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One of the most challenging issues in reservoir modeling The important goal of 

reservoir modeling is to generate a map of geologic attributes that can yield predictions of 

hydrocarbon production. Mostly, the primary source of information for creating such a map 

is borehole measurements, which are only available at sparse locations.  Reservoir modeling 

constrained to the available data along the wells allows us to generate multiple realizations 

for the whole reservoir. In order for these realizations to yield robust estimates of the 

uncertainty in reservoir performance prediction, it is imperative that they exhibit connectivity 

characteristics that are typical for the geological system being modeled.  

Different algorithms have been developed to stochastically simulate reservoir 

properties using sparse measured data. In these methods, the spatial variability represented 

by the underlying joint distribution is in the form of the spatial covariance. The major 
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drawback of traditional variogram-based modeling is that they are not able to reproduce 

complex spatial patterns. Multiple-point statistical algorithms, however, can reconstruct such 

curvilinear features.  

In this study, we study the link between the multiple point spatial pattern connectivity 

and the Fourier spectrum. This will allow us to infer statistical functions describing reservoir 

connectivity more efficiently. This can be further sub-divided into two approaches based on 

the availability of data and information.  

We also propose methods for selecting an optimum training image when there is 

ambiguity associated with it, and integrating non-stationary secondary information into the 

simulation framework. Then, we develop a simulation algorithm in Fourier domain. We will 

show that the amplitude of Fourier transform can be calculated directly from power spectrum 

(Fourier transform of covariance function). The phase identification can be achieved by 

either solving an optimization problem to match the available conditioning data or from 

higher order spectra such as bispectrum or trispectrum.  

Finally, we present a new framework for integrating dynamic data and performing 

history matching. We show how polyspectra affect the production behavior and therefore, 

we can use the production measurements at well location to identify amplitude and phase 

within the proposed framework. 
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1 Chapter1: Introduction 

One of the most challenging issues in reservoir modeling is to integrate information coming 

from different sources at different scales and precision. The primary data are borehole 

measurements, but in general, these are too sparse to construct accurate reservoir models if used 

by themselves. Therefore, one needs to integrate different sources of information from analogs, 

static measurements such as seismic data and/or dynamic production data.  

Many plausible reservoir models can be constructed to match the primary borehole 

measurement (non-uniqueness issue in reservoir modeling), but not all of them represent the 

underlying geology. Complex curvilinear features such as channels and fractures. significantly 

impact reservoir production and inaccuracies in representing the connectivity of such features 

leads to inaccurate reservoir performance predictions thereby undermining the reliability of the 

reservoir management scenarios. Secondary data can also provide valuable information regarding 

the connectivity of such reservoir features. 

 

1.1 PROBLEM STATEMENT 

An important goal of reservoir modeling is to generate a map of geologic attributes that 

can yield predictions of hydrocarbon production. Mostly, the primary source of information for 

creating such a map is borehole measurements, which are only available at sparse locations.  

Reservoir modeling constrained to the available data along the wells allows us to generate multiple 
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realizations for the whole reservoir. In order for these realizations to yield robust estimates of the 

uncertainty in reservoir performance prediction, it is imperative that they exhibit connectivity 

characteristics that are typical for the geological system being modeled. 

Different algorithms have been developed to stochastically simulate reservoir properties 

using sparse measured data. All these methods aim to draw realizations of the random function 

Z(u) based on the joint distribution function characterizing the spatial variability of the 

phenomenon under study. Some popular schemes are sequential simulation (Journel, 1983, Isaaks 

and Srivastava, 1989; Srivastava, 1992; Goovaerts, 1997; Chiles and Delfiner, 1999) and iterative 

approaches (Maksimov et al., 1993, Deutsch, 1992). that have become the core part of many 

current geostatistical applications.  

In these methods, the spatial variability represented by the underlying joint distribution is 

in the form of the spatial covariance or its counterpart the variogram function (two-point statistics 

function). The major drawback of these traditional variogram-based geostatistical modeling 

algorithms is that they are not able to reproduce complex spatial patterns such as fluvial channels. 

The variogram is inadequate to represent the connectivity exhibited by complex curvilinear 

features. One possible approach to represent the pattern continuity exhibited by curvilinear 

structures is to locally change the anisotropy direction of the variogram (Deutsch and Lewis, 1992; 

Xu, 1996; Boisvert et al., 2011). One could also correct for additional connectivity of the 

geological patterns by modifying the variogram ranges (Gringarten and Deutsch, 2001). 

It is accepted practice that in order to avoid numerical problems during the simulation, the 

first step should be to model the covariance function in such a way that the covariance matrix used 
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during the estimation or simulation process is guaranteed to be positive definite. In order to achieve 

this, the experimental covariance inferred using the data has to be modeled using some well known 

positive definite functions. However, Yao (1998) proposed that the covariance function could be 

modeled non-parametrically in the Fourier domain in order to satisfy the positive definiteness 

condition. This overcomes the limitation of parametric modeling of the covariance function, where 

one is limited to only a few functions for covariance modeling. 

Guardiano and Srivastava (1992) proposed to go beyond bivariate moments inferred from 

data pairs by introducing multiple-point geostatistics to overcome the problems confronting two-

point based algorithms. These methods are capable of reproducing complex patterns. Although 

these algorithms provide promising tools for reproducing complex geological structures such as 

channels, they require a training image for calculating conditional probabilities. Training images 

should be selected or constructed carefully, and should they be stationary and ergodic. These 

conditions imply that training images might be difficult to be constructed or even might be 

unavailable. Therefore, other methods that do not solely rely on training images are required. 

The development of a multiple-point statistics based simulation method for representing 

complex features in a reservoir, which does not rely on an exhaustive training model, would be an 

important advancement in reservoir modeling technologies. Performing the inference and 

modeling of the multiple point covariance functions in the spectral domain will render it feasible 

to model the complex connectivity of reservoirs using sparse data. 
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1.2 RESEARCH OBJECTIVE 

The following are the main objectives of this research: 

1.2.1 Modeling connectivity functions such as covariance or higher order moments  

As mentioned earlier, the connectivity functions inferred using the data has to be modeled 

prior to geostatistical simulations. In traditional geostatistics, a few analytical forms for 

connectivity functions (such as elliptical functions for covariance) are available. In this study, we 

present a fast and non-parametric algorithm based on the FFT to infer and model the higher order 

statistics of a random function in the form of its polyspectra. As will be shown later, this algorithm 

is fast and accurate; more importantly, because the connectivity functions are modeled non-

parametrically, the performance of the simulation is greatly improved. It will be shown that 

modeling the covariance by the FFT instead of using analytical functions results in a much better 

reproduction of even complex curvilinear objects such as fluvial channels. 

Furthermore, the direct inference of high order statistics from data is a computationally 

demanding task as the order of function increases, which makes it impractical. However, modeling 

the higher order statistical functions from their polyspectra reduces the number of required 

calculations significantly and greatly improves its computational efficiency. 

1.2.2 Simulation based on higher order statistics 

The two main shortcomings of current data driven simulation algorithms based on higher 

order statistics are: 

1. All the algorithms rely on a training image to infer the multiple point connectivity 
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functions. Training images should be selected carefully, and the statistics inferred 

from such images are affected by the decisions of ergodicity and stationarity. In 

many cases, meaningful training images might be unavailable. This motivates us to 

develop a new simulation algorithm that does not solely rely on the availability of 

a stationary training image. 

2. MPS simulation algorithms are usually computationally demanding. Recent studies 

have been devoted to accelerating these algorithms using GPUs (Tahmasebi et al., 

2012) or through parallelization (Mariethoz and Caers, 2014). In this study, we 

propose a novel simulation algorithm that performs the simulation in the frequency 

domain instead of the spatial domain, which makes the simulation much faster than 

the current simulation algorithms. 

Consequently, the main objectives of this study are: 

 Studying the link between the multiple point spatial pattern connectivity and the 

Fourier spectrum. This will allow us to infer statistical functions describing 

reservoir connectivity more efficiently. This can be further sub-divided into two 

approaches based on the availability of data and information: The first approach is 

by inferring the polyspectra when a full training image is available. The second 

approach is when only scattered data is available. In this latter case, we propose to 

apply a non-uniform Fast Fourier Transform (NUFFT) algorithm by imposing a 

sparsity constraint on the Fourier transform while matching the conditioning data 

to calculate the spectral decomposition of the reservoir properties. 
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 Providing methods for selecting an optimum training image when there is 

ambiguity associated with it. 

 Development of a simulation algorithm in the Fourier domain. As will be shown 

later, the amplitude of the Fourier transform can be calculated directly from the 

power spectrum (Fourier transform of the covariance function). The phase 

identification can be achieved by either solving an optimization problem to match 

the available conditioning data or from higher order spectra such as the bispectrum 

or trispectrum. These higher order spectra can be used for phase identification 

unlike the power spectrum, which can only be used for identifying the amplitude of 

Fourier transform. 

 In many applications, models for the subsurface reservoir have to be calibrated 

using the available dynamic data in the form of measured bottom-hole pressures 

and/or well flowrates. This process of calibration, also referred to as history 

matching, involves performing tedious perturbations to the reservoir model and the 

associated flow function until a match is observed. We address this issue in our 

simulation as well. We integrate dynamic data so that the resulting model has the 

same flow rates as the available measurements.  

1.3 DISSERTATION OUTLINE 

This dissertation is organized as follows: 
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Chapter 2 presents a thorough literature review on past works in the area of data integration 

and multiple Point Statistics (MPS) algorithms along with the limitations of each method. Chapter 

3 presents the definition of higher order cumulants and polyspectra. We discuss how to infer these 

connectivity functions using structured training images and sparse scattered data. In Chapter 4, we 

study the link between different properties of images and their polyspectra. We show that the shape 

of the objects can be inferred from the bispectrum (Fourier transform of 3rd order connectivity 

function) whereas the size and the orientation of the objects can be inferred from the power 

spectrum. 

We introduce different algorithms to perform geostatistical simulation using the power 

spectrum in Chapter 5. We show that the quality of the reconstruction using the power spectrum 

is better than traditional Kriging-based two-point statistics method. However, it will be shown that 

these algorithms fail for complex reservoirs such as channelized reservoir and demonstrate the 

necessity of going beyond the power spectrum or its analog- two-point statistics in the spatial 

domain, for performing simulations. 

Chapter 6 presents a new simulation algorithm using the bispectrum. We present two 

different algorithms for conditioning the primary data and discuss their advantages and limitations. 

We show that the algorithm has a high accuracy even for complex channelized reservoirs. 

In Chapter 7, we present a new framework for integrating dynamic data and performing 

history matching. We show how the amplitude and phase of the Fourier transform of the reservoir 

affect the production behavior. Therefore, we can use the production measurements at well 

location to identify amplitude and phase within the proposed framework. 
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Finally, a summary of key conclusions and future work are presented in Chapter 8. We also 

show the results of the proposed method in Chapter 6 on a variety of different images in Appendix 

A. In Appendix B, we present the application of the presented MPS simulation algorithm for pore 

scale modeling of rocks. We show how the presented algorithm can be used to reconstruct a 

representative high-resolution 3-D image of porous media from only a single 2-D image through 

the rock.  
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2 Chapter 2: Literature Review 

In this Chapter, we present a comprehensive literature review about different geostatistical 

simulation algorithms and discuss their advantages and disadvantages. Then, we present a 

literature review about different methods of dynamic data integration and history matching. 

 

2.1 TWO POINT STATISTICS METHOD 

One of the first methods for estimating an unknown variable at an unsampled location is 

kriging (Krige, 1951). Kriging is a linear least-squares estimation technique for interpolating a 

value using the sparsely available hard data. The method was initially applied to mineral deposits 

by assuming continuous mineralization between measured mineral grades. Kriging applies a 

weighted linear combination of measured data, by assuming a Gaussian distribution of the data, to 

obtain the interpolated values at unsampled locations. The weights, used for these linear 

combinations, are determined to minimize the estimation variance. 

The weights in kriging are obtained by solving a system written in terms of the covariance 

between the data and the unknown and between the data themselves. In that sense, kriging only 

relies on a two-point statistics, i.e. a spatial covariance or its counterpart, a semi-variogram. The 

variograms measure the dissimilarity of attributes at two locations as a function of the lag distance 

(h) separating them: 
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𝛾(𝒉) =  
1

2
𝐸 {(𝑍(𝒖) − 𝑍(𝒖 + 𝒉))

2
} =

1

2𝑁(ℎ)
∑(𝑧(𝒖) − 𝑧(𝒖 + 𝒉))

2

𝑁(ℎ)

𝑖=1

 (2-1) 

 

𝑧(𝒖) and 𝑧(𝒖 + 𝒉) are reservoir properties at locations 𝒖 = (𝑥, 𝑦, 𝑧) and 𝒖 + 𝒉 = (𝑥 +

ℎ𝑥, 𝑦 + ℎ𝑦 , 𝑧 + ℎ𝑧), and 𝑁(ℎ) is the number of data pairs separated by lag 𝒉. As defined above, 

the semi-variogram is a measure of dissimilarity (i.e. the bigger the difference in values at the two 

locations, the higher the variogram value). Its value increases as the lag increases. The typical 

shape of a variogram is shown in Figure 2-1. The variogram sill is the maximum variogram value 

where it reaches its plateau (variogram range) for a second order stationary phenomenon. 

 

 

Figure 2-1: Typical two-point spatial connectivity function (variogram). 
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Kriging estimates the reservoir properties at unknown locations by linear combination of 

the available data as follows: 

 

 


 uZZ
n

o 



1

*  (2-2) 

 

Where the weights are the solution of the following system of equations: 

 

∑ 𝜆𝛽𝐶(𝒉𝛼𝛽) + 𝜇 = 𝐶(𝒉𝛼0), 𝛼 = 1,2, … , 𝑛𝑛
𝛽=1   (2-3) 

∑𝜆𝛽 = 1

𝑛

𝛽=1

 
(2-4) 

 

where  uZ  is the reservoir property at known locations u , *
oZ  is the estimate, and  are 

kriging weights. The kriging weights are calculated by solving the linear system of equations (2-3) 

and (2-4). 𝐶(𝒉𝛼𝛽) is the covariance corresponding to the lag (𝒉𝛼𝛽) between the data pair (𝑍(𝑢𝛼) 

and 𝑍(𝑢𝛽)), respectively, and 𝐶(𝒉𝛼0) and 𝒉𝛼0 are the covariance and the lag between the known-

unknown pair (𝑍(𝑢𝛼) and 𝑍0
∗). The Lagrange parameter   is necessary because of the additional 

constraint Eq. (2-4). 

Matheron (1973) introduced stochastic simulation to correct for the smoothing effects of 

kriging and generate multiple realizations of the spatial random function to quantify uncertainty. 

The first sequential algorithm, called sequential Gaussian simulation (SGS), is popular for 
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generating multiple realizations of a multi-Gaussian field. The popularity of this method is mostly 

due to the simplicity and flexibility, introduced by the Gaussian assumption. A simulated value is 

obtained by sampling from a normal ccdf obtained by simple kriging. Unlike kriging, where the 

mean of the variable was retained as the estimate at the unsampled location, in SGS, a value is 

randomly sampled from the corresponding Gaussian distribution whose mean and variance is 

obtained by kriging. 

The application of kriging is suited to reasonably well-behaved phenomena, where the 

smooth realizations can depict the main geological features. However, in highly variant 

phenomena with long-tailed distributions, kriging based on the Gaussian assumption will 

underestimate the connectivity of high values and over-estimate the connectivity of low values, 

and hence, has limited capability for modeling highly sinuous features. In some situations, the 

estimation of the variable itself is not of importance, but a non-linear function of it; for example, 

estimating the probability of mineral grade being greater than a given economic threshold value 

(Z(u) > zth). Indicator kriging (Journel, 1983) is particularly suited to model such probabilities. 

One of the issues in sequential Gaussian simulation is its inability to honor significant 

spatial correlations between extreme values (Journel and Alabert, 1988; Journel and Deutsch, 

1993). In addition, sequential Gaussian simulation uses a single covariance model for 

characterizing the spatial geological phenomenon. In some cases, the spatial variability is different 

for each range of values. For example, shale barriers, having permeability values less than a 

specific threshold, may exhibit good spatial continuity in the subsurface. Representing the 

continuity using a single variogram model may underestimate the desired continuity. In such cases, 
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the non-linear and non-parametric approach of sequential indicator simulation is used. Sequential 

indicator simulation (SIS) is a pixel-based simulation algorithm that builds a categorical image by 

drawing from the local probability distribution characterizing the categories obtained using 

specific variogram models for each data threshold (Journel and Alabert, 1988; Alabert and 

Massonat, 1990). Indicator techniques can easily accommodate different indicator variograms for 

different categories/facies and, more importantly, can integrate diverse types of soft data (Zhu and 

Journel, 1993; Deutsch and Journel, 1998). 

The indicator variables are defined as: 

 

𝐼(𝑧𝑐; 𝒙𝜶) =  {
1,    𝑖𝑓 𝑧( 𝑥𝛼) ≤ 𝑧𝑐 
0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.      

 (2-5) 

 

𝑧𝑐is the threshold, 𝑧(𝒙𝜶) are the data values at various spatial locations 𝒙𝜶. The expected 

value of the indicator is the cumulative probability function of the variable at the threshold value 

at that location, i.e.: 

 

𝐸{𝐼(𝑧𝑐; 𝒙𝜶)} = 𝑃𝑟𝑜𝑏{𝑧( 𝑥𝛼) ≤ 𝑧𝑐} = 𝐹𝑍(𝑧𝑐) (2-6) 

 

The expected value of the indicator conditioned to the indicator data in the vicinity of the 

estimation location is estimated using a linear estimator: 

 



 

 

14 

𝐸{𝐼(𝑧𝑐; 𝒙𝜶)} = 𝐹𝑍(𝑧𝑐|(𝑛)) =∑𝜆𝑖(𝒙𝜶)𝐼(𝑧𝑐; 𝒙𝒊)

𝑛

𝑖=1

 (2-7) 

 

where 𝜆𝑖(𝑥𝛼)s are determined by the following system of equations: 

 

{
 
 

 
 ∑𝜆𝑖(𝒙𝒊)𝐶𝐼(𝑧𝑐; 𝒙𝒊 − 𝒙𝜷) + 𝜇 = 𝐶𝐼(𝑧𝑐; 𝒙𝜶 − 𝒙𝜷),          𝛽 = 1,… , 𝑛 

𝑛

𝑖=1

∑𝜆𝑖(𝒙𝒊) = 1,                                                                                               

𝑛

𝑖=1

 (2-8) 

 

where 𝐶𝐼(𝑧𝑐; 𝒙𝒊 − 𝒙𝜷) is the covariance of indicator variables at a pair of locations 𝑥𝑖 and 𝑥𝛽 

evaluated corresponding to the threshold 𝑧𝑐 . 

First inspired by Journel and Alabert (1990), sequential indicator simulation (sisim) builds 

upon indicator kriging and introduces an algorithm for spatial simulation based on sequential 

sampling from the conditional distributions obtained by kriging. The process begins by defining a 

path through all unknown locations. Then, known data points in the vicinity of a simulation node 

are retrieved. Indicator kriging is performed at the simulation location to generate a conditional 

probability density function (cpdf) for the variable. A value is drawn from the cpdf and assigned 

to the simulation node. The process is repeated at each location along the path until the sparse map 

is filled.  Although the sisim algorithm does not assume a normal distribution at each point and 

evaluates the empirical conditional distribution at each point, it is still based on two-point statistics. 

Therefore, it fails to reproduce the connectivity exhibited by complex geologic features such as 
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fractures and channels. However, the introduction of a variogram model for each threshold allows 

the reproduction of features such as connected shale barriers embedded in a background of 

sedimentary beds exhibiting a different direction of continuity.  

Several algorithms for integrating different types of data within the kriging framework 

have also been developed. There are several ways to integrate seismic data in reservoir models 

such as kriging with an external drift (Goovaerts, 1997) or more robustly, cokriging (Dubrule, 

2003). Cokriging is an extension of kriging in which different types of data are linearly weighted 

in order to arrive at the estimate. The estimate in cokriging is written as: 

 

𝑍∗(𝒖) =  ∑ 𝜆𝑖0𝑍(𝒖𝒊) +
𝑛
𝑖=1 ∑ 𝜆𝑖1𝑌(𝒖𝒊)

𝐾
𝑖=1   (2-9) 

 

where y is the secondary variable, Z is the primary variable, n is the number of primary 

conditioning data, K is the number of secondary conditioning data, and the coefficients are 

determined by solving the following system of equations; 

 

{
 
 

 
 
 ∑ 𝜆𝑖0𝑐00(𝒖𝒊 − 𝒖𝒋) +
𝑛
𝑖=1 ∑ 𝜆𝑖1𝑐10(𝒖𝒊 − 𝒖𝒋) + 𝜇1 = 𝑐00(𝒖 − 𝒖𝒋)      , 𝑗 = 1,… , 𝑛

𝐾
𝑖=1

∑ 𝜆𝑖0𝑐10(𝒖𝒊 − 𝒖𝒋) +
𝑛
𝑖=1 ∑ 𝜆𝑖1𝑐11(𝒖𝒊 − 𝒖𝒋) + 𝜇2 = 𝑐10(𝒖 − 𝒖𝒋)      , 𝑗 = 1,… , 𝐾

𝐾
𝑖=1

∑ 𝜆𝑖0 = 1                                                                                                                             
𝑛
𝑖=1

∑ 𝜆𝑖1 = 0
𝐾
𝑖=1                                                                                                                              

 (2-10) 

 

𝑐00, 𝑐10,and 𝑐11 are autocovariace of primary variable, cross-covariance, and autocovariance of the 

secondary variable respectively. 
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The spatial variability of each type of data is considered through the appropriate 

autocovariance of the variable, while the redundancy between the data is considered through the 

cross-covariance between pairs of variables. One of the major tasks in cokriging is to ensure that 

the matrix of auto and cross-covariances is positive definite in order to ensure a unique solution 

using co-kriging. One of the approaches to ensure positive-definiteness is to assume a linear model 

of corregionalization (Goovaerts, 1997), which prescribes that the matrices of sill contributions of 

various structures making up the auto and cross-covariances are positive definite. Almeida and 

Journel (1994) proposed a simpler Markov corregionalization model that reduces the task of 

modeling cross-covariances to the rescaling of primary or secondary variable covariance or 

correlogram as follows. 

We assume the following form of a screening (Markov) hypothesis: 

 

𝐸{𝑦(𝒖)|𝑧(𝒖) = 𝑧, 𝑧(𝒖 + 𝒉) = 𝑧′} = 𝐸{𝑦(𝒖)|𝑧(𝒖) = 𝑧} (2-11) 

 

In other words, only the collocated hard and soft data at location u is needed for the 

modeling and the data at a neighboring location 𝑧(𝒖 + 𝒉) is screened by the datum 𝑧(𝒖 + 𝒉), the 

cross-covariance function can then be calculated as: 

 

𝑐12(𝒉) =  𝜌0𝑐11(𝒉) (2-12) 
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𝜌0 is the correlation coefficient between the collocated hard and soft data. The base 

implementation of co-kriging again presumes a multivariate Gaussian distribution characterizing 

the variability of both the hard and soft data. Relaxation of the Gaussian hypothesis is possible in 

indicator co-kriging. In that case, the available soft data is calibrated in order to yield the 

probability of a particular category existing at the estimation location. 

A spatial interpolation algorithm such as kriging or co-kriging yields a unique map where 

the local estimate at every location is identified with the conditional mean at that location. One of 

the deficiencies of these models is that they do not provide an assessment of global uncertainty. In 

addition, the maps obtained from kriging are smooth and might not represent the spatial variability 

of the data. These issues are addressed in stochastic simulation where multiple possible realizations 

of the random function model are obtained, each honoring the same set of data constraints 

(Goovaerts, 1997). However, stochastic simulation algorithms (both Gaussian and non-parametric) 

based on kriging or co-kriging still require legitimate models for the auto and cross-covariances 

and suffer from the same drawback in that the models of spatial heterogeneity are constrained only 

to spatial two–point covariances or variograms.  

 

2.2 COVARIANCE OR VARIOGRAM MODELING 

Traditionally, a closed-form analytical model is fitted to covariance values in order to 

ensure the positive definiteness of the covariance matrix. In order facilitate the modeling process, 

a linear regionalization model (Wackernagel, 2013) is generally adopted in which a positive linear 
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combination of some basic structures (such as exponential, spherical, and Gaussian models) are 

linearly combined using their contribution towards the total variability exhibited by the 

phenomenon as the weights for the combination. In the case of more than one variable, the linear 

model of corregionalization (described earlier) is adopted in order to ensure positive variances and 

a unique solution to the kriging system. Subsequently, Yao (1998) proposed a new non-parametric 

method for covariance modeling. She built on the Bochner theorem for the spectral representation 

of spatial covariances (Yaglom, 2012) and demonstrated that the covariance matrix is positive 

definite if and only if its Fourier transform is real and positive. She also showed that the absolute 

value of the Fourier transform of the reservoir property is simply the squared root of the Fourier 

transform of the covariance function. By adding a uniform random phase to the absolute value, 

she was able to perform the stochastic simulation in the spectral domain. Although the ability to 

model the covariance function non-parametrically improves the simulation results, the method is 

still based on only two-point statistics and fails for complex reservoirs such as channelized 

reservoirs. 

 

2.3 OBJECT BASED ALGORITHMS 

All these approaches are based on two-point statistics that are defined by a histogram and 

a variogram model, and hence, are unable to reproduce complex spatial patterns, such as channels. 

In flow modeling, these spatial patterns of continuity have a significant effect on the non-linear 

response such as the breakthrough of injected fluid at the wells. Accurate models and realistic 
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realizations can better quantify the spatial uncertainty, given all the available direct and indirect 

information. There have been some attempts to reproduce curvilinear structures and patterns of 

continuity. For instance, according to Deutsch and Lewis (1992), anisotropy directions of 

variograms can be modified locally. Even the variogram ranges could be modified in order to 

correct for additional connectivity of the geological features (Deutsch and Gringarten, 2000). 

However, in spite of all these methods, none could really reproduce complex patterns or shapes.  

