ(ṽhk − ṽk)(x) +Dσvk(x)) + (1− t)εkDσvk(x))dt · εkDσ(ṽhk − ṽk)(x)

=

∫ 1

0

DFk(εk(tD
σ(ṽhk − ṽk)(x) +Dσvk(x)))dt ·Dσ(ṽhk − ṽk)(x).
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Since ṽhk − ṽk → ṽh− ṽ locally uniformly, by Proposition 2.3, it suffices

to show that∫ 1

0

DFk(εk(tD
σ(ṽhk − ṽk)(x) +Dσvk(x)))dt→ A uniformly.

To see this, note that

|Dσvk(x)| = 1

θk(rk)r
σ+α
k

rσk |Dσuk(rkx+ zk)|

=
1

θk(rk)rαk
|Dσuk(rkx+ zk)|

≤ 1

θk(rk)rαk
.

We used

[uk]Cσ+α′ (B1) + ‖uk‖L∞(Rn) = 1

for the last inequality.

Similar estimate holds for Dσvhk (x) and hence for Dσ(ṽhk − ṽk)(x).

Consequently,

|
∫ 1

0

DFk(εk(tD
σ(ṽhk − ṽk)(x) +Dσvk(x)))dt− A| ≤|DFk(0)− A|

+|
∫ 1

0

DFk(εk(tD
σ(ṽhk − ṽk)(x)+Dσvk(x)))−DFk(0)dt|

≤|DFk(0)− A|+ ω(κk).

This completes the proof for the lemma.
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This lemma combined with (3.8) and Theorem 2.4 shows that ṽ is a

paraboloid, contradicting (3.9).

This completes our proof for Theorem 3.1.

4.4 Proof of Theorem 1.2

We now combine previously known regularity estimates and the im-

provement of regularity to complete the proof of the main result.

The starting point is:

Proposition 4.4.1. There is some universal ᾱ > 0 and C̄ < ∞ such that

viscosity solution to

F (Dσu) = 0 in B1

satisfies

‖u‖C1,ᾱ(B1/2) ≤ C̄(‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy)).

Proof. This is a direct consequence of Proposition 2.8 and estimates in [35].

This leads to the following, which is the main result for small exponents:

Proposition 4.4.2. Let F be as in Theorem 1.2.

For any α ∈ (0, 1) with σ+α < 2 and not an integer, there are constants

κ′ > 0 and C <∞ such that if u solves

F (Dσu) = 0 in B1
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and ‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy) ≤ κ′, then

[u]Cσ+α(B1/2) ≤ C(‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy)).

Proof. The case σ + α ≤ 1 + ᾱ is covered by the previous estimate, hence we

only deal with the case where 1 < σ + α < 2.

In this case we fix α′ < α such that 1 ≤ σ+α′ ≤ 1+ ᾱ. Then obviously

σ + α′ and σ + α have the same integer part, 1.

By Proposition 4.1, [u]Cσ+α′ (B3/4) ≤ C̄κ′. Thus by taking κ′ small

enough depending only on κ as in Theorem 3.1 and C̄ as in Proposition 4.1,

we have

[u]Cσ+α′ (B3/4) + ‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy) ≤ κ

and hence Theorem 3.1 applies to u and gives the desired estimate.

Remark 4.4.1. Comparing with Proposition 4.1, the key point is that instead

of some small universal ᾱ, we now essentially have C1,α-estimate for all α ∈

(0, 1) for small solutions. In particular it says all small solutions are classical

solutions since they are in Cσ+
.

We use the previous result to complete the proof of the main result:

Proof. We are left to deal with the case when σ + α > 2.

Note that one has 2 > σ > 1 in this case.
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By the previous result, we find κ′′ > 0 and α̃ > 0 such that 1 < σ+α̃ < 2

and u ∈ Cσ+α̃ whenever ‖u‖L∞(B1) + ‖u‖L1( 1
1+|y|n+σ dy) ≤ κ′′.

Consequently ue is well-defined and satisfies

ΣFij(D
σu(x))Dσ

ijue(x) = 0 in B1.

In a more familiar form, this is∫
δue(x, y)

〈Fij(Dσu(x))y, y〉
|y|n+σ+2

dy = 0 in B1.

Now note that Fij(D
σu(·)) is in C α̃ , we can use cut-off argument in non-

local Schauder theory [?] [?] to have estimate on [u]C1+σ+α̃(B1/4) = [ue]Cσ+α̃(B1/4).

Note that 1 +σ+ α̃ and σ+α now have the same integer part 2, we can again

use the improvement of regularity result to obtain the desired result.
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