The introduction of object-based simulation algorithms transformed the science of 

modeling spatial features exhibiting complex connectivities. Whole objects with their specific 

geometries were used to populate the models one at a time (Haldorsen and Lake, 1984; Stoyan et 

al., 1987; Haldorsen and Damsleth, 1990; Deutsch and Wang, 1996; Holden et al., 1998). Object-

based methods distribute geometric objects according to some probability laws in space by the use 

of marked-point processes. They drop objects on the simulation grid until the proportional 

constraints (such as net-to-gross ratios) are met. Conditioning to reservoir-specific information 

basically follows a trial-and-error approach by modifying the object sizes, moving them around, 

or adding/removing objects until the conditioning information is satisfied. One of the main 

advantages of object-based modeling is the visual appeal of the final result. Using this framework, 

geologists would be able to see familiar sedimentary objects and have direct control over the 

shapes and sizes of those features. For example, a channel can be characterized by its sinuosity 

(amplitude and wavelength), channel width, channel length and channel thickness. Object-based 

methods try to honor this information and place the desired geometrical objects on the simulation 

grid by trying various combinations of parameter distributions to obtain a visually satisfying 
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geological image. Despite great visual crispness of the resulting geological features, object-based 

modeling approaches have three main drawbacks that make them unsuitable for geostatistical 

modeling:  

1. They are difficult to condition to local data. For example, prior proportion curves and 

densely packed well data will make the trial-and-error process of object positioning 

extremely difficult and CPU demanding. Even the advent of simulated annealing 

approaches for conditioning the object-based methods are not able to provide the 

required level of accuracy within acceptable number of iterations. 

2. The multivariate distribution of marked point processes are too complex and cannot be 

analytically defined.  

3. Different geological environments require custom algorithms for modeling the 

complex features deemed relevant to the study area. For instance, a fluvial reservoir 

setting consists of channels, levees, and crevasse sands within a floodplain shale. 

Several different approaches have been designed for modeling solely these fluvial 

reservoirs in the Norwegian North Sea (Clemensten et al., 1990; Damsleth et al., 1992; 

Henriquez et al., 1990; Stanley et al., 1990). The implementation and the theory for 

fluvial modeling kept refining over many years (Georgsen and Omre, 1993; Hatløy, 

1995; Hove et al., 1992; Deutsch and Wang, 1996). This shows the need for such 

detailed algorithms for each geological scenario. 
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2.4 MULTIPLE POINT STATISTICS 

As mentioned earlier, most of these algorithms rely on two-point statistics and fail to 

reconstruct complex geological features such as fluvial channels. Therefore, multiple-point 

geostatistics (MPS) was proposed for modeling the highly complex and curvilinear geological 

features of the subsurface. These methods, unlike object-based approaches, can be more easily 

conditioned to available data. 

Initially Srivastava (1992) proposed to go beyond bivariate moments by introducing 

multiple-point geostatistics that considers variability at more than two locations taken jointly. Later 

Caers (1998) proposed the idea of borrowing conditional probabilities directly from a training 

image (TI), allowing the use of higher order or multiple-point statistics to reproduce geological 

structures and patterns. The training image could be obtained from outcrop analysis, geological 

maps or near wellbore images and pattern statistics describing the geologic heterogeneity inferred 

from the training image replacing the traditional two-point statistics or variogram (Caers and 

Zhang, 2004). Training images should be selected or constructed carefully, and they should obey 

the rules of stationarity and ergodicity. 

The proposed approach MPS remained impractical for many years due to its high 

computational complexity and CPU demand. However, the need for modeling complex geological 

systems exhibiting highly non-linear sedimentary features necessitated the refinement of many 

multiple-point geostatistical algorithms throughout these years. These methods, based on the rules 

for inferring multiple-point statistics from the conceptual training image, can be divided into three 
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categories - (1) probabilistic-based, (2) optimization-based, and (3) pattern-based approaches. An 

overview of each of these methods is provided hereafter. 

2.4.1 Probabilistic-based methods 

Strebelle (2000) developed the first structured multiple-point statistics algorithm of ‘single 

normal (extended) simulation’ (called snesim) for simulating categorical variables. The approach 

of snesim is based on inferring statistics from the training image. Specifically, the probability of 

the random variable in the central node of a spatial template is obtained given the nearby 

conditioning multiple-point data event. It is thus a probabilistic approach similar to the one 

proposed by Guardiano and Srivastava (1993). However, in order to reduce the computational 

complexity of computing the conditional probabilities, instead of scanning the training image for 

each conditioning data template, all probabilities inferred from the training image are stored in a 

search tree by a one-time scanning of the training image. The search tree data structure allows a 

fast retrieval of all required conditional probabilities during the simulation. Snesim uses a pixel-

based sequential simulation approach, which makes the conditioning to well and seismic data 

much easier than in object-based modeling techniques. One of the shortcomings of snesim, 

however, is that the training image needs to be categorical, and it is conceptually more difficult to 

work with continuous variables. 

Later, Ortiz and Emery (2005) proposed another approach to integrate multiple-point 

statistics for all traditional sequential approaches (such as indicator, multi-Gaussian, or disjunctive 

kriging). In addition, Hong et al. (2008) integrated multiple-point statistics with secondary data 
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(instead of just primary data) by estimating the joint probability of the collocated secondary data 

and the nearby multi-point conditioning data. 

Growthsim (Eskandari and Srinivasan, 2007; Huang and Srinivasan, 2012) introduced the 

notion of simulating multiple point simulation event conditioned to multiple point data event in 

the vicinity of the simulation node. This method is in contrast to traditional multiple point statistics 

algorithms where the simulation progresses one node at a time. Huang and Srinivasan (2012) 

demonstrated growthsim algorithm for developing the reservoir model for a deepwater turbidite 

system. They also showed the capability of growthsim algorithm to represent non-stationary 

features. 

Impala (Straubhaar et al., 2011) is another MPS method, which is a list-based approach 

for multiple-point simulation. It follows the same concepts as in snesim for storing the conditional 

probabilities derived from the training image, and later, using them during simulation. However, 

instead of the search tree in snesim, Impala uses a list structure for storing the multiple-point 

statistics inferred from the training image. The advantage is the reduction in the amount of memory 

storage required for the MPS algorithm (albeit at the expense of increased run-time memory). In 

addition, it provides the means for parallelizing the retrieval of conditional probabilities. In spite 

of the memory and CPU advantages of using lists, the methodology behaves exactly similar to 

snesim algorithm. 

Dimitrakopoulos et al. (2009) first used the concept of cumulants in a spatial context to 

characterize non-linear, stationary and ergodic spatial random fields. Cumulants are combinations 

of statistical moments, such as mean or variance that allow the characterization of non-Gaussian 
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random variables (Rosenblatt, 1985). Higher-order spatial cumulants can capture the complex 

geological features and geometrical shapes of the physical phenomena.  

The k-th order cumulant of a stationary random function z(u) can be modeled as a function 

of distance, denoted as 𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏), which is defined as the joint k-th order cumulant of 

the random variables z(u), z(u+h1), …, z(u+hk-1) (Rosenblatt, 1985), i.e., 

 

𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) = cum(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), … , 𝑧(𝒖 + 𝒉𝒌−𝟏))  (2-13) 

 

For example, the third order cumulant 𝑐1,2,3 is defined as  

 

𝐶1,2,3 = cum(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), 𝑧(𝒖 + 𝒉𝟐)) = 𝐶3,𝑧(𝒉𝟏, 𝒉𝟐)   (2-14) 

 

or  

 

𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) = E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)} − E{𝑧(𝒖)}E{𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 +

𝒉𝟐)} − E{𝑧(𝒖)}E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)} − E{𝑧(𝒖)}E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟐)} + 2E{𝑧(𝒖)}
3  

(2-15) 

 

For a zero-mean random function, equation (2-15) becomes: 

 

𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) = E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)}  (2-16) 
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Equation (2-16) shows that the third order cumulant function depends on the shape of the three-

point template defined by the spatial lags 𝒉𝟏 and 𝒉𝟐. The concept of spatial cumulants and different 

methods for modeling and calculating them will be discussed later in detail in Chapter 3. 

Spatial covariance is a measure of the relationship between pairs of points separated by a 

given vector h. Spatial cumulants of higher order are similarly a measure of correlation or 

relationship but in the direction of a pre-defined spatial template. Dimitrakopoulos et al. (2009) 

showed that high-order cumulants can characterize spatial pattern frequency and are correlated to 

the orientation of the spatial template. Therefore, each geological system requires its own choice 

of cumulants for optimal pattern analysis. It has also been shown that cumulants up to and 

including fifth-order are enough for efficiently characterizing the spatial geometries in training 

images. 

Next, Mustapha and Dimitrakopoulos (2010b) provided a computer code for calculating 

higher-order spatial cumulants. The previous exploration of spatial cumulants was used as the basis 

for the simulation of complex geological phenomena by Mustapha and Dimitrakopoulos (2010a). 

The simulation takes advantage of spatial cumulants developed in the high-dimensional space of 

Legendre polynomials in a sequential framework, called ‘hosim’. It proceeds by randomly 

choosing a spatial node u, estimating the conditional probability of the random variable given the 

neighboring data and previously simulated nodes, and finally, drawing a value for that node from 

the distribution. The process repeats until all the nodes of the grid have been visited. The only 

difference is the method of deriving the analytical expressions for the local probability density 

functions. In hosim, Legendre coefficients are obtained from the multiple-point templates and used 
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to derive the expressions for multivariate conditional distributions. This cumulant-based 

simulation method was demonstrated to be less dependent on training image statistics than snesim 

but more data-driven. The algorithm first tries to find the multiple-point statistics from the data, 

and only if not enough replicates could be found, the training image was used for inference. More 

details about this algorithm for spatial simulation will be presented in subsequent Chapters. 

 

2.4.2 Optimization-based approaches 

Caers and Journel (1998) applied neural networks for multiple-point geostatistical 

modeling. The neural network is trained by the training image to determine the local conditional 

probabilities. A neighborhood template is chosen and all the data values on the multiple-point 

template are mapped by the neural network to a one-dimensional output, representing the 

conditional probability of the node centering the template. In the learning phase, training image 

statistics are used to adjust network parameters. Several examples of unconditional simulation 

were shown by Caers and Journel (1998).  The neural network approach was also applied for data 

integration in reservoir modeling. Caers and Ma (2002) proposed an approach for modeling the 

conditional probability of facies given the additional seismic data. One of the drawbacks of this 

method is that determining the correct parameters for an effective simulation depends on the 

specific spatial model under study and requires modelers’ expertise. The learning phase requires 

the same attention, i.e. when to stop the learning to avoid over-fitting. 

Lyster and Deutsch (2008) applied the Gibbs sampling MCMC approach for multiple-point 

simulation of a geological phenomenon. A Gibbs sampler is a statistical method proposed initially 
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by Geman and Geman (1984). This method is also a special case of the Metropolis algorithm for 

drawing samples from complex joint/marginal distributions. The simulation process is similar to 

Markov-based approaches where an initial random image is iteratively refined by resampling node 

values from the prior multiple-point statistics of the training image. The main challenge is to find 

the conditional probabilities of facies at each point. In the method proposed by Lyster and Deutsch 

(2008), a technique based on linear combinations of observed data was adapted. However, instead 

of the random variables themselves, it uses multiple-point events (MPE). The multiple-point event 

is a pre-defined configuration of points that the practitioner deems appropriate for statistics of the 

training image. Again, the iterative method of Gibbs sampling requires a stopping criterion, 

compromising between the speed of the algorithm and statistical reproduction of patterns of the 

training image. There are some cases that excessive iterations may even lead to artifacts in the 

generated realizations (Lyster and Deutsch, 2007). Furthermore, the appropriate choice of 

multiple-point events specific for a training image is unknown. This has a direct consequence on 

either the quality of complex geometrical features in generated realizations if small MPEs are 

chosen, or the speed of the iterative algorithm if spatially large data events are selected. 

2.4.3 Pattern-based approaches 

The probabilistic paradigm in multiple-point geostatistics, such as snesim, was substituted 

with a multipoint pattern-based approach by Arpat (2005) and Arpat et al. (2007). In order to 

circumvent the limitations seen in probabilistic approaches (mostly that the simulated pattern is 

obtained one node at a time and, consequently, the connectivity of patterns is interrupted), the 
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pattern-based methods such as simpat (simulation of patterns) considers  probabilities of whole 

multiple-point patterns conditioned to a multiple-point data event. 

Simpat is shown to provide visually-appealing realizations. However, one of the main 

issues concerning this approach is the huge computational complexity associated with similarity 

searches; i.e., comparing the data event with all the patterns in a training image. This leads to poor 

CPU performance in comparison to other geostatistical algorithms. In addition, because the entire 

spatial pattern is simulated, there are artifacts introduced between adjacent simulation locations 

resulting in patchy simulations. 

Zhang et al. (2006) introduced a multi-point algorithm that operated similar to snesim, but 

pasted entire patterns from the training image into the sparse map. Rather than simulating one grid 

location at a time, filtersim scores patterns from the training image, places the pattern into a binned 

database, retrieves the pattern consistent with the pattern of conditioning data during simulation, 

and places the entire pattern onto the simulation grid. 

Later, Chatterjee et al. (2011) proposed to use wavelet analysis for pattern-based simulation 

of categorical and continuous variables. Wavelet analysis can decompose a training image into 

different frequency components (Mallat, 1999). The technique is similar to the filtersim algorithm. 

Instead of using filters for dimensionality reduction of patterns of the training image, it uses 

wavelet decomposition at certain scales. The wavelet sub-bands can capture most of the pattern 

variability, and reduce the dimensionality of the patterns. The resulting approximate sub-band 

coefficients of patterns are then used for pattern classification. During the simulation, the same 
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similarity search is performed between the conditioning data event and the patterns of the training 

image. 

One of the shortcomings, however, is the amount of complexity this technique adds to the 

entire algorithm; for example, in determining the size of the sub-band (or in simple terms, the 

amount of dimensionality reduction of patterns). In this method, the modeler has to tune this value 

to obtain a compromise between the goodness of the final realization and the computational time 

of the algorithm. 

Another similar but important shortcoming of this approach is the wavelet function and its 

decomposition levels. It is critical to know the best decomposition level for classifying the patterns. 

In other words, the decomposition level is not linearly related to classification accuracy. Increasing 

the decomposition level does not, in a linear sense, guarantee more accurate clustering. For 

example, two decomposition levels may provide better results than using three decomposition 

levels. Including all levels (which is equivalent to ignoring wavelets decomposition and just 

working with the original patterns) may even lead to worse classification (based on the arguments 

provided by Arpat (2005) against using proximity transforms for better similarity comparison). 

Other factors related to the wavelet transform that have to be specified by the user could also be 

considered as sources of error/uncertainty. 

Later Honarkhah and Caers (2010) proposed another algorithm called dispat. In their 

methodology, patterns scanned from the training image are represented as points in a Cartesian 

space using multidimensional scaling. The idea behind this mapping is to use distance functions 

as a tool for analyzing variability between all the patterns in a training image. These distance 
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functions can be tailored to the application at hand. By significantly reducing the dimensionality 

of the problem and using kernel-space mapping, an improved pattern classification algorithm is 

obtained. 

Tahmasebi et al. (2012) proposed a novel methodology for which there is no need to 

construct a pattern database and small data event. This overcomes the shortcoming of previous 

pattern-based simulation algorithms that are highly memory and CPU-intensive. They proposed a 

new function for assessing the similarity of the generated pattern and the training image, based on 

a cross-correlation (CC) function that can be used with both categorical and continuous training 

images. They combined the CC function with an overlap strategy and a new approach based on an 

adaptive recursive template splitting along a raster path, in order to develop an algorithm, cross-

correlation simulation (CCSIM), for generation of the realizations of a reservoir with accurate 

conditioning and continuity. The algorithm is extremely fast and capable of reconstructing 

complex geologic features. CCSIM was also applied for the purpose of 3-D reconstruction of 

porous media using only one 2-D thin section of it (Tahmasebi and Sahimi, 2012). However, as is 

true with other MPS methods, the algorithm solely relies on a training image.  

2.4.4 Other MPS Simulation Approaches 

Later Mariethoz and Renard (2010) proposed the Direct Sampling algorithm. The direct 

sampling process differentiates itself from the previously introduced algorithms mainly by 

skipping the entire process of scanning and storing pattern statistics from a training image. Instead, 

it simulates the outcome at the simulation node by directly finding the first match in the training 

image, rather than by retrieving a match from the database of prior patterns. 
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In the direct pattern sampling technique by Mariethoz (2010), the outcome at a central node 

given the pattern of information in the surrounding nodes is directly sampled from the training 

image. Instead of counting and storing the pattern histogram by scanning the training image and 

subsequently retrieving the probability corresponding to a conditioning data pattern during 

simulation, in the direct sampling algorithm, the training image is scanned at every step of the 

simulation. The first match with the conditioning data pattern is sampled, and the outcome at the 

central node is directly copied and applied at the simulation node. The occurrence of the first 

matching pattern is assumed to mimic the characteristics of the underlying pattern histogram. 

One of the main advantages over simpat is the reduction in computational complexity. 

However, there are several parameters (more than in previous pattern-based approaches) that 

require tuning for an efficient simulation in terms of both the speed of the algorithm, and the quality 

of multiple-point statistical reproduction of the training image patterns. 

2.5 DYNAMIC DATA INTEGRATION 

As mentioned earlier, the main goal of reservoir modeling is to predict the reservoir 

performance in the future so that it can be optimized. It seems reasonable that the models with less 

uncertainty will result in more accurate predictions. Therefore, one needs to validate the geologic 

model to decrease the uncertainty associated with it prior to applying any reservoir management 

scenario. To do so, the reservoir properties need to be calibrated so that the simulated results match 

the available measurements. This problem is also known as history matching. Developing new 
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geostatistical simulations to integrate dynamic data into reservoir models and perform history 

matching is still a big challenge in the research in this field. 

Various methods have been proposed to calibrate the reservoir properties and perform 

history matching. In general, the reservoir can be modeled with a large set of parameters. All these 

inverse modeling algorithms start with an initial set of parameters and perturbing them until a good 

match is met. 

One set of the approaches is gradient-based methods (Yeh, 1986; Anterion et al., 1989). In 

these methods, we need to calculate the sensitivity of the measurements to each parameter. Many 

reservoir simulations are needed for calculating the sensitivity coefficients. That is, for this 

iterative inversion method, we must find the change in the production data at each well by a small 

perturbation to each one of the input parameters. There are three main algorithms for it: direct 

method (Dogru and Seinfeld, 1981), perturbation methods (Hoffman and Caers, 2005; Oliver and 

Yen, 2011), and adjoint-state methods (Oliver et al., 2008). Each has its own advantage and 

disadvantage, but they all require significant computation time and coding.  

Calculating the sensitivity coefficients using perturbation methods is done by 

implementing the concept of pilot plans. Pilot plan methods are first introduced for estimation and 

then used for history matching (La Venue et al., 1992; Rao et al., 1995). In these methods, a smaller 

subset of input parameters is perturbed to match the measured data. This perturbation is done such 

that the geological spatial connectivity (two-point connectivity or semivariogram in this case) is 

honored.  
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A Markov chain Monte Carlo (MCMC) is a sampling method that assigns the probability 

to each realization (Tjelmeland, 1996; Ma et al., 2008). In these algorithms, the probability of each 

realization depends only on the preceding realization. There is a term known as transition 

probability that helps to calculate the probability of the second realization from the first realization. 

Calculating the transition probability is the main challenge in these methods. Hu (2000) proposed 

a gradual deformation algorithm, which is a parametric method that preserves the spatial 

connectivity of the reservoir within the deformation process.  

To improve the history matching performance, many parameterization approaches have 

been proposed in the petroleum-engineering literature. These approaches make use of a reduced 

set of parameters by using methods that range from simple zonation (Agrawal and Blunt, 2003) to 

more complex mathematical transforms (Agrawal et al., 2000; Agbalaka and Oliver, 2008; 

Agbalaka and Oliver, 2011; Anderson, 2007). Mathematical transforms that are based on spectral 

decomposition have the advantage of being able to efficiently separate the large- and small-scale 

spatial features of a geological property such as permeability. If the finer details are omitted, an 

approximate description of the original field is achieved with fewer parameters. 

In addition to these methods, there has been a tremendous effort to constraint the inverted 

reservoir properties to prior geostatistical knowledge such that the final map exhibits the same 

two-point and multiple point connectivity as expected (Eskandari and Srinivasan, 2010; Kashib 

and Srinivasan, 2006).  

In this dissertation, we present a new transform-based method for history matching. We 

transform the properties into the Fourier-based domain and aim to seek the Fourier transform of 
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the reservoir properties. We will show that the multiple point connectivity of the reservoir 

properties can be preserved more easily than the previously introduced algorithms.  

2.6 SUMMARY 

Although these methods have been successful in terms of retrieving complex objects such 

as channels, they have a major drawback. They mostly require a training image to infer high order 

connectivity functions. Also, calculating these connectivity functions are done by a direct search 

in the spatial domain (training images). In this dissertation, we present a method that outperforms 

the existing algorithms in the following points: 

 It can be used even when the training image is not available. The connectivity 

functions can be inferred from scattered data points as well. 

 The algorithm is computationally faster than the existing methods due to the use of 

FFT (fast Fourier transform). 

 It can integrate secondary source of data such as available production 

measurements into reservoir models. This process of integration, also referred to as 

history matching, involves performing tedious perturbations to the reservoir model 

and the associated flow function until a match is observed. In the next section, a 

brief literature review of history matching is provided. 

In the next Chapter, we present the concepts of spatial cumulants and polyspectra and their 

properties. We discuss how the features of the reservoirs are related to their corresponding high 
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order cumulants and polyspectra. In addition, we will present computationally optimum methods 

to model and estimate these functions from both training images and scattered data.   
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3 Chapter 3: High Order Moments and Polyspectra 

In this Chapter, we present the properties of high order statistics of a random function and 

present different algorithms for calculating them where either a training image is available or we 

have only scattered data. 

3.1 HIGHER ORDER STATISTICS OF RANDOM FUNCTIONS 

Given a random variable, Z, its moment generating function is defined as (Rosenblatt, 

1985): 

𝑀[𝜔] = 𝐸[𝑒𝜔𝑧] =  ∫ 𝑒𝜔𝑧𝑓𝒁(𝑧)

∞

−∞

𝑑𝑧 (3-1) 

The cumulant generating function of Z is the Neperian logarithm of the moments generating 

function M: 

 

𝐾[𝜔] = ln (𝐸[𝑒𝜔𝑧]) (3-2) 

The rth (r ≥ 0) moment of Z is E[𝑍𝑟] = ∫ 𝑧𝑟𝑓𝒁(𝑧)
∞

−∞
𝑑𝑧. Expanding the function 𝑒𝜔𝑧 as a 

Taylor series about the origin: 

 

𝑀[𝜔] = 𝐸[𝑒𝜔𝑧] =  𝐸 [∑
𝜔𝑟𝑧𝑟

𝑟!

∞

𝑟=0

] =∑
𝜔𝑟𝐸[𝑧𝑟]

𝑟!
=

∞

𝑟=0

∑
𝜔𝑟Mom[𝑧,… , 𝑧]

𝑟!

∞

𝑟=0

 (3-3) 
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Relating this to the Taylor expansion of M w[ ]  about the origin, the rth moment of z should 

be the rth derivative of M at the origin. Likewise, the rth order cumulant of z is the rth derivative 

of K at the origin: 

 

𝐾[𝜔] = ln (𝐸[𝑒𝜔𝑧]) = 𝑙𝑛 (𝐸 [∑
𝜔𝑟𝑧𝑟

𝑟!

∞

𝑟=0

]) =∑
𝜔𝑟Cum[𝑧,… , 𝑧]

𝑟!

∞

𝑟=0

 (3-4) 

The relation between the first few moments and cumulants are as follows: 

 

Cum[𝑧] = Mom[𝑧] (3-5) 

Cum[𝑧, 𝑧] = Mom[𝑧, 𝑧] − Mom[𝑧]2 (3-6) 

Cum[𝑧, 𝑧, 𝑧] = Mom[𝑧, 𝑧, 𝑧] − 3Mom[𝑧, 𝑧] ∙ Mom[𝑧] + 2Mom[𝑧]3 (3-7) 

 

And the moments can be calculated from the cumulants by 

 

Mom[𝑧, 𝑧] = Cum[𝑧, 𝑧] + Cum[𝑧]2 (3-8) 

Mom[𝑧, 𝑧, 𝑧] = Cum[𝑧, 𝑧, 𝑧] + 3Cum[𝑧, 𝑧]Mom[𝑧] + Cum[𝑧]3 (3-9) 
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In terms of spatial moments, the three-point moment is a measure of similarity between 

three spatial locations. If the moment value is high, it implies that the three locations jointly have 

high values of the spatial attribute Z i.e. the moment is a measure of connectivity. The spatial 

cumulant as it is related to the moment is also a measure of spatial connectivity. 

3.1.1 Multivariate Case 

The relationship between moments and cumulants, somewhat surprisingly, is more simple 

and transparent in the multivariate case than in the univariate case. Let Z = (Z1,...,Zn) be the 

components of a random vector. Borrowing the results for the univariate case, one may write E𝑟 =

 E[Z𝑟] for the component of the mean vector, Ers = E[ZrZs] for the component of the second moment 

matrix, Erst = E[ZrZsZt] for the third moment, and so on. In addition, the cumulants are consistently 

introduced by cr = Cum[Zr] for the component of mean vector, cr,s = Cum[Zr,Zs] and cr,s,t = 

Cum[Zr,Zs,Zt]. It is convenient to use Einstein’s summation convention, so wrZr denotes the linear 

combination w1Z1+ w2Z2 +···+ wnZn, the square of the linear combination (wrZr)2= wrwsZrZs is a 

sum of n2 terms, and so on for the higher powers. The Taylor expansion of the moment-generating 

function of Z is now given by 

 

𝑀[𝑤] = 1 + 𝑤𝑟𝐸𝑟 +
𝑤𝑟𝑤𝑠𝐸𝑟𝑠
2!

+
𝑤𝑟𝑤𝑠𝑤𝑡𝐸𝑟𝑠𝑡

3!
+ ⋯ (3-10) 

 

The cumulants correspondingly are defined as the coefficients of the Taylor series 

expansion of cumulant generating function: 
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𝐾[𝑤] = ln (𝑀[𝑤]) = 𝑤𝑟𝑐𝑟 +
𝑤𝑟𝑤𝑠𝑐𝑟𝑠
2!

+
𝑤𝑟𝑤𝑠𝑤𝑡𝑐𝑟𝑠𝑡

3!
+ ⋯ (3-11) 

  

Comparison of the above equations reveals that the translation of moments to cumulants, 

and vice versa, can be obtained recursively as 

 

𝐸𝑖1…𝑖𝑛 = ∑ … ∑ ∑ (
𝑖1
𝑗1
)… (

𝑖𝑛−1
𝑗𝑛−1

) (
𝑖𝑛
𝑗𝑛
)

𝑖𝑛

𝑗𝑛=0

𝑖𝑛−1

𝑗𝑛−1=0

𝑖1

𝑗1=0

[𝐶𝑖1−𝑗1,…,𝑖𝑛−1−𝑗𝑛−1,𝑖𝑛−𝑗𝑛𝐸𝑗1…𝑗𝑛] (3-12) 

𝑐𝑖1…𝑖𝑛 = ∑ … ∑ ∑ (
𝑖1
𝑗1
)…(

𝑖𝑛−1
𝑗𝑛−1

) (
𝑖𝑛
𝑗𝑛
)

𝑖𝑛

𝑗𝑛=0

𝑖𝑛−1

𝑗𝑛−1=0

𝑖1

𝑗1=0

[𝐸(𝑖1−𝑗1)…(𝑖𝑛−1−𝑗𝑛−1)(𝑖𝑛−𝑗𝑛)𝐶𝑗1,…,𝑗𝑛] 

(3-13) 

 

Usually, the third and fourth order cumulants of random functions are of more importance 

(Roussos and Mustapha, 2010): 

 

𝑐1,2,3 = 𝐸123 − 𝐸1𝐸23 − 𝐸2𝐸13 − 𝐸3𝐸12 + 2𝐸1𝐸2𝐸3  (3-14) 
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𝑐1,2,3,4

= 𝐸1234 − 𝐸12𝐸34 − 𝐸13𝐸24 − 𝐸14𝐸23 − 𝐸1𝐸234 − 𝐸2𝐸134 − 𝐸3𝐸124 − 𝐸4𝐸123

+ 2𝐸12𝐸3𝐸4 + 2𝐸13𝐸2𝐸4 + 2𝐸14𝐸2𝐸3 + 2𝐸24𝐸1𝐸3 + 2𝐸34𝐸1𝐸12 + 2𝐸23𝐸1𝐸4

− 6𝐸1𝐸2𝐸3𝐸4 

(3-15) 

 

For a zero-mean random function, equation (3-15) becomes: 

 

𝑐1,2,3,4 = 𝐸1234 − 𝐸12𝐸34 − 𝐸13𝐸24 − 𝐸14𝐸23 (3-16) 

3.1.2 Stationary Spatial Random Functions 

Assuming {z(u)} to be a k-th order stationary spatial random process. The k-th order 

cumulant of this process can be modeled as a function of lag separations between the k spatial 

locations, i.e. 

 

𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) = cum(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), … , 𝑧(𝒖 + 𝒉𝒌−𝟏))  (3-17) 

 

For example, the third order cumulant 𝑐1,2,3 is defined as  

 

𝐶1,2,3 = cum(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), 𝑧(𝒖 + 𝒉𝟐)) = 𝐶3,𝑧(𝒉𝟏, 𝒉𝟐)   (3-18) 
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or 

  

𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) = E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)} − E{𝑧(𝒖)}E{𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)} −

E{𝑧(𝒖)}E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)} − E{𝑧(𝒖)}E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟐)} + 2E{𝑧(𝒖)}
3  

(3-19) 

 

For a zero-mean random function, equation (2-15) becomes: 

 

𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) = E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)}  (3-20) 

 

and the fourth-order and the fifth-order cumulant of a zero-mean random function is 

𝐶4,𝑧(𝒉𝟏, 𝒉𝟐, 𝒉𝟑) = E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)𝑧(𝒖 + 𝒉𝟑)} − 

𝐶2,𝑧(𝒉𝟏)𝐶2,𝑧(𝒉𝟐 − 𝒉𝟑) − 𝐶2,𝑧(𝒉𝟐)𝐶2,𝑧(𝒉𝟏 − 𝒉𝟑) − 𝐶2,𝑧(𝒉𝟑)𝐶2,𝑧(𝒉𝟏 − 𝒉𝟐) 

(3-21) 
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𝐶5,𝑧(𝒉𝟏, 𝒉𝟐, 𝒉𝟑, 𝒉𝟒)  

= E{𝑧(𝒖)𝑧(𝒖 + 𝒉𝟏)𝑧(𝒖 + 𝒉𝟐)𝑧(𝒖 + 𝒉𝟑)𝑧(𝒖 + 𝒉𝟒)}

− 𝐶2,𝑧(𝒉𝟏)𝐶3,𝑧(𝒉𝟐 − 𝒉𝟑, 𝒉𝟐 − 𝒉𝟒) − 𝐶2,𝑧(𝒉𝟐)𝐶3,𝑧(𝒉𝟑 − 𝒉𝟏, 𝒉𝟒 − 𝒉𝟏)

− 𝐶2,𝑧(𝒉𝟑)𝐶3,𝑧(𝒉𝟐 − 𝒉𝟏, 𝒉𝟒 − 𝒉𝟏) − 𝐶2,𝑧(𝒉𝟒)𝐶3,𝑧(𝒉𝟐 − 𝒉𝟏, 𝒉𝟑 − 𝒉𝟏)

− 𝐶2,𝑧(𝒉𝟐 − 𝒉𝟏)𝐶3,𝑧(𝒉𝟑, 𝒉𝟒) − 𝐶2,𝑧(𝒉𝟑 − 𝒉𝟏)𝐶3,𝑧(𝒉𝟐, 𝒉𝟒)

− 𝐶2,𝑧(𝒉𝟒 − 𝒉𝟏)𝐶3,𝑧(𝒉𝟐, 𝒉𝟑) − 𝐶2,𝑧(𝒉𝟑 − 𝒉𝟐)𝐶3,𝑧(𝒉𝟏, 𝒉𝟒)

− 𝐶2,𝑧(𝒉𝟒 − 𝒉𝟐)𝐶3,𝑧(𝒉𝟏, 𝒉𝟑) − 𝐶2,𝑧(𝒉𝟒 − 𝒉𝟑)𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) 

(3-22) 

 

Please note that the terms like 𝒉𝟐 − 𝒉𝟑 in equation (3-21) and (3-22) (subtraction of two 

lag vectors) refer to the vectorized subtraction not a scalar subtraction. The cumulants of an order 

higher than three of a zero mean random function are related to their moments of lower orders and 

a combination of their moments of order two. 

3.1.2.1 Main Properties of Moments and Cumulants 

The following properties of moments and cumulants are important in order to perform 

operations with them and in order to use cumulants for describing the properties of spatial random 

fields. 

  

 Mom[𝜔1𝑧1, 𝜔2𝑧2, …𝜔𝑟𝑧𝑟] = 𝜔1𝜔2…𝜔𝑟Mom[𝑧1, 𝑧2, … 𝑧𝑟] and 

Cum[𝜔1𝑧1, 𝜔2𝑧2, …𝜔𝑟𝑧𝑟] = 𝜔1𝜔2…𝜔𝑟Cum[𝑧1, 𝑧2, … 𝑧𝑟] where 𝜔1, 𝜔2,…𝜔𝑟 are 

constants. 
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 Moments and cumulants are symmetric functions of their arguments. For instance: 

       Mom[𝑧1, 𝑧2, 𝑧3] = Mom[𝑧2, 𝑧1, 𝑧3] = Mom[𝑧3, 𝑧2, 𝑧1] 

 If the random variables {𝑍1, 𝑍2, … 𝑍𝑟} can be divided into any two or more groups 

which are statistically independent, their rth order cumulant is zero, whereas their rth 

order moment is not necessary zero. 

 If the sets of random variables {𝑍1, 𝑍2, … 𝑍𝑟} and {𝑌1, 𝑌2, … 𝑌𝑟} are independent, then 

Cum[𝑍1 + 𝑌1, 𝑍2 + 𝑌2, … 𝑍𝑟 + 𝑌𝑟] = Cum[𝑍1, 𝑍2, … 𝑍𝑟] + Cum[𝑌1, 𝑌2, … 𝑌𝑟], whereas 

Mom[𝑍1 + 𝑌1, 𝑍2 + 𝑌2, … 𝑍𝑟 + 𝑌𝑟] ≠ Mom[𝑍1, 𝑍2, … 𝑍𝑟] + Mom[𝑌1, 𝑌2, … 𝑌𝑟]. 

 If the set of random variables {𝑍1, 𝑍2, … 𝑍𝑟} are jointly Gaussian, then their joint 

cumulant of order higher than 2 is zero. 

 The third and fourth order cumulant of a non-Gaussian stationary random function z(u) 

can be written as (Nikias and Petropulu, 1993): 

 

𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) = Mom(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), … , 𝑧(𝒖 +

𝒉𝒌−𝟏)) − Mom
𝐺(𝑦(𝒖), 𝑦(𝒖 + 𝒉𝟏), … , 𝑦(𝒖 + 𝒉𝒌−𝟏)), 𝑘 = 3,4  

(3-23) 

 

Mom𝐺(𝑦(𝒖), 𝑦(𝒖 + 𝒉𝟏), … , 𝑦(𝒖 + 𝒉𝒌−𝟏)) is the k-th order moment function of an 

equivalent Gaussian process (𝑦(𝒖)) that has the same mean and autocorrelation 

function of 𝑧(𝒖). Also, if 𝑧(𝒖) is Gaussian, then: 
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Mom(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), … , 𝑧(𝒖 + 𝒉𝒌−𝟏))

= Mom𝐺(𝑦(𝒖), 𝑦(𝒖 + 𝒉𝟏), … , 𝑦(𝒖 + 𝒉𝒌−𝟏)) 

(3-24) 

 

and 

 

                   𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) = 0 for 𝑘 = 3,4 (3-25) 

 

 The third order cumulant of a random function has the following symmetry properties: 

 

                  𝐶3,𝑧(𝒉𝟏, 𝒉𝟐) = 𝐶3,𝑧(𝒉𝟐, 𝒉𝟏) 

                  = 𝐶3,𝑧(−𝒉𝟐, 𝒉𝟏 − 𝒉𝟐) 

                  = 𝐶3,𝑧(𝒉𝟐 − 𝒉𝟏, −𝒉𝟏) 

                  = 𝐶3,𝑧(𝒉𝟏 − 𝒉𝟐, −𝒉𝟐) 

                  = 𝐶3,𝑧(−𝒉𝟏, 𝒉𝟐 − 𝒉𝟏) 

(3-26) 

Therefore, for a 1-D function, knowing the third order cumulant in any one of the six 

sectors 1 to 6 in Figure 3-1 would enable us to find the values at entire region 
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Figure 3-1: Symmetry region of third order cumulant 

3.1.2.2 Calculating Spatial Cumulants 

In this section, we focus on calculating spatial cumulants for regularly sampled data or a 

regularly sampled training data set. In general, however, geological data is available only on 

irregularly spaced borehole locations, but the development of a method to compute spatial 

cumulants in that situation will be presented later. 

Similar to anisotropic experimental variograms, it is possible to calculate cumulants in a 

given direction. Therefore, we introduce the concept of a spatial template for calculating 

cumulants. A spatial template T is defined as a particular geometry of points in space; more 

specifically, given a set of directional vectors {𝒉𝟏, 𝒉𝟐, … , 𝒉𝒏}, the associated spatial template of 

order (n + 1) is defined as 

 

𝑇𝑛+1(𝒉𝟏, 𝒉𝟐…𝒉𝒏) = {
(𝒖, 𝒖 + 𝒉𝟏, 𝒖 + 𝒉𝟐, …𝒖 + 𝒉𝒏)|

{𝒖, 𝒖 + 𝒉𝟏, 𝒖 + 𝒉𝟐, …𝒖 + 𝒉𝒏} ⊂  𝑖𝑛𝑝𝑢𝑡 𝑖𝑚𝑎𝑔𝑒
}  (3-27) 

𝒉2 

𝒉1 

1 

2 

5 

3 

4 6 
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where vectors 𝒉𝟏, 𝒉𝟐…𝒉𝒏 and represents the template of multiple point connectivity. Then, the 

third and fourth order cumulant of a zero-mean random function z(u) for a given template 

𝒉𝟏, 𝒉𝟐, … 𝒉𝒏 (n=2,3) can be calculated as follows: 

 

𝐶𝑇3(𝒉𝟏, 𝒉𝟐) =
1

𝑁ℎ1,ℎ2
∑ 𝑧(𝒖𝒌)𝑧(𝒖𝒌 + 𝒉𝟏)𝑧(𝒖𝒌 + 𝒉𝟐),

𝑁𝒉𝟏,𝒉𝟐

𝑘=1
 

{𝒖𝒌, 𝒖𝒌 + 𝒉𝟏, 𝒖𝒌 + 𝒉𝟐} ∈  𝑇3 

(3-28) 

 

Based on the relationship between the spatial cumulant and the higher order moments as 

indicated by Eq. 3-20 and 3-22: 

 

𝐶𝑇4(ℎ1, ℎ2, ℎ3) =
1

𝑁ℎ1,ℎ2,ℎ3
∑ 𝑧(𝒖𝒌)𝑧(𝒖𝒌 + 𝒉𝟏)𝑧(𝒖𝒌 + 𝒉𝟐)𝑧(𝒖𝒌 + 𝒉𝟑)

𝑁ℎ1,ℎ2,ℎ3

𝑘=1
 

−
1

(𝑁ℎ1,ℎ2,ℎ3)
2
[(∑ 𝑧(𝒖𝒌)𝑧(𝒖𝒌 + 𝒉𝟏)

𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)

× (∑ 𝑧(𝒖𝒌 + 𝒉𝟐)𝑧(𝒖𝒌 + 𝒉𝟑)
𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)] 

(3-29) 
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−
1

(𝑁ℎ1,ℎ2,ℎ3)
2 [(∑ 𝑧(𝒖𝒌)𝑧(𝒖𝒌 + 𝒉𝟐)

𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)

× (∑ 𝑧(𝒖𝒌 + 𝒉𝟏)𝑧(𝒖𝒌 + 𝒉𝟑)
𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)] 

−
1

(𝑁ℎ1,ℎ2,ℎ3)
2
[(∑ 𝑧(𝒖𝒌)𝑧(𝒖𝒌 + 𝒉𝟑)

𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)

× (∑ 𝑧(𝒖𝒌 + 𝒉𝟐)𝑧(𝒖𝒌 + 𝒉𝟏)
𝑁ℎ1,ℎ2,ℎ3

𝑘=1
)] 

{𝒖𝒌, 𝒖𝒌 + 𝒉𝟏, 𝒖𝒌 + 𝒉𝟐, , 𝒖𝒌 + 𝒉𝟑} ∈  𝑇4 

where 𝑁ℎ1,ℎ2 and 𝑁ℎ1,ℎ2,ℎ3 are the numbers of elements in 𝑇3 and 𝑇4, respectively.  

To understand the pattern recognition and description capabilities of spatial cumulants, we 

calculate the third order cumulants of some examples to improve our understanding of the 

interrelation between cumulant characteristics and pattern characteristics of geological entities. If 

this is understood, then spatial cumulants can be used to generate predictive models. The examples 

in this section are complete images, and the regular grid approach described in the previous section. 

Later, we will discuss how the algorithm should be modified to apply on a scatter set of data points. 

It should be noted that the covariance is a measure of similarity between pairs of points 

separated by a given lag distance; similarly, the spatial cumulants of orders higher than two are 

also a measure of similarity, but in the direction of the symmetry axis of the multiple point template 

used. In the examples that follow, cumulants are computed for zero mean data sets. 
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In the following examples, the cumulants are computed with L-shape, 45-degree 

direction, xx axis direction and yy axis direction, templates as shown in Figure 3-2  

 

Figure 3-2. Different configuration of three-point connectivity: (a) L-shape (b) 45 degree (c) xx template and (d) yy 

template 

The first example in Figure 3-3 consists of five squares of high positive value (0.8) 

embedded in a background of negative value (-0.07). The overall mean value of the original image 

is zero. Note that the top left, the bottom left and bottom right squares have L-shape symmetry. 

This example shows that similar to second-order cumulant (covariance), all the third-order 
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cumulant maps identify the size of the largest object in the image. This is represented by the high 

positive value around the origin in all the cumulant maps.  

 

 

 

Figure 3-3: The original image (top-left), the covariance map (top-right), cumulant computed using a Lshape  

(middle left), a 45 degree (middle right), xx direction (botttom left), and yy direction template (bottom right) 
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The extent of this high value cumulant region is equal to the size of the largest squares in 

the heterogeneous model. In addition, this example shows that the L-shape cumulant in Figure 3-3 

(3) detects the redundancy of features in the direction of the template axis. For example, the high 

intensity anomaly on the top right corner in Figure 3-3 (3) corresponds to the L-shape interaction 

between the top left squares, the bottom left square and the bottom right square of the original 

image in Figure 3-3 (1). When the branches of the L-shape template are inside the squares, the 

cumulant then involves the product of three high positive values, leading to a high intensity third-

order cumulant for the given distances and cumulant template.  

Please note that for the 45 degree, xx, and yy template the three-point template will drop 

to two-point template when h1 = h2 (which means the 45-degree line in the maps). Also, exchanging 

the vectors h1 and h2 (please see Figure 3-2) in these template does not make any changes in the 

three point connectivity template shape, therefore, there is a symmetry with respect to 45 degree 

line in these three maps. 

It is interesting to observe what happens when the L-shape symmetry in the original image 

is broken, as shown in Figure 3-4. Figure 3-4 (1) shows the same image as Figure 3-3(1), but 

without the top left square. This removal breaks the L-shape symmetry at large lags of the previous 

image and allows us to visualize the interplay between the underlying heterogeneity model and the 

cumulant statistics derived on the basis of the template. As expected, the high value at the top right 

corner is replaced by a strong negative value, because the high pixel values (0.8) within the square 

on the top left corner are replaced with the low values (−0.1). Consequently, for large lags equal 
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to the separation between squares, the multiplication of three high 0.8 values is replaced with a 

multiplication of two 0.8 values and a -0.1 value, leading to a strong negative value. The other  

 

 

 

 

Figure 3-4: The original image (top-left), the covariance map (top-right), cumulant computed using a Lshape 

template (middle left), a 45 degree template (middle right), cumulant in the x direction (botttom left), and in the y 

direction (bottom right) 



 

 

52 

regions of the cumulant map do not show many changes, except that the intensity of the anomalies 

decreased. 

To show the importance of high-order cumulants for characterizing complex reservoirs, we 

calculate the covariance and third-order cumulants of two maps sharing the same histogram (one-

point connectivity) and covariance (two-point connectivity). Figure 3-5 and Figure 3-6 show two 

reservoir maps with the grid size of 505050 ft3 (which will be the same for all the reservoir maps 

in this dissertation). These maps are constrained to the same histogram and comparable covariance 

maps as shown in the figures. However, the three-point connectivity maps are no longer the same. 

This is due to the fact that the shape of the objects in the images are not the same. In the next 

Chapter, we will show how the three-point connectivity can be used to distinguish between the 

shape of different objects. It should be noted that although the covariance maps are not exactly the 

same, they have the same direction of anisotropy (90 degree) as well as the same maximum and 

minimum range (11 and 5 pixels), but they appear different at higher lags. However, the difference 

of their three-point cumulant is much higher indicating the importance of three-point cumulants 

for different shapes within the images. We will discuss this issue in more details in the next 

Chapter.  
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Figure 3-5: The original image (top-left), the covariance map (top-right), cumulant computed using the Lshape 

(middle left), 45 degree (middle right), xx direction (botttom left), and yy direction template (bottom right) 
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Figure 3-6: The original image (top-left), the covariance map (top-right), cumulant computed using the Lshape 

(middle left), 45 degree (middle right), xx direction (botttom left), and yy direction template (bottom right) 
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3.2 HIGHER ORDER SPECTRA OF RANDOM FUNCTIONS 

Assuming 𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) is absolutely summable (i.e. 

∑ …∑ |𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏)|
∞
𝒉𝒌−𝟏=−∞

∞
𝒉𝟏=−∞

 exists and is finite), the k-th order polyspectrum is 

defined as the (k-1)-dimensional discrete Fourier transform of the k-th order cumulant, i.e., 

  

𝑆𝑘,𝑧(𝝎𝟏, 𝝎𝟐, … ,𝝎𝒌−𝟏) = 

∑ … ∑ 𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏)

∞

𝒉𝒌−𝟏=−∞

∞

𝒉𝟏=−∞

× exp [−𝑗∑𝝎𝒊𝒉𝒊

𝑘−1

𝑖=1

] 

(3-30) 

 

The 𝝎𝟏, 𝝎𝟐, … ,𝝎𝒌−𝟏 space is the domain of support for 𝑆𝑘,𝑧(𝝎𝟏, 𝝎𝟐, … ,𝝎𝒌−𝟏). 

𝑆2,𝑧(𝝎) (which is the Fourier transform of covariance function) is known as the power spectrum 

(in many papers the notation 𝑃(𝝎) is used). 𝑆3,𝑧(𝝎𝟏, 𝝎𝟐) and 𝑆4,𝑧(𝝎𝟏, 𝝎𝟐, 𝝎𝟑) are known as 

bispectrum (also noted as 𝐵(𝝎𝟏, 𝝎𝟐)) and trispectrum (also noted as 𝑇(𝝎𝟏, 𝝎𝟐, 𝝎𝟑)) of the 

random process and have been widely used for many applications in signal processing such as 

system identification, image reconstruction, etc (Nikias and Raghuveer, 1987). In this section, we 

focus on the properties of the power spectrum and bispectrum because they can be used to fully 

reconstruct complex reservoir property maps as will be shown later.  
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3.2.1 Power Spectrum 

The power spectrum is one of the main tools used in signal analysis and a huge body of 

literature has been published concerning its use and properties (Nikias and Raghuveer, 1987). As 

mentioned earlier, the power spectrum is the Fourier transform of the covariance function and is 

usually known as a measure of the energy of a signal. For a deterministic signal 𝑧(𝑡), the energy 

is defined as 

 

𝐸 = ∫ |𝑧(𝑡)|2𝑑𝑡 = 
∞

−∞

∫ 𝑃(𝜔)𝑑𝜔
∞

−∞

 (3-31) 

 

𝑃(𝜔) is the power spectrum of the signal. If we assume the following integrals exist: 

 

𝑍(𝜔) = ∫ 𝑧(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡 
∞

−∞

and the inverse  𝑧(𝑡) = ∫ 𝑍(𝜔)𝑒𝑖𝜔𝑡𝑑𝜔 
∞

−∞

 (3-32) 

 

Then, the power spectrum 𝑃(𝜔) is related to the signal by the following equation: 

 

𝑃(𝝎) = 𝑍(𝝎) 𝑍∗(𝝎) =  |𝑍(𝝎)|2  (3-33) 

 

where 𝑍∗(𝝎) is the conjugate gradient of the complex Fourier transform 𝑍(𝝎). For a stochastic 

process Z(t), however, the energy is defined as  
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𝐸 = 𝐸{|𝑍(𝑡)|2} = ∫ |𝑍(𝑡)|2𝑑𝑧
∞

−∞

= ∫ 𝑃(𝜔)𝑑𝜔
∞

−∞

 (3-34) 

 

and the power spectrum is calculated by the following equation: 

𝑃(𝝎) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎) 𝑍𝑇
∗(𝝎)} =  lim

𝑇→ ∞
𝐸{|𝑍𝑇(𝝎)|}

2  (3-35) 

 

where 𝑍𝑇(𝝎) is the Fourier transform of the signal 𝑧𝑇(𝑡) defined by 

 

𝑧𝑇(𝑡) = {
𝑧(𝑡)    |𝑡| < 𝑇/2
0       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

  (3-36) 

 

In other words, 𝑧𝑇(𝑡) is a large enough realization of the random process 𝑧(𝑡) spanning 

from -T / 2  to T / 2. Because the power spectrum is a product of the Fourier transform and its 

complement, this implies that it is only related to the amplitude of the Fourier transform and 

contains no information about the phase. Later, we will show the importance of phase for 

conditioning the reservoir model.  

Similar to a covariance, an important symmetry exists for the power spectrum as follows: 

 

𝐶(ℎ) = 𝐶(−ℎ)  (3-37) 

𝑃(𝝎) =  𝑃(−𝝎) (3-38) 
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𝑃(𝝎)  ≥ 0 (𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣𝑎𝑙𝑢𝑒)  (3-39) 

Please note that equation (3-39) is a restatement of Bochner’s theorem (Yaglom, 2012) that 

states that the covariance function is positive definite if and only if its Fourier transform is real and 

non-negative. 

3.2.2 Bispectrum 

For a deterministic signal 𝑧(𝑡), we can write  

 

∫ |𝑧(𝑡)|3𝑑𝑡 = 
∞

−∞

∫ ∫ 𝐵(𝜔1, 𝜔2)𝑑𝜔1𝑑𝜔2

∞

−∞

∞

−∞

 (3-40) 

 

where 𝐵(𝜔1, 𝜔2) is the bispectrum of the signal and is defined as  

 

𝐵(𝝎𝟏, 𝝎𝟐) = 𝑍(𝝎𝟏)𝑍(𝝎𝟐)𝑍
∗(𝝎𝟏 +𝝎𝟐) (3-41) 

 

For a stationary random process, these equations can be written as  

 

E{|𝑧(𝑡)|3} =  ∫ ∫ 𝐵(𝜔1, 𝜔2)𝑑𝜔1𝑑𝜔2

∞

−∞

∞

−∞

 (3-42) 

 

where 𝐵(𝜔1, 𝜔2) is the bispectrum and can be calculated as  

𝐵(𝝎𝟏, 𝝎𝟐) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎𝟏)𝑍𝑇(𝝎𝟐)𝑍𝑇
∗(𝝎𝟏 +𝝎𝟐)} (3-43) 
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Thus, in the same way that the power spectrum decomposes the power or expected 

amplitude of a signal, the bispectrum decomposes the skewness or third-order moment. The 

bispectrum is a function of two frequency variables, 𝝎𝟏 and 𝝎𝟐, and whilst the power spectrum 

includes the contribution of each individual frequency component independently, the bispectrum 

analyses includes the frequency interactions between the frequency components at 𝝎𝟏, 𝝎𝟐, and 

𝝎𝟏+𝝎𝟐. In general, the bispectrum is a complex quantity; however, throughout this work only the 

magnitude of the bispectrum is considered.  

In this section, we focus on the properties of bispectrum of a real function because the 

signal or the image/map of rock properties that we deal with in reservoir characterization problems 

is real. The following symmetries of third order cumulants follow from the symmetries indicated 

in Equation (3-26) (Nikias and Raghuveer, 1987): 

 

𝐵(𝝎𝟏, 𝝎𝟐) = 𝐵(𝝎𝟐, 𝝎𝟏) 

                    = 𝐵∗(−𝝎𝟐, −𝝎𝟏) = 𝐵
∗(−𝝎𝟏, −𝝎𝟐) 

                   = 𝐵(−𝝎𝟏 −𝝎𝟐, 𝝎𝟐) = 𝐵(𝝎𝟏, −𝝎𝟏 −𝝎𝟐) 

                   = 𝐵(−𝝎𝟏 −𝝎𝟐, 𝝎𝟏) = 𝐵(𝝎𝟐, −𝝎𝟏 −𝝎𝟐) 

(3-44) 

 

Therefore, knowing the bispectrum for any one of the regions 1 to 12 in Figure 3-7 enables 

us to know the bispectrum for the entire region. 
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Figure 3-7: Symmetry regions of the bispectrum. 

 

3.2.3 Estimation of High Order Spectra 

In this section, we present a computationally efficient method to calculate high order spectra 

and cumulants depending on the data type. In the first section, we explain how we can estimate 

higher-order spectra if a training image is available. The next section focuses on the inference 

when only sparse conditioning data is available.  

3.2.3.1 Estimation from Training Images 

Let {z(u)} be a k-th order stationary random process. As discussed earlier, the k-th order 

cumulant of this process, denoted as 𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) is calculated for the random variables 

z(u), z(u+h1), …, z(u+hk-1): 
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𝐶𝑘,𝑧(𝒉𝟏, 𝒉𝟐, … , 𝒉𝒌−𝟏) = cum(𝑧(𝒖), 𝑧(𝒖 + 𝒉𝟏), … , 𝑧(𝒖 + 𝒉𝒌−𝟏))  (3-45) 

 

As shown earlier, the power spectrum, bispectrum, and trispectrum can be calculated by 

 

𝑃(𝝎) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎) 𝑍𝑇
∗(𝝎)} =  lim

𝑇→ ∞
𝐸{|𝑍𝑇(𝝎)|}

2  (3-46) 

𝐵(𝝎𝟏, 𝝎𝟐) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎𝟏)𝑍𝑇(𝝎𝟐)𝑍𝑇
∗(𝝎𝟏 +𝝎𝟐)} (3-47) 

𝑆4,𝑧(𝝎𝟏, 𝝎𝟐, 𝝎𝟑) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎𝟏)𝑍𝑇(𝝎𝟐)𝑍𝑇(𝝎𝟑)𝑍𝑇
∗(𝝎𝟏 +𝝎𝟐 +𝝎𝟑)} (3-48) 

𝑆𝑘,𝑧(𝝎𝟏, 𝝎𝟐, … ,𝝎𝒌−𝟏) = lim
𝑇→ ∞

𝐸{𝑍𝑇(𝝎𝟏)…𝑍𝑇(𝝎𝒌−𝟏)𝑍𝑇
∗(𝝎𝟏 +𝝎𝟐 +…+𝝎𝒌−𝟏)} (3-49) 

 

In cases where training images (TI) are available, it is a representative of spatial patterns 

of reservoirs. Therefore, they can be thought of as a realization of the random function being 

modeled. If one aims to infer the cumulants from a training image, the Fourier transform of the 

training image can be used to calculate the polyspectra and the inverse Fourier transform to 

calculate the cumulant. This means we calculate the Fourier transform of the training image using 

FFT, and use equations (3-47) to (3-49) to calculate the polyspectra. Then, we use the inverse FFT 

to calculate the cumulants from the polyspectra. This would be computationally more efficient 

than the case that the pairs with prescribed lag size are searched in the training image to calculate 

the cumulants. For example, for a simple 1D training image with N data points, we can compute 

the Fourier transform of the image and the mean of the resultant transform values would yield the 

power spectrum. Calculating covariance by calculating power spectrum density will be done in 
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O(N log N) instead of O(N2) (by searching the pairs in the training image and calculating 

covariance function directly). 

 To demonstrate the accuracy and the computational efficiency of this method, we calculate 

the covariance map and third order cumulants of the training images shown in Figure 3-5 and 

Figure 3-6. The results are shown in Figure 3-8 and Figure 3-9. Please note that the results shown 

in Figure 3-8 and Figure 3-9 are very similar to those shown in Figure 3-5 and Figure 3-6 mainly 

because the training images used for the study are large enough representative of the reservoirs. 

Please note that the maps are not exactly identical although their difference may not be seen 

visually.  
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Figure 3-8: The original image (top-left), the covariance map (top-right), Lshape cumulant (middle left), 45 degree 

cumulant (middle right), xx cumulant (botttom left), and yy cumulant (bottom right) 
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Figure 3-9: The original image (top-left), the covariance map (top-right), Lshape cumulant (middle left), 45 degree 

cumulant (middle right), xx cumulant (botttom left), and yy cumulant (bottom right) 
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Comparing Figure 3-8 and Figure 3-9 with Figure 3-5 and Figure 3-6 shows that the 

proposed method for using FFT to calculate high order spectra is accurate. Also, it should be 

mentioned that for the image shown in Figure 3-8, calculating the covariance map by searching 

pairs within the training image takes 1707s whereas calculation using the FFT method takes only 

10s. In addition, for the image shown in Figure 3-9, calculating the covariance map by searching 

pairs within the TI takes 73s whereas calculation using the FFT method takes only 0.01s. In the 

next section, we explain how we can use this methodology when a training image is not available. 

3.2.3.2 Estimation from Scattered Data 

Estimation of higher order moments by calculating higher-order spectra improves the 

computational efficiency of the process due to the fast performance of FFT. However, the FFT 

requires an exhaustive dataset or image (such as a training image) and is therefore not amenable 

to calculating higher-order moments from scattered data. In this section, we present a new 

methodology for fast calculation of the Fourier transform from scattered data based on compressed 

sensing theory (Donoho, 2006; Khalighi et al., 2015; Drach et al., 2015) This will be done by 

assuming that the Fourier transformation of a geologic variable is nearly sparse in the frequency 

domain (i.e there are only a few non-zero coefficients in the Fourier expansion on account of the 

spatial correlation exhibited by the geologic system). This assumption has been used in many 

image reconstruction studies (Gan, 2007; Lustig et al., 2008; Wang et al., 2008). We propose to 

infer the Fourier transform of reservoir variables from the available scattered data by imposing a 

sparsity constraint on the Fourier transform. A brief discussion of compressed sensing theory 

follows. 
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Compressed sensing has been recently proposed for reconstruction of sparse signals (i.e. 

signals that exhibit some temporal correlation) from partial observations in a complementary 

“incoherent” domain using convex optimization (Candès et al., 2006; Donoho, 2006; Candès and 

Tao, 2006). Assuming a sparse signal 𝑥𝑁 and its transformation coefficients 𝑦𝑁when subject to 

transformation matrix 𝐴𝑁×𝑁: 

 

𝑦𝑁×1 = 𝐴𝑁×𝑁 𝑥𝑁×1 (3-50) 

In the notation of equation (3-50), 𝑥 is the Fourier transform coefficient, 𝐴 is the inverse 

Fourier transform matrix, and 𝑦 is the actual image. Because the image exhibits spatial correlation, 

its Fourier transformation is sparse. A very well-known example in image processing of this 

feature is the example of a camera man shown in Figure 3-10. The left panel shows the original 

image. The middle image is the amplitude of the Fourier transform coefficient, and the right image 

shows the results of reconstruction using only the highest 15% of the coefficients. 

 

Figure 3-10: The image of a camera man (left image), the amplitude of Fourier transform coefficients, and the 

results of reconstruction using only the highest 15% of the coefficients. 
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When performing conditional geostatistical simulations, construction of an image or a map 

knowing only 𝐾 (𝐾 ≪ 𝑁) observations is desired. These sparse observations 𝑦𝐾×1 can be 

reconstituted as: 

𝑦𝐾×1 = 𝐴𝐾×𝑁 𝑥𝑁×1 (3-51) 

 

This problem is ill-posed and has multiple solutions. However, a unique solution can be 

found by imposing a sparsity constraint on x, by solving the following L1 norm optimization 

problem: 

 

min
𝑥∈𝑅𝑁

‖𝑥‖1       subject to        𝑦𝐾×1 = 𝐴𝐾×𝑁 𝑥𝑁×1  (3-52) 

 

This is the basis pursuit problem in the field of signal processing (Chen and Donoho, 1994). 

It should be noted that because of the spatial correlation of the images, 𝑥 (the Fourier transform) 

has a sparse representation which leads to the minimization problem. This idea has also been used 

for geostatistical simulation (Jafarpour et al., 2009) where the equation (3-54) has been used to 

estimate a Fourier-based transform (DCT in that paper) and the reservoir properties are calculated 

by an inverse transform. However, that algorithm can only generate one realization and 

consequently uncertainty cannot be quantified.  

In order to demonstrate the accuracy of the proposed algorithm for estimating the Fourier 

transform using sparse data, we apply the methodology on a test example. Figure 3-11 shows the 
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reservoir permeability for the test case. Figure 3-12 shows the available conditioning data, and the 

results of reconstruction using equation (3-52) is shown in Figure 3-13. The log of amplitude of 

the reconstructed Fourier transform is also shown in Figure 3-22. 

 

Figure 3-11: The reservoir permeability of the test case studied 
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Figure 3-12: The available conditioning data 

  

Figure 3-13: The results of reconstruction using equation (3-52) 
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Figure 3-14: The log map of amplitude of the reconstructed Fourier transform 

In order to improve the quality of reconstruction using equation (3-52), we can limit the 

search space in the Fourier domain to low-frequency coefficients. It means that the dimension of 

x in equation (3-52) will be decreased from N to only the number of low frequency coefficients by 

assuming that the high frequency coefficients are zero. Figure 3-15 shows the results of 

reconstruction and the corresponding search space. We will later explain how we can find the 

optimum search space for simulation given available conditioning data.  
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Figure 3-15: The results of reconstruction by limiting the search space (top) and the corresponding search space 

(bottom). 
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Figure 3-16: The log map of amplitude of the reconstructed Fourier transform 

 

Although by limiting the search space the quality of reconstruction is improved, the size of 

the search space is not known in practical situations because the original map is not available for 

comparison. To solve this problem, we apply a jackknife method. That means we randomly select 

10% of the conditioning data (validation data) and use the remaining data points for reconstruction. 

We change the highest frequency coefficient considered in the search space in each direction until 

the mismatch of the reconstruction results from the validation data is minimized. Figure 3-17 

shows the optimum search space obtained for this example and the corresponding reconstruction 

map. 
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Figure 3-17: The optimum search space obtained for this example (bottom) and the corresponding reconstruction 

map (top). 
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Figure 3-18: The log map of amplitude of the reconstructed Fourier transform 

 

It should be mentioned that the quality of the reconstruction depends on the number of 

available conditioning data. To study the sensitivity of the reconstruction on the number of 

conditioning data, we changed the number of conditioning data and implemented the 

reconstruction algorithm. Then, we calculated the average mismatch of the reconstruction with the 

original image as follows 

 

𝑒 =  
1

𝑁
∑

|𝐼(𝒖) − 𝐼𝑟(𝒖)|

𝐼(𝒖)
 (3-53) 
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where 𝐼(𝒖) and 𝐼𝑟(𝒖) are the original value and the reconstructed one at location 𝒖, and N is the 

number of grids in the original map. Figure 3-19 shows the average mismatch versus the percentage 

of available conditioning data. It should be noted that the algorithm cannot work without any 

conditioning data. The minimum number of conditioning data in Figure 3-19 is 9 data points which 

is 0.08% in the x axis of the plot, leading to about 45 percent mismatch. 

 

Figure 3-19: The average mismatch versus the percentage of available conditioning data. 

 

Another approach for estimating Fourier transform coefficients from scattered data is to 

change the problem to a regularization problem and solve the following (Zhdanov, 2002): 
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min
𝑥∈𝑅𝑁

‖𝑦 − 𝐴𝑥‖𝑝 + 𝜆‖𝑥‖𝑞 (3-54) 

 

Usually three alternatives for the objective function norms Lq and Lp in the above equation 

are considered: the linear least squares (LLS) [p=q=2], the least absolute deviation (LAD) [p=q=1], 

and the least mixed norm (LMN) [p=2, q=1].  

As mentioned before, the Fourier transform coefficients of images is sparse; therefore, in 

our case, x is the Fourier transform coefficients of the geologic map, A is the inverse Fourier 

transformation matrix, and y is the scattered measured geologic data. By solving the optimization 

problem, the Fourier transform can be calculated and used to estimate the higher-order cumulants 

and moments. 

We apply the LMN method for the example shown in Figure 3-11 and Figure 3-12. To find 

the optimum lambda value, we apply the same jackknife method explained earlier. The results of 

average mismatch versus lambda is shown in  Figure 3-20. Please note that if the value of lambda 

is chosen extremely small, then the algorithm emphasizes on matching the conditioning data and 

almost ignores the goal of sparsity of the reconstructed Fourier transform. Also, if the value of 

lambda is very high, then the algorithm focuses on the sparsity of the reconstructed Fourier 

transform and almost ignores matching the conditioning data. Both of these extreme cases will 

result in poor reconstruction, which causes the curve in Figure 3-20 to go through a dip.  
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 Figure 3-20: the average mismatch versus lambda 

The results of reconstruction using equation (3-54) is shown in Figure 3-21. Figure 3-23 

and Figure 3-25 show the reconstruction results by limiting the search space (shown in yellow in 

the corresponding figures).  
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Figure 3-21: The results of reconstruction using the least mixed norm (LMN) approach (Eq (3-54) with p=2 and q=1. 

 

Figure 3-22: The log map of amplitude of the reconstructed Fourier transform 
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Figure 3-23: The reconstruction results by limiting the search space. The corresponding search space is shown in 

yellow. 
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Figure 3-24: The log map of amplitude of the reconstructed Fourier transform 

 

In order to find the optimum value of lambda and bandwidth for reconstruction, we use a 

two-step jackknife algorithm. We first find the optimum value of the lambda and do not limit the 

search space and find the optimum lambda (Figure 3-20). Then, we fix the value of lambda and 

find the best bandwidth that minimizes the mismatch of the value of the conditioning data at test 

data point and the simulated ones. Figure 3-25 shows the results of reconstruction using the 

optimum lambda and bandwidth, and the log of amplitude of the reconstructed Fourier transform 

is shown in Figure 3-26. 
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Figure 3-25: The reconstruction results by limiting the search space using a jackknife process that minimizes the 

mismatch to the validation data. 
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Figure 3-26: The log map of amplitude of the reconstructed Fourier transform 

 

It should be mentioned that this method is sensitive to the number of conditioning data as 

well. Figure 3-27 shows the sensitivity of the average mismatch versus the percentage of available 

conditioning data. 
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Figure 3-27: The sensitivity of the average mismatch versus the percentage of available conditioning data 

However, as discussed earlier, the focus of this study is to infer the high order spectra from 

scattered data. Therefore, after estimating the Fourier transform using the mentioned algorithms, 

we can use equation (3-49)to calculate the polyspectra. We use the LMN algorithm to estimate the 

Fourier transform of the example shown in Figure 3-11 and Figure 3-12.  The results for the three-

point connectivity based on the scattered data and the original image are shown in Figure 3-28. 

This process is fast, and it can be seen that the connectivity maps calculated using the scattered 

data point resemble the polyspectra computed using the exhaustive image as shown in Figure 3-

28. 
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Figure 3-28: The normalized three point cumulant obtained from scattered data (left panel) and the original image 

(right panel). The first to last rows correspond to L-shaped temple, 45-degree template, xx configuration, and yy 

configuration, respectively. 
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Figure 3-28 (cont’d): The normalized three point cumulant obtained from scattered data (left panel) and the original 

image (right panel). The first to last rows correspond to L-shaped temple, 45-degree template, xx configuration, and 

yy configuration, respectively. 

 

3.3 SUMMARY AND CONCLUSIONS 

In this Chapter, we defined the high order cumulants and moments of random functions 

and presented their main properties. Also, we defined the high-order spectra of random functions. 

In addition, we presented a new method for modeling higher order connectivity functions and 

polyspectra using the Fourier transform of the TI or of the available sparse data. We showed the 

method is faster than direct searching within the images due to the use of the FFT. In order to 

demonstrate this, we proposed a new method for modeling polyspectra from scattered data. We 

showed that the results obtained using sparse conditioning data have the same major features 

shown by the polyspectra and moments for the exhaustive TI. 
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In the next Chapter, we propose a new method for ranking different set of TIs 

corresponding to different geological scenarios based on conformance to the conditioning data. 

These set of TIs represent the associated uncertainty and contain features of different shapes 

(channels, ellipses, fracture) as well as different sizes and orientation. We analyze the spectra of 

the different TIs (power spectrum and bispectrum) to distinguish between different TIs.  

In subsequent Chapters, we will develop methods that will use the Fourier transform to 

infer and model the polyspectra and finally we will present a non-iterative approach to obtain 

conditional models based on phase identification that is accomplished using the bispectrum. 
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4 Chapter 4: Feature Extraction from Polyspectra 

 

All multiple point statistics methods require an exhaustive data set or training image (TI) for 

inferring multiple point connectivity functions. The TI is considered a numerical representation of 

the spatial law that describes the geological structures and patterns to be reproduced in the target 

reservoir. Training images exhibit features that are typical for a particular depositional 

environment and can generally be obtained from process simulation models or a geologist’s 

depiction of key features characterizing the depositional system. While there has been a 

tremendous amount of research on improving the computational efficiency and the quality of 

multiple point statistics based simulation algorithms, efforts to develop a repository of training 

image and assessing the validity of a particular training image (in terms of its consistency with the 

available conditioning data) is lacking. 

A valid TI would be one that is sufficiently large so as to yield all required multiple-point 

statistics. As mentioned before, TIs are frequently generated using process-based modeling 

algorithms that can yield a library of TIs with realistic geological features. For instance, Pyrcz and 

Deutch (2003) and Pyrcz and Strebelle (2006) proposed algorithms for developing TIs for 

deepwater and fluvial environments. A central question is which of the resulting training images 

are consistent with the connectivity exhibited by the available data and should be used for 

simulation. 

In this Chapter, we present an algorithm to select the best TI from a suite of TIs by comparing 

the size, orientation, and shape of the objects within training image and with the ones obtained 
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from conditioning data. We show how the polyspectra can be used to extract information about 

size, shape, and orientation of features in images and then present how we can use these properties 

to select the best TI. We focus on the properties of the power spectrum and bispectrum.  

4.1 IMAGE ORIENTATION 

One of the properties of Fourier transform is that if an image is rotated, its Fourier transform 

also rotates (Figure 4-1) (Reddy and Chatterji, 1994). Therefore, by applying a rotational transform 

in the Fourier transform space, one can account for changes in the azimuthal direction of continuity 

in the spatial domain. Because the amplitude of the Fourier transform is related to the power 

spectrum as in equation (3-33), this allows us to find the orientation of the objects from its power 

spectrum. For instance, Figure 4-2 shows three different maps of a channelized reservoir with 

different orientations and their power spectrum. As can be seen in Figure 4-2, the angle subtended 

by the main axis of the power spectrum represents the orientation of the objects. Figure 4-3 make 

the same point for reservoir models with elliptical objects.  

In order to calculate the orientation of the power spectrum, we convert the power spectrum 

map to a binary image by taking only the coefficients contributing to the 90% of the total energy 

of the power spectrum (Oppenheim, 1983). The principle of calculating the main orientation is to 

compute the inertia ellipse of the binary image. It is obtained by computing normalized centered 

moments. The matrix of inertia is obtained from the normalized moments of order 2. By extracting 

Eigen values and Eigen vectors of the inertia matrix, we obtain the direction of the first Eigen 

vector, which is the main orientation direction. 
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Figure 4-1: The effect of rotation in the spatial domain on the frequency characteristics: The top row images are the 

original image (left) and its power spectral density, and the two bottom images are the rotated image and its power 

spectral density. It can be seen that the Fourier transform has been also rotated. Image courtesy: 

http://www.cse.iitd.ac.in/~parag/projects/DIP/asign1/transrotfft.shtml. 

 

http://www.cse.iitd.ac.in/~parag/projects/DIP/asign1/transrotfft.shtml)
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Figure 4-2: Three different map of facies type for channelized reservoirs with different orientation of channels and 

their corresponding normalized power spectrum. The white dashed line shows the main orientation of the power 

spectrum. It can be seen that the rotation of the objects shows the same rotation as the power spectrum. 
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Figure 4-3: Three different facies models with elliptical objects in different orientations and the corresponding  

normalized power spectrum. The white dashed line shows the main orientation of the power spectrum. It can be seen 

that the rotation of the objects shows the same rotation as the power spectrum. 
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4.2 SIZE IDENTIFICATION FROM POWER SPECTRUM 

Another useful property of the Fourier transform is that if the Fourier transform F{g(t}) is 

denoted as G(f), i.e .𝐹{𝑔(𝑡)} = 𝐺(𝑓) then 𝐹{𝑔(𝑐𝑡)} =  
𝐺(
𝑓

𝑐
)

|𝑐|
 (Oppenheim, 1983) 

The constant c is a scaling variable. This allows us to relate geobody dimension to the 

bandwidth of the power spectrum ratio. For instance, Figure 4-4 shows two different maps of 

channelized reservoir with different sizes of channels, and their power spectrum is shown in Figure 

4-5. 

 As can be seen in Figure 4-5, the bandwidth of the power spectrum represents the size of 

the objects. Figure 4-6 and Figure 4-7 makes the same point for different reservoir models with 

ellipsoidal objects. 

 

 
 

Figure 4-4: Two different models for channelized reservoirs with different size of channels. 
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Figure 4-5: The power spectrum of the facies map shown in Figure 4-4. The white dashed line shows the bandwidth 

of the power spectrum. It can be seen that the size of the objects is inversely related to the bandwidth of the power 

spectrum 

  

 

Figure 4-6: Two different reservoir models with ellipsoidal objects of different dimensions. 
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Figure 4-7: The power spectrum of the facies models shown in Figure 4-6. The white dashed line shows the 

bandwidth of the power spectrum. It can be seen that the size of the objects is inversely related to the bandwidth of 

the power spectrum. 

4.3 FEATURE EXTRACTION FROM BISPECTRUM  

As shown previously, the size and orientation of the objects can be inferred from the 

bandwidth and orientation of the power spectrum. As it has been discussed before, the power 

spectrum is only related to the amplitude of the Fourier transform. Although the amplitude of 

Fourier transform contains some information about the size and orientation of the objects within 

the images (as shown earlier), most of the information about the shape of the objects within images 

can be restored from the phase of the Fourier transform (Oppenheim and Lim, 1981). However, 

because the power spectrum is independent of the phase of the Fourier transform, it cannot help 
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discriminate the object shape. In this section, we present an approach to distinguish between 

different objects using the bispectrum.  

 

The bispectrum is a triple product of Fourier coefficients, 𝑆3,𝑧(𝝎𝟏, 𝝎𝟐) =

𝑍(𝝎𝟏)𝑍(𝝎𝟐)𝑍
∗(𝝎𝟏 +𝝎𝟐) and is a complex-valued function of two frequencies, unlike the power 

spectrum, which is a second order function of Fourier coefficients and a function of only one 

frequency.  

Unlike the power spectrum, the bispectrum retains information about the phase of the 

Fourier transform of the sequence. The phase of bispectrum (biphase), is related to the phase of 

Fourier transform of the sequence as: 

 

𝜓(𝝎𝟏, 𝝎𝟐) =  𝜙(𝝎𝟏) + 𝜙(𝝎𝟐) − 𝜙(𝝎𝟏 +𝝎𝟐) (4-1) 

 

where 𝜓(𝝎𝟏, 𝝎𝟐) and 𝜙(𝝎) are the phase of the bispectrum and the reservoir property, 

respectively.  

The phase of the Fourier transform is a nonlinear function of frequency in general and this 

nonlinearity is extracted by the biphase (the phase of the bispectrum). Although the bispectrum 

can be used to estimate the phase of the Fourier transform, the phase estimation is not the focus of 

this section.  

In this section, we seek to find a feature identifier from the bispectrum that can distinguish 

the object shapes within the images. This identifier helps us to distinguish between training images 
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with different type of objects and should be invariant to translation, scaling, rotation, and 

amplification. For more information on how this invariance helps the identifier to register to 

shapes, please see Chandran and Elgar (1993); Chandran et al. (1997); Shao and Celenk (2001).  

In particular, the phase of the integrated bispectrum along a radial line of slope (see Figure 

4-8) is an example of such a parameter (Chandran and Elgar, 1993; Chandran et al., 1997). 

Defining the parameters: 

 

𝐼(𝑎) = 𝐼𝑟(𝑎) + 𝑖 𝐼𝑖(𝑎) = ∫ 𝐵(𝜔1, 𝑎𝜔1)𝑑𝜔1
2𝜋/(1+𝑎)

𝜔1=0
   for 0< 𝑎 <1 (4-2) 

 

The variables 𝐼𝑟 and 𝐼𝑖 refer to the real and imaginary parts of the integrated bispectrum, 

respectively, and 𝑖 = √−1.  Defining the phase of this integrated bispectrum as: 

 

𝑃(𝑎) = arctan (
𝐼𝑖(𝑎)
𝐼𝑟(𝑎)

)    (4-3) 

 

It can be shown that the identifier 𝑃(𝑎) is invariant to translation, scaling, rotation, and 

amplification (Nikias and Raghuveer, 1987; Chandran and Elgar, 1993; Chandran et al., 1997; 

Shao and Celenk, 2001). It means that scaling and rotating do not change it. For example, scaling 

the original sequence or spatial pattern results in an expansion or contraction of the Fourier 

transform that is identical along the 𝜔1 and 𝜔2 directions. Thus, the bispectral values along a radial 

line in bifrequency space map back onto the same line upon scaling. The real and imaginary parts 

of the integrated bispectrum along a radial line are multiplied by identical real-valued constants 
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upon scaling and therefore the phase of the integrated bispectrum is unchanged (Chandran and 

Elgar, 1993; Chandran et al., 1997).  

 

 

Figure 4-8: Region of computation of the bispectrum. Features are obtained by integrating the complex bispectrum 

along a radial line with slope = a (dashed line). The phase of this integral is translation and scale invariant. 

To demonstrate the feasibility of this application, profiles of two types of bolts were selected. They 

may be left or right oriented, accounting for four different patterns, as shown in Figure 4-9. We 

also generate different signals with different scaling factors as shown in Figure 4-10. To show the 

sensitivity of the identifier to noise we also added Gaussian noise to each signal. The PSNR (peak 

signal to noise ratio of each signal is 100). We then calculated 𝑃(𝑎) for each signal as a function 

of 𝑎. Figure 4-11 shows the scatter plot of 𝑃(1) versus 𝑃(1/16) for each signal. As shown in 

Figure 4-11, given 𝑃(1/16) and 𝑃(1), the two similar looking bolts can be clearly distinguished. 
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That means the set of generated signals from bolt 1 (the top row signals of Figure 4-9) can be 

distinguished from the set of generated signals from bolt 2 (the bottom row signals of Figure 4-9). 

It should be noted that this example is just to demonstrate the feasibility of the bispectrum 

identifier for shape classification. This method can be easily applied to 2-D images. The only 

difference is that the scalar a becomes a vector of size 2. Later in the results section, we will show 

the applicability of the algorithm for 2-D training images in the results section. 

 

 

Figure 4-9: Profiles of two types of signals with left and right orientation  

 

B

B

Left Right 



 

 

99 

 

Figure 4-10: Examples of the 1-D signal with different scaling factor (1, 0.5, 2 from left to right)  

 

Figure 4-11: the values of a feature vector consisting of {P(a), a = 1/16 and a = 1) for bolts 1 and 2 with left and 

right orientations, for scale variations between 0.5 and 2.0. 
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4.4 SELECTING BEST TRAINING IMAGE GIVEN BISPECTRUM 

In this section, we present the results for feature extraction from bispectrum for 2-D 

training images. The goal of this example is to show how we can lump the training images with 

similar objects and patterns when we have a suite of training images. Also, we want to show how 

we can find the best set of training image out of the ensemble of available training images that 

correspond to the available sparse scatter data. 

We selected three different training images for different geologic scenarios as shown in 

Figure 4-12. Then we generated several images with different orientation and geobody size to build 

the ensemble of available training images. Figure 4-13 shows four examples of these images. Then, 

we extracted four sets of scattered data from these 4 images of the dataset. The scatter data sets 

are shown in  

Figure 4-14. 

Then, we calculated the bispectrum of all the training images and the four scattered data 

sets. Afterwards, we calculated the integral of bispectrum along the radial line and then calculated 

𝑃(𝒂) for each signal as a function of 𝒂. It should be noted that because the images are 2-D, 𝒂 is 

also a vector of size 2. 

Figure 4-15 (a) shows the scatterplot between P(1/16,1/16) and P(1,1) calculated using the 

bispectrum calculated using the exhaustive images. It can be observed that the models with 

different features regardless of the orientation and size of the objects plot in organized clusters 

within the clusters. There is some overlap of clusters for models whose features visually appear 
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similar. These results are also confirmed when the analysis is performed using the Fourier 

transform of the sparse conditioning data shown in Figure 4-15 (b).  

The preceding results suggest the viability of using the phase information from the 

bispectrum as a cataloging scheme for storing training images. They further indicate that we can 

find the correct training image (in terms of the object shape) by selecting the image with the closest 

feature value to the one of the scattered conditioning data set.  

It should be noted that we can find the correct training image only in terms of the object 

shape, and there still may exist some mismatch between the size and orientation of the objects 

within the training image and the scattered data (or equivalently the reference map we want to 

reconstruct). In the next section, we address this issue and will explain how we can reconcile the 

possible mismatch between the size and orientation of the objects within the training image and 

the reservoir map. 
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Figure 4-12: the training images used in this study with different objects and geologic scenarios. 
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Figure 4-13: Different rotated and scaled images from the reference training images in Figure 4-12. 



 

 

104 

 

Figure 4-14: scattered data randomly selected from the maps shown in Figure 4-13. The number of conditioning data 

for each map is 500. 
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(a) 

 

(b) 

Figure 4-15: The scatter plot of P(1,1) versus P(1/16,1/16)} for images exhibiting different features of different 

scales and orientations. 

-4 -2 0 2 4
-4

-2

0

2

4

6

P(1/16,1/16)

P
(1

,1
)

-4 -3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

4

5

P(1/16,1/16)

P
(1

,1
)



 

 

106 

4.5 SIZE AND ORIENTATION DETECTION 

In the previous section, we presented how the bispectrum can be used to distinguish among 

different training images with different objects. However, the orientation and scale of the objects 

cannot be detected using the bispectrum. In this section, we demonstrate how the power spectrum 

can be used to distinguish the orientation and the scale of the objects. We generated the realization 

using a TI after rotating the extracted features by 45o and used it as the reference map of the 

reservoir. We then sampled conditioning data from the reference map as shown in Figure 4-16. 

We calculated the power spectrum using both the available TI and the scatted data set. Figure 4-17 

shows the covariance map computed using the TI and conditioning data as well and the 

corresponding power spectrum.  
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Figure 4-16: The available TI (a), the reference reservoir model with channels exhibiting different orientation (b), 

and the scattered data sampled from the correct map (c). 

 

As shown in Figure 4-17, the orientation direction of the two power spectrums are different 

(40º). Based on the mismatch in the orientation of the power spectrum, we rotated the original TI. 

We subsequently used both the original and the rotated TIs to perform simulation using the Direct 
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Sampling multipoint simulation algorithm (Mariethoz and Renard, 2010). As can be seen in Figure 

4-18, the results of the simulation using the rotated TI is much closer to the reference model. 

 

Figure 4-17: The covariance map computed using the TI (top left), the covariance map computed using the scattered 

data (top right), the power spectrum of the TI (bottom left), and the power spectrum of the scattered data (bottom 

right). Dashed line represent the main orientation of the power spectrum. 
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Figure 4-18: The original TI (top left), TI with channels that are rotated based on the mismatch observed between 

the orientation of the power spectrum computed using the conditioning data and the original TI (top right), 

simulation using the original TI and the available conditioning data (bottom left), simulation using the TI exhibiting 

rotated channels (bottom right). 

 

We also generated another reference model using a TI and applying an affine 

transformation in order to alter the geobody size and sampled some conditioning data from it as 

shown in Figure 4-19. We then calculated the power spectrum of both the original TI and the 
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scatted data set. Figure 4-20 shows the covariance map computed using the original TI and the 

conditioning data as well as the corresponding power spectrum.  

 

Figure 4-19: The original TI (a), the reference model with different geobody size (b), and the scattered data sampled 

from the reference model (c) 
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Figure 4-20: The covariance map computed using the original TI (top left), the covariance map computed using the 

scattered data (top right), the power spectrum of the original TI (bottom left), and the power spectrum of the 

scattered data (bottom right). The dashed line represents the bandwidth of the power spectrum. 

As shown in Figure 4-20, the bandwidths of the two power spectra are different. We then 

generated another TI that used the mismatch in the bandwidth to scale the channel features 
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observed in the original TI. This altered TI was used together with the sparse conditioning data in 

order to perform simulation using Direct Sampling. The simulation model generated using the 

original data and that using the altered TI are compared in Figure 4-20. As can be seen in Figure 

4-21, the results of the simulation using the corrected TI is much closer to the reference model. 

 

Figure 4-21: The original TI (top left), the corrected TI (top right), simulation using the original TI and available 

conditioning data (bottom left), simulation using the altered TI and the available conditioning data (bottom right). 
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4.6 SUMMARY AND CONCLUSION 

In this Chapter, we demonstrated the use of polyspectra for establishing consistency 

between the conditioning data and the training image We first demonstrated the influence of 

variations in orientation on the orientation of the power spectrum. We also demonstrated the 

influence of the size of the features on the bandwidth of the power spectrum. We subsequently 

demonstrated the use of the bi-spectrum for determining the shape of features in a geologic model. 

We subsequently used the difference between the power spectrum inferred using the TI and that 

inferred using sparse conditioning data in order to select the most consistent TI or alternatively to 

make alterations to the original TI in order to simulate geologic models.  

We analyzed the spectra of the different TIs (power spectrum and bispectrum) to 

distinguish between different TIs. We showed that object size and orientation can be inferred from 

the power spectrum, while the object shapes can be inferred from the bispectrum. Therefore, the 

combination of power spectrum and bispectrum can be used as an identifier for each TI. 

In the next Chapter, we present an algorithm to use power spectrum and perform geostatistical 

simulation. We also present a framework to integrate the production data. We show that the 

simulation accuracy will be improved by integrating production data. 
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5 Chapter 5: Stochastic Simulation Using Power Spectrum 

In this Chapter, we present a new methodology for performing a geostatistical simulation 

in the frequency domain. In the first section, we present an algorithm for unconditional simulation. 

Then, we present an iterative algorithm for conditional simulation and discuss the limitations of 

this algorithm. Finally, we will present a new framework for conditional simulation and show how 

secondary data such as production data can be integrated within this framework to improve the 

quality of the simulation. 

 

5.1 UNCONDITIONAL SIMULATION USING THE POWER SPECTRUM 

In the previous sections, we presented a fast algorithm for inferring higher-order moments by 

calculating the polyspectra of the random process. In this section, we present an algorithm to 

perform unconditional simulation in the Fourier domain. Constraining the simulation models to a 

specific polyspectra is tantamount to constraining the models to multiple point statistics. The added 

advantage is that because the polyspectra are computed using the Fourier coefficients obtained 

using sparse conditioning data, this implies that connectivity is imposed in the model without the 

use of an exhaustive TI. In this method, we aim to find the Fourier transform of the random 

function 𝑍(𝝎) directly from its polyspecta.  

In order to estimate the Fourier transform of the random function 𝑍(𝝎), both amplitude 

(|𝑍(𝝎)|) and phase (𝜙(𝝎)) should be determined. Recall that the power spectrum of a random 
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process (the Fourier transform of its covariance function) is related to the amplitude of the Fourier 

transform of the function by: 

|𝑍(𝝎)| =  √𝑃(𝝎) (5-1) 

 

Although the amplitude of the Fourier transform is known given the power spectrum, the 

phase of the Fourier transform is yet unknown. It is well discussed in the field of image processing 

that most of the spatial pattern information is stored in the phase of the Fourier transform 

(Oppenheim and Lim, 1981). To demonstrate this consider the two top images in Figure 5-1. The 

bottom images are the results of mixing the phase of the correct image with the amplitude of the 

second image. Although the amplitudes of the bottom images are completely wrong, the 

reconstructed images using the correct phase still bears a high similarity with the original image. 

It is in fact the phase that determines the location of features at the correct locations in the recreated 

images. Thus phase identification is critical for reproducing the spatial characteristics of the 

generated reservoir models. 
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Figure 5-1: Demonstration of the importance of phase in image reconstruction. The bottom images are the results of 

mixing the phase of the appropriate image on the top row with the amplitude of the other image. Although the 

amplitudes of the bottom images are completely wrong, the reconstructed images using the correct phase still bear a 

similarity to the original image. 

 

In an unconditional realization of the random process, the precise location of the features 

is not exactly pinned down, and only the spatial structure in terms of the reproduction of the spatial 

connectivity function is emphasized. Thus, in order to perform unconditional simulation, we can 

add a random phase to the amplitude obtained from equation (5-1) to generate unconditional 
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realizations from a given covariance map. The following algorithm is the first attempt to perform 

unconditional simulation using the power spectrum: 

Step 1: Infer the covariance values over the whole field and carry out the Fast Fourier 

Transform (FFT) to get the corresponding discrete power spectrum map. It should be noted 

that instead of calculating the power spectrum from the covariance function, the power 

spectrum can be directly calculated using the algorithms explained in Chapter 3. Then, 

retrieve the amplitude |𝑍(𝝎)| of the Fourier coefficients as: 

 

|𝑍(𝝎)| =  √𝑃(𝝎) (5-2) 

 

Step 2: Randomly draw the initial phase values 𝜙(𝝎) from a uniform distribution U(0,2π) 

Step 3: Build up the Fourier coefficients 𝑍(𝝎) =  |𝑍(𝝎)|𝑒𝑖𝜙(𝝎) 

Step 4: Calculate the spatial map by performing inverse Fourier transform  

 

𝑧(𝒖) =  ℱ−1𝑍(𝝎) (5-3) 

 

We implement the unconditional simulation method on two different cases. The first case 

is an isotropic example. The covariance map used in this case is shown in Figure 5-2. Three 

different realizations of unconditional simulation given the covariance map in Figure 5-2 are 

shown in Figure 5-3. 
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The second case is an anisotropic example. The covariance map used in this case is shown 

in Figure 5-4. Three different realizations of unconditional simulation given the covariance map 

in Figure 5-4 are shown in Figure 5-5.  As can be seen, the realizations exhibit anisotropic high 

permeability features in the direction stipulated by the spatial covariance map. However, the 

locations of these features vary significantly from one realization to the next. Any conditional data 

available will serve to constrain the location of these features. Consequently, we present an 

approach to condition the models generated using the power spectrum next.  

 

 

Figure 5-2: The isotropic covariance map used for the test case 1 
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Figure 5-3: Three different realizations of unconditional simulation using the covariance map shown in Figure 5-2 
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Figure 5-4: The anisotropic covariance map used for the test case 2 
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Figure 5-5: Three different realizations of unconditional simulation using the covariance map shown in Figure 5-4 
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5.2 ITERATIVE CONDITIONAL SIMULATION 

As mentioned earlier, we aim to find the Fourier transform of the reservoir map (𝑍(𝝎)) 

from its polyspectra. To do so, we need to calculate both the amplitude and the phase of the Fourier 

transform. As discussed earlier, the amplitude of the Fourier transform can be directly calculated 

from the covariance function or its Fourier transform, the power spectrum. Therefore, the problem 

of geostatistical simulation can be changed to a phase identification problem. We showed earlier 

that the phase of the Fourier transform contains a lot of information about the features within the 

images (See the example in Figure 5-1). We will discuss in detail that the phase also controls the 

location of the features in the image. Thus the conditioning data can be used to calculate the phase. 

In the previous section, we added a random phase to the amplitude to perform unconditional 

simulation. In this section, we present an algorithm to perform conditional simulation (Yao, 1998): 

 

Step 1: Compute the covariance values over the whole field and carry out Fast Fourier 

Transform (FFT) to get the corresponding discrete power spectrum map. It should be noted 

that instead of calculating the power spectrum from the exhaustive covariance or variogram 

map, the power spectrum can be directly calculated using sparse conditioning data and the 

algorithms explained in Chapter 3. The amplitude |𝑍(𝝎)| of the Fourier coefficients is 

computed as: 

 

|𝑍(𝝎)| =  √𝑃(𝝎) (5-4) 
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Step 2: Randomly draw the initial phase values 𝜙(𝝎) from a uniform distribution U(0,2π) 

Step 3: Build up the Fourier coefficients 𝑍(𝝎) =  |𝑍(𝝎)|𝑒𝑖𝜙(𝝎) 

Step 4: Calculate the spatial map by performing inverse Fourier transform  

 

𝑧(𝒖) =  ℱ−1{𝑍(𝝎)} (5-5) 

 

Step 5: If the mismatch between the values of the simulated image at conditioning points 

and conditioning data is small enough stop, if not go to step 6. 

Step 6: Change the values of the simulated image at the conditioning data points to the 

values at those points. This way we force the reconstructed map to honor the conditioning 

data at all iterations. 

Step 7: Calculate the Fourier transform of the new image and retrieve its phase 𝜙(𝝎) and 

go to step 3. 

 

The flowchart of the algorithm is shown in Figure 5-6. 
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Figure 5-6: The flowchart of the proposed iterative method for performing conditional simulation 
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We implement the proposed method on two different cases. For each case, we also 

implement the proposed algorithm using different sets of conditioning data to study the sensitivity 

of the proposed algorithm to the number of conditioning data.  

The first example is an anisotropic Gaussian map shown in Figure 5-7. The covariance map 

used in this study is shown in Figure 5-8. The results obtained by implementing the iterative 

algorithm are shown in Figure 5-9. 

 

Figure 5-7: The reference map 
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Figure 5-8: The covariance map of the reference map shown in Figure 5-7 



 

 

127 

 

Figure 5-9: The conditioning data shown in left panel (40, 200, and 400 data points from top to bottom), and the 

corresponding simulation results shown in the right panel. 
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As can be seen in Figure 5-9, the simulation performance is improved as the number of 

conditioning data increases. However, the simulation results are acceptable in all the three cases, 

mainly because the reference map is sampled from a multivariate Gaussian distribution and 

performing simulation using only the covariance map (or power spectrum) can reconstruct the 

patterns and connectivity in the reference map with high accuracy. 

It should be mentioned that the higher number of conditioning data improves the accuracy 

of the reconstruction, but results in smaller convergence. We changed the number of conditioning 

data from 40 to 400 and calculated the number of iterations for convergence for each case. Figure 

5-10 shows the number of iterations versus the number of conditioning data. 

 

Figure 5-10: The number of iterations for convergence versus the number of conditioning data 
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The next example is for a channelized reservoir. The reference map is shown in Figure 

5-11 and the corresponding covariance map is shown in Figure 5-12. We implement the iterative 

algorithm shown in Figure 5-6 for three different scenarios with different number of conditioning 

data to study the sensitivity of the proposed algorithm to the number of conditioning data. The 

results are shown in Figure 5-13. 

 

Figure 5-11: The map for a channelized reservoir 

 

Figure 5-12: The covariance map of the map shown in Figure 5-11 
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Figure 5-13: The conditioning data shown in left panel (40, 200, and 400 data points from top to bottom), and the 

corresponding simulation results shown in right panel 
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As can be seen in Figure 5-13, increasing the number of conditioning data improves the 

simulation results. However, the quality of the reconstruction (even for a case with the highest 

number of conditioning data) is not comparable with the one in the previous example, mainly 

because we need to go to multiple point statistics for complex reservoirs such as the channelized 

one shown in Figure 5-11.  

It is worth mentioning that although the quality of reconstruction is not comparable with 

what we can get using multiple-point statistics (we will discuss in more details in the next Chapter), 

but it is still better than Kriging-based two-point statistics methods in terms of reconstructing 

curvilinear features (Yao, 1998). The reason is that in all kriging-based methods, we need to model 

covariance function before simulation to ensure the positive definiteness of covariance. Usually, 

this is done by fitting some parametric functions such as ellipsoid functions, which introduce error 

in the covariance value specially at high lags, whereas using the power spectrum for simulations 

does not require such fitting for modeling covariance (Yao, 1998). 

In addition to its limitation to two-point statistics only, the algorithm shown in Figure 5-6 

has another major drawback. There is no mathematical proof for the convergence of the iterative 

algorithm. In fact, for the examples shown previously, as the number of conditioning data increases 

the number of iterations required for convergence increases, which results in computational 

inefficiency of the algorithm. In the next section, we propose another algorithm for phase 

identification using conditioning data. 
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5.3 PHASE IDENTIFICATION THROUGH OPTIMIZATION 

As discussed earlier, the amplitude and the phase of the power spectrum control the spatial 

characteristics of a model. The amplitude of the Fourier transform can be obtained from power 

spectrum directly. Therefore, when performing conditional simulation using the power spectrum, 

we try to find the phase such that after combining it with the amplitude calculated from the power 

spectrum and performing the inverse Fourier transform, we can retrieve the values of conditioning 

data points correctly. Thus, this problem can be thought as an inverse problem, where the objective 

is to minimize the mismatch at the data locations and the parameters of the problem are the 

unknown phases. The forward model is the inverse Fourier transform that translates the updated 

phase to the reservoir map values. 

In this section, we present an inverse modeling techniques using the Genetic algorithm to 

perform conditional simulation and identify the phase of the Fourier transform. Suppose that 𝑔 is 

the forward model explained in the previous paragraph (see Figure 5-15). Then, 𝑑∗ = 𝑔(𝜙) where 

𝜙 is the input phase and 𝑑∗ is the vector of simulated values at the conditioning data points. 
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Figure 5-14: The illustration of the forward model to generate the vector of simulated values at conditioning points 

from the input phase vector 

 

Therefore, the problem of phase identification from conditioning data can be expressed as 

follows: 
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𝜙 = argmin
𝜙∈RN

‖𝑑 − 𝑔(𝜙)‖2 (5-6) 

 

where 𝑑 is the vector of conditioning data, and 𝑔 is our forward model depicted in Figure 

5-14. In order to find the global minimum of our objective function, we use the genetic algorithm 

to solve the optimization problem (5-6) instead of gradient-based algorithms. In the genetic 

algorithm, a population of candidate solutions (called individuals, creatures, or phenotypes) to an 

optimization problem are evolved toward better solutions. Each candidate solution has a set of 

parameters (its chromosomes or genotype) which can be mutated and altered; traditionally, 

solutions are represented in binary as strings of 0s and 1s, but other encodings are also possible. 

The optimization process generally starts with random values for the parameters. The set 

of parameters in each iteration is called a generation. In each generation, the fitness of every 

individual in the population is evaluated; the fitness is usually determined by the value of the 

objective function in the optimization problem being solved. The more fit individuals are 

stochastically selected from the current population, and each individual's genome is modified 

(recombined and possibly randomly mutated) to form a new generation. The new generation of 

candidate solutions is then used in the next iteration of the algorithm. Commonly, the algorithm 

terminates when either a maximum number of generations has been produced, or a satisfactory 

fitness level has been reached for the population.  

The performance of the proposed algorithm is demonstrated on the test cases shown in 

Figure 5-7 and Figure 5-11. The results are shown in Figure 5-15 to Figure 5-18. Table 5-1 tabulates 

the properties of the genetic algorithm set up for this study. 
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Table 5-1: the properties of the genetic algorithm set up for this study 

Property Value 

Tolerance 0.001 

Maximum number of generations 125000 

Mutation function Gaussian 

Population Size 200 

Number of generations for convergence for example in Figure 5-15 15000 

Number of generations for convergence for example in Figure 5-17 49000 

 

 

Figure 5-15: The conditioning data extracted from the reference map shown in Figure 5-7 
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Figure 5-16: The results of simulation using the genetic algorithm 

 

 

Figure 5-17: The conditioning data extracted from the reference map shown in Figure 5-11 
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Figure 5-18: The results of simulation using the genetic algorithm 

 

 

As can be seen in Figure 5-15 to Figure 5-18, the phase identification algorithm using genetic 

algorithm has better performance with the previous iterative algorithm. As shown in Table 5-2, we 

can have the same accuracy of reconstruction for the Gaussian case with a smaller number of 

conditioning data. Also, the accuracy is improved for the channelized reservoir (with the same 

number of conditioning data). However, comparing the errors for the channelized case with the 

Gaussian case, it can be shown that the problem of failing to reconstruct the complex channelized 

reservoirs remains.  
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Table 5-2: Comparison of different reconstruction algorithms for different cases 

Example 

Number of 

conditioning data 

Root Mean Square 

Error (RMSE) 

Gaussian reservoir with iterative 

method (Figure 5-9) 

200 0.12 

Gaussian reservoir with genetic 

algorithm (Figure 5-16) 

60 0.14 

Channelized reservoir with 

iterative method (Figure 5-13) 

200 0.32 

Channelized reservoir with 

genetic algorithm (Figure 5-18) 

200 0.24 

 

5.4 SUMMARY AND CONCLUSION 

In this Chapter, we presented an algorithm to perform unconditional and conditional 

simulation of reservoir models using power spectrum. The algorithms are based on inferring the 

amplitude of the Fourier transform from power spectrum. We then add a random phase to the 

amplitude to generate unconditional realizations that reflect the expected spatial variability (or 
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equivalently the power spectrum). However, there is no guarantee that the models will honor 

conditioning data (if available).  

We then presented two algorithms for conditioning the reservoir models to available “hard” 

data. The first algorithm is based on iteratively altering the values of the simulated realization at 

the conditioning data points to update the phase while freezing the amplitude (to the one obtained 

from power spectrum). The algorithm performs well for Gaussian cases, but fails to correctly 

reconstruct the patterns for complex reservoirs such as channelized reservoirs. We showed that the 

performance of this algorithm highly depends on the number of available conditioning data.  

Because there is no guarantee on the convergence of the proposed iterative algorithm 

(especially when a large number of conditioning data is available), we presented an approach based 

on the genetic algorithm to match the conditioning data. The convergence of this algorithm is much 

faster. However, the models still fail to exhibit the complex connectivity in non-Gaussian cases. 
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6 Chapter 6: Stochastic Simulation Using the Bispectrum 

As mentioned in the previous sections, geostatistical simulation in the frequency domain 

can be viewed as a phase identification problem because the amplitude of the Fourier transform 

can be directly calculated from power spectrum. In the previous Chapter, we posed the problem of 

identifying the phase from both static conditioning data and dynamic production measurements as 

an optimization problem and solved it using various algorithms. However, we showed that while 

these algorithms have good performance, they fail to reconstruct the spatial patterns in complex 

reservoirs such as channelized reservoirs. 

This is mainly due to the fact that the spatial connectivity exhibited by such complex 

reservoirs are not represented well by the power spectrum, and we need to go to high order spectra 

to correctly identify the phase while preserving the complex shapes of geologic features. In this 

Chapter, we present different algorithms to identify the phase from the bispectrum (the Fourier 

transform of the third-order cumulant) given static conditioning data. 

6.1 PHASE IDENTIFICATION FROM BISPECTRUM 

As was shown earlier, the bispectrum is related to the Fourier transform of the reservoir 

property as follows: 

 

𝐵(𝝎𝟏, 𝝎𝟐) = 𝑍(𝝎𝟏)𝑍(𝝎𝟐)𝑍
∗(𝝎𝟏 +𝝎𝟐) (6-1) 
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Therefore, the phase of the bispectrum can be calculated by calculating the phase of the two sides 

of equation (6-1) as follows: 

𝜓(𝝎𝟏, 𝝎𝟐) =  𝜙(𝝎𝟏) + 𝜙(𝝎𝟐) − 𝜙(𝝎𝟏 +𝝎𝟐) (6-2) 

 

where 𝜓(𝝎𝟏, 𝝎𝟐) and 𝜙(𝝎) are the phase of the bispectrum and the reservoir property, 

respectively.  

Because we are dealing with gridded maps, we can write our formulation in a discrete 

format. Equation (6-2) can be written in a discrete notation as: 

 

𝜓𝑖,𝑗 = 𝜙𝑖 + 𝜙𝑗 − 𝜙𝑖+𝑗 (6-3) 

 

Therefore 

 

𝜓1,𝑘−1 = 𝜙1 +𝜙𝑘−1 −𝜙𝑘  (6-4) 

 

Equation (6-4) indicates that by knowing 𝜙1, 𝜙𝑘−1 and the bi-spectrum 𝜓1,𝑘−1 , the phase 𝜙𝑘 can 

be determined. Therefore, the following algorithm can recursively reconstruct the phase if only the 

first component of the phase (𝜙1) is known: 

 calculate 𝜙2 = 2𝜙1 − 𝜓1,1 

 for k = 3:n 

 calculate  𝜙𝑘 = 𝜙1 + 𝜙𝑘−1 − 𝜓1,k−1 
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This algorithm indicates that the only unknown property will be 𝜙1 if the bispectrum is known. If 

we randomly assign a value to 𝜙1, then an unconditional realization can be generated from the 

bispectrum. After assigning a value to 𝜙1, we follow the previous algorithm to fully reconstruct 

the phase. Then, we retrieve the Fourier transform by multiplying the phase and the amplitude 

obtained from the power spectrum. Finally, we perform an inverse Fourier transform to reconstruct 

the reservoir properties. It should be noted that if we choose a different value for 𝜙1, that will 

result in a linear phase shift, which means that the reconstructed map will be shifted spatially.  

If instead of randomly assigning 𝜙1 we would like to calculate that phase, we can use the 

conditioning data to minimize the mismatch between the conditioning data and the simulated 

values at those point. In order to demonstrate the process, we show a simple 1-D example. Consider 

the original 1-D signal shown in Figure 6-1. Its third order cumulant is shown in Figure 6-2.  
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Figure 6-1: The original 1-D signal 

 

Figure 6-2: The third order cumulant of the signal shown in Figure 6-1. 
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In order to generate unconditional realizations of the third order cumulant shown in Figure 6-2, we 

follow the algorithm explained earlier. That means we randomly select a value for 𝜙1 and use the 

recursive algorithm explained earlier to reconstruct the phase of the original signal from the 

bispectrum phase. With different values of 𝜙1, we can generate different realizations. Two 

different realizations are shown in Figure 6-3. 

 

Figure 6-3: Two unconditional realizations using the third order cumulant shown in Figure 6-2 
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Figure 6-3 (cont’d): Two unconditional realizations using the third order cumulant shown in Figure 6-2 

If we compare the realizations in Figure 6-3 with the original signal in Figure 6-1, we notice 

that the reconstructed realizations have the same pattern as the original signal. In fact, the only 

difference is that the reconstructed realizations are temporally shifted versions of the original 

signal.  

We need to have conditioning data in order to exactly reconstruct the original signal. 

Suppose that 5 conditioning data points of the original signal in Figure 6-1 are available as shown 

in Figure 6-4. To perform conditional simulation, we calculate the L2 norm of the mismatch 

between the conditioning data and the simulated values at those point (‖𝑑 − 𝑑∗‖2) as a function 
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of 𝜙1, where 𝑑 and 𝑑∗ are the conditioning data and the simulated values at those point, 

respectively. Figure 6-5 shows the plot of the mismatch versus 𝜙1. 

 

 

Figure 6-4: The conditioning data extracted from the original signal. 
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Figure 6-5: Mismatch between the conditioning data and the simulated values at those points versus the initial phase 

(𝜙1) 

As can be seen in Figure 6-5, there are multiple choices for 𝜙1 that minimizes the mismatch 

between the conditioning data and the simulated values at those points (red stars in the figure). All 

these values for initial phase (𝜙1) result in a perfect reconstruction at the conditioning data points. 

Choosing each one of those results in a different realization conditioned to the conditioning point. 

It should be noted that the number and spacing of conditioning data controls the number of possible 

solutions. Two different conditional realizations are shown in Figure 6-6. The original signal is 

shown in blue line, and it can be seen that one of the realizations is the exact reconstruction of the 

original signal. 
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Figure 6-6: Two conditional realizations (red lines) using the third order cumulant map in Figure 6-2 and 

conditioning data of Figure 6-4 (the red dots). The original signal is shown in blue lines. 
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6.2 2-D RESERVOIR MODEL 

In this section, we apply the proposed methodology on a synthetic 2-D reservoir model. 

The original image and its third order cumulants are shown in Figure 6-7. The image is an example 

of a channelized reservoir. We use the third order cumulants shown in Figure 6-7 to generate 

multiple unconditional realization of the reservoir. The process is the same as before. We start with 

a random initial phase (𝜙1) and use the recursive algorithm explained earlier to identify the entire 

phase of the image.  

We implement the same methodology as explained earlier (and demonstrated for the 1-D 

case) to perform unconditional and conditional simulation. Figure 6-8 shows two unconditional 

realizations using the third order cumulant for phase identification. If we compare the realizations 

in 6-8 with the original image in Figure 6-7, we notice that the reconstructed realizations have the 

same pattern as the original map. In fact, the only difference is that the reconstructed realizations 

are spatially shifted versions of the original map.  
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Figure 6-7: A 2-D example with its covariance and its third order cumulant maps. The original image (top-left), the 

covariance map (top-right), Lshape cumulant (middle left), 45 degree cumulant (middle right), xx cumulant (botttom 

left), and yy cumulant (bottom right) 
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Figure 6-8: Two unconditional realizations using the third order cumulant for phase identification. 

In order to perform conditional simulation, we randomly extracted 15 data points from the 

reference model in Figure 6-9 as conditioning data and tried to find the initial phase such that the 
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mismatch between the conditioning data and the simulated values at those points is minimized. 

Our objective is to find the initial phase (𝜙1) in such a way that the mismatch between the 

reconstructed values and conditioning data is minimized. Figure 6-10 shows the sum of square 

error as a function of initial phase (𝜙1). It should be noted that the initial phase is 2-D in this 

example. The same as the previous 1-D example, we can notice that there are multiple choices for 

𝜙1 that minimizes the mismatch between the conditioning data and the simulated values at those 

points (some of which are shown with white circles in the figure). All these values for the initial 

phase (𝜙1) result in a perfect reconstruction at the conditioning data points. Choosing each one of 

those results in a different realization conditioned to the conditioning points. It should be noted 

that the number and spacing of conditioning data controls the number of possible solutions. Figure 

6-11 shows two realizations using conditioning points and the third order cumulant information 

shown in Figure 6-7. 
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Figure 6-9: The conditioning data extracted from the original map 

 

 

Figure 6-10: The sum of square error as a function of initial phase (𝜙1) 
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Figure 6-11: Two realizations using conditioning points and the third order map shown in Figure 6-7 

6.3 LOCAL CONDITIONING 

As shown in the previous section, the bispectrum together with the initial phase, can yield 

the phase information for the remaining model. The only unknown is the initial phase, which can 
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be found from conditioning data by applying an optimization algorithm. An incorrect initial phase 

will result in a spatial shift in the reconstructed map but will still contain the spatial patterns 

accurately. It should be noted, however, that having the exact bispectrum describing spatial 

variations in reservoir properties is an unrealistic assumption. Mostly, we only have access to an 

analog, training image, that broadly exhibits the important spatial features of the reservoir. 

Training images usually are large enough and contain a repetition of patterns expected in the target 

reservoir model. For example, Figure 6-12 is a training image of a channelized reservoir with two 

different facies. Although the channels in the training image are similar to each other, there are 

some differences, and the actual reservoir map may not be an exact shifted version of the training 

image (See Figure 6-12 for example). 

 

Figure 6-12: An example of a training image for a channelized reservoir with two facies 
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In addition to that, performing global conditioning by optimizing the mismatch might not 

be practical especially when the number of conditioning data is large. To solve this problem, we 

suggest to perform a local conditioning approach instead of global conditioning. It means that we 

divide the simulation grid into small sub-grids. Then, we assume that the map of the reservoir at 

each sub-grid is a subset of the training image. Therefore, we perform a conditional simulation in 

that sub-grid using the bispectrum of the training image to only match the conditioning data at 

each sub-grid. Because the simulation of each of these sub-grids is done separately, we allow the 

sub-grids to have a small overlap to avoid forming a final patchy image. Therefore, a portion of 

simulated points at each sub-grid serves as the conditioning data for simulation of the next sub-

grid. 

Figure 6-13 illustrates the segmentation of the simulation grid into overlapping smaller 

subsections. Gray areas in Figure 6-13 represent the overlap region between adjacent windows, 

which prevent a patchy final image because the simulated points in the gray area serve as 

conditioning data for simulation of the next window. Figure 6-13 also shows the order of 

simulation of each sub-grid. 
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Figure 6-13: Illustration of overlapping segments defined on the simulation grid. The gray shaded sections represent 

the overlap between the adjacent windows. 

Therefore, the local conditioning algorithm is as follows: 

1- Divide simulation grid into small overlapping windows 

2- Define a path through all the windows in the simulation grid (one possible approach is the 

path shown in Figure 6-13, which is also known as raster path (Tahmasebi et al., 2012)) 

3- Find the next simulation window in the path 

4- Find the conditioning data within the selected window {x1,x2,…,xn}. These could be the 

original conditioning data or nodes where simulation has already been performed and the 

value has been assigned. 

5- If no conditioning data is available, perform an unconditional simulation on that window 

by randomly assigning 𝜙1 and reconstructing the entire phase of that window from the 

bispectrum of the training image and go to 3. 



 

 

158 

6- If conditioning data is available, perform a conditional simulation by finding 𝜙1 such that 

the mismatch between the conditioning data and the simulated values at those points is 

minimized. 

7- If the simulation grid is completely simulated, stop. Otherwise go to 3. 

Figure 6-14 illustrates the performance of the proposed algorithm for simulation. The 

training image is a simple 200×200 image for a channelized reservoir with two facies shown in 

Figure 6-12. The simulation image is a 100×100 image. The size of the small simulation window 

is 25 pixels and the with the overlap of 5 pixels. For the simulation of the first window, because 

there are no conditioning data, a random value is assigned to the initial phase and the phase is 

reconstructed from the third order cumulant  (Figure 6-14 (a)) (the connectivity maps of this 

training image was shown and discussed in Chapter 3 (see Figure 3-8). The simulation results in 

the overlap area serve as conditioning data for simulating the next window ( 

Figure 6-14 (b)). Therefore, we perform a conditional simulation for this window i.e. we 

find the initial phase (𝜙1) such that the mismatch between the conditioning data and the simulated 

values at those points is minimized (Figure 6-14 (c)), This process continues for the next windows 

until the image is fully simulated (Figure 6-14 (d-f)). 
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                                             (a)                                                                                          (b) 

 
 

                                              (c)                                                                                        (d) 

  
                                               (e)                                                                                        (f) 

Figure 6-14: Illustration of the proposed algorithm for simulation by having a raster path. The panels (a-e) illustrate 

different stages in the implementation of the proposed algorithm, and (f) the simulated final result. 
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Another approach to better model the uncertainty associated with the simulation is that 

instead of having a raster path, we allow the patches to be simulated in a random path. That means 

that we randomly select an un-simulated point at every step of the simulation and then define a 

neighborhood around a simulation node with the prescribed patch size. If there are some previously 

simulated values in that neighborhood, then they can also be used as conditioning data. That way 

we will not have to specify a raster path and artificially constrain our uncertainty space (Eskandari 

and Srinivasan, 2010). Figure 6-15 shows an example of this algorithm on the same example. The 

figures in Figure 6-15 (a-e) show the first five steps, and Figure 6-15 (f) shows the final results. It 

can be noticed that both of the algorithms are capable of reconstructing curvilinear features such 

as channels.  
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                                             (a)                                                                                        (b) 

  
                                              (c)                                                                                        (d) 

  

                                             (e)                                                                                        (f) 

Figure 6-15: Illustration of the proposed algorithm for simulation by having a random path. The panels (a-e) 

illustrate different stages in the implementation of the proposed algorithm, and (f) the simulated final result.  
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The algorithm proposed in this section can generate multiple realizations to evaluate 

uncertainty as well. For example, we generated three unconditional realizations of the training 

image shown in Figure 6-12 using raster path algorithm. It can be seen that the channels are 

reconstructed in all of the images shown in Figure 6-16.  

 

 

 

Figure 6-16: Three unconditional realizations of the training image shown in Figure 6-12 using raster path algorithm 
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6.4 SUMMARY AND CONCLUSIONS 

In this Chapter, we presented a new algorithm for phase identification using the bi-

spectrum. We showed that unlike the power spectrum, the bispectrum contains information about 

the phase. It is shown that the phase information for the entire model can be retrieved from 

bispectrum provided the initial phase 1 is available. This initial phase can be identified in such a 

way that we match the available conditioning data.  

We presented two different algorithms to identify the phase from the bispectrum. The first 

one was to use the bispectrum and matching all the available conditioning data globally. In the 

second algorithm the reservoir is divided into overlapping regions, and then the phase 

identification is performed locally within each region. In order to avoid from a final patchy image, 

we let the small windows overlap to preserve the continuity in the reconstructed map.  

In the next Chapter, we will present how the production data can be integrated in the 

framework of modeling reservoirs using polyspectra. We will show that the proposed algorithm 

for history matching and production data integration results in the same quality of reconstruction 

even when there are no static conditioning data available. 
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7 Chapter 7: Dynamic Data Integration within the Spectral Framework 

In this Chapter, we examine the issue of dynamic data assimilation in the framework of 

modeling reservoirs using poly spectra. We will demonstrate that history matching and production 

data integration can provide valuable constraints to the problem of phase identification in spectral 

simulation even when there are no “hard” conditioning data available. 

7.1 ESTABLISHING THE LINK BETWEEN DYNAMIC CHARACTERISTICS AND PHASE OF 

POLYSPECTRA 

In order to show how the information about the polyspectra affect the production data, we 

present three examples. The first example is the comparison of the production behavior of two 

reservoirs with different amplitude and phase of Fourier transform. One is a channelized reservoir, 

and the other is a reservoir with Gaussian map. As discussed earlier in detail, the polyspectra of 

these two reservoirs are completely different. To show the effect on production behavior of the 

reservoir, we run a synthetic water flooding on both cases. The general properties are tabulated in 

Table 7-1.  

The location of the wells and the permeability maps are shown in Figure 7-1. We inject 

one pore volume for 1500 days under the constraint of constant injection rate and measure the 

pressure profile along the producers while maintaining the producers at constant production rate. 

Figure 7-2 compares the pressure profile at all the wells confirming that the production behavior 

of the two reservoirs are completely different. 
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Table 7-1: Details of the flow simulation model 

Flow Simulation Properties Value 

Simulation Model Black Oil 

Solution Implicit 

Grid 50501 

Grid block dimensions (ft3) 505050 

Porosity related to permeability by 𝜙 = 8 ln(𝑘) − 24 

Oil Viscosity (cp) 1.2 

Injection Rate (BPD) 240 

Production Rate (STBD) 30 

 

 

Figure 7-1: The permeability map of the reference maps for example 1 
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Figure 7-2: Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-1 (The blue 

curves correspond to the channelized case) 
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Figure 7-2 (Cont’d): Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-1 (The 

blue curves correspond to the channelized case) 

 

In the second example, we consider two reservoirs with similar characteristics as shown in 

Figure 7-3. As discussed earlier in previous Chapters, these two reservoirs are channelized 

reservoirs with similar power spectrum and bispectrum. The location of the channels in these 

reservoirs, however, are different, which makes the phase of the Fourier transforms different. To 

show how it affects the production behavior of the reservoirs, we run the same water flooding 

experience as the previous example. The basic properties of the simulation are the same as the 
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previous example as well (see Table 7-1). Figure  compares the pressure profile at all the wells 

confirming that the production behavior of the two reservoirs are different. 

 

 

Figure 7-3: The permeability map of the reference maps for example 1 
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Figure 7-4: Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-3 (The red curves 

correspond to the left channelized case in Figure 7-3). 
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Figure 7-4 (Cont’d): Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-3 (The red curves 

correspond to the left channelized case in Figure 7-3). 

 

As discussed and shown earlier in Chapter 6, the problem of phase identification from the 

bispectrum is finding the value of initial phase 𝜙1. We also showed that multiple solutions exist 

given the hard data available. To show how production data can be used to constrain the solution 

to the exact map, we use two reservoirs with the exact same power spectrum and bispectrum in 

our third example. The initial value of the phase (𝜙1) is different, which results in a spatial shift in 

the permeability map. Figure 7-5 shows the permeability map of the reservoirs.  
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Figure 7-5: The permeability map of the reference maps for example 3 
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Figure 7-6: Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-5 (The red curves 

correspond to the left channelized case in Figure 7-5). 
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Figure 7-6 (Cont’d): Comparison of pressure profiles at wells for the reservoirs shown in Figure 7-5 (The red curves 

correspond to the left channelized case in Figure 7-5). 

As shown in the previous examples, the polyspectra and the phase of the Fourier transform 

affect the production behavior of the reservoirs. Therefore, the production measurements at the 

well location contain information about the phase of the Fourier transform and can constrain our 

phase identification process to find the exact solution. In the next section, we present how we can 

identify phase using production data and perform history matching.  
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7.2 PRODUCTION DATA INTEGRATION 

In the previous Chapters, we presented different algorithms for reservoir characterization 

using the power spectrum and bispectrum. However, it was shown that these algorithms require a 

relatively large number of static conditioning data in order to yield simulations that reflect the 

connectivity characteristics of the reference model. The available conditioning data may include 

core characterizations, well logging, and seismic data. However, data acquisition costs limit the 

extent of such activities and the amount of data that can be collected in practice. The available data 

has to be used for interpolating reservoir property values to unobserved regions. Any interpolation 

scheme is based on some assumptions that add uncertainty to the interpolation (Aanonsen, 2005; 

Aanonsen and Eydinov, 2006). To reduce the uncertainty in reservoir descriptions, reservoir model 

parameters are usually adjusted to improve the match between simulated and observed production 

data, a process known as history matching (Aanonsen et al., 2009; Abacioglu et al., 2001). In 

numerical flow simulations, a discretized computational grid is used with petrophysical properties 

such as intrinsic permeability and porosity defined for each grid block (Acar and Vogel, 1994). 

History matching is thus the process of adjusting the grid values of petrophysical properties until 

a match to the observed production data is achieved. 

In order to improve history matching performance, many parameterization approaches 

have been proposed in the literature. Some of these approaches make use of a reduced set of 

parameters using methods that range from simple zonation (Agrawal and Blunt, 2003) to more 

complex mathematical transforms (Agrawal et al., 2000; Agbalaka and Oliver, 2008). Despite 

these techniques for facilitating history matching, the predictive accuracy of the resultant 
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calibrated models in most cases is unsatisfactory. One of the main reasons for this is that in the 

history matching process, it is difficult to ensure that the complexity exhibited by the prior geologic 

model is preserved.  

Mathematical transforms that are based on spectral decomposition have the advantage of 

being able to efficiently separate the large- and small-scale spatial features of a geological variable 

such as permeability. If the finer details are omitted, an approximate description of the original 

field is achieved with fewer parameters. One could then utilize the production data to constrain the 

coarse scale variations of the permeability field and subsequently add the finer scale variations in 

order to obtain the complex reservoir model. 

Here, we transform a map of reservoir properties into the Fourier domain. We model the 

amplitude of the Fourier transform using the power spectrum inferred from the covariance map. 

We subsequently use the production data to identify the phase. Thus, we guarantee that the 

reconstructed reservoir property has the same two-point connectivity (based on the amplitude of 

the power spectrum) while at the same time ensuring that the permeability field exhibits highs and 

lows at locations indicated by the production data. 

In this case, we seek to find the phase of the Fourier transform such that after finding the 

Fourier transform (using the amplitude calculated from power spectrum) and performing the 

inverse Fourier transform, the resultant permeability model yields dynamic response that matches 

the available dynamic data. Therefore, our phase identification problem can be conceived of as an 

inverse problem where the objective is to match the production data by perturbing the phase of the 

power spectrum. 
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We implement the same inversion framework explained in the previous section to identify 

the phase of the Fourier transform. Suppose that 𝑔 is the forward model explained in the previous 

paragraph (see Figure 7-7). Then, 𝑑∗ = 𝑔(𝜙) where 𝜙 is the input phase and 𝑑∗ is the vector of 

measured production data. 

 

Figure 7-7: The illustration of the forward model to generate the vector of available production data from 

the input phase vector 
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Therefore, the problem of phase identification from conditioning data can be expressed as 

follows: 

𝜙 = argmin
𝜙∈RN

‖𝑑 − 𝑔(𝜙)‖2 (7-1) 

where 𝑑 is the vector of available dynamic data, and 𝑔 is our forward model illustrated in 

Figure 7-7. We use the genetic algorithm to solve the optimization problem (7-1).  

In order to demonstrate the applicability of this method, we generate two different synthetic 

case. The general properties of these reservoirs are the same as the one tabulated in Table 7-1. 

The location of the wells is shown in Figure 7-6. The permeability distribution used for the 

two reservoir scenarios, however, are different and are shown in Figures 7-8 and 7-11. We inject 

one pore volume for 1500 days under the constraint of constant injection rate and measure the 

pressure profile along the producers while maintaining the producers at constant production rate. 

We, then, use the pressure profile as the observed data and perform optimization using genetic 

algorithm in order to perturb the phase of the Fourier transform.  
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Figure 7-8: The reservoir permeability map for test case 1. 

The properties of the genetic algorithm setup for this study is tabulated in Table 7-2. 

 

Table 7-2: the properties of the genetic algorithm set up for this study 

Property Value 

Tolerance 0.001 

Maximum number of generations 125000 

Mutation function Gaussian 

Population Size 200 

Number of generations for convergence for example in Figure 7-6 19000 

Number of generations for convergence for example in Figure 7-11 61000 
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Figure 7-9: The reconstructed permeability map for test case 1 
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Figure 7-10: The matched and available production data. The red dots are the measured values and the blue lines are 

the simulated ones 
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Figure 7-10 (Cont’d): The matched and available production data. The red dots are the measured values and the blue 

lines are the simulated ones 

The results of reconstruction and matched pressure profiles for test case 1 are shown in 

Figures 7-9 and 7-10. As can be seen, the inversion performance for the reservoir with Gaussian 

distribution is fairly good and the average mismatch of the reconstruction with the original map is 

0.23 (see Equation (3-53)) 

The results of the optimization process for a channelized reservoir model shown in Figure 

7-11 are shown in Figure 7-12 and Figure . As can be seen, the inversion process fails to correctly 

capture the connectivity for the channelized reservoir in spite of the reasonable match obtained for 

the pressure profile for most of the wells. The significant mismatch observed for some wells is 
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because of the inadequacy of the covariance or the power spectrum to describe the complex 

connectivity of the permeability features. We need to use higher order statistics in order to capture 

the connectivity exhibited by complex objects such as channels. 

 

Figure 7-11: The reservoir permeability map for test case 2 

 

Figure 7-12: The reconstructed permeability map for test case 2 
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Figure 7-13: The matched and available production data. The red dots are the measured values and the blue 

lines are the simulated ones 
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Figure 7-13 (Cont’d): The matched and available production data. The red dots are the measured values and 

the blue lines are the simulated ones 

The results in the previous section were obtained by guessing the phase values, combining 

them with the amplitudes inferred from the exhaustive bispectrum and then using the genetic 

algorithm to perform mutations to the guessed phase values until convergence. The results indicate 

that this procedure is adequate for reproducing Gaussian permeability fields that exhibit limited 

connectivity. In the case of reservoir containing highly connected features such as channels, this 

procedure is unable to represent the connectivity of such features. In the next section, we will show 

how the higher order statistics (or equivalently higher order spectra) namely the bispectrum can 
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be used to improve the reconstruction performance even for complex reservoirs such as 

channelized reservoirs. 

7.3 PRODUCTION DATA INTEGRATION USING PHASE INFORMATION FROM THE BISPECTRUM 

Let us assume that sparse conditioning data is available for the reservoir and the previously 

described procedure for computing the Fourier transform using sparse data can be used to compute 

the bispectrum representing spatial variability in the reservoir. In Chapter 6, we pointed out that 

knowing the bispectrum and making a judicious choice for the initial phase (𝜙1), conditional 

reservoir models can be generated. In the case of production data integration, we pose an additional 

constraint on the initial phase (𝜙1) such that the production behavior of the reconstructed map 

matches the measured production data. 

We implement the same inversion framework explained in Chapter 6 to identify the initial 

phase of the Fourier transform. Suppose that 𝑔 is the forward model or the flow simulator. Then, 

𝑑∗ = 𝑔(𝜙1) where 𝜙1 is the input initial phase and 𝑑∗ is the vector of simulated production data. 

Therefore, the problem of phase identification from conditioning data can be mathematically stated 

as: 𝜙1: arg min
𝜙1∈RN

‖𝑑 − 𝑔(𝜙1)‖2, where 𝑑 is the vector of conditioning data (production 

measurement in this section), and 𝑔 is the forward model. The entire process of conditioning the 

reservoir model to dynamic data is depicted in Figure 7-14. 
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Figure 7-14: The illustration of the proposed method for conditioning reservoir models to dynamic data. 

 

To demonstrate the applicability of this method, we generate a synthetic case. The general 

properties of the reservoir are the same as the one tabulated in Table 7-2. The permeability of this 

reservoir is shown in Figure 7-15. We apply the genetic algorithm to minimize the objective 

function. At the end of the optimization process, using the calculated initial phase, we 
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reconstructed the permeability map. The permeability map and the simulated production data are 

shown in Figure 7-16 and Figure .  

It can be seen that the permeability map can be fully reconstructed in this method. It should 

be noted that this requires to have the exact bispectrum of the reservoir property. It is worth 

mentioning again that the example shown here is not a realistic example, mainly because we 

assumed that the exact bispectrum of the reservoir property (not the training image) is known 

without any conditioning data. This example was just used as a demonstration to show that by 

integrating production data in our inversion framework to estimate the initial phase (𝜙1), we can 

find the exact solution and avoid having multiple solutions (see the examples for conditional 2-D 

simulation in Chapter 6). This point has also been proved in the earlier example in this Chapter 

where the production behavior of two maps with the exact bispectrum were studied. Here, we 

confirmed our earlier suggestion (that production data can constrain our solution space for 𝜙1) by 

showing that the exact map can be reconstructed if the exact bispectrum of the reservoir map is 

known. However, because this is an unrealistic assumption, and we often have the bispectrum of 

the training image (not the exact reservoir map), we need to use another method similar to the local 

conditioning algorithm presented in the previous Chapter to use the bispectrum of the training 

image in our integration framework. 
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Figure 7-15: The permeability map of the synthetic reservoir 

 

Figure 7-16: The reconstructed permeability map of the synthetic reservoir. 
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Figure 7-17: The matched and available production data. The red dots are the measured values and the blue lines are 

the simulated ones. 
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Figure 7-17 (Cont’d): The matched and available production data. The red dots are the measured values and the blue 

lines are the simulated ones. 

As mentioned earlier, the bispectrum is calculated from the exhaustive map of the reservoir. 

However, in real cases, we might not have the exact representation of bispectrum calculated from 

the exhaustive image. Instead, we have a large analog (TI) representing the expected spatial 

patterns. 

As discussed in the previous Chapter, we can use the TI and calculate the bispectrum of 

the image for small windows and perform local conditioning. We can use the same approach here 

as well. To do so, then the unknown parameters are the initial phase of each window. Figure 7-18 

depicts the forward model in this case. N is the number of small sub-grids, and (𝜙1)𝑖 is the initial 
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phase for the i-th window. (𝜙(𝜔) )1  and 𝑧𝑖(𝒖) are the recovered phase and the reconstructed map 

at the i-th window, respectively. Therefore, our objective is to minimize ‖𝑑 − 𝑔(𝝓)‖
2
, where 

𝝓 = [(𝜙1)1, (𝜙1)2, … (𝜙1)𝑁]
𝑻. The entire proposed process of conditioning the reservoir model to 

dynamic data is depicted in Figure 7-18. 

 

Figure 7-18: The illustration of the proposed method for conditioning reservoir models to dynamic data 

using bispectrum and local conditioning. 
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It should be noted that the values (𝜙1)1, (𝜙1)2, … (𝜙1)𝑁 should be independent from each 

other in order to be able to use standard optimization algorithms such as genetic algorithm. 

Therefore, the sub-grids should not have any over laps (see Figure 7-19) unlike the proposed 

method in the previous Chapter to integrate static data. 

 

 

Figure 7-19: Illustration of dividing the entire grid into smaller sub-grids without overlap 

To demonstrate the applicability of the proposed method, we generate a synthetic case. The 

reference map is show in Figure 7-20 and has 100×100 grids. The training image used in this study 

is shown in Figure 7-21 and has 200 ×200 grids. We divide the simulation window into 25 smaller 

windows (N=25). The details of flow simulation model is tabulated in Table 7-2. After solving the 

minimization problem and finding the values (𝜙1)1, (𝜙1)2, … (𝜙1)𝑁, we reconstructed the 

permeability map. The reconstructed map and the simulated flow behavior are shown in Figure 

7-22 and Figure .  
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Figure 7-20: The reference permeability map 

 

Figure 7-21: The training image for the map shown in Figure 7-20. 
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Figure 7-22: The reconstructed permeability map. Note the patchy simulation results. This is because the simulation 

process used local conditioning but without overlapping windows and that results in patchy simulation results. 
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Figure 7-23: The matched and available production data. The red dots are the measured values and the blue lines are 

the simulated ones. It can be noticed that the reconstructed pressure profile at producers 6,7, and 8 have large 

mismatch with the measurements due to the highly patchy map around these wells. 
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Figure 7-23 (Cont’d): The matched and available production data. The red dots are the measured values and the blue 

lines are the simulated ones. It can be noticed that the reconstructed pressure profile at producers 6,7, and 8 have 

large mismatch with the measurements due to the highly patchy map around these wells. 

As can be seen in Figure 7-22 and Figure , although the match between the simulated results 

and the measured production data is acceptable for some of the wells, the quality of the match is 

poor for other wells because of the patchy characteristic of the updated permeability field. It can 

be noticed that the reconstructed pressure profile at producers 6,7, and 8 have large mismatches 

with the measurements due to the highly patchy maps around these wells. This is mainly because 

the initial phase for each window is independent from each other. Therefore, the continuity 

between the adjacent windows is not preserved. This non-continuity causes some high frequency 

component of the Fourier transform to receive high coefficient values. Therefore, in order to 
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resolve this issue, we force the final map to have small bandwidth (the same as the one for the 

training image). This means that we add another step to our forward model. We calculate the 

bandwidth of the training image (using the same method explained in Chapter 4). Then, after the 

permeability map is reconstructed (before running the flow simulator) at each iteration of the 

optimization process, we apply a low pass filter with the same bandwidth as the one for the training 

image. We also perform a cumulative distribution transformation of the resultant map (the output 

of the low pass filter) in order to match the CDF of the training image. Figure 7-24 shows the 

proposed framework for history matching.  
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Figure 7-24: The forward model used to avoid from a final patchy reconstructed map 
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Figure 7-23 (a) shows the normalized amplitude of the Fourier transform of the training 

image shown in Figure 7-21 and its bandwidth. Figure 7-23 (b) shows the low pass filter with the 

same bandwidth of the training image. 

By modifying the forward model as depicted in Figure 7-24, the reconstructed results will 

be improved. Figure 7-26 (a) shows the reconstructed results for the reference map in Figure 7-20 

(also shown in Figure 7-26 (b)), and Figure shows the simulated production data. 

 

                                   (a)                                                                        (b)       

Figure 7-25: (a) the normalized amplitude of the Fourier transform of the training image shown in Figure 7-21 and 

its bandwidth (b) the low pass filter with the same bandwidth of the training image 
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(a) 

 

(b) 

Figure 7-26: (a) The reconstructed permeability map and (b) the reference map and well locations 
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Figure 7-27: The matched and available production data. The red dots are the measured values and the blue lines are 

the simulated values. 
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Figure 7-27 (Cont’d): The matched and available production data. The red dots are the measured values and the blue 

lines are the simulated values. 

7.4 SUMMARY AND CONCLUSION 

In this Chapter, we presented different methods for dynamic data integration and history 

matching using the polyspectrum. We first showed how the polyspectra affects the production 

behavior of reservoirs.  

Then, we proposed an algorithm to calibrate the models to production data and perform 

history matching using the power spectrum. In this algorithm, the genetic algorithm is used to 

perturb the phase of the power spectrum such that the observed dynamic data is matched. We 
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showed that the algorithm yields fairly accurate models for the Gaussian case but fail to reproduce 

complex features such as channels.  

We then presented another method to perform history matching using the bispectrum. We 

showed that the permeability map can be fully reconstructed in this method. It should be noted, 

however, that this requires to have the exact bispectrum of the reservoir property. However, as 

discussed earlier, we may not have the exact bispectrum of the reservoir property calculated from 

the exhaustive image (and consequently the exact representation of the spatial pattern). 

Therefore, we proposed another method similar to the local conditioning algorithm 

presented in the previous Chapter. We divided the simulation grid into smaller windows, but since 

the input parameters need to be independent, these windows should not have overlap (unlike the 

method presented in Chapter 6). Therefore, the simulation results may be patchy. Finally, we 

proposed to solve the issue by forcing the reconstructed map to have the same bandwidth as the 

training image. We implemented the algorithm and confirmed that the algorithm results in accurate 

results even for complex channelized reservoirs. 
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8 Chapter 8: Conclusions and Future Works 

8.1 SUMMARY AND CONCLUSIONS 

Direct inference of higher-order spectra using sparse conditioning data and conditional 

simulation of reservoir models directly in the spectral space, is the main focus of this dissertation. 

We present a new method to model Fourier coefficients using sparse data and subsequently, using 

the Fourier transform to compute the poly spectra describing the spatial variability of reservoir 

properties such as rock type, permeability and porosity. We demonstrate how the computed 

polyspectra can be used for classifying shapes, orientations and sizes of features in reservoir 

models. We subsequently pose the problem of model construction conditioning to available 

information as an exercise in phase identification. We first discuss an optimization based approach 

to identify the phase of the power spectrum such that the conditioning data are reproduced. We 

subsequently present an innovative recursive technique for phase identification using the bi-

spectra. This technique greatly simplifies the process of phase identification by requiring only the 

phase corresponding to one frequency be guessed and optimized. The phase corresponding to all 

other frequencies are computed using the recursion. Application of this technique to modeling 

reservoirs exhibiting complex connectivity reveals reproduction of these complex features. 

However, closer examination of the modeling results revealed that the process of conditioning 

using a single optimal value for the initial phase results in some local variations in spatial features 

not getting reproduced. In order to address this problem, we formulated a procedure for phase 
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identification within overlapping spatial domains so that local variations in feature shapes could 

be accounted for.  

The dissertation concludes with a discussion on phase identification using indirect 

measurements such as dynamic data at wells. First, the impact of different characteristics of the 

polyspectra on reservoir flow responses is demonstrated and subsequently, the process of phase 

identification is extended by imposing a secondary constraint on the optimization procedure so as 

to reproduce the available dynamic data. Once again, it is observed that performing the 

optimization in a global sense (i.e. identification of a single initial phase) results in some severe 

mismatches at a few well locations. In order to rectify this, we propose a procedure for phase 

identification within smaller domains. In this case non-overlapping domains are used but instead 

a band-width limitation is posed in order to reproduce the large scale connectivity of reservoir 

features. This process results in improved history matching and future predictions.  

Some key findings based on the method and results presented in this dissertation are: 

1. The fast and non-parametric algorithm based on FFT for inferring and modeling 

the higher order statistics of a random function in the form of its polyspectrais able 

to accurately reproduce the spatial connectivity of complex reservoir scenarios. As 

it was shown, because a big reason for this enhancement in simulation accuracy 

and efficiency is because the connectivity functions are modeled non-

parametrically. It was shown that modeling covariance by FFT instead of using 

analytical functions results in a much better reproduction of even complex 

curvilinear objects such as fluvial channels. 
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2. Direct inference of higher order statistics from data is a computationally demanding 

task that requires definition of spatial templates and a process for scanning and 

storing information that becomes a computational burden as the size of the template 

increases. However, modeling the higher order statistical functions from its 

polyspectra reduces the number of required calculations tremendously and greatly 

improves its computational efficiency. 

3. A new method for modeling higher order connectivity functions and polyspectra 

using the Fourier transform of an exhaustive training image or using available 

sparse data is presented. We showed the method is faster than direct searching 

within the images due to the use of FFT. The results obtained using sparse 

conditioning data have the same major features shown by the polyspectra and 

moments for the exhaustive TI. 

4. The polyspectra is a very powerful measure for establishing consistency between 

the conditioning data and the training image. Wefirst demonstrated the influence of 

variations in orientation on the orientation of the power spectrum. The size of the 

features have an impact on the bandwidth of the power spectrum. Inorder to 

determine the shapes of objects, phase related information is required. The bi-

spectrum carries that information and is well suited for determining the shape of 

features in a geologic model. We subsequently used the difference between the 

power spectrum inferred using the TI and that inferred using sparse conditioning 

data in order to select the most consistent TI or alternatively to make alterations to 
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the original TI in order to simulate geologic models. We analyzed the spectra of the 

different TIs (power spectrum and bispectrum) to distinguish between different TIs. 

We showed that object size and orientation can be inferred from the power 

spectrum, while the object shapes can be inferred from the bispectrum. Therefore, 

the combination of power spectrum and bispectrum can be used as an identifier for 

each TI. 

5. The power spectrum is related to the amplitude of the Fourier transform. 

Consequently, reservoir model generation can be accomplished by inferring the 

amplitude of the Fourier transform from power spectrum. We can then add a 

random phase to the amplitude to generate unconditional realizations that reflect 

the expected spatial variability (or equivalently the power spectrum). However, 

there is no guarantee that the models will honor conditioning data (if available). 

Two algorithms for conditioning the reservoir models to available “hard” data are 

demonstrated. The first algorithm is based on iteratively altering the values of the 

simulated realization at the conditioning data points to update the phase while 

freezing the amplitude (to the one obtained from power spectrum). The algorithm 

performs well for Gaussian cases, but fails to correctly reconstruct the patterns for 

complex reservoirs such as channelized reservoirs. Furthermore, the performance 

of this algorithm highly depends on the number of available conditioning 

data.Another problem with a brute force approach for phase identification is that 

there is no guarantee on the convergence of the proposed iterative algorithm 
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(especially when a large number of conditioning data is available). Weconsequently 

presented an approach based on the genetic algorithm to match the conditioning 

data. The convergence of this algorithm is much faster, however, the models still 

fail to exhibit the complex connectivity in non-Gaussian cases.As noted previously, 

phase related information regarding the Fourier transform is contained in the bi-

spectrum. We therefore investigated an approach for phase identification using the 

bi-spectrum. It is shown that the phase information for the entire model can be 

retrieved from bispectrum provided the initial phase 𝜙1 is available. This initial 

phase can be identified in such a way that we match the available conditioning data.  

6. Again two different algorithms are conceivable for identifying phase from 

bispectrum. The first one uses the bispectrum and matching all the available 

conditioning data globally. In the second algorithm the reservoir is divided into 

overlapping regions and then the phase identification is performed locally within 

each region. In order to avoid from a final patchy image, we let the small windows 

to have overlap to preserve the continuity in the reconstructed map. This second 

approach allows us to reproduce locally non-stationary features in the model. 

7. Because the polyspectra represents the spatial connectivity of reservoir features as 

described by their shape, orientation and shape, it is expected that the characteristics 

of the polyspectra (phase and amplitude) are related to the production behavior of 

reservoirs. Based on this, we proposed an algorithm to calibrate the models to 

production data and perform history matching using the power spectrum. In this 
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algorithm too, genetic algorithm is used to perturb the phase of the power spectrum 

such that the observed dynamic data is matched. We showed that the algorithm 

yields fairly accurate models for the Gaussian case, but fail to reproduce complex 

features such as channels.  

8. The bispectrum has an interesting recursive property associated with it whereby, 

knowing an intial phase all other phases can be reconstructed. Phase identification 

performed in this manner has two advantages: i) It reduces the computational 

burden of the optimization problem as only one parameter (the initial phase) has to 

be estimated, ii) It utilizes the bispectrum that is related to the third order spatial 

moment and consequently, more detailed information about the spatial connectivity 

of objects in the reservoir model. 

9. Application of the recursive algorithm for phase identification has one drawback. 

Describing the complexity of geologic variability using a single optimization 

parameter (the initial phase) renders it difficult to capture local variability in spatial 

features. We consequently devised an alternate simulation strategy wherein we 

divide the simulation grid into smaller overlapping windows and identify the initial 

phase so as to honor the conditioning data within each window. This renders it 

feasible to model local variability of spatial features. 

10. The phase and amplitude of the polyspectra has a direct impact on the dynamic 

response of reservoir models. Exploiting this relationship, we developed a history 

matching technique that extends the phase identification scheme to include 
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honoring the available dynamic data. Once again, in an effort to reproduce local 

variability in geologic features, we perform the phase identification within 

windows. Furthermore, we used a genetic algorithm to jointly estimate the intial 

phase within all the windows. This makes it necessary that the windows be non-

overlapping. As a result the history-matched model may be patchy. We propose a 

solution to this issue by forcing the reconstructed map to have the same bandwidth 

as the training image. The implemented algorithm is shown to yield accurate results 

even for complex channelized reservoirs. 

8.2 FUTURE WORK 

The following recommendations are suggested for future studies: 

1-As mentioned previously, the polyspectra can be used for ranking different Tis on the 

basis of their consistency with the available sparse data. However, this was only studied on images 

with one set of objects. It is conjectured that the algorithm might fail in case there are more than 

one type of objects available within the image, or the objects have different size and orientation. 

Rigorous study of finding new algorithms for those complex images is suggested.  

2- New algorithms for simulating non-stationary reservoirs are needed. All the algorithms 

in this study are tested on stationary reservoirs and rigorous study of the application of using high 

order spectra for geostatistical simulation in non-stationary reservoirs is recommended. The 

nonstationary may be in the form of systematic variations in orientation and size of objects. 
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3- Rigorous validation of the method proposed for dynamic data integration is needed. This 

study showed initial results on how we can use production data available at well locations to 

perform phase identification. It is conjectured that the method might be true in general reservoirs, 

but rigorous study on the proposed method’s different parameters such as the optimization setting 

is required. In addition, new algorithms for performing history matching in stochastic ways to 

evaluate the uncertainty should be investigated. 

4- The use of seismic information for phase identification should be studied. There are 

issues pertaining to scale and precision of seismic data that introduce challenge towards their 

integration into reservoir models. 

5- The study of the higher order spectra such as trispectrum is recommended. The 

simulation methods proposed in this study are only constrained to power spectrum and bispectrum. 

Rigorous study of using higher order spectra to improve the quality of reconstruction is needed. 

6- The application of the proposed methodology in a real 3-D field case is also 

recommended. 
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Appendix A: The Simulation Results on Different Type of Images 

In this section, we present the result of simulation algorithm proposed in Chapter 6 (section 

6-3) on different type of images. These are examples of a training image of a channelized reservoir 

with multiple category, an example of a training image with random distribution of circles, an 

example of a fracture map training image, and an example of a continuous and complex training 

image borrowed from Zhang et al. (2006). Figure A- 1 to Figure A- 4 show the training images, 

and their covariance and three point cumulant maps. Then, for each set of images we show thee 

unconditional realizations of the reconstruction algorithm. Figure A-5 to A-8 show the simulation 

results. 
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Figure A- 1: A 2-D example of a channelized reservoir with multiple categories with its covariance and its third 

order cumulant maps. The original image (top-left), the covariance map (top-right), Lshape cumulant (middle left), 

45 degree cumulant (middle right), xx cumulant (botttom left), and yy cumulant (bottom right) 
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Figure A- 2: An example of a training image with random distribution of circles with its covariance and its third 

order cumulant maps. The original image (top-left), the covariance map (top-right), Lshape cumulant (middle left), 

45 degree cumulant (middle right), xx cumulant (botttom left), and yy cumulant (bottom right) 
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Figure A- 3: An example of a fracture map training image with its covariance and its third order cumulant maps. The 

original image (top-left), the covariance map (top-right), Lshape cumulant (middle left), 45 degree cumulant (middle 

right), xx cumulant (botttom left), and yy cumulant (bottom right) 
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Figure A- 4: An example of a continuous and complex training image borrowed from Zhang et al. (2006).  with its 

covariance and its third order cumulant maps. The original image (top-left), the covariance map (top-right), Lshape 

cumulant (middle left), 45 degree cumulant (middle right), xx cumulant (botttom left), and yy cumulant (bottom 

right) 
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Figure A- 5: (a) An example of a channelized training image with multiple categories. (b) Realization 1. (c) 

Realization 2. (d) Realization 3. 
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Figure A- 6: (a) An example of a training image consisting of a random distribution of circles. (b) Realization 1. (c) 

Realization 2. (d) Realization 3.  
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Figure A- 7: (a) An example of a fracture map training image. (b) Realization 1. (c) Realization 2. (d) Realization 3.  
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Figure A- 8: (a) An example of a continuous and complex training image borrowed from Zhang et al. (2006). (b) 

Realization 1. (c) Realization 2. (d) Realization 3 
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Appendix B: Application in Digital Rock Physics1 

B.1. INTRODUCTION 

The goal of rock physics is to relate remotely sensed geophysical observations to in-situ 

rock properties. The elastic behavior of rocks is a function of pore and grain size, shape, 

connectivity, and grain-to-grain contacts. Transport properties of rocks are as well complex 

functions of pore size, shape, and connectivity. Traditional rock physics models are based on either 

empirical correlations from laboratory measurements or some theoretical assumptions about the 

pore and grains shapes, grain contacts and morphology, which oversimplify the problem and fail 

to predict the complex behavior of porous rocks (Andrä et al., 2013 (a); Beygi et al., 2015; Beygi 

et al., 2016).  

With the advent of high resolution imaging techniques, digital rock physics has become a 

robust tool for prediction of rock properties. The technique can be considered as “image-and-

compute” (Andrä et al., 2013 (a)). The 3-D images of rocks can capture the complex pore 

morphology. However, due to the limited availability of instruments and high cost, 3-D data are 

often unavailable. On the other hand, 2-D high-resolution images can be obtained relatively easily, 

                                                 

1 Naraghi, M. E. (2016, September). 3-D Reconstruction of Porous Media and Rock Characterization. In 

SPE Annual Technical Conference and Exhibition. Society of Petroleum Engineers. 

Naraghi, M. E., Spikes, K., & Srinivasan, S. (2016, May). 3-D Reconstruction of Porous Media From a 2-D 

Section and Comparisons of Transport and Elastic Properties. In SPE Western Regional Meeting. Society of 

Petroleum Engineers. 
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which motivates developing methods to reconstruct a 3-D medium from 2-D images. Over the past 

decades, several attempts have been made for this purpose. 

Previous methods attempted to obtain the information about pore space morphology from 

2-D thin sections and incorporate that knowledge in stochastically generated realization using 

optimization approaches such as simulated annealing that minimize the difference between the 

data and reconstructed realizations. However, these methods were mostly based on two-point 

connectivity and failed to reproduce the complex connectivity exhibited by porous media 

(Kirkpatrick et al., 1983; Liang et al., 2000; Keehm et al., 2003, Quiblier, 1984; Adler et al., 1990; 

Hazlett, 1997; Manwart et al., 2000). 

In order to improve the reproduction of the complex connectivity characteristics of the 

porous medium, Multiple Point Statistics (MPS) algorithms should be used. For this, a 3-D 

representation of a medium such as micro-CT image has to be used as a Training Image (TI) and 

the statistics inferred from such an image can be used to generate multiple realizations. Doing so 

addresses the issue of uncertainty associated with estimating physical properties of rocks by using 

only one small partition of the rock sample. Okabe and Blunt (2004) assumed isotropic pore 

connectivity and inferred the multiple point statistics of a 3-D medium from its 2-D sections. They 

assumed the patterns seen in slices through the rock were the same as those in the direction 

perpendicular to the slices. They generated a 3-D patterns statistics database and used it to generate 

a 3-D medium. Their results showed a good match between the reconstructed medium and the 

original 3D medium in terms of pore connectivity and fluid flow characteristics. However, the 3-

D simulations required significant CPU time and memory. 



 

 

223 

Hajizadeh et al. (2011) addressed the issue of CPU time of Okabe and Blunt (2004) by 

performing MPS simulation in 2-D. They used only a 2-D thin section of the 3-D medium as a TI 

and constructed the different layers using the SNESIM algorithm. Then, the 3-D medium was 

reconstructed using a multi-scale algorithm that selected pixels in each layer and used them as 

conditioning data for the next layer. Their results matched well with those for the original 3-D 

medium too, and the computation time was less than in the method by Okabe and Blunt (2004) 

because the simulations were done in 2-D,  

The reconstruction algorithm in Hajizadeh et al. (2011) is based on SNESIM, which is a 

slower algorithm compared to other pattern based simulation methods such as FILTERSIM (Zhang 

et al., 2006), GROWTHSIM (Eskandaridalvand and Srinivasan, 2010), CCSIM (Tahmasebi et al., 

2012). Therefore, in order to improve the computational cost of the reconstruction algorithm, 

Tahmasebi and Sahimi (2012) used the CCSIM algorithm, which is based on the cross-correlation 

of the patterns and is shown to be more effective than the previous MPS algorithms (Tahmasebi et 

al., 2012). The general framework of their method is the same as the one used in Hajizadeh et al. 

(2011), i.e., a MPS algorithm (CCSIM in this case) is used to generate different layers and the 3-

D medium is reconstructed by juxtaposing these layers. 

Although the algorithm proposed by Tahmasebi and Sahimi (2012) was relatively fast due 

to the use of CCSIM, it still requires a conditional MPS simulation for each layer. To avoid so, 

Hajizadeh and Farhadpour (2012) proposed a new reconstruction algorithm based on gradual 

deformation of the images. The main idea of this reconstruction algorithm is that the pore structures 

from one slice to the next slice change gradually. Thus, they altered the realization computed using 
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the SNESIM algorithm by a probability perturbation method. This reduces the required number of 

MPS simulations and decreases the computational cost of the reconstruction algorithm. Although 

the method is faster than the previous methods, it can be further speeded up by replacing the 

SNESIM algorithm with another faster simulation method. 

In this study, we use a the MPS simulation algorithm proposed in the Chapter 6, which is 

more efficient than the previous algorithms. We use it to reconstruct 3-D medium from a 2-D 

section in a framework similar to the one in Hajizadeh and Farhadpiur (2012). The proposed 

algorithm is applied on a Berea sandstone sample. After reconstruction, rock properties including 

spatial continuity, pore size, throat size, coordination number distribution, absolute permeability, 

formation factor, capillary pressure and elastic moduli of the reconstructed image are computed 

and compared to the measurement on a 3D sample. We show that the reconstruction algorithm in 

this paper offers promising results in terms of accuracy and speed. Lastly we employ a probabilistic 

method (TRANSCAT) to change the porosity of the image to mimic diagenesis or compaction. 

The resulting elastic properties show a distinct trend slightly different than what is predicted from 

a theoretical rock physics model. 

The 3-D reconstruction algorithm proposed in this Chapter is based on a stochastic 

multiple-point simulation technique (explained in the previous Chapter) and gradual deformation 

of the images (Naraghi et al., 2016). In the next section, the details of the reconstruction algorithm 

are presented. 
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B-2. 3-D RECONSTRUCTION ALGORITHM 

The 3-D pore space reconstruction method proposed here is based on the very simple 

observation that pore shapes change gradually from slice to slice (Hajizadeh and Farhadpour, 

2012) until the size of the feature is exceeded. At that point, an independent slice is defined and 

then features on that slice are gradually changed till the next slice. Consider Figure B-1, which 

shows several adjacent 2-D slices of a Berea Sandstone sample. (The original micro-CT image is 

from the PERM image repository, (Imperial College London, 2016). Focusing on the circled areas 

in the slices, we can conclude that pore shapes change gradually from one slice to the next slice. 

Hence, our conjecture that the 3-D medium can be reconstructed by gradually deforming 2-D slices 

and stacking them together. 

 

 

Figure B- 1: Four adjacent 2-D sections of Berea sandstone sample. Images are 200×200 pixels, and the image 

resolution is 10.69 𝜇m. Focusing on the circles confirms that the pore shapes change gradually. 

The gradual deformation of spatial models has been addressed earlier mainly in the context 

of geologically consistent history matching. Two approaches have been proposed in the literature 

for gradually perturbing one spatial model to another independent model: the Gradual Deformation 
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Method (GDM) (Hu et al., 2001) and Probability Perturbation Method (PPM) (Caers, 2003; Kashib 

and Srinivasan, 2006). A detailed explanation and comparison of these methods is presented in 

Caers (2007). In this study, we use the approach of PPM. PPM uses a perturbation parameter (r) 

to alter the probability distribution function used for sampling random functions. In our approach, 

we build several independent 2-D realizations. These realizations are by construction independent 

(because of the random path) and can therefore be considered as independent 2-D sections through 

the 3-D medium. Then, the space between these independent sections is filled with intermediate 

2-D sections that are calculated such that the first section is gradually deformed to the next 

independent section. The details of the 3-D reconstruction algorithm are given in this section. 

The spatial variation of features (objects) on the 2-D section of the porous medium can be 

represented by an indicator function (The feature is pore in this study): 

𝐼(𝒖) =  {
0       𝑖𝑓 𝑎 𝑓𝑒𝑎𝑡𝑢𝑟𝑒 𝑖𝑠 𝑝𝑟𝑒𝑠𝑒𝑛𝑡 𝑎𝑡 𝒖
1       𝑖𝑓 𝑎 𝑓𝑒𝑎𝑡𝑢𝑟𝑒 𝑖𝑠 𝑎𝑏𝑠𝑒𝑛𝑡 𝑎𝑡 𝒖

 (B- 1) 

To perturb gradually one image to another independent image, we use 

𝐼(𝑟)(𝒖) =  𝐼(0)(𝒖). (1 − 𝑟) + 𝐼(1)(𝒖). 𝑟 , (B- 2) 

where 𝐼(0)(𝒖) and  𝐼(1)(𝒖)are the two independent images, 𝐼(𝑟)(𝒖) is the perturbed image 

and 𝑟 is a value between 0 and 1. The factor  𝑟 controls the transition of the perturbed image to the 

two end members, 𝐼(0)(𝒖) and  𝐼(1)(𝒖), and is determined by the relative distance of the final 

image to 𝐼(0)(𝒖) and 𝐼(1)(𝒖). If r is 0, the final image will be identical to 𝐼(0)(𝒖). If r is 1, the final 

image will be identical to 𝐼(1)(𝒖). The values of 𝐼(𝑟)(𝒖) calculated using Eq. (2) will be between 

0 and 1, and therefore the intermediate 2-D section can be considered as a probability map. Then, 
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the final perturbed realization can be sampled from the probability map using a Monte-Carlo 

simulation algorithm. The 3-D reconstruction algorithm is as follows: 

1- Obtain a representative 2-D section of the medium (this image will be used as the 

training image) 

2- Generate multiple independent 2-D sections using the direct patch simulation algorithm 

presented before. These might be unconditional simulations or constructed conditioned to data.  

3- Place the generated realizations with a prescribed vertical distance (The number of pixels 

between the images in the vertical direction is designated as N). An approach to determine this 

distance N is presented later. 

3- Repeat the following steps until the space between the successive independent layers are 

filled (corresponding to r=1): 

 Set the independent realizations as two end members, 𝐼(0)(𝒖) and  𝐼(1)(𝒖). Set r=0. 

 For each of the layers, calculate the perturbing parameter r based on the distance of the 

layer being simulated to the end members: 

 𝑟 = 𝑟 +
1

𝑁
 (B- 3) 

 Calculate 𝐼(𝑟)(𝒖) using Equation (B- 2). 

 Use 𝐼(𝑟)(𝒖) as a probability map and generate a binary realization by sampling from the 

probability distribution. 

4- Stack the gradually deformed 2-D images to reconstruct the 3-D medium. 
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Figure B- 2: The training image used for the reconstruction. The size of the image is 200x200 with resolution of 

10.69 𝜇m (Black pixels correspond to grains). 

Remark 

The uncertainty inherent in 3-D reconstruction using limited 2-D information is represented 

in the above algorithm. The multiple simulations of independent 2-D sections is non-unique. The 

selection of simulated slices to place as end members introduces uncertainty.  The Monte Carlo 

sampling of intermediate models from the probability map is also a representation of uncertainty. 

The modeled uncertainty can be calibrated if imaged sections along the length of the 3-D medium 

are available. Figure B-2 shows the training image used for the 3-D reconstruction, and Figure B-

3 shows a set of gradually deformed images with different values of r. Figures B-3(a) and (f) depict 

two end members (which are the results of unconditional DPSIM simulation), and the other images 

are the gradually perturbed images (The value of N in this case is 5). Stacking these 6 images 

together yields a reconstructed 3-D medium with 6 layers. 
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Figure B- 3: A set of gradually perturbed images with (a) r=0, (b) r=0.2, (c) r=0.4, (d) r=0.6, (e) r=0.8, and (f) r=1. 

White and black colors represent pores and grains, respectively. The two images corresponding to perturbation value 

r=0 and 1 are two independent realizations obtained using the unconditional simulation algorithm. The other images 

are calculated by gradually perturbing these images from one to the other using different values of r. 

B-3. RESULTS AND DISCUSSION 

One of the key issues in the proposed 3-D reconstruction algorithm is the placement of the 

independent realizations with respect to each other. If the relative distance is chosen too small, it 

will disrupt the pore connectivity along the length of the reconstructed 3-D model. On the other 

hand, if the distance chosen is too large, it will cause abnormally long connected pores along the 
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length of the 3-D model. Therefore, a rule is required to model the connectivity of pores along the 

length of the model. Because these images are results of an unconditional simulation, they are 

independent to each other. We therefore make the assumption that the simulated end members are 

located at a distance equal to the range of correlation in the vertical direction. Furthermore, in this 

study, we assume that the pore body is isotropic, and the correlation range in the vertical direction 

is the same as that in the horizontal direction. From Figure B-4 it can be concluded that the 

correlation range in two orthogonal directions of a 2-D slice is seven pixels. If we assume that the 

medium is isotropic, then two slices seven pixels apart would be uncorrelated. Therefore, the value 

of N is 7, and the values used for r for perturbation will be 0, 0.143, 0.286, 0.429, .0571, 714, 

0.857, 1 (See Equation (B-3)).  

Figure B-5 shows three slices of the reconstructed image and the original image. The figure 

confirms that the proposed reconstruction method is capable of reconstructing 3-D complex pores 

that are geometrically realistic and do not have a prescribed simple geometric shape such as 

ellipsoids. These 3-D complex pores are also seen in the original 3-D image (Figure B-5).  

In order to verify the accuracy of the 3-D model reconstruction approach, the porosity of 

the reconstruction model was compared to that of the 3-D medium from which the SEM slices 

were retrieved. The reconstruction algorithm retrieves the value of porosity with high accuracy as 

the porosity of the reconstructed and the original images are 19.35 and 19.76 percent, respectively. 



 

 

231 

 

Figure B- 4: Autocorrelation computed in the x and y directions of a 2-D SEM image. The correlation range in both 

directions is 7 pixels.  

 

 

Figure B- 5: Three slices of the reconstructed image (left panel) and the original image (right panel). The size of the 

3-D medium is 2138 𝜇𝑚 ×2138 𝜇𝑚 ×2138 𝜇𝑚, and the black and gray colors correspond to pores and grains, 

respectively. Focusing on the volume within the red circles, it can be concluded that the reconstruction algorithm is 

able to reconstruct the complex 3-D pores that are observed in the original image. 
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B-3.1. Computational Efficiency of the Algorithm 

The method proposed in this paper does not require a MPS simulation of all 2-D horizontal 

slices that are then stacked to form the 3D medium such as in Hajizadeh et al. (2011) or Tahmasebi 

and Sahimi (2012). Rather, the simulation is done to generate only the independent 2D sections 

and then the remaining slices are filled in using the gradual deformation approach. Therefore, the 

number of MPS simulations (and the associated computational cost) is less than the methods 

proposed by Hajizadeh et al. (2011) or Tahmasebi and Sahimi (2012). Secondly, because of the 

use of a pattern-based simulation algorithm instead of SNESIM, the proposed algorithm is faster 

than the ones in Hajizadeh and Farhadpour (2012) and Okabe and Blunt (2004). Table B-1 

compares the run time of our method with the previous algorithms (Hajizadeh and Farhadpur, 

2012). 

Table B- 1: The run time of different reconstruction algorithm. The run time of the previous algorithms is extracted 

from Hajizadeh and Farhadpour (2012). 

Algorithm Processor Grid Size Run time 

Okabe and Blunt (2004) 1.7 GHz Xeon 150×150×150 14 hrs. 

Hajizadeh et al. (2011) 2.6 GHz Intel 200×200×200 65 min 

Hajizadeh and Farhadpour (2012) 2.6 GHz Intel 250×250×250 45 min 

The proposed method 2.9 GHz Xeon 200×200×200 6 min 

 

Although the proposed method is computationally more efficient than the previous 

algorithms in terms of run time, it is still necessary to assess the accuracy of the reconstruction 
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algorithm. In the subsequent sections, we evaluate the performance of the reconstruction algorithm 

in terms of accuracy of computed physical properties. 

B.3.2. Reproduction of Spatial Statistics 

We compare the spatial connectivity of the original 3-D medium with that of the 

reconstructed one. Figure B-6 and B-7, respectively, show the autocorrelation functions and the 

multiple point connectivity functions of the original image and the reconstructed image in the x, 

y, and z directions. The autocorrelation function and multiple point connectivity functions are 

measure of two-point and multiple point connectivity of porous media and are computed using 

equations (B- 4) and (B- 5).  

 

𝑅(𝒖) =  
𝐸{(𝐼(𝒓) − 𝜙)(𝐼(𝒓 + 𝒖) − 𝜙)}

𝜙 − 𝜙2
 (B- 4) 

 

where the averaging is over all locations 𝒓, 𝐼(𝒓) is the indicator variable at location 𝒓, 𝜙 is the 

porosity, and 𝑅(𝒖) is the autocorrelation function at lag 𝒖. The multiple point connectivity 

function is calculated as follows: 

 

𝑝(𝒉,𝑚) = prob{𝐼(𝒖) = 1, 𝐼(𝒖 + 𝒉) = 1,… , 𝐼(𝒖 + 𝑚𝒉) = 1} (B- 5) 
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Where 𝒉 is the unit vector at the direction along which the multiple point connectivity is 

estimated, and 𝑝(𝒉,𝑚) is the probability of having a sequence of pores or grains with the size of 

𝑚 at the direction 𝒉. 

 

                                 (a)                                                        (b)                                                      (c) 

Figure B- 6: The autocorrelation function of the original image and the reconstructed one in (a) x direction (b) y 

direction and (c) z direction. As can be seen the reconstructed image has the same autocorrelation function as the 

original image in all directions. 

 

                                  (a)                                                        (b)                                                        (c) 
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Figure B- 7: The multiple point connectivity of the original image and the reconstructed one in (a) x direction (b) y 

direction and (c) z direction. As can be seen the reconstructed image has the same multiple point connectivity 

function as the original image in all directions. 

 

Figure B- 6 and Figure B- 7 show that the pore connectivity is retrieved relatively 

accurately in all 3 directions using the reconstruction algorithm. However, in order to evaluate the 

accuracy of the reconstruction algorithm, we compare the flow characteristics of the original 

medium to the reconstructed one in the next section. 

B-3.3. Reproduction of Flow Characteristics 

Comparison of fluid flow characteristics of the original medium with the reconstructed one 

tests is necessary in order to verify the accuracy of the image reconstruction algorithm. Because 

the flow behavior of a porous medium depends significantly on the pore size, shape, and 

connectivity of the medium. We compute the absolute permeability, formation factor, pore size 

and throat size distributions, and capillary pressure of the two media. The internal structure of 

porous media is too complicated to use directly in some calculations such as multi-phase flow 

behavior. Instead, the porous medium is modeled with an equivalent 3-D network model. Multiple 

algorithms for network extraction are proposed in the literature (Al-kauris and Blunt, 2007; Dong 

et al., 2007; Dong and Blunt, 2009). In this study, we use maximum ball algorithm in Dong et al. 

(2007). Maximum ball algorithm aims to fit the largest sphere on each void voxel that does not 

overlap any grain voxel. Throats are then defined as chains of smaller spheres that connect pores. 

The algorithm is fast and can easily determine pores. The details of extraction representative 
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network model is described in Dong et al. (2007). Figure B-8 shows the extracted network of both 

the original and the reconstructed images.  

  

                                                 (a)                                                                                    (b) 

Figure B- 8: The extracted network of (a) the original 3-D image and (b) the reconstructed image. The magenta 

spheres and green pipes correspond to pores and throats, respectively. The networks are extracted using maximum 

ball algorithm (Dong et al., 2007). 

After extracting the representative network model, we calculate the pore and throat size 

distributions, and the distribution of the coordination number. Figure B-9 shows the distributions 

of pore size, throat size, and coordination number for both original and the reconstructed images. 

The figures in the left and right panel correspond to the reconstructed image and the original image, 

respectively. 
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Figure B- 9: The distribution of pore size, throat size, and coordination number for both original and the 

reconstructed images. The figures in the left and middle panels correspond to the reconstructed image and the 

original image, respectively. The right panel figures are Q-Q plots of the original image properties versus the 

reconstructed one. 

Figure B-9 displays the pore and throat size distributions for the original and the 

reconstructed images. Visually looking at the distribution indicates that the range and the peak 

locations of pore size, throat size, and coordination number for the two media are the same 

although the shape of the distributions are not exactly the same. For example, the coordination 

number distribution of the original image has longer tail and smaller peak than the reconstructed 
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image. However, the Q-Q plots in the right panel of Figure B-9 indicates that the distribution 

functions of the two media match each other. 

In order to evaluate the connectivity of pores and performance of the reconstruction 

algorithm more rigorously, we compare the absolute permeability, formation factor, and capillary 

pressure of the two porous media. We assumed the sample is strongly water wet. The non-wet 

phase is oil, and the water/oil surface tension is assumed to be 30×10-3 N/m. The results are shown 

in Table B-2 and Figure B-10. 

The networks shown in Figure B-8 are based on assumptions about the pore and throat 

shapes and might lead to slight error in calculating the transport properties (Dong et al., 2007). 

However, it is still useful for comparing the properties of the original and reconstructed images for 

the purpose of this study. In fact, comparing their results with the available measured values in 

literature confirms their accuracy. The absolute permeability of a Berea sandstone sample with the 

porosity of 0.23 was reported to be 1100 mD (Hazlett, 1995) and the formation factor of a Berea 

sandstone sample with the porosity of 0.18 was reported to be 15.9 (Lesmes and Frye, 2001). 
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Table B- 2: Absolute permeability and formation factor of the original 3-D image and the reconstructed one from 

their extracted networks and lab measurements 

 Permeability( mD) Formation Factor 

Network extracted from reconstructed image 1137±50 12.9±1.0 

Network extracted from original 3-D image 1197 14.03 

Laboratory measurements 

1100  

(for a sample with 

porosity of 0.23) 

15.9 

(for a sample with 

porosity of 0.18) 

 

 

Figure B- 10: Drainage and imbibition capillary pressure curve of the original image and the reconstructed one. 
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Table B-2 and Figure B-10 show that the flow characteristics of the reconstructed image 

are similar to those for the original image. Although the capillary pressure curves for the two media 

are not exactly the same, the residual saturation is retrieved accurately. 

B-3.4. Computation of Effective Elastic Properties 

In this section, we present a method for calculating the static effective elastic properties of 

the dry rock. As mentioned earlier, traditional rock physics model are based on either empirical 

correlations derived either from laboratory measurements or obtained by applying some theoretical 

assumption about pore and grains shapes, contact and morphology. These empirical approaches 

generally make simplifying assumptions and therefore fail to predict the true elastic behavior of 

complex porous rocks (Andrä et al., 2013 (a); Drach et al., 2013; Drach et al., 2014). Consequently, 

we implement a numerical method to calculate the local static strain and stress fields corresponding 

to the 3D medium. We perform these computations for both the original 3D medium as well as the 

reconstructed 3D volume. The next section contains the details of the implemented algorithm.  

B-3.4.1. The periodic Lippman-Schwinger equation 

In order to calculate the static elastic properties of a rock, we assume that a prescribed 

strain field E is applied to the rock. Then, the local strain and stress fields are determined by 

minimization of strain energy over all voxels that make up the medium as follows: 

 

{
𝜎(𝒙) = 𝑪(𝒙): (𝜀(𝒙) + 𝑬)

div 𝜎(𝒙) = 𝟎
, (B- 6) 
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where 𝑪 is the local stiffness tensor of the rock, 𝜀 is the local strain tensor of the rock, and 𝜎 is the 

local stress tensor of the rock. 

The solution to this equation can be expressed in Fourier space by means of the Green’s 

function operator Γ0. The Green’s function operator is explicitly known in Fourier space, and 

reduces equation (B-6) to the periodic Lippman-Schwinger equation as follows (Moulinec and 

Suquet, 1998): 

 

𝜀 + Γ0 ∗ ([𝑪 − 𝑪𝟎]: 𝜀) = E, (B- 7) 

 

where 𝑪𝟎 is the stiffness tensor of a well-chosen homogeneous material (it is usually chosen 

as arithmetic average of the local stiffnesses). The principle of algorithm for solving Equation (B-

7) is to use equations (B-6) and (B-7) alternatively in real and Fourier space to satisfy the 

convergence test (This test is to ensure the divergence of the local stress tensor is about zero). The 

iterative algorithm is described as follows (See Moulinec and Suquet (1998) for more details):  
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Where 𝑽 is rock voxels, and 𝒙 and 𝝃 correspond to the coordinate of the voxels in the real 

and Fourier domain, respectively, and the error for convergence test is calculated by:  

 

𝑒𝑖 = 
(
1

𝑁
∑‖𝝃. �̂�𝒊(𝝃)‖

2
)1/2

‖�̂�𝒊(𝝃)‖
. 

(B- 8) 

 

Implementing this algorithm provides the local stress and strain fields. Then, the overall 

stress field at the external boundaries of the rock is calculated, and the effective elastic properties 

can be calculated by using Hooke’s law. 

Initialization:   𝜺𝟎(𝒙) = 𝑬,       ∀𝒙 ∈ 𝑽 

  𝝈𝟎(𝒙) = 𝒄(𝒙): 𝜺𝟎(𝒙),       ∀𝒙 ∈ 𝑽 

Iterate: 

    (a)    �̂�𝒊 = 𝓕𝓕𝓕(𝝈𝒊) 

    (b)   Convergence test 

    (c)   𝜺ො𝒊+𝟏(𝝃) = 𝜺ො𝒊(𝝃) − 𝚪𝟎(𝝃): �̂�𝒊(𝝃)    ∀𝝃 ≠ 𝟎,      𝜺ො𝒊+𝟏(𝟎) = 𝑬 

    (d)   𝜺𝒊+𝟏 = 𝓕𝓕𝓕−𝟏(𝜺ො𝒊+𝟏)  

    (e)   𝝈𝒊+𝟏(𝒙) = 𝒄(𝒙): 𝜺𝒊+𝟏(𝒙),       ∀𝒙 ∈ 𝑽 
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The elastic properties are a strong function of the internal heterogeneity within the 3-D 

volume in the form of shape and connectivity of the pore space and grain solids. Comparison of 

the elastic properties calculated using the original 3D rock volume and the reconstructed model 

would therefore reveal if the reconstructed volume performs adequately to capture the internal 

heterogeneity of the rock. Table B-3 shows the effective elastic moduli of the original and the 

reconstructed image (The results for the reconstructed image is the mean of 20 realizations). 

 

Table B- 3: The effective elastic properties of the original and the reconstructed image 

 Bulk modulus (GPa) Shear modulus (GPa) 

Reconstructed 18.9±1.0 21.1±1.1 

Original 19.2 23.6 

 

Table B-3 shows that the effective elastic properties of the reconstructed image match the 

effective elastic properties of the original image fairly accurately. Although this method for 

calculating the effective elastic properties does not have any oversimplifying assumption about the 

shape and connectivity of the pores and grains, because only one image with single value of 

porosity is available the dependence of elastic properties on porosity cannot be modeled using this 

approach. In order to model the trend of elastic moduli with change in porosity, multiple 

realizations with different porosity values should be generated and the elastic moduli of each 

realization should be calculated. In the next section, we propose a stochastic method to study the 

effect of variation on the effective elastic properties.  
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B-3.5. Sensitivity analysis to porosity 

After reconstructing the 3-D medium, the proportion of black voxels (pore space) to the 

white voxels (grains) is a measure of the porosity of the medium. The proportion of these 

categories (black and white voxels) can be changed by applying a histogram transformation 

procedure. This is accomplished using the TRANSCAT algorithm (Jounel and Xu, 1994; Remy et 

al., 2009) that takes the proportion (probability density function) of any given image and 

transforms it to reflect a target density function. Figure B-11 shows the results for implementation 

of the TRANSCAT algorithm on a 2-D slice of a sphere pack to change the porosity. Figure B-11 

reveals that this algorithm does not change the grain shapes within the rock. The grain and pore 

space shapes remain invariant although the proportion of the red and blue voxels change. This 

algorithm can mimic the effect of cementation (where a layer of cement is put next to the grains) 

and overburden pressure or mechanical compaction to changes in porosity. Indeed, the transition 

from Figure B-11(a) to Figure B-11(c) can be considered as a result of either mechanical 

compaction or cementation. 

 

                     (a)                                                  (b)                                                 (c) 



 

 

245 

Figure B- 11: (a) The original image with porosity of 0.15, (b) the results of TRANSCAT algorithm with a target 

porosity of 0.19, and (c) target porosity of 0.13. The images are 150×150 pixels. 

We implemented the TRANSCAT algorithm to the reconstructed models in order to 

generate models with different porosities. Figure B-12 shows the variation in pore space resulting 

in the specified target porosities. This process was repeated for all of the reconstructed realizations. 

Focusing within the region outlined by the red circles in Figure B-12, we can conclude that the 

pore shapes do not change due to the TRANSCAT algorithm. The change in the size of the pores 

due to change in porosity can mimic the effect of grain dissolution (for increased porosity), 

cementation or mechanical compaction (for decreased porosity) 
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Figure B- 12: The results of the TRANSCAT algorithm for changing the porosity of the reconstructed image. The 

size of all of the images is 2138 𝜇𝑚 ×2138 𝜇𝑚 ×2138 𝜇𝑚 and the black and gray colors correspond to pores and 

grains, respectively. The shape of pores within the regions outlined in red circles do not change.  
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Figure B-13 shows the results of computed effective bulk and shear moduli of all the 

samples. The laboratory measurements are from Han et al. (1986). The upper Hashin-Shtrikman 

(Hashin and Shtrikman, 1963) and modified lower bounds (Dvorkin and Nur, 1996) are also 

plotted. The main reason of mismatch between the laboratory measurements and the numerical 

results is due to the errors in preprocessing steps such as image segmentation where the clay 

minerals cannot be identified correctly. This error causes the numerical results of the elastic moduli 

to be larger than the measured values. It should also be noted that the trend of change in elastic 

moduli versus porosity is slightly different than the upper and lower theoretical bounds - the 

theoretical bound curves are relatively parallel to each other whereas the slope of the numerical 

results varies. This might be because the theoretical models are usually based on some 

oversimplifying assumption about pore shapes (mostly ellipsoids), but the numerical results are 

based on much more complex pore shapes seen in SEM images or Micro-CT images (see Figure 

B-12). 

  

Figure B- 13: The effective elastic properties of the samples versus porosity. 
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Overall, it can be concluded that the elastic properties would exhibit significant changes 

depending on the variation in porosity. In addition to elastic properties, we also calculated the 

transport properties of the simulated realizations. Figure B-14 shows the absolute permeability and 

the formation factor versus the porosity of the samples. The dashed lines are the trend lines fitted 

to the values. 

 

Figure B- 14: The permeability and formation factors of the samples versus porosity. 
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B-4. SUMMARY AND CONCLUSIONS 

We proposed a new stochastic method for reconstructing a 3-D model of a porous medium 

using only a 2D thin section of it. The proposed method is a combination of a novel multiple point 

statistics simulation and gradual deformation of images in order to capture the connectivity of the 

pore spaces. The first step is to generate multiple independent realization by performing multiple 

point statistics simulation, and place these images at prescribed interval within the 3-D volume. 

We recommend that the spacing between these independent slices should be consistent with the 

correlation structure of the grain or pore spaces. Then, the images are gradually perturbed to 

gradually morph from one section to the next independent section. These 2-D images are then 

stacked together to reconstruct the 3-D image. After reconstruction, transport and elastic properties 

of the reconstructed image are compared to those of the original image. The results show that the 

physical properties of the original rock sampled are accurately reproduced by the reconstructed 3D 

models. The algorithm proposed is also computationally efficient. We also investigated the 

variation in elastic properties with changes in porosity. In order to accomplish this, we applied a 

histogram transformation procedure to the base case reconstructed 3D models in order to generate 

multiple realizations with different porosity values. The shape of pores and grains are preserved 

by this procedure.  

The algorithms proposed in this paper provide promising tools for performing digital rock 

physics as a 3-D representation of a complex rock can be reconstructed using only one 2-D section 

through the rock (such as in a SEM image), which is more commonly available. The reconstruction 

algorithm is fast and relatively accurate in terms of retrieving important transport and elastic 
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properties of rocks. This analysis is not based on oversimplifying assumptions about pore shape, 

connectivity etc. that are essential for developing empirical rock physics models. 
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